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31 IntroductionOur objective is to compute solutions of incompressible 
ow problems modelledby the Navier-Stokes equations in a 
ow domain 
 � IRd (d = 2 or 3) with apiecewise smooth boundary @
:@u@t + u � ru� �r2u +rp = 0 inW � 
� (0; T ) (1.1)r � u = 0 inW: (1.2)together with boundary and initial conditions of the formu(x; t) = g(x; t) onW � @
� [0; T ]; (1.3)u(x; 0) = u0(x) in 
: (1.4)Our notation is standard: u is the 
uid velocity, p is the pressure, � > 0 is aspeci�ed viscosity parameter (in a non-dimensional setting it is the inverse of theReynolds number), and T > 0 is some �nal time. The initial velocity �eld u0will be assumed to satisfy the incompressibility constraint, that is, r � u0 = 0.The boundary velocity �eld satis�es R@
 g �nds = 0 for all time t, where n is theunit vector normal to @
. We also assume that the pressure solution is uniquelyspeci�ed e.g. by insisting that its mean value is zero.If g is independent of t then the usual objective is simply to compute steady-state solutions of (1.1){(1.2). In other cases however, time-accuracy is importantand the requirements of the time discretisation will be more demanding; specif-ically, an accurate and unconditionally stable time-discretisation is necessary toadaptively change the timestep to re
ect the dynamics of the underlying 
ow.Two classes of time discretisation scheme are described below, operator splittingmethods and linearised implicit methods.1.1 Operator splitting MethodsOne attractive approach ensuring stability and high accuracy is to decouple theconvection and incompressibility operators using an \alternating-direction" split-ting; see Glowinski & Dean [5]. Assuming uniform timesteps �t = T=n for easeof exposition, the simplest two-stage (Peaceman-Rachford) scheme [39] is givenbelow.Algorithm 1.1 Given u0, � 2 [0; 1], � 2 (0; 1), � 2 (0; 1), �nd u1,u2, : : :, unvia un+� � un��t � ��r2un+� + u� � run+� = ��r2un �rpn in 
;un+� = gn+� on @
: (1.5)



4 un+1 � un+�(1� �)�t � ��r2un+1 +rpn+1 = ��r2un+� � u� � run+�r � un+1 = 0 in 
;un+1 = gn+1 on @
: (1.6)In practice the choice of parameters is restricted; the splitting of the di�usiveterms must be done consistently i.e. � + � = 1, and the \frozen" velocity inthe convective term must be divergence free i.e. r � u� = 0, otherwise theskew symmetry of the convective term will not be preserved. Another importantconsideration with regard to the choice of u� is the linearity, or otherwise, ofthe equation systems that must be solved at each time level. In particular, thenatural choice of u� = un gives a linear method but in this case the accuracy isonly �rst order. Second order accuracy can be achieved by setting u� = un+�,but in this case a nonlinear convection-di�usion problem (1.5) must be solved atevery time level, in addition to the generalised Stokes problem (1.6).The Peaceman-Rachford splitting method has one drawback (see [5] and [46]),namely, that it is not asymptotically stable when applied to the standard modelproblem with an exponentially decaying solution. Thus we can expect any im-plementation of Algorithm 1.1 to perform poorly if the time-step is not smallenough when the underlying 
ow exhibits fast transient behaviour. In addition,the methodology is not well suited to computing steady-state 
ow solutions by\pseudo-timestepping" with large timesteps. Motivated by these observations,Glowinski [5] proposed a three-stage variant of the Peaceman-Rachford schemewhich has all the good features of the original method whilst retaining stabilityin the asymptotic limit �t!1. The resulting method is commonly referred toas \Le �-scheme".Algorithm 1.2 Given u0, � 2 (0; 1=2), � 2 (0; 1), � 2 (0; 1), �nd u1, u2, : : :,un via un+� � un��t � ��r2un+� +rpn+� = ��r2un � un � runr � un+� = 0 in 
;un+� = gn+� on @
: (1.7)un+1�� � un+�(1� 2�)�t � ��r2un+1�� + : : :u� � run+1�� = ��r2un+� �rpn+� in 
;un+1�� = gn+1�� on @
: (1.8)un+1 � un+1����t � ��r2un+1 + : : :



5rpn+1 = ��r2un+1�� � u� � run+1��r � un+1 = 0 in 
;un+1 = gn+1 on @
: (1.9)The nonlinear scheme u� = un+1�� is considered in [5], and requires the solu-tion of two generalised Stokes problems (1.7),(1.9), and one nonlinear convection-di�usion equation (1.8) at each time step. In this case, either choosing �=� =1=2 or else setting � = 1 � 1=p2 with � + � = 1 gives second order accuracyas �t ! 0. In particular, setting � = 1 � 1=p2, � = (1 � 2�)=(1 � �) and� = �=(1 � �) gives a method which is second order accurate in time, uncon-ditionally stable, has good asymptotic properties and has commonality betweenthe coe�cient matrices at the various substages, see [5]. The unconditional sta-bility of the scheme in an incompressible Navier-Stokes setting was establishedby Klou�cek & Rys [31].In [46] a linear �-scheme is developed which retains second order accuracy(setting u� = un+� in Algorithm 1.2 reduces the accuracy to �rst order). Thekey here is to use an appropriate combination of the two convection matriceswhen freezing the velocity in Algorithm 1.2, viz:u� = 2� � 1� un + 1 � �� un+�: (1.10)In this case a linear convection-di�usion problem (1.8) must be solved at eachtime level. Furthermore, the results in [46] show that the accuracy of the resultingmethod is not compromised. In contrast, making the choice u� = un+� badlyimpinges on accuracy as �t! 0.Summarising the discussion of splitting methods; both the two-stage Algo-rithm 1.1 in the case of small �t, and the three-stage Algorithm 1.2 in general,give accurate time discretisation of the Navier-Stokes problem (1.1){(1.4). Insections 3 and 4 that follow we describe how the component Stokes and (linear)convection-di�usion sub-problems may be solved e�ciently using contemporarypreconditioned Krylov subspace iteration methods. The spatial discretisations ofthe convection-di�usion and Stokes subproblems which arise above are discussedin section 2.If � is small then an e�cient alternative to operator-splitting is to use the\characteristics" of the associated hyperbolic problem (looking backwards in timeto ensure stability), see Douglas & Russell [6]. Using this approach a single Stokesproblem of the form (1.6) must be solved at every time-level so the discussion insection 4 is also relevant to this class of methods.1.2 Linearised Implicit MethodsThe simplest time-stepping approach for the Navier-Stokes equations is a simpleone-stage �nite di�erence discretisation. A generic (and unconditionally stable)algorithm (cf. Algorithms 1.1 and 1.2) is given below.



6Algorithm 1.3 Given u0, � 2 [1=2; 1], �nd u1, u2, : : :, un via(un+1 � un)�t + u� � run+� � �r2un+� +rpn+� = 0r � un+� = 0 in 
;un+� = gn+� on @
: (1.11)Here un+� = �un+1 + (1 � �)un and pn+� = �pn+1 + (1 � �)pn. Note thatp0 is required if � 6= 1 so the Algorithm 1.3 is not self-starting in general. Inthis case an approximation to p0 must be computed explicitly by manipulationof the continuum problem, or alternatively it must be approximated by takingone (very small) step of a self-starting algorithm (e.g. with � = 1 above).Algorithm 1.3 contains the well known nonlinear schemes of backward Eulerand Crank-Nicolson. These methods are given by (un+� = un+1, u� = un+1),(un+� = un+ 12 , u� = un+ 12 ), and are �rst and second order accurate respectively.In either case, a nonlinear problem must be solved at every time-level. As aresult neither of these methods is to be recommended if time-accuracy is needed.A well known linearisation strategy is to set u� = un above. This does not a�ectthe stability properties of the time-discretisation, but it does reduce the Crank-Nicolson accuracy to �rst order as �t! 0 (the �rst order accuracy of backwardEuler is unchanged). To retain second order accuracy in a linear scheme the Simo-Armero scheme [45] given by setting un+� = un+ 12 with u� = (3un � un�1)=2 inAlgorithm 1.3 is recommended.Using linearised backward Euler (or the Simo-Armero scheme) a frozen-coe�cient Navier-Stokes problem (or Oseen problem) arises at each discrete timestep. In contrast to the operator splitting case, the Oseen methodology is pri-marily of interest when solving steady-state problems|the linearised backwardEuler method is uniquely well suited to pseudo-timestepping since it inherits thelong term asymptotic dissipative behaviour of (1.1){(1.2), see [45] for details. Al-ternatively, attacking the steady state version of (1.1){(1.2) directly introducesa (steady-state) Oseen system at every iterative level. In section 5 we considertechniques for solving such Oseen problems using preconditioned Krylov subspacemethods.2 Spatial discretisationIn this section, the spatial discretisation of the sub-problems arising from theoperator splitting methods in section 1.1 are discussed. For simplicity, we onlyconsider the steady-state limit of the linearised convection-di�usion and Stokessub-problems here; for example, as would arise from setting �t ! 1 in (1.5)and (1.6) respectively.



72.1 The linearised convection-di�usion problemThe problem addressed here is the following: Given some convective velocity�eld (or \wind") w 2 IRd such that r � w = 0, �nd a scalar variable u (thetransported quantity) satisfying��r2u+w � ru = f in 
; (2.1)with a boundary condition u(x) = g(x) on @
. In practice, for example whensolving (1.5), the \wind" is not actually pointwise divergence-free. Our discussionis still relevant in such cases|our starting point is then an equivalent formula-tion of the momentum conservation equations (1.1), with the convection termexpressed in skew-symmetric form, see [45] for details.Simple �nite di�erence methods are often appropriate when spatially dis-cretising the model problem (2.1)), especially if the geometry is straightforwardand \fast solution" is the goal. Alternatively, if the 
ow domain is irregular orif adaptive re�nement via a posteriori error control is to be included, then �niteelement spatial approximation is best. The theory underlying �nite element ap-proximation of (2.1) is summarised for completeness below. For further details,see for example, Quarteroni & Valli [40].The weak formulation of (2.1) is de�ned in terms of the Sobolev space H10 (
)(the set of functions with derivatives in L2(
) and which are zero on @
). De�n-ing the space X � H10 (
), it is easy to see that the solution u satis�esa(u; v) = (f; v) 8v 2 X; (2.2)where a(�; �) is the bilinear form a(u; v) = �(ru;rv) + (w � ru; v); and (�; �)denotes the usual scalar L2(
) inner product.Since 
 is bounded andw is divergence-free, the bilinear form a(�; �) is coerciveand bounded over Xa(u; u) = � kruk2 8u 2 X; (2.3)ja(u; v)j � Cw krukkrvk 8u 2 X;8v 2 X; (2.4)and the continuity constant Cw is given byCw = � + C
kwkL1(
)where C
 is the Poincar�e constant associated with 
. Existence and uniquenessof the solution to (2.1) then follows from the Lax-Milgram lemma.To generate a discrete system we take a �nite dimensional subspace Xh � X,where h is a representative mesh parameter, and enforce (2.2) over Xh. Speci�-cally, we look for a function uh such that uh = gh on @
, which solvesa(uh; v) = (fh; v) 8v 2 Xh; (2.5)



