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Abstract

We compare trade liberalization under Cournot and Bertrand competition in recip-

rocal markets. In both cases, the critical level of trade costs below which the possibility

of trade affects the domestic firm’s behavior is the same; trade liberalization increases

trade volume monotonically; and welfare follows a U-shaped pattern. However, welfare

is usually greater under Bertrand than Cournot competition, despite the fact that for

higher trade costs the volume of trade is greater under Cournot competition. In gen-

eral, there exists a “Nimzowitsch Region” in parameter space, where welfare is higher

under Bertrand competition even though no actual trade takes place.
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1 Introduction

The sign and magnitude of the gains from trade and from trade liberalization continue to be

among the central issues in international trade. Recent work has thrown new light on the

quantitative extent of these gains under perfect competition and monopolistic competition

with heterogeneous firms.1 However, far less is known about the effects of trade liberalization

in oligopolistic markets, despite growing evidence that trade is dominated by large firms.2 In

this paper we compare trade liberalization under Cournot and Bertrand oligopoly in a unified

framework that allows for product differentiation. There is a widely held perception that the

results of oligopoly trade models are highly sensitive to the mode of competition. On the

contrary, we show that many of the predictions are in fact qualitatively robust to whether

firms compete on quantity or price. At the same time, there are important quantitative

differences between the two models, reflecting the fact that firms compete more aggressively

in the Bertrand than in the Cournot case.

To focus attention on the nature of competition, we consider a symmetric two-country

world in which a single domestic firm faces competition in both home and foreign markets

from a single foreign firm. We show that a number of the effects of trade liberalization are

common irrespective of the mode of competition. In particular, trade liberalization increases

trade volume monotonically; welfare as a function of trade costs follows a U-shaped pattern;

and the critical level of trade costs below which the possibility of trade affects the domestic

firm’s behavior is the same under Cournot and Bertrand competition, and is increasing in

the degree of product differentiation. On the other hand, there are important quantitative

differences between the two cases. For any trade cost below the critical level, welfare is usually

higher under Bertrand than under Cournot competition. This is because the pro-competitive

effects of trade are always stronger under Bertrand competition. This is true even though

there is a region of trade costs in which there is no actual trade under Bertrand competition

1See, for example, Arkolakis, Costinot, and Rodŕıguez-Clare (2012), Melitz and Redding (2015), and
Arkolakis, Costinot, Donaldson, and Rodŕıguez-Clare (2012).

2See, for example, Mayer and Ottaviano (2008) and Freund and Pierola (2015).



while the volume of trade is positive under Cournot. The mere threat of trade under price

competition is sufficient to discipline the home firm and is more effective in reducing prices

and raising welfare than actual trade is under Cournot competition. This range of trade

costs is larger the more substitutable are the goods. We call the region of parameter space

in which this outcome holds the “Nimzowitsch Region,” after the remark attributed to chess

grandmaster Aron Nimzowitsch, “the threat is stronger than the execution.”3 When trade

costs are sufficiently low, the volume of trade is always higher under Bertrand competition,

and the level of welfare is usually higher too. There is also an intermediate region in which

there are positive but lower imports under Bertrand. However, in almost all cases, the pro-

competitive effects are stronger under price competition and welfare is higher as a result.

We first use linear demands to obtain explicit solutions. We then extend the analysis to

consider more general functional forms and show that many of the results are qualitatively

robust.

Our results build on and extend a large literature on the welfare effects of trade lib-

eralization under oligopoly. (For an overview, see Leahy and Neary (2011).) The topic

was first studied by Brander (1981) and Brander and Krugman (1983) using a model of

two-way trade in segmented markets. In this reciprocal-markets setting, they demonstrated

that, under Cournot competition, intra-industry trade can occur in equilibrium even when

goods are identical. Bernhofen (1999) introduced product differentiation into Cournot and

Bertrand oligopoly models of intra-industry trade, focusing on the effects of trade on profits

and consumer surplus. The effects of trade liberalization under Bertrand competition in a

reciprocal markets setting were first derived by Clarke and Collie (2003). For related work,

see Brander and Spencer (2015) and Collie and Le (2015). All of these papers considered the

effects of trade costs, while the effects of quotas were explored by Harris (1985) and Krishna

(1989). As we shall see, the effects of quotas serve as a useful contrast with the effects of

trade liberalization under Bertrand competition.

3See http://en.wikipedia.org/wiki/Aron Nimzowitsch.
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Section 2 introduces the linear model and illustrates the effects of trade liberalization

on outputs, trade volumes, profits and welfare under Cournot and Bertrand competition

when trade costs are sufficiently low that imports occur in equilibrium. Section 3 turns to

consider the case where imports do not occur in equilibrium when firms compete on price,

but nevertheless the threat of foreign entry serves to discipline the home firm. It shows how

this outcome depends on the underlying parameters, and relates the findings to some classic

results in game theory. Section 4 shows that the main results continue to hold with general

demands.

