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Abstract

Active matter describes systems, such as bacterial suspensions, cellular tissue or
cytoskeleton biopolymers, that extract energy from their surroundings at the single-
particle level and convert it into mechanical work. The resulting active work can
be manifested in the form of self-propulsion and stress generation. The continuous
injection of energy or activity may lead to complex, collective flow patterns and,
for active materials composed of particles with nematic-like symmetry, this can
produce orientational order and topological defects in the orientation field. These
materials are commonly described as active nematics. An important theme in
active nematic research is active turbulence, a steady-state in which hydrodynamic
instabilities result in chaotic collective flows.

Using continuum simulations, we investigate how the surroundings can screen the
hydrodynamics, which allows for the control of active nematics. First, by confining
an active nematic between planar plates, we observe how point-like topological
defects become topological disclination lines that eventually contort due to twist
deformations driven by the active forces with increasing plate separation.

Another method to screen the hydrodynamics is through frictional damping
of different substrates. We find the emergence of a laning state when the active
nematic is subject to anisotropic friction. We show that the flow-aligning parameter,
which determines reorientation to the self-generated shear flows, is important
for the emergence of this flow state. We investigate the flow-aligning parameter
further and uncover regimes where self-propelled defects are mutually bound. We
also show that weak defect-defect ordering exists in active turbulence, and we
demonstrate that defects can exhibit co-operative defect-defect interactions that
span many defect pairs by varying global friction. Finally, we show that we can
control the active material’s defect, flow and concentration dynamics through
position-dependent friction.

The work in this thesis will allow future research to extend knowledge on bulk

active nematics to more complex biophysical systems.
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Introduction

The world is filled with life forms that consume energy to move and exert forces
on their surroundings. These living organisms are found over a diverse range of
scales, extending from creatures like birds and fish, all the way to microscopic cells
like bacteria and algae. While the living entities’ propulsion method depends on
their size [1], all these organisms are driven out-of-equilibrium, as they actively
transform internal energy into motion.

The motion patterns of active organisms tend to be disordered, and they are often
uncorrelated when diluted. On the other hand, when individuals are packed closely
together, collective behaviour tends to emerge. These collective dynamics range
over many times the individual particle size and are found at a plethora of length
scales from macroscopic systems, e.g. flocks of birds [2] and schools of fish [3] to
microscopic regimes, e.g. motile cells like E. coli [4-6], cellular monolayers [7-9] and
subcellular filaments [10-13]. These living flows are also interesting as the collective
dynamics emerge due to the individually active, constituent particles dissipating
energy into the system. The resulting collective motion arises spontaneously without
any external field or geometrical constraint guiding the process. It emerges as a
consequence of the interactions between individuals, which cause spontaneous
breaking of the continuous orientation symmetry. Condensed matter physicists

describe this collective motion as an orientationally ordered phase of active matter.
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In this collective motion, we find the emergence of non-trivial and novel flows,
making active matter an exhilarating physical system for studying.

We find this symmetry-breaking on a variety of length scales. This suggests
the existence of some universal features which cause the collective motion of active
matter to emerge. These features are found in many different biological specimens,
regardless of their individual-level details. This observation allows us to study many
biophysical systems as active matter using a reductionist approach and leads to
the creation of minimum models that can be applied to various biological systems
to provide insight into their collective dynamics.

The Vicsek model was one of the earliest computer implementations of such an
approach [14, 15]. This model was initially used to describe a macroscopic flock
of birds using interacting particles. The particles have a fixed speed and prefer
to align their velocity vectors parallel to their neighbours. Flocking can emerge
in this model, capturing the collective behaviour of birds. Later, Toner and Tu
used the symmetry rules of the Vicsek model to generate continuum equations
of motion for general active matter [16-18]. Through this model, they studied
the universal features of flocks driven by the individual particles’ inertia. They
captured the dynamic properties of active matter consisting of densely packed and
self-propelling constituents, called active fluids.

However, the traditional Toner and Tu model operates on the macroscale where
inertia dominates. At microscopic scales, the organisms experience a different
Reynolds number as the fluid becomes viscously dominated. In order to propagate
in this Stokes regime, swimmers have adopted temporally asymmetric means to
propagate [1]. These propagation methods can result in far-field hydrodynamic
interactions between the particles [19], which allow for distinct kinds of collective
dynamics compared to the macroscale. While the far-field hydrodynamic flows
complicate the equations of motion, they also justify the general study of microscopic
active fluids. The far-field interactions allow us to ignore many of the microscopic
details of the individual particles considered. This approach’s generality and its

independence of particle details allow us to apply lessons learned from microscopic
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active fluids to many different biophysical systems. Hence, studying these active
fluids is relevant for different fields, e.¢g. medical, food and microbial ecology sciences.

On a coarse-grained level, these hydrodynamic interactions lead to shear stresses
that stir the active fluid [20]. The shear stresses result in instabilities that drive
the active fluid to exhibit complex, collective flow patterns which also display local
particle orientation [10, 21-23]. Indeed, an increasing number of biologically active
systems including colonies of rod-shaped bacteria [4-6], cellular monolayers [7-9],
and subcellular filaments [10-13] display orientational order and topological defects:
singular points in the orientation field that resemble nematic liquid crystal features.
These materials are commonly described as active nematics [18, 21, 24].

The topological defects are topologically protected structures, as no local
rearrangement of the order parameter can remove them, similar to those found
in passive nematics [25]. Despite this, the topological defects of these living
biological materials show distinct dynamical behaviours compared to their non-
living counterparts [18, 21, 24, 26, 27]. We see the proliferation of half-integer defects
in active nematics [24], where microtubule-kinesin mixtures [28], bacteria [6, 29] and
cell monolayers [30] share similar collective flow profiles around £1/2 defects. We
expect to find only half-integer defects in our active nematic film from a Ginzburg-
Landau energy calculation as this shows that two half-integer defects have less elastic
energy than one full-integer defect without any specified anchoring at the boundaries
[25]. As such, any full-integer defect should be inherently unstable [31]. Strikingly,
the active flows cause topological defects with broken symmetry (41/2 defects) to
be self-propelled [6, 10, 13, 32]. Intriguingly, the functional role of these topological
defects in the orientation field has been identified in a growing number of biological
processes. Notable examples are cytoskeletal topological defects that determine
the animal Hydra’s growth axis [33, 34], defects in cell orientation governing cell
death and extrusion in epithelial tissues [8], defects in bacterial biofilms leading
to layer formation [35] and defects as local hotspots of mound formation in neural
stem cells [9]. Hence, studying (the control of) defects in active nematics gives us

insight into many biophysical processes that exhibit similar symmetries.
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Additionally, linear stability analysis predicts that in the absence of frictional
damping and hydrodynamic screening, active nematic systems display bend and
splay hydrodynamic instabilities [20, 36]. Experiments and numerical simulations
have shown that as these instabilities grow, pairs of topological half-integer charged
defects nucleate within the bulk of active nematics [10, 22, 37-40]. Recent work has
demonstrated that positively charged half-integer topological defects stir the active
fluid. Defects mix the active fluid causing chaotic advection [41]. Together with
the hydrodynamic instabilities, this causes the formation of disordered collective
flows. This state has been observed in experiments and is called meso-scale or
active turbulence [37].

Even though the inertia is negligible at such microscopic scales, active turbulence
is characterised by disordered, multiscale flow structures and a distribution of
vortices that span many length scales, similar to traditional, scale-invariant, inertial
turbulence [42]. However, active turbulence is distinct from inertial turbulence [43,
44] because meso-scale turbulence possesses a characteristic length scale, arising
from the energy injection on the local level. Hence, active turbulence is a novel
and distinct class of turbulence [39, 45, 46]. Previous studies have shown that by
introducing friction [47, 48], rotors periodic in space [49] or geometrical constraints
[50, 51], distinct flow profiles emerge as the surrounding environment screens the
hydrodynamics. As there is an intrinsic length scale, we can characterise these
control mechanisms as a competition between an extrinsic control length scale
and the intrinsic active nematic length scale.

One way of introducing screening is by confining active matter into circular or
rectangular channel geometries [37, 52, 53]. This confinement can result in orderly
flows like oscillations [54-59] or unidirectional motion [50, 60-62]. While extensive
research has been dedicated to understanding active nematics and topological defects
in confined two-dimensional systems, basic defect properties and flow patterns are
only starting to be explored in three-dimensions [63-66]. Recent experiments
and simulations [62, 67] have demonstrated that three-dimensional confinement of

isotropic active fluids can drive a transition from turbulent flow to a long-range
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Clustered

Microtubules —_>

Figure 1.1: Schematic drawing of active microtubule system. Microtubules
(drawn) are clustered together. Two microtubules are connected through two-headed
kinesin motors (not shown). The motors push the microtubules in opposite directions
(black arrows), resulting in collective shear flows.

coherent stream. This transition depends on the channel aspect ratio, showing that
higher dimensionality does play a significant role in active fluid behaviour.
Moreover, it is also possible to introduce hydrodynamic screening through
frictional damping between active materials and their surroundings. Linear stability
analysis shows that frictional damping increases the activity threshold required for
the emergence of hydrodynamic instabilities in unconfined systems [68]. Furthermore,
numerical and experimental studies have shown that such frictional damping can
stabilise active nematics into vortex-lattices [47] and control topological defects’
alignment [69], resulting in long-range nematic ordering while retaining their
motile nature [70]. Many of these experiments were performed in the system
consisting of a suspension of microtubules propelled by two-headed kinesin motors
[10] (Fig. 1.1). The microtubules assemble at the interface between two layers,
e.g. an oil and an aqueous layer. The motors induce forces when Adenosine
triphosphate (ATP) is added, inducing shear flows to create a two-dimensional
active nematic system. Additionally, recent experiments have shown that interfacing
microtubule-kinesin suspensions with anisotropic surfaces of smectic liquid crystals
can streamline microtubules into a ‘laning’ state of jets flowing in alternating
directions parallel to the smectic layers [12]. This suggests that isotropic or
anisotropic environments that dissipate momentum can allow for the creation

of highly ordered but dynamical systems.



6 1. Introduction

The possible control of active nematics through the competition of a screening
length scale versus the active length scale suggests that natural biological systems
can be more complicated than bulk active nematics. Moving cells exist in complex
environments with many different confining length scales and where the surroundings
govern the hydrodynamic interactions. This complex environment can affect the
collective motion [71], resulting in more ordered modes of collective transport.
Examples include microorganisms like pathogenic S. typhimurium/B. subtilis moving
in colonic/cervical mucus [72, 73|, infiltration of E. coli into leaf stomata [74], B.
burgdorferi escaping from host vasculature [75] or soil-dwelling M. zanthus swarming
[76]. Thus, to extend research on bulk active nematics [24, 37] to more complex
biophysical systems, we need to understand how active nematics can be controlled
through their surroundings.

We first investigate the transition to three-dimensional active turbulence in
Chapter 3. We model an active nematic system between two planar plates with
adjustable separation. Point-like defects become disclination lines, but the active
nematic still behaves like a quasi-two-dimensional system for small interplate
distances. We only observe the contortion of disclination lines into the third
dimension after an interplate distance threshold has been reached. We show
that this instability is governed by twist deformations around the disclinations, a
deformation mode that only becomes accessible in the third dimension [25].

In Chapter 4, we numerically investigate the impact of anisotropy by subjecting
an active nematic film to anisotropic frictional damping. By systematically varying
the strength of the anisotropy, we obtain the laning state observed in the experiments
on microtubule-kinesin motor mixtures [12]. The flow-aligning parameter sets the
particles’ response to shear flows, and we find that the laning state is only accessible
when the particles align to shear flows. Moreover, by changing the flow-aligning
parameter to values where anisotropic particles tumble in shear flows, we observe
significant changes in the active nematic behaviour. We observe an alignment
of topological defects and a state of bound, oppositely charged, defect pairs that

navigate through the system leaving behind long-lived distortions within the active
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nematic. We find a direct response between the half-integer defect dynamics
and the flow-aligning parameter, something that has mostly been overlooked in
previous studies.

In Chapter 5, we further investigate the effect of the flow-aligning parameter
on bulk active nematics. We show that in active nematics, self-propelled +1/2
defects can come together to form full-integer defects. This behaviour emerges in
bulk active turbulence [37] and in the absence of any hydrodynamic screening. We
show that in addition to activity, the flow-aligning behaviour of active particles is
the determining factor in the binding of two +1/2 defects into stable full-integer
defect structures. These structures’ formation is unexpected since the emergence
of full-integer topological defects in two dimensions has only been associated with
polar symmetry systems [77-80], confined systems subject to strong anchoring
conditions [7, 57, 81, 82] or with externally applied stresses [83].

To further clarify how defects order in wet active nematics, we perform large
scale continuum simulations in Chapter 6 to measure both the positional and
the orientational order of topological defects with varying friction between the
active nematic layer and the surrounding substrate. We show that +1/2 defects
prefer to position themselves side by side and align anti-parallel [13, 84|, while
the —1/2 defects prefer to impose a three-fold symmetry on their surroundings.
Increasing friction decreases the hydrodynamic screening length, which determines
the competition between viscosity and friction. The friction increases the defect-
defect interactions’ effectiveness, and the defects start to form dynamically evolving
orientationally and positionally ordered structures even in the regime where defects
are still motile. The range of the ordering increases with increasing friction until
active turbulence is destroyed.

While these phenomena suggest ways for controlling active nematics, they require
uniform direct contact with an active fluid, and they do not allow for local control
of the active nematic film. In Chapter 7, we propose a new micropatterned method
for controlling active nematics without contiguous contact with the active layer. By

patterning the solid substrate below the active nematic with geometrical structures
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of differing height, experiments can tune the depth of the oil layer beneath the
active film. This locally adjusts the dissipation rate within the adjacent active
film, which results in a local variation of frictional damping in the active layer.
We achieve effective hydrodynamic boundaries within an active nematic film with
these varying friction regions that control topological defect populations, collective
flow, and active material concentration.

This thesis’s content demonstrates how the underlying geometry, activity, particle
response to shear flows, and effective friction all have pronounced effects on active
dynamics and the topological defects. It provides us with insights into how a
complex biological system could control the collective shear stress so that it can

establish collective flow profiles that are dynamical but ordered.



Of course I've gone mad with power! Have you ever
tried going mad without power? It’s boring and no
one listens to you!

Matt Groening

Passive and active nematic liquid crystals

This chapter gives the theoretical framework on which the rest of this thesis is
built. As discussed in the introduction, we investigate active fluids which consist of
constituents that are self-propelled or exert mechanical forces [18]. We focus on
systems of microscopic particles that move together on scales significantly larger than
the size of an individual. This thesis concentrates on systems where the collective
dynamics manifest nematic flow symmetries, called active nematics. These active
nematics display chaotic flows in bulk due to collective hydrodynamic stress that
the active swimmers generate. The goal is to investigate how we can control the
collective motion through their surroundings and tame the active turbulence.
To describe these vastly different biological systems’ collective motion, we need
to understand the flow symmetries. This knowledge allows us to model different
biophysical systems using the framework of continuous equations that we present
here. We start this chapter by introducing nematic liquid crystals and the nematic
orientation field, which we describe with a tensor order parameter. We use the
symmetry of this tensor order parameter to construct a Landau-de Gennes free
energy [25]. We introduce long-range continuous deformation modes which we
penalise with additional terms in the free energy. Lastly, we describe discontinuities

in the orientation field. This framework allows us to describe the rich interplay
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between the orientational structure, topology and flow of active nematic systems,
which we will be modelling using continuum dynamics.

Then we introduce the properties of active materials and show how the far-
flow field of an individual swimmer, and therefore the active stress has nematic
symmetry. We explain how the active stress results in hydrodynamic instabilities.
This affects the orientation field deformations and defect dynamics and yields

chaotic collective flows in bulk: active turbulence.

2.1 Liquid crystals

Liquid crystals are phases of matter in between the crystalline and liquid phase.
Crystals have long-range positional and orientational order (Fig. 2.1a). In the
liquid state, the positions of the particles are disordered with only short-range
correlations (Fig. 2.1b). Liquid crystal phases sit between these two regimes and
typically consist of long, thin, rod-like particles (Fig. 2.1c). These liquid crystals
possess solid-like properties, e.g. elasticity, but also have liquid-like properties, e.g.
fluidity and the inability to support shear [25]. There have been ample experimental
observations of the liquid crystal state [25, 85, 86] with the first report of a liquid
crystal in 1888 by Reinitzer [87]. Historically, Friedel proposed the classification
of liquid crystals based on their structural properties [88], with liquid crystals
typically being in a nematic state, in which rod-like particles locally align with each
other. In this regime, liquid crystals have long-range orientational order and are
characterised by an orientation field, which is one of the coarse-grained variables

we use throughout this thesis to describe the anisotropic structure.

2.1.1 Nematic order parameter

The orientation of an anisotropic particle can be labelled by unit vector b along
its symmetry axis. In a coarse-grained description, the average orientation of
these particles is described by the director field n (Fig. 2.1c). This director
is, by definition, the orientation along which particles preferentially align locally.

We point out that this director is not a standard vector field as n and —n are
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a b//&

\\ / \ !
Figure 2.1: Schematic of various possible phases of matter. (a) Crystalline solid
with a fixed distribution of particle positions and orientations. (b) Isotropic liquid with
a random distribution of particle positions and orientations. (c¢) Nematic liquid crystal
with a random distribution of particle positions, but with a preference of orientation

along a common axis called the director n. This director n represents the local average
orientation of the liquid crystal.

indistinguishable under nematic symmetry. The director field in a nematic is apolar
and has head-tail symmetry. This head-tail symmetry means that the director angle
0 is identical under rotation by # = 6 + 7w, unlike a normal vector where the vector
is unchanged if 6, = 6, 4+ 27 [25]. To emphasise this difference, we use a different
vector notation for the director field than for other vectors. Following the usual
convention in the literature [25], the director will be treated as a standard vector
field, and head-tail symmetry will be imposed by hand when applicable. Similarly,
we fix the director’s magnitude to unity as it describes a direction in orientation
space [25]. Hence, it cannot be used as an order parameter to describe the local
particles” ordering and distinguish isotropic from nematic liquids.

To define the magnitude of particle alignment, we take an average of the multipole
expansion of the local particle orientation b. Ifn points along the z-axis, b can be
defined by spherical coordinates in relation to n as (sin 8, cos ¢y, sin 0y, sin ¢y, cos 6y).
A probability distribution f (6, ¢5)dS) describes the average local rod alignment.
We assume the system to have cylindrical symmetry around n. Thus f(6y, ¢,)dS2 is
independent of ¢,. Systems without cylindrical symmetry around n are called biaxial
[25] and are outside the scope of this thesis. Additionally, we recall that n = —n

with f(0,) = f(m — 6,) and use Legendre polynomials for the multipole expansion
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in 0. The first non-zero term in the multipole expansion is the quadrupole term

1= > (2 cos? Oéa) - ;) = /f(@b) (2 cos® 0 — ;) s, (2.1)

with ¢ a scalar value. The sum over a local number of particles N with individual
directions 5@ in the second term is replaced with the angle distribution function
f(0,) to write the third term in Eq. 2.1. In the nematic case, f(6,) is sharply
peaked around 8, = 0. Hence, we find ¢ = 1 from Eq. 2.1, if there is strong nematic
ordering. On the other hand, when the particle angles are randomly distributed, we
get an isotropic liquid with ¢ = 0. This dependence shows that the order parameter
q is a scalar measurement of the magnitude of alignment.

However, q does not carry any information about the direction of particles, which
is characterised by the director n. To describe both the isotropic-nematic transition
and the local orientation, we define a single tensor order parameter Q. It is derived

in the same way as the scalar order parameter ¢, via a quadrupole expansion [25, 46,

1 e (e 1
Q=+ <b(°‘)b(0‘) - 31) , (2.2)

a
with I the unit tensor. The tensor @ is symmetric and traceless. Hence, the three-
dimensional tensor ) has rank two and only contains five independent components
defined in terms of the individual particle alignments b().

Often it is desirable to rewrite @ in terms of the nematic director n. This
rewriting can be done by choosing the coordinate system in which @ is diagonal
Q = diag(A1, Aa, —A1 — A2) with \; o being the tensor’s eigenvalues. The eigenvector
with the largest eigenvalue is now the director n, and the corresponding eigenvalue
is connected to the scalar order parameter ¢ [25], and we can write the tensor

order parameters as

3q 1
=—(nn—=-1). 2.3
2= (nn-31) 29
This tensor order parameter allows us to describe the evolution of the coarse-
grained local director n and scalar nematic order q. Another major advantage of

using the tensor order parameter @ is that we do not need to manually input the
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director’s head-tail symmetry. The tensor product of the director nn is equivalent
to the tensor product composed of the vector field term 7n7. Hence, mathematically
we can treat m as a polar vector field without any manual corrections, as long

as we work with the tensor order parameter Q.

2.1.2 Emergence of nematic ordering

In the previous subsection 2.1.1, we defined nematic symmetry and a measurement of
the orientational order. We now summarise the theories of the emergence of nematic
ordering. Passive nematic liquid crystals can in be classified as either thermotropic
[85] or lyotropic [86], where the transition to the nematic state is set by temperature
or anisotropic particle density, respectively. One of the earliest attempts to model
the emergence of liquid crystals is the Onsager theory. This theory describes the
emergence of a lyotropic nematic liquid crystal as a function of particle density [89].

The Onsager theory is a hard-rod model where rods align to minimise other
rods’ excluded volume. When rod-like particles point in the same direction, there
is very little excluded volume due to their anisotropy. However, if rods lie at
some angle to each other, they impose a large excluded volume around themselves
felt by the other particles. As a result, reorientation of particles into a nematic
state can decrease the positional entropy at high particle densities. This makes
the nematic state a free energy minimum for high densities in lyotropic liquid
crystals. However, the realignment is often not purely dictated by steric interactions
but includes contributions from other interactions, e.g. attractive intermolecular
interactions. In that case, the transition from the isotropic to the nematic state
depends on temperature (thermotropic liquid crystal) as there is a competition
between energy and entropy [90].

Regardless of the actual nematic system, isotropic and nematic states are minima
of a free energy F in thermodynamic equilibrium. A Ginzburg-Landau free energy
can be constructed based on the symmetry of Q, where the free energy is the volume
integral of a local function of @ and its derivatives. This free energy is called a

Landau-de Gennes free energy in nematic liquid crystals [25]. The isotropic-nematic
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transition is only weakly first-order [91], and this expansion works surprisingly well
in the nematic phase, as shown by experiments [92]. Strictly speaking, the minimum
free energy description corresponds to a system in thermodynamic equilibrium, but
it is also useful to describe the relaxation dynamics of out-of-equilibrium systems
[24]. Hence, we introduce the free energy to define the ground state (either isotropic
or nematic) in the absence of collective shear flows.