8where fh is the L2(
) orthogonal projection of f into Xh, and gh is typically theinterpolant of of the boundary data g.Since we are using a conforming approximation, uh is also uniquely de�ned,and if g = 0, (2.3) and (2.4) imply the following a priori error estimatekr(u� uh)k � Cw� infv2Xh kr(u� v)k: (2.6)Although the �nite element approximation in (2.6) is of optimal order as h! 0,the stability clearly depends on the ratio Cw=�. In general, oscillatory solutionsare observed if the characteristic \mesh Peclet number" is large, i.e.Pe � hkwk2� > 1;for example, if there are any boundary layers which are not resolved by themesh. In general, when convection dominates, the discrete solution \inherits"instability from the associated solution of (2.2).An alternative to adaptive mesh re�nement is to \ignore" physical boundarylayers, and to stabilise the discrete problem; e.g. using some form of upwindeddiscretisation. In a �nite element setting this is conveniently achieved using aPetrov-Galerkin framework [27, 28] with a \shifted" (non-conforming) test space,say, a(uh; v + �w � rv) = (fh; v + �w � rv) 8v 2 Xh; (2.7)where � is an appropriately chosen stabilisation/upwinding parameter, see below.Taking a standard element-wise evaluation of the non-conforming term, and usinga linear P1 (or Q1) approximation space, the formulation (2.7) simpli�es to theso-called streamline-di�usion methodb(uh; v) � a(uh; v) + (w � ruh; �w � rv) = (fh; v + �w � rv) 8v 2 Xh: (2.8)This formulation clearly has better stability properties than the original sincethere is additional coercivity in the local 
ow direction,b(u; u) = � kruk2 + �kw � ruk2 8u 2 Xh: (2.9)Another appealing feature of the stabilised formulation (2.7) is that it is consistent|the exact solution of the di�erential equation (2.1) satis�es (2.7). This meansthat high order approximations (Pk or Qk for k � 2) can be used without com-promising accuracy.Returning now to the choice of �, it is possible to show that the solution of(2.7) satis�es the \best possible" error estimate (for any degree of polynomialapproximation), under the assumption that � in (2.7) is of the form� = �hkwk for all Pe > 1: (2.10)



9Here � > 0 is a \tuning parameter", and h is the usual representative meshparameter. For a more complete discussion, and a review of the error analysis ofthe streamline di�usion method, see [28]. Note that if the discretised problem isdi�usion-dominated (i.e. Pe � 1) then the corresponding \best" choice above is� = 0, in which case (2.7) reduces to the standard Galerkin formulation (2.5).In practice, determining an appropriate choice of � in (2.10) is crucial. (Thisissue will also arise when we consider stabilised Stokes formulations below).There are two aspects to consider here: �rstly, it very easy to over-stabilisegiving smooth but inaccurate solutions, secondly, the performance of iterativesolvers applied to (2.8) will clearly be in
uenced by the choice of parameter.This second aspect will be an issue in section 3, where some experiments arepresented for a model problem with constant \wind" w, solving (2.5) and (2.7),using uniform grids of bilinear �nite elements. (The associated software is freelyavailable, see section 6 for details.) If the wind is constant, then an optimalvalue is known (from Fourier analysis) �� = 1=2(1 � 1=Pe), which minimises thecontraction rate of iterative solvers applied to (2.8), see [17] for further details.Note that �� ! 0 as Pe ! 1 so that \stabilising" the standard method is likelyto adversely a�ect the convergence of iterative solvers if the discrete problem isdi�usion dominated.2.2 The Stokes problemHere we consider the following problem: �nd the velocity vector u 2 IRd and thescalar p (the \pressure") satisfying�r2u+rp = f in 
 (2.11)r � u = 0 in 
; (2.12)with speci�ed velocity boundary conditionsu(x) = g(x) on @
: (2.13)Note that in (2.11){(2.12) the viscosity coe�cient � has been incorporated intothe de�nition of the forcing function and the pressure.The theory underlying the solution of (2.11){(2.13) using �nite elementmeth-ods is outlined below. For full details see Girault & Raviart [21]. The weakformulation of (2.11){(2.12) is de�ned in terms of the Sobolev spaces H10 (
) andL20(
) (the set of functions in L2(
) with zero mean value on 
). De�ning avelocity space X � (H10 (
))d and a pressure space M � L20(
), it is easy to seethat the solution (u; p) of (2.11){(2.12) satis�es(ru;rv)� (p;r � v) = (f ;v) 8v 2 X (2.14)(r � u; q) = 0 8q 2M; (2.15)



10where (�; �) denotes the usual vector or scalar L2(
) inner product. Since 
 isbounded and connected there exists a constant � satisfying the continuous inf-supcondition: supw2X (p;r �w)kwkX � �kpkM 8p 2M: (2.16)Existence and uniqueness of solution follows, see [21].To generate a discrete system we take �nite dimensional subspaces Xh � Xand Mh � L2(
), where h is a representative mesh parameter, and enforce(2.14){(2.15) over the discrete subspaces (again specifying that functions in Mhhave zero mean to ensure uniqueness). Speci�cally, we look for functions uh andph such that (ruh;rv)� (ph;r � v) = (fh;v) 8v 2 Xh (2.17)(r � uh; q) = 0 8q 2Mh: (2.18)Here, fh is the (L2(
))d orthogonal projection of f into Xh.The well-posedness of (2.17){(2.18) is not automatic since we do not have aninternal approximation (i.e. functions satisfying (2.18) do not necessarily satisfy(2.15)). A su�cient condition for the existence and uniqueness of the solutionto (2.17){(2.18) is that the following discrete inf-sup condition is satis�ed: thereexists a constant 
 independent of h such thatsupw2Xh (p;r �w)krwk � 
kpk 8p 2Mh: (2.19)Note that the semi-norm krwk in (2.19) is equivalent to the norm kwkX usedin (2.16) for functions w 2 X. In the case g = 0 the condition (2.19) alsoguarantees optimal approximation in the sense of the error estimatekr(u� uh)k + kp� phk � C( infv2Xh kr(u� v)k + infq2Mh kp � qk): (2.20)Note that the constant C in (2.20) is inversely proportional to the inf-sup con-stant 
 in (2.19).The simplest example of an unstable method is the computationally conve-nient equal-order velocity/pressure approximation based on a single grid. Theproblem is that the pressure space is too rich compared to the velocity spacein this case. The simplest way of constructing an equal order approximationsuch that (2.19) is uniformly satis�ed is to introduce two grids: for example inIR2 starting from a coarse grid of rectangles, a re�ned grid can be constructedby joining the mid-points of the edges. The condition (2.19) is then satis�edby taking a C0 piecewise bilinear function on the coarse mesh for the pressureapproximation, and a C0 piecewise bilinear function on the �ne mesh for each ofthe velocity components. Numerical results presented in sections 4 and 5 weregenerated using this approach|henceforth referred as the Q1{iso{Q2 method.



11To construct the matrix analogue of (2.17){(2.18) it is convenient to introducediscrete operators A : Xh 7! Xh and B : Xh 7!Mh de�ned via(Avh;wh) = (rvh;rwh) 8vh;wh 2 Xh; (2.21)(Bvh; qh) = �(r � vh; qh) 8vh 2 Xh;8qh 2Mh; (2.22)so that B� is the adjoint of B, i.e. (vh; B�qh) = (Bvh; qh). With these de�nitionsthe discrete problem (2.17){(2.18) can be rewritten as a matrix system:�A B�B 0 ��uhph � = � fh0 � : (2.23)Furthermore, the inf-sup inequality (2.19) simpli�es to
kphk � supwh2Xh (Bwh; ph)(Awh;wh)1=2 8ph 2Mh: (2.24)It is instructive to express the inf-sup condition in terms of the actual �niteelement matrices that arise in practice. To this end, let us explicitly introducethe �nite element basis sets, say,Xh = spanf�igni=1; Mh = spanf jgmj=1; (2.25)and associate the functions uh, ph, fh with the vectors u 2 IRn, p 2 IRm andf 2 IRn of generalised coe�cients, uh = Pni=1 ui�i etc. De�ning the n�n \vector-sti�ness matrix" Aij = (r�i;r�j) and also the m � n \divergence matrix"Bij = �(r:�j;  i), gives the �nite element version of (2.23):�A BtB 0 ��up � = � f0 � : (2.26)Moreover, introducing the m �m pressure \mass matrix" Qij = ( i;  j); leadsto the �nite element version of (2.19) or (2.24): for all p 2 IRm,
(ptQp)1=2 � maxu ptBu(utAu)1=2 (2.27)= maxw=A1=2u ptBA�1=2w(wtw)1=2 (2.28)= (ptBA�1Btp)1=2; (2.29)since the maximum is attained when w = A�1=2Btp. Thus, we have a character-isation of the inf-sup constant:
2 = minp6=0 ptBA�1BtpptQp : (2.30)



12In simple terms it is precisely the square root of the smallest eigenvalue of theSchur complement preconditioned by the pressure mass matrix: Q�1BA�1Bt.The discrete inf-sup condition is extremely restrictive. The problem is thatthe simplest conforming �nite element methods such as Q1{P0 (trilinear/bilinearvelocity with constant pressure) are not stable in the sense that pressure vec-tors p 2 Mh can be constructed for which the inf-sup constant tends to zerounder uniform re�nement. This type of instability can be di�cult to detect inpractice since the associated discrete systems are non-singular, (so that eachof the discrete problems are uniquely solvable), however they become rapidlyill-conditioned as h! 0.The simplest way of getting such low-order methods to work in practice isto relax the discrete incompressibility condition (2.18). An e�cient approachis the following local stabilisation method, which is based on controlling thejumps in pressure across element boundaries within an appropriate macroelementsubdidvision, M say, as follows(ruh;rv)� (ph;r � v) = (fh;v) 8v 2 Xh (2.31)(r � uh; q)� � Xm2Me2�m hm Ze [[ph]]e[[q]]eds = 0 8q 2Mh: (2.32)In (2.32), �m is the set of all edges/faces in the interior of the m'th macroelement,� is a positive stabilisation parameter (see below) and hm is a local measure ofthe macroelement's size, see [30]. Of course, if stability is to be achieved thenthe number of elements in each macroelement must be su�ciently large|if everymacroelement contained just one element there are no internal jump terms (i.e.�m = ;), and (2.31){(2.32) degenerates to the unstabilised formulation. In themotivating paper [30], it is rigorously established that as long asM is constructedso that eachmacroelement is topologically equivalent to a reference macroelementhaving a velocity node on every edge (or every face in three-dimensions), thenthere exists a minimal parameter value �0 such that the formulation (2.31){(2.32)is stable; i.e. there exists a constant 
s bounded away from zero independentlyof h such that the following \inf-sup like" condition is satis�edsupw2Xh (p;r �w)krwk � p2 
skpk � (� Xm2Me2�m hm Ze [[p]]e2ds) 12 8p 2Mh: (2.33)As a result, if � � �0 then an optimal error estimate can be established in thecase g = 0 (see [30]) kr(u� uh)k + kp� phk � Ch (2.34)where C is a constant independent of h and � (it depends only on �0). Notethat the same estimate (2.34) characterises the approximation accuracy of theQ1{iso{Q2 method above (with a di�erent constant C).



