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Abstract

We present a controlled microscopic study of hole dynamics in both a
gapped and a gapless quantum spin liquid. Our approach is complemen-
tary to previous phenomenological works on lightly doped quantum spin
liquids as we introduce mobile holes into the ground state of the exactly

solvable Kitaev honeycomb model.

In the spatially anisotropic (Abelian) gapped phase of the model, we
address the properties of a single hole [its internal degrees of freedom as
well as its hopping properties|, a pair of holes [their absolute and relative
particle statistics as well as their interactions], and the collective state for
a finite density of holes. Our main result is that the holes in the doped
model possess internal degrees of freedom as they can bind the fractional
excitations of the undoped model and that the resulting composite holes
with different excitations bound are distinct fractional particles with fun-
damentally different single-particle properties and different experimental
signatures in the multi-particle ground state at finite doping. For exam-
ple, some hole types are free to hop in two dimensions, while others are
confined to hop in one dimension only. Also, distinct hole types have differ-
ent particle statistics and, in particular, some of them exhibit non-trivial
(anyonic) relative statistics. At finite doping, the respective hopping di-
mensionalities manifest themselves in an electrical conductivity that is

either approximately isotropic or extremely anisotropic.

In the gapless phase of the model, we consider a single hole and address
the possibility of a coherent quasiparticle description. Our main result is
that a mobile hole has a finite quasiparticle weight which vanishes in the
stationary limit. Although this result is obtained in terms of an approx-
imate variational state, we argue that it is also applicable for the exact

ground state of the doped model.
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Chapter 1

Introduction

The physics of strongly-correlated electrons is at the forefront of research in both
theoretical and experimental quantum condensed matter physics. Although the per-
turbative single-electron framework of Fermi liquid theory is surprisingly successful
at describing a broad range of physical phenomena, there is also a rich variety of more
exotic phases beyond Fermi liquid theory, in which strong correlations between elec-
trons play a fundamental role. Examples of such strongly-correlated phases include
Mott insulators, high-temperature (cuprate) superconductors, quantum spin liquids,
and fractional quantum Hall phases. Unlike in Fermi liquids, where the ground state
of the interacting system is adiabatically connected to that of the non-interacting
one, and the excitations are electron-like quasiparticles that only differ from electrons
in renormalized properties such as an effective mass, the ground states of strongly-
correlated phases are fundamentally distinct from those of their non-interacting coun-
terparts, and their excitations are collective degrees of freedom exhibiting exotic be-
havior such as fractionalization. Due to the emergent nature of these excitations
and their distinctness from electrons, it is often challenging to detect them via stan-
dard experimental techniques designed for measuring single-electron properties and,
from a theoretical point of view, it is typically impossible to identify them from a
Hamiltonian given in terms of the (original) electronic degrees of freedom. Instead,
one requires physical intuition and/or numerical methods to guess the emergent ex-
citations and construct an effective theory in terms of an appropriate language that

correctly captures the essential physics.



1.1 Mott insulators and related phases

Mott insulators were among the first strongly-correlated phases to be discovered, and
they continue to be of outstanding interest more than half a century later [1, 2|. In
the early days of quantum physics, the distinction between metals and insulators was
understood in terms of the single-electron picture of band theory. According to this
theory, an electronic system must be a metal if it has at least one partially-filled band
while it must be an insulator if all its bands are either completely filled or completely
empty. However, it was noticed already in the 1930s that certain transition-metal
oxides such as NiO are insulators despite the presence of a partially-filled d-electron
band. In the following decades, an intense research effort led by Peierls and Mott
revealed that the insulating behavior in these transition-metal oxides is due to the
strong Coulomb repulsion between electrons occupying the same atomic orbital. To
distinguish them from conventional band insulators, these strongly-correlated insu-
lators are called Mott insulators. By varying experimental control parameters such
as the bandwidth or the band filling, a quantum phase transition was also demon-
strated between a metallic phase and a Mott insulator phase (see Fig. 1.1), and this
metal-insulator transition driven by strong correlations became the subject of intense
theoretical study. Since the late 1980s, the interest in Mott insulators has been re-
vived by the discovery of other strongly-correlated phases, such as high-temperature
superconductors and quantum spin liquids, which can be thought of as derivatives of

Mott insulators [3].

1.1.1 Hubbard, Heisenberg, and ¢-J models

The Hubbard model is a surprisingly versatile toy model in condensed matter physics,
which captures the transition between the single-electron limit and the strongly-
correlated limit [4]. Based on a simple tight-binding model with localized (Wannier)
orbitals at the atomic sites [ and a hopping amplitude —¢ between neighboring sites

[ and I’, this model contains an additional on-site repulsion energy U that penalizes
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Figure 1.1: (Picture taken from Ref. [2].) Schematic phase diagram of the Hubbard
model as a function of the dimensionless ratio U/t and the filling fraction around
the central case of half filling. The Mott insulator phase is marked by a thick line,
the anomalous metallic phase is marked by gray shading, while the conventional
metallic phase occupies the rest of the phase diagram. Two different routes for the
metal-insulator transition (MIT) are also indicated: the bandwidth-controlled MIT
(BC-MIT) and the filling-controlled MIT (FC-MIT).
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double occupation. The Hamiltonian of the Hubbard model takes the form
HHub = —t Z Z |:CZF’JCZ/7J + HC:| +U Z nm+ng g, (11)
W o 1

(1)

l,o

where ¢,/ are standard fermionic creation and annihilation operators for an electron
with spin o at site [, and n;, = c;’gcl’g is the corresponding number operator. Despite
its apparent simplicity, the Hubbard model captures a broad range of physical phe-
nomena including (anti)ferromagnetism, superconductivity, and the metal-insulator
transition described above. Its analytic study is also surprisingly challenging: in one
dimension, an exact solution is available by means of a Bethe ansatz [5, 6], but in
two or three dimensions, one must resort to approximate methods.

Arguably, the Hubbard model is one of the most important models in condensed
matter physics, and certain aspects of its phase diagram are still not properly under-
stood. Even at zero temperature, its phase diagram is extremely rich as it is a function
of two crucial parameters: the dimensionless ratio U/t and the filling fraction of the

atomic sites (see Fig. 1.1). In the weak-coupling limit of U < t, the Hamiltonian

is dominated by the hopping term o ¢, and one essentially recovers the underly-



ing tight-binding model without the on-site repulsion. The resulting single-electron
states are then occupied up to a Fermi level, and the ground state is a Fermi liquid
exhibiting conventional metallic behavior. In the strong-coupling limit of U > ¢, the
Hamiltonian is dominated by the on-site repulsion term o U, and the behavior of
the system depends sensitively on the filling fraction. In the important case of half
filling, when there is one electron per atomic site, each site is occupied by exactly one
electron to avoid double occupation. The electrons are then unable to hop between
neighboring sites due to the energy penalty ~ U, and the ground state is a Mott
insulator exhibiting strong electronic correlations. In the proximity of half filling,
when the additional electrons or holes are free to hop without an energy penalty
~ U, the ground state is an anomalous metal exhibiting strong fluctuations and a
significantly enhanced effective mass. In accordance with the experimental results, a
quantum phase transition between the Mott insulator phase and the conventional or
the anomalous metallic phase can be achieved by varying the dimensionless ratio U/t
or the filling fraction, respectively (see Fig. 1.1).

When the Hubbard model is at half filling in the strong-coupling limit, the low-
energy states of the model all have exactly one electron at each atomic site. Since
the only remaining degrees of freedom are the electron spins, the low-energy behavior
of the resulting Mott insulator is accurately described in terms of an effective spin
model. The effective couplings between nearby spins are obtained from perturbation
theory by considering second-order hopping processes through high-energy interme-
diate states in which at least one site is double occupied. In the case of a Hubbard
model with full spin-rotation symmetry [see Eq. (1.1)], the effective spin model is the
antiferromagnetic Heisenberg model, and the corresponding Hamiltonian becomes

Hyeis = . /—1}, 1.2

H J % [Sz Si 1 (1.2)

where S; = 0;/2 is the spin of the electron at site [, and J = 4¢?/U is the effective
coupling strength from second-order perturbation theory in ¢/U. This connection
between the Hubbard model and the Heisenberg model sheds light on the experi-

mentally observed link between Mott insulators and (anti)ferromagnetism. Indeed,
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the stereotypical Mott insulator NiO is found to be antiferromagnetically ordered at
sufficiently low temperatures.

When the strong-coupling limit of the Hubbard model is tuned away from half
filling via electron or hole doping, the additional electrons or holes are free to hop
between neighboring sites. The low-energy behavior of the resulting doped Mott
insulator is effectively captured by the ¢-J model [7], which contains a hopping term
o t similar to the one in Eq. (1.1) and a coupling term o J similar to the one in
Eq. (1.2). In the case of hole doping, its Hamiltonian is given by

Hth = —t Z Z |:<1 — Ill7,o.) C;,O'Cl’,a (1 — Ill/7,o.) + HC]

@ry o

+7Y [sl .Sy — “’Zl’}, (1.3)
()

where n; = n;  +ny | is the single-site number operator, and the projectors 1 —n; _,
ensure that double occupation is forbidden both before and after the hopping. It
should be remarked that the t-J model does not follow from the Hubbard model in
the same way the Heisenberg model does at half filling [8]. In fact, by considering all
possible second-order hopping processes, the analogous perturbation theory gives a
more general strong-coupling model with appropriate three-site terms o J in addition
to the two-site Heisenberg terms in Eq. (1.3). Nevertheless, the t-J model is commonly
used as a starting point in describing lightly doped Mott insulators because it has

been argued that the three-site terms are not important near half filling [9].

1.1.2 Doped Mott insulators and quantum spin liquids

The behavior of a Mott insulator upon doping is arguably one of the most important
open questions in the physics of strongly-correlated electrons. Historically, the interest
in doped Mott insulators exploded after the discovery of cuprate superconductors [10]
due to a well-established hypothesis that high-temperature superconductivity in these
exotic materials is in fact governed by the physics of lightly doped Mott insulators
[3, 11]. This hypothesis was motivated in part by the typical phase diagram of

cuprate superconductors, in which the superconducting phase is in proximity to an
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Figure 1.2: (Picture taken from Ref. [21].) Examples of valence bond configurations
on the bipartite square lattice (left) and on the non-bipartite triangular lattice (right).
Individual valence bonds that correspond to local spin singlets are marked by thick
lines, and the topological string that can be used to distinguish topological sectors is
marked by a dashed line in each case.
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antiferromagnetic one [12]. In the following years, doped magnetic systems received
unprecedented attention, and many authors in particular studied hole dynamics in the
conventional antiferromagnetic spin state of a Mott insulator. When a hole propagates
in a magnetically ordered spin background, it scrambles the spin configuration and
leaves behind a string of overturned spins with a finite energy cost per unit length.
In the Ising limit, when there are no quantum fluctuations, this string can only be
removed if the hole retraces its own path back to the origin, and the hole is therefore
confined by an effective linear potential [13, 14]. In the Heisenberg limit, the string
can be removed by quantum fluctuations turning back two spins at a time, and the
hole is therefore deconfined, but its effective mass is increased significantly due to its
interactions with the spin background [15, 16, 17].

These early results on doped magnetic systems indicated that a magnetically or-
dered spin background has an adverse effect on hole propagation. Moreover, it was
recognized that Mott insulators can actually enter a broad range of spin states, some
of which are considerably more exotic than the conventional antiferromagnetic state
[18]. In particular, Anderson suggested that the parent state of high-temperature
superconductivity is an unconventional resonating valence bond (RVB) liquid state
with no magnetic order [19, 20]. Schematically, the RVB liquid state is a broad super-
position of many valence bond configurations, where each valence bond configuration

is a product state of local spin singlets formed along individual valence bonds covering



the lattice (see Fig. 1.2). Anderson’s suggestion provided motivation for the study of
such unconventional spin states [21], and it was established that the RVB liquid state
belongs to the more general class of quantum spin liquids [22, 23, 24].

From a purely theoretical point of view, quantum spin liquids are fractional topo-
logical phases. Indeed, they exhibit topological order, a new type of order beyond
the Landau paradigm of symmetry breaking, which is characterized by a well-defined
ground-state degeneracy and the lack of a corresponding local order parameter [25].
Importantly, the ground-state degeneracy depends on the global topology of the sys-
tem and is robust against arbitrary local perturbations [26]. In general, the degenerate
ground states belong to different topological sectors that are completely indistinguish-
able by any local measurements and are instead distinguishable by topological strings
traversing the entire system. For example, in the case of the RVB liquid, the topo-
logical sector is determined by the number of valence bonds crossing the topological
string (see Fig. 1.2), although the details of this mapping are crucially different for
bipartite and non-bipartite lattices. In the case of a bipartite lattice [22, 23], the
sublattice structure provides a self-consistent way of assigning directions to the va-
lence bonds, and the topological sectors are then characterized by an integer (Z)
variable: the net valence bond flux crossing the topological string. In the case of a
non-bipartite lattice [24], the valence bonds have no directions assigned to them, and
the topological sectors are then characterized by an even-or-odd (Zs) variable: the
parity of the number of valence bonds crossing the topological string.

In general, the ground states of topological phases are strongly entangled because
they are broad superpositions of many product states in terms of the local variables.
Moreover, each topological phase is characterized by a topological entanglement en-
tropy, a subdominant correction to the entanglement entropy, that depends on the
topological properties of the ground state and is robust against local perturbations
[27, 28]. Importantly, there is also a generic connection between topological phases
and emergent gauge theories. For example, in the case of the RVB liquid, one can

introduce gauge variables at the bonds of the lattice that are subject to appropriate



gauge constraints at the sites [29]. Once again, there is a crucial difference between
bipartite and non-bipartite lattices. For bipartite lattices, the RVB liquid phase cor-
responds to a U(1) gauge theory with gapless U(1) gauge fields, and its ground state
is therefore called a gapless U(1) spin liquid. For non-bipartite lattices, the RVB
liquid phase corresponds to a Zs gauge theory with gapped Z, gauge fields, and its
ground state is therefore called a gapped Z, spin liquid.

The low-energy excitations of topological phases are fractional in the sense that
they carry only a fraction of the inherent electron properties [30, 31]. For example,
in the case of the RVB liquid, electrons appear to be split into two constituents, each
carrying either only spin or only charge (spin-charge separation), and the correspond-
ing low-energy excitations are neutral spinful fermions (spinons) and charged spinless
bosons (holons). In general, a fractional excitation behaves like a topological defect
in the sense that it can never be created or annihilated on its own but only together
with one or more other fractional excitations. Furthermore, in two dimensions, frac-
tional excitations generally exhibit anyonic statistics. Since the braiding of a particle
around an other one is a topologically non-trivial operation in two dimensions, the
exchange of two identical particles does not necessarily multiply the quantum state by
+1 as for bosons or fermions. In the case of Abelian anyons, braiding and exchange
operations multiply the quantum state by general complex phase factors, while in the
case of non-Abelian anyons, these complex phase factors become (non-commuting)
matrices acting on an internal set of quantum states. Importantly, such non-Abelian
excitations in gapped topological phases provide a promising direction towards topo-
logical quantum computation [32]. The main idea behind this proposal is to encode
quantum information into the internal states spanned by the excitations and perform
quantum operations by braiding the excitations around one another. The resulting
quantum device is believed to be protected against errors by the finite correlation
length and the topological nature of the braiding operations.

From a practical point of view, quantum spin liquids typically appear in frustrated

magnetic systems, where strong quantum fluctuations suppress magnetic ordering



down to zero temperature [33]. Indeed, some of the most promising experimental
quantum spin liquid candidates are geometrically frustrated antiferromagnets based
on the kagome lattice [34, 35] or the pyrochlore lattice [36]. Unfortunately, the lack of
magnetic order is merely an indirect signature and could also be indicative of ordinary
paramagnetic behavior, while the most important direct signatures of topological or-
der, such as the ground-state degeneracy and the topological entanglement entropy,
are virtually impossible to measure in an experiment. Because of these complica-
tions, a direct experimental detection of a quantum spin liquid remained elusive for
more than two decades after Anderson’s original suggestion. In a recent experiment,
however, signatures of fractional excitations have been detected in the kagome-lattice
antiferromagnet herbertsmithite [35]. Since fractional excitations are always created
in groups of more than one, their typical signature is a continuum spectrum instead
of a clear-cut dispersion relation.

Although realistic frustrated spin models based on the kagome or the pyrochlore
lattice are useful in providing guidelines towards experimental realizations, their the-
oretical study is extremely challenging because one must resort to approximate or
numerical techniques in the absence of an exact solution. For example, it took more
than a decade to establish that the ground state of the spin-1/2 kagome-lattice anti-
ferromagnetic Heisenberg model is a quantum spin liquid [34], and the precise nature
of this quantum spin liquid is still a subject of intense debate [37]. In terms of an
alternative direction that is suitable for exact analytic calculations, a breakthrough
was achieved by Kiteav. In two seminal publications, he introduced two exactly solv-
able two-dimensional models with quantum spin liquid ground states: the toric-code

model [38] and the Kitaev honeycomb model [39].

1.1.3 Kitaev honeycomb model

The Kitaev honeycomb model is a two-dimensional quantum spin model [39]. Since
the model is exactly solvable and features a quantum spin liquid ground state, it

provides a convenient playground for studying quantum spin liquids in a setting where



exact analytic calculations are available. Although it is a frustrated spin model, the
frustration in its ground state does not arise due to geometric constraints (geometric
frustration) as in the kagome-lattice and the pyrochlore-lattice models but because
of non-commuting spin coupling terms in its Hamiltonian (exchange frustration). In
fact, the Kitaev honeycomb model belongs to the more general class of quantum
compass models, in which the spin-rotational symmetry of the spin coupling terms is
broken due to spin-orbit coupling [40]. We now provide a brief review of the model
and its essential properties, while a more detailed discussion of its technical features
is delayed until the next chapter.

The model consists of spin-1/2 degrees of freedom that are located at the sites of a
honeycomb lattice and are coupled to their neighbors by Ising interactions. Based on
their orientation, there are three types of bonds (z, y, and z) connecting neighboring
sites, and correspondingly, there are three types of Ising interactions coupling neigh-
boring spins via three different spin components (0%, ¥, and ¢*). The Hamiltonian
of the model takes the form

Hyw=—J, Y ofop—J, Y oloh—J. Y ofop, (1.4)
< ( (

LUYex LIYey LIYez

where J,, . are the Ising coupling strengths on the z, y, and z bonds, respectively.
Since the three Ising terms acting on a given site do not commute with one another,
there is exchange frustration in the model that gives rise to strong quantum fluctu-
ations and explains why the ground state is a quantum spin liquid. Furthermore,
although the relation 0 < J, < J, < J, = 1 can always be assumed without loss
of generality, the Ising coupling strengths J,, . can have different magnitudes, and
the model can therefore exhibit a spatial anisotropy. Importantly, the ground state
of the model is a fundamentally different kind of quantum spin liquid in the almost
isotropic and the strongly anisotropic cases.

The model can be solved exactly by means of a standard procedure [39], which
reveals that its elementary excitations are fluxes and fermions (see Sec. 2.1). More
precisely, the exact solution maps the quantum spin model in Eq. (1.4) to an emergent

Zs gauge theory, where the fluxes are (redundantly) represented by static Z, gauge
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variables, and the fermions are then coupled to these emergent gauge fields. Impor-
tantly, the fluxes are always gapped, while the fermions can be gapped or gapless.
Indeed, one can distinguish two phases of the model based on its spatial anisotropy:
the fermions are gapped in the strongly anisotropic case of J, > J, + J, (gapped
phase), while they are gapless in the almost isotropic case of J, < J, + J, (gapless
phase). It should be remarked that the model also has an alternative exact solution
by means of a Jordan—Wigner transformation, which maps the quantum spin model
to a BCS pairing model of spinless fermions [41].

As mentioned above, the two phases of the model have fundamentally distinct
ground states. In the gapped phase, the ground state is a Zs spin liquid featuring
gapped excitations with Abelian anyonic statistics (Abelian gapped phase). Moreover,
in the extremely anisotropic limit of J, , < J., the fluxes have much smaller excitation
energies than the fermions (see Sec. 2.2), and the low-energy physics is therefore
dominated by the fluxes. If the fermions are then integrated out, the emergent gauge
theory of the model reduces to a pure Z, gauge theory [42]. Indeed, the gapped phase
is equivalent to a triangular-lattice RVB liquid in terms of its topological order. In the
gapless phase, the ground state is an algebraic spin liquid featuring gapless fermion
excitations at a finite number of Dirac points [43, 44|. However, these Dirac points
are protected by time-reversal symmetry, and the model can therefore be driven into
a gapped phase by applying an external magnetic field [39]. At leading order in
perturbation theory, such an external field is represented by additional three-site
terms in Eq. (1.4). Importantly, the model remains exactly solvable in this new
gapped phase, and its ground state is again a gapped spin liquid, which is, however,
different from the Z, spin liquid as it features excitations with non-Abelian anyonic
statistics (non-Abelian gapped phase).

In the absence of perturbations, the dynamic spin-spin correlations are extremely
short ranged in both the (Abelian) gapped and the gapless phases of the model. To be
more precise, they vanish identically unless the two spins are located at neighboring

sites [45]. However, since this result is an artifact of the fluxes being static and
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localized, the spin-spin correlations are expected to be longer ranged in the presence
of a generic perturbation. Indeed, the analogous energy-energy correlations are found
to decay exponentially in the gapped phase and algebraically in the gapless phase [46].
From an experimental point of view, the relevant quantity is the dynamic structure
factor, which is the Fourier transform of the dynamic spin-spin correlations in both
space and time, because it can be measured directly by inelastic neutron scattering.
In a recent work, the dynamic structure factor of the model has been calculated
exactly, and direct signatures of fractional excitations have been pointed out [47]. In
particular, since a spin fractionalizes into a fermion that is either gapped or gapless
and a flux that is always gapped, the dynamic structure factor has a finite energy
gap for all momenta in both the gapped and the gapless phases.

Ever since the discovery of the model, there has been an intense effort to realize
it in an experimental setup, and several viable directions have been proposed. In
terms of cold-atom systems, it was argued that the Kitaev honeycomb model can be
obtained as an effective spin model of an appropriately engineered Hubbard model in
the strong-coupling limit [44, 48]. The main idea is that a spin-dependent hopping
amplitude in the Hubbard model of Eq. (1.1) gives rise to spin-anisotropic couplings
in the effective spin model of Eq. (1.2). In terms of solid-state materials, the first
proposal involved the layered iridium oxides NayIrOs and LisIrOs, in which the Ir**
ions with 5d° configuration form honeycomb lattices. Due to crystal-field splitting
and strong spin-orbit coupling, the low-energy physics of each Ir** ion is dominated
by a Kramers doublet, which can be identified as an effective spin-1/2 degree of
freedom [49, 50]. Arising from spin-orbit coupling, these degrees of freedom have both
spin and orbital character, and their couplings are therefore strongly anisotropic. In
particular, a careful investigation predicts that the low-energy behavior of the layered
iridium oxides is captured by the Kitaev—Heisenberg model [49, 51]. For different
weights of the Kitaev and the Heisenberg components, this model with Hamiltonian
Hyi + Hyeis has a quantum spin liquid phase and several magnetically ordered phases

[52]. So far, however, the quantum spin liquid phase has remained elusive as a finite
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ordering temperature was found in all experiments based on these layered iridium

oxides [53, 54, 55, 56, 57, 58].

1.1.4 Doping a quantum spin liquid

Following Anderson’s suggestion on Mott insulators and their quantum spin liquid
states, it is natural to reconsider the problem of doped Mott insulators by studying
hole dynamics in a quantum spin liquid instead of an antiferromagnet. In general,
holes are expected to be more deconfined in a quantum spin liquid because their
propagation is no longer hindered by a magnetically ordered spin background. Nev-
ertheless, there is a highly non-trivial interaction between the holes and the quantum
spin liquid background, and understanding a doped quantum spin liquid is therefore
a challenging many-body problem.

In the past few decades, many authors have studied doped quantum spin liquids
by employing a standard phenomenological treatment that is applicable to doped
Mott insulators in general [59]. This treatment is based on a variational approach in
terms of an appropriate RVB trial wave function that captures the essential physics
of the system. In particular, the magnetic interaction energy can be optimized by
encoding ferromagnetic or antiferromagnetic alignment, while the possibility of su-
perconductivity can be incorporated by encoding BCS pairing into the trial wave
function. In the absence of doping, the constraint of single occupancy is then en-
forced by an appropriate (numerical or approximate) projection procedure [60, 61],
while in the presence of doping, this projection must be softened, which generally
leads to a mean-field theory [59].

In this phenomenological framework, low-energy fractionalization in doped quan-
tum spin liquids is typically captured by a slave-particle (parton) construction, in
which electrons are represented by combinations of fractional degrees of freedom
such as spinons and holons [42]. Schematically, the electron operators are written
as ¢, ~ fi by, where f; , and b; are appropriate spinon and holon operators, respec-

tively. In the resulting quartic terms, the spinon and the holon operators are then
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decoupled via a standard mean-field decomposition that takes the schematic form
CloCro ~ Loty bbby ~ (£, 8 o) bbby + £, £ 5 (b by). (1.5)

The phenomenon of spin-charge separation is naturally captured by this mean-field
decomposition as spin is carried by spinons while charge is carried by holons. How-
ever, depending on the precise forms of the slave-particle construction and the sub-
sequent mean-field decomposition, several distinct slave-particle mean-field theories
can be obtained for the same Hamiltonian. The possible mean-field saddle points
are then most efficiently classified in terms of projective symmetry groups [42], while
the fluctuations around these mean-field saddle points generally give rise to gauge
theories [62]. Importantly, there are an extremely large number of distinct saddle
points [63, 64, 65], and it is also challenging to decide which of these saddle points are
actually stable [66]. Given a Hamiltonian, it is not immediately clear how to choose
the most relevant saddle point, and the construction of a slave-particle mean-field
theory is therefore not a fully controlled procedure.

The setting of the Kitaev honeycomb model provides a great opportunity to em-
ploy a complementary approach in studying a doped quantum spin liquid. On one
hand, the doped Kitaev honeycomb model has been studied extensively in the phe-
nomenological framework of slave-particle mean-field theories [67, 68, 69, 70, 71, 72].
Remarkably, the construction by You et al. in Ref. [70] recovers the exact ground-state
correlations in the limit of the undoped model, and therefore it provides a reasonably
controlled starting point for its discussion of the doped model. On the other hand,
even though the undoped Kitaev honeycomb model has a readily available exact so-
lution, a microscopic treatment of the doped Kitaev honeycomb model based on this
exact solution seems to be missing from the literature. To the best of our knowledge,
the most relevant works in this direction are the those by Willans et al. on the mag-
netic properties of static vacancies in the model [73, 74]. The aim of the present work
is to fill in this gap in the literature by providing a controlled microscopic treatment

of mobile holes in the Kitaev honeycomb model.

14



1.2 Thesis summary

In this thesis, we present a controlled microscopic study of mobile holes in a topologi-
cal quantum spin liquid. Our approach is complementary to previous phenomenolog-
ical works on doped quantum spin liquids as our starting point is the ground state of
the exactly solvable Kitaev honeycomb model [39]. To be more precise, we consider
an effective t — J model on the honeycomb lattice, where the Heisenberg coupling
terms in Eq. (1.3) are substituted with the Ising coupling terms in Eq. (1.4). The

Hamiltonian of this effective ¢ — J model takes the form

= —J, Z ooy — Jy Z aloh — J, Z oy op (1.6)

(e (lyey ez
—tZZ[l—nl, Clacl’ (1—nl/,0)+Hc].
wry o

Since the Kitaev honeycomb model remains exactly solvable in the presence of static
vacancies or, equivalently, stationary holes [73, 74|, we describe the hopping of mobile
holes via a quasistationary approach, in which the hopping term o ¢ in Eq. (1.6) is
treated as a perturbation on top of the remaining terms o J,, ., and the hopping is
then characterized by its matrix elements between the exact eigenstates of the model
with stationary holes at different positions.

