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Abstract

In this thesis we explore decision problems for linear dynamical systems,
which are a fundamental model in theoretical computer science, software
verification and control theory. We focus on the reachability and escape
problems in discrete and continuous linear dynamical systems, and their
generalizations to pseudo-orbits, which are a model of computation with

limited precision.

We consider the problem of deciding whether a finitely generated matrix
semigroup contains a non-negative matrix, and show that it is decidable
subject to Schanuel’s conjecture when the matrices commute, and unde-
cidable in general. We show unconditional decidability of eventual non-

negativity for a single matrix, solving a problem posed by S. Akshay [2].

In the setting of discrete pseudo-orbits, we show that the analogues of
the classical orbit and Skolem problems are decidable. For diagonalisable
linear dynamical systems, we show that the pseudo-reachability problem
is decidable for arbitrary semialgebraic targets. We show that the similar
robust reachability problem is decidable in full generality. For continuous

pseudo-orbits, we show the same results assuming Schanuel’s conjecture.

Finally, we establish a uniform upper bound on the number of iterations
it takes for every orbit of a matrix to escape a compact semialgebraic set.
For a rational matrix and set defined over rational data, the bound is
doubly exponential in the dimension, and singly exponential in the rest
of the data. We show that this bound is tight by providing a matching

lower bound.
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Chapter 1

Introduction

A discrete-time linear dynamical system (LDS) is given by an update matrix A € Q?*¢
and a starting point s in Q¢. The system evolves according to the dynamics x — Az.
The orbit or trajectory of the LDS is the sequence of points s, As, A%s,.... Linear
dynamical systems are a fundamental model in control theory, verification of programs
and cyber-physical systems. In this thesis we study two kinds of problems for LDS:
reachability and escape.

The reachability problem for LDS asks whether a given target set T' is reachable
from a given initial set S. That is, given a matrix A, a target set T, and an initial
set S, the reachability problem asks whether there exists some s in S such that the
orbit of the LDS defined by (A, s) intersects T'. Non-reachability is often proved by
exhibiting an invariant set that contains the initial set and is disjoint from the target
set. An invariant set is a set I that is preserved by the dynamics, i.e. Al C I. All
trajectories starting in I will remain trapped in [ forever. The dual of an invariant
set is an escape set, which is an initial set which is left by every trajectory. An Fscape
Problem asks whether a given initial set S is an escape set for the matrix A, i.e.,
whether for all s in S there exists a time n such that A”s is in the complement of S.

In the context of verification of a program or a cyber-physical system, we are
usually interested in proving safety and liveness properties of the system. For a
dynamical system, we may interpret a “property” as delineating a subset of the set
of all possible trajectories. Safety properties are those that should always be true of
the infinite trajectory, such as the absence of collisions in a traffic system. Liveness
properties are those that should eventually hold, such as the arrival of a train at a
station. It can be shown that every property can be expressed as a conjunction of
safety and liveness properties [3]. The problems of reachability and escape we consider

for LDS are highly relevant to proving safety and liveness properties respectively.



When modelling a system as an LDS, we may express a safety property as non-
reachability of a “bad” set. Conversely, we may express a liveness property as eventual
escape from an initial set.

One may consider similar problems for models more expressive than LDS, but
even slight increases in power lead to Turing-complete models of computation. For
example, allowing quadratic updates leads to undecidability of the reachability prob-
lem [44] and allowing piecewise linear updates leads to undecidability of the loop
termination problem (an instance of an escape problem) [11].

Overview of reachability results for LDS. Perhaps the simplest possible
reachability problem on LDS is the orbit problem, which asks whether a given point
t is reachable from an initial point s [49]. In 1986, Kannan and Lipton [53] showed
that the orbit problem can be decided in polynomial time.

A natural generalization of the orbit problem, the Skolem problem[]in which we ask
whether a hyperplane is reachable from an initial point, turns out to be notoriously
difficult and remains open after many decades [0, [77]. A breakthrough occurred in
the mid-1980s, when Mignotte et al. [69] and Vereshchagin [94] independently showed
decidability in dimension 4 or less. More recently, Bilu et al [14] showed decidability
for the Skolem problem with diagonalisable matrices, assuming the p-adic Schanuel
conjecture and the Skolem Conjecture (aka Exponential Local-Global Principle) in
order to guarantee termination of their algorithm. This (conditionally) also solves
the last open case of the Skolem problem for dimension 5.

Similar to the Skolem problem is the Positivity problem, which asks whether a
halfspace is reachable from an initial point. In 2014, Ouaknine and Worrell [74]
showed that solving the Positivity problem in dimension 6 or higher would require
a significant breakthrough in Diophantine approximation. The reachability problem
for arbitrary semialgebraic initial and target sets S and T" can be reduced to querying
whether an initial point reaches an intersection of halfspaces [56].

While progress on reachability has been bottlenecked by the Skolem and Posi-
tivity problems in light of the result above, no undecidability results are known. In
the setting of multiple reachability, however, the following problem was shown to be
undecidable: given an update matrix A, a semialgebraic starting set S, a positive
integer k, and a target hyperplane H, decide if there exists s in .S such that the orbit
(A"S)nen reaches H at least k times [b5]. The undecidability proof is based on a
reduction from Hilbert’s 10th problem.

'The Skolem problem is traditionally formulated in terms of linear recurrence sequences, but we
will show in the next chapter that it is Turing equivalent to the hyperplane reachability problem



Overview of escape results for LDS. The escape problem has been exten-
sively studied in the context of universal termination of affine loop programs. This
corresponds to the following escape problem: given a matrix A and a polytope S,
decide whether S is an escape set for A. This problem was solved considering all real
points in S by Tiwari in 2004 [92], for all rational points in S by Braverman in 2006
[17], and for all integer points in S by Hosseini et al [51] in 2019. For semialgebraic
S, the escape problem remains open, although [71] showed decidability for the case
where S is compact via two unbounded searches. Building on this, [30] characterized
the complexity of the escape problem for compact semialgebraic sets by showing that
it is a complete problem for a certain fragment of the theory of the reals with two
quantifiers.

Overview of reachability problems for matrix semigroups. Linear dynam-
ical systems involve repeated applications of a single matrix. A more general setting
is that of finitely generated matrix semigroups, where we consider the semigroup gen-
erated by a set of matrices Ay, ..., Ax. A classical reachability problem in this setting
is reachability of a given matrix, known as the Membership Problem.

The Membership Problem for finitely generated matrix semigroups asks, given
square matrices A, Ay, ..., A, of the same dimension and with rational entries, whether
A lies in the semigroup generated by Ay, ..., Ax. The problem was shown to be un-
decidable by Markov in the 1940s [64], thereby becoming one of the first instances
of a natural undecidable mathematical problem. The problem is decidable under the
assumption that the matrices Ay, ..., Ay commute [4].

In between the commuting and non-commuting cases lies the problem of Solv-
ability of Matrix Equations. Here we fix the order of the matrices, ie ask whether
there exist integers ny,...,ny such that A = A7*--- A*. For commuting matrices
this is equivalent to Membership. For two non-commuting matrices, the problem is
decidable. In general, the problem is undecidable via a reduction to Hilbert’s tenth
problem [7].

There are many variants of the Membership Problem. In the Mortality Problem
one asks whether the zero matrix lies in a finitely generated matrix semigroup. This
problem is undecidable already for 3 x 3 matrices [80]. In a different direction, for
three matrices in fixed order, Mortality is equivalent to Skolem in any dimension [10].

Meanwhile, the Identity Problem asks to determine whether the identity matrix
lies in a given finitely generated matrix semigroup. The latter problem is undecidable
in general but decidable for certain nilpotent and low-order matrix groups [8, 36, [37,
o).



Analogous to the orbit, Skolem and Positivity problems for LDS are the Vector
Reachability, the Hyperplane Reachability (aka Scalar Reachability) and the Halfs-
pace Reachability problems for matrix semigroups. Here we have the set of matrices
{Ay,..., A}, two vectors u and v and (possibly) a scalar A, and we ask whether
there exists a matrix A in the semigroup generated by A;, ..., A such that Av = u,
u"Av = X or u' Av > X respectively. All these problems are undecidable in general,
with some known decidability results for low dimensions and special cases [9], 47].

We mention a final problem that combines matrix semigroups and escape: the
Linear Subspace Escape Problem. Given a linear subspace U of Q% and a set of
matrices Ay, ..., Ag, is U an escape set for the semigroup? Formally, we ask (dually)
whether there exists a trapped sequence: an initial point s and an infinite sequence

of matrices A;,, A;,, ... from the set such that for every k € N, A4;, ---A;,;sisin U.

This problem (in its dual form) was shown to be decidable under the name of the

Invariance Problem [38].

1.1 Contributions of this thesis

Given the known barriers to further progress on the classical reachability problem,
we consider two variants: First, in we study matrix reachability problems,
investigating reachability of the orthant of non-negative matrices. Specifically, we
consider the semigroup generated by a set of matrices Ay,..., Ay and ask whether
it contains a non-negative matrix. We show that if they commute, this problem is
decidable subject to Schanuel’s conjecture. If they don’t commute, the problem is
undecidable. For a single matrix M, we show unconditional decidability, which is in
contrast to the notorious fact that it is not known how to determine, for any specific
matrix index (7,7), whether the sequence (M");; is ultimately nonnegative. The
latter is equivalent to the Ultimate Positivity problem for linear recurrence sequences,
which, like Positivity, is a longstanding open problem.

Second, we consider an inexact version of reachability, where we allow for arbi-
trarily small amounts of noise in the dynamics. This corresponds to the classical

notion of pseudo-orbits. We show decidability results for pseudo-reaching a point,

a hyperplane and a bounded semialgebraic set in [chapter 4] In [chapter 5 we use a

completely different approach based on the first-order theory of the reals with expo-
nentiation to generalise the results of the previous chapter to arbitrary semialgebraic

targets for diagonalisable linear dynamical systems. We also show that our method



can be used to reduce the continuous-time pseudo-reachability problem to the (clas-
sical) time-bounded reachability problem, which is known to be decidable assuming
Schanuel’s conjecture. We show the same results for robust reachability, which is
another inexact generalisation of reachability allowing for imprecision in the initial
state.

In the final chapter (chapter 6) we study the escape problem for discrete-time
linear dynamical systems over compact semialgebraic sets. We complement the ex-
isting decidability result with a bound on the time taken to escape. Specifically, we
establish a uniform upper bound on the number of iterations it takes for every orbit
of a rational matrix to escape a compact semialgebraic set defined over rational data.
Our bound is doubly exponential in the ambient dimension, singly exponential in the
degrees of the polynomials used to define the semialgebraic set, and singly exponen-
tial in the bitsize of the coefficients of these polynomials and the bitsize of the matrix
entries. We show that our bound is tight by providing a matching lower bound.

The introductions to each chapter provide more detailed motivation and back-
ground for the results described above. The next chapter introduces the mathemat-
ical background for this thesis, and proves a useful result bounding the description

size increase when transforming a system into a Jordan basis.






Chapter 2

Mathematical Background

In this chapter we describe the mathematical tools used in this thesis, prove a few
results of independent interest, and define the terms and problems mentioned in the

introduction.

2.1 Notation

The sets of natural numbers, rational numbers, real numbers, and algebraic numbers
are denoted by N, Q, R, and Q, respectively.

For any column vector = [x1, %2, ...,%y,]" € R™, we use the notations ||z, :=
VaTz and |z]|, := max; |z;| to indicate respectively the two norm and infinity norm
of z. For any matrix A = [a;;];; € R™*™, we define || A, and || 4| to indicate respec-
tively the (induced) two norm and infinity norm of A. Unless otherwise specified, || A||
denotes the two norm of A. Note that ||Ax|, < ||All, ||z]|, and ||Az|| < [|A]l 2]l
for all z € R™. We denote by p(A) the spectral radius of a matrix A, which is the
largest absolute value of the eigenvalues of A.

We write 0 € R™ for the zero vector and 1 € R™ for the all-ones vector. We
write B(c,r) for the closed ball (under appropriate norm, usually ¢5 or /) of radius

r centred around ¢ € R™. We denote by T C C the unit circle in the complex plane.

2.1.1 Asymptotic notation

We use the standard asymptotic notation O(+) to describe the growth of functions, es-

pecially in the exponent, which we define below. A statement of the form f(n,d, ) =

O . ..
2(dr) means that there exist positive constants Cy, C,, ng, dg, 79 such that for all
n > ng, d > dy, and 7 > 19, we have |f(n,d, )| < Cp - (dr)™*

. We use the notation



O*(+) to hide polylogarithmic factors, i.e. O*(n) = O(n(logn)®) for some constant
C.

All logarithms are base 2 unless specified otherwise. Integer inputs to algorithm
are specified in binary. Rational inputs are specified as a pair of integers. For a
rational number or polynomial represented as a list of integer coefficients, we will
refer to the total number of bits required to store these coefficients in binary as the

bitsize. Note that the bitsize of an integer n is O(logn).

2.2 Algebraic Numbers

An algebraic number is a complex number that is a root of a non-zero polynomial with
integer coefficients. There exists such a polynomial of minimal degree for each alge-
braic number, called its minimal polynomial, which is irreducible and thus squarefree.
The degree of an algebraic number is the degree of its minimal polynomial. The height
of an algebraic number is the maximum of the absolute values of the coefficients of
its minimal polynomial.

We will assume the standard representation (see [22]) of an algebraic number
by storing the coefficients of its minimal polynomial, and a rational approximation
accurate enough to distinguish it from its conjugates - the other roots of its minimal
polynomial.

A classical theorem due to Mignotte [68] lets us bound the precision required as

polynomial in the degree and bitsize of the coefficients of the minimal polynomial.

Theorem 2.1 (Mignotte). Let p € Z[z| be a square-free univariate polynomial of
degree at most d, whose coefficients have absolute value bounded by H. Let o # [ be
distinct roots of p. Then

V3

v = B > (d + 1)#2[Hd1°

Corollary 2.2 ([84, Theorem 4]). Let p € Q[z] be a univariate polynomial of degree
d and bitsize 7. Let a # B be distinct roots of p. Then

o= 1> o
The proof essentially involves factorizing the polynomial into irreducible factors
and removing duplicate factors to obtain a square-free polynomial.
With this representation we can perform arithmetic operations and test equality
on algebraic numbers in time polynomial in their representation (see, e.g., [22] [7§]

[59])-



We will need to bound the modulus of an algebraic number away from 1. This
is achieved by combining the Mignotte bound with a bound on the height of the

resultant of two polynomials, proved in [I5, Theorem 10].

Lemma 2.3. Let A be a complex algebraic number of degree at most d and height at
most 27. Assume that |\| # 1. Then we have ||\ — 1| > 9~(ra)°.

We prove the following more explicit version of Lemma 2.3

Lemma 2.4. Let \ be a complex algebraic number of degree d and height H. Assume
that |\| # 1. Then

1

-1 )
[|A] | > \/§(Qd+ 2)20+392d((1)2d(( - 1)2d(d—1) F2d?

Proof. The numbers A and X are roots of the same minimal polynomial P of degree
d and height H. It follows that the number |A|> = A) is a root of the polynomial
Q(z) = res, (P(z),2%P(z/x)), where res,(A, B) denotes the resultant of the polyno-
mials A, B € Q[z][z] with coefficients in the integral domain Q[z] (see [22], p. 159]).
The degree of Q(z) is at most 2d. By [I5, Theorem 10] the height of Q(x) is
bounded by
H =d\(d+ 1) 'H?

The polynomial Q(z)(x — 1) has degree at most 2d + 1 and height at most 2H’.
It follows from Theorem 2.1] that

V3
2d + 2)2d+3(2H/)2d'

AP = 1] > (

Note that |[A? — 1| = ||[A] = 1| - [|A] + 1]. If |A| > 2 then the claim is trivial, so we
may assume that ||A| + 1| < 3, yielding

A -1 > v3 - !
3(2d + 2)2F3(2H)24  \/3(2d + 2)24+822d(1)2d(d 4 1)2d(d—1) [f2d?

2.2.1 Groups of Multiplicative Relations

We will also need the following theorem due to Masser [66] which shows that the inte-
ger multiplicative relations between given complex algebraic numbers can be elicited

in polynomial space. For a proof see [19] 41].



Theorem 2.5 (Masser’s theorem). Let (A1,...,\y) be complex algebraic numbers.

Consider the free Abelian group under addition
L:{(nh...,nm)EZm | /\?1 ..... A;:anzl}'

Then one can compute in polynomial space a basis (P, ...,Bs) € (Z™)* for L. More-
over, the integer entries of the basis elements [3; are bounded polynomially in the
representations of the minimal polynomials of \1, ..., A\, and singly exponentially in

m.

Note that this is a bound on the absolute values of the entries of the integer
lattice, not their bitsizes, which means there are only polynomially many possibilities

(for fixed m), which allows for an algorithm that uses exhaustive search.

2.3 Linear Algebra

Analysing the powers of a linear map is easiest if it can be written as a diagonal
matrix in some basis. Unfortunately, this is not always possible. The Jordan normal
form (JNF) is a generalization of diagonalisation that applies to any square matrix,
even if it is non-diagonalisable, at the cost of needing to work in the splitting field of
the characteristic polynomial. For a rational matrix, we usually work in the field of
algebraic numbers.

Jordan Decomposition. For a given rational square matrix A one can compute
change of basis matriz Q) and Jordan normal form J so that A = QJQ~! and J =
diag(Jy, Jo, -+, J.) with J; representing the i'® Jordan block taking the following

form ~ _
A, 10 ... 0 0
0O A, 1 ... 0 O
Ji=or e e (2.1)
0O 0 0 ... A 1
0O 0 O 0 A

where A; denotes the i’ eigenvalue of A. The size of J; is equal to the multiplicity of
the eigenvalue A; and is denoted by k(A;).
Real Jordan form. For any A € R™" having complex eigenvalues, matrices () and

J in the Jordan normal form could have complex entries. In this case, the complex

eigenvalues form complex conjugate pairs and give a real Jordan form: there are real
matrices Q and J such that A = QJQ ™! and J = diag(Jy, Jo, - -+, J.). The matrix J;

represents the i real Jordan block corresponding to either a real eigenvalue A; or a

10



complex pair A; = a; £ jb;. It is equal to ({2.1)) for real A; and has the following form
for the complex pair A; = a; + jb;,

Az‘ [2><2 02><2 O2><2 02><2_
02><2 Az IQ><2 02><2 02><2
Ji=| RPN Fl (2.2)
O2x2 Oax2 O2xa ... Ay Inyo
|O2x2 Oaxa O2xa ... Oaxa Ay |

a; —bz

where with abuse of notation, we have indicated A; = [ b a

} . Isy9 and 0945 denote
identity and fully zero matrices of size 2 by 2.
Computing matrix powers. If A = QJQ™!, then we have A" = QJ"Q! for

n € N, where J" = diag(J}", Jy, ..., J) and

_A? nA?_l (g) Aln—l - (kﬁl)A?—kH‘
0 A7 nAPTh e () APTRR
= : : - :
0 0 0 . nA?!
0 0 0 . AP

Here k = k(A;) is the size of the Jordan block J;.
For a square matrix A € R™*™_ its corresponding exponential matrix is denoted

A : A._ oo AR
by e” and is defined as e” :=} = 7.

2.3.1 Computing real JNF in polynomial time

Computing the (complex) Jordan normal form of a given rational matrix has his-
torically been seen as a difficult problem, because it is highly numerically unstable.
The map from matrices to their Jordan forms is discontinuous - an infinitesimal per-
turbation that alters one occurrence of a duplicate eigenvalue to create a distinct
eigenvalue will change the structure of the Jordan blocks. It is still possible to com-
pute the JNF symbolically representing the eigenvalues in their canonical forms as
algebraic numbers. This gives an approximation to the JNF of any desired preci-
sion in time polynomial in the digits of precision, the dimension, and the bitsize of
the entries of the original matrix (assumed rational). Until recently, the best known
method was the algorithm of Cai in 1996 [I8] where the polynomial was unspecified
but “of degree at least 12 in the dimension” [35].

However there is now a more explicit bound:
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Theorem 2.6 (Computing JNF in poly time [35]). Let A be an n x n matriz of T-bit
integers. Let b be a desired precision parameter. Then there exists an algorithm that
outputs complex matrices J' and V' (with rational real and imaginary parts of entries

of bitsize Tn® + b) with the following properties.
o ||J—J| <270 J|, ||V = V|| <27 V|| for some exact JNF A=V JV~L.
o V' is relatively well conditioned: |[V'|| - ||[V'~1|| < 207(°).
e The algorithm runs in expected O*(n* 37 + n'r? + n¥b) bit operations.

Here the notation O* denotes suppression of factors polylogarithmic in n, 7 and
b. The symbol w is the complexity constant of matrix multiplication, which is known
to be less than 3.

We can apply this to a rational matrix of bounded bitsize by factoring out a
common denominator (of size at most 27) and increasing precision by 7.

does not specify how the matrix inverse V'~! is computed. However,
the matrix V' is well-conditioned, so we can compute V'~ in polynomial time using
standard techniques. Alternatively, we can use the algorithm of Cai which essentially
uses a “row vector” version of the algorithm for V' to compute the inverse of V' in
polynomial time.

We now discuss how to compute the real Jordan normal form QJQ~! of A in
polynomial time. First compute, in polynomial time, the (complex) Jordan normal
form J’' and matrices V, V! such that A = V.J'V~! using the algorithm from [35] or
[18].

Computing J: Suppose, without loss of generality, that

where for 1 < j < k, the Jordan blocks Jy;_; and .Jy; have the same dimension and
have conjugate eigenvalues \; = a; + b;i and A= a; — b;i, respectively. The blocks
i1 - - - s Jopy ., on the other hand, have real eigenvalues. .J is obtained by replacing,

for each 1 < j < k, diag(Jy; 4, J5;) with a real Jordan block of the same dimension
with A = {Z

Computing @: Let x(j) denote the multiplicity of the Jordan block J! for 1 <
i < 2k + z, and v%,...,vi(l),...,vfk,...,vi’(“%),...,v%k“,...,vig;z) e Q" be the
columns of V. It will be the case that for all 1 < 7 < k and [, vlzj - Ufj in the

i1 o y . - o
sense that v;”"" =] + yji and v;? = a] — yji for vectors z],y] € R™. Moreover, for

and keeping the blocks J3, , ..., J3,, unchanged.
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7 > 2k, v?j € R™. Finally, columns of () are obtained from columns of V' as follows.
For 1 < j <k and all [, replace Ufj ~! with :1:? and vl2j with ylj and keep UZQHZ for all
and m > 0 unchanged, in the same way the proof of existence of real Jordan normal
form proceeds.

Computing Q~!: Summarizing the construction above, @ is obtained from V/
by replacing columns = + yi and x — yi, z,y € R™ by x and y, respectively. Since
x = i (z+yi)+i(z—yi) and y = —3i(x+yi)+2i(x—yi), this construction is linear and
we can write Q = V ---T for some T' € C™*™ with entries in {%, —%, %z’, —%i, 1,0}.
Moreover, the linear transformation 7' is clearly invertible: x + yi = 1 - x + iy and
r—yi =1 -2 — (—i)y, and hence T~ € C™™ with entries in {1,7, —4,0}. Finally,
compute Q7' via Q = VI = Q! = TV~ observing that we already know

how to compute V! in polynomial time.

2.4 Logic and Decidability

2.4.1 First-order logic

A first-order language L is specified by a set F' of function symbols, a set R of relation
symbols, and a set C' of constant symbols. We also assume an infinite set of variable
symbols. A term in the language £ is a well-formed expression built from the variable
symbols and the symbols in F' and C. Atomic formulas in £ are of the form t; = ¢,
where tq,ty are terms or r(t1,...,%;), where r € R is a relation symbol with arity
k, and tq,...,t; are terms. Well-formed formulas in £ are constructed from atomic
formulas, quantifiers and logical connectives in the usual way. A sentence is a formula
that does not contain free variables. The language of rings L, = {+,—,-,0, 1}, where
+, —, - are binary function symbols, = is the relation symbol and 0,1 are constants.
The language of ordered rings L, adds the relation symbol < to L£,.. Observe that
by iterating 4+, —, - and 0, 1 we can define formulae corresponding to all rationals in
Lo

A structure M for a language L is given by a nonempty set M called the universe,
domain, or underlying set of M, a function fM : M — M for each f € F (of arity
ny), a set M C M™ for each r € R, and an element ¢ € M for each ¢ € C. These
are known as the interpretations of the symbols f,r and c.

Let Ry denote the structure of the real numbers with the standard arithmetic
operations and binary relations. The set R is the universe of the structure R,. We
will be interpreting formulas of L, in the structure Ry. What it means for a logic

to be first-order is that it allows quantification over elements of the universe of a
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structure, but not over more complicated domains such as subsets of the universe or
relations.

Let M be a structure with universe M whose functions, relations and constants
respectively match the function, relation and constant symbols of a language £. We
say that S C M?is definable in M with parameters from X C M if there exist k > 0,
a formula ¢ € £ with k+d free variables, and c1, ..., ¢, € X such that for all z € M?,
x eSS << ¢(cr,...,cx,x). We say that S is definable in M if it is definable in
M with parameters from M, and L-definable if it is definable in M with parameters
from X = 0.

By the (first-order) theory of M, denoted by Th(M), we mean the set of £-
sentences ¢ such that ¢ is true in M, written M |= ¢. The theory Th(Ry) is known
as the first-order theory of real closed fields.

A theory Th(M) admits quantifier elimination if for every L-formula ¢(z1, . .., z,)
there exists a quantifier-free ¢ (z1,...,x,) such that for all a,...,a, € M, M
o(ay,...,a,) if and only if M | ¥(ay,...,a,). We say that the formula 1) is equiva-
lent to ¢ modulo M.

The theory Th(M) is decidable if, given an L-sentence ¢, it is decidable whether
¢ € Th(M). Tarski [91] showed that the theory of real closed fields admits quantifier
elimination and is therefore decidable. The implication is easy to show: given a
sentence ¢ in L,., we first compute an equivalent quantifier-free sentence 1, which
will be a Boolean combination of atomic formulas without any variables, containing
constants, arithmetic symbols, and relation symbols - and then check its truth, which
in Ry amounts to checking whether an integer is positive or negative. For example,
consider the sentence 3z.2%2+1 = 0. As we know from elementary algebra, this reduces
to the quantifier free formula corresponding to checking whether the discriminant
b? — 4ac of this quadratic polynomial is greater than or equal to zero. In this case

02—4-1-1<0, so it is not, and the original sentence has been shown to be false.

2.4.2 Decidability of the theory of real exponentiation

We denote by L. the language of real exponentiation, which extends L, with the
unary function symbol exp(-). We denote by Rey, the structure of real numbers
equipped with the usual arithmetic operations and the exponentiation function x
e”. We will be interpreting formulas of £, in Reyp.

The theory Th(Rey,) does not admit quantifier elimination [93][] However, in

lyan den Dries in 1982 showed that y > 0 A Jw (wy = x A z = ye¥) is not equivalent to a
quantifier-free L.-formula.
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1996, Macintyre and Wilkie showed that Th(Rey,) is decidable assuming the truth of
Schanuel’s conjecture.
First stated in the 1960s, Schanuel’s conjecture is a unifying conjecture in tran-

scendental number theory that generalizes many of the classical results in the field.

Conjecture 2.7 (Schanuel’s conjecture [58]). If aq, ..., ax € C are rationally linearly
independent, then some k-element subset of {a, ..., ag, e*, ..., e*} is algebraically
independent.

Theorem 2.8 (Macintyre and Wilkie [63], O8]). Assume Schanuel’s conjecture for
real numbers only. Then the theory Th(Rep) is decidable.

Macintyre also claimed conditional decidability for a more general theory than
Th(Rexp) [62]. One may add functions sinj, and cosjp, to the language £, and

consider the structure Reyp sin o] of real numbers with the usual arithmetic

0.n]» €OS
operations, the exponentiationnfu]nctign, and the sine and cosine functions restricted
to the interval [0, n]. Note that it is necessary to restrict the sine and cosine functions
to a bounded interval to get a decidable theory. The unrestricted functions would
allow one to define the set of integers within the theory and perform quantification
over this set, which would make the theory undecidable (by Godel).

The proof of this theorem was not published. A recent effort verified the proof,

but unfortunately, that paper has not been published yet either.

Theorem 2.9 (Bounded Trig Conditional Decidability). Assume Schanuel’s con-
jecture for complex numbers. For any n € N, the theory Th(Rexp, sin, 18

decidable.

[0,n]> €OS}{0,n] )

We will need another result about Ry, due to Wilkie. Note that this result is not

conditional on Schanuel’s conjecture.

Theorem 2.10 (O-minimality of Rey, [97]). The structure Rey, s o-minimal, mean-
ing that every set S definable in Reyx, has finitely many connected components in the

FEuclidean topology.

2.4.3 Elementary numbers

An elementary point is an element of C" that arises as an isolated, nonsingular so-
lution of n equations in n variables z1,...,x,, with each equation being either of

the form P(xy,...,x,) = 0, where P € Q[zy,...,,] is a polynomial with rational
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coefficients, or of the form z; —e™ =0 for ¢,j € {1,...,n}. An elementary number
is the polynomial image of an elementary point.

Roughly speaking, an elementary number is obtained by starting with the ratio-
nals and applying addition, subtraction, multiplication, division, exponentiation, and
taking natural logarithms. Elementary numbers may be transcendental and, unsur-
prisingly, it is non-trivial to determine whether an elementary number is equal to

Zero.

Proposition 2.11 (Richardson [83]). The problem of determining zeroness of an ele-
mentary number is semi-decidable. The problem is moreover decidable if one assumes

Schanuel’s conjecture.

2.5 Semialgebraic Sets

A semialgebraic set is a subset of R? definable (without parameters) in Ry. By
quantifier elimination, it is the solution set of a boolean combination of polynomial
equalities and inequalities. We say that a function ¢ : R! — R™ is semialgebraic if
its graph is a semialgebraic subset of R*™. Intuitively, semialgebraic functions are
exactly the functions that can be specified using arithmetic and logical operations
over the real numbers.

We say that a quantifier-free semialgebraic set S has description sz’zdﬂ at most
(n,d, ) if it can be expressed by a boolean combination of polynomial equations
and inequalities P(xq,...,2,) > 0 with <1 € {<,=}, involving polynomials P €
Z|zy, ..., x,] in at most n variables of total degree at most d with integer coefficients
bounded in bitsize by 7.

