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Abstract
The hypergraph duality problem DUAL is defined as follows: given
two simple hypergraphsG andH, decide whetherH consists pre-
cisely of all minimal transversals ofG (in which case we say thatG
is the dual ofH). This problem is equivalent to decide whether
two given non-redundant monotone DNFs are dual. It is known
thatDUAL , the complementary problem to DUAL , is in GC(log2 n,
PTIME), where GC(f(n), C) denotes the complexity class of all
problems that after a nondeterministic guess ofO(f(n)) bits can
be decided (checked) within complexity classC. It was conjectured
that DUAL is in GC(log2 n, LOGSPACE). In this paper we prove
this conjecture and actually place theDUAL problem into the com-
plexity class GC(log2 n, TC0) which is a subclass of GC(log2 n,
LOGSPACE). We here refer to the logtime-uniform version of
TC0, which corresponds to FO(COUNT), i.e., first order logic aug-
mented by counting quantifiers. We achieve the latter bound in two
steps. First, based on existing problem decomposition methods, we
develop a new nondeterministic algorithm forDUAL that requires
to guessO(log2 n) bits. We then proceed by a logical analysis of
this algorithm, allowing us to formulate its deterministicpart in
FO(COUNT).

Categories and Subject Descriptors F.2.2 [Analysis of Algo-
rithms and Problem Complexity]: Nonnumerical Algorithms and
Problems—Computations on discrete structures; F.4.1 [Math-
ematical Logic and Formal Languages]: Mathematical Logic;
G.2.2 [Discrete Mathematics]: Graph Theory—Graph algorithms,
Hypergraphs

General Terms Algorithms, Theory

Keywords hypergraphs, hypergraph transversals, hypergraph du-
ality, DNF duality, complexity, first order logic, logical analysis of
algorithms, TC0, first order logic with counting quantifiers, algo-
rithms, limited nondeterminism, graph theory
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1. Introduction
The hypergraph duality problem DUAL is one of the most mys-
terious and challenging decision problems of Computer Science,
as its complexity has been intensively investigated for almost 40
years without any indication that the problem is tractable,nor any
evidence whatsoever, why it should be intractable. Apart from a
few significant upper bounds, which we review below, and a large
number of restrictions that make the problem tractable, progress on
pinpointing the complexity of DUAL has been rather slow. So far,
the problem has been placed in relatively low complexity classes
within coNP. It is the aim of this paper to further narrow it down by
using logical methods.

The hypergraph duality problem. A hypergraphG consists of
a finite setV of vertices and a setE ⊆ 2V of (hyper)edges.G is
simple(or Sperner) if none of its edges is contained in any other of
its edges. Atransversalor hitting setof a hypergraphG = (V,E)
is a subset ofV that meets every edge inE. A transversal ofG is
minimal if none of its proper subsets is a transversal. The set of
minimal transversals of a hypergraphG = (V,E) is denoted by
tr(G). Note thattr(G), which is referred to asthe dual ofG or also
as thetransversal hypergraphof G, is itself a hypergraph on the
vertex setV . The decision problem DUAL is now easily defined as
follows: Given two simple hypergraphsG andH, decide whether
H = tr(G).

Figure 1. HypergraphG and its transversal hypergraphH.

An example of a hypergraph and its dual is given in Figure 1. It
is well-known that the duality problem has a nice symmetry prop-
erty:H = tr(G) iff G = tr(H). The DUAL problem is also tightly
related to the problem of actuallycomputingtr(G) for an input
hypergraphG. In fact, it is known that the computation problem
is feasible in total polynomial time, that is, in time polynomial
in |G| + |tr(G)|, if and only if DUAL is solvable in polynomial
time [1]. These and several other properties of the duality prob-
lem are reviewed and discussed in [7, 10, 11, 23], where also many
original references can be found.



(a) Old upper bound (b) New upper bound

Figure 2. Complexity bound improvement obtained in this paper.

Applications of hypergraph duality. The DUAL problem and
its computational variant have a tremendous number of applica-
tions. They range from data mining [3, 4, 22, 31], functionalde-
pendency inference [19, 29, 30], and machine learning, in particu-
lar, learning monotone Boolean CNFs and DNFs with membership
queries [22, 32], to model-based diagnosis [21, 33], computing a
Horn approximation to a non-Horn theory [16, 28], and comput-
ing minimal abductive explanations to observations [9]. Surveys of
these and other applications as well as further references can be
found in [7, 8, 23].

The simplest and foremost applications relevant to logic and
hardware design are DNF duality testing and its computational ver-
sion, DNF dualization. A pair of Boolean formulasf(x1, . . . , xn)
andg(x1, . . . , xn) on propositional variablesx1, . . . , xn aredual
if

f(x1, . . . , xn) ≡ ¬g(¬x1, . . . ,¬xn).

A monotone DNF isirredundantif the set of variables in none of
its disjuncts is covered by the variable set of any other disjunct.
Theduality testing problemis the problem of testing whether two
irredundant monotone DNFsf andg are dual. It is well-known and
easy to see that monotone DNF duality and DUAL are actually the
same problem. Two hypergraphsG andH are dual iff their associ-
ated DNFsG∗ andH∗ are dual, where the DNFF∗ associated to
a hypergraphF = (V,E) is

∨

e∈E

∧

v∈e
v, where, obviously, ver-

ticesv ∈ V are interpreted as propositional variables. For example,
the hypergraphsG andH of Figure 1 give rise to DNFs

G∗ = (a ∧ c ∧ d) ∨ (a ∧ e ∧ f) ∨ (c ∧ b) ∨ (e ∧ b), and

H∗ = (a∧ b)∨ (c ∧ e)∨ (c ∧ b∧ f) ∨ (e ∧ b ∧ d)∨ (d∧ b∧ f),

which are indeed mutually dual. The duality problem for irredun-
dant monotone DNFs corresponds, in turn, to DUAL , and the prob-
lem instances(F ,G) and(F∗, G∗) can be inter-translated by ex-
tremely low-level reductions, in particular, LOGTIME reductions,
and even projection reductions. In many publications, the DUAL
problem is thus right away introduced as the problem of duality
checking for irredundant monotone DNFs. An equivalent problem

is the problem of checking whether a monotone CNF and a mono-
tone DNF are logically equivalent.

Previous Complexity bounds. DUAL is easily seen to reside
in coNP. In fact, in order to show that a DUAL instance is a “no”-
instance, it suffices to show that either some edge of one of the
two hypergraphs is not a minimal transversal of the other hyper-
graph (which is feasible in polynomial time), or to find (guess
and check) a missing transversal to one of the input hypergraphs.
The complementDUAL of DUAL is therefore in NP. In their land-
mark paper [13], Fredman and Khachiyan have shown that DUAL

is in DTIME[no(logn)], more precisely, that it is contained in
DTIME[n4χ(n)+O(1)], whereχ(n) is defined byχ(n)χ(n) = n.
Note thatχ(n) ∼ log n/ log log n = o(log n).

