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ABSTRACT. We establish two results about local times of spectrally positive stable processes.
The first is a general approximation result, uniform in space and on compact time intervals,
in a model where each jump of the stable process may be marked by a random path. The
second gives moment control on the Hoélder constant of the local times, uniformly across a
compact spatial interval and in certain random time intervals. For the latter, we introduce the
notion of a Lévy process restricted to a compact interval, which is a variation of Lambert’s
Lévy process confined in a finite interval and of Pistorius’ doubly reflected process. We use
the results of this paper to exhibit a class of path-continuous branching processes of Crump—
Mode—Jagers type with continuum genealogical structure. A further motivation for this study
lies in the construction of diffusion processes in spaces of interval partitions and R-trees, which
we explore in forthcoming articles. In that context, local times correspond to branch lengths.

1. INTRODUCTION

Consider a spectrally positive Lévy process X = (X;,t > 0) with Laplace exponent v(n) = nl+e
and Lévy measure I1(dz) = (1 + a)a([(1 — a)) 12~ 2dz, for some a € (0,1). We mark each
jump (¢, AX;) independently by a continuous random nonnegative path Z; = (Z;(s),0<s<AXj)
with Z;(0) = Z;(AX;) = 0, using a marking kernel x — kg4(z,-) that has the following self-
similarity property for some ¢ > 0. If Z has distribution x,(1,-), then (29Z(s/x),0 < s < x)
has distribution x4(x,-). We consider the levels in the jump interval [X;_, X;| as the (verticall)
time interval of the path, associating Z;(s) with level X;_ + s. If we interpret each Z;(s) as a
population size or mass at level X;_ + s, the aggregate at time y associated with (X;,0 <t <T)
is given by

Zom) = >, Zily—Xi-), yeR, T>0, (1)

0<t<T

with the convention that Z;(s) =0 for s & (0, AXy).

Structurally, (1) is the same as the sum of characteristics in a Crump-Mode-Jagers (CM.J)
model. In a CMJ model of a population, individuals survive for a random amount of time and
give birth to offspring at random times during their lifetime. The offspring of an individual
then evolve independently in the same way. Moreover, each individual is equipped with a
characteristic that can be observed over time. For example, the characteristic of the individual
i at age s could be the indicator of whether or not individual’s lifetime exceeds s or it could be
the fitness of the individual when its age is s. In the original work on this model, Jagers [24, 25]
considers the process

Cy=3 xily—a),  y=0, 2)

where the sum is over individuals ¢ that ever exist and individual 7 has birth time o;, lifetime \;
and characteristic x;, which is a function y;: R — R whose support is contained in [0, \;]. The
correspondence between (i, A\;, 0;) in (2) and (t;, AXy,, X;,—) in (1) is due to Lambert [31], who
constructed X as a bounded-variation Lévy process, in the binary homogeneous case, where the
o; are distinct and individuals give birth according to a Poisson process during their lifetimes.
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Suitably rescaled, these Lévy processes converge to a spectrally positive stable process, which
is given a genealogical interpretation in [33], and [32] shows that the rescaled number of individ-
uals in the population converges to the local time of the Lévy process. Our formula (1) is the
analogue for these Lévy processes of the sum of characteristics in a CMJ model. In Theorem 1
below we show that the local time of the Lévy process can be recovered from the characteristics.
We remark that Lévy processes marked by Poisson processes were studied by Delaporte [13, 14].

Our results also have a population genetics interpretation due to a connection with infinitely-
many-neutral-alleles diffusion models of Ethier and Kurtz [18] and Petrov [37], see [19]. In this
setting, which we adopt for the remainder of this paper, the fundamental quantities of interest
are genetic types and the important characteristic of a genetic type is its frequency. By thinking
of the members of a population with the same genetic type in aggregate as an “individual” which
gives birth to new genetic types via a birth mutation mechanism, one natural way to model
the genetic structure of a population is to use a CMJ model in which “individuals” are genetic
types and “characteristics” are type frequencies. Using this correspondence, the number of
individuals can be seen as a notion of diversity of the population, varying as a function of time.

This notion, where each non-zero part in the sum (2) corresponds to an extant genetic
type, can be extended to models (1) with infinitely many types by taking suitable scaling
limits. Specifically, popular models for type frequencies include the two-parameter family of
(P;,i > 1) ~ GEM(S,0), also ranked as (PZ-‘L,Z' > 1) ~ PD(8,0), and associated partition-valued
Chinese Restaurant Processes (II,,,n > 1) obtained by sampling from frequencies (P;,7 > 1)
and recording the types partitions II,, with K, = #I1,, types among the first n samples. In this
framework, the SB-diversity can be defined by any of the following limits

Sy = lim T2 = T(1 =) im i(PY? =T = §) lwm h4{i > 1: Py > b,

see e.g. [40, Definition 3.10 and Theorem 3.13] and [21, Theorem 2.1]. In the present paper, we
will study the last of these limits in the model (1), with sizes (Z;(y — X;—),0 <t < T) in the
place of (P;,i > 1), and we will see that this yields approximations of the local times of X.

Boylan [9] showed that X possesses jointly continuous local times (¢¥(t),y € R,t > 0).
Barlow, Perkins and Taylor [1, 2] established several uniform approximations of local times.
Our first goal in this paper is to give a new intrinsic approximation of local times ¢¥(t) using
the marks at level y. We define for all A > 0, y € R and T' > 0

maT) = S HZily— Xoo) = b} = #{0 <t < T: Zi(y — Xo-) > b (3)
0<t<T

This sum can be seen as a sum over excursions of X away from level y. Since X is spectrally
positive, each such excursion has (at most) one jump across level y, so each excursion contributes
just one term to the sum.

Theorem 1. Let o € (0,1) and ¢ > o. Suppose that Z ~ k4(1,-) is non-trivial in the sense
that P(Z = 0) < 1 and ~y-Hélder continuous for some v € (0,q), and that the Hélder constant
Z(s)—Z
Doy 1Z0-20)
o<r<s<t  |s—r|7
has moments of all orders. Then ¢ := (1 + a)(I'(1 — a))"*E((Z(U))*/?) > 0, where U is a

uniform variable on [0,1] that is independent of Z, and the following holds almost surely for a
kq-marked spectrally positive stable Lévy process X with Laplace exponent 1(n) = nite:

hala

lim sup sup mp(y,t) — ()| =0 for all T > 0.

hi0 0<t<T yeR

To prove this result, we use excursion theory. Some steps resemble arguments of Khoshnevisan
[27], who established rates of convergence of certain uniform approximations of the local times
of Brownian motion. While we also obtain some rate of convergence results (Proposition 16) our
arguments differ in several steps and do not appear to give rates of convergence for Theorem 1.
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The case where k, gives squared Bessel bridges/excursions of dimension § € R seems most
compelling, in view of the branching structure (with immigration or emigration) of these pro-
cesses that make them natural models for population size evolution, and in view of the Ray—
Knight theorems. Specifically, the cases § = 0 and § = 2 appear in Ray—Knight theorems as
distributions of Brownian local time as a process in the spatial variable. Generalisations to
perturbed Brownian motions include other parameters, see e.g. [36, 43]. Squared Bessel pro-
cesses and their excursions and bridges have self-similarity parameter ¢ = 1. Holder continuity
of these processes is well-known, and we show in Corollary 36 that the moment assumption of
Theorem 1 also holds for v€ (0,1/2). We restate this special case of Theorem 1 as Theorem 37.

Other interesting paths include some that are deterministic functions of the jump height, so
that marking does not introduce additional randomness. The following example is obtained
for deterministic z(s) = s A (1 —s), 0 < s < 1, and k(1,-) = 0., using ¢ = 1 to scale z to
zz(s) =sA(x—35),0<s<uz and k(z,) = d,,:

Corollary 2. Consider a spectrally positive stable process of index 1+ « € (1,2) and let
mi(y, T) =#{0<t<T: Xe +h<y<X;—h}, h>0,yeR, T>0.
Let ¢® = 2°T(1 — «). Then the following holds almost surely for all T > 0

lim sup sup|c’h®mj(y,t) —£Y(t)| = 0.
hi0 0<t<T yeR

This is clearly related to approximations by counting upcrossings [11, 27] or by jump heights.
However, while we could obtain the latter by setting z(s) = 1, this violation of the continuity
requirement on z seriously affects our arguments. The former cannot be expressed in this form,
since whether an excursion contains an upcrossing depends not only on the single jump across
the level, but on the pre- or post-jump parts of the excursion, as an upcrossing may be achieved
by multiple upward jumps.

Let us turn to our second main result. We denote by 7Y(s) = inf{t > 0: ¥(¢) > s} the
inverse local time of X in level y € R. It is a well-known consequence of the scaling property of
X that 70 is a stable subordinator and hence has infinite mean. To obtain the following result,
we restrict X to space [0,b] by making jumps across b stop short at b, by excluding excursions
above b and below 0, and similarly treating jumps from below 0. Similar processes have been
studied by Lambert [30], Pistorius [38], and indeed very recently Lambert and Uribe Bravo
[33] proceeded similarly by restricting just at the upper boundary. See Section 5 for a precise
discussion. We can state the theorem without this notion of a restricted Lévy process.

Theorem 3. Let a € (0,1), b >0, v € (0,/2) and S a random variable with moments of all
orders. Then the local times of a spectrally positive stable process of index 1 + « have a uniform

Holder constant
() — 0% (t
PO e s wp (O =)
0<t<r0(S) 0<z<y<b  |Y — T[¥
with moments of all orders.

Uniform Hélder continuity of local times was already obtained by Boylan [9]. The novelty
of our result is in the finiteness of moments of the Holder constant, which appears to be a
fundamental fact about Lévy processes. The finiteness of Holder constants is useful when
dealing with families of scaled independent copies. We will apply Theorem 3 in this way in
forthcoming work.

In Proposition 5, we provide a less technical illustration of this idea in the setting of Theorem
1, where Holder constants of the x,-marks of the stable Lévy process have moments of all orders.
Specifically, we devote the remainder of this introduction to the exploration of some auxiliary
results, which may also be of independent interest. In particular, we will apply some of the
auxiliary results to study some properties of the process (y,t) = Zj 4 (y) of (1).

Consider the It6 excursion measure n of X away from 0. Denote by A and B the undershoot
and overshoot of the unique jump across level 0 under n, by H = A + B the jump size and by
U = A/H the relative undershoot. The classical study of excursions away from 0 was recently
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complemented by Pardo et al. [34]. In the stable case, we can be slightly more explicit and
deduce the following result. Symmetry under time-reversal is due to Getoor and Sharpe [20].

Proposition 4. We have n(A € dy,B € dz) = (1 + a)a(I'(1 — )" (y + 2) " 2dzdy and
n(H € dz,U € du) = (1 + a)a(T(1 — o)) te=* Ydodu. In particular, under n(-|H = x), U is
uniform on [0,1]. Under n(-|A =y, B = z), the pre- and post-jump parts of the excursion are
independent. The post-jump part is a stable process starting from z until hitting 0. The pre-jump
part is the negative of the time-reversal of a stable process starting from y until hitting 0.

