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Abstract. Grain boundaries are solid-solid interfaces whose dynamics is driven by

their local curvature. As they are fluctuating interfaces and have a width comparable

to the lattice spacing of the surrounding grains, the determination of their local

geometrical characteristics is difficult. Here we present a method to determine the local

normal direction, tangent plane and curvature of grain boundaries from microscopy

images using point sampled surface analysis techniques. We apply our algorithm to

study the boundary of a shrinking grain in a two-dimensional colloidal polycrystalline

material. Our method is easily generalised to three dimensions, which makes it

applicable to the wide range of interfaces encountered in soft matter.

1. Introduction

A grain boundary (GB) is the interface between two adjacent crystallites with

differing orientations [1]. Polycrystalline materials consist of many differently oriented

crystallites, or grains, in which the network formed by the GBs coarsens to lower the

total interfacial area [2]. In this process, known as grain growth, some grains grow at

the expense of other ones leading to an increasing average grain size. The origin of grain

growth can be traced back to the motion of curved GBs along their normal directions

to reduce their local curvature [2, 3]. The local normal velocity v of a migrating GB is

then given by the Herring’s relation [2, 4]

v = MΓκ, (1)

where M is the mobility of the grain boundary, Γ the GB stiffness and κ the local

curvature. While M and Γ can be directly obtained from the capillary fluctuations of

flat GBs [5, 6, 7, 8], directly testing the Herring’s relation requires detailed knowledge

of the local geometrical features of the GB, and in particular its local curvature.

Experimentally, GBs in atomic systems are typically studied using high-resolution

electron microscopy techniques [9, 10, 11]. Though they provide detailed insight into

the structural properties of GBs, directly accessing the interface dynamics, including
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curvature driven migration, is generally problematic due to the short time and length

scales [9]. Colloidal model systems have been proven very useful in microscopy based

single-particle level studies of GBs [8, 12, 13, 14, 15, 16, 17, 18, 19]. However, at this

scale, GBs have a width of a few particle diameters and exhibit deformations due to

thermal fluctuations [5, 6, 7, 8, 12, 20]. The particles belonging to the GB thus form a

noisy discrete cloud of points from which the local geometrical features of the embedded

idealised continuous GB are to be extracted.

Detecting and extracting the geometrical characteristics of an interface of unknown

shape can be done using various techniques, depending on the dimension and topology

of the interface and the spatial resolution of the data. Interfaces can be detected using

the variations of the intensity profile on raw images [21], snake algorithms [22], lattice

based methods [23], the level set method [24] or particle-based criteria [8, 12, 25, 26, 27].

Specific geometrical features, such as the normal and tangent planes, and the curvature

of fluid-fluid interfaces are usually determined using lattice based methods [22, 24]

although they are more adapted to simulations where the rules of evolution of the

interface are imposed. In experiments, where interfaces are sampled by a discrete cloud

of points, the local curvature can be extracted using circular [22] or parabolic fits [28]

to the data points, though this only gives reliable results as long as the noise level is

low.

The noisy nature of fluctuating GBs therefore makes determining its local

geometrical features from microscopy images cumbersome and clearly a robust analysis

method is required for this purpose. In this article, we present a relatively simple

method that enables us to fully quantify the local geometrical features of GBs sampled

by discrete points obtained from microscopy images. We will first outline our method

for one-dimensional (1D) interfaces in 2D systems. We test our method on artificially

generated and experimental GBs in 2D colloidal crystals. Finally, our method is

applicable to other types of interfaces and easily extendable to 3D systems, which

broadens its relevance to the wide field of interfaces in soft matter.

2. Geometrical analysis of point sampled 1D interfaces

We consider a cloud of points in 2D space which samples a 1D interface L, whose

parametrisation is unknown (see figure 1a). The purpose is to recover the local

geometrical features of L from the discrete cloud of points. We first show how to

determine the local normal and tangent directions to L using standard Principal

Component Analysis (PCA) [29, 30, 31]. Then we will compute the local curvature

along the interface using two different methods.

