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Abstract

Neurodegenerative diseases are a group of incurable disorders that are

identified by the progressive loss of cognitive function and degeneration

of the nervous system. Disorders such as Alzheimer’s disease show a sys-

tematical progression of the disease’s biological markers. A key finding

in Alzheimer’s disease is the hierarchical accumulation of toxic proteins

which leads to a disease staging identification called staging. Many studies

have used mathematical and computational models to explore the trans-

port of toxic proteins. In this thesis, we investigate mathematical network

models based on the prion-like hypothesis coupled with a linear transport

principle to understand key features of the dynamics and extract informa-

tion about toxic tau propagation. We consider three key problems. We

use the Fisher-Kolmogorov-Petrovsky-Piskunov equation as a paradigm

for the dynamics. First, we examine a model selection. We introduce a

novel approach, based on braid diagrams, for studying the structured pro-

gression of tau protein evolving on a network. Second, we extract arrival

time estimates for the dynamics. We present and compare three differ-

ent estimates for the arrival time: (a) the linear arrival time obtained

by linearizing the underlying system, (b) the Lambert time obtained by

considering the interaction of two nodes, and (c) the nonlinear arrival

time obtained by asymptotic techniques. Finally, we examine the role

of brain regional heterogeneity and consider directed networks based on

asymmetric brain connectivities. We study staging and arrival time for

both heterogeneous and directed network systems. Overall, this study on

tau protein propagation on networks with respect to staging and time of

arrival provides new tools to investigate systematically the spatiotemporal

evolution of toxic tau protein in the brain.
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Chapter 1

Introduction

1.1 Neurodegenerative disease

It is estimated that around 50 million people are suffering from neurodegenerative

diseases worldwide, with 850,000 people in the UK alone [177]. They carry a signif-

icant burden to the patient’s families, carers, and society. Alzheimer’s disease (AD)

and Parkinson’s disease (PD) are the most common neurodegenerative diseases, with

AD cases estimated to be 60-70% of all cases [176].

Neurodegenerative diseases are a group of disorders that are primarily affecting

the nervous system. Many diseases result in progressive loss of cognitive function and,

ultimately, a diagnosis of dementia. For instance, the decline of cognitive functions,

loss of short-term memory, and decreased bodily functions in the late stage of the

disease are common characteristics of AD. It is believed that such interference is

associated with neuronal death, brain atrophy, and overall cognitive decline because

of toxic protein aggregates throughout the brain.

Diagnosing neurodegenerative diseases nowadays relies on biological markers, called

biomarkers, to complement clinical cognitive assessments [78, 195]. Biomarkers usu-

ally indicate specific in vivo alterations [87, 88], either physical or molecular abnor-

mality. Clinicians usually rely on brain atrophy to examine the loss of brain matter

due to cell death and to correlate the disease stage with mental and physical difficul-

ties [92]. They detect atrophy through autopsy or structural brain magnetic resonance

imaging (MRI). For instance, Figure 1.1 shows the structural MRI of brain-shape al-

terations over two years of different patients. Despite the advantage of observing in

vivo alterations, this biomarker cannot characterise a specific histopathology of the

disease. Together with physical biomarkers, clinicians also use molecular biomarkers

such as toxic protein aggregates (also known as misfolded isomers) which are the dis-

ease agents accumulating in the brain. The well-known proteins in neurodegenerative
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Figure 1.1: Brain MRI imaging. Comparison of brain shape alterations over two
years of a healthy patient (HC; 84.8 years at baseline), a patient with mild cognitive
impairment (MCI; 71.8 years at baseline), and a patient with AD (AD; 77.5 years at
baseline). After two years of each brain patient, the subtle alterations are indicated
on the right column; adopted from Ledig et al. [110].

diseases are amyloid-β (Aβ) and tau protein (τP) in AD and α-synuclein (αS) in PD.

Clinicians examine biomarkers through either cerebrospinal fluid (CSF) or positron

emission tomography (PET) imaging. CSF provides pathological information in the

early progression of a neurodegenerative disease [15], for example, Aβ40 and Aβ421

concentration which is an indicator for AD. Meanwhile, PET is an imaging tech-

nique that provides information about physiological and biochemical activities of the

brain [92] (see Figure 1.2 for example). Moreover, PET can also be used to record

brain function. For instance, 18F-fluorodeoxyglucose (FDG) PET imaging measures

brain activity dysregulation. The use of biomarkers has been reported to be better at

1Aβ40 and Aβ42 are major isoforms of Aβ. Aβ42 contains two additional C-terminal residues
compared to Aβ40. This isoform is the predominant component of amyloid plaques, while Aβ40 is
dominant in CSF [66].
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predicting the disease prevalence at different ages [86] and, especially, to distinguish

the MCI and AD stages [78].

Figure 1.2: PET imaging. Normal brain (top) and abnormal brain (bottom) PET
imaging in three different scans. Aβ tracer scan (left), τP tracer scan (middle), and
18F-fluorodeoxyglucose (FDG) tracer scan (right). Warmer colors (yellow, orange,
and red) show more tracer binding indicating more Aβ deposits, τP tangles, and
better brain activities in FDG scan, respectively; adopted from Ten et al. [169].

The use of biomarkers is critical in order to explain the disease cascade and to

enable the diagnosis of neurodegenerative disease as early as possible. The amy-

loid PET scan for AD, for instance, has become one of the diagnostic requirements

because it will show an increased cortical concentration of the tracer in regions of

amyloid-aggregate deposition [178]. If not accessible, the CSF is an alternative tool

to assess the disease progression to measure the concentration abnormality. In order

to understand the disease cascade, the evolution of different biomarkers has been

theoretically modelled into abnormality curves that increase over time towards the

severe stage of the disease [87]. Figure 1.3 illustrates the sequential evolution of AD

biomarkers where the concept emphasises the ordering of Aβ and τP detected by CSF

and PET imaging at a given detection threshold. As the other biomarkers (i.e. FDG

PET and MRI analysis) rise, cognitive impairment becomes evident, with a range of

possible cognitive responses that vary amongst individuals. The authors suggest that

this biomarker model reflects in vivo functional changes of AD but not autopsy-based
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pathological histology [87].

Figure 1.3: Conceptual model of biomarker evolution for AD known as Jack’s curves.
Aβ deposition has been found to occur in the early stages followed by τP deposition
followed by MRI atrophy and decrease in cognitive functions; adapted from Jack et
al. [87].

Despite the advantages and possibilities of biomarkers, the practical and cost con-

straints of clinical AD experiments, most especially in humans, have led to an interest

in developing mathematical models of pathology evolution. Mathematical modelling

provides the essential foundation to describe large-scale features of neurodegenerative

disease through the quantification of pathology. It allows for integrating different hy-

potheses and coupling systematically various contributing factors in order to reveal

the complex mechanism of biomarker progression in the human brain.

1.2 Scope of the thesis

In this thesis, I study the in vivo dynamic of toxic τP as an AD biomarker. Toxic

τPs have been observed to traverse throughout the brain systematically and hierar-

chically. According to the seminal work of Braak and Braak [20], AD severity can

be categorised into six different stages in which each stage is associated with toxic

τP load at a specific brain region of interest. Recent works have suggested that the

transentorhinal region (or entorhinal in general) acts as a seeding location [180] and

transport of toxic τP occurs through communicating neurons [44, 180]. The key ques-

tion of this thesis is to understand the spatiotemporal evolution of toxic tau proteins

in the human brain through axonal links.
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The concept of prion-like growth and toxic protein spreading has become a cen-

tral proposal of the underlying neurodegeneration mechanisms. The disease etiology

indicates a corruption chain of large toxic molecules in the brain [6, 49, 50, 184, 187].

The amplification process is similar to the one found in prion disease pathogenic

conformation [141] where the spreading of toxic proteins occurs through intracellular

transport mechanisms [21] and extracellular space by secretion or damage of the host

cell [161]. To address the proposed question, I develop mathematical network models

based on the prion hypothesis coupled with a linear transport principle. In this thesis,

I use computational and asymptotic approaches to capture the hallmark features of

this process and extract information about toxic τP propagation

1.3 Thesis organisation

The work in this thesis is organised as follows. I review the literature regarding

toxic proteins in neurodegenerative disease and mathematical modelling of neurode-

generative disease in Chapter 2. In this chapter, I also determine our global and

specific objectives. Chapter 3 discusses the staging problem. I propose computa-

tional methods called braid diagram and braid surface to reveal staging within the

network-organised reaction-diffusion. Chapter 4 consists of the arrival-time problem.

We propose methods to estimate arrival times and apply them to neurodegenerative

diseases and τP propagation on undirected networks in Alzheimer’s disease. Chap-

ter 5 consists of the study of heterogeneous systems, while Chapter 6 discusses the

dynamics of directed networks. I propose a study with respect to staging and arrival

time for both chapters to reveal the effect of directional bias and regional capacities

on the resulting dynamics. Finally, I conclude all work and propose potential future

directions in Chapter 7.
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Chapter 2

State of The Art

2.1 Evidence regarding Alzheimer’s disease

A hallmark of neurodegenerative diseases is the large presence of toxic protein accu-

mulation throughout the brain. The proteins that present under healthy conditions

misfold, replicate, and spread in a pathological state and, eventually, bring harm

to the brain neurons [60, 186]. The most common neurodegenerative disease is AD

and it involves Aβ and τP over the disease progression. In this section, we discuss

evidence of AD key biomarkers that characterises the disease evolution.

Both proteins have beneficial roles in the human brain but become harmful due to

certain factors. Aβ is produced from the proteolytic cleavage of the amyloid precursor

protein (APP), a large membrane protein that is ubiquitously expressed in healthy

brains and predominantly plays a vital role in neural growth and repair [73, 133]. If an

APP cleavage is first processed by an enzyme called α-secretase, the resulting protein

is not harmful and prevents Aβ formation. An APP is processed instead by an enzyme

called β- and then γ-secretase results in toxic and misfolded Aβ. The toxic peptides

can accumulate over time to produce senile plaques with neurotoxic effects. τP is

mostly found in the axons. It is encoded by the microtubule-associated-protein-tau

(MAPT) gene, located on chromosome 17 [4]. The protein’s crucial role is to stabilise

the microtubules that provide a skeleton structure for the delivery of substances from

the cell body down the synapses by interacting with tubulin [67, 167]. The other way

to stabilise microtubules is through the phosphorylation of τP. However, pathological

conditions can increase its phosphorylation process and reduce its binding ability to

microtubules. It results in skeleton destabilisation and toxic fragment release from

the conformation [67]. Similar to Aβ, toxic τP fragments bind together and create

toxic and misfolded neurofibrillary tangles (NFTs). Once their toxic and misfolding

isoforms accumulate in the brain, it ultimately leads to neuronal death.
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2.1.1 Post-mortem evidence of protein biomarker

Aβ and τP, initially observed through autopsy, are the standard molecular indicators

to study disease progression. Cross-sectional analyses of post-mortem human brains

revealed a characteristic progression of Aβ plaques and a highly predicted appearance

of neurofibrillary tangles. The clinical course of the disease based on the biomarkers

can be subdivided into a number of stages for better recognition and control of the

disease progress [18, 170].

A seminal autopsy study has revealed that the evolution of Aβ deposition in the

brain allows the distinction of five phases [170]. The overall progression indicates

that senile plaques develop first in the neocortex, continue to the allocortex, and

eventually to the subcortex (Figure 2.1). This sequence in which the regions of the

brain are involved suggests that the deposition occurs through a successive process.

The neocortex is always the first region to develop Aβ deposits. It is observed that

plaques disperse focally into small groups in the grey matter. In phase 2, Aβ deposits

appear in the allocortex, with possibly, additional plaques in the amygdala, entorhinal

cortex, and cingulate gyrus. Phase 3 is characterised by the development of plaques

in the subcortical regions such as the caudate, putamen, thalamus, hypothalamus,

and white matter. Additional Aβ deposits in phase 4 appear in the brainstem nuclei

and substantia nigra, where it is related to the control, cognitive executive functions,

and emotional limbic activity [160]. Phase 5 is predominantly characterised by the

plaque formation in the cerebellum, frequently in the molecular layer and rarely in

the cerebellar granular layer. It is believed that Aβ deposition in the brain spreads

in an anterograde direction. This remark indicates that Aβ traverses from regions

already exhibiting plaques into regions that receive neuronal input from these regions.

For example, Aβ in the neocortex becomes involved in the amygdala in phase 2 and

the pontine nuclei in phase 5 [170]. The finding of the amyloid phases suggests that

AD is a disease in which large areas of the brain develop toxic plaques (phases 1 to 3)

before clinical symptoms appear. In addition, these phases are correlated significantly

with the evolution of neurofibrillary tangles. The deposit progression corresponds to

functionally and anatomically connected brain regions [27, 170, 183].

Earlier than the finding of the structured Aβ evolution in the brain, Braak and

Braak proposed a crucial AD disease staging according to the hierarchical τP spread-

ing [18]. They suggested that hyperphosphorylated τP load can be distinguished

into six stages within three key areas, i.e. the transentorhinal, the limbic, and the

isocortical areas (Figure 2.2). The distribution pattern exhibits significant differenti-

ation of neuropathology. Unlike Aβ plaques, τP tangles deposited in the neocortex
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Figure 2.1: Aβ propagation. Phase 1 is shown by neocortical Aβ deposits (Neocortex:
black). Phase 2 shows additional allocortical Aβ deposits (red arrows), phase 3
additional Aβ deposits in diencephalic nuclei (red arrows), phase 4 additional Aβ
deposits in distinct brainstem nuclei (red arrows), and phase 5 in the cerebellum and
additional brainstem nuclei (red arrows); adapted from Thal et al. [170].

do not accumulate erratically [18, 41, 171]. Stage I is characterised by the appear-

ance of neurofibrillary tangles in the locus coeruleus and entorhinal areas. Stage II

is the aggravation of the first stage and τP tangles start to affect the hippocampal

area. Stages I and II are often referred to the transentorhinal stages and correspond

to pre-clinical AD, which initiates τP deposition and shows no symptoms. In stage

III, neurofibrillary tangles appear in the parahippocampal region and the limbic area

such as the amygdala and thalamus. It is frequently observed in this stage that tan-

gles affect the dendritic area in the brain regions and convert into an extraneuronal

structure called the ghost tangle. Stage IV is characterised by a large number of ghost

tangles in the regions associated with stages I and II. A further feature of this stage is

that neurofibrillary tangles mildly affect the isocortex and large neurons in the basal

portions of the putamen and the accumbens nucleus. Stages III and IV are known

as the limbic stages and correspond to the clinical AD that is showing a cognitive

decline in AD patients. The last two stages, often called the isocortical stages, show

severe changes of neurofibrillary tangles in large area of the brain. The main feature

of stage V is that the isocortex is severely affected, while stage VI shows even more

changes and considerable loss of neuronal cells. A special feature of the last stage

is the presence of neurofibrillary tangles in the primary sensory area that contains

soma-devoid nerves [44]. The isocortical stages correspond to severe AD. A recent

study suggests that τP tangles and soluble seeds exist prior to pathology and other
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regions that are synaptically connected to the seeding location [44]. This consistent

presence, density, and distribution pattern of τP tangles is therefore known as the

Braak stages.

Figure 2.2: Distribution pattern of hyperphosphorylated τP in AD. Alterations in
the transentorhinal region (red arrows) occur in stage I-II (left), severe involvements
in the entorhinal region and transentorhinal region indicate impairment in the limbic
area (red arrows) in stage III-IV (middle), and increasing intensity in the isocortical
(red arrows) region occurs in stage V-VI. Darker shades indicate increasing severity
in τP load; adapted from Braak and Braak [18].

2.1.2 Further evidence of protein biomarker

Biomarkers these days are often identified through CSF and/or PET scans instead of

post-mortem. The two methods, CSF analysis and PET scans, can provide patholog-

ical information in the early progression of neurodegenerative disease [15]. Investigat-

ing biomarker abnormality accurately is important, especially during the onset of AD.

PET imaging, particularly, allows studying in vivo progression of neurodegenerative

diseases.

Amyloid deposition can be detected through CSF. It is possible because amyloid

plaques directly contact the extracellular space of the brain. Any biochemical changes

or abnormal amyloid concentration in the brain are therefore reflected in the CSF [15].

CSF Aβ42 is a basic measure of fibrillar Aβ42 and plaques in the diseased brain. It

has been shown that levels of Aβ42 in post-mortem CSF have a relation with plaque
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load at autopsy [164, 168]. Aβ42 concentration in the CSF has a negative correlation

with the amyloid deposition in the brain shown by an increase of plaques in the brain

reduces the Aβ42 concentration detected in the CSF [168]. However, there is a bias

found in the CSF Aβ42 that it is tightly correlated with amyloid retention in brain

regions adjacent to CSF spaces [65, 92].

Amyloid PET imaging is initially purposed as an in vivo surrogate for Aβ pathol-

ogy. It is used to detect cerebral senile plaques by giving signals to confirm amyloid

prions in the brain [92, 179]. Different studies have consistently reported that CSF

Aβ42 has a good correlation with Pittsburgh Compound B (PIB)-PET binding tracer

and 11CPIB binding tracer [15]. Amyloid PET is believed to be a more suitable mea-

sure to detect changes in the brain plaque load compared to the CSF Aβ42 because

it strongly and directly correlates with the aggregates [82]. Using the PET scans, we

are allowed to identify and quantify amyloid load regionally. However, it has been

suggested that amyloid PET is not a good marker during the clinical stage of AD [92].

The scans have a beneficial use in separating cognitively normal and impaired elders.

It is believed that the detection of amyloid load during the clinically invisible stage

can provide insights into the beginning of the disease onset.

An example of extensive use of amyloid PET is a study [31] to determine the

sequence of amyloid propagation in the brain in order to check whether Aβ in PET

scans follows a stereotypical pattern of propagation as in [18, 170]. The authors use

Z-scores derived from the PET scores and involvement percentage of amyloid involve-

ment frequency from patients after separating between positive and negative amyloid

patients. The data suggest that the range of percentage involvement of all neocortical

regions is small and there is no difference in involvement frequency within the neo-

cortical regions. They argue that small amyloid deposits in multiple neocortical areas

may spread simultaneously through multiple schemes, which is aligned with [18, 170].

This observation, however, indicates that amyloid PET is unsuitable for determin-

ing AD severity, especially if it depends on the cortical spreading pattern of amyloid

pathology which is unpredictable.

τP that is the primary component of neurofibrillary tangles has been assessed

through the CSF as the levels of this protein show an important pathologic feature of

AD [15]. CSF τP has been frequently reported to have a positive correlation with the

size of the damaged tissue and a negative correlation with clinical outcome [74, 129].

A quick development from mild cognitive impairment (MCI) to AD is reflected by a

high CSF τP [16]. Also, high CSF τP can be used to identify quick cognitive decline

in AD patients [149]. It has been reported that CSF τP increases significantly as
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Aβ deposition increases. It is believed that the CSF τP level depends on fragments

released from tau-bearing neurons [168]. These findings support the hypothesis that

the CSF τP level reflects τP phosphorylation and the formation of tangles in the

central nervous system. However, CSF τP is not useful in distinguishing pre-clinical

AD and AD patients [15].

τP deposits which aggregate intracellularly are basically difficult to access in vivo

until PET scans are used. Similar to amyloid PET, tau PET provides signals that

associate with tau prions. It has been reported that [18F]AV1451 tau PET can be used

to differentiate between pre-clinical AD and AD patients since signals from AD are

higher [93, 111]. It is suggested that tau PET is useful as a stage marker that reflects

disease progression since there is a significant signal elevation from the cognitively

normal to the MCI state [117]. It is also reported that tau PET is more closely

related to neurodegeneration biomarkers such as atrophy and metabolism disruption

than amyloid presence. Despite its potential for studying AD, studies report that the

low spatial resolution of PET and the off-target binding of [18F]AV-1451 limit tau

PET accuracy [148].

Assessment of tau PET has shown a regional τP pathological progression in the

brain [31]. The authors use a similar process to the amyloid identification in the

same paper where Z-scores derived from the PET scores and involvement percentage

of tau involvement frequency from patients after separating between positive and

negative tau patients. An increasing trend for τP binding has been observed when

assessed between different stages. However, image-based τP staging does not show

the exact Braak staging. For example, τP binding in the hippocampal region is not

found at Braak stage II. This finding may be due to variable off-target binding in the

choroid plexus. Furthermore, lingual and insular regions that are originally classified

into stages III and IV are characterised into stage V. Although tau PET allows

the identification of image-based staging, this finding indicates a notable difference

between post-mortem and image-based studies. However, tau PET could still be a

useful biomarker for the clinical and pathological progression of AD.

2.1.3 Evidence of brain atrophy

Progressive cerebral atrophy is another hallmark of neurodegeneration associated with

toxic protein aggregates. Brain atrophy is defined as a loss of brain matter due to

cell death and decreased brain volume [92]. The major contributors are dendritic

and neuronal loss. The major changes occur in the temporal lobe while the frontal

and temporal cortices have enlarged sulcal spaces and lateral ventricles [43]. MRI
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studies reveal that the sequence of atrophy evolution fits the histopathological of

neurofibrillary tangles [92] while amyloid deposition does not correlate with neuronal

loss [39, 61, 134]. Both neuronal loss and neurofibrillary tangles increase as the disease

progresses [61, 134]. From post-mortem studies as shown in Figure 1.1, AD brains

have a thinner cortex compared to MCI and cognitively normal subjects, principally

in bilateral, frontal, parietal, temporal, and occipital lobes [45]. Atrophy in MCI

subjects is identified to resemble healthy elderly and shows a significant difference in

the transition from MCI to AD [156]. It is suggested that neuronal loss in the superior

temporal sulcus can lead to cognitive decline in AD [61] while cortical thickness

negatively correlates with dementia severity in AD [45].

Changes in regional volume reflect the atrophy of the associated region. Stud-

ies of regional MRI volumes suggest that volume alterations are closely correlated

with neuronal counts from post-mortem analysis [92]. An extensive study on brain

volume through MRI scans has captured a predominant feature of atrophy found in

autopsy [31]. Volume reduction of cortical grey matter is most frequently observed

in the medial temporal regions such as the hippocampus, amygdala, entorhinal, and

parahippocampal cortices with the largest alteration occurring in hippocampal vol-

ume for around 23% difference between cognitively normal and AD subjects. When

assessment is done according to the Braak staging, it has been found that brains in

stages I-IV do not show a cortical thinning process. The apparent neurodegeneration

happens to a few regions in stage V such as the entorhinal, parahippocampal, and in-

ferior temporal cortices. Cortical thinning becomes clearly apparent in many regions

in stage VI. Although the regional volume spreading pattern is not that significant to

protein biomarkers, it shows a similar propagation to τP accumulation. This finding

is aligned with previous studies [43, 45, 61, 92, 134].

2.1.4 Insight from evidence

Studies conducted on Alzheimer’s disease provide a lot of evidence regarding the

disease’s progression. It is indeed toxic protein aggregation is the hallmark of such a

disorder. However, we highlight three notable features observed regarding the pattern

of accumulation in the human brain.

First, toxic protein aggregates accumulate gradually from region to region. Clin-

icians observe that aggregates initially start from a critical amount of seeds in one

or more sources in the brain and propagate systematically and hierarchically. The

finding of regional spreading allows clinicians to classify disease severity into distinct

stages and each stage is associated with one or more brain regions [18, 170]. Both
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toxic Aβ and τP exhibit this notable feature. However, tau tangles show clearer iso-

cortical staging than Aβ plaques. We can study the spatiotemporal evolution of toxic

proteins from this feature. It reduces complexity by dividing the brain into smaller

patches and, at the same time, enabling concentration differentiation over time for

each small patch.

Second, PET imaging demonstrates in vivo toxic protein propagation. The de-

velopment of advanced imaging techniques and tracers allows for studying the re-

gional spreading through signals as surrogate concentrations. Additionally, it al-

lows for studying pathological evolution during disease progression. Clinicians have

shown that PET signals consistently correlate with protein aggregates and clinical

status [82, 93, 111]. We can use PET images as a tool to study toxic protein spa-

tiotemporal evolution instead of analysing CSF. We can extract regional information

from PET signals but not from CSF since it only provides temporal disease progres-

sion. Despite its benefits, we also note that PET imaging suffers from off-binding [148]

which reduces accuracy and shows different patterns of regional spreading [31]. There-

fore, we may need to handle PET signals carefully when comparing them against the

simulation outcomes.

Third, tau protein, compared to Aβ, shows a structured progression in disease

development. Staging of τP is more apparent and clear to classify. A study of τP

reveals that the protein strongly correlates with brain damage [117]. PET signals of

τP can separate the healthy and diseased brains which allow differentiating significant

signal elevation between brains.

We conclude that studying the evolution of tau proteins is essential to understand-

ing the spatiotemporal evolution of neurodegenerative disease in the brain.

2.2 Proposed mechanisms in Alzheimer’s disease

Fundamental evidence from AD studies has led to important hypotheses for under-

standing of the disease’s etiology. The process and pattern that emerge in AD impli-

cate intricate co-mechanism between toxic proteins, neuronal transport, and synaptic

activities within the brain. Therefore, we need to break down the individual knowl-

edge that constitutes the etiology.

2.2.1 Amyloid cascade hypothesis

Alzheimer’s disease is characterised by various biomarkers with three main well-known

abnormalities in the brain, i.e. amyloid senile plaques, neurofibrillary tangles, and
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vascular damage, which result in neuronal loss [70, 71]. According to the amyloid

cascade hypothesis, the pathogenic mutation in the Aβ precursor protein (APP) is

the primary event of AD progression. The hypothesis suggests that Aβ deposition

is the initial occurrence of AD in humans, especially those who suffer from Down

Syndrome [115, 147]. Consistent with this hypothesis, the process likely progresses

to initiate excess τP phosphorylation and tangle formation, ultimately leading to

neuronal death. This so-called amyloid cascade hypothesis, proposed by Hardy and

Higgins [70, 71], has been the basis to most major AD studies and drug development.

Studies conducted around the hypothesis have been mainly focused on under-

standing amyloid formation and senile plaques to reveal their role in developing such

diseases. It has been found that amyloid deposition may occur due to an amyloid

precursor protein (APP) gene mutation. Unfortunately, the major variants lack a sub-

stance that can inhibit excessive amyloid production in the human brain [99, 108].

Observations suggest that amyloid plaques that come from the fragments of APP

diffuse throughout the brain [98] and are found as the only form of senile plaques as

commonly discovered in Down syndrome patients [115, 147]. These diffuse plaques are

distributed widely in the central nervous system and can evolve into neuritic plaques

in specific brain locations [28, 127]. Plaques that contain glutamine mutation for

glutamic acid attach to the walls of cerebral blood vessels and can lead to neuronal

loss, ultimately, cerebral haemorrhage.

Amyloid plaques commonly comprise β-polypeptide fibrils as waste neurites sur-

round the core with astrocytes and microglia. It has been observed that axon-and-

dendrite debris surrounding the amyloid core contain paired helical filaments (PHFs),

also a part of neurofibrillary tangle structure [105]. Furthermore, PHFs have been

observed to contain Aβ fragments and tau molecules. Nevertheless, it is not clear

what the main components of PHFs are and the underlying binding mechanism due

to possible secondary amyloid deposition in the surface of tau tangles or absorbed

into the tangles [193, 194]. Despite the controversies related to PHF elements, it

is believed that plaques and tangles do not emerge independently. The discovery of

APP suggests that amyloid plaques act as the primary lesion that precedes tau tangle

formation. However, they disrupt neuronal cells that contribute to neuronal function

deficiencies and, eventually, the syndrome of dementia [70, 71].

2.2.2 Tau hypothesis

The previous hypothesis predominantly emphasises the perspective of Aβ plaque

as the trigger of the onset of AD. However, further investigations on non-demented
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patients and mouse models indicate that amyloid deposition has no direct implication

with the beginning of the disease and is commonly observed amongst healthy ageing

elders. This counter-intuitive statement was supported by evidence that AD patients

may have very few amyloid deposits and healthy patients may develop abundant

amyloid deposits comparable to demented patients [46, 113]. The existence of Aβ

oligomers and fibrils in amyloid plaques in mouse brains did not lead to neuronal loss

or cognitive impairment [106, 107]. Furthermore, mouse models with Aβ deposits did

not show NFT formation and neuron death [24]. These observations challenge the

hypothesis that amyloid deposition is AD’s primary lesion.

One of the AD characteristics is the abnormality of tau tangle deposition in the

brain. Studies have shown that tau lesions start earlier than Aβ deposition [19, 93].

The idea, called the tau hypothesis [59, 97, 121, 123], suggests that the progression

of AD is strongly associated with tau pathology which causes extensive damage in

neurons through impaired cytoskeletal, signalling, and damage to the transport sys-

tem in the brain. The spreading of tau pathology has been observed to strongly

correlate with cognitive impairment and clinical symptoms which studies using PET

scans amplify the statement by showing a resemblance between tracer and neurode-

generation patterns [13, 25, 26, 128, 151, 153]. The tau hypothesis emphasises that

the principle causative substance of AD is τP. It has received much attention among

neuroscientists in the last five years.

Tau pathology in AD is observed to spread hierarchically in brains identified into

six Braak and Braak stages [18] as discussed in section 2.1.1. Tau aggregation is also

seen in other neurodegenerative disorders such as frontotemporal dementia, Parkin-

son’s, and progressive supranuclear palsy. A common feature found in these diseases

is tau gene mutation [3] inducing hyperphosphorylation to impair the ability of τP

to bind microtubules [72, 79, 139, 163, 162, 196]. Tau fragments then bind and form

fibrils, tangles, and ultimately neurofibrillary tangles [11, 192]. These observations

suggest that tau accumulation is a cause of neurodegeneration rather than amyloid

plaques, although the initial flame of AD is still unclear.

2.2.3 The prion-like hypothesis

As neurodegeneration progresses, an increasing abnormality of biomarkers indicates

load accumulation of protein causing neurodegeneration. Studies on Alzheimer’s dis-

ease have suggested that the disease etiology indicates a corruption chain of healthy

molecules into misfolded forms which involve molecule aggregation and fragmenta-

tion of large toxic molecules into smaller ones [6, 49, 50, 184, 187]. This amplification
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process is similar to the one found in prion disease pathogenic conformation [141],

where the term prion refers to a type of protein that can cause healthy proteins to

fold abnormally. This mechanism is called the prion hypothesis.

Prusiner initially proposed the mechanism of prion infectivity in 1991 as an ex-

ponential replication in which healthy protein conversion into abnormal isoform oc-

curred [141]. Protein labelled as prion has two forms: healthy isoform, presented

within the cell, and toxic isoform, which contains a specific viral nucleic acid. Prusiner

proposed that these two isoforms combine to produce a heterodimer substance and

fragment into two toxic molecules. In the next cycle, these molecules combine with

two healthy molecules yielding four toxic molecules. The replication mechanism oc-

curs repetitively, increasing toxic prions exponentially through this heterodimeric

intermediate process and possibly becoming autocatalytic.

Experiments at the molecular level have demonstrated that in AD, Aβ protein

shares similar features and proliferation kinetic to prion [6, 184]. Aβ extract injection

on transgenic mice demonstrated that neuritic changes and neuroinflammation can

form after the introduction of Aβ seeding on the brain [94]. Furthermore, this protein

can traverse from neuron to neuron in vitro and progress along the brain’s anatomical

pathways in vivo. In addition, Aβ can form different strains and sizes, but the small

and soluble ones are the most likely to propagate.

Tau aggregation in the brain appears to comply also with the prion-like hypoth-

esis. It is often considered as the outcome of Aβ abnormality cascade [70, 71], but

further studies indicates τP may be the torch of AD [18, 19]. Similar to Aβ exper-

iments, injecting τP extracts into healthy transgenic mice induces τP seed release

and accumulation. A distinct identified feature of Aβ is that the proliferation of τP

seed can occur not only in transgenic mice but also in wild-type mice [184]. Also, τP

has a range of sizes, but the most toxic ones are believed to be the small and soluble

oligomers.

2.2.4 Spreading of toxic proteins in the brain

Toxic proteins, especially in their soluble form, can move between connected regions

in the brain and imprint some general striking features. A notable trait of toxic

protein causing neurodegenerative disease is that the seeds start from an initial seed-

ing location [68]. Disease progression is inevitable after initial seeding. However,

there is a clinically silent phase during which toxic proteins grow and spread, sim-

ilar to the progression of prion disease [116, 142]. Another trait from post-mortem
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analysis and animal model studies on Alzheimer’s disease, and other neurodegen-

erative diseases in general, is a particular progression of repeatable and predictable

patterns [18, 34, 95, 170]. In case of Aβ and τP in AD, Amyloid-β deposits appear ini-

tially in the neocortex and spread into the allocortex and the subcortex [170] and τP

occurs first in the locus coeruleus and transentorhinal layer and then spread into the

amygdala and interconnected neocortical brain regions [18]. Toxic protein seeds can

undergo regional transmission [44, 182] through the self-propagation mechanism [95].