We study both the (Abelian) gapped and the gapless phases of the model. In
the gapped phase, our quasistationary approach is exact when the bare hopping
amplitude ¢ is much smaller than the energy gap of the bulk excitations. Since a
mobile hole in this limit does not generate any bulk excitations, the hopping problem
is greatly simplified as we can restrict our attention to the ground states of the
model with stationary holes at different positions. We address both the single-particle
properties of individual holes and the multi-particle ground state at finite doping. Our
main result is that the holes in the doped model possess internal degrees of freedom
because they can bind the fractional excitations of the undoped model and that
the resulting composite holes with different excitations bound are distinct fractional

particles with fundamentally different single-particle properties (see Table 1.1) and
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different experimental signatures in the multi-particle ground state. In the gapless
phase, our quasistationary approach is no longer exact and, moreover, it is not even
clear if a mobile hole has a coherent quasiparticle description because bulk excitations
are generated for any bare hopping amplitude ¢ > 0. Using an approximate variational
approach, we argue that a single mobile hole has a finite quasiparticle weight for any
t > 0 which vanishes in the stationary limit of ¢ — 0.

In the following, we describe the structure of this thesis and provide an extended
summary of our results. The second chapter reviews the undoped Kitaev honeycomb
model as background for the new results in the remaining chapters. In Sec. 2.1, we
introduce the model and describe its exact solution. It is recalled that the ground
state of the model has a topological degeneracy and that the elementary excitations
are fractional as they can only be created in pairs. There are two kinds of elementary
excitations: fluxes, which are always gapped, and fermions, which are either gapped or
gapless, depending on the model parameters. In Sec. 2.2, we restrict our attention to
the spatially anisotropic (Abelian) gapped phase of the model, which is characterized
by gapped fluxes and gapped fermions. We refer to a simple limiting point in this
phase, the isolated dimer limit, where the model consists of infinitesimally coupled
spin dimers. Furthermore, we explain the notion of superselection sectors to quantify
the fractional nature of isolated excitation clusters.

The third chapter is concerned with the single-particle properties of individual
holes in the gapped phase of the model. In Sec. 3.1, we introduce the formalism
for describing holes, and discuss how the elementary degrees of freedom (modes) are
affected by the presence of n holes. The main result of this section is that each hole
in the model has three localized internal modes at much smaller energies than the re-
maining bulk modes (fluxes and fermions). Excitations in these three internal modes
are characterized by three corresponding internal quantum numbers: the flux quan-
tum number h = {0, 1}, the fermion quantum number ¢ = {0, 1}, and the plaquette
quantum number p = {0,1}. The quantum numbers h and ¢ specify the kinds of

fractional excitations (fluxes and fermions) bound to the hole. They therefore deter-
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Hole type Interpretation Superselection sector
b q=0 Bare hole Trivial (1)
B q= Hole + fermion Combined (e x m)
S q=0 Hole + flux Electric (e)
q= Hole + flux 4 fermion Magnetic (m)
Hopping Absolute Relative
Hole type dimensionality statistics statistics
b0 q= 2D (free & isotropic) Fermion Trivial
q= 2D (free & anisotropic) Boson Non-trivial
b1 q= 1D (confined) Fermion Non-trivial
q= 1D (confined) Fermion Non-trivial

Table 1.1: Summary of the most important hole properties for different combinations
of the flux quantum number h = {0, 1} and the fermion quantum number ¢ = {0, 1}:
interpretations in terms of elementary excitations bound, superselection sectors of
equivalent excitation clusters, generic hopping properties (see details in Fig. 3.6),
absolute particle statistics, and relative particle statistics (see details in Table 3.5).

mine its superselection sector via an equivalent excitation cluster (see Table 1.1). The
quantum number p is related to the discrete spin-rotation symmetry c%* — —g®*.
It therefore acts as a spin quantum number and determines the local magnetization
around the hole. Since h and ¢ quantify the fractional nature of the hole, they are
robust against arbitrary local perturbations of sufficiently small strength. This ro-
bustness does not extend to p in general, but it does so in the important special case
of a Heisenberg perturbation. We also consider interactions between holes and find
an attractive two-hole interaction that is diagonal in A and p but not in ¢q. To ensure
that holes do not undergo pair formation or phase separation, we implicitly assume
the presence of a sufficiently strong Coulomb repulsion.

In Sec. 3.2, we introduce the formalism for describing hole hopping, and discuss
the hopping properties of isolated holes in the model. Our approach is restricted to
the regime of slow hopping, where the bulk modes are not excited as the hopping
amplitude is much smaller than their energy gap. This section has two main results.
First, the internal quantum numbers h, ¢, and p are all conserved by the hopping.
The various hole types with different quantum numbers can therefore be treated as

distinct particles. Second, the hopping properties of a hole are unaffected by its
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quantum number p but are strikingly affected by its quantum numbers A and gq.
Since the model is spatially anisotropic in the gapped phase, the two perpendicular
dimensions of the lattice are not equivalent. At a generic point of the gapped phase,
h = 0 holes are free to hop in two dimensions, while A = 1 holes are confined to hop
in one dimension only (see Table 1.1). Restricting our attention to h = 0 holes, the
two-dimensional hopping problem of ¢ = 0 holes is approximately isotropic, while
that of ¢ = 1 holes is strongly anisotropic. This difference is amplified in the isolated
dimer limit, where ¢ = 0 holes remain free to hop in two dimensions, while ¢ = 1 holes
become confined to hop in one dimension only. We also determine the absolute and
the relative particle statistics of the various hole types (see Table 1.1), and provide an
intuitive explanation for our results by referring to the fermionic nature of the bare
holes and the anyonic nature of the fractional excitations bound to them.

The fourth chapter is concerned with the multi-particle ground state of the gapped
phase in the case of finite doping. In Sec. 4.1, we describe the multi-hole state repre-
senting a finite density of mobile holes, and determine the ground-state hole quantum
numbers h, ¢, and p that minimize the energy of such a multi-hole state. In the ab-
sence of hole interactions, there are two complementary regimes distinguished by the
model parameters. In the first regime, all holes in the ground state are fermions
with quantum numbers h = 0 and ¢ = 0. They therefore fill two identical Fermi
seas with different quantum numbers p = {0, 1}. Since these holes are free to hop in
two dimensions, the electrical conductivity is approximately isotropic. In the second
regime, all holes in the ground state are fermions with quantum numbers h = 1. They
therefore fill four identical Fermi seas with different quantum numbers ¢ = {0, 1} and
p = {0,1}. Since these holes are confined to hop in one dimension only, the electri-
cal conductivity is extremely anisotropic. The two complementary regimes remain
applicable in the presence of hole interactions as both the attractive interaction and
the Coulomb repulsion are diagonal in the quantum number h. In the first regime,
a mean-field treatment restricted to h = 0 holes reveals that there is a critical hole

density above which ¢ = 1 holes appear. Since these holes are bosons, their coherent
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condensation leads to charged superfluid behavior and a spontaneous net magnetiza-
tion. In the second regime, a mean-field treatment restricted to h = 1 holes reveals
that scattering between coexisting ¢ = 0 holes and ¢ = 1 holes facilitates hopping in
both dimensions of the lattice. This implies that the conductivity anisotropy becomes
weaker as the hole density is increased.

In Sec. 4.2, we qualitatively discuss hole hopping beyond the regime of slow hop-
ping, where the bulk modes are excited as the hopping amplitude is larger than their
energy gap. Each hole is then surrounded by a cloud of fluctuating excitations (fluxes
and fermions), but the internal quantum numbers h, ¢, and p are applicable as long
as the hole density is sufficiently small so that the excitation clouds around different
holes do not merge. However, any hole with quantum numbers other than h = 0
and ¢ = 0 is unstable against a spontaneous decay into a lower-energy hole with
quantum numbers h = 0 and ¢ = 0. In Sec. 4.3, we compare our results from the
exact description with those from the most closely related mean-field treatment in
Ref. [70]. By contrasting the respective ground states, we find two main discrepancies
between the two approaches. First, the quantum numbers h and ¢ that specify the
kinds of fractional excitations bound to the hole are captured in the exact description
but ignored in the mean-field treatment. Second, the two approaches predict different
particle statistics for holes with quantum numbers h = 0 and ¢ = 0: they are fermions
in the exact description but bosons in the mean-field treatment.

The fifth chapter addresses the possibility of a coherent quasiparticle description
for a single mobile hole in the gapless phase of the model. In Sec. 5.1, we introduce
the problem by defining the single-hole spectral function and discussing the single-
hole eigenstates that are determined by a competition between the potential and
the kinetic energies. To simplify our problem, we also refer to a limiting point in
the gapless phase, where the model consists of decoupled one-dimensional chains. In
Sec. 5.2, we consider the special case of a stationary hole, and calculate the exact low-
energy behavior of the single-hole spectral function. The main result of this section

is that the spectral function has no delta-function peak and therefore the hole has
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a vanishing quasiparticle weight in the stationary limit. In Sec. 5.3, we consider the
generic case of a mobile hole, and approximate the actual ground state with a single-
parameter variational state that interpolates smoothly between the exact ground
state in the stationary limit and that in the absence of the hole. By optimizing both
potential and kinetic energies, we obtain the best possible variational state, and repeat
our low-energy calculation of the single-hole spectral function. The main result of this
section is that the spectral function has a delta-function peak and therefore the hole
has a finite quasiparticle weight for a finite hopping amplitude. In Sec. 5.4, we argue
that our results for a mobile hole are applicable beyond the variational approach and

at a generic point of the gapless phase.
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Chapter 2

Kitaev honeycomb model

The aim of this thesis is to provide a controlled microscopic study of mobile holes in
an exactly solvable quantum spin liquid: the ground state of the Kitaev honeycomb
model. In this chapter, we consider the undoped model, and present a detailed review
of its technical features, including the steps of its exact solution. The considerations
introduced in this chapter serve as useful starting points towards the new results on
the doped model obtained in the remaining chapters.

The structure of this chapter is summarized as follows. In Sec. 2.1, we describe the
general features of the model, including its formulation, its exact solution, its ground
state, and its elementary excitations. It is verified that the ground state has a topo-
logical degeneracy and that the excitations are fractional as they can only be created
in pairs. Depending on its parameters, the model has two distinct phases exhibiting
a gapped and a gapless excitation spectrum, respectively. In Sec. 2.2, we restrict our
attention to the gapped phase of the model, and discuss two additional features that
are only applicable in this phase: the isolated dimer limit, a simple limiting point in
the gapped phase, where the model breaks down into a set of infinitesimally coupled
spin dimers, and the notion of superselection sectors, which can be used to classify

the fractional properties of the gapped excitations.
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2.1 General properties

2.1.1 Introduction of the model

The Kitaev honeycomb model is an exactly solvable two-dimensional quantum spin
model [39]. Each site of the underlying honeycomb lattice supports a spin one-
half degree of freedom (particle), and each spin is coupled to its three neighbors
by Ising interactions involving the three different spin components. The sites of the
bipartite lattice can be divided into two sublattices A and B, while the bonds can
be divided into three classes z, y, and z based on their orientations (see Fig. 2.1). If
ary = {x,y, 2z} gives the type of the bond connecting two neighboring sites [ and [,
each site | has three neighbors a(l) with & = {,y, 2z} such that a; 53y = & Using
this notation, the Hamiltonian of the model reads as

H, =— Z Z Jaoi o0, (2.1)

€A a=z,y,z

where of* are the physical (Pauli) spin operators, and J,, . are the Ising coupling
strengths on the z, y, and z bonds, respectively. In the following, we assume without

loss of generality that 0 < J, < J, < J, = 1.

Figure 2.1: Mlustration of the honeycomb lattice with dimensions Nx = 5 and Ny = 4.
Due to the periodic boundary conditions, several sites are identified with each other,
such as the three sites marked by red rectangles and the three sites marked by blue
triangles. Inequivalent sites in the sublattice A (B) are marked by white (black) dots.
Examples of the three bond types (z, y, z) are also indicated.
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Figure 2.2: Site labeling convention for the generators of the loop operator group:
the plaquette operators Wp (a) and the topological operators W (b) and Wy (c).

We consider a lattice with periodic boundary conditions in both the horizontal
(X) and the vertical (Y') directions. The Nx x Ny lattice has N = Nx Ny plaquettes,
2N sites, and 3N bonds (see Fig. 2.1). Based on their relative displacements in the
X direction, the horizontal plaquette stripes of the lattice can be divided into two
classes, even and odd, such that an even (odd) stripe is neighbored only by odd
(even) stripes. We assume that Ny is even so that periodic boundary conditions are
applicable in the Y direction without a stripe mismatch between the top and the
bottom of the lattice. Note though that these boundary conditions are specified only
for the purpose of completeness and that our main results are in fact independent of

the boundary conditions.

2.1.2 Flux degrees of freedom

The Hamiltonian in Eq. (2.1) can be solved exactly by means of a standard procedure
[39]. The first step is to notice that there is a commuting non-dynamic observable
We for each closed loop C of the lattice. For a loop C' containing L sites labeled

{1,2,..., L}, this non-dynamic observable is
Q12 Q12 Q23 Q23 ap1 _ar
We =0,"0y "0y 057" ..o, oy . (2.2)

Since the lattice is bipartite, the length L of the loop is always even. We also assume
that sites labeled with odd (even) numbers belong to the sublattice A (B).
The loop operators Wy are commuting non-dynamic observables because they

commute with each other as well as with the Hamiltonian H,. This means that the
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different flux sectors characterized by distinct eigenvalues (£1) of the loop operators
can be considered independently. Furthermore, the group spanned by all loop oper-
ators is generated by a finite number of Zs loop operators: those corresponding to
the plaquettes P and the topological strings X and Y going around the lattice in the
X and Y directions. Using the site labeling convention in Fig. 2.2, these generating

loop operators take the forms

M/ _ x Y z _xr Y 2z
P = 01030304050,
_ zZ_z =z z
Wx = —0j{0305...055,, (2.3)
”/‘ _ z Yy Yy xr xr Y Y T Y x

Importantly, there are only NV — 1 independent plaquette operators due to the global
constraint [ [, Wp = 1. This means that only N +1 flux degrees of freedom are found
for the original 2N spin degrees of freedom and that the remaining N — 1 degrees of
freedom still must be identified. Note also that the excitation energies corresponding

to the flux degrees of freedom are discussed in Secs. 2.1.4 and 2.2.1.

2.1.3 Fermion degrees of freedom

To solve the model exactly in each flux sector {W¢ = £1}, four Majorana fermions
are introduced at each site [ of the lattice: ¢, and b with o = x,y,2z [39]. The

corresponding operators satisfy the standard anticommutation relations

{b?’ lo’/} = 201 0o (b?)Q =1,
{Cl, Cl/} = 25”/, Clz = 1, (24)
{b?, Cl/} =0.
The physical spin operators are then expressed in terms of the Majorana fermions as
o = ib{c;. From this expression and the relations in Eq. (2.4), certain properties of
the spin operators can be immediately recovered: [of, 0] = 0forl # I, {of, 07"} =0
for a # o/, and (07")? = 1.
Since complex fermions are more straightforward to understand than Majorana

fermions, it is useful to construct complex fermions by pairing up the Majorana
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fermions. Each Majorana fermion bf* belongs to an end of a bond, and the standard
choice is to pair up the ones that belong to the two ends of the same bond. For each

site [ € A, three complex bond fermions are then obtained as
e 1 o e oyt 1 ey R
X1 = ) [bz - Zba(zﬂ ) i)' = b [bz + Zba(l)] . (2.5)

Each Majorana fermion ¢; belongs to a site, and the standard choice is to pair up the
ones that belong to any two sites connected by a z bond. In terms of ¢;4 = ¢; and
c1,B = C(y that are defined for each site [ € A, one complex matter fermion is then

obtained for each pair of sites as

. 1 ,
(cla +ics), flT ) (cr,a —iciB). (2.6)

N | —

fr=

The state of the bond fermion x{* can be measured with the bond fermion operator
ib?bg(l) = 1-2(x?)"x¥, while the state of the matter fermion f; can be measured with
the matter fermion operator —ic;ac;p =1—2 flT fi- In particular, we say that a bond
(matter) fermion is excited if its bond (matter) fermion operator takes an eigenvalue
—1 rather than +1.
When expressed in terms of the Majorana fermions, the Hamiltonian in Eq. (2.1)
takes the quartic form
Hy=iY Y Jalia@ica, (2.7)
lEA a=z,y,z
where the 3N bond fermion operators .y = b} g(z) are commuting non-dynamic
observables because they commute with each other as well as with the Hamiltonian
H;. This means that the different bond fermion sectors characterized by distinct
eigenvalues (£1) of the bond fermion operators can be considered independently.
On the other hand, the Hamiltonian Hj; is quadratic and hence exactly solvable
in each bond fermion sector {um(l) = (Uaq) = +1}. If the Majorana fermions
¢, corresponding to the two sublattices are incorporated into two vectors c4 p with

elements (c4); = ¢4 and (cg); = ¢ p, the Hamiltonian in Eq. (2.7) becomes

H, = icg - M - cp, My = w1y J.

alyz(l/y

(2.8)
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where J,

oy = 0 if [ and z(I') are not neighbors. The matrix M has a singular value

decomposition M = U - S - VT, where S is a positive-semidefinite diagonal matrix,
while U and V are real orthogonal matrices. We assume in the following that the
singular values Sy = Sy are in an increasing order such that 0 < 57 < .5, < ... < Sy.

The orthogonal matrices U and V give a new set of Majorana fermions as

Vea =Y Urca, s =Y Vias, (2.9)

leA leA

and the corresponding complex matter fermions become

1

1 . .
O = 5 (Ve,A + 1Vk.B) 5 oL = 5 (Ve,A — 1Vk,B) - (2.10)

In terms of these new matter fermions ¢y, the Hamiltonian in Eq. (2.8) takes the

quadratic free-fermion form

N
Hy=Y S, <2¢;¢k _ 1) . (2.11)
k=1

The ground-state energy in the given bond fermion sector is then — ), Sy, and the
elementary excitations are the free matter fermions ¢, with excitation energies 2S5.

It is important to understand the relation between the commuting non-dynamic
observables in the physical spin picture and the Majorana fermion picture: the loop
operators and the bond fermion operators, or equivalently, the flux sectors and the
bond fermion sectors. When expressed in terms of the Majorana fermions, the loop

operators W take the form
WC = b?1,2b§1,2b32,3b§¥2,3 . sz'lb?L’l = 111’21)3721137412574 Ce ’LALL_LL’[LLL, (212)
and in particular, the plaquette operators Wp become
Wp = 1y 213 2U3 4Us5 4Us U1 6. (2.13)

These expressions show that the non-dynamic observables in the physical spin picture
are uniquely determined by those in the Majorana fermion picture. However, the

converse can not be true because there are 3N bond fermion operators in the Majorana
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fermion picture for only N+1 loop operators in the physical spin picture. In fact, there
is a gauge transformation D; = bfbYbj¢; for each site [ that flips three bond fermions
but does not flip any loops. This means that the bond fermion sectors before and
after the gauge transformation correspond to the same flux sector. Since D =[], D,
does not flip any bond fermions, there are 2N — 1 independent gauge transformations
Dy, and the discrepancy between the numbers of non-dynamic observables in the two
pictures is therefore explained.

The gauge redundancy in the Majorana fermion picture follows from an enlarged
Hilbert space with respect to the physical spin picture. In particular, the Hilbert
space of a single site is 4 dimensional in the Majorana fermion picture and only 2
dimensional in the physical spin picture. This discrepancy is consistent with the fact
that the spin identity —iofo]of = 1 in the physical spin picture translates into the
gauge constraint D; = 41 in the Majorana fermion picture. In fact, all the states in
the Majorana fermion picture that are related to each other by gauge transformations
D, are equivalent descriptions of the same state in the physical spin picture. This
physical state can be obtained from any of the gauge-related states by a projection
onto the subspace with D; = +1 for all . The corresponding projection operator

takes the form

P:l?[(lle):P’(lJrD), (2.14)

where P’ contains all terms in P that flip bond fermions in inequivalent ways [43].
Since D = (—1)M*¥s when expressed in terms of the bond fermion number N, =
a2 iea(x®) Xy and the matter fermion number Ny = Y, , flf, any states with
odd total fermion number are projected to zero. There is a resulting global constraint
for physical states: the total fermion number N, + N; must be even. In each bond
fermion sector with an even (odd) number of excited bond fermions, the number of
excited matter fermions also must be even (odd). This means that only N — 1 matter
fermions can be excited independently from each other. The original 2/V spin degrees
of freedom are then fully recovered via the identification of the 2N natural degrees of

freedom in the model: the N + 1 fluxes and the N — 1 fermions.
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2.1.4 Ground state and excitations

The exact solution of the model provides a simple procedure for identifying its ground
state [39]. Each flux sector can be considered individually and represented with one
of its corresponding bond fermion sectors. The ground state in the flux sector is then
projected from that in the bond fermion sector (see Sec. 2.1.3), and the overall ground
state is the lowest lying of all these individual ground states. Furthermore, it can be
shown using translational invariance that the ground state is in the trivial flux sector:
the one in which Wp = +1 for all plaquettes [75]. The ground-state energy I'y is then
— > . Sk as obtained from the matrix M in Eq. (2.8) using the trivial bond fermion
sector: the one in which u; .y = +1 for all bonds. Note that there are in principle four
trivial flux sectors corresponding to the topological eigenvalues Wy y = £1 and that
this leads to the existence of four degenerate ground states. However, the topological
degrees of freedom are impossible to excite locally, and therefore we neglect them by
considering only the trivial topological sector with Wy = Wy = +1. This means that
the effective number of degrees of freedom is reduced to 2N — 2.

It is also revealed by the exact solution that the elementary excitations above
the ground state are plaquettes (fluxes) and fermions [39]. We say that a plaquette
P is excited (carries a flux) if its plaquette operator Wp takes an eigenvalue —1
rather than +1. In the presence of flux excitations, the flux sector can no longer be
represented with the trivial bond fermion sector, and the energy — >, Sy is larger
than I'y. This difference translates into a finite flux excitation energy. Note that
fluxes can only be excited pairwise due to the global constraint [[, Wp = 1. The
matter fermion excitations ¢ have excitation energies Ejy = 2S5k, and by considering
the distribution of these energies, two distinct phases of the model can be identified.
In the gapless phase with J, < J, + J,, the smallest excitation energies Ej vanish
in the thermodynamic limit. In the gapped phase with J, > J, + J,, the excitation
energies F are all finite in the thermodynamic limit. Note that fermions can only be

excited pairwise due to the global constraint that IV, 4+ Ny must be even.
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2.2 Gapped phase of the model

From this point until the end of the fourth chapter, we restrict our attention to the
gapped phase of the Kitaev honeycomb model, where the coupling strengths satisfy
Jz+Jy < J,. Since all fluxes and fermions have finite excitation energies, the ground
state in this phase is separated from the excited states by a finite energy gap. For
simplicity, we measure all energies in units of the largest coupling strength J, = 1
and choose the two smaller coupling strengths J,, to be equal. The model is then

parameterized by the dimensionless coupling strength J = J, = J, < 1/2.

2.2.1 Isolated dimer limit

When considering the gapped phase, it is useful to start any discussion in the iso-
lated dimer limit of J = 0. In this limit, the model separates into N isolated (non-
interacting) spin dimers along z bonds [76]. Since the two spins in any dimer are
coupled by a ferromagnetic Ising term —o7o ) they must be either both up or both
down in the ground state. However, there is still an exponentially large ground-
state degeneracy as each dimer can choose from two configurations. This degeneracy
can then be lifted by applying a perturbation theory in the dimensionless coupling
strength J < 1 [74]. At fourth order in J, the projection of the Hamiltonian in

Eq. (2.1) onto the degenerate ground-state subspace is

H,=—N—C(N,J) ——ZWP (2.15)
The first term is the ground-state energy at J = 0 and the remaining terms are the
perturbative corrections: the constant term C (N, J) shifts the energy of the entire
subspace, while the last term lifts the ground-state degeneracy by specifying the
ground-state flux sector. In accordance with Sec. 2.1.4, the actual ground state has
Wp = +1 for all plaquettes.

It is instructive to write this ground state |2) in terms of both the physical spins
and the Majorana fermions. In the physical spin picture, it can be obtained by a

projection from any state with ofo () = 41 for all dimers onto the subspace with

29



Wp = +1 for all plaquettes. For example, by projecting from the all-spins-up state
| 11}, the ground state becomes

o) =TT (<57) 10 (2.16)

P

In the Majorana fermion picture, the trivial flux sector is represented with the trivial
bond fermion sector, and the matrix M in Eq. (2.8) is the unit matrix. Since the free
matter fermions ¢y in Eq. (2.10) are then identical to the original matter fermions f;
in Eq. (2.6), the ground state is the vacuum of the bond fermions and the original
matter fermions. Formally, this vacuum state |0) is defined by x{|0) = 0 and f;|0) =0
for all I and «. The physical ground state in Eq. (2.16) is then |Q) = P|0).

The excitations above the ground state can be discussed in a similar manner. The
flux excitations are obtained by projecting onto a subspace with excited plaquettes
Wp = —1 in the physical spin picture and by exciting an appropriate set of bond
fermions in the Majorana fermion picture. Due to the presence of the gauge transfor-
mations Dy, it is possible to represent any flux sector with a bond fermion sector in
which only = and y bond fermions are excited. Since the matrix M in Eq. (2.8) does
not depend on these bond fermions for J = 0, we recover the result in Eq. (2.15) that
the flux excitation energies Ep ~ J* vanish when J — 0. The fermion excitations
are obtained by projecting from a state with broken dimers Jfaj(l) = —1 in the phys-
ical spin picture and by exciting the corresponding matter fermions in the Majorana
fermion picture. Since u; .y = +1 for all dimers when only z and y bond fermions
are excited, the relation oiol = Ty (1 —2 flT f1) shows that excited matter fermions
indeed correspond to broken dimers. Furthermore, it follows from both pictures that
these fermion excitations all have exactly the same energy Ey = 2.

It is a conceptual problem that we require J > 0 for a finite plaquette excitation
energy but J = 0 for the presence of the isolated dimers. In fact, since the localized
matter fermions at J = 0 all have the same excitation energy, even an infinitesimally
small perturbation J < 1 is enough to delocalize them across the entire lattice and
have them form a band of a small width AE; ~ J. This implies that the free

(delocalized) matter fermions ¢ and the original (localized) matter fermions f; are
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entirely different for any J > 0. To obtain the ground state at J > 0, the vacuum
state |0) is then projected onto the subspace where no free matter fermions ¢y are

excited. Using this method, the physical ground state takes the form

) =P ﬁ (mﬁl) 0). (2.17)

Although the perturbation mixes the various creation operators, and consequently,
the various annihilation operators together, it does not significantly mix the creation
operators with the annihilation operators. This implies that the J > 0 ground state
in Eq. (2.17) is close to the J = 0 ground state P|0) and can be described faithfully
in terms of the localized matter fermions. We therefore often simultaneously assume
a finite plaquette excitation energy and localized matter fermions, always mentioning

when the perturbative interactions between the matter fermions are important.