Two parts of the Landau-de Gennes expansion can be distinguished: terms
containing expansions of @, which make up the bulk free energy density J, and
expansions in derivatives of @), which make up the gradient free energy density F,.
The only rotationally invariant functions of a traceless three-dimensional tensor are

tr(Q?) and tr(Q3%) [25]. Hence, the bulk free energy can be written as
A B C
Fo = 5”(@% + gtT(Qg) + Z(tT<Q2))2’ (24)

with A, B and C called Landau-de Gennes coefficients. The expansion is taken to
the fourth-order to ensure thermodynamic stability, and we have omitted constant
terms as they do not affect the minima. To achieve stability against unbounded
growth of the scalar order parameter ¢, we take C as a positive value. By altering
A, B and C, we can set the isotropic or nematic state as the global ground state. We
note that the tensor dimension choice affects the free energy and the transition from
an isotropic to nematic liquid. The ¢r(Q?) term is only allowed when considering a
tensor of dimension three. In a tensor with dimension two, this term disappears
due to symmetry [25] and the transition from isotropic to nematic is continuous
without this term [93].

In this thesis, we use the tensor order parameter Q with dimension three to
investigate both two and three-dimensional systems. This allows us to use the same
set of equations in every chapter. This choice of tensor dimension allows the director
to develop out-of-plane components when modelling a two-dimensional nematic
film. However, the system will be chosen such that the director (and velocity)
remain in the zy-plane when appropriate [39, 53]. We guarantee this by setting

the number of discretised grid points along the z-axis to one and applying periodic
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boundary conditions. This results in no z-components in the evolution equations
and nothing will drive the director to go into the third dimension. Comparison of
this approach to strictly two-dimensional simulations has confirmed the qualitative
agreement of the two methods [46].

The scalar order of the ground state is found by rewriting Eq. 2.4 for a

homogenous degree of nematic order ¢ as [25]

3A, B4 9 ,
T — —¢ + =g 2.
b 4Q+4q 1661 (5)

This free energy is minimised to find the nematic ordering of the ground state

Bi B 8A

6 (%)2 T (2.6)

qo =

and trivially the isotropic value ¢o = 0 [25].

A common method to define the transition from isotropic to nematic is to make
A, B and C dependent on one parameter. In this thesis, we use the parameter e,
which is related to the orientation-dependent interactions and the concentration

of the nematogens: [94]

A=A (5 (1-5) @) - Sw@) + Sw@)r). e

Here Aj is a positive constant with units of energy per volume. The € parameter
sets the transition from the isotropic to the nematic state (which happens at € = 2.7)
and is often called an effective temperature to connect it to thermotropic models.

The gradient free energy density J, is an expansion in derivatives of Q. The

lowest order rotationally invariant derivatives are

Ly Lo
Fy= Eainjéinj + 7@@@'8@'@@7 (2.8)
with L; being tensor elastic constants. There is a third rotationally invariant
quantity up to second order in derivatives, 0;Q);;0;Qir. However, this term only
gives a surface contribution when integrated. It is disregarded in this thesis as
we assume that surface effects in the gradient free energy are small compared to

bulk effects, as is commonly done for nematics [95].
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twist

Figure 2.2: Schematic representation of the three modes of bulk director
deformations: bend, splay and twist. The dotted lines represent the director
between surfaces (solid lines).

The tensor elastic deformations can be mapped to the more well-known bend,

twist and splay bulk deformations of the director field n,

1 ~ . -
Fg = 2 {Kvsplay(V : n)2 + Kgend(n X (V ¥ n))2 + Kryisi(n - (V X n))Z] » (29)

with corresponding deformations illustrated in Fig. 2.2 [25]. The Frank elastic

constants K; are found through the relations [96]

2KBen L
9B2 < = Ll + 727
qp 2
2KTWist
=L, 2.10
945 (2.10
2KSplay - + &
9q3 thogr

We take K; to be positive as deformations must be unfavourable in the nematic

system [25]. Following common practice [24], the one-constant approximation,

1
Fg:iK

- 2 - 2
Von| + |V xn } : (2.11)
is used in most of this thesis, where all Frank elastic constants are set to K; = K,

corresponding to L; being the only non-zero tensor elastic constant in the gradient

free energy density (Eq. 2.8).
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2.1.3 Biphasic liquid crystals

The free energy description presented in subsection 2.1.2 describes a liquid crystal
where the nematic state is the ground state throughout the entire system. This
description allows us to study the control of the collective orientation field in
active nematics. This is a necessary step to understanding the collective flow fields
observed in many biophysical systems. In addition to orientation and flow fields, we
may want to study variations in the concentration of active materials. Evolving the
active particle concentration is interesting as there are many biophysical problems
driven by active migration, e.g. microorganisms like pathogenic S. typhimurium/B.
subtilis penetrating colonic/cervical mucus [72, 73], infiltration of E. coli into leaf
stomata [74], or tumour cells migration [97].

To model the varying concentration of active particles, we introduce a phase-
field parameter ¢. The free energy is expanded to include the additional order
parameter. The free energy contributions are a homogeneous term that describes
the possible phase separation into a region of high (¢ = 1) and low (¢ = 0)
concentration of active material. In addition, the free energy contains a contribution
from gradients in the ¢ field.

For the homogeneous term, any possible shape of a double-well potential is

allowed [98]. In this thesis, the choice is
A
Fop = 7%2(1 - ¢)%, (2.12)
where Fy is a positive constant. The gradient term,

Foo =~ (Vo). (2.13)

is included (with K, a positive constant) to ensure a smooth concentration profile
across an interface. This combination (Eq. 2.12 and Eq. 2.13) results in a non-
zero interfacial tension. This description of the binary fluid also results in a finite
interface width between regions of different concentration [98]. We do not include
any additional couplings between the nematic tensor parameter @ and concentration

¢. Hence, the equilibrium properties of the two binary fluids are identical.
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Figure 2.3: Schematic representation of the planar projection of a disclination
line to a normal plane. In the two-dimensional plane, we find a point-like topological
defect where we cannot define the local orientation. The straight, dashed line represents
the disclination line, and the dotted lines indicate the local director in a plane normal to
the disclination line.

2.1.4 Discontinuities in the orientation field

In subsection 2.1.2, we introduced continuous smooth distortions in the orientation
field as deformations in the director m. However, there can be points in the
orientation field, where the director is not a smooth function. These discontinuities
can be located at points (point defects), on a line (disclination lines), or over an
area (walls) in three-dimensional liquid crystals. These singularities can have long-
range interactions [99] and create long-range orientational structure, e.g. Schlieren
structures [100], so we need to be able to distinguish the discontinuities.

In nematic liquid crystals, discontinuous walls are inherently unstable [25],
as localised discontinuous wall kinks are energetically unfavourable compared to
gradual smooth variations in orientation [25]. Because walls are not topologically
protected, the deformations smear out to smooth continuous distortions with specific
widths, similar to ferromagnetic domain walls. Thus in nematics, we only detect
point defects and disclination lines.

This thesis will mostly be on two-dimensional nematic films, where topological
defects can be seen as planar projects of disclination lines (Fig. 2.3). Hence, in
two-dimensions discontinuities will always appear as points.

If the director field remains in the two-dimensional plane, we cannot define the
local orientation at the point singularities. These objects are called topological
defects. We characterise these defects with a strength or charge. The charge

measures how many times the director winds along a contour taken around the



2. Passive and active nematic liquid crystals 19

m=1/2

Figure 2.4: Schematic illustration of topological defects in nematic liquid
crystals. The director field (dashed line) around topological defects (black points) as
defined in Eq. 2.16 for (a) m = 1 splay-type defect with 6y = 0, (b) m = 1 bend-type
defect with 0y = 7/2, (c) m = 1/2 with 6y = 0 and (d) m = —1/2 with 6y = 0. The
half-integer charged defects have symmetry axes and thus a defect orientation p’ (red
arrows).

topological defect. By expressing the director as
n = [cos 6, sin 0] (2.14)
with the director angle 6, we can define the charge m as

1
m = %fde, (2.15)

where the line integral is taken around the defect core. The possible director
configurations around isolated topological defects are solutions that minimise

Eq. 2.11. The general solution is
n = [cos (m(¢ + 6p)) ,sin (m(p + 6y))], (2.16)

where ¢ is a polar angle to the z-axis, and 6 is an off-angle representing the charge m
defect’s possible configurations. Different topological defects are shown in Fig. 2.4.
Because the nematic director is apolar, 6 is invariant under rotation by 8 — 0+.

Hence, m can take values in increments of £1/2, instead of the £1 increments
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found in polar liquids. Once topological defects have emerged, they cannot be
resolved through a smooth reorientation of the director field n. The only way
defects can be added or removed is by creation or annihilation with other defects,
where the total charge m is conserved [25].

Additionally, we can define the orientation of half-integer topological defects
with a vector coordinate j as half-integer defects have symmetry axes (Fig. 2.4c,d).

The vector coordinate p' is defined as [11]
P = [cos ), siny], (2.17)
with

w_

C1-m

m [(sgn(m)amQxy — 0, Qyy) (2.18)

(0:Quw + 5g0(m)0yQuy) |’
where () denotes an average along the shortest available loop enclosing the topological
defect, and sgn(m) means the sign of charge m. We point out that the —1/2 defect
is only uniquely defined in ¢ € [%’r, %} due to its three-fold symmetry. A —1/2
defect has three axes that define it and a +1/2 defect only has a single axis.

We reiterate that the introduced angles ¢, ¥, 6y and 6 are different angles.
@ is a general polar coordinate angle with respect to the x-axis. ¢ is the angle
of the vector orientation p’ of a half-integer topological defect (Eq. 2.17). 6, is
the off-angle which describes the configuration for any defect (Eq. 2.16). For
a half-integer defect, 6y and @ can be mapped to each other. Lastly, 6 is the
angle of the director field n (Eq. 2.14).

Using the director description around an individual defect (Eq. 2.14), we can
approximate its elastic energy cost by integrating Eq. 2.11 around a defect from

a near-zero distance d to a boundary distance R,
Esar = nKm*In(R/d). (2.19)

We remark that this energy is per unit length, as we are calculating the energy
of a three-dimensional object over a two-dimensional surface. We introduce a

long-distance cut-off R in Eq. 2.19, typically taken as the distance to boundaries
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or other topological defects [25]. We also use a cut-off core distance d, which is the
defect core size where the orientation is ill-defined and corresponds to an isotropic
state at the defect core. Thie contribution of the inner isotropic core region (< d)
is not included in Eq. 2.19, but can be estimated as a slight modification of the
logarithm [25]. We notice that without this core region d, the energy cost of a defect
goes to infinity. The issue of avoiding infinite energy in the orientation description is
resolved by letting the scalar order parameter ¢ go to zero at the defect’s core. This
melting is automatically captured with the tensor order parameter @ framework [25].

We can also estimate the elastic interaction between two defects with charges
my and msy located at 77 and 75 by integrating Eq. 2.11. We find an estimate

for the elastic potential between defects as [25]

(2.20)

FEpai = 2mmyme K llogml

d
Similar to Eq. 2.19, we omitted the defect core cost in Eq. 2.20. We find a
repulsive (attractive) force for same (oppositely) charged defects by taking the

4Prair) [25]. This shows that oppositely charged defects

derivative of this potential (—
are attractive and tend to annihilate to minimise the elastic energy cost. In passive
nematic systems, this causes the defect population to gradually reduce to zero.
When describing disclination lines in three dimensions, we can still define a
contour around the disclination line and determine the line segment’s charge using
Eq. 2.15. Similar to their planar point projections, we find that disclination lines
have charges of £1/2 incremental values. Hence, there are half-integer strength
disclination lines. The director configurations around these disclination lines will
be a combination of the planar projections of £1/2 defects (Fig. 2.4) and the
director twisting parallel to the disclination line. Lastly, point defects can be found
in three-dimensional nematics and have charges in +1 incremental values [25] and

are energetically unfavourable compared to disclination lines with charges +1/2. In

Appendix B, we explain how defects are detected from the orientation tensor Q.
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2.2 Continuum model

To study active nematics, we choose to solve the continuum equations that describe
the evolution of the continuous fields, 7.e. fluid density p, collective fluid velocity
i, orientation tensor Q) and concentration ¢. The framework described in this

section is called nematohydrodynamics [101].

2.2.1 The convection-diffusion equation

We first introduce the evolution of the orientation tensor Q. The continuum equation

we use to describe the nematic tensor dynamics is the Beris-Edwards equation [101]
(& +i-V)Q—S=TH, (2.21)

where ' is a rotational diffusivity and S is the co-rotational advection term. S
accounts for tensor @ reorientations due to flow gradients V. The strain tensor
= (VT + Vi)/2 and vorticity tensor Q = (Vil — Vii)/2 characterise these
flow gradients. The co-rotational advection term has the form
S—(\E+Q)- <Q+;I> + (Q+§I> C(AE — Q) —2) <Q+§I>u(Qﬁﬁ)
(2.22)
in which we introduce a flow-aligning parameter A [102].
The flow-aligning parameter A describes the particles’ alignment with respect
to the velocity gradients’ extensional E and rotational €2 components. The flow-

aligning parameter depends on the scalar nematic order parameter ¢. If the condition

A |

is satisfied, the director n aligns at a stable Leslie angle 6, to the principal axis

of flow deformation [103, 104]. This Leslie angle is

0, = ;sin_l(l/u), (2.24)

with a normalised flow-aligning parameter v = )\/ gt and the principal axis of

flow deformation is defined as

— 2.25
B — Eyy) 7 ( )
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based on the strain tensor E in two-dimensions [52]. If Eq. 2.23 is not satisfied,
the nematic is said to be in the flow-tumbling regime, and the director continuously
tumbles in shear flows.

In subsection 2.1.2, we introduced free energy terms (Eq. 2.4 and Eq. 2.8) to de-
fine the ground state of the system. The orientation relaxation is controlled through

the total free energy F (sum of Eq. 2.4 and Eq. 2.8) and the molecular field H, with
H=—-(—--TTr—). (2.26)

The molecular field H ensures that the Q evolves towards the minimum of the free
energy JF in the absence of collective flows. This allows us to define the nematic

relaxation time by modifying the rotational diffusivity I' [101].

2.2.2 The Navier-Stokes equations

Simultaneously to the evolution of the orientation tensor @, the density p and

collective velocity @ obey the Navier-Stokes equations [102]

ap = L
5% + V- (pu) =0, (2.27)
p(O+i-V)i=V -T—f-i. (2.28)

The Navier-Stokes equations are the conservation of mass and momentum equations,
respectively. This set of equations is complicated due to additional momentum
dissipation terms resulting from modelling a complex fluid. These terms appear
on the right side of Eq. 2.28.

The IT is a generalised stress tensor. The stress includes the isotropic viscous

stress Ilyis. = 2nE and an elastic stress due to the reorientations of the nematic,

HElastiC:—PI+2/\<Q+;I> (Q: H) - \H - (Q+;I> —/\<Q+;I> ‘H

- oF
-VQ: —=—+Q-H—-H-Q, 2.29
%0 (2.29)
where P denotes pressure and the operator : in the term —ﬁQ : 6%]; denotes
the tensor operation VZ-QML [102]. The stress tensor IT can also contain a

OV;iQri
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stress due to concentration differences I1, and an active stress ITae, which will
be introduced in subsection 2.2.3 and 2.3.2, respectively.

Additionally, the f is a constant diagonal tensor that describes the friction
between the nematic and its surroundings. The friction corresponds to situations
where the underlying substrate or the surrounding medium extracts momentum from

the nematic layer [68]. In our model, the friction depends on the velocity direction.

2.2.3 The Cahn-Hillard equation

Lastly, we can expand our set of continuum equations to allow for varying nematic
particle concentrations. We evolve the concentration field ¢ according to a Cahn-
Hillard convection-diffusion model [98]. We assume that the particle concentration

¢ does not impact fluid density p. In that case, the continuum equation is

8o+ V- (ig) = TyVp, (2.30)

where p = % —V- ( ;vf;) is the chemical potential and I'; is a mobility coefficient.

The free energy F now includes the additional free energy terms Eq. 2.12 and

Eq. 2.13 to allow for possible phase separation into different concentrations ¢.
If the chemical potential y is non-zero, we have concentration imbalances. The
right side of Eq. 2.30 describes concentration currents to oppose these imbalances.
Lastly, a difference in concentration induces an additional stress in the momentum
dissipation terms of Eq. 2.28. This stess Il is [5]
- oOF
IT :F—uqﬁI—VqS(ﬁ). 2.31
o= (F = o) s 2:31)
2.2.4 Isotropic viscosity

In the equations Eq. 2.21, Eq. 2.27 and Eq. 2.28, we made the explicit assumption
that we only have the isotropic viscosity and no anisotropic viscosities. Originally,
the hydrodynamic equations of liquid crystals in terms of the director n and the
velocity field @ were derived by Erickson [105, 106] and later developed by Leslie
[107, 108]. Their equations identified six Leslie-Erickson parameters, which establish

viscous dissipation in the anisotropic liquid crystal and an orientation realignment
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through shear flows. Parodi expanded upon this by identifying that there were only
five independent Leslie-Erickson parameters [109]. Afterwards, Edwards, Beris and
Grmela [101, 110] developed this framework further to describe the relationship
between the flow field @ and the tensor order parameter Q, which allows for varying
nematic order ¢. In the Edwards-Beris-Grmela framework, there are eight viscous
parameters where only six are independent [101].

The choice of only including an isotropic viscosity is a common simplification
in the study of nematics [8, 11, 45, 46, 102, 111]. This simplification reduces the
number of independent dynamic parameters to three: the isotropic viscosity 7, the

flow-aligning parameter A and the rotational diffusivity I" [102].

2.2.5 Implementation of the model

To solve the set of coupled equations Eq. 2.21, Eq. 2.30, Eq. 2.27 and Eq. 2.28,
we use a combination of a lattice Boltzmann (LB) and a finite difference method
[102]. The Navier-Stokes equations Eq. 2.27 and Eq. 2.28 are solved with a lattice
Boltzmann scheme. We employ an BGK collision operator [112] with an extension
to include additional stresses and forces (friction) [102]. As we are using an BGK LB
scheme, we solve the full Navier-Stokes equations in the weakly compressible limit
with only small fluctuations around density p = 1 [112]. Additionally, the time and
spatial grid sizes are set to one as is traditional in LB simulations. This allows us to
normalise all other parameters with respect to density, time step and spatial grid size.
The Cahn-Hillard equation (Eq. 2.30) and convection-diffusion equation (Eq. 2.22)
are solved using an RK4 iteration scheme [46]. Implementation details of the hybrid
scheme are given in Appendix A. This hybrid scheme’s computational speed is fast,

but it still retains a high enough accuracy to capture the nematic behaviour [102].

2.3 Active nematics

In this thesis, we study the dynamics of active systems and investigate methods to
control them. We focus on the emergent, collective motion of active particles in a

fluid, e.g. self-propelled swimmers. These swimmers induce far-field hydrodynamic



26 2.3. Active nematics

flows that have nematic symmetry and affect the behaviour of other active particles
[113]. This is often called the wet limit of active nematics [24]. The hydrody-
namic interactions result in chaotic collective flows, and throughout the thesis, we
investigate ways to control these collective flows using their surroundings.

In this section, we introduce the active hydrodynamic stress resulting in the
collective dynamics. We start by describing individual active particles as dipole
forces. We then derive the active stress from coarse-graining the forces. We
demonstrate that this active stress induces a flow with nematic symmetry, plus
we show that the stress causes hydrodynamic instabilities, resulting in long-range
deformations and nucleation of topological defect pairs. In addition, the active
stress and the hydrodynamic instabilities mix the active fluid, resulting in chaotic
collective flows. This steady-state is termed active or meso-scale turbulence. We
observe the emergence of an intrinsic length scale and mention that this length scale
characterises meso-scale turbulent flow and orientation structures. This section
helps us understand the emergence of active turbulence and gives us the necessary

framework to study the control of active nematics.

2.3.1 Individual swimmer

Microscopic organisms swim in the Stokes limit [1]. The forces of a self-propelled
particle on the surrounding fluid and vice versa are equal and opposite due to
Newton’s third law [20]. Hence, in the equation of motion the total momentum
density must integrate to zero. The simplest model to describe a swimmer’s far-
field is by simplifying it as a point that generates dipole forces, which induce
a flow field [114].

We can define two basic types of swimmers (Fig. 2.5). A pusher-type (Fig. 2.5a)
effectively pushes liquid forward with its head and backwards with its tail. The
associated dipole forces point outwards. To conserve liquid mass, the swimmer
sucks in liquid along its waist. Examples of pushers are E. coli bacteria [115]. The

flows they generate are called extensile flows.
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Je /\

Figure 2.5: Schematic of self-propelled particles. The swimmer is called (a) a
pusher particle or (b) a puller particle. To lowest force expansion, a swimmer can be
represented as a dipole with two monopole forces fCl_; (red arrows) at positions ab and a'b
from the centre (black arrows). The flow the swimmer generates around itself is illustrated
with blue lines. (a) An example of an extensile system. (b) An example of a contractile
system.

A puller-type (Fig. 2.5b) pulls liquid in towards its body with their flagella
and pushes the fluid outwards along its waist. The dipole forces point inwards.
Examples of puller-types are Chlamydomonas algae [116]. The flows they generate

are called contractile flows.

2.3.2 Active stress

The flow generated by a swimming particle is also felt by other swimmers. In the
Stokes limit, an active particle’s movement will respond to the flow generated by
the summation of all the active forces. Hence, we can derive the active stress from
coarse-graining the dipole forces of individual swimmers.

We describe an individual swimmer’s dipole forces as a sum of two equal
magnitude f; forces directed along bin opposite directions to satisfy Newton’s third
law (Fig. 2.5). For a collection of self-propelled swimmers with centres of mass at

7 with forces at @ + ab(® and 7@ — /b, this yields a force density [20]

YV Tacf(F) = Faees(®) = fe 3208 (8]7 = 7 4 abt®)] — o[ — #*) — a/B1)]) .
) (2.32)
We can describe apolar and polar particles by setting a = o’ and a # o/, respectively.
If a equals a', the Stokes flow generated at the swimmer’s centre of mass #® by
the two monopoles is zero and the individual particle is apolar. Otherwise, there is

a self-propelled velocity at the centre of mass #® and the swimmer is polar.
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We expand the delta function in Eq. 2.32 around 7. This expansion gives [20]

a-+d

2

Face(F) = £V BB 5 (7 — i)Y 4+ O(VV) (2.33)

for the far-field behaviour, and we recognise the tensor order parameter @ definition
of Eq. 2.2. We can rewrite Eq. 2.33 similar to Eq. 2.3 with a coarse-grained

description of the director m,

a-+ad
2

M () = =5 el f; (nn = 51) + O(9), (2.34)

where ¢(7) contains information about the local concentration and ordering of
self-propelled particles. This ¢(7) will scale with the scalar order parameter g and
concentration ¢ in our framework. We realise that the prefactor a + @' in the
leading term of Eq. 2.34 is the same for polar and apolar particles. This explains
the emergence of nematic symmetry in many active systems, even though many
individual active particles are polar themselves.

