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Abstract—A computationally efficient nonlinear Model Pre-
dictive Control (NMPC) algorithm is proposed for safe learning-
based control with a system model represented by an incom-
pletely known affine combination of basis functions and subject
to additive set-bounded disturbances. The proposed algorithm
employs successive linearization around predicted trajectories
and accounts for the uncertain components of future states
due to linearization, modelling errors and disturbances using
ellipsoidal sets centered on the predicted nominal state trajec-
tory. An ellipsoidal tube-based approach ensures satisfaction of
constraints on control variables and model states. Feasibility
is ensured using local bounds on linearization errors and a
procedure based on a backtracking line search. We combine the
approach with a set membership parameter estimation strategy
in numerical simulations. We show that the ellipsoidal embedding
of the predicted uncertainty scales favourably with the problem
size. The resulting algorithm is recursively feasible and provides
closed-loop stability and performance guarantees.

Index Terms—robust adaptive control, convex optimization

I. INTRODUCTION

Model Predictive Control (MPC) is an optimal control
approach with solid theoretical foundations and extensive ap-
plications in engineering practice [1]. In many cases, accurate
prediction models can be obtained using physical modelling or
black-box estimation methods. However, due to the inherent
uncertainty in any system model, provably safe robust and
adaptive MPC strategies are a key focus of this research field.

There has been significant recent interest in integrating
learning-based methods with robust MPC approaches [2]. Like
robust adaptive MPC algorithms, these techniques retain the
primary benefits of robust MPC while leveraging information
about the controlled system collected during the execution of a
control task. Thus they are able to improve the accuracy of the
system model and enhance closed-loop control performance.

While several methods for robust adaptive linear MPC
have been proposed [3], [4], the more general case of robust
adaptive NMPC has received comparatively little attention
[5]-[7]. The approaches of [5] and [6] have strong system-
theoretical properties, but are computationally intensive be-
cause they require the solution of a nonconvex program online.
The method presented in [7] is both theoretically sound and
computationally efficient for low-order systems (due to its
foundations in convex optimization). However, a key drawback
of [7] is its limited scalability, since the number of optimiza-
tion variables depends on the number of vertices of polytopic
sets describing the predicted state tube cross sections.

This paper considers an alternative adaptive NMPC ap-
proach based on sequential convex approximations, but consid-
ering ellipsoidal tubes to bound the effects of the uncertainty
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in prediction. In this work we extend the theory of [8] to the
context of systems with additive and parametric uncertainty,
and propose a robust adaptive nonlinear model predictive con-
trol algorithm based on set membership parameter estimation
(SME) [7]. The resulting algorithm relies on the solution of a
second order cone program, which provides a computationally
efficient and scalable approach to solve the otherwise challeng-
ing robust NMPC problem, as we demonstrate via extensive
numerical simulations. To ensure recursive feasibility and
closed-loop stability, the perturbations around state and control
linearization points are limited to regions where the model ap-
proximation is meaningful and the effect of the approximation
error is bounded by constructing tubes containing the predicted
trajectories. By incorporating a line search procedure into the
online algorithm, the approach provides recursive feasibility,
constraint satisfaction and performance guarantees, even if just
one linearisation iteration is computed at each online time step.
Notation: N> is the set of non-negative integers, Ny, o =
{n e N:p<n<gq}, and Ny = Ny g1. [A]; is the ith row
of matrix A. For a matrix A, the inequality A > 0 applies
elementwise, and A = 0 (or A > 0) indicates that A is
positive semidefinite (positive definite). The Euclidean and
infinity norms are ||z|| and ||z||o, and ||2]lg = (zT Qz)/2.