2.2.2 Global constraints and superselection sectors

The numbers of independent flux and fermion excitations are limited by two essential
global constraints. In the physical spin picture, these two constraints can be obtained
by noticing that the product of all plaquette operators Wp corresponding to plaquettes
in even (n) stripes, or alternatively, plaquettes in odd (u) stripes is equivalent to the
product of all dimer operators \; = o050 Mathematically, these two relations are
[Twe=]]we=]]N (2.18)
Pen Pep leA
Since the Wp and the \; are all Z, variables, the first equality recovers the global
constraint [[, Wp = 1, while the second equality becomes [[;c 4 M [[pe, Wp = 1.
In the Majorana fermion picture, the first equality is automatically satisfied because
ﬁia(l) = 1 for all bonds. The second equality can be understood by noticing that an
excited z bond fermion corresponds to two excited plaquettes that are either both
in an even stripe or both in an odd stripe while an excited x or y bond fermion
corresponds to one excited plaquette in an even stripe and one excited plaquette in

an odd stripe. Since this property translates into [[pc, Wp = (=1)™M** and the
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relation N, = ) (1 — 2, f;) implies [[ea N = (—=1)¥*Ns | the second equality
recovers the global constraint that IV, 4+ Ny must be even.

There is an alternative formulation of the global constraints given in Eq. (2.18)
where one electric (magnetic) charge e (m) is assigned to each excited plaquette in
an even (odd) stripe and one from both charges e and m is assigned to each broken
dimer. The global constraints in this formulation are that the total numbers of electric
charges (N.) and magnetic charges (N,,) both must be even [39]. In particular, if
there are isolated clusters of excitations in the lattice, each of them can be classified
into four superselection sectors based on the types of unpaired charges it contains:
trivial (1), electric (e), magnetic (m), and combined (¢ = e x m). When different
clusters are combined, the superselection sector of the combined cluster is given by
the fusion rules in Table 2.1. Using this language, the global constraints mean that

the combination of all clusters belongs to the trivial superselection sector 1.

S o ~o|a

m
m
€
1
e

S A
— o 3 o

1
e
m
€

Table 2.1: Fusion rules governing the combination of superselection sectors when
different excitation clusters are combined.

The most important property of the superselection sectors is that they are robust
against arbitrary local perturbations. Since a local perturbation acts only within one
excitation cluster, it could only change the superselection sector of the cluster by also
violating at least one global constraint. The superselection sector of an excitation
cluster can then only be changed by a non-local perturbation that also changes the
superselection sector of a different cluster or creates an additional cluster with a

non-trivial superselection sector.
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Chapter 3

Individual holes in the gapped
phase

In this chapter, we consider the gapped phase of the Kitaev honeycomb model, and
aim to characterize the properties of individual mobile holes. We are primarily inter-
ested in the internal degrees of freedom possessed by these holes and their manifes-
tations in single-particle behavior such as hopping properties and particle statistics.
Since the model remains exactly solvable in the presence of stationary holes [73, 74]
and the bulk excitations are not excited by a mobile hole if its bare hopping ampli-
tude is much smaller than the bulk energy gap, the hole propagation can be described
by effective hopping amplitudes between the exact ground states of the model with
stationary holes at different positions.

The structure of this chapter is summarized as follows. In Sec. 3.1, we introduce
the formalism for describing holes in the model, and discuss the internal degrees
of freedom possessed by these holes. Our main result is that each hole has three
internal quantum numbers: the first two quantum numbers describe binding between
the hole and the fractional excitations (fluxes and fermions) of the model, while the
third quantum number determines the local magnetization around the hole. Since
the first two quantum numbers encode fractional properties, they are robust against
local perturbations, but they can be exchanged by holes that are close to one another.
In Sec. 3.2, we introduce the formalism for describing hole hopping, and discuss the

properties of mobile holes in the model. Our main result is that the different hole
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types characterized by different quantum numbers and hence different excitations
bound are fundamentally distinct in terms of their hopping properties and particle
statistics [77, 78]. For example, some hole types are free to hop in two dimensions,

while others are confined to hop in only dimension only.

3.1 Stationary holes
3.1.1 Description of holes

We introduce n holes into the Kitaev honeycomb model by removing the spin one-half
particles from n sites of the honeycomb lattice. For the model with n > 0 holes, the
exact solution in Sec. 2.1 is still applicable, but it must be performed in a different
way because there are no Majorana fermions at the hole sites [73, 74]. It is then not
clear how to construct complex fermions from the remaining Majorana fermions, and
the bond fermion operators, or equivalently, the plaquette operators acting on the
hole sites become ill-defined.

To fix this problem, we use an alternative description: the spin one-half particles
are not actually removed from the hole sites, but only their Ising couplings with their
neighbors are switched off. This way, we obtain 2" copies of the original model that
correspond to the different configurations of the n non-interacting hole spins. Since
there are still Majorana fermions at all sites, the bond fermion operators and the
plaquette operators remain well-defined. This means that the exact solution can be
performed in exactly the same way as in Sec. 2.1. However, there is an additional
2™-fold degeneracy due to the presence of the non-interacting hole spins, which is
unphysical and hence must be discarded.

Formally, we can demand all hole spins to be in the spin-up state: of = +1 for
all sites [ € A, where A is the set of hole sites. To obtain a physical state, we then
must use the appropriate projection operator, which takes the form

QAZH(HQJIZ> :H<1+Twlcl) (3.1)

leA leA

Note that the treatment of the unphysical hole spins is completely analogous to the
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treatment of the unphysical Majorana fermions. In the Majorana fermion picture,
different states corresponding to the same state in the physical spin picture are related
by gauge transformations D;. We can work in different gauges and then use the
projector P to enforce the constraint D; = +1 at all sites. In the hole spin picture,
different states corresponding to the same state in the actual hole picture are related
by gauge transformations oj.,. We can work in different gauges and then use the

projector Qa to enforce the constraint of = 41 at all hole sites.

3.1.2 Internal degrees of freedom

We now investigate how the excitations above the ground state as discussed in
Sec. 2.1.4 are affected by the introduction of n > 0 holes into the model. Since
each hole corresponds to one fewer spin degree of freedom and the topological de-
grees of freedom are neglected, the total number of Z, degrees of freedom (modes)
is 2N —n — 2. We restrict our attention to the thermodynamic limit of Nxy — oo
and assume that the holes in the model are isolated such that the smallest distance
between any two holes is R > 1.

In the presence of n > 0 holes, we distinguish two types of plaquettes: hole pla-
quettes that contain one hole site each and bulk plaquettes that contain no hole sites.
Each hole site [ € A is contained by three plaquettes P,"¥* whose corresponding
plaquette operators Wpew= act on the hole site with 0%, respectively. The number
of hole plaquettes is therefore 3n and the number of bulk plaquettes is N — 3n. From
a perturbation theory in J < 1, there is a finite excitation energy Ep ~ +J* for bulk
plaquettes and no excitation energy for hole plaquettes. However, at each hole site
[ € A, there is a finite excitation energy Eg ~ —J® for the hole loop Q; surrounding
all three hole plaquettes. The negative excitation energy Fg < 0 means that the hole
loop operators Wy, preferentially take eigenvalues —1 in the ground state [73, 74].
More precisely, since the global constraint [], Wp = 1 translates into [],., W, =1
when no bulk plaquettes are excited, the hole loop operator Wy, is —1 for all hole

sites when n is even and for all but one hole sites when n is odd.
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Figure 3.1: Simultaneous gauge transformations D; and o} relating the bond fermion
sectors around a hole site [ € A (white dot) when there is no flux bound to the hole.
Each bond fermion sector is labeled with the excited bond fermions (thick lines) and

the corresponding plaquette operator eigenvalues (£1). Our convention is to consider
only the two bond fermion sectors on the left.

Since the hole loop operator is Wg, = Wpee WP;JWPZZ in terms of the individual
hole plaquette operators, we say that the hole at site [ has a flux bound to it if
its hole loop operator Wy, takes an eigenvalue —1 rather than +1. This relation
also suggests that each hole has a hole flux mode (); with a finite excitation energy
and two independent hole plaquette modes P"* with zero excitation energies. In
fact, there is one fewer hole plaquette mode due to the presence of the unphysical
hole spin: the four plaquette sectors corresponding to Wplz,z = =41 in the hole spin
picture are pairwise related by the gauge transformation o7, and the corresponding
bond fermion sectors in the Majorana fermion picture are pairwise related by the
gauge transformations D; and o7. These gauge transformations are illustrated in
Fig. 3.1. In the following, we use the convention in which the two remaining bond
fermion sectors are related to each other by the operator b7 flipping the x and the
z bond fermions around the hole site [. When there is no flux bound to the hole, this
means that the two remaining plaquette sectors with Wpy = 41 are distinguished by
Wpe = Wp= = £1. In conclusion, if the model contains n > 0 holes, there are N —3n
bulk plaquette (flux) modes with excitation energies Ep ~ J*, there are n — 1 hole

flux modes with excitation energies Fg ~ J®, and there are n hole plaquette modes
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with zero excitation energies. Note that the number of independent hole flux modes
is reduced by 1 due to the global constraint [[, Wp = 1.

In the presence of n > 0 holes, we distinguish two types of fermions: hole fermions
and bulk fermions. When J = 0, hole fermions are localized at dimers that contain
one hole site each, while bulk fermions are localized at dimers that contain no hole
sites. Since the bulk dimers have Ising couplings —07 0%y, there is a finite excitation
energy Iy = 2 for the bulk fermions. However, since the Ising couplings of the hole
dimers are switched off, there is no excitation energy for the hole fermions. When
J > 0, the bulk fermions delocalize across the entire lattice (see Sec. 2.2.1), but the
hole fermions remain localized at their holes. More precisely, each hole fermion wave
function forms a wedge of opening angle /3 around its hole and its amplitude decays
exponentially with distance [74]. Since there is one hole fermion for each hole, there
are N —n bulk fermion modes with excitation energies Ey ~ 1, and there are n—1 hole
fermion modes with zero excitation energies. Note that the number of independent
hole fermion modes is reduced by 1 due to the global constraint that N, + N; must

be even for physical states.

Mode type Excitation | Number | Quantum Global
energy of modes | number constraint
Bulk fermion ~1 N —n
Bulk flux ~ J N —3n
Hole flux ~ J8 n—1 | h={0,1} | 3>, h;j = even
Hole fermion 0 n—1 | ¢={0,1} | > ,¢; =even
Hole plaquette 0 n p={0,1}

Table 3.1: Energy hierarchy of independent Z, modes in the model with n > 0 holes.
For the internal modes, the corresponding quantum numbers are also specified along
with any global constraints on them.

The independent Z, modes of the model with n > 0 holes are summarized in Table
3.1. We distinguish two classes of modes depending on their excitation energies and
the scaling of their numbers with N and n. The bulk fluxes and the bulk fermions
are external (bulk) modes: they have large excitation energies £ > J* and their

numbers scale with the system size N. These modes are extremely hard to treat
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Figure 3.2: Bond fermion sectors around a hole site [ € A (white dot) for different
combinations of the flux quantum number h = {0,1} and the plaquette quantum
number p = {0,1}. Each bond fermion sector is labeled with the excited bond
fermions (thick lines) and the corresponding plaquette operator eigenvalues (£1).
For h =1, there are two cases depending on whether 7 is in an even stripe or in an
odd stripe. The triple dots indicate a string of excited bond fermions connecting two
holes with h = 1.

in the thermodynamic limit. Conversely, the hole fluxes, the hole fermions, and the
hole plaquettes are internal modes: they have small excitation energies £ < J® and
their numbers scale with the hole number n. Since these modes are associated with
individual holes, it is straightforward to treat them in the limit when the holes are
isolated. Due to the different energy scales of the two classes of modes, we can self-
consistently neglect the excitations in the high-energy bulk modes, and concentrate
only on the low-energy internal modes.

Each hole in the model has three internal modes, and we characterize these three
internal modes with three Z, quantum numbers h, ¢, and p. The flux quantum
number is h = 1 if the hole has a flux bound to it and A = 0 otherwise. The fermion
quantum number is ¢ = 1 if the corresponding hole fermion is excited and ¢ = 0
otherwise. The meaning of the plaquette quantum number p depends on the flux
quantum number: if h = 0, then p = 0 means no hole plaquette excitations and p = 1
means two hole plaquette excitations in two neighboring stripes, while if h = 1, then
p = 0 means one hole plaquette excitation in an even stripe and p = 1 means one hole

plaquette excitation in an odd stripe. The corresponding bond fermion sectors are
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shown in Fig. 3.2. Importantly, the distinction between even and odd stripes ensures
that N, is always even. In the case of n holes labeled j = {1,2,...,n}, there are
3n internal modes characterized by 3n quantum numbers h;, ¢;, and p;. Since fluxes
and fermions can only be excited pairwise, the quantum numbers h; and ¢; are not
fully independent from each other. In particular, the global constraint [[, Wpr =1
translates into ) ;hj = even, while the global constraint that N, + Ny is even, or
equivalently, that N is even translates into > ;¢; = even. The various formulations

of these two global constraints are presented in Table 3.2.

Flux constraint Fermion constraint
Physical spins [[pWp=1 [lTeaMIpe, WPp=1
Majorana fermions | Automatically satisfied Ny + Ny = even
E / M charges N, + N,, = even N,, = even
Quantum numbers >_;hj = even > = even

Table 3.2: Formulations of the two essential global constraints in terms of the phys-
ical spins, the Majorana fermions, the electric / magnetic charges, and the internal
quantum numbers.

We are now ready to write down the ground states |z ) that correspond to
the different values of the internal quantum quantum numbers. Using the method of
Sec. 2.2.1, each ground state is obtained from the vacuum state |0) by a projection
onto an appropriate subspace. Formally, the physical ground state for n > 0 holes at

sites A = {l;} with quantum numbers h = {h;}, ¢ = {¢;}, and p = {p;} reads as
Qi) = QaPFaBya0). (3.2)

Before enforcing the gauge constraints with the projection operators P and Qa, the
vacuum state |0) is acted upon by several operators setting the bond fermion and the
matter fermion sectors. The first operator &), is responsible for binding fluxes to all
holes with h; = 1. Mathematically, &}, is an appropriate product of (x&)! operators
along a set of strings connecting the holes with h; = 1 pairwise. Note that the global
constraint » ;hj = even ensures that the holes with h; = 1 can always be paired
up. Importantly, we choose A}, such that it does not excite any z bond fermions and

creates the excited plaquette in an even stripe for each hole (see Fig. 3.2). In this
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case, A, is a product of an even number of (x)" operators, and therefore it excites

an even number of bond fermions. The remaining two operators in Eq. (3.2) are

n

B, = TT (k)" (3.3)

7j=1
t 1%
[fsaj)} ,

N
Fq;h = H <¢k¢£>
j 1

k=n+1 7

1 (o alet)

1 j=
where 2(I) =l if | € A and 2(I) = z(I) if | € B. The operator B, sets the bond
fermion sector by flipping an even number of bond fermions around the hole sites,
while the operator F,; projects onto one of the ground states in the given bond
fermion sector. The original matter fermions f;(lj) are required only to ensure that
Fyn does not project to zero in the isolated dimer limit. The free matter fermions
¢ are obtained from the matrix M in Eq. (2.8): there are n hole fermions ¢, with
1 < k < n that have zero energies and N — n bulk fermions ¢ withn+1 <k < N
that have finite energies Ey ~ 1. We label the hole fermions consistently such that
the hole fermion ¢; is localized around the hole site [;. Note that the matrix M is
in general a function of the bond fermions excited by X}, and therefore F,,;, depends
on the flux quantum numbers h; via the free matter fermions ¢,. On the other hand,

the bond fermions flipped by B, correspond to bonds with switched-off interactions,

and therefore F,; does not depend on the plaquette quantum numbers p;.

Hole type Superselection sector
B gq=20 Trivial (1)
N q= Combined (e x m)
b1 q=20 Electric (e)
q= Magnetic (m)

Table 3.3: Superselection sectors of holes with flux quantum numbers A = {0, 1} and
fermion quantum numbers g = {0, 1}.

It is useful to interpret the internal quantum numbers in the isolated dimer limit.
In this limit, the free matter fermions ¢, are identical to the original matter fermions

fi, and therefore the second operator in Eq. (3.3) takes the simplified form F, =
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Fon = 111 f;(l]_)]qf. Note that the matrix M is no longer a function of the z and
y bond fermions excited by A}, and therefore F, becomes independent of the flux
quantum numbers h;. For a single isolated hole at site | with quantum numbers
h, q, and p, the hole dimer operator is then )\, = Ufaj(l) = (—1)7"P. Since the
product of the hole plaquette operators is [ pen Wp = (—1)"*? in even stripes and
[Ipe,Wp = (1) in odd stripes, we conclude that the different combinations of
the quantum numbers h and ¢ are in one-to-one correspondence with the different
superselection sectors that the hole can belong to. This correspondence is presented
in Table 3.3. Note that if the bulk modes are not excited, isolated holes can indeed
be thought of as isolated excitation clusters with well-defined superselection sectors.
Furthermore, since the projection operator Qa enforces of = +1 at the hole site [,
there is a finite local magnetization o7, = (—1)?7 at the neighboring site z(I) [74].
This magnetization can be reversed by applying the transformation ¢** — —o™? to
all spins except the hole spin. On the other hand, such a discrete spin rotation is
also a symmetry of the model: it flips the hole plaquettes P,”* and changes the sign
of the hole dimer operator \;. It therefore corresponds to a switch in the plaquette
quantum number p only. To summarize, the flux and the fermion quantum numbers
determine the superselection sector, while the plaquette quantum number determines
the local magnetization around the hole. Importantly, these results are also valid in
the case of J > 0 when (—1)7%? is equal to the product of dimer operators taken over

a sufficiently large region around the hole site [.

3.1.3 Interactions and bound states

We now discuss the interactions between two holes at a finite distance R away from
each other. In general, the ground-state energy is given by I'y = — >, S, where the
N singular values Sy are obtained from the matrix M in Eq. (2.8). In the limit of
R — oo, there are two vanishing singular values S; = S = 0 corresponding to the
two hole fermions, and the ground-state energy I'g(c0) is determined by the sum of

the remaining N — 2 non-vanishing singular values. When R is finite, the interaction
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energy between the two holes is defined as the change in the ground-state energy with
respect to that in the R — oo limit: Al'g = I'g(R) — I'g(00).

The interaction energy Al'y has two contributions arising from two distinct in-
teraction mechanisms. First, the sum of the N — 2 non-vanishing singular values is
changed by perturbative terms similar to those in Eq. (2.15). Second, the singular
value S5 also becomes non-vanishing due to a hybridization between the two hole
fermions [74]. The first contribution AFél) is non-zero for both sublattices and all
directions, while the second contribution AT’ (()2) is non-zero only if the two holes are
in opposite sublattices and their relative direction lies in the wedge of opening angle
7/3 such that each hole fermion wave function has a finite amplitude at the hole site
of the other hole (see Fig. 3.3). Importantly, the wedges for the two holes in the
opposite sublattices point in opposite directions, and therefore this condition for the
relative direction is identical from the point of view of both holes.

Since the two contributions decay as AF(()l) ~ J?F and AF(()Q) ~ JB with the
distance R, the second contribution is the dominant one at large distances. From
the lowest-order perturbation theory in J < 1 around the isolated dimer limit, this
contribution takes the general form

R!
" R.'R,

AT = JE (3.4)

where the string of shortest length R = R, + R, connecting the two holes contains
R, bonds of = type and R, bonds of y type [74]. The first contribution can also
be calculated from a perturbation theory in J < 1, but its general form is more
complicated. In particular, AFE)I) can take both signs: the largest negative result
AF((]I) = —J?/4 is found when the two holes are at nearest-neighbor sites connected
by an x or a y bond, while the largest positive result AF(()D = J?/4 is found when
the two holes are at next-nearest-neighbor sites connected by a z bond and an x or
a y bond. The interaction energy Al'y = AI' (()1) + AF(()Z) is always positive when the
two holes are in the same sublattice and always negative when the two holes are in
opposite sublattices. The absolute values of these positive and negative interaction

energies are plotted in Fig. 3.3.
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(a)

Figure 3.3: Absolute interaction energy |AI'g| between two holes as a function of their
relative position when J, = 1.0 and J = J, = J, = 0.2. One hole is fixed (black cross)
and the other one is moved (red and green dots). Each dot has an area proportional
to /|AT¢|. The interaction is either repulsive with AT'g > 0 (a) or attractive with
ATy < 0 (b). The wedge of opening angle 7/3 is marked by a dashed line.

Importantly, the first interaction mechanism corresponding to AFE)I) is diagonal
in the quantum numbers h, ¢, and p, while the second interaction mechanism cor-
responding to AFéQ) is diagonal only in A and p but not in ¢q. In particular, if we
set hi1o = p12 = 0 for simplicity and label the remaining four ground states |Q}fq7p>
with the fermion quantum numbers as |g1, ¢2) = |24, 4,), the second interaction has
identical matrix elements ~ J® between the states |0,0) and |1,1), and between the
states |0, 1) and |1,0). This implies that the eigenstates are in fact (|0,0) £ |1,1))/v/2
and (|0,1) £11,0))/+/2. In the strict sense, the fermion quantum numbers g are then
no longer valid quantum numbers in the presence of hole interactions. However, since
the interaction is exponentially small when the holes are far away from each other,
they are still practically valid quantum numbers as they are conserved within an
exponentially large timescale ~ J~F,

Since the attractive interaction between holes in opposite sublattices is stronger
than the repulsive interaction between holes in the same sublattice, the overall interac-
tion between two holes is attractive. The most negative interaction energy Al'y = —1
is found when the two holes are at nearest-neighbor sites connected by a z bond. In the
absence of other interactions, this attraction leads to pair formation, where the holes

in the model form bound pairs along z bonds. It is then useful to investigate how these
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hole pairs interact with each other. The interaction energy AI'y = I'y(R) — I'f(c0)
between two hole pairs is completely analogous to that between two single holes. In
this case, there are two vanishing singular values for all distances R, and the only
contribution to the interaction energy comes from the change in the remaining N — 2
non-vanishing singular values. From a perturbation theory around the isolated dimer
limit, we obtain that the interaction energy between two hole pairs is always nega-
tive and decays as Ay ~ J?# with the distance R. The most negative interaction
energy Ay, = —J%/4 is found when two holes from the respective hole pairs are at
nearest-neighbor sites connected by an x or a y bond.

In the absence of other interactions, the attraction between hole pairs leads to
phase separation, where the holes are all bound together to form a large cluster.
However, both single holes and hole pairs are positively charged, and therefore they
are also subject to a Coulomb repulsion. Since the attraction between single holes
is stronger than that between hole pairs, we can distinguish three complementary
regimes in the behavior of the model. If the Coulomb repulsion is weaker than the
attraction between hole pairs, the model phase separates. If the Coulomb repulsion is
stronger than the attraction between hole pairs but weaker than that between single
holes, the elementary particles of the model are hole pairs. If the Coulomb repulsion
is stronger than the attraction between single holes, the elementary particles of the
model are single holes. In the rest of this thesis, we restrict our attention to single
holes and implicitly assume a sufficiently strong Coulomb repulsion such that the

model is in the appropriate regime.

3.1.4 Robustness against local perturbations

It is useful to discuss the applicability of the internal quantum numbers when a local
perturbation is applied to the model with n > 0 holes. We first notice that two
arguments are apparently in conflict with each other. On one hand, the quantum
numbers ¢ and h are expected to be robust against local perturbations as they are

related to the superselection sectors of the model (see Secs. 2.2.2 and 3.1.2). On the
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Figure 3.4: Effects of the Heisenberg terms ojoj_, ) (a), ofoj_, ) (b), ofoji_, ) (),
00—y (d), and of'oy_, .y (e) on the plaquettes and the dimers (fermions) around
two neighboring sites | (white dot) and {" (black dot). Flipped plaquettes are marked
by red crosses and flipped dimers are marked by blue rectangles.

other hand, the quantum numbers ¢ are not strictly conserved in the presence of hole
interactions (see Sec. 3.1.3). Note that the dimensionless coupling strength J < 1 is
a local perturbation in the language of the isolated dimer limit.

The resolution of this apparent conflict is that local perturbations assemble into
non-local strings at higher orders of perturbation theory. If two holes (excitation
clusters) are connected by such a string, only the combined superselection sector is
conserved, while the individual superselection sectors can change. However, when the
two holes are at a distance R away from each other, such a string can be assembled
only at R-th order of perturbation theory. For a local perturbation of strength ¢ F that
creates excitations with energies Ej, the perturbative term responsible for changing
the superselection sector is then ~ (§E/Ey)®. This means that the superselection
sector is conserved within a timescale ~ (FEy/6E)® that is exponentially large when
0E < Ey and R > 1. Note that the interaction term ~ J in Sec. 3.1.3 is recovered
as a special case with 0F ~ J and Ey ~ 1. Since local perturbations excite bulk
fluxes with energies Fp ~ J* and bulk fermions with energies F; ~ 1 in general,
we conclude that the quantum numbers h and ¢ are robust against arbitrary local

perturbations of strength §& < J* as long as the holes are far apart.
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It is instructive to examine an explicit example for the conservation of the internal
quantum numbers in the presence of a local perturbation. To this end, we perturb
the Kitaev honeycomb model with Heisenberg interactions. The contribution of this

perturbation to the Hamiltonian reads as

OH = §EZ (ofo +ojoy +ofof), (3.5)
(&)

where (I,{’) indicates a summation over bonds, or equivalently, over pairs of neighbor-
ing sites. Based on the type of the bond and the spin components coupled, there are
nine types of terms in 0 H, and these types can be divided into four distinct classes in
the isolated dimer limit. The terms o707 only renormalize the coupling strength J.
on the z bonds, and therefore do not flip any plaquettes or dimers (fermions). The
terms ofof ) and o)y, correspond to the usual couplings with strengths J;, on
the x and y bonds, and therefore flip no plaquettes but two dimers each. The terms
crfaf(l), aiyag(l), Ufai(l), and JfJZ(l) flip no dimers and four plaquettes each, while
the terms alyaz(l) and ol o flip two dimers and four plaquettes each. The effects
of these types of terms are illustrated in Fig. 3.4. Since the perturbative terms flip
either zero or two dimers, the number of broken dimers has a conserved parity, and
therefore the parity of ¢ + p does not change either (see Sec. 3.1.2). Since they either
flip zero plaquettes or they flip two plaquettes in even stripes and two plaquettes in
odd stripes, the numbers of excited plaquettes in even and in odd stripes both have
conserved parities, and therefore the parities of h+p and p do not change either. We
conclude that the quantum numbers h, ¢, and p are all conserved in the presence of a

Heisenberg perturbation if its strength satisfies §E < J* and the holes are far apart.

3.2 Isolated mobile holes
3.2.1 Hopping formalism

We consider a hole hopping model in which the holes introduced into the Kitaev
honeycomb model can propagate via nearest-neighbor hopping. Formally, a spin one-

half particle at a site [’ neighboring an empty hole site [ can hop from [’ to [ with an
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amplitude —t. We assume that the spin state of the particle is not affected by the
hopping. In the hole spin picture, the hopping then exchanges the hole spin at [ with
the actual spin at [’, and this process can be represented by an exchange operator

that takes the form

v = 5 (1 +o0joy+o0joy+ojop) (3.6)

(1 -+ IBOT, -+ biRb b + biBEbYBY)

N~ N -

In the following, we restrict our attention to the regime of slow hopping, where the
hopping amplitude is much smaller than the excitation energies of the bulk modes.
We can then neglect the excitations in the bulk modes and consider only the ground
states [, ) corresponding to the internal modes. Since the bulk modes are bulk
fluxes with energies Ep ~ J* and bulk fermions with energies F; ~ 1 in general, the
condition of slow hopping becomes t < J*.

