
A Framework for Processing
Correlated Probabilistic Data

Sebastiaan Johannes van Schaik

St. Cross College

Michaelmas Term 2014

Submitted in partial fulfilment of the requirements for

the degree of Doctor of Philosophy

Department of Computer Science

University of Oxford



ii



A Framework for Processing Correlated Probabilistic Data

Sebastiaan Johannes van Schaik
St. Cross College

D.Phil. Thesis
Michaelmas Term 2014

Abstract

The amount of digitally-born data has surged in recent years. In many scenarios, this data is
inherently uncertain (or: probabilistic), such as data originating from sensor networks, image and
voice recognition, location detection, and automated web data extraction. Probabilistic data re-
quires novel and different approaches to data mining and analysis, which explicitly account for the
uncertainty and the correlations therein.

This thesis introduces ENFrame: a framework for processing and mining correlated probabilistic
data. Using this framework, it is possible to express both traditional and novel algorithms for data
analysis in a special user language, without having to explicitly address the uncertainty of the data
on which the algorithms operate. The framework will subsequently execute the algorithm on the
probabilistic input, and perform exact or approximate parallel probability computation. During the
probability computation, correlations and provenance are succinctly encoded using probabilistic
events.

This thesis contains novel contributions in several directions. An expressive user language – a
subset of Python – is introduced, which allows a programmer to implement algorithms for prob-
abilistic data without requiring knowledge of the underlying probabilistic model. Furthermore,
an event language is presented, which is used for the probabilistic interpretation of the user pro-
gram. The event language can succinctly encode arbitrary correlations using events, which are the
probabilistic counterparts of deterministic user program variables. These highly interconnected
events are stored in an event network, a probabilistic interpretation of the original user program.
Multiple techniques for exact and approximate probability computation (with error guarantees) of
such event networks are presented, as well as techniques for parallel computation.

Adaptations of multiple existing data mining algorithms are shown to work in the framework,
and are subsequently subjected to an extensive experimental evaluation. Additionally, a use-case
is presented in which a probabilistic adaptation of a clustering algorithm is used to predict faults
in energy distribution networks. Lastly, this thesis presents techniques for integrating a number of
different probabilistic data formalisms for use in this framework and in other applications.
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Chapter 1

Introduction

The applications of data processing and analysis are wide-ranging, with impact on physics, astro-

nomy, engineering, medical science, climate science, and many other areas of academia. In recent

years, society has come to depend on data science. From hospitals, banks, weather services, large-

scale grocers, to social networks and intelligence agencies: data storage and analysis now plays an

essential role in companies, governments, and research institutions of all types and sizes.

In the past few years, new data sources have emerged which produce data exhibiting large

measures of uncertainty. For example, geolocation data (from various devices, including smart-

phones [ZB07]), handwriting recognition [PS00], data from sensor networks [DGM05], and data

fusion [DMG+14]. In some cases, certain data1 is deliberately made uncertain through aggregation

or injection of noise – techniques often used for privacy-preserving data analysis of demographic

data sets.

Traditional database management systems are not suitable for storing this probabilistic data

[SORK11]. This realisation has led to a series of developments in the field of probabilistic databases.

At one end of the spectrum, there have been sustained systems building efforts. These have resulted

in the development of new probabilistic database management systems, such as MayBMS [AJKO08;

HAKO09], ORION/U-DBMS [CSP05], and MCDB [JXW+08]. At the other end, there is extensive

analysis of computational problems for rich classes of queries and probabilistic data models of

varying expressivity [SORK11]. As a result, our understanding of the space of possible data models

and their implication on query tractability has improved, and newly developed probabilistic data-

base management systems offer a variety of ways to explicitly annotate data with some notion of

1In this thesis, the term certain data (consisting of certain data points) is used to refer to data which does not exhibit any
uncertainty. Also see the glossary in Appendix A.
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CHAPTER 1. INTRODUCTION

uncertainty. These range from simple probabilities on a per-tuple basis (assuming probabilistic in-

dependence), to more advanced continuous or categorical probability distributions over individual

tuple values, and detailed lineage specifications using propositional formulae [GT06].

At the same time, researchers in data analytics and mining have become interested in probab-

ilistic data. This has lead to the development of various new algorithms for data analysis, as well

as adaptations of existing algorithms. However, despite the uncertainty in the probabilistic input,

these algorithms often produce a deterministic output, discarding the probabilistic nature of the

data in the process. This frustrates further processing using probabilistic methods [Agg09a]. On

top of that, most state-of-the-art probabilistic data mining approaches do not extend beyond the

restricted probabilistic model in which the input is tuple-independent [AY09]. Not only does this

simplified approach result in significant errors [VRH+09], the misalignment between progress in

the field of probabilistic databases and the development of new data mining algorithms also hinders

the development of data processing systems that integrate techniques for both fields.

There is a growing need for computing platforms that allow programmers to build applications

which use uncertain data, without having to be concerned with the underlying uncertain nature

of such data, or the attendant computationally hard inference task [DAR13; GHNR14]. Existing

systems offer support for querying probabilistic data, but more complex tasks (such as data mining)

require a high level of expertise in probabilistic databases and probability theory. This hinders the

adoption of new technologies developed in the fields of databases and data analytics.

This thesis introduces ENFrame2: a framework for processing and mining probabilistic data

with arbitrary correlations. The goal of ENFrame is to bridge the gap between developments in the

fields of probabilistic databases, data mining, and programming languages by providing users with

an intuitive way to specify programs that query, analyse, and mine probabilistic data. Throughout

this thesis, the term processing of (uncertain) data will be used to refer to mining and querying such

data. Appendix A contains a glossary of terms.

1.1 Probabilistic data

Recent applications of sensor networks in various fields have produced data with a high degree

of uncertainty [DGM+04; Agg09a], requiring specialist techniques for data analysis. A number

of techniques and algorithms have been proposed to process and mine this type of probabilistic

2ENFrame (\in-"frām\). From ‘to enframe’: to enclose in, or as if in, a frame (Webster’s Dictionary, 1913). Additionally, a
contraction of the acronym ‘EN’ (for event network) and ‘Frame’ (for framework).

2



1.1. PROBABILISTIC DATA
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Figure 1.1: Number of international phone calls, as reported by a Belgian statistical survey (adapted
from [RL87])

data, ranging from probabilistic association rule learning [CGG10; PZC+13], to probabilistic convex

hull queries (e.g., for tracking fish movement in the Pacific [YZNL14]), and probabilistic cluster-

ing [GPT08; CCKN06] (see Chapter 7 for a use-case [OvS12]). In the biomedical sciences, classific-

ation algorithms (including k-nearest neighbour classification) and probabilistic range queries are

used for the analysis of the location and extent of cells in images [LS09].

One of the biggest challenges in data mining is dealing with data of poor quality which exhibits

spurious patterns [WFH11]. An often-used example is the data set describing international phone

calls made from Belgium between 1950 and 1973 [RL87], which is depicted in Figure 1.1. After the

unusual pattern between the years of 1963 and 1970 was discovered and manually investigated,

it turned out to have been caused by a human error in recording the data: during the anomalous

years, the number of minutes spent on international phone calls was recorded, rather than the number

of international phone calls.

Traditionally, data miners have approached the noisy data problem by using data cleansing

techniques prior to mining the data. In some situations (as in the example of the Belgian international

phone calls) this can lead to good results, but there is always a risk of throwing the baby out with

the bath water. This is one of the main reasons probabilistic data has seen a significant rise in

popularity over recent years: rather than discarding data points which are identified as outliers,

these data points are retained, but annotated with a lower probability of being accurate. This

uncertainty can be used in subsequent data processing steps.

A very recent development in the area of knowledge bases shows how probabilistic data plays

a vital role in automated information integration and derivation. The Google Knowledge Vault

[DMG+14] applies supervised machine learning techniques to fuse various information sources,

3



CHAPTER 1. INTRODUCTION

including the Google’s own Knowledge Graph (built on top of Freebase [BEP+08]). It uses probab-

ilistic inference to compute calibrated probabilities: every derived fact in the Knowledge Vault is

stored as an RDF triple (subject, predicate, object) associated with a confidence score that expresses

the likelihood that a fact is correct. This yields an enormous probabilistic knowledge base: as of Oc-

tober 2013, the Knowledge Vault contained 1.6 billion RDF triples. Over 300 million of these triples

have confidence level ≥ 0.7, of which a third is not included in Freebase. This makes the Google

Knowledge Vault about 40 times larger than DeepDive [NZRS12], the next largest knowledge base.

1.2 Effects of uncertainty on data mining

Traditional algorithms for data processing are not equipped to take data uncertainty into account.

A probabilistic input asks for a probabilistic output, whereas existing algorithms that operate on

certain data often produce a deterministic output. The two examples below illustrate how data

uncertainty can have a significant impact on the result of classification and clustering algorithms.

1.2.1 Effects on classification

Supervised learning (mining) techniques rely on prior information to assist the data mining al-

gorithm in its task. In classification, one or more unlabelled data points are assigned to a class using

known class labels of other points. This technique has multiple applications, including credit card

fraud detection, consumer profiling, and pattern recognition.

Example 1.1: Effects of uncertainty on nearest neighbour classification

Consider the following classification problem with an unlabelled object (ox) and four labelled

objects (o0, . . . , o3) which belong to classes red (solid border) and green (dashed border).

o0 o1 ox o2 o3

The unlabelled object is classified by looking at the class labels of its three nearest neighbour-

ing objects: o0, o1, o2 (thick borders). Two of these three nearest neighbours are red – hence,

ox is assigned class red.

Probabilistic data is commonly governed by the possible worlds semantics, under which

every probabilistic database induces a probability distribution over regular (deterministic)

databases. Under these semantics, tuples (data points) are only part of a limited number of

4



1.2. EFFECTS OF UNCERTAINTY ON DATA MINING

possible worlds. In other words, a data point exists with a certain probability. The possible

worlds semantics are described in more detail in Chapter 2.

Reconsider the classification scenario, but now assume that one or more objects are prob-

abilistic, i.e., they only exist in a subset of the possible worlds. The presence or absence of even

a single object has a significant influence on the classification result. For example, consider

the possible world in which o1 does not exist:

o0 o1 ox o2 o3

In this new setting, green is the prevailing class and ox is therefore assigned class green.

The example illustrates how the uncertainty of a single object yields two different classification

scenarios, with two very different classification results. For a single data set with probabilistic data

points, the number of possible scenarios grows exponentially in the number of data points.

1.2.2 Effects on clustering

Clustering is another popular data mining technique, but unlike classification, it is typically unsu-

pervised. Unsupervised data mining algorithms do not rely on prior information, but attempt to

find patterns in unlabelled data. Clustering algorithms partition a data set into two or more clusters

in such a way that data points in the same cluster are more similar to each other than to data points

in other groups (according to a predefined similarity measure). Applications of clustering include

image recognition [JF96], social network analysis [MSST07], and search engines [WNZ01]. As with

classification, data uncertainty has a significant effect on a clustering result.

Example 1.2: Effects of uncertainty on clustering result

Consider the following one-dimensional data set with four data points o0 . . . o3:

o0 o1 o2 o3

In the following image, these data points have been clustered into two clusters (red and

green) using the following trivial algorithm. The procedure starts with two clusters at the

two opposite ends of the feature space (at o0 and o3), and grows the clusters by iteratively

allowing the cluster with the closest ‘free’ data point to absorb that data point:

5



CHAPTER 1. INTRODUCTION

o0 o1 o2 o3

The green cluster never grows past its one and only data point o3, because all data points are

closer to the red cluster at all times.

If one or more data points are probabilistic, the clustering result changes significantly. For

example, in the possible world in which o1 does not exist:

o0 o1 o2 o3

This small change results in a significantly different clustering result. Taking yet another

object’s uncertainty into account, the clustering result could change again:

o0 o1 o2 o3

A naïve approach to clustering this type of uncertain data would iterate over the (worst-case: ex-

ponentially many) possible instances, resulting in a probability distribution over (possibly equally)

many clusterings. Among other things, this thesis contributes techniques that compute an out-

put equivalent to processing all possible instances, but that attempt to mitigate the computational

complexity.

1.3 The complexity of probabilistic data

In recent years, big data has become a popular term to describe large data sets. The term is frequently

used in both industry and academia; there are multiple definitions of big data (e.g., [Jac09; BHH+12]),

most of which are based purely on the size of the data.

Probabilistic data is big – not necessarily because of the number of tuples in a data set, but

because of its big computational complexity. As soon as uncertainty starts to play a serious role

in any data-driven problem, its complexity increases [Agg09a]. The clustering and classification

examples illustrate how uncertainty has an impact on computational complexity, even for relatively

straightforward algorithms on very small data sets. Exact computation scales exponentially in the

size of the data set (worst-case), because every data point can be both in and out – i.e., considered

‘correct’ with a probability p and incorrect with probability 1 − p.

6



1.4. ENFRAME: A FRAMEWORK FOR PROCESSING PROBABILISTIC DATA

From a programmer’s point of view, data uncertainty also adds significant conceptual complexity

to an algorithm. Regardless of the exact probabilistic data formalism (see Chapter 2), an uncertain

input calls for an uncertain output, e.g., a probability distribution over possible classes (classification)

or partitionings (clustering). Although existing probabilistic databases offer a viable solution for

simple data processing tasks such as querying, development of more complex data processing

techniques currently requires a high level of expertise in probabilistic databases and probability

theory.

Although the development of languages for programming with probabilistic models recently

attracted a lot of attention (e.g., [Roy; MWGK12]), integration of such languages with probabilistic

databases is still inadequate. Furthermore, using probabilistic languages requires a thorough

understanding of probability theory, which hinders wide-spread adoption.

1.4 ENFrame: a framework for processing probabilistic data

The work described in this thesis tries to bridge the gap between developments in probabilistic

databases, data mining, and programming languages in order to reduce the computational and

conceptual complexity of processing probabilistic data. To that end, ENFrame was developed: a

novel framework for processing probabilistic data.

The framework reduces the conceptual complexity of processing probabilistic data by allowing

users to specify programs to query, analyse, and mine such data using a user language. The frame-

work interprets these programs probabilistically, and produces a probabilistic output governed by

the well-defined and established possible worlds semantics. By making it easier for researchers and

programmers to perform sound analysis of probabilistic data, the framework strives for a more

wide-spread adoption of this new type of data and its analysis.

The semantics of ENFrame programs is based on a unified probabilistic interpretation of the

entire processing pipeline, from the input data, through the program computation, all the way to the

program output. Under the possible worlds semantics, the input is a probability distribution over

a finite set of possible worlds, with each world defining a deterministic database. Consequently,

the input to ENFrame can consist of arbitrarily correlated and independent probabilistic events.

Existing probabilistic data mining algorithms scarcely provide support for correlated data. This

feature is in line with the latest developments in probabilistic databases [SORK11], and allows

for integration of ENFrame into data pipelines that combine various techniques for analysing and

querying probabilistic data.
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Figure 1.2: Diagram of the architecture of ENFrame

The framework features an expressive set of programming constructs (such as assignments,

bounded-range loops, list comprehension, aggregate operations on lists, and calls to database

engines). Its language is based on Python [vRos97], coupled with aspects of probabilistic databases

– such as a strong foundation in possible worlds semantics, support for arbitrary data correlations,

and exact and approximate parallel probability computation with error guarantees. ENFrame

integrates seamlessly with probabilistic databases and exploits existing work in the field [OHK09].

The workings of the framework are exemplified in this thesis using adaptations of various clustering

and classification algorithms, which are also used for an experimental evaluation.

The Python-based language allows the user (programmer) to write programs without the need

for experience in probability theory or with probabilistic databases. In fact, the programmer need

not be aware of the probabilistic nature of data or the possibly different probabilistic formalisms

used by the input data sources. ENFrame will interpret the program probabilistically, and construct

probability distributions for variables which represent the program output.

1.4.1 ENFrame architecture (thesis outline)

A diagram of ENFrame’s architecture is presented in Figure 1.2. This thesis is predominantly

organised around the different components of the framework’s architecture, as is indicated by the

chapter references in the diagram.
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1.4. ENFRAME: A FRAMEWORK FOR PROCESSING PROBABILISTIC DATA

The programmer’s workflow starts with writing a program in ENFrame’s user language (de-

scribed in Chapter 3). The framework constructs a probabilistic interpretation of these programs

in the form of event programs (Chapter 4). Based on input data from probabilistic databases

(Chapter 2), the event programs yield a graph data structure of highly interconnected (correlated)

probabilistic events: an event network (Chapter 5). After the probabilities of nodes in the network

have been computed, the results can be stored in a probabilistic database for further processing, or

presented to the user.

The full outline of this thesis is as follows. Chapter 2 opens with an introduction to probabilistic

databases and data formalisms. It sets up the context and describes the foundation of this thesis, as

well as describing novel work on integrating different formalisms.

The framework’s user language is introduced in Chapter 3, which contains a specification of three

clustering algorithms (k-medoids, k-means, and Markov clustering) and a classification algorithm

(k-nearest neighbour) as ENFrame user programs, followed by a description of the language’s

grammar.

Chapter 4 describes ENFrame’s event language and shows probabilistic translations of the user

programs from Chapter 3, alongside the probabilistic semantics of events and the grammar of the

event language.

In Chapter 5, the event networks generated by event programs are described, with algorithms

for exact and approximate probability computation using both parallel and sequential approaches.

Chapter 6 contains an experimental evaluation of the framework with the k-medoids clustering

and k-nearest neighbour classification algorithms, using the various algorithms for probability

computation. It also introduces a novel technique for comparing probabilistic results and evaluating

the performance of probabilistic algorithms in terms of output quality.

A real-world use-case of the framework is presented in Chapter 7, which describes how clus-

tering of probabilistic data can be used to predict faults in electricity distribution networks. Ad-

ditionally, the chapter demonstrates techniques for querying multiple data sources with different

formalisms.

The thesis closes with a discussion, related work, and suggested directions for future research

in Chapter 8.
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1.5 Contributions

This thesis’ main contribution is ENFrame, which was researched, designed, and implemented

from scratch. The development of the framework required novel contributions in several directions,

which are outlined below.

A user language. The language (introduced in Chapter 3) is designed to provide an easily ac-

cessible, familiar, and intuitive interface to programming for probabilistic data. The syntax and

semantics of the user language are formally defined in this thesis, and the language is illustrated with

example programs for the k-nearest neighbour classification algorithm, as well as the k-medoids,

k-means, and Markov clustering algorithms.

A probabilistic interpretation through an event language. ENFrame interprets the user programs

probabilistically, translating regular variables in the user program into random variables (events)

using an event language (introduced in Chapter 4). The syntax and semantics are defined in this

thesis, and are illustrated using example data mining algorithms.

A data structure to store events: the event network. The interconnected events generated by

the event program are stored in a novel graph data structure: the event network (introduced in

Chapter 5). This network can be seen as the graph equivalent of a Boolean expression tree which

can be compiled into a decomposition tree. The event network forms a trace of the original user

program, which allows for sensitivity analysis and result explanation.

Algorithms for probability computation. To avoid having to iterate over all possible worlds,

ENFrame features advanced heuristics for grouping similar worlds, as well a series of algorithms

for efficient probability computation of events in the event network. To further speed up probability

computation, various approximation strategies (with error bounds) are proposed, combined with

algorithms for parallel computation (Chapter 5).

Experimental evaluation. The framework is experimentally evaluated by adapting the k-medoids

clustering and k-nearest neighbour classification algorithms (introduced in Chapter 6). The al-

gorithms were run on a real-world data set with readings from sensors in energy distribution

networks, as well as on large synthetic data sets.
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Additional contributions. In addition to the contributions that are directly related to ENFrame,

this thesis also contributes the following:

• A series of techniques for integrating and querying various probabilistic data formalisms

(first described in [OPvS13]). These techniques can be used for a lossless translation of data

formalisms prior to processing the data using ENFrame.

• Generic techniques for comparing the outcome of various algorithms for probabilistic data,

which can be used to evaluate the quality of an algorithm against a gold standard.

1.6 Dissemination

This thesis is a fusion of work that has been previously published in several conference proceedings

and journals:

[OPvS13] Dan Olteanu, Lampros Papageorgiou and Sebastiaan J. van Schaik, ‘Πgora: An in-

tegration system for probabilistic data’, in 29th IEEE International Conference on Data

Engineering, ICDE 2013, Brisbane, Australia, April 8-12, 2013, Christian S. Jensen,

Christopher M. Jermaine and Xiaofang Zhou, Eds., IEEE Computer Society, 2013,

pages 1324–1327, isbn: 978-1-4673-4909-3. doi: 10.1109/ICDE.2013.6544935.

[OvS12] Dan Olteanu and Sebastiaan J. van Schaik, ‘DAGger: clustering correlated uncertain

data (to predict asset failure in energy networks)’, in The 18th ACM SIGKDD Interna-

tional Conference on Knowledge Discovery and Data Mining, KDD 2012, Beijing, China,

August 12-16, 2012, Qiang Yang, Deepak Agarwal and Jian Pei, Eds., ACM, 2012,

pages 1504–1507, isbn: 978-1-4503-1462-6. doi: 10.1145/2339530.2339766.

[OvS14a] Dan Olteanu and Sebastiaan J. van Schaik, ‘ENFrame = (Programs + Queries) /

Probabilistic Data’, in Big Uncertain Data workshop (BUDA) 2014, in conjunction with

SIGMOD/PODS, 2014.

[OvS14b] Dan Olteanu and Sebastiaan J. van Schaik, ‘Probabilistic data programming with

ENFrame’, IEEE Data Engineering Bulletin, volume 37, number 3, pages 18–25, 2014.
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[vSOF14] Sebastiaan J. van Schaik, Dan Olteanu and Robert Fink, ‘ENFrame: a platform for

processing probabilistic data.’, in Proceedings of the 17th International Conference on

Extending Database Technology (EDBT), Athens, Greece, March 24-28, 2014, Sihem Amer-

Yahia, Vassilis Christophides, Anastasios Kementsietsidis, Minos N. Garofalakis,

Stratos Idreos and Vincent Leroy, Eds., OpenProceedings.org, 2014, pages 355–366.

doi: 10.5441/002/edbt.2014.33.

Furthermore, the following invited paper has been accepted will soon be published:

[vSO16] Sebastiaan J. van Schaik and Dan Olteanu, ‘ENFrame: a framework for processing

correlated probabilistic data’, ACM Transactions on Database Systems, 2016, invited

paper, accepted (December 2015), to be published.

References to these articles can be found throughout this thesis. The primary product of my

doctorate is the research described in this thesis. However, the number of lines of English is greatly

exceeded by the number of lines of C++ code that was written for a fully functioning prototype of

the framework, which was used to support the research with empirical data. Refer to Appendix B

for details on availability and licensing.

More information regarding ENFrame, its ongoing development, and the contributions made

can be found on the ENFrame project website at the Department of Computer Science at the

University of Oxford: www.cs.ox.ac.uk/projects/ENFrame.
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Chapter 2

Probabilistic Data and Formalisms

Recent years have witnessed a solid body of work in probabilistic data. At one end of the field,

there have been sustained systems building efforts, resulting in a large number of (open and

closed source) probabilistic database management systems, such as MayBMS [AJKO08; HAKO09],

ORION/U-DBMS [CSP05], and MCDB [JXW+08]. At the other end, there has been extensive analysis

of computational problems for various classes of queries and probabilistic data models of various

expressiveness.

This chapter comprises a brief introduction to probabilistic data, and different formalisms for

storing such data. The goal is to provide an overview of the current field of probabilistic data

management, and sketch a context for ENFrame and its constructs, which are introduced in later

chapters. Lastly, this chapter presents novel techniques for integrating different data formalisms,

first published in [OPvS13].

2.1 Introduction to probabilistic data

Traditional relational database management systems store deterministic data: every tuple is con-

sidered to be correct and valid, all information held in the database is assumed to be certain. With

a foundation in first order logic, languages like SQL can be used to query the information in such

databases. These queries are processed by the database management system (DBMS), which is

responsible for the required query planning and optimisation. For example, a SQL select query

describes a (possibly empty) set of constraints, and returns those tuples that match the constraints,

excluding those that do not match. A tuple is either in or out – it is not possible for the DBMS to

13
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Figure 2.1: ENFrame architecture: chapter 2

return tuples that might occur in the query result, as the underlying data formalism does not allow

for expressing the uncertainty in a query answer.

In the 1970s, when the first relational databases were introduced [Cod70], data was often (cor-

rectly) assumed to be of a certain nature. Examples include accounting data, warehousing data,

and data for enterprise resource planning. With the introduction of the World Wide Web, relational

databases also play a major role in content management systems and e-commerce solutions. Such

traditional relational databases are able to store missing data (i.e., NULL values), but are not able

to express any notion of uncertainty. However, in recent years, new data sources have emerged

that produce data which is inherently uncertain, such as sensor networks [DGM05], location (GPS)

sensors [ZB07; MCA06], social networks [AR07], optical character recognition (OCR), handwriting

recognition [PS00], and data extracted and integrated using automated processes [DBS09; BN08].

This shift in the nature of the data calls for more advanced ways of storing and processing such

data.

Probabilistic databases (or: uncertain databases) record a notion of uncertainty together with

the contained data, thereby providing a method of storing data in a way that more closely matches

its nature and origin. More formally, a probabilistic database is defined as follows:
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2.2. MODELLING UNCERTAINTY

Definition 2.1: probabilistic database (adapted from [AY09; GT06])

A probabilistic-information database is a finite probability space whose outcomes are all

possible database instances consistent with a given schema. This can be represented as the

pair (X,Pr), where X is a finite set of possible database instances consistent with a given

schema, and Pr(I) is the probability associated with any instance I ∈ X. Note that since Pr(·)
represents the probability vector over all instances in X:

∑
I∈X

Pr(I) = 1

Instances I ∈ X are often referred to as a possible worlds.

This definition is restricted to probabilistic databases with discrete probability distributions (i.e.,

yielding a finite probability space). Although the literature describes various probabilistic databases

and data formalisms that utilise continuous probability distributions, the work described in this

thesis follows the prevalent definition quoted in Definition 2.1; its scope is therefore restricted to

finite discrete probability spaces.

2.2 Modelling uncertainty

Explicitly representing every single one of the (worst-case exponential number of) possible worlds

is prohibitive. For this reason, various formalisms for expressing uncertainty have been proposed in

the literature. Different methods for modelling uncertainty in probabilistic databases have their own

(dis)advantages and better fit particular scenarios. In general, these formalisms can be categorised

into two distinct groups [AY09]:

• tuple-level uncertainty: the uncertainty is expressed on the tuple as a whole rather than on

the distinct tuple attributes. Sometimes referred to as existential uncertainty;

• attribute-level uncertainty: the uncertainty is expressed on the individual attribute values, i.e.

the tuple is certain, but its attributes are uncertain. Sometimes referred to as value uncertainty.

Example 2.1: Tuple-level and attribute-level uncertainty in data extraction.

Automated extraction of data from on-line resources often encounters incomplete, conflict-

ing, and uncertain information. For example, information regarding William Shakespeare’s

works is often not known with complete certainty (e.g., Henry VIII is probably the result of a

15



CHAPTER 2. PROBABILISTIC DATA AND FORMALISMS

t work author(s) prob.

t1 Henry VIII Shakespeare & Fletcher 0.9

t2 Romeo & J. William Shakespeare 0.94

t3 Romeo & J. Christopher Marlowe 0.05

t4 Romeo & J. Francis Bacon 0.01

(a) Tuple-level uncertainty

t work author(s)

t1 Henry VIII {Shakespeare & Fletcher : 0.9;}

t2 Romeo & J.
{Shakespeare : 0.94;
Marlowe : 0.05; Bacon: 0.01}

(b) Attribute-level uncertainty

Table 2.1: Example of probabilistic tables with tuple-level and attribute-level uncertainty

collaboration between Shakespeare and John Fletcher), whereas other information is conflict-

ing (e.g., some sources state that all of Shakespeare’s work was written by either Christopher

Marlowe or Francis Bacon, others reject these theories).

Table 2.1a shows a table with tuple-level uncertainty containing information regarding

the possible authors of Henry VIII and Romeo & Juliet: the former was most likely (with

probability p = 0.9) a collaboration between Shakespeare and Fletcher, the latter was either

written by Shakespeare (p = 0.94), Marlowe (p = 0.05), or Bacon (p = 0.01). Table 2.1b shows

similar information stored in a probabilistic table with attribute-level uncertainty.

Although both tables contain the same data and express the same probabilities, there is

one significant difference between the two: the tuples in Table 2.1a are independent of each

other (i.e., there exists a possible world which contains both t2 and t3), whereas the values

of t2 in Table 2.1b are mutually exclusive (i.e., Shakespeare and Marlowe cannot both be

responsible for Romeo and Juliet).

Representing uncertainty in a database is not the primary challenge faced by probabilistic database

management systems – after all, this can be achieved by adding an extra column containing prob-

abilities (for tuple-level uncertainty). The main challenge of such systems is to provide efficient

methods to query such data [SORK11]. A discussion of query complexity of various probabilistic

data models and queries is outside the scope of this thesis, but has been the subject of extensive

research (e.g., [DS04; OW12]).

This chapter discusses formalisms with both tuple-level and attribute-level uncertainty. Graph-

ical models, a third type of formalism not often associated with relational databases, are also

introduced briefly.
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2.2. MODELLING UNCERTAINTY

2.2.1 Tuple-level uncertainty

Various formalisms that provide tuple-level uncertainty exist, each with different levels of express-

iveness in terms of the ability to encode correlations.

Probabilistic ?-tables (p-?-tables)

Probabilistic ?-tables1 (or: p-?-tables, tuple-independent databases) are possibly the most trivial

formalism for modelling tuple-level uncertainty [GT06; DS04; Agg09a; SORK11], and are some-

times referred to as the “independent tuples representation” [LLS+01]. Each probabilistic table

T consists of probabilistically independent tuples t1, . . . tn which are annotated with a probability

Pr[ti]. Table 2.1a (described in Example 2.1) is a typical example of a probabilistic ?-table.

Conceptually, every tuple is either present or absent. Therefore, a tuple-independent database

T with n tuples t1, . . . , tn (and probabilities Pr[t1], . . . ,Pr[tn]) induces a probability distribution over

powerset 2T yielding 2n possible worlds. Each possible worldWi ∈ 2T consists of a subset of the

original tuple set T . The probability of a world is computed based on the probabilities of the tuples

that appear in that world. Following the independence assumption, the probability of each of the

possible worldsWi is defined as:

Pr[Wi] =
∏

t j∈Wi

Pr[t j] ·
∏

t j∈(T\Wi)

(1 − Pr[t j])

As the name suggests, tuple-independent databases lack support for storing correlations between

tuples. For example, it would be desirable to be able to express that tuples t2 and t3 in Table 2.1a are

mutually exclusive: both tuples are uncertain and both might be incorrect, but it is impossible that

both records are correct in a single possible world. Other, more expressive formalisms do allow for

encoding such correlations.

Prime examples of systems that are built upon tuple-independent databases are the Never Ending

Language Learning System (NELL, [CBK+10]) and the Google Knowledge Vault [DMG+14].

Block-independent-disjoint databases

Block-independent disjoint (BID) databases are more expressive than the tuple-independent p-?-

tables [SORK11]: a block-independent-disjoint tableT consists of tuples t1, . . . , tn that are partitioned

into disjoint sets (blocks) B1, . . . ,Bm. A tuple ti in block Bl is disjoint (mutually exclusive) with all

1The question mark in ‘probabilistic ?-tables’ is intentional and not a typesetting error.
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other tuples t j ∈ Bl. That is, there is no possible world in which two tuples ti, t j ∈ Bl (ti , t j) occur.

Tuples ti ∈ Ba, t j ∈ Bb from distinct blocks Ba,Bb are independent.

Observe how any p-?-table Tp can be expressed as a BID-table Tb by storing every tuple ti ∈ Tp

using a distinct block in Tb. A well-known example of a system that uses this formalism to model

uncertainty is Google Squared Tables [Cro10; FHOR11].

Probabilistic conditional tables (pc-tables)

Probabilistic conditional tables are a probabilistic extension of traditional conditional tables (c-tables),

a formalism used to represent incomplete data [IJ84]. Tuples in c-tables are annotated with pro-

positional formulae (conditions) over Boolean variables; pc-tables extend this representation by

specifying a probability space over the assignments of the variables [SORK11]. This formalism

allows for arbitrary correlations in the input data and is sufficiently expressive to subsume both

p-?-tables and block-independent-disjoint tables. In fact, [GT06] provides a completeness result,

showing that pc-tables can be used to represent any probabilistic database. Furthermore, it shows

that pc-tables are closed under relational operations, i.e., the result of any relational operation on a

pc-table can be represented in the same formalism.

In a pc-table T , every tuple ti is associated with a propositional formula Φ[ti] over Boolean

random variables xi ∈ X (often referred to as the lineage of ti).