Recall that by Tarski’s theorem, we can apply quantifier elimination to semialge-
braic sets, but this increases the size of the description. We will need the following
singly exponential quantifier elimination result given in [5]. For a historical overview

on this type of result see [B, Chapter 14, Bibliographical Notes].

Theorem 2.12 ([5, Theorem 14.16]). Let S C R¥™1++1¢ pe q quantifier-free semi-
algebraic set of description size at most (k+ny+ng+---+ng,d, 7). Let Qq,...,Q €
{3,V} be a sequence of alternating quantifiers. Consider the set S C RF of all

2The number of inequalities and equations is often relevant to the complexity of algorithmic
operations on semialgebraic sets, but we will compute only size bounds on the set, so it is not
relevant in this thesis.
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(x1,...,71) € R* satisfying the first-order formula

(Q1($1,17 e ,(L’Lnl)) e (Qﬁ(ﬂj&l, e 7I€,ng)) .

((331’ s >$k>$l,la tee >wl,n17 s wTZ,l? s 7x€,ng) € S)

Then there exists a quantifier-free description of S” which has description size at most

The next theorem is due to Vorobjov [06]. See also [43, Lemma 9] and [0, Theorem
4].

Theorem 2.13. There exists an integer function Bound(n,d, ) € 274" with the
following property:
Let K be a compact semialgebraic set of description size at most (n,d, 7). Then

K is contained in a ball centred at the origin of radius at most Bound(n,d, 7).

A closely related result, due to [52], yields a lower bound on the minimum of a
polynomial over a compact semialgebraic set, provided the minimum is non-zero. The

result in [52] mentions explicit constants, which is more than we need.

Theorem 2.14 ([52, Theorem 1]). There exists an integer function
LowerBound(n, d, 7) € 2" guch that the following holds true:

Let P € Q|xy, ..., x,] be a polynomial of degree at most d, whose coefficients have
bitsize at most 7. Let K be a compact semialgebraic set of description size at most

(n,d, 7). If mingey P(x) > 0 then mingcx P(z) > 1/ LowerBound.

With the help of Theorem [2.12] Theorem can be generalised to yield a lower
bound on the distance of two disjoint compact semialgebraic sets. A very similar
result is proved in [86] under more general assumptions. Unfortunately, the bound
stated there is not sufficiently fine-grained for our purpose, since the author do not

distinguish the dimension of a set from the other description size parameters.

Lemma 2.15. There exists an integer function Sep(n,d,T) € Q(Td)nom with the fol-
lowing property:

Let K and L be compact semialgebraic sets of description size at most (n,d, 7).
Assume that every x € K has positive euclidean distance to L. Then inf,cx d(x, L) >
1/Sep(n,d, ).
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Proof. If either K or L are empty then the result is trivial. Thus, let us assume that
both sets are non-empty.

Consider the semialgebraic set
S={(e.y) € KxL | V2L (e 2> o yl3)}.

By Theorem the set S has description size (2n, dn , Td”o(l)). By compactness,
the distance distyz(z, L) is attained in a point y € L for all z € K, so that for all
x € K there exists y € L such that (z,y) € S.

We clearly have

inf diste(z, L) = inf |lz —y]?. 2.3
inf diste(z, L) (wil)eS”x ol 2%

The right-hand side of (2.3 is a polynomial, so the result follows from Theorem
2.14 O

2.6 Diophantine approximation

The analysis of problems about linear dynamical systems often reduces to that of the
orbit (I' | n € N) where I'" = (7},...,77) for y1,...,7% € T. Let T =cl({I"™ : n €
N}) be the topological closure of this discrete orbit. The set T is semialgebraic and
well-understood with the help of Kronecker’s theorem in simultaneous Diophantine

approximation [48].

Theorem 2.16 (Kronecker). Let 0y,...,0k,01,...,0r € R be such that for any

aiy...,0a5 € 2,
k

k
Zaﬂi GZ:>ZCL,~<,0,~ €.

i=1 i=1
For any € > 0 there exist infinitely many n € N such that {nb; — p;} < € for all
1 <1 <k, where {x} denotes the distance from x € R to the nearest integer.

To apply this theorem to our situation, let
T={(z1,...,2) :Yar,...,a, €L : ' -y =1= 20" 2" =1}

For z = (z1,...,2,) € T, by considering 6; = %ﬁi) and p; = %Sf") for 1 <i<k
we can deduce that for each € > 0 there exists n such that ||z — I'"|| < e and hence
the orbit (I | n € N) is dense in 7. On the other hand, using Masser’s deep results
[66] (Theorem about multiplicative relations between algebraic numbers one can

compute, in polynomial time, a finite basis for {(as,...,a;) € ZF : 471 - y* = 1}.
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Hence T is closed, semialgebraic and effectively computable. It then follows that
T =cl({T"™:n e N}).
We will also need the following lemma which is a consequence of the effective

computability of 7 = cl({I'™ : n € N}) as a semialgebraic set.

Corollary 2.17. Let R = diag(Ay, ..., Ay) € R**% be q block diagonal matriz where
A; is an algebraic rotation matriz for 1 < i < k. The closure of the set { R"x : n € N},

for x with algebraic entries, is semialgebraic and effectively computable.

The proof follows immediately from diagonalising R™ and observing that all eigen-
values of R are algebraic numbers in T.

We will also need a quantitative version of the theorem due to Eike Neumann
([32, Corollary 13, Appendix D]) that tells us how long we need to wait for the orbit

to come close to a given point.

Theorem 2.18 (Quantitative Kronecker [32]). There exists a function

Kron(n, T, P) € 2(”3)”0(1), such that the following holds true:

Let A1, ..., A\, be algebraic numbers of modulus 1 and description size (1,n,7). Let
ai,...,q, be complex numbers in the closure of the sequence (N.,... A\ )ien. Then

)

for all P € N there exists a t < Kron(n, 7, P) such that |o; — Xj| < 277 for all
je{l,...,n}.

2.7 Description size bounds on converting a semi-
algebraic set to a new basis

When working with iterated matrix maps it is often useful to transform the system
under consideration so that the matrix is in Jordan form. We now combine results
from the previous sections to control the description size increase that may occur
when transforming a semialgebraic set to a new basis.

The following example illustrates the kind of blowup that may occur: Consider

the matrix
1 1 0

its associated Jordan decomposition

1 0 100001t 1 07t 0 —10000
A=QJQ'=1o 1 1w0f|lo 1 o |fo 1  —100
0 0 1 0 0 10| |0 o0 1



and the (singleton) set S = {(0,0,1) € R®}. In the Jordan basis, this set becomes
{(—10%*,—102%,1) € R3}, increasing the bitsize of the coefficients defining the set by a
factor polynomial in the dimension and the bitsize of the matrix entries.

Let A and A’ be matrices (not necessarily of the same dimensions) and K and
K’ be semialgebraic sets. We say (A, K) and (A’, K') are equivalent systems if there
exists a bijective map B such that A*z € K <= A*B(x) € K’ for all k € N. Note
that equivalent systems have the same escape properties.

Normally if A" is the Jordan normal form of A via a change of basis @ (i.e.
A =QA'Q') we would expect Q! to serve as the map B. However a naive approach
to defining the set Q'K via quantifier elimination may result in significantly greater
description size than K itself, so in fact we make a more general definition. This lets
us introduce additional dimensions to safely manipulate the algebraic numbers that

arise in the Jordan normal form.

Lemma 2.19. Let A € Q™™™ be a matriz with entries of bitsize a and K be a semi-
algebraic set of description size (n,d, T).

Then there ezists m < n and a system (J', K') equivalent to (A, K) such that the
matriz J' € (QNR)+Hm>x(n+m) s in real Jordan normal form and K' has description

size (n+m,n*d, 7 + dlog 2n® + do), where o = O*(an?).

Proof. Bysubsection 2.3.1|we can compute in polynomial time real algebraic numbers
Y, Ym and a matrix Q € Q(71, ..., Vm)™ " such that A = QJQ ™!, where J is in

real Jordan normal form. Note that m < n since all complex eigenvalues occur in

conjugate pairs. Let 0 be a bound on the degrees of v1,...,7v,. Since the real and
imaginary parts may be obtained by adding or subtracting conjugates, we have § < n?
by elementary Galois theory.

More precisely, we can compute in polynomial time:

1. Univariate polynomials fi, ..., f,,, with integer coefficients such that f;(v;) =0

forall j=1,...,m.

2. Rational numbers aq, by, . .., @, by, such that «; is the unique root of f; in the

interval [a;, b;]..

3. Fori=1,...,nand j = 1,...,n polynomials of degree at most § Q;; € Q[z]
and indexes /; ; such that the matrix @) at row ¢ and column j is given by the

algebraic number Q;;(7e, ;).

Let 0 € N be a common bound on the following quantities:
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1. The bitsize of the coefficients of fi,..., fi..
2. The bitsize of the endpoints of the isolating intervals [a;, b;].
3. The bitsize of the coefficients of the polynomials Q); .

Then ¢ is computable in polynomial time from A, so it depends polynomially on
n and on a (the bitsize of the entries of A). From the proof of we can
derive that in fact 0 = O*(an?®) (suppressing logarithmic factors in n).

We fix K/ = (Q 1K) x {71,...,Vm} and note that A*z € K if and only if

(J % L))" (Q7 2, (11, -, 7m) € (Q7K) X {(3, -+, 9m) }-

Here the map x — (Q 'z, (71,...,%n)) is the map B required for equivalence. The
last m coordinates are added to allow us to manipulate these algebraic numbers within
the description of K’ symbolically through a formula. (If we did not do this, and tried
to apply quantifier elimination to K’ to work directly With the set Q 'K, we would
end up with a set that has description size (n, (dn)°™, (7 4 do)(dn)®™)) which is
exponential in n.)

We now show there exists a description of the set K’ with the claimed size.

Let ®(zy,...,x,) be the formula that describes K. We introduce fresh variables
21, ..., 2m and consider the formula

U(z1, ..y 2m) /\@(xl,...,xn,zl,...,zm)

where W(zq,..., z,) is the conjunction of the terms

fj(Zj):O/\ZjZCLj/\Zijj

which ensures z; = v; for j = 1,...,m, and d is obtained from ® by replacing each

atom P(z1,...,2,) >0 in ® by the atom

(ZQlk 2004 )Tk - - - Zan 20, xk;) > 0.

It is not hard to see that this new formula describes the set K’. Evidently, the
number of variables in this description is n +m. The formula ¥ involves 3m polyno-
mials of degree at most § whose coefficients are bounded in bitsize by o.

It remains to determine the description size of the formula ®. We claim that the
degrees of the polynomials in ® are bounded by ¢ - d and that the bitsize of their
coefficients is bounded by 7 + d(log(n) + log(d + 1) + o). This is established by a

straightforward but cumbersome calculation. We recall the multinomial theorem:
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Lemma 2.20 (Multinomial theorem). Let R be a ring. Let N be a positive integer.
Let zy,...,zy € R. Then

(iﬁQEI.E: (h”wm)nk

retin=e

( e )_ el
jla--ij jl' """ ]N'

It will be convenient to make use of the following straightforward application of

where

the distributivity law of multiplication over addition. Here [] denotes the disjoint

union.

Lemma 2.21. Let I be a finite set. Let J be a set-valued function that sends each
i €1 to a finite set J(i). Let R be a ring. For all (i,5) € I x []

element of R. Then we have

II 2 o=2 ILewso

el jeJ(i) iel

el J (1), let a;; be an

where f ranges over all functions
fI=1J706)
iel
satisfying f(1) € J(1) for alli € I.

Now, let P(x1,...,2,) >0 be an atom in ®. This atom is a sum of monomials

el e
C.xl xn"

with log |C| < 7 and e; +- - -+e, < d. It suffices to bound the degrees and the bitsize
of the coefficients of the polynomials that are obtained by applying our substitution
of variables to monomials of this form.

Under our substitution such a monomial becomes:
n €1 n €n n n €k
C- (Z QLJ’(Zel,j)xj) “““ (Z Qn,j(zen,j)fcj) =c]] <Z Qk,j(zek,j)fcj> :
=1 j=1 k=1 \j=1

ek
Apply the multinomial theorem to the expressions (Z?Zl Qk7j(25k7j>$j) to obtain:

n

¢ 1l 2. <jk1, 7]kn)H (Qualzn, Jore) ™

k=1 \Jjk1+t - +ikn=¢k s t=1
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Write
th ngt E Oéktngkt

Applying the multinomial theorem to the terms

Tkt
J
(ka t(% . l“t " ( E akﬂf,pzzk txt)

we obtain

(Qk,t(zek,t)%)jk’t = Z ( )H%ts R

ro+ et rs=jr,t

The full expression is hence:

oIl X (L) () )Hamzm

k=1 \Jk1++ikn=6k L t=1 79 =Jk,t

Write this as:

Apply Lemma to move out the innermost sum, thus obtaining an equal expres-

: : - H : : Ckajk 17""jk ot T0se T8 "
<Jk Lo Jk n) ’ ’

Jeat o tikn e t=1ro+-+rs=jg,t

sion:

ol T %,

k=1 \Jk1t - +ikn

7jkn>HCk]k1 Ikt f ()

where the sum . ranges over all functions f: {1,...,n} — No+ with f(t) =

]kl;'--

(1o, ...,7s) satisfying ro + -+ + 75 = jrs.
Write the result as:

- H Z dedk LreeosJkynof

k=1jk,1++jk,n=Ck

Apply Lemma again to obtain that this is equal to:
>_C- T draw
g k=1

where g ranges over all functions g: {1,...,n} — N® x (NOT){lnb with g(k) =
(Jk1s - ks f) satisfying jx1 + -+ + jen = e and f as above.
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Thus, the final result is a sum of monomials of the form

C . dk?Q(k) H ( ) H k:]k 15 7.]k ’n’ 7 )
k=1 -
0
I I Ts(t) STS(t) Ts (t)
- o S Z x Y
(]k717 PN 7]k n) o ( r(;(t)) i k7t7 ék,t,.s t

]kl;---;]kn

C.

=
I 3
—

Where jr1 + -+ + jen = e and ro(t),...,rs(t) are functions of ¢ satisfying ro(t) +
o+ rs(t) = Jra
Since e; + - - - + ¢, < d, the degrees of these monomials are bounded by ¢ - d.

Let us compute a bound on the bitsize of the coefficients. We have:

n n . 0
(D i
( ,H]k,17-~,jkng7“o Ta(t)g

n n

< T—i—Zlog (M.”’jk’n) + Y ilog (r()(t)"?’.“’_t’m(t)) +; 25:7’5(75)0.

k=1 t=1 =1 t=1 s=0

Use the estimate (k1 fk ) < m? to obtain:

n n . 4
. €k Tkt rs(t)
o8 ('C‘ 11 G ) 11 (ot ) [Lfowe.™ )
5
<T—|—Zeklog +ZZ]ktlog S+ 1)+ Zer(t)a.

k=1 k=1 t=1 k=1 t=1 s=0
< 71+ dlog(n) + dlog(d + 1) + do.

= 7+ d(log(n) +log(d + 1) + o).

3
3

Thus, everything is shown.

2.8 Linear Recurrence Sequences

A semiring is a ring without additive inverses. A sequence u = (u,);>, of elements
of a semiring K is called K -rational if there exists d > 1, ¢,s € K% and M € K94
such that u, = ¢' M"s for all n. When K is a field, a sequence is K-rational if and

only if it satisfies a linear recurrence relation
Up = A Up—1 + -+ AqUp_q (0 > d)
where ay,...,aq € K. In this case we also call w a linear recurrence sequence (LRS).
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It is easy to see that an LRS is K-rational via its companion matrix

[0 1 0 - 0]
0 0 1 .o 0
C:=1: : : .. : eKdXd,
0 0 0 R |
| Ad  Qd—1 Qd—2 - a1

The converse follows from the Cayley-Hamilton theorem.
With the unique minimal order recurrence satisfied by u we associate the charac-
teristic polynomial
PX)=X?—a, X' — ... —qy.

The roots of P(X) are called the characteristic roots of w. Writing Ay, ..., \,, for the
distinct characteristic roots, in non-increasing order of absolute value, the sequence

u admits a closed-form exponential-polynomial representation:

m

un =y Bi(m)AY,

i=1
where the P; are univariate polynomials whose coefficients are algebraic over K [45].
We say that u is non-degenerate if no quotient of two distinct characteristic roots
is a root of unity. We also say that a matrix M € Q%? is non-degenerate if no
quotient of two distinct eigenvalues is a root of unity.
We can always split a linear recurrence sequence into exponentially many non-

degenerate subsequences.

Theorem 2.22 ([39, Theorem 1.2]). For every LRS w of order k there exists an
integer L = 20(kVIogk) gy ch, that the sequences (Unrir)nen for 0 <r < L are all either

identically zero or non-degenerate.

In this thesis we exclusively consider sequences with rational entries. We say that
an LRS wu is dominated if \; is the unique characteristic root of maximum modulus.
Note that in this case A; is necessarily real. We have the following straightforward

propositions concerning dominated LRS.

Proposition 2.23. If an LRS u is dominated then {n € N : u,, > 0} is an effectively

computable ultimately periodic set.

Proof. Consider the closed form representation w, = > .-, P;(n)A? with unique dom-
inant root \;, necessarily real. Suppose that P; has degree k and leading coefficient
a. Then we have Srm = a(A1/ [A1])" + o(1). Hence for sufficiently large n the sign
of u,, is determined by the sign of a and the parity of n. O]

25



Proposition 2.24. Ifu is a non-degenerate LRS such that some subsequence (Uen+q)2>
is dominated, where c is a positive integer and d € {0,1... ¢ — 1}, then w itself is

dominated.

Proof. The sequence u admits a closed-form representation u,, = Y ;" P;(n)A?, where

A1, ..., Ay are the characteristic roots and Py, ..., P, are polynomials. Then

m

Uepsd = Z Pi(cn + d)Xen T

1

1

Qi(n)(A))"

NE

1

i
where Q;(n) := Pi(en + d)A{ for i € {1,...,m}.

Note that the polynomials @1,...,Q,, are non-zero and, by non-degeneracy of
w, the numbers A{,..., \ are pairwise distinct. Since the sequence (Uen1q)o>, is
dominated, we have that A{ is its unique characteristic root of maximum modulus.

But then )\; is the unique characteristic root of w of maximum modulus. O

2.8.1 Problems on Linear Recurrence Sequences

We say that a hyperplane or a halfspace is rational if it can be defined in the form
{x € RY| c"x >0} where x € {>,>,=} and ¢ € Q%

2.8.1.1 Skolem

The Skolem problem over Q is to decide, given a rational LRS (uy,)nen, whether u,, = 0
for some n.

Writing u,, = ¢ M"s, u,, = 0 for some n if and only if the orbit of (M, s) reaches
the rational hyperplane H = {z | ¢"z = 0}. Conversely, the orbit of (M, s) reaches a
rational hyperplane H with normal vector ¢ € Q? if and only if the LRS u,, = ¢' M"s
has a zero. Therefore, the Skolem Problem is equivalent to the Reachability Problem
with rational hyperplane targets: given (M, s) € Q44 x Q¢ and a rational hyperplane
H C R? decide whether the orbit of (M, s) reaches H.

It is decidable in dimension upto 4, with complexity NPR¥ [20]. No unconditional
results are known beyond order 4.

Conditionally, Bilu et al [14] showed decidability for the Skolem problem with
diagonalisable matrices, assuming the p-adic Schanuel conjecture and the Skolem
Conjecture (aka Exponential Local-Global Principle) in order to guarantee termina-
tion of their algorithm. This (conditionally) also solves the last open case of the

Skolem problem for dimension 5.
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A new direction of work considers Universal Skolem Sets: subsets S of the positive
integers such that it is decidable whether a given non-degenerate linear recurrence
sequence has a zero in S. The Skolem problem is equivalent to showing N itself is
a Universal Skolem Set. There is a known Universal Skolem Set of lower density at
least 0.29 [61].

2.8.1.2 Positivity

The Positivity problem over Q is to decide, given a rational LRS (uy,)nen, whether
u,, > 0 for all n.

By the same argument as before, it is equivalent to deciding, given a linear dy-
namical system (M, s) and a rational halfspace H = {x | ¢"z > 0}, whether the orbit
of (M, s) always remains in H.

The Positivity Problem is decidable for LRS in dimension 5 or less, with complex-
ity in coNPPPPPPP, i.e., within the fourth level of the Counting Hierarchy [74].

The decidability of either Positivity or Ultimate Positivity for LRS in dimension 6
would entail major breakthroughs in analytic number theory (certain open problems
in Diophantine approximation of transcendental numbers long believed to be hard

would become solvable) [74].

2.8.1.3 Ultimate Positivity

The Ultimate Positivity problem over Q is to decide, given a rational LRS (uy,)nen,
whether u,, > 0 for all sufficiently large n.

It is equivalent to deciding, given a linear dynamical system (M, s) and a rational
halfspace H = {x | ¢"2 > 0}, whether the orbit of (M,s) is contained in H apart
from finitely many points.

The Ultimate Positivity Problem is decidable for LRS in dimension 5 or less in
polynomial time [74]. For diagonalisable matrices, Ultimate Positivity is decidable in
all dimensions, with complexity between coNP and PSPACE [75].

2.8.1.4 Scalar Reachability (Hyperplane Reachability)

Scalar Reachability (also known as the Hyperplane Reachability problem) generalizes
the Skolem problem to multiple matrices. The Scalar Reachability problem over N is
to decide, given a set of matrices A, ..., A, € N9 vectors u,v € N and a scalar
A € N, whether there exists A in the semigroup generated by Ay, ..., A, such that
u' Av = \.
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There is an undecidable instance of Scalar Reachability using 5 integer 3 x 3

matrices and the scalar 0 [46].

2.8.1.5 Halfspace Reachability

The Halfspace Reachability problem over Q is to decide, given a set of matrices
A, Ay € Q4 vectors u,v € QF and a scalar A € QQ, whether there exists A
in the semigroup generated by Ay, ..., Ay such that u" Av > \.

Halfspace Reachability is also undecidable. We provide an explicit proof, using a
reduction from the Scalar Reachability problem over integers. The reduction gener-
alizes the standard reduction from the Skolem problem over N of dimension d to the
Positivity problem over N of dimension d? + 1.

We make essential use of the mixed-product property of the Kronecker product,
namely that (A ® B)(C ® D) = (AC) ® (BD) for matrices A, B,C, D of compatible

dimensions.

Theorem 2.25 (Undecidability of Halfspace Reachability). The Halfspace Reacha-

bility problem over Q is undecidable for 5 rational 10 x 10 matrices and scalar 1/2.

Proof. We reduce from the Scalar Reachability problem over N with 5 integer 3 x 3
matrices and scalar 0.

Let A;,..., As € N33 vectors u,v € N?> and A\ = 0 be the undecidable instance
of Scalar Reachability constructed in [46]. We construct 10 x 10 rational matrices
B, ..., Bs, vectors z,y € Q' and scalar g = 1/2 such that there exists a rational
matrix B in the semigroup generated by By, ..., Bs such that " By > yu if and only if
there exists an integer matrix A in the semigroup generated by Ay, ..., A5 such that
ul Av = .

Given non-negative integers m,n, write 0™*" for the zero matrix of dimension

m X n. Define

! = [1 —u'® uT} ,
1 01><9
Bi T {09><1 Az ®Az

1
and y ;= L}@U}.

]forie{l,...,5}

Now let A be a product of the generators A; and let B be constructed via gen-

erators B; of corresponding indices. Observe (using the mixed-product property)
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that
"By >1/2

= 1 —u' @u'] ! 0 LS 1/2
0 A® A| lveuv| =

= 1+ (—u'Av) @ (u' Av) > 1/2

=1 (u'Av)* > 1/2.

Notice that u' Av is an integer, and thus the above inequality holds if and only if
u' Av = 0. This completes the reduction. n
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Chapter 3

Nonnegativity Problems for
Matrix Semigroups

3.1 Introduction

In this chapter, we introduce the Non-negative Membership Problem, which asks to
determine whether the semigroup generated by a given finite set of rational matrices
contains a non-negative matrix, i.e., a matrix all of whose entries are non-negative. We
show that this problem is undecidable in general but is decidable in the commutative
case subject to Schanuel’s conjecture. Our reliance on Schanuel’s conjecture arises
because we reduce the commutative case of the Non-negative Membership Problem to
the decision problem for the first-order theory of real-closed fields with exponential.
As shown by Macintyre and Wilkie [63], the latter theory is decidable if one assumes
Schanuel’s conjecture for the real exponential.

We call a matrix M eventually non-negative if for all but finitely many n € N
the matrix power M"™ is non-negative. A key lemma in our main decidability result
involves determining whether a given matrix is eventually non-negative. We give an
effective characterisation of the set of non-negative powers of a matrix, answering a
question posed by S. Akshay [2]. The characterisation is relatively straightforward
and relies on classical results about rational sequences over the semi-ring of non-
negative rational numbers. We also provide a standalone proof of this result via the
Perron-Frobenius theorem.

Note that the problem of determining whether, for some fixed index (i,7), the
sequence of scalars ((M™);; : n € N) is ultimately non-negative is equivalent to the
Ultimate Positivity Problem for linear recurrence sequences, decidability of which is

a longstanding open problem [74].
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It is immediate that a matrix semigroup contains a non-negative matrix if and
only if it contains an eventually non-negative matrix. Using a symbolic version of our
criterion characterizing eventually non-negative matrices, we reduce the Non-negative
Membership Problem to a version of integer programming with certain transcendental
constants (namely logarithms of algebraic numbers). In turn we reduce the solution
of such integer programs to the decision problem for the first-order theory of real
closed fields with exponential.

As far as we are aware, the Non-negative Membership Problem has not been
directly addressed before. We note however that decidability of the version of this
problem for sub-semigroups of the group GL(2,Z) of 2 x 2 invertible integer matrices
follows directly from [24, Theorem 13].

3.1.1 The Positive Membership Problem and related prob-
lems

A simpler variant of our main result concerns the problem of deciding whether a
finitely generated matrix semigroup contains a positive matrix, i.e., a matrix all of
whose entries are strictly positive. We show decidability for commuting matrices,
leaving the general case open.

To show decidability in the commutative case, we rely on a known characteri-
sation of eventually positive matrices, due to Noutsos [72]. While we still need to
invoke Schanuel’s conjecture in this case, we do so through the use of a procedure
of Richardson [83] for deciding equality of elementary numbers (which is much more
straightforward than the result of Macintyre and Wilkie mentioned above).

A related problem which has been intensively studied is the Primitivity Problem.
A multiplicative semigroup of nonnegative matrices is called primitive if it possesses
at least one (strictly) positive matrix. The primitivity problem asks whether a given
set of (possibly noncommuting) matrices generates a primitive semigroup.

The restriction that the given matrices be non-negative causes significant differ-
ences from the problems we consider in this chapter. For one, since no cancellation of
sums of negative and positive values is possible, only whether an entry of the matrix
is zero or nonzero is relevant. Thus the primitivity problems for rational and integer
matrices can be reduced to the problem over (0, 1)-matrices.

By a result of Wielandt [87], if a single n X n nonnegative matrix A is primitive,

—2nt2 is positive (and so are all further powers). Thus

then the specific power A™
primitivity for the semigroup generated by a single matrix is in PTIME. Surprisingly,

the primitivity problem for two n x n matrices is PSPACE-complete [42]!
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The upper bound follows easily from observing that there are only 27* possible
(0, 1)-matrices of size n x n. This can be used to show that a primitive semigroup
contains a positive matrix which is a product of at most o’ copies of the generators.
Such a product can be nondeterministically searched for in polynomial space. The
lower bound is more involved and uses a reduction from the careful synchronization
problem for partial automata [65].

A multiplicative semigroup of nonnegative matrices is called strongly primitive
if every sufficiently long product of generators is positive. The strong primitivity
problem asks whether a given set of matrices generates a strongly primitive semigroup.
It is known that if a semigroup of n x n matrices is strongly primitive, then any
product of length at least 2" — 2 is positive. This bound is sharp [23]. Thus the
strong primitivity problem is also in PSPACE, but the exact complexity is open to
the best of our knowledge.

Definition 3.1 (Hurwitz product). The Hurwitz product of an ordered set of k£ ma-
trices associated with a k-tuple m = (my, ..., my) is equal to the sum of all possible

products, where for each i the i-th matrix appears exactly m; times.

A set of nonnegative matrices { Ay, ..., Ay} is weakly primitive (or k-primitive or
Hurwitz primitive) if there exists a tuple m such that the Hurwitz product associated
with m is (entrywise) positive. The weak primitivity problem asks whether a given
set of matrices is weakly primitive. The complexity of this problem is completely
open. However, under the assumption that the matrices have no zero rows, the weak
primitivity problem is in PTIME [81].

A similar result holds for the primitivity problem. Under the assumption that
the matrices have no zero rows and no zero columns, the primitivity problem for k
matrices of size n x n is decidable in O(n?k) time. These results are closely related

to the Cerny conjecture for synchronizing automata. For a recent survey, see [99].

3.2 Nonnegative powers of a single matrix

3.2.1 Positive Rational Sequences are dominated

Recall that an LRS w is K -rational if there exists d > 1, ¢,s € K¢ and M € K¢

such that u,, = ¢" M™s for all n.

Proposition 3.1. An LRS that is both non-degenerate and rational over the semiring

Q.4 of nonnegative rational numbers is dominated.
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Proof. Berstel [12] showed that if a sequence w is Q4 -rational then its characteristic
roots of maximum modulus all have the form pw for some non-negative real number
p and root of unity w. Since w is non-degenerate it follows that it has a unique

dominant root. For an exposition, see [13, Chap. 8, Thm 1.1]. ]

We provide a direct proof based on the Perron-Frobenius theorem. We will need

the following classical results (see, e.g., [67, Chap. §]).
Theorem 3.2 (Perron-Frobenius).

1. If A > 0 is irreducible then it has cyclic peripheral spectrum, i.e., its eigenvalues
of mazimum modulus have the form {p,pw,...,pw "1}, where p > 0, k is a

positive integer, and w is a primitive k-th root of unity.

2. If a non-negative irreducible matrix A has only one eigenvalue on the spectral
circle it is called a primitive matriz. If A is primitive, the pointwise limit

lim,, o (A/p(A))" exists and is a strictly positive matriz.
We now prove Berstel’s result for matrix entry recurrences.

Proposition 3.3. Let M € Q%™? be a non-negative non-degenerate matriz. Then for
alli,5 € {1,...,d} the LRS u,, = (M™);; is dominated.

