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Abstract

The response of solid matter to shock compression is complexified considerably by its
strength, or its ability to withstand shear stress. Strength is challenging to measure
experimentally under shock conditions and even harder to model, due to its being
an extremely complicated function of the loading conditions. Our understanding of
material strength and the way it manifests under dynamic loading thus remains, to
a great extent, incomplete. This work presents studies of two phenomena arising
from strength under the conditions of shock compression and release by means of
multimillion-atom molecular dynamics simulations and femtosecond x-ray diffrac-
tion. The role of shock-induced grain interactions is first explored via simulations
of elementary polycrystals. Such interactions are found to control the plasticity
mechanisms activated under shock compression and the limiting shear stress state
to which the polycrystal settles in the wake of the shock. A combined experimental-
computational study of plastic-work heating under the conditions of shock release
is then presented. An algorithm for extracting the temperature of released sam-
ples from their diffraction image is derived and verified on synthetic data. When
applied to experimental data, the algorithm shows that the temperatures of shock-
released tantalum foils vastly exceed those expected from a conventional isentropic
release. The underlying microphysical processes responsible for the heating are then
interrogated via large-scale simulations of crystals under shock and release. A heat
equation is used to identify plastic-work heating owed to the sample’s exceptional
strength during its rapid release as the culprit, thus challenging the conventional
assumption that shock release is a universally isentropic process.
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chapter 1

Introduction

The study of shock-compressed matter affords us the potential to understand pro-

cesses and states of matter seldom found on Earth. Revolutions in laser and x-ray

technology have made it possible to compress condensed matter to millions of atmo-

spheres within a nanosecond and simultaneously to capture in detail the evolution of

its microstructure. An explosion in computational power has meanwhile enabled the

use of multimillion-atom molecular dynamics simulations to predict ultrafast ma-

terial evolution under shock conditions at the atomic level. Together, experiment

and simulation can now give us a glimpse of the extraordinary conditions present

in terrestrial planetary interiors [1, 2], during meteoric impact events [3], or in the

imploding capsule of a fuel pellet at the heart of a fusion reactor [4]. As remarked

by George E. Duvall [5], the study of shock physics has made clear that, while they

might appear violent and chaotic, shock compression events are fundamentally or-

derly processes that can be analysed, comprehended, and controlled, and all of which

obey the same simple conservation laws first written down by William Rankine and

Pierre Henri Hugoniot 150 years ago [6, 7].

1.1 Inception of the field

Shock physics as a distinct field of scientific inquiry was born in the 1940s at Los

Alamos National Laboratory. Early into its nuclear program, it became apparent

that the successful development of a plutonium weapon would demand a level of

understanding of material behaviour at extreme pressures and deformation rates that

did not yet exist. The ensuing period of intense research during the years leading

up to the termination of the Second World War [8] left scientists at Los Alamos

with an unprecedented capability to load materials explosively – but precisely –

to several hundred thousand atmospheres, and accurately to diagnose their pressure

and density. Given impetus by the Manhattan project’s success and an influx of new

researchers, the Laboratory sponsored a renewed experimental campaign in which
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the novel shock-compression techniques developed during wartime were brought to

bear on fundamental scientific questions about the behaviour of solids in this newly

accessible pressure regime. The following decade saw the publication of a number

of seminal papers [9–12] culminating in a review by Rice, McQueen, and Walsh [13]

in 1958 introducing the scientific community at large to this new branch of physics.

The results coming out of Los Alamos were not received without challenge. In

1956, Dennison Bancroft, Eric Peterson, and Stanley Minshall reported that by

analysing the splitting of a shock wave into three fronts in an explosively driven

iron sample, they could prove the existence of a polymorphic transition in iron at

13 GPa1 [11]. This was the first evidence that a solid-solid phase transition could

take place in less than a microsecond. Within weeks of Bancroft et. al.’s publica-

tion appearing in the Journal of Applied Physics, its editor received a letter from

Nobel laureate Percy W. Bridgman, the leading high-pressure scientist of the time,

communicating that he had conducted an experiment of his own, wherein he had

quasistatically loaded an iron sample up to 17.5 GPa, and watched for a disconti-

nuity in its resistivity that might indicate a phase transition. Bridgman reported

that he could find no evidence of any such transition [14], and did not miss the

opportunity to express his doubts about the extent to which the shock community

could really claim to understand shock wave structure. It was another five years

before this disparity between the static and dynamic measurements of compressed

iron was finally reconciled by two chemical engineers, Anthony Balchan and Harry

Drickamer, who, upon performing an experiment similar to that of Bridgman, ob-

served a sudden jump in iron’s resistivity at a pressure of (13.3 ± 0.2) GPa [15].

Bancroft, and by extension shock physics, were vindicated2. It was as a result of

this controversy that the legitimacy of the huge volume of high-pressure equation-of-

state data obtained from shock-compression techniques [9, 12, 18] came to be widely

recognised. It was thus that an early collision between the established field of static

high-pressure research and the nascent field of shock physics led in large part to the

latter’s acceptance as a credible scientific discipline.

1 1 GPa = 104 bar.
2 Following this episode, Bridgman embraced the shock compression technique, writing in one of

his last works that he should like to see static and dynamic loading methods combined [16].

Hybrid loading experiments have indeed been realised since (see for instance Ref. [17]).



3 1.2. HISTORICAL DEVELOPMENT

1.2 Historical development

The landscape of shock physics has changed substantially since its origin, particu-

larly in terms of the mechanisms used to drive shocks, the diagnostics used to char-

acterise them, and the models used to understand them. Many of these advances

are owed to technological innovations, of which the most important is arguably the

creation of the laser, which can play the role of both driver and diagnostic. The

following section recaps the major landmarks in the progression of shock physics.

The earliest compression experiments performed at Los Alamos used explosives as

their drive mechanism. By either placing an explosive lens in direct contact with the

sample [12], or by using one to launch a flyer plate at several kilometres per second

toward the sample [18], transient pressures of order 100 GPa could be induced.

While scientists at Los Alamos had honed this method to an exact science, the

maximum pressures attainable via explosive loading were ultimately limited by the

explosive’s detonation velocity. This ceiling was broken through with the invention

of the two-stage gas gun [19] in 1957. Such a gun uses an explosive to propel a

piston into an antechamber containing a light gas, which it compresses to around

ten thousand atmospheres. The pressurised gas suddenly tears open a rupture disk

at the far side of the chamber, behind which is an evacuated barrel containing a

projectile to which the gas then rapidly transfers kinetic energy. A hypervelocity

impact between the projectile and a target near the muzzle, whose relative velocity

can approach 10 km s−1 [20], may generate pressures as high as 1 TPa3 [22].

In the 1960s, a fundamentally different means of shock wave generation became

available in the form of laser ablation. If a target is illuminated by an extremely

intense laser pulse, the concentration of the energy deposited into its surface is great

enough to convert it from a solid into a dense, high-pressure plasma. As the plasma

rushes away from the target, it imparts a strong impulse to the solid material below

it, and thus launches a compression wave into the target. High-power laser facilities

allowing compression to pressures exceeding 100 GPa now exist worldwide4; the very

largest laser systems [built primarily for the purposes of conducting inertial confine-

3 For comparison, the pressure at Earth’s core is thought to be around 0.35 TPa [21].
4 To generate beams of this intensity without destroying the internal optical components of the

laser itself requires a technique called chirped pulse amplification (CPA) [23], wherein one first

‘stretches’ the laser pulse, amplifies it, and then recompresses it immediately before it encounters

the target. So important was CPA for the realisation of high-power lasers that its inventors,

Donna Strickland and Gérard Mourou, were awarded the 2018 Nobel Prize in Physics.



4 1.2. HISTORICAL DEVELOPMENT

ment fusion (ICF) research] can comfortably realise shock pressures of several [24]

to tens [25] of terapascals. Laser compression platforms further have the advantages

of being able to operate at high repetition rates5, and their ability to accommodate

tailored compression profiles via temporal shaping of the pulse. Small lasers have

also found a role in the velocity interferometer system for any reflector (VISAR),

a diagnostic now widely used to track the rear-surface velocity of shocked targets,

replacing the contact-pin arrays used in the first half of the 20th century.

Experimental shock physics has been further transformed by a series of innova-

tions in x-ray science that have made x-ray crystallography on ultrafast timescales

practicable. The first x-ray diffraction image of a sample under shock compression

was not obtained until 1970. In 1967, Quintin Johnson and coworkers showed that

by using a powerful ‘flash’ x-ray tube, they could obtain diffraction patterns from

lithium fluoride (LiF) crystals within a nanosecond interval – nine orders of mag-

nitude faster than conventional techniques [27]. Three years later, the same team

used this technology to record a diffraction peak from the (200) plane of a LiF tar-

get shocked to 13 GPa within a 20 ns experimental window [28], thus obtaining

conclusive evidence that crystalline order can exist behind a shock front. By 1989,

in situ x-ray diffraction had been pushed into the subnanosecond regime by Justin

Wark and coworkers. It was by that time realised that the dense plasmas generated

by laser ablation emit intense line radiation in the x-ray region over a timescale

comparable to the duration of the laser pulse [29]. Wark et. al. exploited this, using

one arm of the ICF-class laser Janus to create x-ray bursts of 100 ps duration from

a ‘backlighter’ target, which were allowed to illuminate silicon targets shock com-

pressed simultaneously with Janus’ other arm [30]. By varying the delay between

the two beams, time-resolved images of the Si targets’ (111) diffraction peak could

be obtained at different stages in their evolution, allowing a ‘movie’ of their strain

evolution to be constructed. Laser-plasma x-ray sources have since been used exten-

sively at many international facilities [31–33], and in fact provided the first in situ

diffraction measurement of the polymorphic phase transition in iron at 13 GPa [31].

A third step change in x-ray source brightness came about with the activation of the

Linac Coherent Light Source (LCLS) in 2009. LCLS is the world’s first hard x-ray

5 The DiPOLE100 laser, for example, built at the Central Laser Facility (UK) and soon to be

installed at European XFEL (Germany), will be capable of launching shocks with strengths of

several hundred gigapascals ten times a second [26].
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free electron laser (XFEL), a machine that generates an exceptionally bright beam

of x-rays by rapidly ‘wiggling’ an incident stream of relativistic electrons. In 2013,

Despina Milathianaki and coworkers used the LCLS to capture with unprecedented

temporal resolution the evolution of shock-compressed copper using x-ray bursts of

only 48 fs duration [34]. XFELs have thus made it possible to take snapshots of a

shock-loaded solid’s atomic structure over timescales shorter even than the period

over which its constituent atoms execute thermal oscillations.

Concurrent to these experimental developments has been an ongoing increase

in accessible computational power, and the advent of high-performance computing

(HPC), whose benefits have of course been felt in many fields of modern physics.

For shock physicists, the greatest benefits have arguably been the realisation of two

computationally intensive simulation techniques: density functional theory (DFT),

a computational framework used to estimate the electronic structure of condensed

phases of matter; and molecular dynamics (MD) (the main technique employed

in this thesis), a simulation method that models matter at the level of its con-
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FIG. 1.1. The size of representative classical molecular dynamics simulations (expressed as

the product of the number of atoms and the time for which they were simulated) modelling

dynamic loading since 1970. Reasonable estimates have been made for studies employing

Lennard-Jones units. Data taken from Refs. [35–60] (cited in chronological order).
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stituent atoms by solving numerically the classical equations of motion governing

their dynamics. The earliest MD simulations of shock-compressed matter performed

between c. 1970 and 1990 (pioneered by Brad Lee Holian [36, 37, 61]) were severely

hampered by their computational cost, which only allowed systems of a few thou-

sand atoms to be modelled for perhaps tens of picoseconds. Such constraints on a

simulated system’s size are now known to artificially inhibit certain means of defor-

mation [62]. It was in the 1990s that a rapid proliferation of supercomputing and

distributed computing facilities raised the manageable system size from thousands

to millions of particles (see Fig. 1.1). One can now routinely model micron-scale

materials over hundreds of picoseconds, exactly the spatiotemporal scales pertinent

to shock compression. MD has since been able to reproduce a number of shock-

induced phenomena observed in experiment, including the phase transition in iron

originally observed by Bancroft [44], the inelastic collapse of silicon [63], and the

shock-induced rotation of tantalum [64].

1.3 Material strength

The physics of crystalline matter undergoing dynamic compression is made particu-

larly rich by the phenomenon of strength. Under weak loading, a crystal can accom-

modate the imposed deformation elastically, which is to say that it will return to its

original size and shape once the sample unloads. However, when shock-compressed

above its elastic limit, the crystal will flow somewhat like a liquid (albeit in a highly

restricted manner) to relieve the shear stress accumulated during compression. This

is known as plastic deformation. Flow of this kind continues until the shear stress

drops below an ultimate limiting value known as the material strength. Strength is

responsible for a number of interesting behaviours: it is well-known to cause shock

waves to split into elastic and plastic fronts [10]; it can suppress the Rayleigh-Taylor

instability [65]; and it can in fact shift the position of phase boundaries [66]. Strength

is also challenging to measure experimentally, and exceptionally difficult to model,

depending as it does on temperature and pressure, on the amount of deformation

accumulated, and the deformation rate. To construct a complete model for material

strength in the kind of extreme conditions accessible via shock compression remains
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one of shock physics’ greatest challenges.

This thesis details studies of two further phenomena ultimately attributable to

strength that have received little serious attention to date, namely the roles of grain

interactions and of plastic-work heating under dynamic loading conditions. The

material of study throughout will be tantalum, an archetypal body-centred-cubic

crystal that makes an ideal testbed for our understanding of strength due to its

complex plastic behaviour and lack of phase transitions. The principal means of

investigation is via large-scale molecular dynamics simulations, whose ability to

explain the lattice-level processes at work during shock compression is unmatched.

1.4 Thesis layout and role of the author

The nature of high-energy-density research is such that large collaborative efforts are

often required, and this is certainly true of the work described in this thesis. Much

of the data studied herein was acquired either at national experimental facilities like

LCLS (where the experiments are by necessity carried out by a team of researchers

and staff scientists) or using exceptionally powerful external HPC resources that

cannot typically be found in a university environment. The analysis of this data, too,

was accomplished with the aid of many invaluable contributions from the author’s

colleagues and collaborators. The following section summarises the content of the

thesis, and makes clear which parts are the original work of the author, and which

can be credited to other researchers.

Chapter 2 outlines the background theory underlying the research presented in

this thesis. It is divided into four sections describing the basics of crystal plasticity,

x-ray diffraction, shock waves, and molecular dynamics simulations. Its content is

derived from a number of textbooks (references to which are provided at the start

of the chapter) and various other sources that are cited as and when they are used.

Chapter 3 describes the postprocessing techniques used to extract information

from molecular dynamics simulations. The attributions for the techniques in the

order in which they are presented are as follows. The Voronoi code is the work of

Chris Rycroft. The elastic deformation gradient code is the work of the author.

The two Fourier transform codes described are heavily based on a code written by
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Andrew Higginbotham. The original common neighbour analysis (CNA) technique

was conceived by J. Dana Honeycutt, the adaptive version (a-CNA) by Alexander

Stukowski; the implementation used here was written by the author. The vacancy-

counting algorithm and code is the work of the author. The dislocation extraction

algorithm (DXA) is the work of Alexander Stukowski and coworkers. The slip vec-

tor analysis (SVA) and template-matching technique (TMT) were conceived and

implemented by the author, though similar methods have been derived indepen-

dently in the past. The elastic deformation gradient, vacancy-counting, SVA, and

TMT codes all employ a neighbour-list code originally written by Andrew Higgin-

botham. The simulation presented at the end of the chapter, which demonstrates

the postprocessing techniques in action, was performed by the author.

Chapter 4 describes a molecular dynamics simulation campaign designed to

elucidate the physics of grain interactions under shock conditions. The behaviour of

two elementary types of tantalum polycrystal under shock compression is compared

with that of a single-crystal analogue, and used to isolate the additional physics that

manifests when grains are allowed to exert forces on one another. It is shown that

grain interactions partially control the plasticity mechanisms active under shock

compression, and bring about an additional means of shear stress relaxation. The

original motivation and concept for the study were formulated by Matthew Suggit,

Justin Wark, David McGonegle, and Andrew Higginbotham. The simulations were

designed and analysed by the author. While many of the simulations were executed

on a computing cluster at Oxford, the largest polycrystal simulations were executed

by Nigel Park using HPC resources at AWE (and their output analysed by the

author). The work in this chapter is published in Physical Review Materials [67].

Chapter 5 presents the results of an experiment in which the temperature of

shock-loaded tantalum foils is measured after their release from the shock state by

use of in situ x-ray diffraction. The experimental geometry, the targets probed,

and the diagnostics used are described. The algorithm used to extract temperatures

from the targets’ diffraction pattern is derived and verified on synthetic data from

large-scale molecular dynamics simulations. The algorithm is then applied to real

data, and used to show the temperatures vastly exceed that expected from an isen-

tropic release. Some small-scale simulations that reproduce the gross features of the
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experimental data are finally presented and discussed. The experiment described

was performed by Christopher Wehrenberg, David McGonegle, Cynthia Bolme, An-

drew Higginbotham, Amy Lazicki, Hae Ja Lee, Bob Nagler, Hye-Sook Park, Bruce

Remington, Damian Swift, and Justin Wark. The experimental data was prepro-

cessed using codes by David McGonegle. The temperature extraction algorithm

was derived independently by Marcin Sliwa and the author. The validation of the

algorithm using molecular dynamics was performed by the author. Application of

the algorithm to the experimental data and calculation of the attendant errors was

the sole work of Marcin Sliwa. The design and analysis of the simulations presented

at the end of the chapter are the work of the author.

Chapter 6 is a continuation of the previous chapter in which the excessive heat-

ing suffered by tantalum foils after shock release is studied in detail via large-scale

molecular dynamics simulations. The temperature evolution of releasing tantalum

crystals is interpreted using a heat equation, which contains contributions from ther-

moelastic cooling, plastic-work heating, and effects arising from crystal defects. The

variation of the heating with depth below the crystal’s surface is further analysed.

The simulations were designed and analysed by the author, with the aid of many

helpful suggestions provided by Justin Wark and David McGonegle. The simulations

were executed by Robert Rudd using the HPC resources at Lawrence Livermore Na-

tional Laboratory. The essential parts of this chapter and of Chapter 5 are published

in Physical Review Letters [68].

Chapter 7 summarises the conclusions drawn from the thesis and speculates on

routes for further work.

1.5 Relevant publications

1. P. G. Heighway, M. Sliwa, D. McGonegle, C. Wehrenberg, C. A. Bolme, J.

Eggert, A. Higginbotham, A. Lazicki, H. J. Lee, B. Nagler, H.-S. Park, R. E.

Rudd, R. F. Smith, M. J. Suggit, D. Swift, F. Tavella, B. A. Remington, and

J. S. Wark, Nonisentropic Release of a Shocked Solid. Phys. Rev. Lett. 123,

245501 (2019).

2. P. G. Heighway, D. McGonegle, N. Park, A. Higginbotham, and J. S. Wark,
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chapter 2

Background theory

The following chapter lays out the theory underlying the work in this thesis. It is

divided into four sections: Sec. 2.1 explains what a crystal is and how it deforms

when subjected to stress; Sec. 2.2 reviews the basics of x-ray diffraction and the

operating principle of a free-electron laser; in Sec. 2.3, the fundamentals of shock

physics are presented; and Sec. 2.4 describes the molecular dynamics simulation

technique. Most of the material herein can be found in textbooks [69–73]; any that

cannot will be referenced at the appropriate point in the text.

2.1 Crystal plasticity

2.1.1 Crystal structure

A crystal is a solid whose constituent atoms or molecules form a periodic structure.

This structure can be expressed as a structural motif (or basis) that is repeated at

every point on an infinite array (known as the lattice). The underlying lattice can

be constructed by taking all integral linear combinations of an appropriately chosen

set of noncoplanar primitive lattice vectors {ai}:

Rlattice = n1a1 + n2a2 + n3a3, (2.1)

where n1, n2, and n3 are integers, and a1 ·(a2×a3) 6= 0. The primitive lattice vectors

form the edges of a parallelepiped called the primitive unit cell. When such a cell

and its contents are repeated at every lattice point given by Eq. (2.1), they exactly

fill all space, and form an infinite crystal structure. Note that the choice of unit cell

for a given lattice type is not unique. As shown in Fig. 2.1, it is possible to construct

other primitive unit cells that also tessellate perfectly and contain exactly one lattice

point. Alternatively, one can construct bigger unit cells enclosing multiple lattice

points that only tessellate when translated by certain, non-primitive lattice vectors.
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a1
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a1
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` `
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FIG. 2.1. A two-dimensional lattice constructed from primitive lattice vectors a1 and a2,

and several of its possible unit cells. Cells (a) and (b) are primitive unit cells, and (c) is

a larger, conventional unit cell containing two lattice points.

The virtue of using this larger conventional unit cell is that the way it tessellates

with its neighbours is often more intuitive, and it can be chosen such that it possesses

the same symmetry as the lattice it describes.

Lattices can be divided into several categories according to their symmetries. One

of the broadest categories is the so-called lattice system, of which there are seven.

Each system contains all lattices sharing the same set of point groups, i.e. groups

of symmetry operators that leave one common point in the lattice unchanged, and

map all other points onto one another. Every lattice belonging to the cubic lattice

system, for example, is invariant under the same five point groups, common to all

of which are the four threefold rotation operators about the body diagonals that are

characteristic of cubic symmetry. Certain of these lattice systems may be further

subdivided according to the space groups under which they are invariant, which

comprise both pointlike symmetry operations and translations (and compositions

thereof). This distinction allows the cubic lattice system to be further decomposed

a3fcc

a2fcc
a3

a2bcca3bcc

a1bcc
a1

a2
a1fcc

(a) (b) (c)

FIG. 2.2. Conventional unit cells for the (a) simple-cubic, (b) body-centred-cubic, and (c)

face-centred-cubic lattices.
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into the simple-cubic (sc), face-centred-cubic (fcc), and body-centred-cubic (bcc) lat-

tices, whose conventional unit cells are shown in Fig. 2.2. When differentiated by

space groups, one finds that 14 distinct three-dimensional lattice types exist, which

are conventionally called Bravais lattices after Auguste Bravais, the first to enumer-

ate them in 1848 [74]. For detailed discussions of crystallographic space groups, and

their rather complex taxonomy, the reader is referred to Refs. [75, 76].

The crystal basis is the set of atoms or molecules positioned around each Bravais

lattice point. The position of any atom α in the crystal may be expressed as

xα = Rlattice + rbasis, (2.2)

where rbasis gives the location of α within its unit cell. Fig. 2.3 shows how some

familiar crystals can be built using an fcc lattice convolved with an appropriately

chosen basis. Tantalum, the metal of study in this thesis, has a plain bcc crystal

structure. This is to say that its structure can simply be described using a bcc

copper diamond salt water ice (I )c

Cu
C

C
Na Cl

H O2

H O2

lattice

basis

crystal

FIG. 2.3. Examples of crystal structures with an underlying fcc lattice. Copper has a plain

fcc structure, with one Cu atom at each lattice site. Diamond has a basis of two C atoms

displaced by 1
4 [111]. The relatively rare cubic form of ice has an analogous structure. Rock

salt comprises sodium and chlorine atoms arranged on fcc lattices separated by 1
2 [100].
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lattice with an atom situated at each lattice point:

Rlattice = n1a
bcc
1 + n2a

bcc
2 + n3a

bcc
3 , (2.3a)

r1 = 0, (2.3b)

where {abcc
i } is the set of bcc primitive lattice vectors. However, as noted above,

this formulation is not particularly intuitive. Instead, we will use the conventional

description of bcc crystals, which is as a simple cubic lattice with a two-atom basis:

Rlattice = n1a1 + n2a2 + n3a3, (2.4a)

r1 = 0, r2 =
1

2
(a1 + a2 + a3), (2.4b)

where {ai} denotes the set of orthogonal sc lattice vectors pictured in Fig. 2.2(a).

2.1.2 Directions and planes

Vectors expressing lattice directions or atomic coordinates are conventionally ex-

pressed in terms of the chosen lattice vectors as [uvw], where

[uvw] ≡ ua1 + va2 + wa3. (2.5)

Since the indices u, v, and w are not comma-separated, an overbar is usually used

to denote a negative index, e.g. −2 would be rendered 2̄. A family of symmetrically

equivalent directions is denoted using angled brackets. For instance, the set of

vectors joining an atom to its eight nearest neighbours in a bcc crystal would, with

our choice of lattice vectors, be expressed as 1
2
[111], 1

2
[1̄11], 1

2
[11̄1], ... ≡ 1

2
〈111〉.

In many cases, however, it is more useful to think of a crystal not as a set of

points, but as a set of planes. The most widely used system for enumerating lattice

planes employs Miller indices to express their intersections with the unit cell axes.