2 Cournot versus Bertrand Competition

2.1 The Setting

We use a common specification of preferences and technology to obtain explicit solutions

and to allow us to compare the results under Cournot and Bertrand competition. On the

demand side we assume a representative consumer in the home country with quasi-linear

utility:

U = z0 + u(x, y) (1)

where the home market sales of the home and foreign oligopolistic firms are denoted x and

y respectively. Here z0 is the consumption of the outside good which we assume is produced

under perfect competition. This is a composite commodity defined over all the other goods

in the economy. Thus the sub-utility function u(x, y), represents the domestic utility from

consumption of the oligopolistic goods. We assume that preferences for the oligopolistic

goods are quadratic; in Section 4 we show that the qualitative results continue to hold for

more general specifications. The sub-utility function is represented by:

u(x, y) = a(x+ y)− 1

2
b(x2 + 2exy + y2). (2)
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where e is an inverse measure of the degree of product differentiation, ranging from the case

of perfect substitutes (e = 1) to that of independent demands (e = 0). We can write the

identity between national expenditure and national income:

z0 + px+ p∗y = I + Π (3)

where p and p∗ are the home market prices of the goods produced by home and foreign

oligopolistic firms respectively, I is factor income, and Π is the total profits of the home firm

in both markets. We can make use of this in the quasi-linear utility function to write home

welfare as:

W = U = χ+ Π + I (4)

where χ = u(x, y)− px− p∗y is home consumer surplus. As is standard in these models we

assume the the non-numéraire sector is small in factor markets and so treat I as constant.

Maximization of (1) subject to the budget constraint yields linear inverse demand func-

tions:

p = a− b(x+ ey) (5)

p∗ = a− b(y + ex) (6)

The parameter b > 0 can be interpreted as an inverse measure of market size. We assume

that b is independent of e, which is the standard Bowley specification of linear demands.4

On the cost side, we assume that marginal costs are constant and we ignore fixed costs.

Hence the home and foreign firms’ operating profits in the home market are:

π = (p− c)x (7)

4See, for example, Vives (1985). This specification has been criticized on the grounds that the market
size increases as products become differentiated. This feature is avoided by the alternative Shubik-Levitan
specification, used by Collie and Le (2015), which sets b = β

1+e where β > 0.
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and

π∗ = (p∗ − c− t)y (8)

where c are the marginal production costs of the home and foreign firms, assumed to be

constant, and t is the per-unit trade cost.

We will first examine the effects of symmetric multilateral trade liberalization under

quantity competition and then compare that with what happens under price competition.

We confine attention to the symmetric case, where the home and foreign firms face symmetric

demands, the same production cost functions, and the same trade cost. Because of symmetry,

equilibrium foreign market sales of the home and foreign firms are also equal to the home

market sales y and x respectively. As the countries are mirror images of each other we need

only consider the effect of a transport cost reduction on equilibrium in the home market.

2.2 Quantity Competition

Using the linear inverse demand functions (5) and (6), the firms’ first-order conditions for

output are bx = p− c and by = p∗ − c− t. These can then be solved for the Cournot-Nash

equilibrium outputs:

x =
1

b(2 + e)

[
A+

e

2− e
t

]
(9)

y =
1

b(2 + e)

[
A− 2

2− e
t

]
(10)

where A ≡ a− c is the difference between the maximum price consumers are willing to pay

and the marginal cost of production, so can be interpreted as a measure of the competitive-

ness of each firm. At free trade (t = 0), imports y equal the home firm’s sales x. There

is two-way trade in the oligopolistic sector since, from the symmetry of the model, foreign

market sales of the home and foreign firms are also equal to y and x respectively. As first

shown by Brander (1981), this is true even when products are identical (e = 1), the case of

cross-hauling or two-way trade in identical products. As goods become more differentiated,
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e falls below one and the volume of trade rises further. As trade costs increase, two-way

trade persists, though at a diminishing level: home sales rise and imports fall, reaching zero

at the prohibitive level of trade costs t̂C , which from (10) equals:

t̂C =
2− e

2
A (11)

We are mainly concerned with the effect of trade liberalization on welfare, but an impor-

tant preliminary step, which is also of independent interest, is its implications for profits.

Focusing on the home firm, its total profits equal the sum of its profits on home sales and

on exports. The first are given by (7) while the second equal the foreign firm’s profits in

the home market (8): because of the symmetry of the model, home exports x∗ equal home

imports y, so the home firm’s profits on its exports are π∗ = (p∗ − c− t)x∗ = (p∗ − c− t)y.

Substituting in turn from the first-order conditions, these are proportional to home and

export sales respectively: π = bx2 and π∗ = b(x∗)2. Differentiating these and using the

derivatives of (9) and (10), the effect of a multilateral change in trade costs on total profits

can be shown to equal:

d (π + π∗)

dt
= 2bx

dx

dt
+ 2bx∗

dx∗

dt
=

2(ex− 2x∗)

4− e2

 < 0 when t = 0 (so x = x∗)

> 0 when t = t̂C (so x∗ = 0)
(12)

Profits are decreasing in trade costs at free trade, but increasing in them in the neighborhood

of autarky. It follows that profits must be a U-shaped function of trade costs. The intuition

for this is straightforward. First, starting from free trade, exports are harmed more by an

increase in the firm’s own costs than home sales are helped by an equal rise in its rival’s

costs; hence total sales and profits fall for a small increase in t at free trade. Second, starting

from autarky, exports are initially zero, so a small fall in trade costs has a negligible effect

on profits in the export market. By contrast, home sales are initially at the monopoly level,

so a small fall in the foreign firm’s trade costs has a first-order effect on home-market profits.
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Hence, overall profits fall for a small reduction in t at autarky.

