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satisfy the direct translation of Shapley’s axioms to games with externalities
can be obtained using our approach based on stochastic processes.
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1. Introduction

The problem of how to fairly divide a value obtained through cooperation
is one of the most fundamental issues studied in coalitional game theory.
It is relevant to a wide range of economic and social situations, from shar-
ing the cost of a local wastewater treatment plant, through dividing the
annual profit of a joint venture enterprise, to determining power in voting
bodies. Assuming that the coalition of all the players (i.e. the grand coali-
tion) forms, Shapley [1] proposed to remunerate the players by considering
their marginal contributions to all coalitions they could possibly join. His
division scheme, now called the Shapley Value, is the unique one satisfying
the following four axioms: Efficiency—all payoff is distributed among the
players; Null-Player—a player with no influence on payoffs receives nothing;
Symmetry—symmetric players obtain the same payoff; and Additivity—the
division scheme is additive over games.

However, Shapley’s remarkable result holds only when one cooperative
arrangement of players does not impose any externalities on any other coop-
erative arrangements. Such an assumption is clearly untenable in many prac-
tical economic situations of interest. For example, in an oligopolistic market,
joint R&D projects are meant to increase the competitive edge of cooperat-
ing companies [2]. Similarly, the extent of pollution reduction achieved by
an international treaty depends not only on the signatories to the treaty, but
also on similar agreements among non-participants [3]. In all such situations
it is necessary to consider coalitions not as independent entities but rather
coalitions embedded in coalition structures. Extending the Shapley Value to
this richer setting has been a subject of ongoing debate in the literature for
more than forty years. This issue is also the focus of our article.

Mathematically, the Shapley Value in games with no externalities is de-
fined as the average marginal contribution of a player, taken over all possible
permutations of players. It can be rationalized by the following determinis-
tic coalition formation process proposed by Shapley [1, p. 39]. Assume that
players create the grand coalition sequentially in a random order. A new
player receives the payoff that equals his marginal contribution to the group
of players that he joins. Now, the Shapley Value is the player’s expected
such payoff over all random orders (permutations) of players.

Extending the Shapley Value has turned out to be a challenging research
problem because an obvious (or, as we will say, direct) translation of Shap-
ley’s axioms to games with externalities does not yield a unique value. The
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key problem is the Null-Player Axiom, as its direct translation to games with
externalities is too weak to guarantee uniqueness.

A number of methods have been developed in the literature to address
this issue. Some, such as Pham Do and Norde [4] and Hu and Yang [5],
obtained uniqueness by proposing a stronger version of the original Null-
Player Axiom. Other contributors have moved increasingly further away
from Shapley’s original axiomatization by adding new axioms, and some-
times dropping some of the original ones. An example of such an approach
is the work by Grabisch and Funaki [6], who used Markovian and Ergodic
Axioms and modified the Symmetry and the Null-Player Axioms. Yet an-
other method has been to build extensions to games with externalities relying
on alternative axiomatizations of the original Shapley Value, such as Myer-
son’s [7] balanced-contribution axiomatization or Young’s [8] monotonicity
axiomatization.

While previous works predominantly focused on axiomatizations for games
with externalities, the extension of the Shapley Value proposed in this article
centres around the coalition formation process and the underlying probability
distribution from which a suitable axiomatization naturally follows. In par-
ticular, we view coalition formation in games with externalities as a discrete-
time stochastic process, in which the players leave the grand coalition one
after another in a random order. Next, they either join one of the existing
groups outside or form a completely new group, all with a certain probability.
Each player receives the payoff that equals her marginal contribution to the
coalition she left.

One of the fundamental stochastic processes studied in the literature is
the Chinese Restaurant Process. This process and its variants have been
used in a variety of applications ranging from modelling texts to genetics
and functional genomics [9, 10, 11, 12, 13]. As we will show in this article,
the Chinese Restaurant Process turns out to be of special interest also in the
context of coalitional games with externalities. To gain some intuition behind
it, let us consider the following fictional scenario. Let us imagine a Chinese
restaurant with an infinite number of tables, each with an infinite number
of seats. The first customer sits at the first table. Every new customer
chooses a seat next to a customer that sits at one of the occupied tables,
or a seat at the first unoccupied table, always with the same probability.
Hence, the k-th customer chooses a table with b customers with probability
b
k

or chooses an unoccupied table with probability 1
k
. In our cooperative

game context, each table represents a coalition of players and all the tables
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taken together represent a coalition structure that emerged as a result of a
stochastic coalition formation process.

Our key results can be summarized as follows. We show that reformulat-
ing Shapley’s coalition formation process as the Chinese Restaurant Process
yields a unique value in games with externalities that has various desirable
properties. In particular, it is a well-known value from the literature derived
from two different axiomatizations: first, by Feldman [14] using axioms of
Additivity, Symmetry, Carrier (which is a combination of the Null-Player
Axiom and Efficiency), Per Capita Liability, and Per Capita Claim; next,
by Macho-Stadler et al. [15] using the axioms of Efficiency, Null-Player, Ad-
ditivity, Strong Symmetry and Similar Influence.1 In this article, using our
stochastic process approach, we show that this value can be derived from the
direct translation of Shapley’s axioms to games with externalities, where we
obtain uniqueness by strengthening the original Null-Player Axiom based on
the Chinese Restaurant Process. In what follows, we refer to this value as
the Stochastic Shapley Value.

Next, we extend the above result by considering a generalized version of
the Chinese Restaurant Process in which the partition of players emerges
with an arbitrary probability distribution. We prove that all values that
satisfy the direct translation of Shapley’s axioms to games with externalities
can be obtained using such a generalized process. This means, in particular,
that by choosing appropriate probability distributions we obtain the values
by Pham Do and Norde [4], McQuillin [16], Bolger [17], Hu and Yang [5],
and Myerson [18]. We also generalize the axiomatization by proving that
the direct translation of Shapley’s axiomatization—Efficiency, Symmetry,
Additivity and the Null-Player Axiom strengthened using the generalized
stochastic process—is enough to obtain uniqueness. This result yields, in
particular, axiomatizations of these five values that are close to Shapley’s
original axiomatization.

The remainder of this article is organized as follows. In the next section,
we present basic definitions and notation. In Section 3, building upon on the
Chinese Restaurant Process, we derive and then axiomatize the Stochastic
Shapley Value. In Section 4, we consider the generalization of this approach.
Finally, in Section 5, we position our results among other works in the liter-
ature. Conclusions follow.

1See Section 5 for more details on both axiomatizations.
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2. Preliminary Definitions

Let U = {1, 2, . . .} denote the universe of players. For a given set of players
N = {1, 2, . . . , n} ⊂ U , a coalition, S, is any subset of N . A partition,
denoted P , is any set of disjoint coalitions whose union is N . A pair (S, P ),
where P is a partition of N and S ∈ P , is called an embedded coalition.
The set of all partitions and the set of all embedded coalitions over N are
denoted by P(N) and EC(N), respectively, or simply, P and EC when the
set of players is clear from the context.

A game (in partition-function form) is given by a function v that asso-
ciates a real number with every embedded coalition, i.e., v : EC(N)→ R. A
game has externalities if there is at least one coalition the value of which de-
pends on the arrangement of outside players, that is, for at least one coalition
S there exist two partitions P1, P2 containing S such that v(S, P1) 6= v(S, P2).
If this is not the case then we say that the game is with no externalities. Such
games can be represented in the well-known characteristic-function form:
v̂ : 2N → R. The outcome of the game (or the value of the game) is a func-
tion ϕ that, for a given game, associates a vector of n real numbers, one for
each player, i.e., ϕ : (EC(N) → R) → RN . Thus, ϕi(v) denotes the value ϕ
of player i in game v.

We will often make use of the class of simple games 〈e(S,P )〉(S,P )∈EC :

e(S,P )(S, P ) = 1 and e(S,P )(S̃, P̃ ) = 0 otherwise.

Thus, in a simple game e(S,P ) only coalition S in partition P has non-zero
payoff.