We include this active stress in the momentum conservation equation (Eq. 2.28)

as

Mac = —(0Q, (2.35)

where we combine the different prefactors in Eq. 2.34 to one phenomenological
parameter called the activity ¢ for simplicity. In most of the following derivations
and equations, we omit ¢ from Eq. 2.35 as we often work with a homogenous fluid,
i.e. a constant ¢ field. The active particle concentration ¢ is then absorbed into
the activity . The parameter ¢ determines the phenomenological strength of the
active stress with positive and negative values denoting extensile and contractile

activities, respectively [24, 39, 53, 56].

2.3.3 Intrinsic nematic ordering

In subsection 2.3.2, we derived the active stress (Eq. 2.35), which showed that
the flow symmetry is nematic. However, this active stress will be neglectable if the
individual dipole directions ) do not align as ¢(r) will be close to zero in that case.

Luckily, we can show that the active shear flows induce an intrinsic nematic ordering.
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If we assume that the elastic stress is negligible compared to the active stress
and that pressure gradients are negligible (compressible limit), we can balance the

viscous stress with the active stress and write [117]
ME ~ (Q. (2.36)

Doing the calculation in the incompressible limit would add additional terms to
Eq. 2.36 and the following equations, but they will not modify this subsection’s
central message: that active shear flows induce nematic ordering. For simplicity of
the presented argument, we have not included the additional terms.

Using Eq. 2.36 as an equality, we can write Eq. 2.21 as
(at+aﬁ)Q—Q-Q+Q-Q:rHEﬂ, (2.37)

where Hpgg is the effective molecular field modified by the active flows. We have
used two-dimensional symmetry for the derivation of Eq. 2.37 as this simplifies

the presented terms. The corresponding modified effective free energy is

)\C 9
Feg = Fp + Fy +2 6ul tr(Q°) —

)\C )\C

tr(Q°) + —=tr(Q%)? (2.38)

where F is the equilibrium Landau-de Gennes bulk free energy (Eq. 2.4) and F,
is the distortion energy (Eq. 2.8). The last three terms are effective free energy
terms due to the active shear flows. As these terms have the same symmetry as the
Landau-de Gennes bulk free energy Fy,, we see that the active shear flows modify
the magnitude of nematic ordering ¢ (Eq. 2.6) [117]. If the passive system is in the
isotropic state (by modifying the prefactors in Eq. 2.4), extensile systems (¢ > 0)
with a positive flow-aligning parameter (A > 0) can even induce nematic ordering.
Similarly, nematic ordering can be induced by flows in contractile systems (¢ < 0)
with a negative flow-aligning parameter (A < 0). Even though the active shear flows
intrinsically induce nematic ordering, we include the extrinsic Landau-de Gennes free
energy Fp, (Eq. 2.4) throughout this thesis. If we do not include F;, the relaxation

dynamics become ill-defined. See Appendix C.1 for an in-depth justification.
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2.3.4 Active nematic instabilities

The intrinsic free energy in Eq. 2.38 shows that active shear flows can induce
nematic ordering and alter the scalar order parameter q. However, this calculation
does not indicate what the preferred orientation of the director m is, when nematic
order (¢ > 0) is present. As it turns out, the director orientation is inherently
unstable to bend and splay deformations (Fig. 2.2) when the active stress (Eq. 2.35)
is included in Eq. 2.28 [36] in the absence of friction [118].

The hydrodynamic instabilities can be easily illustrated in the compressible
limit, where pressure gradients can be ignored. Similar to subsection 2.3.3, we
can then assume that we have a balance between active and viscous stresses in
Eq. 2.28. The instabilities can then be found by assuming that the system is
quiescent (Z = 0) and uniformly aligned along the y-axis. We can define a bend
perturbation in the director field, moving along the y-axis and generating a flow
@ = u(y)Z. By inserting the solution of the flow 4 into Eq. 2.21, we can find to

lowest order in wavenumber that the perturbation grows as [36]

0\ Quy = ff@w (2.30)

The prefactor 8 > 0 depends on the scalar nematic order parameter ¢ and flow-
aligning parameter \. Similarly, we can define a splay perturbation moving along
the x-axis and generating a flow @ = w(x)y, which results in the perturbation

growing to lowest order in wavenumber as

B¢

athy = _?Qxy (240)

Eq. 2.39 and Eq. 2.40 illustrate that initial bend (splay) deformations will
keep growing for an extensile (contractile) system. For the full derivation of
the instabilities in the incompressible limit, we refer to [118].

These deformations eventually grow and localise into wall-like regions of high
director distortion [45]. The walls emerge throughout the system with a character-
istic spacing between them. This length scale ¢ ~ \/§ is due to the injection of

energy on the local level, resulting in a balance between activity ¢ which wants to
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deform the director field and elasticity K which wants to restore it. The derivation
of this length scale from the perturbation analysis is quite involved, and beyond

the scope of this chapter, but for the interested reader we refer to [36, 118].

2.3.5 Active defects

As the instabilities mentioned in subsection 2.3.4 grow, wall disturbances become
confined to thinner interfaces with larger distortions. Due to the localised high
distortions, it becomes energetically favourable for the walls to nucleate point
discontinuities, creating oppositely charged topological defect pairs that unravel
the wall distortions [40].

From the elastic potential between two defects Ep,; (Eq. 2.20), we would
expect it energetically favourable for these oppositely charged defects to immediately
annihilate upon creation due to their energy costs. However, in addition to the
elastic forces (derivatives of the elastic potential Ep,; ), topological defect motion is
also governed through the active stress (Eq. 2.35) in active nematics, which makes
defect dynamics non-trivial. The defect dynamics can be described in the form of
an overdamped equation of motion if a topological defect is isolated or sufficiently
far apart from other defects. The equation of motion for a +1/2 defect is then [25]

@7\ dBpa
& (dt - U) = P (2.41)

with an effective friction coefficient & and an active backflow 7y at the defect
centre due to the active stress.

When the flow dynamics are much faster than the orientational dynamics of
the director, we can estimate the local flow ¢ by realising that it has to obey

the Stokes equations [32]

7]62170 —VP+ fAct = —0, (2.42a)

V-7=0, (2.42D)

We assume that the active forces ﬁct are dominant and are balanced by viscosity

dissipation nV27 and pressure gradients VP. The flow for an individual defect
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can then be calculated with the Green’s function G,
77 = [dAG (7 7) faul7). (2.43)

In the case of an unconfined 2D system, the Green’s function is the two-dimensional
Oseen tensor [119].
From the active stress (Eq. 2.35), we calculate the active forces for unperturbed

+1/2 and —1/2 defects (Eq. 2.16) as

Fact(P) = C(im [_C:isn((ép__zg;fi)] , (2.44)

where we set the defect orientation p along the z-axis. Inserting the active
forces (Eq. 2.44) into the solution of the Stokes equation Eq. 2.43, yields the

velocity profiles

. ¢ [3(R—r)+rcos2p
Ui1y2(7) = 12 r sin 26 (2.45)
and
. ¢ [ (3r—R)cos2p — Zcosdyp
U2l = = 120R |(—32r — R)sin2p — Z sin4¢p (2.46)

around unperturbed +1/2 and —1/2 topological defects, respectively. Here, R is
a length scale set to recover the desired behaviour at the boundaries [32]. The
analytical flow profiles (Eq. 2.45 and Eq. 2.46) in active nematics are illustrated
in Fig. 2.6. Experiments in different biological systems including microtubule-
kinesin mixtures [28], bacteria [6, 29] and cell monolayers [30] have observed similar
collective flow profiles around half-integer topological defects. These similarities
indicate that the active stress and forces proposed in subsection 2.3.2 are indeed
the dominant terms driving collective dynamics.
We point out that we have a non-zero velocity

R

pu— 2-4
it (247

Vo

for a +1/2 defect at the defect core (r = 0), moving in opposite direction or along

the defect vector p (Fig. 2.6) for extensile or contractile systems, respectively.
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Figure 2.6: The analytical local flow ¢ (orange arrows) around half-integer
defects in an extensile system for: (a) a +1/2 defect and (b) a —1/2 defect. The
director is drawn with blue lines, and the defect orientation p'is given with the red arrows.
Notice that p'is not uniquely defined for the —1/2 defect.

Different boundary conditions do not affect the shape of this self-propelled velocity,
vy ~ gnf”, and this self-motility of +1/2 defects is an intrinsic property of active
nematics [32]. Depending on the relative orientation, self-motility can overcome
the elastic forces between defects (—db;%), resulting in the possible unbinding
of defect pairs and consequently the proliferation of defects in active nematics as

they are continously created and annihilated [120].

2.3.6 Active turbulence

On top of the ongoing creation and annihilation of topological defects, the hydrody-
namic instabilities lead to chaotic flow patterns with vortices, swirls and velocity
jets that are continuously created and destroyed (Fig. 2.7). This state is called
active or meso-scale turbulence [37]. The active turbulent state is highly chaotic and
disordered, but the flow and orientation structures scale with the intrinsic active
length scale [ [45] mentioned in subsection 2.3.4. This is because energy input
happens at the individual particle scale, which is the smallest length scale in the
system. This length [ scales with \/K , as activity ¢ deforms the director field and

elasticity K restores it. This makes active turbulence distinct from traditional high
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The formation of active turbulence can be suppressed by boundaries [37, 52,
number is a ratio which compares an external hydrodynamic screening length to

the intrinsic active length scale, allowing us to describe universal control properties
devices like self-driven micropumps. Additionally, many biological systems that
exhibit collective dynamics are not in the bulk active turbulent state, due to

suppression of active turbulence with a dimensionless number. The dimensionless
harnassing the collective dynamics would allow for the creation of microfluidic
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complex surroundings which govern the hydrodynamic interactions. Understanding
possible routes for control of active nematics is necessary to understand these

complex biological systems.

2.4 Conclusion

In this chapter, we presented the theoretical framework necessary to understand
active nematics. We introduced nematic symmetry, described the tensor order
parameter @, and summarised topological defects’ properties. We described
the continuum nematohydrodynamic equations that evolve the nematic tensor
order parameter Q, the fluid density p, collective velocity #, and active material
concentration ¢.

We then introduced self-propelled particles. We showed that the far-flow field
of an individual swimmer has nematic symmetry, and therefore the coarse-grained
active stress also has this symmetry. This active stress causes active nematic
instabilities, which results in the creation of topological defects and we derived
that +1/2 defects are self-propelled in active nematics. The instabilities grow with
an intrinsic length scale [, ~ \/? . This intrinsic active length scale results from
the competition between activity ¢, which deforms the director field and elasticity
K, which restores long-range orientation. In addition, the active hydrodynamic
instabilities result in disordered collective flow patterns. This steady state is called
active turbulence where the flow structures scale with this intrinsic active length
scale (Fig. 2.7). We also mentioned that we could characterise the screening of
hydrodynamic interactions to suppress active turbulence formation with a ratio
between this intrinsic active length scale and an external screening length. This

allows us to describe universal control properties of active turbulence.
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It’s a funny thing, ambition. It can take one to
sublime heights or harrowing depths. And sometimes
they are one and the same.

Dishonored

Twist-induced crossover from
two-dimensional to three-dimensional
turbulence in active nematics

3.1 Introduction

In Section 2.3, we illustrated that active turbulence emerges in two-dimensional (2D)
wet active nematics due to bend or splay instabilities for extensile or contractile
systems, respectively [37, 52, 53]. The hydrodynamic instabilities cause deformations
in the nematic orientation field to grow, resulting in the emergence and unbinding
of point-like topological defects. These point-like defects have chaotic trajectories
in active nematics and act as virtual stirring rods in active turbulence [41]. Defect
dynamics becomes more complicated in three-dimensional (3D) active turbulence,
where the two-dimensional point-like defects extend into the third dimension, thereby
forming disclination lines. Recent work has begun classifying active nematics in 3D,
where they found the emergence of disclination lines that could contort due to twist
deformations driven by active forces [65]. These disclinations can display complex
patterns in spherical confinement due to surface and bulk dynamics [63, 64] and are

important in the deformation of active droplets [66]. Experiments and simulations

37
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have illustrated that the ratio of higher dimensionality (the aspect ratio of a three-
dimensional channel) can significantly alter the dynamics in active fluids [62, 67].

As a step towards further characterising active turbulence in three dimensions,
we numerically study in this chapter the crossover from 2D to 3D structures by
considering an active nematic fluid confined between two parallel plates (Fig. 3.1).
We do this by simulating a 3D active nematic between two planar walls with varying
interplate distances. As we start to relax the confinement along the third dimension,
we find a regime where the active nematic film has a finite thickness, but still behaves
like a quasi-2D system. For larger plate separations, we uncover activity-driven twist
instabilities in the disclination lines at which the system starts to show 3D properties.
This transition occurs at a critical ratio between the intrinsic length scale /- and the
plate separation. We show that this critical dimensionless number is independent of
the boundary conditions on the surfaces, and argue that the bulk twist deformations

drive the transition from quasi-2D dynamics to 3D active turbulence.

3.2 Simulation method

To simulate the crossover from 2D to 3D active turbulence, we solve the nemato-
hydrodynamic equations Eq. 2.21, Eq. 2.27 and Eq. 2.28 that evolve the density
p, the velocity @ and the tensor order parameter @ for a weakly compressible
active nematic confined between two parallel planar surfaces separated by a varying
distance H. In this chapter, the relevant parameter set is the rotational diffusivity
I' = 0.34, Landau-de Gennes coefficients A = 0,8 = —0.3 and C = 0.3, flow-aligning
parameter A\ = 0.3 and viscosity n = 2/3, which can be mapped to the microtubule-
kinesin bundles system [10]. This experimental set-up was mentioned in Chapter
1. A similar parameter regime has been used to study extensile active nematics
in 3D microchannels [67]. We focus on extensile active fluids (¢ > 0), relevant
to these microtubule-kinesin bundles [10, 12] within the range ¢ = [0.01,0.05].
Unless otherwise stated, we use the one-constant approximation (Eq. 2.11), in

which all Frank elastic constant values are K; = K, and are varied over the range
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Figure 3.1: Transition to 3D active turbulence. Snapshots of (a,d) quasi-2D,
(b,e) transitional and (c,f) 3D active turbulence in confined active nematics. Upon
increasing the channel height, the dynamics change from (a) a quasi-2D flow with straight
disclination lines for the channel height H = 15 (A = 15) (b) through a transition regime
near H = 20 (A = 20) to (c) 3D flows with strongly contorted disclination lines for the
channel height H = 25 (A = 25). In the top row (a-c), the planar colourmap illustrates
the magnitude of the nematic order ¢ and director field n (solid black lines) in the vicinity
of the lower bounding free-slip wall. Disclination lines are shown as thick lines coloured
by the characteristic disclination angle «, from wedge-type disclination segments with
a =0 (green) to twist-type segments with o = 7/2 (purple). The bottom row (d-f) shows
a slice of the velocity fields for the same heights. The length of the arrow indicates the
local speed 1, while the colourmap shows the cross-channel component ..

K =[0.01,0.05]. When we relax the one constant approximation, we make the
simplifying choice Kgplay = Kpena = K and only vary Krywise (Eq. 2.10).

To confine the system in the third dimension, parallel impermeable surfaces are
implemented. These surfaces impose strong planar anchoring on the nematic field
and free-slip boundary conditions on the velocity except where otherwise stated.
Details on the implementation of the boundary conditions are provided in Appendix
A.2. Simulations were performed in a cuboid of volume 100 x 100 x H with periodic
boundary conditions in the zy-plane, where the xy-plane is large compared the
intrinsic length scale. The planar channel geometry, characterised by the plate

separation H, competes with the characteristic length scale of active turbulence

le ~ \/K/( [45, 46], so that the physics can be described by the dimensionless

activity number A = H,/(/K.
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3.3 Quasi 2D active turbulence

When the channel height H is sufficiently small compared to \/Ki/g , the active
turbulence is quasi-2D. In this limit, both flow and director fields are height-
independent, and topological defects form straight disclination lines normal to
the surfaces that directly span the gap with translational invariance across the
channel (Fig. 3.1a). When observed from above, the disclination lines appear as
2D point defects with half-integer charges m = £1/2 (Fig. 2.3). Disclinations are
continuously created and annihilated, such that in every plane parallel to the channel
walls the defect dynamics is effectively that of 2D active turbulence [38, 122].

The flow fields reflect this quasi-2D behaviour for sufficiently small channel
heights, showing 2D active turbulence in zy-planes parallel to the wall but trans-
lationally invariant across the channel (Fig. 3.1d). The turbulent flow dynamics
are quantified through the velocity and vorticity correlation lengths, as well as the
number density of disclinations (Fig. 3.2). The vorticity w is the curl of the flow
in the zy-plane. The velocity ¢, and vorticity ¢, length scales are calculated from
the the velocity-velocity correlation function C,(r) = (@(r,t) - w(0,t))/{u@(0,)?)
and vorticity-vorticity correlation function C,,(r) = (J(r,t) - &(0,t))/{3(0,t)?),
respectively. These length scales are defined as the lengths where the correlation
functions are halved. Our measurements in the observed quasi-2D turbulence reveal
that the correlation lengths and number density of defects py are all consistent
with 2D behaviour up to certain channel heights.

Although the active turbulence can be described as effectively two dimensional
in this limit, indications of the 3D nature of the film remain apparent in the
pair-production process. In quasi-2D active turbulence pair-production of effective
2D +1/2 defects occurs when a 3D disclination loop forms in the centre of the
channel. The small ring inflates until it makes contact with the bounding planar
surfaces, at which point it then splits into two straight disclination lines that
bridge the gap and appear as the pair of £1/2 defects in the zy-plane (Fig. 3.1a).
Apparent pair-production is a rapid process (~ 10 simulation time steps) and

pair-annihilation events of oppositely charged apparent defects occur analogously,



3. Twist-induced crossover from two-dimensional to three-dimensional turbulence in

active nematics 41
81-3"I""I""I""I""I""
o correlation length /¢, 1
5 1.2 = correlation length £, 3
™ ¢ disclination density py s ]
c i ]
§ 1.1 § | ; § E

§ ]
= i ]
8 1 iiiig%;ﬂ z 5 l—:
fe) § 3 ]
-'(—6'0_9...|....|..|..|...;.|....|....'
= 10 15 20 25 30 35

Activity number A

Figure 3.2: Comparison of turbulence properties in 2D and full 3D simula-
tions. Shown are the velocity correlation length ¢, the vorticity correlation length
L, and the disclination number density py in 3D. All values are normalised by their
2D counterpart. The red, dotted line marks the crossover from quasi-2D to 3D active
turbulence.

or as horseshoe shaped arches when the annihilating disclination lines make contact

at one surface but not the other.

3.4 3D active turbulence

All three characterisations of the flow start to deviate from their 2D values at
a critical activity number (Fig. 3.2). As the channel height is increased, the
system crosses over from quasi-2D to fully 3D active turbulence. At the onset
of the 3D behaviour, the disclination lines begin to contort (Fig. 3.1b) and the
translational invariance of the velocity profile across the channel is lost (Fig. 3.1e).
Contortion typically occurs near the centre of the channel, while the disclination
lines are essentially 2D defects normal to the boundary near the walls (Fig. 3.1b,c).
The projected positions of the disclination points at the top and bottom walls
are separated by a non-zero in-plane distance o (Fig. 3.3a-inset). Plotting the
ensemble-average of this distance (o) against the dimensionless activity number
A shows a sharp crossover at a critical activity number (Fig. 3.3a), after which
the average separation rises continuously from zero as the disclination lines contort.
Because this active system is intrinsically out-of-equilibrium, we must be mindful not
to think of this transformation of the flow dynamics in terms of a phase transition

under equilibrium conditions but rather a dynamic crossover.
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Figure 3.3: Quantifying disclination line behaviour. (a) The average projected
distance (o) between the ends of the disclinations for free-slip walls as a function of
activity number A. Insets: Schematic representation of the projected distance between
the disclination ends at opposite walls. (b) Mean curvature (k) as a function of A.

For simulations with no-slip boundary conditions (Fig. 3.4), the transition in
the separation of the projected positions of the disclination lines o is seen to be
sharper, but the critical activity is unchanged. This suggests that the nature of
the instability that drives the transition from 2D to 3D turbulence is independent
of the surface friction and that the breaking of translational symmetry across the
channel gap by the no-slip condition causes the transition to rise more abruptly.
Likewise the nature of the crossover appears to be unaltered when the simulations
do not impose any specific anchoring for the director at the boundaries but rather
have free anchoring (Fig. 3.4). It was previously shown that the extensile activity
generates an effective planar active anchoring [123].

In addition to the average projected distance between the disclination ends (o),
measurements of the ensemble-average of the mean curvature of the disclination
lines (k) also show a sharp transition at the critical activity number (Fig. 3.3b).
This suggests that at the critical activity number, energy injected into the system

around disclinations can overcome the elastic energy of the disclination line and
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Figure 3.4: The average projected distance (c) between the ends of the discli-
nations as a function of activity number A for various boundary conditions.
Walls with free-slip with strong anchoring (yellow symbols) and free-slip with free anchoring
(purple) are indistinguishable, but no-slip with strong planar anchoring (blue) rises more
rapidly. Three channel heights are varied (H = 10: circles; 15: squares; 20: diamonds).

therefore a finite curvature develops along the disclination. At this point, the
cross-channel translational symmetry of the flow ceases and 3D active turbulence
emerges. Interestingly, both the normalised projected distance and curvature
measurements for various channel heights collapse when plotted against the activity
number (Fig. 3.3), indicating that a constant critical dimensionless activity number

A, = [H\/(/K]. characterises the 2D to 3D crossover.

3.5 Twist instability

In what specific manner does this disclination distortion occur? In 2D films,
the deformation of the director field around point defects is set by the splay
and bend elastic constants (here assumed to be equal). However in 3D, twist
distortions become possible. Therefore to investigate the role of twist in the
micro-structure of the disclination lines, we locally classify the disclination-type
along each singularity’s length. The characteristic disclination angle « is calculated
(see Appendix B.2) [124]. This differentiates between pure wedge-type disclinations
(o = 0), which involve only splay and bend distortions with planar projections
of +£1/2 topological defects, and pure twist-type disclinations (o = 7/2) where
the director rotates parallel to the disclination line [125, 126]. The variation of

a along the disclinations is shown in Fig. 3.1.
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Figure 3.5: The contortion of disclinations are highly correlated to twist
deformations. (a) Characteristic defect angle « as a function of activity number A.
Insets: Angle profile along the defects across the channel for A = 20. (b) Global mean
twist deformation. (c) Increasing the twist elastic constant suppresses the contortion of
defect lines. The activity number A is defined using the bend/splay Frank coefficient K.