2.1. Local normal and tangent directions

For a given point P in the cloud sampling the 1D interface, we define the neighbourhood

of P as being the set ΩP containing the m points located within a distance rc from P (see
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figure 1a). We define the m-dimensional vectors x = (x1, ..., xm) and y = (y1, ..., ym),

where (xi, yi) are the coordinates of a point i belonging to ΩP . Note that in the following,

the notation x refers to m-dimensional vectors while ~u refers to vectors in the 2D plane.

The covariance matrix CP of the coordinates of the points within the neighbourhood of

P is defined by [29, 30, 31]

CP =

[
Cov(x,x) Cov(x,y)

Cov(y,x) Cov(y,y)

]
, (2)

where

Cov(x,y) = 1/m
m∑
i=1

(xi − x)(yi − y) (3)

is the covariance of the two vectors x and y, with x̄ = 1/m
m∑
i=1

xi. Because the covariance

matrix is symmetric, it has two positive eigenvalues with two associated orthogonal

eigenvectors. The normalised eigenvector associated to the lowest eigenvalue of CP is

the normal vector to the interface at P , ~nP , while the other normalised eigenvector

corresponds to the tangent vector at P , ~uP [29, 30, 31]. By performing this operation

for all the points P in the cloud, we obtain all the corresponding normal and tangent

vectors along the 1D interface.

As the normal vector at P can be oriented in two different directions, it is necessary

to enforce a consistent orientation along L so that for two neighbouring points P and

Q, ñP · ñQ ≥ 0 [31, 32]. In simple cases, this can be achieved by forcing the normals to

point towards a common observation point located at ~v0, far away from the interface [32].

Equivalently, this implies that every point P with position ~rP and normal vector ~nP has

to satisfy:

~nP · (~v0 − ~rP ) > 0. (4)

If a common observation point cannot be defined, more sophisticated methods based on

graph theory can be used [31]. Finally, the condition det (~uP , ~nP ) = 1 fixes the direction

of the tangent vector ~uP as shown in figure 1b.

2.2. Local curvature

Next we determine the local curvature κP at every point P in the cloud sampling the 1D

interface L using two different methods that we will compare in the following. The first

one is based on the osculating parabola (OP) of the points in ΩP . First, we change the

reference frame to the local tangent frame (~uP , ~nP ) centred at P : the new coordinates

of the points in ΩP are now denoted u = (u1, ..., um) and n = (n1, ..., nm). In the local

frame, the coordinates of P are (u, n) = (0, 0) and the interface L is locally described

by the equation n = f(u) where f is a function such that f(0) = f ′(0) = 0 (see

figure 1c) [33]. Here, f ′ is the derivative of f with respect to u. As a result, to the

lowest order in u, f reads

f(u) =
1

2
f ′′(0)u2 +O

(
u3
)
, (5)
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Figure 1. (a) Local view of a 1D interface L sampled by a cloud of points. The

neighbourhood of a point P is the set of points ΩP within a distance rc from P . (b)

The tangent and normal unit vectors, ~uP and ~nP at P . (c) The osculating parabola

n = 1/2au2 (red line) in the local tangent frame (~uP , ~nP ) of P . The local curvature is

given by a which is negative here. (d) The variation of the normal vectors ~ni within

ΩP . (e) The variation of φi = ~ni · ~uP , as a function of ui, the coordinate along ~uP .

The gradient of the line is −κP .

and the osculating parabola to L is given by n = 1
2
f ′′(0)u2. The local curvature at P

is thus κP = f ′′(0) [33]. Hence, fitting a function of the form n = 1
2
au2 to the points

(u,n) yields the local curvature as κP ' a, see figure 1c.

The second method to determine the local curvature κP is based on the variation

of the normal direction along the interface within ΩP . Though similar methods have

been used in surface feature detection, they are computationally expensive [34] or give

dimensionless curvature indicators [29, 35]. Here we introduce a normal variation (NV)

method that is fairly easy to implement and fast to apply to large data sets. In the

local tangent frame, we introduce the map φ, which tracks the variation of the normal

~n(u) along the tangent direction at P , ~uP (see figure 1d):

φ : u 7→ φ(u) = ~n(u) · ~uP . (6)

If L is locally flat, then φ is zero as ~n is perpendicular to ~uP . If L is positively (negatively)

curved, φ decreases (increases) with u as illustrated in figure 1e. As φ vanishes at P ,

i.e. u = 0, its expression to the lowest order in u is given by:

φ(u) = φ′(0)u+O
(
u2
)

(7)
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and the local curvature is κP = −φ′(0) (see Appendix A). Fitting a function of the form

φ = αu to the points (u,φ), where φ = (φ1, ..., φm) with φi = ~ni · ~uP , directly leads to

the local curvature via κP ' −α. An example for κP < 0 is shown in figure 1e.

