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Abstract

This thesis is centred around the development of a family of computationally effi-
cient design methods called ‘oxCaisson’, that can predict the behaviour of suction cais-
son foundations under six degrees-of-freedom loading. These design methods were
developed for applications where timeliness or speed is a crucial factor; hence the term
‘time-critical design methods’.

oxCaisson is based on the Winkler framework, in which the soil response is repre-
sented by Winkler-type soil reactions that are either distributed along the caisson skirt
length or concentrated at the caisson base. These soil reactions were calibrated against
the results of rigorous, three-dimensional finite element (3DFE) analyses, making ox-
Caisson effectively a surrogate model for the 3DFE method.

The design methods developed are hierarchical in nature, where each subsequent
design method builds upon previous ones. First, a design method called ‘oxCaisson-LE’
was developed for a ‘toy problem’, in which the soil was idealised as a homogeneous,
linear elastic material. Then, the assumption of soil stiffness homogeneity is relaxed as
an energy-based design method was developed for non-homogeneous stiffness profiles.
Following that, the assumption of a fully rigid caisson is relaxed as the caisson skirt
is modelled using deformable frame elements, which allows the prediction of flexible
caisson behaviour (i.e. caissons with deformable skirts).

Next, a design method called ‘oxCaisson-NLE’ was developed to predict the cais-
son behaviour in small-strain, non-linear elastic soil. Then, a new elasto-plastic design
method called ‘oxCaisson-LEPP’ was developed to predict the caisson behaviour in lin-
ear elastic, perfectly plastic soil. oxCaisson-LEPP combines the previously developed
linear elastic soil reactions with plastic yield surfaces. To model cohesive soil, the plas-
tic yield surfaces were calibrated against 3DFE analyses using linear elastic, perfectly
plastic soil with a von Mises yield criterion.

Altogether, these design methods allow a rapid turnover of ‘3DFE-approximate’
design evaluations, which is crucial for time-critical applications such as large scale
foundation design optimisation.
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Chapter 1

Introduction

Wind power, which makes use of wind turbines to convert wind currents into electricity,

is one of the most promising sources of renewable energy. It is normally generated in

wind farms, which are groups of wind turbines in the same location. These wind farms

may be built either onshore or offshore, where the former offers the advantages of lower

construction and maintenance costs, while the latter offers the advantages of less aesthetic

impact and steadier and stronger wind.

The cost of offshore wind power has dropped substantially over the past few years. In

2012, the UK government had set a target to bring the cost of offshore wind power down by

a third to £100/MWh by 2020. However, by 2016 (4 years ahead of schedule), the average

cost of offshore wind power had already dropped to £97/MWh (ORE Catapult 2017). The

drop in cost of offshore wind power is primarily driven by economies of scale resulting

from bigger turbines and larger projects. With fewer turbines generating more power, the

costs of installing and maintaining the wind farms are lower.

These offshore wind turbines are usually built on a variety of foundation types, of

which the monopile is most commonly used (WindEurope 2017). Monopiles are large-

diameter steel tubes that are driven or drilled into the soil to transfer loads to the soil.

However, monopile foundations get uneconomically large as the wind turbines get larger

and as the water depth increases. Thus, there is increasing interest in an alternative founda-

tion type that might be more economical for larger wind turbines installed in deep waters

(> 40 m in water depth). This foundation type is a multi-footing structure founded on suc-

tion caissons, such as that shown in Fig. 1.1. A recent deployment of this foundation type

is the ‘suction bucket jacket’ shown in Fig. 1.2, which was installed by Ørsted (formerly

1



1.1. Background

Ground 
Level

Suction Caissons

Jacket

Figure 1.1: A schematic diagram of a multi-footing jacket structure, founded on suction caissons.

DONG Energy) in 2014 at the Borkum Riffgrund 1 wind farm. The suction bucket jacket

consists of a three-legged jacket structure founded on suction caissons. While this founda-

tion type has been in use for many years in the oil and gas industry, this was a first for the

offshore wind industry. Other foundation types for offshore wind turbines include gravity

based foundations, piled jackets, floating foundations etc., and the choice of foundation

depends on many factors such as water depth, soil conditions and turbine size.

1.1 Background

A suction caisson (also known as a suction bucket, bucket foundation or skirted founda-

tion) is a circular ‘inverted bucket’-like foundation. Its key advantage over monopile foun-

dations is its suction-aided installation process. After an initial penetration into the seabed

under its own weight, water trapped inside the caisson is pumped out, which creates a

differential of fluid pressure between the inside and outside of the caisson. This pressure

differential forces the remainder of the caisson into the ground, as shown in Fig. 1.3. An

added advantage is that this process can be reversed to uninstall the caission, making de-

commissioning easy. For installation in sand, the pressure differential also induces seepage

2



1.1. Background

Figure 1.2: The suction bucket jacket structure deployed by Ørsted (formerly DONG Energy) at the Borkum
Riffgrund 1 wind farm. (Source: Ørsted)

flow that reduces the penetration resistance at the tip and along the inner skirt, aiding the

installation process (Houlsby & Byrne 2005b).

Suction caissons are primarily used as anchors for offshore oil and gas structures (Bye

et al. 1995, Byrne & Houlsby 2003, Houlsby, Ibsen & Byrne 2005). However, they are

highly suited for the offshore wind industry for many reasons. First, there is a growing

trend of wind turbines getting larger. This may result in traditional monopile foundations

becoming uneconomically large. Second, as more offshore wind farms move into deeper

waters, the installation costs for monopile foundations may exceed that of caisson-based

foundations. This is because the installation process for suction caissons is much faster

3
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Ground 
Level

Flow
Net Pressure

Figure 1.3: A schematic diagram of the suction-aided installation process of a suction caisson.

and requires less expensive equipment than that for monopile foundations. A caisson-

based foundation can be deployed and installed within a few hours in a single operation,

while a monopile foundation involves multiple operations that could take several days

to complete, which might be exacerbated by weather-related delays (Byrne et al. 2000).

Finally, environmental regulations in some countries (e.g. Germany) restrict the amount of

noise allowable during installation. This is not an issue with suction caissons as the noise

generated during installation is below the maximum allowable noise limits. In contrast,

expensive, specialised equipment is usually needed to reduce the noise generated by the

driving installation process for monopile foundations. This additional equipment cost may

render monopile foundations less economical than caisson-based foundations.

1.1.1 Motivation

Given the favourable outlook for caisson-based foundations in the offshore wind industry,

it is important that suitable design methods are in place to support their deployment in

the years to come. However, the existing design methods for suction caissons are either

accurate but slow, or fast but limited in accuracy (in the sense that they are only accurate

for limited ground profiles and loading conditions). This is not an issue for the oil and gas

industry as suction caissons are typically used for a few one-off structures, where accurate

but slow design methods suffice. Note that accuracy here refers to the correctness of the

solution to the assumed, and usually simplified, model representation of the real world

problem, rather than how well the solution matches reality.
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1.1. Background

However, computational efficiency is a core requirement for the design of a wind farm,

as this is a large scale design problem involving hundreds of foundations. The optimisa-

tion process for a wind farm design (including foundation sizing, wind farm layout etc.)

requires numerous iterations to obtain the optimal design solution. For a large wind farm

project, the set of all feasible design solutions (termed the ‘candidate space’) may be very

large. Thus, the time required to search through the candidate space for the optimal solu-

tion may be impractically long, if the design method for the foundation is slow.

This issue may be mitigated by applying some engineering judgment (e.g. consider

only a small number of the foundation size possibilities) or using some fast but less accu-

rate design methods to reduce the candidate space into a smaller set of shortlisted design

solutions (termed the ‘shortlisted space’). The shortlisted space represents the set of po-

tentially optimal design solutions, which can then be explored using accurate but slow

design methods (such as the three-dimensional finite element (3DFE) method) to obtain

the final optimal design. The risk here is of course the inaccuracy of the judgment or

design methods used in the shortlisting process, which may render the final solution ob-

tained as suboptimal, resulting in lost opportunity costs. Thus, this research is motivated

by the need for fast and accurate design methods to produce large scale, optimal designs

for caisson-based offshore wind farms.

1.1.2 Proposed Solution

A family of computationally efficient design methods for suction caisson foundations called

‘oxCaisson’ is developed. These design methods are highly suited for time-critical appli-

cations such as large scale foundation design optimisation (hence the term ‘time-critical

design methods’). Unlike existing design methods that are fast but limited in accuracy,

oxCaisson is more general and may be used to predict caisson behaviour in most ground

conditions of practical importance (homogeneous, non-homogeneous, multi-layered) and

for the complete six degrees-of-freedom (6DoF) loading. Furthermore, oxCaisson is both

fast and accurate, offering approximately the same level of accuracy as rigorous 3DFE

analyses. This is achieved by calibrating oxCaisson against the results of 3DFE analyses,

making it effectively a surrogate model of the 3DFE method.

The key benefit of oxCaisson is that it is less likely for the true optimal design solution
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Figure 1.4: Potential miss of the true optimal design solution during the design process, due to the lack of
availability of fast and accurate design methods.

to be missed in the shortlisting process (see Fig. 1.4), as the candidate space can be searched

more thoroughly and accurately.

1.2 Design Methods

Definition 1.1 (Limit state) A limit state is a condition beyond which a structure (or part of it)

exceeds a specified design requirement.

In general, the design process for a foundation (post-installation) encompasses satis-

faction of three key limit states: fatigue limit state (FLS), serviceability limit state (SLS)

and ultimate limit state (ULS). FLS corresponds to the cumulative damage in the structure

due to repeated loads, SLS corresponds to the allowable displacement or deformation of the

structure for normal use, and ULS corresponds to the ultimate resistance for carrying loads.

Fig. 1.5 shows an idealised representation of the typical load-displacement behaviour of a

foundation under the various limit states. Under FLS, the foundation behaviour is approx-

imated as being linear elastic, as the applied loads on the foundation are in the lower ends

of the range expected during its lifetime. Under SLS, the foundation behaviour starts ex-

hibiting non-linearity, as the applied loads exceed the linear elastic range. Under ULS, the

foundation reaches its ultimate load capacity and excessive displacements occur.

Analysis of suction caisson foundations in each of the limit states may be accomplished

by various design methods, which range in complexity, accuracy and efficiency. This sec-
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Figure 1.5: Idealised load-displacement behaviour of a foundation under the various limit states (FLS, SLS, ULS).

tion briefly reviews the existing design methods for caissons, before elaborating on the

proposed oxCaisson approach. This review is not exhaustive and is restricted to existing

design methods that can assess the foundation behaviour under FLS, SLS and ULS condi-

tions. Thus, this excludes design methods such as limit analysis, which can only assess

foundation behaviour under ULS conditions (Aubeny et al. 2003, Aubeny & Murff 2005).

1.2.1 Macro-element Model

The macro-element model (also known as the force resultant model) is widely used to de-

scribe the behaviour of shallow foundations, including suction caissons. In this model, the

foundation behaviour is represented purely in terms of the resultant global forces and mo-

ments and the corresponding displacements. No attempt is made to model the elemental

soil-foundation behaviour. Its main advantages are its simplicity (brought about by the

parsimony of the model inputs and outputs), its computational efficiency (due to the small

dimensionality of the model input space) and the ease of coupling with structural analysis

programs. Over the years, elasto-plastic macro-element models for various types of shal-

low foundations (e.g. surface foundations, spudcan foundations) have been developed for

clay (e.g. Martin 1994, Martin & Houlsby 2001) and sand (e.g. Byrne 2000, Houlsby &

Cassidy 2002, Cassidy et al. 2002, 2004, Bienen et al. 2006). Macro-element models have

been proposed by Cassidy et al. (2006) and Foglia et al. (2015) for suction caissons in clay

and sand respectively. The key components of these models are:

1. A yield surface (or failure envelope) to define the maximum allowable load combina-

tions. A hardening law is also usually defined to control the expansion or contraction

of the yield surface.
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2. A flow rule to define the plastic displacements during yielding.

3. A linear elastic stiffness matrix to define the elastic behaviour within the yield surface.

The macro-element model seems to be the ideal model, given its simplicity, efficiency

and ease of coupling with structural analysis programs. However, it does have one key

drawback: it tends to be ‘overfitted’ to the calibration data (which usually use highly ide-

alised soil profiles that may not agree well with real-world soil profiles). While the model

works well for inputs that are similar to that found in the calibration data, it tends to per-

form poorly for model inputs that are significantly different. For example, a macro-element

model that had been calibrated for continuously varying, non-homogeneous soil profiles

may not perform well for multi-layered, non-homogeneous soil profiles (e.g. see the per-

formance of the Doherty et al. (2005) macro-element model in Suryasentana et al. (2017)).

This disadvantage limits the use of macro-element models to selected situations where the

foundation and soil properties are similar to that found in the calibration data.

1.2.2 Winkler Model

The Winkler model is widely used to describe the behaviour of deep foundations. For

example, the p-y and t-z methods (e.g. Kraft et al. 1981, Murchison & O’Neill 1983, API

2002, DNV 2013) are commonly used to predict the behaviour of piles under lateral and

axial loads respectively. The main attractions of the Winkler model are its simplicity and

computational efficiency. This model essentially replaces the soil continuum with a series

of independent ‘springs’ distributed along the foundation length, each of which represents

the local soil reaction. In accordance to the Winkler hypothesis, the local soil reaction is

defined to be a function of only the local soil displacement. For most existing Winkler

models, the function is a non-linear one, where the soil reaction response is similar to that

shown in Fig. 1.5 (i.e. there is a linear component, followed by a non-linear component and

finally, an ultimate limit).

A key advantage of the Winkler model is that it tends to be more general than macro-

element models. In other words, it may be used in a lot more situations than the macro-

element model. Unlike macro-element models, the soil reactions in the Winkler models

can be properly calibrated such that they are approximately decoupled from the founda-

tion properties. In contrast, macro-element models tightly couple the soil and foundation
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properties in their calibrated parameters, as these parameters represent the combined defor-

mation of the soil and foundation. Thus, a macro-element model that is calibrated using a

rigid foundation would not be accurate for assessment of a flexible foundation. In contrast,

a reasonably good approximation of the flexible foundation behaviour can be obtained us-

ing the Winkler model, simply by using appropriate deformable elements to represent the

flexible foundation and leaving the soil reactions unchanged.

Furthermore, as the soil reactions of the Winkler model are calibrated on a local level,

the Winkler model enables local optimisation of the foundation dimensions, such as vary-

ing wall thickness along the monopile foundation length (Kallehave et al. 2015). Another

benefit is that the Winkler model can be applied directly for any arbitrary soil profile,

although the predicted foundation behaviour may depart from its true behaviour in a con-

tinuum as the Winkler hypothesis ignores the interaction between each spring.

A four-spring Winkler model for laterally loaded caisson foundations was introduced

in recent works (Gerolymos & Gazetas 2006a,b,c, Varun et al. 2009), which is similar to the

PISA design method (Byrne et al. 2015, 2017) for laterally loaded monopile foundations

with low length-to-diameter (L/D) ratios. However, this model is not directly applicable

for suction caisson foundations, as it was calibrated using non-skirted, solid caisson foun-

dations. Thus, the deformation of the soil plug within a suction caisson is not accounted for.

At the time of writing, there is no existing Winkler model for suction caisson foundations.

1.2.3 3D Finite Element (3DFE) Method

The 3DFE method is commonly used to study the behaviour of suction caisson foundations

for a variety of problems. For example, it has been used to determine the capacity of suction

caisson foundations in clay and sand (Palix et al. 2010, Vulpe 2015, Achmus et al. 2013), and

to evaluate the caisson behaviour in sand under transient vertical loads (Thieken et al. 2014,

Cerfontaine et al. 2016). The 3DFE method is a versatile and rigorous design method that

can solve complex geotechnical problems not readily tackled by other design methods, such

as assessments of the influence of seepage flow during installation or extraction of suction

caissons in sand (Erbrich & Tjelta 1999, Tran & Randolph 2008, Vásquez et al. 2010, Lehane

et al. 2014). However, it has several disadvantages, such as complexity in setting up the

model and low computational efficiency. Thus, this method is not suitable for time-critical
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Table 1.1: Applicability of the different oxCaisson design methods for the different limit states.

FLS SLS ULS

oxCaisson-LE ! - -

oxCaisson-NLE ! ! -

oxCaisson-LEPP ! ! !

applications such as large scale foundation design optimisation.

1.2.4 oxCaisson

As mentioned earlier, oxCaisson is not a single design method. Instead, it is a family of de-

sign methods, which are all based on the Winkler framework, in which the soil response is

represented by Winkler-type soil reactions that are either distributed along the caisson skirt

length or concentrated at the caisson base. The oxCaisson design methods are hierarchical

in nature, where each subsequent design method builds upon previous ones.

First, a design method called ‘oxCaisson-LE’ was developed for a ‘toy problem’, in

which the soil was idealised as a homogeneous, linear elastic material. Then, the assump-

tion of homogeneous soil stiffness was relaxed as an energy-based design method was de-

veloped for non-homogeneous stiffness profiles. Thereafter, the assumption of a fully rigid

caisson is relaxed as the caisson skirt is modelled using deformable frame elements, which

allows predictions of flexible caisson behaviour (i.e. caissons with deformable skirts).

Next, a design method called ‘oxCaisson-NLE’ was developed to predict the caisson

behaviour in small strain, non-linear elastic soil. Then, a new elasto-plastic design method

called ‘oxCaisson-LEPP’ was developed to predict the caisson behaviour in linear elastic,

perfectly plastic soil. oxCaisson-LEPP combines the previously developed linear elastic soil

reactions with plastic yield surfaces, which were calibrated against 3DFE analyses using

linear elastic, perfectly plastic soil with a von Mises yield criterion.

Table 1.1 shows the limit states for which the aforementioned design methods are

appropriate. Notice how all the design methods are suitable for FLS assessments. This is

because oxCaisson-NLE and oxCaisson-LEPP are extensions of oxCaisson-LE.
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1.3 Limitations

First, this thesis focuses solely on the post-installation behaviour of the suction caisson

foundation. The caisson is ‘wished in place’ and no attempt is made to model the suction

installation process or its effect on the subsequent deformation response. Furthermore, the

suction caisson lid is assumed to be rigid, which may not be true based on recent field

measurements (Shonberg et al. 2017).

Second, previous studies have shown that the suction caisson behaviour under cyclic

lateral (Zhu et al. 2013) and vertical (Kelly et al. 2006, Bienen et al. 2018a,b) loads are critical

design criteria. Some key findings from these studies are that the accumulated settlement

of the caisson increased with the number of cycles and cyclic amplitude, and that tensile

loading is accompanied by large displacements. This suggests that SLS will govern the

design for cyclic loading. However, this thesis is focused on monotonic 6DoF loading and

does not consider the effects of cyclic loading (although oxCaisson-LEPP can be extended

to model cyclic loading). Furthermore, dynamic effects are not considered.

Third, the constitutive models used to describe the soil behaviour may not fully cap-

ture its true behaviour in real life. Instead, these models describe a simplified version of

the true soil behaviour. Furthermore, the analyses in this thesis cover cohesive soils only.

No results were presented for frictional soils. Thus, the soil models used in this thesis may

not apply for all situations. However, it was an intentional choice to not adopt an advanced

soil constitutive model straightaway, but to increase the complexity of the soil model incre-

mentally (starting from the basic linear elastic model), so that the mapping from the 3DFE

model to the oxCaisson model for each additional complexity can be clearly understood.

1.4 Outline

This section gives brief summaries of the remaining chapters of the thesis.

Chapter 2 introduces the Winkler framework upon which the oxCaisson models are based

upon and discusses its numerical implementation.

Chapter 3 derives the linear elastic soil reaction formulations for oxCaisson-LE.

Chapter 4 introduces an energy-based design method for non-homogeneous stiffness.
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Chapter 5 assesses the accuracy of oxCaisson-LE (with deformable skirt elements) in pre-

dicting flexible caisson behaviour in non-homogeneous, linear elastic soil.

Chapter 6 derives the non-linear elastic soil reaction formulations for oxCaisson-NLE.

Chapter 7 assesses various numerical procedures for determining failure envelopes, which

can also be used to determine the soil reaction yield surfaces.

Chapter 8 describes a systematic framework for formulating globally convex failure en-

velopes (or yield surfaces) and thermodynamically consistent plastic potentials.

Chapter 9 derives the formulations of the soil reaction yield surfaces in linear elastic, per-

fectly plastic soil with a von Mises yield criterion (which represents undrained clay).

Chapter 10 describes the use of the oxCaisson design methods in an example case study.

Chapter 11 details the contributions of this thesis and suggests future research directions.

1.5 Software

Unless otherwise stated, all finite element analyses in this thesis were carried out using the

commercial finite element program Abaqus v6.13 (Dassault Systèmes 2014).

1.6 Conventions

The following conventions are used to make the presentation of material clearer.

Vectors are denoted by letters with an arrow on top, such as #‰x or
#‰

X. All vectors are

assumed to be column vectors, unless otherwise stated. Vector components are pre-

sented in square brackets (e.g. #‰x = [x1, x2, x3]ᵀ).

Matrices are denoted by boldface letters, such as k or K.

Normalised variables are denoted by letters with a tilde on top, such as x̃ or X̃. Nor-

malised variables are also dimensionless variables.

Dot products between vectors are denoted interchangeably by the dot product operator ·

or by the standard matrix multiplication notation (i.e. #‰x · #‰y and #‰y ᵀ #‰x are equivalent).

Displacements refer to both translations and rotations.

Loads refer to both forces and moments.
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Chapter 2

Winkler Model

This chapter introduces the Winkler model underlying all the design methods proposed

in this thesis. The basic model is first derived using the principle of virtual work, before

extensions to it are proposed for the different design methods. Finally, the numerical

implementation of the model is discussed in details.

2.1 Introduction

Definition 2.1 (Winkler model) A model conforms to the Winkler hypothesis (Winkler 1867) if

the reactions at any point depend only on the displacements (including rotations) at that point.

The Winkler model is simple and computationally efficient. It may not be universally

useful, but it forms the basis of many commonplace design methods for shallow and deep

foundations. Mechanically, it is analogous to representing the soil volume as independent

springs, which obviously misrepresents the continuum nature of the soil volume. Never-

theless, it remains an excellent basis for modelling due to its simplicity and efficiency.

2.2 Model Definitions

Definition 2.2 (6DoF) Freedom of movement in three-dimensional space, comprising of six dis-

placement components: translations along and rotations about three orthogonal axes.

A Winkler model, called ‘oxCaisson’, is derived for a suction caisson foundation of di-

ameter D and skirt length L under 6DoF kinematics
#‰

S = [Sx, Sy, Sz, Θx, Θy, Θz]
ᵀ as defined

in Fig. 2.1. Work conjugate loads
#‰

P = [Hx, Hy, V, Mx, My, Q]ᵀ are applied onto the caisson

at its reference point (RP), which is defined at the centre of the lid base (see Fig. 2.1a).
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Figure 2.1: (a) Planar view of the caisson foundation and the adopted (b) kinematic and (c) load conventions. For
clarity, the right hand rule applies for the rotations and moments. RP = reference point of the caisson, D = caisson
diameter, L = skirt length, dskirt= skirt thickness, Sx, Sy, Sz (Hx, Hy, V) = translations (applied forces) along the
orthogonal x-y-z axes, Θx, Θy, Θz (Mx, My, Q) = rotations (applied moments) about the same x-y-z axes.

Before any displacement occurs, RP coincides with the origin of the global x-y-z coordinate

system of the model.

Definition 2.3 (Skirt and base cross sections) The skirt cross sections are the horizontal cross

sections along the skirt length, while the base cross section is the horizontal cross section at the base

of the caisson (including the soil plug), as shown in Fig. 2.1a.

There are two types of cross sections defined in oxCaisson: skirt cross section and base

cross section. The local soil reactions acting on the skirt and base cross sections are termed

‘skirt soil reactions’ and ‘base soil reactions’ respectively.
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Figure 2.2: Schematic diagram of a rigid caisson cross section and its (a) kinematic and (b) load conventions. RC
= centre (and reference point) of the cross section, sx, sy, sz (hx, hy, v) = translations (applied forces) along the
local orthogonal x-y-z axes (with the origin at RC), θx, θy, θz (mx, my, q) = rotations (applied moments) about the
same x-y-z axes. Note that the applied forces or moments have units of load per length for the cross sections along
the skirt, and units of load for the base cross section.

Definition 2.4 (Soil reactions) Soil reactions are the resultant forces or moments acting from

the soil on each cross section of the caisson. The application of a soil traction on a cross section

would result in a force (or moment about RC) on that cross section. The skirt soil reactions are

the integration of these forces or moments along the external perimeter of the skirt cross section.

Similarly, the base soil reactions are the integration of these forces or moments across the base cross-

sectional area (including the soil plug). The units for the skirt and base soil reactions are loads per

unit length and loads respectively.

It is assumed that the cross sections of the caisson are in-plane rigid (i.e. no warping.

The possible influence of warping was not investigated in this thesis). Each cross section

has its own local kinematics #‰s = [sx, sy, sz, θx, θy, θz]
ᵀ and loads #‰p = [hx, hy, v, mx, my, q]ᵀ

associated with it, with its centre (RC) acting as the reference point (as shown in Fig. 2.2).

The local loads #‰p correspond to the soil reactions acting on the cross sections. Note that

the positive conventions for the local loads #‰p are opposite to the positive conventions for

the local kinematics #‰s and the x-y-z coordinate system. This is to represent positive-valued

soil reactions acting on the caisson due to positive displacements of the cross section.

To differentiate between the skirt and base soil reactions, the superscripts ‘skirt’ and

‘base’ are applied to the soil reactions #‰p (i.e. #‰p skirt = skirt soil reactions per unit length,

#‰p base = base soil reactions). The skirt soil reactions #‰p skirt = [hskirt
x , hskirt

y , vskirt, mskirt
x , mskirt

y , qskirt]ᵀ

are the distributed forces and moments per unit skirt length, while the base soil reactions

#‰p base = [hbase
x , hbase

y , vbase, mbase
x , mbase

y , qbase]ᵀ are the concentrated forces and moments act-

ing on the base cross section. The skirt soil reactions per unit length are defined in terms

15



2.2. Model Definitions

of the soil tractions
#‰t = [tx, ty, tz]

ᵀ (which follow the force conventions in Fig. 2.2b) as:

hskirt
x =

∫
tx dl

hskirt
y =

∫
ty dl

vskirt =
∫

tz dl

mskirt
x =

∫
ytz dl

mskirt
y =

∫
−xtz dl

qskirt =
∫

xty − ytx dl

(2.1)

where the integrations are evaluated over the external perimeter of the skirt cross section.

Similarly, the base soil reactions can be defined as:

hbase
x =

∫
tx dA

hbase
y =

∫
ty dA

vbase =
∫

tz dA

mbase
x =

∫
ytz dA

mbase
y =

∫
−xtz dA

qbase =
∫

xty − ytx dA

(2.2)

where the integrations are evaluated across the base cross-sectional area.

2.2.1 Fully Rigid Caisson

For a fully rigid caisson, the local kinematics #‰s of each cross section are related to the

global kinematics
#‰

S of the caisson through:

#‰s = J
#‰

S (2.3)

where

J =



1 0 0 0 z 0

0 1 0 −z 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


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2.2.2 Flexible Caisson

A flexible caisson is defined as a suction caisson with a rigid lid, but a deformable skirt

(although it is assumed that its cross sections remain in-plane rigid). For flexible caissons,

Eq. 2.3 does not apply.

2.3 Principle of Virtual Work

The principle of virtual work is used to show the relationships between the global applied

loads
#‰

P and the soil reactions #‰p . Consider an arbitrary point C on the external surface of

the skirt (see Fig. 2.1a). Let its coordinates relative to an arbitrary, fixed origin O and RP be
#   ‰

OC and
#   ‰

PC respectively. Ignoring any caisson deformation, its displacement #‰r = ∆
#   ‰

OC is:

#‰r = ∆
#   ‰

OP + #‰ω × #   ‰

PC

#‰r =


Sx + zΘy − yΘz

Sy + xΘz − zΘx

Sz + yΘx − xΘy


(2.4)

where ∆
#   ‰

OP = [Sx, Sy, Sz]
ᵀ is the translation vector of RP, #‰ω = [Θx, Θy, Θz]

ᵀ is the rotation

vector of RP and
#   ‰

PC = [x, y, z]ᵀ.

Definition 2.5 (Virtual displacement) A virtual displacement of a point is any arbitrary in-

finitesimal change in the position of the point, that is consistent with the constraints imposed onto

its motion. This displacement only needs to be kinematically admissible and need not relate to the

real displacement.

Using Eq. 2.4, the application of a virtual displacement δ
#‰

S at RP results in the following

virtual displacement δ #‰r at point C:

δ #‰r =


δSx + zδΘy − yδΘz

δSy + xδΘz − zδΘx

δSz + yδΘx − xδΘy

 (2.5)

Eq. 2.5 applies for both rigid or flexible caissons, as the applied virtual displacement δ #‰r is

kinematically admissible for both cases.
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The virtual work δWskirt
soil done on the soil continuum (due to the soil tractions interact-

ing with the caisson skirt exterior) is:

δWskirt
soil =

∫
#‰t · δ #‰r dA

δWskirt
soil =

∫ L

0

∫
#‰t · δ #‰r dl dz

δWskirt
soil =

∫ L

0

∫
tx(δSx + zδΘy − yδΘz) + ty(δSy + xδΘz − zδΘx)

+ tz(δSz + yδΘx − xδΘy) dl dz

(2.6)

where the integration is evaluated over the surface area of the caisson skirt exterior.

Substituting Eq. 2.3 into Eq. 2.6 gives:

δWskirt
soil =

∫ L

0

∫
tx(δSx + zδΘy) + tx(−yδΘz) + ty(δSy − zδΘx) + ty(xδΘz)

+ tz(δSz) + tz(yδΘx − xδΘy) dl dz

=
∫ L

0

∫
tx(δsx) + ty(δsy) + tz(δsz)

+ (ytz)δθx + (−xtz)δθy + (xty − ytx)δθz dl dz

(2.7)

Substituting Eq. 2.1 into Eq. 2.7 gives:

δWskirt
soil =

∫ L

0
hskirt

x δsx + hskirt
y δsy + vskirtδsz

+ mskirt
x δθx + mskirt

y δθy + qskirtδθz dz

=
∫ L

0

#‰p skirt · δ #‰s dz

(2.8)

Ignoring any caisson or soil plug deformation, a virtual displacement δ
#‰

S applied at

RP will result in a virtual displacement δ #‰r base at the base cross section. The virtual work

δWbase
soil done on the soil continuum (due to the soil tractions interacting with the base cross

section) is:

δWbase
soil =

∫
#‰t · δ #‰r base dA

=
∫

tx(δSx + LδΘy − yδΘz) + ty(δSy + xδΘz − LδΘx)

+ tz(δSz + yδΘx − xδΘy) dA

(2.9)
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2.3. Principle of Virtual Work

Substituting Eq. 2.3 into Eq. 2.9 gives:

δWbase
soil =

∫
tx(δSx + LδΘy) + tx(−yδΘz) + ty(δSy − LδΘx) + ty(xδΘz)

+ tz(δSz) + tz(yδΘx − xδΘy) dA

=
∫

tx(δsbase
x ) + ty(δsbase

y ) + tz(δsbase
z )

+ (ytz)δθbase
x + (−xtz)δθbase

y + (xty − ytx)δθbase
z dA

(2.10)

Substituting Eq. 2.2 into Eq. 2.10 gives:

δWbase
soil = hbase

x δsbase
x + hbase

y δsbase
y + vbaseδsbase

z

+ mbase
x δθbase

x + mbase
y δθbase

y + qbaseδθbase
z

δWbase
soil = #‰p base · δ #‰s base

(2.11)

Eq. 2.11 applies for rigid and flexible caissons, and for rigid and deformable soil plugs,

as the applied virtual displacement δ #‰r base is kinematically admissible for all cases.

The total external virtual work δWext is the work done by the applied loads
#‰

P at RP

and the total internal virtual work δWint is the sum of δWskirt
soil and δWbase

soil . The principle of

virtual work then requires the total internal work to equal the total external virtual work:

δWint = δWext

( #‰p base · δ #‰s base +
∫ L

0

#‰p skirt · δ #‰s dz) = (
#‰

P · δ #‰

S )

δ
#‰

S ᵀ
(

Jbaseᵀ #‰p base +
∫ L

0
Jᵀ #‰p skirt dz− #‰

P
)
= 0

(2.12)

where

Jbase =



1 0 0 0 L 0

0 1 0 −L 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


Since δ

#‰

S is arbitrary, the expression within the brackets of the last line of Eq. 2.12 must

be zero. Thus, the equilibrium equation of the system is obtained:

#‰

P = Jbaseᵀ #‰p base +
∫ L

0
Jᵀ #‰p skirt dz (2.13)
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RP

Skirt soil 
reactions

Base soil 
reactions

Applied 
loads

L

Figure 2.3: Schematic diagram of oxCaisson, with the skirt soil reactions distributed along the skirt length and the
base soil reactions acting at the base. The skirt and base soil reactions can be any of hx, hy, v, mx, my, q. The 3D
caisson is replaced by a 1D structure representing the centre line (i.e. reference points) of the cross sections.

Definition 2.6 (Global and local stiffness matrices) The global stiffness matrix K is defined

as the instantaneous change in the global applied loads
#‰

P per unit change in global displacements
#‰

S (i.e. K = ∂
#‰
P

∂
#‰

S
). The local stiffness matrix k is defined as the instantaneous change in the local

applied loads #‰p on a cross section per unit change in local displacements #‰s (i.e. k = ∂ #‰p
∂ #‰s ).

Fully Rigid Caisson For a fully rigid caisson, the global stiffness matrix K is:

K =
∂

#‰

P
∂

#‰

S

= Jbaseᵀ ∂ #‰p base

∂ #‰s base
∂ #‰s base

∂
#‰

S
+
∫ L

0
Jᵀ

∂ #‰p skirt

∂ #‰s
∂ #‰s
∂

#‰

S
dz

= Jbaseᵀ ∂ #‰p base

∂ #‰s base Jbase +
∫ L

0
Jᵀ

∂ #‰p skirt

∂ #‰s
J dz

= Jbaseᵀkbase Jbase +
∫ L

0
Jᵀkskirt J dz

(2.14)

where Eq. 2.3 is used to define ∂ #‰s
∂

#‰

S
, and kskirt and kbase are the local stiffness matrices

for the skirt and base soil reactions. Thus, oxCaisson computes the global behaviour of

the caisson with a one-dimensional integration of the soil reactions along the skirt length

(see Fig. 2.3). Despite the one-dimensional nature of oxCaisson, it is still solving a three-

dimensional soil-caisson interaction problem as the three-dimensional soil tractions acting

on each cross-section have been encapsulated within the soil reactions.

Flexible Caisson For a flexible caisson, Eq. 2.14 does not apply as the skirt deformation

has to be accounted for in ∂ #‰s
∂

#‰

S
. Thus, the global stiffness matrix K is computed using the

finite element method, for which the numerical implementation is detailed in Section 2.6.
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2.4. Elastic Winkler Models

2.4 Elastic Winkler Models

2.4.1 Linear Elastic Model (LE)

If #‰p are defined as linear functions of the local displacements #‰s , the caisson will behave

linear elastically. The model with linear elastic #‰p skirt and #‰p base is termed ‘oxCaisson-LE’,

and it is explored further in Chapter 3.

2.4.2 Non-linear Elastic Model (NLE)

If #‰p are defined as explicit, path-independent, non-linear functions of the local displace-

ments #‰s , the caisson will behave non-linear elastically. The model with non-linear elastic

#‰p skirt and #‰p base is termed ‘oxCaisson-NLE’, and it is explored further in Chapter 6.

2.5 Elasto-plastic Winkler Models

The elastic Winkler models described in Section 2.2 cannot easily account for the influence

of combined loading on failure states. Moreover, they are unsuited for cyclic loading, as

they do not capture cyclic loading phenomena such as permanent displacement.

Definition 2.7 (Yield surface) In the context of elasto-plastic Winkler models, a yield surface f is

an n-dimensional hypersurface (where n is the number of soil reaction components i.e. six for 6DoF

loading) in the soil reaction space, that restricts the allowable soil reaction states to within the yield

surface. In other words, f represents the ultimate soil reactions. For soil reaction states within the

yield surface, the model behaviour is linear elastic. For soil reactions states on the yield surface, the

model behaviour is elasto-plastic. Soil reaction states outside the yield surface is inadmissible.

To resolve these shortcomings, an elasto-plastic Winkler model for caissons is devel-

oped. The elasto-plastic Winkler model couples the soil reactions #‰p with yield surfaces

f to restrict the allowable #‰p states. Intuitively, f represents the local yield states of the

soil. When the soil reaction state reaches the yield surface, the soil deforms plastically.

Further displacement causes the soil reaction state to remain on the yield surface, as plastic

displacement accumulates. Soil reaction states outside the yield surface are not allowed.

The standard elasto-plasticity theory, as used in continuum mechanics, describes the

behaviour of the elasto-plastic Winkler model. The main difference is that in continuum

mechanics, the theory is applied in the stress-strain space (i.e. σij, εij) while in the Winkler
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2.5. Elasto-plastic Winkler Models

model, the theory is applied in the soil reactions-displacement space (i.e. #‰p , #‰s ). Most of the

macro-element models described in Chapter 1 are based on the same elasto-plastic theory,

but the theory is applied in the global loads-displacement space (i.e.
#‰

P ,
#‰

S ). A brief review

of this theory, as applied to the Winkler model, is shown below.

2.5.1 Theory of Elasto-plasticity

By convention, the yield surface f ( #‰p ) is defined such that f < 0 represents states inside

the yield surface, f = 0 represents states on the yield surface, and f > 0 represents inad-

missible states outside the yield surface. For soil reaction states inside the yield surface,

the soil response is linear elastic, and the incremental response is given by:

δ #‰p = keδ #‰s (2.15)

where ke is the linear elastic stiffness matrix of the soil reactions.

When the soil reaction states reach the yield surface, elasto-plastic yielding occurs and

plastic displacements accumulate. The total displacement increment δ #‰s can be decom-

posed into elastic #‰s e and plastic #‰s p parts:

δ #‰s = δ #‰s e + δ #‰s p (2.16)

The elastic displacement increment δ #‰s e is determined by the soil reaction increment:

δ #‰s e = ke
−1δ #‰p (2.17)

The plastic displacement increment δ #‰s p is determined by a plastic potential function g( #‰p )

through the flow rule:

δ #‰s p = δλ
∂g
∂ #‰p

(2.18)

which indicates that it is codirectional with the current gradient of g, with magnitude

depending on a non-negative, scalar plastic multiplier δλ. When elasto-plastic behaviour is

occurring, the incremental reaction δ #‰p must remain on the yield surface. This is enforced

(for the case of a non-hardening yield surface) using the consistency condition:

δ f =

(
∂ f
∂ #‰p

)ᵀ
δ #‰p = 0 (2.19)

Substituting Eqs. 2.17 and 2.18 into Eq. 2.16:

δ #‰s = ke
−1δ #‰p + δλ

∂g
∂ #‰p

(2.20)
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2.5. Elasto-plastic Winkler Models

Premultiplying Eq. 2.20 by
(

∂ f
∂ #‰p

)ᵀ
ke:(

∂ f
∂ #‰p

)ᵀ
keδ #‰s =

(
∂ f
∂ #‰p

)ᵀ
δ #‰p + δλ

(
∂ f
∂ #‰p

)ᵀ
ke

∂g
∂ #‰p

(2.21)

Substituting Eq. 2.19 into Eq. 2.21:(
∂ f
∂ #‰p

)ᵀ
keδ #‰s = δλ

(
∂ f
∂ #‰p

)ᵀ
ke

∂g
∂ #‰p

(2.22)

Solving for δλ:

δλ =

(
∂ f
∂ #‰p

)ᵀ
keδ #‰s(

∂ f
∂ #‰p

)ᵀ
ke

∂g
∂ #‰p

(2.23)

Substituting Eq. 2.23 back into Eq. 2.20:

δ #‰s = ke
−1δ #‰p +

∂g
∂ #‰p

(
∂ f
∂ #‰p

)ᵀ
keδ #‰s(

∂ f
∂ #‰p

)ᵀ
ke

∂g
∂ #‰p

(2.24)

Premultiplying Eq. 2.24 by ke:

keδ #‰s = δ #‰p +
ke

∂g
∂ #‰p

(
∂ f
∂ #‰p

)ᵀ
keδ #‰s(

∂ f
∂ #‰p

)ᵀ
ke

∂g
∂ #‰p

(2.25)

Solving for #‰p :

δ #‰p =

ke −
ke

∂g
∂ #‰p

(
∂ f
∂ #‰p

)ᵀ
ke(

∂ f
∂ #‰p

)ᵀ
ke

∂g
∂ #‰p

 δ #‰s

= kepδ #‰s

(2.26)

where kep is the elasto-plastic stiffness matrix of the soil reactions.

If associated flow rule is assumed (i.e. g = f ):

kep = ke −
ke

∂ f
∂ #‰p

(
∂ f
∂ #‰p

)ᵀ
ke(

∂ f
∂ #‰p

)ᵀ
ke

∂ f
∂ #‰p

(2.27)

For a fully rigid caisson, the global stiffness matrix K of the elasto-plastic Winkler model

can be computed using Eq. 2.14, after setting the local stiffness matrices as kskirt
ep and kbase

ep .

2.5.2 Linear Elastic, Perfectly Plastic Model (LEPP)

The model that couples linear elastic soil reactions #‰p skirt and #‰p base with yield surfaces f skirt

and f base is termed ‘oxCaisson-LEPP’, and it is explored further in Chapter 9.
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2.6 Numerical Implementation

This section details the numerical implementation of the aforementioned Winkler models

using the finite element method.

2.6.1 Step 1: Weak Form Formulation

Based on the principle of virtual work, the weak form formulation of the Winkler model

for a flexible caisson (assuming zero body forces) is obtained as follows:

δWint = δWext

δWcaisson + δWskirt
soil + δWbase

soil =
∫ L

0
δ #‰s ᵀ #‰t dz

(2.28)

where δ #‰s is a virtual displacement,
#‰t are external surface tractions and δWcaisson is the

virtual work done by the caisson skirt deformation, which can be computed as:

δWcaisson = δWa
caisson + δWq

caisson + δWb
caisson + δWs

caisson (2.29)

where δWa
caisson, δWq

caisson, δWb
caisson, δWs

caisson are the virtual work done by the axial, tor-

sional, bending and shearing deformation of the caisson skirt (which is assumed to be

linear elastic). Timoshenko beam theory is used to describe bending and shearing be-

haviour of the caisson skirt, while standard structural theory is used to describe its axial

and torsional behaviour. δWa
caisson, δWq

caisson, δWb
caisson, δWs

caisson can be computed as:

δWa
caisson =

∫ L

0

(
∂(δsz)

∂z

)ᵀ
EsAs

∂sz
∂z

dz (2.30)

δWq
caisson =

∫ L

0

(
∂(δθz)

∂z

)ᵀ
Gs Js

∂θz
∂z

dz (2.31)

δWb
caisson =

∫ L

0

(
∂(δθx)

∂z

)ᵀ
Es Is

∂θx
∂z

dz (2.32)

δWs
caisson =

∫ L

0

(
∂(δsy)

∂z
+ δθx

)ᵀ
GsAsκ

(
∂sy

∂z
+ θx

)
dz (2.33)

where Gs and Es are the shear modulus and Young’s modulus of the caisson skirt material

respectively. As = π(Rext
2 − Rint

2), Js = π
2 (Rext

4 − Rint
4), Is = π

4 (Rext
4 − Rint

4) are the

area, polar moment of intertia and second moment of area of the caisson skirt annulus

respectively, where Rext and Rint are the external and internal radii of the annulus. κ is the

Timoshenko shear correction factor, which is taken to be 1+ν
2+ν for an annulus (Hutchinson

2001). δWb
caisson and δWs

caisson may also be defined in terms of θy and sx, by substituting

θy = −θx and sx = sy.
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Ground 
Levelz

Frame
Element

Skirt Soil 
Element

Base Soil 
Lumped Element

Nodes

Figure 2.4: Schematic diagram of a typical finite element mesh of the Winkler model, where two-noded frame
elements (representing the flexible caisson) share the same nodes as two-noded soil elements (representing the skirt
soil reactions). Additionally, the base soil reactions are represented by a lumped element attached to the last node.

2.6.2 Step 2: Discretisation

The one-dimensional problem domain (0 ≤ z ≤ L) is discretised into a mesh of m (unless

otherwise stated, m = 20 for the analyses in this thesis) equally sized two-noded finite

elements. Note that there are two types of two-noded finite elements: frame elements (rep-

resenting the flexible caisson) and skirt soil elements (representing the skirt soil reactions).