13Using a stabilised formulation of the form (2.31){(2.32) leads to the followingmatrix system �A BtB ��S ��up � = � f0 � : (2.35)where A and B are as de�ned in (2.26), and S corresponds to the pressurestabilisation term in (2.32). Furthermore we have an explicit representation ofthe stability constant 
s in (2.33)
2s = minp6=0 ptBA�1Btp + �ptSpptQp ; (2.36)which is the analogue of (2.30) in the unstabilised case.One of the features of (2.31){(2.32) is that if the discrete incompressibil-ity constraints are added together, then the jump terms sum to zero in eachmacroelement (a speci�c example is given below). This is crucially important tothe success of the method since it implies that the local incompressibility of theoriginal method is retained after stabilisation (albeit over macroelements). Themajor potential limitation of this approach is that stability is only guaranteedif the stabilisation parameter � is bigger than the critical value �0. Fortunatelythis does not cause any di�culty in practice, since an over-estimate of the criticalparameter is easily computed if the extremal eigenvalues of the Schur comple-ment and the stabilisation matrix are known; speci�cally, it is shown in [43] that�� � �0 if �� = �2=�2 with �2 = maxp6=0 ptBA�1BtpptQp ; (2.37)�2 = maxp6=0 ptSpptQp: (2.38)A simple estimate of � is well known (see [18]): a Cauchy-Schwarz argumentyields j(divv; p)j2kvk2Xkpk2M � kdivvk2krvk2 � d; (2.39)so for example in IR2 we havep2 � �. In practice, this estimate (which holds forall mixed approximations) seems to be pessimistic. In particular, in the case ofthe Q1{P0 approximation, numerical computations on quasi-uniform Cartesiangrids of rectangular elements suggest that that �! 1 from below, as h! 0.Using a macroelement stabilisation, � in (2.38) can be computed locally. Toillustrate this, consider the case of a uniform grid of j�j squareQ1{P0 elements ofside h. If j is even then local stabilisation can be based on 2� 2 macroelements,and with an appropriate local numbering, the stabilisation matrix S is block



14diagonal with identical 4� 4 blocks of the following formSM = h20BBB@ 2 �1 0 �1�1 2 �1 00 �1 2 �1�1 0 �1 21CCCA : (2.40)As a result the eigenvalues of S are 0; 2h2; 2h2; 4h2 (each with multiplicity equalto j2=4). Furthermore, since the pressure is piecewise constant the mass matrixQ is diagonal with entries equal to h2. Hence, �2 = 4 in (2.38), and �2 = 1 in(2.37) so that a \good" parameter value is easily deduced, namely � = 1=4. Thisis important since it allows the possibility of constructing usable software builtaround Q1{P0 for discretising Stokes problems (see section 6). Some numericalresults using this software/methodology are described in section 4.Finally, we note that the discretisation of the Oseen problem (1.11), whicharises using the linearised implicit time-stepping methods (see section 1.2) can bedone using the Stokes methodology described above, and will give good resultsif the 
ow is di�usion-dominated in the sense that boundary layers are properlyresolved by the mesh. Some numerical results using stabilised Q1{P0 are de-scribed in section 5. Generalising the streamline-di�usion approximations of thetransport terms (cf. section 2.1) is also possible, although the characterisation ofappropriate stabilisation parameters is much more di�cult to do automaticallyin the Oseen case.3 Solution methods for the discrete convection-di�usion equationDiscretization of the convection-di�usion equation (2.1) using �nite di�erencesor �nite elements (via (2.5) or (2.8)) leads to a linear system of equationsFu = f (3.1)where u and f are vectors in IRn. F is a nonsymmetric matrix of the form�A+N:Here A = ��h, the discrete Laplacian, for the usual �nite di�erence or Galerkindiscretizations, or in the case of streamline upwinding, A = ��h+Aw where Awcorresponds to the stabilizing term of (2.8). N is a skew-symmetric matrix, thediscrete convection operator.We will emphasize splitting methods for (3.1), that is, representations of thecoe�cient matrix in the form F = Q�R



15where Q is the nonsingular splitting matrix. Such a splitting can be used toproduce a stationary iterationu(k+1) = Q�1(Ru(k) + f) (3.2)where u(0) is an arbitrary initial guess, or Q can be used as a preconditioner for(3.1) in combination with Krylov subspace methods. The classical analysis ofthe stationary method (3.2) proceeds as follows; see [1, 48, 52] for comprehensivepresentations of these results and [34, 47] for concise overviews. Let e(k) = u�u(k)denote the error at the kth step of the stationary iteration (3.2). Thene(k) = (Q�1R)ke(0);and for any consistent norm k � k,ke(k)k � k(Q�1R)kk ke(0)k: (3.3)Analysis is based on the fact thatlimk!1 k(Q�1R)kk1=k = �(Q�1R) (3.4)where � denotes the spectral radius. The iteration is convergent if and onlyif �(Q�1R) < 1, and roughly speaking, the error decreases in magnitude by afactor of �(Q�1R) at each step. Consequently, � is referred to as the convergencefactor. The e�ectiveness of Krylov subspace methods depends in large part onthe existence of a polynomial that takes on the values 1 at the origin and is smallon the eigenvalues of Q�1A = I �Q�1R [1, 41]; thus, it is also desirable to make�(Q�1R) as small as possible for Krylov subspace methods.3.1 Analysis of convergence factorsWe �rst consider versions of the classical Jacobi, Gauss-Seidel and successiveover-relaxation (SOR) iterative methods and discuss analytic bounds on con-vergence factors for these methods. Throughout our discussion, we will use thetwo-dimensional version of (2.1); see [1, 34, 47, 48, 52] for general presentations.Let 
 denote the unit square (0; 1) � (0; 1) and assume the discretisation isperformed on a uniform grid using �nite di�erences or linear or trilinear �niteelements. If the grid is ordered with a natural left-to-right bottom-to-top order-ing, then the resulting matrix F has block tridiagonal form in which the blockdiagonal is a tridiagonal matrix. Figure 1 shows an example for a 6 � 6 gridordered by horizontal lines. The nonzero structure of the matrix for a nine-pointoperator on this grid is shown on the right. This structure would arise from abilinear �nite element discretisation; for �nite di�erences or linear �nite elements(with unidirectional triangles), the o�-diagonal blocks would be diagonal or bidi-agonal, respectively. Figure 2 shows an alternative line red-black ordering and
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nz = 256Figure 2: Horizontal line red-black ordering and nonzero structure of matrix.the structure of the corresponding matrix. Variants based on vertical orderingsare de�ned analogously.For any of the line orderings, let F = D � L� U where D denotes the blockdiagonal of F , �L denotes the lower triangular matrix consisting of entries belowthe block diagonal D, and �U is the analogous upper triangular matrix. Theclassical stationary methods are de�ned by the following splittings:line Jacobi: Q = D; R = D � F ;line Gauss-Seidel: Q = D � L; R = U ;line SOR: Q = 1! (D � !L); R = 1! [(1� !)D + !U ] :The matrix F arising from these orderings is block consistently ordered [52].Consequently, the spectral radii of the line Jacobi and line Gauss-Seidel iterationmatrices are related by �((D � L)�1U) = �(D�1C)2 (3.5)where C = D�F . Moreover, if the Jacobi matrix D�1C has real eigenvalues andits spectral radius is less than one, then the spectral radius of the SOR iteration



17matrix L! = (D � !L)�1[(1 � !)D + !U ] is minimized by !� = 21+p1��(D�1C)2and �(L!�) = !� � 1: (3.6)Thus the key to the analysis is to bound �(D�1C). We treat some speci�c casesindividually.The constant coe�cient problem � = 1 and w = (�; � ) in (2.1) is the startingpoint for much of the analysis. Any �nite di�erence discretisation produces a�ve-point operator which can be represented by a \computational molecule"�e�c a �d�b (3.7)In this, case, we can give an exact expression for �(D�1C). The proof depends onthe fact that the block diagonal matrix D can be symmetrized using a diagonalsimilarity transformation, see [11].Theorem 3.1 If cd � 0, then the spectral radius of the block Jacobi iterationmatrix for the horizontal line ordering is2pbe cos(�h)a� 2pcd cos(�h) :If be � 0, then the spectral radius of the block Jacobi iteration matrix for thevertical line ordering is 2pcd cos(�h)a� 2pbe cos(�h) :The conditions in this theorem are satis�ed if all of the o�-diagonal entries b,c, d and e of F are greater than equal to zero. This is the case, for example,if centred �nite di�erences are used to discretise the �rst derivatives in (2.1) ona �ne enough mesh, or if upwind di�erencing is used [11, 12]. For example, ifcentred di�erences are used on a uniform n � n grid with h = 1=(n + 1), thenwith 
 = �h=2, � = �h=2, Theorem 3.1 is equivalent to the following result.Corollary 3.1 For centred di�erences, if j
j < 1 then the spectral radius of theblock Jacobi iteration matrix for the horizontal line ordering isqj1 � �2j cos(�h)2�p1 � 
2 cos (�h) :



18If j�j < 1, then the spectral radius of the block Jacobi iteration matrix for thevertical line ordering is qj1� 
2j cos(�h)2�p1� �2 cos (�h) :Figure 3 shows some examples of spectral radii of Gauss-Seidel iteration ma-trices for centred di�erence discretisations and various parameters. Larger valuesof 
 (respectively �) correspond to increased convection in the horizontal (verti-cal) direction. These results indicate that it is advantageous to orient the gridlines in directions orthogonal to the dominant direction of 
ow, i.e., to performthe Gauss-Seidel sweep in the direction of 
ow.
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19For �nite di�erence operators with computational molecules of type (3.7), thegrid points and equations can be ordered with a red-black ordering so that everyequation centred at a \red" point depends only on \black" unknowns, and everyequation centred at a \black" point depends only on \red" unknowns. In matrixnotation, this process corresponds to ordering the rows and columns of F so thatthe problem (3.1) has the form F11 F12F21 F22 ! u(r)u(b) ! =  f (r)f (b) !where F11 and F22 are nonsingular diagonal matrices. Decoupling of the redpoints u(r) is equivalent to producing a smaller systemF̂u(b) = f̂where F̂ = F22 � F21F�111 F12 and f̂ = f (b) � F21F�111 f (r):
123 �2 �4 �6�1 �3 �5�8 �10 �12�7 �9 �11�14 �16 �18�13 �15 �17 132 �2 �4 �6�1 �3 �5�14 �16 �18�13 �15 �17�8 �10 �12�7 �9 �11

Figure 4: Horizontal two-line orderings of the reduced grid.F̂ is also a sparse matrix, and for appropriate orderings of the reduced grid F̂is block consistently ordered. Two examples, a natural two-line ordering anda red-black two-line ordering, are shown in �gure 4. As above, analysis of theGauss-Seidel and SOR methods uses (3.5) and (3.6). For the orderings of �gure 4,we have the following bounds for the block Jacobi iteration matrices. The proofagain depends on �nding an appropriate symmetrization operator for F̂ ; see [11,12, 13, 14] for proofs and extensive discussions of other problems and orderings.Theorem 3.2 If be � 0 and cd � 0, then the spectral radius of the two-lineJacobi iteration matrix is bounded by2 be cos 2�h+ 4pbcde cos �h[a2 � 2(pcd+pbe)2 � 2cd+4pbcde (1� cos �h) + 4cd (1 � cos2 �h)] + o(h2):



20Corollary 3.2 For centred di�erences, if j
j < 1 and j�j < 1, then the spectralradius of the two-line block Jacobi iteration matrix for the reduced system isbounded by (1� �2) cos 2�h+ 2q(1 � 
2)(1� �2) cos �h[8� (p1 � 
2 +p1� �2)2 � (1� 
2) +2q(1� 
2)(1� �2) (1� cos�h) + 2(1 � 
2) (1� cos2 �h)] + o(h2):These bounds are typically stronger than those above for the unreduced system.Results for vertical two-line orderings can be established in the same way.The results above are derived from properties of the matrices D and C of theblock Jacobi splitting. An alternative approach due to Parter [36] and Parter andSteuerwalt [38] based more closely on the di�erential operators reveals asymptoticconvergence rates as h ! 0. (See also [37].) Let F denote the di�erentialoperator on the left side of (2.1), and assume the discretization matrix F is scaledso that F=h2 approximates F with truncation error o(1) at all mesh points of 
not next to the boundary, and O(1) at points next to @
. Let F = Q�R be asplitting.Theorem 3.3 Suppose the following conditions hold for all small h:1. �(Q�1R) < 1.2. �(Q�1R) is an eigenvalue of Q�1R.3. kRk2 is bounded independent of h.4. There is a smooth function q satisfying q(x; y) � q0 > 0 on �
, such that(Ru; v) = (qu; v) + E (3.8)where in (3.8), q refers to the vector of mesh values, and E = he1(u; v)+h2e2(u; v)depends on � and � .1 Then as h! 0, �(Q�1R) = 1��0h2 + o(h2), where �0 isthe smallest eigenvalue of the problemFu = �qu in 
; u = 0 on @
: (3.9)This result is very easy to apply to the constant coe�cient problem. The meshfunction q of (3.8) is a constant obtained by inspection as the sum of the entries ofthe computational molecule that de�ne R. For example, for the Jacobi splittings,q = 2 for the one-line ordering of the full system and q = 3=4 for the two-lineordering of the reduced system. If the minimal eigenvalue of (3.9) is known, thenthe asymptotic convergence factor is identi�ed. On the unit square,�0 = 1q  �24 + � 24 + 2�2! :1Here e1 is a function of �rst order di�erences in u and v and e2 is a function of secondorder di�erences; see [38] for a more precise statement.