The method to find the local normal and tangent directions and both methods

to determine the local curvature can be straightforwardly extended to surfaces of any

dimensions. The details for two-dimensional surfaces in 3D space can be found in

Appendix B.

3. Validating the method on artificial grain boundaries

3.1. Generating the artificial grain boundary

First, we validate the method by applying it to an artificial grain boundary of known

curvature. We generate two overlaying hexagonal lattices of orientations θ1 = 15◦ and

θ2 = 40◦. Then we plot a curve y = −A sin(2πx/λ) on top of the two hexagonal lattices

and the sites of the lattice of orientation θ1 (θ2) located below (above) the curve form

the grain G1 (G2). During this process, we removed all the overlapping particles. As

a result, we have generated a grain boundary between G1 and G2, with analytically

known shape and, hence, local curvature (see figure 2a). The parameters A and λ are

set to A = 12σ and λ = 20σ, where σ is the lattice spacing.

To generate the cloud of points that sample the grain boundary, we first select the

lattice sites belonging to the edges of G1 and G2 enclosing the grain boundary (see the

red and blue stars in figure 2a). To ensure that the cloud of points samples the

grain boundary, which is located in between the edge sites of G1 and G2, we generate

interpolating sites in between consecutive edge sites (see the magenta dots in the

inset of figure 2a). Hence, the final cloud of points sampling the grain boundary

consists of the edge and the interpolated sites.

As real grain boundaries exhibit thermal noise, the corresponding cloud of points

can be quite wide. To assess the effect of noise on the analysis method, we smooth the

cloud of points sampling the artificial grain boundary by replacing every point P in the

cloud by the centre of mass of all the points situated within a cut-off radius r0 from

P [30].

3.2. Geometrical features of the artificial grain boundary

First, we smooth the cloud of points using a cut-off radius of r0 = 2.5σ and then

we compute the normal and tangent directions of the artificial grain boundary using

PCA with a neighbourhood cut-off radius of rc = 2.5σ (see section 2.1). We ensure

that the normal is consistently oriented along the grain boundary by positioning the

common observation point far up in the top half-plane. Next, the local curvature is

determined using both the OP and the NV methods (see section 2.2). In figure 2b we

show the smoothed cloud of points, which are coloured according to the local curvature

determined using the NV method, and the normal vectors. The smoothed cloud of
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Figure 2. (a) Two perfect hexagonal grains separated by an artificial grain boundary

of a known shape (black line). The sites constituting the edges of each grains

are marked by red and blue stars. The interpolated sites sampling the grain

boundary correspond to the magenta dots. The inset illustrates the generation of

the interpolating sites in between consecutive edge sites. (b) The smoothed cloud of

points (r0 = 2.5σ) sampling the grain boundary. The points are coloured according

to their local curvature in units of σ−1 (colourbar). The arrows are the normal

vectors computed using PCA. (c) Comparison between the orientation of the tangent

β found using the PCA and the analytical tangent direction. (d) The local curvature

determined using the OP and NV methods together with the analytical local curvature.

(e) The relative error ε (equation (8)) as a function of r0 for fixed rc = 2.5σ. (f) The

relative error ε (equation (8)) as a function of rc for fixed r0 = 2.5σ.
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points shows a good consistency with the exact shape of the artificial grain boundary.

The angle β between the tangent direction and the x-axis is plotted in figure 2c and also

shows excellent agreement with the value derived from the analytical interface profile,

confirming the accuracy of the PCA with the chosen parameters.

