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Abstract

Evolvability is defined as the ability of a population to generate heritable vari-
ation to facilitate its adaptation to new environments or selection pressures. In
this article, we consider evolvability as a phenotypic trait subject to evolution
and discuss its implications in the adaptation of populations of asexual individu-
als. We explore the evolutionary dynamics of an actively proliferating population
of individuals, subject to changes in their proliferative potential and their evolv-
ability, through mathematical simulations of a stochastic individual-based model
and its deterministic continuum counterpart. We find robust adaptive trajectories
that rely on individuals with high evolvability rapidly exploring the pheno-
typic landscape and reaching the proliferative potential with the highest fitness.
The strength of selection on the proliferative potential, and the cost associated
with evolvability, can alter these trajectories such that, if both are sufficiently
constraining, highly evolvable populations can become extinct in our individual-
based model simulations. We explore the impact of this interaction at various
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scales, discussing its effects in undisturbed environments and also in disrupted
contexts, such as cancer.

Keywords: Evolutionary dynamics, Evolvability, Phenotype-structured populations,
Mathematical modelling

1 Introduction1

In nature, variation in phenotypic traits and selection are the general conditions for2

evolution to occur [1–4]. Selection acts on phenotypic variants to promote the preva-3

lence of the fittest. The greater the diversity within a population, the higher its chances4

of withstanding the pressures imposed by selective agents [5]. Phenotypic variability5

is generated by a plethora of biological mechanisms, most of which operate at the cel-6

lular level, but whose effects are manifested at the macroscopic level [6, 7]. Arguably7

one of the mechanisms that operates at the most fundamental level is mutation. The8

stochastic nature of mutations, as well as their high occurrence [8], results in the gen-9

eration of both detrimental and beneficial variants. According to recent studies on10

the distribution of fitness effects, although detrimental variants are more frequent [9],11

beneficial and neutral mutations must be present for adaptation to occur [10]. Even12

though observed cell-to-cell variability has traditionally been ascribed to genetic [11]13

and epigenetic variation [12], the stochastic nature of cellular processes [13–15] brings14

into play a non-genetic heterogeneity [6, 16–19]. Non-genetic heterogeneity is also15

responsible for the emergence of phenotypic variation [20] and manifests itself as vari-16

ations in cell size, function, lifespan, protein level and more. This ability to generate17

variability on which selection can act upon is known as evolvability [21].18

More formally, evolvability can be defined as a population’s capacity to provide19

adaptive and heritable phenotypic variation amongst its individuals, to let them evolve20

and overcome selective pressures. The above definition could be considered a consen-21

sus of overlapping ideas amongst different evolutionary biologists, as each brings a22
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different nuance depending on their concept of evolvability and the scale at which23

they study it [21–24]. It could be argued that greater evolvability implies greater selec-24

tive advantage, as the adaptive potential increases the likelihood of surviving selective25

pressures. However, different ecological scenarios may foster populations with lower26

evolvability [25], especially under environmental stasis. Higher evolvability is not free27

of charge, since it may also boost the generation of detrimental phenotypes [26–28].28

Evolvability itself may be evolvable and subject to change over time [23], suggesting29

that it should also be considered as a phenotypic trait [29]. A balance between robust-30

ness and evolvability is required so that new phenotypic states can be explored without31

detrimentally affecting essential features [22]. This relationship between robustness32

and evolvability has, as an example at the molecular level, been already charac-33

terised in the context of transcription factor binding sites in mice and yeast [30], and34

evolvability-enhancing mutations were recently described in the context of RNA and35

proteins [31].36

Alterations that increase mutation rates [32] and phenotypic variation [33] may37

promote evolvability, as has been described in bacteria and yeast [31, 33]. Hence, the38

genetic pathways that are involved in genomic repair and instability, recombination,39

horizontal gene transfer and regulation of gene expression are likely to influence the40

level of evolvability. Moreover, some theoretical studies have addressed the evolution41

of evolvability in gene regulatory networks [34, 35].42

On a broader scale, several ecological factors, while not directly causing evolv-43

ability, influence the degree to which it becomes evident within a population. These44

factors encompass environmental stimuli, interactions amongst individuals within the45

same population, ecological dynamics between individuals in different populations,46

and varying selection pressures. Their interplay results in the creation of an adaptive47

landscape, which the population traverses in its quest for a global (or local) optimum.48
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Thus far, only a limited number of theoretical works have addressed these adaptive49

dynamics while considering the concept of evolvability [25, 34, 36, 37].50

Our aim is to carry out a theoretical study of the effect of evolvability on the adap-51

tive dynamics of phenotypically-structured cell populations. Although we will focus on52

the case of cells, the model is general enough to consider any population of autonomous53

self-replicating agents subject to evolution, such as multicellular organisms. We will54

use a stochastic individual-based (IB) model and corresponding deterministic contin-55

uum model, which we derive from the IB model using formal limiting procedures.56

The IB model is able to capture the stochastic nature of the phenotypic changes that57

may occur within individuals of the same population, hence recapitulating phenomena58

observed in the presence of small numbers of individuals such as genetic drift, while59

the continuum model provides a concise depiction of the collective behaviour of large60

numbers of individuals, thus making it possible to explore the adaptive trajectories of61

a whole population.62

In this paper, we build upon earlier studies that addressed the evolutionary63

dynamics of phenotypically-structured populations [38–42] and non-genetic stochastic64

changes in cellular traits [43]. First of all, we expand the notion of populations with65

fluctuations in the characteristics considered in [40], so that we include evolvability as66

a continuous phenotypic trait. In the context of the model, evolvability is defined as67

the degree of variability in proliferative potential, such that an individual with higher68

evolvability will be more likely to undergo phenotypic changes in their proliferative69

potential than one with lower evolvability. Taking this information into consideration,70

and following the idea presented in [43], since evolvability is considered as a pheno-71

typic trait per se, it is also subject to spontaneous heritable changes. Hence, we let72

the evolvability of a cell be itself subject to evolutionary change. In this way, we can73
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explore the effect of non-genetic heterogeneity on the evolutionary dynamics of a phe-74

notypically diverse population subject to varying adaptive potential, considering also75

fitness costs and selection pressures.76

2 Methods77

2.1 The IB model78

We developed an IB model for the evolutionary dynamics of a phenotypically heteroge-79

neous population consisting of cells. We will use the term cells from now on, although80

this definition can be extended to more general agents, so that agent can mean any81

self-replicating individual. The phenotypic state of every cell at time t ∈ [0, tf ] is char-82

acterised by the structuring variables y ∈ [0, 1] and x ∈ [0, 1], which take into account83

intercellular variation in proliferative potential and evolvability, respectively. Without84

loss of generality, we focus on the case where larger values of proliferative potential85

y correspond to a higher cell division rate, and larger values of evolvability x cor-86

respond to a higher probability for changes in proliferative potential to occur. The87

proliferative potential could be represented by the normalised level of expression of a88

gene that regulates cell division – such as MKI67, BIRC5, CCNB1, CDC20, CEP55,89

NDC80, TYMS, NUF2, UBE2C, PTTG1, and RRM2 [44–46], while the evolvability90

could be related to the degree of variation of the level of expression of such a gene over91

time and, therefore, could be connected with the normalised level of expression of a92

gene that controls the expression of genes regulating cell division – such as FOXM1,93

MYBL2 or TOP2A [45, 47].94

In order to define an on-lattice model, we discretise the time and phenotype vari-95

ables. The current time-step th indicates how many steps h of size ∆t have already96

been taken. Cells will be characterised by their phenotypic state (yi, xj), which is rep-97

resented as a position on the lattice {yi}i × {xj}j corresponding to phenotypic space98

[0, 1] × [0, 1]. Cells can change their proliferative potential by taking i steps of size99
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∆y (only one per time-step), as well as their evolvability, by taking j steps of size ∆x100

(also, only one per time-step).101

We introduce the variable N h
i,j to model the number of cells in the phenotypic102

state (yi, xj) at time th. From N h
i,j , we can calculate the cell population density nhi,j103

(i.e. the phenotypic distribution of the cells) and the corresponding cell population104

size Nh (i.e. the total number of cells) at time th. To keep track of the evolution of105

the phenotypic state, we define the mean level of proliferative potential ȳh and the106

mean level of evolvability x̄h (as well as their corresponding standard deviations σh
y107

and σh
x). Hence, the point (ȳh, x̄h) represents the mean phenotypic state of the cell108

population at time th.109

Time and phenotypic variables are discretised according to

th = h∆t ∈ [0, tf ], yi = i∆y ∈ [0, 1], xj = j∆x ∈ [0, 1],

h, i, j ∈ Z+, ∆t,∆y,∆x ∈ R+
∗ ,

where Z+ denotes the set of nonnegative integers and R+
∗ denotes the set of positive

real numbers – i.e. R+
∗ = R+ \ {0}. The cell population density and the corresponding

cell population size are computed via the following formulas

nhi,j ≡ n(th, yi, xj) :=
N h

i,j

∆y∆x
and Nh ≡ N(th) :=

∑
i,j

N h
i,j , (1)

while the mean level of proliferative potential and the mean level of evolvability of

the cell population at time th, along with the corresponding standard deviations, are

