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ABSTRACT

Periodically driven atomic systems:
neutral atoms, ions and biomolecules

Dimitrios Trypogeorgos, St. Peter’s College, Oxford
DPhil Thesis, Trinity Term 2014

This thesis is concerned with a variety of topics grouped together under the
general theme of periodically driven atomic systems. Periodic driving is ubiquitous
in most techniques used in atomic physics, be it laser cooling, ion trapping or AC
magnetic fields. An in-depth understanding of the behaviour of such systems can
be provided through Floquet theory which will develop as a central theme in the
following chapters.

The thesis is divided in two parts: neutral atoms, and ions and biomolecules. In
the first part I discuss a new 41K-87Rb mixture experiment, built during the first
year of my DPhil. This species combination has some very broad and low-loss
interspecies Feshbach resonances that are instrumental for carrying out the exper-
iments discussed in the first chapter. Unfortunately, the mixture experiment had
to be put aside and our attention was shifted to Time-Averaged Adiabatic Poten-
tials (TAAPs) and how these can be extended using multiple Radio-Frequency (RF)
tields. This technique opens up the way for precise interferometric measurements.
Lastly, the peculiar behaviour of Modulation Transfer Spectroscopy (MTS) of ¥K
is investigated and a linearising transformation for four-wave mixing processes is
presented.

In the second part we turn our attention to charged ions and biomolecules and
the techniques of ion trapping. We propose a novel technique for co-trapping
charged particles with vastly different mass-to-charge ratios and thoroughly explore
its consequences. The behaviour of the trap and the stability of equations with peri-
odic coefficients in general is studied using Floquet theory. The normal modes and
symmetries of the system also need to be considered in relation to the effective-
ness of the sympathetic cooling of the ions. Small systems were simulated using a
Molecular Dynamics (MD) approach in order to capture the effect of micromotion

and other heating processes.
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INTRODUCTION

Periodic driving has been ubiquitous in atomic physics, particularly after the in-
vention of the laser [1] which ushered atomic physics into its modern era. Atomic
physics was redefined yet another time with the development of laser cooling tech-
niques and a few years later the achievement of a new state of matter — a Bose-
Einstein Condensate (BEC) of neutral atoms. The development of ion traps saw a
similar benefit from laser cooling methods and are now the leading platform in
quantum computation experiments.

In recent years, external driving or modulation of the parameters of atomic sys-
tems have lead to a wealth of new experimental handles or novel approaches to
quantum simulation of condensed matter systems. The superfluid to Mott insu-
lator transition in bosonic systems was demonstrated [2, 3] in an optical lattice
(spatial rather than temporal periodicity). The value of the hopping term | in the
Bose-Hubbard (BH) model can be changed by modulating the intensity of the beams
forming the lattice [4]. Momentum-dependent magnetic fields have been generated
through Raman induced Spin-Orbit Coupling (SOC) [5]. The time averaged descrip-
tion of such systems leads to artificial gauge fields. Some form of driving is always
necessary and various proposals include modulated quadrupolar potentials [6] and
shaking optical lattices [7]. An even broader class of Hubbard models can be stud-
ied through additional modulation of the interparticle interaction strength in dual
species experiments [8].

Periodic driving is even more intimately connected to ion traps, since it is in-
volved in the trapping mechanism itself — though this is true only for Paul traps
since Penning traps employ a magnetic field. At this point a distinction between
driving a system with an external force and parametric driving must be made. Ion
traps and modulation of the various parameters in the previous paragraph fall un-
der the second category. Both cases are amenable to description through Floquet

theory which is extensively discussed throughout this thesis.

1.1 THESIS OVERVIEW

The thesis is divided in two parts concerning neutral atoms and ions respectively. A
theoretical introduction chapter on the physics of cold atoms has been deliberately
omitted due to length considerations. The reader is referred to many excellent

books, reviews [9, 10] and other theses in the field covering the topic. Similarly, the
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INTRODUCTION

introduction to ion traps mainly focuses on the kinematics of a cloud of ions which
does not necessary reveal the huge impact they have had in quantum computation

and metrology experiments.

Chapter 2

During my first year I built a #'K-¥Rb experiment, planning to extend some of our
rotation experiments to boson-boson mixtures. The potassium-rubidium combina-
tion is particularly appealing since the interspecies scattering length is large and
there are many wide, low loss Feshbach resonances. The properties of both species
have been extensively studied [11]. The technical experimental details are presented

along with an outline of a measurement this experiment is uniquely poised to do.

Chapter 3

The exploration of Floquet theory led to a deeper understanding of the TAAP poten-
tials, first demonstrated in [12]. A natural extension of this mechanism comes from
the application of multiple RF fields. Multiple potential minima can be generated
in this way. This opens up the possibility of spatial interferometric measurements
e.g., two ring shaped potentials with a persistent current flow induced by rotating
one or both of them, forms a Sagnac interferometer. A calibration procedure for the
rotation frequency based on the interference fringes as they appear after Time of
Flight (TOF) expansion is discussed.

Chapter 4

A few interesting aspects, namely the appearance of a crossover signal, of MTS of
¥K are investigated. The ability to change the lock point by adjusting the spec-
troscopy parameters offers some freedom in designing a laser system capable of
addressing all three potassium isotopes with minimal reconfiguration of the optics.
Initially we set out to solve this problem using Floquet theory but a transformation
that leads to time independent, linear optical Bloch equations was later found.

Chapter 5

We consider the stability of damped periodically driven systems. The equations of
motion of a trapped ion are used to introduce the various characteristic proper-
ties of periodic equations. Although a multitude of methods exist to tackle such
equations, we find Floquet theory to be the most straightforward and insightful
mainly because of its connection to the physics of condensed matter systems. Un-
fortunately there is no analytic solution to the Mathieu equation so the Meissner
equation is used instead to discuss the Floquet analysis.



1.1 THESIS OVERVIEW

Chapter 6

The two-frequency ion trap has the potential to extend ion trapping to vastly dif-
ferent parameter regimes. We claim that co-trapping of ions with charge-to-mass
ratios different by many orders of magnitude is possible, as well as efficient sym-
pathetic cooling of the heavy ion by the atomic one. A rescaling of the equations
of motions is necessary to understand the behaviour of the trap as two indepen-
dent traps. This picture does not hold when the charge-to-mass ratio of the ions is
similar, but the addition of a second RF field can still lead to improvements in the
efficiency of sympathetic cooling. The capability the two-frequency trap offers to
adjust the spring constants of the ions independently can immediately be used in

mass spectrometry.

Chapter 7

Normal modes complete the picture of a system of ions below its crystallisation
temperature. The theory of non-classically damped modes is presented and a state-
space model is used to reliably compute the complex eigenvalues of the modes.
The various symmetries of the system need to be broken for effective sympathetic
cooling. An example of a Coulomb molecule comprising one very large ion and
two smaller ones is discussed, and we identify some modes which involve a large
amplitude of motion of the heavier ion and hence are not effectively cooled. Nev-
ertheless, their characteristic cooling time is still experimentally reasonable. The
theoretical approach is consolidated with MD simulations. Instead of writing yet
another MD code, we opted to use Large-scale Atomic/Molecular Massively Par-
allel Simulator (LAMMPS). A Matlab wrapper was written to translate the lingo of
the various communities using LAMMPS, to be more ion trap friendly. The superior
efficiency and configurability of LAMMPS allowed for simulation of relatively large
systems and validation of the theoretical results. Some of the main characteristics
of the code are presented in Appendix C.






Part I
NEUTRAL ATOMS
A new #K-Rb experiment is built but not pursued further due to

lack of time and resources. TAAP potentials are extended to multiple
frequencies and we take a closer look into the MTS line shape in K.






THE DUAL SPECIES MACHINE

Dual species systems have the capability of accessing a whole new class of ex-
periments. The main important differences between two spin states of the same
species and a two species configuration come from their mass imbalance and the
possibility of tuning the interspecies scattering length via a Feshbach resonance.
Single species systems can exhibit these characteristics as well, e.g. periodic driv-
ing leads to a band structure picture and hence an effective mass which can be
different for different spin components [5]. Additionally, there exist Feshbach reso-
nances between the different hyperfine ground states [13] or can be induced using
microwaves [14]. Technical difficulties aside, the main limitation of a single species
system comes from the fact that the experiments we are considering involve a mag-
netic trap, hence only low-field-seeking states can be trapped. The new machine
aims to bring ¥Rb and *'K to quantum degeneracy. This isotope combination is
very appealing due to the large interspecies scattering length and an easily accessi-

ble, wide Feshbach resonance [15].

2.1 LASER SYSTEM

Several frequencies are required for laser cooling of dilute alkali gases. For most
species a strong cooling light is required, red detuned by a few MHz from the
F = 2 — F' = 3 transition in the D; line. Although this is seemingly a closed
transition there is the possibility of off-resonant excitation of the F’ = 2 state which
can decay to the F = 1 ground state hence depleting the population. Repumping
light is used, resonant with the F = 1 — F’ = 2 transition, to prevent this from
happening and keep the atoms cycling on the cooling transition where the isotropic
scattering of photons reduces their temperature to (less than) the Doppler limit.
The collection speed and efficiency of a Magneto-Optical Trap (MOT), and thus
the experimental cycle time, is mainly dependent on the size of the beams and the
available optical power. The design of the laser system for both species is motivated
by this simple fact and the size of the beams was chosen to be as large as possible

given the available optical power.

The widest
resonance is at
515 Gauss with
AB = 83 Gauss.
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THE DUAL SPECIES MACHINE

2.1.1  Laser system for ¥ Rb

Two external cavity diode lasers (Toptica DL100) are used, fitted with Eagleyard
anti-reflection coated diodes (EYP-RWE-0790-02000-1300-SOT12-0000). The DL100
is an industry standard laser diode mount in a Littrow external cavity configuration.
The coated diodes have been found to be much more reliable than their uncoated
counterparts since, due to the absence of a preferred laser mode, they have a much

wider mode-hop-free range.
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Figure 1: The laser system for cooling 8Rb involves two master lasers for addressing the
cooling and repumping lines. The cooling laser is locked on resonance using MTS
and subsequently frequency shifted using various AOMs. Two slave lasers are used
to produce more power to seed the pyramid MOT and the TA that produces the
light for the 3D MOT. The repumping laser is locked to resonance using FMS and
distributed to all the optical paths.

Due to their semiconductor manufacturing process, the output of the emission
profile of the laser diodes is elliptical so anamorphic prisms are used to reshape it
to circular. A 60dB optical isolator (FI-780-5TVInj-1) is in place in order to avoid
induced optical noise from back-reflections (see Fig. 1). A few hundred pWs of
laser power are split off at the first polarising beam-splitter to seed the first slave
laser. The light from the master laser is frequency shifted with an Acousto-Optic
Modulator (AOM) at 110 MHz from the D; line and locked using MTS which pro-
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2.1 LASER SYSTEM

duces a clean error signal with no Doppler background — we discuss MTS in detail
in Sec. 2.1.4. The first slave laser is used to seed the Tapered Amplifier (TA) (EYP-
TPA-0780-01000-3006-CMTo3-0000 from Eagleyard) which produces the light for
the 3D MOT. The light for the pyramid MOT is produced by the second slave laser.
The repumping light is co-propagating along the optical paths that lead to the two
MOTs and the imaging fibres. As the repumping light is resonant, very little power
is needed.

The repumping laser is locked on resonance using Frequency Modulation Spec-
troscopy (FMS) since MTS gives a signal only for closed transitions. The current of
the laser diode is weakly modulated at 20 MHz by the Pound-Drever-Hall module
supplied with the Toptica laser system. The local oscillator is phase-shifted and
mixed with the output of the photodetector to produce an error signal which is fed
to the PID module. Part of the error signal is AC-coupled to the laser diode cur-
rent through a FET to increase the bandwidth of the lock. The spectroscopy cell is
heated to 54 °C to give a higher vapour pressure that improves the signal-to-noise

ratio of the error signal.

2.1.2  Laser system for 'K

The approach taken for 'K is somewhat different since the hyperfine splitting of
the ground state is only 254 MHz. This frequency separation is well within the
range of AOMs, hence we use a single master laser for both cooling and repumping
light. In addition, the dominant feature of MTS is the ground state crossover of
¥K. This is seemingly contradictory to the fact that MTS only produces a signal for
closed transitions. A detailed explanation of this peculiarity is given in Ch. 4.

A DL1oo laser, fitted with the same coated diode as above, is locked using MTS
to the ground state crossover of K. The rest of the light is amplified with a TA
and coupled to the frequency management section via an optical fibre. The cool-
ing and repumping transitions for 'K are 83.1 MHz and 337.2 MHz blue detuned
from the locking point respectively. All of the AOMs are arranged in a single-pass
configuration which somewhat restricts the available tuning range (see Fig. 2). This
is undesirable since it has been shown that sub-Doppler cooling of potassium can
only be achieved by ramping the frequency and amplitude of the MOT beams [16].
However, quantum degeneracy can be also be reached through sympathetic cooling
with ¥Rb [17] or employing two spin states for the fermionic isotope [18].

Due to the very narrow excited state structure of potassium, the distinction be-
tween repumping and cooling light is somewhat artificial [19]. Both laser beams
are far detuned from all the excited levels and have a similar power — cf. 8Rb
where the repumping light is resonant and only needs to be a small fraction of the

intensity of the main laser cooling.

3K is the most
abundant isotope of
potassium at 93.3%.
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Figure 2: The laser system for “!K involves a single master laser for addressing both the
cooling and repumping lines. The master laser is locked on the 3K crossover
transition using MTs and subsequently frequency shifted using various AOMs in a
single pass configuration. There is an intermediate amplification stage using a TA
to produce enough power for the frequency management section.

2.1.3 Tapered Amplifiers

A number of TAs are used to increase the optical power of the beams forming the
pyramid and 3D MOTs. Their arrangement is similar for both species (see Fig. 3).
The Eagleyard chips are mounted on custom designed mounts based on a design
from Institut d’Optique [20] with no moving parts. The current and temperature
leads are mounted on the top of the TA box using standard DE-9 connectors, thus
reducing the footprint of the TA mount. We use commercial current (LDC8040) and
temperature drivers (TED8040) from Thorlabs inside a PRO8oo chassis to drive
the chips. The temperature is monitored with an AD590 transducer mounted as
close to the chip as possible and controlled with a peltier element on the side of the
copper mount. This arrangement was meant to prevent heat-induced misalignment
effects but the heat capacity of the side wall proved to be insufficient, so the peltier

was repositioned under the chip.



2.1 LASER SYSTEM

Tapered Amplifier

cylindrical lens
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Figure 3: The mechanical design of the TA mounts (a) is based on a design from Institut
d’Optique (see text for details). The TA is seeded with a two-colour beam (b) and
a half-waveplate is used to adjust the power ratio of the two beams; the efficiency
of the TA is polarisation-dependent. The output of the TA is collimated using a
spherical collimator (vertical axis) and a cylindrical lens (horizontal axis). It is
subsequently coupled into a photonic band gap fibre with about 50% efficiency.

S$Z7

All TAs are seeded with the cooling and repumping light for each species. The
power ratio of the different seed colours at the output can be adjusted with a A /2
waveplate since the amplification of the TA is polarisation dependent. A beam lin-
early polarised along the vertical is amplified roughly by a factor of 4 more than if
polarised along the horizontal. The TA output diverges by differing amounts along
the vertical and horizontal directions. A 6.5 mm collimator is used to collimate the
vertical axis and a 15cm cylindrical lens for the horizontal. After reshaping, the
beam is coupled into an LMA-PM-10 photonic band gap fibre from Crystal Fibre
which can handle up to a few Watts of power. The maximum coupling efficiency

we were able to achieve is 54%.

2.1.4 Modulation Transfer Spectroscopy

Several spectroscopy techniques are used for locking the lasers in atomic physics
experiments such as Dichroic Atomic Vapour Laser Lock (DAVLL) and FMS. The sin-
gle beam techniques are Doppler limited but can have a capture range of several
hundred MHz. The pump-probe schemes on the other hand have sub-Doppler res-
olution but with the cost of limited capture range <1 MHz. Among the latter, MTS
has two main advantages: firstly, it readily generates dispersive-like signals that sit
on a flat, zero background. This means there is no need to subtract the Doppler

11
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profile and the zero crossings are accurately centred on the atomic transitions. Sec-
The dominant peak ~ ondly, the dominant signals come from closed transitions. This is especially useful

in K corresponds if there are many closely spaced transitions. MTS in *K behaves slightly differently

fo the ground state ¢ the process described above. A full treatment is given in Ch. 4.
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Figure 4: A typical SAS trace for 8Rb is shown (upper) along with the corresponding MTs
signal (lower). The measured curve MTS curve (brown) is contrasted with the
theoretical curve (magenta) calculated using the model presented in Ch. 4. The
pump beam is modulated with an EOM at 10 MHz and the spectroscopy cell is
heated to about 40 °C to increase the vapour pressure. The MTS signal arises from
the F = 2 — F' = 3 since it is the only closed transition in the system.

MTS has been successfully demonstrated for Rb [21]. The pump beam, with
carrier frequency w,, is strongly modulated by an Electro-Optic Modulator (EOM)
to generate sidebands separated by w;, which is of the order of a few MHz. The
electric field can be expressed as:

E = Epsin(wt + dsinwpt)
= E0< i Jn(9) sin (w, + nwm )t + i (=1)"J,(6) sin (w, — nwm)t> (1)
n=0 n=1

where ¢ is the modulation depth and J,(x) is the n* order Bessel function. The
MTS signal arises from a non-linear four-wave mixing process [22] with the carrier
frequency and one sideband interacting with the probe beam to give rise to a fourth
wave. The probe beam, which now carries a sideband as well, is incident on a photo-
detector and the beat signal that is measured is of the form:
S(wm) = ¥]0(5)]1(5) X ((L-1 = L_y1/2+ L1z — L1) cos(wmt + )
Prarm

+(D1 — D1/2 — D_1/2 + D—l) sin(wmt + ¢)) (2)



2.2 VACUUM SYSTEM

with
r2 T(A — nwy)

= 25 (A~ nay)? and D, = (3)

L —
! I2+ (A — nwp)?

where T is the atomic linewidth and A the detuning from resonance. The above
equations are true as long as the modulation strength 6 < 1 so that only first order
sidebands need to be considered. A typical trace for the F = 2 manifold in ¥Rb is
shown in Fig. 4.

2.2 VACUUM SYSTEM

Most of the vacuum components were recycled from a dismantled experiment ex-
cept for the 3D MOT chamber. The design is a standard double MOT design with the
second MOT being a traditional 3D MOT and the first a less widely used pyramid
MOT (see Fig. 5). The pyramid MOT is made by using four mirrors that form an in-
verted pyramid with a hole in its centre. The main advantage of this configuration
is that only a single beam is required to operate the MOT. The incident beam has
two colours corresponding to the two species. It is launched from a bare fibre and
enlarged to a radius of 24 mm.

3D MOT chamber

I
glass cell

Non-evaporable
getter pump

{0
[ i
) ‘ﬁ“::’ifj—

lon pump
------ ﬂ: 40 /s

Pyramidal
chamber

Figure 5: The atoms are collected in the pyramid MOT chamber which is pumped with
a 40l/s ion pump. The pyramid MOT beam acts as push beam as well, which
sends the atoms on a free flight to the 3D MOT chamber. The pressure in the two
chambers differs by about two orders of magnitude.
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The atom flux achieved is comparable to a 2D MOT and done so with much less
optical power — 45 mW:8mW and 45 mW:45 mW of cooling:repumping light for
87Rb and “'K respectively. Both species are introduced into the vacuum by a couple
of SAES dispensers connected in series and mounted in the pyramid MOT chamber,
while vacuum is maintained at about 10~? mbar by a Varian Triode 401/s ion pump.
A choice of using standard un-enriched potassium dispensers was made but this
might prove to be problematic if the fermionic *°K isotope is to be used. Although
loading from natural abundance sources using a Zeeman slower has been recently
demonstrated [24] using an enriched source is much more straightforward. These
are available commercially from Alvatech or alternatively one can buy enriched

potassium powder (Trace Sciences) and make home made dispensers [25].
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Figure 6: The 3D MOT chamber is manufactured by VG Scienta using 316LN non-magnetic
steel. Its dimensions have been optimised so that the vertical dimensions is as
small as possible while still allowing for CF40 viewports.

The pyramid MOT beam provides transverse cooling and also acts as a push
beam that directs the atoms into the 3D MOT chamber. The pressure in the 3D MOT
chamber is practically impossible to measure with the ion pumps due to charge
build-up in the pump cathode [26]. Without a lifetime measurement available we
can do some simple calculations to get an idea of what is expected. The differential
pumping tube is L=17mm long and has a diameter D=5 mm. The conductance
between the two chambers, at low pressure, is determined by two parameters: the
number of atoms entering the tube (o D?), and the average number of collisions

with the walls as the atom goes down the tube (ex L/D) assuming free molecular
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flow, i.e. mean-free path < D. At very low pressures this leads to the formula for
molecular flow F down a thin tube [27]

3

Fe s @
with D and L expressed in cm. M indicates the relative molecular weight of the gas.
For Rb we get F = 0.51/s. The ratio between this flux entering the second cham-
ber and the 551/s pump speed of the ion-pump leads to the two orders of mag-
nitude difference in the vacuum attained in the two systems. The non-evaporable
getter pump was fired only once, right after bake-out, and did not lead to a mea-
surable difference in the vacuum pressure.

The main requirement for the 3D MOT chamber was to have the smallest pos-
sible footprint while still allowing for CF40 viewports to be fitted (Fig. 6) which
give an optical access of 34 mm. It was made by VG Scienta using 316LN steel
which was tested to be indeed non-magnetic. The powers of the 3D MOT beams are
25 mW:3mW and 25 mW:25 mW of cooling:repumping light for Rb and *'K re-
spectively; larger and higher power beams lead to faster loading times. The beams
are fibre coupled to the main optical table of the experiment using two high power
photonic band-gap fibres for each species. Each colour is split in 6 beams with a
series of polarising beam-splitters and directed to the 3D MOT windows via various
telescopes. The lower mirror in the telescopes can be rotated to redirect an incident
beam at any angle. The whole vacuum apparatus is mounted on a separate bread-
board in case it needs to be moved out of its current position for baking-out or
cleaning the glass cell. It can be realigned using guiding brackets mounted on the
optical table. Its height, measured at the centre of the windows, is 425 mm which
allows for comfortable three level layering of the optics. The whole apparatus was

aligned and levelled horizontally using a guiding beam from a He-Ne laser.

2.2.1 Magnetic transfer

After the atomic cloud has been loaded onto the 3D MOT, it is transferred over a
distance of 23 cm to a glass cell where the main experimental sequence takes place.
The glass cell provides much better optical access and a metal-free region so that
eddy currents do not affect the switching times of the magnetic fields. There are
various methods of transferring a cloud of atoms, e.g, using a dipole trap [28], a
pair of coils on a translating stage [29, 30, 31] or multiple pairs of overlapping
coils [32]. A fair comparison depends on the details of the implementation of each
method but broadly speaking the pros and cons of each category can be itemised
as follows:

15
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current (A)

0 50 100 150 200

length (mm)
(a) Coil arrangement (b) Current ramps

Figure 7: The coil arrangement around the vacuum system (a) involves two identical coil
pairs for the 3D MOT and glass cell respectively. A rectangular coil pair facilitates
the magnetic transfer of atoms between the two chambers. The current ramps
for the transfer (b) are symmetric as expected (the colours correspond to the
respective coil pairs). This means they can be ran backwards as well, which will
allow for loading of two species without significantly deforming the magnetic
potential. The total current is kept well below 400 A which is the maximum output
of Lambda ESS 15 kW power supply which is capable of 40 V-375 A.

e A pair of quadrupole coils, or a single lens, on a translating stage is very
straightforward to implement. The optical transport requires a relatively high
power laser and can be cumbersome to align to the centre of the magnetic
quadrupole. The translating coil pair significantly limits the optics placement
around the vacuum. Also, the translating stage produces significant acoustic
noise which can affect the laser stability if they are mounted on the same
optical table.

e Translating large distances with overlapping coil pairs normally involves
winding a few tens of coils and switching the current between them while
controlling three pairs at a time which can be cumbersome. On the other
hand, everything is stationary and no realignment is needed. Moreover, the
atomic cloud can be transported along the vertical direction which is not as

easy to do with the previous methods.

In the original demonstration of the overlapping coils method [32], about 15
quadrupole pairs were used to cover a distance of 60cm (going around a corner).
Our implementation is capable of transporting the cloud of atoms by 23 cm using
only 3 coil pairs. Moreover only two pairs need to be driven at the same time. In
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order to keep the gradient and aspect ratio constant during the transfer we need to
satisfy the following system of equations:

3

Y Iibyi(x,0,0) = 0 (5)
i=1

3
Zazlibz,i(x,0,0) = gradient (6)

i=1

3 < I,-Byby,i(x, 0, 0) >

p— t t.
I;0xby,i(x,0,0) aspect ratio )

i=1

where b(x,y,z) is the unitary magnetic field, i.e. with the coil current set to 1 A.
If all the above constraints are to be satisfied, 3 pairs need to be driven at the
same time. This only breaks down at the first and last part of the transport process
where one is forced to use only two pairs and thus let the aspect ratio change
uncontrollably. Our implementation is similar to the endpoint situation since we
only use 3 pairs in total (Fig. 7a) and thus we can only satisfy the first two equations.
However, with a carefully designed geometry of the coils, this is not a problem and
in fact the aspect ratio variations in our system are significantly smaller than in the

original demonstration.

gradient (G/cm)
aspect ratio

0 50 100 150 200 "0 50 100 150 200

length (mm) length (mm)
(a) Transverse gradient (b) Aspect ratio

Figure 8: (a) The transverse gradient of the quadrupole magnetic field fluctuates by 20%
(symmetrically in x and y directions) during the transport process but the axial
gradient is kept at 100 G/cm. (b) The aspect ratio changes by less than a factor of
2 so heating of the atomic cloud is expected to be negligible.

The magnetic field arising from the currents ramps (Fig. 7b) was simulated us-
ing the Radia package from ESRF. The symmetric design of the coils allows for
running the transport backwards and mixing the atoms of different species at the
half-way point if needed. In this way the problem of one species deforming the
potential while the transport of the second species is taking place can be circum-
vented. Through optimisation of the geometry of the coils we were able to minimise

the aspect ratio variations to a factor less than 2 (Fig. 8b) — cf. factor of 6 in [32].
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Any variations of the size of the cloud are along the transverse direction (Fig. 8a)
and the axial gradient is kept constant at a value of 100 Gauss/cm.

The coils are wound using hollow tubing bought from Wolverine Tube and
wrapped in Kapton by S&W Wire. With an external (internal) diameter of 4 mm
(3mm), they can be efficiently cooled by running water through them. The main
water line in the lab has a pressure of 2 bar and its temperature is stabilised at 12 °C.
The simplest heat exchange model for water flowing in contact with a conductor

leads to a steady-state temperature estimation:

1 1
where
P dissipated power (W)

¢p specific heat of water (Jkg~!°C)

p  density of water (kg/m?)

