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Abstract. Biological cells and membranes need to be properly shaped to fulfill many funda-4
mental functions. This shaping is often aided by the aggregation of membrane-bound proteins that5
both sense the membrane curvature and shape it. Therefore, these protein inclusions interact with6
each other through the deformation of the membrane that they influence and a key question is to7
understand the law that governs their interaction. Whereas the theoretical case of isotropic proteins8
is well understood, an important feature of many such proteins is their anisotropic interaction with9
the membrane. Here, we derive an interaction law for rigid circular membrane inclusions which10
impose an anisotropic contact angle on the surrounding membrane. We include the effects of both11
membrane bending and tension. Using asymptotic analysis, we identify two distinguished limits12
corresponding to weak anisotropy/weak tension and strong anisotropy/strong tension respectively.13
The resulting laws exhibit a bi-stability in the equilibrium separation of inclusions. Inclusions with14
very weak anisotropy equilibrate with large separation, those with very strong anisotropy equilibrate15
with small separation, while there is a range of anisotropies for which both equilibria are stable.16
Our results provide a theoretical mechanism for the global aggregation of inclusions seen both in17
experiments and simulations.18
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1. Introduction. The shaping of lipid membranes in cells is at the core of many21

biological processes, from the production and absorption of vesicles, which transport22

wastes and nutrients, to cell motion [24, 36] in both eukaryotic cells, and prokaryotic23

cells [7]. A key component in membrane-shaping is the attachment of particular24

families of proteins such as the BAR (Bin/Amphiphysin/Rvs) [27] and ENTH (Epsin25

N-Terminal Homology) [5] families which induce curvature changes by means of the26

insertion of an amphipathic helix group into the monolayer of the lipid bilayer [37, 38].27

Recent work has found that proteins of a particular mechanical stiffness will be28

recruited from the surrounding fluid to form patterns of high and low concentra-29

tions on simplified membrane geometries in order to reach a final equilibrium shape30

[22]. However, experimental and computational work has suggested that long-range31

interactions between proteins which are already attached to the membrane lead to32

aggregation and that this phenomenon plays a significant role in membrane shaping33

[32, 34, 35, 33, 39, 31, 4]. The nature of interactions between proteins varies from the34

direct and short range, where van der Waals forces and hydrogen bonds dominate,35

to more indirect global interactions which are mediated by the underlying membrane36

shape and mechanical properties [20]. Membrane-mediated interactions can be further37

split into forces arising from Casimir-like thermal effects, from perturbations in the38

degrees of freedom of the membrane such as thickness, surface tension, and curvature.39

The present work considers these latter two effects.40
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There has been substantial theoretical work describing the global interactions41

between inclusions embedded in a fluid membrane. In particular, it was found that42

perfectly circular isotropic inclusions which impose a constant opening angle will repel43

due to effects from membrane bending with an interaction energy for the separation44

distance R going to infinity of the form [17, 13]45

(1.1) E =
a4

R4
,46

where a4 > 0. The above equality and the following forms of the energy should be47

understood in their asymptotic sense, the details of which will be given in the next48

sections. Further work has since extended the effects of the curvature imposed by49

these isotropic inclusions to include spontaneous membrane mean curvature [6, 2],50

lateral membrane tension [40], and slightly non-circular but symmetrical geometries51

[12] which exhibit attraction depending on the inverse fourth power of the separation52

and on the inclusion orientation. Higher order expansions of these curvature interac-53

tions have been calculated [14], and effective field theories developed [41, 42, 21].54

Thermal Casimir-like forces have been suggested as a mechanism for proteins to55

aggregate, given that attraction does occur for isotropic inclusions [28, 8] and rod-56

like geometries [16, 15] with an energy depending on the inverse fourth power of57

separation, with similar extensions to include membrane tension [23] and mean field58

theories [9]. However, it is not clear whether this attraction is stronger than the59

curvature-mediated repulsion [30] that has been theoretically found. It was recently60

posited that the disagreement between the aggregation observed in experiment and61

large-scale simulation and the repulsion predicted in theory could be explained by62

means of inclusions having unique mechanical signatures when they are embedded in63

the membrane [1].64

The study of inclusions which interact anisotropically with the surrounding mem-65

brane could provide an explanation as to why and how aggregation occurs. Previous66

work has shown that such anisotropic inclusions will interact and aggregate [10, 11]67

due to similar Casimir thermal effects whilst an interaction energy between inclusions68

proportional to the inverse separation squared was obtained when up-down symmetry69

was broken [26]. Another approach was taken in recent work [25] where the interaction70

between rod-shaped inclusions is considered. Both [26] and [25] obtain an interaction71

energy, for large R, of the form72

(1.2) E = − ã2

R2
,73

where ã2 is a function of the inclusions’ orientations. However, this function is sub-74

stantially different in the two approaches. In [26], ã2 vanishes in the limit of zero75

temperature and no attractive effects remain. In [25], ã2 does not vanish at zero76

temperature but the theory predicts that inclusions will continue to attract without77

bound, suggesting that there is no stable equilibrium.78

In contrast to [25], in which inclusions are modeled as point singularities regu-79

larized using a cut-off in Fourier space, the present work uses matched-asymptotic80

techniques to study the interaction between small but finite anisotropic inclusions on81

a fluid membrane.82

We find that there are two distinguished limits. When both the anisotropy and83

tension are weak, we find an interaction energy of the form84

(1.3) E = − a2

R2
+
a4

R4
− a0 logR,85
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Fig. 1. Dimensionless equilibrium separation R
√
T/κ as a function of anisotropy ω (defined

in §3.1), shown for
√
κ/Tr20 = 100, where κ is the membrane bending stiffness, T is the tension,

and r0 is the radius of the inclusions. The dashed red line corresponds to an unstable equilibrium
position, the solid blue lines are stable equilibrium positions.

where a2 is a function of the orientation angles of the inclusions with respect to a86

fixed axis, and a0 is proportional to the membrane tension. We show that to leading-87

order anisotropic inclusions interact like quadrupoles: their long axes tend to align88

with each other in an end-to-end configuration. The interaction energy (1.3) gives89

rise to a finite and non-zero stable equilibrium provided a2 is sufficiently large (i.e.90

the anisotropy is sufficiently strong).91

When both the anisotropy and membrane tension are strong, we find an interac-92

tion law of the form93

(1.4) E = â0K0(R) + â2K2(R) + â4

(
K4(R)− 48

R4

)
,94

where â0, â2 and â4 depend on the orientation angles of the inclusions and the anisot-95

ropy, R is a scaled separation distance, and the Ki are modified Bessel functions of96

the second kind. We find that for sufficiently small anisotropy the interaction energy97

(1.4) also gives rise to a finite and non-zero stable equilibrium. Since strong tension98

is equivalent to large separation (see the definition of µ following (2.2)), combining99

these two results gives an S-shaped equilibrium separation as a function of anisotropy,100

as shown in Fig. 1. This result provides a universal mechanism to explain the global101

aggregation of membrane inclusions observed in molecular dynamics simulations and102

in vitro experiments.103

2. Preliminaries.104

2.1. Shape equation. We begin with the Helfrich Hamiltonian which describes105

the deformation energy of an infinitesimally thin fluid membrane. For such a mem-106

brane with mean curvature H, intrinsic mean curvature H0, and Gaussian curvature107

KG, the energy E of deformation is given by [18]:108

(2.1) E =

∫
Ω

κ

2
(H −H0)

2
+ κ̄KG + T dA,109

This manuscript is for review purposes only.