Let the coordinate system be chosen such that one lattice plane of interest contains

the origin O, as in Fig. 2.4. The next adjacent plane, whatever its orientation and

spacing, will intercept the unit cell axes at the positions a1/h, a2/k, and a3/l, where
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a2
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a2
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a1
h

a3
l

Ghkl

O

FIG. 2.4. A set of lattice planes denoted by Miller indices (hkl) and their intersections

with the primitive lattice vectors {ai}. Also shown is their associated reciprocal lattice

vector Ghkl, to which their surfaces are normal.

the Miller indices h, k, and l are strictly integer values6. The set of planes described

by these Miller indices is denoted as (hkl). By analogy with the notation for lattice

directions, families of symmetrically equivalent lattice planes are denoted with curly

brackets, e.g. (100), (010), (001), (1̄00), ... ≡ {100}.

2.1.3 The reciprocal lattice

Suppose the normal to the plane (hkl) can be expressed generally as

Ghkl = hb1 + kb2 + lb3, (2.6)

where {bi} is a set of appropriately chosen noncoplanar vectors. From Fig. 2.4, we

see that the vector joining (say) a1/h to a2/k must be normal to Ghkl. So,

0 =
(a2

k
− a1

h

)
· (hb1 + kb2 + lb3) (2.7a)

=

[
h

k
(a2 · b1) +

l

k
(a2 · b3)− k

h
(a1 · b2)− l

h
(a1 · b3)

]
+ [a2 · b2 − a1 · b1] (2.7b)

6 The limiting case of (e.g.) h = 0 means the plane intercepts the vector a1 at infinity, which is

to say, not at all.
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To make certain that the contents of both brackets vanish for any h, k, and l, the

set of vectors {bi} can be chosen such that

ai · bj = Cδij, (2.8)

where δij is the Kronecker delta, and C is some arbitrary constant whose value

(which determines the magnitude of the vector Ghkl) can be chosen freely. For

reasons that will become clear later, it is convenient to define Ghkl such that its

length is equal to 2π/dhkl, where dhkl is the separation of the planes it describes.

This distance can be calculated by projecting a vector joining points on adjacent

planes onto the unit normal. Applying this reasoning to the points 0 and a1/h gives

2π

Ghkl

=
(a1

h
− 0
)
· Ghkl

Ghkl

(2.9a)

=⇒ 2π = C. (2.9b)

In order that each bj satisfy the relation ai ·bj = 2πδij, the following construction

can be used:

b1 = 2π
a2 × a3

a1 · (a2 × a3)
, (2.10a)

b2 = 2π
a3 × a1

a2 · (a3 × a1)
, (2.10b)

b3 = 2π
a1 × a2

a3 · (a1 × a2)
. (2.10c)

These are known as the reciprocal lattice vectors. When all possible linear superposi-

tions of them are taken together, i.e. when one considers every possible vector Ghkl of

the form given by Eq. (2.6), one obtains another lattice called the reciprocal lattice.

It provides an alternative expression of the original lattice in terms of the planes

formed by its constituent points, and it is vital in the context of crystallography, as

will be shown in Sec. 2.2.

An interesting property of the reciprocal lattice vectors is that they identically
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satisfy the following relation for every real lattice vector R = [uvw]:

eiG·R = ei(hkl)·[uvw] (2.11a)

= e2πi(hu+kv+wl) (2.11b)

= 1. (2.11c)

This identity will be used in Sec. 2.2.1 to derive the conditions for x-ray diffraction.

2.1.4 Single crystals and polycrystals

Only rarely do real crystal samples have a perfect, continuous crystal structure that

extends all the way to their surface. Most macroscopic crystalline solids are actually

an aggregate of a huge number of relatively small crystallites (or grains) called a

polycrystal. The atoms within each grain are arranged on their own lattice, but the

crystallographic orientation of each grain differs from that of its neighbours. The

surfaces where adjacent grains meet are called grain boundaries, and the local atomic

arrangement on such a boundary necessarily differs from that of a perfect crystal,

as illustrated in Fig. 2.5. Grain boundaries are thus an example of an extended

crystal defect, i.e. an interruption of the ordinary crystal structure. Several other

species of crystal defect will be encountered in this thesis. A polycrystal composed

of nanometre-scale grains is sometimes called a nanocrystal.

FIG. 2.5. Diagram of a cross-section of a polycrystal, with solid lines indicating grain

boundaries. Shown also is a closeup of a junction between three grains illustrating local

atomic disorder at the grain boundaries.
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The term texture refers to the statistical distribution of grains in a polycrystal.

Their crystallographic texture describes their distribution of orientations, while their

morphological texture refers to how their shapes are distributed. It is known that

under ambient conditions at least, a crystal’s texture influences many of its macro-

scopic physical properties, such as its strength, conductivity, and refractive index

[77]. The role of texture in a crystal’s response to shock compression, meanwhile, is

relatively poorly understood due to its being difficult to diagnose. Chapter 4 of this

thesis explores the influence of texture on a shock-loaded crystal’s stress and strain

state during shock compression, the theory for which will now be introduced.

2.1.5 Stress

To understand how a crystal structure deforms when subjected to the extreme forces

attending shock loading, it is necessary first to formalise the concepts of mechanical

stress and strain.

Consider an homogeneous substance that is divided in two by a plane with out-

ward unit normal n̂. For an isotropic substance, like an ideal gas, the outward force

acting on any unit area of this plane (known as the traction) is uniquely determined

by the scalar pressure p:

Tn̂ = n̂ p. (2.12)

That is, the force always acts normal to the plane, and the total force exerted per

unit area (or stress) is independent of the plane’s orientation. In an anisotropic

material like a crystal, however, the magnitude of the traction can vary depending

on the direction of n̂. Moreover, there is no guarantee that the traction will be

normal to the plane on which it acts, which is to say that a crystal can support

shear stress. To account for the crystal’s being nonhydrostatic, we must replace the

scalar p with the Cauchy stress tensor σ, which is defined such that

Tn̂ = n̂ · σ. (2.13)

To constrain fully the nine components of σ, one can calculate the tractions acting

on three mutually perpendicular planes (with outward normals 1̂, 2̂, and 3̂), and
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FIG. 2.6. Tractions acting on a material element and their resolution into components

along orthogonal coordinate axes, which define the Cauchy stress tensor elements σij .

resolve each traction in those same three directions:

σnm = [Tn̂] · m̂ (2.14a)

=


σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

 . (2.14b)

Element σ11, for instance, gives the stress acting normal to the plane aligned with

direction 1̂, while σ23 denotes the shear stress acting along the 3̂ direction on the

plane normal to 2̂ (see Fig. 2.6). In mechanical equilibrium, it turns out that σ must

be symmetric (i.e. σji = σij) if angular momentum is to be conserved. The stress

tensor therefore comprises six independent elements under static conditions.

If σ is known, it is possible to resolve the stress acting on any plane in any

direction. As it is ultimately the complete shear stress state of the crystal that

determines which deformation modes will be activated by the shock loading process,

knowing σ is key to predicting and understanding its response. This idea will be

developed further in Sec. 2.1.8.

The sign convention used throughout this thesis treats positive normal stresses as

being compressive, and negative stresses as tensile. Whenever the equivalent scalar
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pressure p is quoted, the following definition is being used:

p =
1

3
(σ11 + σ22 + σ33) . (2.15)

This pressure is frame-independent, as it is proportional to the trace of σ.

2.1.6 Strain

When subjected to stress, the shape, size, and orientation of a crystal may change.

The following section outlines the kinematics used to quantify the extent and nature

of this deformation.

Suppose that each element of a material, with initial position X, moves to position

x after deformation. We assume that the deformation is ‘well-behaved’, in the sense

that x = x(X) is a smooth, differentiable function of the initial coordinate X. The

remapping is usually expressed in terms of a displacement field u(X):

x(X) = X + u(X). (2.16)

If u is a constant, the material experiences a rigid body translation. For a material

to experience actual deformation, the displacement field must be inhomogeneous

(though this is a necessary rather than a sufficient condition, as we will see). Locally,

the warping engendered by the variation of u is characterised by the deformation

gradient tensor F (X), which is defined as

F =
∂x

∂X
(2.17a)

= I +
∂u

∂X
. (2.17b)

Since any of the three components of the displacement field can vary in any of the

three spatial dimensions, F generally has 3 × 3 = 9 nontrivial elements, i.e. it is

a second-rank tensor, like σ. The utility of F is made more apparent when one

considers how the separation of two nearby points in the material transforms fol-

lowing deformation. Suppose their initial displacement, R = X2−X1 is sufficiently

small that the curvature of the displacement field u is locally negligible. Then their
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separation after deformation reads

r = x2 − x1 (2.18a)

= (X2 −X1) + [u(X2)− u(X1)] (2.18b)

= (X2 −X1) +

[
u(X1) +

∂u(X1)

∂X
(X2 −X1)− u(X1)

]
(2.18c)

=

[
I +

∂u(X1)

∂X

]
R (2.18d)

r = FR. (2.18e)

Thus, the deformation gradient is simply the linear operator that transforms unde-

formed line elements into deformed ones.

However, F 6= I does not necessarily imply that the material has ‘deformed’ –

in principle, F could represent a rigid body rotation, in which case neither the size

nor the shape of the material changes. To ‘factor out’ any reorientation encoded by

F , one can calculate its polar decomposition. Such a decomposition expresses F as

either a pure strain followed by a rotation, or vice versa, as in Fig. 2.7:

F = RU (2.19a)

= V R, (2.19b)

where R is a rotation operator, and U = UT and V = V T are the so-called right and

left stretch tensors, respectively. These tensors encode that part of the mapping that

leads to actual deformation of the material, and so contributes to internal stress.

Tensor U expresses the strain in a frame that rotates with the material, while V

gives the strain in the ‘laboratory’ frame. Note that since the stretch tensors are

symmetric, they each contain six independent elements, like σ; the rotation matrix

R takes the remaining three of F ’s nine degrees of freedom.

There exist many different measures of strain that can be derived from the stretch

tensor(s). Perhaps the most common measure is the engineering (or sometimes the

Biot) strain. The elements of the engineering strain tensor e are defined such that
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U = I + e, that is,

Uij =


1 + e11 e12 e13

e12 1 + e22 e23

e13 e23 1 + e33

 . (2.20)

The on-diagonal elements eii are the normal strains, and the off-diagonal components

eij ≡ 1
2
γij are the shear strains. Their meaning becomes clearer when one considers

how two initially perpendicular line elements in the 12 plane transform under the

action of a two-dimensional stretch tensor. If these elements are at first described

by the vectors P = (l0, 0) and Q = (0, l0), after deformation they read

p =

[
(1 + e11)l0,

1

2
γ12l0

]
, (2.21)

q =

[
1

2
γ12l0, (1 + e22)l0

]
. (2.22)

In the absence of shear, then, the normal strains e11 and e22 simply give the fractional

F
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FIG. 2.7. A two-dimensional material element before and after application of a deformation

gradient F . Shown also are intermediate configurations obtained by applying either the

stretch U first (followed by a rotation R) or the rotation R first (followed by a stretch

V 6= U). The strains chosen to generate this figure were e11 = 0.2, e22 = −0.10, and

γ12 = 20× π/180. The rotation angle was 20◦.
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changes in the length of sample along their respective coordinate axes. In a state

of pure shear, meanwhile, one can show using the dot product of p and q that the

change in angle δ made between the line elements satisfies

cos
(π

2
− δ
)

=
2× 1

2
γ12

1 + (1
2
γ12)2

. (2.23)

To leading order, then,

δ = γ12. (2.24)

In some circumstances, it is more natural to use the true strain ε, whose normal

components are defined such that a small change in the material’s current length l

effects a strain of

dε =
dl

l
(2.25)

=⇒ ε = ln

(
l

l0

)
(2.26)

Since the equivalent engineering strain e would be (l − l0)/l0,

ε = ln(1 + e). (2.27)

The two strain measures converge in the limit of infinitesimal deformations. All

strains quoted throughout this thesis are true strains. As with stress, we will adopt

a sign convention that means compressive strains (i.e. those leading to a reduction

in volume) are denoted as positive.

2.1.7 Elasticity and plasticity

The preceding section described strain in an entirely ‘microstructure-agnostic’ sense.

That is, it was ignorant of how strain is actually realised in crystalline matter at the

atomic level. The next few sections illustrate the two fundamentally different ways

a crystal can accommodate an imposed strain, namely by either elastic or plastic

deformation. To illustrate the physics, we will follow the progress of a single cubic

crystal as it undergoes compression up to and then beyond its yield point.
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Consider the region of crystalline matter pictured in Fig. 2.8(a). It has an sc

structure, and has its 〈100〉 directions aligned with the coordinate axes. The region

in question spans 16 unit cells along the z direction (which will be the loading axis),

and so has a total initial length of L0 = 16 a, where a = ‖a3‖. We imagine that the

crystal pictured constitutes only a small part of a much larger sample, which is to

say that it is surrounded on all sides by identical crystalline matter. By symmetry,

this means the pictured region cannot expand in the transverse directions (or barrel)

in response to loading. This is known as lateral confinement. Now suppose that the

ends of the crystal are slowly (quasistatically) forced together along the z direction

through a distance ∆L(t). How will the crystal respond?

Initially, the compression simply causes the crystal’s interplanar spacing parallel

to the loading direction to decrease, as shown in Fig. 2.8(b). Such deformation is

described as elastic. Elastic deformation is reversible, which is to say that if the

ends of the crystal were returned to their original positions, the final configuration

σ

σzz

σxx

2

2 c

Elastic
regime

Plastic
regime

Pe
rfe

ct
-p

las
tic

W
or

k-
ha

rd
en

in
g

Y
ield point

(a) (b) (c)

(d)

m

n

1 2 3 4 5 6 7 9 10 11 12 13 14 15
8

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

a3

a1

LΔ

L0

a2

(a)

(b)

(c)

εzz
FIG. 2.8. Yield behaviour of a single cubic crystal uniaxially compressed along the z direc-

tion. (a) The crystal’s initial configuration. (b,c) The crystal’s configuration immediately

before and after the yield point. On reaching strain ezz = ∆L/L0, the crystal yields on

a n̂ = (1̄01) plane, undergoing shear motion along the m̂ = [101] direction. (d) Normal

stresses along x and z as a function of applied longitudinal strain. The crystal yields when

the shear stress τ = 1
2(σzz − σxx) reaches critical value τc. Beyond this point the limiting

shear stress likely grows with strain due to work hardening.
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of the crystal would be the same as before compression.

In the elastic regime, the crystal’s stress state (which is fundamentally governed

by the spacing and angles made between atoms) is a unique function of the applied

strain. To leading order, the relation between stress and strain is linear:

σij = Cijklεkl. (2.28)

Here, C is the fourth-rank stiffness tensor containing the crystal’s various elastic

moduli. Generally speaking, C comprises some 34 = 81 elements. As explained

in previous sections, however, both σ and ε only contain six independent elements

each in equilibrium, which reduces the number of independent elements in C to 36.

This makes it practicable to express the constitutive relation between σ and ε using

Voigt notation, in which the stress and strain are written as vectors and the stiffness

tensor as a 6× 6 matrix:

σxx

σyy

σzz

σyz

σxz

σxy


=



C11 C12 C13 C14 C15 C16

C21 C22 C23 C24 C25 C26

C31 C32 C33 C34 C35 C36

C41 C42 C43 C44 C45 C46

C51 C52 C53 C54 C55 C56

C61 C62 C63 C64 C65 C66





εxx

εyy

εzz

εyz

εxz

εxy


. (2.29)

When one further takes into account the manifold symmetries of a cubic crystal, one

finds that only three of the above moduli are actually independent of one another.

For our sample for which the 〈100〉 directions are aligned with the coordinate axes,

the constitutive relation reduces to

σxx

σyy

σzz

σyz

σxz

σxy


=



c11 c12 c12 0 0 0

c12 c11 c12 0 0 0

c12 c12 c11 0 0 0

0 0 0 c44 0 0

0 0 0 0 c44 0

0 0 0 0 0 c44





0

0

εzz

0

0

0


, (2.30)
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where the minuscule c’s denote the three independent cubic elastic constants, and

εzz = ln(1 + ∆L/L0). The normal stresses thus scale with ∆L according to σzz =

c11εzz and σxx = σyy = c12εzz, with the latter scaling somewhat slower since c12 < c11.

The purely elastic response cannot continue without limit. Consider the (1̄01)

plane pictured in Fig. 2.8(b), whose normal is given approximately by n̂ = 1√
2
(−1, 0, 1).

According to Eq. (2.13), the traction acting on this plane reads

Tn̂ =

(
− 1√

2
, 0,

1√
2

)
·


σxx 0 0

0 σxx 0

0 0 σzz

 (2.31a)

=
1√
2

(−σxx, 0, σzz) . (2.31b)

The component of this traction acting in the [101] direction, which can be approxi-

mated as m̂ = 1√
2
(1, 0, 1), is

τ =
1

2
(σzz − σxx) > 0. (2.32)

So, although the shear stresses acting on the planes normal to the coordinate axes

might be zero, there is considerable shear stress acting on this inclined (1̄01) plane,

and indeed on every plane oblique to the loading axis7. While a solid can tolerate

some degree of shear, there will come a point at which the shear stress acting on

some plane reaches a critical value τc, beyond which the attendant deformation can

no longer be accommodated elastically. If further loaded above this elastic limit,

the crystal will either fracture, or it will deform plastically.

An illustration of the deformation the crystal might suffer just after yielding is

given in Fig. 2.8(c). In this instance, the shear stress acting on one of the crystal’s

(1̄01) planes has built to such a level that it temporarily fails, and allows an entire

block of the crystal to slide over another. This plastic deformation mode sees atoms

immediately above and below the slip plane become displaced by a whole lattice

vector. This changes the deformation state of the crystal in two important ways.

7 For any nontrivial stress state, the shear acting on almost any plane in almost any direction is

nonzero. However, in shock physics the shear stress τ = 1
2 (σzz − σxx) acting on planes at 45◦

to the loading direction is often called the shear stress. These planes suffer the greatest shear

stress of any plane for the largely diagonal stress state present under shock conditions.
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First, note that by undergoing this coordinated slipping motion, the crystal has

actually succeeded in changing the number of atomic planes in each direction: where

once it spanned 16 unit cells along z, it now spans only 15. The atoms are thus

allowed to move apart in the loading direction. Conversely, the number of transverse

crystal planes [of the type (100)] locally increases from four to five. As the crystal

is laterally confined, this causes the atoms to bunch together along the x direction.

The result of this reconfiguration is to decrease σzz and to increase σxx, which,

according to Eq. (2.32), relieves the very shear stress driving the deformation. As

long as the crystal can keep flowing plastically, then, the shear stress τ cannot grow

any higher than the material’s strength τc. Often, the strength of a metal increases

with the amount of plastic deformation it has undergone [as pictured in Fig. 2.8(d)],

a phenomenon known as work hardening. This hardening results from interactions

between dislocations, which will be described in the next section.

Second, we see that the material in proximity to the slip plane has rotated slightly.

When the crystal slips, the blocks of material above and below the slip plane become

laterally displaced from one another. Such displacement is forbidden, however, by

the fact that the crystal region is laterally confined. To compensate, the crystal

rotates in the vicinity of the slip plane, with the sense of the rotation being such

that the slip direction (in this case, [101]) rotates away from the loading axis.

In the plastic regime, it is necessary to distinguish which parts of the deformation

are owed to irreversible, plastic deformation, and which are purely elastic. This is

conventionally done with a multiplicative elastoplastic decomposition, in which the

total deformation gradient F is expressed as

F = F eF p. (2.33)

In essence, the plastic deformation gradient F p first maps each atom into its new

unit cell, then the elastic deformation gradient F e distorts and rotates the unit cell

to reproduce the final atomistic configuration. It is F e, then, that actually tells us

how neighbouring atoms are arranged, and so what kind of forces they exert on one

another. Therefore the constitutive relation in Eq. (2.28) should be amended to

σ = Cεe, (2.34)
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where εe refers to the elastic portion of the total strain, obtained from the polar

decomposition of F e.

Fig. 2.8(c) gave only one example of how plastic deformation might be realised

in a compressed crystal. In reality, there is almost always more than one means of

deforming available to any given crystal, and the nature and multiplicity of these

deformation modes depends on the crystal structure. In the following sections,

descriptions of the two plasticity mechanisms prevalent in bcc crystals like tantalum

will be given, along with a discussion of dislocations, the mediators of plastic flow.

2.1.8 Dislocations

Were it really the case that entire blocks of a crystal slid past one another like rigid

bodies during plastic deformation, as Fig. 2.8 suggests, the typical strength of a

metal would be of order G/(2π) [78], where G is the shear modulus. The notional

strength of tantalum, for example, for which G = 69 GPa [79], would therefore be

around 11 GPa. Tantalum actually yields between 0.18 and 0.40 GPa [80, 81]. A

more nuanced theory of plasticity that can account for this vast discrepancy was

first put forward in 1934 in separate papers by Egon Orowan [82], Michael Polanyi

[83], and G. I. Taylor [84]. The authors posited that atoms in a slip plane do not

in fact move as one, but piecemeal. That is, there should exist a boundary within

the slip plane that separates atoms that have slipped from those that have not,

and grows as plastic deformation proceeds. The arrangement of the atoms in the

immediate vicinity of such a boundary would necessarily deviate from the usual

crystal structure, which is to say that the boundary would constitute a linelike

crystal defect. Taylor named these defects dislocations. By localising slip to the

vicinity of the dislocation, one only has to break a few atomic bonds at a time

to realise plastic deformation, rather than having to break every atomic bond in

the plane simultaneously. The existence of dislocations, which was unambiguously

confirmed in 1955 via electron microscopy8 [88], thus explains the surprisingly low

strength of the typical metal.

8 Earlier observations of dislocations do exist: the earliest, in fact, may have come from Obreimov

and Shubnikov in 1926 [85–87], who, upon viewing a deforming salt crystal under polarised light,

noticed the rapid transmission of ‘sharp bright lines’ (indicating distorted material) from one

side of the sample to the other. Taylor cited these observations in his 1934 paper [84].
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screw
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FIG. 2.9. Section of a dislocation loop (red) moving in a slip plane (grey) mediating

shear deformation in a block of sc crystal under the action of shear stress τ . Left: edge

dislocation viewed along the direction of the loop. Atoms below the slip plane are coloured

grey. The atomic bond rendered as a dashed line will be broken when the dislocation next

moves. Right: screw dislocation viewed from above the slip plane.

Fig. 2.9 illustrates part of a dislocation loop mediating shear deformation in a

block of simple-cubic crystal. The arrangement of the atoms in the core of the

dislocation differs dramatically depending on where along the dislocation loop one

looks. At its leading edge, atoms are slipping directly into unslipped material,

meaning the atoms above the slip plane are to some extent ‘bunched up’. Indeed,

when one views the crystal along the direction of the loop, it appears as if an extra

plane of atoms has been inserted (left of Fig. 2.9). This segment of the dislocation

is called an edge. On the sides of the dislocation loop, meanwhile, the atoms slip

parallel to the dislocation direction. This portion of the dislocation is referred to as

a screw, so-called because the atomic planes perpendicular to the dislocation form

a helter-skelter-like pattern (right of Fig. 2.9). Segments of the dislocation that

are neither parallel nor perpendicular to the slip direction are said to be of mixed

character. The character of a dislocation segment profoundly influences properties

such as its mobility under shear stress and the long-range stress field it generates.

Interestingly, screw dislocations uniquely can engage in cross-slip, meaning they can

transfer between different slip planes.

The most fundamental property of a dislocation is its Burgers vector b. It is the

lattice vector by which nearby atoms are displaced during slip. The Burgers vector
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of any given dislocation can be deduced using a construction formulated by Frederick

Frank [89] (based on earlier work by Johannes Burgers [90]). Far from a dislocation,

the local atomic arrangement is still consistent with a crystal structure, so the lattice

vector joining one unit cell to another is well-defined. If one draws a closed circuit

around the dislocation that passes exclusively through this ‘good’ material, and adds

up the lattice vectors used to traverse the circuit, one will find that the result is

nonzero. That sum is equal to b. An example of a Burgers circuit enclosing an

edge dislocation is shown in Fig. 2.10. The Burgers vector essentially quantifies the

direction and strength of the plastic deformation carried by the dislocation.

Plastic flow at the macroscopic level is realised by the concerted motion of many

millions of dislocations. According to the classic kinematic equation of Orowan [91],

a collection of dislocations moving in a given slip plane at average speed ν can

accommodate a plastic strain rate of

ε̇p = ρD‖b‖ν, (2.35)

where ρD, the dislocation density, is defined as the total length of dislocation present

per unit volume:

ρD =
LD
V
. (2.36)

Most any metal sample will already contain a population of dislocations, whose

density might vary between around 108 cm−2 (if it has previously been annealed,
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FIG. 2.10. Burgers circuit drawn around an edge dislocation with Burgers vector b = [100].
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or raised to a high temperature and allowed to cool) and 1012 cm−2 (if it has been

cold-worked, i.e. deliberately subjected to plastic deformation beforehand). Often,

the extreme plastic strain rates brought about by shock compression and release are

too great to be realised by the pre-existing dislocation population, necessitating the

creation of new dislocations. At relatively low strain rates, dislocations are primarily

generated from other defects – grain boundaries can act as dislocation sources, as

can other dislocations. If these heterogeneous nucleation processes are unavailable,

or are simply too slow, the crystal may resort to homogeneous nucleation, in which

dislocation loops are spontaneously generated from perfect, crystalline material.