computed according to

ȳ(th) ≡ ȳh :=
1

Nh

∑
i,j

N h
i,jyi, σy(th) ≡ σh

y :=

(
1

Nh

∑
i,j

N h
i,jy

2
i −

(
ȳh
)2)1/2

(2)
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Phenotypic 

state

(yi, xj)
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<latexit sha1_base64="q9rbNSWlAQO1Bq36w6okckLTk9s=">AAACDnicbZC7TsMwFIadcivlVi4bS0SFxICqBCHBWImFsZXoBbUlctzTxuDEkX2CKFHegUdghQdgQ6y8AjMvgls60JZ/+nz+3/bR78eCa3ScLyu3sLi0vJJfLaytb2xuFbd3GlomikGdSSFVy6caBI+gjhwFtGIFNPQFNP27i5HfvAeluYyucBhDN6SDiPc5o2hGXnGvg/CAaTW7Cby05qX8+DbLvGLJKTtj2fPgTqBEJqp6xe9OT7IkhAiZoFq3XSfGbkoVciYgK3QSDTFld3QAbYMRDUF30/H2mX3Yl8rGAOzx+W82paHWw9A3mZBioGe90fA/r51g/7yb8ihOECJmIsbrJ8JGaY9KsHtcAUMxNECZ4mZLmwVUUYamqqlfRm+jlEJnBdOKO9vBPDROyq7h2mmpcj3pJ0/2yQE5Ii45IxVySaqkThh5JM/khbxaT9ab9W59/EZz1uTOLpmS9fkDwqCdKA==</latexit><latexit sha1_base64="q9rbNSWlAQO1Bq36w6okckLTk9s=">AAACDnicbZC7TsMwFIadcivlVi4bS0SFxICqBCHBWImFsZXoBbUlctzTxuDEkX2CKFHegUdghQdgQ6y8AjMvgls60JZ/+nz+3/bR78eCa3ScLyu3sLi0vJJfLaytb2xuFbd3GlomikGdSSFVy6caBI+gjhwFtGIFNPQFNP27i5HfvAeluYyucBhDN6SDiPc5o2hGXnGvg/CAaTW7Cby05qX8+DbLvGLJKTtj2fPgTqBEJqp6xe9OT7IkhAiZoFq3XSfGbkoVciYgK3QSDTFld3QAbYMRDUF30/H2mX3Yl8rGAOzx+W82paHWw9A3mZBioGe90fA/r51g/7yb8ihOECJmIsbrJ8JGaY9KsHtcAUMxNECZ4mZLmwVUUYamqqlfRm+jlEJnBdOKO9vBPDROyq7h2mmpcj3pJ0/2yQE5Ii45IxVySaqkThh5JM/khbxaT9ab9W59/EZz1uTOLpmS9fkDwqCdKA==</latexit><latexit sha1_base64="q9rbNSWlAQO1Bq36w6okckLTk9s=">AAACDnicbZC7TsMwFIadcivlVi4bS0SFxICqBCHBWImFsZXoBbUlctzTxuDEkX2CKFHegUdghQdgQ6y8AjMvgls60JZ/+nz+3/bR78eCa3ScLyu3sLi0vJJfLaytb2xuFbd3GlomikGdSSFVy6caBI+gjhwFtGIFNPQFNP27i5HfvAeluYyucBhDN6SDiPc5o2hGXnGvg/CAaTW7Cby05qX8+DbLvGLJKTtj2fPgTqBEJqp6xe9OT7IkhAiZoFq3XSfGbkoVciYgK3QSDTFld3QAbYMRDUF30/H2mX3Yl8rGAOzx+W82paHWw9A3mZBioGe90fA/r51g/7yb8ihOECJmIsbrJ8JGaY9KsHtcAUMxNECZ4mZLmwVUUYamqqlfRm+jlEJnBdOKO9vBPDROyq7h2mmpcj3pJ0/2yQE5Ii45IxVySaqkThh5JM/khbxaT9ab9W59/EZz1uTOLpmS9fkDwqCdKA==</latexit><latexit sha1_base64="q9rbNSWlAQO1Bq36w6okckLTk9s=">AAACDnicbZC7TsMwFIadcivlVi4bS0SFxICqBCHBWImFsZXoBbUlctzTxuDEkX2CKFHegUdghQdgQ6y8AjMvgls60JZ/+nz+3/bR78eCa3ScLyu3sLi0vJJfLaytb2xuFbd3GlomikGdSSFVy6caBI+gjhwFtGIFNPQFNP27i5HfvAeluYyucBhDN6SDiPc5o2hGXnGvg/CAaTW7Cby05qX8+DbLvGLJKTtj2fPgTqBEJqp6xe9OT7IkhAiZoFq3XSfGbkoVciYgK3QSDTFld3QAbYMRDUF30/H2mX3Yl8rGAOzx+W82paHWw9A3mZBioGe90fA/r51g/7yb8ihOECJmIsbrJ8JGaY9KsHtcAUMxNECZ4mZLmwVUUYamqqlfRm+jlEJnBdOKO9vBPDROyq7h2mmpcj3pJ0/2yQE5Ii45IxVySaqkThh5JM/khbxaT9ab9W59/EZz1uTOLpmS9fkDwqCdKA==</latexit>
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<latexit sha1_base64="Ez/tnRIxSvRg4OCFJfequlUxxME=">AAAB+XicbZC9TsMwFIVvyl8pfwVGFosKialKEBKMFSyMrURbpDaqHPemterEke0gqqhPwAoPwIZYeRpmXgSnZKAtd/p8z/H19QkSwbVx3S+ntLa+sblV3q7s7O7tH1QPjzpapophm0kh1UNANQoeY9twI/AhUUijQGA3mNzmevcRleYyvjfTBP2IjmIeckaNbbWeBtWaW3fnRVbBK6AGRTUH1e/+ULI0wtgwQbXueW5i/Iwqw5nAWaWfakwom9AR9izGNELtZ/NFZ+QslIqYMZL5+a83o5HW0yiwnoiasV7W8uZ/Wi814bWf8ThJDcbMWqwWpoIYSfL/kiFXyIyYWqBMcbslYWOqKDM2lYVX8tlGSqFnFZuKt5zBKnQu6p7l1mWtcVPkU4YTOIVz8OAKGnAHTWgDA4RneIFXJ3PenHfn49dacoo7x7BQzucPAVqUbQ==</latexit><latexit sha1_base64="Ez/tnRIxSvRg4OCFJfequlUxxME=">AAAB+XicbZC9TsMwFIVvyl8pfwVGFosKialKEBKMFSyMrURbpDaqHPemterEke0gqqhPwAoPwIZYeRpmXgSnZKAtd/p8z/H19QkSwbVx3S+ntLa+sblV3q7s7O7tH1QPjzpapophm0kh1UNANQoeY9twI/AhUUijQGA3mNzmevcRleYyvjfTBP2IjmIeckaNbbWeBtWaW3fnRVbBK6AGRTUH1e/+ULI0wtgwQbXueW5i/Iwqw5nAWaWfakwom9AR9izGNELtZ/NFZ+QslIqYMZL5+a83o5HW0yiwnoiasV7W8uZ/Wi814bWf8ThJDcbMWqwWpoIYSfL/kiFXyIyYWqBMcbslYWOqKDM2lYVX8tlGSqFnFZuKt5zBKnQu6p7l1mWtcVPkU4YTOIVz8OAKGnAHTWgDA4RneIFXJ3PenHfn49dacoo7x7BQzucPAVqUbQ==</latexit><latexit sha1_base64="Ez/tnRIxSvRg4OCFJfequlUxxME=">AAAB+XicbZC9TsMwFIVvyl8pfwVGFosKialKEBKMFSyMrURbpDaqHPemterEke0gqqhPwAoPwIZYeRpmXgSnZKAtd/p8z/H19QkSwbVx3S+ntLa+sblV3q7s7O7tH1QPjzpapophm0kh1UNANQoeY9twI/AhUUijQGA3mNzmevcRleYyvjfTBP2IjmIeckaNbbWeBtWaW3fnRVbBK6AGRTUH1e/+ULI0wtgwQbXueW5i/Iwqw5nAWaWfakwom9AR9izGNELtZ/NFZ+QslIqYMZL5+a83o5HW0yiwnoiasV7W8uZ/Wi814bWf8ThJDcbMWqwWpoIYSfL/kiFXyIyYWqBMcbslYWOqKDM2lYVX8tlGSqFnFZuKt5zBKnQu6p7l1mWtcVPkU4YTOIVz8OAKGnAHTWgDA4RneIFXJ3PenHfn49dacoo7x7BQzucPAVqUbQ==</latexit><latexit sha1_base64="Ez/tnRIxSvRg4OCFJfequlUxxME=">AAAB+XicbZC9TsMwFIVvyl8pfwVGFosKialKEBKMFSyMrURbpDaqHPemterEke0gqqhPwAoPwIZYeRpmXgSnZKAtd/p8z/H19QkSwbVx3S+ntLa+sblV3q7s7O7tH1QPjzpapophm0kh1UNANQoeY9twI/AhUUijQGA3mNzmevcRleYyvjfTBP2IjmIeckaNbbWeBtWaW3fnRVbBK6AGRTUH1e/+ULI0wtgwQbXueW5i/Iwqw5nAWaWfakwom9AR9izGNELtZ/NFZ+QslIqYMZL5+a83o5HW0yiwnoiasV7W8uZ/Wi814bWf8ThJDcbMWqwWpoIYSfL/kiFXyIyYWqBMcbslYWOqKDM2lYVX8tlGSqFnFZuKt5zBKnQu6p7l1mWtcVPkU4YTOIVz8OAKGnAHTWgDA4RneIFXJ3PenHfn49dacoo7x7BQzucPAVqUbQ==</latexit>

y <latexit sha1_base64="rcnJ2aXegkX59MxW0a5+J5J+nUU=">AAAB+XicbZC7TsMwFIadcivlVmBksaiQmKoEIcFYwcLYSvQitVHluKetVSeO7BOkKOoTsMIDsCFWnoaZF8EpGWjLmT6f//fx8R/EUhh03S+ntLG5tb1T3q3s7R8cHlWPTzpGJZpDmyupdC9gBqSIoI0CJfRiDSwMJHSD2X2ud59AG6GiR0xj8EM2icRYcIa21UqH1ZpbdxdF18EroEaKag6r34OR4kkIEXLJjOl7box+xjQKLmFeGSQGYsZnbAJ9ixELwfjZYtE5vRgrTXEKdHH+681YaEwaBtYTMpyaVS1v/qf1Exzf+pmI4gQh4tZitXEiKSqa/5eOhAaOMrXAuBZ2S8qnTDOONpWlV/LZqJQ084pNxVvNYB06V3XPcuu61rgr8imTM3JOLolHbkiDPJAmaRNOgDyTF/LqZM6b8+58/FpLTnHnlCyV8/kDAu+Ubg==</latexit><latexit sha1_base64="rcnJ2aXegkX59MxW0a5+J5J+nUU=">AAAB+XicbZC7TsMwFIadcivlVmBksaiQmKoEIcFYwcLYSvQitVHluKetVSeO7BOkKOoTsMIDsCFWnoaZF8EpGWjLmT6f//fx8R/EUhh03S+ntLG5tb1T3q3s7R8cHlWPTzpGJZpDmyupdC9gBqSIoI0CJfRiDSwMJHSD2X2ud59AG6GiR0xj8EM2icRYcIa21UqH1ZpbdxdF18EroEaKag6r34OR4kkIEXLJjOl7box+xjQKLmFeGSQGYsZnbAJ9ixELwfjZYtE5vRgrTXEKdHH+681YaEwaBtYTMpyaVS1v/qf1Exzf+pmI4gQh4tZitXEiKSqa/5eOhAaOMrXAuBZ2S8qnTDOONpWlV/LZqJQ084pNxVvNYB06V3XPcuu61rgr8imTM3JOLolHbkiDPJAmaRNOgDyTF/LqZM6b8+58/FpLTnHnlCyV8/kDAu+Ubg==</latexit><latexit sha1_base64="rcnJ2aXegkX59MxW0a5+J5J+nUU=">AAAB+XicbZC7TsMwFIadcivlVmBksaiQmKoEIcFYwcLYSvQitVHluKetVSeO7BOkKOoTsMIDsCFWnoaZF8EpGWjLmT6f//fx8R/EUhh03S+ntLG5tb1T3q3s7R8cHlWPTzpGJZpDmyupdC9gBqSIoI0CJfRiDSwMJHSD2X2ud59AG6GiR0xj8EM2icRYcIa21UqH1ZpbdxdF18EroEaKag6r34OR4kkIEXLJjOl7box+xjQKLmFeGSQGYsZnbAJ9ixELwfjZYtE5vRgrTXEKdHH+681YaEwaBtYTMpyaVS1v/qf1Exzf+pmI4gQh4tZitXEiKSqa/5eOhAaOMrXAuBZ2S8qnTDOONpWlV/LZqJQ084pNxVvNYB06V3XPcuu61rgr8imTM3JOLolHbkiDPJAmaRNOgDyTF/LqZM6b8+58/FpLTnHnlCyV8/kDAu+Ubg==</latexit><latexit sha1_base64="rcnJ2aXegkX59MxW0a5+J5J+nUU=">AAAB+XicbZC7TsMwFIadcivlVmBksaiQmKoEIcFYwcLYSvQitVHluKetVSeO7BOkKOoTsMIDsCFWnoaZF8EpGWjLmT6f//fx8R/EUhh03S+ntLG5tb1T3q3s7R8cHlWPTzpGJZpDmyupdC9gBqSIoI0CJfRiDSwMJHSD2X2ud59AG6GiR0xj8EM2icRYcIa21UqH1ZpbdxdF18EroEaKag6r34OR4kkIEXLJjOl7box+xjQKLmFeGSQGYsZnbAJ9ixELwfjZYtE5vRgrTXEKdHH+681YaEwaBtYTMpyaVS1v/qf1Exzf+pmI4gQh4tZitXEiKSqa/5eOhAaOMrXAuBZ2S8qnTDOONpWlV/LZqJQ084pNxVvNYB06V3XPcuu61rgr8imTM3JOLolHbkiDPJAmaRNOgDyTF/LqZM6b8+58/FpLTnHnlCyV8/kDAu+Ubg==</latexit>

