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INTERACTIONS OF ANISOTROPIC INCLUSIONS ON A FLUID
MEMBRANE*

JAMES A. KWIECINSKI', ALAIN GORIELY#, AND S. JON CHAPMAN#

Abstract. Biological cells and membranes need to be properly shaped to fulfill many funda-
mental functions. This shaping is often aided by the aggregation of membrane-bound proteins that
both sense the membrane curvature and shape it. Therefore, these protein inclusions interact with
each other through the deformation of the membrane that they influence and a key question is to
understand the law that governs their interaction. Whereas the theoretical case of isotropic proteins
is well understood, an important feature of many such proteins is their anisotropic interaction with
the membrane. Here, we derive an interaction law for rigid circular membrane inclusions which
impose an anisotropic contact angle on the surrounding membrane. We include the effects of both
membrane bending and tension. Using asymptotic analysis, we identify two distinguished limits
corresponding to weak anisotropy/weak tension and strong anisotropy/strong tension respectively.
The resulting laws exhibit a bi-stability in the equilibrium separation of inclusions. Inclusions with
very weak anisotropy equilibrate with large separation, those with very strong anisotropy equilibrate
with small separation, while there is a range of anisotropies for which both equilibria are stable.
Our results provide a theoretical mechanism for the global aggregation of inclusions seen both in
experiments and simulations.

Key words. Membrane-mediated interaction, lipid bilayer, asymptotic analysis
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1. Introduction. The shaping of lipid membranes in cells is at the core of many
biological processes, from the production and absorption of vesicles, which transport
wastes and nutrients, to cell motion [24, 36] in both eukaryotic cells, and prokaryotic
cells [7]. A key component in membrane-shaping is the attachment of particular
families of proteins such as the BAR (Bin/Amphiphysin/Rvs) [27] and ENTH (Epsin
N-Terminal Homology) [5] families which induce curvature changes by means of the
insertion of an amphipathic helix group into the monolayer of the lipid bilayer [37, 38].

Recent work has found that proteins of a particular mechanical stiffness will be
recruited from the surrounding fluid to form patterns of high and low concentra-
tions on simplified membrane geometries in order to reach a final equilibrium shape
[22]. However, experimental and computational work has suggested that long-range
interactions between proteins which are already attached to the membrane lead to
aggregation and that this phenomenon plays a significant role in membrane shaping
[32, 34, 35, 33, 39, 31, 4]. The nature of interactions between proteins varies from the
direct and short range, where van der Waals forces and hydrogen bonds dominate,
to more indirect global interactions which are mediated by the underlying membrane
shape and mechanical properties [20]. Membrane-mediated interactions can be further
split into forces arising from Casimir-like thermal effects, from perturbations in the
degrees of freedom of the membrane such as thickness, surface tension, and curvature.
The present work considers these latter two effects.
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2 J. A. KWIECINSKI, A. GORIELY, S. J. CHAPMAN

There has been substantial theoretical work describing the global interactions
between inclusions embedded in a fluid membrane. In particular, it was found that
perfectly circular isotropic inclusions which impose a constant opening angle will repel
due to effects from membrane bending with an interaction energy for the separation
distance R going to infinity of the form [17, 13]

Q4
~ RY

where a4 > 0. The above equality and the following forms of the energy should be
understood in their asymptotic sense, the details of which will be given in the next
sections. Further work has since extended the effects of the curvature imposed by
these isotropic inclusions to include spontaneous membrane mean curvature [6, 2],
lateral membrane tension [40], and slightly non-circular but symmetrical geometries
[12] which exhibit attraction depending on the inverse fourth power of the separation
and on the inclusion orientation. Higher order expansions of these curvature interac-
tions have been calculated [14], and effective field theories developed [41, 42, 21].

Thermal Casimir-like forces have been suggested as a mechanism for proteins to
aggregate, given that attraction does occur for isotropic inclusions [28, 8] and rod-
like geometries [16, 15] with an energy depending on the inverse fourth power of
separation, with similar extensions to include membrane tension [23] and mean field
theories [9]. However, it is not clear whether this attraction is stronger than the
curvature-mediated repulsion [30] that has been theoretically found. It was recently
posited that the disagreement between the aggregation observed in experiment and
large-scale simulation and the repulsion predicted in theory could be explained by
means of inclusions having unique mechanical signatures when they are embedded in
the membrane [1].

The study of inclusions which interact anisotropically with the surrounding mem-
brane could provide an explanation as to why and how aggregation occurs. Previous
work has shown that such anisotropic inclusions will interact and aggregate [10, 11]
due to similar Casimir thermal effects whilst an interaction energy between inclusions
proportional to the inverse separation squared was obtained when up-down symmetry
was broken [26]. Another approach was taken in recent work [25] where the interaction
between rod-shaped inclusions is considered. Both [26] and [25] obtain an interaction
energy, for large R, of the form

(1.1) £

as
— 53
where as is a function of the inclusions’ orientations. However, this function is sub-
stantially different in the two approaches. In [26], @y vanishes in the limit of zero
temperature and no attractive effects remain. In [25], a2 does not vanish at zero
temperature but the theory predicts that inclusions will continue to attract without
bound, suggesting that there is no stable equilibrium.

In contrast to [25], in which inclusions are modeled as point singularities regu-
larized using a cut-off in Fourier space, the present work uses matched-asymptotic
techniques to study the interaction between small but finite anisotropic inclusions on
a fluid membrane.

We find that there are two distinguished limits. When both the anisotropy and
tension are weak, we find an interaction energy of the form

(1.2) &=

(1.3) 5:—%—1—%—@01%5{,
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Equilibrium separation (R+/T/k)

Fic. 1. Dimensionless equilibrium separation R\/T/k as a function of anisotropy w (defined

in §3.1), shown for
and ro 1s the radius of the inclusions. The dashed red line corresponds to an unstable equilibrium
position, the solid blue lines are stable equilibrium positions.

