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Abstract

A novel hybrid spectral method that combines radial basis function (RBF) and Chebyshev
pseudospectral (PS) methods in a “2+1” approach is presented for numerically simulating ther-
mal convection in a 3-D spherical shell. This is the first study to apply RBFs to a full 3D
physical model in spherical geometry. In addition to being spectrally accurate, RBFs are not
defined in terms of any surface based coordinate system such as spherical coordinates. As a
result, when used in the lateral directions, as in this study, they completely circumvent the pole
issue with the further advantage that nodes can be “scattered” over the surface of a sphere. In
the radial direction, Chebyshev polynomials are used, which are also spectrally accurate and
provide the necessary clustering near the boundaries to resolve boundary layers. Applications
of this new hybrid methodology are given to the problem of convection in the Earth’s mantle,
which is modeled by a Boussinesq fluid at infinite Prandtl number. To see whether this nu-
merical technique warrants further investigation, the study limits itself to an isoviscous mantle.
Benchmark comparisons are presented with other currently used mantle convection codes for
Rayleigh number 7 - 103 and 10°. The algorithmic simplicity of the code (mostly due to RBFs)
allows it to be written in less than 400 lines of MATLAB and run on a single workstation. We
find that our method is very competitive with those currently used in the literature.

1 Introduction

Mantle convection models in spherical geometry have seen a variety of numerical method imple-
mentations, from finite element and finite volume methods on a variety of grids such as icosahe-
dral, cubed-sphere, Ying-Yang, and hexahedral [Baumgardner, 1985; Hernlund and Tackley, 2003;
Yoshida and Kageyama, 2004; Harder and Hansen, 2005; Stemmer et al., 2006; Zhong et al., 2008],
to pseudospectral methods using spherical harmonics [Bercovici et al., 1989; Harder, 1998]. The
former methods can be cumbersome and tedious to program due to grid generation and treatment
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of the equations near element boundaries and are generally low order. The latter needs special
treatment due to the infamous “pole singularities”, requiring more nodes than basis functions in
the latitudinal direction (2N + 1 nodes for IV associated Legendre functions) and does not easily
allow for local refinement.

A novel approach that is in its infancy of development is radial basis functions (RBFs), a mesh-
less method that has the advantage of being spectrally accurate for arbitrary node layouts in
multi-dimensions. Former studies, using this method on spherical surfaces, have shown it to be
very competitive in comparison to numerical methods that are currently used in the geosciences,
algorithmically simpler, and naturally permitting local node refinement [Flyer and Wright, 2009;
Flyer and Lehto, 2009; Flyer and Wright, 2007; Fornberg and Piret, 2008]. However, given this
early stage of development, numerical modeling experiments with RBFs are warranted before full-
blown mantle convection models using RBF's are developed that can handle everything from variable
viscosity to thermochemical convection. As a result, this paper is of an exploratory nature from the
perspective of numerics. Since no 3-D model using RBF spatial discretization of partial differential
equations (PDEs) in spherical geometry exists in the math or science literature, it follows that taking
the simplest formulation for mantle convection, isoviscous flows at various Rayleigh numbers (as is
done by Bercovici et al. [1989] and Harder [1998]) would be a good starting point.

The paper is organized as follows: Section 2 describes the physical model; Section 3 gives a intro-
duction to RBFs; Section 4 shows how the spatial operators are discretized using RBFs; Section 5
reviews the concept of influence matrices that must be used for solving the coupled Poisson equa-
tions which result from writing the velocity in terms of a poloidal potential [see Chandrasekhar,
1961]; Section 6 describes the time discretization and Section 7 provides numerical results from
two test cases with comparisons to those in the literature. The appendices give the steps for
implementing the RBF-PS algorithm.

2 The Physical Model

We consider a thermal convection model of a Boussinesq fluid at infinite Prandtl number in a
spherical shell that is heated from below. The governing equations are

V-u=0 (continuity), (1)
V- [n(Va+{Vu}')] +RaTt=Vp (momentum), (2)
or +u-VT = VT (energy), (3)

ot

where u = (u,, ug, uy) is the velocity field in spherical coordinates (f=latitude, A=longitude), p is
pressure, T' is temperature, r is the unit vector in the radial direction, n is the viscosity, and Ra is
the Rayleigh number. The boundary conditions on the velocity of the fluid at the inner and outer
surfaces of the spherical shell are
=2 ()
r—RiRe or \r

~—
shear-stress free

=0, (4)

0 ug
Ur|,—p, g, =0 and r— (—)
—_——— r=R;,Ro

or \r

impermeable

where R; is the radius of the inner surface of the shell and R, is the radius of the outer surface as
measured from the center of the earth. The boundary conditions on the temperature are

T(Ri,0,0\) =1 and T(R,,0,)\) = 0.



Equations (1)-(3) have been non-dimensionalized with the length scale chosen as the thickness of the
shell, AR = R, — R, the time-scale chosen as the thermal diffusion time, t = (AR)?/k (k=thermal
diffusivity), and the temperature scale chosen as the difference between the temperature at the
inner and outer boundaries, AT

In this study, we treat the fluid as isoviscous, n =const. Thus, the dynamics of the fluid are governed
by the Ra, which can be interpreted as a ratio of the destabilizing force due to the buoyancy of the
heated fluid to the stabilizing force due to the viscosity of the fluid. It takes the specific form of
aAT(AR)?
Ra = PIOAT(AR) ,
K7

where p is the density of the fluid, g is the acceleration due to gravity, and « is the coefficient of
thermal expansion.