Let GC(f(n), C) denote the complexity class of all problems
that after a nondeterministic guess ofO(f(n)) bits can be decided
(checked) in complexity classC. Eiter, Gottlob, and Makino [10],
and independently, Kavvadias and Stavropoulos [27] have shown
that DUAL is in GC(log2 n, PTIME); note that this class is also
known asβ2P, see [17].

Recently, in [18], the nondeterministic bound forDUAL was
further pushed down to GC(log2 n, [[LOGSPACEpol]]log), see Fig-
ure 2a. A precise definition of[[LOGSPACEpol]]log is given in [18].
We will not make use of this class in the technical part of the present
paper. Informally,[[LOGSPACEpol]]log contains those problemsπ
for which there exists a logspace-transducerT , a polynomialp,
and a functionf in O(log n), such that eachπ-instanceI of size
n = |I | can be reduced by thef(n)-fold compositionT f(n) of T
to a decision problem in LOGSPACE, where the size of all inter-
mediate resultsT i(I), for 1 ≤ i ≤ f(n) is polynomially bounded
by p(n). For the relationship of GC(log2 n, [[LOGSPACEpol]]log)
to other classes, see Figure 2a. In particular, in [18], it was
shown that GC(log2 n, [[LOGSPACEpol]]log) is not only a sub-
class of GC(log2 n, PTIME), but also of DSPACE[log2 n], i.e.,
of quadratic logspace. Therefore, DUAL is in DSPACE[log2 n],
and it is thus most unlikely for DUAL to be PTIME-hard, which



answered a previously long standing question. Given that PTIME
and DSPACE[log2 n] are believed to be incomparable, it is also
rather unlikely that DUAL is closely related to another interesting
logical problem of open complexity, namely, to validity-checking
for the modalµ-calculus, or, equivalently, to the winner determina-
tion problem for parity games [24, 26], as these latter problems are
PTIME-hard, but in NP∩ coNP.

Main complexity problem tackled. In [18] it was asked
whether the upper bound of GC(log2 n, [[LOGSPACEpol]]log)
could be pushed further downwards, and the following conjecture
was made:

Conjecture 1 ([18]) DUAL ∈GC(log2 n, LOGSPACE).

It was unclear, however, how to prove this conjecture based on
the algorithms and methods used in [18]. There, a problem decom-
position strategy by Boros and Makino [2] was used, that decom-
posed an original DUAL instance into a conjunction of smaller in-
stances according to a specific conjunctive self-reduction. Roughly,
this strategy constructs a decomposition tree of logarithmic depth
for DUAL , each of whose nodes represents a sub-instance of the
original instance; more details on decomposition trees aregiven in
Section 3. To prove that the original instance is a “no”-instance
(and thus a “yes”-instance ofDUAL), it is sufficient to guess, in
that tree, a pathΠ from the root to a single nodev associated
with a “no”-sub-instance that can be recognized as such in log-
arithmic space. Guessing the path tov can be easily done us-
ing O(log2 n) nondeterministic bits, but it is totally unclear how
to actually computethe sub-instance associated with nodev in
LOGSPACE. In fact, it seems that the only way to compute the
sub-instance at nodev is to compute —at least implicitly— all in-
termediate DUAL instances arising on the path from the root to the
decomposition nodev. This seems to require a logarithmic com-
position of LOGSPACE transducers, and thus a computation inthe
complexity class[[LOGSPACEpol]]log. It was therefore totally un-
clear how[[LOGSPACEpol]]log could be replaced by its subclass
LOGSPACE, and new methods were necessary to achieve this goal.

New results: Logic to the rescue.To attack the problem, we
studied various alternative decomposition strategies forDUAL ,
among which the strategy of Gaur [14], which also influenced the
method of Boros and Makino [2]. In the present paper, we buildon
Gaur’s original strategy, as it appears to be the best starting point
for our purposes. However, Gaur’s method still does not directly
lead to a guess-and-check algorithm whose checking procedure is
in LOGSPACE, and thus new techniques needed to be developed.

In a first step, by building creatively on Gaur’s determinis-
tic decomposition strategy [14], we develop a new nondetermin-
istic guess-and-check algorithm ND-NOTDUAL for DUAL , that
is specifically geared towards a computationally simple checking
part. In particular, the checking part of ND-NOTDUAL avoids cer-
tain obstructive steps that would require more memory than just
plain LOGSPACE, such as the successive minimization of hyper-
graphs in sub-instances of the decomposition (as used by Boros and
Makino in [2]) and the performance of counting operations between
subsequent decomposition steps so to determine sets of vertices to
be included in a new transversal (as used by Gaur in [14]). Ournew
algorithm is thus influenced by Gaur’s, but differs noticeably from
it, as well as from the algorithm of Boros and Makino.

In a second step, we proceed with a careful logical analysis of
the checking part of ND-NOTDUAL . We transform all sub-tasks
of ND-NOTDUAL into logical formulas. However, it turns out that
first order logic (FO) is not sufficient, as an essential step of the
checking phase of ND-NOTDUAL is to check for specific hyper-
graph verticesv whetherv is contained in at least half of the hyper-
edges of some hypergraph. To account for this, we need to resort to

FO(COUNT), which augments FO with counting quantifiers. Note
that we could have used in a similar way FOM, i.e., FO augmented
by majority quantifiers, as FO(COUNT) and FOM have the same
expressive power [25]. By putting all pieces together, we succeed to
describe the entire checking phase by a single fixed FO(COUNT)
formula that has to be evaluated over the inputDUAL instance. Note
that FO(COUNT) model-checking is complete for logtime-uniform
TC0 [25, 34].

In summary, by putting the guessing and checking parts to-
gether, we achieve as main theorem a complexity result that is ac-
tually better than the one conjectured:

Theorem.DUAL ∈GC(log2 n, TC0).

By the well-known inclusion TC0 ⊆ LOGSPACE, we immedi-
ately obtain a corollary that proves Conjecture 1:

Corollary. DUAL ∈GC(log2 n, LOGSPACE).