As shown in Fig. 2.4, the frame and skirt soil elements share the same nodes. Furthermore,

there is a lumped element (representing the base soil reaction) attached to the deepest node.

2.6.3 Step 3: Approximation

The displacements at the nodes are known as the nodal displacements #‰u . Let #‰u el =

[sx
(1), sy

(1), sz
(1), θx

(1), θy
(1), θz

(1), sx
(2), sy

(2), sz
(2), θx

(2), θy
(2), θz

(2)]ᵀ be a vector containing the

nodal displacements at the two nodes of an element (where the exponent (i) refers to the

nodal displacements at node i). The displacements #‰s el = [sx, sy, sz, θx, θy, θz]
ᵀ at any point

in an element is approximated as an interpolation of the element nodal displacements #‰u el.

For example, the displacement s (which can be the vertical, torsional, lateral or rotational
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displacement) at a point in an element is approximated as:

s = N1u1 + N2u2 (2.34)

where u1, u2 are the element nodal displacements and N1 = 1− ξ, N2 = ξ are linear shape

functions (Hughes 2000, Reddy 2015). ξ is the local coordinate of the element such that the

two element nodes are located at ξ = 0 and ξ = 1 respectively (Astley 1992).

The global coordinate z is approximated using the isoparametric mapping technique,

where the same shape functions that are used to interpolate the nodal displacements are

also used to interpolate the nodal coordinates. Thus, z is related to ξ through:

z = N1z1 + N2z2 (2.35)

where z1, z2 are the global coordinates of the first (shallower) and second element nodes.

The displacement gradient at a point in the element can be approximated as:

∂s
∂ξ

=
∂N1

∂ξ
u1 +

∂N2

∂ξ
u2

= −u1 + u2

(2.36)

or in terms of the global coordinates:

∂s
∂ξ

=
∂s
∂z

∂z
∂ξ

=
∂s
∂z

(z2 − z1)

∴
∂s
∂z

=
1
Le

(−u1 + u2)

(2.37)

where Le = z2 − z1 is the element length.

Combining the above, the displacements #‰s el and displacement gradients ∂ #‰s el
∂z at a point

in an element are:

#‰s el = N #‰u el (2.38)

∂ #‰s el

∂z
=

1
Le

B #‰u el (2.39)
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where

N =



N1 0 0 0 0 0 N2 0 0 0 0 0

0 N1 0 0 0 0 0 N2 0 0 0 0

0 0 N1 0 0 0 0 0 N2 0 0 0

0 0 0 N1 0 0 0 0 0 N2 0 0

0 0 0 0 N1 0 0 0 0 0 N2 0

0 0 0 0 0 N1 0 0 0 0 0 N2



B =



−1 0 0 0 0 0 1 0 0 0 0 0

0 −1 0 0 0 0 0 1 0 0 0 0

0 0 −1 0 0 0 0 0 1 0 0 0

0 0 0 −1 0 0 0 0 0 1 0 0

0 0 0 0 −1 0 0 0 0 0 1 0

0 0 0 0 0 −1 0 0 0 0 0 1


2.6.4 Step 4: Element Virtual Work

Using Eqs. 2.29 to 2.33, the virtual work done by the caisson skirt deformation δWcaisson in

each element can be expressed as:

δWcaisson = Le

∫ 1

0
δ #‰u el

ᵀkcaisson #‰u el dξ (2.40)

where kcaisson = 1
Le

2 BᵀkBB + NᵀkNN + 1
Le

BᵀkBNN + 1
Le

NᵀkNBB

kB =



GsAsκ 0 0 0 0 0

0 GsAsκ 0 0 0 0

0 0 Es As 0 0 0

0 0 0 Es Is 0 0

0 0 0 0 Es Is 0

0 0 0 0 0 Gs Js


kN =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 GsAsκ 0 0

0 0 0 0 GsAsκ 0

0 0 0 0 0 0



kBN =



0 0 0 0 −Gs Asκ 0

0 0 0 GsAsκ 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


kNB =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 Gs Asκ 0 0 0 0

−GsAsκ 0 0 0 0 0

0 0 0 0 0 0


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Substituting Eq. 2.38 into Eqs. 2.8 and 2.11, the virtual work done per element by the

soil reactions is as follows:(
δWskirt

soil

)
elem

= Le

∫ 1

0
δ #‰u el

ᵀNᵀ #‰p skirt dξ (2.41)(
δWbase

soil

)
elem

= δ #‰u baseᵀ #‰p base (2.42)

where #‰u base is the nodal displacement at the deepest node. Similarly, the virtual work done

per element by the external surface tractions is:

Le

∫ 1

0
δ #‰s ᵀel

#‰t dξ = Le

∫ 1

0
δ #‰u el

ᵀNᵀ
#‰t dξ (2.43)

Gaussian Quadrature

For the above virtual work integrations, the Gaussian quadrature scheme with two Gauss

points is used, except for Eq. 2.40 where reduced integration (one Gauss point) is used to

prevent shear locking (Hughes 2000, Reddy 2015).

2.6.5 Step 5: Assembly

Substituting Eqs. 2.40 to 2.43 into Eq. 2.28, the equivalent weak form formulation is:

δ #‰u baseᵀ #‰p base + ∑ δ #‰u el
ᵀLe

∫ 1

0

(
kcaisson #‰u el + Nᵀ #‰p skirt

)
dξ = ∑ δ #‰u el

ᵀLe

∫ 1

0
Nᵀ

#‰t dξ (2.44)

where the summation is taken over all the elements.

By carrying out the summation and assembly, Eq. 2.44 may be simplified into:

δ #‰u sys
ᵀ #‰

F int = δ #‰u sys
ᵀ #‰

F ext

δ #‰u sys
ᵀ
(

#‰

F ext −
#‰

F int

)
= 0

(2.45)

where δ #‰u sys is the virtual system nodal displacements and
#‰

F ext and
#‰

F int are the external

and internal system equivalent nodal forces, which may be computed as follows:

#‰

F int = A

(
#‰p base + ∑ Le

∫ 1

0
kcaisson #‰u el + Nᵀ #‰p skirt dξ

)
(2.46)

#‰

F ext = A

(
∑ Le

∫ 1

0
Nᵀ

#‰t dξ

)
(2.47)

where A is the assembly operator (which assembles the element force vectors into a global

force vector). In this thesis, it is assumed that the external loads are applied at RP (see

Fig. 2.1a), which is defined as the first (shallowest) node. Thus, the components of
#‰

F ext are

set to zeros, except for the components of the first node which are set to
#‰

P .
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Since Eq. 2.45 has to hold for any arbitrary δ #‰u sys, the following must be true:

#‰

F ext −
#‰

F int = 0 (2.48)

2.6.6 Step 6: Solve System

Let
#‰

F res =
#‰

F ext −
#‰

F int be the system residual. Before
#‰

F ext is applied,
#‰

F res = 0. After
#‰

F ext

is applied (either incrementally or entirely), the system is not in equilibrium as
#‰

F res 6= 0.

Taking the Taylor’s series expansion of
#‰

F res in the neighbourhood of
#‰

F res
(j) and ignoring

the second order terms and above, a linearised form of Eq. 2.48 is obtained as follows:

#‰

F res = 0

#‰

F res
(j) +

∂
#‰

F res
∂ #‰u sys

(j)

∆ #‰u sys = 0
(2.49)

where ∆ #‰u sys is the unknown system nodal displacements increment to solve for,
#‰

F res
(j) =

#‰

F ext−
#‰

F int
(j) is the unbalanced system residual and the superscript (j) represents the value

of the corresponding variable at the start of iteration j.

Since
#‰

F ext is independent of #‰u sys:

∂
#‰

F res
∂ #‰u sys

= − ∂
#‰

F int
∂ #‰u sys

(2.50)

Substituting Eq. 2.50 into Eq. 2.49 gives:

#‰

F res
(j) − ∂

#‰

F int
∂ #‰u sys

(j)

∆ #‰u sys = 0

∂
#‰

F int
∂ #‰u sys

(j)

∆ #‰u sys =
#‰

F res
(j)

Ksys
(j)∆ #‰u sys =

#‰

F res
(j)

(2.51)

where Ksys is the system stiffness matrix.

For oxCaisson-LE,
#‰

F ext is applied entirely and Eq. 2.51 can be solved directly in one

iteration. For oxCaisson-NLE or oxCaisson-LEPP,
#‰

F ext is applied in increments and the

Newton-Raphson procedure is used to solve Eq. 2.51 iteratively. The pseudo code for this

procedure is shown in Algorithm 1.

Update Procedures For Soil Reactions

Depending on the Winkler models deployed, different numerical procedures are used to

update the values of #‰p skirt and #‰p base in Eq. 2.46 during the iteration process.
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2.6. Numerical Implementation

Algorithm 1 Newton-Raphson procedure

while
#‰

F ext has not been fully applied do
Add the next increment to

#‰

F ext
while ‖ #‰

F res‖∞ ≥ 10−4‖ #‰

F ext‖∞ do
Compute Ksys

∆ #‰u sys = Ksys
−1 #‰

F res
Apply ∆ #‰u sys to elements
#‰u sys =

#‰u sys + ∆ #‰u sys

Update
#‰

F int
Update

#‰

F res
end while

end while

oxCaisson-LE and oxCaisson-NLE #‰p skirt and #‰p base are computed directly for any given

displacements as they are explicit functions of the displacements.

oxCaisson-LEPP #‰p skirt and #‰p base have to be updated incrementally. Both the implicit

closest point projection method (CPPM) (Simo & Taylor 1985, Huang & Griffiths 2009)

algorithm and the explicit Runge-Kutta (4, 5) algorithm (Dormand & Prince 1980) have

been implemented and can be used to integrate the elasto-plastic incremental relationships

described in Section 2.5.1. By default, the CPPM algorithm is used.

Displacement Boundary Conditions

Displacement boundary conditions may be applied to node i, by replacing the ith row

of Ksys with zeros (except for the ith column which is replaced with 1) and by replacing

the ith row of
#‰

F ext and
#‰

F int to the prescribed displacement value and the current nodal

displacement value at node i respectively.

Rigid Body Constraints

To model a fully rigid caisson where the only degrees of freedom are that of the reference

point RP (see Fig. 2.1a), rigid body constraints are added to the weak form formulation in

Eq. 2.45. These rigid body constraints are defined using a matrix Rsys =
∂ #‰u sys

∂
#‰

S
such that:

#‰u sys = Rsys
#‰

S (2.52)

where the components of Rsys can be determined using Eq. 2.3.
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2.6. Numerical Implementation

Substituting Eq. 2.52 into Eq. 2.45, the updated weak form formulation is obtained:(
Rsysδ

#‰

S
)ᵀ ( #‰

F ext −
#‰

F int

)
= 0

δ
#‰

S ᵀRsys
ᵀ
(

#‰

F ext −
#‰

F int

)
= 0

(2.53)

Since Eq. 2.53 has to hold for any arbitrary δ
#‰

S , the following must be true:

Rsys
ᵀ
(

#‰

F ext −
#‰

F int

)
= 0 (2.54)

Let
#‰

F
rigid
res = Rsys

ᵀ
(

#‰

F ext −
#‰

F int

)
. Following the steps from Eq. 2.49 to 2.51:

#‰

F
rigid
res = 0

#‰

F
rigid
res

(j) +
∂

#‰

F
rigid
res

∂ #‰u sys

(j)

∆ #‰u sys = 0

#‰

F
rigid
res

(j) − Rsys
ᵀ ∂

#‰

F int
∂ #‰u sys

(j) (
Rsys∆

#‰

S
)
= 0

Rsys
ᵀ ∂

#‰

F int
∂ #‰u sys

(j)

Rsys∆
#‰

S =
#‰

F
rigid
res

(j)

(
Rsys

ᵀKsys
(j)Rsys

)
∆

#‰

S =
#‰

F
rigid
res

(j)

Krigid
sys

(j)∆
#‰

S =
#‰

F
rigid
res

(j)

(2.55)

where Krigid
sys = Rsys

ᵀKsysRsys and ∆
#‰

S is the displacement increment of RP to solve for.
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Chapter 3

Linear Elastic Soil

In Chapter 2, the detailed workings of oxCaisson are outlined but the definitions of the

soil reactions #‰p are not addressed. In this chapter, the related work on suction caissons in

linear elastic soil are first described before the formulations of linear elastic #‰p are derived

through calibration against 3DFE analyses of suction caissons in linear elastic soil.

Definition 3.1 (Stiffness Coefficient) A stiffness coefficient is defined to be the ratio of a load

(or load per unit length) to a displacement (which can be a translation or rotation). For example,

KV is the ratio of the global vertical force to the global vertical translation, while kskirt
v is the ratio

of the vertical skirt soil reaction to the vertical translation of the skirt cross section. In the context

of a Winkler model, the stiffness coefficient for a skirt soil reaction, such as kskirt
v , is also known as

‘modulus of subgrade reaction’, ‘subgrade modulus’ or ‘Winkler modulus’ in previous literature.

3.1 Introduction

The global stiffness matrix Ke for a suction caisson in linear elastic soil is known from

previous work (Doherty et al. 2005) as:

#‰

P = Ke
#‰

S (3.1)

where

Ke =



KH 0 0 0 −KCH 0

0 KH 0 KCH 0 0

0 0 KV 0 0 0

0 KCM 0 KM 0 0

−KCM 0 0 0 KM 0

0 0 0 0 0 KQ


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3.1. Introduction

and KV, KQ, KH, KM, KCH, KCM are the global vertical, torsional, lateral, rotational, H-coupling

and M-coupling stiffness coefficients respectively. For linear elastic soil, the H-coupling

and M-coupling stiffness coefficients are identical (i.e. KCH = KCM = KC).

For a fully rigid caisson, these global stiffness coefficients can be related to the local

stiffness coefficients of the soil reactions using Eq. 2.14. The local stiffness matrices for the

skirt and base soil reactions kskirt and kbase are defined as:

#‰p skirt = kskirt #‰s (3.2)

#‰p base = kbase #‰s base (3.3)

where

kskirt =



kskirt
h 0 0 0 −kskirt

ch 0

0 kskirt
h 0 kskirt

ch 0 0

0 0 kskirt
v 0 0 0

0 kskirt
cm 0 kskirt

m 0 0

−kskirt
cm 0 0 0 kskirt

m 0

0 0 0 0 0 kskirt
q



kbase =



kbase
h 0 0 0 −kbase

ch 0

0 kbase
h 0 kbase

ch 0 0

0 0 kbase
v 0 0 0

0 kbase
cm 0 kbase

m 0 0

−kbase
cm 0 0 0 kbase

m 0

0 0 0 0 0 kbase
q


Expanding the terms on the right-hand side of Eq. 2.14 and comparing the components of

K with that of Ke, it can be shown that:

KV =
∫ L

0
kskirt

v dz + kbase
v (3.4)

KQ =
∫ L

0
kskirt

q dz + kbase
q (3.5)

KH =
∫ L

0
kskirt

h dz + kbase
h (3.6)

KM =
∫ L

0

(
kskirt

ch + kskirt
h (−z)

)
(−z) + kskirt

m + kskirt
cm (−z) dz

+
(

kbase
ch + kbase

h (−L)
)
(−L) + kbase

m + kbase
cm (−L)

(3.7)
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3.1. Introduction

KCH =
∫ L

0
kskirt

ch + kskirt
h (−z) dz + kbase

ch + kbase
h (−L) (3.8)

KCM =
∫ L

0
kskirt

cm + kskirt
h (−z) dz + kbase

cm + kbase
h (−L) (3.9)

There currently exists two Winkler models (Gerolymos & Gazetas 2006c, Varun et al.

2009) for caissons in linear elastic soil under lateral and moment loads, which are similar to

the PISA design method for laterally-loaded monopiles (Byrne et al. 2015, 2017). In these

models, there are two distributed soil reactions (lateral force and rotational moment) acting

along the foundation length and two concentrated soil reactions (shear force and rotational

moment) acting on the foundation base. The key difference between each of these Winkler

models is the definition of the soil reactions. Byrne et al. (2015, 2017) compute their soil

reactions directly from the 3DFE local soil stress results, while Gerolymos & Gazetas (2006c)

and Varun et al. (2009) back-calculated their soil reactions from published global stiffness

solutions (Gazetas 1991) and 3DFE global stiffness results respectively.

However, there are some limitations with these existing Winkler models for caissons.

First, they have been calibrated for non-skirted, fully solid caissons. Thus, they may not

be used directly for suction caissons as the deformability of the soil plug has not been

accounted for. Second, they are incomplete as they support only lateral and moment

loads. Third, the adopted soil reactions are not representative of the true soil reactions.

Instead, they are ‘equivalent’ soil reactions that have been back-calculated to match some

target global caisson behaviour. This back-calculation approach is problematic as the back-

calculated soil reactions can change significantly, depending on the assumptions of the

Winkler model. For example, a Winkler model with just lateral soil reactions would lead to

different values compared to one with lateral and rotational soil reactions, given the same

target global caisson behaviour. As shown later in this chapter, this might cause a false

understanding of how the soil interacts with the caisson.

To address the above limitations, a Winkler model for suction caissons under 6DoF

loading is developed in this chapter. To avoid the aforementioned concerns with the back-

calculation approach, the soil reactions are computed directly from the 3DFE local soil

stress results. In general, the proposed methodology can be summarised as:

1. Run 3DFE analyses of a suction caisson under 6DoF loading in linear elastic soil.
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3.2. Methodology

2. Compute the soil reactions directly from the local soil stress results.

3. Use the computed soil reactions to derive the formulations of #‰p in oxCaisson. For

convenience, the calibrated oxCaisson is termed ‘oxCaisson-LE’.

4. Compare the predictions of oxCaisson-LE with the 3DFE results.

3.2 Methodology

This section describes the 3DFE modelling that was performed to calibrate oxCaisson. The

3DFE model consists of a fully rigid suction caisson embedded in homogeneous linear

elastic soil. The caisson diameter D was held constant at unit length, while six skirt lengths

(L/D = 0, 0.125, 0.25, 0.5, 1, 2) and three skirt thickness (dskirt/D = 0.001, 0.005, 0.01) were

analysed. The variation in the skirt thickness is mainly to evaluate the geometry effect,

rather than the stiffness effect (since the caissons are all fully rigid). Note that a suction

caisson with zero skirt length is essentially a circular surface foundation.

3.2.1 Mesh

The mesh domain is set to 100D for both diameter and depth, which was large enough

to avoid boundary effects. Mesh convergence analyses were carried out to determine the

mesh fineness. A representative mesh of the 3DFE model is shown in Fig. 3.1.

3.2.2 Material Properties

The soil was defined as weightless and homogeneous isotropic linear elastic. The Young’s

modulus E of the soil was held constant at 100 MPa, while six Poisson’s ratios (ν =

0, 0.1, 0.2, 0.3, 0.4, 0.49) were analysed. First-order, fully-integrated, linear, brick elements

C3D8 (or C3D8H for ν = 0.49) were assigned to the soil elements. These elements were

found to be adequate as comparisons with analyses using their higher-order (and more

computationally expensive) counterparts (C3D20 or C3D20H) showed insignificant differ-

ences. The caisson was made entirely rigid using rigid body constraints. The reference

point of the caisson was set at RP, as shown in Fig. 2.1a. Contact breaking between the soil

and caisson was prevented using tie constraints at the soil-caisson interface.
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3.2. Methodology

(a)

(b)

Figure 3.1: (a) Oblique view of the full 3DFE model. The depth and diameter of the mesh domain are both 100D.
(b) Plan view of the full 3DFE model, with enlarged partial views of the suction caisson foundation.
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3.2. Methodology

3.2.3 Boundary Conditions

Displacements were fixed in all directions at the bottom of the mesh domain and in the

radial directions on its periphery. Due to symmetry in the lateral forces and rotational

moments, only four displacement modes were required to compute the soil reactions un-

der 6DoF loading. The displacement boundary conditions for these displacement modes,

which are prescribed at RP, are shown in Table 3.1.

Table 3.1: Displacement boundary conditions applied at RP (see Fig. 2.1a) to determine the soil reactions under
6DoF loading. Note that the linear elastic nature of the soil permits any non-zero u0 to be used for the analyses.
For the analyses in this paper, u0 was arbitrarily set to 0.1.

Sx/D Sy/D Sz/D Θx Θy Θz

Rigid Axial Translation 0 0 u0 0 0 0

Rigid Lateral Translation 0 u0 0 0 0 0

Rigid Rotation 0 0 0 u0 0 0

Rigid Torsion 0 0 0 0 0 u0

3.2.4 Validation

To validate the 3DFE model, the 3DFE global stiffness results were compared with previous

work (Doherty et al. 2005). Examples of this comparison are shown in Table 3.2, which

compares the results for a caisson of L/D = 0.5. Overall, there is excellent agreement

between the 3DFE results and those reported by Doherty et al. (2005), with the maximum

deviation being only 3.2%.

3.2.5 Computation of Soil Reactions

To compute the soil reactions from the 3DFE results, the contact nodal forces of the soil

elements adjacent to the caisson are resolved into resultant forces and moments acting on

each cross section. Contact nodal forces refer to nodal forces belonging to nodes at the

interface between the caisson and soil elements (the soil plug is part of the caisson in this

definition). For the skirt soil reactions, the contact nodal forces are from the soil elements in

contact with the external surface of the skirt. For the base soil reactions, the contact nodal

forces are from the soil elements directly below the caisson base, as shown in Fig. 3.2.
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3.2. Methodology

Table 3.2: Comparison of the normalised 3DFE global stiffness results in compressible (ν = 0.2) and nearly
incompressible (ν = 0.49) soil with values reported in previous work (Doherty et al. 2005). The suction caisson
used in this comparison has a skirt length of 0.5D and skirt thickness of 0.005D.

Stiffness ν Doherty et al. (2005) 3DFE Deviation (%)

KV/GD 0.2 3.88 3.94 1.81

KQ/GD3 0.2 2.43 2.45 0.82

KH/GD 0.2 4.55 4.66 2.42

KM/GD3 0.2 2.10 2.14 1.90

KC/GD2 0.2 -1.58 -1.63 3.16

KV/GD 0.49 5.39 5.43 0.74

KQ/GD3 0.49 2.43 2.45 0.82

KH/GD 0.49 5.45 5.56 2.02

KM/GD3 0.49 2.50 2.42 3.20

KC/GD2 0.49 -1.73 -1.73 0.00

For each soil element, the soil tractions are determined from the contact nodal forces

by dividing the total contact nodal force by the contact surface area. This assumes that the

stress within each soil element is constant, which is true if first-order, linear elements are

used in the 3DFE analyses. Thereafter, the skirt and base soil reactions are computed from

the soil tractions using Eqs. 2.1 and 2.2.

The skirt soil reactions represent the distributed forces and moments per metre skirt

length (see Fig. 3.2 for a typical skirt soil reaction resolved from a ‘ring’ of soil elements in

contact with the skirt exterior). The base soil reactions represent concentrated forces and

moments acting on the caisson base.

3.2.6 Change of Variables

To determine the local stiffness coefficients (i.e. the components of ∂ #‰p
∂ #‰s ), the soil reactions

#‰p has to be defined in terms of the local displacements #‰s . However, since #‰p are computed

from analyses corresponding to the global displacements
#‰

S (i.e. the results directly provide

the components of ∂ #‰p
∂

#‰

S
), there is a need to implement a change of variables. This can be
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Ring of Skirt

Soil Elements

Contact nodes

Base Soil Elements

Skirt

Lid

Figure 3.2: Plane view of the soil elements (not drawn to scale), from which the base and skirt soil reactions are
derived from. Observe that the base soil reactions include both the soil response on the skirt tip and on the soil
plug. The grey markers in the figure refer to the contact nodes from which the nodal forces are extracted from.
Note that the ring of skirt soil elements shown in the figure is just one of many rings along the skirt from which
the skirt soil reactions are derived from.

done by using Eq. 2.3 and the chain rule:

∂ #‰p
∂

#‰

S
=

∂ #‰p
∂ #‰s

∂ #‰s
∂

#‰

S
∂ #‰p
∂

#‰

S
=

∂ #‰p
∂ #‰s

J

∴
∂ #‰p
∂ #‰s

=
∂ #‰p
∂

#‰

S
J−1

(3.10)

3.3 Results

The results presented are typically normalised by the soil shear modulus G and the caisson

diameter D as the appropriate length dimension.

3.3.1 Effect of Skirt Thickness

Although 3DFE analyses were carried out for three skirt thickness (dskirt/D = 0.001, 0.005,

0.01), only the results corresponding to one skirt thickness (dskirt/D = 0.005) are presented,

as the effect of skirt thickness is limited. The maximum deviation of the global stiffness

results for the other skirt thicknesses (compared to that of dskirt/D = 0.005) is only 0.81%.

Further analysis indicates negligible effect on the skirt soil reactions and marginal effect on

the base soil reactions, as shown in Fig. 3.3. Thus, for the range of skirt thicknesses analysed

(0.001 ≤ dskirt/D ≤ 0.01), which is also the range expected for most operational caissons,
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Figure 3.3: An example of the limited effect of skirt thickness on the base soil reactions for ν = 0.2.

the skirt and base soil reactions are assumed to be independent of the skirt thickness and

the results corresponding to dskirt/D = 0.005 are considered as representative of this range.

3.3.2 Local Stiffness Coefficients

To determine the local stiffness coefficients, the procedure described in Section 3.2.6 is

applied to the computed soil reactions #‰p . Fig. 3.4 shows the normalised local stiffness co-

efficients, for three skirt lengths (L/D = 0.5, 1, 2). Note the existence of the local coupling

stiffness coefficients (kskirt
ch , kskirt

cm , kbase
ch , kbase

cm ), which are ignored by the existing Winkler mod-

els for caissons (Gerolymos & Gazetas 2006c, Varun et al. 2009).

3.3.3 Idealised Local Stiffness Coefficients

To simplify the formulations of #‰p , the local stiffness coefficients for the skirt soil reactions

were idealised as being either constant or linearly varying with depth, where the former

represent the average stiffness of the skirt soil reactions. Fig. 3.5 compares the idealised

and true normalised local stiffness coefficients for a caisson of L/D = 1, which shows that

the idealisation tends to overestimate and underestimate the true soil reactions at shallow

and deeper depths respectively. Moreover, it can be observed that there is a large increase

in stiffness at the skirt tip depth, which is due to soil stress concentration. From Eqs. 3.4

to 3.6, it is evident that the overestimation and understimation of the idealised stiffness
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Figure 3.4: Profiles of normalised local stiffness coefficients for the skirt and base soil reactions for ν = 0.2 and
dskirt/D = 0.005.
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coefficients tend to cancel out when integrated over the skirt length (this is true only for

a homogeneous elastic half-space). The additional complexity of linearly varying stiffness

is required for kskirt
ch , as a constant idealisation of kskirt

ch will underpredict the KM prediction

using Eq. 3.7. Interestingly, Fig. 3.5e,f show that kskirt
ch 6= kskirt

cm , which is not in line with the

global behaviour where KCH = KCM. This will be discussed later in Section 3.4.

3.3.4 Effects of Caisson Dimensions and Soil Properties

To identify the effects of caisson dimensions and soil properties on the local stiffness coef-

ficients, Figs. 3.6 and 3.7 show the variations of the normalised local stiffness coefficients

for the skirt and base soil reactions with respect to L/D and ν. Note that in Fig. 3.6, each

data point corresponds to the idealised, constant local stiffness coefficients along the skirt

length (except for kskirt
ch , which was idealised as linearly varying with depth). It is clear from

Figs. 3.6 and 3.7 that the (absolute) magnitudes of the local stiffness coefficients tend to de-

crease and ultimately plateau with increasing L/D. Furthermore, they generally increase

with increasing ν (except for kskirt
q , which is independent of ν).

3.3.5 Calibration

Definition 3.2 (Function approximation) Function approximation selects a function ĥ that closely

matches (or approximates) the output of some target function h. The explicit formulation of h is

usually not known, but a finite set of data points generated by h are known. Techniques such as

regression analysis may then be used to identify ĥ using these data points. In this thesis, ĥ is called

an ‘approximating function’.

The objective of the calibration process is to identify functions that can approximate

the local stiffness coefficients shown in Figs. 3.6 and 3.7. This is accomplished by carrying

out function approximation, using the 3DFE local stiffness coefficients as training data.

This process involves two steps:

1. Select a form for the approximating function.

2. Learn the coefficients of the function from the training data.

This process is generally called parametric model learning (Russell & Norvig 2005).

Since there is a multitude of functions that could fit the training data, simpler functional
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Figure 3.5: Profiles of idealised and true normalised local stiffness coefficients for the skirt soil reactions for ν = 0.2,
L/D = 1 and dskirt/D = 0.005.
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Figure 3.6: Variations of the idealised local stiffness coefficients for the skirt soil reactions, with respect to L/D
and ν for dskirt/D = 0.005. All the local stiffness coefficients are idealised as being constant with depth, except

for kskirt
ch /GD = A(z/L) + B, as shown in (e). The dotted lines represent the predictions of the approximating

functions (Eqs. 3.12 to 3.17). Note the non-zero y-axis origin.
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Figure 3.7: Variations of the normalised local stiffness coefficients for the base soil reactions, with respect to L/D
and ν for dskirt/D = 0.005. The dotted lines represent the predictions of the approximating functions (Eqs. 3.20
to 3.25). Note the non-zero y-axis origin.
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forms are favoured over complex ones, to minimise overfitting.

First, the focus is on finding approximating functions for the local stiffness coefficients

for the skirt soil reactions. Surprisingly, a single functional form works well for all:

ĥ1(a1, . . . , a6) = (a1 + a2ν)

(
1−

(a3 + a4ν) L
D

(a5 + a6ν) L
D + 1

)
(3.11)

The unknown parameters (a1, . . . , a6) in Eq. 3.11 were identified by carrying out least

squares (LS) regressions, which produced the following approximating functions:

kskirt
v
G

= ĥ1(10.8, 14.4, 4.2, 5.2, 5, 5.8) (3.12)

kskirt
q

GD2 = ĥ1(10.7, 0, 10.4, 0, 14.9, 0) (3.13)

kskirt
h
G

= ĥ1(23.3, 7.6, 10.5,−8.9, 12.2,−10.5) (3.14)

kskirt
ch

GD
= ĥ1(−170,−20, 360,− 470, 387,−500)

z
L
+ ĥ1(51,−8.7, 71,−80.4, 80.5,−87) (3.15)

kskirt
m

GD2 = ĥ1(3.8, 1.6, 9.55,−3, 13.4,−6.8) (3.16)

kskirt
cm

GD
= ĥ1(−2.4, 8.8, 21,−27.4, 21,−26.5) (3.17)

Fig. 3.6 compares the predictions of Eqs. 3.12 to 3.17 with the 3DFE local stiffness coeffi-

cients. It is evident that the approximating functions closely matches the 3DFE results.

As for the base soil reactions, two functional forms were selected:

ĥ2(k0, a1, a2, a3, a4) = k0

(
1−

(a1 + a2ν) L
D

(a3 + a4ν) L
D + 1

)
(3.18)

ĥ3(k0, a1, a2, a3) = k0 +

(
a1 +

a2

1− ν

)(
1− 1

a3
L
D + 1

)
(3.19)

The parameter k0 in Eqs. 3.18 and 3.19 represents the corresponding stiffness of a rough,

rigid, circular surface foundation on a homogeneous elastic half-space. Table 3.3 shows the

solutions for k0, all of which are analytical solutions except for the coupling stiffness KC,

which was approximated from the 3DFE results in this study.

Similarly, LS regressions were carried out to produce the following approximating
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Table 3.3: Stiffness solutions for a rough (except for KM which is for a smooth foundation), rigid, circular surface
foundation on a homogeneous elastic half-space. All the stiffness solutions are analytical solutions, except for
the coupling stiffness KC, which is approximated from the 3DFE results. Most of the analytical solutions are
conveniently summarised in Poulos & Davis (1974).

Stiffness Formula Source

KV
GD

2 ln(3−4ν)
1−2ν Spence (1968)

KH
GD

4
2−ν Mindlin (1949)

KM
GD3

1
3(1−ν)

Borowicka (1943)

KQ
GD3

2
3 Reissner (1944)

KC
GD2

0.185
1−ν − 0.37 3DFE results (this study)

functions for the local stiffness coefficients for the base soil reactions:

kbase
v

GD
= ĥ2(

2 ln (3− 4ν)

1− 2ν
, 5,−5.5, 9,−9.5) (3.20)

kbase
q

GD3 = ĥ2(
2
3

, 12.2, 0, 28.2, 0) (3.21)

kbase
h

GD
= ĥ2(

4
2− ν

, 5.3, 6.7, 9.6, 8.4) (3.22)

kbase
ch

GD2 = ĥ3(
0.185
1− ν

− 0.37,−0.9,−0.02, 2.7) (3.23)

kbase
m

GD3 = ĥ3(
1

3(1− ν)
, 0.01,−0.15, 12) (3.24)

kbase
cm

GD2 = ĥ3(
0.185
1− ν

− 0.37, 0.52,−0.314, 25.7) (3.25)

Fig. 3.7 compares the predictions of Eqs. 3.20 to 3.25 with the 3DFE local stiffness coeffi-

cients. Evidently, the predictions of the approximating functions agree well with the 3DFE

results. Thus, Eqs. 3.12 to 3.17 define #‰p skirt and Eqs. 3.20 to 3.25 define #‰p base, which com-

plete the definition of oxCaisson for linear elastic soil (i.e. oxCaisson-LE).

3.3.6 Validation

To verify that oxCaisson-LE has been calibrated properly, Fig. 3.8 compares its global stiff-

ness coefficient predictions (using Eqs. 3.4 to 3.9) against the 3DFE results for L/D =

0, 0.125, 0.25, 0.5, 1, 2 and ν = 0, 0.1, 0.2, 0.3, 0.4, 0.49. It is clear that the oxCaisson-LE pre-

dictions agree very well with the 3DFE results. To quantify the prediction errors, Table 3.4

shows the average percentage differences (i.e. 1
n

n
∑

i=1
PDi where PDi = 100(Kpred.(i)/K3DFE(i)−

1) and n is number of data points) and the root-mean-square percentage errors (RMSPE)
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of the global stiffness coefficient predictions. The RMSPE, which is computed as the root-

mean-square of the percentage differences (i.e.

√
1
n

n
∑

i=1
PD2

i ), approximates the average per-

centage deviation of the predictions. Looking at the RMSPE, it is clear that the oxCaisson-

LE predictions for KV, KQ, KH are relatively more accurate than that of KM, KCH, KCM.

On average, the percentage differences are minor, albeit less so for KM, KCH, KCM.

Fig. 3.8d shows that oxCaisson-LE underpredicts KM for L/D = 0 and for higher L/D.

The former is due to the difference between the adopted analytical solution in Table 3.3

and the 3DFE results, while the latter is because kskirt
h has been idealised as being constant

along the skirt. It is clear from Fig. 3.5c that doing so excludes a significant moment contri-

bution from the large lateral soil reaction towards the end of the skirt length. Furthermore,

it is evident from Table 3.4 and Fig 3.8e, f that, unlike the 3DFE results, the oxCaisson-LE

predictions of the coupling stiffness KC are not identical (i.e. KCH 6= KCM). This is an

unfortunate limitation, which is addressed in the next section.

It should be highlighted that the validation process only indicates that the global stiff-

ness is matched for a homogeneous elastic half-space. Fig. 3.5 suggests that this may be

at the expense of overestimating the stiffness contribution of the shallower material and

underestimating the stiffness contribution of the deeper material. This could have implica-

tions for applications to non-homogeneous soils.

Table 3.4: Average percentage differences and RMSPE of the global stiffness coefficients computed by oxCaisson-
LE, relative to the 3DFE results.

Stiffness Avg. Diff (%) RMSPE (%)

KV
pred./KV

3DFE -0.47 2.06

KQ
pred./KQ

3DFE 0.057 0.9

KH
pred./KH

3DFE -0.37 2.62

KM
pred./KM

3DFE -3.96 5.43

KCH
pred./KCH

3DFE -0.98 6.47

KCM
pred./KCM

3DFE -6.50 7.89
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Figure 3.8: Comparison of the global stiffness coefficients computed by oxCaisson-LE (normalised by the 3DFE
results), for L/D = 0, 0.125, 0.25, 0.5, 1, 2 and ν = 0, 0.1, 0.2, 0.3, 0.4, 0.49. Values of 1 represent perfect agreement
between the oxCaisson-LE computations and the 3DFE results.
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3.4 Discussion

oxCaisson-LE was found to be capable of closely reproducing the 3DFE global stiffness

results. However, it was noticed that the oxCaisson-LE predictions for the coupling stiffness

KC were not identical (see Fig 3.8e, f). This violates energy considerations as the coupling

terms for an elastic material with energy potential must be identical. The cause of this is

the lack of symmetry between the local coupling stiffness coefficients for the skirt (compare

Eq. 3.15 with Eq. 3.17) and base (compare Eq. 3.23 with Eq. 3.25) soil reactions. This is

not an artefact of the idealisation process of the skirt soil reactions, as it is evident from

Fig. 3.7e, f (which show the true base soil reactions) that kbase
ch is not identical to kbase

cm

(unless L/D = 0). This reveals a limitation of the Winkler assumption: defining the true

soil reactions in terms of only the local displacements results in energy non-compliant

relationships. To enforce KC symmetry in any arbitrary soil profile (where G may be non-

homogeneous), the constraints kskirt
ch = kskirt

cm and kbase
ch = kbase

cm must be satisfied. This can

be achieved by introducing symmetrical local coupling stiffness coefficients kskirt
c and kbase

c

such that kskirt
c = kskirt

ch = kskirt
cm and kbase

c = kbase
ch = kbase

cm , which will change Eqs. 3.7 to 3.9 to:

KM =
∫ L

0

(
kskirt

h (−z)
)
(−z) + kskirt

m + 2kskirt
c (−z) dz

+
(

kbase
h (−L)

)
(−L) + kbase

m + 2kbase
c (−L)

(3.26)

KC = KCH = KCM =
∫ L

0
kskirt

c + kskirt
h (−z) dz + kbase

c + kbase
h (−L) (3.27)

The symmetrical local coupling stiffness coefficients kskirt
c and kbase

c were determined by

taking the average of the asymmetrical local coupling stiffness coefficients:

kskirt
c = 0.5(kskirt

ch + kskirt
cm ) (3.28)

kbase
c = 0.5(kbase

ch + kbase
cm ) (3.29)

Fig. 3.9 shows the variations of kskirt
c and kbase

c with L/D and ν. Comparing Fig. 3.9

with Figs. 3.6e, f and 3.7e, f, it is evident that the influence of kskirt
ch and kbase

ch dominates. As

for the global stiffness predictions, it is easy to see from Eq. 3.26 that KM will remain un-

changed, while KC will now be the average of KCH and KCM. This results in a better match

with the 3DFE results, as shown in Fig. 3.10. Table 3.5 compares the average percentage

differences and RMSPE of the oxCaisson-LE predictions, with and without the symmetrical
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Figure 3.9: Variations of the average local coupling stiffness coefficients (kskirt
c and kbase

c ) with respect to L/D
and ν for dskirt/D = 0.005. The dotted lines represent the predictions of Eqs. 3.28 and 3.29.

coupling stiffness modifications. The RMSPE of the modified oxCaisson-LE prediction for

KC is now lower than that of oxCaisson-LE (asymm), which refers to the original model

without the symmetrical coupling stiffness modifications.

3.4.1 Comparison with Previous Work

Fig. 3.10 also compares the global stiffness coefficients computed by the existing Winkler

models for caissons (Gerolymos & Gazetas 2006c, Varun et al. 2009) (only for their cali-

brated range of L/D ≥ 0.5) with the 3DFE results. The average percentage differences and

RMSPE of these predictions are also listed in Table 3.5. Since the existing Winkler models

are calibrated for non-skirted, solid caissons, instead of skirted caissons, higher RMSPE are

expected for the predictions of these models.

For KH, the predictions of Gerolymos & Gazetas (2006c) and Varun et al. (2009) are

reasonably good, with RMSPE of 5.10% and 8.97% respectively. For KM, the predictions of

Varun et al. (2009) are satisfactory with RMSPE of 11.43%, but the predictions of Gerolymos

& Gazetas (2006c) are too high, with an average percentage difference of 30.90% and RMSPE

of 67.41%. Fig. 3.10b shows that there is a significant overprediction for L/D = 0.5. The

main source of this overprediction is the kskirt
m stiffness coefficient defined by Gerolymos &

Gazetas (2006c), which tends to infinity as L/D → 0 (see Fig. 3.11b). Lastly, for KC, the

predictions of Gerolymos & Gazetas (2006c) and Varun et al. (2009) were reasonable, with

RMSPE of 9.41% and 10.77% respectively.
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Figure 3.10: Comparison of the global stiffness coefficients (normalised by their 3DFE counterparts) computed
by oxCaisson-LE, oxCaisson-LE (asymm) and the existing Winkler models (Gerolymos & Gazetas 2006c, Varun
et al. 2009), for L/D = 0, 0.125, 0.25, 0.5, 1, 2 and ν = 0, 0.1, 0.2, 0.3, 0.4, 0.49. oxCaisson-LE refers to the up-
dated oxCassion-LE using kskirt

c , kbase
c , while oxCaisson-LE (asymm) refers to the original oxCaisson model using

kskirt
ch , kskirt

cm , kbase
ch , kbase

cm . Note that the predictions of the existing Winkler models were only shown for their calibrated
range of L/D ≥ 0.5.
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Table 3.5: Average percentage differences and RMSPE of the global stiffness coefficients computed by oxCaisson-
LE, oxCaisson-LE (asymm), Gerolymos & Gazetas (2006c) and Varun et al. (2009), relative to the 3DFE results.
oxCaisson-LE (asymm) refers to the original oxCaisson-LE with the asymmetrical local coupling stiffness coefficients,
while oxCaisson-LE refers to the updated version with the symmetrical local coupling stiffness coefficients. For the
symmetrical models (i.e. all except oxCaisson-LE (asymm)), KC = KCH = KCM.

Stiffness Avg. Diff (%) RMSPE (%)

KCH
oxCaisson-LE (asymm)/KCH

3DFE -0.98 6.47

KCM
oxCaisson-LE (asymm)/KCM

3DFE -6.50 7.89

KC
oxCaisson-LE/KC

3DFE -3.74 5.49

KC
Gerolymos/KC

3DFE 6.10 9.41

KC
Varun/KC

3DFE 1.00 10.77

KH
oxCaisson-LE/KH

3DFE -0.37 2.62

KH
Gerolymos/KH

3DFE 0.85 5.10

KH
Varun/KH

3DFE -1.28 8.97

KM
oxCaisson-LE/KM

3DFE -3.96 5.43

KM
Gerolymos/KM

3DFE 30.90 67.41

KM
Varun/KM

3DFE 7.09 11.43

An interesting observation from Figs. 3.6 and 3.7 is that the sensitivity of the local

stiffness coefficients with respect to L/D decreases with increasing L/D. This suggests

that for L/D much greater than 2, these soil reactions may be largely independent of L/D.

This agrees with the Winkler formulations used for the design of long, flexible monopiles

(API 2002, DNV 2013), which are independent of the pile length. Furthermore, the results

in Fig. 3.6a agree with the approach of Kraft et al. (1981) to approximate the base axial

soil reaction for long piles as half of the elastic solution for a rigid punch at the surface.

It should be highlighted that the soil reactions obtained in this study apply as much to

the ‘short’ monopile problem (0.5 ≤ L/D ≤ 2) as they do to the caisson problem. This is

because the soil reactions obtained would be similar if the foundation was modelled as a

plugged open-ended monopile (confirmed by further 3DFE analyses not shown here). The

absence of a lid has negligible effect on the soil response on the skirt exterior or caisson

base, noting that the assumption of a short open-ended monopile being plugged is valid if
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the soil is linear elastic and contact breaking at the soil-pile interface is not allowed.

As mentioned earlier, there are issues with determining soil reactions through back-

calculations. Fig. 3.11 compares the true kskirt
h and kskirt

m soil reactions for ν = 0.2 (approxi-

mated by Eqs. 3.14, and 3.16) with the plane strain solutions of Novak et al. (1978) and those

used in existing Winkler models for laterally-loaded caissons (Gerolymos & Gazetas 2006c,

Varun et al. 2009). Observe how two vastly different kskirt
m values were back-calculated by

Gerolymos & Gazetas (2006c) and Varun et al. (2009) in Fig. 3.11b, even though the same

four soil reactions Winkler framework were adopted in both cases. Interestingly, Fig. 3.11b

shows that the plane strain solution of Novak et al. (1978) is a better match to the true soil

reaction than the back-calculated value from the 3DFE analyses by Varun et al. (2009).