21For the line Jacobi splittings we have discussed here, the convergence factors are1�  �28 + � 28 + �2! one-line ordering, full system1�  �23 + � 23 + 83�2! two-line ordering, reduced system.The �rst of these expressions agrees with the asymptotic convergence factorobtained from Corollary 3.1 and the second one is slightly stronger than thatobtained from Corollary 3.1. Note that Corollaries 3.1 and 3.1 provide insightinto the nonsymptotic regime. Other examples of the use of this methodologyare given in [12, 36, 38].Finally, we note that another popular splitting method for discrete convection-di�usion equations is based on incomplete LU (ILU) factorization of the coe�-cient matrix. Recall that a nonsingular M-matrix B is one for which Bij � 0for i 6= j and B�1 � 0 [48]. It is well-known [32] that for any such B thereis a unique ILU factorization Q = LU such that L is unit lower triangular, Uis upper triangular, lij = 0 and uij = 0 for (i; j) =2 N , and [Q � B]ij = 0 for(i; j) 2 N , where N is an index set containing all diagonal indices (i; i). It canbe shown [3, 13, 51] that if B = Q1 �R1 = Q2 �R2;where Q1 = L1U1 and Q2 = L2U2 are incomplete factorizations such that theset of matrix indices for which L1 + U1 is permitted to be nonzero is con-tained in the set of indices for which L2 + U2 is permitted to be nonzero, then�(Q�12 R2) � �(Q�11 R1). For the examples arising from �nite di�erences that wehave considered, both F and F̂ are nonsingular M-matrices for a �ne enoughmesh. Let Q1 = Q obtained by the ILU(0) factorization (i.e., the index set Nequals the nonzero set of of the coe�cient matrix) with error matrix R, and letQ2 = D from the block Jacobi splitting. It follows that�(Q�1R) � �(D�1C):Thus, all the bounds obtained above for the block Jacobi method carry over tothe ILU(0) factorization.3.2 Ordering e�ectsWe now turn to some issues associated with the underlying 
ow and the e�ects ofordering of the discrete grid. As noted in the discussion following Corollary 3.1,some of the analysis depends on the orientation of lines in the grid. Once thatorientation is �xed, however, there is no dependence on ordering of unknowns.For example, none of results above depend on whether a \natural" or \red-black"



22ordering is used, and all of them are independent of the sign of the coe�cients ofthe convection terms, which determine the direction of 
ow. Indeed, for a naturalordering in which relaxation is performed in a direction opposite the direction of
ow, the bounds on convergence factor are identical.2In practice, the performance of relaxation methods is sensitive to ordering.As might be expected from intuition, it is better to relax in the direction of 
owthan in the opposite direction, and performance for orderings such as red-blackthat don't bear a clear relation to 
ow direction is somewhere in between theseextremes. The di�erence between the analytic results and these performancecharacteristics stems from the di�erence between (3.3) and (3.4). The expression(3.4) provides insight into asymptotic behaviour as the number of iterations be-comes large, but it provides no information about transient behaviour displayedbefore the limiting value is approached.Many aspects of this issue can be understood from the one-dimensional ver-sion of (2.1) �u00 + �u0 = fon the unit interval (0; 1) with Dirichlet boundary conditions and � > 0. Let ndenote the number of interior mesh points of a uniform grid. Finite di�erenceand linear �nite element discretization lead to a linear system (3.1) in which,for a natural ordering, the coe�cient matrix F is tridiagonal of order n, withconstant values on its three interior bands. Assume that F is normalized to haveunit diagonal, so that it can be represented asF = tri [�b; 1; �c ] :In addition, assume b+ c = 1 (needed for a consistent discretisation) and b > 0,c > 0 (for a nonoscillatory solution [25]). We say that the discrete problem isconvection-dominated if b is large, i.e., close to 1. The Gauss-Seidel iterationmatrix is L1 = (I � L)�1U , where L and U are the strict lower triangular andupper triangular parts of F .Figure 5 shows examples of four di�erent orderings for n = 8. There aretwo natural orderings, together with two red-black orderings induced by thenatural orderings. Figure 6 shows a representative example of the behaviourof relaxation for convection-dominated problems that reveals the limitations ofthe standard analysis. The �gure plots ke(k)k1, on a logarithmic scale, againstthe iteration count k, for the Gauss-Seidel method corresponding to the fourordering schemes. Here, n = 32 and b = 7=8. The initial guess is a normallydistributed random vector with mean 0 and variance 1, and the right hand sideand solution are identically zero. The spectral radius for each of the orderings is2Theorem 3.3 has no dependence even on line orientation.



23@�1 @�2 @�3 @�4 @�5 @�6 @�7 @�8 Natural,with 
ow@�8 @�7 @�6 @�5 @�4 @�3 @�2 @�1 Natural,against 
ow@�1 @�5 @�2 @�6 @�3 @�7 @�4 @�8 Red-black,with 
ow@�8 @�4 @�7 @�3 @�6 @�2 @�5 @�1 Red-black,against 
owFigure 5: Four orderings for a one-dimensional grid, for � > 0 and n = 8.�(L1) = :434. Figure 7 shows the norms kLk1k1. In both �gures, the highlightedvalues correspond to k = n� 1 and k = n=2� 1 for the natural ordering againstthe 
ow and red-black orderings, respectively. It is evident that the norms areclosely correlated with the performance of the solution algorithm, and that thespectral radius reveals nothing about the transient behaviour.
10-5

10-4

10-3

10-2

10-1

100

101

102

0 10 20 30 40 50 60

*o

*o
*o

k

||e
^
(k

)|
|

Natural
with flow

Red-
black

Natural
against flow

With

Against

Figure 6: l1-norms of the errors in Gauss-Seidel iteration, for n = 32 and b = 7=8.The iteration matrices arising from di�erent orderings will be distinguishedas follows. For the left-to-right natural ordering, inducing a relaxation sweeporiented with the 
ow, the iteration matrix is F = (I � L)�1U , whereL = tri [ b; 0; 0 ]; U = tri [ 0; 0; c ]:
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Figure 7: log10 kLk1k1 for n = 32 and b = 7=8.The red-black ordering induced by this natural ordering gives rise to the coe�-cient matrix F = I � LRB � URB whereLRB =  0 0B 0 ! ; URB =  0 C0 0 ! ;and B = tri [ 0; b; c ]; C = tri [ b; c; 0 ];of dimensions dn=2e�bn=2c and bn=2c�dn=2e respectively. The iteration matrixis given by FRB = (I � LRB)�1URB = (I + LRB)URB =  0 C0 BC ! :For sweeps oriented against the 
ow, rather than reversing the ordering, itis equivalent to use the left-to-right natural ordering and perform an \upper-triangular" sweep, i.e., with the iteration matrix G = (D � U)�1L.We summarize an analysis for the one-dimensional problem below. Proofsand descriptions of additional numerical experiments are given in [9]. There arethree results: lower bounds on the values of both kGkk1 and kF kRBk1, and upperbounds on the values of kF kk1. Essentially the same lower bounds apply in thel1-norm, and the upper bounds can be generalized to any lp-norm.Theorem 3.4 The norm kGkk1 for Gauss-Seidel iteration with sweeps againstthe 
ow is bounded below for k < n bykGkk1 � (1 � c2)k�1(1� cn�(k�1)):
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26Theorem 3.6 The norm kF kk1 for Gauss-Seidel iteration with sweeps that fol-low the 
ow is bounded above bykF kk1 � 1� bn+k�2 0@k�1Xj=0  n+ k � 3 + jj !cj1A : (3.10)For k > (n� 3)c=(1 � 2c), the following simpler upper bound holds:kF kk1 � k n+ 2k � 3k !bn�2(bc)kk(1� 2c) � (n � 3)c : (3.11)Figures 8, 9 and 10 plot norms and the bounds from each of these results,for the problem used for Figs. 6 and 7. The results of Theorems 3.4 and 3.5indicate that if b is near 1 then the norms of the iteration matrices for sweepingagainst the 
ow and the red-black ordering are close to one for n�1 and n=2�1steps, respectively. Consequently, these orderings incur a latency in which littlereduction in the error is obtained. In contrast, Theorem 3.6 shows that the normof the iteration matrix is small for sweeping with the 
ow.
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273.3 DiscussionWe now discuss some practical issues associated with solving the convection-di�usion equation. We �rst note some limitations of the analysis cited in sections3.1 and 3.2, namely, the results apply only to constant coe�cient problems andthey are limited to �nite di�erence discretisations. The latter restriction is nottransparent for Theorem 3.3 but requirement (2) of this result is typically es-tablished using the fact that the coe�cient matrix is an M-matrix and applyingthe Perron-Frobenius theory; see [38], p. 1185. Standard �nite element discreti-sations of the convection-di�usion equation do not produce M-matrices, and weknow of little analysis for anything other than �nite di�erences. (Cf. [10].)Despite these limitations, we have found that the analysis above gives a goodindication of the behaviour of splitting methods for simple 
ows or other discreti-sations. Examples demonstrating this for a semicircular 
ow are given in [13],which also contains some analysis for variable coe�cient problems. As an ex-ample of behaviour for other discretisations, we consider two versions of bilinear�nite elements applied to the problem (2.1) with constant convection coe�cientsv = (�p22 ; p22 ) on the unit square, f = 0, and Dirichlet boundary conditionsu(x; 1) = u(y; 0) = 0, u(1,y)=1, u(x; 0) = 0 for x � 1=2 and u(x; 0) = 1 forx > 1=2. We discretise on a uniform n � n element grid using either a pureGalerkin method (2.5) or a streamline upwind Petrov-Galerkin method (2.8).These problems were generated using the MATLAB code described in section 6.Table 1 shows the iteration counts needed by three variants of line relaxation(horizontal, vertical and horizontal red-black) to solve the discrete problems withn = 32, with stopping criterionkf � Fu(k)k2=kfk2 � 10�6:Note that the 
ow direction forms a �45� angle with the horizontal axis. Con-sequently, the direction of horizontal line relaxation contains a large componentin the direction of 
ow whereas vertical line relaxation is essentially sweepingagainst the 
ow. The results show that as the 
ow becomes stronger (i.e. asthe viscosity � decreases), the di�erences among the methods are essentially aspredicted in section 3.2: sweeping against the 
ow incurs a latency of approx-imately n steps and the red-black ordering incurs a latency of approximatalyn=2 steps. Moreover, the iteration counts decrease dramatically as convectionbecomes more dominant, as the results of section 3.1 predict.We also note, however, that the use of these ideas for more complex 
owsand on large-scale parallel computers lead to some open questions. For example,for the circular 
ow arising in the driven cavity problem (see section 5), thereare portions of the domain where neither a horizontal or vertical line orienta-tion produces a sweep in the direction of 
ow, and it may be necessary to usemore sophisticated strategies to handle such 
ows. We expect complex three-dimensional 
ows to add additional di�culties. On parallel architectures, it is