‘/n/Trg = 100, where k is the membrane bending stiffness, T is the tension,

where ao is a function of the orientation angles of the inclusions with respect to a
fixed axis, and ag is proportional to the membrane tension. We show that to leading-
order anisotropic inclusions interact like quadrupoles: their long axes tend to align
with each other in an end-to-end configuration. The interaction energy (1.3) gives
rise to a finite and non-zero stable equilibrium provided as is sufficiently large (i.e.
the anisotropy is sufficiently strong).

When both the anisotropy and membrane tension are strong, we find an interac-
tion law of the form

. . . 48

(1.4) & =aoKo(R) + aaKo(R) + a4 (K4(R) — R4) ,
where ag, G2 and G4 depend on the orientation angles of the inclusions and the anisot-
ropy, R is a scaled separation distance, and the K; are modified Bessel functions of
the second kind. We find that for sufficiently small anisotropy the interaction energy
(1.4) also gives rise to a finite and non-zero stable equilibrium. Since strong tension
is equivalent to large separation (see the definition of y following (2.2)), combining
these two results gives an S-shaped equilibrium separation as a function of anisotropy,
as shown in Fig. 1. This result provides a universal mechanism to explain the global
aggregation of membrane inclusions observed in molecular dynamics simulations and
in vitro experiments.

2. Preliminaries.

2.1. Shape equation. We begin with the Helfrich Hamiltonian which describes
the deformation energy of an infinitesimally thin fluid membrane. For such a mem-
brane with mean curvature H, intrinsic mean curvature Hj, and Gaussian curvature
K¢, the energy E of deformation is given by [18]:

(2.1) E:/%(H—HO)Q+RKG+TdA,

Q
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4 J. A. KWIECINSKI, A. GORIELY, S. J. CHAPMAN

where x is the bending stiffness, % is the saddle-splay modulus, which is a measure
of the membrane’s resistance to changes in Gaussian curvature, T is the tension,
assumed constant throughout the membrane, and the integral is taken over the entire
surface of the lipid bilayer 2.

We nondimensionalize position with an arbitrary length L (we will later take L to
be a typical separation between inclusions), and consider small deformations of an in-
finite and initially flat membrane in the Monge parametrization. Thus Hy = 0 and the
distortions of the membrane are described by the position vector r = (x,y, h(x,y))
with (z,y) € Q, where £ < 1 is a small parameter, and the height function h has been
nondimensionalized with L. This parametrization gives the mean curvature and the
infinitesimal area element as

H=¢v2h+0(¢2),  dA=(1+|Vh’ 2+ 0(¢")) dady,

respectively. We assume small slopes so that the quadratic order provides a good
approximation of the curvature. Larger slopes may lead to qualitatively different
behaviors as suggested by simulations in [29]. Note also that we do not need to
consider the Gaussian curvature term because the corresponding energy contribution
is constant if the topology of the surface is fixed [3], which we assume, and because
the cone angle set by the inclusion is also fixed (in effect, the inclusions are holes, but
their geodesic curvature is fixed by the cone angle).

Nondimensionalizing E by writing E = T A + xk€2E’, where Aj is the area of
the undeformed membrane, and immediately dropping the prime (2.1) becomes, to
leading order in &,

(2.2) E[h] = %/(v"’h)2 + u?|Vh|* dady,
Q

where p = /k/TL?. By first variation in h(z,y), we find the associated shape
equation:

(2.3) Vih — = 2V?h = 0.

2.2. Inclusion boundary conditions. To determine the boundary conditions
on (2.3), we now consider a perfectly rigid inclusion embedded in the membrane. For
ease of exposition we suppose that the inclusion is flat and described by r = (z,y, 0)
with (z,y) € Dg. We suppose that, when embedded in the membrane, the inclusion
is free to adopt its natural height and orientation, so that it is (vertical) force and
(horizontal) moment free. Its position in the membrane is therefore given by

(2.4) r = (2,9, + B (z — i) + EBia(y — i) + O(?),

for (x—x;,y—y;) € Do, where (x;,y;,&7;) is the position of the center of the inclusion,
and —£f;1 and £B;o are the rotations about the y and x axes respectively (to leading
order in £ the order of the rotations does not matter).

We demand that the membrane joins continuously with the inclusion, so that, to
leading order in &,

(2.5) h =+ Bi(x — ;) + Biz(y — vi) for (z,y) € 9Dy,

where D; is the projection of the inclusion, so that (x,y) € D; if and only if
(x — x5,y — yi) € Do.

This manuscript is for review purposes only.
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ANISOTROPIC INCLUSIONS ON A FLUID MEMBRANE 5

Fic. 2. A schematic diagram of the boundary conditions (i.e. (2.5) and (2.6)) at the membrane
inclusion (sketched as the thick black rectangle) in the x-z azis. The inclusion can translate along
the z-axis, vi, and rotate around the y-azis, Bi1, and the x-axis, Bia (not shown). The inclusion
imposes a contact angle a; with the membrane (denoted by the solid black line). There are also
equilibrium conditions on the transverse forces and torques at the boundary (see text).

We now consider the normal derivative of the surrounding membrane with respect
to the inclusion boundary in the z-y plane. We suppose that the inclusion enforces a
contact angle (equivalent to considering an opening angle, see Fig. 2) of a;(z,y). To
find the boundary condition, we set the normal derivative 0/0n; of (2.5) with respect
to the inclusion boundary to obtain:

oh

on;

(2.6)

or dy
= |ai(z,y) + Bir o + Bi A) .
aD; ( (=.9) ! on; 287” aD;

The remaining boundary conditions are given by the balance of vertical force and
horizontal torques on the inclusion. These are derived by considering the boundary
terms which arise when considering variations of (2.2) with respect to h: namely

dbh 0 oh
_ 2 _ 2 —2 _
(2.7) 0= 7{ (V hge = Ohae (V2h) + dhaﬁ) ds,
o
where
(2.8) Sh = 6vi + 6Bir(x — i) + 0Bi2(y — ¥i)»
doh ox y

Since v;, Bi1, and S are free parameters, we find the corresponding natural boundary
conditions

_ 0 2y =2
(2.10) 0= % o (V*h — p~?h) - ds,
8D1-
(2.11) 0= f [Vthz —(z— xi)ai (V2h — u2h)] ds,
aDi
(2.12) 0= f [V%gz —(y— yi)(jﬁ (V2h — th)} -ds,
aDi
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6 J. A. KWIECINSKI, A. GORIELY, S. J. CHAPMAN

h

m

Fic. 3. Two identical inclusions of radius € lie on an approximately flat membrane with pos-
sibly different contact angles. The inclusions have circular boundaries with centers separated by
a distance R = O(1). Three asymptotic regions are illustrated: inner regions near each inclusion
parametrized by local radial-angle coordinates (pi, ;) (grey region), and the outer membrane region
with coordinates (z,y) (white region).

which can be interpreted as a balance of forces in the z-direction and a balance of
moments around the y and x axes, respectively.