The total number of worlds induced by a pc-table depends on the number of Boolean random

variables v = |X| and is bounded by 2v. The probability of a worldWi depends on the lineage of

the tuples that exist in that world, and is therefore defined as:

Pr[Wi] = Pr


 ∧

t j∈Wi

Φ[t j]

︸        ︷︷        ︸
lineage of

tuples inWi

∧¬
 ∧

t j∈(T\Wi)

Φ[t j]

︸            ︷︷            ︸
lineage of

tuples not inWi



This definition uses the conjunction of (1) the lineage of all tuples present inWi, and (2) the negated

lineage of the tuples not present in the world.

Example 2.2: Authorship of Shakespeare’s works in a pc-table

Table 2.2 shows an example of a pc-table containing the previously introduced data on the

authorship of Shakespeare’s works. The uncertainty of (and correlations between) the various

tuples is specified by the propositional formulae in the lineage column. For example:
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2.2. MODELLING UNCERTAINTY

t work author(s) Φ[ti] (prob.)

t1 Henry VIII Shakespeare & Fletcher x1 0.9

t2 Romeo & J. William Shakespeare x2 ∧ ¬x3 0.94

t3 Romeo & J. Christopher Marlowe ¬x2 ∧ ¬x3 0.05

t4 Romeo & J. Francis Bacon x3 0.01

xi prob.

x1 0.9

x2 0.95

x3 0.01

Table 2.2: Example of tuple-level uncertainty in a pc-table

Pr[t3] = Pr
[
Φ[t3]

]
= Pr[¬x2 ∧ ¬x3]

= (1 − Pr[x2]) · (1 − Pr[x3])

= 0.05 · 0.99 = 0.0495

The tuples t2, t3, t4 are mutually exclusive as a result of their lineage definitions: there is no

possible world in which all three tuples occur. I.e.:

Φ[t2] ∧Φ[t3] ∧Φ[t4] = ⊥

Consequently:

Pr[{t2, t3, t4}] = Pr
[¬Φ[t1] ∧Φ[t2] ∧Φ[t3] ∧Φ[t4]

]
= 0

The probability of the possible world with tuples {t1, t2} is:

Pr[{t1, t2}] = Pr
[
Φ[t1] ∧Φ[t2] ∧ ¬Φ[t3] ∧ ¬Φ[t4]

]
= Pr

[
x1 ∧ (x2 ∧ ¬x3) ∧ ¬(¬x2 ∧ ¬x3) ∧ ¬x3

]
= Pr[x1 ∧ x2 ∧ ¬x3] = 0.9 · 0.95 · 0.99 ≈ 0.85

Probabilistic value-conditional tables (pvc-tables)

Although pc-tables have been shown to be complete and closed under relational operations [GT06],

the size of the lineage expressions can grow exponentially (e.g., after queries with aggregates [LSV02]).

Probabilistic value-conditional tables (or: pvc-tables) can represent any finite probability distribu-

tion over relational databases, and results of queries with aggregates can be stored in polynomial
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space [FHO12]. This more succinct representation is achieved by using semimodule and semiring

expressions [GKT07; ADT11].

Using such semimodule expressions, it becomes possible to represent values (e.g., results from

an aggregation) conditioned on the value of a semiring expression. For example, the B[X] ⊗ R
semimodule can be used to condition a real number on a Boolean expression.

Example 2.3: number of works by William Shakespeare

Using the data from Table 2.2, the number of works written by William Shakespeare can be

expressed by:

Φ = (x1 ⊗ 1)︸  ︷︷  ︸
Henry VIII

+ ((x2 ∧ ¬x3) ⊗ 1)︸             ︷︷             ︸
Romeo & Juliet

Which can evaluate to 2 (in a possible world that satisfies both x1 and x2∧¬x3), 1 (in a possible

world that satisfies either x1 or x2 ∧ ¬x3), or 0 (when neither is satisfied).

Although pvc-tables make for a richer formalism than pc-tables, the lack of support for negations

(which are not captured by the Boolean semiring) and the distributive property of the semimodules

pose limits to the fitness of this formalism for use in ENFrame. A more detailed description of these

differences is provided in Section 4.2.1. As a consequence, ENFrame uses a formalism inspired by

pvc-tables, but extends this formalism in a number of ways. Most importantly and significantly,

ENFrame extends propositional expressions with so-called conditinal values (or: c-values) that allow

for conditioning arbitrary values (e.g., numbers in the domain of reals, vectors in the feature space)

on a propositional formula. This construct enables succinct representations of random variables

with an arbitrary (discrete) range. The formalism is introduced in Section 2.3, and discussed in

more detail in Chapter 4.

2.2.2 Attribute-level uncertainty

This section discusses attribute-level uncertainty – a category of formalisms that expresses uncer-

tainty in tuple attributes, rather than at the tuple level.

Probabilistic or-set-tables

Probabilistic or-set-tables (short: p-or-set-tables) can be seen as the attribute-level uncertainty equi-

valent of block-independent-disjoint tables: although the tuples t1, . . . , tn are fully probabilistically
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independent, the tuple attributes a1
i , . . . , a

m
i of tuple ti each specify a categorical probability distribu-

tion over alternative values. Different attributes are considered to be probabilistically independent

and by definition,
∑

v Pr[a j
i = v] = 1 (1 ≤ i ≤ n and 1 ≤ j ≤ m). That is, the sum of the probabilities

of the possible values v of attribute a j
i is one. Furthermore, following the attribute-independence

within a tuple, the probability of a tuple ti having attribute values v1, . . . , vm can be computed by

multiplying the probabilities of the distinct attribute values: Pr[ti = 〈v1, . . . , vm〉] =
∏m

j=1 Pr[a j
i = v j].

Table 2.1b (described in Example 2.1) is a typical example of a probabilistic or-set-table (with

only a single uncertain attribute: author(s)).

Continuous probability distributions in attributes

Some data originates from sources that are best modelled using a continuous probability distri-

bution. A prime example is GPS location information: such data is often inaccurate and can be

expressed as a continuous probability distribution over a three-dimensional space [OM96]. The

accuracy of the information, and therefore the variance of the distribution, depends on factors like

the position and the number of satellites in view, the quality of the client hardware (clock and radio

receiver), and the quality of the error correction algorithms.

Example 2.4: Animal tracking using GPS

A probabilistic database management system storing time-series data from an experiment

that tracks various animal species in their natural habitat might express the uncertainty

of the tuples by storing the parameters of the probability distribution. Queries such as

“how many platypuses spend most of their time on the shores of Lake Burragorang, rather

than submerged in the water” would then return a probability distribution based on the

distributions of the individual tuples in the probabilistic database.

Due to the continuous nature of the probability distributions that are associated with the tuples in

this type of probabilistic database, the probability distribution over the possible worlds becomes

continuous. Various techniques based on model fitting allow translation of discrete distributions

into continuous ones [Cra46], and sampling techniques provide a way to achieve the opposite. The

latter can be used in combination with correlations to enable processing of data with continuous

probability distributions in ENFrame.
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2.2.3 Graphical models

Parallel to research in the database community, developments in artificial intelligence have lead to

different perspectives on representing uncertainty. The most well-known uncertainty model is that

of a Bayesian network: a probabilistic graphical model which represents a set of random variables

and their conditional dependencies as a directed acyclic graph [Pea88].

Bayesian networks are often constructed using knowledge of an expert in a field and are then

used to perform inference. For example, large expert-driven Bayesian networks can be used

to diagnose an outbreak of classical swine fever [vGBLE10] based on a series of observations.

Additionally, various techniques exist to automatically learn such networks from data (e.g., [Mar03]).

Weighted finite state transducers (FST) are a different popular graphical model, often used in

applications such as speech and character recognition [MPR02]. A FST is a directed graph in which

the vertices represent states (e.g. a partially recognised word), and the outgoing edges specify a

probability distribution over the possible states that can follow.

The relation between Bayesian networks and pc-tables and integration approaches for both

formalisms are the subject of discussion in Section 2.4, followed by a use-case demonstration in

Chapter 7. The presented integration techniques bridge the gap between ENFrame and Bayesian

networks. As a result, knowledge described in such networks can be used as input to ENFrame.

Other graphical models are considered beyond the scope of this work, but are discussed elsewhere

in various survey papers and book chapters (e.g., [DGS09]).

2.2.4 Correlations

The formalisms introduced in this chapter support expressing tuple correlations to different degrees,

and do so in various ways. At one end of the spectrum, there are tuple-independent databases such

as probabilistic ?-tables, which provide no support for inter-tuple correlations whatsoever. At the

other end, there are pc-tables and pvc-tables, which have been proved complete – i.e., are able to

represent any probabilistic database. Graphical models, such as Bayesian networks, often support

correlations to some degree.

Correlations occur naturally in uncertain data of various types and from various sources [SD07].

Queries over uncorrelated (i.e. independent) probabilistic databases often produce correlated res-

ults [SORK11]. For example, a relational join of two or more tables yields tuples that depend on

all constituent tuples from the originating (tuple-independent) tables. Hence, the resulting tuples
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exhibit correlations, which can be described as positive. The same type of correlations are obtained

when applying constraint conditioning to probabilistic databases [KO08].

Conflicting data is another prevailing source of correlations, as has been illustrated in the running

example regarding the authorship of Shakespeare’s works. These negative correlations also occur

in location data [MCA06], optical character recognition, and data integration [DBS09; BN08].

Sensor networks are known to produce a mixture of correlations: data is both spatially and tem-

porally positively correlated, but can also be conflicting (e.g., due to measurement and transmission

errors as a result of hardware failure) and therefore negatively correlated [LC10].

Retaining and respecting correlations is of great importance, because they express a fundamental

property of the data and its context. Most existing algorithms for data mining discard correlations

(and therefore assume tuple independence) in an attempt to simplify computation. However, it

has been repeatedly shown that tuple-independent data mining algorithms on correlated data yield

unexpected results (e.g., [VRH+09; AR14]). A more detailed overview of existing data mining

algorithms for probabilistic data (and of other related work) can be found in Chapter 8.

The following example illustrates the potential consequences of ignoring correlations in a clas-

sification scenario.

Example 2.5: Classification of correlated data

Reconsider the classification scenario first presented in Example 1.1:

o0 o1 ox o2 o3

Object ox is unlabelled and will be classified by using the labels (colours) of its three nearest

neighbours in all possible worlds. Assume that, by virtue of their lineage, the labelled objects

are correlated as follows:

Φ[o0] = x0 ∨ x1 Φ[o1] = x0 ∧ x1

Φ[o2] = ¬x0 ∧ x1 Φ[o3] = x0 ∨ x1

The propositional formulae over two Boolean variables x0, x1 express a strong negative cor-

relation between o1 and o2: the objects are mutually exclusive (i.e., there is no single possible

world in which both objects exist, because Φ[o1] ∧ Φ[o2] = ⊥). Additionally, o0 and o3 are

strongly positively correlated (with identical lineage) which results in (Φ[o1] ∨ Φ[o2]) =⇒
(Φ[o0] ∧ Φ[o3]), where ‘=⇒’ denotes the logical binary operator that denotes the material

implication.
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In other words: there is no world in which o1 and o2 occur together, and in any world in

which either exists, both o0 and o3 exist. Therefore, although the two closest objects to ox are

coloured red, there is no possible world in which the majority of the three nearest neighbours

are red, and the unlabelled ox will never be classified red.

Had correlations been ignored, then ox would have been incorrectly classified red in at

least half of the possible worlds.

2.3 Data in ENFrame

In probabilistic databases, discrete probability distributions over tuples or their attributes are more

commonly used than continuous distributions [Agg09a; SORK11; GT06]. Of all models for de-

scribing discrete probability distributions over data, p(v)c-tables are the richest formalism. In fact,

it can be shown that pc-tables can represent any probabilistic database [GT06]. Consequently, the

pc-tables formalism subsumes the other formalisms discussed in this section: it can model tuple

independence (as used in p-?-tables) and arbitrary correlations amongst tuples, including those

correlations that can be expressed using block-independent-disjoint tables and p-or-set tables.

ENFrame extends propositional algebra with constructs inspired by semimodule expressions

to allow for more succinct lineage expressions (Chapter 4). The output of an ENFrame program is

a probability distribution over values of selected correlated program variables, optionally accom-

panied by a symbolic representation using either pure propositional formulae or lineage expressed

in the extended propositional algebra. As a result, ENFrame integrates particularly well with

pc-tables: both the input and the output of a program can be stored using this formalism.

2.4 Integrating Bayesian networks and pc-tables

N.B. this section is an edited extract of work published in the proceedings of the International Conference

on Data Engineering (ICDE 2013, [OPvS13]). It is based on joint work with Dan Olteanu and Lampros

Papageorgiou [Pap12]. Section 7.2 presents a use case based on this work.

Each of the formalisms described in this chapter has its own advantages and disadvantages, and

is suitable for different types of data. However, when two data sources with different formalisms

need to be combined, this poses an interesting challenge. The possible worlds semantics acts as
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age sex

diabetesplas. preg.

insu. mass

Figure 2.2: Simplified Bayesian network for diabetes from the UCI machine learning repository (the
conditional probability tables at nodes are presented in Table 2.3).

sex P

Male 0.48

Female 0.52

age P

≤ 40 0.314

> 40 0.686

age sex diabetes P

≤ 40 Female true 0.349

≤ 40 Female false 0.651

≤ 40 Male true 0.255

≤ 40 Male false 0.745

> 40 Female true 0.355

> 40 Female false 0.645

> 40 Male true 0.249

> 40 Male false 0.751

Table 2.3: Conditional probability tables for nodes sex, age, and diabetes in the Bayesian network
shown in Figure 2.2

a bridge between the different formalisms and enables sound, equivalence-preserving translations

between their instances. This section describes how Bayesian networks and pc-tables can be

integrated to act as a data source for queries.

A Bayesian network is a structure B(G,Θ), where G = (V,E) is a directed acyclic graph that rep-

resents a set of random variables and their conditional dependencies, and Θ is the set of parameters

of all conditional probability distributions of nodes in G [Nea03]. Figure 2.2 shows an example

of a simplified Bayesian network from the UCI machine learning repository [BL13]. The network

models the various factors that influence the development of diabetes (e.g., age) and the effects of

the condition (e.g., weight gain). Table 2.3 lists the conditional probability tables of the network.

25



CHAPTER 2. PROBABILISTIC DATA AND FORMALISMS

2.4.1 Translating Bayesian networks

The translation from Bayesian networks to pc-tables consists of two steps:

1. Translating the nodes in the network to a series of categorical random variables;

2. Constructing propositional lineage formulae using the generated random variables.

The Bayesian network presented in Figure 2.3 will serve as a running example throughout this

section. The conditional probabilities of nodes in the network are specified in Table 2.4.

Definition 2.2: Categorical random variables for nodes in Bayesian network

Let B be a Bayesian network consisting of a set of nodes V = {X1, . . . ,Xn}, each with domain

Dom(Xi) and a set of parent nodes PXi . Furthermore, let αXi denote a set of all possible

assignments of Xi to the values in its domain:

αXi =
{
(Xi = x1

i ), . . . , (Xi = xl
i)
}

x1
i , . . . , x

l
i ∈ Dom(Xi)

And let πXi denote the cross product (i.e., all possible combinations) of value assignments of

parent nodes of Xi:

πXi = ×
Pl∈PXi

αPl = αP1 × . . . × αPm

With:

|πXi | =
∏

Pl∈PXi

|αPl |

Then, the conditional probability distribution of Xi ∈ B can be represented using |πXi | cat-

egorical random variables V j
Xi

:

Pr
[
V j

Xi
= x

]
= Pr

[
Xi = x

∣∣∣∣ π j
Xi

]
x ∈ Dom(Xi), 1 ≤ j ≤ |πXi |

The following example illustrates the result of the translation of a part of the example Bayesian

network (Figure 2.3) into categorical random variables.
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Example 2.6: Categorical random variables for the example Bayesian network

Node C in the network depicted in Figure 2.3 is influenced by its parents A and B, as detailed

in its conditional probability table (Figure 2.4c). The number of combinations of values within

the domains of C’s parents equals |πXi | = 2 · 2 = 4, so C can be translated into 4 categorical

random variables V j
C, with 1 ≤ j < 4:

Pr
[
V1

C = 0
]

= Pr
[
C = 0

∣∣∣∣ π1
C

]
= 0.25 Pr

[
V1

C = 1
]

= 0.75

Pr
[
V2

C = 0
]

= Pr
[
C = 0

∣∣∣∣ π2
C

]
= 0.33 Pr

[
V2

C = 1
]

= 0.67

Pr
[
V3

C = 0
]

= Pr
[
C = 0

∣∣∣∣ π3
C

]
= 0.45 Pr

[
V3

C = 1
]

= 0.55

Pr
[
V4

C = 0
]

= Pr
[
C = 0

∣∣∣∣ π4
C

]
= 0.50 Pr

[
V4

C = 1
]

= 0.50

With:

π1
C = {A = 0,B = 0} π3

C = {A = 1,B = 0}

π2
C = {A = 0,B = 1} π4

C = {A = 1,B = 1}

The full list of Boolean random variables for nodes from Figure 2.3 is provided in Table 2.5.

During the second stage of the translation to pc-tables, the correlations in the Bayesian network are

captured into lineage formulae:

Definition 2.3: Constructing lineage formulae (continuing from Definition 2.2)

Let X ∈ V be a node in Bayesian networkB = (G,Θ), with G = (V,E). Recall that π j
X is a value

assignment of the parent variables of X (as defined in Definition 2.2), and let π j
X[Pi] = pa

denote the assignment of value pa ∈ Dom(Pi) to parent Pi of X.

The lineage formulae Φ
j
X=x for node X are then recursively defined as:

Φ
j
X=x =

(
V j

X = x
)
∧

∧
Pi∈PX

∨
l

(
Φl

Pi=π
j
X[Pi]

)
Note that the lineage formulae Φ

j
X=xa

and Φ
j
X=xb

are mutually exclusive. Example 2.7 illustrates the

application of Definition 2.3 using the Bayesian network in Figure 2.3.
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C

A

B

D

Figure 2.3: Bayesian network that serves as a running example to illustrate translation into pc-tables
(see Table 2.4 for conditional probability tables)

A Pr

0 0.55

1 0.45

(a) Node A

A B Pr

0 0 0.3

0 1 0.7

1 0 0.1

1 1 0.9

(b) Node B

A B C Pr

0 0 0 0.25

0 0 1 0.75

0 1 0 0.33

0 1 1 0.67

1 0 0 0.45

1 0 1 0.55

1 1 0 0.50

1 1 1 0.50

(c) Node C

C D Pr

0 0 0.3

0 1 0.6

0 2 0.1

1 0 0.2

1 1 0.6

1 2 0.2

(d) Node D

Table 2.4: Conditional probability tables for Bayesian network presented in Figure 2.3

j a Pr
[
V j

A
= a

]
π j

A

0 0 0.55 {}
0 1 0.45 {}

(a) Node A

j c Pr
[
V j

C
= c

]
π j

C

0 0 0.25 {A = 0,B = 0}
0 1 0.75 {A = 0,B = 0}
1 0 0.33 {A = 0,B = 1}
1 1 0.67 {A = 0,B = 1}
2 0 0.45 {A = 1,B = 0}
2 1 0.55 {A = 1,B = 0}
3 0 0.50 {A = 1,B = 1}
3 1 0.50 {A = 1,B = 1}

(b) Node C

j b Pr
[
V j

B
= b

]
π j

B

0 0 0.3 {A = 0}
0 1 0.7 {A = 0}
1 0 0.1 {A = 1}
1 1 0.9 {A = 1}

(c) Node B

j d Pr
[
V j

D
= d

]
π j

D

0 0 0.3 {C = 0}
0 1 0.6 {C = 0}
0 2 0.1 {C = 0}
1 0 0.2 {C = 1}
1 1 0.6 {C = 1}
1 2 0.2 {C = 1}

(d) Node D

Table 2.5: Probability distribution of categorical random variables V j
X generated from the Bayesian

network presented in Figure 2.3
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Example 2.7: Lineage formulae for the example Bayesian network

Table 2.5 lists the categorical random variables and parent mappings for every node in the

example Bayesian network (Figure 2.3). This example constructs the lineage for node D,

conditioned on C = 1.

Assume that π1
D = {C = 1}, then the lineage expression for Pr

[
D = 0

∣∣∣ C = 1
]

becomes:

Φ1
D=0 =

(
V1

D = 0
)
∧

∧
pi∈PD

∨
l

(
Φl

pi=π1
D=0[pi]

)
(directly from Definition 2.3)

=
(
V1

D = 0
)
∧

∨
l

(
Φl

C=π1
D=0[C]

)
(C is only parent of D)

=
(
V1

D = 0
)
∧

(
Φ0

C=1 ∨Φ1
C=1 ∨Φ2

C=1 ∨Φ3
C=1

)
Table 2.6 lists the lineage formulae for every node in the example network.

References to lineage of other nodes (such as to Φl
C=1 in Example 2.7) can be stored either symbol-

ically, or in expanded form. The acyclic structure of Bayesian networks ensures that no circular

references can occur in the lineage expressions.

Note that, depending on the structure of the Bayesian network, parts of the lineage formulae (as

exemplified in Table 2.6) can be simplified. For example, consider the full lineage Φ0
C=1 generated

from node C in Example 2.7 (underlined expressions are part of a simplification in the following

step):

Φ0
C=1 =

(
V0

C = 1
)
∧Φ0

A=0 ∧
[
Φ0

B=0 ∨Φ1
B=0

]
=

(
V0

C = 1
)
∧

(
V0

A = 0
)
∧

[((
V0

B = 0
)
∧Φ0

A=0

)
∨

((
V1

B = 0
)
∧Φ0

A=1

)]
=

(
V0

C = 1
)
∧

(
V0

A = 0
)
∧

((V0
B = 0

)
∧

(
V0

A = 0
))
∨

((
V1

B = 0
)
∧

(
V0

A = 1
))

=
(
V0

C = 1
)
∧

(
V0

A = 0
)
∧

(
V0

B = 0
)
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j a Φ
j
A=a

Pr
[
Φ

j
A=a

]
0 0 V0

A = 0 0.55

0 1 V0
A = 1 0.45

(a) Node A

j a b Φ
j

B=b
Pr

[
Φ

j

B=b

]
0 0 0

(
V0

B = 0
)
∧Φ0

A=0 0.30 · 0.55 = 0.165

0 0 1
(
V0

B = 1
)
∧Φ0

A=0 0.70 · 0.55 = 0.385

1 1 0
(
V1

B = 0
)
∧Φ0

A=1 0.10 · 0.45 = 0.045

1 1 1
(
V1

B = 1
)
∧Φ0

A=1 0.90 · 0.45 = 0.405

(b) Node B

j a b c Φ
j
C=c

Pr
[
Φ

j
C=c

]
0 0 0 0

(
V0

C = 0
)
∧Φ0

A=0 ∧ (Φ0
B=0 ∨Φ1

B=0) 0.25 · 0.55 · 0.30 = 0.04125

0 0 0 1
(
V0

C = 1
)
∧Φ0

A=0 ∧ (Φ0
B=0 ∨Φ1

B=0) 0.75 · 0.55 · 0.30 = 0.12375

1 0 1 0
(
V1

C = 0
)
∧Φ0

A=0 ∧ (Φ0
B=1 ∨Φ1

B=1) 0.33 · 0.55 · 0.70 = 0.12705

1 0 1 1
(
V1

C = 1
)
∧Φ0

A=0 ∧ (Φ0
B=1 ∨Φ1

B=1) 0.67 · 0.55 · 0.70 = 0.25795

2 1 0 0
(
V2

C = 0
)
∧Φ0

A=1 ∧ (Φ0
B=0 ∨Φ1

B=0) 0.45 · 0.45 · 0.10 = 0.02025

2 1 0 1
(
V2

C = 1
)
∧Φ0

A=1 ∧ (Φ0
B=0 ∨Φ1

B=0) 0.55 · 0.45 · 0.10 = 0.02475

3 1 1 0
(
V3

C = 0
)
∧Φ0

A=1 ∧ (Φ0
B=1 ∨Φ1

B=1) 0.50 · 0.45 · 0.90 = 0.20250

3 1 1 1
(
V3

C = 1
)
∧Φ0

A=1 ∧ (Φ0
B=1 ∨Φ1

B=1) 0.50 · 0.45 · 0.90 = 0.20250

(c) Node C. The struck-through clauses in disjunctions conflict with other clauses in the parent conjunction,
and can therefore be simplified. For example, Φ1

B=0 conflicts with the definition of Φ0
A=0.

j c d Φ
j

D=d
Pr

[
Φ

j

D=d

]
0 0 0

(
V0

D = 0
)
∧

(
Φ0

C=0 ∨Φ1
C=0 ∨Φ2

C=0 ∨Φ3
C=0

)
0.30 · 0.623205 = 0.1869615

0 0 1
(
V0

D = 1
)
∧

(
Φ0

C=0 ∨Φ1
C=0 ∨Φ2

C=0 ∨Φ3
C=0

)
0.60 · 0.623205 = 0.3739230

0 0 2
(
V0

D = 2
)
∧

(
Φ0

C=0 ∨Φ1
C=0 ∨Φ2

C=0 ∨Φ3
C=0

)
0.10 · 0.623205 = 0.0623205

1 1 0
(
V1

D = 0
)
∧

(
Φ0

C=1 ∨Φ1
C=1 ∨Φ2

C=1 ∨Φ3
C=1

)
0.20 · 0.376795 = 0.075359

1 1 1
(
V1

D = 1
)
∧

(
Φ0

C=1 ∨Φ1
C=1 ∨Φ2

C=1 ∨Φ3
C=1

)
0.60 · 0.376795 = 0.226077

1 1 2
(
V1

D = 2
)
∧

(
Φ0

C=1 ∨Φ1
C=1 ∨Φ2

C=1 ∨Φ3
C=1

)
0.20 · 0.376795 = 0.075359

(d) Node D

Table 2.6: Full lineage formulae (and probabilities) for nodes from the Bayesian network presented
in Figure 2.3
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Chapter 3

Specifying Programs in ENFrame

One of the primary goals of ENFrame is to make programming for probabilistic data easier. The

framework’s user language is designed in such a way that the programmer does not need any

knowledge of probabilistic databases or probability theory in order to be able to write programs for

probabilistic data. Programming in the user language is effectively programming for deterministic

data: probabilistic data formalisms and data uncertainty play no role in the user language. ENFrame

is responsible for a probabilistic interpretation of a user program, which is the subject of discussion

in Chapter 4.

This chapter contains an informal description of the user language and its constructs, and

exemplifies the language using a series of data mining algorithms: k-medoids clustering, k-means

clustering, Markov clustering, and k-nearest neighbour classification. User programs for these

algorithms are presented in this chapter.

N.B. Throughout this thesis, listings of user programs (and extracts thereof) are typeset in a

typewriter font. Their probabilistic interpretation (event programs) are typeset in italics.

3.1 Introduction to the user language

The design of ENFrame’s user language is grounded in three main desiderata:

1. The language should be sufficiently expressive to allow for writing common data mining

algorithms, issuing queries, and manipulating query results.

2. It must be possible for the programmer to be oblivious to the deterministic or probabilistic

nature of the input data and to the probabilistic formalism.
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Event
Programs

x0 x1 x2 x3

Φ[o0] : ∨ Φ[o1] Φ[o2] Φ[o3] : ∧

M0 : Σ M1 : Σ

InCl0,0 : ∧ InCl1,3 : ∧InCl1,0 : ∧

Event Network Probability Computation

User
Programs
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Probabilistic
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t

input data

probabilistic output present results

ENFrame

Figure 3.1: ENFrame architecture: chapter 3

3. The language should be sufficiently simple, in order to allow for an intuitive and straightfor-

ward probabilistic interpretation.

Following these requirements, the user language is based on a subset of the Python programming

language [vRos97]. The language is sufficiently expressive to support a variety of data mining

algorithms, including k-means clustering, k-medoids clustering, Markov clustering, and k-nearest

neighbour classification.

3.2 Constructs of the user language

ENFrame’s user language comprises the following constructs:

Variables (including arrays). A variable in the user language can be of a primitive type (real,

integer, Boolean), or an array. Variables can be assigned and read multiple times. The following

expressions are examples of valid variable assignments:

V = 2

V = W (V becomes copy of W, assuming W is existing variable)

M[2] = True (assigning third array element; indices start at 0)
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Arrays are of a fixed size and are required to be initialised prior to being used. To initialise an

array M of cardinality k:

M = [None] * k

Operators and functions. A variety of operators and functions can be used on variables:

a + b, a * b: computes the sum and product, respectively, of two numerical (i.e., of type integer

or real) variables a and b.

a or b, a and b: computes the logical disjunction and conjunction, respectively, of two Boolean

variables a and b.

pow(a,b): exponentiates a numerical variable a to a numerical variable b, i.e. ab.

invert(a): inverts a numerical variable a, i.e. 1
a .

scalar_mult(b,A): computes a component-wise multiplication of a numerical variable b with the

values of a numerical array A. Yields a new array of the same size as A.

dist(A,B): real-valued distance measure on the feature space between two numerical arrays

(vectors) A and B. By default Euclidean, can be replaced by any other measure.

Array reductions. Given an array M, it can be reduced to a primitive value using one of the following

reduction functions:

reduce_or(M), reduce_and(M): reduce an array M of Booleans to a Boolean variable by applying

a logical disjunction (reduce_or) or conjunction (reduce_and) to the array values.

reduce_sum(M), reduce_mult(M), reduce_count(M): reduce an array M of reals to a real by re-

spectively summing, multiplying, or counting the values in M.

select_first(b,A): returns the first b elements of A. The resulting array contains b items. If A

initially contained fewer than b items, the resulting array will be padded with None values.

One special reduction function exists which reduces a two-dimensional numerical array to a one-

dimensional array:

reduce2_sum(M): reduces a two-dimensional numerical array (i.e., an array of numerical arrays,

also referred to as a matrix) M to a one-dimensional array of reals by performing a compo-

nent-wise summation of the inner numerical arrays. E.g., A = [1,2,3]; B = [4,5,6];
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C = [7,8,9]; M = [A,B,C];

Then, reduce2_sum(M) yields [12,15,18].

Loops. ENFrame’s user language features bounded-range loops: for any integer n and a counter

variable i, for-loops can be defined by: for i in range (0,n).

List comprehensions. Python-style anonymous arrays can be defined inside a reduce function

using list comprehension. For example: reduce_sum([1 for i in range (0,n) if B[i]])

counts the number of true values in a Boolean array B of size n.

Input functions. The abstract primitive method loadData() is used to load input data for al-

gorithms. This function can be implemented to load the objects from disk or to issue queries to a

database. ENFrame supports positive relational algebra queries with aggregates via the SPROUT

query engine for probabilistic data [FHO12]. The abstract methods loadParams() and init()

are used to set algorithm parameters, such as the number of iterations and clusters for clustering

algorithms.

All program variables have a probabilistic interpretation, which will be introduced in Chapter 4.

This interpretation defines a probability distribution over variable values, which can be made

available to the programmer. For instance, the programmer can define a Boolean variable that

computes whether two objects belong to a distinct cluster, or co-occur in any cluster. The probability

distributions of such program variables can be processed further, e.g. by a probabilistic database or

subsequent data analysis.

3.3 User programs for data mining algorithms

This section demonstrates adaptations of four data mining algorithms: k-means (Algorithm 3.1),

k-medoids (Algorithm 3.2), and Markov clustering (Algorithm 3.3), as well as k-nearest neighbour

classification (Algorithm 3.4). Two of the algorithms (k-medoids clustering and k-nearest neigh-

bour classification) have been used for an extensive experimental evaluation of ENFrame and its

algorithms (see Chapter 6).
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3.3.1 k-means clustering

The k-means clustering algorithm is possibly the most well-known unsupervised data mining

algorithm for clustering a data set with n data points o1, . . . , on into k disjoint partitions (clusters).

The desired number of clusters k is a parameter of the clustering algorithm and therefore needs to

be established beforehand; a brief discussion regarding techniques for determining k follows later

in this section.

The algorithm consists of three stages, the last two of which are repeated until convergence:

1. Initialisation phase: an initial centroid Mi is determined for each cluster (1 ≤ i ≤ k). Through-

out the algorithm iterations, the cluster centroid represents the centre of a cluster.

2. Assignment phase: every data point o j (1 ≤ j ≤ n) is assigned to the cluster Ci of which centroid

Mi is nearest.

3. Update phase: every cluster centroid Mi is recomputed to be the geometrical centre of the

cluster it represents.

The assignment and update phases are repeated until convergence occurs, or a preset maximum

number of iterations is reached. The location of the k initial centroids potentially has a significant

influence on the clustering result; methods for centroid positioning are discussed later in this section.

User program for k-means clustering

The ENFrame user program for k-means clustering is provided in Algorithm 3.1, and will provide

a deterministic clustering result for each of the n objects and k clusters. A probabilistic interpretation

of user programs is the subject of discussion in Chapter 4.

The first two lines of the user program load the data (array O of n objects) and the algorithm

parameters (number of clusters k, and number of algorithm iterations it). Line 3 computes the

initial cluster centroids (to be discussed later in this section). The algorithm then runs it iterations

(line 5) of the assignment (lines 6–13) and update (lines 15–20) phases.

