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Abstract—A computationally efficient nonlinear Model Pre-
dictive Control (NMPC) algorithm is proposed for safe learning-
based control with a system model represented by an incom-
pletely known affine combination of basis functions and subject
to additive set-bounded disturbances. The proposed algorithm
employs successive linearization around predicted trajectories
and accounts for the uncertain components of future states
due to linearization, modelling errors and disturbances using
ellipsoidal sets centered on the predicted nominal state trajec-
tory. An ellipsoidal tube-based approach ensures satisfaction of
constraints on control variables and model states. Feasibility
is ensured using local bounds on linearization errors and a
procedure based on a backtracking line search. We combine the
approach with a set membership parameter estimation strategy
in numerical simulations. We show that the ellipsoidal embedding
of the predicted uncertainty scales favourably with the problem
size. The resulting algorithm is recursively feasible and provides
closed-loop stability and performance guarantees.

Index Terms—robust adaptive control, convex optimization

I. INTRODUCTION

Model Predictive Control (MPC) is an optimal control
approach with solid theoretical foundations and extensive ap-
plications in engineering practice [1]. In many cases, accurate
prediction models can be obtained using physical modelling or
black-box estimation methods. However, due to the inherent
uncertainty in any system model, provably safe robust and
adaptive MPC strategies are a key focus of this research field.

There has been significant recent interest in integrating
learning-based methods with robust MPC approaches [2]. Like
robust adaptive MPC algorithms, these techniques retain the
primary benefits of robust MPC while leveraging information
about the controlled system collected during the execution of a
control task. Thus they are able to improve the accuracy of the
system model and enhance closed-loop control performance.

While several methods for robust adaptive linear MPC
have been proposed [3], [4], the more general case of robust
adaptive NMPC has received comparatively little attention
[5]–[7]. The approaches of [5] and [6] have strong system-
theoretical properties, but are computationally intensive be-
cause they require the solution of a nonconvex program online.
The method presented in [7] is both theoretically sound and
computationally efficient for low-order systems (due to its
foundations in convex optimization). However, a key drawback
of [7] is its limited scalability, since the number of optimiza-
tion variables depends on the number of vertices of polytopic
sets describing the predicted state tube cross sections.

This paper considers an alternative adaptive NMPC ap-
proach based on sequential convex approximations, but consid-
ering ellipsoidal tubes to bound the effects of the uncertainty

in prediction. In this work we extend the theory of [8] to the
context of systems with additive and parametric uncertainty,
and propose a robust adaptive nonlinear model predictive con-
trol algorithm based on set membership parameter estimation
(SME) [7]. The resulting algorithm relies on the solution of a
second order cone program, which provides a computationally
efficient and scalable approach to solve the otherwise challeng-
ing robust NMPC problem, as we demonstrate via extensive
numerical simulations. To ensure recursive feasibility and
closed-loop stability, the perturbations around state and control
linearization points are limited to regions where the model ap-
proximation is meaningful and the effect of the approximation
error is bounded by constructing tubes containing the predicted
trajectories. By incorporating a line search procedure into the
online algorithm, the approach provides recursive feasibility,
constraint satisfaction and performance guarantees, even if just
one linearisation iteration is computed at each online time step.

Notation: N≥0 is the set of non-negative integers, N[p,q] =
{n ∈ N : p ≤ n ≤ q}, and Nq = N[1,q]. [A]i is the ith row
of matrix A. For a matrix A, the inequality A ≥ 0 applies
elementwise, and A ⪰ 0 (or A ≻ 0) indicates that A is
positive semidefinite (positive definite). The Euclidean and
infinity norms are ∥x∥ and ∥x∥∞, and ∥x∥Q = (x⊤Qx)1/2.

II. PROBLEM STATEMENT

We consider a nonlinear system with unknown (but learn-
able) parameters subject to unknown additive disturbances:

xt+1 = f(xt, ut, θ) + wt, (1)

where (xt, ut) ∈ X ×U , wt ∈ W , θ ∈ Θ0 and t is the discrete
time index. The state, control and disturbance input, and model
parameters belong to bounded polytopic sets: X = {x ∈ Rnx :
Ex ≤ 1}, U = {u ∈ Rnu : Gu ≤ 1}, W = co{w(r), r ∈
Nνw
}, Θ0 = {θ ∈ Rnθ : HΘθ ≤ h0} = co{θ(q), q ∈ Nνθ

}.
We assume that the system can be represented as an affine

combination of known basis functions fi(x, u), i ∈ Nnθ
,

f(xt, ut, θ) = f0(xt, ut) +

nθ∑
i=1

θifi(xt, ut). (2)

where fi is differentiable and Lipschitz continuous on X ×U
and fi(0, 0) = 0 for all i. Our approach can be used with
any parameter learning algorithm that provides a polytopic
parameter set Θt satisfying θ ∈ Θt ⊆ Θt−1 for all t > 0.