Toxic proteins can spread, in general, through either axonal transport or extra-

cellular diffusion [187]. Axonal transport is believed to correspond to neuronal ac-

tivity [154]. In [125], in vitro misfolded seed proteins demonstrate a direct neuronal

exchange through the axonal pathway. It is observed that seeds can move bidirection-

ally along axons and spread between synaptically connected neighbours [44, 109, 190].

Diffusion is usually understood to be associated with neuronal proximity [54]. Dif-

ferent studies in [124, 135, 138] have demonstrated that seeds can move into the

extracellular space through several possible ways. They can diffuse through secretion

and cell-to-cell endocytosis [161]. It is therefore suggested that axonal transport is

the major mechanism in the spread of seeds [95].

Although Aβ deposition is formed extracellularly and in direct contact with the

extracellular space, its seed form traverses between synaptically connected regions.

Evidence shows that Aβ expands anterogradely into regions that receive neuronal

projections from regions already exhibiting Aβ [170]. In [125], Aβ oligomers are

observed to transmit neuron to neuron through direct neuritic connections and intra-

cellular oligomers play a role in neurodegeneration instead of extracellular form. This

event is shown by internal neurite damage and gradual endosomal leakage because of

accumulated Aβ after introducing seeds. It is still debated whether the intraneuronal

Aβ aggregates are produced from Aβ secreted extracellularly, later taken up by cells

or formed directly from Aβ produced intracellularly [69]. In [53], the formation of

Aβ amyloid plaques has been observed in which initially soluble and extracellular

Aβ peptide becomes internalised. Once aggregated, internalised Aβ oligomers can

increase the accumulation of newly synthesised Aβ and act as seeds for intracellular

aggregation [125]. Ultimately, cells die and all intracellular components including Aβ

oligomers are released into the extracellular space. In addition, Aβ is reported to be

transported in exosome through endocytosis and exocytosis processes from in vitro

cell-to-cell transfer [125]. Also, there is evidence that Aβ seeds can travel from the

periphery to the brain as observed in a mouse model [94] which is postulated to occur
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through the vascular system [39]. Findings supporting this proposed mechanism are

consistent with substantial evidence from AD brain tissues and AD animal models.

τP is believed to move along the axonal pathways when fragments detach from

the conformational structure. τP can detach because of hyperphosphorylation that

reduces its binding affinity to the tubules [67]. When these molecules bind with each

other, the aggregates act as toxic seeds and move either towards the soma or ax-

onal distal end [63]. Smaller and soluble aggregates move to the synapses [44, 109].

Empirical studies indicate that the anterograde movement of soluble seeds towards

the synapses is a microtubule-dependent transport through piggy-backing free micro-

tubule fragments or fast stop-and-go motion [21, 109]. Meanwhile, larger oligomers

move retrogradely towards neuronal soma and accumulate there. The accumulation

cluster of τP in soma and neurites has been identified in cell cultures by decreasing

concentration gradient from the body cell to the axon end [109]. In addition, it has

been observed that motion of τP along the axon inhibits the anterograde transport

of organelles and vesicles. In [44], an experiment on a larger scale shows that τP

seeds are detected not only in the infected regions but also in the subsequent non-

infected region along the Braak pathway. τP seeds and aggregates have been observed

post-mortem within the synapses and along the axon of soma-devoid nerves. These

findings show that τP traverses via axons and synaptically connected regions.

Different studies reported that τP molecules also traverse extracellularly. The

protein is believed to have particular functions in the extracellular space such as to

increase the electrical activity of primary cortical neurons [22, 191]. Different stud-

ies have mentioned that intracellular τP aggregates exist in the extracellular space

through secretion because of clearance mechanism or neuron degeneration in both

physiological and pathological conditions [137, 190]. Similar to Aβ, τP is released as

either free τP molecules or exosome mechanism inside vesicles [137, 138]. Upon ax-

onal or somatodendritic degeneration, some released fragments could be internalised

by other neurons through endocytosis, then be transported anterogradely and retro-

gradely throughout different regions, accumulate, and, ultimately, reduce the cellular

clearance process in the brain [161, 190]. In addition, extracellular aggregates inter-

nalised at the axonal terminal can spread retrogradely toward soma [190] and inter-

rupt the anterograde transport of organelles and vesicles [109]. Studies that support

this mechanism show that the extracellular τP fibrils are engulfed into the cells and

start aggregating soluble τP in culture cell [54] and in a mouse model [34]. It is also

observed that trans-neuronal propagation takes place when τP fibrils are introduced

into the brain in vivo [34, 81].
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2.2.5 Highlight on disease mechanism

Hypotheses and theories in AD mainly come from the studies on the amyloid cascade

hypothesis. Accordingly, it is believed that Aβ is the initial trigger of the disease.

However, further studies unveil different ideas regarding the cause of the disease

and the transport mechanism. Here, we summarise two key factors of toxic protein

expansion and transport in the brain.

First, toxic proteins related to neurodegenerative disorders follow prion charac-

teristics. The process of nucleation, growth, and spreading is similar to prions where

proteins proliferate silently and slowly in the beginning and eventually become fatal.

Studies of different neurodegenerative diseases produce consistent evidence regarding

this prion-like self-replication [35, 60, 95, 96]. This mechanism is called the prion-like

hypothesis and it is central for our model of toxic protein evolution.

Second, the key spreading of toxic protein in the brain is intracellular transport.

Evidence suggests that τP molecules particularly reside in the axons and move be-

tween neurons through the axonal channels [44, 109]. There are several proposed

mechanisms for explaining τP intracellular movement, yet empirical studies suggest

diffusion as the main process [54, 109]. Another experiment also shows that Aβ aggre-

gate initially accumulates intracellularly and moves neuron to neuron [125]. Despite

the controversy, the intracellular process actually becomes crucial in extracellular

Aβ plaque formation. Accordingly, we take into account intracellular transport as

another fundamental part of our model of toxic protein transport.

2.3 Mathematical modelling review

Post-mortem studies or animal model studies on Alzheimer’s disease and other neu-

rodegenerative diseases, in general, have demonstrated different mechanisms of neu-

rodegeneration at the molecular level. However, these processes within the brain

remain unclear and assessing pathology in vivo is challenging. To fully understand

how neurodegeneration takes place inside the human brain, mathematical and com-

putational modelling become essential and beneficial.

We now need to take into account the prion-like paradigm and intracellular trans-

port in our mathematical model. First, the models of prion diseases in the past shape

the understanding of how prion-like toxic proteins aggregate in the brain. We learn

from the prion paradigm that a consistent model must elucidate: (i) the inevitable

disease progression after immediate inoculation and (ii) the slow disease progression

at the early stage [47, 90, 116, 141, 140]. These models agree that the autocatalytic
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process is the common feature of the prionic behaviour. Second, a major contributing

factor to neurodegeneration is the intracellular transport of toxic protein aggregates

along the axons. We note that various mathematical models mostly use the diffusive

paradigm to explain prion-like protein movement or delivery in axons [21, 109, 174].

The autocatalytic process and diffusion are key in modelling toxic protein trans-

port in neurodegenerative diseases. Some notable studies have provided a vital un-

derstanding of the underlying phenomena in the human brain such diffusion on net-

work [120, 130, 131, 145, 185], prion-like paradigm models [49, 172, 187, 188], and

significant factors to predict disease progression [84, 85, 180].

2.3.1 Network diffusion model

In a series of papers, Raj and coworkers model the progression of neurodegenerative

diseases by a diffusion process on the brain graph (connectome). The model is called

the Network Diffusion Model (NDM). They claim that the model of misfolded protein,

given by the graph Laplacian, predicts brain atrophy patterns of several neurodegen-

erative diseases such as AD and frontotemporal dementia [145]. The prediction of

atrophies is based on the Laplacian eigenmodes (see Figure 2.3).

In NDM, dementia progression is modelled as a diffusion process on a brain net-

work G = {V,E} whose nodes vi ∈ V represent the ith cortical or subcortical grey

matter structure, and whose edges, eij ∈ E, represent white-matter fibre pathways

connecting structures i and j. Structures vi come from parcellation of brain MRI,

and connection strength, cij, is measured by fibre tractography [12]. Suppose the

disease factor at time t at each node in the network is represented by the vector

x(t) = {x(v, t), v ∈ V}. The equation of the network diffusion model is given by

dx(t)

dt
= −βHx(t), (2.1)

where H is the normalised graph Laplacian and β is the diffusion rate. Suppose

di =
∑

k cik is the sum of connection strength at node i, we have

Hij =



−cij√
didj

, for cij ̸= 0,

di√
didj

, for i = j,

0, otherwise,

(2.2)

where each row and column of the Laplacian are normalised by their sums based on

the modelling assumption that all brain regions are not the same size.
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One feature of neurodegenerative diseases is the atrophy pattern of each disease

due to the accumulation of toxic protein in the brain. Raj and coworkers hypothesised

that cortical atrophy in region k due to accumulation is modelled as the integral of

concentration

ϕk(t) =

∫ t

0

xk(s)ds, (2.3)

where atrophy in all modes increases with time and the slower rate induces more

severe and widespread damage [145].

Further investigation on Laplacian eigenmodes indicated that global transmission

inside the brain clusters the transport to areas such as superior and inferior areas [185].

Prediction of the atrophy can be improved when neuron polarity is considered [131].

These findings indicate that brain connectivity might explain the occurrence of neu-

rodegeneration.

(a) Alzheimer’s disease (b) Frontotemporal dementia

Figure 2.3: Visual correspondence between theoretical prediction and measured at-
rophy pattern. (a) Comparison for Alzheimer’s disease and (b) Frontotemporal de-
mentia. Predicted distribution was obtained from the Laplacian eigenmode (top) and
measured the atrophy of 18 subjects on each disease(bottom). The size of the ball
represents the amount of atrophy measured in the corresponding brain region. Blue,
purple, green, red, and cyan colours represent frontal, parietal, occipital, temporal,
and subcortical, respectively; adopted from Raj et al. [145].

The NDM model provides insight into revealing the transport of toxic proteins

in the brain, however, we note a few plot holes. First, we raise a concern about the

definition of toxic protein concentration. NDM uses the disease factor as its vari-

able. However, whether the variable represents toxic protein concentration or any

other measurement is unclear. When the model is compared against such concentra-

tion data, we need a clear definition of concentration. For example, we can define
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a concentration as a biomarker abnormality percentage when we use toxic protein

concentration from CSF measurement. We can also define a concentration as a tracer

uptake ratio such as a standardised uptake value ratio (SUVR)2 score obtained from

PET scans. Second, we put a question to the assumption of using a normalised graph

Laplacian. It usually comes from a random walk process instead of physical transport.

Hence, NDM neglects physical properties such as mass conservation, in the absence of

any explicit mass exchange terms such as production or clearance or specific reaction

term, and Fick’s law3. Third, the model also lacks non-linear interactions that occur

from prion-like processes. In our understanding, it only focuses on how the misfolded

proteins traverse in the brain. Thus, the purpose of this model to replicate real toxic

protein propagation patterns remains unexplored [85].

2.3.2 Probabilistic model

A computational model incorporating the brain connectome, namely the epidemic

spreading model (ESM) [85], is formulated as a probability rate of misfolded pro-

tein load in structural brain regions. The dynamic of the probability over time is

determined by protein deposition and clearance probability. The protein deposition

probability is modelled as the accumulation of external and internal infection of mis-

folded aggregates in the brain network.

The proposed model has stochastic features to describe the dynamic interactions

between infectious misfolded protein and the brain’s clearance mechanism. The sys-

tem is governed by

dPi

dt
= (1− Pi(t))εi(t)− δi(t)Pi(t) + N, for i = 1, ..., N, (2.4)

where Pi(t), εi(t), δi(t) represent the temporal probability, the regional probability of

misfolded protein, and the probability of being clean of misfolded protein at region i at

time t, respectively. N denotes an additive noise due to possible stochastic processes,

such as natural stochastic factors mediating misfolding protein aggregation [76] and

is assumed to follow a Gaussian distribution with unknown mean µ and standard

2The standardised uptake value ratio is a medical imaging metric to quantify and compare the
uptake radiotracers in different regions of the body, in this case the brain, from a PET scan. The
intensity of the radiotracers that hit the target compound in the region of interest is recorded and
standardised to a region that is not affected[31, 150, 151].

3Fick’s law is a fundamental principle describing how substances move from high-concentration
to low-concentration areas. In other words, there is no transport in the absence of a concentration
gradient[144].
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deviation σ, and

εi(t) =
∑
j ̸=i

Paj→iβ
ext
j (t− τij) + Pai→iβ

int
i (t)Pi(t), (2.5)

δi(t) = δi(Pi, δ0) = 1− e−β0Pi(t), (2.6)

where Paj→i is the weighted anatomical connection probability between regions j and

i. βext
j (t − τij), β

int
i (t) become the extrinsic infection rate of region j at time t − τij

and the intrinsic infection rate of region i at time t given by

βext
j (t) = g(t)βi(t), (2.7)

βint
i (t) = (1− g(t))βi(t), (2.8)

βi(t) = βi(Pi, β0) = 1− e−β0Pi(t), (2.9)

where τij is the delay corresponding to the time the soluble misfolded protein departs

from j and travels a connection distance Lj→i. β0 ∈ [0,∞) and δ0 ∈ [0,∞) are

unknown constant parameters, with β0 and δ0 assumed to depend on the specific mis-

folded protein under study and the individual characteristics (e.g. genetic properties,

lifestyle, environmental conditions).

Despite its complexity, the ESM provides insights into AD toxic protein propa-

gation. The initial study using the ESM has demonstrated regional Aβ deposition

characterisation and epicentre prediction by incorporating the structural brain con-

nectome, protein clearance effect, and intercellular infection mechanism. This model

is compared against Aβ datasets of healthy and diseased brains. It is suggested that

a major reduction of Aβ clearance in early deposition results in excessive plaque for-

mation. Further study has compared the ESM against τP PET data to investigate

τP spreading hypothesis of Braak and Braak [180]. The model can explain about

70% of overall τP diffusion across the brain (Figure 2.4). However, the spreading

behaviour cannot be captured accurately over time indicating that the model could

not predict the further stages of AD pathology.

The ESM provides an insightful view of prion-like growth and spreading effect

in the model, however, it has some disadvantages. We first note that parameters

in the ESM lack a clear interpretation of functional changes associated with the

disorder [187]. Its sophisticated structure does not directly use regional deposition but

it highlights the importance of using the structural brain connectome in the model.

Similar to the NDM of Raj [145], this model uses a symmetric brain connectivity

matrix.
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Figure 2.4: Validation of hypothesised, observed, and predicted pattern of τP spread-
ing. The patterns of Braak initial stages (I-II) and late stages (V-VI) are given in the
left column. The observed spreading patterns in τP PET imaging, ESM using struc-
tural connectome, and ESM using functional connectome from left to right. Warmer
colours represent higher τP burden observed in the studied population; adopted from
Vogel et al. [180].

2.3.3 Physics-based model

A physics-based model provides further mathematical modelling which accommodates

reaction terms to describe misfolding proliferation. This non-linear interaction cou-

pled with a diffusive process provides a more comprehensive perspective of prion-like

propagation [187, 188]. A simple two-species model, known as the Heterodimer model,

can be approximated by the well-known one-species Fisher-KPP model [187, 188].

Both the Heterodimer and Fisher-KPP models demonstrate biomarker abnormality

of prion-like protein propagation (Figure 2.5). Let P and P̃ represent healthy and

misfolded protein molecules, respectively. The chain reaction between them is gov-

erned by

P + P̃
k11−−→ PP̃

k1′2′−−→ P̃P̃
k2′2−−→ P̃ + P̃,

or

P + P̃
k12−−→ P̃ + P̃.

(2.10)

We can then formulate the reactions for the total amount of healthy protein P and

misfolded protein P̃. Let p(r, t) and p̃(r, t) represent the amount of healthy protein
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P and the amount of misfolded protein P̃ at location r and time t, respectively. The

governing equation is given by

∂p

∂t
= Div(Dp · ∇p) + k0 − k1p− k12pp̃, (2.11)

∂p̃

∂t
= Div(Dp̃ · ∇p̃) − k̃1p̃+ k12pp̃, (2.12)

where Dp and Dp̃ characterise the spreading of p and p̃, k0 is the production rate of

the healthy protein p, k1 and k̃1 are the clearance rates of p and p̃, and k12 is the

conversion rate from the healthy to the misfolded conformation. It implies that in the

healthy state, the equilibrium concentration of healthy protein is simply p0 = k0/k1.

Initially, the amount of healthy protein is much larger than the amount of misfolded

protein, p ≫ p̃, which implies that dp/dt ≈ 0 and Div(Dp · ∇p) ≈ 0. With these

assumptions, the equation provides an explicit estimate of the amount of healthy

protein p = k0/(k1+k12p̃). We can now approximate the healthy protein concentration

p using Taylor series evaluated at k12/k1p̃ = 0, to obtain p = k0/k1[1− p̃k12/k1]. Re-

parameterising in terms of the misfolded protein concentration c, we now assume

0 ≤ c ≤ 1 so that we have

∂c

∂t
= Div(D · ∇c) + αc(1− c) (2.13)

whereD = Dp̃, c = p̃/p̃max, with p̃max = αk2
1/k

2
12k0 and α = k12k0/k1−k̃1. The spread-

ing of misfolded protein can be either purely isotropic, such that Div(D · ∇c) = d∇c,

or anisotropic along pronounced communication networks within the brain. Impor-

tantly, in this model, the growth rate α of the misfolded protein concentration c

increases linearly with the conversion rate from the healthy to the misfolded confor-

mation k12 and with the equilibrium concentration of healthy protein p0 = k0/k1 and

decreases linearly with the clearance rate k̃1.

These models can be coarse-grained by accommodating diffusion on a graph as

the surrogate for the continuum Laplacian [49]. To model diffusion on a network,

Weickenmeier and coworkers discretise (2.13) on an undirected graph where the con-

centration of misfolded proteins ci at all i = 1, ..., N nodes and express the change in

the concentration as

dci
dt

= −κ
N∑
j=1

Lijcj + αci(1− ci), (2.14)

where κ characterises the global diffusion between regions and α is the net of local

production and clearance of misfolded protein. A central element is the weighted
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graph Laplacian Lij, a square matrix, which we construct from the adjacency ma-

trix Aij. The graph Laplacian Lij is the difference between the degree matrix and

the adjacency matrix, Lij = diδij − Aij, where di denotes the degree of node i as

stated in section 2.3.3. The graph Laplacian of the physics-based models is differ-

ent from the proposed NDM model and incorporates physical processes. Further-

more, the Heterodimer model has been extended by considering Aβ and τP protein

interaction showing that Aβ deposition can trigger the surge of secondary tauopa-

thy [172]. Another extension has been proposed by considering different sizes of the

protein molecule and more specific conformation processes, given by the Smoluchowski

model [51, 49].

(a) Simulation using Fisher-KPP model (b) Simulation using Heterodimer model

Figure 2.5: Prion-like propagation simulations of Fisher-KPP and Heterodimer model.
Biomarker abnormality of protein propagation across the individual brain lobes;
adapted from Fornari et al. [49].

The physics-based models have essential advantages in developing an understand-

ing of toxic protein transport in the brain through mathematical modelling. De-

spite the disease’s complexity, this type of model captures three fundamental fea-

tures of neurodegenerative diseases: toxic seeding, aggregate accumulation, prion-like

proliferation and spreading throughout the brain. The model can summarise the

regular sigmoid-like evolution of neurodegenerative biomarkers [49, 187, 188]. The

reaction-diffusion of the Fisher-KPP is a minimal model that can predict the growth

and spread of different neurodegenerative diseases. Simulations consistently suggest

that anisotropic diffusion is a key ingredient revealing the underlying neurodegener-

ation and atrophy pattern formation mechanism. It is believed that mathematical

models of neurodegeneration should incorporate networks of interconnected brain re-

gions [49, 145]. Further observation using this model highlights the heterogeneity of

brain networks and suggests some theoretical treatments. The topology of the brain
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indicates the nature of AD’s slow progression in the brain. Clinicians have used the

Fisher-KPP model for further hypothesis testing of intracellular spreading by com-

paring the network model against τP data [150]. Using a weighted brain connectivity

graph and brain regional distance, the study estimates the diffusion rate κ and the

production rate α, and shows a good correlation with the observed τP PET signals. In

general, physics-based models demonstrate the nature of neurodegenerative diseases.

We also note some drawbacks of the models. First, the intracellular τP spreading

hypothesis is not fully confirmed due to a lack of longitudinal data. Second, despite

developing more complex models incorporating various aggregate sizes, there is no

data validation with Aβ or τP different aggregate sizes. Third, each model has a

particular disadvantage. The Fisher-KPP model cannot fully demonstrate the in-

terplay of biochemical and biomechanical degeneration for intermediate states. The

initial heterodimer model cannot explain the effect of selective clearance in the brain.

Fourth, the proposed models mostly focus on simulating global parameters and gen-

eral propagation features. There is no explanation of the detailed spreading process

on the brain network.

2.4 Objectives of the thesis

The main objective of my research is to understand the transport of neurodegenera-

tive prion-like proteins within the brain networks from a mathematical modelling per-

spective. To some extent, this thesis is influenced by the physics-based mathematical

model in [49] and [187] which reflects toxic protein propagation considering prion-like

growth and spreading throughout the brain network. In this thesis, we ask particu-

lar questions about transport and network mathematical models. How does model

selection affect toxic protein propagation on structural connectomes? What is the

underlying mechanism of the systematic propagation of network-organised reaction-

diffusion? What is the effect of asymmetry on toxic protein propagation on structural

connectomes? To answer these questions, we address our research into three more

specific problems: (1) staging problem, (2) arrival time problem, and (3) problem on

systems with regional heterogeneity and directional connectivity.

2.4.1 Staging problem

The staging notion allows tracking the progression of toxic protein seeds and the

associated damage. Motivated by Braak staging [18, 44], we define staging as an

ordered sequence of brain regions of interest according to the time at which the average
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toxic protein concentration reaches a given threshold. The staging problem consists

in determining the sequence of brain regions of interest for different thresholds and

model parameter values. A complete definition and discussion of the staging problem

are addressed in Chapter 3. This work has been published in [144]. Our goal here is

mainly to capture qualitative staging of τP protein as observed in Alzheimer’s disease

with specific questions:

1. What model correctly represents the spread of toxic protein along the axonal

links? What parameter is crucial to toxic protein propagation, or to disease

progression?

2. There are many methods for acquiring brain connectomes. Does it affect the

resulting propagation pattern?

3. What is the effect of connectivity weight variation on the resulting pattern? Do

seeds and the associated damage yield distinct patterns of propagation?

2.4.2 Arrival time problem

Focusing on toxic protein seed propagation, we consider the ordering sequence of brain

regions of interest at a low concentration threshold. The time recorded at which the

toxic protein concentration reaches a low threshold (equal to the initial value) is called

the arrival time. The arrival-time problem consists in determining the arrival time at

each node. This problem provides a meaningful insight to reveal systematic, perhaps

hierarchical, invasion processes motivated by the study of toxic protein propagation

in neurodegenerative diseases. This notion allows nodes associated with regions in

the brain network to be ranked and reveals the staging of neurodegenerative disease.

A thorough definition and discussion of the arrival-time problem are addressed in

Chapter 4. This work has been published in [143].

Our specific goal for this problem is more than just to obtain a method to compute

the arrival times since this problem can be solved numerically. Rather we want to

obtain meaningful estimates and approximations of its dynamics. Therefore, our

specific questions are:

1. How long does it take for the first seed to reach neighbouring nodes?

2. How does the first phase of the process depend on the parameters or topology

of the system?
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3. Once the initial invasion takes place, can we estimate the velocity of the inva-

sion? How long does it take for the system to be fully invaded?

4. To obtain a decent analytical approximation of the solutions to understand

other coupled processes.

2.4.3 Heterogeneous system and directed network problems

Evidence from different studies suggests that the transport process inside the brain

can be influenced by many factors [21, 44, 63, 109]. Two possible factors are brain

directed-connectivities [101, 165] and different brain regional properties (commonly

called in the literature as heterogeneity) [37, 55, 122]. Directional bias is represented

in the connectivity matrix by a directed network and regional heterogeneity is rep-

resented by different lower and upper concentration bounds between brain regions.

The problems consist of determining dynamics from systems that have asymmetric

features in the transport or varying kinetics of the model. Further definition and

discussion of the problem are delivered in Chapter 5 for the heterogeneous system

problem and Chapter 6 for the directed network system problem.

Our main goal is to understand the influence of particular factors such as direc-

tional bias and heterogeneity on the resulting dynamics in terms of arrival time and

staging. Our specific questions are:

1. How long does a diseased seed invade the whole system in the presence of

asymmetric links compared to its symmetric form?

2. If two networks have slight direction differences, do they show significantly dis-

tinct dynamics? How different are the dynamics of a perturbed system from its

original system? Does the perturbation significantly affect the invasion process

on a network?

3. What is the form of arrival time estimate derived for directed network systems?

4. How does directionality on structural connectomes change staging of τP prop-

agation in the brain?

5. How does regional heterogeneity affect the staging of τP propagation in the

brain?

6. What is the form of arrival time estimate derived for heterogeneous systems?
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2.5 Contribution

The important findings of my research are:

1. Staging patterns can be identified using a network-organised Fisher-KPP model

according to brain regions corresponding to the Braak stages [144]. This finding

opens the possibility of individual-level assessment.

2. The underlying choice of brain connectome, the brain connectome’s weight se-

lection, and the model parameters’ relative sizes could significantly influence

the evolution of protein transport and tauopathy, and the three factors need to

be considered concomitantly [144].

3. Arrival time estimate from the linear solutions obtained through the linearisa-

tion of the entire system of differential equations is universal and easily gener-

alised to other systems [143].

4. The Lambert distance derived from the shortest path of edge arrival times on

the associated network becomes an intrinsic property of the invasion process on

a network. The method can provide a good initial guess for the linear arrival

time. The approximation solution based on this estimate is an improvement

from the linear solution [143].

5. The asymptotic solution based on the nonlinear variation of constants gives

a uniformly valid approximation and has correct asymptotic properties. This

method improves the solution given by the Lambert distance [143].

6. Both directed network and heterogeneous systems show that the Kernel of the

defined graph Laplacian is not an equilibrium for the reaction-diffusion dynam-

ics.

7. The linear method to estimate arrival time for both heterogeneous and directed

network systems provides a good estimate and can capture the nontrivial fea-

tures.

8. A similar notion to Lambert distance in [143] has been revisited for both het-

erogeneous and directed network systems. Large asymmetric features such that

the parameter values are small strongly influence the accuracy of this method

to estimate arrival times.

30



9. The asymptotic approach for both heterogeneous and directed network systems

has been revisited. It becomes a better improvement to the linear and Lambert

methods. The solution of this approach is given in a long expression in the form

of a polylogarithm or hypergeometric function.
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Chapter 3

Staging Problem in
Neurodegenerative Disease

3.1 Overview

3.1.1 The hallmark of regional propagation

A hallmark of neurodegeneration disease is the regional spreading of toxic proteins

in the brain. The protein aggregates are proposed to start in a particular brain re-

gion and then propagate along axonal links. Figure 3.1 illustrates the spreading of

Aβ and τP in the AD brain. Post-mortem studies reveal that Aβ initially accumu-

lates in a large area of the isocortex before invading the neocortex and cerebellar

cortex. Meanwhile, τP is observed to accumulate in the entorhinal and invade other

synaptically-connected brain regions. As the development of mathematical and com-

putational models for neurodegeneration increases, different studies race to capture

the signature pattern of toxic protein spreading in the brain.

In modelling neurodegenerative disease, a desirable property for any mathematical

model is to reproduce the structured regional spreading and hierarchical patterns of

progression called staging. The six-stage AD progression suggested by a seminal work

in 1991 is a striking trait of the disease [18]. Mathematical models have been used to

reproduce such staging patterns and data, e.g. PET scans [31]. A probabilistic model

called ESM can accurately capture the region-by-region toxic protein propagation in

lower stages. However, it failed for further stages when compared to scans [180].

Continuous models can also capture the lobe-to-lobe spreading in the sense of a

more general propagation [49]. All models that can capture this trait agree that the

entorhinal region in the brain is the seeding location to obtain the desired pattern

despite their implication of model selections for an observed staging sequence.
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Figure 3.1: Toxic protein inclusion in AD. a. Amyloid-β aggregate inclusion in the
diseased brain, b. τP aggregate inclusion in the diseased brain; adapted from Weick-
enmaier et al. [188]

In this chapter, we address questions related to model selection for computational

studies of Alzheimer’s disease through the staging problem. We will discuss the impact

of model selection for prion-like mathematical models with respect to an observed

staging sequence. As a case study, we will consider the propagation of toxic τP in

AD. We compare results to patterns motivated by a recent study that uses a six-

stage Braak pattern for τP in AD. Our study highlights the nuanced role of each

choice in network neurodegeneration modelling. In particular, we show that choosing

graph Laplacian weights, connectome resolution, and variation model parameters can

significantly alter the landscape of observed staging patterns.

3.1.2 Computational disease staging

Disease staging is crucial for understanding disease progression and classifying illness

severity. It is a method that defines discrete points to categorise increasing levels of

severity according to a collection of observable clinical criteria. For instance, staging

with three stages [62] classifies disease progression into stage 1 when conditions with

no complications or problems with minimal severity, stage 2 when conditions with

significantly increased risk of complications, and stage 3 when conditions with mul-

tiple site and systemic impairment, which may lead to death. This method clusters

individuals into groups based on observed criteria. Staging is extremely meaningful

for clinicians because it allows them to choose a therapeutic modality and evaluate

the clinical significance of prognosis [36]. It has been widely used for many diseases in-

cluding neurodegenerative diseases [18, 20] where the severity levels can be associated
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with infected organs.

Scientists have used various computational methods to classify disease staging.

In AD, a stage sequence is determined by ordering infected brain regions into a

propagation order. There are two common methods of determining the sequence

of infected brain regions according to biomarker levels. One can apply statistical

analysis to empirical data to obtain the sequence. The other method is to apply a

model and compute the average abnormality of different brain regions to replicate

the signature propagation.

To define staging, one can use imaging data such as brain volumes from MRI

scans or biomarker tracer levels from PET scans [31]. The approach is to process

data according to grey and white matter segmentation. The SUVR score of various

regions is classified into categories using the Z-score cutoff. The procedure determines

the order of cortical spreading for participants with a Z-score above the cutoff and

counts the number of participants categorised into the same group. This approach

allows one to obtain the image-based τP stage as a useful biomarker for AD’s clinical

and pathological progression. However, this study is limited to the available data.

For instance, the study uses cross-sectional data that only shows each patient’s one-

time medical record. This limitation hinders understanding the actual dynamics of

spreading patterns.

3.1.3 Staging problem

The central problem discussed in this chapter is the generalised staging problem. We

define staging as the spatiotemporal sequence of an invasion process on a network.

Each element in the sequence is a disease stage associated with one or more regions

in a network.

We consider a general spatiotemporal system with a form

dp

dt
= f(t,p;Θ), (3.1a)

p(0) = p0, (3.1b)

where p(t) = (p1(t), ..., pN(t)) denotes a normalised and dimensionless quantity, for

example, a normalised protein concentration 0 ≤ pi(t) ≤ 1, evolving on a connected

and undirected network G = (V,E) with a collection of N nodes V, representing

regions of interest, and edge set E, representing connections between these regions.

The quantity pi(t) corresponds to the observed concentration in node vi and pi(0)

is the initial concentration at that node. The quantity Θ represents the parameters
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of the system 3.1a. We further assume that the dynamics of the system is such

that starting from an initial condition, where all concentrations are taken to vanish

except in a few nodes, and the system will evolve asymptotically to a state where all

concentrations reach their maximal value.

Let Ωj for j = 1, ..., J be a nonoverlapping collection of nodes, such that Ωj ⊆ V

and Ωj ∩ Ωk = if j ̸= k. Let T ∈ [0, 1] be an arbitrary threshold value. As the

concentration evolves according to (3.1), we define the average concentration Pj

Pj =
1

|Ωj|
∑
i∈Ωj

pi, j = 1, ..., J,

and record the time when Pj first reaches the threshold T , Pj(tj) = T . We call

these times the arrival times. This process produces an ordering of the regions Ωj

according to the ordered arrival times. The ordered sequence {Ωj1 ,Ωj2 , ...,ΩjJ} is

called an observed staging pattern. The generalised staging problem here is to ascertain

the scope of observable staging patterns subject to varying Θ. Ultimately, we can

compare the observed staging patterns to one or more desirable staging patterns

resulting from an empirical study.

3.2 Toxic protein propagation model

In this section, we discuss the modelling of prion-like protein propagation. We first

consider the transport process across the brain connectivities and extend the mod-

elling by including the pathological protein multiplication.