During the assignment phase, the array InCl is initialised to hold k elements – one for each

cluster. Each element is an array of n Booleans, each of which indicates whether an object O[l] is

assigned to the cluster with index i. The Boolean value of InCl[i][l] is determined on lines 10–

12: an object O[l] is assigned to cluster i if the distance from O[l] to cluster centroid M[i]

(represented by dist(O[l],M[i])) is smaller than the distance to any other medoid M[j]. For the
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1 (O, n) = loadData() # list and number of objects

2 (k, it) = loadParams() # number of clusters and iterations

3 M = init() # initialise centroids

4

5 for t in range(0,it): # clustering iterations

6 InCl = [None] * k # assignment phase: assign objects to clusters

7 for i in range(0,k): # for every cluster i ...

8 InCl[i] = [None] * n

9 for l in range(0,n): # ... and for every object l

10 InCl[i][l] = reduce_and( # l is assigned to i if i has closest centroid

11 [dist(O[l],M[i]) <= dist(O[l],M[j]) for j in range(0,k)]

12 )

13 InCl = breakTies2(InCl) # each object is in exactly one cluster

14

15 M = [None] * k # update phase: compute new centroids

16 for i in range(0,k): # for every cluster i

17 M[i] = scalar_mult( # the new centroid is at the cluster centre

18 invert(reduce_count([1 for l in range(0,n) if InCl[i][l]])),

19 reduce2_sum([O[l] for l in range(0,n) if InCl[i][l]])

20 )

Algorithm 3.1: ENFrame user program for k-means clustering

sake of simplicity, the handling of ties (i.e. cases in which two cluster medoids are equidistant to an

object) is not specified in the user program, and is the subject of discussion later in this section.

The k-medoids update phase re-initialises the vector M of cluster centroids (line 15), and sub-

sequently recomputes (for every cluster i) the centre of the cluster (lines 17–20). The new cluster

centre M[i] equals the summation of all vectors of objects in cluster i (computed using reduce2_sum

on line 19), divided by the size of the cluster (using a component-wise multiplication with the inverse

of the size, on line 18).

Determining the optimum value for k

Various heuristics for determining the optimum number of clusters have been proposed in the

literature, e.g. the Caliński-Harabasz criterion [CH74], silhouette optimisation [Rou87; LOSS04],

and approaches using the Bayesian information criterion or Akaike’s information criterion [Aka74;

PM00]. These heuristics apply to the k-medoids clustering algorithm as well (Section 3.3.2). A

detailed discussion of heuristics for determining the parameter k can be found in the literature (e.g.
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[PDN05]) and lies beyond the scope of this thesis; this work concerns itself with techniques for

expressing arbitrary data mining algorithms in a framework for probabilistic programming, rather

than comparing such algorithms and ways to determine their optimal parameter values.

Centroid selection during initialisation phase

The k-means and k-medoids clustering algorithms rely on an initial selection of k centroids (or

medoids, in k-medoids). The initial centroid selection potentially has a significant effect on per-

formance and the clustering result, and many approaches exist for establishing a suitable set of initial

centroids [ARB+06]. Any of these techniques can be used as a pre-processing step to ENFrame by

passing an initial M as an algorithm parameter, or by implementing the abstract init() function

(called on line 3).

Tie breaking

When executing k-means clustering on deterministic data, an object can only ever be assigned to

a single cluster. In the user program presented in Algorithm 3.1, line 11 does not exclude the

possibility of an object being assigned to two clusters (i.e., InCl[i][l] = InCl[j][l] = true for

distinct clusters i, j). This situation is rectified by the call to breakTies2, which breaks ties in

the first dimension of a two-dimensional Boolean array M, such that for every fixed a, only a single

value M[0][a], . . . , M[k-1][a] has value true.

In fact, the need for thebreakTies2method can be avoided altogether by replacing the definition

of InCl[i][l] on line 10:

InCl[i][l] = reduce_and(

[dist(O[l],M[i]) <= dist(O[l],M[j]) for j in range(0,k)]

)

By the following:

InCl[i][l] = reduce_and([

(

dist(O[l],M[i]) < dist(O[l],M[j]) or

(i <= j and dist(O[l],M[i]) == dist(O[l],M[j]))

) for j in range(0,k)

])
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This new definition of InCl prioritises clusters with a lower index by requiring a medoid M[i] to

be strictly closer than every other medoid M[j], unless i is smaller than j in which case equidistance

suffices.

3.3.2 k-medoids clustering

The k-medoids clustering algorithm is very similar to the k-means algorithm: it consists of the same

three clustering phases (initialisation, assignment, update), the first two of which are identical to

k-means. Compared to k-means, the difference is the use of medoids rather than centroids. A centroid

is the mean of the location of all data points in a cluster, and can be located at any point in the feature

space. A medoid, on the other hand, is always a member of the input data set, and is defined as the

data point whose dissimilarity to the other data points in the cluster is minimal [KR87]. In other

words: a medoid is, from all members of a cluster, the object with the minimal total distance to all

other objects in the cluster. An additional requirement is that two clusters cannot share the same

medoid. This condition is only relevant during the initialisation phase: if k distinct medoids are

chosen during this phase, there will be k distinct clusters (and medoids) throughout the clustering

procedure.

The use of medoids (rather than centroids) allows for clustering a feature space in which a

mean (centroid) cannot be defined for one or more dimensions. An often-used example is that

of clustering of gene expressions [VPB03]: although it is not possible to compute the mean of a

set of one or more gene expressions, dissimilarity matrices can be used as a distance function for

k-medoids clustering.

User program for k-medoids clustering

The ENFrame user program for the k-medoids clustering algorithm is provided in Algorithm 3.2.

The first thirteen lines are identical to the user program for k-means. On line 3, the initial cluster

medoids are selected; the discussion in Section 3.3.1 regarding initial centroid selection in k-means

applies to this algorithm as well.

The it iterations of the assignment and update phases start on line 5. The assignment phase

starts on line 6 with the (re-)initialisation of the two-dimensional InCl array of Boolean values. For

every cluster i, and every object l, the Boolean InCl[i][l] denotes whether or not the object l

is assigned to cluster i. The condition for assignment is the same as the assignment condition in

k-means: an object is assigned to a cluster i if the distance to that cluster’s medoid is minimal.
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1 (O, n) = loadData() # list and number of objects

2 (k, it) = loadParams() # number of clusters and iterations

3 M = init() # initialise medoids

4

5 for t in range(0,it): # clustering iterations

6 InCl = [None] * k # assignment phase: assign objects to clusters

7 for i in range(0,k): # for every cluster i ...

8 InCl[i] = [None] * n

9 for l in range(0,n): # ... and for every object l

10 InCl[i][l] = reduce_and( # l is assigned to i if i has closest medoid

11 [(dist(O[l],M[i]) <= dist(O[l],M[j])) for j in range(0,k)]

12 )

13 InCl = breakTies2(InCl) # each object is in exactly one cluster

14

15 M = [None] * k # update phase: select new medoids

16 for i in range(0,k): # for every cluster i

17 DistSum = [None] * n

18 for l in range(0,n): # compute total distance sum for every object l ...

19 DistSum[l] = reduce_sum( # ... to all other objects in cluster i

20 [dist(O[l],O[p]) for p in range(0,n) if InCl[i][p]]

21 )

22

23 IsMedoid = [None] * n;

24 for l in range(0,n): # determine whether object is new medoid

25 IsMedoid[l] = reduce_and( # object is new medoid if it has min. distance sum

26 [DistSum[i][l] <= DistSum[i][p] for p in range(0,n) if InCl[i][p]]

27 ) and InCl[i][l] # and is in the cluster

28 IsMedoid = breakTies(IsMedoid)

29

30 M[i] = reduce_sum([O[l] for l in range(0,n) if IsMedoid[l]])

Algorithm 3.2: ENFrame user program for k-medoids clustering
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Therefore, the code for the assignment phase in the user program (lines 6–13) is identical to the code

in user program for k-means. Consequently, the application of tie-breaking in k-means clustering

also applies to k-medoids (see Section 3.3.1).

The similarity with k-means ends with the update phase, during which the new cluster medoids

are selected. An object O[l] becomes the new medoid to a cluster i if: (1) it was assigned to that

cluster in the preceding assignment phase, and (2) the sum of distances between O[l] and all other

objects in cluster i (the total distance sum) is minimal.

The update phase starts on line 15 with the re-initialisation of the array of medoids M, after

which the algorithm iterates over all clusters. On lines 17–21, the DistSum array is initialised: it

will hold, for every object O[l], the sum of the distances to all other objects O[p] in cluster i. This

value is computed by applying the reduce_sum function to an anonymous array of reals (distances

to cluster members) on lines 19–21.

After the total distance sums for a cluster have been computed, the new cluster medoid is

selected in the code on lines 23–28. The Boolean values in array IsMedoid indicate, for every object

O[l], whether that object is the new medoid.

Finally, on line 30, the location of the new medoid M[i] is set by summing over an anonymous

array (generated through list comprehension) with only one member: the object which was selected

as medoid.

Tie breaking

As seen in the user program for k-means, a possible tie in the cluster assignment is broken using a call

to breakTies2 (line 13). However, ties can occur in k-medoids’s update phase as well: two objects

can have identical total distance sums, and can therefore both be an equally suitable candidate to

become a cluster medoid. This situation is resolved by a call to breakTies on line 28. Note that the

breakTies method resolves a tie in a one-dimensional array, whereas breakTies2 resolves a tie in

the first dimension of a two-dimensional array.

3.3.3 Markov clustering

Markov clustering is a graph clustering algorithm based on simulation of stochastic flow [vDon00].

Clusters in a graph are characterised by the presence of many edges between vertices within a

cluster and few edges between vertices in disjoint clusters.
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To cluster graph vertices, the Markov clustering algorithm simulates random walks within a

graph by repeatedly performing two operations: expansion and inflation. If a directed graph G is

stored as an adjacency matrix A which is subsequently converted into a stochastic matrix M (i.e.,

values are normalised such that columns sum up to 1), then the expansion and inflation operations

can be described as operations on M:

• Expansion: this step corresponds to performing a step of a random walk, resulting in new

probabilities for every pair of nodes (source and destination). The random step corresponds

to squaring the stochastic matrix M. The result of squaring a stochastic matrix is, by definition,

another stochastic matrix.

• Inflation: this step amplifies the effects of expansion. Small probabilities become smaller, large

probabilities become larger. This step corresponds to taking the Hadamard power (i.e., entry-

wise) of M by an inflation parameter r, followed by normalisation to maintain the stochastic

property.

Since higher length paths are more common within clusters than between different clusters, the

probabilities associated with node pairs located in the same cluster will, in general, be relatively

large – as there are many ways of going from one to the other.

User program for Markov clustering

The ENFrame user program for Markov clustering is presented in Algorithm 3.3. The program

requires the following input data and parameters (lines 1–2):

• n: number of nodes in the graph

• M: n × n stochastic adjacency matrix

• r: the inflation parameter

• it: number of algorithm iterations

The columns (i.e., outgoing edges) of a stochastic matrix sum up to 1. A value on row a in column

b represents the probability that vertex a is visited from b when performing a random walk. A zero

probability indicates that node a is not adjacent to b. A probability of one indicates that b only has

a single outgoing edge: an edge to a.

The expansion phase takes place on lines 5–9. The (temporary) variable N holds the new

stochastic matrix which is computed by a matrix self-multiplication.
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1 (n, M) = loadData() # M: stochastic n*n matrix of edge weights

2 (r, it) = loadParams() # r: inflation parameter, it: number of iterations

3

4 for t in range(0,it):

5 N = [None] * n # expansion phase

6 for i in range(0,n):

7 N[i] = [None] * n

8 for j in range(0,n): # compute matrix square result:

9 N[i][j] = reduce_sum([M[i][k] * M[k][j] for k in range(0,n)])

10

11 M = [None] * n # inflation phase

12 for i in range(0,n):

13 M[i] = [None] * n

14 for j in range(0,n): # inflate and re-normalise values

15 M[i][j] = pow(N[i][j],r) *

16 invert(reduce_sum([pow(N[i][k],r) for k in range(0,n)]))

17

18 InCl = [None] * n # interpret M to obtain clustering result

19 for i in range (0,n):

20 InCl[i] = [None] * n

21 for j in range (0,n): # determine whether vertex j belongs to cluster i

22 InCl[i][j] = M[i][j] > 0

Algorithm 3.3: ENFrame user program for Markov clustering

During the inflation phase (lines 11–16), the new stochastic matrix M is computed by inflating

every value of N. This value is immediately normalised on line 16 to maintain the stochastic property

of M.

After it iterations, the algorithm is finished and yields the last version of the stochastic matrix M.

If sufficient iterations were computed, this matrix will have converged to a doubly idempotent state:

the matrix is idempotent under both self-multiplication (squaring) and inflation. In the final matrix,

every column will generally have a single non-zero value, or multiple identical values [vDon00].

The interpretation of the resulting matrix is done on lines 18–22 using the Boolean matrix InCl: all

non-zero entries (vertices) j in a row are assigned to the same cluster i. Note that this allows for

up to n clusters, but in practice this number is much smaller.
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3.3.4 k-nearest neighbour classification

ENFrame’s user language is sufficiently expressive to go beyond the clustering algorithms discussed

previously. This section presents the adaptation of a classification algorithm: k-nearest neighbour

(or: k-nn). This algorithm is also included in the experimental evaluation in Chapter 6.

The k-nn classification algorithm attempts to classify one or more unlabelled data points using

a data set consisting of ready-labelled data points. Unlike the clustering algorithms, k-nn is not

an iterative algorithm: the class label of an unlabelled data point is determined by a plurality (or

majority) vote by its k nearest neighbours. In case of a tie, an implementation can either choose to

randomly assign a class, or take the distance to each of the k nearest neighbours into account. The

classification algorithm that was used in Example 1.1 is, in fact, the k-nearest neighbour algorithm.

User program for k-nearest neighbour classification

The user program for k-nn is presented in Algorithm 3.4. The input data and required parameters

are as follows (lines 5–6):

• nu, U: number of unlabelled data points to be classified, and their specification (i.e., location).

• nl, L: number of labelled data points, and their specification.

• nc, C: number of classes, and mapping of labelled data points to classes (e.g. C[a] denotes the

class of data point L[a]).

• SLN[i]: sorted list of labelled neighbours for every unlabelled object, e.g. SLN[b] is an array

with U[b]’s neighbours in order of increasing distance.

• k: determines the number of neighbours considered in a plurality vote.

The two-dimensional array Votes is initialised on line 8 and will contain a vote for each combination

of labelled object and possible class label. A labelled object L[l] will contribute a vote of value 2 for

class i if the object has class label i. If L[l] does not have label i, the vote contributed Votes[l][i]

will be 1.

After the object votes have been gathered, the class assignment of all nu unlabelled objects takes

place on lines 14–30. The two-dimensional array ClassAssign will store, for every unlabelled

object U[u], an array of Booleans that represent the class assignment. To obtain those Booleans,

an array NearestVotes is constructed first, based on the sorted list of neighbours SLN. The first
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1 # U = unlabelled points, nu = number of unlabelled points in U

2 # L = labelled points, nl = number of labelled points in L

3 # C = class of each labelled point, nc = number of classes

4 # SLN[u] = sorted list of labelled neighbours for object u in U

5 (U, nu, L, nl, C, nc, SLN) = loadData()

6 (k) = loadParams() # k: no. of nearest neighbours to consider

7

8 Votes = [None] * nl; # prepare votes of labelled objects

9 for l in range (0, nl): # iterate over labelled objects

10 Votes[l] = [None] * nc # votes from object l

11 for i in range (0, nc): # iterate over possible classes

12 Votes[l][i] = 1 + (1 if C[l] == i else 0) # 1/2-vote for class i

13

14 ClassAssign = [None] * nu; # stores class assignments

15 for u in range (0, nu): # iterate over unlabelled points

16 VoteSum = [None] * nc # sum of votes by nearest neighbours

17 for i in range (0, nc): # iterate over possible classes

18 NearestVotes = [None] * nc; # sort votes: nearest neighbours first

19 for m in range (0, nl):

20 NearestVotes[m] = Votes[SLN[u][m]][i] # vote from mth nearest neighbour

21

22 VoteSum[i] = reduce_sum(select_first(k, NearestVotes)) # sum first k votes

23

24 ClassAssign[u] = [None] * k # class assignments for point u

25 for i in range (0, nc): # iterate over classes

26 ClassAssign[u][i] = reduce_and( # assignment to class i

27 VoteSum[i] >= VoteSum[p] for p in range (0, nc)

28 )

29

30 ClassAssign[u] = breakTies(ClassAssign[u]) # break ties

Algorithm 3.4: ENFrame user program for k-nearest neighbour classification
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k elements from the ordered list of votes are extracted using the select_first method, and are

subsequently summed into the VoteSum[i] variable.

Finally, the class assignment for an unlabelled object U[u] is stored in the two-dimensional array

ClassAssign: a single Boolean in ClassAssign[u] can have value true. Possible ties are broken

on using a call to breakTies.

3.4 Syntax of the user language

The clustering and classification algorithms provide an introduction to the constructs of the user

language. This section discusses the user language in a more formal way by defining the language’s

grammar.

Figure 3.2 defines the grammar of the user language using the Backus-Naur Form1. An ENFrame

user program consists of a sequence of declarations (the non-terminal 〈decl〉) and loop blocks (〈loop〉).
Each declaration and loop can itself contain additional loops and declarations.

The language allows for assigning expressions (〈expr〉) to variable identifiers (〈varid〉). An

expression can be:

• a Boolean, integer, or floating-point literal constant (〈lit〉);

• a variable identifier (〈varid〉);

• an array declaration (〈ardecl〉);

• the Boolean result of a comparison between two expressions (〈comp〉);

• the result of an operation such as summation, multiplication, inversion, and exponentiation;

• the result of a reduce operation on an anonymous array created through list comprehension

(〈lcompr〉); or

• a tie breaker result (〈brties〉)

In addition to the syntactic structure as defined by the grammar in Figure 3.2, programs are governed

by two additional constraints on anonymous arrays (through list comprehension) and loops. In its

current state, ENFrame only supports list comprehensions that construct one-dimensional arrays of

primitive types (i.e., Booleans, integers, floats). Furthermore, loops can only be constructed using

1The Backus-Naur Form (BNF) was initially named the ‘Backus Normal Form’ after J.W. Backus et al. in [BBG+63].
It was later renamed to ‘Backus-Naur Form’ after a suggestion by Donald Knuth [Knu64]. Refer to the Encyclopedia of
Computer Science [MR03] for a more detailed account of the notation’s history.
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integer literals or immutable integer-valued variables. This restriction ensures that loops and list

comprehensions are of bounded size which is known when the probabilistic interpretation of the

user program takes place.

〈loop〉 ::= {〈decl〉} { for 〈varid〉 in 〈range〉: { 〈loop〉 } }

〈decl〉 ::= 〈varid〉 = 〈expr〉 | ‘(’ {〈varid〉,} 〈varid〉 ‘)’ = 〈ext〉

〈expr〉 ::= 〈lit〉 | 〈varid〉 | 〈ardecl〉 | 〈expr〉 〈comp〉 〈expr〉
| 〈expr〉 and 〈expr〉 | 〈expr〉 or 〈expr〉
| 〈reduce〉 ‘(’ 〈lcompr〉 ‘)’ | pow ‘(’〈expr〉,〈expr〉‘)’

| invert ‘(’〈expr〉‘)’ | 〈expr〉 ‘*’ 〈expr〉 | 〈expr〉 ‘+’ 〈expr〉
| scalar_mult ‘(’ 〈expr〉, 〈expr〉 ‘)’ | 〈brties〉 ‘(’ 〈expr〉 ‘)’

| select_first ‘(’ 〈expr〉, 〈expr〉 ‘)’

〈lcompr〉 ::= 〈expr〉 for 〈varid〉 in 〈range〉 if 〈expr〉 [ else 〈expr〉 ]

〈brties〉 ::= breakTies ‘(’ 〈expr〉 ‘)’ | breakTies2 ‘(’ 〈expr〉 ‘)’

〈reduce〉 ::= reduce_and | reduce_or | reduce_sum | reduce_mult

| reduce_count

〈range〉 ::= range ‘(’ 〈expr〉, 〈expr〉 ‘)’

〈ardecl〉 := [None] ‘*’ 〈expr〉

〈comp〉 ::= ‘<’ | ‘>’ | ‘==’ | ‘<=’ | ‘>=’

〈ext〉 ::= loadData ‘(’ ‘)’ | loadParam ‘(’ ‘)’ | init ‘(’ ‘)’

〈varid〉 ::= a variable identifier

〈lit〉 ::= a literal (Boolean, integer, float)

Figure 3.2: The grammar of the user language in Backus-Naur Form
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Chapter 4

Probabilistic Programs Using Events

The previous chapter introduced the user language, in which a programmer can write programs

in ENFrame. This chapter introduces the probabilistic interpretation of the deterministic user

programs: event programs. First of all, the concept of probabilistic events is introduced, followed

by an introduction of the constructs of the event language (operators and functions), their syntax

and language semantics. After that, the probabilistic semantics of events is introduced, which defines

how an event in the event language can be interpreted as a random variable with a probability

distribution over a finite range. Once all these building blocks are in place, the translations of the

user programs from the previous chapter to their probabilistic interpretation are presented and

explained, followed by some final notes on the translation process.

4.1 Probabilistic interpretation through events

In query languages, a Boolean query Q on a deterministic database D is a map Q : D→ {true, false}.
On a probabilistic database, such a query yields a Boolean random variable with a probability

distribution over the set of Boolean constants: true and false. Similarly to queries on deterministic

and probabilistic data, ENFrame programs have a sound semantics for both deterministic and

probabilistic input data. For deterministic data, the result of an ENFrame program is typically

deterministic (e.g., a classification algorithm will yield a deterministic classification); for probabilistic

data, the result is a set of probability distributions over the ranges of program variables and, by

extension, a probability distribution over all possible results (e.g., a distribution over all possible

clustering or classification results).
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Figure 4.1: ENFrame architecture: chapter 4

At the foundation of the interpretation lie probabilistic events, which are the probabilistic coun-

terpart to regular deterministic program variables. Events are a concise syntactic encoding of

random variables and their probability distribution, and are generated by event programs. This

chapter describes the syntax and semantics of events and event programs, and finally explains how

ENFrame programs written in the user language can be translated to event programs. The key

features of events and event programs are:

• Events can encode arbitrarily correlated discrete probability distributions over input objects.

In particular, they can succinctly encode instances of formalisms such as p(v)c-tables and

Bayesian networks. The input objects and their correlations can be explicitly provided, or

imported via a positive relational algebra query with aggregates over p(v)c-tables [FHO12].

• Events can have a non-Boolean range, which allows for an exponentially more succinct en-

coding than an equivalent purely Boolean description [LSV02].

• Events have a well-defined probabilistic semantics that facilitates an interpretation as a ran-

dom variable.

• Re-use of existing events leads to a concise encoding of a large number of distinct intercon-

nected events.
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In pc-tables, the tuples are annotated with propositional formulae over Boolean random variables (as

described in Section 2.2.1). This formalism is fully compatible with events for objects in input data for

ENFrame: every object ol has an event Φ[ol] over a set X of independent Boolean random variables.

The possible worlds of the input objects are defined by the possible valuations α : X → {true, false}.
Each valuation α constitutes a world containing those objects ol for which Φ[ol] is satisfied by α.

Due to the independence of the random variables x ∈ X, the probability of a world is the product of

the probabilities of the variables x ∈ X taking a truth value α(x).

Example 4.1: Classification in possible worlds

Recall the classification problem introduced in Example 1.1:

o0 o1 ox o2 o3

Assume that each data point ol is annotated with an event Φ[ol] over a set of independent

Boolean random variables X = {x0, x1}with probabilities Pr[x0] = 0.6 and Pr[x1] = 0.8:

Φ[o0] = x0 Φ[o1] = x1

Φ[o2] = x0 ∧ x1 Φ[o3] = ¬x0 ∨ x1

The two Boolean random variables yield four possible worlds. The classification result for ol

in each of these possible worldsW (using the k-nn algorithm with k = 3):

x0 x1 objects Pr
[
W

]
result

> > {o0, o1, o2, o3} 0.6 · 0.8 = 0.48 red

> ⊥ {o0} 0.6 · (1 − 0.8) = 0.12 green

⊥ > {o1, o3} (1 − 0.6) · 0.8 = 0.32 red

⊥ ⊥ {o3} (1 − 0.6) · (1 − 0.8) = 0.08 green

As a result, the classification probabilities are:

Pr[ox is classified red] = 0.48 + 0.32 = 0.8

Pr[ox is classified green] = 0.12 + 0.08 = 0.2
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The use of events is not limited to representing uncertainty in the input data set – they are used

to symbolically encode the entire computation process. This symbolic encoding using an event

language is exemplified in Section 4.4 using the classification and clustering algorithms that were

introduced in the previous chapter. The following example informally illustrates the use of events

for the initialisation phase of a clustering algorithm.

Example 4.2: Probabilistic events for initial medoid selection in the clustering process

Recall the following probabilistic clustering scenario from Example 1.2:

o0 o1 o2 o3

In a probabilistic clustering scenario, every object ol in the data set is associated with a

probabilistic event Φ[ol] that expresses the object’s existence. As a result, when applying

the k-medoids clustering algorithm to find k = 2 clusters, the selection of the initial cluster

medoids M0 and M1 (initialisation phase) becomes a probabilistic event. The range of such

an event is the set of objects in the data set. However, the two conditions for cluster medoids

still apply: a medoid is an object that is part of the data set, and two clusters cannot share the

same medoid.

This is an example of the (informal) event specification for the initial medoids:

M0 =



o0 if o0 exists

o1 if o1 exists, and o0 is not the medoid of M0 (i.e., o0 does not exist)

o2 if o2 exists, and neither o0 nor o1 is the medoid of M0

o3 if o3 exists, and none of o0, o1, o2 are the medoid of M0

none otherwise (i.e., if no objects exist)

M1 =



o0 if o0 exists and is not the medoid of M0 (= contradiction)

o1 if o1 exists, and o1 is not the medoid of M0, and o0 is not the medoid
of M1 (i.e., o0 does not exist)

o2 if o2 exists, and o2 is not the medoid of M0, and neither o0 nor o1 is
the medoid of M1

o3 if o3 exists, and o3 is not the medoid of M0, and none of o0, o1, o2 is
the medoid of M1

none otherwise

50



4.2. EVENT CONSTRUCTS AND THEIR SEMANTICS

Note how these newly constructed events M0 and M1 reuse the events for object existence

and selection of other medoids. The probabilities of each of the possible values for M0 and

M1 are calculated using the probabilities of each of the events they depend on, as will be

explained next and illustrated in Example 4.3.

4.2 Event constructs and their semantics

User programs are probabilistically interpreted as event programs. For this to be possible, every

construct in the user language has a probabilistic counterpart in the event language. These prob-

abilistic constructs and their semantics are introduced and discussed here, after which their syntax

will be introduced. In Section 4.4, their use will be illustrated by showing the event programs for

the data mining algorithms introduced in the previous chapter.

The semantics of event expressions is defined by extending a Boolean valuation α : X →
{true, false} to a valuation expressions over any type of event. The exact behaviour of each of the

event expressions under α is specified in Figure 4.3, and further detailed below.

4.2.1 Introduction to event expressions

Boolean random variables and propositional operators

Elements xi from the set of independent Boolean random variables X are the most basic type of

Boolean event (indicated by 〈bevent〉 in the language’s grammar in Figure 4.2). Various propositional

operators can be used to give rise to other Boolean events: conjunctions (operator: ∧), disjunctions

(operator: ∨), and negations (operator: ¬). Disjunction and conjunction events can be constructed

using both binary operators (e.g., Φ = x1 ∧ x2) and n-ary operators (e.g., Φ =
∨

i

xi). The use

of such operators results in a new event that depends on the operands. The following example

illustrates how the events that were described informally in Example 4.2 can be constructed using

these propositional operators.

Example 4.3: Probabilistic events for initial medoid selection (contd.)

Recall the probabilistic clustering scenario from Example 4.2. Assume that the objects

o0, . . . , o3 in the input data have the following propositional events over a set of independent
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Boolean random variables X = {x0, x1, x2, x3}:

Φ[o0] = x0 ∨ x2 Φ[o1] = x1

Φ[o2] = x3 Φ[o3] = ¬x1 ∧ x3

The events for the selection of initial medoids M0 and M1 can then be defined more formally,

as follows (see Appendix D for step-by-step rewritings):

Φ
[
M0 = o0

]
≡ Φ[o0] ≡ x0 ∨ x2

Φ
[
M0 = o1

]
≡ Φ[o1] ∧ ¬Φ

[
M0 = o0

]
≡ x1 ∧ ¬(x0 ∨ x2)

Φ
[
M0 = o2

]
≡ Φ[o2] ∧ ¬Φ

[
M0 = o0

]
∧ ¬Φ

[
M0 = o1

]
≡ x3 ∧ ¬(x0 ∨ x2) ∧ ¬x1

Φ
[
M0 = o3

]
≡ Φ[o3] ∧ ¬Φ

[
M0 = o0

]
∧ ¬Φ

[
M0 = o1

]
∧ ¬Φ

[
M0 = o2

]
≡ ⊥

Φ
[
M1 = o0

]
≡ Φ[o0] ∧ ¬Φ

[
M0 = o0

]
≡ ⊥

Φ
[
M1 = o1

]
≡ Φ[o1] ∧ ¬Φ

[
M1 = o0

]
∧ ¬Φ

[
M0 = o1

]
≡ x1 ∧ (x0 ∨ x2)

Φ
[
M1 = o2

]
≡ Φ[o2] ∧ ¬Φ

[
M1 = o0

]
∧ ¬Φ

[
M1 = o1

]
∧ ¬Φ

[
M0 = o2

]
≡

≡ x3 ∧ ¬(x1 ∧ (x0 ∨ x2)) ∧ (x0 ∨ x1 ∨ x2)

Φ
[
M1 = o3

]
≡ Φ[o3] ∧ ¬Φ

[
M1 = o0

]
∧ ¬Φ

[
M1 = o1

]
∧ ¬Φ

[
M1 = o2

]
∧ ¬Φ

[
M0 = o3

]
≡

≡ ¬x0 ∧ ¬x1 ∧ ¬x2 ∧ x3

Events for the assignment and update phases of the k-medoids algorithm can be constructed

in a similar fashion. However, as will become clear later in this chapter, it is not possible to

construct these events using purely propositional event expressions.

The probabilities of the events for initial medoid selection can be computed using the

probability distributions of the independent Boolean random variables xi ∈ X. This is subject

of detailed discussion in Chapter 5.

Conditional values (c-values) and real-valued events

Conditional values (or: c-values) are one of the most important constructs in ENFrame’s event

language. A c-value is an event that conditions some value v on a Boolean event Φ, and is denoted

as follows: Φ ⊗ v. The value v can be a real-valued number (v ∈ R; e.g., a distance between two
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objects), or a vector. Intuitively, the c-value evaluates to v if Φ evaluates to true under a valuation

α; otherwise, it evaluates to a value that represents undefined and is denoted u. The value of u is the

identity element (or: neutral element) of the monoid of v. For Boolean values u = false, and for values

v ∈ R this results in u = 0 (i.e., the identity element of the monoid of real numbers under addition).

Two or more c-values values can be summed and multiplied using the standard binary and

n-ary operators to construct new real-valued events. For example, (Φ1 ⊗ v) + (Φ2 ⊗ w) evaluates to

0, v, w, or v + w in the event both Φ1 and Φ2 are false, only Φ1 is true, only Φ2 is true, or both Φ1 and

Φ2 are true, respectively.

Conditional values make an appearance in many probabilistic interpretations of user programs.

For example, consider the following extract from the update phase of the k-medoids user program

(which was previously presented in Algorithm 3.2):

19 DistSum[l] = reduce_sum( # ... to all other objects in cluster i

20 [dist(O[l],O[p]) for p in range(0,n) if InCl[i][p]]

21 )

This code computes the total distance sum DistSum[l] from an object O[l] to all other objects

in the same cluster i. This cluster membership condition is explicitly expressed using the InCl

array, which stores the object-to-cluster assignment. Capturing the total distance sum in a purely

Boolean (propositional) event expression would incur an exponential blow-up in the number of

expressions and their size [LSV02], as it would require a Boolean random variable for every possible

summation result. Therefore, ENFrame uses a summation over conditional values to construct a

new real-valued event DistSuml:

DistSuml ≡
n−1∑
p=0

[
InCli,p ⊗ dist

(
Ol,Op

)]

A c-value construct can also serve as a value to another c-value, e.g.: Φ1⊗(Φ2⊗v), which expands

to (Φ1 ∧Φ2)⊗v. Conditional values over vectors in the feature space can be used as parameter to the

dist(a, b) function. This function evaluates to u = 0 if one of its parameters is u; if both parameters

are defined (i.e., a, b , u), the function returns the distance between the two vectors.