The objective of the control problem is to minimize a
quadratic regulation cost (with R ≻ 0, Q ⪰ 0) defined by

∞∑
t=0

(∥xt∥2Q + ∥ut∥2R). (3)



To reduce uncertainty in predicted future states, the decision
variables are perturbations {vt, vt+1, . . .} of a feedback law:

ut = Kxt + vt,

where the feedback gain K is robustly stabilizing locally
around x = 0, in the sense defined in Section VI. To simplify
notation, for all (x, v) such that (x,Kx+ v) ∈ X × U let

fK(x, v, θ) = f(x,Kx+ v, θ)

and fK,i(x, v) = fi(x,Kx+ v) for each i ∈ {0, . . . , p}.

III. LINEARIZATION ERROR BOUNDS IN PREDICTION

We consider the Taylor expansion of the model in (1) around
a nominal trajectory x0 = {x0

0, . . . , x
0
N} defined for a given

sequence v0 = {v00 , . . . , v0N−1} and parameter θ0 ∈ Θ by

x0
k+1 = fK(x0

k, v
0
k, θ

0), k = 0, . . . , N − 1. (4)

Let sk and vk denote state and control perturbations such that
xk = x0

k + sk and uk = Kxk + v0k + vk. Then

x0
k+1+ sk+1 = fK(x0

k, v
0
k, θ

0)+ δ0k +Φksk +Bkvk + δ1k +wk

(5)
where Φk = ∇xfK(x0

k, v
0
k, θ

0) and Bk = ∇vfK(x0
k, v

0
k, θ

0)
denote the Jacobian matrices of fK with respect to x and v.

The perturbations on the state and control input are con-
strained to satisfy bounds sk ∈ S, vk ∈ V for all k ∈ N[0,N ],
where S, V are given polytopic sets containing the origin. The
perturbation sk contains both a nominal component (due to the
control perturbation vk) and an uncertain component (due to
linearization errors, parameter estimation errors and external
disturbances prior to the kth time step of the prediction
horizon). In this context we distinguish the zero-order error
term δ0 and the first-order error term δ1 resulting respectively
from parameter estimation and linearization errors as follows.

Definition 1. The error terms δ0k and δ1k in (5) are defined by

δ0k = fK(x0
k, v

0
k, θ)− fK(x0

k, v
0
k, θ

0)

δ1k = fK(x0
k + sk, v

0
k + vk, θ)− fK(x0

k, v
0
k, θ)− Φksk−Bkvk

Bounds on δ0k are derived from the affine dependence on θ:

δ0k = fK(x0
k, v

0
k, θ)− fK(x0

k, v
0
k, θ

0) = fK(x0
k, v

0
k, θ − θ0),

which implies a polytopic additive disturbance bound:

δ0k ∈ W0
k =W0(x0

k, v
0
k, θ

0,Θ) = co{δ0 (q)
k , q ∈ Nνθ

}. (6)

A tight bound can be obtained by elementwise maximization
over θ ∈ Θ. This set can be recomputed online (based on
the current trajectory and parameter estimation set) or can be
computed as an offline, global bound.

Bounds on δ1k can similarly be derived using Definition 1.
The mean value theorem implies, for some (s, v) ∈ S × V ,

δ1k =
(
∇xfK(x0

k + s, v0k + v, θ)− Φk

)
sk

+
(
∇vfK(x0

k + s, v0k + v, θ)−Bk

)
vk. (7)

A corresponding polytopic uncertainty set can be defined

δ1k ∈ W1
k =W1(x0

k, v
0
k, θ

0,S,V,Θ)

= co{C(j)
k sk +D

(j)
k vk, j ∈ Nν1

} (8)

where {C(j)
k , D

(j)
k , j ∈ Nν1

} are determined, for example, by
computing componentwise bounds on the Jacobian matrices
in (7) over s ∈ S, v ∈ V , θ ∈ Θ. This set can be recomputed
online using the current nominal trajectory and estimated
parameter set or computed offline as a global bounding set.

IV. TUBE MEMBERSHIP CONDITIONS

We consider the state decomposition xk = x0
k + sk and

control decomposition uk = Kxk+v0k+vk, where sk contains
both the nominal and uncertain effects resulting from wk, δ0k
and δ1k. The perturbation dynamics can therefore be expressed:

sk+1 = Φksk +Bkvk + wk + δ0k + δ1k (9)

where w ∈ W , δ0k ∈ W0
k and δ1k ∈ W1

k . We split sk into
nominal and uncertain components, denoted zk and ek:

sk = zk + ek (10)
zk+1 = Φkzk +Bkvk (11)

ek+1 = Φkek + wk + δ0k + δ1k (12)

for k = 0, . . . , N − 1. Following the approach of [8] we
use ellipsoidal tube cross sections to bound the effects of
uncertainty over the prediction horizon:

ek ∈ E(V, β2
k), k = 0, . . . , N (13)

where E(V, β2) = {e : e⊤V e ≤ β2}. The design of V ≻ 0
is discussed in Section VI. We note that the shape of the
ellipsoidal tube is determined by the matrix V and only the
centre and scaling are optimized in the online optimization.