It is clear that trade is locally bad for profits, in the neighborhood of autarky. Must it

be globally bad? More precisely, are profits lower in free trade than in autarky? Anderson,

Donsimoni, and Gabszewicz (1989) showed that this must be true when goods are perfect

substitutes. However, this need not be true for values of the substitution parameter below

unity. Equation (12) suggests that the losses from increased foreign competition in the home

market (reducing home sales as t falls) are lower as e falls and goods are less substitutable;

moreover, the gains from increased export opportunities (increasing x∗ as t falls) are higher.

The net effect is that total profits can be higher than in autarky for sufficiently low tariffs

and sufficiently low values of the substitutability parameter e. To see this, solve for the trade

cost at which profits with trade equal profits in autarky:

tΠA =
4− 4e− e2

4 + e2

2− e
2

A =
4− 4e− e2

4 + e2
t̂C (13)

where t̂C is the prohibitive trade cost from (11). In the case of e = 1 considered by Anderson,

Donsimoni, and Gabszewicz (1989), tΠA is negative, equal to −0.1A; i.e., when goods are

identical, profits are always lower with trade (whether free or not) than in autarky. However,

for any value of e less than 2(
√

2− 1) (approximately 0.828), profits are higher in free trade

than in autarky. Moreover, as e falls, the range of values of t at which profits are higher than

in free trade expands rapidly. This is shown in Figure 1, which illustrates in {t, e} space the

loci corresponding to autarky, t̂C , the minimum value of profits, tΠmin, and the same level

of profits as in autarky, tΠA.5

Combining the results so far on changes in prices and profits, we can consider the full

effect of changes in trade costs on welfare. Consider in turn the components of welfare in (4).

Consumer surplus must rise monotonically as trade costs fall. This is because a reduction in

5As we have already seen, Cournot profits are always U-shaped. The level of trade costs at which profits

are minimized is: tΠmin = (2−e)2
4+e2 A, which is always strictly positive. This value is exactly the average of the

prohibitive trade cost t̂C and the trade cost at which profits return to their autarky level, tΠA.
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Figure 1: Loci of t and e that yield Autarky, Minimum Profits, and Autarky Profits

trade costs lowers the prices of both goods to home consumers. To this must be added the

U-shaped relationship between profits and trade costs already derived. In the neighborhood

of free trade, welfare is clearly falling in trade costs. All that is left is to consider the sum

of consumer surplus and profits for a small fall in t starting in autarky (where t = tC).

Consumer surplus rises because the price falls, but profits on home sales fall both because

the price falls and because sales are reduced. The price effects cancel, so the total fall in

profits outweighs the rise in consumer surplus. Thus home welfare (the sum of profits and

consumer surplus) is also a U-shaped function of t, reaching its maximum at free trade but

its minimum below the prohibitive level of trade costs. The combinations of values of t and

e at which welfare is minimized and returns to its autarky level are shown in Figure 2.

2.3 Price Competition

How do the effects of trade liberalization on trade and welfare differ if firms compete in

price rather than quantity? To compare Bertrand and Cournot competition we use the same

demand and cost functions. However, to solve for the Bertrand equilibrium in this case, we
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Figure 2: Loci of t and e that yield Autarky, Minimum Welfare, and Autarky Welfare

need to use the direct demand functions, which can be obtained by inverting the system in

(5) and (6) to get:

x =
1

b (1− e2)
[(1− e)a− (p− ep∗)] (14)

and

y =
1

b (1− e2)
[(1− e)a− (p∗ − ep)] (15)

For the moment consider only interior equilibria in which both firms export positive quan-

tities. We will return to corner solutions later. The first-order conditions for the optimal

choice of prices are p− c = b(1− e2)x for the home firm and p∗ − c− t = b(1− e2)y for the

foreign firm. These can be solved for the Bertrand-Nash equilibrium prices which in turn can

be combined with the direct demand functions to obtain the equilibrium quantities under

Bertrand competition:

x =
1

b(1 + e)(2− e)

[
A+

e

(1− e)(2 + e)
t

]
(16)
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y =
1

b(1 + e)(2− e)

[
A− 2− e2

(1− e)(2 + e)
t

]
(17)

As in the Cournot case, imports equal the home firm’s sales at free trade and are decreasing

in trade costs, falling to zero when trade costs reach the threshold level which sets (17) equal

to zero. This threshold is given by:

t̂B =
(1− e)(2 + e)

2− e2
A (18)

Comparing this to the corresponding threshold under quantity competition it is straight-

forward to show that: t̂B < t̂C . Profits and welfare also behave quite similarly to quantity

competition for trade costs between zero and the prohibitive trade cost level t̂B. Using the

first-order conditions for prices, maximized profits are equal to b(1− e2)x2 and b(1− e2)y2.