II. PROBLEM STATEMENT

We consider a nonlinear system with unknown (but learn-
able) parameters subject to unknown additive disturbances:

T = fxe,ug,0) + wy, (D

where (z¢,u;) € X XU, wy € W, 0 € Og and ¢ is the discrete
time index. The state, control and disturbance input, and model
parameters belong to bounded polytopic sets: X = {x € R"= :
Fr <1}, U ={ueR™ :Gu <1}, W = co{w(’"), r e
N, }, 00 ={0cR™ : Hof < hy} = co{0?, g €N,,}.
We assume that the system can be represented as an affine
combination of known basis functions f;(z,u), i € N,,,

fl@e,ue, 0) = folwr,w) + Y 0 fi(we,w). 2)
i=1

where f; is differentiable and Lipschitz continuous on X' x U
and f;(0,0) = 0 for all 4. Our approach can be used with
any parameter learning algorithm that provides a polytopic
parameter set O, satisfying € O, C ©;_; for all ¢ > 0.
The objective of the control problem is to minimize a
quadratic regulation cost (with R > 0, @) >~ 0) defined by

S Uzl + luellR)- 3)

t=0



To reduce uncertainty in predicted future states, the decision
variables are perturbations {v¢, v¢y1,...} of a feedback law:

Uy = K(ﬁt +'Ut,

where the feedback gain K is robustly stabilizing locally
around x = 0, in the sense defined in Section VI. To simplify
notation, for all (x,v) such that (z, Kz +v) € X x U let

fr(z,0,0) = f(x, Kx + v,0)

and fk ;(x,v) = fi(z, Kz + v) for each i € {0,...,p}.

III. LINEARIZATION ERROR BOUNDS IN PREDICTION

We consider the Taylor expansion of the model in (1) around
a nominal trajectory x° = {z,..., 2%/} defined for a given
sequence v0 = {v0,...,v%,_,} and parameter §° € © by

ah 1 = fr(@p, v, 0%, k=0,...,N — 1. 4)

Let s; and v denote state and control perturbations such that
T = acg + s and up, = Kxy, + vg + v3. Then

(I,'ngl + Sk+1 = fK(CU(]i, Ug, 90) + 52 + ®p s + Brug + (5% + W
(&)

where @y = V. fr(29,v?,0°) and By = V, fx(2,02,60°)
denote the Jacobian matrices of fyx with respect to x and v.
The perturbations on the state and control input are con-
strained to satisfy bounds s € S, v, € V for all k € N [0,N]>
where S, V are given polytopic sets containing the origin. The
perturbation s contains both a nominal component (due to the
control perturbation v;) and an uncertain component (due to
linearization errors, parameter estimation errors and external
disturbances prior to the kth time step of the prediction
horizon). In this context we distinguish the zero-order error
term 0° and the first-order error term &' resulting respectively
from parameter estimation and linearization errors as follows.

Definition 1. The error terms ) and 4}, in (5) are defined by
52 = fK(x27 U27 9) - fK(x27 vl(c)v 90)
5% = fK(Q;‘g + Sk,’()]g + vk, 9) - fK(LL'27’l)279) — ®psp— Brug
Bounds on 4} are derived from the affine dependence on 6:
5]2 = fK(xgvvlgvg) - fK(l'gavgaaO) = fK(xgavg’a - 00)’
which implies a polytopic additive disturbance bound:
50 eW? =WO(2l 02, 6° 0) = 00{5,2(Q), qeN,}. (6

A tight bound can be obtained by elementwise maximization
over § € O. This set can be recomputed online (based on
the current trajectory and parameter estimation set) or can be
computed as an offline, global bound.

Bounds on 4} can similarly be derived using Definition 1.
The mean value theorem implies, for some (s,v) € S x V,

5 = (mek(xg + 5,00 +v,0) — @k)sk
+ (Vi (@l + 5,00 +0.0) = Be)oe. ()
A corresponding polytopic uncertainty set can be defined

S € Wi =WHa ,6°,8,V,0)

= CO{Clij)sk + D;(gj)vlw JEN,} ®)

where {C,E,J ), D,ij ), j € Ny, } are determined, for example, by
computing componentwise bounds on the Jacobian matrices
in (7) over s € S, v € V, 6 € ©. This set can be recomputed
online using the current nominal trajectory and estimated
parameter set or computed offline as a global bounding set.