A laterally confined crystal must usually slip in more than one direction to relieve

shear stress on all of its planes. It is observed, though, that crystals do not slip in

arbitrary directions, nor on arbitrary planes. In bcc crystals like tantalum, slip takes

place only in the 1
2
〈111〉 directions, i.e. along the shortest possible lattice vectors.

The planes to which the dislocations are confined are usually of the types 〈112〉,

〈110〉, and 〈123〉. A slip direction and slip plane taken together define a slip system.

Which of these systems will be activated on compression can be often predicted by

calculating the resolved shear stress τRSS acting upon them. This is the component

of the shear stress acting on plane (hkl) in the [uvw] direction, calculated as usual

using Eq. (2.14a):

τRSS =
[(hkl) · σ] · [uvw]

‖(hkl)‖‖[uvw]‖
. (2.37)

Plastic flow will take place most rapidly on slip systems with the greatest resolved

shear stress, and in fact can only take place if τRSS exceeds the material’s strength

τc. This is known formally as Schmid’s law 9.

2.1.9 Twinning

The discussion so far has been based around the assumption that when a crystal

yields, the atoms above and below the plane on which it fails suffer displacement by

a whole lattice vector. This does not have to be the case. Deformation twinning is

an alternative plasticity mechanism which, in bcc crystals, causes atoms in a {211}-
9 Literature on the Schmid law often expresses the resolved shear stress as τRSS = σ cos(φ) cos(λ),

where φ and λ are the angles made by the slip direction and slip plane normal with the compres-

sion direction. This represents a special case of Eq. (2.37) where all stresses but the longitudinal

stress σzz are zero, which is not applicable for a shock-compressed, laterally confined crystal.
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type plane to move by only 1
6
〈111〉 relative to the planes adjacent to it. As illustrated

in Fig. 2.11, this results in a reversal of the crystal’s stacking sequence. Ordinarily, a

bcc crystal can be built from an infinite repeating stack of six distinct {211} planes,

labelled A to F , in the order ABCDEFAB ... . Twinning locally reverses this

stacking sequence, such that it might read ABCDEFAFEDC ... . The result is

the formation of a reoriented crystal region called a twin that forms a mirror image

of the original crystal, from which it is separated by a twin (or sometimes habit)

plane. This plane constitutes a two-dimensional defect, like a grain boundary.

Twinning, too, is realised by the propagation of dislocations. Since their Burgers

vector constitutes only a fraction of a lattice vector, they are referred to as partial

dislocations, to distinguish them from the perfect dislocations that mediate slip.

When forced to deform plastically, tantalum responds via a mixture of dislocation

slip and deformation twinning. The relative abundance of each plasticity agent is

sensitive to the loading conditions: at higher temperatures, for example, slip tends

to become dominant, while twinning increases at higher strain rates. Combined with

its lack of phase transitions, this rich behaviour makes tantalum an ideal candidate

for studying crystal plasticity under high strain-rate and high pressure conditions.
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FIG. 2.11. Left: an ideal bcc crystal viewed along the [011̄] direction. Black and grey

atoms belong to separate (011̄) planes. The crystal can be thought of as a repeating

stack of inequivalent (2̄11) planes labelled A-F . Right: the same crystal after deformation

twinning. Successive (2̄11) planes are displaced by Burgers vector b = 1
6 [111] relative to

those adjacent to them, resulting in a local reversal of the stacking sequence.
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2.2 X-ray diffraction

When illuminated by hard x-rays, whose wavelength λ ∼ 1 Å is comparable to the

separation of its constituent atoms, a crystal behaves much like a three-dimensional

diffraction grating, and scatters the incident radiation into a discrete set of direc-

tions. The resulting diffraction pattern is directly related to the arrangement of

the crystal’s atoms. This simple observation was first demonstrated experimentally

in 1912 by Max von Laue, and so transformed the field of crystallography. There

now exist sources of x-rays so powerful that diffraction images of an evolving sample

may be obtained with subpicosecond exposure times, allowing the structure of even

a crystal relaxing in the wake of a shock wave to be resolved. The following section

reviews the basic theory of x-ray crystallography, and the diffraction geometry used

in the experiment studied as part of this thesis.

2.2.1 The Laue condition

Fundamentally, x-rays scatter from a crystal’s electrons. Consider, then, a single

electron with equilibrium position x that is illuminated by a plane electromagnetic

wave whose amplitude at x is the real part of

ψ0(x, t) = A(t)eik0·x, (2.38)

where A(t) = A0e
−iωt and k0 is the incident wavevector, whose direction gives the

propagation direction of the wave and whose magnitude is related to its wavelength

by k = ‖k0‖ = 2π/λ. Let us assume the electron reradiates the incident wave in

all directions like an ideal point source, and that it does so elastically, so that the

wavelengths of the incident and emergent waves are equal. The amplitude of the

emergent wave at some point r is therefore proportional to

ψ =
A(t)eik0·x

‖r− x‖
eik‖r−x‖. (2.39)

Now suppose we are interested only in the far-field limit, i.e. at locations a great

distance from the crystal in which the electron lives. This means that, for any elec-
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FIG. 2.12. A single electron isotropically reradiating a plane electromagnetic wave with

incident wavevector k0, as observed along the r̂ direction.

tron under consideration, ‖r‖ � ‖x‖. We are therefore justified in approximating

‖r− x‖ using the leading order of the Taylor expansion:

(r− x)2 = r2 − 2 r · x + x2 (2.40a)

≈ r2

(
1− 2 r · x

r2

)
(2.40b)

=⇒ ‖r− x‖ ≈ r
(

1− r · x
r2

)
. (2.40c)

We may thus approximate Eq. (2.39) as

ψ ≈ A(t)eik0·x

r
eik(r− r̂·x), (2.41)

where r̂ = r/r. Collecting terms that only involve x, one finds

ψ =
A(t)eikr

r
× e−i[(kr̂)−k0]·x. (2.42)

The combination kr̂ we rename k, which is effectively the wavevector of that part

of the scattered wave propagating along r̂.

To calculate the scattering amplitude for an entire crystal, one simply adds to-

gether the waves scattered by every one of its electrons. Therefore if the local

electron density at point x is ρ(x), the total scattering intensity is, up to some
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constant of proportionality, given by

Ψ(k− k0) =

∫
d3x ρ(x)e−i(k−k0)·x, (2.43)

which is nothing more than the Fourier transform (FT) of the sample’s electron

density. It turns out that for an infinite crystalline solid, the scattering amplitude

above is nonzero only at a discrete set of scattering vectors, which can be seen as

follows. The integral over all space may be re-expressed as the sum of integrals over

an infinite set of tessellating unit cells:

Ψ(k− k0) =
∑
R

∫
UC

d3r ρ(r−R)e−i(k−k0)·(r−R). (2.44)

Here, R is a real lattice vector [of the form given by Eq. (2.1)], and the variable of

integration r is restricted to a single unit cell (UC). Since the crystal is by definition

spatially periodic, so too is its electron density ρ, which is to say that ρ(r) = ρ(r−R).

Eq. (2.44) may therefore be expressed as

Ψ(k− k0) =

[∑
R

ei(k−k0)·R

][∫
UC

d3r ρ(r)e−i(k−k0)·r
]
. (2.45)

The scattering intensity therefore separates into two components, the first being

governed by the underlying lattice structure, the second depending on the details of

the electron distribution within the unit cell. The latter term, which is referred to

as the structure factor, determines whether the arrangement of basis atoms and the

shape of the electron density clustered around them (expressed by the atomic form

factor) is such as to give constructive interference between emerging x-rays. The

structure and atomic form factors will be discussed further in Sec. 2.2.3.

The first term in Eq. (2.45), meanwhile, which is simply the FT of the lattice,

places a very strong constraint on the scattered wavevectors at which any diffrac-

tion is actually visible. If the scattering vector G = k−k0 is chosen arbitrarily, the

chances are that the scattered waves from different unit cells will combine incoher-

ently, i.e. the contribution of every cell will likely interfere destructively with that of

another cell somewhere else in the crystal. The only way to guarantee that Ψ will
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not be vanishingly small is to demand that every scattered wave is in phase:

eiG·R = 1. (2.46)

Comparing this condition with Eq. (2.11), we conclude that, for there to be ap-

preciable scattering intensity into direction k, the scattering vector G must be a

reciprocal lattice vector Ghkl:

k− k0 = Ghkl. (2.47)

This is known as the Laue condition.

2.2.2 The Bragg condition

The same geometric constraint between the incident and emergent rays can be

reached by assuming that successive planes of atoms effectively ‘reflect’ the inci-

dent wave. Fig. 2.13 shows two atomic planes with separation d illuminated by a

wave with wavelength λ that is incident at angle θ to its surface. Some fraction of the

beam is diffracted by the first plane, the remainder transmitted; of that transmitted

beam, some fraction is diffracted by the second plane, and so on.

For constructive interference between successive emergent rays to take place,

their path difference, which is equal to segment PQ in Fig. 2.13, must be an integer

multiple of λ. Since the segment RP = 2d,

2d sin θ = nλ. (2.48)

d

k0 k

P

Q

R

FIG. 2.13. Adjacent atomic planes with separation d coherently ‘reflecting’ an incident

plane wave at Bragg angle θ = λ/2d.



37 2.2. X-RAY DIFFRACTION

This is the Bragg condition.

The Bragg and Laue conditions are in fact equivalent. Fig. 2.14 pictures the

constraint between k and k0 expressed by the Laue condition. As shown in Sec. 2.1.3,

Ghkl encodes the set of atomic planes with separation d = 2π/Ghkl and surface

normal Ghkl/Ghkl. The Laue condition essentially identifies this set of planes as

being responsible for the diffraction. The angles made by the incident and scattered

wavevectors with these planes are equal, and are shown in Fig. 2.14 to be given by

k sin θ =
1

2
Ghkl. (2.49)

Replacing Ghkl with 2π/d and k with 2π/λ yields

λ = 2d sin θ. (2.50)

The angular relation between the k0, k, and G predicted by Laue condition is

therefore identical to that given by the Bragg condition. The higher-order solutions

to Eq. (2.47) (n = 2, 3, ...) can be understood as coming from reciprocal lattice

vectors constituting integral multiples of Ghkl, which are normal to the same planes.

k0

k

Ghkl

FIG. 2.14. Pictorial representation of the Laue condition, with the Bragg angle θ shown.
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2.2.3 The structure factor

Eq. (2.45) expresses the diffraction intensity from a crystal as the product of the FT

of the underlying lattice (which, as just established, is nonzero only at points in the

reciprocal lattice) and that of the electron density within the unit cell:

Ψ(G) ∝ δ(3) (G−Ghkl)×
[∫

UC

d3r ρ(r)e−iG·r
]
. (2.51)

The latter term, which is called the structure factor S(G), determines whether the

arrangement of the electrons in the unit cell is conducive to diffraction or not:

S(G) =

∫
UC

d3r ρ(r)e−iG·r. (2.52)

In principle, it is possible to express the structure factor as a discrete sum over

contributions from individual basis atoms, which can be seen as follows. One first

expresses the electron density at any point as a linear superposition of the electron

distributions surrounding every atom in the crystal. This sum can be calculated by

adding up contributions from different basis atoms within each unit cell, and then

summing over unit cells. That is to say that the local electron density reads

ρ(r) =
∑
j,R

ρj(r− rj −R), (2.53)

where rj is the position of basis atom j within its unit cell, and ρj expresses the

electron distribution that surrounds it. Inserting this sum into Eq. (2.52) yields

S(G) =
∑
j

[∑
R

(∫
UC

d3r ρj(r− rj −R)e−iG·r
)]

. (2.54)

We now imagine that for each term in the outer sum, we can shift our origin of

coordinates such that there is a basis atom located at the origin. By introducing

the change of variable yj = r− rj, we find

S(G) =
∑
j

e−iG·rj

[∑
R

(∫
UC

d3yj ρj(yj −R)e−iG·yj
)]

. (2.55)
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Now, given that we are only concerned with scattering vectors that satisfy the Laue

condition, we can insert ‘for free’ a factor of eiG·R = 1 into the inner sum, meaning

Eq. (2.55) can just as well be written

S(G) =
∑
j

e−iG·rj

[∑
R

(∫
UC

d3yj ρj(yj −R)e−iG·(yj−R)

)]
. (2.56)

We now employ the inverse of the logic that took us between Eqs. (2.43) and (2.44):

the sum of integrals over tessellating unit cells is an integral over all space. Hence

S(G) =
∑
j

e−iG·rj
∫
d3yj ρj(yj)e

−iG·yj . (2.57)

The phase-weighted integral of the electron density surrounding basis atom j is

known as its atomic form factor fj:

fj(G) =

∫
d3y ρj(y)e−iG·y. (2.58)

It expresses the amplitude of the signal scattered into wavevector k0 + G by an

isolated atom of the type j. In real terms, the effect of the atomic form factor is

to attenuate the diffraction intensity from a crystal at large values of ‖G‖ (i.e. at

large scattering angles), owing to the decreased coherence between scattering from

different regions of each atom’s electron cloud.

Generally, then, the structure factor for a crystal can be expressed by the sum

S(G) =
∑
j

fj(G)e−iG·rj . (2.59)

For monatomic crystals, the atomic form factors for different basis atoms are iden-

tical, and the structure factor simplifies to

S(G) = f(G)
∑
j

e−iG·rj . (2.60)

Depending on the arrangement of the basis atoms, the structure factor can vanish

for certain reflections, even if G is a reciprocal lattice vector. If the coordinates of
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the jth basis atom are expressed as [ujvjwj], Eq. (2.60) becomes

S(G) = f(G)
∑
j

e−i(hb1+kb2+lb3)·(uja1+vja2+wja3) (2.61a)

= f(G)
∑
j

e−2πi(huj+kvj+lwj), (2.61b)

using ai · bj = 2πδij. A crystal with a simple-cubic structure has a single basis

atom located at [000], and thus S(G) reduces to f(G), meaning all reflections are

permitted. For a bcc crystal like tantalum, however, a second basis atom is located

at [1
2

1
2

1
2
], so the structure factor becomes

Sbcc(G) = f(G)
[
1 + e−i(h+k+l)π

]
(2.62a)

∝ 1 + (−1)h+k+l. (2.62b)

The interference between the two basis atoms in a bcc crystal is therefore such that

reflections for which h+ k+ l is odd are ‘forbidden’. The criterion that h+ k+ l be

even for diffraction to be visible is known as a selection rule. Each crystal structure

has its own set of selection rules. With our choice of lattice vectors10, the planes with

the smallest scattering angles in tantalum are labelled {011}, {200}, and {211}.

2.2.4 The Ewald sphere

The Laue condition tells us that when a crystal is illuminated by an x-ray source

with wavevector k0, we should only expect to see diffraction into a discrete set of

wavevectors k = k0 + G, where G is a reciprocal lattice vector adhering to any se-

lection rules relevant to the crystal in question. The conditions for diffraction, then,

are actually rather exacting. This problem is best visualised using a construction

called the Ewald sphere. To do so, one first draws the crystal’s reciprocal lattice,

as in Fig. 2.15(a). If the scattering is elastic, any emergent wavevector k must sit

on the surface of a sphere with radius k. If the centre of this sphere is not drawn

on the origin, but at −k0, then its surface represents the locus of all possible elastic

10 These systematic absences are in a sense artificial, because we deliberately chose to use a unit

cell whose edges are not primitive lattice vectors – if instead we used {abcci } from the outset, all

reflections would be permitted (and the meaning of the Miller indices would change).
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FIG. 2.15. Ewald construction for a two-dimensional (a) single crystal and (b) untextured

polycrystal illuminated by a monochromatic x-ray source with wavevector k0.

scattering vectors k−k0 in the reciprocal lattice coordinate system. The Laue con-

dition demands that k − k0 be equal to a reciprocal lattice vector for constructive

interference to take place. Thus, wherever the sphere intersects a reciprocal lattice

point, coherent diffraction will occur.

A cursory glance at Fig. 2.15(a) is enough to show that an intersection between

the Ewald sphere and the reciprocal lattice is unlikely to happen by chance. That is

to say that if one were to aim a monochromatic x-ray beam at an arbitrarily oriented

single crystal, one would probably not observe a diffraction pattern. A number of

diffraction techniques and geometries have been developed to make the Laue condi-

tion easier to satisfy. One approach is to mount the crystal on an adjustable stage

so that it can be rotated and brought to meet the Laue condition as in Fig. 2.15(a).

Another approach is to use an x-ray source with a range of wavevectors. This can

be achieved either by using a diverging-beam geometry, in which a pointlike source

of x-rays is allowed to diverge and strike the target at a range of incidence angles, or

by using a polychromatic source that contains a finite range of wavelengths. In the

Ewald construction, these two methods essentially introduce a continuum of Ewald

spheres that cover a much larger volume of the reciprocal lattice.

Complementary to all of these techniques is powder diffraction. Here, one does
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not study a monocrystalline sample, but a polycrystal composed of a huge number

of randomly oriented crystallites. The notion is that every possible crystallographic

orientation will be represented by a crystallite somewhere in the crystal. This means

that for every family of crystal planes, there will exist a set of those planes with

the correct orientation to satisfy the Laue condition. The geometry can again be

visualised using the Ewald construction. Since the reciprocal lattice of a powderlike

sample is essentially a superposition of the lattices of all of its constituent grains, it

will comprise a set of concentric spheres. As shown in Fig. 2.15(b), this means one is

guaranteed to observe a diffraction peak from every type of crystal plane, provided its

spacing d permits a solution to the Bragg condition. Each family of planes scatters

light into a cone with opening angle 4θ, which, when recorded on a flat detector,

forms a circular pattern known as a Debye-Scherrer ring. The spacing of each plane

can then be ascertained directly from the Bragg condition [d = λ/(2 sin θ)], allowing

one to place to constraints on the possible crystal structure.

2.2.5 Fibre diffraction

The previous section showed that x-ray diffraction patterns are relatively easily

obtained from polycrystalline samples. However, by opting for a powder sample,

one sacrifices some of one’s ability to detect any rotation that might ensue due to

plastic deformation. Suppose the sample were to undergo deformation twinning. A

twin in a single crystal represents a distinct crystallographic orientation with its own

novel set of scattering vectors. If the alignment of the twin and the incident x-ray

beam are just so, one might therefore be able to observe a brand new diffraction peak

that provides an unambiguous experimental signal of deformation twinning. In a

powderlike sample, however, a crystallite with the same orientation as the new twin

already exists. What one wants is a sample whose character falls somewhere between

that of a single crystal and a powderlike polycrystal, with sufficiently many grain

orientations that diffraction can be observed without needing to carefully orient that

sample, but few enough orientations that rotated crystallites are distinct.

An ideal candidate for such a sample is a fibre-textured polycrystal. A textured

polycrystal is any one whose distribution of orientations is not completely random.
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A powder sample would be described as untextured, while a single crystal has the

strongest texture possible. A fibre texture is one in which every grain has the

same crystallographic direction closely aligned with one particular axis, but whose

azimuthal orientation about that axis is random. The reciprocal lattice vectors of

such a crystal therefore form a cylindrically symmetric ‘ring system’ that is likely

to intersect the Ewald sphere at several points.

Fig. 2.16 compares the Ewald construction for a fibre-textured target with those

of a single crystal and a powderlike polycrystal. It is useful at this point to introduce

the Polanyi sphere. It is the locus of all possible reciprocal lattice vectors of a given

type (say {011}). The intersection between the Ewald and Polanyi spheres thus

represents all potential solutions to the Laue condition for that type of scattering

vector. In a single crystal, the Polanyi surface is obviously very sparsely populated

by reciprocal lattice vectors, and so the Laue condition is generally not met. By

contrast, the Polanyi surface is completely occupied in a powderlike sample, and so

the Laue condition is satisfied everywhere on the intersection between the Ewald

and Polanyi spheres. The situation for the fibre-textured crystal is intermediate.

The Laue condition is indeed met in several places along the spheres’ intersection,

wherever one of the reciprocal rings crosses it. The resulting diffraction pattern

is not an entire Debye-Scherrer ring, but a set of discrete diffraction peaks. Any

FIG. 2.16. Ewald constructions for a three-dimensional (a) single crystal, (b) fibre-textured

polycrystal, and (c) untextured polycrystal illuminated by a monochromatic x-ray beam.

The Polanyi surface in this case represents the locus of all possible {011} scattering vectors.

The polycrystal in (b) has a [011] fibre texture.
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reorientation of the grains caused by plastic deformation will change the ‘latitude’

of the rings on the Polanyi surface and hence the position of the diffraction peaks

around the ring, allowing slip and twinning to be detected via x-ray diffraction.

2.2.6 X-ray free-electron lasers

A revolution in x-ray science was triggered with the activation of the world’s first

hard X-ray Free Electron Laser (XFEL), the Linac Coherent Light Source (LCLS),

a source of radiation with a spectral brightness one billion times greater than that of

its predecessors and a bandwidth of order 10−3 [92]. These extraordinary machines,

of which only a few exist11, can produce high-quality diffraction images of a sample

with only a few femtoseconds’ exposure. This unprecedented temporal resolution

means XFELs uniquely are able to capture ultrafast processes occurring at the

atomic level, of which crystal plasticity under shock conditions is a prime example.

At the front end of an XFEL is a beam of electrons travelling at speed v ∼ c.

The beam is directed into a periodic arrangement of alternating magnetic dipoles

called an undulator. As each electron traverses the undulator, it experiences a time-

High-energy
electron source

Undulator
Electron
beam

L L

L 2 2L

Electron frame Laboratory frame

Lorentz boostLorentz boost

v
e-

+v –v

X-ray
beam

L

FIG. 2.17. Schematic of a free-electron laser. Relativistic electrons pass through a series

of magnets with period L causing them to oscillate rapidly in the transverse direction and

thus emit intense x-ray radiation in the forward direction. In its own frame of reference,

each electron radiates light with wavelength L/γ, which is Doppler shifted to λ = L/(2γ2)

in the laboratory frame. A Lorentz factor of γ = 3 was used to generate this figure.

11 At the time of writing, five hard XFELs are currently operational: LCLS in the USA, SACLA in

Japan, European XFEL in Germany, PAL-XFEL in Korea, and SwissFEL in Switzerland [93].
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varying Lorentz force from the spatially periodic transverse magnetic field and so

oscillates in directions perpendicular to the beam. As the electron accelerates it

emits radiation whose wavelength in the frame of the undulator is given by [94]

λ =
L

2γ2

(
1 +

1

2
K2

)
, (2.63)

where L is the period of the undulator, γ = (1 − v2/c2)−1/2 is the beam’s Lorentz

factor, and K parametrises the strength of the undulator field. The leading-order

approximation to Eq. (2.63), λ ∼ L/(2γ2), can be understood as arising from two

relativistic effects. First, from the electron’s perspective, the undulator is Lorentz

contracted by a factor γ, meaning the radiation emitted in the electron’s frame of

reference only has wavelength L/γ. When one boosts back into the undulator’s

frame, the radiation emitted in the forward direction is further Doppler shifted by

a factor 2γ. Thus, if one sends electrons with GeV energies (γ ∼ 104) through an

undulator with a spatial period of order centimetres, they will produce hard x-rays

with wavelengths of order Ångstroms.

In what sense, then, is an XFEL a laser? Initially, each electron in the beam

emits radiation independently of its neighbours. The phase relation of waves from

different electrons is therefore essentially random, meaning the resultant x-ray beam

is incoherent. However, as the intensity of the radiation field grows, it begins to exert

appreciable Lorentz forces on the very electrons producing it. It transpires that the

nature of the interaction is such as to cause the electrons to cluster together into

microbunches along the beam axis, whose period equals λ. As electrons bunch

together, they emit more coherently, thus increasing the intensity of the radiation

field, thus augmenting the bunching effect, and so on. This feedback loop, much

like the one active in a conventional laser, exponentially amplifies the x-ray beam’s

intensity as it propagates along the undulator axis. Eventually, enough energy is

extracted from the electrons that they begin to fall behind – and thus draw energy

out of – the radiation field; beyond this point, the x-ray beam intensity saturates.
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2.3 Shock physics

Almost all solids become harder to compress at higher density, meaning their local

sound speed increases with pressure. If a compression wave is launched into a solid,

then, its peak will travel faster than its foot. The wave will thus steepen and, if

given a sufficiently long runway, eventually form a steplike discontinuity12 in density,

pressure, and energy called a shock wave. It is largely thanks to dynamic loading

techniques like shock compression that we are able to access the extreme pressures

and temperatures that would otherwise be present only in planetary and stellar

interiors. The following section gives an overview of the basic theory underpinning

the propagation of one-dimensional shock waves, and the release waves that ensue

after a shock encounters a free surface.