Proof. Since M > 0 there exists a permutation matrix P such that M can be written
in the form M = PUP~!, where U > 0 is block upper triangular. It follows that
there exist i, 7' € {1,...,d} such that

(M"™);; = (PU"P~");; = (U")y

for all n € N. Now write

By1 Bip By
0 B By,
O
0 0 :
0 0 0 Bee
where all the blocks in U are non-negative and the diagonal blocks Bj 1, B, ..., Be.
are irreducible. Then
(U")ir g = > ey By By, B2, - B, 1, Bl € (3.1)

h<lo<<lm
ni+na+-nm=n—(m-—1)
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where the sum runs over all positive integers m and strictly increasing sequences of
block indices [y < --- < [,,, such that 4’ lies in the /; block and j’ lies in the [,, block.
Consider a single block B;; along the diagonal. Since it is irreducible and non-
negative, it has cyclic peripheral spectrum. By our assumption of non-degeneracy,
r; := p(By;) > 0 is the only eigenvalue on the spectral circle. Thus B, is primitive
and by our second Perron-Frobenius result above, asymptotically BJ';/rj" ~ C; where
(; is a positive matrix and the asymptotic equivalence relation ~ apphes entry-wise.
Let 74, be the maximum spectral radius of a block B lying on a path from ¢’ to j'.
We now analyse the asymptotic behavior of the normalized recurrence (U™);s 7 /71 oo-
Consider a summand S, in (U") j/rl..- Replacing the diagonal blocks with their

asymptotic limits,

r ni " no T Nm

1 2 T

Snp ~ (7’ ) (7“ > (r = ) = OllBl1J2Cl2 Pl 1,lmClm €j’-
maxr max max

Although the number of terms in the sum grows polynomially in n, we see that each

term with some r;, < 7,4, that does not have nj constant tends to zero exponentially
quickly. The remaining summands in (U")y /7., are thus those where ny is non-
constant only for blocks with p(Bj, ;,) = Tmaz- Let K be the sum of the constant
powers for non-maximal blocks in such a summand @),,, and P be the product of the

powers of non-maximal 7, . Then

Qn ~ Thaz (P/TKJFm_l) ’ 62’— OllBll,lzob T

max

G, €.

ln— 1ulm

Observe that the coefficient of ]~ is a product of spectral radii and non-negative

T

matrices, and is thus non-negative. This implies different such terms containing

n
max

positive coefficients depending on the non-diagonal blocks and the spectral radii of

r cannot cancel out. So ejU"; ~ A(n)-r? . for some polynomial A with

the diagonal blocks. Thus (M™), ; is either dominated by 7,4, or ultimately zero (the
latter in case 7,4, = 0 or the sum in (3.1)) is empty). H
3.2.2 Computing the nonnegative powers of a given matrix

The propositions above allow us to prove the following theorem characterizing the

nonnegative powers of a given matrix.

Theorem 3.4. Given M € Q%% the set S := {n € N : M™ > 0} is ultimately

periodic and effectively computable.

35



Proof. Recall that for some (effectively computable) strictly positive integer L the
matrix M* is non-degenerate. It will suffice to show that for each [ € {0,..., L — 1}
we can compute the set S; := {n € S:n =1[mod L}. Our procedure to do this is as
follows. First, check for every pair of indices i,j € {1,...,d}, whether the sequence
(ugf J ));’;0 given by ui?) = (MEn+1y, 5 is dominated. If yes then by Propositionwe
can compute S; as the intersection over all pairs (4, j) of the sets {n € N : ul? > 0}.
If no, then we claim that S; is empty.

Indeed, suppose ng € S;. Then for each pair of indices i,7 € {1,...,d}, the
LRS (v,(f’j))ffzo defined by vi? = (MrolFtm)y, o = el M™o(M*o)"el is both non-
degenerate and Q'-rational. By Proposition each sequence (vﬁf’j ))720:0 is domi-
nated. Moreover, since (vff’j))
dominated by Proposition This proves (the contrapositive of) our claim. O]

o0

%, is a subsequence of (ug’j))OO the latter is also

n=0>

Remark. We can extract from the proof of Theorem |3.4] an effective characterisation
of those matrices M such that M™ > 0 for some positive integer n. Let L be the
least positive integer such that M’ is non-degenerate. Then some positive power of
M is a non-negative matrix iff some positive power of M¥* is non-negative iff for all
indices (7, j) the sequence (u%” ))720:0 defined by ul? = (M*™™), ; is dominated and

not ultimately negative.

3.3 The Positive Membership Problem for Com-
mutative Semigroups

3.3.1 Eventually Positive Matrices

Recall that a positive matrix is one whose entries are all strictly positive. In this

section we show decidability of the following problem.

Problem 3.5 (Positive Membership for Commutative Semigroup). Given a set of
commuting d x d matrices {Aq,..., Ax} with rational entries, decide whether the

generated semigroup contains a positive matrix.
We approach this problem through the notion of eventually positive matrix.

Definition 3.2 (Eventually Positive Matrix). We call a matrix M eventually positive

if there exists a natural number ng such that for all n > ng, the matrix M™ is positive.

We will need the following definition and result, adapted from Noutsos [72], which
characterizes eventual positivity of a matrix by proving a converse of the Perron-

Frobenius theorem.
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Definition 3.3 (Strong Perron-Frobenius property). A matrix A € R™™ has the
strong Perron-Frobenius property if there exists an eigenvalue \ with the following

properties:
1. X is real and positive,
2. A is the unique dominant eigenvalue,
3. A is simple,
4. X has a corresponding eigenvector, all of whose entries are positive.
We now have:

Theorem 3.6 (Characterizing eventual positivity [72]). A matriz A is eventually

positive iff A and A" both have the strong Perron-Frobenius property.

Clearly a semigroup contains a positive matrix if and only if it contains an even-
tually positive matrix. By the theorem above, this holds if and only if the semigroup

contains a matrix A such that both A and AT have the strong Perron-Frobenius

property.

3.3.2 Reduction to Integer Programming with Logs of Alge-
braics

We consider a direct-sum decomposition of C? induced by a collection of commuting
matrices Ay, ..., Ay € C™?. Let 0(4;) denote the set of eigenvalues of A; and consider

a tuple of eigenvalues
A= ()\1,...,)\k) EO'(A1> X X O'(Ak)

Recall that ker(A; — \;1)? is the generalized eigenspace of A; corresponding to \; for
i€ {l,...,k}. We say that the tuple A is a joint eigenvalue of Ay, ..., Ay if

k
Va o= [ ker(A; — \il)*?
i=1
is non null. Intuitively, joint eigenvalues are tuples of eigenvalues of the A; whose re-

spective generalized eigenspaces have non-trivial intersection. The set of joint eigen-

values is called the joint spectrum of Ay, ..., Ay, denoted 3. Using the fact that
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commuting matrices preserve each other’s generalized eigenspaces, it can be shown
(see, e.g., [73, Theorem 2.4]) that

C? = @aexVa,

and that, for all i € {1,...,k} and A € X, A; preserves Vy, and the restriction of A;
to Vi has spectrum {)\;}. The commuting matrices A],..., A] induce an analogous
decomposition C?¢ = GpexWa, where Wy 1= Nk ker(A4 — \1).

Consider a matrix A := A™ .- 4™ formy,...,mp € N. Given A = (A\y,..., \) €
Y2, by the Spectral Mapping Theorem the restriction of A to the subspace V) has a sin-
gle eigenvalue A7"* - - - \["*. Thus all non-zero vectors in Vy are generalized eigenvectors
of A for this eigenvalue. It follows that if A is eventually positive, then Conditions 1
and 2 of Theorem imply that there exists A € ¥ such that A\[™ --- A\;"* is real pos-
itive and is the unique dominant eigenvalue of A. Meanwhile, by Conditions 3 and 4
we can furthermore choose A such that the spaces V), and W, are both one dimen-
sional and contain a positive vector. In such a situation we call A a dominant joint
eigenvalue for A, Vy a positive right eigenspace, and Wy a positive left eigenspace.

Conversely, suppose that there exist mq,...,m; € N and A € X such that A is
a dominant joint eigenvalue of A := A" --- A" and V) and W)y are positive right
and left joint eigenspaces respectively. Then Theorem implies that A is eventually
positive.

In summary, the semigroup generated by A, ..., A, contains a positive matrix if
and only if there exists A € ¥, such that V), and W, are positive joint eigenspaces,

and there are mq,..., mg € N with
k i
L T, A" >0,

2. Ve D\ {A}, [T, A > )Hill i

It is clear that the Positive Membership Problem reduces to the restricted version
of the problem in which one asks for the existence of a positive matrix formed by a
product in which all generators of the semigroup are used at least once. Thus we can
assume that the desired exponents mq, ..., m; in Conditions 1 and 2 are all strictly
positive. In this situation we may rewrite Condition 1 as Zle m; arg(A;) = 0 mod 27
and Condition 2 as either yi; - -- g = 0 or SF_ m; log |/ A < 0 for all g € £\ {A},
Let ¢ = (arg(\1),...,arg(\;)) € R¥ and let A be the (|X] — 1 x k)-matrix defined
by writing, for all ¢ € {1,....k} p € ¥\ {X}, au; = log|ui/Ni| if pig---py # 0
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and a,; = —1 if py -+ -, = 0. Then the two conditions above are equivalent to the

existence of a solution x € N¥ of the following integer program:
(c"x =0 mod 27) A Az < 0.

Note that by incorporating positivity constraints —z; < 0 in A we can assume

without loss of generality that x ranges over Z*.

3.3.2.1 Example

Consider the semigroup (A;, As) generated by the matrices:

0.75 0.15 035 —0.25 0.75 0.3 0.2 —0.25
A .| 015 075 025 035| | 03 075 —025 02
7103 —025 07 015|727 |1 02 —025 075 0.3

—-0.25 035 015 0.75 —-0.25 0.2 0.3 0.75

On simultaneously diagonalizing A; and A, we find that

05 05 05 05 1 0 0 0] |05 05 05 05
A 05 —-05 05 -=05(10 1.2 0 O [05 =05 05 =05
7105 05 —-05 —05/10 0 0.8 0] (05 05 =05 —05]"’

05 =05 —05 0.5 0O 0 0 0| ]05 —05 —=0.5 0.5

and

05 05 05 05 1 0 0 0] |05 05 05 05
A 05 —-05 05 -05(10 09 0 O (05 —-05 05 —-0.5
27105 05 —05 —05|10 0 1.1 0} |05 05 —05 —05

05 —-0.5 —05 0.5 0O 0 0 0|05 —05 =05 0.5

Consider the joint eigenvalue (1, 1). By observing the similarity matrix we can see
that the corresponding left and right eigenspaces are spanned by the vector (1,1,1,1),
which is positive. Thus the semigroup generated by A; and Ay contains a positive
matrix if and only if the (1, 1)-eigenspace can be made to have a dominant joint
eigenvalue.

This occurs if there exist mq, mo € N such that
1. 1m1m2 > (),

2. (a) 1™M1m2 > 1.2m(.9m2,
(b) 1m11m2 > 0.8™11.1m2,

(c) ™1™ > gmigme,
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As described in Section [3.3.2) the above conditions can be translated into an
integer program (with logs of algebraics). Let ¢ = [arg(1),arg(1)]" and A be the

matrix
log(1.2) log(0.9)

log(0.8) log(1.1)
—1 -1
-1 0
0 -1
It is easy to see that the semigroup contains a positive matrix if and only if the

integer program (with logs of algebraics)

¢z =0 mod 21
Ax <0

is satisfiable.
We now show that the satisfiability of such an integer program is decidable, subject

to Schanuel’s conjecture.

3.3.3 Integer Programming with Logs of Algebraic Numbers

Problem 3.7 (IP-log). An instance of the IP-log problem consists of a matriz A €
R™*™ whose entries are sums of logarithms of non-zero real algebraic numbers and
a vector ¢ € R™ whose entries are arquments of non-zero algebraic numbers. The
problem asks to determine whether there exists a vector x € Z" such that ¢'z = 0

mod 27 and Az < 0.

Let us start by observing that one can eliminate the equation in the IP-log problem
by an effective linear change of variables. Indeed, exponentiation turns the linear

T2 = 0 mod 27 into a multiplicative relation among algebraic numbers.

relation ¢
We can then use Theorem to find a basis {vy, ..., v} C Z" of the group of integer
solutions of the equation ¢'z = 0 mod 27. Let B € Z™ be the matrix that has
these basis vectors as columns. Then ¢’z = 0 mod 27 iff x = By for some integer
vector y. Hence the instance of IP-log has a solution iff there exists a vector y € Z!
such that ABy < 0. In other words, we have reduced the initial instance of IP-log to
another instance with a trivial linear constraint.

For an illustration, let w = €*"/3 be a primitive cube root of unity and let

A1, A2, A3, Ay be real positive algebraic numbers. Consider the following system of
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inequations and an equation:
7y arg(w) + zparg(w?) =0 mod 27
r1log A1 + 2o log Ny < 0
x1log A3 + zolog Ay < 0

Clearly the equation above is satisfied when xy = 3y; + 2y, and x5 = 3y; — y» for

some 1, ys € Z. Thus we eliminate the equation and obtain
(3yy + 2y2) log A1 + (By1 — y2) log A2 < 0
(3y1 + 2y2) log A3 + (3y1 — y2) log Ay <0,
which is equivalent to
y110g AP + ya log AT /A, < 0,
y1 log A3AS + yalog A3/ Ay < 0.

Theorem 3.8. The strict homogenous IP-log problem is decidable, assuming Schanuel’s

conjecture.

Proof. An instance of the strict homogenous IP-log problem asks to determine the

truth of the sentence:
3z €Z": (c"v =0 mod 27) A Az < 0.

As described above, we may assume without loss of generality that the equality con-
straint is trivial (i.e., ¢ = 0). It thus suffices to determine whether the system of
inequalities Az < 0 admits a solution z € Z". But, by scaling, this system of in-
equalities has a solution in Z" iff it has a solution in Q™. In turn, by strictness of the
constraints, there is a solution in Q™ iff there is a solution in R™. We are thus left
with the task of determining whether there exists x € R™ such that Az < 0. Here we
can apply Fourier-Motzkin elimination [27] (that is to say, quantifier elimination in
linear real arithmetic).

Recall that Fourier-Motzkin elimination solves a system of linear inequalities by
eliminating the variables sequentially until one obtains an equisatisfiable variable-free
system of inequalities between constants. In the case at hand these constants will
be rational expressions in a fixed number of logarithms of real algebraic numbers.
As such, they are elementary numbers and so, using Richardson’s algorithm (Propo-
sition , we can determine which coefficients are zero. We require Schanuel’s
conjecture at this point to guarantee termination of the algorithm. For a coefficient
that is not zero, we need merely compute it to sufficient precision to determine its

sign. O
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3.3.3.1 Example, continued

We demonstrate the procedure on the semigroup generated by

0.75 0.15 035 —0.25 0.75 0.3 0.2 —0.25
A .| 015 075 025 035| | 03 075 —025 02
=103 —02 075 015|727 | 02 -025 075 0.3

—-0.25 035 015 0.75 —-0.25 0.2 0.3 0.75

from the previous example. In Section we performed Step 1, showing that the

semigroup contains a positive matrix if and only if the IP-log problem

(

[arg(l) arg(l)] [2] = 0 mod 27

log(1.2) 1og(0.9)]
log(0.8) log(1.1)
-

X2

o O O O O

is satisfiable.
The equality constraint is trivial and can be dropped. We apply Fourier-Motzkin

elimination to the inequalities:

log(1.2)x; — |1log(0.9)|z2 < 0
—|1og(0.8)|z1 + log(1.1)z2 < 0
—r1— X2 <0

—x1 <0

—132<0

Rearranging to isolate x;:
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After Fourier-Motzkin elimination, we obtain:

To >0
log(1.1) | 1og(0.9)]
—_— — 0) < < —— 2.
e <\10g(0.8)|$2’ 2 1S Tog(r) 2
This system has integer solutions iff \lféi%.?n - ‘llgg((fjg)) | < 0. The truth of the latter

inequality can be checked by first using Richardson’s algorithm to verify that the

left-hand and right-hand expressions are unequal and then calculating to sufficient
precision to determine which of the two is greater. In our case, Illzgg((})"?)‘ — |11§§((?"§)) | ~
095 _ 0.105 .

0525~ 015 ~ —0.135. Thus the semigroup generated by A; and A, contains a positive

matrix.

For instance, (1,2) satisfies the program. The matrix A; A3 is eventually positive

and (A; A3)% is positive.

3.3.4 Algorithm

In summary, we have the following algorithm for the positive membership problem in
the commutative case:
INPUT: A set of commuting rational matrices {Ay, ..., Ax}.

1. Find all joint eigenvalues A € ¥ for which both the corresponding right eigenspace
Vi and the left eigenspace Wy are one-dimensional and contain a positive vec-
tor. If there does not exist a unique such joint eigenvalue, output “NO” and
halt.

2. Given unique A identified in Step 1, compute the corresponding IP-log problem
as in Section to see if A is dominant. If the IP-log problem is satisfiable
then output “YES” and halt. Otherwise, output “NO” and halt.

We conclude:

Theorem 3.9. The positive membership problem is decidable for commutative semi-

groups, assuming Schanuel’s conjecture is true.

Proof. The algorithm above solves the positive membership problem for commutative
semigroups, assuming Schanuel’s conjecture is true. Correctness follows from the
discussion in Section |3.3.2, and the Perron-Frobenius theorem, which implies that a
positive matrix can have exactly 1 positive eigenvector. Step 1 may be performed in

polynomial time. Unfortunately, the complexity of Step 2 is completely open. This
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is due to the fact that we have no bound on how closely a nonzero rational function
in logs of algebraics may approach zero - such a bound would require a quantitative

version of Schanuel’s conjecture. O

For practical cases, since near-counterexamples to Schanuel’s conjecture are very
rare, it might be possible to use a standard computer algebra system or industrial
solver to solve the IP-log problem by approximating the constants by rationals and
treating it as an integer programming problem.

It would help to use interval arithmetic to ensure that the transcendental constants
are approximated to sufficient precision to determine the sign correctly. Alternatively,
for the Positive Membership Problem one could verify a proposed integer solution by
substituting it back into the eigenvalue product equations, since this merely involves

a comparison of algebraic numbers.

3.4 The Non-negative Membership Problem for
Commutative Semigroups

We now combine the ideas in Sections and to solve the problem of deciding
whether a semigroup of commuting matrices contains a non-negative matrix. For ease
of exposition we will initially assume that the matrices are simultaneously diagonal-

isable, and then move to the general commuting case.

Problem 3.10 (Non-negative Matrix in Commutative Simultaneously diagonalisable
Semigroup). Given a set of commuting simultaneously diagonalisable d x d matrices
{Ay, ..., Ay} with rational entries, decide whether the semigroup generated by multi-
plying these matrices together contains a matriz with all its entries greater than or

equal to zero.
First, we refine our notion of dominated recurrences.

Definition 3.4 (Positively dominated by p). Let uw = (u,)>2, be a linear recur-
rence sequence that is non-degenerate and does not have any polynomial terms in its
exponential-polynomial form. Then u = 27:1 A} for complex numbers Ay, ..., \q
and coefficients ¢;. We say w is positively dominated by term p (here p (for positive)

refers to the index) if
1. ¢, >0,

2.\, >0,
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3. V1% p, [\l > .
Call this predicate PD,(u).

Given a single matrix M, we consider the d* recurrences u* defined by (u%),, :=
e] M"e;.

We have shown in Section that M being eventually non-negative is equivalent
to the decidable condition

ViVj(u" is ultimately zero V Ip PD,(u")).

We now show a similar construction for multiple matrices. Let Ay, ..., A, € Q%*¢
be a set of commuting simultaneously diagonalisable matrices. The idea is to search
for an eventually non-negative matrix A" ... A",

Let m denote the tuple (mq,...,my). Define the integer parameterized matrix
entry recurrence u”(m) by [u”(m)], := e/ [AT" ... A]"]|"e;.

The existence of an eventually non-negative matrix (and thus, a non-negative

matrix) in the semigroup is equivalent to the decidable condition
ENN = 3m ViVj(u"”(m) is ultimately zero V Ip PD,(u"(m))).

Let S be a matrix that simultaneously diagonalises the matrices Ay, ..., Ax such
that A, = S7'D,S = S~'diag(As1,..., \a)S. The notation \,; denotes the lth
eigenvalue of A, (with multiplicity).

Then

wd(my, ... my) =] [AT AT e,
= e, STHDP ... D™]"Se;
= e, ST diag( M1, - - -, Awa)™ ... diag(Meas - - -, Aka) ™" Se;

k k "
—e 5! [diag (H AT .,HA%”)] Se;
r=1

= (S7Ha () [H AZLT]

Now we have an exponential-polynomial representation for u®(m) with coeffi-
cients (S™1)(S);; and roots [[F_, A ... [T, Ay
We see that u(m) is positively dominated by p if

L (573 (S)y > 0,
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2. TIF_, A >0,

3. VI # p such that (S71); (S);; # 0, ‘Hle Apr

> ‘Hﬁ:l AT
Let ¢(p) = (arg(A1p), - . ., arg(Agp)) and let A(p) be the (at most) (d—1) x k-matrix
defined by a; = log |A\.;/Ap|. Here [ runs over elements of {1,...,d} apart from p
such that (S71); (S);; # 0. Let m be the vector (my,...,my) € NF.
Now Condition 2 is equivalent to ¢(p)"m = 0 mod 27 and Condition 3 is equiva-
lent to A(p)m < 0.

For simplicity we introduce the following new notation:

Z(i,j,m) :
S(i, j,p) ==
C(p,m) :

A(i, j,p,m)

m) :

u”(m) is identically zero
S™ip (S)ps > 0
c¢(p)'m = 0 mod 27

A(pym <0

(
NND(i, j,p,m) := Z(i, j,m) V (S(4, 4, p) A C(p, m) A A(i, j,p, m)).

Note that A(7, j, p,m) depends on i and j because we only care about the eigen-
value blocks where the coefficient is non-zero.

Writing out the predicate ENN in full with new notation, we have

ENN := 3m ViVj(u"” (m) is identically zero V Ip PD,(u"” (m)))

= Im ViVj(Z(i,5,m) Vv Ip (S(i,5,p) A C(p, m) A A(4, j,p,m)))
= Im ViVj 3p NND(i, j, p, m).

Now observe that the quantifications over i, 7 and p are finite and range over
{1,...,d}. Thus we can replace the quantifications with finite disjunctions and con-
junctions.

Our goal is to move all disjunctions outside the existential quantifier on 1m so that
we can use the IP-log algorithm from Section on conjunctions of terms of the
form Am < 0.

Let f range over functions assigning a particular choice of p to each sequence

u”(m). There are d‘®*?% such functions.
ENN = 3m ViVj(3dp NND(i, j,p,m))
=dm /\ij (\/p NND(%]vp? m))
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Essentially this means we non-deterministically choose a p for each sequence
u”(m) and then check if there is an m that works for all of them — that makes
all the selected p’s into real positively dominating terms. Analysing the elements of
NND(i, j, f(i,j), m), we see that Z(i, j,m) and S(i, j, f(¢, 7)) constraints are trivially
checkable. Constraints A;;C(f(7,7),m) can be removed iteratively using Masser’s
theorem. The remaining conjunctions are terms of the form A;;A(i, 7, f(4, 5), m), but
since these are linear programs A(z, j, p)m < 0 we can simply concatenate the various
matrices A(%, j, p) together. We can then use the IP-log algorithm from Section m
to check if there exists an integer solution to the conjunction of these terms.

Of course in practice we would only need to check d different matrices of size
d — 1 x k since the eigenvalues are the same for all sequences.

Thus we have reduced the diagonalisable case to a finite disjunction of predicates,
each of which can be reduced to strict homogenous IP-log.

More generally, we consider:

Problem 3.11 (Non-negative Membership for Commutative Semigroup). Given a
set of commuting d x d matrices {Aq, ..., Ax} with rational entries, decide whether
the semigroup generated by multiplying these matrices together contains a matriz with

all its entries greater than or equal to zero.

It is known that unfortunately simultaneous Jordanization of commuting matrices
is not always possible [18]. However, a slightly weaker block diagonal form [73, Thm
12] is possible. Here we put the matrices into block diagonal form, where each block
is of the form A\;/ + N where N is strictly upper triangular and thus nilpotent.

Let Ay, ..., A, € Q™ be a set of commuting matrices.

As before, define the integer parameterized matrix entry recurrence u(m) by
ud(my, ... my) = ef [AT . ATy

Let S be a matrix that simultaneously block-diagonalises the matrices such that
A, = S7'BD,S = S7'diag(B,1,...,Bw)S. Here B,; = A\yI + N,; denotes the Ith
block of A,, where N,,; is strictly upper triangular. Note that for fixed [ the various
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N,; inherit commutativity from the original matrices. Then we have that
wd(my, ... my) =] [AT AT e;

= e STHBD™ ... BD*]"Se;

=¢; S7[diag(Buy, ..., By)™ ...diag(By, . . ., Bip)"*]" Se;

k k "
—¢ 571 [diag (H B™. ..., HB?Z’“) Se;
r=1 r=1
k n k n n
:[si_ll,...,s;ll]diag< HB:}T e HB:ZT ) (515,54
r=1 r=1

Let us examine the structure of the submatrix [Hle B:fg”]n. Recall that B,; =
Al + N,y. Note that any power or product of powers of the nilpotents can be non-
zero only upto total degree at most d. We adopt the convention that a zero power
indicates the identity matrix of appropriate size. For ease of notation we drop the
block subscript and expand out

k k n
1B = [H(M + M)W]
r=1 r=1

n

k
=[x+ N
r:l k d nm, .
T T3 (7))
r=1 r=1 \i,=0 T
k Q14 +ip=d k - '
- H}\?mr ) Z <H ( i >(NT/>‘T)%>
r=1 (i1,0i)=(0,...,0) \r=1 "
k
= MPoly(nm) [ Ay
r=1

Here MPoly(nm) is shorthand for the block-matrix with entries that are polynomial
of degree at most d in the variables (my, ..., my) (scaled by n) with coefficients arising

from the nilpotent submatrices.

48



Substituting this back into our original expression for u% (my, ..., my) we get

ud(my, .. my) =] [AT . AT e,
k n k n n
:[sﬁ%...,s&ﬂdiag( HB:T e HB;@T ) (515 5qj]
r=1 r=1
k k "
= [s7',..., ;] diag <1\/[Poly1 (nm) H A, .., MPoly, (nmy, ) H Afg“) (815, Saj]
r=1 r=1

d k
= Z (poly? (nm) H )xf[”*) (after folding in constants).
=1 r=1

Notice that the asymptotic top term in n in the polynomial poly}j (nm) is the
homogenous subpolynomial of highest degree in (my,...,my) - call it hfj (m). Once
we pick a particular p to be our positively dominating term, we only need the following

three conditions for the recurrence to be positively dominated by p:
1. h¥(m) > 0,
k
2. [T A >0,

3. VI # p such that polyfj (nm) is not the zero polynomial, Hff:l A

k -
> | A |

Via the same algebraic manipulations as in the diagonalisable case, checking
ENN := 3m Vi¥j(u" (m) is identically zero V 3p PD,(u”(m))),
reduces to solving conjunctions of the form
Aij (R (m) > 0 A c(p)'m = 0 mod 27 A A(p)m < 0)

over the integers.

We can eliminate the second conjunct using Masser’s theorem. Now suppose there
exists a real solution on the unit sphere to h;’(m) > 0 A A(p)m < 0. By openness,
there exists a rational solution nearby. Since both these conjuncts are homogenous, m
is a solution iff nm is a solution, for all real n > 0. Thus we may clear denominators
from the rational solution to obtain an integer solution m to FNN.

The sentence

Jm € R¥: 47 (m) > 0A A(p)m < 0

can be written in the first order theory of the reals with exponentiation, which is

decidable assuming Schanuel’s conjecture as shown by Wilkie and Macintyre [63].
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We now need to prove that failing to find such a real solution implies that the
semigroup does not contain a non-negative matrix. Suppose that there exists some
m = (my,...,myg) such that A" ... A;" is non-negative. Then (A" ...A"™)" is
non-negative for all n. By Proposition [3.1], each individual recurrence is ultimately
zero or must have a strictly dominant top term. Thus m satisfies Am < 0 and
c¢"m = 0 mod 27 for the appropriate A and c. The top term (as a function of n)
has a polynomial coefficient which is the homogenous polynomial we identified above.
Thus the homogenous polynomial is non-negative for m, completing the requirements

necessary for the sentence 3m € R¥ : A (m) > 0 A A(p)m < 0 to be true.

3.4.1 Algorithm

In summary, we have the following algorithm for the non-negative membership prob-
lem in the commutative case:
INPUT: A set of commuting d x d rational matrices {A;, ..., Ax}.

1. Simultaneously block-diagonalise the matrices to get d? integer-parameterized

recurrences u (m).

2. Construct the predicate ENN := 3m ViVj(u"(m) is identically zerov3p PD,(u"(m)))
and reduce it to exponentially many disjuncts of the form Im € R* : h;j (m) >
ONA(p)m <0

3. Solve each disjunct using the algorithm of Wilkie and Macintyre for the decid-
ability of the real exponential field [63].

We conclude:

Theorem 3.12. The non-negative membership problem is decidable for commutative

semigroups, assuming Schanuel’s conjecture 1s true.
)

Proof. The algorithm above solves the non-negative membership problem for com-
mutative semigroups, assuming Schanuel’s conjecture is true. Correctness follows
from the extended discussion in Section [3.4, Step 1 can be performed in polynomial
time. Assuming an oracle for Step 3, Step 2 can be performed in nondeterministic
polynomial time, by guessing the correct choice of p for each of the d? recurrences. Un-
fortunately Step 3 itself has no known complexity bound, due to the use of Schanuel’s

conjecture. N
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3.5 Undecidability in the Non-commutative Case

To complement the decidability results for commuting matrices in the preceding sec-
tions, in this section we show undecidability of the full version of the membership

problem, in which commutativity is not assumed:

Problem 3.13 (Non-negative Membership). Given a set of k rational d x d matrices,

decide whether the semigroup they generate contains a non-negative matrix.

The proof of undecidability is by reduction from the Halfspace Reachability Prob-

lem.

Problem 3.14 (Halfspace Reachability Problem with scalar 1/2). Given vectors u
and v in Q¢ and a matriz semigroup S generated by matrices {Ay, ..., Ay} € QP
decide whether there exists a matriv A € S such that u" Av > 1/2.