IV. TUBE MEMBERSHIP CONDITIONS

We consider the state decomposition zj = x% + s and
control decomposition uy = Kzy, —H),?-i-vk, where s, contains
both the nominal and uncertain effects resulting from wy, 62
and &;.. The perturbation dynamics can therefore be expressed:

Spi1 = Prsp + Brog + wy + 6% + 05 9)

where w € W, &) € W) and &, € Wj. We split s, into
nominal and uncertain components, denoted zj, and eg:

Sk =z + ek (10)
2p1 = Przp + Brug (11)
ert1 = Prex + wy + 05 + 0 (12)

for kK = 0,..., N — 1. Following the approach of [8] we
use ellipsoidal tube cross sections to bound the effects of
uncertainty over the prediction horizon:

e €E(V,B3), k=0,...,N (13)

where £(V,3%) = {e : ¢ Ve < 32}. The design of V = 0
is discussed in Section VI. We note that the shape of the
ellipsoidal tube is determined by the matrix V' and only the
centre and scaling are optimized in the online optimization.

The conditions in (13) are ensured recursively via the tube
membership conditions on v, z; and Gy,

EWV,Bri1) D Pre+w+ 8" + 6%,
Vw eW, V6% e WY, Vot e WL, Ve € E(V,57). (14)
A sufficient condition for (14) is given by, for all j € N,
q€N,,,7€N,, ,andall e € E(V, 52),

Brsr 2 1O 2+ DY o +0) P [y + | (@4 +CF e+ |
15)
We enforce this condition using the following observation.

Lemma 1. Condition (15) holds for all e € £(V, 37) if
Bt > (bR + %) + 1|07 2 + DY v + 6y @l (16)

for all j € N,,, ¢ € N,,, with A\ defined by
e = @k +C V230 A7)

max
JEN,,, TEN,

where U(") = (V=1 — ™My T5=2)=1 and where o is a
constant whose design is discussed in Section VI.

Proof. Let pld9) = Bri1 — “C]gj)zk + Dl(cj)vk + 52((1)”%
then (15) holds if and only )\,(j’r) > 0 exists satisfying

AOV0 (@ oI)T
« o w® >0, (18)
* * -1



and (p (M)) > AU g2 4 a . By Schur complements (18)
holds iff Al Ny = (@ + COYTUM (@, + C). Choosing

Ak as the smallest scalar satisfying A\ > )\(J ") therefore yields
the sufficient conditions (16), (17). L]

V. ELLIPSOIDAL TUBE MPC SUBPROBLEM

At each iteration of the successive linearization algorithm, a
cost equivalent to an upper bound on the cost (3) is minimized
N-1
2 2 2
J(x,u) = > (leelly + lluelf) + 13-
k=0
Here x = {xy,...,xn} is the state sequence generated by (1)
with control sequence u = {ug,...,uny—1} and Iy is a
terminal cost discussed in Section VI. The cost is minimized
at each iteration ¢ at time ¢t by solving the following Second
Order Cone Program (SOCP) given the current plant state z%:

212

1, and all jeN,,qeN,,,

(v*, 8%, 2" 1) = arg x min J‘” (19)

subject to, for k=0,..., N —

21 = Przp + Brug

B 2 OB +0%)E 1O 2+ DY v+ Vv

e > (e + 2ld + 1K @+ 20) + 0 + well3)
+ BillV 2 llg k7 Ric
UD K (2 + 2, +EV,BR)) + vp + vk
XDal+ 2 +EV, D)
) =) v,g + v
SOz +EV,BR)
and initial and terminal conditions
Bo > [|2g + 20 — af v
Q=) 2 (lzvllv, Bx)

In > l(zn, By, 2%)
and, for iteration 7 = 1,
T < T — (e B + eI — 52)
and, for iterations 7 > 1,

Constraints of the form {x : Hx < h} D z+ E(V, ) are
imposed via [H];z + ||V ~2[H]] || < [h]; for each row i of
H. The design of the terminal set Q(x?\,) terminal cost [ and
& are discussed in Section VI, and jt(i_l), jt(f Tal) denote the
optimal objective at iteration ¢ — 1 and at the final iteration at
time ¢t — 1. The MPC strategy is summarised in Algorithm 1.