Furthermore, Varun et al. (2009) back-calculated values for kskirt
m and kbase

h that increase

with L/D for L/D ≤ 2 (see Fig. 3.11b, c), which they attributed to ‘trench effect’. It is

evident from Figs. 3.6d and 3.7c that no such increase is happening given the true physics

of the problem. This shows the risk that spurious conclusions may arise from a back-

calculation approach. To highlight this risk, alternative values of kskirt
c and kbase

c are derived

below using the back-calculation approach.

First, assuming that only the global caisson behaviour is known, the back-calculation

approach requires a priori assumptions about the variation of kskirt
c with depth. As there

are only two free equations (Eqs. 3.26 and 3.27) and two unknowns (kskirt
c and kbase

c ), kskirt
c

is assumed to be constant with depth. The integration in Eqs. 3.26 and 3.27 can be carried

out to produce the following system of linear equations: KM − kskirt
h

(
L3

3

)
− kskirt

m (L)− kbase
h

(
L2)− kbase

m

KC + kskirt
h

(
L2

2

)
+ kbase

h (L)

 =

−L2 −2L

L 1


 kskirt

c

kbase
c

 (3.30)

The resultant kskirt
c and kbase

c are shown in Fig. 3.12. Evidently, there is now a larger con-

tribution from the back-calculated kbase
c than the true stiffness coefficients (kbase

ch and kbase
cm )

(compare Fig. 3.12b with Fig. 3.7e, f). Caution should therefore be exercised when trying

to interpret any back-calculated stiffness coefficient. These stiffness coefficients were not

obtained from the governing physics of the problem, but are artificial constructs that vary

depending on the model assumptions. Although the adopted solution of taking the average

of the true local coupling stiffness coefficients is not ideal, the average values agree better

with the true values than the back-calculated values (compare Fig. 3.9b with Fig. 3.7e, f).
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Figure 3.11: Comparison of the true kskirt
h , kskirt

m , kbase
h local stiffness coefficients for ν = 0.2 (approximated by

Eqs. 3.14, 3.16 and 3.22) with the plane strain solution of Novak et al. (1978) and those from existing Winkler
models for laterally-loaded caisson foundations (Gerolymos & Gazetas 2006c, Varun et al. 2009). In spite of the
plane strain assumption, the solution of Novak et al. (1978) is the closest match to the true kskirt

m soil reaction.
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Figure 3.12: Variation of the normalised back-calculated kskirt
c and kbase

c with L/D and ν.

3.4.2 Strengths and Limitations

The key advantage of oxCaisson-LE is its combination of high efficiency and high accuracy.

While the 3DFE model took 36 hours to run 144 analyses to compute all the global stiffness

coefficients shown in Fig. 3.8, oxCaisson-LE took less than a second in total to do the same.

This is a major leap in computational efficiency as it allows a rapid turnover of design

evaluations, which is crucial for many time-critical design jobs such as optimisation of

large scale foundation design.

Nevertheless, oxCaisson-LE has some limitations. In particular, the model has only

been validated for homogeneous elastic soil but real soil profiles tend to be non-homogeneous

or multi-layered. Although oxCaisson-LE may be used with non-homogeneous soil proper-

ties in its current form, the accuracy of its predictions for such input has not been validated.
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Chapter 4

Non-homogeneous, Linear Elastic Soil

Definition 4.1 (Non-homogeneous, linear elastic soil) Non-homogeneous, linear elastic soil

refers to linear elastic soil with a shear modulus that varies with depth z, but is uniform in the

x-y plane. Furthermore, the Poisson’s ratio of the soil is assumed to be uniform everywhere.

In Chapter 3, a model for suction caissons in linear elastic soil, oxCaisson-LE, was de-

veloped and shown to be capable of producing highly efficient and accurate global stiffness

predictions. However, oxCaisson-LE is only validated for homogeneous, linear elastic soil

and its performance in non-homogeneous, linear elastic soil has not been addressed. This is

a significant limitation, as grounds with non-homogeneous shear modulus G are common-

place; even homogeneous deposits of clay or sand have non-homogeneous G that varies

continuously with depth. Empirical studies have shown that the initial shear modulus G0

of soil varies with the mean effective stress p′ (which increases with depth) as follows:

G0

pr
∝
(

p′

pr

)m

(4.1)

where pr is a reference stress (usually taken to be the atmospheric pressure) and m = 0.5

was found to be applicable for most clays (Hardin & Black 1968, Shibuya et al. 1997) and

sands (Hardin & Black 1966, Wroth et al. 1979); some researchers (e.g. Gourvenec 2007)

argue that m = 1 is more suitable for normally consolidated clays.

In this chapter, the previous work on Winkler models in non-homogeneous, linear

elastic soil is reviewed, before an energy-based design method is introduced to improve the

accuracy of oxCaisson-LE in non-homogeneous, linear elastic soil. However, as a circular

surface foundation is a degenerate form of a suction caisson when L/D = 0, the classic

problem of predicting the vertical stiffness of a surface foundation on non-homogeneous,

linear elastic soil is revisited before looking at the general suction caisson problem.
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4.1. Surface Foundations

4.1 Surface Foundations

This section revisits the classic problem of predicting the vertical stiffness of a rigid, cir-

cular surface foundation on linear elastic soil with continuously varying or multi-layered,

piecewise constant shear modulus G. For homogeneous, linear elastic soil, the reference

vertical stiffness solution (Boussinesq 1885, Poulos & Davis 1974) for a smooth, rigid, circu-

lar surface foundation is:

KV =
V
Sz

=
2DG
1− ν

(4.2)

where V is the applied vertical load, Sz is the vertical displacement, D is the foundation

diameter and ν is the Poisson’s ratio of the soil.

4.1.1 Introduction

There has been much research (e.g. Gibson 1967, Carrier & Christian 1973, Kassir &

Chuaprasert 1974, Boswell & Scott 1975, Vrettos 1991, Selvadurai 1996) into the vertical

stiffness problem for rigid circular surface foundations on elastic half-spaces with different

types of non-homogeneity. This chapter does not intend to provide an exhaustive review

of these research, which vary in complexity and rigour, but focuses on the most widely

cited design methods for such problems. One widely cited design method for predicting

the vertical stiffness of a rigid, circular surface foundation on non-homogeneous soil is that

proposed by Mayne & Poulos (1999):

KV =
2D

1− ν
Gmayne (4.3)

where

Gmayne =
1− ν2∫ ∞

0
1
G (σ̃z − 2νσ̃r) dz̃

σ̃z = 1− 1

(1 + (0.5/z̃)2)1.5

σ̃r =
1
2
+ ν− 1 + ν

((0.5/z̃)2 + 1)0.5 +
0.5

((0.5/z̃)2 + 1)1.5

z̃ = z/D

z is the depth below ground level, σ̃z = σz/qz is a normalised stress distribution derived

from the Boussinesq stress distribution (Boussinesq 1885), σ̃r = σr/qz is a normalised stress

distribution derived from the horizontal stress distribution for axisymmetrical, uniform

loading (Poulos & Davis 1974) and qz is the average vertical stress at the soil-foundation
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4.1. Surface Foundations

interface. This design method was derived by assuming that the vertical displacement at

the centre of the foundation base is equal to the integration of the vertical strains directly

beneath it. As Eq. 4.3 is of a different and more general form than that proposed by Mayne

& Poulos (1999), the derivations are included in Appendix A.1 for interested readers.

Another solution to the vertical stiffness problem is found in the field of contact me-

chanics, where Gao et al. (1992) proposed the following design method to predict the

vertical stiffness of a rigid, cylindrical punch on a non-homogeneous elastic half-space:

KV =
2D

1− ν
Ggao (4.4)

where

Ggao =
∫ ∞

0
G

dI0

dz̃
dz̃

I0 =
2
π

arctan(2z̃) +
(1− 2ν)(2z̃) ln

(
1+(2z̃)2

(2z̃)2

)
− (2z̃)

1+(2z̃)2

2π(1− ν)

Eq. 4.4 was derived using a first-order accurate moduli-perturbation method, in which

the displacement and stresses in a non-homogeneous body are determined based on the

known solutions to a reference homogeneous body.

Despite the different derivation methods for Eqs. 4.3 and 4.4, they are quite similar

conceptually (as can be observed from the form of the equations), with both involving a

weighting of the shear modulus profile. However, the weighting methodology in Eqs. 4.3

and 4.4 can be shown to be based on somewhat opposite assumptions. This contradiction

leads to uncertainty for industry practitioners when they use either design method for

vertical stiffness predictions. This is not aided by the fact that there is little guidance in the

design codes (API 2002) on how to predict the vertical stiffness of surface foundations on

non-homogeneous soil.

To address the above uncertainty, the two design methods were interpreted using an

energy-based theoretical framework, which provides a unified basis to compare the two

design methods and allow discovery of their underlying, implicit assumptions. The va-

lidity of these assumptions were then examined by comparing them against the reference

solutions provided by rigorous 3DFE analyses.
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4.1. Surface Foundations

4.1.2 Theoretical Framework

Definition 4.2 (Work-equivalence) Work-equivalence between two half-spaces means that it takes

the same amount of work (or load) to produce the same amount of uniaxial displacement (e.g. vertical

displacement only) on both half-spaces. For linear elastic half-spaces, work-equivalence is synony-

mous with strain energy equivalence.

Assume there exists a non-homogeneous elastic half-space H1. Suppose it is necessary

to find a homogeneous elastic half-space H2 that is equivalent to H1. Two questions arise:

what defines equivalence and what would be the equivalent shear modulus of H2? For

the first question, two half-spaces are defined to be equivalent if they are work-equivalent.

For the second question, an examination of the elastic strain energy of the half-spaces is

required. The elastic strain energy U of a half-space can be calculated as:

U =
∫∫∫

∑
i,j

1
2

σijεij dx dy dz (4.5)

where σij, εij are the stress and strain components of the half-space and the integration is

carried out over the entire volume of the half-space.

Case 1: Stress-based Propositions

From linear elasticity theory, it is known that:

εij =

(1 + ν)σij − νδij ∑
k

σkk

2(1 + ν)G
(4.6)

where δij is the Kronecker delta. Substituting Eq. 4.6 into Eq. 4.5 gives:

U =
∫∫∫

∑
i,j

1
2

σij

 (1 + ν)σij − νδij ∑
k

σkk

2(1 + ν)G

 dx dy dz (4.7)

Since G is assumed to vary with depth only, Eq. 4.7 may be simplified to:

U =
∫ ∞

0

1
G

uσ dz (4.8)

where

uσ =
∫∫

∑
i,j

1
2

σij

 (1 + ν)σij − νδij ∑
k

σkk

2(1 + ν)

 dx dy
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4.1. Surface Foundations

Let U1 and U2 be the elastic strain energy of H1 and H2 respectively:

U1 =
∫ ∞

0

1
G
(uσ)1 dz (4.9)

U2 =
1

Geq

∫ ∞

0
(uσ)2 dz (4.10)

where Geq is the equivalent shear modulus of the homogeneous half-space.

Since H1 and H2 are work-equivalent, U1 = U2:

1
Geq

∫ ∞

0
(uσ)2 dz =

∫ ∞

0

1
G
(uσ)1 dz (4.11)

Proposition 1a
∫ ∞

o uσ dz is equal for any work-equivalent half-space.

Under this proposition,
∫ ∞

o (uσ)1 dz =
∫ ∞

o (uσ)2 dz. Thus, Eq. 4.11 simplifies to:

1
Geq

∫ ∞

0
(uσ)1 dz =

∫ ∞

0

1
G
(uσ)1 dz (4.12)

Without loss of generality, let uσ = (uσ)1. Therefore,

1
Geq

=
∫ ∞

0

1
G

uσ∫ ∞
o uσ dz

dz

=
∫ ∞

0

1
G

wσ dz̃
(4.13)

where

wσ =
uσ∫ ∞

0 uσ dz̃
(4.14)

Proposition 1b wσ is invariant to G.

Under this proposition, there exists a unique wσ for every ν, that can be used to convert

any non-homogeneous half-spaces into work-equivalent homogeneous half-spaces. It can

be observed that wσ is a normalised weight function (that sums up to 1 like a probability

density function) and Geq is simply the weighted average shear modulus after treating the

x-y planes of the half-space like springs in series.

Gmayne in Eq. 4.3 can be manipulated into the form of Eq. 4.13 as follows:

Gmayne =
1− ν2∫ ∞

0
1
G (σ̃z − 2νσ̃r) dz̃

1
Gmayne

=
∫ ∞

0

1
G

wmayne dz̃
(4.15)
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4.1. Surface Foundations

where

wmayne =
σ̃z − 2νσ̃r

1− ν2

1− ν2 =
∫ ∞

0
σ̃z − 2νσ̃r dz̃

It can be observed that wmayne has the same functional form as wσ. This implies that

the design method of Mayne & Poulos (1999) implicitly assumes Propositions 1a and 1b

are approximately true under the work-equivalence framework. Indeed, Mayne & Poulos

(1999) assume in their derivations that the normalised stress distribution is invariant to

changes in G (i.e. it is always ‘Boussinesq-based’). Since the average vertical stress qz is

equivalent for two work-equivalent half-spaces, this implies that (uσ)1 = (uσ)2, which is

a stronger assumption than Proposition 1a (i.e. normalised stress distribution invariance

implies Proposition 1a, but not necessarily the other way round).

Case 2: Strain-based Propositions

From linear elasticity theory, it is also known that:

σij = 2G

(
ν

1− 2ν
δij ∑

k
εkk + εij

)
(4.16)

Substituting Eq. 4.16 into Eq. 4.5, the following expression is obtained:

U =
∫∫∫

∑
i,j

1
2

εij

(
2G

(
ν

1− 2ν
δij ∑

k
εkk + εij

))
dx dy dz (4.17)

Since G is assumed to vary with depth only, Eq. 4.17 may be simplified to:

U =
∫ ∞

0
Guε dz (4.18)

where

uε =
∫∫

∑
i,j

1
2

εij

(
2ν

1− 2ν
δij ∑

k
εkk + 2εij

)
dx dy

The elastic strain energy U1 and U2 can be defined in the following alternative forms:

U1 =
∫ ∞

0
G (uε)1 dz (4.19)

U2 = Geq

∫ ∞

0
(uε)2 dz (4.20)

Since H1 and H2 are work-equivalent, U1 = U2:

Geq

∫ ∞

0
(uε)2 dz =

∫ ∞

0
G (uε)1 dz (4.21)
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Proposition 2a
∫ ∞

o uε dz is equal for any work-equivalent half-space.

Under this proposition,
∫ ∞

o (uε)1 dz =
∫ ∞

o (uε)2 dz. Thus, Eq. 4.21 simplifies to:

Geq

∫ ∞

0
(uε)1 dz =

∫ ∞

0
G (uε)1 dz (4.22)

Without loss of generality, let uε = (uε)1. Therefore,

Geq =
∫ ∞

0
G

uε∫ ∞
o uε dz

dz

Geq =
∫ ∞

0
Gwε dz̃

(4.23)

where

wε =
uε∫ ∞

0 uε dz̃
(4.24)

Proposition 2b wε is invariant to G.

Under this proposition, there exists a unique weight function wε for every ν, that can be

used to convert any non-homogeneous half-spaces into work-equivalent homogeneous half-

spaces. Like wσ, wε is a normalised weight function but Geq is now the weighted average

shear modulus after treating the x-y planes of the half-space like springs in parallel.

Ggao in Eq. 4.4 can be manipulated into the form of Eq. 4.23 as follows:

Ggao =
∫ ∞

0
G

dI0

dz̃
dz̃

=
∫ ∞

0
Gwgao dz̃

(4.25)

where

wgao =
dI0

dz
(4.26)

Like wε, wgao is a normalised weight function that sums up to 1. This implies that the

design method of Gao et al. (1992) implicitly assumes that Propositions 2a and 2b are

approximately true under the work-equivalence framework.

Summary

Finding work-equivalent homogeneous half-spaces involves finding the weighted average

of the shear modulus after treating the x-y planes of the half-space as springs in series (if

wσ invariance is assumed) or springs in parallel (if wε invariance is assumed).
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Figure 4.1: Schematic diagram of a surface foundation bearing on a non-homogeneous elastic half-space (after
Doherty et al. 2005).

Despite the different derivation techniques, it is obvious within this work-equivalence

framework that both design methods belong to the same family of weighted shear modulus

methods, albeit with different ways of applying the weights depending on the assumptions.

To investigate which set of assumptions are more valid, 3DFE analyses of the vertical stiff-

ness problem for a rigid, circular surface foundation on non-homogeneous soil were carried

out and the 3DFE results were used to test the validity of Propositions 1 and 2.

4.1.3 Methodology

This section describes the 3DFE modelling carried out in this study. The 3DFE model

consists of a circular surface foundation of diameter D on non-homogeneous soil with

continuously varying shear modulus (see Fig. 4.1). The same shear modulus profile used

in Doherty et al. (2005) is adopted here:

G = GR

(
2z
D

)α

(4.27)

where α is a factor controlling the rate of increase of the shear modulus with depth (α =

0 represents homogeneous G). This profile was adopted as it is expressive enough to

represent most of the continuously varying shear modulus profiles that exist in real life.

Mesh

The 3DFE mesh used in this study is similar to that used in Chapter 3, except that a half

model was used here due to symmetry of the problem. A typical mesh of the 3DFE model
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4.1. Surface Foundations

Figure 4.2: 3DFE mesh for the computation of the vertical stiffness of a rigid, circular surface foundation.

is shown in Fig. 4.2.

Materials

The soil volume was defined as weightless and linear elastic. Four shear modulus profiles

(α = 0, 0.2, 0.6, 1) and two Poisson’s ratios (ν = 0.2, 0.49) were analysed for the soil. The

variation in G was implemented in Abaqus using a user-defined material model (UMAT).

Boundary Conditions

Displacements were fixed in all directions at the bottom of the mesh domain and in the

radial directions on its periphery. Vertical displacement was prescribed at RP (see Fig. 4.1)

to obtain the applied vertical load, which is used to compute the vertical stiffness.

Validation

To verify that the 3DFE model has been set up correctly, the stiffness predictions were

compared with the results from previous work (Doherty et al. 2005), as shown in Table 4.1.

Overall, the 3DFE results agree fairly well with those reported by Doherty et al. (2005),

except when ν = 0.49. This is because Doherty et al. (2005) used ν = 0.499 in their analyses,

while this study uses ν = 0.49. The results from 3DFE analyses using ν = 0.499 are also
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Table 4.1: Comparison of the normalised 3DFE vertical stiffness predictions with the results of Doherty et al.
(2005).

ν α
KV

GRD (Doherty) KV
GRD (3DFE) Deviation (%)

0.2 0 2.65 2.67 0.75

0.2 0.2 2.5 2.5 0

0.2 0.6 1.63 1.61 1.23

0.2 1 0 0.58 -

0.49 0 4.04 4.04 0

0.49 0.2 4.37 4.26 2.52

0.49 0.6 4.39 3.99 9.11

0.49 1 3.72 2.71 27.15

0.499 0 4.04 4.11 1.73

0.499 0.2 4.37 4.37 0

0.499 0.6 4.39 4.26 2.96

0.499 1 3.72 3.34 10.21

shown in Table 4.1, which shows better agreement with the results of Doherty et al. (2005).

For the case of ν = 0.499 and α = 1, the 3DFE result agrees better than Doherty et al. (2005),

when compared with the analytical solution (Booker et al. 1985) as shown below:

Sz =
3qz

2(2(1 + ν))m
V
Sz

=
2(2(1 + 0.5))

3

(
2GR

D

)(
πD2

4

)
KV

GRD
= π

(4.28)

where m = gradient of the shear modulus profile (i.e. 2GR/D).

4.1.4 Results

Comparison of Stiffness Predictions

To assess the accuracy of the design methods of Mayne & Poulos (1999) and Gao et al.

(1992), a comparison of their normalised stiffness predictions with the 3DFE results are
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Figure 4.3: Comparison of the normalised vertical stiffness predicted by the design methods of Mayne & Poulos
(1999) and Gao et al. (1992) with the 3DFE results.

presented in Fig. 4.3. It can be observed that the predictions of Mayne & Poulos (1999) agree

remarkably well with the 3DFE results, while the predictions of Gao et al. (1992) agree well

with the 3DFE results at low levels of non-homogeneity (i.e. low α) but perform poorly

at higher α. Furthermore, the design method of Gao et al. (1992) surprisingly predicted

increasing stiffness with increasing α, in contrast to the 3DFE trend of decreasing stiffness

with increasing α. To investigate the reason behind the diverging performance of the two

design methods, their underlying assumptions were examined.

Assessment of Propositions 1a and 2a

First, Propositions 1a and 2a were assessed by comparing the values of
∫ ∞

o uσ dz and∫ ∞
o uε dz for different α values. uσ and uε may be directly computed from the stress or

strain components of each soil element in accordance to Eqs. 4.7 and 4.17. However, as the

elastic strain energy for each soil element is available in the 3DFE results, the following

alternative forms of Eqs. 4.8 and 4.18 were used to compute uσ and uε instead:

uσ =
∂U
∂z

G (4.29)

uε =
∂U
∂z

1
G

(4.30)
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where ∂U
∂z can be approximated from the 3DFE results by dividing the sum of the elastic

strain energy of every soil element at a given depth by the height of a soil element at that

depth (every soil element at that depth has the same height as a structured mesh was used).

The values of uσ and uε computed from Eqs. 4.29 and 4.30 cannot be used directly

to assess Propositions 1a and 2a, as these uσ and uε values were not obtained from work-

equivalent half-spaces (notice that the 3DFE stiffness predictions in Fig. 4.3 are different

from one another). Thus, the following transformations had to be applied to compute the

values of uσ for a unit amount of work. By noting that the applied load (and hence the

applied work) is linearly dependent on G for a linear elastic half-space (i.e. U ∝ G):

(uσ)unit =
∂(kU)

∂z
kG

= k2 ∂U
∂z

G
(4.31)

where

k =
1
U

Thus, uσ for a unit work can be obtained by applying a factor of (1/U)2. No transformation

is required for uε, as shown below:

(uε)unit =
∂(kU)

∂z
1

kG

=
∂U
∂z

G
(4.32)

Fig. 4.4 shows the variations
∫ ∞

o uσ dz and
∫ ∞

o uε dz for different α values, where uσ and

uε here refer to the corresponding values for unit work. For clarity, the computed values

are normalised by their corresponding values for the homogeneous case (i.e. α = 0). It can

be observed that
∫ ∞

o uσ dz for unit work does not vary much for different G profiles, while∫ ∞
o uε dz for unit work varies greatly for different G profiles, especially for α = 1 where

the computed
∫ ∞

o uε dz is about 30 times greater than the homogeneous case. Thus, this

suggests that Proposition 1a is approximately true, while Proposition 2a is not.

Assessment of Propositions 1b and 2b

Next, to assess Propositions 1b and 2b, the values of wσ and wε were computed from the

3DFE results in accordance to Eqs. 4.14 and 4.24, and compared for the different G profiles.

68



4.1. Surface Foundations

0.0 0.2 0.4 0.6 0.8 1.0
α

0.0

0.2

0.4

0.6

0.8

1.0
(∫
u σ

dz
)/ (

(∫
u σ

dz
) α

=
0)

ν=0.2
ν=0.49

(a)

0.0 0.2 0.4 0.6 0.8 1.0
α

0

5

10

15

20

25

30

(∫
u ε

dz
)/ (

(∫
u ε

dz
) α

=
0)

ν=0.2
ν=0.49

(b)

Figure 4.4: Comparison of the normalised
∫ ∞

o uσ dz and
∫ ∞

o uε dz computed from 3DFE results for ν = 0.2, 0.49
and α = 0, 0.2, 0.6, 1. Note that α = 0 represents the homogeneous elastic half-space case.

Fig. 4.5 shows the profiles of the computed wσ and wε for different values of α. It is

evident that for different G profiles, wσ stays largely the same, while wε changes signifi-

cantly. This suggests that Proposition 1b is approximately true, while Proposition 2b is not.

Furthermore, wε tends to be concentrated near the surface as α increases, which implies

that the soil deformation is concentrated near the surface for higher α.

For more insights into the two design methods, their weight functions wmayne and wgao

are included in Fig. 4.5 for comparison. It can be observed that wmayne matches wσ (and

wgao matches wε) for α = 0. This explains why the design method of Gao et al. (1992)

predicts increasing stiffness with increasing α, as there is a larger weighting of the higher

shear modulus at greater depths (as α increases) compared to the true weight function,

which results in an overestimated equivalent modulus.

4.1.5 Discussion

The comparison of the vertical stiffness in Fig. 4.3 indicates that the design method pro-

posed by Mayne & Poulos (1999) is more accurate than that of Gao et al. (1992). This is

because the underlying model assumptions of Mayne & Poulos (1999) (Propositions 1a and

1b) were found to be more valid than that of Gao et al. (1992) (Propositions 2a and 2b),

making the design method of Mayne & Poulos (1999) theoretically more realistic. This

highlights the strong interplay between model accuracy and model assumptions.
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Figure 4.5: Comparison of wσ and wε under different α values for (a) ν = 0.2 (b) ν = 0.49. Note that α = 0
represents the homogeneous elastic half-space case.
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4.2 Suction Caisson Foundations

The previous section has shown that there exists a design method (Mayne & Poulos 1999)

that allows accurate vertical stiffness predictions of surface foundations in non-homogeneous

soil. While not explicitly defined as so, the design method involves finding some equiv-

alent, weighted average, homogeneous shear modulus Geq for the non-homogeneous soil.

As will be shown later, the work-equivalence framework described in the previous section

serves as a key tool for improving the accuracy of oxCaisson-LE in non-homogeneous soil.

4.2.1 Introduction

Given the relative novelty of Winkler models for caissons (Gerolymos & Gazetas 2006c,

Varun et al. 2009), there has been limited research exploring the effect of shear modulus

non-homogeneity on the soil reactions. However, there are some related works that looked

at this problem for piles. Guo & Randolph (1996, 1997) derived closed-form solutions

for the soil reactions along the pile shaft for axially and torsionally loaded piles in non-

homogeneous, linear elastic soil with a shear modulus profile similar to Eq. 4.27. The

solutions are explicit functions of the non-homogeneity factor (i.e. α in Eq. 4.27), and

cannot be used for arbitrary, multi-layered soils. Karatzia & Mylonakis (2017) recently

proposed analytical procedures for determining the dynamic stiffness and damping of a

laterally loaded pile in soil exhibiting different types of non-homogeneity with depth.

Poulos (1979) suggested two solutions for dealing with shear modulus non-homogeneity

for axially loaded piles. The first solution involves taking the average G of the influenced

layer and the influencing layer as input into Mindlin’s stress equations (Mindlin 1936). The

second solution involves converting the non-homogeneous soil into a two-layer system.

The first layer is along the pile shaft and has a constant shear modulus equivalent to the

average G along the pile shaft. The second layer is below the pile base and has a constant

shear modulus equivalent to the average G from the base depth to 5D below the base. A

key advantage of these two solutions are that they are general enough to be applicable for

arbitrary, multi-layered soils.

Nevertheless, there are still some gaps in the understanding of the effect of shear mod-

ulus non-homogeneity. Most of the previous works on piles look at just axial and torsional

loading, and it has not been demonstrated that effects found previously for axial and tor-
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sional loading apply for lateral and moment loading too. Moreover, there has been no

research done on the effect of non-homogeneity on the pile base soil reactions. This is

particularly important as the base soil reactions contribute significantly to the overall soil

response on caissons. The design codes (API 2002, DNV 2013) provide little guidance on

the effect of shear modulus non-homogeneity on their recommended Winkler-based design

methods such as the p-y, t-z methods for laterally and axially loaded piles. It is implicitly

assumed that the Winkler soil reactions are dependent only on the local soil properties

and thus, are valid for both homogeneous and non-homogeneous soil. This assumption,

however, has not been validated robustly.

To address the above gaps, 3DFE analyses of suction caisson behaviour under 6DoF

loading in non-homogeneous, linear elastic soil were carried out to establish the effect of

non-homogeneity on the soil reactions. Thereafter, oxCaisson-LE was used in its existing

form to predict the suction caisson behaviour in non-homogeneous soil. As the predic-

tions were found to differ significantly from the 3DFE results, a new design method was

developed to address the inaccuracies.

4.2.2 Methodology

This section describes the 3DFE modelling carried out in this study. The 3DFE model

implemented in this study is the same as that described in Chapter 3, except for the shear

modulus profile of the soil, which now varies with depth in accordance to Eq. 4.27. In

summary, a range of caisson dimensions (L/D = 0, 0.25, 0.5, 1, 2) and soil properties (ν =

0, 0.1, 0.2, 0.3, 0.4, 0.49 and α = 0, 0.2, 0.4, 0.6, 0.8, 1) were assessed in this study. The same

displacements as detailed in Table 3.1 were prescribed at RP (see Fig. 2.1a).

To validate that the 3DFE model has been implemented correctly, Fig. 4.6 compares the

3DFE stiffness results with that of Doherty et al. (2005). Evidently, the 3DFE results agree

very well with the results of Doherty et al. (2005).

4.2.3 Results

Effect of Shear Modulus Non-homogeneity on Local Stiffness Coefficients

Fig. 4.7 shows the local stiffness coefficient profiles for the skirt and base soil reactions for

L/D = 1, ν = 0.2 and α = 0, 0.2, 0.6, 1. To examine the validity of the ‘naive assumption’
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Figure 4.6: Comparison of the global stiffness coefficients (normalised by their homogeneous counterparts) predicted
by the 3DFE model and Doherty et al. (2005) for α = 0.2, 0.6, 1 and ν = 0.2.
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that the Winkler soil reactions are dependent only on the local soil properties, these local

stiffness coefficients were normalised by the local shear modulus Gz. If the naive assump-

tion is approximately true, the normalised local stiffness coefficient profiles for different α

should be close to one another. However, it is clear from Fig. 4.7 that this assumption is

approximately true for only kskirt
q and kbase

q . Comparing the profiles for α = 0 and α = 1, it

can be observed that adopting the naive assumption will underpredict kskirt
v by two-thirds.

The effect of the shear modulus non-homogeneity on the other local stiffness coefficients

are relatively less significant, especially for the coupling stiffness coefficients. This suggests

that the naive assumption will cause the biggest error for the vertical stiffness predictions.

Naive Predictions

Three Winkler models for caissons (oxCaisson-LE, Gerolymos & Gazetas 2006c and Varun

et al. 2009) were used (in their existing forms) to predict the caisson behaviour in non-

homogeneous soil. These predictions shall be referred to as ‘naive predictions’, as the

naive assumption was adopted for the Winkler soil reactions.

Fig. 4.8 compares the naive predictions of the Winkler models with the 3DFE results

for L/D = 0, 0.125, 0.25, 0.5, 1, 2, ν = 0.2 and α = 0, 0.2, 0.6, 1. As expected, the naive

predictions of KQ by oxCaisson-LE agree fairly well with the 3DFE results, while the naive

predictions of KV are most erroneous. The predictions of KH, KM, KC by all the Winkler

models are lower than the 3DFE results, especially for α = 1. Overall, Fig. 4.8 suggests that

the naive assumption is acceptable for predictions of KQ but not for the others. Caution

should therefore be exercised when using these Winkler models in non-homogeneous soil.

4.2.4 Work-Equivalence Framework

Given how poor the naive predictions are in Fig. 4.8, a new design method is proposed

to improve the accuracy of the Winkler model predictions in non-homogeneous soil. This

design method, termed the ‘modulus weighting method’, is based on the work-equivalence

framework described in the Section 4.1. The main principle of the framework is that any

non-homogeneous soil can be converted into a work-equivalent homogeneous soil, if the

stress-based propositions (Propositions 1a and 1b) or strain-based propositions (Proposi-

tions 2a and 2b) are true.
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Figure 4.7: Profiles of the local stiffness coefficients (normalised by the local shear modulus Gz = GR(2z/D)α)
for the skirt and base soil reactions, for L/D = 1, ν = 0.2 and α = 0, 0.2, 0.6, 1.
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Figure 4.8: Comparison of the global stiffness coefficients (normalised by their corresponding stiffness for the
homogeneous soil case) predicted by oxCaisson-LE, Gerolymos & Gazetas (2006c) and Varun et al. (2009) with the
3DFE results, for α = 0.2, 0.6, 1 and ν = 0.2.
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The results of Section 4.1 validated the stress-based propositions for vertical loading

on a surface foundation. This section follows up on those results by assessing the validity

of the stress-based and strain-based propositions for 6DoF loading on suction caissons.

However, there is a notable difference between the assessments carried out in this section

and that in Section 4.1. As there are two soil reaction types (skirt and base soil reactions)

for suction caissons, the propositions were assessed under the independent application of

the skirt and base soil reactions. This was implemented in the 3DFE model by removing

the tie constraints between the caisson skirt exterior and the soil elements in contact with

it or the caisson base (including the soil plug) and the soil elements beneath it. Removal

of the tie constraints means that the untied soil elements would not provide any direct

resistance to the prescribed displacement of the caisson.

Assessment of Propositions 1a and 2a

First, Propositions 1a and 2a were assessed under the application of only the base soil

reactions. Figs. 4.9 and 4.10 compare the resulting
∫ ∞

o uσ dz and
∫ ∞

o uε dz per unit work

under independent applications of vertical, lateral, rotational and torsional displacements,

for L/D = 0, 1, ν = 0.2, 0.49 and α = 0, 0.2, 0.6, 1. For clarity, they are normalised by their

corresponding values for the homogeneous soil case (i.e. α = 0). It is evident that
∫ ∞

o uσ dz

per unit work stays largely the same for different values of L/D, v and α, while
∫ ∞

o uε dz

varies widely; although the variations of
∫ ∞

o uε dz are much less for higher L/D ratios. In

general, the results show that Proposition 1a is more valid than Proposition 2a for the base

soil reactions.

Next, Propositions 1a and 2a were assessed under the application of only the skirt

soil reactions. Like Figs. 4.9 and 4.10, Figs. 4.11 and 4.12 compare the resulting
∫ ∞

o uσ dz

and
∫ ∞

o uε dz per unit work under independent applications of vertical, lateral, rotational

and torsional displacements. The results show that
∫ ∞

o uσ dz generally varies more than∫ ∞
o uε dz for different values of α, although the variations were minor for both cases. This

suggests that Proposition 2a is generally more valid than Proposition 1a for the skirt soil

reactions.
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Figure 4.9: Comparison of the normalised
∫ ∞

o uσ dz due to base soil reactions only, for α = 0, 0.2, 0.6, 1 and
ν = 0.2, 0.49 under the following displacements: (a) Vertical (b) Torsional (c) Lateral (d) Rotational.

Assessment of Propositions 1b and 2b

Figs. 4.13 and 4.14 compare wσ and wε under the application of only the base and skirt soil

reactions respectively, for different L/D and α values. To allow for direct comparisons of

wσ below the caisson base for different L/D values, the results for L/D = 0 are shifted

downwards to start at a depth of L/D = 1. Fig. 4.13 shows that wσ is more invariant to G

than wε, while Fig. 4.14 indicates the opposite. This suggests that Proposition 1b is more

valid than Proposition 2b for the base soil reactions, while Proposition 2b is more valid

than Proposition 1b for the skirt soil reactions.

78



4.2. Suction Caisson Foundations

��� ��� ��� ��� ��	 ���
α

�

�

��

��

��

��

��

(∫
u ε

dz
)/ (

(∫
u ε

dz
) α

=
0)



����������
������

ν=0.2 (L/D=0)
ν=0.2 (L/D=1)
ν=0.49 (L/D=0)
ν=0.49 (L/D=1)

(a)

��� ��� ��� ��� ��	 ���
α

�

�

�

�

�

�

�

(∫
u ε

dz
)/ (

(∫
u ε

dz
) α

=
0)



����������
������

ν=0.2 (L/D=0)
ν=0.2 (L/D=1)
ν=0.49 (L/D=0)
ν=0.49 (L/D=1)

(b)

��� ��� ��� ��� ��� ���
α

�

�

�

�

�

��

��

(∫
u ε

dz
)/ (

(∫
u ε

dz
) α

=
0)

���
�
����	
�������

ν=0.2 (L/D=0)
ν=0.2 (L/D=1)
ν=0.49 (L/D=0)
ν=0.49 (L/D=1)

(c)

��� ��� ��� ��� ��� ���
α

�

�

�

�

�

��

��

��

(∫
u ε

dz
)/ (

(∫
u ε

dz
) α

=
0)

���
�
����	
�������

ν=0.2 (L/D=0)
ν=0.2 (L/D=1)
ν=0.49 (L/D=0)
ν=0.49 (L/D=1)

(d)

Figure 4.10: Comparison of the normalised
∫ ∞

o uε dz due to base soil reactions only, for α = 0, 0.2, 0.6, 1 and
ν = 0.2, 0.49 under the following displacements: (a) Vertical (b) Torsional (c) Lateral (d) Rotational.
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Figure 4.11: Comparison of the normalised
∫ ∞

o uσ dz due to skirt soil reactions only, for α = 0, 0.2, 0.6, 1 and
ν = 0.2, 0.49 under the following displacements: (a) Vertical (b) Torsional (c) Lateral (d) Rotational.

It is assumed that the previous assessments of Propositions 1 and 2 remain true under

the combined application of skirt and base soil reactions. Fig. 4.15 shows the comparisons

of wσ and wε for L/D = 1 under the combined application of the skirt and base soil

reactions. The results suggests that the principle of superposition approximately applies.

In summary, the assessments suggest that the stress-based propositions (Propositions

1a and 1b) apply for the base soil reactions, while the strain-based propositions (Proposi-

tions 2a and 2b) apply for the skirt soil reactions.

In his two-layer solution for axially loaded piles in non-homogeneous soil, Poulos
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Figure 4.12: Comparison of the normalised
∫ ∞

o uε dz due to skirt soil reactions only, for α = 0, 0.2, 0.6, 1 and
ν = 0.2, 0.49 under the following displacements: (a) Vertical (b) Torsional (c) Lateral (d) Rotational.

(1979) implicitly suggests that the practical influence of wε extends to a depth of 5D below

the base depth. This is corroborated by Fig. 4.16, which shows that the influence of wε is

insignificant after that depth. However, the recommendation of uniformly weighting the

shear modulus from the base depth till 5D below it would overestimate the influence of

the deeper layers, resulting in an overestimated, equivalent shear modulus Geq.

4.2.5 Modulus Weighting Method

Now that the propositions of the work-equivalence framework have been assessed for

the skirt and base soil reactions, a new design method, termed the ‘modulus weighting
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Figure 4.13: Comparison of wσ and wε due to base soil reactions only, for L/D = 0, 1, ν = 0.2 and α = 0, 0.2, 0.6, 1
under the following displacements: (a) Vertical (b) Torsional (c) Lateral (d) Rotational. The grey and black lines
correspond to L/D = 0 and L/D = 1 respectively. The thick dashed lines wbase represent the weight functions
used in the modulus weighting method (Eq. 4.35) for the base soil reactions (for L/D = 1).

82



4.2. Suction Caisson Foundations

0 1 2 3 4

wσ

0.0

0.5

1.0

1.5

2.0

2.5

z/
D

ν=0.2

Skirt Soil Reactions

0 1 2 3 4

wε

α=0
α=0.2
α=0.6
α=1
wskirt

(a)

0 1 2 3 4

wσ

0.0

0.5

1.0

1.5

2.0

2.5

z/
D

ν=0.2

Skirt Soil Reactions

0 1 2 3 4

wε

α=0
α=0.2
α=0.6
α=1
wskirt

(b)

0 1 2 3 4

wσ

0.0

0.5

1.0

1.5

2.0

2.5

z/
D

ν=0.2

Skirt Soil Reactions

0 1 2 3 4

wε

α=0
α=0.2
α=0.6
α=1
wskirt

(c)

0 1 2 3 4

wσ

0.0

0.5

1.0

1.5

2.0

2.5

z/
D

ν=0.2

Skirt Soil Reactions

0 1 2 3 4

wε

α=0
α=0.2
α=0.6
α=1
wskirt

(d)

Figure 4.14: Comparison of wσ and wε due to skirt soil reactions only, for L/D = 1, ν = 0.2 and α = 0, 0.2, 0.6, 1
under the following displacements: (a) Vertical (b) Torsional (c) Lateral (d) Rotational. The thick dashed lines
wskirt represent the weight functions used in the modulus weighting method (Eq. 4.36) for the skirt soil reactions
(for L/D = 1). Note that the weight functions may extend beyond the skirt length, as the equivalent shear
modulus may be affected by the soil stiffness below the skirt length. The uniform distribution assumed by Eq. 4.36
underestimates the true weighting at the skirt tip level, but overestimates the true weighting below the skirt tip.
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Figure 4.15: Comparison of wσ and wε under the combined application of the skirt and base soil reactions, for
L/D = 1, ν = 0.2 and α = 0, 0.2, 0.6, 1 for (a) Vertical displacement (b) Torsion (c) Horizontal displacement (d)
Rotation.
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Figure 4.16: Comparison of wσ and wε under the combined application of the skirt and base soil reactions for
vertical displacement, for L/D = 1 and α = 0, 0.2, 0.6, 1 (a) ν = 0.2 (b) ν = 0.49.

method’, is introduced to deal with non-homogeneous soil. This modulus weighting

method is similar to the two-layer solution of Poulos (1979) in that two equivalent, ho-

mogeneous shear modulus Geq are identified: one for the skirt soil reactions and one for

the base soil reactions. However, what differs is the weighting methodology.

Based on the results in the previous section, wε is used to find the equivalent shear

modulus Gskirt
eq for the skirt soil reactions, while wσ is used to find the equivalent shear

modulus Gbase
eq for the base soil reactions. The equations to calculate Gskirt

eq and Gbase
eq are:

Gbase
eq = 1/

(∫ ∞

L/D

1
G

wσ dz̃
)

(4.33)

Gskirt
eq =

∫ ∞

0
Gwε dz̃ (4.34)

where wσ and wε are unknown weight functions. Due to the nature of the weight func-

tions (which reduces in magnitude rapidly when far from the caisson base), numerically

integrating the above equations to a depth of 30D below caisson base is sufficient.

It can be observed from Figs. 4.13 to 4.14 that wσ is exponential below the caisson base,

while wε tends to be uniform along the skirt length. Noting that wσ and wε sums up to 1

like a probability density function, the modulus weighting method adopts the Weibull and

uniform probability density functions to approximate wσ and wε respectively:

ŵσ =


κ
λ

(
z̃−L/D

λ

)κ−1
exp

(
−( z̃−L/D

λ )κ
)

for z̃ ≥ L/D

0 for z̃ < L/D
(4.35)

ŵε =


1
b for 0 ≤ z̃ ≤ b

0 for z̃ < 0 or z̃ > b
(4.36)
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4.2. Suction Caisson Foundations

Table 4.2: Best-fit parameters a1, . . . , a6 in Eqs. 4.38 and 4.39 for each base soil reaction stiffness coefficient.

Stiffness a1 a2 a3 a4 a5 a6

kbase
v 0.265 0.489 27.3 5 0.711 0.914

kbase
q 0.459 0.076 0 0 0.069 0.346

kbase
h 0.269 0.237 -0.049 0.988 0.558 0.68

kbase
m 0.388 0.144 5.10 4.34 0.122 0.549

kbase
c 0.197 0.19 -0.37 1 0 0

where κ > 0 is the shape parameter and λ > 0 is the scale parameter of the Weibull

distribution, and b > 0 is the end boundary of the uniform distribution.

To identify the unknown parameters (κ, λ) in Eq. 4.35, the 3DFE local stiffness coeffi-

cient results for L/D = 0, 0.125, 0.25, 0.5, 1, 2, ν = 0.2, 0.49 and α = 0, 0.2, 0.6, 1 were used

as calibration data for the LS regression. The LS regression was carried out in terms of

the normalised local stiffness coefficients for the base soil reactions (normalised by their

corresponding values for the homogeneous soil case):

χbase

χbase
homo

=
Gbase

eq f base
k (L, D, ν)

GR f base
k (L, D, ν)

=
1/
(∫ ∞

0
1

GR(2z̃)α ŵσ dz̃
)

GR

= 1/
(∫ ∞

0

1
(2z̃)α

ŵσ dz̃
)

(4.37)

where Eq. 4.33 was used to evaluate Gbase
eq , χbase can be any base soil reaction stiffness coef-

ficient (e.g. kbase
v ) and f base

k is its corresponding normalised stiffness function (e.g. Eq. 3.20).