Total profits for the home firm are then equal to the sum of these, and their behavior as

trade costs change can be shown to equal:

d (π + π∗)

dt
= 2b(1−e2)

[
x
dx

dt
+ x∗

dx∗

dt

]
=
ex− (2− e2)x∗

2− e2

 < 0 when t = 0 (so x = x∗)

> 0 when t = t̂B (so x∗ = 0)

(19)

Profits are decreasing in trade costs at free trade, but increasing in them in the neighborhood

of the threshold trade cost t̂B. Hence, as in the Cournot case, it follows that profits must

be a U-shaped function of trade costs. Once again, consumer surplus falls monotonically in

trade costs and, as in the Cournot case, welfare is a U-shaped function of trade costs.

2.4 Trade Liberalization and the Mode of Competition

Figure 3 summarizes the results so far. (Without loss of generality we normalize autarky

welfare to zero.) These results have been shown in different ways by Brander (1981), Clarke

and Collie (2003), and others. Their broad outlines are familiar from Vives (1985): price

competition is more competitive than quantity competition, leading to lower prices and
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higher outputs. In a trade context this implies in turn that price competition also leads to

higher welfare.
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Figure 3: Effects of Trade Liberalization in Cournot and Bertrand Competition

However, we have not yet considered what happens under price competition for trade

costs in the range between t̂B and t̂C . To understand this case we have to give more careful

attention to the nature of the game between firms.

3 The Nimzowitsch Region

3.1 Price Competition in the Neighborhood of Autarky

Even when trade costs are too high for exports to take place, they may not be too high to

prevent the threat of exports from affecting the domestic firm’s behavior. Substituting t̂B

into (16) shows that the home firm’s output is x = A
b(2−e2)

at this threshold level of trade

costs, which is above the unconstrained monopoly output level, xM = A
2b

. The home firm

does not have an incentive to lower its output and raise its price, since its rival would then

make positive sales and this would lower the home firm’s domestic profits. However, if trade

costs are high enough the firm can behave as an unconstrained monopolist. As we will see,

this requires that t reaches t̂C , the prohibitive threshold under quantity competition. Hence

the critical level of trade costs below which the possibility of trade affects the domestic

firms’ behavior is the same under Cournot and Bertrand competition. At levels of trade
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costs t̂B ≤ t ≤ t̂C , the home firm chooses a price at which the foreign firm is just unable to

produce. In this region the home firm’s output is:6

x =
A− t
be

(20)

which clearly falls in t.

To demonstrate these results, we need to consider how the firms’ best-response functions

behave in the neighborhood of autarky. Consider first the foreign firm. In an interior

Bertrand equilibrium (where imports are strictly positive) of the kind already considered in

the last sub-section, the foreign firm’s best-response function is:

p∗ = B∗(p; t) = argmax
p∗

π∗(p∗, p ; t) =
1

2
[(1− e)a+ c+ t+ ep] (21)

However, if the home firm’s price falls to a level where the zero-import constraint binds, then

the foreign firm’s best response is to charge a price equal to its marginal cost of serving the

market, c+ t. The zero-import constraint is y(p∗, p) ≥ 0, which defines the maximum foreign

price consistent with positive imports as a function of the home price. From (15), this is:

p∗ = p̃∗(p) = (1− e)a+ ep (22)

Combining these two regimes, the foreign firm’s best-response function is:

p∗ = B̃∗(p, t) =

 c+ t when p̃∗(p) ≤ B∗(p; t)

B∗(p; t) when p̃∗(p) ≥ B∗(p; t)
(23)

This locus is kinked where it intersects the zero-import locus, and is shown by the bold locus

in Figure 4 (a).

6To see this, find the level of p that sets y = 0 for any given p∗. From (15) this is: p = p∗−(1−e)a
e . In this

region, (t̂B ≤ t ≤ t̂C) where the foreign firm is just kept out of the market: p∗ = c + t. Combine these and
make use of p = a− bx to obtain (20).
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Figure 4: Strategic Interactions in the Nimzowitsch Region

In the same way, we can examine the best responses of the home firm. In this case there

are three distinct regimes. First, for low import prices, the home firm’s best response is also

to charge a low price along its unconstrained best-response function B(p∗), which is:

p = B(p∗) = argmax
p

π(p, p∗) =
1

2
[(1− e)a+ c+ ep∗] (24)