Q water flow (1/s)

k  water-to-copper thermal conductivity (Wm1K~1!)

A total area of the coil (m?)

The water flow Q was calculated for each coil by solving the standard hydrody-
namic equations and later measured to be 7.7ml/s and 5.0ml/s for the circular
and square coils respectively, in complete agreement with the calculations. The fi-
nal steady-state temperatures for the coils are about 41 °C for the first and last pair
and 109 °C for the middle pair. The middle pair is allowed to go to such high tem-
peratures since it is only used for a few ms during transporting the atomic cloud,
thus it does not have time to achieve its steady-state temperature. The first and last
pairs though provide the quadrupole field for the MOT and final evaporation stage

respectively, so their temperature is limited to less than 50 °C.

2.2.2  Magnetic trap

Two more coil pairs are used for a bias field and an additional quadrupole field
(see Fig. 9a). The bias field is produced by a pair of coils arranged in a Helmholtz
configuration and provides access to the interspecies Feshbach resonance of Rb
and K. The achievable magnetic field is about 550 G at 330 A which is adequate for
making use of most of the interspecies resonances. It is necessary for the magnetic
tield to be as uniform as possible throughout the cloud so there is no residual
trapping term. The optimal Helmholtz configuration dictates coils with a square
profile and separation equal to their diameter. Nevertheless, since the positioning
of the coils can only be accurate down to about 1 mm, an extra pair of coils can be
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used to make the field more uniform [34]. In this case, this can be either any of the
two quadrupole pairs connected to the high power MOSFET bank via an H-bridge
[35]-

O L L L L 1 L L L L 1 L L L L 1 L L L L
-100 -50 0 50 100
length (mm)
(a) Feshbach and quadrupole coils (b) Helmholtz magnetic field

Figure 9: (a) The Feshbach (outer) and quadrupole coils (inner) are fitted in between the
transport coils and the glass cell. (b) The magnetic field produced by the Feshbach
coils is uniform over a large region in the centre of the trap and its maximum
value is about 600 Gauss.

The additional quadrupole pair can reach much higher gradient values than the
one involved in the transport. With 610G/cm at 330 A it can significantly accel-
erate the magnetic evaporation of the atoms and also push the TAAPs to a more
interesting regime [12]. Due to their small size, both pairs of coils are cooled very
efficiently leading to steady-state temperatures of around 32 °C.

Lastly, an AC coil array similar to the one used in our ¥Rb experiment [29],
will be fitted around the glass cell for the purpose of making a Time-Orbiting
Potential (TOP) trap and coupling RF radiation to the atoms to implement TAAP for
dual species.

2.3 FUTURE MEASUREMENTS

Unfortunately, the experimental progress was interrupted shortly after the comple-
tion of the building phase of this experiment while the MOT sequence was being
tested. Thus, instead of a BEC sequence, this section records proposed future mea-
surements that could be carried out with a two-species apparatus. Experiments
involving optical lattices and the observation of the Mott insulator state were in-
strumental in solidifying the connection between atomic and condensed matter
physics [3]. Such a system is described by the BH hamiltonian where the role of the
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hadronic lattice is assumed by the optical potential and the condensed atoms are
trapped at the minima of the periodic potential [2]:

H= —fzb:rbj+26iﬁi+%2ﬁi(ﬁi—1) )
(@) i i

The Hubbard parameter U is the onsite repulsion strength between two atoms
and | corresponds to the hoping matrix element between adjacent sites i, j. The
number of atoms per site is 71; = bjbi where b;r, b; are the creation and annihilation
operators respectively. Also included in the model is an energy offset €; for each
lattice site to account for an external trapping potential. It is well known that the
standard BH model does not exhibit exotic behaviours such as a supersolid phase
which appears on extended soft-core models [38, 39, 40]. The interest in such mod-
els was renewed with the condensation of >*Cr [41] which has a very large magnetic
dipole moment and long range interactions need to be taken into account.

Our approach for creating soft-core BH models involves rotating a cloud of two
co-trapped atomic species. The behaviour of dual species vortex lattices has been
studied extensively [42, 43, 44, 45, 46] with respect to the interspecies interaction
strength. The Abrikosov lattices phase-separate for large repulsive interaction and
overlap at the opposite extreme. Interesting nematic phases have been predicted
to appear for intermediate interaction strengths. Most of these studies assume sim-
ilar density for both species and rotation frequency at a regime where they both
form Abrikosov lattices. In the regime we are interested in, the heavier species
(*”Rb) has appreciable density while there are only a handful of atoms of the other
species (*!K). For adequate repulsive interspecies interaction strength the 'K atoms
should arrange themselves in the vortex cores of the Abrikosov lattice, giving rise
to a system described by a soft-core BH model. The “softness” of such a configu-
ration comes from the back-action of the trapped species to the Abrikosov lattice
which makes the Hubbard parameters depend on the occupation number of the
lattice sites. A Feshbach resonance between the two species can be used to control
the Hubbard parameters. The phase diagram of such systems is much richer than
the standard BH model and they are also thought to be linked with high tempera-
ture superconductivity. This is being studied theoretically by the research team of
Prof. Dieter Jaksch in Oxford Physics and can form the basis of a future research
proposal.

Moreover, one of the main challenges in observing ordered states in optical lat-
tices (mainly for fermions) is the extremely low temperatures required. The lattice
arrangement provides a very appealing cooling method where the trapped species
can be cooled through Raman transitions to the first excited Bloch band while the
other species serves as a cold reservoir [47, 48]. Atoms with high quasi-momentum

q are selectively removed from the lowest band and subsequently decay to ground
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motional state via collisions with the atoms in the reservoir. Since the excited atoms
can only decay by releasing a phonon with the assistance of the Raman process,

they collect in the dark state region around q = 0 after several cooling cycles.






ATOM TRAPPING WITH MULTIPLE RADIO FREQUENCIES

The dressed atom picture was originally introduced by Claude Cohen-Tannoudji
to explain the scattering of optical and radio frequency photons by an atom and
later the absorption spectra of atoms in intense laser beams [49, 50]. It became the
preferred method of giving a physical picture to explain neutron experiments [51]
and cold atoms coupled to microwave fields [52]. Coupling resonant RF radiation
to an ensemble of trapped atoms to shape the field-induced adiabatic potential
was first proposed by Zobay and Garraway [53]. The concept was extended in [54]
by incorporating a slowly varying magnetic field to time average the potential,
and was first demonstrated in [29]. Time and again, new conceptual paradigms
of trapping have launched the field of ultra cold atoms to new directions. The
previous concepts can be naturally extended to using multiple RF fields to further
shape the magnetic potential.

In this chapter, we outline the fundamentals of Floquet theory [22] and show how
it can be applied as a general method to compute the eigenergies of a periodically
driven system. As an example, we demonstrate the creation of N magnetic shell

traps using 2N-1 RF fields.

3.1 SPIN-1/2 COUPLED TO AN RF FIELD

We begin by considering a simple two-level driven system described by the Hamil-
tonian:

A
H(t) = —50 %Ux + Q cos(wt)oy (10)

where A is the detuning from resonance, €y an energy offset term and () the Rabi
frequency of the RF driving field. In the absence of an external bias field (e = 0)

the Hamiltonian can be written explicitly as:

A/2 0 ; 0 Q/2 ; 0 Q/2
H(t) — / + ezwt / + efzwt / (11)
0 -—-A/2 Q/2 0 Q/2 0
Using the Hermitian matrix R(t) = wt);|j)(j|, we form the rotating matrix

U(t) = exp(—iR(t)) and use it to transform the Hamiltonian to a frame rotating
with angular velocity w. Assuming near-resonant weak driving, we employ the

Rotating Wave Approximation (RWA) and drop the rapidly oscillating off-resonant
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terms e~ 2¢!(.) — 0. The resulting Hamiltonian is now stationary and its eigenval-

E=+VA2+02 (12)

demonstrating that the dressed states form an avoided crossing on resonance with

ues are simply:

an energy gap equal to the Rabi frequency. The RWA approach offers an intuitive
picture of the system but cannot be used for multiple frequencies since there is
no single rotation that leads to a stationary frame. Moreover, it ignores the Bloch-
Siegert shifts [56] which can be important for shaping the magnetic potential. In-
stead we can recast the Hamiltonian as a Floquet matrix using Floquet’s theorem.
Sine the Hamiltonian H(t + T) = H(t) is periodic with period T we assume there
exist solutions of the form:

Y, (t) = exp(—iet/T) Dy (t) (13)

where the periodicity of the system has been absorbed into the Floquet states
P, (t) = Pu(t+ T) and €, are the quasienergy levels. The modes are constant
in time, but only uniquely defined up to multiples of 27t/ T. By substituting the
expression for the Floquet modes into the Hamiltonian we get a time-independent
eigenvalue problem involving an infinite matrix:

A/2 + hw 0 0 Q/2 0 0
0 —A/2+hw Q/2 0 0 0
Hy — 0 Q/2 A/2 0 0 0/2 (14)
Q/2 0 0 —-A/2 Q/2 0
0 0 0 Q/2 A/2—hw 0
0 0 /2 0 0 —A/2 —hw

By examining the block structure of the matrix we immediately see the terms that
were dropped in the RWA couple 2 x 2 blocks of angular frequency that differ by
a single quantum of the oscillating field (fiw). The Hamiltonian in this form is
stationary and its eigenvalues can be computed by truncating the determinant.
Infinitely many manifolds are created, but in practice we can always chose the one
that has the largest overlap with the diabatic states. The number of terms that need
to be included before truncating are judged by the convergence of the eigenvalues
as the dimensions of the determinant are increased.
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3.2 FLOQUET QUASIENERGY SPECTRUM

Time-dependent Hamiltonians generally require special treatment since the time
propagator does not always work out to be a simple phase factor. Methods like
expanding the time propagator into a Dyson series, perturbation theory or the
adiabatic approximation can be used for a limited range of parameters. In various
cases, e.g. for an atom interacting with light, the time dependence can be treated
analytically and exact solutions for the transition amplitudes can be calculated [56].
Asymptotic solutions can also be found for some cases as in the Landau-Zener
problem [57]. We saw in the previous section that when the interaction term is
near resonant and for small coupling strengths the RWA can be employed. This was
recently extended to systems with arbitrarily large coupling [58].

When the time-dependence of the Hamiltonian is periodic, a very powerful tool
for calculating the eigenergies is Floquet theory as introduced by Shirley [59]. Flo-
quet developed his theory around the end of the 19" century [60] and it is a sub-
stantial branch of the mathematics of dynamical systems, however it is perhaps
more familiar to physicists in its incarnation as Bloch’s theorem for the wave func-
tions of spatially periodic systems such as lattices in solid state physics. Note how-
ever that Bloch extended the principle to all three spatial dimensions whereas only
one time dimension is commonly used. The typical way of presenting Floquet the-
ory is through matrices (as in Section 3.1), but given the physical system at hand
a propagator method seems more appropriate. Let us assume a time-dependent

Schrodinger equation:
d
HE¥ (1) = i (1) (15)
where the Hamiltonian H(t 4+ T) = H(t) is periodic with period T as before. We
saw how substituting the modes from Eq. 13 leads to a stationary problem involv-
ing infinite determinants. To avoid this we can use an alternative method [61] by

considering the propagator of the system:
U(T+t,6)¥(t) =¥ (T +1t) (16)
Inserting the Floquet modes in the above equation we get:
U(T +t,£)Po(t) = exp(—ieaT/1) P (t) = 7aPel(t), (17)

The Floquet quasienergies €, = —harg(1,)/T can be directly calculated from the
eigenvalues of the propagator. Since any two solutions whose Wronskian is zero
will do for initialising the system we choose U(T,0) = I. The Floquet modes for
any arbitrary time can also be calculated but we are only interested in the quasi-

energy spectrum of the system.
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3.2.1  Many-mode Floquet theory

Floquet theory can be formally extended to multiple driving frequencies [64]. The
generalisation is referred to as the Many-Mode Floquet Theory (MMFT). The calcu-
lations follow in the spirit of Shirley’s original paper, but using a Fourier represen-
tation of the driving field. This ultimately leads to an infinite determinant having
a different structure than before, with more diagonals, above and below the main
one, populated. In contrast, there is no need to explicitly consider individual fre-
quency components when using propagators. The periodicity of the system simply
needs to be extended to the least common multiple period of all the driving fields.

The last thing to keep in mind is that Floquet theory and the RWA can be com-
bined when treating a system with multiple driving. Consider the case of just
two driving fields. We first rotate the Hamiltonian to a frame oscillating at the
mean angular frequency @ and drop the rapidly oscillating terms e~2«1f(.) — 0,
e~2i2t(.) — 0 and e~ (W1t@2)t(.) — 0. Then, we apply Floquet theory to the Hamil-
tonian which is still time-dependent but the frequencies involved are now much
slower. The effective coupling is reduced to (A — h@)/2 and the calculation pro-
ceeds as before. At the expense of an approximate solution we thus recover the

previous intuitive physical picture.

3.3 THE DOUBLE-SHELL TRAP

The Zeeman sublevels in the F = 1 manifold of Rb can be used as a representa-
tion of a spin-1 system when a constant bias field is applied. For small magnetic
fields of the order of a few tens of Gauss, the energy spacing of the levels changes
linearly with a slope of 0.7 MHz/G. RF radiation can be used to introduce couplings
between the states via the interaction H;,; = grugF - B. The Hamiltonian describing

the system can be written explicitly:

0.7B'(r)  Qjcos (wjt) 0
H =1 Q;cos (w;t) 0 Q; cos (w;t) (18)
0 Q; cos (wit) —0.7B'(r)

where B'(r) can be considered as a bias field for now, Q; = grugF - B/ (2v/2) are
the Rabi frequencies and the index i implies summation over all 2N-1 RF driving
fields. For N=1, the Breit-Rabi diagram of the F = 1 manifold simply changes to
a dressed atom picture where the atomic trajectories follow the adiabatic states
which are an admixture of the |0) and | £ 1) states (see Fig. 10).

In our ¥Rb experiment we use a magnetic gradient field B’(r) which translates
the energy level diagram above into real space. The RF is resonant at a radius of
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w12 (MHZ)
o = N w

By (gauss) Bo (gauss)
(a) Breit-Rabi diagram for F =1 (b) Adiabatic states

Figure 10: (a) The spacing between the Zeeman sublevels of the F = 1 manifold in 8’Rb in-
creases by 0.7 MHz/G for small magnetic fields. An RF field with w; = 1.4 MHz
is applied which couples the states at a bias field of 2 G. (b) The coupling creates
an avoiding crossing in the diabatic states. The upper mixed state can be used to
magnetically trap atoms. The dashed lines are the diabatic states shifted by nw;
where n = £1,+2....

r = hwy/mpgrppB’ and in a spherical quadrupole field the avoided crossings lie on
an ellipsoidal surface where the atoms can be trapped. The exact coupling strength
depends not only on the Rabi frequency of the RF but the polarisation as well [29]
but we neglect this complication for the rest of this Chapter. The lifetime of atoms
trapped at the avoided level crossing is limited by Landau-Zener losses which scale
exponentially with the square of the Rabi frequency [65]. Power broadening has
also been taken into account, but in any case it is only important when () ~ w
which is much larger than the typical Rabi frequencies we can achieve in the lab,
i.e. () ~ 200 kHz while w = 1.4 MHz.

A natural extension of the experiments with the TAAP potentials is using multiple
frequencies to generate more interesting trapping geometries. We begin by the sim-
ple observation that for 2N-1 applied RF fields, N shells are created. The physical
picture can be elucidated by the following: every applied RF field creates an adia-
batic crossing at which the diabatic states bend upwards and downwards. To create
a double well trap (two shells) the atoms need to be placed into the diabatic state
that is bent upwards by the first and third RF fields while the middle frequency
creates a maximum which acts as a barrier. The maximum barrier height is limited
by the interfrequency spacing which also dictates the attainable Rabi frequencies.

To achieve a wide interfrequency spacing, RF coils with a wide frequency re-
sponse (low Q) are required. Fir this reason, the RF coils were rewound to achieve
an optimal balance between the opposing constraints of a strong magnetic field
and a sufficiently high self-resonance. More details about the matching procedure
can be found in Appendix A. Let us assume the values of the applied RF fields to
be 1.4MHz, 1.8 MHz and 2.2MHz and their Rabi frequencies about 200 kHz. The
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Figure 11: (a) The Zeeman sublevels are coupled with 3 RF frequencies at 1.4 MHz, 1.8 MHz
and 2.2 MHz. The values are chosen so that the period of the system does not
become too large. This is a computational rather than physical constraint. (b) The
period of the system is 107t which corresponds to the least common multiplier
of the RF fields.

period of the system is 107t so that 7:9:11 Floquet manifolds are created for every
physical RF field (which leads to the dense grid of dotted lines in Fig. 11a). Us-
ing Floquet theory as described previously we can calculate the structure of the
adiabatic states which is shown in Fig. 12.
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Figure 12: The eigenenergies of a system coupled with 3 resonant fields with (a) and with-
out (b) a barrier at a position corresponding to 2.5Gauss. The height of the
barrier can be controlled by adjusting the Rabi frequency of the middle RF field
which can be used to facilitate loading of the atoms or create a double well
interferometer.

The double shell structure is immediately visible. A shift of the resonances is
also noted which is due to the Bloch-Siegert effect [66, 67]. Since the effect depends
on the applied frequency « )?/w, the adiabatic crossings become non-symmetric
and their Rabi frequencies differ by about 10%. This is taken into account by adjust-
ing the RF power accordingly. Gravity also needs to be considered for a vertically
aligned system like ours, since it tilts the potential curves.
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3.4 INTERFEROMETRIC MEASUREMENT OF ROTATION

A long standing goal of our 8Rb experiment is to observe the Fractional Quantum
Hall Effect (FQHE) by rotating a cloud of atoms in an optical lattice or in the shell
trap. Rotation of a 2D BEC is akin to applying a perpendicular magnetic field as
can be seen by starting from the Hamiltonian of a single particle in a 2D harmonic

potential:
2

_p 1 5 0 o
H—2m+2mw (x4 y7) (19)
Transforming the above to a rotating frame Hr = H — Q) - L gives rise to a Coriolis

term that can be written explicitly as:

Hy = 5 [(pa+mOy)? + (py = mOv?) 4 Jm(@? - Q) (2 +37) (20)

The centrifugal term sets the limit on the rotation frequency which cannot be higher
than the trapping frequency since the atoms would otherwise not remain trapped.
In the limit () — w the Hamiltonian is identical to that of a charged particle in
a magnetic field. By direct comparison, the rotation-induced magnetic field has
magnitude B = 2m()/e. For typical experimental parameters, this can be analogous
to fields of hundreds of Tesla which is much higher than any real magnetic field
created in the lab and will allow us to probe such systems at previously inaccessible
regimes.

For high enough rotation frequencies, the vortex lattice is predicted to melt and
the more exotic states associated with the Lowest Landau Level (LLL) appear, such
as the Laughlin state which is the ground state of the system at filling factor v =
1/2 [46]. The filling factor v is defined as the ratio of the number of particles to
the number of magnetic flux quanta. Precise balancing of the trap frequency and
rotation frequency is needed to reach the Laughlin state and any small residual
trap anisotropies will cause the atoms to fly out. This can be partly remedied by
time averaging the trapping potential to smooth any imperfections.

Detecting these states once they are formed is as challenging as forming them
in the first place. There are various proposals on how this might be possible by
simply studying the density distribution from TOF pictures, making a Ramsey-type
interference measurement using a sequence of Raman pulses or imaging the shot
noise correlations which for the Laughlin state are predicted to be completely anti-
correlated [68]. We plan to use the latter method in the Rb experiment and a near-
resonant lock-in imaging lattice has been integrated in the experiment to hold the
atoms still while fluorescent imaging takes place. Nevertheless, an interferometric
measurement, although it cannot be used in the FOHE regime, can still be useful

in the intermediate stages. We propose a scheme based on the double-shell trap to
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measure the angular momentum of a rotating cloud by interfering it with a static
cloud which serves as a phase reference.
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(a) With rotation (b) Without rotation

Figure 13: (a) A rotating cloud is made to interfere with a static one which provides the
phase reference. A typical interference pattern appears after a few ms TOF from
which the rotation speed of the cloud can be extracted, e.g. this cloud has a
winding number equal to 7. (b) Similar plot with no rotation induced on the
outer ring. The fringe pattern consists of concentric circles as in a Mach-Zehnder
interferometer.

For short TOF times a characteristic fringe pattern appears that has azimuthal

symmetry (see Fig. 13). It is possible to extract the rotational frequency” from such

All simulations were  patterns by counting the number of spiral arms [69]. Since these are simply mean-
done using octBEC,  field simulations, they are not expected to be accurate at larger rotational frequen-

GPELab 70,711 (ies where the strongly correlated nature of the system becomes important.

The versatility of the multiple-shell trap allows for various experiments to be
envisaged, such as double-well interferometers and Sagnac interferometers. The
middle frequency can be replaced with a microwave field that couples the two
ground hyperfine states. This will create two wells where atomsinthe F =1, F =2
are respectively trapped. Alternately imaging each state can be used to overcome
the diffraction resolution limit. Miscibility experiments and the investigation of

boundary instabilities are also possible [72].

1 The code used to produce the graphs and verify our own implementation using octBEC was kindly
provided by Steve Eckel.
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Laser cooling techniques require laser light at precisely controlled frequencies (<1
MHZz) relative to the resonance transitions of the atoms or ions. This is commonly
achieved using Doppler-free spectroscopy, in particular for alkali metals that have
sufficient vapour pressure at room temperature — in our work with 'K and 8Rb
the glass cells may be heated to tens of °C above room temperature. Techniques
that have been previously used include, e.g. DAVLL — this is essentially polarisa-
tion spectroscopy of the wide Doppler and Zeeman broadened line which gives
a very large capture and scanning range. However, the broad line width makes it
subject to frequency drifts on the MHz level and when it was implemented on an
experiment in Oxford it required an additional Doppler-free saturated absorption
setup to check the drifts and periodically reset the offsets in the electronics. This
additional part negated the simplicity of the arrangement for DAVLL. FMS produces
dispersion-shaped Doppler-free signals at the relevant transitions in *K and ¥ Rb,
but the spectrum for these elements is somewhat cluttered because there are sev-
eral hyperfine levels and isotopes. Also Saturation Absorption Spectroscopy (SAS)
gives rise to crossover resonances at half the frequencies of the transitions between
atomic energy levels which adds further complications, with the relative strengths
of the various resonances varying with the intensity and polarisation of the laser
light. MTS has a number of characteristics that make it attractive: there is no Doppler
background, it has reasonable capture range and a steep slope and an error signal
exists only for closed transitions which is advantageous if there are many closely
spaced transitions. In this Chapter we show that this last statement is not exactly
correct by exploring the MTS of ¥K using the optical Bloch equations.

MTS is routinely used to generate error signals suitable for the frequency control
of lasers (locking) to an atomic line and it involves a typical counter-propagating
pump-probe setup where the pump beam is frequency modulated. Building on the
well understood theory of SAS [73, 74], MTS can be described as a four-wave mixing
process in which the main mechanism of transferring the frequency modulation
from the pump laser beam to the probe beam through a sufficiently non-linear
medium is referred to as modulated hole burning [22]. A thorough model based
on the optical Bloch equations is required to capture the exact dependence of the
intensity profile (demodulated in-quadrature) depending on the various parame-
ters of the system, e.g. the polarisation state of the pump and probe beams. Origi-

nally, we set out to describe this process using Floquet theory but a transformation
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was later found that linearises the system [75, 76, 77]. Other similar systems that
have been studied (without linearisation) include phase modulated electromagnet-
ically induced transparency signals [78], frequency modulation in microwave spec-
troscopy [79], spectra of coherently driven systems [80], coherent pulse trains [81],

coherent population trapping [82] and dark resonances [83].

4.1 THEORETICAL DESCRIPTION

Let us consider a typical MTS configuration and the signal that corresponds to the
D, transition of an alkali atom. The polarisation of the pump and probe beams can
be changed between three configurations: lin L lin, lin || lin (or any arbitrary angle
¢)and oo

The temporal part of the exciting electric field for the pump and probe beams

can be written as: £

Eprove = 2”e‘“"t+c.c. and (21)
E
Epump _ 2 —i(wt+asin Q) +c.oc.
_ 57 [Z o i(w+nQ)t +Z(—1)”]n(oc)e’i(“”"0)t + c.c.
=0 n=1
E )
~ 7c( D{ 71wt_|_] ( ) —i(w+Q)t h(a)efl(wfﬁ)t_i_c‘c_) (22)
where

Ey, E. amplitude of the probe and the carrier of the pump respectively
Q) modulation frequency
I nt"-order Bessel function
« modulation depth
w frequency of the D, line in the lab reference frame
The modulation depth is assumed to be # < 1 so that the second order sidebands
are negligible. The Doppler effect needs to be included in the reference frame of an

atom moving at velocity v along the propagation axis of the pump beam (opposite

to the probe beam).

E . .

Eprove = ?pe*“"zt +cc= Epe”(“’1+2k”)t + c.c. (23)
E - . .

Epump = ?C (]0(0‘)6716011f =+ ]1 (D‘)eiz(wﬁrﬂ)t - ]1 (“)671@1]70)1‘) + c.c. (24)
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where k = w/c is the wave-vector of the beams, w; = w + kv the angular frequency
of the probe beam as seen by an atom moving at velocity v and w; = w — kv the
angular frequency of the pump beam as seen by an atom moving with the same
velocity.