Below the critical activity number, the angle averaged over the contour length
of all disclination lines («) is close to zero (Fig. 3.5a), verifying that in the
quasi-2D limit the disclination lines are wedge-type with bend/splay distortions
confined to xy-planes. Beyond the critical activity number, however, the curves
increasingly transform into twist-type disclinations. The average profile of the
disclination angle « at each height through the channel shows a signature of
nearly pure wedge-type at the walls and commonly twist-type in the mid-region
(Fig. 3.5(a)-inset). As the activity number is increased, the segment of twist-type
disclination near the centreline broadens.

To provide additional evidence of the role of twist, we calculate the system-wide
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mean twist deformation [127]

2
<T> = qlg (le@ij%ijj) )

with €;;; the Levi-Civita symbol. The mean twist becomes non-zero at the transition

(Fig. 3.5b), where we find that twist is predominantly localised around disclination

lines. However, deep in the fully 3D active turbulent regime, the twist deformation

increases with activity number throughout the whole domain.

To further check the role of twist in the contortion of disclinations and the
subsequent crossover to 3D active turbulence, we suppress the transition by
increasing the resistance of the active nematic to twist deformations. To this
end, we relax the one-constant approximation for the orientational elasticity and
progressively increase the twist coefficient Ky, while keeping the bend/splay
constants equal to K. By increasing the twist elastic constant, the contortion of the

disclinations is hampered; consequently, the crossover to 3D is retarded (Fig. 3.5c¢).

3.6 Energy competition

These results suggest that the onset of 3D active nematic turbulence arises from
the competition of energies. It is expected that a disclination line maintains its
straight configuration when the elastic energy dominates, but contorts when the
active energy injection overcomes the elastic energy barrier.

We assume the director configuration around a +1/2 disclination line to be
n = [cos (¢/2),sin (¢/2),0] (Eq. 2.16), where the factor +1/2 is the topological
charge of the disclination. Adding a small twist perturbation ¢; per unit length
along the initially straight line increases both the active energy that is dissipated in
the system Fa.; and the elastic deformation energy Fryis, which resists additional
twist deformations. At the onset of the crossover from 2D to 3D behaviour, the

director field at height z can be represented as

n= [cos(gp—z%z) ,sin (W;W) ,o}. (3.1)
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This twist creates a restoring elastic energy

K 'wis = K 'wis R2 2H
ETwist:/%{n-VandV:7T - ; & ) (3.2)

where we have integrated the twist elastic deformation cost of Eq. 2.9 over the
cylindrical volume V' that is deformed by the presence of the disclination. This
extends radially from the defect core to a range R, which is set by the average
distance between disclinations [42].

Due to the twist perturbation, different segments of the disclination move in
different directions as a result of their self-propulsion (Fig. 3.6). The relative
displacement of a segment at height z with respect to the bottom of the disclination
is thus set by the amount of twist at height z and, for small twist ¢ < 1, can

be expressed as

voT (1 — cos (q:2)) voTql2% /2
AT = voT sin (¢;2) ~ | vTqz | . (3.3)
0 0

The magnitude of the displacement v, is proportional to the disclination’s self-
propulsion speed vy ~ (R/n (see Section 2.3.5) [32] and the elastic relaxation time
of the director field 7 ~ H?/(T'K) [46]. Therefore, vgr ~ RA?/T'n, where 'y is
the ratio of the rotational viscosity of the nematic to the dynamic viscosity. The
rotational viscocity scales with the inverse of the rotational diffusivity 1/I". In these
simulations we use I'n &~ 9/2. The distortion (Eq. 3.3) causes the polar angle of
the disclination in the zy-plane to be ¢ = tan™! ((y — Ar,) / (x — Ary)).

By integrating the active force density —( v - Q (Eq. 2.35) over a cylinder
of radius R and height H around a disclination with orientation as described in

Eq. 3.1, the active forces per unit length are found to be
fre (R (=1 +¢;2°/2) T+ a2 §] /2, (3:4)

where 7 is taken to lie in the direction of motion of the bottom point of the
disclination line at z = 0 and ﬁ is orthogonally in-plane (Fig. 3.6). We assume
that the interaction range is much greater than the defect core and so neglect any

contribution from the defect core. When the twist perturbation is zero, we recover the
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Figure 3.6: Schematic of a twisted disclination line. (a) The solid line is the
initial straight line and the dashed line represents the contorted disclination after time
7. (b) Top view of the bottom disclination segment at height z = 0 (red) and the top
disclination segment at height z (blue). The different segments of the disclination line
move with a self-propulsion speed vy over a time interval 7 (along the dashed line) at an
angle ¢z to the x-axis.

known active forces around a 2D point defect that result in self-motility of the +1/2
defects (Eq. 2.44) [32]. Thus, the first term in the Z-component of fac corresponds
to the normal 2D deformation of the director field around a +1/2 disclination and
the additional terms are due to the twist-induced deformations. Defining the active
energy as the active force times the displacement and integrating over the length

of disclination, we find the active energy dissipated within the fluid to be
Eau = / Fro - AFAV ~ %CRUOquHS. (3.5)
1%

When the active energy overcomes the restoring elastic deformation energy, twist
perturbations grow and the system will not return to a quasi-2D state. Considering
these energies leads to a modified activity number

¢ 1/2
A=n (m) 36)

that reduces to A = H./(/K in the one-constant approximation Ky = K. At

the crossover, the two competing energies must be comparable and we find
1/4
Al ~ (D) (3.7)

Indeed, by measuring the projection distance o as a function of this modified

activity number for varying twist and bend/splay elastic constants, we find that
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the data collapse onto a single curve Fig. 3.7). This shows, in agreement with
the theory, that the dimensionless activity number is the control parameter for the
transition. Furthermore, it illustrates how the crossover to 3D active turbulence
is induced by the competition between distorting active energy injection and the

restoring twist elastic energy of the disclination.

3.7 Conclusion

Our results uncover a new physical mechanism in active nematics, showing that
the crossover from quasi-2D to confined 3D active nematic turbulence is governed
by the contortion of disclination lines above an activity threshold. We show that
below this threshold, the system behaves like traditional 2D active turbulence.
This confirms that active nematic films with a finite, but thin thickness can be
treated like 2D active nematics. The confining length scale stabilises the 2D
active turbulence. We show that above an activity number threshold, the activity
overcomes elastic twist deformation energy costs, and active forces drive twist
deformations around the disclination lines. The role of the activity-driven twist

deformations is specific to 3D systems.



We all make choices in life, but in the end our choices
make us.

Bioshock

Active nematics with anisotropic friction:
the decisive role of the flow-aligning
parameter

4.1 Introduction

Recent studies have shown that inducing hydrodynamic screening through frictional
damping between active materials and their surroundings can stabilise the chaotic
flow patterns of active fluids [26, 128]. Of particular interest, recent experiments
by Guillamat et al. [12] have shown that interfacing microtubule-kinesin motor
protein mixtures (see Chapter 1) with a smectic liquid crystal [25], which provide
anisotropic damping, can streamline microtubules into a ‘laning’ state of jets flowing
in alternating directions parallel to the anisotropic smectic layers.

In this chapter, we numerically investigate the impact of anisotropic hydro-
dynamic screening by subjecting a two-dimensional active nematic to anisotropic
frictional damping. By systematically varying the strength of the anisotropic
friction, we obtain the laning state. We characterise this laning state and map the
phenomenological activity ¢ to the Adenosine triphosphate (ATP) concentration that
induces the active shear flows in the microtubule-kinesin motor protein system [10].

We explain the mechanism for the emergence of lanes in terms of the combined effects

49
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of frictional anisotropy and the active particles’ alignment with the extensional
velocity gradients, set by the flow-aligning parameter A\. Moreover, by changing the
flow-aligning parameter to values deep within the flow-tumbling regime (Eq. 2.23),
we observe significant changes in the alignment of comet-like (4+1/2) topological
defects and find an unexpected state of oppositely-charged bound defect pairs
that navigate through the system, leaving behind long-lived distortions within

the active nematic.

4.2 Simulation method

We solve the nematohydrodynamic equations (Eq. 2.21, Eq. 2.27 and Eq. 2.28)
for the tensor Q, density p and velocity @. The numerical parameters that we use
are viscosity n = 2/3, rotational diffusivity I' = 0.7 and pressure P = 0.25. We
use the single elastic constant approximation with K = 0.03 and take the bulk free
energy parameters as Ay = 1 and € = 0.35 in Eq. 2.7, resulting in an equilibrium
magnitude of the nematic order of gy = 0.24 (Eq. 2.6). These parameters are chosen
in the range that reproduces different flow patterns of microtubule-kinesin motor
mixtures in confinement [56]. Additionally, we introduce a diagonal friction tensor f
in the momentum equation (Eq. 2.28) to describes the friction between the active
nematic layer and the underlying anisotropic sublayer. The diagonal friction tensor
has two components: f, and f,. The friction along the y-component of the velocity
fy is set to zero, and the friction along the z-component of the velocity f, is varied.
This results in an easy flow direction along the y-axis. In addition, we vary the
activity ¢ in this chapter (with a default of {( = 0.03), to model the experiments
by Guillamat et al. [12] where they varied the ATP concentration to modify the
strength of the collective shear flows. Domain sizes are chosen as 250 x 250 lattice
sites unless stated otherwise in the figure caption, and all simulations are performed
with periodic boundary conditions. These domain sizes are many times the intrinsic
length scale [, and thus the system reproduces bulk properties.

We also vary the flow-aligning parameter A, as in experiments the A\ depends

on the size, aspect ratio, magnitude of the nematic order ¢, and also interactions
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between the nematogens. Indeed, one of the few attempts to extract the flow-
aligning parameter, in the wing epithelium of Drosophila, has shown that it can
have a range of values and even become negative [104]. Therefore it would not be
surprising if different experimental systems show distinct behaviours associated
with flow-tumbling or flow-aligning behaviour. However, to our knowledge, the role
of this parameter has been only marginally explored in most theoretical works and
experiments with active nematics. Hence, we vary the flow-aligning parameter, but
we typically choose it as A = 0.7 or A = 0.3, which is deep in the flow-aligning
and flow-tumbling regime, respectively (Eq. 2.23). Throughout the rest of this
chapter, we investigate the effect of A on the collective flow behaviours when
anisotropic damping is present. The general effect of A on defect dynamics will

also be considered in Chapter 5.

4.3 Emergence of laning in the flow-aligning regime

We begin by exploring the dynamics of flow-aligning active nematics (A = 0.7),
noting that numerical studies of the hydrodynamic screening of active nematics
have so far mostly been limited to the flow-tumbling regime [47, 68, 69, 129]. With
increasing friction f,, the active nematic state changes from active turbulence
(Fig. 4.1a,d), to a laning state of opposing jet flows that are periodically disturbed
by the nucleation of pairs of topological defects (Fig. 4.1b,e) and then, for higher
frictions, to a stable laning state without any defects (Fig. 4.1c,f).

To further characterise this behaviour we measure the reduced velocity difference
U = ((Juy] — |uz])/tms) with increasing friction f, (Fig. 4.2a). Here () denotes
averaging over space and time. For small friction the velocities in the x- and
y-directions (u, and w,) are approximately equal and thus U ~ 0. Then, as
fz is increased, active flows in the y-direction start to dominate, leading to the
emergence of the lanes along the easy flow axis. This is marked by a sharp increase
in the velocity difference U. Due to the ordered flow structure found in the laning
state, the overall rms velocity u,,s of the system is higher than in the state of

active turbulence (Fig. 4.2a; inset).
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Figure 4.1: Emergence of laning with increasing friction in the flow-aligning
regime. Friction is applied along the z-axis making the y-axis the easy flow axis for the
flow. (a-c) Velocity field coloured by the magnitude of the rms velocity uyms. (d-f) Director
field coloured by the magnitude of the splay-bend order parameter Ssplay-Bend = 9;0;Qij-
White circles denote +1/2 defects with the attached lines indicating their orientation p
and purple trefoils denote —1/2 defects. (a,d) Low friction f, = 0.004, showing active
turbulence. (b,e) Intermediate friction f, = 0.015, leading to a laning state with active
instabilities. (c,f) High friction f, = 0.07, showing a stable laning state. The activity in
(a-f) is kept constant at ¢ = 0.03. (g) Variation of the y-component of velocity u, across
a lane (red line in (c)). (h) Variation of the director angle (in radians with respect to the
y-axis) across a lane (red line in (f)) reaching the expected Leslie angle of 67, ~ +0.41 for
A=0.7.
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At very high friction, the reduced velocity difference U approaches 1, corre-
sponding to zero velocity along the z-axis. However, the rms velocity ;s remains
constant in the laning state. The flow in the laning state only travels along the easy-
axis, and an increase in anisotropic friction does not correspond to larger screening
of the velocities. This is in stark contrast to isotropic friction and the corresponding
wet to dry active nematic transition [47], which is further studied in Chapter 6.

We also measured the director-director correlation function

<n(x, y)-n(x+ox,y) — 7%>y

C,(0x) =
o) (n(x.y) - n(r.y) = %)

(4.1)

in Fig. 4.2b. Because of the nematic symmetry, we subtract % to make sure
that the correlation function goes to zero when there is no-long range correlation

and (), denotes averaging over time and over the y-coordinate. The oscillations
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Figure 4.2: Flow-aligning regime. (a) With increasing friction, the reduced velocity
difference U = ((Juy| — |uz|)/urms) increases from close to 0 (meaning that the velocities
in z- and y- directions are approximately equal) to 1 in the state where the flow is
directed solely along the y axis. The inset shows the system averaged rms velocity wpms.
(b) Director-director correlation function for a range of frictions. Domain size for this
figure was chosen as 750 x 250 lattice sites where we tripled the domain size along the
anisotropic friction axis. (c¢) With increasing friction, the average number of defects
decreases, dropping to zero in the stable laning state. (d) Histogram of the +1/2 defect
orientation for f; = 0 (blue), f; = 0.004 (red) and f; = 0.015 (green). With increasing
friction, the defects have a strong preference to align and move in the positive or negative
y-direction along the easy flow axis. The activity is kept constant at { = 0.03 in all
graphs.

observed in this correlation function indicate that alternating ordered structures are
formed, which correspond to the repeating anti-parallel flow lanes. The distance
between the lanes decreases with increasing friction as marked by the reduction
of the oscillation wavelength at higher friction values.

The active turbulent state is characterised by topological defects in the director
field, and in Fig. 4.2¢ we show that the average number of defects starts to decrease
at the onset of laning. A similar decrease in the defect number has been seen for
isotropic friction [47]. The defects are responsible for generating flows along the
x-axis, and their number dropping to zero coincides with perfect laning: flows only
along the y-axis (Fig. 4.1f). Moreover the +1/2 defects orient more strongly in

the y-direction with increasing friction (Fig. 4.2d) because of less resistance to
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their self-propulsion along the y-axis. Similar alignment is observed for one of the
three arms of the —1/2 defects. The preferential alignment of motile defects to the
direction of lower friction has recently been reported in [69], but since that work
focused on the flow-tumbling regime, no laning state was observed.

A defining feature of the laning state is diagonally-aligned nematic domains
separated by straight splay-bend walls (Fig. 4.1c,f). The existence of these
structures is highlighted with the splay-bend order parameter Sspiay-Benda = 050,
[127]. This configuration can be explained in terms of the director response to
activity-induced flows in the presence of anisotropic friction. Stresses associated
with director gradients at the splay-bend walls drive anti-parallel flow lanes. Within
the lanes, the director responds to the extensional part of the flow and aligns at a
particular orientation with respect to the shear following the Leslie angle, which
is 0, = £0.41 for A = 0.7 with respect to the x-axis [52]. We conjecture that this
could allow for the extraction of the flow-aligning parameter from experimental
active systems. The elastic interactions favour nematic alignment, and hence a
uniform shear (Fig. 4.1g,h). Similar director and flow profiles are seen at the
onset of flow in confined active nematics [52, 102].

Experimentally, a laning state has been reported in two-dimensional microtubule-
kinesin mixtures in contact with a passive smectic liquid crystal [12]. A smectic
liquid crystal is a spatially ordered liquid crystal. In a smectic, particles stratify
into discretised layers which can freely slide over one another [25]. When the passive
liquid crystal is in this smectic phase, a magnetic field can be used to align it
such that the normal to the smectic layers lie parallel to the active nematic film.
The passive liquid crystal flows much more easily along the smectic layers than
perpendicular to them. Consequently, the frictional damping of the active nematic,
due to the neighbouring smectic is anisotropic [130] and lanes form along the easy
direction, parallel to the smectic layers. It is interesting to observe that, at least
in these experiments, the active material is behaving as a flow-aligning nematic

as we show in Section 4.4 that lowering the flow-aligning parameter dramatically



4. Active nematics with anisotropic friction: the decisive role of the flow-aligning

parameter %)
5 -4
o 12;?1(-)- L L R A B R L B R *: 10_>f1-0- L B L S B A } ]
= 10 :_a _: . E C 7,\mmv<:«m25
EBN3 $ 1¢8f P v
g r 2 8L T e
2 of 18 ¥ t F e
® E ] ﬁ: 4 r 5005 1
2 o —
i 2: L Ll Ll N 2 & 2 T T L L
0.02 0.03 0.04 0.05 0.06 0.02 0.03 0.04 0.05 0.06
Activity ¢ Activity ¢
| , , Activity ¢
o2F T T T — —— —r— —— — 0.06
. r b 19 6 d T T W
=} F . 13 [ |
3 L 158 ¢ . 0.05
2 0.15F 1 2t
=5
n o S4r
o =T 0.04
= ~ -
S 01 R 1 3 ¢ I
= [ g2r 1 0.03
r a
00ber—v v+ 1 PR - PR S B S R N N Bl R B B 0.02
0.02 0.03 0.04 0.05 0.0 5 52 54 5.6 5.8 6
Activity ¢ Corresponding ATP concentration In[ATP] /1.0uM

Figure 4.3: Characterising the laning state at intermediate friction f, = 0.015.
(a) The distance between the lanes as a function of activity ¢. (b) The average speed of the
active nematic in the lanes as a function of activity (. (¢) The lanes still exhibit periodic
instabilities due to defect creation events, resulting in fluctuations in the speed of the lanes.
The mean frequency of this signal (inset) is dependent on the activity (. Figures (a-c)
show linear dependencies with the activity corresponding to the experimentally reported
relationships with the log ATP in [12]. (d) Non-dimensionalising the numerical results (the
circles) for different activities and comparing them with the experimental data (blue lines)
allows us to find the ATP concentration in a two-dimensional microtubule-kinesin mixture
which correspond to the values of the active stress parameter ¢ used here. Experimental
data retrieved from [12].

changes the behaviour of an active nematic system in the presence of anisotropic
friction and destroys the laning state.

In Fig. 4.3, we concentrate on an intermediate friction value f, = 0.015
(Fig. 4.1b,e) that corresponds to a laning state, which is periodically disturbed by
defect formation as seen in the experiments [12]. At this friction the spacing between
the lanes L scales inversely with the square root of activity (7°° (Fig. 4.3a), which
is typically found in active hydrodynamic instabilities resulting in the formation
of walls [122]. Increasing the active stress also results in an increase in the overall
speed of active material along the lanes. The anisotropic friction suppresses any
secondary lateral instability of the walls [123], by hampering deformations and flows
perpendicular to the walls. This results in stabilisation of the laminar flow as long-

lived lanes. In agreement with the experimental observations [12], unzipping of the
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walls is still sometimes observed as, for this friction value, defects are continuously
created and annihilated within the lanes. However, due to the suppression of the
secondary instability, the walls are not destroyed. The frequency of the defect
creation instability scales with the activity ¢ and results in fluctuations in the speed
of the lanes (Fig. 4.3c), which is consistent with the experimental measurements of
the fluctuations in the speed and the frequency of these fluctuations [12]. However,
in our system, as previously remarked, further increasing the friction will suppress
the formation of these defects and result in the system getting stuck in a state
where the spacing between lanes is sporadic.

In addition to observing a similar qualitative behaviour as in the experiments,
the quantitative measurements of the spacing between the lanes, the velocities
within the lanes, and the frequency of the periodic instabilities within the lanes,
allow us to map the activity coefficient ¢ to the Adenosine triphosphate (ATP)
concentration used in the experiments. To this end, we define a dimensionless
parameter based on the measurements of the speed, frequency and the length
scale associated with the spacing between the lanes: A = (Speed/Freq)® /L2. Tt is
expected that the activity coefficient is proportional to the chemical potential of
ATP hydrolysis ¢ o< In(ATP) [39]. As such comparing the dimensionless number
A extracted from the experiments as a function of In(ATP) with that from the
simulations for different values of activity ¢ (Fig. 4.3d) results in a direct mapping

of the activity coefficient to the ATP concentration used in the experiments [12].

4.4 The flow-tumbling regime

The crossover from flow-aligning to flow-tumbling should occur at the effective
flow-aligning parameter value 9¢/(3¢ + 4) ~ 0.47 (Eq. 2.23) [101]. This definition
depends on the value of the nematic order ¢q. For high activity systems, ¢ increases
from its equilibrium value [117]. As a result, the transition from flow-aligning
to flow-tumbling does not occur exactly at the calculated equilibrium parameter
in Fig. 4.4a,b, but at a slightly higher flow-aligning value. In the flow-tumbling

regime, the director rotates in shear flows and therefore the laning state is expected
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Figure 4.4: Varying the flow-aligning parameter. (a) The reduced velocity
difference U as a function of the flow-aligning parameter with rms velocity in the inset. (b)
Average number of defects as a function of the flow-aligning parameter. The dashed red
line in (a,b) indicates the effective flow-aligning parameter 9¢/(3q + 4) ~ 0.47 transition
point, corresponding to the crossover from flow-tumbling to flow-aligning behaviour. (c)
Orientation of the nematic director relative to the easy flow axis for different flow-aligning
parameters. (d) Histograms of the defect orientation for different flow-aligning parameters.
For large flow-aligning parameters, defects move mostly along the y-axis, but additional
peaks appear around 6 ~ £0.27 for smaller flow-aligning parameters.

to be unstable. To investigate this, we fix the friction to f, = 0.1 and the activity to
¢ = 0.06, while we reduce the flow-aligning parameter. As evident in Fig. 4.4, both
the velocity difference U and the rms velocity u,,s decrease as the flow-aligning
parameter is reduced (Fig. 4.4a), while the number of topological defects increases
from its zero value in the laning state (Fig. 4.4b). The director moves away from
the Leslie angle to a more isotropic distribution, but with the expected preference
for the easy flow axis (Fig. 4.4c).