�x
<latexit sha1_base64="B6UkprPI7Mob+8vlwWMY9aAPrW0=">AAACAHicbZC7TsMwFIadcivlVmBksaiQmKoEIcFYAQNjkehFaqPKcU9aq04c2SeIqurCI7DCA7AhVt6EmRfBKRloy5k+n//38fEfJFIYdN0vp7Cyura+UdwsbW3v7O6V9w+aRqWaQ4MrqXQ7YAakiKGBAiW0Ew0sCiS0gtF1prceQBuh4nscJ+BHbBCLUHCGttXu3oBERh975YpbdWdFl8HLoULyqvfK392+4mkEMXLJjOl4boL+hGkUXMK01E0NJIyP2AA6FmMWgfEns32n9CRUmuIQ6Oz81zthkTHjKLCeiOHQLGpZ8z+tk2J46U9EnKQIMbcWq4WppKho9m3aFxo4yrEFxrWwW1I+ZJpxtOHMvZLNRqWkmZZsKt5iBsvQPKt6lu/OK7WrPJ8iOSLH5JR45ILUyC2pkwbhRJJn8kJenSfnzXl3Pn6tBSe/c0jmyvn8AdnUlxk=</latexit><latexit sha1_base64="B6UkprPI7Mob+8vlwWMY9aAPrW0=">AAACAHicbZC7TsMwFIadcivlVmBksaiQmKoEIcFYAQNjkehFaqPKcU9aq04c2SeIqurCI7DCA7AhVt6EmRfBKRloy5k+n//38fEfJFIYdN0vp7Cyura+UdwsbW3v7O6V9w+aRqWaQ4MrqXQ7YAakiKGBAiW0Ew0sCiS0gtF1prceQBuh4nscJ+BHbBCLUHCGttXu3oBERh975YpbdWdFl8HLoULyqvfK392+4mkEMXLJjOl4boL+hGkUXMK01E0NJIyP2AA6FmMWgfEns32n9CRUmuIQ6Oz81zthkTHjKLCeiOHQLGpZ8z+tk2J46U9EnKQIMbcWq4WppKho9m3aFxo4yrEFxrWwW1I+ZJpxtOHMvZLNRqWkmZZsKt5iBsvQPKt6lu/OK7WrPJ8iOSLH5JR45ILUyC2pkwbhRJJn8kJenSfnzXl3Pn6tBSe/c0jmyvn8AdnUlxk=</latexit><latexit sha1_base64="B6UkprPI7Mob+8vlwWMY9aAPrW0=">AAACAHicbZC7TsMwFIadcivlVmBksaiQmKoEIcFYAQNjkehFaqPKcU9aq04c2SeIqurCI7DCA7AhVt6EmRfBKRloy5k+n//38fEfJFIYdN0vp7Cyura+UdwsbW3v7O6V9w+aRqWaQ4MrqXQ7YAakiKGBAiW0Ew0sCiS0gtF1prceQBuh4nscJ+BHbBCLUHCGttXu3oBERh975YpbdWdFl8HLoULyqvfK392+4mkEMXLJjOl4boL+hGkUXMK01E0NJIyP2AA6FmMWgfEns32n9CRUmuIQ6Oz81zthkTHjKLCeiOHQLGpZ8z+tk2J46U9EnKQIMbcWq4WppKho9m3aFxo4yrEFxrWwW1I+ZJpxtOHMvZLNRqWkmZZsKt5iBsvQPKt6lu/OK7WrPJ8iOSLH5JR45ILUyC2pkwbhRJJn8kJenSfnzXl3Pn6tBSe/c0jmyvn8AdnUlxk=</latexit><latexit sha1_base64="B6UkprPI7Mob+8vlwWMY9aAPrW0=">AAACAHicbZC7TsMwFIadcivlVmBksaiQmKoEIcFYAQNjkehFaqPKcU9aq04c2SeIqurCI7DCA7AhVt6EmRfBKRloy5k+n//38fEfJFIYdN0vp7Cyura+UdwsbW3v7O6V9w+aRqWaQ4MrqXQ7YAakiKGBAiW0Ew0sCiS0gtF1prceQBuh4nscJ+BHbBCLUHCGttXu3oBERh975YpbdWdFl8HLoULyqvfK392+4mkEMXLJjOl4boL+hGkUXMK01E0NJIyP2AA6FmMWgfEns32n9CRUmuIQ6Oz81zthkTHjKLCeiOHQLGpZ8z+tk2J46U9EnKQIMbcWq4WppKho9m3aFxo4yrEFxrWwW1I+ZJpxtOHMvZLNRqWkmZZsKt5iBsvQPKt6lu/OK7WrPJ8iOSLH5JR45ILUyC2pkwbhRJJn8kJenSfnzXl3Pn6tBSe/c0jmyvn8AdnUlxk=</latexit>

�y
<latexit sha1_base64="n7XH5uVIMDGqsf/GxQiAbuBsljY=">AAACAHicbZC7TsMwFIYdrqXcCowsFhUSU5UgJBgrYGAsEr1IbVQ57klr1Ykj+wQpirrwCKzwAGyIlTdh5kVwSwbacqbP5/99fPwHiRQGXffLWVldW9/YLG2Vt3d29/YrB4cto1LNocmVVLoTMANSxNBEgRI6iQYWBRLawfhmqrcfQRuh4gfMEvAjNoxFKDhD2+r0bkEio1m/UnVr7qzoMngFVElRjX7luzdQPI0gRi6ZMV3PTdDPmUbBJUzKvdRAwviYDaFrMWYRGD+f7Tuhp6HSFEdAZ+e/3pxFxmRRYD0Rw5FZ1KbN/7RuiuGVn4s4SRFibi1WC1NJUdHpt+lAaOAoMwuMa2G3pHzENONow5l7ZToblZJmUrapeIsZLEPrvOZZvr+o1q+LfErkmJyQM+KRS1Ind6RBmoQTSZ7JC3l1npw35935+LWuOMWdIzJXzucP22mXGg==</latexit><latexit sha1_base64="n7XH5uVIMDGqsf/GxQiAbuBsljY=">AAACAHicbZC7TsMwFIYdrqXcCowsFhUSU5UgJBgrYGAsEr1IbVQ57klr1Ykj+wQpirrwCKzwAGyIlTdh5kVwSwbacqbP5/99fPwHiRQGXffLWVldW9/YLG2Vt3d29/YrB4cto1LNocmVVLoTMANSxNBEgRI6iQYWBRLawfhmqrcfQRuh4gfMEvAjNoxFKDhD2+r0bkEio1m/UnVr7qzoMngFVElRjX7luzdQPI0gRi6ZMV3PTdDPmUbBJUzKvdRAwviYDaFrMWYRGD+f7Tuhp6HSFEdAZ+e/3pxFxmRRYD0Rw5FZ1KbN/7RuiuGVn4s4SRFibi1WC1NJUdHpt+lAaOAoMwuMa2G3pHzENONow5l7ZToblZJmUrapeIsZLEPrvOZZvr+o1q+LfErkmJyQM+KRS1Ind6RBmoQTSZ7JC3l1npw35935+LWuOMWdIzJXzucP22mXGg==</latexit><latexit sha1_base64="n7XH5uVIMDGqsf/GxQiAbuBsljY=">AAACAHicbZC7TsMwFIYdrqXcCowsFhUSU5UgJBgrYGAsEr1IbVQ57klr1Ykj+wQpirrwCKzwAGyIlTdh5kVwSwbacqbP5/99fPwHiRQGXffLWVldW9/YLG2Vt3d29/YrB4cto1LNocmVVLoTMANSxNBEgRI6iQYWBRLawfhmqrcfQRuh4gfMEvAjNoxFKDhD2+r0bkEio1m/UnVr7qzoMngFVElRjX7luzdQPI0gRi6ZMV3PTdDPmUbBJUzKvdRAwviYDaFrMWYRGD+f7Tuhp6HSFEdAZ+e/3pxFxmRRYD0Rw5FZ1KbN/7RuiuGVn4s4SRFibi1WC1NJUdHpt+lAaOAoMwuMa2G3pHzENONow5l7ZToblZJmUrapeIsZLEPrvOZZvr+o1q+LfErkmJyQM+KRS1Ind6RBmoQTSZ7JC3l1npw35935+LWuOMWdIzJXzucP22mXGg==</latexit><latexit sha1_base64="n7XH5uVIMDGqsf/GxQiAbuBsljY=">AAACAHicbZC7TsMwFIYdrqXcCowsFhUSU5UgJBgrYGAsEr1IbVQ57klr1Ykj+wQpirrwCKzwAGyIlTdh5kVwSwbacqbP5/99fPwHiRQGXffLWVldW9/YLG2Vt3d29/YrB4cto1LNocmVVLoTMANSxNBEgRI6iQYWBRLawfhmqrcfQRuh4gfMEvAjNoxFKDhD2+r0bkEio1m/UnVr7qzoMngFVElRjX7luzdQPI0gRi6ZMV3PTdDPmUbBJUzKvdRAwviYDaFrMWYRGD+f7Tuhp6HSFEdAZ+e/3pxFxmRRYD0Rw5FZ1KbN/7RuiuGVn4s4SRFibi1WC1NJUdHpt+lAaOAoMwuMa2G3pHzENONow5l7ZToblZJmUrapeIsZLEPrvOZZvr+o1q+LfErkmJyQM+KRS1Ind6RBmoQTSZ7JC3l1npw35935+LWuOMWdIzJXzucP22mXGg==</latexit>
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Fig. 1 Schematic depiction of the basic processes a cell can undergo in the IB model. A A cell
is characterised by its phenotypic state (yi, xj), a pair of values of proliferative potential yj and
evolvability xi that determine a position in the lattice {yi}i × {xj}j , which defines the phenotypic
space. Each phenotypic state (yi, xj) is associated with a division probability Ph

Bi,j
and a probability

of change in proliferative potential µ(xj). The different processes that a cell may undergo between
time-steps h and h+1 are summarized in the color boxes, and detailed hereafter. B Cells may undergo
spontaneous phenotypic changes that increase or decrease their proliferative potential, according to
a probability µ(xi) that depends on their level of evolvability. C Cells may also undergo spontaneous
phenotypic changes that increase or decrease their level of evolvability, according to a fixed probability
ω. Increasing or decreasing the level of evolvability is equiprobable, while increasing or decreasing the
level of proliferative potential is only equiprobable when θ = 0.5. D Cells may divide according to
a probability Ph

Bi,j
(cf. Eq. (8)). The newborn cell inherits the same phenotypic state as its parent.

E Cells may die with a probability Ph
Di,j

(cf. Eq. (9)). Both division and death probabilities depend

on a cell’s levels of proliferative potential and evolvability. F Cells may remain quiescent with a
probability Ph

Qi,j
(cf. Eq. (10)).

and

x̄(th) ≡ x̄h :=
1

Nh

∑
i,j

N h
i,jxj , σx(th) ≡ σh

x :=

(
1

Nh

∑
i,j

N h
i,jx

2
j −

(
x̄h
)2)1/2

. (3)

As summarised by the schematics in Figure 1, between time-steps h and h+1, each110

cell in phenotypic state (yi, xj) can first undergo heritable, spontaneous phenotypic111

changes and then die, divide, or stay quiescent according to the rules described in the112

following subsections.113
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2.1.1 Mathematical modelling of cell division and death114

We assume that a dividing cell is instantly replaced by two identical cells that inherit115

the phenotypic state of the parent cell (i.e. the progenies are placed on the same lattice116

site as their parent), while a dying cell is instantly removed from the population.117

We model saturating growth of the cell population by letting the cells divide, die or118

remain quiescent with probabilities that depend on their phenotypic state and the cell119

population size. In particular, to define the probabilities of cell division and death,120

we introduce the function R ≡ R(yi, xj , N
h), which describes the net division rate121

(i.e. the difference between the rate of division and the rate of death) of cells in the122

phenotypic state (yi, xj) under the environmental conditions corresponding to the cell123

population size Nh. In particular, we will focus on the case where:124

R(y, x,N) := ρ(x, y)− κN. (4)

The definition given by Eq. (4) relies on the following assumptions: cells die due to125

intra-population competition at a rate proportional to the size of the cell population,126

with constant of proportionality κ > 0; and cells in the phenotypic state (y, x) divide127

and die due to natural selection on the proliferative potential at rate ρ(x, y) (i.e.128

ρ(x, y) is the intrinsic net division rate of cells in the phenotypic state (y, x)). In the129

framework of our model, under the definition given by Eq. (4), the function ρ(x, y)130

determines the shape of the phenotypic fitness landscape of the cell population.131

In order to capture the fact that a larger proliferative potential corresponds to a

higher cell division rate (i.e. a larger fitness), and to consider scenarios in which, due

to possible fitness costs associated with evolvability [48–50], cells may undergo cell

division at different rates depending on their evolvability level, we define the intrinsic

net division rate ρ as (building on the ideas presented in [39, 40]):

ρ(x, y) := γ (1− α r(x))− η(1− y)2. (5)
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Here, the parameter γ > 0 is the maximum cell division rate (i.e. the maximum fitness)

and the parameter η > 0 is a selection gradient that provides a measure of the strength

of natural selection on the proliferative potential. Furthermore, the parameter α ≥ 0

models the fitness cost of evolvability and the function r(x) ≥ 0 models how the level

of evolvability impacts on the intrinsic net division rate. To consider the scenario where

higher evolvability levels decrease the rate of cell division, we define the function r in

Eq.(5) as:

r(x) := x2. (6)

Conversely, to consider the opposite scenario where cells need to invest energy in keep-

ing low levels of evolvability (e.g. to ensure genome fidelity), and thus lower evolvability

levels lower the rate of cell division, we use the following definition:

r(x) := (1− x)2. (7)