3. Contact angle anisotropy:.

3.1. Set-up of problem. We now study the interactions between perfectly cir-
cular and rigid inclusions which break symmetry in the contact angle that they impose
on the surrounding membrane. As shown in Fig 3, we consider two inclusions, denoted
by subscripts 1 and 2, of radius € = ro/L with ¢ < 1 whose centers are R = O(1)
apart (we take (z1,y1) = (0,0), and (z2,y2) = (R,0) without loss of generality). We
parametrize the shape of the membrane in the vicinity of each inclusion by the inner
variables given by the local polar radial and angle variables, p; € [1,00), ¢; € [0, 27),
measured from the positive z-axis. These variables are related to z and y by

(3.1) T — T = Ep; COS Pi,
(3.2) Y —Yi = epising;.

We assume that the inclusion enforces an opening angle «; which is not constant
but depends on position around the boundary, and thus also on the orientation of the
inclusion which we quantify by an angle 1; measured from the positive z-axis:

(3.3) aildi) = e al (i — va),

for some given non-constant 27-periodic function «f. The factor of ! here is in-
cluded for convenience so that the displacement of the membrane generated by the
inclusion is O(1); it is equivalent to a rescaling of h. Since of is 2m-periodic we may
expand it in a Fourier series as

(3.4) ol (@) = az(o) + agl) cos(¢) + a§2) cos(2¢) + -+ - .

We will find that the interaction energy does not depend on agl) (which only affects
the tilts of the inclusion B;1, B;2). However, the interaction energy does depend
strongly on both the characteristic lengthscale p over which tension and bending
effects are comparable, and the anisotropy w; = a§2) / ago). There are two distinguished
limits of interest: the case of weak anisotropy/weak tension, and the case of strong
anisotropy/strong tension.

This manuscript is for review purposes only.
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200 3.2. Weak anisotropy/weak tension. For weak tension, we rescale the prob-
201 lem by setting u = \/e, with A\ = O(1), and consider weak anisotropy, w; = O(g?), by
202 setting

203 (3.5) a; () = a!? + el cos (¢) + 52a§2) cos (2¢),

i i
EO), agl) and «a
205 limit in which ago), and al@ both affect the interaction energy to leading order.
206 By analogy with classic electromagnetism [19], we refer to these constants as the
7 monopole, dipole, and quadrupole contact angles respectively.

208 For the polar parametrization defined in (3.1) and (3.2), we evaluate (2.5) and

209 (2.6) at the inclusion radius (p; = 1) to obtain

(2

204  where « ;7 are O (1) constants. The scaling chosen is the distinguished

210 (3.6) h pim1l = Vit €B;1 cos ¢; + €42 sin ¢,
oh
211 (3.7) o, = ago) + 5041(-1) cos (¢p; — ;) + 82041(2) cos (2¢; — 21);)
tlpi=1
313 + &1 cos ¢; + €z sin ¢y,

214 where the normal derivative in (3.7) has reduced to the differential operator —~19/9p; |}
215 The integrals (2.10)-(2.12) provide a further three boundary conditions, and for
216 a circular inclusion reduce to

27

0
217 (3.8) 0= / [ (Vih — 54)\‘211)} de,
api pi=1

0

27 a
218 (3.9) 0= /cos ®i { (Vih —e*A72h) — V%h] de¢i,

api pi=1

0

2 a
219 (3.10) 0= /singi)i [a~ (Vih —e*A7%h) — th} de,
220 0 & pi=t
221  where Vy = €V is the gradient operator with respect to the inner variables.
222 3.2.1. Method to derive the interaction energy. There are four regions of
223 interest in which we solve (2.3) for the height function h: the two inner regions close
224 to the inclusions, in which we will denote the solution by h; and h, respectively;
225 one outer region on the scale of the separation between the inclusions, in which we
226 will denote the solution by h,, (see Fig. 3); and one outer-outer region in which the
227 tension becomes important, with solution h, (see Fig. 4). In each region we expand
228 the membrane shape as a perturbation series in €. In the inner regions we use the local
229 polar variables (p;, ¢;) and impose the boundary conditions (3.6)-(3.10). In the outer

230 region we use the coordinates (z,y) and the inclusions appear as point singularities.
231 In the outer-outer region we use the coordinates (z/,y') = (¢/A)(z,y), the inclusions
232 appear as a single singularity, and we impose the far-field condition. By matching
233 the inner, outer, and outer-outer asymptotic expansions we determine the membrane
234 shape, from which we explicitly compute the energy by integrating (2.2).

235 3.2.2. Leading-order inner solution. We consider the solution near the first
236 inclusion, denoted by h;. Expanding as h; = hl(o) + Ehl(l) + - -, with corresponding

This manuscript is for review purposes only.
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Fic. 4. A schematic diagram depicting the outer and outer-outer solution, h,, and hg re-
spectively, far from the inclusions described in Fig. 3. At a large distance from the inclusions, the
distance between them is asymptotically small and they appear as one singularity centered at the ori-
gin. The outer-outer region corresponds to the scale on which the effects of tension are comparable
to those of bending; the membrane shape is parametrized by router = /22 + y2/p and determined
by (3.15).

expansions for the unknowns 71, 11, B12, we find at leading order that

8h(0)
IR N Gt RN

p1=1 op1

p1=1

along with (3.8)-(3.10) applied to hl(o), where V, is the gradient operator with respect
to the inner variables. The solution is

(3.11) hl(o) = 7§0) + a§°) log p1,

where we preemptively rule out a term proportional to p? as it would grow too large

to match with the outer region. A similar solution hgo) holds in the inner region near
the second inclusion.