The main iteration of Algorithm 1 (lines 2-23) computes the
Jacobian linearization of the plant model about the nominal
trajectory generated by v (lines 3-4), and attempts to solve
Problem (19) (line 5). Although the constraints of Prob-
lem (19) ensure that the nominal trajectory x° generated by (4)
satisfies (z9,u?) € (X,U) Vk € N[ON 1 and 2% € Xy,
the linearized dynamics determined in line 4 may not define

Algorithm 1: Ellipsoidal Tube MPC
Input

: Initial perturbation sequence v'; parameter
estimate 6°; uncertainty bounds W, ©; cost
weights @, R; tube parameters S,V,V, o
Output: Control input u,; at time steps ¢t = 0,1, ...

1 At time ¢, set x) < 2}, i+ 1

2 while i < i,,4, and ||v*|| > tolerance do

3 | Compute x° by simulating the nominal system (4)
with initial state 23 and perturbation sequence v°

4 Compute Py, By, in (5), bounds WY, W], in (6),
(8) and Ay in (17) for all k € Nyg y_1)

5 Attempt to solve Problem (19) for v*

6 if Problem (19) is infeasible then

7 o < 1, LineSearch < true, i’ <1

8 while i’ <4/ . and LineSearch = true do

9 o af2

10 if : = 1 then

u L T 4 30,01 + (20 — T4 1a)

12 v0 v + a(v? —=v0,), @+ +1

13 Compute x using (4) with 23 and v°

14 Compute Oy, By, W), Wi, A, Vk € Njg ny_1)

15 Attempt to solve Problem (19) for v*

16 if Problem (19) is feasible then

17 L LineSearch < false

18 if LineSearch = true then

19 v 0, v V0L i e

20 if i =1 then

21 | x0 %0,

22 | Store v, + v

23 Update v «+ v +v*, i« i+1

24 Apply the control input u; = Kz} + v and set
vO e {08, 0}

Vo {U(l),old’ e v“?\u1,oldv 0}

Xgld — {xtl)’ T x?\lv fK(Z‘?V’ 0) 90)}

a feasible set of constraints for Problem (19). We therefore
perform a backtracking line search in lines 8-21, exploiting
knowledge of a perturbation sequence v%, and an initial
nominal state 2 such that Problem (19) is feasible. As we
show in Section VII, this provides a guarantee of feasibility
of at least one instance of Problem (19) at each time step t.

VI. TERMINAL CONSTRAINTS AND TERMINAL COST

This section discusses the terminal ingredients ] (z,8,2°)
and 2, and the parameters V, K, 0,6 in (19). To design a
terminal cost and constraints ensuring recursive feasibility, we
define the predicted trajectories of the model (1) beyond the
initial V-step prediction horizon by setting v, = 0, v = 0 and
up = Kxp, for k > N. We first construct a linear difference
inclusion (LDI) (e.g. see [9]) for each basis function f; in (2)
in a neighbourhood of (z,u) = (0,0). Considering all affine
combinations of the individual LDIs over the parameter set



O yields an aggregate LDI. Hence, for all § € Oy, x € X,
u € U, for given polytopic sets X, U, let

(Vof(z,u,0) Vif(z,u,0)] € co{[AD) BO], jeNy},
then, for all (zj,u;) € X x U we have

f(@p, ug, 0) € cof AV + B9y, j € Ny} (20)
To simplify notation, let X = X N {z : Kz € U}.
Remark 1. The LDI (20) can be computed using the vertices

of ©¢ and bounds on the Jacobians of the basis functions f;
in (2), analogously to the bounds on 4} in Section III.