In this thesis, c-values are assumed to be conditioned on Boolean variables; a generalisation to

variables with arbitrary finite categorical distributions is described in [vSO16] (accepted with minor

revisions in December 2015).
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Comparisons of real-valued events

By conditioning on a Boolean event, conditional values allow for probabilistic events with an

arbitrary range, such as the DistSum events explained earlier. Similarly, comparison events allow

for the combining of two real-valued events to construct a Boolean event. ENFrame supports the

common relational operators for use in comparisons: <, ≤, =, ≥, >.

Consider the following extract from the user program for k-nearest neighbour classification (see

Algorithm 3.4 for the complete program listing):

26 ClassAssign[u][i] = reduce_and( # assignment to class i

27 VoteSum[i] >= VoteSum[p] for p in range (0, nc)

28 )

This code assigns class label i to an unlabelled object u (by setting ClassAssign[u][i] to true)

if the sum of votes VoteSum[i] for class i is larger than the sum of votes VoteSum[p] for any

other class p. In the probabilistic interpretation, both VoteSum[i] and VoteSum[p] are events over

natural numbers that were constructed using c-values. Each of the values in the range of such an

event has a certain probability of occurring, depending on the c-values it was constructed with.

Section 4.3 specifies the probabilistic semantics of this and other types of events, which dictates

how the probability of each of the values is computed.

The relational operator ‘≥’ can be used to compare two events over natural (or real) numbers

to construct a new Boolean event ClassAssignu,i, which represents the assignment class i to an

unlabelled object ou:

ClassAssignu,i ≡
nc−1∧
p=0

[
VoteSumi ≥ VoteSump

]

Comparisons default to false if both operands are u. If exactly one of the operands evaluates to

u, then the comparison always results in true. If both operands are defined (i.e., , u), the result of

the comparison has the usual semantics on values in R.

Array operations

Arrays (vectors) can be added and multiplied (both element-wise) using the ‘+’ and ‘·’ operators.

Additionally, function Fk(A) on an array A returns the first k elements that do not have value u.

Example 4.4 in the next section illustrates probabilistic semantics using the Fk function.
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Conditional values versus related algebraic structures

The c-value construct in the event language is inspired by work on provenance semirings [GKT07]

and semimodules [ADT11; FHO12], which capture provenance for positive relational queries with

aggregates on uncertain databases. The construct Φ ⊗ v resembles the algebraic structure of a

semimodule that is a tensor product of the Boolean semiring B[X] freely generated by the variable

set X with the sum monoid over the real numbers R.

This semimodule forms the foundation for pvc-tables [FHO12], as introduced in Chapter 2. This

formalism for probabilistic data allows for succinctly storing values and their lineage in a single

expression. For example, the number of works written by William Shakespeare can be captured by

the following semimodule expression:

Ψ = (x1 ⊗ 1)︸  ︷︷  ︸
Henry VIII

+ ((x2 ∧ ¬x3) ⊗ 1)︸             ︷︷             ︸
Romeo & Juliet

There are, however, two key differences between c-values and these semimodules. Firstly, c-values

allow for negations in events, which are not captured by the Boolean semiring. Secondly, even for

positive events, the c-value B[X] ⊗R is not a semimodule since it violates the law of distributivity

that governs semimodules:

(Φ1 ∨Φ2) ⊗ v , Φ1 ⊗ v + Φ2 ⊗ v

In ENFrame, under an assignment that satisfies both Φ1 and Φ2, the left side of the equality evaluates

to v, whereas the right side becomes v + v. In other words: ENFrame does not distribute ‘⊗’ over

conjunctions and disjunctions in Boolean expressions.

4.2.2 Syntax of event expressions

The grammar for event expressions is introduced in Figure 4.2. Elements xi from the set of inde-

pendent Boolean random variables X are the most basic type of Boolean event (〈bevent〉). Various

propositional operators can be used to give rise to other Boolean events. When used together

with a primitive value or an array (〈val〉), the Boolean events can be used to construct conditional

values (〈cval〉). Common mathematical operations (e.g. addition, multiplication, exponentiation)

on a conditional value can be used to give rise to a new real-valued event (〈revent〉). A series of
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〈prim〉 ::= value of primitive type

〈int〉 ::= an integer

〈inparr〉 ::= an array in the input data (e.g., an object feature vector)

〈arr〉 ::= 〈inparr〉 | 〈arr〉 ‘+’ 〈arr〉 | 〈arr〉 ‘·’ 〈arr〉 | Fk ‘(’ 〈arr〉 ‘)’

〈val〉 ::= 〈prim〉 | 〈arr〉

〈bevent〉 ::= xi ∈ X | 〈bevent〉 ‘∧’ 〈bevent〉 | 〈bevent〉 ‘∨’ 〈bevent〉 | ‘¬’ 〈bevent〉
| 〈comp〉 | ‘

∧
’ 〈arr〉 | ‘

∨
’ 〈arr〉 | 〈eid〉

〈cval〉 ::= 〈bevent〉 ‘⊗’ 〈val〉 | 〈val〉

〈revent〉 ::= 〈cval〉 | 〈revent〉−1 | 〈revent〉 ‘+’ 〈revent〉 | 〈revent〉〈int〉
| 〈revent〉 ‘·’ 〈revent〉 | dist ‘(’ 〈cval〉, 〈cval〉 ‘)’
| ‘

∑
’ 〈arr〉 | ‘

∏
’ 〈arr〉

〈relop〉 ::= ≤ | ≥ | = | < | >

〈comp〉 ::= 〈revent〉 〈relop〉 〈revent〉

〈eid〉 ::= event identifier

Figure 4.2: Grammar of event expressions in Backus-Naur Form

relational operators (〈relop〉) can be used on real-valued events to construct a comparison (〈comp〉),
which itself is again a Boolean event (〈bevent〉).

The grammar presented in Figure 4.2 does not distinguish between events over scalars and

vectors for reasons of notational clarity. In this context, it is assumed that expressions are well-

typed; e.g. the expression x ∨ y requires both x and y to be Booleans.

56



4.2. EVENT CONSTRUCTS AND THEIR SEMANTICS

α
(〈revent〉1 + 〈revent〉2

)
= α

(〈revent〉1
)

+ α
(〈revent〉2

)
α
(〈revent〉1 · 〈revent〉2

)
= α

(〈revent〉1
) · α(〈revent〉2

)
α
(
〈revent〉〈int〉) = α(〈revent〉)〈int〉

α
(
〈revent〉−1

)
= α(〈revent〉)−1

α
(〈arr〉1 + 〈arr〉2

)
= α

(〈arr〉1
)

+ α
(〈arr〉2

)
α
(〈arr〉1 · 〈arr〉2

)
= α

(〈arr〉1
) · α(〈arr〉2

)
α
(Fk(〈arr〉)) = [v0, v1, . . .]︸      ︷︷      ︸

(up to k items)

(∀vi ∈ 〈arr〉 : α(vi) , u)

α
(〈bevent〉1 ∨ 〈bevent〉2

)
= α

(〈bevent〉1
) ∨ α(〈bevent〉2

)
α
(〈bevent〉1 ∧ 〈bevent〉2

)
= α

(〈bevent〉1
) ∧ α(〈bevent〉2

)

α(〈bevent〉 ⊗ 〈val〉) =


〈val〉 if α(〈bevent〉) = true

u (u resp.) otherwise

α
(
〈bevent〉1 ⊗

(〈bevent〉2 ⊗ 〈val〉)) = α
((〈bevent〉1 ∧ 〈bevent〉2

) ⊗ 〈val〉
)

α
(
dist

(〈cval〉1, 〈cval〉2
))

=


u if α

(〈cval〉1
)

= u or α
(〈cval〉2

)
= u

dist
(
α
(〈cval〉1

)
, α

(〈cval〉2
))

otherwise

α
(〈revent〉1 � 〈revent〉2

)
=


false if α

(〈revent〉1
)

= u and α
(〈revent〉2

)
= u

true if α
(〈revent〉1

)
= u or α

(〈revent〉2
)

= u

α
(〈revent〉1

) � α(〈revent〉2
)

otherwise

for � ∈ {≤, <,=, >,≥}:

Figure 4.3: Semantics of event expressions specified in the event language grammar (Figure 4.2)
under a valuation α : X→ {true, false}

57



CHAPTER 4. PROBABILISTIC PROGRAMS USING EVENTS

4.3 Probabilistic semantics of events

The events introduced in this chapter can be interpreted as random variables. This section discusses

the semantics of this interpretation, and shows how a probability distribution is defined over such

events.

The Boolean random variables x ∈ X are used to construct Boolean event expressions 〈bevent〉.
Conditional values are subsequently used to construct random variables over their respective range.

For every Boolean random variable x ∈ X, let the constants Px[true] and Px[false] denote the

probability that x is true or false, respectively. The short-hand notation Px is used for Px[true], and Px

for Px[false]. In line with probability theory, it is assumed that 0 < Px < 1 and Px[true] + Px[false] = 1.

Proposition 4.1: Induced probability space

Let Ω = {α : X → {true, false}} be the set of all mappings from the independent random

variables X to true and false, and let α(x) denote a valuation for an x ∈ X, as part of some

mapping α ∈ Ω.

The probability mass function Pr(α) =
∏
x∈X

Px[α(x)] for every sample α ∈ Ω, and the

probability measure Pr(E) =
∑
α∈E

Pr(α) for E ⊆ Ω together form a probability space (Ω, 2Ω,Pr)

that is referred to as the probability space induced by X.

Proof (sketch). The values Prx
[
α(x)

]
represent probabilities such that 0 ≤ Prx

[
α(x)

] ≤ 1,

therefore 0 ≤ Pr(α) ≤ 1. All distinct assignments αi, α j ∈ Ω are countable and pairwise

disjoint by their very definition. Hence: Pr
[
∪αl∈Ω

]
=

∑
αl∈Ω

Pr[αl] = 1.

Using Proposition 4.1, the probability distribution of any event (random variable) can be defined

as follows.

Definition 4.1: Probability distribution of events

Every event expression Φ is a random variable over the probability space induced by X. Its

probability is defined as follows:

PΦ[s] = Pr
({α ∈ Ω | α(Φ) = s}) =

∑
α∈Ω:
α(Φ)=s

Pr(α).
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By virtue of Definition 4.1, every Boolean event expression becomes a Boolean random variable,

and other events become random variables over their respective ranges. The following example

illustrates how this principle applies to the first-k function Fk.

Example 4.4: Probabilistic semantics of first-k function Fk(A)

Consider the following array A containing integer values which are conditioned on the

(Boolean) existence event of objects o0, . . . , o4:

A =
[
Φ[o0] ⊗ 2, Φ[o1] ⊗ 5, Φ[o2] ⊗ 2, Φ[o3] ⊗ 1, Φ[o4] ⊗ 2

]
With:

Φ[o0] = x0, Φ[o1] = x1, Φ[o2] = x2, Φ[o3] = x3, Φ[o4] = x4

Then, under valuation α:

α = {x0 7→ true, x1 7→ false, x2 7→ false, x3 7→ true, x4 7→ true}

only objects o0, o3, and o4 exist. I.e.,

α(Φ[o0]) = true, α(Φ[o1]) = false, α(Φ[o2]) = false, α(Φ[o3]) = true, . . .

α(A) = [2,u,u, 1, 2]

And consequently, the list F2(A) of the first k = 2 values of A under valuation α is:

α
(F2(A)

)
= [2, 1]

Furthermore, following Definition 4.1, the probability Pr
[F2(A) = [2, 1]

]
is defined as the sum

of the probabilities of all valuations α j ∈ Ω which yield α j
(F2(A)

)
= [2, 1]. In this example,

there are two such (partial) valuations:

α1 = {x0 7→ true, x1 7→ false, x2 7→ false, x3 7→ true}

α2 = {x0 7→ false, x1 7→ false, x2 7→ true, x3 7→ true}
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〈var〉 ::= a variable symbol

〈loop〉 ::= { {〈decl〉} {∀ 〈var〉 in 〈int〉..〈int〉: {〈loop〉}} }

〈decl〉 ::= 〈eid〉 ≡ 〈event〉

Figure 4.4: Grammar of event programs in Backus-Naur Form. Reuses non-terminal symbols from
event expression grammar (Figure 4.2).

Note how the valuations of x4 (and, by extension, the existence of o4) is not specified by either

partial valuation α1 nor α2, as it is irrelevant to the probability Pr
[F2(A) = [2, 1]

]
:

Pr
[F2(A) = [2, 1]

]
= Pr[α1] + Pr[α2]

= Px0 · Px1 · Px2 · Px3 + Px0 · Px1 · Px2 · Px3

4.4 Event programs for data mining algorithms

Event programs are imperative specifications that define a finite sequence of named event expres-

sions. Figure 4.4 presents the grammar for event programs, which reuses part of the grammar

for event expressions (as presented in Figure 4.2). Event programs consist of a sequence of event

declarations (〈decl〉) and nested loops (〈loop〉) of event declarations.

A central concept is that of event identifiers (〈eid〉); it is required that event declarations are

immutable, i.e., each distinct identifier may only be assigned once to an event expression. Inside

a ∀i-loop, identifiers can be parametrised by i to create a distinct identifier in each iteration of the

loop.

The semantics of an event program is the set of all named and expanded event expressions defined

by the program. Expanded expressions are expressions of which all identifiers are recursively

resolved and replaced by the referenced expressions. For declarations outside loops this procedure

is unequivocal; each declaration inside one or more loops is instantiated for each value of the loop

counter variables.

After having introduced the grammar and semantics of event programs and expressions, the

remainder of this chapter will describe the translation of the user programs from Chapter 3 into

event programs.
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N.B. the combined size of the user and event programs prevents listing the user program and its

translation side-by-side. Appendix C contains a number of pages in landscape orientation showing

the two programs next to each other, with additional vertical spacing to delineate the translation.

4.4.1 k-means clustering

The event program for k-means clustering is provided in Algorithm 4.1. The algorithm starts with

conditioning the object feature vectors ~ol on the object event Φ[ol], the result of which is stored in

the c-value event Oi (line 1). This conditional feature vector is used throughout the algorithm’s

clustering phases.

On line 3, the initialisation phase takes place: k initial centroids are selected. The initial centroid

are stored in events M0
−1, . . . ,M

k−1
−1 ; the event subscript ‘−1’ indicates that this is the value during the

initialisation phase. In k-means (contrary to k-medoids), these centroids can be located anywhere

in the feature space. The centroids are located at the first k objects of the data set (their probabilistic

nature is irrelevant; only their location is used). This initialisation can be replaced with any type of

heuristic that generates k disjoint centroids. This is further discussed in Section 3.3.1.

The iteration loop on line 5 contains the assignment and update phases for every iteration t

(0 ≤ t < it). An object ol is assigned to cluster i in the event that centroid Mi
t−1 (i.e., as determined

in the previous iteration t − 1) is closer to ol than any other centroid M j
t−1; this gives rise to a new

Boolean event InCli,lt . Note how the semantics of the dist(·, ·) function and the logical operator

ensure that InCli,lt is false in the event that object ol does not exist. In such cases, dist
(
Ol, y

)
defaults

to u (for every y), and the logical operator evaluates to false.

For readability reasons, the encoding of the breakTies2 function in the user program (discussed

in Section 3.3.1) is omitted; a possible implementation is discussed later in this section.

After the InCl events have been constructed, the algorithm enters the update phase on line 12.

For every cluster i, the event Mi
t stores the cluster centroid. The following expression counts the

number of objects in the cluster, and inverts (i.e., 1
x ) it:

n−1∑
l=0

InCli,lt ⊗ 1


−1

This is then multiplied with the sum of all feature vectors of objects in the cluster. Hence, the

resulting event Mi
t ranges over all possible cluster centres.

Note how the events for the assignment phase re-use (i.e., depend on) the centroid events from the

initialisation phase (if t = 0) or the previous update phase (if t > 0). Subsequently, the events in the
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# ~o0 . . . ~on−1: n object vectors in the feature space

# Φ[o0] . . .Φ[on−1]: n propositional object events

# k, it: number of clusters and iterations

1 ∀i in 0..n − 1 : Oi ≡ Φ[oi] ⊗ ~oi

2

3 M0
−1 ≡ ~o0; . . . ; Mk−1

−1 ≡ ~o(k−1)

4

5 ∀t in 0..it − 1 :

6 ∀i in 0..k − 1 :

7 ∀l in 0..n − 1 :

8 InCli,lt ≡
k−1∧
j=0

[
dist

(
Ol,Mi

t−1

)
≤ dist

(
Ol,M j

t−1

)]
9

10 # Encoding of breakTies2 omitted

11

12 ∀i in 0..k − 1 :

13 Mi
t ≡

n−1∑
l=0

InCli,lt ⊗ 1


−1

·
n−1∑

l=0

InCli,lt ⊗Ol


Algorithm 4.1: ENFrame event program for k-means clustering (see Appendix C for a side-by-side
listing of the user and event programs)

update phase re-use the events constructed using the assignment phase. The result is a collection of

highly interconnected and therefore correlated events. Chapter 5 introduces a data structure which

stores this network of events and facilitates probability computation.

Tie breaking

The importance of tie breaking in the user programs for k-means and k-medoids (as well as other

algorithms) has been discussed in Section 3.3.1. The same applies for the event programs for these

algorithms: some of the events should be mutually exclusive. For example, the event for cluster

assignment InCli,lt should be mutually exclusive in for different clusters i: no single object l can be

in two clusters in the same iteration – even if the two cluster centroids (or medoids) are equidistant

to the object.

For readability reasons the encoding of breakTies2 has been omitted from Algorithm 4.1. The

solution presented in Section 3.3.1 applies here too: by prioritising clusters with a lower index, the
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tie between two equidistant clusters can be broken. This requires replacing the conjunction in the

event definition on line 8:

k−1∧
j=0

[
dist

(
Ol,Mi

t−1

)
≤ dist

(
Ol,M j

t−1

)]

By the following more intricate conjunction:

k−1∧
j=0

(dist
(
Ol,Mi

t−1

)
< dist

(
Ol,M j

t−1

))
∨

(i ≤ j
)
∧

(
dist

(
Ol,Mi

t−1

)
= dist

(
Ol,M j

t−1

))

4.4.2 k-medoids clustering

The event program for k-medoids clustering is presented in Algorithm 4.2. The conditioning of

object vectors is identical to k-means, but the initialisation phase (line 3) is different, and the subject

of further discussion in Section 4.4.3. As is the case with the user program, the event program code

for k-medoids’ assignment phase is identical to that of k-means.

The update phase, however, is more intricate. The event DistSumi,l
t represents the total distance

sum for an object ol to all objects in cluster i at iteration t (line 14). It is constructed using a sum of

the distances between ol and all other objects op, where each of the distances is conditioned on the

event that op was assigned to cluster l in the preceding assignment phase. As a result, DistSumi,l
t is a

real-valued event of which the sample space contains all possible total distance sums. The clustering

process does not require materialisation of this sample space and its probability distribution as the

value of the probabilistic total distance sum is used in a comparison later in the update phase.

IsMedoidi,l
t represents the event that object ol is made medoid of cluster i during iteration t. This

event relies on the probabilistic distance sums and the cluster assignment events: an object ol is the

medoid of cluster i during iteration t if ol’s total distance sum is smaller than that of any other object

op in cluster i, provided that ol itself is a member of the cluster.

Event Mi
t represents the medoid location for cluster i in iteration t. The event is constructed

using a summation over object feature vectors which are conditioned on their election as medoid

(i.e., IsMedoidi,l
t ). Since only a single object can ever be elected as medoid at any one time, the

summation effectively sums over a single real feature vector and a series of undefined vectors.
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# ~o0 . . . ~on−1: n object vectors in the feature space

# Φ[o0] . . .Φ[on−1]: n propositional object events

# k, it: number of clusters and iterations

1 ∀i in 0..n − 1 : Oi ≡ Φ[oi] ⊗ ~oi

2

3 M−1 ≡ initialiseMedoids()

4

5 ∀t in 0..it − 1 :

6 ∀i in 0..k − 1 :

7 ∀l in 0..n − 1 :

8 InCli,lt ≡
k−1∧
j=0

[
dist

(
Ol,Mi

t−1

)
≤ dist

(
Ol,M j

t−1

)]
9

10 # Encoding of breakTies2 omitted

11

12 ∀i in 0..k − 1 :

13 ∀l in 0..n − 1 :

14 DistSumi,l
t ≡

n−1∑
p=0

[
InCli,pt ⊗ dist

(
Ol,Op

)]
15

16 ∀l in 0..n − 1 :

17 IsMedoidi,l
t ≡

n−1∧
p=0

[
DistSumi,l

t ≤
(
InCli,pt ⊗DistSumi,p

t

)]
∧ InCli,lt

18

19 # Encoding of breakTies omitted

20

21 Mi
t ≡

n−1∑
l=0

[
IsMedoidi,l

t ⊗Ol
]

Algorithm 4.2: ENFrame event program for k-medoids clustering (see Appendix C for a side-by-side
listing of the user and event programs)
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4.4.3 Initial medoid selection

As has been discussed in Section 3.3.1, the choice of initial medoids (for k-means: centroids) is

of significant importance to a clustering. In a deterministic scenario, every medoid needs to be a

member of the data set. In a probabilistic scenario, a medoid event depends on the existence event

of the object. In other words, in every possible world, every cluster medoid should be one of the

objects that actually exists in that world. This requirement makes the initial medoid selection more

intricate than the initial centroid selection in probabilistic k-means clustering: the k initial medoids

cannot be drawn from the first k objects from the data set. A possible solution to this was presented

by Example 4.2, which can be expressed in the event language as follows:

∀i in 0..k − 1 :

∀l in 0..n − 1 :

IsInitMedoidi,l = Φ[ol] ∧ ¬


l−1∨
p=0

IsInitMedoidi,p

 ∧ ¬


i−1∨
j=0

IsInitMedoid j,l


Mi
−1 =

n−1∑
l=0

[
IsInitMedoidi,l

t ⊗Ol
]

This code constructs a series of Boolean events IsInitMedoidi,l, each of which represents the event

that object ol is the initial medoid of cluster i. An object ol is selected as a medoid for cluster i if:

1. the object exists; and

2. no other object op (p < l) is medoid of cluster i; and

3. ol is not a medoid of any cluster j ( j < i).

Once these Boolean events have been constructed, the k initial medoids are stored in Mi
−1 using a

construct virtually identical to the one used in the update phase on line 21.

4.4.4 Markov clustering

The probabilistic translation of the Markov clustering user program is presented in Algorithm 4.3.

Lines 1–3 are a pre-processing step. The values in the stochastic matrix M are conditioned on

the object events Φ[ol] (line 1), after which the conditioned values are normalised to maintain the

stochastic property of M. The resulting values in Mi, j
−1 are used in the expansion step on line 7,

which constructs the temporary matrix N by self-multiplication (squaring). This matrix is inflated

and renormalised on line 11. As is the case with the user program, the cluster assignment happens

after the iterative part of the program has completed (line 15).
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# M: stochastic n × n matrix with edge weights

# Φ[o0] . . .Φ[on−1]: n propositional object (vertex) events

# r, it: inflation parameter and number of iterations

1 ∀i in 0..n − 1 : ∀ j in 0..n − 1 : Mi, j
−2 ≡

(
Φ[oi] ∧Φ[o j]

)
⊗Mi, j

2

3 ∀i in 0..n − 1 : ∀ j in 0..n − 1 : Mi, j
−1 ≡Mi, j

−2 ·
( n−1∑

k=0

Mi,k
−2

)−1

4 ∀t in 0..it − 1 :

5 ∀i in 0..n − 1 :

6 ∀ j in 0..n − 1 :

7 Ni, j
t ≡

n−1∑
k=0

[
Mi,k

t−1 ·M
k, j
t−1

]
8

9 ∀i in 0..n − 1 :

10 ∀ j in 0..n − 1 :

11 Mi, j
t ≡

(
Ni, j

t

)r
·

n−1∑
k=0

(
Ni,k

t

)r


−1

12

13 ∀i in 0..n − 1 :

14 ∀ j in 0..n − 1 :

15 InCli, j ≡Mi, j
it−1 > 0

Algorithm 4.3: ENFrame event program for Markov clustering (see Appendix C for a side-by-side
listing of the user and event programs). The event Mi, j

−2 represents the value of element (i, j) in the
stochastic matrix prior to normalisation (Mi, j

−1).

4.4.5 k-nearest neighbour classification

The event program for k-nearest neighbour classification is presented in Algorithm 4.4. The object-

cluster votes are gathered on line 4. The vote value is conditioned on two Boolean events in two

separate c-values: the existence of the vote-casting object (Φ[ol]), and the class assignment Cl of said

object l. As a result, the event Votesl,i has three possible values:

α
(
Votesl,i

)
=


u in the event Φ[ol] is false, i.e. object l does not exist

1 Φ[ol] is true (i.e., object l exists), but object l does not have class label i

2 Φ[ol] is true, and object l has class label i
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# nl = number of labelled data points

# nc = number of classes

# Cl = class of labelled data point l (0 ≤ Cl < nc)

# Nm
u = mth closest neighbour of unlabelled point ou

1

2 ∀l in 0 . . . (nl − 1) :

3 ∀i in 0 . . . (nc − 1) :

4 Votesl,i ≡ Φ[ol] ⊗
(
1 +

((
Cl = i

)
⊗ 1

))
5

6 ∀u in 0 . . . (nu − 1) :

7 ∀i in 0 . . . (nc − 1) :

8 ∀m in 0 . . . (nl − 1) :

9 NearestVotesm
u ≡ VotesNm

u ,i

10

11 VoteSumi
u ≡

∑
Fk(NearestVotesu)

12

13 ∀i in 0 . . . (nc − 1) :

14 ClassAssigni
u ≡

nc−1∧
p=0

[
VoteSumi

u ≥ VoteSump
u

]
15

16 # definition of breakTies omitted

Algorithm 4.4: ENFrame event program for k-nearest neighbour classification (see Appendix C for
a side-by-side listing of the user and event programs)

On line 9, the votes are sorted by increasing distance to unlabelled object u using Nu, which is a

sorted list of u’s neighbours. The result is stored in the event NearestVotesm
u , which constitutes a

probability distribution over all possible sorted lists of votes for class m from neighbours of u.

The VoteSumi
u event collects the votes for class i from the k nearest neighbours to u by applying the

first-k function Fk on the list of nearest votes (also see Example 4.4). Lastly, the class assignment is

decided on line 14 by comparing the VoteSum events of the different classes.

67



CHAPTER 4. PROBABILISTIC PROGRAMS USING EVENTS

4.5 Translating user programs to event programs

As has been shown in the translations of the classification and clustering algorithms, virtually every

construct in a user program maps to a probabilistic counterpart in the event programs. However,

one of the main differences that can be observed is the naming of variables versus the naming and

assignment of their probabilistic counterparts – the events.

In user language programs, variables are reassigned repeatedly. For example, the changing

centroids in k-means are stored in the same variable throughout the iterations. In contrast, events in

event programs are immutable: they can only be assigned once, and cannot be changed or reassigned

later. The rationale behind this is that events depend on each other and represent a trace of the

computation of an algorithm. As will be discussed in Chapter 5, probability computation is only

possible if the full trace is available. Therefore, during the translation from user to event program,

the created events are annotated with the loop iterator variable. For example, the iteration counter

variable t in k-means, k-medoids, and Markov clustering features in all event definitions inside the

loop.

The representation of arrays also differs between the two languages. Arrays in user language

programs have a known fixed size, which facilitates a straightforward translation into the event

language. Any k-dimensional array M[n1], . . . , [nk] in the user language translates to
∏

i ni distinct

events M0,...,0, . . . ,Mn1−1,...,nk−1 in the event language.

4.6 Interpreting a probabilistic result

The output of an ENFrame program is twofold:

1. a symbolic trace of the program in the form of events, and

2. the probabilities of values of (a selection of) events

The programmer is responsible for constructing events (through user program variables) that

represent a useful algorithm result. This requires some insight into concepts of uncertainty and

probabilities, as uncertainty fundamentally changes the way an algorithm output needs to be

interpreted.

For example: using a clustering algorithm to compute a series of probability distributions that

represent object-to-cluster assignments is not necessarily a useful result. If the distributions of two

distinct objects indicate that both have some non-zero probability of being assigned to some cluster,
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this does not provide any insight on whether these objects occur in this cluster together. In fact,

the objects might be mutually exclusive (or strongly negatively correlated), and still both have a

non-zero probability of being assigned to some cluster. A more telling interpretation of the output

would be the pairwise assignment probabilities, which can be computed using O
(
n2

)
events (one

for every pair of distinct objects in the input data).

The user language allows for constructing a plethora of such queries on the events in the

event network. It is up to the user to write the right query for a functional interpretation of

the output of his probabilistic algorithms. Chapter 7 describes an application of a probabilistic

clustering algorithm, and the interpretation of its output. The interpretation of a probabilistic result

inevitably requires the programmer to have a basic understanding of probabilities and probability

distributions. However, ENFrame hides the most intricate parts of the interpretation process, as

well as the probability computation itself.
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Chapter 5

Event Networks and Probability

Computation

The previous chapters discussed deterministic user programs and their probabilistic interpretation

into event programs. The event programs give rise to large numbers of highly interconnected

(correlated) events that form a trace of the program for probabilistic data. The data structure that

stores these events and facilitates probability computation is called an event network, and is intro-

duced in this chapter. Furthermore, a variety of exact and approximate algorithms for probability

computation of event networks is presented, including techniques for parallel computation.

5.1 Storing events in networks

The event programs in Chapter 4 construct large numbers of events. Rather than expanding every

event when a program is run (i.e., recursively in-lining events it depends on), ENFrame stores

events in data structures called event networks. These networks are large directed graphs in which

vertices represent events, and edges indicate their interdependencies. Every event is only stored

once, and can be reused by adding additional edges to the event network.

Definition 5.1: Event network

An event network is a directed graph G = (V,E) which contains events (vertices) v ∈ V

as specified by the event program. Every event vi ∈ V is constructed using an operator

(as defined in the language’s grammar in Figure 4.2). An edge (va, vb) ∈ E represents the

dependency of parent event vb on child va.
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Event
Programs

x0 x1 x2 x3

Φ[o0] : ∨ Φ[o1] Φ[o2] Φ[o3] : ∧

M0 : Σ M1 : Σ

InCl0,0 : ∧ InCl1,3 : ∧InCl1,0 : ∧

Event Network Probability Computation

User
Programs
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Probabilistic
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probabilistic output present results
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Figure 5.1: ENFrame architecture: chapter 5

The foundation of every event network consists of the Boolean random variables xi ∈ X from the

input data, and the object events that are constructed using these variables. This foundation is

illustrated in the next example.

Example 5.1: Foundation of event network for k-medoids clustering

Recall Example 1.2 and assume that the following four objects o0, . . . , o3 comprise the input

data set to a k-medoids clustering problem:

o0 o1 o2 o3

Furthermore, assume that each of the objects ol is associated with a Boolean event Φ[ol] over

independent Boolean random variables xi ∈ X, as introduced in Example 4.3:

Φ[o0] = x0 ∨ x2 Φ[o1] = x1

Φ[o2] = x3 Φ[o3] = ¬x1 ∧ x3

Then, the foundation of the event network will look like this:

x0 x2 x1 x3

Φ[o0] : ∨ Φ[o1] Φ[o2] Φ[o3] : ∧

¬
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The four Boolean random variables are located at the bottom of the network, and form

the basis for a negation event and the four object events with labels Φ[ol] which are events

(disjunctions and conjunctions) over the random variables. For example, node Φ[o3] (top

right corner) is a conjunction of x3 and the negation of x1. For sake of clarity, every object

event is drawn as a distinct vertex, even if the event is equal to one of the variables (e.g.,

Φ[o1] = x1, but both are drawn as distinct vertices).

Using the foundation of object events, the network is built up following the event definitions in the

event program. The following example illustrates how the initialisation phase of k-medoids results

in new events that can be added to the network introduced in Example 5.1.

Example 5.2: Simplified event network for k-medoids clustering (contd.)

The first phase of the k-medoids clustering algorithm is the initialisation phase in which the

initial medoids are selected. Following the definitions from Example 4.3, the event network

from Example 5.1 can be expanded as follows to include the events for the initial medoid

selection of the two clusters:

initialisation phase

network
foundation

x0 x2 x1 x3

Φ[o0] : ∨ Φ[o1] Φ[o2] Φ[o3] : ∧

¬

Φ[M0 = o0] Φ[M0 = o3] : ∧Φ[M0 = o1] : ∧ Φ[M0 = o2] : ∧

¬ ¬ ¬ ¬

Φ[M1 = o0] : ∧ Φ[M1 = o1] : ∧ Φ[M1 = o2] : ∧ Φ[M1 = o3] : ∧

¬ ¬ ¬

Note that a number of edges in the above network travel underneath unrelated nodes – only

edges with an origin drawn close to a node actually originate from that node. Edges that

appear to have no arrowhead are part of a longer edge.

In Example 4.3, the event Φ
[
M1 = o2

]
is defined as the following conjunction:

Φ
[
M1 = o2

]
≡ Φ[o2] ∧ ¬Φ

[
M1 = o0

]
∧ ¬Φ

[
M1 = o1

]
∧ ¬Φ

[
M0 = o2

]
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This event is represented as a node in the event network, with four incoming edges from

children: the operands of the conjunction.