The set of all permutations of a set S will be denoted by Ω(S). As is
common in combinatorics, we identify permutation π ∈ Ω(S) with a corre-
sponding ordering. Formally, π can be understood as a function that assigns
positions to players, i.e., a bijection π : S → {1, 2, . . . , |S|} (note that we use
text decoration to distinguish the set of positions from the set of players).
We will denote the set of players that appear in permutation π after i by Cπ

i ,

i.e., Cπ
i

def
= {j | π(j) > π(i)}. Permutation π ∈ Ω(S) with i 6∈ S added at the

end will be denoted π+i; formally, π+i ∈ Ω(S∪{i}) is defined as π+i(j) = π(j)
for j ∈ S, and π+i(i) = |S|+ 1. In addition, for S = {1, 2, . . . , |S|}, we define
permutation πid ∈ Ω(S) as πid(k) = k for every k ∈ S.

We use a shorthand notation for set subtraction and set union operations:

N−S
def
= N \ S and S+{i}

def
= S ∪ {i}. Often, we omit brackets and simply
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write S+i. In this spirit, for partitions, we will write P−i to denote the
partition from P(N \ {i}) that emerges from P ∈ P(N) by excluding player
i. Furthermore, to denote the partition obtained by the transfer of player i
to coalition T in partition P , we introduce the following notation:

τTi (P )
def
= P \ {P (i), T} ∪ {P (i)−i, T+i},

where P (i) denotes i’s coalition in P . In particular, if T = ∅, then i forms
a singleton coalition {i}. The partition obtained from P by the transfer
of a group of players S to a new coalition will be denoted P[S]. Formally,

P[S]
def
= {T \ S | T ∈ P} ∪ {S}.

For an arbitrary function f : N → X, f(S) is the image of S: f(S)
def
=

{f(i) | i ∈ S}, and f(P ) is a set of images of coalitions from P : f(P )
def
=

{f(T ) | T ∈ P}. Consequently, f(S, P ) is defined as f(S, P )
def
= (f(S), f(P )).

Consider a bijection f : N → N . As game v and value ϕ are functions, both
f(v) and f(ϕ) are function compositions: (f(v))(S, P ) = v(f(S, P )) and
f(ϕi) = ϕf(i). Intuitively, the value of embedded coalition (S, P ) in game
f(v) equals the value of an embedded coalition obtained by replacing all
players i from (S, P ) with f(i). For example, if f exchanges 1 and 2, then
f(v)({1}, {{1}, {2, 3}}) = v({2}, {{2}, {1, 3}}).

As is customary in the literature, we assume that the grand coalition, the
coalition N of all players in the game, forms. Thus, the value of the game
distributes the value of the grand coalition among the players. For games
with no externalities, Shapley [1] famously proved that there exists a unique
payoff distribution scheme that satisfies four desirable axioms. We state
them in a general form, i.e., using the notation for games with externalities,
so that their definition will also hold in the remainder of this article:

• Efficiency – the entire available payoff is distributed among the players:∑
i∈N ϕi(v) = v(N, {N}) for every game v;

• Symmetry – payoffs do not depend on the players’ names: ϕ(f(v)) =
f(ϕ)(v) for every game v and every bijection f : N → N ;

• Additivity2 – the sum of payoffs in two separate games equals the payoff
in a combined game: ϕ(β1v1 + β2v2) = β1ϕ(v1) + β2ϕ(v2) for all the

2This formulation of Additivity is consistent with other works on extending the Shapley
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games v1, v2 and scalars β1, β2 ∈ R, where (v1 + v2)(S, P )
def
= v1(S, P ) +

v2(S, P ) and (βv)(S, P )
def
= β · v(S, P );

• Null-Player Axiom – the players that do not have an impact on the
value of any coalition should get nothing: if for every (S, P ) such that
i ∈ S, and every T ∈ P \S∪{∅} it holds that v(S, P )−v(S−i, τ

T
i (P )) =

0, then ϕi(v) = 0, for every game v and player i ∈ N .

We will refer to the above axioms as the direct translation of Shapley’s ax-
ioms, or, simply, Shapley’s axioms. The Shapley Value is defined by the
following equation:

SVi(v̂)
def
=

1

|N |!
∑

π∈Ω(N)

v̂(Cπ
i ∪ {i})− v̂(Cπ

i ), (1)

which can be rewritten as:

SVi(v̂)
def
=

∑
S⊆N,i∈S

(|S| − 1)!(|N | − |S|)!
|N |!

(v̂(S)− v̂(S \ {i})). (2)

As a rationalization of this value, Shapley [1, p. 39] presented the coalition
formation process (or the “bargaining procedure”) that we restate as follows:

Shapley Value (SV): Assume that players leave the grand coali-
tion in a random order. As a player leaves, he receives a payoff
that equals his marginal contribution to the group of players that
he left. Now, the Shapley Value is the expected outcome of the
player’s contributions over all orders (permutations).

Value to games with externalities [17, 15, 16, 19]. We note, however, that in the original
axiomatization Shapley used a weaker version of Additivity: ϕ(v1+v2) = ϕ(v1)+ϕ(v2). In
games with no externalities, it is enough to imply that the value is linear; thus, the payoff
division does not depend on the unit it is calculated with (i.e., ϕ(βv) = βϕ(v)). However,
in games with externalities, the weaker version of Additivity combined with Shapley’s
other three axioms implies that the value can be scaled, but only by rational numbers (see
[15] for details). While we are not aware of real-life applications in which irrational values
of coalitions occur, for consistency with the literature, we allow irrational numbers in the
function domain; thus, we strengthen Additivity by the linearity condition. However, we
retain the name Additivity, as we feel this is a natural translation of this axiom to games
with externalities.
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Note that in the original formulation of Shapley’s coalition formation
process, players enter rather than leave the grand coalition. We will see
later on that the current formulation is more convenient for games with
externalities. Moreover, note that, in a particular permutation, the above
process is deterministic – each player has only one action, namely, leave the
coalition – and we are not concerned with what happens outside. However,
in games with externalities, an outside partition of players may influence the
value of the coalition; hence, we need to account for the actions of players
outside the coalition. In the next section, we use the theory of stochastic
processes to approach this more complex situation.

3. The Stochastic Shapley Value

In this section, we extend the Shapley Value to games with externalities
based on a stochastic process widely known in the literature as the Chinese
Restaurant Process. We begin with the definition of the process and the
resulting value. Next, we present its axiomatic characterization.

3.1. The Chinese Restaurant Process and the value

The Chinese Restaurant Process (CRP) is a discrete-time stochastic pro-
cess the value of which at time t = n is a partition of the set of numbers
{1, 2, . . . ,n}. The probability of each partition is defined as follows. At time
t = 1, partition {1} is obtained. At time t = n, the last element, n, either
forms a new block 3 with probability 1

n
or is added to one of the existing blocks

with probability b
n
, where b is the size of this block. As already mentioned

in the Introduction, this process can be illustrated with a fictional Chinese
restaurant in which the first customer sits at the first table and every new
customer either sits directly next to someone at one of the already occupied
tables or at the first unoccupied table, where each of those seats is chosen
with the same probability.

We construct the value for games with externalities based on the Chinese
Restaurant Process by assuming that this stochastic process determines the
way in which the grand coalition gradually decomposes. In particular:

3While in game theory elements of the partitions are called coalitions, in probability
theory they are called blocks. We will use both terms depending on the context.

8



Stochastic Shapley Value: Assume that the players leave the
grand coalition one after another in a random order and divide
themselves into groups outside. In the k-th step, a departing
player:

• either joins one of the existing groups outside with proba-
bility b/k where b is the size of this group;

• or forms a new group with probability 1/k.

As the result of her leaving, the player is assigned a payoff that
equals her (elementary) marginal contribution, i.e., the loss of
a coalition she left. Now, the value of a player is her expected
payoff over all n! orders.

Based on the above process, we obtain the value:

SSVi(v)
def
=

1

|N |!
∑

π∈Ω(N)

∑
P∈P

∏
T∈P (|T | − 1)!

|N |!
(v(Cπ

i ∪{i},P[Cπi ∪{i}])−v(Cπ
i ,P[Cπi ])).

(3)
which is a well-known value in the literature that has been already derived
with two different axiomatizations (see Section 5 for more details). Given
that we derive this value from the stochastic process, we refer to it as the
Stochastic Shapley Value.