Chandrasekhar [1961] [see also Backus, 1966] shows that any divergence-free field can be expressed
in terms of a poloidal and toroidal potential, u = V x V x ((®r)r) + V x (¥r). If the fluid is
isoviscous (or the viscosity stress tensor is spherically symmetric) and satisfies (4) then the field
is purely poloidal (i.e. ¥ = 0). As a result, the three-dimensional continuity and momentum
equations (1) and (2) can be alternatively written as a system of two coupled Poisson equations.
The nonlinear thermal convection model can then be written as

0 [ 400V
ASQ + E (7" ar> == Ra'I"T, (5)
0 [ 00\
AS(P + E <T (‘97«) =T Q, (6)
or (0T 9T 1 9T\ 1, 19 (.07 .
ot Yror T 00 T cos 0 OX s 2or \" or

where 0 € [-7/2,7/2], A\ € (—m,w|, and Ag is the surface Laplacian operator. The velocity
boundary conditions (4) in terms of ® are

9*®
®l,_p,p, =0 and  —o e 0. (8)
The components of the velocity u = (u,,ug, u)y) are given by
1 02 1 92
u =V Vx [(@r)i] = < As?, 836’(@) rcosear({)/\(@ro 9)

We separate the angular and radial directions of the operators as will be discussed in the subsequent
section on spatial discretization. The remaining sections are sequentially organized in the steps in
which the algorithm would be developed and numerically executed.

3 Introduction to RBFs

We only intend to give a brief introduction to RBFs. For a good, in depth discussion see the book
by Fasshauer [2007]. The strength of RBFs lie in approximation problems in multi-dimensional
space with scattered node layouts [Fornberg et al., 2009]. In the context of solving partial dif-
ferential equations (PDEs), the global RBF approach can be viewed as a major generalization
of pseudospectral methods [Fornberg et al., 2002, 2004]. The concept behind RBF's is that by
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Figure 1: (a) Data values {fj}é-vzl, (b) the RBF collocation functions, (c) the resulting RBF inter-
polant.

abandoning the orthogonality of the basis functions, the nodes can be arbitrarily scattered over
the domain, maintaining spectral accuracy with the ability to node refine in a completely grid-
independent environment [Flyer and Lehto, 2009]. This allows for geometric flexibility with regard
to the shape of the domain, as well as flexibility in allowing the nodes to be concentrated where
greater resolution is needed. In addition, studies have shown that RBFs can take unusually long
time steps in comparison to other methods, such as pseudospectral, spectral element and finite
volume, for solving purely hyperbolic systems [Flyer and Wright, 2007, 2009; Flyer and Lehto,
2009].

RBF spatial discretization is based on linear combinations of translates of a single radially sym-
metric function that collocates the data, as is illustrated in Figure 1. The argument of the RBF,
d, is the Euclidean distance between where the RBF is centered x; € R™ and where it is evaluated
x € R™ with n being the dimension of the space, i.e. d = ||x — x;||]2 (from now on for simplicity
we drop the subscript 2). Since its argument only depends on a scalar distance, independent of co-
ordinates, dimension or geometry, RBFs are exceptionally simple to program with the algorithmic
complexity of the code not increasing with dimension. For example, for two points on the surface
of the unit sphere, x; = (x1,y1,21) and x9 = (2, Y2, 22) (or in spherical coordinates (61, A;) and
(62, \2)), where x; is the center of the RBF and x5 is where it is to be evaluated, the argument of



the RBF is:

d :\/(932 —21)2 + (y2 —y1)? + (22 — 21)2 = \/2(1 — xix1)
:\/2(1 — cos B cos 1 cos(Aa — A1) — sin By sin 6y).

Notice, the distance is not measured as great arcs along the sphere but rather as a straight line
through the sphere. Thus, the RBF has no “sense” that it exists on a spherical manifold. It should
be emphasized that the coordinate system is only used to identify the location of the nodes and
not a representation of any grid or manifold (i.e. geometry) in n-dimensional space. Thus, if we
choose to represent the node locations in spherical coordinates, a latitude-longitude grid is never
used, but rather the nodes are placed as the user desires.

‘ Piecewise smooth ‘

MN  monomial |d[?m+1

TPS thin plate spline  |d|*™In |d|
Infinitely smooth ‘
MQ™ multiquadric V14 (ed)?
IMQ inverse MQ !

1+ (ed)?
1
IQ iverse quadratic W
GA Gaussian e~ (ed)

Table 1: Commonly used RBFs. The MQ is used for all results in this study.

Common RBF's are listed in Table 1. There are two distinct kinds, piecewise smooth and infinitely
smooth. Piecewise smooth RBF's lead to algebraic convergence as they contain a jump in some
derivative, e.g. |d|> jumps in the third derivative. Infinitely smooth RBFs lead to spectral conver-
gence as they do not jump in any derivative and thus will be used in this paper. This latter group
features a parameter € which determines the shape of the RBF and plays an important role in both
the conditioning and accuracy of RBF matrices. How the error of the solution varies as a function
of the shape parameter ¢ for solving different classes of PDEs and what are the optimal choices
for it has been studied by Iske [2004]; Wright and Fornberg [2006]; Wertz et al. [2006]; Driscoll
and Heryundono [2007]; Flyer and Wright [2007]; Fasshauer and Zhang [2007]; Fornberg and Zuev
[2007]; Fornberg and Piret [2008]; Flyer and Wright [2009].

The above studies have shown that best results are achieved with roughly evenly distributed nodes.
Since only a maximum of 20 nodes can be evenly distributed on a sphere, there are a multitude of
algorithms to define “even” distribution for larger numbers of nodes, such as equal partitioned area,
convex hull approaches, Voronoi cells, electrostatic repulsion [Hardin and Saff, 2004]. Although
any of these will suffice, we have decided to use an electrostatic repulsion or minimal energy (ME)
approach since the nodes do not line up along any vertices or lines, emphasizing the arbitrary node
layout and coordinate-free nature of a RBF methodology, as can be seen by the node layout in
Figure 2a. A very important consequence of this is that although the PDEs of the physical model
are posed and solved in spherical coordinates, there are no pole singularities.