3.2.3. Leading-order outer solution. Expanding h,, = h,(g) + eh%) 4+ we
find at leading order that

(3.12) v4n® =0,

In order to match with the inner solutions the outer solution must have a logarith-
mic singularity as each inclusion is approached. The solution to (3.12) with these
singularities, growing no faster than a logarithm at infinity, is

(3.13) hS,OL) =co+cn log(:::2 + yQ)l/2 + c12log((z — R)2 + y2)1/2,

where cg, c11, and c15 are constants that will be determined by matching. Writing
(3.13) in terms of the inner variables (p1,¢1) and expanding for small & gives

(314) hgg) = co+C11 IOgE + c11 lng + C12 IOg R

R 2R?

_ecigpicos i e°cizpi cos2¢ 0 (%)
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ANISOTROPIC INCLUSIONS ON A FLUID MEMBRANE 9

Matching (3.14) with (3.11) gives

c11 = a§°>, 750) = ¢g + c11 loge + ¢12log R.

Similarly matching with the inner region near the second inclusion gives

cl2 = aéo)a Véo) = ¢g + c12loge + c11 log R.

We observe that the isotropic deformation imposed by both inclusions results in
their vertical lift, as evidenced by the dependence of +; on both ago) and aéo), as well
as the radius € and separation R.

3.2.4. Leading-order outer-outer solution. The leading-order outer solution
(3.13) has a logarithmic singularity at infinity. We need an outer-outer region, in which
tension balances bending, to regularize this singularity and allow the membrane to be
flat at infinity. The leading-order outer-outer solution satisfies

(3.15) VAR — v2p0) = o,

where V, is the gradient with respect to the outer-outer variable x’ = ex/\. The
solution which matches with (3.13) is

(3.16) ho = co — (a\” + o) (v — log(2A /) — (! + o) Ko(router)s

where router = |X'| = /22 + 3%/, v = 0.5772 is the Euler-Mascheroni constant, and
Ky is a modified Bessel function of the second kind.

3.2.5. First-order inner solution. Equating coefficients of ¢ in the inner re-
gion we find

vinY = o,
with
h;l) = 'yil) + Bi?) cos ¢1 + ﬂgg) sin @1,
onyY
dp1

= (agl) cos ¢y + Bﬂ)) cos ¢1 + (agl) sin)y + 58)) sin ¢1,

on p; = 1, along with (3.8)-(3.10) applied to hl(l). Matching with (3.14) implies

1 ay pi cos ¢
(3.17) hl( )~ —% as p; — oo.
The solution is
1 @ ago)pl cos @1 ozgl) COS 11 COS ¢ agl) sin 17 sin ¢
(3.18) hy' =y - - = ;
R 2/)1 2p1

with 0 ) .

(0):7ag) 7ozg)cos¢1 (0):7a§)sinw1

11 R 2 ? 12 2 N
We see that the presence of the second inclusion induces a tilt of the first inclusion

about the axis perpendicular to the line of centers, while the dipole contact angle agl)

induces a tilt about an axis perpendicular to the symmetry line of the inclusion. Note
also that previous analyses of the isotropic problem [17, 40] make the assumption that
the membrane height is invariant under the reflection y — —y. This is no longer true
for the case of anisotropic inclusions as can be seen by the presence of the sin 1, terms
here and later in hl(Q).

This manuscript is for review purposes only.
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3.2.6. First-order outer solution. In order to match with (3.18) and (3.11),
the first-order outer solution is simply

(3.19) h7(71L) _ %1) _ ’yél) —0,
where the final equality comes from matching with the outer-outer solution.

3.2.7. Second-order inner solution. The next terms we have to consider are
the O(e?) terms in the inner expansion, which satisfy

vin® = o,
with
hl(2)‘ = %2) + Bﬁ) cos ¢1 + ﬁg) sin ¢,
p1=
ah(Z) .
Tfjl = agz) cos(2¢1 — 2¢1) + 58) cos g1 + Bg) sin ¢1,
p1=1

along with (3.8)-(3.10) applied to hl(g). Matching with (3.14) and (3.19) implies
ad” p} cos 2,

SR +0(1) as p; — 0.

(3.20) h? ~
The solution is

©) o © @
2 2
B = A2 _ G2 PICOS20 <a2 421 L wl) cos 2¢

! 2R? R? 2
n a§2) sin 2¢1 . 2% aéo) a§2) cos 211 \ cos2¢;
————sin2¢1 — | =55
2 '\ 2R? 2 2
o' sin 21p1 sin 2
oy 1 8in 2¢
2 pi
with ﬂﬁ) = g) = 0. We could now proceed to determine the terms in the second-

order outer solution induced by hl(l) and hl(2)7 but we already have enough information
to determine the energy of interaction to leading order in €.

3.2.8. Interaction energy. Evaluating the energy density
1
e =5 (V2 +u 2|VhP?).
in each asymptotic region we find to leading order in ¢,

2(20”) cos(2¢1) + i R cos(2(¢1 — ¢1)))? | (al”)?

€inner; — R4p411 + 2[)%)\2 3
o 2(2017 cos(269) + 0y B cos(2(dr — 12))) | (a3")?
inners R4p§ QP%AQ )
0 0 0 0 0
oo — (@R (01" +af)a)? + () + af)y?
onter 2N (R —2)* + ) (2* + y?) ’
(0) (0)y2
oy’ + o
€outer—outer = 54% ([(O(router)2 + Kl (Touter)2) 5
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ANISOTROPIC INCLUSIONS ON A FLUID MEMBRANE 11

where Touter = €4/ 22 + y2/A. All regions contribute equally, and there are logarithmic
singularities in the outer region at both infinity and at each inclusion. To cope with
these singularities we divide the integral of the energy density into four regions: a
region of radius ¢ around each inclusion, a region of radius 7 centered at the origin
excluding these, and the remaining region near infinity, with ¢ < § < 1 and 1 <
n < A/e. In each region the corresponding asymptotic expansion (inner, outer, and
outer-outer) is valid. Then, we have

2 4
(321) FE =ne? [(a?)) + (ag)) + 2 ( (2 )aéo) cos 21 + aéz)ago) cos 21/}2)

e () ()]
2 (01”)? + (a3”)?