Recall that Theorem 1 assumes the existence of moments for the Holder constants of the
random paths under 4(1,-). The r4-marked stable process contains a countably infinite collec-
tion of scaled independent copies of this random path. We can use the moments on the Holder
constants assumed in Theorem 1 in a simple Poisson sum over jumps to obtain uniform Holder
constants (not with all moments since the stable Lévy measure has a heavy tail).

Proposition 5. In the setting of Theorem 1, the uniform Hélder constant for all paths Z; is
finite a.s.: for all'T > 0,

Z, -7
D[O,T} = sup sup —‘ 1) (=) < 0.

0<t<T 0<z<y<AX; ly — x|7
This is remarkable, since the unbounded variation of X means that the jump heights are not
summable, hence the time intervals of the processes Z;, 0 <t < T, add up to infinite length.
We can further improve on this proposition, as follows, to facilitate the aggregation (1) of mass
at level y, for all levels y € R.

Proposition 6. In the setting of Theorem 1, let v < q— . Then the set {t € [0,T]: AX; > 0}
of jump times may a.s. be partitioned into sequences {JJ’?, j>1}, k>1, in such a way that
(a) the jump intervals [X(Jf—),X(Jf)], j > 1, are disjoint for each k > 1;

B k | Z 56 (y) — Z ()]
(b) Hélder constants Dy 1 = sup sup 2 !

5 are summable in k > 1.
721 0<a<y<AX(JF) ly — |

Let us return to the aggregate process (1) of Crump—Mode—-Jagers type. We begin by noting
some properties that illustrate the genealogical complexity. Jagers’ [24] framework is very
general, but only covers branching processes with a discrete genealogy that is represented by
a subset of the infinite Ulam-Harris tree U = J,,», N". Lambert [31] used this framework to
encode a class of CMJ processes in bounded-variation Lévy processes with negative drift, in
such a way that the jumps correspond to the members of U. Since all jumps happen at local
minima, there is a unique previous jump across that local minimum level that corresponds to
the parent. From any given jump, this yields a finite number of ancestors down to level 0.

In our framework, X has unbounded variation, no jumps occur from local minima (see e.g. [4,
Chapter VII]), hence no direct parent for any jump can be identified in this way, but a collection
of ancestral intervals and a continuum of limit levels between these can be put together to a
continuum genealogy. This is very delicate and properly addressed in [33]. By marking the
jumps of the stable process, we have by-passed the subtleties of the continuum genealogy and
set up Zo,r) directly building on the jump structure of the stable process, which by [33] allows
the CMJ-type interpretation.

The results and methods we have discussed yield some properties of Zy 1, while an exhaustive
study of this interesting new class of processes is beyond the scope of the present paper.

Corollary 7. In the setting of Theorem 1 with v < q — «, the process y = Zjo1)(y) of (1) is
a.s. y-Holder.

Recall that excursions of X away from level y have (at most) one jump across level y, while
local time ¢¥ remains constant during each excursion. Therefore, inverse local time 7Y is a
natural time scale for processes t — my(y,t), and indeed for t — Zjg 4(y):
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Proposition 8. In the setting of Theorem 1, we have for each y € R the following subordinators.
(i) The process s = Zjg ru(s)](Y) — Zjo,rv(0)(y) is a stable subordinator with index a/q. Its
Laplace exponent is ©(€) = cI'(1 — a/q)€2/1.
(ii) The process s — my(y,7Y(s)) — mp(y, 7Y(0)) is a Poisson process of rate ch=*/9 inde-
pendent of mp(y,7(0)) = {Zr. ,(y — X1 ,—) > h}, where T>y, = inf{t > 0: X; > y}.

In particular, we deduce from (i) that (Zp v (y),0 < s < €/(T)) is a stopped stable
subordinator. It is well-known [40, 41] that its ranked relative jump sizes have Poisson-Dirichlet
distribution, and that its S-diversity (for f = «/q) can be approximated by the number of
jumps/blocks exceeding threshold h, i.e. by my(y,T). Hence, Theorem 1 shows that this /-
diversity process coincides with the local time process of X, and Theorem 3 is a statement on
the Holder-continuity of the S-diversity process as a function of y, expressing the evolution of
the diversity of subpopulations Z;(y — X;—), 0 <t < T, in Zjg7)(y). See Ruggiero et al. [45]
for another recent study that exhibits continuous diversity processes.

A further motivation for this study lies in the construction of diffusion processes in spaces
of interval partitions and R-trees, which we explore in forthcoming work, see [19]. Specifically,
local times correspond to branch lengths in the context of R-trees.

This paper is structured, as follows. In Section 2, we discuss some fluctuation theory of
Lévy processes and prove Proposition 4. In Section 3, we prove Proposition 5, Proposition 8,
Theorem 1 and Corollary 2. In Section 4, we establish Proposition 6 and Corollary 7 using a
local time approximation by jump heights, which is uniform on a sequence of refining spatial
lattices in regions where local time is bounded below. Section 5 studies spectrally positive Lévy
processes restricted to an interval and proves Theorem 3. Finally, Section 6 establishes Holder
constants with all moments for squared Bessel processes, excursions and bridges, and related
processes. This provides a class of examples to which the main results of this paper apply.

2. PRELIMINARIES ON SPECTRALLY POSITIVE STABLE LEVY PROCESSES

Recall the occupation density formula that characterises the local times (¢¥(t),y€R,t>0) of X
T 0
/ f(Xy)dt = / f)?(T)dy a.s., for all f: R — R bounded measurable, 7" > 0.
0 —00

The following lemma is easily obtained using the positivity parameter 1 —1/(1+ «), spatial ho-
mogeneity and scaling properties of X. See e.g. Bertoin [4, Sections V.1,VIII.1] for background.

Lemma 9. The Laplace exponent of the inverse local time 70 of X is (1 + a)fl_l/(1+a).

Denote by n, n and n the excursion measures of X, X=-XandX-T=8-X away
from 0, where I, = inf{)?s,s < t} and S; = sup{Xs,s < t}, t > 0, are the running infimum
and supremum of X and X, respectively. We denote by H(w) = A(w) + B(w) the size of
the jump of an excursion w across level 0, where A(w) = —w(T>0—) and B(w) = w(T>p) are
the undershoot and overshoot at the crossing time T>¢(w) = inf{¢t > 0: w(¢) > 0}. Similarly,
Aw) = w(T<p—) and B(w) = —w(T<g) for T<p(w) = inf{t > 0: w(t) < 0}. We are interested
in the relative undershoot U = A/H jointly with H under n, equivalently U= fT/ H jointly
with H = A + B under 7. Under 7, the relevant crossing is the end of the excursion, at
To(w) = inf{t > 0: w(t) = 0}.

Proof of Proposition 4. By [34, Theorem 3], we have

n (1{t<T§0}f(W (T<o—),—w (Tso))) =n <1{t<To}/f(ya —Z)K(W(t),dy,dZ)) :

where K(x,dy,dz) = (W(z) — W(x — y))II(dz — y)dy on (—00,0) x (0,00), with W(z) =
(I'(1 + )"tz = > 0, the scale function of X, and II(dz) = (1 + a)a(I'(1 — )" lz=*2dx
the Lévy measure of X. We also denote by u(t,z) = p,(t) the bivariate renewal density of the
decreasing ladder processes of X, where p,(t) is the density of o, at t for a ¢ = (0y,y > 0)
with Laplace exponent ®(¢) = ¢/(+%)  Specifically, we can read from [28, Sections 7.3, 8.1
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and 8.2] that [;° e ™W (y)dy = 1/n*+ and [;° [5° e S u(t, z)dzdt = 1/(£Y/0+) + 1), and
these Laplace transforms are easily inverted. From [16, Equatlon (5.2.5)], we take the entrance
law n(t < Tp,w(t) € dx) = du(t,x)dx, up to a constant ¢ € (0,00). Hence,

(1{t<To}/f ,—2) K (w(t), d,y,dz)>
S e px<t>< [e =i [ o

o) 0
+/ a:o‘/_ f(y, —z)(y—z)_o‘_dedy>dx.

To compute this, and to let t | 0, we apply Fubini’s theorem and first consider the z-integral
over the (z — y)*-term:

| pate e = [ psrnar = [Tt n o 0 4o

—1l-«
«

_a/ta) L / Y (e)s ) (8/0rasm1/re) _ ) gy
1+« !

< 1+a/0 Lis<ty-1-03p1(8)s™ ds,

by the Dominated Convergence Theorem, as the integral without the indicator equals I'(1/a)/«
(see e.g. [40, Equation (0.40)]). The remaining terms yield, using similar substitutions,

da o [0 S o 0
(11~+<1)_FS>+ >1ia/ p1(5>5—1d5/ / =)y — 2)dedy

dT(1+ a)T(1/a) o
(F(l_a/ //fy (y +2)* *dzdy.

We conclude that under the excursion measure n of X = —X , undershoot A and overshoot B
satisfy
T(1+a)(1/a)

n(A € dy,B € dz) = T —a)

(y + 2) " 2dzdy

and hence H = A+ B and U = A/H satisfy

dT(1+ a)(1/a)
'l -«

In particular, U = A/(A + B) is uniformly distributed under n(-|H = z) for a.e. = > 0

and indeed for all x > 0 by the scaling property. The remaining results are classical. The

independence claim is a consequence of the Markov property under n, see e.g. [4, Section IV .4],

as is the conditional distribution of the post-jump process under n(-| A =y, B = z). The claim

about the pre-jump process follows by time-reversal [20]. Since the two first hitting times are
downward level passage times, their sum has Laplace transform given by

n(exp(—¢To) | A=y, B = z) = exp (—(y + 2)2(¢)) -
On the other hand, by Lemma 9, the Laplace exponent of 79 is (1 + a)¢'~1/(1+%)  Therefore

n (1 - exp (—€Tp)) = (1 + a)el~1/1+e) = / i (1 exp (—ag/5)) m o s,
; =

2~ Ldxdr.

n(H € dz,U € dr) =

SO we require

CT(+a)(1fa) o _(+a)a oy ., (I+a)

rl-a) " Tl-a" " °Tra+ardja)
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3. UNIFORM APPROXIMATION OF LOCAL TIMES

We will use notation my,(y,r) = mp(y, 7Y(r)) — mp(y,7¥(0)). The purpose of this section
is to prove Theorem 1. The argument is inspired by Khoshnevisan [27], who studies rates of
convergence. We only need weaker results. Weaker results have also been obtained by different
methods for different classes of processes e.g. by [1, 2, 12, 35], but Khoshnevisan’s methods
seem most adaptable to our setting. Khoshnevisan uses excursion theory to study intrinsic
approximations of Brownian local times based on excursion lengths. Excursion lengths while
intrinsic to the level set are not intrinsic to the population sizes Z;(y — X;—), 0 < ¢t < T, at level
y, while our approximations in Theorem 1 have this latter property.