For simplicity, we restrict our attention to only n = 2 isolated holes at sites
l12. However, more holes are assumed to be present in the background so that the
quantum numbers h; 9 and ¢ can be chosen independently without violating the
global constraints. We consider the hopping process in which the hole at site /; hops
to a neighboring site . The set of hole sites is A = {l;,l3} before the hopping and
A" = {l},l, = Iy} after the hopping. The ground states corresponding to the hole
positions A and A’ take the forms

Qhgp) = Q) = QaPFenBpXil0), (3.7)
’Qh’,q/,p/> = ‘QAI ) = QA’Pﬁq’;h’Bp’)Eh”m’

n.q'\p'

where the operators Xy, Bp/, and ﬁq/;h/ are completely analogous to &}, B, and F
as defined in Sec. 3.1.2. Since different bonds have switched-off interactions before and
after the hopping, the operators F,, and F,. contain different free matter fermions
¢ and ¢. By considering the hopping between the respective ground states [ 4,)

and |Qu ), the effective hopping amplitude becomes a finite-dimensional matrix.
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The elements of this matrix are given by

h',q',p’ _ t(thyq/7p/|gll7l/1 ’Qh#bp) (38)

h7 R —_ —_
o \/<Qh’,q’7p’ ’Qh/,q/,p’> <Qh,q,pmh,q,p>

where the ground-state norms in the denominator are required because the ground

states |Qp ) and | ) are not properly normalized in general.

3.2.2 General hopping properties

We notice that the non-trivial terms in the exchange operator &, j; are the Heisenberg
terms in Eq. (3.5). It is therefore directly implied by the results in Sec. 3.1.4 that
the quantum numbers h, ¢, and p are all conserved by the hopping. Note that the
exchange operator &, ;; can in principle change the plaquette (matter fermion) sector
in at most two inequivalent ways (see Fig. 3.4). The plaquette (matter fermion)
sector after the hopping is then uniquely determined by that before the hopping via
the ground-state constraint that no excited plaquettes (matter fermions) are allowed
to be left behind. Mathematically, the conservation of the quantum numbers means
that the effective hopping matrix is diagonal.

Furthermore, the diagonal hopping matrix elements that differ only in their pla-
quette quantum numbers p are all identical to each other. Physically, this property
follows from the discrete spin-rotation symmetry discussed in Sec. 3.1.2 and the fact
that the corresponding transformation switches p. However, it can also be shown
explicitly by noticing that B;Bp = 1 and B;T)gll,l’l B, = &, for all p. We therefore
conclude that the effective hopping matrix elements are independent of the plaquette
quantum numbers p and take the general form

(gl a1 |ng)

T]iL’7q/7p’ = 5h’,h5q’,q5p’,p Th,q7 Th,q = — — — , (39)
o \/<Qh7q’Qh,q><Qh,q|Qh,q>
where Q) = |Qngp=0) and |Q,) = [Qngp=0). In the following, we simplify our

calculations by considering only these ground states with p; = ps = 0.
Now we derive a formula for the effective hopping matrix element Th,q in the
important case when the bond fermion sector (plaquette sector) is conserved by the

hopping. This condition is equivalent to X, = X}, and it is always satisfied in the
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case of trivial flux quantum numbers h; = hy = 0 when Xj,—g = Xj,—o = 1. Due to

(0] X,,]0) = 1, the ground-state norms in the denominator of Eq. (3.9) become

(Unalg) = (OlXFL, POAFndal0) = O[F g Fel0),  (3.10)

22N+2 <

(Qnglg) = (OIXIF], POAFyndn|0) = 0| F!, Fonl0).

22N+2 <

By assuming [, € A without loss of generality, using the property Jf,l Enyof, =&,
and keeping only the terms in &, ; that do not change the plaquette sector when

o = a1 = {z,Y, 2}, the ground-state overlap in the numerator of Eq. (3.9) becomes

<Qh,q|‘€l1,l’1mh,q> = <O|XJr hPQA/&lz' OAF4:nXn|0)

= Q <0|X]j:f;,h7) ( + b bl’ Cllcl/> ]:q;hXh|0> (311)
1

= 22N+3 <O|XT}‘;[}Z (1 + bloibl’ cllcl/1> ./_"q;hXh‘O>
1

W <0|./—:;r7h (1 - iull’l/lcllclfl) JT'.q;h|O>.

Note that u;, ;n = (O|X,Iﬂll,l/1 X,|0) is determined by the bond fermion sector. Finally,
the effective hopping matrix element in the case of a conserved bond fermion sector

(plaquette sector) takes the form

. tO|1FT (1 — iy, e e ) FynlO
Ty = — (0] q,h( 11,14 €l ll) aihl > (3.12)

2\ (O F L T 0) (O1F L o 0)

Since the operators }"g,z and F q(le are all simple products of matter fermion operators,
the vacuum expectation values in Eq. (3.12) can be evaluated using Wick’s theorem.
The state |0) is the vacuum of the original matter fermions f;, and the orthogonal
matrices U and V are therefore used to express the free matter fermions ¢y, and ¢y

in terms of the original matter fermions f;.

3.2.3 Hopping in the isolated dimer limit

We now consider the isolated dimer limit (J = 0) and evaluate the effective hopping
matrix elements explicitly. In this limit, the operators F, = F,; and .7:_,1 = ]-_-q;h

no longer depend on h and take the simplified forms F, = [f;(ll)]ql [f;(b)]q2 and F, =
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[f;(l,l)]q1 [f;(b)]q2 (see Sec. 3.1.2). The vacuum expectation values in Eq. (3.12) therefore

take the respective forms

(01F3F,10) = (0] F] F4l0) = 1,

~t o , . . 2 (all,l’l = Z)
<0|]:q1:0 (1 Zullzllcllcll) "rq1=0|0> - { 1 (Oéll,l’l _ x’y)7 (3-13)
—.i. o ) ) o O (ah% = Z)
<0|‘Fq1=1 (1 Zullyhcllcll) ‘F‘11:1|0> - { _ulhl/l (all,l’l = x’y%
and the corresponding hopping matrix elements become
7 —t (. =2)
Thomo = { vh 3.14
h,q1=0 —t/2 (Oéll,l’l =z, y)’ ( )

Th7q1:1 =

{ 0 (alhl'l = Z)

up, 1 t/2 (all,l’l =2,Y).

Note that u;, = +1 for ay, . = z because &), excites only x and y bond fermions.
Furthermore, the matrix elements in Eq. (3.14) are independent of the quantum
number ¢y. Since the two holes are isolated, the hole hopping between [y and ] is not
affected by the other hole at [5.

It is crucial to emphasize that the matrix elements in Eq. (3.14) are valid only
if the bond fermion sector is the same before and after the hopping. However, we
demonstrate in the following that the hopping problem for a single isolated hole with
quantum numbers h = {0, 1} and ¢ = {0, 1} can be constructed by referring to these
matrix elements only. The most important steps of the construction are illustrated
in Fig. 3.5, while the resulting hopping problems for the different quantum numbers
are summarized in Fig. 3.6.

For a hole with no flux bound to it (h = 0), the bond fermion sector is always
trivial, and the matrix elements in Eq. (3.14) are therefore directly applicable. This
means that hopping along x and y bonds is allowed for both values of the quantum
number ¢, while hopping along z bonds is allowed for ¢ = 0 but not for ¢ = 1. In
other words, ¢ = 0 holes can hop in both the X and the Y directions, while ¢ = 1
holes can hop only in the X direction. Since ;o) = +1 for all bonds around an

h = 0 hole, the hopping problem in the X direction is in fact the same for ¢ = 0 and
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Figure 3.5: Different types of transformations relating bond fermion and matter
fermion sectors around a hole site [ € A (white dot) when there is a flux bound
to the hole. Each bond fermion sector is labeled with the excited bond fermions
(thick lines) and the corresponding plaquette operator eigenvalues (41), while each
matter fermion sector is labeled with the excited matter fermions (dashed ellipses).
(a) Gauge transformations D; (i) and o7 (ii) for shifting the excited plaquette within a
stripe. (b) Transformations o7 (i) [gauge], czy (ii) [g-switch], and ib}bf (ii) [p-switch]
for shifting the excited plaquette between neighboring stripes.

q = 1. Note that the opposite sign in the matrix element Th,qlzl is irrelevant because
the honeycomb lattice is bipartite.

For a hole with a flux bound to it (h = 1), the hopping problem is more com-
plicated because the bond fermion sector depends on the hole position. However,
if the hole hops only around the excited plaquette, the bond fermion sector can be
chosen to remain the same, and the matrix elements in Eq. (3.14) are therefore ap-
plicable. Remember that the excited plaquette is in an even stripe for a p = 0 hole
(see Fig. 3.2). Furthermore, the excited plaquette can be shifted along its stripe by
applying two simultaneous gauge transformations D; and of at the hole site [. Af-

ter these transformations illustrated in Fig. 3.5(a), the bond fermion and the matter
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Figure 3.6: Hole hopping problems in the isolated dimer limit for different combi-
nations of the flux quantum number h = {0,1} and the fermion quantum number
g = {0,1}. Each bond is labeled according to the effective hopping amplitude T°
along it: double solid lines indicate T = —t, single solid lines indicate T = —t/2,
while dashed and dotted lines indicate T" = 0. For dashed lines, the effective hopping
amplitude vanishes only in the isolated dimer limit, while for dotted lines, it vanishes
in the entire gapped phase.

fermion sectors around the hole site look the same from the point of view of the new
plaquette as they did before from the point of view of the old plaquette. This implies
that the hopping problem for h = 1 is identical to that for h = 0 as long as the hole
hops only around the plaquettes of one particular even stripe. On the other hand, the
excited plaquette can only be shifted into a neighboring odd stripe by applying the
gauge transformation o7 along with the transformations cz;) and 7b; that switch
the quantum numbers g and p. After these transformations illustrated in Fig. 3.5(b),
the bond fermion and the matter fermion sectors around the hole site [ look the same
from the point of view of the new stripe as they did before from the point of view of
the old stripe. Since the hopping is independent of p, this implies that the hopping
problem for ¢ = 1 around the plaquettes of odd (even) stripes is identical to that for
g = 0 around the plaquettes of even (odd) stripes. Unlike in the case of h = 0, holes
with different values of ¢ do not have fundamentally different hopping problems in
the case of h = 1: they can both hop along = and y bonds in the X direction, while
hopping along z bonds in the Y direction is allowed for ¢ = 0 in even stripes and for

q = 1 in odd stripes.
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3.2.4 Hopping in the gapped phase

We are now ready to discuss the hopping problem for a single isolated hole at a
generic point of the gapped phase away from the isolated dimer limit (J > 0). From
a perturbation theory in J < 1, there are possible corrections to the matrix elements
in Eq. (3.14), and the importance of these corrections depends on whether the original
matrix element is zero or non-zero. If there is a finite matrix element at J = 0, the
perturbative corrections can be neglected as they only renormalize the matrix element.
However, if the matrix element vanishes at J = 0, these corrections are extremely
important as they determine the matrix element in the lowest order.

According to Eq. (3.14), the only vanishing matrix elements in the isolated dimer
limit are Thm:l along z bonds. Any such matrix element is zero because the matter
fermion corresponding to the two sites /; and I} connected by the z bond is excited:
—icy, ¢y, = —1. To obtain a non-zero correction for the matrix element, we must find
corrections with a non-zero overlap for the ground states before and after the hopping
such that —icy, ¢y = +1 for both corrections. In general, these two corrections belong
to two complementary sections of an open string connecting the sites l; and [j. For
example, if we use the site labeling convention in Fig. 3.7 around the sites [, and ],

one such pair of corrections is

J
Fu=il0) = = (05b5csc)  (B5biesca) f10), (3.15)
J
5 (b3biesea) 110),

Fa=1]0) = = (b{bjcics)

N N -

and the resulting correction to the ground-state overlap is

<0|]'iqu=1 (1 —icicg) Fyy=1]0) = Juy guzus gus 6Zp = J*WpZp, (3.16)
1 . T
Zp = %< | ficscacicn (1 —dcicg) esegesea fi|0)
1
= @<0‘f1C5C4C162C5C60302f1T’O> = 288 (3.17)

Note that uy 6 = us 4 = +1 because &}, is defined in such a way that it excites only x

and y bond fermions.
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Figure 3.7: Site and plaquette labeling conventions around the sites [; (white dot)
and [} (black dot) when considering the hopping along the z bond between I, and [].

For a generic open string connecting the sites 1 and 1’, we define a closed loop C
consisting of the open string and the z bond between 1 and 1’. Any correction to the
ground-state overlap due to the open string is then proportional to WeZo, where We
is the corresponding loop operator eigenvalue and Z¢ is an expectation value similar
to that in Eq. (3.17). By means of a reflection across the middle of the z bond, we
also define a dual loop C” with a loop operator eigenvalue W and a dual correction
with an expectation value Zs. Note that the dual correction strictly corresponds
to a backward hopping because the reflection exchanges the sites 1 and 1’. On the
other hand, Zs € R means that there is an equivalent dual correction for the forward
hopping as well. If we identify the site labels of the loop C with the dual site labels
of the loop C’, the explicit forms of the expectation values Zo and Z¢ are identical,
and thus Zo = Zg. Since this equality is true for all corrections, we conclude that
the total corrections due to the loops C' and C’ have equal magnitudes, while their
relative signs are determined by the loop eigenvalues We cr.

This result has already strong implications for holes with a flux bound to them
(h = 1). When the bond fermion sector is conserved by the hopping, the flux is
necessarily bound to either of the plaquettes P or P’. If we then choose any two
dual loops C and C” that do not enclose any other holes, one of them contains one
excited plaquette and the other one contains no excited plaquettes. This implies
We + Wer = 0, and therefore the corrections due to all of the paired-up dual loops
vanish because (We + Wer)Ze = 0. The only non-zero corrections are then due to

loops that are large enough such that they enclose at least one other hole with a flux
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bound to it. If the smallest distance between any two holes is R, the length of such a
loop is at least 2R, and therefore the lowest-order corrections to the matrix element
are ~ J2. Since this quantity is exponentially small in the R > 1 limit, holes with
h = 1 can hop only along their respective stripes as long as we are in the gapped
phase with J < 1/2.

For holes with no flux bound to them (h = 0), there are no excited plaquettes,
and all loops have W = +1. This means that the lowest-order corrections to the
ground-state overlap are due to the plaquettes P and P’. These two corrections are
identical because Wp = Wp = +1. The total expectation value Zp is obtained
by considering all possible ways of dividing the open string between the sites 1 and
1" into two complementary sections and all possible ways of ordering the x and y
bonds within the resulting two sections. Note that the choice of the complementary
sections is limited by the fact that some bonds have switched-off interactions: the
bonds around the site 1 can only be used after the hopping, while the bonds around
the site 1’ can only be used before the hopping. Exploiting symmetry to reduce the

number of inequivalent terms, the total expectation value becomes

2 ) 2 .
Zp = 1—6<0\f10102€1,6030205040506ff’O>+E(O’f10102€1,605€403020506f1T|O>

. 2 .
+ @<O|f1610261,6C3C2C50605C4fI|0> + —4<0|f10102€1,6050603020504f1T|0>

(=}

. 2 .
+ %<O’f1C102€176C5C4C5C6C362f1T|0> —+ _4<0|f1C102€176C5C6C5C463C2f1T‘O)
2

1 ~
+ 1_6< |f101020302€1,665646566ff|0> + 3
1 c ~
+ a<O’flC3C2C102€1,605C6C5C4f£r|0> + m<0‘f101620504€1’663c2c506f{r|0>
2 . 1 A
@<0|f1C1C2C5C461,6C5660302f1T‘0> + %<O’f105C461026176C5C60302f1T|O>
+1 1 1+1 1+1 1+1+1+1+1_3
12 8 16 24 16 8 8 32 72 72 288 16

(3.18)

D

<0|f101020302€1,605060504f;r|O>

— Do

_l’_
1
4

where €16 = 1 — icicg = 2 in all the terms above. Since Wp = Wp = +1 and
Zp = Zp = 3/16, the corresponding lowest-order correction to the ground-state

overlap is <0|f;:1€1,6]:q1:1|0> = 3J%/8. On the other hand, the ground-state norms
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(0]F}F,4|0) and (0|FiF,|0) are still approximately 1, and therefore the lowest-order
correction to the hopping matrix element takes the form

- 3
Thlzo’qlzl = —E J4t (all,l/l = Z). (319)

This result shows that holes with h = 0 and ¢ = 1 are only confined to hop in the X
direction in the limit of J — 0. At a generic point of the gapped phase, holes with
h = 0 are free to hop in both the X and the Y directions.

It is instructive to investigate the hole hopping problems across the entire gapped
phase with 0 < J < 1/2. Since the perturbation theory in J < 1 is not applicable
in general, we must evaluate the hopping matrix elements in Eq. (3.12) numerically.
The resulting hopping matrix elements for quantum numbers h = 0 and ¢ = {0, 1}
are plotted across the gapped phase in Fig. 3.8. In the limit of J — 0, when the
perturbation theory is valid, the hopping matrix elements in Egs. (3.14) and (3.19)
are accurately recovered. In the opposite limit of J — 1/2, when the phase transition
to the gapless phase is close, the hopping matrix elements for all quantum numbers
h ={0,1} and ¢ = {0, 1} become strongly dependent on the system size and exhibit a
sudden drop towards zero. These results are both explained by the vanishing energy
gap of the bulk fermion excitations: finite-size effects become important due to the
divergent correlation length, while the hopping matrix elements vanish due to the
hybridization between the hole fermions and the lowest-energy bulk fermions.

Note that the condition of slow hopping breaks down in the limit of J — 1/2 as
the lowest-energy bulk fermions no longer have finite excitation energies. The hopping
process in this limit involves not only the respective ground states as in Sec. 3.2.1,
but also the excited states in which some of the lowest-energy bulk fermions are
excited. On the other hand, this means that the hopping matrix elements in Eq. (3.12)
underestimate the actual hopping amplitudes, and therefore the vanishing hopping
matrix elements at J — 1/2 do not imply that the holes become stationary at the

phase transition point.
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Figure 3.8: Effective hopping amplitude as a function of the x and y bond coupling
strengths within the gapped phase for a hole with h = 0 and either ¢ = 0 (a) or ¢ = 1
(b) along = and y bonds (solid lines) and along z bonds (dashed lines). The lattice
dimensions are Nx = Ny = 20 in all cases.

3.2.5 Particle statistics

Since the quantum numbers h, ¢, and p are conserved by the hopping process, we can
treat holes with different quantum numbers as distinct particles and determine their
respective particle statistics. To this end, we consider an exchange process in which
two isolated identical holes at sites 0 and ¢ are exchanged along a closed loop C' that
contains L sites labeled {1,2,...,¢0 —1,(,¢+1,...,L = 0}. If the exchange process
is adiabatically slow, the final state is identical to the initial state up to a complex
phase factor exp(i¢). The complex phase ¢ has two contributions: a dynamic phase
from the time integral of the governing Hamiltonian that depends on the details of
the exchange process, and a geometric phase 65 that depends only on the loop C. To
determine the particle statistics, we first must obtain the phase 6,.

The adiabatic exchange process along the loop C' starts from the initial ground

{£,0}

state |Q{0’£} ), ends at the exchanged ground state [€2,

hoap ), and happens via subsequent

nearest-neighbor hopping processes through intermediate ground states |Q£lql;];), where
0<l</{and ¢ <! < L. These hopping processes are illustrated in Fig. 3.9(a). The
geometric phase 6y arises from the geometric connections between the intermediate
ground states \Q;{llql/g ). On the other hand, it can be argued theoretically and veri-

fied numerically that these geometric connections are given by the hopping matrix
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Figure 3.9: Illustrations of the two processes that are used to evaluate the statistical
angle ¥ = 6, — 6,. (a) Exchange process for obtaining ;. Two identical holes
with the given quantum numbers at sites 0 and ¢ = 9 (black and white dots) are
exchanged along a closed loop of length L = 18. The subsequent hopping processes
for the respective holes are marked by black and white arrows. (b) Looping process
for obtaining ¢;. One hole with the same quantum numbers at site 0 (black dot) is
moved around the same closed loop. The subsequent hopping processes are marked
by black arrows.

elements in Eq. (3.9). Since there is exactly one intermediate hopping process for
each section of the loop, this suggests that the phase 6, is the phase of the product
of all the hopping matrix elements around the loop C. In fact, we must consider two
additional phase factors due to the two holes being exchanged. First, the exchanged
ground state ]Qh " p> can contain a non-trivial phase factor with respect to the initial
ground state \Qioq%) Second, our hopping formalism in the hole spin picture ignores
the inherent fermionic nature of the holes. Since the two hole spins are removed
from both ground states |Q,{10£) and |Q}{fqog> by fermionic annihilation operators, the

exchange between the two holes corresponds to a non-trivial phase factor —1 in the

actual hole picture. The geometric phase 65 thus takes the form

0,¢ 2,0 —
Oy = arg [ Q;{zq; {,q,;]; ll+1 ) (3.20)
=0
{l+1 U} {l,l’}
+ . .
’ {1+1, l’} {l+1,l'} {1, l’} {L,I'}
\/<Qh q,p |Qh,q,p > <Qh ,q,p |Qh,q,p>

Note that the matrix element Tz( 141 does not depend on the site ' of the other hole

as the two holes are assumed to be isolated at each step of the exchange process.
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The geometric phase of the exchange process can be written as a sum of two
terms: 0 = ¥ + 6. The first term ¢ is the actual statistical phase that specifies
the particle statistics, while the second term 6, is the geometric (Berry) phase of a
looping process in which a single hole at site 0 with the same quantum numbers h,
¢, and p is moved adiabatically slowly around the same closed loop C. Since the
statistical angle is given by ¥ = 6, — 6; in terms of the two geometric phases, we also
must obtain the second phase 6.

The adiabatic looping process around the loop C' starts from the initial ground
state |Q{0} ), ends at the final ground state |Q{L} ) = |Q{0} ), and happens via

h,q,p h,q,p h,q,p

subsequent nearest-neighbor hopping processes through intermediate ground states

|Q{l}

hqu}, where 0 < [ < L. These hopping processes are illustrated in Fig. 3.9(b). As

in the case of the exchange process, the geometric phase 6, of the looping process
arises from the geometric connections between the intermediate ground states, and
is therefore related to the product of the hopping matrix elements around the loop
C. However, the two additional phase factors are absent because no holes are being

exchanged. The geometric phase ¢; thus takes the form

L-1
0y =arg [[]Tik | (3.22)
=0
{I+1} {1}
T, = gy Byl (3.23)
’ {l+1} ~{I+1} {1} {1}
\/(Qh,q,p |Qh,q7p ><Qh,q,p|Qh,q,p>

(1)

Importantly, the matrix element T; "

. 1s in most cases identical to the matrix ele-
ment Tl(,25)+1 because the presence of the other isolated hole is irrelevant. The only
exception is the case of h = 1 and ¢ = 1 when there is a string of excited bond
fermions connected to the hole and the hopping is sensitive to excited bond fermions
[see Eq. (3.14)]. It is then relevant for at least one section of the loop C' whether

the other end of the string is at the other hole moving around the same loop or at a

stationary hole in the background.
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We are now ready to determine the particle statistics of the various hole types.

From a comparison between Egs. (3.20) and (3.22), the statistical phase becomes

N4 J4 —
ﬁ:arg[ (019 ity ( )] (.29
=0 ll+1

Furthermore, if the holes have quantum numbers other than A = 1 and ¢ = 1, the

matrix elements Tz 141 and Tz 141 are identical, and therefore Eq. (3.24) reduces to
0,6} 1 {60
9 = arg [~ ({1200 (3.25)

By evaluating ¥ for all hole types, we can then directly obtain their particle statistics:
¥ = 0 is indicative of bosons, while ¥ = 7 is indicative of fermions.

For holes with h = 0 and ¢ = 0, the initial ground state ]Qéooég ) and the final

ground state \Qéfé?g ) are identical by construction. In the isolated dimer limit, the
two ground states for p = 0 holes are \Qé?d% ) = ]Qéfg)?g ) = Q0,4P|0). In the general
case, there are additional operators B, # 1 and F,y # 1 that set the bond fermion and
the matter fermion sectors. However, these operators are the same for both ground
states, and therefore the relation |Qé?£> = |Q({f()?g> remains true. Since Eq. (3.25)
then gives ¢ = m, we conclude that holes with h = 0 and ¢ = 0 are fermions.

For holes with h = 0 and ¢ = 1, the initial ground state |Qé?{ﬁ ) and the final
ground state ]Qégl ;f ) are only identical up to a minus sign as the two ground states
have the two hole fermions at sites 0 and ¢ excited in an opposite order. In the
isolated dimer limit, the two ground states for p = 0 holes are \Q({)?l’% ) = —|Qéﬁ?§ ) =
Qo0 P f;(g) fg(f)\()). In the general case, there are additional operators B, # 1 and
Fio # 1 that set the bond fermion and the matter fermion sectors. However, these
operators are the same for both ground states, and therefore the relation |Q({)?1’2 ) =
—|Q({),€i?g ) remains true. Since Eq. (3.25) then gives ¥ = 0, we conclude that holes
with A = 0 and ¢ = 1 are bosons.

It is crucial that holes with h = 1 can move only around the plaquettes of par-
ticular stripes: even stripes for ¢ = 0 and odd stripes for ¢ = 1. Furthermore, it is

shown by Fig. 3.5 that ¢ = 0 holes in even stripes are equivalent to ¢ = 1 holes in odd
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stripes. This implies that these two hole types have the same particle statistics, and
therefore it is enough to consider one of them. We choose to consider holes with h = 1
and ¢ = 0 because Eq. (3.25) is then applicable. For these holes, the only difference
in the ground state with respect to holes with A = 0 and ¢ = 0 is the presence of an
additional flux-binding operator X; # 1. However, this operator is the same for the
initial and the final ground states, and therefore the two ground states are identical:
]Qi?d?; ) = ]Q{iﬁ ). Since Eq. (3.25) then gives ¥ = m, we conclude that holes with
h =1 and ¢ = {0, 1} are fermions.

To supplement the above derivations, we also provide an intuitive explanation
for the particle statistics found. The main principle is that the holes in the model
can bind the elementary excitations of the model: fluxes and fermions. The various
hole types with different quantum numbers h and ¢ are then distinguished only by
the kinds of elementary excitations that are bound to them. In particular, a hole
with a non-trivial flux quantum number h = 1 has a bound flux, while a hole with a
non-trivial fermion quantum number ¢ = 1 has a bound fermion. Holes with A = 0
and ¢ = 0 are interpreted as bare holes with no elementary excitations bound to
them. Since bare holes are missing spin one-half fermions, it is natural that they are
fermions themselves. Conversely, the remaining three types of holes are interpreted
as composite holes made out of bare holes and elementary excitations. Due to the
presence of the bound excitations, their statistics can be different from that of bare
holes. For holes with h = 0 and ¢ = 1, the binding of a fermion leads to a statistical
transmutation, and therefore these holes are bosons. For holes with h =1 and ¢ = 0,
the binding of a flux has no effect on the statistics, and therefore these holes are
fermions. We might then naively expect that holes with h = 1 and ¢ = 1 should be
bosons because there is a statistical transmutation due to the binding of a fermion.
However, the bound flux and the bound fermion have semionic relative statistics.
Since this corresponds to an additional transmutation for the composite hole, these
holes are in fact fermions. The particle statistics of the various hole types along with

their interpretations in terms of the bound excitations are summarized in Table 3.4.
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Hole type Statistics Interpretation
b qg=20 Fermion Bare hole
q= Boson Hole + fermion
b1 qg=0 Fermion Hole + flux
q= Fermion Hole + flux + fermion

Table 3.4: Absolute statistics of holes with flux quantum numbers A = {0,1} and
fermion quantum numbers ¢ = {0,1} from a process when two identical holes are
exchanged. Interpretations are given in terms of elementary excitations bound.

It is also useful to investigate the relative statistics between the various hole
types. To this end, we consider two looping processes in which a hole with quantum
numbers h and ¢ is moved around a closed loop C'. In the first case, there is no hole
enclosed by the loop, and Eq. (3.22) gives a geometric phase ;. In the second case,
there is one stationary hole with quantum numbers A’ and ¢’ enclosed by the loop,
and Eq. (3.22) gives a geometric phase 6;. The relative statistics between holes with
quantum numbers h and ¢ and holes with quantum numbers /' and ¢’ is then specified
by the relative statistical phase ¢ = 6] — 0;. For ¥ = 0, the two hole types have
trivial relative statistics, while for ¢ # 0, the two hole types have anyonic relative
statistics. Importantly, the relative statistical phase ¢ is symmetric in the two hole
types: it does not depend on which one is kept stationary and which one is moved
around the loop.