Note that the term
∏

T∈P (|T | − 1)!/|N |! is the probability that partition
P will form based on the Chinese Restaurant Process. Note also that formula
(3) is similar to formula (1) for the standard Shapley Value with the difference
that we take not only an average over all permutations but also a weighted
average over all partitions.

Let us look more closely at the process of decomposing the grand coalition
that leads to the Stochastic Shapley Value. In particular, let us focus at
time t = |N \ S|, when a certain group of players, S, have not left yet the
(remainder of the) grand coalition and that players from N \ S have already
done so and formed partition P \ S. Now, let i ∈ S be the next player to
leave S. We observe that the move (or transfer) of i may affect the value of
S in different ways and this depends on the destination of the transfer. In
more detail, if i leaves S and joins an existing coalition T ∈ P \ S then her
elementary marginal contribution will equal v(S, P )− v(S−i, τ

T
i (P )); hence,

it may be different for different T . Furthermore, if i creates a new coalition
then her contribution will equal v(S, P )− v(S−i, τ

∅
i (P )).
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Following the Chinese Restaurant Process, we define the CRP-marginal
contribution of player i to coalition S (i ∈ S) embedded in partition P as
the expected elementary marginal contribution of her transfer outside of S.

(mcCRPi (v))(S, P )
def
=

1

|N | − |S|+ 1

∑
j∈N\S∪{∅}

(v(S, P )− v(S−i, τ
P (j)
i (P ))),

where we assume that P (∅) = ∅. By gathering all permutations in which
player i has the same marginal contribution, we obtain an equivalent formula
for the Stochastic Shapley Value – it sums over all coalitions not permuta-
tions:

SSVi(v)
def
=

∑
(S,P )∈EC,i∈S

∏
T∈P (|T | − 1)!

|N |!
(mcCRPi (v))(S, P ), (4)

and which is the counterpart of formula (2) for the Shapley Value.
In the next section, we axiomatically characterize the Stochastic Shapley

Value.

3.2. Axiomatic characterization

Let us consider how to translate Shapley’s Null-Player Axiom to games with
externalities. If we translate it directly (i.e. strictly), we will call a player a
null player if she never has any effect on the value of any coalition. This means
that all her transfers outside the coalition should not change the value of this
coalition. In other words, all her elementary marginal contributions equal
zero. However, we can also choose a less strict translation. In particular,
we may require that the expected elementary marginal contribution of a null
player is zero but this does not have to be the case for her elementary marginal
contributions. This latter translation leads to the following definition of a
null-player:

CRP-Null-Player Axiom – a player whose CRP-marginal contri-
bution to the value of any coalition is zero should get nothing: if
for every (S, P ) ∈ EC such that i ∈ S holds (mcCRPi (v))(S, P ) =
0, then ϕi(v) = 0 for every game v and player i ∈ N .

The following theorem shows that replacing the Null-Player Axiom with
the CRP -Null-Player Axiom in a direct translation of Shapley’s axioms is
enough to imply a unique value. Moreover, this value is the Stochastic Shap-
ley Value.
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Theorem 1. The Stochastic Shapley Value is the only value that satisfies
Efficiency, Symmetry, Additivity and the CRP-Null-Player Axiom.

Proof. For all the proofs, we refer the reader to the appendix. The proof of
Theorem 1 can be found on p. 28.

We have just shown that reformulating Shapley’s coalition formation pro-
cess as the Chinese Restaurant Process yields a unique value in coalitional
games with externalities. In the next section, we discuss how this approach
can be generalized to a wider family of stochastic processes.

4. Generalization

We derived the Stochastic Shapley Value above by assuming that players
who leave the grand coalition join other coalitions with the probabilities dic-
tated by the Chinese Restaurant Process. In this section, we show that this
approach can be generalized by considering arbitrary probability distribu-
tions over the partitions that emerge in the process of dissolving the grand
coalition. Next, generalizing Theorem 1, we prove that each such stochastic
process with an underlying arbitrary probability distribution over partitions
yields an extension of the Shapley Value to games with externalities that sat-
isfies the corresponding direct translation of Shapley’s axioms. Moreover, all
values that satisfy the direct translation can be obtained with this approach.

4.1. Generalization of the process and the value

We begin by formalizing a family of probability distributions p on the set of
partitions of 1, 2, . . ..4

Let p = (p1, p2, . . .) be a family of probability distributions in which
pn is a probability distribution on all the partitions of the set of numbers
{1, 2, . . . ,n}. Formally, pn can be defined as a function pn : P({1, . . . ,n})→
R that satisfies

∑
P∈P({1,...,n}) pn(P ) = 1 and 0 ≤ pn(P ) ≤ 1 for every P ∈

P({1, . . . ,n}). Next, we specify pn on a partition Pk ∈ P({1, . . . , k}) as
the sum of probabilities of the partitions that cover Pk, i.e., such partitions

4In probability theory, a probability distribution, or a family of distributions, on the
set of partitions of 1,2, . . . is called a partition model [20].
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that restricted to the set {1, . . . , k} equal Pk (formally, R covers Pk when
{S ∩ {1, . . . , k} | S ∈ R} = Pk):

pn(Pk)
def
=

∑
R∈P({1,...,n})
R covers Pk

pn(R). (5)

Note that we do not assume any relationship between the probabilities
of different partitions. In particular, a partition that results from renaming
some or all of the elements may have a different probability than the original
one. In other words, the probability of a partition may depend not only
on the sizes of the blocks but also on elements within them. Furthermore,
we make no assumption on the relationship between different probability
distributions in a given family. In particular, the probability pn(Pk) may
differ from the probability pn+1(Pk).

Having specified the family of probability distributions p, let us now in-
troduce a corresponding generalized stochastic process. In particular, the
family of stochastic processes based on p will be called the p-Process family,
or the p-Processes for short. For a given n, a pn-Process yields a random
partition from P({1, . . . ,n}). At time t = 1, partition {1} is obtained. At
time t = k + 1, assuming that partition Pk has been formed by the pre-
vious elements, the next element is added to one of the blocks (or creates
a new block) with probability pn(Pk+1)/pn(Pk), where Pk+1 is the partition
resulting from adding element k + 1.

Considering a hypothetical case, when Pk has been formed but pn(Pk) =
0, it may seem that the probabilities at time k+1 are not well defined. How-
ever, we observe that this case never materializes – Pk never forms because
the addition that yields partition Pk has zero probability. Furthermore, it is
easy to check that the probabilities of the transfers sum up to one. This is
because:

pn(Pk) =
∑
T∈Pk

pn(Pk \ T ∪ (T ∪ {k + 1})) + pn(Pk ∪ {{k + 1}}) (6)

holds for every Pk ∈ P({1, 2, . . . , k}) and k < n.
Consider k = n. Although, formally, for Pn ∈ P({1, 2, . . . ,n}), the values

of the partitions of size n + 1 on the right-hand side of formula (6) are not
specified, for technical convenience, we will sometimes use the right-hand
side of (6) assuming that it sums up to pn(Pn).
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Let us now define the value for games with externalities based on an
arbitrary p-Process family. To this end, recall that if S ⊆ N is an arbitrary
subset of N of size k, Pk ∈ P(S) is a partition of S, and π ∈ Ω(S) is a
permutation of S, then π(Pk) = {π(S) | S ∈ Pk} maps partition Pk to the
corresponding partition of set {1, 2, . . . , k}. The same holds also if π ∈ Ω(N)
is a permutation of all players with players from Pk at the first k positions.
The coalition formation process based on the p-Process family that leads to
the corresponding value is as follows:

The p-Process Shapley Value for n = |N | players : Assume that
players leave the grand coalitionN in a random order π and divide
themselves into groups outside. Assume that after k (k < n− 1)
steps, partition Pk has been formed (outside of the remainder of
the grand coalition). In the (k + 1)-th step, one player departs
and joins one of the coalitions (or forms a new coalition) with
probability pn−1(π(Pk+1))/pn−1(π(Pk)), where Pk+1 is the parti-
tion obtained by this transfer. As the result of her leaving, the
player is assigned a payoff that equals her elementary marginal
contribution, i.e., the loss of a coalition she left. Finally, in the
n-th step, the last player, independently of which coalitions she
joins, is assigned the remaining value of the grand coalition. Now,
the p-Process Shapley Value is her expected payoff over all n! or-
ders.