The conditions in (13) are ensured recursively via the tube
membership conditions on vk, zk and βk,

E(V, β2
k+1) ∋ Φke+ w + δ0 + δ1,

∀w ∈ W, ∀δ0 ∈ W0
k , ∀δ1 ∈ W1

k , ∀e ∈ E(V, β2
k). (14)

A sufficient condition for (14) is given by, for all j ∈ Nν1
,

q ∈ Nνθ
, r ∈ Nνw

, and all e ∈ E(V, β2
k),

βk+1 ≥ ∥C(j)
k zk+D

(j)
k vk+δ

0 (q)
k ∥V +∥(Φk+C

(j)
k )e+w(r)∥V .

(15)
We enforce this condition using the following observation.

Lemma 1. Condition (15) holds for all e ∈ E(V, β2
k) if

βk+1 ≥ (λkβ
2
k + σ2)

1
2 + ∥C(j)

k zk +D
(j)
k vk + δ

0 (q)
k ∥V (16)

for all j ∈ Nν1
, q ∈ Nνθ

, with λk defined by

λk = max
j∈Nν1

, r∈Nνr

∥(Φk + C
(j)
k )V − 1

2 ∥2Ψ(r) (17)

where Ψ(r) = (V −1 − w(r)w(r)⊤σ−2)−1 and where σ is a
constant whose design is discussed in Section VI.

Proof. Let µ(j,q) = βk+1 − ∥C(j)
k zk + D

(j)
k vk + δ

0 (q)
k ∥V ,

then (15) holds if and only λ
(j,r)
k ≥ 0 exists satisfyingλ(j,r)

k V 0 (Φk + C
(j)
k )⊤

∗ σ2 w(r)⊤

∗ ∗ V −1

 ⪰ 0, (18)



and (µ(j,q))2 ≥ λ
(j,r)
k β2

k + σ2. By Schur complements, (18)
holds iff λ(j,r)

k V ⪰ (Φk + C
(j)
k )⊤Ψ(r)(Φk + C

(j)
k ). Choosing

λk as the smallest scalar satisfying λk ≥ λ
(j,r)
k therefore yields

the sufficient conditions (16), (17).

V. ELLIPSOIDAL TUBE MPC SUBPROBLEM

At each iteration of the successive linearization algorithm, a
cost equivalent to an upper bound on the cost (3) is minimized

J(x,u) =

N−1∑
k=0

(∥xk∥2Q + ∥uk∥2R) + l2N .

Here x = {x0, . . . , xN} is the state sequence generated by (1)
with control sequence u = {u0, . . . , uN−1} and lN is a
terminal cost discussed in Section VI. The cost is minimized
at each iteration i at time t by solving the following Second
Order Cone Program (SOCP) given the current plant state xp

t :

(v⋆,β⋆, z⋆, l⋆) = arg min
v,β,z,l

J̄
(i)
t =

N∑
k=0

l2k (19)

subject to, for k = 0, ..., N − 1, and all j ∈ Nν1 , q ∈ Nνθ
,

zk+1 = Φkzk +Bkvk

βk+1 ≥ (λkβ
2
k + σ2)

1
2 + ∥C(j)

k zk +D
(j)
k vk + δ

0 (q)
k ∥V

lk ≥
(
∥x0

k + zk∥2Q + ∥K(x0
k + zk) + v0k + vk∥2R

) 1
2

+ βk∥V − 1
2 ∥Q+K⊤RK

U ⊃ K
(
x0
k + zk + E(V, β2

k)
)
+ v0k + vk

X ⊃ x0
k + zk + E(V, β2

k)

V ∋ v0k + vk

S ⊃ zk + E(V, β2
k)

and initial and terminal conditions

β0 ≥ ∥x0
0 + z0 − xp

t ∥V
Ω(x0

N ) ∋ (∥zN∥V , βN )

lN ≥ l̂(zN , βN , x0
N )

and, for iteration i = 1,

J̄
(i)
t ≤ J̄

(final)
t−1 −

(
∥xt−1∥2Q + ∥ut−1∥2R − σ̂2

)
and, for iterations i > 1,

J̄
(i)
t ≤ J̄

(i−1)
t .

Constraints of the form {x : Hx ≤ h} ⊃ z + E(V, β) are
imposed via [H]iz + β∥V − 1

2 [H]⊤i ∥ ≤ [h]i for each row i of
H . The design of the terminal set Ω(x0

N ), terminal cost l̂, and
σ̂ are discussed in Section VI, and J̄

(i−1)
t , J̄ (final)

t−1 denote the
optimal objective at iteration i− 1 and at the final iteration at
time t− 1. The MPC strategy is summarised in Algorithm 1.