4 Spatial discretization

To numerically solve (5)—(7) a “2+1” layering approach is used, where the lateral directions (¢, \)
are discretized separately from the radial direction. Using collocation, the approximate solution
is calculated at the nodes shown in Figure 2(b). We use M + 2 Chebyshev nodes in the radial
direction (corresponding to M interior points and 2 boundary points) and N “scattered” nodes
on each of the resulting M spherical surfaces. As shown in the figure, this gives a tensor product
structure between the radial and lateral directions, which allows the spatial operators to be com-
puted in O(M?N) +O(M N?) operations instead of O(M?2N?) as discussed below. While all radial
derivatives are discretized using Chebyshev polynomials, differential operators in the latitudinal
direction 6 and longitudinal direction A are approximated discretely on each spherical surface using
RBFs. In the following subsections, we will discuss how to discretize the lateral advection and
surface Laplacian operators using RBFs, with a novel RBF formulation of the latter. The radial
discretization by collocation with Chebyshev polynomials is standard and is therefore omitted (see,
for example, Fornberg [1995]; Trefethen [2000] for details).

S

(a)

Figure 2: (a) RBF node layout on the surface of a sphere; (b) 3-D view of the discretization of
the spherical shell used in the hybrid RBF-PS calculation. Blue is the outer boundary and red
is the inner boundary, black circles display the computational nodes, which are distributed in the
radial direction along the extrema of the Chebyshev polynomials. Note the spherical shell has been
opened up in (b) to show the detail.

4.1 RBF discretization of the lateral advection operator

Given a velocity field tangent to the unit sphere that is a function of time and space, u =
{ug(0, A\, t),ux(0, A\, t)}, the lateral advection operator is given by
0 (T3 0

u-V=wu—-+

90 ' cosO O\ (10)

0
which is singular at 6 = :tz, the north and south poles, unless — also vanishes there. We will

next see that this is exactly what happens when the operator is applied to an RBF.

Setting e = 1 (for simplicity of notation), let ¢;(d) = ¢(1/2(1 — cos cos 6 cos(A — A;) — sinfsinb;))
be an RBF centered at the node (6}, \;). Using the chain rule, the partial derivatives of the RBF



¢;j(d) with respect to A and 6 are given by

9 . 0ddg . | (109;

—6/\¢j(d) = oNBd — cos 6 cos f;sin(A — A;) <d8d ) , (11)
o . 0ddp . " ' o (109

—89¢j(d) =509d — (sin @ cos @ cos(A — A;) — cosOsinb;) (d@d ) : (12)

Inserting (11) and (12) into (10), we have

10¢; 100¢;
u-V = uy(cosb;sinbcos(A — Aj) —sinf; cos§) <d88qzi]> + uy cos B sin(A — \j) <d38<l;]> . (13)

Given that the velocities are smooth, notice that nowhere on the sphere is (13) singular.

Now, we have all the components that are necessary to build the action of the advection operator
on an RBF representation of the temperature field. We first represent 7'(\, #) as an RBF expansion
given by

N
T(0,)) =D cjd;(d(6, ). (14)
j=1

where ¢; are the unknown expansion coefficients. We then apply the exact differential operator
u-V to (14) and evaluate it at the node locations, {(\;, 6;)}¥., where T'(), ) is known. Note that
because u) and ug are time-dependent we will need to create two separate differentiation matrices,
1 0 0
one to represent —eaqu(d) and another to represent %gﬁj (d), otherwise (13) could be written
cos

as a single differentiation matrix. Since they are created in the same way, we will only demonstrate
how to formulate D), the differentiation matrix for the longitudinal direction:

N N
9 of (14): 1 M _ ch 1 9¢;(d) = ch cos 6 sin(A—\;) <Cli3;;;> .
j=1 J=1

= B)\C7

N
1 .
(b) Evaluate (a) at the node locations: Z ¢; <cos 0 sin(A\; — Aj) 8(]5])
(AO)=(Xi,0:) N,

d od

J=1

Components of matrix By

where ¢ contains the N unknown discrete expansion coefficients. If we evaluate the RBFs in (14)
at the node locations {(\;,6;)}X, then we have the collocation problem

o(lx1 —xa)  o(llx1 —x2f]) - &(x1 —xn|) | [ T
P(lxe —x1)  o(llx2 —x2l]) - &(x2 —xn]|) | |c2 T3
: : .. : : - . (15)
o(llxn —x1l)  o(llxy —x2ll) -+ o(llxy —xnl)] |en Ty
—_— ——
A C T

where A is the RBF interpolation matrix for the node set. Thus, ¢ = A~'T and substituting
this into (b) above gives D\T = B)(A~'T), in other words Dy = ByA~!. Put verbally, the
differentiation matrices are obtained by applying the exact differential operator to the interpolant
and then evaluating it at the data locations. Although the computation of Dy and Dy requires
O(N3) operations, it is a pre-processing step that needs to be done only once.



4.2 A novel RBF surface Laplacian formulation

Since RBFs do not require the nodes on a spherical surface to have any directionality and since
RBFs are not defined in terms of any surface based coordinate system (as discussed in Section 3),
then for simplicity let us center an RBF at the north pole x,, = (0,0,1) or (0, \) = (7/2,0). The
distance from this point to any point on the sphere is then given by

d(x) =[x — Xnp|| = \/xQ +y2+ (2 —1)2 =/2(1 —sin(h)). (16)
Now, the surface Laplacian in spherical coordinates in given by

2 2
Asza——taneg—i- L0

002 00 ' cos20 N2 (17)

However, for a radial function centered at the north pole there will be no A dependence. So, (17)
reduces to

0? 0
As = @ — tan 9% (18)
Applying (18) to an RBF ¢(d) gives
9%d 0¢ 292 0d 9

With the use of (16) and after some algebra, (19) reduces to

Asp(d) =

2 a2
1 ¢  4-3d 6¢] 20)

2 —_—
4[(4 )o@ d  od

Although we derived this formula by centering the RBF at the north pole, any node could have
served as the north pole since an RBF is invariant to coordinate rotations. The beauty of (20) is
that it expresses the action of the surface Laplacian on an RBF simply in terms of the distances
between nodes without the coordinate system ever coming into play. The RBF surface Laplacian
differentiation matrix is then defined as Ly = BsA™!, where By is now a matrix, evaluating (20) at
d = /2(1 — cosf; cosf; cos(\; — \j) —sinf;sin6;)), 1 <i,j < N, j indexing the RBF centers and
¢ the node locations.