This case corresponds to tariffs below the threshold t̂B as defined in equation (18). By

contrast, for very high import prices, the home firm is an unconstrained monopolist, and so

it charges the monopoly price shown by pM . This price is the solution to the zero-import

constraint (22) when the foreign firm charges a price just sufficient to choke off import

demand: i.e., a price equal to its marginal cost of production plus the prohibitive tariff t̂C

from (11).7 Finally, for intermediate import prices, the home firm’s best-response is to set its

own price at the level such that the zero-import constraint just binds: from its perspective

it operates on the inverse of (22), which we denote p̃(p∗). Combining these three regimes,

the home firm’s best-response function is:

p = B̃(p∗) =


B(p∗) when p̃(p∗) ≤ B(p∗)

p̃(p∗) when B(p∗) ≤ p̃(p∗) ≤ pM

pM when pM ≤ p̃(p∗)

(25)

7Combining (22) and (11) and p̂∗ = c+ t̂C gives the monopoly price pM = 1
2 (a+ c).
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This function has two kinks, as shown by the bold locus in Figure 4 (b).

t

e

N

M

CB

Figure 5: Regions of Trade

B: yB > yC ; C: yC > yB > 0; N: The Nimzowitsch Region; M: Monopoly

Finally, we can bring together the responses of the two firms to show the full equilibrium,

as in Figure 4 (c). Notice first that the home firm’s best-response function (25) is not affected

by the actual level of the tariff t. A change in the tariff shifts the foreign firm’s best-response

function only, so the equilibrium moves along the home firm’s function. There are therefore

three possible regions, depending on where the intersection point occurs. In the case shown,

the tariff lies between t̂B and t̂C , and so the foreign firm’s best-response function intersects

the home’s along the zero-imports locus. This outcome therefore lies in the Nimzowitsch

Region: the home firm’s behavior is affected by the threat of imports, even though no actual

imports take place. Figure 5 summarizes the results to date and shows how the size of the

Nimzowitsch Region varies with the degree of substitutability e: it is largest when goods are

close substitutes and declines as they become more differentiated.

15



3.2 Maximum versus Minimum Import Constraints

It is instructive to compare this outcome with the case studied by Krishna (1989), where

the foreign firm faces a quantitative trade barrier, such as a quota or a voluntary export

constraint. There the constraint takes the form of a maximum level of imports, whereas in

our case the constraint is a minimum one: imports cannot fall below zero. This difference

affects the nature of the game in important ways.8 In particular, it determines whether the

home firm’s best-response function is continuous or not.

c+tB
c+t

c+tC

pM p

y=0
p

p*



y>0
M B

y=0

Figure 6: Price Competition: The Home Firm’s Perspective

To see why this is so, note that in both cases the home firm is choosing between two

options, whose implications for profits can be represented by two concave functions, as shown

8A further complication when a maximum import constraint binds is that, since consumers wish to
purchase more than the permitted level of imports, some rationing mechanism must be adopted to allocate
it. Different rationing mechanisms have different implications for the equilibrium outcome. This problem
does not arise in our context, since consumers are always able to purchase the level of imports they desire
at the prevailing prices.

16



in Figure 6. One, denoted by πM , is the profits it would obtain as a monopolist, which is

relevant only when the constraint that imports cannot be negative is binding. The other,

denoted by πB, is the profits it would obtain in a Bertrand equilibrium where both firms

have positive sales; this is relevant only when the constraint on the value of imports is

non-binding.

In our case with a minimum import constraint, the home firm’s profit function is the

lower envelope of these two concave functions, indicated by the solid line in the lower panel

of Figure 6. Such a lower envelope is itself concave. In addition, an unconstrained monopoly

(the case of zero imports) always yields higher profits than a Bertrand duopoly equilibrium.

Hence, the home firm’s best-response function is continuous, and there is a unique equilibrium

in pure strategies. As the tariff changes, the monopoly profit function is unaffected, but the

function representing profits in an unconstrained Bertrand equilibrium shifts.

By contrast, in the case of a maximum import constraint considered by Krishna, the

home firm’s profit function is the upper rather than the lower envelope of the two concave

functions. As a result, the profit function of the home firm is non-concave. In addition,

for a particular foreign price (which as Krishna shows is profit-maximizing for the foreign

firm), the two functions yield the same profit levels for the home firm. Hence its best-

response function is discontinuous and the game has no equilibrium in pure strategies. As

the permitted level of imports changes, the constrained monopoly profit function shifts, but

the function representing profits in an unconstrained Bertrand equilibrium is unaffected.

The difference between the two cases can also be related to two classic outcomes in

game theory. The case of import quotas considered by Krishna is analogous to Edgeworth’s

demonstration that an equilibrium in pure strategies does not exist in a Bertrand game with

capacity constraints. By contrast, the Nimzowitsch Region is analogous to the outcome in

a Bertrand game with identical products, where the more efficient firm captures the entire

market by charging a price equal to the marginal cost of the second most efficient firm. This

is exactly what happens in the case of e = 1: any non-zero trade cost is prohibitive, with
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only the home firm selling to consumers at a price equal to the foreign firm’s marginal cost of

serving the home market: its marginal production cost plus the trade cost. The novel feature

of the current model is that a similar outcome arises even when products are differentiated.