An interesting change in the behaviour of the system with decreasing flow-
aligning parameter is observed in the angular distribution of the motile +1/2
defects (Fig. 4.4d). We showed that for large flow-aligning parameters, where
the system is in the flow-aligning regime and the laning state is established, the
defects are mostly oriented along the easy flow axis. This is marked by a single
peak in the defect angle distribution (Fig. 4.4d; black solid line). However, as the

flow-aligning parameter is reduced, two additional peaks appear in the histogram.
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Figure 4.5: Flow-tumbling regime. (a) The reduced velocity difference U as a
function of the friction with rms velocity in the inset. Velocity difference U increases with
increasing friction until the friction becomes so strong that any flow is suppressed in the
system, and the reduced velocity difference becomes ill-defined. (b) Average number of
defects as a function of the friction. (¢) Orientation of the nematic director relative to the
easy flow axis for different frictions. (d) Histograms of the +1/2 defect angle for different
frictions. At large friction, the defects start moving preferentially at a given angle with
respect to the easy flow axis, which is illustrated by peaks forming at different positions.

These correspond to defects moving at some angle with respect to the y-axis. At
yet smaller flow-aligning parameters, where the reorientation of the director is
predominantly controlled by the rotational part of the flow gradient, any preference
for moving along the y-axis disappears, and only two peaks remain (Fig. 4.4d;
red, blue solid lines). This occurs when flows in z-direction are dissipated quickly,
strongly suppressing self-motility of +1/2 defects along z. At the same time, the
flow-tumbling behaviour of the active nematic means that the +1/2 defect aligned
along y wants to rotate. These two counterbalancing effects lead to a state where
defects travel at a preferred angle with respect to the y-axis.

In order to further check the behaviour of the active material in the flow-tumbling
regime, we next fix the flow-aligning parameter to A = 0.3, the activity to ¢ = 0.06,
and vary the friction. The rms velocity steadily decreases with the increase in
friction (Fig. 4.5a) and, after an initial increase, the number of topological defects
falls to zero (Fig. 4.5b). The reduced velocity difference U increases initially, but

then starts to drop down and eventually becomes ill-defined as the rms velocity
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goes to zero. The director field gradually develops a preference for the easy flow
direction until, for sufficiently strong friction, tumbling is suppressed and nematic
alignment is imposed by the flow (Fig. 4.5¢). In Fig. 4.5d, we show the orientation
of the defects as a function of friction. Again for higher frictions the two-peak
structure is clearly visible. For lower frictions the self-propulsion defect velocity

dominates and they tend to move along the easy flow axis.

4.5 A state of oppositely-charged bound defect
pairs

If the activity is lowered further within the tumbling regime a new feature appears
in the defect dynamics (Fig. 4.6a-c). There is a breaking of the mirror symmetry
and only one preferred angle is observed (Fig. 4.6e; green, black and purple lines).
In order to better understand how this mirror symmetry-breaking mechanism
works, we next focus on the high friction regime and very small activities such
that only a few defects are created within the director field and their dynamics
can be closely monitored (Fig. 4.6d). Upon nucleation of defect pairs - along the
direction with lower friction (y-direction) - the defects initially move away from
each other, trying to unbind. However, the activity is too weak to overcome the
elastic attraction and the defect pair remains bound. At the same time, since the
system is in the flow-tumbling regime, the defects slightly rotate relative to each
other, so that the line of director distortions in between the defects is no longer
along the y-direction. The bound defect pair starts moving as a single object at
an angle with respect to the y-direction, with the +1/2 defect dragging the —1/2
defect behind. The director distortions between the defects appear as ‘scars’ on
the background nematic ordering (Fig. 4.6a-c).

With time an additional defect pair can be nucleated at a scar, with the
new +1/2 defect annihilating the original —1/2 defect, and the new —1/2 defect
binding to the original +1/2 defect. Increasing activity leads to a larger number of
defect nucleation events and shorter distances between the defects in a bound pair

(Fig. 4.6a-c,f). The scarred defects are descendants of an original defect pair, and
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Friction is f, = 0.3. White lines denote the orientation of +1/2 defects p’ and purple
trefoils denote the —1/2 defects. (d) Simulation results showing the propagation of
a defect pair with time. Red (blue) arrows show the +1/2 defect velocity direction
(orientation p). Purple trefoils denote the —1/2 defects. Simulation values are ¢ = 0.04
and f, = 0.5. Snapshots are taken at times 0, 1700, 1800 and 2000. (e) Histogram of
the defect angles for different frictions. For higher frictions the system spontaneously
breaks symmetry with scars between the defects in the nematic ordering. The defects
prefer either a clockwise or an anticlockwise angle with respect to the easy flow axis. (f)
The length of scars. This is calculated by calculating the area where the bend-splay order
parameter Sgpiay—Bend < —0.01 and then dividing by the number of defect pairs.

due to the frictional damping, they retain the original orientation after creation.
This results in the scars tending to point in the same direction over long time scales.
The scar dynamics is reminiscent of the polar ordering of +1/2 topological defects
that was observed in a study of over-damped active nematics with broken Galilean
invariance [131]. Similarly, they are also reminiscent of the memory effect in wet

nematics which can cause the formation of arch-like structures and long-range polar



4. Active nematics with anisotropic friction: the decisive role of the flow-aligning
parameter 61

ordering of defects deep in the flow-tumbling regime [118].

4.6 Discussion

The results presented in this chapter demonstrate the important interplay between
the flow-aligning behaviour of active particles and anisotropy in hydrodynamic
screening. By varying the flow-aligning parameter from flow-aligning to flow-
tumbling, we are able to consolidate different observations of active nematic
behaviour in anisotropic environments including the laning state in the flow-aligning
regime and preferential alignment of +1/2 defects in the flow-tumbling regime.
Moreover, when the nematic is flow-tumbling, and at low activities, we identify
long-lived and motile bound defect pairs that spawn new pairs and that appear
as scar-like distortions within the otherwise aligned nematic.

In order to more clearly summarise and distinguish the different behaviours
observed, we generate wind rose plots of the +1/2 defect alignment with respect to
the direction with lower friction and coloured by the angular mismatch between the
alignment of the +1/2 defect and the direction in which it moves (Fig. 4.7). In
the absence of any friction anisotropy, the angular distribution would be uniform
and the +1/2 defects self-propel along their direction of alignment (mismatch angle
will be identical to zero) regardless of the flow-aligning parameter.

Let us begin with the flow-aligning case and increasing friction: at low friction
(Fig. 4.7a) the angular distribution of +1/2 defects is uniform as expected, but
due to the active turbulent flows there is the possibility of mismatch between a
defect’s orientation and its velocity. This starts to change as the friction anisotropy
is increased, such that at the onset of lane formation (Fig. 4.7b), defects show a
higher tendency to be aligned along the easy flow axis, and they predominantly move
along this direction. Deep into the laning state (Fig. 4.7c) the majority of +1/2
defects align along the easy flow axis, and any mismatch between their orientation
and their velocity is greatly diminished. There is also a small number of defects
pointing perpendicular to the easy flow axis. These are defects just after nucleation

events, where the wall formation results in the orientation of the defects being
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friction anisotropy, (b) just at the onset of the laning state, (c) for the stable laning state,
(d) within the tumbling regime, and (e) for the scarring state. (f) Schematic showing the
quantities of interest for the measurements in (a-e).

perpendicular to the easy flow axis. However, due to the large velocity gradients in
between the lanes, these defects rapidly turn to align with the easy flow axis.

A different behaviour of the active defects is observed in the flow-tumbling
regime (bottom row in Fig. 4.7). At low friction anisotropy and high activity the
+1/2 defects predominantly align and move along the easy flow axis and two other
preferred directions (Fig. 4.7d). This is consistent with the behaviour reported in
[69] and is due to the balance of the friction anisotropy trying to reorient defects
along the easy flow axis with the flow-tumbling behaviour. Increasing the friction
anisotropy and reducing activity dramatically changes this picture (Fig. 4.7e).
The +1/2 defects align predominantly away from the easy flow axis, but move at
an angle that has a large mismatch with their alignment, creating the scarring

state introduced in Section (4.5).
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It is noteworthy that we do not observe a laning behaviour for contractile
active nematics with positive flow-aligning parameter as the splay deformations
that form at the centre of the lanes are unstable for contractile stresses. On the
other hand, the possible reverse case of the stabilisation of bend at the centre of
the lanes does not work since this would result in the situation that the nematic
director and the velocity orientation are perpendicularly orientated, which is not
stable due to the flow-aligning effect. Therefore, in the contractile case, we retain
the active chaotic flows with increasing anisotropic friction. The defects become
more aligned, similar to the results found in [69], until the flows are completely

killed due to very high frictional damping.

4.7 Conclusion

We have numerically investigated the impact of anisotropic hydrodynamic screening
on the behaviour of active nematics by imposing anisotropic friction between an
active nematic and its surroundings. We find that competing effects between the
torques induced by frictional anisotropy and the flow-induced torques result in
dynamics that are strongly sensitive to the flow-aligning parameter that characterises
the aspect ratio of elongated particles. At high values of the flow-aligning parameter,
where the orientation of particles is predominantly affected by the extensional flows,
we recover and explain the laning state previously reported in microtubule-motor
protein mixtures in contact with a smectic liquid crystal [12]. From this, we have
shown that it would be possible to extract the flow-aligning parameter and get
an estimate of the corresponding active stress from experimental data. As the
alignment parameter is reduced to values corresponding to the flow-tumbling regime,
in which rotational flows predominantly determine particle orientations, we observe
a dramatic change in the flow and defect patterns. The laning state disappears
and the self-propelled +1/2 defects align along specific orientations relative to the
direction of the friction anisotropy. Furthermore, at low flow-aligning parameter
values and small activities, we find a peculiar arrangement of topological defect

pairs, where bound +1/2 topological defects navigate through the otherwise aligned



64 4.7. Conclusion

active nematic, breaking the mirror-symmetry of the system and creating scar-
like distortions in the director field. In addition to confirming the mechanism of
previous experimental observations, our work could motivate new sets of experiments
exploring the effects of the flow-aligning parameter on the patterns of motion in
active nematic materials as our results show that the flow aligning parameter results

in distinct behaviours associated with flow-tumbling or flow-aligning behaviour.



But who prays for Satan? Who in eighteen centuries,
has had the common humanity to pray for the one
sinner that needed it most?

Mark Twain

Binding selt-propelled topological defects
in active turbulence

5.1 Introduction

So far, we have focused on the dynamics of half-integer strength discontinuities.
While +1/2 topological defects are prolific in active nematics [24], the understanding
of full-integer defects remains obscure. In fact, in two-dimensional nematic layers
and in the absence of any specified anchoring at the boundaries, the simple energy
calculation in Eq. 2.19 shows that two half-integer defects cost less elastic energy
than one full-integer defect. Therefore, any full-integer defect should be inherently
unstable [31]. Yet, in this chapter we show that in active nematics, self-propelled
+1/2 defects can come together to form virtual full-integer defects in the form
of asters and vortices (Fig. 5.1). Importantly, this behaviour emerges in the
active turbulent bulk regime [37] and in the absence of any confinement or any
imposed anchoring boundary conditions. This finding has no parallel in equilibrium
systems. This is important since the formation of full-integer topological defects
in 2D has until now only been associated with systems with polar symmetry [77—
80], confined systems subject to strong anchoring conditions [7, 57, 81, 82| or

externally applied stresses [83].

65
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We continue our investigation of the role of the flow-aligning parameter A from
Chapter 4, by exploring the activity ( and flow-aligning parameter A phase-space in
this chapter. In certain regimes, we find the emergence of stable full-integer defect
structures due to two +1/2 defects moving towards each other. We show that in
addition to activity, active particles’ flow-aligning behaviour is the determining
factor in this binding of two +1/2 defects. We quantify this behaviour and recognise
this phenomenon as the director reorienting itself around topological defects due

to their self-generated active flows.

5.2 Simulation method

To investigate the formation of full-integer defects, we solve the continuum equations
of active nematohydrodynamics (Eq. 2.21, Eq. 2.27 and Eq. 2.28). We vary
the sign of the activity ¢ from extensile (¢ > 0) to contractile (¢ < 0) [21]. While
the pivotal role of activity in setting the motion and ordering of self-propelled
topological defects has been well established in both models [32, 120, 132, 133]
and experiments [28, 58, 70, 84], we illustrated in Chapter 4 that the flow-aligning
parameter also has an impact on topological defects’ motion. In this chapter,
we vary the normalised flow-aligning parameter |v| = :L:\ql% (with ¢ denoting the
magnitude of nematic order) around the transition point from flow-tumbling to
flow-aligning, which occurs at |v| = 1 (Eq. 2.23). For |v| > 1, which corresponds
to the flow-aligning regime, positive values indicate alignment parallel to shear
flows, while negative values describe particles that align perpendicular to shear
flows. For smaller values, |v| < 1, the system is in the flow-tumbling regime, and
the particles continuously tumble in shear flows.

We set the model parameters toI' = 0.34, n = 2/3, A= 0,8 = —0.3,C = 0.3 and
K = 0.02, while varying activity and the flow-aligning parameter. Unless specified,
activity is || = 0.25 and flow-aligning parameter is |A\| = 0.7 (corresponding
to |v| = 1.2) in our system. Periodic boundary conditions are applied on all

sides of the domain, and simulations are initialised with zero velocities and a

random director field.
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5.3 Formation of full-integer vortex-like topolog-
First, we consider the case of a positive flow-aligning parameter in the flow-aligning
only focused on extensile activities [13, 24, 53, 56, 120, 132, 134-136], we begin by
exploring the effect of contractile activity to shed light on possible new patterns.
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Figure 5.1
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At low contractile activities, splay instabilities are followed by unbinding of £1/2
defect pairs, and active turbulence is established, a process that is consistent with
both previous theoretical predictions [21, 120] and numerical simulations [38, 122].
However, by increasing the contractile activity in this flow-aligning regime, we
observe that after +1/2 unbinding events, pairs of +1/2 defects join together along
their comet-shaped tails p’ (Fig. 5.1a). The defects form stable structures in the form
of vortex-like topological defects (Fig. 5.1b,c). Further increase in activity restores
unbinding and active turbulence, destroying bound +1/2 defect pairs. Intriguingly,
we do not observe similar activity-dependent +1/2 defect binding for a flow-tumbling
regime, indicating that the underlying mechanism of bound +1/2 defect formation
must be controlled by the flow-aligning behaviour of the director field.

To understand the mechanism of bound +1/2 defect pair formation, we consider
the response of the director field associated with two interacting +1/2 topological
defects to their corresponding activity-induced flow fields (Fig. 5.2a). To this
end, we consider a simplified setup, where only two +1/2 defects are near each
other in a vortex-like pattern as shown in Fig. 5.1a and Fig. 5.2; blue dotted
lines. Using the linearity of Stokes equation, the flow field associated with this
configuration is obtained by superposition of the flow fields of each individual +1/2
defect that was calculated in Eq. 2.45 [32]:

i=|" C] (3(rg — r1) 4 71 cos(2t)1) — 13 cos(21)2))

— [¢[ (r1 sin(2¢1) — 7o sin(21))) ) (5.1)

where, 71 9 and 1); o are the polar coordinates around defect 1 or 2 at the coordinates
(x,0) and (—z,0) with defect orientation ¢); = m and 99 = 0 (see Appendix C.2
for more details). In the vicinity of the defect core, the total active flow is non-
zero (Fig. 5.1a; red streamlines), and indeed this tends to destroy the vortex-like
configurations as +1/2 defects rotate and move away from each other in the flow-
tumbling regime (|v| < 1). However, just above the transition to the flow-aligning
regime (|v| = 1), the director field tends to align with a Leslie angle 0, (Eq. 2.24)
[104] to the principal axis of flow deformation (Eq. 2.25) defined based on the

rate of the strain tensor E [52]. As such, calculating the reconfiguration of the
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Figure 5.2: Analytical prediction of director reconfiguration in response to
active flows of +1/2 defect pairs. (a) The contractile vortex-like configuration for
v — 1. (b) The extensile aster-like configuration for v — —1. Blue dotted lines indicate
the director field and their associated flow fields are illustrated with the orange streamlines.
The green dotted lines indicate the expected reconfiguration of the director field in response
to the active flows.

director field in response to the activity-induced flow of the vortex-like structure
(see Appendix C.3 for a detailed calculation) shows that as v — 1, i.e. Leslie angle
— 7/4 to the principal axis of flow deformation, flow gradients result in a preferred
reorientation of the director field back into the vortex-like configuration (Fig. 5.2a;
green dotted lines). Thus +1/2 defects move closer together due to an effective
attractive force from the activity, which eventually is balanced by the elastic force
(see Appendix C.4). This indicates a positive feedback between the active flows
and the reorientation response of the director field, which can stabilise the vortex

structures and explains the formation of stable bound defect pairs.

5.4 Formation of full-integer aster-like topolog-
ical defects

Interestingly, this mechanism of synergy between active flows and flow-aligning
behaviour predicts that in an extensile system, where +1/2 defects self-propel along

their comet-shaped head (Fig. 5.1d), stable bound pairs of +1/2 defects can form
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when the director tends to align with a Leslie angle to the perpendicular to the
principal axis of flow deformations, i.e. for a negative flow-aligning parameter (v <
0). Our calculation of the defect-induced flows and the consecutive reconfiguration
of the director field shows that in this case - unlike for contractile case - stable bound
defect pairs form when +1/2 defects come together head-on, forming aster-like
configuration (Fig. 5.2b). To test this prediction in our simulations, we consider
A = —0.7 (v = —1.2) and increase the extensile activity (Fig. 5.1f). At small
activities, bend instabilities are followed by +1/2 defects unbinding and active
turbulence generation. Increasing activities further, we observe the formation of
bound +1/2 defect pairs in the form of aster-like structures. Further increase in
activity breaks down these stable bound defects, and active turbulence is recovered.
As in the contractile case, no aster-like configuration is obtained in a flow-tumbling
regime. While previous theoretical analyses have predicted the possible existence of
such defect configuration due to the active torques acting on +1/2 defects [120],
our results show the stabilisation as consequence of flow-aligning behaviour of

director in response to active flows.

5.5 Quantifying full-integer defects

To more quantitatively characterise the formation of stable bound +1/2 defect
pairs, we measure the time +1/2 defects spend near each other and calculate the
density of the bound defect occurrences. If two self-propelled +1/2 defects are for a
prolonged time (¢ > t*) next to each other (r < r*) in the configuration as shown
in Fig. 5.1b.e, they are considered to be bound. Here ¢t* is a long time (t* = 2000
in simulation units) and r* = 10 is a small distance corresponding to the size of
vortex- and aster-like configurations. We introduce this cut-off as even in the active
turbulent regime, there is always a finite chance of defects being temporarily near
each other due to the chaotic nature of +1/2 defect motion.

The results of these measurements are shown in Fig. 5.3 for varying activities
and flow-aligning parameters, and clearly indicate that for defects to bound for

long times, the system needs to be active, but that the probability of finding a
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Figure 5.3: Numerical measurements of the bound defect density as a function of (a)
activity and (b) flow-aligning parameter.

bound defect pair becomes lower eventually with increasing activity (Fig. 5.3a).
This suggests that the +1/2 defects need their self-propulsion to form stable vortex-
and aster-like structures, but that for higher activities, the more chaotic flows
make it easier for the bound defects to break apart. This breaking up is caused
by approaching —1/2 defects as shown in Fig. 5.1g.

Secondly, we find that the bound defects appear when the flow-aligning parameter
approaches v — |1]. Above this value the bound defect density drops again. This
is consistent with our analytical prediction that shows that increasing v above 1,
makes the director field align stronger with the principal axis of flow deformation,
i.e. a smaller Leslie angle, resulting in a deviation from the reconfiguration shown in
Fig. 5.2 (see Appendix C.3 for a detailed calculation). Eventually for large v, this
results in a preferred reconfiguration which renders the bound defect state unstable.
This explains why eventually the bound defect density drops by increasing flow-

aligning parameter. The results of varying activity and flow-aligning parameters are
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bound defect pair formation is observed for contractile and extensile active nematics
in the flow-aligning regime upon changing the sign of the flow-aligning parameter.
A further spatio-temporal characterisation of the bound defect lifetime and distance
between the defects is provided in Fig. 5.5. Measuring the lifetime of two defects
near each other shows that this bound defect lifetime has an almost exponential decay
(Fig. 5.5a,b). When the activity or the flow-aligning parameter is too low, no long-
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parameters when ¢ = —0.01. (c¢) The average distance between two bound +1/2 defects
as a function of activity for v > 1.

lived bound defects are detected. Interestingly, when the flow-aligning parameter
becomes too large v (similar to the activity) the probability of finding a bound defect
goes down for any possible lifetime, and the bound defect density starts to decrease.

Moreover, measuring the average distance between bound defects shows that
when the activity becomes smaller, the distance between the +1/2 defects becomes
larger, which suggests that the activity indeed drives the defects close towards
each other, which is stabilised with repulsive elastic forces (see Appendix C.4).
Increasing the activity results in an eventually plateauing of the distance between

+1/2 defects due to these repulsive forces (Fig. 5.5¢).
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5.6 Conclusion

The formation of virtual full-integer nematic defects observed here might explain the
emerging roles of full-integer defects in biological systems. For example, Maroudas
et al. [34] show that nematic organisation of actin filaments on the surface of
the regenerating animal Hydra are important determinants of the shape of the
animal. In particular, they show that the full-integer defects demarcate sites of
head, foot and tentacles in the animal. Based on the results of our study, we
believe that in the regenerating Hydra the full-integer defects are sites where pairs
of half-integer defects stabilise into full-integer structures allowing for protrusions
to form. In another example, a recent experiment by Meacock et al. [29] has
revealed that in colonies of fast-moving bacteria, pairs of active +1/2 defects are
able to come close and orbit each other. The results are reproduced by a discrete
model of self-propelled rods interacting via volume exclusion. The experiments
show that these sites of stable bound defects are the points where bacteria escape
into the third dimension. Interestingly, and in-line with our predictions here, it is
observed that this phenomenon only happens for fast-moving (larger ¢) and longer
(larger flow-aligning parameter v) bacteria compared to the wild types. These two
recent experiments on different biological systems further indicate the potential
importance of full-integer defect formation in active systems.

The results presented here demonstrate a new feature of topological defects in
monolayers of active nematics. Moreover, identifying the regions of phase-space
where +1/2 defects can bind to form a 41 defect can provide guidelines to design
and engineer active nematic systems with more complex topological states.

In addition to the experimental implications, recent theoretical advances have
taken steps to construct generic formalisms for multi-defect dynamics in 2D dry
active nematics [132, 137] in the limit of compressible and hydrodynamically over-
damped systems. Incorporating shear-alignment effects within such a framework
and investigating bound defect states would be another interesting step towards

constructing generic defect models in active systems.



Reality is merely an illusion, albeit a very persistent
one.