5 Momentum equations solver and influence matrix method

We cannot directly solve (5) and (6) since we have 4 boundary conditions on ®, given by (8),
and none on ). We therefore use the influence matrix method [Peyret, 2002] to find the unknown
boundary values on € such that all 4 boundary conditions on ® are satisfied. Since (5) and (6) are
linear, the solution to each Poisson equation can be represented as a superposition of two solutions;
the first, 2, and Py, satisfies the right hand side of the equations with homogeneous Dirichlet
boundary conditions; the second, €2; and ®;, couples the unknown boundary values (abbreviated
bd), Qﬁl] and Qﬁf , with <I>R and <I>R° at each RBF collocation node, {6}, \; }j 1, on the inner (R;)
and outer (R,) boundary spherlcal surfaces respectively. In Table 2, the variables are defined in
terms of the Poisson equations they solve with the overall solution written as

N N
Q:QHZ[Q@JQf 0] and ¢:¢h+2[9@3¢f1+9§13¢f0] (21)



Variable PDE Boundary Conditions at r = R;, R, Time-dependent
Qh AQh = RarT Qh ‘Ri,Ro =0 Yes
Py, A(I)h = Qh Py, |Ri7Ro =0 Yes

A A A A 1 if (6,\) =(0;, )
Qf AQR = Qg =0, QF = ’ 32737 No
J J i IR i I 0 otherwise,
Ri Ri _ Ri Ri —
U ADT =), L IR, R,=0 No
1 if (6,\) =(0;,)))
Ok AQRe — Qfto |p =0, QfF |p = ’ 12790 No
J J i I i IR 0 otherwise
R, Ry _ Ro R, _
<I>j A(I)j —Qj <I>j |R1,Ro—0 No
QIIEW Q%:j see (22)-(23) | not applicable Yes

Table 2: The variables composing the influence matrix method with the PDEs and boundary
conditions they solve, and if they are time-dependent (i.e. need to be solved at every time step).

The method is reminiscent of a Green’s function type approach, but instead of expanding the
source term of the PDEs in Dirac delta functions, we expand the unknown boundary conditions in
this basis, solve Laplace’s equation (as the right hand side is taken care of by the solutions €2}, and
®j) and superpose the solutions as is done by the summations in (21). Thus, for each boundary,
we are building a table of N particular solutions, {Qf" ;-\7:1 and {Qf" ;V:p whose boundary value
is 1 at the j* boundary node and 0 at all others. These PDEs are solved N times, corresponding
to the number of boundary nodes we have on each boundary surface. It is important to note that

solving for in and Qfo is a pre-processing step, since the equation is temperature-independent

and thus time-independent. Also, once we solve for CIJf”‘ and @f‘), Qf”‘ and Qfo can be deleted as
they are no longer needed for any computations. As discussed in Appendix A, the approximate
solutions to the PDEs listed in Table 2 are computed in spectral space via a matrix diagonalization
(or eigenvector decomposition) technique which requires O(M N?) + O(M?2N) operations per PDE
and O(M?) + O(N?) storage. This is significant savings over a direct solve of the equations, which
would require O(M?N?) operations and O(M?N?) storage.

Once @, has been computed, the unknown coefficients Qﬁ j and Qlio,j are determined by requiring

the linear combination of @, @fi, and @fo in (21) satisfy the boundary conditions (8). Since
each of these variables satisfy the homogeneous Dirichlet boundary conditions by construction, the
unknown coefficients are determined by the second Neumann-type boundary condition. Inserting
the expression for ® given in (21) into this boundary condition leads to the following set of linear

equations which need to be enforced at each boundary node j =1,..., N:
0* _n R 2 r R 0?
— P [ —— Pt 0O = ———@ 22
or2 | _p "o 7 o2t g .
9? g R; 9? _r R 0?
— P [ ——Pto Q. = _——@@ 23
L BETERE r—r, oz ™" r=R, %

The coefficient matrix that arises from this 2N x 2N linear systems is called the influence matrix
and can be pre-calculated, LU decomposed and stored as it is time-independent. However, the
solution to the linear system must be computed every time-step as ®; is time-dependent. Once



Qﬁl‘ ; and Qﬁl‘) ; are found, ® can be determined from the second equation in (21) and then the

)

velocity field can be calculated according to (9).

While the presentation above is the most straightforward way to describe the influence matrix
technique for solving equations (5) and (6) subject to the boundary conditions (8), it is not the
most computationally efficient given how the solutions to 2, and ®j; are computed in the overall
algorithm. In Appendix A, we discuss how the computation can be done in the spectral space of
the discrete operators to reduce the computational cost. The description is the one used in the
code.

6 Time discretization

The Chebyshev discretization of the radial component of the diffusion operator has a Courant-
Fredirchs-Lewey (CFL) condition on the time-step that is proportional to O(1/M?%), which makes
an explicit scheme implausible. As a result, we implement a semi-implicit time stepping scheme
which treats this component implicitly and the remaining terms of the energy equation explicitly.
We note that implicitly time-stepping the entire diffusion term, that is also the RBF discretization
of the Ay operator, would make no difference in terms of the overall CFL condition on the energy
equation. This is because the CFL condition on this operator results in a time step restriction that
scales like O(1/N), with N = O(1000) typically, and the time step restriction due to the Chebyshev
discretization on the radial components of the nonlinear advection term scales as O(1/M?), with
M = O(10) typically.