By Theorem [2.25] this problem is undecidable for 5 matrices in dimension 10.

Theorem 3.15. The Non-negative Membership Problem is undecidable for 7 matrices

i dimension 12.

Proof. Given non-negative integers m,n, write 0™*" for the zero matrix of dimen-
sion m X n. Suppose that we are given an instance of the halfspace reachability
problem, defined by vectors u,v € Q¢ and a matrix semigroup S generated by ma-
trices Ay, ..., A, € Q¥ Now consider the semigroup S’ generated by the following
matrices of dimension (d + 2) x (d + 2):

1 —1/2 ']
U=1|0 0 oxdf,
0d><1 0d><1 Od><d
1 —1/2 0'x9]
Al=10 0 0oxd (i=1,....k),
0d><1 0d><1 Az
1 —1/2 0Yx9]
and V:=1| 0 0 o<

0d><1 v Od><d

Note that matrix A} incorporates A; for i« = 1,...,k, while the matrices U and
V' respectively incorporate the initial and final vectors u and v of the probabilistic
automaton.

We claim that the semigroup &’ contains a non-negative matrix if and only if there
exists a matrix A € S such that u" Av > % To this end, consider a string of matrices
chosen from the set {U, V}U{A},..., AL}

We proceed via a case analysis:
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1. Strings not containing both a U and a V. By direct multiplication, one can
observe that the product B of any such string has B; o = —% and hence cannot

be a non-negative matrix.

2. Strings containing both a U and a V. Observe by direct multiplication that
UU = AU = VU = U. Thus the product of any such string is equal to the

product of its suffix starting from the last occurrence of U.

(a) Suffixes not containing a V. See Case 1.

(b) Suffixes not ending in their first occurrence of V. Define N to be the
(d+2) x (d+ 2) matrix such that Ny; = 1, N1, = —1, and N;; = 0 for
all other entries.

Observe that VV =V A, = N. AlsoUN = AN = VN = NN = N. Thus

any product from a suffix that does not end with its first occurrence of V'

is IV, which is not a non-negative matrix.

(c) Suffixes of the form UA] ---Aj V, for some i1,...,4, € {1,...,k}. In this
case we have

1
BLQ = (UA;I cee A;SV)LQ = UTAZ'I tee Aisv - 5
Since it further holds that B;; = 1 and B; ; = 0 for all other entries (4, j),

B is non-negative if and only if u" A;, -+ A;,v > %

We conclude that there exists a non-negative matrix in the semigroup &’ if and
only if there exists a matrix A € S such that u"Av > 3.

Since we need two additional dimensions and two additional matrices to implement
our reduction, there is an undecidable instance of Non-negative Membership for 7

matrices in dimension 12. O

3.5.1 The Positive Membership Problem

Problem 3.16 (Positive Membership). Given a set of k rational d x d matrices,

decide whether the generated semigroup contains a positive matriz.

For arbitrary rational noncommuting matrices, we conjecture that the Positive
Membership Problem is undecidable, but we have not been able to prove this. It
forms a natural open problem for future research.

We now discuss a special case.

Although nearly all decision problems involving noncommuting matrices are un-

decidable, there is a notable exception in the field of quantum automata:
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Problem 3.17 (Strict Threshold Problem for Quantum Automata). Given a thresh-
old A € Q, a vector s € Q% and a projection matriz P € Q¥™?, and a matriz semigroup

S generated by unitary matrices {Uy, ..., Uy} € Q™% decide whether there exists a
matriz U € S such that HSTUPH2 > .

This problem is decidable, although the non-strict version is undecidable [16]. The
proof relies centrally on the fact that a compact subsemigroup of a topological group
of real matrices has an algebraic description [95]. However this result applies only
to diagonalizable unimodular matrices (all eigenvalues of modulus 1) such as unitary
matrices.

For such matrices, the Positive Membership Problem is trivially decidable.
Theorem 3.18. No unimodular matriz in dimension > 2 is positive.

Proof. By the Perron-Frobenius theorem, a positive matrix in 2 or more dimensions
has a unique eigenvalue which is simple and strictly larger than all other eigenvalues.

A unimodular matrix has all eigenvalues of modulus 1, so it cannot be positive. [

3.6 Conclusion

We can summarise the current state of knowledge on the positive and non-negative
membership problems for matrix semigroups with rational entries in the following
table:

Table 3.1: Does a ... rational matrix semigroup contain a ... ?

generator positive matrix non-negative matrix

type

single Decidable [72] (Noutsos 2006) | Decidable

commuting Decidable assuming Schanuel | Decidable assuming Schanuel
(via Richardson) (via Macintyre & Wilkie)

noncommuting | Open (conjecture undecidable) | Undecidable

We leave open the question of quantitative refinements of our decidability results.
These include giving complexity upper bounds for the Non-negative and Positive
Membership Problems as well as the related question of giving upper bounds on the
length of the shortest string of generators that yields a non-negative or positive matrix
in a given semigroup. Both questions would seem to be difficult owing to the use of

Schanuel’s conjecture in our proofs.
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Characterising the complexity of determining whether a matrix is eventually non-
negative would seem to be more straightforward. We claim that the decision proce-
dure can be implemented in non-deterministic polynomial time. On the other hand,
our efforts at proving an NP-hardness lower bound have been stymied by the strong
closure properties of the set of non-negative matrices. Could it be that the problem
is in PTIME? Note that the analogous Eventual Positivity problem is in PTIME [72]
and so is the Primitivity problem for one matrix. However it is possible to construct
NP-hard instances of the Skolem problem using a (0, 1)-matrix [85].

Another direction in which our results could be extended is the case of differ-
ent rings. While we only consider the rationals, the analogous problems over finite
fields would clearly be unconditionally decidable since the semigroups are finite. The
complexity of such problems would be interesting to explore, with results possibly

analogous to the Primitivity problems discussed in Section [3.1.1
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Chapter 4

Pseudo-orbits and the
Pseudo-Skolem Problem

4.1 Introduction

The orbit and Skolem problems are defined on the exact dynamics of the linear
system. In dynamical systems theory, one is often interested in “rough” dynamics
of a system—in topological terms, we wish to study closed sets containing the orbit.
Orbits arising from linear dynamics are usually not closed sets. Indeed the orbit of the
point 1 under the map z — %x does not contain the limit point 0. One way to retain
closure is through pseudo-orbits [26], a concept going back several decades. A pseudo-
orbit generalizes the orbit by allowing arbitrarily small imprecisions throughout the
dynamics.

Let (A, s) be a linear dynamical system. For a precision € > 0, we say t is in the
e-pseudo-orbit of s if there is a sequence of points (s = sg, S1,...,8, =t) with n >0
such that ||As; — s;1|| < € for each ¢ € {0,...,n —1}. That is, an e-pseudo-orbit
contains a sequence of points that would be indistinguishable from an orbit if each
state were known only up to precision €. Finally, t is in the pseudo-orbit of s if it is
in the e-pseudo-orbit of s for all € > 0.

One can provide a computational analogue of pseudo-orbits (see [79]). Alice is
simulating the trajectory of a dynamical system, but in every iteration her compu-
tation has a rounding error €. An infinitely powerful adversary, Bob, rounds Alice’s
result in an arbitrary fashion to a new state within a distance of € of the actual out-
come. A state t is pseudo-reachable from s iff Bob can fool Alice into believing that
t is reachable in the simulation no matter how accurate her simulation is.

We can formulate analogous decision problems on pseudo-orbits. The pseudo-

orbit problem asks, given a linear dynamical system and two states s and ¢, whether
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t is in the pseudo-orbit of s. The hyperplane pseudo-reachability (or pseudo-Skolem)
problem asks, given a linear dynamical system, an initial state s, and a hyperplane,
if there is an e-pseudo orbit from s that intersects the hyperplane for every € > 0.

In this chapter, we study reachability problems for pseudo-orbits of linear dynam-
ical systems. We show that the pseudo-orbit problem is decidable in polynomial time
and that the Skolem problem is decidable in full generality on pseudo-orbits.

First, we generalize Kannan and Lipton’s analysis to show that the pseudo-orbit
problem can be decided in polynomial time. Our proof involves a careful exami-
nation of the eigenvalues of the matrix A, similar to Kannan and Lipton’s proof.
More generally, we show that pseudo-reachability to a bounded semialgebraic set is
decidable.

Moving to unbounded target sets, we consider the hyperplane pseudo-reachability
(a.k.a. pseudo-Skolem) problem. Our proof again proceeds by a case analysis on
the eigenvalues of A. The most challenging case is when there is an eigenvalue of
modulus greater than 1. We analyze a series whose terms are polynomial-exponential
functions of n € N associated with the dynamics. We show that the infimum of
this sum can be effectively computed. The proof of effective computability uses tools
from Diophantine approximation as well as a reduction to the decision problem for
the theory of real closed fields.

We show that the dynamics pseudo-reaches the hyperplane in case the infimum of
the above sum is 0. If the infimum is non-zero, we prove that we can find an effective
bound N such that the dynamics pseudo-reaches the hyperplane iff, for sufficiently
small €, it pseudo-reaches the hyperplane within N steps.

Putting everything together, we conclude that the pseudo-Skolem problem is de-
cidable.

4.2 Pseudo-orbits

An m-dimensional discrete-time linear dynamical system is specified by an m x m
matrix A of rational numbers. The trajectory determined by an initial state zo € R™

is the sequence (z,,),>0 given by
Tpi1 = Ax,, (n€N).

We call the set O(A, xg) := {z,, | n € N} the orbit of x.
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For any ¢ > 0, an e-perturbed linear dynamical system has state trajectories
(n)n>0 such that
Tpi1 = Az, +d,, (n€N),

where A is as before and d,, € [—¢,€]™ for all n. For an initial state o € R™, we
define the e-pseudo-orbit (56(A, xg) of the dynamics as the set of states reachable in

the perturbed dynamics. More formally, define
o for n =0, O™ (A, zq) := {x0},

o foralln € N, OV ™ (A, zg) = {Az +d € R™ |z € O (A, 10),d € [—€,e]™},

and
o O (A, 1) = Unso 6£n)(A,xo).

Finally, we define the pseudo-orbit O(A, zy) = Neso O.(A, ) as the intersection
of all the e-pseudo orbits of zg, for all € > 0. Clearly, O(A4,z) C O(A, z) for any A
and z.

We will make use of the following characterization, which follows directly from
the definition: Any t € 6€(A, s) is of the form t = A"s + 2?2—01 Aid,_,_, for some
n € N and some sequence of perturbations d; with ||d;||, < e.

We also need the following properties of O (A, z) and O(A, z).

Claim 4.1 (Transitivity). For every A and ¢ > 0, and for states s,t,u € R™, if
t € OdA,s) and u € O(A,t) then u € O (A,s). Ift € O(A,s) and u € O(A, 1),
then u € O(A, s).

Claim 4.2 (Closure). For every A, ¢ > 0, and state s € R™, the sets O (A, s) and

O(A, s) are closed sets.

Problem 4.3 (Orbit problem). Given A € Q™™ and s,t € Q™, decide whether
te O(As).

A celebrated result of Kannan and Lipton [53] shows that the Orbit Problem is

decidable in polynomial time.

Theorem 4.4. [53] The orbit problem is decidable in polynomial time.
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4.3 The pseudo-orbit problem is decidable in poly-
nomial time

In this section, we study the pseudo-orbit problem.

Problem 4.5 (Pseudo-orbit problem). Given A € Q™ ™ and s,t € Q™, decide
whether t € O(A, s).

We will show that Problem is decidable in polynomial time, by reducing to
the orbit problem.

First we establish that pseudo-orbits can be translated with change of bases.

Proposition 4.6. For matrices A, B,Q € R™™ with A = QBQ~' and for any z €
R™, we have Q@w(B,Q*la:) - (56(A,$) C Q@WI(B,QA:E), where y1 = €]|Q 7|
and v =€/ ||Q|| .- Moreover, O(A,z) = QO(B,Q 'x).

Proof. We want to show

Q0.,(B,Q'z) C O(A,x) CQO,,(B,Q 'x), (4.1)

whete 71 = Q1. and 7 = ¢/ Q. i

Take any y € O (A, x). We show that Q7 'y € O,,(B,Q ') to get the right-
hand side of (4.1). Since y € (56(14,:5), there is a state trajectory (zg,x1,...) and
a sequence (dg,dy,...) such that zog = x, r,41 = Az, + d,, d, € [—¢, €™ for all
n € N, and y appears in the state trajectory. We construct a new state trajectory
(Y0, Y1, - . .) and the sequence (dy, dy, . ..) with the transformation z,, = Qy, and d,, =
Qd,,. Then we have y,41 = Q 'AQy, + Q" 'd, = By, + d,. Note that HJNHOO =
1Qdnll, <11Q7 M. ldnlly, < 1. Since y appears in the state trajectory (xo, 21, .. .),
Q™ 'y appears in the state trajectory (yo, y1, . ..) with yo = Q@ 'zy = Q~'z. Therefore,
Qlye 671(3, Q~'x) which results in y € Q@vl(B, Q 'z).

To prove the left-hand side of , we invoke the right-hand side by replacing
(A, B,Q,z,¢) with (B, A,Q7',Q 'x,7). This gives (572(B,Q_1x) cC Q! 671(A,x)
with 7] =72 [|Q|| .. Setting 7} = € proves the left-hand side of ([4.1).

To prove that O(A,z) = QO(B,Qz), we take intersection of all the sides in

over € > 0:
NQO.(B.Q7'z) €[ O(A ) C(QO,(B,Q ).

e>0 e>0 >0

Due to the linear relation between v, and ~, with €, we get

QOB,Q ') COA,z) CQOB,Q ') = OAz)=Q0B,Q 'z).
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We will use Proposition with matrix A represented using the Jordan canonical
form.

Fix a matrix A and let J be the real Jordan form for A. Proposition shows
that O(A, z) can be obtained from the pseudo-orbit O(J, ).

Our decidability proof involves a case analysis on the modulus of the eigenvalues

of J. We first consider the cases where J is a single block, i.e.,

AT

J = A WithA:{a _b] and[:[
T ] b a
A

10

0 1],orA:[r] and [ = [1],

(4.2)
with real matrix entries a, b, r € R.

We shall case split on the spectral radius p(.J), which is the absolute value of the
unique eigenvalue of the Jordan block J. We consider three cases: p(J) < 1, p(J) > 1
and p(J) = 1.

The following lemma will be useful in relating the first and second cases. Its proof

is intuitive by reversing time.

Lemma 4.7 (Reversibility Lemma). For any invertible matriz A € R™™ x €
O.(A, s) implies s € (57(A*1,x) with v = €||A7Y| .. Moreover,

z€0O(As) «— seO(A™z). (4.3)

Proof. Any t € 0. (A,s) is of the form t = A"s + > " Y Aid, ;| for some n € N and
some d; with ||d;|| , < e. This means s = A4+3 1" A~d,_, , withd, , , = A~'d;.
Since ||d],_,_ zH < ||ATH| €, we get s € OV(A 1.t). To get (4.3)), notice that

teO(As)=te[)OdAs)=se[)O(AT ) =s€0(A 1)

e>0 >0

Applying the same argument to the matrix A~! will give the other side of (4.3).

We now consider the first case: where the eigenvalues of J are inside the unit

circle.

Lemma 4.8 (Eigenvalues inside the unit circle). Let J € R™*™ be a Jordan block of
the form (4.2) with p(J) < 1. For every s € R™,

O(J,5) = O(J,5) U{0} = O/, 5),
where O(J, s) denotes the closure of the orbit.
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Proof. We prove the lemma by showing there is a constant C' > 0 satisfying

0 5) 200 5)U{0} COUs) € () | BleCoCOUs),  (44)

€e>0z€O(J,s)

where B(z,€) := {y € R™| ||z — y||, < €} is the closed ball with respect to two norm
with center z and radius e. It is easy to see that equality (*) holds since all the
eigenvalues of J are inside the unit circle, lim,,_,, J” = 0, and 0 is the only limiting
point of any state trajectory.

It is also easy to see that inclusion (**) is correct. Note that for any ¢ > 0,
O(J,s) C O(J,s) and the set O.(J,s) is closed by definition. Taking intersection
over € > 0, we get O(J,s) C O(J,s) with O(J,s) being a closed set. Therefore,
O(J,s) C O(J. s).

We now choose a value of C' which allows us to prove inclusion (}). First pick
v such that p(J) < v < 1. Next choose ¢; to be a constant (which is guaranteed
to exist by Gelfand’s formula) satisfying [|J"||, < ¢;7" for all n € N, and finally set
C = cym/(1 — ). We show that O(J,s) C U.co(ss) B(2, Ce) for any e > 0. Take
any « € O(J,s). Then there is a sequence (do, dy, ...) and n € N such that ||d;|| , <
and z = J"s+ Y 1, Y Jid, ;1. Now

n—1
J dnfifl
=0 2

We then get x € B(z, Ce) for z := J"s € O(J, s).

The inclusion § can be proven by taking an arbitrary point y ¢ m and
showing that there is an € > 0 for which y & B(z, Ce) for all z € O(J,s). Note that
the complement of m is an open set, which means there is a 8 > 0 such that
B(y,0) N O(J,s) = (). Taking e such that Ce < 6 will give the intended result. O

|z — J”5H2 =

n—1 n—1
< S, ik £ 3 eme < 97—
— —

Additionally, we prove the following lemma (that will be useful later) about the

behaviour of pseudo-orbits when all eigenvalues are inside the unit circle.

Lemma 4.9 (Shrinking pseudo-orbits are trapped). Let A € R™™ and s € R™. If
p(A) < 1, then for every 6 > 0 there exists an effectively computable N € N and ¢ > 0
such that after time N, all e-pseudo-orbits are contained inside the ball B(0,6).

Proof. Let (z,)nen denote an e-pseudo-orbit starting from s with a sequence of dis-
turbances (d,,)nen. Suppose p(A) < 1 and let v € (p(A), 1). There is a constant ¢ > 0
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satisfying ||A™||, < ¢y™ for all n. Then we get

n—1 n—1
lzally = |[A"s + D Arduoir || < A" Islly + D (A", lldn-sally
k=0 2 k=0
n—1
" n mec
<oy lslly + Y mecy® <oy |sll, + T
k=0

Taking € = 6(1—v)/(2mc) and N with vV ||s||, < §/(2¢) gives the intended result. [
We now consider the second case.

Lemma 4.10 (Eigenvalues outside the unit circle). Let J € R™*™ be a Jordan block
of the form (4.2) with p(J) > 1. For every s € R™, if s # 0, then (5(J, s)=0(J,s),
whereas O(J,0) = R™.

Proof. In this case, J is invertible and all eigenvalues of J~! are inside the unit circle.
We apply the Reversibility Lemma [4.7] and Lemma [4.8]

1€0(J)s) «= seO(J " z2) «= s O ", 2)U{0} < s=0orzecO(Js).
Therefore, any z is in O(J,s) if s = 0, and O(J,s) = O(J, s) for s # 0. O
Now the third case.

Lemma 4.11 (Eigenvalues on the unit circle). Let J € R™ ™ be a Jordan block of
the form (E2) with p(J) = 1. For every s € R™, we have O(J,s) = R™.

Proof. The key part of the proof is to show that 0 € (5(A, s) for any s and for
any A having the eigenvalues on the unit circle. Once we show this, we know that
s € 6(A_1, 0) is true for any s and any matrix A due to the Reversibility Lemma
. Stated for the inverse of A and any x, we get x € (5(/1, 0). Since pseudo-orbits
are transitive, we have x € O (A, s) for any = and s, which is the intended result.

We show 0 € (5(14,3) equivalently by replacing A with its Jordan form J and
using induction on the structure of J. The proof has two stages. The first stage is
to show that 0 € (5(J, s) for all s when J has a single block of size 1. The second
stage is to show that we can sequentially increase the multiplicity of eigenvalues and
multiple blocks.

Base case: Suppose J = - with a®>+b* = 1 or J = r with |r| = 1. Observe

a
b
that the multiplication by J does not increase the two norm of a vector. Hence setting
Jrn
d, = {_6' Tec i [J@nlleo > €

—Jx, otherwise,
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we obtain the e-pseudo-orbit (xg = s,21,22,...,2,,0,0,...) from any s where
|zklly = ll2k_1]l, — € for k < m, which gives 0 € O(J, s).

Inductive case: We show that if 0 € (5(J1, s1) and 0 € 5(J2, s9) for all s; and
Ji
0 Jo
B and any s with appropriate dimensions. Let us partition any state z = (x!, 2?)

so of appropriate dimensions, we also have 0 € (5(J, s) with J = for any

according to the dimensions of J; and Jo. Let € > 0 and s = (s',s?). By the
assumption, there exist e-perturbations (d3,ds,...,d%_,) that bring s* to 0 under
Jo. Let d, = (0,d?) for 0 < n < N be a sequence of e-perturbations for the linear
system with mapping J. We obtain the sequence (zg = s,z1,...,7y) with 2% = 0:
the e-perturbations dy,...,dy_1 have brought the second coordinate to 0. By the
assumption, we also have 0 € 65(J1,x}v), which gives e-perturbations (d}, ..., d},)
that bring z; to 0 under J;. Let us expand the sequence of perturbations for the linear
system J with d,yn = (d},0) for 0 <n < M. It is easy to see that (do,...,dniar)
bring the system from s to 0 due to the upper triangular structure of J.

O
We now consider the general case where J has multiple blocks.

Definition 4.1. Let J € R™*™ be a real Jordan block matrix and s € R™. We define

R™ if p(J)=1or, p(J) >1and s =0,
A(J,s) =< {0} if p(J) <1,

1] otherwise.

The following lemma states that certain points in the pseudo-orbit of real Jordan
blocks are e-pseudo reachable exactly at any sufficiently large time step, for every
€ > 0. The lemma provides the flexibility to “synchronize” reaching parts of the state
for different Jordan blocks.

Lemma 4.12 (Synchronization Lemma). Let J € R™ ™ be a Jordan block with
eigenvalue \. For s € R™, t € A(J,s) if and only if for every e > 0 there exists
N, € N such that for all N > N, there exists an e-pseudo-orbit (z;);en of s under J

such that xny = t.

Proof. We work case by case.

e |\ < 1and A(J,s) = {0}. By Lemma 0 € O(J,s) and hence for every
€ > 0, there exists N, such that t = 0 can be e-pseudo reached at time N..

Now simply observe that once an e-pseudo-orbit reaches 0, it can remain there
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forever by setting all future perturbations to zero. To prove the other direction,
suppose ¢t # 0. By Lemma [4.9] there must exist a time bound 7" such that
for sufficiently small €, all e-pseudo-orbits of s after time 7" are contained in
5(0, %) Hence for sufficiently small € no N, with the the specified property

can exist.

e |\ =1 and A(J,s) = R™. In the proof of Lemma [4.11] for every ¢t € R™ and
€ > 0 we construct an e-pseudo-orbit from s that visits 0 followed by ¢. Let N
be the number of steps required to e-reach t. We can postpone visiting ¢ to any

time step N > N, by simply waiting at the point 0 for N — N, steps.

e |\ >1,s=0and A(J,s) = R™. Similarly to the case above, in Lemma
for each € we construct an e-pseudo-orbit that visits ¢ at time N, and reaching
t can be delayed arbitrarily by spending a necessary number of steps at 0 at

the beginning.

e |\ >1,5#0and A(J,s) = 0. Let ¢t € R™. In this case, observe that there
must exist a time bound 7" such that for sufficiently small €, all e-pseudo-orbits
of s after time T are contained outside B(0, 2 ||t||,). Hence for sufficiently small

e no N, with the the specified property can exist. O

There are two modes of pseudo reachability: via orbit, or at larger and larger time

steps for smaller e.

Lemma 4.13. Let A € R™*™ and s,t € R™. If there exists N such that for every e,
t is e-pseudo-reachable from s within the first N steps, then t € O(A,s).

Proof. Suppose such N exists. By continuity of the map x — Ax, for every § > 0 there
exists € > 0 such that for every ¢ < e and €-pseudo-orbit (z;)ien, ||z; — A's|l, < 8
for 0 < i < N. Hence the intersection of the first NV elements of all e-pseudo-orbits is
exactly {s, As,..., AN"1s}. O

Lemma 4.14. For J = diag(Jy, ..., J;) in real Jordan normal form and s € R™,
O(J,s) = O(J,s) UTLL_ A (J;, s;).

Proof. Suppose t = (t,...,t;) € II'_;A(J;,s;). That is, for every € and 1 < i <[
there exists an e-pseudo-orbit (:c;) jen of s; under J; that reaches ¢;. By Lemma m,
for every e there exist e-pseudo-orbits (y;:)jeN of s1,---,s that reach ti,...,t, re-
spectively, at the same time N. That is, y& = ¢; for 1 <7 < m. Hence (y}, ...,y )ien

is an e-pseudo-orbit of s under J that reaches t.
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Now suppose t € (5(J, s)\ O(J,s). We prove, by a case analysis on .J;, that
ti € A(J;,s;) for 1 <4 < [. The main idea is that if ¢ is pseudo-reachable but not
reachable, then in order to reach it via an e-pseudo-orbit one will need longer and
longer time horizons as € — 0 (Lemma [4.13).

1. p(J;) < 1. Since ¢ is not in the orbit, we can find a sequence Ny < Ny < --- of
time steps and €; > €3 > --- of perturbations such that t is ¢;-reachable from
s earliest at time N;. In particular, t; is €; reachable from s; at time N; for
every 7. But by Lemma this means that [t;| < J for every 6 > 0. Hence
t;=0¢€ A(J;,s;).

2. p(J;) = 1. Since in this case A(J;, s;) = R trivially t; € A(J;, s;).

3. p(J;) > 1 and s; = 0. Since in this case too A(J;,s;) = R trivially t; €
A(JZ,SZ)

4. p(J;) > 1 and s; # 0. This case cannot arise, as similarly to Case 1, one can
argue that if pseudo-reaching t¢; requires larger and larger time steps as € — 0,

then |t;| > 0 for every 6. But in this case no such ¢; can exist. O
We now have everything we need to solve the pseudo-orbit problem.

Theorem 4.15. Given A € Q™™ and s,t € Q™, we can decide in polynomial time
whether t € O(A, s).

Proof. Given A € Q™ ™ and s,t € Q™, we compute (in polynomial time) matrices
Q,J,Q7' € (RNQ)™™ such that A = QJQ ™! and J is in real Jordan normal form
(Section . Then, we compute ' = Q~ !t and s’ = Q~'s, and by Proposition
we have that ¢ € O(A, s) if and only if ¢ € O(J,s'). It remains to decide whether
' € O(J,s). For this we use the characterization described in Lemma . To
decide whether ¢ € O(J,s), observe that Q7' € O(J,Q7's) <= t € O(A,s),
and whether t € O(A, s) is an instance of the Orbit Problem and can be decided in
polynomial time. Finally, it remains to check whether t; € A(J;, s;) for each block J;,
which can be done easily given the simplicity of A(J;, s;). O

4.4 Pseudo-reachability is decidable for bounded
semialgebraic sets

We now apply our characterization of pseudo-orbits (Lemmal4.14)) to deciding pseudo-

reachability for arbitrary bounded semialgebraic sets.
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Definition 4.2 (Pseudo-reachability). A set S is pseudo-reachable from s under A if

for every € > 0, there exists a point x. € S that is e-pseudo-reachable from s under

A.

Note that the quantifier order is important: a fixed point that is e-pseudo-reachable
for all € > 0 must be in the pseudo-orbit. For (closed) bounded sets, we will show
that these two notions coincide, but (as we will see in the next section), it is possible
to have closed unbounded sets which are pseudo-reachable despite not intersecting
the pseudo-orbit.

Recall that a semialgebraic set is the solution set of a boolean combination of
integer polynomial equalities and inequalities. We show that we can decide if a
bounded semialgebraic set is pseudo-reachable, by reducing the problem to checking
if the closure of the set intersects the pseudo-orbit. The following proposition shows

that we can decide if a closed bounded semialgebraic set intersects a pseudo-orbit.

Proposition 4.16. Given A € Q™™ , o € Q™, and a closed bounded semialgebraic
set C, it is decidable if C intersects O(A, xg).

Proof. Convert A to Jordan form J. Recall that for J = diag(Jy,...,J;) in real

Jordan normal form and s € R™,
O(J,s) = O(J, s) UTL_ A(J;, s;),

where
R* ifp(J)=1or, p(J)>1and s =0,

A(J,s) =< {0} if p(J) <1,

0 otherwise.

We proceed casewise based on the value of A := IIL_, A(J;, s;).

Case 1: A = (). In this case we know that the orbit must blow up due to the
presence of a Jordan block with eigenvalue A\; > 1 and a non-zero corresponding com-
ponent s;. We can find R such that C' C B(0, R). Set N = [(log R — log |s;|)/ log A;].
Clearly for n > N, A"xy ¢ C, so we only need to check whether the first N points of
the orbit intersect C.

Case 2: A # (). In this case, without loss of generality we can write A = 0¥ x R™*
for some k, 0 < k < m. Checking whether this A intersects C is trivial. If it
does not intersect, it is because C' does not touch zero in all the zero dimensions.
Let C’ be the projection of C' onto the first & dimensions. Since C’ is a compact

semialgebraic set that does not contain zero, using Lemma we can find § such
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that C' C R¥\ B(0*,§). By Lemmal[d.9] we can effectively compute N € N and € > 0
such that after time IV, all e-pseudo-orbits are contained inside B(0*, §) x R™*. Thus
again we only need to check the first N points of the orbit. O

Theorem 4.17. Given A € Q™™ xy € Q™, and a bounded semialgebraic set S, it

is decidable if S is pseudo-reachable from xy under A.

Proof. We show that S is pseudo-reachable from zy under A if and only if there exists
x € S that is pseudo-reachable from z, under A, allowing us to restrict our attention
to compact sets and the existence of a pseudo-reachable point in a set as opposed to
pseudo-reachability of the set as a whole. Deciding pseudo-reachability then reduces
to checking whether SN 6(/1, x9) = ), which can be computed using Proposition m

Suppose S is pseudo-reachable. Let (¢;);en be a sequence of positive numbers
with lim; , €, = 0, and (z;);eny be a sequence of elements of S such that x; is €;-
pseudo-reachable for all 7 > 0. By the Bolzano—Weierstrass theorem, boundedness of
S implies that (z;);eny must have a limit point = in S. To argue that z is pseudo-
reachable, let € > 0. Since z is the limit point of (z;)icy, there must exist an §-
pseudo-orbit (y;)ien containing a point yy such that ||z — yy||, < 5. Therefore, z is
e-pseudo-reachable from s via the sequence s,y1,...,yn_1,T.