The main iteration of Algorithm 1 (lines 2-23) computes the
Jacobian linearization of the plant model about the nominal
trajectory generated by v0 (lines 3-4), and attempts to solve
Problem (19) (line 5). Although the constraints of Prob-
lem (19) ensure that the nominal trajectory x0 generated by (4)
satisfies (x0

k, u
0
k) ∈ (X ,U) ∀k ∈ N[0,N−1] and x0

N ∈ XN ,
the linearized dynamics determined in line 4 may not define

Algorithm 1: Ellipsoidal Tube MPC

Input : Initial perturbation sequence v0; parameter
estimate θ0; uncertainty bounds W,Θ; cost
weights Q,R; tube parameters S,V, V, σ

Output: Control input ut at time steps t = 0, 1, . . .
1 At time t, set x0

0 ← xp
t , i← 1

2 while i ≤ imax and ∥v⋆∥ ≥ tolerance do
3 Compute x0 by simulating the nominal system (4)

with initial state x0
0 and perturbation sequence v0

4 Compute Φk, Bk in (5), bounds W0
k ,W1

k , in (6),
(8) and λk in (17) for all k ∈ N[0,N−1]

5 Attempt to solve Problem (19) for v⋆

6 if Problem (19) is infeasible then
7 α← 1, LineSearch ← true , i′ ← 1
8 while i′ ≤ i′max and LineSearch = true do
9 α← α/2

10 if i = 1 then
11 x0

0 ← x0
0,old + α(x0

0 − x0
0,old)

12 v0 ← v0
old + α(v0 − v0

old), i
′ ← i′ + 1

13 Compute x0 using (4) with x0
0 and v0

14 Compute Φk, Bk,W0
k ,W1

k , λk,∀k ∈ N[0,N−1]

15 Attempt to solve Problem (19) for v⋆

16 if Problem (19) is feasible then
17 LineSearch ← false

18 if LineSearch = true then
19 v⋆ ← 0, v0 ← v0

old, i← imax

20 if i = 1 then
21 x0 ← x0

old

22 Store v0
old ← v0

23 Update v0 ← v0 + v⋆, i← i+ 1

24 Apply the control input ut = Kxp
t + v00 and set

v0 ← {v01 , . . . , v0N−1, 0}
v0
old ← {v01,old, . . . , v0N−1,old, 0}

x0
old ← {x0

1, . . . , x
0
N , fK(x0

N , 0, θ0)}

a feasible set of constraints for Problem (19). We therefore
perform a backtracking line search in lines 8-21, exploiting
knowledge of a perturbation sequence v0

old and an initial
nominal state x0

0 such that Problem (19) is feasible. As we
show in Section VII, this provides a guarantee of feasibility
of at least one instance of Problem (19) at each time step t.

VI. TERMINAL CONSTRAINTS AND TERMINAL COST

This section discusses the terminal ingredients l̂(z, β, x0)
and Ω, and the parameters V,K, σ, σ̂ in (19). To design a
terminal cost and constraints ensuring recursive feasibility, we
define the predicted trajectories of the model (1) beyond the
initial N -step prediction horizon by setting vk = 0, v0k = 0 and
uk = Kxk for k ≥ N . We first construct a linear difference
inclusion (LDI) (e.g. see [9]) for each basis function fi in (2)
in a neighbourhood of (x, u) = (0, 0). Considering all affine
combinations of the individual LDIs over the parameter set



Θ0 yields an aggregate LDI. Hence, for all θ ∈ Θ0, x ∈ X̂ ,
u ∈ Û , for given polytopic sets X̂ , Û , let[
∇xf(x, u, θ) ∇uf(x, u, θ)

]
∈ co

{[
Â(j) B̂(j)

]
, j ∈ Nν̂

}
,

then, for all (xk, uk) ∈ X̂ × Û we have

f(xk, uk, θ) ∈ co{Â(j)xk + B̂(j)uk, j ∈ Nν̂}. (20)

To simplify notation, let X̄ = X̂ ∩ {x : Kx ∈ Û}.
Remark 1. The LDI (20) can be computed using the vertices
of Θ0 and bounds on the Jacobians of the basis functions fi
in (2), analogously to the bounds on δ1k in Section III.

Lemma 2. For all x ∈ X̄ the inequality

∥x∥2V − ∥f(x,Kx, θ) + w∥2V ≥ ∥x∥2Q + ∥Kx∥2R − σ2 (21)

holds for all θ ∈ Θ0 and all w ∈ W for positive definite V
and some scalar σ if the following Linear Matrix Inequality
(LMI) holds for all j ∈ Nν̂ and r ∈ Nνw

:
S 0 (Â(j)S + B̂(j)Y )⊤ S Y ⊤

∗ τ w(r)⊤ 0 0
∗ ∗ S 0 0
∗ ∗ ∗ Q−1 0
∗ ∗ ∗ ∗ R−1

 ⪰ 0 (22)

with V = S−1, σ2 = τ , and K = Y V .

To compute V , σ and K we minimize τ subject to (22)
by solving a semidefinite program. This approach is justified
since (21) implies that σ2 bounds the time-average value of the
stage cost in (3) as t→∞ under the control law ut = Kxt.