Significance of the new results and directions for future re-
search.The progress achieved in this paper is summarized in Fig-
ure 2, whose left part (Figure 2a) shows the previous state ofknowl-
edge about the complexity, while the right part (Figure 2b) depicts
the current state of knowledge we have achieved. We have signifi-
cantly narrowed down the “search space” for the precise complex-
ity of DUAL (or DUAL ). We believe that our new results are of value
to anybody studying the complexity of this interesting problem. In
particular, the connection to logic opens new avenues for such stud-
ies. First, our results show where to dig for tighter bounds.It may be
rewarding to study subclasses of GC(log2 n, TC0), and in particu-
lar, logically defined subclassesthat replace TC0 by low-level pre-
fix classes of FO(COUNT). Classes of this type can be found in [5]
and [6]. Secondly, the membership ofDUAL in GC(log2 n, TC0)
provides valuable information for those trying to prove hardness
results for DUAL , i.e., to reduce some presumably intractable prob-
lemX to DUAL . Our results restrict the search space to be explored
to hunt for such a problemX. Moreover, given that LOGSPACE
is not known to be in GC(log2 n, TC0), and given that it is not
generally believed that GC(log2 n, TC0) contains LOGSPACE-
hard problems (under logtime reductions), our results suggest that
LOGSPACE-hard problems are rather unlikely to reduce to DUAL ,
and that it may thus be advisable to look for a problemX that is not
(known to be) LOGSPACE-hard, in order to find a lower bound for
DUAL . Our new results are of theoretical nature. This does not rule
out the possibility that they may be used for improving practical
algorithms, but this has yet to be investigated. Finally, webelieve
that the methods presented in this paper are a compelling exam-
ple of how logic and descriptive complexity theory can be used
together with suitable problem decomposition methods to achieve
new complexity results for a concrete decision problem.

Organization of the paper. After some preliminaries in Sec-
tion 2, we discuss problem decomposition strategies and introduce
the concept of a decomposition tree forDUAL in Section 3. Based
on this, Section 4 presents the ND-NOTDUAL algorithm, proves it
correct, and then analyzes this algorithm to derive our maincom-
plexity result.

2. Preliminaries
In what follows, we will often identify a hypergraphG = 〈V,E〉
with its edge-set and vice-versa. By writingG ∈ G we mean
G ∈ E, and by writingG = E we mean thatG = 〈

⋃

G∈E
G,E〉.

|G| denotes the number of edges ofG.
Given a hypergraphG and a set of verticesT , a vertexv is

critical in T (w.r.t. G) if there exists an edgeG ∈ G such that
G ∩ T = {v}. If G andH are two hypergraphs, a set of verticesT



is anew transversal ofG w.r.t.H1 if T is a transversal ofG and, for
all H ∈ H, H 6⊆ T . Observe that a new transversal does not need
to be a minimal transversal.

Given a hypergraphG and a setS of vertices, as in [2, 12],
we define hypergraphsGS = {G ∈ G | G ⊆ S}, andGS =
min({G ∩ S | G ∈ G}), wheremin(H), for any hypergraphH,
denotes the set of inclusion minimal edges ofH. Observe thatGS

is always a simple hypergraph, and that ifG is simple, then so is
GS .

The following properties are known (see, e.g., [2, 12–14]).Con-
sider two hypergraphsG andH. A set of verticesT is a minimal
transversal ofG if and only if every vertexv ∈ T is critical. A set
of verticesT is a new transversal ofG w.r.t.H if and only ifV \ T
is a new transversal ofH w.r.t.G. If the vertex set isV andT ⊆ V ,
let T denoteV \ T , i.e., thecomplementof T in V .

We say that hypergraphsG andH satisfy theintersection prop-
erty if H ⊆ tr(G) andG ⊆ tr(H). It can be shown [2, 14] that
given an instance〈G,H〉 of DUAL whose hypergraphs satisfy the
intersection property, then the existence of a new transversal ofG
w.r.t.H exactly characterizes〈G,H〉 as a “no”-instance of DUAL .
If G andH are two hypergraphs satisfying the intersection property
then|V | ≤ |G| · |H| (see [2]).

Let 〈G,H〉 be an instance of DUAL . We denote bym the total
number|G|+ |H| of edges ofG andH.

3. Decomposing the Dual problem
3.1 Decomposition principles

An approach to recognize “no”-instances〈G,H〉 of DUAL is to
find a new transversal ofG w.r.t.H, i.e., a transversal ofG that is
an independent set ofH. Many algorithms in the literature follow
this approach (see, e.g., [2, 10, 12–14, 27]). These algorithms try
to build such a new transversal by successively including vertices
in a candidate new transversalT or excluding vertices fromT .
To give an example, the classical algorithm “A” of Fredman and
Khachiyan [13] tries to include a vertexv in a candidate new
transversal, and if this does not lead to the construction ofa new
transversal thenv is excluded. Moreover if the exclusion ofv does
not lead to the construction of a new transversal then there does
not exist any (coherent with the choices having been made before
considering the vertexv).

We speak about “included” and “excluded” vertices because
most of the algorithms proposed in the literature implicitly or
explicitly keep track of two sets: the set of the vertices considered
included in the attempted new transversalT , and the set of the
vertices considered excluded fromT .

If G andH are two hypergraphs, anassignmentσ = 〈In,Ex 〉
is a pair of subsets ofV such thatIn ∩ Ex = ∅. Intuitively, the
set In contains the vertices considered included in an attempted
new transversalT ⊇ In of G w.r.t.H, while the setEx contains
the vertices considered excluded fromT (i.e., T ∩ Ex = ∅). A
vertexv ∈ V is free in an assignmentσ = 〈In,Ex〉 if v /∈ In and
v /∈ Ex . We assume, by definition, that the empty assignmentσε =
〈∅,∅〉 is a valid assignment. Given assignmentsσ1 = 〈In1,Ex1〉
andσ2 = 〈In2,Ex2〉, if In1 ∩ Ex 2 = ∅ andEx 1 ∩ In2 = ∅,
we denote byσ1 + σ2 = 〈In1 ∪ In2,Ex1 ∪ Ex 2〉 the extension
of σ1 with σ2. An assignmentσ = 〈In,Ex〉 is coherentwith a
set of verticesS, and vice-versa, wheneverIn ⊆ S andEx ⊆ S
(or, equivalently,Ex ∩ S = ∅), and we denote it byσ ⊑ S.
It is easy to see that ifσ = 〈In,Ex〉 is coherent with a new
transversalT of G w.r.t.H, then the reversed assignment〈Ex , In〉
is coherent with the new transversalT of H w.r.t. G. Intuitively,

1 We will often omit “w.r.t.H” when the hypergraphH we are referring to
is understood.

given an assignmentσ = 〈In,Ex 〉 the setIn is (a subset of) an
attempted new transversal ofG w.r.t.H, and, symmetrically, the set
Ex is (a subset of) an attempted new transversal ofH w.r.t.G.