The reasonably straightforward initialisation phase described in Example 5.2 (for only two clusters

and four objects) makes for a complicated layer of interconnected events in the network. Adding the

assignment and update phases unfortunately results in a very convoluted graph drawing, which is

therefore not presented. In fact, the network that describes k-medoids clustering consists of O(kn)

events for the initialisation phase, O
(
k2 · n

)
events for the assignment phase, and O

(
k · n2

)
for the

update phase. The completed network for the clustering problem described in the above example

consistd of more than one hundred events; the network for a modest clustering problem for k = 5

and n = 1000 exceeds ten million events. Section 6.2.3 details an ENFrame feature called higher-order

events which is designed to reduce the size of the network.

Event networks are used to facilitate the probability computation of (a subset of) the events

generated by an event program, which is referred to as compilation. The last events generated by

the event program often represent the probabilistic output of an algorithm. For example, InCli,lit−1

represents the Boolean event that an object ol is clustered into cluster i during the last iteration of

k-means and k-medoids clustering, and ClassAssigni
u represents the event that an unlabelled object

ou is assigned class label i in k-nearest neighbour classification. These events are referred to as

the targets of the compilation, or simply: compilation targets. During the compilation process, the

exact distribution of the other events need not be known – a partial distribution often suffices, as

will become clear in the next section. Hence, the compilation process focusses on the compilation

targets, rather than all events.

5.2 Introduction to probability computation

The compilation techniques employed by ENFrame find their origins in Boole’s expansion the-

orem [Boo54], which is sometimes referred to as Shannon expansion [Sha49] or more commonly

decomposition. Given an expression Φ over Boolean random variables X, Shannon’s expansion pro-

cedure repeatedly selects a random variable xi ∈ X and then computes two partial valuations of Φ:

Φ|xi for xi set to true (>), and Φ|¬xi for xi set to false (⊥).
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Using the disjunction of the (repeated) decompositions, the probability Pr[Φ] can be established

as follows:

Φ′ =
(
xi ∧Φ|xi

)
∨

(
¬xi ∧Φ|¬xi

)
For which, notably:

Pr
[
Φ
]

= Pr
[
Φ′

]
The probability Pr [Φ] is then computed:

Pr
[
Φ
]

= Pr
[
Φ′

]
= Pr

[(
xi ∧Φ|xi

)
∨

(
¬xi ∧Φ|¬xi

)]
= Pr

[
xi ∧Φ|xi

]
+ Pr

[
¬xi ∧Φ|¬xi

]
(following mutual exclusiveness)

= Pr[xi] · Pr
[
Φ|xi

]
+ Pr[¬xi] · Pr

[
Φ|¬xi

]
(following indep. of xi, Φ|xi and Φ|¬xi )

Example 5.3: Decomposition of a propositional formula

Consider the propositional formula:

Φ = x0 ∨ x1 ∨ x2

This expression can be decomposed into two partial valuations using x0:

Φ|x0 = > ∨ x1 ∨ x2 = > and Φ|¬x0 = ⊥ ∨ x1 ∨ x2 = x1 ∨ x2

Because the variables xi ∈ X are independent, the probability of Φ can be computed as follows:

Pr[Φ] = Pr
[
x0 ∧Φ|x0

]
+ Pr

[
¬x0 ∧Φ|¬x0

]
= Pr[x0] · Pr

[
Φ|x0

]
+ Pr[¬x0] · Pr

[
Φ|¬x0

]
= Pr[x0] · 1 + Pr[¬x0] · Pr

[
Φ|¬x0

]
A further decomposition step (using either x1 or x2) is required to determine the probability

Pr
[
Φ|¬x0

]
and finally obtain Pr[Φ].
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Φ = x0 ∨ x1 ∨ x2

Φ|x0 = >∨ x1 ∨ x2 = >

x0 = >

Φ|¬x0 = ⊥∨ x1 ∨ x2

Φ|¬x0,x1 = ⊥∨>∨ x2 = >

x1 = >

Φ|¬x0,¬x1 = ⊥∨⊥∨ x2

Φ|¬x0,¬x1,x2 = ⊥∨⊥∨> = >

x2 = >

Φ|¬x0,¬x1,¬x2 = ⊥∨⊥∨⊥ = ⊥

x2 = ⊥

x1 = ⊥

x0 = ⊥

Figure 5.2: Example of a decision tree for Φ = x0 ∨ x1 ∨ x2

Every decomposition step results in two simpler expressions Φ|xi and Φ|¬xi . By repeating this

procedure, all random variables in the expression Φ are eventually resolved to constants true and

false. The trace of this repeated decomposition is called the decision tree, which is a type of binary

decision diagram [Lee59]. An example of such a tree is depicted in Figure 5.2.

The height of the decision tree is bounded by the number of variables in the input data h = |X|;
the number of nodes (valuations) in the tree grows exponentially in h. However, as can be observed

from Figure 5.2, not all branches necessarily reach full depth. Depending on the expression Φ and

the order in which the variables are expanded on, some branches may (un)satisfy1 Φ within fewer

than h decomposition steps.

The probability of a leaf node can be computed by multiplying the probabilities of the variable

valuations on the path from the root. Furthermore, the probability of Φ can be computed by

summing the probabilities of all leaf nodes that satisfy Φ.

Example 5.4: Probability computation in a decision tree

Reconsider Example 5.3, and assume that the Boolean random variables x0, x1, x2 have prob-

abilities Pr[x0] = 0.3, Pr[x1] = 0.4 ,Pr[x2] = 0.5, respectively. Then, the probability of branch

Φ|¬x0,¬x1,x2 of the decision tree in Figure 5.2 (bottom) can be computed as follows:

Pr
[
Φ|¬x0,¬x1,x2

]
= Pr[¬x0] · Pr[¬x1] · Pr[x2]

= (1 − 0.3) · (1 − 0.4) · 0.5 = 0.21

1Throughout this thesis, the term unsatisfy is used to denote a false evaluation of a Boolean expression Φ, rather than a
non-evaluation.
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Furthermore, the probability of Φ = x0 ∨ x1 ∨ x2 is obtained by summing the probabilities of

the decision tree leaf nodes that satisfy Φ:

Pr[Φ] = Pr
[
Φ|x0

]
+ Pr

[
Φ|¬x0,x1

]
+ Pr

[
Φ|¬x0,¬x1,x2

]
= 0.3 + (1 − 0.3) · 0.4 + (1 − 0.3) · (1 − 0.4) · 0.5

= 0.79 (= 1 − 0.7 · 0.6 · 0.5)

Note that this particular expression Φ serves as a simple example; its probability can be estab-

lished without constructing a decision tree by computing 1 − Pr[¬x0 ∧ ¬x1 ∧ ¬x2]. However,

events generated by ENFrame programs are generally significantly more complex than this

example.

Although an exact computation of the probability of an arbitrary expression Φ requires a full

traversal of the decision tree, the tree never needs to be fully materialised – a depth-first search

suffices to collect probabilities of leaf nodes that satisfy Φ. Depending on the exact expression, the

decision tree is not necessarily (in fact: often not) balanced, and the order in which the variables are

processed has a significant influence on the height of the decision tree. For example: the decision

tree for Φ = (x0∨x1∨x2)∧x2 will have height three if constructed in the order in which the variables

appear (from left to right, x0, x1, x2). However, by prioritising x2, the height can be restricted to just

one. As will be detailed later, ENFrame employs a heuristic to find a favourable variable ordering.

By interpreting user programs using events and performing probability computation through

decomposition, ENFrame’s output becomes equivalent to executing the deterministic user program

in every possible world. Moreover, by attempting to reduce the height of the tree (exploiting the fact

that many possible worlds are alike), ENFrame can achieve a significant performance gain when

compared to explicitly iterating over every single possible world.

As will be detailed in Section 5.4, ENFrame can establish an absolute ε-approximation by

selectively pruning parts of this decision tree that contribute relatively little probability mass.

Various approximation techniques have different strategies to decide which branches to prune.

5.2.1 Computational complexity

The problem of computing the probability of arbitrary propositional expressions over Boolean

random variables is #P-hard, even for restricted cases such as positive bipartite expressions in
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Problem NP-hard decision problem variant #P counting problem variant

Boolean
satisfiability
(SAT)

Given a propositional logic formula
(Boolean expression) Φ over a set of
Boolean variables X, does there exist
a valuation α of X that satisfies Φ?

How many such valuations α exist?

Subset sum Given a set of integers S and an integer
s, does a subset S′ ⊆ S exist such that∑

S′ = s (where typically, s = 0)?

How many such subsets S′ exist?

Travelling
salesman
problem

Given a graph G and cost limit c, does
G contain any Hamiltonian cycles with
total costs ≤ c?

How many cycles with total costs ≤ c
does G contain?

Table 5.1: Problems in the complexity class NP and their #P counterparts

disjunctive normal form [PB83]. This inherent hardness calls for heuristics and approximation

algorithms – both will be introduced later in this chapter.

The #P (pronounced “sharp P”, “number P”, or “hash P”) complexity class was first defined

in [Val79], and contains the set of counting problems that are associated with problems in NP.

Table 5.1 shows a number of examples of such pairs of problems.

Exact probability computation of an expression Φ requires a full traversal of the decision tree,

which is computationally equivalent to counting all valuations α that satisfy a Boolean expres-

sion (#SAT). A naïve approach would consider every compilation target (event) individually and

compute the probabilities of its various possible values.

To counteract the hardness of the problem, ENFrame employs a bulk compilation technique

inspired by decomposition that considers a large number of expressions (the compilation targets)

at the same time. As a result, every node in the decision tree applies to a set of expressions,

rather than a single one. This technique is combined with heuristics to achieve a beneficial variable

order. Additionally, ENFrame provides several approximation algorithms with error guarantees.

These algorithms prune branches of the decision tree which contribute a limited probability mass

(Section 5.4). To further speed up the compilation process, these algorithms can utilise multiple

CPU cores for parallel probability computation.

5.3 Exact probability computation

When computing the probabilities for the compilation targets in an event network using a decision

tree, the partially evaluated expressions Φ|x and Φ|¬x are not materialised for the compilation targets.
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Instead, ENFrame uses a technique called masking.

A masked network is a network under a (possibly partial) assignment α of the Boolean random

variables in the input. Since each node in the network is an event, its mask under α is exactly the

value of α applied to the event. The mask value can be Boolean, real, a vector, or undetermined,

where the latter implies that α is partial and needs to be extended by more variable assignments in

order to determine the event’s mask value.

Every time a new valuation α is created by deciding on a Boolean variable xi, its value α(x) ∈ B
is propagated into the event network using a DFS procedure starting at node xi. From there, xi’s mask

is propagated to its parent events, which might be masked in turn. The semantics of the events

(as described in Figure 4.3) determine whether and how masks of child nodes are propagated. If

the propagation procedure reaches a node that has already been masked, the DFS backtracks to the

next unmasked node in the network, if any.

Whenever a compilation target is reached and masked by a mask propagation of a branch α, the

probability (initially 0) of that mask value is increased by Pr[α]. For example, if a Boolean compilation

target is satisfied by a valuation α, the probability of that event being true is increased by Pr[α]. If a

mask propagation results in the masking of all compilation targets, the current decision tree branch

α is considered finished and not extended any further. Otherwise, a next variable is selected, α is

split into two new branches, and the masking process continues.

Example 5.5: Masking in an event network

Recall the event network from Example 5.2, consisting of the foundation and initialisation

phase for k-medoids clustering. Assume that, for this example, the medoid selection events

are compilation targets, the probabilities of which need computing. This example illustrates

the consecutive masking for two valuations α1 and α2 from the following decision tree:

α0 = {}

α1 = {x1 7→ >}

α2 = {x1 7→ >, x0 7→ >} α3 = {x1 7→ >, x0 7→ ⊥}

. . . . . .

α4 = {x1 7→ ⊥}

. . . . . .

Variable x1 is the first to be expanded on in the decision tree (node α1). As a result, a

mask propagation for x1 = > is performed. Recall that the decision tree is explored depth-
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first. Therefore, the propagation for x1 = ⊥ will take place after the left subtree has been

investigated. The following network shows the result of the bottom-up propagation of the

mask x1 = >:

initialisation phase

network
foundation

x0 x2 x1 x3

Φ[o0] : ∨ Φ[o1] Φ[o2] Φ[o3] : ∧

¬

Φ[M0 = o0] Φ[M0 = o3] : ∧Φ[M0 = o1] : ∧ Φ[M0 = o2] : ∧

¬ ¬ ¬ ¬

Φ[M1 = o0] : ∧ Φ[M1 = o1] : ∧ Φ[M1 = o2] : ∧ Φ[M1 = o3] : ∧

¬ ¬ ¬

The true mask of x1 propagates to Φ[o1] (masking it true), and will further propagate to parents

Φ
[
M0 = o1

]
and Φ

[
M1 = o1

]
. These conjunctions have multiple children which are yet to be

masked, and therefore remain unmasked. Subsequently, x1’s true mask is propagated to its

second parent node: a negation. This node passes on its false mask to its only parent Φ[o3],

which is a conjunction with x3. The false mask yields a conjunction that evaluates to false

(regardless of the mask of the other operands), hence Φ[o3] is masked false. As a consequence,

o3 can not be an initial medoid to any cluster in this possible world.

The depth-first exploration of the decision tree continues to construct a new branch α2 in

the tree by deciding on x0. The mask propagation for x0 = > is illustrated below:

initialisation phase

network
foundation

x0 x2 x1 x3

Φ[o0] : ∨ Φ[o1] Φ[o2] Φ[o3] : ∧

¬

Φ[M0 = o0] Φ[M0 = o3] : ∧Φ[M0 = o1] : ∧ Φ[M0 = o2] : ∧

¬ ¬ ¬ ¬

Φ[M1 = o0] : ∧ Φ[M1 = o1] : ∧ Φ[M1 = o2] : ∧ Φ[M1 = o3] : ∧

¬ ¬ ¬
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The propagation of x0’s true mask triggers a wave of new masks in the network, which

results in all initial medoid nodes being masked. It is established that, in the possible world

constituted by valuation α2 = {x0 7→ true, x1 7→ true}, objects o0 and o1 are the respective

initial medoids of the clusters.

Note how there is no need to further grow the branch α2 of the decision tree: all compil-

ation targets (i.e., the initial medoid nodes) have been masked, the value of x2 and x3 (and,

by extension, the existence of o2) is irrelevant. From here, the depth-first exploration of the

decision tree continues at α3 = {x1 7→ >, x0 7→ ⊥}.

Every mask propagation starts at Boolean nodes at the bottom of the event network, and potentially

ends at the compilation targets. In ENFrame, all node masks for a certain valuation α are stored in

a single data structure. The masks of these nodes and intermediate Boolean nodes can have three

values: unknown, true, and false. Network nodes that represent monotonic real-valued events (e.g.,

conditional values and sums of non-negative numbers) are masked using a lower and upper bound

value which converge as more variables are decided on. Comparison events (e.g., r1 < r2, where

r1, r2 are real-valued events) can compare two real-valued events, and can decide the (Boolean)

result of the comparison based on the converging bounds of the operands.

The structure of the event network itself remains unaltered during the masking process: masking

acts like a literal mask, i.e. a layer being projected on top of the network. The pseudocode for the

algorithm for exact probability computation of event networks is listed in Algorithm 5.1. The logic

that determines the behaviour of nodes in the masking process is illustrated by the pseudocode

in Algorithm 5.2. Although the presented clustering and classification user programs result in

Boolean compilation targets, the pseudocode presented in Algorithm 5.1 can infer (finite) categorical

probability distributions. The Bernoulli distribution induced by Boolean events in the presented

event programs is a special case of such distributions.

The compilation of an event network D starts in the Compile procedure, which initialises the

masks M[vi] of network nodes vi to their initial unknown value, and sets the initial probabilities of

the values in the range of the compilation targets to 0. The recursive DFS procedure is then called

for network D, with masks M (all unknown) and the empty valuation α = {}.
The DFS procedure checks whether all compilation targets have been reached. If this is the case

the recursive DFS call returns, as there is no need to select a next variable to branch on. Otherwise,

the procedure continues to select a next variable x ∈ X to branch on, constructs two new masks
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1 Compile(network D)

2 foreach vi ∈ D do M[vi].val← unknown B initialise (empty) masks for nodes in the network

3 foreach ti ∈ targets(D) do

4 foreach y ∈ ti.range do B initialise zero probabilities for values y in range of target ti

5 ti[y].prob← 0

6 dfs(D,M, { }) B empty DFS branch α = { }, Pr(α) = 1

7

8 DFS(network D, masksM, branch α)

9 if ∀ti ∈ targets(D) : M[ti] , unknown) then

10 return B all compilation targets reached, backtrack DFS

11

12 x← nextVariable(α) B abstract method for selecting next variable

13 Ml = M, Mr = M B copy mask M for true and false variable x

14 Ml[x] = true, Mr[x] = false

15

16 Ml ← PropagateMask(D,Ml, x,null,Pr[α]) B call masking procedure to propagate masks for x = true

17 Mr ← PropagateMask(D,Mr, x,null,Pr[α]) B call masking procedure to propagate masks for x = false

18

19 dfs(D,Ml, [α, x 7→ true]) B DFS left branch

20 dfs(D,Mr, [α, x 7→ false]) B DFS right branch

Algorithm 5.1: Algorithm for exact probability computation of an event network

Ml (for left branch) and Mr (right branch), and subsequently sets x to true in the masks for the left

branch and to false for the right branch.

Both valuations of x (on both branches) are then propagated into the event network by calling

the recursive PropagateMask procedure with the following parameters:

D the event network;

Ml or Mr the masks of the nodes of the network (includes the masked variable x);

x the variable that is the first target of the propagation;

null the node that is the source of the propagation: null for the first step, but non-

null in later (recursive) calls to PropagateMask;

Pr[α] the probability of the valuation α that is being propagated
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1 PropagateMask(network D, masksM, node v, child c, prob p)

2 M[v].val = unknown

3 switch v.nodetype do

4 case ¬ : M[v].val← not M[c].val BM[c] ∈ B, M[v] ∈ B

5 case ∧ BM[c] ∈ B, M[v] ∈ B

6 if M[c].val = false then M[v].val← false

7 else if (∀ci ∈ v.children : M[ci].val = true) then M[v].val← true

8 case ∨ BM[c] ∈ B, M[v] ∈ B

9 if M[c].val = true then M[v].val← true

10 else if (∀ci ∈ v.children : M[ci].val = false) then M[v].val← false

11 case ⊗ B c-value: M[c] ∈ B, M[v] ∈ R

12 if M[c].val = true then M[v].lower← v.val B update lower and upper bound of c-value (R)

13 M[v].upper←M[v].lower

14 case Σ B sum of c-values: M[c] ∈ R, M[v] ∈ R

15 M[v].lower←M[v].lower + M[c].lower B l. bound possibly increases with new child (R) lower bound

16 M[v].upper←M[v].upper − (c.val −M[c].lower) B possible u. bound decrease due to child l. bound < c.val

17 case < BM[c] ∈ R, M[v] ∈ B

18 if M[v.left].upper < M[v.right].lower then M[v]← true

19 else if M[v.left].lower ≥M[v.right].upper then M[v]← false

20 case >

21 . . .

22 if M[v] ∈ R and M[v].lower = M[v].upper then M[v].val = M[v].lower

23

24 if (M[v] ∈ B and M[v].val , unknown) or M[v] ∈ R then B if mask of node v has changed

25 if v ∈ targets(D) and M[v].val , unknown then B if v is a compilation target with final value

26 v
[
M[v].val

]
.prob← v

[
M[v].val

]
.prob + p B increase prob. of this possible value of event v

27

28 foreach pi ∈ v.parents do B propagate mask to yet unmasked parents of v

29 if M[pi].val = unknown then M←PropagateMask(D,M, pi, v, p)

30 return M

Algorithm 5.2: Algorithm for masking of nodes in the event network
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The PropagateMask procedure (Algorithm 5.2) determines whether a node v can be masked after

a mask propagation from child c, and based on the mask of one or more of its children.

The logic in this pseudocode is directly linked to the probabilistic semantics of events, as

presented in Section 4.3. For example: if v is a negation (i.e., v.nodetype = ¬), then the mask M[v] of

v becomes the negation of the mask M[c] of its Boolean child c. The pseudocode comments indicate

assertions on the ranges of events. For example, a conditional value (v.nodetype = ⊗) expects a child

with a Boolean mask (M[c] ∈ B), and will pass on a real-valued mask (or the bounds thereof).

If the mask of a node v changes (line 24) as a result of a mask propagation, then two actions

need to be performed. Firstly, if v is a compilation target and if v’s value is established by the mask,

the probability of that value is increased by the probability p of the current possible world (induced

by valuation α of the branch in the decision tree that initiated the mask propagation) on line 26.

Secondly, the mask of node v needs to be propagated to all parent nodes pi that do not yet have a

mask (line 29). The result of the probability computation is stored in v[x].prob for all values y of

compilation targets v.

During the compilation, the leaf nodes of every branch of the decision tree will mask all com-

pilation targets in the event network.

Proposition 5.1: Soundness of decomposition (part 1)

Assume l is the leaf node of a branch of the decision tree, constituting a (possibly incomplete)

valuation α = {xa 7→ α(xa), . . .}. Then, αwill mask all compilation targets ti ∈ T (where T is the

set of nodes that have been marked a compilation target, and ti is an expression over Boolean

random variables x ∈ X).

Proof. Consider the situation in which l is a leaf node but does not mask one or more ti ∈ T.

Then, one of two situations would occur:

• α is not a complete valuation, and can therefore be expanded using some variable xb ∈
X, xi < α. Consequently, lα is not a leaf node in the decision tree.

• α is a complete valuation, but does not mask some ti ∈ T. If there exists an event ti

that cannot be masked by providing a valuation to all xa ∈ X, then ti relies on one or

more external unknown variables xb < X, and is therefore not an expression over Boolean

random variables x ∈ X.

Both of which result in a contradiction. �
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The compilation procedure terminates if the DFS search on the decision tree has been completed.

At that stage, all possible worlds will have been investigated, and the probability distributions of

all compilation targets ti ∈ T will have been computed.

Proposition 5.2: Soundness of decomposition (part 2)

The decomposition technique computes the exact probability distribution of compilation

targets ti ∈ T.

Proof (sketch). By exploring all possible valuations of variables xi in the input set of variables

X, the decision tree examines all possible worlds. Some branches of the decision tree may be

cut short if a partial valuation α (un)satisfies all event expressions. By aggregating (summing)

the probability mass of all worlds for every possible value of target ti, the exact probability

distribution of ti is obtained.

A direct consequence of Proposition 5.2 is that the probability distributions computed for variables

in a network generated by a translated user program are equivalent to the distributions obtained by

running the deterministic user program in every of the exponentially many possible worlds. This

result will be experimentally confirmed in Chapter 6.

Proposition 5.3: Computational complexity of decomposition and masking

The decision tree constructed using the decomposition process contains at most O(2v) nodes

for an event network built using v independent Boolean random variables. The size of the

event network (|V| nodes and |E| edges) depends the number of variables in the user program,

their dependencies (correlations). Events in loops that can be folded (see Section 5.3.3) are only

stored once, events in non-foldable loops need to be represented multiple times. A single

mask propagation takes O(|E|) time and is performed exactly once for every node in the de-

cision tree, yielding an overall computational complexity of O(2v · |E|) for the decomposition

process (including masking).

At any one time, only a single branch of the decision tree is kept in memory, yielding

a O(v) space complexity. For every node on that branch, one mask data structure needs

to be kept in memory, which has a O(|V| + |E|) space complexity. Therefore, the total space

complexity of the decomposition process (including masking) is O(v · (|V| + |E|)).
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5.3.1 Variable order

The order in which the variables are expanded in the decision tree has a significant influence on the

depth of the leaf nodes [Rud93] (refer to Example 5.5 for an example). The problem of obtaining

an optimal variable order has been shown to be NP-complete [BW96], and [Sie02] shows that even

approximating a variable order within a constant error factor is NP-complete.

Significant efforts have been made to construct heuristics for finding a favourable variable

order for propositional expressions [RK08]. Many such heuristics rely on topological properties of

the expression (circuit) to define a distance measure on variables, and subsequently try to order

variables in such a way that variables at a short distance from each other are grouped together in the

decision tree (e.g., [AMS04; Dre96; FFM93]). Other methods attempt to identify the most influential

variables for early processing in the decision tree (e.g., [MWBS88; RK08]).

None of these heuristics are suitable to operate on event networks that feature non-propositional

constructs, but the concepts introduced in the literature remain valid. ENFrame employs a heuristic

which determines the most influential variables: those variables whose valuation will affect the

largest number of compilation targets. By deciding on more influential variables first, ENFrame

attempts to reduce the height of the decision tree.

Whenever a node v is reached by the PropagateMask procedure, but cannot be masked due to

an insufficient partial valuation α, the node will initiate a reverse (i.e., top-down) DFS search via its

unmasked child nodes and the rest of the network to promote one or more variables x ∈ X. At the

foundation of the event network, this propagation results in a series of votes for a variable and its

valuation. The variable with the largest number of votes is considered the most influential and will

become the next variable in the decision tree, expanding the partial valuation α.

5.3.2 Certain data

Not all probabilistic data sets consist of purely probabilistic data. In some scenarios, uncertain

data points occur together with traditional (i.e., certain) data points. As will be shown in the

experimantal evaluation (Chapter 6), depending on the user program and the degree of data

(un)certainty, computation can be sped up significantly as the certain data points potentially result

in an improved decidability of nodes in the event network. For example, k-medoids clustering

elects a new cluster medoid by searching for a cluster member with the minimal total distance sum.

If a number of objects in the cluster are certain, their contribution to the distance sums does not
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depend on different variable valuations inflicted by the decision tree throughout the compilation

process. Therefore, it is possible to elect a medoid earlier, i.e., at a lower depth of the decision tree.

Certain data points can be annotated using events that only depend on network nodes which

represent the constants true and false: > and⊥. The valuations of these two constants are propagated

before the first variable is selected in the decision tree. As a result, the computational complexity

of probability computation in a network built on top of exclusively certain data points is linear in

the number of edges in the network: two mask propagations, each with complexity O(|E|), where

|E| denotes the number of edges in the event network. The resulting ‘probabilities’ are all zero or

one, effectively yielding a deterministic output.

5.3.3 Encoding iterations

User programs for data mining algorithms (and the resulting event programs) often contain numer-

ous loops that construct new variables and events. Event networks offer two ways of storing such

loops and the events therein. The default encoding is unfolded: all events that occur inside loops are

explicitly stored as distinct nodes in the event network. For example, a for-loop that iterates over

i algorithm iterations (e.g., in k-means or k-medoids clustering) and generates m events in every

iteration will construct i ·m events in the resulting event network.

Alternatively, if the code contains a bounded-range loop of which the body does not depend on

loop variable i, the repetitive events can be stored using a folded encoding. All events in the body of

such a for-loop are captured in a single group of nodes in the event network. Compilation of event

networks with such iterative groups requires looping during the probability computation process.

The pseudocode for probability computation (as presented in Algorithm 5.1 and Algorithm 5.2)

assumes unfolded networks, and few minor modifications are required to make these procedures

aware of folded event networks. Firstly, the masks data structure M becomes two-dimensional

to allow for storing masks for all nodes v in any loop iteration t: M[t][v]. This value t becomes

an additional parameter to the PropagateMask procedure. Secondly, to facilitate the transition

between different iterations of a loop, an extra node type is introduced. This node requires the

following additional code in the PropagateMask procedure (Algorithm 5.2):

case O B loop node

M[t + 1][c]←M[t][v] B carry mask over to next iteration

t← t + 1 B increase iteration counter
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Lastly, a compilation target in an iterative group is only considered reached when the group has

reached its final iteration.

For iterative programs, a folded event network results in a smaller memory footprint for the

event network. The computational complexity of probability computation remains the same.

5.4 Approximation algorithms

Exact probability computation is a computationally expensive task. Depending on the structure

of the correlations in the input data and the program under consideration, an algorithm will

spend significant time exploring the decision tree consisting of a number of nodes (partial variable

valuations) that grows exponentially in the number of variables in the input data.

Algorithms for approximate probability calculation can counteract the hardness of the problem

and potentially result in a more efficient computation, at the cost of precision. Various approxima-

tion techniques have been proposed in the literature. Within the field of probabilistic databases,

methods that look for approximable patterns in lineage expressions have been shown to be effect-

ive [OHK10; FHO13]. At the same time, research in artificial intelligence has approached the related

model counting (#SAT) problem using Monte Carlo sampling, e.g. [WS05]. Although these methods

have been shown to be effective in many cases, their computational complexity is prohibitive due to

their dependency on truly uniform sampling [GSS06; GSS09]. Additionally, Monte Carlo sampling

methods only provide probabilistic guarantees (i.e., only with probability p < 1 is a sampling result

an ε-approximation, where p is preset), and do not exploit the structure of events [OW12].

ENFrame features a number of approximation algorithms which approximate the probabilities

of compilation targets with an absolute error guarantee ε using pruning techniques. Rather than

computing an exact probability p for every compilation target, these algorithms compute a lower

bound pl and upper bound pu, based on which an approximate probability p̂ is calculated. By

accepting a lower and upper bound rather than an exact probability, less time needs to be spent

on exploring the decision tree, which should result in a speed-up. This hypothesis is empirically

tested in Chapter 6.

Definition 5.2: Absolute ε-approximation for Boolean events [OHK10]

An approximated probability p̂ of some Boolean event Φ is referred to as an absolute ε-

approximation of an exact probability p if:

p − ε ≤ p̂ ≤ p + ε
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Definition 5.2 has the following implications:

• if pl ≤ pu are any lower and upper bounds (respectively) of the exact probability p, such that

pu − ε ≤ p ≤ pl + ε, then any value p̂ in range [pu − ε, pl + ε] is an absolute ε-approximation of p.

• if pu − pl ≤ 2 · ε, then pu − ε ≤ pl + ε, and any value p̂ in range [pu − ε, pl + ε] is an absolute

ε-approximation of p.

The value 2 · ε is referred to as the error budget. Definition 5.2 can be visualised as follows:

pl pu

pl + εpu − ε

pu − pl ≤ 2ε

ε

∀p̂ ∈ [pu − ε, pl + ε] : |p̂ − p| ≤ ε

The (hashed) light blue rectangle that highlights the range [pl, pu] represents the error budget,

whereas any value within the inner green rectangle (highlighting range [pu − ε, pl + ε]) is an ε-ap-

proximation. Alternatively, when pu − pl = 2 · ε:

pl pu

p̂ = pl + ε = pu − ε
|p̂ − p| ≤ ε

pu − pl = 2ε

ε ε

Definition 5.2 defines an absolute ε-approximation for Boolean events, which induce a Bernoulli

distribution over the range {true, false}. This approach can be extended to arbitrary finite categorical

distributions.

Definition 5.3: Absolute ε-approximation for categorical probability distributions

Let Φ be an event over a finite range of n values {φ1, . . . , φn}, with probability distribution

PΦ = {p1, . . . , pn}. I.e., Pr[Φ = φi] = pi for 0 < i ≤ n.

The probability distribution P̂Φ = {p̂1, . . . p̂n} is said to be an absolute ε-approximation of

PΦ if, for 0 < i ≤ n : pi − ε ≤ p̂i ≤ pi + ε.
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Definition 5.2 and Definition 5.3 define the criteria for lower and upper bound probabilities to

achieve an ε-approximation for the probability distribution of an event. By modifying the algorithm

for exact probability computation to keep track of the lower and upper probability bounds of all

values of compilation targets throughout the compilation process, it becomes possible to prune

branches of the decision tree that do not need to be explored to establish an ε-approximation.

To achieve this, three additional pieces of information need to be kept throughout the compilation

procedure for every compilation target ti ∈ T:

• a lower probability bound pl
ti
[y] (initially 0) for each of the values y in the range of ti;

• an upper probability bound pu
ti
[y] (initially 1) for each of the values in the range of ti; and

• an error budget B[ti], initialised at B[ti] = 2ε.

During the compilation procedure, the lower bound pl
ti
[y] of possible value y of compilation target

ti is increased by Pr[α] whenever the target is reached and masked with value y during mask

propagation of a valuation α (as before). However, upon establishing mask value y, the upper

probability bounds pu
ti
[y′] of all other values y′ , y in the range of ti is decreased by that same

probability. Following Definition 5.2, it is possible to terminate the compilation procedure as soon

as the probability bounds for all values y of ti have converged such that pu
ti
[y]− pl

ti
[y] < 2 · ε (for any

desired ε ≥ 0).

This approximation strategy is referred to as the postponed approximation algorithm: the

procedure constructs the decision tree as before, and spends the compilation targets’ error budgets

B[ti] by pruning the last (rightmost) branches of the decision tree. Observe how this procedure is

identical to the algorithm for exact probability computation (Algorithm 5.1) when ε = 0.

The postponed approximation algorithm works well for decision trees that are unbalanced, with

relatively short branches on the left of the tree (the branches that are processed first), and longer

branches at the very right of the tree. Such imbalance can be the result of the structure of correlations

and the type of program represented by the event network. In those cases, the approximation

algorithm can spend its error budget at the most difficult (longest) branches. However, if the

decision tree is unbalanced in the opposite direction, the postponed approximation algorithm is

ineffective.