We first notice that the two looping processes giving the phases #; and 6] are
not both possible for all combinations of the quantum numbers. For mobile holes
with h = 1, the exchange process and the looping process with no hole enclosed are
barely possible, but the looping process with a stationary hole enclosed is impossible.
Since these holes can move only around the plaquettes of particular stripes, there is
no space for a stationary hole inside any loop they can possibly move around. This
means that the mobile hole must have a trivial flux quantum number h = 0. On the
other hand, the stationary hole can then only influence the hopping of the mobile
hole if the stationary hole is connected to a string of excited bond fermions and the
hopping of the mobile hole is sensitive to excited bond fermions. This corresponds

to quantum numbers A’ = 1 and ¢’ = {0,1} for the stationary hole and quantum
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numbers A~ = 0 and ¢ = 1 for the mobile hole. In these cases, one hopping matrix
element picks up a minus sign at the intersection point of the loop and the string
of excited bond fermions [see Eq. (3.14)]. This implies that the relative statistical
phase is ¥ = 7, and therefore the two hole types have semionic relative statistics.
In all other possible cases, the hopping of the mobile hole is not influenced by the
stationary hole. This implies that the relative statistical phase is ¥ = 0, and therefore
the two hole types have trivial relative statistics. The results for the relative statistics

between the various hole types are summarized in Table 3.5.

h=0 R =1
Hole type =0 i =0 7 =1
_ g=20 0 0 0 0
h=0 qg=1 0 0 s m
:O —_ —_ - -
h=1 g=1 _ B _ _

Table 3.5: Relative statistics between holes with quantum numbers A and ¢ and
holes with quantum numbers A’ and ¢’ from a process when the former hole type is
moved around the latter hole type: ¥ = 0 indicates trivial statistics, 1% = 7 indicates
semionic statistics, while there is no value if the process is impossible.

We can also interpret the relative statistics in terms of the elementary excitations
bound to the holes. First, two bare holes or two identical elementary excitations have
trivial relative statistics. Second, the relative statistics between a bare hole and an
elementary excitation is trivial, while that between a flux and a fermion is semionic.
As a result of these properties, the relative statistics between two identical holes and
that between a bare hole and a composite hole is trivial, while that between two
distinct composite holes is semionic. The entries of Table 3.5 can then be obtained,
even the ones that correspond to impossible processes: the diagonal entries and the
entries of the first row or the first column are ¢ = 0, while the remaining entries are
¥ = m. We finally remark that all of our results for the absolute and the relative
particle statistics are consistent with the correspondence between the various hole

types and the superselection sectors (see Table 3.3).
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Chapter 4

Finite doping of the gapped phase

In this chapter, we again consider the gapped phase of the Kitaev honeycomb model,
but now we aim to characterize the multi-particle ground state for a finite density of
mobile holes. Given the different hole types discussed in the previous chapter, it is
natural to ask which hole types appear in the multi-particle ground state and what
their manifestations are in the physical properties at finite doping. Furthermore, the
multi-particle ground state from our exact description can be compared with those
obtained from related mean-field treatments.

The structure of this chapter is summarized as follows. In Sec. 4.1, we describe
the multi-hole state representing a finite density of mobile holes, and determine the
internal quantum numbers that correspond to the ground state. Depending on the
model parameters, there are two complementary regimes with different hole types in
the multi-hole ground state, and the different hopping dimensionalities of these hole
types manifest themselves in an electrical conductivity that is either approximately
isotropic or extremely anisotropic. We also discuss the effect of hole interactions on
our conclusions in the two complementary regimes. In Sec. 4.2, we provide a qualita-
tive description of the multi-hole ground state in the case when the bulk excitations
are no longer negligible because the hole hopping amplitude becomes larger the bulk
energy gap. In Sec. 4.3, we compare our results for the multi-hole ground state with
those obtained from the most closely related mean-field treatment in Ref. [70], and

discuss the main discrepancies between the two approaches.
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4.1 Finite density of mobile holes
4.1.1 Non-interacting treatment

We now consider the Kitaev honeycomb model with a finite density of mobile holes.
The hole density p = n/2N gives the fraction of sites [ that are hole sites [ € A. For
simplicity, we assume a small hole density p < 1 and neglect any hole interactions.
The ground state of the model is then a multi-hole state of n non-interacting holes:
depending on their particle statistics, these holes either form a Bose condensate or fill
up a Fermi sea. By evaluating the multi-hole energy for all combinations of h = {0, 1}
and ¢ = {0, 1}, we can determine the ground-state quantum numbers.

The most straightforward way to represent the multi-hole state is to use appro-
priate single-hole creation and annihilation operators. If the operator ng,p(Rz) an-

nihilates (creates) a hole at site [ with quantum numbers h, ¢, and p, the multi-hole

state of n stationary holes at sites A = {/,;} with quantum numbers {h,}, {¢;}, and

{p;} is given by

n

1) = 11 k)0, R 1), (4.1)

j=1

where [©2) is the ground state of the model with no holes, and the lattice position
R, = (X,Y)) of the site [ is measured in units of the lattice constant. We now
assume and later verify that holes with distinct flux quantum numbers h = {0, 1} are
not simultaneously present in this multi-hole state. Since Table 3.5 shows that no
anyonic relative statistics manifests itself between holes with identical lux quantum
numbers, the single-hole operators a,(iz]’p(Rl) can then be treated as standard bosonic
and fermionic operators. In particular, they satisfy bosonic commutation relations in
the case of h = 0 and ¢ = 1, and fermionic anticommutation relations in all other
cases, except for an overall hard-core constraint that there can be at most one hole of
any type at each site. However, if the hole density p is sufficiently small, this hard-core
constraint is practically irrelevant. We can then write an effective Hamiltonian for the
model with n mobile holes in terms of the standard bosonic and fermionic operators

agz ,(Ry). In the absence of hole interactions, this Hamiltonian is quadratic: it
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contains an onsite potential term corresponding to the flux-binding energy discussed
in Sec. 3.1.2 and several hopping terms corresponding to the hopping problems in
Fig. 3.6. Taking the isolated dimer limit and keeping only the lowest-order terms in
J < 1, the effective Hamiltonian takes the form

9.J8
Ha = To= 155 ZZ Lap(Bi)
B 5 Z Z Z [ah,q,p(Rl) ah,q,p(Ra(l)) + HC}

l€eA a=z,y h,q,p

—ty > [ag,o,p(Rz) a0,0,p(Rary) + H.c.] (4.2)

l€eA p
3] t
Z Z [ »(R1) ao1p(Ray) + H.c.]
leA p
_tzz [awp (Ry) a1,0p(Ra)) +Hc]
leA’ p
-l Z Z [a;l,p(Rl) a11p(Roq) + H.C.] ,
I€A” p

where I’y is the ground-state energy of the model with n stationary h = 0 holes, and
npep(Ri) = akq,p(Rl)ah’q,p(RZ) is the number operator. The fixed total number of
holes is enforced by the constraint n = 37,37, (finqp(Ry)). Note that the coeffi-
cients of the hopping terms in Eq. (4.2) are the hopping amplitudes in Fig. 3.6: those
along the bonds marked by dashed lines are given by Eq. (3.19), while those along
the bonds marked by dotted lines are exactly zero. Since the hopping problems for
h =1 holes break the translational symmetry of the lattice, it is necessary to divide
each sublattice A and B into two further sublattices: A = A’UA” and B = B'U B”,
where sites in the sublattices A’ and B’ are pairwise connected by z bonds within
even stripes, and sites in the sublattices A” and B” are pairwise connected by z bonds
within odd stripes.

The Hamiltonian in Eq. (4.2) is quadratic, and therefore it becomes diagonal
after an appropriate transformation of the single-hole operators aggp(Rl). Due to

the translational symmetry of the hopping problems, the new single-hole operators
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afh

hqp I V) are labeled with the lattice momentum K = (Kx, Ky) conjugate to the

lattice position R = (X, Y'). In terms of the original real-space operators, these new

momentum-space operators can be written as

) 1 K
aO,q,p(Ka V) = \/_N Z [56%(1(» V) aO,QﬁD(Rl) € KR
leA

+ By (K, v) ag g5 (Raq) e‘iK‘Rzu)] :
ELLq,p(K, I/) = ~ Z [ﬁf;(K, V) an’p(Rl) KR, (4‘3)

+ ﬁfé(K, V) a1,qp(Ra@y) e KR
+ ﬁf;l (K, v) a14p(Ragz)) e K Rata)

+ BB”(K> V) al,q,p(Ry(l)) e KR )

1,9

where the coefficients 3, ,(K, ) ~ 1 for the different sublattices distinguish two bands
v = {1,2} in the case of h = 0 and four bands v = {1,2,3,4} in the case of h = 1.
In terms of the momentum-space operators dg;’p(K, v), the Hamiltonian in Eq. (4.2)

takes the free-particle form

Hy=To+ > Y MoK, v) it gp(K,v), (4.4)

h,q,p K,v

.|.

where 7y, ,,(K,v) = &h,q,p

(K, v)app(K,v) is the number operator in momentum
space. The corresponding constraint enforcing the total number of holes is then
n= Zh,q,p ZK,umh,q,p(Kv v)).

To evaluate the multi-hole energy as the expectation value of the Hamiltonian
in Eq. (4.4), we must know the energies Aj,(K,v) and the occupation numbers
Ny, qp(K, v)) of the single-hole states. In the ground state of the model, holes occupy
only the lowest-energy single-hole states, and it is therefore enough to determine the
single-hole energy Ay ,(K,v) around its overall minimum. On the other hand, the
overall minimum of Ay, ,(K, v) in the lowest band v = 1 is at zero momentum because
the hopping amplitudes in Fig. 3.6 are all non-positive. Expanding A (K, 1) up to

quadratic order in the momentum around K = 0, and keeping the lowest-order terms
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in J < 1, the single-hole dispersion relations for the different quantum numbers are

3K2 9K?
Ao’o(K, 1) = |:—2 + 8X + 16Y:| t,
3K? 27JAK?
AO,I(K7 1) = |:_1 + 8X + 128 Y:| t (45)
9.J% 1++v5  3K?2
Ag(K, 1) = — — X\t

Since h = 1 holes are not allowed to hop at all between their stripes, their dispersion
relation is independent of the component Ky at all orders of the momentum.

When turning our attention to the corresponding occupation numbers (7, 4 ,(K, 1))
around zero momentum, we assume that all holes in the multi-hole state have iden-
tical quantum numbers hA and ¢. It is then crucial to notice that certain holes are
bosons, while others are fermions. If the holes are bosons, they all occupy the zero-
momentum state. For holes with h = 0 and ¢ = 1, the average single-hole energy
in the multi-hole state is then (Ag;(K,v)) = —t. If the holes are fermions, they
fill up a Fermi sea around the zero-momentum state: each state inside the Fermi
surface is occupied by two holes with different quantum numbers p = {0,1}, while
the states outside the Fermi surface are unoccupied. For holes with A = 0 and
g = 0, the equipotential curves are ellipses of similar half-axes. The Fermi sea is
therefore an ellipse of half-axes AKx ~ AKy ~ ,/p, and the average single-hole
energy is (Ago(K,v)) = —2t + kitp, where k1 ~ 1. For holes with h = 1 and
g = {0, 1}, the equipotential curves are lines parallel to the Ky direction. The Fermi
sea is therefore a strip of half-width AKx ~ p, and the average single-hole energy
is (A1 4(K,v)) = —9J8/1024 — (1 + /5)t/2 + Katp?, where kg ~ 1. The occupation
numbers of the single-hole states for the different quantum numbers h and ¢ are il-
lustrated in Fig. 4.1, while the resulting average single-hole energies in the multi-hole
state are summarized in Table 4.1.

We are now ready to identify the ground-state quantum numbers of the model.
Since the total number of holes is fixed, the average single-hole energies (A (K, v))
for the different quantum numbers can be compared directly. Furthermore, the as-

sumption of small hole density p < 1 means that the energies ~ tp and ~ tp?
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h=0 h=0 h=1
q=0 q=1 q={0,1}
AKy AKy . AKy,

wl A7 ' '
g 2 A |
\\\_/// : :
o =

Figure 4.1: Occupations of the single-hole states for different combinations of the flux
quantum number h = {0,1} and the fermion quantum number ¢ = {0,1}. In the
bosonic case, the lowest-energy state of macroscopic occupation is marked by a black
dot. In the fermionic cases, the Fermi sea states of constant occupation are marked
by gray shading, while the Fermi surface separating occupied and unoccupied states
is marked by a dashed line.

are negligible compared to the energies ~ t. The results in Table 4.1 then indicate
two complementary regimes in the behavior of the model. In the first regime with
J® < t < J4, holes with h = 0 and ¢ = 0 have the lowest average energy. This
means that all holes in the ground state have quantum numbers h = 0 and ¢ = 0.
At each momentum K within the Fermi ellipse of Fig. 4.1, there are two holes with
quantum numbers p = {0, 1}. In the second regime with ¢ < J®, holes with h = 1 and
g = {0,1} have the lowest average energy. This means that all holes in the ground
state have quantum numbers h = 1. At each momentum K within the Fermi strip
of Fig. 4.1, there are four holes with quantum numbers ¢ = {0,1} and p = {0, 1}.
Note that our original assumption of no anyonic relative statistics is found to be
self-consistent as all holes in the ground state are h = 0 holes in the first regime and

h =1 holes in the second regime.

Hole type Average single-hole energy
q=20 —2t + Kr1tp
h =
q= —t
=0
h=1 Z ~ —9.J8/1024 — (1 4 V/5)t/2 + kot p?

Table 4.1: Average single-hole energy (A, ,(K,v)) in the model containing a small
density p < 1 of mobile holes with flux quantum numbers h = {0,1} and fermion
quantum numbers ¢ = {0, 1}.
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Due to the distinct ground states, the model also has different physical properties
in the two regimes. We consider the net magnetization and the electrical conductiv-
ities in the X and Y directions. The net magnetization is the sum of the local hole
magnetizations (—1)9? and is zero in both regimes because each hole with quantum
numbers h, ¢, and p has a pair with quantum numbers h, ¢, and 1 — p. In terms
of the partial densities pyq = > >k (ngp(K,1))/2N of the various hole types, the

conductivities in the two directions are given by

92Ny, (K, 1
K=0

4.6
aK 3( v (4.6)
where e, is the hole charge, and 7 is the elastic scattering time. In the first regime

with J® < t < J*, the partial hole densities are pyo = p and p;, = pp1 = 0. Since
the effective masses [0?Ago(K,1)/0K% ]! are similar in the X and Y directions,
the conductivity is approximately isotropic: 0% ~ 0} ~ tpe?7. In the second regime
with ¢ < J®, the partial hole densities are p; , = p/2 and py, = 0. Since the effective
masses [0?Ay4(K,1)/0K% y]™" are finite in the X direction and infinite in the Y

direction, the conductivity is extremely anisotropic: 0% ~ tpe?r and o} = 0.

4.1.2 Mean-field treatment of interactions

We now consider hole interactions in the model with a small density p < 1 of mobile
holes. To represent an interaction of strength AI'y between two holes at a relative
lattice position R = Ry — R, we must add an appropriate quartic term to the Hamil-
tonian in Eq. (4.2). Considering only the Coulomb repulsion and the two attraction

mechanisms discussed in Sec. 3.1.3, this quartic term takes the general form
AH, = AT aj, . (Ri)a}, . (Ri+R)
Ry
X hy g2 (R1 + R) any g, 1 (R1). (4.7)

The flux quantum numbers A, » and the plaquette quantum numbers p; 5 are conserved
by such a general hole interaction, while the fermion quantum numbers g12 # ¢ 5
satisfy the relation ¢} +¢5 = ¢1+¢2 modulo 2 so that the global constraint ;4; = even

is not violated.
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Since the flux quantum numbers are conserved, the two complementary regimes
found in Sec. 4.1.1 remain applicable in the presence of hole interactions: all holes in
the ground state have quantum numbers h = 0 in the first regime with J® < t < J*4,
while they all have quantum numbers h = 1 in the second regime with t < J®. We can
then consider the two regimes independently from each other with only h = h; o =0
holes in the first regime and only & = h; 3 = 1 holes in the second regime. On the other
hand, this means that our assumption of no anyonic relative statistics remains self-
consistent in the presence of hole interactions. Expressing the real-space operators

(t ~ (1)

a, ;,p(Rz) in terms of the momentum-space operators a, q’p(K, v), and considering

)

only the lowest band v = 1, the quartic term in Eq. (4.7) becomes

AT KR
AH, = —— > Ky e®ral (K +K)

thi:pl
K, Ko, K’
Xl o (Ko = K') gy (Ka) gy 0 (K1), (4.8)

where dﬂzyp(K) = dg’;’p(K, 1), and the quantity Y, 4(K) ~ 1 with ¢ = {q1, ¢2, ¢}, ¢}
depends on the coefficients S, ,(K) = f4(K, 1) ~ 1 for the different sublattices.
The behavior of the model is influenced by hole interactions in several ways. We
aim to specify the extent of applicability of the results in Sec. 4.1.1 for the ground-
state quantum numbers and the corresponding physical properties. To this end, we
investigate how hole interactions renormalize the average single-hole energies in Table
4.1 as a function of the partial hole densities pj,. In practice, we apply a standard
mean-field decomposition to the Hamiltonian: each quartic term in Eq. (4.8) is de-
composed into two constituent quadratic terms, and each quadratic term is coupled to
the expectation value of the other one. The single-hole energies Ay, ,(K) = Ay (K, 1)
in Eq. (4.4) are then renormalized by the mean-field decomposition of any quartic
term that is a product of two number operators i, 4,(K) = 715, 4,(K, 1). In general,
if we keep all such quartic terms in Eq. (4.8), and include all the equivalent quar-

tic terms that differ only in their conserved plaquette quantum numbers p; o, the

resulting mean-field decomposition takes the approximate form

Ay~ S [ (0K0)) 0 (02) + G (K 7y (K1), (49

Ki1,K2
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where 7i o (K) = Y finqp(K). Since p =37, png and Y g (7in o (K)) = 2Npy 4, the

single-hole energies in Eq. (4.4) are renormalized by AA, ,(K) ~ ALy p.
4.1.2.1 First regime: J® <t < J*

In the first regime with J® < t < J4, all holes in the ground state have flux quantum
numbers h = 0, and therefore all quartic terms in Eq. (4.7) have h = hy 2 = 0. In the
region around zero momentum occupied by holes, the coefficients Sy ,(K) for the two
sublattices A and B are
BoK) = =, BE(K) = e
0,0 NoA 0,0 NG ,

1 1 A
/3(?1(K) = Ev 551(K) = E e Y2, (4-10)

Furthermore, the total hole density is p = pg o+ po.1 in terms of the respective partial
hole densities pp, 4.

It is instructive to first consider hole interactions that conserve the fermion quan-
tum numbers g2 = ¢) 5 and are also independent of them. Hole interactions of this
type include the Coulomb repulsion and the first attraction mechanism of Sec. 3.1.3.
In this case, each quartic term in Eq. (4.8) with K’ = 0 is a product of two number
operators. Keeping only the terms with K’ = 0, using that Y 4(K) = 1/4 for all
such terms, and summing over the quantum numbers ¢; o and p; 2, the mean-field

decomposition becomes

- AF _ .

AH, = —= Z > [n0q1 (K1) 70,4, (K2) + (70,4, (K2)) 70,4, (K1) | (4.11)
q1,q2 K1,K»

Since ), >k (7io,q(K)) = 2Np for both equivalent terms inside its square brackets,

Eq. (4.11) reduces to

AHy = ATop Y ) ige(K). (4.12)

From a comparison between Eqgs. (4.4) and (4.12), we conclude that the single-hole
energies for h = 0 and ¢ = {0, 1} are renormalized by A\ ,(K) = ATy p. Since this

energy depends only on the total hole density p, it corresponds to a constant shift
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Figure 4.2: (a) Site labeling convention around two interacting holes (white and black
dots) at the relative lattice positions R.. (b) Bond fermion sector around the same
two holes when fluxes are bound to them: it is labeled with the excited bond fermions
(thick lines) and the corresponding plaquette operator eigenvalues (£1).

for all the single-hole energies. This means that the results for the ground state in
Sec. 4.1.1 are not affected by hole interactions of this type.

Importantly, the second attraction mechanism of Sec. 3.1.3 switches the fermion
quantum numbers q12 = 1 — q;,. It is therefore represented by quartic terms in
Eq. (4.8) where either ¢; = ¢ and ¢} = ¢} or ¢1 = ¢, and ¢} = ¢o. In the first case, the
quartic term is never a product of two number operators, while in the second case, it is
a product of two number operators when K’ = Ky — K. According to the discussion
in Sec. 3.1.3, this interaction has the largest strength |[Al'g| = 1 when the two holes
are at neighboring sites connected by a z bond, or equivalently, at a relative lattice
position R, = (0,1). However, the two holes in this case have a mutual hole fermion,
and therefore their fermion quantum numbers become ill-defined. If we require the
fermion quantum numbers to be well-defined, the interaction has the largest strength
|AT'g| = J when the two holes are at the relative lattice positions Rs = (+£v/3/2,5/2)
shown in Fig. 4.2. Setting ¢; = ¢4 = ¢ and ¢} = ¢ = 1 — G, keeping only the terms
with K’ = Ky — K; for both relative positions Ry, and summing over ¢ and p; », the

mean-field decomposition becomes

Ha = NZ Z ZAFO +) Yo 4(K) €’ i(K2—K1)-Ra

g Ki,Ko

x| {70 (K1)) fio1-g(Ka) + (Fioa-4(K2)) fiog(Ky)],  (4.13)
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Allei(K1+2K2)~Rz/4 (Q’ — 0)
TO,@(K> = { 1,—i(2K1+K2) R /4 (c] _ 1) (4-14)
1 .

The four interaction strengths AI'g(g, =) can be obtained by treating the Ising cou-
plings —Jojoy ;) and —Jalya;j’(l) as perturbations around the isolated dimer limit.
Using the site labeling convention in Fig. 4.2, the interaction strength in the case of

G = 0 for the relative position R is

ATo(0,4) = +J(0|fi(ib5es) (ibfes) £1]0) (4.15)

= —iJ<0|a374f10304f§|0> = —JU3,4 = _‘]7

where an additional minus sign arises because the corresponding quartic term in
Eq. (4.7) does not only transfer the bound matter fermion from Ry to Ry but also
exchanges the two bare holes at R 2. Note that u;,q) = +1 for all bonds because
no bond fermions are excited. The interaction strength in the other case ¢ = 1
is the Hermitian conjugate of Eq. (4.15), while that for the other relative position
R_ is equivalent to it via site relabeling, and thus Alz(g, £) = —J in both cases
and for both relative positions. On the other hand, this implies that the mean-field

decomposition in Eq. (4.13) becomes

5 J 3
AH, = N CoS [\?KX} CoS [%KLY — 3K2,y]
K1,Ko>
x| (720.0(K1)) i, (K2) + (o 1 (K2)) o0 (K1), (4.16)
where K = (f( X,f(y) = K, — K, is the relative lattice momentum. Since the

original single-hole energies Ay ,(K) in Eq. (4.5) and their renormalizations AAg ,(K)
resulting from Eq. (4.16) are both minimal for K;» = 0, the smallest renormalized
single-hole energies Ag ,(K) = Ag4(K) + AAg4(K) are obtained if holes occupy the
single-hole states around zero momentum. By approximating ) 5 ¥(K)(fg4(K))
with ¢¥((K)) > (70,4(K)) for any function ¢ (K) in terms of the respective central
momenta (Kj») = 0, and using > . (70,,(K)) = 2Npo 4, Eq. (4.16) reduces to

AH, = —2Jpo 1 Zcos [‘/TEKX} cos [%Ky] 70.0(K)
K
_2Jpojozcos [?KX} cos [3Ky| 1 (K). (4.17)
K
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From a comparison between Eqgs. (4.4) and (4.17), we conclude that the single-hole
energies for h = 0 and ¢ = {0,1} are approximately renormalized by AAg,(0) =
—2Jpo1—-¢ in the region around zero momentum. If we keep only the leading-order
terms in p < 1, the average single-hole energies in Table 4.1 are then given by
(Mo (K)) = 21 — 270y and (M, (K)) = —t — 27po .

Assuming that the results for the ground state in Sec. 4.1.1 remain applicable so
that poo = p and pg; = 0, the two average single-hole energies (A; ,(K)) become
equal at the critical hole density p = pc = t/2J. At subcritical densities p < pc,
we find that (Af((K)) < (Ag,(K)) for all possible values of the partial densities po,q.
This means that the ground-state values are ppy = p and pp; = 0, and that the
results in Sec. 4.1.1 indeed remain applicable. At supercritical densities p > pc, there
are equilibrium values of the partial densities py, at which (Aj(K)) = (A, (K)).
By solving (A ,(K)) = (Ay,(K)) and p = pgo + po,1 for the two unknowns pg 4, the

ground-state partial densities are

1

1
Poo =5 (p+pc), por =75 (p—pc) - (4.18)

To summarize, only holes with h = 0 and ¢ = 0 are present in the low-density limit
p — 0, while holes with A = 0 and ¢ = 1 appear above the critical density p = pc.
Note that po = t/2.J is small due to t < J2.

The subcritical and the supercritical regimes are also distinct in terms of their
physical properties. At subcritical densities, the physical properties of the model are
as discussed in Sec. 4.1.1, except for a renormalization of the effective masses and
hence the electrical conductivities. At supercritical densities, the physical properties
are changed in an essential way by the presence of holes with h = 0 and ¢ = 1. Since
these holes are bosons, they all condense into the lowest-energy single-hole state at
zero momentum. This condensation then leads to charged superfluid behavior in the
presence of the Coulomb repulsion. Furthermore, due to the coherent condensation of

both p =0 and p = 1 holes, the model spontaneously develops a net magnetization.
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4.1.2.2 Second regime: t < J®

In the second regime with ¢ < J®, all holes in the ground state have flux quantum
numbers h = 1, and therefore all quartic terms in Eq. (4.7) have h = hy2 = 1. The
coeflicients f; ,(K) for the four sublattices A’, B’, A”, and B” are

iy (4.19)

where & 2(Kx) € R, and &(Kx)+&5(Kx) = 1/2. Furthermore, the total hole density
is p = p1o + p1,1 in terms of the respective partial hole densities pj, 4.

We first notice that the mean-field decomposition of a hole interaction that is
independent of the conserved fermion quantum numbers ¢; » no longer takes the form
of Eq. (4.12). Since T 4(K) is not 1/4 for all quartic terms with K’ = 0 in Eq. (4.8),
the renormalizations AA; ,(K) of the single-hole energies become dependent on the
individual partial hole densities p; 4. If we consider the Coulomb repulsion and the
first attraction mechanism of Sec. 3.1.3 for all relative lattice positions R, the single-
hole energies in Eq. (4.4) are renormalized by AA; (K) = ALy p14 + AL p11-g,
where the exact values of AI'j; and AI'j depend on the detailed form of the Coulomb
repulsion. In the case of AI'j > AI'j, the partial hole densities remain p; o = p11 =
p/2, while in the case of AI'j, < AI'j, the partial hole densities become either p; o = p
and p;p =0or pip =0 and p;; = p. We assume the first case in the following so
that there are equal densities of ¢ = 0 and ¢ = 1 holes in the ground state.