Given an assignmentσ = 〈In,Ex 〉, we define:

• Sep(σ) = {G ∈ G | G ∩ In = ∅}, the set of all edges ofG
not metby (or, equivalently,separatedfrom) σ;

• Com(σ) = {H ∈ H | H ∩ Ex = ∅}, the set of all edges of
H compatiblewith σ;

• Mis(σ) = {G ∈ G | G ⊆ Ex}, the set of all edges ofG
entirely missedby σ; and

• Cov(σ) = {H ∈ H | H ⊆ In}, the set of all edges ofH
entirely coveredby σ.

An assignmentσ = 〈In,Ex 〉 is awitnessof the existence of a
new transversal ofG w.r.t.H if In is a new transversal ofG w.r.t.
H, or Ex is a new transversal ofH w.r.t. G. A witness is easily
proven to be characterized as follows.

Lemma 1. LetG andH be two hypergraphs. An assignmentσ is
a witness if and only if

Mis(σ) = ∅ ∧ Cov(σ) = ∅∧

(Sep(σ) = ∅ ∨ Com(σ) = ∅). (1)

An assignmentσ is covering wheneverMis(σ) 6= ∅ or
Cov(σ) 6= ∅, and, evidently, such aσ cannot be a witness.

Most algorithms proposed in the literature essentially trydif-
ferent assignments by successively performing different assign-
ment-extensions. Each extension performed induces a “reduced”
instance of DUAL on which the algorithm is recursively invoked.
Intuitively, the size reduction of the instance happens fortwo rea-
sons. Including vertices in the new transversal ofG increases the
number of edges ofG met by the new transversal under construc-
tion, and hence there is no need to consider these edges any longer.
Symmetrically, excluding vertices from the new transversal of G
increases the number of edges ofH certainly not contained in the
new transversal under construction, and hence, again, there is no
need to consider these edges any longer.

The most common approaches, referred to as extension-types,
to extend a currently considered assignmentσ to an assignmentσ′

are:

(i) include a vertexv in the new transversal ofG w.r.t. H, i.e.,
σ′ = σ + 〈{v},∅〉;

(ii) include a vertexv as a critical vertex in the new transversal ofG
w.r.t.H with edgeG ∈ Sep(σ) witnessingv’s criticality, i.e.,
σ′ = σ + 〈{v}, G \ {v}〉;

(iii) exclude a vertexv from the new transversal ofG w.r.t.H (or,
equivalently, include a vertexv in the new transversal ofHw.r.t.
G), i.e.,σ′ = σ + 〈∅, {v}〉;

(iv) include a vertexv as a critical vertex in the new transversal of
H w.r.t. G with edgeH ∈ Com(σ) witnessingv’s criticality,
i.e.,σ′ = σ + 〈H \ {v}, {v}〉.

3.2 Decomposition trees

We will now describe the construction of a general decomposition
treeT (G,H) that simultaneously represents all possible decom-
positions of an input DUAL instance〈G,H〉 according to exten-
sion-types (ii) and (iii). This tree is of super-polynomialsize. How-
ever, it will be shown later that wheneverH 6= tr(G), then there
must exist inT (G,H) a path of lengthO(logm) whose end-node
witnesses thatG andH are not dual. Moreover, recognizing that the
end-node of this path witnesses the non-duality ofG andH requires
low computational effort.



Figure 3. A subtree of the decomposition treeT (G,H).

Each nodep of the treeT (G,H) is associated with an assign-
mentσp. In particular, the root is labeled with the empty assign-
ment. Nodep of the tree has a childq for each assignmentσq that
can be obtained fromσp through an elementary extension of type
(ii) or (iii). The edge(p, q) is then labeled by precisely this exten-
sion.

More formally, letT (G,H) = 〈N,A, r, σ, ℓ〉 be a tree whose
nodesN are labeled by a functionσ, and whose edgesA are labeled
by a functionℓ. The rootr ∈ N of the tree is labeled with the
empty assignmentσε = 〈∅,∅〉. Each other nodep is labeled with
the assignmentσp = 〈Inp,Exp〉 (specified below). The leaves of
T (G,H) are all the nodesp whose assignmentσp is covering or
has no free vertex. Each non-leaf nodep of T (G,H) has precisely
the following children:

• For each free vertexv of σp, p has a childq such thatσq =
σp + 〈∅, {v}〉, and such that the edge connectingp to q is
labeled−v.

• For each free vertexv of σp, and for eachG ∈ Sep(σp) where
v ∈ G, p has a childq such thatσq = σp + 〈{v}, G \ {v}〉,
and such that the edge connectingp to q is labeled(v,G).

Observe that, by this defintion ofT (G,H), the edges leaving
a node are all labeled differently, and, moreover, siblingsare al-
ways differently labeled. Note, however, that different (non-sibling)
nodes may have the same label, and so may edges originating from
different nodes.

To give an example, consider Figure 3. Hypergraph vertices are
denoted by letters, and hypergraph edges are denoted by numbers.
In the tree illustrated, the root coincides with the pair of hyper-
graphs of Figure 1, except that the transversal{d, b, f} of G is now
missing inH. The root is associated with the empty assignment
σε, and, correspondingly, the hypergraphs depicted with the root
decomposition node areSep(σε), andCom(σε). Each other de-
composition nodep represents an assignmentσp whose included
vertices are indicated by a checkmark and whose excluded vertices

by a cross. In addition, each decomposition nodep shows two hy-
pergraphs representing the separated edges ofG and the compati-
ble edges ofH in σp, respectively. The left-most edge leaving the
root is labeled with−a which stands for the exclusion of vertexa.
This reflects the application of an extension-type (iii). Onthe other
hand, the right-most edge leaving the root is labeled with(d, 1)
which stands for the inclusion of vertexd as a critical vertex, along
with edge1 of G witnessingd’s criticality in the attempted new
transversal under construction. This reflects the application of an
extension-type (ii). In the given example, not all but only some de-
composition nodes of the tree are depicted. Observe that thebottom
right decomposition node of the figure is not a leaf, because its as-
signment is non-covering and still contains two free vertices that
can be either included (as critical vertices), or excluded.On the
other hand, the bottom central node of the figure is a leaf, because
its assignment is covering (in particular, edge3 of hypergraphG is
entirely missed).

A pathΠ = {ℓ1, ℓ2, . . . , ℓk} in T (G,H) is a sequence of labels
describing the path from the root to a node following the edges
labeled in turnℓ1, ℓ2,. . . ,ℓk.

For example, in Figure 3, the path{(d, 1),−e} leads to the
bottom right node of the figure.

Since edges leaving a node are assumed to be all different, a
path identifies unequivocally a node in the tree. Given a pathΠ, we
denote byN (Π) the end-node ofΠ.