To determine the terminal constraint set for the tube pa-
rameters in Problem (19) we first introduce the notation
Q̂ = Q+K⊤RK, Φ̂(j) = Â(j) + B̂(j)K, j ∈ Nν̂ , and define

λ̂ = 1− σmin(V
− 1

2 Q̂V − 1
2 ) (23)

dΘ = max
θ0,θ1∈Θ0

∥θ0 − θ1∥1 (24)

dΦ̂ = max
j,k∈Nν̂

∥Φ̂(j) − Φ̂(k)∥V . (25)

Here λ̂ ∈ [0, 1) since a Schur complement of (22) implies
V ⪰ Q̂. We further assume fK,i(x, 0) for each i ∈ {0, . . . , p}
is L-Lipschitz continuous with respect to x, for all x ∈ X̄ .

Lemma 3. If vk = v0k = 0 in (5) and (10)-(12), and if x0
k ∈ X̄

and xk ∈ x0
k + zk + E(V, β2

k) ⊆ X̄ , then ek ∈ E(V, β2
k) and

∥x0
k+1∥V ≤ λ̂

1
2 ∥x0

k∥V (26)

∥zk+1∥V ≤ λ̂
i
2 ∥zk∥V (27)

βk+1 ≥ (λ̂β2
k + σ2)

1
2 + dΦ̂∥zk∥V + dΘL∥x0

k∥V . (28)

Proof. From (20) with uk = Kxk and x0
k, zk, ek ∈ X̄ we get

x0
k+1 = fK(x0

k, 0, θ
0) ∈ co{Φ̂(j)x0

k, j ∈ Nν̂}
zk+1 = Φkzk ∈ co{Φ̂(j)zk, j ∈ Nν̂}
ek+1 = Φkek + wk + δ0k + δ1k

∈ co{Φ̂(j)ek, j ∈ Nν̂}+ wk + co{(Φ̂(j)−Φk)zk}+ δ0k

but (22) ensures that, for all w ∈ W , j ∈ Nν̂ , and all x ∈ Rnx ,

∥Φ̂(j)x∥2V ≤ ∥x∥2V − ∥x∥2Q̂ ≤ λ̂∥x∥2V
∥Φ̂(j)x+ w∥2V ≤ ∥x∥2V − ∥x∥2Q̂ + σ2 ≤ λ̂∥x∥2V + σ2

since (23) implies V − Q̂ ⪯ λ̂V . Furthermore, for all j ∈ Nν̂ ,

∥co{(Φ̂(j) − Φk)zk}∥V ≤ dΦ̂∥zk∥V ,

and δ0k = fK(x0
k, 0, θ − θ0) satisfies

∥δ0k∥V ≤ L∥x0
k∥V ∥θ−θ0∥1 ≤ dΘL∥x0

k∥V .

Hence x0
k, zk satisfy (26), (27), and ek satisfies

∥ek+1∥V ≤ (λ̂∥ek∥2V + σ2)
1
2 + dΦ̂∥zk∥V + dΘL∥x0

k∥V ,

from which the bound (28) follows.

The terminal set Ω(x0
N ) is constructed so that Hxk ≤ h for

all k ≥ N whenever (∥zN∥V , βN ) ∈ Ω(x0
N ), where

{x : Hx ≤ h} = X ∩ X̂ ∩ {x : Kx ∈ U ∩ Û}

is the aggregate constraint set. To ensure this we impose the
condition ∥x0

k + zk∥V + βk ≤ ρ̂ for all k ≥ N , where

ρ̂ = min
i

{
[h]i/∥[H]⊤i ∥V −1

}
, (29)

by defining the terminal constraint set for (∥zN∥V , βN ) as

Ω(x0
N ) =

{
(r, βN ) : βN ≤ ρ̂− (r + ∥x0

N∥V )
and ∃βk satisfying, for k = N + 1, . . . , N + N̂ ,

βk ≥ (λ̂β2
k−1 + σ2)

1
2 + λ̂

(k−N−1)
2 (rdΦ̂ + dΘL∥x0

N∥V ),
βk ≤ ρ̂− λ̂

k−N
2 (r + ∥x0

N∥V )
}

(30)

with N̂ chosen large enough to satisfy

max
(r,βN )∈Ω(x0

N )

{
(λ̂β2

N+N̂
+ σ2)

1
2 + λ̂

N̂
2 (rdΦ̂ + dΘL∥x0

N∥V )

+ λ̂
N̂+1

2 (r + ∥x0
k∥V

}
≤ ρ̂. (31)

Lemma 4. If (∥zN∥V , βN ) ∈ Ω(x0
N ), then HxN ≤ h and

(∥zk∥V , βk) ∈ Ω(x0
k) for all k > N , where βk for all k > N

satisfies (28) with the inequality replaced by equality.

Proof. Suppose (∥zN∥V , βN ) ∈ Ω(x0
N ), then HxN ≤ h for

all xN ∈ x0
N + zN +E(V, β2

N ) since ∥x0
N + zN∥V + βN ≤ ρ̂.