Now suppose = € S is pseudo-reachable. To argue that S is pseudo-reachable, let
e > 0. Since z € S, there must exist a point 2’ € S such that |2’ — z|, < §. Since

v is §-pseudo-reachable, 2’ must be e-pseudo-reachable. O

4.5 Hyperplane pseudo-reachability is decidable

In this section, we study the hyperplane pseudo-reachability problem, a generalization

of the Skolem problem to pseudo-orbits.

Problem 4.18 (Hyperplane pseudo-reachability problem). Given A € Q™™ s €
Q™, and a hyperplane cT-x = v for c € Q™,v € Q, decide whether (’36(14, s) intersects
the hyperplane for all € > 0.

First we consider the case where we are given:
e a hyperplane H = {x € R™ : 'z = v} with (¢,v) € (RNQ)™ x (RN Q),
o J =diag(Ji,...,J.) € (RNQ)™™ in real Jordan normal form, and

e a starting point zo € (RN Q)™.
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We show how to decide if for every € > 0 there exists an e-pseudo-orbit (z;);en of zo

Tey —v =0 for some N € N.

under J that hits the hyperplane H, i.e. ¢

A block J; is relevant with respect to hyperplane H = {x : ¢'ax = v} if the
coefficients of ¢ at the coordinates corresponding to J; are not all 0. Intuitively,
dimensions corresponding to blocks that are not relevant can simply be omitted from
the analysis as they do not play a role in determining whether a point is in H or not.
Relevant eigenvalues of J are the eigenvalues of relevant blocks. The relevant spectral
radius, written pg(J), is the largest modulus of all relevant eigenvalues. Our proof
uses a case analysis on pg(J). We shall see that the proof is simple when pg(J) <1

but requires more technical ideas when pg(J) > 1.

Lemma 4.19 (Case py(J) < 1). Fiz a matriz J in real Jordan normal form, a

T

starting state xq, and a hyperplane H = {x : ¢' © = v}.

1. If pu(J) =1, then H is pseudo-reachable.

2. If pu(J) <1 and O € H then H is pseudo-reachable. If py(J) <1 and 0 ¢ H,
there exists an effectively computable time bound N such that H is pseudo-
reachable if and only if there exists 0 < i < N such that J'zy € H (that is, H

is reachable from xo under J after at most N steps).

Proof. First suppose pg(J) = 1. We write J = diag(Jy, J,-), where pg(J,) = 1 and
pu(J.) < 1 (observe that wlog we can assume the blocks of J have non-decreasing
spectral radius when listed from top to bottom) and correspondingly set s = (s, s.),
¢ = (cp,¢r). Note that ¢, # 0 by the relevance of at least one eigenvalue of modulus
1.

By Lemma we know 0 € (5(Jr, sy). By Lemma , we can select y such

that ¢y —v =0 and y € (5(Jh,sh). Therefore, invoking Lemma for every

h

.
n

nen and (] )nen such

"),

e > 0 we can find N € N and construct e-pseudo-orbits (x
that 2% = y and 2%, = 0, which implies that for the e-pseudo-orbit z,, = (x
c'any —v=cly+cl0—v=0as desired.

Now suppose pg(J) < 1.

Case 1: v = 0. Since 0 € H and the origin is pseudo-reachable from =z
(Lemma [4.8)), H is pseudo-reachable.

Case 2: v # 0. Using Lemma[4.9] and setting § = [v]/(2 ||c[|,), we can find € > 0
and horizon N € N after which every e-pseudo-orbit is trapped in B(0,d). Thus,
the hyperplane cannot be pseudo-reached after time N, as the hyperplane does not

intersect with B(0, ¢). It remains to check if the hyperplane is pseudo-reachable at any
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of the first NV time-steps. In fact, for a bounded time interval, a hyperplane is pseudo-
reachable iff it is reachable. This is because the effect of finitely many disturbance
terms (do,...,dy_1) can be made arbitrarily small for small enough e. Therefore,
decidability in this case only requires checking if the bounded orbit (y,)o<n<n hits the
hyperplane before the time horizon N, that is, if there exists a time-step 0 < n < N
such that ¢'y, — v = 0, which is clearly decidable. ]

We now consider the case pg(J) > 1. The main ideas of our proof are as follows:

1. A point x,, in the e-pseudo orbit belongs to the hyperplane (¢, v) if ¢" 2, —v = 0.

T

In particular, ¢' x, — v can be written as a sum over exponential polynomials

in eigenvalues of different sizes.

2. We factor out the scaling factor corresponding to the top eigenvalues, leaving
a sum over normalized eigenvalues, together with a sum over disturbances (of

order €) and additional terms which go to zero with large n.

3. We relate hyperplane pseudo-reachability to the limit inferior of the sum over
normalized eigenvalues. If the limit is zero, we show the hyperplane is pseudo-
reachable. If the limit is positive, we show there is an effective bound N such

that if the hyperplane is pseudo-reachable, it is reachable within N steps.

4. We apply results from Diophantine approximation and the theory of reals to

compute the limit inferior of the sum over normalized eigenvalues.

Fix J = diag(.J1,...,J;) € (RN Q)™ ™, a starting point 2o € (RN Q)™, and a

hyperplane H = {x € R™ | ¢z = v} with c € (RN Q)™,v € RN Q. We assume
without loss of generality that all blocks are relevant.
Step 1: Analysing c'z, —v. Let L = py(J) > 1 be the largest modulus of a
relevant eigenvalue of J and suppose the blocks are arranged in non-increasing order
of the modulus of eigenvalues. In particular, let ¢ < [ be such that the first ¢ blocks (¢
for “top”) have p(J;) =--- = p(Jy) = L > 1. We call the eigenvalues of these blocks
the top eigenvalues. The remaining blocks satisfy L > p(Ji 1) > -+ > p(J)).

Let (d;);en be a sequence of perturbations and (z;);en the resulting pseudo-orbit.

We have that for all time steps n,

n—1 l n—1
e, —v=c (J”:EO + Z J'“dn_k_1> —v= Z (ciJi”xé + ¢ Z Ji’C ;_k_1> -,
i=1 k=0

k=0
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where for all 1 <i <1, ¢!, 2% d' are projections of ¢', z,, and d,,, respectively, onto
the coordinates governed by J;. Observe that ¢ is a row vector for every i.

Step 2: Normalized sum. We define a normalized version of this sum by factoring
out L™ (the size of the top eigenvalues) and n”, where we define D in such a way that
we normalize polynomials in n that appear in the sum. Observe that for 1 < i <'¢

(the top eigenvalues),

[pﬁ (A" +PL()A™ e P (R)A +p§ﬁ(i)(n))\"] if J; has eigenvalues A, A
I =

[pﬁ (n)p" -+ Plyy(n)p*| if J; has a single eigenvalue p
for polynomials p, . .., pi(i) (with algebraic coefficients) where r(7) is the multiplicity

of the block J;.

We define D to be the largest number such that the monomial n” appears with a
non-zero coefficient in at least one of c’J[b for 1 < i <t. (Note that if all entries of ¢
are non-zero D + 1 is equal to the largest multiplicity of a top eigenvalue block of J,
as can be seen from the description of powers of a Jordan block in Section )

We can now define
T ! n n—

1
c' x,—v i i I v
= o _$ ( A d) -

=1 k=0

For notational convenience we define vector-valued functions g'(n) := c’% for
1 <4 <. The following technical lemma summarizes the relevant properties of these

scaled terms.

Lemma 4.20 (Normalization Lemma).
1. For1 <i<t (top eigenvalues), ||g"(n)|, = O(1) (with respect to n).
2. Fort+1 <1 <1l (non-top eigenvalues), lim,_, |g'(n)| ., = 0.

3. There exists 1 < 7 <t and effectively computable N € N and C > 0 such that
n>N = g, >C.

Proof. We address each point individually.
1: For 1 <4 <t let J; have eigenvalues A and A (the case where J; has a single

real eigenvalue is similar but simpler) and observe that

) i (n n 2"rl, ~\ "7 Z,{l(n) n an(n) ~\ "
o= [ @+ 52 (2) - B+ ()]
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By the definition of top eigenvalues, [A| = L and thus 2 and % have modulus 1. By
construction of n”; the polynomials pi(n),... ,p’éﬁ(i) all have degree at most D and
hence the terms j{f[;), o p“’@g(") are bounded from above by a constant.

2: Fort+1 <1 <[ let J; have eigenvalues A and )\ and observe that

i i (n noopitn) (X\" () () no o Phpn® X\
S = [ ) B (7)) e ()]

By construction [A| < L and thus y := 2 and ¥ have moduli |7[,[y] < 1. The
polynomials pj(n),...,ph. (n) may not be asymptotically bounded by n” (since
nP was constructed only considering top eigenvalues). However, it is clear that the
exponentially vanishing (%)n and (%)n will dominate the polynomials and all entries
of ¢g'(n) will thus vanish.

3: Observe that by the construction of n”, there must exist a top eigenvalue block
J; (1 < j <t) for which at least one polynomial in ch]” has degree D. Let r > D be
the multiplicity of the block J;, which has the form of a real Jordan matrix with a

single block (Eq. (4.2])) with sub-blocks A. One can write

AP nAn—l (721) An—1 .. (Til)An—r—s—l

0 A" nAn—l L. (TEQ) An—TH2
=l | z s z :

0 0 0 e nA"1

0 0 0 e A"

(4.5)
where c,i for 1 < k < r corresponds to a row vector of size two or one, respectively,
when A is a 2x2 or 1 x 1 matrix. Analyzing this product, we see that ¢/, . . ., CjDJrl =0,
c)b #0 apd the single entry of ¢/ Ji* whose polynomial component has degree D is
exactly ¢, (p)A"P.

We define A := A/L. Note that HAH = 1. Now observe that for this block J;, we
2
have

1 o1 1

g (n) = LnnDC‘jJin = C]Dﬁj\n + 5(0(1))‘

Therefore, there exists sufficiently large N such that for all n € N,

» ol
N — | S Py o =1 -
"= HL”nDCJJ’ ] = 4D
Thus we have shown Point |3| with C' = ”Z%L'Q. O

Step 3: Conditions for reachability and non-reachability. Now we are ready

to attack our original problem. Going back, H is e-pseudo-reachable if and only if
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f(n) = 0 for some disturbance sequence (d;);en with d; € [—¢, €™ for all .. We analyze

how f(n) can be brought to 0 in this way.

Lemma 4.21. Let
(4.6)

Z gi(”)xo

If G =0, then H is pseudo-reachable. If G > 0, there exists a computable time bound

G = liminf
n—oo

N such that H is pseudo-reachable if and only if it is reachable (in the standard sense)
within the first N steps.

Proof. Suppose G = 0. Take an arbitrary ¢ > 0. We argue that H is e-pseudo-
reachable. Recall that

n n—1 Jk v
¢ L D‘% +CZZ Ln;Dd;kl> B LnnD
k=0
n—1
i i i Jz‘k i v
k=0

Let I be such that ||gl(n)||Oo > C, for C' > 0 and sufficiently large n (Point 3 of the

Normalization Lemma). We construct a pseudo-orbit with all perturbations set to

zero except db and obtain

t

J"1 v
f(): d1+29 $O+ZCLHD0 LnnD"

1=t+1

Intuitively, we will use the term ¢! LJ,’L DdI to cancel out the remaining summands

above, but we have to argue that this can be done using a disturbance of size at most

€. Moreover, observe that ¢! anD is very close to g’(n). Formally, we first find N

large enough such that
* ls'M), > €

< & 5 (possible because for t +1 < ¢ < [,

l ;i JN v
Z ' on NND :
i=t+1“ NN LNN il oo

p(J;) <1land L > 1), and

o Xl g' (V)| < Hfﬁwg (possible because liminf, .« ||35_, g'(n)zi|| = 0).

Finally, we determine the value of d}. Without loss of generality, assume that g/ (N)
is of the form [C” } Where |C'| > C, that is the first entry of ¢g/(IN) is large. We
dI = g'(N)J;'d} and set

then observe that ¢’ LN ~D

db=J;- [ /<Z§:1gi(N)xé+Zizt+1clL;V’NDx0 LNQ;VD> 00 --- 0
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to obtain

IJNl ; bt . LN v
LNNDd o Zg<N)x0+ZCLNNDxO_LNND

i=1 i=t+1

and hence f(N) = 0.
Now suppose G > 0. Recall

n—1
i i i Jz‘k i v
f(n) = Z (9 (n)agy +c LnnD dnkl) " TnpD

k=0
l n l n—1

Lo g : g
=S g Y e Y Y -

In this case we shall construct a time bound N after which for all sufficiently small

value of ¢, the term Y°¢_, g'(n)x} will dominate the other summands. Let 2A > 0 be
a lower bound on liminf, ., | >2¢_, g'(n)x)| > 0. We shall see how to obtain such a
bound effectively later (Lemma [4.22). We compute N with the following properties.

i 1g :L‘O} > A. Possible because lim inf,, . |Zl 1g ! | >
2A.

e Foralln > N, ‘Ziztﬂ c’%xé‘ , |#’ < A. The former is possible because

fort+1<i<I, p(J;) < L.

o For sufficiently small ¢, for all n > N, ) D 1‘ <Afor1<i<l.

To see that this is always possible, observe that

= E)e

(where fixed M bounds the matrix dimension), and

n—1
¢ Lnnd d-
k=0

L”nd

]' Z
Ln LRk ||

’VL—)OO Tl—)OO

0| -

Recalling Point (1] of the Normalization Lemma, [|¢*(n)||., = O(1) and hence

L”nd

n—oo
k=

n

fm D

k=0

1
Lnfk

s =ow,

o0

by bounding the sum > _, H ﬁ g'(k) HOO from above by a geometric sequence.
Therefore, "7,

ciently small.

Me can be made < A by choosing € to be suffi-

J;
C Tnnd
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Once we have chosen N, by the properties above we will have that for all n > N, for

sufficiently small e,

t
> g ()
=1

Therefore, H is pseudo-reachable if and only if for every € > 0, H is e-pseudo-reachable
within the first V steps. By Lemma this is the case if and only if H is reachable
within the first N steps. O

|f(n)| >

i=t+41 =1 k=0

Step 4: Analyzing liminf, . |>'_, ¢'(n)z}|. Consider a single term g'(n)).

Writing #f = [Xo X; --- X.]', where Xj,..., X, € R, we have
, L in) (A\" pi(n) (X"
i i o) (2 eri) (2 X,.

Let v = % Note that |y;| = 1. By the construction of n”, none of the polynomials
have a term of degree higher than D. Therefore, we can absorb the constants X,
and the monomial n” into the polynomials, sum the terms up, and write them as
polynomials in % That is,

g'(n)zg = q'(L/n)y}" + ¢'(1/n)7"
for suitable polynomials ¢* with algebraic coefficients. Thus

> g'(n),

=1

> d(/nyf + g (/)"

=1

lim inf = lim inf
n—oo n—oo
We defer the proof of the following lemma, which requires tools from Diophantine

analysis and the theory of reals, to the next section.

Lemma 4.22. Let v1,...,v be algebraic numbers with modulus 1. Let ¢*, ... q" be

polynomials with algebraic coefficients. The quantity

> d(/mf + g (/)"

=1

lim inf
n—oo

can be effectively computed. If it is greater than zero, there is an effectively computable

N satisfying the requirement of Lemma |4.21.

We are now ready to aggregate our case analysis into solving the pseudo-Skolem

problem.
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Theorem 4.23 (Hyperplane pseudo-reachability (pseudo-Skolem) is decidable). Given
AeQmm x5 € Q™ and H ={x:c" -2 = v} (where c € Q™, v € Q), it is decidable
whether O.(A, xy) intersects H for all € > 0.

Proof. Given A € Q™™ 2o € Q™ and H = {z : ¢" -z — v = 0}, we first convert A
to real Jordan normal form as described in Section to obtain J = Q7 1AQ. We
then perform a coordinate transform on zy and H to obtain H' = {z : ¢' Qz —v = 0}
and x) = Q'zy. The original problem is now equivalent to pseudo-reachability of
H’ from x( under J.

Next, we remove dimensions from z{, ¢’ @ and .J that do not correspond to relevant
blocks and determine the relevant spectral radius pg(J) of J. If pg(J) = 1 then H’
is pseudo-reachable by Lemma [£.19(1). If py(J) < 1, then by Lemma [1.19(2), H' is
pseudo-reachable if and only if 0 € H' or x}, Jxj, ..., JVxz hits H', where N is the
computable bound in the Lemma.

Finally, we consider the case where py(J) > 1. Let Ji,...,J; be the blocks of
J with p(J) = pg(J) and ', ... ¢, x}, ..., z} be the corresponding coordinates of
c'Q and ), respectively. Finally, compute the value of liminf, . |Z§:1 g’(n)xm
using Lemma [4.22| and use Lemma to either immediately conclude pseudo-
reachability or to compute the bound N and determine reachability by checking if
zh, Jap, ..., JNxp hits H'.

]

A positive example of hyperplane pseudo-reachability is shown in Figure [4.1]

4.6 Computing the limit inferior of an exponential-
polynomial sum

We now prove a generalization of Lemma [£.22] Let A, ..., \,, be algebraic numbers
of modulus 1 and let py,...,p, be polynomials with algebraic coefficients. Let n
range over the natural numbers. We show how to effectively determine the value
of liminf, o [ Y72, pj(1/n)A}[. Moreover, if the value is strictly greater than 0, we
show we can find an explicit bound A and N € N such that for all n > N, we have
| > pi(1/n)A}] > A, Lemma follows as a special case.

4.6.1 Polynomials to constants

First we show that we can replace the polynomials by their constant terms.
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Figure 4.1: By normalizing the required perturbation M — M’, we see that the
required perturbation PM — PM’ can be implemented via an initial perturbation
S — 5.

Lemma 4.24. Let \y,..., A\, be complex numbers of modulus 1. Let py,...,p, be

polynomials (with algebraic coefficients) with constant terms cy,. .., ¢y, respectively.

Then
> pi(1/n)A > Ny
Jj=1 j=1

Proof. We can write p;(1/n) as ¢; + S ¢(j.i) = where ¢; is the constant term, c(;

lim inf " = lim inf
n—oo J n—oo

are the other coefficients, and d; is the degree. Define A; = Z?il |c(i)| and observe
that
& L Sl leganl _ 4
i1/ = < |3 el < EEL =
Thus for any ¢, setting N;(e) = [A;/€| ensures that
n > Nj(e) = |p;(1/n) —¢;| <e.

Now let S, be defined as | Y 77" ¢;A7].
Observe that

1> pi(1/n)\}| = |Z cj +pi(1/n) —c;) A7
j=1 j=1
Thus

IZ pi(1/n) = ¢;)Aj| < |ij(1/n)>\?| < Snt| Z(Pj(l/n) = )Ajl
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and so

m

Su= D 1ps(1/n) = ¢))Nj| < Iij(l/n)/\?l < Sh+ Z |(p; (1/1) = ;)1

J=1

by elementary properties of sums of absolute values. Because the A;s have absolute

value 1, we can reduce the proposition above to
w= D 1 (1/n) =)l < [ pi(1/mA ] < S+ ) [(pi(1/n) = ¢))).
j=1 j=1 j=1
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for all 7, which gives us

Sp—e< ij(l/n)/\;‘ <S5, + €
j=1
Taking the limit inferior of each term gives us the desired result. O]

4.6.2 Diophantine approximation

Kronecker’s theorem (see [section 2.6)) enables us to compute the lim inf by minimizing

a function over a compact algebraic set:

Theorem 4.25. Let Ay, ..., A\, be complex numbers of modulus 1. Let py,...,p, be
polynomials (with algebraic coefficients) with constant terms cy, ..., c,, respectively.
Letz = (z1,...,2m) and c = (c1,...,Cn). We have that

ij(l/n))\

where T is the algebraic set which is the closure of {(A},...,A\") :n € N}.

m

>N

J=1

"| = lim inf
j n—oo

lim inf —inflc' -z|= m1n|c z|,
n—00 z€T zeT

Proof. The first equality follows from Lemma |4.24] and the second follows from The-
orem The third equality holds because the function z + |c' - z| is continuous
and T is compact. O

4.6.3 Computing with the theory of the reals

Now, since 7T is an algebraic set, the minimum min,c7 |c' - z| can be expressed in the
theory of reals with addition and multiplication (omitting the encoding of absolute
values):

JzcTuv=|c' - z|AVZ cTv<|c -7
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Therefore, by Tarski’s theorem [82], 5, 25], we can characterize the unique v that
attains the minimum.

Suppose the minimum v is some number B > 0. In this case, we need a bound
A € R and N € N such that |27 p;j(1/n)A}| > A for all n > N. By emulating
the proof of Lemma [£.24] we can find a bound N such that for all n > N, we have
| > 21 pj(1/n)A}| > B/2. The required bounds are A = B/2 and this N.

This concludes the proof of Lemma [£.22] and therefore also Theorem [£.23]

4.7 Conclusion

In this chapter, we have analysed reachability problems from a more topological
perspective, with surprisingly different results from the exact versions of the problems.
Our results can also be applied to dynamical systems and control theory. Conley
[26] formulated the fundamental theorem of dynamical systems: the iteration of any
continuous, possibly non-linear, map on a compact metric space decomposes the
space into a chain-recurrent part (the pseudo-orbit analogue of a period orbit) and
a gradient-like part. Our results imply that deciding if a state is chain recurrent is
decidable for linear systems.

In linear systems theory, controllability is a fundamental property of linear systems
[89]. Controllability states that the system can be controlled from any point to any
other point. However, this may require unboundedly large control inputs. A pseudo-
orbit can be seen as a stronger notion, where we ask if the dynamics can be controlled
from a starting point to an ending point no matter how small the control input is: if
a state belongs to the pseudo-orbit, then for every ¢, there is a sequence of control
inputs each bounded in norm by e that steers the system to that state.

A note on limitations of the approach in this chapter: our techniques take advan-
tage of the fact that a hyperplane is defined by a single equation, and thus we can
analyse the kind of perturbation necessary to satisfy this equation. Unfortunately,
this quickly becomes intractable for even two equations, such as determining if we can
pseudo-reach the intersection of two hyperplanes, or any more complex unbounded
semialgebraic set. In the next chapter, we will consider a different approach that
abstracts away from the details of the perturbations, which allows us to extend our

results to more complex sets.
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Chapter 5

Pseudo-Reachability for
Diagonalisable Systems

5.1 Introduction

The pseudo-reachability problem for affine dynamical systems generalizes the problem
we considered in the previous chapter: it asks, given a starting point s, affine dynamics
x — Mz + b, and semialgebraic target S, whether for all ¢ > 0 there exists an e-
pseudo-orbit that reaches S. In other words, for every positive value of € (provided
by the environment), does there exist a sequence (zg = s,x1,Zy...xy) such that
|Mz, +b—2Tpi1lloo < eforall0 <n < N and xy € S?

As we mentioned earlier, already for a target S that is an intersection of two
halfspaces, deciding pseudo-reachability becomes difficult because given € > 0, there
is no compact description of all e-pseudo-orbits that reach each of the halfspaces that
would allow one to check whether there exists a single e-pseudo-orbit that reaches
both halfspaces at the same time.

In this chapter, we develop a completely different “logical” approach to show
the decidability of the pseudo-reachability problem for diagonalisable systems with

arbitrary semialgebraic targets.

5.1.1 High-level proof sketch of our approach

Our solution to the diagonalisable pseudo-reachability problem can be summarised
as follows. Let 6e(n) denote the set of all points that are reachable exactly at time
n via an e-pseudo-orbit. The pseudo-reachability problem then consists in checking
whether the sentence ® = Ve.dn € N : 5€(n) NS # 0 is true. In this form, ® is not
amenable to application of logical methods as it involves both integer and real-valued

variables, in addition to exponentiation with a complex base (coming from non-real
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eigenvalues of M). We therefore first move to the continuous domain and construct
an abstraction A (t) for t € R=? that is definable in Ry, such that A.(n) 2 (56(71) for
all n € N. We then investigate the values of € and ¢ that make U(e, t) == A (t)NS # ()
true. We show that by the o-minimality of Rey,, either for every e > 0 there exists T
such that for all ¢ > T', W(e, t) holds, or the pseudo-reachability problem is equivalent
to a finite-horizon reachability problem that is easily solvable. In the former case,
it follows that for every e > 0, W(e,n) holds for all sufficiently large integer values
n, thus establishing a bridge back to the discrete setting. We conclude by showing
that in this case, S is pseudo-reachable. Intuitively, the idea is to use the universal
quantification over € to argue that if S can be reached using an €/2-abstraction at all
but finitely many time steps, then it can be reached by an e-pseudo-orbit, in fact at
infinitely many possible time steps. The importance of the universal quantification is
also illustrated by the following hardness result. For any fixed € > 0, it is decidable
whether 3n € N: A.(n) NS # () holds, whereas the e-pseudo-reachability problem of
determining whether 3n € N : O,(n) NS # ) holds is hard with respect to (a hard
subclass of) the Skolem problem, as shown in .

The approach outlined above can be adapted to solve a few other related problems
about linear dynamical systems. An example would be the robust reachability problem
considered by Akshay et al. in [I]: given an LDS (M, s) and a semialgebraic target S,
decide whether for all € > 0 there exists a point s’ in the e-neighbourhood of s whose
orbit reaches S. This problem can be thought of as a modification of the pseudo-

reachability problem where only one perturbation is allowed at the very beginning.

Due to this simplification, we are able to show, in [subsection 5.5.1| full decidability

(that is, without the restriction to diagonalisable systems) of the robust reachability
problem. Finally, because the first step of our solution is to translate the problem
into the continuous domain, the continuous versions of both the pseudo-reachability
problem (discussed in and the robust reachability problem (discussed in

isubsection 5.5.2)) can be handled using the same approach, arguably more naturally.

For the former, because we proceed by reducing the pseudo-reachability problem to
the bounded-time reachability problem, the decidability result assumes Schanuel’s

conjecture.
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5.2 Decidability for discrete-time diagonalisable sys-
tems

In this section we prove our main result: the decidability of the pseudo-reachability
problem for discrete-time diagonalisable affine dynamical systems, which are a gen-
eralisation of LDS.

The reason we consider affine systems is that the well-known homogenisation trick
(increasing the dimension by one and adding a coordinate that is always equal to 1)
used for reducing the classical reachability problem for affine systems to the reach-
ability problem for LDS doesn’t work for the pseudo-reachability problem: when
perturbations are allowed, one cannot force a coordinate to remain constant. Hence

affine systems require separate treatment.

Problem 5.1 (pseudo-reachability). Let M € Q™*™ be an update matriz, s € Q™ be
a starting point, b € Q™ be an affine term and S C R™ be a semialgebraic target set.
A sequence (xg = $,x1,T2...) is an e-pseudo-orbit of s if || Mz, +b — Tpi1||lee < €
for all n. The pseudo-reachability problem asks: given M,b,s and S, decide whether

for each € > 0 there exists an e-pseudo-orbit of s that reaches the set S.

Let 55(71) denote the set of all points that are reachable via an e-pseudo-orbit
of s under the map = — Mz + b at time n. Since O.(0) = {s} and O.(n + 1) =
MO,(n) + b+ eB(0,1), by induction we can show that O.(n) = M"s + S Mib

>y ' MiB(0,1). The pseudo-reachability problem is then equivalent to determm—
ing the truth of VYe.3n : O (n) NS # 0. Here B(0,1) can be viewed as a set of
“control inputs”, and the pseudo-reachability problem can be viewed as the problem
of determining whether S can be reached using arbitrarily small control inputs. The

next lemma shows that we can in fact, choose any reasonable control set.

Lemma 5.2 (Invariance under change of the control set). Let B C R™ be a bounded

set containing an open ball around the origin.

1. The pseudo-reachability problem as defined above is equivalent to the problem of

determining whether

n—1 n—1
Ve.In: (M"s+ Y M'b+eY MB)NS#4.

=0 i=0

2. We may assume the matriz M is in real Jordan form.
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Proof. Since B is assumed to be bounded and to contain an open neighbourhood
around the origin, there must exist constants Ci,Cy such that C1B(0,1) C B C
C2B(0,1). Hence

n—1 n—1 n—1
Cied M'B(0,1) Ced M'BC Che ) MB0,1).
=0 =0 =0
The proof of (1) then follows from the fact that e is universally quantified: one can
simulate (i) an e-pseudo-orbit with control set B using a Cye-pseudo-orbit with control
set B(0,1) and (ii) an e-pseudo-orbit with control set B(0,1) using a ¢/Ci-pseudo-
orbit with control set B. The proof of (2) follows from observing that multiplying
B(0,1) by an invertible change of basis matrix results in a bounded control set con-

taining a neighbourhood around O. O]

Observe that the change of the control set described above is not applicable when
€ is fixed, as in the e-pseudo-reachability problem discussed in [section 5.3|

5.2.1 A closed form for O.(n)
We now use to choose a control set that results in O, (n) with a convenient

first-order closed form: observe that the naive formulation above involves the term
S MiB(0, 1) which is not “first-order”.

Assume M is diagonalisable and in real Jordan form:

M = diag(Ay, ..., Ak, prs1,---,pq)- That is;, M consists of d blocks, the first k
of which have dimension 2 x 2 and a pair of non-real conjugate eigenvalues, whereas
the remaining blocks are 1 x 1 and real. Write p; for the spectral radius of the
jth block. We can factor M into a “scaling” and a “rotation” as M = DR where
D = diag(p1, p1s- - s Pky Pk Pki1s Pht2, - - -, Pa) 18 diagonal and R is a block-diagonal
matrix that consists of blocks that are either 2 x 2 rotation matrices or 1 x 1 and

equal to [:I: 1} . Hereafter we will be using the convenient “rotation-invariant” control

set
B= HB((0,0), 1) x H [—1,1] = HB((), 1)

where B((0,0),1) is the unit disc. Observe that B is a product of fo-balls that matches
the block structure of M. It follows that RB = B and hence

n—1 n—1 n—1
O.(n) = D"R"s + Z M'b+ e Z D'R'B= D"R"s + Z M'b+ eB(n)

1=0 1=0 =0
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where B(n) = 37 D'B. We then have

B(n) = ZDiHB(o, 1) = ZHB(o,p;‘.) = HB(o,Zp;’.).