3.3 Welfare in the Nimzowitsch Region

Finally, consider the level of welfare in this region of potential though not actual competition

from imports. Welfare in the absence of trade is consumer surplus plus home profits. This

can be written as W = Ax− 1
2
bx. Totally differentiate this to get:

dW = (A− bx)dx. (26)

When (20) is combined with (26), it is clear that welfare is falling in trade costs in the region

tB ≤ t ≤ tC . Hence under price competition, unlike under quantity competition, trade

liberalization starting from autarky initially raises welfare: the home firm is disciplined by the

threat of trade, without any trade taking place. Home welfare under Bertrand competition

is shown by the curve labeled WB in Figure 3. This figure thus allows us to compare

trade liberalization under Cournot and Bertrand competition. (The figure is drawn for an

intermediate value of the substitution parameter, e = 0.8, in this case.) For t < tC welfare

is higher under Bertrand than under Cournot competition.

4 General Demands

Consider now the case of general inverse demands: p(x, y) for the home good and p∗(y, x)

for the foreign. We assume that the demand functions are twice differentiable and strictly

decreasing in own price, px < 0 and p∗y < 0. We also assume that they are symmetric, in the

sense that their levels and first and second derivatives are equal when evaluated at the same
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point:

p(x0, y0) = p∗(y1, x1)

pi(x0, y0) = p∗j(y1, x1), i, j = x, y, i 6= j

pij(x0, y0) = p∗ji(y1, x1), i, j = x, y

 when: x0 = y1 and y0 = x1 (27)

Let e(x, y) = py/px and e∗(x, y) = p∗x/p
∗
y be inverse measures of product differentiation

for the home and foreign demand functions respectively. Assume that the inverse demand

system can be inverted to get the direct demands:

x = x(p, p∗) and y = y(p∗, p) (28)

For this inversion to be possible, we require that own-price effects in demand dominate

cross-price effects, in the sense that ee∗ < 1.9

The home firm’s profit function can be written as a function of either quantities or

prices: π(x, y) = [p(x, y)− c]x or π(p, p∗) = (p− c)x(p, p∗). It will be convenient to assume

two additional mild restrictions on the first of these profit functions, which in turn places

restrictions on the inverse demand function the firm faces:

Assumption 1. πxx = px + xpxx < 0 holds everywhere.

Assumption 2. πxx + πxy = 2px + py + x(pxx + pxy) < 0 holds in a symmetric equilibrium

(where x = y).

Assumption 1 ensures that the home firm’s marginal revenue is always downward-sloping,

and (since px < 0) it implies that the demand function can be convex but not too much so.

As for Assumption 2, it implies that home marginal revenue falls following an equal increase

in the outputs of both goods, so goods can be complements in demand (pxy > 0) but not too

much so. This is weaker than assuming strategic substitutes, which implies that πxy < 0.

9Inverting the inverse demand functions to yield well-behaved direct demand functions requires that
pxp

∗
y − p∗xpy > 0, which from the definitions of e and e∗ implies that (1− ee∗)pxp

∗
y > 0.
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Turning to the production side, we continue to assume identical constant marginal pro-

duction costs c and per-unit trade costs t. Hence, under monopoly, the home firm has

first-order condition:

πx = p(xM , 0) + xMpx(xM , 0)− c = 0 (29)

where xM is the monopoly output, and we write pM = p(xM , 0) for the monopoly price.

Under Cournot oligopoly the home firm has first-order condition:

πx = p(x, y) + xpx(x, y)− c = 0 (30)

while that for the foreign firm is:

π∗
y = p∗(y, x) + yp∗y(y, x)− c− t = 0 (31)

Under Bertrand oligopoly, the home firm has first-order condition:

πp = (p− c)xp(p, p∗) + x = 0 (32)

with a similar expression for the foreign firm. To facilitate comparison with the corresponding

Cournot first-order condition (30), it is very helpful to rewrite this as an output first-order

condition. To do this, we can use footnote 9 to write xp =
p∗y

pxp∗y−pyp∗x
= 1

px
1

1−ee∗
. Substituting

into (32) yields the home firm’s quantity first-order condition under Bertrand competition:10

p(x, y) + xpx (1− ee∗)− c = 0 (33)

10The same outcome would be obtained if we assumed that the home firm has “Bertrand conjectural
variations”: i.e., it conjectures that, if it increases its output, the foreign firm’s output will change so as
to exactly offset the home firm’s impact on the foreign price. In effect, the home firm conjectures that its
own quantity affects its own price as follows: [dp/dx]p∗ = px + py[dy/dx]p∗ = px − py(p∗x/p

∗
y). Conjectural

variations are a very unsatisfactory way of modeling strategic interaction in general, but as here they can
provide a useful way of comparing Cournot and Bertrand behavior on a common basis. See, for example,
Dixit (1986).
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Similar derivations for the foreign firm yield:

p∗(y, x) + yp∗y (1− ee∗)− c− t = 0 (34)

Armed with these first-order conditions in comparable form, we can now turn to consider

their implications for the robustness of the results derived in previous sections for linear

demands.