2.3.1 The Rankine-Hugoniot conditions

The Rankine-Hugoniot conditions are the fundamental equations expressing the con-

servation of mass, momentum, and energy across a shock front. When supplemented

by sufficiently many constitutive relations (see Sec. 2.3.2), the connections between

the density, stress, and energy of the material either side of the shock these relations

provide fully constrain the set of states that can be achieved via shock compression.

The equations are traditionally derived by envisaging a column of material of

cross-sectional areaA and initial mass density ρ0 that is struck by a ‘piston’ travelling

UP

USUP

e00 σ0, ,

σzz e, ,

USt

US UP t( (

FIG. 2.18. A piston driving a shock wave into a compressible medium.

12 Real shocks always have a finite width set by the viscosity of the medium [95].
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at constant speed UP , resulting in the creation of a shock wave travelling at speed

US > UP . It is assumed that the material is both laterally confined by and thermally

insulated from its surroundings, so that neither mass nor energy13 can escape into the

transverse directions. By time t, the shock wave has travelled through a distance

USt. The material between this front and the piston, which previously occupied

volume A × USt, now occupies only A × (US − UP )t, where UP t is the distance

travelled by the piston in time t. So, by the conservation of mass,

ρ0 × [AUSt] = ρ× [A(US − UP )t], (2.64)

where ρ is the density of the material behind the shock front. Eliminating At gives

the first Rankine-Hugoniot equation:

ρ0US = ρ(US − UP ). (2.65)

The stress jump across the shock front can be constrained by applying Newton’s

second law. The net force applied to the compressed region is (σzz − σ0)A, where

σzz and σ0 are the longitudinal normal stresses either side of the shock. The impulse

delivered by this force can be equated with the momentum gained by the compressed

material, whose final velocity is equal to the piston velocity UP :

[(σzz − σ0)A]× t = [ρ0USAt]× UP . (2.66)

Factoring out At as before gives the second relation:

σzz − σ0 = ρ0USUP . (2.67)

Finally, note that the work done on the material by the piston, [σzzA]× [UP t], is,

by virtue of the adiabaticity condition, equal to its change in energy. If the internal

energy per unit mass before and behind the shock front are e0 and e, respectively,

13 The adiabatic assumption is usually justified for a shock-loading scenario simply because the

timescale is so short as to prevent any substantial thermal conduction from taking place.
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the conservation of energy can be expressed as

[σzzA]× [UP t] =

[
(ρ0USAt)e+

1

2
(ρ0USAt)U

2
P

]
− [(ρ0USAt)e0 + 0] (2.68a)

=⇒ σzzUP = ρ0(e− e0)US +
1

2
ρ0USU

2
P . (2.68b)

The product USUP on the right-hand side can be eliminated using Eq. (2.67):

σzzUP = ρ0(e− e0)US +
1

2
(σzz − σ0)UP ; (2.69)

1

2
(σ0 + σzz) = ρ0(e− e0)

US
UP

. (2.70)

The ratio US/UP can be expressed via Eq. (2.65) as ρ/(ρ− ρ0), so

1

2
(σ0 + σzz) = (e− e0)

ρρ0

ρ− ρ0

. (2.71)

Finally, we re-express the densities as volumes per unit mass V ≡ 1/ρ, giving the

conventional form of the third Rankine-Hugoniot equation:

e− e0 =
1

2
(σ0 + σzz)(V0 − V ). (2.72)

2.3.2 The Hugoniot

If the ambient pressure and density of the material before the shock are known, then

there are essentially six ‘unknowns’ in the Rankine-Hugoniot system of equations:

the shock stress (σzz) and specific volume (V ), the particle and shock velocities

(UP and US), and the initial and final energies (e0 and e). The Rankine-Hugoniot

relations themselves remove three degrees of freedom. Two more can be eliminated

by the material’s equation of state (EOS), which relates its energy e = e(p, V ) in

thermodynamic equilibrium to its volume and pressure. If one can reasonably make

the approximation σzz = p for the material in question, one is left with only one

unknown variable, of which all other variables can be treated as dependent functions.

One can thus obtain the shock pressure as a function of specific volume:

p = p(V ; p0, V0). (2.73)
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This function is called the Hugoniot. It describes the locus of thermodynamic states

in the stress-volume plane that are accessible via shock compression. Note that the

system does not pass through all intermediate shock states on its way to (p, V ), but

jumps to that point discontinuously. A typical Hugoniot is illustrated in Fig. 2.19.

If the crystal supports significant shear stress following shock compression, one

cannot substitute σzz for p, and the EOS alone cannot uniquely determine the Hugo-

niot. To close the system of equations, one requires an extra constraint in the form of

a strength model, which can relate the longitudinal stress to the hydrostatic pressure

via the shear stress τ = 3
4
(σzz − p). Constructing such a model is difficult. Material

strength varies with density, temperature, strain rate, and dislocation density, all of

which vary substantially during shock compression. Moreover, acquiring experimen-

tal measurements of strength with which to evaluate a given model is challenging –

indeed, it is increasingly common practice to appeal instead to first-principles sim-

ulation techniques to provide synthetic data to which to fit model parameters. The

pursuit of a strength model that is robust over the breadth of extreme conditions

accessible via shock compression has produced a multitude of models of varying

complexity (see for example Refs. [96–98]), and remains an area of intense research.

If one is primarily interested in ascertaining the shock pressure, though, and is

not too concerned with the energy densities, it is possible to solve only the first two

p

V

p0

p1

V0V1

Rayleigh line

FIG. 2.19. A typical Hugoniot curve showing the locus of pressure-volume states achievable

via shock compression. The line connecting the initial and final states in the (p, V ) plane

is called the Rayleigh line.
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Rankine-Hugoniot equations with the aid of a so-called ‘shock EOS’, which is an

empirical relation between the shock and particle velocities of the form

US = C0 + SUP , (2.74)

where C0 is the ambient bulk sound speed, and S is a material-dependent parameter

of order unity. This linear dependence of US on UP holds for a remarkably wide range

of shock pressures for most metals. By substituting the expression above for US into

Eqs. (2.65) and (2.67) and then eliminating UP between the two resultant equations,

the following common expression for σzz(V ) can be obtained:

σzz − σ0 =
C2

0(V0 − V )

[V0 − S(V0 − V )]2
. (2.75)

2.3.3 Two-wave structures in solids

In Sec. 2.1.7, it was shown that the constitutive response of a crystal changes rad-

ically when it is loaded above its yield point, as it probably will be in a shock-

compression experiment. It turns out that this has some interesting consequences

for the structure of shock waves in crystalline matter.

A simple model for the normal stress σzz(V ) along the Hugoniot may be built

if one neglects for a moment the heating that results from shock compression, and

assumes the stresses can be described with reasonable accuracy by the linear elas-

ticity relation provided by Eq. (2.34). If for sake of argument we assume once again

the 〈100〉 directions are aligned with the coordinate axes, differential changes to the

normal stresses and strains are connected via
dσxx

dσxx

dσzz

 =


c11 c12 c12

c12 c11 c12

c12 c12 c11



dεexx

dεexx

dεezz

 . (2.76)

Suppose the volume of the crystal decreases by dV > 0. Below the yield point, the
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elastic strain state is uniaxial (dεezz = dV , dεexx = 0), thus

dσzz = c11dV. (2.77)

Above the yield point (which in this context is called the Hugoniot elastic limit or

HEL), shear stress is prevented from accumulating further by plastic deformation.

That is, if one neglects work hardening, the changes in strain must be such that

dτ =
1

2
(dσzz − dσxx) = 0. (2.78)

One can show from Eq. (2.76) that dσxx = dσzz requires that dεexx = dεezz. So, using

the fact that in the differential limit dV = 2dεexx + dεezz = 3dεezz, the rate at which

the longitudinal stress increases above the yield point is given by

dσzz = 2c12dε
e
xx + c11dε

e
zz (2.79a)

=
1

3
(c11 + 2c12) dV. (2.79b)

Together, Eqs. (2.77) and (2.79) tell us that the Hugoniot has a kink at the HEL:

dσzz
dV

)
elastic

= c11, (2.80)

dσzz
dV

)
plastic

=
1

3
(c11 + 2c12). (2.81)

Since the off-diagonal elastic constant c12 is less than c11 (reflecting the fact that

each normal stress is relatively weakly coupled to the ‘other’ normal strains), these

equations tell us the gradient of the Hugoniot is steeper below the elastic limit than

above. Physically, this means the crystal is effectively more compressible above its

yield point. This is because a crystal that plastically deforms ‘shares’ the uniaxial

compression among all three normal elastic stress components rather than loading it

all onto εezz, meaning σzz increases more slowly for a given change in volume. Thus,

the Hugoniot temporarily shallows at the HEL, as illustrated in Fig. 2.20.

What does this mean for the shock wave structure? If one eliminates Up between

the first two Rankine-Hugoniot equations [Eqs. (2.65) and (2.67)], one obtains the
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following expression for US:

US(σzz) = V0

(∣∣∣∣σzz − σ0

V − V0

∣∣∣∣) 1
2

. (2.82)

The expression inside the modulus is the gradient of the so-called Rayleigh line,

which connects the initial and shocked states in the stress-volume plane. Consider

shock state A shown in Fig. 2.20, for which 0 < σA ≤ σHEL. Its speed US(σA) is

determined by the slope of the line segment OA, which will increase with shock

stress (due to the tendency of cij to increase with density) until reaching a maximal

value U e
S at the HEL (labelled E), which is given by

U e
S = V0

(∣∣∣∣σHEL − σ0

VHEL − V0

∣∣∣∣) 1
2

. (2.83)

Now suppose the shock stress slightly exceeds the HEL. The inset of Fig. 2.20 shows

that the slope of the Rayleigh line for such a shock state is less than that of the

segment OE. Therefore a shock with a strength marginally exceeding the HEL

actually travels slower than a weaker shock at the HEL itself. So, if a crystal is

loaded to state B such that σHEL < σB, its shock wave will split into two: the

crystal will first undergo elastic compression behind a shock front moving at speed

U e
S, and will then deform plastically behind a front moving at speed Up

S < U e
S whose

speed in the rest frame of the elastically compressed material is given by the slope

of the line segment EB. This two-wave structure is shown in the right of Fig. 2.20.

The region between the elastic and plastic fronts is called the elastic precursor.

However, if the shock stress is raised further yet, the decreasing compressibility of

the crystal will cause the slope of the Rayleigh line to increase until the speed of the

plastic front exceeds that of the elastic front. There therefore exists a threshold shock

stress σOD above which no elastic precursor exists, and the shock wave comprises

once again a single front. At the threshold, the elastic and plastic shock speeds

are equal. In the frame of the elastic precursor, the elastic front travels at speed

U e
S − U e

P , which, according to Eq. (2.65), is

U e
S − U e

P =
VHEL

V0

U e
S (2.84a)
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=
VHEL

V0

V0

(∣∣∣∣σHEL − σ0

VHEL − V0

∣∣∣∣) 1
2

. (2.84b)

Equating this with the plastic wave speed calculated from the Rayleigh line, we find

VHEL

(∣∣∣∣σHEL − σ0

VHEL − V0

∣∣∣∣) 1
2

= VHEL

(∣∣∣∣σOD − σHEL

VOD − VHEL

∣∣∣∣) 1
2

. (2.85)

Hence, the threshold stress may be found graphically by extrapolating the Rayleigh

line between the unshocked and HEL states, and finding its intersection with the

Hugoniot, as shown in Fig. 2.20. A shock driven at stress σC > σOD is said to be

‘overdriven’, and comprises a single plastic front.

The crystals modelled in this thesis will not contain the pre-existing dislocation

networks that are found in real metal samples, and must therefore rely on homoge-

neous nucleation to create the dislocations needed to mediate plastic flow. The shear

stress required to create dislocations in a defect-free tantalum crystal is substantial

(around 10 GPa [54]), meaning we should anticipate a large HEL and thus clear

two-wave splitting even at shock pressures of 60 GPa or so.

σzz

V

A

B

C

σHEL

σOD

σzz

z

σ
zz

ddV )
elastic σzzd

dV )
plastic

Elastic shock

Weak 
plastic shock

Strong
plastic shock

Elastic
precursor

O

E

E

FIG. 2.20. Left: Hugoniot for a crystal with a large Hugoniot elastic limit (HEL). Inset:

kink in the stress-volume relation at the yield point E. Right: stress profiles in crystals

compressed to various pressures. Crystals loaded below the elastic limit to state A exhibit

a purely elastic shock wave. Crystals loaded to state B between the HEL and the overdrive

(OD) stress exhibit a two-wave structure comprising elastic and plastic fronts. Crystals

loaded to state C above the OD stress contain only a single plastic shock wave.
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2.3.4 Shock release

Clearly, a shock wave can only propagate so long as there is more material for it

to travel into. When the shock wave inevitably reaches the end of the sample (at a

moment referred to as breakout), it encounters a free surface at zero pressure that

is unable to support the high stress state behind the shock. Consequently, the free

surface immediately releases from the shock state and allows a counterpropagating

rarefaction wave to be launched back into the sample, as illustrated in Fig. 2.21. In

direct contrast to a shock, the foot of a release wave travels behind its faster-moving

peak, causing it gradually to broaden with time. The strain rate within a release fan

therefore falls with increasing distance from the free surface, allowing a wide range

of strain-rate regimes to be accessed via shock release. Like a shock, a release wave

can exhibit a two-wave structure in which the crystal initially releases elastically

and subsequently yields. Note that it is possible to observe a two-wave structure

on release even if the shock preceding it is overdriven. The study of shock release

constitutes a substantial part of this thesis – the experimental and computational

facets of the study will be found in Chapters 5 and 6, respectively.

z

σzz
Elastic

precursor

Shock wave

Release wave

FIG. 2.21. Schematic illustration of stress profiles in a crystal undergoing shock and

subsequent release back to the ambient pressure state.
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2.3.5 Laser compression

For many, high-power lasers are the drive mechanism of choice for dynamic compres-

sion studies. Not only have pulsed lasers achieved the greatest laboratory pressures

of any mechanism to date, but they offer the highest shot rate, and exceptional

flexibility in the achievable loading paths – one can realise compression not only by

a single shock, but also by multiple shocks, ramp-compression waves, and combina-

tions thereof. The laser pulse itself acts as the ‘piston’, maintaining the pressure at

the target’s surface via a process known as laser ablation, which works as follows.

A fraction of the leading edge of the pulse is first absorbed by the target, turning

its surface into a thin layer of plasma. Since laser-compression experiments are

conducted under near-vacuum conditions, the incipient plasma can rapidly expand,

forming a low density region between the target and the incoming beam known as

a corona. The laser can propagate some way into this corona before it encounters

a critical surface, beyond which the plasma’s density is so high that it absorbs the

beam. Most of the beam’s energy is thus deposited a finite distance from the solid

surface. Conduction must carry this energy from the critical surface to the target,

which heats its surface and so generates more plasma, thus sustaining the ablation

process. The plasma rushing away from the surface exerts a reaction force on the

material below it (to conserve momentum), and it is this force that drives the shock.

A high-power laser of ‘moderate’ size can deliver around 10 J of energy to a drive

spot of 100 µm radius within about 10 ns. The typical beam intensity on-target is

FIG. 2.22. Schematic depiction of the laser-ablation process.
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thus I = 10 J/(10 ns)/[π × (100 µm)2] ∼ 1012 W cm−2. At these intensities and

above, the principle mechanism by which the plasma consumes energy from the

beam is via inverse bremsstrahlung [99]. In this absorption regime, the pressure at

the surface of a sample composed of element A
Z X is predicted to scale as

p = p0

(
A

2Z

)1/3(
1

λ

)2/3(
I

1014

)2/3

Mbar, (2.86)

where I is the on-spot beam intensity in W cm−2, λ its wavelength in microns, and

p0 is a dimensionless prefactor thought to be 10 or so [100–102]. The attainable

pressure is thus largely material agnostic, and is instead governed by the properties

of the drive laser. The most commonly used laser in this field is the neodymium-glass

laser, which emits near-infrared light at 1 053 nm. Plasmas tend to absorb higher-

frequency radiation more efficiently, so the beam is often frequency-doubled with

an anharmonic conversion crystal. According to Eq. (2.86), a frequency-doubled

neodymium laser operating at an irradiance of at least 1012 W cm−2 can easily

generate shocks with pressures of order 1 Mbar (= 100 GPa).

2.4 Molecular dynamics

The goal of molecular dynamics and other atomistic techniques like it is to model

matter at the level of its constituent particles. Such techniques are extremely ver-

satile, as they make possible the detailed investigation of a host of microphysical

processes, such as radiation damage, thin-film growth, protein folding, phase tran-

sitions, and, indeed, crystal plasticity. Clearly, the quantum-mechanical nature of

matter is inescapable at the atomic level. It is well-known, however, that the com-

plexity of the Schrödinger equation renders even its numerical solution intractable

for all but the smallest of quantum systems. Molecular dynamics aims to provide

a purely classical model of large collections of atoms that faithfully models their

interactions, but whose computational cost is exponentially lower than its quan-

tum equivalent. This chapter explains the basic principles underlying the molecular

dynamics simulation technique.
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2.4.1 Physical basis

The complete description of a crystal at the atomic level is given by its wavefunction

Ψ, which in the ground state is the solution to the time-independent version of the

Schrödinger equation:

ĤΨ(r1, r2, ...,R1,R2, ...) = E0Ψ(r1, r2, ...,R1,R2, ...). (2.87)

The wavefunction depends on both the electronic coordinates {r1, r2, ...} = r and

on the nuclear coordinates {R1,R2, ...} = R. The Hamiltonian Ĥ includes con-

tributions from the electronic and nuclear kinetic energies, and from the ion-ion,

ion-electron, and electron-electron Coulomb interactions:

Ĥ =−
∑
α

h̄2

2Mα

∇2
α −

∑
i

h̄2

2me

∇2
i

+
e2

4πε0

(∑
α,β>α

ZαZβ
‖Rα −Rβ‖︸ ︷︷ ︸
ion-ion

−
∑
α,j

Zα
‖Rα − rj‖︸ ︷︷ ︸

ion-electron

+
∑
i,j>i

1

‖ri − rj‖︸ ︷︷ ︸
electron-electron

)
,

(2.88)

where me is the electron rest mass, and Mi and Zi are the mass and atomic number

of the ith ion, respectively. Eq. (2.88) in its exact form cannot be solved, so one has

to make some judicious approximations to make its solution tractable. The first and

most important simplification made in almost all atomistic simulation techniques

is the Born-Oppenheimer approximation. It recognises that since each electron is

at least three orders of magnitude lighter than any of the nuclei, and therefore

moves several thousand times faster, it essentially sees the ions as static. That is

to say that the electrons can adapt practically instantaneously to any perturbation

to the nuclear coordinates caused by (say) thermal motion, which they perceive as

laughably slow. The evolution of the electron distribution can therefore be treated

as being quasistatic – at any instant of time, the electrons assume the lowest-energy

state for the current nuclear configuration.

In the above picture, the wavefunction Ψ can be partially separated into a nuclear
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part φN(R) and an electronic part φe(r; R), where the latter satisfies the equation

[
−
∑
i

h̄2

2me

∇2
i +

e2

4πε0

(
−
∑
α,j

Zα
‖Rα − rj‖

+
∑
i,j>i

1

‖ri − rj‖

)]
φe(r; R)

= Ee(R)φe(r; R).

(2.89)

Here, the nuclear degrees of freedom R serve only to parametrise the potential land-

scape in which the electrons move, and thus their ground-state energy Ee(R). The

dynamics of the nuclei can in turn be calculated from their effective potential energy

E(R), which comprises their actual pairwise interaction energy and the energy of

the electron distribution binding them together:

E(R) =
e2

4πε0

∑
α,β>α

ZαZβ
‖Rα −Rβ‖

+ Ee(R). (2.90)

The second main approximation used in molecular dynamics is that the nuclei obey

classical mechanics, i.e. their trajectories are governed by Newton’s laws of motion.

This approximation relies on a corollary of the Ehrenfest theorem stating that a par-

ticle will closely follow a classical trajectory if its wavefunction is strongly localised

(which is true of sufficiently massive nuclei). Under this assumption, the position of

each nucleus evolves according to

Mα
d2Rα

dt2
= −∂E(R1,R2, ...)

∂Rα

. (2.91)

The nuclear coordinates will henceforth be renamed x for consistency with the rest

of the thesis.

To implement Eq. (2.91), one first needs to calculate the electronic energy func-

tion Ee(x) by solving Eq. (2.89). Though it now only describes electrons, Eq. (2.89)

is still a many-body Schrödinger equation and therefore cannot be solved exactly.

It is possible to obtain good approximations for the electronic wavefunction and its

associated energy using computational techniques (perhaps the most widely used

of which in this field is DFT), which is exactly what is done in so-called quan-

tum molecular dynamics (QMD) (see for examples the studies in Refs. [103, 104]).

However, calculating the internuclear forces using quantum mechanics is not only
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computationally demanding but also highly inefficient – most ions in a crystal spend

most of their time displaced only slightly from their equilibrium positions, exploring

only a tiny volume of the crystal’s total configuration space, meaning one ends up

performing very similar calculations over and over again. The third simplification

employed in classical molecular dynamics is to approximate the potential E(x) us-

ing analytic functions that capture the shape of the potential landscape obtained

from the full quantum calculations, but can be evaluated far quicker.

2.4.2 Interatomic potentials

The accuracy of the potential energy function E(x) governing the forces between

ions is of course essential, as it encodes almost all of the crystal’s physics. The

simplest expression of a crystal’s energy employs pair potentials, in which the total

energy is simply a sum over the interaction energies of pairs of neighbouring ions.

Perhaps the most widely known of these is the Lennard-Jones (LJ) potential, which

expresses the interaction energy between two nearby neutral atoms as

ELJ(x) = ε

[(x0

x

)12

− 2
(x0

x

)6
]
, (2.92)

where x is their separation, x0 is their equilibrium separation in isolation, and ε

expresses the energy required to break their bond. The LJ potential, which is pic-

tured in Fig. 2.23, has two components: the terms which scales as −x−6 models the

relatively long-range attractive force owed in this case to the van der Waals inter-

action; and the repulsive x−12 term captures the atoms’ extreme aversion to having

their electron clouds forced to overlap. Though it is popular due to its computa-

tional simplicity, the LJ potential is fundamentally unsuited to modelling metals

simply because it is a pair potential. It is known that crystals modelled under a

pair potential always assume a close-packed structure (frequently fcc), meaning open

structures like bcc tantalum are impossible to reproduce. Moreover, pair potentials

identically predict that c12 = c44, while for tantalum these elastic moduli appear

in the ratio c12/c44 ≈ 2 [105], as they do for most transition metals. To accurately

model metallic bonding, the potential must incorporate many-body effects.

One of the most common many-body potentials is derived from the embedded-
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FIG. 2.23. Functional form of the pairwise Lennard-Jones potential ELJ(x).

atom method (EAM) [106]. In the EAM scheme, the energy of ion α is expressed

in the semiempirical form

EEAM(x) = F (ρ̄α) +
1

2

∑
β 6=α

φ(xαβ), (2.93)

where φ is a spherically symmetric pairwise interaction energy between α and nearby

ion β (from which it is separated by distance xαβ = ‖xα − xβ‖), and F is the so-

called embedding energy, which quantifies the binding energy the ion has by virtue

of its being immersed in a background ‘sea’ of valence electrons of local density

ρ̄α, with which it varies nonlinearly. This density is in turn expressed as a sum of

contributions from nearby atoms within some appropriately chosen cutoff radius:

ρ̄α =
∑
β 6=α

w(xαβ); (2.94)

The function w(r) thus gives the electron density a distance r from each ion. For

high-pressure applications where experimental data may be scarce, the functions F ,

φ, and w are frequently fitted to structural data obtained from DFT calculations,

as was the case for the Ravelo EAM potentials used to model tantalum throughout

this thesis [54]. While more costly than the LJ potential, EAM potentials are still

relatively computationally cheap, and are therefore suitable for application to large-

scale MD simulations that may involve many millions of atoms.
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2.4.3 Integration scheme

The classical equation of motion governing the trajectory of each atom cannot be

solved analytically due to the sheer number of interactions it participates in, meaning

its motion must be calculated numerically. To this end, many classical molecular

dynamics codes use the velocity Verlet algorithm, an integration scheme that ex-

plicitly evaluates both atomic positions and velocities. To recap, the acceleration

experienced by ion α is given by

aα(t) = − 1

Mα

∂E[x(t)]

∂xα
, (2.95)

which can be evaluated if the crystal’s configuration x at time t is known. The

position of each ion after a small increment of time δt is calculated simply using the

first few terms of the Taylor expansion, which read

xα(t+ δt) = xα(t) +
dxα(t)

dt
δt+

1

2

d2xα(t)

dt2
(δt)2 +O(δt3) (2.96a)

= xα(t) + vα(t)δt+
1

2
aα(t)(δt)2 +O(δt3). (2.96b)

Applying a similar expansion to the velocity yields

vα(t+ δt) = vα(t) + aα(t)δt+
1

2

daα(t)

dt
(δt)2 +O(δt3). (2.97)

The jerk ȧα(t) is not evolved explicitly by the algorithm, but can be calculated

on-the-fly using

aα(t+ δt) = aα(t) +
daα(t)

dt
δt+O[(δt)2], (2.98)

where aα(t + δt) can be estimated by substituting the extrapolated coordinates

xα(t+δt) into Eq. (2.95) for the acceleration. Substituting this into Eq. (2.97) gives

vα(t+ δt) = vα(t) + aα(t)δt+
1

2

[
aα(t+ δt)− aα(t)

δt

]
(δt)2 +O[(δt)3] (2.99a)

= vα(t) +
1

2
[aα(t) + aα(t+ δt)] +O[(δt)3]. (2.99b)
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Together, the three equations approximating the trajectories read

xα(t+ δt) = xα(t) + vα(t)δt+
1

2
aα(t)(δt)2, (2.100a)

aα(t+ δt) = − 1

Mα

∂E[x(t+ δt)]

∂xα
, (2.100b)

vα(t+ δt) = vα(t) +
1

2
[aα(t) + aα(t+ δt)] δt. (2.100c)

Note that the values of aα(t+δt) are stored and used for aα(t) on the next iteration.