Geometrically, the idea is that a 2 x 2 or a 1 x 1 block of D maps an origin-centred
disc (which corresponds to a symmetric interval in 1D) to an origin-centred disc, and
a set-sum of such discs is again an origin-centred disc. Note that our ability to reason
in this way crucially depends on the fact that M is diagonalisable. Finally, since
S P’ is either % or np;, we can write B(n) = {z : ¢(z,n, pt, ..., p4)}, where ¢
is a semialgebraic predicate.

We can apply the blockwise summation technique, distinguishing between the
cases where the spectral radius of the block is 1 or different from 1, to the term
S7) Mb to obtain the closed form Y27~ M’ = D"R"z' + cn + d, where ', ¢ and
d only depend on M and b. We then fold s and 2’ into a new, fictive starting point

2 to obtain the final closed form
O.(n) = D"R"z + cn + d + eB(n).

In order to solve the pseudo-reachability problem, we henceforth consider the problem
of determining the truth of the sentence Ve > 0.3n : (D"R"x+cn+d+eB(n))NS # 0,
where all the input vectors and matrices have real algebraic entries.

5.2.2 Passing to the abstraction

The expression for (’1(n) contains the term D"R"z, which is the last obstacle to
obtaining an expression which we can attack using known results about theories of

real numbers. To address this issue we resort to abstracting (56(71) Let
T :=cl({R"x :n € N}) and A.(n) :== D"T +cn+d+ eB(n)

where 7T is the closure of the orbit of x under R, and is semialgebraic and effectively

computable by |Corollary 2.17, Moreover, recall that by Kronecker’s theorem for every

z € T and € > 0 there exist infinitely many integers 0 < ny < ng < ... such that
||R"x — z|| < e for all 4.

Here A.(n) acts as an abstraction of O.(n). In particular, for all € > 0 and
n € N we have A.(n) D Oc(n). Observe that A.(n) = {z : ¢(z,e,n, p%, ..., p2)} for
a semialgebraic predicate ¢. Viewing A.(n) as a proxy for O.(n), we arrive at the

following dichotomy.

83



Lemma 5.3 (Dichotomy lemma). FEither
1. for every e > 0 there exists N, such that for all n > N, A.(n) intersects S, or

2. there exist N and € > 0, both effectively computable, such that A.(n) does not
intersect S for alln > N.

Moreover, it can be effectively determined which case holds.

Proof. First we show that the dichotomy holds, putting the issues of effectiveness
aside. Let

d(e,n) = \/ /\ Daple,n, ply. .oy py) XMas 0

acA BeB

be a quantifier-free formula equivalent to A.(n) NS # (. Such ®(e,n) must exist
because A.(n) is semialgebraic with parameters from {e,n,p7,...,ph} and by the
Tarski-Seidenberg theorem, each such set can be described using a quantifier-free
formula of the form given above. Suppose Case 1 does not hold. Then there exists
a particular € > 0 such that ®(¢,n) does not hold for arbitrarily large n. Treating n
as a continuous parameter, consider the set {n € R : ®(e,n) does not hold}. By
o-minimality of Rey, this set is a finite union of intervals and and by the assumption
that Case 1 does not hold, it contains arbitrarily large integers. Hence it must contain
all integers in (IV,00) for some N € N. That is, for all n > N the formula ®(¢,n)
does not hold.

Effectiveness. We now address the issues of effectiveness. Consider the formula
U(e) = IN.Vn > N, : D(e, n).

We show that W(e) is equivalent to a formula 1(€) in the language of Ry. To determine
which case holds it then remains to determine the truth value of the sentence Ve : 1(e).

By the o-minimality argument above, given € > 0, each p, g(€, n, pt, ..., pJ) >a,g 0
either holds for finitely many integer values of n or holds for all sufficiently large

integer values n. By elementary considerations it follows that W(e) is equivalent to

\/ /\ AN..Vn > Nt pasle,n, pi, ..., p5) >Mas 0.

acA BEB
Hence it suffices to show how to construct a formula ¢(€) in the language of Ry
that is equivalent to IN..Vn > N, : pag(e,n, pt, ..., p) ™ap 0. For each € > 0,
the formula first tests if p,s(e) (as a polynomial in d 4+ 1 remaining variables) is

identically zero. If yes, then ¢(e€) is true or false depending only on <, 5. Otherwise,
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write pag(e,m, pf, ..., p8) = ¢ qi(e,n)RY where g;(e) is not identically zero for
all i and Ry > --- > Ry > 0 are real algebraic numbers of the form pi*--- pi
for p1,...,ps € N. Since |qi(e,n)R}| > ‘Zf:g ¢i(e,n)R}| for sufficiently large n,
whether p, s(e,n, pt, ..., ply) ><ap 0 holds for sufficiently large n depends only on
¢1(€,n). Hence we can choose 1(€) to be lim,_, q1(€) >, 5 0, which amounts to a
sign condition on the coefficients of ¢ (e, n).

Computing N. Finally, we show that in Case 2, the value N can be effectively
computed. To this end, by repeatedly trying smaller and smaller values of e first
compute a rational e > 0 such that U(e) (equivalently, 1(e)) does not hold. To be
able to compute N it then suffices to compute, for a particular («, 5), a value N, g
such that p, (e, n, py, ..., p%) o p 0 does not hold for all n > N, 3, assuming that
it does not hold for sufficiently large n. We can then take N to be the maximum of
Ny over (o, 8) € Ax B.

To compute N, g, consider p = p,s(e). Assuming it is not identically zero
(otherwise we can choose N, to be any positive integer), write p(n, pf, ..., pl) =
S qi(n) R where g; is not identically zero for all 4 and Ry > --- > Ry > 0 are
real algebraic. Since p, g(e,n, pf, ..., plJ) ™5 0 and hence p(n, pt, ..., p}) > 0 do
not hold for sufficiently large n, it must be the case that ¢;(n) <, 0 does not hold
for sufficiently large n. Hence it remains to choose NNV, g large enough so that for all
n > N, 3, |¢1(n)R}| dominates Zf:Q ¢(n)R?|. O

5.2.3 From the abstraction back to e-pseudo-orbits

In this section we consider the relationship between the two cases of and
our original pseudo-reachability problem.

We start with Case 2. Observe that O.(n) C A.(n) for every n € N and ¢ > 0.
Therefore, when Case 2 holds, for any n > N and € > 0 the target set cannot be
reached by O.(n). It remains to check pseudo-reachability at time steps n < N. Thus

we know that S is pseudo-reachable if and only
Ve.In < N: (M"x+cn+d+eB(n)) NS # 0.

Let S denote the topological closure of S. We show that the statement above is
equivalent to In < N : M"z + cn+d € S. Observe that if for all n < N the
point M"x 4+ cn + d is not in S, then by compactness the smallest distance from
{M"x+cn+d|n< N} toS is positive and hence for sufficiently small € the target
S cannot be e-pseudo-reached within the first NV steps. Conversely, if M z+cn+d € S

for some n < N, then because B(n) is full dimensional and contains 0 in its interior,
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Figure 5.1: The orange circle represents the abstraction A¢(n) := D"T +cn+d+eB(n)
at time n = 1 (say). The sequence of points represents a particular localisation.

it follows that (M"z + cn+ d + eB(n)) NS # 0 for all e > 0. Therefore, in Case 2
pseudo-reachability can be decided by simply checking if {M"z +cn+d|n < N}
reaches S.

Next we will show that S is pseudo-reachable if Case 1 holds. Given z € T, we
define a “localisation” of the abstraction at the point z as A.(n)(z) := D"z + cn +
d+eB(n). Observe that A.(n) = {Ac(n)(2) : z € T}. This definition of a localisation
will allow us to select a “concrete trajectory” from the set of all possible (abstract)
trajectories. This is illustrated in Figure |5.1

Fix e > 0 and let 7}, :== {z € T : A.(n)(z) intersects S}. The next lemma implies

that the sequence T,, must tend towards a limiting shape; i.e. it cannot “jump around”

forever.
Lemma 5.4. Let T,, = {z : p(z,n,p},...,ply)}, where ¢ is a semialgebraic predicate
and pi,...,pq are real algebraic, be a family of non-empty sets contained in a com-

pact set T. There exists a non-empty limiting set L C T to which the sequence T,

converges as n — oo, in the following sense.
1. For every € > 0, there exists N such that for alln > N, T,, C L + B(0,¢).

2. For all z € L and € > 0 there exists N such that for alln > N, z + B(0,¢€)

tersects T,,.

86



Proof. Write ¢(2,n, 0%, ..., pg) = Vaea NsepPas(2,m, 07, p4) >apg 0. We can
define the sequence (T; | t € R) as Ty = {z : ¢(z,t,p%,...,p5)}. Let L = {z :
liminf d(x, T;) = 0} where d(z,T;) denotes the shortest Euclidean distance from x to
a point in T;.

We prove the first claim by contradiction. Suppose there exists € > 0 such that
at infinitely many unbounded time steps t; < t5 < ... there are points 21, 2o, ... such
that z; € T; but z; ¢ L+ B(0,¢). Then the sequence z; must have an accumulation
point z in 7 \ L. But z will also satisfy liminfd(z,7;) = 0 and hence z € L, a
contradiction.

We prove the second claim using o-minimality of Rey,. Fix z € L and € > 0 and
consider the set Z = {t € R: z + B(0,¢) intersects T;}. The set Z is o-minimal, and
since z € L, it is unbounded from above. Hence it must contain an interval of the

form (N, 00), which implies the desired result. O

One can also show that the set L described above is in fact semialgebraic, but

this is not necessary for our arguments. We are now ready to show that S is pseudo-

reachable if Case 1 of [Lemma 5.3 holds.

Lemma 5.5. If for every e > 0 there exists N, such that for all n > N, A.(n)

intersects S then S is pseudo-reachable.

The main idea of the proof is to use the assumption that A./»(n) intersects S for
sufficiently large n to construct an e-pseudo-orbit that hits S. Intuitively, in order to
simulate A./>(n) using an e-pseudo-orbit, €/2 of the total control allowance is used
to replicate the effect of the control inputs (of size at most /2, corresponding to the
$B(n) term in the definition of A./5(n)) and the remaining €/2 is used to compensate
for the abstraction from the starting point x to the set 7. In fact, we do not know if
one can deduce that S is e-pseudo-reachable from knowing that A.(n) intersects S for
sufficiently large n. This illustrates the reason why the pseudo-reachability problem
is easier than the e-pseudo-reachability problem; see for a more concrete

argument.

Proof. Fix € > 0. We show how to construct an e-pseudo-orbit that hits S. Con-
sider Ac/2(n). By assumption, there exists N; such that for all n > Ny, A.2(n)

intersects S. We now investigate which localisations of the abstraction are respon-

sible for intersecting S. Apply to the sequence of sets T,, = {z € T :
A¢j2(n)(z) intersects S} to obtain their “limit” L. Fix any p € L.
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Let € be small enough so that ¢ D"B C $B(n) for all n > 0. Intuitively, such
¢ must exist because D"B and D" !B only differ by at most a constant factor that
only depends on the magnitudes py,...,ps of eigenvalues of M, and we have that
D" 'B C ") DIB = B(n). By [Lemma 5.4 (b), there exists N > N; such that for
all n > N, p+ B(0,¢/2) intersects T,,. That is, for all n > N there exists p, € T
such that ||p — p,|| < €/2 and p,, € T,,. Equivalently,

[p — pnl| < €/2 and A.jo(n)(p,) intersects S.

By Kronecker’s theorem there must exist m > N such that ||R™x — p|| < €/2.
Hence we have ||R™x —p,,|| < € which implies R"x —p,, € €'B and hence D™ (R™z —
Pm) € €D™B. Since by construction of ¢ we have ¢ DB C $B(m), it follows that
D™(R"x — pp) € $B(m) and hence D™p,, € D™ R™x + 5B(m). Therefore,

O.(m) = (DmRmm+§B(m))+cm+d+%B(m) D) Dmpm+cm+d+§l3(m) = Ac2(m)(pm)-
Since A¢/2(m)(pm) intersects S, it then follows that O.(m) too must intersect S. [

5.2.4 The algorithm

To summarise, the analysis above gives us the following algorithm for determining if .S
is pseudo-reachable, i.e. if Ve > 0.3n : O.(n) NS # 0. Let ¢(n, €) be a quantifier-free
formula in Rey, defining the abstraction A.(n). First determine, using the algorithm
described in the proof of [Lemma 5.3 whether Case 1 or Case 2 holds. If the former
holds, then conclude that S is pseudo-reachable. If Case 2 holds, then compute the
value of N effectively and check if there exists n < N such that (M"z+cn+d)NS # 0.

5.3 Skolem-hardness of the e-pseudo-reachability
problem

In this section we consider the e-pseudo-reachability problem for discrete diagonal-
isable systems: given diagonalisable M, starting point s, a target set S and fixed
¢ > 0, decide whether there exists n such that M"s 4+ 31—0 M*B(0,¢) NS # 0. This
problem is also known as the reachability problem for linear time-invariant systems
[40] with the control set B(0,¢€).

We will reduce a hard subclass of the Skolem problem to our e-pseudo-reachability

problem. We will show the hardness of this problem where B(0, ¢€) is the unit ¢o-ball.
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As we have discussed before, the Skolem problem is not known to be decidable
for orders d > 5, even for diagonalisable recurrences. (There is a conditional de-
cidability result for diagonalisable recurrences assuming two strong number-theoretic
conjectures [14].) The largest class of sequences for which decidability is known is
the MSTV (Mignotte-Shorey-Tijdeman-Vereschagin) class, which consists of all linear
recurrence sequences over integers that (i) have at most three dominant roots with
respect to the usual (Archimedean) absolute or (ii) have at most two dominant roots
with respect to a p-adic absolute value [60]. We consider the Skolem problem for
integer sequences whose roots p, A1, ..., A\q satisfy p = |A\;| = --- = |\g|. This class
of sequences contains many instances that are not in the MSTV class and hence is a
hard subclass of the Skolem problem.

Recall that any linear recurrence sequence can be written as u,, = ¢' M"s where
M is the companion matrix of u, whose eigenvalues are the roots of u,. Let u,
be a diagonalisable sequence that belongs to the hard subclass described above, i.e.
u, = c' M"s where M = diag(A1,...,Ag,p) and A; is a 2 x 2 real Jordan block with
p(A;) = pfor 1 < i < d. We reduce the problem “does wu, have a zero?” to an

e-pseudo-reachability problem.

Theorem 5.6 (Skolem reduces to e-pseudo-reachability). The e-pseudo-reachability
problem (for fized € > 0) is Skolem-hard for diagonalisable sequences.

Proof. Let u, be an LRS. Consider the sequence v, = u2. Observe that v, =

SF als; + Cr™ where ’
o =7’
e ['; is a 2 x 2 real Jordan block with p(I';) =r for 1 <i < L,
e c,5, cR?>for1 <i<L,and
o U>0.

The first two statements follow from the fact that the eigenvalues of v,, are products of
eigenvalues of u,,. That C' > 0 can be deduced as follows. Consider w,, = Zle al'ls;.
It only has non-real roots and hence by [70] is infinitely often positive and negative.
Hence if C' is not positive, then v, < 0 for infinitely many n, which contradicts the
fact that v,, > 0.

Next observe that wu,, has a zero iff there exists n such that v, < 0. Since we

are interested only in the sign of v,, by scaling v,, by C(2r)" if necessary we assume
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that r € (0,1) and C' = 1. We will construct an instance of the e-pseudo-reachability
problem that is positive if and only if there exists n such that v, < 0.
Define

o A=diag(Ty,...,Ty),

e s=(s1,...,8) and c = (cq,...,cp),

oe:h—r and

Eik
e H={z:c"-2+1<0}.

Observe that H is e-pseudo-reachable if and only if A”s+ 3" " A'B(0,¢) N H # 0 for
some n. Since A’B(0,¢) = B(0, 7€), we have 3" A'B(0,¢) = B(0,""¢) := B(n)

1—r

and

H is e-pseudo-reachable <= mBi(n) c-(A"s +z)+ 1is <0 for some n.
zeb(n

We will show that in fact min,cp(,) c - (A"s + z) + 1 = v,, which will conclude the

proof.

L
min c~(A”5+z)+1:ZciF?si+1+ min c- z

z€B(n) Py zeB(n)
L
1—-r

Zc T+ HCHl—rE
i=1
L
i=1
= Up.

]

5.4 The continuous-time pseudo-reachability prob-
lem

In this section we show that the approach we described in for deciding
the discrete-time pseudo-reachability problem for diagonalisable systems also works
in the continuous setting with one important difference: to handle Case 2 of the
dichotomy lemma (exactly the same as we need to solve the bounded-
time reachability problem for continuous-time affine dynamical systems, which is only

known to be decidable assuming Schanuel’s conjecture [21].
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Let M = diag(Ay, ..., Ak, prst, - -, pa) € (RNQ)E*E be a diagonalisable matrix in
real Jordan form, s € Q” be a starting point, b € Q* be an affine term and S C R” be
a semialgebraic target set. The trajectory of the system (in the absence of additional
control inputs) is given by

¢
z(t) = eMls +/ eMib dh.

0
Intuitively, while in the discrete setting control inputs are applied after each unit of
time and thus are represented by a sequence (d,, | n € N), in the continuous setting
they are represented by a continuous function A : Rsq — R*. Hence an e-pseudo-
orbit is defined as a trajectory

t t

z(t) = eMls + / My dh + / MhA(t — h) dh.

0 0
for some control signal A : Rsq — R” satisfying [|A.(¢)]] < € for all ¢ > 0. The
pseudo-reachability problem is then defined in the same way as before: decide whether
for every € > 0 there exists an e-pseudo-orbit that reaches S.

Let B be the same control set as defined in [subsection 5.2.1l For 1 < j < k| let

r; = Re(};) and w; = Im();) where ); is a non-real eigenvalue of the block A;. For

kE<j<dletr; = p; and w; = 0. By using essentially the same arguments as in

lsubsection 5.2.1] we can show that the pseudo-reachability problem is equivalent to

determining the truth of
Ve>0.3t: (Mo +ct+d+eB(t)NS #0

where x,c¢,d are L-dimensional vectors and B(t) = {z : @(z,t, et ... ")} for

semialgebraic predicate . We denote the term eM'z + ct + d + B(t) by O(n).

To define a convenient abstraction, we again write eM* = D(t)R(t) where D(t) ==
diag(em?t, emt ... et ekt elh+l elhi2t o elktdl) ig diagonal and R(t) is a block di-
cos(wjt) —sin(w;t)
sin(w;t)  cos(w;t)
for 1 < j < k and are of the form €2; = [1] for k4+1 < j <d. Just as in the discrete

case, we next define

agonal matrix whose blocks are rotation matrices of the form

T = d({R(t)z : t € Rup}) and A(t) = DO)T + ct + d + eB(t),

where T is again semialgebraic and effectively computable [21] and A, acts as an
abstraction of O,. In particular, for all € > 0 and ¢ € Rsg, we have O(t) C A.(t).
Moreover, observe that A.(t) = (¢, ™, ... e"") for a semialgebraic function ¢,
which is the most important property we need. We use A.(t) in the same way we

used A.(n) in the discrete case to arrive at the following dichotomy lemma.
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Lemma 5.7. Either
1. for every e > 0 there exists T, such that for allt > T., A.(t) intersects S, or

2. there exist T and € > 0, both effectively computable, such that A.(t) does not
intersect S for allt > T.

Moreover, it can be effectively determined which case holds.

Proof. The proof is essentially identical to the proof of Lemma [5.3] and in fact even
simpler since we may skip the step of converting from a discrete integer variable to a
continuous real-valued variable. For clarity we provide it in full.

First we show that the dichotomy holds, putting the issues of effectiveness aside.
Let

(e, t) = \/ /\ Paplet, e, . e ) >, 5 0

a€A BeB
be a quantifier-free formula equivalent to A.(t)NS # . Suppose Case 1 does not hold.
Then there exists a particular € > 0 such that ®(e,¢) does not hold for arbitrarily
large t. Consider the set {t > 0 : ®(¢,t) does not hold}. By o-minimality of Ry, this
set is a finite union of intervals and since it contains arbitrarily large real numbers
by assumption, it must contain an unbounded interval (7', 00). That is, for all ¢t > T
the formula ®(e,t) does not hold.

Effectiveness: We now address the issue of effectiveness. Consider the formula
U(e) =TTVt > T, : P(e, ).

We show that W(e) is equivalent to a formula 1 (¢) in the language of Ry. To determine
which case holds it then remains to determine the truth value of the sentence Ve : 1 (e).

By the o-minimality argument above, given € > 0, each of the values of ¢ for
which p, (€, t, €™, ..., e"") 1, g 0 holds is either bounded or contains an unbounded

interval. By elementary considerations it follows that W(e) is equivalent to

\ N\ 3TVt > T pagle e e") pa 0.

a€A BEB
Hence it suffices to show how to construct a formula in the language of Ry that
is equivalent to 37T..Vt > T, : pag(e t, et ... e"") i, 5 0. For each € > 0, the
formula first tests if p, g(€) (as a polynomial in d+1 remaining variables) is identically
zero. If yes, then ¢(e€) is true or false depending only on <, 3. Otherwise, write

Pas(et et . emat) =S qi(e,t) R where g;(e) is not identically zero for all 4 and

92



Ry > -+ > Ry, > 0 are of the form ePr™T+Pa"d for py ... . py € N. Since |q; (e, t) R}| >
)25:2 (e, t)Rf‘ for sufficiently large ¢, whether p, s(e, t,e™t, ... e"") i, 5 0 holds
for sufficiently large ¢ depends only on ¢;(¢,t). Hence we can choose ¥(€) to be
limy 00 q1(€, 1) >, 5 0, which amounts to a sign condition on the coefficients of g (e, ).

Computing 7. Finally, we show that in Case 2, the value T' can be effectively
computed. To this end, by repeatedly trying smaller and smaller values of € first
compute a rational ¢ > 0 such that ¥(c) (equivalently, ©(c)) does not hold. To be
able to compute T it then suffices to compute, for a particular (a, ), a value T, 4
such that p, (e, t,e™, ... ") >, 5 0 does not hold for all ¢ > T, 5, assuming that
it does not hold for sufficiently large . We can then take T" to be the maximum of
Ty over (a,f) € Ax B.

To compute T, g, consider p = p, s(c). Assuming it is not identically zero (oth-
erwise we can choose T, 5 to be any positive integer), write p(t,e™?, ... e"") =
Zle ¢;(t)R: where ¢; is not identically zero for all i and Ry > -+ > Ry > 0 are
of the form ePr"1t-+Pad for py ... py € N. Since p, g(e,t, et ... e") i, 5 0 and
hence p(t,e™?, ..., e"") <, 5 0 do not hold for sufficiently large ¢, it must be the case
that ¢1(t) b5 0 does not hold for sufficiently large ¢. Hence it remains to choose
T, large enough so that for all t > T, 5, |q1(t) R:| dominates |35, ¢;(t)R|. O

We next show pseudo-reachability in Case 1.

Lemma 5.8. If for every e > 0 there exists T, such that for allt > T,, A.(t) intersects
S then S is pseudo-reachable.

Proof. We first define a suitable notion of localisation, in exactly the same way as
the discrete case. Given z € T, let A.(t)(z) = D(t)z + ct + d + eB(t).

Fix € > 0. We show how to construct an e-pseudo-orbit that hits S. In fact, this
e-pseudo-orbit will hit .S at an integer time step m. Consider A./(¢). By assumption,
there exists T such that for all t > 7', A./»(t) intersects S. We now investigate which
localisations of the abstraction are responsible for intersecting S. Apply
to the sets T, = {z € T : Ac/2(n)(2) intersects S}, n € N, to obtain their ‘limit" L.
Fix any p € L.

Let € be small enough so that for all n > 0, €D(n)B(0,1) C $B(n). By
Lemma 5.4] (b), there exists N > T3 such that for all integers n > N, p+ B(0,¢'/2)
intersects T,,. That is, for all n > N there exists p, € T such that ||p — p,|| < €¢'/2
and p, € T,,. Equivalently,

[p — pull < €'/2 and Acj2(n)(p,,) intersects S.
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By Kronecker’s theorem there must exist an integer m > N such that ||R(m)x —
p|| < € /2. Hence we have ||R(m)x — p,|| < € which implies R(m)z — p,, € ¢ B(0,1)
and hence D(m)(R(m)x — p,,) € € D(m)B(0,1). Since by construction of ¢ we have
€D(m)B(0,1) C $B(m), it follows that D(m)(R(m)x — pn) € 5B(m) and hence
D(m)pm € D(m)R(m)z + $B(m). Therefore,

O.(m) = (D(m)R(m)x n gB(m)) temtd+ %B(m)
D D(m)py, +cem+d+ %B(m)
= Aejo(m)(pm)-

Since A¢/2(m)(pm) intersects S, it then follows that O.(m) too must intersect 5. [
We thus have reduced the pseudo-reachability problem to that of handling Case 2:

Theorem 5.9. The continuous-time pseudo-reachability problem reduces to the bounded-

time reachability problem for continuous-time affine dynamical systems.

Proof. Note that the accumulated effect of control sets over a finite-time interval can
be made arbitrarily small by choosing small enough ¢. Therefore, for a bounded-time
interval, a semialgebraic set is pseudo-reachable iff its closure is classically reachable.

O

Since the bounded-time reachability problem for continuous-time affine dynamical
systems can be encoded in Rexp cos 10,77, We have the following (conditional) decidabil-
ity result. Note that it is not necessary to use the full Mackintyre-Wilkie decidability
algorithm for Reyp cos o] t0 solve bounded-time reachability; it can also be done
directly using a complex-analytic approach [21] (though still assuming Schanuel’s

conjecture).

Corollary 5.10. The continuous-time pseudo-reachability problem for diagonalisable

affine dynamical systems is decidable subject to Schanuel’s conjecture.

5.5 Robust Reachability

Robust reachability [I] is a variant of pseudo-reachability, where instead of perturbing
the dynamics, one is allowed a single perturbation of the initial point, following which
the dynamics evolve exactly. Alternatively, one can think of robust reachability as
a generalisation of the reachability problem, where the target set is required to be

reached by a point that is close to the initial point.
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5.5.1 The discrete-time robust reachability problem is decid-
able for non-diagonalisable systems

In this section, we show the full decidability (including for non-diagonalisable systems)
of the discrete-time robust reachability problem: decide, given M € (RN Q)**%, a
starting point z € QF and a target S C RL, whether for every e > 0 there exists n
and § € B(0,e) = €B(0,1) such that M™(z + §) € S. As discussed in [section 5.2

wlog we can assume that M is in real Jordan form:
M = diag(Jl, Ce Jk, Jk+1, ce Jd)

where for 1 < i < k the block J; has two non-real eigenvalues and for k£ < i < d the
block J; has one real eigenvalue. We denote the multiplicity and the spectral radius
of J; by o; and p;, respectively.

Like [section 5.2] the robust reachability problem can be equivalently stated in
terms of any full-dimensional set B that contains 0 in its interior (instead of B(0,1))
as the “control set”. That is, for any such set B, the problem of deciding whether
Ve.In : (M™z 4+ eM™B) NS # () is equivalent to the robust reachability problem. We
first give a set B that is most appropriate for our purposes. Intuitively, the idea is
again to eliminate the rotations in M"™ so that M"B can be defined in a first-order
fashion using algebraic parameters. Let B = I B; where (i) B; = II7_, B((0,0),1)
for 1 <i <k and (ii) B; = [-1,1]% for k < i < d. Define B(n) = M™B and observe
that

B(n) = ¢(n,py, ..., pq)

where ¢ is a semialgebraic function. Let O(n) = M"x + eB(n). The robust reacha-

bility problem is then equivalent to determining whether

Ve>0.3n: O(n)NS # 0.

We move on to defining the abstraction for M"x. Assume M is of the same form
_ |Re(a) —Im(a) . B

as above. For a € T let R(a) = [Im(a) Re(a) and for 1 < i < klety; = \;/p(J;)

for a non-real eigenvalue \; of the block J;. Let f : N x TF — RZ*L be the “matrix

builder” function, defined as follows.

f(n,(a,...,on)) = diag(g(aq), ..., g9(ar), Jihrs -, J3), (5.1)
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where

Ai TLAZ_IAZ ce (gf—l)Ai_ai—i_lAi
g(ay) = and A; = pI'R(«).
A;

We define the matrix builder with respect to the state matrix M which is given in

real JNF. For example, for , 8 € T and the state matrix

(A T
Ay
B Ay T
M = Ay ,
ps 1
i P3
the corresponding matrix builder takes the form
(A nAT'A i
A
B nA;'B
f (’I’L, (Oé, B )) = 2B
p3 n
i Ps |

Here A = p(A1)"R(a) and B = p(A2)"R(S). Let
T=cd{( - %) :neN}).
The set T is semialgebraic and effectively computable. Further define
A (n)(z) = f(n,z)z + eB(n) and A.(n) = {A(n)(z) : 2 € T}.

Then M"z = f(n, (7}, ...,v%))z is abstracted by {f(n,z)x : 2 € T} and A.(n) 2
O.(n).
The following lemma encapsulates all the nasty differences between the diagonal-

isable and the non-diagonalisable case. Its proof is an easy manipulation of matrices.

Lemma 5.11. Given z = (aq,...,qx), a time step n, an update matriz M and a
starting point x,
f(n, (ag,...,qp))r = M"x + M"A

has a solution
A= (Ay,...,A0,...,0)

where A;i(j) = R(y; ") (R(ay) — R(y)xi(j) for 1 <i<k and 1< j < o;.
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Observe that, assuming k and z are fixed, ||Al| = O(||z — I'||), where I'* =
(v, .. .,77). Hence we obtain the following corollary, which intuitively states that
if z is close to I'", then f(n,z)x is close to the true point M"x, in the sense that
f(n, z)x can be reached from x by first jumping to a point 2’ that is at most e8 away

and then applying M exactly n times.
Corollary 5.12. Given M and x, there exists C such that for all ¢ > 0 and z € TF,
I —z|| < Ce = A €eB: f(n,z)x = M"z+ M"A.

We now move onto proving decidability of the robust reachability problems. Ob-

serve that the dichotomy lemma (Lemma 5.3|) and its proof hold verbatim.
Lemma 5.13. Either
1. for every e > 0 there exists N, such that for all n > N, A.(n) intersects S, or

2. there exist computable N and € > 0 such that A.(n) does not intersect S for all
n > N.

Moreover, it can be effectively determined which case holds.

If Case 2 holds, then S is robust reachable if and only if it is reachable within the
first NV steps. We will show that in Case 1, S is robust reachable. This will conclude
the proof.