In figure 2d we plot the local curvature computed using the two different methods

together with the analytical local curvature. Both methods show good agreement with

the analytical curvature, though the OP method is more noisy and the NV method tends

to underestimate large curvatures at these cut-offs. For each method, the result depends

on the choice of r0, the cut-off radius for smoothing the cloud of points sampling the

grain boundary (section 3.1), and rc, the cut-off radius for defining the neighbourhood of

a point P (section 2.1). To quantify this, we compute the relative error in the curvature

via

ε =

√〈
(κ− κ0)2

〉
〈κ20〉

, (8)

where κ is the local curvature obtained using either of the two methods and κ0 is the

analytical local curvature. In figure 2e we plot ε for both methods as a function of r0
for a fixed rc = 2.5σ. The OP method shows relatively large error for small r0, which

corresponds to noisy interfaces. In contrast, the NV method is not affected by the noise

level of the interface and the error is relatively independent of r0. In figure 2f we show

the error as a function of rc for a fixed r0 = 2.5σ. For small rc the error in the OP

method is relatively large, but rapidly decreases for increasing rc. In contrast, the NV

method shows the opposite trend as ε increases with rc.

The result of the OP method is sensitive to the noise of the interface because it

probes the second order variation of the interface, which becomes more accurate when

the cloud of points sampling the interface is smoother, which corresponds to a large

r0 (figure 2e). Similarly, when r0 is fixed, the method becomes more accurate when rc
increases (figure 2f), as more points are taken into account. We note, however, that the

values of r0 and rc should not be larger than the typical size of geometrical features to

be detected. As the NV method performs a linear analysis on the output of the PCA,

which overall corresponds to two successive linear analyses, it is more robust at small

cut-off distances and therefore relatively accurate for noisy interfaces (figure 2e), but

underestimates large curvatures, which causes the error to increase with rc for fixed r0
(figure 2f).

4. Application to grain boundaries in 2D colloidal systems

4.1. Experimental details

Next, we apply the method to real grain boundaries in a colloidal polycrystalline

monolayer. We use melamine-formaldehyde spheres (Microparticles GmbH) dispersed

in a 20/80 v/v% isopropanol/water mixture. The particles have a hard sphere diameter

σ of 2.79 µm [36]. Due to their high mass density, the particles sediment quickly to the
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Figure 3. (a) Microscopy image of a grain in a colloidal polycrystalline monolayer.

Scale bar, 20 µm. (b) Local orientation of the particles in panel (a) as defined by the

colourbar. The central grain has an orientation ' 40◦ and its particles are circled in

black. The particles constituting the edges of the central grain are marked by red stars

and the ones at the edges of the surrounding grains are marked by blue stars. The

interpolated sites are represented by the magenta dots (see inset). (c) Histogram of

the orientations of the particles in panel (b).

bottom wall of a 200µm thick quartz cell (Hellma Analytics) and form a polycrystalline

monolayer. We image the system using video-microscopy (Olympus CKX41) and a

picture of a grain is shown in figure 3a. Note that this grain is not stable and shrinks

over time to eventually disappear. The coordinates of the particles are obtained using

standard particle tracking routines [37].

To identify the central grain in figure 3a we determine the local bond orientational

order parameter [38] for each particle:

ψ6(~rj) =
1

Nj

Nj∑
k=1

ei6θjk , (9)

where θjk is the angle between the x-axis and the bond vector connecting particle j at ~rj
to one of its Nj nearest neighbours k, which were found using a Delaunay triangulation.

Next, we replace ψ6(~r, t) with its average over the particles constituting the first two
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coordination shells to obtain the ‘smoothed’ field ψ̃6(r, t). This reduces the noise

in the bond orientational field near grain boundaries and enables a better

determination of the contour of the grains. The local orientation in the 2D

polycrystalline system is then given by θ(~rj, t) = arg(ψ̃6(~rj, t))/6 and varies from 0 to

60◦ due to the hexagonal symmetry. A plot of the local orientation is shown in figure 3b

and clearly shows the central grain with an orientation θ1 ' 40◦ surrounded by four

other grains, two of orientation θ2 ' 12◦ and two of orientation θ3 ' 20◦. This is

confirmed by the histogram of orientations which has three peaks around these three

values (see figure 3c). We identify the central grain by selecting the particles having

an orientation bigger than 30◦ (see figure 3b).