3.1. Proofs of Proposition 5 and Proposition 8.

Proof of Proposition 5. First note that x4(x, -) is the distribution of (29Z(s/x),0 < s < x) with
Holder constant
1y _ 217
sup 21 2(s)w) ~ 22 (r/T)] 27D,
0<r<s<z |8 - 7“‘7

For all t € [0,T] with AX; > 0, denote the associated Holder constant by
Z, -7
he wpy 1BG)-Z0)
0<r<s<aXx,  |s—r[7
and set d; = 0 if AX; = 0. Now clearly for all p > 0,

9

(sup{d: 0 <t <T}HP <max{ (sup{d’: 0 <t <T,AX;>1})", Z dl s,
0<t<T: AX <1

and by the compensation formula for Poisson point processes,

p| _ L+ a)a P /1 p(g—7)—a—2
E > d _TF(l_a)IE((D,y) ) @ dx < oo,
0<t<T: AX;<1

provided that p > (1 + «)/(¢ — 7). This completes the proof, since there are at most finitely
many jumps of size exceeding 1 in [0, T, as their rate is finite in the Poisson point process. O

Using the same argument, we also obtain the following result.

Lemma 10. Let 6 € (0,7] and let dy denote the 0-Hélder constant of Zy
~ Zi(8) — Z,
dt = Sup M (4)
0<r<s<AX; (8 —T)
For every € > 0 there is some non-random C: > 0 such that for every z € (0, 1],

E sup dy | < C2070=. (5)
0<t<T: 0<AX;<z

Proof. Fix 6 € (0,7] and let p > (1+«)/(q¢—0). When also p > 1, we apply Jensen’s inequality
and argue as in the proof of Proposition 5, via the scaling invariance of x4, to find that

1/p
E( sup c/l\t) <|E Z c@p

0<t<T: AX:<z 0<t<T: AX;<z
1/p

=2l X @x)e) | (D)
0<t<T: AX:<z

1 2o 1+a)dT _,_ 1/p 1 —0—(1+a
= (E(Dig)) /p (/0 e 0)p(1“(1)a)$ 2dx> _ (E(Dg)) /pC;)Zq 0—(1+ )/p’
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where C;D is a finite deterministic term that depends on p. Since Dy has moments of all orders,
the RHS above is finite for all p > (14+«)/(¢—6), p > 1. To obtain (5), we take p > (1+a)/e. O

Proof of Proposition 8. First consider y = 0. Recall notation n for the Itd excursion measure
of X away from 0, H for the size of the jump across 0, and U for the relative undershoot
of that jump across 0. We applied the marking kernel x, to the Poisson point process of
all jumps of X, and this induces a kg-mark Zz, of the jump (T>¢, H) under n. We write
ny(dw,df) = kg(H(w),df)n(dw) for the intensity measure of the Itd excursion process with
marked jump across 0. Recall the joint density of (H,U) under n from Proposition 4.

By (1), the jumps of t > Z}g4(0) will be of the form J; = Z;(—X;), where —X;_ is the
undershoot of any jump of X at time ¢ across level 0. Since X is spectrally positive, there is at
most one such jump per excursion. A standard mapping argument shows that those jumps form
a Poisson point process in the inverse local time parametrisation of the It6 excursion process,
with intensity measure

ny({(w, f): f(HW)U(w)) > h}) = / / P(27Z (u >h)(( )) = Vdedu
_ A LD (a1 /g (40 /g1 /a1,
_/O PZU) > 2) [ = gy d
~ R Z()) = e,

identifying ¢ as given in the statement of Theorem 1. We note that this establishes part (ii) of
Proposition 8. For (i), we obtain that the J; are summable for ¢ > «, as we recognise the tail
of the stable Lévy measure of index «/q, with Laplace exponent

o(¢) = /( (=TI (@) € dh) = (1~ afge

The generalisation from y = 0 to general y € R follows by spatial homogeneity of X and by the
strong Markov property of X at T, = inf{t > 0: X; =y}, since T;, > T>, a.s.. O

3.2. Auxiliary results for the proof of Theorem 1. To prove Theorem 1, we will need a
moderate deviations result for Poisson processes, which we deduce from standard large devia-
tions results as can be found e.g. in Dembo and Zeitouni [15].

Lemma 11. Let (N, t > 0) be a standard Poisson process with Ny ~ Poi(t). Then for all
z >0 >0, there is tyg > 1 such that for all t > tg

P (1N, — t] > \/tlog(t)v2z) <7+,

Proof. We apply [15, Theorem 3.7.1] to independent centred Poisson variables Y; = N;—N;_1—1,
i >1and a, = (2zlog(n))~!, n > 1. Since a,, — 0 and na, — oo as n — oo, we find that for
any € > 0, there is ng > 1 such that for all n > ng

(ZY > \/>) < exp <—2in) =n"*.
To pass from integer n > 1 to real t > 2, we note that
P (N, —t > y/ilog(t)V2z) <P Ny — [t] > 1+ /(2] — 1) log([] — 1)v22)
is of the same form, with \/n/a, replaced by \/n/b, = —1 + /(n — 1)log(n — 1)v/22, and

another application of [15, Theorem 3.7.1] yields, for n = [t],

1
P (Nt —t> \/@@) < exp <_2()> < [t] —EH0/2 =402,

for t>ny, for a possibly increased ng. A similar argument deals with P(t — Ny > \/tlog(t)v/2z),
and together, possibly increasing ng again, we obtain the stated result. O
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By Proposition 8, we have iy, (y, ) ~ Poi(rch=%/9). Moreover, t — Ni(y,r) = M(per-—1ya/a (Y5 T),
t > 0 is a standard Poisson process, by independence properties of the Poisson point process
of jumps of s > Zjg rv(s)(y). We will apply the previous lemma to a variation of this Poisson
process. Following Khoshnevisan [27, Lemmas 5.1-5.3], we consider an independent A ~ Exp(1):

Lemma 12. Let T, = inf{t > 0: X; =y}, y € R. Then for all y > 0, we have
P(T-y < A) = exp(-y),

1+a sin(ma)s
d P(T, < A) =

an ( Yy ) T /0 s52(+a) 1 9gl+a cos(ma) + 1

Proof. Let y > 0. Since X is spectrally positive, we have T, = inf{t > 0: X; < —y), and it is
well-known that P(T_, < \) = E(e"7-v) = exp(—y), see e.g. Bertoin [4, Chapter VII] for first
passage problems of spectrally negative Lévy processes such as —X. On the other hand, Simon
[46] showed that, Ty ~ RT_1, where R is independent of T_; with probability density function

fa(t) = sin(ma)t!/(+e)
B 7(t? + 2t cos(mar) + 1)
By scaling, T, ~ y' ™1} ~ y'**RT_y ~ RT_,. With this, we obtain

B Y sin(ma)tt/ (1)
P(Ty <) =BTy R < A) = /0 t2 + 2t cos(ma) + 1

™

1 [ sin(ra)tt/(0+e)

T P (T . /\) dt
m /0 12 + 2t cos(wa) +1 yt1/(1+a) <

_ l /OO sin(ﬂa)tl/(HO‘) e_yt1/(1+a)
o 1?4 2tcos(ra) +1

1 00 ; 14+
14 a / sin(ma)s .
T Jo s20+8) 4 ogltacos(ra) + 1

1+«
e Yds.

Lit>oy-

P (T, < \)dt

dt

s

Lemma 13. For all y € R, we have
PY(N) > 1) =P(T, < N)exp(—(1+ a)r).
Proof. By the strong Markov property and spatial homogeneity of X, we have
P(¢Y(\) > a) = P(T, < M)P({°(\) > a).

To calculate P(¢°(\) > a), note that by the strong Markov property of X at inverse local times,
£9()\) is exponentially distributed, and by Lemma 9,

E(O(\)) = / E ((t)) ¢ 'dt = / / () > 5) dsetdt
/ / <t)e tdtds:/o E(e_70(5)>ds:1j_a,

i.e. £2(\) has distribution Exp(1 + «), as claimed. O

Recall notation my(y,r) = myp(y, 7(r)) — mn(y, 7Y(0)) for the Poisson counting process of
level-y excursions of X with path-mark exceeding h at the crossing level, parametrised by level-
y local time 7 > 0. Recall from Proposition 8(ii) that its rate is ch~®/?. Note that for each
y € R, the inverse local time 7Y(0) equals the first hitting time T}, of level y a.s., and that
mp(y,7Y(0)) = 1 if the single jump of X across level y before T}, has a path-mark exceeding h,
while my (y, 7Y(0)) = 0 otherwise.

We will study my(y, A) by first investigating mp,(y, £Y(\)—), i.e. the excursion count stopped
just before the excursion straddling the independent exponential time A. On the event {\ < T, },
we have Y(\) = 0 and my(y, £Y(A)—) = 0. On the event {\ > T}, we consider X as a further
mark of the excursion of X straddling A\, and we can represent the stopped excursion count as a
thinned Poisson process r +— my(y, ) stopped at an independent time ¢¥(\), which by Lemma
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13 has distribution Exp(1 + ). The thinned Poisson process has rate ch~%/9 — q, for some
ap € 10,1+ «]. Specifically,

ah—/ / P(27Z(u) > h) ((lljs) —a=1(] _ =) dudr,

where 1 —e™® = P(\ < z) is the thinning probability and Z ~ k4(1,-). See e.g. [44, Section
VI1.49] for details on the thinning of excursion processes.

Finally, note that my(y, \) — mpu(y, 7Y(0)) — ma(y, £2(N\)—) = 1 if the excursion straddling
A has crossed before A\ with a path-mark exceeding h at the crossing level, while my(y, \) —
mp(y, 79(0)) — mip(y,£9(\)—) = 0 otherwise. In summary, we have for each y € R

mh<y7€y(A)_) < mh(y7 A) < mh(yvey()‘)_) +2 a.s. (6)
Lemma 14. For all rg >0, 8 > 0, € > 0, there is hg > 0 such that for all h < hg, y € R,

P( AL o g (1) gy()\)zr0> <

c
Proof. Recall that ¢ > a. Let rg > 0 and € > 0 and, without loss of generality, € > 0 so small
that we have eq( +¢)(2 + 7% + 4¢*) < ¢ — . Then we apply the strong Markov property of
X at T, and the spatial homogeneity of X to find that

i OO i g (1), 002

= P(T, < A)IP(

hela

mp(y, ¢Y(A)=) = /(A)| =

hela

mp(y, £/(A)=) = 7(A)| =

a/q

M (0, 0(A\)—) = £0(N)
N \/2(9+€)(1+25)ha/2q log( ) [N, (A >To>

) /—9+5 BT 0, log( >f> PO € dr),

where my, (0, -) is the thinning of 7,(0, -) independent of £°()\) as discussed above the statement
of the lemma. As a function of h > 0, for fixed r, we can write my(0,7) = N(r(ch=*9 — ay))
in terms of a unit rate Poisson process N, to which Lemma 11 applies. Due to the thinning, we
need to re-centre to get a deviation probability from the mean in the integrand above:

P (‘N(r(cha/q —ap)) — rch*a/q‘ > \/rch_“/q log <}1L> V20 +¢)(1 + 25))

<P (‘N( (ch a/q—ah)) —r(ch a/q—ah)‘ \/rch */q]og <}1L) 2(0+¢)(1+2¢) —rah> .