2
+ 2me? 2

log((S/E) + Eouter + Eouter—outer-
To evaluate the integral Fouter We write it as

0 0 0 0 0
/ (@R — (@ +a5")2) + (o} + af”
Ix|>5, [x—(R.0)|>5, |x|<n 2X%((z — R)? + y?) (22 + y?)

e’ 0, 0,0 (@—Rz+y’

2X2 Ix|>6, |x—(R,0)|>5, |x|]<n ( P2 (= R+ ) (2 + )

(0)y2 (0)y2
P Py () EE

)y’ dz dy

Eouter =

2 ()2 4 (o))

= 27e 2 log(n/d)
(0) (0) 2 2
oy ay g2 / (x—R)z+y
4+ —— dxdy + O(d
2 S ien = RE+ T W TO0)
(0)y2 (0)\2 (0) (0) 2
« + (« 2oy o g?
= 2%52% log(n/d) + )\72 log(n/R) + O(9).

The log d terms cancel with those in (3.21) as they should. The coefficient of logn is
exactly what is needed to cancel the logn term in the outer-outer region. For that
integral we remove the singularity at the origin by writing

Equter—outer = 27€

0 0
2(()+a())/

N2 (KO (""outer)2 + K3 (Touter)Z) Touter ATouter

en/A
(0)

(0)y2 1
a +a 1
= 271'52% / 7 (I(O (Touter)2 + K3 (rou‘ner)2 - 2.> Touter ATouter
% oute
(0) (0)y2
— 2W52w log(en/\)
22
(0) (0)y2  poo
+ 27T52 % / (KO (”1outer)2 + Kl (router)Q) Touter drouter
1
(0) (0)y2 (0) (0)y2
+ +
= —2#52% log(en/\) + 2me % (—y +1log2)
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Thus, the total energy is

(0) (0)

E _ (.2} @)° (af”)? + (a§”)? 200 "y

(0) (0)\2
a + o 4 2 2
+ (" +oy7)° v 2 ) (log(2M/e) =) + = <(a§0)) + (a§°>) )

4
+ 2 <a§2)aé0) cos 2y + agz)ago) cos 2@[@)

We discuss (3.22) further in Sections 4 and 5.

3.3. Strong anisotropy/strong tension. The second distinguished limit we
consider corresponds to strong anisotropy and strong tension. We consider the case
in which the anisotropy w; = O(1) and p = O(1) as € — 0. In this case the tension
appears at leading order in the outer region, and there is no outer-outer region. Since
we have seen that the dipole term ozl(»l) cos ¢ does not affect the interaction energy, we
@ _ .

i

simplify the discussion by taking «

3.3.1. Leading-order inner solution. In the inner region
Vih —e2u=2Vih = 0.
Expanding h; = hl(o) + shl(l) + -+, with corresponding expansions for the unknowns
Y1, B11, B12, we find at leading order that
ah(o)
ViR =0, a0 =4 Tl =al% P cos (21 — 20n),
p1=1 8,01 =1
=

along with (3.8)-(3.10) applied to hl(o). The solution is

(2) (o2 (2 gin 9
%Owl cos 20 + ay” sin 2¢ sin 26,

agz) cos 211 €os 2¢1 a§2) sin 241 sin 2¢

2 P 2 pi

(3.23) h? =7+ a{log p1 +

)
where we ruled out terms proportional to p? since they would grow too large to match
with the outer region.

3.3.2. Leading-order outer solution. Expanding h,, = hﬁ,‘? + eh%) +--- we
find at leading order that

(3.24) V4RO — =2 v2pl0 = 0.

In order to match with the inner solutions the outer solution must have the cor-
rect singularities as each inclusion is approached. The solution to (3.24) with these
singularities and decaying at infinity is

(3.25) Y =co+ 11 Ko(r1/p) + c12Ko(ra/ 1)
+ c21 €o8(2¢1 — 24p1) f (11 /1) + a2 €o8(2¢2 — 29p2) f(r2/ 1),

where

r = (2?2 +y?)Y2, ¢y =tan'y/z, 1= ((2—R)*+y)'? ¢ =tan"'y/(z—R),
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and 1
f(r) = 25 = 28 (r),
where K is a modified Bessel function, so that f — 0 as r — oo and

r?log(r/2) n (4 — 3)r?
4 16
where « is the Euler-Mascheroni constant. Expanding (3.25) in terms of inner vari-

ables (p1, ¢1) gives

[l

as r — 0,

(3.26)
c1o K
WO = o — e (y +log(ep1/21)) + c12Ko(R/ 1) + 12K (R/p) " ep1 cos ¢1
2 2
C11 e*p;  c12Ko(R/p) 5 o o
+— (1—v+log2—logepi/u) oz T g e piees o1
crolKi(R/p) o
+ 72]%” €°p7 cos 2¢;
e2p2log(epy /2 4y — 3)e2p?
+ eon cos(261 — 201) <1+ pi i(ﬂpl/ m | 716/1)2 P +>
£p1 COS "(R
+ o COS(2’(/J2) |:f(R/M) _&m ((b;)f ( /H)
peryp (LRt o s 61 (RJ) | cos® 0" (/)
R? 2Ru 2u?
. 2e R sin
+ Coo sin(21)9) [— Pl Jéﬂ) ¢1

2cos i f(R/p)singr | 2cos ¢y singr f'(R/p)
22 <_ cos &1 Rz,u sin Ly cos 181;{”1 M)}—!—'-'.

Matching (3.26) with (3.23) gives

(0) agZ)
C11 = —Qq 7, Co1 = Ta

€ 442
750) = ¢y — c11(log ﬂ + ) + c12Ko(R/ 1) + caa cos(21)2) (152 — 2K2(R/u)> .