3.2.1 Diffusion on a network

The term Laplacian matrix connects different concepts in mathematics. In general,

the Laplacian matrix is a matrix representation of a discrete Laplacian operator on a

graph. The matrix approximates the negative-signed continuous Laplacian obtained

from the operator discretisation. Enforcing the continuous Neumann boundary condi-

tion to the operator endows the matrix with a conserving mass property that prevents

quantity loss during diffusion. In a graph setting, the Laplacian matrix is also called

the graph Laplacian. Let G = (V,E) be an undirected connected graph with N nodes

V and M edges E. The matrix form of graph G is given by the adjacency N × N

matrix A = [aij] with entries aii = 0 for all i and aij = aji = 1, for an unweighted

graph, if and only if nodes i and j are connected. In the case of a weighted graph, the
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entries are aij = aij ≥ 0. The sum of entries along row i denotes the degree of node

i, di =
∑N

j=1 aij. The standard Laplacian matrix for an undirected graph is given by

L = D−A (3.2)

where D is the degree matrix, a diagonal matrix with entries Dii = di for i = 1, ..., N .

The Laplacian matrix has properties: (1) L is symmetric, (2) L is semipositive def-

inite, and (3) L has real eigenvalues 0 = λ1 ≤ λ2 ≤ ... ≤ λN , with corresponding

v1, ..., vN as eigenvectors.

The graph Laplacian L describes a diffusive process on a network. Let us define

pi = pi(t) to be a concentration of a substance at node i at time t and p = (p1, ..., pN).

Then, concentrations evolve in a diffusive process as

dpi
dt

= −ρLijpj, i = 1, ..., N,

p(0) = p0,
(3.3)

where ρ denotes the diffusive rate. The concentrations at time t are then given by

the exponential matrix

p(t) = e−tρLp0,

and can be written as an expansion over the eigenvectors [136]

p(t) =
N∑
i=1

kie
−ρtλivi, (3.4)

where

ki =
vi · p0

vi · vi

.

Since λ1 = 0, the second smallest eigenvalue of L, λ2, is the dominant factor in

concentration spreading and evolution.

Different studies have used different Laplacian matrices to study neurodegenera-

tive and brain function. We note that studies of neurodegenerative disease in [1, 131,

145] and studies of the brain in [7, 8] have used normalised graph Laplacian, while

a study in [130] used a random-walk graph Laplacian. Although these Laplacian

matrices can reveal important brain features and neurodegeneration features, a nat-

ural question arises whether the standard, normalised, or other graph Laplacians are

suitable for modelling neurodegenerative disease.
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We note that modelling physical protein transport in the brain must satisfy some

basic properties. Let us define a general graph Laplacian L where the concentration

evolves according to

dp

dt
= Lp, (3.5)

without any sink or source nodes. We initially assume that each region of interest

(ROI) has the same volume. This assumption leads to a mass conservation condition:

n∑
i=1

dpi
dt

≡ 1 · dp
dt

= 0, (3.6)

where 1 = (1, . . . , 1) is the one vector. Using (3.5), this condition implies

1 ·L · p = 0, (3.7)

which must be true for all p. Hence we have the condition

(C1): 1 ·L = 0, (3.8)

where 0 = (0, . . . , 0) is the null vector. Fick’s condition states that there is no

transport in the absence of a concentration gradient. This statement is equivalent to

the condition

(C2): L · 1 = 0. (3.9)

When the graph Laplacian is symmetric, conditions (C1) and (C2) are mathematically

equivalent. In addition to (C1) and (C2) we also consider a robustness condition,

(C3): conditions (C1) and (C2) hold for all weighted adjacency matrices (3.10)

Condition (C3) guarantees, in particular, that variations in the weighted adjacency

matrix should not incur a loss of the fundamental physical principles reflected by

conditions (C1) and (C2). This condition is an important practical requirement

because graph Laplacian weightings for structural connectomes may have different

values depending on the number of fibres and their lengths. Although the dynamics of

toxic proteins do not conserve mass due to aggregation or removal through clearance,

the transport part of the model should preserve mass. Otherwise, it would require

further assumptions to explain protein addition or removal because of the transport

process between two nodes. We, therefore, insist on mass conservation by the diffusion

part of the model, whereas other terms should model growth and clearance.
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The two properties above must be addressed in modelling prion-like protein trans-

port within the brain. It has consequences on the choice of the graph Laplacian. There

are different ways of multiplying a standard graph Laplacian with a degree matrix to

obtain a normalised graph Laplacian [1, 7, 8, 130, 131, 145]. To our knowledge, the

sum of powers of degree matrices is never larger than 1. Therefore, we introduce the

family of graph Laplacian

La,b = D1−a−b −D−aAD−b = D−aLD−b, (3.11)

with a, b ∈ [0, 1] and a + b ≤ 1. The standard graph Laplacian corresponds to the

choice a = b = 0. That is, L = L0,0 and we note that since the network is connected,

the degree of each node is strictly positive and the inverse of D is well defined. We

can now state the main result of this section

Proposition 1. Suppose G = (V,E) is a connected undirected network with weighted

adjacency matrix A. Then, the standard graph Laplacian L0,0 = L is the only member

of the family (3.11) that simultaneously satisfies conditions (C1), (C2) and (C3).

Proof. From the identities

D · 1 = 1 ·D = A · 1 = 1 ·A = d, (3.12)

where d = (d1, ..., dN), it follows that

L · 1 = 1 · L = 0. (3.13)

Hence the standard Laplacian L satisfies conditions (C1) and (C2). Condition (C3)

is satisfied because these relationships do not depend on the form of A.

Next, we show that L0,0 is the only member of the family (3.11) satisfying all of

(C1), (C2) and (C3). Let a, b ∈ [0, 1], with a + b ≤ 1, be arbitrary but fixed with at

least one of a > 0 or b > 0. First, consider conditions (C2) and (C3). From (3.11),

and (C2) we have

La,b · 1 = D1−a−b · 1−D−aAD−b · 1 = 0.

The ith component of the above equation is

d1−a−b
i −

N∑
j=1

aij
dai d

b
j

=
di

dai d
b
i

−
N∑
j=1

aij
dai d

b
j

= 0.
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Multiplying through by dai and using the definition of D in terms of A yield

N∑
j=1

(
aij
dbi

− aij
dbj

)
=

N∑
j=1

aij(d
b
j − dbi )

dbjd
b
i

= 0. (3.14)

Since this identity must be respected for all undirected connected graphs (condition

(C3)), it must be independent of A. Hence we must have

dbj − dbi = 0, (3.15)

for all pairs (i, j). This condition is satisfied by either b = 0 or di = dj. If di = dj

for all nodes and since there are at least three nodes in the network, one can change

the weight of a single edge connected to one of the ROI, say i, but not the other

by adding an arbitrarily small amount 0 < ϵ ≪ 1 to that weight, with the effect of

changing di but not dj. Hence, the equality di = dj cannot hold under the robustness

assumption and we conclude that b = 0 is the only condition for which (C2) and (C3)

hold simultaneously.

Next we consider the conditions (C1) and (C3). From (3.11), and (C1) we have

1 · La,b = 1 ·D1−a−b − 1 ·
(
D−aAD−b

)
= 0.

The jth component of the column vector corresponding to the above equation states

that

d1−a−b
j −

N∑
i=1

aij
daj d

b
i

=
dj
daj d

b
j

−
N∑
i=1

aij
dai d

b
j

= 0,

must hold identically. Multiplying through by the common term dbj and using the

symmetry of the adjacency matrix yield

N∑
i=1

(
aij
daj

− aij
dai

)
=

N∑
i=1

aij(d
a
i − daj )

daj d
a
i

= 0. (3.16)

As in the previous case, the robustness condition (C3) implies that

dai − daj = 0, (3.17)

for all pairs (i, j) and we conclude that mass conservation and robustness imply that

a = 0. Conditions (C1), (C2) and (C3) concomitantly imply that a = b = 0 must

follow.
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In conclusion, diffusion on a network must only show concentration spreading

across the connectome without self-loss or self-addition in the absence of other dy-

namical processes. In this section, we showed that the transport of toxic protein must

follow mass conservation and Fick’s condition which is satisfied by the standard graph

Laplacian. We will use this type of graph Laplacian for the remaining of our work in

this thesis.

3.2.2 Prion-like model on a network

Many mathematical models for neurodegeneration take advantage of the prion hy-

pothesis, which asserts that the progression of proteopathy in AD follows a prion-like

mechanism. The mechanism of toxic protein multiplication follows the heterodimeric

process proposed by Prusiner depicted in Figure 3.2. There are two protein states:

the healthy isoform P and the toxic isoform P̃. The toxic protein can recruit healthy

proteins and induce their toxic configuration. The new toxic protein chain is then

fragmented and forms separated smaller molecules. The reactions can be collected

and represented as a single kinetic represented with the rate k12 as follows,

Figure 3.2: The reaction chain of the Heterodimer model. The blue molecule is the
healthy isoform (namely P) and the red molecule is the toxic isoform (namely P̃.
Two distinct isoforms combine and produce two toxic isoforms.

P + P̃
k11−−→ PP̃

k1′2′−−→ P̃P̃
k2′2−−→ P̃ + P̃,

or
(3.18a)

P + P̃
k12−−→ P̃ + P̃. (3.18b)

The toxic protein can recruit healthy protein at a rate k11 and induce their toxic

configuration at a rate k1′2′ . The new toxic protein chain is then fragmented at a rate

k2′2. Let p = p(t) and p̃ = ˜p(t) represent the concentration of healthy P and toxic
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P̃ proteins at time t, respectively. The chain reaction (3.18a) can be simplified into

reaction (3.18b), and the Heterodimer model is given by,

dp

dt
= k0 − k1p− k12pp̃,

dp̃

dt
= − k̃1p̃+ k12pp̃,

(3.19)

where k0 is the production rate of healthy protein, k1 and k̃1 are the clearance rates

of healthy and toxic protein, and k12 is the conversion rate of healthy to toxic protein

due to interaction of these two molecules.

There are two steady states of (3.19), namely the healthy state p0 = k0/k1 and

p̃0 = 0, and the diseased state p∞ = k̃1/k12 and p̃∞ = (k0k12 − k1k̃1)/(k̃1k12). The

stability is discussed through the linearisation method based on the Jacobian matrix

J =

[
−k12p̃− k1 −k12p

k12p̃ k12p− k̃1

]
, (3.20)

1. Healthy state. The eigenvalues λ evaluated at the stationary state (p0, p̃0) are

λ0,1 = −k1, λ0,2 =
k0k12 − k1k̃1

k1
, (3.21)

which shows that the local stability depends on the second eigenvalue. The

healthy state is asymptotically stable when k0k12/k1k̃1 < 1.

2. Diseased state. This stationary state shows that toxic protein may exist in

the brain and is influenced by the toxic protein clearance rate and the infection

rate. The eigenvalues λ evaluated at the stationary state (p∞, p̃∞) are

λ∞,1 = − 1

2k̃1

[
k0k12 +K1/2

]
,

λ∞,2 = − 1

2k̃1

[
k0k12 −K1/2

]
,

(3.22)

where K = (k0k12)
2− 4k̃2

1

(
k0k12 − k1k̃1

)
. This steady state exists when

k0k12/k1k̃1 > 1 and is asymptotically stable when it exists.

We now model a reaction-diffusion process that describes the protein multiplica-

tion and spreading throughout a network. We use the heterodimer coupled with the

diffusion on a network. We introduce the concentration of healthy and toxic protein
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at node i, pi and p̃i, and their transport across the network is characterised by the

standard Laplacian L

dpi
dt

= −ρ

N∑
j=1

Lijpi + k0 − k1pi − k12pip̃i,

dp̃i
dt

= −ρ

N∑
j=1

Lij p̃i − k̃1p̃i + k12pip̃i,

(3.23)

where i = 1, ..., N .

Close to the initial healthy state, pi ≫ p̃i, the system (3.23) can be approximated

by a Fisher-KPP equation. The condition of pi ≫ p̃i and its close-to-uniform dis-

tribution across the network imply that dpi/dt ≈ 0 and
∑

j Lijpj ≈ 0. With these

assumptions, the amount of healthy protein in each node can be approximated by

k0 − k1pi − k12pip̃i = 0, thus pi =
k0

k1 + k12p̃i
, (3.24)

which can be simplified using Taylor approximation to obtain an expression of toxic

protein

dp̃i
dt

= −ρ
N∑
j=1

Lij p̃j +

[
k12k0
k1

− k̃1

]
p̃i −

k2
12k0
k2
1

p̃2i . (3.25)

We define ci = p̃i/p̃max to obtain a Fisher-KPP expression of toxic protein con-

centration in a network,

dci
dt

= −ρ
N∑
j=1

Lijcj + αci (1− ci) , (3.26)

where

p̃max =
αk2

1

k2
12k0

, α =
k12k0
k1

− k̃1. (3.27)

In the absence of diffusion, a similar behaviour to the Heterodimer model is ob-

served for the homogeneous system of (3.26) where, in the initial healthy state, the

toxic protein concentration is c0 = 0, and evolves towards the diseased state given

by the concentration c∞ = 1. This uniform solution is the kernel of the Laplacian

matrix L. We will now show that the uniform diseased state of the system (3.26) is

asymptotically stable when the local fixed point is stable.

Let F (c) = αc(1− c) be the local vector field on an individual node. Let c∞ be a

linearly stable fixed point of

dc

dt
= F (c). (3.28)
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Since the non-linear term F is the same at every node, we can extend this solution

to the entire nodes by defining a vector c∗ ∈ RN such that c∗i = c∞, i = 1, ..., N . The

vector will be the fixed point for system (3.26) since L · c∗ = 0. We want to show

that c∗ is stable. The Jacobian matrix for (3.28) is

J = FcI− ρL, (3.29)

where Fc = dF/dc(c∞) < 0. Let λi and vi be a pair of eigenvalue and associated

eigenvector of graph Laplacian L for i = 1, .., N . The eigenvectors of L are also the

eigenvectors of J with corresponding eigenvalues Fc − ρλi, i = 1, ..., N .

Jvi = [FcI− ρL] · vi = (Fc − ρλi)vi. (3.30)

The eigenvalues, λi, are non-negative for i = 1, ..., N and Fc < 0. Hence, the eigenval-

ues of system (3.26) around the fixed point vector c∗, Λi = Fc − ρλi < 0 (given that

ρ is positive) for i = 1, ..., N . Hence, the uniform diseased state c∗ is asymptotically

stable. □

The evolution of the degeneration process in AD can be measured from the con-

centration of toxic proteins identified as biological markers [87]. Here, we introduce a

seed protein biomarker to analyse staging in the Fisher-KPP network model. In clin-

ical imaging data, the available staging patterns do not necessarily have a resolution

at the level of a single connectome node. We then consider J regions Ω1, . . . ,ΩJ . In

each of these regions, we define

CΩ(t) =
1

c∞|Ω|

|Ω|∑
i=1

ci(t), (3.31)

where |Ω| is the number of nodes in Ω.

The equation (3.26) governs the evolution of toxic proteins that captures the

fundamental characteristic of AD, i.e., the pathogenic protein’s growth and spread.

We will now focus on the Fisher-KPP model to explain the progression of toxic

proteins instead of the Heterodimer model.

3.2.3 Damage model

We have proposed a Fisher-KPP model and biomarker abnormality measure to un-

derstand how toxic proteins propagate across the brain network. However, the model

is limited to seed protein concentration and does not tell how the accumulating toxic
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protein affects the brain over time. We propose a new measure qi denoting the damage

at node i (0 ≤ qi ≤ 1) coupled with (3.26),

dqi
dt

= δci(1− qi), qi(0) = 0, (3.32)

where i = 1, ..., N and δ is the overall pathology progression rate constant. In the

absence of non-linear interaction (α = 0), we obtain the diffusion system coupled to

damage.

The pathology burden of protein deposition is defined as a discrete sum of damage

across nodes inside Ω, similar to toxic seed biomarker abnormality. We then define a

damage measure on each region Ω1, ...,ΩJ given by

QΩ(t) =
1

|Ω|

|Ω|∑
i=1

qi(t), (3.33)

where |Ω| is the number of nodes in Ω.

3.3 Implementation and results

We apply our approach to a six-stage Braak pattern of τP in AD motivated by an

observation that seed-competent tau precedes tau aggregation. A study in [44] has

advanced the notion that τP seeds precede NFT pathology in a similar structured

manner observed in the literature that refers to the evolution of τP NFT or of SUVR

levels. We use a model that tracks the progression of both τP seeds and τP NFT

through equation (3.26) and (3.32), respectively. We simulate our model using a

nondimensional form with fewer parameters. We rescale the model with t ∼ 1/α and

the system is now governed by

dci
dt

= −β

N∑
j=1

Lijcj + ci (1− ci) , i = 1, ..., N, (3.34a)

dqi
dt

= σci(1− qi), i = 1, ..., N, (3.34b)

where β = ρ/α denotes the ratio between the diffusion and growth rates while σ = δ/α

denotes the ratio between the damage and growth rates. The initial condition is

cs(0) > 0 for seeding nodes s, otherwise ci(0) = 0, while qi(0) = 0 for all i. We

will show how various aspects of model selection can strongly influence the observed

regional progressions. We adopt the staging regions given in [44] and the same method

can be generalised to the study of other staging regions given in [31, 41, 151, 180].
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3.3.1 Braid diagram and braid surface

We begin with a braid diagram. Let G = (V,E) be a fixed network and suppose

that Ω1, Ω2, . . . , ΩJ are a set of non-overlapping node regions. Suppose that T1, T2,

. . . , TN are (biomarker) threshold values in the unit interval [0, 1]. A braid diagram

depicts the index of the regions Ωj as an abscissa and the threshold values Tk as an

ordinate. As a dynamical system, such as (3.26), evolves on G, we record the time

tj,k at which a region, Ωj, first achieves the threshold, Tk. We fix tj,k = ∞ when

a particular region never reaches a given threshold. We determine an ordering of

the regions Ωj for a fixed threshold index from the collection of recorded times. We

visualise the ordering as a braid diagram after we put them together into a plot.

Staging outcomes demonstrate different patterns as we vary the system parame-

ters. Our task is to assign a colour for each possible staging. We introduce a braid

surface where that information summarises generalised braid diagrams. We plot them

to a two-dimensional plot in a pair of one parameter value and one biomarker thresh-

old corresponding to a staging colour. We can generate this surface by a simple

algorithm. First, we discretise the values of a parameter of interest, such as β in

(3.34a). Next, the system is solved for each discretised parameter. We obtain the ob-

served staging pattern for each threshold value. We add any newly observed staging

pattern to the list if it has not yet been encountered. At the end of the process, every

pairing of discrete parameters and the threshold has been assigned to an observed

staging pattern. We assign colours to the set of observed staging patterns and plot

the colours to visualise the braid surface.

We give an example of a braid diagram in Figure 3.3. The graph consists of four

nodes and the regions are Ωi = {i} for i = 1, 2, 3, 4. The threshold values are T1 = 1%,

T2 = 5%, T3 = 40% and T4 = 80%. We determine staging from solving (3.34a) with

ln(β) = 3.897 and a synthetic weight matrix

A =


0 3.125× 10−7 5× 10−6 0

3.125× 10−7 0 0 1× 10−5

5× 10−6 0 0 1.5× 10−4

0 1× 10−5 1.5× 10−4 0

 .

This example shows that the regions achieve the threshold T = 5% in the order

Ω1 → Ω3 → Ω2 → Ω4. For the threshold T = 40%, the observed ordering of regions

changes to Ω1 → Ω3 → Ω4 → Ω2. We can express these two observed staging patterns

as the abbreviated notation. The green in the braid surface corresponds to the 1-3-2-4

staging sequence, while the red corresponds to the 1-3-4-2 staging sequence. A braid
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diagram is useful for considering observed staging for a fixed set of model parameters;

for instance, for a fixed value of β in (3.34a).

C A Braid Surface of

Network A

Figure 3.3: A network with four regions of interest and equal edge weight (left). A
braid diagram (middle) is generated for a fixed value of β. A braid surface (right)
showing the τP seed staging dynamics for the simple network as (β) varies. Two
distinct staging patterns are produced for the network considered.

3.3.2 Graph weighting

The connectome is a discrete representation of the human brain given by a collec-

tion of nodes and edges representing parcellated brain areas and interactions between

them. The functional and structural connectomes are networks commonly used to

study brain function or neurodegenerative disease progression. Both graphs are ob-

tained through MRI and diffusion tensor imaging (DTI) image processing, but they

show distinct parcellation maps due to different purposes and regions acquired. The

functional network is obtained by recording the signal in a resting state or while doing

a particular task. It is used to study activities or functions within the brain [7, 8]. The

structural connectome is the anatomical representation of the brain and is obtained

by imaging the volume of the brain tissue. In this study, we will focus on structural

connectomes.

We use a collection of individual patient data in a GraphML format downloaded

from BrainGraph.org [102]. All of the structural connectomes considered in this thesis

are constructed using the Lausanne multi-resolution atlas parcellation [40] with five

levels of potential resolution. Each patient file accommodates the region nodes (with

their name and coordinate) and interaction links between connected regions (with the

length and fibre number). The edges, at all scales, include information regarding the
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number of fibres (nij) and fibre length (ℓij) associated with an edge connecting region

i to region j. In the smallest resolution, a brain region is represented by one node,

while the other resolutions may have more than one node for a region. Specifically,

these distinct resolutions provide five different node scales, i.e. 83, 129, 234, 463

and 1015 nodes. Figure 3.4 shows the lowest and highest resolution connectome.

The connectomes are constructed using deterministic and probabilistic methods. The

deterministic connectomes are constructed using MRtrix [102, 175] and a deterministic

streamlining with 20,000 streamlines and randomised seeding.

(a) Scale-33 connectome coronal view (b) Scale-33 connectome sagittal view

(c) Scale-500 connectome coronal view (d) Scale-500 connectome sagittal view

Figure 3.4: The structural connectome. The lowest resolution (a, b) with 83 nodes
and the highest resolution (c, d) with 1,015 nodes.

In this study, we construct the probabilistic connectomes to assess our observations

using the deterministic connectomes. We use the Connectome Mapping Toolkit in [40]

to parcellate a high-resolution MNI reference template and the FSL [159, 189, 91]

PROBTRACKX algorithm to provide the probabilistic tractography with 10,000

streamlines per voxel. We observe that the resulting connectomes are quite dense

(approximately 7-12% sparsity). In this case, we are interested to study the effect

of thresholding. We apply five thresholding techniques for our comparative analysis.

We summarised the techniques in Table 3.1. The corresponding citation provides

a description of the method. The last technique, called naive thresholding method,
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Connectivity thresholding Abbreviation Citation
Disparity Filtering DF [155]

Doubly stochastic DF DS [157]
High salience skeleton HSS [64]

Noise-corrected backboning NC [38]
Naive cutoff NV N/A

Table 3.1: Thresholding methods for probabilistic connectomes

removes edge eij if the corresponding connectivity coefficient (nij) is below a given

threshold value.

The diffusion on a network depends on some edge weights aij. Based on the avail-

able data, the connection between nodes in the brain is represented by an idealised

uniform cylinder constructed from nij fibres and its length lij. We assume that all

material properties are uniform. There are three plausible choices of weight that we

may consider.

1. Length-free transport

We assume that protein transport in the brain does not depend on the length

of fibres but is limited to other instantaneous mechanisms such as cell-to-cell

transport. This assumption implies that the number of fibres could be a suitable

choice based on this assumption. Hence, we have aij = nij. The length-free

weight is used in [1, 145].

2. Ballistic transport

Another possible assumption is that fibre length affects the transport process.

The weight is then penalised by the length indicating that a shorter fibre trans-

ports protein faster. Thus, we have aij = nij/lij. Assuming the weights of

adjacency matrix A follow this choice, the overall rate ρ then has a dimension

of velocity (length per time). It is reminiscent of front propagation given by a

nonlinear reaction-diffusion process. The ballistic weight is used in [49, 51].

3. Diffusive transport

The last assumption is that the transport is penalised by the length squared,

where aij = nij/l
2
ij when node i and j are connected. This choice is the discreti-

sation of a continuous Laplacian over a regular grid and ρ has the dimension

(length squared per time) of a diffusion constant. This choice is natural in the

absence of other transport assumptions and is used in [172].
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3.3.3 Language for staging

Using the braid surfaces, we study the staging problem for the model (3.34) of tauopa-

thy in AD. We use five structural connectome ROIs to match the six regions used in

[44]. Table 3.2 describes the ROIs used in our study.

Stage Connectome ROI Stage Connectome ROI
Region I entorhinal cortex Region II hippocampus
Region III parahippocampal gyrus Region IV rostral and caudal anterior cingulate
Region V cuneus, pericalcarine cortex, lateral occipital cortex, lingual gyrus

Table 3.2: Connectome regions used in the staging problem.

Table 3.3 describes all observed regional staging patterns in (3.34). We determine

each staging progression with Roman numerals, for instance, the I→II notation, at a

concentration threshold 0% < T ≤ 100%. According to [18] of τP Braak staging, we

All observed computational staging patterns
Suggested patterns I → II → III → IV → V∗ I → III → II → IV → V†

Methods I → II → III → V → IV‡ I → III → II → V → IV‡

I → III → V → II → IV I → III → V → IV → II
Other patterns with I → III → IV → V → II I → III → IV → II → V

entorhinal cortex origin I → IV → II → III → V I → IV → III → II → V
I → IV → V → III → II I → IV → III → V → II

I → V → III → II → IV

Patterns with Beginning with stage II Beginning with stage III
extraentorhinal origin Beginning with stage IV Beginning with stage V

Table 3.3: Color coding for braid surfaces. ∗ Progressive computational Braak staging.
† Computational staging suggested by SUVR data. ‡ Additional potential computa-
tional staging, τP seeding.

note that I → II → III → IV → V progression is an expected candidate of interest.

However, we also find three progression sequences that may be of interest for both

τP seeds and NFT when we explore the ADNI data. We call the set of identified

staging patterns of potential interest suggested patterns and provide other patterns

in Table 3.3.

3.3.4 Staging result using deterministic connectomes

We explore Braak staging pattern using deterministic connectomes by considering

1% to 99% biomarker abnormality level with 1% step size. We show the observed
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staging for both τP seeds (Figure 3.5) and NFT (Figure 3.6). We present these results

for Scale-33, Scale-125, and Scale-500 resolution connectomes using all three graph

Laplacian weighting schemes. All figures showcase results for the model parameter

value β = ρ/α in the range −10 ≤ ln(β) ≤ 2.

(a) S-33, LW (b) S-125, LW (c) S-500, LW

(d) S-33, BW (e) S-125, BW (f) S-500, BW

(g) S-33, DW (h) S-125, DW (i) S-500, DW

Figure 3.5: Observed computational (deterministic) connectome τP seed staging;
length-free (top), ballistic (middle) and diffusive (bottom) weighting schemes. The
x-axis determines the biomarker abnormality threshold 1% < T ≤ 100% and the
y-axis corresponds to −10 ≤ ln(β) ≤ 2 for the parameter β in (3.34a).

3.3.5 Staging result using probabilistic connectomes

We explore Braak staging pattern using probabilistic connectomes by considering 1%

to 99% biomarker abnormality level with 1% step size. We present these results

for Scale-33, Scale-125, and Scale-500 resolution connectomes using all three graph

Laplacian weighting schemes. All figures showcase results for the model parameter

value β in the range −10 ≤ ln(β) ≤ 2. In the case of probabilistic connetome, we

explore the effects of the parameter β and thresholding methods on staging pattern in
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(a) S-33, LW (b) S-125, LW (c) S-500, LW

(d) S-33, BW (e) S-125, BW (f) S-500, BW

(g) S-33, DW (h) S-125, DW
(i) S-500, DW

Figure 3.6: Observed computational (deterministic) connectome τP NFT staging
with σ = 1 in (3.34b). Figure order, axis labels and axis ranges are identical to those
of Figure 3.5.

51



(3.34). As an example, we present only one thresholding value for each thresholding

method.

(a) S-33, LW (b) S-33, BW (c) S-33, DW

(d) S-500, LW (e) S-500, BW (f) S-500, DW

Figure 3.7: Observed computational (probabilistic) connectome τP seed staging.
Density filter (DF) method at a threshold of 2 × 10−1. The x-axis determines the
biomarker abnormality threshold 1% ≤ T ≤ 100% and the y-axis corresponds to
−30 ≤ ln(β) ≤ 0 for the parameter β in (3.34b).

(a) S-33, LW (b) S-33, BW (c) S-33, DW

(d) S-500, LW (e) S-500, BW (f) S-500, DW

Figure 3.8: Observed computational (probabilistic) connectome τP seed staging.
Doubly stochastic method at a threshold of 1 × 10−2. Axes coincide with those
of Figure 3.7
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(a) S-33, LW (b) S-33, BW (c) S-33, DW

(d) S-500, LW (e) S-500, BW (f) S-500, DW

Figure 3.9: Observed computational (probabilistic) connectome τP seed staging. High
salience skeleton at a threshold of 1× 10−1. Axes coincide with those of Figure 3.7

(a) S-33, LW (b) S-33, BW (c) S-33, DW

(d) S-500, LW (e) S-500, BW (f) S-500, DW

Figure 3.10: Observed computational (probabilistic) connectome τP seed staging.
Noise corrected backbone at a threshold of 2.32. Axes coincide with those of Figure 3.7
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(a) S-33, LW (b) S-33, BW (c) S-33, DW

(d) S-500, LW (e) S-500, BW (f) S-500, DW

Figure 3.11: Observed computational (probabilistic) connectome τP seed staging.
Naive thresholding at a threshold of 1× 10−2. Axes coincide with those of Figure 3.7

(a) S-33, LW (NFT) (b) S-33, BW (NFT) (c) S-33, DW (NFT)

(d) S-500, LW (NFT) (e) S-500, BW (NFT) (f) S-500, DW (NFT)

Figure 3.12: Observed computational (probabilistic) connectome τP NFT staging
(σ=1). Density filter (DF) method at a threshold of 2× 10−1. The x-axis determines
the biomarker abnormality threshold 1% ≤ T ≤ 100% and the y-axis corresponds to
−30 ≤ ln(β) ≤ 0 for the parameter β in (3.34b).
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(a) S-33, LW (NFT) (b) S-33, BW (NFT) (c) S-33, DW (NFT)

(d) S-500, LW (NFT) (e) S-500, BW (NFT) (f) S-500, DW (NFT)

Figure 3.13: Observed computational (probabilistic) connectome τP NFT staging
(σ = 1). Doubly stochastic method at a threshold of 1 × 10−2. Axes coincide with
those of Figure 3.12

(a) S-33, LW (NFT) (b) S-33, BW (NFT) (c) S-33, DW (NFT)

(d) S-500, LW (NFT) (e) S-500, BW (NFT) (f) S-500, DW (NFT)

Figure 3.14: Observed computational (probabilistic) connectome τP NFT staging
(σ = 1). High salience skeleton at a threshold of 1× 10−1. Axes coincide with those
of Figure 3.12
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(a) S-33, LW (NFT) (b) S-33, BW (NFT) (c) S-33, DW (NFT)

(d) S-500, LW (NFT) (e) S-500, BW (NFT) (f) S-500, DW (NFT)

Figure 3.15: Observed computational (probabilistic) connectome τP NFT staging
(σ = 1). Noise corrected backbone at a threshold of 2.32. Axes coincide with those
of Figure 3.12

(a) S-33, LW (NFT) (b) S-33, BW (NFT) (c) S-33, DW (NFT)

(d) S-500, LW (NFT) (e) S-500, BW (NFT) (f) S-500, DW (NFT)

Figure 3.16: Observed computational (probabilistic) connectome τP NFT staging
(σ = 1). Naive thresholding at a threshold of 1 × 10−2. Axes coincide with those of
Figure 3.12

3.3.6 The role of connectome preparation in staging

In this study, we use connectomes acquired from deterministic tractography using

the MRtrix software [102] and probabilistic tractography using the FSL software. We
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use connectomes with multi-resolution parcellation constructed from HCP data. In

general, we observe that the braid surfaces from the deterministic and probabilistic

connectomes are different.

We note some similarities in the resulting staging patterns. First, both connectome

types show significant sensitivity as we increase β to large values. In the diffusion-

dominated regime of parameters, the observed staging patterns are look-alike with

multiple overlaps for small parameter changes. Second, we find a large area of param-

eter space where the τP seed and NFT stagings display the same staging pattern. The

similarity between τP seed and NFT predominantly occurs in the growth-dominated

regime of the parameter. The last notable similarity is that both connectome types

can produce the progressive Braak pattern (I → II → III → IV → V) for seed and

NFT staging. We frequently observe that the progressive Braak pattern most likely

emerges in the large threshold values when using probabilistic connectomes.

Despite these similarities, we also observe notable differences between the stag-

ing on the deterministic and probabilistic connectomes. The staging I → III →
II → IV → V emerges clearly on the deterministic connectomes (Figures 3.5 and

Figures 3.6) but is rare on the probabilistic connectomes (Figures 3.7 through 3.16).

We note that the deterministic connectomes can express all four suggested staging

patterns at high resolution for both τP seeds (Figure 3.5) and NFT (Figure 3.6) while

the probabilistic connectomes frequently express fewer patterns.

In conclusion, connectome preparation influences a large part of model selection

and can affect all downstream results.