Lemma 2. For all z € X the inequality

2[5 = I1f(z, K=, 0) + wlfy > [l2]g) + [|Kz]% — o @D

holds for all § € ©¢ and all w € W for positive definite V'
and some scalar o if the following Linear Matrix Inequality
(LMI) holds for all j € Ny and 7 € N,

S 0 (A9DS+BUOYYT § yT
T w(’")—r 0 0
*  x S 0 0 =0 (22)
* %k * Qil 0
x % * * R7!

with V=51 ¢2=7,and K =YV.

To compute V, 0 and K we minimize 7 subject to (22)
by solving a semidefinite program. This approach is justified
since (21) implies that o2 bounds the time-average value of the
stage cost in (3) as ¢ — oo under the control law u; = Kxy.

To determine the terminal constraint set for the tube pa-
rameters in Problem (19) we first introduce the notation

Q=Q+KTRK, ®W) = AU 4 BOK, j € N,, and define
A=1—omn(V2QV72) (23)
do = max ||90 - ¢91||1 (24)
09.,01¢
p = <1><J - : 2
dy = max || v (25)

Here é\ € [0,1) since a Schur complement of (22) implies
V = Q. We further assume fx ;(z,0) for each i € {0,...,p}

is L-Lipschitz continuous with respect to z, for all x € X.

Lemma 3. If v, = v) = 0in (5) and (10)-(12), and if 2, € X
and zy € 29 + 2z, + E(V, %) C X, then e), € E(V, 37) and

21y < A3 [|22lv (26)
l2kr1llv < A2||zillv 27
Br1 = (ABE+02)% +dg|lzllv + doLl|zd]v. (28)

Proof. From (20) with u;, = Kz and 29, 2y, e, € X we get

xkﬂ fr(29,0,60°) € CO{(I)(J)LCk jeNy}
21 = Przy € co{(b(])zk, jeNs}
ex+1 = Prex +wi + 52 + (;Ii

€ co{ti)(j)ek, JeENp}+wi + CO{(‘i)(j)—‘I)k)Zk} + 69

but (22) ensures that, for all w € W, j € Np, and all x € R"~,
1893, < [|z]F — =13 < All[l5
18V a +wlf < 2[5 = |z + o® < Mz}, + o°
since (23) implies V' — Q < V. Furthermore, for all j € N,
lco{ (@Y — ®p)zi}lv < dgllzklv,
and 0) = fx(29,0,0 — 0°) satisfies
1620y < Ll [v 10—6°]11 < deLl|2|v-
Hence :vg, 2y, satisfy (26), (27), and ey, satisfies
lexs1llv < (Mlexll? +02)* + dg |l zillv + doLlablv,
from which the bound (28) follows. O

The terminal set (z%;) is constructed so that Hxzy, < h for
all k> N whenever (||zn]lv,Bn) € Q(2%), where

{e:Hz<hy=XnXN{x:KeelUnU}

is the aggregate constraint set. To ensure this we impose the
condition ||z} + z||v + B, < p for all k > N, where

[H] v},

by defining the terminal constraint set for (||zx||v,On) as

p = min{[h]:/Il| (29)

Q) = {(r,Bn) : By < p— (r+ ||z llv)
and 37y, satisfying, for k=N+1,...,N+ N,
~(k—=N—1)
Br > (ABi— 1+U) +AT = (rdg +deL|zR|v),

Br < p— A7 (r+ [|l2%]1v)}
with N chosen large enough to satisfy
1 ~ N
{(A5N+N 0?)2 + A2 (rdg + do L2 |v)

+ A+ v} < b (31)

Lemma 4. If (||zn|lv,8n) € Q(z), then Hxy < h and
(lzkllv, B) € Q(a?) for all k> N, where By, for all k > N
satisfies (28) with the inequality replaced by equality.