4 J. A. KWIECINSKI, A. GORIELY, S. J. CHAPMAN

where κ is the bending stiffness, κ̄ is the saddle-splay modulus, which is a measure110

of the membrane’s resistance to changes in Gaussian curvature, T is the tension,111

assumed constant throughout the membrane, and the integral is taken over the entire112

surface of the lipid bilayer Ω.113

We nondimensionalize position with an arbitrary length L (we will later take L to114

be a typical separation between inclusions), and consider small deformations of an in-115

finite and initially flat membrane in the Monge parametrization. Thus H0 = 0 and the116

distortions of the membrane are described by the position vector r = (x, y, ξh(x, y))117

with (x, y) ∈ Ω, where ξ � 1 is a small parameter, and the height function h has been118

nondimensionalized with L. This parametrization gives the mean curvature and the119

infinitesimal area element as120

H = ξ∇2h+O
(
ξ2
)
, dA =

(
1 + ξ2 |∇h|2 /2 +O

(
ξ4
))

dxdy,121

respectively. We assume small slopes so that the quadratic order provides a good122

approximation of the curvature. Larger slopes may lead to qualitatively different123

behaviors as suggested by simulations in [29]. Note also that we do not need to124

consider the Gaussian curvature term because the corresponding energy contribution125

is constant if the topology of the surface is fixed [3], which we assume, and because126

the cone angle set by the inclusion is also fixed (in effect, the inclusions are holes, but127

their geodesic curvature is fixed by the cone angle).128

Nondimensionalizing E by writing E = TA0 + κξ2E′, where A0 is the area of129

the undeformed membrane, and immediately dropping the prime (2.1) becomes, to130

leading order in ξ,131

(2.2) E[h] =
1

2

∫
Ω

(
∇2h

)2
+ µ−2|∇h|2 dxdy,132

where µ =
√
κ/TL2. By first variation in h(x, y), we find the associated shape133

equation:134

(2.3) ∇4h− µ−2∇2h = 0.135

2.2. Inclusion boundary conditions. To determine the boundary conditions136

on (2.3), we now consider a perfectly rigid inclusion embedded in the membrane. For137

ease of exposition we suppose that the inclusion is flat and described by r = (x, y, 0)138

with (x, y) ∈ D0. We suppose that, when embedded in the membrane, the inclusion139

is free to adopt its natural height and orientation, so that it is (vertical) force and140

(horizontal) moment free. Its position in the membrane is therefore given by141

(2.4) r = (x, y, ξγi + ξβi1(x− xi) + ξβi2(y − yi)) +O(ξ2),142

for (x−xi, y−yi) ∈ D0, where (xi, yi, ξγi) is the position of the center of the inclusion,143

and −ξβi1 and ξβi2 are the rotations about the y and x axes respectively (to leading144

order in ξ the order of the rotations does not matter).145

We demand that the membrane joins continuously with the inclusion, so that, to146

leading order in ξ,147

(2.5) h = γi + βi1(x− xi) + βi2(y − yi) for (x, y) ∈ ∂Di,148

where Di is the projection of the inclusion, so that (x, y) ∈ Di if and only if149

(x− xi, y − yi) ∈ D0.150
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Fig. 2. A schematic diagram of the boundary conditions (i.e. (2.5) and (2.6)) at the membrane
inclusion (sketched as the thick black rectangle) in the x-z axis. The inclusion can translate along
the z-axis, γi, and rotate around the y-axis, βi1, and the x-axis, βi2 (not shown). The inclusion
imposes a contact angle αi with the membrane (denoted by the solid black line). There are also
equilibrium conditions on the transverse forces and torques at the boundary (see text).

We now consider the normal derivative of the surrounding membrane with respect151

to the inclusion boundary in the x-y plane. We suppose that the inclusion enforces a152

contact angle (equivalent to considering an opening angle, see Fig. 2) of αi(x, y). To153

find the boundary condition, we set the normal derivative ∂/∂n̂i of (2.5) with respect154

to the inclusion boundary to obtain:155

(2.6)
∂h

∂n̂i

∣∣∣∣
∂Di

=

(
αi(x, y) + βi1

∂x

∂n̂i
+ βi2

∂y

∂n̂i

)
∂Di

.156

The remaining boundary conditions are given by the balance of vertical force and157

horizontal torques on the inclusion. These are derived by considering the boundary158

terms which arise when considering variations of (2.2) with respect to h: namely159

(2.7) 0 =

∮
∂Ω

(
∇2h

∂δh

∂n̂
− δh ∂

∂n̂

(
∇2h

)
+ µ−2δh

∂h

∂n̂

)
· ds,160

where161

δh = δγi + δβi1(x− xi) + δβi2(y − yi),(2.8)162

∂δh

∂n̂i
= δβi1

∂x

∂n̂i
+ δβi2

∂y

∂n̂i
.(2.9)163

164

Since γi, βi1, and βi2 are free parameters, we find the corresponding natural boundary165

conditions166

0 =

∮
∂Di

∂

∂n̂

(
∇2h− µ−2h

)
· ds,(2.10)167

0 =

∮
∂Di

[
∇2h

∂x

∂n̂
− (x− xi)

∂

∂n̂

(
∇2h− µ−2h

)]
· ds,(2.11)168

0 =

∮
∂Di

[
∇2h

∂y

∂n̂
− (y − yi)

∂

∂n̂

(
∇2h− µ−2h

)]
· ds,(2.12)169

170
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Fig. 3. Two identical inclusions of radius ε lie on an approximately flat membrane with pos-
sibly different contact angles. The inclusions have circular boundaries with centers separated by
a distance R = O(1). Three asymptotic regions are illustrated: inner regions near each inclusion
parametrized by local radial-angle coordinates (ρi, φi) (grey region), and the outer membrane region
with coordinates (x, y) (white region).

which can be interpreted as a balance of forces in the z-direction and a balance of171

moments around the y and x axes, respectively.172

3. Contact angle anisotropy.173

3.1. Set-up of problem. We now study the interactions between perfectly cir-174

cular and rigid inclusions which break symmetry in the contact angle that they impose175

on the surrounding membrane. As shown in Fig 3, we consider two inclusions, denoted176

by subscripts 1 and 2, of radius ε = r0/L with ε � 1 whose centers are R = O(1)177

apart (we take (x1, y1) = (0, 0), and (x2, y2) = (R, 0) without loss of generality). We178

parametrize the shape of the membrane in the vicinity of each inclusion by the inner179

variables given by the local polar radial and angle variables, ρi ∈ [1,∞), φi ∈ [0, 2π),180

measured from the positive x-axis. These variables are related to x and y by181

x− xi = ερi cosφi,(3.1)182

y − yi = ερi sinφi.(3.2)183184

We assume that the inclusion enforces an opening angle αi which is not constant185

but depends on position around the boundary, and thus also on the orientation of the186

inclusion which we quantify by an angle ψi measured from the positive x-axis:187

(3.3) αi(φi) = ε−1α∗i (φi − ψi),188

for some given non-constant 2π-periodic function α∗i . The factor of ε−1 here is in-189