Note that we define the value for n players based on probability distribution
pn−1, not pn. This is because the elementary marginal contribution of the
last player is always the same, no matter which outside coalition she chooses.

Formally, the p-Process Shapley Value is defined as follows:

ϕpi (v)
def
=

1

|N |!
∑

π∈Ω(N)

∑
P∈P(N)

{{π−1(n)}}∈P

pn−1(π(P )−n)(v(Cπ
i ∪{i},P[Cπi ∪{i}])−v(Cπ

i ,P[Cπi ])).

(7)
In the above formula we sum over all possible permutations and partitions
of players. As the position of the last player does not matter, we assume for
simplicity that she forms a singleton coalition. We will say that a value is
obtained using the process approach for a family p if it is defined using the
above formula.
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Formula (7) can be rewritten as follows:

ϕpi (v) =
∑

(S,P )∈EC
i∈S

(|S| − 1)!

|N |!
∑

π∈Ω(N\S)

∑
T∈P\S∪{∅}

pn−1(π+i(τ
T
i (P ) \ S−i))

(
v(S, P )− v(S−i, τ

T
i (P ))

)
, (8)

Note that for S = {i} the above formula does not depend on the specific
values of pn−1 for partitions of size n but only on their sum. This is because
v(S−i, P ) = 0 for every P ∈ P(N).

We observe that the Stochastic Shapley Value is the p-Process Shapley
Value with pCRPn defined as

pCRPn (P )
def
=

∏
T∈P (|T | − 1)!

|N |!
,

for every P ∈ P(N).
Although the coalition formation process makes sense only if values of p

are non-negative, from the mathematical point of view, the formulas for the
p-Process Shapley Value are also well defined for negative values of p. If p
is allowed to take negative values, it is called a quasiprobability distribution.
Formally, function pn : P({1, . . . ,n})→ R is a quasiprobability distribution,
if
∑

P∈P({1,...,n}) pn(P ) = 1. For the sake of generality, we assume that the
family p also involves quasiprobability distributions. Hence, formally, the
values of pn in (7) and (8) should be treated as weights instead of proba-
bilities (note that formulas (5) and (6) also work for negative weights). A
composition of such weights for a given permutation constitutes a weight of
the resulting partition. The marginal contribution of a player in a given per-
mutation is then calculated as the sum of all possible elementary marginal
contributions multiplied by the corresponding weights of the resulting parti-
tions. Nevertheless, we will typically refer to the values of pn as probabilities,
as this term is more intuitive in the context of stochastic processes.

We are now ready to present the main technical result of this section. At
face value, our approach to defining the values based on the stochastic pro-
cesses may seem arbitrary; that is, there may exist other values that satisfy
Shapley’s axiomatization but that cannot be uniquely derived from the pro-
cess approach. This is, however, not the case. The next theorem states that
this approach encompasses all values that satisfy Shapley’s axiomatization
and exactly those.
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Theorem 2. A value can be obtained using the process approach for a family
of quasiprobability distributions p if and only if it satisfies Efficiency, Sym-
metry, Additivity and the Null-Player Axiom.

Proof. See the appendix, p. 28. We observe that, in the above theorem, it
is not possible to weaken Additivity to the form ϕ(v1 + v2) = ϕ(v1) + ϕ(v2).
For instance, Macho-Stadler et al. [15] provided an example of a value which
satisfies Efficiency, Symmetry, the Null-Player Axiom and a weaker version
of Additivity. However, this value violates homogeneity (ϕ(βv) = βϕ(v))
which is clearly satisfied by all values obtained using p-Processes.

While Theorem 2 holds for quasiprobability distributions, we will now
argue that if one is interested in monotonic values, then one must limit
oneself only to p with non-negative weights. In more detail, the property of
monotonicity says that:5

(Weak) Monotonicity – an increase of a player’s contributions
does not decrease her payoff: if v1(S+i, τ

S
i (P )) − v1(S, P ) ≥

v2(S+i, τ
S
i (P ))− v2(S, P ) holds for every (S, P ) ∈ EC, such that

i 6∈ S, then ϕi(v1) ≥ ϕi(v2).

We show now that the following holds:

Theorem 3. A value can be obtained using the process approach for a family
of probability distributions p if and only if it satisfies Efficiency, Symmetry,
Additivity, the Null-Player Axiom, and (Weak) Monotonicity.

Proof. See the appendix, p. 31.

Having presented the generalization of the process and the value, in the
next section we generalize the axiomatization.

4.2. Generalization of the axiomatization: marginality
approach

In this section we generalize our axiomatization of the Stochastic Shapley
Value from Section 3 by proposing a universal approach for axiomatizing

5This formulation of monotonicity agrees with definitions proposed by Macho-Stadler
et al. [15] and De Clippel and Serrano [21].
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direct extensions of the Shapley Value to games with externalities. Broadly
speaking, this approach, which we call the marginality approach, consists of
strengthening of the Null-Player Axiom by considering a specific definition of
marginal contribution. We will show that the marginality approach is strictly
related to our general approach of obtaining extensions of the Shapley Value
based on the p-Process as introduced in the previous section.

We start by generalizing the definition of the marginal contribution in
games with externalities which now can take a form of any affine combination
(i.e., linear combination with weights that sum up to one) of elementary
marginal contributions:

(mcαi (v))(S, P )
def
=

∑
T∈P\S∪{∅}

αi(S−i, τ
T
i (P ))[v(S, P )− v(S−i, τ

T
i (P ))], (9)

where αi : {(S, P ) ∈ EC | i 6∈ S} → R denotes weights of a given transfer
under the assumption that weights are symmetric (i.e., αi(S, P ) =
αf(i)(f(S), f(P )) for every bijection f : N → N and (S, P ) ∈ EC such
that i 6∈ S), and normalized (i.e.,

∑
T∈P\S∪{∅} αi(S−i, τ

T
i (P )) = 1 for every

(S, P ) ∈ EC such that i ∈ S).
Having defined the marginal contribution parameterized by α, let us now

consider the corresponding definition of the Null-Player Axiom. In particular:

α-Null-Player Axiom – players that do not contribute to the value
of any coalition should get nothing: if for every (S, P ) ∈ EC such
that i ∈ S holds (mcαi (v))(S, P ) = 0, then ϕi(v) = 0 for every
game v and player i ∈ N .

We observe that particular axiomatizations of the extensions of the Shap-
ley Value to games with externalities can be seen as instances of the marginal-
ity approach – these concern the axiomatizations of the Bolger value [17], the
externality-free value [4], the Hu-Yang value [5], and the McQuillin value [19].
In the next theorem, we generalize all these results from the literature and
prove that Shapley’s original axioms of Efficiency, Symmetry, Additivity and
the parameterized Null-Player Axiom always yield a unique extension to
games with externalities. Moreover, we show that this value can also be ob-
tained using the p-Process and that for every monotonic p-Process Shapley
Value, there exists an α such that Shapley’s α-parameterized axiomatization
uniquely implies it. This also holds for almost all non-monotonic p-Process
Shapley Values.
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Theorem 4. There exists a unique value that satisfies Efficiency, Symmetry,
Additivity and the α-Null-Player Axiom for every α, and this value is the pα-
Process Shapley Value, where pα is defined as follows:

pαn(P ) =
∏

i∈{1,...,n}

αi({i+ 1, . . . , n, n+ 1}, (π−1
id (P ) ∪ {n+ 1})[{i+1,...,n,n+1}]),

(10)
for every P ∈ P({1, . . . ,n}). Moreover, for quasiprobability distribution p,
there exists an α such that the p-Process Shapley Value is the value resulting
from α-parameterized Shapley’s axiomatization if and only if p satisfies zero-
consistency, i.e.,∑

π∈Ω({1,...,k−1})

pn(π((Pk)−k)) = 0⇒
∑

π∈Ω({1,...,k−1})

pn(π+k(Pk)) = 0. (11)

for every n, k ≤ n, and Pk ∈ P({1, . . . , k}).

Proof. See the appendix, p. 32. We note that, although we assumed a
stronger definition of Additivity, our proof is based only on the weaker ver-
sion, i.e., ϕ(v1 + v2) = ϕ(v1) + ϕ(v2), which does not require linearity. Con-
sequently, the theorem also holds for the weaker version of Additivity.