The velocity Verlet algorithm is often chosen for MD applications as it tends

to conserve energy well over long time periods, and it only requires one expensive

force calculation per iteration. The limiting factor in all numerical algorithms is the

choice of timestep δt, which must be small enough that truncation errors do not

accrue too quickly, but large enough that one does not require too many iterations

to reach the desired simulation duration. Shock simulations are unforgiving in this

regard because of the steep velocity gradient at the shock front – if δt is too large,

atoms moving close to UP just behind the front will move far too close to the

stationary atoms ahead of them before the repulsive force they exert on one another

can register. On the next timestep, their extreme proximity will cause them to exert

enormous forces on one another, causing them to fly apart and ‘blow up’ the crystal.

To avoid this, the timestep is typically restricted to no more than one femtosecond

for shock applications, which is what will be used throughout this thesis.

2.4.4 Ensembles

Applied as is, the integration scheme described in the previous section simulates

a system drawn from the microcanonical ensemble. That is, the crystal’s particle

number (N), volume (V ), and energy (E) are conserved (the latter to within numer-

ical precision, at least). These are often the most appropriate conditions for shock

compression simulations, the purpose of which is to recreate the response of material

embedded deep within a much larger pressurised sample that prevents its volume

from changing, over timescales too short for significant thermal conduction to occur.

Even so, reference will occasionally be made in this thesis to other ensembles (e.g.

NVT, NPT) that are helpful when establishing the crystal’s initial pressure and
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temperature conditions before the simulation proper begins.

Temperature control is possible with the aid of a Nosé-Hoover thermostat. In this

scheme, a viscosity-like term is appended to each ion’s equation of motion whose

magnitude and sign is coupled to the system-wide temperature T :

Mα
dvα(t)

dt
= −∂E[x(t)]

∂xα
−Mαγ(t)vα(t), (2.101)

dγ(t)

dt
=

3NkB
Q

(T − T0) . (2.102)

If the current temperature exceeds the target temperature T0, the friction coefficient

γ grows in magnitude and thus drains kinetic energy from the system, decreasing

its temperature. Conversely, the thermostat acts so as to propel the ions if T < T0.

The parameter Q expresses the ‘inertia’ of the thermal bath with which the system

is effectively in contact, and thus controls the timescale over which the tempera-

ture relaxes. It can be shown formally that the Nosé-Hoover thermostat produces a

system whose trajectory is consistent with the canonical (or NVT) ensemble [107].

An analogous barostat can be simultaneously defined that couples each ion’s coor-

dinates to the current pressure in order to steer the system towards a desired stress

state, and thus sample instead from the NPT ensemble.

An alternative means of controlling the crystal’s temperature is via a Langevin

thermostat. Here, the crystal is placed in contact not with a heat bath but with a

kind of solvent with which it makes collisions. The equation of motion of ion α is

amended to

Mα
dvα(t)

dt
= −∂E[x(t)]

∂xα
− Γvα(t) + S(t), (2.103)

where Γ is a damping constant, and S is a stochastic driving force whose statistics

are such that

〈S(t)〉 = 0, (2.104)

〈S(t)S(t′)〉 = 2ΓkBT0 δ(t− t′). (2.105)

The ratio of the damping and driving terms is such that the crystal will eventually

reach the target temperature T0.
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2.4.5 The LAMMPS code

All MD simulations presented in this thesis were performed using lammps (the

Large-scale Atomic/Molecular Massively Parallel Simulator) developed at Sandia

National Laboratories [108]. The code allows molecular systems comprising millions

of atoms to be simulated by using a great number of processors working in parallel,

each of which is responsible for evolving the trajectories of a subset of atoms.

The input to lammps is a script containing a list of high-level commands. The

essential commands are those reflecting the three key ingredients of any MD code:

one needs to create a set of atoms to simulate, which means specifying a list of initial

positions and velocities; one needs to choose an interatomic potential to simulate

their interactions; and one needs to define a numerical integration scheme (lammps

uses velocity Verlet by default) and its timestep (1 fs for our purposes) to advance

the atomic coordinates through time. Other commands might include: specification

of the system’s boundary conditions, which determines how atoms at the periphery

of the simulation box behave; the mechanism used to shock-compress the system;

or the physical variables the program should write out, and how often to do so.

The output of lammps may consist of any number of microscopic or macroscopic

quantities. The safest approach to MD (that is, the approach that minimises the

chances of one’s having to repeat a very computationally expensive simulation) is

periodically to write a file containing the current coordinates, velocities, forces, and

so on, of every atom in the system. This way, one retains all information about

the system at the chosen timesteps, and one can derive any property of the crystal

one wants. It is this post-processing step that is the difficult part of MD – how

does one convert millions of lines of atomic properties into meaningful information?

The number of analysis techniques employed in this thesis is enough to warrant a

separate discussion, which can be found in the next chapter.



chapter 3

Analysis methods for

molecular dynamics simulations

3.1 Introduction

It is essential to be able to translate the output of molecular dynamics simulations

(which typically takes the form of many millions of lines of per-atom variables) into

macroscopic observables from which meaningful predictions or comparisons with ex-

periment can be made. In this regard, the inherently microscopic description given

by molecular dynamics, and other atomistic methods like it, is both a blessing and

a curse. In one sense, one knows absolutely everything about the modelled system,

insofar as one knows the precise position and velocity of every one of its constituent

atoms at every instant of time; and in another sense, one knows nothing, in that any-

thing of which one could conceivably make an experimental measurement must be

derived from these phase-space coordinates. Calculation of these observables ranges

in difficulty from fairly painless (for e.g. density and temperature) to surprisingly

complicated (for e.g. plastic strain and dislocation density). In any case, getting

information out of MD requires more work on the user’s part (or perhaps on the

part of a benevolent developer) than for many other, higher–length-scale simulation

techniques. Critical reviews of the most popular postprocessing techniques in use

today may be found in Refs. [109–111].

In this chapter, the methods used here to convert the atomistic data yielded by

MD into useful information will be presented. Note that the methods are categorised

according to their usage in this thesis, and it should be appreciated that many of

them can actually serve multiple functions – for instance, the Fourier transform will

eventually be used here to infer the crystal’s elastic strain state, but reciprocal-space

techniques can also yield information about crystal reorientation [53, 57], melting

behaviour [52], and stacking fault density [112]. In the final part of the chapter, every

method described will be used to interrogate a small block of tantalum undergoing
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controlled uniaxial compression until it yields plastically, in order to provide a central

resource where every technique can be seen in action.

3.2 Temperature

The temperature of an atomistic configuration can be derived most easily by invoking

the equipartition theorem [113]. The theorem states that for an equilibrium classical

system with Hamiltonian H, the following relation holds for any pair of degrees of

freedom, Xm and Xn: 〈
Xm

∂H

∂Xn

〉
= δmnkBT. (3.1)

Here, the 〈 · 〉 operator denotes an ensemble average. For an isolated monatomic

crystal modelled under the microcanonical ensemble, the Hamiltonian reads

H =
N∑
α=1

1

2
mv2

α + E(x), (3.2)

where the former term is just the sum of the atoms’ kinetic energies, and the latter

is their total interatomic potential energy, which depends only on their positions.

When applied to the ith component of atom α’s velocity, Eqs. (3.1) and (3.2) yield

m〈[vα]2i 〉 = kBT. (3.3)

Evaluating the ensemble average of [vα]2i for a given atom (which, according to the

ergodic hypothesis, can be realised simply by time-averaging its trajectory over a

sufficiently long period) may be inconvenient if one wishes to track the evolution of T

over the short timescales (∼ ps) characteristic of the shock regime. As a workaround,

the single-particle time average is commonly replaced by an instantaneous average

over a local group of atoms:

〈 · 〉 → 1

M

M∑
α=1

· . (3.4)

The idea is that every atom within a macroscopically homogeneous volume has the

same velocity distribution, but is at a different stage in its trajectory. Thus, by

sampling a set of atomic velocities at an instant of time, one is effectively sampling
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the same distribution at many different moments, and is thus, by proxy, performing

a time average. The greater the number of particles sampled (M), and the more

components of velocity exploited, the more accurate one’s estimate of T becomes.

Usually, Eq. (3.3) would be applied to all three velocity components and combined:

T =
m

3MkB

M∑
α=1

v2
α. (3.5)

However, to avoid having to worry about correcting for the centre-of-mass longitu-

dinal velocity component (UP ) introduced by shock compression, the temperatures

quoted throughout this thesis will be calculated using only the transverse velocities:

T =
m

2MkB

M∑
α=1

(
[vα]2x + [vα]2y

)
. (3.6)

The similarity of this ‘two-dimensional temperature’ and the traditional temperature

given by Eq. (3.5) has been verified on crystals with temperatures up to 3000 K.

3.3 Stress

The virial theorem states that for a stable mechanical system (i.e. one whose binding

forces are strong enough to keep its constituent particles confined to some finite

volume V ), the following relations hold for i, j = x, y, z:

〈
N∑
α=1

[xα]i[fα]j

〉
+ 2

〈
N∑
α=1

1

2
m[vα]i[vα]j

〉
= 0, (3.7)

where fα is the total force acting on atom α. By separating the per-atom force fα into

contributions from neighbouring atoms and from a confining boundary enclosing the

system [114], the virial theorem can be used to show that the macroscopic stress

tensor σ reads

σij =
1

V

[〈
N∑
α=1

m[vα]i[vα]j

〉
+

1

2

〈
N∑
α=1

∑
β 6=α

[xαβ]i[fαβ]j

〉]
, (3.8)
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where fαβ is the force exerted on atom α by atom β, and xαβ is their relative

displacement. The virial stress comprises two parts: the first is a kinetic, gaslike

component that captures the momentum conveyed by the particles as they oscillate

and recoil from one another; and the second is a potential, solidlike stress that

accounts for the average interaction force each particle exerts on those nearby it due

to their proximity. As one might expect, the latter stress dominates in a shocked

crystal – for instance, when tantalum is loaded to 100 GPa, only 1% of that pressure

is owed to the thermal, gaslike component.

The formulation of the macroscopic stress given by Eq. (3.8) naturally leads to

the definition of the widely used and more versatile per-atom virial stress tensor σα:

σα =
1

Ωα

[
m(vα ⊗ vα) +

1

2

∑
β 6=α

(xαβ ⊗ fαβ)

]
, (3.9)

where Ωα is the volume occupied by the atom (which can be calculated from the

Voronoi tessellation, see Sec. 3.4.1). Defined this way, the stress within any region

is related to the stresses experienced by its constituent atoms by σ = 〈 1
V

∑
α Ωασα〉,

which reduces intuitively to 〈 1
N

∑
α σα〉 if every atom occupies the same volume

Ω = V/N . As with temperature, care must be taken to exclude any centre-of-mass

velocity components from Eq. (3.9), which would yield spurious results [115]. For

this reason, the gaslike stress component will be calculated using the two-dimensional

temperature defined in Eq. (3.6).

3.4 Strain

3.4.1 Voronoi analysis

The Voronoi decomposition of an atomistic configuration partitions the volume it

occupies into a set of tessellating polyhedra called Voronoi cells. Within each cell

is contained exactly one atom, and that cell constitutes the locus of points that are

closer to that atom than to any other. The shape of the polyhedron enclosing each

atom characterises completely the arrangement of its neighbours, and can therefore

be used (after being distilled into a small set of characteristic numbers, like the
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number of faces or vertices the cell has, the number of faces with exactly five edges,

and so on) to identify the local crystal structure [116–118]. Here, the Voronoi

tessellation will be used to calculate the effective volume Ωα occupied by each atom

[which may be used to calculate the virial stress using Eq. (3.9)], and, by extension,

the volume V =
∑

α Ωα occupied by extended groups of atoms, from which the

volumetric strain suffered by the crystal can be deduced. All decompositions here

were performed with the open-source code voro++ by Rycroft [119].

3.4.2 Elastic deformation gradient

In the shock regime, where crystals are expected to show considerable strength, it is

essential to be able to measure not only total volumetric strain, but also individual

components of strain suffered along each axis of the unit cell. To this end, one can

employ the per-atom elastic deformation gradient F e
α. It may be defined as the linear

operator that maps some atom α’s neighbour vectors in an ambient, stress-free state

onto its neighbour vectors following deformation, as illustrated in Fig. 3.1:

F e
αRαβ = xαβ. (3.10)

In other words, if xαβ is the vector joining atom α to neighbouring atom β after

deformation has taken place, then Rαβ would be the displacement of atom β from

α if one relaxed all stresses on the crystal. To calculate F e
α, one requires at least

three independent equations of the form above, each of which will provide three

constraints on the nine elements of F e
α. For instance, if one knows the position of

three neighbouring atoms (labelled by β = 1, 2, 3) and their ambient displacements,

one can express three such vector equations simultaneously via the matrix equation

F e
α

(
Rα1 Rα2 Rα3

)
=
(
xα1 xα2 xα3

)
, (3.11)

where (u v w) is the 3 × 3 matrix whose columns are the vectors u, v, and w.

This equation is sufficient to determine uniquely F e
α:

F e
α =

(
xα1 xα2 xα3

)(
Rα1 Rα2 Rα3

)−1

. (3.12)
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xα1

xα2
xα3

Rα1

Rα2
Rα3

Fαe

Rα Vαe
rotation stretch

deformation

Ambient
configuration

Current
configuration

FIG. 3.1. Transformation of atom α’s nearest-neighbour vectors under the action of elastic

deformation gradient F eα. Shown also is its polar decomposition, in which the unit cell

passes through an intermediate state via a rotation Rα followed by an elastic stretch V e
α .

Depending on which of atom α’s neighbours one uses in Eq. (3.12), one may obtain

slightly different results due to effects that cause F e
α to be nonaffine, like sharp strain

gradients or thermal fluctuations. To mitigate such effects, F e
α will be taken as the

arithmetic mean of all possible elastic deformation gradients calculable from α’s 14

nearest and next-nearest neighbours, of which 232 exist for a bcc crystal.

The elastic deformation gradient encodes information about not only the pure

strains applied to the unit cell, but also its reorientation. To deconvolve these two

effects, one can calculate a polar decomposition of F e
α. The decomposition used

throughout this thesis reads

F e
α = V e

αRα, (3.13)

where Rα is the rotation matrix, and the symmetric matrix V e
α is the so-called left

stretch tensor. The engineering elastic strain in the computation cell basis is related

trivially to the stretch tensor by eeα = V e
α − I, which may then be converted to

the true, compressive elastic strain via εeα = − ln(1 + eeα). The per-atom elastic

strain can then be volume-averaged in order to calculate the macroscopic elastic

strain state εe of any given region of interest. For the majority of this thesis (until

Chapter 6), the e-superscript will be dropped, as elastic strain is generally the only

type of strain to which explicit reference will be made.
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To implement Eq. (3.10) for the elastic deformation gradient, two preliminary

steps are required. First, one must exclude from the computation defective atoms

(i.e. those that do not retain a crystalline environment after shock loading) for

which F e
α cannot uniquely be defined. Sec. 3.5.1 describes the adaptive common

neighbour analysis routine used to identify and reject noncrystalline material before

the calculation begins. Second, one must have a consistent means of assigning to

each of α’s current neighbours an ideal neighbour vector, i.e. of assigning to each

xαβ an Rαβ. A description of the template matching technique used to do so can

be found in Sec. 3.5.5.

3.4.3 The Fourier transform

In the shock-compression experiments performed at facilities like LCLS, one does

not have direct access to the target’s atomic coordinates as one does in MD. One

can, however, observe a slice of its reciprocal lattice by using x-ray diffraction. If

the wavevector of the incident x-ray beam is k0, the diffraction intensity from a

monatomic target at wavevector k is proportional to the intensity of its reciprocal

lattice at the point q = k− k0, which is just the modulus of its Fourier transform:

|F (q)|2 =

∣∣∣∣∣
N∑
α=1

e−i(k−k0)·xα

∣∣∣∣∣
2

. (3.14)

Given a crystal’s reciprocal-space representation, it is possible to infer its elastic

strain state using the fact that the reciprocal lattice vectors {Gi} at which I(q) =

|F (q)|2 is maximal transform according to Gi → [(F e)T ]−1Gi [120]. This reasoning

can be applied just as well to a real crystal as to a synthetic one modelled using

MD, whose reciprocal-space intensity can be calculated directly from its atomic

coordinates using Eq. (3.14).

The work in this thesis is strongly motivated by the desire to understand how

fibre-textured polycrystals respond to shock compression. A fibre texture is one for

which every grain has a particular axis (in our case, [011]) closely aligned with a

common direction called the fibre axis, but whose orientation around this direction

is distributed approximately randomly. To simulate and then calculate synthetic
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diffraction data from a true polycrystalline aggregate is often prohibitively expensive.

In Ref. [121], fibrelike x-ray diffraction patterns were generated from simulations of

a single crystal by first calculating its scattering intensity in reciprocal space, and

then rotating the pattern around the z axis and continuously integrating up the

result to emulate diffraction from an axially symmetric polycrystal. This hugely

relaxes the computational requirements to simulate a full pattern, but not enough

for the hundred-million-atom simulations performed here. For this reason, we will

opt not to integrate numerically the scattering intensity around z, but to integrate

analytically the scattering amplitude. The expression for this fibre-texture Fourier

transform (FTFT) (a full derivation of which is given in Appendix A) reads

FFT(q) ∝
∑
α

J0 (qρρα) e−iqzzα , (3.15)

where qρ =
√
q2
x + q2

y and ρα =
√
x2
α + y2

α are effectively radial coordinates, and J0

is the zeroth-order Bessel function of the first kind. Physically, the expression above

is obtained by imagining that every atom in the original grain is swept around

the z axis into a continuous ring of atoms – this is the atomistic configuration

that would result if all of the grains in a fibre-textured polycrystal directly over-

lapped. The FTFT is therefore only an approximation of the real diffraction signal.

However, it is also only slightly more expensive than the plain Fourier transform∑
α exp(−iq · rα). It has further been confirmed that the locations of the Bragg

peaks for homogeneously strained crystals predicted by the FTFT coincide with the

locations predicted by geometrically solving the Laue condition.

3.5 Defects

3.5.1 Common neighbour analysis

Common neighbour analysis (CNA) [122] is one of the most frequently used methods

for identifying the local structure of an atomistic configuration. The central idea is

as follows: first, take the atom under consideration and find all of its neighbours;

then, for one of those neighbouring atoms, identify its neighbours; next, find all the
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atoms that are common to both neighbour lists; finally, extract from those common

neighbours a set of indices that characterise the nature of their bonding. Such

indices might include the total number of common neighbours, the number of bonds

that exist between them, or the longest chain of bonded atoms that can be formed

among them. Taken together, these indices give a ‘fingerprint’ that is unique to each

crystal structure. CNA can thus separate a crystal into its various phases, or, as

will be done here, distinguish crystalline from defective material. Fig. 3.2 illustrates

what a crystal visualised using CNA might look like.

The one free parameter in the CNA routine is the cutoff radius rcut, or the

maximum separation two atoms can have and still be considered ‘bonded’. In order

that the method be robust to the large changes in density that shock compression

and release can cause, this cutoff radius should be chosen for each atom individually

based on the density of its environment. To do so, one can first infer the local

lattice constant aα using the displacements of the atoms nearest α. The expression

appropriate for a bcc crystal reads

aα =
1

14

(
8∑

β=1

2√
3
‖xαβ‖+

14∑
β=9

‖xαβ‖

)
. (3.16)

The first sum runs over the 8 nearest neighbours in the 1st coordination shell (dis-

placed on average by ‖1/2 〈111〉‖ =
√

3/2 aα), while the second sum accounts for the

6 next-nearest neighbours in the 2nd coordinate shell (displaced by ‖〈100〉‖ = aα).

The cutoff is then placed between the 2nd and 3rd shells, i.e. rcut
α = 1/2 (1 +

√
2)aα.

This technique is known as adaptive common neighbour analysis (a-CNA) [109]. By

dynamically calculating rcut in this way, one can filter defective atoms from shock-

compressed or shock-releasing crystals without needing to manually select a cutoff

to suit the pressure-dependent density.

CNA is known to fail at temperatures approaching the (pressure-dependent) melt

temperature TM , where it frequently misidentifies crystalline material as defective

due to the sporadic breaking of bonds caused by strong thermal fluctuations [117].

In this thesis, CNA will only be applied to crystals for which T < 0.5TM .
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3.5.2 Cluster analysis

Once a population of atoms has been divided into those that are crystalline and

those that are defective, bonded groups of atoms of the same species can be iden-

tified. A deformation twin, for instance, comprises a group of hundreds or perhaps

thousands of crystalline atoms separated from its host by planes of defective atoms

that constitute the twin boundaries. A twin therefore constitutes a single ‘cluster’

of nondefective atoms. Similarly, the core of an isolated dislocation loop is formed

of a long chain of connected defective atoms immersed entirely in a nondefective

host, and so constitutes a single ‘cluster’ of a different sort. Cluster analysis allows

one rapidly to separate an atomistic configuration into its component grains, twins,

and other defect structures, making the crystal far easier to analyse and visualise.

In this thesis, cluster analysis will be used to identify and (very approximately)

enumerate vacancy defects. If one generates a population spectrum of the clusters

in a shock-loaded crystal, point defects like vacancies or self-interstitials, and indeed

any aggregates thereof, tend to be found in the range of roughly 10 to 100 atoms. A

single vacancy defect in a bcc crystal, for instance, comprises a connected group of

(a)

(b)

(b)

(c)

(d)

(e)

(f)

FIG. 3.2. A highly defective crystal viewed using CNA. Atoms whose environments are

inconsistent with any anticipated crystal structure are deemed defective, and coloured

white. CNA thus reveals the presence of (a) grain boundaries, (b) twin boundaries, (c)

point vacancies, (d) interstitials, (e) dislocations, and (f) free surfaces.
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14 defective atoms surrounding an empty lattice site, whereas a divacancy may be

formed of between 28 atoms (two single vacancy clusters tangentially touching) and

22 atoms (for a true divacancy comprising two adjacent empty sites). These vacan-

cies are easily distinguished from other, far larger defect structures like dislocations,

twin boundaries, and grain boundaries, which consist of hundreds to thousands of

connected noncrystalline atoms. One can exploit this ‘stratification’ of the cluster

population spectrum to identify the vacancies in an atomistic configuration without

actually needing to verify that empty lattice sites are present. If the number of

defective clusters containing n atoms is C(n), the vacancy count is approximately

Nv ≈ C(14) +
nmax∑
n=15

⌈ n
14

⌉
C(n), (3.17)

where nmax is an upper limit taken to be around 100 or so. All of the clusters

comprising 39 defective atoms, for example, would be interpreted as 3 marginally

interpenetrating vacancy clusters comprising 14 defective atoms each, and would

thus contribute d39/14eC(39) = 3C(39) vacancies to Nv. This method is crude, and

will generally underestimate the number of vacancies present, because any vacancy

attached to a much larger defective structure like a dislocation network is ‘absorbed’

into its associated cluster, and thus evades detection. However, it is also fast, and

is adequate for the purposes of this thesis.