cluded for convenience so that the displacement of the membrane generated by the190

inclusion is O(1); it is equivalent to a rescaling of h. Since α∗i is 2π-periodic we may191

expand it in a Fourier series as192

(3.4) α∗i (φ) = α
(0)
i + α

(1)
i cos(φ) + α

(2)
i cos(2φ) + · · · .193

We will find that the interaction energy does not depend on α
(1)
i (which only affects194

the tilts of the inclusion βi1, βi2). However, the interaction energy does depend195

strongly on both the characteristic lengthscale µ over which tension and bending196

effects are comparable, and the anisotropy ωi = α
(2)
i /α

(0)
i . There are two distinguished197

limits of interest: the case of weak anisotropy/weak tension, and the case of strong198

anisotropy/strong tension.199
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3.2. Weak anisotropy/weak tension. For weak tension, we rescale the prob-200

lem by setting µ = λ/ε, with λ = O(1), and consider weak anisotropy, ωi = O(ε2), by201

setting202

(3.5) αi (φ) = α
(0)
i + εα

(1)
i cos (φ) + ε2α

(2)
i cos (2φ) ,203

where α
(0)
i , α

(1)
i and α

(2)
i are O (1) constants. The scaling chosen is the distinguished204

limit in which α
(0)
i , and α

(2)
i both affect the interaction energy to leading order.205

By analogy with classic electromagnetism [19], we refer to these constants as the206

monopole, dipole, and quadrupole contact angles respectively.207

For the polar parametrization defined in (3.1) and (3.2), we evaluate (2.5) and208

(2.6) at the inclusion radius (ρi = 1) to obtain209

h|ρi=1 = γi + εβi1 cosφi + εβi2 sinφi,(3.6)210

∂h

∂ρi

∣∣∣∣
ρi=1

= α
(0)
i + εα

(1)
i cos (φi − ψi) + ε2α

(2)
i cos (2φi − 2ψi)(3.7)211

+ εβi1 cosφi + εβi2 sinφi,212213

where the normal derivative in (3.7) has reduced to the differential operator−ε−1∂/∂ρi.214

The integrals (2.10)-(2.12) provide a further three boundary conditions, and for215

a circular inclusion reduce to216

0 =

2π∫
0

[
∂

∂ρi

(
∇2
`h− ε4λ−2h

)]
ρi=1

dφi,(3.8)217

0 =

2π∫
0

cosφi

[
∂

∂ρi

(
∇2
`h− ε4λ−2h

)
−∇2

`h

]
ρi=1

dφi,(3.9)218

0 =

2π∫
0

sinφi

[
∂

∂ρi

(
∇2
`h− ε4λ−2h

)
−∇2

`h

]
ρi=1

dφi,(3.10)219

220

where ∇` ≡ ε∇ is the gradient operator with respect to the inner variables.221

3.2.1. Method to derive the interaction energy. There are four regions of222

interest in which we solve (2.3) for the height function h: the two inner regions close223

to the inclusions, in which we will denote the solution by hl and hr respectively;224

one outer region on the scale of the separation between the inclusions, in which we225

will denote the solution by hm (see Fig. 3); and one outer-outer region in which the226

tension becomes important, with solution ho (see Fig. 4). In each region we expand227

the membrane shape as a perturbation series in ε. In the inner regions we use the local228

polar variables (ρi, φi) and impose the boundary conditions (3.6)-(3.10). In the outer229

region we use the coordinates (x, y) and the inclusions appear as point singularities.230

In the outer-outer region we use the coordinates (x′, y′) = (ε/λ)(x, y), the inclusions231

appear as a single singularity, and we impose the far-field condition. By matching232

the inner, outer, and outer-outer asymptotic expansions we determine the membrane233

shape, from which we explicitly compute the energy by integrating (2.2).234

3.2.2. Leading-order inner solution. We consider the solution near the first235

inclusion, denoted by hl. Expanding as hl = h
(0)
l + εh

(1)
l + · · · , with corresponding236
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Fig. 4. A schematic diagram depicting the outer and outer-outer solution, hm and h0 re-
spectively, far from the inclusions described in Fig. 3. At a large distance from the inclusions, the
distance between them is asymptotically small and they appear as one singularity centered at the ori-
gin. The outer-outer region corresponds to the scale on which the effects of tension are comparable
to those of bending; the membrane shape is parametrized by router =

√
x2 + y2/µ and determined

by (3.15).

expansions for the unknowns γ1, β11, β12, we find at leading order that237

∇4
`h

(0)
l = 0, h

(0)
l

∣∣∣
ρ1=1

= γ
(0)
1 ,

∂h
(0)
l

∂ρ1

∣∣∣∣∣
ρ1=1

= α
(0)
1 ,238

along with (3.8)-(3.10) applied to h
(0)
l , where ∇` is the gradient operator with respect239

to the inner variables. The solution is240

(3.11) h
(0)
l = γ

(0)
1 + α

(0)
1 log ρ1,241

where we preemptively rule out a term proportional to ρ2
1 as it would grow too large242

to match with the outer region. A similar solution h
(0)
r holds in the inner region near243

the second inclusion.244

3.2.3. Leading-order outer solution. Expanding hm = h
(0)
m + εh

(1)
m + · · · we245

find at leading order that246

(3.12) ∇4h(0)
m = 0.247

In order to match with the inner solutions the outer solution must have a logarith-248

mic singularity as each inclusion is approached. The solution to (3.12) with these249

singularities, growing no faster than a logarithm at infinity, is250

(3.13) h(0)
m = c0 + c11 log(x2 + y2)1/2 + c12 log((x−R)2 + y2)1/2,251

where c0, c11, and c12 are constants that will be determined by matching. Writing252

(3.13) in terms of the inner variables (ρ1, φ1) and expanding for small ε gives253

h(0)
m = c0 + c11 log ε+ c11 log ρ+ c12 logR(3.14)254

− εc12ρ1 cosφ1

R
− ε2c12ρ

2
1 cos 2φ1

2R2
+O

(
ε3
)
.255

256
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Matching (3.14) with (3.11) gives257

c11 = α
(0)
1 , γ

(0)
1 = c0 + c11 log ε+ c12 logR.258

Similarly matching with the inner region near the second inclusion gives259

c12 = α
(0)
2 , γ

(0)
2 = c0 + c12 log ε+ c11 logR.260

We observe that the isotropic deformation imposed by both inclusions results in261

their vertical lift, as evidenced by the dependence of γi on both α
(0)
1 and α

(0)
2 , as well262

as the radius ε and separation R.263

3.2.4. Leading-order outer-outer solution. The leading-order outer solution264

(3.13) has a logarithmic singularity at infinity. We need an outer-outer region, in which265

tension balances bending, to regularize this singularity and allow the membrane to be266

flat at infinity. The leading-order outer-outer solution satisfies267

(3.15) ∇4
oh

(0)
o −∇2

oh
(0)
o = 0,268

where ∇o is the gradient with respect to the outer-outer variable x′ = εx/λ. The269

solution which matches with (3.13) is270

(3.16) ho = c0 − (α
(0)
1 + α

(0)
2 )(γ − log(2λ/ε))− (α

(0)
1 + α

(0)
2 )K0(router),271

where router = |x′| = ε
√
x2 + y2/λ, γ ≈ 0.5772 is the Euler-Mascheroni constant, and272