28 Galerkin Streamline Upwinding� Hor. Vert. Hor. R/B Hor. Vert. Hor. R/B1=10 240 262 257 � � �1=25 84 110 98 � � �1=50 29 57 43 31 59 451=100 15 46 31 15 44 291=200 div. div. div. 6 37 221=250 div. div. div. 9 38 23Table 1: Iterations for bilinear �nite elements applied to the convection-di�usionequation.known that red-black and multi-color orderings lead to higher parallel e�cienciesthan natural orderings. However, the latency associated with red-black orderingsshows that these reorderings may have limitations that need to be overcome toproduce e�ective solution methods.4 Solution methods for the discrete Stokes equa-tionsThe stability issue associated with mixed approximation of the Stokes problem isof central importance when it comes to �nding fast and reliable iterative solutionmethods. In this section we will develop the theory and present computationalresults for only one class of method, namely those based on preconditioned Min-imum Residual iteration, but see [8] for a comparison of various competitivetechniques. The relevant theory for any of the alternative approaches is basedon the key result (2.30) which is a direct consequence of the stability required toensure accuracy properties of the underlying approximation.In our examples, we concentrate on two particular mixed �nite elements: thestable Q1�iso�Q2 and locally stabilised Q1�P0 approximations. Our aim is toillustrate the general structure for stable and stabilised mixed spaces with theseconvenient and popular choices. Since we wish to concentrate on the stabilityissue, we consider here the steady state Stokes problem as mentioned in section 2.For consideration of the additional issue arising with time-dependent problemssee [4].



294.1 Statement of the problemAs in section 2, we can express the discrete Stokes problem asAx :=  A BtB ��S ! up ! =  f0 ! (4.1)where A is the discrete vector-Laplacian, B is the discrete gradient so that itsadjoint Bt is the discrete negative divergence and S is the stabilisation matrixwith � being the non-negative stabilisation parameter. The vector u contains thevelocity coe�cients in terms of the selected basis and p correspondingly for thepressure. Certainly A is symmetric and it will also be positive de�nite with theusual Dirichlet boundary conditions, B will be full rank except that the vectorp = (1; 1; : : : ; 1)t representing hydrostatic (constant) pressure will be in the nullspace (unless it is explicitly removed) and S will be symmetric and positive semi-de�nite (S = 0 in the case of an unstabilised approximation). Any body forcesare represented in the vector f .Employing the Sylvester Law of Inertia ([22] pp. 274), the congruence trans-form A BtB ��S ! =  I 0BA�1 I ! A 00 ��S �BA�1Bt ! I A�1Bt0 I !reveals that A has nu positive eigenvalues and np negative eigenvalues for a stableor stabilised method. This observation follows directly from the discrete stabilitycondition (2.36).The inde�niteness of the Stokes system is thus clear. Note that if the meshsize h is reduced and the discrete problem size correspondingly increased, boththe number of positive and negative eigenvalues increases: some authors refer tosuch systems as being highly (or strongly) inde�nite. It is the solution of suchlinear systems which we address in this section.4.2 The MINRES methodThere are two applicable Krylov subspace iterative methods for such symmetricand inde�nite systems: SYMMLQ and MINRES, both based on the symmetricLanczos procedure and both due to Paige and Saunders [35]. Here we concen-trate on the MINRES methods since it possesses a minimisation property. Wecomment that to our knowledge, SYMMLQ has not been tried on discrete Stokesproblems.In the generic context of solving the symmetric and inde�nite matrix systemAx = b;



30MINRES is characterised by the following. The kth iterate xk lies in the (a�ne)Krylov subspace x0 + spanfr0;Ar0;A2r0; : : : ;Ak�1r0gwhere r0 = b �Ax0 is the initial residual. Correspondingly for the kth residualvector we have rk 2 r0 + spanfAr0;A2r0; : : : ;Akr0g;the de�ning condition being that krkk2 is minimum from this space. Thus if �k isthe set of all real polynomials of degree less than or equal to k then rk = p(A)r0,with p(0) = 1 and p being optimal in the above sense. Employing a spectral(eigenvector) expansion r0 =X�ivi ; Avi = �iviwe have rk = p(A)X�ivi =X�ip(�i)viso that krkk2 = minp2�k;p(0)=1 kX�ip(�i)vik2= minp2�k ;p(0)=1 �X�2i p(�i)2vtivi�12� minp2�k;p(0)=1 maxi jp(�i)j �X�2i vtivi�12or krkk2kr0k2 � minp2�k;p(0)=1 max�2�(A) jp(�)jwhere �(A) denotes the eigenvalue spectrum. Note that the orthogonality ofthe eigenvectors which is a consequence of the symmetry of A is important here.Also if one were interested in positive de�nite symmetricmatricesA, this conver-gence estimate would be the same as that for the `classical' Conjugate Gradientmethod (which requires fewer operations per iteration) except that krkk2 wouldbe replaced by qrtkA�1 rk = q(x� xk)tA (x� xk) def= kx� xkkA.In order to achieve rapid convergence, preconditioning will be as importanthere as in the symmetric and positive de�nite case. Also it is desirable to ensurethat any preconditioner does not destroy the underlying symmetry of the originalproblem else more general non-symmetric iterative methods such as GMRES ([42]or see the paper by Van der Vorst in this volume) would have to be employed.Such methods are generally less e�cient than their symmetric counterparts (seefor example [16]). In order to preserve symmetry in the preconditioned systemwe employ a symmetric and positive de�nite preconditioner M which for the-oretical purposes only we factor as M = M 12 M 12 . (A Cholesky factorisation



31could equally be used). We are then interested in applying MINRES to thepreconditioned system M� 12AM� 12 (M 12x) =M� 12 bor eA ex = ebsay. Now the corresponding preconditioned residual iser = eb� eA ex =M� 12 (b�Ax) =M� 12 rso that kfrkk22 = frktfrk = rtkM�1rk = krkk2M�1:The preconditioned MINRES convergence estimate therefore becomeskrkk2M�1kr0k2M�1 � minp2�k;p(0)=1 max�2�(M�1A) jp(�)j := b�k: (4.2)Note that the use of a positive de�nite preconditioner was necessary as k � kM�1does not de�ne a norm for inde�niteM. A consequence is that preconditioningcan not alter the inertia of the original system sinceM� 12AM� 12 is a congruencetransform and the Sylvester Law of Inertia applies. That is, any symmetricand inde�nite matrix preconditioned by a positive de�nite matrix is necessarilyleft with the same number of positive and negative eigenvalues. The role ofpreconditioning in this case is therefore to cluster both the positive and thenegative eigenvalues so that the polynomial approximation error b�k in (4.2) issmall for low number of iterations, k.A second point is that (unlike in the case of the conjugate gradient method)reduction of the residual in the preconditioned MINRES algorithm is in a normwhich is dependent on the preconditioner. Thus one must be careful not to selecta preconditioner which simply distorts this norm. We will return to this pointlater.At each MINRES iteration we will require the solution of a system of equa-tions with the preconditioner as coe�cient matrix. Thus from the point of viewof practicality, this must be readily achieved.4.3 PreconditioningThe convergence estimate (4.2) shows that convergence depends on the eigenval-ues of the preconditioned system: our goal now is to estimate these eigenvalues.In particular for a partial di�erential equation problem such as the Stokes prob-lem, we are interested in the rate of MINRES convergence for large discreteproblems, i.e. for discretisations on �ne meshes which lead to very large dimen-sional matrix systems. It is therefore appropriate to consider how the rate of



32convergence depends on the representative mesh-size, h, as h ! 0. The bestcase will be if the number of iteration required to achieve convergence to a giventolerance does not depend on h.Since this preserves the underlying block structure of the coe�cient matrix,we are interested in block diagonal preconditioning matrices of the form P 00 M ! (4.3)where both P and M are symmetric and positive de�nite. The eigenvalues wewish to estimate are therefore the eigenvalues � of A BtB ��S ! up ! = � P 00 M ! up ! :We readily see that if P = A then � = 1 is an eigenvalue of multiplicity nu � npcorresponding to any eigenvector [u; 0]t with Bu = 0. (The multiplicity comessimply from the size of the right null space of the rectangular matrix B). In thestable case (S = 0), if also M = BA�1Bt, the remaining eigenvalues satisfy(1� �)Au = �Btp and Bu = �BA�1Btpor by eliminating u, (�2 � � + 1)BA�1Btp = 0:Thus since the assumed inf-sup stability in this case ensures that BA�1Bt ispositive de�nite, we deduce that � = 1=2 �p5=2 are the remaining eigenvalueseach with multiplicity np. This is an ideal situation from the point of view ofconvergence of MINRES: since the preconditioned matrixM� 12AM� 12 has onlythree distinct eigenvalues the convergence bound (4.2) will be zero for k = 3as there is a cubic polynomial with these three roots. That is, MINRES willterminate with the exact solution after three iterations regardless of the size ofthe discrete problem.Unfortunately use of the Schur complement BA�1Bt in the preconditioner isnot desirable since it is in general a dense matrix which is not easy to constructlet alone to invert (or rather solve a system) at each MINRES iteration. Butthis is where the discrete inf-sup stability condition (2.30) and (2.37) providesthe key: the pressure mass matrix Q is spectrally equivalent to BA�1Bt and sowe lose little by selectingM = Q. The analysis with this choice is similar to theabove: we have Au+Btp = �AuBu = �Qp:The case � = 1 arises with the same eigenvectors (and thus multiplicity) asabove, and for � 6= 1 eliminating u using the �rst of these equations givesBA�1Btp = �(� � 1)Qp:



33Thus for each eigenvalue � of Q� 12BA�1BtQ� 12 there are a pair of eigenvalues� = 12 � 12q1 + 4� < 0 and � = 12 + 12q1 + 4� > 0of the original problem. Now since discrete inf-sup stability and boundednessimply 
2 � � � �2, we see that� 2 "1�p1 + 4�22 ; 1�p1 + 4
22 #[ f1g [ "1 +p1 + 4
22 ; 1 +p1 + 4�22 #for every eigenvalue. That is, the multiple eigenvalue � = 1 is retained and theremaining eigenvalues are pairwise symmetric about 12 and lie in small intervalswhich are uniformly bounded and uniformly bounded away from the origin. Inthis situation the convergence of MINRES will not take only three iterations,but nevertheless it will be fast and (crucially) will be independent of the size ofthe discrete problem. For an unstable approximation we have 
 = 0 (or 
 ! 0under mesh re�nement), so the negative eigenvalues would not be bounded awayfrom the origin and poor convergence results.Before proceding to more general theory, we motivate other approximationswhich will preserve the e�ective form of this `ideal' preconditioner but which leadto a more practical overall preconditioner.It is apparent that preconditioning withM as above requires at each MINRESiteration the solution of two systems of equations of size nu and np and withcoe�cient matrices P andM respectively. The `ideal' choice P = A thus requiresan exact solution of a Poisson equation for each of the velocity componentssince A is the vector Laplacian coming from approximation of the viscous terms.Conveniently there has been much analysis of preconditioners for the Laplacian(see for example the papers by Xu and Chan in this volume).We do not need to use an inner preconditioned conjugate gradient iterationto e�ect an exact solution, but are in a position to simply take P to be a domaindecomposition or multilevel preconditioner for example. That is we simply letP be a preconditioner for the Laplacian. By applying a suitable scaling to P ifnecessary we will assume that� � utAuutPu � 1 for all u: (4.4)If we use a powerful preconditioner such as a multigrid cycle, then � will be near1 independently of the discrete problem size (usually expressed in terms of inversepowers of the mesh size parameter, h) and we might expect that only a few moreMINRES iterations will be required than if we made the more expensive choice