The next Lemma, which shows how to compute the assignment
σN (Π) of the nodeN (Π), immediately follows from the defini-
tion of the concept of path.

Lemma 2.

σN (Π) = 〈
⋃

(v,G)∈Π

{v},
(

⋃

−v∈Π

{v}
)

∪
(

⋃

(v,G)∈Π

(G\{v})
)

〉. (2)

We will often refer to properties of the assignmentσp as prop-
erties of the nodep. For example, we say that a nodep is a witness
whenσp is actually a witness.



To conclude this section let us point out some important proper-
ties of the decomposition treeT (G,H). First, note that each node
p corresponds to the sub-instanceIp = 〈(GV \Inp

)V \(Inp∪Exp),

(HV \Exp
)V \(Inp∪Exp)〉. ThereforeT (G,H) is indeed a decom-

position of the original instance into smaller instances. However,
for our purposes, these smaller instances do not need to be ex-
plicitly represented. Secondly, note that by constructionof the tree
T (G,H), 〈G,H〉 is a “yes”-instance of DUAL if and only if for
eachnon-covering nodep of T (G,H), Ip is a “yes”-instance of
DUAL .2 Therefore, for showing that〈G,H〉 is a “no”-instance of
DUAL , it is sufficient to guess a path from the root to a nodep
whereIp is easily recognizable as a “no”-instance.

In general, such paths may be polynomially long. However,
in the next section, we will show that if〈G,H〉 is indeed a
“no”-instance then there must also exist a path of lengthO(logm)
to some nodep such thatIp can be recognized within complexity
class TC0 as “no”-instance of DUAL .

3.3 Logarithmic refuters

In this section we show that even though witnesses inT (G,H) can
be at polynomial depth, ifG andH are not dual then there always
exists at logarithmic depth a node that is either a witness orcan be
easily “extended” to a witness.

Given a nodep of T (G,H), a free vertexv of σp is frequentif
v belongs to at least half of the edges inCom(σp), otherwisev is
infrequent. For example, in Figure 3 vertexc is frequent at the root
because it belongs to two out of four edges ofCom(σε) = H. On
the contrary, vertexd is infrequent at the root because it belongs to
only one edge ofCom(σε) = H. Let us denote byFreq(σp) and
Infreq(σp) the vertices frequent and infrequent inσp, respectively.

Assume that there exists a new transversalT of G. An assign-
mentσ = 〈In,Ex〉 is called aprecursorof T if σ ⊑ T andσ is not
a witness. It is easy to see that in this caseIn ⊂ T andEx ⊂ T ,
for otherwiseσ would be a witness.

Now, consider again the example in Figure 3. Remember that
the minimal transversalT = {d, b, f} of G is missing inH.
Intuitively, while searching for a new transversal ofG, at the root,
vertexc is appealing for being excluded for two reasons:

• the reached nodep (the second depicted child of the root)
is coherent withT , and hence we can find a witness of the
existence ofT in the subtree rooted inp;

• the size ofCom(σp) is half the size ofCom(σε) = H.

Similarly, at the root, vertexd is appealing for being included as
a critical vertex with edge1 witnessingd’s criticality because the
reached nodeq (the third depicted child of the root) is coherent with
T , and|Com(σq)| ≤

1
2
|Com(σε)|.

More formally, let us consider a nodep precursor of a new
minimal transversalT of G. A free vertexv of σp is appealing to
exclude (forσp) w.r.t. T if v ∈ Freq(σp) andv /∈ T . On the other
hand, a free vertexv of σp is appealing to include (forσp) w.r.t.T
if v ∈ Infreq(σp) andv ∈ T .

The halving of the size ofCom(σ), due to the inclusion or the
exclusion of proper appealing vertices forσ, does not occur by
chance. It depends on the frequencies with which vertices belong
to hypergraph edges, and is based on a principle already exploited
in algorithms proposed in the literature, e.g., by Gaur [14], and
(with other frequency thresholds) by Fredman and Khachiyan[13]
in their algorithm “B”. Let us describe the just mentioned principle
in more detail in a form suitable for our further discussion.

Lemma 3. LetG andH be two hypergraphs satisfying the intersec-
tion property, andσ be a non-covering assignment. Ifv ∈ Freq(σ)

2 For further details please see the extended technical report [20].

then |Com(σ + 〈∅, {v}〉)| ≤ 1
2
|Com(σ)|. On the other hand,

if G ∈ Sep(σ), and v ∈ G is such thatv ∈ Infreq(σp), then
|Com(σ + 〈{v}, G \ {v}〉)| ≤ 1

2
|Com(σ)|.

Proof. Evidently, when a frequent vertexv of σ = 〈In,Ex〉 is
excluded, then the size ofCom(σ) is halved because at least half
of the edges ofCom(σ) containv.

Consider now the second case in which an infrequent vertexv is
included intoIn, with edgeG ∈ Sep(σ) witnessing the criticality
of v. The new considered assignment isσ′ = σ + 〈{v}, G \ {v}〉.
Given that the intersection property holds betweenG andH (and
thus all the edges ofSep(σ) intersect all the edges ofCom(σ),
and vice-versa), sincev is infrequent inCom(σ) (i.e., less than
half of the edges ofCom(σ) intersectG on v), at least half of the
edges ofCom(σ) must intersectG on the remaining set of vertices
S = G \ {v}. Sinceall the vertices ofS are excluded inσ′, all the
edges ofCom(σ) intersectingG on the vertices inS do not belong
toCom(σ′). Therefore|Com(σ′)| ≤ 1

2
|Com(σ)|.

We say that the assignmentσ is a saturated precursorof a
new minimal transversalT of G when σ is a precursor ofT ,
and no free vertex ofσ is appealing to exclude or include forσ
w.r.t.T . The next lemma, which states the most important property
of saturated precursors, immediately follows from the concept of
saturated precursor.

Lemma 4. Let G andH be two hypergraphs, andT be a new
minimal transversal ofG w.r.t.H. If σ is a saturated precursor of
T , then theaugmented assignmentσ+ = 〈In ∪ Freq(σ),Ex ∪
Infreq(σ)〉 is such thatσ+ = 〈T, T 〉, and thusσ+ is a witness.

We now prove the mentioned crucial property ofT (G,H).

Lemma 5. LetG andH be two hypergraphs satisfying the intersec-
tion property. Then,G andH are not dual if and only if there exists
in T (G,H) a witness or a saturated precursor at depthO(log |H|).

Proof. Obviously, if there exists a witness or a saturated precursor
within logarithmic depth, then there exists a new transversal of G
w.r.t.H.