The second approximation algorithm designed for event networks is called greedy approxima-

tion. Rather than using the error budgets on the last branches, this approximation algorithm spends

90



5.4. APPROXIMATION ALGORITHMS

the error budget as quickly as possible on the leftmost branches of the decision tree. This approx-

imation algorithm tends to be effective on unbalanced trees with long branches on the left-hand

side.

ENFrame’s third approximation technique strikes a balance between the greedy and postponed

approximation algorithms by distributing the error budget evenly over the branches of the decision

tree. This approach of dividing the error budget is called the balanced approximation algorithm

and is illustrated in Figure 5.3. Starting with the root node α0, every node αi in the decision tree is

provided with a share of the error budgets B of the compilation targets (Bα[ti] indicates the budget

for target ti at node α). Every tree node then either prunes the subtree it is root of, or distributes

the budget over its two children α′ and α′′. Half of the budget is assigned to the root of the left

subtree which is processed first: Bα′ [ti] = Bα[ti]
2 . The residual error budgets Rα′ [ti] are returned to

the parent α, which then assigns the other half of its budget, plus the residual budget Rα′ [ti] to the

right subtree rooted by α′′: Bα′′ [ti] = Bα[ti]
2 + Rα′ [ti].

All three approximation algorithms set out above are part of the experimental evaluation presen-

ted in Chapter 6.

Example 5.6: Error budgets for balanced approximation

Consider the decision tree and distribution of error budgets illustrated in Figure 5.3, which

will be (partially) reused in this example. Furthermore, assume that there is one compilation

target Φ[ti] = (x0 ∧ x1) ∨ ¬x0, and:

Pr[x0] = 0.9 Pr[x1] = 0.05 ε = 0.1

The lower and upper probability bounds of ti are initialised to pl
ti
[true] = 0 and pu

ti
[true] = 1,

respectively. The compilation procedure then constructs the nodes of the decision tree in the

following fashion:

α0: the root of the decision tree with the empty partial valuation v0 = {}. The probability mass

in the (sub)tree rooted by this node is, by definition, Pr[α0] = 1. Budget Bα0 [ti] = 2ε = 0.2

is not sufficient to prune this subtree. Partial valuation α0 = {} does not satisfy Φ[ti] either.

Expand on x0:

α1: budget Bα1 [ti] =
Bα0 [ti]

2 = 0.1 is not sufficient to prune the subtree rooted by α1, which

contains a probability mass of Pr[α1] = Pr[x0] = 0.9. The partial valuation does not

satisfy the target. Decide on x1:
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α2: budget Bα2 [ti] =
Bα1 [ti]

2 = 0.05 is sufficient to prune the subtree rooted by α2,

which contains a probability mass of Pr[α2] = Pr[x0 ∧ x1] = 0.9 · 0.05 = 0.045.

The branch is pruned, and the residual budget Rα2 [ti] = Bα2 [ti] − Pr[α2] = 0.005

is returned.

α3: budget Bα3 [ti] =
Bα1 [ti]

2 + Rα2 = 0.05 + 0.005 = 0.055 is not sufficient to prune the

subtree with mass Pr[α3] = 0.855. The valuation α3 unsatisfies Φ[ti], therefore

ti’s upper probability bound is decreased by Pr[α3], resulting in pu
ti
[true] =

1 − 0.855 = 0.145. The lower bound remains unchanged: pl
ti
[true] = 0. The

residual error budget Rα3 [ti] = Bα3 [ti] = 0.055 is returned.

The residual error budget Rα1 [ti] is equal to the residual budget of its right child:

Rα1 [ti] = Rα3 [ti] = 0.055. Observe that this is equal to the original budget Bα1 [ti] for

the subtree rooted by α1, minus the budget used in this subtree (0.045, for pruning

α2): Rα1 [ti] = Bα1 [ti] − 0.045 = 0.1 − 0.045 = 0.055.

α4: budget Bα4 [ti] =
Bα0 [ti]

2 + Rα1 [ti] = 0.1 + 0.055 = 0.155 is sufficient to prune the subtree

α4 with mass Pr[α4] = Pr[¬x0] = 0.1. The branch is pruned, the residual error budget

is irrelevant as this was the last branch of the tree. The compilation procedure ends

here with probability bounds pl
ti
[true] = 0 and pu

ti
[true] = 0.145.

Following Definition 5.2, the probability bounds calculated by the DFS guarantee that any

value in the interval
[
pu

ti
[true] − ε, pl

ti
[true] + ε

]
= [0.045, 0.1] is an ε-approximation of the exact

probability. In other words: the exact probability lies in the interval [0, 0.2], which is correct:

Pr
[
Φ[ti]

]
= 0.045 + 0.1 = 0.145.

Note that the compilation procedure would actually have terminated after valuation α3

resulted in a sufficiently tight pair of probability bounds: pu
ti
[true] − pl

ti
[true] ≤ 2 · ε.

The pseudocode of the balanced approximation algorithm is described in Algorithm 5.3, which is

an extension of the algorithm for exact probability computation (Algorithm 5.1); the blue code and

comments indicate new or changed code.

The probability bounds and error budget are initialised on lines 4–6: every possible value in the

range of a compilation target is assigned a lower and upper probability bound, which are initially

set to 0 and 1, respectively. Furthermore, every compilation target has a single error budget for

approximation purposes.
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1 Compile(network D, absolute error ε)

2 foreach vi ∈ D do M[vi].val← unknown B initialise (empty) masks for nodes in the network

3 foreach ti ∈ targets(D) do

4 foreach y ∈ ti.range do B initialise probability bounds for values y in range of target ti

5 ti[y].problower← 0, ti[y].probupper← 1

6 B[ti]← 2ε B error budget for compilation target ti

7 dfs(D,M, { },B) B empty DFS branch α = { }, Pr(α) = 1

8

9 DFS(network D, masksM, branch α, error budgets B)

10 if ∀ti ∈ targets(D) : M[ti] , unknown) then

11 return B B all compilation targets reached, backtrack DFS (return residual error budget)

12

13 if ∀ti ∈ targets(D), ∃y ∈ ti.range : ti[y].probupper − ti[y].problower ≤ 2ε then

14 return B B probability of all compilation targets approximated – compilation done

15 if ∀ti ∈ targets(D) : B[ti] ≥ Pr[α] then B sufficient error budget to trim branch α

16 foreach ti ∈ T do B decrease available budget for unmasked targets ti

17 if M[ti] = unknown then B′[ti]← B[ti] − Pr[α]

18 return B′ B return updated error budgets

19

20 x← nextVariable(α) B abstract method for selecting next variable

21 Ml = M, Mr = M B copy mask M for true and false variable x

22 Ml[x] = true, Mr[x] = false

23

24 Ml ← PropagateMask(D,Ml, x,null,Pr[α]) B call masking procedure to propagate masks for x = true

25 Mr ← PropagateMask(D,Mr, x,null,Pr[α]) B call masking procedure to propagate masks for x = false

26

27 foreach ti ∈ targets(D) do Bl[ti]← B[ti]
2 B error budget B′l for left DFS branch

28 Rl ← dfs(D,Ml, [α, x 7→ true],Bl) B DFS left branch, storing the residual error budget Rl

29

30 foreach ti ∈ targets(D) do Br[ti]← B[ti]
2 + Rl[ti] B error budget Br for right DFS branch

31 Rr ← dfs(D,Mr, [α, x 7→ false],Br) B DFS right branch, storing the residual error budget Rr

32

33 return Rr

Algorithm 5.3: Algorithm for approximate probability computation of an event network. The blue
parts are new or changed compared to Algorithm 5.1
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α0 = {}

B[ti ] = 2 · ε

α1 = {x0} α4 = {¬x0}

Bα1 [ti ] =
B[ti ]

2

Rα1 [ti ] = Rα3 [ti ]

Bα4 [ti ] =
B[ti ]

2 + Rα1 [ti ]

α2 = {x0, x1} α3 = {x0,¬x1}

Bα2 [ti ] =
Bα1 [ti ]

2

Rα2 [ti ]

Bα3 [ti ] =
Bα1 [ti ]

2 + Rα2 [ti ]

Rα3 [ti ]

α5 = {¬x0, x1} α6 = {¬x0,¬x1}

Bα5 [ti ] =
Bα4 [ti ]

2

Rα5 [ti ]

Bα6 [ti ] =
Bα4 [ti ]

2 + Rα5 [ti ]

Figure 5.3: Example of error budget distribution in a decision tree for two variables in the balanced
approximation algorithm. Forward (downwards) edges indicate budget assignment to a child node,
back edges represent return of residual error budget to parent nodes.

After the initialisation, the recursive DFS procedure is called (specifying the error budgets). The

DFS procedure is updated to always return the residual budget of a branch in the decision tree. If

all targets have been approximated (i.e., the difference between the lower and upper probability

bounds is smaller than 2ε), the DFS returns (line 14). Otherwise, the procedure continues to check

whether the compilation targets’ error budgets are sufficient to prune the current branch of the

decision tree (line 15). A branch can only be pruned if all unmasked compilation targets have

budget available; otherwise, the resulting lower and upper bounds cannot be guaranteed to be

tight enough to guarantee an ε-approximation. If the budgets are sufficient, they are reduced by

the probability of the branch that is being pruned (line 17). Subsequently, the DFS call for branch α

stops and returns the updated residual error budgets.

Note that only a single error budget is used for all values in the range of a compilation target ti.

Although the lower and upper probability bounds can be different for every value in ti’s range, the

difference between the lower and upper bounds is identical for all values y ∈ ti.range.

The procedure then selects a new variable to expand on, and creates the masks for the new

decision tree branches. The valuation of the newly selected variable is subsequently propagated

into the event network, storing the mask results in Ml and Mr. The PropagateMask procedure is

largely identical to the one used for exact probability computation, with only minor changes in the

code for storing the probabilities of compilation targets. The new code is provided in Algorithm 5.4.

On line 27 of Algorithm 5.3, the error budgets for the newly created left-hand branch of the

decision tree are calculated: the budget for every compilation target is half the budget available to

the current DFS call. A recursive call to DFS is made, specifying the network D, the newly created

masks Ml, the new valuation, and the available error budget Bl. The DFS call for the left branch will
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1 PropagateMask(network D, masksM, node v, child c, prob p)

2 . . .

24 if (M[v] ∈ B and M[v].val , unknown) or M[v] ∈ R then B if mask of node v has changed

25 if v ∈ targets(D) and M[v].val , unknown then B if v is a compilation target with final value

26 v
[
M[v].val

]
.problower← v

[
M[v].val

]
.problower + p B increase lower prob. bound of possible value

27 foreach x ∈ v.range do B decrease upper prob. bounds of other values in v’s range

28 if x ,M[v].val then v[x].probupper← v[x].probupper − p

29 . . .

30 . . .

Algorithm 5.4: Updated pseudocode for masking of nodes in the event network for ε-
approximations (see Algorithm 5.2 for full listing).

return the residual error budgets Rl, which are used to establish the budgets Br for the right-hand

branch (line 30). The resulting residual error budget from a DFS call for the right branch is then

returned.

After the computation finishes, the lower and upper probability bounds for every value y in

the range of every compilation target ti ∈ T are available in ti[y].problower and ti[y].probupper.

Furthermore, ti[y].probupper − ti[y].problower ≤ 2ε. As follows from Definition 5.3, every value

p̂y ∈
[
ti[y].probupper − ε, ti[y].problower + ε

]
constitutes an ε-approximation of the exact probability

Pr
[
Φ[ti = y]

]
.

The performance of all three approximation algorithms is one of the main subjects of the exper-

imental evaluation in Chapter 6.

5.5 Concurrent probability computation

The variable order heuristics and approximation algorithms all aim to reduce the time spent on

probability computation. With the introduction of affordable multi-core processors and frameworks

for distributed computing (e.g., Apache Hadoop and MapReduce [DG04]), computation time can

be further reduced through parallel probability computation. ENFrame introduces an algorithm

for concurrent compilation of event networks using a shared-memory approach, which includes

support for ε-approximations.

One of the major challenges when introducing concurrency to algorithms is dealing with thread

synchronisation [Dij65; Pac11]: critical sections of code that require mutual exclusion amongst
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the threads. Probability computation through decomposition is fundamentally very suitable for

concurrent computation: every pair of branches (αl, αr) that are constructed by a node α can be

computed independently of each other. However, the approximation algorithms introduced in

Section 5.4 do introduce a dependency between such branches: the error budgets Bαr [ti] of α’s

right branch depend on the residual error budgets Rαl [ti] of the left branch. Synchronisation of the

two threads that process a left and right subtree would completely undo any possible gain from

multi-core processing, as threads would end up spending most time waiting for each other. By

modifying the way error budgets are calculated, the dependency between threads can be broken –

this gives rise to the balanced-c algorithm for concurrent approximate probability computation.

Let ρ[ti] denote the total remaining error budget for target ti, i.e., initially ρ[ti] = B[ti] = 2ε. The

value of ρ[ti] is reduced whenever some of ti’s error budget is used (0 ≤ ρ[ti] ≤ B[ti]), and is therefore

monotonically decreasing. Let π denote the progress of the exploration of the decision tree in terms

of the fraction of leaf nodes that have been considered (pruned or visited, 0 ≤ π ≤ 1). The value

of π is updated throughout the compilation procedure, and is monotonically increasing. Lastly, let

d(α) denote the depth of α in the tree. The size of the subtree rooted by α is then defined as:

treesize(α) = 2|X|−d(α) (= number of leaves in the full subtree rooted by α)

The number of leaves that still need considering depends on the progress π, and is defined as:

λ = (1 − π) · 2|X|

Furthermore, σα expresses the size of the subtree of α relative to λ:

σα =
treesize(α)

λ

Finally, the error budget Bα[ti] available to a decision tree node α for approximating ti at any time

during the compilation procedure is defined as follows:

Bα[ti] = ρ[ti] · σα

= ρ[ti] · treesize(α)
λ

= ρ[ti] · 2|X|−d(α)

(1 − π) · 2|X| = ρ[ti] · 2−d(α)

1 − π
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Proposition 5.4: Error budget calculation for concurrent probability computation

The balanced-c algorithm which employs an error budget of Bα[ti] = ρ[ti] · 2−d(α)

1−π at a node

α in the decision tree for a compilation target ti will compute the approximate probability

distributions of all compilation targets with an absolute error of ε.

The available error budget Bα[ti] for a decision tree node α is now a closed-form expression, which

no longer directly depends on the result (and a residual error budget) of other branches of the

decision tree. Instead, the remaining budget ρα[ti] for a compilation target ti is always divided

evenly over the decision tree. A tree node α receives a budget that depends on (1) the potential

maximum size of its subtree, (2) the progress of the compilation progress, and (3) the remaining

error budget. After implementing Proposition 5.4, a few small critical sections remain:

• Verifying whether sufficient budget is available to prune a branch and subsequently updating

the remaining error budgets ρ.

• Updating π whenever a branch is pruned or a leaf node is identified.

• Updating probability bounds during the masking process.

• Queueing and dequeueing processing jobs.

Every single one of these critical sections are limited to updating one (or a constant number)

of variables, rather than containing computationally complex (i.e., of complexity beyond O(1))

instructions.

The balanced-c probability computation algorithm employs a combination of the producer-

consumer pattern [Ben90] and the recursive split pattern for concurrent computing (sometimes

referred to as the ‘divide and conquer’ pattern, e.g. [MMS02]). Whenever a node α in the decision

tree is split by some threadTa to construct tree nodesα′ andα′′, one of the branchesα′ is pushed onto

a queue as an independent job to be picked up by an idle consumer thread Tb (note that Ta = Tb is

possible). In the meantime,Ta continues down the other branch α′′. A threadTi becomes idle when

a branch is not extended further because either a node (valuation) masks all compilation targets, or

a branch is pruned. When a thread becomes idle, it tries to pick up the next job (for another branch)

in the queue, or waits for one to be queued. This method for concurrent probability computation is

suitable for any number of threads, and the thread-scalability is evaluated in Chapter 6.

This strategy for concurrent processing is illustrated in Figure 5.4. The coloured jobs j0, . . . , j4 are

listed in the order in which they are generated and illustrate how the tree is split up into tasks that
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j4j2
j3

j1j0 α0

α1

α2

α3 α4

α5

α6 α7

. . .

Figure 5.4: Concurrent processing of decision tree by balanced-c

can be processed independently. The threads can propagate masks into the event networks simul-

taneously; the progress and budget variables σ and ρ are updated by all threads in synchronised

code blocks.

The algorithms for probability computation that were introduced in this chapter are subject of

an experimental evaluation in Chapter 6.
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Chapter 6

Experimental Evaluation

This chapter describes an experimental evaluation of the performance of ENFrame. The focus of

this evaluation is a performance benchmark of the probability computation algorithms introduced

in Chapter 5, used on the programs for k-medoids clustering and k-nearest neighbours classification.

The chapter does not aim to compare the quality of data mining algorithms implemented in

ENFrame to other single-purpose algorithms for mining of uncertain data. Such a comparison

would invariably yield discriminatory associations. Firstly, ENFrame does not aim to be an algorithm

for processing or mining uncertain data: it is a framework that facilitates building such algorithms.

From this perspective, ENFrame operates on the intersection of the fields of programming languages

and databases. This observation is further discussed in Chapter 8.

Secondly, the framework’s support for correlations and a solid foundation in possible worlds

semantics make for a distorted comparison between algorithms written in ENFrame and single-

purpose algorithms presented in the literature. Currently, all algorithms for probabilistic cluster-

ing and probabilistic classification rely on the (over)simplifying independence assumption (e.g.,

[CCKN06; NKC+06], surveyed in [VRH+09] and Chapter 8). These algorithms might outper-

form implementations of data mining algorithms in ENFrame, at the cost of producing an output

that is possibly inaccurate when compared to processing data in every possible world, due to a

fundamental difference in probabilistic semantics (as explained in Section 2.2.4 and illustrated by

Example 2.5).

This chapter does, however, introduce the first steps towards techniques for quality evaluation

of probabilistic algorithms. These techniques are introduced in the first section, and are later used to

empirically verify the claims regarding ε-approximation with error bounds, and to compare these
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approximations to the quality of probability computation in the top-p most probable possible worlds.

From there, after describing the experimental setup, this chapter presents general observations that

apply to experimental results for probability computation for both k-medoids clustering and k-

nn classification. After that, program-specific observations are presented, including experimental

results using the newly introduced quality evaluators.

6.1 Quality evaluators for algorithms on probabilistic data

The literature describes many techniques for measuring the quality of clusterings and classifications

of traditional certain data. For clustering, these methods can be divided into two categories:

• External evaluators, which compare an output (e.g. clustering) against an oracle that defines

the desired output. Examples of external evaluators include the Rand measure [Ran71], and

the F-measure.

• Internal evaluators which measure notions of compactness and separation of clusters. Examples

include the Davies-Bouldin Index [DB79] and the Dunn Index [Dun73]).

The method used most often to evaluate the quality of a (supervised) classification algorithm is

k-fold cross validation [DK82].

Probabilistic clustering and classification results are fundamentally different from traditional

(certain) results: the output is a probability distribution over all possible results. One possible way of

using the existing evaluators on a probabilistic result is by applying them in every possible world and

aggregating over the exponentially many results, which is computationally prohibitive. Therefore,

the techniques described in the literature are considered unfit for application in a probabilistic

scenario. This thesis proposes a number of evaluators for probabilistic data algorithms.

Each of the proposed evaluators satisfies two requirements: (1) the ability to compare determin-

istic output from various types of probabilistic data algorithms, and (2) the ability to recognise and

respect correlations in the input data. Further requirements apply to their respective application

domains.

6.1.1 Evaluating probabilistic clusterings: PAPM

In addition to the general requirements for evaluators mentioned above, a couple of additional

requirements apply to quality evaluators for probabilistic clusterings. A quality measure should

100



6.1. QUALITY EVALUATORS FOR ALGORITHMS ON PROBABILISTIC DATA

not make assumptions about the number of objects and clusters, as not all k clusters and n objects

are guaranteed to exist in all possible worlds. Additionally, the evaluator should not rely on cluster

labels, because some cluster j in some possible world w might contain the exact same set of objects

as a cluster j′ in another world w′.

Many of the (internal and external) clustering quality evaluators described in the literature are

based on some measure of the assignment of objects to clusters. For example, such quality measures

use the intra-cluster distances as a measure of separation, or the inter-cluster distances as a measure

of compactness, or compare clusterings based on the cluster assignment of objects. These evaluators

are incompatible with the requirements listed above. The pairwise assignment of objects to clusters,

however, is a suitable measure: it is defined for both probabilistic and deterministic clusterings, it

allows for taking correlations between objects into account, and it does not rely on the number of

clusters or their labels.

The Pairwise Assignment Probability Measure (or: PAPM) is an external evaluator for uncertain

clusterings, inspired by the Rand measure [Ran71]: it compares two clusterings,D1 andD2, using

the pairwise assignment probabilities of objects to clusters. PAPM has two variants: PAPMavg and

PAPMmax, both of which are introduced below.

Definition 6.1: Pairwise Assignment Probability Measure

LetD1 andD2 be clustering results, with k clusters Ci (0 ≤ i < k) for a data set with n objects

ol (0 ≤ l < n) . Then, the two PAPM variants are defined as follows:

PrD[oa ∼ ob] =
∑

0≤i<k

PrD[oa ∈ Ci ∧ ob ∈ Ci]

∆D1,D2 (oa, ob) =
∣∣∣ PrD1 [oa ∼ob] − PrD2 [oa ∼ob]

∣∣∣
PAPMavg(D1,D2) = avg

oa,ob

β∆D1 ,D2 (oa,ob) − 1
β − 1


PAPMmax(D1,D2) = max

oa,ob

β∆D1 ,D2 (oa,ob) − 1
β − 1



Where β > 1 is a non-linear scaling constant.

The constant β has no influence when set close to 1, but for larger values it reduces the contribution

of object pairs with small differences in assignment probabilities to the overall score. The effect of
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Figure 6.1: Effect of parameter β in PAPM and CPM calculations

this optional non-linear correction is illustrated in Figure 6.1. For experiments that are designed to

illustrate the difference between two algorithms, a value of β ≈ 1 is appropriate; for evaluating the

performance of a heuristic against a ground truth, a larger value might be desired.

The value of both PAPM measures ranges from zero to one. A score close to zero indicates that

two clustering results D1 and D2 are very similar: the average (in case of PAPMavg) or maximum

(PAPMmax) difference between pairwise assignment probabilities is small. A score close to 1 means

that the clusterings are dissimilar, with large differences in pairwise assignment probabilities.

The term Pr[oa ∼ ob] represents the pairwise assignment probability of two objects oa and ob to the

same cluster. The events for the object-to-cluster assignment for one object oa for multiple clusters

Ci are mutually exclusive; consequently, the pairwise assignment probability can be computed as

the sum of the events in which both objects oa and ob are assigned to the same cluster. The term

∆D1,D2 (oa, ob) represents the difference in pairwise assignment probability Pr[oa ∼ ob] between two

clusteringsD1 andD2 regarding objects oa and ob.

Using PAPM, the quality of any probabilistic or deterministic clustering can be evaluated by

comparing it to a known ground truth. In Section 6.4, explicitly clustering in every possible world

is used as a ground truth for PAPM to (1) experimentally verify that ENFrame’s algorithms for

approximate probability computation respect their error bounds and (2) demonstrate ENFrame’s

superiority (in terms of both time and clustering quality) over a reference implementation that

clusters in the most probable possible worlds.

6.1.2 Evaluating probabilistic classification: CPM

The Classification Probability Measure (or: CPM) is similar to the pairwise assignment probability

measure: it compares two probabilistic classification results for an unlabelled object oa using their

respective probability distributions (D1 andD2) over all possible class assignments.
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Definition 6.2: Classification Probability Measure (CPM)

LetD1 andD2 be classification results for one or more unlabelled objects oa, ob, . . ., and let Ca

denote the resulting class assignment of an object oa. Furthermore, PrD1 [Ca = j] denotes the

probability of the event that oa was assigned to class j in classification result D1. Then, the

two CPM variants are defined as follows:

CPMavg(D1,D2) =
β

∆
avg
D1 ,D2

(oa) − 1
β − 1

CPMmax(D1,D2) =
β

∆max
D1 ,D2

(oa) − 1
β − 1

Where:

∆max
D1,D2

(oa) = max
j

∣∣∣PrD1 [Ca = j] − PrD2 [Ca = j]
∣∣∣

∆
avg
D1,D2

(oa) = avg
j

∣∣∣PrD1 [Ca = j] − PrD2 [Ca = j]
∣∣∣

The Classification Probability Measure can be used to evaluate a classification of an unlabelled object

oa. CPM compares the results of two classification algorithms using the probability distribution

over class assignments, and reports the average or maximum difference, optionally corrected by

constant β as detailed in Section 6.1.1.

6.2 Experimental setup

6.2.1 Data and correlations

The data used in the experimental evaluation was obtained from sensors in energy distribution

networks, kindly provided by UK Power Networks1 (UKPN) as part of the HiPerDNO FP7 research

project [TWG+11]. The data describes network load and occurrences of partial discharge in energy

distribution networks. Partial discharge is an electrical discharge that does not fully bridge the

insulation between two conducting electrodes, and has recently been identified as one of the major

causes of long-term degradation and eventual failure of cables. Figure 6.2 illustrates the effect of

the phenomenon on the insulation of high-voltage cables.

1Formerly part of Électricité de France (EDF). http://www.ukpowernetworks.co.uk
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Figure 6.2: Effects of partial discharge (PD) on high-voltage cable insulation. On the left: cross-
section of cable insulation affected by PD. On the right: exterior evidence of damage to the insulation.
Courtesy of IPEC, [Mic07; ME11]

In order to minimise the (expensive) number of customer minutes lost, energy distribution

network operators are currently deploying sensors to monitor partial discharge activity in the

distribution network to be able to act preemptively [Mic07; ME11]. Unfortunately, monitoring

partial discharge is not a straightforward task: the phenomenon is hard to detect, sensors often

report spurious measurements and are prone to failure (as are the transmission channels).

The partial discharge occurrence count is aggregated over the duration of an hour, and sub-

sequently paired with average network load readings during that time. The resulting data set

consists of 1300 tuples with two attributes; this data is used to demonstrate the framework’s ability

to process non-synthetic data.

To experimentally evaluate ENFrame’s ability to operate on various types of correlations, the

data set has been augmented with three commonly occurring correlation patterns [ABS+06; SD07;

SORK11]:

• Positive correlations, in which any two tuples oa and ob are either positively correlated or

independent. Queries (especially joins and aggregates) often produce this type of correlation

[KO08], as does time-series data from sensor networks [LC10]. In this correlation scheme,

each event is a disjunction of l distinct positive literals. The number of variables v = |X| can be

freely set to vary the data complexity; the experiments will present a range of different values

for v.

• Mutually exclusive correlations, in which the data points are partitioned in mutex sets of

cardinality (at most) m. Two points oa, ob within a mutex set are mutually exclusive, any

other data points are independent. Any data source that produces conflicting data will

yield this type of correlation, e.g., geolocation data [MCA06], optical character recognition,
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and automated data extraction [DBS09; BN08]. The number of variables v = |X| is directly

dependent on the number of objects and the size of the mutex sets.

• Conditional correlations, which model uncertainty as a Markov chain with one node per data

point. Let Φ[oi] be the event associated with the existence of object ol. Then, the event Φ[oi+1]

becomes (Φ[oi] ∧ xt
i+1) ∨ (¬Φ[oi] ∧ xf

i+1): this is a disjunction of two events, for the cases that ol

exists or not. Consequently, two new Boolean random variables xt
i+1 and xf

i+1 are introduced

for every data point oi+1. The number of variables v = |X| is directly dependent on the number

of objects.

The Boolean random variables used in the various correlation schemes have randomly generated

probabilities in the range [0.5, 0.8]. This range was chosen to prevent events with probabilities

close to either zero or one, which are easier to approximate, resulting in an unfair advantage

for approximation algorithms. To simulate a stream of probabilistic sensor readings, the data is

partitioned in groups of four data points with identical lineage, i.e. readings from a small time

window have identical correlations and uncertainty.

In addition to experiments with probabilistic data from energy distribution networks, a number

of experiments were carried out on the UKPN data with varying degrees of uncertainty, and on

synthetic data. The use of synthetic and/or certain data in experiments is clearly indicated.

6.2.2 Algorithms

The experimental evaluation reports on performance benchmarks of probability computation for

k-medoids clustering and k-nearest neighbour classification. This evaluation contains all five prob-

ability computation algorithms:

• The sequential exact algorithm for exact probability computation

• The three sequential (i.e., single-threaded) algorithms for approximate probability computa-

tion: greedy, postponed, and balanced

• The balanced-c algorithm for concurrent approximate probability computation

Furthermore, two reference implementations are used:

• The naïve algorithm: k-medoids clustering in every possible world. This reference imple-

mentation consists of two iterative phases: (1) generate a (next) possible world, and (2) apply
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traditional k-medoids clustering on the objects in that world. The implementation of the k-

medoids algorithm is not aware of any uncertainty; it recomputes the complete deterministic

clustering for the objects in every single one of the exponentially many generated possible

worlds.

• The top-p algorithm: k-medoids clustering in the top-p most probable worlds. This reference

implementation is an approximation algorithm without error guarantees which performs

deterministic k-medoids (part of the naïve method outlined above) in the p worlds with the

highest probability.

Throughout this chapter, all algorithm names will be typeset in small-caps. The approximation

algorithms were set to compute probabilities within an (absolute) error bound of ε = 0.1. For

k-medoids clustering, the compilation targets are the events that represent medoid selection; for

k-nn, the classification events are used. To facilitate comparison, k-medoids clustering experiments

were universally run with three iterations and k = 3 clusters. The experiments with k-medoids used

a folded event network with higher-order events.

The experiments for k-nearest neighbour classification were run using various values for k have

been used, as will be indicated in the figures and text.

6.2.3 Higher-order events for k-medoids clustering

Event networks contain events specified by the event programs, which are a probabilistic inter-

pretation of the user programs. Due to the support for loops, the number of events generated

by variables in the user program can potentially grow beyond practical memory limits. In those

situations, it is desirable to lift the fine-grained events, built using constructs from the event lan-

guage, to a higher-order realisation. Higher-order events make it possible to define events on sets of

objects, thereby reducing the size of the event network. The prototype implementation of ENFrame

used for the experimental evaluation described in this chapter contains support for such events.

The results for probability computation on k-medoids clustering were obtained by using networks

with higher-order events; computation for k-nearest neighbour classification was performed using

regular networks.

The user and event programs for k-medoids clustering (Algorithm 3.2 and Algorithm 4.2) specify

one assignment event InCli,l for every combination of cluster i and object ol. Each of the event

definitions uses a conjunction over k comparisons of cluster distances, yieldingO
(
k2 · n

)
fine-grained
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interconnected events for the assignment phase (where n denotes the number of objects, and k the

number of clusters). The update phase adds another O
(
k · n2

)
events to the network.

Instead, the assignment phase can be expressed using a single higher-order event per object.

Such an event induces a probability distribution over all possible clusters the object can be assigned

to. Similarly, the update phase can be transformed to use a single event per cluster; these events

induce a probability distribution over all possible sets of cluster members. As a result, the number

of objects in the network can be reduced from O
(
k2 · n + k · n2

)
to O(n + k).

Higher-order events transfer (part of) the complexity of a program or algorithm into native

C++ code, which allows for a significant reduction of the network size, enabling more efficient

probability computation. This transfer happens at the cost of flexibility: once higher-order events

have been manually introduced into the event network, the network is no longer a probabilistic

representation of the user program. Additionally, higher-order events hinder sensitivity analysis

and query explanation – two techniques that will be further discussed in Section 8.2.

ENFrame’s (C++) libraries provide support for development of higher-order events. Although

additional effort is required from the programmer to integrate such events in the probability com-

putation process, the concepts of probability computation described in Chapter 5 remain applicable.

6.2.4 Hardware and software

With the exception of Figure 6.7, all experiments were carried out on an Intel Xeon X5660 (2.80GHz,

6 cores) machine with 4GB of RAM, running Ubuntu with Linux kernel 3.5. The results of thread-

scalability presented in Figure 6.7 were obtained on an Intel Xeon E5-2690 (2.90GHz, 16 cores).

The framework was implemented in C++ and compiled using GCC 4.7.2. Each of the plots

depicts averages (with min/max ranges where applicable) of five runs with randomly generated

event expressions and variable probabilities.

6.3 General observations on performance

6.3.1 Sequential algorithms

Figures 6.3 and 6.4 show that all of ENFrame’s probability computation algorithms outperform the

naïve algorithm by up to six orders of magnitude for each data set with more than 10 variables.