34P = A. If we use a weaker preconditioner such as diagonal scaling for which� = O(h2) then more MINRES iterations will be needed for convergence.It is a much simpler matter to approximate the ideal choice of M furtherby approximating the pressure mass matrix Q without signi�cantly a�ecting theconvergence of MINRES. The simplest choice M = diag(Q) is proved to be agood approximation to Q in [49]. Speci�cally we will assume�2 � ptQpptMp � �2 for all p: (4.5)Using a continuous P1 pressure approximation for example, replacing the massmatrix Q by its diagonal is very convenient computationally, and furthermore(4.5) is satis�ed in this case with � = 1=p2 and � = p2.4.4 Eigenvalue boundsOur analysis proceeds with the assumptions (4.4), (4.5) and the further assump-tion of boundedness of the stabilisation matrix S:ptSpptQp � �2 for all p: (4.6)Using the locally stabilised Q1�P0 mixed approximation described in section 2,we choose M = Q in (4.5) since Q is a diagonal matrix and in this case we knowthat � = 2 on a uniform mesh.For the eigenvalue analysis it is convenient to consider the symmetricallypreconditioned system:M� 12AM� 12 =  P� 12AP� 12 P� 12BtM� 12M� 12BP� 12 ��M� 12SM� 12 !=  eA eBteB �� eS ! = eA: (4.7)In the following, we denote by �max the largest singular value of eB (i.e. thelargest eigenvalue of eB eBt).Lemma 4.1. All negative eigenvalues � of eA satisfy12 ��� ��2�2 �q(�+ ��2�2)2 + 4�2max� � � (4.8)and � � 12���q�2 + 4
2�2�� (4.9)and all positive eigenvalues � of eA satisfy� � �; (4.10)



35and � � 12 �1 +q1 + 4�2max� : (4.11)Proof. If � is an eigenvalue of eA then there are vectors u, p not both zerosatisfying eAu+ eBtp = �u (4.12)eBu� � eSp = �p: (4.13)If � > 0 then u 6= 0 since otherwise (4.13) implies p = 0 as eS is positive semi-de�nite. If � < 0 then p 6= 0 since otherwise (4.12) implies u = 0 as eA is positivede�nite.Taking the scalar product of (4.12) with u and the scalar product of (4.13)with p and subtracting givesut eAu+ �pt eSp = �utu� � ptpwhich using (4.4) and the positive semi-de�niteness of � eS gives(�� �)utu � ��ptpleading to (4.10) for positive � since u 6= 0 in this case.Further for � > 0, substituting for p from (4.13) into the scalar product of uwith (4.12) gives ut eAu+ 1�ut eBt  I + �� eS!�1 eBu = �utuwhere the stated matrix inverse certainly exists because �; � > 0 and eS is positivesemi-de�nite. Moreover the maximum eigenvalue of (I + �� eS)�1 is 1 thus�ut eAu+ ut eBt eBu � �2utufrom which follows 0 � �2 � �� �2max:This gives (4.11).For � < 0, eA � �I is invertible, so we can take the scalar product of (4.13)with p and substitute for u from (4.12) to obtainpt eB( eA� �I)�1 eBtp + �pt eSp = ��ptp: (4.14)Considering (4.14), if � < 0 is an eigenvalue of eA thenpt eB eA� 12 (I � � eA�1)�1 eA� 12 eBtp+ �pt eSp = ��ptp



36where p 6= 0. Because the eigenvalues of (I � � eA�1)�1 are(1 � �=�)�1 � : : : � (1 � �)�1;we have (1� �=�)�1pt eB eA�1 eBtp+ �pt eSp � ��ptp;and since 0 � (1 � �=�)�1 � 1 there follows(1 � �=�)�1�pt eB eA�1 eBtp+ �pt eSp� � ��ptp:Using (4.7) to express this in terms of the blocks of the original unpreconditionedStokes matrix (4.1) this is(1� �=�)�1ptM� 12 (BA�1Bt + �S)M� 12 p � ��ptp:Now using the stability property (2.36) this implies
2(1� �=�)�1ptM� 12QM� 12p � ��ptpwhich by employing (4.5) further implies
2�2(1 � �=�)�1ptp � ��ptp:Since p 6= 0 this gives 0 � �2 � �� � �
2�2from which (4.9) easily follows.To derive (4.8) we use (4.6) and (4.5) in (4.14) to obtain(� � �)�1�2max + ��2�2 � ��or 0 � �2 + (��2�2 � �)� � �2max � ��2�2�which yields the result.It is convenient to remove �max from these bounds since estimates for thisquantity are not readily available.Lemma 4.2. �max � �� (4.15)Proof. For all p we havept eB eBtp = ptM� 12BP�1BtM� 12p� ptM� 12BA�1BtM� 12p



37using (4.4). So given that (2.37) holds in the stable or stabilised case we havept eB eBtp � �2 ptM� 12QM� 12p� �2 �2 ptpwhere we have further used (4.5). We have thus proved�2max � �2 �2and hence (4.15).Employing Lemma 4.2, the bounds (4.8) and (4.11) become12 �� � ��2�2 �q(� + ��2�2)2 + 4�2 �2� � � (4.16)and � � 12 �1 +p1 + 4�2 �2� : (4.17)Regarding (4.16),(4.9),(4.10) and (4.17) as the best bounds which we canestimate, we are now in a position to �nd an upper bound on the convergencerate of the preconditioned MINRES algorithm by considering the approximationproblem in (4.2). Before doing so let us just point out the dependencies of therelevant quantities �, 
, �, �, � and � as well as the stabilisation parameter �(which arises only in a stabilised formulation):� �: depends on how well the preconditioning block P approximates thediscrete Laplacian A� 
: stability constant|bounded above zero independently of the mesh� �: boundedness constant: � � pd for any domain 
 � IRd (see (2.39))� �, �: positive constants independent of problem size even for the simplechoice M = diag(Q). For such a choice of the preconditioning block M ,these constants are tabulated in ([49]) for many di�erent �nite elementstypes� �: upper bound on the stabilisation matrix S|an O(1) constant.� �: positive stabilisation parameter optimally chosen to be just large enoughto achieve stability (see [43]).Any of these parameters may depend on the geometry of the domain and/orthe computational grid, BUT it is only � which can depend explicity on thesize of the discrete problem. That is, the only way that mesh-size dependencearises in the eigenvalues bounds for the preconditioned Stokes coe�cient matrixeA is through a dependence of � on the representative mesh-size, h. Therefore,



38provided that some simple approximation of the pressure mass matrix is usedso that (4.5) is satis�ed and provided a suitable stable or stabilised formulationis employed so that (2.30) or (2.36) and (4.6) hold then the convergence of thepreconditioned MINRES algorithm will be essentially determined by the qualityof the Laplacian preconditioner, P . Let us illustrate with a few examples.Example 1: P = diag(A) and M is any suitable choice (such as diag(Q)) whichsatis�es (4.5).For this case we have � = ch2 +O(h4) for some constant c independent of h(see for example [2], pp. 240). By considering the leading asymptotic term forsmall h it is apparent that the eigenvalue bounds (4.16),(4.9),(4.10) and (4.17)de�ne a pair of eigenvalue inclusion intervals of the form�(M� 12AM� 12 ) � [�a;�bh] [ [ch2; d]: (4.18)The constants a, b, c and d are de�ned in terms of 
, �, �, �, � and � by theabove formulae but they do not depend on h. (c is exactly as above because ofthe simple form of (4.10)). We demonstrate the asymptotic manipulation for theleast obvious bound (4.9):� � 12�ch2 +O(h4)�q(ch2 +O(h4))2 + 4
2�2(ch2 +O(h4))�= 12�ch2 +O(h4)� 2c 12 �
h �1 + O(h4)� 12�= �c 12 
�h+ 12ch2 +O(h4):The important point to note here is that as h ! 0 the negative eigenvaluesapproach the origin at only half the rate at which the positive eigenvalues canapproach from above.h ��max ��min �+min �+max1=8 �0:7547 �0:1556e0 0.2747e0 2.06401=16 �0:7701 �0:9500e-1 0.7444e-1 2.13471=32 �0:7740 �0:5253e-1 0.1902e-1 2.15311=64 �0:7749 �0:2770e-1 0.4783e-2 2.15771=128 �0:7752 �0:1427e-1 0.1198e-2 2.1589Table 2: Extreme eigenvalues: Q1 � P0 element with diagonal preconditioningIn table 2 we show the results of eigenvalue computations on the diagonallypreconditioned Stokes coe�cient matrix as above for a driven cavity 
ow problem(see section 6 for associated software). We show the extreme eigenvalues ofM� 12AM� 12 for a sequence of regular grids re�ned by bisection and using the



39locally stabilised Q1 � P0 element with the `optimal' stabilisation parametervalue � = 0:058 (see [43]). The driven cavity problem was solved on only halfof the 
ow domain by using the natural symmetry about the centreline. Themost positive and most negative eigenvalues (�+max and ��max respectively) clearlyapproach constant values as h is reduced, the negative eigenvalue nearest to theorigin (��min) is approximately halved and the smallest positive eigenvalue (�+min)reduces by approximately a quarter as h is halved: these results therefore showthat (4.18) is descriptive and is not just providing crude bounds.We note that example 1 is illustrative of the generic situation: if P is chosensuch that � = O(hr) and M is an appropriate approximation of the pressuremass matrix then �(M� 12AM� 12 ) � [�a;�bhr=2] [ [chr; d]: (4.19)That is the negative eigenvalues always approach the origin at half of the rate ofthe positive eigenvalues. The analysis given here therefore applies to a wide rangeof Laplacian preconditioners including, for example, the modi�ed incompletecholesky factorisation ([32], [26]) for which r = 1.Example 2: P is a multigrid cycle for A (see for example the paper by Xu inthis volume) and M = Q (or some approximation).This is actually the easiest situation from the view point of the analysis as� is bounded away from zero independently of h. In table 3 we give the com-puted extremal eigenvalues of P�1A for our test problem employing the stableQ1�iso�Q2 element on a sequence of re�ned meshes. The preconditioner P rep-resents a single multigrid V-cycle with an `optimally' damped Jacobi smoother.It is apparent that � � 0:8 in this situation. Also tabulated in 3 are the extremeeigenvalues, �min and �max of Q�1BA�1Bt: these show that 
 � 0:16 and � � 1for this element. It follows that the bounds (4.16),(4.9),(4.10) and (4.17) are allindependent of h.h �min �max �min(P�1A) �max(P�1A)1=8 0.1686 0.9340 0.8519 1.00001=16 0.1655 0.9862 0.8220 1.00001=32 0.1642 0.9967 0.8090 1.0000Table 3: Extreme eigenvalues of Q�1BA�1Bt and P�1A: Q1�iso�Q2 elementwith multigrid preconditioningAn interesting point arises with the use of spectrally equivalent precondi-tioners such as in this example, namely convergence of MINRES occurs in normwhich is naturally associated with the problem, see [44].