K0 is a modified Bessel function of the second kind.273

3.2.5. First-order inner solution. Equating coefficients of ε in the inner re-274

gion we find275

∇4
`h

(1)
l = 0,276

with277

h
(1)
l = γ

(1)
1 + β

(0)
11 cosφ1 + β

(0)
12 sinφ1,278

∂h
(1)
l

∂ρ1
=
(
α

(1)
1 cosψ1 + β

(0)
11

)
cosφ1 +

(
α

(1)
1 sinψ1 + β

(0)
12

)
sinφ1,279

280

on ρ1 = 1, along with (3.8)-(3.10) applied to h
(1)
l . Matching with (3.14) implies281

(3.17) h
(1)
l ∼ −

α
(0)
2 ρ1 cosφ1

R
as ρ1 →∞.282

The solution is283

(3.18) h
(1)
l = γ

(1)
1 − α

(0)
2 ρ1 cosφ1

R
− α

(1)
1 cosψ1 cosφ1

2ρ1
− α

(1)
1 sinψ1 sinφ1

2ρ1
,284

with285

β
(0)
11 = −α

(0)
2

R
− α

(1)
1 cosψ1

2
, β

(0)
12 = −α

(1)
1 sinψ1

2
.286

We see that the presence of the second inclusion induces a tilt of the first inclusion287

about the axis perpendicular to the line of centers, while the dipole contact angle α
(1)
i288

induces a tilt about an axis perpendicular to the symmetry line of the inclusion. Note289

also that previous analyses of the isotropic problem [17, 40] make the assumption that290

the membrane height is invariant under the reflection y → −y. This is no longer true291

for the case of anisotropic inclusions as can be seen by the presence of the sinψ1 terms292

here and later in h
(2)
l .293
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3.2.6. First-order outer solution. In order to match with (3.18) and (3.11),294

the first-order outer solution is simply295

(3.19) h(1)
m = γ

(1)
1 = γ

(1)
2 = 0,296

where the final equality comes from matching with the outer-outer solution.297

3.2.7. Second-order inner solution. The next terms we have to consider are298

the O(ε2) terms in the inner expansion, which satisfy299

∇4
`h

(2)
l = 0,300

with301

h
(2)
l

∣∣∣
ρ1=1

= γ
(2)
1 + β

(1)
11 cosφ1 + β

(1)
12 sinφ1,302

∂h
(2)
l

∂ρ1

∣∣∣∣∣
ρ1=1

= α
(2)
1 cos(2φ1 − 2ψ1) + β

(1)
11 cosφ1 + β

(1)
12 sinφ1,303

304

along with (3.8)-(3.10) applied to h
(2)
l . Matching with (3.14) and (3.19) implies305

(3.20) h
(2)
l ∼ −

α
(0)
2 ρ2

1 cos 2φ1

2R2
+O(1) as ρ1 →∞.306

The solution is307

h
(2)
l = γ

(2)
1 − α

(0)
2 ρ2

1 cos 2φ1

2R2
+

(
α

(0)
2

R2
+
α

(2)
1 cos 2ψ1

2

)
cos 2φ1308

+
α

(2)
1 sin 2ψ1

2
sin 2φ1 −

(
α

(0)
2

2R2
+
α

(2)
1 cos 2ψ1

2

)
cos 2φ1

ρ2
1

309

− α
(2)
1 sin 2ψ1

2

sin 2φ1

ρ2
1

,310
311

with β
(1)
11 = β

(1)
12 = 0. We could now proceed to determine the terms in the second-312

order outer solution induced by h
(1)
l and h

(2)
l , but we already have enough information313

to determine the energy of interaction to leading order in ε.314

3.2.8. Interaction energy. Evaluating the energy density315

e =
1

2

(
(∇2h)2 + µ−2|∇h|2

)
,316

in each asymptotic region we find to leading order in ε,317

einner1 =
2(2α

(0)
2 cos(2φ1) + α

(2)
1 R2 cos(2(φ1 − ψ1)))2

R4ρ4
1

+
(α

(0)
1 )2

2ρ2
1λ

2
,318

einner2 =
2(2α

(0)
1 cos(2φ2) + α

(2)
2 R2 cos(2(φ2 − ψ2)))2

R4ρ4
2

+
(α

(0)
2 )2

2ρ2
2λ

2
,319

eouter = ε2 (α
(0)
1 R− (α

(0)
1 + α

(0)
2 )x)2 + (α

(0)
1 + α

(0)
2 )2y2

2λ2((R− x)2 + y2)(x2 + y2)
,320

eouter−outer = ε4 (α
(0)
1 + α

(0)
2 )2

2λ4

(
K0(router)

2 +K1(router)
2
)
,321

322
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where router = ε
√
x2 + y2/λ. All regions contribute equally, and there are logarithmic323

singularities in the outer region at both infinity and at each inclusion. To cope with324

these singularities we divide the integral of the energy density into four regions: a325

region of radius δ around each inclusion, a region of radius η centered at the origin326

excluding these, and the remaining region near infinity, with ε � δ � 1 and 1 �327

η � λ/ε. In each region the corresponding asymptotic expansion (inner, outer, and328

outer-outer) is valid. Then, we have329

E = πε2

[(
α

(2)
1

)2

+
(
α

(2)
2

)2

+
4

R2

(
α

(2)
1 α

(0)
2 cos 2ψ1 + α

(2)
2 α

(0)
1 cos 2ψ2

)
(3.21)330

+
4

R4

((
α

(0)
1

)2

+
(
α

(0)
2

)2
)]

331

+ 2πε2 (α
(0)
1 )2 + (α

(0)
2 )2

2λ2
log(δ/ε) + Eouter + Eouter−outer.332

333

To evaluate the integral Eouter we write it as334

Eouter =

∫
|x|>δ, |x−(R,0)|>δ, |x|<η

ε2 (α
(0)
1 R− (α

(0)
1 + α

(0)
2 )x)2 + (α

(0)
1 + α

(0)
2 )2y2

2λ2((x−R)2 + y2)(x2 + y2)
dxdy335

=
ε2

2λ2

∫
|x|>δ, |x−(R,0)|>δ, |x|<η

(
2α

(0)
1 α

(0)
2

(x−R)x+ y2

((x−R)2 + y2)(x2 + y2)
336

+
(α

(0)
1 )2

x2 + y2
+

(α
(0)
2 )2

(x−R)2 + y2

)
dxdy337

= 2πε2 (α
(0)
1 )2 + (α

(0)
2 )2

2λ2
log(η/δ)338

+
α

(0)
1 α

(0)
2 ε2

λ2

∫
|x|<η

(x−R)x+ y2

((x−R)2 + y2)(x2 + y2)
dxdy +O(δ)339

= 2πε2 (α
(0)
1 )2 + (α

(0)
2 )2

2λ2
log(η/δ) +

2πα
(0)
1 α

(0)
2 ε2

λ2
log(η/R) +O(δ).340

341

The log δ terms cancel with those in (3.21) as they should. The coefficient of log η is342

exactly what is needed to cancel the log η term in the outer-outer region. For that343

integral we remove the singularity at the origin by writing344

Eouter−outer = 2πε2 (α
(0)
1 + α

(0)
2 )2

2λ2

∫ ∞
εη/λ

(
K0(router)