The deviation threshold is not quite of the form to which Lemma 11 applies, either, but after
a few more steps, we will apply Lemma 11 for z := (8 + )(1 — 2e%2 — 7e* — 4£5)¢/a and
§:=z—0qg/a—¢c=clqg/a—1—¢c(0+e)(2+ 7%+ 4c*)q/a), which satisfy z > § > 0 by the
restriction we have put onto €. Let ¢ty > 1 be obtained from Lemma 11 and set

2(12¢)q/a(1-3¢) a/a
ho: _mm{1 ( ve . 2(9+5)(1+28)> ,c—u—zs)q/ae,(%) }

1ta° (1+ a)ro+to

Now let r < h=2@/2(1=22)  First, we turn the raj, term on the right-hand side into €2 times the
square-root term: for all A < hg

an <1+a, +r<h™2/20-2) and 1 <log(1/h),
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using the first bound on hg and find that our claim is equivalent to the second bound on hy.
Then we check that by the third bound on hg

1
¢ < h~=2/10-26)  and hence log <h> > g(1 — 2¢)log (rch_o‘/q) ,
«
for all h < hg. Finally, we estimate reh=o/4 > rch_o‘/q—rah and note that rch_o‘/q—rah >t >1

for all A < hg is equivalent to the fourth bound on hg. Hence, Lemma 11 applies and yields an
upper bound for our integrand of

P< N (e (ch 0 = an)) 7 (ch~207 - a3)|

> \/7« (ch—a/q — ah) log (7" (ch_o‘/q — Gh))\/

) P R R

so that py is bounded above by

20 +e)(1 —4e2)(1 + 82)2(])

—Oa/c— hfsa/q(172s)
(C*(l +a)h8(/Q) qa/ Ehe—i-aa/lI/ T—GQ/Q—EP(EO()\) c dT) +P <€0()\) > h—ea/q(l—Qe))

70
a —bq/a—
< (7’00 _ 7.0(1 + a)hO/Q) a/a=e h9+€a/q + exp (_(1 + a)hfaa/4(172€)> < Ko
for all h < hg, possibly by decreasing hg further to accommodate the last inequality. O

Now fix 79 > 0, ¢ > 0 and 6 > 0. Following Khoshnevisan [27], we define for any u > 0,
R >0, h>0andy € R the lattice K(u, R) = (—R, R) N uZ and the events G(y, h) given by

{ . \/2(6+€)(1+2€)

c
Corollary 15. For any w >0 and r > 0, let p(k) = k=" and p(k) = (p(k))" = k=". Then

(ptk))*/e, _
p(k) (¥, A) — /() 2(r + 1/w
‘ ‘1{ey(x)27n} < ((3/) (A)  a.s.,

a/q
iy, 1 0)-) — ()

o2 og (L BN, () > } |

C

lim sup sup 5
koo yeK(u(k).R)  (p(K))*/24/log(1/p(k))

where £*(\) = sup,ecg £7(N).
Proof. First note by (6) and the triangular inequality, that it is equivalent to prove the statement

with m, ) (y, A) replaced by i, (y, €4(\)—), since 2(p(k))*/?/c(p(k))*/*1/log(1/p(k)) — 0.
Then this proof becomes a simple application of the Borel-Cantelli lemma: for all § > r + 1/w

[%
Sel U Gt | <203 Y08 <o

k>1 yeK (u(k),R) k=21

implies that a.s.

af
| D 1 (3, 4) — /()|

. 2(0 +¢)(1 + 2¢)
limsup  sup Leov(ny>rer < \/ *(N),
k—oo yeK(uk),R) (p(k))*/24\/log(1/p(k)) {ev(\) =70} c

and considering countable sequences ¢, | 0 and 6,, | r + 1/w, we obtain the bound given. O

We seek to strengthen the corollary by replacing the supremum over K (u(k), R) by a supre-
mum over [—R, R]:

Proposition 16. For all R > 0 and 9 > 0, we have

ho/a
By, A) = /()| 20 1 o
‘ c v+1)
limsup su 1 ol <y ———————= /(A a.s..
h|0 pye[fII%),R} he/24,/log(1/h) {E(0)z2ro} qyc (V)




12 NoaH FORMAN, SOUMIK PAL, DOUGLAS Ri1ZZOLO, AND MATTHIAS WINKEL

Proof. Let Dy 5 be as in Proposition 5, for 7' = A. We will work on the event of probability
1, where Djg 5 < 0o, y = £Y()) satisfies Boylan’s [9] modulus of continuity [¢Y(\) — £2(A)] <
K| log [y —x||(ly — x|)®/? and where the bound of the preceding corollary holds. There is ko > 2
for which the following two estimates hold. First, we can guarantee for all k£ > kg that

[0\ — SpR—1)=p an [0,A] LM S PR)—p )
Dign(u(k—1)) < p(k —1) — p(k) d Do n(p(k+1))" < p(k) — p(k + 1)
provided that » > (1 + 1/w)/~. Second, we can guarantee that [¢Y(\) — ¢*(\)| < ro for all

Y,z € [—R, R] with |y — 2| < u(ko). For y € [-R,R] and k > 1, let gi(y) € K(u(k), R) with
lgx(y) — y| < p(k). Then for all k > ko, we have on the chosen event of probability 1

a/q a/q o a/q
wO) — (P(l?mp(k)(y, 2 < <p(f’k(f)1)> (qu_l(y)(k) _ Wcl))mp(k_l)(gk_l(y),k)>

+ ’gy()\) _ggk—1(y)()\)‘ + (1 _ <p(Z(ﬁ)1)>a/q> ).

We divide both sides by (p(k))*/?4\/log(1/p(k)) and take suprema y € [—R, R]. Adding in-
dicators 1yp(x)>2r} on the LHS, we may add indicators 1{¢9:-1@W)(X) > 70} on the first term
of the RHS. With these denominators, suprema and indicators, the first term of the RHS has
lim sup as stated in the preceding corollary, for all k > kg, since p(k)/p(k — 1) — 1, The other
two terms vanish in the limit, since » > 1/ > 1/q, provided that w < 2¢/«, which implies
(1= (p(k)/p(k —1))2/9) /(p(k)*/?310g(1/p(k))) — 0. Similarly the suprema y € [~ R, R] of the
following bounds have bounded limsup when adding the analogous indicators and denominators:

o))/ 0 )“/q (WHW

D g ) = 03 < (S5 :

+‘gy()\)_ggk+1(y)(/\)‘+ ((%)“/q_g ().

To strengthen the limit along h = p(k) — 0 to h | 0, write h = min ({p(k),k > 1} N [h, 00))
and h = max ({p(k),k > 1} N (0, h]). Then we can bound above

a/q =\ @/a a/q alq
- o0 < (3) (h mh<y,A>—zy<A>>+<<Z> —1) o).

M (k1) (Gr1(Y), A) — eng(y)()\))

C

similarly below. A straightforward argument completes the proof since w < 2¢g/a so that
h/h — 1 can be strengthened to (h/h)*/9 — 1=0(h*/??log(1/h)) as h | 0, and with w = 2q/a
and r, | (14 «/2q)/~, we establish the bound (2¢ + a(vy + 1))/gvyc as claimed. O

Note that Proposition 16 is weaker than Theorem 1 in the sense that it is not uniform in ¢
and subject to a bound 2rg on the local times. On the other hand, Proposition 16 is stronger
than Theorem 1 in the sense that it establishes rates of convergence of at least h®/24,/log(1/h).
In the proof of Theorem 1, we will apply Proposition 16, but we could not avoid sacrificing the
rate of convergence to establish uniformity in ¢ and to remove the restricting bound 2ry.

3.3. Proofs of Theorem 1 and Corollary 2.

Proof of Theorem 1. For the proof of the theorem, first note that Proposition 16 gives a result
at a single Exp(1) distributed random time. Now fix R > 0 and consider for all ¢ > 0 and rg > 0

the events ,
he/a
ma(y,t) — £4(t) 9
. c qg+a(y+1)
A(t,r9, R) = < limsup su 1 oy S ——————— L5 (L) .
(t,r0, R) Lo Pye[igﬂ] a2 Tog(1/h) {ev(t)>2r0} gye (t)

Then we have shown that 1 = P(A(X, 7o, R)) = [~ P(A(t, 70, R))e~"dt, hence P(A(t, 70, R)) = 1
for all ¢ > 0 except possibly on a Lebesgue null set. Let us give a scaling argument to prove
that this null set must be empty. Recall the scaling property of the stable process X that
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X, (t) = a /(+9) X (at), t > 0, is identical in distribution to X, for all ¢ > 0. This en-
tails £4(t) = a_o‘/(1+°‘)€“1/(1+ay(at) and mé (y,t) = mya/arap (@ ¥y, at) and A, (t, 7o, R) =
Alat, a®/ () pg g1/ (HO‘)R), using obvious notation. The arguments together yield that for
Lebesgue-a.e. s >0 and all a € [1/2,2]

1= P(Aa(s, ro/20/(1+a) 91/ (1+O‘)R)) - P(A(as, (a/2)/(+e)pg (2@)1/(1+“)R)> < P(A(as, 70, R)),

and this entails that P(A(t, 9, R)) = 1 for all ¢ > 0, and, trivially, also for ¢t = 0.
Now fix T' >t > 0 and let £ > 0 with t,e € Q. With ro = £/2, we can a.s. find hy > 0 such
that for all h < hg

a/q
sup () — h mp(yt) | <e+ e+ 2q+aly+1) a0 he/?4, [og <1>
ye[-R,R] ¢ qye h

Taking lim supy, |, and € | 0 along a sequence &, | 0, we see that almost surely

a/q
limsup sup |¢Y(t) — h mp(y,t) | <O0. (7)
hi0  y€[-R,R] c

But on the event {—R < info<;<r Xt < supg<;<p Xt < R}, this supremum is actually sup,cp.
Also, (7) holds for all t € Q N (0,7] a.s.. By continuity of ¢ — ¢¥(¢) (uniformly in y), and the

monotonicity of ¢t — my,(y,t), this holds for all ¢ € [0,00) a.s.. Furthermore, for all ¢ > 0, there
is 0 > 0 so that for all y € R and all s <t in [0,T], |s —t| < 0 implies ¢¥(t) — ¢¥(s) < e. So,

a/q
limsup sup sup (s) — h mp(y,s) | <0
hl0  ye€[—-R,R] s€86ZN[0,T) c

hala
c mh(y¢t) <e.