Similarly matching with the inner region near the second inclusion gives
2
(0) o

2
Cl2 = —Q4y 7, C22 = 72 ,

4 2
1 = e — cra(log TL +7) + c11Ko(R/ 1) + ca1 cos(2¢1) ( = 2K2(R/M)> :

3.3.3. First-order inner solution. Equating coefficients of ¢ in the inner re-
gion we find

vind =
with

on

ap ﬁ cos ¢1 + ﬂ%g) sin ¢

B =AW 4 8 cos ¢y + B sin ¢y,
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on p; = 1, along with (3.8)-(3.10) applied to hl(l). Matching with (3.26) implies

(0) g (2) ,
321 B~ 02 KB 02 o gy eSOV (B )
% 2 %
(2) .
2 R
_ a2 Sln(2d}2) plf( /I’L) Slnd)l + as p1 — 0.

2 R
The solution is
3.98 B (1)
(3.28) 1 +ﬁ p1 COS @1 +512 p1 sin ¢

with (3.27) then giving

o " Ki(R/p) oS cos(2ua) f'(R/p) __ag? sin(200) f(R/)

0 0
/351) = - [ 2 ’ 652) R

3.3.4. First-order outer solution. In order to match with (3.28), the first-
order outer solution must be

(3.29) D =4 =,

3.3.5. Second-order inner solution. The next terms we have to consider are
the O(e?) terms in the inner expansion, which satisfy

(2)
2 _ 0 2 COS(2¢1 — 2’1/)1)
Vin® = pm2vzp? = -2 7 ,

with

on

i 5 cos ¢1 + 59 sin ¢y,

W =43 4+ 85 cos ¢y + B3 sin ¢y,

on p; = 1, along with (3.8)-(3.10) applied to hl(2). To match with (3.26) we require

(3.30)
(0) 2 (0)
(2) Qg pi oy Ko(R/p) Ky(R/p) o
hy™ ~ —T(l—V—IOg(El)l/?M))E—Tm— 2 452 P1 cos 2¢;

(2) (2)
« 3 «
+ 85 cos(20n — 201)6} (1og<epl/2u> oo 4) - 0 cos(2a) KR )

(2) 2
a , (124 16
2 cos(2in) cos(on)et (T~ (513 + g ) Kol

(o) )

af? , o 12u% 2 6
+Tsm(2¢2)sm(2¢1)ﬂ1 ~ R +R*MK1(R/H)+ﬁK2(R/H)

as p1 — OQ.
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The solution is

2 (2 a\” 2 log 1
hl( )= gil ) 1 41M
(2 —1-2logp1) ( (o
L\ " (ag )(

v —1+log(e/2u))

—af? Ko(R/) — o cos(2uz) Ka(R /1))
_ag»( _2+p11) (o) KB/ (R/u)

pia’ 3
+ sy cos(2¢1 — 2¢1) (7 -2t 10g(€p1/2u)>

@ 1 1242 1 6
+ % cos(21) <pf -2+ pf) cos(2¢1) <R/i - ( Rg) Ko(R/w)

2 12
- (5 + 2 st
(2) 1 1202 2 6
+ 2 sino) (= 24 5 Jsin2o) (~ 2 + 2K (BRI + Rl R/))
(2)

+
1642

(261 — 2061) (S (27 — + + 2log = +2 — 4y — dlog = o’ )
cos — — - = og — —4y—4log— | — —lo
1 1 p% Y 2 2 2,[,L Y g 2/14 4,U2 g P1,
with 511 = (1) = 0.

3.4. Interaction energy. In this parameter regime the easiest way to evaluate

the energy is to integrate by parts:

_1 2712 -2 2 _1/ 2@ ﬂ 2 —2@
E_Q/Q((Vh) tu \Vh\)dx—Q (g g Ve ) ds

where, using the shape equation (3.24) and imposing h — 0 at infinity, the expression
reduces to closed contour integrals around each inclusion. The leading-order inner
solution produces a non-zero but constant O(e~2) contribution, so we must evaluate
up to O(1) to find the dependence of the energy on R, 11, and 5. The result is

B30 2 = (@7 + @) (5 - 75 - )

g2 2u? 22
(0) (0)
v log(e/(2u 207«
(10l + (af?y7) (2 LB L 200

2000 20002
+ T cos(2¢1) Ko (R/p) + L cos(2¢2) K2 (R/p)

(2) (2) 4
Lo conta(un + ) (~ e + Kar/))

P ?
+ 1,u2 cos(2(y1 — ¥2)) Ko(R/p).

+

4. Summary. A similar analysis can be performed with any combination of
weak /strong anisotropy, and weak/strong tension.
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We summarize the results of all such analyses here. For clarity we remove the
constant terms from the energy.
Weak tension/weak anisotropy. With p = /e, ag = a?), ozéQ) = 520752),

E 4
(4.1) e il (a(lz)aé cos 211 +64§2)a§0) cos ng)
(0)

+i (( (0)) +( (0))2> B 2@&0)012 1 (R)
R4 Q3 A2 0g

Strong tension/weak anisotropy. With 0452) = 526[52), ozég) = 52d§2),

FE 2a(0)a(0)
(4.2) —= 1MiQKo(R/u)

Weak tension/strong anisotropy. With u = \/e,

E 4
(4.3) — = (af)ago cos(2yn )+oz2) © )cos(QzZ) ) — al? )ag cos(21); +2w2))

Strong tension/strong anisotropy.

(0)  (0) (2) (2)
(@) 2= PR ) + TG cos(2(v — va)) Kol R/

™
2K5(R
i 2(2 o
W
(2) (2)

TQﬂQCOS(Q&bl —i—L/)Q))( 4]8;: +K4(R/.u)>

( (2) (O) cos 21 + ago)aéz) cos 21/12)

4.1. Comparison with other results. First we note that when there is no
anisotropy and no tension (4.1) reduces to the energy depending on the fourth power
of the inverse separation previously derived [17, 40, 13, 26], describing the repulsion
of two isotropic inclusions.