It is noted that the vacancy-counting method described above cannot actually

distinguish vacancies from other point defects, such as self-interstitials, which also

comprise clusters of ten defective atoms or so. The reason Eq. (3.17) is referred

to as a ‘vacancy’ count is because vacancies tend to be far more abundant than

interstitials under the loading conditions considered in this thesis. The underlying

physical reason for this asymmetry will be addressed in Chapter 6.

3.5.3 Dislocation extraction algorithm

Once a crystal has been partitioned into clusters, a surface of ‘interface atoms’ can be

constructed that separates the defective atoms from their crystalline host, and thus

encloses entirely the crystal’s defect content. The dislocation extraction algorithm
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(DXA) [123, 124] is a routine that locates and characterises full dislocations by

searching for the thin, tubelike parts of this interface. The algorithm first constructs

a circuit around one such tube by joining together atoms on the interface; if the

narrow defect enclosed by the tube is a true dislocation, the vector sum of the

crystallographic vectors joining the atoms in the loop is non-zero, and yields the

dislocation’s Burgers vector. The Burgers circuit can then be swept along the tube,

allowing the dislocation line it encloses to be traced out and stored in an array. The

DXA can thus create an explicit line representation of a dislocation network within

an atomistic configuration. In this thesis, the DXA will be used mainly to calculate

the dislocation density ρv as a function of time, though a sample visualisation of a

dislocation network will be shown in Sec. (3.6).

3.5.4 Slip vector analysis

The DXA provides a time-resolved picture of the dislocation content of a crystal. Slip

vector analysis (SVA) is a complementary technique (originally formulated by Zim-

merman et. al. in the context of nanoindentation [125]) that allows one to view the

slip planes, stacking faults and twins ‘traced out’ by dislocations as they propagate.

This is achieved by identifying atoms whose neighbours have suffered permanent dis-

placement from their original sites in the unit cell, i.e. those that have participated

in a plastic flow event. The displacement vectors of the neighbours may be used to

infer the Burgers vector of the dislocation responsible, while its plane(s) of motion

may be determined by visualising the structure formed by the slipped atoms. In

brief, the algorithm used here first generates a ‘heatmap’ of the displacement vectors

(whose maxima will be located at the Burgers vectors of the dislocations generated

on compression), and then assigns atoms to slip or twin planes according to which

of these maxima their particular neighbour displacements are found close to.

To illustrate the principle of SVA, Fig. 3.3(a) shows a bcc crystal that has un-

dergone plastic flow on nearby (2̄11) planes. Two atoms are highlighted: atom s,

which is located in proximity to a slip plane; and atom t, found in a twin. Each

atom is distinguished by the particular combination of displacements of its eight

nearest neighbours. For atom s, three neighbours are displaced by 1/2 [111], while



77 3.5. DEFECTS

[011]

[1
00

]

sli
p 

pla
ne

tw
in 

pla
ne

tw
in 

pla
ne

atom s

atom t

(a)

(b) 1

-1
-2

2
(c) 1

-1
-2

2

FIG. 3.3. Slip signatures for atoms in proximity to slip and twin events. (a) shows an ideal

bcc crystal viewed along the [011̄] direction. Black and white atoms belong to separate

(011̄) planes. Atom s is located on a slip plane, atom t in a twin. Arrows indicate the

change in displacement of each atom’s eight nearest neighbours following compression.

(b) and (c) show these same changes (plus thermal noise) centred on a common origin for

atoms s and t respectively. Each atom is characterised by the bins (labelled ±1 and ±2)

into which their neighbour displacements fall.

five suffer only thermal displacement. For atom t, two neighbours are displaced by

±1/3 [111], four by ±1/6 [111] and two by [000]. With these signatures, one can

identify the slip or twin event in which the atom has participated.

In traditional SVA, the displacements of the central atom’s neighbours are col-

lapsed into a single metric called the slip vector sα ∝
∑

β uαβ, where uαβ is the

displacement suffered by neighbour β in the frame of α, the central atom. While

this step simplifies the resultant signature by reducing its dimensionality, it also

renders the method unable to detect atoms located in deformation twins, for which

sα vanishes. This issue will be circumvented by retaining information about the

individual displacements of each atom’s neighbours, in such a way that slip and

twinning can be treated equivalently.

The first step is to establish the set of neighbour displacements frequently ob-
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served in the sampling region. Taking each atom as the central atom in turn, one

calculates the change in relative position of the atoms with which it was coordinated

before deformation. Let the trajectory of some atom γ be denoted by xγ(t). The

change in displacement of neighbour β from the central atom α, as of time t, is

uαβ = [xβ(t)− xα(t)]− [xβ(0)− xα(0)] (3.18a)

= xαβ −Xαβ. (3.18b)

Here, the index β runs over central atom α’s initial neighbours. One then generates

a three-dimensional density plot of the set of all neighbour displacements {uαβ}.

The displacements will cluster around a discrete set of points corresponding to the

Burgers vectors of the dislocations generated on compression. We can define a set

of spherical bins located at these points with centres {bi} and radii {ri}. The finite

radii of the bins account for both thermal noise and modulations in density and

orientation. Since the density plot is necessarily centrosymmetric (uαβ = −uβα),

bin n is always implicitly paired with a second bin −n located at −bn, as shown

in Figs. 3.3(b,c). While it is not necessary to define the bins with the aid of a

density plot if one has knowledge of the deformation modes a priori, doing so tends

to increase the accuracy with which the atoms are classified.

The second step is to associate each atom with a plasticity mechanism according

to the bins into which its neighbour displacements fall. Displacement uαβ is said to

belong to bin n if ‖uαβ − bn‖ ≤ rn. If none of the bins are occupied, the central

atom is assigned to slip event 0, denoting an atom that has not undergone plastic

flow. If only bins ±n are occupied, the atom is assigned to event n. If more than

one type of bin is occupied, the atom is deemed unresolvable. To identify twinned

atoms, for which more than one type of displacement exists, we ensure there are

only bins located at either ±1/3 [111] or ±1/6 [111]; the former is preferable as the

latter frequently overlaps the broad peak located at [000].

SVA has the advantage of being able to detect both dislocation slip and defor-

mation twinning, but the technique suffers at high shock pressure. The more plastic

deformation a crystal has suffered, the greater the probability of its atoms having

participated in multiple plastic flow events. This causes the bins nearest the origin
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to empty out into the surrounding volume. Any atom located at the intersection

between slip planes and twins can thus escape detection. The following section

describes a complementary algorithm with which we can detect deformation twins

(but not slip planes) reliably at higher pressures.

3.5.5 Template matching technique

The material within a deformation twin has a radically different crystallographic

orientation to that of its host crystal. If one can somehow deduce the orientation

of each atom’s environment (by, say, working out the directions of the local 〈100〉

basis vectors), one can tell whether it belongs to a deformation twin, without having

to know the crystal’s deformation history as in SVA. Here, the crystal’s orientation

will be calculated using a template-matching algorithm, in which each of atom α’s

current neighbour displacement vectors xαβ is independently matched to an ideal

neighbour vector in a set of template bcc unit cells according to their cosine similarity

(not unlike the study in Ref. [126]). The implementation of this technique, depicted

schematically in Fig. 3.4, is performed as follows.

One first specifies the set of 14 ambient neighbours vectors {B(0)
i } = B0 that

describe the 1st and 2nd bcc coordination shells for the host orientation. In an-

ticipation of the onset of deformation twinning, M further twin bases B1,2,...,M are

also constructed. The elements of each twin basis are constructed by reflecting the

elements of B0 in the corresponding twin plane with unit normal m̂:

B
(m)
i = B

(0)
i − 2(B

(0)
i · m̂)m̂. (3.19)

A separate set of M + 1 candidate bases must be constructed for each grain un-

der consideration. Then, taking each basis in turn, we assign each of the central

atom’s 14 nearest and next-nearest neighbours to an ideal neighbours vector. Vec-

tor xαβ is paired with the ideal vector with which it subtends the smallest angle, or

equivalently, the vector with which it has maximal cosine similarity. Formally,

R
(m)
αβ = arg max

B
(m)
i ∈Bm

sim(xαβ,B
(m)
i ), (3.20)
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where

sim (u,v) =
u · v
‖u‖‖v‖

. (3.21)

We then determine the basis that best describes the local unit cell of α. The basis

chosen is the one that maximizes the total cosine similarity
∑14

β=1 sim(xαβ,R
(m)
αβ ). If

the pairing of current and ideal neighbours vectors is not one-to-one for a given basis,

that basis is excluded from consideration. If none of the bases provide one-to-one

mappings, the atom is deemed unresolvable and is excluded from the computation.

By matching the local unit cell to one of the twin bases in this way, this template

matching technique (TMT) provides a time-resolved picture of the deformation twins

in a shock-loaded crystal, which nicely complements the DXA. Note that in addi-

tion to providing a means of detecting deformation twins, the TMT also naturally

provides the set of ideal neighbour vectors Rαβ with which the elastic deformation

gradient F e
α can be calculated via Eq. (3.10).

xα1

xα2

xα3

xα4

B1
(0)

B2
(0)

B3
(0)

B4
(0)

B1
(1)

B2
(1)

B3
(1)

B4
(1)

Rα1
(0)

Rα2
(0)

Rα3
(0)

Rα4
(0)

Rα1
(1)

Rα2
(1)

Rα3
(1)

Rα4
(1)

xα1

xα2

xα3

xα4

Candidate basis 0

Candidate basis 1

Good match

Poor match

FIG. 3.4. Schematic depicting the template matching technique. Left: two candidate

bases representing the host and twin orientations with associated ideal neighbours vectors

{B(0)
i } and {B(1)

i } respectively. Right: pairing-off of the ideal neighbours vectors and the

current neighbours displacements {xαβ} according to cosine similarity for central atom α.

In this case, basis 0 would be deemed more consistent because the total angle subtended

by its paired vectors is smaller.
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3.6 Example: Application to 〈100〉 tantalum

Given the number of postprocessing techniques used in this thesis, it may be infor-

mative for the reader first to see them all applied simultaneously to a single, simple

simulation. Here, we will examine the plastic response of a block of monocrystalline

tantalum that is steadily compressed until it yields, and is subsequently allowed to

evolve under fixed-volume conditions. Note that the actual physics of the defor-

mation will not be discussed in detail, since the purpose of this section is only to

exhibit the characterisation techniques.

The crystal analysed here is a 100× 100× 100 unit cell (33.9× 33.9× 33.9 nm3)

block of tantalum with its [100], [010], and [001] directions aligned with the x, y, and

z computational cell axes, respectively. The cell is subjected to periodic boundary

conditions on each of its faces, so that atoms just above (say) the lower yz face

interact with those immediately below the upper yz face. The crystal is created

with 75 point vacancies distributed randomly throughout its bulk, and a void at its

centre of 10 nm radius – the void provides an easy nucleation site for dislocations, so

FIG. 3.5. Evolution of (a) temperature, (b) stress, (c) per-atom volume, and (d) elastic

strain for a tantalum crystal compressed along [001]. Two volume calculations are given in

(c), the first being taken directly from the crystal’s Voronoi tessellation, the second from

the determinant of the average elastic deformation gradient F e.
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that the crystal does not yield quite as ‘catastrophically’ as it would do if dislocations

had to nucleate homogeneously, i.e. in the bulk. A low initial temperature of 10 K is

chosen to make classification of the defects cleaner. The cell is uniaxially compressed

along the z direction for 125 ps until it reaches 116% ambient density. The crystal

is then held at constant volume and allowed to evolve for a further 125 ps.

Plotted in Fig. 3.5 are the temperature, stress, volume, and elastic strain of the

crystal as functions of time. During the loading phase, the elastic strain along

z increases linearly while the transverse strains εxx and εyy remain at zero. In

other words, all that happens is the (001) planes move closer together. The volume

decrease inferred from this purely uniaxial strain matches precisely that calculated

from the Voronoi tessellation of the crystal, as shown in Fig. 3.5(c). Meanwhile, the

stresses along the computational cell axes steadily increase, with σzz leading, and

the transverse stresses lagging behind slightly (the difference being governed by the

crystal’s Poisson ratio ν). As the longitudinal and transverse stresses drift apart,

shear stress accumulates until reaching a critical value at t ≈ 125 ps, at which point

the loading is deliberately arrested. Hereafter, several things happen. First, εzz

suddenly decreases [i.e. the (001) planes move apart], and the two transverse strains

increase. Fig. 3.5(c) shows that this strain evolution takes place almost exactly

isochorically, which is to say that the unit cell changes shape, but not size. At

the same time, the longitudinal and transverse stresses converge, meaning the shear

stresses acting on the crystal relax. We also observe that the temperature of the

crystal rises sharply. This behaviour (as will be explored extensively in this thesis)

is all symptomatic of plastic deformation.

The defect detection methods outlined in Sec. 3.5 can now be used to understand

how plastic deformation is realised. SVA (Sec. 3.5.4) can identify both slip planes

and deformation twins by classifying atoms according to the displacement suffered

by their neighbours; the heatmap used to locate the neighbour-displacement bins

in shown in Fig. 3.6. As expected, the displacements cluster around the 1
2
〈111〉

vectors (which are associated with full slip), and also around 1
3
〈111〉 and 1

6
〈111〉

(which stem from deformation twinning). TMT (Sec. 3.5.5) provides a second,

independent means of identifying twins; the twin bases were obtained by reflecting
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FIG. 3.6. Three-dimensional density plot showing the distribution of slip vectors in single-

crystal tantalum with its 〈100〉 directions collinear with the computational cell axes.

Dashed circles indicate the position and radius of the bins used to implement the SVA.

the host basis in the (112̄), (112), (1̄12), and (11̄2) twinning planes14.

Fig. 3.7 shows a composite visualisation of the defect evolution, the key features

of which are as follows. Before the crystal yields, the only defective atoms present

are those at the surface of vacancies and the central void. By t = 110 ps, two

dislocation loops have been emitted from the void (leaving in their wake planes of

slipped atoms, as seen in the SVA), which travel along the 〈111〉 directions towards

the corners of the simulation cell. At this stage, the plastic flow is highly localised,

meaning the small amount of shear stress it relieves does not register in the stress-

strain curves plotted in Fig. 3.5. At t = 119 ps, we start seeing profuse production

of deformation twins (visible via both SVA and TMT), which by 123 ps occupy a

considerable fraction of the crystal. This is the point at which yield proper begins.

By 250 ps, deformation twins and full dislocations pervade the entire crystal, and

have reached a stable state in which they are unable to bring about any further relief

of shear stress. We also observe that, by this time, the population of point vacancies

has increased enormously (a point to which we will return in Chapter 6). Shown in

14 Although there are 12 distinct {112} twin planes in a bcc crystal, there exist only four distinct

twin orientations. For example, the (112̄), (12̄1) and (2̄11) twins (which all share the 1
6 [111]

Burgers vector) have exactly the same orientation, so any one of them can be chosen to perform

the reflection in.
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FIG. 3.8. Defect populations in 10 K tantalum loaded along [001] to 116% ambient density.

Fig. 3.8 is the population of point vacancies [deduced using Eq. (3.17)], deformation

twins (from TMT), and full dislocations (from DXA) as functions of time. The

shortcomings of the vacancy-counting method are evident: the profile is noisy, and

starts increasing too early, likely due to the algorithm misinterpreting ‘debris’ from

nascent twin boundaries as defect clusters. The overall trend it suggests, however,

is likely trustworthy. In summary, the techniques described in Sec. 3.5 allow us to

distinguish and quantify the three species of defect present in this 〈100〉 tantalum

crystal, and so better understand its behaviour after yield.
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Single crystal
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FIG. 3.9. Fourier transforms of host material from a single tantalum crystal with its 〈100〉
directions aligned with the cell axes. The plain Fourier transform and the fibre-textured

analogue defined by Eq. (3.15) are shown on the left and right, respectively.
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Finally, shown in Fig. 3.9 is the FTFT of the crystal calculated at t = 250 ps,

alongside the plain, single-crystal Fourier transform for comparison. Atoms identi-

fied as belonging to twins by the TMT, which bring about many extra diffraction

peaks due to their different orientations, have been excluded from the computation

for clarity. We see that the intensity of the plain Fourier transform is strongly lo-

calised around the reciprocal lattice vectors for a bcc crystal (which, as expected,

form an fcc lattice). In the FTFT analogue, each peak is swept into a ring, imi-

tating the distribution of reciprocal lattice vectors present in an axially symmetric,

fibre-textured polycrystal. In Chapter 5, it will be shown that synthetic diffraction

patterns generated from the FTFT compare favourably with real diffraction data,

confirming the Fourier transform’s role as an indispensable interpretative tool that

allows MD to make direct contact with dynamic compression experiments.



chapter 4

Simulations of grain interactions

during shock compression

4.1 Introduction

When a polycrystal is compressed, the grains of which it is composed cannot de-

form as they would do in isolation, but must generally do so in such a way as to

accommodate the presence of their neighbours15. This is to say that every grain

must interact with those adjacent to it. Over the past several decades, extensive

experimental and material modelling efforts have revealed a host of physical effects

that can be directly attributed to interactions between grains, including changes to

local orientation [127–135] and strain [135–139], generation of additional dislocations

[140–143], and alteration of the macroscopic yield strength [127, 128, 144, 145]. The

vast majority of work to date has been performed in the context of quasistatic load-

ing, where inertial forces between grains are negligible. By comparison, very little

consideration has been given to the physics of grain interactions under the condi-

tions of shock loading. In this chapter, the results of large-scale molecular dynamics

simulations are presented demonstrating that the enormous stresses one grain exerts

on its neighbours alter the way they plastically deform, and further allow them to

reach a state of shear stress lower than material strength would ordinarily permit.

4.1.1 Studies undertaken to date

The modelling of grain interactions under quasistatic loading conditions began in

earnest just before the end of the 20th century. Prior to this time, the two extant

species of polycrystal model, namely Taylor-type16 [146–149] and self-consistent

15 This assertion is true provided the boundaries between the grains do not fail.
16 Here, Taylor-type refers to any model underpinned by an assumption of strain homogeneity. This

includes Taylor’s original prescription, in which every strain component is constant throughout

the aggregate, and variations thereof such as the relaxed constraints approach, where select

strain components are allowed to vary.
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models [144, 150–152], were both incapable of faithfully treating interactions be-

tween grains; the former class could not guarantee that adjacent grains were in

mechanical equilibrium, while the latter class could do so, but only in an average,

mean-field sense. With rapid increases in readily-available computing power, it be-

came possible to move beyond these statistical models and seek numerical, full-field

solutions, in which the stress and strain tensors are solved for on a discrete grid

with sub-grain resolution (with e.g. the finite element method [153]) in such a way

that grain interactions are automatically incorporated. The first studies capitalising

on these new numerical techniques quickly established that while statistical models

could correctly predict the gross behaviour of quasistatically deformed polycrystals,

certain effects could only be explained with recourse to grain interactions. Such

effects included: additional rotations [127, 129], retrograde rotations [129, 145], and

the formation of otherwise inexplicable textures [130]; the appearance of large in-

tragranular orientation gradients, i.e. grain fragmentation [132, 134, 137]; and loss

of correlation between each grain’s initial orientation and its plastic strain state

following loading [136, 137]. Becker and Panchanadeeswaran [129] accounted for

observations such as these by postulating two abstract ‘forces’ that compete to con-

trol each grain’s evolution: the first is intrinsic to the grain itself, and compels it

to behave as it would do in isolation; the second is exerted upon the grain by its

neighbourhood, and forces it to undergo additional deformation to maintain compat-

ibility and equilibrium with its neighbours at its boundaries. Subsequent statistical

analyses suggested that, under certain circumstances, the latter force is actually

dominant [136, 138]. These computational studies have thus illustrated the signif-

icance of grain interaction effects, and although they were undertaken within the

context of quasistatic loading, there is every reason to believe the same phenomena

must manifest on some level in the shock regime.

In more recent years, a number of computational studies of multicrystals under

shock-loading conditions have been undertaken with the aid of large-scale molecular

dynamics (MD) simulations [57, 154–161]. A small subset of these studies have fo-

cused on elucidating the physics of grain interactions, typically by modelling simple

bicrystalline samples. These investigations have clearly demonstrated that during

shock compression, grain interactions take on a dynamic nature due to the abrupt-
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ness of the loading. Park [155] performed shock-compression simulations of a nickel

bicrystal with its grain-boundary-normal perpendicular to the shock, and showed

that when the shock front in one grain outpaces that in its neighbour, the former

can laterally precompress the latter due to the transient stress gradients induced

over the boundary within the elastic precursor. In a similar study of copper, Luo

et. al. [156] further showed that under high-symmetry conditions, lateral compres-

sion waves can coalesce at the centre of the lagging grain, generating a moving ‘focus’

at which the stress concentration is exceptionally high. One can speculate on the

basis of investigations such as these that the ability of one grain to radically affect

the stress state of its neighbours through dynamic interactions could have profound

consequences for the manner in which each plastically deforms. The purpose of this

study is to build on these previous works, and identify dynamic grain interaction

effects in nanocrystals comprising more than two crystallites.

4.1.2 Fibre-textured targets

This study is concerned with interactions in a particular class of bcc polycrystal

whose grains are characterised by i) a columnar morphology and ii) a fibrelike crys-

tallographic texture, in which every grain has the same crystallographic direction

closely aligned with its long axis (in this instance, [011]). The reasons for doing

so are twofold. First, the response of these polycrystals when shock-compressed

along their fibre axis is relatively simple – the high aspect ratio of the crystallites

means that interactions between grains take place almost exclusively in directions

normal to the shock, while the fibre texture ensures the shock front progresses at

approximately the same speed in every grain, meaning shock broadening effects are

minimized. These polycrystals thus provide us with an uncomplicated environment

in which to study the fundamentals of grain interactions. Second, tantalum tar-

gets with this morphological and crystallographic texture (which can be procured

via vapour deposition) have already been successfully used to reveal the lattice-level

dynamics that take place during shock compression [162] and subsequent release [59]

using in situ XRD measurements. Moreover, as an axis of twofold rotational sym-

metry, the [011] fibre axis is particularly interesting from a grain-interaction point
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of view, because each grain will exhibit elastic and plastic anisotropy in directions

normal to the shock. Bcc tantalum has been chosen here to provide better contact

with the aforementioned experiments, but it is stressed that the fundamental grain

interaction physics that will be illustrated is not peculiar to this element.

4.2 Simulation setup

To study the response of nanocrystalline tantalum (Ta) to shock compression, large-

scale MD simulations using the lammps code [108] and the EAM Ta1 potential con-

structed by Ravelo et. al. [54] were employed. This potential was tailored to repro-

duce the mechanical and thermodynamic properties of Ta at the megabar pressure

scale. It successfully predicts the equation of state, elastic constants, and Hugoniot

temperatures obtained from ab initio calculations [54], as well as several experi-

mentally determined high-pressure relations, including the pressure-volume curve at

ambient temperature [163, 164], the locus of shock states in the US -UP plane [165],

and the melt curve [166].

The polycrystals simulated comprise tessellating prismatic grains whose long axes

are aligned with z, the direction along which the shock wave is launched. The

bases of the prisms constitute the front and rear surfaces of the polycrystal, while

the lateral faces make up the grain boundaries (GBs). We will investigate two

columnar geometries labelled the checkerboard (CB) and the honeycomb (HC), as

depicted in Fig. 4.1. The former contains four grains with approximately square

cross-sections, the latter six grains with hexagonal cross-sections. The minimum

transverse dimensions of the grains in the CB and HC geometries are 21.5 nm

and 21.8 nm respectively. Both geometries span 1 122 nm (i.e. 4 800 [011] lattice

spacings) in the compression direction. Periodic boundary conditions (PBCs) are

applied to each polycrystal’s xz- and yz-faces, while the z direction is left aperiodic.

The orientations of the grains are chosen so as to emulate a fibre texture. In

each geometry, there exists a central grain whose [100], [011̄] and [011] axes are

aligned with the x, y and z directions, respectively. The orientations of the adjacent

grains are related to that of the central grain by rotations about z. For the CB

geometry, the misorientation angle is 90◦. This angle is chosen to maximise the
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FIG. 4.1. Front end of the computational cells used in MD simulations of shock-compressed

columnar polycrystals, visualised using ovito [167]. (a) depicts the checkerboard (CB)

geometry, (b) the honeycomb (HC). All grains have their [011] crystallographic axis aligned

with z, the loading direction; the azimuthal orientation of each grain is indicated by the

directions of the [100] and [011̄] axes. Grains with the same shading share the same

orientation. The piston is depicted in black at the rear of the cells.

degree of anisotropy over the GBs, and exaggerate the magnitude of the stress

gradients induced by shock-loading that cause the grains to interact. The analysis

will be focused primarily on the CB geometry, though comparisons will be made with

the less contrived HC geometry, for which the misorientation is only 60◦. While the

morphology and texture of these nanocrystals is highly idealised, they may serve as

informative models, as they exhibit the basic physics relevant to a polycrystal in a

way that is amenable to simple analysis.