Albert Einstein

The role of friction in multi-defect
ordering

6.1 Introduction

Throughout this thesis, we have considered the experimental system consisting of
a dense suspension of microtubules propelled by two-headed kinesin motors (see
Chapter 1) [10, 12]. This is a key experimental system to study active nematics as
it captures collective dynamics like bulk active turbulence [10, 12], hydrodynamic
instabilities and defect proliferation [40]. This experimental system is often prepared
such that the microtubules form a film between an aqueous top layer and an oil
layer beneath, which in an unconfined system normally results in active turbulence
[10]. Interestingly, an investigation of the defect motion in a thin layer of the
active material showed that the +1/2 topological defects could themselves display
long-range nematic ordering while retaining their motile nature [70]. This ordering
suggests the possibility for multi-defect interactions that span many defect pairs.

Seveal papers have reported the possibility of defect ordering. Recent simulations
of active nematics with hydrodynamics, wet systems, have shown that defects exhibit
some short-range interactions in active turbulence [13, 84]. Additionally, simulations
and analytical approaches to active nematics with strong friction that ignored viscous

stress, dry systems, showed long-range +1/2 defect ordering, but they found polar
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rather than nematic orientational order of +1/2 defects [131, 132, 134]. Such
polar defect ordering has been attributed to arch-like configurations of the nematic
director field [138], which can also exist in wet systems due to memory effects
when the system relaxes towards nematic ordering [118]. In another study in
the same dry regime where arch-like configurations emerge and where rotational
contributions to the flow are ignored, a static lattice of defects with positional and
orientational order was observed [129]. A static lattice was also found in the high
friction regime in the presence of viscous stress [47].

To clarify how defects order in wet active nematics, we perform large scale
continuum simulations to measure both the positional and the orientational order of
topological defects with varying friction (Fig. 6.1). We confirm that +1/2 defects
prefer to position themselves side by side and align anti-parallel [13, 84], while
the —1/2 defects prefer to impose a three-fold symmetry on their surroundings.
Increasing friction decreases the hydrodynamic screening length, which measures
the competition between viscocity and friction, and increases the effectiveness of
the defect-defect interactions. The defects start to form dynamically evolving
orientationally and positionally ordered structures even in the regime where defects
are still motile. The emerging structures can be explained in term of the competition
between hexagonal packing preferred by the —1/2 defects and rectangular packing
preferred by the +1/2 defects. The range of the ordering increases with increasing

friction in agreement with experiments [70].

6.2 Simulation method

To investigate the orientational arrangements of defects, we solve the continuum
equations of active nematohydrodynamics (Eq. 2.21, Eq. 2.27 and Eq. 2.28). In
this chapter, we use the parameter range I' = 0.34, K = 0.01, n = 2/3, p = 1,
A =0.7and { = 0.02. We set the Landau-de Gennes parameters to A = 0.01,8=0
and C = 1.3, so that without active shear flows the isotropic state emerges and we
get no memory effects in the nematic orientation as the tensor order parameter Q

relaxes towards the isotropic state [118]. We also include a friction tensor f in the
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Figure 6.1: Defect ordering in wet active turbulence. (a) Snapshot of active
turbulence for very low friction, F' = /(K/{)(f/n) = 0.023. The white (magenta)
symbols are +1/2 (—1/2) defects. Background colour denotes the vorticity. (b) Schematic
representation of +1/2 and —1/2 defects. +1/2 defects have a single polar axis p (blue
line) and —1/2 defects have three axes p. (c¢,d) For a reference (¢) +1/2 or (d) —1/2
defect ¢ we define an associated polar coordinate system. (e) Spacing between +1/2
defects (defined as the position of the maximum in g4 (in lattice units) as a function
of the active length scale /K /(. Activity ¢ and elasticity K were varied. (f-i) Pair
distribution function gu(r, ) where a and b represent + and/or — half-integer defects
showing the positional distribution of b-type defects around an a-type defect. The white
arrows represent the orientational distribution vector S with arrow size normalised by
the magnitude of S and axes are in lattice units.

Navier-Stokes equation (Eq. 2.28), thus modelling energy loss from the 2D active
film to its surroundings. The two diagonal coefficients of the friction tensor are

identical f (isotropic damping), which we vary in the range f = 0.0007 to f = 0.014.

6.3 Defect distributions

To measure positional and orientational correlations between defects, we treat
the +1/2 and —1/2 defects as two different types of quasi-particle with different
symmetries (Fig. 6.1b) [139]. Defects are found by measuring the local winding
number or the charge (see Appendix B.1) [124, 127] while the defect orientation p'is
measured with Eq. 2.18. We consider a reference defect © and choose a coordinate

system with the reference defect as the origin and the Cartesian axes oriented
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relative to the defect orientation p as shown in Fig. 6.1c¢,d. To define the relative
position of the second defect, we use polar coordinates (r,y) defining ¢ as the
angle from the x-axis in this reference frame. We measure the relative position
of the other defects j present at a given time step (Fig. 6.1c,d), and then sum
over all the measured defect pairs, taking data every 1000 time steps to get the

pair-wise positional distribution function:

G (r N oD 0(r—rie— i), (6.1)
4

t t4pairs

where the subscripts of g indicate the type of the defect pair ij, e.g. —+ refers
to the positioning of +1/2 defects around a —1/2 defect. The normalisation
V/N4y is the area divided by the total number of defect pairs Nii. We introduce
this normalisation to set ¢ = 1 at r — oo to normalise to bulk densities at
large distances. To acquire sufficient statistics each distribution function is based
on measurements of at least 10° defect pairs which requires runs ~ 3 orders of
magnitude longer than the average defect lifetime (see Appendix C.5 for an estimate
of the errors in the measurements).

In addition to the relative defect positions, we are also interested in the average
defect orientation relative to the reference defect. To obtain this information, we
calculate the orientation distribution vector,

Sii (r,0) Niiz Z o(r — Tij, ¥ — %’j) [CF)SMjwj]» (6.2)

sin M),
t tapairs i¥i

where 1); is the polar angle of the orientation of defect j in the coordinate frame
defined by the reference defect i (Fig. 6.1c) (Eq. 2.18). Here M; = 2(1 — m;),
where m; is the charge of the jth defect, accounts for the three-fold rotational
symmetry of the —1/2 defects. Taking the normalisation constant as Nyip =
V/(Nitgei(r, ¢)) means that the magnitude of S is 0 in the absence of orientational
correlations and 1 if the defect orientations are perfectly correlated. To avoid
statistically insignificant data, we set ¢ = 0 and S = 0 if the defect count for

any lattice site is lower then 5.
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6.4 Emergent defect ordering at low friction

We first consider very low friction and high activity, recovering well-developed wet
active turbulence (Fig. 6.1a). Fig. 6.1f shows how positive defects behave in the
vicinity of another positive defect: even in this highly turbulent regime there is
a clear preference for neighbouring +1/2 defects to line up along the z-axis in
an anti-parallel configuration with a preferred distance between neighbours. This
preferred defect spacing scales with the active nematic length scale, [ ~ \/Ki/c
(Fig. 6.1¢). Therefore we choose to measure the friction in terms of a dimensionless
friction number F' = \/m which is the ratio of the active length scale
to the hydrodynamic screening length.

Fig. 6.1i shows that —1/2 defects prefer not to lie too close to each other, and
that there is no preferred length scale in contrast to the +1/2 defects. Interestingly,
the —1/2 defects do impose an orientational structure on surrounding —1/2 defects
even in this fully active turbulent regime. We already find six peaks where the
neighbouring defects have a strong preference for anti-parallel alignment. This is due
to the elastic torque [140]. However, the symmetry of the peak positions is caused
by the flow fields, which form six vortices around negative defects (Fig. 2.6b).
Finally, Fig. 6.1g,h show that positive and negative defects are preferentially found
close together and aligned in the relative orientation associated with creation

and annihilation events.

6.5 Defect lattices at high friction

As the friction is increased to F' ~ 0.08, the defect interactions result in large-scale
ordering of the defects. As an example, Fig. 6.2a presents a snapshot of the defect
structure and corresponding vorticity field for F' = 0.083, where the mean speed
of the flow has been reduced by an order of magnitude with respect to the no
friction regime. This figure shows that +1/2 defects have a strong tendency to
form anti-parallel pairs, which induce and orbit on vortices, as already apparent

in the no friction limit. But much larger-scale defect arrangements also become
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Figure 6.2: Defect structures at intermediate friction. (a) Snapshot of the defect
structures at intermediate friction F' = 0.083. +1/2 (—1/2) defects are shown in white
(magenta). There is transient local defect ordering into a rectangular (green outline) or
a hexagonal (magenta outline) pattern. The background colour represents the vorticity
field. (b) Schematic of the rectangular ordering. (c) Schematic of the hexagonal ordering,
which is chiral: —1/2 defects (in grey) have either a left or right neighbouring —1/2 defect
(in green). The other position is filled by rotating +1/2 defects resulting in local zero
defect charge (also in green).

apparent at high friction, as not only the interactions between the +1/2 defects but
also those between the —1/2 defects result in significant ordering. To investigate
this, we first consider the structure formed by the +1/2 defects (Fig. 6.2b), and
then the ordering preferred by the —1/2 defects (Fig. 6.2c).

Fig. 6.3a,b show distribution functions of +1/2 defects around a +1/2 defect
at strong friction (/" = 0.103). The first obvious feature of these correlations is
that the anti-parallel ordering of the 4+1/2 defects along x is more pronounced and
longer ranged than in the frictionless limit. This is confirmed by Fig. 6.3c where
we plot the pair-wise positional distribution function g, (r,0) showing how the
strength and range of the correlations increase with increasing friction.

Fig. 6.3d shows that +1/2 defects are also ordered along the y-axis. This

ordering can be interpreted by comparing the distribution functions in Fig. 6.3a,b
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Figure 6.3: Ordering around a +1/2 defect at high friction. (a,b) Pair distri-
bution function g4 (r, ) and g4_(r,¢) (colourmap) and the corresponding orientation

—

distribution vector Sy4+ (white arrows) for high friction F' = 0.103. Axes are in lattice
units. (c,d) g4+4(r,0) and g4y (r,7/2) showing the build-up of order along the z- and
y-axes (in the direction of the red dotted line) with increasing friction. (e) Nematic defect

ordering Sy, as a function of dimensionless friction F' = %%, for varying elastic constant
K.

which show that +1/2 and —1/2 defects alternate along the y-axis, and that they
align parallel. The ordering increases with friction, but is less pronounced than
that along z. This configuration is favoured because it leads to non-conflicted
flows. We note that this result relies on the presence of intervening —1/2 defects,
and is different from the active torque between two +1/2 defects studied in [120].
Together, the preferred ordering of +1/2 defects along x and y, i.e. perpendicular
and parallel to the polar axis of the defects p, is satisfied by the rectangular packing
of defects shown in Fig. 6.2b.

In Fig. 6.3¢ we plot the nematic order parameter Sy = —1+2, > is(Di -

P;)? /N4 as the friction and elastic constants are varied. The data collapse confirms
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F' as a suitable control parameter for the simulations. We find that S; takes a
non-zero value, even when the defects are still motile, and increases with increasing
friction. It is reminiscent of the experimental system of microtubules driven by motor
proteins where the nematic order of defects increased with decreasing film thickness
[70]. However, the patterning also exhibits higher-order symmetry than just nematic
as the ordering of defects is polar or anti-polar depending on their relative positions.
Upon increasing the friction further (F' = 0.106 in Fig. 6.3¢), the defects stop
moving and a vortex lattice with orientational defect order is established [47] on
scales comparable to the system size, which is ~ 15 times the active length scale.
To check whether this is a true transition, we ran simulations on larger systems
which showed that the ordering decreases with increasing system size (reported in
Appendix C.6). Thus, at these values of F', we observe coexisting domains with
long- but not infinite-range order. At yet higher frictions the dynamics becomes
too slow to allow feasible simulations of the defect lattices and, for F' 2 0.14,
the activity is too weak to create defects.

Fig. 6.4 presents results for the ordering around negative defects showing a
distinct difference between intermediate (F = 0.082, Fig. 6.4a,d) and high friction
(F = 0.103, Fig. 6.4b,e). In the intermediate friction regime there are six first
neighbour and six second neighbour peaks in the positional distribution function
around the central defect, corresponding to a hexagonal packing of —1/2 defects.
Both right-handed and left-handed lattices are possible (Fig. 6.2c¢). With increasing
friction, however, the nearest neighbour peaks become less pronounced showing
that it is increasingly difficult to form a hexagonal lattice.

Instead the secondary peaks become more pronounced. The reason for this
is apparent from Fig. 6.4c,f, which show that the 4+1/2 defects increasingly line
up along the polar arms of the —1/2 defects, and lie between two —1/2 defects
[84, 120]. It corresponds to the polar ordering of alternate +1/2 and —1/2 defects

seen in the rectangular lattice (Fig. 6.2b).
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Figure 6.4: Ordering around a —1/2 defect at high friction. (a) Pair distribution
function g__(r, ) (colourmap) and the corresponding orientation distribution vector
S.y (white arrows) for intermediate friction F' = 0.083. Axes are in lattice units. (b,c)
Pair distribution functions g__(r, ) and g_4(r,¢) for high friction F' = 0.103. (d-f)
g——(r,—m/2), g—_(r,—n/6) and g_4(r, —7/6) (along the red dotted line) with increasing
friction.

6.6 Conclusion

We have numerically investigated defect ordering in an active nematic with hydro-
dynamic interactions and increasing friction. We show that friction can introduce
nematic ordering of defects on length scales many times larger then the active
length scale, as observed in experimental systems [70]. A local measurement
would, however, give polar order of +1/2 defects in the direction of their polar

axis (mediated by intervening —1/2 defects), and anti-polar order of the +1/2
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defects perpendicular to this axis.

Weak signatures of this ordering are observed even in fully developed active
turbulence with no friction. Upon increasing the friction, we observe structures
with longer-ranged ordering. The —1/2 defects tend to reorganize themselves into
hexagons, where each hexagon encompasses two +1/2 defects which rotate on a
vortex. However, this is not an ideal configuration for pairs of oppositely charged
defects and, as a consequence, the hexagonal packing of defects coexists with the
rectangular structure shown in Fig. 6.2b. As the friction is increased, and the
hydrodynamic screening length becomes comparable to the active length scale, the
rectangular packing becomes dominant, and the system eventually freezes into the
rectangular lattice [47, 129]. The work in this chapter illustrates that defects in
active nematics may exhibit complex multi-defect dynamics, which was recently
described using a generic formalism in dry systems. In some parameter regimes,

that theory captured the behaviour reported in this chapter [137].



What is consciousness? QOur brain simulates reality.
So, our everyday experiences are a form of dreaming,
which is to say, they are mental models, simulations,
not the things they appear to be.

Stephen Laberge

Submersed micropatterned structures
control active nematic flow, topology and
concentration

7.1 Introduction

We have demonstrated control of collective flows and topological discontinuities in
active nematics by introducing confining walls (Chapter 3), and anisotropic and
uniform isotropic substrates (Chapters 4 and 6). In addition to commanding the
flow and defect dynamics, the possible control of active materials’ concentration is
also a topic of ongoing investigations. This has been studied from the perspective of
coexistence of dilute and dense phases of self-propelled rods [141-146]. In addition,
controlled accumulation and depletion of active material has been engineered
in biophysical systems such as funnel ratchets, which have been employed to
concentrate cells [147-149] or drive bacterial-ratchet motors [150-152]. Similarly,
substrate gradients have been shown to modify cellular motility leading to density
variations [153-156].

In this chapter, we report a method for controlling the topological defect popu-
lation, collective flow and concentration of active nematics by introducing position-

dependent friction in a two-dimensional active nematic film. Our simulations are
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accompanied by experiments consisting of microtubule-kinesin motor films between
aqueous and oil layers [10], as outlined in Chapter 1. In the experiments, the oil
layer’s depth beneath the superjacent active film is varied to adjust dissipation
at different positions by implementing submersed underlying substrate geometries.
This tunes the effective friction at different positions in the film. The change in
friction results in effective virtual boundaries within the active film, which can
control active nematics’ collective dynamics. In this chapter, we will introduce three
submersed structures: micropatterned trenches (Fig. 7.1a-c), stairways (Fig. 7.1d-
f), and pillars (Fig. 7.1g-i). We demonstrate that we can control the flow and
orientation of active nematics with the trench structure. In addition, we can modify
the defect density in active turbulence with the friction stairway. Lastly, the small
virtual enclosure allows us to induce depletion of active material above the pillar.

The experiments presented here pertaining to the submersed trenches and pillars
were performed by Dimitrius Khaladj and Professor Linda Hirst of UC Merced.
The submersed stairway experiments were performed by Professor Mohamed Amine
Gharbi and Professor Seth Fraden, who are affiliated with the University of

Massachusetts Boston and Brandeis University, respectively.

7.2 Simulation method

We solve the nematohydrodynamic equations (Eq. 2.21, Eq. 2.27 and Eq. 2.28)
that evolve the density p, the velocity & and the tensor order parameter Q. Following
the conclusion of Chapter 4, the flow-aligning parameter \ is taken to be in the
flow-aligning range and set to A = 0.5. We take ¢ = 2.55 and Ay = 0.05 in Eq. 2.7.
The choice of free energy parameters allows nematic ordering only due to activity-
induced flows, in agreement with previous experiments [10]. Other parameters are
also set to values that capture microtubule-kinesin mixture dynamics (I" = 0.5,
K =0.02 and n = 2/3) [56]. We supplement the continuum equations with Eq. 2.30
to allow for varying concentrations of active material, which we describe with a
phase-field ¢(7) varying from 0 (low concentrations) to 1 (high concentrations).

As we vary ¢, we retain the ¢ dependence of the active stress (Eq. 2.35) with
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Figure 7.1: Submersed micropatterns control active nematic dynamics. (a-
c) Trench set-up. An active film resides at the oil-water interface above different
substrate depths. The active flows drag the underlying oil layer, but viscous dissipation
is depth-dependent, affecting active nematic film dynamics. (b) Fluorescent image of the
submersed trench and the superjacent bundled-microtubule active nematic. Scale bar is
250pum. (c) Simulation results for the vorticity field w (curl of flow) within the superjacent
active nematic layer. Distinct flow behaviours are found within the low friction region
(between the dashed lines) and high friction (beyond the dashed lines). +1/2 (—1/2)
defects, denoted by dark green (magenta) symbols, behave markedly different in different
regions. (d-f) Stairway set-up. (e) Fluorescent image of micromilled stairway and the
superjacent bundled-microtubule active nematic. Scale bar is 250pum. (f) Simulation
results for discrete steps in the effective friction (dashed lines). The difference in oil depth
alters the length scale of the active turbulence above each step. Step location indicated
by dashed lines. (g-i) Pillar set-up. (h) Fluorescent image of the bundled-microtubule
film above the SU-8 micropillar. Scale bar is 100pm. (i) Simulations results show the
active nematic concentration ¢ (denoted with the colourmap) is depleted within the high
friction region encircled by the pillar perimeter (dashed line).
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activity ¢ = 0.09, and we initialise our simulations with ¢ = 0.5 everywhere.
Hence, the magnitude of the active stress (¢¢) is similar to previous chapters.
The additional parameters in Eq. 2.30 are I', = 0.1, Ay = 0.03 and K4 = 0.1.
The I'y = 0.1 is taken low compared to I' as concentration changes are advection
dominated. Active shear flows suppress mixing so that ¢ does not phase separate
into high and low ¢ regions for sufficiently high active shear flows. Lastly, we
define a characteristic boundary scale as R = 20 lattice Boltzmann (LB) nodes

and normalise all length scales with R in this chapter.

7.3 Submersed trench

Experiments are performed in the trench geometry (Fig. 7.1a) to investigate how
structures fully submersed in a layer of oil influence defect and flow dynamics in the
superjacent active film. The micropatterned trench has a depth of A, = 18 + 1um
and width w; = 327 £+ 2um (Fig. 7.1a). Fig. 7.1b,c show that flows in the active
nematic layer exhibit coexistence of two distinct regions: orderly collective flows
directly above the trench and active turbulence in the shallows surrounding the deep
trench. These regions are separated by well-defined virtual boundary lines located
directly above the trench edges. Beyond the trench borders, the active nematic
retains the chaotic nature of active turbulence. However, directly above the trench,
the width establishes a local confining length scale within the superjacent active
nematic sheet. The virtual walls at the trench edges trap defects in the trench
region and produce active flow behaviours similar to those observed in confining
channels [53, 56, 58, 136]. This illustrates how virtual boundaries such as these,
can be used to define areas of orderly flows and areas of active turbulence, all
without penetrating the active nematic film.

Fig. 7.2a displays the +1/2 and —1/2 topological defect distributions across
the trench, demonstrating that —1/2 defects tend to be located in the vicinity of
the virtual boundaries. Experimental observations of —1/2 defect motion close to
the trench edge reveal that these defects tend to reside there with reduced velocity

over long intervals, contributing to high-frequency peaks in defect distribution.
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Figure 7.2: Positive defects depleted at the trench interface. The interfaces are
indicated by the dashed lines. Panels with grey backgrounds denote experimental results,
while white backgrounds denote numerical results. (a,b) Distribution of +1/2 defects as a
function of transverse position x measured from experiments and simulations, respectively.
(c,d) The probability profile that the nematic director is oriented less than 10° from the
direction parallel to the trench wall as a function of x. The director field has a high
probability of alignment with the virtual boundaries. (e,f) The normalised root mean
square fluid velocity profile across the trench.

On the other hand, +1/2 defects tend to be depleted from the vicinity of the
trench boundaries. Plus-half defects confined within the trench region move along
oscillatory trajectories that do not approach the boundaries in general. In the
exterior region far from the virtual trench, the defect density profile approaches
a homogeneous distribution.

We explain the virtual boundary mechanism as arising from abrupt steps in
fluid depth h between the film and the underlying substrate. The trench depth
increases from hg in the surrounding shallows down to a trench depth h; = hy + A
(Fig. 7.1a). As activity drives flows within the nematic film, the underlying thin
oil-layer viscously dissipates momentum due to the subjacent no-slip substrate,
which can be described as a local effective friction acting on each point within the
superjacent active film [157]. Following from the lubrication limit, the effective

friction coefficient scales as f ~ n'/h (), where 1/ is an effective viscosity of the
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surrounding fluid. The abrupt height change across the trench boundaries results
in sharp virtual boundaries in the active nematic film [157].

In our simulations, we replicate the observed experimental phenomena with 2D
active nematohydrodynamic simulations, in which the submersed micropatterning
is incorporated via an effective isotropic friction field f(7) - @(r) in the momentum
equation (Eq. 2.28). Similar to Chapter 6, the two diagonal components of the
friction tensor are identical, but they are now position-dependent, f (7). Since
previous studies have successfully modelled the collective dynamics of microtubule-
kinesin-based active nematic films with weak friction [158], we treat the friction
as negligible in the active film above the deep regions. We include lubrication
momentum dissipation in the regions above shallows via a non-zero effective friction
coefficient f, which we set to f = 0.07. The trenches are simulated in (7.5 x 30)R
periodic systems with a deep trench (no friction) region of width 1.7R.