We first compare our results to previous works which consider anisotropic inclu-
sions with no tension. Formula (2.4) in [26] gives the interaction energy as

A%kd?2 Q3

E——
167 R2

0s(20; + 265),

which, in our notation, after nondimensionalisation is

A (e*L2d3Q2
E = ~ 5 (645122) cos(2t)1 + 21ba).
If we choose )
d1QoL
al® — o = 1Q2Le ’ al® = o — g,

8¢

then this agrees with our no tension-strong anisotropy limit in which there is no

isotropic contribution, corresponding to the anisotropy parameters w; = wy = 0o’.

INote that since = and y were scaled with L, and h was scaled with £L, the unscaled opening
angle forced by the inclusion is £a/e.
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Similarly, formula (1) of [25] is (in their notation, see also formula (10) of [10])

167rd
E= o2 KCr1Cra (c0os(2601) + cos(262) — cos(20; — 2605)) .

In our notation (¢ = 61, ¥ = m — 05), after nondimensionalisation, this is

E— 4£ <454L20r10r2

R2 9e2 ) (cos(24h1) + cos(2tpa) — cos(2¢1 + 21)2)) .

This corresponds to our no tension-strong anisotropy result if we set

2e2LCyy a(o) _ a(2) _ 2e2LC,s

0 2

Thus their approach fixes the isotropic and anisotropic components to be the same
size, so that the anisotropy parameters w; = wy = 1.

Finally we compare our formulae to previous results involving tension. First we
observe that our strong tension-weak anisotropy limit agrees with formula (23) of [40]
noting that their £ = 1/uL and their o;; = fa(()o)/s in our notation.

There are two nonzero tension results presented in formulae (5) and (6) of [25]
in the limit of inclusion separation R > ¢ (their notation), where £ is the lengthscale
over which bending and tension effects are comparable. Their ¢ is L in our notation,
and the corresponding limit is R > p (our dimensionless R). The first result supposes
the inclusion orientations satisfy cos (2601 — 265) # 0, and is (their notation)

_ 64mrt (&2

(4.6) 3R*

Iicrlcrg [¢0)] (291 - 292) .

In our notation, after nondimensionalisation, this is

. 647&‘:4#2 L2 Crl CTQ

(4.7) E= TS

cos (291 + 2¢) .

Since K, (1) ~ v/(7/2r)e™" as r — oo, when R > u (4.4) becomes

487 2a'P o
(4.8) E~ 2T i cos (2 + 2¢).
The results agree if
Oz(z) _ 2¢2LC,1 a(2) _ 2e2LC,so
1 35 ) 2 35 9

which is consistent with (4.5). The second result supposes the inclusion orientations
satisfy cos (207 — 265) = 0, and is (their notation)

Qﬁﬂ?’/zrfod e R/E

(49) E= ogi/? NG KCp1Cra (24 2 cos 261 4 2 cos 265 + cos (201 + 265)) .
In our notation, after nondimensionalisation, this is
(4.10)

22732642 e~ B/n

0,577¢ TR Cr1Cra (2 + 2 cos 21 + 2 cos 2¢hg + cos (291 — 21h2)) .
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519 With cos (2¢01 + 2¢9) = 0, when R > pu, (4.4) becomes

7.‘.3/26—R/u
520 E~ QR <2a§0)ag0) + af)ag) cos(2yy — 21)9)

521 + 20452)0450) cos 211 + 20(%0)@52) cos 2¢2> ,

522 which agrees with (4.10) if we impose (4.5).

523 5. Remarks on the interaction energies.
524 5.1. Weak anisotropy/weak tension. We consider for illustration purpose
525 the case of two identical inclusions, so that ago) = ago) and c‘u?) = 6452) = (Dozgo). We

526 write R = \Y2R, @ = &/\, E = 47r52a(0)a(0))\_2E, to give the non-constant part of
10
527 the interaction energy as

_ o 2 1ogR
528 5.1 F = — 2 2 - — .
o2 (5.1) 2 (cos 2¢p1 + cos 2¢a) + A1 2

530 We calculate the (rescaled) torque 7; exerted on the ith inclusion around the
531 z-axis as a result of the membrane-mediated influence induced by the other inclusion
532 by taking the negative partial derivative of (5.1) with respect to ;:

2 sin 21);
533 (5.2) Ti = M
R2

534 We see that the inclusions are in rotational equilibrium when ¥; = nn/2 for n € Z.
535 Each inclusion has two possible equilibrium configurations: a high energy state in
536 which ¢; = 0 (or m) and the low energy state in which ¢; = 7/2 (or 37/2).
537 We calculate the (rescaled) effective force F' between the inclusions by taking the
538 mnegative partial derivative of (5.1) with respect to R, to give

, 20 8 1
539 (5.3) F= I (cos 2ty + cos2¢hs) + 7 + S

540 The first term may be attractive or repulsive depending on the orientations of the
541 two inclusions. In particular we note that two inclusions in the high energy state
542 repel at large distances, while two inclusions in the low energy state attract at large
543 distances. For anisotropic inclusions, attraction will occur when their semi-major

544 axes are aligned in an “end-to-end” configuration. This phenomenon has also been
545 observed in large-scale molecular dynamics simulations [33].
546 Assuming the inclusions are in rotational equilibrium the force is
1 4 8
547 (5.4)

:7/\_,\7—‘!_,\7.
2R R® RS

548 At both small and large distances the force is repulsive.

549 However, for @ > 1 (i.e. provided the tension is sufficiently weak or the anisotropy
550  sufficiently strong) there is a bifurcation in which a stable and an unstable equilibrium
551 point appear. These equilibrium separations are shown as a function of @ in Fig. 5.
552 5.2. Strong tension/strong anisotropy. Again consider the case ozgo) = aéo),
553 a§2) = agg) = wago). We write R = Ry, E = Wago)aéo)/;ﬁE to give
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Fic. 5. Equilibrium positions in the (R, w)-plane. The dashed red line is an unstable equilibrium
separation and the solid blue line is a stable equilibrium separation, which exist for & > 1. The arrows
indicate the direction of the force between the inclusions. The inset shows the stable orientation of
the inclusions.