Assume now thatG andH are not dual, and letT be a new
minimal transversal ofG. We are going to show that there exists
in T (G,H) a pathΠ of logarithmic length, starting from the root,
such thatN (Π) is either a witness coherent withT or is a saturated
precursor ofT .

Letp be a generic node such thatσp is anon-saturated precursor
of T (i.e., a precursor ofT that isnot saturated). By the fact thatp
is a non-saturated precursor of a minimal transversal, and that each
vertex of a minimal transversal is critical (see Section 2),there is a
child of p, sayq, such thatσq is coherent withT , andσq is obtained
from σp through the inclusion (as a critical vertex) or the exclusion
of an appealing vertexv for σp w.r.t.T .

In particular, ifv is appealing to include forσp w.r.t.T thenq is
chosen by includingv as a critical vertex, with an appropriate edge
G ∈ Sep(σp), such thatG∩T = {v}, witnessing the criticality of
v in T . Otherwise, ifv is appealing to exclude forσp w.r.t.T then
q is chosen by excludingv.

Note that the empty assignmentσε, associated with the root of
T (G,H), is a non-saturated precursor ofT . Hence there exists a
sequence of nodesΣ = (p0, p1, . . . , pk), wherep0 is the root, such
that all the nodes ofΣ are coherent withT , and each nodepi is a
child of pi−1 obtained through the inclusion or the exclusion of an
appealing vertex forσpi−1

w.r.t.T .
Let Σ be a maximum length sequence having the just men-

tioned property. SinceΣ is of maximum length, nodepk is not a
non-saturated precursor ofT (for otherwise there would be a child
of pk allowing to extendΣ). Hence, two are the cases: eitherpk is



a saturated precursor ofT , or pk is not a precursor ofT at all. For
the second case, observe thatσpk is coherent withT and therefore
if pk is not a precursor ofT thenpk must be a witness (coherent
with T ).

To conclude, by the definition of appealing vertex, it follows that
|Com(σpi)| ≤

1
2
|Com(σpi−1

)|, for all 1 ≤ i ≤ k (see Lemma 3).
ThereforeΣ containsO(log |H|) nodes, and hence there exists a
pathΠ of logarithmic length from the root topk.

4. A new upper bound for the Dual problem
4.1 A non-deterministic approach to Dual

In this section we present our new nondeterministic algorithm ND-
NOTDUAL for DUAL . Unlike previous algorithms, ND-NOTDUAL
uses the novel data structureT (G,H) as defined in the previous
section. To prove the correctness of the algorithm we will use ideas
by Gaur [14]. However, it will become clear that our algorithm
differs in essential aspects from Gaur’s deterministic algorithm.

To disprove that two hypergraphsG andH are dual, we know
that it is sufficient to show either that the intersection property does
not hold between them, or that exists a new minimal transversal
of G w.r.t. H. Intuitively, our algorithm, to compute such a new
minimal transversal, guesses inT (G,H) a path of logarithmic
length leading to a witness or a saturated precursor.

The pseudo-code of the algorithm ND-NOTDUAL is listed as
Algorithm 1. In the pseudo-code of the algorithm, “accept” and
“ reject” are two commands causing a transition to a final accepting
state and to a final rejecting state, respectively.

Algorithm 1 A nondeterministic algorithm for DUAL .
1: procedure ND-NOTDUAL (G,H)
2: Π← guess(A path inT (G,H) of lengthO(log |H|));
3: if ¬CHECK-INTERSECTIONPROPERTY(G,H) then
4: accept;
5: end if
6: if ¬CHECK-CONSISTENCYGUESS(G,H,Π) then
7: reject;
8: end if
9: if CHECK-WITNESS(G,H,Π) then

10: accept;
11: end if
12: if CHECK-WITNESSAUGMENTED(G,H,Π) then
13: accept;
14: end if
15: reject;
16: end procedure

The four checking-procedures used in the algorithm implement
the four deterministic tests needed after the guess is carried out.
The aims of the subprocedures are the following.

CHECK-INTERSECTIONPROPERTY3 checks whether the inter-
section property holds between the hypergraphsG andH.

CHECK-CONSISTENCYGUESS checks whether the guess is
consistent. A guess is consistent if it does not include and exclude a
vertex at the same time, and hence gives rise to a proper assignment
σN (Π) = 〈InN (Π),ExN (Π)〉 whereInN (Π) ∩ ExN (Π) = ∅.

CHECK-WITNESSand CHECK-WITNESSAUGMENTED check
whether assignmentσN (Π) andσN (Π)

+ witnesses the existence
of a new transversal ofG w.r.t.H, respectively. In order to perform

3 This property does not depend on the guessed path, and could thus be
checked at the beginning of the algorithm, before the guess is made. How-
ever, for uniformity, and to adhere to a strict guess-and-check paradigm we
check it after the guess.

these checks, the condition of equation (1) (of Section 3) isevalu-
ated onσN (Π) andσN (Π)

+, respectively. IfσN (Π) or σN (Π)
+

is a witness, thenG andH are not dual.
Note that the algorithm ND-NOTDUAL can be somewhat sim-

plified, as not all the deterministic tests are strictly necessary. In
fact, it can be shown that checking the consistency of the guess
is not strictly needed, and that it is sufficient to perform the wit-
ness test on the augmented guessed assignment only. These im-
provements, which, however, do not give rise to better complexity
bounds, will be further analyzed in a forthcoming extended techni-
cal report [20].

Theorem 6. Let G andH be two hypergraphs. Then, there exists
a computation branch ofND-NOTDUAL (G,H) halting in an ac-
cepting state if and only ifG andH are not dual.

Proof. At first, algorithm ND-NOTDUAL guesses a path of loga-
rithmic length inT (G,H). Intuitively we look for a path (if one
exists) leading to a node that is either a witness or a saturated pre-
cursor. Then the deterministic tests are performed.

If G andH do not satisfy the intersection property such a condi-
tion is recognized by test CHECK-INTERSECTIONPROPERTY, and
the algorithm correctly accepts.

Otherwise it is checked whether the guess is consistent in order
to be sure that the two final tests rely on meaningful assignments.
Inconsistent guesses are rejected.

Remember that, by Lemma 5, if the intersection property holds
betweenG andH, which at this stage of the algorithm is guar-
anteed, then the input hypergraphs are not dual iff there exists a
witness or a saturated precursor at logarithmic depth. Therefore,
wheneverG andH are not dual, we can guess a path of logarithmic
length leading to a node that is a witness or a saturated precursor.
In those specific branches one of the tests CHECK-WITNESS or
CHECK-WITNESSAUGMENTED returnstrue (see Lemma 4) and
hence the algorithm halts in an accepting state.