limsup sup sup
hJ/O ye[_RvR} tE[O,T]

already entails
(Ey( -

Taking a rational sequence &, J. 0, this limsup must vanish a.s.. This argument worked for fixed
R > 0 on the event {—R < info<s<r Xt < supg<;<p Xy < R}. Now taking the union of these
events over a rational sequence R,, T 0o, we conclude that we have the “upper bound”

hela
limsupsup sup | #Y(t) — mp(y,t) | <0 a.s..
hJ0  yeR te[0,T) c

For the “lower bound”, we have similarly for all R > 0, t € QN [0,00), ro > 0

hala
lim sup sup mp(y,t) — () | <0 a.s..
hi0  y€[-R,R]: £¥(t)>2rg c

Now let e > 0 and choose g = ¢/4. Let S > 0. On the event

{—Rg inf X; < sup XtSR}ﬂ{Ey(T+S) >¢/2forally € [-R,R]},
0<t<T 0<t<T
we find hg such that for all h < hg

hala
sup sup mp(y,t) — (L) | <e a.s.,
y€R t€dZN[0,T+S]: £¥(t)>2r¢ c

where we choose 6 > 0 so small that |t — s| < § in [0, 7 + S| implies that [¢Y(¢) — ¢Y(s)| < e. We
define 7Y(¢) = inf{t > 0: ¢¥(t) > €}. Then we conclude that

hela
limsupsup sup mp(y,t) — () | <3e
hl0  yeR te[0,T) ¢
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since for any y € R and t € [0,T] with ¢¥(t) < 2rp and s the next lattice point in dZ after 7Y(¢),
we can estimate for h < hg

ho/a hal/a ha/a
My, ) = () < "y, 7(/3) <

For sequences €, | 0 and R,, 1 0o, this completes the proof, as for the “upper bound”. O

mp(y, 7¢(e) — 0Y(s) +2e < 3¢ a.s..

Proof of Corollary 2. This follows straight from Theorem 1. Just note that by symmetry of z

r -1 1/2«1 = 1 L !
—=c=1+a)(I'(1-0) 2/0 Sds_21“(1—oz)21+0‘_20‘1ﬂ(1—04)' O

CO

4. UNIFORM HOLDER CONTINUITY OF THE PATHS IN Kq-MARKED STABLE PROCESSES

To prove Proposition 6 and Corollary 7, we will use a local time approximation based directly
on jump height, which we present first.

4.1. Local time approximations based on jump heights. Consider the count m} (y,T) =
#{0<t<T:Xy <y< Xy AX; > h}. As in Proposition 8, it follows from Proposition 4
that m} (y,r) = mj,(y,7Y(r)) — m},(y,7Y(0)) is a Poisson process with rate ¢h~* where ¢ =
(14+ a)a/T(1 — «), and the Poisson process arguments in the proof of Lemma 14, as well as the
Borel-Cantelli argument for Corollary 15 apply again to give for an independent A ~ Exp(1):

Lemma 17. For all rg >0, 8 > 0, ¢ > 0, there is hg > 0 such that for all h < hgy, y € R,

P < %fm;l(y,zy(x)—) - ey(/\)’ > \/2(6 - E)Cfl %) h"‘”\/@\/«m, tr(A) = 7“0> <h’.

Corollary 18. For any w > 0 and r > 0, let p(k) = k=" and p(k) = (p(k))" = k=™". Then

I |28 (0 — )] < V30 + 1Jw)d /EO)
1m sup sup Wi < ; e - ws.
k—oo yeK(u(k),R) (p(k))*/2\/log(1/p(k)) {ev(X)>ro}

where £*(\) = sup,ecg £7(N).

The proof of Proposition 16, however, exploits uniform Hélder bounds on Z;, ¢t € [0,7T], to
show that for all k large enough, we have

Mpk—1)(Gk—1(Y), A) < My (Y, A) < Mgy (Gr41(y), A),

where g (y) is the nearest lattice point to y in K (u(k), R). This argument would need substantial
change since a substitute for the Holder bounds would need to be found to control the number of
jumps greater than p(k) that cross level y. It is, however, straightforward to find much weaker
upper bounds, such as the following, which will be enough to prove Proposition 6.

Proposition 19. We have almost surely for all T > 0

lim sup sup h%mj,(y, T) < oo. (8)
hi0  yeR

Proof. Let ¢ > 0. We first claim limsupy, o sup,eg hmj, (y, M) 1w (n)>2r) < 2605 (A) as.. By
Corollary 18, there is k1 > 1 such that for all £k > k1 and all y € K (u(k), R+ 1) with Y(\) > rg

p() (5 ) < OO + ¢ (p() ™2\ log(1]p(R)) (V20 + 1/w)e V&) +¢)

< ) + o) log(1/p(R)) (V20 + 1/w)e VE) +¢)

Let r > 1. Then we have u(k) < p(k). For y € [-R, R], let g (y) = inf K (u(k), R+ 1) N [y, 00)
and g, (y) = sup K(u(k), R+ 1) N (—oo,y] be the lattice points of K (u(k), R 4 1) nearest to
y. As in the proof of Proposition 16, we find kg > ki such that [¢Y(\) — ¢#(N\)| < 7o for all
y,z € [—R,R] with |y — z| < p(ko). Then for all y € [—R, R] with ¢Y(\) > 2rg, we have
09 W (\) > ro and 9% © () > 7.
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For all 0 < ¢t < T with X;— <y < X; and AX; > p(k) > p(k), we must have X, < g (y) <
X or Xy < g, (y) < X;. Hence,

Ml (U5 ) <l (95 (1), A) 4 1m0 (95 (1), A),
so that for all y € [—R, R] with ¢Y(\) > 2r¢, we have
() (5. 0) < 26 () + 26 (p(k)) /2 log (L p(R)) (v/20+ L) VB +)

To get from h = p(k) — 0 to h | 0, recall notation h = min ({p(k),k > 1} N [h,00)) and
h =max ({p(k),k > 1} N (0,h]). Then we can bound above

E [0
hémi, (y, A) < <h> hmi, (y, )

and hence conclude by letting h | 0 to see the upper bound independent of y tend to 2¢¢*(\)
to find
limsup sup h%mj,(y, \)1gwoysar) < 2¢0°(N) almost surely. 9)
hi0  yE€[-R,R] -
Since R = (X;,0 < t < \) is bounded almost surely, the claim hence holds on the events
{R C [-R, R]} whose union over R € N has probability 1, so it remains to remove the indicator.
Now let T' > 0 and define the post-T process Xt X7yt — Xp, with local times Ey( ) =
(X7 (T +t) — (v=X7(T), y € R, ¢t > 0. Note that X is independent of (X;,0 < t < T) with
the same distribution as X. For R € N let

R = {Zy(x) > 2rg for all y € [~ R, R]} .
If we can prove that each of these events Er has positive probability, we obtain via (9) that

lim sup sup h®m}, (y, T) < limsup sup hem}, (y, T + \) < oo
hi0  ye[Xp—R,X7+H] R0 ye(Xp—RX7+H]

almost surely on Er. But Ep is independent of (X¢,0 < ¢ < T'); thus, the term on the LHS is
a.s. finite for every R. Let M := Sp — I = sup{X,, s <t} —inf{X,, s <t}. This is a.s. finite.
In the event {M < R}, the inequality above implies (8). Since this event happens for some
R € N, (8) holds almost surely. It remains to show that Er has positive probability, which we
do restate and prove in the following lemma. O

Lemma 20. Let Z ~ Exp(1). Then for alle > 0 and all k > 0, the event Er of the proof of
Proposition 19 has positive probability. In particular, with probability 1, Y(t) — oo ast — oo
for all y € R, uniformly on compact y-intervals.

Proof. Since 70 is a stable subordinator, £°(\) > 0 a.s., hence there is € > 0 such that /°(\) > 2¢
with positive probability. But then by continuity of y — ¢¥()\), there is R > 0 such that with
positive probability, we have ¢¥()\) > ¢ for all y € [-R, R].

Now fix R > 0 and consider 7°(j), j > 1. Then the random variables min{¢¥(7%(j)) —
(% —1)),y € [-R, R]}, j > 1, are independent and identically distributed, nonnegative and
positive with positive probability. By the Strong Law of Large Numbers, their series is infinite
a.s., and so Y(00) = oo for all y € [—R, R], a.s.. By scaling, this holds for all R > 0, and by
choosing a sequence R; — oo, ¢ — 00, this extends to all y € R, as required. O

4.2. Proofs of Proposition 6 and Corollary 7.

Proof of Proposition 6. Let J; be the time of the ith largest jump of (X;,0 < ¢ < T') and recall
that Z; is the excursion marking the jump of X at time t. We build our partition sequentially
and refer to the resulting sequences (Jj]-“, j>1) as “piles”, k > 1.
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Piling procedure. Place Jy at the bottom of the first pile, J11 := J1. Now suppose that the
first ¢ jump times are arranged into k; piles of heights ji,. .., ji,, with ZK,% Jk = 1.
e If for each k < k; there exists j < ji such that

[X (Ji1=), X (Jir)] N X (T ), X (J])] # 0

then we place it J;41 into a new pile by setting Jf”‘l = Jit1.
e Otherwise, we place J;41 atop the pile of least index k£ for which

[X (Jj41=), X ()] N [X (=), X (J])] = 0
for every j < jr. lLe. J]’-“kJrl := Ji11, where
k=min{m < k;: [X(Jiy1—), X (Jir1)] N [X(J}" =), X(J]")] = 0 for all j € [ji]}.
We denote the 6-Holder constants by
|ZJJ].“(b) - ZJJI? (a)|

k._
Dj = sup

, j=1, and D T = sup D, for all £ > 1.
0<a<b<AX(JF) (b—a)? fo.77*= 5305

By definition of our piling procedure, Jf is the time of the largest jump in the kth pile, for each
k > 1. Consider the start and end levels a, = X (Jf—) and b, = X (JF) of the jump at time JF.
Again, by definition of the procedure, for each m < k there is some jump time Ji" that is the

time of a larger jump than J{“ and such that the jump intervals intersect
[X(JE=), XD N X (=), X (7] # 0.

Since AX (JF) < AX (J7*), for each such J7", the jump interval contains one of the endpoints
of the jump at time J,%:

{X(JT=), X (I} N X (I =), X ()] # 0.

By the pigeonhole principle, and the fact that almost surely there is no level at which more
than one jump starts or ends, there is some yj, € (X (JF—), X (JF)) such that at least | ] jumps
larger than AX Tk jump across level yi. That is,

#{i> 1 AX(J) > AX(IE) and gy € [X (i), X ()]} > m .