2 +K1(router)
2
)
router drouter345

= 2πε2 (α
(0)
1 + α

(0)
2 )2

2λ2

∫ 1

εη
λ

(
K0(router)

2 +K1(router)
2 − 1

r2
outer

)
router drouter346

− 2πε2 (α
(0)
1 + α

(0)
2 )2

2λ2
log(εη/λ)347

+ 2πε2 (α
(0)
1 + α

(0)
2 )2

2λ2

∫ ∞
1

(
K0(router)

2 +K1(router)
2
)
router drouter348

= −2πε2 (α
(0)
1 + α

(0)
2 )2

2λ2
log(εη/λ) + 2πε2 (α

(0)
1 + α

(0)
2 )2

2λ2
(−γ + log 2)349

350
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Thus, the total energy is351

E

πε2
=
(
α

(2)
1

)2

+
(
α

(2)
2

)2

− (α
(0)
1 )2 + (α

(0)
2 )2

λ2
log(ε)− 2α

(0)
1 α

(0)
2

λ2
log(R)(3.22)352

+
(α

(0)
1 + α

(0)
2 )2

λ2
(log(2λ/ε)− γ) +

4

R4

((
α

(0)
1

)2

+
(
α

(0)
2

)2
)

353

+
4

R2

(
α

(2)
1 α

(0)
2 cos 2ψ1 + α

(2)
2 α

(0)
1 cos 2ψ2

)
354

We discuss (3.22) further in Sections 4 and 5.355

3.3. Strong anisotropy/strong tension. The second distinguished limit we356

consider corresponds to strong anisotropy and strong tension. We consider the case357

in which the anisotropy ωi = O(1) and µ = O(1) as ε → 0. In this case the tension358

appears at leading order in the outer region, and there is no outer-outer region. Since359

we have seen that the dipole term α
(1)
i cosφ does not affect the interaction energy, we360

simplify the discussion by taking α
(1)
i = 0.361

3.3.1. Leading-order inner solution. In the inner region362

∇4
l hl − ε2µ−2∇2

l hl = 0.363

Expanding hl = h
(0)
l + εh

(1)
l + · · · , with corresponding expansions for the unknowns364

γ1, β11, β12, we find at leading order that365

∇4
l h

(0)
l = 0, h

(0)
l

∣∣∣
ρ1=1

= γ
(0)
1 ,

∂h
(0)
l

∂ρ1

∣∣∣∣∣
ρ1=1

= α
(0)
1 + α

(2)
1 cos (2φ1 − 2ψ1) ,366

along with (3.8)-(3.10) applied to h
(0)
l . The solution is367

h
(0)
l = γ

(0)
1 + α

(0)
1 log ρ1 +

α
(2)
1 cos 2ψ1

2
cos 2φ1 +

α
(2)
1 sin 2ψ1

2
sin 2φ1(3.23)368

− α
(2)
1 cos 2ψ1

2

cos 2φ1

ρ2
1

− α
(2)
1 sin 2ψ1

2

sin 2φ1

ρ2
1

,369
370

where we ruled out terms proportional to ρ2
1 since they would grow too large to match371

with the outer region.372

3.3.2. Leading-order outer solution. Expanding hm = h
(0)
m + εh

(1)
m + · · · we373

find at leading order that374

(3.24) ∇4h(0)
m − µ−2∇2h(0)

m = 0.375

In order to match with the inner solutions the outer solution must have the cor-376

rect singularities as each inclusion is approached. The solution to (3.24) with these377

singularities and decaying at infinity is378

h(0)
m = c0 + c11K0(r1/µ) + c12K0(r2/µ)(3.25)379

+ c21 cos(2φ1 − 2ψ1)f(r1/µ) + c22 cos(2φ2 − 2ψ2)f(r2/µ),380

where381

r1 = (x2+y2)1/2, φ1 = tan−1 y/x, r2 = ((x−R)2+y2)1/2, φ2 = tan−1 y/(x−R),382
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and383

f(r) =
4

r2
− 2K2(r),384

where K2 is a modified Bessel function, so that f → 0 as r →∞ and385

f ∼ 1 +
r2 log(r/2)

4
+

(4γ − 3)r2

16
as r → 0,386

where γ is the Euler-Mascheroni constant. Expanding (3.25) in terms of inner vari-387

ables (ρ1, φ1) gives388

h(0)
m = c0 − c11(γ + log(ερ1/2µ)) + c12K0(R/µ) +

c12K1(R/µ)

µ
ερ1 cosφ1

(3.26)

389

+
c11

4
(1− γ + log 2− log ερ1/µ)

ε2ρ2
1

µ2
+
c12K0(R/µ)

2µ2
ε2ρ2

1 cos2 φ1390

+
c12K1(R/µ)

2Rµ
ε2ρ2

1 cos 2φ1391

+ c21 cos(2φ1 − 2ψ1)

(
1 +

ε2ρ2
1 log(ερ1/2µ)

4µ2
+

(4γ − 3)ε2ρ2
1

16µ2
+ · · ·

)
392

+ c22 cos(2ψ2)

[
f(R/µ)− ερ1 cos(φ1)f ′(R/µ)

µ
393

+ε2ρ2
1

(
−2f(R/µ) sin2 φ1

R2
+

sin2 φ1f
′(R/µ)

2Rµ
+

cos2 φ1f
′′(R/µ)

2µ2

)]
394

+ c22 sin(2ψ2)

[
−2ερ1f(R/µ) sinφ1

R
395

+ ε2ρ2
1

(
−2 cosφ1f(R/µ) sinφ1

R2
+

2 cosφ1 sinφ1f
′(R/µ)

Rµ

)]
+ · · · .396

397

Matching (3.26) with (3.23) gives398

c11 = −α(0)
1 , c21 =

α
(2)
1

2
,399

400

γ
(0)
1 = c0 − c11(log

ε

2µ
+ γ) + c12K0(R/µ) + c22 cos(2ψ2)

(
4µ2

R2
− 2K2(R/µ)

)
.401

Similarly matching with the inner region near the second inclusion gives402

c12 = −α(0)
2 , c22 =

α
(2)
2

2
,403

404

γ
(0)
2 = c0 − c12(log

ε

2µ
+ γ) + c11K0(R/µ) + c21 cos(2ψ1)

(
4µ2

R2
− 2K2(R/µ)

)
.405

3.3.3. First-order inner solution. Equating coefficients of ε in the inner re-406

gion we find407

∇4
l h

(1)
l = 0,408

with409

h
(1)
l = γ

(1)
1 + β

(0)
11 cosφ1 + β

(0)
12 sinφ1,

∂h
(1)
l

∂ρ1
= β

(0)
11 cosφ1 + β

(0)
12 sinφ1410
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on ρ1 = 1, along with (3.8)-(3.10) applied to h
(1)
l . Matching with (3.26) implies411

h
(1)
l ∼ −

α
(0)
2 K1(R/µ)

µ
ρ1 cosφ1 −

α
(2)
2

2
cos(2ψ2)

ρ1 cos(φ1)f ′(R/µ)

µ
(3.27)412

− α
(2)
2

2
sin(2ψ2)