We detect the particles corresponding to the grain boundary – and hence generate

the cloud of points sampling the interface – by selecting the particles at the edge of the

central grain and those at the edges of the surrounding grains (see figure 3b). As the

grain is approximately circular, the cartesian coordinates are converted into the polar

coordinates (ρ, φ) with respect to the centre of mass of the grain O (see figure 4a). As

described in section 3.1, we then generate interpolating sites in between consecutive

edge sites along φ to ensure that the cloud of points samples the grain boundary (see

inset of figure 3b).

4.2. Geometrical features of colloidal grain boundaries

First, we smooth the cloud of points with a cut-off radius r0 = 2.5σ (see section 3.1) and

then we compute the normal and tangent directions of the colloidal grain boundary using

PCA with a neighbourhood cut-off radius of rc = 2.5σ (see section 2.1). We position

the common observation point at O so that all the normals are oriented consistently.

Next, the local curvature is determined using the OP and the NV methods (see section

2.2). In figure 4b we show the smoothed cloud of points, which is coloured according to

the local curvature determined using the NV method, together with the normal vectors.

The local curvature obtained by both methods is shown as a function of the polar angle

φ in figure 4c. Both methods give consistent local curvatures, showing that we can

successfully determine the local curvature of grain boundaries from microscopy images.

As was also shown for the artificial grain boundary (figure 2d), the result of the OP

method is quite noisy and the output of the NV method is much smoother, yet large local

curvatures may be underestimated. Interestingly, comparing figure 3b, figure 4b and c

reveals that the points of high local curvatures correspond to triple junctions between

the central grain and two neighbouring grains. The grain boundary is relatively flat in

between the triple junctions, as indicated by the numbers I, II and III in figure 4b. Also,

there is a noticeable point of inflection indicated by number IV.

In figure 4d, we plot the tangent direction of the grain boundary β as a function

of the polar angle φ. Also shown are the horizontal lines corresponding to the 6-fold

symmetric lattice directions of the inner and outer grains, ωi,k = θi + kπ/3 where θi is

the orientation of the grain corresponding to the peaks observed in figure 3c and k is
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Figure 4. (a) Polar coordinates (ρ, φ) used to study the geometry of the grain. The

origin O corresponds to the centre of the grain. The normal and the tangent directions

to the boundary correspond to the blue and green arrows. The angle in between the

x direction and the tangent is denoted β. (b) The smoothed cloud of points coloured

according to the local curvature determined using the NV method in units of σ−1

(colourbar) with several normal vectors (blue arrows). The origin O is also shown.

(c) Curvature of the grain boundary determined using the OP and the NV methods.

(d) Orientation of the boundary as a function of the polar angle φ. The horizontal

lines represent the 6-fold symmetric directions of the inner grain, ω1,k (blue), and the

two outer grains, ω2,k and ω3,k (magenta and cyan) as defined in the main text.

The numbers I, II and III correspond to relatively flat edges of the grain respectively

oriented along the crystal directions of an outer grain (ω2,4) and of the inner

grain (ω1,5 and ω1,6). The number IV corresponds to an inflection point (dashed

circle) where the boundary is also oriented along a crystal direction of an outer grain

(ω2,3).

an integer. Interestingly, the orientation of each flat part of the grain boundary – as

indicated by I, II and III – is locked to the crystal direction of a grain adjacent to it and

indeed corresponds to nearly zero curvatures in figure 4c. This is also observed for the

inflection point – indicated by IV – in figure 4b-d. While the equilibrium shape of a grain

can be determined using the Wulff construction [1], very little is known about the shape

of out of equilibrium grains. In this context, we believe the methods presented here

are useful techniques to obtain new results about out of equilibrium grain boundaries

studied at the single particle level.
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5. Conclusion