The best-fit κ, λ in Eq. 4.35 were identified by carrying out LS regression between the left

hand side (i.e. 3DFE results) and right-hand side (i.e. predictions) of Eq. 4.37. Based on the

regression results, the following approximating functions for κ and λ were obtained:

κ̂ = 1 + a1exp(−1000L/D) (4.38)

λ̂ = a2 + a3νa4 + a5(L/D)a6 (4.39)

where the best-fit a1, . . . , a6 for each base soil reaction stiffness coefficient are listed in

Table 4.2.
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4.2. Suction Caisson Foundations

Table 4.3: Best-fit parameters a1, a2, a3 in Eq. 4.41 for each skirt soil reaction stiffness coefficient.

Stiffness a1 a2 a3

kskirt
v 2.28 0.272 0.720

kskirt
q 1.18 0 0.877

kskirt
h 1.77 0 0.791

kskirt
m 1.44 0.23 0.8

A similar process was followed to compute the best-fit b in Eq. 4.36 for the skirt soil

reactions. For example:

χskirt

χskirt
homo

=
Gskirt

eq f skirt
k (L, D, ν)

GR f skirt
k (L, D, ν)

=

∫ ∞
0 GR(2z̃)αŵε dz̃

GR

=
∫ ∞

0
(2z̃)αŵε dz̃

(4.40)

where Eq. 4.34 was used to evaluate Gskirt
eq , χskirt can be any skirt soil reaction stiffness

coefficient (except kskirt
c ) and f skirt

k is its corresponding normalised stiffness function (e.g.

Eq. 3.12).

The best-fit b in Eq. 4.36 were identified by carrying out LS regression between the left

hand side (i.e. 3DFE results) and right-hand side (i.e. predictions) of Eq. 4.40. Based on the

regression results, the following approximating function for b was obtained:

b̂ = (a1 + a2ν)(L/D)a3 (4.41)

where the best-fit a1, . . . , a3 for each skirt soil reaction stiffness coefficient are listed in

Table 4.3.

To visualise what the numbers in Tables 4.2 and 4.3 represent, the resultant wbase and

wskirt using these numbers are included in Figs. 4.13 and 4.14 for L/D = 1. Evidently, wbase

and wskirt are somewhat crude approximations of the true wσ and wε. For example, the

uniform distribution assumed by Eq. 4.36 tends to underestimate the true weighting at the

skirt tip level, but overestimate the true weighting at depths below the skirt tip. However,

they still match the salient features of the distribution.
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4.2. Suction Caisson Foundations

Non-homogeneity Factors

Using a constant Gskirt
eq implies that the skirt soil reactions are constant along the skirt,

which is not true for non-homogeneous soil. Thus, constant, non-homogeneity factors

ηskirt were derived for the skirt soil reactions, such that the work done by the factored skirt

reactions is equal to the work done when Gskirt
eq is applied i.e.

1
2

Gskirt
eq

∫ L/D

0
f skirt
k (L, D, ν)(∆s)2 dz̃ =

1
2

∫ L/D

0
ηskirtG f skirt

k (L, D, ν)(∆s)2 dz̃

∴ ηskirt = Gskirt
eq

∫ L/D
0 f skirt

k (L, D, ν) dz̃∫ L/D
0 G f skirt

k (L, D, ν) dz̃

(4.42)

where ∆s is the work conjugate displacement (e.g. vertical displacement for kskirt
v ).

As f skirt
k does not vary with depth (except for kskirt

c ), Eq. 4.42 simplifies to:

ηskirt = Gskirt
eq

f skirt
k (L, D, ν)

∫ L/D
0 dz̃

f skirt
k (L, D, ν)

∫ L/D
0 G dz̃

=
Gskirt

eq

Gsk

(4.43)

where Gsk is the average shear modulus along the skirt length.

Therefore, by applying ηskirt to the local shear modulus (i.e. use Gfac(z) = ηskirtG(z))

and using the factored local shear modulus to predict the skirt soil reactions at depth z, the

skirt soil reactions in non-homogeneous soil are obtained. This can be directly observed

from Fig. 4.17, which shows that the factored stiffness profiles converge to the profile cor-

responding to the homogeneous soil case. Note that ηskirt = 1 for kskirt
c as there is no wε

defined for it in Table 4.3. This is because no sensible wε could be obtained for it during

the regression analysis. Thus, the local G is used for kskirt
c .

Summary

The modulus weighting method involves the following steps:

1. Calculate non-homogeneity factors ηskirt for the skirt soil reactions, where ηskirt =

Gskirt
eq /Gsk. Gskirt

eq can be computed using Eqs. 4.34, 4.36, 4.41 and Table 4.3. Gsk is the

average shear modulus along the skirt length. Let ηskirt = 1 for kskirt
c .

2. Calculate the equivalent shear modulus Gbase
eq for the base soil reactions, where Gbase

eq

can be computed using Eqs. 4.33, 4.35, 4.38, 4.39 and Table 4.2.
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Figure 4.17: Comparison of the vertical and lateral skirt soil reaction stiffness profiles, normalised by the local
shear modulus Gz = GR(2z̃)α, for L/D = 1, ν = 0.2 and α = 0, 0.2, 0.6, 1. The factored profiles are the results of

normalising the stiffness profiles by the factored local shear modulus Gfac = ηskirtGz.

3. Predict the skirt soil reactions using Eqs. 3.12 to 3.17 with the factored local shear

modulus (i.e. Gfac(z) = ηskirtG(z)).

4. Predict the base soil reactions using Eqs. 3.20 to 3.25 with Gbase
eq .

Validation

To validate the modulus weighting method, Fig. 4.18 updates Fig. 4.8 by replacing the naive

predictions with the weighted predictions using the modulus weighting method. Clearly,

the weighted predictions are huge improvements over the naive predictions. There is some

overestimation for KM and KC at higher α but overall, the modulus weighting method works

very well. Notably, the modulus weighting method not only improves the predictions of

oxCaisson-LE, but also that of Gerolymos & Gazetas (2006c) and Varun et al. (2009).

Next, oxCaisson-LE was tested in multi-layered soil. The modulus weighting method

for a surface foundation on multi-layered soil has been considered by Suryasentana et al.

(2017) with positive results. This study looks at the performance of the modulus weight-

ing method for suction caissons in a three-layer system, similar to that used in Poulos

(1979). The Young’s modulus profile of this three-layer system is shown in Table 4.4 and

three cases were evaluated in total. Fig. 4.19 compares the naive and weighted stiffness

predictions of oxCaisson-LE with the 3DFE results for a caisson of L/D = 1. The modulus

weighting method improves the accuracy of KV, KQ, KH, but not for KM and KC. This is cor-
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Figure 4.18: Comparison of the global stiffness coefficients (normalised by their corresponding stiffness for the
homogeneous soil case) predicted by oxCaisson-LE, Gerolymos & Gazetas (2006c) and Varun et al. (2009) (using
the modulus weighting method) with the 3DFE results, for α = 0.2, 0.6, 1 and ν = 0.2.
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4.2. Suction Caisson Foundations

Table 4.4: Young’s Modulus profiles for a three-layer, non-homogeneous soil system, where ER = 100 MPa is the
reference Young’s Modulus.

Depth Case 1 Case 2 Case 3

0 ≤ z/L ≤ 0.3 1ER 4ER 2ER

0.3 < z/L ≤ 0.7 2ER 2ER 1ER

z/L > 0.7 4ER 1ER 4ER

roborated by Table 4.5, which shows that the RMSPE of the stiffness predictions decrease

for KV, KQ, KH after the modulus weighting method is used, but not for KM and KC. Nev-

ertheless, the predictions of oxCaisson-LE (with the modulus weighting method) generally

agree well with the 3DFE results.

Table 4.5: Average percentage differences and RMSPE of the global stiffness coefficients predicted by oxCaisson-LE
(naive and weighted) relative to the 3DFE results, for a three-layer, non-homogeneous soil system as per Table 4.4.

Naive Predictions Weighted Predictions

Stiffness Avg. Diff (%) RMSPE (%) Avg. Diff (%) RMSPE (%)

KV
pred./KV

3DFE 5.59 38.42 4.87 8.67

KQ
pred./KQ

3DFE -4.88 13.37 -2.28 4.84

KH
pred./KH

3DFE -3.10 26.18 -0.01 2.45

KM
pred./KM

3DFE -2.50 2.72 0.77 12.25

KC
pred./KC

3DFE -13.98 16.93 -11.27 30.09

4.2.6 Discussion

The results in the previous section have shown that the modulus weighting method works

reasonably well for non-homogeneous linear elastic soil with continuously varying or

multi-layered, piecewise constant shear modulus profiles. A key advantage of the mod-

ulus weighting method is its transferability. Unlike other solutions for dealing with non-

homogeneous soil (e.g. Guo & Randolph 1996, 1997), the modulus weighting method is not

tightly coupled to oxCaisson-LE and can be easily used with other Winkler models with

good effect, as shown in Fig. 4.18.
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Figure 4.19: Comparison of the global stiffness coefficients computed by oxCaisson-LE (normalised by the 3DFE
results), for a suction caisson of L/D = 1 in a three-layer, non-homogeneous system as per Table 4.4. The grey and
white symbols represent the oxCaisson-LE predictions, with and without the application of the modulus weighting
method respectively.
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Chapter 5

Flexible Caisson Behaviour

In Chapters 3 and 4, oxCaisson-LE has been shown to be capable of approximating the

3DFE results for a fully rigid caisson. However, a fully rigid suction caisson is an idealised

representation of an actual suction caisson, where the skirt is highly deformable. In this

chapter, the set of linear elastic soil reactions derived in Chapters 3 and 4 are used to

represent the soil reactions acting on a flexible caisson, which is defined as a suction caisson

with a deformable skirt. The predictions of oxCaisson-LE with deformable skirt elements

are then compared with published results for a flexible caisson in linear elastic soil.

5.1 Introduction

In previous numerical studies involving suction caissons (Bransby & Yun 2009, Hung &

Kim 2014, Vulpe 2015, Mehravar et al. 2016), the caisson is usually modelled as being en-

tirely rigid, which improves the efficiency of the numerical analyses. A flexible caisson is

modelled only in a few numerical studies (Doherty et al. 2005, Thieken et al. 2014). Thieken

et al. (2014) focus on the tensile behaviour of flexible caissons in sand under different load-

ing rates, while Doherty et al. (2005) focus on determining the global stiffness coefficients

of rigid and flexible caissons in non-homogeneous, linear elastic soil as per Eq. 4.27.

Doherty et al. (2005) found that the flexible caisson behaves in a manner that is interme-

diate to that of a fully rigid caisson and a rigid, circular surface foundation. In an example

in homogeneous undrained clay, Doherty et al. (2005) showed that the rotational stiffness

of a flexible caisson with dskirt/D = 0.00375 and L/D = 1 is 29% less than that of a rigid

caisson with the same dimensions.
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Doherty et al. (2005) propose that the normalised global stiffness coefficient K(J) (which

can be KV/GRD, KH/GRD, KM/GRD3, KQ/GRD3 or KC/GRD2) for a flexible caisson is:

K(J) =
K0 + (J/Jm)pK∞

1 + (J/Jm)p (5.1)

where J = 2(Eskirt/GR)(dskirt/D), Eskirt is the Young’s modulus of the caisson skirt, GR is

the reference shear modulus as per Eq. 4.27, K0 and K∞ are the corresponding stiffness for

a rigid surface foundation and a rigid caisson foundation respectively, and Jm, p are best-

fit parameters. Although not directly applicable for caissons, there are related research

(Dobry et al. 1982, Karatzia & Mylonakis 2017) on piles that propose procedures (based

on the principle of virtual work) to estimate the global stiffness at the pile head, due to

contributions from the pile flexural stiffness and the soil stiffness.

Eq. 5.1 suggests that the deformation of a caisson depends on two main factors: the rel-

ative foundation-soil stiffness ratio (Eskirt/GR) and the normalised skirt thickness (dskirt/D).

Typically, the deformation of the caisson skirt can be ignored if J > 1000. Careful analysis

must therefore be carried out before ignoring the skirt deformation. For example, con-

sider a caisson with dskirt/D = 0.002 in soft clay where GR = 2 MPa. Its computed J

is 2(210000/2)(0.002) = 420 and ignoring the skirt deformation would overestimate the

global stiffness. In contrast, if the caisson had a thicker skirt (e.g. dskirt/D = 0.005), its

computed J would be 1050 and the caisson skirt deformation can be ignored.

Given the significant influence of skirt deformation on the overall caisson behaviour,

some measures of skirt deformation must be incorporated within oxCaisson for more real-

istic predictions. This is accomplished by representing the caisson skirt with deformable

frame elements in oxCaisson. It is hypothesised that the soil reactions acting on the flexible

caisson are similar to that of a rigid caisson. Thus, the same set of soil reactions derived in

Chapters 3 and 4 are used to represent the soil reactions acting on the flexible caisson. The

main objective of this chapter is to evaluate if this approach of modelling a flexible caisson

is reasonable, via comparison with the results of Doherty et al. (2005).

5.2 Methodology

In this study, the global stiffness coefficients for a flexible caisson in non-homogeneous,

linear elastic soil are predicted by oxCaisson-LE (with deformable skirt elements) and they

are compared with the results of Doherty et al. (2005).
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Table 5.1: Comparison of global stiffness coefficients for a flexible caisson, for L/D = 1, ν = 0.49, α = 0.

Doherty et al. (2005) oxCaisson-LE Deviation (%)

KV/GRD 6.39 6.29 1.55

KH/GRD 6.34 6.45 1.8

KM/GRD3 5.26 5.25 0.31

KQ/GRD3 3.58 3.63 1.38

KC/GRD2 -3.19 -3.18 0.26

Both a flexible caisson and a rigid caisson are modelled using deformable skirt ele-

ments in the Winkler framework. However, for the oxCaisson analyses in Chapters 3 to

6, a rigid body constraint was applied to the skirt elements to prevent deformation (as de-

scribed in Section 2.6). In this chapter, the rigid body constraint was not applied and thus,

the skirt elements were free to deform.

5.2.1 Material Properties

The flexible caisson properties are as follows: D = 8 m, dskirt/D = 0.00375, L/D =

0.25, 0.5, 1, 2, Eskirt = 200 GPa (steel) and νskirt = 0.25. The soil properties are as follows:

GR = 20 MPa, ν = 0.2, 0.499 and α = 0, 0.2, 0.6, 1 (as per Eq. 4.27).

5.3 Results

First, Table 5.1 compares the predictions of oxCaisson-LE with that of Doherty et al. (2005),

for the homogeneous undrained clay example in their paper (i.e. L/D = 1, ν = 0.49, α =

0). There is excellent agreement between the two sets of predictions, with the maximum

deviation being only 1.8%.

Next, Fig. 5.1 compares the normalised stiffness predictions of oxCaisson-LE and Do-

herty et al. (2005) for L/D = 0.25, 0.5, 1, 2, ν = 0.2, 0.499 and α = 0, 0.2, 0.6, 1. Looking at the

homogeneous case (i.e. α = 0), it is evident that the predictions of oxCaisson-LE agree very

well with that of Doherty et al. (2005), especially for KQ. For the non-homogeneous case (i.e.

α 6= 0), the agreement is still reasonably good, except for KC. Since the agreement for KC

is excellent for the homogeneous case and the modulus weighting method overestimates
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KC for rigid caissons in non-homogeneous soil (see Fig. 4.18e), it is likely that the predic-

tion errors in Fig. 5.1e are mainly attributable to the modulus weighting method. Indeed,

Table 5.2 shows that the average percentage differences and RMSPE for the KC predictions

jumped from 1.71% and 7.09% for the homogeneous case to 17.58% and 24.20% after the

non-homogeneous cases are included.

Table 5.2: Average percentage differences and RMSPE of the global stiffness coefficients predicted by oxCaisson-LE
(with deformable skirt elements), relative to the results of Doherty et al. (2005). Two sets of results are presented:
the first includes only the results for the homogeneous case (α = 0) and the second includes all the results (α ≥ 0).

Homogeneous Soil Profiles All Soil Profiles

Stiffness Avg. Diff (%) RMSPE (%) Avg. Diff (%) RMSPE (%)

KV
oxCaisson-LE/KV

Doherty 1.07 2.38 -2.37 6.10

KQ
oxCaisson-LE/KQ

Doherty 1.50 1.64 1.72 2.60

KH
oxCaisson-LE/KH

Doherty 0.17 3.82 1.64 7.69

KM
oxCaisson-LE/KM

Doherty 2.92 3.61 -0.29 4.79

KC
oxCaisson-LE/KC

Doherty 1.71 7.09 17.58 24.20

5.4 Discussion

In general, Table 5.2 shows that oxCaisson-LE can predict the stiffness of flexible caissons

reasonably well, simply by representing the skirt elements with deformable frame elements.

This positive result is likely due to the fact that the soil reactions had been calibrated based

on the true local soil stress results. If they had been back-calculated instead, the distribution

of the soil response may not be correct, and the deformation of the flexible caisson may be

inaccurate.

Moreover, the hypothesis that the soil reactions acting on flexible caissons are similar

to that acting on rigid caissons is indirectly found to be approximately true. This is a

remarkably useful result, as it implies that the soil reactions derived from 3DFE analyses

of rigid caissons are fairly independent of the caisson stiffness and may be used to predict

caissons of arbitrary stiffness. However, a closer look at the soil reactions from 3DFE

analyses of flexible caissons is needed to confirm this hypothesis.
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Figure 5.1: Comparison of the stiffness predictions of oxCaisson-LE (with deformable skirt elements) relative to
the results of Doherty et al. (2005), for L/D = 0.25, 0.5, 1, 2, α = 0, 0.2, 0.6, 1 and ν = 0.2, 0.499.
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Chapter 6

Small-strain, Non-linear Elastic Soil

Definition 6.1 (Small-strain) The small-strain range for soil is defined as εe ≤ ε ≤ 10−3, where

εe ≈ 10−6 is the elastic strain limit (Atkinson 2000). This is the range within which the stiffness of

the soil usually decreases the most.

In Chapter 3 and 4, the complete definitions of oxCaisson-LE for homogeneous and

non-homogeneous, linear elastic soil were provided. However, real soil response can only

be approximated as being linear elastic at low levels of loading. In this chapter, oxCaisson-

LE is extended to allow for non-linear, elastic predictions. Specifically, a set of small-strain,

non-linear elastic soil reactions are defined to better correspond to the observed soil be-

haviour in laboratory tests.

6.1 Introduction

It is widely known that real soils exhibit non-linear stress-strain behaviour, where the soil

stiffness decreases with increasing strain (Atkinson 2000). There has been a lot of work

done to describe the non-linear stress-strain behaviour of soil (Hardin & Drnevich 1972,

Fahey & Carter 1993, Vardanega & Bolton 2013, Oztoprak & Bolton 2013) and this is most

commonly described in terms of the variation of the secant shear modulus G with strain.

For example, Hardin & Drnevich (1972) proposed the following one-parameter model to

describe the reduction of G with increasing shear strain γ for sand and clay:

G
G0

=
1

1 +
(

γ
γref

) (6.1)

where G0 (also known as Gmax) is the initial shear modulus and γref is the reference shear

strain, which governs the shape of the stiffness degradation curve.
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Darendeli (2001) proposed a two-parameter variant of Eq. 6.1 to better match his labo-

ratory test data on sand and clay:

G
G0

=
1

1 +
(

γ
γref

)κ (6.2)

where the reference shear strain γref and the non-linearity parameter κ governs the shape of

the stiffness degradation curve. Based on his analyses, Darendeli (2001) obtained a best-fit

value for κ that ranges from 0.8 to 0.9 for sand and 0.9 to 1.0 for clay and silt. Furthermore,

γref, which is the shear strain at which G/G0 = 0.5, was found to be dependent on the

plasticity index (PI), overconsolidation ratio (OCR) and the mean confining stress.

Eq. 6.2 was later adopted by Vardanega & Bolton (2013) to describe the stiffness degra-

dation of a large database of clay and silts. Based on their analyses, the best-fit value for

κ ranges from 0.5 to 0.88 for clay (excluding the London Clay outliers) and 0.73 to 0.94 for

silt. As for γref,Vardanega & Bolton (2013) define it as being solely dependent on PI. In a

follow-up work, Vardanega & Bolton (2014) found insignificant influence of OCR on γref,

which contrasts with the findings of Darendeli (2001). Oztoprak & Bolton (2013) also used

a similar equation to Eq. 6.2 to describe a large database of laboratory test results for sand.

Given that soil stiffness starts to degrade at small strains, it is important to consider the

non-linear soil behaviour for soil–structure interaction problems. For soil-pile interaction

problems, the non-linear soil behaviour is considered by incorporating some form of non-

linearity within the design methods used for pile designs. For example, the commonly

used p-y design method (API 2002, DNV 2013) for laterally loaded piles define a non-linear

elastic relationship between the lateral soil reaction p and the local displacement y, which

approximates the non-linear stress-strain response of the soil.

Previous numerical studies (Bransby 1999, Zhang & Andersen 2017) on laterally loaded

piles found that the p-y response is a scaled version of the stress-strain behaviour of a soil

element. This finding was first made by Bransby (1999) through comparison of the p-y

response (from plane strain finite element analyses of a laterally loaded pile slice) with the

stress-strain constitutive relationship of the soil model, which is based on a power law:

q = aεb
q (6.3)

where q is the deviatoric stress, εq is the deviatoric strain and a and b are constants. In this

study, Bransby (1999) found that the p-y response is identical to the stress-strain relation-
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ship, after the normalised displacement (y/D) has been suitably scaled:

y
D

= βεq (6.4)

where D is the pile diameter and β is some scaling factor. This means that site-specific

p-y curves can be generated directly from the stress-strain behaviour of soil samples in

laboratory tests through a simple change of variables. Using Eqs. 6.3, 6.4 and the assumed

relationship p/D = q, the site-specific p-y response for a laterally loaded pile in this soil is:

p
D

= a
(

y
D

1
β

)b

(6.5)

Similarly, Zhang & Andersen (2017) found that the p-y response obtained from their

3DFE analyses of a laterally loaded pile slice in an elasto-plastic soil can be scaled to match

the stress-strain behaviour of a soil element. In their study, the scaling relationships ob-

tained were p/pu = τ/su and y/D = ξ1γe + ξ2γp, where pu, su, γe, γp are the maximum

value of p, undrained shear strength, elastic shear strain and plastic shear strain respec-

tively and ξ1, ξ2 are scaling factors.

The existence of scaling relationships is not exclusive to deep foundations or numerical

studies. For example, Atkinson (2000) found scaling relationships between the stress-strain

behaviour of soil samples in laboratory tests and the load-settlement behaviour of surface

foundations in field tests. Osman et al. (2007) also obtained scaling relationships between

the stress-strain behaviour of a soil element and the load-displacement behaviour of a

surface foundation bearing on Tresca soil in their 3DFE analyses.

As past research has shown that soil stiffness decreases with increasing strain, this

limits the applicability of oxCaisson-LE to low load levels where the soil response can be

approximated as linear elastic or for cases where a representative G can be assumed. To

extend the applicability of oxCaisson-LE to higher load levels, the model must consider the

non-linear soil behaviour for more realistic predictions. While there are scaling relation-

ships derived in previous work, they are not directly applicable for oxCaisson-LE as they

were derived assuming plane strain conditions, which do not apply for caissons with low

L/D ratios. Furthermore, these relationships are restricted to the lateral soil reactions only.

To address this issue, this chapter derives a set of non-linear soil reactions, that were

calibrated against 3DFE analyses of rigid caissons in small-strain, non-linear elastic soil.
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These non-linear soil reactions were derived by finding mapping relationships between the

soil reactions displacement space and the soil element strain space. These non-linear soil

reactions are incorporated in a new, non-linear elastic Winkler model, called ‘oxCaisson-

NLE’, for more realistic predictions of caisson behaviour at higher load levels.

6.2 Methodology

This section describes the 3DFE modelling carried out in this study. The 3DFE model im-

plemented in this study is the same as that described in Chapter 3 (including the boundary

conditions), except for the soil model, which is small-strain, non-linear elastic here. The

foundation diameter D and skirt thickness dskirt were held constant at unit length and

0.005D respectively, while five skirt lengths (L/D = 0, 0.25, 0.5, 1, 2) were analysed.

6.2.1 Material Properties

The soil model used for the 3DFE analyses is a custom, non-linear elastic constitutive model

based on the small-strain, non-linear behaviour described by Eq. 6.2. This empirical rela-

tionship was adopted as it is widely used to model the non-linear stress-strain behaviour

of a large variety of soil types, including clay and sand (Darendeli 2001, Vardanega &

Bolton 2013). However, it is not ideal to use Eq. 6.2 in its original form as it is expressed in

the one-dimensional stress-strain space. Thus, it was generalized to the three-dimensional

stress-strain space by redefining it in terms of the deviatoric strain εq and the deviatoric

stress q (in some literature, q and εq are also known as the von Mises stress and equivalent

strain respectively):

q =
√

3J2 (6.6)

εq =

√
4
3

Je
2 (6.7)

where J2 and Je
2 are the second deviatoric stress and strain invariant respectively.

It is straightforward to convert the strain results of the triaxial and simple shear tests

into εq. For a triaxial test, εq = (2/3) |εa − εr| and for a simple shear test, εq = |γ| /
√

3.

Interested readers may refer to Appendix A.2 for the derivations. A key benefit of making

G dependent on εq, instead of γ, is that εq is an objective strain measure (i.e. independent

of the coordinate system adopted). Hence, the adopted, generalised form of Eq. 6.2 for the
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three-dimensional stress-strain space is:

G
G0

=
1

1 +
(

εq
εq,ref

)κ (6.8)

Besides the strain-dependency of the shear (and bulk) modulus, the other aspects of the

soil model is identical to an isotropic, linear hypoelastic constitutive model, with ν being

constant.

In the 3DFE model, the soil volume was defined as weightless and homogeneous. The

initial shear modulus G0 of the soil was held constant, while four Poisson’s ratios (ν =

0, 0.2, 0.4, 0.49), three εq,ref (0.0001, 0.0005, 0.002) and three κ (0.4, 0.7, 1) were analysed. The

three εq,ref and κ values were selected as they approximate the corresponding minimum,

mean and maximum values obtained by Vardanega & Bolton (2013).

6.2.2 Validation

To validate that the soil constitutive model has been implemented correctly, a 3DFE model

was set up to simulate a triaxial test and an unconsolidated simple shear test. For these anal-

yses, a cubic finite element (first-order, fully-integrated, linear element C3D8) subjected to

triaxial or simple shear boundary conditions was simulated and the stress-strain behaviour

for that element was computed. Fig. 6.1 shows the stiffness behaviour that resulted from

the triaxial test and simple shear test simulations for εq,ref = 0.0005 and κ = 1. Evidently,

the computed stress-strain behaviour agrees well with that predicted by Eq. 6.8.

6.3 Results

6.3.1 Effect On Global Caisson Behaviour

Fig. 6.2 shows the 3DFE results for the normalised, global load-displacement behaviour

under the displacement boundary conditions shown in Table 3.1, for L/D = 0.5, ν = 0.2,

εq,ref = 0.0005 and κ = 0.7. As expected, the responses are non-linear. Furthermore,

Fig. 6.2e, f shows that the HM-coupling responses, which are symmetric for an elastic soil,

deviate at increasing displacements. This is because the same amount of rotation or lateral

displacement induce different amounts of εq, which results in different current shear and

bulk moduli.
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Figure 6.1: Comparison of 3DFE simulation results of triaxial and simple shear tests (for εq,ref = 0.0005 and κ = 1)

with the soil constitutive relationship (Eq. 6.8).

6.3.2 Effect On Soil Reactions

Fig. 6.3 shows the soil reactions for L/D = 0.5, ν = 0.2, εq,ref = 0.0005, κ = 0.7. Similar to

the global responses, both the skirt and base soil reactions are non-linear, with their secant

stiffness decreasing with increasing displacement. Fig. 6.4 normalises the secant stiffness

of the soil reactions shown in Fig. 6.3 by their linear elastic counterparts (using the 3DFE

results of Chapter 3). The normalised secant stiffness in Fig. 6.4 can be observed to decrease

with increasing displacement, in a similar manner to the decrease in G/G0 with increasing

strain. However, this does not apply to the hm-coupling soil reactions. For example, Fig. 6.5

shows that kskirt
cm and kbase

cm do not degrade in a similar manner as G/G0.

6.3.3 Small-strain, Non-linear Elastic Soil Reactions

Fig. 6.4 suggests that scaling factors may be applied in the displacement space to achieve

agreement between the curves. Thus, suitable displacement scaling factors (βv, βq, βh, βm)

were identified for each soil reaction in Fig. 6.4 using LS regression, where βv, βq, βh, βm

represent the scaling factors for sz, θz, sy (and sx), θx (and θy) respectively. Note that different

displacement scaling factors were identified for the skirt and base soil reactions (i.e. the

displacement scaling factor βv for kskirt
v is different from that of kbase

v ). Fig. 6.6 compares

the normalised secant stiffness of the soil reactions with G/G0, after applying these scaling

factors. Evidently, there is now excellent agreement between the curves. This shows that
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Figure 6.2: The 3DFE results for the normalised, global load-displacement behaviour of suction caissons in small-
strain, non-linear elastic soil under the displacement boundary conditions shown in Table 3.1, for ν = 0.2, εq,ref =

0.0005, κ = 0.7 and L/D = 0.5. Note the non-zero y-axis origin for (e) and (f).

104



6.3. Results

���� ���� ���� ���� ���� ����

sz/D

�����

�����

�����

�����

�����
vs

ki
rt

G
0D

,v
ba

se

G
0D

2
	
���
�
��

(a)

���� ���� ���� ���� ���� ����

θz

�����

�����

�����

�����

�����

�����

qs
ki
rt

G
0D

2
,q

ba
se

G
0D

3

���
�
�	�


(b)

���� ���� ���� ���� ���� ����

sy/D

�����

�����

�����

�����

�����

�����

�����

hs
ki
rt

y G
0D

,hb
as

e
y G
0D

2


�
��
	���

(c)

���� ���� ���� ���� ���� ����

θx

�����

�����

�����

�����

�����
m

sk
irt

x
G

0D
2
,m

ba
se

x
G

0D
3

	
���
�
��

(d)

Figure 6.3: Normalised load-displacement behaviour of the skirt and base soil reactions for ν = 0.2, εq,ref = 0.0005,

κ = 0.7 and L/D = 0.5.

the normalised secant stiffness are just scaled versions of G/G0.

Definition 6.2 (Equivalent deviatoric strain) Equivalent deviatoric strain εq,eq refers to the equiv-

alent amount of deviatoric strain induced by a normalised displacement (e.g. sz/D). This can be

found by applying displacement scaling factors β to the normalised displacements. For vertical or

torsional displacements, εq,eq = βv |sz/D| or βq |θz| respectively. For lateral or rotational displace-

ments, εq,eq = βh

√
sx

2 + sy
2/D or βm

√
θx

2 + θy
2 respectively.

Therefore, the behaviour of the soil reactions for small-strain, non-linear elastic soil can
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Figure 6.4: Secant stiffness of the skirt and base soil reactions, normalised by their linear elastic counterparts, for
ν = 0.2, εq,ref = 0.0005, κ = 0.7 and L/D = 0.5. The soil constitutive relationship (Eq. 6.8) is also plotted here.

be described using Eq. 6.8 with a simple change of variables ( G
G0
→ χ

χLE
and εq → εq,eq):

χ

χLE
=

1

1 +
(

εq,eq
εq,ref

)κ (6.9)

where χ, χLE are the secant stiffness of the non-linear and linear soil reactions respectively.

With a slight manipulation of Eq. 6.9, the secant stiffness of the soil reactions for small-

strain, non-linear elastic soil can be defined as:

χ =
χLE

1 +
(

εq,eq
εq,ref

)κ (6.10)
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Figure 6.5: (a) Normalised, load-displacement behaviour of the skirt and base moment coupling soil reactions (b)
Secant stiffness of the skirt and base moment coupling soil reactions, normalised by their linear elastic counterparts,
for ν = 0.2, εq,ref = 0.0005, κ = 0.7 and L/D = 0.5. The soil constitutive relationship (Eq. 6.8) is plotted in (b).

where χLE can be obtained from Eqs. 3.12 to 3.17 and Eqs. 3.20 to 3.25. For example, using

Eq. 3.12, the secant stiffness for the linear and non-linear vertical skirt soil reactions are:

kskirt
v,LE = ĥ1(10.8, 14.4, 4.2, 5.2, 5, 5.8)G0 (6.11)

kskirt
v = ĥ1(10.8, 14.4, 4.2, 5.2, 5, 5.8)

G0

1 +
(

βv|sz/D|
εq,ref

)κ (6.12)

The key insight of Eq. 6.10 is that the secant stiffness of the soil reactions for small-

strain, non-linear elastic soil can be obtained directly from the stiffness formulations for lin-

ear elastic soil reactions, simply by replacing the linear elastic G with the strain dependent

G (using Eq. 6.8) and finding the equivalent deviatoric strain εq,eq using the displacement

scaling factors β. For simplicity, the secant stiffness of the hm-coupling soil reactions (i.e.

kskirt
c and kbase

c in Eqs. 3.28 and 3.29) are degraded rapidly such that they have negligible

contributions at increasing displacements. Thus, the displacement scaling factor βc is set

to a high value of 1000 for kskirt
c and kbase

c . It will be shown later in the validation section

that this assumption results in reasonably accurate global load-displacement predictions.

6.3.4 Displacement Scaling Factors β

LS regression was carried out to determine the best-fit displacement scaling factors β for

the 3DFE results corresponding to the inputs in Table 6.1. It was found that εq,ref has

negligible effect on the resultant β. Thus, β are dependent only on L/D, ν and κ.
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Figure 6.6: Secant stiffness of the skirt and base soil reactions, normalised by their linear elastic counterparts, after
applying the displacement scaling factors (βv, βq, βh, βm), for ν = 0.2, εq,ref = 0.0005, κ = 0.7 and L/D = 0.5.

The soil constitutive relationship (Eq. 6.8) is also plotted here.

Table 6.1: 3DFE input parameters for the dataset used for the computation of best-fit displacement scaling factors
for the skirt and base soil reactions

Values analysed

L/D 0, 0.25, 0.5, 1, 2

ν 0, 0.2, 0.4, 0.49

α 0.4, 0.7, 1

εq,ref 0.0001, 0.0005, 0.002
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Figure 6.7: Variations of best-fit displacement scaling factors (βskirt
v , βskirt

q , βskirt
h , βskirt

m ) for the skirt soil reactions
with respect to ν and L/D for κ = 0.7. The dotted lines represent the predictions of the approximating functions.

Fig. 6.7 shows the variations of the best-fit displacement scaling factors for the skirt

soil reactions (βskirt
v , βskirt

q , βskirt
h , βskirt

m ) with L/D and ν for κ = 0.7. βskirt
v , βskirt

q , βskirt
h tend to

decrease with L/D, while βskirt
m increases with L/D. βskirt

v , βskirt
h generally increase with ν,

βskirt
q is independent of ν and no consistent trend with ν was found for βskirt

m .

Similarly, Fig. 6.8 shows the variations of the best-fit scaling factors for the base soil

reactions (βbase
v , βbase

q , βbase
h , βbase

m ) with L/D and ν for κ = 0.7. Like their skirt counterparts,

βbase
v , βbase

q , βbase
h were found to decrease with L/D, while βbase

m tend to increase with L/D.

βbase
v decreases with ν, βbase

q is independent of ν, βskirt
h increases with ν (albeit marginally)

and no consistent trend with ν was found for βbase
m .
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Figure 6.8: Variations of best-fit displacement scaling factors (βbase
v , βbase

q , βbase
h , βbase

m ) for the base soil reactions
with respect to ν and L/D for κ = 0.7. The dotted lines represent the predictions of the approximating functions.

Figs. 6.9 and 6.10 show the variations of the best-fit displacement scaling factors for

the skirt and base soil reactions with L/D and κ for ν = 0.2. For both the skirt and base

displacement scaling factors, βv, βq, βh were found to decrease with L/D, while βm tends

to increase with L/D. Furthermore, βv, βq, βh, βm all increase with κ.

To identify approximating functions to predict these displacement scaling factors, two

functional forms were found to be suitable for all of the displacement scaling factors:

β̂1(L, D, ν, α, a1, . . . , a9) = (a1 + a2ν + a3κ) +
a4 + a5ν + a6κ

(a7 + a8ν + a9κ) L
D + 1

(6.13)

β̂2(L, D, ν, α, a1, . . . , a6) = (a1 + a2ν + a3κ) + (a4 + a5ν + a6κ)
L
D

(6.14)
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Figure 6.9: Variations of best-fit displacement scaling factors (βskirt
v , βskirt

q , βskirt
h , βskirt

m ) for the skirt soil reactions
with respect to κ and L/D for ν = 0.2. The dotted lines represent the predictions of the approximating functions.

where Eq. 6.14 is used for βm and βbase
m , while Eq. 6.13 is used for the rest.

The unknown parameters in Eqs. 6.13 and 6.14 were identified by carrying out LS

regression against the computed displacement scaling factors. From the regression results,

the best-fit parameters for the skirt and base soil reactions were identified and listed in

Tables 6.2 and 6.3. For comparison, the displacement scaling factors approximated by

Eqs. 6.13 and 6.14 using the best-fit parameters in Tables 6.2 and 6.3 are also shown in

Figs 6.7 to 6.10 as dashed lines. It is evident that the approximating functions match the

computed displacement scaling factors reasonably well.

111



6.3. Results

0.0 0.5 1.0 1.5 2.0

L/D

0.2

0.3

0.4

0.5

0.6

β
ba

se
v

Approx.
κ=0.4
κ=0.7
κ=1

(a)

0.0 0.5 1.0 1.5 2.0

L/D

0.6

0.8

1.0

1.2

β
ba

se
q

Approx.
κ=0.4
κ=0.7
κ=1

(b)

0.0 0.5 1.0 1.5 2.0

L/D

0.2

0.4

0.6

0.8

1.0

1.2

β
ba

se
h

Approx.
κ=0.4
κ=0.7
κ=1

(c)

0.0 0.5 1.0 1.5 2.0

L/D

0.50

0.75

1.00

1.25

1.50

1.75

2.00
β
ba
se

m
Approx.
κ=0.4
κ=0.7
κ=1

(d)

Figure 6.10: Variations of best-fit displacement scaling factors (βbase
v , βbase

q , βbase
h , βbase

m ) for the base soil reactions
with respect to κ and L/D for ν = 0.2. The dotted lines represent the predictions of the approximating functions.

6.3.5 Validation

A new, non-linear elastic version of oxCaisson, called ‘oxCaisson-NLE’, has been developed,

where its non-linear elastic soil reactions are determined using Eq. 6.10 and the equivalent

deviatoric strains are computed using the displacement scaling factors approximated by

Eqs. 6.13 and 6.14 (using the best-fit parameters in Tables 6.2 and 6.3).

To verify if oxCaisson-NLE can reproduce the 3DFE global response, Fig. 6.11 compares

the global responses predicted by oxCaisson-NLE, with the 3DFE results shown in Fig. 6.2.

It is clear that they agree very well, albeit less so for the H-coupling response (see Fig. 6.11f).
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Table 6.2: Best-fit parameters in Eq. 6.13 for the displacement scaling factors for the skirt and base soil reactions

a1 a2 a3 a4 a5 a6 a7 a8 a9

βskirt
v 0.066 0.072 0.032 0.158 0.252 0.82 7.63 -1.17 -6.16

βskirt
q 0.367 0 0.424 0.141 0 1.25 3.04 0 6.01

βskirt
h 0.038 -0.028 0.116 -0.125 0.316 1.22 2.13 1.03 2.21

βbase
v 0.092 -0.041 0.1 0.062 -0.076 0.351 5.99 5.40 -4.04

βbase
q 0.371 0 0.271 0.228 0 0.379 8.97 0 5.03

βbase
h 0.04 0.007 0.35 -0.035 0.238 0.762 2.96 2.09 4.85

Table 6.3: Best-fit parameters in Eq. 6.14 for the displacement scaling factors for the skirt and base soil reactions

a1 a2 a3 a4 a5 a6

βskirt
m 0.402 0.005 0.379 0.13 0.007 -0.05

βbase
m 0.323 -0.157 0.142 0.265 0.22 0.33

The key advantage of oxCaisson-NLE is its efficiency. The total time taken to produce

the 3DFE results in Fig. 6.11 is 5 hours, while it took only 2 seconds for the oxCaisson-NLE

predictions, yielding a computational time savings of 99.99%.

6.4 Discussion

The results show that the non-linear elastic soil reactions are simply scaled versions of the

soil element stress-strain behaviour. This is clear from the similarity in functional form

between Eqs. 6.8 and 6.9. This similarity allows convenient derivations of site-specific soil

reactions that better correspond to soil sample behaviour in laboratory tests, which should

result in more realistic predictions of suction caisson behaviour in the field.

6.4.1 Comparison with Previous Work

In previous numerical studies on laterally loaded piles in undrained soil (ν = 0.49), Bransby

(1999) proposed a scaling factor for lateral displacement βskirt
h that ranges from 0.14 to 0.5

(depending on the non-linearity of the soil constitutive relationship), while Zhang & Ander-

sen (2017) proposed a constant value of 1/2.8 = 0.36 (assuming only elastic displacement).
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Figure 6.11: Comparison of the normalised, global load-displacement predictions of oxCaisson-NLE with the 3DFE
results for ν = 0.2, εq,ref = 0.0005, κ = 0.7 and L/D = 0.5. Note the non-zero y-axis origin for (e) and (f).
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By comparison, Eq. 6.13 and the best-fit parameters in Table 6.2 suggests a βskirt
h value (for

ν = 0.49 and L/D = 2) that ranges from 0.13 to 0.26 (depending on κ), which is a closer

match to the values proposed by Bransby (1999). The disparity between the suggested

βskirt
h values is probably due to the different constitutive relationships employed in the soil

model, which differ greatly between this study and those employed by Bransby (1999) and

Zhang & Andersen (2017).

6.4.2 Strengths And Limitations

To use the displacement scaling factors in this study or previous studies, the soil stress-

strain behaviour in laboratory tests must be described in terms of the employed soil con-

stitutive relationship. For example, the soil stress-strain behaviour must be first described

in terms of Eq. 6.3 to get the best-fit a, b parameters, before using the displacement scaling

factors proposed by Bransby (1999). A key advantage of the displacement scaling factors

proposed in this study is that the soil constitutive relationship employed (Eq. 6.8) is sim-

ilar to that commonly used to describe the soil stress-strain behaviour in laboratory tests

(Eq. 6.2). Only a simple conversion from the triaxial or simple shear strain results to devia-

toric strain εq is needed (see Appendix A.2). If the stress-strain results have been described

in terms of Eq. 6.2, the conversion is straightforward. For example, if the best-fit parameters

for Eq. 6.2 are κ = 0.7, γref = 0.0006 for simple shear stress-strain results, the corresponding

parameters for the non-linear soil reactions are κ = 0.7, εq,ref = 0.0006/
√

3. Furthermore, as

Eq. 6.2 is used to describe sand and clay laboratory test results, the non-linear soil reaction

formulations (Eq. 6.10) can be used for both sand and clay soil profiles.

Nevertheless, there are some limitations with oxCaisson-NLE. First, the displacement

scaling factors are appropriate only for individual (or uniaxial) loading. Second, oxCaisson-

NLE can only be used to assess monotonic loading, and not cyclic loading. Lastly, oxCaisson-

NLE does not have an upper bound response and cannot be used to assess ultimate limit

state (ULS) conditions. It should be noted that the bulk of the data used to calibrate Eq. 6.2

in previous work is in the small strain range, which is usually well before failure occurs.

To address the inability of oxCaisson-NLE to assess ULS conditions, the next few chap-

ters explore a new class of Winkler models, where the linear elastic soil reactions are cou-

pled with plastic yield surfaces (which represent the local failure states of the soil).
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Chapter 7

Assessment of Numerical Procedures for

Determining Failure Envelopes

While Chapters 3 to 6 explored the behaviour of suction caissons in elastic soil, Chapters 7

to 9 deal with caisson behaviour in linear elastic, perfectly plastic soil. The focus is now

on determining the elasto-plastic soil reactions that correspond to this representative soil

behaviour. Before exploring the derivation of the elasto-plastic soil reactions, the tools that

are required for this task are discussed in Chapters 7 and 8. This chapter focuses on the

numerical procedures for determining failure envelopes.

