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Abstract

The hypergraph duality problemua. is defined as follows: given
two simple hypergraph§ and?{, decide whethe#{ consists pre-
cisely of all minimal transversals of (in which case we say thét

is the dual ofH). This problem is equivalent to decide whether
two given non-redundant monotone DNFs are dual. It is known
thatDUAL, the complementary problem touB., is in GQ(log? n,
PTIME), where GQf(n), C) denotes the complexity class of all
problems that after a nondeterministic gues€Xff(n)) bits can
be decided (checked) within complexity clasdt was conjectured
thatDUAL is in GC(log® n, LOGSPACE. In this paper we prove
this conjecture and actually place the/AL problem into the com-
plexity class GClog® n, TC®) which is a subclass of Gg? n,
LOGSPACHE. We here refer to the logtime-uniform version of
TCP, which corresponds to FO(COUNT), i.e., first order logic-aug
mented by counting quantifiers. We achieve the latter bonmdd
steps. First, based on existing problem decomposition adsthwe
develop a new nondeterministic algorithm BUAL that requires
to guessO(log® n) bits. We then proceed by a logical analysis of
this algorithm, allowing us to formulate its determinispart in
FO(COUNT).

Categories and Subject Descriptors F.2.2 JAnalysis of Algo-
rithms and Problem ComplexjtyNonnumerical Algorithms and
Problems—Computations on discrete structures; F.Math-
ematical Logic and Formal LanguadesMathematical Logic;
G.2.2 Discrete Mathematids Graph Theory—Graph algorithms,
Hypergraphs

General Terms Algorithms, Theory

Keywords hypergraphs, hypergraph transversals, hypergraph du-
ality, DNF duality, complexity, first order logic, logicahalysis of
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1. Introduction

The hypergraph duality problemuUaL is one of the most mys-
terious and challenging decision problems of Computerrigeie
as its complexity has been intensively investigated forosin0
years without any indication that the problem is tractabte, any
evidence whatsoever, why it should be intractable. Apannfia
few significant upper bounds, which we review below, and gdar
number of restrictions that make the problem tractableyq@ss on
pinpointing the complexity of DAL has been rather slow. So far,
the problem has been placed in relatively low complexitysses
within coNP. It is the aim of this paper to further narrow itdoby
using logical methods.

The hypergraph duality problem. A hypergraphg consists of
a finite setV of vertices and a sef C 2" of (hyper)edgesg is
simple(or Sperney if none of its edges is contained in any other of
its edges. Aransversalor hitting setof a hypergraplg = (V, E)
is a subset ol that meets every edge . A transversal ofj is
minimal if none of its proper subsets is a transversal. Theoke
minimal transversals of a hypergraph= (V, E) is denoted by
tr(G). Note thatr(G), which is referred to athe dual ofG or also
as thetransversal hypergraplof G, is itself a hypergraph on the
vertex sefl”. The decision problem DAL is now easily defined as
follows: Given two simple hypergraph® and #, decide whether
H =tr(G9).
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Figure 1. HypergraphG and its transversal hypergraph

An example of a hypergraph and its dual is given in Figure 1. It
is well-known that the duality problem has a nice symmetigppr
erty:’H = tr(G) iff G = tr(H). The DUAL problem is also tightly
related to the problem of actuallyomputingtr(G) for an input
hypergraphg. In fact, it is known that the computation problem
is feasible in total polynomial time, that is, in time polynil
in |G| + |[tr(G)|, if and only if DUAL is solvable in polynomial
time [1]. These and several other properties of the dualibpp
lem are reviewed and discussed in [7, 10, 11, 23], where aistym
original references can be found.
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Figure 2. Complexity bound improvement obtained in this paper.

Applications of hypergraph duality. The DUAL problem and
its computational variant have a tremendous number of egopli
tions. They range from data mining [3, 4, 22, 31], functiode}
pendency inference [19, 29, 30], and machine learning, litiqoa.
lar, learning monotone Boolean CNFs and DNFs with membgershi
queries [22, 32], to model-based diagnosis [21, 33], coingua
Horn approximation to a non-Horn theory [16, 28], and comput
ing minimal abductive explanations to observations [9}v8Bys of
these and other applications as well as further referermese
found in 7, 8, 23].

The simplest and foremost applications relevant to logid an
hardware design are DNF duality testing and its computatioer-
sion, DNF dualization. A pair of Boolean formulg$z1, . .., zx)
andg(z1,...,z,) On propositional variables,, ..., z, aredual
if

f(z1,.. . xn) = "g(—x1, ..., " Tx).
A monotone DNF isrredundantif the set of variables in none of
its disjuncts is covered by the variable set of any othemdisj
The duality testing problenis the problem of testing whether two
irredundant monotone DNF5andg are dual. It is well-known and
easy to see that monotone DNF duality andAD are actually the
same problem. Two hypergrapfsand# are dual iff their associ-
ated DNFsG* andH* are dual, where the DNFF* associated to
a hypergrapt¥ = (V, E)is\/ .. g A, c. v, where, obviously, ver-
ticesv € V are interpreted as propositional variables. For example,
the hypergraphg§ and? of Figure 1 give rise to DNFs

G '=(aANcAd)V(aneAf)V(cAb)V(eAd), and

H =(aAb)V(cAe)V(cAbBAFIV(eAbAd)V (AAbA f),
which are indeed mutually dual. The duality problem for diwe-
dant monotone DNFs corresponds, in turn, toAD, and the prob-
lem instancegF, G) and (F*,G*) can be inter-translated by ex-
tremely low-level reductions, in particular, LOGTIME rediions,
and even projection reductions. In many publications, thenD
problem is thus right away introduced as the problem of tali
checking for irredundant monotone DNFs. An equivalent (@b

is the problem of checking whether a monotone CNF and a mono-
tone DNF are logically equivalent.