Lemma 5.14. If for all € > 0 there exists N, such that for all n > N, A.(n)

intersects S then S is robust reachable.

Proof. Let ¢ > 0. We show that S is “e-robust-reachable”. That is, M"xz + eM"B

intersects S for some n. Consider A./». By assumption, there exists IN; such that for
all n > Ny, Ac/2(n) intersects S. Let ¢ be sufficiently small such that for all z

I — 2| <€ = 3A€ gs . f(n,2)z = M"z + M"A.
Consider the limiting shape L for the sequence
T, ={z €T :Ay2(n)(z) intersects S}.

By (b), there exists N > N; such that for all n > N, p+ B(0,¢/2)
intersects T,,. That is, for all n > N there exists p, € T such that ||p — p,|| < €/2

and p, € T),. Equivalently,
[p — pnl| < €/2 and A.jo(n)(p,) intersects S.
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By Kronecker’s theorem there must exist m > N such that [|[I"™ — p|| < €/2. Hence
we have
[IT™ — p|| < € and A ja(m)(pm) intersects S.

By the construction of € there exists A € £B such that f(n,p,)r = M"z + M"A.

Hence

M" + M"B = M@+ SMB+ SM"B 2 f(n, p)a + 5B = Acya(m) (p).

Since Ac/o(m)(pm) intersects S, it follows that M"x + eM™B intersects S too. [

Theorem 5.15 (Discrete robust reachability). The discrete robust reachability prob-

lem for linear dynamical systems is decidable.

Proof. We use essentially the same algorithm as described in [subsection 5.2.4] with

our new abstraction. OJ

5.5.2 The continuous-time robust reachability problem

In this section, we take the continuous robust reachability problem for linear dy-
namical systems and show that it can be reduced to the bounded-time reachability
problem for semialgebraic target sets. The techniques we use are very similar to
the discrete setting. The only major difference is that deciding the continuous-time
robust reachability problem requires Schanuel’s conjecture.

Let M € (RN Q)" be a matrix in real JNF, € Q" be a starting point, and
S C RY be a semialgebraic target set. We want to show how to decide whether
Ve > 0.3t € Rso, 6 € B(0,¢): eM(z+6) € S.

Let B be the control set as defined for the discrete setting. This gives B(t) = eM'B
and the e-pseudo-orbit of the continuous system at time ¢ € R>( can be defined as
O.(t) = eMtz + B(t). The continuous robust reachability problem is equivalent to

determining the truth of the sentence

Ve > 0. HtERzoi Oé(t)ﬂ53£@

One can define an abstraction for eM*z similar to the discrete case. In particular,

— cos(a) —sin(«) .

= << e ,
fora e RNQ let R(«) {sin(a) cos(a) 1 and for 1 <i < k let v; = Im(\;) and
r; = Re(\;) for a non-real eigenvalue \; of the block J;. Finally, let f : Rso x RF —

RE*L be the “matrix builder” function, defined as follows.

ft,(an,...,00)) = diag(g(n), ..., g(ag), e+t . eldt)
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where

o;—1
A A - (fri—l)!Ai
— A — orit
gla;) = and A; = """ R(w).
A

Let
T ={(R(nt), ..., R(wt)) : t € Rxo}.

The set T is semialgebraic and effectively computable. Further define
A(t)(2) = f(t,2)x + eB(t) and A (t) = {A(t)(2) : z € T}.

Notice that we have A (n) 2 O,(n). The next lemma shows that if z is picked close

M

enough to I'(t) = (11t, ..., t), then e’z can be approximated by f(¢,2)z.

Lemma 5.16. Given z = (ay,...,qx), a time point t € Rsq, an update matric M

and a starting point x,
[t (ay,...,op))r =Mz +MA

has a solution
A= (Aq,...,A0,...,0)

where A;(j) = R(—vit)(R(ci) — R(vit))zi(j) for 1 <i<k and1<j <o
We have the following corollary, similar to the discrete setting.
Corollary 5.17. Given M and x, there exists C such that for all € > 0 and z €
RNQ)*,
IC(t) — 2|| < Ce = A€ eB: f(t,2)r =Mz +MA.

Theorem 5.18. The continuous robust reachability problem for linear dynamics re-

duces to bounded-time reachability problem for linear continuous-time systems.

Proof. The proof is a direct combination of the proofs for continuous pseudo-reachability

(section 5.4) and discrete robust reachability (subsection 5.5.1)). O

As before, since the bounded-time reachability problem for continuous-time lin-

ear dynamical systems can be encoded in Ry cosjjo,r) (or solved directly assuming

Schanuel [21]), we have the following (conditional) decidability result.

Corollary 5.19. The continuous robust reachability problem for the continuous-time

linear dynamical systems is decidable subject to Schanuel’s conjecture.
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5.6 Conclusion
The main technical result of this chapter is that it is decidable whether
Ve>0.dn: (M"x+ f(n)+eB(n)) NS #0

where M is a diagonalisable matrix with algebraic entries, x is an algebraic start-
ing point, f is a semialgebraic function, S is a semialgebraic target and B(n) =
o(mn,pt,...,p0) for p1,...,ps € RNQ and a semialgebraic function ¢.

We used this result to show decidability of the discrete-time pseudo-reachability
problem for diagonalisable systems in the following way. We first observed that
the pseudo-reachability problem can be cast as the problem of determining whether
Ve > 0.3n : O.(n) NS # 0, where O,(n) is the set of all points that are reachable

exactly at the time n via an e-pseudo-orbit. After choosing B as the most convenient

control set (see [Lemma 5.2 and [subsection 5.2.1), we then showed that O,(n) can be
written as M"z + f(n) + eB(n).

The reason we are unable to show decidability for non-diagonalisable systems in
this fashion is that we are unable to write O, (n) as Mz + f(n)+eB(n). For example,

already for the Jordan block M = (1) 1 ,
single repeated real eigenvalue, we do not know whether it is even possible to eliminate
the summation Z;:ol M'B and express 66(71) = M"x+e Z;:Ol M'B, where B is any

full dimensional shape containing 0 in its interior, in the required fashion.

and in general already for blocks with a

Our approach, however, can be used to solve, in full generality, the robust reach-
ability problem of [1]: given M,z and S, decide whether Ve > 0 : 3n : (M"z +
eM"B(0,1)) NS # ). Intuitively, the reason is that in this version there is no sum-
mation of the form Z;:Ol M'B. For diagonalisable systems in particular, decidability
of the robust reachability problem is almost immediate. First, one can again show that
the problem is equivalent to determining whether Ve > 0: In: (M"z+eM"B)NS #
(). Tt then remains to observe that M™B = ¢(n, pf, ..., p%) for a semialgebraic predi-
cate ¢ and apply the technical result described above.

The same techniques also apply directly to the continuous analogues of these
problems, with the intriguing difference that reducing to bounded reachability is a
theoretically trivial finite case check in the discrete case but not in the continuous
case. In the continuous case we run into the classic problem of root-finding zeroes of
exponential-polynomial functions. The issue is that a zero may be tangential, thus
similarly to the difficulty in deciding zeroness of an elementary number, it is not clear

how to confirm the existence of such a zero via finite-precision numerical computation.
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The paper [21] gives a method to factorise an exponential polynomial into factors that
do not have tangential zeroes assuming Schanuel’s conjecture. However this does not
give a bound on the precision required to find the non-tangential zeroes (that would
require a quantitative version of Schanuel’s conjecture) so we do not have a complexity

bound for this problem.
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Chapter 6

Bounding the Escape Time of a
Linear Dynamical System over a
Compact Semialgebraic Set

6.1 Introduction

This final chapter has a different flavour to the rest of this thesis. While previously
we have considered decidability of reachability properties, which correspond to safety,
we switch gears and investigate liveness. We also go beyond decidability and consider
quantification of the time it takes for a system to escape a given set.

An invariant set of a dynamical system is a set K such that every trajectory
that starts in K remains in K. Dually, an escape set K is one such that every
trajectory that starts in K eventually leaves K (either temporarily or permanently).
While it is usually straightforward to establish that a given set K is invariant, it
can be challenging to decide whether K is an escape set. Indeed, while the former
problem amounts to showing that K is closed under the transition function, the latter
potentially involves considering entire orbits. In particular, even in case K has a finite
escape time (the maximum number of steps for an orbit to escape the set), it can be
highly non-trivial to establish an explicit upper bound on the escape time.

In this chapter we focus on escape sets for (discrete-time) linear dynamical sys-
tems. Given a rational matrix A € Q™" we say that K C R" is an escape set for
A if for all points x € K, there exists ¢ € N such that A'x ¢ K. The compact
escape problem (CEP) asks to decide whether a given compact semialgebraic set K
is an escape set for a given matrix A. Decidability of CEP was shown in [71] and its
computational complexity was characterised in [30] as being interreducible with the

decision problem for a certain fragment of the theory of real closed fields.
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Here we focus exclusively on positive instances (A, K') of CEP, that is, we assume
that we are given a compact semialgebraic escape set for a linear dynamical system.
In this situation it turns out, due to compactness of K, that there exists a finite time
T such that for all z € K there exists t < T with A’z ¢ K. The least such T is
called the escape time of (A, K). Our main result (Theorem shown below) gives
an explicit upper bound on the escape time of (A, K) as a function of the length of
the description of the matrix A and semialgebraic set K. In general, it is recognised
that bounded liveness is a more useful property than mere liveness. Theorem can
be used to establish bounded liveness of several kinds of systems. For example, the
result gives an upper bound on the termination time of a single-path linear loop with
compact guard (cf. [92], [17]); it also gives a bound on the number of steps to remain
in a particular control location of a hybrid system before a given (compact) state
invariant becomes false, forcing a transition.

We next recall some terminology to formalise our main contribution. We say that
a semialgebraic set S has description size at most (n,d,7) if it can be expressed by
a boolean combination of polynomial equations and inequalities P(zq,...,z,) > 0
with > € {<, =}, involving polynomials P € Z[zy,...,x,]| in at most n variables of
total degree at most d with integer coefficients bounded in bitsize by 7. Our main

result is as follows:

2O0(1)
Theorem 6.1. There exists a function CompactEscape(n,d, ) € 247 with the
following property. If K C R™ is a compact semialgebraic set of description size at
most (n,d, ) that is an escape set for a matrix A € Q"*™ with entries of bitsize at

most T, then the escape time of K is bounded by CompactEscape(n,d, 7).

As explained in the proof sketch below, Theorem relies on the availability
of certain quantitative bounds within semialgebraic geometry and number theory,
particularly concerning quantifier elimination and Diophantine approximation. The
latter results are crucial to handling the case in which the matrix A has complex
eigenvalues of absolute value one.

Note that the upper bound on the escape time in Theorem [6.1]is singly exponential
in the degrees and the bitsize of the coefficients of the polynomials used to define K
and the bitsize of the coefficients of A. It is doubly exponential in the dimension. In
Section we provide two examples that yield a corresponding lower bound of this
form. It is moreover straightforward to give examples of non-compact escape sets for
which there is no finite uniform escape time bound, i.e., for all T € N there exists

x € K that still escapes but requires greater than 7' steps.

104



6.1.1 Proof Overview

Let us now give a high-level overview of the proof of Theorem As in the statement
of the theorem, let K C R" be a compact semialgebraic set of description size at most
(n,d,7) and let A € Q™™ be a matrix with entries of bitsize bounded by 7, and such
that for all z € K there exists t € N such that A’z ¢ K.

To facilitate the analysis of the dynamical behaviour of A we first transform our
system into real Jordan normal form using[Lemma 2.19] A theorem of Cai [18] ensures
that this step does not significantly increase the description size of the system.

The dynamics of A naturally decomposes into a rotational part, corresponding
to eigenvalues of modulus one, and an expansive or contractive part, corresponding
to eigenvalues of absolute value different from 1 and to generalised eigenvalues of
arbitrary moduli. Accordingly, the ambient space R" decomposes into two subspaces
Viee and Vignrec, such that A exhibits rotational behaviour on V.. and expansive or
contractive behaviour on Vjon.... We start by considering the special cases where
either Viee = 0 or Vionree = 0, so that only one of the two types of behaviours occurs.

First, assume that A has no complex eigenvalues of modulus 1. Since every tra-
jectory under A escapes K we have in particular that 0 ¢ K. A theorem due to
Jeronimo, Perrucci and Tsigaridas [52] shows that K is bounded away from zero by

(dr)n°W

a function of the form 2~ and a theorem due to Vorobjov [96] establishes an

upper bound on the absolute value of every coordinate of every point in K of the

O
(@r)" " Furthermore, thanks to a result of Mignotte [68], we can bound the

form 2
eigenvalues of A away from 1 by a function of the form 27”0(”. This yields a doubly
exponential bound on how long it takes for A to leave the set K (either by converging
to 0 or by converging to infinity in some eigenspace).

Now assume that all eigenvalues of A have modulus 1. This case is handled
through a combination of two bounds. For the first bound we start by noting that
for every x € K the closure of the orbit m is a compact semialgebraic set that
is not entirely contained within K. In fact we show that for all x € K there exists a
point y € O4(z) whose distance to K is at least 2*(6”)"0(1). This bound is achieved
by applying [52, Theorem 1] to a suitable polynomial on an auxiliary semialgebraic
set, which is constructed using quantifier elimination. The singly exponential bounds
obtained in [50, 82] are crucial for this step to work. The second step of the argument
applies a quantitative version of Kronecker’s theorem on simultaneous Diophantine

O
(rP)" @

approximation to obtain a bound of the form Np € 2 such that for all positive

integers P every point z € O4(z) is within 27F of a point of the form A’z with
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Figure 6.1: The red arrow represents a point which escapes rotationally while the blue
arrow represents a point which escapes expansively. The orange arrow represents a
point which escapes rotationally due to being close enough to V.. that it shares the
behavior of points in V.

0 <t < Np. Combining the two bounds described above, we obtain a doubly
exponential bound on the escape time.

In the presence of both types of behaviour, the analysis of each case becomes more
involved. We select a parameter £ > 0 and partition K into three sets: Kiec = KMNViec,
K., and K... The matrix A exhibits purely rotational behaviour on K,.. Intuitively,
on K. the expansive or contractive behaviour of A dominates the overall dynamics,
while on K. the rotational behaviour dominates the overall dynamics. Such behavior
is illustrated in Figure [6.1] We establish in [Proposition 6.2 a bound Ny such that

for each initial point z € Ve, one of its first N iterates is bounded away from

K. In [Proposition 6.8 we establish a bound Ns. such that every x € K. either

escapes or enters K ..U K. within at most /N>, iterations. Finally, in Section , we
establish a bound on how often the system can switch from a state where rotational
behaviour dominates to one where expansive or non-expansive behaviour does and
vice versa. We use this to combine the two bounds to an overall bound on the escape
time, proving Theorem

6.2 Decomposing K in the Jordan norm

To obtain a bound on the escape time it will be important to work with instances
of the Escape Problem in real Jordan normal form. This transformation does not
greatly increase the description size of the system thanks to [Lemma 2.19] Once in
Jordan form, we shall partition K using a Jordan norm defined below. The idea is
similar to the “rotation-invariance” insubsection 5.2.1/- we want a norm in which the

matrix is an isometry on a subspace of R".
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Let K C R" be a compact semialgebraic set. Let A € R"*" be a matrix in real

Jordan normal form,

Ji
A pr—
Im
Here, each J; is a real Jordan block of the form
Ji = . o 5
A

where A;; is either a real number or a 2 x 2 real matrix of the form (Zl _abl)
and, accordingly, I; is either the real number 1 or the 2 x 2 identity matrizx. {“he
elements A; correspond to real or complex eigenvalues \; € C of A. By slight abuse
of language we call |\;| the modulus of A;. By further slight abuse of language we
define the “eigenspace” of A; as the one- or two-dimensional space spanned by the
vectors that correspond to the first entry of the Jordan block J;. The “generalised
eigenspaces” for A; are defined analogously.

Write R™ as the direct sum of two spaces R” = Viee ® Viaonree Where V. is the
direct sum of the eigenspaces for eigenvalues of modulus 1, and Vo, rec is the direct
sum of the eigenspaces and generalised eigenspaces for eigenvalues of modulus # 1
and the generalised eigenspaces for eigenvalues of modulus 1. By convention, if A has
no eigenvalues of modulus 1 we let V.. = 0. Similarly, if A has only eigenvalues of
modulus 1 and no generalised eigenvalues we let Vioniec = 0. Thus, we decompose
the state space R™ into a part V.. on which A exhibits purely rotational behaviour,
and a part Vionree where A is additionally expansive or contractive.

In addition to the familiar /2 and ¢ norms we now introduce a third norm,
depending on the matrix A, that combines features of the two. It facilitates block-
wise arguments while ensuring that the restriction of A to V. is an isometry.

Write R™ as a direct sum R" =V, @ --- Vo, W1 & --- b W, where Vi,...,V,
correspond to the Jordan blocks of A associated with real eigenvalues and W7, ..., W,
correspond to the Jordan blocks of A associated with non-real eigenvalues. Let
mw,; : R" = W, and 7y, : R" — V; denote the orthogonal projections onto W; and V;

respectively.
Vi
J

For a vector x € V;, let ||z|| ) = ||z]| . For a vector z = (z1,y1,..., 2k, y) € W;

let
W;
" = max (/a3 +32).
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For a vector x € R"”, let

Vi W;
e = e s e s, 2

Call ||z|| ; the Jordan norm of . Observe that ||z|| ; depends on the choice of the V;’s

and W;’s. The Jordan norm compares to the £2- and ¢>°- norms as follows:
n~ 2 ), <0 P lzlly < el < Nzl < llzlly < 02 el < 0t e,

Let € > 0. Consider the ball B;(0,e) C R™ about 0 with respect to the distance
induced by the [|-|| ,-norm. We partition K into three sets:

Krec =KnN ‘/;GC
Koo =K N (Viee ® ((Vaonree N B1(0,€)) \ {0}))
KZE =KnN (‘/;ec ©® (Vnon-rec \ BJ(078>>> :

6.3 The recurrent eigenspace bound

The next proposition establishes as a special case an escape bound for all initial values
T € Kie. In order to combine the recurrent and the non-recurrent case we need a
stronger result, however. Thus, we establish not only a bound on the escape time for
all initial values z € K., but a bound N such that every x € Vi (not just in Ke.)

has a point in its orbit with distance at least 1/N — not just positive distance — from

K. Further, note that |Proposition 6.2 is still applicable in the special cases where
Krec == @ or ‘/rec =0.

Proposition 6.2 (recurrent escape bound). There exists a function
Rec(n,d, 1) € Q(Td)no 1 with the following property:

Let A € A™™ be a matriz in real Jordan normal form with algebraic entries.
Assume that the minimal polynomial of A has rational coefficients whose bitsize is
bounded by 7. Let K C R"™ be a compact semialgebraic set of description size at most
(n,d, ). If every point x € Ko escapes K under iterations of A then for all x € Viee

there ezists t < Rec(n,d, T) such that

distpp (Al ) > =V
istee(A'z, )>Rec(n,d,7')

Proof. We sketch an outline here. The rest of this section is devoted to fleshing out

this outline. Note that we introduce the unexpected factor of \/n in the numerator
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in order to later facilitate conversions between the Jordan norm and the standard ¢>
norm.

We first prove the result for initial points x € K. For these points, the closure of
the orbit m of x under A is a compact semialgebraic set. We employ [Theorem 2.18
to obtain for all £ > 0 a doubly exponential bound N such that for all z € K,.. and all
y € O4(r) there exists t < N such that ||A'z — y||, < e. We then use Theorem m

to obtain a uniform at most doubly exponentially small lower bound on the quantity

inf sup inf [jy — z|3.
veRree y oL @) 7

In order to apply this theorem we construct an auxiliary semialgebraic set, whose
description size is controlled by Theorem [2.12] Combining these two steps, we obtain
a function Recy that satisfies the statement of the lemma for all initial points x € K.

Finally, we extend the result to all initial points € V,.. as follows:

The special case where K,.. = () is treated using Theorem . In the case where
K e is non-empty we obtain from that a point in V. can’t stay close
to K while being far from K... More specifically, every x € V.. which is doubly
exponentially close to K with a sufficiently large constant in the third exponent is
already doubly exponentially close to K., with a slightly smaller constant in the
third exponent.

Now, any point in V.. that is sufficiently far away from K trivially satisfies our
proposition. By the preceding discussion, points x € V.. that are sufficiently close to
K are already sufficiently close to K., so that there exists an escaping orbit m
with 2/ € K, which is close to the orbit of x since A is an isometry on V... This
allows us to reduce the result to the already established result for initial values in
Kiec. O

6.3.1 Initial points in K.

We will first prove the following weaker version of |Proposition 6.2 where we only

establish an escape bound and a lower bound on the distance to K for initial points
in K.

Lemma 6.3. There exists a function Reco(n,d, ) € 2(Td)n0(l) with the following
property:

Let A € A™" be a matrix in real Jordan normal form. Assume that the minimal
polynomial of A has rational coefficients whose bitsize is bounded by 7. Let K C R"

be a semialgebraic set of description size at most (n,d, 7). If every point x € Ko
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escapes K under iterations of A then for all x € Ko there exists t < Recy(n,d,T)
such that

dists (A, K) > — Y0
iste (A'w, )>Reco(n,d,7')

For x € Vi, let
Ouz) = {A'z | t eN}

denote the orbit of z under A. Let O4(x) denote its closure. By Kronecker’s theorem
(ITheorem 2.16[), the set O4(z) is semialgebraic.

The sequence (A'x),ey is dense in O4(x) by definition. A combination of
and Theorem yields a quantitative refinement of this qualitative state-

ment:

RO(1)
)

Lemma 6.4. There exists a function D(n,d,r,P) € 207"
property:

with the following

Let A be a matriz in real Jordan normal form. Assume that the characteristic
polynomial of A has rational coefficients whose bitsize is bounded by 7. Let K be a
compact semialgebraic set of description size at most (n,d, 7). Let P be a positive
integer. Then for all x € Ky and all y € m there ezists t < D(n,d, 7, P) such
that

T

20(1)
Proof. Let Kron(n,, P) € 207F) “” be the function from [Theorem 2.18
Let Bound(n,d, ) = 97"V 16 the radius of a ball enclosing K, where (3 is the
constant from Theorem 2.13]
Put

D(n,d,, P) = Kron (n, 7, P + [log(n)/2 + log (Bound(n, d, 7))]) .

L0(1)
It is easy to see that D(n,d, 7, P) € 2(7Pd) as claimed.
To prove that D has the desired properties, let A and K be a matrix and a

compact semialgebraic set as above. Let P be a positive integer. For a matrix
Q= (qi,j);fj:l e R™" let

N n 1/2

i=1 j=1

denote the Frobenius norm of ). The Frobenius norm is sub-multiplicative and hence

satisfies

1Q -zl = 1Q - zllp < Qg -zl = 1Ql £ - Il
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for all z € R".
Let C' = Bound(n,d, 7). Let 2 € Kyee. Let y € O4(z). Then, by [Theorem 2.18]
there exist t < Kron(n, 7, P + [log(n)/2 4+ logC']) and @ € R™ ™ such that y = Qz

and

1/2
27P
HAt o Q”F - (ZZ — Qi) ) < (n.2*2(P+ﬂog(n)/2+1ogc1))1/2 < =

=1 j5=1

The first inequality holds because z € K. and y € O4(z) and thus only the modulus
1 eigenspaces are relevant, so A’ (which is in Jordan form) and @ will actually differ

in at most n entries. Hence:

14% = yll, = (A" = Q)a], < [ A" = Q| - ] < 27

), <
The last inequality uses that by Theorem we have |z| < C. O

By definition, a point x € K. escapes K under iterations of A if and only if there
exists y € m such that disty2(y, K) > 0. Our next goal is to sharpen this to a
uniform lower bound on inf,cx SUD, o4 (2) dist2(y, K). The main idea is to employ
Theorem . Since the function g(z) = sup, 5,y diste(y, K) is not a polynomial,
we construct an auxiliary compact semialgebraic set in higher dimension that allows
us to reduce the problem of finding a uniform lower bound on g(x) to the problem of
finding a uniform lower bound on a polynomial. The idea is essentially the same as
that of the proof of Lemma [2.15

Let

O_A: {(x,y) c R2n | S Krecay € OA('I)}

Let
S = {(:L',y,z) € R*™ | :L'GKreC,yGOA(a:),zEK} =0, x K.

By compactness of K, the number

— min max min|ly — z 6.1
n=min max iy — <[} (61

is strictly positive. Letting D(n, d, 7, P) denote the function from Lemma , observe

that every point x € K, escapes K under at most

D (n,d,, [log (1/n)])
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iterations of A. To obtain a bound on the escape time it hence suffices to obtain a
bound of (6.1)) away from zero. This is achieved by expressing (/6.1)) as the minimum

of a polynomial over a compact semialgebraic set. To this end, we consider the set

S = {(z,y,2) € R |

T € Kiee,y € O4(x), 2 € K,Vw € Op(x). diste(y, K) > diste(w, K)}.
Observe that

min max min ||y — z|| = min |ly —z|>. (6.2)
TEKrec yeO 4 (z) 2€K (z,y,2)€S’

This leads to two problems:

1. Bound the description size of O4 (and thus of S) in terms of the description
size of A and K.

2. Bound the description size of S’ in terms of the description size of S.

6.3.1.1 Description size of O,

Let us first bound the description size of @4 in terms of that of A and K.
Up to suitably permuting the dimensions, which does not affect the description

size, we may assume that A takes the following form:

]ml Xmi

B

where [« is the m xm identity matrix, Ay, ..., A,,, are 2x2 matrices corresponding
to the genuinely complex eigenvalues of A of modulus 1, and B is some matrix. With
this convention, K. is the set of all z € K with z; = 0 for j > m; + mgy + ma.

Let

Im1 Xmi
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where 0 is the zero matrix of the same dimensions as B in . Clearly, the orbits
O4(z) and O 4, (z) coincide for all & € Kiec.
Let
L={(a1,...,0un) EZ™ | AT -+ Apia® = Inyo } .

By Theorem the abelian group L has a basis f1,..., 8, with the magnitudes of
B1, ..., B¢ bounded polynomially in the data that is used to describe the algebraic
entries of the matrices Aq,...,A,,, and singly exponentially in n. Thus, by our
assumption on the characteristic polynomial of A (coefficient bitsize bounded by 7),
we have ;[0 = (nT)nom

By Kronecker’s theorem (Theorem 2.16|), the closure of the set (Af)en in R™*™ is

given by the set of all matrices of the form

Im1><m1
o - IMQX’H’LQ
Z
L
0
where o € {—1,1} and Z,..., Z,,, are 2 X 2 matrices satisfying
Zfi’l T Zv%ém3 = Izx2 (6.4)

foralli=1,... ¢
The size of the polynomials required to describe the relation (|6.4]) can be bounded

by the following straightforward lemma:

Lemma 6.5. Let My,..., My be 2 X 2 matrices with entries in a polynomial ring
Zlxy, ... x| Let d be a bound on the total degree of all matriz entries. Let T be a
bound on the bitsize of the coefficients of all matrix entries. Then the entries of the
product My - - - - My have total degree at most Nd and coefficients bounded in bitsize
by N7 + k(N —1)log (d+1).

Proof. By induction on N. For N = 1 there is nothing to prove. Assume the claim
holds true for N € N. Consider the product My - --- - My - Myyq.

Write M = M; - --- - My. By induction hypothesis the entries of the matrix M
have total degree at most Nd and coefficients bounded in bitsize by N7 + k(N —
1)log (d+1).

All entries of M - My are of the form PQ+ RS with P and R entries of M and @

and S entries of My ;. Using standard estimates on the bitsize of sum and product
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of integers we obtain that this polynomial has degree at most Nd+d = (N +1)d and
coeflicients bounded in bitsize by (N + 1)7 4+ kN log(d + 1). O

Thus, the closure M of (A});en is an algebraic set that can be described using

at most n? polynomials in n?

nOW

variables, each of which has its degree bounded by
(nT)™, and coefficients bounded in bitsize by a polynomial in n and .

We can hence describe O4 by the following formula:

3@171, Ce 7a/1,n7 e ,an,l, e ,an’n.

<(x1,...,xn)€K/\< A <x,-:0)>

i=mi+ma+msz+1

A (aij)ij=1,.n € M A (/\ (?/z = Z Gi,ﬂ'j)))-
i=1 j=1

This formula involves polynomials in n?+2n variables. Their degrees are bounded

. . o(1
by an expression in dr+ (n7)"""

and their coefficients are bounded in bitsize by an ex-
pression in (nT)O(l). By applying singly-exponential quantifier elimination (Theorem
2.12) we obtain that @4 can be defined by a quantifier free formula involving poly-
nomials of degree at most (d7)"”"” whose coefficients have bitsize at most (dr)"*".

The same bounds hold true for the description size of the set S = O4 x K.

6.3.1.2 Description size of S’

Let us now bound the description size of the set S’. Recall that

S/ = {(Z’,y, Z) S RSn | S Krecay S OA(.T),Z € K,

Vw € O4(x). diste(y, K) > distpe(w, K)}.

For w,y € Oa(x) the predicate distp(y, K) > distye(w, K) is expressed by the

following first-order formula:
dIm,nVv.(m,n,v e KA |ly—v| >ly—m|A|lw—v|>|w—n|Aly—m|>|w—n]|).

Let us write this as Im, nVv.®(y, w, m,n, v).

Hence, the predicate Vw € O (). distez(y, K) > distyz(w, K) can be written as
U(z,y) = Yw.Im, n.Vo. (w ¢ Ou(z) Vv @(y,w,m,n,v)) .

Thus,
S = {(z,y,2) €R*™ | (2,y,2) € SAV(z,y)}.
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The formula ¥(x,y) involves polynomials of degree at most (dT)nO(l) and coefficients
bounded in bitsize by (dT)”O(I). Now, Theorem yields a description size bound
for S’ of at most (3n, (dr)"*", (dr)""™).

6.3.1.3 Proving the recurrent bound for K.

By Theorem [2.14] we may obtain a lower-bounding function
2O(D)

LB(n,d,7) € 21"

such that the minimum of the polynomial ((6.2)) over the set S’ is bounded from below

by LB2(£7T). This means that for all x € K. there exists y € O4(z) such that

2\/n
distpz2(y, K —
istee (y, ) > LB(n,d,T)

Now, consider the function
20(1)
Reco(n, d, 7) = max{LB(n, d, 7),D(n,d, r, [log (LB(n,d, 7))])} € 24" .