3.3.7 The role of graph weighting scheme in observed staging
paradigms

Different studies on neurodegenerative disease suggest different graph Laplacian weight-

ing schemes. However, which weighting schemes are appropriate for modelling toxic

protein transport in the brain network still needs to be investigated. Our simulations

suggest that the choice of weighting schemes also affects the resulting staging patterns

in three ways.

The first observed feature emerges when τP seed staging is in the diffusion-

dominated regime of the parameter. The move from length-free (LW) to ballistic

(BW) weights demonstrates a decreasing surface area trend sensitive to slight changes

in the biomarker abnormality threshold. We also find this behaviour when moving

from ballistic (BW) to diffusive (DW) weights. Figure 3.5 demonstrates the behaviour

for deterministic connectomes while the top two rows of Figures 3.7 through 3.16 are
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for probabilistic connectomes. We argue that the length dependence in the weights

reduces the sensitivity of the τP seed staging in (3.34a) as β increases.

The second observed feature is the prevalence of the yellow staging pattern. We

find that the choice of a DW graph Laplacian tends to increase the occurrence of

the progressive Braak staging (I → II → III → IV → V) as shown in Figure 3.6

and the bottom two rows in Figures 3.13 through 3.16. However, we note that the

emergence of the progressive Braak pattern can depend on the choice of thresholding

technique. This dependence is observed in Figure 3.12 (bottom two rows) when we use

the density filter method for probabilistic connectomes where the LW demonstrates

this effect.

The third observed feature is the prevalence of the I → III → II → IV → V

staging pattern. When we use deterministic tractography, the prevalence of this

staging decreases when moving from LW to BW and again to DW. However, we note

that a number of undesirable patterns emerge on the highest resolution connectome

as depicted in Figure 3.6c, especially for LW when ln(β) > 0. For probabilistic

connectomes, we highlight that the choice of weights shows a weak impact on the

green staging emergence and depends more on the thresholding technique and graph

resolution.

To summarise, we are able to draw out the practical role of weight choice in the

absence of an apparent biological reason. We will discuss more regarding the green

staging pattern in the next section as it corresponds to the staging pattern observed

from the SUVR data.

3.3.8 The effects of connectome resolution on observed stag-
ing

Different studies using different resolutions of connectome[145, 49, 150]. However, we

wonder about the effect of connectome resolution. We study the aspect of various res-

olutions and observed computational staging patterns. We provide our comparative

analysis according to the tractography method.

In the case of deterministic connectomes, we find that increasing the connectome

resolution improves the overall observed staging results. For instance, Figure 3.5

shows a stabilising effect on τP seed staging when ln(β) > 0 as the connectome

resolution increases. Moreover, the combined area of I → II → III → IV → V and

I → III → II → IV → V stagings tend to increase as the resolution increases. On

the other hand, the I → II → III → V → IV and I → III → II → V → IV stagings
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are more pronounced at lower resolutions. We note that the behaviour also occurs in

NFT staging (Figure 3.6).

In the case of probabilistic connectomes, there is a complex relation between the

thresholding method and the effect of resolution as shown in Figures 3.12 through 3.16.

In general, the resolution strongly influences the resulting observed staging. However,

there is no association between the thresholding method and resolution because each

method has its particular effect. The low-resolution connectomes frequently exhibit

a single staging pattern (typically either I → II → III → V → IV or I → III →
II → V → IV) in the growth-dominated regime of the parameter. Increasing the

connectome resolution may result in progressive Braak staging (I → II → III →
IV → V) emergence, particularly in the large threshold values.

Overall, our results suggest that connectome resolution also determines the land-

scape of observable staging patterns.

3.4 Validation using data

We have discussed the model selection based on the staging problem where we use the

braid surface to assess all possible observed staging patterns. A qualitative observa-

tion using simple diffusion and Fisher-KPP demonstrate the staging of τP seed and

NFT on the connectome. We may obtain the progressive Braak staging pattern from

different parameter values. For instance, simulations using deterministic connectomes

show the Braak staging in the growth-dominated regime. This observation indicates

that τP spreading can occur at different rates but show the same staging pattern. It

is crucial to understand the actual τP progression from patients rather than from a

theoretical point of view only. In this section, we assess potential staging sequences

using flortaucipir tracer (AV-1451) data to compare with the previous results. Our

task here is to analyse the progression sequence from τP PET SUVR scores according

to the five Braak stages used in this work.

3.4.1 Data

Our study uses longitudinal PET data from the Alzheimer’s Disease Neuroimaging

Initiative (ADNI) database. We use preprocessed data containing 1,184 records where

each record associates with a subject structural MRI and PET scans. The dataset

are originally obtained from 786 patients, with 403 female and 383 male patients.

The age average of overall subjects is 71.32 years with a 6.75 years deviation, with a

female age average of 70.26 years with a 6.68 years deviation and a male age average of
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72.45 with a 6.65 years deviation. ADNI provide subject classification in their τP PET

scans where patients are categorised into cognitively normal (CN), significant memory

concern (SMC), mild cognitive impairment (MCI) with additional early (EMCI) and

late (LMCI) MCI, and AD groups. The CN and SMC groups are actual patients with

normal cognitive function. However, patients in the SMC declared that they believe

having a memory issue. Of these, there are 572 CN records from 397 patients, 92

SMC from 49 patients, 138 EMCI from 84 patients, 222 MCI from 164 patients, 75

LMCI from 38 patients, and 86 AD records from 54 patients. The data are available

on the ADNI website (adni.loni.usc.edu) and are preprocessed at the Helen Wills

Neuroscience Institute at the University of California, Berkeley. The compiled results

are freely available through the same website. They provide a companion document

elaborating on the preprocessing steps along with the data.

The Berkeley preprocessing pipeline is briefly explained as follows. Each patient

T1 MRI was segmented using FreeSufer software 7.1.1 and each normalised-intensity

flortaucipir scan was co-registered to their bias-corrected T1 image for each patient.

Then, the partial volume effects were corrected using the geometric transfer matrix

approach [9, 10]. The dataset contains flortaucipir uptake for each region according to

the FreeSurfer segmentation. Before analysing the data, we normalised each subject’s

regional SUVR score using the inferior cerebellar grey matter as the reference region,

as suggested in their documentation.

We create two datasets using this preprocessed dataset for our data analysis. We

compute the whole brain volume-weighted SUVR average. This dataset is a global

score for each patient record. Next we compute the regional volume-weighted SUVR

average for each patient. As a result, we have the base dataset where each patient has

a record with a global SUVR score and five volume-averaged regional scores associated

with the regions of Table 3.2. This dataset is the first dataset. The second dataset

comes from clustering each patient record into five groups of Braak stage in the next

section.

3.4.2 Clustering methods

We use Conditional Inference Tree (CIT) algorithm to cluster the patient dataset into

five groups of the Braak stage. The CIT algorithm is a kind of decision tree algorithm

that uses recursive partitioning steps of dependent variables based on their correlation

values [58, 77]. It is similar to the decision trees but uses a significance test. The test

is a permutation test that selects a covariate to split and recurse the variable. The

method calculates the p-value in this test. The test is for selecting input variables
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Stage group classification Volume-averaged global SUVR (GS) Subject records in group
I 1.266 ≤ GS 36
II 1.266 < GS ≤ 1.392 248
III 1.392 < GS ≤ 1.52 443
IV 1.52 < GS ≤ 2.365 416
V GS > 2.365 41

Table 3.4: Conditional inference-based partitioning of ADNI flortaucipir data into
the stages of Table 3.2

rather than maximising the information measure. The algorithm is briefly described

as follows: (1) It performs a test of the global null hypothesis between random input

and response variables, (2) it then selects the input variables with the optimal p-

value of response variables, (3) it then performs a binary split on the selected input

variables, and lastly (4) it recursively performs step (1) - (3) until the number of

desired clusters is constructed. This algorithm has a drawback: it is unsuitable for

data with missing values.

We now create a second dataset called partitioned dataset by following the method-

ology of [151]. We follow the identical approach in [151]for our application of CITs.

The objective is to classify each patient record into one of the pre-defined regional

stages. First, we use the global score for a decision variable. Second, the CIT al-

gorithm produces a global score threshold, separating the Braak V regional volume-

weighted SUVR from the other stages. Third, the process is repeated for the remain-

ing global score producing a new threshold and separating the Braak IV regional

volume-weighted SUVR score from the other three stages. We repeat the algorithm

until we obtain five different clusters of the Braak stage. Thus, we have five sep-

arate files corresponding to Table 3.2. All partitions are significantly different (p-

value< 0.05) under a Welch’s t-test. Table 3.4 shows the partitioned dataset and the

thresholds produced by the CIT algorithm.

3.4.3 Data analysis

In this part, our goal is to investigate whether the ADNI data suggest alternative

staging patterns for the computational model selection and staging problem. We use

both datasets to perform several statistical analyses. We compute correlation values

between regions, regression coefficients with respect to gender and age, and Z-score

to evaluate the staging sequence from τP PET data.
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Patient group and region Connectome Braak regional SUVR correlation
Region I Region II Region III Region IV Region V

Group I, Region I 1.0∗ 0.26 0.53∗ 0.14 0.04
Group II, Region II 0.34∗ 1.0∗ 0.31∗ 0.14∗ -0.29∗

Group III, Region III 0.69∗ 0.32∗ 1.0∗ 0.06 -0.09
Group IV, Region IV 0.11∗ 0.28∗ 0.32∗ 1.0∗ -0.13∗

Group V, Region V -0.13 -0.03 0.16 -0.08 1.0∗

Table 3.5: Pearson correlation between a stage group’s primary region and all other
regions within the group. A ∗ denotes a statistically significant correlation (p < 0.05)
between regions.

First, we compute the Pearson correlation between each stage’s primary region

and all other regions within that stage group. Table 3.5 depicts the results. Assuming

that NFT pathology begins in Region I, the correlation value suggests that staging

sequences with I → III may also be of potential for NFT. Assuming that Region III

continues Region I, III → II could be the next suggested progression. This investiga-

tion suggests that sequences starting with the prefix I → III → II could be another

potential other than I → II → III. Finally, there is no significant correlation value in

Group V, likely due to sparse data in that group.

Second, we use regression analysis to compare each regional volume-averaged

SUVR value to that of the other regions. Table 3.6 shows the results. We eval-

uate evidence for influence using standardised factor scores for significant factors.

The highest R2 and B show that Region I strongly affects Region III (R2 = 0.775,

B = 0.613, p < 0.001). This finding supports our previous observation using corre-

lation values. Region I also influences Region II (R2 = 0.486, B = 0.486, p < 0.001)

with a lower value of both B and R2 than Region III. However, Region III affects

Region II more than Region I as shown by the B score (R2 = 0.42, B = 0.5). We

observe that the variational fidelity (R2) of the Region III model decreases by 24.8%

and the Region II model fidelity by 13.6% when removing Region I. This investigation

suggests that a I → III → II prefix is also a possible outcome of computational stag-

ing when assuming Region I as the origin of pathology. We investigate the staging

suffix options between IV → V and V → IV. We use the first three regional scores

in the regression for Region IV and Region V. Region III affects most Region IV

(R2 = 0.43, B = 0.75, p < 0.001) compared to Region I and Region II. Region V

shows a lower score than Region IV indicating that Region III marginally describes

Region V (R2 = 0.22, B = 0.38, p < 0.001). The investigation using the data suggests

62



Regression model Influential model region(s) Model R2 B p-value

Region II
Region I 0.486 0.49 p < 0.001
Region III 0.42 0.5 p < 0.001

Region III
Region I 0.78 0.61 p < 0.001
Region IV

0.58
0.39 p < 0.001

Region II 0.36 p < 0.001
Region IV Region III 0.43 0.75 p < 0.001
Region V Region III 0.22 0.38 p < 0.001

Table 3.6: Regression models, covarying for age and gender, of regional influence

Region % Involved Z
Region I 100.0 3.24
Region III 55.1 2.55
Region II 46.94 1.81
Region IV 22.45 1.43
Region V 22.45 1.17

Table 3.7: Spreading order of τP (SUVR) for Region-I involved patient records

that a IV → V may be more acceptable than a V → IV suffix. This result supports

the conclusion from Table 3.5.

Third, we now verify our previous findings. We use a similar approach to [31] and

compute Z-scores from the base dataset for the regions in Table 3.2. Similar to [31],

we standardise all regional mean SUVR scores and consider a particular region in

a patient record if that region’s Z-score is Z ≥ 2. We select all patient records

with an involved Region I (entorhinal cortex) and continue with this subset data for

computing all other involved regions’ mean Z-score. Table 3.7 shows the suggested

ordering of regions by the SUVR data. The last finding confirms that the progression

sequence I → III → II → IV → V may be a suggested pattern.

We summarise our validation section. We have computed the progression sequence

from the ADNI SUVR data using correlation values, regression analysis, and Z-score

ordering. Our findings suggest that I → III → II → IV → V is a pattern of interest

for τP NFT and possibly for τP seed. This sequence is represented by the green

staging colour in the Braid surface. For computational staging, we conclude the

suggested patterns in Table 3.8. However, this result can be still extended by adding

more late-stage data, especially Group V, to confirm a higher degree of certainty in

the whole computational τP staging for AD.
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Computational staging patterns (see Table 3.2)
Canonical late staging I → II → III → IV → V∗ I → III → II → IV → V†

Uncertain late staging I → II → III → V → IV‡ I → III → II → V → IV‡

Table 3.8: Computational staging patterns of potential interest for τP seeds and NFT.
∗ Progressive Braak staging, † Suggested by SUVR data, ‡ Additional connectome
computational stagings of potential interest pertaining to uncertain τP seed staging
prefixes.

3.5 Concluding remark

In this chapter, we have presented methods to address the staging problem that

occurs in modelling toxic protein propagation throughout the brain network. We aim

to capture the qualitative staging of τP protein as observed in Alzheimer’s disease. We

developed tools for model selection of toxic protein transport problem and compared

the resulting patterns from the model against patterns from data.

Studies of neurodegeneration conducted on the diffusion process have uncovered

notable features of brain atrophies [145]. However, the diffusion considered in these

studies does not correspond to a physical transport process and satisfies neither mass

conservation nor Fick’s condition. We have shown that physical diffusion can only be

satisfied by the standard Laplacian form L = D−A.

We introduced in this chapter braid diagrams and braid surfaces for analysing

staging. These tools present a direct and visual assessment of a complex nonlinear

process evolving in time. The braid diagram allows one to assess staging when a

particular parameter is used. Meanwhile, the braid surface demonstrates a large

number of possible patterns from the selected model.

Simulation results have demonstrated that τP seeding and its accumulation prop-

agate systematically in structural connectomes identified by the desirable Braak

staging similar to empirical observations. However, the desirable pattern obtained

from our models demonstrates that parameter selection, connectome weight, and the

brain’s underlying graph strongly influence the Braak staging occurrence in model

simulations. In addition, the connectome is a data-driven model affected by the

acquired network streamlines.

The generalised staging problem in AD poses novel theoretical questions and shows

the need for more experimental data. A further study of τP seed staging patterns

could help to reveal a more plausible selection of parameter values. We believe that

more PET data for patients in the higher Braak stages would help to reduce uncer-

tainty in exploring AD progression patterns. Moreover, it is important to investigate
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the relationship between the connectome topology, the model parameters, and the

weighted distances between ROIs for theoretical research purposes.
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Chapter 4

Arrival-Time Problem and
Applications to Neurodegenerative
Disease

4.1 Overview

4.1.1 Previous work on Braak staging

Braak staging is a system for identifying the progression of Alzheimer’s disease

through toxic τP spreading in the brain, with each stage being associated with a

particular set of brain regions. This propagation feature can be reproduced through

mathematical models that show computational regional spreading. The previous

chapter has discussed possible resulting patterns from a mathematical network model

and validation using data from τP PET scans. The results suggest that there are alter-

native staging patterns and different regimes of propagation. Despite the important

findings of the previous chapter, we still inquire about the underlying systematical

propagation on the brain network.

The simplest model that we use to study such structured staging sequence on

an undirected connected network is a discrete version of the Fisher-Kolmogorov-

Petrovsky-Piskunov (Fisher-KPP) reaction-diffusion equation [188]. Let G = (V,E)

be a connected and undirected network with a collection of N nodes V, representing

regions of interest, and edges E representing connections between these regions. If

ci(t) is the quantity of interest in a region i, modelled as a node in a network, and

evolving over time t, then on this network, the dynamics is governed by a system of
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N ordinary differential equations with N initial conditions

dci
dt

= −ρ

N∑
j=1

Lijcj + αci(1− ci), i = 1, . . . , N,

ci(0) = qi, i = 1, . . . , N,

(4.1)

where parameters ρ and α are positive and denote the diffusion constant and growth

constant, and qi ∈ [0, 1] for all i. The nonlinear kinetics is coupled with a linear

diffusion on a network represented by the symmetric graph Laplacian [119] L

Lij = −Aij + δij

N∑
k=1

Aik, (4.2)

where δij = 1 if i = j, and 0 otherwise. The graph Laplacian encodes the connection

between regions Lij = 0 if there is no connection between different nodes i and j.

In this chapter, we address questions to understand the overall dynamics of an

autocatalytic process propagating on a network through the arrival-time problem. A

key question is then to extract estimates for the dynamics. In particular, if a single

node is seeded at a small concentration, when will other nodes reach the same initial

concentration? Motivated by the study of toxic protein propagation in neurodegener-

ative diseases, we present and compare three different estimates for the arrival time.

We use the Fisher-Kolmogorov-Petrovsky-Piskunov equation as a paradigm for the

dynamics and show that each method provides different insight and time estimates.

Specifically, we show that the nonlinear asymptotic method also gives an approxi-

mate solution valid in the entire domain and the correct ordering of arrival regions

over large regions of parameters and initial conditions. Our study also highlights the

accuracy of the three methods of producing staging patterns.

4.1.2 Regarding arrival times and methods

The notion of arrival times has become an essential problem, especially in the field of

epidemiology to model disease spreading on a large-scale network connecting various

regions. This framework allows one to study the early spread of a disease through

a sequence of times instead of common frequencies such as the number of infections

and density. Doing so, we can rank the spreading between regions according to the

arrival of the disease and systematically investigate the epidemic spread on a large

heterogeneous network [57].

There are two main approaches to obtaining arrival times. One can start with a

stochastic random walk on a graph and study its mean-field approximation [23, 57, 80].
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The other approach is to see the model as a continuum dynamical process that is

independent of any discrete process [152, 197]. Despite the difference in perspectives,

we note that there are three useful methods to derive the arrival times.

First, one can consider the equivalent travelling fronts propagating on a simple

topology network such as an infinite homogeneous tree or a periodic tree [75, 199].

The natural approach is to linearise the system around the unstable zero state un-

der the assumption of linearly determinate system where the full nonlinear system

spreading speed equals to its linearised system. This approach allows one to obtain

the linear velocity of propagation. However, such an approach is applicable to limited

systems, particularly to simple and homogeneous networks, although the application

of this approach gives many exploratory results on lattices [48] and elucidates some

counterintuitive phenomena in disease spreading [14].

Second, one can linearise the system around an equilibrium state. Then, the

variable solution at each node can be obtained as the solution of this linear system

for a given initial condition. From the solution, the arrival times are given as the

solution of a transcendental equation at each node [30, 89]. The advantage of this

approach is that the linearisation provides an adequate estimate for small initial

concentrations and large diffusion. Yet, its main disadvantage is the method does not

provide much insight into the dynamics.

The third approach is to consider the propagation between two nodes along a

determined path. Again, we initially linearise the system to extract the time it takes

for the second node to reach the same level as the initial condition in the seed node [57]

while neglecting all other connections. There are two perspectives that we can use to

obtain arrival times. First, one can consider this propagation along the path in terms

of the shortest path and solve the linearised system along that path to obtain arrival

times. Second, one can extract independent symmetric arrival times between two

nodes neglecting other connections attached to those nodes. It allows one to obtain

arrival times between any two nodes on a network through a sum along a path,

where the shortest path provides the notion of distance called effective distance [23].

Moreover, one can also consider paths other than the shortest path in the existence

of multiple paths on that network at the cost of extra computation [80].

4.1.3 Arrival time problem

We start with the canonical arrival-time problem, in which the system is seeded at a

single node s so that qs = β and qi = 0, i ̸= s. Then, a simple question is to obtain

the value of the arrival times τi = τ(µ) such that ci(τi) = µ (with β ≤ µ < 1 so
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that τi ≥ 0 and finite with the equality τi = 0 attained if only if i = s and µ = β).

The generalised arrival-time problem consists of a system with an arbitrary initial

condition. Then, let β = maxi{qi} > 0 and the corresponding question is to obtain

the value of the arrival times τi = τ(µ) such that ci(τi) = µ (with β ≤ µ < 1 so that

τi ≥ 0 for all i).

4.2 Methods

In epidemiology, arrival times are the times when a disease emerges in regions that are

not the source of the disease. Previous studies explored the notion of arrival times

mostly through a linear approach. The estimates derived in this study are based

on the Fisher-KPP dynamics 4.1. In this case, we linearise the system around the

healthy state and it reduces to,

dci
dt

= −ρ
N∑
j=1

Lijcj + αci,

ci(0) = qi, i = 1, . . . , N.

(4.3)

Let c(t) = (c1, ..., cN)
T , q = c(0) = (q1, ..., qN)

T , and M = αI− ρL, where I denotes

the identity matrix. Then, the concentration of every node at time t is given by

c(t) = etMq. (4.4)

Since L is symmetric, there exists a complete set of orthonormal eigenvectors v(i) ∈
RN associated with the ordered (but not necessarily distinct) eigenvalues λi, i ∈
{1, . . . , N} so that

Lv(i) = λiv
(i), i = 1, . . . , N. (4.5)

Further, by construction, we have λ1 = 0 with v(1) = (1, . . . , 1) and, since the graph

is connected, 0 < λi ≤ λj for all 1 < i < j ≤ N [33]. Then, the linear solution can be

written explicitly as

c = eαt
N∑
i=1

(
q · v(i)e−ρλit

)
v(i). (4.6)

Figure 4.1 illustrates the Fisher-KPP evolving on a 5-node network in two regimes

of interest as shown. Let λ2 be the smallest nonzero eigenvalue of L. The diffusion-

dominated regime is defined by ρλ2/α ≫ 1 and the growth-dominated regime is defined

by ρλ2/α ≪ 1. We first explore the diffusion-dominated case.
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Figure 4.1: Example of dynamics on a 5-node network (a). Initially, only the first
node is seeded (c1(0) = 1/10). In the diffusion-dominated case (b: α = 1/5, ρ = 1),
all concentrations quickly approach 1/10 before experiencing the effect of the growing
exponential in unison. For the growth-dominated case, after growth at the first node,
the second node is invaded and then all other modes are subsequently invaded in a
front-like progression (c: α = 1, ρ = 1/100).

We note that if diffusion dominates, then the early dynamics is governed by the

slowest dynamics in (4.6), which is the term involving exp(−ρλ2t). Therefore on a

typical time scale t ∼ 1/(ρλ2), the concentration at each node tends to the value

µ/N . On larger time scales, the effect of the growing exponential is felt and each

node behaves, in unison, as a single node subject to the dynamics

dc

dt
= αc(1− c), c(0) = µ/N. (4.7)

The solution of this equation is,

c(t) =
µeαt

N − µ+ µeαt
, (4.8)

with an arrival time at all nodes, when c(τdiff) = µ, given by

τdiff =
1

α
log

(
N − µ

1− µ

)
. (4.9)
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We can also obtain the approximation of diffusion-dominated arrival time by assuming

ρλi/α → ∞ for i ̸= 1. The concentration is predominantly determined by the graph

Laplacian’s Kernel v(1) = (1, . . . , 1) while other modes vanish since α − ρλi < 0 for

i ̸= 1. Hence, we have c(t) = µ/Neαtv(1) where qs(0) = µ at the seed node s and

otherwise zero. Therefore, the arrival time of all nodes is given by

τ̂diff =
1

α
ln (N). (4.10)

𝜏diff

Ƹ𝜏diff

co
n
ce
n
tr
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n
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n
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time time

Figure 4.2: Diffusion-dominated case for the 5-node network with α = 1/10, ρ =
1, c1(0) = µ = 1/10. We see that the dynamics of a single node with initial condition
c(0) = µ/N (blue dashed line) provides an excellent approximation of the entire
solution (left) and, looking at the close-up in the black rectangle, for the arrival time
as well (right).

Figure 4.2 shows the comparison between the exact solution (red dashed lines),

diffusion-time solution (blue dashed line), and its linearisation (green dashed line).

We note that the diffusion-time solution becomes a good estimate at the threshold

µ = 1/10. As an additional note, one can obtain the approximation when ρλ2/α ≈ 1

as:

ci(t) = µ/Neαt + µ
(
v
(2)
i

)2
. (4.11)

However, this estimate does not give a better estimate compared to the diffusion-time

solution or even its approximation (not shown).

For the rest of the chapter, we will focus on the growth-dominated case, for which

we assume, without loss of generality, that α is of order one and ρ is a small parameter.
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4.2.1 Linear estimate

The first approach to the arrival time in the growth-dominated regime is the linear

time. The general linear arrival time τ̂j is given by the solution of the equation

µ = eατ̂j
N∑
i=1

(
q · q(i)e−ρλiτ̂j

)
q
(i)
j . (4.12)

If we restrict our attention to the canonical linear arrival time, we can further simplify

the system by using qi = βδis to obtain

µ/β = eατ̂j
N∑
i=1

(
q
(i)
j q(i)s e−ρλiτ̂j

)
. (4.13)

Figure 4.3 demonstrates the exact solution (red dashed lines) and the linear ap-

proximation (green dashed lines). We note that the linear solution increases faster

than the exact solution, which gives smaller estimates as a consequence.

Figure 4.3: a: Comparison between the exact (red) and linear solutions (dashed,
green) for the 5-node network ( α = 1, ρ = 1/100, β = 1/10).

To illustrate the performance of the linear times we compute the error made as a

function of the seed size:

Elin(µ) =
N∑
i=1

|τ̂i(µ)− τi(µ)|. (4.14)

Fig. 4.4 gives a comparison of the linear solutions with the numerical solutions for

our 5-node network. We observe the following features. First, the approximation

given by the linear arrival times improves as µ decreases. This behavior is illustrated
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Figure 4.4: a: Comparison between the exact arrival times vs linear arrival times for
various initial seeding (left) and error between exact and linear arrival times (right)
as a function of initial seeding shows good convergence, as expected.

in Fig. 4.4 where we compute the error. As µ → 0 with µ > 0, this approximation

converges to the exact value as the nonlinear terms become negligible.

Second, since the nonlinear terms of (4.1) act to reduce the value of the concen-

tration in time, and (4.3) neglects these terms, the solutions of the linear equations

are always strictly larger than the actual concentrations (apart from the zero arrival

time at the seeding node). Hence, the linear estimates provide a strict lower bound

for the arrival times.

Third, to obtain actual values of the linear arrival times we need to solve N

individual transcendental equation of the form (4.6), one for each arrival time. Solving

this system can prove to be numerically challenging without a decent first guess.

Fourth, this method is often overlooked in favour of more involved graph-based

measures based on the superposition of multiple paths. However, the exponential

matrix solution (4.4) naturally combines the sum of all paths as expected from a

diffusion operator.

Overall, the linear arrival times constitute a robust universal method valid for

small seed concentrations to obtain arrival times.

4.2.2 Lambert estimate

4.2.2.1 Two-node model

A second approach is to define a distance between nodes by considering the time

it takes for an initial seed to propagate to a neighboring node while ignoring all

other nodes in the network. Consider two nodes i and j connected by an edge with

weight Aij ̸= 0. Neglecting all other nodes in the network, we consider the linear
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Figure 4.5: a: Two-node model that is neglecting the other connections. b: Indepen-
dent two-node model with an arbitrary direction of propagation.

approximation (4.3) with a surrogate graph Laplacian, corresponding to the two-node

subnetwork of node i and j, given by

Lij =

[
Aij −Aij

−Aij Aij

]
. (4.15)

Using the eigenvectors of Lij and (4.13) with µ = β yields an equation for the

arrival time at node j, from an initial seeding at node i (or vice-versa), given by

eαt
(
1− e−2ρAijt

)
= 1. (4.16)

Expanding for small ρ, we obtain

ρAijte
αt = 1. (4.17)

The solution of this equation can be expressed in terms of the Lambert W0 function

(defined so that the real solution of tet = z is t = W0(z)):

tij =
1

α
W0

(
α

ρAij

)
, i ̸= j. (4.18)

Figure 4.6 depicts the Lambert W0 function when we choose α = ρ = Aij = 1 for

(4.18). We note that the Lambert W0 function is the principal branch of the Lambert

function and will give a single nonnegative real root because α/ρAij ≥ 0. We also note

that since the network is undirected, we have Aij = Aji which implies that tij = tji.

We refer to tij between two neighbouring nodes as the Lambert edge distance.

4.2.2.2 Lambert distance

From this pairwise distance between neighbouring nodes, we define the Lambert dis-

tance Wij as the shortest path with respect to the Lambert edge distance between
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Figure 4.6: Lambert W0 function plot of (4.18).

two nodes i and j. Let Γij = (γ0, γ1, . . . , γn) with γ0 = i and γn = j be this shortest

path, then

Wij =


n−1∑
k=0

tγk,γk+1
=

1

α

n−1∑
k=0

W0

(
α

ρAγk,γk+1

)
, i ̸= j,

0, i = j,

(4.19)

which defines the Lambert distance matrix W. By construction, this distance is a

metric on the network (as Wii = 0 ∀i, Wij = Wji ∀i, j and Wij ≤ Wik +Wkj ∀i, j, k).
The Lambert distance provides a useful estimate for the arrival times. To take

into account the fact that, in general, the critical concentration may be different from

the initial concentration, µ ̸= β, we define the self-time tii to be the time at which a

local initial concentration β, at node i, reaches µ in the absence of any connection.

That is, the time tii at which the solution to

dc

dt
= αc(1− c), c(0) = β, (4.20)

satisfies c(tii) = µ. The solution of this problem is

tii =
1

α
log

(
(1− β)µ

(1− µ)β

)
. (4.21)

In the canonical case of a single seed at node i, the Lambert arrival times, at every

node j, are defined by

τ̃ij = tii +Wij. (4.22)

Figure 4.7 demonstrates the Lambert arrival times compared to the linear times.

We see that the Lambert solutions, and Lambert arrival times, are to be an improve-

ment over both the linear solutions, and arrival times, and can capture the dynamics
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over the entire domain. The Lambert arrival times (4.19) can then be understood as

the sum of the time it takes for node j to reach the same concentration as the seed

node i and the time for node j to reach concentration µ starting with concentration

β.
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Figure 4.7: a. Exact (red), Lambert (blue, dashed), and linear (green, dotted) solu-
tions with α = 1, ρ = 1/100, c1(0) = µ = β = 1/10. b. Lambert arrival times (blue
stars) compared to linear arrival times (green squares).

We note some important features regarding the Lambert distance. First, the

method provides a good estimate without depending on the initial concentrations. We

could see that the Lambert distance is an intrinsic property of the system. Second,

the Lambert distance includes the role of diffusion, which has a weak influence. For

instance, for ρ/(αWij) ≈ 0.01, an increase of diffusion by a factor 10 only changes

the arrival times by a factor 2. Despite its remarkable feature and simplicity, the

method is still based on linearisation. Hence, the approximation lacks of saturating

effects that increase the arrival times. Overall, the Lambert distance provides a useful

estimate for the arrival times.

4.2.3 Further computation on Lambert estimate

We have developed the Lambert estimate based on a single shortest path from a single

seeding node. Unlike the Lambert distance, the linear estimate includes multiple

paths that connect the seed and target nodes. It also allows multiple seeds in the

equations and we only solve a transcendental equation for each node to compute the

arrival times. In this section, we introduce the computation for multiple paths and

multiple seeds for the Lambert distance.
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4.2.3.1 Propagation on a line graph

We start with the notion of propagation on a line graph before we define the computa-

tion of multiple paths and multiple seeds. The process is assumed to occur similarly

to the two-node case and the arrival time of the next node is close to the current

node.

𝑖

𝑘

A.
𝑗

B.

𝑖

𝑘
𝑗

Figure 4.8: a: A line model that is neglecting the other connections. b: Independent
line model with an arbitrary direction propagation.

Let Γij = γ0, ..., γn be the shortest path that connects i and j. We can model the

propagation on a line graph, as illustrated in Figure 4.8, as a system of ODEs given

by,

dcγ1
dt

= αcγ0 , (4.23a)

dcγk+1

dt
= αcγk+1

− ρLγk,γk+1
cγk , k = 1, ..., n− 1, (4.23b)

with γ0 = i and γn = j. The solution4 at node j is given by

cj(t) = T(Γij;n)
(ρt)n

n!
βeαt, (4.24)

where T(Γij;n) =
∏n−1

k=0 Aγk+1,γk denotes the multiplication of adjacency weights on

the shortest path of length n. When µ = β, the arrival time is given by

tij =
n

α
W0

(
α

nρ
n

√
n!