Previous Complexity bounds DUAL is easily seen to reside
in coNP. In fact, in order to show that aUAL instance is a “no”-
instance, it suffices to show that either some edge of oneeof th
two hypergraphs is not a minimal transversal of the otherhyp
graph (which is feasible in polynomial time), or to find (gses
and check) a missing transversal to one of the input hypehgra
The complemenbDuAL of DUAL is therefore in NP. In their land-
mark paper [13], Fredman and Khachiyan have shown thatlD
is in DTIME[r°(°¢™)], more precisely, that it is contained in
DTIME[n*X(M+OM] wherex(n) is defined byy(n)X(™ = n.
Note thaty(n) ~ logn/loglogn = o(logn).

Let GC(f(n), C) denote the complexity class of all problems
that after a nondeterministic guess@ff(n)) bits can be decided
(checked) in complexity clags. Eiter, Gottlob, and Makino [10],
and independently, Kavvadias and Stavropoulos [27] hawesh
that DUAL is in GC(log2 n, PTIME); note that this class is also
known asB:P, see [17].

Recently, in [18], the nondeterministic bound fDUAL was
further pushed down to Gg? n, [LOGSPACE,.]'°?), see Fig-
ure 2a. A precise definition £ OGSPACE,;]'°8 is given in [18].
We will not make use of this class in the technical part of trespnt
paper. Informally,LOGSPACE,]'°® contains those problems
for which there exists a logspace-transdu@éra polynomialp,
and a functionf in O(logn), such that each-instance! of size
n = |I| can be reduced by thg(n)-fold compositionZ/ ") of T
to a decision problem in LOGSPACE, where the size of all inter
mediate result§™(I), for 1 < i < f(n) is polynomially bounded
by p(n). For the relationship of GQog? n, [LOGSPACE,]'°%)
to other classes, see Figure 2a. In particular, in [18], is wa
shown that GClog? n, [LOGSPACE,]'*¢) is not only a sub-
class of GGlog® n, PTIME), but also of DSPACElg? n], i.e.,
of quadratic logspace. ThereforeuBL is in DSPACE[log® n),
and it is thus most unlikely for DAL to be PTIME-hard, which




answered a previously long standing question. Given th&VIET
and DSPACE[og® n] are believed to be incomparable, it is also
rather unlikely that DAL is closely related to another interesting
logical problem of open complexity, namely, to validityeatking
for the modalu-calculus, or, equivalently, to the winner determina-
tion problem for parity games [24, 26], as these latter @otd are
PTIME-hard, but in NP coNP.

Main complexity problem tackled. In [18] it was asked
whether the upper bound of GlBg?n, [LOGSPACE.]"¢)
could be pushed further downwards, and the following cdnjec
was made:

Conjecture 1 ([18]) DUAL € GC(log® n, LOGSPACE.

It was unclear, however, how to prove this conjecture based o
the algorithms and methods used in [18]. There, a problerardec
position strategy by Boros and Makino [2] was used, that deco
posed an original DAL instance into a conjunction of smaller in-
stances according to a specific conjunctive self-reducRaighly,
this strategy constructs a decomposition tree of logaiithdapth

FO(COUNT), which augments FO with counting quantifiers.eNot
that we could have used in a similar way FOM, i.e., FO augniente
by majority quantifiers, as FO(COUNT) and FOM have the same
expressive power [25]. By putting all pieces together, weeead to
describe the entire checking phase by a single fixed FO(CQUNT
formula that has to be evaluated over the inpuiaL instance. Note
that FO(COUNT) model-checking is complete for logtimefann
TCP [25, 34].

In summary, by putting the guessing and checking parts to-
gether, we achieve as main theorem a complexity result shed-i
tually better than the one conjectured:

Theorem.DUAL € GC(log® n, TC®).

By the well-known inclusion T&€ C LOGSPACE, we immedi-
ately obtain a corollary that proves Conjecture 1:

Corollary. DUAL € GC(log? n, LOGSPACE.

Significance of the new results and directions for future re-
search.The progress achieved in this paper is summarized in Fig-

for DUAL, each of whose nodes represents a sub-instance of theure 2, whose left part (Figure 2a) shows the previous stdtemf/l-

original instance; more details on decomposition treegen in
Section 3. To prove that the original instance is a “no™anse
(and thus a “yes”-instance d@UAL), it is sufficient to guess, in
that tree, a patfil from the root to a single node associated
with a “no"-sub-instance that can be recognized as suchgn lo
arithmic space. Guessing the path«tocan be easily done us-
ing O(log® n) nondeterministic bits, but it is totally unclear how
to actually computethe sub-instance associated with nagdén
LOGSPACE. In fact, it seems that the only way to compute the
sub-instance at nodeis to compute —at least implicitly— all in-
termediate AL instances arising on the path from the root to the
decomposition node. This seems to require a logarithmic com-
position of LOGSPACE transducers, and thus a computatidimein
complexity clas§LOGSPACE,.i]'°%. It was therefore totally un-
clear how[[LOGSPACEBol]]IOg could be replaced by its subclass

edge about the complexity, while the right part (Figure 2&pidts

the current state of knowledge we have achieved. We havéisign
cantly narrowed down the “search space” for the precise éamp
ity of DUAL (or DUAL). We believe that our new results are of value
to anybody studying the complexity of this interesting peoi. In
particular, the connection to logic opens new avenues for stud-
ies. First, our results show where to dig for tighter boutideay be
rewarding to study subclasses of G n, TC®), and in particu-
lar, logically defined subclasséisat replace T& by low-level pre-

fix classes of FO(COUNT). Classes of this type can be foun8]in [
and [6]. Secondly, the membership BUAL in GC(log? n, TC)
provides valuable information for those trying to prove drass
results for DUAL, i.e., to reduce some presumably intractable prob-
lem X to DUAL. Our results restrict the search space to be explored
to hunt for such a problenX. Moreover, given that LOGSPACE

LOGSPACE, and new methods were necessary to achieve this goa is not known to be in G(log2 n, TC?), and given that it is not

New results: Logic to the rescueTo attack the problem, we
studied various alternative decomposition strategies DomrL,
among which the strategy of Gaur [14], which also influended t
method of Boros and Makino [2]. In the present paper, we hurild
Gaur’s original strategy, as it appears to be the best istapiint
for our purposes. However, Gaur’s method still does notctliye
lead to a guess-and-check algorithm whose checking proeesiu
in LOGSPACE, and thus new techniques needed to be developed.