(30)

max
(rBN)EQ(zY

Proof. Suppose (||zn|lv, Bn) € Q(z), then Hzy < h for
all zy € 2% +2n + E(V, %) since ||z + 2nlv + By < p.
If By 41 is equal to the rhs of (28), then from (26), (27), (31)
we have (||zn41llv,By41) € Q(«% ). By induction this
argument implies (||zx||v, Bx) € Q(29) for all k > N. O

Remark 2. 1f 0 /(1 — A) < p2, then N in (31) must be finite
since B, = 0 /(1 — )2 is strictly feasible for (31) in the limit
as k — oo. The condition (||zx|lv,8n) € Q(zY) introduces
2N second order cone constraints and N additional scalar
variables 5N+17 -+, By into Problem (19). Using ()\52
)2 < A2 2 3 + o, we obtain a sufficient condition for (31):

max

Az o+ AT (rdy + deLx
(r,BN)eQ(z(;V){ ﬁNer (rdg + de L]z [lv)

+1 .
> (r+l2Rlv} < p (32)

which can be checked for given N by solving a SOCP.



To ensure closed-loop stability, the parameter ¢ and terminal
cost [ of Problem (19) are required to satisfy

F(ZN7BNM1:9V) - ZQ(ZN+156N+17:E9V+1)
> (2% + 2nllg + BNV 2 g) = 5% (33)

In terms of the variables Oy, ..., By, 5 in (30), we define

N
[Z(ZN76N7I(JJV) = lez\/-i-k
%<HxNHV+”ZN”V)+6N+k 0<k<N

lN+k = { Aﬂ A
AT (e llv + lzvllv) + 9By k=N
o= Yo + ’Y)\ (d Tmax + d@L”:EN”V)

(34)

(35)
with 72 = 1/(1 — A2) and rpay = max(, g)en(al,) T
Lemma 5. If [ and 6 are given by (34), (35), then (33) holds
for all (zn, Bn) satisfying (||lzn v, Bn) € Q(z%).

Proof. This results from substituting (34)-(35) into (33), and
using (26)-(28) and the followmg mequallty, which holds for
any scalars a,b, A > 0: (A2a+b)2 < Aza?4b2/(1-A2). O

A procedure for computing the parameters defining the
terminal cost and constraint set is summarised in Algorithm 2.

Algorithm 2: Computation of terminal parameters

: Bounds X, U, O, matrices AW, B in (20);
disturbance, state and control sets W, X, U;
scalar p in (29); cost weights @, R
Output: V, g, K, A, v, N, &

1 At time ¢ = 0: Solve (S*,Y™*, 7

s.t. (22)andsetV<—(S*) K<—Y*Vcr — T,
/\<_1_‘7m1n( QQV ) ’YFZHV /( )‘%)

2 At times ¢t > 0 in steps 4 and 14 of Alg. I: Set N toa
prior estimate (e.g. N « 1) and check (32); increase
N until (32) is satisfied; compute & using (35)

Input

o .
) = arg mln&y,T T

VII. RECURSIVE FEASIBILITY AND STABILITY

This section shows that if Algorithm 2 is feasible at time
t = 0 and if there exists a sequence v” such that Algorithm 1 is
feasible at ¢t = 0, then the control law of Algorithms 1 and 2
ensures that the system (1) robustly satisfies the constraints
xy € X and uy € U at all times ¢ € N>q. In addition, for the
closed-loop system the asymptotic time-average of the stage
cost ||lt||22 + |Jue||% does not exceed the time-average of 6.

We first show that Problem (19) in Algorithm 1 is recur-
sively feasible using an inductive argument considering the
feasibility of (19) in iteration ¢+1 at time ¢ assuming feasibility
in iteration ¢ at time ¢, and the feasibility of (19) in the first
iteration at time ¢+ 1 assuming feasibility in the final iteration
of time ¢. In the latter case we use the following observation.