If βN+1 is equal to the rhs of (28), then from (26), (27), (31)
we have (∥zN+1∥V , βN+1) ∈ Ω(x0

N+1). By induction this
argument implies (∥zk∥V , βk) ∈ Ω(x0

k) for all k > N .

Remark 2. If σ2/(1− λ̂) < ρ̂2, then N̂ in (31) must be finite
since βk = σ/(1− λ̂)

1
2 is strictly feasible for (31) in the limit

as k →∞. The condition (∥zN∥V , βN ) ∈ Ω(x0
N ) introduces

2N̂ second order cone constraints and N̂ additional scalar
variables βN+1, . . . , βN+N̂ into Problem (19). Using (λ̂β2 +
σ2)

1
2 ≤ λ̂

1
2 β + σ, we obtain a sufficient condition for (31):

max
(r,βN )∈Ω(x0

N )

{
λ̂

1
2 βN+N̂ + σ + λ̂

N̂
2 (rdΦ̂ + dΘL∥x0

N∥V )

+ λ̂
N̂+1

2 (r + ∥x0
k∥V

}
≤ ρ̂, (32)

which can be checked for given N̂ by solving a SOCP.



To ensure closed-loop stability, the parameter σ̂ and terminal
cost l̂ of Problem (19) are required to satisfy

l̂2(zN , βN , x0
N )− l̂2(zN+1, βN+1, x

0
N+1)

≥ (∥x0
N + zN∥Q̂ + βN∥V − 1

2 ∥Q̂)
2 − σ̂2. (33)

In terms of the variables βN , . . . , βN+N̂ in (30), we define

l̂2(zN , βN , x0
N ) =

N̂∑
k=0

l2N+k (34)

lN+k =

{
λ̂

k
2 (∥x0

N∥V + ∥zN∥V ) + βN+k 0 ≤ k < N̂

γλ̂
N̂
2 (∥x0

N∥V + ∥zN∥V ) + γβN+N̂ k = N̂

σ̂ = γσ + γλ̂
N̂
2 (dΦ̂rmax + dΘL∥x0

N∥V ) (35)

with γ2 = 1/(1− λ̂
1
2 ) and rmax = max(r,β)∈Ω(x0

N ) r.

Lemma 5. If l̂ and σ̂ are given by (34), (35), then (33) holds
for all (zN , βN ) satisfying (∥zN∥V , βN ) ∈ Ω(x0

N ).

Proof. This results from substituting (34)-(35) into (33), and
using (26)-(28) and the following inequality, which holds for
any scalars a, b, λ̂ > 0: (λ̂

1
2 a+b)2 ≤ λ̂

1
2 a2+b2/(1−λ̂ 1

2 ).

A procedure for computing the parameters defining the
terminal cost and constraint set is summarised in Algorithm 2.

Algorithm 2: Computation of terminal parameters

Input : Bounds X̂ , Û ,Θ0, matrices Â(j), B̂(j) in (20);
disturbance, state and control sets W , X , U ;
scalar ρ̂ in (29); cost weights Q, R

Output: V , σ, K, λ̂, γ, N̂ , σ̂
1 At time t = 0: Solve (S⋆, Y ⋆, τ⋆) = argminS,Y,τ τ

s.t. (22) and set V ← (S⋆)−1, K ← Y ⋆V , σ2 ← τ⋆,
λ̂← 1−σmin(V

− 1
2 Q̂V − 1

2 ), γ ← 2∥V − 1
2 ∥2

Q̂
/(1− λ̂

1
2)

2 At times t ≥ 0 in steps 4 and 14 of Alg. 1: Set N̂ to a
prior estimate (e.g. N̂ ← 1) and check (32); increase
N̂ until (32) is satisfied; compute σ̂ using (35)

VII. RECURSIVE FEASIBILITY AND STABILITY

This section shows that if Algorithm 2 is feasible at time
t = 0 and if there exists a sequence v0 such that Algorithm 1 is
feasible at t = 0, then the control law of Algorithms 1 and 2
ensures that the system (1) robustly satisfies the constraints
xt ∈ X and ut ∈ U at all times t ∈ N≥0. In addition, for the
closed-loop system the asymptotic time-average of the stage
cost ∥xt∥2Q + ∥ut∥2R does not exceed the time-average of σ̂t.

We first show that Problem (19) in Algorithm 1 is recur-
sively feasible using an inductive argument considering the
feasibility of (19) in iteration i+1 at time t assuming feasibility
in iteration i at time t, and the feasibility of (19) in the first
iteration at time t+1 assuming feasibility in the final iteration
of time t. In the latter case we use the following observation.

Lemma 6. If x0
k+S ⊆ X̂ , v0k = 0 and Kx0

k+KS ⊆ Û , then

(λkβ
2
k + σ2)

1
2 + max

j∈Nν1
,q∈Nνθ

∥C(j)
k zk + δ

0 (q)
k ∥V

≤ (λ̂β2
k + σ2)

1
2 + dΦ̂∥zk∥V + dΘ∥x0

k∥V (36)

for all zk ∈ Rnx, βk ∈ R, where λk, λ̂ are given by (17), (23).