T T T == 7|
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0.1 1 10 100 0.1 1 10 100 0.1 1 10 100
(a) w=0.05 (b) w=0.5 (c)w=5

F1G. 6. Equilibrium orientations as a function of R for various values of w for the solution in
which 1 = 1a. Solid blue lines are stable, dashed red lines unstable (within the class of solutions

in which Y1 = 2).

E =2Ky(R) + 2wK>(R) (cos 211 + cos 21)2)
+ w? cos(2(Yh1 — ¥2)) Ko(R) + w? cos(2(2h1 + 1b2)) (K4(R) — 48) .

There are zero-torque solutions in which 17 = 12 and zero-torque solutions in
which 11 = —1). In Fig. 6 we show the bifurcation diagram for zero-torque solutions
in which ¢ = 13 as a function of R for various values of w. Stability is indicated
within the class 1 = 9. In Fig. 7 we show the bifurcation diagram for zero-
torque solutions in which ¢, = —t as a function of R for various values of w.
Stability is indicated within the class ¥; = —15. Noting that the solutions in which
1 = 1o = /2 are equivalent to those in which ¢; = —)2 = 7/2, we see that the
only stable solutions are those shown in Fig. 7. Perhaps surprisingly, we see that
for sufficiently strong anisotropy and sufficiently strong tension (or sufficiently large
separation) the stable configuration for ; and w9 is neither 0 nor 7/2 but some
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s S
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0 0.1 1 10 100 0 0.1 1 10 100 0 0.1 1 10 100
(a) w=1 (b) w=10 (¢) w =100

F1G. 7. Equilibrium orientations as a function of R for various values of w for the solution in
which Y1 = —2. Solid blue lines are stable, dashed red lines unstable (within the class of solutions
in which Y1 = —12).
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FiG. 8. Equilibrium orientations and positions in the (R,w)-plane. In the white region the
stable zero-torque solution is Y1 = Y2 = w/2. There is a pitchfork bifurcation at the boundary of
this region, and in the blue region the stable zero-torque solutions are 1 = w/2+8, o = 7/2F 6%,
with 81 varying from zero at the bifurcation to w/4 at infinity. The dashed red line is an unstable
equilibrium separation and the solid blue line is a stable equilibrium separation, which exist for
w < we &= 0.242. The arrows indicate the direction of the force between the inclusions.

intermediate angle, which approaches 7/4 as R — oo, a regime that has not been
observed before. The bifurcation in Fig. 7 exists only for w > 1, so that it is not
present in the results [25], whose formulae correspond to the case w = 1.

In Fig. 8 we show the stable orientations as a function of R and w. Also shown
are the equilibrium separations. For w > w. = 0.242 the inclusions attract at all
distances. For w < w, there is a bifurcation in which stable and unstable equilibrium
separations appear.

By comparing Figs. 8 and 5 we see that they are consistent: the bottom left corner
of Fig. 8 matches with the top right corner of Fig. 5. Together they predict a region of
bistability. For w > w, inclusions are attracted to the stable equilibrium point in Fig.
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5 (in which the separation is small). For For w < w, and & = wu/e = w\/k/Tr3 < 1
they are attracted to the stable equilibrium point in Fig. 8 (in which the separation is
large). But for r9/T/k < w < w, both equilibria exist and are stable. By forming a
uniform composite expansion between the equilibrium position w(R), shown in Fig. 8,
and O(R) shown in Fig. 5 we obtain the equilibrium separation over the whole range

of R, as shown in Fig. 1.

6. Conclusion. Using matched asymptotic expansions we have examined the
membrane-mediated interactions between symmetry-breaking inclusions embedded on
an approximately flat fluid membrane. For simplicity we considered circular inclusions
and broke symmetry by imposing a spatially dependent contact angle. A similar
analysis can be performed for non-circular inclusions. In the case of weak anisotropy,
imposing a constant contact angle on the perturbed boundary

pi(hi) = 1 — 2w, cos(2¢; — 2¢;),

turns out to give the same interaction energy to leading order(although the details
of the asymptotic expansions are different). In the strong anisotropy regime it is
algebraically more complicated to analyze geometric symmetry breaking, but our
general approach is still applicable and we expect the results to be similar.

In the absence of membrane tension we find the previously known isotropic repul-
sion with energy proportional to the inverse separation to the fourth power, as well as
an additional orientation-dependent interaction proportional to the inverse separation
squared. The dominant symmetry-breaking effect is the quadrupole term, invariant
under a rotation of an individual inclusion by 7.

When we include membrane tension we find that the interaction is attractive at
very large distances for any non-zero anisotropy w, so that there is always at least
one stable equilibrium separation. In general, we find an S-shaped dependence of the
equilibrium separation on anisotropy, with bi-stability for roy/T/k < w < 0.242.

We find that our interaction energy is a generalization of that presented in [25], in
which inclusions are modeled as point singularities (in effect they focus solely in the
regime we term the outer region) with the resulting infinities later regularized using
a cut-off in Fourier space. In particular their formulae correspond to the case w =1,
so that they do not capture either the pitchfork bifurcation in equilibrium orientation
and the fold bifurcation in equilibrium position illustrated in Fig. 8.

Although our analysis has been performed for just two inclusions, it is clear how
to generalize the interaction to the general case of N inclusions. In both parameter
regimes we have considered, the outer solution will be a sum of logarithms centered
at each inclusion. For the strong anisotropy/strong tension case, the second-order
inner solution will now have a sum of terms matching with each inclusion, and since
the relevant term in the energy arises from integrating hgo), th) the energy of the
configuration will simply be the sum of the pairwise interaction energies. However,
in the weak anisotropy/weak tension case, the calculation of the energy is more del-
icate, and there will be multiple cross-terms arising from integrating the quadratic
membrane energy (2.2) over the outer region. In that case the configuration energy is
not simply the sum of the pairwise interaction energies. In the many-inclusion case a
natural and fundamental question to pursue is the nature and stability of equilibrium
configurations, and the mechanisms by which large numbers of inclusions will dynam-
ically self-assemble. A full understanding of this self-assembly process is crucial for
many cell-shaping phenomena.
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