4.1.1  The Liouville equation

The dynamics of the system are encapsulated in the density matrix p whose equa-
tion of motion can be written as:

p =1 [p, Hat + He] + psp + ptr (25)

where H, is the static Hamiltonian corresponding to an isolated alkali atom, H,
is the Hamiltonian corresponding to the non-quantised electric field and Osps Ptr
are relaxation terms accounting for spontaneous emission processes and the finite
interaction time of an atom with the beam respectively. Written in the basis of its
own eigenstates, the atomic Hamiltonian can be expressed as:

Ha ZZ‘AFU M) (Fg, M|

Fg Mg=—F,
Fe

+ Y Y (wo+Af ) [Fe Me) (Fe, Me| (26)
F, M,=—F,

where wy is the angular frequency of the D, transition, F;, M, (F, M,) are the
total atomic angular momentum and magnetic quantum numbers for the ground
(excited) levels respectively and A}g:g, M, (A, p,) is the frequency separation between
the zero-frequency reference of the ground (excited) state and the corresponding
ground (excited) hyperfine level. The expression has been rearranged to make the
fine structure frequency transitions appear explicitly. Cast in the same basis, the
electric field Hamiltonian in the reference frame of the moving atom can be written

as:
Ho = Y Y CEaG(HIE,M)(F,M'| with (27)
F,F' M,M'
G(t) — <ch—iw1t+0pe—imt_Qse—i(wz+0)t+Qse—i(w2+0)t>

where (), (), and () are the Rabi frequencies of the pump Carrier probe, and
sidebands respectively. The transition strength coefficients Cf ‘M express the nor-

malised transition strength between any two eigenstates; they can be conveniently
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calculated using the Wigner-3j and 6j symbols which make the symmetries more

obvious (the transition selection rules follow directly from their properties):

CEM' = (—1)2FHITH LS EMIL, Jo1 1) (2] +1) (2] + 1) (2F + 1)(2F + 1)

X{L L 1}{] I 1} (F/ 1 F) (8
77 s||lFF I|\M M-M -M

Finally, the relaxation terms need to be added to complete the Liouville equation.
Expressed in the same basis as Eq. 27, the matrix elements of the spontaneous
emission term (s, are:

(F, Me|p5p|1:ér Mé> = —I(F, Me|P|Fe/r Mé>

(F, Me|p5p|Fgr Mg> = —(T'/2)(F,, M6|P‘Fgr Mg> (29)
1
. Fo,Me+q ~Fu,My+q
(Fg, Mglpsp|Fg, M) =T} 3 Crom; qCFq,ME (Fg, Mglp| Fg, Mg)
E, g=—1 °

where I is the spontaneous decay rate of the excited states. The finite transit time

in the atom-light interaction region is taken into account through the term py,:

(Fi, Mi|pwe|Fj, Mj) = —y(Fi, Milp|F;, M), Vi#]j
. T
(Fg, Mglpwr|Fg, Mg) = N, — (Fg, Mg|po|Fg, My) (30)

<Pe/ Me|ptr|Fe/ Me> = _’)’<Fer Me’P|Per Me>

where N, is the number of ground states and y = 8v/ t2d, the inverse of the
interaction time between the atom and the light, which depends on the beam di-
ameter d, and the thermal velocity v of the atoms. The Liouville equation can now
be written by combining the terms above:

—ipij = szk at + He)gj — okj(Hat + He)ik + (0sp)ij + (01r)ij

= ;Pz’k — pxj(He)ix + pij(wj — wi) + (Psp)ij + (Otr)ij (31)

4.1.2  Approximations necessary to solve the equations

The approximations necessary to solve this set of coupled differential equations

are well described in an excellent review article by Minogin [84]. First, we intro-
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duce slow oscillating variables that lead to the elimination of the rapidly rotating
exponential terms in the interaction Hamiltonian.
pye it ifi € (el and j e {5}
vij = Oij ifi = ] (32)

pijeiwlt ifi e {ground} andj € {excited

states states

For a system with a single frequency dependence this change of variables would
be sufficient to reduce the problem to a readily solvable set of equations, however in
our case exponential terms oscillating at frequencies & (w1 £ wy) and (2w £ Q)
remain. The RWA is then made, dropping the frequencies & (w; + w;) and £ (2w; +
Q) to leave only the slowly varying exponential terms +(w; — wy) and £Q), where
w1 — wy = —2kv. The frequency detuning is defined as A = w; — wp — kv = w — wy.

The system is now amenable to numerical methods, however calculations made
with this set of equations are very resource demanding and prone to numerical er-
rors due to the stiff nature of the system. To obtain a more reliable and manageable
system, the variables ¢j; are replaced by new variables with fixed frequency de-
pendence. The correct oscillation frequencies can be determined by considering the
non-linear interactions of the two beams and the atomic vapour. The exact trans-
formation depends on the polarisation of the pump and probe beams since the
excitation-deexcitation cycle involves different Zeeman sublevels. Assuming both
pump and probe are linearly polarised along the same axis and considering in-
teractions involving up to 3 photons, the equations for the populations and the
transition frequencies w?* between the Zeeman sublevels with AM = 0 have 11
distinct frequencies: 0, £Q), £20), +2kv, and +(2kv £+ ), whereas the optical co-
herencies w©P! have 20: 0, £2kv, +2kv + Q, +(2kv +2Q0)), 4kv, 4kv +2Q), +Q), £20),
and £3Q). A few examples explaining the choice of the frequencies are shown in
Fig. 14.

During crossover transitions between two states whose energies are wg + Af and
wo + A, atoms moving at velocity (A7 — Af) /2k are excited at w + ko = wo + Af by
the probe and w + kv = wp + A} by the pump:

w1 = w + kv = wy + A w=(AS+A%)/2
= ]

wzzw—kv:wo—kA; v:(Af—A]?)/zk

(33)

Different coherences can thus be non-zero and have to be taken into account. A
similar process occurs between two ground states Af,j — Af: j as can be seen in
the right-hand side of Fig. 14. Once all the frequencies corresponding to each ele-
ment of the density matrix have been determined, we can make a variable change

which imposes those oscillations on the slowly varying variables c;;. For parallel
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Figure 14: Energy level diagram showing an example of pump-probe interaction which
couples a ground and an excited level (optical coherence, dashed line), and two
excited states (Zeeman coherence, dotted line). This kind of Zeeman coherence
can only be non-zero when the spacing between two excited levels is smaller
than the natural linewidth of those levels (in K I' ~ 6 MHz and A§ — Ay ~
5.4MHz, so this kind of coherence can be non-vanishing). Different couplings
can occur during a crossover between the two ground states.

polarisation only AM = 0 transitions are allowed and the variable change takes the

following form [76, 75]:

i = quii + (Goi +1q3i)e " + (quii +iqs i )e M + ...
+ (qroi + iq11,i) e TVt 4 c.c
07 = (r1ij+ ispij) + (raij +isai)e M + ..
-+ (qn,i]' + iqn,i]-)ei(Zk”JrQ)t + c.c. (34)

Opt . _q ]
0'1.]. Pt — (rl,ij + Sl,ij) =+ (r2/l'j + ZSz/,‘j)e 0t + (1’3]1']‘ + S3,ij)610t 4+ ...
+ (r20,ij + isZO,l’j)e’ZiQt +c.c.
o = (Ul%“)* and (T]?pt = (Ui?pt)*

]

where all the new time-dependent variables g,,,j, 7,;; and s, ;; are real. The expres-
sions for the populations and the various coherences contain all the 31 frequencies
The quantum listed previously. The obtained system is linearised but underdetermined. To obtain

trajectories method a consistent linear system it is necessary to isolate new equations for each new vari-

ldb d . . .
cou euse s an able by considering only the terms whose exponential dependence corresponds to
alternative since the

complexity scales the oscillation frequency we are interested in. The set of linear equations obtained

with N rather than by this method is much larger than the original one but it can still be solved faster
y & &

N?, where N is the since the time dependence in the exponential terms has been completely removed.

number of equations. - a_ gimjlar process is used to linearise the system for the other polarisation configu-

rations.
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4.1.3 Velocity averaging of the detected signal

We begin by expressing the classical expression of the induced electric dipole (d) =
(Y| X|¥) in terms of the eigenstates ¥ = Y, C,|n), where |n) is the n'’* state of the
electronic structure (previously denoted as |F, M)). We can rewrite this in terms of
the density matrix.

d) = ZPij<j|r|i> = dEgZCijPi,j
ij i

= deg 2 Cij ((fl,ij + 51ij) + (2 +isij)e "M 4+ C-C-> (35)
i

where the dipole element dee = d;; = d;; only couples states that do not belong
to the same manifold and is zero otherwise. The sum over i and j involves all the
coherence frequencies defined above for parallel polarisations and C;; is a short
notation for the transition strength coefficients C M defined in Eq. 28. Since dif-
ferent fields excite different transitions, the modulatlon depth coefficients 2, must
be taken into account (here we assign the subscript g to the modulation depth « so
it can be included in the sum — it holds true that ®p = 0 and &y = a«_1). Therefore,
in the general case, the electric field arising from the electric dipoles of the atoms
induced by the pump beam is given by:

all possible
frequencies

1 1
Eaip = deg Zlaq Zcq,ijpij = deg 21 g Zcq,z‘j Z (Tunij =+ isnij)e " | (36)
g=-1 ij g=-1 ij n=1

where the coefficient C, ;; is the relative transition strength between the state i and
j induced by the a; component of the field, p;; is the optical coherence between the
states i and j connected by an allowed transition and wj;, is the n'" frequency of
the coherence labelled by ij. The intensity detected by the photodiode is calculated
from the beating of E4;, and the probe field E,.. expressed as |Edl'p + Embe|2. To

tirst order in amplitude, the signal observed at the frequency () has the form:
In(A, v, t) cos(Qf) + Qo(A, v, t) sin(Qf) (37)

with the in-phase and quadrature single velocity components:

1
I(Av,t) =Y ag)_ Coij(saij+ 5b,f)

g==1ij
) (38)

Qo(Av,t) = Y agy Coij(raij — 11))

g=-1 ]
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where 7,;; and 7y, (s5,j and sp;;) are the real (imaginary) parts of the optical co-
herences between the levels i and j oscillating at frequencies 2kv — () and 2kv + ()
respectively. The system is numerically integrated for a time t,; which is of the
order of a few hundred lifetimes in order to make sure equilibrium is reached and
then averaged over all velocity classes to obtain:

Q8) = [ dofun(0)Qo(, 1)

I(A) = / " B0 () (A, 0, £
o (39)

where fyp(v) is the Maxwell-Boltzmann distribution projected along the axis of
the beams:

(40)

2kpT\ /2
m

fme(v) = (Vu) e/ where u = (

In practice the averaging is carried out for a range of thermal velocities dis-

tributed over about 3 Doppler widths, i.e. for each of the velocities given by:

1 [kT 1
W=V <3P + 2> (41)

where the integer p runs from 1 to N, and the number of velocities included is
about N, = 200. The distribution is offset from zero since stationary atoms do not
traverse the nodes and antinodes of the standing wave (for parallel polarisation)
producing erroneous results for small velocity classes. Finally, the phase difference
¢ between the probe and the detected signal can be adjusted so that the in-phase
or quadrature components can be selected:

I(A) cos(¢) + Q(A) sin(¢) (42)

Using a phase-sensitive detection the angle ¢ is adjusted to get the maximum
signal with the highest gradient. When () < I the in-phase and quadrature com-
ponents have very similar characteristics and can be used interchangeably. On the
other hand, when ) > T (as in our case) the maximum signal arises from an

admixture of both components [85].

4.2 SPECTROSCOPY OF POTASSIUM

Unlike the case of 8Rb which is described in Section 2.1.4, the MTS signal for ¥K
mainly comes from the ground state crossover transition for the parameters used in

our experiment. However, experimental measurements on *K have been published
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by Goldwin’s group in Birmingham [86] which show the main signal coming from
the cooling transition (as in 8Rb) but their paper makes no attempt to explain this.
This discrepancy arises because they chose a 00~ polarisation configuration for
the pump-probe beams which indeed leads to no MTS signal corresponding to the
crossover as we have verified using our model. The ability to arrange for the max-
imum amplitude of the error signal to correspond to any of these two transitions
raises the possibility of locking the laser to either one of them and designing a

system for addressing all potassium isotopes with minimal reconfiguration of the

optics.
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Figure 15: The top panel shows a typical SAS signal for potassium. All isotopes are present
in the sample but only *K is visible since it is the most abundant. The width of
the D; excited state is only 35 MHz so the allowed transitions cannot be distin-
guished. The bottom two panels show typical MTS signals for parallel polarisa-
tions for 3 = 10MHz and Q, = Q. = Qs = I'/2 (left) or Q) = Q. = Qs = 10T
(right). The cooling transition dominates for low powers while the crossover
does so for higher ones. All intensities are normalised to unity. Measured data
are shown in red.

Out MTS arrangement involves about 10mW of optical power divided equally
between the pump and probe beams which have a waist of 2mm. The pump is
modulated at 10MHz using an EOM and the spectroscopy cell is heated to 50 °C.
The pump beam is also shifted by 100 MHz using an AOM — this does not affect the
signal in any way but can be used to change the modulation frequency by adding
sidebands to the main driving frequency of the AOM instead of using the EOM.
The pump and probe beams are not exactly collinear so that the probe intensity
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can be measured on a photodiode without the use of a beam-splitter to pick it up

which makes polarisation measurements much more straightforward. Preliminary

investigations of the behaviour of the crossover peak show the following trends (see

Figures 15 and 16) which agree well with the results from our theoretical approach.
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Figure 16: The top two panels show typical MTS signals for perpendicular polarisations. The

crossover resonance does not saturate as the beam power varies from Q, = Q¢ =
Qs =T/2 (left) to )y = O = Qg = 10T (right). The bottom row corresponds to
circular polarisation. The crossover resonance completely vanishes at all beam
powers (Q). = 2Q), = 205 = nI for n =1, 5, 10 from left to right). All intensities
are normalised to unity. The available data in red (from our apparatus and the
Birmingham group) show good agreement with the model.

It increases when more power is used for the MTS and shows no signs of
saturation up to 25mW /cm?. No appreciable power broadening is observed
even at these intensities and the zero crossing stays fixed.

It remains virtually constant when changing the temperature from ambient
to about 70 °C. This is to be expected since the probability of finding an atom
in an velocity class that can participate in the crossover transition doesn’t in-
crease significantly. The increase observed in the experimental data is purely
to the increase in vapour pressure which is not modelled in our approach.

The optimal modulation depth is about « = 0.55 where the height of the

carrier and the sidebands is approximately equal.



4.2 SPECTROSCOPY OF POTASSIUM

e An equal pump-probe intensity maximises the peak signal. This is due to the
same reasons as the previous point and can be traced back to the four-wave

mixing interaction being optimal for electric fields of similar amplitude.

The behaviour of the crossover transition can be explained through a simple
model which reveals the main processes that give rise to the MTS signal. Polarisation
effects are not considered in this model.

4.2.1  Toy model
A minimal system that can reproduce the results from the previous section is
shown in Fig. 17. The system can be excited in a number of different ways but only

two of them correspond to the main signal coming from a crossover transition.

Fe=2 r Ee,o —_—
Fe=1 r Ee
probe probe /
( “) pump (\ \ pump probc [)l‘llll[)
w2 ws I
A (w1, wy £ kv) 2 (w1, wy ko) (ws) (w1, wy £ kv)
‘
F,=2 1 B, —_— —_— I
atomic resonance excited state ground state
Fy=1 T Ega Crossover resonance  Crossover resonance

Figure 17: The possible transitions for the toy system are shown on the left. The three cases
of interest correspond to real atomic transitions, excited state crossovers and
ground state crossovers. The frequencies of the transitions are shown along with
the velocity conditions that need to be satisfied for the transitions to be observed.

It is easy to see that a ground state crossover behaves effectively as a closed transi-
tion if the thermal energy of the atoms is larger than the ground state spacing, there-
fore it gives rise to a MTS signal (whereas an excited state crossover does not). How-
(Eg1 — Egp)/2k =
Ag/2k, so that if the ground state energies are too far apart, then fyp(v.r) is negli-

ever, the atoms involved in the crossover have a velocity v, =

gible, and the crossover does not have an appreciable amplitude (see Table 1). For
example an atomic velocity v, = 2500m/s is needed for 87Rb, cf. 190m/s for K.

The dependence of the peak height on the ground energy spacing was simulated
with the toy system represented in Fig. 17. It was found that, the height of the
simulated crossover peak is proportional to the number of atoms that have a large
enough velocity to participate in the crossover. This is direct evidence that the
thermal distribution of the atomic gas is solely responsible for the observed signal.

This was shown by simulating how the peak height depends on varying A; and A,.

41

Selection rules allow
for every transition
between the four
levels.



42

OPTICAL BLOCH EQUATIONS APPLIED TO MTS

atomic excited state ground state
resonance Crossover resonance — Crossover resonance
w E.q (Een +Eep2)/2 Een — (Eg1+ Eg2)/2
0 0 (Ee/1 — Eelz)/Zk (Eg,l — Eg,z)/Zk

Table 1: The various resonances that appear in the model have the frequencies listed in the
first row while the atomic velocity has the values listed in the second row. The
ground state crossover resonance will only appear as long as the energy gap of the
ground states is narrow enough so that there are enough atoms with the necessary
thermal velocity to excite it.

As expected, there is only very weak dependence on the width of the excited state
A, while it is linearly proportional to A,.

Alternatively, it is easy to show that the height of the crossover peak for different
temperatures is directly proportional to a fuyp(ve, T) distribution. These results
suggest that any alkali atom with a ground state hyperfine splitting of the order of
1 GHz will give a strong MTS signal on the ground state crossover.



Part II

IONS AND BIOMOLECULES

Floquet theory and Ordinary Differential Equations (ODEs) with peri-
odic coefficients. A novel multifrequency ion trap and its applications.
Normal mode spectrum analysis of sympathetic cooling and MD simu-

lations.






THE THEORY OF PERIODIC EQUATIONS

We consider the stability of systems subjected to periodic parametric driving such
that their equations of motion are ODEs with periodic coefficients with an arbitrary
number of frequencies in their Fourier spectrum. Such equations are ubiquitous
in physics. They describe the temporal behaviour of driven systems or the spatial
character of the wavefunction in Hamiltonians of crystalline structures, e.g. atomic
Floquet treatment, driven two level atom, Bloch theorem and band structure, me-
chanical vibrations [59, 87, 88]. In the next few chapters, the relevant concepts will
be presented in the context of electrodynamic traps, whereby ions are confined by

an oscillating electric field.

5.1 THE PAUL TRAP AND THE MATHIEU EQUATION

Earnshaw’s theorem states that charged particles cannot be confined by electro-
static fields only [89]. Wolfgang Paul invented a way to confine ions using an oscil-
lating quadrupole electric field. In the following we consider a linear Paul trap with
AC voltage applied to opposite pairs of the four parallel rod-shaped electrodes and
the end-caps at a constant DC voltage. The total electric field produced by such an

arrangement is:

X X
V(t) Uy
E(x,y,z,t) = —— | —y | + = (43)
R [V "zz| Y
0 —2z

where U is the amplitude of the DC voltage of the endcaps and Ry, Zy the char-
acteristic lengths along the radial and axial directions. For an applied AC voltage
V(t) = Vj cos(wnt) the equation of motion for an ion can be written as:

dzui(tl)
dt?

+ (611' — 2[]1' COs (2t1)) ui(tl) =0 (44)

where i = x,y,z and time has been rescaled to 2t; = w;t. This form is known as
the Mathieu equation. Its application to the trapping of ions has been described in
papers by Paul himself and other pioneering researchers in ion trapping such as
Dehmelt and Wineland [90, 91, 92]. The dimensionless constants a; and g; depend
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on the ratio of charge Q and mass M of the ion and the amplitudes of the static
and oscillating components along the three Cartesian axes respectively.

1 4QU
and similarly for g
2QVp

An approximate solution can be found [93] that has the form
u ~ ugcos Aty (1 + Bcos2ty) (47)

with A, B < 1. Thus, the function cos At; corresponds to a much slower oscillation
than cos2t; and the amplitude associated with the cos2t; term (micromotion) is
very small. These assumptions constitute the pseudopotential approximation leading

to the solution:
witq

V2

where 6 is an arbitrary phase. Although we assumed that g < 1 it turns out that

U >~ 1y COS ( + 90> (1 + %cos 2t1> (48)

this approximation works better than 1% even up to g = 0.4. It is evident from

the above that the ion’s centre of mass undergoes harmonic motion at angular

w 1
wj =~ 71\/ a; + 56112 (49)

As shown below the ion has stable, bound motion for 4 < 0.9 along the a = 0 line.

frequency:

Note that in what follows we mainly consider motion and stability along the y-axis
and drop the subscript on 4, and g, but introduce other subscripts for frequency
(and later mass as well) to describe the case of two species in a two-frequency trap.

5.1.1 Systems with periodic coefficients: the Hill equation

It is important to distinguish general mathematical properties of ODEs with periodic
terms from results specific to the Mathieu equation (coefficient at a single frequency
in addition to a constant term). This provides us with a general method that can
be applied when the periodic function contains two separate frequencies. We are
guided by the physical intuition that when the two frequencies are sufficiently
different there should exist conditions for which one of the oscillating terms can be
considered as a minor perturbation acting on the system dominated by the other.
Linear second order homogeneous ODEs with periodic coefficients can be written

in the form )
d“u du
e + P(t>ﬁ +QHu=0 (50)



5.1 THE PAUL TRAP AND THE MATHIEU EQUATION

with P(t+ T) = P(t) and Q(t + T) = Q(t) where T is the period of the system.
We will refer to Eq. 50 without the velocity dependent damping term, i.e. P(t) =0,
as the Hill equation of which the Mathieu equation is a particular case. Since any
function can be expressed in terms of even and odd functions, without loss of
generality we choose Q(—t) = Q(t) and rewrite the Q(f) term in the Hill equation
as a Fourier series of cosines.
d*u °°
2t <co + 21; Cn COS (ZnT)) u=0 (51)
This form of the ODE was discussed by Mathieu in 1868 in connection with the
problem of vibrations of an elliptic membrane [94, 95], and arises generally in situ-
ations with elliptical symmetry. The solutions that are non-singular, with period 7
or 27t in the variable 7, are the Mathieu functions. They are the elliptic equivalent
of the sine and cosine functions that are the angular solutions for systems with cir-
cular symmetry. References [96, 97, 98] contain a wealth of applications of Mathieu
functions.
The character of the solutions can be established through Floquet theory as we
show later. However, for the remainder of this section we outline Hill’s series so-
lution method for obtaining an explicit expression for the solutions of the Hill

equation. Floquet’s theorem states that there is a solution of the form

u=e"e(7) (52)

The characteristic exponent u determines the stability of the system which is of key
importance for ion trapping. Calculating ¢(7) and hence the full solution follows
straightforwardly once u has been found. We assume a typical series solution to
the equation, of the form
u=e'" Yy b,e*" (53)
n=—o0

Substituting in equation 51 gives the system of equations

(u+ 2ni)2bn + E Cmbp—m =0 (54)

m=—o0o

where n = 0, +1,... and ¢, = c_,. Dividing by ¢y — 41> ensures convergence
and leads to the usual form of Hill’s determinantal equation from which p can
be found from the equation A(iy) = 0. Whittaker managed to obtain a simple
expression for Hill’s determinant by mapping it to a function that has the same
poles in the complex plane [95]. We sketch Whittaker’s solution here, starting by
rescaling the equations by ¢y — (iy — 2n)? rather than as before. We denote this
form of the determinant A;(ii) and note that it is absolutely convergent. Moreover,
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it is an even periodic function of y with period 2i and analytic everywhere except
for the obvious poles. We can define a complex function of A;(iu) containing an
arbitrary constant K that does not have any poles and hence respects Liouville’s
theorem. This means that the function has to be constant throughout the analytic
plane and by considering its behaviour when y — co we can show that it is equal
to unity. We can then easily find the value of K for y = 0. This leads to:

271 -
, sin” (5 7tip)
Aip) = A(0) = — 42 (55)
sin®(5714/¢co)
The roots of Hill’s determinant are therefore roots of the equation
.21 .o, 1
sin (Emy) = A(0) sin (En\/%) (56)

Although the determinant is conditionally convergent, calculating infinite determi-
nants is numerically inefficient. Strang has devised a recursion method for calcu-
lating the determinant for the single frequency Mathieu equation [99]. The above
treatment is not specific to the Hill equation since any periodic term can be recast
through its Fourier transform. In any case, in Section 5.2 we present the Floquet
formalism which is a more general method for solving ODEs with periodic coeffi-

cients.

5.1.2  Spectral methods

We tested various methods of solving the Hill equation and for completeness in-
clude here some comments on spectral decomposition methods. The Fourier differ-
entiation method is an alternative to calculating determinants or continuous frac-
tions [100]. As will be shown below, the solutions along the boundaries of the stable
regions in the (a,q) plane have a period of 7 (or 277). We can use this to search for
the pairs (a,q) that give rise to non-trivial bounded solutions with period 7 (or
27). Assuming a period of 271, we define D to be a N x N Fourier differentiation
matrix with elements given by the following formulas. For N even, k, j =1,..., N
and h =2n/N

pi — " k=]
kj ) — i
%(—1)k_fcot( DL #j
(57)
2
p@ _ ) 5% k=]
kj . k h
_l(_l)k—]cscz( )L £




5.2 DIFFERENTIAL EQUATIONS WITH PERIODIC COEFFICIENTS

where DIS) and Dlg) correspond to the first and second derivatives respectively.
Using C = diag(cos 2xx) we can approximate Mathieu’s equation as

(29C — D)y = ay (58)

where y is the vector of approximate eigenfunction values y(x). Solutions of period
7t can be computed by replacing D with 4D and modifying C to C = diag(cos x)
which is effectively a change of variables x <+ 2x. The eigenvalue problem can
now be solved and it gives N values of a for each g. Only the values of a nearest
to the origin can be assumed to be accurate since they correspond to the least
rapidly oscillating eigenfunctions although we have not found this to be a problem
in practice, partly because we have been interested in the qualitative forms of the
stability regions rather than evaluating (4, ) lines to high precision.

5.2 DIFFERENTIAL EQUATIONS WITH PERIODIC COEFFICIENTS

We have introduced the idea of a particular type of solution using the pseudopoten-
tial and Hill’s method for determining the stability map of the system. The other
key concept is instability produced by parametric resonance. We are mostly con-
cerned with whether a stable solution exists and not its actual form. Thus, we only
need to calculate the characteristic exponents of the solutions. We are interested in
a general treatment of ODEs with periodic coefficients, such as in Eq 50. Methods
for studying the stability of such systems include: Fourier series solutions that lead
to determinantal equations (as discussed in Sec. 5.1), perturbation theory, spectral
methods (Sec. 5.1.2) [95, 100], Lyapunov methods and integral operators [101]. An
analytic solution is possible for a Hill equation where Q(f) has the form of a square
wave and P(t) = 0 (the Meissner equation). The case where P(t) is constant can
also be solved by making a suitable transformation which relates it to the solution
of an equation with no first derivative term [102]. This is important for the sys-
tems we are interested in since the solutions with damping (friction proportional
to velocity) can be found from solutions without damping.

The theory of differential equations involving periodic functions was developed
towards the end of the nineteenth century by Floquet [60]. An important extension
is Bloch’s solution of the Schrédinger equation with a periodic potential [103] in-
cluding the generalisation of Floquet’s theorem to three spatial dimensions. Bloch’s
theorem for the form of the quantum mechanical wavefunction in a periodic sys-
tem is a cornerstone of solid-state physics — it is the way to calculate the band
structure of electrons in solids, hence determining whether they are metals, semi-
conductors or insulators. The band gaps can be explained by considering electronic
wave functions in crystals as waves which are strongly scattered when their wave-
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length A fulfils the Bragg condition. This viewpoint of wave propagation (or non-
propagation) in a periodic structure provides a complementary perspective on the
equations.

The conceptual link to the standard material found in quantum mechanical texts
may be useful to those with a physics background, however the mathematical
theory of Floquet pertains for periodic functions in general (periodic in time or
position). We apply the Floquet formalism to the Mathieu equation to study the
parametric oscillation in mechanical systems of direct relevance to the motion of
particles in a Paul trap. We also consider the Meissner equation which exhibits all
the relevant features but allows for analytical calculations (see Sec. 5.4). We focus
on the regions of stable behaviour and the calculation of the parameters of the sys-
tem at the transition to instability. Outside the stable regions dynamical systems
can undergo chaotic behaviour that is of considerable mathematical interest and
has been observed in ion traps but is not considered here.