Proof. From (23) we have V − 1
γ (Q+K⊤RK) ⪯ λ̂V , so (22)

implies, for all j ∈ Nν̂ and r ∈ Nνwλ̂V 0 Φ̂(j)⊤

∗ σ2 w(r)⊤

∗ ∗ V −1

 ⪰ 0. (37)

Furthermore, if x0
k + S ⊆ X̂ , v0k = 0 and Kx0

k +KS ⊆ Û ,
then co{Φ̂(j), j ∈ Nν̂} ⊇ co{Φk+C

(j)
k , j ∈ Nν1

}. Comparing
(37) and (18) yields λ̂ ≥ λ(j,r) and λ̂ ≥ λk. Since dΦ̂∥zk∥V +

dΘ∥x0
k∥V ≥ maxl,q∥C(l)

k zk + δ
0 (q)
k ∥V we obtain (37).

Theorem 1. If at time t = 0, v0 and x0
0 = xp

0 generate a
nominal trajectory such that Problem (19) is feasible, then in
any iteration i > 1 of Algorithm 1 at t ≥ 0, Problem (19) is
feasible with v0 = v0

old, and in iteration i = 1 at any time
t > 0, Problem (19) is feasible if v0 = v0

old and x0
0 = x0

0,old.

Proof. This follows by induction from the following three
cases. (i) If, in iteration i at time t, v0 and x0

0 generate
a nominal trajectory such that Problem (19) in line 5 of
Algorithm 1 is feasible, then line 22 trivially ensures that (19)
is feasible in iteration i + 1 time t with v0 = v0

old. (ii) If,
in the final iteration of time t, v0 and x0

0 generate a nominal
trajectory such that Problem (19) in line 5 is feasible, then
line 24 ensures (due to the definition of Ω and Lemmas 3, 4,
5, and 6) that v0 = v0

old and x0
0 = x0

0,old generate a nominal
trajectory in iteration i = 1 time t+1 such that Problem (19)
is feasible. (iii) If, in any iteration i and time t, Problem (19)
in line 5 is infeasible, then the feasibility of v0 = v0

old (or
v0 = v0

old and x0
0 = x0

0,old if i = 1) implies that the line
search in lines 8-21 necessarily terminates with v0 and x0

0

that generate a nominal trajectory for which Problem (19) is
feasible, and hence feasibility of v0 = v0

old (or v0 = v0
old and

x0
0 = x0

0,old) is ensured in iteration i+1 at time t (or iteration
i = 1 at time t+ 1) by line 22 (or line 24, respectively).

Theorem 2. If Problem (19) is feasible at t = 0, then the
system (1) with Algorithm 1 satisfies xt ∈ X , ut ∈ U and

lim sup
T→∞

1

T

T−1∑
t=0

(∥xt∥2Q + ∥ut∥2R) ≤ σ̄2 (38)

where σ̄ = γσ + γρ̂(dΦ̂ + dΘL).

Proof. This follows from Theorem 1, the constraints on J
(i)
t

in Problem (19), and σ̂ ≤ σ̄, which implies, for all t ≥ 0,

J̄
(final)
t − J̄

(final)
t+1 ≥ ∥xt∥2Q + ∥ut∥2R − σ̄2, (39)

Summing over t yields (38) since Theorem 1 and the bound-
edness of X and U imply that J̄ (final)

t is bounded.

Remark 3. A corollary of Theorem 2 is that (1) is input-to-state
stable (ISS) [10] under Algorithm 1. This follows from (39),
which implies J̄

(final)
t is an ISS-Lyapunov function since σ̄ is



TABLE I
SCALING OF COMPUTATION WITH PROBLEM DIMENSIONS

(nx, nu, nθ) (2, 1, 2) (4, 2, 2) (4, 2, 4) (6, 2, 4) (5, 2, 5) (6, 2, 6) (8, 2, 8) (8, 4, 8) (10, 4, 10) (12, 4, 12)

Variables 48 60 60 62 61 62 64 84 86 88
Equalities 22 44 44 66 55 66 88 88 110 132
Inequalities 57 97 97 117 107 117 137 177 197 217
SOC constraints 294 474 1274 1774 2184 3454 7314 7314 13334 21994
Execution time (s) 0.037 0.119 0.461 0.562 0.802 1.50 4.32 4.23 13.17 50.18

a K-function of the uncertainty bounds maxr ∥w(r)∥, dΘ, dΦ̂.
The latter follows from the definition of σ̄ and from (22),
which implies that scaling the disturbance set (W ← κW for
κ ∈ (0, 1)) scales the value of σ by the same factor (σ ← κσ).