To equilibrate the nanocrystals prior to loading efficiently, their translational

symmetry along z can be exploited: rather than relaxing the crystals in their entirety,

we first construct and relax a fully periodic supercell 9.4 nm in thickness, and

subsequently replicate the cell 120 times in the z direction to bring the system up

to its full dimensions. The supercells are first simulated under the microcanonical

(NVE) ensemble with a 300 K Langevin thermostat to absorb the heat released from

the GBs. Relaxation is then performed under isothermal-isobaric (NPT) conditions

for 50 ps to anneal the GBs and bring the pressure to 0 GPa. Following the pressure

correction, the system is time-integrated for a further 25 ps under the canonical

(NVT) ensemble (i.e. without pressure control); if the pressure has drifted by more

than 1 kbar following this interval, an additional NPT run is executed. This process

is iterated until the pressure stabilises.
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The equilibrated supercell is then replicated in the compression direction, and

the PBCs on the xy-faces of the simulation cell are relaxed. The full polycrystal is

run under the NVE ensemble with a weak Langevin thermostat for 50 ps to damp

out the pressure waves released from the front and rear surfaces. A final 50 ps period

of relaxation without thermostatting concludes the equilibration. The polycrystals

typically converge with residual pressures of order 10 bar and temperatures deviating

from 300 K by no more than 0.1 K. The only crystal defects present following

relaxation are the front and rear free surfaces, and the GBs.

In order to isolate the influence of one grain on another, we will also examine MD

simulations of single crystals with the same orientation as the central grain in the

nanocrystals. By comparing the response of monocrystals and polycrystals subjected

to the same shock conditions, we can understand precisely how the stress and strain

state of the grains is altered by virtue of their being situated in a polycrystal. The

full dimensions of the single crystals are 24.8× 24.8× 1 122 nm3. They are relaxed

in the same manner as the polycrystals, and are also periodic in x and y.

The single- and polycrystals are shock-loaded under the NVE ensemble with

a 1 fs timestep, using a ‘piston’ instantaneously accelerated to constant velocity

UP = (0, 0, UP ). The piston is simply a group of atoms whose motion is completely

unperturbed by interatomic forces. Time integration proceeds until the compression

wave reaches the end of the simulation cell. Note that the shock velocity US, and

therefore the breakout time, is identical for every grain because each one has its

[011] direction parallel to the loading axis.

4.3 Single crystal response

It is instructive first to establish how [011] Ta responds to shock compression at the

level of a single grain, that is, in the absence of polycrystalline effects. To do so,

we will study the behaviour of monocrystals shock-compressed to at least 40 GPa

(the HEL for a crystal modelled under the Ta1 potential shocked along [011] [54])

that are periodic in directions normal to the shock. These monocrystals serve as the

‘control group’ with which we will eventually compare polycrystals loaded under

similar shock conditions in order to isolate the additional physics introduced by
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intergranular interactions. We should primarily be interested in establishing whether

the response of these [011] single crystals is (given their low rotational symmetry

about z) markedly different in the two directions normal to the shock, both during

the plastic relaxation phase and in the steady state that follows. As Sec. 4.4 will

show, a grain that exhibits transverse anisotropy of this sort is bound to interact

with its neighbours.

Let us identify the plasticity mechanisms activated in [011] Ta under shock com-

pression by means of SVA (see Sec. 3.5.4). Fig. 4.2(a,b) shows cross-sections of the

slip-vector heatmap in the xz- and xy-planes obtained from a single crystal shocked

to 40 GPa. Atoms whose slip vectors are found in proximity to labelled peaks in the

heatmap are shown in Fig. 4.2(c,d) for representative regions of the crystal. The

SVA reveals that plastic deformation occurs in two stages.

The first is characterised by a combination of dislocation slip and deformation

twinning of the types [111](2̄11) and [1̄11](211). That twinning of this kind operates

in rapidly strained [011] Ta is well-known, having been extensively observed in MD

[54, 59, 121, 162, 168, 169] and in experiment, both ex-post-facto [169–171] and,

more recently, in-situ via time-resolved XRD [59, 162]. The deformation twins

nucleate first, and are then partially replaced by perfect dislocations, which are

able to accommodate the same shear strain as the twins without the large energy

cost associated with their surfaces. In our coordinate system, the shearing motion

associated with these mechanisms takes place exclusively in the xz-plane. The

second stage of deformation, whose onset is delayed with respect to the first, involves

dislocation slip in directions [111̄] and [1̄11̄], which are situated in the xy-plane (i.e.

normal to the shock). Fig. 4.2(d) shows that the slipped atoms left in the wake

of these dislocations form a relatively complicated structure. This is because the

dislocations mediating slip during this latter stage of flow have predominantly screw-

like character, so they are permitted to cross-slip between planes; dislocations with

Burgers vector 1
2

[111̄], for instance, can be observed moving on planes (21̄1), (101),

and (1̄21). These two stages of deformation exhaust the four distinct 〈111〉 directions

in which a bcc crystal is inclined to flow.

The key observation supplied by the SVA is that the crystallographic inequiva-

lence of the crystal’s two transverse directions is clearly manifested in the way it
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FIG. 4.2. Visualisation of the plasticity mechanisms active in 24.8 × 24.8 × 1 122 nm3

monocrystalline Ta shocked along [011] to 40 GPa via SVA. (a) Cross-section of the slip-

vector heatmap in the xz-plane, showing plasticity mechanisms belonging to the first

stage of deformation. Visible are peaks from dislocation slip (Burgers vectors 1
2 [111] and

1
2 [1̄11]) and deformation twinning (Burgers vector 1

6 [111]). Note that the twins generate

peaks at both 1
6 [111] and 1

3 [111]; only the latter is used in the SVA algorithm. (c) Atoms

contributing to selected peaks in the heatmap, which form slip planes (dark grey) and

deformation twins (light grey). The dislocation preceding one of the slip planes, detected

using the DXA, can be seen in green at the right of the image. (b,d) Similar analysis for

the second stage of deformation, which is characterised by slip with associated Burgers

vectors 1
2 [111̄] and 1

2 [1̄11̄].

plastically deforms: while the first stage of deformation is characterised by flow in

the xz-plane, there exists no similar mechanism allowing flow in the yz-plane – the

crystal must instead settle for relatively sedate flow in the xy-plane. The trans-

verse components of stress σxx and σyy, coupled as they are to separate plasticity

mechanisms, must therefore evolve at different rates. To verify this, atoms that

have participated in plastic flow events are shown alongside the local components

of stress and elastic strain (expressed in the computational cell basis) in Fig. 4.3.

This allows us to give a detailed account of how each plasticity mechanism alters

the stresses perpendicular to the shock, and thus how the plastic and elastic aspects

of the crystal’s deformation are coupled.



95 4.3. SINGLE CRYSTAL RESPONSE

The compression wave is led by an elastic precursor within which the crystal

suffers uniaxial strain by 10% along z. The normal stresses increase to around

half of their final values within this elastic zone in the order σzz > σxx > σyy, as

is expected from the crystal’s elastic moduli17 [172]. Resolved shear stress (RSS)

τ accumulates most rapidly on the [111](2̄11) and [1̄11](211) systems [for which

τ =
√

2/3 (σzz−σxx)], hence the triggering of the first stage of plastic relaxation. The

attendant flow in the xz-plane allows the crystal to expand along z and collapse along

x, causing stresses σxx and σzz to converge; the lattice spacing along y, meanwhile,

remains unchanged. The systems under the greatest RSS following the first stage of

deformation are [111̄](2̄11̄) and [1̄11̄](211̄) [for which τ =
√

2/3 (σxx−σyy)], followed

closely by the set [111̄](11̄0), [111̄](1̄01̄), [1̄11̄](1̄1̄0), and [1̄11̄](1̄01) [τ = 1/
√

6 (σxx−

σyy))] i.e. those involving transverse slip; these shear stresses are actually enhanced

beyond the values they assume within the precursor by the first deformation mode,

which causes σxx to increase. The transverse slip systems become active several

tens of picoseconds after the first set and allow the crystal to collapse along the

y-direction, thus relieving most of the remaining shear stress that the first stage

of deformation could not. The stress state to which the fully relaxed portion of

the crystal converges is slightly nonhydrostatic, supporting residual shear stresses of

order 1 GPa (see the left inset of Fig. 4.3(b)). The difference between the transverse

stresses σxx − σyy is thus finite throughout the deformation, and can in fact reach

values as extreme as 10 GPa between the two stages of deformation.

At higher shock pressures, the response of the crystal is qualitatively similar:

flow takes place rapidly in the [111] and [1̄11] directions, and relatively slowly in

the [111̄] and [1̄11̄] directions. There do exist differences in certain aspects of the

deformation as the shock pressure increases; for instance, the delay between the onset

of the first and second stages of deformation shrinks to zero. Also, the number of

stable deformation twins rapidly decreases, as observed by Ravelo et. al. [54], and

dislocation slip comes to be the dominant means of plastic relaxation. However, the

crystal’s underlying twofold rotational symmetry about z is obviously preserved,

17 One can show by rotating the stiffness tensor into a frame in which [100], [011̄], and [011] are

aligned with the computational cell axes (see Appendix B) that, in a state of uniaxial strain

along [011] by εzz, the stresses are given by σxx = c12εzz, σyy = [(c11 + c12)/2− c44] εzz, and

σzz = [(c11 + c12)/2 + c44] εzz, where the {cij} are the cubic elastic constants. If the ambient

lattice constants for tantalum are used (c11 = 264 GPa, c12 = 160 GPa, c44 = 82 GPa [105]), we

correctly predict that σzz > σxx > σyy.
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FIG. 4.3. Visualisation of the plasticity mechanisms active in monocrystalline Ta shocked

to 40 GPa along [011] (the positive z-direction), alongside profiles of the stresses and elastic

strains. Subfigures (a-c) are plotted on the same scale. The z-coordinate is primarily

expressed in terms of the local time since the compression front passed; the secondary axis

shows the distance from the piston generating the shock. (a) Atoms that have participated

in plastic flow events, identified via SVA (as in Fig. 4.2). Visible are planar deformation

twins and slip planes with associated Burgers vectors in the xz-plane (light and dark

grey, respectively), and nonplanar slip planes with Burgers vectors in the xy-plane (red).

Periodic images of the cell have been added in the x-direction for clarity. (b) Stresses along

the computational cell axes averaged over the cross-section of the crystal. Left and right

insets show the late-time stresses and stresses within the elastic precursor, respectively.

(c) Elastic strains in the computational cell basis. Positive strains denote compression.

and so it continues to assume an anisotropic transverse stress state during and

after plastic relaxation up to pressures as high as 1 Mbar. Fig. 4.4 shows the

average deviatoric stresses and elastic strains, defined by σ′ = σ− 1
3

Tr[σ]I and ε′ =

ε− 1
3

Tr[ε]I, respectively, within the fully relaxed region of monocrystals compressed

to between 40 and 100 GPa. The steady-state transverse stress anisotropy σxx−σyy
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FIG. 4.4. (a) Steady-state deviatoric stresses of monocrystalline Ta shocked along [011]

to between 40 and 100 GPa. (b) Corresponding deviatoric elastic strains.

over this pressure range takes values between 1.0 and 1.5 GPa. This anisotropy

manifests in the elastic strain state of the crystal as a persistent difference between

εxx and εyy whose magnitude (approximately 0.5%) is comparable to the traditional

shear strain εS− εT ≡ εzz− (εxx+ εyy)/2. Further reduction of the stress anisotropy

is prevented by material strength, or more specifically the shear stress required to

effect plastic flow along [111̄] and [1̄11̄].

To summarise, single-crystal tantalum shocked along [011] generally assumes an

anisotropic stress state in the plane normal to the shock, due to each component of

transverse stress being coupled to different plasticity mechanisms. The anisotropy

may reach values as high as 10 GPa during the course of plastic relaxation, and falls

to no lower than 1 GPa in the steady state due to material strength. We will now

go on to consider the consequences of transverse stress anisotropy at the level of a

single grain for the evolution of a polycrystal composed of many such grains.
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4.4 Polycrystal response below the HEL

It was shown in Sec. 4.3 that a laterally confined Ta crystal shocked above its HEL

along [011] will reach a state in which σxx 6= σyy. Suppose we were to construct a

columnar polycrystal from several such compressed monocrystals by rotating each

through some angle about z and then tessellating them in the xy-plane. It is clear

that such a polycrystal would in general be mechanically unstable: if one were to

move along any given direction in the xy-plane, the normal stress components σxx

and σyy would change whenever one passed from one grain to another, because each

grain is anisotropic in the transverse plane. In other words, the presence of transverse

stress anisotropy at the level of each individual grain necessarily implies the existence

of stress gradients over the grain boundaries. The polycrystal would thus fail to

satisfy the stability criterion ∇ · σ = 0 in the vicinity of the grain boundaries,

causing nearby material to experience a net force and therefore accelerate. The

equilibrium stress state of grains in the polycrystal must therefore differ from the

state they assume in isolation. Moreover, one should expect the stress gradients over

the grain boundaries in such a polycrystal temporarily to assume extremely large

values during the course of its deformation, causing neighbouring grains to interact

strongly with one another. To elucidate this basic physics, let us first consider the

response of a polycrystal loaded below its HEL.

The simulation involves uniaxially compressing a 46.7-nm long, fully periodic

supercell with the CB geometry by 5% along the z direction by instantly rescaling

every atom’s z coordinate by 0.95. The cell was simulated under an NVE ensemble

for 200 ps, during which time it oscillates about a mechanically stable state (as

explained below). To hasten the convergence of the crystal to its steady state,

a weak Langevin thermostat was applied after several tens of picoseconds, which

damps out large-scale oscillations while maintaining the system’s temperature.

Shown in Fig. 4.5(a,b) are the difference between the spatially averaged transverse

stresses, ∆σ = σxx − σyy, and the transverse elastic strain component εxx for the

central grain of the supercell as functions of time. We see that the transverse stress

anisotropy ∆σ oscillates about a value close to zero, which can be understood as fol-

lows. The compression of the crystal at t = 0 instantaneously effects a stress state in
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which ∆σ = 2.1 GPa. That the two transverse stresses are unequal is a consequence

of the transverse directions ([100] and [011̄]) being crystallographically inequivalent;

identical behaviour was seen in the elastic precursor of shock-compressed single crys-

tals in Sec. 4.3. Now, the rotational symmetry of the CB geometry is such that σyy

in grain 1 is equal to σxx in grain 2, as indicated schematically in Fig. 4.5(c). There

thus exist at t = 0 stress gradients over the grain boundaries. Atoms on the bound-

aries between grains 1 and 2 therefore experience a net force in the x direction.

Consequently grain 1 expands along its [100] axis, allowing σxx to decrease. By

symmetry, the central grain also contracts along the y-direction (since grain 3 ex-

pands along its own [100] axis), causing σyy to increase. The effect of this transverse
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FIG. 4.5. (a) Transverse stress anisotropy ∆σ = σxx− σyy for grain 1 of a CB polycrystal

instantaneously strained by 5% along z at t = 0. (b) Transverse elastic strain component

εxx for the same grain. Note that ε < 0 denotes expansion. Shaded regions indicate where

oscillations are damped by a Langevin thermostat. (c) Schematic cross-section of the CB

polycrystal at t = 0 ps and t = 150 ps (left and right images, respectively), showing the

(greatly exaggerated) expansion of each grain along its local [100] axis in response to the

stress gradients induced over their boundaries by the compression.
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elastic deformation is to relax the stress gradients over the grain boundaries, and

in so doing cause σxx and σyy to converge. The grain then overshoots the state of

mechanical equilibrium (for which ∆σ ≈ 0 GPa) due to its inertia, and subsequently

executes something close to simple harmonic motion (SHM). Once the motion has

been damped out by the thermostat, the residual stress state in each grain is such

that ∆σ is only 0.38 GPa.

What we are seeing here is the relief of shear stress not by plastic, but elastic

deformation. This means of relaxation is available only to a polycrystal, for the

following reasons. Both a single crystal and a polycrystal that are laterally confined

have fixed transverse dimensions. For the single crystal, this means that any change

in transverse lattice spacing is necessarily reliant on plastic flow; only by changing

the number of crystal planes can their spacing be made to change. The polycrystal,

by contrast, is subject to no such limitation: individual grains may undergo elastic

strain transverse to the shock without the aid of plasticity mechanisms, provided

they do so in such a way that the sum of their strains vanishes. In this instance, grain

1 is allowed to expand along [100] by grain 2’s contraction along [011̄]. Note also

that this ‘cooperative’ deformation is able to relax the transverse stress anisotropy

to a greater degree than the corresponding plasticity mechanism can: while ∆σ was

limited to at least 1.0 GPa for the single crystals studied in Sec. 4.3 (specifically by

the shear stress required to effect flow in the [111̄] or [1̄11̄] directions), the difference

here is no more than 0.4 GPa. The polycrystal can thus reach a state of lower shear

stress than the individual grains of which it is composed could in isolation.

However, while it is more efficient than plastic flow, the elastic relaxation mecha-

nism cannot eliminate the transverse stress anisotropy entirely. To understand why

this is, we need to consider the full stress state of the crystal. Fig. 4.6 shows the

variation in the xy plane of not only εxx and σxx but also the off-diagonal stress

tensor component σxy, before and after the stress gradients have relaxed. We see

that as the supercell relaxes the transverse strain field εxx becomes less homoge-

neous, the transverse stress σxx more so – the system moves from the isostrain or

Voigt condition [173] towards the isostress or Reuss limit [174]. Yet, while the

difference between σxx in adjacent grains clearly decreases following relaxation, it

does not vanish. In fact, towards the upper and lower boundaries of each grain, σxx
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FIG. 4.6. Cross-sections of a CB polycrystal instantaneously strained by 5% along z at

t = 0 both before and after relaxation of the resultant stress gradients (upper and lower

rows, respectively), showing spatial variation of the fields εxx, σxx, and σxy. Panes in the

rightmost column depict the tractions acting on a material element straddling the grain

boundary between grains 1 and 2 before and after the grains have undergone their (greatly

exaggerated) deformation.

differs only slightly from the value it assumed before relaxation. This frustration

is caused by material either side of the grain boundaries being driven in different

directions: grain 1, for instance, ‘wants’ to expand along x, while grain 3 wants to

contract. This generates shear (off-diagonal) stresses in the vicinity of the boundary

that are particularly strong at the corners of the grains, where the spatial gradients

of the atomic displacement field are greatest. A material element straddling a grain

boundary therefore experiences additional tractions on those of its faces that are per-

pendicular to the boundary; an example of such an element is depicted in Fig. 4.6

at the interface between grains 1 and 2. The tractions provide a countervailing force

that opposes the normal stress gradient over the boundary, such that

[∇ · σ]x = ∂xσxx + ∂yσxy = 0. (4.1)

The crystal is thus able to tolerate normal stress gradients over its grain boundaries,

which frustrates relaxation of the transverse stress anisotropy ∆σ.

Furthermore, the efficiency of the elastic relaxation mode (i.e. how far short of
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the Reuss limit the supercell falls) depends on the geometry of the polycrystal.

Shown in Fig. 4.7 is a comparison of the off-diagonal stress field σxy for the CB

and HC geometries post-relaxation. Note that σxy in the central grain is both

less localized and of greater magnitude in the HC geometry than in the CB. The

typical normal stress gradients ∂xσxx and ∂yσyy required to balance gradients in σxy

are therefore correspondingly larger, meaning relaxation of ∆σ is frustrated to a

greater degree – the average transverse stress anisotropy in the HC geometry falls

to only 0.66 GPa. The increased frustration suffered by grains in the HC geometry

is caused by their deformation being constrained by the presence of six (rather than

only four) neighbours. The elastic relaxation mechanism in the HC is, however, still

more efficient than the corresponding plasticity mechanism.

Finally, it is important to appreciate the timescale P over which the elastic

deformation occurs. Fig. 4.5 showed that the polycrystal adapts to the imposed

stress gradients within 5 ps. To identify the property of the crystal that allows

it to respond this rapidly, we can use simple dimensional arguments to construct

the functional form of P . The relaxation timescale must depend on the elastic

constants {Cij}, as these determine the magnitude of the stresses induced in the

crystal when it is elastically deformed to a given extent; it must also depend on the

mass density ρ, as this dictates the rate at which the crystal can locally respond to

stresses of a given magnitude; and it must depend on the transverse dimension of

the grains, L, because it takes a finite time for the stress waves generated at the

grain boundaries to propagate into the bulk of the grains. The only dimensionally
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FIG. 4.7. Comparison of the off-diagonal stress field σxy for (left) CB and (right) HC

polycrystals strained by 5% along z following relaxation of the induced stress gradients.
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consistent combination of these variables reads

P =

(
ρ∑

ij αijCij

) 1
2

L, (4.2)

where {αij} is a set of dimensionless constants, presumably of order unity. Of

the variables appearing in Eq. (4.2), L is arguably the most important. For most

metals, the square root (which strongly resembles the inverse of a sound speed),

ranges between 10−3 sm−1 (e.g. for lead [175]) and 10−4 sm−1 (e.g. for beryllium

[176]), and cannot be pushed far beyond this range by shock compression unless

the loading is extreme (i.e. to several TPa [177]). The grain size, meanwhile, can

in principle span three orders of magnitude, from nm to µm, depending on the way

the polycrystal is prepared. It is therefore L that is primarily responsible for setting

the relaxation timescale, which for a nanocrystal is of order picoseconds.

To verify the linear dependence of P on L suggested by dimensional analysis,

a set of instantaneous compression simulations similar to those discussed above

were performed on CB supercells with grain sizes in the range 8.1 nm ≤ L ≤

FIG. 4.8. (a) Evolution of the transverse strain component εxx for the central grain of

uniaxially strained CB polycrystals of various sizes. Each profile, which is labelled by the

corresponding grain size L, has been vertically offset for clarity. Motion is damped by a

Langevin thermostat after 75 ps. (b) Oscillation period P as a function of grain size L.

Shown also is the line of best fit obtained from a linear least-squares regression analysis

with intercept fixed at zero.
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33.0 nm. The variation of εxx with time for grain 1 is shown for each of these

supercells in Fig. 4.8(a). By Fourier transforming each strain profile and identifying

the frequency component with the greatest intensity, one can compute the variation

of the oscillation period P with L. The results, plotted in Fig. 4.8(b), show that the

proportionality predicted by Eq. (4.2) is indeed borne out in the simulations.

That the grains in an elastically compressed nanocrystal interact over only a few

picoseconds is significant, because plastic flow takes place in a shock-loaded single

crystal over a comparable timescale. If the nanocrystal were loaded above its HEL,

then, these two mechanisms should take place concurrently. As we will see shortly,

this allows the mechanisms to combine ‘non-linearly’, in the sense that the elastic

deformations can actually activate or deactivate plasticity mechanisms, depending

on the shock pressure.

In summary, we have found that when a columnar polycrystal is uniaxially com-

pressed below its HEL, its constituent grains elastically expand and contract normal

to the loading axis in order to relax the stress gradients that are induced over its

grain boundaries. Relaxation of these stress gradients reduces the degree of trans-

verse stress anisotropy ∆σ = σxx − σyy within each grain. The efficiency of this

elastic relaxation is limited to a greater extent in the HC than the CB geometry,

but for both geometries this mechanism still relieves transverse shear stress more

efficiently than the corresponding plastic deformation mode can. The nanocrystals

studied here relax within picoseconds, i.e. at a rate comparable to that of plastic

flow. We will now consider the full elastoplastic response of columnar polycrystals

shock-compressed above their HEL.

4.5 Polycrystal response above the HEL

Having seen how a single grain undergoes plastic deformation in isolation, and how

a polycrystal responds to transverse stress anisotropy, we are in a position to under-

stand the full elastoplastic response of a shock-compressed polycrystal. The most

conspicuous features of the crystal’s dynamic response will first be discussed, first

just above the single-crystal HEL at 40 GPa, and then at higher pressures of 60 GPa

and above. We will then compare the equilibrium mechanical state of the CB and
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HC polycrystals with that of the isolated single crystals.

4.5.1 Slip deactivation at low pressure

It was shown in Sec. 4.4 that grains in an elastically loaded, fibre-textured, columnar

polycrystal deform normal to the loading axis due to the stresses they exert on one

another. These interactions relieved the shear stress associated with the transverse

stress anisotropy ∆σ. This same shear stress was relieved by dislocation slip in the

[1̄11] and [1̄11̄] directions in the isolated grains discussed in Sec. 4.3. Dislocation slip

of this kind and intergranular interactions therefore compete when the polycrystal

is shock-compressed above its HEL. To demonstrate this, Fig. 4.9 shows the slipped

atoms within a cross-section of a CB polycrystal shocked to 40 GPa, alongside plots

of the stress and elastic strain variation along the length of the central grain. The

wave structure is substantially different to that within the single crystal shocked to

the same pressure, as will now be explained.