In a first step, by building creatively on Gaur’s determinis-
tic decomposition strategy [14], we develop a new nonddterm
istic guess-and-check algorithm NDeNDuAL for DUAL, that
is specifically geared towards a computationally simpleckime
part. In particular, the checking part of NDa¥DUAL avoids cer-
tain obstructive steps that would require more memory thah j
plain LOGSPACE, such as the successive minimization of hype
graphs in sub-instances of the decomposition (as used lnsBod
Makino in [2]) and the performance of counting operationsveen
subsequent decomposition steps so to determine sets wfegstit
be included in a new transversal (as used by Gaur in [14]) n@wr
algorithm is thus influenced by Gaur’s, but differs notidgdhom
it, as well as from the algorithm of Boros and Makino.

In a second step, we proceed with a careful logical analyfsis o
the checking part of ND-NTDUAL. We transform all sub-tasks
of ND-NoTDuAL into logical formulas. However, it turns out that
first order logic (FO) is not sufficient, as an essential stethe
checking phase of ND-NTDUAL is to check for specific hyper-
graph vertice® whetherv is contained in at least half of the hyper-
edges of some hypergraph. To account for this, we need td teso

generally believed that G@g* n, TC®) contains LOGSPACE-
hard problems (under logtime reductions), our results ssigthat
LOGSPACE-hard problems are rather unlikely to reduce taD,
and that it may thus be advisable to look for a probl&rthat is not
(known to be) LOGSPACE-hard, in order to find a lower bound for
DuAL. Our new results are of theoretical nature. This does net rul
out the possibility that they may be used for improving picadt
algorithms, but this has yet to be investigated. Finally,beéeve
that the methods presented in this paper are a compelling-exa
ple of how logic and descriptive complexity theory can beduse
together with suitable problem decomposition methods loexe
new complexity results for a concrete decision problem.

Organization of the paper. After some preliminaries in Sec-
tion 2, we discuss problem decomposition strategies anddate
the concept of a decomposition tree UAL in Section 3. Based
on this, Section 4 presents the NDeNDUAL algorithm, proves it
correct, and then analyzes this algorithm to derive our roain-
plexity result.

2. Preliminaries

In what follows, we will often identify a hypergrapi = (V, E)
with its edge-set and vice-versa. By writitg € G we mean
G € E, and by writingG = E we mean tha¢ = (U, G, E).
|G| denotes the number of edgesthf

Given a hypergraply and a set of vertice¥’, a vertexv is
critical in T (w.r.t. G) if there exists an edgé& € G such that
GNT = {v}. If GandH are two hypergraphs, a set of verticEs



is anew transversal of w.r.t. %! if T'is a transversal of and, for

given an assignment = (In, Ez) the setin is (a subset of) an

all H € H, H ¢ T. Observe that a new transversal does not need attempted new transversal@fw.r.t. 7, and, symmetrically, the set

to be a minimal transversal.

Given a hypergraplyy and a setS of vertices, as in [2, 12],
we define hypergraph§s = {G € G | G C S}, andG® =
min({G NS | G € G}), wheremin(#,), for any hypergrapi,
denotes the set of inclusion minimal edgestbfObserve thag®
is always a simple hypergraph, and thagiis simple, then so is
gs.

The following properties are known (see, e.g., [2, 12-1@dn-
sider two hypergraph§ and#. A set of verticesI" is a minimal

Ex is (a subset of) an attempted new transversg{ af.r.t. G.

Given an assignmemt = (In, Ex), we define:

e Sep(o) = {G € G| GN In = @}, the set of all edges @&

not metby (or, equivalentlyseparatedrom) o;

o Com(o) = {H € H | HN Ez = @}, the set of all edges of

‘H compatiblewith o;

o Mis(o) = {G € G | G C Ez}, the set of all edges of

entirely missedby o; and

transversal ofj if and only if every vertexo € T is critical. A set
of verticesT' is a new transversal ¢ w.r.t. 7 if and only if V' \ T’
is a new transversal 6f w.r.t.G. If the vertex seti$” andT C V,
letT denoteV \ T, i.e., thecomplemenof 7" in V.

We say that hypergrapigsand{ satisfy theintersection prop-
ertyif # C tr(G) andG C tr(#). It can be shown [2, 14] that
given an instancég, H) of DUAL whose hypergraphs satisfy the
intersection property, then the existence of a new trasavef g )
W.r.t. 7 exactly characterize§7, ) as a “no’™-instance of DAL. Lemma 1. LetG and  be two hypergraphs. An assignments
If G and are two hypergraphs satisfying the intersection property & Witness if and only if
then|V| < |G| - |H]| (see [2]). .

L(let <|g,?|—t)|b|e a|n instance of DAL. We denote byn the total Mis(o) = 2 A Cov(o) = &A

(Sep(o) =@V Com(o) =2). (1)

number|G| + |H| of edges oG andH.
An assignmento is covering whenever Mis(o) # @ or
Cov(c) # @, and, evidently, such @ cannot be a witness.

Most algorithms proposed in the literature essentiallydify
ferent assignments by successively performing differessiga-
ment-extensions. Each extension performed induces a ¢eetiu
instance of AL on which the algorithm is recursively invoked.
Intuitively, the size reduction of the instance happenshfiar rea-
sons. Including vertices in the new transversafjohcreases the
number of edges of met by the new transversal under construc-
tion, and hence there is no need to consider these edgesraygr.lo
Symmetrically, excluding vertices from the new transvedag
increases the number of edgestofcertainly not contained in the
new transversal under construction, and hence, agaire theto
need to consider these edges any longer.

o Cov(o) = {H € H | H C In}, the set of all edges oft
entirely coveredy o.