For the second attraction mechanism of Sec. 3.1.3 at the relative lattice posi-
tions Ry, the mean-field decomposition takes the form of Eq. (4.13) with T 4(K) =
1E(Ky)e! B K R/2 and E(K x ) = 16& (K1, x )& (K x )& (K2, x)& (K x). Since Fig. 4.2

shows that us 4 = —1 and ug 4 = +1, the interaction strengths are Al'g(q,+) = £J.
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On the other hand, this implies that mean-field decomposition becomes

AH, = —% =(Ky) sin [@KX] sin [3Ky] (4.20)

Ki1,K2

o (0 (K)) v (Ka) + (i (Ka)) oK) |-

Unlike the original single-hole energies A; ,(K) in Eq. (4.5), their renormalizations
AN\ 4(K) resulting from Eq. (4.20) are not minimal for K; = Ky = 0. We therefore
must determine the ground-state occupations of the single-hole states that correspond
to the smallest renormalized single-hole energies A ,(K) = Ay 4(K) + AA; ,(K). Ex-
ploiting the equivalence between ¢ = 0 holes at momenta K; and ¢ = 1 holes at mo-
menta Ky, and noticing that both sine factors in Eq. (4.20) depend only on the relative
momentum K = K, — K5, we conclude that the respective central momenta are re-
lated by (K) = ((Kx), (Ky)) = (K;) = —(K3), and minimize the single-hole energies
with respect to (K). Since A;,(K) does not depend on the momentum component
Ky, the second sine factor in Eq. (4.20) can be maximized independently. In particu-
lar, its maximum sin[3Ky] = +1 corresponds to the ground-state value (Ky) = 7/12.
Furthermore, if we assume (Kx) < 1, the first sine factor is approximately v/3(Ky).
Due to Y «(71,4(K)) = 2Np;, = Np, the single-hole energies around the central
momenta (Kj o) = £(K) are then renormalized by AA; 4(K) ~ —Jp(Kx), and the

average single-hole energies in Table 4.1 take the form

(N, (K)) = /(1) — o p (Kx) + ——t (Kx)2, (4.21)

3
45
where C’(t, J) and kg ~ 1 are independent of (Kx). The minimum of (A} ,(K)) with

respect to (Kx) corresponds to the ground-state value (Kx) ~ Jp/t. By approxi-

mating Y  ¥(K)(n1,4(K)) with ¢((K)) >« (711,4(K)) for any function ¢ (K) in terms
of the respective central momenta (K, 5) = +=(K), and assuming (Kx) ~ Jp/t < 1,

Eq. (4.20) reduces to

Al = -7 332 = (11U on 3(KY = (=111 s (KO,
(4.22)
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Figure 4.3: Single-hole states occupied by holes with quantum numbers A = 1 and
¢ = {0,1} in the non-interacting treatment (a) and in the interacting treatment (b).
Fermi sea states of constant occupation are marked by gray shading, while the Fermi
surface separating occupied and unoccupied states is marked by a dashed line.

where Z[Kx — (—1)%(Kx)] ~ 1 contains all dependence on the momentum compo-
nent K. Importantly, the renormalized single-hole energies A’  (K) resulting from
Eq. (4.22) depend on the momentum component Ky as well. In fact, the single-hole
dispersion relations for ¢ = {0,1} holes around their respective central momenta
+(K) are quadratic in both the Ky and the Ky directions: the leading-order terms
are ~ t(Kx F (Kx))? and ~ J?p?(Ky F (Ky))?/t. This implies that the Fermi seas
for the two hole types are ellipses of half-axes AKy ~ p\/J_/zf and AKy ~ \/t/_J cen-
tered at +(K). Note that AKy < 1 due tot < J® and that AKx ~ (Kx) AKy < 1
due to (Kx) < 1 and AKy < 1. Since our calculation is valid for any hole density
p > 0, the Fermi strip described in Sec. 4.1.1 is unstable against an arbitrarily small
hole interaction. The Fermi ellipses of the interacting treatment and the Fermi strip
of the non-interacting treatment are contrasted in Fig. 4.3.

In terms of physical properties, the main difference with respect to the results
in Sec. 4.1.1 is a finite electrical conductivity in the Y direction. The conductivities
in the X and Y directions are still calculated by Eq. (4.6), except that we use the
renormalized single-hole energies A} (K) and take their second derivatives at the
central momenta +(K). Since the partial hole densities are p; , = p/2, and the second

derivatives are °A} (K)/0K% ~ t and 9°A\| (K)/OK3 ~ J?p*/t, the conductivities
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in the two directions take the respective forms

2 3.2
NJpe*T

. (4.23)

oy ~ tpelT, oy

Note in particular that o% oc p and o} o< p®. Since the ratio of the two conductiv-
ities is 0% /o ~ (Jp/t)? < 1, the model has a strong conductivity anisotropy that

becomes weaker as we increase the hole density p.

4.2 Mobile holes beyond slow hopping

By relaxing the condition of slow hopping, we qualitatively describe the Kitaev hon-
eycomb model with mobile holes in the regimes of intermediate hopping (J* < t < 1)
and fast hopping (¢ > 1). We first consider a single isolated hole and investigate the
applicability of the internal quantum numbers h, ¢, and p. Since the original defi-
nitions of these quantum numbers in Sec. 3.1.2 are in terms of the internal modes
only, they are not applicable beyond the limit of slow hopping when the excitations
in the bulk modes can no longer be neglected. In the regime of intermediate hop-
ping when t > Ep ~ J*, the bulk flux excitations are no longer negligible, and the
hole is surrounded by a cloud of fluctuating fluxes. In the regime of fast hopping
when t > FE; ~ 1, the bulk fermion excitations are no longer negligible, and the
hole is also surrounded by a cloud of fluctuating fermions. On the other hand, the
hole combined with these excitation clouds has a well-defined superselection sector
that is conserved by the hopping process due to the locality of the exchange operator
& . This means that the definitions of the quantum numbers h and ¢ can be gen-
eralized in terms of their correspondence to these conserved superselection sectors.
Furthermore, the only non-trivial terms in the exchange operator & are the Heisen-
berg terms in Eq. (3.5) that conserve the product of dimer operators A, = oo
and the products of plaquette operators Wp both in even stripes and in odd stripes
(see Sec. 3.1.4). This means that the definitions of all quantum numbers h, ¢, and

p can be generalized in terms of these products such that they are conserved by the

hopping process: (—1)4? = T],., A, (—1)"*? = [Ipe, Wp, and (=1)? = []pc, W,
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where each product is taken over a sufficiently large region that contains the clouds
of fluctuating fluxes and fermions. The quantum numbers A, ¢, and p are then valid
if the distances between holes exceed the radii of these excitation clouds.

To provide an upper bound on the radius of each excitation cloud, we notice that
the fluctuating fluxes and fermions increase the potential energy and decrease the
kinetic energy of the hole. This means that the two radii are determined by a balance
between the potential and the kinetic energies. Since the excitation energy of a bulk
flux is Ep ~ J* and that of a bulk fermion is £y ~ 1, the increase in the potential
energy is on the order of R%Ep ~ R%.J* for a flux cloud of radius Rp and on the order
of R7Ey ~ Rj for a fermion cloud of radius Ry. On the other hand, since the decrease
in the kinetic energy due to both excitation clouds is at most ~ ¢, the increase in the
potential energy due to either excitation cloud must be bounded by < ¢. We therefore
conclude that the upper bound on the flux cloud radius is Rp < (/t/J* and that on
the fermion cloud radius is Ry < v/2.

We are now ready to investigate the ground-state quantum numbers h and ¢ for a
finite density of mobile holes. For simplicity, we consider the case of J* < t < 1 when
only the plauqettes are fluctuating around the holes. To ensure that the quantum
numbers h and ¢ are valid, we assume a small hole density p < Rp® and neglect any
hole interactions. Since the hopping matrix elements are independent of the quantum
numbers p, we also set p = ¢ for each hole without loss of generality. Due to the lack
of broken dimers in the isolated dimer limit, the plaquette sector is then conserved
by all hopping processes along z bonds. Since the hopping processes along = and y
bonds either flip no plaquettes or two plaquettes in each of two neighboring stripes
(see Fig. 3.4), this implies that the number of excited plaquettes has a conserved
parity in each stripe. If there are an odd number of excited plaquettes in any stripe
around any hole, the given hole can hop in the Y direction only if it leaves behind
an excited plaquette in the given stripe. Since the kinetic energy decreases by ~ ¢
for each hole that can hop in the Y direction, this process happens spontaneously for

t > J*, and there remain an even number of excited plaquettes in each stripe around
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each hole. Due to the relations [[p., Wp = (—1)"*% and [Ipe, WP = (—1)9, this
means that any hole with quantum numbers other than » = 0 and ¢ = 0 is unstable
against a spontaneous decay into a hole with quantum numbers h = 0 and ¢ = 0.
Note that this result remains valid away from the isolated dimer limit and in the
case of ¢ > 1 when the fermions are also fluctuating. Holes with quantum numbers

= 0 and ¢ = 0 are then energetically favorable because their hopping is the least
constrained in the Y direction.

In conclusion, the quantum numbers h, ¢, and p generalize beyond the regime of
slow hopping, but they are valid only for smaller hole densities due to the clouds of
fluctuating excitations around holes. Furthermore, any hole with quantum numbers
other than h = 0 and ¢ = 0 is unstable against a spontaneous decay into a hole with
quantum numbers h = 0 and ¢ = 0. This means that all holes in the ground state
have quantum numbers h = 0 and ¢ = 0, and that the ground state is identical to that
in the case of J® < t < J*. The only difference is that there are clouds of fluctuating
excitations around each hole. Importantly, when the hole density becomes p = R}_ff,
the clouds of fluctuating fluxes (fermions) around different holes merge, and the holes

hop in an entire lattice of fluctuating fluxes (fermions).

4.3 Comparison with mean-field results
4.3.1 Holes in the parton description

We now discuss the relation between our exact results for the Kitaev honeycomb
model with mobile holes and the corresponding mean-field results in Ref. [70]. In
their description, the physical operators cl(TT) and clﬁj that annihilate (create) a spin-
up and a spin-down particle at site [, respectively, are expressed in terms of the
fermionic spinon operators fl(}) and fl(l) and the bosonic holon operators bl(Tl) and bl(TQ) .
The resulting relations between the physical operators and the parton (spinon and

holon) operators can be summarized in the matrix form C, = F, - B;/ V2, where the
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physical-operator matrix takes the form

_ ot
c = & T, (4.24)
CZAV CZ,T

while the spinon-operator and the holon-operator matrices are given by

fiy —f bl, —bys
F, = ’ ) B, = L1 i 4.25
! (m i = o (4.25)

Importantly, the physical-operator matrix C; is invariant under the combined gauge
transformation F; — F; - G, and B, — G; - B, for any G; € SU(2). Since a physical
state |®) should also be invariant under such an SU(2) gauge transformation at any
site {, it must satisfy K|®) = 0 for all corresponding SU(2) generators Kj* with
a = {x,y, z}. If the spinon operators are related to the Majorana fermions introduced
in Sec. 2.1.3 by fi4+ = (¢, +14b])/2 and £, | = (ib] — b})/2, these SU(2) generators take
the form [see Eq. (20) in Ref. [70]]

Ko = ib?c, - é 3 ol — % 3 bradd,ble (4.26)

a0 ¢1,62
where 0% are the Pauli matrices, € is the completely antisymmetric tensor, and the
summations are over ayo = {z,y, 2} and (35 = {1,2}. For a single site [, there are
only three physical states: the empty hole state |x;), the spin-up particle state | 1),
and the spin-down particle state | J;). The projection of any state in the parton
description onto the physical subspace with I = 0 is then a superposition of |x;),

| 1), and | J;). In terms of the parton operators, these three physical states are given

by [see Eq. (18) in Ref. [70]]
[x1) = % <blT,1 + b;,QflTTflJr,¢) 0;),
(1) = i) =00, (4.27)
L) = o lx) =1£]0y),

where |0;) is the vacuum of the parton operators that is defined by £, +]0;) = £, /0;) =0

and b;1|0;) = b;2|0;) = 0. Note that these three states are indeed physical because
they satisfy K*|x;) = K| 1) = K| i) = 0 for all a = {z,y, z}.
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Before investigating the mean-field treatment, we consider a single stationary hole
and aim to make a connection between its parton description and its internal quantum
numbers h, ¢, and p. In the isolated dimer limit, there is an effective two-site system
around the hole consisting of the hole site [ and the neighboring site I’ = z(I). We
assume | € A without loss of generality. Since there is a hole at site [ and there is no
hole at site [’, one holon is excited at site [ and no holon is excited at site . Due to
the four spinons at sites [ and I’ that are either excited or not and the two holons at
site [ from which exactly one is excited, the Hilbert space of the two-site system in
the parton description is then 32 dimensional. However, the physical Hilbert space of
the two-site system is only 2 dimensional because it is spanned by the two physical
states |x;) ® | Tv) and |x;) ® | Jv). This means that the projection of any state in
the parton description onto the subspace with K = Kjj = 0 is a superposition of
these two physical states. Since the effective Hamiltonian of the two-site system is
H = —bjbjcicp, its ground state has expectation values (ibjbj) = (—iciep) = £1. In
fact, there are 16 such ground states in the parton description that take the form

wer) = (1Fithel,) 660 @ o)
= [avlon] @ [ )rlon)] (4:28)

i [6 ()bl o] @ [£,(8],) o)
where ¢ = {1,2} and r» = {0,1}. On the other hand, the projection of the ground
state |W{*) onto the subspace with Kf* = KCff = 0 is non-zero only if the overlap of
|W7?) is non-zero with either of the two physical states |x;) @ | ) or [x;) @ | ).
For ¢ = 1, we must choose r; = 0 and r, = 1, in which case the first term in Eq. (4.28)
has a non-zero overlap with |x;)®| |y). For ¢ = 2, we must choose r; = 1 and ry = 0,
in which case the second term in Eq. (4.28) has a non-zero overlap with |x;) @ | 11).
This means that the choice of exciting either sz,1 or blT’2 at the hole site [ before the
projection determines the local magnetization at the neighboring site I’ = z(l) after
the projection. We therefore conclude that these two different choices correspond to

different plaquette quantum numbers p = {0, 1}.
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Since the two-site system around the hole has only two physical states that are
distinguished by the plaquette quantum number p, the remaining quantum numbers
h and ¢ are necessarily determined by the spinons around the hole site. In the
regime of slow hopping, the definitions of these quantum numbers in Sec. 3.1.2 are
straightforward to express in terms of the Majorana fermions b* and ¢;, or equivalently,
in terms of the spinon operators fz(,? and fl(:i). Beyond the regime of slow hopping, the
exact expressions become more complicated, but the general principle remains the
same. For our purposes, it is enough to establish an intuitive picture from the general
principle by using the interpretation in which the various hole types with different
quantum numbers h and ¢ have different kinds of elementary excitations bound to
them. This interpretation has a simple translation in the parton description: some
of the spinons around the hole site are bound to the holon at the hole site, and the

quantum numbers h and ¢ are determined by the structure of these bound spinons.

4.3.2 Mean-field treatment of the model

In the mean-field treatment of Ref. [70], the Hamiltonian of the model is first expressed
in terms of the parton operators and then subjected to an appropriate mean-field
decomposition. The resulting mean-field Hamiltonian of the model with a small

density p < 1 of mobile holes takes the form [see Egs. (24) and (25) in Ref. [70]]

= > {[ g—ii e ]iclca(l)

€A a=z,y,z
2
_ Z [Jac?a,a/va - % Z (w§ + c.c.) } ibf‘/bg/(l) (4.29)
o' =xy,z ¢=1
2
+Z[UQ al;yz }Zl[z <+Hc}}
2
2L DL WRE =R blcbic,
| a=z,4,z I ¢=1

84



where u2’, v,, and w$, are the respective expectation values of the generalized bond
fermion operators 42 = z'blo"bg/(l), the generalized matter fermion operators 0, =
—1CCq(1), and the holon coherence operators WS, = ib;,gba(l),c- The number constraint
> Zg<bg,gbl,c> = 2Np is enforced by the chemical potential fi, while the softened
gauge constraint () = 0 is enforced by the Lagrange multiplier Blo‘ for all [ and
a. Importantly, the mean-field Hamiltonian in Eq. (4.29) is an extension of that
in Ref. [70]. It is applicable to the gapped phase of the model, where the coupling
strengths J, are different: J, =1and J = J, = J, < 1.

The mean-field Hamiltonian in Eq. (4.29) can be solved by a self-consistent pro-
cedure in terms of the expectation values ug/, Vs, and w$,. In the absence of holes
(p = 0), there is a coupling of strength J, between the bond fermion expectation
value u$ and the matter fermion expectation value v, along each bond of a type.
Keeping only the lowest-order terms in J < 1, the self-consistent solutions for these
expectation values are u$ = v, = 1 and v, = v, = J/2. Note that the same expec-
tation values are obtained from the exact solution of the model in Sec. 2.1. In the
presence of holes (p > 0), the holons all condense into their lowest-energy state at
zero momentum, and hence the holon coherence expectation values are w$, ~ p. This
means that the original terms J,u$ and J,04.0/v, in the first two square brackets of
Eq. (4.29) are in competition with new terms on the order of tp. The expectation
values u% and v, for p > 0 are then close to those for p = 0 as long as these new terms
are negligible with respect to the original terms. In particular, the bond fermion ex-
pectation values u and Y remain close to 1 as long as tp < Jyyvz, ~ J?, while
the bond fermion expectation value u? and the matter fermion expectation value v,

remain close to 1 as long as tp < J,v,, JyuZ ~ 1.

4.3.3 Discussion of ground-state properties

We are now ready to make a comparison between the mean-field ground state obtained
from Eq. (4.29) and the exact ground state discussed in Secs. 4.1.1 and 4.2. Although

there are general trends in the phase diagram of the model that are common to
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both approaches, this comparison reveals several interesting discrepancies between
the exact description and the mean-field treatment. In particular, there are two
significant discrepancies concerning the internal degrees of freedom and the particle
statistics of mobile holes.

The most important result of our exact study is that each hole has three internal
degrees of freedom and that it can be characterized by three corresponding quan-
tum numbers h, ¢, and p. The quantum number p describes a local magnetization
around the hole, while the quantum numbers A and ¢ capture the possibility of an
elementary excitation (flux or fermion) being bound to it. The parton description
in Ref. [70] incorporates the quantum number p via the introduction of two distinct
holon species (see Sec. 4.3.1). However, the mean-field treatment is unable to repre-
sent the quantum numbers h and ¢: it ignores the possibility of bound states between
holes and elementary excitations as it inherently neglects any correlations between
these independent degrees of freedom.

In the regime of slow hopping, it is straightforward to verify explicitly that all
holes in the mean-field ground state have quantum numbers h = 0 and ¢ = 0 as
they have no elementary excitations bound to them. Since t < J* and p < 1 in
this regime, the conditions tp < J? and tp < 1 are both satisfied, and hence the
mean-field expectation values u$ and v, for p > 0 are close to those at p = 0. On the
other hand, these expectation values are the same as those obtained from the exact
solution of the undoped model. Since the exact ground state of the undoped model is
free of elementary excitations by definition, the mean-field ground state of the doped
model has no elementary excitations either. Note that the quantum numbers of the
mean-field ground state are then consistent with those of the exact ground state in
the case of J® < ¢t < J* but not in the case of t < J® (see Sec. 4.1.1).

The particle statistics of the various hole types are further important results of our
exact study. Unsurprisingly, the particle statistics depends on the quantum numbers
h and ¢ as the binding of an elementary excitation can lead to a statistical transmu-

tation. Since only bare holes with h = 0 and ¢ = 0 are captured by the mean-field
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treatment, the relevant comparison is between the bare holes of the exact description
and the holons of the mean-field treatment. We find a remarkable discrepancy in
this respect: the bare holes of our exact study are fermions, while the holons of the
parton description in Ref. [70] are bosons. It would then be interesting to resolve
this discrepancy by considering a fermionic analogue of the mean-field treatment in
Ref. [70]. For example, an appropriate transformation between spinful bosons and
spinful fermions [79] could be used to relate the two species of bosonic holons and
the fermionic bare holes with p = {0, 1}. Alternatively, an analysis going beyond the
mean-field saddle point could provide the correct statistics.

Beyond the regime of slow hopping, we can compare the evolution of the mean-
field ground state as a function of ¢, J, and p with our picture of the exact ground
state where holes are surrounded by clouds of fluctuating excitations. In the mean-

field treatment, there are two important characteristic scales of ¢p. First, the bond

xr
x)

fermion expectation values uz, u¥, and u; are all close to 1 only for tp < J 2 and
flux excitations then start appearing at (tp)p ~ J?. Second, the matter fermion
expectation values v, are close to 1 only for tp < 1, and fermion excitations then
start appearing at (tp); ~ 1. In the language of the exact description in Sec. 4.2,
the critical value (¢p)p,; corresponds to the critical density at which the fluctuating
fluxes (fermions) around different holes merge. If we assume that our upper bounds on
the excitation cloud radii are good estimates so that Rp ~ \/W and Ry ~ V't, the
corresponding critical values from Sec. 4.2 are (tp)p ~ J* and (tp); ~ 1. These results
have a simple interpretation: each kind of excitation starts appearing when the kinetic
energy density tp reaches its excitation energy. However, by using this interpretation,
we obtain inconsistent values for the flux excitation energy as it is Ep ~ J% in
the exact description and Ep ~ J? in the mean-field treatment. The reason for

this inconsistency is that flux excitations do not appear explicitly in the mean-field

treatment but instead are decoupled as independent bond fermion excitations.
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Chapter 5

Single isolated hole in the gapless
phase

In this chapter, we consider the gapless phase of the Kitaev honeycomb model, and
aim to discuss the propagation of a single isolated hole. Unlike in the gapped phase,
it is far from obvious whether the hole can be described by a coherent quasiparticle
because there is a strong hybridization between the hole and the gapless excitations
of the spin liquid. In fact, this kind of question is surprisingly delicate [80]: after
the discovery of high-temperature superconductors and their relation to doped Mott
insulators, it took more than a decade to establish that a single mobile hole in a
two-dimensional antiferromagnet has a coherent quasiparticle description [17, 81, 82,
83, 84, 85, 86]. The analogous problem for a mobile hole in a gapless spin liquid has
been recently studied by Trousselet et al. using exact diagonalization [87]. Within the
limits of their calculation, they find that a fast hole with hopping amplitude t > J, , .
is completely incoherent in the gapless phase of the Kitaev honeycomb model. Our
study is complementary to theirs in two ways because we consider a slow hole with
hopping amplitude ¢ < J,, . and employ the exact solution of the model to obtain
analytic results that are directly applicable in the thermodynamic limit.

To address the possibility of a coherent quasiparticle description, we must consider
the single-hole spectral function A(e, K), which is the imaginary part of the single-
hole Green’s function G(e,K). Depending on the behavior of this quantity, there

are two fundamentally distinct scenarios [17, 80, 86]. If the spectral function has a
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delta-function peak at some hole energy e, we can identify this peak as a signature
of a coherent quasiparticle. In this scenario, the main quantity of interest is the
spectral weight Z > 0 of the quasiparticle peak, which typically appears at the lower
edge of the spectrum. Furthermore, the quasiparticle energy ¢ as a function of the
hole momentum K corresponds to a quasiparticle dispersion relation with an effective
mass at the bottom of the resulting quasiparticle band [17]. If the spectral function
has no such delta-function peak, the hole is completely incoherent with a vanishing
quasiparticle weight Z = 0, and therefore a coherent quasiparticle description is
impossible. Nevertheless, the behavior of the spectral function is interesting at the
lower edge of the spectrum as it often exhibits a power-law singularity with a non-
trivial exponent that is indicative of spin-charge separation [86]. For example, this
scenario is found in the case of the one-dimensional Hubbard model [6]. Importantly,
the spectral function is also relevant from an experimental point of view as it can be
measured directly by angle-resolved photoemission spectroscopy [88].

Since the Kitaev honeycomb model is not exactly solvable in the presence of a
mobile hole, it is extremely hard to evaluate the single-hole spectral function A(e, K)
in general. To obtain a problem that is analytically tractable, we initially introduce
two important simplifications. First, we restrict our attention to a special point in
the gapless phase characterized by Ising coupling strengths J, = J, = Jy and J, = 0.
At this point, the two-dimensional (2D) spin-liquid ground state of the undoped
model breaks down into a set of one-dimensional (1D) gapless spin liquids. Second,
instead of considering the actual ground state of the doped model containing a mobile
hole (t > 0), we employ a variational approach using a single-parameter trial state
that interpolates smoothly between the ground state of the doped model containing
a stationary hole (¢ — 0) and the ground state of the undoped model. The two
limiting ground states are available via the exact solution of the model, and the best
variational state in between is determined by a competition between the potential
energy E; o Jy and the kinetic energy F; o t. Discussing our results, we finally

argue that they remain valid beyond the two simplifying assumptions.
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The structure of this chapter is summarized as follows. In Sec. 5.1, we introduce
the problem by defining the main quantities of interest, including the spectral function
and the expectation values of the potential and the kinetic energies, and by explaining
the main approximations used, including the simplified limit of the 1D spin liquids.
In Sec. 5.2, we solve the problem exactly in the case of a stationary hole (¢ — 0).
The methods described and the results obtained in this section serve as useful starting
points towards the more involved considerations in the remaining sections. In Sec. 5.3,
we carry out the variational approach in the case of a slow hole (¢ < Jy) and obtain
the best possible trial state that optimizes both potential and kinetic energies. Our
main result is that the hole has a finite quasiparticle weight Z > 0 for any finite
hopping amplitude ¢t > 0 but a vanishing quasiparticle weight Z — 0 for a vanishing
hopping amplitude ¢ — 0. In Sec. 5.4, we discuss the results obtained in the previous

sections, and argue that they are applicable even beyond our approximations.

5.1 General formulation
5.1.1 Eigenstates and spectral function

The main aim of this chapter is to determine whether a coherent quasiparticle de-
scription is possible for an isolated mobile hole in the gapless phase of the Kitaev
honeycomb model. To this end, we consider the single-hole spectral function, which
is defined in terms of the ground state |2) of the undoped model containing no holes
and the eigenstates |®,,,(K)) of the doped model containing a single mobile hole
with momentum K and quantum numbers h, ¢, and p. Due to translational and

sublattice symmetries, the eigenstates of the doped model take the general form

1 , 1 . s
P K)= —— ezK-Rz (I){l} K)) + elK’Rl+th,q(K) (I){l} K :
‘ h,q,p( )> /_2N ZGZA ’ h,q,p( )> /—2N ZEZB | h,q,p( >>
(5.1)

where @’ (K) is a phase difference between the two sublattices, and |CI>}{L{;p(K)) is a
single-hole state corresponding to a definite hole site [. Importantly, two such states

with different hole sites [ and [” are related by a translation when [ and [” are in the
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same sublattice and by a spatial inversion when [ and [’ are in opposite sublattices.
In terms of the eigenstates |®4,(K)) and the their energies E," (K), the spectral

function of a single hole has the Lehmann representation

AEK) = 5SS ST ST 016 0 (K)) (B, (Kl ])

h,gp ® LU o=
x 6 [e — By (K)] 'K (Ri—Ry), (5.2)

Even for the smallest hopping amplitudes ¢ — 0 and the smallest hole energies ¢ — 0,

the states ]CID{I}

h.qp(K)) have large numbers of bulk fermion excitations because the bulk

fermions have vanishing excitation energies £y — 0 in the gapless phase. However,

the bulk fluxes have finite excitation energies Ep ~ J, and therefore the states

yYyZ

|<I>}{lg7p(K)) have no bulk flux excitations, at least for sufficiently small hopping am-

plitudes ¢t < FEp and sufficiently small hole energies ¢ < Fp. Furthermore, since
the hole is created by a local operator ¢, the resulting single-hole states ¢;,|€2) in
Eq. (5.2) have zero overlaps with |‘I>}{ll,}(;,p(K)> unless h = 0 and ¢ = 0. Using the hole

spin picture, the states |(I>{l} (K)) with A = 0 and ¢ = 0 can then be written as

h,q,p
14 be C]

@5, (K)) =P ——

(b 07)" |61 (K), (5.3)

where |¢{!}(K)) is a generic state in the matter-fermion space {¢;} spanned by the
free matter fermions ¢y, of the undoped model. Note that the lack of flux excitations
translates into a lack of bond fermion excitations and therefore x§ |t (K)) = 0 for all
" and «. Since |Q) = P|w) in terms of the matter-fermion vacuum state |w) € {¢y}
satisfying ¢r|w) = 0 for all k, the single-hole states ¢;,|€2) in the hole spin picture
are given by

1+ ’iblzcl
2

1 — ibie

i4l6) =P W, eul®) = P —— ). (5.4

After projecting onto the subspaces with of = £1 in the two cases, respectively, the
operator ibfb; in the second case applies a spin rotation o, — —o;"* so that the hole

spin ends up in the of = +1 state. The matrix elements in Eq. (5.2) then become

(Phg oK) |Q) = (Prg1(K)|ei|2) =0,
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(Phg0(K)ciearl) = (Pnga(K)lcica,|Q2)

1 .
= o ohoduo (1K) w) e R, (5.5)
(Phg0(K)cien ) = (Png1(K)|cien, [S2)

1 —iK-R;—iw
= 05,0 0g,0 <¢{l}(K)|w>e K-R, ;fq(K)’

2N

and the spectral function can be expressed in terms of the matter fermions ¢, as

Ale, K) = %Z {1+ cos [wa(K)] } (™ (K)w) P 6 [ — Es(K)].  (5.6)

Note that Ee(K) = Ego(K) and we(K) = wg(K) are independent of p and that
(¢!} (K)|w) is independent of I due to the symmetries of the model. We can therefore

restrict our attention to a special site [ = 0 in the sublattice B.