4.1 Zero Trade Costs

At t = 0 the sales of the home and foreign firm are equal. Thus under Cournot, xC = yC ,

and under Bertrand, xB = yB, where C and B denote the Cournot and Bertrand equilibria

respectively. We can write the first-order condition for the home and foreign firms under

Cournot at t = 0 as πx(qC) = π∗
y(qC) = 0, where q = x = y is the symmetric output which is

at the level qC in the zero trade cost Cournot equilibrium. From (34), the first-order condition

under Bertrand can be written as: πx(qB) + β(qB) = 0, where qB represents the symmetric

output at the zero trade cost Bertrand equilibrium, and where β(q) = −xpxee∗ = −yp∗yee∗ is

positive at any q > 0. Since β(q) is positive everywhere we have: πx(qB) < 0 but πx(qC) = 0

and since πx(q) falls in q from Assumption 2 it follows that: qB > qC . Therefore, at zero

trade costs, the volume of trade is higher under Bertrand than Cournot competition. It must

also be the case that prices at free trade are lower under Bertrand than Cournot.

4.2 Prohibitive Trade Costs

We can write the Cournot equilibrium output pair as a function of the trade cost as {xC(t), yC(t)}.

As the trade cost increases the Cournot equilibrium output of the foreign firm falls and at the

threshold prohibitive trade cost, t̂C , it reaches zero. Let x̂C = xC(t̂C) and ŷC = yC(t̂C) = 0

be the Cournot equilibrium outputs at t̂C . At the prohibitive trade cost the Cournot first-

order conditions given in (30) and (31) can be written as: p(x̂C , 0) + x̂Cpx(x̂C , 0) − c = 0
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and p∗(0, x̂C) − c − t̂C = 0 for the home and foreign firm respectively. At the prohibitive

trade cost the home first-order condition takes exactly the same form as under monopoly,

so, from (29), we have x̂C = xM . Making use of this allows us to write: t̂C = p∗(0, xM)− c.

This means that, if the trade cost were at t = t̂C and the home firm were to behave as an

unthreatened monopolist, the foreign firm’s trade-cost-inclusive price-cost margin would be

zero and the foreign firm would be unable to export profitably.

Consider next the case of price competition. Let t̂B be the threshold prohibitive trade

cost under Bertrand. Write the Bertrand equilibrium outputs at t̂B as: x̂B = xB(t̂B) and

ŷB = yB(t̂B) = 0. At t̂B the first-order conditions under Bertrand given in (30) can be

written as: p(x̂B, 0) + x̂Bpx(x̂B, 0)− c+ β(x̂B, 0) = 0 for the home firm where β = −xpxee∗

and by p∗(0, x̂B) − c − t̂B = 0 for the foreign firm. Since β > 0 it follows that: p(x̂B, 0) +

x̂Bpx(x̂B, 0) − c < 0. Making use of this and Assumption 1 we get: x̂B > x̂C = xM . It then

follows that t̂B =
{
p∗(0, x̂B)− c

}
<
{
p∗(0, x̂C)− c

}
= t̂C . The prohibitive trade cost under

Bertrand is lower than that under Cournot but the output of the home firm is higher under

Bertrand at the prohibitive trade cost than it is under Cournot. In fact the home output

needs to be higher under Bertrand to make the lower trade cost a prohibitive one.

4.3 Comparing the Volume of Trade

Showing that xB > xC

c

r

r(xB)+β(xB)=cr(xC)=c

r(xC)

r,c

x

r(xB)

xC xB

ttCtB

yC(0)

yB(0)

Figure 1

4

Figure 7: Volume of Trade under Quantity and Price Competition

So, at zero trade costs the volume of trade is higher under Bertrand than Cournot com-

petition. However, the prohibitive trade cost under Bertrand is lower than that of Cournot.
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So, provided only that the volume of trade is continuous in trade costs, the outcome is

qualitatively as shown in Figure 7.

4.4 Welfare

We now consider welfare under general demands and discuss the extent to which the results

obtained in the previous sections are dependent on the assumption of linear demands. We

show that many of the results are qualitatively robust.

Welfare is given by expression (4) above. The change in consumer surplus is: dχ =

− (xdp+ ydp∗) and the change in the profits of the home firm is: dΠ = (p − c)dx + xdp +

(p∗−c−t)dx∗+x∗dp∗. Combining these and making use of the symmetry of the model which

implies that home exports x∗ equal home imports y, we can write the change in welfare as:

dW = dχ+ dΠ = (p− c)dx+ (p∗ − c− t)dx∗ (35)

We first consider Cournot competition. To obtain the effect of trade costs on outputs we

must differentiate (30) and (31). This yields: dxC/dt = −(py + xpxy)/∆ and dx∗C/dt =

dyC/dt = (2px + xpxx)/∆. Here ∆ ≡ πxxπ
∗
yy − πxyπ∗

yx, which must be positive to ensure that

the Cournot equilibrium is stable. Hence an increase in the trade cost reduces the volume

of trade (dy/dt < 0) and it also raises domestic sales if the goods are strategic substitutes