An assignment = (In, Ez) is awitnessof the existence of a
new transversal off w.r.t. H if In is a new transversal @ w.r.t.
H, or Ez is a new transversal off w.r.t. G. A witness is easily
proven to be characterized as follows.

3. Decomposing the Dual problem
3.1 Decomposition principles

An approach to recognize “no’™-instancég, #) of DUAL is to
find a new transversal @ w.r.t. , i.e., a transversal df that is
an independent set . Many algorithms in the literature follow
this approach (see, e.g., [2, 10, 12-14, 27]). These atgosittry
to build such a new transversal by successively includintjoes
in a candidate new transversal or excluding vertices fron¥".
To give an example, the classical algorithm “A” of Fredmaurl an
Khachiyan [13] tries to include a vertex in a candidate new
transversal, and if this does not lead to the constructioa oéw
transversal then is excluded. Moreover if the exclusion ofdoes

not lead to the construction of a new transversal then thees d The most common approaches, referred to as extension-types
not exist any (coherent with the choices having been maderéef  to extend a currently considered assignmeio an assignment’
considering the vertex). are:

We speak about “included” and “excluded” vertices because

most of the algorithms proposed in the literature implicidr (i) include a vertexv in the new transversal of w.r.t. H, i.e.,

explicitly keep track of two sets: the set of the verticessidered
included in the attempted new transver&aland the set of the
vertices considered excluded fréh

If G andH are two hypergraphs, assignment = (In, Ex)
is a pair of subsets df such that/n N Ez = @. Intuitively, the

set In contains the vertices considered included in an attempte

new transversal’ O In of G w.r.t. H, while the setEx contains
the vertices considered excluded frdm(i.e., T N Fx = @). A
vertexv € V isfreein an assignment = (In, Ez) if v ¢ In and
v ¢ Ex.We assume, by definition, that the empty assignraent

o' =0+ {{v},o);

(ii) include a vertex as a critical vertex in the new transversalfof

w.r.t. H with edgeG € Sep (o) withessingu’s criticality, i.e.,

o' =0+ ({v},G\{v});

0(iii) exclude a vertexv from the new transversal @ w.r.t. 4 (or,

equivalently, include a vertexin the new transversal 6{ w.r.t.
g),i.e.,d’ =0+ (2, {v});

(iv) include a vertexw as a critical vertex in the new transversal of

H w.rt. G with edgeH € Com(o) witnessingu’s criticality,

(o, @) is a valid assignment. Given assignments= (In1, Ex1) ie.,o' =o+ (H\ {v}, {v}).
andoz = (Inz, Ex2), if In1 N Ezo = g andEx1 N Ine = &,
we denote byr1 + o2 = (In1 U Ing, Exz1 U Ez2) the extension
of o1 with 2. An assignment = (In, Ez) is coherentwith a
set of verticesS, and vice-versa, whenevén C S andFEx C S
(or, equivalently,Ez NS = &), and we denote it by C S.
It is easy to see that if = (In, Ez) is coherent with a new
transversall’ of G w.r.t. 4, then the reversed assignmétz, In)

is coherent with the new transversgglof H w.r.t. G. Intuitively,

3.2 Decomposition trees

We will now describe the construction of a general decontjursi
tree 7 (G, H) that simultaneously represents all possible decom-
positions of an input DAL instance(G, H) according to exten-
sion-types (ii) and (iii). This tree is of super-polynomsite. How-
ever, it will be shown later that whenevet # ¢r(G), then there
must exist in7 (G, H) a path of lengtlO(log m) whose end-node
witnesses thay and?{ are not dual. Moreover, recognizing that the
end-node of this path witnesses the non-duality ahd?{ requires
low computational effort.

1we will often omit “w.r.t. 7" when the hypergraph{ we are referring to
is understood.



vertex included in
the assignment

vertex excluded
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Figure 3. A subtree of the decomposition trg€G, H).

Each nodep of the treeT (G, H) is associated with an assign-
mento,. In particular, the root is labeled with the empty assign-
ment. Nodep of the tree has a child for each assignmert, that
can be obtained from, through an elementary extension of type
(i) or (iii). The edge(p, q) is then labeled by precisely this exten-
sion.

More formally, let7 (G, H) = (N, A,r,c,£) be a tree whose
nodesN are labeled by a functiosm, and whose edge$ are labeled
by a function?. The rootr € N of the tree is labeled with the
empty assignment. = (&, &). Each other nodg is labeled with
the assignment,, = (In,, Fz,) (specified below). The leaves of
T(G,H) are all the nodep whose assignment, is covering or
has no free vertex. Each non-leaf nqdef 7 (G, H) has precisely
the following children:

¢ For each free vertex of o, p has a childg such thatr, =
op + (@, {v}), and such that the edge connectindo ¢ is
labeled—w.

¢ For each free vertex of o, and for eaclG € Sep(c,,) where
v € G, p has a childg such thaio, = o, + ({v}, G\ {v}),
and such that the edge connectin® q is labeled(v, G).

Observe that, by this defintion af(G, H), the edges leaving
a node are all labeled differently, and, moreover, sibliags al-
ways differently labeled. Note, however, that differerdrfrsibling)
nodes may have the same label, and so may edges originating fr
different nodes.

To give an example, consider Figure 3. Hypergraph vertices a
denoted by letters, and hypergraph edges are denoted byensimb
In the tree illustrated, the root coincides with the pair gpér-
graphs of Figure 1, except that the transve{gab, f} of G is now
missing inH. The root is associated with the empty assignment
oe, and, correspondingly, the hypergraphs depicted with dio¢ r
decomposition node ar€ep(o.), and Com(o.). Each other de-
composition node represents an assignmer whose included
vertices are indicated by a checkmark and whose exclud¢ide®r

by a cross. In addition, each decomposition npddows two hy-
pergraphs representing the separated edgésarfd the compati-
ble edges of{ in o, respectively. The left-most edge leaving the
root is labeled with—a which stands for the exclusion of vertex
This reflects the application of an extension-type (iii). tBa other
hand, the right-most edge leaving the root is labeled \itht )
which stands for the inclusion of vertebas a critical vertex, along
with edgel of G witnessingd’s criticality in the attempted new
transversal under construction. This reflects the apjdicatf an
extension-type (ii). In the given example, not all but ontyre de-
composition nodes of the tree are depicted. Observe thabtiem
right decomposition node of the figure is not a leaf, becatssas-
signment is non-covering and still contains two free vesithat
can be either included (as critical vertices), or excluded.the
other hand, the bottom central node of the figure is a leaflmx
its assignment is covering (in particular, edgef hypergraptg is
entirely missed).