We separate the terms in the energy equation (7) as follows:
oT oT 10T 1 oT 1 10 oT
— = — -— _ AT+ —— (2= ). 24
ot (urﬁr+u0r80+u)‘rsin96)\>+r2 S g (T 87‘) (24)

F(T) o(Tt)

Using a third order Adams-Bashforth (AB3) method combined with a Crank-Nicolson (CN) method,
(24) can be discretized by

At At
TR = T 4 (28FF — 16FM 1 4 5FM2) 4+ TH(GH 4 G, (25)
AB3 CN

where all the terms are matrices of size N x M, corresponding to the values in the interior of the
spherical shell, and F* and G* are the respective approximations to f(T,t) and g(T,t) at the kP
time step and are explicitly given by

F¥ = —(u¥ o (T*D,) + uf o (DgT*R™) + uh o (DAT*R™)) + L, T*R™% + By

26
Gt =TFL,R™% + B,. (26)
where o denotes element-wise matrix multiplication, and By and B, contain the appropriate terms
from the boundary conditions on T. The abbreviations for the differentiation matrices are given
in Table 3. The matrices u”, ulg, u’f\ are the approximations to the respective components of the
velocity at the &*® time-step, while the diagonal matrix R contains the M interior Chebyshev nodes,

defined by

1 1
Rjd':2(R1—|—Ro)+2(RO—Ri)COS< 7T>,j:1,...,M. (27)

J
M+1

10



‘Matrix H Operator | Discretization | Dimension

T 0
D — BF N x N
A cos g oD\ R 5
— F N
Dy 20 RB x N
Ly Ag RBF N x N
D, ag Chebyshev M x M
r
L, ﬁ T‘QQ Chebyshev M x M
or or

Table 3: Notation for the various differentiation matrices used in the time-differencing scheme.

Equation (25) can be re-written as

At

Tk+1 — Tk
[ 1

-1
(23F% —16FF~1 4 5F%=2) 4 A;G’f] (I — A;L,,R—Q) (28)
As a pre-processing step (I — %LTR_Q) is LU decomposed and stored. The computational cost
of computing (28) is then O(M?N). However, since N is typically two orders of magnitude larger
than M, the total cost per time step will be dominated by the solving the momentum equations
(see Appendix A), calculating the velocity, and computing the values of F* and G*, all of which
require O(M N?) operations. Exact details on each step of the algorithm are given in Appendix B.

7 Validation on the RBF-PS Method

In this section, we consider benchmark studies for 3D spherical shell models of mantle convection
with constant viscosity. Although there are many numerical methods in the literature for mantle
convection in spherical geometry [Bercovici et al., 1989; Zhang and Christensen, 1993; Ratcliff et al.,
1996; Richards et al., 2002; Hernlund and Tackley, 2003; Yoshida and Kageyama, 2004; Harder and
Hansen, 2005; Stemmer et al., 2006; Choblet et al., 2007; Kameyama et al., 2008; Zhong et al., 2008],
the obstacle we encountered is that there is not a set of standardized test cases for comparison with
regard to Ra number and the viscosity profile. However, there are a number of published results for
Ra=7000 with constant viscosity and we compare our method with these. Above this Ra, there does
not seem to be any consistency in the specifications of the physical model for testing the numerical
methods published in the literature. Thus, for higher Ra, we have decided to use Ra = 10° results
from the community model for mantle convection, CitcomS, recently reported in Zhong et al. [2008]
as a benchmark comparison. The only other study in the literature that gives isoviscous results for
this Ra number is by Ratcliff et al. [1996], which is also included in our comparison.

7.1 Ra = 7000

The two most common benchmarks for computational models of mantle convection in a spherical
shell are the steady-state Tetrahedral and Cubic test cases. For both of these benchmarks the fluid
is treated as isoviscous and Ra is set to 7000. The initial condition for the temperature is specified
as

Ri(’l“ — RO)

T(r,0,\) = (R =Ry

_ Ri
+0.01Y2(6, ) sin <7r£_R> (29)
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for the Tetrahedral test case and
Ri(r — R,)
r(R; — Ry)

)

T(r,0,)\) = +0.01 [Y(0,)) + §Y44(9, )\)} sin <7r r- & ) (30)

R, — Ry

for the Cubic test case, where Y™ denotes the normalized spherical harmonic of degree £ and order
m. The first term in each of the initial conditions represents a purely conductive temperature
profile, while the second terms are perturbations to this profile and determine the final steady-state
solution. The 6 — X\ temperature dependence of (29) and (30) on a spherical shell surface can be
seen in Figures 3(a) and 3(b), respectively.

Figure 3: # — X\ dependence of the initial condition for the (a) Tetrahedral and (b) Cubic mantle
convection test cases.

Figure 4: Steady-state isosurfaces of the residual temperature, §7, at t = 1 for the isoviscous (a)
Tetrahedral and (b) Cubic mantle convection test cases at Ra = 7000 computed with the RBF-PS
model. Yellow corresponds to 7" = 0.15 and denotes upwelling relative to the average temperature
at each radial level, while blue corresponds to §7" = —0.15 and denotes down welling. The red solid
sphere shows the inner boundary of the 3-D shell corresponding to the core.