We claim that the function Recy has the property stated in Lemma [6.3] Let
T € Ko Let y € Oq(x) with diste(y, K) > —2~_ Then by [Lemma 6.4] there

LB(n,d,r)
exists t < Recy(n, d, 7) such that

1 - NG
B(n,d,7) — LB(n,d,7)’

1% =y, <

For all z € K we then have

n - Vn
B(n,d,7) = Reco(n,d,7)’

At — 2], > ly =l — A o], > -
This concludes the proof of Lemma [6.3]

6.3.2 Initial points in V.

It remains to extend the result to all initial points z € V,... We first treat the special
case where K, is empty.

nO(l)
Lemma 6.6. There exists a function EmptyBound(n,d, ) € 2(dr) with the fol-
lowing property:

If Kiec s empty and x € Viee,

Then distgpz(x, K) > y/n/ EmptyBound(n, d, 7).
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Proof. The function disty(+, Viec) is the square root of a polynomial applied to the

projection onto the vectorspace orthogonal to V... By assumption,
inf dist Viee) > 0.
;gK 1502 (ZE, ec)

Now, applying Theorem to the square yields a lower bound of the desired shape.
m

We also need a technical lemma, which combines quantifier elimination with

Lemma 2.151

Lemma 6.7. Assume that K. is non-empty. Let C' be a positive integer. Fur-

nC
ther assume that K is contained in a ball of radius % 22" Let & € Viee. If

e Zc+o()
dist (7, Kuee) > 2797 then distpe(z, K) > 2707) o

Proof. Consider the function distsz(z, K) on the set
L= {x € Viee | ||z]ly <2977 Adistee (2, Kpee) > 2707 } :

This set can be defined by the following first-order formula:

Yy, ... yn) € R*Y(by, ..., by) € R™.
(01 ) € Kree Ao =2 A bia =0"7) = 23 < 82 A llz = yll} = (1/6m)?)

Applying quantifier elimination (Theorem [2.12)), we find that the set L can be be
defined by a quantifier-free formula involving polynomials of degree (dT)O(”C) whose
coefficients are bounded in bitsize by (dr)°™).

It follows from Lemma that every point in L has distance from K at least

o(1)

_(dr0n\" nC+O(1)
1/Sep(n, (dr)00), (dr)0n ) = 2(Z@7 D) gt
nC
Points in Ve outside L are clearly at distance more than 2-¢@")"  from K. O
Let us now complete the proof of |[Proposition 6.2]
L0(1)
Recall that we wish to show existence of a function Rec(n,d, ) € 2079 with

the following property:
If every point z € K. escapes K under iterations of A then for all x € V.. there
exists t < Rec(n, d, 7) such that

vn

distpe (A'2, K) > —>———.
iste (A'w, K) > Rec(n, d, )
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The function Recy(n, d, 7) from the previous subsection is majorised by Q(dT)nR for
some constant R. Let C' > R + 1 be such that K is contained in a ball of radius
2(‘“)"6. Such a constant exists by Theorem [2.13, Let D be a constant such that all
T € Viee with distyz (, Kiee) > 2’("”)”0 satisfy distgp (z, K) > 2’(d7)nc+
D exists thanks to Lemma 6.7

Let

D
. The constant

EmptyBound(n, d, 7),
[z

v/nReco(n,d,T)
Vn—2- (ar)n® Reco(n,d,T)

Rec(n, d, 7) := max

20(1)
Then, since we have chosen C' > R + 1, we have Rec(n, d, ) € 2(7) v

Let us now show that Rec has the desired property. If K. is empty, then Rec
has the desired property by construction. Now assume K, is non-empty.

Let © € Viee. If distpe(z, K) > 21" then diste2(z, K) > /n/Rec(n,d, 7).
Assume that distyz(z, K) < 2_(d7)nc+D. Then by Lemmawe have distgz(x, Kiec) <
2-(@)"" | Choose y € Kiee such that ||z —yl|, < 9@ Then, by Lemma [6.3] there
exists t < Recy(n, d, 7) such that

distez (A'y, K) > v/n/ Reco(n,d, 7).
Since A is an isometry on V.., we have

|4 — A%y, = [l — yll, < 270"
It follows that

diste (A'z, K) > /n/ Reco(n, d, 7) — 9= o v/n/Rec(n,d, 7).

6.4 The non-recurrent eigenspace bound

The next proposition constructs a bound for the subset K. of K containing points

in K that are bounded away from V.. by some ¢ > 0.

20(1)
Proposition 6.8. There exists an integer function NonRec(n,d, T, P) € 2(d7P)

with the following property:

Let K be a compact semialgebraic set of description size at most (n,d, 7). Let
A € A™" be a matriz in real Jordan normal form. Assume that the characteristic
polynomial of A has rational coefficients whose bitsize is bounded by 7. Let P be a
positive integer.

Then for all x € Ko-r there existst < NonRec(n,d, 7, P) such that A'z ¢ Ko-r.
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Proof. We sketch an outline here. The rest of this section expands on this outline.
For any point in K., by definition there exist coordinates (or pairs of coordinates if
the corresponding eigenvalues are not real) whose contribution to the Jordan norm is
greater than e. Moreover, the Jordan norm of these coordinates does not stay constant
under applications of A. If the norm of at least one such coordinate is increasing under
applications of A, the orbit will eventually leave K, since K is compact. Theorem
yields an upper bound on the escape time.

Coordinates whose contribution to the norm is decreasing under applications of
A will, after sufficiently many iterations, contribute less than €. We establish a
uniform upper bound on the number of iterations required to ensure this for all such
coordinates. Combining this with the previous bound, we obtain a number N such
that after at most IV applications of A, every € K, has either escaped K, entered
K. U K, or it remains in K>, because it has a component whose contribution to
the norm was initially smaller than e, but grew beyond ¢ under iteration of A. In the
last case, the point will grow in norm beyond the bound established in Theorem [2.13
and thus escape K after a further N applications of A. This yields a uniform bound
on the number of iterations that are required for any point z € K. to either leave

K entirely or move into K. U K. ]

The overall structure of this proof closely follows the one given in [33], which
considers escape times for compact polytopes, and where the assumptions allow the

authors to restrict the discussion to non-recurrent eigenvalues.

6.4.1 Jordan block bounds

Let Ji be a real Jordan block of multiplicity k£ corresponding to either a real eigenvalue

A or a complex pair A = a +ib. We use t to denote positive integer time-steps.

'At tAE1 (;) At—1 . (kil)At—k—H‘
0 At AL . (kz2) At—F+2
Je=|: : : :
0 0 0 e tAt?
0 0 0 e AC

where A can be considered [a _ab] or a scalar quantity depending on the type of

b

eigenvalue.

Thus we see that z(t) := Jjz can be written component-wise as

z(t) = ij( t .>At<”>:ci,

(|

=]
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where the ‘components’ x; ... xy refer to scalars (if the eigenvalue is real) or vectors
(a:y), :1:51)) if the eigenvalue is complex.

We will use absolute value signs to denote the Jordan norm ||-|| ; of a component
x;. Note this is the same as the ¢, norm since we consider only one component.

Then we have the following three lemmas, where we case split on the modulus of
the eigenvalue A, which we notate as v, to obtain block-wise bounds on escape times
for non-recurrent eigenspaces:

These lemmas have the same structure as those in [33], however for convenience
we present the discrete case in full here, as [33] formulates them in the continuous

case.

Lemma 6.9 (Polynomially expanding Jordan block - v = 1). Let C be a positive
number such that K is contained in the (*-ball centred at 0 with radius C. Let x(t) :=

Jix where x is an initial point in K. Assume there exists j > 2 with |z;| > ¢ in the
k—1

2
Jordan block. Let N = ¢ ("‘2—0> . Then there exists j and t < N with |z;(t)| > C.

£

Proof. Given the set of equations

5(t) = zk:( ! ,>At—<i—j>xi,

7 —
=7 J

we want an N such that there exists j such that |z;(N)| > C.

Let j1 > 2 be the smallest j such that |z;| > ¢ (we are given that such a
component exists). Note that we require j; > 2 because z; is actually in Vi since
v =1

Consider the component

k
t o
raall) = 2 (i—j1+1)At R

i=j1—1

We set Nj, = kC'/e. Observe that (note v = 1)

k
N; (i
oi-s )| KKC/eJe = lesal = 3 (e,

Since the first term is larger than £C' and the second term is smaller than C', the
only way |z;,-1(Nj,)| could be less than C' (and thus not escape K) is if one of the

later terms is larger than C'. Let js be the highest index such that ‘sz (]'2£V]?11+1) ‘ > C.
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Note that js > j;. We now have a lower bound on a higher index coefficient, namely

|z, | (J2 ]311 +1) > C. We now repeat the process with the component

Tjp-1(t) = Mwjp + ( )At it Z < i—Jj2+ 1)At_(i_j2+1)xi

i=j2+1

We have |z, | ( ]j1+1) > (' thus setting N;, > k( ;1“) ensures that |Nj,x;,| > kC.
Continuing this process, we will either find a component that escapes the set or
move on to a component with higher index, which can happen at most k£ — 1 times,
because we have the constraints 7, > 2,Vm, j,, < k, and j,, > j,n_1. This gives us a
recursive definition for the bound, which is
N;,. . )
Jm = Jm—1+1

We wish to find an upper bound on N = N, the time by which we are guaranteed

N;,, > k:(

that at least one component escapes, subject to the constraints j; > 2,5y, < k, and
Jm > Jjm—1. We can solve the recursive inequality by weakening it (since we only need

an upper bound on N) to

N;., > (kN;

)]mfjmfl‘Fl
Jm—1 .

Note that pulling the constant k into the exponentiated part is valid because 7, —
Jm—1 + 1 > 2 always. Setting S, = kN;,,, we get S;,, > Sj::jljm’lﬂ,sjl = k*C/e,

which reduces to
k2C H%:Q(J'm*jm—ﬂrl)
S>> (—)

IM
9

The term H%ﬂ(]’m — Jm—1+ 1) is maximised when for all m, j,, = jm—1 + 1, thus in

2 2k
- (59)
€

Thus we have a bound for a modulus-1-eigenvalue component to escape, which is
k—1
1 (k2C\?
k €

Lemma 6.10 (Exponentially shrinking Jordan block: v < 1). Let C' > n be a positive
number such that K is contained in the 62—ball centred at 0 with radius C. Let v € K.
Let ¢ be a positive real number. Let N = 1/7 log <log(1/’y)> + 2&?1;:%6), Then there
exists t < N with |z;(t)| < e for all j in the block.

the worst case we have

]
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Proof. If v = 0 then we have x;(t) = 0 for all j in the block, so we may assume v > 0
for the rest of the proof.

We have the equations

For any 7, we have the result

k
t .
()] < AT gy < kC (et /E)rAyF
mm_;Qﬁ)r ] < kC(et/R),
where the second inequality is obtained via standard bounds on binomial coefficients
In order to have |z;(t)| < e, it is enough to have kC(et/k)*v'"™* < e, which is

equivalent (after weakening slightly by dropping irrelevant terms )to ¢ > m log t+
log(kC/¢)
log(1/7)
Here we need a small technical lemma.
Lemma 6.11 ([88, Lemma A.1, Lemma A.2]). Suppose a > 1 and b > 0, then

t > alogt+0bift > 4alog(2a) + 2b.

Applying this lemma we get a bound on N such that for all j < k, z;(V) < e,

namely

4k 5 2k 2log(kC/e)
Ngmwmﬂghmvw) log(1/7)

]

Lemma 6.12 (Exponentially expanding Jordan block - v > 1). Let C' be a positive
number such that K is contained in the (*-ball centred at 0 with radius C. Let x(t) :=
Jix where x is an initial point in K. Assume there exists j with |x;| > € in the

— og(kC . .
Jordan block. Let N = 2k~1 (% + %log (lozgk'y> + 10];7). Then there exists j
and t < N with |z;(t)| > C.

Proof. This proof combines ideas from the previous two cases.

By assumption, there exists j; > 1 such that |z;,| > . Consider the component

k
t .
xuwzij( )N“ﬂ%%

= N T
Set Nj, = % and observe that
log(kC/c) i N.
og(kC/e . ..
2 (Nj) | 2 Ay = 0 (0 A,
imj 1 NPT
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Since the first term is larger than £C, the only way |z;, (N}, )| can be less than C' (and
thus not escape the set) is if one of the later terms is larger than C. Let j, be the
highest index such that )( I )ANJI (G2=1) g ‘ > C. Note that j» > 7;. We now have

a lower bound on a higher mdex coefficient, namely ( N_Jl)vNﬂl G2=31) |25,| > C. Now

we repeat the process with the component

wj,(t) = A'zj, + Z ( _]2) SR,

i=j2+1
We want |Afxj,| > kC, so it is enough to set

J2—

Similarly to the previous lemma, this gives us a recursive definition for the bound,

which is ( )
log Jm—1 10 k
m m—1 g . .
- ij—l > Jm ) + - (]2 - ]1)'
log log

We may weaken this (using standard binomial bounds) to

N

Jm

RlogNj, |k

N, — N, .
Jm Im—1 log 7 log ,)/
Let us assume V; | > %—l—bgw By the same technical lemma ([Lemma 6.11

this will hold if N;, |, > log ’v) log <1og( v)) i g(w) Then we may simplify the inequality

to
N;,. > 2N;

Jm—17

which is easily solved to get
Ny > 21N,

As M < k, setting N;, = loglg’“g%/a) + lofg“(“ ylog <log( )) + bg(  gives us a bound for

a component to escape, which is

N < 9k <log(kC/5) N 4k log( 2k ) N k ) ‘

log ~y log 7y
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6.4.2 Combining the block-wise bounds

We now complete the proof of [Proposition 6.8|

Recall that we wish to show there exists an integer function NonRec(n, d, 7, P) €
207P)" "™ ith the property that for all z € K+y-r there exists t < NonRec(n, d, 7, P)
such that A’z ¢ Kso-r

We will show there exists a positive integer L such that

n n "’Lo(l)
NonRec(n, d, T, P) := 202" . 2T )" ¢ 9drP)

satisfies the conditions of [Proposition 6.8|

Set ¢ = 277, Define a partition of K into Ky, K.. and K>, as described in
section 6.2 We need to construct N, such that for all z € K. there exists t < N>,
such that A'z ¢ K., which is to say, we have either escaped the set K completely

or moved into K., U K .

Since z € K>., we start with at least one component greater than ¢ in Jordan
norm. This allows us to leverage the block-wise bounds.

Let N>, = 2max,{N,}, where N, ranges over the possible bounds depending on
the size of the eigenvalues of A. Within a time N>./2 = max,{N,}, thanks to the

analysis of the block-wise bounds, there are three possibilities:

e the orbit has increased in size beyond C' and has thus left K. This occurs if
there was a component associated to an expanding eigenvalue that was larger

than ¢ in Jordan norm;
e all components are now smaller than ¢, thus leaving K. (by entering K. );

e some component corresponding to an expanding eigenvalue which was originally
less than ¢ has become greater than . In this case, waiting another N-./2

amount of time puts the trajectory in the first case, ensuring it escapes.

Thus in all cases the trajectory has escaped by time Ns..
We now explicitly compute N>, by using the description size of K and A to bound

the three possibilities, namely

_ 4k 2k ) 2log(kC/e)

N = toe/m) log(logu/w log(1/7)

(shrinking eigenvalue ),

1 4 2
N, — 9k og(kC/e) N k log k N k '
log log logy/ = logy
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(exponentially expanding eigenvalue «y) and

1 (k20N
YeErle) o

(modulus 1 eigenvalue), where k is the multiplicity of the Jordan block and thus

k < n, the dimension.

We now compute bounds on log~ and C' in terms of K and A.

Bounding logv: Let 7 be a bound on the bitsize of the coefficients of the minimal
polynomial of the eigenvalues of A as well as a bound on the total bitsize of K.

Using the fact that 2/2 < log(1+z) < z for |z| << 1, Lemma[2.3|yields a constant
R satisfying @ < 2™,

Bounding C': Let d bound the degree of the polynomials defining K. Then from
Theorem we have the existence of a constant S satisfying C' < ()3l

Plugging these bounds into the iteration bounds from the previous lemmas, and
overapproximating for simplicity (we may trivially assume € < 1), we finally get the

following bound: With a new constant () based on R and S, we have

1 2 n n

We can simplify this still further by amalgamating terms. Letting L be a new

constant appropriately larger than S and @, we set

1\*" L
N>, = (—) ™|
- £

Observe that the time to leave K. is doubly exponential in the dimension, singly

exponential in the rest of the input data, and inverse polynomial in €.
Now NonRec(n,d, 7, P) := Nsy-p = 202" . 2(m )" gatisfies the requirements of

[Proposition 6.8|

6.5 Putting it all together

In the previous two sections, we successively showed how to establish a bound on the
escape time for an instance (A, K') when the orbit remains in the recurrent eigenspace
and how the orbit behaves when it starts away from the recurrent eigenspace. In this
section, we show how to combine both results in order to establish an escape bound
for any starting point in K. This will thus prove Theorem [6.1]
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Let (Ap, Ko) be an instance of the compact escape problem, where Ky C R" is a
compact semialgebraic set of description size at most (ng,dy, 79) and Ay € Q™ ™ is
a square matrix with rational entries whose bitsize is bounded by 75. Assume that
every point x € K, escapes K, under iterations of Ay.

Apply Lemma to convert the instance (Ag, Kp) into an equivalent instance
(A, K) such that A € (QNR)™" is in real Jordan normal form. Then the set K has
description size at most (n,d, T), where n = 2ng, d = ngdy, and 7 = (ng7ody)¢™ for
some absolute constant C.. By construction, the characteristic polynomial of A has

rational coefficients of bitsize at most 7.

Let Rec be the function from |[Proposition 6.2 Let ¢ =

1 —
Rec(n,d,T) and Nree =

Rec(n,d, 7). Let x € K. If x € Ko then x escapes within N, steps. Suppose that
r e K_..

Then there are two possibilities:
1. We have A’z ¢ K. for all t < Ny
2. We have A’z € K. for at least one ¢t < Nyec.

In the first case, the orbit of x remains close to V. for long enough that we can

rely on [Proposition 6.2 Indeed, let xy denote the orthogonal projection of x onto
Viee- Let t < Ny be such that diste(Alxg, K) > /ne. Since A'z ¢ K., we have
| Atz — Alzo||; < e, so that ||Afz — Alzgl|, < /ne. Let y € K. Then

[t = yll, > [ Atz — g, ~ A — A'roll, > Ve — iz =0

Thus, x escapes K under iterations of A.

In the second case, let ¢; be such that A"z € K>.. Let NonRec be the function
from |Proposition 6.8, Let N-. = NonRec(n,d, T, [log(1/¢)]). By |[Proposition 6.8|
there exists t; < N>, such that A2 A"z is contained either in K. U K. or in the

complement of K. In the latter case we are done. In the former case we apply the
initial case distinction: either for all ¢ < Ny we have A'A? A%y ¢ K. or we have
Als A2 Ay € K. for at least one t3 < Ny.. Once again, in the first case, the point
has escaped. By repeating this reasoning, we construct a (finite or infinite) sequence
t1,%a,... such that ¢; < Ny if 7 is odd and ¢; < N>, if 7 is even and

Ats _____ Atll‘ c K<E U Krec lf S iS eVen’
K. if s is odd.
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6.5.1 Bounding the sequence of “flips”

We claim that the sequence t;,ts,... is finite and contains at most n® elements.
Intuitively, the exponential-polynomial defined by A‘z can “flip” in size above and
below the threshold only due to the oscillations of the polynomial part, and these are
bounded in number by the polynomial degree, which is at most n.

Consider a real Jordan block of A of size m < n associated to the eigenvalue A.
Denote by x; the orthogonal projection of x onto the dimensions associated with this
block.

Assume first that A is a real eigenvalue (as opposed to a 2 x 2 block representing
a complex eigenvalue). If A = 0, then clearly ||Jk$ JH ; 1s monotonically decreasing.
Thus, assume in the sequel that A # 0.

Let j € {1,...,m}. The m — j + 1’th component of the vector J*x;, viewed as a
function of ¢, is an exponential polynomial F;(t) = A'P(t), where P € R[z] is a real

polynomial of degree j — 1. Consider the real function
(B;())*: R =R, (E;(t))* = [A[*[P(1).
This function is differentiable in ¢ with derivative

g (E5(1)* = A" (log(A*)(P(t)*) + 2P(t)P'(t)) -

dt

This derivative vanishes if and only if the factor (log(A?)(P(t)?) + 2P(t)P'(t)) van-
ishes. This factor is a polynomial of degree 27 — 2, so that it has at most 2j — 2 real
zeroes. It follows that there exist numbers ¢;1,...,1;,,, with m; < 2j — 2 such that

the function (F;(t))* — e* does not change its sign in any of the open intervals

(0,t51), (tj5t52), -5 (Bimy—15 timy )5 (B, +00).

Thus, the norm ||J*z,||; changes from smaller than € to bigger than ¢ at most
Y (2j-2)=2> j-2m=(m+1m-2m=m’-m
j=1 Jj=1

times.

The case where A represents a complex eigenvalue A is similar. However, we now
consider the evolution of the two coordinates corresponding to one A-block simulta-
neously.

For j € {1,...,m}, write E;(t) for the m — j+ 1’th component of the vector J'z,
viewed as a function of ¢. We have for all j € {1,...,m/2} that the function

Fj(t) = (Ea;(1))* 4 (Egj—1(1))?
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is an exponential polynomial Fj(t) = |\|["P;(t), where P; € R[z] is a real polynomial
of degree j — 1. Therefore, exactly as in the case where A is a real eigenvalue, the
derivative of Fj vanishes at most 2j — 2 times. From which we can deduce that the
norm ||J'z ||, crosses the e-threshold at most m? — m times.

Estimating generously, we have at most n Jordan blocks of size at most n, each of
which crosses the e-threshold at most n? — n times. In total, we cross the threshold
at most n® — n? times. The total escape bound is hence n® max{ N, N>.}. By the
same argument, the same escape bound holds true when the initial point z lies in
K-..

6.5.2 The final bound

Substituting the constants Nyee, N>., n, d, and 7 with their definitions, we obtain the

upper bound

CompactEscape(ng, do, 70) =

(2710)3 max { Rec (2710, nodo, (nodoT())CT) s
o c,
NonRec <2n0, nodo, (nodoo)" ", log [Rec <2n0, nodo, (nodoTo) ﬂ) }

)nou)

One easily verifies that CompactEscape(n, d, 7) € 204 as claimed.

6.6 A matching lower bound on escape time

In Theorem we established a uniform upper bound on the escape time for all
positive instances of the Compact Escape Problem. Our bound is doubly exponential
in the ambient dimension and singly exponential in the rest of the data. We will
now show that this bound cannot be significantly improved by showing that a doubly

exponential bound cannot be avoided even for purely rotational systems.

6.6.1 Rotational example
The idea of this example is to use the dimensions iteratively to create a circle with a
double-exponentially tiny hole which is the only escape.

Ezample. For (n,d, ) € N* let K(;, 4.-) C R"" be the set of all points (z, y, u1, . . ., u,)
satisfying the (in)equalities: 22 +y*> = 1,uy = 277, (z — 1)* + y* > u, and for
1 S ) S n — 1, Uit = (Ul)d
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Hence, K 47) = (Sl \ B ((1, 0), 2*”[”_1)) X {(2*7, 277 . ,Q*Tdnq) }, where
St C R? is the unit circle. Let a = 2, b= 2. Let
a —b 0
A(n,d,T) = b a 0
0 0 I

where [,, is the n X n identity matrix. It is easy to see that the complex number
g + i% has modulus 1 and is not a root of unity. It follows from Dirichlet’s theorem
on simultaneous Diophantine approximation that the orbit of A is equal to S* x
{ <2*T, 2-Td . ,Z*Tdnq) }, so that every initial point escapes under A.

We claim that there exists a point z € K, 4 that requires grd"! steps to escape.
Indeed, let wg € K(,4,,) be an arbitrary initial point. Consider the orbit x; = Alxg.
Let N < 27" By the pigeonhole principle, the finite set of points zq,...,zy
contains at least one consecutive pair of points z;, x; on the circle such that the
points z; and x; are joined by an arc of the circle of length strictly greater than 2/N.
It follows that we can ensure that none of the points w1, ..., zy is outside of K, 4 by
applying a suitable planar rotation to all points. Since all planar rotations commute,
there exists for each angle # an initial point zg € S! x {(2_7, 2-Td 2_7‘1"71) },
such that the orbit of xy under A is equal to the orbit of xy under A rotated by 6.

This proves the claim.

6.6.2 Expanding example

Now we present another example where the doubly exponential bound comes from

the size of the set we define.
Ezample. The construction of our first family of instances (K, 4.7), A(n,d,r))(n,d,r)ens
relies on the fact that one can define a compact semialgebraic set whose size is doubly-
exponential in the ambient dimension.
For (n,d,7) € N?, define K(, 4,y C R""! as the set of all points (21, ...z, Ty)

satisfying the (in)equalities:

Ty =1,

x =27,

For1<:<n-2, :EZ-H:xf,

0<zg, < IZ—l-

Thus, a point z € R™! belongs to K, 4, if and only if it is of the form
<27, ord . omd" T g 1) where y € [O, 2“1"_1} .
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We now define A, 4 to be the matrix which only adds 1 (through the coefficient

x,) to the penultimate coordinate:

O =
i)

An,dr) =

11
0 1
Therefore, given an initial point xzy € Kj;, we have that z; = A’Em 4nTo = To +
(0,...,0,t,0). This sequence obviously escapes. The point (27,27, ... 27" 0,1) €
K(y,4,-) requires 2md" ' +1 jterations to escape. This is doubly exponential in the am-

bient dimension and singly exponential in the rest of the data.

6.7 Conclusion

In this chapter we have shown upper and lower bounds for the escape time of a linear
dynamical system over a compact semialgebraic set that are doubly exponential in
the ambient dimension. Both our lower bound examples rely on using a repeated
squaring of polynomials in order to make the set itself double-exponentially large or
small.

This raises the question of what the optimal bound is for a compact polytope,
where this strategy would not be available. Previous work has shown a doubly ex-
ponential upper bound for the escape time of a continuous linear dynamical system
over a compact polytope [33]. No lower bound was given.

The double exponential occurs in the analogue of [Lemma 6.9, which bounds how
slowly a single variable polynomial can grow in terms of a lower bound on one co-
efficient. The proof was not optimized, and it is very plausible that a more careful

analysis could yield a singly exponential bound.
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Chapter 7

Discussion and Open Problems

In this thesis we have studied reachability for matrices and pseudo-orbits, and escape
for linear dynamical systems. Each chapter-specific conclusion discusses possible ex-
tensions to those results. We now discuss some common themes.

We showed that the Non-Negative Membership Problem is undecidable in general,
but decidable for commutative matrix semigroups subject to Schanuel’s conjecture.
The use of Schanuel’s conjecture arises because we reduce the commutative case of
the Non-Negative Membership Problem to the decision problem for the first-order
theory of real-closed fields with exponentiation. However in the diagonalisable case,
we only need Schanuel’s conjecture to decide whether a rational function in logarithms
of algebraic numbers is zero.

We have shown decidability of the pseudo-Skolem problem in all dimensions, and
decidability of pseudo-reachability for arbitrary semialgebraic sets when the matrix
is diagonalisable.

A connection that emerges is the relative tractability of questions involving di-
agonalisable matrices. Indeed our third topic also follows this pattern: while the
Escape Problem (deciding whether a set is an escape set for a given matrix) is open
for general non-compact semialgebraic sets, unpublished work with Lefaucheux and
Neumann indicates that it is decidable for diagonalisable systems (via a reduction to
Ultimate Positivity for simple linear recurrences, which is decidable [75]).

It is well known [74] that decidability of the Positivity Problem or Ultimate Pos-
itivity Problem would lead to advances in determining the Lagrange constants of a
large class of real numbers, an open problem in Diophantine approximation which
can be seen as a number-theoretic barrier to further progress. However this reduction
crucially relies on the nondiagonalisability of the matrix.

Thus it is interesting to consider barriers to decidability in the diagonalisable case

and the implications of further progress.
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Recent work [54] has shown that solving diagonalisable Positivity would have im-
plications beyond reachability: it would allow deciding whether the trajectory of a
diagonalisable LDS satisfies arbitrary omega-regular properties (defined on semialge-
braic predicates). However, this implication does not hold for general Positivity and
general LDS.

The proof of decidability of Ultimate Positivity for simple linear recurrences uses a
nonconstructive lower bound on sums of S-units based on the Subspace Theorem [75].
An effective version of the Subspace Theorem would be a direct, if very difficult, route
to solving diagonalisable Positivity.

Results on deciding diagonalisable Positivity for dimension up to 9 have used
Baker’s theorem to bound the orbit away from a finite set of points [76]. Further
progress to dimension 10 and beyond is bottlenecked by the fact that one would need
an analogue of Baker’s theorem that enabled one to bound the orbit away from a
curve. Note also that decidability in dimension 14 would solve the last remaining
open case of Skolem at dimension 5.

Separately, we could drop our reliance on Schanuel’s conjecture in the diagonal-
isable commuting case of the Non-Negative Membership Problem if it was possible
to bound a nonzero rational function in logarithms of algebraic numbers away from
zero. This would be a very significant extension of Baker’s theorem, subsuming the
four exponentials conjecture.

Thus, while some of the barriers to Positivity do not apply, solving the diagonal-

isable version still requires major advances in transcendental number theory.

7.1 Open Problems for Future Work

Returning to problems that (hopefully) do not require such advances, we list some

open problems for future work that we think are interesting and relatively tractable.

1. Prove that Eventual Nonnegativity for a single matrix is in PTIME. Character-
ising the nonnegative powers of a matrix requires splitting into non-degenerate
sequences, which might cause an exponential blowup. We speculate that for
Eventual Nonnegativity one can avoid this by proving that degenerate matrices

with negative entries cannot be eventually nonnegative. (See Section [3.2)
2. Prove that the Positive Membership Problem is undecidable. (See Section (3.5.1))

3. Characterise the complexity of the pseudo-Skolem problem. (See Theorem |4.23))
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4. Prove decidability (or hardness) for pseudo-reachability for non-diagonalisable

systems. As mentioned in Section [5.6], the simplest tricky case is to characterise

the set-summation 7' M?B where M = [(1) ﬂ and B is a unit ball.

5. Prove that the escape time for a compact polytope is singly exponential in the di-
mension. This would be a significant improvement over the doubly exponential

bound given in [33].
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