Lemma 6. Ifa:g—&—S - /'\?, ’Ug = (0 and Katg—&—KS - Z], then

MeBE 4027+ max_ [|OPz + 60y

JENy, ,qEN,,

< (B +0%)7 + dgllzilly +dollaflv - (36)
for all zj, € R, ), € R, where A, \ are given by (17), (23).

Proof. From (23) we have V—%(Q + KTRK) < AV, s0 (22)
implies, for all j € Ny and r € N,

AV o0 e’
o2 w | =0 (37)
* -1

Furthermore, if 2 + S C X, v) =0 and Kz + KS C u,
then co{®@), j e N, = co{(I)k+C(J , j € Ny, }. Comparing
(37) and (18) yields A > A7) and )\ > M. Since dg ||z ||v +
dol|20||v > max;4]|C" 2 + 6 V||, we obtain (37). O

Theorem 1. If at time ¢t = 0, v¥ and 2§ = 2} generate a
nominal trajectory such that Problem (19) is feasible, then in
any iteration ¢ > 1 of Algorithm 1 at ¢ > 0, Problem (19) is
feasible with v0 = vY . and in iteration i = 1 at any time
t > 0, Problem (19) is feasible if v0 = v0,; and x§ = 0 4.

Proof. This follows by induction from the following three
cases. (i) If, in iteration ¢ at time ¢, v° and mg generate
a nominal trajectory such that Problem (19) in line 5 of
Algorithm 1 is feasible, then line 22 trivially ensures that (19)
is feasible in iteration i + 1 time ¢ with v¥ = v¥,. (i) If,
in the final iteration of time ¢, v and z generate a nominal
trajectory such that Problem (19) in line 5 is feasible, then
line 24 ensures (due to the definition of €2 and Lemmas 3, 4,
5, and 6) that v* = v, and x{ = x{ ), generate a nominal
trajectory in iteration ¢ = 1 time ¢ 4 1 such that Problem (19)
is feasible. (iii) If, in any iteration ¢ and time ¢, Problem (19)
in line 5 is infeasible, then the feasibility of v® = v¥, (or
v0 = v, and 2z = xgjold if 7 = 1) implies that the line
search in lines 8-21 necessarily terminates with v® and z
that generate a nominal trajectory for which Problem (19) is
feasible, and hence feasibility of v0 = v9, (or v = v, and
x0 = 10 ,1q) is ensured in iteration 7+ 1 at time ¢ (or iteration
1 =1 at time ¢ + 1) by line 22 (or line 24, respectively). [

Theorem 2. If Problem (19) is feasible at ¢ = 0, then the
system (1) with Algorithm 1 satisfies z; € X, us € U and
T-1

. 1 2 2 _
limsup — > (|lze]lg + uel ) < 2
Tooo 1

o0 t=0

(38)

where ¢ = yo + yp(dg + deL).
Proof. This follows from Theorem 1, the constraints on Jt(i)
in Problem (19), and & < &, which implies, for all ¢ > 0,

jt(ﬁnal) - j(ﬁnal)

1 2 el + lluellz — 2% (39)

Summing over ¢ yields (38) smce Theorem 1 and the bound-
edness of X' and I/ imply that J final) is bounded. O

Remark 3. A corollary of Theorem 2 is that (1) is input-to-state
stable (ISS) [10] under Algorithm 1. This follows from (39),

which implies jt(ﬁ "a)) is an ISS-Lyapunov function since & is



TABLE I
SCALING OF COMPUTATION WITH PROBLEM DIMENSIONS

(e, N, Mp) ‘ (2,1,2) (4,2,2) (4,2,4) (6,2,4) (5,2,5) (6,2,6) (8,2,8) (8,4,8) (10,4,10) (12,4,12)
Variables 48 60 60 62 61 62 64 84 86 88
Equalities 22 44 44 66 55 66 88 88 110 132
Inequalities 57 97 97 117 107 117 137 177 197 217
SOC constraints 294 474 1274 1774 2184 3454 7314 7314 13334 21994
Execution time (s) 0.037 0.119 0.461 0.562 0.802 1.50 4.32 4.23 13.17 50.18

a K-function of the uncertainty bounds max, [|w(|,de,ds.
The latter follows from the definition of & and from (22),
which implies that scaling the disturbance set (W < kW for
k € (0, 1)) scales the value of o by the same factor (o < ko).