For this test case, N = 1600 nodes were used on each spherical surface (i.e. in the lateral directions)
and 23 total Chebyshev nodes were used in the radial direction (i.e. M = 21 total interior nodes),
giving a total of 36,800 nodes. A time-step of 10~ was used or 10,000 time steps were taken to reach
steady-state at the non-dimensionalized time of ¢ = 1, corresponding to roughly 58 times the age of
the Earth. Figures 4(a) and 4(b) display the final RBF-PS steady-state solutions for the Tetrahedral
and Cubic test cases, respectively, in terms of the residual temperature 07 = T'(r,0,\) — (T'(r)),
where () denotes averaging over a spherical surface. Since no analytical solutions exist, validation
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is done via comparison to other published results in the literature with respect to scalar global
quantities, such as Nusselt number at the inner and outer boundaries (Nu; and Nu,), and the
averaged root mean square velocity and temperature over the volume. Table 4 contains such a
comparison for the RBF-PS method with respect to popular methods used in the mantle convection
literature. The following observations can be can be made:

1. The only method that is spectral in at least one direction is the spherical harmonic-finite
difference method of Harder [1998]. In Stemmer et al. [2006], Harder’s method was used with
Romberg extrapolation to obtain the results to at least four digits of accuracy. With regard
to almost all quantities for both test cases, the results of the RBF-PS method match exactly
with Harder’s extrapolated results.

2. The number of nodes (degrees of freedom) needed to accomplish the results in point 1 is an
order of magnitude lower than what was used with the community CitcomS model reported
by Zhong et al. [2008], approximately one and a half orders of magnitude lower than either
the finite volume method by Stemmer et al. [2006] or the method by Harder [1998] and three
orders of magnitude less than the Yin-Yang, multigrid method by Kameyama et al. [2008].

3. For the scheme to conserve energy Nu; = Nu,, notice this is the case for both tests even with
such a low number of nodes. This results from the spectral accuracy of the RBF-PS method,
which by its shear high-order convergence, will inherently dissipate physical quantities less.

4. Even though we are using Chebyshev polynomials in the radial direction and an explicit time-
stepping scheme for the advection term in the temperature equation, we still can take the
same number of total time steps as Zhong et al. [2008] (i.e. 10,000).

7.2 Ra = 10°

For the isoviscous Ra = 10° case, there are only two published studies for comparison, the CitcomS
study of Zhong et al. [2008] and Ratcliff et al. [1996]. Both use the cubic test case initial condition
given by (30) and the model is integrated to approximately ¢ = 0.3. Since Ra = 10° is a more
convective regime, resulting in thinner plumes as seen in Figures 5(a) and 5(b), larger resolution is
needed. Thus, we use 43 Chebyshev nodes in the radial direction and 4096 nodes on each spherical
surface. Since the time step is purely restricted by the Chebyshev discretization, the increase in
Chebyshev nodes results in a more severe CFL criterion that causes a necessary decrease in the
time step. The time step for this case is 6 - 107> for stability or 50,000 time steps to reach ¢ = 0.3
as opposed to the 35,000 time steps needed by Zhong et al. [2008].

Comparative results are given in Table 5. The following 5 points are notable:
1. The difference between Nu, and Nu; is 0.14%, showing that we are close to absolute conser-
vation of energy.

2. The results of the RBF-PS method are much closer to that of Zhong et al. [2008] than to
those of Ratcliff et al. [1996]. We attribute this difference, most likely, to the under-resolution
of the runs of the latter model.

3. The RBF-PS requires approximately an order of magnitude less degrees of freedom than the
study by Zhong et al. [2008].
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| Model Type Nodes 7 x (6 x A) Nt  Nu (Vi) (1) |

’ Cubic test case, Ra = 7000 ‘

Zhong [2008] FE 393216 32 x (12 x 32 x 32) 3.6254  3.6016 31.09 0.2176
Yoshida [2004] FD 2122416 102 x (102 x 204) 35554  — 305197 @ —

Kameyama [2008] FD 12582912 128 x (2 x 128 x 384)  3.6083 — 31.0741  0.21639
Ratcliff [1996] FV 200000 40 x (50 x 100) 3.5806 — 30.87 —

Stemmer [2006] FV 663552 48 x (6 x 48 x 48) 3.5983 3.5984 31.0226 0.21594
Stemmer [2006] FV Extrap. Extrap. 3.6090 — 31.0709 0.21583
Harder [1998; 2006] SP-FD 552960 120 x (48 x 96) 3.6086 — 31.0765 0.21582
Harder [1998; 2006] SP-FD Extrap. Extrap. 3.6096 — 31.0821 0.21578
RBF-PS SP 36800 23 x (1600) 3.6096 3.6096 31.0820 0.21577

’ Tetrahedral test case, Ra = 7000

Zhong [2008] FE 393216 32 x (12 x 32 x 32) 3.5126  3.4919 32.66 0.2171
Yoshida [2004] FD 2122416 102 x (102 x 204) 3.4430 — 32.0481 —

Kameyama [2008] FD 12582912 128 x (2 x 128 x 384)  3.4945 — 32.6308 0.21597
Ratcliff [1996] FV 200000 40 x (50 x 100) 3.4423 —  32.19 —

Stemmer [2006] FV 663552 48 x (6 x 48 x 48) 3.4864 3.4864 32.5894 0.21564
Stemmer [2006] FV Extrap. Extrap. 3.4949 — 32.6234  0.21560
Harder [1998; 2006] SP-FD 552960 120 x (48 x 96) 3.4955 — 32.6375 0.21561
Harder [1998; 2006] SP-FD  Extrap. Extrap. 3.4962 — 32.6424 0.21556
RBF-PS SP 36800 23 x (1600) 3.4963 3.4962 32.6424 0.21556

Table 4: Comparison between computational methods for the isoviscous Tetrahedral and Cubic
mantle convection test cases with Ra = 7000. Nu, and Nu; denote the respective Nusselt number
at the outer and inner spherical surfaces, (Vins) the volume-averaged rms-velocity over the 3D shell,
and (T') the mean temperature of the 3D shell. Extrap. indicates that the results were obtained
using Romberg extrapolation. Solid lines indicate numbers were not reported. Abbreviations: FE
= finite element, FD = finite difference, FV = finite volume, SP-FD = hybrid spectral and finite
difference, and SP = purely spectral. For the RBF-PS method, the standard deviation of all the
quantities from the last 1000 time-steps was less than 5 - 1072, which is a standard measure for
indicating the model has reached numerical steady-state.