To apply the Floquet formalism we recast Eq. 50 as a system of first order equa-
tions and calculate the propagation matrix over a single period [104, 105]. Defining

= x we get:

d [x 0 1 x
ar = =0 (59)

y —Q(t) —P(t)/ \y
Using two fundamental solutions with initial conditions we form the principal
fundamental matrix which is equal to the identity matrix at some point in time

(t = 0 for convenience).
X1(0) = (1,0)T and X(0) = (0,1)T (60)

we can write the propagation matrix as:

x1(T)  xa(T)

M= (61)
%1(T) %(T)
which is straightforward to calculate numerically. The characteristic equation
det{M — AT} = A% — tr{M}A + det{M} (62)
has eigenvalues given by
Mo = % (tr{M} = (tr{M)? — 4det{M})"/?) 63)
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The characteristic numbers of Eq. 50, computed through the Wronskian, can be
shown to satisfy:

det{M} = AA; = exp (/OT —P(T)dT> (64)

First we consider the case where there is no damping term (P(t) = 0) hence
det{M} = 1; this is a general property of symplectic matrices for undamped sys-
tems that is directly related to the Liouville theorem and expresses the perserva-
tion of phase space for a dynamic system. For an undamped system to be sta-
ble the characteristic numbers must be inside the unit circle in the complex plane
max{|A1],|A2]} <1, or equivalently |[tr{M}| < 2. The nature of the roots depends
on the sign of the discriminant tr{M}? — 4, which allows us to consider two types

of regions in the parameter space:

1. where |[tr{M}| > 2 there are two real eigenvalues. Their product is A1A; =1
hence either A1 > 1 or A; > 1, giving an unbounded, exponentially diverging

solution.

2. where |tr{M}| < 2 there are two imaginary eigenvalues, with |A1| = [A2] =1
and A; = Aj. These can be written in the form

A =cosftising = et? (65)

where 2 cos = tr{M}. These are stable, bounded solutions.

Along the transition curves at the boundary of the above regions tr{M} = £2 and
the discriminant is zero; thus the characteristic equation has a double root and
degenerate eigenvalues A = Ay = £1.

The only cases for which P(t) is non-zero which we consider here (as relevant to
ion trapping) are those corresponding to physical systems in which the damping
of the motion is proportional to the velocity, i.e. P(t) = 2b where b > 0 is constant
[104]. The stability condition becomes

tr{M}| <1477 (66)

where we have written the propagation matrix as M to differentiate it with the
undamped system. At first sight this equation seems counterintuitive since it ap-
pears to reduce the limit on the magnitude of tr{M}. However, the stability region
} — 20T

is actually enlarged since det{M rather than unity as in the undamped

case. Therefore the product of the eigenvalues in this case is bounded by a circle

of radius e=%

T in the complex plane. The point where one of the eigenvalues ex-
ceeds unity is e?’T + 1 as can be seen by direct substitution in Eq. 63. The stability
condition now becomes e~ 2T |tr{M}| < 1+ ¢*T which can be rearranged to Eq. 66.

To compare the two cases we can assume that A is the eigenvalue of a matrix of
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the same form as for the undamped equations M, but with w? — w? — (2b)2. This
leads to the stability condition max{|A1],[A2]} < e*T. The damping term factors
out when taking the trace of the propagation matrix, so that M = ¢?’"M and thus
the behaviour of a system with damping can be determined straightforwardly from

the related undamped system®.

5.3 PROPERTIES OF THE MATHIEU EQUATION

The characteristic exponents of the system can be calculated numerically using
Floquet theory when analytic approaches are not possible. A great deal can be
learned about the stability of linear systems of ODEs, simply by examining the trace
and the determinant of the coefficient matrix, without having to solve the equations
since the discriminant in Eq. 63 fully characterises the system. This provides an

insight into some of the ideas of Floquet theory as presented above.

Nodal sink sink
@ | Spiral sink
£ I
> 8 Centre |
= (O]
= = |
g I
n : Spiral source
Nodal source Source
Det{:}

Figure 18: The trace-determinant plane is useful for classifying the nature of the equilib-
rium points of a linear system. The plane is divided in two regions by the
parabola tr{M}?> = 4det{M}. On the parabola we have stable focal points
(sources) and unstable (sinks). Outside the parabola the system is stable and
is either spiralling towards (away from) a sink (source) or rotating around a cen-
tre. The equilibrium points of a system that conserves phase-space volume like
the Mathieu equation does, lie along the det{M} = 1 dotted line.

The trace-determinant plane can be divided into two regions: where tr{M}? —
4det{M} > 0 there are two distinct real eigenvalues and the system is unstable,
and where tr{M}? — 4det{M} < 0 the eigenvalues are complex conjugates. Along
the parabola where the equality holds there is a single eigenvalue of multiplicity 2.
Further classification of the system is possible by considering the real part of the

eigenvalues [106]. When they are both positive the equilibrium points are sources

1 Note: this is not the same as the system corresponding to b = 0.
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and when negative they are sinks. The system spirals in or out of these points in
phase-space and remains stable as long as |[tr{M}| < 2 (see Fig. 18). The stability
points of the undamped Mathieu equation lie along the det{M} = 1 line and, if
stable, are bounded by the parabola.

10— T

(a) Mathieu stability map. (b) The first instability tongue.

Figure 19: (a) The stability map of the Mathieu equation for different damping values and
(b) a close-up of the tongue of instability centred at the first parametric reso-
nance. As can be seen from the two variable expansion the tongues of instability
lift off the a-axis even for an arbitrarily small amount of damping.

This classification is helpful for considering the stability diagram for the Math-
ieu equation. Although the boundaries cannot generally be calculated analytically
(except for special cases such as the Meissner equation), they can be mapped out by
analytic continuation of the behaviour calculated within the approximation g < 1.
We have found it much simpler to approximate the propagation matrix numerically
and calculate the stability region from the condition |tr{M}| < 2. Nevertheless, the
fundamental solutions to the Mathieu equation can be used for some analytic con-
siderations; these are the Mathieu functions which are well documented in the
literature of special functions. There exist two sets of eigenvalues with period 7
and 27t depending on the initial conditions of the Mathieu functions.

For g < 1 the eigenvalues can be expanded as a power series of g, and the width
of the instability tongues is the difference of the two sets of eigenvalues [107]:

2q"

Mal) = X40) = iy 1+ O) ©7)
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For g = 0 we recover the familiar series for the parametric resonances of the Math-
ieu equation A, (0) = A, (0) = n? where 7 is the order of the resonance. The asymp-
totic behaviour of the resonance close to the g = 0 line indicates that an arbitrarily
small value of damping is sufficient to suppress them — damping mainly affects
higher order resonances (which is also true for subharmonics). The width of the
instability tongues can be directly related to the damping necessary to suppress
the resonances by approximating the damped Mathieu equation using g as a small
parameter. Various techniques can be used, such as the Lindstedt-Poincaré method,
two variable expansion, harmonic balance [108], the method of multiple scales,
truncation of the determinant, etc. [109]. Let us use the Lindstedt-Poincaré method
directly and apply it to the first two resonances. We write the damped Mathieu

equation as:

m=1

il + 2bu + (a— iemfm(t)>u:0 (68)

where f,,(t) is constant at every integration interval and g is of order € < 1. After

successive approximations we find:

1

AL A = 1i(ez—4b2)1/2—§e2+... (69)
1 1

A, Ay = 4—1—662j:(6€4—16b2)1/2—|—... (70)

where we have assumed that b = O(€?) since if it is larger, the motion at the sec-
ond parametric resonance will be completely stable. It is obvious from the shape
of the instability tongues that an arbitrarily small amount of damping is enough
to lift the instability from the a-axis — this is in accord with the exponential be-
haviour of the tongues close to the axis. The same reasoning can be applied to the
two frequency case where the parametric resonances are subharmonics but their

behaviour is identical.

5.4 AN ANALYTIC SOLUTION: THE MEISSNER EQUATION

The shape of the tongues of instability is of interest since it captures the fundamen-
tal behaviour of the system. It can be calculated analytically as an infinite series
using the basic algebra of parametric oscillations [110]. In what follows we con-
solidate the mathematics introduced above in view of a series of examples that
illustrate the main characteristics of the system under consideration and facilitate
the connection with the two-frequency Paul trap which is introduced in Chapter 6.

The Meissner equation is a special case of a Hill equation where the periodic
term is a square wave. It is presented here as an instructive example since it can

be solved analytically. A square wave of angular frequency 27t/ T, can be related to
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the usual notation used in the Mathieu equation by rescaling the time variable so
that the period is 7T

j+ [a—2qsgn(cos(2t))ly = 0 (71)

Here 24 is the amplitude of the square wave given by taking the sign (41) of the
function cos(2f), cf. 2q cos(2t) in the Mathieu equation.

5.4.1 Propagation matrices for a constant force

To explore the analytic solutions of the Meissner equation we first need to intro-
duce the necessary propagation matrices. Consider a system with a time-independent

force proportional to displacement:

j+cy = 0 (72)
2

y = —wy (73)
This assumes that the constant ¢ = w? > 0 acts as a restoring force. The system
undergoes simple harmonic oscillation at angular frequency w with solutions of
the form y(t) = A cos wt + Bsinwt. The propagation of the system from ¢ to t + T

can be expressed as a matrix equation

t+T coswT  Lsinwt t
y(t+7)) _ 7 y(t) 72)
y(t+71) —wsinwt  coswT y(t)
These equations for propagation from t = 0 to T can be put into matrix form in
terms of the vector y(t) = (y(t),y(t))T as

y(T) = Muy(0) (75)

where the propagation matrix is

1 .
COSWT = SINWT
M, = w (76)
—WwSsSMMwT COSWT

and y(0) can be conveniently chosen to be the unit vector. Similarly for the case of

¢ < 0, writing ¢ = —x? gives the propagation matrix

coshxt Lsinhkt
M, = * (77)
xsinhkt coshkt

It is easy to verify that det{M} = 1 for both M,, and M (symplectic matrices). Note
also that the limits w — 0, or k — 0, give the propagation matrix for free flight.
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Since |[tr{M, }| = |2coswT| < 2 the system is always stable, but comes closest to
instability when cos wt = £1. A system with a constant time-independent force is
sensitive to perturbations that are periodic with time period wT = nm withn € Z,
or equivalently such a system is prone to become unstable if 2n7t/T = 2w. The
condition for parametric amplification is that the perturbing angular frequency is
twice the frequency of the system. The resonance n = 2 occurs at 27t/ T = w, which

is the same as the (only) resonant frequency for directly driven systems.

5.4.2 Alternating periods of oscillation and exponential growth

When 24 > |a| the oscillatory motion of the system is described by a propagation
matrix M, containing cosine and sine functions, alternating with periods described
by the matrix M, containing the hyperbolic equivalents. The acceleration has two

possible values that in terms of the parameters in Eq. 71 can be written as

w = %\/Zq"—i—a for t=0toT=T/2
K = %\/Zq—a for t=7tto2t=T

This turns out to be a realistic model of a pendulum with an oscillating pivot point
which captures the key features of equations with periodic terms. Integrating this
uniform acceleration twice shows that the position follows a parabolic wave form,
closely analogous to a cosine wave [110]. The propagation matrix for the whole
time period T is the product of two matrices MM, representing oscillation from
t = 0 to T and exponential behaviour for a period T where T4+ 7 =T.

M — cosh kT cos wt — ¢ sinh kT sin wt Mo
My cosh kT cos wT + 7 sinhxTsinwTt
(78)
Hence the condition for stable solutions is
- K w . [
|2 cosh kT cos wt + {— - —}smhm’smwﬂ <2 (79)
w K

Note that wt = nt always lies in an unstable region since coshu > 1 and sin(nm) =
0. The system passes through a region of stability somewhere between each of
these points as ¢ = wT varies, thus giving the banded structure of stability regions.
Considering ¥ # T (cf. the previous example where T = T/2) allows an exact cor-
respondence with the Kronig-Penney model of electronic band structure in solid
state physics (as discussed in Appendix B) and limiting cases thereof, e.g. the Dirac
comb where either T — 0 or T — 0.
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For convenience we define new variables x = 2§ and for T = T/2,

wt = —(x+a)l/?

z
2
n

_ 172
KT = 2(x a)

The stability condition in the quadrant a < |x| can be written as:

2cosh(§\/x —a) cos(%x/x +a)— sinh(zx/x —a) sin(g\/x —|—a)‘ <2

2a
N )

2
(80)
For a = 0 (no time-independent term hence w = x) the equation reduces to
[tr{M}| = |2 cosh n;/f cos 7(2 <o (81)

The system is unstable where x = 412, since cosha > 1 for all a (e.g. at § = 2)
and it is stable midway between these points where x = (2n — 1)2. The first sta-
bility region extends from x = 0 to 1.425 (or equivalently § = 0.7125). Similar
numerical considerations determine how far the stability region extends along the
line 4 = x. The line 4 = —x is unstable since w = 0 on this line, and there is no
restoring force below it. An important feature of this system is that if we are on
the brink of instability at the point (x,y) = (1.425,0) the system becomes unstable
for a small positive increment in y although the harmonic trapping is stronger. On
the contrary, the system becomes more stable for negative values of y, crossing the
transition curve on the other side of the stable region at (x,a) = (1.425, —0.38). This
can be understood in terms of parametric resonance since decreasing the overall
strength of the trapping reduces the particle’s oscillation frequency and so moves it
away from the resonance. The values (1.425, —0.38) determine the physical param-
eters required for a pendulum to be stable upwards (see [110] and various other
textbooks).

An approximate form when § > |a|, or € = a/2§ = a/x is small (|e| < 1) can be
found in terms of the phase ¢ = %7‘(\/277

wt = ¢(1+¢)'?
KT = (p(l—e)l/2

When these quantities are small, ¢ < 1, we can expand the trigonometric functions
so that the stability condition becomes

1
[tr{M}| ~ 2 x |1 —2¢*(e+ Eqoz) <2 (82)
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10/

Figure 20: The region of stability (orange) for the Meissner equation. In the segment
0 < 24 < g, the first resonance is at (0,1), and the lower edge of the tongue
of instability follows the curve a = 1 — (2/7m)§, for small 4. In the segment
§ < |a| (region between the two lines 2§ = =+a), the lower edge of the tongue
of instability emanating from the first resonance passes through (0.3,0.6) and
crosses the axis at (0.7,0). The lower boundary of the first stability region curves

downwards from the origin following Eq. 83 for small § and passing through
(0.7, —0.38).

hence € > —5¢% Thus, the system is stable for small negative values of 4 which
would be unstable for § = 0. In terms of the unscaled parameters
T2

a> -7 (83)

Thus the condition 2§ > |a| is very well fulfilled within the range of this approxi-
mate treatment. The results of this stability analysis can be summarised on a plot
(Fig. 20) over the (§,a)-plane where by symmetry only the half plane § > 0 need
be considered.

The Meissner and Mathieu equations have many features in common. The gen-
eral shape of their regions of stability nearest (0,0) are similar which is intuitively
reasonable when considering the Fourier components of a square wave, since the
fundamental frequency has most influence in the stability region. Higher frequency
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components of the spectrum affect the shape of instability tongues only far from
the region of operation we consider. This gives strong indication that the presence
of a higher frequency term in the two-frequency Paul trap does not change the
nature of the lower stability region.

The parametric resonances occur at the same values for both equations since they
are only determined by the periodicity. The shape of the tongues of instability for

the Meissner equation for § < 1 are given approximately by [111]

2
Casel (nodd): a = n>+—j

nm

4
Casell (neven): a = n’+ ﬁgf

The differences between odd and even terms arises from the different amplitudes in
the Fourier series of a square wave. The width of the tongues falls off more slowly
than for the Mathieu equation containing a pure cosine-wave without harmonics
(width of tongues falls off as g"). Note the resonance tongue emanating from a = 9
(n = 3) has a different shape for the Meissner equation because a square wave
has a Fourier component at three times the fundamental frequency (odd terms
only). The insight that can be gained about the Hill equation with two frequencies
is that higher harmonics change the shape of the stability region but key features
arising from parametric resonance occur whatever the form of the periodic function.
Other examples for which analytic expressions for the stability conditions can be
found using the matrix method include: square waves which are not symmetric,
triangular and trapezoidal waveforms, and combs of Dirac J-functions that are

positive, negative, or of alternating sign [106].
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THE TWO-FREQUENCY PAUL TRAP

The Paul trap, invented by Wolfgang Paul, confines ions with an oscillating elec-
tric quadrupole field [112] and has many diverse applications. The development of
laser cooling techniques has had an important impact on the use of ion traps and
their use as frequency standards and in quantum computing. Even charged parti-
cles without suitable optical transitions can be cooled sympathetically by exchang-
ing energy with atomic ions amenable to laser cooling techniques. The mechanism
of the Paul trap depends sensitively on the charge-to-mass ratio and this intrinsic
feature of Paul traps is exploited for mass spectrometry [113]. However, this implies
that when species with markedly different ratios are held in a Paul trap the more
weakly confined species is pushed away from the centre due to Coulomb repulsion
from the strongly trapped ion(s), resulting in phase separation of the clouds [114].

We describe a method of operating a Paul trap, with two RF driving fields,
in which two species of ions experience harmonic pseudopotentials with similar
spring constants even though they have extremely different charge-to-mass ratios.
Before we present a numerical example, we describe the stability of a Hill equation
with two driving terms.

6.1 STABILITY OF THE TWO-FREQUENCY TRAP

A first insight into the behaviour of the two-frequency Hill equation can be gained
from looking at the Mathieu equation in the high-aq regime. To this end we in-
troduce the concept of the critical line which separates the stability diagram in
two regions with equal stable/unstable density of characteristic exponents. For the
undamped Mathieu equation the critical line is simply a4 = 2q [111, 115]. Other
critical lines can be formulated when damping is included. Using the notion of
kinematic similarity, the solutions of the damped Mathieu equation can be shown
to be asymptotically stable when 2 < (a — b?) tanh 7tb — another estimate is given
as g — b? < /ab [116]. Since the usual point of operation of the Paul trap is close
to the vertical axis it suffices to simply assume that all the points below the criti-
cal line are stable. The universal characteristics of the high-ag regime map directly
onto the subharmonics picture.

The mathematical properties of the Mathieu equation in this regime are well
studied although previously not considered relevant to ion trapping (as far as we

are aware). As shown in Fig. 21 there is a critical line that runs through the centre
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Figure 21: The dotted line a = 24 is the critical line that traverses stable and unstable re-
gions of equal density. This critical line effectively divides the map into stable
(shaded) and unstable (white) regions since the width of the tongues of instabil-
ity decreases exponentially for the higher harmonics

of the cusps that make up the boundary between stable and unstable regions. The
widths of stable (unstable) regions decrease exponentially above (below) this line.
We have observed this exponential decrease of the tongues of instabilities in our
numerical simulations however we only need to reproduce their general character-
istics since they will be washed away by any arbitrarily small amount of damping
— in any case the assumption that experimental signals are pure cosine waves with
no harmonics at the level 60 dBm is unrealistic.
Let us now define a two-frequency Hill equation:

2
‘thg + [a — 241 cos(2t) — 2g2 cos(2nt)]y =0 (84)

where 7 is the ratio of the two driving frequencies. A simple picture of the physical
system can be formulated immediately by thinking of the cos(2f) term as inducing
n — 1 subharmonic parametric resonances in the first stability region of a Paul trap.
This, in effect, reduces the points on the diagram where the trap can be stably
operated. As can be seen in Fig. 22 the width of the resonances becomes very small
for large values of n. The full stability diagram has of course 3 dimensions but it is

easier to just deal with a 2-dimensional projection at a time. To get a better sense
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Figure 22: The first region of stability of a Paul trap with subharmonic resonances for var-
ious values of n = 5, 11, 25, 33 with ¢ = g2 and g1 = 0.04. In every graph there
are n — 1 resonances whose width decreases exponentially for increasing n. For
a 3D trap we have to consider the stability diagrams for the other axes as well
which would be identical but for a scaling and/or a reflection about the 2 = 0
axis.

of how the amplitude of the low frequency affects the stability of the system we
consider the g14» stability map for a = 0 (see Fig. 23).

We can now introduce two different regimes of operation of the trap; for small
and large values of n respectively with a somewhat arbitrary transition value of
n ~ 10. The stability of the system in any of the two regimes is straightforward
to calculate using Floquet theory by rescaling the propagation matrix to the appro-
priate, longer period each time. In terms of propagation matrices M" has the same
stability region as M using rescaled parameters since the frequency scaling is only
different by a factor n?.

When n < 10 the subharmonic resonances are well defined and a stable con-
tiguration for the system can be found simply by avoiding them. Damping is less
critical in this regime since the width of the resonances is rather large and in any
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Figure 23: The region of stability as a function of the parameters g, and g; for various
values of n = wyp/wq: n =5, 11, 25, 33. The stable region extends over the range
0 < g2 < 0.9 along the horizontal axis and up towards the jagged lines. In
every graph there are n — 1 resonances whose width decreases exponentially for
increasing n.

case, many stable points exist on the ag-map. For higher values of n we enter a
universal regime where the density of the instability tongues in the otherwise sta-
ble region becomes so great that it is hard to avoid them. The universality of the
behaviour in this regime arises because the width of most of the harmonics is expo-
nentially small and thus any amount of damping will suppress them. We then only
need to consider the position of the critical line to decide if the system is stable or
not.

6.1.1  Amplitude modulation

A third frequency can be used to alter the curvature of the instability tongues and

in effect the oscillation frequencies of the ions. For the most part, when away from
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the resonance the oscillation frequency of the ions is given by wps = | /w3 | +w
where wyps» and wys» are the pseudopotential frequencies that arise from the re-

spective RF driving fields. This formula breaks down when close to a parametric
resonance; it is this breakdown that provides a mechanism for the oscillation fre-
quencies and the spring constants to be adjusted.
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Figure 24: Change of the position of the single tongue of instability with respect to the
relative phase of the amplitude modulation in Eq. 85. The relative phase 6 is
shifted between 0 and 37t/4 in steps of 77/12 from the upper left to the bottom
right graph.

Fine tuning of the instability tongues can be achieved via a third frequency added
in the system whose value is equal to the sum of the other two. In this way, the
position of the resonances remains the same but their curvature changes depend-
ing on the relative phase. As a proof of principle of the feasibility of this scheme,
Fig. 24 shows what happens to the simple Mathieu equation when the cosine term

is modulated with a square wave.

d?y . (t—0
T2 + [a —sgn [m sin (271)} 2q COS(zt)] y=0 (85)
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Modulating the amplitude does not offer full freedom of choosing the phase of
the the third frequency but it is nevertheless adequate for tuning the instability
tongues. It is also worth noting that the system is rather robust in terms of am-
plitude noise since a square wave of comparable amplitude to the cosine term is
required for any appreciable change of the instability tongues. This option of alter-
ing the stability characteristics of the system through amplitude modulation is not
explored further, however it could readily be used in experiments to fine-tune the
oscillation frequencies of the different species without changing the position of the
parametric resonance induced by the subharmonics. The design of the impedance
match (or resonator) can thus be fixed without limiting the tunability.

6.2 SYMPATHETIC COOLING

Sympathetic cooling of one atomic species via another has been successfully used
in ion traps [92, 117] and has allowed for cooling of various species that do not
have favourable atomic transitions. Additionally, quantum gate operations can be
performed on one species while it is sympathetically cooled by another even if
cyclic transitions exist. This approach eliminates light shifts and spontaneous scat-
tering events which reduce the coherence of the operations. In neutral atoms it
was first demonstrated in [118] and is still employed in a number of two species

experiments.

6.2.1 lons with extremely different charge-to-mass ratios

As an example, we describe the theory of two-frequency operation of an ion trap
and solve the equations of motion for two species of ions with molecular mass
M, = 138 amu (an isotope of barium) and Mp = 1.4 X 10% amu, e.g., a large protein
or molecular complex, with charge states +1 and +33 respectively. The quadrupole
electric field is created by RF radiation with angular frequencies w; and w, (with
wy = 100w ). Due to the very different charge-to-mass ratios, the heavy ions (molec-
ular mass Mp) are confined most strongly by the RF field at the lower frequency
w1, while trapping of ions of atomic mass M4 arises from the field at w;. Thus we
form two almost independent Paul traps whose centres can be made coincident
or moved apart. Importantly the effective spring constants can be adjusted to be
the same for both species so that all the ions interact strongly. This allows efficient
sympathetic cooling of the heavy ions by laser-cooled atomic ions as we demon-
strate by numerical simulations for one particular example. This approach can be
extended to charged particles with even more dissimilar masses.

Both species are confined tightly near the trapping centre(s) and strongly interact
with each other. Atomic ions scatter laser light so that individual fluorescing ions
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can be observed, thus permitting indirect detection of dark ions as “holes” in the
cloud. The laser radiation can also reduce the temperature of the barium ions which
in turn sympathetically cool the heavy ion. An experiment with molecular ions of
mass 410 amu and barium in a single frequency trap was carried out in Schiller’s
group [119] together with numerical simulations. In that work, with a linear Paul
trap operating with a single RF, the more weakly trapped heavy ions migrated to
the outside of the cloud of trapped ions and formed a sheath (cylindrical shell)
around the 13¥Ba*. More recently it has been suggested that a chain of atomic and
molecular ions can act as a conveyor belt to carry the dark molecular ions into
the focus of an x-ray laser (for destructive measurements) [120]. That proposal was
demonstrated by experiments using Mg™ and MgH™* which have similar charge-to-
mass ratios. Our scheme opens the way to working with much heavier ions such
as those formed from biomolecules that are of great current interest for single-shot
x-ray diffraction experiments. The current state of the art in mass spectrometry
includes techniques for putting large biomolecules, and molecular complexes, of
molecular weight of a few megadaltons (millions of amu) into vacuum, without
fragmentation and surprisingly little change to their structure [121]. Paul trapping
of large biomolecular ions has also been discussed for DNA (a long chain molecule),
but in an aqueous solution [122] rather than the usual vacuum environment.