The numerical results show that steps in effective friction can introduce virtual
boundaries in the active nematic layer. This is similar to recent work where defects
interact with virtual boundaries due to position-dependent activity ¢ [159]. The
+1/2 defects are repelled from the friction interface, and the —1/2 defects tend
to be positioned at the boundaries with reduced velocities compared to distant
positively charged defects (Fig. 7.2b). The agreement between our simulations
and experiments shows that the micropatterned structures create virtual planar
boundaries in the film. The existence of peaks in the —1/2 defect density at the
virtual boundaries (Fig. 7.2a) is consistent with previous work [58] in which it was
shown that an interface could act as a catalyst for the creation and subsequent
unbinding of defect pairs. While newly created +1/2 defects move away due to
their self-propelled motility, the —1/2 defects remain near the interface.

Fig. 7.2c shows the time-averaged director orientation across the trench and
plots the probability that the nematic director is oriented between 80 — 100° relative
to the normal of the virtual boundaries. This reveals that the virtual boundaries
introduce an effective planar anchoring of the director field, similar to real boundaries

[58]. The active nematic model captures this behaviour for the virtual boundaries
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and reveals that the probability declines to a uniform distribution far from the
trench (Fig. 7.2d). The experiments exhibit stronger planar anchoring at the
virtual boundaries than the simulations, which is likely related to the assumption of
an active, continuous fluid in the simulations compared to finite-sized microtubule
bundles. The stronger anchoring in the experiments constrains the —1/2 defects to
the region inside the trench, while in simulations they are pushed into the immediate
unconfined outer region, which exhibits active turbulence properties (Fig. 7.2a,b).
In both the experiments and simulations, +1/2 defects are trapped between the
virtual boundaries and rotate around each other.

The submersed trench not only impacts defect distribution and director orien-
tation but also generates virtual boundaries for the velocity field, as measured by
the root mean square velocity across the trench. Fig. 7.2e shows lower velocities
in the proximity of the trench boundaries and a maximum at the trench centre.
Since activity varies slightly between experimental realisations, the flow profiles are
normalised by the maximum and can be compared directly to our model prediction
(Fig. 7.2f), in which we observe a similar drop in velocity. As would be expected,
we do not observe no-slip conditions at the virtual boundaries. Rather, we find a
decrease to the slower velocity of the surrounding active turbulence. The decreasing
flow profile in the vicinity of a boundary explains the preferential alignment of
the microtubule bundles at the virtual boundary (Fig. 7.2c-d). Consider the
contradictory situation of an orthogonal bundle midway over a boundary. The
segment that is superjacent to the trench is subject to large orderly axial flow profiles,
whereas the outer segment is subjected to slow inconsistent advection, resulting
in a net torque that co-aligns the director with the trench edge. Though flow
speeds are greater above the trench, the characteristic active nematic length scale is
large, which in conjunction with confinement by the virtual boundaries, generates
rapid-but-orderly flows. On the other hand, the larger friction produces a smaller
characteristic length scale [68] even though speeds in the shallows are slower. Thus,
the submersed micropatterned trench separates the flow states into a rapid-but-

orderly flow above the trench and a slow-but-disorderly active turbulence outside.
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Because the submersed micropatterned trench produces virtual boundaries that
introduce a confining length scale, the competition between confinement and the in-
trinsic active nematic length scale can be probed. Fig. 7.3a experimentally support
the computational result that a periodic vorticity structure is established between
the virtual boundaries when the active and confining length scales coincide [50, 56,
160, 161], which is confirmed by the simulations shown in Fig. 7.3b. Examining
the velocity-velocity spatial autocorrelation C,(dy) = (@(7,t) - @(7 + dy §,t)) / (u?)
with a distance dy along the trench allows quantification of the different flow
profiles exhibited above the trench (Fig. 7.3e, f; blue curve). The correlation
function exhibits repetition between correlated and anti-correlated regions due to
the repetition of clock-wise and anti-clockwise vortices. Active turbulence exists
outside of the virtual channel, as characterised by an immediate initial drop in
the correlation (Fig. 7.3f; dashed curve). Thus, the virtual boundaries are able to
maintain distinct flow behaviours simultaneously in a single active system.

By narrowing or widening the trench, we can cause the confined flow to transition
to other flow states. We confirm this with simulations (Fig. 7.3c-f). The narrowest
trench width is w; = 1.2R (Fig. 7.3c), and the two wider trenches have widths
of w, = 1.7R (Fig. 7.3b) and 6R (Fig. 7.3d), respectively. In the narrow trench
(Fig. 7.3c), the flows are long-ranged, bidirectional and oscillatory with a preference
to align with the boundaries (Fig. 7.3f). This oscillatory-streaming state occurs
when the confining length scale w; is small compared to the intrinsic active nematic
length scale within the low-friction trench [56]. The increased trench width allows
active turbulence in both the area superjacent to the trench and the shallow exterior
regions (Fig. 7.3d) but with differing active nematic length scales (Fig. 7.3f).

The trench geometry demonstrates that submersed microstructure patterning
can impose confining virtual boundaries and is a feasible technique for establishing
different flow profiles at different locations in the active nematic layer without
penetrating it, allowing for fine-tuned positional control. Unlike other control
mechanisms, this allows for different flow states’ coexistence within a single active

film. The submersed-micropatterned-structure approach’s strength is that active
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Figure 7.3: Friction boundaries result in separate flow regions. (a) Instantaneous
vorticity superjacent the experimental deep trench region from PIV for a trench of width
wy = 325um. (b) Simulation snapshot of a repeating lattice of counter-rotating vortices
above a trench of width w; = 1.7R. Plus-half defects (dark green) are trapped between
the virtual boundaries, generating the repeating vortex structure along the centerline
that is distinct from the active turbulence that exists outside the virtual boundaries,
which are denoted by dashed lines. (c¢) Decreasing the trench width to wy = 1.2R results
in long-range, oscillatory, bidirectional streaming flow inside the trench. (d) Increasing
the trench width to w; = 6R results in active turbulence both inside and outside the
trench region, but with differing intrinsic length scales due to the different frictions.
(e) The velocity-velocity auto-correlation function for the experiment illustrated in (a),
measured along the trench dy at the centerline x = 0 from PIV. Due to the confinement,
long-range flow structures are formed in the low-friction regime epitomised by the strong
correlation-anticorrelation signal. (f) Velocity-velocity auto-correlation function from the
simulations shown in (b) blue, (c) red, (d) yellow and the shallow region outside the virtual
channel (dashed). The blue curve displays pronounced correlation and anticorrelation
indicating the counter-rotating vortex pattern in (b), which corresponds to the behaviour
observed in the presented experiments in (a,e). The red curve is long-lived and fully
correlated in the narrow channels (c), while the yellow curve decorrelates to zero after
an anticorrelation, signalling active turbulent behaviour within the virtual boundaries as
well as outside.

material does not first have to saturate a cavity before confinement dynamics can be
explored [57]. Filling complex geometries with filament-based active material may
be the prohibitive step in active microfluidics [59]. The proposed micropatterned
method circumvents these difficulties, opening possibilities for experiments involving

more complex geometries.
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7.4 Submersed stairway

While the trench geometry can separate two distinct flow states into coexisting re-
gions, the next set of experiments employs substrate micropatterns to simultaneously
observe active turbulence with a gradient in characteristic length scales, all with
the same ATP concentration through a stairway of submersed steps (Fig. 7.1d). In
this case, a series of ten steps are fabricated from cytop-treated acrylic substrates
through CNC milling. Individual steps have a run (horizontal width) of ws = 500pum
and steps are separated by an abrupt drop in the height of A, = 10um. The depth
of fluid between the substrate and the nematic film is h(n) = hg + Ayn, where n
is the step number and the initial fluid depth is determined to be hy = 12 + 3um
through confocal microscopy. Fig. 7.1e displays the five steps 5 < n < 9 for which
the microtubule network forms a well-defined, continuous nematic field. As the
depth h increases with step number n, the effective dissipation within the oil-layer
decreases, which we simulate via discrete steps in effective friction (Fig. 7.1f). We
simulate a (7.5 x 50)R long system composed of the same number of steps as in
the experimental system (10 steps) of step width wy, = 5R. Each step represents a
different lubrication momentum dissipation region with different non-zero effective
friction coefficients set to f(n) = 1%1, where n € {0...9} denotes the different
steps corresponding to a different oil depths in the experiments. We focus on the
simulation data from steps n = {1,2,3,4,5}.

Above the stairway, the intrinsic active length scale increases with decreasing
friction [68], which we characterise along the stairway by measuring the defect
distributions (Fig. 7.4). In particular, the distributions are flat within each step,
except at each edge, where the number densities of positive defects plunge and
minus defects peak. This is consistent with the variation in defect densities at the
borders of the trench (Fig. 7.2a,b). Numerical results show the decrease in density
for both £1/2 defects, though the peaks and dips in defect density near each edge
are less pronounced than in experiments. Though the change in defect density is
modest, a previous study demonstrated the difficulty in controlling defect density:

Increasing oil viscosity many orders of magnitude (from 5 x 1073 to 3 x 10?Pa - s)
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Figure 7.4: Submersed micropatterned stairway allows simultaneous coexis-
tence of regions of separated active turbulence with differing defect densities.
The +1/2 and —1/2 defect distributions as a function of position down the stairway z.
(a) Measurements from experiments for steps of width ws = 500pum (grey background)
with 7 < n < 9. (b) Measurements from simulations for steps of width ws = 5R with
1 <n <5 (white background).

only increased defect density by a factor of order unity [162]. This highlights the
tunability convenience of our method.

Interestingly, we only observe a well-defined, continuous nematic field for oil-
depths that are much greater than hq (lower friction regions) in both the experiments
and the numerical simulations (Fig. 7.1d). At the highest points in the stairway
(largest friction regions), the active film exhibits disorderly textures which are akin
to those previously observed in experiments utilising high viscosity oils [162]. The
film develops gaps, defining singularities in the nematic field becomes tenuous,
and the film is not necessarily an unambiguously ordered nematic phase. This
suggests that submersed micropatterned structures can do more than impact flow
and orientational state. It can also influence phase and ordered active material

concentration, as we will demonstrate with a final geometry.
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7.5 Submersed pillar

Finally, the third set of experiments demonstrates how substrate micropatterning
can be used to control active matter concentration via structures raised above the
solid substrate yet still fully submersed in the underlying oil-layer. Specifically,
a fully submersed pillar structure is considered (Fig. 7.1g). As in the trench
and stairway geometries, the active nematic layer is subject to a step-change in
the effective film friction. However, differentiating it from previous structures,
the pillar’s virtual boundary forms a closed loop. This difference contrasts the
pillar geometry from the previous longitudinal ones. The most prominent effect
is a pronounced dilution of active material directly above the pillar (Fig. 7.1h).
The pillar structure demonstrates that submersed micropatterns can control active
material concentration in addition to dictating and segregating flows.

The experimental SU-8 pillars have radius 7, = 116 + 2um and height h, =
6.8 £0.3um. Similar to the trench geometry, the active nematic layer here is subject
to a step-change in the effective film friction representing the viscous dissipation
within the underlying oil layer, resulting in a circular virtual boundary. The
experiments illustrate that this circular boundary depletes active material from the
enclosed region. The behaviour is recapitulated in the simulations (Fig. 7.1i), in
which the phase-field active material concentration ¢ demixes in the high friction
region. We model the pillar with a radius r, = R of high friction and simulate
a (10 x 10)R periodic system. We start to observe a depletion of active material
concentration ¢ for f = 0.07, corresponding to the trench geometry’s friction choice.
However, the results presented are for a larger friction value f = 0.5, as that choice
better matches the pronounced depletion observed experimentally (Fig. 7.5).

To understand the mechanism leading to the pillar-bound, dilute phase of
active matter, we consider a simplified model of the active nematic hydrodynamics.
The effective friction is locally large above the pillar, causing the flow speed to
fall to V' =~ 0 in the enclosed area but remain non-zero beyond the pillar border
(Fig. 7.5a). Since nematic ordering arises due to activity-induced motion, the

sharp decrease in flow causes a corresponding drop in scalar order ¢ across the
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circular virtual border (Fig. 7.5b). However, the abrupt gradient in scalar nematic
order ¢(7) feeds directly back into the advection since the active force density
is fact(F) & V- Q(7) (Eq. 2.35). When the variation of the nematic order is
dominated by the radial change in scalar order parameter and bend-induced stresses
are neglected, we get an active force density fac(7) &~ 0,((7)q(F)#. Thus, the
active forcing is expected to be radially outward and sharply peaked about the
interface as observed in simulations (Fig. 7.5c¢).

However, the active forces do not simply produce increased pressure across the
perimeter but instead can selectively deplete the concentration of active material ¢.
Since the active film is considered incompressible, fluid mass density p is constant.
Hence, the divergence of the film velocity is zero (Eq. 2.27). Thus, depletion
demands that outward advection is more frequent in regions where ¢ is larger on
average. This is indeed the case because the active stress depends on the local
amount of active material present, (¢(7) (Eq. 2.35), which causes the radially
outward foces to be stronger in magnitude where ¢ is large. For this reason, if
the surrounding active turbulence stochastically advects ¢-rich active material
across the perimeter, the local active forces increase to repulse the material from
the dissipative region selectively (Fig. 7.5d). If a ¢-poor fluid parcel enters the
high friction region, the local active forces decrease allowing the fluid to cross
the perimeter more easily. Thus, the depletion of active matter above the pillar
results from the high effective friction lowering the velocity, which causes nematic
melting (¢ — 0). This causes active repulsion which selectively maintains the
depletion above the pillar through the dependence of active stress on the local
concentration of active material (Fig. 7.5e).

Although the stairway geometry’s highest steps also fail to exhibited continuous
nematic fields, they are not devoid of active material (Fig. 7.1d). whereas, depletion
within the enclosed region superjacent to the pillar is far more pronounced. To
explore the cause of this, we simulate a range of variations on the pillar geometry.
Firstly, we consider if the virtual barriers’ curvature is the significant difference by

simulating a rectangular pillar (see Appendix C.7 and Fig. C.6). We observe a
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Figure 7.5: Pillars cause local high friction regions which result in active
matter depletion. Panels with grey backgrounds denote experimental results, while
white backgrounds denote numerical results. (a) Due to the higher friction, the flow in
the active nematic film remains low. (b) The scalar order parameter ¢ has a high value
far from the pillar but a low value above it because the shear flows are less intense in the
high friction region. (c) The difference in nematic order at the friction interface results in
a radial active force. (d) This radial active force pushes the active material concentration
outwards resulting in depletion effects. (e) Schematic explanation of (a-d). (f-g) +1/2
and —1/2 defect distributions as a function of radial distance from a submersed pillar
from (f) experiments and (g) simulations. (h-j) Example xy trajectories of +1/2 defects
dynamics in the vicinity of the pillar. Dark green (magenta) lines denote +1/2 (—1/2)
defects. Time along the trajectory is displayed as circular markers coloured blue at the
initial time and changing to red at the final instant. (h,i) +1/2 defects deflecting from
the pillar; (h) experiments and (i) simulations. (j) Experimental zy trajectories of +1/2
defects being absorbed at the pillar boundary through defect annihilation with —1/2
residing in the vicinity of the perimeter.

comparable depletion of ¢ from the enclosed area and conclude that the curvature
of the pillar’s perimeter compared to the trench’s boundaries is not the critical
difference. Secondly, we consider a circular pit and find that active material
accumulates in the enclosed area, consistent with the explanation of the depletion

mechanism (see Appendix C.7 and Fig. C.7). We conclude that accumulation
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or depletion of active material using submersed micropatterned structures relies
on two attributes: (i) The oil-layer should be thin such that effective friction is
high, suppressing the active flows which are necessary for the system to exhibit
nematic order [10]. (ii) An enclosed area must be circumscribed by a virtual
boundary to prohibit longitudinal active streams through the incompressibility
constraint. The virtual boundaries circumference must be small compared to the
intrinsic active length scale.

In addition to controlling active nematic concentration, submersed pillars can
interact with defects within the superjacent nematic. We observe a greater frequency
of —1/2 defects in the vicinity of virtual boundaries in both experiments and
simulations (Fig. 7.5f,g). The planar anchoring of the director field explains the
distribution of defects at the pillar boundary (Fig. 7.1h,i). The resulting bend
deformation around the perimeter drives hydrodynamic instabilities to continually
generate defect pairs, with newly created, self-motile +1/2 defects typically oriented
radially away from the centre of the pillar. The self-motile +1/2 defects swiftly
move away from the vicinity of the interface, leaving immotile —1/2 defects behind
(Fig. 7.2f g). As the active nematic length scale controls the continual pair-creation
process [40, 163], we expect a steady-state increased population of —1/2 defects
around the pillar, with a value related to the circumference of the pillar divided
by the active nematic length scale.

The submersed pillar can also serve as a virtual obstacle for defect trajectories.
Positive defects that approach the pillar from the surrounding turbulence stall or
are deflected once in proximity to the pillar (Fig. 7.5h-j). Deflected +1/2 defects
first slow as they approach the pillar, then scatter and regain speed as they move
away from the submersed structure (Fig. 7.5h,i). Positive defects that stall as they
approach the boundary temporarily hold their position before annihilating with
pillar-associated —1/2 defects (Fig. 7.5j). While defects can temporarily enter the
depleted area, such infrequent events are transient as the repulsive active forces

(Fig. 7.5¢) push such incursions radially outward.
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7.6 Conclusion

Using a combined experimental and simulation approach, we have demonstrated
in this chapter that micropatterns fully submersed in an underlying oil layer
can influence the flow, topology, and even concentration of active material in a
superjacent active nematic film without direct contact. By imposing changes in
substrate depth, viscous dissipation in the oil layer enacts a position-dependent
effective friction on the active material. Abrupt substrate height steps can constitute
sharp virtual boundaries in the active matter layer, controlling flow, defect and active
material behaviour. As a proof-of-concept, submersed micropatterned structures
were employed. We created virtual channels with active turbulent surroundings and
coexisting with different flow states determined by the confinement through trench
geometries. Secondly, we showed a stairway of separated regions of active turbulence
with differing characteristic length scales but the same ATP concentration or activity
(. Lastly, we used a virtual enclosure in which activity-induced advection selectively
depleted active material to produce a localised, dilute phase that could act as an
obstacle that interacts with and scatters defects.

The proposed method to control active nematics opens approaches for fabricating
active topological microfluidic devices. Complications associated with infiltration
of active nematics into confined spaces could be avoided, and active dynamics in
various geometries at the same activity could be compared directly. Furthermore,
locally concentrating or depleting active material could regulate active stress at
constant levels of ATP or rheological properties such as film viscosity or nematic

elastic coefficients.



Please don’t go. The drones need you. They look up
to you.

Sid Meier’s Alpha Centauri

Discussion

In this thesis, we investigated different methods for suppressing the emergence of
active turbulence and the control of active nematics through their surroundings.
Section 8.1 summarises the main findings. Section 8.2 provides an outlook for

continuing the research presented in this thesis.

8.1 Summary

In Chapter 3, we investigated the transition from two-dimensional to three-dimensional
meso-scale turbulence in active nematics. We employed continuum simulations to
model an active nematic between two parallel planes. We found that the ratio
between the intrinsic active length scale and the interplate distance determines
the active nematic behaviour. The system exhibited traditional 2D active nematic
turbulent flows below a given value of this ratio, confirming that active nematic
films with a finite, but thin thickness can be treated like 2D active nematics. Above
this ratio, the activity overcame elastic twist deformation energy costs, and we
found that the active forces drove twist deformations around disclination lines,
indicating a crossover to 3D turbulence.

In Chapter 4, we introduced anisotropic friction and showed that this is a

possible method to control chaotic active flows. Our model revealed dynamics
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similar to the experimental laning state reported by Guillamat et al. [12] in which
microtubule-kinesin motor mixtures were put in contact with a smectic liquid
crystal. In the laning state, the active nematic flowed up and down in alternating
stripes, resulting in dynamical but orderly collective flows. We used this laning
state to map the phenomenological model activities ¢ to corresponding Adenosine
triphosphate (ATP) concentrations which induced shear flows in the microtubule-
kinesin mixtures. We also illustrated that the laning state only emerged in the
flow-aligning regime (high flow-aligning parameter). We found that the active
nematic behaved quantitatively differently in the flow-tumbling regime (low flow-
aligning parameter) as pairs of oppositely charged defect pairs navigated through
the system leaving behind long-lived distortions.

We followed this up by investigating an active nematic’s response to different
flow-aligning parameters in Chapter 5. We identified regions in the activity-flow-
aligning parameter phase-space, where self-propelled +1/2 defects came together
to form bound full-integer topological defects. We showed that the emergence of
full-integer defects was caused by the director reorientating due to the self-generated
active flows around the topological defects.

In Chapter 6, we introduced isotropic friction to further numerically investigate
defect ordering. We showed that friction could induce ordering of defects on length
scales many times larger than the intrinsic active length scale. Even in the absence
of isotropic friction, we found a weak ordering of defects in the active turbulent state.
Upon increasing the friction, the hydrodynamic screening length became comparable
to the active length scale. —1/2 defects tended to reorganise themselves into a
hexagonal lattice, where each hexagon encompassed two +1/2 defects that rotated
on a vortex. However, this was not an ideal configuration for sets of oppositely
charged pair defects. Consequently, the hexagonal packing of defects coexisted
with a rectangular structure reminiscent of the nematic ordering of defects found
experimentally by Dogic et al. [70]. The long-range rectangular ordering eventually

dominated for the largest values of friction that could be simulated.
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Lastly, we demonstrated in Chapter 7 three possibilities of using position-
dependent isotropic friction to control active nematic patterns. The simulation
results were accompanied by experiments, where oil submersed underlying substrate
geometries induced effective friction in the superjacent active nematic film. The
experiments were carried out by UC Merced, University of Massachusetts Boston
and Brandeis University. It appeared that substrate height steps constituted sharp
friction interfaces, which resulted in virtual hydrodynamic boundaries in the active
nematic film. We demonstrated control of the active nematic dynamics by creating
virtual channels using trench geometries, where active turbulence in the high friction
regions coexisted with different flow states above the trench. The virtual boundaries’
confinement length determined the flow state in the low friction regions. We also
modelled a friction stairway that resulted in separated regions of active turbulence
with varying characteristic length scales but where activity ( remained uniform.
Thirdly, we demonstrated how we could archive activity-induced advection using a
virtual enclosure (a pillar), which produced a region of dilute active material. This
dilute region acted as an obstacle for the motile +1/2 defects as +1/2 defects were

either scattered away from the pillar or absorbed by nearby —1/2 defects.

8.2 Outlook

This thesis presented possible means for controlling the otherwise chaotic flows of
active nematics. While several physical control mechanisms were explored, there
are still many interesting open research questions. In particular, I propose three
questions that would be especially interesting to explore in depth. These will be
elaborated in the following paragraphs. They are: 1) Further explore the effect
of the flow-aligning parameter. 2) Investigate the effect of adaptive surroundings,
which are more realistic for many biological systems. 3) Expand the work on
indirect control through submersed patterning.