2ρ1f(R/µ) sinφ1

R
+ · · · as ρ1 →∞.413

The solution is414

(3.28) h
(1)
l = γ

(1)
1 + β

(0)
11 ρ1 cosφ1 + β

(0)
12 ρ1 sinφ1415

with (3.27) then giving416

β
(0)
11 = −α

(0)
2 K1(R/µ)

µ
− α

(2)
2 cos(2ψ2)f ′(R/µ)

2µ
, β

(0)
12 = −α

(2)
2 sin(2ψ2)f(R/µ)

R
.417

3.3.4. First-order outer solution. In order to match with (3.28), the first-418

order outer solution must be419

(3.29) h(1)
m = γ

(1)
1 = γ

(1)
2 .420

3.3.5. Second-order inner solution. The next terms we have to consider are421

the O(ε2) terms in the inner expansion, which satisfy422

∇4
l h

(2)
l = µ−2∇2

l h
(0)
l = −2α

(2)
1 cos(2φ1 − 2ψ1)

µ2ρ2
,423

with424

h
(2)
l = γ

(2)
1 + β

(1)
11 cosφ1 + β

(1)
12 sinφ1,

∂h
(2)
l

∂ρ1
= β

(1)
11 cosφ1 + β

(1)
12 sinφ1,425

426

on ρ1 = 1, along with (3.8)-(3.10) applied to h
(2)
l . To match with (3.26) we require427

h
(2)
` ∼ − α

(0)
1

4
(1− γ − log(ερ1/2µ))

ρ2
1

µ2
− α

(0)
2 K0(R/µ)

4µ2
ρ2

1 − α
(0)
2

K2(R/µ)

4µ2
ρ2

1 cos 2φ1

(3.30)

428

+
α

(2)
1

8µ2
cos(2φ1 − 2ψ1)ρ2

1

(
log(ερ1/2µ) + γ − 3

4

)
− α

(2)
2

4µ2
cos(2ψ2)ρ2

1K2(R/µ)429

+
α

(2)
2

2
cos(2ψ2) cos(2φ1)ρ2

1

(
12µ2

R4
−
(

1

2µ2
+

6

R2

)
K0(R/µ)430

−
(

2

Rµ
+

12µ

R3

)
K1(R/µ)

)
431

+
α

(2)
2

2
sin(2ψ2) sin(2φ1)ρ2

1

(
−12µ2

R4
+

2

Rµ
K1(R/µ) +

6

R2
K2(R/µ)

)
432

as ρ1 →∞.433434
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The solution is435

h
(2)
l = γ

(2)
1 +

α
(0)
1 ρ2

1 log ρ1

4µ2
436

+
(ρ2

1 − 1− 2 log ρ1)

4µ2

(
α

(0)
1 (γ − 1 + log(ε/2µ))437

−α(0)
2 K0(R/µ)− α(2)

2 cos(2ψ2)K2(R/µ)
)

438

− α(0)
2

(
ρ2

1 − 2 +
1

ρ2
1

)
cos(2φ1)

K2(R/µ)

4µ2
439

+
ρ2

1α
(2)
1

8µ2
cos(2φ1 − 2ψ1)

(
γ − 3

4
+ log(ερ1/2µ)

)
440

+
α

(2)
2

2
cos(2ψ2)

(
ρ2

1 − 2 +
1

ρ2
1

)
cos(2φ1)

(
12µ2

R4
−
(

1

2µ2
+

6

R2

)
K0(R/µ)441

−
(

2

Rµ
+

12µ

R3

)
K1(R/µ)

)
442

+
α

(2)
2

2
sin(2ψ2)

(
ρ2

1 − 2 +
1

ρ2
1

)
sin(2φ1)

(
−12µ2

R4
+

2

Rµ
K1(R/µ) +

6

R2
K2(R/µ)

)
443

+
α

(2)
1

16µ2
cos(2φ1 − 2ψ1)

(
1

ρ2
1

(2γ − 1

2
+ 2 log

ε

2µ
+ 2− 4γ − 4 log

ε

2µ

)
− α

(0)
1

4µ2
log ρ1,444

445

with β
(1)
11 = β

(1)
12 = 0.446

3.4. Interaction energy. In this parameter regime the easiest way to evaluate447

the energy is to integrate by parts:448

E =
1

2

∫
Ω

((
∇2h

)2
+ µ−2|∇h|2

)
dx =

1

2

∫
∂Ω

(
∇2h

∂h

∂n
− h ∂

∂n
∇2h+ µ−2h

∂h

∂n

)
ds449

450

where, using the shape equation (3.24) and imposing h→ 0 at infinity, the expression451

reduces to closed contour integrals around each inclusion. The leading-order inner452

solution produces a non-zero but constant O(ε−2) contribution, so we must evaluate453

up to O(1) to find the dependence of the energy on R, ψ1, and ψ2. The result is454

E

π
=
(

(α
(2)
1 )2 + (α

(2)
2 )2

)( 1

ε2
− γ

2µ2
− log(ε/2µ)

2µ2

)
(3.31)455

−
(

(α
(0)
1 )2 + (α

(0)
2 )2

)( γ

µ2
+

log(ε/(2µ))

µ2

)
+

2α
(0)
1 α

(0)
2

µ2
K0(R/µ)456

+
2α

(2)
1 α

(0)
2

µ2
cos(2ψ1)K2(R/µ) +

2α
(0)
1 α

(2)
2

µ2
cos(2ψ2)K2(R/µ)457

+
α

(2)
1 α

(2)
2

µ2
cos(2(ψ1 + ψ2))

(
−48µ4

R4
+K4(R/µ)

)
458

+
α

(2)
1 α

(2)
2

µ2
cos(2(ψ1 − ψ2))K0(R/µ).459

4. Summary. A similar analysis can be performed with any combination of460

weak/strong anisotropy, and weak/strong tension.461
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We summarize the results of all such analyses here. For clarity we remove the462

constant terms from the energy.463

Weak tension/weak anisotropy. With µ = λ/ε, α
(2)
1 = ε2ᾱ

(2)
1 , α

(2)
2 = ε2ᾱ

(2)
2 ,464

E

πε2
=

4

R2

(
ᾱ

(2)
1 α

(0)
2 cos 2ψ1 + ᾱ

(2)
2 α

(0)
1 cos 2ψ2

)
(4.1)465

+
4

R4

(
(α

(0)
1 )2 + (α

(0)
2 )2

)
− 2α

(0)
1 α

(0)
2

λ2
log(R)466

Strong tension/weak anisotropy. With α
(2)
1 = ε2ᾱ

(2)
1 , α

(2)
2 = ε2ᾱ

(2)
2 ,467

E

π
=

2α
(0)
1 α

(0)
2

µ2
K0(R/µ)(4.2)468

Weak tension/strong anisotropy. With µ = λ/ε,469

E

π
=

4

R2

(
α

(2)
1 α

(0)
2 cos(2ψ1) + α

(2)
2 α

(0)
1 cos(2ψ2)− α(2)

1 α
(2)
2 cos(2ψ1 + 2ψ2)

)
(4.3)470

Strong tension/strong anisotropy.