404.5 The rate of convergence of MINRESIn the case of a spectrally equivalent Laplacian preconditioner P such as a multi-grid cycle, we may simply note that since all of the eigenvalues are bounded awayfrom in�nity and away from the origin independently of the mesh-size h, thenb�k in (4.2) is also independent of h. The convergence of MINRES in this caseshould therefore be independent of problem size. This is clearly displayed intable 4 where we present some preconditioned MINRES iteration counts.The problem is again the leaky lid driven cavity but solved on only half of thedomain by using the natural symmetry. For these results the stable Q1�iso�Q2element was used and the convergence criterion was a reduction by 10�6 in theM�1-norm of the residual. The preconditioner AMG1 represents a single multi-grid V-cycle: as above an `optimally' damped Jacobi smoother was employed.Iteration and total 
op counts using the `ideal' block preconditioner P = A , thediagonally scaled MINRES method of example 1 above, and the block precon-ditioner based on a Modi�ed Incomplete Cholesky factorisation (MIC) are alsoincluded for comparison. Note that the cost of the incomplete factorisation is notincluded in the 
op counts given in the table; preconditioning is via sparse upperand lower triangular matrix solves in this case. The use of P = A is expensivein operation counts since a full factorisation is needed in this case, so only theMINRES iteration counts are included for comparison. The computations weredone on a Sun Sparcstation-10 using MATLAB 4.1.P = A P = AMG1 P = AMIC P = diag(A)h M = Q M = Q M = Q M = diag(Q)1=8 23 27 (0.44) 28 (0.19) 41 (0.23)1=16 25 28 (1.97) 38 (1.22) 94 (2.25)1=32 27 30 (8.10) 53 (7.69) 206(20.63)1=64 27 31 (36.33) 78 (54.89) 427(175.04)Table 4: MINRES iterations (Mega
ops): Q1�iso�Q2 elementNote that use of P = A or of the more practical multigrid cycle as a pre-conditioner for the Laplacian does indeed imply that the number of MINRESiterations does not depend on the discrete problem size. Use of the multigridpreconditioner rather than the `ideal' choice P = A is seen to increase the num-ber of iterations only slightly: it is nearly ideal, but much more e�cient overall.Indeed the multigrid preconditioner gives an `optimal' Stokes solver: the totalnumber of 
oating point operation increases by a factor of approximately foureach time the grid is re�ned to create four times as many discrete variables. Thisis a very desirable property.It remains to analyse the convergence of MINRES for preconditioners such



41as those in the two right hand columns of table 4 above which do not involvemultigrid or some other spectrally equivalent Laplacian preconditioner.Having estimated the eigenvalue spectrum in the form �( eA) � E where Ecomprises two intervals of the form [�a;�b] [ [c; d] with a, b, c and d beingpositive, our attention therefore turns to the approximation problemsb�k = minp2�k;p(0)=1 max�2�( eA) jp(�)j (4.20)� minp2�k;p(0)=1 maxx2E jp(x)j := �k: (4.21)We know from (4.2) that b�k bounds the relative reduction in the MINRES resid-ual after k iterations; if little is lost in the inequality above then it is moretractable to deal with the approximation problem (4.21) on intervals rather than(4.20) on the discrete eigenvalue set. A rapidly decreasing sequence �k will stillindicate fast convergence.In fact, when a single number is desired to represent convergence, it is con-venient to consider the asymptotic convergence factor� := limk!1 �1=kkwhich represents a bound on the average contraction in the residual per iteration.Firstly we require some results from Approximation Theory to characterisepolynomials p 2 �k; p(0) = 1 which solve the minimax problem (4.21) for dif-ferent sets E (see for example [33] for these results). Note that f�kg must be adecreasing (non-negative) sequence as each successive iteration simply increasesthe allowable degree of p by one. Existence and uniqueness of the solution isknown and a characterisation is expressed in terms of the number of points inthe set E at which �k is attained.Let us consider �rst the simpler problem when E = [c; d] with c > 0 such aswould arise if eA were symmetric and positive de�nite. In this case the optimalpolynomial p 2 �k satis�es jp(xj)j = �k for k + 1 distinct points a = x0 < x1 <: : : < xk�1 < xk = b. Moreover p(xj) = �p(xj�1) for j = 1; 2; : : : ; k. It is then astraightforward matter to see that p must be as sketched in �gure 11.We now take the unusual step of writing down an ordinary di�erential equa-tion initial value problem which must be satis�ed by the polynomial p. Notingthat p = ��k at the points x1; : : : ; xk�1 where the derivative p0 vanishes as wellas at the endpoints of the interval [c; d] we havek2(p2(x)� �2k) = (p0(x))2(x� c)(x� d) (4.22)where the constant scaling term k2 comes from equating the leading coe�cient(of x2k) on both sides of this equation. The `initial' value is p(0) = 1.The nonlinear ordinary di�erential equation (4.22) can now be di�erentiatedto give 2k2pp0 = 2p0p00(x� c)(x� d) + (p0)2(2x� c� d)
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0Figure 11: Optimal polynomial on a single intervalso the common factor p0 can be cancelled to reveal the linear ordinary di�erentialequation (x� c)(x� d)p00 + (x� (c+ d)=2)p0 � k2p = 0: (4.23)This is the classical Chebyshev equation (see for example [24], pp. 1033) the so-lutions of which are the well known Chebyshev polynomials Tk(x) = cos k�; x =cos � suitably shifted to the interval [c; d] and scaled to satisfy the side conditionp(0) = 1. (This may be discovered by seeking a series solution).This is a rather unusual way to show the well-known result that the solutionof the polynomial approximation problem (4.21) isp(x) = Tk  2x� c� dd� c !.Tk  c+ dc� d!(see for example [2]).Using the de�nition in terms of the cosine it follows that �1 � Tk � 1 forthe relevant argument and so the preconditioned MINRES convergence estimate(4.2) becomes krkkkr0k � �k = 1.Tk  c+ dc� d! : (4.24)If c and/or d are de�ned asymptotically in terms of h then use can be made ofthe asymptotics of Chebyshev polynomials to give asymptotic formulae for �k in



43terms of h. For example if c = O(hr); d = O(1) thenlimk!1 �1=kk = 1�O(hr=2)(see [2]).We use this non-standard approach here because it is actually more generalsince it extends to various situations where M� 12AM� 12 is inde�nite.The �rst inde�nite case we consider is E = [�d;�c] [ [c; d]. We say that asymmetric matrix eA with � 2 �( eA)) �� 2 �( eA) is `symmetrically inde�nite':such a matrix necessarily leads to consideration of an inclusion set of this form.In this case the optimal polynomials p in (4.21) must inherit the symmetry ofthe inclusion set and so must be of the form sketched in �gure 12. We see thatp0 vanishes at the origin as well as at the points where p attains ��k, so in asimilar manner to the above we obtain the ordinary di�erential equationk2x2(p2(x)� �2k) = (p0(x))2(x� c)(x� d)(x+ c)(x+ d)= (p0(x))2(x2 � c2)(x2 � d2)which is necessarily satis�ed by the optimal polynomial.
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0Figure 12: Optimal polynomial on two intervals symmetric about the originMaking the change of variable y = x2 and setting p(x) = q(y) so that p0(x) =2xq0(y) we obtaink2x2(q2(y)� �2k) = 4x2(q0(y))2(y � c2)(y � d2)



44or (k=2)2(q2(y)� �2k) = (q0(y))2(y � c2)(y � d2):This is precisely in the form of (4.22) and so proceding as above we obtain q asthe Chebyshev polynomial of degree k=2 shifted to the interval [c2; d2] and scaledto satisfy q(0) = 1:q(y) = Tk=2  2y � c2 � d2d2 � c2 !.Tk=2 c2 + d2c2 � d2! :Thus in terms of the optimal polynomial p of degree k we havep(x) = Tk=2 2x2 � c2 � d2d2 � c2 !.Tk=2  c2 + d2c2 � d2!and so for symmetrically inde�nite systems the MINRES convergence estimateis krkkkr0k � �k = 1.Tk=2 c2 + d2c2 � d2! : (4.25)In a partial di�erential equation situation where c = O(hr); d = O(1) as above,we would thus have limk!1 �1=kk = 1 �O(hr)It is instructive to compare this with the convergence that would be achievedby an iterative method such as MINRES (or Conjugate Gradients) applied tothe symmetric and positive de�nite `normal equations' (NE), eA2 ex = eA eb. Forthis system �( eA2) � [c2; d2] so that we can estimate convergence using (4.24) toobtain krNEk kkrNE0 k � �NEk = 1.Tk  c2 + d2c2 � d2! : (4.26)Comparing (4.25) with (4.26) we see that we can expect that MINRES for theoriginal inde�nite symmetric problem will take twice the number of iterationsas MINRES (or the more e�cient Conjugate Gradient method) for the normalequations to achieve the same reduction of residual. Since for the normal equa-tions two matrix-vector multiplies will be required at each iteration compared toonly one for the inde�nite system so that the normal equation method will betwice as expensive per iteration, we deduce that there is essentially nothing tochoose between these two approaches in this case. That is, the iterative solu-tion of `symmetrically inde�nite' systems using a method such as MINRES is nobetter than the much more generally applicable normal equations approach. Amore precise statement of this result is given by Freund [19].When proposing the use of preconditioned MINRES for a class of inde�nitesystems it is therefore important to show that the eigenvalues are not symmet-ric about the origin. For the Stokes problem the results of the previous section



45establish a precise non-symmetry in the eigenvalues: for non-optimal precondi-tioners, the negative eigenvalues approach the origin at half of the rate of thepositive eigenvalues under mesh re�nement.In this situation, the approach employing ordinary di�erential equations asabove can still be employed to derive a convergence estimate, though the detailsare rather more involved (see [50]). We quote only the result: If the eigenvaluesof eA are contained in a set of the form[�a;�bhr=2] [ [chr; d]then limk!1 �1=kk = 1�O(h3r=4):That is the convergence of MINRES on the Stokes problem is at a rate preciselyhalf way between that achived for a symmetric positive de�nite problem such asthe Laplacian and that achieved for the corresponding normal equations.5 Solution methods for the discrete Oseen equa-tionsIn this section we examine methods for solving the steady-state Navier-Stokesequations that combine and build on the techniques of sections 3 and 4. Themethods are designed for the steady-state Oseen equations (�t!1 in (1.11)).These equations also arise from a nonlinear iteration for solving the Navier-Stokesequations in which u� represents the iterate from a given step and the solutionu is the iterate for the next step. See [29] for a convergence analysis.Discretisation leads to a matrix problem F BtB ��S ! up ! =  f0 ! ; (5.1)where u and p now represent discrete versions of velocity and pressure, respec-tively. F is a discrete vector convection-di�usion operator and B represents thecoupling between the discrete velocity u and the pressure p. For simplicity ofpresentation we only present results for the unstabilised case S = 0.5.1 Preconditioning I: Convection-di�usion solvesWe �rst describe two preconditioning techniques developed in [7] that generalisethe methods of section 4 essentially by replacing the approximation P to the vec-tor Laplacian operator in (4.3) with an approximation to the vector convection-di�usion operator F . It is easiest to describe the ideas using the exact operator



46F . Thus, consider the block diagonal preconditioner F 00 1�Q ! (5.2)where Q is the pressure mass matrix. As in section 4, the eigenvalues of thepreconditioned system are the solutions of the generalised eigenvalue problem F BtB 0 ! up ! = �  F 00 1�Q ! up ! :These are given by � = 1 or � = 1 �p1 + 4�2where � comes from the generalised eigenvalue problem for the Schur complementsystem, BF�1Btp = � �1�Q�p : (5.3)The following result provides a bound on �.Theorem 5.1 The eigenvalues of the generalised Schur complement problem(5.3) for the Oseen operator are contained in a rectangular box in the right halfplane of the form " 
2�2�2 + �2 ;�2#� i "�22 ; �22 # :where 
 and � are as in (2.30) and (2.37), and � = �(A�1N).This is proved [7] by bounding the eigenvalues of the symmetric part of BF�1Bt(with respect to 1�Q) and the skew-symmetric part of BF�1Bt, and then applyingBendixson's theorem ([47], p. 418). But 
 and � are independent of the meshsize h of the discretisation. Moreover, since N and A are �rst-order and second-order operators, respectively, � is also independent of h [15]. Consequently,the box containing the generalised eigenvalues of (5.3) are independent of thediscretisation mesh size. A bound on the eigenvalues of the preconditioned Oseenoperator is an immediate consequence.Corollary 5.1 The eigenvalues of the discrete Oseen operator (5.1) precondi-tioned by (5.2) consist of � = 1 of multiplicity nu � np, together with four setsconsisting of points of the form 1 + (a � bi) and �a � bi. These sets can beenclosed in two rectangular regions that are symmetric with respect to <(�) = 12whose borders are bounded independently of h.