Definition 7.1 (Sublevel set) The m-sublevel set of a function is the set where the function eval-

uates to less than or equal to a given constant value m. In other words, the m-sublevel set of a

function f (x1, . . . , xn) : Rn → R is defined as the set Cm (Boyd & Vandenberghe 2004):

Cm = {x1, . . . , xn | f (x1, . . . , xn) ≤ m}

In the context of conventional elasto-plasticity theory, the 0-sublevel set of a yield function f repre-

sents the set of stress states that are within the yield surface (i.e. elastic behaviour).

Definition 7.2 (Level set) The m-level set of a function is the set where the function takes on a

given constant value m. In other words, the m-level set of a function f (x1, . . . , xn) : Rn → R is

defined as the set C∗m:

C∗m = {x1, . . . , xn | f (x1, . . . , xn) = m}

In the context of conventional elasto-plasticity theory, the 0-level set of a yield function f represents

the set of stress states that lie on the yield surface.
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Definition 7.3 (Failure envelope) A failure envelope is a hypersurface that defines the combina-

tion of n-dimensional loads (n ≥ 1) that results in the ultimate limit state (or ‘plastic failure’ of a

foundation). For the special case of a non-hardening plastic material, it is equivalent to the yield

surface in the global load
#‰

P space. By convention, a failure envelope is defined as the 0-level set of

the yield function f (i.e. { #‰

P | f (
#‰

P) = 0}).

This section explores several numerical procedures available for determining failure

envelopes. The procedures used to determine failure envelopes and yield surfaces are

equivalent for a non-hardening plastic model.

7.1 Introduction

Over the past two decades, there has been significant interest in the failure envelope ap-

proach for assessing the ultimate capacity of foundations under combined loading. The

advantages of this approach over the classical bearing capacity methods (Terzaghi 1943,

Meyerhof 1951, Vesić 1973) are manifold and have been widely discussed (Tan 1990, Nova &

Montrasio 1991, Gottardi & Butterfield 1993, Bransby & Randolph 1998, Martin & Houlsby

2000, Houlsby & Byrne 2001, Gourvenec 2007).

The failure envelope approach was first introduced by Roscoe & Schofield (1957) to

analyse the interaction between a steel frame and its foundations using envelopes of nor-

malised forces. Since then, it has been widely adopted to represent the results of numerical

studies on foundation bearing capacity, for a broad range of foundation types. For exam-

ple, failure envelopes have been determined for surface foundations (Bell 1991, Gourvenec

2007, Taiebat & Carter 2000, 2010, Vulpe et al. 2014, Shen et al. 2016, 2017), skirted or

caisson foundations (Bransby & Yun 2009, Gourvenec & Barnett 2011, Hung & Kim 2014,

Karapiperis & Gerolymos 2014, Gerolymos et al. 2015, Vulpe 2015, Mehravar et al. 2016),

spudcan foundations (Zhang et al. 2011) and mudmat foundations (Nouri et al. 2014, Fu

et al. 2014, Feng et al. 2014, Dunne & Martin 2017).

However, surprisingly little attention has been paid to the performance of the numeri-

cal procedures used to determine these failure envelopes. For example, the displacement

probe test is the most widely used procedure to determine these failure envelopes but it

is unclear whether it is better than the other procedures. Given recent trends towards be-

spoke design methods (Byrne et al. 2015), more problem specific failure envelopes may be
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required and thus, the performance of these numerical procedures becomes important.

This issue is addressed by running a comparative study that evaluates the performance

of various numerical procedures for determining undrained failure envelopes of shallow

foundations in linear elastic, perfectly plastic (von Mises) soil under total stress conditions.
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7.3 Numerical Procedures for Determination of Failure Envelopes

The numerical procedures explored in this paper can be categorised into two main groups:

displacement-controlled and load-controlled. The displacement-controlled analyses (i.e.

displacement probe test, single swipe test, and sequential swipe test) are performed using

the three-dimensional (3D) finite element analysis (FEA) software, Abaqus version 6.13

(Dassault Systèmes 2014). The load-controlled analyses (i.e. load probe test) are performed

using the 3D finite element limit analysis (FELA) software, OxLim (Makrodimopoulos &

Martin 2006, 2007, Martin 2011), which has been used to analyse various bearing capacity

problems in plane strain (Martin & White 2012, Mana et al. 2013, Dunne et al. 2015), and

more recently in 3D (Dunne & Martin 2017).

In this study, V, H, M refer to vertical, horizontal and moment loading respectively,

and Sz, Sy, Θx refer to the corresponding vertical, horizontal and rotational displacements

(refer to Fig. 7.1 for the adopted sign conventions). Note that H and M refers to Hy and Mx,

but the subscripts are removed for brevity since this chapter looks at planar loading only.

Failure envelopes are presented in terms of the normalised loads (Ṽ = V
V0

, H̃ = H
H0

, M̃ =

M
M0

), which refer to the loads normalised by their respective uniaxial capacities (V0, H0, M0),

as determined using the same numerical procedure.
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V, Sz

H, Sy

M, Θx

(a)

V, Sz

H, Sy

M, Θx

(b)

Figure 7.1: Sign conventions for loads (V, H, M) and displacements (Sy, Sz, Θx) (a) Surface foundation (b)
Caisson foundation.

7.3.1 Displacement Probe Test

In the displacement probe test, a displacement increment in a prescribed direction is ap-

plied to the foundation from a zero load state, with the final (steady) load state determining

a single point on the failure envelope. To find the full failure envelope, a series of these

probe tests with varying displacement directions must be completed. The displacement

probe test has robust convergence properties, and provided that the prescribed displace-

ment magnitude is sufficiently large, a well-defined failure load can be obtained.

However, this approach is relatively inefficient as it only determines a single point on

the failure envelope. Furthermore, it does not allow a systematic investigation of the failure

envelope, as the load path followed during a displacement probe test is typically non-linear

and difficult to predict. For example, the schematic diagram in Fig. 7.2 shows a representa-

tive, non-linear load path that occurs during a displacement probe. The initial load path is

determined by the elastic foundation stiffness. However, as soil yielding occurs, the foun-

dation stiffness varies and the load path changes direction before arriving at the failure

envelope and settling to a steady load state as the displacements continue to increase.
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UBLB
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Displacement probe
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Vd
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Figure 7.2: Load paths during displacement and load probe tests in VH space. For a displacement probe test,

the initial load path is determined by its elastic properties i.e. δH
δV =

(
ke

H
ke

V

) (
δSy
δSz

)
, where ke

H , ke
V are the elastic

horizontal and vertical stiffness and δSy, δSz are the horizontal and vertical displacement respectively. As the soil
starts yielding, the load path changes non-linearly until it reaches the failure envelope. In this figure, associated flow
is assumed and the load path ends on the failure envelope where the gradient is codirectional with the displacement
probe direction. For a load probe test, the load path is always codirectional with the load probe direction.

7.3.2 Load Probe Test

In the load probe test, combined loading components in a prescribed ratio are applied

to the foundation until failure occurs. It is more difficult to determine failure loads with

load control in FEA, as convergence cannot be obtained if the final prescribed load exceeds

the foundation capacity. A series of trial and error load cases, or a careful approach to

the failure envelope, is therefore required to determine the maximum load that can con-

verge. However, the FELA technique does not suffer from such issues and hence, FELA

was adopted for the load probe tests in this study. Furthermore, the use of combined lower

bound (LB) and upper bound (UB) FELA provides a rigorous bracket on the theoretical

failure load. A key advantage of the load probe test is that the pre-defined direction is

followed throughout the analysis, which enables a more systematic approach to determina-

tion of the entire failure envelope. Fig. 7.2 shows the process of determining a VH failure

envelope by probing in load space. Once a loading ratio is defined, each of the load paths

travels from the origin in the prescribed direction until the failure envelope is reached.
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7.3.3 Single Swipe Test

The original form of the single swipe test, also known as the sideswipe test, was intro-

duced by Tan (1990) to find the VH failure envelope for a surface foundation in physical

experiments. In a sideswipe test, the foundation is first pushed vertically to a prescribed

embedment, after which the vertical displacement is held constant while the foundation is

‘swiped’ horizontally. This test was generalised to VHM loading by Martin (1994) and Got-

tardi et al. (1999), amongst others. Subsequent numerical studies (e.g. Bransby & Randolph

1998, Gourvenec & Randolph 2003) then applied this technique to a range of load spaces

by following the same principle of applying displacement in one degree of freedom (DoF),

followed by a displacement in another DoF (while the displacement in the first DoF is held

constant). This process is essentially two displacement probe tests applied in sequence.

A fundamental assumption underpinning this type of test is that the swipe phase re-

sults in a load path that is close to the failure envelope, using analogies with hardening

plasticity theory applied to soil mechanics problems (e.g. see discussion in Tan 1990, Mar-

tin 1994). Unfortunately, this assumption does not always hold in numerical studies, as the

load path may underpredict the failure envelope significantly (Bransby & Randolph 1998).

Several explanations for this underprediction have been proposed. For example, when dis-

cussing their numerical study on Tresca soil, Taiebat & Carter (2010) suggest that the load

path moves inside the failure envelope when the magnitude of the elastic displacement in

the first DoF exceeds the corresponding plastic displacement during the swipe phase. How-

ever, this contradicts other researchers (Bransby & Randolph 1998, Gourvenec & Randolph

2003) who suggest that the elastic displacement in the first DoF is equal in magnitude but

opposite in sign to the corresponding plastic displacement during the swipe phase (since

zero additional displacement in the first DoF is enforced during the swipe phase) but yet,

the load path still move inside the failure envelope.

7.3.4 Sequential Swipe Test

The sequential swipe test is a rarely used procedure for determining failure envelopes,

which resolves the potential underprediction behaviour of the single swipe test. A sequen-

tial swipe test is a multi-swipe test, which applies a more gradual change in displacement

direction via a series of steps, compared with the abrupt directional change that occurs in
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the single swipe test. It first appeared in physical experiments (Martin 1994, Byrne 2000,

Martin & Houlsby 2000), under the term ‘loop test’, as a closed loop path applied in the

displacement space. More recently, Taiebat & Carter (2010) and Shen et al. (2017) used a

similar approach, called the ‘modified swipe test’, in which the displacement increment

in the first DoF is reduced gradually using a sine function while the displacement incre-

ment(s) in the other DoF is gradually increased using a cosine function at the same time.

Regardless of the different names (loop test, modified swipe test, sequential swipe test)

given to these tests, the key principle behind these tests is the same, which is that changes

in displacement direction should be applied gradually. It might be useful to consider the

sequential swipe test as a ‘discrete’ version of the loop or modified swipe test, in which the

user can control how gradual the displacement direction changes through the number of

discrete swipe sequences. This is made clearer in the following exposition.

Suppose that the directional change in the displacement space is controlled by ψ, the

angle between the current and previous displacement increments. In this paper, the sequen-

tial swipe test is implemented by keeping ψ constant for all steps of the swipe sequence.

For example, a 2-swipe sequential swipe test in the first quadrant of the Sz-Sy displacement

space (assuming the initial pre-swipe displacement is in the Sz direction) applies ψ = π
4

for all swipes, resulting in
δSy
δSz

= tan(π
4 ) followed by

δSy
δSz

= tan(π
2 ), where δSy and δSz

are the horizontal and vertical displacement increments respectively. Correspondingly, an

m-swipe sequential swipe test applies ψ = π
2m for all swipes, where the direction of the dis-

placement increment in the ith swipe is given in Eq. 7.1 (ψt is the total directional change

in the displacement space during the swipe phase e.g. ψt =
π
2 for the above swipe).(

δSy

δSz

)
i
= tan

(
iψt

m

)
for 1 ≤ i ≤ m (7.1)

Obviously, the larger m is, the more gradually the displacement direction changes. A

single swipe test can be obtained as a special case of the sequential swipe test by letting

m = 1. To illustrate the effect of m, different m-valued sequential swipe tests were carried

out for a surface strip foundation on von Mises soil.

Fig. 7.3 shows the 2D FEA mesh for the surface strip foundation, which comprised of

7200 quadratic quadrilateral elements (CPE8H). The von Mises soil yield strength in pure

shear k was equated with the undrained shear strength of the clay su and was modelled as
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(a)

(b)

Figure 7.3: Finite element mesh for sequential swipe tests of a surface strip foundation of diameter D (Domain:
5D in depth and 10D in width) (a) Full mesh domain (b) Close-up view of the mesh area around the foundation.

homogeneous throughout the soil domain. The Poisson’s ratio ν of the soil was set to 0.49,

while its Young’s modulus E was set to 1000
√

3su. The soil was modelled as a weightless

material, as soil weight does not affect the capacity for the problems considered here. The

surface strip foundation was modelled indirectly by applying a rigid body constraint to the

soil element nodes where the foundation is supposed to bear on.

Fig. 7.4 compares the VH failure envelopes for a surface strip foundation on von Mises

soil obtained from different m-valued sequential swipe tests with the analytical solution

(Green 1954). Two types of swipe analysis were carried out, with one reaching maximum
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Ṽ

0.0

0.2

0.4

0.6

0.8

1.0

1.2

̃
H

A

Green (1954)
Single Swipe
Seq. Swipe (2 swipes)
Seq. Swipe (8 swipes)
Seq. Swipe (16 swipes)

(a)

0.0 0.2 0.4 0.6 0.8 1.0 1.2
Ṽ
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Figure 7.4: Comparison of various swipe tests in the VH load space for a surface strip foundation with the analytical
Green (1954) solution. The swipe test results were obtained using plane strain finite element analyses: (a) swipe
tests first reach maximum V capacity before swiping to maximum H capacity (b) swipe tests first reach maximum
H capacity before swiping to maximum V capacity.
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V before swiping to maximum H and the other taking the opposite route. For each analysis,

three sequential swipe tests were carried out, with m ranging from 2 to 16. Key observations

from Fig. 7.4 are:

1. It is evident from Fig. 7.4a that all the tests swiping to maximum H end at point A,

where the analytical solution indicates no further change in failure envelope gradient.

2. The single swipe test marginally underpredicts the failure envelope in Fig. 7.4a but

significantly underpredicts it in Fig. 7.4b. In contrast, the sequential swipe tests show

accurate tracking of the failure envelope regardless of the starting point of the swipe

phase.

3. It can be observed that the load paths of the sequential swipe tests are essentially

indistinguishable from the analytical failure envelope when m ≥ 8. This suggests

that if ψ is below some critical value, the load path will track the failure envelope

with negligible deviation.

When completing the analyses for Fig. 7.4, it was observed that the rate of increase in

the total computational time decreased as the number of swipes increased (this is because

FEA requires fewer incrementation cutbacks and equilibrium iterations for smaller ψ than

for larger ψ). For example, the extra increases in total computational time (relative to the

single swipe test) taken for the 2-swipe, 8-swipe and 16-swipe tests were approximately

19%, 24% and 28% respectively. This indicates a marginal penalty in choosing a higher

number of swipes for the sequential swipe test. Hence, it is more practical to select an

arbitrary, high number of swipes (corresponding to an arbitrary, small ψ) than to waste

computational resources finding the optimal ψ, which in any case is likely to vary with the

problem type and the current load state.

Nevertheless, the sequential swipe test has some limitations. Taiebat & Carter (2010)

used full displacement control to find the VHM failure envelope for a surface founda-

tion. Unfortunately, this did not provide control over the load paths and hence, there were

segments of the failure envelope that were not mapped (this was later rectified using sup-

plementary load-controlled tests). Thus, it is recommended that the sequential swipe test

be restricted to two dimensions, while load boundary conditions are applied for the other

dimensions (if any). In other words, the sequential swipe test should be used primarily to

find two-dimensional contours of a failure envelope with dimensionality n ≥ 3.
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7.4 Application of Numerical Procedures

To evaluate the numerical procedures described above, each procedure was used to find

the failure envelopes for planar VHM loading of two types of shallow foundation (circular

surface and caisson foundations) bearing on undrained clay.

7.4.1 Foundation and Soil Properties

Both the surface and caisson foundations were modelled as fully rigid, with a diameter

D. The caisson foundations were modelled as having a skirt of thickness ts = 0.005D and

length L = D. The undrained clay was modelled in the FEA as a linear elastic, perfectly

plastic material and in the FELA as a rigid, perfectly plastic material. For both sets of

analyses, the von Mises yield criterion with an associated flow rule was adopted. The von

Mises yield strength in pure shear, k, was equated with the undrained shear strength of

the clay, su, and was modelled as homogeneous throughout the soil domain. The Poisson’s

ratio ν of the soil was set to 0.49, while its Young’s modulus E was set to 1000
√

3su. The

soil and foundations were modelled as weightless materials, as soil weight does not affect

the capacity for the problems considered here.

7.4.2 3D Finite Element (FEA) Model

First-order, fully integrated brick elements (C3D8R) were used for the foundation, while

their hybrid counterparts (C3D8RH) were used for the soil as these are generally recom-

mended for modelling near-incompressible materials (Dassault Systèmes 2014). The foun-

dation was made fully rigid by the application of a rigid body constraint. Contact breaking

between the foundation and soil was not allowed.

Fig. 7.5 shows the 3D FEA meshes for the surface and caisson foundations, with symme-

try exploited. Displacement boundary conditions were set to prevent radial displacements

at the circumferential faces and out-of-plane displacements at the plane of symmetry. In ad-

dition, the base of the mesh was fixed in all directions. The meshes were sufficiently large

that boundary effects on the failure response of the foundation were verified to be negligi-

ble (increasing the mesh domain has negligible effect on the uniaxial capacities computed).

The meshes for the surface foundation and caisson foundation comprised approximately

40,000 and 44,000 elements respectively.
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  RP

(a)

  RP

(b)

Figure 7.5: Finite element meshes for displacement probe and swipe tests: (a) Surface foundation of diameter D
(Domain: 2.5D in depth and 3D in radius) (b) Caisson foundation of diameter D and skirt length L = D (Domain:
4.5D in depth and 3D in radius)
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7.4.3 3D Finite Element Limit Analysis (FELA) Model

The FELA software OxLim first discretises the soil domain into a mesh of tetrahedral ele-

ments using TetGen (Si 2015) and applies the boundary conditions. Then, it sets up two

constrained optimisation problems that together bound the load multiplier (i.e. the factor

by which the specified live loads must be increased by to cause failure). For this study, the

lower bound (LB) analyses used a piecewise linear stress field, and the upper bound (UB)

analyses used a piecewise linear velocity field. The average of the bounds, (LB +UB)/2, is

used as the best estimate solution for the load multiplier. Both the LB and UB analyses were

cast as standard second-order cone programming problems and solved using specialised

optimisation software (Mosek 2014).

OxLim uses adaptive mesh refinement to improve the bracketing of the exact collapse

load multiplier, where the adaptivity is based on the spatial variation of the maximum

shear strain rate in the UB velocity field. For the surface foundation, a mostly unstructured

mesh was used, although auxiliary ‘singularity facets’ (see Fig. 7.6a) were added around

the foundation base perimeter to improve convergence of the bounds. The initial mesh was

adaptively refined twice to increase the number of elements from approximately 6,500 to

25,000, as illustrated in Fig. 7.6b. For the caisson, the initial mesh was adaptively refined

once to increase the number of elements from approximately 14,000 to 30,000, as shown

in Fig. 7.6c, d. To keep the number of elements comparable with the FEA mesh, a second

refinement was not undertaken for the caisson. It should be noted, however, that the

average of the collapse load bounds (which is the main measure of comparison with the

FEA results) typically does not vary much as the bounds converge. The mesh domain was

sufficiently large to render boundary effects negligible. Fixed boundary conditions were

applied to the base and sides of the domain (excluding the symmetric plane).

7.4.4 Loading Methodology

For this study, the failure envelopes were explored in increasing dimensionality of load

components. A failure envelope for one-dimensional loading defines a uniaxial capacity.

Hence, these were first identified for pure V, H and M loading.

Failure envelopes for two-dimensional loading (combined VH, VM and HM loading)

were then found. Due to symmetry in the VH and VM load spaces, only one quadrant of
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(a) (b)

(c) (d)

Figure 7.6: FELA mesh exploiting symmetry. Prescribed ‘singularity facets’ in the mesh are shown in bold. For
surface foundation of diameter D, mesh domain is 3.5D deep, 7D wide and 3.5D thick. For caisson of diameter D
and skirt length L = D, mesh domain is 4.5D deep, 9D wide and 4.5D thick. (a) Surface foundation, initial mesh;
(b) Surface foundation, refined mesh under vertical loading; (c) Caisson, initial mesh; (d) Caisson, refined mesh
under vertical loading.

the failure envelope needs to be determined. Similarly, symmetry in the HM load space

dictates that only two adjoining quadrants are needed to define the full failure envelope.

For the displacement probe test, nine equally spaced displacement probe directions were

used in each quadrant. For comparison purposes, an 8-swipe sequence (using the same set

of displacement probe directions in each quadrant) was adopted for the sequential swipe

test. The displacement probe directions can be identified from Eq. 7.1 by replacing δSy and

δSz with the displacement/rotation increments corresponding to the load spaces (e.g. in

the HM load space,
δSy
δSz

will be replaced by δDΘx
δSy

). Thereafter, let m = 8 and ψt =
π
2 (for VH

and VM) or m = 16 and ψt = π (for HM). Single swipe tests were also implemented for

the study, with the probe directions similarly identified from Eq. 7.1 by letting m = 1 and

ψt =
π
2 (for VH and VM) or m = 2 and ψt = π (for HM). With regards to the magnitude of

the displacement increments used in the displacement probe, sequential swipe and single

swipe tests, they were arbitrarily chosen to be sufficiently large that the load will reach

steady state by the end of each displacement increment. For this study, each displacement

increment was set to a constant magnitude of 0.1D. For the load probe tests, nine equally

spaced loading directions were used in each quadrant.
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Finally, the full VHM failure envelope was determined. Mixed load and displacement

controls were used for the FEA-based tests. Load control was used for V, while displace-

ment control was used in the HM load space, i.e. the VHM failure envelope was explored

by determining HM contours of the failure envelope at fixed levels of V. Five vertical

load levels were considered: Ṽ = 0.25, 0.5, 0.625, 0.75 and 0.875. A similar procedure was

followed for the load probe tests performed using FELA, with the HM contours being

determined by probing in HM load space under the same set of fixed V loads.

7.5 Results

Definition 7.4 (Uniaxial capacity) The uniaxial capacity of a foundation is its capacity under

individual loading (i.e. only one of Q, V, H, M is applied). The uniaxial capacities under torsional,

vertical, lateral and moment loading are defined as Q0, V0, H0 and M0 respectively.

7.5.1 Pure V, H and M Loading

Table 7.1 lists the results obtained for the uniaxial foundation capacities (V0, H0 and M0),

which shows that the results from the FEA-based displacement probe tests are within the

bounds obtained using the 3D FELA load probe tests, except for pure H loading. For the

vertical capacity, the 3DFE computed value of 5.63 compares well with the known exact

solutions (albeit for Tresca soil) of 5.69 (Shield 1955) and 6.05 (Eason & Shield 1960) for a

smooth and rough surface foundation respectively.

7.5.2 Combined VH, VM and HM Loading

An important note about displacement-controlled tests is that probes from one quadrant

of the displacement space do not necessarily map to loads in the same quadrant of the

load space. Fig. 7.7 shows the HM failure envelope for the caisson, as predicted by the

displacement probe and sequential swipe tests, where symmetry is used to recover the

full envelope. The applied HM displacement directions (as depicted by the arrows in the

figure) are from the top two quadrants (i.e. DΘx ≥ 0) of the Sy-DΘx displacement space,

but the resultant failure loads are spread amongst three quadrants in the HM load space.

The small black markers represent the intermediate equilibrium load states during

each step of the sequential swipe, which are determined by Abaqus’s automatic step size
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Table 7.1: Uniaxial capacities of surface and caisson foundations. A = πD2/4 refers to the foundation base area.
Note that the procedure, and therefore the results, for the displacement probe, single swipe and sequential swipe
tests are identical for one-dimensional loading.

V0
Asu

H0
Asu

M0
ADsu

Surface Displacement Probe 5.63 1.02 0.714

Load Probe (LB) 5.45 1.00 0.667

Load Probe (UB) 5.77 1.00 0.715

Load Probe (Average) 5.61 1.00 0.691

Caisson Displacement Probe 13.12 5.86 3.64

Load Probe (LB) 12.52 5.52 3.36

Load Probe (UB) 13.68 6.28 3.96

Load Probe (Average) 13.10 5.90 3.66

incrementation scheme. The density of the black markers (i.e. resolution of the failure

envelope) can be controlled by changing the step size incrementation scheme.

Figs. 7.8 and 7.10 show the VH, VM and HM failure envelopes for both foundations.

Because of symmetry, only one or two quadrants are shown in these figures, as appropriate.

As discussed above, the small black markers on the sequential swipe load paths represent

equilibrium load states during the steps of each swipe. The discrete load states from

the displacement probe tests and the continuous load paths from the sequential swipe

tests were all within the bounds obtained from the load probe tests. In fact, there are

no significant differences between these two sets of FEA-generated results and the FELA

load probe (average) results. In contrast, there is consistent underprediction of the failure

envelope by the single swipe test, especially for the caisson. Moreover, Fig. 7.10 shows that

the single swipe test predictions of the HM failure envelope for the surface foundation are

particularly poor.

Finally, by comparing the load probe (average) results with the sequential swipe results

in Figs. 7.8, 7.9 and 7.10, there is strong evidence that the sequential swipe load path is

tracking on or close to the relevant failure envelope. Hence, the intermediate data points

obtained during each swipe of the sequence, as shown by the black markers in the load

paths, can be regarded as fairly accurate failure loads.
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Figure 7.7: Recovery of the complete HM failure envelope for the caisson after application of symmetry principles.
The arrows represent the direction of the displacement probes in the conjugate Sy-DΘx displacement space.

7.5.3 Combined VHM Loading

Fig. 7.11 shows the HM failure envelopes obtained for both foundations under three se-

lected levels of the normalised vertical load Ṽ. Again, the results of the displacement

probe and sequential swipe tests are all within the lower and upper bounds obtained us-

ing FELA. Furthermore, Fig. 7.12 shows the HM failure envelopes obtained from both the

single swipe and sequential swipe tests for all of the normalised vertical load levels consid-

ered. It is clear that the single swipe test performs poorly relative to the sequential swipe

test, with the latter providing the additional benefit of higher resolution predictions.
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Figure 7.8: Dimensionless VH failure envelopes: (a) Surface foundation (b) Caisson foundation.
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Figure 7.9: Dimensionless VM failure envelopes: (c) Surface foundation (d) Caisson foundation.
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Figure 7.10: Dimensionless HM failure envelopes: (a) Surface foundation (b) Caisson foundation.
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Figure 7.11: Dimensionless HM failure envelopes at selected Ṽ levels for surface foundations: (a) Ṽ = 0.25 (b)
Ṽ = 0.5 (c) Ṽ = 0.75 and caisson foundations: (d) Ṽ = 0.25 (e) Ṽ = 0.5 (f) Ṽ = 0.75
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Figure 7.12: Dimensionless HM failure envelopes under increasing Ṽ load levels (Ṽ = 0, 0.25, 0.5, 0.625, 0.75,
0.875): (a) Surface foundation (b) Caisson foundation.
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7.6 Discussion

To assess the performance of the various numerical procedures for determining failure en-

velopes, two foundation types with significantly different failure envelopes were evaluated.

The performance criteria of interest are accuracy, computational efficiency and resolution.

In terms of accuracy, the results indicate that the single swipe test generally underpre-

dicts the failure envelope (often significantly), while the other procedures provide similar

levels of accuracy. In terms of computational efficiency, Table 7.2 shows the total and aver-

age (per probe) computational time taken by each procedure to find the VH, VM, HM and

VHM failure envelopes presented in the previous section. Using FEA, 120 displacement

probe tests were performed for each foundation. For the sequential swipe tests, the same

probe directions were used consecutively as displacement increments for the swipes. In

contrast, only 22 displacement increments (corresponding to the first and last probe direc-

tions in each quadrant of the displacement space) were performed for the single swipe

tests. Using FELA, 120 load probes tests were performed to identify 120 failure loads. The

computer used to run the analyses had an Intel Xeon 3.60 GHz processor (8 CPUs core)

with 16 GB RAM.

Table 7.2 is revealing in several ways. First, the sequential swipe test is the most efficient

amongst the FEA-based procedures, as judged by the average (clock) time required to

analyse one probe direction. Second, the load probe test using FELA is the most efficient

procedure. Although it might seem somewhat surprising that the load probe analyses

took longer for the surface foundation than for the caisson foundation, this is due to the

additional adaptive mesh iteration used when analysing the surface foundation, which

yielded tighter bounds (compare the bound differences for the two foundations in Figs. 7.8,

7.9 and 7.10).

For both foundations, the sequential swipe test is nearly three times faster than the

displacement probe test. This is a striking result as it shows the existence of a numerical

procedure that can provide failure envelope predictions that are as accurate as the displace-

ment probe test, but with greater efficiency. The single swipe test, on the other hand, has

relatively poor efficiency when evaluated on a per probe basis. Although the intermediate

load states obtained during the single swipe tests have been disregarded when evaluating

the performance on a per probe basis, the results provided in the previous section have
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Table 7.2: Time taken by each numerical procedure to find the failure envelopes of the surface and caisson
foundations: evaluated on a total time and average time per probe basis

No. of probes Total time (hrs) Average time
per probe (hrs)

Surface Disp. Probe 120 68.6 0.571

Single Swipe 22 21.4 0.971

Seq. Swipe 120 25.5 0.212

Load Probe (FELA) 120 31.2 0.260

Caisson Disp. Probe 120 152.8 1.27

Single Swipe 22 23.0 1.05

Seq. Swipe 120 59.5 0.496

Load Probe (FELA) 120 22.3 0.186

shown that these intermediate data points are unreliable as they may be far from the fail-

ure envelope. In contrast, the intermediate load states obtained during a sequential swipe

test have been shown to be sufficiently close to the failure envelope to be acceptable as

reliable failure loads. Thus, in terms of failure envelope resolution, the sequential swipe

test outperforms the other procedures.

Overall, the sequential swipe test is the best option amongst the FEA-based procedures

in terms of accuracy, efficiency and resolution. Therefore, the sequential swipe test is used

to determine the soil reaction yield surfaces in Chapter 9.
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Chapter 8

Systematic Framework To Formulate Convex

Failure Envelopes

In Chapter 7, the numerical procedures for determining failure envelopes were assessed,

with the sequential swipe test being the most efficient amongst the finite element based

procedures. Failure envelope formulations are usually derived to approximate the fail-

ure envelopes determined using the numerical procedures. In this chapter, a systematic

framework for formulating globally convex failure envelopes (or yield surfaces) and ther-

modynamically consistent plastic potentials is introduced.

8.1 Introduction

Definition 8.1 (Polynomial) A polynomial f (x1, . . . , xn) : Rn → R is a function that is a finite

linear combination of monomials:

f (x1, . . . , xn) = ∑
a1,...,an

ba1,...,an xa1
1 · · · x

an
n (8.1)

where the sum is over n-tuples of non-negative integers ai. The degree of a monomial is the sum of

its exponents (e.g. the degree of x2
1x3x3

5 is 2 + 1 + 3 = 6). The degree of a polynomial is determined

by the highest degree of its monomials.

Definition 8.2 (Homogeneous polynomial) A homogeneous polynomial is a polynomial where

all the monomials have the same degree (i.e. the sum of the exponents in each monomial is the same).

For example, x4 + x2yz + xy2z + x2z2 + y2z2 + z4 is a homogeneous polynomial of degree four.
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Definition 8.3 (Ellipsoid) An ellipsoid is a bounded, quadric surface (i.e. a surface that may be

defined as the 0-level set of a homogeneous polynomial of degree two and is bounded such that it may

be enclosed in a sufficiently large sphere).

Despite a plethora of failure envelope formulations that have been proposed in the

literature, most can be categorised into one of two main groups (there are some failure

envelope formulations that do not fall within these two groups e.g. Taiebat & Carter 2000).

The first is a ‘quasi-ellipsoid formulation’ based on a non-homogeneous polynomial,

where most (but not all) of the terms are of degree two. This is used primarily to ap-

proximate the ‘cigar-shaped’ failure envelopes that had been determined experimentally

for shallow foundations on sand (Nova & Montrasio 1991, Gottardi & Butterfield 1993,

Gottardi et al. 1999, Cassidy 1999, Bienen et al. 2006) and clay (Martin & Houlsby 2000).

The simplest member of this group of formulations is ‘Model A’ (Martin 1994):

f (Ṽ, H̃ , M̃) = H̃2 + M̃2 − 16Ṽ2(1− Ṽ)2 (8.2)

Eq. 8.2 was used as a preliminary model to approximate the experimental failure envelope

results for a spudcan in clay. For better agreement with the experimental results, Eq. 8.2

was modified to give ‘Model B’ (Martin 1994, Martin & Houlsby 2000):

f (Ṽ, H̃ , M̃) = H̃2 + M̃2 − 2ēH̃ M̃ − β̄2Ṽ2β1(1− Ṽ)2β2 (8.3)

where ē = e1 + e2Ṽ(Ṽ− 1), β̄ = (β1+β2)
β1+β2

β
β1
1 +β

β2
2

and e1, e2, β1, β2 are fitting parameters. From the

experimental results, the best-fit parameters are e1 = 0.518, e2 = 1.18, β1 = 0.764, β2 = 0.882.

Slightly modified versions of Eq. 8.3 were later adopted as the yield surface of macro-

element models for shallow foundations in sand (Cassidy 1999, Byrne 2000, Cassidy et al.

2002, 2004) and clay (Martin 1994, Martin & Houlsby 2001). A comprehensive review of the

development and history of this group of formulations is not provided here, as it is not the

focus of this chapter. Interested readers may refer to Martin (1994), Cassidy (1999), Byrne

(2000) for this information.

For numerical modelling, Martin & Houlsby (2001) recommended the following form

of Model B (Eq. 8.3) instead:

f (Ṽ, H̃ , M̃) =
(

H̃2 + M̃2 − 2ēH̃ M̃
) 1

2β2 − β̄
1

β2 Ṽ
β1
β2 (1− Ṽ) (8.4)
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Similarly for Model A (Eq. 8.2), the recommended form is:

f (Ṽ, H̃ , M̃) =
√

H̃2 + M̃2 − 4Ṽ(1− Ṽ) (8.5)

The failure envelope defined by the 0-level set of Eq. 8.5 is similar, but not equal to that

of Eq. 8.2 (The 0-level set of Eq. 8.2 is equivalent to ±
√

H̃2 + M̃2 ± 4Ṽ(1− Ṽ) = 0). The

recommended form has some advantages pertaining to convexity, as will be explained later.

The second group of failure envelope formulations is an ‘HM-based formulation’, that

is primarily used to approximate numerically determined failure envelopes. This includes

the formulations proposed by Vulpe et al. (2014), Vulpe (2015), Feng & Gourvenec (2015)

and Shen et al. (2016, 2017). This group of formulations is defined primarily in terms of

H̃∗, M̃∗, where H̃∗ = H̃
f1(Ṽ,Q̃)

and M̃∗ = M̃
f2(Ṽ,Q̃)

for some functions f1, f2 such that f1(0, 0) =

1, f2(0, 0) = 1. In other words, a formulation for the HM failure envelope under zero V

and Q loading is first derived. Thereafter, the effect of V and Q loading on the failure

envelopes are incorporated by scaling H̃ and M̃ in the original formulation. The simplest

member of this group is proposed by Vulpe et al. (2014):

f (H̃∗, M̃∗) =
(∣∣H̃∗∣∣)a

+
(

M̃∗)a
+ 2b

(
H̃∗M̃∗)− 1 (8.6)

where a = 2.13 or 1.63 depending on Ṽ, b = -0.26 or -0.05 depending on Ṽ, H̃∗ = H̃/(1−

Ṽ4.69), M̃∗ = M̃/(1− Ṽ2.12).

Even though these two groups of formulations have been used very successfully to

approximate failure envelope data, there are some shortcomings that have been identified.

First, there is currently no systematic and general framework for deriving failure envelope

formulations for n-dimensional (n ≥ 1) loading. The failure envelope formulation is usu-

ally customised manually for different failure envelope shapes, and for different loading

dimensions. As such, deriving formulations is a relatively laborious process. Second, there

are numerical issues pertaining to the HM-based failure envelope formulations. The expo-

nent parameters in Eq. 8.6 tend to be fractional, which together with the scaling approach,

brings about some numerical problems. Third, these two groups of failure envelope formu-

lations are not globally convex, which prevents the use of efficient, implicit elasto-plastic

integration algorithms. Finally, they are not guaranteed to be thermodynamically consis-

tent (if used as plastic potentials). Models that violate the laws of thermodynamics cannot

be used with confidence to describe real-world behaviour.
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To address the aforementioned shortcomings, a systematic framework for formulating

failure envelopes is introduced, which comes with several key benefits:

Systematic There are no ad hoc steps in the process. The methodology behind the frame-

work is clearly defined and can be readily followed.

General The framework can be applied to any dataset resulting from any arbitrary, n-

dimensional loading. In other words, the framework can be used to derive formula-

tions for most failure envelope shapes.

Convex The derived formulation is guaranteed to be globally convex, which comes with

its own set of advantages.

Thermodynamically consistent The derived formulation is guaranteed to obey the First

and Second Law of Thermodynamics, if used as plastic potentials.

Well-behaved function The derived formulation is continuous and real-valued in Rn, is

easily differentiable or integrable and has a continuous gradient and Hessian in Rn,

making it ideal for use as yield functions and plastic potentials.

8.2 Convexity

A function f is defined to be convex if its domain is a convex set and,

f (λ #‰x + (1− λ) #‰y ) ≤ λ f ( #‰x ) + (1− λ) f ( #‰y ) (8.7)

for all #‰x , #‰y ∈ domain of f and for 0 ≤ λ ≤ 1 (Boyd & Vandenberghe 2004). Depending on

the differentiability of f , there are two equivalent conditions to Eq. 8.7 that characterise the

convexity of f .

If f is differentiable (i.e. its gradient ∇ f ( #‰x ) exists everywhere in its domain), f is

convex if its domain is a convex set and

f ( #‰y ) ≥ f ( #‰x ) +∇ f ( #‰x )ᵀ( #‰y − #‰x ) (8.8)

for all #‰x , #‰y ∈ domain of f . Eq. 8.8 is known as the first-order condition (Boyd & Vanden-

berghe 2004).

If f is twice differentiable (i.e. its Hessian ∇2 f ( #‰x ) exists everywhere in its domain), f

is convex if its domain is a convex set and ∇2 f ( #‰x ) is positive semidefinite everywhere in
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its domain i.e.

#‰y ᵀ∇2 f ( #‰x ) #‰y ≥ 0 (8.9)

for all #‰x , #‰y ∈ domain of f . This is known as the second-order condition (Boyd & Vanden-

berghe 2004) and is the principal condition for assessing the convexity of functions in the

current chapter. One way to determine whether a matrix is positive semidefinite is to check

whether all of its eigenvalues are non-negative everywhere in its domain.

In this thesis, a globally convex function is defined as a function that is convex in the

domain Rn (where n is interpreted in the context of the current work as the number of

individual load and moment components applied to the foundation). It is beneficial to use

a convex function to represent a failure envelope, as it allows the use of efficient, implicit

elasto-plastic integration algorithms such as CPPM (Simo & Taylor 1985). Additionally,

previous researchers (e.g. Panteghini & Lagioia 2014) have reported numerical instabilities

when using implicit integration algorithms with yield functions f that are not convex in

their entire domain (i.e. for f > 0 as well as f = 0). A yield surface should not be confused

with a yield function. A yield surface is usually defined as the 0-level set of a yield function

f ( #‰x ). A convex yield surface does not necessarily imply convexity of f ( #‰x ). Conversely, if

f ( #‰x ) is convex, the yield surface is necessarily convex. These conditions arise from convex

analysis relating convex functions and their sublevel sets (Boyd & Vandenberghe 2004).

It can be shown that some of the existing failure envelope formulations are not globally

convex. For example, the Hessian of Model A in the form of Eq. 8.2 is:
2 0 0

0 2 0

0 0 −32(6Ṽ2 − 6Ṽ + 1)

 (8.10)

and its three eigenvalues are 2 (repeated) and −32(6Ṽ2 − 6Ṽ + 1). Fig. 8.1 shows the non-

repeated eigenvalue computed for 0 ≤ Ṽ ≤ 1, which indicates that Eq. 8.2 is only convex

for a limited range of 0.21 ≤ Ṽ ≤ 0.79. That is why for numerical modelling, Eq. 8.5

is generally recommended. The three eigenvalues of the Hessian of Eq. 8.5 are 0, 8 and

1/
√

H̃2 + M̃2, which means that Eq. 8.5 is convex in all of Rn, except for H̃ = 0, M̃ = 0

where one of the eigenvalues is undefined (the general convexity condition Eq. 8.7 may be

used to assess the convexity at this point). As for the other formulations mentioned above,

it can be shown that Eqs. 8.3, 8.4 and 8.6 are not globally convex.
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Figure 8.1: Variation of the non-repeated eigenvalue of Eq. 8.2 with respect to the magnitude of vertical loading.

Proving non-convexity for functions is straightforward (a single counterexample is suf-

ficient). Proving convexity for functions, on the other hand, is much more difficult, espe-

cially for those with non-constant Hessians (such as Eq. 8.10). Recall that a convex function

has to have a positive semidefinite Hessian for its entire domain. A heuristic approach that

shows that a Hessian is positive semidefinite at some finite number of points (no matter

how many) is insufficient to rigorously prove that it will remain positive semidefinite over

its entire domain. An analytical approach is often required.

8.3 Well-behavedness

In this chapter, a well-behaved function is defined as a function that is continuous and

real-valued in Rn. The former is required for ease of numerical implementation, while the

latter is required for proper evaluation of the yield surface. Furthermore, its gradient and

Hessian should also be continuous and real-valued in Rn.

Unfortunately, the HM-based failure envelope formulations tend to be not well-behaved.

Take Eq. 8.6 as an example. For Ṽ > 0.5, its formulation is:

f (H̃∗, M̃∗) =
(∣∣H̃∗∣∣)1.63

+
(

M̃∗)1.63 − 0.1
(

H̃∗M̃∗)− 1 (8.11)
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where H̃∗ = H̃/(1− Ṽ4.69), M̃∗ = M̃/(1− Ṽ2.12).

It is not real-valued for M̃ < 0 or Ṽ < 0, as raising negative numbers by fractional

powers result in complex values. This is a common theme for failure envelope formulations

in this group, due to their extensive use of fractional exponents. Furthermore, the scaling

approach results in a singularity in the function and its gradient when Ṽ = 1, which makes

it numerically inconvenient to implement these formulations as yield surfaces.

8.4 Suitable Class of Failure Envelope Formulations

Ideally, a failure envelope formulation should possess the following characteristics:

1. Globally convex

2. Well-behaved

3. Can easily support n-dimensional loading (n ≥ 1)

Definition 8.4 (Non-negative Polynomial) A polynomial f (x1, . . . , xn) is defined as being non-

negative if f (x1, . . . , xn) ≥ 0 ∀x1, . . . , xn ∈ Rn.

A suitable class of functions that could meet these requirements are ellipsoids (which

are homogeneous polynomials of degree 2). The standard ellipsoid can be defined in

quadratic form as:

#‰x ᵀA #‰x = 1 (8.12)

where A is a positive definite matrix and x is a vector. Because the Hessian of Eq. 8.12 is

2A (which is positive definite), an ellipsoid is guaranteed to be globally convex. It is well-

behaved and it can support any n number of loading dimensions (i.e. x can be a vector

of x1, x2, . . . , xn where each component represents a loading dimension such as V, Q etc.).

This makes the ellipsoid an attractive candidate for approximating failure envelopes.

Nevertheless, an ellipsoid is rarely used as the basis for failure envelope formulations,

as it is not expressive enough to approximate the widely varying failure envelope shapes.

Intuitively, a possible solution would be to increase the degree of the polynomial to increase

its expressiveness, just as one would use a higher degree polynomial to get a better match

for a one-dimensional curve fitting task.
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However, there is an issue: proving convexity is not straightforward for higher degrees

polynomials. Polynomials of degree 1 are always convex and proving convexity for poly-

nomials of degree two is straightforward as that amounts to checking whether a constant

matrix is positive semidefinite. For higher degree polynomials, it has been shown (Ahmadi

et al. 2013) that polynomials of odd degree ≥ 3 are not convex, while it is NP-hard (i.e.

algorithmically difficult) to prove the convexity of polynomials of even degree ≥ 4.

This poses significant difficulties in identifying globally convex, higher degree polyno-

mials that can fit the failure envelope data. While it is difficult to prove convexity of any

arbitrary polynomial of even degree ≥ 4, there is a subset of polynomials (of even degree)

that is guaranteed to be convex.