The definition given by Eq. (5) is such that under scenarios in which evolvability does132

not imply a fitness cost (i.e. when α = 0), cells with the highest proliferative potential133

(i.e. the fittest phenotypic variants with y = 1) will divide at the maximum rate,134

γ, and the net division rate of cells with a lower proliferative potential (i.e. less fit135

phenotypic variants with y ∈ [0, 1)) decreases as the selection gradient increases (i.e.136

larger values of η and smaller values of y correspond to a lower net division rate).137

Moreover, under scenarios in which there is a fitness cost associated with evolvability138

(i.e. when α > 0), the net division rate of the cells decreases with the fitness cost of139

evolvability, α, and higher (resp. lower) levels of evolvability correspond to a lower net140

division rate under the definition of r(x) provided by Eq. (6) (resp. Eq. (7)). Note that,141

under these definitions, there may be phenotypic states (y, x) for which the intrinsic142

net division rate is negative, implying that the rate at which cells in these phenotypic143
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states divide is lower than the rate at which they die due to natural selection on the144

proliferative potential.145

Using the definitions in Eqs. (4) and (5), we assume that between time-steps h and146

h+ 1 a cell in phenotypic state (yi, xj) may divide with probability147

Ph
Bi,j

:= ∆tρ+(x, y) where ρ+(x, y) = max (0, ρ(x, y)) , (8)

die with probability148

Ph
Di,j

:= ∆t [κN + ρ−(x, y)] where ρ−(x, y) = −min (0, ρ(x, y)) , (9)

or remain quiescent (i.e. do not divide nor die) with probability

Ph
Qi,j

:= 1− Ph
Bi,j
− Ph

Di,j
. (10)

Note that we are implicitly assuming that the time-step size ∆t is sufficiently small149

so that 0 ≤ Ph
Bi,j

+ Ph
Di,j
≤ 1 for all values of i, j, and h. Note also that we define150

the positive part ρ+(x, y) and the negative part ρ−(x, y) of the division rate ρ(x, y),151

such that ρ+(x, y) contributes to the division probability Ph
Bi,j

, meanwhile ρ−(x, y)152

contributes to the death probability Ph
Di,j

.153

2.1.2 Mathematical modelling of phenotypic changes154

We consider reversible phenotypic changes driven by small and frequent fluctuations

in the cell phenotypic state, which occur during a cell’s life span and not only at cell

division. We take these into account by allowing cells to update their phenotypic state

according to a random walk along the two phenotypic dimensions. We assume that

changes in the level of evolvability occur with a constant probability, whilst changes in

the proliferative potential occur with a probability that increases with the evolvability

level. We model these probabilities through the parameter ω ∈ [0, 1] and the function

10



0 ≤ µ(x) ≤ 1, respectively, and we focus on the case where

µ(x) := µ1 x
2, (11)

with the parameter 0 < µ1 ≤ 1 modelling the maximum probability of changes in the155

proliferative potential.156

In such a modelling framework, between time-steps h and h+ 1, every cell in phe-157

notypic state (yi, xj) can: undergo a change in its level of evolvability, with probability158

ω, or retain its current level of evolvability, with probability 1− ω; undergo a change159

in its proliferative potential, with probability µ(xj), or retain its current prolifera-160

tive potential, with probability 1 − µ(xj). We assume that a cell in phenotypic state161

(yi, xj) that undergoes a change in its level of evolvability acquires either of the evolv-162

ability levels corresponding to xj±1 = xj ± ∆x with probabilities ω/2. Conversely,163

building on [55], we assume that a cell in the phenotypic state (yi, xj) that under-164

goes a change in its proliferative potential may acquire a lower level of proliferative165

potential (yi−1 = yi −∆y) with probability θ ∈ [0, 1], or a higher level of proliferative166

potential (yi+1 = yi + ∆y) with probability 1 − θ. When θ = 0.5, there is a sym-167

metrical distribution of fitness effects (DFE), meaning that cells are equally likely to168

acquire a higher or lower proliferative potential (i.e. phenotypic changes are equally169

likely to be advantageous or deleterious). First we will study this scenario. Then, since170

detrimental phenotypic changes may be more likely than beneficial ones [9], we will171

also explore scenarios in which θ > 0.5, whereby there is an asymmetrical DFE and172

cells are more likely to acquire a lower proliferative potential as a result of phenotypic173

changes. Any attempted phenotypic variation of a cell that would require moving into174

a state outside the phenotypic domain [0, 1]× [0, 1] is aborted.175
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2.2 The corresponding continuum model176

Through a method analogous to that we previously employed in [41, 53–55], letting

the time-step size ∆t→ 0+ and the sizes of phenotype-steps ∆y → 0+ and ∆x→ 0+,

as well as θ → 0.5+, in such a way that

(∆y)
2

2∆t
→ ξ1 ∈ R+

∗ ,
(∆x)

2

2∆t
→ ξ2 ∈ R+

∗ , and
(2θ − 1)∆y

∆t
→ ξ3 ∈ R, (12)

we formally show (see the Appendix) that the deterministic continuum counterpart

of the stochastic IB model presented in the previous section is given by the following

partial integro-differential equation (PIDE) for the cell population density function

n(t, y, x) ≥ 0:



∂tn = R(y, x,N)n+ ξ1µ(x) ∂y

(
∂yn+

ξ3
ξ1
n

)
+ ξ2ω ∂

2
xxn,

(t, y, x) ∈ (0, tf ]× (0, 1)× (0, 1),

N(t) :=

∫ 1

0

∫ 1

0

n(t, y, x) dy dx,

(13)

subject to zero Neumann (i.e. no-flux) boundary conditions on the boundary of the177

square [0, 1]×[0, 1]. In the continuum modelling framework given by the PIDE (13), the178

function n(t, y, x) represents the number density of cells in the phenotypic state (y, x)179

and its integral, N(t), is thus the size of the cell population at time t. The reaction180

term models the effects of cell division and death, and the function R(y, x,N), which181

is defined via Eq. (4), represents the net division rate of cells in the phenotypic state182

(y, x) under the environmental conditions corresponding to the cell population size183

N . Moreover, the diffusion term in the x−direction models the effects of changes in184

the level of evolvability, which occur at rate ξ2ω. Finally, the diffusion-advection term185

in the y−direction models the effects of changes in the level of proliferative potential,186
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which occur at rate ξ1µ(x). The advection term captures the possible presence of187

asymmetry in the DFE (cf. Subsection 2.1.2), and the ratio
ξ3
ξ1

measures the relative188

impact of asymmetrical DFE on cell dynamics. In the case of symmetrical DFE, θ = 0.5189

in the underlying IB model and thus ξ3 = 0. On the other hand, in the case of190

asymmetrical DFE, if phenotypic changes are more likely to have negative effects,191

meaning that cells are more likely to acquire a lower level of proliferative potential,192

then θ > 0.5, thereby ξ3 > 0. Note that, since the formal derivation of the PIDE model193

from the IB one relies on letting θ → 0.5+, we expect the quality of the quantitative194

agreement between the two models to deteriorate for values of θ sufficienly larger than195

0.5.196

The mean levels of proliferative potential (2) and evolvability (3) defined in197

Section 2.1 have the following corresponding functions in the continuum counterpart:198

ȳ(t) :=
1

N(t)

∫ 1

0

∫ 1

0

y n(t, y, x) dy dx,

σy(t) :=

(
1

N(t)

∫ 1

0

∫ 1

0

y2 n(t, y, x) dy dx− (ȳ(t))
2

)1/2 (14)

and

x̄(t) :=
1

N(t)

∫ 1

0

∫ 1

0

xn(t, y, x) dxdy,

σx(t) :=

(
1

N(t)

∫ 1

0

∫ 1

0

x2 n(t, y, x) dx dy − (x̄(t))
2

)1/2

.

(15)

3 Main results199

In this section, we present the main results of numerical simulations of the IB model,200

which we compare with numerical solutions of the continuum model given by the201

PIDE (13). The set-up of numerical simulations is summarised in Subsection 3.1.202
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In Subsection 3.2, focussing on the scenario of symmetrical DFE (i.e. when the IB203

model parameter θ = 0.5 and, therefore, the PIDE model parameter ξ3 = 0), we first204

consider the case where evolvability does not imply a fitness cost (i.e. α = 0 in Eq. (5))205

and present a sample of base-case results that summarise the evolutionary dynamics of206

the cell population for different choices of the initial mean level of proliferative poten-207

tial and the initial mean level of evolvability. We then present the results of numerical208

simulations carried out to investigate how the base-case evolutionary dynamics change209

as we vary the values of the parameters η and α in the definition given by Eq. (5), in210

order to explore how the gradient of natural selection on the proliferative potential,211

the fitness cost of evolvability (given by α > 0 in Eq. (5)), and the interplay between212

these evolutionary parameters affect the phenotypic evolution of the cell population.213

In particular, we consider situations where higher evolvability levels decrease the rate214

of cell division [57, 58], and thus complement Eq. (5) with Eq. (6). Although this215

ideal set-up may be far away from reality, it provides valuable insight into the model216

dynamics.217

In Subsection 3.3, we turn to the scenario of asymmetrical DFE whereby pheno-218

typic changes are more likely to make cells acquire a lower proliferative potential (i.e.219

when the IB model parameter θ > 0.5, and thus the PIDE model parameter ξ3 > 0).220

Since in this scenario an ‘endogenous’ fitness cost is already placed on higher levels of221

evolvability by asymmetrical DFE, we first set α = 0 in Eq. (5). We then study the222

interplay between such an endogenous cost of evolvability and an ‘exogenous’ cost,223

meaning that cells need to invest energy to maintain low levels of evolvability. To this224

end, we keep θ > 0.5 (i.e. ξ3 > 0) and set α > 0 in Eq. (5) complemented with Eq. (7).225

Generally, under the choices made here for the parameter values, the simulation226

results demonstrate excellent quantitative agreement between the stochastic IB model227

and its deterministic continuum counterpart given by the PIDE (13). This testifies to228

the robustness of these results, and thus of the possible biological conclusions drawn229
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therefrom (nonetheless limited by the assumptions made in the definition of the IB230

model).231

3.1 Set-up of numerical simulations232

For consistency with previous mathematical studies of the evolutionary dynamics of

phenotype-structured populations, which rely on the prima facie assumption that pop-

ulation densities are Gaussians [56], simulations are carried out under the assumption

that the initial phenotype distribution of cells for the IB model is defined as:

n0
i,j :=

N 0
i,j

∆y∆x
, N 0

i,j := N0 C exp

[
− (yi − ȳ0)2

2(σ0
y)2

− (xj − x̄0)2

2(σ0
x)2

]
, (16)

where C is a normalisation constant such that
∑
i,j

N 0
i,j = N0. In the definition given by233

Eq. (16), the parameter N0 represents the initial cell number, the parameters ȳ0 and234

σ0
y represent the initial mean proliferative potential and the corresponding standard235

deviation, respectively, while the parameters x̄0 and σ0
x represent the initial mean level236

of evolvability and the corresponding standard deviation, respectively. The baseline237

parameter values used to carry out numerical simulations of the IB model are listed in238

Table 1. Since our current study has eschewed a specific biological context, with the239

underlying model assumptions sufficiently generic to encompass a range of scenarios,240

these parameter values were chosen with exploratory aim (i.e. to observe the effects of241

all the mechanisms incorporated into the model over a reasonable computational time242

scale) and, unless otherwise specified, they are dimensionless. Note that, consistently243

with the conditions given by Eq. (12), the values of ∆t, ∆y, and ∆x are chosen244

sufficiently close to 0, while the values of the parameter θ are chosen sufficiently close245

to 0.5. The methods employed to numerically solve the PIDE (13) subject to no-flux246

boundary conditions and to an initial condition n(0, y, x), which is the continuum247

analogue of n0
i,j defined via Eq. (16), are described in the Appendix.248
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Table 1 Baseline parameter values used to carry out the numerical simulations.