ApathIl = {¢1,¢,...,4,}inT(G,H) is asequence of labels
describing the path from the root to a node following the sdge
labeled in turrty, 4s,. .. f.

For example, in Figure 3, the pat{d, 1), —e} leads to the
bottom right node of the figure.

Since edges leaving a node are assumed to be all different, a
path identifies unequivocally a node in the tree. Given a Pathe
denote by /' (II) the end-node ofl.

The next Lemma, which shows how to compute the assignment
oy Of the node 4" (IT), immediately follows from the defini-
tion of the concept of path.

Lemma 2.
oxan={( |J (U Hul( U @\{wh) @
(v,G)ell —vel (v,G)€eIL

We will often refer to properties of the assignmentas prop-
erties of the node. For example, we say that a nodés a witness
wheno,, is actually a witness.



To conclude this section let us point out some important@rop
ties of the decomposition treg(G, H). First, note that each node
p corresponds to the sub-instan€g = ((Gy\ ., )" \mrV ),
(Har\pa,) ¥ \Im0Fop)) ThereforeT (G, H) is indeed a decom-
position of the original instance into smaller instanceswever,

then|Com(o + (@,{v}))| < 3|Com(c)|. On the other hand,
if G € Sep(o), andv € @ is such thatv € Infreq(o,), then
|Com(o + ({v}, G\ {v}))| < 3|Com(0)].

Proof. Evidently, when a frequent vertex of o = (In, Ex) is

for our purposes, these smaller instances do not need to-be ex &xcluded, then the size @forn (o) is halved because at least half

plicitly represented. Secondly, note that by constructibthe tree
T(G,H), (G,H) is a “yes"-instance of DAL if and only if for
eachnon-covering nodep of 7(G,#H), Z, is a “yes’-instance of
DuAL .2 Therefore, for showing thaiG, ) is a “no™-instance of
DuAL, it is sufficient to guess a path from the root to a ngde
whereZ, is easily recognizable as a “no™-instance.

In general, such paths may be polynomially long. However,
in the next section, we will show that ifG,H) is indeed a
“no”-instance then there must also exist a path of ler@ttog m)
to some node such thatZ,, can be recognized within complexity
class TC as “no”-instance of DAL.

3.3 Logarithmic refuters

In this section we show that even though witnesség(ig, ) can
be at polynomial depth, i and# are not dual then there always
exists at logarithmic depth a node that is either a withes=aorbe
easily “extended” to a witness.

Given a node of 7 (G, H), a free vertexw of o}, is frequentif
v belongs to at least half of the edges@lam (o), otherwisev is
infrequent For example, in Figure 3 vertexis frequent at the root
because it belongs to two out of four edgesiafm (o.) = H. On
the contrary, vertex is infrequent at the root because it belongs to
only one edge ofCom(o.) = H. Let us denote byreq(o,) and
Infreq(op) the vertices frequent and infrequentip, respectively.

Assume that there exists a new transvefBaf G. An assign-
mento = (In, Ez) is called gprecursorof T' if o C T ando is not
a witness. It is easy to see that in this cdseCc T andEz C T,
for otherwises would be a witness.

Now, consider again the example in Figure 3. Remember that
the minimal transversal’ {d,b, f} of G is missing inH.
Intuitively, while searching for a new transversal@fat the root,
vertexc is appealing for being excluded for two reasons:

¢ the reached node (the second depicted child of the root)
is coherent with7", and hence we can find a witness of the
existence ofl" in the subtree rooted ip;

e the size ofCom/(o,) is half the size ofCom(o.) = H.

Similarly, at the root, vertexi is appealing for being included as
a critical vertex with edgé witnessingd’s criticality because the
reached node (the third depicted child of the root) is coherent with
T, and|Com(o)| < 3|Com(oe)|.

More formally, let us consider a node precursor of a new
minimal transversall’ of G. A free vertexv of o, is appealing to
exclude (foro,) w.rt. T if v € Freq(op) andv ¢ T'. On the other
hand, a free vertex of ), is appealing to include (fos,) w.r.t. T
if v € Infreq(op) andv € T'.

The halving of the size of'om(c), due to the inclusion or the
exclusion of proper appealing vertices fer does not occur by
chance. It depends on the frequencies with which verticembe
to hypergraph edges, and is based on a principle alreadgitegl
in algorithms proposed in the literature, e.g., by Gaur [Bfid
(with other frequency thresholds) by Fredman and Khachj$&h
in their algorithm “B”. Let us describe the just mentioneéhpiple
in more detail in a form suitable for our further discussion.

Lemma 3. LetG and# be two hypergraphs satisfying the intersec-
tion property, and> be a non-covering assignmentulfe Freq(o)

2For further details please see the extended technicaltrigfjr

of the edges oCom (o) containv.

Consider now the second case in which an infrequent verigx
included into/n, with edgeG € Sep(o) witnessing the criticality
of v. The new considered assignmentis= o + ({v}, G \ {v}).
Given that the intersection property holds betwé&eand H (and
thus all the edges ofep(o) intersect all the edges dafom(o),
and vice-versa), since is infrequent inCom/(c) (i.e., less than
half of the edges ol'om/(c) intersectG onwv), at least half of the
edges ofCom (o) must intersec on the remaining set of vertices
S = G\ {v}. Sinceall the vertices of5 are excluded im”’, all the
edges ofCom(c) intersecting= on the vertices ir$ do not belong
to Com(o”). Thereforel Com(o’)| < %|Com(c)|. O

We say that the assignmeatis a saturated precursof a
new minimal transversall’ of G when o is a precursor ofT,
and no free vertex of is appealing to exclude or include for
w.r.t. T. The next lemma, which states the most important property
of saturated precursors, immediately follows from the emptof
saturated precursor.