T(Γij;n)

)
. (4.25)

Figure 4.9 demonstrates the influence of parameter to the resulting tij. The arrival

time tij increases as n goes larger indicating that a node with further shortest path

4One can find the solution by defining a surrogate Laplacian of the shortest path first. Following
the same assumption as the two-node model, one can use the eigenvector of the surrogate graph
Laplacian Lij . Expanding the solution for small ρ and using µ = β, one will obtain the same
expression of concentration cj(t) (4.24) and obtain the arrival time (4.25).
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length from the seed will have a longer arrival time. If we fix two parameters, the

arrival time decreases as the free parameter increases (Figure 4.9a-c). The influence

of two free parameters is depicted in Figure 4.9d-f. From the contour plots, we note

that the arrival time of nodes n = 1 reduces faster than nodes with n = 2. This

observation is shown by the larger gap between two threshold curves for the same n.

For the rest of the section, we will use this perspective as our foundation to obtain

arrival times for multiple seeds and multiple paths.

Figure 4.9: tij plots for n = 1 (blue), n = 2 (orange), n = 4 (green) as a function of:
(a) ρ when α = Aij = 1; (b) α when Aij = 1 and ρ = 0.1; (c) Aij when α = 1 and
ρ = 0.1. Sensitivity analysis plots for tij = 1 (bold lines) and tij = 2 (dashed lines)
as a function of: (d) α and Aij when ρ = 0.1; (e) Aij and ρ when α = 1; (f) α and ρ
when Aij = 1.

4.2.3.2 Lambert distance and line-graph arrival time

The perspective to derive the Lambert distance is different from the line-graph arrival

time. First, in the Lambert distance, it is assumed that the links between i and j are

independent. The arrival time at j is simply given by the sum of the Lambert edge

distance of all links that connect i and j. Second, we assume in the line graph that

the arrival time of a node is influenced by its previous neighbour node, except the

seed. This approach gives the n-th root in the Lambert function as our estimate.

Now, Let Wij be the arrival time at node j as defined in (4.19). By multiplying

the left-hand side with eαWij and applying the arithmetic-geometric inequality, we
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obtain

Wije
αWij ≥ nn

ρnT(Γij;n)
>

n!

ρnT(Γij;n)
, (4.26)

or equivalently: Wij > tij for n ≥ 2. The equality in (4.26) occurs when we consider

a homogeneous line where all weights between two nodes have the same values.

4.2.3.3 Propagation of multiple seeds

We first derive the propagation of multiple seeds using a simple topology as illustrated

in Figure 4.10. We assume that there are K seeds and each seed ik is connected to

Figure 4.10: A simple configuration of multiple seeds.

the target j by a path Γik,j with length nk, k = 1, ...K. We can neglect all paths

to node j when their starting nodes are not seeds. The initial value at each seeding

node can vary ck(0) = βk, for k = 1, ...K, and zero otherwise. The ODE at node j is

given by

dcj
dt

= αcj − ρ
K∑
k=1

Lvk,jcvk (4.27)

where vk are the adjacent nodes of j and the ODEs at the other nodes are given by

(4.23).

The solution for seeding and transient nodes follows (4.24). Substituting the

solution of cvk to (4.27), we can write

dcj
dt

− αcj =
K∑
k=1

ρnkT(Γik,j;nk)
tnk−1

nk − 1!
βke

αt. (4.28)
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Hence, the total concentration at node j is given by

cj(t) =
K∑
k=1

T(Γik,j;nk)
(ρt)nk

nk!
βke

αt. (4.29)

We note that the concentration at node j is a sum of all partial contributions

from multiple seeds. Using this feature, we construct an approximation of the total

concentration and arrival times at node j.

We assume that a general initial condition c(0) = q is given, with 0 ≤ maxi{qi} <

µ ≪ 1, and consider a seed ik. Following the analysis of the Lambert arrival times,

we use (4.22) with β = qik to obtain

τik,j =
1

α
log

(
(1− qik)µ

(1− µ)qik

)
+Wik,j, (4.30)

which estimates the arrival time at node j due to the seed at node ik. Let us assume

that the connectivity between the seed and target follows the two-node model where

the weight approximation is Ãik,j = (ρτik,j exp (ατik,j))
−1. Therefore, we can construct

an approximation of the contribution of the seed ik to the concentration at target j

by

c̃
(ik)
j (t) = µ

t exp(αt)

τik,j exp (ατik,j)
. (4.31)

Summing over the partial contributions from the multiple seeds yields an approxima-

tion of the total concentration at node j given by

c̃j(t) =
K∑
k=1

c̃
(ik)
j (t) = µt exp(αt)

K∑
k=1

1

τik,j
exp(−ατik,j), (4.32)

which reaches the level µ at time

t̃j(µ) =
1

α
W0

(
α∑N

i=1
1
τij

exp(−ατij)

)
. (4.33)

Just as in the case of a single seed, the estimate (4.33) can be used as an initial guess

to compute the linear arrival times for the case of multiple seeding locations.

4.2.3.4 Propagation of a single seed on multiple paths

We have derived an approximation of the total concentration at the target node

due to multiple seeds. It turns out that the total concentration is just a sum of
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Figure 4.11: A simple configuration of multiple paths.

all contributions of multiple seeds. We now extend the notion of arrival times to

incorporate multiple paths that connect a single seed and a target node.

We start with a simple case as illustrated in Figure 4.11. We assume that there

are K distinct paths (i.e. each path consists of nodes registered in an unique path,

except the seed and target node) that connect i to j where each path has length

nk + 2, for k = 1, ..., K. In one-dimensional line graph we see that the target node

is influenced by its direct neighbour. However, it is possible that j has more than

K neighbour nodes, e.g. M nodes, in this case. Hence, we have M −K nodes that

do not connect i and j and that can be neglected. We assume ci(0) = β and zero

otherwise. Therefore, we have the governing system at node j given by

dcj
dt

= αcj − ρ
K∑
k=1

Lvk,jcvk (4.34)

where vk are the nodes adjacent to j. The system at the other nodes is given by

(4.23). This system is similar to (4.27).

Let Γ
(k)
i,j be the k-th path that connects i and j with length nk+2. The solution of

seeding and transient nodes follows (4.24). Substituting the solution of cvk to (4.34),

we then can write

dcj
dt

− αcj =
K∑
k=1

ρnk+2T(Γ
(k)
i,j ;nk + 2)

tnk+1

nk + 1!
βeαt. (4.35)

Hence, the total concentration at node j is given by

cj(t) =
K∑
k=1

T(Γ
(k)
i,j ;nk + 2)

(ρt)nk+2

nk + 2!
βeαt. (4.36)
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We found that the total concentration at node j is just a sum of all partial con-

tributions from the multiple paths like (4.29). Using this feature, we will construct

an approximation of the total concentration and arrival times at node j.

We assume that a general initial condition c(0) = q is given, with 0 ≤ maxi{qi} <

µ ≪ 1, and consider the seed i. Let W
⟨k⟩
ij be the sum of the Lambert edge distances

from i to j through the k-th path. Following the analysis of the Lambert arrival

times, we use (4.22) with β = qi to obtain

τ
⟨k⟩
ij =

1

α
log

(
(1− qi)µ

(1− µ)qi

)
+W

⟨k⟩
ij , (4.37)

which estimates the arrival time at node j due to the seed at node i through the

k-th path. Let us assume that the connectivity between the seed and target on

each path follows the two-node model where the weight approximation is Ã
⟨k⟩
ij =(

ρτ
⟨k⟩
i,j exp

(
ατ

⟨k⟩
ij

))−1

. Therefore, we can construct an approximation of the contri-

bution of the seed i to the concentration at target j through the k-th path by

c̃
⟨k⟩
j (t) = µ

t exp(αt)

τ
⟨k⟩
ij exp

(
ατ

⟨k⟩
ij

) . (4.38)

Summing over the partial contributions from the multiple paths yields an approxi-

mation of the total concentration at node j given by

c̃j(t) =
K∑
k=1

c̃
⟨k⟩
j (t) = µt exp(αt)

K∑
k=1

1

τ
⟨k⟩
ij

exp(−ατ
⟨k⟩
ij ), (4.39)

which reaches the level µ at time

t̃j(µ) =
1

α
W0

 α∑N
i=1

1

τ
⟨k⟩
ij

exp(−ατ
⟨k⟩
ij )

 . (4.40)

We note that this form is similar to (4.33) and can use the estimate (4.40) as an

initial guess to compute the linear arrival times when multiple paths are considered.

4.2.3.5 Many propagation schemes

In the case of multiple paths, we may find more complex propagation schemes than

the previous simple one. When a single seed is considered, we could have a branching

event when a single line splits into several paths, a narrowing event when multiple

paths from the seed merge into a single line to the target, or there exists a bridge
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or more between paths. We then investigate the propagation feature of these many

propagation schemes.

Branching path. We first extend the case of multiple paths in Figure 4.11 into a

branching event as illustrated in Figure 4.12. Any seed starts to flow along a line of

length n then splits into K lines where each line ends up at node j and has length

nk + 2, k = 1, ..., K. The key to this type of propagation is the adjacent nodes of in

Figure 4.12: Branching case.

at each branch line. The concentration at these nodes is given by

cjk(t) = ρAjk,ine
αt

∫ t

0

cin(s)e
−αsds, (4.41)

where jk are the adjacent nodes of in, at the branches, and cin is given by (4.24).

Following the previous analysis, we use (4.36) and the concentration at j is given

by

cj(t) =
K∑
k=1

ρnk+2T(Γ
⟨k⟩
in,j

;nk + 2)eαt
[∫

R

cin(s0)e
−αs0dS

]
, (4.42)

whereR = {(s0, s1, ....snk+2)|s0 ≤ s1, 0 ≤ s1 ≤ s2, ..., 0 ≤ snk+2 ≤ t} and dS = ds0ds1...dsnk+2.

Then, the concentration at j is given by

cj(t) =
K∑
k=1

T(Γ⟨k⟩;nk + 2)T(Γi,in ;n)
(ρt)n+nk+2

n+ nk + 2!
βeαt. (4.43)

We note that (4.43) is a sum of the contributions over K paths as similar to (4.36).

One then can derive the approximation of concentrations and arrival times following

(4.39) and (4.40), respectively.

Narrowing path. Next, we consider a system when multiple paths are focusing on

a single line that ends up at j. We call this event the narrowing path. In this case,

let there are K paths where each path has length nk + 2 and they meet in one node

jK connected to j along a line graph with length n as illustrated in Figure 4.13).
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Figure 4.13: Narrowing case.

The concentration at j is to depend on concentration at jK and is given by

cj(t) = ρnT(ΓjK ,j;n)e
αt

[∫
R

cjK (s0)e
−αs0dS

]
, (4.44)

where R = {(s0, s1, ....snk+2)|0 ≤ s0 ≤ s1, 0 ≤ s1 ≤ s2, ..., 0 ≤ snk+2 ≤ t} and dS =

ds0ds1...dsnk+2. The concentration at jK is given by the sum of all paths connected

to a seeding node or more. Therefore, cjK follows (4.36), (4.29), or superposition of

both. Without loss of generality, we assume that the first K1 paths connect jK to a

seeding node i1 and the remaining paths are connected to a distinct seed i2. Then,

the concentration at j is given by,

cj(t) =

K1∑
k=1

T(ΓjK ,j;n)T(Γ
⟨k⟩
i1,jK

;nk + 2)
(ρt)n+nk+2

n+ nk + 2!
βeαt

+
K∑

k=K1+1

T(ΓjK ,j;n)T(Γ
⟨k⟩
i2,jK

;nk + 2)
(ρt)n+nk+2

n+ nk + 2!
βke

αt.

(4.45)

We note that the solution is also a sum of the contributions over K paths as similar

to (4.43). One can derive the approximation of concentrations and arrival times

following (4.39) and (4.40), respectively.

Bridge between paths. Another important case in a network is the possibility

of having bridges between paths as it creates additional paths. We now consider a

simple case where two paths are connected with an edge as illustrated in Figure 4.14.

We consider two distinct paths of length n1 and n2, which do not have the same

vertices except for the endpoint. Without loss of generality, we assume that we have

multiple seeding nodes, i.e. i1 and i2. The two paths are connected through an edge

from node k1 to k2. In the absence of this edge, concentration at these nodes is given

by (4.24) and the concentration at j is given by (4.29). When this edge is introduced,
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Figure 4.14: Communicating case.

we now have two additional routes. Considering all possible paths through node k1

and k2, the concentration at j is

cj(t) = ρn12+1T(Γk1,j;n12)Ak1,k2e
αt

[∫
R

ck2(s0)e
−αs0dS

]
+ ρn22+1T(Γk2,j;n22)Ak1,k2e

αt

[∫
R

ck1(s0)e
−αs0dS

]
+ ρn12T(Γk1,j;n12)e

αt

[∫
R

ck1(s0)e
−αs0dS

]
+ ρn22T(Γk2,j;n22)e

αt

[∫
R

ck2(s0)e
−αs0dS

]
.

(4.46)

Since we already separate the paths when the bridge is considered, we assume

that the concentration at k1 depends on the solution of the line graph connecting the

seed i1 to k1 only. This assumption is also imposed to k2 where it is connected to i2.

Let the initial condition be ci1(0) = β1, ci2(0) = β2, and zero otherwise. Hence, the

concentration at j is given by,

cj(t) = T(Γi2,k2 ;n21)Ak1,k2T(Γk1,j;n12)
(ρt)n21+n12+1

n21 + n12 + 1!
β1e

αt

+T(Γi1,j;n1)
(ρt)n1

n1!
β1e

αt

+T(Γk1,j;n12)Ak1,k2T(Γi2,k2 ;n21)
(ρt)n12+n21+1

n12 + n21 + 1!
β2e

αt

+T(Γi2,j;n2)
(ρt)n2

n2!
β2e

αt.

(4.47)

Γi1,j and Γi2,j are lines that connect the seeds with j without considering the bridge

from k1 to k2. We note that new paths are created once a bridge is added. Similar to
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previous schemes, the concentration depends on all possible paths that connect the

seeds and target.

In this scheme, the total number of paths increases following the binomial rule

as more bridges between two distinct paths are introduced. Indeed, if there are n

bridges between two paths, the total number of paths is 2n+1.

We have investigated the propagation of proteins on a network for multiple paths

and multiple seeds. First, the concentration at a target node always considers all

possible paths from multiple paths or multiple seeds. It simply takes the sum of

all paths in that network configuration. Second, when multiple paths and multiple

seeds appear in a network, we just take the sum of all paths. The feature suggests

that each path adds its contribution to the total concentration. Third, we can find

an approximation of the total concentration by following the process of (4.32) and

(4.39). Then, we can also determine the approximation of arrival times which follows

(4.33) or (4.40). As an additional remark, one needs to include multiple paths when

computing the arrival times from an unweighted graph. We observe (although it is

not shown) that if we include more shortest paths in the computation, the accuracy of

estimates increases. This analysis allows us to identify additional path contribution

to the total concentration, and ultimately, to the arrival times.

4.2.4 Nonlinear estimate

We have obtained estimates for the arrival times mostly from a linear approach and

neglected the nonlinear term in the original system. Despite their merit, these meth-

ods do not take into account the coupling between the nonlinear sigmoid growth

and the diffusion among nearby nodes. A third approach is to include the nonlinear

sigmoid and a small parameter that naturally appears in the growth-dominated case.

We assume, by a simple rescaling in time and without loss of generality, that α is of

order one and that ε = ρ ≪ 1 is a small parameter. A naive asymptotic method that

systematically expands all solutions in terms of ε and solves the resulting equations

order-by-order fails to provide any useful results as it only provides a small correction

of the exponential behavior which is unbounded in time. Instead of expanding all

solutions, we consider an alternative asymptotic method that captures important

features of the solutions and improves the computation of the arrival times.

We consider the canonical case to be our ansatz and start with the solution with

ε = 0 given by,

c̃i =
Kie

αt

1−Ki (eαt − 1)
, i = 1, . . . , N. (4.48)
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We use a nonlinear version of the method of variation of constants instead of de-

termining the arbitrary constant from the initial conditions. We assume that this

constant is allowed to vary in time at higher order in ε,

Ki = Ai + εγiBi(t), (4.49)

where γi is a natural number that defines the shortest path length between node i

and the seed. The value is not a Lambert distance between node i and the seed.

Rather, it is the number of hops between node i and the seed with respect to the

Lambert metric, as previously defined. With this ansatz, we can solve iteratively

for the unknown Bi for a subsequent node with increasing distance from the seeding

node.

To lowest order O(ε0), the solution at the seeding node with initial condition

cs(0) = β is simply the original unperturbed solution

c̃s =
βeαt

1− β (eαt − 1)
, (4.50)

and Ai = 0 for all i ̸= s.

To order O(ε1), representing all nodes i at a distance one from the seeding node,

the equation for Bi is

dBi

dt
= −Lise

−αtc̃s, (4.51)

that can be easily integrated to obtain

Bi(t) =
βLis

α(β − 1)

(
αt− log

(
β
(
eαt − 1

)
+ 1
))

. (4.52)

The solutions for nodes at distance d from the seeding node can then be obtained

iteratively with nodes at distance d only depending on the solutions given by nodes

at distance d− 1. More formally, if we define the matrix

Mij =

{
Lij if γi − γj = 1

0 otherwise,
(4.53)

and the variables

Zi =

{
Bi, if i ̸= s

e−αtc̃s if i = s,
(4.54)

then, these new variables are solutions of the system

dZi

dt
=

N∑
j=1

MijZj, Zi(0) = 0, i ̸= s. (4.55)
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Remarkably, the solution of this linear system can be obtained explicitly in terms of

the polylogarithm function Lid where d is the distance to the seeding node. Once

substituted in (4.48), these asymptotic solutions satisfy both the initial conditions

and the asymptotic behavior for a long time. Figure 4.15 shows these asymptotic

solutions for our 5-node network together with the computations of the arrival times.
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Figure 4.15: a. Exact (red), Lambert (blue, dashed), linear (green, dotted), and
asymptotic (black, dash-dotted) solutions with α = 1, ρ = 1/100, p1(0) = µ = 1/10.
b. Asymptotic Lambert arrival times (blue stars), compared to linear arrival times
(green squares).

A few comments regarding the nonlinear estimate are as follows. The method

improves the Lambert solution. It is because the solutions naturally take into ac-

count the contributions from all paths of length d rather than just a single path.

Although the solutions contain paths with the same length, they do not include the

contributions due to paths of different lengths or the effect of dilution away from

a node. Both of these effects could be, in principle, included in the matrix M by

adding the corresponding couplings and introducing higher-order corrections, but at

the cost of an increase in complexity that may not be warranted. The handicap of

this method is its long expressions. In addition, this approach may fail to generalise

to other problems due to its particular ansatz.

4.3 Systematic comparison

In this section, we test our methods to see their robustness through error computation.

In addition, we check the variability of mean arrival times generated from many

connectomes.
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4.3.1 Error analysis

To check the validity of our approach, we consider a number of parametric studies

where we systematically vary one parameter and study the resulting error by com-

paring the exact numerical values with both Lambert and linear estimates. Since the

asymptotic solution is an improvement over the Lambert estimates, we do not use it

for this error analysis. We recall that given exact and approximate arrival times, we

defined the error as

Eapprox =

∑N
i=1 |τ̂i − τi|∑N

i=1 τi
, approx ∈ {linear, Lambert}. (4.56)

We fix the growth constant α = 1/2 and systematically test our approach on

the brain connectome by varying the weight of the edge connection, the size of the

network, the diffusion constant ρ, and the initial condition. We also choose a few

different one-parameter networks describing different topologies despite our main in-

terest in the connectome. We use different network sizes for a systematic evaluation

of the approximation errors. The connectomes have edges with weights Aij between

nodes i and j, defined as the ratio of the number of axonal fibers nij between the

nodes and the mean fiber length ℓij power [144],

Aij =
nij

ℓkij
, i, j = 1, . . . , N, (4.57)

with k = 0, k = 1, and k = 2 respectively define the length-free, the ballistic, and the

diffusive weights. Particular to the diffusive weight, the length is squared in order

to capture the main scaling properties of diffusion. This type of weight becomes our

primary choice to perform the application of our approaches to neurodegenerative

disease in the next section.

4.3.2 Analysis on the weights and the network size

4.3.2.1 Varying the weights

To understand the possible dependence of our method on the choice of edge weights,

we consider the one-parameter family of adjacency matrices (4.57) for the N = 83

connectome where we take k ∈ [0, 2]. These matrices cover all the choices previously

made in the literature for the propagation of toxic proteins on the structural connec-

tome (k ∈ {0, 1, 2}). We see in Figure 4.16a that the errors from both the Lambert

and the linear methods remain small and do not depend on the choice of weights).
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(a) (b)

Figure 4.16: Error analysis with respect to (a) changes in weight and (b) changes
in network sizes. Parameters for both: α = 0.5/year and ρ = 0.01/year; initial
conditions: c27(0) = c68(0) = 1/20 and ci = 0 for all other i ∈ {1, . . . , N}). We
observe that the method does not depend strongly on either the weight or the size
(as long as the system remains in the growth-dominated regime).

4.3.2.2 Varying the network size

To understand the possible dependence of our method on the network size, we

consider the five different resolutions of networks with diffusive weight and N =

83, 129, 234, 463, 1015 and systematically compute the error for each case. Figure

4.16b demonstrates the results of the five runs. The error analysis shows that there

is little effect associated with changes in network size.

4.3.3 Analysis on the diffusion constant and the initial con-
ditions

(a) (b)

Figure 4.17: Error analysis with respect to changes in (a) changes in diffusion (k = 2
and ρ = 0.01/year) and (b) changes in initial conditions. Parameter for both: α =

0.5/year. Initial conditions: c
(i)
i = 1/10 and c

(i)
j = 0 for all other j ∈ {1, . . . , 83}.
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4.3.3.1 Varying the diffusion constant

Since only the ratio ρ/α is meaningful, we fix α = 1/2 and vary the constant ρ for the

N = 83 network with diffusive weights and initial conditions: c27(0) = c68(0) = 1/20.

We observe in Figure 4.17a that the error remains small and does not strongly depend

on the value of ρ. As expected when ρ is of order one, the Lambert estimates break

down since we are not in the growth-dominated regime anymore.

4.3.3.2 Varying the initial conditions

To understand the possible dependence of our method on the choice of initial condi-

tions, we consider the base case of the structural network with diffusive weight and

N = 83 and systematically compute the error for different initial conditions by taking

a non-zero concentration at a single-node i and all other initial conditions to zero.

Figure 4.17b shows that there is little effect associated with choices in initial condi-

tions. The typical error associated with the Lambert method is about 1/2 to 3/4 the

error associated with the linear method.

4.3.4 Varying the topology

■

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

*
*
* * * * *

* * * *
* *

*
*

2 4 6 8 10 12 14

edge number k
0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

■■■■
■■■■■

■■■■■■
■■■■■

■
■■■■■

■■■■■■■■■■■
■
■
■■■■■■■■■■■■■■■■■■■

■■■■■■■
■
■■■
■■

***
*
**
********

*
***
**
*

*
**********

******
*
******

*
****
***
*
**********

*
*
*
****

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

rewiring probability p
0.00

0.02

0.04

0.06

0.08

0.10

er
ro

r

er
ro

r

★

■

Lambert times
linear times

★

■

Lambert times
linear times

(b)(a)

Figure 4.18: Error analysis with respect to changes in topology. (a) Scale-free network
where k edges are added at each step. (b) Small-world network (with average degree
of node 10) with rewiring probability p. Parameter: N = 500, α = 1/year, ρ =
0.001/year. Initial conditions: c1(0) = 1/10 and ci = 0 for i = 2, . . . , N .

To understand the possible dependence of our method on the topology of the

network, we use different classes of network. We consider two types of graphs: (a) a

distribution of scale-free network where a graph is built by adding a new vertex with

k edges at each step; and (b) a distribution of small-world networks with rewiring

probability p. We observe that, for scale-free network, the linear provides good esti-

mates while the Lambert method is not as reliable as we thought. This is due to the
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fact that multiple shortest paths are possible and the method only considers a single

one of these. We also note that the linear method is robust and that the error does

not depend on the topology.

4.3.5 Variability
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Figure 4.19: Histogram of the mean arrival times for each of the 426 structural
connectomes in the reference data set obtained either from the exact (numerical)
method or its Lambert approximation.

It is of interest to see if our methods can capture the variability between different

individuals. We consider the 426 individual connectomes included in the Budapest

data set and extract for each one a diffusion-weighted symmetric adjacency matrix.

Since most of these connectomes are disconnected, we superimpose to it a small

perturbation (taken to be 1/100) given by the average connectome and normalise the

resulting adjacency matrix so that its maximum element is one.

We compute, for each connectome, both the exact (numerical) mean arrival time

and its Lambert approximation for the same values of the parameters and initial

conditions used in the main text (N = 83, α = 0.5/year, ρ = 0.01/year. c27(0) =

c68(0) = 1/20 and ci = 0 for all other i ∈ {1, . . . , N}). The distribution of arrival

times is given in Fig. 4.19 with approximated mean arrival time equal to 26.7 years

(compared to 26.4 years for the exact method) and a standard deviation of 2.0 years

compared to 2.0 for the exact method). We conclude that the Lambert method

captures both the mean and variability found in individual brain connectome.
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4.4 Application to neurodegenerative disease

In this section, we apply the arrival time methods to the study of propagation of toxic

protein species transported on a structural connectome.

4.4.1 Arrival times and Braak staging

Figure 4.20: Starting at the entorhinal cortex, the dynamics of the network Fisher-
KPP equations recovers some of the key aspects of Braak staging N = 83, α =
0.5/year, ρ = 0.01/year. Initial conditions: C27(0) = c68(0) = 1/100 and ci = 0 for all
other i ∈ {1, . . . , N}. Each of the six colors corresponds to the cortical regions that
comprise a Braak stage. For instance, regions that are part of Braak I are in red.

Despite the overall simplicity of the network-organised Fisher-KPP model, its

dynamics captures the generalised progression of τP neurofibrillary tangles (NFTs)

observed in post-mortem studies. In particular, histopathological studies have noted

that NFT follow a six-stage sequence [17, 18], called the six Braak stages [44]. In

this work, we study the progression in the six Braak regions used in the standardised

positron emission tomography AV-1451 data pipeline [2] of the Alzheimer’s Disease

93



Neuroimaging Initiative. Figure 4.20 shows the dynamics of (4.1) using the lowest

resolution N = 83 connectome with example parameters in the growth-dominated

regime. In this case, the entorhinal seeding sites are nodes 27 and 68.
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Figure 4.21: Arrival times at µ = 1/10 for N = 83 connectome (left) and average
concentration (right) in each Braak region (parameters and color coding coincide
with Fig. 4.20). Solid curves are the numerical solution and the dashed curves their
approximation from the asymptotic expansion. Initial conditions chosen so that the
total concentration in the entorhinal cortex is 1/10: c27(0) = c68(0) = 1/20 and ci = 0
for all other i ∈ {1, . . . , N}.

We apply the three methods for arrival times on this problem for the same param-

eters as in Figure 4.20 and compute the approximate solutions. Figure 4.21 shows

the three arrival times and compares, for each Braak region, the exact numerical

solution (solid curves), with the asymptotic solutions (dashed curves). To visualise

the results and the quality of the approximations, we average the concentration for

each Braak region (total concentration over nodes in that Braak region divided by

the number of nodes). We noted that the asymptotic solution is excellent on the

entire domain and, remarkably, correctly captures the staging pattern observed in

Alzheimer’s disease. We also compare the relative error following (4.56) and the

scores are Elinear ≈ 84× 10−3,ELambert ≈ 41× 10−3, and Enonlinear ≈ 24× 10−3.

4.4.2 Braid diagrams and braid surfaces

We have applied each approximation method on the lowest and higher resolution

connectomes for particular values and are interested in assessing the performance of

our methods systematically through staging analysis in the growth-dominated regime

(ρ/α ≪ 1) as introduced in the previous chapter or Putra et al [144]. The idea is to

only consider the ordering of the arrival times rather than their numerical values.
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Figure 4.22: (a) An exact braid surface computed using 4.1 on the N = 83 brain
connectome. Kendall tau errors for the approximated braid surfaces using: (b) the
linear method, (c) the Lambert method, and (d) the nonlinear method. An initial
seeding is chosen so that the average concentration in the entorhinal cortex is less
than 1/100: c27(0) = c68(0) = 1/200 and ci = 0 for all other i ∈ 1, . . . , N . Yellow
regions correspond to a canonical connectome Braak staging.

Following [144], we can plot stagings, across all possible values of the threshold µ,

by using a braid diagram and a braid surface that summarises a parametric family

of braid diagrams. To test the use of our methods, we use the Kendall tau distance

[100] to measure the distance between two stagings as the minimum number of trans-

positions necessary to transform one staging into the other. For example, the Kendall

tau distance between staging (1, 3, 2) and (1, 2, 3) is dK((1, 3, 2), (1, 2, 3)) = 1, since

transposing the last two values of (1, 3, 2) brings the stagings into agreement. Using
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this notion of distance, we can evaluate the errors between a braid surface from 4.1

and those from the linear, Lambert and nonlinear methods.

Figure 4.22a shows an exact braid surface corresponding to Braak staging on the

N = 83 node connectome; the yellow color indicates the canonical Braak staging

sequence for tau proteins as described by Braak [17, 18]. Figures 4.22b–d show

the Kendall Tau distance between the exact Braid surface and the Braid surfaces

constructed using the three arrival time estimates.

We note some important features regarding the comparison. First, the errors gen-

erally emerge in the diffusion-dominated region, where log(ρ/α) ≈ 0, and the accuracy

of all methods tends to improve with a decrease in the threshold µ. This feature is

quite obvious since the methods have been designed under the general assumptions

that the threshold is small and the dynamics is growth-dominated. Second, the non-

linear approximation (Figure 4.22d) has the lowest distribution of error, followed

by the Lambert distance (Figure 4.22c) and the linear estimate (Figure 4.22b). This

shows a good agreement of our method as shown in the previous example Figure 4.21.

Overall, we see that all methods are excellent in recovering the exact staging in the

growth-dominated regime and can therefore be used systematically for that purpose.

These general observations again hold true for the high resolution N = 1015 connec-

tome (not shown).

4.5 Concluding remark

In this chapter, we have presented methods to address the arrival-time problem that

occurs in the modelling of toxic protein propagation throughout the brain network.

Our objective is not to just obtain methods or to compute the arrival times. It is

more important to extract estimates from a system coupling a nonlinear process with

the diffusion given by the graph Laplacian in order to understand its dynamics in a

meaningful way. We derived three estimates.

The first one, the linear estimate, is obtained by linearising the full system around

the healthy state. We initially obtained the solution for toxic protein concentration

at each node. We then solved the transcendental equation and obtain the arrival time

of each node at a certain threshold. We noted that the linear method can be used for

any system.

The second approach leads to the Lambert estimate. We initially computed the

arrival times between two neighbouring nodes. Since these arrival times are inde-

pendent of other connections, the estimate is simply a sum of arrival times within
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a shortest path between two nodes. Remarkably, it satisfies the metric properties.

We noted that the Lambert estimate does not depend on the choice of initial values,

however, is strongly affected by the topology of networks.

The third approach, the nonlinear estimate, is an improvement on the Lambert

solution obtained by considering a natural small parameter. In this method, we in-

cluded nonlinearity in the solution and were able to take into account the multiple

paths with the same length within the solution. Although we have to compute the

solution iteratively from the seeding node to the target node in a shortest path with

respect to the Lambert metric, the solution can be represented as a sum of polyloga-

rithm functions. However, the method strongly depends on the exact solution for the

single-node problem.

These methods allowed us to explore the propagation process from a seed to its

neighbouring nodes. From the Lambert estimate and the nonlinear solution, they

showed that the first phase of invasion depends on the shortest path with respect to

the Lambert metric. Although the topology and the weights of the network strongly

affect the time of invasion, these methods can accommodate any topology of networks

under the Fisher-Kolmogorov-Petrovsky-Piskunov dynamical process. Ultimately, the

arrival time estimates can help us understand the complex coupled process from an

analytical perspective.
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Chapter 5

Heterogeneous Systems and
Application to Neurodegenerative
Disease

5.1 Overview

5.1.1 Regional heterogeneity

Cognitive decline due to neurodegeneration is associated with specific brain struc-

tural alterations and neuronal loss. Common neurodegenerative diseases such as

Alzheimer’s disease (AD), Parkinson’s disease (PD), and Amyotrophic Lateral Sclero-

sis (ALS) show a feature of regional neurodegeneration [95]. In AD particularly, some

regions are affected severely whilst leaving others relatively unimpaired [17]. Many

empirical studies have shown the varying spatiotemporal distribution of biomarkers,

for example, τP propagation throughout the brain. This differentiation indicates

that some brain regions are selectively prone to the cause of neurodegeneration [132].

However, the mechanism causing different brain regions’ variational neurodegenera-

tion remains elusive.