Definition 8.5 (Sum of squares (SOS) polynomials) Sum of squares (SOS) polynomials are

polynomials f (x1, . . . , xn) of degree 2m that can be expressed as:

f (x1, . . . , xn) =
k

∑
i=1

gi(x1, . . . , xn)
2

where g1(x1, . . . , xn), . . . , gk(x1, . . . , xn) are of degree m. If f (x1, . . . , xn) is SOS, then clearly

f (x1, . . . , xn) ≥ 0 ∀x1, . . . , xn ∈ Rn. Equivalently, f (x1, . . . , xn) is SOS if and only if there exists

a positive semidefinite matrix B such that:

f (x1, . . . , xn) =
#‰y ᵀB #‰y

where #‰y is the vector of all monomials of degree up to m (i.e. #‰y = [1, x1, x2, . . . , xn, x1x2, . . . , xm
n ]).

This can be easily shown by doing a Cholesky factorisation on B = VᵀV to give:

f (x1, . . . , xn) =
#‰y ᵀVᵀV #‰y = (V #‰y )ᵀ(V #‰y ) = ‖V #‰y ‖2

This subset of polynomials are known as sum of squares (SOS) polynomials. Recall that a

necessary and sufficient condition for a function f to be convex is for its Hessian ∇2 f to be

positive semidefinite (i.e. #‰s ᵀ
(
∇2 f ( #‰x )

)
#‰s ≥ 0, ∀ #‰x , #‰s ∈ domain of f ). A more tractable and

sufficient condition for a polynomial f to be convex is for its Hessian to be ‘SOS positive

semidefinite’ (i.e. #‰s ᵀ
(
∇2 f ( #‰x )

)
#‰s is SOS, ∀ #‰x , #‰s ∈ domain of f ). Such polynomials are

often called ‘SOS-convex’ polynomials (Ahmadi & Parrilo 2012).

The condition of a function being convex is not equivalent to the condition of a function

being SOS-convex, unless the polynomial is univariate or quadratic. A function that is
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SOS-convex is necessarily also convex, but a function that is convex is not necessarily SOS-

convex. In other words, SOS-convex polynomials are a subset of all convex polynomials

(Ahmadi & Parrilo 2012).

Finding SOS-convex polynomials is a much more tractable problem as it turns out to

be equivalent to a convex optimisation (semidefinite programming) problem (Parrilo 2003),

which can be solved efficiently. Imposing a polynomial f (x1, . . . , xn) = #‰y ᵀB #‰y to be SOS

is equivalent to a semidefinite program where B is constrained to be positive semidefinite,

together with a set of linear equality constraints on the coefficients of f (x1, . . . , xn). The

conversion of a SOS problem to a semidefinite program will be demonstrated later with a

simple example. Given their computational tractability and compatibility with the ideal

characteristics of failure envelope formulations, SOS-convex polynomials will form the

class of functions from which the failure envelope formulations will be derived from.

8.5 Thermodynamic Consistency

Definition 8.6 (First Law of Thermodynamics) For an isolated system, the change in the inter-

nal energy of the system is equal to the heat absorbed by the system and the work done on it.

Definition 8.7 (Second Law of Thermodynamics) For an isolated system, the total entropy

can never decrease over time. The Clausius–Duhem inequality is an expression of the second law

of thermodynamics, which is commonly used in continuum mechanics to determine whether the

constitutive relation of a material is thermodynamically consistent.

For rate independent, isothermal deformation (as assumed in this thesis), the dissipa-

tion inequality, which combines the first and second laws of thermodynamics, implies that

the mechanical dissipation γmech
diss of the system must be non-negative (Ottosen & Ristinmaa

2005). For non-hardening elasto-plastic materials, the mechanical dissipation is equivalent

to the rate of plastic work of the system Ẇp (Ottosen & Ristinmaa 2005). For macro-element

models where the deformation of the system is described purely in terms of the global force

resultants and the corresponding work-conjugate displacements, Ẇp is:

Ẇp =
#‰

P · #̇‰

S p ≥ 0 (8.13)

where
#‰

P is the global loads applied to the foundation and
#̇‰

S p is the time derivative of the

global plastic displacements of the foundation
#‰

S p. In these macro-element models, δ
#‰

S p is
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usually defined as:

δ
#‰

S p = δλ
∂g
∂

#‰

P
(8.14)

where g is the plastic potential of the macro-element model and δλ is some non-negative

scalar. In incremental form, Eq. 8.13 can be restated in terms of the normalised loads
#‰

P̃

and normalised plastic displacements
#‰

S̃ p as:

#‰

P̃ · δ
#‰

S̃ p ≥ 0 (8.15)

where δ
#‰

S̃ p = δλ
∂g
∂

#‰

P̃
. Since δλ ≥ 0, Eq. 8.15 is satisfied if:

#‰

P̃ · ∂g

∂
#‰

P̃
≥ 0 (8.16)

Eq. 8.16 is satisfied if associated flow rule is adopted (i.e. if the yield function is also

the plastic potential), and the yield function is convex and contains the origin in its domain.

To see this, if the plastic potential g is convex, Eq. 8.8 implies

g(
#‰

P̃0) ≥ g(
#‰

P̃) +∇g(
#‰

P̃)ᵀ(
#‰

P̃0 −
#‰

P̃)

∇g(
#‰

P̃)ᵀ(
#‰

P̃ −
#‰

P̃0) ≥ g(
#‰

P̃)− g(
#‰

P̃0)
(8.17)

where ∇g = ∂g
∂

#‰

P̃
,

#‰

P̃ is the current load state on the yield surface (i.e. f (
#‰

P̃) = 0) and
#‰

P̃0 is

any load state inside or on the yield surface (i.e. f (
#‰

P̃0) ≤ 0). If associated flow is assumed,

g = f and thus, g(
#‰

P̃)− g(
#‰

P̃0) = f (
#‰

P̃)− f (
#‰

P̃0) ≥ 0 (from the above definitions of
#‰

P̃ and
#‰

P̃0). Therefore, Eq. 8.17 simplifies to:

∇g(
#‰

P̃)ᵀ(
#‰

P̃ −
#‰

P̃0) ≥ 0 (8.18)

By substituting
#‰

P̃0 =
#‰

0 into Eq. 8.18 (where
#‰

0 is the zero vector i.e. origin of the global

load space), Eq. 8.16 is recovered. For the problems considered in this thesis, associated

flow rule is assumed and thus, Eq. 8.16 is satisfied if the yield function is globally convex.

8.6 Methodology

This section describes the steps required to go from the failure envelope data to a formula-

tion that approximates it.
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V
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[ Vc, Hc, Mc ]

Hr

Figure 8.2: Schematic definition of χc and χr, with reference to an ellipsoid-shape VHM failure envelope (where
χ here can be any of H, M, V).

8.6.1 Step 1. Standardise Data

First, standardise the failure envelope data by normalising the output as follows:

χ̄ =
χ− χc

χr
(8.19)

where χc represents the χ-axis coordinate of the adopted ‘centroid’ of the failure envelope

data and χr represents the distance between χc and the failure envelope along the χ-axis

(see Fig. 8.2). Note that χ can be any of Hx, Hy, Mx, My, V, Q. The purpose of Eq. 8.19 is to

scale the data such that the standardised data intersects each χ̄ axis at ±1. With regards to

convexity, f (χ) is convex if f (χ̄) is convex, as Eq. 8.19 is an affine function and composition

with an affine mapping preserves convexity (Boyd & Vandenberghe 2004).

There is some freedom in selecting the location of the centroid, as long as the resulting

standardised failure envelope data intersects each χ̄ axis at ±1. If the centroid is selected at

the origin of the coordinate system (e.g. [Vc, Hc, Mc] = [0, 0, 0]) and the minimum uniaxial

capacity χ0− and maximum uniaxial capacity χ0 are symmetrical (i.e. χ0− = −χ0), χ̄ = χ̃.

Following that, a dataset of standardised loads are obtained. For example, for HM

loading, the dataset should contain [H̄1, M̄1], . . . , [H̄k, M̄k], where k is the number of rows

of data. An optional step would be to remove ‘redundancy’ from the dataset, especially

if the data are ‘densely packed’ (as would be the case for sequential swipe test results).

This is done by rounding the data values to one or two decimal places and removing the

duplicate rows of data. This would help speed up the optimisation process in Step 5.
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8.6.2 Step 2. Define Failure Envelope Functional Form

Next, define the functional form of the failure envelope formulation to be of SOS-convex

form (i.e. a polynomial f (x1, . . . , xn) of even degree 2m, where m ≥ 1, m ∈ Z). Although

SOS-convex polynomials may be non-homogeneous, this paper considers only homoge-

neous SOS-convex polynomials for simplicity. This homogeneous form allows straightfor-

ward identification of the polynomial coefficients for uniaxial loading, as will be explained

in Step 3. For example, if m = 2 and the number of variables is 2, a 4th degree homogeneous

polynomial can be obtained as:

f (x1, x2) = x4
1a1 + x3

1x2a2 + x2
1x2

2a3 + x1x3
2a4 + x4

2a5 (8.20)

where x1, x2 are the standardised loading variables (e.g. V̄, H̄) and a1, . . . , a5 are the un-

known coefficients to solve for.

Since x1, . . . , xn represent the standardised loading variables, the failure envelope is

reached when any of x1, . . . , xn equals ±1 (this represent the cases where the minimum

or maximum uniaxial capacities are reached). Thus, the failure envelope is represented by

f (x1, . . . , xn) = 1, or in the usual convention, f (x1, . . . , xn)− 1 = 0.

8.6.3 Step 3. Apply Uniaxial Loading Principles

The coefficients of all monomials containing only one variable must be 1. This is to correctly

predict failure under uniaxial loading. Taking Eq. 8.20 as an example, a1 and a5 must be 1.

8.6.4 Step 4. Apply Symmetry Principles

Eliminate some of the unknown coefficients using symmetry principles. Consider Eq. 8.20

again. If the physics of the problem implies that f (x1, x2) = f (−x1, x2), the coefficients of

the monomials with x1 of odd degree must be zero. Thus, a2, a4 in Eq. 8.20 must be zero.

8.6.5 Step 5. Set Up Convex Optimisation Problem

To identify the remaining unknown coefficients, a convex optimisation problem is set up,

such that the unknown coefficients result in a failure envelope f that is closest (in a least

squares sense) to the standardised data (obtained from Step 1) .
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The objective is to find the unknown coefficients that make f ( #‰x i) ≈ 1, for each row of

standardised data #‰x i. Thus, the objective function fobj to minimise is:

fobj =
k

∑
i=1

( f ( #‰x i)− 1)2 (8.21)

where k is the number of rows of data.

To guarantee global convexity of the failure envelope, the following SOS constraint is

applied to the Hessian ∇2 f of the failure envelope f :

#‰s ᵀ
(
∇2 f ( #‰x )

)
#‰s is SOS ∀ #‰x , #‰s ∈ domain of f (8.22)

Putting it altogether, the optimisation problem can be cast as:

minimize
a1, . . . , an

fobj

subject to ~sᵀ
(
∇2 f (~x)

)
~s is SOS ∀~x,~s

(8.23)

However, the optimisation problem cannot be solved in the form of Eq. 8.23, as most

optimisation solvers cannot accept SOS constraints directly. Thus, the SOS program defined

in Eq. 8.23 has to be converted into an equivalent semidefinite program using a MATLAB

toolbox called ‘YALMIP’ (Löfberg 2004), which can convert a SOS program into an equiva-

lent semidefinite program automatically (Löfberg 2009). Thus, the unknown coefficients of

the failure envelope formulation can be identified readily with this toolbox.

8.7 Examples

The following two examples show how the proposed framework can be used with failure

envelopes of vastly different shapes. First, the aforementioned methodology was followed

to derive failure envelope formulations for the surface and caisson foundations analysed

in Chapter 7. Second, the Model B failure envelope (Eq. 8.3) was made globally convex by

redefining it within the proposed framework. YALMIP was used, in conjunction with the

SeDuMi semidefinite solver (Sturm 1999), to solve the SOS programs.

8.7.1 Surface And Caisson Foundations in Chapter 7

Step 1. Standardise Data

The sequential swipe test results for the VHM failure envelopes from Chapter 7 were

standardised according to Eq. 8.19. Since χ0− = −χ0 for the examples analysed in Chap-
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ter 7, the adopted centroid of the failure envelope data is [Vc, Hc, Mc] = [0, 0, 0]. Thus,

[Vr, Hr, Mr] = [V0, H0, M0] and V̄ = Ṽ, H̄ = H̃ and M̄ = M̃. There are two standardised

datasets (one for the surface foundation and one for the caisson), each of which contains

[V̄1, H̄1, M̄1], . . . , [V̄k, H̄k, M̄k], where k is the number of rows of data. To speed up the

optimisation process, ‘redundancy’ was eliminated from the datasets by rounding the data

values to two decimal places and removing the duplicate rows.

Step 2. Define Failure Envelope Functional Form

Two failure envelope functional forms ( f4, f6) were defined using 4th and 6th degree homo-

geneous polynomials as follows:

f4(V̄, M̄, H̄) = H̄4a1 + H̄3M̄a2 + H̄2M̄2a3 + H̄ M̄3a4 + M̄4a5 + H̄3V̄a6

+ H̄2M̄V̄a7 + H̄ M̄2V̄a8 + M̄3V̄a9 + H̄2V̄2a10 + H̄ M̄V̄2a11

+ M̄2V̄2a12 + H̄V̄3a13 + M̄V̄3a14 + V̄4a15

(8.24)

f6(V̄, M̄, H̄) = H̄6a1 + H̄5M̄a2 + H̄4M̄2a3 + H̄3M̄3a4 + H̄2M̄4a5

+ H̄ M̄5a6 + M̄6a7 + H̄5V̄a8 + H̄4M̄V̄a9 + H̄3M̄2V̄a10

+ H̄2M̄3V̄a11 + H̄ M̄4V̄a12 + M̄5V̄a13 + H̄4V̄2a14 + H̄3M̄V̄2a15

+ H̄2M̄2V̄2a16 + H̄ M̄3V̄2a17 + M̄4V̄2a18 + H̄3V̄3a19 + H̄2M̄V̄3a20

+ H̄ M̄2V̄3a21 + M̄3V̄3a22 + H̄2V̄4a23 + H̄ M̄V̄4a24 + M̄2V̄4a25

+ H̄V̄5a26 + M̄V̄5a27 + V̄6a28

(8.25)

Step 3. Apply Uniaxial Loading Principles

Set a1 = 1, a5 = 1, a15 = 1 in f4 and a1 = 1, a7 = 1, a28 = 1 in f6.

Step 4. Apply Symmetry Principles

Symmetry in H̄ and M̄ dictates that f (V̄, M̄, H̄) = f (V̄,−M̄,−H̄). Thus, a6, a7, a8, a9, a13, a14

in f4 are all zero. Similarly, a8, a9, a10, a11, a12, a13, a19, a20, a21, a22, a26, a27 in f6 are all zero.

Step 5. Set Up Convex Optimisation Problem

The SOS program in YALMIP was set up according to Eq. 8.23 (where f in Eq. 8.23 refers

to either f4 or f6) and the remaining unknown coefficients were solved for.
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Table 8.1: Best-fit coefficients in f4 for the failure envelope data

Foundation a2 a3 a4 a10 a11 a12

Surface -0.36 0.9 -1.43 0.4 0.84 1.64

Caisson 3.55 5.12 3.51 1.72 3.59 2.07

Table 8.2: Best-fit coefficients in f6 for the failure envelope data

Foundation a2 a3 a4 a5 a6 a14 a15

Surface -0.33 1.22 -2.17 2.34 -1.86 0.03 0.34

Caisson 5.18 11.9 15.45 11.96 5.2 2.72 10.86

a16 a17 a18 a23 a24 a25

Surface 1.1 0.29 0.84 1.97 1.52 4.72

Caisson 17.27 13.23 4.21 2.13 2.93 1.04

Table 8.3: Minimised objective values for f4 and f6 at the end of the optimisation process for the surface and
caisson foundation results from Chapter 7.

Foundation min. fobj for f4 min. fobj for f6

Surface 36.96 31.05

Caisson 20.3 20.35

Results

Based on the optimisation results, the remaining unknown coefficients for f4 and f6 are

listed in Tables 8.1 and 8.2 respectively. Figs. 8.3 and 8.4 compare the VH, VM and HM

failure envelopes predicted by f4, f6 with the 3DFE results for the surface and caisson

foundations analysed in Chapter 7. The differences between f4 and f6 can be seen more

clearly in Fig. 8.5, which shows the HM failure envelopes predicted by f4 and f6, without

the 3DFE results. The complete failure envelopes are shown here, so as to demonstrate that

f4 and f6 are properly defined in all quadrants.

It is clear that both f4 and f6 are reasonably good approximations of the 3DFE failure

envelope results; although there are some slight underprediction of the VM failure enve-

lope for the suction caisson (see Fig. 8.4b). It can be observed that f6 agrees better with the

3DFE results than f4 for the surface foundation, but f4 is marginally better for the caisson
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Figure 8.3: Comparison of VH, VM and HM failure envelopes predicted by f4, f6 with the 3DFE results for a surface
foundation. The HM envelopes correspond to the following vertical load levels: Ṽ = 0, 0.25, 0.5, 0.625, 0.75, 0.875.
The 3DFE results are from the sequential swipe test results in Chapter 7.
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Figure 8.4: Comparison of VH, VM and HM failure envelopes predicted by f4, f6 with the 3DFE results
for a suction caisson foundation. The HM envelopes correspond to the following vertical load levels: Ṽ =
0, 0.25, 0.5, 0.625, 0.75, 0.875. The 3DFE results are from the sequential swipe test results in Chapter 7.
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Figure 8.5: Comparison of HM failure envelopes predicted by f4 and f6, under increasing vertical loading (i.e.
Ṽ = 0, 0.25, 0.5, 0.625, 0.75, 0.875) (a) Surface foundation (b) Suction caisson foundation.
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(see Fig. 8.4c). This is corroborated by Table 8.3, which shows the minimised values of the

objective function at the end of the optimisation process (the smaller the better).

8.7.2 Model B

Step 1. Standardise Data

Failure envelope data was generated using Eq. 8.3, in the form of the ṼH̃ failure envelope,

ṼM̃ failure envelope and the H̃ M̃ failure envelopes for Ṽ = 0.125, 0.25, 0.375, 0.5, 0.625, 0.75,

0.875. The data was standardised according to Eq. 8.19 but unlike the previous example,

χ̄ 6= χ̃. The adopted centroid of the failure envelope data is [Ṽc, H̃c, M̃c] = [0.5, 0, 0]. Thus,

[Ṽr, H̃r, M̃r] = [0.5, 0.995, 0.995] and [V̄, H̄ , M̄] = [(Ṽ − 0.5)/0.5, H̃/0.995, M̃/0.995]. The

standardised dataset contains [V̄1, H̄1, M̄1], . . . , [V̄k, H̄k, M̄k], where k is the number of rows

of data. ‘Redundancy’ was eliminated from the dataset using the same procedure as the

previous example.

Step 2. Define Failure Envelope Functional Form

The same failure envelope functional forms ( f4, f6) (i.e. Eqs. 8.24 and 8.25) were used here.

Step 3. Apply Uniaxial Loading Principles

Set a1 = 1, a5 = 1, a15 = 1 in f4 and a1 = 1, a7 = 1, a28 = 1 in f6.

Step 4. Apply Symmetry Principles

Symmetry in H̄ and M̄ dictates that f (V̄, M̄, H̄) = f (V̄,−M̄,−H̄). Thus, a6, a7, a8, a9, a13, a14

in f4 are all zero. Similarly, a8, a9, a10, a11, a12, a13, a19, a20, a21, a22, a26, a27 in f6 are all zero.

Step 5. Set Up Convex Optimisation Problem

The SOS program in YALMIP was set up according to Eq. 8.23 (where f in Eq. 8.23 refers

to either f4 or f6) and the remaining unknown coefficients were solved for.

Results

Based on the optimisation results, the remaining unknown coefficients for f4 and f6 are

listed in Tables 8.4 and 8.5 respectively. Fig. 8.6 compares the VH, VM and HM failure en-

velopes predicted by f4, f6 with the original Model B equation (Eq. 8.3). It is clear that both
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Table 8.4: Best-fit coefficients in f4 for the Model B failure envelope data

a2 a3 a4 a10 a11 a12

-0.86 2 -0.86 3.48 -2.93 3.48

Table 8.5: Best-fit coefficients in f6 for the Model B failure envelope data

a2 a3 a4 a5 a6 a14 a15 a16 a17 a18 a23 a24 a25

-1.35 3.59 -2.74 3.59 -1.35 3.56 -4.94 8.94 -4.94 3.56 7.37 -6.59 7.37

Table 8.6: Minimised objective values for f4 and f6 at the end of the optimisation process for the Model B equation
(Eq. 8.3).

min. fobj for f4 min. fobj for f6

Model B 8.23 11.22

f4 and f6 are reasonably good approximations of the original Model B equation. Table 8.6

shows the minimised objective values for f4 and f6 at the end of the optimisation process,

which suggests that f4 agrees better with the original Model B equation than f6.

Fig. 8.6a, b show that the ends of f4 and f6 at Ṽ = 0 and Ṽ = 1 are more ‘rounded’ than

that of Model B, and the gradients there point along the Ṽ axis (correctly predicting vertical

plastic displacement under pure vertical loading, if associated flow is assumed). This is of

particular interest, as much work (Martin 1994) has previously gone into achieving such

a behaviour with Model B. In general, the results show that the framework can provide a

globally convex and well-behaved representation of Model B that is reasonably close to the

original form.
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Ṽ

−1.0

−0.5

0.0

0.5

1.0

H̃

Model B
f4
f6

(a)

0.0 0.2 0.4 0.6 0.8 1.0

Ṽ
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Figure 8.6: Comparison of VH, VM, and HM failure envelopes predicted by f4, f6 with the original Model B
equation. The HM failure envelopes correspond to the following vertical load levels: Ṽ = 0.5, 0.75, 0.875.
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8.7.3 Discussion

A key observation from the above results is that higher degree polynomials do not neces-

sarily mean better fits. For example, f6 agrees better with the 3DFE results for the surface

foundation than f4, but the opposite is true for the caisson. This may seem counter-intuitive

from experience with one-dimensional, general polynomial curve-fitting, but the character-

istics of homogeneous polynomials are different from that of general polynomials.

Lower degree, general polynomials can always be represented perfectly with higher

degree, general polynomials, but lower degree, homogeneous polynomials cannot be rep-

resented perfectly with higher degree, homogeneous polynomials. For example, a circle of

radius 1 (i.e. a 2nd degree, homogeneous polynomial x2 + y2 = 1) cannot be represented

perfectly with a 4th degree, homogeneous polynomial. Thus, it is generally recommended

to try a lower degree homogenous polynomial in Step 2, before going for higher degrees.

To show that f4 and f6 are SOS-convex, their Hessian conditions (i.e. Eq. 8.22) may

be decomposed into SOS forms. For example, for f4 in the Model B example, the Hessian

condition can be decomposed into SOS form using YALMIP as:

#‰s ᵀ
(
∇2 f4(

#‰x )
)

#‰s = (−3.2753V̄V̄1 − 3.0429M̄M̄1 + 0.9482M̄H̄1 + 0.9482H̄ M̄1 − 3.0429H̄ H̄1)
2

+ (−2.0892V̄M̄1 + 2.0892V̄H̄1 − 2.0892M̄V̄1 + 2.0892H̄V̄1)
2

+ (−1.1810V̄M̄1 − 1.1810V̄H̄1 − 1.1810M̄V̄1 − 1.1810H̄V̄1)
2

+ (1.5231M̄M̄1 − 1.5231H̄ H̄1)
2

+ (−1.2962M̄H̄1 + 1.2962H̄ M̄1)
2

+ (0.1446V̄V̄1 + 0.2929M̄M̄1 + 1.1897M̄H̄1 + 1.1896H̄ M̄1 + 0.2929H̄ H̄1)
2

+ (0.7876V̄M̄1 + 0.7875V̄H̄1 − 0.7876M̄V̄1 − 0.7875H̄V̄1)
2

+ (0.7618V̄M̄1 − 0.7619V̄H̄1 − 0.7618M̄V̄1 + 0.7619H̄V̄1)
2

+ (1.1186V̄V̄1 − 0.5788M̄M̄1 + 0.0746M̄H̄1 + 0.0745H̄ M̄1 − 0.5788H̄ H̄1)
2

(8.26)

where #‰x = [V̄, M̄, H̄ ]ᵀ, #‰s = [V̄1, M̄1, H̄1]
ᵀ ∈ domain of f4. It is clear from Eq. 8.26 that

#‰s ᵀ
(
∇2 f4(

#‰x )
)

#‰s ≥ 0 throughout its domain and thus, f4 is convex.

Interestingly, although the SOS constraint was applied to the Hessian condition (i.e.

#‰s ᵀ
(
∇2 f4(

#‰x )
)

#‰s ) and not the function (i.e. f4) itself, the resultant f4 in the Model B example
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turns out to be an SOS polynomial, as shown below:

f4(
#‰x ) = (1.4695H̄V̄ − 1.4695M̄V̄)

2

+
(
−0.4415H̄2 + 1.3770H̄ M̄ − 0.4415M̄2 − 0.3958V̄2)2

+ (1.0047H̄V̄ + 1.0047M̄V̄)
2

+
(
0.7205H̄2 − 0.7205M̄2)2

+
(
0.1189H̄2 + 0.3311H̄ M̄ + 0.1189M̄2 + 0.8867V̄2)2

+
(
−0.5214H̄2 − 0.2656H̄ M̄ − 0.5214M̄2 + 0.2390V̄2)2

(8.27)

Thus, not only is the Hessian of f4 positive semidefinite, f4 itself is non-negative.

8.8 Strengths and Limitations

The proposed failure envelope formulation framework resolves the aforementioned issues

with existing failure envelope formulations and offers several key advantages over them:

1. It is systematic and removes a lot of guesswork from the formulation process.

2. It is general and can be applied to any failure envelope dataset of arbitrary loading

dimensions. In fact, as long as the dataset is standardised accordingly, this framework

can be used as a general multi-dimensional convex hypersurface fitting framework

for any point cloud dataset.

3. It produces failure envelope formulations that are guaranteed to be globally convex.

4. It produces failure envelope formulations that are guaranteed to be thermodynami-

cally consistent, if they are used as plastic potentials (to support associated flow).

5. It produced well-behaved formulations that are easily differentiable and integrable.
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Chapter 9

Cohesive Soil

In Section 2.5, a new class of Winkler models, called ‘Elasto-plastic Winkler model’, was

introduced. In this chapter, the required soil reaction yield surfaces f for predicting suc-

tion caisson behaviour in homogeneous, undrained clay (assuming no separation at the

soil-foundation interface) are derived through calibration against 3DFE analyses. In previ-

ous numerical studies, undrained clay was modelled as an incompressible, elasto-plastic,

cohesive material with either the Tresca or von Mises yield criterion. For convenience, clay

modelled using the Tresca and von Mises yield criteria will be referred to as ‘Tresca soil’

and ‘von Mises soil’ respectively. Before looking at the general suction caisson problem,

it is apt to look at the simpler surface foundation problem to gain familiarity with the

derivation process for the soil reaction yield surface formulation.

9.1 Surface Foundations

This section looks at the derivation of a failure envelope formulation, that approximates the

computed failure envelope (from 3DFE analyses) for a rigid, circular surface foundation on

undrained clay under 6DoF loading. The failure envelope for a circular surface foundation

is equivalent to the yield surface of the base soil reaction for a suction caisson of L/D = 0.

9.1.1 Introduction

The failure envelope problem for a rigid, circular surface foundation on undrained clay is

a well-researched one (Taiebat & Carter 2000, Gourvenec & Randolph 2003, Randolph &

Puzrin 2003, Vulpe et al. 2014, Shen et al. 2017). However, most of the previous research de-

termine the failure envelopes for surface foundations under planar VHM loading, instead
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of the general 6DoF loading. The failure envelope formulations in Eqs. 9.1 and 9.2 have

been proposed by Taiebat & Carter (2000) and Vulpe et al. (2014) respectively, for a rigid,

circular surface foundation on Tresca soil under planar VHM loading:

f (Ṽ, H̃ , M̃) = Ṽ2 +
(

M̃
(
1− 0.3H̃sgn(M̃)

))2
+
∣∣H̃3∣∣− 1 (9.1)

f (Ṽ, H̃ , M̃) =

(∣∣∣∣ H̃
ξH

∣∣∣∣)a

+

(
M̃
ξM

)a

+ 2b
(

H̃ M̃
ξHξM

)
− 1 (9.2)

where

a = 2.13 if Ṽ ≤ 0.5 else 1.63

b = −0.26 if Ṽ ≤ 0.5 else − 0.05

ξH = 1− Ṽ4.69

ξM = 1− Ṽ2.12

Based on his Model B failure envelope formulation for spudcan foundations in clay

under planar VHM loading (Eq. 8.3), Martin (1994) proposed the following extension to

support 6DoF loading:

f (Q̃, Ṽ, H̃y, M̃x, H̃x, M̃y) =
(

H̃x
2 + H̃y

2
)
+
(

M̃x
2 + M̃y

2
)

− bṼ2β1
(

1− Ṽ2β2
)
+ Q̃2

− 2a
(

H̃yM̃x − H̃xM̃y

) (9.3)

where a, b, β1, β2 are fitting parameters. Eq. 9.3 was later adopted by Bienen et al. (2006)

and Salciarini & Tamagnini (2009) for the yield surfaces of their macro-element models for

circular, surface foundations on sand. Note that Eq. 9.3 assumes no horizontal, moment

or torsional capacity, if no vertical loading is applied. Thus, it is not applicable for the nu-

merical study in this chapter, where there are horizontal, moment and torsional capacities

at zero vertical load. Nevertheless, a comparison will be made later to see the difference

between Eq. 9.3 and the derived failure envelope formulation.

Recently, Shen et al. (2017) investigated the failure envelope for a rigid, circular surface

foundation on Tresca soil under 6DoF loading. They found that the HM failure envelope

changes when H and M are non-planar. However, they were not able to derive a failure

envelope formulation that captures the variation of the failure envelope with different H

and M directions. Thus, they proposed the following formulation, which approximates a
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conservative, lower bound failure envelope for all possible H and M directions:(
H̃
ξH

)2

+

(
M̃
ξM

)a (
1− b

H̃
ξH

)
− 1 = 0 (9.4)

where

a = 2.1 + 0.2(1 + sgn(H̃))− (1.1− 0.1(1 + sgn(H̃)))Ṽ + (2.4− 1.8(1 + sgn(H̃)))Ṽ2

b = 0.5 + 0.1(1 + sgn(H̃))− 0.1Ṽ − 0.6Ṽ2

ξH = ξH0

1−
(

Q̃
ξQ

)1.75
0.571

ξM =
(
1− Ṽ3.57)1−

(
Q̃
ξQ

)1.5+0.1Ṽ+1.4Ṽ2
1

5.3+Ṽ−6Ṽ2

ξQ = 1 if Ṽ ≤ 0.5 else
(

1− (2Ṽ − 1)4
)0.4

ξH0 = 1 if Ṽ ≤ 0.5 else
(
1− (2Ṽ − 1)2)0.667

Although the failure envelope problem for a rigid, circular surface foundation on clay

has been well-researched, there are still some issues that have not been addressed in previ-

ous studies. First, there is currently no failure envelope formulation for 6DoF loading, that

predicts non-zero horizontal, moment and torsional capacities at zero vertical load, and

captures the variation of the failure envelope with different H and M directions. This is

required to properly approximate the failure envelope data in the current numerical study.

Second, Eq. 9.4 is unsuited for use as a yield surface or plastic potential in macro-element

or Winkler models, as it is unwieldy to differentiate and the gradient is undefined at Ṽ = 1

due to a singularity there. Furthermore, Eq. 9.4 is undefined for negative Q, V and M,

making it unsuitable for use in numerical models that accept general 6DoF loading inputs

(which may be positive or negative valued). Lastly, most of the existing formulations are

not globally convex (hence disallowing the use of efficient, implicit elasto-plastic integra-

tion algorithms) and are not guaranteed to be thermodynamically consistent (if used as

plastic potentials).

To address the above issues, 3DFE analyses of a rigid, circular surface foundation on

undrained clay under 6DoF loading were carried out to determine the failure envelope. The

clay was modelled as a linear elastic, perfectly plastic soil with a von Mises yield criterion.

Using the 3DFE results and the framework introduced in Chapter 8, a more robust failure

envelope formulation for a rigid, circular surface foundation on clay under 6DoF loading
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is derived, where the variation of the failure envelope with different H and M directions

is properly captured in the formulation. The proposed failure envelope is globally convex,

which allows efficient, implicit elasto-plastic integration algorithms to be used. Moreover,

it is guaranteed to be thermodynamically consistent, if used as a plastic potential.

9.1.2 Methodology

This section describes the 3DFE modelling that was performed to determine the failure

envelope for a circular surface foundation under 6DoF loading. The 3DFE model consists

of a rigid, circular surface foundation of diameter D on homogeneous elasto-plastic soil.

Mesh

The diameter and depth of the mesh domain were set to 6D and 2.5D respectively, which

was verified to be large enough to avoid boundary effects. Mesh convergence analyses were

carried out to determine the mesh fineness. A representative mesh is shown in Fig. 9.1.

Material Properties

The soil was defined as a homogeneous, isotropic linear elastic, perfectly plastic material,

where the undrained shear strength su is uniform throughout the soil domain. A von

Mises yield criterion with an associated flow rule was adopted for the soil model. The soil

and foundation were modelled as weightless materials, as soil weight does not affect the

failure states. The Poisson’s ratio ν of the soil was set to 0.49, while its Young’s modulus

E was set to 1000
√

3su, although this may be set arbitrarily as the elastic behavior does not

affect the final failure states (Chen & Liu 1990). First-order, fully-integrated, linear, brick

elements C3D8H were assigned to the soil elements. The surface foundation was made

entirely rigid using rigid body constraints. The reference point was set at the centre of its

base. Separation at the soil-foundation interface was prevented using tie constraints.

Boundary Conditions

Definition 9.1 (m-swipe sequential swipe test) An m-swipe sequential swipe test is defined to

be a sequential swipe test with m equally spaced displacement increments in each quadrant of the

displacement space (as described in Chapter 7).
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(a)

(b)

Figure 9.1: (a) Oblique view of the full 3DFE model. The diameter and depth of the mesh domain are 6D and
2.5D respectively. (b) Plan view of the full 3DFE model.
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First, the uniaxial load capacities (Q0, V0, H0, M0) of the surface foundation were ob-

tained by prescribing translations of 0.1D and rotations of 0.1 in the respective axes (e.g.

Sz for V0), which was sufficiently large to reach capacity (i.e. the load had reached steady

state). Next, HM failure envelope was determined using 16-swipe sequential swipe tests,

while load boundary conditions were set in the Q and V spaces (i.e. the QVHM failure

envelope was explored by finding HM contours of the failure envelope at fixed levels of Q

and V). Four torsional and vertical load levels were each applied: Q̃ = 0, 0.25, 0.5, 0.75 and

Ṽ = 0, 0.25, 0.5, 0.75. Thus, there are 16 distinct combinations of Q̃-Ṽ loadings applied.

Definition 9.2 (Hi, Mj, Mj
′, αHM′) Hi and Mj are the lateral and moment loads along some gen-

eral axes i, j, which can be the x-axis, y-axis or any axis on the x-y plane. The absolute axis directions

of Hi and Mj are not important. What is important is the relative direction of one axis to the other,

which is represented by a parameter αHM′ . αHM′ is the angle between the Hi and Mj
′ axes, where the

Mj
′ axis is clockwise orthogonal to the Mj axis (see Fig. 9.2). Conveniently, αHM′ = 0 represents

the standard, planar HM loading case as described by Butterfield et al. (1997).

αHM′ is not defined as the angle between the Hi and Mj axes, as this definition cannot differen-

tiate between ±Hi or ±Mj for planar HM loading. For planar HM loading, the angle between Hi

and Mj is always 90 degrees, regardless of whether they are positive or negative valued. This implies

that the results should be identical in all HM quadrants, which is not true. Thus, there is a need for

another reference Mj
′. For planar HM loading, the angle between Hi and Mj

′ (or -Hi and -Mj
′) is

0 degree, while the angle between −Hi and Mj
′ (or Hi and -Mj

′) is 180 degrees. This definition is

able to distinguish the correct symmetry of these various loading scenarios.

The HM failure envelopes were determined for planar and non-planar HM loading. To

obtain the HM failure points for different αHM′ values, the sequential swipe test was carried

out by applying the rotation Θx along the x-axis, while the lateral displacement SH was

applied along three axes (αSΘ = 0, π/4, π/2) (see Fig. 9.3). Note that the resultant H may

not be co-directional with the SH direction (i.e. αSΘ 6= αHM′), as the elasto-plastic stiffness

matrix of the foundation may not be diagonal. Thus, the resultant H from αSΘ = π/4

correspond to a range of αHM′ values.

167



9.1. Surface Foundations
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Figure 9.2: Conventions adopted for general H-M loading.
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Figure 9.3: Displacement boundary conditions applied for H-M loading.

Validation

To validate that the 3DFE model has been set up correctly, Table 9.1 compares the 3DFE

uniaxial load capacity results with the analytical solutions and 3D FELA results (from Chap-

ter 7). It is evident that the 3DFE results agree well with the analytical solutions and the 3D

FELA results, thus validating the 3DFE model. The torsional capacity slightly overestimates

the analytical solution, as contact breaking is not allowed at the soil-foundation interface

for the 3DFE model. For interested readers, the derivations of the analytical solutions are

included in Appendix A.3. For the vertical capacity, the 3DFE computed value of 5.63 com-

pares well with the known exact solutions (albeit for Tresca soil) of 5.69 (Shield 1955) and

6.05 (Eason & Shield 1960) for a smooth and rough surface foundation respectively.
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Table 9.1: Uniaxial capacities of the surface foundation, where A = πD2/4 refers to the foundation base area.

Q0
ADsu

V0
Asu

H0
Asu

M0
ADsu

3DFE 0.344 5.63 1.04 0.73

3D FELA (LB) - 5.45 1.00 0.667

3D FELA (UB) - 5.77 1.00 0.715

3D FELA (Average) - 5.61 1.00 0.691

Analytical 0.333 - 1 -

9.1.3 Results

The results of the QVHM failure envelope are presented primarily in terms of its pro-

jections on the HM plane (i.e. HM contours), which are referred to as HM failure en-

velopes. Furthermore, the failure envelopes are presented in terms of the normalised loads

(Q̃, Ṽ, H̃i, M̃j). Because of symmetry, the 3DFE results were obtained for only one or two

quadrants. However, the predicted failure envelopes are shown for all quadrants.

VHM Failure Envelopes

Fig. 9.4 shows the variation of the HM failure envelopes under different V load levels, for

αHM′ = 0 and Q̃ = 0. It is evident that as V loading increases, the available HM capacity

decreases, as depicted by the smaller HM failure envelopes. The drop in HM capacity is

minor for Ṽ ≤ 0.5, but increases rapidly for Ṽ > 0.5. Furthermore, the asymmetry in the

HM space becomes negligble at high V loading (e.g. Ṽ = 0.75), indicating that V loading

has significant influence on the interaction between H and M loading.

Effect of αHM′ on VHM Failure Envelopes

Fig. 9.5 shows the effect of αHM′ (i.e. non-planar HM loading) on the HM failure envelopes

under different V load levels, for Q̃ = 0. There is less 3DFE data points in Fig. 9.5b, c

as the resultant H from αSΘ = π/4 corresponds to a range of αHM′ (recall that αSΘ 6=

αHM′). The asymmetry in the HM space decreases as αHM′ increases from 0, until there

is no asymmetry at αHM′ = π/2. This makes physical sense, as the response should be

symmetric if lateral loading is applied along the rotational axis.
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Figure 9.4: HM failure envelopes for αHM′ = 0, Ṽ = 0, 0.25, 0.5, 0.75, Q̃ = 0. The black dashed and solid lines
are the failure envelopes predicted by Eqs. 9.5 and 9.6 respectively. The grey dotted lines are the failure envelopes
predicted by Eq. 9.4 (Shen et al. 2017), which is undefined for negative M values.

QVHM Failure Envelopes

Fig. 9.6 shows the effect of Q loading on the HM failure envelopes under different V load

levels, for αHM′ = 0. As Q loading increases, the available HM capacity decreases, as

shown by the smaller HM failure envelopes. However, the general shape of the HM failure

envelopes remain the same as Q loading increases. Thus, unlike V loading, Q loading has

minimal influence on the interaction between H and M loading.

Effect of αHM′ on QVHM Failure Envelopes

Fig. 9.7 shows some of the effects of αHM′ and combined V and Q loading on the HM

failure envelopes, which are in line with the observed trends described in the previous

figures.
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Ṽ=0.25
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Figure 9.5: HM failure envelopes for αHM′ = 0, π/8, π/4, π/2, Ṽ = 0, 0.25, 0.5, 0.75, Q̃ = 0. The black dashed
and solid lines are the failure envelopes predicted by Eqs. 9.5 and 9.6 respectively. The grey dotted lines are the
failure envelopes predicted by Eq. 9.4 (Shen et al. 2017), which is undefined for negative M values.
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Ṽ=0.25
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Figure 9.6: HM failure envelopes for αHM′ = 0, Ṽ = 0, 0.25, 0.5, 0.75, Q̃ = 0, 0.25, 0.5, 0.75. The black dashed
and solid lines are the failure envelopes predicted by Eqs. 9.5 and 9.6 respectively. The grey dotted lines are the
failure envelopes predicted by Eq. 9.4 (Shen et al. 2017), which is undefined for negative M values.
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Ṽ=0
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Figure 9.7: HM failure envelopes for αHM′ = π/4, Ṽ = 0, 0.25, 0.5, 0.75, Q̃ = 0, 0.25, 0.5, 0.75. The black dashed
and solid lines are the failure envelopes predicted by Eqs. 9.5 and 9.6 respectively. The grey dotted lines are the
failure envelopes predicted by Eq. 9.4 (Shen et al. 2017), which is undefined for negative M values.
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9.1.4 Calibration

Following the procedures detailed in Chapter 8, SOS optimisation against the 3DFE failure

points was carried out to derive two failure envelope formulations to approximate the 3DFE

failure envelope. The first failure envelope formulation is a 4th degree SOS polynomial f4

as follows:

f4(Q̃, Ṽ, H̃i, M̃j, αHM′) = H̃i
4 + M̃j

4 + Ṽ4 + Q̃4 − 1

+ IHM + IVH + IVM + IQH + IQM

+ IVHM + IQHM

(9.5)

where

IHM = H̃i
2(H̃iM̃j cos αHM′)(−0.36)

+ (H̃iM̃j cos αHM′)
2(0.9)

+ (M̃j
2)(H̃iM̃j cos αHM′)(−1.43)

IVH = H̃i
2Ṽ2(0.4)

IVM = M̃j
2Ṽ2(1.64)

IQH = H̃i
2Q̃2(2.61)

IQM = M̃j
2Q̃2(0.33)

IVHM = (H̃iM̃j cos αHM′)Ṽ
2(0.84)

IQHM = (H̃iM̃j cos αHM′)Q̃
2(−0.84)

The second failure envelope formulation is a 6th degree SOS polynomial f6 as follows:

f6(Q̃, Ṽ, H̃i, M̃j, αHM′) = H̃i
6 + M̃j

6 + Ṽ6 + Q̃6 − 1

+ IHM + IVH + IVM + IQH + IQM

+ IVHM + IQHM

+ IQV + IQVH + IQVM + IQVHM

(9.6)
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Table 9.2: Minimised objective values for f4 and f6 at the end of the optimisation process for the 3DFE failure
envelope results.