Observe that those computation branches in whichσN (Π) and
σN (Π)

+ are not witnesses correctly terminate in a rejecting state
(line 15).

Note that our algorithm, while partly inspired by Gaur’s ideas,
is fundamentally different from Gaur’s algorithm [14, 15].In par-
ticular, Gaur’s algorithm may extend the setIn of included vertices
of an intermediate assignmentσ = 〈In,Ex〉 in a single step by
several vertices and not just one. In our approach this is only possi-
ble for end-nodes of the path. Moreover, algorithm ND-NOTDUAL
could identify a witness by guessing a path of logarithmic length
that is not a legal path according to Gaur because the single assign-
ment-extensions are not chosen according to frequency counts. In
fact, unlike Gaur’s algorithm, ND-NOTDUAL performs frequency
counts only at the terminal nodes of a path.

4.2 Logical analysis of the Dual problem

In order to prove thatDUAL ∈ GC(log2 m, TC0), we first ex-
press the deterministic tests performed by ND-NOTDUAL in
FO(COUNT) which is first order logic augmented with the count-
ing quantifiers “∃!n”. This quantifier has the following semantics.
A formula (∃!n x)(φ(x)) always evaluates totrue and assigns
to n the number of domain valuesa for which φ(a) evaluates to
true. For more precise definitions see [25, 34]. Note that first order
logic augmented with the majority quantifiers (FOM) is knownto
be equivalent to FO(COUNT) [25]. The model checking problem
for both logics is complete for the class TC0 [25, 34].

With a pair of hypergraphs〈G,H〉 we associate a relational
structureA〈G,H〉. Essentially we represent hypergraphs through
their incidence graphs. In particular, the universeA〈G,H〉 ofA〈G,H〉

consists of the vertices ofV , an object for each hyperedge of the



two hypergraphs, and two more objects for the two hypergraphs,
i.e.,A〈G,H〉 = V ∪{gG | G ∈ G}∪{hH | H ∈ H}∪{G,H}. By
a slight overloading of notation, we assume that the elementsG and
H that represent the input hypergraphsG andH are also available
as constantsG andH in our signature.

The relations ofA〈G,H〉 are as follows:Vertex (x) is a unary
relation indicating that objectx is a vertex;Hyp(x) is a unary
relation indicating that objectx is a hypergraph;EdgeOf (x, y) is a
binary relation indicating that objectx is an edge of the hypergraph
identified by objecty; andIn(x, y) is the binary incidence relation
indicating that objectx is a vertex belonging to the edge identified
by objecty.

We also need to represent through relations the guessed pathΠ.
Remember that inΠ there are elements of two types:−v wherev
is a vertex, and(v,G) wherev is a vertex andG is an edge ofG.4

We assume a unary relationS1 storing those tuples〈v〉 wherev is
a vertex such that−v ∈ Σ, moreover we assume a binary relation
S2 containing those tuples〈v,G〉 wherev is a vertex andG is an
edge such that(v,G) ∈ Σ.

Let us now make an important observation about the algorithm.
In order to disprove the duality ofG andH, the algorithm guesses a
pathΠ and then checks that the final node of this path is a witness
or a saturated precursor of a missing transversal. For this check
the order of the labels of the path is actually not relevant. What is
relevant is merely the set of labels. Therefore the above relational
representation of a guessed path is totally sufficient. (Theorder is
only needed in the proof of the correctness of the algorithm.)

We use the following “macros” in our first order formulas:

v ∈ V ≡ Vertex (v)

g ∈ G ≡ Hyp(G) ∧ EdgeOf (g,G)

h ∈ H ≡ Hyp(H) ∧ EdgeOf (h,H)

v ∈ g ≡ In(v, g)

We are now ready to prove some intermediate results.

Lemma 7. LetG andH be two hypergraphs. Deciding whetherG
andH satisfy the intersection property is expressible in FO.

Proof. We need to show formulas expressing that all the edges of
G are minimal transversal ofH, and vice-versa.

The formulas to evaluate whether an edge ofG (resp.H) is a
transversal ofH (resp.G), and to check whether an edge ofG (resp.
H) is not a minimal transversal ofH (resp.G) are:

tr -of -H(g) ≡ g ∈ G∧

(∀h)(h ∈ H → (∃v)(v ∈ V ∧ v ∈ g ∧ v ∈ h))

nonMin-tr -of -H(g) ≡ g ∈ G ∧ (∃v)(v ∈ V ∧ v ∈ g∧

(∀h)(h ∈ H → (∃w)(w ∈ V ∧ w 6= v ∧ w ∈ g ∧ w ∈ h)))

tr -of -G(h) ≡ h ∈ H∧

(∀g)(g ∈ G → (∃v)(v ∈ V ∧ v ∈ g ∧ v ∈ h))

nonMin-tr -of -G(h) ≡ h ∈ H ∧ (∃v)(v ∈ V ∧ v ∈ h∧

(∀g)(g ∈ G → (∃w)(w ∈ V ∧ w 6= v ∧ w ∈ g ∧ w ∈ h)))

And to conclude, we show the formula verifying that the inter-
section property holds between the two hypergraphs.

intersection-property ≡

(∀g)(g ∈ G → tr -of -H(g) ∧ ¬nonMin-tr -of -H(g))∧

(∀h)(h ∈ H → tr -of -G(h) ∧ ¬nonMin-tr -of -G(h))

4 Note that an edgeG in a label of a path is given by its identifier and not
by the explicit list of its vertices.

We say that the guess is congruent if for every guessed tuple
〈x〉 ∈ S1 the objectx is actually a vertex, and for every tuple
〈x, y〉 ∈ S2 the objecty is actually an edge belonging toG
containing the vertex identified by the objectx.

Lemma 8. LetG andH be two hypergraphs, andΠ be a (guessed)
path ofT (G,H). Deciding the congruency and the consistency of
Π is expressible in FO.

Proof. The congruency of the guessed path can be checked through:

congruentGuess ≡ (∀v)(S1(v)→ v ∈ V )∧

(∀w, g)(S2(w, g)→ w ∈ V ∧ g ∈ G ∧ w ∈ g)

The consistency check is divided in two formulas, one verifying
whether there isinconsistency on a specific vertex, and the other
checking the overall consistency.

inconsistent(w) ≡ w ∈ V ∧ (∃g)(S2(w, g)∧

(S1(w) ∨ (∃v, h)(S2(v, h) ∧ v 6= w ∧ w ∈ h)))

consistentGuess ≡ (∀v)(v ∈ V → ¬inconsistent(v))

We now focus our attention on the complexity of checking
whetherσN (Π) is a witness or not.