The progression of neurodegeneration is influenced by key factors such as toxic

protein growth and spreading throughout the brain network. The disease starts in a

seeding region and spreads to neighboring regions before invading all connected re-

gions [18, 23, 95, 188]. Subtle differences between brain regions as the disease develops

are believed due to substantial cellular composition in different brain regions [132].

Regional susceptibility may suggest heterogeneous local growth, which is a factor

that can create differences in disease propagation between regions [198]. Some brain

regions are hotspots for the disease while others have almost no infections. The exis-

tence of hotspots means that faster-growing regions can influence growth rates on a
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larger scale [29].

From a mathematical perspective, regional vulnerability features can be included

in a mathematical model as heterogeneous parameters representing local characteris-

tics. Introducing local growth suggests faster disease propagation and possibly shorter

transmission paths [5]. The main question is to understand the resulting dynamics

of different heterogeneous systems. For instance, if two regions have slight local

differences, do they show significantly distinct dynamics? In terms of propagation

dynamics, how long does it take for a process such as a disease to develop into a

full-scale invasion when it starts at a seed location in the presence of heterogeneous

features? If the growth rate changes slightly, do we observe a drastic change in dy-

namics? How does the change in growth rates affect overall disease propagation?

Despite the complexity of heterogeneous systems, the question is to reveal the dy-

namics due to heterogeneity in a system and derive related estimates rather than just

applying the model to available data. In this study, we propose exploring the effect

of local growth on physical transport dynamics on a network.

5.1.2 Exploration on heterogeneous systems

In this study, we restrict our exploration to linear coupling dynamics between nodes,

which resembles the graph Laplacian used for global disease progression [23, 57, 114]

and the modelling of neurodegenerative diseases [120]. Our study is a mathemat-

ical exploration of the dynamical system and notable measures such as the arrival

time problem, which measures the time it takes for a quantity of interest to reach

a determined threshold at each node, and the staging problem, which determines

the sequence of regional spreading throughout the brain at different thresholds and

parameter values.

We consider a general spatiotemporal system with a form

dp

dt
= f(t,p;Θ,ΨΩ), (5.1a)

p(0) = q, (5.1b)

where p(t) = (p1, ..., pN) denotes a quantity, for example, a protein concentration,

evolving on a connected and undirected network G = (V,E) with a collection of N

nodes V, representing regions of interest, and edge set E, representing connections

between these regions. The quantity pi(t) corresponds to the observed concentration

in node vi ∈ V and evolves according to dynamics (5.1). Let q = (q1, ..., qN) and qi =

pi(0) is the initial concentration at that node. The quantity Θ represents the global
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parameters of the system (5.1) and ΨΩ represents regional parameters associated

with node vi ∈ V. Hence, the dynamics in (5.1) needs the regional information from

each node of network V. We further assume that the dynamics of the system is such

that starting from an initial condition, where all concentrations are taken to vanish

except in a few nodes, and the system will evolve asymptotically to a state where all

concentrations reach their maximal value.

We recall the canonical arrival-time problem, in which the system is seeded at a

single node s so that qs = β and qi = 0, i ̸= s. Then, a simple question is to obtain

the value of the arrival times τi = τ(µ) such that ci(τi) = µ (with β ≤ µ < 1 so that

τi ≥ 0 and finite with the equality τi = 0 attained if only if i = s and µ = β).

Next, we recall the staging problem. Let Ωj for j = 1, ..., J be a nonoverlapping

collection of nodes, such that Ωj ⊆ V and Ωj ∩ Ωk = if j ̸= k. Let T ∈ [0, 1] be an

arbitrary threshold value. As the concentration evolves according to (5.1), we define

the weighted average concentration Pj

Pj =
1

σΩj

∑
i∈Ωj

pi, j = 1, ..., J,

where

σΩj
=
∑
i∈Ωj

pi,∞,

with pi,∞ represents the nontrivial asymptotic concentration at node i. We record

the time when Pj first reaches the threshold T , Pj(tj) = T . This process produces an

ordering of the regions Ωj according to the ordered arrival times called an observed

staging pattern {Ωj1 ,Ωj2 , ...,ΩjJ}. The generalised staging problem is to probe ob-

servable staging patterns subject to varying Θ for a given ΨΩ.

5.2 Mathematical models for heterogeneous sys-

tem

In this section, we discuss the modelling of prion-like protein propagation with het-

erogeneous parameters. We consider unequal carrying capacities or growth rates in

the system.

5.2.1 Heterogeneous carrying capacities

We start with a coupled model of healthy and toxic protein following the heterodimer

kinetics [142] from which we aim to derive a model of toxic protein propagation that
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includes regional information. We introduce the total amount of healthy and toxic

protein at node i at time t as pi = pi(t) and p̃i = p̃i(t), respectively. τP PET scans

show that cognitively normal patients also develop toxic protein molecules in their

brains. Therefore, we assume that there is a minimum concentration of toxic proteins

such that p̃i ̸= 0 at the healthy state of the Heterodimer dynamics. We model the

dynamics of healthy and toxic proteins

dpi
dt

= −ρ

N∑
j=1

Lijpi + k0 − k1pi − k12pi(p̃i − p̃i,0), i = 1, ..., N, (5.2)

dp̃i
dt

= −ρ
N∑
j=1

Lij(p̃i − p̃i,0)− k̃1(p̃i − p̃i,0) + k12pi(p̃i − p̃i,0), i = 1, ..., N. (5.3)

We use the standard graph Laplacian L = [Lij] given by

L = D−A, (5.4)

where A = [aij] represents the adjacency N × N matrix of an undirected network

G and D is the degree matrix, a diagonal matrix with entries Dii = di =
∑

j aij

for i = 1, ..., N . Close to the initial healthy state, pi ≫ p̃i, the system (5.2) can be

approximated by a Fisher-KPP equation. The condition of pi ≫ p̃i and its close-

to-uniform distribution across the network imply that dpi/dt ≈ 0 and
∑

j Lijpj ≈
0. With these assumptions, the amount of healthy protein in each node can be

approximated by

k0 − k1pi − k12pi(p̃i − p̃i,0) = 0, thus pi =
k0

k1 + k12(p̃i − p̃i,0)
, (5.5)

which can be simplified using Taylor approximation for p̃i around p̃i,0 to obtain an

expression of toxic protein

dp̃i
dt

= −ρ

N∑
j=1

Lij(p̃i − p̃i,0) +

[
k12k0
k1

− k̃1

]
(p̃i − p̃i,0)−

k2
12k0
k2
1

(p̃i − p̃i,0)
2. (5.6)

We have a Fisher-KPP expression of toxic protein dynamics

dp̃i
dt

= −ρ

N∑
j=1

Lij(p̃j − p̃j,0) + α(p̃i − p̃i,0)

(
1− p̃i − p̃i,0

K

)
, i = 1, ..., N, (5.7)

where

K =
αk2

1

k0k2
12

, α =
k0k12
k1

− k̃1. (5.8)
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We suppose α = α(k̃1) and K = K(k̃1). Further, we assume that the clearance of

toxic proteins at node i, k̃1,i, can vary in different brain regions due to toxic protein

accumulation implying unequal regional growth rates α(i) = α(k̃1,i) ̸= α(k̃1,j) = α(j)

and carrying capacitiesKi = K(k̃1,i) ̸= K(k̃1,j) = Kj for i ̸= j. With this assumption,

we define c̃i = (p̃i − p̃i,0) and write our model

dc̃i
dt

= −ρ

N∑
j=1

Lij c̃j + α̃c̃i (Ki − c̃i) , i = 1, ..., N, (5.9)

where α̃ = α(i)/Ki = k0k12/k1 is a global constant growth rate.

5.2.2 Heterogeneous growth rates

Another way of introducing heterogeneity is by varying the regional growth param-

eters. We suppose that toxic protein clearance can vary in different brain regions

due to protein accumulation implying different local protein growth rates. We define

ci = (p̃i − p̃i,0)/K and write equation (5.7) into

dci
dt

= −ρ
N∑
j=1

Lijcj + αici(1− ci), i = 1, ..., N. (5.10)

where αi denotes a local growth rate for node i. We also use the standard graph

Laplacian L given by (5.4) for toxic protein transport on the brain network.

5.2.3 Dynamics of heterogeneous systems

We have introduced mathematical models that include heterogeneity. In this section,

we want to show the effects of heterogeneous parameters in the system. We use a

5-node undirected graph depicted in Figure 5.1 where its adjacency graph is given by

A =


0 1 1/8 0 0
1 0 1/2 0 0
1/8 1/2 0 1/2 1/8
0 0 1/2 0 1/1000
0 0 1/8 1/1000 0

 . (5.11)

We use uniformly random carrying capacities and growth rates between 0.8 and 1.2

where K1 = 0.968,K2 = 1.189,K3 = 0.842,K4 = 0.918,K5 = 0.909 for (5.9) and

α1 = 0.968, α2 = 1.189, α3 = 0.842, α4 = 0.918, α5 = 0.909 for (5.10). We choose node

4 as the seeding node for both systems where c̃4(0) = 0.1 for (5.9) and c4(0) = 0.1

for (5.10) and zero otherwise.
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Figure 5.1: A 5-node undirected network

Figure 5.2 shows the difference of protein propagation using Fisher-KPP models

(5.9) and (5.10). For the simulation, we choose two different diffusion rates ρ. Figures

on the left panel (5.2a,c) depict the concentration evolution when parameters are in

the growth-dominated regime. The behaviour resembles the standard Fisher-KPP,

but toxic protein concentrations at different nodes grow differently due to different

growth rates. For example, node 2 (yellow). This node exhibits a quick growth to-

wards the plateau compared to the other nodes. Propagation in Figure 5.2c shows a

similar growth as in Figure 5.2a for all nodes. Figures on the left panel (5.2b,d) depict

the concentration evolution when parameters are in the diffusion-dominated regime

(ρ/α ≫ 1). Both plots show that the seed initially spreads to all nodes in the network

and low-concentration toxic proteins grow together showing one sigmoidal curve. De-

spite different plateaus in equation (5.9), we still observe a similar behaviour, which

spread first and then grow. We also observe that the systematic node-by-node prop-

agation is broken when local growths or capacities are significantly different. For

example, node 3 has α5 = 3 while node 5 has α5 = 3 (figure not shown).

5.3 Arrival times of heterogeneous systems

It has been argued that the heterogeneity increases the speed of the invasion process

creating a smaller average arrival times [5]. Instead of the change in global metric, we

are interested in the underlying mechanisms that affect the change in arrival times.

We will explore further the arrival times of both systems in this section and derive a

general framework that works for both cases.
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Figure 5.2: Fisher-KPP simulations on undirected setup in Figure 5.1. Top: results of
equation (5.10) with α̃ = 1: (a) ρ = 0.01 and (b)ρ = 10. Bottom: results of equation
(5.9): (c) ρ = 0.01 and (d) ρ = 10

5.3.1 Linear arrival times

The first approach to finding the arrival times is through a linearised system around

the unstable healthy state, as discussed in Chapter 4. We follow the same process to

obtain linear arrival time for heterogeneous systems. First, linearising (5.9) or (5.10)

around the healthy state reduces the system to

dci
dt

= −ρ
N∑
j=1

Lijcj + αici, i = 1, ..., N,

ci(0) = qi, i = 1, ..., N,

(5.12)

where αi = α̃Ki for (5.9). For simplicity, we drop the tilde notation from (5.9). At

this level, systems (5.9) and (5.10) share a similar form of linear progression.

Let c(t) = (c1, ..., c2), q = c(0) = (q1, ..., qN), and M = −ρL + A, where A

denotes the diagonal matrix of growth rates and L represents the graph Laplacian.

In the case of equal growth rates, we have A = αI, where I denotes the identity

matrix. For a linearised system, the solution is given as follows

c(t) = etMq. (5.13)

Since M is symmetric, there exists a set of eigenvectors v(i) ∈ RN associated with

eigenvalues Λi ∈ R for i = 1, ..., N so that

Mv(i) = Λiv
(i), i = 1, . . . , N. (5.14)
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Then, the linear solution can be written explicitly as

c =
N∑
i=1

(
q · v(i)etΛi

)
v(i), (5.15)

and the general linear arrival time τ̂j is given by the solution of the equation

µ =
N∑
i=1

(
q · v(i)eτ̂jΛi

)
v
(i)
j . (5.16)

If we restrict our attention to the canonical linear arrival time, we can further simplify

the system by using qr = βδrs to obtain

µ/β =
N∑
i=1

(
v
(i)
j v(i)

s eτ̂jΛi

)
. (5.17)

This approach is commonly used to compute arrival times, particularly in epi-

demiological problems. We note several features of the method. First, it is simple

and provides a faithful approximation, although it requires a good initial guess. It

is a robust and universal method that is valid for small initial values. Second, the

linear estimates become a lower bound for the arrival times. The solutions of linear

equations are always larger than the full system with nonlinear terms. Hence, the

estimates are always smaller than the actual arrival times. Third, the linear times

combine the sum of all possible paths resembling a diffusion operator. One can ex-

pand the matrix exponential as a Taylor series showing a superposition of powers

of L. The elements of the power matrix denote the sequence of edges taken from

the seed node to the target node. Moreover, the linearisation method serves as an

important foundation for other methods to derive arrival times.

We provide a comparison of the approximations with the numerical solutions for

our 5-node network to assess their performance. We define the error based on the

exact and approximate arrival times as follows

Eapprox =

∑N
i=1 |τ̂i − τi|∑N

i=1 τi
. (5.18)

Figure 5.3 shows the performance of linear arrival times using the network in

Figure 5.1. We observe a few general features. First, linear times still become a

quite good estimate of the arrival times. The solution combines different growths and

diffusion processes using the multiple paths on the network. This feature allows the

exponential growth to capture the real early dynamics of systems (5.9) and (5.10).
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Figure 5.3: Simulations on heterogeneous system using equation (5.12) with α1 =
0.968, α2 = 1.189, α3 = 0.842, α4 = 0.918, α5 = 0.909. (a) linear time vs arrival time
for ρ = 0.01, (b) error of linear times with varying µ = β for ρ = 0.01, and (c) error
of linear times with varying ρ for µ = β = 0.1.

As µ → 0+, the approximation converges to the exact value and the nonlinear terms

are negligible. Second, linear times become the lower bound of the arrival times.

However, this approach’s accuracy decreases when nodes have small growth rates as

the linear solution grows way too fast compared to the original system. Third, we

need a good initial guess to solve the transcendental equation. We can utilise the

Lambert method to provide initial guesses although this method may fall apart in

estimating the arrival times when small growth rates occur in the system.

5.3.2 Lambert times

We define a notion of time between nodes for this problem. It is the duration for an

initial seed to propagate to a neighbouring node while ignoring other nodes in the

network. We consider two nodes i and j connected by an edge with weight Aij ̸= 0.

Neglecting all other nodes in the network, we consider the linear approximation (5.16)

with surrogate graph Laplacian, corresponding to the two-node subnetwork of node

i and j, given by

Lij =

[
Aij −Aij

−Aij Aij

]
.

Using the eigenvectors of L, i.e. λ1 = 0 and λ2 = 2Aij, and (5.17) with µ = β

yields an equation for the arrival time at node j, from an initial seeding at node i (or

vice-versa) and expanding for small ρ, we obtain

ρAij2e
t
2
(αi+αj) sinh t

2

√
(αi − αj)2√

(αi − αj)2
= 1. (5.19)

Using Taylor expansion of order 1 for the sinh term gives

ρAijte
t
2
(αi+αj) = 1. (5.20)
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The solution of this equation can be expressed in terms of the Lambert function W0

(defined so that the real solution of tet = z is t = W0(z)):

tij =
2

αi + αj

W0

(
αi + αj

2ρAij

)
, i ̸= j. (5.21)

We note that since the network is undirected, we have Aij = Aji which implies that

tij = tji and we obtain a limiting form of equation (4.18) when αi = αj. We refer to

tij as the Lambert edge distance. From this pairwise magnitude between neighbouring

nodes, we define the Lambert distance Wij as the shortest path with respect to the

Lambert edge distance between two nodes i and j. Explicitly, let Γij = (γ0, γ1, . . . , γn)

with γ0 = i and γn = j be this shortest path, then

Wij =


n−1∑
k=0

tγk,γk+1
=

n−1∑
k=0

2

αγk + αγk+1

W0

(
αγk + αγk+1

2ρAγk,γk+1

)
, i ̸= j,

0, i = j,

(5.22)

which defines the Lambert distance matrix W. This magnitude is a metric similar to

the Lambert times in Chapter 4.

The same issue in estimating arrival times is that critical concentration may be

different from the initial concentration, µ ̸= β, we also define the self-time tii to be

the time at which a local initial concentration β, at node i, reaches µ in the absence

of any connection. In general, the time tii at which the solution to

dci
dt

= αici

(
1− ci

ci,∞

)
, ci(0) = β,

satisfies c(tii) = µ with equilibrium ci,∞. The solution to this problem is

tii =
1

αi

log

(
(ci,∞ − β)µ

(ci,∞ − µ)β

)
. (5.23)

In the canonical case of a single seed at node i, the Lambert arrival times, at every

node j, are defined by

τ̃ij = tii +Wij. (5.24)

We can obtain simple expressions for the front solution by assuming that the

dynamics after the arrival time is controlled by the local dynamics. This behaviour

is strongly observed in Figure 5.2. We assume that, after this time, the effect of

the graph Laplacian is neglected. More specifically, we assume that node i is chosen
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as the seeding location and we can compute the equilibrium c̃j,∞, with initial seed

ci(0) = µ, then the dynamics at node j is given by

dc̃j
dt

= αj c̃j

(
1− c̃j

c̃j,∞

)
, c̃j(τ̃ij) = µ, (5.25)

where τ̃ij is the Lambert arrival time (4.22). The Lambert solution

c̃j =
c̃j,∞µeαjt

µeαjt − (µ− c̃j,∞)eαj τ̃ij
, j = 1, . . . , N, (5.26)

is therefore an approximation of (5.9) or (5.10).

We provide the Lambert edge distance (5.21), Lambert length (5.22), and Lambert

solution (5.26) for the undirected graphs in Figure 5.1. We use α1 = 0.968, α2 =

1.189, α3 = 0.842, α4 = 0.918, α5 = 0.909, and ρ = 0.01. The Lambert edge distance

and Lambert distance matrices for the graph are given in (5.27)

[tij] =


∞ 3.19 5.5 ∞ ∞
3.19 ∞ 3.88 ∞ ∞
5.5 3.88 ∞ 4.35 5.66
∞ ∞ 4.35 ∞ 10.1
∞ ∞ 5.66 10.1 ∞

 , W =


0. 3.19 5.5 9.85 11.2
3.19 0. 3.88 8.23 9.54
5.5 3.88 0. 4.35 5.66
9.85 8.23 4.35 0. 10.
11.2 9.54 5.66 10. 0.

 ,

(5.27)

where we use the symbol ∞ to characterise pairs of nodes that are not connected

by an edge (implying infinite Lambert edge length). Figure 5.4 demonstrates the

corresponding arrival times and Lambert solution. The Lambert method gives an

improvement to the arrival time and solution. The approach is robust as the transport

rate ρ varies as depicted in Figure 5.4c.

Figure 5.4: Simulations on heterogeneous system using equation (5.17) with α1 =
0.968, α2 = 1.189, α3 = 0.842, α4 = 0.918, α5 = 0.909, and ρ = 0.01. (a) Lambert
time vs arrival time, (b) exact (red), Lambert (dashed blue), and linear (dotted green)
solutions, and (c) error of Lambert times with varying ρ for µ = β = 0.1.

We note several features of the method. First, the Lambert distance is an intrinsic

property of heterogeneous systems. Despite different local features between nodes,
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the distance between two distinct nodes satisfies metric. Second, the shortest path

distance based on the Lambert edge distance dominates the propagation when |αi −
αj| is small. However, the ability to estimate arrival times breaks down when the

difference is large enough. Third, it is still a good first guess to the linear times.

5.3.3 Nonlinear asymptotic times

We previously assumed that the propagation on the growth-dominated regime follows

the node-by-node process according to the Lambert times. The initial nonlinear

asymptotic method as in Chapter 4 strongly takes into account the process of the

Lambert method. However, this process breaks down when the system has small

growth rates. It results in a different sequence of propagation. We assume that the

dynamics of a node can be found by a direct connection between the seed and that

node. We consider the canonical case and the ansatz is given by

c̃i =
κiKie

αit

κi +Ki (eαit − 1)
, i = 1, . . . , N. (5.28)

where κi is the new diseased state at node i due to local capacities Ki for i = 1, ..., N

in (5.9). We use again a nonlinear version of the method of variation of constants as

introduced in Chapter 4.

Ki = Ai + ρBi(t). (5.29)

With this ansatz, we can solve for the unknown function Bi for all nodes by in-

tegrating once from the seeding node. To lowest order O(ρ0), the solution at the

seeding node with initial condition cs(0) = β is simply given by the original unper-

turbed solution

c̃s =
κsβe

αt

κs + β (eαt − 1)
, (5.30)

and Ai = 0 for all i ̸= s. We then need to solve

dBi

dt
=

S∑
s=1

Mis

κi

e−αitc̃s, Bi(0) = 0, i ̸= s, (5.31)

whereMis must be determined. As we have mentioned, the dynamics of heterogeneous

systems may break the node-by-node propagation principle following the shortest

path. We replace the long connectivity between seed and node with a ’virtual’ direct

short edge between them. We note that, in general, the linear times capture the slow

dynamics due to small growth rates and naturally combine multiple paths on the
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network. Specifically, the canonical linear times t̃is summarises the canonical linear

dynamics of (5.9) or (5.10). We also note that (5.21) captures a similar behaviour of

linear dynamics between seed and node. We then define the replacement edge Mis

Mis =
e−

t̃is
2
(αi+αs)

ρt̃is
. (5.32)

The solution of (5.31) are given either by a Hypergeometric function 2F1(a, b; c; z)

when αi ̸= αs or by a natural logarithm function, when αi = αs.

Figure 5.5: Simulations on heterogeneous system using nonlinear method with α1 =
0.968, α2 = 1.189, α3 = 0.842, α4 = 0.918, α5 = 0.909, and ρ = 0.01. (a) Nonlinear
time vs arrival time for ρ = 0.01, (b) exact (red), nonlinear (dash-dotted black),
Lambert (dashed blue), and linear (dotted green) solutions.

Figure 5.5 shows the arrival times and solution of the Fisher-KPP (5.10) on the

undirected network in Figure 5.1. The nonlinear asymptotic solutions satisfy the

initial values and the asymptotic behaviour for a long time. We compute the errors

of arrival times in Figure 5.5 and the errors decrease as we move from the linear

times, Lambert times, to nonlinear times: 1.01 × 10−1, 4.1 × 10−2, and 2.6 × 10−2.

Notably, the nonlinear method significantly improves the Lambert times and Lambert

solutions.

We note several features of the nonlinear asymptotic approach for varying kinetics.

First, the solution accommodates both heterogeneous growth and balancing between

kinetics and transport. It satisfies both initial conditions and asymptotic behaviour.

Second, different local capacities or growths can break down the step-by-step propa-

gation. Instead, we use a replacement connectivity that connect directly two distinct

nodes. The new ’virtual’ weight can be obtained by the linear times. Third, the

solution is either a logarithmic or hypergeometric function according to the growths
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between the seed and target nodes. The solution exhibits a simple expression com-

pared to the step-by-step process introduced in Chapter 4.

5.4 Application to neurodegenerative disease

In this section, we apply methods to estimate the arrival time to the study of the

propagation of toxic protein transported on a structural connectome and explore our

models with respect to staging. We assume that the heterogeneity comes from the

degree of nodes and local capacity data. We use the scale-33 structural connectome

that has 83 nodes. Each node represents a brain region. To produce staging, we use

the six Braak stages where the corresponding regions of each stage are based on the

Braak staging given by ADNI.

Figure 5.6: Braak regions of interest according to ADNI. Top: Braak I (left), Braak
II (middle), Braak III (right). Bottom: Braak IV (left), Braak V (middle), Braak VI
(right).

Brain regions corresponding to Braak stages are depicted in Figure 5.6. The

six stages are a sequence of τP hierarchical propagation in the brain [17, 18]. The

starting location is the entorhinal cortex associated with Braak stage I. The expected
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progressive pattern of dynamics follows the Braak staging. For the scale-33 brain

connectome, the entorhinal cortex corresponds to nodes 27 and 68.

Figure 5.7: Local τP SUVR scores across the brain. Brains on the first two columns
(left) respectively show the minimum and maximum level of τP SUVR scores. The
last two columns (right) show their associated networks.

PET scans of τP suggest the existence of lower and upper bound of toxic τP con-

centrations. From the data, we infer the local parameters for each node representing

regional baseline values for a healthy state and carrying capacities for a late-stage

AD state. The parameters used in this study include information about the PET

measurement process and AD, such as off-target binding and regional variations in

production dynamics. These parameters allow us to model τP SUVR score directly.

The Gaussian mixture modelling approach developed in [180] is used to obtain these

parameters. To estimate the fixed parameters for ci,0 and ci,1 representing the mini-

mum and maximum τP SUVR scores, respectively, we fit a two-component Gaussian

mixture model to population-level data of regional SUVR. For regions where a reliable

measure of τP SUVR can be obtained, we expect to see two separate distributions, a

τP− distribution capturing the expected τP load in a given region, and a τP+ distri-

bution describing the pathological τP load [180]. Using the fitted Gaussian mixture

models, we approximate ci,0 as the mean of the τP− distributions and ci,1 as the

99th percentile of the τP+ distributions. Due to off-target binding, it is not possible

to obtain τP PET signal for subcortical regions [32, 158]. Therefore, these regions

are excluded from our model, leaving a total of 72 regions. The multi-tau cohort of

AV1451 PET data detailed in [180] is used for ADNI. Figure 5.7 shows the regional

minimum and maximum capacities in the brain. If we define the regional capacity
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difference, the caudate has the smallest values while the middle temporal has the

largest values.

Figure 5.8: Simulations on varying kinetics using nonlinear method. Top: simulation
for (5.9). Bottom: simulation for (5.10). (a,c) Nonlinear times vs arrival times for
α = 1 and ρ = 0.01, (b,d) exact (bold), nonlinear (dashed).

5.4.1 Tau protein propagation

Figure 5.8 demonstrates the application of our methods to (5.9) and (5.10). Since

we are interested in similar arrival times between two equations, we use αi = αKi

where Ki = ci,1− ci,0. The errors decrease as we move from the linear times, Lambert

times, to nonlinear times: 1.3 × 10−1, 1.2 × 10−1, and 6.19 × 10−2 for (5.9) and

1.35×10−1, 1.16×10−1, and 7.56×10−2 for (5.10). The nonlinear solution provides a

good approximation although the asymptotic values vary. This approach also works

for the propagation on the undirected network as shown by Figure 5.9 where the

errors decrease as we move from the linear times, Lambert times, to nonlinear times:

9.89× 10−2, 4.98× 10−2, and 2.05× 10−2.

Our results show that the nonlinear asymptotic method provides a good, and best

overall, estimate for both arrival times and dynamics. In particular, the approach per-
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Figure 5.9: Simulations on homogeneous using the nonlinear method. (a) Nonlinear
time vs arrival time for α = 1 and ρ = 0.01, (b) exact (bold), nonlinear (dashed).

fectly captures the average dynamics. The method, however, needs a crucial input

that depends on the numerical simulation due to the emergence of new asymptotic

values. The assumption that works on the heterogeneous system can also be imple-

mented for the propagation on undirected networks.

5.4.2 Staging of tau protein

We have applied each approximation method to heterogeneous systems. We are inter-

ested in exploring the influence of heterogeneity in the system towards the resulting

patterns. We assess each model systematically through staging analysis in the growth-

dominated regime (ρ/α ≪ 1) using the braid diagram and braid surface as introduced

in Chapter 3.

To understand the influence of parameter changes to staging, we perturb local

capacities of (5.9) and local growths of (5.10). Therefore, we write (5.9) as

dci
dt

= −ρ

N∑
j=1

Lijcj + αci(1 + εKi − ci), i = 1, ..., N, (5.33)

where εKi ≪ 1 for all i. Next, we write (5.10) as

dci
dt

= −ρ

N∑
j=1

Lijcj + (α + εαi)ci(1− ci), i = 1, ..., N, (5.34)

where εαi ≪ 1 for all i. For both (5.33) and (5.34), α is a global growth rate while

ε is a tuning parameter. We use initial values cs = β for seeding nodes s and zero

otherwise.
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We note that the asymptotic behaviour over the long time of heterogeneous sys-

tems can be different from the standard dynamics in which the asymptotic behaviour

is the Kernel of the graph Laplacian. We introduce a new magnitude in the range of

0 and 1 out of J regions Ω1, ...,ΩJ . In each of these regions, we define

Cj(t) =
1

σΩj

∑
i∈Vj

ci(t), j = 1, ..., J, (5.35)

where

σΩj
=
∑
i∈Vj

ci,∞,

where Vj is the collection of nodes defining region Ωj with Nj nodes and ci,∞ rep-

resents the nontrivial asymptotic concentration at node i. The average value (5.35)

accommodates the new asymptotic without forcing each node to evolve between 0 and

1. In our simulations, the first region Ω1 is the bilateral entorhinal cortex with initial

conditions ci(0) = 0.005/N1 for i ∈ V1 and zero otherwise. We determine two staging

sequences of the first three stages and the last three stages. Using this staging, we

can see clearly how heterogeneity alters the patterns resulting from a homogeneous

system. For a pair of parameter ρ/α and threshold value, we assign a colour label.

The assigned colours are shown in Table 5.1. The expected canonical Braak staging

of τP is given by progressive sequences I → II → III for the first three Braak stages

and IV → V → VI for the last three stages. The yellow colour indicates the canonical

staging sequence. We summarise all computed colours in our simulations into braid

surfaces.

All observed computational staging patterns
Braak regions I → II → III ∗ I → III → II
I, II, and III Beginning with stage II Beginning with stage III
Braak regions IV → V → VI∗ IV → VI → V
IV, V, and VI V → IV → VI V → VI → IV

VI → IV → V VI → V → IV

Table 5.1: Color coding for braid surfaces of τP propagation. ∗ Progressive compu-
tational Braak staging.

We compute staging when heterogeneity occurs from the brain regional capaci-

ties. In this case, we simulate (5.33) and (5.34) on undirected brain connectome with

the diffusive weights by tuning the local parameter gradually. We are interested in

systems that have similar arrival times. Therefore, we determine that αi = αKi in
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(5.34). The values of Ki are the regional capacity differences between the maximum

and minimum levels of τP SUVR scores. Without loss of generality, we choose α to

be the order of O(1). We use ε = −0.1 as the lowest perturbation value to ensure

that the local capacity or growth has a positive value while the largest is ε = 1.

Figure 5.10 shows staging patterns from (5.33). Figure 5.11 shows staging patterns

from (5.34). In general, we observe that staging is consistent as the local capacity or

local growth rates are reduced proportionally to the local capacity difference. How-

ever, staging tends to alter as local capacity or local growth increases. The most

apparent alterations occur for the first three stages, while the last three-stage stag-

ing is strongly influenced at higher threshold values. Interestingly, the concentration

in region III tends to accumulate faster than in region II and staging is stable for

the whole evolution. Further results with various ε values are shown in the Appendix

7.2.2. Our results suggest that the local capacity or local growth affects staging in the

first three stages. Although local heterogeneity remains unclear with the possibility

of regional vulnerability or the breakdown of regional clearance, higher heterogeneous

rates indeed change the pattern of τP propagation across the brain.
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(a) Stages I - III, ε =
−0.1
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(b) Stages I - III, ε = 0
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(c) Stages I - III, ε = 1

(d) Stages IV - VI, ε =
−0.1 (e) Stages IV - VI, ε = 0 (f) Stages IV - VI, ε = 1

Figure 5.10: Observed computational (deterministic) connectome τP seed staging;
Stages I - III (top) and stages IV - VI (bottom). The x-axis determines the
biomarker abnormality threshold 1% ≤ µ < 100% and the y-axis corresponds to
−20 ≤ ln(ρ/α) ≤ 0 for the parameter ρ and α in (5.33).
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(a) Stages I - III, ε =
−0.1
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(b) Stages I - III, ε = 0
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(c) Stages I - III, ε = 1

(d) Stages IV - VI, ε =
−0.1 (e) Stages IV - VI, ε = 0 (f) Stages IV - VI, ε = 1

Figure 5.11: Observed computational (deterministic) connectome τP seed staging;
Stages I - III (top) and stages IV - VI (bottom). The x-axis determines the
biomarker abnormality threshold 1% ≤ µ < 100% and the y-axis corresponds to
−20 ≤ ln(ρ/α) ≤ 0 for the parameter ρ and α in (5.34).

Our results show that heterogeneity in the system influence the landscape of ob-

servable staging patterns. In particular, pattern alterations occur when parameter

values change considerably. The most apparent is the influence of large heterogeneous

values.

5.5 Concluding remark

In this chapter, we have presented heterogeneous systems that may arise in the study

of τP propagation on the brain connectome. Our objective is to explore any possible

models that emerge from the fact of nontrivial toxic τP concentration in healthy

patients. As a follow-up to Chapters 3 and 4, we study heterogeneity and its influence

on the overall dynamics and estimates.