4.3. Other values in the process approach

We are aware of five other values in the literature that satisfy the direct
translation of Shapley’s axioms to games with externalities. We proved in
Section 4.1 that all those values can be obtained using the process approach.
In this section, we show details of how this can be done and discuss the
properties that those values satisfy.

We will consider two important properties of probability distributions:
exchangeability and consistency. They characterize the necessary conditions
for the famous theorem of de Finetti [22]. A probability distribution is ex-
changeable if relabelling elements does not change the distribution of the
partition. Thus, the probability of the partition depends only on the sizes
of the blocks, and not on their members. Formally, pn(P ) = pn(f(P )) for
every P ∈ P({1, . . . ,n}) and bijection f : {1, . . . ,n} → {1, . . . ,n}. Further-
more, a family of probability distribution p = (p1, p2, . . .) is (Kolmogorov)
consistent (or projective) if pn(Pk) = pk(Pk) for every Pk ∈ P({1, 2, . . . , k})
and k < n. Thus, the sum of probabilities according to distribution pn of

17



the partitions that cover Pk (i.e., partitions that are obtained by inserting
elements {k + 1, . . . ,n} into partition Pk) is equal to the probability of Pk
according to distribution pk.

Bolger [17] was chronologically the first to propose a definition of marginal
contribution in games with externalities. In particular, Bolger argued that,
for a given embedded coalition, all transfers should have the same weight,
i.e., αBi (S, P ) = 1

|τSi (P )| . Next, Bolger derived his value using Young’s ax-

iomatization based on the Marginality Axiom. Using Theorem 4, we get the
family of probability distribution for the Bolger value, pB = (pB1 , p

B
2 , . . .),

defined as follows:

pBn (P ) =
∏

k∈{1,...,n}

1

|P[{k,k+1,...,n}]|
.

This family of probability distribution is consistent, but it is not exchange-
able, since pBn ({{1}, {2, 3}}) = 1/6 6= 1/4 = pBn ({{1, 2}, {3}}).

Two further values are dual. The externality-free value was proposed by
Pham Do and Norde [4], who defined the marginal contribution as this ele-
mentary marginal contribution in which a player creates a new coalition. To
obtain a unique value, the authors used Shapley’s α-parameterized axioma-
tization. This uniqueness result is a special case of Theorem 4. Later on, De
Clippel and Serrano [21] derived the same value using Young’s axiomatiza-
tion (which is a special case of the result by Fujinaka – see Section 5). The
externality-free value can be obtained through the process approach with
the family of probability distributions, pfree = (pfree1 , pfree2 , . . .), defined as
follows:

pfreen (P ) =

{
1 if P = {{k} | k ∈ {1, . . . ,n}}
0 otherwise.

McQuillin [16] studied not only how to extend the Shapley Value to games
with externalities but also how to combine such an extension with the Owen
generalization to an a-priori given coalition structure [23]. His analysis led
to two axioms, called Rules of Generalization and Recursion that, combined
with Weak Monotonicity and Shapley’s axioms, imply a unique value. The
marginality-based axiomatization of the McQuillin value was later derived
by Skibski [19]. This result is a special case of Theorem 4. In particular,
the definition of marginal contribution by Skibski can be generalized to the
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family of probability distributions, pfull = (pfull1 , pfull2 , . . .):

pfulln (P ) =

{
1 if P = {{1, . . . ,n}}
0 otherwise.

In the p-Process interpretation of the externality-free value, a player always
forms a new coalition. In contrast, in the case of the McQuillin value, any
player leaving (the remainder of) the grand coalition always joins the only
existing coalition outside. Both families of probability distributions, pfree

and pfull, are consistent and exchangeable. However, they contain zero prob-
abilities. In other words, the McQuillin value and the externality-free value
take into consideration values of only some embedded coalitions.

Hu and Yang [5] defined a specific measure of a player’s contribution to
each partition, and argued that the value of a player should be an average
such contribution over all partitions, each taken with the same probability.
This value can be obtained using the process approach with family pHY =
(pHY1 , pHY2 , . . .) defined as follows:

pHYn (P ) =
|P |+ 1

|P({1, . . . , n, n+ 1})|
.

This family of probability distributions is exchangeable, but it is not consis-
tent. In particular, pHY2 ({{1}, {2}}) = 1/2 6= 3/5 = pHY3 ({{1}, {2}}).

Finally, we discuss the value proposed by Myerson [18] which is based on
the concept of a carrier. In more detail, we say that a set C is a carrier if the
value of any embedded coalition is determined by a partition of players from
C. Now, the Carrier Axiom implies that, if C is a carrier, then the payoff of
the grand coalition is divided between players from C. Given this, Myerson
showed that there exists a unique value that satisfies Symmetry, Additivity
and the Carrier Axiom. Naturally, since the Myerson value satisfies all four
of Shapley’s axioms, then, based on Theorem 2, it can be derived using
the process approach. However, Myerson’s Carrier-based axiomatization is
far from the process (or marginality) analysis and results in a complex set of
quasi-probabilities with negative values that do not have any of the properties
discussed above. For instance, for N = {1, 2, 3}, the formula for the Myerson
value implies that p2({{1, 2}}) = −1 and p2({{1}, {2}}) = 2.
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5. Related Work

In the previous section, we presented results concerning all values that satisfy
the direct translation of Shapley’s axioms. In this section, we first discuss
two alternative axiomatizations of the Stochastic Shapley Value. Then, we
consider all the values that do not satisfy the direct translation of Shapley’s
axioms.

Two different axiomatizations from the literature yield the value that
we termed the Stochastic Shapley Value. In the first work, Feldman [14]
characterized the value with Additivity, Symmetry, Carrier (which is a com-
bination of the Null-player Axiom and Efficiency), Per Capita Liability, and
Per Capita Claim. Briefly speaking, Per Capita Liability states that the
liabilities of any two coalitions relative to another coalition are equal on a
per capita basis, and Per Capita Claim, that the claims of all coalitions are
equal on a per capita basis.

In the second work, Macho-Stadler et al. [15] derived their value (that
is homogeneous with the Stochastic Shapley Value) using Shapley’s axioms
together with Strong Symmetry and Similar Influence. Intuitively, Strong
Symmetry requires that the value of any coalition has a symmetric influence
on the payoffs of outside players, or, to put it differently, that a change in the
value of an embedded coalition has a symmetric effect on all other players in
the coalition structure. Similar Influence considers two embedded coalitions.
In the first one, i and j appear as two singletons {i} and {j}, and, in the
second one, as the coalition {i, j}. Then, the Similar Influence axiom states
that if we exchange the values of these two coalitions then i’s and j’s payoffs
should not change.

Until now, we have focused on values that satisfy the direct translation of
Shapley’s axioms. In the remainder of this section, we consider those that do
not. We begin with the work by Fujinaka [24] who was the first to propose
a general formula for the marginal contribution as the affine combination
of elementary marginal contributions. The author proved that Young’s ax-
iomatization parameterized by any weights α implies a unique value. Our
Theorem 4 is the equivalent of Fujinaka’s result but for Shapley’s axiomati-
zation.

Albizuri et al. [25] argued that, in a game with externalities, a coalition
should be evaluated by the set of values it has, regardless of which partitions
these values correspond to. This principle they called Embedded Coalition
Anonymity. The authors combined this principle with The Oligarchy Axiom
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and three of Shapley’s original axioms: Efficiency, Additivity and Symmetry.
The resulting value can be derived as the Shapley Value for the game with
no externalities that is calculated by assigning to every coalition an arith-
metic average of all its values in games with externalities. Although, at first,
it seems like a special case of the average approach, the weights violate a
condition that is necessary to satisfy the Null-Player Axiom (see Theorem 1
in [15]).