Lemma 4. Let G and H be two hypergraphs, an@ be a new
minimal transversal ofG w.r.t. H. If o is a saturated precursor of
T, then theaugmented assignment™ = (In U Freq(o), Ex U
Infreq(o)) is such thawt = (T, T), and thuss ' is a witness.

We now prove the mentioned crucial property/ofG, #).

Lemma5. LetG and# be two hypergraphs satisfying the intersec-
tion property. Theng and? are not dual if and only if there exists
in 7(G, H) awitness or a saturated precursor at degifilog |#|).

Proof. Obviously, if there exists a witness or a saturated precurso
within logarithmic depth, then there exists a new transaleo$ G
w.r.t. H.

Assume now thatj and H are not dual, and leT” be a new
minimal transversal of;. We are going to show that there exists
in 7(G,H) a pathII of logarithmic length, starting from the root,
such that/"(II) is either a witness coherent withor is a saturated
precursor off".

Letp be a generic node such thgtis anonsaturated precursor
of T (i.e., a precursor df” that isnot saturated). By the fact that
is a non-saturated precursor of a minimal transversal, lzatcech
vertex of a minimal transversal is critical (see Sectiortl®re is a
child of p, sayq, such that, is coherent withl", ando, is obtained
from o, through the inclusion (as a critical vertex) or the exclasio
of an appealing vertex for o, w.r.t. T'.

In particular, ifv is appealing to include far, w.r.t. T theng is
chosen by including as a critical vertex, with an appropriate edge
G € Sep(op), such thatG N'T = {v}, witnessing the criticality of
v in T'. Otherwise, ifv is appealing to exclude fer, w.r.t. T then
q is chosen by excluding.

Note that the empty assignment, associated with the root of
T(G,H), is a non-saturated precursor Bf Hence there exists a
sequence of nodes = (po, p1,- . -, pr), Wherepy is the root, such
that all the nodes of are coherent witlT", and each node; is a
child of p;_, obtained through the inclusion or the exclusion of an
appealing vertex fosp, , w.r.t.T.

Let ¥ be a maximum length sequence having the just men-
tioned property. Sinc& is of maximum length, nodey, is not a
non-saturated precursor @f (for otherwise there would be a child
of px. allowing to extend:). Hence, two are the cases: eithgris



a saturated precursor @f, or py, is not a precursor df” at all. For
the second case, observe thg} is coherent withl” and therefore
if px is not a precursor of’ thenp;, must be a witness (coherent
with T').

To conclude, by the definition of appealing vertex, it folkthat
|Com(op,)| < 3|Com(op,_, )], foralll <i < k (see Lemma 3).
ThereforeX containsO(log |#|) nodes, and hence there exists a
pathII of logarithmic length from the root tpy. |

4. A new upper bound for the Dual problem
4.1 A non-deterministic approach to Dual

In this section we present our new nondeterministic algoriND-
NoTDuAL for DUAL. Unlike previous algorithms, ND-NTDUAL
uses the novel data structuvgG, #) as defined in the previous
section. To prove the correctness of the algorithm we wélideas
by Gaur [14]. However, it will become clear that our algomith
differs in essential aspects from Gaur’s deterministioatgm.

To disprove that two hypergraplésand? are dual, we know
that it is sufficient to show either that the intersectiongantdy does
not hold between them, or that exists a new minimal transVers
of G w.r.t. . Intuitively, our algorithm, to compute such a new
minimal transversal, guesses (G,H) a path of logarithmic
length leading to a witness or a saturated precursor.

The pseudo-code of the algorithm NDeNDUAL is listed as
Algorithm 1. In the pseudo-code of the algorithnactept and
“reject” are two commands causing a transition to a final accepting
state and to a final rejecting state, respectively.

Algorithm 1 A nondeterministic algorithm for DAL.

1: procedure ND-NOTDUAL(G,H)

: I« guesgA pathin7(G, H) of lengthO(log [#]));
3 if “CHECK-INTERSECTIONPROPERTYG,H) then
4 accept
5: end if
6:

7
8

if ~CHECK-CONSISTENCYGUESYG,H, IT) then
reject;

: end if
9: if CHECK-WITNESSG, H, IT) then

10: accept

11 end if

12: if CHECK-WITNESSAUGMENTED(G, M, IT) then
13: accept

14: end if

15: reject;

16: end procedure

The four checking-procedures used in the algorithm impleme
the four deterministic tests needed after the guess isecaait.
The aims of the subprocedures are the following.

CHECK-INTERSECTIONPROPERTY checks whether the inter-
section property holds between the hypergraplad#.

CHECK-CONSISTENCYGUESS checks whether the guess is
consistent. A guess is consistent if it does not include anhide a
vertex at the same time, and hence gives rise to a propenassig
o = (In_y ), Bx_yany) whereln _ qmy N Bx_y ) = 2.

CHECK-WITNESSand GHECK-WITNESSAUGMENTED check
whether assignment_ (my ando_ (my " witnesses the existence
of a new transversal @ w.r.t. #, respectively. In order to perform

3This property does not depend on the guessed path, and dmsdbe
checked at the beginning of the algorithm, before the guestsade. How-
ever, for uniformity, and to adhere to a strict guess-aretkiparadigm we
check it after the guess.

these checks, the condition of equation (1) (of Section 8yédu-
ated ono 4 (my ando_y () T, respectively. Ifo_y m) or oy (m) T
is a witness, the@ and? are not dual.

Note that the algorithm ND-NTDUAL can be somewhat sim-
plified, as not all the deterministic tests are strictly rsseey. In
fact, it can be shown that checking the consistency of thesgue
is not strictly needed, and that it is sufficient to perforre thit-
ness test on the augmented guessed assignment only. These im
provements, which, however, do not give rise to better cexipyl
bounds, will be further analyzed in a forthcoming extendszhhi-
cal report [20].