Parameter Biological Meaning Value

tf Final time {5× 102, 103}

∆t Time-step size 10−4

∆y, ∆x Phenotype-step size ≈ 0.0141

N0 Initial cell number 100 cells

ȳ0
Initial mean proliferative potential {0.2, 0.6, 0.8}

σ0
y Standard deviation corresponding to ȳ0 0.02

x̄0
Initial mean level of evolvability {0.2, 0.7, 0.8}

σ0
x Standard deviation corresponding to x̄0 0.02

ω Probability of changes in evolvability level 4× 10−3

µ1 Maximum probability of changes in proliferative potential 0.1

γ Maximum fitness 1

η Gradient of selection on proliferative potential {0.05, 0.2, 0.5, 0.8, 1.5}

α Fitness cost of evolvability {0.125, 0.25, 0.5, 1, 1.5}

κ Rate of cell death due to intra-population competition 10−4 cells−1

θ Probability of acquiring a lower level of proliferative potential {0.5, 0.55, 0.6, 0.7}

3.2 Main results under symmetrical DFE249

We start by considering symmetrical DFE whereby phenotypic changes are equally250

likely to be advantageous or deleterious (i.e. to make cells acquire a higher or lower251

proliferative potential). Hence, we investigate scenarios where the IB model parameter252

θ = 0.5, and thus the PIDE model parameter ξ3 = 0.253

3.2.1 Different initial phenotypic compositions lead to the same254

evolutionary trajectory255

In a realistic setting, different cell populations would be expected to have different phe-256

notypic compositions, depending on the level of adaptation to their environment. We257
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investigated how the initial phenotypic distribution of a population can affect its evo-258

lutionary dynamics. In particular, we considered four different scenarios, whereby the259

initial phenotypic composition of a cell population corresponds to the possible com-260

binations between low/high evolvability and low/high proliferative potential. Then,261

we simulated the evolutionary trajectories of these populations using the IB and the262

PIDE models.263

The simulation results in Figure 2B show the evolutionary trajectories of the cell264

population (i.e. the dynamics of the mean phenotypic state) under the aforemen-265

tioned scenarios, corresponding to different initial mean levels of proliferative potential266

and evolvability, when evolvability does not imply a fitness cost (i.e. when α = 0).267

These results demonstrate that the mean level of proliferative potential converges268

asymptotically to the maximum value 1 while the mean level of evolvability converges269

asymptotically to the minimum value 0. Moreover, while the mean level of prolifera-270

tive potential increases monotonically with time in all scenarios considered, the mean271

level of evolvability either decreases monotonically with time or first increases and272

then decreases depending on whether its initial value is sufficiently low or sufficiently273

high, respectively. In the former case, the mean level of evolvability undergoes tran-274

sient growth as long as the mean level of proliferative potential is sufficiently low, and275

then starts decreasing monotonically, converging eventually to 0, as soon as the mean276

level of proliferative potential is sufficiently high. In all scenarios, the cell phenotype277

distribution remains unimodal (cf. Figure 2C). Furthermore, higher initial mean lev-278

els of proliferative potential and evolvability correlate with a faster increase in the size279

of the cell population, which in all scenarios saturates at a positive asymptotic value280

(cf. Figure 2A).281

These results suggest that for a cell population (as described by the IB model) to282

reach its optimal proliferative potential (and stay there), a two-step adaptive trajec-283

tory takes place. First, there is an investment in evolvability, since greater levels of284
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this trait help in traversing the phenotypic landscape faster. Then, once the optimal285

proliferative potential has been reached, evolvability decreases to help cells remain at286

this optimal proliferative potential. The first step is skipped by cell populations whose287

initial level of evolvability is high enough. According to the numerical results, this288

adaptive trajectory seems to be robust, since all simulated cell populations underwent289

it.290

3.2.2 Stronger selection leads to faster adaptation291

The parameter η in Eq. (5) denotes the selection gradient and thus it is a proxy for292

the strength of selection acting on the cell population. The larger its value, the greater293

the difference in fitness between consecutive phenotypic states (in terms of prolifer-294

ative potential). After computing the evolutionary trajectories that arise during the295

adaptation of cell populations with different initial phenotypic distributions, now we296

focus on the scenario where the cell population has low initial levels of both evolv-297

ability and proliferative potential, and we evaluate how different values of selection298

gradient affect the evolutionary dynamics of the cell population.299

The simulation results in Figure 3 illustrate how the gradient of natural selection300

on the proliferative potential (i.e. the value of η) affects the evolutionary dynamics of301

the cell population when evolvability does not imply a fitness cost (i.e. when α = 0).302

These results demonstrate that the larger the value of the selection gradient η, the303

faster are both the convergence of the mean level of proliferative potential to the304

maximum value 1 and the convergence of the mean level of evolvability to the minimum305

value 0. These results also indicate that in scenarios under which the mean level of306

evolvability undergoes transient growth, as discussed in Section 3.2.1, larger values307

of the selection gradient η cause the mean level of evolvability of the cell population308

to attain larger values in the transient phase. For all values of η considered here, the309

phenotype distribution of the cells remains unimodal and the size of the cell population310

saturates asymptotically to a positive value (results not displayed).311
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These results suggest that the steepness of the selection gradient may influence the312

speed of adaptation. Moreover, regardless of the value of η, all simulated populations313

underwent an initial increase in the level of evolvability, followed by a decrease in this314

level once the optimal proliferation potential was reached. Hence, we also observe that315

the two-step adaptive trajectory previously unveiled is robust against changes in the316

strength of selection.317

3.2.3 What if evolvability comes at a cost?318

So far, we have considered that evolvability does not imply a fitness cost. Now we turn319

our attention to situations where higher levels of evolvability incur a higher fitness320

cost [57, 58], and thus set α > 0 in Eq. (5) complemented with Eq. (6). The simulation321

results in Figure 4 show how the evolutionary dynamics of the cell population change322

when there is a fitness cost associated with high levels of evolvability. These results323

demonstrate that larger values of the fitness cost of evolvability α: promote a faster324

convergence of the mean level of evolvability to the minimum value 0 (cf. Figure 4B325

and Figure 4C); lead to a slower convergence of the mean level of proliferative potential326

to the maximum value 1 (cf. Figure 4A and Figure 4C); and hinder possible transient327

growth of the mean level of evolvability (cf. Figure 4B and Figure 4C). The cell328

phenotype distribution remains unimodal and the size of the cell population saturates329

at a positive asymptotic value for all values of α considered here (results not shown).330

These results suggest that when cells cannot excel at both phenotypic traits (i.e.331

proliferative potential and evolvability), the convergence to the optimal proliferation332

potential still happens, but not always via the two-step adaptive trajectory. In fact,333

the higher the fitness cost of evolvability, the less likely it is that the two-step trajec-334

tory will occur. Moreover, a higher fitness cost of evolvability also leads to a slower335

convergence to the optimal proliferative potential. Since cells cannot rely on greater336

levels of evolvability to help themselves traverse faster the phenotypic landscape, they337

must settle for a slower pace of adaptation.338
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As an aside, we observe a mismatch in the dynamics of the proliferative potential339

between the results of the simulations with the IB model and the numerical results of340

the PIDE model when the fitness cost of evolvability is relatively large (cf. Figure 4A).341

This is explained by the small cell number attained by the simulations with the IB342

model, compared to the numerical results of the PIDE model. Since a higher cost of343

evolvability means a smaller division probability, it will take more time for cells in the344

IB model to reach the maximum value of proliferative potential (compared to the PIDE345

model). In such circumstances stochastic effects, not captured by the deterministic346

PIDE model, play a more prominent role. Hence, the cell number grows slowly and347

this is the reason why the mismatch is larger for greater fitness costs of evolvability.348

We now investigate how the interplay between the gradient of natural selection on349

the proliferative potential and the fitness cost of evolvability affect the evolutionary350

dynamics of the cell population. Since the division rate of a cell is influenced by351

both α and η (cf. Eq. (5)), taking different combinations of these parameters defines352

different fitness landscapes, the steepness of which will determine the ease with which353

a population can traverse them. Hence, we study the evolutionary dynamics of the cell354

population subject to different combinations of α and η, to define fitness landscapes355

with varying gradient of selection and fitness cost of evolvability.356

The simulation results in Figures 5 and 6 complement the results in Figures 3 and 4357

by showing the impact that the interplay between the gradient of natural selection358

on the proliferative potential and the fitness cost of evolvability may have on the359

evolutionary dynamics of the cell population. These results demonstrate that large360

values of the selection gradient η and the fitness cost of evolvability α can cause361

extinction of cell populations in the IB model when the mean level of evolvability is362

initially high and the mean level of proliferative potential is initially low (cf. Figures 5C363

and 5D). This is due to the fact that sufficiently large values of these evolutionary364

parameters can shape the phenotypic landscape of cell populations in such a way that365
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regions of the landscape corresponding to high levels of evolvability and low levels of366

proliferative potential are characterised by a negative fitness, i.e. larger values of η367

and α may lead the intrinsic net division rate ρ(x, y) in (5) to attain negative values368

for (x, y) sufficiently close to (1, 0), thus causing the cell population to suffer a sharp369

drop in its size if the initial mean phenotypic state lies in these regions (cf. Figures 6C370

and 6D). This can create the conditions to drive the cell population to extinction (cf.371

Figures 5C and 5D). Note that, when this happens, the match between the IB model372

and the continuum model given by the PIDE (13) deteriorates, since the latter is not373

capable of capturing population extinction phenomena that are caused by stochastic374

effects associated with small cell numbers.375

These results suggest that evolvability is a necessary but not sufficient condition376

for adaptation to occur. Under very stringent circumstances, such as the ones attained377

when the fitness cost of evolvability and the gradient of selection are sufficiently large,378

a cell population may not benefit from having a high level of evolvability. Since the379

resources diverted to evolvability are not being used to sustain a high proliferative380

potential, cell populations subject to strong stochastic effects (i.e. small cell number,381

etc) may not succeed in their attempt to survive.382

3.3 Main results under asymmetrical DFE383

To investigate the impact that asymmetrical DFE, whereby phenotypic changes are384

more likely to be deleterious (i.e to make cells acquire a lower proliferative potential),385

in this subsection we explore scenarios where the IB model parameter θ > 0.5, and386

thus the PIDE model parameter ξ3 > 0.387

3.3.1 How does asymmetrical DFE affect evolutionary dynamics?388

We first explore the influence of DFE asymmetry on the evolutionary dynamics of cell389

populations with different initial phenotypic distributions when α = 0. In Figure 7 we390

can observe the mean levels of proliferative potential and evolvability of populations391

21



starting with low mean levels of both traits (cf. Figures 7A and 7B), high mean392

levels of evolvability and low mean levels of proliferative potential (cf. Figures 7C393

and 7D), high mean levels of both traits (cf. Figures 7E and 7F), and high mean394

levels of proliferative potential and low mean levels of evolvability (cf. Figures 7G and395

7H). A stronger DFE asymmetry (namely, a larger value of θ > 0.5) decreases the396

asymptotic level of proliferative potential to which the population converges in the long397

term and slows down the corresponding rate of convergence. Regarding evolvability,398

the transient phase whereby high evolvability is selected for observed when θ = 0.5399

becomes negligible as θ increases above 0.5. This appears to be the reason why the400

proliferative potential converges more slowly to a suboptimal value as θ increases: since401

cells with high levels of evolvability are now penalised due to the asymmetry in the402

DFE, cells in the population cannot rely on them to quickly traverse the phenotypic403

landscape in their search for the optimal proliferative potential. Still, in the long term,404

low evolvability is selected for regardless of the initial phenotypic distribution or the405

value of θ.406

3.3.2 Asymmetrical DFE can promote population extinction407

In Subsection 3.2.3, we observed that populations exposed to very harsh environments408

(namely, large values of the parameters α and η) may become extinct in the IB model,409

due to the emergence of regions of the phenotypic space where the intrinsic net divi-410

sion rate ρ(x, y) attains negative values. Here we investigate whether asymmetrical411

DFE can promote population extinction even if the intrinsic net division rate remains412

positive throughout the phenotypic space – i.e. when η < γ and α = 0 in the definition413

of the intrinsic net division rate provided by Eq. (5).414

We start by noticing that, when all population members have a positive intrinsic415

net proliferation rate, a drastic decline in carrying capacity can be expected to be416

required for a population to become vulnerable to extinction due to demographic417

stochasticity [59]. In the context of our model, under the definitions given by Eqs. (4)418
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and (5) with α = 0, the carrying capacity of the population is proportional to the419

parameter γ and inversely proportional to the parameter κ. Hence, keeping the initial420

cell number fixed to the baseline value reported in Table 1, we now choose values of421

γ and κ that are, respectively, smaller and larger than those in Table 1, and we also422

reduce the value of η accordingly so as to ensure that η < γ and thus ρ(x, y) > 0.423