In the Chinese Restaurant Process and, more generally, in the p-Process
family, all players leave the grand coalition one by one. Grabisch and Fu-
naki [6] proposed a different approach. In particular, as a starting point for
their process, they took the partition containing only singletons. Next, they
considered all possible sequences of players’ mergers that lead to the grand
coalition. The marginal contribution of each player is the effect of merging
the player with a coalition. If a player enters some coalition alone, he is
rewarded with the whole change of its value, i.e., with the marginal contri-
bution; but if she is already a part of a coalition that merges with another
one, Grabisch and Funaki argue that the change of the value of the coalition
they merge with should be divided equally between her and other members
of the coalition. This contradicts the Null-Player Axiom, as a null-player is
rewarded with a payoff even though the coalition without her would cause
the same impact on the merged coalition. Finally, we note that the work by
Grabisch and Funaki is the only other work in the literature that extends
the Shapley Value to games with externalities by focusing on the process (a
deterministic one, in their case).

Finally, let us address the concepts proposed by Maskin [26] and Hafalir
[27]. Both authors discarded the assumption that the grand coalition forms
and proposed to divide the payoff of the optimal coalition structure. Maskin
studied the coalition formation process and proposed an axiomatic charac-
terization of the value yielded by this process. Conversely, Hafalir proposed a
mechanism that implements a unique payoff division and provided axiomati-
zation based on the idea of efficient-cover. These ideas, although interesting,
lead to an axiomatization that is significantly different from Shapley’s.

6. Conclusions

We were concerned in this article with the issue of deriving the extension
of the Shapley Value to games with externalities. We proved that this can
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be achieved by reformulating Shapley’s coalition formation process as the
stochastic process called the Chinese Restaurant Process which yields a well-
known value from the literature to which, in the context of our article, we
refer as the Stochastic Shapley Value. We showed that this value satisfies
the direct translation of Shapley’s axioms to games with externalities, where
the uniqueness is obtained by strengthening the original Null-Player Axiom
based on the Chinese Restaurant Process.

Next, we extended the above result by considering a generalized version
of the Chinese Restaurant Process and proved that all values that satisfy
the direct translation of Shapley’s axioms to games with externalities can be
obtained using this approach. We also generalized the axiomatization and
showed that the direct translation of Shapley’s axiomatization with the Null-
Player Axiom strengthened using the generalized process is enough to obtain
uniqueness. These results encompass as special cases the following values
from the literature: Pham Do and Norde [4], McQuillin [16], Bolger [17], Hu
and Yang [5], and Myerson [18].

Our work can be extended in various directions. Since our results com-
bined with those of Fujinaka [24] show that Young’s and Shapley’s axiom-
atization in games with externalities are equivalent, it would be very in-
teresting to study their relationship to Myerson’s axiomatization [7]. This
well-known axiomatization of the Shapley Value in games with no external-
ities is based on the principle of Balanced Contributions. Interestingly, in
games with externalities, it can easily be shown that there exist values that
satisfy Shapley’s axioms but do not satisfy the principle of Balanced Contri-
butions. Another interesting question is how the Stochastic Shapley Value
can be implemented. Finally, we are keen to study computational properties
of the Stochastic Shapley Value against other values in the literature.
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APPENDIX: Proofs of Theorems

We start by proving two lemmas (Lemmas 1 and 2) which are crucial in
proving Theorems 1, 2, 3, and 4.

Lemma 1. There exists a unique value that satisfies Efficiency, Additivity,
Symmetry and the α-Null-Player Axiom for arbitrary weights α.

Proof. Let us consider the class of simple games e(S,P ). Since this class forms
the basis of the game space, every game can be defined as a linear combination
of games e(S,P ): v =

∑
(S,P )∈EC v(S, P ) · e(S,P ). Based on the weaker version

of Additivity (ϕ(v1 + v2) = ϕ(v1) + ϕ(v2)), we have that

ϕ(v) =
∑

(S,P )∈EC

ϕ(v(S, P ) · e(S,P ));

hence, it is enough to prove that the axioms imply a unique value in a simple
game, e(S,P ), multiplied by a scalar. For this purpose, we will use the reverse
induction on the size of S. In particular, we will show that the value of game
e(S,P ) can be calculated from the values of simple games for bigger coalitions
e(S̃,P̃ ), where |S̃| > |S|. Our base case, when |S| = |N |, comes from the
Efficiency and Symmetry: ϕi(c · e(N,{N})) = c

|N | for every i ∈ N .

First, let (S, P ) be an embedded coalition and let us assume that i 6∈ S.
We consider game ṽ that is a combination of two simple games:

ṽ = c ·
(
αi(S, P ) · e(S+i,τ

S
i (P )) + e(S,P )

)
.

It is easy to observe that the player i’s marginal contribution to (S+i, τ
S
i (P ))

equals zero, as it is also the case with all other marginal contributions. Thus,
from the α-Null-Player Axiom we have that ϕi(ṽ) = 0, and from Additivity
we have that for i 6∈ S it holds that:

ϕi(c · e(S,P )) = −ϕi(c · αi(S, P ) · e(S+i,τ
S
i (P ))). (.1)

Now, let us assume otherwise, i.e., that i ∈ S and |S| < |N | (recall that we
have already considered simple game e(N,{N,∅})). We have that v(N, {N, ∅}) =
0. From Efficiency, we can evaluate the sum of payoffs of players from S as the
opposite value to the sum of payoffs of outside players (−

∑
j 6∈S ϕj(c ·e(S,P ))).

This sum, in turn, can be calculated with formula (.1). Now, based on
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Symmetry, all players from S divide their joint payoff equally. Thus, for
i ∈ S we have:

ϕi(c · e(S,P )) =
1

|S|
∑
k∈S

ϕk(c · e(S,P )) = − 1

|S|
∑
j 6∈S

ϕj(c · e(S,P ))

=
1

|S|
∑
j 6∈S

ϕj(c · αj(S, P ) · e(S+j ,τ
S
j (P ))). (.2)

We observe that formulas (.1) and (.2) provide two recursive equations for
ϕi(c · e(S,P )) for both cases: i ∈ S and i 6∈ S. This concludes our proof.

We note that the above proof of Lemma 1 requires only the weaker version
of Additivity, i.e., ϕ(v1 + v2) = ϕ(v1) + ϕ(v2).

Lemma 2. For every family of quasiprobability distribution p, the p-Process
Shapley Value satisfies Shapley’s axioms.

Proof. We will examine the axioms one by one. First, let us consider Effi-
ciency and recall the formula (7) for the p-Process Shapley Value:

ϕpi (v)=
1

|N |!
∑

π∈Ω(N)

∑
P∈P(N)

{{π−1(n)}}∈P

pn−1(π(P )−n)(v(Cπ
i ∪{i},P[Cπi ∪{i}])−v(Cπ

i ,P[Cπi ])).

Since, for any permutation π and partition P , the elementary marginal con-
tributions add up to v(N, {N}), we have that:∑
i∈N

ϕpi (v) =
1

|N |!
∑

π∈Ω(N)

∑
P∈P(N)

{{π−1(n)}}∈P

pn−1(π(P )−n)

∑
i∈N

(
v(Cπ

i ∪ {i}, P[Cπi ∪{i}])− v(Cπ
i , P[Cπi ])

)
=

1

|N |!
∑

π∈Ω(N)

∑
P∈P(N)

{{π−1(n)}}∈P

pn−1(π(P )−n)·v(N, {N})=v(N, {N}),

where the last transformation comes from the fact that, for every permutation
π, the probabilities of all partitions sum up to one:

∑
P∈P(N) pn(π(P )) = 1

(in the above formula, the sum of probabilities pn−1 of all the partitions of
the set without the last player from π is considered).
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From formula (7), it is clear that the value satisfies Symmetry and Ad-
ditivity. Regarding Symmetry, it does not favor any player, hence the per-
mutation of coalitions’ values will permute payoffs accordingly. The value is
additive as ϕpi (v1 + v2) can be split into two expressions representing ϕpi (v1)
and ϕpi (v2).

Finally, consider the Null-Player Axiom. As the p-Process Shapley Value
is a weighted average of elementary marginal contributions, if all of them
equal zero, then the payoff of a player equals zero as well.

In what follows, we provide the proofs of all the theorems and propositions
in the main body of the article.

Theorem 1 (p. 11). The Stochastic Shapley Value is the only value that
satisfies Efficiency, Symmetry, Additivity and the CRP-Null-Player Axiom.