In our case the ions experience an AC quadrupole electric field created by RF radi-
ation with angular frequencies w; and w; (with w; < wy), plus a static quadrupole
tield. We assume familiarity with the standard theory of the Paul trapping based
on the Mathieu equation [112, 91, 123]. The Newtonian equations of motion for ions
in a quadrupole field generated by a voltage V(t) = Vy + V4 cos wit + V5 cos wat on
the electrodes, with w, = nw; where n is an integer, can be put into the form of a
Hill equation:

d?y

T + oV — Zq(l) cos(2t) — qu cos(2nt1)] y=0 (86)
1

1

Time in Eq. 86 has been rescaled so that wit = 2t;, hence a,&l) =47, Vo/ r%, qg =
ZC,XVl/r% and qéli = 2§“V2/r% where (4 = e/MAw% for species A and (p =
Ze/Mgw? for B. The distance r( characterises the curvature of the potential for
a given voltage and is approximately equal to the distance of the electrodes from
the centre of the quadrupole field. We use this standard form of the Hill equation
for the B-ions but for species A the connection with the standard theory of the Paul
trap is more obvious if we rescale time such that wyt = 2t, (purely for the purpose
of qualitative explanation rather than computation).
d*y

dy (@) _ 5 ) 2t (2) -
dit%—‘_ZbAde—i— (”A — 24y 5 cos W —ZqZ,Acos(2t2)>y—0 (87)
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(1) (1) (1)

Mg, wy ap 91,8 92,8
-0.0003 0.307 10.758
2 2 2
Ma, w2 aly TA Ton
—1.03 x 107°  0.009 0.318
1 1 1
Ma, w1 ay’ Toa Tor
-0.107 94.5 3307.4
2 2 2
M, w2 ag) A Y,

—3.35x 1078 2952 x10~° o.001

Table 2: There are four sets of coefficients in the two Hill equations that describe the two
frequency system. The numerical values of the parameters are w; = 27 x 100 kHz,
wy = 2m x 10MHz, M4 = 138amu and Mg = 1.4 x 10° amu. Notice how both
species effectively experience a Paul trap with g ~ 0.3. The headers simply denote
the pre-factors of the DC, AC driving terms since the scaling is clear from the first
column of the table.

where the coefficients are scaled to w; so that af) = ay/n? and qﬁi = q(ig/ n?,

i
e.g., qf}l = 2eVy/(Maw3r3). The damping parameter by = (w,7)"! where 7 is
the velocity damping time constant (of underdamped oscillations) accounts for the
laser cooling of species A (only). We seek conditions for which ions of molecular
mass Mp are confined mainly by the field at wq, and species A is confined by
the field at w», i.e., the term proportional to q% dominates in Eq. 86 and qgl
dominates in Eq. 87. The secular motion of the ions resembles that of a particle
in a harmonic pseudopotential with spring constant x. This is not valid when the
secular frequency v/x/M is comparable with the driving frequency although there
are stable solutions of the Mathieu equation for 4 < 0.9 when a = 0. We use the
value q ~ 0.3 since this gives robust operation of a Paul trap. A simplistic way to
understand the behaviour governed by the Mathieu equation is to assume that the
pseudopotential acts independently of the time-independent potential given by the
parameter a. Stable solutions exist for 2 < 0 when g # 0 if trapping by the AC field
is strong enough to overcome the static “anti-trapping” potential, e.g., for g = 0.3
there are stable solutions for —0.045 < a < 0.085. The existence of solutions for
a < 0, or more precisely that (7,4) = (0.3,0) is not on the boundary of a stability
region, is essential for stable operation of the Paul trap in two dimensions. There
are many stability regions, however it is the one closest to (q,4) = (0,0) that is
most relevant to ion trapping. Trapping in higher-order stability regions has been
proposed but it is of little practical use [124, 125].

Appropriate rescaling of Eq. 86 is crucial for an intuitive understanding of the
system. With two different species in the trap and two driving frequencies there
are four ways of rescaling the coefficients that are summarised in Table 2.
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The B-ion is mainly confined by the RF radiation at w; with q% o~ 0.3. Although
the coefficient in front of the high frequency term has a higher numerical value it
does not significantly contribute to the trapping. This becomes clear if we omit the
w1 term and rescale time to wyt = 2t5. The equation of motion for the B-ion is then
the Mathieu equation:

(2

d?yg 2
Tt% + (a%) - 2q2,) cos (th)) yp =10 (88)

with qglz; = 0.001, which provides negligible trapping, i.e. the spring constant aris-
ing from this equation is kg < xp,1. The stability region for the B-ion is thus only
slightly perturbed by the presence of the high frequency term and the trapping is
predominantly due to the w; term.

The effect of w; on species A is more difficult to assess using Eq. 86 since w; now
acts as a sub-harmonic term that can excite parametric resonances. The coefficients
of the oscillatory terms for the A-ion are qgl = 945 and qglzl = 3307.4. These
unusually high coefficients arise from an improper rescaling of Eq. 86 but still
facilitate a connection with the high-ag regime described above. If instead we use
Eq. 87 the coefficients of driving terms are qﬁ)q = 0.009 and qgf)l = 0.32. Trapping is
mainly due to the the w; term while the w; term introduces parametric resonances
at the subharmonics, the width of which decreases rapidly with increasing # so that
the higher order resonances are readily suppressed by arbitrarily weak damping.
The subharmonics picture can be mapped to the high-ag regime by treating the fast
oscillating term as an effective harmonic pseudopotential term a,¢; that arises from

a static quadrupole. This maps Eq. 86 to the Mathieu equation:

2

dd]éA + (ﬂeff - 25/%2; cos (2t1)> ya=0 (89)
where for simplicity we have assumed that there is no real static field term a = 0
so we do not need to consider how to combine the two contributions.

The ions are confined axially by a DC voltage Vj on the end-caps giving a har-
monic potential with spring constants x4, = 2eVp/ z% and kg, = Zka, since the
force depends only on the charge, where zy characterises the distance of the end-
caps from the trap centre. An ion of species B sits near the centre oscillating at
WBz = \/m . The voltage Vj can be adjusted so that w4 . is on resonance with
wg, the radial frequency of species B, as illustrated in Fig. 25. As well as matching
frequencies we promote transfer of energy between radial and axial modes by off-
setting the axes of the quadrupole fields at w; and w;. This radial displacement of
the potentials can be implemented by unbalancing the AC voltage (at w; or w;) ona
pair of diagonally opposite electrodes (of the 4 electrodes in a linear quadrupole) or

applying a static electric field which exerts more force on +Ze than singly charged
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ions (or a combination of these that minimises micromotion). Additional ions of

species A position themselves approximately along the z-axis and start forming a

a3

chain (since wa > wa ;).

'
a
’?

—

Y
L.
—
Y
o
o-o-||-0 o
—/
e
&
Yo Yo
—/
Y
)
e
—/

Bz » (DA 0)2

w w,,=w, W,

1kHz 10kHz 100kHz 1MHz 10MHz

Figure 25: The important frequencies arranged on a logarithmic scale and the normal
modes of a 3-ion system are shown above the relevant frequencies. For stable
operation the two RF fields w; and w, must not parametrically excite the radial
or axial secular motion of species A and B; thus the ordering of the frequencies
is: wp; < wa, ~ wp < w) < wy < wy. The radial and axial frequencies wy,
wWa,z, where & =A, B, correspond to the centre of mass motion for each species.

We can consider ions in a quadrupole field at each frequency w, and w; sepa-
rately (with Vp = 0).

1. The RF w; gives spring constants x4 (Va, wy) = (€2/Ma)(Va/w2)?/(2r}) and
kg(Va, wn) = (ZZeZ/MB)(Vz/wZ)Z/(%‘é) for ions of masses M 4 and Mg when
Vi =0.

2. The field at w;, gives a spring constant xg(V1, w1) = (Z%¢*/Mp)(V1/w1)?/(2r3)
for ions of mass Mg when V, = 0. We do not consider ions of mass M4 since
they are predominantly trapped by the field at w;.

In case 1 the ratio of the spring constants is kg/x4 = My X Z?%/Mg. If the two
species have the same value of Z2/M then both are strongly trapped using a single
frequency. However, even when this is possible it does not allow for independent
control of the secular oscillation frequencies that is vital for resonant energy trans-
fer. Having similar spring constants for all ions is important for the following two
reasons. Firstly, equal and opposite trapping forces on two ions xkqx4 = —kpxp
will result in similar displacements |x4| ~ |xp|. In contrast, in previous work [114]
with single-frequency Paul traps the heavier ions were pushed to the outside of
the trapped cloud since kg < k4. Secondly, for a cloud of ions at temperature T
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both species will congregate within a similar distance from the trap centre since
by equipartition of energy, x,(x?) ~ kgT. We can balance the spring constants
by making x4 (V2, wz) = kp(Vh,wi). This assumes that xp(Va, wp) < xp(Vi,w1)
and indeed the field at w; can have the dominant influence on species B even
if V1 < V,. This corresponds to case 1 for species A, as in typical experiments
with atomic ions, whilst the spring constant for species B is close to that in case
2. The secular frequency (in the pseudopotential approximation) is §/2+/2 times
the radio-frequency hence for g4 = 0.3 we have wp ~ 0.1w; and wy ~ 0.1w; re-
sulting in the hierarchy of frequencies: wp < w1 < wa < wy (see Fig. 25). The
field at w, has negligible effect on species B and acts to increase trapping in any
case; thus for these ions two-frequency operation gives a pseudopotential very sim-
ilar to a standard single-frequency Paul trap (for typical operating parameters).
The quadrupole field at w; leads to parametric resonances at frequencies given
by mw; = 2wa where m € Z is the order of the resonance. The width of these
resonances decreases rapidly with increasing order making them very sensitive to
damping which may be experimentally realised through laser cooling. In the nu-
merical calculations we chose w4 /27t = 1 MHZz as a reasonable experimental value
hence {wp, w1, wa,w2}/2m = 0.01,0.1,1,10MHz, as illustrated in Fig. 25. The po-
tential of a linear Paul trap has cylindrical symmetry and secular frequencies in the
x and y-directions are referred to as the radial frequency.

Figure 26 shows the stability diagram as a function of qg‘ and qﬁi (with n = 100)
for ions of mass M 4. The solid line that forms the top border of the shaded band
is the critical line* that traverses equal distances in the stable and unstable regions
[115, 126]. All calculations have been performed under the assumption of a pure si-
nusoidal oscillation, though harmonics might be important in practice. Parametric
excitation of M4 by V; cos(wit) produces tongues of instability which get wider as
the amplitude V; increases. Figure 26 has been calculated without including any
damping which would in any case only suppress the instabilities [127, 102]. The
instabilities should in theory reach all the way to the horizontal axis but the reso-
nances are too fine for the numeric calculations to capture them. In this sense, the
granularity of the numerics acts as an effective damping parameter.

We have investigated the dynamics of the system of ions mainly after its tran-
sition to a Coulomb-crystal phase. Cooling down to this stage can be achieved by
means of a conventional single-frequency operation of a linear Paul trap [114] and
then the second frequency can be turned on adiabatically.

Our numerical simulations (discussed further in Ch. 7) show that a typical megadal-

ton biomolecular ion can be sympathetically cooled by atomic barium ions. The

Numerical calculations over a wider range of parameters show that the critical curve has a maximum
around 44 = 0.71 and on either side of it is approximated by the curves g4/n? = 0.237% for 0 <
Ga < 071 and ga/n? = 0.57(0.91 — §4) for 0.71 < G4 < 0.91. The stability region extends up to
Ga = 091 as expected from the Mathieu equation.
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Figure 26: An expanded view of the stability plot for n = 100 showing the point (0.32, 0.009)
used in further calculations. The solid zig-zagging line is the transition curve be-
tween the region of stability (underneath) and instability (above). The critical
curve passing through stable and unstable regions of equal width is shown as
a solid line at the top of the shaded band. The tongues of instability become
narrower below the critical line and asymptotically their width decreases expo-
nentially (and similarly for the stability regions going upwards).

heavy ion settles to the centre of the trap and the presence of this non-fluorescing
(dark) ion can be deduced from its large effect on the positions of the observable
atomic ions. An intrinsic part of mass spectrometry is fragmentation: observing
the breaking apart of a large biological complex bit by bit, whilst retaining the
largest fragments in the trap to determine their charge-to-mass, would allow the
investigation of single biomolecular complexes without ensemble averaging. For
large charged particles there may be coupling between their rotational degrees of
freedom and the translational motion of the atomic ions in the trap giving informa-
tion about the moments of inertia (and hence shape). Another direction in which
this two-frequency Paul trap could be developed is cooling of mesoscopic objects
to their quantum ground state and adapting the sophisticated techniques devel-
oped for quantum information processing with trapping ions (e.g. quantum gates)
to investigate quantum properties such as entanglement. Furthermore, a large ion
in a sea of lighter ones furnishes a highly controllable system in which to investi-
gate decoherence and (non-)Markovian dynamics. We have presented an example
of how to solve the problem of confining ions of widely different charge-to-mass
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ratios with the same effective spring constant. Many interesting possibilities fol-
low from this extension of laser techniques for sympathetic cooling by laser-cooled
atomic ions. We have chosen a comfortably large mass ratio to demonstrate the two-
frequency operation but it also works for lower mass ratios. A further interesting
application of the two-frequency Paul trap is the sympathetic cooling of positrons
by Be™ ions which has been demonstrated experimentally in a Penning trap [128]
— this cooling of the light particles by a heavier ion represents a role reversal as

compared to the above.

6.2.2 lons with similar charge-to-mass ratio

The limitation of the method as applied to arbitrarily large differences of charge-
to-mass ratios comes from the fact that the axial frequencies become very small as
the difference increases (although there are ways to overcome this, e.g., by using 3
driving frequencies). The operation of the two-frequency trap gets somewhat more
complicated to understand when the two driving frequencies are of similar order of
magnitude and the picture of two independent traps is no longer valid. Neverthe-
less, the two-frequency trap can still be used for sympathetic cooling of ions with
similar masses. In the literature concerned mainly with atomic ions [129] the mass
ratios of sympathetically cooled ions do not exceed y ~ 3 which is regarded as a
practical limit in single frequency Paul traps. Cooling is inefficient for larger ratios
because the secular oscillation frequencies scale as 1/u. More recently this has been
extended to much heavier (but multiply charged) ions [114, 130, 117]. Here we con-
fine ourselves to the atomic regime and show that the two-frequency method can
still be applied. This regime differs from the presentation of the previous section
in two main regards: the number of ions is deliberately kept small and they are all
positioned on the RF null line since any micromotion heating will quickly force the
system to decohere.

As an example, we discuss the case of cooling an "Hg" ion using a “Be™
ion with a mass ratio p ~ 22. The ?Be™ is stably trapped using w; = 60 MHz
and g = 0.39. The secular oscillation frequencies for “Be™ are (8.6, 7.7, 0.9) MHz
where an anisotropy of 0.9 is assumed in the radial direction. The axial oscilla-
tion frequency is deliberately kept low so it does not affect the stability of the
19Hg* ion. The secular frequencies for '*’Hg" are (0.35, 0.31, 0.16) MHz. This
leaves enough room between the oscillation frequencies to add a second RF field so
that n = wy /w1 = 10. The effect of this field is to pull the oscillation frequencies
of the two ions towards it hence effectively reducing the gap between them. The
energy transfer seems to take place through a beating of w; with the low lying

frequencies. The above parameters are not necessarily optimised but already show
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significantly better coupling between the ions with the final temperature as well as
the cooling rate of "”Hg™ being about 3 times higher as found in MD simulations.

This result is not necessarily applicable to quantum logic schemes, since, in order
to improve the efficiency of the sympathetic cooling, the axial trapping frequency
had to be greatly reduced. This limits the speed at which quantum gates can be
performed. We envisage the method to be applicable in quantum simulation of

condensed matter Hamiltonians using mixed-species ion chains [131, 132].

63 MASS SPECTROMETRY

The two-frequency trap can be used in mass spectrometry applications where no
sympathetic cooling is necessary. By adjusting the spring constants, the heavy,
weakly trapped ion can be pulled in towards the RF null line. A cloud of lighter
ions can be used as a probe for the existence of the (non-fluorescing) heavy one,
simply by looking at the column density deformations.

Although ions in a trap are normally characterised by an oscillation frequency
we find it useful to use the spring constant x, = M,w? in this context. The great
novelty of the two-frequency trap is that it makes it possible for the two species
to have the same spring constants x4 = xp, hence similar displacements from the
centre of the trapping potential. In previous experiments [114, 119] low Q,/M,
particles were pushed to the outside of a cloud of atomic ions with much higher
charge-to-mass ratio. The two frequency operation of the trap solves this problem.

The trap can be designed such that xp ~ Kl(gl) and x4 >~ Kff) which means that the
dominant contribution for the heavy ion Mp comes from the lower frequency w;,
and the higher frequency w; > w; mostly affects the lighter ion M4 < Mpg. The

required ratio of the dominant spring constants is

ﬁ _ (a/w2)® x (Q4/Ma) 1 (90)
«D T (i/w)? x (Qh/Ma) —

This could be achieved in a single-frequency trap only if the ions have the same
Q2 /M,, however this quantity generally decreases for heavy ions, as illustrated for
the particular example of singly charged atomic **Ba™ ions and large biomolecular
ions. Note that developing a technique to put the heavier ions into a higher charge
state might not balance the spring constants because of the discretisation of charge.
Adjusting the values of V;/wj, for i = 1,2 in Eq. 9o we can achieve a precise balance
of the spring constants for the two species. It follows that ng)/ Kg) < 1, hence
justifying the approximation xp ~ Kg). The justification that x4 ~ Kf) is slightly
different and can be traced to the fact that the variation of the trapping potential at
w1 is slow enough to be adiabatic with respect to w».
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Figure 27: A linear Paul trap confines a cloud of ®Ba™ ions and the large biomolecule
of the previous Section. For single frequency operation the weakly confined
biomolecule, repelled by the 1*Ba* ions, inhabits a volume away from the trap
centre. Application of a second slower RF tightens the biomolecule’s spring con-
stant and at sufficient amplitude it can exceed that of the 13¥Ba* ions (deter-
mined predominantly by the faster RF) and displace them from the trap centre.
The data for this figure were generated using LAMMPS (see Appendix C).
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The above considerations arose mainly from experimental practice, e.g. the range
of mass spectrometers can be extended to lower charge-to-mass ratios (character-
istic of higher masses such a mega-Dalton protein complexes) by reducing the
frequency of the guiding field of the two-dimensional Paul trap along whose axis
the ions travel. Two species of different masses can be trapped almost indepen-
dently by using different frequencies, but in principle the idea of nested traps can
be extended to three, or more, species with widely spaced masses. The coupling
of multiple RF signals to the electrodes of the trap becomes easier the more widely
spaced the frequencies are since the matching networks can work almost indepen-
dently from each other.

One approach to the design process is to start from conditions suitable for trap-
ping 1¥Ba™ and a convenient frequency for experiments, e.g. wy = 27t x 10 MHz.
These are readily achievable values, and traps have been operated with consider-
ably higher frequencies. The minimum frequency ratio sets the minimum mass
ratio, thus for w; < wz X V/Ms/Mjp we can find values V; and w; which give
the same spring constant for species A and B, for physically realistic values of the
charge Qp.
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6.4 CONCLUSION

We have shown how the two-frequency operation of an ion trap gives tight con-
finement with similar spring constants for two species of charged particles with
widely different Q/M and explored the range of the ratios of Q/M for which this
method can work. The example we have presented falls well within this range with
a ratio of Q/M of the order of 10°. We spent considerable time exploring whether
the idea could be demonstrated in an existing experimental apparatus, e.g. experi-
ments with ¥°Ca™ and 13'Xe™, or #0Ca*t and 'H*. Regions of stable operation could
be found for only a few ions of each species which we deemed to be not practical
for measurements.

Dehmelt suggested the two-frequency operation of an ion trap [133] as a way
of trapping positrons (or electrons) simultaneously with antiprotons (where Q/M
differs by M,/ M. = 1836), however, to our knowledge no treatment of the paramet-
ric excitation has been given. We briefly numerically investigated schemes where
a particle of very high Q/M, e.g., positrons/electrons, is co-trapped with atomic
ions but it seems difficult to achieve a stable configuration for these systems be-
cause of the intrinsic heating from micromotion [134]. This seems to be the reason
why Penning traps were used for trapping leptons, which led to many of the great
successes of early work on ion trapping by Dehmelt’s group including Wineland
and others. The restriction due to micromotion heating can be understood through
a simple numeric argument. If the upper frequency is around 1 GHz and the maxi-
mum damping rate is restricted to a few MHz (although it is likely to be even less
because of inefficient coupling of modes) then the heating needs to be very small
over 1000s of RF cycles which is very hard to achieve (even numerical calculations
need to start with the leptons at low initial energy which would greatly restrict
the usefulness). Note however that we did not undertake a detailed study of all
cooling mechanisms that might be relevant, such as emission of radiation from the
oscillating charge or damping through currents induced in the electrodes as in the
original Penning trap work [135, 136]. Another case where sympathetic cooling by
the more massive species (with lower Q/M) might become important is for nega-
tive ions. There are very few if any negative atomic ions with stable excited levels
that can be laser cooled, thus there are strong constraints in the application of sym-
pathetic cooling. There are proposals to trap and cool >?0Os~ [137] or La~ [138] and
the two-frequency method could be used to sympathetically cool other ions arising

from low mass elements such as hydrogen.



NORMAL MODES AND MOLECULAR DYNAMICS

We consider the normal modes of oscillation of ionic Coulomb crystals, that repre-
sent the minimum energy state in Paul traps under certain conditions. We define
a Coulomb molecule as consisting of N atomic ions and a single biomolecular ion
with a much smaller charge-to-mass ratio, co-trapped in a two-frequency ion trap.
The translational motion of the atomic ions is damped by laser-cooling while the
molecular ion is sympathetically cooled. We find an optimal configuration of the
system parameters that maximises the coupling between the modes and leads to
maximum cooling efficiency for the molecular ion. The parameters are the same as
in Section 6.2.1.

The application of laser cooling techniques to clouds of trapped ions allowed
experiments to reach the regime where Coulomb crystals are formed, i.e., low tem-
peratures where the ions form regular arrays. Unlike in a solid-state crystal how-
ever, the confining potential in a Paul trap is time dependent. Thus the ions in a
Coulomb crystal will be undergoing micromotion, except in especially simple cases
such as a single row of ions lying along the axis of a linear Paul trap. Nevertheless,
the mathematical description of the general case has a close analogy with the usual
treatment for finding the normal modes of a set of coupled oscillators, e.g. phonons.
The properties of the Coulomb molecule, such as its stability, can be determined
by linearising the equations of motion about the dynamical solution (the potential
minimum for the dynamical problem) taking into account the periodic motion of
the equilibrium positions of the ions [139]. The effect of micromotion is shown to
be significant for Coulomb molecules where the ions are displaced from the RF null
line. Configurations similar to Coulomb molecules are referred to in the literature
as crystals with a mass defect.

The general theory for normal modes in undamped vibrating linear systems was
developed by Lagrange around 1762, a few years after Bernoulli had introduced
the idea of superposition. More than a century later, Lord Rayleigh extended the
theory to classically damped systems by introducing the concept of a dissipation
function.
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7.1 COULOMB CRYSTALS IN LINEAR ION TRAPS

Let us consider a chain of N ions in a linear Paul trap [140]. The interaction poten-

tial can be written as:

4 1
V(x) = Ezmi(wazmxz +wy1yl +w;§1212)+
i=1
N N 2
1 Z‘Z‘
+ = T 1
1; 2 Z:: 47€) |x]—xl\ (1)
7&

where all the symbols have their usual meaning. An electric field interaction term is
included in the potential for adjusting the displacement of the ions from the RF null
line. The ions are displaced by different amounts since they have a different charge
and are subject to different radial trapping strength. Application of the electric
tield leads to non-axial crystals and promotes coupling between the radial and
axial modes of oscillation. In the pseudopotential approximation the equilibrium
positions of the ions can simply be found by minimising the potential:

1%
<ax1>5€ =0 =0 (92)

The equilibrium positions along the symmetry axis of the trap can be shown to
follow the simple relationship [141]:

722 \'? 2018
4tegmw? N0.559 (93)

Zmin(N) = <

which is valid for ions of the same species. Allowing for ions with different mass
and charge will obviously modify that but we can always use single species chains
as consistency checks. The system can be effectively described as a system of cou-
pled oscillators with the restoring forces for each particle arising through the com-
petition between the trapping potential and the Coulomb repulsion of the ions. The

equations of motion can be written in matrix form (we ignore damping for now):
MX(t) + KX(t) = 0 (94)

where X(t) is a column vector of the dependent variables, M is a diagonal matrix
whose elements are the masses of the ions (not to be confused with the propagation
matrix in the previous Chapters) and K is the Hessian of the system. The Hessian
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matrix is effectively the Jacobian of the gradient of the potential function and its

elements can be calculated simply as:

%

In practice, it is easier to calculate the Hessian directly as the numerical deriva-
tive of the forces since these are normally known in a typical MD simulation (see
Section 7.4). All matrices are 3N x 3N for a 3-dimensional system and they must
be symmetric for any physically realisable isolated system. They are also positive
definite or at least non-negative. Looking for normal modes solutions of Eq. 94 we
arrive at:

(Mw? +K)%(t) =0 (96)

In order for the system above to have a solution the determinant of the coeffi-
cients needs to vanish det {Mw? + K} = 0. For the modes to be normal, M needs
to be a scalar multiple of the identity matrix. If this is not the case we need to

weight the modes by the masses. From Eq. 94:

MY 2MY2X(t) + KM~ Y2MY2%(t) = 0

Lj(t) + M V2KMV2i(t) = 0 7
where y(t) = M'/2X(t) are the mass weighted coordinates. The condition for the
solution of the system now becomes an eigenvalue equation for the mass weighted
Hessian. Rotating the Hessian with the eigenvectors matrix uncouples the equa-
tions of motion since the mass matrix is already diagonal. One point we could
make here concerns eigenvalues with multiplicity m > 1. The m eigenvectors asso-
ciated with them might not be orthogonal so we do not have an orthonormal basis
to describe the system. Nevertheless, it is possible to show that since the Hessian is
positive definite and symmetric, Gram-Schmidt orthogonalisation will always lead
to a proper basis.

Assuming a single laser cooled species in the trap, the damping is classical and
we can directly form the mass weighted Hessian and solve the eigensystem. The
damping of each eigenmode is read out of the rotated damping matrix. With non-
classical damping we use Foss” method as discussed in the next Section. This leads
to complex root pairs only (no overdamping) and linearly independent eigenvec-
tors with information on both the position and velocity of the eigenmodes. Foss’
method also works with classical damping of course and gives identical results to

the straightforward eigensystem solution.
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7.2 DAMPED SYSTEMS

Following the same line of thought as above, we arrive at the following condition
for the existence of solutions in a damped system.

det {Mw? + Gw + K} =0 (98)

where G is the damping matrix. This cannot be cast as an eigenvalue equation
but is in principle easy to solve. In practice though, it suffers a great deal from
numerical roundoff errors since the systems we are studying have parameters of
significantly different scales. Assuming the elements of the Hessian matrix roughly
fall into two different orders of magnitude 1,1y, the coefficients of the character-
istic polynomial will scale as « N x O(n; — nz). This quickly leads to very stiff
system that suffers from roundoff numerical errors. Qualitatively though we see
that the equation must have 3N complex roots whose imaginary part is the fre-
quency of the mode and the real part corresponds to damping. For the system to
be stable the real part of all the modes must be negative.

To obtain the solution of the system we need to make the distinction between
classical and non-classical damping [142, 143]. Assuming Q is a matrix containing
the eigenvectors of the Hessian, we will refer to G as classical if Q'GQ is diag-
onal. The equations of motion are then uncoupled. It is straightforward to show
that this is the case if G = aM + BK (a more general condition has been shown by
Caughey [143]). In this case it is easy to get the solution from the eigenvalue equa-
tion (Eq. 97) and then rotate the damping matrix with the eigenvectors and read off
the damping values from it. In this way we avoid solving the damped determinant.