E

π
=

2α
(0)
1 α

(0)
2

µ2
K0(R/µ) +

α
(2)
1 α

(2)
2

µ2
cos(2(ψ1 − ψ2))K0(R/µ)(4.4)471

+
2K2(R/µ)

µ2

(
α

(2)
1 α

(0)
2 cos 2ψ1 + α

(0)
1 α

(2)
2 cos 2ψ2

)
472

+
α

(2)
1 α

(2)
2

µ2
cos(2(ψ1 + ψ2))

(
−48µ4

R4
+K4(R/µ)

)
.473

4.1. Comparison with other results. First we note that when there is no474

anisotropy and no tension (4.1) reduces to the energy depending on the fourth power475

of the inverse separation previously derived [17, 40, 13, 26], describing the repulsion476

of two isotropic inclusions.477

We first compare our results to previous works which consider anisotropic inclu-478

sions with no tension. Formula (2.4) in [26] gives the interaction energy as479

E = −A
2κd2

1Q
2
2

16πR2
cos(2θ1 + 2θ2),480

481

which, in our notation, after nondimensionalisation is482

E = − 4π

R2

(
ε4L2d2

1Q
2
2

64ξ2

)
cos(2ψ1 + 2ψ2).483

484

If we choose485

α
(2)
1 = α

(2)
2 =

d1Q2Lε
2

8ξ
, α

(0)
1 = α

(0)
2 = 0,486

then this agrees with our no tension-strong anisotropy limit in which there is no487

isotropic contribution, corresponding to the anisotropy parameters ω1 = ω2 =∞1.488

1Note that since x and y were scaled with L, and h was scaled with ξL, the unscaled opening
angle forced by the inclusion is ξα/ε.
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Similarly, formula (1) of [25] is (in their notation, see also formula (10) of [10])489

E =
16πr4

rod

9R2
κCr1Cr2 (cos(2θ1) + cos(2θ2)− cos(2θ1 − 2θ2)) .490

491

In our notation (ψ1 = θ1, ψ2 = π − θ2), after nondimensionalisation, this is492

E =
4π

R2

(
4ε4L2Cr1Cr2

9ξ2

)
(cos(2ψ1) + cos(2ψ2)− cos(2ψ1 + 2ψ2)) .493

494

This corresponds to our no tension-strong anisotropy result if we set495

(4.5) α
(0)
1 = α

(2)
1 =

2ε2LCr1
3ξ

, α
(0)
2 = α

(2)
2 =

2ε2LCr2
3ξ

.496

Thus their approach fixes the isotropic and anisotropic components to be the same497

size, so that the anisotropy parameters ω1 = ω2 = 1.498

Finally we compare our formulae to previous results involving tension. First we499

observe that our strong tension-weak anisotropy limit agrees with formula (23) of [40]500

noting that their ξ = 1/µL and their αi = ξα
(0)
0 /ε in our notation.501

There are two nonzero tension results presented in formulae (5) and (6) of [25]502

in the limit of inclusion separation R� ξ (their notation), where ξ is the lengthscale503

over which bending and tension effects are comparable. Their ξ is µL in our notation,504

and the corresponding limit is R� µ (our dimensionless R). The first result supposes505

the inclusion orientations satisfy cos (2θ1 − 2θ2) 6= 0, and is (their notation)506

(4.6) E = −64πr4
rodξ

2

3R4
κCr1Cr2 cos (2θ1 − 2θ2) .507

In our notation, after nondimensionalisation, this is508

(4.7) E = −64πε4µ2L2Cr1Cr2
3R4ξ2

cos (2ψ1 + 2ψ2) .509

Since Kn(r) ∼
√

(π/2r) e−r as r →∞, when R� µ (4.4) becomes510

(4.8) E ∼ −48πµ2α
(2)
1 α

(2)
2

R4
cos (2ψ1 + 2ψ2) .511

The results agree if512

α
(2)
1 =

2ε2LCr1
3ξ

, α
(2)
2 =

2ε2LCr2
3ξ

,513

which is consistent with (4.5). The second result supposes the inclusion orientations514

satisfy cos (2θ1 − 2θ2) = 0, and is (their notation)515

(4.9) E =
2
√

2π3/2r4
rod

9ξ3/2

e−R/ξ√
R

κCr1Cr2 (2 + 2 cos 2θ1 + 2 cos 2θ2 + cos (2θ1 + 2θ2)) .516

In our notation, after nondimensionalisation, this is517

(4.10)

E =
2
√

2π3/2ε4L2

9µ3/2ξ2

e−R/µ√
R

Cr1Cr2 (2 + 2 cos 2ψ1 + 2 cos 2ψ2 + cos (2ψ1 − 2ψ2)) .518
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With cos (2ψ1 + 2ψ2) = 0, when R� µ, (4.4) becomes519

E ∼ π3/2e−R/µ

(2R)1/2µ3/2

(
2α

(0)
1 α

(0)
2 + α

(2)
1 α

(2)
2 cos(2ψ1 − 2ψ2)520

+ 2α
(2)
1 α

(0)
2 cos 2ψ1 + 2α

(0)
1 α

(2)
2 cos 2ψ2

)
,521

which agrees with (4.10) if we impose (4.5).522

5. Remarks on the interaction energies.523

5.1. Weak anisotropy/weak tension. We consider for illustration purpose524

the case of two identical inclusions, so that α
(0)
1 = α

(0)
2 and ᾱ

(2)
1 = ᾱ

(2)
2 = ω̄α

(0)
1 . We525

write R = λ1/2R̂, ω̄ = ω̂/λ, E = 4πε2α
(0)
1 α

(0)
2 λ−2Ē, to give the non-constant part of526

the interaction energy as527

Ē =
ω̂

R̂2
(cos 2ψ1 + cos 2ψ2) +

2

R̂4
− log R̂

2
.(5.1)528

529

We calculate the (rescaled) torque τi exerted on the ith inclusion around the530

z-axis as a result of the membrane-mediated influence induced by the other inclusion531

by taking the negative partial derivative of (5.1) with respect to ψi:532

(5.2) τi =
2ω̂ sin 2ψi

R̂2
.533

We see that the inclusions are in rotational equilibrium when ψi = nπ/2 for n ∈ Z.534

Each inclusion has two possible equilibrium configurations: a high energy state in535

which ψi = 0 (or π) and the low energy state in which ψi = π/2 (or 3π/2).536

We calculate the (rescaled) effective force F between the inclusions by taking the537

negative partial derivative of (5.1) with respect to R, to give538

(5.3) F =
2ω̂

R̂3
(cos 2ψ1 + cos 2ψ2) +

8

R̂5
+

1

2R̂
.539

The first term may be attractive or repulsive depending on the orientations of the540

two inclusions. In particular we note that two inclusions in the high energy state541

repel at large distances, while two inclusions in the low energy state attract at large542

distances. For anisotropic inclusions, attraction will occur when their semi-major543

axes are aligned in an “end-to-end” configuration. This phenomenon has also been544

observed in large-scale molecular dynamics simulations [33].545

Assuming the inclusions are in rotational equilibrium the force is546

(5.4) F =
1

2R̂
− 4ω̂

R̂3
+

8

R̂5
.547

At both small and large distances the force is repulsive.548

However, for ω̂ > 1 (i.e. provided the tension is sufficiently weak or the anisotropy549

sufficiently strong) there is a bifurcation in which a stable and an unstable equilibrium550

point appear. These equilibrium separations are shown as a function of ω̂ in Fig. 5.551

5.2. Strong tension/strong anisotropy. Again consider the case α
(0)
1 = α

(0)
2 ,552

α
(2)
1 = α

(2)
2 = ωα

(0)
1 . We write R = R̄µ, E = πα

(0)
1 α

(0)
2 /µ2Ē to give553

This manuscript is for review purposes only.