Proof. Let us begin by observing that the definition of marginal contribution
mcCRPi (v) is a special case of a general formula (9) with the following weights:

αCRPi (S, P ) =
|P (i) \ {i}|
|N | − |S|

,

assuming |∅| = 1. In particular, the CRP -Null-Player Axiom is identical with
the corresponding αCRP -Null-Player Axiom. Moreover, Lemma 1 implies
the uniqueness of the axiomatization: Efficiency, Additivity, Symmetry and
CRP -Null-Player Axiom. Now, since Lemma 2 shows that the Stochastic
Shapley Value satisfies Efficiency, Additivity and Symmetry, it is enough to
show that it also satisfies the CRP -Null-Player Axiom. This simply follows
from formula (4).

Theorem 2 (p. 15). The value can be obtained using the process approach for
a family of quasiprobability distributions p if and only if it satisfies Efficiency,
Symmetry, Additivity and the Null-Player Axiom.

Proof. From Lemma 2, we have that every p-Process Shapley Value satisfies
Shapley’s axioms. Now, consider a set of players N = {1, . . . , n} and let ϕ̃
be a value that satisfies Shapley’s axioms. We will show that there exists a
quasiprobability distribution pn−1 such that

ϕ̃i(e
(S,P )) = ϕpi (e

(S,P )) for every (S, P ) ∈ EC, i 6∈ S, (.3)

where ϕp denotes the p-Process Shapley Value. This fact:
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• combined with Efficiency and Symmetry implies that
ϕ̃i(e

(S,P )) = ϕpi (e
(S,P )) also for i ∈ S; and

• combined with Additivity ϕ̃(v) = ϕp(v) for arbitrary game v.

Since ϕ̃ and every p-Process Shapley Value satisfy Efficiency, Symmetry and
Additivity this is enough to prove that both values are equivalent.

We will use the reverse induction on the size of S and prove that there ex-
ists a probability distribution pn−1 such that the condition from formula (.3)
is satisfied for every (S, P ) such that |N | − |S| ≤ k.

The basis for our induction is simple. This is because ϕi(e
(N−i,{N−i,{i}})) =

− 1
n

(which follows from Shapley’s axioms) implies that pn−1({1}) = 1. Now,
let us assume that there exists a quasiprobability distribution p̃ such that
formula (.3) holds for every (S, P ) such that |N | − |S| < k. We will prove
that there exists p such that formula (.3) holds for every (S, P ) such that
|N | − |S| = k.

Consider formula (8) for the p-Process Shapley Value applied to e(S,P )

with i 6∈ S:

ϕpi (e
(S,P )) =

|S|!
|N |!

∑
π∈Ω(N\S)

pn−1(π+i(P \ S)). (.4)

It is clear that ϕp̃i (e
(S,P )) for |N | − |S| = m < k depends only on p̃n−1(Pm)

where Pm ∈ {1, 2, . . . ,m}. Thus, we will show that there exists a quasiprob-
ability distribution pn−1 that satisfy the following two conditions:

(a) for each partition smaller than k elements pn−1 is equal to p̃n−1 (i.e.,
pn−1(Pm) = p̃n−1(Pm) for every Pm ∈ {1, . . . ,m} where m < k); and

(b) values pn−1(Pk) of partitions of size k are such that ϕ̃i(e
(S,P ))=ϕpi (e

(S,P ))
is satisfied for (S, P ) with |N | − |S| = k.

Let Pk−1 ∈ P({1, . . . , k− 1}) be an arbitrary partition of k− 1 elements.
To meet condition (a), based on the recursive formula (6) for quasiprobability
distributions, we get that values of pn−1 for all partitions of size k created by
adding element k to Pk−1 have to sum up to p̃n−1(Pk−1):∑
Pk∈P({1,...,k})
(Pk)−k=Pk−1

pn−1(Pk) =
∑

S∈Pk−1∪{∅}

pn−1(Pk−1\S∪{S∪k}) = p̃n−1(Pk−1). (.5)
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Let us consider requirements based on condition (b). Let Pk∈P({1,. . .,k})
be an arbitrary partition of k elements. For Pk, we construct the correspond-
ing simple game e(S,P ), denoted w(Pk), with S = {k + 1, . . . , n} and players
{1, . . . , k} partitioned as elements {1, . . . , k} in Pk:

w(Pk) = e({k+1,...,n},(π−1
id (Pk)∪{k+1,...,n})).

Now, formula (.4) applied for player k in game w(Pk) yields the following
condition on pn−1:∑

π∈Ω({1,...,k−1})

pn−1(π+k(Pk)) =
n!

(n− k)!
· (−ϕ̃k(w(Pk))). (.6)

Note that based on Symmetry, the players’ names do not matter, thus every
simple game e(S,P ) with |N | − |S| = k is equivalent to w(Pk) for some Pk ∈
P({1, . . . , k}). Therefore, satisfying formula (.6) for every Pk is necessary
and sufficient to meet condition (b).

Let us summarize the above conditions on pn−1 for partitions associated
with a given Pk−1 ∈ P({1, . . . , k−1}). Let Q = {π(Pk−1) | π ∈ Ω({1, . . . , k−
1})} be the set of different partitions resulting from permuting the elements
in Pk−1, and ΩQ the corresponding set of permutations of {1, . . . , k− 1} that
result in partitions from Q: ΩQ ⊆ P({1, . . . , k−1}) such that |ΩQ| = |Q| and
π1, π2 ∈ ΩQ ⇒ π1(Pk−1) 6= π2(Pk−1). Adding element k to each of partitions
Ω results in |Pk−1| + 1 different partitions Pk. Each such partition can be
characterized by a pair (π, S) ∈ (ΩQ×(Pk−1∪∅)) where S denotes a coalition
in which k is added:

a(π, S) = pn−1(π+k(Pk−1 \ S ∪ {S ∪ {k}}).

We will analyze the conditions on these values imposed by formulas (.5) and
(.6).

Formula (.5) yields that for every π ∈ ΩQ we have:∑
S∈Pk−1∪{∅}

a(π, S) = p̃n−1(π(Pk−1)).

Furthermore, from formula (.6), we have for every S ∈ Pk−1 ∪ {∅}:

∑
π∈ΩQ

 ∑
π2∈Ω({1,...,k−1})
π2(Pk−1)=π(Pk−1)

1

 a(π, S) =
n!

(n− k)!
· (−ϕ̃k(w(Pk−1 \ S ∪ {S ∪ k}))).
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As the number of permutations π2 which gives the same partition as π applied
to Pk−1 does not depend on π (and equal

∏
T∈Pk−1

|T |!), we get∑
π∈ΩQ

a(π, S) =
n!

(n− k)! · (
∏

T∈Pk−1
|T |!)

· (−ϕ̃k(w(Pk−1 \ S ∪ {S ∪ k}))).

Hence, we have a matrix of variables (ΩQ × (Pk−1 ∪ ∅)) and the conditions
imply what is the sum of each row and each column. To prove there ex-
ists a solution, it is enough to observe that this system of equations is not
contradictory, i.e, the sum of rows equals the sum of columns:∑

π∈ΩQ

p̃n−1(π(Pk−1)) =
∑

S∈Pk−1∪{∅}

−n! · ϕ̃k(w(Pk−1\S∪{S∪k}))
(n− k)! · (

∏
T∈Pk−1

|T |!)

(n−k)!

n!

∑
π∈Ω({1,...,k−1})

p̃n−1(π(Pk−1)) =
∑

S∈Pk−1∪{∅}

−ϕ̃k(w(Pk−1 \ S ∪ {S ∪ k}))

(n−k)!

n!

∑
π∈Ω({1,...,k−1})

p̃n−1(π(Pk−1)) = ϕ̃k(w(Pk−1))

ϕpk(w(Pk−1)) = ϕ̃k(w(Pk−1)),

where we used the Null-Player Axiom. The final equality comes from the
inductive assumption. This concludes the proof.

Theorem 3 (p. 15). The value can be obtained using the process approach
for a family of probability distributions p if and only if it satisfies Efficiency,
Symmetry, Additivity, the Null-Player Axiom, and (Weak) Monotonicity.