To treat more generalised (non-classical) damping we follow the method devel-
oped by K. A. Foss, whereby the problem of solving the determinant equation is
transformed into an eigenvalue problem in the 2 x 3N space. From an engineer’s
perspective this is equivalent to a state-space model of the system. We start by in-
troducing the generalised state-space vector Z = {{¥}, {¥}}’. After a few simple

calculations we can recast the equations of motion as:

Iw '+ U)g(t) =0 (99)

where Z = exp(wt)cf) a 2N x 1 vector and U is the following block matrix:

0 I
U= (100)

-K'M -K°'G

Foss’ method is based on the assumption that the ¢ vectors form a complete set.

This is not always the case though and the method will fail to give a solution in
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these cases. The damped mode frequencies for systems with normal eigenmodes
can be shown to be always equal or less than the undamped ones. The solution for
mode i oscillates at a frequency wj; = (k;;/m;; — (cii/2m;;)?)'/2, where the matrix

elements refer to the corresponding diagonalised matrices.

7.3 SYMMETRIC COULOMB MOLECULES WITH THREE IONS

Sympathetic cooling of ions has been studied extensively — see, for example [144,
129, 145]. The main motivation in these articles is performing quantum logic gates
or clock measurements, whereas one species has a convenient cooling transition
and can be used as a bath while the other one has a small linewidth (clock) transi-
tion. The theoretical treatment in these papers concerns a single frequency trap and
aims at identifying mode gaps that can provide isolation between “hot” and “cold”
modes. The main characteristic that defines the dynamics of these systems is that
the oscillation frequencies of the ions scale as 1/u where y is the mass ratio. In a
two-frequency trap (as shown in Chapter 6) the oscillation frequencies can be made
to scale roughly as 1/,/p which inevitably brings the modes closer and promotes
sympathetic cooling.

We continue with the example of Sec 6.2.1 and discuss the behaviour of nor-
mal modes in the two-frequency trap. The ions” radial and axial oscillation fre-
quencies are taken to be 11.4kHz and 0.7 kHz respectively. For species A we have
wa, = 11.4kHz and wy = 1MHz so that w,; = wp. The A-B-A configuration can
be continuously transformed from a linear chain (cf., CO;) to a two-dimensional
crystal (cf., H,O) by the application of an external electric field (see Fig. 28). The
position of the ions is a smooth function of the electric field and there is no clear
threshold value for the transition to a two-dimensional crystal as observed when
changing the w, /w; ratio. For the purposes of this example we define the threshold
value as the value that the ions form an equilateral triangle.

Because of the high charge (+33e) of the heavy ion we are only concerned with
values of the electric field up to 500 V/m. This is close to the noise level for some
traps. On one hand then, the highly charged ion is more susceptible to noise but
at the same time the increased magnitude of the Coulomb interaction means that
the system can crystallise at much higher temperatures. This can be easily shown
by the application of a Lindemann type criterion, where the phase transition from
a gas to a crystal takes place roughly at the temperature where the fluctuations of
the ions is less than half their spacing.

The normal modes for the A-B-A configuration are shown as a function of the
applied electric field in Fig. 29. They are normalised to the fundamental frequency
wp = 27 x 11.4kHz which is taken to be the common value of the axial frequency
of the heavy ion and the radial frequency of the light ion. As expected, their values

81

Overdamped
systems might have
real roots which lead
to problems with
root multiplicity
since U is not
symmetric. For this
reason we only
consider complex
conjugate root pairs.



82 NORMAL MODES AND MOLECULAR DYNAMICS

-50

-100

X, Y (um)

-150

-200

0 100 200 300 400 500
E (V/m)

150}

100+
_ 50¢
§ o
N

-50¢
-100¢
-150¢

0 100 200 300 400 500
E (V/m)

Figure 28: Position of the three ions in the A-B-A configuration for a given radial electric
field along the diagonal axis of the trap. The blue and green lines correspond to
the light A ions (overlapping completely for the x and y axes) and the magenta
ones to the B ion. The radial trapping frequencies are w, = 0.9wy so that the
azimuthal symmetry is broken. The threshold value for the electric field is about

240V /m.

remain the same until the electric field gets close to the threshold value. Significant

mixing is then observed which leads to much faster cooling times. The fact that

the coupling between all the modes is stronger at the threshold value of the electric

tield becomes apparent in Fig. 30 which depicts the damping time of all the normal

modes of the system.
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Figure 29: Normal modes spectrum for a symmetric Coulomb molecule comprised of three
atoms. The normal modes can be grouped to high frequency modes (RHS) with
values very close to the secular radial frequency of the light ions at 1 MHz and
low frequency modes (LHS) at 0.7 kHz to 20 kHz. Sympathetic cooling is most
efficient at the threshold value of the electric field where the mode mixing is

maximal.

Assuming the characteristic damping time of the light ions is about 60us we

find modes of the system that take up to a few hundred ms to thermalise. The

value of the characteristic damping time of the light ions has been chosen to be the
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theoretical Doppler damping time for '3®Ba™. This needs not be the case for the
strong coupling regime where much faster cooling rates can be achieved [146]. The
choice of damping time affects how accurate must the frequencies be matched for
efficient energy transfer between the ions. If the system is over-damped the Q of
the resonator is decreased and frequency matching becomes less crucial.
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Figure 30: Damping times of the high (RHS) and low frequency normal modes (LHS). The
light ions are being damped at a characteristic time 7 = 60ps. Some of the
normal modes involve a large amplitude motion of the heavy ion and are not
being damped as fast. However, the damping time for these modes is still only
of the order of hundreds of ms. The scattered points on the LHS are due to the
minimisation algorithm failing. Some mode mixing is observed but a slow mode
always remains.

The spatial symmetries of the system categorically affect the energy transfer be-
tween the two species. The efficiency of the sympathetic cooling increases as the
various symmetries of the crystal are broken. A linear molecule has a C; axis of
rotation in addition to C. There are also infinite numbers of 0., planes parallel to
the Co as well as a 03, plane along the vertical axis. These symmetries, along with
the centre of inversion along the primary axis mean that the molecule is classified
in the Dy, point group. The C and 0., symmetries can be broken by the applica-
tion of a radial electric field. That leaves us with only a C, rotation axis and two
planes of symmetry (cf., H,O), thus the molecule belongs to the Cy, group. An ex-
tra symmetry plane can be broken by choosing non symmetric Coulomb molecules,
e.g., Ay-B-A. This molecule will cool faster as shown in Table 3, but this improve-
ment cannot be ascribed solely to the symmetry break since there is the addition of
one more coolant ion in the system. Lastly, since the Coulomb molecules are con-
strained to a trap, we need to make sure that w, # wy so that there is no azimuthal
symmetry. A difference of 10% in trapping frequencies is typical in ion traps and
we have assumed this is the case in the calculations in this Section. There is also the

possibility of applying a DC electric field on split endcaps to tilt the principal axis
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of the crystal [148, 132] which is not considered here since it involves a somewhat

more specialised apparatus.
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Figure 31: Amplitudes of motion of for the 3N normal modes of the Coulomb molecule.
The frequency of the mode (referenced to wy) as well as the characteristic energy
damping time of each mode are shown as headers in each plot. A few “swinging”
modes involve a large amplitude for the heavy ion but much smaller amplitudes
for the light ones and hence are damped at a slower rate (these are in the third

row).

The peak in the damping time at the threshold value in Fig. 30 can be easily
interpreted via a symmetry picture since an equilateral triangle introduces yet an-
other symmetry on the system. Immediately above the threshold value, the crystal
“melts” and the damping times are much faster. In a realistic experimental sequence
we envisage the heavy ion being pulled in towards the centre of the trap by adjust-
ing the amplitude of the slower RF field. In effect, this assumes the role of an applied
electric field and the system is going to explore all of the spatial configurations al-
lowed. The net damping time thus, is going to be some weighted average of all the

configurations.
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The modes that are not begin cooled as fast involve a relatively large amplitude of

motion of the heavy ion. Fig. 31 depicts all 3N modes for the A-B-A configuration.

The cooling efficiency is not optimal for this molecule since we only have N —1
ions scattering photons. This difference becomes less important as the Coulomb
molecules become larger. In any case, we identify three “swinging” modes that are
being damped at a slower rate and the amplitude of motion of the heavy ion is
much larger than that of the light ones. Nevertheless, the damping time of these
modes is still around 1sec which is experimentally reasonable. The slowest mode
sets the minimum temperature that can be achieved as well as the rethermalisation
time in case the system is knocked out of equilibrium. Both these considerations

are not overly important in chemistry experiments involving ultra cold ions.

7.3.1 Limits due to micromotion

The pseudopotential approximation has been assumed in the previous example.

Although this works well when the ions are on the RF null line the influence of
the micromotion becomes more important for two-dimensional molecules. A more
detailed analysis including micromotion effects [149, 150] shows various frequency
shifts of the normal modes spectrum of “peculiar” crystals. This is not too much

of a concern in our case since the Q of the system is very low and in any case the

parameters of the trap can always be adjusted to arrange for a resonance condition.

The real limit on the system is imposed from micromotion induced heating which
increases linearly with the applied electric field. Although, some heating can be
tolerated due to the higher crystallisation temperature of the system, it turns out
it is not possible to use the optimal value of the electric field (right above the
threshold value) since micromotion heating dominates the dynamics completely. A
more conservative value of the electric field of about 100 V/m has to be chosen to
satisfy both opposing constraints. The damping times quoted in Fig. 31 correspond
to this value for the electric field.

7.4 MOLECULAR DYNAMICS

The normal mode analysis is important for understanding the system and it shows
how to optimise the transfer of energy by matching the frequencies and breaking
the symmetries of the system by an applied electric field. However in Paul traps
there is parametric heating, or micromotion heating, even for single ions and it is
therefore important to numerically simulate the whole system. The micromotion
occurs at a much higher frequency than the secular motion of the ions which leads

to very stiff systems, i.e. there is a large range of time scales and the time step
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n m=1 m=2 m=3 m=4 m=5
1 796, 623

2 182,30 429, 190

3 257,39 102,37 320,53

4 118,48 140,38 75,43 272,27

5 166,59 140,43 92,38 66,40 261,18

Table 3: Values for the characteristic energy damping time for various configurations of
ions in the trap: A,;-B-A;;. The two numbers at the n" row of the m"” column
are the energy damping times (in milliseconds) for the radial and axial motions
respectively of the ion of species B in these Coulomb molecules. Systems with
a small asymmetry show efficient transfer of energy that promotes sympathetic
cooling — see text for details.

of any numerical integration must be small compared to the inverse of the fastest
frequency.

MD simulations are extensively used to extract macroscopic physical quantities
of multi-particle systems via simulation of the equations of motion of the indi-
vidual particles. For N particles, the number of particle-particle interactions that
need to be computed scales as N2, and so direct integration of the equations of
motion quickly becomes computationally expensive. An efficient way to perform
such simulations is by using the highly optimised LAMMPS code (see Appendix C).
Alternative simulation methods include Direct Simulation Monte-Carlo (DSMC) as
developed by Bird [151].

Table 3 shows the results of our numerical calculations for a single ion of species
B. We show results for symmetric and asymmetric Coulomb molecules of the form
Ay-B-A;,;, with the B-ion deliberately displaced in the radial direction. For example,
A-B-A has a configuration resembling that of an H,O molecule with A-ions at
coordinates (r,z) = (17.1, £57.9) relative to the centre of mass of the system which
coincides very closely with the massive B-ion. Similarly, configurations with more
ions are not linear, by design, in our simulations. Using a damping time 7 = 60 ps
for species A (close to the theoretical optimum for 13®Ba™) we get damping times
of the order of 100 ms for species B. Table 3 shows that the damping rate depends
strongly on the size and degree of asymmetry of the Coulomb molecule although
highly asymmetric molecules do not seem to lead to much faster damping rates.
We find that frequency matching is easily achieved especially when the number of
ions is large and hence the system has a larger number of normal modes.

The axial modes of such a chain, or linear Coulomb crystal, have higher fre-
quency than the centre-of-mass mode whereas higher-order radial modes have
lower frequency. Thus, adding more ions tends to close the gap in the frequency

spectrum of normal modes where we have placed w; (to avoid parametric exci-
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tation of these modes). This limits the number of ions of species A that can be
accommodated in the same potential well.

7.5 CONCLUSION

Initial estimates based on normal modes analysis suggested using large electric
fields to change the geometry of the Coulomb molecule but the LAMMPS simu-
lations showed that this would lead to significant heating so a compromise was
found.

We found that the sympathetic cooling works sufficiently well in a linear quadru-
pole trap with a small applied radial electric field however there are simple ways
to improve the cooling rate which can be investigated in future work. It might
be beneficial to increase the axial frequency of the massive ions, wp, = 0.7kHz,
to be the same as that of the radial frequency wp. An octupole static potential
along the z-axis of the trap (also with a radial electric field) rather than the purely
quadratic of a quadrupole could be used instead. The latter has a constant curva-
ture whereas the second derivative of a potential proportional to z* is zero at the
centre and increases with z. With the additional electric field (linear potential) the
highly charged ion can be positioned at a finite distance, e.g. z = 70 pm with a
chain of atomic ions extending to lower displacements. In this way we would hope
to both increase the secular frequency for the massive ion and also make the axial
and radial secular oscillations have almost the same frequency. This near degener-
acy would mean that it is only necessary to apply a small perturbation to mix the
motion in these (orthogonal) degrees of freedom, i.e., the electric field along the
diagonal would be less than that required to mix modes at around 1 and 10kHz
respectively. This scheme seems realistic when considering the normal mode of the
system but a detailed numerical analysis has not been preformed yet. A practical
scheme for making Paul traps with an octupole along the z-axis has been worked
out in the Oxford ion trapping group [152]. Electrodynamic traps whose behaviour
is dominated by an octupole field in the radial direction are commonly used for
trapping and guiding molecules, and recently an interesting scheme which com-
bines octupole and quadrupole fields has been proposed where the RF is zero along
3 parallel lines [153] thus effectively creating 3 parallel linear quadrupole traps (for
ions that are cold enough so that they stay in the region around these lines).
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RF IMPEDANCE MATCHING

When dealing with practical implementations of RF circuitry, there is always the
need to match the impedances of interconnected blocks to achieve maximum power
transfer between the source and the load [154]. Off-the-shelf components conform
to the 50 () standard but special care needs to be taken when connecting any other
component.

At high enough frequencies spurious components and parasitics become impor-
tant so theoretical calculations and simulations often fail and in-situ measurements
have to be made to determine the values of the components. To this end we ac-
quired the excellent Bode-100 from Omicron Lab which is an inexpensive, feature-
rich vector network analyser. Its frequency range is from 1Hz to 40 MHz which
covers the whole range of interest for our 8Rb experiment (except for microwave
components). Its low frequency operation means it can be used to improve the
matching of the 7kHz field currently used to drive the TOP coils, although match-
ing at such low acoustic frequencies is much less involved and normally requires
simply a transformer.

The second necessary tool for impedance matching is the Smith chart which
can be used to guide the impedance matching process without any computation
required. The Smith chart is a conformal mapping of the complex impedance carte-
sian plane to a circle and it was originally developed by Phillip Smith in 1940 [155].

A.1 TRANSMISSION LINES AND THE SMITH CHART

The literature on transmission lines, transfer functions and RF matching networks
is vast and we will not attempt to cover all these concepts here. For an an excel-
lent review on “Why play the matchmaker” see [154, 156]. The only two relevant
quantities we will use is the reflection coefficient I' and the Voltage Standing-Wave
Ratio (VSWR) which are defined as:

_ Zp—50 14T

and VSWR =

r=2=t -
Z1 +50 1—T|

(101)

A matching network inserted between the source and the load aims at making the
load impedance Z; = 500} and thus I' = 0. The VSWR is a measure of how accu-
rate this transformation must be and for typical RF electronics is about 1.5:1 and

as much as 4:1 for high power sources. The matching network topology involves
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T, L and IT networks (or combinations of them) that can be used to match a load
starting at any arbitrary position on the Smith chart. The geometry of the match-
ing network needs to allow for maximum current I = 1/P/50 (rather than power)
going through the RF trap coils. In practice we prefer using a two-capacitor L net-
work since the parasitics are smaller, it does not introduce a resistive component
like wound inductors do, and can match any load from the upper right quadrant
of the Smith chart. A counterargument for this would be that the frequency spread
is asymmetric but it makes little practical difference in our case.

The use of Smith chart is satisfyingly easy. The centre of the chart corresponds
to the matched point for a chart normalised at 50 (). The leftmost (rightmost) point
along the real axis corresponds to open (short) circuits. The upper (lower) semi-
circle can be though as inductive (capacitative). This makes it straightforward to
identify the self-resonance of a coil as the point where it crosses over to the lower
semicircle. Moreover, the only transformations possible are the following:

e Series (shunt) capacitors rotate the load towards the lower semicircle along

circles of constant impedance (admittance).

e Accordingly, series (shunt) inductors rotate the load towards the upper semi-

circle along circles of constant impedance (admittance).

e Series (shunt) resistors move the load’s impedance (admittance) along lines

where the imaginary part of the impedance is constant.

e A transmission line rotates the whole chart by an amount proportional to
its length. Equivalently a stub parallel line — open or shorted — rotates the
chart by the same amount but the load needs to be mirrored about the centre

first so we consider its admittance value.

To illustrate its use let us consider two examples. The first is a single frequency,
very high-Q matching network and the second is a wideband, lossy one.

A.1.1  Single-frequency matching

The RF trap in the Rb experiment was redesigned with new coils having a self-
resonance of about 7 MHz, cf. to 1.6 MHz before. Allowing for higher frequencies
is desirable for reaching a 2D regime in the shell trap [157]. The old coils were not
matched and they had to be driven with 28 W amplifiers to get adequate current
through them. Before taking them out we decided to impedance match them and
were able to achieve twice the current using only 1 W amplifiers! The new coils
were matched at 2 MHz using an L capacitor network (see Fig. 32). The first capac-
itor (looking from the load) rotates the load onto the 20 mS admittance circle. The

second one follows that circle to the centre of the chart, thus matching the load. The
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Figure 32: The load impedance can be seen on the Smith chart. The impedance of the bare
coil (magenta) is rotated twice by the L network. The final result (red) matches
the measured one (black) very closely. When matched, the network behaves as a
real 50 () load. The S1; parameter shows a very sharp resonance with minimal
return losses.

length of the cable connecting the load to the amplifiers is irrelevant when the load
is matched. The S1; parameter of the two-port scattering matrix shows a —25dBm

return loss.

A.1.2  Wideband matching

Resistive components or multi-stage networks are normally used to achieve a large
bandwidth network. We avoid the resistive components because of the associated
drop in current. The multi-stage networks cannot realistically have more than 3-4
stages since parasitics pile up, which was indeed the case with the various Cheby-
shev filters we tried. In theory, smaller steps on the Smith chart can be used to
contain the load inside constants lines of low Q so the bandwidth is increased.
This becomes increasingly cumbersome though, when the load is matched close to
the self-resonance and almost impossible when starting from a very high-Q load.
Hence, this technique is normally reserved for transforming resistive loads where
the Q of the transformation can be selected at will.

More elaborate matching network geometries can be designed using series and
parallel stub tuning. The necessary frequency spread can be achieved without re-
sorting to lossy components. Stub tuning is used mainly in microwave frequencies
since the length of the stubs has to be of the order of the wavelength. For mi-
crowave frequencies this translates to a few micrometers, cf. to tens of meters for
RF. Nevertheless, a wideband impedance match can still be achieved using stubs
in the RF regime with reasonable cable lengths along with a combination of series
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Figure 33: The impedance of the load is spread out (yellow) using a long coaxial cable. A
shunt capacitor brings the 4 MHz point close to the centre of the Smith chart
(red). The black curve is the measured reflection power which closely matches
the expected one. The impedance of the load is almost 50 () at 4 MHz with some
structure observed in the very low frequencies. The S1; parameter shows a 3 dB
bandwidth of about 1 MHz at fy = 4 MHz.

and parallel passive components. The main problem with this approach is that the
smallest reposition of the stub leads to resonance drifts due to capacitative cou-
pling. A much more robust approach was found, which takes advantage of the
natural dispersion of an RG58 cable as seen in Fig. 33. A single 14 m coaxial cable
is used in series with the load to spread the frequencies out. A shunt capacitor then
transforms the load to 50 (). We were able to achieve a bandwidth of about 1 MHz
which is more than enough for the experiments described in Chapter 3. This value

is even more impressive if recast in terms of fractional bandwidth As;p/ fo ~ 25%.



THE KRONIG-PENNEY MODEL

Kronig and Penney used a simple “toy model” to investigate the propagation of
wave functions in periodic potentials. They considered a potential V(x) that is
square waveform, i.e., a regularly spaced square wells of finite depth. The usual
treatment found in many quantum mechanics textbooks [158] involves a consider-
able amount of algebra. The main principles can be illustrated much more concisely
by considering a potential of the form of regularly spaced delta functions (aka a
Dirac comb). Indeed, the results we shall derive for a comb of delta-functions cor-
respond to those found by Kronig and Penney in the appropriate limits: a negative
comb if the width of the square wells tends to zero (and their depth tends to infin-
ity), and a positive comb if barriers become delta-functions. Although none these
potentials is very realistic, they manifest the characteristic features of the solutions
of the Schrédinger equation in a periodic potential.
n d?y

~ o g +V(x)p =Ey (102)

where V(x + X) = V(x). Before considering the Dirac comb, it is useful to recall
the results for a single J-function. It is dimensionally convenient to express the
potential as

WB

V(x) = 2 Lo (103)

where the parameter 8 has dimensions of length !, and characterises the strength
of the J-function potential. Note that the potential must be negative V(x) < 0 for
there to be bound states, i.e., B < 0. Integrating over a small range from —e to €

gives
dpl®
g o
since .
/ Eydx ~ 2eEp(0) -0 as € — 0 (105)

A wave function with E < 0, has the form Ae* for x < 0 and Be ™™ for x > 0.

Continuity at x = 0 requires that (0_) = (04 ) hence A = B. Combined with the

discontinuity requirement for the derivatives it leads to x = —p/2 (with 8 < 0 for

bounded solutions). This system has one (and only one) bound state of energy:
W, WP

E — —%K - —%Z (106)
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We now apply the same approach to the Dirac comb with spacing a between /-

functions.

V(x)=—>— Y 6(x—na) (107)

The conditions for continuity of i and its derivative ¢’ at each J-function are

p(nay) = Pp(na_)
Y'(nay) —y'(na-) = —pip(na_)

These can be expressed as a matrix equation

(w(mu)) (1 o) (¢<na>) .
Yna)) \=p 1) \¢/(na)

The same matrix describes the effect of a J-function potential on a particle with
positive energy E > 0. In this case the equation for the derivatives implies that
2ik = B, which can be satisfied for both positive and negative values of .

Now we shall consider the propagation of the wave function between the J-
functions, e.g., from x = 04 to a_. This is the same as for the interval from na
to (n + 1)a_. Using the shorthand notation ¢y = (0) and ) = ¢¥'(04) we can

write:

Yo = A+B
Yo = ik(A—B)

Hence
2A = Yo+ .ll,b()
ik
2 = Yo ¥
After propagation over the interval 0 to a the wave function and its derivative are

lp(ﬂ_) — Aeikﬂ _i_Befikﬂ
¢(a) = ik(Ae™ — Be i)

Hence

#(a-) = 3 { o+ U + (o= Lyble ™ b = cos(kalyo +  sin(ka)yh (o0
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Similarly ¢’(a_) can be found, and the resulting two equations can be written in

(¢(g)) _ ( cos(ka) }{sin(ka)> (¢<0+)) (110)
¥ (a_) —ksin(ka)  cos(ka) ¥'(0-)

The determinant of the matrix is unity, as is that of the matrix for the J-function po-

matrix form as

tential. This is a general property of propagation matrices since they are sympletic.
It follows that the matrix product

k Lsin(k 1
M — cos(ka) ¢ sin(ka) 0 (111)
—ksin(ka) cos(ka) B 1
has det{M} = 1. The diagonal elements are M;; = cos(kxa) — % sin(ka), and My, =
cos(ka). Hence

tr{M} = My + My = 2cos(ka) — gsin(ka) (112)

We want to know about the eigenvalues A in the equation

(w<x+na>) e (wx)) o (wx)) -
¥/ (x+ na) ¥'(@) ¥'(a)

The condition for stable solutions is |A| < 1, which gives

sin(ka)
ka

’;tr{M}’ = |cos(ka) — %,Ba <1 (114)

In the theory of electronic band structure in solids, the ranges of energy E =
h2k?/2m, for which this condition is not satisfied are called band gaps — these
particles do not propagate through the periodic structure. This equation can be
solved graphically however the key point is the existence of gaps in the eigenener-
gies of the Schrodinger equation with a periodic potential where the solutions are
not stable.

To pursue the analogy even further we can write the above condition as:

cos(ka) = cos(ka) — %,Ba sink(;ca) (115)

where k is a quantity with the same dimensions as momentum which is known as

quasi- or crystal momentum (k — k as B — 0). For allowed energies, i.e., those lying
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within the bands, the eigenvalues of the propagation matrix are A = cos(ka) &
isin(ka) = et and

P(x+a) = eii’zalp(x) (116)

This implies that
P(x) = e Fu(x) (117)
where u(x +a) = u(x) is a periodic function — this is Bloch’s theorem. Note

that rather than stating this theorem at the outset, as in many treatments of the
band structure, we have shown that the wave function must have this form in a
periodic potential. The transition between stability regions occurs when ka = nrm
or ka = nm — Ba/nm corresponding to cosnmt = (—1)" and sinnmt = 0. There
are no stable solutions for wave vectors k in the range (n7 — d)/a to nm/a, where
d/a = —B/(nm) has the opposite sign to B. This is readily seen by graphing the
function and/or considering the sign of the trigonometric functions around n7r.
This case corresponds to the nearly-free-electron model (when S is small) where a
band gap opens up at k = n7/a.



LION MATLAB WRAPPER

We present a Matlab wrapper, Llon, that allows a user to write, run and anal-
yse ion trap simulations. The actual MD simulation is performed in another pro-
gram, LAMMPS, to take advantage of its proven efficiency. LAMMPS is a classical MD
code, the current version of which has been in active development since 2004. The
project’s longevity and highly active use (the original 1995 paper [159] was cited
1,127 times (!) in 2013) has resulted in an optimised and reliable program.

Many of the efficiency and scaling problems that present themselves when simu-
lating ion clouds have already been solved in biomolecular MD simulations which
normally deal with much larger particle numbers. A noticeable difference is that
dominant force fields in biomolecular MD are short range (e.g. the van der Waals
potential), though implementations of longer range interactions are often included
in these software packages. Nonetheless, many of the techniques used remain rele-
vant: the use of spatial decomposition of the simulation region to balance processor
load, optimised long-range interaction calculations using the GPU and implemen-
tation of OpenMP and MPI for deployment to HPC resources.