Our models on τP propagation emphasise the role of growth and transport. In this

case, heterogeneity is included in the kinetics, which contains local parameters. Data

suggest that healthy individuals can build up different τP accumulation in different

brain regions. This finding implies a shift to the toxic protein concentration baseline.

Further assumptions of the involvement of regional vulnerability or heterogeneous
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clearance lead to varying kinetics given by different local capacities or local growth

rates. The emergence of heterogeneous features alters the asymptotic behaviour and

the Kernel of the graph Laplacian is not an equilibrium. Staging analysis suggests that

heterogeneity affects the resulting staging patterns, particularly when heterogeneous

growth rates are large. The study of arrival times suggests small local capacities

or growths can delay the arrival times far from the homogeneous case. We derive

three estimates for the arrival times to understand the underlying mechanism of

propagation.

The first approach is to linearise the full system around the healthy state. We then

obtain the solution of protein concentration and solve the transcendental equation to

obtain linear arrival times. The method is universal for varying kinetics. However,

the estimate is frail for nodes having small local capacities or growth rates.

The second approach is to derive an estimate between two adjacent nodes and

to take the sum over a path. The path is likely the shortest path since the sum

of estimates gives the smallest value and dominates the propagation. The latter

feature breaks down for varying kinetics, especially when the parameter is small

or large enough. This condition allows to connect directly seeding nodes to target

nodes. Despite, its limitation, the Lambert method is computationally cheap and

independent of initial values.

The last method is an improvement on Lambert solution by including nonlinearity

in the solution. The approach takes into account a small parameter similar to the

approach in Chapter 4. The emergence of new asymptotic values is also considered in

the solution. We address the problem found in the Lambert method for heterogeneous

capacity or growth by introducing a ’virtual’ direct edge between seeding nodes and

target nodes whose weights are defined from the linear arrival times. Therefore, the

solution can be in a logarithm or hypergeometric function. However, we still need

information on asymptotic values from the numerical computation of the full system.

This method shows a promising estimate despite its complexity and long expression.

Our study on staging and arrival time problems allows us to explore the influence

of heterogeneity on the propagation process from a seed to its neighbouring nodes.

To some extent, heterogeneity influences the resulting staging sequences. The dom-

inating factor of invasion depends on the shortest path as shown by the Lambert

method and nonlinear asymptotic approach. However, this characteristic is differ-

ent in the heterogeneous kinetics. Our exploration of methods for estimating arrival

times shows that these methods can accommodate heterogeneous Fisher-Kolmogorov-

Petrovsky-Piskunov dynamical processes. In all, staging and arrival time problems
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are essential in understanding the complex coupled process from both computational

and analytical points of view.
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Chapter 6

Directed Network System and
Application to Neurodegenerative
Disease

6.1 Overview

6.1.1 Directional bias in neurodegeneration

The structure of the central nervous system that controls memory, cognition, bodily

regulations and functions is complex. Multiple studies have suggested that anatomical

differences in the brain underlie behavioural differences between genders [83, 103, 166].

For example, males have a higher percentage of white matter containing myelinated

axonal fibres and cerebrospinal fluid. A study using the brain connectome has re-

vealed that average females have more neuronal edges showing better expander graphs

between hemispheres [166]. This difference is believed to be influenced by the devel-

opment of brain connectivity during different stages [83]. In addition, the connectiv-

ity is directed by the signal propagation from the neuronal soma to the end of the

axon [112]. This process creates the directionality of cerebral connections.

Despite the brain’s complexity, the directionality in the brain has been studied and

translated into directed connectomes. This advantage allows scientists to analyse the

fundamental organisation and integration of brain networks as a whole rather than

investigating individual regions or isolated tracts [173]. A recent study incorporating

macaque’s directed-connectome has suggested that their study provides a theoreti-

cal framework of large-scale brain mechanisms in which self-sustained brain memory

activities may emerge when multiple region interaction is considered [118]. In the

case of neurodegenerative disease, studies have suggested that the transport of toxic

proteins is influenced by neuronal directional bias [109, 174]. A seminal study has
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suggested that the directionality in the brain plays an important aspect in transmis-

sion and increases the plausibility of data when compared to the model [131]. These

approaches that involve directed networks are essentially predictive and are built in a

data-driven fashion without probing more into the influence of directions to transmis-

sion. The question is now to reveal the dynamics and related estimates rather than

just applying the model to the available data. Here, we propose a study on directed

networks to explore the effect of directionality on physical transport dynamics.

In network modelling of physical transport processes, the graph Laplacian is an

essential approach for modelling linear coupling dynamics between nodes. There

are two different perspectives for modelling the graph Laplacian on a symmetric ad-

jacency configuration. The first perspective involves a random walk on a network

where the nodes represent the states of stochastic processes, where a walker starting

from a seed node may move to another neighbouring node with a certain probabil-

ity [52]. This approach has many applications in neurodegeneration studies, where

it can predict atrophy patterns in neurodegenerative diseases such as Alzheimer’s

and Parkinson’s [145] and Supranuclear Palsy [131] through Laplacian eigenmodes or

spreading dynamics. While this approach is appealing in data-driven modelling, it ne-

glects some important properties in physical transport [144]. The second perspective

involves a combinatorial approach that computes the difference between inflow and

outflow at each node and naturally provides physical diffusive transport on an undi-

rected topology (satisfying the overall mass conservation and Fick’s property) [144].

The graph Laplacian has been used to model toxic protein propagation in brain net-

works [49, 172] and can capture notable dynamics of toxic protein accumulation when

coupled with nonlinear kinetics under this configuration. [144, 172]. However, incor-

porating directed networks into the model may change the dynamics and it needs to

be studied. The main question is, again, to understand the resulting dynamics when

directed networks are considered. For instance, if two networks have slight connec-

tivity differences, do they show significantly distinct dynamics? Despite the brain’s

directionality uncertainty, the question is to reveal the dynamics due to directed con-

nections in a system and derive related estimates rather than just applying the model

to available data. In this study, we propose exploring the effect of directionality on

physical transport dynamics in a network.

6.1.2 Exploration of an invasion process on directed networks

In this study, we restrict our exploration to linear coupling dynamics between nodes

and the modelling of neurodegenerative diseases [120]. Similar to Chapter 5, our study
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here is to explore the dynamics and notable measures such as the arrival time problem,

which measures the time it takes for a quantity of interest to reach a determined

threshold at each node, and the staging problem, which determines the sequence of

regional spreading throughout the brain at different thresholds and parameter values.

We consider a general spatiotemporal system with a form

dp

dt
= f(t,p;Θ), (6.1a)

p(0) = q, (6.1b)

where p(t) = (p1, ..., pN) denotes a quantity, for example, a protein concentration,

evolving on a connected and directed network Gdir = (V,Edir) with a collection of

N nodes V, representing regions of interest, and directed edge set Edir, representing

connections between these regions. The quantity pi(t) corresponds to the observed

concentration in node vi and pi(0) = qi is the initial concentration at that node,

q = (q1, ..., qN). The quantity Θ represents the parameters of the system 6.1. We

further assume that the dynamics of the system is such that starting from an initial

condition, where all concentrations are taken to vanish except in a few nodes, and

the system will evolve asymptotically to a state where all concentrations reach their

maximal value.

We recall again the canonical arrival-time problem, in which the system is seeded

at a single node s so that qs = β and qi = 0, i ̸= s. Then, a simple question is to

obtain the value of the arrival times τi = τ(µ) such that ci(τi) = µ (with β ≤ µ < 1

so that τi ≥ 0 and finite with the equality τi = 0 attained if only if i = s and µ = β).

Next, we recall the staging problem. Let Ωj for j = 1, ..., J be a nonoverlapping

collection of nodes, such that Ωj ⊆ V and Ωj ∩ Ωk = if j ̸= k. Let T ∈ [0, 1] be an

arbitrary threshold value. As the concentration evolves according to (6.1), we define

the weighted average concentration Pj

Pj =
1

σΩj

∑
i∈Ωj

pi, j = 1, ..., J,

where

σΩj
=
∑
i∈Ωj

pi,∞,

with pi,∞ represents the nontrivial asymptotic concentration at node i. We record

the time when Pj first reaches the threshold T , Pj(tj) = T . This process produces an

ordering of the regions Ωj according to the ordered arrival times called an observed

staging pattern {Ωj1 ,Ωj2 , ...,ΩjJ}. The generalised staging problem is to probe ob-

servable staging patterns subject to varying Θ.
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6.2 Mathematical model using directed networks

We suppose a directed connected graph Gdir =
(
V,Edir

)
with a collection of N nodes

V representing regions of interest and edges Edir representing directed connections

between these regions. Adir = [aij] represents the adjacency N × N matrix of a

directed network Gdir and Ldir is the graph Laplacian on directed network Gdir. We

define the graph Laplacian as

Ldir = Dout −
(
Adir

)T
, (6.2)

where Dout is the outdegree matrix, a diagonal matrix with entries Dout
ii = douti =∑

j aij. We note some features from this graph Laplacian. First, if 1∈ RN is the vector

one, then we find that the mass conservation is given by
(
1 · Ldir = 0

)
, but the graph

Laplacian does not satisfy the Fick’s property. Rather, we have a transport property

Ldir ·v = 0, where v is the Kernel of Ldir and is not necessarily v = 1. This property

occurs due to asymmetric flow between, at least, two nodes. It means that the same

nonzero quantity of mass at each node will not stop the transfer process between two

nodes due to different reverse flows. Second, complex eigenvalues can emerge since

the network is asymmetric. Suppose λ is the eigenvalues of Ldir. Complex eigenvalues

λ ∈ C can emerge from the defined graph Laplacian. We find that Ldir has eigenvalues

with Re(λ) ≥ 0 with one zero eigenvalue, in the case of connected graphs due to a

nontrivial Kernel. The asymmetric connections affect the fundamental characteristics

and spectra of the transport process given by the graph Laplacian on directed graphs.

If c(t) = (c1(t), ..., cN(t)) ∈ RN represent protein concentrations at time t, then the

protein transport dynamics is governed by

dc

dt
= −ρLdirc,

c(0) = q0,
(6.3)

with initial values q = (q1, ..., qN) and ρ denotes a mobility rate. The solution is given

by

c(t) = e−ρtLdir

q.

We take two directed networks that have different characteristics. We choose a

weakly connected graph5 and a strongly connected graph6 depicted in Figure 6.1.

The adjacency graph for the weakly connected graph is given by

5A weakly connected graph is a directed graph if one can reach any node from any other node
by traversing edges in an undirected path [126].

6A strongly connected graph is a directed graph if it is feasible to reach any node from any other
node by moving along edges in the direction(s) they indicate [126].
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Figure 6.1: (a) Weakly connected graph and (b) Strongly connected graph.

Adir =


0 1 0 0 0
0 0 1/2 0 0
1/8 0 0 0 1/8
0 0 1/2 0 1/1000
0 0 0 0 0

 , (6.4)

and the adjacency graph for the strongly connected graph is given by

Adir =


0 1 0 0 0
0 0 1/2 0 0
1/8 0 0 1/2 0
0 0 0 0 1/1000
0 0 1/8 0 0

 . (6.5)

Figure 6.2 shows the propagation of toxic proteins on directed networks given in

Figure 6.1. For the simulation, we choose a transport rate of ρ = 20 with an initial

seed c4(0) = 0.1 and ci(0) = 0 for i ̸= 4. Figure 6.2a shows that a seed initially starting

at node 4 ends up at node 5. Dynamics at the other nodes increase and decrease as

concentration moves from the source node to the sink node. The inset figure suggests

that the process preserves the mass. Figure 6.2b shows that a seed distributes to the

other nodes until they reach equilibrium state given by the Kernel of Ldir. Topology

of the graph in Figure 6.1b affects the distribution of protein concentration, which in

this case a small amount of concentration distributes to nodes other than the seeding

node shown in the inset figure. Although it is not shown, the process also preserves

the mass. Overall, transport on directed graphs given by Ldir is strongly influenced

by the topology of the network.

6.2.1 Transport on perturbed symmetric graph

Another way to describe the transport on directed networks is by perturbing a sym-

metric system with a small asymmetric factor. In this case, we perturb the undirected

network with a small asymmetric network. We suppose G0 = (V,E0) be a symmetric
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Figure 6.2: Simulations on directed graphs in Figure 6.1 using ρ = 20: (a) Weakly
connected graph and (b) Strongly connected graph.

graph with a collection of N nodes V representing regions of interest and edges E0

representing directed symmetric connections between these regions and G1 = (V,E1)

be an asymmetric graph with the same collection of N nodes and edges E1 represent-

ing directed connections between the regions. If A0 and A1 respectively represent the

adjacency matrices of graphs G0 and G1, then we define a directed adjacency matrix

Adir = A0 + εA1, (6.6)

where ε is an arbitrarily small value. We assume that Adir to have positive elements

to be biologically plausible since negative values mean instant loss of mass during the

flow. In addition, we assume that Adir is scaled so that max
i,j

{A0ij} = 1. The graph

Laplacian of this topology also follows equation (6.2) and we have

Ldir = L0 + εL1, (6.7)

where L0 and L1 denote the symmetric and asymmetric parts of the graph Laplacian,

respectively. For a directed graph given as a perturbed symmetric system, we have

the following proposition.

Proposition 2. Consider the system (A+ εB)x = λx, with AT = A. The complex

eigenvalues λ can emerge when A has complete double eigenvalues, with eigenvectors

u1 and u2, and satisfy (uT
2Bu2 − uT

1Bu1)
2 + 4(uT

2Bu1)(u
T
1Bu2) < 0.

Proof. Suppose λ0 is a simple eigenvalue of A with eigenvector x0. Expanding

x = x0 + ϵx1 + ... and λ = λ0 + ϵλ1 + ... gives,

Ax0 − λ0x0 = 0, (6.8)

Ax1 − λ0x1 = −Bx0 + λ1x0, (6.9)

Ax2 − λ0x2 = −Bx1 + λ1x1 + λ2x0, (6.10)
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etc. Since A is symmetric, premultiplying (6.9) by xT
0 gives λ1 = xT

0Bx0/||x0||2.
Similarly for (6.10), we have λ2 = (xT

0Bx1 − λ1x
T
0 x1)/||x0||2. We can solve for λn at

each order without any complex eigenvalues.

Now suppose that λ0 is a double eigenvalue, with normalised eigenvectors u1

and u2, chosen to be orthogonal. Then, x0 = au1 + bu2. Then (6.9) gives Ax1 −
λ0x1 = −B(au1 + bu2) + λ1(au1 + bu2) and the solvability conditions are λ1 =

(auT
1Bu1 + buT

1Bu2)/a = (auT
1Bu1 + buT

2Bu2)/b. Without loss of generality we can

set b = 1. Then this is a quadratic equation for a, which may have complex roots,

leading to complex λ1. Specifically we have a2uT
2Bu1+a(uT

2Bu2−uT
1Bu1)−uT

1Bu2 =

0 and there are complex roots if

(uT
2Bu2 − uT

1Bu1)
2 + 4(uT

2Bu1)(u
T
1Bu2) < 0. (6.11)

We have seen that the dynamics on directed networks are rich although their topol-

ogy is simple. For instance, we may see oscillatory behaviour on a cycle graph associ-

ated with complex eigenvalue emergence from the system. Proposition 2 guarantees

that a symmetric system that has double eigenvalues may have complex eigenvalues

when it is perturbed. The consequence is that complex eigenvalues may be absent

when the symmetric system does not have double eigenvalues. It is quite unlikely

that we will observe oscillation in a weighted graph.

Figure 6.3: (a) Cycle-perturbed 3-node unweighted graph and (b) Cycle-perturbed
3-node weighted graph.

Figure 6.3 shows examples of a perturbed system that ε affects the system dif-

ferently. The system in Figure 6.3A shows oscillation behaviour where the graph

Laplacian nontrivial eigenvalues are λ = 1/2
(
6 + 3ε± iε

√
3
)
and the complex eigen-

values emerge for all ε. The perturbed weighted system in Figure 6.3B has its

nontrivial eigenvalues λ = 1/2
(
8 + 3ε±

√
4− 3ε2

)
and oscillation can emerge when

ε < −1.155 or ε > 1.155. We notice that Adir has negative elements in Figure 6.3B

when ε ≤ −1.155, which is not acceptable due to biological reasons.
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6.2.2 Prion-like model on asymmetric network

We consider the invasion process on a network given by the Fisher-KPP equation

(3.26) in Chapter 3 with the graph Laplacian given by (6.2) for directed graphs. The

dynamics of the toxic protein propagation on a directed network is governed by

dci
dt

= −ρ
N∑
j=1

Ldir
ij cj + αci(1− ci), i = 1, ..., N,

ci(0) = qi, i = 1, ..., N.

(6.12)

In the absence of transport (ρ = 0), the local dynamics give two steady states: the

healthy state c(0) = 0 and the diseased state c(∞) = 1. However, coupling the

nonlinear kinetics with transport on a directed graph creates a new equilibrium state

c̃(∞).

Figure 6.4: Fisher-KPP simulations on directed graphs in Figure 6.1 using α = 1.
Top: results on a weakly connected graph: (a) ρ = 0.01, (b) ρ = 1, and (c) ρ = 20.
Bottom: results on a strongly connected graph: (d) ρ = 0.01, (e) ρ = 1, and (f)
ρ = 20

Figure 6.4 shows toxic protein propagation using (6.12) on directed networks given

in Figure 6.1. For the simulation, we choose a growth rate of α = 1 and various

mobility rates ρ. We refer ρ/α ≪ 1 as the growth dominated. While ρ/α ≫ 1, we

refer to the condition as the transport dominated. Figures on the left panel (6.4a,d)

depict the concentration evolution when parameters are in the growth-dominated

regime. The behaviour strongly resembles the standard Fisher-KPP dynamics on a

network, but each node grows towards a distinguished plateau. The behaviour in the
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transport-dominated regime (Figure 6.4b,c,e,f) exhibits various dynamics depending

on the transport rate ρ. The equilibrium of each node is clearly distinguished and the

transport completely dominates the growth when ρ is large enough. The behaviour

of (6.12) in the transport-dominated regime is different from the standard Fisher-

KPP (3.26) in the same condition, where protein concentrations at all nodes evolve

at the same rate showing one curve (see Chapter 3). This example suggests that

the balancing process between growth and transport strongly affects the dynamics of

(6.12) alongside the topology of networks.

6.3 Arrival times of asymmetric networks

In this section, we will explore the arrival times of toxic protein propagation on

directed networks and derive arrival time estimates.

6.3.1 Linear arrival times

First, we linearise the system around the healthy state. We follow the same process to

obtain linear arrival times as discussed in Chapter 4. The system in equation (6.12)

reduces to the following linear form

dci
dt

= −ρ
N∑
j=1

Ldir
ij cj + αci, i = 1, ..., N,

ci(0) = qi, i = 1, ..., N.

(6.13)

where ρ and α denote the transport and growth rate, respectively. Let c(t) =

(c1, ..., c2), q = c(0) = (q1, ..., qN), and M = −ρLdir + α1, where 1 is the vector

one. We can obtain a compact solution by integrating the system in terms of matrix

exponentials. For a linearised system, the solution is given as follows

c(t) = etMq. (6.14)

Let us consider a complete set of eigenvectors v(i) ∈ RN of Ldir associated with

eigenvalues λi ∈ C, for i = 1, ..., N so that

Ldirv(i) = λiv
(i). (6.15)

Since the network is connected, we have zero eigenvalue Λ1 = 0, which has Kernel of

Span{v(1)} but does not necessarily the span of vector one due to directed network
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structures. Then, the linear solution can be written explicitly as

c =
N∑
i=1

(
q · v(i)etΛi

)
v(i). (6.16)

The general arrival time τ̂j is given by the solution of the following equation

µ = eατ̂j
N∑
i=1

(
q · v(i)eτ̂jλi

)
v
(i)
j . (6.17)

and the canonical arrival time

µ/β = eατ̂j
N∑
i=1

(
v
(i)
j v(i)

s eτ̂jλi

)
. (6.18)

Figure 6.5: Simulations on directed graphs in Figure 6.1 using α = 1. Top: results
on a weakly connected graph. Bottom: results on a strongly connected graph. (a,d)
linear time vs arrival time for ρ = 0.01, (b,e) error of linear times with varying µ = β
for ρ = 0.01, and (c,f) error of linear times with varying ρ for µ = β = 0.1.

We provide a comparison of the approximations with the numerical solutions for

our 5-node networks to assess their performance. We define the error based on the

exact and approximate arrival times as follows

Eapprox =

∑N
i=1 |τ̂i − τi|∑N

i=1 τi
. (6.19)
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Figure 6.5 shows the performance of linear arrival times for the 5-node directed

networks in Figure 6.1. We observe several general features. First, as we decrease

β = µ, the approximation given by the linear arrival times improves. This behavior is

consistent with the dynamics for undirected graphs, where the solution is a credible

approximation. The error analysis in Figure 6.5b,e shows that the approximation

converges to the exact value. Notably, as shown in Figure 6.5c,f, the linear arrival

times are independent of parameter changes. Second, the linear arrival times become a

lower bound for the arrival times. This is due to the absence of nonlinear terms, which

reduces the value of the concentration over time. As a result, the linear approach

solutions are larger than the actual concentrations (excluding the zero arrival time at

the seeding node).

We have a few remarks about the linear approach. First, it naturally combines

the sum of all possible paths and walks in general, resembling a diffusive operator on

undirected networks. Second, to solve N individual transcendental equations of the

form (6.18), we need a good initial guess. Like the linear arrival times on undirected

networks, we can use a Lambert method to provide this initial guess. Overall, the

linear approach is useful for estimating arrival times on directed networks. It exhibits

similar features to the undirected case and provides a robust and universal procedure

for estimating arrival times.

6.3.2 Lambert times

We define a notion of time between nodes for this problem. It is the duration for an

initial seed to propagate to a neighbouring node while ignoring other nodes in the

network. Since we work with equal α, we expect to see a regular systematical front

propagation from one node to another in the growth-dominated regime as depicted

in Figure 6.4. We assume a similar process deriving the notion of times as discussed

in Chapter 4 and evaluate the result accordingly.

Let us consider two nodes i and j connected by an edge with weight aij ̸= 0.

Neglecting all other nodes in the network, we consider the linear approximation (6.17)

with surrogate graph Laplacian, corresponding to the two-node subnetwork of node

i and j, given by

Lij =

[
Aij −Aji

−Aij Aji

]
.

Using the eigenvectors of Lij, i.e. λ1 = 0 and λ2 = Aij + Aji, and (6.18) with µ = β

yields an equation for the arrival time at node j, from an initial seeding at node i (or
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vice-versa), given by

eαt
(
1− e−ρ(Aij+Aji)t

) Aij

Aij + Aji

= 1. (6.20)

Expanding for small ρ, we obtain

ρAijte
αt = 1. (6.21)

The solution of this equation can be expressed in terms of the Lambert function W0

(defined so that the real solution of tet = z is t = W0(z)):

tij =
1

α
W0

(
α

ρAij

)
, i ̸= j. (6.22)

We note that since the network is directed, we have Aij ̸= Aji which implies that

tij ̸= tji.

We refer to tij as the Lambert edge length. From this pairwise magnitude between

neighbouring nodes, we define the Lambert length Wij as the shortest path with

respect to the Lambert edge length between two nodes i and j. Explicitly, let Γij =

(γ0, γ1, . . . , γn) with γ0 = i and γn = j be this shortest path, then

Wij =


n−1∑
k=0

tγk,γk+1
=

1

α

n−1∑
k=0

W0

(
α

ρAγk,γk+1

)
, i ̸= j,

0, i = j,

(6.23)

which defines the Lambert length matrix W. We find that this magnitude cannot be

classified as a metric because the commutative property does not always hold due to

asymmetric network structures.

The Lambert length provides a useful estimate for the arrival times. To take into

account the fact that, in general, the critical concentration may be different from the

initial concentration, µ ̸= β, we define the self-time tii to be the time at which a local

initial concentration β, at node i, reaches µ in the absence of any connection. That

is, the time tii at which the solution to

dci
dt

= αci

(
1− ci

ci,∞

)
, ci(0) = β,

satisfies c(tii) = µ with equilibrium ci,∞. The solution to this problem is

tii =
1

α
log

(
(ci,∞ − β)µ

(ci,∞ − µ)β

)
. (6.24)

131



In the canonical case of a single seed at node i, the Lambert arrival times, at every

node j, are defined by

τ̃ij = tii +Wij. (6.25)

From the Lambert arrival times, we can obtain simple expressions for the front so-

lution. This is done by assuming that the dynamics after the arrival time is controlled

by the local dynamics so that, after this time, the effect of the graph Laplacian is

neglected. More specifically, we assume that node i is chosen as the seeding location

and we can compute the equilibrium c̃j,∞ numerically, with initial seed ci(0) = µ,

then the dynamics at node j is given by

dc̃j
dt

= αc̃j

(
1− c̃j

c̃j,∞

)
, c̃j(τ̃ij) = µ, (6.26)

where τ̃ij is the Lambert arrival time (6.25). The Lambert solution

c̃j =
c̃j,∞µeαt

µeαt − (µ− c̃j,∞)eατ̃ij
, j = 1, . . . , N, (6.27)

is therefore an approximation of (6.12).

We provide the Lambert edge length (6.22), Lambert length (6.23), and Lambert

solution (6.27) for weakly and strongly connected graphs in Figure 6.1. The Lambert

edge length and Lambert length matrices for the weakly connected graph are given

in (6.28)

[tij] =


∞ 3.386 ∞ ∞ ∞
∞ ∞ 3.93 ∞ ∞

5.063 ∞ ∞ ∞ 5.063
∞ ∞ 3.93 ∞ 9.285
∞ ∞ ∞ ∞ ∞

 , W =


0. 3.386 7.315 ∞ 12.38

8.992 0. 3.93 ∞ 8.992
5.063 8.448 0. ∞ 5.063
8.992 12.38 3.93 0. 8.992
∞ ∞ ∞ ∞ 0.

 ,

(6.28)

and for the strongly connected graph in (6.29)

[tij] =


∞ 3.39 ∞ ∞ ∞
∞ ∞ 3.93 ∞ ∞
5.06 ∞ ∞ 3.93 ∞
∞ ∞ ∞ ∞ 9.28
∞ ∞ 5.06 ∞ ∞

 , W =


0. 3.39 7.32 11.2 20.5
8.99 0. 3.93 7.86 17.1
5.06 8.45 0. 3.93 13.2
19.4 22.8 14.3 0. 9.28
10.1 13.5 5.06 8.99 0.

 ,

(6.29)

where we use the symbol ∞ to characterise pairs of nodes that are not connected

by an edge (implying infinite Lambert edge length). Figure 6.6 demonstrates the

132



Figure 6.6: Simulations on directed graphs in Figure 6.1 using α = 1 and ρ = 0.01.
Top: results on a weakly connected graph. Bottom: results on a strongly connected
graph. (a,d) Lambert time vs arrival time for ρ = 0.01, (b,e) exact (red), Lambert
(dashed blue), and linear (dotted green) solutions, and (c,f) error of Lambert times
with varying ρ for µ = β = 0.1.

corresponding arrival times and Lambert solution. The Lambert method gives an

improvement to the arrival time and solution. The approach is robust as the transport

rate ρ varies as depicted in Figure 6.6c,f.

We note some remarks regarding the Lambert method on directed network case.

First, we observe that this method provides a good estimate and is independent of

initial concentrations. The method is simple since we can derive from two nodes

and sum over the edge length over a path that connected a seed and a target node.

Second, the Lambert length does include the diffusion role, but it cannot capture

the advection effect. The derivation process of the length is the same as the Lambert

distance for undirected network case despite they resemble different processes. Third,

the Lambert length are neither an upper nor lower bound to the arrival times. It is

because concentrations are diluted away from nodes before reaching the target node.

Despite the path that strongly depends on the directions, the Lambert length can

be underestimated or overestimated due to neglecting advection. Lastly, this method

can be a first guess for computing the linear times despite its limitation. The features

found in this method are similar to the Lambert distance for undirected network case

in Chapter 4.
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6.3.3 Nonlinear asymptotic times

The Lambert method suggests that propagation in the growth-dominated regime is

similar to propagation on undirected networks, with the concentration spreading node

by node to neighbouring nodes. However, in the case of directed networks, the path

of propagation may differ from the underlying undirected topology, resulting in a

different sequence of propagation. We present an alternative asymptotic method that

captures important features of the solutions. For the canonical case, the ansatz is

given as follows

c̃i =
κiKie

αt

κi +Ki (eαt − 1)
, i = 1, . . . , N. (6.30)

where κi represents the new diseased state at node i due to asymmetric network

configuration. We use a nonlinear version of the method of variation of constants, as

introduced in [143],

Ki = Ai + ργiBi(t), (6.31)

where γi represents the step distance between the seed node and node i. With this

ansatz, we can iteratively solve for the unknown function Bi for the subsequent subsets

of nodes with increasing distance from the seeding node, up to the furthest node given

by the maximum of γ.

To lowest order O(ρ0), the solution at the seeding node with initial condition

cs(0) = β is simply the original unperturbed solution

c̃s =
κsβe

αt

κs + β (eαt − 1)
, (6.32)

and Ai = 0 for all i ̸= s. The solutions for other nodes O(ρd) can then be obtained

iteratively with nodes at distance d only depending on the solutions given by nodes

at distance d− 1. More formally, if we define the matrix

Mij =


Lij

κi

if γi − γj = 1

0 otherwise,
(6.33)

and the variables

Zi =

{
Bi, if i ̸= s

e−αtc̃s if i = s,
(6.34)

then, these new variables are solutions to the system

dZi

dt
=

N∑
j=1

MijZj, Zi(0) = 0, i ̸= s. (6.35)
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To order O(ρ1), we obtain

Bi(t) =
βκsLis

α(β − κs)κi

(
αt− log

(
β
(
eαt − 1

)
+ κs

)
+ log (κs)

)
(6.36)

and the solution of (6.35) is given in the polylogarithm function Lid where d is the

distance to the seeding node.

Figure 6.7: Simulations on directed graphs in Figure 6.1 using α = 1 and ρ = 0.01.
Top: results on a weakly connected graph. Bottom: results on a strongly connected
graph. (a,c) Nonlinear time vs arrival time for ρ = 0.01, (b,d) exact (red), nonlinear
(dash-dotted black), Lambert (dashed blue), and linear (dotted green) solutions.

Figure 6.7 demonstrates the arrival times and solution of the Fisher-KPP (6.12)

on the directed networks in Figure 6.1. We assume that we can compute the new

equilibrium and substitute the solution of (6.35) to (6.30), the nonlinear asymptotic

solutions satisfy the initial values and the asymptotic behaviour for a long time. This

method works for both weakly and strongly connected graphs. We compute the errors

of arrival times in Figure 6.7a,c and find that the errors decrease as we move from

linear times to Lambert times to nonlinear times: 1.08×10−1, 4.44×10−2, and 2.84×
10−2 for the weakly connected graph and 7.91×10−2, 4.61×10−2, and 1.54×10−2 for

the strongly connected graph. Notably, the nonlinear method significantly improves

upon both the Lambert times and Lambert solutions.
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We note several features of the nonlinear method. In general, this method is

similar to the undirected graph, but different in formulation. First, the solution is

given by a polylogarithmic function Lid where d is the distance to the seeding node.

Given κi, the solution satisfies the initial condition and asymptotic behaviour for long

time. Second, the method includes the saturating effect and, implicitly, the advection

effect. In the ansatz, we need to input κi which is the asymptotic behaviour of the

solution due to balancing between the transport and kinetics. In addition, κi is

included in the step-by-step connectivity. Third, this approach naturally combines

all contributions of paths of length d. However, they do not include paths of different

lengths and, thus, do not address the problem of dilution away from a node. Despite

its limitations, the method improves our estimates and captures the spatiotemporal

evolution on directed graphs.

6.4 Application to neurodegenerative disease

In this section, we apply methods to estimate the arrival time to the study of propaga-

tion of toxic protein transported on a structural connectome and explore our models

with respect to staging. We assume that the directional bias comes from the degree

of nodes and local capacity data. We use the scale-33 structural connectome that has

83 nodes. Each node represents a brain region. To produce staging, we use the six

Braak stages where the corresponding regions of each stage are based on the Braak

staging given by ADNI.

Brain regions corresponding to Braak stages are depicted in Figure 6.8. The

six stages are a sequence of τP hierarchical propagation in the brain [18, 17]. The

starting location is the entorhinal cortex associated with Braak stage I. The expected

progressive pattern of dynamics follows the Braak staging. For the scale-33 brain

connectome, the entorhinal cortex corresponds to nodes 27 and 68.

The local capacity data are obtained with the same process in Chapter 5. From

the data, we infer the local parameters for each node representing regional baseline

values for a healthy state and carrying capacities for a late-stage AD state. The pa-

rameters used in this study include information about the PET measurement process

and AD, such as off-target binding and regional variations in production dynamics.