Proof. (Weak) Monotonicity states that increasing an elementary marginal
contribution of a player does not decrease her payoff. For additive values,
this fact is equivalent to the fact that ϕi(e

(S,P )) ≥ 0 if i ∈ S, and that
ϕi(e

(S,P )) ≤ 0 if i 6∈ S for every (S, P ) ∈ EC(N).
We use the construction from the proof of Theorem 2. We will argue, that,

if probability (not quasiprobability) distribution p̃n−1 satisfies formula (.3)
for every (S, P ) such that |N |− |S| < k, then we can define pn−1 so that this
formula holds also for every (S, P ) such that |N | − |S| = k.

To this end, we define a(π, S) as follows:

a(π, S) = p̃n−1(π(Pk−1)) · −ϕ̃k(w(Pk−1 \ S ∪ (S ∪ {k})))
ϕ̃k(w(Pk−1))

,
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if ϕ̃k(w(Pk−1)) 6= 0, and a(π, S) = 0, otherwise. These values are non-
negative for monotonic ṽ. It is easy to check that they satisfy all conditions:
if ϕ̃k(w(Pk−1)) 6= 0, then∑

S∈Pk−1∪{∅}

a(π, S) = p̃n−1(π(Pk−1)),

from the Null-Player Axiom, and∑
π∈Ω({1,...,k−1})

a(π, S) =
n!

(n− k)!
· (−ϕ̃k(w(Pk−1 \ S ∪ (S ∪ {k}))))

since ϕ̃k(w(Pk−1)) = ϕp̃(w(Pk−1)) = (n−k)!
n!

∑
π∈Ω({1,...,k−1}) pn−1(π(Pk−1)). On

the other hand, if ϕ̃k(w(Pk−1)) = 0, then all values pn−1(π(Pk−1)) must equal
zero, and non-negative (from monotonicity) values of (−ϕ̃k(w(Pk−1 \S∪ (S∪
{k}))) must all equal zero. Thus, a(π, S) = 0 for all values satisfies the
conditions. This concludes the proof.

Theorem 4 (p. 17). There exists a unique value that satisfies Efficiency,
Symmetry, Additivity and the α-Null-Player Axiom for every α, and this
value is the pα-Process Shapley Value, where pα is defined as follows:

pαn(P ) =
∏

i∈{1,...,n}

αi({i+1, . . . , n, n+1}, (π−1
id (P )∪{n+1})[{i+1,...,n,n+1}]), (.7)

for every P ∈ P({1, . . . ,n}). Moreover, for quasiprobability distribution p,
there exists α such that the p-Process Shapley Value is the value resulting
from α-parameterized Shapley’s axiomatization if and only if p satisfies zero-
consistency, i.e.,∑

π∈Ω({1,...,k−1})

pn(π((Pk)−k)) = 0⇒
∑

π∈Ω({1,...,k−1})

pn(π+k(Pk)) = 0. (.8)

for every n, k ≤ n, and Pk ∈ P({1, . . . , k}).

Proof. In Lemma 1, we have already proved the uniqueness of the axioma-
tization. Thus, to prove the first part of the theorem it is enough to show
that the pα-Process Shapley Value with pα = (pα1 , p

α
2 , . . .) defined as in for-

mula (.7) satisfies all four axioms. In Lemma 2, we have already proved that
every p-Process Shapley Value satisfies Efficiency, Additivity and Symmetry.
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To see that the pα-Process Shapley Value satisfies the α-Null-Player Axiom
let us recall its definition by formula (8):

ϕpi (v) =
∑

(S,P )∈EC
i∈S

(|S| − 1)!

|N |!
∑

π∈Ω(N\S)

∑
T∈P\S∪{∅}

pn−1(π+i(τ
T
i (P ) \ S−i))

(
v(S, P )− v(S−i, τ

T
i (P ))

)
.

Since, from the definition of pα, we have that:

pαn−1(π+i(τ
T
i (P ) \ S−i)) = pαn−1(π(P \ S)) · αi(S−i, τTi (P )),

then we can reformulate the above formula for ϕpi (v) as follows:

ϕpi (v) =
∑

(S,P )∈EC
i∈S

(|S| − 1)!

|N |!
∑

π∈Ω(N\S)

pαn−1(π(P \ S)) ·

∑
T∈P\S∪{∅}

αi(S−i, τ
T
i (P ))

(
v(S, P )− v(S−i, τ

T
i (P ))

)
=

∑
(S,P )∈EC

i∈S

(|S| − 1)!

|N |!
∑

π∈Ω(N\S)

pαn−1(π(P \ S)) · (mcαi (v))(S, P ),

where we follow the definition of the general form of marginal contribu-
tion, i.e., formula (9). Thus, the α-Null-Player Axiom is satisfied – if all
α-marginal contributions equal zero, then the payoff of a player equals zero
as well.

In the second part of the proof, we first argue that if p-Process Shapley
Value can be obtained using marginality approach, then p satisfies zero-
consistency. Assume that the value meets the α-Null-Player Axiom for some
α. For every embedded coalition (S, P ) ∈ EC such that i 6∈ S we get:

ϕi(αi(S, P ) · e(S+i,τ
S
i (P ))) = ϕi(e

(S,P )).

Thus, if ϕi(e
(S+i,τ

S
i (P ))) = 0, then ϕi(e

(S,P )) = 0. This fact combined with
formula (8) for the p-Process Shapley Value gives exactly the zero-consistency
condition on p.

Now, we prove that this condition is sufficient, i.e., that for every p-
Process Shapley Value such that p satisfies zero-consistency there exists α so
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that the p-Process Shapley Value is the unique value which satisfies Efficiency,
Additivity, Symmetry and the α-Null-Player Axiom. To this end, consider a
family of quasiprobability distributions p, and let us define α(p) as follows:

α(p)i(S, P ) =

∑
π∈Ω(N\(S∪{i})) pn−1(π+i(P \ S))∑
π∈Ω(N\(S∪{i})) pn−1(π(P−i \ S))

,

if
∑

π∈Ω(N\(S∪{i})) pn(π(P−i \ S)) 6= 0. Otherwise, α(p)i(S, P ) can be defined

arbitrarily, as we will argue that they do not matter (e.g., α(p)i(S, P ) = 1
iff {i} ∈ P , and α(p)i(S, P ) = 0, otherwise). We argue that α(p) are proper
weights in the marginality approach, i.e., they are symmetrical and sum up
to one. The former property is obvious. To see the later one, for arbitrary
embedded coalition (S, P ) ∈ EC such that i ∈ S we calculate:

∑
T∈P\{S}∪{∅}

α(p)i(S−i, τ
T
i (P )) =

∑
π∈Ω(N\S)

∑
T∈P\S∪{∅} pn(π+i(τ

T
i (P ) \ S−i))∑

π∈Ω(N\S) pn(π(P \ S))

=

∑
π∈Ω(N\S) pn(π(P \ S))∑
π∈Ω(N\S) pn(π(P \ S))

= 1,

where we used formula (6).
Now, we show that these weights leads to the p-Process Shapley Value.

Lemma 2 states that every p-Process Shapley Value meets Efficiency, Additiv-
ity and Symmetry; hence, it is enough to consider only the α(p)-Null-Player
Axiom. To this end, consider a game:

ṽ = α(p)i(S, P ) · e(S+i,τ
S
i (P )) + e(S,P )

for (S, P ) such that i 6∈ S. Note that player i is a α(p)-null-player in game
ṽ. From Additivity it is enough to show that the payoff of player i in such a
game for an arbitrary embedded coalition equals zero.

From formula (8) for the p-Process Shapley Value we have:

ϕpi (ṽ) =
|S|!
|N |!

· α(p)i(S, P )
∑

π∈Ω(N\(S∪{i}))

pn−1(π(P−i \ S))

− |S|!
|N |!

∑
π∈Ω(N\(S∪{i}))

pn−1(π+i(P \ S)).
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If
∑

π∈Ω(N\(S∪{i})) pn−1(π(P−i \ S)) equals 0, then zero-consistency implies

that the sum
∑

π∈Ω(N\(S∪{i})) pn−1(π+i(P \S)) also equals zero. Otherwise, a
reformulation gives

ϕpi (ṽ)=
|S|!
|N |!

 ∑
π∈Ω(N\(S∪{i}))

pn−1(π+i(P \S))−
∑

π∈Ω(N\(S∪{i}))

pn−1(π+i(P \S))


which simplifies to zero. This concludes the proof.
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