Under this set-up, we carry out numerical simulations of the IB and PIDE models for424

different combinations of θ and η, to study whether extinctions can occur in the IB425

model simulations. Results are displayed in Figure 8.426

In Figures 8A and 8B, since the selection gradient η is relatively small, the fitness427

landscape has a low-slope, and the rate of adaptation is slower (similarly to Figure 2).428

When the DFE is symmetrical (cf. Figure 8A), extinctions do not take place; on the429

contrary, when there is an asymmetry in the DFE (cf. Figure 8B), extinctions may430

occur. In such case, the decline in cell number becomes more pronounced for pop-431

ulations with initially high evolvability (cf. the orange curves), hence providing the432

substrate for extinctions to be more likely in the IB model. In Figures 8C and 8D,433

a relatively large selection gradient η provides a steeper fitness landscape, triggering434

extinctions with a higher likelihood. Now, the population decline becomes more pro-435

nounced both in the symmetrical DFE (cf. Figure 8C) and asymmetrical DFE (cf.436

Figure 8D) cases. Moreover, in the latter case, populations starting with high evolv-437

ability (cf. the orange curves) are driven to a population bottleneck, as predicted by438

the PIDE model. Finally, in Figures 8E and 8F, the steepness of the fitness landscape439

is even greater because an even larger selection gradient η is considered. This leads440

to a faster adaptation, but also a faster (and sharper) decline in cell numbers. This441

is why, on average, populations become extinct sooner than before in the IB model442

simulations.443
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3.3.3 How does the interplay between ‘endogenous’ and ‘exogenous’444

costs of evolvability affect the evolutionary dynamics?445

Now we investigate scenarios where, in addition to the endogenous cost of evolvability446

associated with asymmetrical DFE, an exogenous cost associated with energy invest-447

ment to keep low levels of evolvability can also be present [60]. With this aim, keeping448

θ > 0.5 (i.e. ξ3 > 0), we define the intrinsic net division rate via Eqs. (5) and (7) with449

α > 0, and carry out numerical simulations of the IB and PIDE models for different450

combinations of θ and α.451

The simulation results in Figure 9 show how the evolutionary dynamics of the452

cell population change in this scenario. These results show that, in the absence of an453

exogenous cost over low levels of evolvability (i.e. when α = 0), low evolvability cells454

are selected for, regardless of the value of θ (cf. Figures 9A-9C). On the contrary,455

under the effect of an exogenous cost over low levels of evolvability (i.e. when α > 0),456

high evolvability cells are selected for (cf. Figures 9D-9I) in the long term, hence los-457

ing the evolutionary trend observed in the previous sections and in Figures 9A-9C.458

For increasing values of α > 0 and θ > 0.5, not only does the asymptotic proliferative459

potential becomes smaller (compared with the base case where α = 0), but the asymp-460

totic level of evolvability does the opposite, becoming larger the more asymmetric the461

DFE becomes, and the higher the cost of evolvability is.462

4 Discussion and conclusions463

This theoretical study sheds light on the impact of evolvability on the evolutionary464

dynamics of phenotypically-structured cell populations. As a natural extension of other465

works in the field [25, 40, 41, 43, 61], here we assume that heritable phenotypic varia-466

tion and adaptive plasticity can be condensed into a cellular evolvability trait subject467

to evolution [22]. Thus our definition of evolvability lies between those of the heritabil-468

ity and evolvability (sensu Wagner) concepts as defined in [23]. At a large evolutionary469
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scale, evolvability could also be termed innovation, generating major phenotypic (mor-470

phological, behavioural or physiological) breakthroughs [23, 62]. That connotation of471

evolvability strays from the definition considered in this paper.472

The evolution of mutation rate and its determinants have been extensively explored473

from a mathematical point of view by other authors [60, 63–66]. In this respect, it474

is relevant to point out that in this work evolvability and mutation rates are not475

synonyms. In fact, we do not focus solely on phenotypic changes driven by genetic476

mutations. Mutation rates are known to evolve, thus influencing the adaptive poten-477

tial of organisms. Evolvability encompasses changes in mutation rates, but since it478

operates at several scales, it also encompasses changes in other mechanisms providing479

variability, such as phenotypic plasticity.480

Phenotypic plasticity can be an elusive concept, and precisely delineating its bio-481

logical influences can be challenging. Nevertheless, it plays a pivotal role in the482

proper functioning of biological systems across various scales. At a cellular level, it483

is manifested through biological stochasticity, genetic and epigenetic diversity, and484

macromolecule stability regulation. On a broader scale, it is reflected in ecological485

phenomena such as niche partitioning, species interactions, and natural disturbances.486

The impact of phenotypic plasticity is intensified under harsh environments such as487

tumour development [67] or perturbated ecosystems [68–70]. Although it is difficult to488

relate theoretical predictions to real examples, it has been assumed that phenotypic489

plasticity is also subject to evolution [71–73].490

It is also worth stressing that, despite the plethora of mechanisms contributing to491

it, evolvability is assumed to be a single quantitative cell trait in our model, modu-492

lating the ability of a cell to change its proliferative potential [74]. Similar to other493

phenotypic traits, it is susceptible to spontaneous stochastic alterations in each cell,494

affecting its adaptive potential. Our way of implementing evolvability is subject to cer-495

tain assumptions. The distribution of fitness effects (DFE) on cells undergoing changes496
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in their proliferation potential (with a probability linked to their respective levels of497

evolvability) depends on a bias parameter θ, which models the probability for the cells498

of acquiring a lower level of proliferative potential. We studied both the case where499

the DFE is symmetrical (θ = 0.5) and cases where asymmetry in the DFE is present500

(θ > 0.5). In either case, in the absence of any cost, evolvability is selected against after501

long periods of environmental stasis. As θ → 0.5+, a transient phase where evolvability502

is selected for becomes relevant, helping cells traverse their phenotypic landscape more503

quickly. However, if we consider an exogenous cost for cells with low levels of evolv-504

ability, the opposite occurs: high evolvability is selected for in the long term. Although505

these results do not consider changing environments, it is known that, under such cir-506

cumstances, evolvability can be linked to a suboptimal proliferative potential state507

[71, 73, 75]. By allowing different transition probabilities to nearby proliferative poten-508

tial states, our model reproduced this phenomenon (Figure 7). However, future work509

should be conducted where changing environments are implemented in the context of510

this model, evaluating its influence on the adaptive dynamics of clonal populations.511

The interplay between proliferation rate and evolvability potential remains exper-512

imentally unknown. We approached this relationship from a qualitative point of view513

based on already known biological insights. The assumption that evolvability mod-514

ulates the proliferative potential of a cell is based on the assertion that greater515

adaptability correlates with increased species success and is purposed as a first step516

in the study of increasingly complex mathematical models of evolutionary dynamics517

that include adaptive plasticity. As a starting point, we studied whether the outcome518

of the system evolution could be dependent on the initial phenotypic composition of519

the population, provided there is no fitness cost associated to evolvability, and that520

the DFE is symmetrical (as a base-case). We observed an asymptotic convergence of521

the simulations to the maximum proliferative potential – lowest evolvability phenotype522

regardless of the initial condition in an undisturbed environment (Figure 2). This is523
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consistent with earlier studies indicating that low values of evolvability are positively524

selected in undisturbed environments and ensure balance and homeostasis at all levels525

of organisation [76–81].526

However, in our analysis of the results at intermediate time points under various527

initial conditions, we observed that cells with a higher degree of evolvability appear to528

gain a competitive advantage during the initial stages of evolutionary dynamics. This529

advantageous trait enables them to navigate the phenotypic landscape more swiftly,530

thereby expediting the process of adaptation. These adaptive dynamics occur through531

a two-step process. First, cells with elevated evolvability are favoured in the short532

term. However, cells exhibiting high proliferative potential and lower evolvability are533

favoured in the long term, leading to a phenomenon of canalisation towards a robust534

phenotype [82, 83]. When there is no fitness cost associated with evolvability and the535

initial mean level of evolvability of the cell population is sufficiently low, phenotypic536

variants with a relatively high evolvability level may have a temporary competitive537

advantage over the others on intermediate time scales. However, as soon as the mean538

level of proliferative potential of the cell population becomes sufficiently high, variants539

with high evolvability are outcompeted by lower evolvability variants.540

The fundamental principles underlying seemingly different phenomena – such as541

ecosystem regulation, which occurs on large physical and temporal scales, and tumour542

development, which unfolds over an organism’s lifetime – appear more similar than543

one might expect. At a broader scale, adaptive radiation [84] or biodiversity hotspots544

[85–87] represent highly evolvable scenarios [88]. Adaptive radiation is usually followed545

by a decline phase in diversity which is linked to the continuous adaptation of resident546

niche specialists [89]. These dynamics relate the results of our population-level models547

with the less-evolvable more-proliferative phenotype succeeding in the long term, and548

that evolvability levels are not constant in time.549
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Following on this analysis in the case where there is no cost associated with550

evolvability, and the DFE is symmetrical, the influence of the selection gradient on551

proliferative potential was also studied, showing that the larger the selection gradi-552

ent, the greater the competitive advantage of cells with high evolvability (during the553

early stages of selection). The results in Figure 3 indicate that, when evolvability does554

not imply a fitness cost, a stronger selection on the proliferative potential speeds up555

the selective sweep underlying the fixation of fast-dividing phenotypic variants and it556

catalyses the selection of phenotypic variants with low evolvability on the long time557

scale. Thus, a steeper selection gradient favours or accelerates adaptation, as each558

jump in the direction of the optimal proliferative potential receives a greater reward.559

Under challenging environments, increased adaptive plasticity seems to be selected in560

the short-term in our simulation results, resembling what happens in other natural561

contexts including adaptive radiation and the onset of therapy resistance [90]. These562

dynamics mirror the negative epistasis phenomenon observed in numerous fitness land-563

scapes. In this scenario, as a population becomes better adapted to its environment,564

the success of an advantageous mutation within that population becomes increasingly565

challenging. This has been reported in asexual E. coli populations [91] although aver-566

age fitness (i.e. growth rate) continues to increase in time. Other authors reported567

that such a decrease in adaptability is best explained by the reduction of beneficial568

changes available in the phenotypic space in the same species [92].569

This leads to another fact worth noting: high evolvability may not be free of charge570

for the cell. In the aforementioned discussion about the case of symmetrical DFE we571

have ignored the deleterious effects of being evolvable and thus compromising the572

integrity of fundamental cellular mechanisms. However, it is known that beneficial573

mutations are less likely than detrimental ones [9]; this implies that a greater level of574

evolvability may bring an endogenous cost that penalises cell viability. A high level of575

phenotypic plasticity might also compromise cell viability and ultimately phenotypic576
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survival [25, 57, 58]. Likewise, a low mutation rate may require such an investment577

in keeping genome fidelity that proliferative potential may be adversely affected [60].578

Hence, it is feasible to assume that evolvability implies a fitness cost.579

As a first approach to this issue, we considered a fitness cost for high levels of580

evolvability (Figure 4), which is given (in the context of the model) by values of α > 0581

in the intrinsic net division rate (as defined in Eq. (5) complemented with Eq. (6)).582

These numerical results support the conclusion that a greater fitness cost of evolvabil-583

ity may cause faster selection of phenotypic variants with low evolvability, thus slowing584

down the selective sweep that underlies the fixation of fast-dividing phenotypic vari-585

ants. The inclusion of a cost of evolvability in the model hinders the selection of cells586

with higher evolvability during the early stages of evolutionary dynamics, but even in587

the absence of such an exogenous cost (i.e. when α = 0), an asymmetrical DFE also588

triggers such an effect (Figure 7). The asymmetry in the DFE produces more detri-589

mental than beneficial variants; this encompasses an endogenous cost on cells with590

high levels of evolvability. Although the limits of plasticity have not been studied in as591

much depth as the benefits of maintaining phenotypic diversity, they have been shown592

to have evolutionary consequences [49]. Subsequently, cells with high evolvability may593

suffer from developmental instability and decreased robustness [93–96]. In the context594

of the model, we are able to reproduce this by several means, as demonstrated in the595

discussion above.596

Conversely, in Figure 9, we explore the scenario whereby low levels of evolvability597

are considered to incur a cost. Again, cost is increased by considering values of α > 0598

in the intrinsic net division rate (but this time, as defined by Eq. (5) complemented599

with Eq. (7)). There, the long-term dynamics change abruptly: now, cells with high600

levels of evolvability (but not the maximum attainable level of evolvability, since we601

consider an asymmetrical DFE) are selected for. If the cost effect on the proliferative602

potential is small (i.e. α→ 0+), the deviation from the base case is limited: evolvability603
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is selected against in the long term, recapitulating previous theoretical and empirical604

results [60, 97]. On the contrary, as the cost increases, evolvability is selected for,605

regardless of the initial phenotypic distribution of the population.606

In the context of cancer, tumour cells appear to have compensated for possible neg-607

ative effects of higher evolvability through the parallel selection of alternative multiple608

metabolic and genetic mechanisms that enhance cell viability, such as cell redundancy,609

copy number variation, and degeneration. Therefore, tumour cells may be better able610

to inhabit this low-intermediate evolvability fitness cost window, leaving room for611

exploratory behaviour and leading to the known increased phenotypic heterogeneity612

observed in cancer [100–103].613

Finally, we explored the occurrence of extinctions in the context of our model.614