LAMMPS, although traditionally used in the context of short-range forces, is per-
fectly capable of efficient and reliable simulation of ion traps, a problem dominated
by the long range Coulomb interaction. Our wrapper offers multiple methods for
initialising the system, evaluating the dynamics and post-processing the results.
The use of validation scripts to test the results are consistent with theory ensures
data produced using Llon is reliable. Moreover, it draws on the rich features of
LAMMPS to offer the user features not seen in other ion trap simulation packages.
These features are not presented here, but include the capability of simulating pro-
tein structures in aqueous Paul traps [122], treating collections of ions as rigid
bodies and simulating collisions between ions and a buffer gas described by ion-

neutral potentials.

C.1 IMPLEMENTATION OF LION

MD simulations are configured by calling functions of a LAMMPSSimulation object in
Matlab (see Fig. 34). Once the input file is setup the simulation is executed and the
file is parsed by a child instance of LAMMPS. This instance simulates evolution of the
system and generates output for analysis. An asynchronous update loop in Matlab

monitors the progress of this process, allowing error interception and diagnostic
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updates. Upon completion of the simulation the LAMMPS process is terminated

and control reverts to Matlab for analysis of the generated data.

: MATLAB Commands

configure trap, fields, ions

i sim.AddAtoms (createIonCloud(radius...
sim.Add(linearPaulTrap(oscV, endV,...

[ LAMMPSSimulation ] 'LAMMPS

l generate input file - setup simulation
sim.Execute() i
‘ run lammps ———

Apply fixes,
integrate motion,

Asynchronous update, ;' advance timestep
error detection ;

__________ ]

Load output

"trajectory.txt"

Figure 34: Flow diagram depicting configuration and execution of a LAMMPS simulation
using Llon. Once the trap and ion cloud parameters are configured, control is
handed to LAMMPS for the simulation while the Matlab command line is updated
through an asynchronous loop. The output of the simulation is then loaded in
Matlab for post-processing.

c.1.1 Writing the Input File

Simulations in LAMMPS are configured through a series of commands, input either
via a console or read from an input file. To run the configured simulation, Llon first
creates an input file comprised of the various facets of the simulation, then invokes
an instance of LAMMPS with this file as input.

First, simulation level properties such as the definition of pairwise interactions
are written to the input file. The simulation domain is fixed, atoms are placed and
their properties defined (mass, charge, rigid body collections, etc.). If the simulation
time step has not been explicitly set by the user, Llon chooses the largest timestep
that resolves the highest characteristic frequency of the trapping fields — the RF
field for full dynamics simulations or the trap frequency when the pseudopotential
approximation is used.

Next, an enumeration is made through a cell array of PrioritisedCfgObject,
whose elements individually define aspects of the simulation such as trap fields,



C.1 IMPLEMENTATION OF LION

Name Description

LAMMPSSimulation A simulation in Llon. See section C.1.2.

cfgObject Base class for “elements” that comprise the input
file to LAMMPS. See section C.1.1

PrioritisedCfgObject Elements that are order specific within the
LAMMPS input file.

LAMMPSFix Elements representing fixes, e.g. electric fields,
damping forces, Langevin baths.

LAMMPSRunCommand Simulation commands, e.g. run, minimise.

LAMMPSDump Implements a LAMMPS command that configures
data output.

LAMMPSVariable Quantities that may be output from LAMMPS via

the dump command, which generates a LAMMPS-
Dump object. See User Guide for detail.

Table 4: Overview and description of classes in Llon.

laser cooling forces, Langevin baths and were added to the LAMMPSSimulation ob-
ject during the configuration stage. The cfgFileHandle ordered method is invoked
for each PrioritisedCfgObject and a portion of text is returned, written as a series
of LAMMPS commands (see Table 5), which is added to the input file.

c.1.2 LAMMPSSimulation Object

A simulation in LAMMPS is represented in Matlab by the LAMMPSSimulation class.
The implementation has made use of Matlab’s support for classes via classdef
such that behaviour may be encapsulated, to expose public access only for those
methods intended for the end-user. An overview of the different classes contained
in the package is given in Table 4.

The LAMMPSSimulation object’s function is to collate properties relating to the sim-
ulation, either directly (for example, the size of the simulation domain) or through
collections of modular elements that define individual facets of the simulation. Ex-
amples of such elements include applied electric fields (a subset of fixes in the
language of LAMMPS) and initial locations of atoms.

At the start of each Llon simulation, an object of this type should be created by
invoking the LAMMPSSimulation() constructor. In the following, when referring to
a LAMMPSSimulation object in both examples and text we will frequently use the
shorthand sim:

sim = LAMMPSSimulation();
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LAMMPSFix linearPaulTrap, sphericalPaulTrapPseudopotential,
sphericalPaulTrap, linearPaulTrapPseudopotential,
langevinBath, efield, cylindricalSHO, SHO, laserCool,
fixNVEIntegrator

LAMMPSRunCommand thermalVelocities, runCommand, placeAtoms, minimize,
dump, defineSimulationBox, custom, createIonCloud

Table 5: Overview of commands for configuring simulation. See each individual com-
mand’s documentation for further detail or the worked example (Section C.4).

It is recommended that each sim be executed only once. Script files should be
written with the creation of sim at the start of a section and sim.Execute() at the
end. After this the user should avoid modifying sim (warnings are given should the
user attempt to) in order that the sim object remain a faithful reflection to when the
LAMMPS input file was written and executed and it can be linked to any subsequent
simulation data output.

C.2 INSTALLATION & USER GUIDE

To use Llon the relevant files must first be added to the Matlab path variable.
Included with the wrapper is the script SetPaths.m, located in the root directory,
which performs this operation on execution. Changes made to path by this script
are temporary — it should be run once at the start of each new Matlab session.

First time installation requires that the location of the LAMMPS executable is con-
tigured. This location should be stored in a file in ANSI format and saved at
LAMMPS Wrapper\Lammps.cfg, and must include the executable explicitly. For ex-
ample C:\lammps\lmp_win_no-mpi.exe is valid content for this file. Should a user
attempt to execute a simulation without having performed this step an error will
be thrown explaining the above.

This allows the user to use multiple versions of LAMMPS that have been built
with different features, such as GPU acceleration through CUDA or openCL". The
Llon user guide is distributed in the form of a Matlab html help package. Further
information, including detailed descriptions of more examples and a complete doc-
umentation of all functions, may be found in it.

On Windows operating systems use of the GPU accelerated packages requires the user to compile
source code themselves. This may be done through cygwin, see tutorial on building LAMMPS under
Windows.
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C.3 VALIDATION SCRIPTS

To ensure data generated by LAMMPS is correct a number of verification programs
have been written (see Table 6). The validation scripts provide a quick and easy
way to ensure an extension does not render the wrapper unreliable. When modi-
tying the wrapper a user should re-run these validations and ensure the output of
each complies with the theoretical predictions — this ensures the integrity of the
wrapper is maintained during further development.

Script Assists with Verification of:

SecularFreqPseudoLinearPT linear trap, pseudopotential

SecularFreqRFLinearPT linear trap, full RF

SecularFreqPseudoSphericalPT spherical trap, pseudopotential

SecularFreqRFSphericalPT spherical trap, full RF

AxialSeparation axial force of linear trap ion-ion repulsion

NormalModePseudoLinearPT pseudopotential, linear trap, ion-ion re-
pulsion

NormalModeRFLinearPT RF linear trap, ion-ion repulsion

NormalModePseudoSphericalPT pseudopotential, spherical trap, ion-ion
repulsion

NormalModeRFSphericalPT RF spherical trap, ion-ion repulsion

Table 6: Overview of validation scripts supplied with Llon.

c.3.1 Single-lon Validation

The validation scripts SecularFreqPseudoLinearPT and SecularFreqRFLinearPT,
each perform a series of simulations in LAMMPS, the first using a pseudopoten-
tial approximation, which replaces the oscillating electric field with an appropri-
ate harmonic trap of frequency w;, and the second using the exact electric field.
The measured secular frequency of a simulation in LAMMPS is determined by the
Fourier component of the single ion trajectory along each axis, that has the largest
amplitude. This is plotted against theoretical predictions to verify the confinement
potential is correct. Single-ion validations help verify the implementation of trap
fields in Llon but offer no validation with regards to Coulomb-coulomb interac-

tions between separate ions.
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c.3.2 Equilibrium Separation

Linear Coulomb crystals are arrangements of ions along the axis of a linear Paul
trap. They occur for tight radial trapping, where the highest-frequency axial normal
modes of the crystal are a lower frequency than the lowest radial normal modes,
such that the most energetically favourable configuration is a string of ions along
the trap axis. Since the potential is mass dependent, the separation between ions
depends on the number of ions in the linear Coulomb crystal.

Execution of the AxialSeparation script simulates a short dynamical evolution
for small numbers of ions (2-10) which are quickly damped by a Langevin bath
to cool them into their lowest energy configuration. The graph produced by the
simulation compares these lowest energy configurations to theoretical predictions.
While only applicable to a small numbers of ions, this validation is quick to run
and assists with verifying that the correct Coulomb repulsion force is applied. Cor-
rect separations prove the Coulomb force extends over the entire crystal, and is
not truncated by neighbour binning or the pair cutoff variable in LAMMPS (see for
example http://lammps.sandia.gov/doc/pair_coul.html).

c.3.3 Normal Modes

A more rigorous verification of the ion-ion repulsion forces, that can be applied
to large numbers of ions and trap geometries other than linear, is to examine the
normal mode spectra of ions. In the pseudopotential approximation, confinement
along each axis can be considered harmonic in the limit of low a, g. To calculate
the normal mode spectra we form the mass-weighted Hessian matrix of the atomic
coordinates, for the lowest energy configuration of ions in the harmonic well. The
eigenvalues of this matrix are the frequencies of each normal mode (given by the
corresponding eigenvectors).

To validate the normal mode spectra of Llon we start with a number of ions
in a trap. The energy of these ions is minimised — either the pseudopotential
approximation of the trap or a heavily damped evolution in the full RF may be
used. The final minimised position is taken to be the lowest energy configuration
of the ions from which the mass-weighted Hessian is constructed. Once minimised,
the undamped system is evolved for a large number of time steps and periodic
kicks are given to the system by randomising atomic velocities. This ensures all
normal modes of the system undergo some excitation and will be present in the
final spectra. Positions are output twice every RF cycle. Limitations set by Nyquist’s
theorem make the micromotion not observable but the frequency of the normal
modes of the system is necessarily much less than the RF.


http://lammps.sandia.gov/doc/pair_coul.html

C.4 SIMULATION EXAMPLE

Finally, atomic positions are loaded from the output file. Each atomic coordi-
nate’s Fourier transform is overlaid on the same axis, and theoretical normal mode
frequencies are overlaid as red lines. For the pseudopotential approximation to the
Paul trap, there should be perfect agreement between theoretical spectra and re-
sults from LAMMPS. For the full RF electric fields slight deviation is expected [139,
160]. This validation of the ion-ion repulsion force may take a long time for large
atom numbers. Several variants exist: NormalModePseudoLinearPT, NormalModeRFL1i -
nearPT, NormalModePseudoSphericalPT and NormalModeRFSphericalPT. All these
scripts also ensure the correct trap forces are used in Llon, as an incorrect strength
of confinement will result in erroneous spectra — however to verify this behaviour

the method of Section C.3.1 is much faster.

C.4 SIMULATION EXAMPLE

Here we demonstrate use of the LIon wrapper to configure an example simulation.
In this simulation we create the electric field of an ion trap, confine a small cloud of
ions and cool them by application of a Langevin bath. The positions of atoms are
output every 10 timesteps, and a secular velocity is also calculated for each atom
by averaging the instantaneous velocities over an RF cycle. The relevant script may
be found in Examples/SimpleExample.m of the Llon distribution, along with more
detailed examples.

First, we create a new LAMMPSSimulation object by invoking the constructor for

this class:

sim = LAMMPSSimulation();

Next, we configure the simulation domain for the ions. This defines the minimum
lower limit to the spatial region which will be simulated. The simulation box may
expand beyond these initial limits, but all atoms must be initially placed within
this region or an error will be thrown by LAMMPS. More information may be found
in the documentation for the LAMMPS boundary and box commands. A guideline
for optimisation is to ensure the simulation domain fits the enclosed atoms tightly
This ensures that when the domain is spatially partitioned there are an approxi-
mately equal number of atoms per processor. When reducing the simulation box,

the following error may be observed:

Cannot use neighbor bins - box size << cutoff

As discussed in the documentation on the neighbour command a solution is to use
the nsq style to build neighbour lists. However, this comes with a caveat of worse
scaling (proportional to number of atoms per processor squared). Alternatively, the
neighbour “skin” size or the Coulomb repulsion cutoff may be reduced, but this
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action may result in ion-ion repulsion not spanning the full length of the Coulomb
crystal. It is advisable to re-run the verification of normal modes (see Section C.3.3)
for a similar sized Coulomb crystal if these are changed. To set the initial simulation
domain:

sim.SetSimulationDomain(1le-3,1e-3,1e-3);

Next we need to add some atoms. First we define a new atom type, specifying
the charge and mass of the ion. Then we place three atoms along the z-axis of the
trap at distances of 0, =1 ym from the origin.

charge = -1;

mass = 30;

ions = sim.AddAtomType(charge, mass);

sim.AddAtoms (placeAtoms(ions, [0 @ O]', [0 0 @]', [-1 ©@ 1]'x*1le-6));

Then we add an oscillating electric field corresponding to a linear Paul trap
geometry (following the notation in Berkeland et al. [161]). The trap below has an
oscillating and endcap voltage of 300V and 1V respectively, zop = 5.5mm, ryp =
7mm, geometric constant k = 0.244 and RF () = 3.85MHz. See linearPaulTrap’s

documentation for more information:

RF = 3.85€6;
sim.Add(linearPaulTrap(300, 1, 5.5e-3, 7e-3, 0.244, RF));

To cool the translational motion of the ions, we attach a Langevin bath to the sys-
tem. The bath specified here exponentially lowers the temperature of the ensemble
to 3mK by applying a viscous damping force with a relaxation time of 10 us and a
random “kick” each timestep.

sim.Add(langevinBath(3e-3, le-5));

Alternatively we could specify a more realistic model of laser cooling by applying
the viscous damping force to only one axis of motion, so that only atoms propagat-
ing parallel a cooling laser beam are slowed, and discriminate between atom types,
so that only one species is cooled. This allows simulations of sympathetic cooling
rates similar to the methods of Zhang et. al. [130]. To add a laser cooling term:

sim.Add(laserCool(ions, [le-5 0 0]));
where we have specified laser cooling along the x-axis only. We configure the simu-

lation to output data by adding a dump to the sim object. In this example we output
atomic positions every 10 steps and RF-averaged secular velocities every RF cycle.

sim.Add (dump(’positions.txt’, {’id’, 'x’, 'y’, 'z'}, 10));
sim.Add(dump(’'secV.txt’, {’'id’, timeAvg({’'vx’, 'vy’, ’'vz'}, 1/RF)}));
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The runCommand is used to declare evolution for a number of timesteps:
| sim.Add (runCommand(10000)) ;
Having configured a simulation, we invoke execution. This writes the input file to
LAMMPS, launches a LAMMPS process and runs the simulation.
‘sim.Execute();
To finish the example, we read the atomic trajectories generated by the simulation
(stored in positions.txt) and plot a 3D graph of the data:

[timestep, ~, X,y,z] = readDump(’'positions.txt’);
plot3(x’,y’",z");

Lion aspires to be a all-in-one solution for simulating the equations of motion
of trapped charged particles. The language traditionally used in biochemistry has
been translated using physical concepts and presented in a transparent way to the
user.






PRECISE SHAPING OF LASER LIGHT BY AN
ACOUSTO-OPTIC DEFLECTOR

We present a laser beam shaping method using acousto-optic deflection of light
and discuss its application to dipole trapping of ultracold atoms. By driving the
acousto-optic deflector with multiple frequencies, we generate an array of overlap-
ping diffraction-limited beams that combine to form an arbitrary-shaped smooth
and continuous trapping potential. Confinement of atoms in a flat-bottomed poten-
tial formed by a laser beam with uniform intensity over its central region confers
numerous advantages over the harmonic confinement intrinsic to Gaussian beam
dipole traps and many other trapping schemes. We demonstrate the versatility of
this beam shaping method by generating potentials with large flat-topped regions
as well as intensity patterns compensating for residual external potentials to create

a uniform background to which the trapping potential of experimental interest can
be added.

D.1 INTRODUCTION

Precise shaping of laser beams is crucial to their application as confining poten-
tials for ultracold atoms. Notable among the applications for such trapped cold
atomic systems is the quantum simulation of many-particle condensed matter sys-
tems in periodic potentials [162]. Beam shaping is increasingly important too in the
creation, as well as subsequent manipulation, of a Bose-Einstein condensate (BEC).
Following the initial demonstration of crossing the BEC transition by purely optical
means [163], increasingly precise schemes have been developed by which to opti-
cally cool and compress an atomic cloud, including a proposed scheme whereby
dynamic beam shaping techniques transform the potential between a sequence of
power-laws [164]. Minimising perturbative effects in any such experiment requires
the potential experienced by the atoms to smoothly and accurately conform to a
target intensity. However, accurate beam shaping becomes more challenging the
greater the deviation from the diffraction-limited Laguerre-Gaussian or Hermite-
Gaussian propagation modes. Additional considerations include restricting the for-
mation of interference fringes, caused either by rapid phase variations across the
beam profile or high beam coherence in an imperfect optical system. Further con-
straints on optical potentials are imposed by the characteristics of the surrounding
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experiment: stringent requirements on the form of a trapping potential may be at
odds with the nature of any additional confinement.

A prominent starting point for many quantum simulation experiments is the
experimental realisation of the Bose-Hubbard Hamiltonian achieved by loading
quantum degenerate bosonic atoms into an optical lattice [2]:

u
H:—]Za;raj%—fzm (A — 1) + ) e (118)
{i.j) i i

This provides an experimental framework within which to simulate the electron
gas in solids, with the freedom to tune interparticle interactions by manipulating
lattice parameters. Investigations may be performed into the effects of disorder,
and within the Mott Insulator regime whereby atoms are localised onto individual
lattice sites into topological states in the fractional quantum Hall effect, or even
as a starting point for a quantum register [165, 3, 166, 167]. However, the validity
of the cold atom system as a quantum simulator strongly depends on the form
of the trapping potential. The last term in equation 118 denotes an energy offset
on individual lattice sites arising from a typically harmonic external atomic con-
finement. The spatial dependence of the system density arising from the external
potential [2] associated with alternating superfluid and Mott-insulating regions is
colloquially referred to as the ‘'wedding-cake” structure. The resultant blurring of
phase transitions makes comparison with theory less direct; eliminating this effect
would allow answers to open questions such as the phase diagram of the fermionic
Hubbard model [168]. Precise control of the intensity distribution and elimination
of external effects would be beneficial too in many other experimental situations in-
cluding the observation of wave dynamics and quantum chaos using Bose-Einstein
condensation confined in an optical corral-type potential [169].

Compensation for the harmonic trapping term can be achieved either by provid-
ing a uniform compensatory intensity canvas on which to form optical lattices pro-
duced using standard techniques such as standing wave interference, or by directly
modifying the trapping potential of experimental interest. Flat-topped beams hold
particular appeal in this regard, used either as a square well potential or to directly
form standing wave optical lattices without a Gaussian envelope profile. Whatever
the precise form of the chosen potential, an accurate and smoothly-varying beam
profile is imperative to confining, manipulating and probing the trapped atoms.

The freedom to meet the constraints imposed on the optical potential by experi-
mental applications is granted by relaxing restrictions on the trapping plane phase.
Optical trapping of ultracold atoms is facilitated by the dipole force, associated
with a potential Uy, (7) o I(T?) with I(¥) the spatially dependent laser intensity and
¢ the detuning of laser light from resonance. The dipole force therefore depends on
the intensity gradient of the laser light. Any phase gradient affects only the scatter-
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ing force, negligible under detuning far from the atomic resonance due to its /42
dependence in comparison to the I/ dependence of the dipole force.

Diffractive optical elements can be used to provide the necessary beam shaping
precision and versatility. Using these techniques, we can obtain both continuous
arbitrary intensity distributions and exotic lattice configurations inaccessible with
standing wave interference alone such as circular distributions corresponding to
an infinite 1D lattice [170, 171]. Our approach centres upon diffracting an incident
laser beam using an acousto-optic deflector (AOD). The diffractive standing wave
pattern established in the AOD crystal is determined by a multiplexed input acous-
tic frequency signal generated using an arbitrary waveform synthesiser (AWS). The
relative amplitudes within the multiplexed input determine the proportion of the
total light diverted into the first diffracted order corresponding to the appropriate
frequency, such that the total intensity pattern corresponds to the sum of the con-
stituent diffracted beams. We thereby achieve precise control over both the position
and amplitude of each diffracted beam. The application to discrete lattice patterns
is evident, but by calculating the effect of neighbouring beam sites on each other,
this approach can be easily extended to produce arbitrary composite continuous
patterns including flat-topped beams. Alternatively, rather than the superposition
of static frequencies, rapid deflection of a single beam such that trapped atoms ex-
perience a time-averaged potential has been successfully demonstrated with mini-
mal heating of trapped atoms [172]. A combination of time-averaging and the com-
posite beam approach presented here could yield a smoothly dynamically-varying
potential, additionally enhancing the scalability of both methods.

A popular alternative approach to generating arbitrary and dynamic potentials
is to use a computer-generated hologram imposed on an incident laser beam using
a spatial light modulator (SLM), an array of either liquid crystal or micro-mirror
pixels programmatically altering the beam phase. Improved versatility in the range
of accessible potentials is granted the higher the phase resolution of each pixel,
though this increases the complexity of the required numerical phase profile calcu-
lation. Iterative Fourier transform algorithms (IFTAs), of which multiple variants
exist [173], are extensively used to perform these high-resolution phase calculations.
Pixel switching frequency is an important consideration if dynamic manipulation
of trapped atoms is an experimental goal. The Texas Instruments digital micro-
mirror device (DMD) SLM has a switching frequency on the order of 50 kHz, and
a Boulder Nonlinear Systems ferroelectric liquid crystal SLM around 1 kHz. How-
ever, these are both binary devices; with a phase resolution of 27r/256, a Boulder
Nonlinear Systems nematic liquid crystal SLM is capable of a far more versatile
range of truly arbitrary potentials, but the switching frequency of hundreds of Hz
could limit their applicability to dynamic manipulation of optical trapping poten-
tials. An AOD update frequency on the order of 10 MHz, allowing the successful
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low-noise dipole trap painting in reference [172], allows almost seamless switch-
ing between dynamic frames, thus combining the versatility and switching rate
necessary for an arbitrary dynamic manipulation sequence.

In experimental situations without restrictions on the image plane phase, a sig-
nificant advantage of using an AOD to form large continuous patterns is that the
resultant potential is composed of multiple beams of different frequencies, the pre-
cise frequency separation dependent on the desired beam location and the details
of the optical system. This frequency difference circumvents interference effects as-
sociated with a highly coherent single sculpted beam. Furthermore, despite power
losses associated with diffraction into the zeroth and higher orders, these unwanted
beams are easily eliminated from the trapping plane intensity distribution. In con-
trast, achieving the highest accuracy reproduction of large continuous arbitrary
targets using spatial light modulation requires introduction of limited amplitude
freedom in the trapping plane [173], resulting in a significant noise accumulation
near the trapping potential which could detrimentally perturb the experimental
system.

We illustrate below the accuracy and versatility of the composite beam method
for a range of continuous trapping potentials, and demonstrate a process by which
an external potential can be compensated to produce a trapping potential tailored
to specific experimental requirements. The first example compensates a harmonic
term in a square well target potential; the applicability of the AOD beam shaping
method to arbitrary continuous potentials is then illustrated, indicating the power
of the method in both creating and compensating arbitrary continuous potentials
as required by the experimental conditions. Details of the experimental methods

follow these examples.

D.2 BEAM SHAPING USING AN ACOUSTO-OPTIC DEFLECTOR
p.2.1  Compensation potential

The effect of the additional harmonic confinement term is perhaps most immedi-
ately obvious with regard to flat-topped target potentials, although the compen-
sation principle is identical irrespective of the target. As discussed above, such
flat-topped beams are experimentally applicable both in their own right and as a
canvas on which to produce other arbitrary potentials.

To create a flat-topped beam using the superposition of diffracted beams, we
initially consider the Sparrow resolution criterion [174, 175]. This refinement of the
Rayleigh criterion is a popular criterion in astronomy, stating that multiple beams

are indistinguishable, i.e. their composite intensity distribution perfectly flat, if the
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second derivative of this distribution is zero. The spacing a between adjacent beams

to achieve a flat-topped composite potential is therefore chosen according to:

{f )+ f(x+a)} =0 and d2{f )+ f(x+a)} =0 (119)

In two dimensions, the intensity distribution f(x,y) is the sum of the N con-
stituent Gaussian beams, with 1/¢? waist w, and relative amplitudes A, and posi-

tions (X, Yn):

ZAne (x=xn) 2+ (y—yn)?) /w? (120)

The accuracy of this approach diminishes with an increasing number of con-
stituent beams, so the beam spacings calculated using the Sparrow criterion are
used as a starting point for a feedback process that iteratively optimises beam spac-
ings and relative amplitudes based on the intensity variations measured across the

composite beam profile.

w
(=]
(@]

Pixel number
5 &
o o

Intensity (arb. units)
o o o
5o o

©
N
T

280 300 320 340 360 380 400
Pixel number

Figure 35: Intensity distribution measured using a CCD camera (top) for a flat-topped
beam comprising ten individual Gaussians of identical amplitude, with a line
profile (bottom, solid line). Superposition of the dash-dot Gaussians yields the
calculated target intensity distribution (dashed line).

Figure 35 shows the experimental realisation of a flat-topped intensity profile
comprising 10 deflected beam components. In this case, the Sparrow criterion sug-
gests a separation between adjacent beams of a = 0.527w, with w the beam waist.
After optimisation, the experimental error is 1.4% over the flat region of the inten-
sity profile and 2.3% over the full distribution. In this and subsequent figures, the
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corrugations visible on the compensation potential arise from dust specks on the
imaging camera rather than being features of the potential itself.