Foundation min. fobj for f4 min. fobj for f6

Surface 114.46 86.26

where

IHM = (H̃iM̃j cos αHM′)H̃i
4(−0.33) + (H̃iM̃j cos αHM′)

2H̃i
2(1.22)

+ (H̃iM̃j cos αHM′)
3(−2.17) + (H̃iM̃j cos αHM′)

2M̃j
2(2.34)

+ (H̃iM̃j cos αHM′)M̃j
4(−1.86)

IVH = H̃i
2Ṽ4(1.97) + H̃i

4Ṽ2(0.03)

IVM = M̃j
4Ṽ2(0.84) + M̃j

2Ṽ4(4.72)

IQH = H̃i
4Q̃2(4.56) + H̃i

2Q̃4(3.47)

IQM = M̃j
4Q̃2(1.65) + (M̃j

2)Q̃4(0.16)

IVHM = (H̃iM̃j cos αHM′)H̃i
2Ṽ2(0.34) + H̃i

2M̃j
2Ṽ2(1.1)

+ (H̃iM̃j cos αHM′)M̃j
2Ṽ2(0.29) + (H̃iM̃j cos αHM′)Ṽ

4(1.52)

IQHM = H̃i
2(H̃iM̃j cos αHM′)Q̃

2(−1.92) + H̃i
2M̃j

2Q̃2(4.62)

+ (H̃iM̃j cos αHM′)M̃j
2Q̃2(−4.53) + (H̃iM̃j cos αHM′)Q̃

4(−0.58)

IQV = Ṽ4Q̃2(0.55) + Ṽ2Q̃4(0.12)

IQVH = H̃i
2Ṽ2Q̃2(0.46)

IQVM = M̃j
2Ṽ2Q̃2(0.67)

IQVHM = (H̃iM̃j cos αHM′)Ṽ
2Q̃2(1.75)

For comparison, the HM failure envelopes approximated by Eqs. 9.5 and 9.6 are also

shown in Figs 9.4 to 9.7. It is evident that both f4 and f6 approximates the 3DFE failure

points very well. Table 9.2 shows the minimised objective values for f4 and f6 at the end

of the optimisation process, which suggests that f6 agrees better with the 3DFE failure

envelope results than f4.

Each of the I terms in Eqs. 9.5 and 9.6 represents the interaction between two or more

loads. For example, IHM represents the interaction between lateral and moment loading,

while IVHM represents the interaction between vertical, lateral and moment loading. If there

is no interaction between any of the loads (i.e. all the I terms are zero), the failure envelope
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would be a super-ellipsoid (i.e. a ‘generalised ellipsoid’ where the exponents of the terms

may not be 2).

Redefinition Of Failure Envelope Formulations

Note that Eqs. 9.5 and 9.6 are defined in terms of Q̃, Ṽ, H̃i, M̃j, αHM′ . Since Hi, Mj are lateral

and moment loads on undefined axes, it shall be defined in terms of Hx, Hy, Mx, My. First,

let the unit vectors êH, êM and êM
′ represent the directions of the Hi, Mj and Mj

′ axes

respectively (see Fig. 9.2). Since êH · êM
′ = cos αHM′ :

HiMj cos αHM′ = HiMjêH · êM
′

= (HiêH) ·
(

MjêM
′
)

=
#‰

Hi ·
# ‰

Mj
′

(9.7)

Now, define
#‰

Hi and
# ‰

Mj as the resultant lateral
#‰

Hr and moment
# ‰

Mr loads:

#‰

Hi =
#‰

Hr = [Hx, Hy] (9.8)

# ‰

Mj =
# ‰

Mr = [Mx, My] (9.9)

Thus,
# ‰

Mj
′ =

# ‰

Mr
′ = [−My, Mx]. The dot product of

#‰

Hi and
# ‰

Mj
′ is:

#‰

Hi ·
# ‰

Mj
′ = [Hx, Hy] · [−My, Mx]

= HyMx − HxMy

(9.10)

Using Eqs 9.7 and 9.10, the term H̃iM̃j cos αHM′ in Eqs. 9.5 and 9.6 can be expanded to:

H̃iM̃j cos αHM′ =
HiMj cos αHM′

H0M0

=
HyMx − HxMy

H0M0

= H̃yM̃x − H̃xM̃y

(9.11)

Therefore, Eq. 9.5 can be redefined as:

f4(Q̃, Ṽ, H̃y, M̃x, H̃x, M̃y) =
(

H̃x
2 + H̃y

2
)2

+
(

M̃x
2 + M̃y

2
)2

+ Ṽ4 + Q̃4 − 1

+ IHM + IVH + IVM + IQH + IQM

+ IVHM + IQHM

(9.12)
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where

IHM =
(

H̃x
2 + H̃y

2
)
(H̃yM̃x − H̃xM̃y)(−0.35)

+ (H̃yM̃x − H̃xM̃y)
2(0.89)

+
(

M̃x
2 + M̃y

2
)
(H̃yM̃x − H̃xM̃y)(−1.43)

IVH =
(

H̃x
2 + H̃y

2
)

Ṽ2(0.4)

IVM =
(

M̃x
2 + M̃y

2
)

Ṽ2(1.66)

IQH =
(

H̃x
2 + H̃y

2
)

Q̃2(2.6)

IQM =
(

M̃x
2 + M̃y

2
)

Q̃2(0.34)

IVHM = (H̃yM̃x − H̃xM̃y)Ṽ
2(0.82)

IQHM = (H̃yM̃x − H̃xM̃y)Q̃
2(−0.85)

Similarly, Eq. 9.6 can be redefined as:

f6(Q̃, Ṽ, H̃y, M̃x, H̃x, M̃y) =
(

H̃x
2 + H̃y

2
)3

+
(

M̃x
2 + M̃y

2
)3

+ Ṽ6 + Q̃6 − 1

+ IHM + IVH + IVM + IQH + IQM

+ IVHM + IQHM

+ IQV + IQVH + IQVM + IQVHM

(9.13)
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where

IHM = (H̃yM̃x − H̃xM̃y)
(

H̃x
2 + H̃y

2
)2

(−0.33)

+ (H̃yM̃x − H̃xM̃y)
2
(

H̃x
2 + H̃y

2
)
(1.19)

+ (H̃yM̃x − H̃xM̃y)
3(−2.22)

+ (H̃yM̃x − H̃xM̃y)
2
(

M̃x
2 + M̃y

2
)
(2.43)

+ (H̃yM̃x − H̃xM̃y)
(

M̃x
2 + M̃y

2
)2

(−1.87)

IVH =
(

H̃x
2 + H̃y

2
)

Ṽ4(1.97) +
(

H̃x
2 + H̃y

2
)2

Ṽ2(0.03)

IVM =
(

M̃x
2 + M̃y

2
)2

Ṽ2(0.92) +
(

M̃x
2 + M̃y

2
)

Ṽ4(4.41)

IQH =
(

H̃x
2 + H̃y

2
)2

Q̃2(4.55) +
(

H̃x
2 + H̃y

2
)

Q̃4(3.61)

IQM =
(

M̃x
2 + M̃y

2
)2

Q̃2(1.61) +
(

M̃x
2 + M̃y

2
)

Q̃4(0.2)

IVHM = (H̃yM̃x − H̃xM̃y)
(

H̃x
2 + H̃y

2
)

Ṽ2(0.32)

+
(

H̃x
2 + H̃y

2
) (

M̃x
2 + M̃y

2
)

Ṽ2(1.03)

+ (H̃yM̃x − H̃xM̃y)
(

M̃x
2 + M̃y

2
)

Ṽ2(0.33)

+ (H̃yM̃x − H̃xM̃y)Ṽ
4(1.46)

IQHM =
(

H̃x
2 + H̃y

2
)
(H̃yM̃x − H̃xM̃y)Q̃

2(−1.63)

+
(

H̃x
2 + H̃y

2
) (

M̃x
2 + M̃y

2
)

Q̃2(4.47)

+ (H̃yM̃x − H̃xM̃y)
(

M̃x
2 + M̃y

2
)

Q̃2(−4.53)

+ (H̃yM̃x − H̃xM̃y)Q̃
4(−0.51)

IQV = Ṽ4Q̃2(0.62) + Ṽ2Q̃4(0.04)

IQVH =
(

H̃x
2 + H̃y

2
)

Ṽ2Q̃2(0.4)

IQVM =
(

M̃x
2 + M̃y

2
)

Ṽ2Q̃2(0.77)

IQVHM = (H̃yM̃x − H̃xM̃y)Ṽ
2Q̃2(1.45)

9.1.5 Discussion

The failure envelope for a rigid, circular surface foundation on undrained clay under 6DoF

loading has been determined using 3DFE analyses, and f4 and f6 (Eqs. 9.12, and 9.13) have

been derived to approximate the 3DFE failure envelope. Although f6 is more accurate than

f4, it is more convenient to use f4 as the yield surface or plastic potential in numerical

models, as it is more concise. Thus, f4 was implemented as the yield surface f base and the
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plastic potential gbase for the base soil reactions in oxCaisson-LEPP, for a suction caisson of

L/D = 0. The uniaxial capacities are defined by the 3DFE results in Table 9.1, while the

elastic behaviour is defined by the linear elastic soil reactions described in Chapter 3.

Fig. 9.8 compares the oxCaisson-LEPP predictions of the load-displacement behaviour

and the HM failure envelope with the 3DFE results, for a sequential swipe test in the HM

space under planar HM loading (i.e. αHM′ = 0) with Ṽ = 0.25 and Q̃ = 0. Evidently,

there are some minor differences with the predictions. For example, the total normalised

vertical displacements Sz/D that resulted from maintaining Ṽ = 0.25 during the sequential

swipe test are 0.00635 and 0.0108 for the 3DFE model and oxCaisson-LEPP respectively.

Nevertheless, the overall oxCaisson-LEPP predictions match the 3DFE results very well.

Moreover, the oxCaisson-LEPP is 440 times faster than the 3DFE model, as it took only

14 seconds (or 15 seconds if an explicit elasto-plastic integration algorithm was used) to

generate the data points in Fig. 9.8, while the 3DFE model took 1.7 hours.

Comparison With Previous Work

For 6DoF loading, Figs. 9.4 to 9.7 also include the failure envelopes predicted by Eq. 9.4.

It is clear from these figures that the failure envelopes predicted by f4 and f6 are more

accurate than that of Eq. 9.4. In particular, f4 and f6 capture the change in the HM failure

envelope asymmetry as αHM′ varies. In contrast, the HM failure envelopes predicted by

Eq. 9.4 do not vary with αHM′ , which results in incorrect, asymmetric HM failure envelopes

when αHM′ = π/2. Furthermore, Eq. 9.4 is undefined for negative moment values, as it

raises negative numbers to fractional powers, resulting in complex numbers. This makes

Eq. 9.4 unsuitable for use as a yield surface in numerical models.

For VHM planar loading, Fig. 9.9 compares the HM failure envelopes predicted by

f4, f6 and the existing formulations (Eqs. 9.1, 9.2, 9.4) with the 3DFE results. Evidently, f4

and f6 are significant improvements over these existing formulations. With regards to the

existing formulations, Eq. 9.4 is generally more accurate than Eqs. 9.1 and 9.2. However,

Eq. 9.1 has the advantage that it can be used as a yield surface in numerical models, as it

is defined in all quadrants, unlike Eqs. 9.2 and 9.4.

As for the failure envelopes on the other planes, Fig. 9.10 compares the VH, VM, QH

and QM failure envelopes predicted by f4, f6 and the existing formulations (Eqs. 9.1, 9.2,
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Figure 9.8: Comparison of sequential swipe tests in the HM space for a circular surface foundation, for αHM′ = 0,

Ṽ = 0.25, Q̃ = 0 (a)-(c) Load-displacement behaviour (d) HM failure envelope.

9.4) with the 3DFE results. Evidently, f4 and f6 are in excellent agreement with the 3DFE

results. Eq. 9.4 is the most accurate out of the existing formulations, but it is only defined

for 0 ≤ Ṽ < 1 (it is undefined for Ṽ = 1 due to a singularity there). This highlights the

main shortcoming of the functional form adopted by Eqs. 9.2 and 9.4: it is undefined in

some negative domains and for Ṽ = 1.

Finally, the functional forms of Eqs. 9.12 and 9.13 are compared with that of Eq. 9.3.

They are similar in that they are all simple polynomial expressions. Eq. 9.3 contains the

terms H̃yM̃x − H̃xM̃y, which implies that it correctly predicts symmetric HM failure en-

velopes at αHM′ = π/2. The main differences are the degree of the polynomials and that
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Figure 9.9: HM failure envelopes for αHM′ = 0, Ṽ = 0, 0.25, 0.5, 0.75, Q̃ = 0. Note that the failure envelopes
proposed by Shen et al. (2017) and Vulpe et al. (2014) are undefined for negative M values.

Eq. 9.3 is a non-homogeneous polynomial. Also, there are cross product terms involving

Q (e.g. IQH, IQM) in Eqs. 9.12 and 9.13, while there is none in Eq. 9.3.

Strengths And Limitations

Although Eqs. 9.12 and 9.13 may look intimidating due to their lengths, they are actually

simple expressions that are easily differentiable and integrable, making them suitable for

use as yield functions in numerical models such as oxCaisson-LEPP. This is in stark contrast

to the existing formulations, which are numerically inconvenient to implement due to its

complicated derivatives, lack of definition in some quadrants and existence of singularities.
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Figure 9.10: VH, VM, QH and QM failure envelopes. Note that the failure envelopes proposed by Shen et al.
(2017) and Vulpe et al. (2014) are undefined for negative V, Q, M and V, M values respectively.

Other advantages include guarantees of global convexity and thermodynamics consistency,

which are associated with a range of benefits as explained in Chapter 8.

The length of f6 is certainly an inconvenience for simple design jobs such as evaluations

of ULS conditions. However, while it may be tedious to implement f6, it is not complicated

and the implementation is a one-off operation. Nevertheless, f4 is generally recommended,

as it offers reasonable accuracy, while still being sufficiently concise.
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9.2 Suction Caisson Foundations

The previous section describes a failure envelope formulation for surface foundations on

undrained clay under 6DoF loading, which is also the yield surface formulation f base for

the base soil reaction for a caisson of L/D = 0. This section continues that work to derive

yield surface formulations for the skirt and base soil reactions for caissons of 0 < L/D ≤ 2.

9.2.1 Introduction

Compared to surface foundations, there is less research on failure envelopes for suction

caissons, especially under 6DoF loading. However, there are considerable volume of related

work done on skirted strip foundations (which are plane strain versions of suction caissons).

Bransby & Randolph (1998, 1999), Bransby & Yun (2009) and Gourvenec & Barnett (2011)

did a series of plane-strain finite element analyses on skirted strip foundations in Tresca

soil under planar VHM loading and several key results were obtained.

First, Bransby & Randolph (1998, 1999) proposed the following failure envelope formu-

lations for skirted strip foundations:

f (Ṽ, H̃ , M̃∗) =
∣∣Ṽ∣∣2.5 −

(
1−

∣∣H̃∣∣)1/3 (1− ∣∣M̃∗∣∣)+ 0.5
∣∣M̃∗∣∣ ∣∣H̃∣∣5 (9.14)

where M̃∗ = M̃ − zrotationH/M0 and zrotation is the vertical distance from the caisson skirt

base to the centre of rotation. Unfortunately, zrotation is difficult to identify, as it varies with

the loading conditions, caisson dimensions and soil profiles.

Second, Bransby & Yun (2009) found that a skirted strip foundation can have signifi-

cantly less capacity than that of an equivalent solid embedded foundation, due to deforma-

tion of the soil plug. Hence, the commonly adopted assumption of the soil plug being rigid

should be reconsidered. They also suggested that general recommendations for the failure

envelope shapes of skirted strip foundations are problematic, as they vary significantly

with different embedment ratios.

Third, Gourvenec & Barnett (2011) proposed the following failure envelope formula-

tion for skirted strip foundation:

f (Ṽ, H̃ , M̃∗) =

(
H̃
ξH

)a

+

(
M̃∗

ξM

)a

+ 2b
(

H̃ M̃∗

ξHξM

)
− 1 (9.15)
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where

M̃∗ = M̃ + LH/M0

a = 1.3 + 1.05(L/D)− 0.55(L/D)2

b = 0.15− 1.45(L/D) + 0.67(L/D)2

ξH = 1− 0.217Ṽ + 1.009Ṽ2 − 1.792Ṽ3

ξM = 1− 0.112Ṽ + 0.535Ṽ2 − 1.423Ṽ3

The transformation of M̃ to M̃∗ is required as Gourvenec & Barnett (2011) took the centre

of the caisson skirt base as the loading reference point, while this thesis takes the centre of

the caisson lid base as the loading reference point (see Fig. 2.1a).

On a more recent note, Hung & Kim (2014) carried out a 3DFE numerical study on the

failure envelopes for suction caissons in Tresca soil under planar VHM loading (assuming

no separation at the soil-foundation interface) and proposed the following failure envelope

formulation:

f (Ṽ, H̃ , M̃) = H̃2 + M̃2 − abc
(

H̃ M̃
)
+ Ṽ2 − 1 (9.16)

where

a = 0.304(L/D)0.33

b = 5.58(kD/sum)−0.049 ≥ 5

c = 0.94 + 0.2Ṽ2.4

su = sum + kz (sum is the undrained shear strength at ground level)

Unfortunately, Eq. 9.16 cannot be used to predict the failure envelopes for undrained clay

with homogeneous su (i.e. k = 0), as the parameter b→ ∞ as k→ 0.

Vulpe (2015) also carried out a 3DFE numerical study on the failure envelopes for

suction caissons in Tresca soil under planar VHM loading (assuming no separation at the

soil-foundation interface) and proposed a failure envelope formulation similar to Eq. 9.15:

f (Ṽ, H̃ , M̃∗) =

(∣∣∣∣ H̃
ξH

∣∣∣∣)a

+

(
M̃∗

ξM

)a

+ 2b
(

H̃ M̃∗

ξHξM

)
− 1 (9.17)
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where

M̃∗ = M̃ + LH/M0

a = 1.63, 1.89, 2.1, 1.83 for L/D = 0, 0.1, 0.25, 0.5 respectively

b = −0.05,−0.16,−0.44,−0.66 for L/D = 0, 0.1, 0.25, 0.5 respectively

ξH = 1− Ṽ4.14

ξM = 1− Ṽ2.12

Karapiperis & Gerolymos (2014) conducted a 3DFE numerical study on the failure

envelopes for non-skirted, cuboid caissons in von Mises soil under planar VHM loading

(assuming no separation at the soil-foundation interface) and they proposed the following

failure envelope formulation:

f (Ṽ, H̃ , M̃) =

(
H̃
ξH

)n1

+

(
M̃
ξM

)n2

+ n3

(
H̃
ξH

)(
M̃
ξM

)
− 1 (9.18)

where

n1 = 2

n2 = 2

n3 = 1.84− 0.21(L/D)−1.98

ξH =
(
1− Ṽ

)0.17

ξM =
(
1− Ṽ

)0.17

Eq. 9.18, which was derived based on the 3DFE results for 1 ≤ L/D ≤ 3, is unsuitable for

caissons with L/D � 1, as the parameter n3 → −∞ as L/D → 0. Furthermore, Eq. 9.18 is

not directly applicable for suction caissons, as it was calibrated using a non-skirted, cuboid

caisson. Nevertheless, it will still be used for comparison purposes later, as it was calibrated

using the same von Mises soil model as the current study.

Given the limited research on suction caisson failure envelopes, there are still some

questions that have not been addressed. First, the failure envelope of suction caissons in

undrained clay under 6DoF loading is not clear, as there is no previous research on it. At

best, the work by Vulpe (2015), which considers only planar VHM loading, represents the

current state of the art. Second, all of the previous works focused exclusively on the global

failure envelope of the caissons. There has been no research on the local yield surfaces of

the soil reactions along the caisson skirt and on the caisson base, which can provide crucial

insights into the distribution of the soil response at failure.
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To address the above questions, 3DFE analyses of a rigid suction caisson in von Mises

soil under 6DoF loading were carried out. The primary outputs of interest are not only

the global failure envelope, but also the local yield surfaces of the skirt and base soil

reactions. Just as the failure envelope is determined from the limiting global load response,

the local yield surfaces are determined from the limiting responses of the skirt and base soil

reactions. Using the 3DFE results and the framework introduced in Chapter 8, yield surface

formulations f skirt and f base were derived for the skirt and base soil reactions respectively.

Thereafter, f skirt and f base were incorporated into oxCaisson-LEPP and the predictions of

oxCaisson-LEPP were validated against the 3DFE results.

9.2.2 Methodology

The 3DFE model consists of a rigid, suction caisson of diameter D and skirt thickness

dskirt/D = 0.005 on homogeneous, elasto-plastic soil. The foundation diameter D was held

constant at unit length, while four skirt lengths (L/D = 0.25, 0.5, 1, 2) were analysed.

Mesh

The diameter and depth of the mesh domain were set to 6D and 2L + 2.5D respectively,

which was large enough to avoid boundary effects. Mesh convergence analyses were car-

ried out to determine the mesh fineness. A representative mesh is shown in Fig. 9.11.

Material Properties

The soil properties used here is the same as that described in Section 9.1.2. The caisson was

made entirely rigid using rigid body constraints. Its reference point was set at the centre

of its lid base (see Fig. 2.1a). Separation between the soil and foundation was prevented

using tie constraints at the soil-foundation interface.

Boundary Conditions

The boundary conditions applied here is the same as that described in Section 9.1.2.

Validation

To validate that the 3DFE model has been set up correctly, Table 9.3 compares the uniaxial

capacity results with published results for Tresca soil (Vulpe 2015, Fu et al. 2017) and the
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(a)

(b)

Figure 9.11: (a) Oblique view of the full 3DFE model. The diameter and depth of the mesh domain are 6D and
2L + 2.5D respectively. (b) Plan view of the full 3DFE model.
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3D FELA results from Chapter 7. Evidently, the 3DFE results agree well with the 3D FELA

results and are consistent with the published results, albeit with slight discrepancies due

to the different soil model (Tresca soil) used in the published studies. The 3DFE torsional

capacities were slightly higher than the analytical solutions, which is likely due to the fact

that the 3DFE model does not allow contact breaking at the soil-foundation interface. For

interested readers, the derivations of the analytical solutions are included in Appendix A.4.

Table 9.3: Uniaxial capacities of a caisson of L/D = 0.5, 1, where A = πD2/4 refers to the foundation base area.

L/D Q0
ADsu

V0
Asu

H0
Asu

M0
ADsu

3DFE 0.5 1.39 10.09 4.94 1.64

Fu et al. (2017) 0.5 - 10.51 4.47 1.6

Vulpe (2015) 0.5 - 10.69 4.17 1.48

Analytical 0.5 1.333 - - -

3DFE 1 2.42 13.12 5.92 3.71

3D FELA (LB) 1 - 12.52 5.52 3.36

3D FELA (UB) 1 - 13.68 6.28 3.96

3D FELA (Average) 1 - 13.10 5.90 3.66

Analytical 1 2.333 - - -

9.2.3 Results

Definition 9.3 (q0, v0, h0, m0) q0, v0, h0, m0 are the ‘uniaxial capacities’ of the torsional, vertical,

lateral and moment soil reactions respectively. Like their global counterparts (Q0, V0, H0, M0), they

are the ultimate, limiting value of each soil reaction, assuming that the other soil reactions are zero.

For example, q0 is the limiting value of q, for v = 0, h = 0, m = 0.

Note that h0 and m0 are not obtained from the results corresponding to H0 and M0 respectively.

For example, even if the caisson is experiencing zero global moment loading (i.e. M = 0) for the

result of H0, there are still non-zero moment soil reactions on the local level. This implies that

αHM′ 6= αhm′ . Thus, h0 and m0 are determined by identifying the intersection of the hm yield

surface with the h and m axes respectively, for v = 0, q = 0.
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Definition 9.4 (q̃, ṽ, h̃i, m̃j) q̃, ṽ, h̃i, m̃j are the soil reactions normalised by their corresponding uni-

axial capacities (i.e. q̃, ṽ, h̃i, m̃j = q/q0, v/v0, hi/h0, mj/m0 respectively, where hi and mj are the

lateral and moment soil reactions along some general axes i, j). Note that q̃, ṽ, h̃i, m̃j correspond to

q̃skirt, ṽskirt, h̃skirt
i , m̃skirt

j and q̃base, ṽbase, h̃base
i , m̃base

j for the skirt and base soil reactions respectively.

Definition 9.5 (αhm′) αhm′ is the direct analogy of αHM′ for the soil reactions. Just as αHM′ is the

angle between the Hi axis and the Mj
′ axis (see Fig. 9.2), αhm′ is the angle between the hi axis and

the mj
′ axis (which is clockwise orthogonal to the mj axis). Note that αskirt

hm′ and αbase
hm′ correspond to

the angle between the hskirt
i and mskirt

j
′ axes and the hbase

i and mbase
j
′ axes respectively.

For the subsequent discussions, αhm′ may refer to either αskirt
hm′ or αbase

hm′ , depending on the context.

For example, when discussing about base yield surfaces, αhm′ would refer to αbase
hm′ . Conversely, when

discussing about skirt yield surfaces, αhm′ would refer to αskirt
hm′ .

The results of the base and skirt yield surfaces are presented primarily in terms of its

projections on the hm plane (i.e. hm contours), which are referred to as hm yield surfaces.

Furthermore, the yield surfaces are presented in terms of the normalised soil reactions

(q̃, ṽ, h̃i, m̃j). Because of symmetry, the 3DFE results were obtained for only one or two

quadrants. However, the predicted failure envelopes are shown for all quadrants.

As most of the linear elastic skirt soil reactions were calibrated using the average soil

reactions along the caisson skirt in Chapter 3, the skirt yield surfaces f skirt were also cali-

brated using the average of the ultimate, limiting soil reactions along the skirt.

Uniaxial Capacities For Soil Reactions

Fig. 9.12 shows the variation of the uniaxial capacities (q0, v0, h0, m0) with L/D for the skirt

and base soil reactions. For the uniaxial capacities of the skirt soil reactions, it can be

observed that as L/D increases, the lateral capacity increases and the moment capacity

decreases slightly, while the vertical and torsional capacities remain constant. For the

uniaxial capacities of the base soil reactions, the vertical capacity increases with L/D before

plateauing after L/D > 1. Similarly, the lateral capacity increases slightly with L/D before

plateauing after L/D > 1. In contrast, the moment and torsional capacities remain constant.

The following approximating functions were derived to approximate the uniaxial capacities
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of the skirt and base soil reactions:

vskirt
0

Askirtsu
= 1 (Analytical Solution) (9.19)

hskirt
0

Askirtsu
= 1.11(1− e−0.75L/D) + 1.73 (9.20)

mskirt
0

AskirtDsu
= −0.171(1− e−1.32L/D) + 0.337 (9.21)

qskirt
0

AskirtDsu
= 0.5 (Analytical Solution) (9.22)

vbase
0

Abasesu
= 3.8(1− e−2.19L/D) + 5.63 (9.23)

hbase
0

Abasesu
= 0.41(1− e−2.56L/D) + 1 (9.24)

mbase
0

AbaseDsu
= 0.73 (9.25)

qbase
0

AbaseDsu
= 1/3 (Analytical Solution) (9.26)

where Abase = πD2/4 is the area of the caisson base and Askirt = πD is the external surface

area of the caisson skirt per metre skirt length.

Associated Flow

It was found that associated flow applies in the soil reaction space, which simplifies the

calibration of oxCaisson-LEPP as the yield function f is also the plastic potential g. For

example, Fig. 9.13 shows the directions of the incremental plastic displacements for the

skirt and base soil reactions in the hm space. The figure shows that the incremental plastic

displacements are approximately normal to the yield surface (approximated by the black

solid line), which implies that associated flow applies at the soil reaction level. More

examples are shown in Fig. 9.14.

These incremental plastic displacements are taken to be equal to the incremental total

displacements (δsi, δθj) at the end of each incremental swipe, as the loads had stabilised by

then, indicating that elastic deformation is no longer occurring. For the skirt soil reactions,

the incremental plastic displacements shown in Fig. 9.13 refer to the average incremental

plastic displacements along the skirt.
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Figure 9.12: Variation of the normalised uniaxial capacities of the skirt and base soil reactions with L/D (a)
Uniaxial capacities of the skirt soil reactions (b) Uniaxial capacities of the base soil reactions. The dotted lines are
the uniaxial capacities predicted by Eqs. 9.19 to 9.26.
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Figure 9.13: Juxtaposition of the incremental plastic displacement directions (as indicated by the arrows) of the
skirt and base soil reactions with their associated yield points in hm soil reaction space, for a caisson of L/D = 0.5
and for αhm′ = 0, Ṽ = 0, Q̃ = 0. The directions of the incremental plastic displacement are approximately normal
to the yield surface, suggesting that associated flow applies in the soil reactions space. (a) Skirt soil reactions (b)
Base soil reactions.
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Figure 9.14: Juxtaposition of the incremental plastic displacement directions (as indicated by the arrows) of the
skirt and base soil reactions with their associated yield points in different soil reaction spaces, for a caisson of
L/D = 0.5 and for αhm′ = 0, Ṽ = 0, Q̃ = 0 (a) m-v for the skirt soil reactions (b) m-q for the skirt soil reactions
(c) h-v for the base soil reactions (d) m-v for the base soil reactions.
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Effect of L/D on hm Yield Surfaces

Fig. 9.15 shows the variation of the skirt and base hm yield surfaces under increasing L/D,

for αHM′ = 0, Ṽ = 0 and Q̃ = 0. It can be observed that the skirt yield surfaces get more

angular as L/D increases, but the shapes of the yield surfaces remain quite similar, with all

being parallelogram-like. The base yield surfaces for L/D > 0 are largely the same, but are

distinct from the base yield surface for L/D = 0 in that they are more rounded in shape.

This suggests that the asymmetry in the hm space is less significant for L/D > 0.

vhm Yield Surfaces

Fig. 9.16 shows the variation of the skirt and base hm yield surfaces for a caisson of L/D =

0.5 at different V load levels, for αhm′ = 0 and Q̃ = 0. It is evident that as V loading

increases, the available hm capacity for both the skirt and base soil reactions decreases, as

depicted by the smaller yield surfaces. It can be observed that the drop in hm capacity is

minor for Ṽ ≤ 0.5, but increases rapidly for Ṽ > 0.5. Unlike the base yield surfaces, the

increase in V loading has minimal effect on the hm asymmetry for the skirt yield surfaces.

An interesting observation is that although the global vertical load V was fixed while

each hm yield surface was determined, the distribution of V between the skirt and base

soil reactions is not constant (see Fig. 9.19a). Thus, each yield point in the hm yield surface

may be associated with a different ṽ value, which causes some scatter in the yield points

in Fig. 9.16. For example, for the hm yield surface corresponding to Ṽ = 0.75, ṽ 6= 0.75 for

each data point in the yield surface and ṽ may vary from one data point to another.

For simplicity, the average ṽ of all the data points in each hm yield surface (correspond-

ing to a fixed Ṽ) were calculated and that value is representative of the ṽ associated with

each hm yield surface. The average ṽ for each hm yield surface are shown in the bottom left

of each subfigure in Fig. 9.16, in the order of the outermost yield surface to the innermost.

In Fig. 9.16, Ṽ = 0, 0.25, 0.5, 0.75 corresponds to average ṽ = 0, 0.06, 0.24, 0.59 for the skirt

yield surfaces and average ṽ = 0, 0.30, 0.56, 0.79 for the base yield surfaces. Thus, it appears

that the vertical base soil reaction tends to reach its capacity earlier than the vertical skirt

soil reaction, which contradicts ‘conventional wisdom’ for soil-pile interaction, where the

skin friction along the pile length is fully mobilised before the end bearing force.

Further investigation reveals that under uniaxial vertical loading, the vertical skirt soil
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Figure 9.15: hm yield surfaces for a caisson of L/D = 0, 0.25, 0.5, 1, 2 for αhm′ = 0, Ṽ = 0, Q̃ = 0. (a) Skirt yield
surfaces (b) Base yield surfaces. The black solid lines are the yield surfaces predicted by Eqs. 9.28 and 9.29, while
the black dashed lines are those predicted by Eq. 9.27 and Tables 9.4 and 9.5.
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reaction for a suction caisson foundation does indeed reach capacity before the base soil re-

action, mirroring the soil-pile interaction. However, as the sequential swipe in the HM load

space commences, the situation reverses and the skirt soil reaction is now mobilised more

than the base soil reaction. This is evident from Fig. 9.19a, which shows the variation of

the normalised vertical soil reactions (with respect to their respective capacities) during the

progress of the sequential swipe for Ṽ = 0.5. It can be observed that after the application

of the vertical load (Ṽ = 0.5) and before the start of the swipe, approximately 85% of the

vertical skirt soil reaction capacity and 41% of the vertical base soil reaction capacity were

mobilised. After the swipe commenced, the mobilisation of the average skirt soil reaction

decreased and fluctuated between 20% to 40% of its capacity, while the mobilisation of the

base soil reaction increased and fluctuated between 50% to 60% of its capacity.

Effect of αhm′ on vhm Yield Surfaces

Figs. 9.17 and 9.18 show the effect of αhm′ on the hm yield surfaces for a caisson of L/D =

0.5 at different V load levels, for Q̃ = 0. Note that there are much less 3DFE data points

for αhm′ > 0, as the results from αSΘ = π/4, π/2 are scattered around 0 ≤ αhm′ ≤ π/2. In

spite of the lack of data points, the observable trend is that the asymmetry in the hm space

decreases as αhm′ increases from 0, until there is no asymmetry at αhm′ = π/2.

qvhm Yield Surfaces

Figs. 9.20 and 9.21 show the effect of Q loading on the hm yield surfaces for a caisson of

L/D = 0.5 at different V load levels, for αhm′ = 0. It can be observed that as Q loading

increases, the available hm capacity for both the skirt and base soil reactions decreases, as

depicted by the smaller yield surfaces. However, the shapes of the skirt and base hm yield

surfaces remain the same as Q loading increases. The average q̃ associated with all the data

points are shown at the bottom left of each subfigure. Unlike the behaviour for vertical

loading, Fig. 9.19b shows that the skirt soil reaction generally remains more mobilised than

its base counterpart during the sequential swipe in the HM load space. This is confirmed

by the comparisons of the average q̃ for the skirt and base soil reactions in Figs. 9.20 and

9.21, which indicate that (on average) the torsional skirt soil reaction is mobilised more

than its base counterpart during the sequential swipes.
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Figure 9.16: hm yield surfaces for a caisson of L/D = 0.5 and for αhm′ = 0, Ṽ = 0, 0.25, 0.5, 0.75, Q̃ = 0. (a)
Skirt yield surfaces (b) Base yield surfaces. The black dashed lines are the yield surfaces predicted by Eqs. 9.28
and 9.29. The average q̃ and ṽ of the data points are shown in the bottom left of each subfigure. q̃ corresponds to
all the data points, while ṽ corresponds to the data points in each yield surface. The higher ṽ is, the smaller the
yield surface (i.e. ṽ = 0 and the max ṽ correspond to the outermost and innermost yield surfaces respectively).

197



9.2. Suction Caisson Foundations

−1.0 −0.5 0.0 0.5 1.0
̃hskirti

−1.0

−0.5

0.0

0.5

1.0

m̃
sk
irt

j

Q̃=0,αhm′ =0

̃q=0, ̃v=0, 0.06, 0.24, 0.59
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Ṽ=0.75

(b)

−1.0 −0.5 0.0 0.5 1.0
̃hskirti

−1.0

−0.5

0.0

0.5

1.0

m̃
sk

irt
j

Q̃=0,αhm′ = π/4

̃q=0, ̃v=0, 0.07, 0.25, 0.63
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Figure 9.17: Skirt hm yield surfaces for a caisson of L/D = 0.5 and for αhm′ = 0, π/8, π/4, π/2, Ṽ =

0, 0.25, 0.5, 0.75, Q̃ = 0. The black dashed lines are the yield surfaces predicted by Eqs. 9.28 and 9.29. The
average q̃ and ṽ of the data points are shown in the bottom left of each subfigure. q̃ corresponds to all the data
points, while ṽ corresponds to the data points in each yield surface. The higher ṽ is, the smaller the yield surface
(i.e. ṽ = 0 and the max ṽ correspond to the outermost and innermost yield surfaces respectively).

198



9.2. Suction Caisson Foundations

−1.0 −0.5 0.0 0.5 1.0
̃hbasei

−1.0

−0.5

0.0

0.5

1.0

m̃
ba

se
j

Q̃=0,αhm′ =0

̃q=0, ̃v=0, 0.3, 0.56, 0.79
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Ṽ=0.25
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Figure 9.18: Base hm yield surfaces for a caisson of L/D = 0.5 and for αhm′ = 0, π/8, π/4, π/2, Ṽ =

0, 0.25, 0.5, 0.75, Q̃ = 0. The black dashed lines are the yield surfaces predicted by Eqs. 9.28 and 9.29. The
average q̃ and ṽ of the data points are shown in the bottom left of each subfigure. q̃ corresponds to all the data
points, while ṽ corresponds to the data points in each yield surface. The higher ṽ is, the smaller the yield surface
(i.e. ṽ = 0 and the max ṽ correspond to the outermost and innermost yield surfaces respectively).
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Figure 9.19: (a) Variation of the normalised vertical skirt and base soil reactions for a caisson of L/D = 0.5 for
αhm′ = 0, Ṽ = 0.5, Q̃ = 0 (b) Variation of the normalised torsional skirt and base soil reactions for a caisson of

L/D = 0.5 for αhm′ = 0, Ṽ = 0, Q̃ = 0.5. The starting points correspond to the normalised soil reactions at the

end of applying the global ‘dead load’ of either Ṽ = 0.5 for (a) or Q̃ = 0.5 for (b). The starting points show that
the skirt soil reactions are initially mobilised more than the base soil reactions for both vertical and torsional loading.
For a vertical dead load, the situation reverses after the sequential swipe in the HM load space commences, and
the vertical base soil reaction is now mobilised more than its skirt counterpart. However, for a torsional dead load,
the situation generally remains the same (except for some parts of the swipe process) and the torsional skirt soil
reaction remains more mobilised than its base counterpart.

Effect of αhm′ on qvhm Yield Surfaces

Figs. 9.22 and 9.23 show some of the effects of αhm′ and combined V and Q loading on the

hm yield surfaces for a caisson of L/D = 0.5, which are in line with the observed trends

described in the previous figures.

200



9.2. Suction Caisson Foundations

−1.0 −0.5 0.0 0.5 1.0
̃hskirti

−1.0

−0.5

0.0

0.5

1.0

m̃
sk
irt

j

Q̃=0,αhm′ =0

̃q=0, ̃v=0, 0.06, 0.24, 0.59
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Figure 9.20: Skirt hm yield surfaces for a caisson of L/D = 0.5 and for αhm′ = 0, Ṽ = 0, 0.25, 0.5, 0.75, Q̃ =
0, 0.25, 0.5, 0.75. The black dashed lines are the yield surfaces predicted by Eqs. 9.28 and 9.29. The average q̃ and
ṽ of the data points are shown in the bottom left of each subfigure. q̃ corresponds to all the data points, while ṽ
corresponds to the data points in each yield surface. The higher ṽ is, the smaller the yield surface (i.e. ṽ = 0 and
the max ṽ correspond to the outermost and innermost yield surfaces respectively).
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Ṽ=0.5
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Ṽ=0.75

(c)

−1.0 −0.5 0.0 0.5 1.0
̃hbasei

−1.0

−0.5

0.0

0.5

1.0

m̃
ba

se
j

Q̃=0.75,αhm′ =0

̃q=0.7, ̃v=0, 0.3, 0.57, 0.81
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Ṽ=0.5
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Figure 9.21: Base hm yield surfaces for a caisson of L/D = 0.5 and for αhm′ = 0, Ṽ = 0, 0.25, 0.5, 0.75, Q̃ =
0, 0.25, 0.5, 0.75. The black dashed lines are the yield surfaces predicted by Eqs. 9.28 and 9.29. The average q̃ and
ṽ of the data points are shown in the bottom left of each subfigure. q̃ corresponds to all the data points, while ṽ
corresponds to the data points in each yield surface. The higher ṽ is, the smaller the yield surface (i.e. ṽ = 0 and
the max ṽ correspond to the outermost and innermost yield surfaces respectively).
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Figure 9.22: Skirt hm yield surfaces for a caisson of L/D = 0.5 and for αhm′ = π/4, Ṽ = 0, 0.25, 0.5, 0.75,

Q̃ = 0, 0.25, 0.5, 0.75. The black dashed lines are the yield surfaces predicted by Eqs. 9.28 and 9.29. The average q̃
and ṽ of the data points are shown in the bottom left of each subfigure. q̃ corresponds to all the data points, while
ṽ corresponds to the data points in each yield surface. The higher ṽ is, the smaller the yield surface (i.e. ṽ = 0
and the max ṽ correspond to the outermost and innermost yield surfaces respectively).
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Ṽ=0.5
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Ṽ=0.75

(b)

−1.0 −0.5 0.0 0.5 1.0
̃hbasei

−1.0

−0.5

0.0

0.5

1.0

m̃
ba

se
j

Q̃=0.5,αhm′ = π/4

̃q=0.43, ̃v=0, 0.3, 0.57, 0.8
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Figure 9.23: Base hm yield surfaces for a caisson of L/D = 0.5 and for αhm′ = π/4, Ṽ = 0, 0.25, 0.5, 0.75,

Q̃ = 0, 0.25, 0.5, 0.75. The black dashed lines are the yield surfaces predicted by Eqs. 9.28 and 9.29. The average q̃
and ṽ of the data points are shown in the bottom left of each subfigure. q̃ corresponds to all the data points, while
ṽ corresponds to the data points in each yield surface. The higher ṽ is, the smaller the yield surface (i.e. ṽ = 0
and the max ṽ correspond to the outermost and innermost yield surfaces respectively).
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9.2.4 Calibration

Following the procedures detailed in Chapter 8, SOS optimisation against the 3DFE soil

reaction yield points was carried out to derive the skirt and base yield surface formulations

for each L/D. The derived formulations for the skirt yield surface f skirt and base yield

surface f base are based on a 4th degree SOS polynomial as follows:

f (q̃, ṽ, h̃i, m̃j, αhm′ , a1, . . . , a9) = h̃i
4 + m̃j

4 + ṽ4 + q̃4 − 1

+ Ihm + Ivh + Ivm + Iqh + Iqm + Iqv

+ Ivhm + Iqhm

(9.27)

where

Ihm = h̃i
2(h̃im̃j cos αhm′)a1

+ (h̃im̃j cos αhm′)
2a2

+ (m̃j
2)(h̃im̃j cos αhm′)a3

Ivh = h̃i
2ṽ2a4

Ivhm = (h̃im̃j cos αhm′)ṽ
2a5

Ivm = m̃j
2ṽ2a6

Iqh = h̃i
2q̃2a7

Iqhm = (h̃im̃j cos αhm′)q̃
2a8

Iqm = m̃j
2q̃2a9

Iqv = ṽ2q̃2a10

Note that q̃, ṽ, h̃i, m̃j, αhm′ in Eq. 9.27 correspond to q̃skirt, ṽskirt, h̃skirt
i , m̃skirt

j , αskirt
hm′ for the skirt

yield surfaces and q̃base, ṽbase, h̃base
i , m̃base

j , αbase
hm′ for the base yield surfaces. Based on the opti-

misation results, the best-fit a1, . . . , a10 parameters for f skirt and f base are listed in Tables 9.4

and 9.5 respectively.

Generalisation Of Yield Surface Formulations

The f skirt and f base formulations based on Eq. 9.27 and Tables 9.4 and 9.5 are not general

enough (i.e. they only support the L/D ratios listed in the tables). Thus, a generalised f skirt

formulation was approximated as follows:

f skirt(q̃, ṽ, h̃i, m̃j, αhm′ , L/D) = e−2(L/D)2
f skirt
0 +

(
1− e−2(L/D)2

)
f skirt
1 (9.28)
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Table 9.4: Best-fit parameters in Eq. 9.27 for the skirt yield surface f skirt in clay

Set L/D a1 a2 a3 a4 a5 a6 a7 a8 a9 a10

1 0.25 -1.11 0.76 -0.76 1.38 -2.14 5.83 0.28 -0.57 1.35 2.34

2 0.5 -0.97 0.87 -1.26 1.43 -3.44 5.69 0.37 -1.17 1.72 2.14

3 1 -1.1 1.4 -1.8 1.22 -4.05 5.36 0.29 -0.95 1.44 2.3

4 2 -1.59 2.15 -2.16 0.59 -3.21 4.43 0.12 -0.68 1.55 3.76

Table 9.5: Best-fit parameters in Eq. 9.27 for the base yield surface f base in clay

Set L/D a1 a2 a3 a4 a5 a6 a7 a8 a9 a10

1 0 -0.35 0.89 -1.43 0.4 0.82 1.66 2.6 -0.85 0.341 0

2 0.25 -0.26 2.23 -0.99 0.44 0.32 0.69 2.68 -0.62 0.77 0

3 0.5 -0.7 2.61 -1.07 0.73 0.55 1.27 2.76 -0.84 0.71 0

4 1 -1.32 2.87 -1.38 1.17 1.82 2 2.83 -1.23 0.59 0

5 2 -1.74 3.6 -1.25 0.76 1.44 1.96 3.22 -1.41 0.4 0

where f skirt
0 and f skirt

1 are Eq. 9.27 with a1, . . . , a10 being Set 1 and Set 4 from Table 9.4

respectively. Similarly, a generalised f base formulation was approximated as follows:

f base(q̃, ṽ, h̃i, m̃j, αhm′ , L/D) = e−100L/D f base
0 +

(
1− e−100L/D

)
f base
1 (9.29)

where f base
0 and f base

1 are Eq. 9.27 with a1, . . . , a10 being Set 1 and Set 3 from Table 9.5

respectively. The terms e−2(L/D)2
and e−100L/D in Eqs. 9.28 and 9.29 were adopted as they

best capture the variation of the soil reaction yield surfaces with respect to L/D.