The Gaussian mixture modelling approach developed in [180] is used to obtain these

parameters. To estimate the fixed parameters for ci,0 and ci,1 representing the mini-

mum and maximum τP SUVR scores, respectively, we fit a two-component Gaussian

mixture model to population-level data of regional SUVR. For regions where a reliable
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Figure 6.8: Braak regions of interest according to ADNI. Top: Braak I (left), Braak
II (middle), Braak III (right). Bottom: Braak IV (left), Braak V (middle), Braak VI
(right).

Figure 6.9: Local τP SUVR scores across the brain. Brains on the first two columns
(left) respectively show the minimum and maximum level of τP SUVR scores. The
last two columns (right) show their associated networks.

measure of τP SUVR can be obtained, we expect to see two separate distributions, a

τP− distribution capturing the expected τP load in a given region, and a τP+ distri-
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bution describing the pathological τP load [180]. Using the fitted Gaussian mixture

models, we approximate ci,0 as the mean of the τP− distributions and ci,1 as the

99th percentile of the τP+ distributions. Due to off-target binding, it is not possible

to obtain τP PET signal for subcortical regions [32, 158]. Therefore, these regions

are excluded from our model, leaving a total of 72 regions. The multi-tau cohort of

AV1451 PET data detailed in [180] is used for ADNI. Figure 5.7 shows the regional

minimum and maximum capacities in the brain. If we define the regional capacity

difference, the caudate has the smallest values while the middle temporal has the

largest values. We define regional carrying capacity Ki = ci,1 − ci,0.

We derive the directed structural connectomes either by multiplying the inverse

of the node degree matrix with the adjacency matrix or by multiplying the inverse

of the regional carrying capacity matrix with the adjacency matrix. If A,D, and K

denote the adjacency matrix of the structural connectome, the node degree matrix of

A, and the diagonal matrix which its elements Kii = Ki, respectively, then we define

the directed network Adir to be

Adir = D−1A, (6.37)

for the asymmetric network from the degree of node and

Adir = K−1A, (6.38)

for the asymmetric network from the local capacity difference.

6.4.1 Tau protein propagation

We apply the methods that we derive for arrival time estimation on the directed net-

work problem. In this subsection, we demonstrate the comparison between methods

and the solution of the nonlinear asymptotic approach to the τP propagation. Instead

of depicting the evolution of each node, we compute the average dynamics of Braak

regions. The seeding location is the entorhinal cortex represented by nodes 27 and

68. The initial values are c27(0) = c68(0) = 0.1 and zero otherwise.
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Figure 6.10: Simulations on asymmetric networks using nonlinear method. Top: Sim-
ulation on the asymmetric network from the degree of node 6.37. Bottom: Simulation
on the asymmetric network from the local capacity difference 6.38. (a,c) Nonlinear
time vs arrival time for ρ = 0.01, (b,d) exact (bold), nonlinear (dashed).

Figure 6.10 shows the application of methods on (6.12). The directed connec-

tome is obtained by left-multiplying the weighted adjacency matrix with a diagonal

matrix. This procedure follows the way to define a retrograde transport in the con-

nectome [131]. The first directed adjacency matrix given by (6.37) allows the con-

centration to flow from higher-degree nodes to lower-degree nodes. The first directed

adjacency matrix given by (6.38) allows the concentration to flow from a region with

higher capacity to regions with lower capacity. We use α = 1 and ε = 0.01. The

errors decrease as we move from the linear times, Lambert times, to nonlinear times:

1.09 × 10−1, 4.74 × 10−2, and 2.84 × 10−2 for the degree of node and 9.82 × 10−2,

5.1× 10−2, and 1.93× 10−2 for the local capacity difference. The nonlinear solution

provides a decent approximation.

Our results show that the nonlinear asymptotic method provides a good, and best

overall, estimate for both arrival times and dynamics. In particular, the approach per-

fectly captures the average dynamics of asymmetric networks. The method, however,

needs a crucial input that depends on the numerical simulation due to the emergence
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of new asymptotic values.

6.4.2 Staging of tau protein

We have applied each approximation method to directed network systems. We are

interested in exploring the influence of directional bias in the system towards the

resulting patterns. We assess each model systematically through staging analysis in

the growth-dominated regime (ρ/α ≪ 1) as introduced in Chapter 3.

To understand the influence of parameter changes on staging, we perturb the sym-

metric adjacency matrix according to (6.6). Therefore, the symmetric and asymmetric

parts of the adjacency matrix are given by

A0 =
1

2

(
Adir +

(
Adir

)T)
,

A1 =
1

2

(
Adir −

(
Adir

)T
)
)
,

(6.39)

where ε is a small tuning parameter in the interval of [−1, 1]. The value ε is to ensure

positive weights. The value of ε = 1 defines the retrograde flow while ε = −1 defines

the anterograde flow. The graph Laplacian is then given by (6.2).

We note that the asymptotic behaviour on the long time of directed network sys-

tems can be different from the dynamics on undirected networks which the asymptotic

behaviour is the Kernel of the graph Laplacian. We introduce a new magnitude in

the range of 0 and 1 out of J regions Ω1, ...,ΩJ . In each of these regions, we define

Cj(t) =
1

σΩj

∑
i∈Vj

ci(t), j = 1, ..., J, (6.40)

where

σΩj
=
∑
i∈Vj

ci,∞,

where Vj is the collection of nodes defining region Ωj with Nj nodes and ci,∞ rep-

resents the nontrivial asymptotic concentration at node i. The average value (6.40)

accommodates the new asymptotic without forcing each node to evolve between 0 and

1. In our simulations, the first region Ω1 is the bilateral entorhinal cortex with initial

conditions ci(0) = 0.005/N1 for i ∈ V1 and zero otherwise. We determine two staging

sequences of the first three stages and the last three stages. Using this staging, we can

see clearly how directional bias alters the patterns resulting from a directed network

system. For a pair of parameter ρ/α and threshold value, we assign a colour label.
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The assigned colours are shown in Table 6.1. The expected canonical Braak staging

of τP is given by progressive sequences I → II → III for the first three Braak stages

and IV → V → VI for the last three stages. The yellow colour indicates the canonical

staging sequence. We summarise all computed colours in our simulations into braid

surfaces.

All observed computational staging patterns
Braak regions I → II → III ∗ I → III → II
I, II, and III Beginning with stage II Beginning with stage III
Braak regions IV → V → VI∗ IV → VI → V
IV, V, and VI V → IV → VI V → VI → IV

VI → IV → V VI → V → IV

Table 6.1: Color coding for braid surfaces of τP propagation. ∗ Progressive compu-
tational Braak staging.

Figure 6.11 shows staging patterns when using (6.37) to create a directed weighted

adjacency matrix while Figure 6.12 shows staging patterns when using (6.38). In

general, the staging patterns shown by the two procedures demonstrate a similar

behaviour. The resulting patterns when we change ε show small alterations and

are rather consistent compared to the patterns of undirected connections where ε =

0. Notable differences between patterns resulting from two procedures are shown

for staging at higher ρ/α values near the diffusion-dominated regime and the last

three-stage staging patterns. We also note that higher anterograde transport on the

connectome influences the concentration to accumulate in region III prior to region II

in the growth-dominated regime before the staging is stable at the canonical sequence

when the degree of node is applied. Further results with various ε values are shown

in the Appendix 7.2.2. Our results suggest that, in the existence of directions, the

overall dynamics of Braak staging show little change in the growth-dominated regime

where we believe τP propagates under this condition. The symmetric connectivities

have become a strong foundation and regulate the flow of τP across the brain.
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(a) Stages I - III, ε = −1
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(b) Stages I - III, ε = 0
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(c) Stages I - III, ε = 1

(d) Stages IV - VI, ε =
−1 (e) Stages IV - VI, ε = 0 (f) Stages IV - VI, ε = 1

Figure 6.11: Observed computational (deterministic) connectome τP seed staging;
Stages I - III (top) and stages IV - VI (bottom). The x-axis determines the
biomarker abnormality threshold 1% ≤ µ < 100% and the y-axis corresponds to
−20 ≤ ln(ρ/α) ≤ 0 for the parameter ρ and α in (6.12) with Ldir(6.7) from Adir

(6.37).
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(a) Stages I - III, ε = −1
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(b) Stages I - III, ε = 0
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(c) Stages I - III, ε = 1

(d) Stages IV - VI, ε =
−1 (e) Stages IV - VI, ε = 0 (f) Stages IV - VI, ε = 1

Figure 6.12: Observed computational (deterministic) connectome τP seed staging;
Stages I - III (top) and stages IV - VI (bottom). The x-axis determines the
biomarker abnormality threshold 1% ≤ µ < 100% and the y-axis corresponds to
−20 ≤ ln(ρ/α) ≤ 0 for the parameter ρ and α in (6.12) with Ldir(6.7) from Adir

(6.38).

Our results show that directional bias in the system influences the landscape of

observable staging patterns. In particular, pattern alterations occur when parameter

values change considerably. The most apparent is the influence of strong directional

bias when ε = −1 or ε = 1.

6.5 Concluding remark

In this chapter, we explore the problem of directed network systems that arise from

studying the propagation of τP on the brain connectome. We aim to find any possible

models that account for the directional links in the brain network. Building on

Chapters 3 and 4, we examine how the directional bias affects the overall dynamics

and estimates of the system.

We consider the role of growth and transport in our toxic τP propagation math-

ematical model. In this chapter, we assume a directional bias transport on the brain

network. The transport is given by the graph Laplacian for directed networks, which

still preserves total mass but does not satisfy Fick’s condition. The directionality

inclusion in the system alters the asymptotic behaviour for graph Laplacian and
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the full system of the toxic τP propagation. The diseased state is a nontrivial het-

erogeneous equilibrium. Staging analysis suggests that the directionality affects the

resulting staging patterns, particularly when the directional bias is strong. The study

of arrival times suggests that the propagation of toxic τPs on directed networks is

similar to the transport on undirected networks. This feature is observed through

the three estimates for the arrival times to understand the underlying mechanism of

propagation on directed networks.

The first approach is to linearise the full system around the healthy state. We then

obtain the solution of protein concentration and solve the transcendental equation to

obtain linear arrival times. The method is universal for the transport on directed

networks.

The second approach is to derive an estimate between two adjacent nodes, called

the Lambert edge length or Lambert edge distance, and take the sum over a path. The

path is likely the shortest path since the sum of estimates gives the smallest value

and dominates the propagation. The derived estimate is the same for undirected

networks. However, the magnitude is not a distance metric. Despite, its limitation,

the Lambert method is computationally cheap and independent of initial values.

The last method is an improvement on the Lambert solution by including non-

linearity in the solution. The approach takes into account a natural small parameter

which is similar to the approach for undirected networks. The emergence of new

asymptotic values is also considered in the solution. The solution is in the polylog-

arithm function that considers multiple paths with the same length. The process to

compute the nonlinear method is similar to the method for undirected networks in

Chapter 4. However, we still need to compute numerically the equilibrium for the

full system. This method shows a promising estimate despite its complexity and long

expression.

Our study on staging and arrival time problems allows us to explore the influence of

directional bias on the propagation process from a seed to its neighbouring nodes. To

some extent, the directionality of networks influences the resulting staging sequences.

The dominating factor of invasion depends on the shortest path as shown by the

Lambert method and nonlinear asymptotic approach. Our exploration of methods

for estimating arrival times shows that these methods can accommodate the Fisher-

Kolmogorov-Petrovsky-Piskunov dynamical process on directed networks. Overall,

staging and arrival time problems are essential in understanding the complex coupled

process from both computational and analytical points of view.
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Chapter 7

Epilogue

7.1 Conclusion

This thesis explored how τP propagates on the brain connectome and how it relates

to its hierarchical staging pattern and the time of arrival of the τP seed in different

brain regions.

In Chapter 2, we reviewed the evidence and mechanisms of prion-like neurode-

generative diseases and the mathematical models that have been used to study them.

We also formulated three key problems that we addressed in the subsequent chapters.

Chapter 3 explored the model selection problem for τP hierarchical staging in

Alzheimer’s disease. We provided a general formulation for τP propagation in the

brain subjected to physical diffusion on networks. A simple one species τP reaction-

diffusion on a network coupled with a damage measure was derived and plots for

τP and damage staging assessment, called braid diagram and braid surface, were

introduced. We provided statistical analysis using τP PET SUVR scores to validate

our finding of possible staging patterns.

Chapter 4 analysed the invasion process of τP on networks based on the two

propagation regimes observed in Chapter 3. This study emphasised the time of τP

seed arrival to understand the transport process on the network. We derived three

estimates of the time of arrival where the linearised system becomes a foundation:

the linear arrival time, the Lambert arrival time, and the nonlinear arrival time. The

best estimate was based on a new asymptotic method and provided an approximation

of the solutions for all time.

Chapter 5 presented a follow-up study of τP propagation on networks by consider-

ing heterogeneity in the kinetic term. We followed a similar procedure as Chapter 4 to

derive the estimates of the arrival time. The linearised system is a critical foundation

to derive the approximation and taking into account the nonlinear behaviour provides

145



a better estimate. In this chapter, we also considered the staging for heterogeneous

systems with small parameter changes.

Chapter 6 presented another follow-up study of τP propagation on a network

considering directed networks. The procedure to derive the estimates of the time

of arrival is similar to Chapter 4. We introduced the same notion of linear and

Lambert estimate for invasion dynamics on directed networks. The best estimate

includes nonlinear behaviour and additional asymptotic behaviour of the system. In

this chapter, we also considered the staging for small perturbations to symmetric

networks.

To conclude, the study of τP propagation on networks with respect to staging and

time of arrival enables one to investigate spatiotemporal evolution in the brain. Braid

diagram and braid surface are promising tools for model selection and qualitative

assessment of regional sequence permutation while arrival time estimates provide a

meaningful approximation in order to understand invasion processes.

7.2 Future Work

In this thesis, we have studied the progression of biomarkers in the human brain,

specifically the in vivo dynamic of toxic tau protein in Alzheimer’s disease. Though

our results introduce some important concepts such as staging and arrival time, there

are some open questions that need immediate follow-up. Some possible directions

are:

• Studying the propagation of tau on directed networks in the diffusion-dominated

regime (ρ/α ≫ 1), which may show different dynamics and equilibrium points

than the growth-dominated regime (ρ/α ≪ 1).

• Applying the arrival time estimates to computational problems such as param-

eter estimation, wave speed computation, and network coarse-graining.

• Studying the relation between arrival time and neuron damage.

• Arrival time comparison between Fisher-KPP and Heterodimer model.

• Understanding staging information loss between different connectome resolu-

tions.

Finally, we list two other possible research extensions that we find interesting.

146



7.2.1 Amyloid-tau protein propagation to study regional vul-
nerability

Neurodegenerative diseases affect different types of neurons in different brain regions,

resulting in distinct trajectories of the disease. For example, Alzheimer’s disease is

associated with tau pathology, which preferentially targets excitatory neurons at the

early stage and leads to significant loss of excitatory neurons at the later stage [18, 56,

146]. Tau pathology also shows different patterns in different subtypes of Alzheimer’s

disease, which have different cognitive profiles and outcomes [181]. The aim is to

understand how regional vulnerability is reflected in the evolution of τP biomarkers

in the brain.

One way to study regional vulnerability is to use mathematical models for the

propagation of Aβ and τP in the brain. A simple and comprehensive model that

incorporates both proteins is the conspiracy model by Thompson et al [172]. This

model considers the interaction of both proteins and how they cause primary or sec-

ondary tauopathy. It shows that toxic Aβ can enhance the effects of toxic τP in both

cases. It also shows that the distribution of damage depends on the seeding location

of each protein. This suggests different types of neurodegeneration in AD. A simpli-

fied version of the model based on Fisher-KPP equations can capture the qualitative

features of primary and secondary tauopathies [104]. A model that includes both

Aβ and τP can provide insights into disease localisation and regional vulnerability in

neurodegenerative diseases.

A possible extension of our study is to investigate regional vulnerability in neu-

rodegenerative disease using staging and arrival time methods. We modelled τP

propagation in the brain with Fisher-KPP and suggested braid diagram and braid

surface to replicate and evaluate staging. We aim to identify a spatiotemporal pat-

tern and visualise it as a braid diagram or surface. We also want to map regional

vulnerability based on toxic protein propagation and interaction, such as Aβ and τP.

We hope that this extension can reveal new insights into brain damage caused by

protein-protein interaction.

7.2.2 Invasion-dynamic-based community detection

We can also explore community detection based on the invasion process. Let us

define ti be the arrival time at node i, when a quantity of interest ci(ti) = T reaches

a threshold T . Let us define ∆T to be a time difference matrix with elements ∆tij =

|ti − tj|. Figure 7.1 demonstrates Fisher-KPP simulations using α = 1 with log(ρ) =
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−30 or log(ρ) = −3 on the Zachary’s Karate Club network. For each simulation, we

record the arrival times of nodes at a threshold value and compute ∆T. We aim to

identify and visualise a spatiotemporal pattern as a braid diagram or surface. We

also want to detect communities based on toxic protein propagation and interaction.

(a) (b)

(c)

Figure 7.1: Arising communities under invasion process. (a) Fisher-KPP simulation
using α = 1 and log(ρ) = −30 and time difference between nodes at 0.5 threshold,
(b) Fisher-KPP simulation using α = 1 and log(ρ) = −3 and time difference between
nodes at 0.5 threshold, and (c) Fisher-KPP simulation using α = 1 and log(ρ) = −3
and time difference between nodes at 0.1 threshold.

We propose to use invasion dynamics to detect communities in networks, as shown

in Figure 7.1. We compute the time difference matrix ∆T from the arrival times of

nodes at a threshold value. The matrix suggests different numbers of communities for

different diffusion rates. This resembles the multiscale community detection method

by Delvenne et al [42], which uses Markovian diffusion flows to identify relevant

communities at different time scales. We face some challenges in defining graph

partitions based on ∆T, such as choosing a suitable threshold and dealing with the

influence of seeding locations and numbers. We also want to compare our results

with other well-known methods and explore the possibility of retrieving them from

our approach. This may lead to new insights on community detection.
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Appendix A

Additional Staging Results of
Chapter 3

Additional results, deterministic streamlined con-

nectome staging

(a) S-33, LW (b) S-125, LW (c) S-500, LW

Figure 2: Braid surfaces, observed computational τP NFT staging with deterministic
streamlined connectomes; diffusion dominated regime (ln(β) = 2). Length-free (top),
ballistic (middle) and diffusive (bottom) weighting schemes. The x-axis determines
the biomarker abnormality threshold 1% < T ≤ 100% and the y-axis corresponds to
NFT aggregation rate (δ) with −3 ≤ ln(δ) ≤ 3.
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(a) S-33, BW (b) S-125, BW (c) S-500, BW

(d) S-33, DW (e) S-125, DW (f) S-500, DW

Figure 3: Braid surfaces, observed computational τP NFT staging with deterministic
streamlined connectomes; diffusion dominated regime (ln(β) = 2). Length-free (top),
ballistic (middle) and diffusive (bottom) weighting schemes. The x-axis determines
the biomarker abnormality threshold 1% < T ≤ 100% and the y-axis corresponds to
NFT aggregation rate (δ) with −3 ≤ ln(δ) ≤ 3.
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(a) S-33, LW (b) S-125, LW (c) S-500, LW

(d) S-33, BW (e) S-125, BW (f) S-500, BW

(g) S-33, DW (h) S-125, DW (i) S-500, DW

Figure 4: Braid surfaces, observed computational τP NFT staging with deterministic
streamlined connectomes; growth dominated regime (ln(β) = −3). Length-free (top),
ballistic (middle) and diffusive (bottom) weighting schemes. The x-axis determines
the biomarker abnormality threshold 1% < T ≤ 100% and the y-axis corresponds to
NFT aggregation rate (δ) with −3 ≤ ln(δ) ≤ 3.
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Additional results, probabilistic streamlined con-

nectome staging

(a) S-33, LW (b) S-33, BW (c) S-33, DW

(d) S-500, LW (e) S-500, BW (f) S-500, DW

(g) S-33, LW (NFT) (h) S-33, BW (NFT) (i) S-33, DW (NFT)

(j) S-500, LW (NFT) (k) S-500, BW (NFT) (l) S-500, DW (NFT)

Figure 5: Observed computational (probabilistic) connectome τP seed staging (top
two rows) and τP NFT staging (bottom two rows). Density filter thresholding at
a threshold of 8 × 10−1 with biomarker abnormality 1% ≤ T ≤ 100% (x-axis) and
−30 ≤ ln(β) ≤ 0 (y-axis)
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(a) S-33, LW (b) S-33, BW (c) S-33, DW

(d) S-500, LW (e) S-500, BW (f) S-500, DW

(g) S-33, LW (NFT) (h) S-33, BW (NFT) (i) S-33, DW (NFT)

(j) S-500, LW (NFT) (k) S-500, BW (NFT) (l) S-500, DW (NFT)

Figure 6: Observed computational (probabilistic) connectome τP seed staging (top
two rows) and τP NFT staging (bottom two rows). High salience skeleton at a
threshold of 5 × 10−4 with biomarker abnormality 1% ≤ T ≤ 100% (x-axis) and
−30 ≤ ln(β) ≤ 0 (y-axis)
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(a) S-33, LW (b) S-33, BW (c) S-33, DW

(d) S-500, LW (e) S-500, BW (f) S-500, DW

(g) S-33, LW (NFT) (h) S-33, BW (NFT) (i) S-33, DW (NFT)

(j) S-500, LW (NFT) (k) S-500, BW (NFT) (l) S-500, DW (NFT)

Figure 7: Observed computational (probabilistic) connectome τP seed staging (top
two rows) and τP NFT staging (bottom two rows). Noise corrected backbone at a
threshold of 1.28 with biomarker abnormality 1% ≤ T ≤ 100% (x-axis) and −30 ≤
ln(β) ≤ 0 (y-axis)
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(a) S-33, LW (b) S-33, BW (c) S-33, DW

(d) S-500, LW (e) S-500, BW (f) S-500, DW

(g) S-33, LW (NFT) (h) S-33, BW (NFT) (i) S-33, DW (NFT)

(j) S-500, LW (NFT) (k) S-500, BW (NFT) (l) S-500, DW (NFT)

Figure 8: Observed computational (probabilistic) connectome τP seed staging (top
two rows) and τP NFT staging (bottom two rows). Naive thresholding at a threshold
of 5×10−3 with biomarker abnormality 1% ≤ T ≤ 100% (x-axis) and−30 ≤ ln(β) ≤ 0
(y-axis)
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(a) S-33, LW (b) S-33, BW (c) S-33, DW

(d) S-500, LW (e) S-500, BW (f) S-500, DW

(g) S-33, LW (NFT) (h) S-33, BW (NFT) (i) S-33, DW (NFT)

(j) S-500, LW (NFT) (k) S-500, BW (NFT) (l) S-500, DW (NFT)

Figure 9: Observed computational (probabilistic) connectome τP seed staging (top
two rows) and τP NFT staging (δ = 1, bottom two rows). Naive thresholding at
a threshold of 1 × 10−3 with biomarker abnormality 1% ≤ T ≤ 100% (x-axis) and
−30 ≤ ln(β) ≤ 0 (y-axis)
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Appendix B

Additional Staging Results of
Chapter 5

Additional results, dynamics of heterogeneous sys-

tem with regional carrying capacities
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(a) Stages I - III, ε = −0.01 (b) Stages IV - VI, ε = −0.01
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(c) Stages I - III, ε = −0.001 (d) Stages IV - VI, ε = −0.001

Figure 10: Observed computational (deterministic) connectome τP seed staging;
Stages I - III (left) and stages IV - VI (right). The x-axis determines the biomarker ab-
normality threshold 1% ≤ µ < 100% and the y-axis corresponds to −20 ≤ ln(ρ/α) ≤
0 for the parameter ρ and α in (5.33).
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(a) Stages I - III, ε = 0.001 (b) Stages IV - VI, ε = 0.001
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(c) Stages I - III, ε = 0.01 (d) Stages IV - VI, ε = 0.01
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(e) Stages I - III, ε = 0.1 (f) Stages IV - VI, ε = 0.1
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(g) Stages I - III, ε = 0.5 (h) Stages IV - VI, ε = 0.5

Figure 11: Observed computational (deterministic) connectome τP seed staging;
Stages I - III (left) and stages IV - VI (right). The x-axis determines the biomarker ab-
normality threshold 1% ≤ µ < 100% and the y-axis corresponds to −20 ≤ ln(ρ/α) ≤
0 for the parameter ρ and α in (5.33).
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Additional results, dynamics of heterogeneous sys-

tem with regional growth rates
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(a) Stages I - III, ε = −0.01 (b) Stages IV - VI, ε = −0.01
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(c) Stages I - III, ε = −0.001 (d) Stages IV - VI, ε = −0.001

Figure 12: Observed computational (deterministic) connectome τP seed staging;
Stages I - III (left) and stages IV - VI (right). The x-axis determines the biomarker ab-
normality threshold 1% ≤ µ < 100% and the y-axis corresponds to −20 ≤ ln(ρ/α) ≤
0 for the parameter ρ and α in (5.34).
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(a) Stages I - III, ε = 0.001 (b) Stages IV - VI, ε = 0.001
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(c) Stages I - III, ε = 0.01 (d) Stages IV - VI, ε = 0.01
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(e) Stages I - III, ε = 0.1 (f) Stages IV - VI, ε = 0.1
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(g) Stages I - III, ε = 0.5 (h) Stages IV - VI, ε = 0.5

Figure 13: Observed computational (deterministic) connectome τP seed staging;
Stages I - III (left) and stages IV - VI (right). The x-axis determines the biomarker ab-
normality threshold 1% ≤ µ < 100% and the y-axis corresponds to −20 ≤ ln(ρ/α) ≤
0 for the parameter ρ and α in (5.34).
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Appendix C

Additional Staging Results of
Chapter 6

Additional results, dynamics on directed networks

from node degree multiplication
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(a) Stages I - III, ε = −0.5 (b) Stages IV - VI, ε = −0.5
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(c) Stages I - III, ε = −0.1 (d) Stages IV - VI, ε = −0.1

Figure 14: Observed computational (deterministic) connectome τP seed staging;
Stages I - III (left) and stages IV - VI (right). The x-axis determines the biomarker ab-
normality threshold 1% ≤ µ < 100% and the y-axis corresponds to −20 ≤ ln(ρ/α) ≤
0 for the parameter ρ and α in (6.12) with Ldir(6.7) from Adir (6.37).
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(a) Stages I - III, ε = −0.01 (b) Stages IV - VI, ε = −0.01
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(c) Stages I - III, ε = −0.001 (d) Stages IV - VI, ε = −0.001

Figure 15: Observed computational (deterministic) connectome τP seed staging;
Stages I - III (left) and stages IV - VI (right). The x-axis determines the biomarker ab-
normality threshold 1% ≤ µ < 100% and the y-axis corresponds to −20 ≤ ln(ρ/α) ≤
0 for the parameter ρ and α in (6.12) with Ldir(6.7) from Adir (6.37).
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(a) Stages I - III, ε = 0.001 (b) Stages IV - VI, ε = 0.001
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(c) Stages I - III, ε = 0.01 (d) Stages IV - VI, ε = 0.01
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(e) Stages I - III, ε = 0.1 (f) Stages IV - VI, ε = 0.1
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(g) Stages I - III, ε = 0.5 (h) Stages IV - VI, ε = 0.5

Figure 16: Observed computational (deterministic) connectome τP seed staging;
Stages I - III (left) and stages IV - VI (right). The x-axis determines the biomarker ab-
normality threshold 1% ≤ µ < 100% and the y-axis corresponds to −20 ≤ ln(ρ/α) ≤
0 for the parameter ρ and α in (6.12) with Ldir(6.7) from Adir (6.37).
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Additional results, dynamics on directed networks

from carrying capacity multiplication
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(a) Stages I - III, ε = −0.5 (b) Stages IV - VI, ε = −0.5
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(c) Stages I - III, ε = −0.1 (d) Stages IV - VI, ε = −0.1

Figure 17: Observed computational (deterministic) connectome τP seed staging;
Stages I - III (left) and stages IV - VI (right). The x-axis determines the biomarker ab-
normality threshold 1% ≤ µ < 100% and the y-axis corresponds to −20 ≤ ln(ρ/α) ≤
0 for the parameter ρ and α in (6.12) with Ldir(6.7) from Adir (6.38).
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(a) Stages I - III, ε = −0.01 (b) Stages IV - VI, ε = −0.01
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(c) Stages I - III, ε = −0.001 (d) Stages IV - VI, ε = −0.001

Figure 18: Observed computational (deterministic) connectome τP seed staging;
Stages I - III (left) and stages IV - VI (right). The x-axis determines the biomarker ab-
normality threshold 1% ≤ µ < 100% and the y-axis corresponds to −20 ≤ ln(ρ/α) ≤
0 for the parameter ρ and α in (6.12) with Ldir(6.7) from Adir (6.38).
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(a) Stages I - III, ε = 0.001 (b) Stages IV - VI, ε = 0.001
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(c) Stages I - III, ε = 0.01 (d) Stages IV - VI, ε = 0.01
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(e) Stages I - III, ε = 0.1 (f) Stages IV - VI, ε = 0.1
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(g) Stages I - III, ε = 0.5 (h) Stages IV - VI, ε = 0.5

Figure 19: Observed computational (deterministic) connectome τP seed staging;
Stages I - III (left) and stages IV - VI (right). The x-axis determines the biomarker ab-
normality threshold 1% ≤ µ < 100% and the y-axis corresponds to −20 ≤ ln(ρ/α) ≤
0 for the parameter ρ and α in (6.12) with Ldir(6.7) from Adir (6.38).
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P Nellg̊ard, L Rosengren, K Blennow, and B Nellg̊ard. Initial csf total tau

correlates with 1-year outcome in patients with traumatic brain injury. Neurol-

ogy, 67(9):1600–1604, 2006.

180



[130] Sneha Pandya, Amy Kuceyeski, and Ashish Raj. The brain’s structural con-

nectome mediates the relationship between regional neuroimaging biomarkers

in Alzheimer’s disease. Journal of Alzheimer’s Disease, 55(4):1639–1657, 2017.

[131] Sneha Pandya, Chris Mezias, and Ashish Raj. Predictive model of spread of

progressive supranuclear palsy using directional network diffusion. Frontiers in

Neurology, 8:692, 2017.

[132] Virenkumar A Pandya and Rickie Patani. Region-specific vulnerability in

neurodegeneration: Lessons from normal ageing. Ageing Research Reviews,

67:101311, 2021.

[133] Hugh A Pearson and Chris Peers. Physiological roles for amyloid β peptides.

The Journal of physiology, 575(1):5–10, 2006.

[134] R Ca Pearson, MM Esiri, RW Hiorns, GK Wilcock, and TP Powell. Anatom-

ical correlates of the distribution of the pathological changes in the neocor-

tex in alzheimer disease. Proceedings of the National Academy of Sciences,

82(13):4531–4534, 1985.

[135] Roćıo Pérez-González, Yohan Kim, Chelsea Miller, Javier Pacheco-Quinto, Eliz-

abeth A Eckman, and Efrat Levy. Extracellular vesicles: where the amyloid pre-

cursor protein carboxyl-terminal fragments accumulate and amyloid-β oligomer-

izes. The FASEB Journal, 34(9):12922–12931, 2020.

[136] Lawrence Perko. Differential equations and dynamical systems, volume 7.

Springer Science & Business Media, 2013.
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DeArmond, Lars Lannfelt, Martin Ingelsson, Kurt Giles, and Stanley B

Prusiner. Serial propagation of distinct strains of aβ prions from alzheimer’s dis-

ease patients. Proceedings of the National Academy of Sciences, 111(28):10323–

10328, 2014.

[187] Johannes Weickenmeier, Mathias Jucker, Alain Goriely, and Ellen Kuhl. A

physics-based model explains the prion-like features of neurodegeneration in

Alzheimer’s disease, Parkinson’s disease, and amyotrophic lateral sclerosis.

Journal of the Mechanics and Physics of Solids, 124:264–281, 2019.

[188] Johannes Weickenmeier, Ellen Kuhl, and Alain Goriely. Multiphysics of prion-

like diseases: Progression and atrophy. Physical Review Letters, 121(15):158101,

2018.

186



[189] M. Woolrich, S. Jbabdi, B. Patenaude, S. Smith, et al. Bayesian analysis of

neuroimaging data in FSL. NeuroImage, 45:S173–86, 2009.

[190] Jessica W Wu, Mathieu Herman, Li Liu, Sabrina Simoes, Christopher M Acker,

Helen Figueroa, Joshua I Steinberg, Martin Margittai, Rakez Kayed, Chiara

Zurzolo, et al. Small misfolded tau species are internalized via bulk endocy-

tosis and anterogradely and retrogradely transported in neurons. Journal of

Biological Chemistry, 288(3):1856–1870, 2013.

[191] Kaoru Yamada. Extracellular tau and its potential role in the propagation of

tau pathology. Frontiers in neuroscience, 11:667, 2017.

[192] Kaoru Yamada, Tirth K Patel, Katja Hochgräfe, Thomas E Mahan, Hong Jiang,
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