Using a sequence of equal-amplitude constituent beams, the composite potential
has a power-law dependence scaling approximately with the number of beams
used:

I(x) =) Aux" (121)

The beam shown in figure 35 is therefore associated with a potential proportional
to x'9. Whilst the example shown is for a single row of Gaussians, this principle
can be readily extended to constructing arbitrary-shaped two-dimensional poten-
tials by deflecting the beam in both x- and y-directions with separations calculated
as above (see the Experimental Techniques section in the appendix for discussion
of the dual-axis AOD). The only subtlety arising from additional rows of beams is
that if the frequency spacing is equal in both x- and y-directions, then beams lying
along diagonal lines have the same frequency and thus interfere. Such undesirable
interference is easily avoided by using different frequency spacings and elliptical
spots to maintain the Sparrow criterion; elliptical distributions occur anyway in
the focal plane of an optical system with a high numerical aperture and linearly
polarised light [176]. This extension is simple in comparison to a similar exten-
sion of the target output of a computer-generated hologram. With an IFTA used to
improve the range and versatility of accessible patterns, hologram calculation be-
comes more complicated for large continuous potentials due to the appearance of
optical vortices in the calculation process [177]. However, with an appropriate Spar-
row separation calculation, the superposition of deflected AOD spots is identical
in both directions. Furthermore, limited by a finite pixel array, spatial light modu-
lators find it difficult to realise a sharp edge to a flat-topped beam due to the high
Fourier-space frequencies required. A super-Lorentzian target array is therefore
often used, the order of which is a compromise between flatness and calculation
accuracy. The AOD composite beam approach, however, has an intensity falloff
limited only by the beam waist. For example, using a composite flat-top consisting
of 10 beams as in figure 35, the intensity falls from 95% of its maximum value to
5% over 1.6w, whereas an eighth-order super-Lorentzian as demonstrated in [178],
of identical width, has the same intensity falloff over 2.0w. The accuracy of exotic
patterns calculated using an IFTA can be improved by incorporating Helmholtz
propagation into the hologram calculation process [179]. However, this does not
as yet match the approximately 1% RMS error setting the current accuracy limit
on a flat-top generated by spatial light modulation [178], albeit generated using
a binary device that limits the complexity of possible target patterns. This SLM
accuracy limit is slightly higher than the accuracy obtained using the AOD com-
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posite beams above. However, this small difference in accuracy is compensated by
the edge definition and greater intensity distribution complexity possible with the
AQD as opposed to a binary SLM.

However, these flat-topped beams are unlikely to be used in isolation. Typically
harmonic, the external potential of a magnetic trap or additional dipole trapping
beam will dominate over higher-order power-law terms unless compensated. The
flexibility of the composite beam AOD approach allows such compensation to be
implemented straightforwardly, with a potential cancelling out the dominant low-
order terms of the power-law Taylor expansion created by manipulating the light
tield parameters.

A harmonic potential along the x-axis can be expressed as a Taylor series up to
the order we want to cancel:

N Vt(n)

Vi) = 32 Yot 00 (o o 41) (122)
n=0 :

Along the same axis the AOD-generated composite potential has the form:

N
Viaip(x) = Z ;i Vieam (X — 8i) (123)
n=1

where N is the number of beams used, a; the amplitude of each beam, s; the dis-
placement along the x-axis, and Vj,,,(x) the Gaussian function produced by each
constituent deflected beam. The optimal set of parameters a;,s; to cancel the exter-
nal potential are determined using an optimisation routine.

Figure 36 illustrates the use of 6 blue-detuned beams to cancel an O (2) term,
with matching performed using the Taylor expansion of the potentials. For this
example, the experimental error over the entire pattern is 1.8%.

Smoothing the nonuniform density distribution of an ultracold gas cloud trapped
in an optical box has been experimentally demonstrated using repulsive spots of
laser light positioned using an acousto-optic modulator at points along the axis of
the cloud [180]. This illustrates the viability of the compensation method in correct-
ing small-scale or rapidly-varying beam imperfections that can fragment the cloud.
However, the current approach and potential generated in figure 36 focusses pri-
marily on offering compensation for large-scale external or residual continuous
harmonic potentials perturbing the overall form of the trapping potential. As in
reference [180], these may be superimposed onto a dipole potential to smooth out
the residual confinement terms and provide a uniform intensity canvas, but the
combination of this compensation with continuous beam shaping also allows the
trapping laser beams to be directly modified.
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Figure 36: Intensity distribution measured using a CCD camera (top) and the correspond-
ing line profile (bottom, solid line) for a harmonic compensation potential, with
the target intensity distribution (dashed line) the sum of the dash-dot Gaussians.

D.2.2 Arbitrary continuous potentials

As indicated by the ability to modify the target to incorporate a compensation
term, this beam sculpting approach can be applied to generating arbitrary discrete
or continuous trapping potentials. The example illustrated in figure 37 extends
the flat-topped beam of figure 35 by the addition of a spatially separated single
Gaussian, to form a potential analogous to a single well connected to a reservoir
of variable size. This type of potential has been used for theoretical studies of
tunneling and decoherence [181] and our method is well-suited to realising this in
practice.

The flat-topped reservoir of figure 37 consists of 9 deflected beams, optimised
from the starting point of equal amplitude and a Sparrow separation of 0.616w.
The well depth is controlled by a low-amplitude Gaussian midway between the
reservoir and a spatially separated single well. The parameters defining the poten-
tial and the interplay between reservoir and single well are sufficiently flexible that
the intensity distribution can be easily and precisely modified, allowing dynamic
real-time manipulation of trapped atoms. The illustrated experimental realisation
has an error of 2.1% over the entire pattern region.

This example illustrates the utility of this method in generating both arbitrary,
non-symmetric continuous potentials, and single diffraction-limited points that
could be arranged in a discrete lattice structure. Although this method is most suit-
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Figure 37: Intensity distribution measured using a CCD camera (top) and corresponding
line profile (bottom, solid line) for an extension of the flat-topped beam creating
a broad reservoir connected to a single well, with applications to studying deco-
herence in quantum systems. The target intensity (dashed line) is the sum of the
dash-dot Gaussians.

able for shapes that can be expressed as sums of Gaussians, this is not a significant
limitation: numerous arbitrary intensity distributions can be generated with a high
level of accuracy. The reproduction accuracy of all patterns could be significantly

improved with further optimisation.

D.3 CONCLUSION

The power of the composite beam method lies in its simplicity. With rudimentary
optimisation based on feedback from the external system used to inform choice of
the applied field, large continuous potentials, or indeed discrete patterns, may be
reproduced without loss of accuracy resulting from interference or increased nu-
merical calculation complexity. Arbitrary patterns, particularly flat-topped beams,
can be produced with an error of around 2%, comparing favourably to results
demonstrated using SLM techniques, and without compromise on either versatility
or frame update rate. Systematic optimisation would further enhance this accuracy.
Although approached from the opposite direction, superposition of constant fre-
quencies is comparable to the rapid painting of a single beam presented in [172]
in terms of the access to arbitrary continuous potentials with high reproduction
accuracy; furthermore, the scalability of each of these methods could be enhanced

by their combination.
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Alongside other examples, the versatility of the approach has been utilised in
producing a blue-detuned compensation potential, which could be used either to
directly shape a target potential, or as a compensatory canvas on which to construct
additional potentials. This could significantly improve the relation of quantum sim-
ulation experiments to theoretical calculations, allowing phase transitions to be in-
vestigated with greater clarity. The compensation process could also be applied
in SLM-based experiments, although measures would have to be employed to re-
strict vortex formation in large continuous distributions. Whilst this investigation
focussed upon flat-topped and compensatory potentials, and a uniform continu-
ous potential for decoherence investigations, the precise shaping inherent in the
composite beam approach holds universal appeal in accurately shaping arbitrary

discrete and continuous trapping potentials for a wide range of processes.

D.4 EXPERIMENTAL TECHNIQUES

Beam shaping is performed using a dual-axis AOD (Isomet LSA110A-830XY). Aligned
to a central frequency of 45 MHz, angular deviations in either the x- or y-directions

are determined according to
_ AfA
=

JAY)

(124)

where u; ~ 610 ms~! is the measured speed of sound in the AOD TiO, crystal,
Af the frequency deviation and A the wavelength of light used: 780 nm in sec-
tion D.2.1 and 830 nm in section D.2.2. The resultant linear separation of spots cor-
responding to different diffraction angles is fixed by a lens placed at a focal length
from the AOD, serving to focus the spatially separated beam components onto a
CCD camera (Unibrain Fire-i 521b) as well as ensuring parallel propagation to this
point. For imaging purposes, this focussing lens was of focal length f = 40 cm
in section D.2.1 and f = 50 cm in section D.2.2, yielding diffraction-limited beam
sizes of 162 ym and 203 pm respectively. To apply this technique to dipole force
traps requires significantly smaller diffraction-limited beam sizes; for example, an
objective lens with a focal length of 4 cm and corresponding diffraction-limited
beam size of 1.6 nm would feasibly produce a trapping frequency of a few kHz.
This is well below the hundreds of kHz acoustic deflection frequency difference be-
tween constituent beams of the composite potential such that any beating between
neighbouring spots will have no influence on trapped atoms.

Relative amplitudes A, and image-plane positions (xXn, yn) of the multiple spots
comprising the sculpted beam are computationally determined by fitting a function
corresponding to equation 120, a sum of Guassian beams, to a target intensity array
with the Sparrow criterion providing a useful starting point for flat-topped beams.

A small amount of manual optimisation is performed on the experimental output,
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although the results are likely to benefit from an automated optimisation routine
as has been demonstrated in conjunction with an IFTA for holographic beam shap-
ing [182]. The frequencies corresponding to the necessary relative separations are
calculated, and then imposed upon the AOD using an arbitrary waveform synthe-
siser (AWS) (Hewlett Packard 8770A). Granting independent control of the relative
amplitudes a; of its constituent frequency components f;, the AWS output resem-

bles a multiplexed signal of the form:

N
four = Z“ifi (125)

i=1
With a maximum output of 1 dBm, the AWS signal is first amplified using a
1.6 W amplifier (Motorola CA2832C). The calculated frequencies are transmitted
to the AWS internal memory using a Labview GPIB interface; the frequency is
incorporated in the expression for the output signal via the input value n according

to the 125 MHz internal clock frequency:
n

= 12 H
f number of elements 5 MHz (126)

A series of spatially separated spots requires an output signal consisting of all
appropriate frequencies at the correct relative amplitudes to create the multiplexed
standing wave diffraction pattern in the AOD. The GPIB signal takes the form:

. 271n;
Sin = Eai sin( I 5
i

Where 4, is the amplitude associated with each frequency f;, with the total ampli-

(127)

tude less than 2048, and L the total packet length. The packet length is the number
of total number of points per period multiplied by the total number of periods in
each wave segment, and must be less than 5320. The number of points per period
is a compromise between being a multiple of 8 and a multiple of the time period
associated with the lowest beating frequency in the signal as a fraction of the inter-
nal clock period. This latter condition minimises flicker at the start of each wave
segment loop. The number of deflecting frequencies output through the AWS at a
single time can limit the complexity of the composite intensity profile. However, the
examples illustrated above demonstrate that even a restricted number of deflected

beams can be used to accurately reproduce a range of potentials.
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DESIGN OF A MILLIMETRE-SCALE MAGNETIC SURFACE
TRAP FOR COLD ATOMS

We study a novel millimetre-scale magnetic trap for ultracold atoms, in which the
current carrying conductors can be situated outside the vacuum region, a few mm
away from the atoms. This design generates a magnetic field gradient in excess of
1000 G/cm at a distance of 2mm from the conductors. We perform electromagnetic
and thermo-mechanical characterisation using Finite Element Methods (FEM). The
predicted behaviour has been verified by electrical and thermal measurements on a
prototype, but has not been implemented on an apparatus with cold atoms. Oper-
ating this trap at the highest gradient allows rapid evaporative cooling comparable
to that achieved by atom chips.

E.1 INTRODUCTION

The confinement of atoms by magnetic fields is widely used to hold clouds of atoms
in a region of high vacuum where they are well insulated from the environment.
This enables atoms to be cooled by evaporation, and if the density is sufficiently
high, quantum degeneracy can be achieved in dilute atomic vapour. Bose-Einstein
condensation was first observed using a Time-Orbiting Potential (TOP) trap based
on a quadrupole magnetic field with an additional rotating bias field [183], and
soon after in a loffe-Pritchard with static fields [184, 185]. There are numerous other
trapping configurations including a combination of magnetic fields and repulsive
dipole forces from a laser beam (plugged quadrupole) and dressed-atom adiabatic
potentials [185, 12], both of which can be used to form ring-shaped clouds as well
as simply connected geometries. Instead of classifying traps by their principle of
operation, they can be categorised by their method of construction.

The first generation of traps were wound with water-cooled copper wire, outside
the vacuum chamber in most cases, so that the current carrying conductors were
at least a few centimetres from the atoms — we call these cm-scale traps. Later, so-
called atom chips were developed using microfabricated wires on the surface of a
substrate inside the high vacuum only tens of micrometres away from the atoms
[186, 187, 188, 189, 190, 191, 192]. The advantage of having the atoms in close prox-
imity to the wires can readily be seen by differentiating the expression obtained
from the Biot-Savart law; the force on the atoms is proportional to the gradient of

the magnetic field which is B’ = (po/27) I/r* at a distance r from a wire carrying
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1R

X z

Figure 38: Current flows counterclockwise in the the inner ring and in the opposite sense
in the outer one. The inner, outer radii are 1 mm, 2mm, and 3 mm, 24 mm for
the inner and outer ring respectively. The plots on the right hand side show the
field from each ring (upper) and the total field of the configuration (lower). The
field is zero at a point about 2 mm from the surface of the conductors. The extent
of the 2mm thick conductor is shown in red block shading.

current I, e.g. a distance r = 10pm and I = 1 A gives B’ = 2 x 10° G/cm. In many
atom chips the conductors lie in the same plane; the use of a surface trap to give
a loffe field was described by Weinstein and Libbrecht [193] which resembles the
design presented here. However, shortcomings of atom chips include the restric-
tion of optical access when there is a surface close to the atoms. Also the region
of space over which the trapping field extends is relatively small and an auxiliary
trap is required to load atoms into the small capture volume. A key advantage of
the small scale traps is their much lower power dissipation, e.g., to reach gradi-
ents of 1000 G/cm a typical cm-scale trap will dissipate electrical power of several
kW which is somewhat cumbersome although readily manageable in a laboratory
environment with suitable electrical power supplies and cooling.

There has been some work with conductors of intermediate size, which we call
mm-scale traps, notably [194, 195, 196, 197], and we give details of a new trap of
this type in this paper. The design goals were to achieve the required magnetic
field gradient with current conductors outside the vacuum region, using only a
moderate electrical power of about 1kW. We assume that the atoms are 2mm
from the current carrying conductors, i.e. the vacuum windows are thin (< 1 mm).
Moreover the design allows for a 1 mm diameter hole through which a laser beam

can be directed along the symmetry axis of the trap, thus making it compatible
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(a) (b)

Figure 39: Design of the patterned planar conductor. (a) The trap comprises of four iden-
tical slices with electrical connections made at the large disks around the outer
circumference. The various cuts in the conducting slices force the current flow
to be clockwise on the outer ring and anticlockwise on the inner one as it flows
between the two electrical connections. The radii of the rings are the same as in
Fig. 38. (b) A schematic of the assembled trap mounted on a cooling block. The
block is divided into four electrically isolated pieces in order to avoid unwanted
eddy currents.

with optical lattice experiments. In such experiments the beams forming the lattice
typically have a waist size of 100 pm to 300 um to facilitate overlap and give a
long Rayleigh range. In this paper we report on the design and preliminary testing
of the thermal loading and field measurements, but not actual trapping of atoms.
However confinement of cold atoms is possible by various approaches using a
magnetic quadrupole field and a suitable ultra-high vacuum apparatus.

E.1.1 Principle of operation

Quadrupole traps are often formed by using two coaxial coils of equal dimensions
that are not on the same plane, with current flowing in opposite directions. In
contrast, this design generates a quadrupole field using two concentric rings of
different radius (lying on the same plane) [198] as illustrated in figure 38. The
coils are connected in series so that the current flowing through them is equal. We
calculate the magnetic field using the Biot-Savart law. Integrating the contributions
to the field over the radial and angular coordinates of a current carrying loop gives

the field along the symmetry axis as follows:

PA
r1p
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where P is the total power dissipated in the conductor, A is a numerical factor
which accounts for the non-uniform distribution of current in the conductor, p is
the resistivity of the conductor, r1 is the inner radius of the conductor, and

=5 (- prog s LEL IS e )

Lrvivorpr PTG
(129)
This unitless geometric factor depends on & = r,/r; which is the ratio of the outer
radius of the conductor r; to the inner radius r1, B = [/2r, which is the ratio of the
thickness of the conductor [ to the outer radius and y = (z + z1)/2r1, a rescaled
coordinate with zj, z, being the distance to the point where the magnetic field is
measured on axis from the close and the far surface of the conductor respectively
and ¢ = [87tB(a% — 1)] /2. In our configuration, the total field produced is simply
calculated as the sum of two rings with opposite currents and different sizes.

The non-uniform current density distribution in the actual trap leads to a reduc-
tion in the magnetic field as compared to the field produced by two ring conductors
with uniform current density. Fitting the data from the finite element analysis with
Eq. 128 we find A = 0.39. The atoms are trapped near the zero of the magnetic field
where the field contributions from the two rings with opposite currents cancel each
other. We simulated the behaviour of this current distribution using the software
package RADIA from the European Synchrotron Radiation Facility [199]. As can
be seen in figure 38, both rings give magnetic fields that have a maximum at the
centre but the field from the smaller ring falls off more rapidly with distance than
that of the larger ring. The position where the two fields cancel depends on the
geometry of the conductors and the current flow.

Cold atoms in a magnetic trap follow the field adiabatically so that the trapping
potential only depends on the magnitude of the field. Atoms are only trapped in
weak-field seeking states because a static magnetic field cannot have local maxima
in free space. Since such states are not the minimum energy states, atoms may be
ejected from the trap by inelastic collisions and can be lost from the trap through
Majorana transitions when they pass near a point where the field is zero [200]. One
way to plug the leakage of atoms through Majorana spin flips is by creating a TOP
trap [183]. This can be implemented by modulating the current of each quadrant
of this trap or by the addition of a rotating bias field generated using external coils.
The inductance of the trap is of the order of a few nH which means it cannot be
measured easily. The eddy currents are thus not expected to be significant and can
be further reduced by reducing the surface of the trap if necessary.
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Figure go0: Effect of varying the relevant dimensions of the trap on (a) the magnetic field
gradient and (b) the point where the magnetic field is zero measured from the
surface of the trap. The dimensions are referenced to the initial conditions that
were chosen to be the dimensions of the two concentric rings (see Fig. 38). The
lines are a guide to the eye.

E.2 DESIGN OF THE PATTERNED PLANAR CONDUCTOR

Based on the above considerations we designed a trap capable of producing high
magnetic field gradients while still mounted outside the vacuum apparatus. In
each of the four identical pieces shown in figure 39, current flows in through one
contact point (disk) and out through the adjacent disk. We designed the trap using
freely available finite element software included in the CAELinux distribution *.
Our optimised design generates a quadrupole magnetic field with a gradient in
excess of 1000 G/cm centred at a distance of 2mm from the top surface of the
conductors.

We used the approximation of two current-carrying rings (as in figure 38) to
determine the initial values for the dimensions of the trap. Although numerical
optimisation techniques can be used [201], simply varying the parameters rela-
tive to the initial values is adequate for observing the trends shown in figure jo.
The position where the field is zero increases with increasing radii. Decreasing the
thickness has the same effect albeit much more pronounced. The gradient increases
when decreasing any of the dimensions, with the thickness of the trap and the di-

mensions of the outer ring contributing the most. With these trends in mind we

The Computer Aided Engineering Linux distribution http://www.caelinux.com/CMS/ is based on
Ubuntu and includes a plethora of open-source software. The SALOME project http://www.salome-
platform.org/ aims to develop an open-source CAD-to-FEA link based on Open CASCADE. Elmer
http:/ /www.csc.fi/english/pages/elmer is an open-source multiphysical simulation software that
uses the Finite Element Method to solve the partial differential equations describing a physical sys-
tem.
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chose the three innermost radii to be as small as possible and scaled 5 to increase
the distance from the front surface of the conductor where the field is zero. We
also try to keep I as small as realistically possible. The dimensions of the final trap
are r{ = 1mm, rj; = 2mm, rll7 = 3mm, rlz’ = 24mm and [ = 2mm. These values
optimise the gradient for a given current at a fixed distance from the surface of the

conductors.

y (mm)
z (mm)

y (mm)

z (mm)
w
(®>

Figure 41: Contour plots of the magnetic field amplitude along the xy-plane for z=2.5mm
where the field is zero (first column) and yz-plane (second column). The top row
figures show the FEM output while the bottom ones the idealised results from
the Radia software. The effect of the non-uniform current density can be clearly
seen on the xy-plane. A grid of size éx = dy = 65um and 6z = 40 um was used
for the FEM simulations, leading to simulation times of a few hours.

The magnetic field of the optimised trap is shown in figure 41. The Finite Element
Method (FEM) shows the true distribution taking into account the steady-state
non-uniform current density within the conductors, including the effect of their
shape and temperature variations with position. For comparison we also plot the
idealised magnetic field distribution. It is interesting to note in figure 41 that there
is an apparent rotation of the field on the xy-plane. This is due to the profile of
the current distribution (figure 42a) which is dictated by the shape of the trap. The
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current density increases significantly at the conical entry point and this manifests
as an apparent rotation of the magnetic field.

The trap behaves like a surface trap albeit at a much larger scale. Its fourfold sym-
metry does not give rise to multipole orders of the field higher than the quadrupole.
The depth of the trap is determined by the difference in the amplitude of the field
between the zero point about 2mm above the conductor and the secondary maxi-
mum about 4 mm above where the field is 200 gauss (for 400 A). This corresponds
to a trap depth of 6.7 mK. This is over an order of magnitude higher than the tem-
peratures than can be achieved by laser cooling of atoms, e.g., the Doppler cooling
limit for atomic rubidium is 140 uK. Thus, loading of the trap is expected to be
straightforward by directly capturing the laser-cooled atoms without the use of an
additional compressing trap.

(@) (b)

Figure 42: (a) The current density distribution and (b) the temperature distribution are
closely related. The maxima of both (red regions) correspond to the narrow parts
of the conductors of cross section 2mm X 2mm. According to the FEM simula-
tions, the maximum temperature should not exceed 50 °C with the cooling block
at 12°C.

E.2.1 Construction of the trap

The trap is precision machined from a 2mm thick copper plate in four identical
slices using Wire Electrical Discharge Machining. Dielectric is placed between the
cuts to keep the slices isolated. The width of the cuts has been optimised to bal-
ance the conflicting demands of low local temperature and strong, uniform and
symmetric magnetic field. The conductors are fixed onto a cooling block which
also serves as a mechanical mounting. The current carrying cables are attached to
the trap symmetrically to minimise field distortions. Additional shim coils are used

to counter external bias fields.
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Figure 43: A comparison of the measured magnetic field amplitude (data points) against
the numerically calculated profile (line). All data are normalised to the maxi-
mum magnetic field at the centre of the trap. The active area of the Hall sensor
is taken to be at 1.5 mm from its surface. For this reason no data were taken at
distances smaller than 1.5mm. The height is measured from the centre of the
trap. The agreement of the experimental data with the the theory is excellent.
Uncertainties arise mainly from the probe resolution and are roughly propor-
tional to the magnitude of the field.

The trap can be cooled very efficiently using a cooling block with chilled wa-
ter running through it attached on one side of the trap. The cooling block is sur-
rounded by an insulating material which serves as a mounting point for the trap.
The trap is securely attached to it using countersunk screws (not shown) and some
epoxy resin (Araldite 2011) at points where thermal conductance is not critical.
The cooling block is modelled in FEM as a block of copper with water flowing
through it at a pressure of 4bar and temperature of 12 °C. There is a large thermal
conductance because of the large surface area, leading to efficient cooling. FEM
simulations show that the trap stays at less than 50 °C with 400 A running through
it. More importantly, cooling should be uniform across the volume of the trap al-
though some warmer spots are generated where the current density is high, i.e.
where the aspect ratio is close to unity. Nevertheless, these are symmetric and
therefore do not distort the field. A significant advantage over using two separate
coils is that any fluctuations coming from non-laminar water flow or uneven heat
extraction are common mode, which increases the trap stability. Numerical simula-
tions of the magnetic field show that distortions of the field due to corrugations on
the surface of the trap are negligible. The natural length scale of the trap is a few
millimetres, much larger than features arising from surface roughness.
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Figure 44: Measurement of the temperature of the water-cooled trap for various values of
the applied current. The temperature is measured at the hottest point of the trap
(see Fig. 42b). In the first cycle the temperature is left to stabilise for the shown
current values. The second cycle represents a more realistic operation of the trap
where the maximum current is applied instantly. The dashed lines correspond
to the time the current changes value. The temperature falls off exponentially
after switch-off with a characteristic time of 18s.

E.3 MEASUREMENTS

The magnetic field was measured using a Hall sensor (634ss2 from Honeywell in
a 4-pin Dual In-Line (DIP) package). This sensor was chosen due to its sensitivity
and small size. Although the height of the DIP package is about 2.2 mm we were
able to measure sub-millimetre field changes with it since the active area of the
sensor is much smaller and located at about 1.5 mm from its surface.

The measurement of the magnetic field was using with a phase sensitive detec-
tion scheme with a current of 1.8 A switched at 20 Hz. The output of the Hall probe
was amplified by an active low pass filter with T = 1ms. After accounting for the
tolerances of the passive elements and the losses of the phase analyser, the sensitiv-
ity of the measurement was found to be (8 4-2) x 10°mV/T. As shown in figure 43
the measured values agree extremely well with the expected ones.

We measured the temperature distribution using a standard type K temperature
probe. Since the thinnest parts of the trap present the highest resistance they tend
to get hotter (as can be seen in figure 42b). The trap is water-cooled directly using
water at 14°C and 10L/min flow. The trap was connected to the high current
leads using 7 cm long copper flats to ensure a good electrical connection and also
distance it from the current leads since it was found that heat from the leads was

increasing the steady state temperature of the trap. First, we increased the current
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in steps of 75 A up to a maximum of 350 A and let the temperature stabilise at each
step. After switching the current off and waiting for the temperature to stabilise
again the maximum current was run through the trap and the cycle repeated. One
period of this cycle can be seen in figure 44. The maximum temperature of about
48 °C was reached at a lower current than expected from the numerical simulations,
350 A cf. 400 A. This is mainly due to the thermal conductance being smaller than
in the FEM simulations where it was assumed to be effectively perfect. Therefore,
a system where water in direct contact with the surface of the copper conductors
was used to cool the trap and achieve design specifications. We note that this is the
maximum steady state temperature that is attained after about 10 min of operation
of the trap at maximum current. In practice we expect the trap to be operated only
for a few ten seconds per experimental run so its maximum working temperature

will be even lower.

E.4 CONCLUSION

We have demonstrated a new concept for a mm-scale surface trap that incorporates
good aspects of the two main trap categories, micro- and macroscopic. It can be
situated outside the vacuum region since the trap centre is at 2 mm from its surface
and its power consumption is modest (~1kW). Although there is scope for further
improvements of this design in future iterations, it is already capable of produc-
ing very high gradients (> 1000 G/cm) and can be water-cooled very efficiently
because of its small size and large surface area. Cold atoms applications where
compactness is important could greatly benefit from this approach.

The authors would like to thank Graham Quelch for technical support. We ac-
knowledge support from the Bodossaki foundation (DT), St. Peter’s College and
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