Proposition 19 implies that there is almost surely some C' € (0, c0) such that for every y € R
and every k > 1, the kth largest jump across level y has size at most Ck~/®. Since AX(JF)
is at most the | £ |th largest jump across level yj, we see that AX (Jf) < C’L%J_l/‘” < 'k,
Thus AX (J¥) < C'k7V for all j > 1.

Take € > 0. Then, from the above, there is a.s. some finite K such that for £ > K, the jump
size AX (JF) is at most k5=, Let

D*:= sup D;-“ and D' := Z sup {Dé‘?: AX(JF) <m== Ve g >1, j> 1}, (10)
k21, j>1 o]
so that
> Dpy <KD"+ D
n>1

From Proposition 5, D* is a.s. finite, and K is a.s. finite as well, so it suffices to show that
D' is a.s. finite. We appeal to (5), applied with z = mc~1/® < 1if ¢ < 1/a, to find that

E(D") < Y Comle=)a-0-2), (11)

m>1

Since # < v and ¢ > v + « this series converges for all sufficiently small ¢. U
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Proof of Corollary 7. For this proof, abbreviate Z} := Z;(y—X;—) and Z} := Z;(x—X;—). Then

1 Z1011(v) = Zjor) ()| = Z (z{ - zf)| < Z \Zz{ — Z{|

0<t<T 0<t<T
< > #@ -z Y 1A -z < (2) Dally—a
0<t<T: Z}#0 0<t<T: ZF#0 n>1
by Proposition 6. (]

5. UNIFORM HOLDER CONTINUITY OF LOCAL TIMES

Boylan [9] established that the family of local times of (1 4+ «)-stable Lévy processes admits
a version that is Holder continuous of order v € (0,«/2) in the spatial direction, uniformly in
space and time on any compact space-time rectangles. Barlow [3] gave the exact modulus of
continuity. While Barlow’s results are optimal in rate, we are interested in a (random) Hélder
constant with all moments and which applies uniformly on space-time rectangles that consist
of a fixed compact spatial interval and relevant random time intervals, whose random lengths
have infinite mean. To achieve this without getting into the technicalities of Barlow’s argument,
we sacrifice a slowly varying function in the exact modulus of continuity and restrict the stable
process to a spatial interval.

5.1. Spectrally one-sided Lévy processes restricted to an interval. Consider at first
any zero mean spectrally negative Lévy process X with unbounded variation and zero Gaussian
coefficient, with notation to facilitate passage to the spectrally positive process X = —X later.
For the process X, 0 is regular for itself and for (—oo,0), by [4, Corollary VIL5]. By [4,
Theorems IV.4 and IV.10], X admits a continuous local time at 0 and hence at any level, with
an associated excursion process, whose intensity measure we denote by 7.

By [4, Proposition 1], the same holds for the reflected process Y = X — I, where I; =
info<s<y X s, £ > 0; as in Section 2, we denote the excursion measure by 7. The measures n
and 7 are measures on the Skorohod space D([0,00),R), supported by the subspace of paths
w = (w(s))s>0 € D(]0,00),R) for which w(s) # 0 if and only if s € (0,Ty(w)), where Ty(w) =
inf{t > 0: w(t) = 0} € (0,00] is called the lifetime of the excursion w. Since X is spectrally
negative, n-a.e. excursion w has at most one jump across zero, whose time we denote by
T<o(w) = inf{t > 0: w(t) < 0}. By [34, Lemma 2], there is exactly one jump across zero n-a.e.,
under our assumption of a zero Gaussian coefficient. By [34, Theorem 3],

0 = ((w(s)1{s<1e0))s>0 € °)-

In particular, if we define the time change

t
7H(r) =inf{t > 0: RY(¢) > r}, where RT(t) = /0 L% s0pds,

so that X’ﬁ = AT+(T) has all negative parts of excursions removed, then X+ has the same

distribution as Y. The analogous operation that removes all negative parts of excursions from
the spectrally positive process X = —X also yields a strong Markov process X+, but this process
does not have the same distribution as Y = X — I, where I; = info<,<; X, because excursions
of Y start continuously (none of the countably many jumps strike during the Lebesgue-null set
of times when Y = 0, by independence properties of Poisson point processes), while excursions
of X away from 0 start with a jump, with intensity x = n(w(T>0) € +) = n(—w(T<o) € -),
where n = n(—w € -) is the excursion measure of X at 0 and T>p(w) = inf{t > 0: w(t) > 0}.
By the strong Markov property under n at T¢, the post-T>( process under n is the post-T>g
process of the spectrally positive Lévy process absorbed at 0. Cf. [34, Theorem 3]. Cf. also [29,
Section 3], where the authors introduce stable Lévy processes that have the negative parts of
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their excursions away from 0 removed. By Vigon’s équations amicales (see [16, Theorem 16]),
X is absolutely continuous with

x(dz) = I(z)dz = II((z, 00))dx, (12)
where II is the Lévy measure of X so that

() = log(E(exp(—nX1))) = /(0 )(6_"3” — 1+ na)Il(dx).

Finally, we define the spectrally positive Lévy process restricted to an interval [0,b] as X! =
XT[O’b] (T)’ Where

t
O () = inf{t > 0: ROY(t) > 7}, and RV (1) = / Lio<x,<b}ds.
0

Note that this process is different from (actually simpler than) Pistorius’ doubly reflected process
of [38], since here the boundary behaviour at 0 is not reflection, and is also different from
Lambert’s [30] process confined in a finite interval (conditioned not to exit (0,b)). The discussion
of these three cases is connected to the discussion in [10] and [29, Remark 3.3], which distinguish
three types of exit at a boundary (A) continuously, (B) by a jump or (C) not at all (while
preserving self-similarity of the process). In our context (two boundaries, self-similarity being
meaningless on an interval, but re-entry being allowed), Lambert studies (C,C) exits from (0, b),
no entry needed, Pistorius studies the (A,B) exit (A,A) entrance, and we find (A,B) exit (B,A)
entrance. Spectral positivity disallows B exit at 0 and B entrance from b, but this leaves a
number of other possibilities, in principle, which we do not pursue further.

Scale functions W@ with Laplace transform I e WD (z)dx = 1/(1(n)—q) and ZD (z) =
1+gq fom W (2)dz are well-known functions in the fluctuation theory of spectrally one-sided
Lévy processes, see e.g. [38].

Proposition 21. The Laplace exponent of the inverse local time o of X® at 0 is given by

b Z(q)(b —x) 1
©°(q) = —log(E(exp(—qo}))) = /0 (1 - Z(‘I)(b)) x(dx) + (1 - Z(‘l)(b)> x((b,00))
1 b= ‘
= Z(‘Y)(b)/o (b — 2)gW P (2)dz,

where ﬁ($) = [1I(z)dz. Furthermore, o® has moments of all orders.

Proof. First note that II(z) < oo for all # > 0 since X has finite (zero) mean. After the
discussion preceding the proposition, the result follows directly from the exponential formula
for the Poisson point process of excursions away from zero and the first exit problem of the
reflected process X+ from (0,b). Specifically, T>o(w) = 0 for n’-a.e. w, and the post-T>q
process under the excursion measure n® of X° away from 0 is the post-T>o process of the
restricted process aborbed at 0, which is the same as b minus the reflected process X+ absorbed
at b. By [39, Proposition 2],

(@ (p —
E, (e*qTO(Xb)) = A Cal)} Z((qb)(b)x), z € (0,0],

For = > b, the post-T>( process under nb starts from b. Let W = W) and recall e.g. from 6]

1
W (z) = g W EHD () where for the convolution W**+1(z) < gka(O) (z)*+
k>0 '
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so that ¢ — W (9 (z) is analytic on C. Hence, we calculate by (12) and using Fubini’s Theorem

b (@)
6%(q) = ~log(B(exp(~4a)) = [ (1 L ) o)+ (1 S ) 1.0

IR

- (ql) /H(b—z)qW()( )z

_ Eyrr*(k+1 _
= 7 //bz dquqW( )( dz =

k>0 g>1

/ (b — 2)W*9(2)d=.

Now ©°(q) is a ratio of complex power series, hence infinitely differentiable within the radius
where the (analytic) denominator is non-zero. Since Z(9)(0) = 1, all moments of o® are finite. [J

Corollary 22. If X is a spectrally positive stable process with Laplace exponent 1(n) = an'™
for some a >0 and 1 + « € (1,2), then

b™ N 1
= Bt (Freea-a@ /)~ g ).

where E1ya.5() = Y o0 2% /T(B + k(1 + «)) is the two-parameter Mittag-Leffler function, a
complex-analytic function on all of C for all B > 0, and where E1 4o = F14a1-

©’(q)

Proof. Since varying a corresponds to a linear time change of X, we can assume a = 1 w.l.o.g.
By [5], Z\D(b) = E1;o(gb't®). Also

T _ > (1 + Oé)Oé —o— _ - —a—
0= ) e e

With x(dz) = II(x)dz, from (12),

1

b
00) = 7 [ (290) = 206 —a)xide) + (Z290) - Dx((0.0)) )

o« f(;](E1+a(qb1+a) - El—i—a(Q(b B x)1+a))xiaildx + bia(EH-a(qlera) — 1) (13)
B Z@WOH)I(1 - «) '

We use power series techniques to calculate the first term of the numerator:

b
/O (Bt 4a(ah®) — By ya(q(b— 2)1))a—da

0o b
— q E(1+a) (1 . N\k(14+a)y,.—a—1
2. T+ k(1+a) /0 (b (b—2)" )2 d.

We now solve this integral using Fubini theorem and Beta integrals to find finite coefficients

1 b
pr+a) _ (p _ o k(1+a)) =1y
F(1+k:(1+a))/0 < ( )
S| <F(1 —a)l(k(1+a)+1) 1)
1+ k(14 «)) Nk(l+a)+1—a) ’
The first term gives coeflicients of the two-parameter Mittag-Leffler function. The second term
gives coefficients just as needed to cancel with most of the second term in the numerator of

(13), we obtain the formula we claimed for a = 1. To pass to general a > 0, it is easy to check
that Z(@ (b) = Fy 1 4(gb't®/a), so we can just replace ¢ by ¢/a. O
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5.2. Uniform local time estimates up to random times.

Proposition 23. Consider a spectrally positive stable Lévy process X with Laplace exponent
nt*e. There is K > 0 such that for all x,y € R and all N,r € (0,00) we have

’ ( sup_ () — £ (1)] > ) < 2¢N exp (—Krly — | /%)
0<t<N

Hence for all p > 0, we also have E ( sup |0Y(t) —£5(t) ]p> < 20(p + 1)K PeN |y — x[P2/2,
0<t<N

Lemma 24. For z > 0, let p(z) € (0,1) be such that we have (p(2))? =1 — Wo(2)¥,(0), where
U, (y) = Ep(exp(—T,(X))) and Ty(X) = inf{t > 0: X; = y}. Then there is K > 0 such that
20(z) < 222K for all z > 0.