Theorem 6. LetG and M be two hypergraphs. Then, there exists
a computation branch oND-NOTDUAL (G, H) halting in an ac-
cepting state if and only § and? are not dual.

Proof. At first, algorithm ND-NoTDUAL guesses a path of loga-
rithmic length in7 (G, H). Intuitively we look for a path (if one
exists) leading to a node that is either a witness or a satlifae-
cursor. Then the deterministic tests are performed.

If G and do not satisfy the intersection property such a condi-
tion is recognized by testiECK-INTERSECTIONPROPERTY, and
the algorithm correctly accepts.

Otherwise it is checked whether the guess is consistentlieror
to be sure that the two final tests rely on meaningful assigisne
Inconsistent guesses are rejected.

Remember that, by Lemma 5, if the intersection property $old
betweeng and #, which at this stage of the algorithm is guar-
anteed, then the input hypergraphs are not dual iff therstex
witness or a saturated precursor at logarithmic depth. efbes,
whenevelG andH are not dual, we can guess a path of logarithmic
length leading to a node that is a witness or a saturated fse@cu
In those specific branches one of the testseCK-WITNESS or
CHECK-WITNESSAUGMENTED returnstrue (see Lemma 4) and
hence the algorithm halts in an accepting state.

Observe that those computation branches in whigh;y and
o W(nﬁ are not witnesses correctly terminate in a rejecting state
(line 15). a

Note that our algorithm, while partly inspired by Gaur'sade
is fundamentally different from Gaur’s algorithm [14, 15). par-
ticular, Gaur’s algorithm may extend the detof included vertices
of an intermediate assignment = (In, Ex) in a single step by
several vertices and not just one. In our approach this ispogsi-
ble for end-nodes of the path. Moreover, algorithm N D UAL
could identify a witness by guessing a path of logarithmiggté
that is not a legal path according to Gaur because the sisgigra
ment-extensions are not chosen according to frequencytxolin
fact, unlike Gaur’s algorithm, ND-NTDUAL performs frequency
counts only at the terminal nodes of a path.

4.2 Logical analysis of the Dual problem

In order to prove thaDUAL € GC(log®m, TC®), we first ex-
press the deterministic tests performed by NDADUAL in
FO(COUNT) which is first order logic augmented with the count
ing quantifiers 9!n". This quantifier has the following semantics.
A formula (3!n z)(¢(z)) always evaluates torue and assigns
to n the number of domain values for which ¢(a) evaluates to
true. For more precise definitions see [25, 34]. Note that firstord
logic augmented with the majority quantifiers (FOM) is knoten
be equivalent to FO(COUNT) [25]. The model checking problem
for both logics is complete for the class $(25, 34].

With a pair of hypergraphgG,H) we associate a relational
structure A g 4. Essentially we represent hypergraphs through
their incidence graphs. In particular, the univergg 4, of Ag 7,
consists of the vertices df, an object for each hyperedge of the



two hypergraphs, and two more objects for the two hypergraph
i.e., Ay =VU{ge |GeGtU{hy | H e H}U{G,H}. By

a slight overloading of notation, we assume that the elesieand

‘H that represent the input hypergraghend? are also available
as constant§ and# in our signature.

The relations ofd g 4, are as follows:Vertez (x) is a unary
relation indicating that object is a vertex; Hyp(z) is a unary
relation indicating that object is a hypergraphEdgeOf (z,y) is a
binary relation indicating that objegtis an edge of the hypergraph
identified by objecy; and In(x, y) is the binary incidence relation
indicating that object: is a vertex belonging to the edge identified
by objecty.

We also need to represent through relations the guessedipath
Remember that ifil there are elements of two typesw wherev
is a vertex, andv, G) wherev is a vertex ands is an edge of}.*
We assume a unary relatidf storing those tupleév) wherev is
a vertex such thatv € X, moreover we assume a binary relation
S, containing those tuple@, G) wherev is a vertex and~ is an
edge such thay, G) € X.

Let us now make an important observation about the algorithm
In order to disprove the duality ¢f and#, the algorithm guesses a
pathII and then checks that the final node of this path is a withess
or a saturated precursor of a missing transversal. For treskc
the order of the labels of the path is actually not relevarttat\is
relevant is merely the set of labels. Therefore the abowatioglal
representation of a guessed path is totally sufficient. @rder is
only needed in the proof of the correctness of the algorithm.

We use the following “macros” in our first order formulas:

v €V = Vertex(v)
g9 € G = Hyp(G) A EdgeOf (9,9)
h € H = Hyp(H) A EdgeOf (h, H)
v € g=In(v,g)
We are now ready to prove some intermediate results.

Lemma 7. LetG andH be two hypergraphs. Deciding whethgr
andH satisfy the intersection property is expressible in FO.

Proof. We need to show formulas expressing that all the edges of
G are minimal transversal 6f, and vice-versa.

The formulas to evaluate whether an edge&jofresp.#) is a
transversal of{ (resp.G), and to check whether an edgetbfresp.
‘H) is nota minimal transversal ¢f (resp.g) are:

tr-of-H(g) = g € GA
(Vh)(heH — (Fv)(veV AvEgAVE))
nonMin-tr-of-H(g) = g € GA (Fv)(v €V Av € gA
(VR)(heH - Fw)(weVAwF#vAwE gAw € h)))
tr-of-G(h) = h € HA
(Vg)(ge G — (Fv)(veV AvEgAv ER))
nonMin-tr-of-G(h) =h € HA (Jv)(v € V Av € hA
(Vg)(g€ G — (Fw)(weVAw#vAwE gAw € h)))

And to conclude, we show the formula verifying that the inter
section property holds between the two hypergraphs.

intersection-property =

(Vg)(g € G — tr-of -H(g) A ~nonMin-tr-of -H(g))A

(VYh)(h € H — tr-of-G(h) A =nonMin-tr-of-G(h)) O

4Note that an edgé in a label of a path is given by its identifier and not
by the explicit list of its vertices.