47The preconditioned system can be solved using any Krylov subspace method.The convergence behavior of such methods depends implicitly on �nding a poly-nomial that is small on the spectrum of the coe�cient matrix. (Again see [42] orthe paper by Van der Vorst in this volume.) The fact that the eigenvalues for thepreconditioned system derived from (5.2) lie on both sides of the imaginary axisis a potential disadvantage of this preconditioner. An alternative that avoids thisproblem is the block triangular preconditioning operator F Bt0 � 1�Q ! : (5.4)For this choice, the associated generalised eigenvalue problem is�F BtB O ��up � = ��F Bt0 � 1�Q��up � : (5.5)As above, one solution is � = 1, now of multiplicity nu. If � 6= 1, then premulti-plying the �rst block row of (5.5) by BF�1 and using the relationBu = �� ( 1�Q)pleads to the equation (5.3) for the other eigenvalues. Thus, we have the followingresult.Theorem 5.2 The eigenvalues of the discrete Oseen operator preconditioned by(5.4) consist of � = 1 together with the generalised eigenvalues of S in (5.3).Therefore, the eigenvalues are bounded independently of h and they all have pos-itive real part.The analysis in [16] shows that for a particular starting guess the i'th GM-RES polynomial derived from the triangular preconditioning (5.4) is identical tothe (2i�1)st GMRES polynomial for the diagonal preconditioning (5.2). Exper-imental results for both GMRES and the quasi-minimal residual method (QMR)[20] indicate that this analysis is predictive for arbitrary initial guesses, i.e., thetriangular method requires roughly half the iterations to converge [7]. Moreover,the inverse of the block triangular preconditioner can be expressed in factoredform as  F Bt0 � 1�Q !�1 =  F�1 00 I ! I Bt0 �I ! I 00 �Q�1 ! ;so that the only overhead associated with using (5.4) instead of (5.2) is a matrixmultiplication by Bt. Therefore, this preconditioner is typically more e�ectivefor the Oseen problem.Since the eigenvalues for either of these preconditioners are independent of themesh size, the asymptotic convergence rate of GMRES is also independent h [42].Table 5 shows the iterations required by GMRES and QMR to solve the drivencavity problem on 
 = (�1; 1) � (�1; 1) using the Q1�iso�Q2 discretization



48 Iterations of GMRESGrid � = 1 � = 1=10 � = 1=5016 � 16 18 25 4532 � 32 19 31 6964 � 64 17 32 93128 � 128 14 31 110Iterations of QMRGrid � = 1 � = 1=10 � = 1=50 � = 1=10016 � 16 22 28 51 7332 � 32 22 36 78 12664 � 64 22 39 112 189128 � 128 16 36 127 253Table 5: Iterations for Q1�iso�Q2 �nite elements applied to the Oseen equationwith block triangular preconditioning.with an n � n non-uniform grid of elements for velocities. The initial guess wasidentically zero and the stopping criterion was




 f0 !�  F BtB 0 ! ukpk !




2




 f0 !




2 � 10�6 :These results, which come from [7], indicate that the iteration counts are inde-pendent of the mesh size. (This is less evident for the smallest value � = 1=100considered here; we believe that this is because �ner meshes are needed for theasymptotic behavior to be displayed in this case.) See [7] for additional experi-mental results.5.2 Preconditioning II: Stokes solvesAn alternative approach considered in [23] builds on the ideas of section 4 in adi�erent way, by using a symmetric operator as a preconditioner for the Oseenequations. Here we consider one example from [23], the symmetric part of (5.1).This is a discrete Stokes operator �A BtB 0 ! : (5.6)



49Thus, using this with a Krylov subspace method entails solving the discreteStokes equations at each step. See [23] for other examples of symmetric precon-ditioners as well as a discussion of their use for stationary iterative methods.An analysis of the Stokes preconditioning is as follows. Once again, we havea generalised eigenvalue problem, F BtB 0 ! up ! = � �A BtB 0 ! up ! :One solution is � = 1, which has eigenvectors of the form (u; p)t where Nu = 0and p is arbitrary. Any remaining eigenvalues satisfyFu+Btp = � �(�A)u+Btp�where u is such that Bu = 0. If (u; p)t is any eigenvector, then taking the innerproduct with u leads to the expression for the corresponding eigenvalue� = 1 + (u;Nu)(u; (�A)u) :(Note that if u exists it will be complex.) It follows thatj=(�)j � 1� �(A�1N):Thus, we have established the following result.Theorem 5.3 The eigenvalues of the discrete Oseen operator (5.1) precondi-tioned by (5.6) consist of � = 1 of multiplicity at least np together with at mostnu � np eigenvalues of the form 1 � i�=� where j�j � �(A�1N).These eigenvalues lie on a vertical line segment in the complex plane with realpart equal to 1. As noted in section 5.1, �(A�1N) is independent of the meshsize, so that the asymptotic convergence rate of GMRES will also be independentof h [23, 42].Table 6 shows the results of numerical experiments with the Stokes precondi-tioner [23] applied to the driven cavity problem. Here the discretization is locallystabilised Q1 � P0 with � = 1=4. (See section 6.) The stopping criterion andinitial guess are as in section 5.2.5.3 DiscussionWe conclude this section with a brief discussion comparing the two classes ofideas presented here. Each of the approaches requires the solution of a keysubproblem, the discrete convection-di�usion equation for the methods of section



50 Iterations of GMRESGrid � = 1 � = 1=10 � = 1=1008 � 8 5 11 2616 � 16 4 12 3932 � 32 4 12 4564 � 64 4 12 45Iterations of QMRGrid � = 1 � = 1=10 � = 1=50 � = 1=1008 � 8 7 12 27 4516 � 16 5 14 40 6732 � 32 5 14 47 8364 � 64 6 13 47 89Table 6: Iterations for locally stabilised Q1 � P0 �nite elements (with � = 1=4)applied to the Oseen equation with Stokes preconditioning.5.1 and the discrete Stokes equations for the method of section 5.2.3 We havenot made a systematic comparison of these approaches and will refrain frommaking a recommendation here. For a practical computation we would expect thesolution of either of the subproblems to be replaced by an approximate solutionobtained using an iterative method. These computations could be done usingthe techniques of sections 3 or 4. This issue adds to the di�culty in making acomparison of the two approaches.Finally, we point out that although both methodologies discussed here pro-duce asymptotic convergence rates that are independent of the mesh size, theyare dependent on the viscosity �. This is seen in the lower bound of �2 for thereal parts of the eigenvalues in Theorem 5.1 (which is shown to be tight in [7])and the upper bound of 1=� in Theorem 5.3. In both cases the iteration countsappear to grow linearly in 1=�, and therefore we expect these ideas to be mostsuitable problems with relatively high viscosity, i.e., low Reynolds numbers.3As described, the techniques of section 5.1 also require the action of the inverse of the massmatrix. However, as we observed in section 4, this can be replaced with a less expensive com-putation using, say, the diagonal of the mass matrix, without a�ecting asymptotic convergenceproperties. Indeed, this choice was used for the results of section 5.1.



516 Test Problems and SoftwareIn this section, the test problems used to illustrate the methodology in sections3{5 are described. These problems can be constructed (and the solutions plotted)using MATLAB software which is available by anonymous ftp in the tar �lesftp://ftp.ma.man.ac.uk/pub/narep/convdiff.tarftp://ftp.ma.man.ac.uk/pub/narep/oseen.tarThe three test problems that are built-in are described below.6.1 The Convection-Di�usion ProblemThe directory /convdiff/ contains two driver routines; square grid and stretch grid.These generate solutions to (2.1) using square or rectangular bilinear Q1 ele-ments. The \wind" w is de�ned within the function transprt.m, and for thetest problem (see section 3.3) it is set to a constant vector (�p2=2;p2=2). Theboundary conditions are de�ned in the function skewx.m. In the test problem,the solution satis�es u = 1 on part of the bottom boundary and on the right-handwall, and u = 0 on the remainder.
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Figure 13: Convection skew to the meshReducing the viscosity parameter � increases the relative strength of thewind, and if � is \small" there is an internal layer generated by the discontinuityon the in
ow boundary, and a boundary layer at the left hand wall and alongthe top. The case � = 1=100 is illustrated in �gure 13. This shows a uniform32�32 grid solution corresponding to the streamline di�usion formulation (2.8),and was generated via square grid. Note that for this combination of � and hthe standard Galerkin solution is oscillatory, unless stretched grids are used toresolve the boundary layer (via the routine stretch grid).



526.2 The Stokes ProblemThe directory /oseen/ contains two driver routines; square mesh and stretch mesh.These generate �nite element matrices associated with the Oseen operator us-ing square (or rectangular) Q1{P0 elements. These matrices are \saved" on thedata�le system nobc.mat.
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Figure 14: Stokes driven cavity 
owHaving set up the system matrices, the Stokes 
ow test problem (see sec-tions 4.4 and 4.5) can be solved using the driver stokes. The \leaky drivencavity" boundary conditions are de�ned in the function ldcavf.m; the verticalvelocity is set to zero everywhere, whereas the horizontal velocity is set to unityon the lid, and is zero on the other boundaries. One of the interesting features ofthe problem is that the pressure is singular at the top corners, i.e. where the im-posed velocity is discontinuous. Without convection the 
ow is (anti{)symmetricabout the line x = 0, where the pressure must be identically zero. This featurecan be exploited when generating the 
ow solution (see section 4). A typical
ow is illustrated in �gure 14. This shows a uniform 32� 32 grid solution of thestabilised system (2.35) with the \optimal" stabilisation parameter � = 0:058.Using Q1{P0 the pressure solution becomes increasingly oscillatory as � ! 0,although a realistic velocity solution is obtained for this test problem withoutstabilisation (this is not true in general). If stretched grids are used (via the rou-tine stretch mesh) then secondary recirculations (so called \Mo�att eddies")can be observed in the bottom two corners.6.3 The Oseen ProblemHaving set up the systemmatrices as above (using square mesh or stretch mesh),the Oseen 
ow test problem (see sections 5.1 and 5.2) can be solved using thedriver osn. Unlike the Stokes case where there is no convection, in the Oseenproblem there is a \wind" which is de�ned within the function wind.m. For the



53test problem the wind is the \divergence-free vortex" w = (2y(1� x2);�2x(1�y2)). As in the Stokes case, the \leaky cavity" boundary conditions are de�nedin the function ldcavf.m.
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Figure 15: Oseen driven cavity 
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