4. Once steady state has been reached, differences between our results and those of Zhong et al.
[2008] are within: 0.4% for Nu, and Nuj, 0.2% for (v,ys), and 0.9% for (T').

5. Even during the startup of the model, the curves for Nu,, (vyms), and (I') as a function of
time, are almost indistinguishable from the results of Zhong et al. [2008], as seen in Figures

6(a)—(c).

8 Timing results

In this short section, a table of runtime results are presented in order to give the reader a feel for
how long it takes to run the code. All test cases were conducted on a workstation with one Intel
i7 940 2.93 GHz processor, which is a quad core processor. The code was written in MATLAB and
run under version 2009b with BLAS multi-threading enabled. 8 GB of memory was also available
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(a)

Figure 5: (a) Steady-state isosurface temperature 7' = 0.5 at time ¢ = 0.3. (b) Steady-state
isosurface of the residual temperature, 67 = T'(r,\,0) — (T'(r)), at t = 0.3 for the isoviscous cubic
mantle convection test case at Ra = 10° computed with the RBF-PS model. The same color scheme
as Figure 4 has been applied.

’ Model Type Nodes 7 x (6 x \) Nu, Nu; (Vims) T) ‘
Zhong [2008] FE  1327,104 48 x (12x48x48) (5509 (ool 1oon  Gios
Ratcliff [1996] FV 200,000 40 x (50 x 100) 7.5669 157.5 —
RBF-PS SP 176,128 43 x (4096) 7.8120 7.8005 154.490 0.17123

Table 5: Comparison between computational methods for the isoviscous Cubic mantle convection
test case with Ra = 10°. Numbers in parenthesis for Zhong et al. [2008] represent standard
deviations. The standard deviation of the results from the last 1000 time-steps for the RBF-PS
model were all less than 5 - 107°.

for the calculations, although only a fraction of this was actually used. The results under ‘Total
runtime’ in Table 6 include the pre-processing steps in the Appendix B, such as setting up the
differentiation matrices and diagonalizing them.

Test Total number || Runtime per Total Total Time
Case of nodes time-step runtime steps
Ra = 7000 36,800 0.0516 sec. 8 min. 16 sec. 10,000 (to t=1)
Ra = 100,000 176,128 0.44 sec. 6 hours 27 min. | 50,000 (to t=0.3)

Table 6: Runtime results for the RBF-PS method for the Ra=7000 and Ra=100,000 cases on a
single 2.93GHz Intel i7 940 quad core processor.

9 Summary

This paper develops the first ever hybrid RBF pseudospectral method for 3D spherical geometries in
the math/science literature. Applications of this new hybrid purely spectral methodology are given
to the problem of thermal convection in the Earth’s mantle, which is modeled by a Boussinesq fluid
at infinite Prandtl number. To see whether this numerical technique warrants further investigation,
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Figure 6: Time plots of the (a) (T), (b) (vims), and (c) Nu,, comparing the results (obtained
through CIG) of the CitcomS and RBF-PS for isoviscous mantle convection at Ra = 10°.

the study limits itself to an isoviscous mantle. Two Ra number regimes are tested, the classical case
in the literature of Ra=7000 and the latest results from the CitcomS community model at Ra=10°.
For the Ra=7000 case, the method perfectly conserved energy, matched the extrapolated results of
the only other partially spectral method (reported in Stemmer et al. [2006]) to four or 5 significant
digits and required anywhere between 1 to 3 orders of magnitude less nodes than other methods.
For the Ra=10° case, the method almost perfectly conserved energy, and gave results that differed
from CitcomS by 0.2% to 0.9% (depending on the scalar quantity being measured) yet required
approximately an order of magnitude less nodes. All calculations were run on a workstation using a
single quad core processor with Ra=7000 case taking about 8 minutes and the Ra=10° case taking
about 6.5 hours. Given this outcome, the methodology warrants more extensive testing. It will be
altered to accommodate the PDEs in primitive form so that variable viscosity and thermochemical
convection can be considered in future test runs.
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Appendix A: Solution of the momentum equations via matrix diagonalization

The two coupled Poisson equations representing the momentum equations, are solved through
matrix diagonalization (i.e. spectral decomposition) of the RBF surface Laplacian and Chebyshev
radial operators, respectively, and the influence matrix method briefly discussed in Section 5. In
this appendix, we first show how the two coupled equations in rows 1 and 2 of Table 2 are solved
for €2, and ®;,. We then describe the influence matrix method in the spectral space of the discrete
operators. We conclude with details on how the full solution for ® is obtained.

If N is the number of nodes on a spherical surface and M is the number of interior Chebyshev
nodes in the radial direction, then let Q,, ®j, € RV*M be the respective matrices for the unknown
values of the two potentials at all the interior node points at time t. Also let T € RN*M e the
the known values of the temperature at time ¢. Using the notation from Table 3 for the RBF
differentiation matrix for the surface Laplacian and the Chebyshev differentiation matrix for the
radial component of the 3-D Laplacian, the discrete form of the first two equations in Table 2 is
written as
Ly + QpL, =RaT R, (31)
L,®), + @, L, =Q, R, (32)
where R is the diagonal matrix given in (27). Now, letting Ly = VAV, ! and L, = VA, V7! be
the spectral decompositions of the operators Ls and L., respectively, (31) and (32) can be written,
after some manipulations as
AV Ve) + (Vo Vi) Ay =Ra (VT RV,
As(V V) + (Vi Vi) A =V Vi) (VT RPV,).

By defining ), = V' V,, @), = V. '®,V,, T = V. 'T RV,, and R? = V,"'R%V,, the above
equations can be written as the diagonal system of equations

A + A, =RaT, (33)
Asa\)h + (/I\)hAr :ﬁhﬁ2. (34)
The solutions to these equations are given explicitly as

5 (1)
O)ii = Ra .
(n)ig (As)isi + (Ar)j

fori=1,...,N,and j=1,..., M.