Furthermore, the balanced approximation can be up to four orders of magnitude faster than exact

computation. Indeed, for a very small number of possible worlds (i.e., a small number of variables),
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Figure 6.3: Probability computation for k-medoids on positively correlated data. Top: scalability in
terms of variables, bottom: scalability of approximations in terms of size of the data set (balanced-c
not shown for readability reasons).

it pays off to cluster individually in each world and avoid the overhead of the event networks. For a

larger number of worlds, the exact and approximation algorithms are up to six orders of magnitude

faster. The naïve algorithm results in a time-out for over 20 variables (≈ 1 million possible worlds),

regardless of the correlation scheme.

The reason why the approximation schemes outperform exact is as follows. For a given depth

d, there are up to 2d nodes in the decision tree that contribute to the probability mass of values of

compilation targets in the event network. The contributed mass decreases exponentially with an

increase in depth, suggesting that most nodes in the decision tree only contribute a small fraction of

the total mass. Depending on the desired error bound, a more shallow exploration of the decision

tree is enough to obtain a sufficiently large probability mass.
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Figure 6.4: Probability computation for k-medoids on data with mutually exclusive (top) and
conditional correlations (bottom). Algorithms greedy and postponed overlap with exact, and are
not shown. Grey dashed line indicates number of variables v on second y-axis (depends on number
of objects n). Legend: see Figure 6.3

Among the approximation algorithms, balanced performs best; it outperforms exact for all

correlation schemes, for both clustering and classification, by up to four orders of magnitude by

performing only a shallow traversal of the decision tree. The other two methods (greedy and

postponed, only used for k-medoids clustering) use the available error budget to respectively cut

the first and last branches, while exploring other branches in full depth.

The postponed approximation strategy performs remarkably well for positive correlations, be-

cause the decision tree for the disjunction-based lineage is unbalanced under this scheme. The

left branches of the tree correspond to variables being set to true, which immediately satisfies the

disjunctive object events early, and thus allows for compilation targets to be reached. Further to

the right of the decision tree, branches correspond to variables being set to false. More variables
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Figure 6.5: Probability computation for k-nearest neighbour on positively correlated data, and
varying values for n (objects), v (variables) and k.

need to be set to (un)satisfy the disjunctive input event, thus leading to longer branches. The

postponed algorithm saves the error budget until the very last moment and can therefore prune

the deep branches whilst maintaining the ε-approximation. The decision trees for the mutex and

conditional correlation schemes are more balanced. As a result, the performance of postponed and

greedy declines and is within a factor 2 of exact. To improve the readability of the plots, postponed

and greedy are not shown in Figure 6.4.

6.3.2 Concurrent probability computation

By distributing the probability computation over multiple CPU cores, ENFrame’s performance

improves significantly. Figures 6.3, 6.4, 6.5, and 6.6 show timings for balanced-c, the algorithm for

concurrent probability computation. Regardless of the type of program (clustering or classification),

a smaller number of variables yield fewer possible worlds and hence a more shallow decision

110



6.3. GENERAL OBSERVATIONS ON PERFORMANCE

50

100

25 100 200 300 400

10−3

10−2

10−1

100

101

102

103 timeout = 1800 sec.

Number of objects (n)

W
al

l-
cl

oc
k

ti
m

e
in

se
c.

(l
og

)
Performance of exact, balanced, and balanced-c (4 threads) for k-nn;

mutex correlations, mutex set size m = 12
exact, k = 3

balanced, k = 3

balanced-c (4),
k = 3

exact, k = 50

balanced, k = 50

balanced-c (4)
k = 50

v: no. of variables
(2nd y-axis)

10

20

30

40

N
um

be
r

of
va

ri
ab

le
s

(v
,g

re
y)

20 30 40 50 60 70 80 90 100

10−3

10−2

10−1

100

101

102

103 timeout = 1800 sec.

Number of objects (n)

W
al

l-
cl

oc
k

ti
m

e
in

se
c.

(l
og

)

Performance of exact, balanced, balanced-c (4 threads) for k-nn;
conditional correlations

Figure 6.6: Probability computation for k-nn classification on data with mutex and conditional
correlations for varying values of n (objects) and k.

tree. Under those circumstances, concurrent probability computation only yields a factor 2-3

improvement over balanced due to the fact that a sufficient number of jobs cannot be generated

quickly enough to fully use all four available workers (threads). However, as soon as the number

of variables approaches 30, the efficiency of the concurrent algorithm becomes clear: for almost all

data sets and algorithms, regardless of their parameters, the improvement over balanced ranges

from a factor 3.5 to a factor 10 (e.g. k-medoids in Figure 6.3 for v = 50, and k-nearest neighbour in

Figure 6.5 for v = 100).

This unexpectedly large performance gain (factor 10, using only 4 threads) can be attributed to

two causes. Firstly and most foremost, by investigating multiple branches of the decision tree at

the same time, the available error allowance for a thread traversing a long (difficult) branch b1 can

be increased due to a simultaneous successful traversal of a shallow (easy) branch b2 of the tree by
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Figure 6.7: Concurrent probability computation for k-nn classification with varying v, k.

a different thread. The sequential balanced algorithm will spend time traversing b1 to its full depth

first, leaving some of the error budget unused after a quick traversal of b2. This effect is especially

relevant for positive correlations, which yield an unbalanced decision tree. The second cause is

balanced’s approach to keeping track of the error budgets: the sequential algorithm explicitly

stores the error budgets for all compilation targets for the current branch at each depth of the tree

to be able to transfer the budget from one branch to another, and spend unused budget locally. The

balanced-c algorithm recalculates the budget at every depth using the overall progress to minimise

the need for thread synchronisation. This effect is not significant for shallow decision trees, but

becomes apparent for larger numbers of variables (e.g. v = 100).

The thread scalability of balanced-c has been evaluated using k-nn clustering, the results of

which are presented in Figure 6.7. For large numbers of variables (v = 150, left), the actual

scalability in the number of threads t is near optimal, i.e., t threads yield a factor t performance

improvement. For reasons explained above, the performance improvement can exceed a factor t.

On the right, experiments with different values for v (number of variables) and k are shown.

6.4 Observations regarding k-medoids clustering

A large synthetically generated data set was used to investigate the influence of certain objects on the

scalability of probability computation of k-medoids clustering. Figure 6.8 presents the performance

of balanced and balanced-c probability computation on this data for 0% certain objects (i.e., fully

probabilistic data), 95% certain objects, and 100% certain objects (i.e., certain data for which v = 0).
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Figure 6.8: Probability computation for k-medoids with balanced and balanced-c on large-scale
generated data sets with certain data points.
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Figure 6.9: Accuracy experiment with k-medoids: comparing naïve (golden standard) to exact,
balanced, and top-p clustering (β = 1). The dotted lines indicate the performance (in seconds, on
the secondary y-axis) of top-p, balanced, exact, respectively.

For both algorithms, the performance improves slightly when the fraction of certain objects is

increased from 0% to 95%. The speed-up in such cases is explained by the fact that the distance

sums of medoids to data points in a cluster become less complex and can be initialised using the

distances to objects that certainly exist. Consequently, fewer variable assignments are needed to

elect a cluster medoid, resulting in a shallower decision tree and an improved compilation time.

Performance of balanced on a data set with 100% certain objects is provided as a reference

point. For fully certain data (i.e., v = 0 variables), no decision tree is constructed. Therefore, only

one thread is used for computation, and the performance of balanced and balanced-c is identical.
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Using the Pairwise Assignment Probability Measure (PAPM) introduced in Section 6.1.1, it is

possible to investigate the accuracy of ENFrame by comparing it to clustering in the top-p most

probable worlds and naïve clustering in every possible world. The latter is considered the ground

truth for PAPM purposes. ENFrame’s algorithms for exact probability computation are expected

to have a zero error when compared to the naïve clustering, as the two algorithms should yield

exactly the same results. The ε-approximation algorithms (with ε = 0.1) are expected to have at

most a 0.1 difference to the exact probability computation. To verify both claims, PAPMmax is used

without the scaling constant (i.e., β = 1).

Figure 6.9 confirms the expectations: the PAPMmax score of zero (blue plot line) indicates that

ENFrame’s exact clustering is equivalent to clustering in all possible worlds (naïve). Furthermore,

the difference between balanced andnaïve (green plot line) never exceeds 0.1: the average PAPMmax

score over five experiment runs is approximately 0.081. On the other hand, the accuracy of clustering

in the top-p most probable worlds is far off from naïve, even for large p.

The dotted plot lines in Figure 6.9 indicate the performance (in seconds) of top-p, balanced,

and exact on the second y-axis. Already for p > 1000, top-p is outperformed by ENFrame’s

balanced approximation algorithm. Only when p is almost equal to the number of worlds (i.e.,

p ≈ 2v ≈ 1000000), the quality of top-p surpasses balanced. However, for such large values of p,

ENFrame’s approximation algorithms are about five orders of magnitude faster, while providing

solid error guarantees. The size of the data set for this experiment was restricted due to the (very)

limited scalability of the naïve algorithm.

Additionally, the influence of program-specific parameters (such as the number of dimensions,

data point coordinates, the numbers of iterations) on performance has been investigated. As is the

case with k-medoids on certain data, the number of dimensions has no influence on the computation

time, as the algorithm uses a precomputed distance measure on the feature space. The number of

clustering iterations has a linear effect on the running time of the algorithm in ENFrame.

The number of compilation targets (including those representing co-occurrence queries) has a

minor influence on performance. Due to the combinatorial nature of k-medoids, events are mostly

satisfied in bulk. It is thus very rare that one event alone is satisfied at any one time. This also

explains why experiments with other types of compilation targets (e.g., object-cluster assignment,

pairwise object-cluster assignment) show no difference in performance.

The memory footprint of the event networks was monitored during probability computation,

and never exceeded 1GB for the experiments presented in this chapter.
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6.5 Observations regarding k-nn classification

The k-nn classification problem is a more localised problem than clustering: only the k nearest objects

are of importance. As can be seen in Figures 6.5 and 6.6, the correlation scheme has a large influence

on the objects which are considered to be possible k-nearest neighbours in an uncertain setting. For

positive correlations, as the distance between the unlabelled object and a possible nearest neighbour

increases, the probability of that neighbour being one of the k nearest neighbours rapidly decreases.

As a result, ENFrame’s balanced approximation performs up to four orders of magnitude better

than exact on positive correlations (Figure 6.5 for n = 1000, k = 10), and both algorithms scale sub-

linearly in n. The balanced-c algorithm (with four threads) yields yet another order of magnitude

performance improvement. The initial improvement of performance in Figure 6.5 (top) for v = 100

can be explained by the local nature of the algorithm as well: for that particular subset of the UKPN

data, the classification problem can be solved much more locally – as a result, the perofrmance

improves.

As can be seen in Figure 6.5 (bottom), k has a more significant influence on performance:

increasing the number of nearest neighbours increases the size of the search space for possible

candidates, which in turn increases the time needed to finish the probability computation. There

are many techniques to determine the right value of k for a data set [DGL96], all of which can

be applied directly to k-nn in ENFrame. For our experiments we decided to use a wide range of

values to investigate their influence on the performance of probability computation. Investigating

the influence of k on the quality of k-nn classification results is an area of research on its own, and

beyond the scope of this work.

The mutex and conditional correlation schemes yield a rather different behaviour, as can be

seen in Figure 6.6. Under both schemes, the probability of a distant object being one of the k

nearest neighbours is larger, which dramatically increases the number of objects that need to be

considered. As a result, the balanced approximation scheme cannot trim as many branches of the

decision tree compared to the tree and probabilities induced by positive correlations. Concurrent

probability computation with four threads yields a consistently better performance with very little

synchronisation overhead.
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Chapter 7

Use Case Demonstrations

This chapter presents two systems for use cases that have been presented in previously published

work. The first system (DAGger, Section 7.1) is an application of uncertain data clustering for sensor

data from energy distribution networks. The second system (Πgora, Section 7.2) is a query engine

that integrates data from pc-tables and Bayesian networks. Both papers are included verbatim,

with a few minor changes.

Event
Programs

x0 x1 x2 x3

Φ[o0] : ∨ Φ[o1] Φ[o2] Φ[o3] : ∧

M0 : Σ M1 : Σ
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probabilistic output present results
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Figure 7.1: ENFrame architecture: chapter 7

117



CHAPTER 7. USE CASE DEMONSTRATIONS

7.1 DAGger: clustering correlated uncertain data (to predict asset

failure in energy networks)

N.B. this section is a verbatim inclusion of a paper that was published in the proceedings of the International

Conference on Knowledge Discovery and Data Mining (KDD) in 2012 [OvS12]. The system presented in

this paper (called ‘DAGger’) is the direct predecessor of ENFrame. Many of the techniques described in this

paper have been superseded by research on ENFrame, but the use case remains relevant nonetheless.

DAGger1 is a clustering algorithm for uncertain data. In contrast to prior work, DAGger can work

on arbitrarily correlated data and can compute both exact and approximate clusterings with error

guarantees. We demonstrate DAGger using a real-world scenario in which partial discharge data

from UK Power Networks is clustered to predict asset failure in the energy network.

7.1.1 Clustering uncertain data

Recent years have witnessed a surge in the amount of digitally-born data. In many scenarios, this

data is inherently uncertain or probabilistic, such as in automatic data extraction, image and voice

detection (e.g., processing handwriting, controlling mobile phones by voice), location detection,

sensor networks, and measurement data [SORK11]. Uncertain data calls for new processing ap-

proaches where uncertainty is explicitly accounted for, and it has led to a solid body of work on

building probabilistic databases, such as MystiQ, Trio, and MayBMS. Albeit on a smaller scale, there

is effort to adapt well-known data mining tasks to uncertain data, e.g., in discovery of frequent pat-

terns and association rules [SCCC10], clustering [GPT08], and classification [QXS+10]. However,

to the best of our knowledge, prior work only considers limited probabilistic data models based on

a simplifying independence assumption, and circumvents the hardness of probability computation

by the use of expected values and Monte-Carlo sampling. Expected values can lead to unintuitive

results, for instance when data values and their probabilities follow skewed and non-aligned dis-

tributions. In case of correlated input events, the independence assumption can lead to results that

are arbitrarily off from the ground truth.

In this work we demonstrate DAGger, a novel approach to clustering correlated uncertain data.

At its core, DAGger is a variant of the well-known k-medoids clustering algorithm adapted to

accommodate uncertainty throughout the clustering process and probability computation.

1DAGger (\"da-g@r\). From ‘dagger’: a sharp pointed knife that is used as a weapon (Merriam Webster, 2014). A loose
reference to the way variable valuations are spread (stabbed) into the directed acyclic graph that represents an algorithm.
The first three letters ‘DAG’ are capitalised as a reference to the same Directed Acyclic Graph.
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DAGger has the following key features:

• The clustering outcome has a simple and intuitive meaning given by the possible worlds

semantics: conceptually, it is equivalent to clustering in each possible world represented by

the input data. This is in line with virtually all work in probabilistic databases [SORK11] and

thus allows for an easy integration of query processing and mining tasks.

• It supports arbitrarily correlated input data through a symbolic representation of probabilistic

events. Complex events generated during the clustering process are expressible within the

same representation formalism.

• At any stage in the clustering process, DAGger computes clustering events stating the mem-

bership of an object to a cluster, and whether an object is a cluster medoid. The probability of

such events can be computed exactly or approximately with absolute error guarantees using

a novel compilation technique of independent interest. This technique first represents the

events of all objects and clusters at all iterations in a directed acyclic graph (DAG) where

common factors are represented only once; each node in this graph thus represents an event.

It then bulk-compiles all events into one decision diagram to the degree required to compute

their probabilities.

• In addition to the events that are intrinsic to the clustering process, DAGger supports queries

over the clustering output, e.g., to compute the probability that two given objects belong to

the same cluster.

The purpose of the demonstration is to show how DAGger can be effectively used to cluster and

classify sensor readings of a phenomenon in energy distribution networks, called partial discharge.

This is used to predict asset failure in energy distribution networks. We will use real (anonymised)

data from UK Power Networks consisting of known readings representing asset failures and new

unclassified readings. These readings are naturally uncertain due to limited sensor sensitivity, hard-

ware failure, and unreliable transmission channels [Agg09a; CP03; DGM+04]. By using DAGger,

we can improve the quality of the clustering for the set of new sensor readings and are able to

distinguish spurious readings from readings that indicate an imminent failure of an asset (e.g., a

cable). The audience of this demonstration can explore the clustering outcome visually, as well as

a ranked list of critical assets.
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date/time class PD load φ[oi]

. . .

o5 20/12 16:00 OK 5 140 x4 ∧ x5 ∧ x6

o6 20/12 17:00 OK 6 140 x5 ∧ x6 ∧ x7

o7 20/12 18:00 OK 9 150 x6 ∧ x7 ∧ x8

o8 20/12 19:00 OK 50 160 x7 ∧ x8 ∧ x9

. . .

o15 10/01 03:00 warn 22 25 x14 ∧ x15 ∧ x16

o16 10/01 04:00 warn 20 25 x15 ∧ x16 ∧ x17

o17 10/01 05:00 warn 24 40 x16 ∧ x17 ∧ x18

o18 10/01 06:00 warn 25 50 x17 ∧ x18 ∧ x19

. . .

o25 01/07 19:00 ?? 16 100 x24 ∧ x25 ∧ x26

o26 01/07 20:00 ?? 30 80 x25 ∧ x26 ∧ x27

Table 7.1: Simplified example data set. The labelled sensor readings are prior to a fault on January
11, 2011. The last two readings can be classified by clustering them with labelled data.

In the following sections, we explain our demonstration scenario, show how DAGger clusters

uncertain sensor readings, and provide details on how the audience of our demonstration can

interact with the system.

7.1.2 Demonstration scenario: clustering partial discharge data

We demonstrate the clustering capability of DAGger in an application that predicts asset failure in

energy networks.

Partial discharge

Partial discharge (PD) is an electrical discharge that does not fully bridge the insulation between two

conducting electrodes. It has been identified as one of the major causes of long-term degradation

and eventual failure of cables.

In order to minimise the customer minutes lost, energy distribution network operators (DNOs)

are currently deploying sensors to monitor partial discharge activity in the distribution network,

to be able to act preemptively [Mic07; ME11]. Unfortunately, monitoring partial discharge is

not a straightforward task: the phenomenon is hard to detect, and sensors often report spurious

measurements and are prone to failure (as are the transmission channels).
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The HiPerDNO project [TWG+11] aims to show the benefits of introducing cutting edge com-

putational techniques that improve electricity distribution network operations, in partnership with

UK Power Networks and other European DNOs.

Uncertain readings of PD and load

The data used to demonstrate our system is historical data on partial discharge activities in distribu-

tion networks, as well as records of network load and asset failure. It is gathered from two different

types of sensors: (1) partial discharge sensors installed on switchgear and cables in substations of

the distribution network, and (2) network load sensors in substations. By aggregating the number of

partial discharge occurrences over the duration of an hour and subsequently pairing this value with

the average network load during that hour, a data set like the one depicted in Table 7.1 is obtained.

DAGger can deal with data with an arbitrary number of dimensions. For this demonstration each

data point has the attributes load and partial discharge as described above. A single asset typically

yields up to 24 data points per day.

DAGger interprets this data probabilistically. The rightmost column of Table 7.1 contains prob-

abilistic events (i.e., arbitrary propositional formulas over independent Boolean random variables)

that quantify the correlation and probability of readings. This probabilistic data formalism, whereby

records are associated with probabilistic events, is called probabilistic conditional tables, or pc-tables

for short, and is common in probabilistic databases [SORK11].

We associate each sensor reading with a probabilistic event. The probability of that reading

being true is thus given by the probability of the event. Each load and partial discharge reading

has a probability of being accurate, which is inferred from sensor specification and measurement

intervals in historical data. In the events used in DAGger, this is captured by independent Boolean

random variables x0, . . . xm−1.

Inference of probabilities and correlations can be done using many techniques, e.g. using

inference in Bayesian networks or Markov Logic Networks [RD06; JS12] and possibly based on

the hardware specifications of the sensor manufacturer. In this specific application of DAGger, we

construct a Markov chain in which each data point ot at time t only depends on the data point ot−1

at time t − 1. The conditional probabilities are then converted into events that can be processed by

DAGger. As expected, consecutive sensor readings are strongly correlated [SJA11]. In the example

in Table 7.1, we used a sliding window of size three that yields events represented by conjunctions

of three literals.
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The possible worlds represented by our sample data are obtained by total assignments of the

event variables. For instance, the worlds in which reading o8 is correct are defined by assignments

where x7, x8, and x9 are true. Hence, the probability of o8 being correct is given by the product of

probabilities of these Boolean random variables being true. The readings o5 and o6 are positively

correlated, since they both depend on x5 and x6. The readings o8 and o15 are independent, since

their events are independent.

Predicting asset failure

In order to predict asset failure, we perform the following procedure using DAGger:

1. Construct a clustering using both historical data (labelled readings), and the unclassified

sensor readings.

2. For each unclassified reading, query the clustering for the probability that the reading is in

the same cluster as one (or more) of the readings from the warn-labelled set. Depending on

the type of labelled readings in the same cluster with the new readings, an expert user can

also understand the type of failure.

After DAGger has constructed a probabilistic clustering, we can query it for the event that reading

o25 is clustered into the same cluster as at least one reading from the set Rwarn with readings labelled

warn. This query is constructed using clustering events (for clusters C1, . . . ,Ck):

φ[o25 is warn] =
∨

1≤ j≤k

φ[o25 ∈ C j

]
∧

 ∨
ow∈Rwarn

φ
[
ow ∈ C j

]


In this expression, φ
[
oi ∈ C j

]
denotes the event that reading oi belongs to cluster C j. DAGger can

cluster the data set from Table 7.1 and perform exact classification of o25 within seconds. The system

can thus inform the user whether new readings indicate that a fault is imminent.

7.1.3 Under DAGger’s hood

At the core of DAGger lies the well-known k-medoids clustering algorithm [Bis06; Mac67], an

unsupervised data mining technique that partitions a set of data points into k groups of similar

points. It repeatedly assigns data points to clusters and re-elects cluster medoids, until convergence

is reached.
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x0 x1 x27

φ[o0] φ[o1] φ[o26]

φ [c0 = o0] φ [c1 = o0] φ [c1 = o26]

φ [o0 ∈ C0] φ [o0 ∈ C1] φ [o26 ∈ C1]

φ[o25 is warn] φ[o26 is warn]

1

Figure 7.2: Partial DAG with five layers encoding clustering events for clusters C0 (OK) and C1
(warn) in our example.

In DAGger, the assignment of data points to clusters and selection of cluster medoids are prob-

abilistic events. Therefore, a data point belongs to a cluster or is a cluster medoid with a certain

probability. Conceptually, DAGger’s outcome is equivalent to applying the standard k-medoids

algorithm in each possible world. However, DAGger cannot afford to enumerate the exponentially

many possible worlds and perform a clustering in each of them. Instead, its computation is more

symbolic as it traces the clustering events and uses them to compute probabilities of possible clus-

terings to any approximation degree. This symbolic computation can be orders of magnitude faster

than the more extensional approach based on explicit enumeration of the possible worlds.

In this section, we give some details on how DAGger works.

Constructing events. The events φ[oi] associated with input readings are the building blocks for

events that are subsequently created by DAGger to express medoid selection and cluster assignment.

At each clustering step, such events depend solely on events from the previous step. All events can

be represented in a layered structure, where each layer corresponds to a clustering step and where

we factor out common expressions. This layered factorisation, which is a directed acyclic graph

(DAG), is key to the compact representation of the events, as it exploits the combinatorial nature

of clustering computation. For instance, the event φ[oi ∈ C j] that reading oi belongs to cluster C j

is expressed as a conjunction of the event φ[oi] and of events for all cases in which a reading ol is

the medoid of cluster C j, and the distance from oi to ol is the smallest among all distances from

oi to the other readings. Figure 7.2 partially depicts such a DAG. Clustering events are expressed

using conditional expressions that involve propositional formulas and distances, since the selection

of new cluster medoids depends on input events and distances between data points. They are
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expressed an algebraic structure that resembles the semimodule defined by the tensor product

B[X]⊗R of the Boolean semiring B[X] freely generated by the set X of input random variables, and

the SUM monoid of real numbers R. For instance, the following expression represents the total

distance-sum of a reading oi to the readings o0, . . . , on−1 in cluster C j:

∆(C j, oi) =
∑

0≤a<n,a,i

(
φ[oa ∈ C j] ⊗ d(oi, oa)

)

This expression represents a discrete probability distribution function over all possible distance-

sums of oi to readings in cluster C j in a compact way. Indeed, for each possible truth assignment

of random variables, this expression can yield a different distance-sum with a different probability.

Such distance-sums are used inside inequalities to construct the events that describe medoid selec-

tion: the data point with the smallest distance-sum to the other points in the cluster is chosen as the

new cluster medoid.

φ[c j = oi] = φ[oi ∈ C j] ∧
∧

0≤a<n,a,i

(∆(C j, oi) ≤ ∆(C j, oa))

In the absence of theB[X]⊗R construct, these inequalities would only be expressible as propos-

itional events that grow exponentially in the number of objects (or readings).

Once the clustering events are constructed, classification queries such as the one described in

Section 7.1.2 are added to the DAG. The DAG in Figure 7.2 includes classification queries for objects

o25 and o26 from Table 7.1 in the top layer.

Probability computation. DAGger uses a novel bulk compilation strategy to efficiently compute the

probability of the events represented in a layered DAG structure. The core idea of this compilation

technique is Shannon expansion: given a Boolean random variable x, the probability P(Φ) of an

event Φ is the weighted sum of probabilities of the events Φ|x and Φ|¬x obtained by setting x to true

and respectively to false in Φ, i.e., P(Φ) = P(x) · P(Φ|x) + P(¬x) · P(Φ|¬x).

The challenges faced by DAGger are to extend Shannon expansion (1) to work well on sets of

events represented in a DAG structure and on semimodule expressions, and (2) to incrementally

compute approximations to any degree.
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Figure 7.3: Screenshot of DAGger’s user interface, showing an ordered list of assets of which sensor
readings were classified as ‘warning’ with a high probability.

(a) Probabilistic assignment of data points to clusters (b) Visualisation of probabilistic clustering

Figure 7.4: Screenshots of DAGger’s user interface, showing two different views of the clustering
result.

7.1.4 Driving DAGger

DAGger has a graphical user interface to present the clustering outcome, as well as the incremental

probability computation of the clustering events. Screenshots of this interface are given in Figures 7.3

and 7.4.

On the first tab ‘data selection’, the user can make a selection of the input data (both labelled

and unlabelled data) which is to be analysed by DAGger. After the data analysis has started, the
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user can monitor the progress and examine the results. On the tab “Classification: asset risks”

(Figure 7.3), the system displays the results of the classification of the unlabelled data points. It

lists the assets that were classified into the warn category in decreasing order of probability. The

third tab ‘Clustering: assignments’ (Figure 7.4a) shows the probabilistic assignment of data points

to clusters.

The last tab ‘Clustering: visualisation’ (Figure 7.4b) presents the user with a visual representation

of the uncertain clustering. By selecting a sensor reading (in this case: o6), the interface will show

the user the probability that the data point will be clustered into the same cluster as the closest

neighbouring data points: the darker the line that connects o6 to another data point, the higher the

probability that the two data points end up in the same cluster.

Throughout the interface of the system, the user will see the exact lower and upper bounds

of the probabilities, while the probabilities are being established. Unless DAGger is configured to

compute approximate probabilities, the system will present the user with the exact probabilities

once the lower and upper bounds have converged.

7.1.5 DAGger versus ENFrame

DAGger is the direct predecessor of ENFrame: it is a probabilistic clustering algorithm, rather than

a framework in which probabilistic algorithms can be expressed. The development of ENFrame

required research in various other directions, including the development of a user language. Fur-

thermore, the probability computation algorithms used in ENFrame are much more sophisticated

than those introduced in DAGger. The latter only features a single greedy approximation algorithm,

whereas ENFrame is powered by the much more efficient balanced approximation strategy. Ad-

ditionally, ENFrame features heuristics for finding the most influential input random variable, as

well as algorithms for concurrent probability computation.
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7.2 Πgora: queries on various data formalisms

N.B. this section is an extract of work published in the proceedings of the International Conference on Data

Engineering [OPvS13]. It is based on joint work with Dan Olteanu and Lampros Papageorgiou [Pap12].

The data integration techniques introduced in Section 2.4 lie at the heart of Πgora. That integra-

tion forms the foundation of a query engine that integrates pc-tables (through MayBMS [AJKO08;

HAKO09]), and Bayesian networks (through SMILE [Dru99]). This section presents a use case of

the Πgora system: querying of medical data from NELL (the Never Ending Language Learning

system [CBK+10]) and the UCI machine learning data repository [BL13].

Real-world applications model probabilistic data using a plethora of different formalisms. These

formalisms naturally support probabilistic processing to varying degrees. The pc-tables formalism

supports select-project-join queries whose answers and their probabilities can be represented as

pc-tables; Bayesian networks support inference queries that ask for the conditional probability of

an event given another event; finite state transducers support selection queries that ask for the

probability that a certain string occurs in their possible runs.

In order to harness the value of heterogeneous probabilistic data sources, it becomes imperative

to provide a uniform interface to them. Such an interface would allow for their integration and

enable expressive SQL-like querying across them. This is possible since their underlying formal-

isms have a common denominator: they all admit a sound interpretation via the possible worlds

semantics [SORK11]. Under this semantics, pc-tables, Bayesian networks, and FSTs represent, re-

spectively, finite probability distributions over sets of possible tables, sets of correlated observations,

and sets of possible strings represented in an image.

Πgora (pronounced pi-gora: probabilistic agora) is a system that provides just such a uniform

interface over Bayesian networks, pc-tables, and FSTs. In addition, it provides a query evaluation

mechanism over the interface. The query strategies take the native querying capabilities of the un-

derlying formalisms into account in order to devise an efficient query plan. This plan consists either

of a sequence of sub-plans to be evaluated by engines for different formalisms, or of transformations

of sources to one of the existing formalisms followed by evaluation using a single query engine.

Further common aspects of data integration systems are not yet considered by Πgora. Examples of

such aspects include: declarative specifications of the capabilities of each data source (in addition

to those of their underlying formalisms); automatically rewriting the user query to use the views

representing local sources [MFK+00]; and dealing with many possible rewritings in case several

sources publish similar or same data.
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7.2.1 The architecture of Πgora

Πgora presents a unifying relational interface over heterogeneous sources called mediated schema.

The users phrase their queries over this mediated schema. The components of the system, as

well as the data and control flow, are shown in Figure 7.5. The system works as follows. Each

local source is registered to the system with a relational schema that becomes part of the mediated

schema. The user queries are expressed as select-project-join SQL queries extended with an exact

and approximate probability computation aggregate and with a given clause, which allows the

user to formulate conditionals and ask for the probability of an event given another event. For

instance, the user could ask for each age group and sex how probable it is that a person suffers from

diabetes and their diabetes medication causes exhaustion. This query joins (1) a Bayesian network2

expressing probabilistic relationships between, among others, the existence of diabetes, age, sex,

and pregnancy, (2) a NELL3 pc-table relating relationships between drugs and side effects, and (3)

a NELL pc-table relating drugs and diseases. The user could ask for the probability that a pregnant

women has a breast tumour given that she suffers from hypothyroidism. This query is a join of two

(independent) Bayesian networks with relationships between age, breast cancer, pregnancy, and

hypothyroidism. Next, the different components of Πgora are described.

Data sources. Each local source defines a relational schema that is part of the mediated schema.

A tuple-independent NELL pc-table relating drugs and diseases (excerpt provided in Table 7.2)

will be used as a running example, together with the Bayesian network shown in Figure 7.6 which

contains knowledge regarding diabetes and age, sex, and pregnancy (adapted from the UCI machine

learning repository).

The relational schema of the Bayesian network consists of one attribute per node in the network.

The network thus corresponds to a relation Diabetes with attributes age, diabetes, sex, pregnant, and

so on; its schema is that of the relation representing the join of all conditional probability tables

(CPTs) in the network.

MayBMS is used to manage pc-tables [AJKO08; HAKO09]; Bayesian networks are represented

in the XML-based BayesNets Interchange Format4.

2Available from the UCI Machine Learning Repository [BL13] at http://archive.ics.uci.edu/ml/datasets.html.
3NELL: the Never Ending Language Learning system [CBK+10])
4http://www.cs.cmu.edu/~fgcozman/Research/InterchangeFormat/
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Presentation
Mediated Schema

Answer Presentation Query Interface

Processing

Query Planning, Reformulation, and Execution

BN Inference Engine pc-table Query Engine

Translation

pc-tables→ BN BN→ pc-tables

Data Sources

relations . . . Bayesian networks pc-tables . . . FSTs

Figure 7.5: The architecture of Πgora. Double and dashed arrows denote data and control flow,
respectively.

Drug Disease Pr[Drug|Disease] Φ

avandia diabetes 1 x1

tamoxifen breast_cancer 1 x2

actos diabetes 0.998 x3

glucophage diabetes 0.996 x4

Table 7.2: Example of a NELL pc-table containing data regarding drugs and diseases

Translation layer. The possible worlds semantics acts as a bridge between the different formalisms

and enables sound, equivalence-preserving translations between their instances [Pap12]. These

translations are needed when Πgora’s query evaluation strategy requires a translation of all sources

into one formalism, and executes the query using one dedicated engine. Section 2.4 describes the

translation layer in more detail and includes an example translation of the Bayesian network for

diabetes.