Firstly, the work presented in Chapter 3 shows that three-dimensional active
nematics will behave differently from two-dimensional active nematics as active

forces will drive twist deformations around disclinations. It would be interesting to
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study how the flow-aligning parameter affects disclination line dynamics. Similarly
to the 2D case, it might be possible to create full-integer disclination lines or
stable point structures in three-dimensions for certain flow-aligning parameters.
These full-integer point defects could be long-lived once formed and impact the
dynamics of active nematics.

Additionally, recent theoretical achievements have taken interesting steps in
constructing multi-defect dynamic formalisms in 2D active nematics in the limit of
compressible and over-damped systems [132, 137]. Incorporating shear-alignment
effects within such a framework and investigating bound defect states would help
construct generic defect models in wet active nematic systems.

Secondly, throughout this thesis, we have mentioned that we would like to
understand how natural biological systems influence collective dynamics. Our
work explained different methods to control the collective flow behaviours of active
nematics through their surroundings. However, many natural biological systems
have adaptive surroundings. Previous research has shown that motile cells can
modify their environment. For example, individual cells can pull on and deform
the extracellular matrix in order to migrate [164], and swimmers can transport
passive mobile microparticles, such as nutrient particulates [165], exopolymers [166]
and colloids [167]. A logical extension to the field of active nematics would be to
investigate the possibility of a bidirectional relation between the collective dynamics
of active particles and their material surroundings.

As we showed in Chapter 3, the collective dynamics of many swimmers can be
regulated by introducing a confining length scale, e.g. a channel, when the collective
active length scale is comparable to the confinement. Introducing deformable walls
would be interesting as this reflects biological reality more closely, e.g. membrane
fluctuations, than previous studies on confined swimmers. It might be possible
that the walls’ fluctuating length scale will interact with the swimmer’s collective
dynamics, yielding novel flow behaviours.

Research could also be initiated on the collective restructuring of porous media.

There is just one (modifiable) hydrodynamic screening length in deformable channels,



8. Discussion 105

but most biological systems through which bacteria move, e.g. biofilms or mucus,
have a range of length scales. Multi-scale environments might affect collective
dynamics in surprising ways as there are many pathways over different lengths. It
would be interesting to investigate how environmental porosity affects collective
swimmer dynamics. In turn, we could then study how collective flows modify
the porosity of the environment.

Lastly, the work presented in Chapter 7 is still ongoing. The results presented
suggest that more complex submersed patterns could allow for a more fine-tuned
control of the active nematic behaviour. Preliminary experimental results show that
gradual changes (compared to step functions) in friction can also influence defect
dynamics. The experiments archive control of the defects’ orientation by patterning
a submersed undulating wave. This finding suggests that complex patterns could
guide defect motion. Simulations could help rapidly identify functional structures
as experiments are time and cost-intensive because new submersed patterns need
to be manufactured for each different set-up.

Another extension of submersed patterning in oil would be for the pillars to
extend through the active nematic film. The oil-water interface will form a meniscus
when it touches the pillar. Early experiments suggest that the active nematic
material climbs the pillar and forms a second tiered layer on top. This suggests that
the curvature of active nematic films can influence the migration of active material.
Following lubrication theory, we could include forces in the two-dimensional plane,
which would mimic the effect of curvature. As such, we could model curved active
nematic films without having to fully solve the three-dimensional system. This
is a considerable simplification.

Moreover, preliminary results suggest that the active nematic layer that forms on
top of the pillar behaves like an isolated region of active nematic material confined
inside a circle. This isolation results in ordered dynamics on top of the pillar,
coexisting with the active turbulence. This behaviour suggests another method to
achieve coexistence between different collective flow states, which might also be

described by a modified two-dimensional active nematic model.



106 8.2. Outlook

This chapter gave an overview of the main results presented in the thesis on
Control of Active Nematics. In addition, multiple future research directions were
proposed: 1) Exploring the effect of the flow-aligning parameter in different systems.
2) Investigating how adaptable environments control and are influenced by active
nematics. 3) Exploring the full potential of using submersed patterned surfaces

to control active nematic films.
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I’ll sleep when I'm dead.

Warren Zevon

The hybrid lattice Boltzmann method

A.1 The hybrid lattice Boltzmann method

In this thesis, we evolve the density p and velocity @ using the Navier-Stokes
equations (Eq. 2.27 and Eq. 2.28). These are solved using a lattice Boltzmann
(LB) algorithm while the Cahn-Hillard equation for concentration ¢ (Eq. 2.30)
and the evolution of the tensor order parameter @ (Eq. 2.21) are solved using a
finite difference method as put forward by Marenduzzo et al. [102, 168].

The lattice Boltzmann algorithm is defined in terms of a set of partial Boltzmann
distribution functions at each discretised lattice site Z [112]. A Boltzmann distri-
bution function g;(Z,t) represents the density of particles with a certain velocity
at a certain point in time. In the algorithm, the Boltzmann distribution functions
are discretised, so they only possess values at discretised lattice sites (with spacing
Az = 1) and at discrete times with time step At = 1.

The hybrid Boltzmann scheme has one set of distributions, ¢;(Z,t), where i
labels a lattice direction at site & at timestep t. We use a D3Q15 grid (Fig. A.1),
where each lattice direction ¢ is associated with a velocity vector €;. In the D3Q15
grid, there are 3 spatial dimensions and 15 discretised velocity vectors, €; = (0,0, 0),

(+1,0,0,), (0,41,0,0), (0,0,+1) and (£1,+1,+1).
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Figure A.1: The lattice geometry and lattice vectors €; (green arrows) for the D3Q15
grid used in our lattice Boltzmann model.

The fluid density p and fluid momentum « are defined as moments of the

distribution functions
p= Z i (A1)
pu = Zgigi- (A.2)
The distribution functions evolve accor(;ing to
Gi(Z + ALt + At) — g;(Z,t) = At [Cy(Z, 1)), (A.3)

where Cy is a collision operator.

The discretised Boltzmann scheme (Eq. A.3) has two steps: the streaming
step (left side of Eq. A.3) and the collision step (right side of Eq. A.3). In
the streaming step, the distribution functions stream towards neighbouring grid
positions. In the collision step, the distributions relax towards the equilibrium

distributions g;, using a single relaxation time 7, as

1 .
Col@,t) = === (9 = 9:") + B, (A4)

where B contains additional body forces, e.g. friction and off-diagonal stress terms.
The equations of motion that we indirectly solve with Eq. A.3, follow from the

choice of the equilibrium distribution moments ¢g;*. We constrain ¢g;* as
> gt =p,
i
eq—» —
>_gi'e = pi, (A.5)
i

> gi'éé = =8 + pid,
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with & the symmetric part of the stress tensor II in the momentum equation
Eq. 2.28. With this constrain, we can map Eq. A.3 to the Navier-Stokes equations
(Eq. 2.27 and Eq. 2.28) using a Chapman-Enskog Analysis [102, 112]. The zeroth
and first moments of ¢g;* ensure that mass and momentum are conserved. The
second moment of g describes momentum dissipation and contains the viscous
stress as well as the symmetric part of the additional active strss (Eq. 2.35), elastic
strss (Eq. 2.29) and the stress due to concentration differences (Eq. 2.31). The
conditions in Eq. A.5 can be satisfied by writing the distribution functions as
polynomial expansions in the velocity (see for instance [102]).

The antisymmetric parts of the stress tensor and the friction f -« (Eq. 2.28)
are added as body forces B. This only gives a first-order accuracy, but this is
enough for most of this thesis as these terms are small compared to the symmetric
components of the stress tensor. However, we use a more accurate forcing scheme
in Chapter 7, where we model sharp friction interfaces. In that chapter, we use
the forcing method proposed by Guo et al. [169].

The strength of using LB is that Eq. A.3 is a first-order solving scheme, but it
has second-order accuracy (without the body forces) as a predictor-corrector type
scheme can be mapped onto it [102, 112]. This allows us to do a rather accurate
computation yet with an acceptable computation time.

The equations of concentration ¢ (Eq. 2.30) and tensor order parameter Q
(Eq. 2.21) are solved simultaneously using a Runge-Kutta (RK4) method [170].
This hybrid lattice Boltzmann scheme [102] can be compared to the full lattice
Boltzmann approach, where all variables are discretised into Boltzmann distributions.
The hybrid method reduces computational costs significantly, as we only need to
solve one set of fifteen Boltzmann distribution functions compared to seven sets
of fifteen distribution functions needed with the full lattice Boltzmann method.
[171]. Additionally, we avoid the error terms arising from connecting the lattice

Boltzmann model to the tensor order parameter [102].



112 A.2. Wall boundary conditions

......... . \ﬁ/,

Figure A.2: Schematic representation of the bounce-back algorithm. The
dotted line represents a wall which is located between lattice Boltzmann sites (black
circles). At the lattice Boltzmann streaming step, the Boltzmann distribution functions
that encounter the wall while streaming bounce back to their original lattice site.

......... VAN Zaua

Figure A.3: Schematic representation of the full-slip boundary. The dotted
line represents a wall which is located between lattice Boltzmann sites (black circles).
The normal components of the Boltzmann distribution functions are reversed during the
streaming step when encountering a wall (black arrows).

A.2 Wall boundary conditions
A.2.1 Flow field boundary conditions

In Chapter 3, we restrict ourselves to two types of boundary conditions on walls for
the flow field: no-slip boundary conditions and free-slip boundary conditions. Walls
are implemented as effectively residing between two lattice Boltzmann lattice sites.

No-slip boundary conditions are implemented by demanding Dirichlet boundary

conditions at the walls,
i = 0. (A.6)

We implement this condition with a bounce-back algorithm (Fig. A.2). When a
Boltzmann distribution function encounters a wall during the lattice Boltzmann
streaming step, it bounces back to its original lattice site.

Full-slip boundary conditions are implemented by demanding Dirichlet boundary

conditions on the velocity components perpendicular to the walls,

Uy = 0, (A?)
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and Neuman boundary conditions on the velocity components parallel to the walls,

duy

T = (A.8)

A schematic representation of the implementation is given in Fig. A.3. The
normal components of the Boltzmann distribution functions are reversed during

the streaming step when encountering a wall.

A.2.2 Director field boundary conditions

When planar anchoring is applied to a two-dimensional wall, the director is allowed
to rotate freely planar to the wall, but reorientations perpendicular to the wall
are penalised. To implement this, we add additional free energy terms at sites in
contact with walls. We add a Rapini-Papoular-like free energy term which penalises

the director field n pointing perpendicular to the surface,
F = c1kQk + 1 (kQk)? + ¢skQk, (A.9)

where & is the normal to the wall. Here ¢; are constants which signify the strength of
the anchoring. The effective anchoring strength can be compared to a Rapini-

Papoular energy [172]:
2
§Q(301 + (3 — 2¢2)q). (A.10)

In Chapter 3, we take high values (¢; = 0.01,¢; = 0.001, ¢3 = 0.005) when we use
strong planar anchoring conditions. In addition, we always use Neumann boundary

conditions for the tensor order parameter to set gradients to zero [172].
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Duty is heavy as a mountain, death is light as a
feather.

Imperial Rescript to Soldiers and Sailors.

Detect detection

B.1 Topological defects

Topological defects in a two-dimension plane are detected by calculating the winding
number [124, 127]. The algorithm to detect the defects goes over all sets of four
lattice points, forming a two by two square. A +1/2 (—1/2) defect is detected if
the director changes its orientation by = (—m) stepping around the four corners

of the square in a clockwise direction.

B.2 Disclination lines

Disclination lines are detected with the topological defect detection method described
in [124]. We examine if a disclination line has passed through a two by two square
of neighbouring grid points. We accomplish this by examining the projection of
the director to the three-dimensional orientation space (Fig. B.1) at every lattice
point. Every lattice point has two corresponding projections as the director is
unidirectional (n and —m). We perform a closed walk over the four neighbours’
director projection, and at every step, we take the next closest director configuration
(Fig. B.1). When we are back at the initial starting point, we either have returned

to the original director orientation (Fig. B.1b) or to the other side of the orientation

sphere (Fig. B.1a). If the latter, then a half-integer disclination line has passed
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a b

7
Figure B.1: Detection of disclination lines. The representation of the director n in
the three-dimensional spherical space. The director has two projections (77 and —i). We
take one of these projections Z at a lattice site. We make a closed walk over neighbouring
two by two lattice points (to Z1, Zs, Z3 and then either back to Z or Z’), where we always
take the new director projection with the smallest angle difference. After the closed walk,
the director projection is either (a) opposite to that of the starting vector Z’ or (b) on
the same vector Z. If we ended up at Z’ a half-integer disclination passed through the
four lattice sites.

through this two by two grid and we have a disclination core between the four
points. If the former, no disclination line is present, or a full disclination line has
passed through. We saw no indication in our simulations that full integer charged
disclinations had formed (which can be detected with other methods [124]).

A disclination line has to cross two grid planes for every two by two by two
lattice cube (getting in and out of the cube). By tracking disclination cores that
share a lattice cube, we can connect the disclination cores to recreate the full
disclination line. We measure the disclination line direction at a disclination core
by taking the derivatives of the surrounding two disclination cores [124].

The characteristic disclination angle « is the angle between the rotation vector
and the disclination line direction [124]. We can calculate this rotation vector
by summing the vector cross products formed from each consecutive pair of the

four directors around the disclination core.



And now his watch is ended

George R.R. Martin A Feast for Crows

Additional comments and measurements

C.1 Inclusion of Landau-de Gennes free energy

Throughout this thesis, we keep a non-zero bulk free energy JF;,, which allows us
to set relaxation dynamics in the absence of shear flows even though we work in
non-equilibrium systems. One of the reasons for this is that when we calculate
the scalar nematic order parameter ¢ from Eq. 2.6 with only the additional active
free energy terms in Eq. 2.38, we find that the ¢ is independent of activity (.
This behaviour is not seen in experimental systems where, for example, Adenosine
triphosphate (ATP) is needed to generate nematic symmetry in microtubule-kinesin
mixtures through shear flows [10]. Additionally, the relaxation dynamics becomes
ill-defined in the limit ¢ — 0 without a Landau-de Gennes bulk free energy .
Lastly, active hydrodynamic interactions can result in realignment terms in the
tensor equation Eq. 2.21. To first order in @, the active realignment term is
AcQ [173], which can be seen as a modification to the active nematic equilibrium
properties (as it does not depend on the presence of shear flows) and this term
is absorbed into the homogeneous bulk equation F;, [102]. Hence, we retain a

non-zero bulk free energy F, throughout the thesis.
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C.2 Flow field around bound defects

Using the linearity of Stokes equation, we can find the contractile flow field associated
with two defects in a vortex-like structure separated by a distance of 2z (Chapter
5). We do this by superimposing the analytical flow fields (Eq. 2.45) of each
individual +1/2 defect [32]. We neglect additional deformations and resulting
active forces in the director field due to the presence of other defects. The resulting

flow profile around a bound defect pair becomes

L | =] (B(re — r1) + 71 cos(21)1) — 1o cos(21)7))
U= 1¢] (ry sin(2ey) — 7o $in(205)) ) (C.1)

as reported in Chapter 5 (Eq. 5.1). Here 712 and 9 5 are the polar coordinates
around defect 1 or 2 at the coordinates (x,0) and (—z,0) with defect orientations
Y1 = m and 1o = 0. We lost the integration constant R found in Eq. 2.45 as the
boundary condition of one defect is set by the presence of the other defect. An
identical flow field is found for the extensile aster-like configuration when using
defect orientations ¢ = 0 and ¥y = m. Hence, we find the same flow profiles
for a contractile and extensile system when the defects are in the vortex-like or
aster-like configuration, respectively.

We confirm that this analytical flow profile (Eq. C.1) is found around bound
defects in our simulations. When we measure the average velocity profile around
bound defects, we recover a similar dipole flow profile for the contractile vortex
bound defects and the extensile aster bound defects (Fig. C.1).

We perform this measurement by averaging the flow profiles around all defect
pairs with a separation distance less than 10 LB units, and with orientation
differences ¢ — 15 between (170 — 190)°. The frame of reference is rotated so

that both defects lie on the z-axis.

C.3 Axis of flow deformation

In the flow-aligning regime, the director aligns to the principal axis of flow defor-

mation with a Leslie angle dependent on the flow-aligning parameter v = —

3q+4
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Figure C.1: The measured average flow profile around: (a) contractile vortex
bound defects and (b) extensile aster bound defects. Schematic drawing of defects indicate
their head-to-tail alignment p’ (blue solid line) and their self-propelled velocity (red arrow).

(Eq. 2.24). In the limit of ¥ — 0o (¥ — —00), the director lies parallel (perpen-

dicular) to the principal axis of flow deformation [52].

We can find the principal axis of flow deformation from the strain tensor E of

the active flows. The angle of this axis is defined as 0p = %tan_1 EQE_% in 2D
zz Ly

(Eq. 2.25). Using the analytical flow profile around a bound defect pair (Eq. 5.1),

the angle of the principal axis of flow deformation around the bound defect is then

Op =
( (a + x)ry sin(2602) 4+ (a — )y sin(26,) ) /
ltan_l +3y(r1 — 1) + yry cos(202) — yry cos(26,) (C.2)
2 a(ry + 1) + (a4 x)ry cos(2602) + (a — z)racos(261)\ |
( +3z(ry — ro) — 2yry sin(26,) + yro sin(26) )

When |v| — oo, the director lies parallel (perpendicular) to the principal axis
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Figure C.2: Analytical prediction of director reconfiguration in response to
active flows of +1/2 defect pairs in the limit of v — +oco. (a) Initial vortex-like
configuration for contractile activity and v — 4oc0. (b) Initial aster-like configuration
for extensile activity and v — —oo. Blue dotted lines indicate the initial director field
and their associated flow fields are illustrated with the orange streamlines. The green
dotted lines indicate the expected reconfiguration of the director field in response to the
active flows in the limit of |v| — 1. The resulting active forces along the z-axis and y-axis
(black arrows) lead to unstable defect pair configurations as the defects will rotate around
each other.

if v is positive (negative). This results in a preferred director field as depicted in
Fig. C.2 for the bound defect state (Eq. 5.1). We find splay deformations along
the axis, resulting in active forces (black arrows) that are aligned with the flows for
the contractile and extensile cases. This means that bound defects become unstable
for this flow-aligning parameter as +1/2 defects are pulled along the z-axis and
pushed along the y-axis, which causes the defects to rotate around each other.
However, when we decrease |v|, the director aligns with a Leslie angle with
respect to the principal axis of flow deformation (Eq. 2.24), where the vorticity
sets the rotation direction. The maximum stable angle is §p = 7/4 at the crossover
from flow-tumbling to flow-aligning when |v| — 1 for shear flows. As the director
reorientates to this angle, we recover the bound defect state configuration, causing
a positive feedback (Fig. 5.2). Hence, the bound defect is stable for [v| — 1.
This explains why the bound defect density decreases for high flow-aligning

parameters. Once the Leslie angle becomes too small, the configuration goes from
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Figure C.3: The average dominant forces around bound defects for the parameter values
¢ =0.025 and v = —1.2. (a) The active forces act as an attractive forces. (b) The elastic
forces counteract activity-induced attraction. Colormap denotes the magnitude of the
forces and the arrows denote the force directions.

a stable state that favours the bound defect state, as depicted in Chapter 5, to
the director field where the defect positions are unstable with respect to each

other, as depicted in Fig. C.2.

C.4 Dominant forces around bound defects

Using the same procedure for finding the average velocity profile (Appendix C.2),
we measure the average forces around bound defects (Fig. C.3). We confirm that
the active forces act as the attractive forces, and the elastic interactions act as

repulsive forces causing a stable bound state (Fig. 5.5¢).
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Figure C.4: Orientational distribution function Sy 4+ along the z-axis with the associated
error for F' = 0.023. The typical error ~ 10%.

C.5 Statistics of the orientation distribution func-
tion

Fig. C.4 shows the error of an orientational distribution function, S, defined in
Eq. 6.2, for specific coordinates along the x-axis for friction £' = 0.023. The typical
error per lattice site is ~ 10%. This error size is similar for all measurements in
Chapter 6. We find that the error is relatively large per lattice site as the number of
defects that occupy a specific lattice site will be small. This is why we emphasise that
the numerics are demanding. The number of defect pairs per simulation needs to be
over 10° to obtain satisfactory statistics, significantly higher than in previous works
studying defect behaviours. In addition, to avoid statistically insignificant data, we
set g(r,0) = 0 and S(r,#) = 0 when the defect count for any site (r,8) is lower then

5, which would otherwise result in g(r,6) < 0.1 and an undefined S(r, ) value.

C.6 Finite-size effects of the orientation distribu-
tion function

In Chapter 6, we present results for a system of size L x L = 250 x 250, which is
~ 15 times the active length-scale. The effect of friction on the nematic ordering of
the defects Sy is measured in Fig. 6.3e. The range of the ordering increases and
spans the system size for F' ~ 0.11. We now try to establish whether we measure a

true transition, corresponding to infinite range ordering, by obtaining results for
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Figure C.5: Nematic order of the defects S; as a function of friction for
different system sizes L. The system size is varied from 250 by 250 (~ 15 times the
active length scale) to 750 by 750 (~ 45 times the active length scale).

larger systems. These are very demanding simulations because of the large system
sizes and the slow defect dynamics in these high friction regimes.

Results for system sizes up to L = 750, ~ 45 times the active length scale,
are shown in Fig. C.5. The ordering decreases with increasing L, showing that
we observe coexisting domains with long-range, but not infinite-range order for
at least these friction values. At yet higher frictions, the dynamics become too
slow to allow feasible simulations. As is common in glassy systems, we cannot tell
whether there is a true transition for higher friction values because of the very

long time scales involved in defect rearrangements.

C.7 Additional depletion geometries

We observe a comparable depletion of concentration ¢ from the enclosed area
when using a rectangular pillar (Fig. C.6) or a circular pillar (Fig. 7.5). Hence,
we conclude that the pillar’s curvature compared to the trench’s boundaries is
not the critical difference that causes depletion in the pillar geometry. We also
consider an effective circular pit (Fig. C.7) and observe that active material
accumulates in the enclosed area, consistent with the explanation of the depletion

mechanism of Chapter 7.
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Figure C.6: Rectangular pillar causes depletion. When we apply high friction
(f = 0.5) to a rectangular region (between the dashed lines), we observe a depletion of
active material concentration ¢ (denoted by colour map).
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Figure C.7: We consider a circular pit where frictional damping (f = 0.1) is applied
outside the circle r > 2R (denoted with the dashed line). We observe accumulation of
active material ¢ in the enclosed area, consistent with the explanation of the depletion

mechanism of Chapter 7.
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