5.1.2 Potential and kinetic energies

The energy Fg(K) of the doped-model eigenstate |®gg,(K)) is a sum of two con-
tributions: a potential energy due to the matter fermions excited in each single-hole
state |CI>({)%7P(K)> and a kinetic energy due to the hole hopping between the states
|<I>é%’p(K)> that correspond to neighboring hole sites. Since the states |<I>ég’p(K))
with different hole sites [ are related by symmetry, the potential energy is determined
entirely by the state |@({)?({ »(K)) corresponding to the special site [ = 0. Using the
hole spin picture and the matter-fermion state |¢{% (K)), the expectation value of the

potential energy is
Ey(K) = (@8 (K)|H, |08y (K)) = (6 (K)| Hy |6 (K)), (5.7)

where H, is the Hamiltonian of the undoped model with switched-off Ising couplings
around the hole site [ = 0, and I:I¢ is the exclusively matter-fermion form of the same
Hamiltonian that takes the form
Iﬂ) = Z Z iJaCiCa() — Z iJaCa(0)Co- (5.8)
€A a=z,y,z a=a,y,z
As in the gapped phase, we find that the potential energy is independent of p. To

determine the kinetic energy, we must consider the states |<I>({)?(i ,(K)) and |<I>éf’6€g)}(K))
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that correspond to neighboring hole sites 0 and «(0) with o = {z,y,z}. If we set

Ry = 0 without loss of generality, the expectation value of the kinetic energy is

E(K)= Y T*(K)cos [K:Raq) — ws(K)], (5.9)

a=x,Yy,z

where the effective hopping amplitudes 7% (K) in the hole spin picture are given by

T(K) =~ (@)1, (K)|€0an]|255, (K))
= L GO ica0)l 6O (K)). (5.10)

Asin the gapped phase, we find that the kinetic energy is independent of p because the
hopping process conserves this quantum number and the effective hopping amplitudes
are independent of it. Note that these conclusions are also in accordance with Eg(K)
and we(K) being independent of p. Furthermore, there are two possible values of
we(K) for each |p1%(K)) that are determined by 7¢(K) in such a way that they

minimize and maximize the kinetic energy, respectively.

5.1.3 Effective hopping amplitudes

The effective hopping amplitudes 7%(K) are important due to their role in determin-
ing the kinetic energy F;(K). Although Eq. (5.10) gives T*(K) exclusively in terms
of the free matter fermions ¢ of the undoped model, it contains a matrix element
between two different matter-fermion states |¢{%(K)) and |¢{*(®}(K)). Since these
two matter-fermion states are related by a spatial inversion R$ around the middle
of the @ bond connecting sites 0 and «(0) [see Fig. 5.1], the matrix element can be
turned into an expectation value by expressing the two matter-fermion states in terms
of each other as |¢{*O}(K)) = R2|4{% (K)), where R? is an operator representation

of R® acting in the matter-fermion space {¢y}.

(03
T

To determine the operator R, we first notice that the matter-fermion vacuum
state must be invariant under any spatial inversion and therefore R%|w) = |w). It is
also known that the original Majorana fermions ¢; transform as ﬁﬁ(cle A) = craq) and

R2(ciep) = —CRre(), where the minus sign is necessary in the second case because
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z(0)

Figure 5.1: Illustration of the special site [ = 0 and its neighborhood: the special
site 0 is marked by a black dot, the neighboring sites «(0) are marked by white dots,
while the centers of the spatial inversions R? and R are marked by red rectangles.

RS exchanges the two sublattices. We must then determine how the free matter
fermions ¢, transform under 7@? Importantly, due to the translational symmetry
of the undoped model, the fermions ¢, are labeled by their momenta k, and due to
the inversion symmetry R%, they always come in degenerate pairs of momenta +k
such that E,, = E_j. It is then possible to consider standing-wave representations
instead of traveling-wave representations, and we introduce two different kinds of
standing-wave representations with their nodal structures centered at different points
[see Fig. 5.1]. First, we define the set of unshifted fermions in such a way that their
Majorana fermion components have either even (1) or odd (u) envelope functions
under a spatial inversion RC around the special site [ = 0. Note that this spatial
inversion is not a symmetry of the model but even (odd) fermions can still be defined
in such a way that they have antinodes (nodes) at its center. Mathematically, these

even and odd unshifted fermions are given by

1 ) 1 .
Oy = 5[%,77,,4 + Y. B), Oy = 5[%#,,4 + VB (5.11)

and their respective Majorana fermion components take the forms

/2 /2 .
Temo = N Z COoS [k ’ Rl] C, Ve, v = N Z Sm [k . Rl] cr, (512)

lev lev
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where we recall Ry = 0 and use the notation v = {4, B}. The unshifted fermions
become useful when we break translational symmetry by introducing a hole at the
special site [ = 0. In the resulting doped model, the odd fermions remain completely
decoupled, while the even fermions are coupled only among themselves. Second, we
also define three sets of shifted fermions in such a way that their Majorana fermion
components have either even (n) or odd (i) envelope functions under the spatial
inversions R%¥* defined above, respectively. Mathematically, these even and odd

shifted fermions are given by

Biaf0) = 5Bknale) + ity 5(0)]
bral@) = 5lkeale) + Bl (513)

and their respective Majorana fermion components take the forms

%V,I,U(oz) = \/% ZCOS [k . (Rl — Ra(o)/Q)} Cr,

lev

ko) = \/%Zsin k- (R, — Ru)/2)] a. (5.14)

lev

The shifted fermions are useful because they transform in a straightforward way under
the spatial inversion R%. In particular, the Majorana fermion components transform
as RE[kn.a(Q)] = An(@), RAkn5(0)] = =Akn.a(@), REFWkpa(@)] = —Fkpup(),
and ﬁg[&k%B(a)] = Yppa(a), which implies that the shifted fermions themselves
transform as ﬁﬁ[ékn(a)] = —iqgkm(a) and ﬁ?[gzgku(a)] = iék,u(a). Furthermore, the

shifted fermions are related to the unshifted fermions by

Orn(@) = cos(k-Ra)/2) dry + sin(k - Rao)/2) Pk ps (5.15)
dpu(a) = —sin(k - Ra)/2) Py + cos(k - Ru(0)/2) G-

Importantly, all sets of fermions have the same vacuum state |w), and the different
fermions ¢y, G, ékm(a), and @k,u(a) corresponding to the same momentum pair
4k all have identical excitation energies E, = Eig.

We are now ready to obtain the operator 7%? by noticing that it leaves the vacuum

state |w) invariant while it multiplies the creation operators ¢! ,(a) and oF (@) by
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factors of +i and —i, respectively. Its general form then becomes

Re — e {3 5 [ (@) (o) — B0 Ww]} 510

+k

= TI{ [t - = 9é, (@) dra(@)] [1 = 1+ 6] (@) drule)] }.

where the notation £k indicates that the sum (product) is over pairs of momenta. Fi-
nally, using |¢{*0}(K)) = R2|¢{%(K)) and R = —ca(oﬂéﬁ, the effective hopping

amplitude in Eq. (5.10) takes the expectation-value form

T%(K) = —- (oY (K)|T°|¢H(K)),  T%=RE—icyRlc. (5.17)

!

2
This final result for 7*(K) has a straightforward interpretation: instead of looking
at the hopping process from a passive point of view in which the hole jumps to a
neighboring site and the fermions are unchanged, we look at it from an active point
of view in which the hole stays at the same site (due to a relabeling of sites) and the
fermions are shifted accordingly. The main advantage of this point of view is that we
can evaluate the effective hopping amplitude by considering only one matter-fermion

state |p1%(K)) which corresponds to the hole being at the special site [ = 0.

5.1.4 Simplified one-dimensional problem

In the rest of this chapter, we consider a spatially anisotropic special point in the gap-
less phase, at which the Kitaev honeycomb model breaks down into non-interacting
1D chains along the x and y bonds. This special point is characterized by Ising cou-
pling strengths J, = J, = Jy and J, = 0 and belongs to the boundary of the gapless
phase. Although the hole can hop between neighboring chains as we take the bare
hopping amplitude ¢ to be the same for all bond types a = {z,y, z}, the spectral
function and the effective hopping amplitudes can be calculated by restricting our
attention to a single chain.

Indeed, the spectral function in Eq. (5.6) is to be evaluated in terms of the single-
chain states |w) and |p1?(K)) because only one chain is affected by the introduction

of a single hole. For hopping along x and y bonds, the hopping process occurs within a
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Figure 5.2: Site labeling convention for the one-dimensional (1D) chain of lattice
constant JR around the special site [ = 0 (black dot).

single chain, and therefore Eq. (5.17) gives the effective hopping amplitude in terms of
the single-chain state |¢{%(K)) and the corresponding single-chain fermions ¢;. For
hopping along z bonds, the hopping process occurs between two neighboring chains.
In this case, we consider two chains and use Eq. (5.10) to evaluate the effective

hopping amplitude as

T*K) = 5wl @ @K1 —icco) [ (K)) @ |w)]

(oK) w) . (5.18)

N ~+ DN =+

Similarly to the spectral function in Eq. (5.6), the effective hopping amplitude in
Eq. (5.18) is a function of the single-chain states |w) and |¢1°}(K)), which are in turn
expressed in terms of the single-chain fermions ¢y.

For a single chain of length 2Ny, the sites labeled {1,2,...,2Nx = 0} are il-
lustrated in Fig. 5.2, and the fermion momenta are written as k = k - R, where
OR = Ry(,(0)) is the lattice constant. However, since the fermions ¢y, and ¢y, are
defined for pairs of momenta +k, we consider non-negative momenta only, and deduce
that its possible values are k = {0, 0k, 20k, ..., 7}, where 6k = 27 /Ny is the momen-
tum spacing. Note that the total number of fermions is Ny as expected because there
are two fermions ¢y, and ¢, for each 0 < k < 7 while there is one fermion ¢, for

eachof k=0 and k = 7.

5.2 Exact treatment of a stationary hole

When hopping is switched off and the hole becomes stationary (¢ — 0), the lack of

kinetic energy means that the total energy is identical to the potential energy. The
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energy eigenvalues Fgp = Fg(K) = E;(K) of the doped model and the corresponding
matter-fermion states |¢{%) = |¢{° (K)) are then independent of the hole momentum
K. Furthermore, the eigenstates come in degenerate pairs with identical matter-
fermion configurations |¢{®) and opposite sublattice phase differences we(K) = 0
and we(K) = 7. From Eq. (5.6), the momentum-independent spectral function

A(e) = A(e,K) is then given by

Ale) =Y [ ¢ w)* 5 [e — Ea, (5.19)

P

where the sum is over the different matter-fermion configurations |¢1°}). In fact, these
configurations |¢{%) are the eigenstates of the stationary doped model that contains
a single stationary hole at the special site [ = 0. Since this model is exactly solvable,
we can obtain exact analytic expressions for the spectral function and the effective

hopping amplitudes.

5.2.1 Free matter fermions

In the hole spin picture, the undoped model and the stationary doped model are each
described by a quadratic matter-fermion Hamiltonian. For the undoped model, this
quadratic Hamiltonian reads

Hy=iJo Y  [eicaw + ccyn) - (5.20)

leA

Since translational symmetry is intact, the resulting free matter fermions are the (even
and odd) unshifted fermions ¢y, and ¢y, in Eq. (5.11). Their degenerate excitation
energies are given by Ej, = Ej,, = 4Jycos(k/2). Using the notation of the 1D chain,

the corresponding Majorana fermion components in Eq. (5.12) become

1
oA = ——— , : 5.21
’Vk O,U,A \/N_X Z Cl ’)/k 0,777 Z Cl ( )

1 1
Z (1-1)/2 Z 1/2
’yk W,T],A (_1> cl7 ’Yk 7T777 / ( 1) cl’
X leB

ZGA
[ 2 kl [ 2 kl
Yo<k<mmuw = NX Z COs [ :| Cl, Yo<k<m,pv = NX Z sin |: } q.
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For the stationary doped model, the quadratic Hamiltonian takes the form

[:I¢ = ’LJO Z [Cle(l) + Cle(l)} — ZJO [Cx(O)CO + Cy(())Co} , (522)
leA

where the additional terms with respect to Eq. (5.20) correspond to the two bonds
with switched-off Ising couplings around the hole site [ = 0. Importantly, the odd
unshifted fermions ¢, of the undoped model are completely unaffected by these
additional terms because their Majorana fermion components 7 , p have vanishing
coefficients at the hole site. The free matter fermions of the doped model are there-
fore ecither even (¢,) or odd (¢,), and the odd fermions are identical to their
counterparts in the undoped model: GBIW = ¢, and Ek,# = By, = 4Jycos(k/2).
Furthermore, due to the simplicity of the 1D chain, the even fermions ng are also

straightforward to express. In particular, their Majorana fermion components read

. 1
Vi=r,A = Ve=nn,A = —Z( DD, Vk=mn,B = C0;

S ;m{(kw) . -

and their excitation energies are Ey_r, = 0 and Ejc., = 4Jocos|(k + 0k/2)/2].
The zero-energy fermion QNSk:,W corresponds to the localized hole fermion discussed in
relation to the gapped phase. However, in the gapless phase, only one of its Majorana
fermion components is localized around the hole site.

It is important to emphasize that the undoped Hamiltonian H, and the stationary
doped Hamiltonian H, have different ground states |w) and |@). To establish a
relation between these two fermion-vacuum states, we first express the corresponding
fermions in terms of one another. Since the odd fermions ¢, = ¢, are identical in
the two models, it is enough to concentrate on the even fermions ¢, = ¢y, and b =
ngﬁ. If we write the respective Majorana fermion components as i 4 = Zle 4 Uiker,
Vi, B = D orea VikCa()s VA = D jea U scr, and Ay p = Dlea VikCe in terms of the
original Majorana fermions, they are related to each other by Y54 = >, Uk,k/”ykg A

and Y p = > Vk,k/’ykgg, where U = UT - U and V = VT .V are real orthogonal
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matrices. From Eqgs. (5.21) and (5.23), the corresponding matrix elements are

A 2 ) ok \ 1 k'l
Uk<r, o<k <n = N_X Zsm {(k + 7) 51 cos {7]

leA

_L k+k’+5_k L k—k’+(5_k

= Ny csc 5 1 csc 5 1 ,
. V2 k ok .
Uk<r k=0 = N_X csC [§ + Z} ; Uk<r,kr=r = 0,
Uk:w,k”<7r =0, Uk’:ﬂ', p=r = 1, (524)
A 2 ok \ k'l

T <t — 7 i k - | a5 _

Vieer, o<k < NXZEZBsm{( + 2>2:|COS|:2]

S () Kol L Y Lk L
TN LT 2 1| T T 1|

: V2 ko Ok . NG ES
Vi< k=0 = N_X cot {5 + Z] ) Vi< ki=r = _N_X tan {5 + Z] )
1

~ 2 ~ 1 ~
‘/kzm o<k/<m — ) vk::w,k’ZO = T Vk:ﬂ, k'=mr —
NX vV NX

Note that the matrices U and V are not identical. The two Majorana fermion compo-

H

nents transform differently between the two models, and therefore the transformations
between the fermions ¢, and qgk are anomalous in the sense that they mix the creation
and the annihilation operators. This fact is in accordance with the corresponding vac-

uum states |w) and |©) being different.

5.2.2 Spectral function at low energies

We are now ready to consider the spectral function A(e) in Eq. (5.19), and to deter-
mine whether a single hole has a coherent quasiparticle description in the stationary
limit. Since we are interested in the behavior of the spectral function A(e) at small
energies ¢ — 0, we investigate its Laplace transform A’(s) at large arguments s — co.

This Laplace transform is given by

A'(s)

| A s = Sl e
= (| D 100 e | ). (5:25)

P
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Since the matter-fermion eigenstates are |¢{%) = QEL@ZQ . <z~5£]|dj) with respective
energies Fg = Ekl + E’k2 + ...+ E’kj, the term in the square brackets factorizes, and

the Laplace transform of the spectral function takes the simplified form
Als) = (wlexp | = s> Eydlon] o)
k
- W] [1 . (1 - e—sﬁk> &L&k} w). (5.26)
k

If we express the fermions ¢y, in terms of the fermions ¢, corresponding to the vac-
uum state |w), this expectation value can be calculated using Wick’s theorem. How-
ever, we can simplify this calculation considerably by defining a set of intermediate
fermions ¢j, with Majorana fermion components ’y,’m A= D Uk,k/%/, A = YA and
VB = 2w Upw i 5. These intermediate fermions are useful for two reasons. On one
hand, the transformations between gzgk and ¢} are non-trivial in only one Majorana
fermion component. On the other hand, the transformations between ¢, and ¢} are
identical in the two Majorana fermion components, and therefore the corresponding
vacuum states |w) and |w’) are identical. Substituting |w) with |w’) in Eq. (5.26), and

using Yx, = > Wk,k/’y,’g,7 g, the Laplace transform then becomes

1 - i - A
5 (1 + e‘SEk) -3 (1 - e‘SE’“> Yea Y Wi 7;2/,3] jw')
k/

1 > 1 2\ o
= det {5 (1 + 6_8Ek> 5k,k’ + 5 (]. - G_SEk) Wk,k’:| (527)

As) = W]

= det [Wk,k/(s)],

where W = V- U7 is a real orthogonal matrix. To obtain the final determinant form,
we must appreciate that Majorana fermions anticommute and that the expectation
value vanishes unless each v, 4 has a pair v, 5.

Since there is a zero-energy fermion qz;kzﬂ with excitation energy Ek:ﬂ = 0, the
corresponding elements of the matrix W (s) are given by Wy—, w(s) = dp . Note
that this result applies to any finite s and also to the limit of s — co. The Laplace
transform in Eq. (5.27) is then reduced to A'(s) = det[Wy<r 1<x(s)] and becomes

a function of the corresponding matrix elements qu, w < only. Using Eq. (5.24),
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these matrix elements take the exact form

. N A 2 k Ok K Ok
Wk<7r,k’<7r - Z‘/k<7r,k" Uk’<7r,k” = W cot |:— + I:| CSC |:§ -+ :|

k! X 2

4
1 k+ k' ok k—k' 6k
+ 7 > {cot{ 5 +Z]+00t{ 5 +Z”

X o<k <
K+ k" ok K — k" 6k
— — ¢ 2
x{csc{ 5 +4}+CSC[ 5 —|—41} (5.28)

In the thermodynamic limit, the sum in £” can be turned into an integral, but care

must be taken as the integrand diverges at k” = k and k” = k’. Furthermore, there
are two distinct cases to consider. For the diagonal matrix elements with & = &/, there
are two divergent terms (k” — k)~ and (k" — k)~? at a single divergent point k" = k.
Since the possible arguments of the cot and the csc functions are symmetric around
k" = k due to the shift dk/2 with respect to k” — k, the integral of the divergent term
(K" — k)~ can be substituted with its principal value. However, for the integral of
the divergent term (k” — k)~2, the infinite contribution picked up at k” = k must be
substituted with a corresponding sum given by
1 (4 X1

Neglecting any contributions O(N?), recognizing that the indefinite integral is
k + k// k _ k// k + k// k _ k// y
/{cot[ 5 }+cot{ 5 }}{cse[ 5 :|+CSC|: 5 ]}dk‘
k k// k _ k//
= —2csc [ —; } + 2csc [ 5 } (5.30)

+4cot <§) arctanh {%] ’

and taking care of the divergent terms, the diagonal matrix elements take the form

- 2G
Wk<7r,k<7r = 1- Nk’,k’ + O(N)f), (531)
X

G = l Tk — tan Tk In cot Tk
Rk= cse 5 a 5 co 1 )

For the off-diagonal matrix elements with k& # k’, there are two divergent terms

(K" — k)=t and (K" — K')~! at two separate divergent points k” = k and k" = k'.
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Since the possible arguments of the cot and the csc functions are symmetric around
k" = k and k" = k', respectively, the integrals of the divergent terms can both be
substituted with their principal values. Once again, neglecting any contributions

O(Ny?), recognizing that the indefinite integral is
/ {cot [k i kﬂ} + cot {k — k”] } {csc [k/ i ku} + csc [k/ — k//] } dk"
2 2 2 2
= 8cos <§) csc {k z k,} csc {k _2 k,} (5.32)
X {sin (g) arctanh [%] — sin (%,) arctanh {%] } ,

and taking care of the divergent terms, the diagonal and the off-diagonal matrix

elements take the unified form

2G i

Wicr k<r = Opp — Ny + O(Ny?),
2 k k+ K k— K
Grp = —cos <§) csce { —g } cse [ 5 } (5.33)

(K T—k [k T —k
X ¢sin | — | Incot | ——| —sin | = | Incot .
2 4 2 4
Note that G > 0 for all 0 < k # k' < 7 and that Gy, > 0 in Eq. (5.31) is
recovered for k¥’ — k. Furthermore, the above steps can be repeated to verify that
Zk// UkaN[A]k/’kN = Zk" kauvk/’ku = 5k,k’ + O(N;Z)
For simplicity, we first consider the Laplace transform A’(s) in the limit of s — oo.

Exploiting the relation between the trace and the determinant of a matrix, and using

Wien w<r(s — 00) = S0 — Ny G, this quantity can be expanded as
A'(s — 00) = det [qu,qu(s — oo)}

= exp [tr { In [(5;67,6/ — N)}lGM/] H = exp [— ié}
r=1

Y

N—2
o N)El Z Glﬁk’ 52= TX Z levk?Gk%k‘l’ (534)
F kl,k)g
N—3
5 = ?)f Z Gry ks Groks Ghs brs -+ s
k17k27k3
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where the first expansion term S&; approximates the determinant as the product of the
diagonal matrix elements, and the remaining expansion terms S, refine this approxi-
mation by taking r-cycles of off-diagonal matrix elements into account. We evaluate
the first two expansion terms analytically by turning the sums into integrals. For the

first expansion term, this procedure gives

1 ™
S = — G dk 5.35
A (5.35)

1 g T—k T—k T—k
= — — | —_— )
o2 J, {csc[ 5 } tan{ 5 } ncot[ 1 ]}dk

Importantly, the first term of the integrand diverges at £ — m, and the expansion

term &; is dominated by this divergence in the thermodynamic limit. Substituting
Gy with its divergent part Gy ~ (2/7)[m — k]!, and noticing that there is a cut-off
atk=r—k—0 given by the momentum spacing 0k = 27w /Ny, the first expansion

term takes the approximate form

1 T2 . 1
S~ — ~dk ~ — In Nx. 5.36
' 27T/5k7rk: 7T2n x ( )

For the second expansion term Sy, we immediately substitute Gy, k,Gr, r, With its
divergent part at k;o — 7. Introducing radial and angular parameters as by =
T—k = k cos @k and 1%2 =n—ky = k sin @k, this divergent part is given by

o Gy ~ % tan (20) sec (20;) In? [tan d], (5.37)

and the second expansion term takes the approximate form

18 . [ ) o
S 3.2 sy kdk/o tan (20y) sec (20 ) In” [ tan ¥y | dy
1
~ g i (5.38)

The dominant contribution to the r-th expansion term is given by a similar expres-
sion: it has the same logarithmic divergence in the radial integral with a different
coefficient that is determined by the r — 1 angular integrals. Instead of evaluating
the remaining coefficients analytically, we determine numerically that the third and

the fourth expansion terms are S ~ (2/457%)In Nx and Sy ~ (1/707%) In N, within
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a relative accuracy of 1073, and deduce from the observed pattern that the r-th

expansion term is given by
S, ~ ———— In Ny. (5.39)

Substituting Eq. (5.39) into Eq. (5.34), the final form of the Laplace transform is

— w2r2(2r)!

i 7 (0])2
A(s = 0) ~ exp [— Z 2 lnNX]
1 _
= exp [—g In NX} ~ N8 0. (5.40)

Importantly, the final exponent —1/8 is also verified numerically within a relative
accuracy of 1075, Although this exponent indicates a slow decay as a function of the
chain dimension Ny, the Laplace transform A’(s — oo) nevertheless vanishes in the
thermodynamic limit [89]. This result implies that the spectral function A(¢) has no
delta-function peak at ¢ = 0 and that the hole is completely incoherent.

When the Laplace transform A’(s) has a finite (but large) argument s, the above
—sEk>

calculation can be repeated using the substitution Gy — G (l —e . In par-

ticular, the analog of the first expansion term in Eq. (5.35) becomes

1" T—k T—k m—k _9s,
81_2772 i {CSC|: 5 } tan[ 5 ]lncot{ 1 }}(1 e )dk’,

(5.41)

where Ej, ~ E; = 4Jycos(k/2). Since the function 1 — e=25 is approximately 1 in
the case of k > 1/sJy and approximately 2sEy ~ 4sJok in the case of k < 1/sJo,
its main effect is to cancel the 1/ k divergence at k — 0 and to provide a cut-off at
ki~ 12:0 ~ 1/sJy that is independent of the chain dimension Nx. The approximate

form is therefore given by

1 M2 . 1
S~ — ~ dk ~ — In(sJp). 5.42
Yom iy wk 72 10 () (542)

Anticipating the same cut-off to appear in all expansion terms S,., the analog of the

Laplace transform in Eq. (5.40) becomes
1
A'(s) ~ exp [—g ln(ng)} ~ (sJo) V8, (5.43)
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and the spectral function takes the functional form A(g) o< £=7/® for small energies
e < Jy. Note that A(e) diverges at ¢ — 0 but its integral remains finite due to the
exponent of ¢ being larger than —1. The fact that the exponent —7/8 is close to —1
is consistent with the slow decay of A’(s — o0) as a function of the chain dimension
Nx. If the exponent was —1, the power law would turn into a delta-function peak at

e =0, and it would indicate the presence of a coherent quasiparticle [86].