We say that the guess is congruent if for every guessed tuple
(z) € S: the objectz is actually a vertex, and for every tuple
(z,y) € S» the objecty is actually an edge belonging @
containing the vertex identified by the object

Lemma 8. LetG andH be two hypergraphs, and be a (guessed)
path of 7(G, H). Deciding the congruency and the consistency of
IIis expressible in FO.

Proof. The congruency of the guessed path can be checked through:
congruentGuess = (Yv)(S1(v) = v € V)A
(Yw, g)(S2(w,g9) v w eV AgeEGAwWE g)

The consistency check is divided in two formulas, one vergy
whether there isnconsistency on a specific vertex, and the other
checking the overall consistency.

inconsistent(w) = w € V A (3g)(Sa2(w, g)A
(S1(w) V (v, h)(S2(v,h) Av # w Aw € h)))

consistentGuess = (Yv)(v € V — —inconsistent(v)) O

We now focus our attention on the complexity of checking
whethero (1) is a witness or not.

Lemma 9. LetG andH be two hypergraphs, and be a (guessed)
path of 7(G, ). Deciding whethet 4 (11 is a witness is express-
ible in FO.

Proof. Essentially we need to prove that is possible to express in
first order logic the condition of equation (1) (of Section @)
oxm = In_ymy, Bx ). Remember thav 1y is not
explicitly represented, but it can be evaluated fromthrough
formula (2) of Section 3.

Let us define the following two formulas serving the purpase t
evaluate if a vertex belongs t@. 4 (1) Or Bz _y (1) -

I-guess(v) =v € V A (3g)(S2(v, g))
E-guess(v) =v € VA
(S1(v) V (Fw, g)(S2(w, g) ANw # v Av € g))
The formulas evaluating whether an edge belong®lie(c_y (1)),
to Cov(o_y ), t0 Sep(o_4 (1)), and to Com(o 4 (1)), are, re-
spectively:
mis(g) =g € GA(Vv)((veV Av € g) = E-guess(v))
cov(h) =he HANMv)((veV Aveh)— I-guess(v))
sep(g) =g GA(Mv)((v eV Av € g) = —I-guess(v))
com(h)=h e HA(Vv)((veV Av € h) = —E-guess(v))
Finally the formula verifying that the assignmenty (1) is a wit-

ness is as follows. This formula essentially encodes theliton
of equation (1) of Section 3.

guess Witness =
(Vg)(g € G = —mis(g)) A (Yh)(h € H — —cov(h)) A

((Vg)(g € G = —sep(g)) V (Yh)(h € H — =com(h))) DI

To conclude our complexity analysis of the deterministitge
performed by ND-MTDUAL, let us formulate the property that
o an " isawitness in FO(COUNT).

Lemma 10. Let G and H be two hypergraphs, andl be a
(guessed) path 6f (G, H). Deciding whether 17, " is a witness
is expressible in FO(COUNT).

Proof. Leto s 1y = (In_y ), Bx_y (1)) be the assignment asso-
ciated with the end-node#” (1) of the pathll. Evaluating whether



o " is a witness is a task very similar to the task of evaluat- represent each single label of a pEtkif one exists) leading to such

ing whethero_ (1) is a witness as done in the proof of Lemma 9.
The only difference here is that vertices considered iredudre
In_sy 1y U Freq(o_y ), and vertices considered excluded are
Bz s ny U Infreq(o_y (my)-

We first exhibit the formulas to verify whether a given verigex
frequent ino_4 (i1y. These formulas are the only ones in which we
actually use the counting quantifier. Integer divisionZywhich
can be easily computed by a right shift of one bit in the birragy-
resentations of numbers, and majority testing are bothtfieam
FO(COUNT) [34]. The following formulas evaluate respeet
the number of edges iWom(o_4 (1)), the number of edges in
Com(o_4 (1)) containing a given vertex, and whethew is fre-
quent ino_4 (). Note thatl-guess(-), E-guess(-), and com(-)
are the formulas defined in the proof of Lemma 9.

count-com(n) = (In h)(h € H A com(h))
count-com-inc(v,n) =v € VA
(3n h)(h € H A com(h) ANv € h)
freq(v) =v € V A —I-guess(v) A —E-guess(v)A
(3n, m, 0)(count-com(n) A count-com-inc(v, m)A
o=n/2Am > o)
Having defined a formula to evaluate whether a vertex is fagu

in o_y (1), we now show the formulas computing the included and
excluded vertices of the augmented assignment.

I-aug(v) =v € V A (I-guess(v) V freq(v))
E-aug(v) =v € V A (E-guess(v) V —freq(v))
Now we exhibit the formulas encoding the evaluation of the
condition of equation (1) of Section 3 on the augmented assig

ment. Note that the following formulas have essentially shee
purpose of those in proof of Lemma 9.

mis-aug(g) =g € GA (Yv)((v € V Av € g) = E-aug(v))
cov-aug(h) =h € HA (Vv)((v €V Av € h) = T-aug(v))
sep-aug(g) =g € GA (Yv)((v €V Av € g) = —I-aug(v))

com-aug(h) =h € HA (Yv)((v €V Av € h) — =E-aug(v))

guessAugWitness = (Vg)(g € G — —mis-aug(g))A

Vh)(h € H — —cov-aug(h))A

(Vg)(g € G — —sep-aug(g))V
)

Vh)(h € H — —com-aug(h))) O

e N e

We now state our main result.

Theorem 11. LetG andH be two hypergraphs. Deciding whether
G and# are not dual is feasible iGC(log? m, TC?).

[10] T. Eiter, G. Gottlob, and K. Makino.

a nodep. Observe thalll| € O(log |#|), which is alsoO(log m),
and hence obviously the whole pdiihcan be correctly represented
with O(log? m) bits.

Therefore DUAL belongs to GClog? m, TC®). O
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