ANISOTROPIC INCLUSIONS ON A FLUID MEMBRANE 19
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ω̂

Fig. 5. Equilibrium positions in the (R̂, ω̂)-plane. The dashed red line is an unstable equilibrium
separation and the solid blue line is a stable equilibrium separation, which exist for ω̂ > 1. The arrows
indicate the direction of the force between the inclusions. The inset shows the stable orientation of
the inclusions.
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(c) ω = 5

Fig. 6. Equilibrium orientations as a function of R̄ for various values of ω for the solution in
which ψ1 = ψ2. Solid blue lines are stable, dashed red lines unstable (within the class of solutions
in which ψ1 = ψ2).

Ē = 2K0(R̄) + 2ωK2(R̄) (cos 2ψ1 + cos 2ψ2)554

+ ω2 cos(2(ψ1 − ψ2))K0(R̄) + ω2 cos(2(ψ1 + ψ2))

(
K4(R̄)− 48

R̄4

)
.555

There are zero-torque solutions in which ψ1 = ψ2 and zero-torque solutions in556

which ψ1 = −ψ2. In Fig. 6 we show the bifurcation diagram for zero-torque solutions557

in which ψ1 = ψ2 as a function of R̄ for various values of ω. Stability is indicated558

within the class ψ1 = ψ2. In Fig. 7 we show the bifurcation diagram for zero-559

torque solutions in which ψ1 = −ψ2 as a function of R̄ for various values of ω.560

Stability is indicated within the class ψ1 = −ψ2. Noting that the solutions in which561

ψ1 = ψ2 = π/2 are equivalent to those in which ψ1 = −ψ2 = π/2, we see that the562

only stable solutions are those shown in Fig. 7. Perhaps surprisingly, we see that563

for sufficiently strong anisotropy and sufficiently strong tension (or sufficiently large564

separation) the stable configuration for ψ1 and ψ2 is neither 0 nor π/2 but some565
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2
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(c) ω = 100

Fig. 7. Equilibrium orientations as a function of R̄ for various values of ω for the solution in
which ψ1 = −ψ2. Solid blue lines are stable, dashed red lines unstable (within the class of solutions
in which ψ1 = −ψ2).

0.01 0.1 1 10 100
0.01

0.1

1

10

100

R̄

ω

Fig. 8. Equilibrium orientations and positions in the (R̄, ω)-plane. In the white region the
stable zero-torque solution is ψ1 = ψ2 = π/2. There is a pitchfork bifurcation at the boundary of
this region, and in the blue region the stable zero-torque solutions are ψ1 = π/2±δψ, ψ2 = π/2∓δψ,
with δψ varying from zero at the bifurcation to π/4 at infinity. The dashed red line is an unstable
equilibrium separation and the solid blue line is a stable equilibrium separation, which exist for
ω < ωc ≈ 0.242. The arrows indicate the direction of the force between the inclusions.

intermediate angle, which approaches π/4 as R → ∞, a regime that has not been566

observed before. The bifurcation in Fig. 7 exists only for ω > 1, so that it is not567

present in the results [25], whose formulae correspond to the case ω = 1.568

In Fig. 8 we show the stable orientations as a function of R̄ and ω. Also shown569

are the equilibrium separations. For ω > ωc ≈ 0.242 the inclusions attract at all570

distances. For ω < ωc there is a bifurcation in which stable and unstable equilibrium571

separations appear.572

By comparing Figs. 8 and 5 we see that they are consistent: the bottom left corner573

of Fig. 8 matches with the top right corner of Fig. 5. Together they predict a region of574

bistability. For ω > ωc inclusions are attracted to the stable equilibrium point in Fig.575
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5 (in which the separation is small). For For ω < ωc and ω̂ = ωµ/ε = ω
√
κ/Tr2

0 < 1576

they are attracted to the stable equilibrium point in Fig. 8 (in which the separation is577

large). But for r0

√
T/κ < ω < ωc both equilibria exist and are stable. By forming a578

uniform composite expansion between the equilibrium position ω(R̄), shown in Fig. 8,579

and ω̂(R̂) shown in Fig. 5 we obtain the equilibrium separation over the whole range580

of R, as shown in Fig. 1.581

6. Conclusion. Using matched asymptotic expansions we have examined the582

membrane-mediated interactions between symmetry-breaking inclusions embedded on583

an approximately flat fluid membrane. For simplicity we considered circular inclusions584

and broke symmetry by imposing a spatially dependent contact angle. A similar585

analysis can be performed for non-circular inclusions. In the case of weak anisotropy,586

imposing a constant contact angle on the perturbed boundary587

ρi(φi) = 1− ε2ωi cos(2φi − 2ψi),588

turns out to give the same interaction energy to leading order(although the details589

of the asymptotic expansions are different). In the strong anisotropy regime it is590

algebraically more complicated to analyze geometric symmetry breaking, but our591

general approach is still applicable and we expect the results to be similar.592

In the absence of membrane tension we find the previously known isotropic repul-593

sion with energy proportional to the inverse separation to the fourth power, as well as594

an additional orientation-dependent interaction proportional to the inverse separation595

squared. The dominant symmetry-breaking effect is the quadrupole term, invariant596

under a rotation of an individual inclusion by π.597

When we include membrane tension we find that the interaction is attractive at598

very large distances for any non-zero anisotropy ω, so that there is always at least599

one stable equilibrium separation. In general, we find an S-shaped dependence of the600

equilibrium separation on anisotropy, with bi-stability for r0

√
T/κ < ω < 0.242.601

We find that our interaction energy is a generalization of that presented in [25], in602

which inclusions are modeled as point singularities (in effect they focus solely in the603

regime we term the outer region) with the resulting infinities later regularized using604

a cut-off in Fourier space. In particular their formulae correspond to the case ω = 1,605

so that they do not capture either the pitchfork bifurcation in equilibrium orientation606

and the fold bifurcation in equilibrium position illustrated in Fig. 8.607

Although our analysis has been performed for just two inclusions, it is clear how608

to generalize the interaction to the general case of N inclusions. In both parameter609

regimes we have considered, the outer solution will be a sum of logarithms centered610

at each inclusion. For the strong anisotropy/strong tension case, the second-order611

inner solution will now have a sum of terms matching with each inclusion, and since612

the relevant term in the energy arises from integrating h
(0)
` , h

(2)
` the energy of the613

configuration will simply be the sum of the pairwise interaction energies. However,614

in the weak anisotropy/weak tension case, the calculation of the energy is more del-615

icate, and there will be multiple cross-terms arising from integrating the quadratic616

membrane energy (2.2) over the outer region. In that case the configuration energy is617

not simply the sum of the pairwise interaction energies. In the many-inclusion case a618

natural and fundamental question to pursue is the nature and stability of equilibrium619

configurations, and the mechanisms by which large numbers of inclusions will dynam-620

ically self-assemble. A full understanding of this self-assembly process is crucial for621

many cell-shaping phenomena.622
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