VIII. NUMERICAL RESULTS

The proposed controller was tested using randomly gener-
ated system models (1) with quadratic nonlinearities:

f0(x, u) = Ax+Bu, fi(x, u) = ei[x]
2
ji , i ∈ Nnθ

where A,B are randomly chosen matrices, ei is the ith column
of the nx×nx identity matrix Inx

, and ji is randomly chosen
from Nnx

for each i (A,B and j1, . . . , jnθ
are known to

the controller). The disturbance set W belongs to a subspace
of dimension nw ≤ nx, and has vertices w(r) = Bwŵ

(r),
r ∈ Nνw

, where Bw ∈ Rnx×nw is a randomly generated full-
column-rank matrix (Bw and {ŵ(r), r ∈ Nνw

} are known).
The true parameter θ∗ is randomly chosen and unknown to

the controller, and the initial parameter set estimate is a ran-
dom simplex Θ0 containing θ∗ with maxθ∈Θ0

∥θ−θ∗∥ ≤ 0.05.
For all t, Θt is updated using SME with estimation horizon
NΘ = 5, and the nominal parameter vector θ0t is defined as
the mean of the vertices of Θt (for details on SME see [7]).

The state and control sets are X = {x : ∥x∥∞ ≤ 106},
U = {u : ∥u∥∞ ≤ 1}, and the disturbance set isW = {Bwŵ :
∥ŵ∥∞ ≤ 0.01}. The cost matrices are Q = Inx

, R = Inu
, the

prediction horizon is N = 10, and each simulation runs for 10
time steps with a randomly chosen (feasible) initial condition.

The offline SDP in Algorithm 2 is solved using a LDI model
representation determined from the vertices of X̂ = {x :
∥x∥∞ ≤ 1.5} and Θ0. The state perturbation constraint set is a
simplex: S = {s : [−Inx

1]⊤s ≤ 0.5}, where 1 = [1 · · · 1]⊤.
No control perturbation set is needed (V = Rnu ) because the
system dynamics are linear in u. Since the nonlinear terms in
the model are quadratic, the bounds on the error terms δ0 and
δ1 are determined directly from the vertices of Θt and S.

We apply Algorithm 1 with solution tolerance = 10−3,
using Gurobi [11] and Yalmip [12] to solve Problem (19) as a
Second Order Cone Program (Apple M3 Pro, 36 GB memory).

To investigate the computational requirements of the pro-
posed algorithm we consider problems of varying sizes. Table I
shows how the numbers of variables and constraints and the
time required to solve Problem (19) vary with the state and
control dimensions nx, nu and with the dimension nθ of
the unknown parameter vector. In each case the disturbance
dimension is nw = 2, and the computation time in seconds is
the mean of 10 randomly generated problems of a given size.

The dominant factor determining the time needed to solve
Problem (19) is the number of SOC constraints. This is
determined by the number of vertices of the uncertainty set
W1 bounding δ1, which depends on the number (nθ + 1) of
vertices of Θt and the number of vertices of the perturbation
bound S that contribute to fi(x, u), i ∈ Nnθ

(also nθ + 1).
Hence the number of vertices ofW1 is bounded by (nθ+1)2.
The times reported in Table I show that computation time is
proportional to (nθ + 1)4.2 (with R2 value 0.97).

IX. CONCLUSION

This paper describes an ellipsoidal tube-based robust non-
linear MPC algorithm with online model adaptation using
successive linearization and convex optimization. We provide
recursive feasibility and robust stability guarantees, and we
demonstrate the computational efficiency and scalability prop-
erties of the algorithm through simulations with polynomial
system models. Some promising future research directions are
to use time-varying tube cross sections and local linear feed-
back gains computed online, and to consider convexification
methods using differences of convex functions (as is done
in [7] with polytopic tubes) in the context of ellipsoidal tubes.
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robust adaptive model predictive control framework for nonlinear uncer-
tain systems,” International Journal of Robust and Nonlinear Control,
vol. 31, pp. 8725–8749, 2021.

[6] V. Adetola, D. DeHaan, and M. Guay, “Adaptive model predictive
control for constrained nonlinear systems,” Systems and Control Letters,
vol. 58, pp. 320–326, 2009.

[7] J. Buerger, M. Cannon, and M. Doff-Sotta, “Safe learning in nonlinear
model predictive control,” in Proceedings of the 6th Annual Learning for
Dynamics and Control (L4DC 2024), PMLR v.242, 2024, pp. 603–614.

[8] M. Cannon, J. Buerger, B. Kouvaritakis, and S. Rakovic, “Robust tubes
in nonlinear model predictive control,” IEEE Transactions on Automatic
Control, vol. 56, pp. 1942–1947, 2011.

[9] S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan, Linear Matrix
Inequalities in System and Control Theory. SIAM, 1994.

[10] Z.-P. Jiang and Y. Wang, “Input-to-state stability for discrete-time
nonlinear systems,” Automatica, vol. 37, pp. 857–869, 2001.

[11] Gurobi Optimization, LLC, Gurobi Optimizer Reference Manual, 2023,
https://www.gurobi.com.
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