We have shown that the analysis of point sampled lines is a powerful tool to determine

the local geometrical features of grain boundaries from microscopy data at the single

particle level. We have presented a method to obtain local curvatures from a discrete

cloud of points sampling grain boundaries. Standard Principal Component Analysis

gives the normal and tangent directions while the local curvature can be determined

using a local parabolic fit or the variations of the normal. We have validated the

procedure using artificially generated grain boundaries and have shown that the local

parabolic fit is more affected by noise, while the normal variation method tends to

underestimate large curvatures. We have applied the method to grain boundaries in 2D

colloidal systems and have found that the flat grain boundaries of a shrinking grain are

aligned with one of the crystal directions of the surrounding grains. This is also true for

the direction of the boundary at inflection points. As this method can be generalised to

surfaces in 3D space, we believe that it can fruitfully be applied to many of the interfaces

encountered in soft matter science.
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Appendix A. Local curvature of a line from normal variation

The curvature κP of L at a point P of curvilinear abscissa sP is defined by

κP =
dθ(s)

ds

∣∣∣∣
s=sP

, (A.1)

where θ(s) is the angle between the tangent to the curve ~u(s) at a point of curvilinear

abscissa s and the x-axis. In the tangent frame (~uP , ~nP ) associated to P , we define the

map φ as in equation (6) which satisfies φ(sP ) = 0. Close to P , one has θ(s) = θ(sP )+δθ

and φ(s) = δφ since φ(sP ) = 0. We note that by definition of φ, δφ = − sin(δθ) ' −δθ.
This implies that

dφ

ds
= −dθ

ds
and because ds ' du to the lowest order, we eventually

get:

κP = − dφ(u)

du

∣∣∣∣
u=0

= −φ′(0).

(A.2)

Appendix B. Extension to 3D systems

We consider a cloud of points which samples a surface S embedded in 3D space. The

coordinates of the points belonging to the neighbourhood ΩP of a point P of the cloud
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are contained in the vectors x = (x1, ..., xn), y = (y1, ..., yn) and z = (z1, ..., zn). The

covariance matrix then reads [29, 30, 31]:

CP =

Cov(x,x) Cov(x,y) Cov(x, z)

Cov(y,x) Cov(y,y) Cov(y, z)

Cov(z,x) Cov(z,y) Cov(z, z)

 . (B.1)

As for the 2D case, the normalised eigenvector associated to the lowest eigenvalue of

CP is the normal vector ~nP at P . The two other normalised eigenvectors form an

orthonormal basis of the tangent plane [29, 30, 31] and are denoted ~uP and ~vP in the

following. A consistent orientation of the normal vectors can be obtained using the

same method as in the 2D case. We then fix the directions of ~uP and ~vP such that the

condition (~uP × ~vP ) · ~nP > 0 is satisfied.

The OP method generalises as follows: in the local tangent frame (~uP , ~vP , ~nP ) where

the coordinates of P are (u, v, n) = (0, 0, 0), the surface S is locally described by the

equation n = f(u, v) where f is a function such that f(0, 0) = ∂uf(0, 0) = ∂vf(0, 0) = 0.

Its expression to the lowest order is then given by [33]

f(u, v) =
1

2
(u, v)THP (u, v), (B.2)

where HP is the Hessian matrix of f at P defined by

HP =

[
∂uuf ∂u∂vf

∂u∂vf ∂vvf

]
. (B.3)

Fitting a form n = 1/2(au2 + bv2 + 2cuv) to the data points (u,v,n) enables us to

estimate the Hessian matrix of f as

HP '

[
a c

c b

]
, (B.4)

whose eigenvalues are estimates of κ1 and κ2 [33].

In the case of the NV method, the map φ which tracks the variations of the normal

~n(u, v) along the tangent plane at P , generalises as follows:

φ :

[
u

v

]
7→

[
φu(u, v)

φv(u, v)

]
=

[
~n(u, v).~uP
~n(u, v).~vP

]
. (B.5)

The expression of φ to the lowest order is given by

φ(u, v) = JP

[
u

v

]
, (B.6)

where JP is the jacobian matrix of φ:

JP =

[
∂uφu ∂vφu
∂uφv ∂vφv

]
. (B.7)
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This quantity is equivalent to the curvature tensor at P [34]. Fits of φu = αu + βv

and φv = γu + δv to the data points (u,v,φu) and (u,v,φv) yield an estimate of the

curvature tensor as

JP '

[
α β

γ δ

]
, (B.8)

whose eigenvalues are estimates of −κ1 and −κ2 [34].
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