(py + xpxy < 0). Combining these results at t = 0 we can deduce the effect of trade costs on

welfare:

dWC

dt

∣∣∣∣
t=0

= (p− c)
(
dxC

dt
+
dyC

dt

)
=
p− c

∆
{(2− e) px + x (pxx − pxy)} < 0 (36)

So at t = 0 an increase in trade costs reduces welfare. The sign of (36) follows from stability

(∆ > 0) and from Assumption 2.11 As for welfare, at the prohibitive trade cost t̂C , we have

11Due to symmetry at t = 0, it follows that ∆ = (πxx+πxy)(πxx−πxy). Since this is positive from stability,
and since πxx + πxy is negative from Assumption 2, it follows that πxx − πxy = (2− e) px + x (pxx − pxy) is
also negative.
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y = x∗ = 0 which yields:

dWC

dt

∣∣∣∣
t=t̂C

= (p− c)dx
C

dt
= −p− c

∆
(py + xpxy) (37)

Under quantity competition a small fall in the trade cost from the prohibitive level, t̂C ,

reduces welfare if outputs are strategic substitutes.

Next we consider price competition. First we examine the effect of trade costs on prices.

From (32) and the corresponding expression for the foreign firm we obtain: dpC/dt =

−
(
yp∗/∆̃

)
πpp∗ which is positive if and only if prices are strategic complements; and dp∗C/dt =(

yp∗/∆̃
)
πpp > 0. Here ∆̃ ≡ πppπ

∗
p∗p∗ − πpp∗π∗

p∗p which must be positive from the stability

of the Bertrand equilibrium. The price derivatives can be combined with the derivatives of

(24) to obtain the effects of the trade costs on outputs: dxB/dt = (yp∗/∆̃) (xp∗πpp − xpπpp∗)

and dx∗B/dt = dyB/dt = (yp∗/∆̃) (yp∗πpp − ypπpp∗). An increase in the trade cost reduces

the volume of trade (dy/dt < 0) and it also raises domestic sales if xp∗πpp−xpπpp∗ < 0.12 At

t = 0 we can make use of the symmetry of the model to obtain:

dWB

dt

∣∣∣∣
t=0

= (p− c)
(
dxB

dt
+
dyB

dt

)
=

p− c
πpp + πpp∗

(xp + xp∗) yp∗ < 0. (38)

Hence a small increase in trade costs starting at zero reduces welfare. At t = t̂B, the volume

of trade is zero and the effect of a local change in the trade cost is:

dWB

dt

∣∣∣∣
t=t̂B ,−

= (p− c)dx
B

dt
=
p− c

∆̃
(xp∗πpp − xpπpp∗) yp∗ (39)

which is positive if xpπpp∗ − xp∗πpp > 0. Note that this is the left-hand derivative at t = t̂B.

Between t̂B and t̂C , the equilibrium is in the Nimzowitsch region and occurs along the

y = 0 locus. Let t̂B ≤ t ≤ t̂C . Then with y = 0 we have p∗(x, 0) − c − t = 0. For this

condition to be satisfied, x must increase in t for t̂B ≤ t ≤ t̂C and so in the Nimzowitsch

12This is guaranteed to be negative (and hence dx/dt is guaranteed to be positive) in the linear case. It
must also be negative if prices are strategic substitutes.
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region an increase in the trade cost reduces welfare by reducing home sales. This allows us

to sign the following derivatives:

dWB

dt

∣∣∣∣
t=t̂B ,+

< 0
dWB

dt

∣∣∣∣
t=t̂C

< 0 (40)

(By contrast with (39), the first term is the left-hand derivative at t = t̂B.) Starting at

t = t̂C , a small reduction in trade costs leads to trade under quantity competition but only

the threat of trade under price competition. However, from (37), it reduces welfare under

Cournot competition provided that outputs are strategic substitutes, whereas it increases

welfare under price competition. This confirms that the qualitative features of welfare as a

function of trade costs are the same with general demands as in the linear case.

Finally, we can ask, is there always a Nimzowitsch Region? The answer is yes except

when consumers are willing to demand some of the imported good no matter how high its

price. This requires two distinct conditions. First, demand cannot have a choke price as

in the case of linear demands, or of many of the other demand functions used in applied

economics: consumers must have an infinite reservation price for the first item, as in the

case of CES or logistic demand.13 Second, there must be no fixed cost of exporting by the

foreign firm. If both of these assumptions hold, then there is no finite tariff high enough to

cut off trade, so the assumption that p∗ = c+ t at y = 0 does not hold.

5 Conclusion

In this paper we have compared trade liberalization under Cournot and Bertrand in a unified

reciprocal markets framework and shown that the critical level of trade costs below which

the possibility of trade affects the domestic firms’ behavior is the same under Cournot and

Bertrand competition. However, for any trade cost below this critical level welfare is higher

13Requiring that demand must have a choke price for the Nimzowitsch Region to exist is in line with Vives
(1985), following Friedman (1977).
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under Bertrand than under Cournot competition. The pro-competitive effects of trade are

stronger under Bertrand competition despite the fact that for trade costs below but close to

the critical level the volume of trade is higher under Cournot competition.
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