= (R
P ) = )
and ( h)w (AS)i,i + (Ar)jvj’ <35)

The operators Ly and L, are time-independent so that their spectral decompositions can be com-
puted as a preprocessing step. The solution to (33) and (34) thus requires O(M N) operations
per time-step. However, the total cost in computing ®j, per time-step is dominated by the cost
of computing 7' and €, k2, which requires O(MN?2) and O(M2N) operations, respectively. Since
N is typically two orders of magnitude greater than M, the former computation will dominate
everything.
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We also apply the influence matrix technique in spectral space as it allows some reduction in the
storage and computational cost of computing the final value of ®. The setup of this technique is
similar to that described in Section 5 in that we look for a superposition of solutions to the equations.
However, by working in the spectral space of the lateral operator Lg, the lateral directions can be
decoupled so that the superposition consists only of three N x M linear systems instead of IV:

Q=0+ 000"+ 0™ and =T+ 0id " + QT e, (36)
where bars indicate the variables are in the spectral space of the lateral operator Lg only, and
ﬁfi} and ﬁfdo are N x N diagonal matrices with the unknown values for enforcing the boundary
conditions. The values of Q0 and @, can be obtained by multiplying ;, and ®;, (computed from
(33) and (34)) on the right by V,~!. The remaining values are determined from the solution of
N independent two-point boundary value systems in the radial direction which correspond to the
transform of the two sets of coupled PDEs in rows 3-6 of Table 2 into the spectral space of L.
The complete set of equations can be written in discrete form as

AT+ Q%L =B, AQT Q%L = BF (37

A 430, =0 R? AD 4L, =™ R?,

where B and B contain the modifications from the boundary conditions (ﬁRi) j=latr=nR;

and (QRO )j =1 at r = R, (the remaining boundary conditions on the variables are homogeneous).
The solutions to both of these systems can be computed by a transformation into the the spectral
space of L, as done in (33) and (34) and then solving a diagonal system. The total operation for

the solution of @ and ® ° can then be computed in O(M2N) operations. However, this can be
done as a preprocessing step as these values are time-independent.

To find the unknown values on the diagonals of ﬁié and ﬁif we apply the second set of boundary
conditions in (8) to the right hand side of the ® equation in (36). The discrete set of equations
that result are given by

T

(3" Df) 0 + (8 Df) Ot =~ B,DE (38)

(EP” Dﬁo) oy (EROD,@,O) QFe = _ T, DFe (39)

T
where D DEe ¢ RM*1 are the discrete Chebyshev second derivative operators in the radial
direction at the inner and outer boundaries, respectively. Equations (38) and (39) correspond to N
decoupled 2 x 2 linear system for finding the unknowns. Thus, all these systems can be solved in
O(N) operations. Furthermore, since 3™ and ™ are time independent the values in parenthesis
on the left hand side of these equations can be computed as a preprocessing step. The values on
the right hand side are time-dependent and need to be computed every time step, which requires
O(M N) operations.

Once ﬁlﬁi and ﬁﬁf are determined, ® is computed according to (36) and then transformed back into
physical space by computing ® = V;®. The computation of ® requires O(M N) operations and the
computation of ® requires O(M N?) operations. Combining this cost with the cost of computing
®), from (33) and (34), we see the total computational cost per time-step for computing ® will be
O(M N?) operations.
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Appendix B: Overview of RBF-PS Algorithm
Set-up (Pre-processing):

1
=, —g, and Ay using collocation with N RBFs. This will result in 3 N x N
00" cosf O\

matrices, Dy, Dy, and L, (see Sections 4.1 and 4.2).

o 0 0 0?
2. Discretize —, — (= |, =— ,and — using collocation with M + 2 Chebyshev
or’ or or)’ or?| _g or?|,_g.

polynomials. Since these are only applied on the interior of the shell, this will result in 2
M x M matrices D, and L, for the first two operators, and 2 M x 1 vectors for the last two.

1. Discretize

82

3. Form the M x M diagonal matrices R (see (27)) and R%.

4. LU decompose the M x M matrix (I — At/2L,R™2) for the AB3-CN time stepping method
(see Section 6), where I is the M x M identity matrix.

5. Momentum equations:

(a) Compute the spectral decomposition of Ls and L, (see Appendix A). This results in the
following matrices: 1 full N x N (V5), 1 diagonal N x N (Ag), 1 full M x M (V,), and
1 diagonal M x M (A,).

Compute the inverses of V,. and V.
Compute the full M x M matrix B2 = V,"1R2V,.

Solve (37) for 3" and 6R°, which results in 2 N x M matrices.

(b
(c
(d
(e

3" DEy

rro

)
)
)
)

B G pho and ®'° DFo from (38)

Compute the influence matrix entries 3" D, o,
and (38). This results in 4 vectors of length N.

Execution:

1. Momentum equations:

(a) With the temperature T at the k™ time step, calculate ZI;h (i.e @y, in the spectral space
of both the operators L, and L,) according to (35).

(b) Calculate ®;, = EI;thl (i.e @y, in the spectral space of L only).

(c) Solve for the influence matrix system (37) for the unknowns ﬁfdi and ﬁif.

)
)
(d) Compute ® by updating ®, with the influence matrix terms according to (36).
e) Compute ® = V,® to find the poloidal potential in physical space.

)

(
(f) Compute the velocity field (9), which can be written
u=(Ls®R Dy®RD, R, D\®RD,R™").
——

Uy Uug U

2. Compute the Fj and Gy in (26) with the velocity field from the previous step and the tem-
perature T%.

3. Solve (28) for the temperature at the next time-step, T#*1, and repeat step 1 with this new
temperature.
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