Proof. We may assume that z < 1 since the bound is trivially true for z > 1 provided K < 1.
Note that lim, o 7,(X) = 0 almost surely under Py and, consequently, Lemma 12 and the
dominated convergence theorem combine to imply that for A ~ Exp(1)

) l+a [ sin(ma)site
1=1ImP(T,(X) < A) = ds.
i P(T, () < 3) = =0 [ s
Also recall from Lemma 12 that ¥_(0) = Eg(e~"=(X)) = e=%. Consequently,
l+a [ sin(ra)stte _
2 _ 1 — 1 _ - zs
(p(2))" = 1 = To(2)¥:(0) = 1 — exp(==2) s /0 s2(1+a) 4 251+a cog(mar) + 1° ds
_1+4a /OO sin(ma)stte (1— e~ (+D2)gs
w Jo s20+40) 4 9gltacog(ra) + 1
1 : 271 14+
< ( —|—a)sm(7ra)z/ s (1+ 5)ds
™ o s20+e) 4 2gltacog(ma) + 1
N (1 + «a)sin(7a) /‘X’ slta s,
™ -1 s2(+e) 4 9glta cog(mrar) + 1

Splitting s2(1+®) = s2(4) sin?(1q) 4+ 5217 cos?(mar), we can further bound above by

1 = 1 o
IR L / sagsy LT / 10
wsin(ra)” Jo mwsin(ra) J,—1

B 1+« N 14+«

=zt (1—a)r sin(ﬂa)z + am sin(mra) :
1+a (1+«)

<z%(1

=7 ( * (1 — )7 sin(mwa) tar sin(wa)) ’

and the result follows. O
Proof of Proposition 23. By [8, Proposition V.(3.28)], we have for all N,§ € (0,00) and z,y € R

P ( sup |[0Y(t) — €5 (t)| > 25) < 2eNexp (=0/0(ly — z)),
0<t<N

where ¢ is as in Lemma 24, and setting r = 26, z = |y — x| and with K as in the preceding

lemma, we conclude for the first inequality. The second is an elementary integration of the

first. (]

In fact, the statement on moments, when expressed in terms of ¢, also holds in the full
generality of the Blumenthal-Getoor result, for their notion of a standard Markov process.
Since the tail estimate is also independent of the starting value of X, by the strong Markov
property at T, AT, it turns out that it is easy to improve the dependence on IV in the moment
bounds, in the general case. In particular, we obtain the following.
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Corollary 25. There is K > 0 such that for allp >0, z,y € R and N > 0

E ( sup |0¥(t) — Ex(t)]p> <2 (p+ 1)K P(N + 1)PFle|y — [Po/2.
0<t<N

Proof. Writing ¢¥(t) and ¢*(t) as sums of increments ¢ (k+ 1) — ¢ (k) and ¢ (t) — £ (|t]), we find

sup () =5 ()] < D sup [(U(k+s) — (k) — (€ (k +5) — €°(k))|
0<t<N 0<k< N 0Ss<1
We estimate this sum, as follows
IN]\ P p [N
Z:ck < ((N—i— 1) max a:k> < (N + l)pri. (14)
k=0 k=0

0<k<|N|

By the Markov property and since local times are additive functionals, all | N |+ 1 terms satisfy
the same moment bound from Proposition 23, applied for unit time intervals, so we obtain the
estimate as claimed. U

Corollary 26. For any random time V' with moments of all orders and any p > 0, there is M,
depending on the distribution of V' such that for all x,y € R, we have

E ( sup |0Y(t) — ﬁx(t)\p> < M|y — a2,
0<t<V
Proof. We use the Cauchy—Schwarz inequality to obtain

E( sup !fy(t)—fz(t)|p> <) E (1{k—2gv<k—1} sup [€¥(t) —f‘”(t)\p>

0<t<V et 0<t<k—1

1/2
1/2
<y (P(k—2§V</<;—1)) E( sup |0()— @)
o 0<t<k—1
< | DCRPE@WV = k- 2)Y? | /2eD(2p + 1)K Ply — xfP2,
k>2

Since finite p'th moment of V implies that there is ko(p') > 1 such that P(V > k —2) < k7'
for all k& > ko(p'), we can choose any p’ > 2p + 3 to see that the series in our expression
converges. 0

Now consider the spectrally positive stable-(1 + «)) process restricted to an interval [0, b].
Recall that this process is defined as X? = XT[o,b](r), where

t
00y = inf {t = 0: RO > 7}, and ROY(p) = / L{o<x,<pyds.
0

Suppose we are only interested in E(supg<,«y [€Y(t)—£€*(t)|P) for a restricted range of z,y € [a, b].
We can use the fact that X is a Markov process with the same local time differences as X in
the interval [0,b] to improve on this corollary and effectively allow times V = 7(%(Q), where
only @ is required to have moments of all orders. This is a genuine improvement because
E(r%(r)) = oo for all r > 0, since there is positive probability that X leaves (—oo,b] during
[0, ] after which to return inside [0, b] it takes X a level passage time given by a stable-(1/(1+«))
ladder time subordinator.

Proposition 27. For any b > 0, any random time Q with moments of all orders and any p > 0,
there is My depending on the distribution of Q such that for all x,y € [0,b], we have

E{ sup  |0(t) = (O | < Mpyly — o™,
0<t<rI0:81(Q)
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Proof. We repeat some of the previous arguments. First, [8, Proposition V.(3.28)] applies to
X? with local times Gi(r) = (YY), 0 <z <b,r>0: forall N >0, >0, z,y,2z € [0,b],

P, ( sup |@¥(r) — €5 (r)] > 25> < 2eM exp(—6/2¢4(z, 7)),
0<t<N

where

(eo(2,))* = 1—Equ(exp(—Ty(X")))E,(exp(—Tx(X")))
< 1—Ey(exp(—Ty(X)))Ey(exp(-Tu(X))) = (¢(ly —z]))*

By Lemma 24 and integration, we find K > 0 such that for all p > 0
E. ( sup |6 (r) — 5?5(?“)|p> <2T(p+ K PeN |y — a2,
0<r<N

Now the arguments of Corollaries 25 and 26 apply to give M,,; so that

0<t<rl0:b1(Q) 0<r<@

E ( sup |0Y(t) — Kx(t)\p) =F ( sup ‘Eg(t) — E,f(t)‘p) < Mpply — m\po‘/2.
O

Theorem 28. For any b > 0, any random time Q) with moments of all orders and any v €
(0,t/2), the random variable
() — 07 (t
DZ(T[O,b](Q)) — sup ¥ (2) V( )| < oo WS
0<t<r0¥(Q) 0<e<y<y 1Y 7]

has moments of all orders.

Proof. Now consider the Banach space of bounded continuous functions from [0,00) to R
equipped with the supremum norm ||-|| (rather than any localised version). Then the stopped
local time processes L, = (£**(tATI08(Q)), ¢t > 0), with levels [0, b] parametrised as bv, v € [0, 1],
are members of this Banach space and satisfy

E(||Ly — Lu|[2) < My 0P 2w — ufP*?  for all u,v € [0,1],

by Proposition 27. We can apply the Revuz—Yor version of the Kolmogorov—Chentsov theorem
[43, Theorem I1.(2.1)] with ¢ = pa;/2 — 1, to find that

B0 Q) = g (s M= el=)) o

O<u<v<i |v—ul”

as long as v € (0,e/p), i.e. if v < (a/2) — (1/p), which gives the result for v € (0,a/2) by
letting p — oo. U

Now consider the Poisson point process of excursions of X away from 0, enriched by marking
all jumps by paths according to a non-trivial marking kernel. Further mark each excursion with
probability 1 — e™™, where m is the value of the path in the jump of X across 0 when crossing
0. Denote by S the time at which the excursion point process has the first mark, and by T the
left endpoint of the corresponding excursion of X.

Corollary 29. For any b >0 and v € (0,/2), the random variable

PY(t) — (¢
Dl[lo,b] — D[VO,b} (T) — sup M < 00 a.s.
0<t<T,0<z<y<b ly — x|

and has moments of all orders.
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Proof. First note that T' = T[O’b]( _) < 70t ¢). By elementary properties of Poisson point
processes, S is exponentially distrlbuted, with parameter u, say. Note, however, that S is not
independent of o®. We use the same argument as in Corollary 26 and (14) to find

1/2 1/2
) <Y (B(S=k-1)? <IE <(UZ)2P)) < ée—uk/%pﬂm /2 (E <(G§,) 2P>> |

E>1

By Proposition 21, the inverse local time all’ of X? has moments of all orders. Also the series
clearly converges. Hence ag has moments of all orders, as does ag_ < ag. Hence, Theorem 28

applies to Q) = agf, and this completes the proof. O
5.3. Proof of Theorem 3.

Proof of Theorem 3. We repeat the argument of the previous proof. Specifically, we apply
Theorem 28 to Q = RI%!(79(8)) = ob. O

6. MOMENTS OF HOLDER CONSTANTS OF BES(Q PROCESSES, BRIDGES AND EXCURSIONS

In this section, we study examples of paths Z as needed for Theorem 1, specifically, Brownian
paths and squared Bessel processes (BESQ) of dimension § € R. We check that they satisfy
the moment assumption of Theorem 1. Section 6.1 studies BESQ processes as sums of i.i.d.
squared Brownian motions. Section 6.2 uses stochastic calculus and captures a larger class of
BESQ-type stochastic differential equations. We specialise to BESQ processes in Section 6.3.
Section 6.4 demonstrates how Theorem 1 can be applied when jumps are marked by BESQ
excursions. This model plays an important role in [19].

6.1. Brownian motion, Brownian bridge and Brownian excursion.

Lemma 30. Let (B;,0 <t < 1) be standard Brownian motion and v € (0,1/2). Then

B
D, = sup M < 00 a.s.
0<s<t<1 ‘t - S|7

and the uniform bound D. has moments of all orders.

Proof. This is well-known and follows straight from the Kolmogorov—Chentsov theorem, see e.g.
Revuz and Yor [43, Theorem 1.(2.1)]. Specifically, by scaling, we have E(|B;— Bs|??) = Cj|t —s|P
for all p > 0, so the theorem yields E(D}) < oo as long as p>1and 0 <y < 1/2—1/(2p), i.e.
0<vy<1/2and p>1/(1—27v). This gives moments of all orders, as required. O

Corollary 31. Let (BP*,0 <t < 1) and (Bf*,0 < t < 1) be standard Brownian bridge and
standard Brownian excursion and v € (0,1/2). Then

Bbr _ Bbr Be&x _ Bex
Dsr = sup 1B = B/ <oo and D= sup 1B = B < o0 a.s.
o<s<i<i |t —s|7 o<s<i<1 |t —s[7

and the uniform bounds DP/r and D3 have moments of all orders.