Fig. 9.15 compares the hm yield surfaces predicted by Eq. 9.27 and Tables 9.4 and

9.5 with that predicted by Eqs. 9.28 and 9.29. It is evident that Eqs. 9.28 and 9.29 are

reasonable approximations of Eq. 9.27 and Tables 9.4 and 9.5. It was a design choice to

have approximately a common base yield surface for L/D > 0, as the base yield surfaces

for L/D > 0 did not vary much. Furthermore, there was no straightforward trend with

respect to L/D (the base yield surface grows inwards when it transitions from L/D = 0 to

0.25, but grows outwards as L/D increases further to 2).

For comparison, Figs. 9.16 to 9.23 also include the predictions of Eqs. 9.28 and 9.29. In
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general, the predictions of Eqs. 9.28 and 9.29 approximate the 3DFE predictions reasonably

well, especially the salient features such as the size and shape of the yield surfaces.

However, one key issue remains: guarantees of global convexity and thermodynamics

consistency only apply to Eq. 9.27, if the parameters in Tables 9.4 and 9.5 are used. Eqs. 9.28

and 9.28 do not have these guarantees, as they were not derived from the SOS optimisation

process. However, the following proof will show that Eqs. 9.28 and 9.28 are indeed globally

convex and thermodynamically consistent for L/D ≥ 0.

Theorem 9.6 Eqs. 9.28 and 9.29 are convex and thermodynamically consistent for L/D ≥ 0.

Proof f skirt
0 , f skirt

1 , f base
0 , f base

1 are all convex and thermodynamically consistent functions,

as they were constrained to be so during the SOS optimisation process. Since e−2(L/D)2
and

1− e−2(L/D)2
are both non-negative for L/D ≥ 0, Eq. 9.28 is a non-negative weighted sum

of f skirt
0 and f skirt

1 . Similarly, Eq. 9.29 is a non-negative weighted sum of f base
0 and f base

1 . It

is known that a non-negative weighted sum of convex functions is itself a convex function

(Boyd & Vandenberghe 2004). Thus, Eqs. 9.28 and 9.29 are convex functions for L/D ≥ 0.

Other than being non-negative weighted sums, Eqs. 9.28 and 9.29 are also convex com-

binations of f skirt
0 , f skirt

1 and f base
0 , f base

1 respectively. Since f skirt
0 , f skirt

1 , f base
0 , f base

1 are all

≥ −1, Eqs. 9.28 and 9.29 are also ≥ −1. Neglecting the −1 term in Eqs. 9.28 and 9.29,

the homogeneous polynomial components of Eqs. 9.28 and 9.29 are ≥ 0. As described in

Theorem ??, that is sufficient to guarantee thermodynamics consistency. Thus, it is shown

that Eqs. 9.28 and 9.29 are convex and thermodynamically consistent for L/D ≥ 0. �

Redefinition Of Yield Surface Formulations

Following the procedures in Section 9.1.4, Eqs. 9.28 and 9.29 can be defined in terms of

hx, hy, v, mx, my, q, by redefining Eq. 9.27. For example, the term h̃im̃j cos αhm′ in Eq. 9.27

can be replaced by h̃ym̃x − h̃xm̃y. Thus, Eq. 9.27 can be redefined as:

f (q̃, ṽ, h̃y, m̃x, h̃x, m̃y) =
(

h̃x
2 + h̃y

2
)2

+
(

m̃x
2 + m̃y

2
)2

+ ṽ4 + q̃4 − 1

+ Ihm + Ivh + Ivm + Iqh + Iqm + Iqv

+ Ivhm + Iqhm

(9.30)
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where

Ihm =
(

h̃x
2 + h̃y

2
)
(h̃ym̃x − h̃xm̃y)a1

+ (h̃ym̃x − h̃xm̃y)
2a2

+
(

m̃x
2 + m̃y

2
)
(h̃ym̃x − h̃xm̃y)a3

Ivh =
(

h̃x
2 + h̃y

2
)

ṽ2a4

Ivhm = (h̃ym̃x − h̃xm̃y)ṽ
2a5

Ivm =
(

m̃x
2 + m̃y

2
)

ṽ2a6

Iqh =
(

h̃x
2 + h̃y

2
)

q̃2a7

Iqhm = (h̃ym̃x − h̃xm̃y)q̃
2a8

Iqm =
(

m̃x
2 + m̃y

2
)

q̃2a9

Iqv = ṽ2q̃2a10

Therefore, Eqs. 9.28 and 9.29 are redefined through f skirt
0 , f skirt

1 , f base
0 , f base

1 , which can now

be defined in terms of Eq. 9.30.

9.2.5 Discussion

The calibration of oxCaisson-LEPP can be summarised as follows:

Uniaxial capacities q0, v0, h0, m0 The uniaxial capacities of the skirt and base soil reactions

are defined using Eqs. 9.19 to 9.26.

Yield surface f Eq. 9.28 is defined as the skirt yield surface f skirt, while Eq. 9.29 is defined

as the base yield surface. They may be defined in terms of Eq. 9.27 or 9.30.

Plastic potential g As associated flow is assumed, Eqs. 9.28 and 9.29 are defined as the

plastic potentials for the skirt and base soil reactions respectively.

Elastic behaviour The elastic skirt and base soil reactions are as defined in Chapter 3.

Fig. 9.24 compares the oxCaisson-LEPP predictions of the global load-displacement

behaviour and HM failure envelopes for a caisson of L/D = 0.5 with the 3DFE results. In

this figure, an 8-swipe sequential swipe test in the HM space under planar HM loading

(i.e. αHM′ = 0) was carried out, with Ṽ = 0.25 and Q̃ = 0. Evidently, there is excellent

agreement between the oxCaisson-LEPP predictions and the 3DFE results. For example,

the HM failure envelope predicted by oxCaisson-LEPP matches the 3DFE predictions very
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well. Moreover, there is good agreement with the total normalised vertical displacements

Sz/D that resulted from maintaining Ṽ = 0.25 during the sequential swipe test (0.00279

for the 3DFE model and 0.00259 for oxCaisson-LEPP). The linear elastic vertical stiffness

is slightly overpredicted by the 3DFE model due to boundary effects, as the mesh domain

used in this chapter is smaller than that used in Chapter 3. However, the boundary effects

do not affect the failure results.

For further insights into the prediction of the HM failure envelope by oxCaisson-LEPP,

Fig. 9.25 shows the history of the global H and M loads and the local h and m soil reactions.

Note that the skirt soil reactions shown in the figure correspond to the skirt soil reactions

at z/L = 0.5. For clarity, the skirt and base yield surfaces defined in oxCaisson-LEPP are

also shown in the figure.

It can be observed that as the global HM failure envelope is being explored, the skirt

and base soil reactions travel along their respective yield surfaces. With 25% of the global

vertical capacity (i.e. Ṽ = 0.25) applied onto the caisson, the sequential swipe in the HM

load space mobilised (on average) 31% of the vertical base soil reaction capacity and 1%

of the vertical skirt soil reaction capacity. This is in line with the observations in Fig. 9.16,

which shows that the application of Ṽ = 0.25 corresponds to an average ṽ of 0.06 and 0.3

(i.e. 6% and 30% of the soil reaction vertical capacities) for the skirt and base soil reactions

respectively, during the sequential swipe.

It is clear that oxCaisson-LEPP can reproduce the 3DFE predictions very well. How-

ever, its biggest advantage is its efficiency. oxCaisson-LEPP is 25 times faster than the 3DFE

model as it took only 2.3 minutes (or 10.5 minutes if an explicit elasto-plastic integration

algorithm was used) to generate the data points in Fig. 9.24, while the 3DFE model took

58.1 minutes. The relative increase in efficiency for oxCaisson-LEPP is much less for this

example, compared to that shown in Section 9.1.5, as the oxCaisson-LEPP simulation for a

surface foundation uses only one base soil element, while this example uses ten skirt soil

elements and one base soil element. Due to the lack of native (i.e. without additional tool-

boxes) parallel processing abilities in MATLAB, the time-consuming elasto-plastic integra-

tion process had to be done sequentially, one soil element at a time. Rewriting oxCaisson-

LEPP in another programming language which allows for parallel elasto-plastic integration

should allow for efficiency closer to that of the surface foundation example.
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Figure 9.24: Comparison of sequential swipe tests in the HM space for a caisson of L/D = 0.5 and for αHM′ = 0,

Ṽ = 0.25, Q̃ = 0 (a)-(c) Load-displacement behaviour (d) HM failure envelope. Note that the failure envelope
predicted by Vulpe (2015) is incomplete, as the formulation is undefined for some values in the HM space.
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Figure 9.25: Load history of the oxCaisson-LEPP predictions in the global HM and local hm spaces for a caisson
of L/D = 0.5, for αHM′ = 0, Ṽ = 0.25, Q̃ = 0. Note that the skirt soil reactions shown in the figure correspond
to the skirt soil reactions at z/L = 0.5. The contour labels, which show the average ṽ for the data points in each
hm yield surface, indicate that although a global Ṽ = 0.25 was applied onto the caisson, the base soil reaction
used 31% of its vertical capacity, while the skirt soil reaction used only 1% of its vertical capacity. The global HM
envelope may be computed from the local hm soil reaction yield surfaces by integrating the effect of the h and m
soil reactions along the skirt length, with respect to the loading reference point (RP). Note that the h soil reaction
affects both the global H and M computations.

Comparison With Previous Work

The HM failure envelopes predicted by the existing 3DFE failure envelope formulations

(Eqs. 9.17 and 9.18) are also shown in Fig. 9.24d. The HM failure envelope prediction of

Karapiperis & Gerolymos (2014) has the best agreement with the 3DFE results, which is

surprising given that Karapiperis & Gerolymos (2014) used a non-skirted, cuboid caisson

in their simulations while Vulpe (2015) used a suction caisson in their simulations. One

possible reason could be that Karapiperis & Gerolymos (2014) used the von Mises yield

criterion for their soil model while Vulpe (2015) used the Tresca yield criterion. Notably,

the formulation of Vulpe (2015) is undefined for some values in the HM space due to the

same ’raising negative numbers to fractional powers’ issue discussed in Section 9.1.

Nevertheless, it is clear that the predictions of oxCaisson-LEPP are significant im-
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provements over that of the existing failure envelope formulations. This is remarkable

as oxCaisson-LEPP was calibrated on the local level (i.e. through the soil reactions), in-

stead of the global level (i.e. through the global load response). Yet, the global predictions

of oxCaisson-LEPP agree well with the global 3DFE results, despite the simplified yield

surfaces adopted in oxCaisson-LEPP.

Strengths And Limitations

oxCaisson-LEPP offers several key advantages over existing design methods. First, it can

be used directly to derive the failure envelope for caissons in clay of any arbitrary, non-

homogeneous su profiles. This removes the need to derive failure envelopes for different,

idealised, non-homogeneous su profiles (as had been done in a large volume of work e.g.

Gourvenec & Randolph 2003, Gourvenec & Barnett 2011, Vulpe et al. 2014, Vulpe 2015).

Thus, it can be used to assess ULS conditions for any undrained clay profile.

Second, compared to existing macro-element models (e.g. Cassidy et al. 2006), oxCaisson-

LEPP is more widely applicable, as it is a more general model that can be used directly

in any arbitrary, non-homogeneous or multi-layered soil. In contrast, the macro-element

models can only be used when the soil and foundation properties are similar to the calibra-

tion data. Thus, oxCaisson-LEPP can be used to assess SLS conditions under complicated,

combined loading conditions, for any undrained clay profile.

The above advantages are of course subject to further verifications on the accuracy

of the oxCaisson-LEPP predictions for the non-homogeneous su case. However, existing

Winkler models, e.g. p-y method (API 2002, DNV 2013), have already been used fairly

successfully in most non-homogeneous grounds.

One notable limitation is that oxCaisson-LEPP uses only one yield surface for each

soil reaction. Thus, the load-displacement behaviour may not match the highly non-linear

behaviour of clay at small strains, as discussed in Chapter 6. While this can be resolved by

using multiple yield surfaces for each soil reaction, this comes at the expense of increased

computational effort. This additional complexity may not be desirable, as the main goal

of oxCaisson-LEPP is to provide a rapid but approximate solution to the soil-caisson inter-

action problem for preliminary designs. Further refinement of the shortlisted designs can

always be done using more advanced 3DFE analyses.
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Chapter 10

Case Study

In this chapter, the oxCaisson family of design methods, as described in Chapters 3 to 9, are

used in an example case study to determine the optimal dimensions of a suction caisson

foundation supporting an offshore wind turbine.

10.1 Introduction

As mentioned in Chapter 1, the design of a foundation requires satisfaction of three key

limit states: FLS, SLS and ULS. For simplicity, this chapter considers only the SLS and ULS

cases. The SLS condition requires the displacement and rotation of the foundation to be

under certain limits, while the ULS condition requires the design geotechnical and struc-

tural capacities of the foundation to exceed the extreme design loads. The main objective of

the design process is to find the most cost effective design, while satisfying the limit states

conditions. This process is usually iterative and involves the following:

1. Select an initial estimate of the foundation dimensions.

2. Compute the behaviour of the foundation under the design loads.

3. Check if the computed foundation behaviour satisfies the limit states conditions.

4. If the conditions are satisfied but are overly conservative, try smaller dimensions. If

the conditions are not satisfied, try larger dimensions.

5. Iterate until the most cost effective design that meets the conditions is obtained.

The above iterative process is usually done manually and is thus time consuming and

labour intensive. Fortunately, this iterative process can be avoided as the design problem

is essentially a constrained optimisation problem.
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Doherty & Lehane (2017) automated the design of a monopile foundation by casting

it as an optimisation problem, where the objective is to minimise the foundation design

cost, subject to the constraints posed by the limit states conditions. In the study, Doherty

& Lehane (2017) determined the optimal embedded length and diameter of the minimum

weight monopile foundation that satisfies both ULS and SLS conditions. The study further

simplifies the design process by approximating the soil response with lateral soil reactions

(Suryasentana & Lehane 2014) that accepts digital Cone Penetration Test (CPT) data as

direct input. This removes a significant amount of engineering judgement and subjectivity

from the design process (in terms of interpreting the soil parameters), thus reducing a large

source of uncertainty in foundation design (Doherty et al. 2018).

This chapter describes an example case study where the optimal skirt length L and

diameter D are determined for a mono-suction caisson foundation supporting an offshore

wind turbine. Unlike monopile foundations, the design of a suction caisson foundation

is heavily influenced by its installability. To highlight this, the optimal design was first

obtained without considering whether the caisson can be installed. Thereafter, the optimal

design was updated after considering the installability of the design.

10.2 Methodology

The case study in this chapter adopts the same design loads employed by Doherty & Lehane

(2017), as shown in Table 10.1. Note that the effects of vertical loading (e.g. self-weight) are

not considered here. These design loads are based on a case history for an offshore wind

turbine located in the London Array wind farm, which has a water depth of approximately

25 m. The 3.6 MW wind turbine was supported by a driven steel monopile with a diameter

of 5.7 m and an embedment length of about 40 m.

Table 10.1: SLS and ULS design loads for the London Array wind farm (Doherty & Lehane 2017).

SLS ULS

Max lateral load at ground level 5.33 MN 7.20 MN

Max bending moment at ground level 219 MNm 295.65 MNm

Ground conditions at the wind farm were reported to be silica sand. However, as

214



10.2. Methodology

� �� ��� ��� ��� ���

G0��
���

�

�

�

�

	

��

��

��

��

��
�


�

(a)

� �� �� 	� ��� ��� ���

su��
���

�

�

�

�




��

��

��

��

��
��

�
(b)

Figure 10.1: Design initial shear modulus G0 and undrained shear strength su profiles (Byrne et al. 2017) adopted
in this case study. The G0 and su profiles are assumed to be uniform at depths below 14 m.
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Figure 10.2: Best-fit secant shear modulus degradation profile for Cowden clay using Eq. 6.8, based on the published
data in Zdravković et al. (2015).

oxCaisson-LEPP has only been calibrated for cohesive soil, this case study adopts a differ-

ent soil profile from the actual case history. The Cowden stiff clay profile that was used

in the PISA project (Byrne et al. 2017) is employed in this case study. Fig. 10.1 shows the

design initial shear modulus G0 and undrained shear strength su profiles. The small-strain,

non-linearity parameters for Cowden clay were estimated as εq,ref = 0.00031 and κ = 0.77

from the LS regression results of the published data (Zdravković et al. 2015). Fig. 10.2

shows the best-fit secant shear modulus degradation profile based on these parameters.
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Design Problem

The objective of the design problem is to find the lowest cost foundation design that satisfies

the limit state conditions. The cost of a foundation is assumed to be primarily determined

by its material cost, which depends on its steel volume. For this study, the normalised

wall thickness dskirt/D is assumed to be 0.005 (following Houlsby, Kelly, Huxtable & Byrne

(2005)), and the normalised lid thickness dlid/D is assumed to be 0.05. The steel volume of

the caisson is:

Volcaisson = LπD2

(
dskirt

D
−
(

dskirt
D

)2
)
+

(
dlid
D

)
πD3

4

= LπD2
(

0.005− (0.005)2
)
+ (0.05)

πD3

4

= πD3
(

0.004975
L
D

+ 0.0125
) (10.1)

For this study, the following SLS and ULS conditions apply. For SLS, the rotation of

the foundation at ground level θM cannot exceed 0.5◦ (DNV 2013). For ULS, the design

loads in Table 10.1 cannot exceed the capacity of the foundation (structural capacities are

not considered here, as the suction caisson foundation is assumed to be linear elastic). This

was defined in terms of a ‘distance to failure’ measure dULS, which measures how close the

ULS design loads are to the global failure envelope of the foundation.

Specifically, dULS is the magnitude of the ULS design loads, relative to the magnitude

of its codirectional projection on the failure envelope. The codirectional projection was

identified by fitting a 2nd degree polynomial to the failure points close to the ULS design

loads direction, and finding the intersection between the best-fit polynomial and the ULS

design loads projection. Fig. 10.3 describes dULS, with respect to an idealised HM failure

envelope for a caisson. dULS = 1 means that the ULS design loads are on the failure

envelope, while dULS > 1 means that the ULS design loads are outside the failure envelope.

Therefore, the design problem can be cast as the following optimisation problem:

minimize
D, L/D

πD3
(

0.004975
L
D

+ 0.0125
)

subject to dULS ≤ 1 (ULS),

θM ≤ 0.5◦ (SLS)

(10.2)
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Figure 10.3: dULS is the ratio of the magnitude of the ULS design loads to the magnitude of its codirectional
projection on the global failure envelope (i.e. Point A in the figure). dULS = 1 means that the ULS design loads
are on the failure envelope, while dULS > 1 means that the ULS design loads are outside the failure envelope.

where the decision variables are D and L/D. oxCaisson-NLE and oxCaisson-LEPP were

used to compute θM, while oxCaisson-LEPP was used to compute dULS, where the HM

failure envelopes were computed using 4-swipe sequential swipe tests (see Chapter 7).

Solver

To solve Eq. 10.2, the ‘fmincon’ solver in the optimisation toolbox of MATLAB was used.

fmincon can find the minimum of an optimisation problem specified by:

minimize
#‰x

f ( #‰x )

subject to c( #‰x ) ≤ 0,

#‰

lb ≤ #‰x ≤ # ‰

ub

(10.3)

where f ( #‰x ) is the objective function, c( #‰x ) is the inequality constraints function, #‰x are the

decision variables and
#‰

lb,
# ‰

ub are the lower and upper bounds of the decision variables. To

convert Eq. 10.2 into the form of Eq. 10.3, the following are defined:

• #‰x = [D, L/D],
#‰

lb = [6, 0],
# ‰

ub = [18, 2]

• f ( #‰x ) = πD3 (0.004975 L
D + 0.0125

)
• c( #‰x ) =

 dULS − 1

θM − 0.5


fmincon requires an initial estimate of #‰x , which was set to [12, 1] (average of

#‰

lb and
# ‰

ub).
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Figure 10.4: Contour plots of dULS (value shown in contour label), as computed by oxCaisson-LEPP. The filled
region represents the feasible combinations of D and L/D that satisfy the ULS constraint of dULS ≤ 1.

10.3 Results

A graphical approach was first used to estimate the solution to the optimisation problem.

The contours of dULS and θM were generated by interpolation from a set of computed data

points corresponding to D = 6, 8, 10, 12, 14, 16, 18 and L/D = 0, 0.25, 0.5, 1, 1.5, 2. It took 14

minutes to compute the dULS data points using oxCaisson-LEPP, while it took 6 minutes to

compute the θM data points using oxCaisson-NLE (7 minutes for oxCaisson-LEPP).

Fig. 10.4 plots the dULS contours, where each contour defines the combinations of D

and L/D that produce a certain amount of dULS. The filled region represents the feasible

combinations of D and L/D that satisfy the ULS constraint of dULS ≤ 1.

Fig. 10.5 plots the θM contours computed by oxCaisson-LEPP and oxCaisson-NLE,

where each contour defines the combinations of D and L/D that produce a certain amount

of θM. The filled region represents the feasible combinations of D and L/D that satisfy the

SLS constraint of θM ≤ 0.5◦. For Fig. 10.5a, the feasible region is a coarse extrapolation

based on the computed θM data points, which never exceed 0.5◦. Note that convergence

issues prevented the computation of θM in the region where dULS > 1.
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Figure 10.5: Contour plots of θM (value shown in contour label) (a) using oxCaisson-LEPP (b) using oxCaisson-
NLE. The filled region represents the feasible combinations of D and L/D that satisfy the SLS constraint of
θM ≤ 0.5◦. The unfilled region includes combinations of D and L/D where no solution can be obtained (as the
SLS design loads exceed the capacity of the foundation). The black dashed line in (a) represents the contour of
dULS = 1 from Fig. 10.4. Some of the contours in (b) do not extend to L/D = 0, as no solution could be obtained
for parts of the unfilled region where L/D ≤ 0.25.

Fig. 10.6 plots the contours for the suction caisson steel volume (i.e. the objective func-

tion of Eq. 10.2) in terms of D and L/D. It is clear that the minimum volume lies in the

region of low D and high L/D. This can be readily observed from Eq. 10.2, which shows

that the suction caisson steel volume varies linearly with L/D, but cubically with D. Fur-

thermore, Fig. 10.6 overlays the SLS (obtained using oxCaisson-NLE) and ULS constraints,

which shows that the ULS constraint governs. The filled region represents the feasible

combinations of D and L/D that satisfy both the SLS and ULS conditions. Based on the

contours, the optimal dimensions is estimated to be the point at the top left corner of the

feasible region, corresponding to D = 6.7 m, L/D = 2 and caisson steel volume = 21.2 m3.

Solver Results

Fig. 10.6 shows the progress of the optimisation problem solver, starting from the initial

point (D = 12 m, L/D = 1) until the final, optimal point (D = 6.4 m, L/D = 2), which are

close to the values (D = 6.7 m, L/D = 2) estimated by the graphical approach. A better

estimate can be obtained using the graphical approach by computing more data points for

more accurate contours, but that would require more computational time. The optimal

dimensions were obtained by the solver after 11 trials (taking 13 minutes) and correspond
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Figure 10.6: Contour plots of the suction caisson steel volume (value shown in contour label in m3 units). The thick
black dotted and dashed lines represent the SLS (obtained using oxCaisson-NLE) and ULS constraints respectively.
The filled region represents the feasible combinations of D and L/D that satisfy both the SLS and ULS constraints.
The above figure also includes the progress of the optimisation problem solver, starting from the initial estimate
(shown as the white circle marker) until the final, optimal result (shown as the white square marker).

to a caisson steel volume of 18.5 m3.

10.4 Discussion

The design problem could be solved quickly because oxCaisson is very efficient. This

would be impractical, if the 3DFE method was used to compute the foundation response.

The graphical approach took 20 minutes, while the solver approach took 13 minutes. One

advantage of the graphical approach is that it allows a better understanding of the design

problem through visualisation of the feasible parameter space, which is not possible with

the solver approach. The main disadvantages of the graphical approach are that the solu-

tion process is not automated, its solution is not as accurate as the solver approach and it

is not suitable for optimisation problems with more than two decision variables.

For comparison purposes, a 3DFE analysis of a suction caisson foundation with the

optimal dimensions (D = 6.4 m, L/D = 2) in von Mises soil (using the G0 and su pro-

files in Fig. 10.1) was carried out. Fig. 10.7a compares the oxCaisson-LEPP predictions of

θM (under the SLS design loads) with the 3DFE results. It is clear that the predicted θM
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Figure 10.7: Comparison of the oxCaisson-LEPP predictions with the 3DFE results for (a) Ground level rotation
θM of the foundation (b) Global HM failure envelope.

agrees reasonably well with the 3DFE results and is less than 0.5◦, thus satisfying the SLS

constraint. Fig. 10.7b compares the oxCaisson-LEPP predictions of the global HM failure

envelope with the 3DFE results. Again, the predictions agree very well with the 3DFE

results in the HM quadrants where H and M are of the same sign, and less so in the other

quadrants. Fig. 10.7b also shows that the ULS design loads are not outside of the HM

failure envelope, thus satisfying the ULS constraint.

Installability Constraint

As mentioned earlier, the design of a suction caisson foundation is heavily influenced by its

installability. Since the water depth of this case study is assumed to be 25 m, the maximum

suction pressure available before cavitation is 350 kPa (this is a highly simplified calcula-

tion, as the actual value depends on multiple factors such as the pump location, whether

the pump can truly reduce the pressure to zero etc.). Thus, installability requirements im-

pose the following additional constraint on the optimisation problem: the suction pressure

required to install the caisson should not exceed 350 kPa.

The suction pressure required to install the caisson can be computed using the pro-

cedures described by Houlsby & Byrne (2005a). Assuming a total vertical load of 3 MN

and αo = αi = 0.5 during installation, the suction pressure required to install a caisson

with the optimal dimensions (D = 6.4 m, L/D = 2) is 962 kPa, which is more than 350
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Figure 10.8: (a) Contour plots of the suction pressure (value shown in contour label in kPa units) required for
the installation of the caisson. The filled region represents the feasible combinations of D and L/D that can be
installed by suction, while the unfilled region below the filled region represents the combinations of D and L/D that
can be installed by self-weight alone. (b) Contour plots of the caisson steel volume (value shown in contour label).
The filled region represents the feasible combinations of D and L/D that satisfy the ULS, SLS and installability
constraints. The thick black dotted, dashed and solid lines represent the SLS (obtained using oxCaisson-NLE), ULS
and installability constraints respectively. The progress of the solver is also shown in (b), starting from the initial
estimate (shown as the white circle marker) until the final, optimal result (shown as the white square marker).

kPa. Thus, this caisson cannot be installed. Fig. 10.8a shows the contours of the suction

pressure required to install caissons of varying dimensions. The filled region represents the

feasible combinations of D and L/D that can be installed, while the unfilled region below

it represents the caisson dimensions that can be installed by self-weight alone.

The optimisation problem was solved again, with the additional constraint that the

suction pressure required for installation must not exceed 350 kPa. Fig. 10.8b shows the

updated feasible region satisfying this additional constraint and the progress of the solver.

Based on the solver results, the optimal dimensions of the caisson that can be installed is

D = 11.2 m and L/D = 0.74, which correspond to a caisson steel volume of 71.4 m3 (which

is about 4 times the original, optimal steel volume of 18.5 m3, obtained without considering

installability). All constraints are met, as the computed dULS is 0.9996, θM is 0.22◦ and the

suction pressure required for installation is 349.9 kPa.

To conclude, this chapter has demonstrated the use of the oxCaisson design methods to

optimise the design for a suction caisson foundation. The analysis here is highly simplified,

and a real design case needs to take into consideration structural fatigue behaviour for FLS,

structural capacity for ULS and cyclic loading behaviour for SLS. Nevertheless, the design
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approach adopted in this chapter was found to be very efficient, which not only reduces

design time, but may also result in improved design outcomes.
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Chapter 11

Conclusion

Recent trends in the offshore wind industry have generated a pressing need for new de-

sign methods for suction caisson foundations that are both fast and accurate. This thesis

addresses this need by developing a family of computationally efficient design methods

(called oxCaisson) that are highly suited for time-critical applications such as large scale

foundation design optimisation for offshore wind farms. The main contributions of the

thesis are summarised below:

11.1 Contributions

Chapter 3 The key contributions of this chapter are threefold.

1. This work presents a complete Winkler model for suction caisson foundations under

6DoF loading.

2. This work provides the first rigorously validated set of Winkler formulations that rep-

resent the true soil reactions acting on the suction caisson foundations. Formulations

used in previous models are either coarse approximations (e.g. plane strain condi-

tions) or unrealistic back-calculated values that do not necessarily match the true

physics of the soil-foundation interaction problem. The discussions in the chapter

have also shown how the back-calculation approach may lead to misleading conclu-

sions about the nature of the local soil response.

3. The formulations derived in this work also apply for ‘short’ monopiles with 0.5 ≤

L/D ≤ 2, which nicely fills the gap in the current solution set (most formulations

currently available for monopiles are meant for L/D > 2).
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Chapter 4 There are two main sections in this chapter. The first section looks at the classic

vertical stiffness problem for a rigid, circular surface foundation on non-homogeneous,

linear elastic soil. The key contributions of this section are twofold.

1. This chapter provides verification on the reliability of two widely used design meth-

ods, that appear to conflict with each other.

2. Instead of just being an empirical comparison of these two design methods, this chap-

ter introduces a novel theoretical framework to interpret them. This provides a com-

mon base to analyse these two design methods and provides a better understanding

of the reasons behind the model accuracy or lack thereof.

The second section looks at the 6DoF stiffness problem for a suction caisson in non-homogeneous,

linear elastic soil. The key contributions of this section are twofold.

1. A numerical study is presented to highlight the inadequacy of using Winkler models

for suction caissons that have been calibrated for homogeneous soil, for analysis in

non-homogeneous soil.

2. This section introduces a novel design method, termed the ‘modulus weighting method’,

that determines the ‘equivalent homogeneous’ soil reactions for non-homogeneous

soil. This design method is based on an energy-based framework and has been shown

to be applicable to not only oxCaisson, but also other Winkler models that have been

calibrated for homogeneous soil.

Chapter 5 This chapter demonstrates that the linear elastic soil reactions that were de-

rived for rigid caissons may also be used to predict the behaviour of flexible caissons,

simply by representing the caisson skirt with deformable frame elements. This indirectly

shows that the linear elastic soil reactions are approximately independent of the suction

caisson properties.

Chapter 6 The key contributions of this chapter are threefold.

1. A numerical study is presented to carry out full scale 3DFE analyses to investigate

the existence of scaling relationships between the load-displacement behaviour of the

soil reactions and elemental stress-strain behaviour. Previous studies used a highly

simplified pile slice model to investigate the existence of these relationships.
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2. This study investigates the existence of scaling relationships for the soil reactions

in all 6DoF and for suction caisson foundations. Moreover, as the soil reactions for

caisson foundations include a skirt component (typically associated with pile design

methods) and a base component (typically associated with surface foundation design

methods), this work can be considered as a generalisation of the previous studies on

piles and surface foundations.

3. The identified scaling relationships allow convenient derivation of site-specific soil

reactions that better correspond to the soil sample behaviour in laboratory tests, thus

providing more realistic predictions of caisson behaviour.

Chapter 7 This chapter assesses the accuracy and efficiency of various numerical proce-

dures for determining failure envelopes. The conclusion that the sequential swipe test is

the best amongst the finite element based procedures is surprising, given the popularity of

the displacement probe test.

Chapter 8 The key contribution of this chapter is the introduction of a systematic frame-

work for formulation of globally convex and thermodynamically consistent n-dimensional

failure envelopes that are suitable for use as yield functions and plastic potentials. The

proposed framework overcomes some of the limitations of the existing formulations for

failure envelopes, as follows. First, they are not always globally convex, which prevents

the use of efficient, implicit elasto-plastic integration algorithms. Second, they are not guar-

anteed to be thermodynamically consistent if used as plastic potentials, as they may result

in negative plastic work. Finally, the existing methods to formulate failure envelopes are

generally ad hoc and not expressive enough to fit arbitrary datasets.

Chapter 9 The contributions of this chapter are twofold.

1. This work presents globally convex and thermodynamically consistent failure en-

velopes for rigid, circular surface foundations on von Mises soil under 6DoF loading.

2. ‘Failure envelopes’ for caisson foundations are derived on a local basis (i.e. the soil

reaction yield surfaces), which provides key insights into the distribution of the soil

response at failure. Furthermore, validation studies have shown that the global failure

envelope can be accurately reproduced with the local soil reaction yield surfaces. The
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advantage of deriving these soil reaction yield surfaces is that they could be applied

directly to any arbitrary, non-homogeneous or multi-layered ground.

11.2 Future Directions

This thesis lays the foundational grounds for the oxCaisson family of design methods. It de-

velops the theory and practical framework upon which future researchers can use, extend

and apply to other foundation problems, not limited to just suction caisson foundations.

Looking forward, oxCaisson may be extended to address other problems not covered in

this thesis, some of which are highlighted below:

Cohesionless Soil The methodology in Chapter 9 may be similarly applied to derive soil

reaction yield surface formulations for caissons in cohesionless soil. Cohesionless soil

may be represented in the 3DFE analyses using linear elastic, perfectly plastic materi-

als with pressure-sensitive yield criterion such as the Drucker-Prager yield criterion.

This would enable oxCaisson-LEPP to predict caisson behaviour in sand, although

the importance of non-associated flow would render this process non-trivial.

Non-homogeneous Yield Strength Profiles Chapter 4 shows that the naive predictions of

oxCaisson-LE in non-homogeneous, linear elastic soil may be inaccurate. However,

it is hypothesised that the naive predictions of oxCaisson-LEPP in grounds with ar-

bitrary, non-homogeneous yield strength profiles is fairly accurate. This is because

plastic response tends to be much more localised, compared to elastic response. How-

ever, this hypothesis needs to be confirmed by 3DFE analyses.

Interface effects All the 3DFE analyses in this thesis assume a fully bonded interface. Fur-

ther analyses are required to assess the effect of gapping or different interface rough-

ness on the soil reactions. At the moment, different interface roughness can be ap-

proximated by reducing the yield strength input into the soil reaction formulations.

However, this heuristic measure has to be validated by 3DFE analyses.

Multiple Yield Surfaces with Hardening oxCaisson-LEPP may be extended to allow for

multiple yield surfaces, which would allow the predicted load-displacement behaviour

to agree better with the 3DFE results. Also, hardening rules (such as kinematic hard-

ening) may be incorporated for more realistic predictions under cyclic loading, which

is one aspect that is not covered in this thesis.
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Appendix

A.1 Derivation of Stiffness Solution of Mayne & Poulos (1999)

The following exposition will explain the derivation of Eq. 4.3. Note that Gmayne, σ̃z, σ̃r and

qz have been defined in the main text. The main principle behind the design method of

Mayne & Poulos (1999) is that the vertical displacement Sz at the centre of the foundation

base is equal to the integration of the vertical strains directly beneath it:

Sz =
∫ ∞

0
εz dz

Sz = D
∫ ∞

0
εz dz̃

Sz = D
∫ ∞

0

σz − 2νσr
E

dz̃

Sz = qzD
∫ ∞

0

σ̃z − 2νσ̃r
E

dz̃

(A.1)

Redefining E in terms of G:

Sz =
qzD

2(1 + ν)

∫ ∞

0

σ̃z − 2νσ̃r
G

dz̃

Sz

(
πD2

4

)
=

VD
2(1 + ν)

∫ ∞

0

σ̃z − 2νσ̃r
G

dz̃(
πD(1 + ν)

2

)
=

V
Sz

∫ ∞

0

σ̃z − 2νσ̃r
G

dz̃

V
Sz

=

(
πD(1 + ν)

2

)
1∫ ∞

0
σ̃z−2νσ̃r

G dz̃

V
Sz

=

(
πD(1 + ν)

2(1− ν2)

)
1− ν2∫ ∞

0
σ̃z−2νσ̃r

G dz̃

KV =

(
πD

2(1− ν)

)
Gmayne

(A.2)

Eq. A.2 predicts the stiffness of a flexible, circular surface foundation. For a rigid,

circular surface foundation, a factor of π/4 (Mayne & Poulos 1999) should be applied such
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that (Sz)flexible = (Sz)rigid /(π/4), which produces Eq. 4.3 (copied below):

KV =
2D

1− ν
Gmayne (A.3)

Homogeneous Half-space Since
∫ ∞

0 σ̃z − 2νσ̃r dz̃ = 1− ν2 for a homogeneous elastic half-

space, substituting Gmayne = G into Eq. A.3 gives the analytical solution (Eq. 4.2).

Flexible Foundation To reproduce the given formulation (Sz = qzDIG(1− ν2)/Eb) for a

flexible, circular surface foundation in Fig. 10 of Mayne & Poulos (1999), E(z) = Eb + kEz

can be substituted into Eq. A.1 (where Eb = Young’s modulus at ground level and kE = rate

of change of the modulus with depth):

Sz = qzD
∫ ∞

0

σ̃z − 2νσ̃r
E

dz̃

Sz =
qzD
Eb

∫ ∞

0

σ̃z − 2νσ̃r
1 + z̃/β

dz̃

Sz =
qzD
Eb

IG(1− ν2)

(A.4)

where

IG =
1

(1− ν2)

∫ ∞

0

σ̃z − 2νσ̃r
1 + z̃/β

dz̃

β = Eb/(kED)

If the half-space is homogeneous, β = ∞. Thus, IG = 1. If the half-space has zero modulus

at the ground level (i.e. Eb = 0), Eq. A.1 should be used to compute Sz instead of Eq. A.4.

However, when carrying out the integration numerically, the integration limits should start

from a small number e.g. 10−9, as the integrand has a singularity at z = 0. For example,

Sz = qzD
∫ ∞

10−9

σ̃z − 2νσ̃r
kEDz̃

dz̃

Sz =
qz
kE

∫ ∞

10−9

σ̃z − 2νσ̃r
z̃

dz̃
(A.5)

For ν = 0.5, this simplifies to:

Sz =
qz

2(1 + ν)kG

∫ ∞

10−9

σ̃z − 2νσ̃r
z̃

dz̃

Sz =
qz

2(1 + 0.5)kG
(1.5)

Sz =
qz

2kG

(A.6)

which matches the analytical solution of Gibson (1967), where kG is the rate of change of

the shear modulus with depth.

229



A.2. Computation of εq from Triaxial and Simple Shear Test Results

A.2 Computation of εq from Triaxial and Simple Shear Test Results

This section describes the computation of the deviatoric strain εq from the results of triaxial

and simple shear tests. Expanding Eq. 6.7 in terms of the strain components:

εq =

√
4
3

(
1
6
[(ε11 − ε22)2 + (ε22 − ε33)2 + (ε33 − ε11)2] + ε2

12 + ε2
23 + ε2

31

)
(A.7)

For simple shear tests, Eq. A.7 simplifies to:

εq =

√
4
3

(
1
6
[(ε11 − ε22)2 + (ε22 − ε33)2 + (ε33 − ε11)2] + ε2

12 + ε2
23 + ε2

31

)
=

√
4
3
(0 + (γ/2)2 + 0)

=
|γ|√

3

(A.8)

where γ is the shear strain. For triaxial tests, Eq. A.7 simplifies to:

εq =

√
4
3

(
1
6
[(ε11 − ε22)2 + (ε22 − ε33)2 + (ε33 − ε11)2] + ε2

12 + ε2
23 + ε2

31

)

=

√
4
3

(
1
6
[(εr − εr)2 + (εr − εa)2 + (εa − εr)2] + 0

)
=

2
3
|εa − εr|

(A.9)

where εa and εr are the axial and radial strain respectively. For undrained triaxial tests,

εr = −εa/2, εq = εa and γmax = εa − εr = 1.5εa (Powrie 2013). Thus, εq = 2γmax/3.

A.3 Undrained Capacities of a Rigid, Circular Surface Foundation

on Cohesive Soil under Torsional or Lateral Loading

Following the procedures described by Dunne & Martin (2017), the undrained capacities of

a rigid, circular surface foundation on cohesive soil under torsional or lateral loading are

determined. For torsional loading, the lower bound (LB) solution is obtained by assuming

that at capacity, the magnitude of the soil shear stress at the soil-foundation interface is su

in the shearing direction (see Fig. A.1). Thus, the LB torsional capacity Q0 is:

Q0 =
∫

xτy − yτx dA

=
∫
(r cos θ)su cos θ + (r sin θ)su sin θ dA

= su

∫ 2π

0

∫ D/2

0

(
r cos2 θ + r sin2 θ

)
r dr dθ

= suπD3/12

(A.10)
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under Torsional or Lateral Loading

y

x

θ

θ

τx
τy

su

Figure A.1: Conventions for the soil shear stress components at some arbitrary point on the soil-foundation interface.
Note that τx = −su sin θ and τy = su cos θ.

The upper bound (UB) solution can be obtained by equating the internal and external work

done for a virtual torsional displacement δΘz:

Wext = Wint

Q0 δΘz =
∫

su (rδΘz) dA

Q0 = su

∫ 2π

0

∫ D/2

0
(r) r dr dθ

Q0 = suπD3/12

(A.11)

The LB solution (which is not fully rigorous as it does not extend the interface stress field

into the rest of the soil domain) matched exactly with the UB solution, indicating an exact

theoretical solution. Thus, the normalised, analytical torsional capacity is Q0
ADsu

= 1/3,

where A = πD2/4 is the area of the surface foundation base.

Similarly, the LB solution for lateral loading can be obtained trivially as:

H0 =
∫

su dA

H0 = suA
(A.12)

which matches exactly with the UB solution as follows:

Wext = Wint

H0 δSH =
∫

su (δSH) dA

H0 = su A

(A.13)

Thus, the normalised, analytical lateral capacity is H0
Asu

= 1.
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A.4 Undrained Capacities of a Rigid Suction Caisson Foundation

in Cohesive Soil under Torsional Loading

The following exposition derives the torsional capacity of a rigid suction caisson on co-

hesive soil, following the procedures described by Dunne & Martin (2017). For torsional

loading, the capacity Q0 is the sum of the soil resistance along the caisson skirt Q0
skirt and

on the caisson base (including the soil plug) Q0
base. The lower bound (LB) solution for

Q0
base can be obtained using Eq. A.10, while the LB solution for Q0

skirt is:

Q0
skirt = L

∫
xτy − yτx dl

= L(D/2)2
∫ 2π

0
(cos θ)su cos θ + (sin θ)su sin θ dθ

= L(D/2)2su

∫ 2π

0

(
cos2 θ + sin2 θ

)
dθ

= suπLD2/2

(A.14)

Therefore, the LB solution for the torsional capacity is:

Q0 = Q0
skirt + Q0

base

= suπLD2/2 + suπD3/12

= suπD2 (L/2 + D/12)

(A.15)

Similarly, the upper bound (UB) solution for Q0
base can be obtained using Eq. A.11,

while the UB solution for Q0
skirt can be obtained by equating the internal and external

work done for a virtual torsional displacement δΘz:

Wext = Wint

Q0
skirt δΘz = L

∫
su ((D/2)δΘz) dl

Q0
skirt = L(D/2)2su

∫ 2π

0
dθ

Q0
skirt = suπLD2/2

(A.16)

Therefore, the UB solution for the torsional capacity is suπD2 (L/2 + D/12), which matched

exactly with the LB solution, indicating an exact theoretical solution. Thus, the normalised,

analytical torsional capacity is Q0
ADsu

= 2(L/D) + 1/3, where A = πD2/4 is the area of the

caisson base.
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under general loading’, Géotechnique 61(3), 263–270.

Gourvenec, S. & Randolph, M. F. (2003), ‘Effect of strength non-homogeneity on the shape

of failure envelopes for combined loading of strip and circular foundations on clay’,
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laboratory tests’, Géotechnique 50(4), 325–338.

Martin, C. M. & Houlsby, G. T. (2001), ‘Combined loading of spudcan foundations on clay:
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