Extinctions can take place by different means; in the analysis with symmetrical DFE,615

they may arise due to the impact of different phenotypic landscapes on the evolution-616

ary dynamics of cell populations when both the gradient of selection and the cost of617

evolvability come into play. In the most restrictive cases, where a steep selection gra-618

dient and high cost of evolvability coincide, the phenotypic landscape can be so harsh619

as to create the conditions for the extinction of certain populations (depending on620

their initial phenotypic distribution) due to demographic stochasticity [40, 41]. This621

phenomenon is similar to what occurs in threatened populations, where small groups622

(typically fewer than 1,000 individuals) face a high risk of extinction due to muta-623

tional meltdown – an accumulation of harmful phenotypic traits – over roughly 100624

generations [103–105], and it has even been imposed as a therapeutic strategy [106],625

especially in the context of antiviral therapy. However, we showed that extinctions may626

not only occur under such circumstances; they may also take place even when all cells627

in the population have a positive intrinsic net division rate. In Figure 8, we observe628

that, in scenarios where a drastic decline in cell numbers occurs in the early stages629

of population dynamics and selection gradients are sufficiently strong, the population630
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may be stochastically driven to extinction too in the presence of an asymmetrical631

DFE, especially when the initial evolvability of the population is sufficiently high.632

In our modelling framework, such extinctions can only be observed using the633

discrete IB model, given its stochastic nature; in the continuum PIDE model, the634

population never goes extinct unless a population reaching a size smaller than 1 is con-635

sidered to be extinct, such as in [25]. However, when population bottlenecks occur in636

the PIDE model, extinctions in the IB model become more likely. This disagreement637

between the two models shows the importance of both paradigms when studying the638

evolutionary dynamics of cell populations: deterministic continuum models allow us639

to study the average behaviour of large populations, while stochastic discrete models640

allow us to observe rare phenomena that can be magnified at small population sizes.641

In future work, it would be insightful to perform a mathematical analysis of the con-642

tinuum model used in this work, to explore the qualitative and quantitative properties643

of the solutions of this model, and to study the asymptotic behaviour of the cell pop-644

ulations described by it, evaluating the influence of evolvability in the evolutionary645

dynamics.646

The findings presented in Figures 5, 6, and 8 suggest that in more challenging647

environments, where stronger natural selection acts on proliferative potential, a sub-648

stantial fitness cost associated with evolvability could potentially contribute to the649

extinction of cell populations. These cell populations would be primarily composed650

of slow-dividing, less fit phenotypic variants possessing a high degree of evolvability.651

The error catastrophe [107] in viruses caused by mutation rates greater than a critical652

value is an example of such a situation, where a rapidly mutating viral genome loses653

the ability to preserve its integrity [108]. The interaction between elevated values of654

α and η (cf. Eq. (5)) in our models appears to drive the population towards extinc-655

tion. However, it is crucial to acknowledge that the persistence of a population is also656

31



contingent on genetic and phenotypic variance, and the facilitation of bounded adap-657

tive evolution (evolvability) can promote the successful establishment of a population658

[74, 109].659

In our current simple mechanistic model, we have focused on a static phenotypic660

landscape. Still, we have been able to recover well known evolutionary behaviours, as661

listed above. However, exploring the impact of evolving extrinsic selection pressures –662

such as antibiotic, cytotoxic, or chemotherapeutic treatments, contingent on cell type663

– on the evolutionary dynamics of populations undergoing changes in evolvability is664

a critical aspect for further investigation. These considerations, including therapies665

affecting cell stemness or inducing chromosomal instability, may significantly influence666

the evolvability of cancer cells [110, 111]. Extending our model to encompass various667

extrinsic pressures, such as conventional cytotoxic therapies affecting highly prolif-668

erative cells in cancer, but also potential epigenetic drugs targeting highly evolvable669

cells, could provide valuable insights that could support the development of innovative670

therapeutic approaches against cancer.671
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Appendix

Appendix A1 Formal derivation of the continuum

model

In the case where, between time-steps h and h + 1, each cell in phenotypic state (yi, xj) ∈

(0, 1) × (0, 1) undergoes phenotypic changes and divides or dies according to the rules

underlying the IB model, the principle of mass balance gives the following difference equation

nh+1
i,j =

(
1 + ∆tR(yi, xj , N

h)
)

×
{
µ(xj)

[
(1− θ)nhi−1,j + θnhi+1,j

]
+
ω

2

(
nhi,j−1 + nhi,j+1

)
+
[
1−

(
ω + µ(xj)

)]
nhi,j

}
.

(A1)

Using the fact that for ∆t, ∆y, and ∆x sufficiently small, the following relations hold

th ≈ t, th+1 ≈ t+ ∆t

yi ≈ y, yi±1 ≈ y ±∆y

xj ≈ x, xj±1 ≈ x±∆x

nhi,j ≈ n(t, y, x), nh+1
i,j ≈ n(t+ ∆t, y, x)

nhi±1,j ≈ n(t, y ±∆y, x)

nhi,j±1 ≈ n(t, y, x±∆x)
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Nh ≈ N(t) :=

∫ 1

0

∫ 1

0
n(t, y, x) dy dx,

Eq. (A1) can be formally rewritten in the approximate form

n(t+ ∆t, y, x) = (1 + ∆tR(y, x,N))× {µ(x) [(1− θ)n(t, y −∆y, x) + θn(t, y + ∆y, x)]

+
ω

2
(n(t, y, x−∆x) + n(t, y, x+ ∆x)) + [1− (ω + µ(x))]n(t, y, x)

}
. (A2)

If n(t, y, x) is a sufficiently regular function of y and x then for ∆y and ∆x sufficiently small

we can use the Taylor expansions

n(t, y ±∆y, x) = n(t, y, x)±∆y∂yn(t, y, x) +
(∆y)2

2
∂2
yyn(t, y, x) + o((∆y)2)

and

n(t, y, x±∆x) = n(t, y, x)±∆x∂xn(t, y, x) +
(∆x)2

2
∂2
xxn(t, y, x) + o((∆x)2) .

Substituting these Taylor expansions into Eq. (A2), after a little algebra, we obtain

n(t+ ∆t, y, x)− n(t, y, x)

∆t
= R(y, x,N)n(t, y, x)

+

(
(∆x)2 ω

2∆t
∂2
xxn(t, y, x) +

(∆y)2 µ(x)

2∆t
∂2
yyn(t, y, x) +

∆y(2θ − 1)µ(x)

∆t
∂yn(t, y, x)

)
+h.o.t. ,

(A3)

where higher order terms in ∆t, ∆y, and ∆x have been grouped into h.o.t. .

If n(t, y, x) is also a sufficiently regular function of t, letting ∆t→ 0+, ∆y → 0+, ∆x→ 0+,

and θ → 0.5+ in such a way that the conditions given by Eq. (12) are met, from the latter

equation, rearranging terms, we formally obtain the PIDE (13). Finally, zero-Neumann (i.e.

no-flux) boundary conditions on the boundary of the square [0, 1] × [0, 1] formally follow

from the fact that the attempted phenotypic changes of the cells are aborted if they require

moving into a phenotypic state that does not belong to the square [0, 1]× [0, 1].

43



Appendix A2 Details of numerical simulations of

the continuum model

To solve numerically the PIDE (13) subject to no-flux boundary conditions on the square

[0, 1]× [0, 1] and complemented with the continuum analogue of the initial condition defined

via Eq. (16), i.e.

n(0, y, x) = n0(y, x) := N0 C exp

[
− (y − ȳ0)2

2(σ0
y)2

− (x− x̄0)2

2(σ0
x)2

]
(A4)

where C is a normalisation constant such that

∫ 1

0

∫ 1

0
n0(y, x) dy dx = N0, we use a uniform

discretisation of the interval (0, 1) as the computational domain of the independent variables

y and x, and a uniform discretisation of the interval (0, tf ] with tf ∈
{

5× 102, 103
}

as the

computational domain of the independent variable t. The method for constructing numerical

solutions is based on a three-point finite difference explicit scheme for the diffusion terms

and an explicit finite difference scheme for the reaction term [112]. The parameter values are

chosen to be consistent with those used to carry out numerical simulations of the IB model,

which are specified in the main body of the paper. In particular, we define the values of ξ1,

ξ2, and ξ3 via Eq. (12).
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Fig. 2 Influence of the initial phenotypic composition on the evolutionary dynamics
under a symmetrical DFE. A-B Dynamics of the cell number (panel A) and the mean phenotypic
state (panel B). Solid coloured lines display the results of numerical simulations of the IB model
while dashed black lines display the results of numerical simulations of the continuum model, when
evolvability does not imply a fitness cost (i.e. α = 0), for different values of the initial mean levels
of evolvability and proliferative potential – i.e. (x̄0, ȳ0) = (0.2, 0.2) (blue lines), (x̄0, ȳ0) = (0.2, 0.6)
(green lines), (x̄0, ȳ0) = (0.8, 0.2) (orange lines), and (x̄0, ȳ0) = (0.7, 0.6) (purple lines). The results
from the IB model correspond to the average over 20 simulations and the related standard deviation
is displayed by the coloured areas surrounding the curves. C Phenotypic distribution of the cell
population at three different time points for each initial scenario considered. Contour lines represent
areas with the same cell density in the numerical simulations of the continuum model, while coloured
lattice points in the phenotypic domain represent cell density at each phenotypic state (where a
greater colour intensity indicates a higher cell density). Numerical simulations of the IB model were
carried out using the initial phenotypic distribution defined via Eq. (16) and the parameter values
listed in Table 1 with α = 0 and η = 0.5 in Eq. (5). Details of numerical simulations of the continuum
model are provided in the Appendix.

45



A B

M
ea

n 
Pr

ol
if.