VIII. NUMERICAL RESULTS

The proposed controller was tested using randomly gener-
ated system models (1) with quadratic nonlinearities:

fo(l’,u) = Az + B’LL, f7($,u) = elkdi? (S N"e

where A, B are randomly chosen matrices, e; is the ith column
of the n, X n, identity matrix I,,, and j; is randomly chosen
from N, for each i (A, B and ji,...,Jj,, are known to
the controller). The disturbance set WV belongs to a subspace
of dimension n,, < n,, and has vertices w = wa(r),
r € N,,,, where B,, € R"*"v is a randomly generated full-
column-rank matrix (B,, and {&("), r € N,,_} are known).
The true parameter 8* is randomly chosen and unknown to
the controller, and the initial parameter set estimate is a ran-
dom simplex O containing §* with maxyco, ||#—0%| < 0.05.
For all ¢, ©; is updated using SME with estimation horizon
No = 5, and the nominal parameter vector 09 is defined as
the mean of the vertices of ©; (for details on SME see [7]).
The state and control sets are X = {z : |z < 10°},
U ={u: ||u]lo <1}, and the disturbance set is W = { B, :
||®]|co < 0.01}. The cost matrices are Q@ = I,,,, R = I, the
prediction horizon is N = 10, and each simulation runs for 10
time steps with a randomly chosen (feasible) initial condition.
The offline SDP in Algorithm 2 is solved using a LDI model
representation determined from the vertices of X = {z
|z]loc < 1.5} and ©g. The state perturbation constraint set is a
simplex: S = {s : [-1,, 1]"s < 0.5}, where 1 =[1 --- 1]T.
No control perturbation set is needed (V = R™+) because the
system dynamics are linear in u. Since the nonlinear terms in
the model are quadratic, the bounds on the error terms 89 and
6! are determined directly from the vertices of ©; and S.
We apply Algorithm 1 with solution tolerance = 1073,
using Gurobi [11] and Yalmip [12] to solve Problem (19) as a
Second Order Cone Program (Apple M3 Pro, 36 GB memory).
To investigate the computational requirements of the pro-
posed algorithm we consider problems of varying sizes. Table I
shows how the numbers of variables and constraints and the
time required to solve Problem (19) vary with the state and
control dimensions n,, n, and with the dimension ng of
the unknown parameter vector. In each case the disturbance
dimension is n,, = 2, and the computation time in seconds is
the mean of 10 randomly generated problems of a given size.

The dominant factor determining the time needed to solve
Problem (19) is the number of SOC constraints. This is
determined by the number of vertices of the uncertainty set
W?! bounding &', which depends on the number (ng + 1) of
vertices of ©, and the number of vertices of the perturbation
bound S that contribute to f;(x,u), i € N,, (also ng + 1).
Hence the number of vertices of WW! is bounded by (ng+1)2.
The times reported in Table I show that computation time is
proportional to (ng + 1)*2 (with R? value 0.97).

IX. CONCLUSION

This paper describes an ellipsoidal tube-based robust non-
linear MPC algorithm with online model adaptation using
successive linearization and convex optimization. We provide
recursive feasibility and robust stability guarantees, and we
demonstrate the computational efficiency and scalability prop-
erties of the algorithm through simulations with polynomial
system models. Some promising future research directions are
to use time-varying tube cross sections and local linear feed-
back gains computed online, and to consider convexification
methods using differences of convex functions (as is done
in [7] with polytopic tubes) in the context of ellipsoidal tubes.
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