Lemma 9. LetG andH be two hypergraphs, andΠ be a (guessed)
path ofT (G,H). Deciding whetherσN (Π) is a witness is express-
ible in FO.

Proof. Essentially we need to prove that is possible to express in
first order logic the condition of equation (1) (of Section 3)on
σN (Π) = 〈InN (Π),ExN (Π)〉. Remember thatσN (Π) is not
explicitly represented, but it can be evaluated fromΠ through
formula (2) of Section 3.

Let us define the following two formulas serving the purpose to
evaluate if a vertex belongs toInN (Π) or ExN (Π).

I -guess(v) ≡ v ∈ V ∧ (∃g)(S2(v, g))

E -guess(v) ≡ v ∈ V ∧

(S1(v) ∨ (∃w, g)(S2(w, g) ∧ w 6= v ∧ v ∈ g))

The formulas evaluating whether an edge belongs toMis(σN (Π)),
to Cov(σN (Π)), to Sep(σN (Π)), and toCom(σN (Π)), are, re-
spectively:

mis(g) ≡ g ∈ G ∧ (∀v)((v ∈ V ∧ v ∈ g)→ E -guess(v))

cov(h) ≡ h ∈ H ∧ (∀v)((v ∈ V ∧ v ∈ h)→ I -guess(v))

sep(g) ≡ g ∈ G ∧ (∀v)((v ∈ V ∧ v ∈ g)→ ¬I -guess(v))

com(h) ≡ h ∈ H ∧ (∀v)((v ∈ V ∧ v ∈ h)→ ¬E -guess(v))

Finally the formula verifying that the assignmentσN (Π) is a wit-
ness is as follows. This formula essentially encodes the condition
of equation (1) of Section 3.

guessWitness ≡

(∀g)(g ∈ G → ¬mis(g)) ∧ (∀h)(h ∈ H → ¬cov (h)) ∧

((∀g)(g ∈ G → ¬sep(g)) ∨ (∀h)(h ∈ H → ¬com(h)))

To conclude our complexity analysis of the deterministic tests
performed by ND-NOTDUAL , let us formulate the property that
σN (Π)

+ is a witness in FO(COUNT).

Lemma 10. Let G and H be two hypergraphs, andΠ be a
(guessed) path ofT (G,H). Deciding whetherσN (Π)

+ is a witness
is expressible in FO(COUNT).

Proof. LetσN (Π) = 〈InN (Π),ExN (Π)〉 be the assignment asso-
ciated with the end-nodeN (Π) of the pathΠ. Evaluating whether



σN (Π)
+ is a witness is a task very similar to the task of evaluat-

ing whetherσN (Π) is a witness as done in the proof of Lemma 9.
The only difference here is that vertices considered included are
InN (Π) ∪ Freq(σN (Π)), and vertices considered excluded are
ExN (Π) ∪ Infreq(σN (Π)).

We first exhibit the formulas to verify whether a given vertexis
frequent inσN (Π). These formulas are the only ones in which we
actually use the counting quantifier. Integer division by2, which
can be easily computed by a right shift of one bit in the binaryrep-
resentations of numbers, and majority testing are both feasible in
FO(COUNT) [34]. The following formulas evaluate respectively:
the number of edges inCom(σN (Π)), the number of edges in
Com(σN (Π)) containing a given vertexv, and whetherv is fre-
quent inσN (Π). Note thatI -guess(·), E -guess(·), and com(·)
are the formulas defined in the proof of Lemma 9.

count-com(n) ≡ (∃!n h)(h ∈ H ∧ com(h))

count-com-inc(v, n) ≡ v ∈ V ∧

(∃!n h)(h ∈ H ∧ com(h) ∧ v ∈ h)

freq(v) ≡ v ∈ V ∧ ¬I -guess(v) ∧ ¬E -guess(v)∧

(∃n,m, o)(count-com(n) ∧ count-com-inc(v,m)∧

o = n/2 ∧m ≥ o)

Having defined a formula to evaluate whether a vertex is frequent
in σN (Π), we now show the formulas computing the included and
excluded vertices of the augmented assignment.

I -aug(v) ≡ v ∈ V ∧ (I -guess(v) ∨ freq(v))

E -aug(v) ≡ v ∈ V ∧ (E -guess(v) ∨ ¬freq(v))

Now we exhibit the formulas encoding the evaluation of the
condition of equation (1) of Section 3 on the augmented assign-
ment. Note that the following formulas have essentially thesame
purpose of those in proof of Lemma 9.

mis-aug(g) ≡ g ∈ G ∧ (∀v)((v ∈ V ∧ v ∈ g)→ E -aug(v))

cov -aug(h) ≡ h ∈ H ∧ (∀v)((v ∈ V ∧ v ∈ h)→ I -aug(v))

sep-aug(g) ≡ g ∈ G ∧ (∀v)((v ∈ V ∧ v ∈ g)→ ¬I -aug(v))

com-aug(h) ≡ h ∈ H ∧ (∀v)((v ∈ V ∧ v ∈ h)→ ¬E -aug(v))

guessAugWitness ≡ (∀g)(g ∈ G → ¬mis-aug(g))∧

(∀h)(h ∈ H → ¬cov -aug(h))∧

((∀g)(g ∈ G → ¬sep-aug(g))∨

(∀h)(h ∈ H → ¬com-aug(h)))

We now state our main result.

Theorem 11. LetG andH be two hypergraphs. Deciding whether
G andH are not dual is feasible inGC(log2 m, TC0).

Proof. Lemmas 7, 8, 9, and 10 show that the four deterministic
checks performed by algorithm ND-NOTDUAL are expressible in
FO(COUNT). Hence these tests are feasible in logtime-uniform
TC0 [25, 34].

Moreover, by analyzing the algorithm ND-NOTDUAL it is evi-
dent that onlyO(log2 m) nondeterministic bits are sufficient to be
guessed. Indeed, ifG andH do not satisfy the intersection property
then the guessed pathΠ is completely ignored, becauseG andH
are directly recognized not to be dual, and hence is totally irrelevant
what the guessed bits are. On the other hand, ifG andH satisfy the
intersection property then, by Lemma 5, there exists inT (G,H)
a path of logarithmic length whose end-nodep is a witness or a
saturated precursor if and only ifG andH are not dual. Since the
intersection property holds betweenG andH, |V | ≤ |G| · |H| holds
(see Section 2), and henceO(logm) bits are sufficient to correctly

represent each single label of a pathΠ (if one exists) leading to such
a nodep. Observe that|Π| ∈ O(log |H|), which is alsoO(logm),
and hence obviously the whole pathΠ can be correctly represented
with O(log2 m) bits.

Therefore,DUAL belongs to GC(log2 m, TC0).
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