5.2.3 Effective hopping amplitudes

We now investigate the effective hopping amplitudes T* = T*(K) between the ground
states of the stationary doped model that correspond to neighboring hole sites 0
and «(0) with @ = {z,y,z}. These effective hopping amplitudes are completely
analogous to the ones obtained in the gapped phase, and they reveal whether a
perturbative treatment of the kinetic energy is possible for a finite bare hopping
amplitude ¢ > 0. As indicated by Egs. (5.17) and (5.18), the effective hopping
amplitudes can be calculated from a single ground state that corresponds to the hole
being at the special site [ = 0. For the hopping amplitude along z bonds, substituting
|01 (K)) = |©) into Eq. (5.18) readily gives 7% = —|(©|w)[*t/2. We then notice that
this result is related to the Laplace transform of the spectral function defined in
Eq. (5.25). In particular, the presence of the zero-energy fermion Grr implies that
Al(s = 00) = [(@]w)|? + [(@|dren|w)|?. However, since the fermions ¢ can only be
excited pairwise in the vacuum state |w), the second term vanishes, and the relation

A'(s = o0) = [{(@|w)|? implies
t _
T? = —5 Al(s = 00) ~ —tNg® 0. (5.44)
For the hopping amplitudes along = and y bonds, substituting |¢{°}(K)) = |@) into

Eq. (5.17) readily gives

t A n
T = =2 |(@IR2Y1&) — il@leoREveol) | (5.45)

Initially, we restrict our attention to the first expectation value in the square brackets.

Since the odd fermions ék,ﬂ = ¢y, are identical in the doped and the undoped models,
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we express the expectation value (|R%¥|&) exclusively in terms of the even fermions
&k = ¢ky- Recalling that k - Ry = k/2 and k - Ry) = —k/2 for the 1D chain,
we first use Eq. (5.15) to obtain the relations between the shifted and the unshifted

fermions. For fermion momenta 0 < k£ < m, these relations are

Orp(x) = cos(k/4) dry + sin(k/4) Oy,
Srp(@) = —sin(k/4) dpy + cos(k/4) by, (5.46)
Sn(y) = cos(k/4) duy —sin(k/4) dp,,
Grp(y) = sin(k/4) @y + cos(k/4) b,

while for k = 0 and k = , these relations are trivial as there is only one (even) fermion
for each momentum. Using the general form of 7@;”;9 in Eq. (5.16) and exploiting the
fact that ¢y ,|@) = 0 for all &, the first expectation value in Eq. (5.45) becomes
(@R2Y15) = (@] [1 = (1 = i) ¢y dnme| TT {1 = [1 = cos(h/2)]efen } 12).
o (5.47)
Turning our attention to the second expectation value (@]coREco|@), we first recall
from Eq. (5.23) that ¢y = A= p and that Jx—r 4 = Yk=r.a. If we then insert 7,3:7% =1

twice, the second expectation value becomes

(@lcoRZVeol@) = (@](icoThmn.a) Vemra REY Yher 4 (iCoThmrn,)|D)
= (W|Vk=r [1 —(1—1) ¢L:W¢k:wi| V=, A
<] {1 . icos(k/Q)]qugbk} @) (5.48)

k<m

= i@l [t = @+ ol duma] TT {1 11— icos(h/2]¢]0n } 2).

k<m

and the hopping amplitude in Eq. (5.45) takes the simplified form
o0 = =t @| [T {1 = (1 =i cos(k/D)olon } @), (5.49)
k

which is exactly the same for the x and the y bonds. Furthermore, note that the
hopping amplitude is always real because the fermions ¢, can only be excited pairwise

in the vacuum state |@). Since the result in Eq. (5.49) for T%¥ is analogous to the
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one in Eq. (5.26) for A(s), the hopping amplitude can also be converted into a

determinant form given by
1 , 1 , A
T = —t det {5 [1+icos(k/2)|0k s + 3 1—1 cos(k/Z)]Zk,k/} : (5.50)

where Z = VT . U is a real orthogonal matrix. Note that the matrices W and Z
appearing in Egs. (5.27) and (5.50) are not identical because the doped and the
undoped models have exchanged roles in Egs. (5.26) and (5.49).

The hopping amplitude 7% in Eq. (5.50) can be evaluated in the same way as
the Laplace transform A’(s). However, instead of calculating it explicitly, we use the
intuition that the behavior of the model is dominated by the lowest-energy fermions
at momenta k — m. Since cos(k/2) — 0 for these fermions, the hopping amplitude

in Eq. (5.49) can then be approximated as
T~ —t @[] [1 - oln] 19) = —tI(wl@) . (5.51)
k

This approximate result has a straightforward interpretation. The ground-state over-
lap |(w|@)| differs from 1 because the matrices U and V corresponding to the two
sublattices are not identical: the introduction of the hole breaks sublattice symmetry
and skews the fermions towards one of the sublattices. If we introduce the hole to a
neighboring site instead, it skews the fermions towards the other sublattice, and the
overlap between the two ground states with the fermions skewed in opposite directions
is then approximately |[{(w|@)|?. Finally, due to the relation A'(s — oo) = [{w|@)|?,

the hopping amplitude becomes
T~ —t A(s — 00) ~ —t N /® = 0. (5.52)

From Egs. (5.44) and (5.52), we conclude that the effective hopping amplitudes 7 all
vanish in the thermodynamic limit. Unlike in the gapped phase, the kinetic energy
is therefore inherently non-perturbative in the bare hopping amplitude ¢ > 0, and we

must develop a more delicate approach to address the problem of a mobile hole.
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5.3 Variational approach for a mobile hole

When hopping is restored and the hole becomes mobile (¢ > 0), the resulting doped
model is no longer exactly solvable, and the exact ground state is not available in
general. To obtain a reasonable approximation for the ground state, we use a varia-
tional approach in terms of a single-parameter trial state that interpolates smoothly
between the known ground states of the stationary doped model and the undoped
model. The ground state |¢1%(K)) = |@) of the stationary doped Hamiltonian H,
provides a perfect optimization of the potential energy, and therefore it corresponds
to the exact ground state in the limit of a stationary hole (¢ — 0). The ground state
|61 (K)) = |w) of the undoped Hamiltonian H, provides a reasonable optimization
of both the potential and the kinetic energies, and therefore it might correspond
to a good approximation of the ground state in the case of a moderately fast hole
(t ~ Jo). Note that the ground state in the limit of an infinitely fast hole (f — o) is
a ferromagnetic state that provides a perfect optimization of the kinetic energy [90].
For the trial state, it is natural to choose the ground state |@’) of the Hamiltonian
H 6=(1- g)ﬁl¢+ oH, which interpolates smoothly between ]:[¢ and Hy as a function
of the variational parameter 0 < o < 1. Using this trial state, we obtain analytic
expressions for the spectral function and the effective hopping amplitudes, and find

the best variational parameter g for each value of the bare hopping amplitude ¢t < Jj.

5.3.1 Free matter fermions

In the framework of our variational approach, the undoped model and the doped
model are once again described by quadratic matter-fermion Hamiltonians in the
hole spin picture. The Hamiltonian and the free matter fermions of the undoped
model are given by Egs. (5.20) and (5.21), while the Hamiltonian of the doped model
takes the form

ﬁ[(; =1iJ Z [clcx(l) + clcy(l)} —i(1 —0)Jy [cx(o)co + cy(o)co] , (5.53)
leA
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where 0 < p < 1 is the variational parameter. Note that we recover the stationary
doped Hamiltonian ﬁ¢ for o = 0 and the undoped Hamiltonian Hy for o = 1. Since
the odd unshifted fermions ¢y, ,, of the undoped model are unaffected by the additional
terms in Eq. (5.53) with respect to Eq. (5.20), the free matter fermions of the doped
model are either even (qgﬁm) or odd (ggﬁg ,.); and the odd fermions are identical to their
counterparts in the undoped model: qz%w = ¢, and E,’W = By, = 4Jycos(k/2). The

Majorana fermion components of the even fermions ¢, = ¢; , read

Ni—r.a
~/ _ _ =, 2 (1-1)/2 _
Pyk’:w,A = Vk=m,A = (_1) Cly Nk:ﬂ',A - 17
VANx

leB
1 1
N _1——(——1>+0 NZ2),
k B 2NX QQ ( X)
. 2 ook 1
: = Nicmay) ~— — |k - 5.54
Vi<ma = Ni<r,a NXIZCOS [@k < + - )2} cr, (5.54)
cA
sin(2¢x) 5
oAa=1—-—T"7 Ny7),
Ni<ra o sk O
Y =N, 2 L8Pk —|—§cos — k—i—gpkék ! c
Ye<n,B = Nk<n,B Ny 0 0 2 Pk - 5| (-
sin(2¢y) cos? o, [ 1 L
T - ]- - - - 1 O N ,
Nk< B 2NX tan k NX Q2 * ( X )

and their excitation energies are Ej = E,fm = 4Jy cos[(k + ¢rdk/m)/2]. Importantly,
the actual momentum of each even fermion is shifted by prdk/m with respect to its

nominal momentum k&, where the shift angle ¢, satisfies

1-— Q2 1 (,Dkék
tan ¢y = B cot {5 (k: + : (5.55)

™

In the limit of o — 1, the shift angle becomes ¢, = 0 for all k, and therefore Eq. (5.21)
is recovered. In the opposite limit of o — 0, the shift angle becomes ¢, = 7/2 for
k < m and ¢, = 0 for k = 7, and therefore Eq. (5.23) is recovered. In between
the two limits, the shift angle ¢ is a smooth function of the momentum £ that
satisfies pr—o = 7/2 and @r—, = 0. This function is illustrated in Fig. 5.3 for three

different values of the variational parameter p. Since the shift angle pg—, = 0 implies
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Figure 5.3: Shift angle ¢, as a function of the fermion momentum £ for variational
parameters ¢ = 0.1 (solid line), o = 0.3 (dashed line), and ¢ = 0.5 (dotted line). The
extremal values px—g = 7/2 and @—, = 0 are recovered in all three cases.

a vanishing excitation energy E,’c:ﬂ = 0, we find that gz%czﬂ is a zero-energy fermion
for all 0 < p < 1. However, this zero-energy fermion behaves differently for o = 0 and
for o > 0: in the former case, one Majorana fermion component is localized at the
hole site, while in the latter case, both Majorana fermion components are delocalized
across the entire chain.

To establish a relation between the respective ground states |w) and |@’), we must
express the fermions of the undoped and the doped models in terms of each other.

Restricting our attention to momenta 0 < k < 7, the analog of Eq. (5.24) becomes

- 2N, ok\ 1 k'l
Ullc<7r,0<k/<ﬂ. = NkA Zcos {tpk - (k + Ll ) 2} cos [ 5 }
leA
k—k ok
{ i Pk } } ’
2

Ni.a { {k + K gokdk}
= sin . < csc
. 2N, cos ok k'l
Vk,<7'r,0<k’<7r = NiB { ka + E cos {@k (k + ok ) } cos {7} }

NX 2

leB
1 k+ K ok
= Nk 2cospp | — — 1) +sinyg ¢ cot + Sok
Nx 0 2
k—Fk ok
+ cot { 4 o ] H (5.56)
2 27

Note that the shift angle ¢ has a crucial role in the matrix elements U,;k, and Vk’k,
and that the results in Eq. (5.24) are recovered in the limit of ¢ — 0 when ¢y = 7/2
and hence Ny 4 = Ny p =1 for all k < 7.
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5.3.2 Spectral function and quasiparticle weight

We now investigate the spectral function A(e, K) and determine whether a single mo-
bile hole has a finite quasiparticle weight Z > 0. For simplicity, we first consider the
spectral function in the limit of zero hole momentum K — 0, and then argue that our
results remain valid for small hole momenta |K||dR| < 1. Since the zero-momentum
eigenstates of the doped model come in pairs with identical matter-fermion config-
urations |¢{%) = |1°}(0)) and opposite sublattice phase differences wgs(0) = 0 and
@s(0) = m, the zero-momentum spectral function A(e) = A(e,0) can be evaluated
using Eq. (5.19). Recalling the presence of the zero-energy fermion %:W, the Laplace

transform of the spectral function then becomes

1 nl} 1 nl} ~
A'(s) = det {5 (1 + 6_5Ek> Ok<r, k< + BY <1 - 6_5Ek> Wl::<7r, k’<7r:| ] (5.57)
where the appropriate elements of the matrix W’ = V' - (U )T can be calculated

from Eq. (5.56) by turning the sum in the dummy variable £” into an integral [see
Eq. (5.28)]. However, in this case, the arguments of the cot and the csc functions
are not symmetric around the divergent points k” — k and k" — k’, and there are
additional corrections to the principal values of the integrals due to the divergent

terms (k" — k)~! and (K" — k’)~!. The matrix elements then take the form

. 1 _ K +k
Wl;<7r,k’<7r = Nk,BNk’,A{(Sk,k’ + N_ COS @y, SN on’{ CSC |: :|

X 2
K —k 1 1
+ (1 — dgxr) csC [ 5 } } + Ne COS Py [2 COS (E — 1)
k+ K k— kK
+ sin ¢y, {COt [ —g ] + (1 — Oppr) cot [ 5 } }} (5.58)

44 i L ) neot | =¥
COS S11n / - — 11 CO
TNx Pk Pk 0 1

4 , k k+ K k—K
— in @y, sin g/ -
N Sin g sin e cos | o | esc | —— | esc | —

< {sin (’%) In cot {”T"f} sin (g) In cot [” - ’f} } " oum},
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where the first term in the large curly brackets is due to the divergent term (k” — k) =2

[see Eq. (5.29)], the second and third terms are due to the divergent terms (k" —k)~*
and (kK" — k')7!, respectively, and the remaining terms are from the principal values
of the integrals. For the off-diagonal matrix elements with k # &/, the leading term is
O(Nx'), and therefore the result follows directly from Eq. (5.58) using 0y = 0 and
N a = Nip = 1. For the diagonal matrix elements with k& = &/, the leading term is
O(1). Taking proper care of Ny 4 and N g, these matrix elements take the form

- 1 1 2
WI;<7T,k<7'r = 1—N—|:C082Q0k <E—1>

X

4 1 m—k
— —singrcosyy | — —1 | Incot | —— (5.59)
s 0 4

2 ., T—k m—Fk T—k 9
+— sin gok{csc{ 5 1—tan[ 5 }lncot[Tl}l—i—O(NX).

Importantly, the analogous results in Eqgs. (5.31) and (5.33) are recovered when ¢ — 0

and hence ¢ = ¢ = m/2. Furthermore, in the case of ¢ < 1, the function sin ¢y
is approximately 1 for k& > % and approximately k/o? for k < ¢%. Since the terms
proportional to cos gy, or cos gy are all bounded by ~ 1/0? and differ from zero in a
range ~ g%, the Laplace transform A’(s — oo) is dominated by the divergent terms
that are present in the case of p = 0 as well. However, in the case of o > 0, there is
an additional cut-off at k& ~ 02, and therefore the approximate form of the Laplace
transform becomes
1

A'(s — 00) ~ exp {g In (92)} ~ o'/*. (5.60)

Since the Laplace transform A’(s — oo) is finite, the spectral function A(¢) has a
delta-function peak at ¢ = 0. In the framework of our variational approach, the hole

is then a coherent quasiparticle with finite spectral weight Z = A’(s — o0) ~ o'/4.

5.3.3 Potential and kinetic energies

We are now ready to calculate the variational expectation values of the potential and
the kinetic energies. Since we anticipate that the limit of ¢ < Jy corresponds to that

of p < 1, we assume throughout the calculation that the variational parameter g is
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small. From Eq. (5.7), the potential energy of the trial state |&') with respect to the

stationary ground state |@) is given by
Ey = (&|Hyla) — (0|Hyle)
— (@) - @Ia)) + @1 [fy — ) ) (5.61)
1 = = - . . -
= -3 Z (E,’f - Ek> + 0Jo{@'| [—ica0)co — icy)co] @) = Egl) + Egz),
K

where the first term Egl) is the difference in the ground-state energies of the Hamilto-

nians ﬁ¢ and H 4> While the second term ESZ) is a local expectation value of the trial

state |@). Turning the sum in k into an integral, the first term becomes

Nx [~ k\ 0k [
o _ _Nx AR
Eyt = 47/0 4‘]081“(2) o [2 “0’“} dk
JO g . k’ T
= =) <§) [§—g0k] dk. (5.62)

Since Eq. (5.55) indicates that the function 7/2 — ¢y, in the limit of p < 1 is approx-
imately 1 for k < 0% and approximately 2@2/12; for k> ¢?, the integral in Eq. (5.62)

takes the approximate form

(1) Jo [T 20° 4Jy0°
Ey' ~—— —dk ~ — In (1 :
P2k o 1 (1/0), (5.69)

where the remaining range between 0 and ¢? gives a subdominant correction ~ Jy0?.
Using Eq. (5.54) to express —icq(0)co in terms of —i¥, 47 p, and turning the sum in

k into an integral, the second term in Eq. (5.61) becomes

@ 4oy k| cos g
Ey7 = Ny Zcos {gpk—a .

k<m
2 vy
— 2Jo {cos2 ) COS (g) + sin @y, cos @y, sin (g)] dk. (5.64)

T Jo
Substituting tan ¢ from Eq. (5.55), and taking the limit of ¢ < 1, this integral then

takes the approximate form

2Jy [T 0? cos(k/2)
EY = —0/ dk
I T Jo o*+ (1—0?)2cot?(k/2)
2000 [T k/2 . 8Jy0?
0o / /2 i 309 L)), (5.65)
T Jo o+ (k/2)? m
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Noticing that EL(IQ) = —2E§1) and that Egl) + E§2) = —E&l) > 0, we obtain that the
potential energy is approximately E; ~ Jyo*In(1/p) in the limit of o < 1.
To determine the kinetic energy in Eq. (5.9), we must consider the effective hop-

ping amplitudes 7% = T*(0). From Eq. (5.18), the hopping amplitude 7% along z

bonds is directly related to A’(s — oo), and it is therefore given by T% ~ —tgo'/4.
From Eq. (5.17), the hopping amplitudes T%¥ along = and y bonds are given by
t - R
T = -2 (@R - @R eol ) (5.66)

In the following, we consider the two terms in Eq. (5.66) separately. Recalling that
cos(k/2) — 0 for the lowest-energy fermions at momenta k — 7, the approximate

form of the first term becomes

@R = (@ [1 = (1 =) 8l _youmn| TT {1 = [1 = icosCh/2)l] e } 16

k<m

~ (@ [1 —(1—1) ¢Z:W¢k:ﬂ] 11 [1 — ¢L¢k} ') (5.67)

k<m

= [wl@)* + il{w]drrl@)]*.

However, since the fermions ¢, can only be excited pairwise in the vacuum state |&’),
the second term i|(w|@p_r|@')|? vanishes, and we obtain (&'|R%¥|&') = [(w|@')]? ~
A(s — 00) ~ /4. Furthermore, it is possible to rewrite the second term in Eq. (5.66)
as —i(@'|coREVeo|@') = —i(@"|RE¥|&"), where the vacuum state |&") = ¢o|@’) cor-
responds to the fermions é’k’ with Majorana fermion components that are obtained
from Eq. (5.54) via the substitution ¢y — —cp, or equivalently, via the substitu-
tion o — —p. Since the vacuum states |w) and |@") differ in an odd number of
excited fermions, the first term vanishes in the analog of Eq. (5.67), and we ob-

tain —i(Q0"|R%Y

0"y = w|dp=r|@"}|* ~ A'(s = 00). Importantly, the substitution
0 — —o does not affect the dominant terms proportional to sin ¢, and sin @y in
Egs. (5.58) and (5.59), and therefore A’(s — 00) ~ o'/* is readily recovered. Notic-
1/4

ing that the effective hopping amplitudes all take the approximate form 7% ~ —tp'/*,
we obtain that the kinetic energy is approximately F;, ~ —tp'/* in the limit of p < 1.

115



5.3.4 Variational optimization

For each value of the bare hopping amplitude t < Jy, the best possible variational
state |@') is found by minimizing the total energy FEg with respect to the variational

parameter p. The approximate form of the total energy reads
Ey = E; + E; ~ Jyo* In(1/0) — to'/4, (5.68)

and a differentiation in g gives an implicit equation t/Jy ~ ¢/*In(1/p) for the optimal
variational parameter p. We can solve this equation approximately by means of an
iterative procedure. In the first iteration step, we neglect the logarithm to obtain g ~
[t/Jo]*7. In the second iteration step, we use this result inside the logarithm to obtain
o~ [(t/Jo)/In(Jo/t)]*7. Further iteration steps could then provide sublogarithmic
corrections, but the result obtained from the second iteration step is sufficient for
our purposes. Note that o — 0 is recovered for ¢ — 0 and that the limit of p < 1
corresponds to that of t < J,.

Using the relationship between the optimal variational parameter ¢ and the bare
hopping amplitude ¢, we are now ready to express our main quantities of interest in
terms of ¢ only. In particular, the quasiparticle weight Z becomes

(t/Jo)

Z ot L2
W (o)

(5.69)

while the effective hopping amplitudes 7 and the kinetic energy E; take the form

(t/Jo)""

ENTaN_t1/4N_ L
: ¢ W (o)1)

(5.70)

and the potential energy E; takes an identical form with an overall positive sign.
Note that the corresponding results in Sec. 5.2 are recovered as these quantities all
vanish in the limit of ¢ — 0.

We finally consider the effect of a finite (but small) hole momentum K # 0. In the
limit of |K||0R| < 1, the finite momentum enters the problem only via the factors
cos|K - Ry)] = 1 — [K - Ry0)]?/2 in Eq. (5.9). Since the matter-fermion configura-

tion |¢1% (K)) at finite momentum is then close to the matter-fermion configuration
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|6191(0)) at zero momentum, the quasiparticle weight in Eq. (5.69) and the effective
hopping amplitudes in Eq. (5.70) are renormalized by small perturbative corrections
only. The spectral function has an overall shift in the hole energy ¢ because the
kinetic energy is increased by AE, ~ T*/K|?*[6R[* due to the cos[K - Ry )] factors
in Eq. (5.9). This momentum-dependent shift translates into a quasiparticle disper-
sion relation and gives an effective mass proportional to 1/7“ at the bottom of the
resulting quasiparticle band. In comparison with the gapped phase, we find that the

effective mass is increased by a factor t/T* ~ o=1/* ~ Z71 [17].

5.4 Discussion and outlook

The main result of this chapter is that an isolated slow hole (¢ < Jy) in the gapless
phase of the Kitaev honeycomb model is a coherent quasiparticle with finite spectral
weight Z > 0. It is important to emphasize that the coherence of the hole is related
to its mobility because the quasiparticle weight Z vanishes in the stationary limit
t — 0. Although our results are obtained by an approximate variational approach at
a special point in the gapless phase, we argue on physical grounds that they are also
valid for the exact ground state at a generic point of the gapless phase.

We first consider the variational trial state |&’) for a generic variational parameter
0 < o < 1, and notice that it has fundamentally distinct properties in the cases of
0 =0 and p > 0. In particular, the ground-state overlap |(w|@’)| is finite for o > 0
and zero for p = 0. To explain these results, we recall that the ground-state overlap
|{(w|@")| differs from 1 because the two Majorana fermion components v, 4 and v g
have different transformation matrices U and V between the corresponding sets of
free matter fermions ¢; and gz~5§€ However, this asymmetry is only quantitative for
0 > 0 when all fermions remain delocalized, while it is qualitative for o = 0 when one
Majorana fermion component of the zero-energy fermion gzgf,g:w becomes localized at
the hole site and the other one remains delocalized. Note that the finite ground-state
overlap in the gapped phase is in accordance with these results as the zero-energy

fermion is then localized in both of its Majorana fermion components.
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In light of this distinction between the cases of zero and finite ground-state over-
laps, we are now in a position to argue that the essential physics is captured by our
variational approach. In the stationary limit ¢ — 0, the exact solution of the model
corresponds to the o = 0 Hamiltonian ﬁ¢, and the zero-energy fermion is localized
at the hole site [ = 0 in one of its Majorana fermion components. In the mobile limit
t > 0, this Majorana fermion ¢ is coupled to the neighboring Majorana fermions cq )
by the operator T in Eq. (5.17). Although these couplings are extremely involved
and not even quadratic, they are expected to delocalize the zero-energy fermion in
both of its Majorana fermion components, and their essence is therefore captured by
the additional terms in the p > 0 Hamiltonian H <IZ> We anticipate that this delocaliza-
tion of the zero-energy fermion gives a finite quasiparticle weight Z = [(w|@')|*> > 0
for the exact ¢ > 0 ground state as well.

The most important difference between a generic point of the gapless phase and
the special point considered in this chapter is the dimensionality of the problem: the
ground state of the undoped model is a 2D spin liquid in the first case, while it is a
set of non-interacting 1D spin liquids in the second case. Since the gapless excitations
of the spin liquid have Dirac point nodes in both cases, their density of states at the
smallest energies ¢ — 0 is constant in the 1D case and o ¢ in the 2D case. Recalling
that the potential incoherence of a mobile hole is caused by the strong hybridization
between the hole and the gapless excitations, we expect that the hole must be more
coherent in the 2D case than in the 1D case because the gapless excitations have a
vanishing density of states instead of a constant density of states. Since we find that
a mobile hole is already coherent at the special point (1D case), we anticipate that it

remains coherent at a generic point (2D case).
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Chapter 6

Summary and outlook

In this thesis, we presented a controlled microscopic study of mobile holes in both
the (Abelian) gapped and the gapless phases of the Kitaev honeycomb model. In
the gapped phase, we found that the mobile holes in the doped model have inter-
nal degrees of freedom as they can bind the fractional excitations of the undoped
model and that the resulting hole types with different fractional excitations bound
to them are fundamentally different in terms of their single-particle properties and
their experimental signatures in the multi-particle ground state. In the gapless phase,
we argued by means of a variational approach that a single mobile hole has a finite
quasiparticle weight for any finite hopping amplitude but a vanishing quasiparticle
weight for a vanishing hopping amplitude. We now conclude the thesis with three
suggestions for the future direction of this research.

The interest in quantum spin liquids is in part due to their identification as parent
states of high-temperature superconductors [20]. Indeed, if Cooper pairs are formed
by extra electrons or missing electrons (holes) in a doped quantum spin liquid, the
condensation of these Cooper pairs can lead to superconducting behavior. As dis-
cussed briefly in Sec. 3.1.3, the holes in the gapped phase of the model form bound
pairs if the Coulomb repulsion is strong enough to counteract phase separation but
not strong enough to counteract pair formation. It is then natural to ask what kind
of internal degrees of freedom these hole pairs possess and what their manifestations
are in the superconducting behavior of hole pairs. Importantly, since the question

of superconductivity is also of central importance in the complementary mean-field
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works [70], an exact study of hole pairs could further clarify the relation between the
exact description and the mean-field treatments.

The binding of fractional excitations by mobile holes is interesting in part because
it provides a controlled way of introducing fractional particles into the Abelian gapped
phase of the model and manipulating the resulting quantum state by exploiting the
anyonic statistics of these fractional particles [76]. Importantly, the model has even
more exotic fractional excitations in its non-Abelian gapped phase. Since we believe
that our results obtained for the Abelian gapped phase are applicable for gapped
spin liquids in general, we expect that the fractional excitations can also be bound to
mobile holes in the non-Abelian gapped phase. Nevertheless, it would be interesting
to explore the resulting fractional particles, especially the manifestations of their
non-Abelian anyonic statistics, in more detail.

We argued in Sec. 5.4 that our approximate variational results at the special point
of the gapless phase (1D case) are in fact applicable for the exact ground state at
a generic point of the gapless phase (2D case). However, these arguments could be
substantiated by further research. In particular, we anticipate that the essence of our
calculation in the 1D case can be repeated in the 2D case by concentrating on the
most relevant features and neglecting any unnecessary details. Such an investigation
could verify our expectations that the hole is more coherent in the 2D case than
in the 1D case. Furthermore, alternative approaches complementing our variational
treatment could also be employed. In the 1D case, the linear dispersion of the gapless
fermions naturally lends itself to a bosonization approach, while in general, a con-
tinuum approximation could translate our discrete hopping problem into that of an

appropriately perturbed Dirac equation.
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