Inference and query engines. Πgora is implemented in Java on top of the probabilistic manage-

ment system MayBMS [AJKO08; HAKO09] with the SPROUT query engine [OHK10] for queries

on pc-tables and SMILE [Dru99] for Bayesian inference.
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age sex

diabetesplas. preg.

insu. mass

Figure 7.6: Simplified Bayesian network for diabetes from the UCI machine learning repository (the
conditional probability tables at nodes are presented in Table 7.3).

sex P

Male 0.48

Female 0.52

age P

≤ 40 0.314

> 40 0.686

age sex diabetes P

≤ 40 Female true 0.349

≤ 40 Female false 0.651

≤ 40 Male true 0.255

≤ 40 Male false 0.745

> 40 Female true 0.355

> 40 Female false 0.645

> 40 Male true 0.249

> 40 Male false 0.751

Table 7.3: Conditional probability tables for nodes sex, age, and diabetes in the Bayesian network
shown in Figure 7.6

Query planning, reformulation, and execution. The task of this component is to decide how to

evaluate the user query. Πgora uses two broad strategies for query evaluation, which are described

below and exemplified in Section 7.2.2.

The default strategy is to identify subqueries that are naturally supported by the formalisms

of the sources referenced in these subqueries, i.e., select-project-join queries for pc-tables, inference

queries for Bayesian networks, and selection queries for finite state transducers. After that, the

engines associated with the formalism of the data sources are used to answer the subqueries. All

remaining processing steps, e.g., joining subqueries that are evaluated using different query engines,

are supported by translation to pc-tables. Besides the identification of such subqueries, a further

challenge of this strategy is thus to compute the final query result using the results of the subqueries.

Another strategy is to convert all data sources used by the query (possibly off-line) into either

the pc-tables or Bayesian networks formalism, followed by evaluation using either a query or

an inference engine after reformulating the query over the corresponding formalism. A possible

optimisation is to specialise the query to only use those parts of the data sources that are needed
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for the evaluation. For instance, if only a few nodes of a Bayesian network are needed for the

evaluation, the query can be rewritten to only use their corresponding pc-tables. For relational

evaluation, if the query has a conditional clause, it can be rewritten (by following the definition

of conditional probabilities) into a query for the numerator and one for the denominator, and a

third query that uses the results of the first two queries to compute the final result. For evaluation

via Bayesian inference, the user query is rewritten into a sequence of inference queries that are

optimised by identifying independence and temporary results that can be reused several times.

7.2.2 Demonstration scenario: medical data

In this section, Πgora is demonstrated using real-world data sources in the medical domain from

NELL, and the UCI machine learning repository.

Let us consider the query in Figure 7.7 (top). It asks for the probability (note the construct

conf() in the select clause) of a pregnant woman suffering from a left breast tumour, given that she

also suffers from hypothyroidism. Correlations between the two medical conditions are reported in

literature [Smy03]. Possible data sources are the Bayesian networks Hypothyroid and Breast_cancer,

which can be joined on the common node age.

Πgora chooses a purely Bayesian evaluation, since both data sources are Bayesian networks. In

this case, the SQL query is phrased as a sum of inference queries:

p =
∑
B.age

Pr
[
B.tumor = true ∧ B.breast = left ∧ H.tumor = true ∧ H.pregnant = true

∣∣∣∣
B.age = H.age ∧ H.hypothyroid = primary

]

For a given value x for age, the following inference query is used:

p = Pr
[
B.tumor = true ∧ B.breast = left ∧ H.tumor = true ∧ H.pregnant = true

∣∣∣∣
B.age = x ∧ H.age = x ∧ H.hypothyroid = primary

]
Since the two Bayesian networks are independent, the query can be regrouped as follows:

p = Pr
[
B.tumor = true ∧ B.breast = left

∣∣∣∣ B.age = x
]
·

Pr
[
H.tumor = true ∧ H.pregnant = true

∣∣∣∣ H.age = x ∧ H.hypothyroid = primary)
]
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Figure 7.7: Πgora’s graphical user interface: Input data and query (top) and visualisation of the
chosen evaluation strategy (bottom).
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Next, two further scenarios are presented. Figure 7.7 (bottom) depicts the plan for relational

evaluation. First, the the conditional probability formula is applied: P(A |B) =
P(A∧B)

P(B) . Expressed

in SQL, this means that the following values are computed: (1) the probability of the query with

a conjunction of the conditions in the where and given clauses, (2) the probability of the query

representing only the given clause, (3) the division of the two probabilities, and finally (4) the

summation of the probabilities of all age values. Further optimisations are applicable, such as

specialising the relations Hypothyroid and Breast_cancer to those constituent pc-tables strictly needed

for query evaluation.

Let us now assume that Breast_cancer is a pc-table. The default strategy would then split the

query into the subquery referring to the Hypothyroid network and the subquery referring to the

Breast_cancer relation.

For each value of x for age the following inference query is executed on the Hypothyroid network:

∀x : Pr H(x) = Pr
[
H.tumor = true ∧ H.pregnant = true

∣∣∣
H.age = x ∧ H.hypothyroid = primary

]
The subquery that refers to Breast_cancer is now rewritten following the conditional probability

formula:
create table T1 as select B.age, conf() as p1

from Breast_cancer B

where B.tumor=’true’ and B.breast=’left’ group by B.age;

create table T2 as select B.age, conf() as p2

from Breast_cancer B group by B.age;

create table T3 as select T1.age, p1/p2 as PB

from T1, T2 where T1.age = T2.age;

Finally, the query answer is obtained by joining the independent intermediate results PH and

T3:
∑
age

PB(age) · PH(age), where PB(age) denotes PB for the tuple (age,PB) in T3.

A further data source for this query could be a collection of finite state transducers modelling

possible strings represented in images of scanned book pages referring to these medical conditions.

Then, further evidence of correlation between these medical conditions can be signalled by multiple

co-occurrences of the names of the two conditions within paragraphs on the same pages, and hence

by large co-occurrence probability.
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7.2.3 User interaction

The users can interact with Πgora via its graphical user interface that makes it possible to view and

register data sources, compose and execute queries, inspect query evaluation strategies, and see

query results.

Figure 7.7 depicts two screen shots of Πgora at work. The left screen shot corresponds to the

input data and query tab: it presents a list of data sources and shows how the user can compose

queries.

The right screen shot corresponds to the evaluation tab, where the user can choose one of the

supported evaluation strategies, i.e., evaluation via pc-tables, via Bayesian inference, or the default

mixed evaluation where formalism-specific engines are used to evaluate subqueries of the input

query. This tab also depicts the execution plan chosen by the system to evaluate the input query.

The right screen shot also depicts a relational plan used by a strategy based on pc-tables to

evaluate the query mentioned in the previous section. The plan consists of several relational

queries that together encode the conditioning expressed in the original query. It is optimised such

that it only refers to those pc-tables obtained by translating the nodes in the input Bayesian networks

for hypothyroidism and breast cancer that are necessary to express the query.
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Chapter 8

Discussion

The main contribution of this thesis is ENFrame, a framework for processing correlated probabilistic

data. The framework and its languages and algorithms have been described in the previous

chapters, alongside a number of peripheral contributions to the field of probabilistic data.

This chapter places the contents of this thesis in the context of the fields of probabilistic data,

data mining, and (probabilistic) programming languages. The chapter begins with a discussion of

related work in those fields, including discussion of the contributions, followed by directions for

future research – a number of which are already under investigation. The chapter closes with a

conclusion.

8.1 ENFrame in context of related work

The research presented in this thesis is positioned on the intersection of the fields of probabilistic

data, data mining, and programming languages. In recent years, multiple efforts have been made

to bridge some of the gaps between these fields, yet ENFrame is the first system that aims to connect

all three.

8.1.1 Data mining algorithms for probabilistic data

Although arbitrary algorithms can be expressed in ENFrame’s user language, the language was

primarily designed to support data mining and data processing tasks. In recent years, a large

number of data mining algorithms for probabilistic data have been presented in the literature,

all of which were designed for one specific data mining task. The most prevalent algorithms for
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Figure 8.1: ENFrame: positioned at the intersection of probabilistic data, data mining, and pro-
gramming languages.

clustering and classification of probabilistic data are discussed below. A more detailed survey of

these and other types of algorithms for mining uncertain data can be found in [Agg09a].

Clustering probabilistic data

Clustering is possibly the most popular data mining algorithm for uncertain data, with a large

number of articles in major publications (including surveys, e.g. [ZLZL14]), as well as book chapters

devoted to the subject (e.g., [Agg09b]). Most of the algorithms introduced for uncertain data are

adaptations of algorithms for certain data.

A number of centroid-based algorithms (inspired by k-means) exist. Ngai et al. propose the

UK-means algorithm in [NKC+06; CCKN06], using independent objects of which the location is

modelled as a continuous probability distribution. The objects are subsequently assigned to the

cluster of which the centroid has the closest expected distance to the object. Unfortunately, the

algorithm does not provide support for correlated objects, and uses non-probabilistic centroids that

are computed by averaging expected values of cluster members. The latter leads to information

loss regarding the variance of the cluster members, resulting in an inability to detect clusters with

different variance (as pointed out by [GT12]). Furthermore, a year after publication, Lee et al.

showed how UK-means can be reduced to regular k-means [LKC07]. More recently, Kao et al.

proposed various improvements to the UK-means algorithm, using Voronoi diagrams and R-tree

indices [KLL+10].
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In [GT12], Gullo and Tagarelli introduce the concept of uncertain centroids (U-centroids) in

the context of an adaptation of k-means clustering for probabilistic data: the UCPC algorithm.

Although this addresses one of the major shortcomings of UK-means, the presented approach lacks

support for correlated objects.

Cormode and McGregor introduce various approximation techniques for clustering of uncertain

data by showing how a number of clustering algorithms (k-means, k-median, k-center) on certain

classes of data can be reduced to non-probabilistic weighted versions [CM08]. Their approach is

similarly limited to tuple-independent data sets.

Further work on medoid-based algorithms for clustering uncertain data includes [GPT08], which

presents a technique for clustering data with attribute-level uncertainty: UK-medoids. This ap-

proach works using an uncertain distance function that computes the expected distance between

objects to (1) determine the closest cluster for every object, and (2) determine the new cluster

medoid. Although the attribute-level uncertainty allows for a limited notion of correlations (i.e.,

mutually exclusive attribute values), the use of the expected distance immediately eliminates such

a notion. In a later paper [GT12], the same authors criticise the UK-means algorithm [NKC+06;

CCKN06] for employing expected distances.

Hierarchical clustering is an alternative clustering method which constructs clusters either

bottom-up by merging close objects into a cluster, or top-down by splitting up one large cluster into

several smaller ones. The result is a hierarchy of clusterings. Two adaptations for probabilistic data

have been proposed in the literature [GPTG08; KP05b], both of which rely on tuple independence.

At the other end of the clustering spectrum, [KP05a] proposes a density-based clustering al-

gorithm for uncertain data: FDBSCAN. This approach is an adaptation of the density-based

DBSCAN clustering algorithm [EKSX96]. FDBSCAN (for fuzzy DBSCAN) attempts to determine

whether multiple data points (observations) in the data are representations of a single object: the

core object. Using these multiple observations, a single fuzzy object representation is constructed. A

distance function is then defined for pairs of fuzzy objects, the results of which form the input to the

density-based clustering algorithm. FDBSCAN has a very specific and limited application: clus-

tering observations of potentially moving objects. The measurements are considered independent,

so are the derived core objects.

Although the significance of correlations in probabilistic data is widely acknowledged in the

field [VRH+09; SCCC10; AY09] and in various examples in this thesis, all of the clustering algorithms

for uncertain data assume independence amongst tuples in the input data. Furthermore, of the
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centroid and medoid-based approaches, only one recently introduced algorithm recognises the

importance of probabilistic cluster centroids: UCPC [GT12].

It is reasonable to expect that the simplifying independence assumption results in signific-

antly better performance and scalability of the clustering algorithms when compared to ENFrame.

However, in the limited number of experiments described in the aforementioned publications, it

appears that performance (on similar hardware) is in the same order of magnitude as clustering

in ENFrame. For example, Ngai et al. [NKC+06] report clustering times of up to 2500 seconds for

10,000 probabilistically independent objects, using the UK-means algorithm.

Classification of probabilistic data

Classification of uncertain data is a research area that has attracted less attention than clustering.

However, the same pattern emerges: the algorithms are adaptations of techniques for certain

data, and all assume probabilistic independence amongst the tuples in the input data. Support

vector machines for uncertain data are discussed in [BZ04], a naive Bayes classifier is introduced

in [RLC+09], and a method based on nearest neighbours is discussed in [AF13].

Continuous versus discrete probability distributions

Among the algorithms for clustering and classification of uncertain data, a number of approaches

consider continuous probability distributions over the location of data points in the feature space.

Although ENFrame was developed from a probabilistic databases angle and does not provide

native support for such distributions, sampling techniques exist to obtain finite distributions over

mutually exclusive data points (samples). However, continuous distributions are often fitted using

parametric methods on discrete observations [Cra46]. In those cases, it might be beneficial to use

the original (discrete) observation data, rather than sample from a fitted continuous distribution.

8.1.2 Probabilistic programming and data analytics platforms

Support for iterative programs is essential in many applications including data mining, web ranking,

graph analysis, and model fitting. This has recently led to a surge in data-intensive computing plat-

forms and frameworks for certain data. For example, REX [MIG12] supports iterative distributed

computation along database operations in which changes are propagated between algorithm itera-

tions. MADlib is an open-source library for in-database analytics [HRS+12]. Similarly, Bismarck is
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Variable<bool> firstCoin = Variable.Bernoulli(0.5);

Variable<bool> secondCoin = Variable.Bernoulli(0.5);

Variable<bool> bothHeads = firstCoin & secondCoin;

InferenceEngine ie = new InferenceEngine();

Console.WriteLine("Probability both coins are heads: "+ie.Infer(bothHeads));

Algorithm 8.1: Example program written for the Infer.NET framework (adapted from the frame-
work’s documentation [MWGK12]).

an architecture for in-database analytics [FKRR12]. GraphLab [LGK+10] uses graph representations

for scalable parallel programming.

Interest in development of programming languages and frameworks with native support for

probabilistic processing has (very) recently soared [GHNR14]. Infer.NET [MWGK12] is a framework

for probabilistic programming in .NET, developed by Microsoft Research – it is of a closed nature

with restricted availability. Other parties that have shown interest in probabilistic programming

include the US Department of Defence: [DAR13] is an initiative to provide funding specifically

aimed at the development of probabilistic programming techniques for advanced machine learn-

ing. Other initiatives include BUGS (Bayesian inference using Gibbs Sampling, [LTBS00]) and

Church [GMR+08]. A complete overview is provided in [Roy].

Such programming languages are imperative or declarative, with the added novelties of allowing

the user to express probability distributions via generative stochastic models, of drawing values at

random from such distributions, and of conditioning values of program variables on observations.

For example, the Infer.NET code listed in Algorithm 8.1 illustrates how to simulate flipping two

coins, and inferring the probability that they both end up heads up.

Inference in such languages is often performed using Markov Chain Monte Carlo methods. This

is a class of algorithms that sample from a probability distribution which is based on a Markov

chain [Nea93]. The probabilistic semantics of such programming languages bear no (or little) re-

semblance to the semantics used in modern probabilistic databases, which lack of resemblance

severely hinders integration. Furthermore, the programming languages require a thorough un-

derstanding of probability theory. ENFrame, on the other hand, uses the same semantics and

probabilistic data model as recently developed probabilistic databases, in order to facilitate ef-

fortless integration. Furthermore, the framework attempts to make programming with such data

more accessible by hiding the complexity of programming with probabilities through the user

language. This will enable programmers without (or with little) experience in probability theory

to process probabilistic data. Python is becoming an increasingly popular language for data ana-
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lysis ([BDH+13], for example) due to its gentle learning curve and the large number of libraries

for scientific computing. ENFrame capitalises on this popularity through its Python-based user

language.

ENFrame does not provide functionality to manually define probability distributions in user or

event programs: the distributions are assumed to be part of the input data. Therefore, code like

the Infer.NET example cannot be expressed as such in ENFrame. Frameworks like Infer.NET are

arguably more suitable for the experienced power user with a background in probability theory.

Incorporating such control in ENFrame is part of future research (see Section 8.2).

Originating from the database community, the Monte Carlo Database System (MCDB) and

SimSQL systems were visionary in enabling more advanced data analytics by proposing declarative

SQL extensions to support loops and probability distributions [JXW+08; CVP+13]. However, the

language is not expressive enough to support the writing of data mining algorithms.

8.1.3 Probability computation

Probability computation of propositional expressions and the related model counting problem

(#SAT) have been an area of interest since the second half of the last century. Many different ap-

proaches have been tried and tested, and various algorithms and heuristics have been described

in the literature. The most influential technique is CDP [BL99; GSS09], which is based on the

seminal Davis-Putnam-Logemann-Loveland (DPLL) algorithm [DP60; DLL62]. ENFrame’s tech-

nique for probability computation in event networks combines the previously introduced Shannon

expansion with the DPLL-style masking algorithm for verifying satisfiability. However, ENFrame

operates on significantly more expressive event networks that represent large numbers of formulae

beyond propositional calculus, and introduces various approximation algorithms for probability

computation.

Research in artificial intelligence has approached the #SAT problem using Monte Carlo sampling,

e.g. [WS05]. Although these methods have been shown to be effective in many cases, their computa-

tional complexity is prohibitive due to their dependency on truly uniform sampling [GSS06; GSS09].

Additionally, sampling techniques only provide probabilistic error bounds (i.e., only with probabil-

ity p < 1 is the result an ε-approximation), and are unable to exploit the structure of correlations to

speed up computation [OW12]. As a result, probability computation for expressions that allow for

polynomial-time inference due to their structure (e.g., a conjunction of independent clauses) takes
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as much time as inference on intrinsically hard expressions [OHK10; FHO13]. However, sampling

methods are an inspiration for a future research direction, as will be set out later in Section 8.2.

Techniques for approximate probability computation in probabilistic databases mainly rely on

patterns that allow for simplification in the decision tree constructed through Shannon expan-

sion [OHK10; FHO13] – for example by identifying disjunctions with mutually exclusive operands.

Although such techniques have been proven effective for the correlated propositional lineage pro-

duced by queries over pc-tables, the correlations that are encoded in event networks for data

processing algorithms are more intricate and rarely exhibit such patterns.

Distributed probability computation in probabilistic databases has been approached only in the

context of the SimSQL/MCDB system [JXW+08; CVP+13] The query results are computed using

Monte Carlo simulations on Markov chains (MCMC). This approach was not designed for exact and

approximate computation with error guarantees, and does not exploit the similarity of the many

possible worlds induced by pc-tables. Furthermore, like any other sampling-based approximation

algorithm, MCMC methods only compute probabilistic guarantees, and do not exploit the structure

of the expressions or queries during probability computation.

8.2 Directions for future research and development

At the time of writing, the ENFrame project is only four years old. It has come a long way since

its inception, but as recognised throughout this thesis, there are many directions in which the

framework can be researched and developed further. A selection of those directions is listed here,

based on observations made regarding related work in the previous section.

Alternative data formalisms. ENFrame lacks support for any formalism other than its own exten-

sion of the propositional calculus used in pc-tables. Although this is a good starting point with a

solid foundation in probabilistic databases, and is compatible with a number of other formalisms

(including Bayesian networks), native support for other types of probabilistic data formalisms

would accelerate mainstream adoption of the framework. Πgora (Section 2.4 and Chapter 7) aimed

to fill a part of this gap through integration of formalisms with a foundation in the possible worlds

semantics. However, integration of formalisms beyond that would be of great value – such as native

support for continuous probability distributions (e.g., through MayBMS [AJKO08]).

141



CHAPTER 8. DISCUSSION

Supporting such radically different formalisms will require efforts in several directions. The

event language needs to be developed further, and new formalisms (most notably continuous

distributions) require research into alternative methods for probability computation in ENFrame.

N.B. the first steps towards support for random variables with arbitrary categorical distributions

in the input data were taken after the initial submission of this thesis. Please refer to [vSO16] for

more details and updated algorithms for probability computation.

Probability computation. Probabilistic inference in event networks is another area in which fur-

ther development is desirable. For example, the inclusion of simplification techniques for event

expressions (as described in the literature, e.g. [OHK10; FHO13]) could potentially result in a sig-

nificant performance gain. Although the programs described in this thesis will most likely not

benefit from such simplifications of the event network due to the intricate correlations amongst

the generated events, the simplifications can result in tractable probability computation for simpler

programs and networks.

Other possible improvements in the area of probability computation include integrating differ-

ent algorithms and techniques for approximate and concurrent probability computation. There is

a wealth of literature on approximate and concurrent model counting algorithms which can po-

tentially be adapted for use on event networks, including Monte Carlo sampling approximation

techniques [WS05; CVP+13; GSS09].

The concurrent probability computation algorithm introduced in this thesis relies on shared-

memory hardware architectures (i.e., can only work using several threads within the same ma-

chine). Research into cluster-based distributed algorithms (e.g., using techniques similar to MapRe-

duce [DG04]) would benefit ENFrame.

Sensitivity analysis and result explanation. Sensitivity analysis and result explanation are becom-

ing increasingly important features of both probabilistic and traditional database systems [KLD11].

Query explanation techniques provide the user with reasoning as to which tuples feature (or not)

in a query result. Sensitivity analysis is a related technique that helps the user understand how

influential some tuples are to a query result, or, in the case of ENFrame, the output of a program.

ENFrame traces the computation of programs by means of events in the event network. By

investigating the connections within the network (and the masks they propagate) more closely, both

sensitivity analysis and result explanation become possible. As it stands, none of the algorithms

and frameworks evaluated in Section 8.1 provide this functionality.
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At the moment, ENFrame does not provide such functionality either. However, within the fields

of probabilistic database systems, multiple techniques for explanation and sensitivity analysis in

query results have been proposed [KLD11; CLF13a; CLF13b]. Further research on how such

techniques can be applied in ENFrame is desirable.

Programming with distributions. Other frameworks and probabilistic languages that have been

developed in recent years offer more control for the power user (programmer) who wants to

explicitly introduce custom probability distributions in the code. ENFrame would benefit from

such features, as they would make the framework a more powerful tool for programmers with a

background in probability theory.

The implementation of such a feature does not require a significant effort, as long as the dis-

tributions are compatible with ENFrame’s formalism. For example, a construct in the user and

event languages that creates a new Bernoulli random variable with a specified distribution can be

encoded in the event network as yet another Boolean random variable. Such a construct enables

the user to write programs such as the Infer.NET code illustrated in Algorithm 8.1.

Trade-off performance vs. expressiveness. The constructs of the event language set out in this

thesis allow for very fine-grained control over the behaviour of events. This comes at a cost: higher-

level operations (such as a phase in a clustering algorithm) often require a large number of events.

The masking operation during probability computation scales linearly in the size of the network.

Therefore, larger networks of fine-grained events have a negative effect on memory usage and

computation time.

The alternative are higher order events (as set out in Section 6.2.3), which transfer large parts of

the network logic into native C++ code. This transfer happens at the cost of expressiveness, and

allows for less accurate answer explanation, sensitivity analysis, and incremental maintenance. A

full investigation of this functionality-performance trade-off is desirable. Furthermore, functionality

to automatically generate C++ code for such exhaustive grounding would make performance gain

through this feature more accessible.

Support for other types of programs. So far, the development of ENFrame has been driven by

the desire to express clustering and classification algorithms for probabilistic data. Although the

user and event language are sufficiently flexible to support other data mining and machine learning

algorithms, it is as yet unclear where the boundaries lie. Further research into efficiently expressing
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other data mining algorithms and other general-purpose algorithms is desired, possibly paired with

extending the constructs of both the user and event language.

8.3 Conclusion

This thesis has introduced ENFrame – a framework for processing correlated probabilistic data.

The chapters of this thesis have described the framework as separate parts of its architecture: from

the data formalisms that are used throughout the framework, via ENFrame’s deterministic user

language and the probabilistic interpretation using the event language, to the event network and

probability computation.

The advent of new data sources has introduced probabilistic data as a new player on the fields

of databases and data mining. The large number of systems to store and process such data, and

the amount of research done on its properties, are indicators of the interest in this new type of data

– both in industry and academia. The pervasive deployment of sensors in virtually all types of

electronics, combined with the growing number of other sources that produce probabilistic data,

will only further accelerate development of the field.

Correlations are an integral part of the data, and cannot not be ignored during the process

of data analysis. Unfortunately, this leads to complexity challenges when performing probability

computation. ENFrame addresses these challenges using a combination of novel techniques for

probability computation of large numbers of events, heuristics, approximation algorithms, and

parallel computation.

Although the experiments with ENFrame’s probability computation algorithms show a sig-

nificant relative performance gain as compared to naïvely iterating over the exponentially many

possible worlds, the computational complexity of processing probabilistic data is discernible. This

complexity stands in the way of widespread adoption of the framework in industry and academia,

as well as adoption of probabilistic data processing in general.

When comparing ENFrame to other recent developments in the fields of probabilistic databases,

programming languages, and probabilistic data mining, its advantages are clear. The framework’s

probabilistic semantics and data model are fully compatible with recent developments in prob-

abilistic databases, and correlations in the data are fully respected through well-defined possible

worlds semantics. Programming for probabilistic data becomes easier through the well-defined
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8.3. CONCLUSION

Python-based user language, with allows for an effortless probabilistic interpretation. By mak-

ing programming for probabilistic data more accessible for both professional data analysts and

academics with a non-scientific background, mainstream adoption of this type of data is promoted.
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Appendix A

Glossary

Boolean random variables xi ∈ X. Throughout this thesis, the notation xi ∈ X is used to refer to

the Boolean random variables xi in the set of random variables X used to annotate the input data

with propositional expressions (xi ∈ X).

Certain data (point). A data point or set of data that does not bear any uncertainty. This term does

not employ ‘certain’ as an adjective to refer to a data point (set) of a specific but unspecified character,

quantity, or degree (Merriam Webster).

Decomposition (Shannon’s expansion). A technique for computing the probability of a (possibly

intractable) propositional expression containing Boolean random variables. See Section 5.2.

Decision tree. A type of binary decision diagram (BDD) which stores the trace of repeated de-

composition. See Section 5.2.

Lineage. Event associated with input data, e.g. Φ[ol] is the event or lineage of input object ol.

Possible worlds (semantics). Under the possible worlds semantics, the input data set D to an

algorithm is a probability distribution over a finite set of of possible worlds, whereby every world

defines a data set of tuples Di ⊆ D.

The possible worlds of input objects to an algorithm are defined by the possible valuations

α : X→ {true, false} of Boolean random variables xi in the set of random variables X used to annotate

the input data with propositional expressions (xi ∈ X). See Example 2.5 on page 23 for an example.

161



APPENDIX A. GLOSSARY

Processing of (uncertain) data. Mining, querying, and storing uncertain (probabilistic) and certain

data.

Satisfy an expression. A (partial or complete) valuation α : X → {true, false} of Boolean random

variables xi ∈ X satisfies an expression Φ if Φ evaluates to true under α.

Top-p most probable worlds. The possible worlds are defined by the possible valuations α : X→
{true, false} of Boolean random variables xi ∈ X. Every worldWi induced by a valuation αi has a

probability Pr[Wi] = Pr[αi], which depends on the probabilities of the random variables xi ∈ X and

their valuations in αi. The top-p most probable worlds are the p worlds with the highest probability.

Unsatisfy an expression. A (partial or complete) valuation α : X→ {true, false} of Boolean random

variables xi ∈ X unsatisfies an expression Φ if Φ evaluates to false under α.
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Appendix B

ENFrame source code and availability

ENFrame was implemented in C++, and is available under the Apache 2.0 License from a Git

repository. This open-source license allows for commercial use, but does impose limitations on

liability and requirements on redistribution. The full text of the license is available on the website

of the Apache Foundation: www.apache.org/licenses/LICENSE-2.0.

A browseable Git repository that contains ENFrame’s source code and documentation is located

at https://git.traiectum.net/dphil/ENFrame. To clone this repository, point your favourite Git client

to https://git.traiectum.net/dphil/enframe.git.

More information about the ongoing research on ENFrame can be found on the project website,

www.cs.ox.ac.uk/projects/ENFrame, kindly hosted by the Department of Computer Science of the

University of Oxford.
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Appendix C

Side-by-side listing of user and event

programs
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APPENDIX C. SIDE-BY-SIDE LISTING OF USER AND EVENT PROGRAMS
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Appendix D

Detailed rewritings of expressions

171



APPENDIX D. DETAILED REWRITINGS OF EXPRESSIONS

Event expressions in Example 4.3

The expanded medoid expressions in Example 4.3 are:

Φ
[
M0 = o0

]
≡ Φ[o0] ≡ x0 ∨ x2

Φ
[
M0 = o1

]
≡ Φ[o1] ∧ ¬Φ

[
M0 = o0

]
≡ Φ[o1] ∧ ¬Φ[o0] ≡ x1 ∧ ¬(x0 ∨ x2)

Φ
[
M0 = o2

]
≡ Φ[o2] ∧ ¬Φ

[
M0 = o0

]
∧ ¬Φ

[
M0 = o1

]
≡ x3 ∧ ¬(x0 ∨ x2) ∧ ¬(x1 ∧ (¬x0 ∨ x2)) ≡

≡ x3 ∧ ¬(x0 ∨ x2) ∧ ¬x1 (≡ Φ[o2] ∧ ¬Φ[o0] ∧ ¬Φ[o1])

Φ
[
M0 = o3

]
≡ Φ[o3] ∧ ¬Φ

[
M0 = o0

]
∧ ¬Φ

[
M0 = o1

]
∧ ¬Φ

[
M0 = o2

]
≡

≡ (¬x1 ∧ x3) ∧ ¬(x0 ∨ x2) ∧ ¬(x1 ∧ (¬x0 ∨ x2)) ∧ ¬(x3 ∧ ¬(x0 ∨ x2) ∧ ¬x1
) ≡

≡ ¬x1 ∧ x3 ∧ ¬x0 ∧ ¬x2 ∧ ¬x3 ≡ ⊥

Φ
[
M1 = o0

]
≡ Φ[o0] ∧ ¬Φ

[
M0 = o0

]
≡ Φ[o0] ∧ ¬Φ[o0] ≡ ⊥

Φ
[
M1 = o1

]
≡ Φ[o1] ∧ ¬Φ

[
M1 = o0

]
∧ ¬Φ

[
M0 = o1

]
≡ x1 ∧ ¬⊥ ∧ ¬(x1 ∧ ¬(x0 ∨ x2)) ≡

≡ x1 ∧ (x0 ∨ x2)

Φ
[
M1 = o2

]
≡ Φ[o2] ∧ ¬Φ

[
M1 = o0

]
∧ ¬Φ

[
M1 = o1

]
∧ ¬Φ

[
M0 = o2

]
≡

≡ x3 ∧ ¬⊥ ∧ ¬(x1 ∧ (x0 ∨ x2)) ∧ ¬(x3 ∧ ¬(x0 ∨ x2) ∧ ¬x1) ≡

≡ x3 ∧ ¬(x1 ∧ (x0 ∨ x2)) ∧ ¬(¬(x0 ∨ x2) ∧ ¬x1)

≡ x3 ∧ ¬(x1 ∧ (x0 ∨ x2)) ∧ (x0 ∨ x1 ∨ x2)

Φ
[
M1 = o3

]
≡ Φ[o3] ∧ ¬Φ

[
M1 = o0

]
∧ ¬Φ

[
M1 = o1

]
∧ ¬Φ

[
M1 = o2

]
∧ ¬Φ

[
M0 = o3

]
≡

≡ (¬x1 ∧ x3) ∧ ¬⊥ ∧ ¬(x1 ∧ (x0 ∨ x2)) ∧ ¬(x3 ∧ ¬(x1 ∧ (x0 ∨ x2)) ∧ (x0 ∨ x1 ∨ x2)) ∧ ¬⊥

≡ (¬x1 ∧ x3) ∧ ¬(x1 ∧ (x0 ∨ x2)) ∧ ¬(x3 ∧ ¬(x1 ∧ (x0 ∨ x2)) ∧ (x0 ∨ x1 ∨ x2)) ≡

≡ (¬x1 ∧ x3) ∧ ¬(x3 ∧ ¬(x1 ∧ (x0 ∨ x2)) ∧ (x0 ∨ x1 ∨ x2)) ≡

≡ (¬x1 ∧ x3) ∧ ¬(x3 ∧ (x0 ∨ x2)) ≡ (¬x1 ∧ x3) ∧ ¬(x0 ∨ x2) ≡

≡ (¬x1 ∧ x3) ∧ (¬x0 ∧ ¬x2) ≡ ¬x0 ∧ ¬x1 ∧ ¬x2 ∧ x3

For:

Φ[o0] = x0 ∨ x2 Φ[o1] = x1

Φ[o2] = x3 Φ[o3] = ¬x1 ∧ x3
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