Proof. We use the pathwise representations, due to Lévy and Vervaat:

Bk 0<t<1-M
br __ o ex __ M+t >~ U > )

where M = inf{t > 0: BP* = min{BP,0 <r < 1}}. Then we have for all 0 < s <t <1
B — By < By — Bi| + [t — s[| By — Bo| < 2Dt — s|”

and similarly for |Bf* — B*|if0<s<t<1—-Morl-M<s<t<1l.For0<s<1l—-M<
t<1

|Bf* — BY| = |Biiys — B (-l < | Biiys — B+ |BP1(1—M) — By'| < 4Dt — s[.
Hence D" < 2D, and DS < 4D,,. O
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Via |(BPY)? — (BP)?| = |BPT — BY"||BP* + BPr| < ZLDEY’r SUpg<,<1 | BP*|, Cauchy-Schwarz (or
binomial formulas), the fact that supy<,«; |BP| < supg<,<; |BS¥| in the Vervaat coupling, and
the fact that the maximum of B has moments of all orders, these results extends to BESQ(1)-
bridges. By [42, Remark (5.8)(i)], on the one hand sums of BESQ(1) bridges are BESQ(J)
bridges for § € N, while suitable couplings of non-integer dimensions allow to extend this to any
real dimension § > 1, and on the other hand, these bridges are also the normalised BESQ(4 —9)
excursions, so all these processes have Holder constants with moments of all orders.

We will use a different approach to also include results for BESQ processes starting from x #
0. Such processes appear in the present paper, as well as further work in [19], as the processes
(Zi(y—Xi—),y > 0), when X;— < 0. In the study of the process Zjo 11(y) = > o<1 Zt(y—Xt-),
y > 0 of (1), these populations already have a positive mass at level 0, and we may be interested
in conditioning on the initial population. See [19] for more details.

6.2. Results for general diffusions of BESQ-type. Our arguments are adapted from those
by Hutzenthaler et al. [23], where similar results are obtained for a different class of processes.

Lemma 32. Let (X;,t > 0) be a BESQ() process starting from x > 0, for some dimension
parameter § > 0. Then

[ Xell, <2+t +2(p— Hh) for allt >0 and p € (0,00).

Proof. Recall, e.g. from [22, Definition 1] that we may assume that for a Brownian motion B

Xt=x+5t+2/0t\/fsd35 a.s., t>0. (15)
By continuity of p-norms, it suffices to show that for all € € (0,1) and k£ > 0
||Xt+6||p§x+e+t(5+2(p—1)+) for all t > 0 and p € (k, k + 1]. (16)
We will prove this by induction on k. For k£ = 0 note that by (15)
E(X)=z+6 = (E(Xi4+e)P)/P<EX;+e)=a+e+td forallpe(0,1].
Assuming (16) for some k > 0, we obtain for all £ > 0 and p € (k+1, k+ 2] by It6’s lemma that

E((X;+e)) = (z+¢) + /0 t (00 (X, +2)"™") + 20(p = DE (X, (X, +2)772) ) ds
<+ [ o0+ 20— B (X + ) ds

< (z4e)f+ /tp(é +2(p—1) (z+e+s0+2(p—2)7)" ds
0

S@+ef+@t+ett(@+20-1))P - (z+e) =@ +e+t(0+2(p-1))"
U

Lemma 33. Let u: R — R be Lipschitz and bounded by ¢ > 0. Let (B, t > 0) be Brownian
motion. For x € R, let (X;,t > 0) be a stochastic process with continuous sample paths adapted

to the same filtration as B and satisfying fg |u(Xs)|ds < o0 a.s. and

t t
X, = x—I—/ M(XT)errz/ VIX,ldB,  as, t>0. (17)
0 0
Then for allt > s >0 and p € [2,00) we have that

[ X — X[, < t—s(\/fc—i-ﬁ?\/(P—1)(c+p—2)+2\/p—1\/\xl+2t(c+p—2)).

We remark that for any p satisfying the hypotheses of the Lemma, the weak existence and
pathwise uniqueness hold for the SDE (13) by [17, Theorem 5.3.8 and Theorem 5.3.10]. Strong
existence of solutions and the Markov property of solutions then follows from [26, Theorem
21.11 and Theorem 21.14]
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Proof. By passing to —X if needed, we may assume that z > 0. Using the strong existence of
solutions to the squared Bessel process SDE and the comparison of one-dimensional diffusions,
there exists a BESQ(c) process (Z;)¢>0 starting from = and a BESQ(—c) process (Y;)¢>0 starting
from 0 such that ¥V; < Xy < Z; for all t > 0. Since Y3 < 0 and Z; > 0, we have that
| Xi|P < ZFP + |Y;|P. Note that |Y;| is a BESQ(c) process starting from 0. Using the inequality
(z +y)'/P < VP 4 yV/P for z,y > 0 and p > 1, Lemma 32 implies that

1Xell, < WZell, + [1Yell, < l2f + 2¢(c +2(p — 1)). (18)

Now consider the case s = 0. Then

[y

1 X¢ — =], <

t
/ 2v/1X,|dB,
0

Let M, = fot 21/|X;|dB,. Since p > 2, It6’s lemma implies

l
p

t
<ct+ H/ 2/ | X, |dB,
p 0

p

t pp—1) [t t t
wp = [Cpaaptang, + P02 [ agana), = [ paptand, v 2o 1) [ M
0 0 0 0

Taking expectations and using Hoélder’s inequality,

E(Mf) =2p(p 1) /OtE (MP=2|X]) dr < 2p(p — 1) /Ot (& (M7))=2/7 (B (|Xr|p/2>)2/P i

Since f(r) = E(M?) is continuous, the generalized Gronwall inequality, see e.g. Bihari [7] with
Qu) = [, r(=P)2dr = (p/2)u?/? in the notation there, yields

o= (11 s}

Substituting the bound from Equation (18) gives

p/2

E(MP) < (4(p — 1)(jaft + 2(c+p — 2)))".

Consequently,

1Xe — 2, < et +2¢/(p — 1) (2]t + 2(c + (p — 2))). (19)
Now let ¢t > s > 0. By the Markov property of X at time s and equations (19) and (18), we get

1/p

E (1%~ XY < (B((clt =)+ 20/ - DX —5) + -7 +p-2) )

< (B((t=9) (c+2/G-Derr-2) +2vp—vi—syx]))) "
< (t—s) <c+ 2/ (p—1)(c+p— 2)) +2¢/p — IVt — s\/|z| + 2s(c + 2(p/2 — 1)).

O

Corollary 34. Let (X;,0 < t < 1) satisfy the hypotheses of Lemma 33. Then for every
p € (2,00) and v € (0,(p — 2)/2p),

E(( - M>p> g 244 (¢4 20/(p=T)(c+p—2) + 2v/p—1y/[a[+2(c+p—2))

(1 _ 27+(2—p)/2p)p

0<s<t<1 |t —s[7

Proof. The fact that

X — X \?
o<s<t<1 |t — 8|7

is an immediate consequence of [43, Theorem I.(2.1)] and the explicit bound as a function of z,
¢, p and +y is obtained by keeping track of the constants in the proof of that theorem. O
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6.3. Results for BESQ processes. The following corollary is an important special case of
Corollary 34.

Corollary 35. For § > 1, let (X4,0 <t < 1) be a BESQ(0) process starting from 0, and
v € (0,1/2). Then
|Xt — X5|
Ds,= sup — <@ a.s.
T o<sct<t [t—s|Y

with moments of all orders.

Corollary 36. For § > 1, let Z be a standard BESQ(J) bridge from 0 to 0 or equivalently a
BESQ(4 — §) excursion, and let v € (0,1/2). Then

Zy— 7

a.s.
0<s<t<1 |t —s|7

with moments of all orders.

Proof. The equivalence of BESQ(d) bridges and BESQ(4 — ¢) excursions was noted in [42,
Remark (5.8)(i)]. By [43, Exercises XI.(3.6)-(3.7)], the process (Z1_4,0 < t < 1) has the same
distribution as Z and we can write Z, = u2X1/u_1 for a BESQ(9) process X starting from 0.
For 1/2 < s < t < 1, we then obtain by the previous corollary

Zi = Zs| = [ X1 — 8 Xyjsaal < X1 — Xijsoal + (87 = 5%) X1y
< 4'Ds |t —s|" + 2]t — 8|7 X,

where X = SUpg<,<1 X;. Similarly, we can write Z, = (1 — u)2X1/(1_u)_1 for another (depen-
dent!) BESQ(9) process X starting from 0, and for 0 < s < t < 1/2, we obtain |Z; — Zs| <
(47Ds~ + 2X)|t — s|7. Finally, for 0 < s < 1/2 < t < ¢, the triangular inequality yields the
required bound so that

D} < 4'Ds,y + 2X + 4D, + 2X

has moments of all orders. O

6.4. BESQ-marked stable processes and their local times. If X has Laplace exponent
P(n) = n*t then X,(t) = Xu, t > 0, has Laplace exponent 1,(n) = an't®. From the
occupation density formula, we see easily that

o(t) = éﬁy(at) and TI(s) = 27’74((15).

a

Leaving marks unscaled, my o(y,t) = mp(y,at), and Theorem 1 holds with ¢, = ac, Corollary
2 with ¢ = ¢°/a.
Specifically, choosing ¢ = 1 and k;-scaled BESQ(—2«) excursions, we can calculate
29T (1 + @) T'(1+ o)
E(Zf)=————= = =a——22¢

() 1+« Ca af(l—a)
Apart from a = 1, there are various other natural choices that keep constants in certain formulas
simple. For the following, we choose ¢, = 1/I'(1 — ), so that Proposition 8 yields Laplace
exponent 0,(§) = £“. This corresponds to setting a = 1/T'(1 + «)2%. For a = 1/2, these are
a=+/2/m and ¢, = 1/4/7. For illustration and ease of reference in [19] and future work, let us
restate Theorem 1 in this special case.

Theorem 37. Let o € (0,1) and a = 1/T(1 + «)2%. For a BESQ(—2«)-marked stable process
X, with Laplace exponent (1) = an**®, we have almost surely

lim sup sup|T'(1 — a)h®myq(y,t) — C4(t)| =0, for allT > 0,
hl0 0<t<T yeR

where local times 4(t) and mass counts mp, o(y,t) are associated with X, for yeR, t>0, h>0.



UNIFORM CONTROL OF LOCAL TIMES OF SPECTRALLY POSITIVE STABLE PROCESSES 27

Proof. To apply Theorem 1, let us first note that the Holder constant of a BESQ(—2«) excursion
has moments of all orders by Corollary 36. Then, for our choice a = 1/T'(1 + «)2% and ¢, = ac,

we find that
a Y 1 |h® Y
|F(1 - Oé)h mh,a(y7t) - Ea(t)| = a ?mh(yaat) 4 (at) )
and the application of Theorem 1 yields that the relevant suprema tend to 0 as A | 0. O
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