 P
ot

en
tia

l

Time Time

M
ea

n 
Ev

ol
va

bi
lit

y

Mean phenotypic state Mean phenotypic stateMean phenotypic stateMean phenotypic state

Evolvability EvolvabilityEvolvabilityEvolvability

Pr
ol

ife
ra

tiv
e 

po
te

nt
ia

l

Pr
ol

ife
ra

tiv
e 

po
te

nt
ia

l

Pr
ol

ife
ra

tiv
e 

po
te

nt
ia

l

Pr
ol

ife
ra

tiv
e 

po
te

nt
ia

l

C

<latexit sha1_base64="5o1ddSiIlIyObfM/Jppp7QZSyHc=">AAAB7HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr4sQ9OIxgnnAZgmzk95kyOzOMtMrhCV/oSdRb36NP+DfOIl70GhdurqrGro6TKUw6LqfTmlpeWV1rbxe2djc2t6p7u61jco0hxZXUuluyAxIkUALBUrophpYHErohOObmd55AG2ESu5xkkIQs2EiIsEZ2pHfA2T0irp196xfrdkyB/1LvILUSIFmv/rRGyiexZAgl8wY33NTDHKmUXAJ00ovM5AyPmZD8C1NWAwmyOcnT+lRpDTFEdB5/9Obs9iYSRxaT8xwZBa12fA/zc8wugxykaQZQsKtxWpRJikqOktOB0IDRzmxhHEt7JWUj5hmHO1/Kja+txj2L2mf1L3zund3WmtcF48okwNySI6JRy5Ig9ySJmkRThR5Iq/kzUmcR+fZefm2lpxiZ5/8gvP+Bee/jVk=</latexit>

⌘ = 0.05
<latexit sha1_base64="n5EIN+dKwiMkwCNLqC76sYgVuqE=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSL4GqYKaJuhKIblxXsD7ZDyaS3bWgmMyQZoQx9Cl2JuvNtfAHfxrTOQlvP6ss9J3DPDRPBtfG8L6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2iHVKLjEhuFGYDtRSKNQYCsc38z81iMqzWN5byYJBhEdSj7gjBo7euiioeSKeG61V654rjcXWQY/hwrkqvfKn91+zNIIpWGCat3xvcQEGVWGM4HTUjfVmFA2pkPsWJQ0Qh1k842n5GQQK2JGSObv39mMRlpPotBmImpGetGbDf/zOqkZXAYZl0lqUDIbsd4gFcTEZFac9LlCZsTEAmWK2y0JG1FFmbHnKdn6/mLZZWhWXf/c9e/OKrXr/BBFOIJjOAUfLqAGt1CHBjCQ8Axv8O5EzpPz4rz+RAtO/ucQ/sj5+AZ0FI0c</latexit>

⌘ = 0.2
<latexit sha1_base64="chZCo6jhPHp02fHMZ2U2766JW4I=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuAqJeNsIRTcuK9gLtqFMpqft0JkkzEyEEvoUuhJ159v4Ar6N05qFtv6rb87/D5z/hIng2njel1NYWl5ZXSuulzY2t7Z3yrt7DR2nimGdxSJWrZBqFDzCuuFGYCtRSGUosBmObqZ+8xGV5nF0b8YJBpIOIt7njBo7euigoeSKeO5Zt1zxXG8msgh+DhXIVeuWPzu9mKUSI8ME1brte4kJMqoMZwInpU6qMaFsRAfYthhRiTrIZhtPyFE/VsQMkczev7MZlVqPZWgzkpqhnvemw/+8dmr6l0HGoyQ1GDEbsV4/FcTEZFqc9LhCZsTYAmWK2y0JG1JFmbHnKdn6/nzZRWicuP6569+dVqrX+SGKcACHcAw+XEAVbqEGdWAQwTO8wbsjnSfnxXn9iRac/M8+/JHz8Q14jo0f</latexit>

⌘ = 0.5
<latexit sha1_base64="U3KnLoD9FymbmOK4QsG5p4zPSVY=">AAAB63icbZDNSgMxFIUz9a/Wv6pLN8EiuBpmRLQboejGZQX7g+1QMultG5rMDMkdoQx9Cl2JuvNtfAHfxrTOQlvP6ss9J3DPDRMpDHrel1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7ZAZkCKCBgqU0E40MBVKaIXjm5nfegRtRBzd4ySBQLFhJAaCM7Sjhy4go1fUc6u9csVzvbnoMvg5VEiueq/82e3HPFUQIZfMmI7vJRhkTKPgEqalbmogYXzMhtCxGDEFJsjmG0/pySDWFEdA5+/f2YwpYyYqtBnFcGQWvdnwP6+T4qAaZCJKUoSI24j1BqmkGNNZcdoXGjjKiQXGtbBbUj5imnG05ynZ+v5i2WVonrn+hevfnVdq1/khiuSIHJNT4pNLUiO3pE4ahJOIPJM38u4o58l5cV5/ogUn/3NI/sj5+AZ9CI0i</latexit>

⌘ = 0.8

0 250 500
0

0.5

1

0 250 500
0

0.5

1

0

0.5

1

0 0.5 1
0

0.5

1

0 0.5 1
0

0.5

1

0 0.5 1
0

0.5

1

0 0.5 1

Fig. 3 How the gradient of natural selection on the proliferative potential affects the
evolutionary dynamics under a symmetrical DFE. Dynamics of the mean level of prolifera-
tive potential (panel A), the mean level of evolvability (panel B), and the mean phenotypic state
(panel C). Solid coloured lines display the averaged results of numerical simulations of the IB model
while dashed black lines display the results of numerical simulations of the continuum model, when
evolvability does not imply a fitness cost (i.e. α = 0), for different values of the selection gradient η
– i.e. η = 0.05 (blue lines), η = 0.2 (orange lines), η = 0.5 (green lines), and η = 0.8 (purple lines).
The results from the IB model correspond to the average over 20 simulations and the related stan-
dard deviation is displayed by the coloured areas surrounding the curves. Numerical simulations of
the IB model were carried out using the initial phenotypic distribution defined via Eq. (16) and the
parameter values listed in Table 1 with α = 0 in Eq. (5) and (x̄0, ȳ0) = (0.2, 0.2). Details of numerical
simulations of the continuum model are provided in the Appendix.
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Fig. 4 How the fitness cost of high levels of evolvability affects the evolutionary dynam-
ics under a symmetrical DFE. Dynamics of the mean level of proliferative potential (panel A),
the mean level of evolvability (panel B), and the mean phenotypic state (panel C). In all panels,
solid coloured lines display the results of numerical simulations of the IB model while dashed black
lines display the results of numerical simulations of the continuum model, for different values of the
fitness cost of evolvability α – i.e. α = 0.125 (blue line), α = 0.25 (orange line), α = 0.5 (green line),
and α = 1 (purple line). The results from the IB model correspond to the average over 20 simula-
tions and the related standard deviation is displayed by the coloured areas surrounding the curves.
The grey arrows in panel C indicate the direction of the phenotypic state trajectories. Numerical
simulations of the IB model were carried out using the initial phenotypic distribution defined via
Eq. (16), the definition of the intrinsic net division rate given by Eq. (5) complemented with Eq. (6),
and the parameter values listed in Table 1 with η = 0.5 and (x̄0, ȳ0) = (0.2, 0.2). Details of numerical
simulations of the continuum model are provided in the Appendix.
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Fig. 5 How the interplay between the gradient of natural selection on the proliferative
potential and the fitness cost of evolvability affects the evolutionary dynamics under
a symmetrical DFE. Dynamics of the mean phenotypic state superimposed onto the plot of the
intrinsic net division rate. Results are shown for th ∈ [0, 500]. The grey-scale surfaces are the plots
of the function ρ(x, y) defined via Eq. (5) complemented with Eq. (6), for the different values of η
and α considered. Solid coloured lines display the results of averaged numerical simulations of the
IB model while dashed coloured lines display the results of numerical simulations of the continuum
model, for different values of the selection gradient η and the fitness cost of evolvability α: η = 0.8 and
α = 0.8 (panel A), η = 1.5 and α = 0.8 (panel B), η = 0.8 and α = 1.5 (panel C), and η = 1.5 and
α = 1.5 (panel D), under various scenarios corresponding to different values of the initial mean levels
of evolvability and proliferative potential – i.e. (x̄0, ȳ0) = (0.2, 0.2) (blue lines), (x̄0, ȳ0) = (0.8, 0.2)
(orange lines), and (x̄0, ȳ0) = (0.8, 0.8) (purple lines). The results from the IB model correspond to
the average over 10 simulations. Numerical simulations of the IB model were carried out using the
initial phenotypic distribution defined via Eq. (16) and the parameter values listed in Table 1. Details
of numerical simulations of the continuum model are provided in the Appendix.
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Fig. 6 How the interplay between the gradient of natural selection on the proliferative
potential and the fitness cost of evolvability affects the evolutionary dynamics under a
symmetrical DFE. Dynamics of the mean phenotypic state for th ∈ [0, 500]. Solid, thin coloured
lines display the results of single numerical simulations of the IB model; thick coloured lines display
the average over the results of 10 numerical simulations of the IB model, and broken, coloured lines
display the results of numerical simulations of the continuum model, for different values of the selection
gradient η and the fitness cost of evolvability α – i.e. η = 0.8 and α = 0.8 (panel A), η = 1.5 and
α = 0.8 (panel B), η = 0.8 and α = 1.5 (panel C), and η = 1.5 and α = 1.5 (panel D), under various
scenarios corresponding to different values of the initial mean levels of evolvability and proliferative
potential – i.e. (x̄0, ȳ0) = (0.2, 0.2) (blue lines), (x̄0, ȳ0) = (0.8, 0.2) (orange lines), and (x̄0, ȳ0) =
(0.8, 0.8) (purple lines). The arrows indicate the direction of the phenotypic state trajectories. The
results from the IB model correspond to the simulations displayed in Figure 5. Solid coloured lines
are not displayed in the cases where the cell population goes extinct in each of the 10 simulations,
with the results of simulations in which the cell population goes extinct being highlighted in black.
Numerical simulations of the IB model were carried out using the initial phenotypic distribution
defined via Eq. (16), the definition of the intrinsic net division rate given by Eq. (5) complemented
with Eq. (6), and the parameter values listed in Table 1. Details of numerical simulations of the
continuum model are provided in the Appendix.
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Fig. 7 How an asymmetrical DFE affects the evolutionary dynamics. Dynamics of the
mean proliferative potential (panels A, C, E, and G) and the mean level of evolvability (panels B,
D, F, and H). Solid coloured lines display the averaged results of numerical simulations of the IB
model for different values of the initial mean levels of evolvability and proliferative potential – i.e.
(x̄0, ȳ0) = (0.2, 0.2) (panels A-B), (x̄0, ȳ0) = (0.8, 0.2) (panels C-D), (x̄0, ȳ0) = (0.8, 0.8) (panels
E-F), and (x̄0, ȳ0) = (0.2, 0.8) (panels G-H). Dashed black lines display the results of numerical
simulations of the continuum model. Lower transparency corresponds to a more asymmetrical DFE,
with θ ∈ {0.5, 0.55, 0.6, 0.7} (see legend). The results from the IB model correspond to the average
over 10 simulations and the related standard deviation is displayed by the coloured areas surrounding
the curves. Numerical simulations of the IB model were carried out using the initial phenotypic
distribution defined via Eq. (16) and the parameter values listed in Table 1 with α = 0 and η = 0.5 in
Eq. (5). Details of the numerical simulations of the continuum model are provided in the Appendix.
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Fig. 8 How the interplay between asymmetrical DFE and the gradient of natural selec-
tion affects the evolutionary dynamics. Dynamics of the cell number. Panels with blue curves
correspond to a low initial mean level of evolvability and a low initial mean level of proliferative
potential – i.e. (x̄0, ȳ0) = (0.2, 0.2). Panels with orange curves correspond to a high initial mean
level of evolvability and a low initial mean level of proliferative potential – i.e. (x̄0, ȳ0) = (0.8, 0.2).
Solid coloured lines display the average over 10 simulations of the IB model and the related standard
deviation is displayed by the coloured areas surrounding the curves. Pie charts show the fraction of
the 10 simulations of the IB model that ended in population survival (dark sectors) and population
extinction (light sectors). Dashed coloured lines display the results of numerical simulations of the
continuum model. Numerical simulations of the IB model were carried out using the initial phenotypic
distribution defined via Eq. (16) and the parameter values listed in Table 1 with α = 0 in Eq. (5) but
with γ = 0.1, κ = 0.01, and: θ = 0.5, η = 0.005 (pair of panels A), θ = 0.7, η = 0.005 (pair of panels
B), θ = 0.5, η = 0.05 (pair of panels C), θ = 0.7, η = 0.05 (pair of panels D), θ = 0.5, η = 0.095
(pair of panels E), and θ = 0.7, η = 0.095 (pair of panels F). Details of numerical simulations of the
continuum model are provided in the Appendix.
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Fig. 9 How ‘endogenous’ and ‘exogenous’ costs of evolvability affect the evolutionary
dynamics. Dynamics of the mean phenotypic state for th ∈ [0, 1000]. Blue curves correspond to
a low initial mean level of evolvability and a low initial mean level of proliferative potential – i.e.
(x̄0, ȳ0) = (0.2, 0.2). Orange curves correspond to a high initial mean level of evolvability and a low
initial mean level of proliferative potential – i.e. (x̄0, ȳ0) = (0.8, 0.2). Solid coloured lines display the
averaged results of 10 numerical simulations of the IB model. Solid transparent lines display the results
of single simulations of the IB model where population extinction occurs (i.e. IB model simulations
that ended with a cell number of 0 ). Dashed black lines display the results of numerical simulations
of the continuum model. The grey arrows in panel C indicate the direction of the phenotypic state
trajectories. Numerical simulations of the IB model were carried out using the initial phenotypic
distribution defined via Eq. (16), the definition of the intrinsic net division rate given by Eq. (5)
complemented with Eq. (7), and the parameter values listed in Table 1 with η = 0.5 and the values
of α and θ specified in the different panels. Details of numerical simulations of the continuum model
are provided in the Appendix.
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