Within the elastic precursor, the normal stresses initially increase in the order

σzz > σxx > σyy, exactly as they did in the single crystal. However, the transverse

stresses σxx and σyy almost immediately start to converge due to the grains interact-

ing with one another; in response to the stress gradients over its boundaries, grain 1

expands along x, and contracts along y. At the rear of the elastic zone, the average

transverse stress anisotropy ∆σ has vanished entirely due to this elastic relaxation,

as shown in the right inset of Fig. 4.9(b). The crystal subsequently undergoes slip

and twinning in the [111] and [1̄11] directions due to the difference between σxx

and σzz, just as the single crystal did, causing the crystal to collapse along x (i.e.

the [100] direction). This deformation mechanism alone is sufficient to relieve the

majority of the remaining shear stress, and so no further plastic flow takes place.

The second stage of deformation that was observed in the isolated single crystals is

thus conspicuously absent.

The fact that the CB polycrystal does not yield in the [111̄] and [1̄11̄] directions

at low shock pressure is a consequence of intergranular interactions. Since the inter-

actions cause σxx and σyy to converge, and thus serve the same purpose as slip along

[111̄] and [1̄11̄], they render these latter plasticity mechanisms unnecessary. Phrased
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FIG. 4.9. Response of the CB geometry at 40 GPa. (a) Atoms that have undergone

plastic flow. Visible are planar deformation twins and slip planes with associated Burgers

vectors in the xz-plane (light and dark grey, respectively). The central grain is grain 1,

that on the outside is grain 2. (b) Stresses in the central grain. Left and right insets show

late-time stresses and stresses within the precursor, respectively. (c) Elastic strains.

another way, the collapse along the y-direction (i.e. [011̄]) that was permitted in the

isolated grains by the second stage of plastic deformation can instead be realised

by purely elastic compression of each grain by its neighbours. Note that the elastic

relaxation mechanism is only able to replace plastic flow because it takes place so

quickly – the nucleation of 1
2

[1̄11] and 1
2

[1̄11̄] dislocations takes at least 25 ps at

40 GPa, while the grains can elastically deform normal to the shock within 5 ps.

The second stage of plastic deformation is also suppressed in the HC geometry,

though to a lesser extent. While 1
2

[111̄] and 1
2

[1̄11̄] dislocations are almost entirely

absent in the CB geometry, there do exist several such dislocation loops stemming

from the grain boundaries in the HC geometry. However, their growth is quickly

arrested before they can traverse the grains by the shear stress relief provided by
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FIG. 4.10. Response of the HC geometry at 40 GPa. (a) Atoms that have undergone

plastic flow. Visible are planar deformation twins and slip planes with associated Burgers

vectors in the xz-plane (light and dark grey, respectively), and – to a limited degree –

nonplanar slip planes with associated Burgers vectors in the xy-plane (red). (b) Stresses

in the central grain. Left and right insets show late-time stresses and stresses within the

elastic precursor, respectively. (c) Elastic strains.

elastic deformation, so the bulk of the grains remain devoid of 1
2

[111̄] and 1
2

[1̄11̄]

dislocations, as shown in Fig. 4.10. That grains in the HC geometry must rely par-

tially on conventional plastic deformation seems consistent with the observation that

elastic deformation is less efficient at relieving shear stress in this latter geometry.

4.5.2 Twinning activation at higher pressure

It was noted in Sec. 4.4 that the stress gradients formed over the grain boundaries

in an elastically compressed polycrystal do not relax monotonically, but oscillate
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FIG. 4.11. Visualisation of deformation twins in polycrystalline Ta with the CB geometry

shocked along [011] to 60 GPa. (a) Cross-section of the slip-vector heatmap in the xy plane.

Visible are peaks from dislocation slip in the [111̄] and [1̄11̄] directions and (very weakly)

the new, transverse deformation twins with Burgers vectors in those same directions.

Note the plot is a superposition of slip vectors from all four grains, hence its approximate

fourfold rotational symmetry about the origin. (b) Atoms forming the transverse twins

(blue) alongside the conventional twins with habit planes (2̄11) and (211) (white) viewed

along the loading axis, identified not via SVA but TMT (see Sec. 3.5.5).

about an equilibrium value due to the inertia of the grains. It is thus possible

for the transverse stress anisotropy ∆σ, and so the shear stress associated with it,

to change sign temporarily. If the crystal is shocked with sufficient strength, the

inverted shear stress can in fact trigger a new variant of deformation twinning.

Shown in Fig. 4.11(a) is a cross-section of the slip-vector heatmap in the xy plane

taken from a CB polycrystal shock-compressed to 60 GPa. The clearest features of

the plot are the eight peaks surrounding the origin that correspond to transverse

slip in the [111̄] and [1̄11̄] directions. The four peaks for which |uy| > |ux| (which

were previously observed in Fig. 4.2 for the single crystal) come from grains 1 and

4, the other four from grains 2 and 3. In addition to these peaks, it is also pos-

sible (though barely) to discern patches of intensity at locations corresponding to

1
3

[111̄] and 1
3

[1̄11̄], suggesting that deformation twinning of a previously unobserved

type is taking place. However, the contrast of these twin peaks at this high shock

pressure is extremely poor (for the reasons discussed in Sec. 3.5.4), making reli-

able identification of the twinned atoms via the SVA technique impractical. For this

reason, we will identify the new ‘transverse twins’ with the complementary template-

matching technique described in Sec. 3.5.5, assuming habit planes (2̄11̄) and (211̄).

The atoms constituting the transverse twins in the central grain are shown in blue
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in Fig. 4.11(b), alongside the ‘conventional twins’ with habit planes (2̄11) and (211)

for reference. Note that the transverse twins form only near the centre of the grain.

To understand how these twins nucleate, we need to know how the shear stress

applied to their habit planes varies in the wake of the shock. Fig. 4.12 shows once

again the slipped and twinned atoms within a cross-section of the CB polycrystal

shocked to 60 GPa on the same scale as the stress and elastic strain profiles for

host atoms in the central grain. Just behind the compression front, σzz and σxx

increase at nearly the same rate, their difference being kept small by continuous

plastic flow in the [111] and [1̄11] directions, while σyy ‘lags’ as usual due to there

being no plastic flow along y. As before, the central grain elastically expands along

1
3[111],

1
3[111]

1
2[111],

1
2[111]

z

x

y

(a)

1
2[111],

1
2[111]

1
3[111],

1
3[111]

FIG. 4.12. Response of the CB geometry at 60 GPa. (a) Atoms that have undergone

plastic flow. Visible are planar deformation twins and slip planes with associated Burgers

vectors in the xz-plane (light and dark grey, respectively), and deformation twins with

Burgers vectors in the xy-plane (blue), present between 130 and 180 nm from the piston.

(b) Stresses in the central grain. Left and right insets show late-time stresses and inversion

of the stress state, respectively. (c) Elastic strains.
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x and contracts along y in response to the huge stress gradients formed over the

grain boundaries, which assume peak values of 10 GPa at around 5 ps compression

time, allowing σyy to converge to σxx. Crucially, the grain continues to expand once

σxx − σyy ≈ 0 GPa due its inertia, so the transverse stress anisotropy changes sign,

as shown in the right inset of Fig. 4.12(b). However, rather than reaching −10 GPa,

as might be expected from the SHM-like behaviour of the supercells described in

Sec. 4.4, the growth of ∆σ is suddenly arrested at 10 ps once it reaches −2 GPa.

At this instant, the resolved shear stress acting on the (2̄11̄) and (211̄) planes is

apparently great enough to trigger transverse deformation twinning.

It is the reversal of the sign of ∆σ, then, that causes the transverse twins to

form. That the crystal refuses to twin when ∆σ = 10 GPa, but twins profusely the

moment it reaches −2 GPa, is consistent with the so-called twinning-antitwinning

asymmetry that is characteristic of bcc crystals [178–181]. Were the crystal to relieve

transverse shear stress via deformation twinning when σxx > σyy, it would have to

do so by antitwinning, in which adjacent atomic planes move not by the usual

b = 1
6
[111], but by −2b. Antitwinning is acted against by a large energy barrier,

and is thus suppressed under typical stress conditions in Ta loaded along [011]. If

ever σyy exceeds σxx, though, the sense of the shear stress is such that flow would

instead be realised via the usual twinning path. Deformation twinning in this sense,

which requires motion through only ‖1
6

[111]‖, has a comparatively small activation

energy [54], and thus ensues copiously in the inverted transverse stress state. The

process can be understood perhaps most intuitively with an analogy: conventional

deformation twins, with habit planes (2̄11) and (211), are formed when the grains

are compressed along their [011] axis by the shock; in much the same way, transverse

deformation twins, with habit planes (2̄11̄) and (211̄), are formed when the grains

are compressed along their local [011̄] axis by their rapidly expanding neighbours.

It should be stressed, however, that the propensity of the CB polycrystal to

undergo transverse twinning is most likely an artefact of its high symmetry. HC

polycrystals shocked to a similar pressure do not exhibit profuse twinning of this

sort, despite the fact that the average stress conditions present in the wake of the

shock are comparable (i.e. ∆σ approaches−2 GPa) . The absence of transverse twins

in the HC geometry is demonstrated in Fig. 4.13. It seems that the comparatively
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low symmetry of this latter geometry gives rise to a delocalized transverse shear

stress field whose magnitude is nowhere sufficient to trigger transverse twinning.

By contrast, the highly contrived arrangement of grains in the CB polycrystal is

such that, when the grains overshoot the mechanically stable state and enter an

inverted stress state, shear stress is strongly concentrated at the grain centre. So

intense is the concentration, in fact, that at shock pressures exceeding 75 GPa the

transverse twinning becomes catastrophic: the closely spaced twins actually coalesce,

and form a stable, rhombic grain bounded by planes of the type (2̄11̄) and (211̄).

In a real polycrystalline target, then, transverse deformation twinning would likely
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FIG. 4.13. Response of the HC geometry at 60 GPa. (a) Atoms that have undergone

plastic flow. Visible are planar deformation twins and slip planes with associated Burgers

vectors in the xz-plane (light and dark grey, respectively). (b) Stresses in the central grain.

Left and right insets show late-time stresses and inversion of the stress state, respectively.

(c) Elastic strains.
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be confined to small regions whose grain configuration locally resembles that of a

checkerboard polycrystal.

4.5.3 Equilibrium mechanical state

We saw in Sec. 4.4 that when grains are allowed to expand and contract elastically

in directions normal to the loading axis, they can reach a state of lower transverse

stress anisotropy ∆σ than laterally confined grains loaded above their HEL. Specifi-

cally, ∆σ was limited to at least 1.0 GPa by material strength in the single crystals,

while σxx and σyy could converge to within 0.4 GPa for the elastically loaded poly-

crystals with the CB geometry. In the section that follows, we will see whether

the relief of ∆σ by elastic deformation is still efficient in the plastic regime, and

how the efficiency differs between the CB and HC geometries. The transverse strain

anisotropy ∆ε = εxx − εyy will also be considered, which is crucial if one is to make

connections with experiment, because the difference (or lack thereof) between elastic

strain components can in principle be extracted directly from diffraction data.

The steady-state stresses and elastic strains were obtained by averaging over

the portion of the central grain nearest the piston within which the stress and

strain profiles were approximately uniform. At low pressures, the profiles suffer

some additional nonuniformity due to the grains continuing to execute small SHM-

like oscillations even after plastic flow has ceased. The crystals are sufficiently

long, though, that the average is taken over at least five oscillation periods, so the

additional variation in σ and ε stemming from the SHM averages to a negligible

value. At higher pressures, the sampling region was deliberately truncated so as to

avoid the region of the crystal nearer the shock front that has undergone transverse

twinning, which will be treated as an artefact.

The steady-state transverse stress and strain anisotropies ∆σ and ∆ε are shown

in Fig. 4.14 for both the single-crystal control group and polycrystals with the CB

and HC geometries over the pressure range 40 to 100 GPa. In all instances, grains

in the CB polycrystal exhibit lower transverse stress anisotropy than the laterally

confined monocrystals do. The elastic relaxation mechanism described in Sec. 4.4

is therefore still able to relieve transverse shear stress to a greater extent than
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FIG. 4.14. Steady-state transverse stress and strain anisotropies for single crystals and

for the central grain of CB and HC polycrystals shocked to between 40 and 100 GPa.

transverse slip in the plastic regime, at least for the CB geometry. However, it is

clear that the efficiency of elastic relaxation is much reduced above the HEL: most

of the data points taken from the CB geometry lie only slightly below the 1.0 GPa

single-crystal limit, and only one of them approaches the limiting value of 0.4 GPa

that was reached under elastic loading conditions.

The reduction in efficiency is even more conspicuous in the HC geometry: overall,

∆σ is no lower in the HC polycrystals than in the single-crystal control group, and

is in fact markedly higher in two instances. There were indications in Sec. 4.4 that

the cooperative relaxation mechanism is less effective in the HC than in the CB

geometry: Fig. 4.7 showed that, below the HEL, the HC geometry can tolerate

relatively large stress gradients due to the countervailing tractions provided by the

off-diagonal shear stress σxy. Fig. 4.15 shows analogous plots of the off-diagonal

stress field for CB and HC polycrystals shocked to 60 GPa (i.e. above their HEL).

The plots were obtained by calculating σxy(x, y) for notionally relaxed 50-nm-thick

cross-sections of the polycrystals every 0.1 ps for 2.5 ps, and then taking the time

average – the averaging process somewhat mitigates the considerable noise caused by

the thermal fluctuations and spatial inhomogeneities that manifest above the HEL.

Once again, we see that shear stress relief is frustrated to a greater degree in the

HC geometry owing to the presence of a comparatively intense off-diagonal stress
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FIG. 4.15. Comparison of the off-diagonal stress field σxy for (left) CB and (right) HC

polycrystals shocked to 60 GPa along z following relaxation of the induced stress gradients.

Dashed white lines indicate the approximate locations of the grain boundaries.

field. It is perhaps surprising, though, that the cooperative relaxation mechanism is

apparently completely ineffectual above the HEL. It is possible that the flow stress

of the HC polycrystals is being enhanced by the presence of their grain boundaries

(something referred to as the Hall-Petch effect [182, 183]) to such an extent that

the cooperative relaxation mechanism is effectively nullified. Further simulations,

perhaps of polycrystals with a range of grain sizes, would be necessary to verify this.

The strain anisotropy ∆ε, meanwhile, follows much the same pattern as ∆σ: as

the difference between σxx and σyy decreases, so too does that between εxx and εyy.

In fact, when ∆σ drops below 0.8 GPa, the difference between the transverse elas-

tic strains actually changes sign. This conspicuous signature of grain interactions

could, given an elastic strain extraction technique of sufficient precision, be verified

experimentally, assuming the polycrystal in question is well-represented by the CB

geometry; conversely, no such signature would exist if the HC geometry were the

better representation. Whether or not grain interactions could be observed exper-

imentally via this route therefore depends intimately on the manner in which the

grains in the target are oriented and coordinated.

To conclude, it is found that when a laterally confined single crystal and a CB

polycrystal are shock-loaded to between 40 and 100 GPa, the grains in the polycrys-

tal always reach a state of lower transverse stress anisotropy, which is reflected in

their elastic strain state. By contrast, the stress state of grains in the HC geometry

is not significantly different from the state they would assume if they were laterally

confined. The efficiency of the elastic relaxation mechanism is thus dependent on

the geometry of the polycrystal.



115 4.6. DISCUSSION

4.6 Discussion

The analysis above has demonstrated that the behaviour of crystallites in a fibre-

textured nanocrystal differs profoundly from that of their single-crystal analogues

under shock compression. The salient difference between the nanocrystalline and

monocrystalline samples, which was discussed in Sec. 4.4 and will be reiterated

here, is one of kinematic freedom. An ideal single crystal is translationally symmet-

ric in directions normal to the loading axis. Thus the global constraint of lateral

confinement to which it is subjected during uniaxial shock compression must also

apply locally; the crystal is everywhere laterally confined. It is for this reason that

any change in the monocrystal’s transverse elastic strain state must be realised via

plastic flow. When one moves to an aggregate, translational symmetry is broken,

and so lateral confinement need not be respected locally. This permits the grains

in the aggregate to respond to shear stresses elastically via interactions with their

neighbours, which gives rise to the novel effects described in Sec. 4.5, namely the

absence of transverse slip at low pressures, the presence of transverse twinning at

high pressures, and relaxation of stress anisotropy in the plane normal to the shock.

Clearly, these predictions should be treated with caution. In an effort to render

them amenable to simple analysis and to make as clear as possible their grain inter-

actions, the elementary polycrystals studied here were deliberately constructed with

highly idealised morphologies and textures. The price of this simplification was the

introduction of a number of artificial behaviours, including coherent oscillation of

the grains, and catastrophic transverse twinning in the CB geometry above 60 GPa.

Note also that the CB geometry likely exaggerates the extent of the lateral relax-

ation permitted by grain interactions, because its grains are arranged in such a way

that the degree to which the relaxation of one grain frustrates that of its neighbours

is minimal. It is not obvious, then, whether the closure of the gap between the

transverse strains seen in the CB geometry would be seen in a real polycrystal – one

would expect a priori that the HC geometry would provide a better representation

of a typical target, in which case interactions would make no perceptible difference

to the strain anisotropy. Whatever the case, one should anticipate that interaction

effects in a real target will be subtler than the CB polycrystals would suggest.
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Nevertheless, it is possible to draw a number of qualitative conclusions from this

study whose applicability extends beyond the particular targets considered here.

First, the grain interactions that take place under shock conditions are clearly dy-

namic in nature. Their time dependence was made apparent in Sec. 4.4, in which

it was shown that the timescale over which neighbouring crystallites interact scaled

with the transverse grain size L due to the finite propagation speed of stress waves

generated at the grain boundaries. In a similar vein, the transverse twinning ob-

served at higher shock pressures was directly caused by the inertial forces exerted

on each grain by its rapidly expanding neighbours. Second, it was shown that

grain interactions can radically alter the crystal’s stress state. The typical size of

the changes to the transverse stresses caused by interactions is comparable to the

strength of the stress gradients produced over the grain boundaries by the uniaxial

compression, which in the shock regime is frequently of order gigapascals. Since

the stress state governs the RSS acting on any given slip or twinning system, grain

interactions also influence which of these systems are active, and hence control the

dislocation content of the crystal during shock compression. That grain interactions

are able partially to govern stress, strain, and defect evolution means they are wor-

thy of inclusion in any predictive model that seeks to recreate material behaviour to

better than first order, and they certainly warrant further study in their own right.

4.7 Conclusion

Multimillion-atom molecular dynamics simulations of mono- and nanocrystalline

tantalum shock-compressed to between 40 and 100 GPa have been performed. By

comparing their response, one can identify a number of physical effects that may be

ascribed to interactions between neighbouring grains. We saw that adjacent grains

undergo cooperative elastic deformation normal to the shock due to the gigapascal-

scale stresses they exert on one another, and are thus able to reach a state of re-

duced shear stress and strain that would otherwise be made inaccessible by material

strength. We further saw that the stress changes precipitated by grain interactions

are able to activate and deactivate conventional plasticity mechanisms depending on

the shock pressure, and, as a corollary, have some degree of control over the disloca-



117 4.7. CONCLUSION

tion content of the crystal during compression. In brief, this analysis has shown that

the pervasive influence of grain interactions under shock-loading conditions must not

be underestimated, and surely deserves further computational study.



chapter 5

Temperature of shock-released

tantalum from x-ray diffraction

5.1 Introduction

A shock wave propagating through any sample of finite size will eventually encounter

one of its free surfaces. This unconfined boundary, at which the normal stress must

be zero18, is completely unable to support the state of high stress imposed by the

shock. Consequently, a rarefaction wave is launched back into the sample that allows

it gradually to release to ambient pressure. It is commonly accepted that decom-

pression of this sort takes place isentropically, and is thus attended by a substantial

reduction in temperature owing to the thermoelastic effect [184]. This assumption

is espoused by a number of textbooks on shock physics [185–188], and is regularly

employed in studies interpreting the behaviour of shock-releasing materials [9, 189–

195], in many cases without scrutiny or justification. In the following chapter, the

results of an experiment are presented in which the post-breakout temperatures of

laser-shocked tantalum foils are deduced from their thermal strains via in situ x-ray

diffraction, and are found to greatly exceed those expected from an isentropic expan-

sion. These results challenge the current consensus that shock release is isentropic.

5.1.1 The assumption of isentropic release

When a substance undergoes adiabatic deformation, two mechanisms dominate the

evolution of its internal energy: work may be done on the material by its surround-

ings (or vice versa) as it changes volume, allowing internal energy to be transferred

to and from the substance mechanically; and dissipative processes may manifest,

which irreversibly convert macroscopic kinetic energy to internal energy. Uniaxial

18 Anything comparable to or less than atmospheric pressure (≈ 10−4 GPa) is zero as far as shock

physics is concerned.
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shock release represents an interesting case in which these two mechanisms fight

against one another – a releasing crystal constantly loses internal energy via the me-

chanical work it must exert as it expands, while internal dissipation (in the form of

plastic work) vies to pump some fraction of that energy back in. The assertion that

release is isentropic is essentially a statement that the energy supplied by dissipation

is dwarfed by the energy lost through expansion.

On what physical grounds would one base such an assertion? For a metal, the

magnitude of the dissipative heating term is dictated by the substance’s resistance

to shear flow, i.e. its mechanical strength τ [65, 196, 197]. The rate at which a

material does work on its surroundings as it expands, meanwhile, is proportional to

the instantaneous pressure p. Hence, for a metal, the ratio of the dissipative and

expansive work terms is characterised by the dimensionless ratio τ̂ = τ/p. To claim

that release is isentropic, then, is to claim that the typical flow stress during release

is negligible compared to the overall stress scale at which the flow is taking place.

This might seem at first sight to be a reasonable assumption to make in the shock

regime, as it appears the reduced flow stress τ̂ can be made arbitrarily small simply

by scaling up the shock pressure. Indeed, this is essentially the historical argument

that was used to establish the isentropic treatment of release. In their pioneering

work of 1955 on obtaining equations of state from shock wave measurements, Walsh

and Christian [9] prefaced their discussion with the following statements: “Since

shock pressures are several hundred times the yield points of the materials involved,

an ordinary ‘fluid’ type equation of state is assumed ... this assumption precludes

the explicit treatment of effects arising from the material rigidity which, however,

are felt to play a negligible role in the description of the states in the present pressure

range”. These sentiments are echoed in the comprehensive text of Zel’dovich and

Raizer (first published in 1964), whose treatment of shock release in solids [185] is

preceded by the following: “We shall also assume that the shock wave is not too

weak, so that we can neglect effects associated with the strength of the solid ...

this assumption [that the stress is isotropic] is valid when the pressure is large in

comparison with the ultimate strength, the critical shear stress, etc.”. Simply put,

these authors were arguing that the reduced flow stress τ̂ falls as one pushes further

into the shock regime, thereby establishing the isentropic picture of release that is
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used extensively today.

It is implicit in the treatments of both Walsh and Christian [9] and Zel’dovich and

Raizer [185] that the flow stress itself is not significantly altered by the shock-loading

process. While there may have been little reason to doubt this at the time, there

is now a substantial body of evidence to suggest that material strength increases

dramatically in the shock regime, due to a confluence of several physical effects.

First, it is now well-established that the yield stress of a metal increases signifi-

cantly with pressure. At the extreme densities accessible via shock compression, an

atom in the core of a gliding dislocation must pass considerably closer to its neigh-

bours during a slip event than it would do under ambient conditions. The nearer the

atoms are forced to pass, the greater the associated energy cost, and so the larger

the Peierls barrier the dislocation must overcome in order to continue moving. Di-

amond anvil cell studies have demonstrated that when compressed to pressures of

around half a megabar, this pressure-hardening effect alone19 can elevate a crystal’s

flow stress by several gigapascals [198–201].

Contemporary methods have also made it clear that work hardening becomes ex-

treme in the shock regime. During the reversed plastic flow that takes place during

shock release [48, 59], the motion of each dislocation is impeded by an extremely

dense tangle (or forest) of neighbouring dislocations left in the wake of the shock,

whose density, according to MD simulations, can easily reach 1013 cm−2 at shock

pressures of tens of gigapascals [47, 54, 112]. By using dislocation dynamics simu-

lations to estimate the strength of the interaction between impinging dislocations,

one can infer that defect densities of this magnitude will cause work hardening on

the order of gigapascals [98].

The third effect contributing to the enhancement of strength in the shock regime

is its extraordinary scaling with strain rate. In the quasistatic limit, the mobility of

a metal’s dislocations is owed primarily to the action of thermal fluctuations, which

occasionally give the dislocations a helpful kick over the otherwise insurmountable

Peierls barrier. In such a regime, the flow stress scales logarithmically (i.e. slowly)

with strain rate. However, once the imposed strain rate surpasses around 104 s−1

[97], the rapidly moving dislocations transition from the thermal activation to the

19 Some caution is required when interpreting the results of these DAC studies, as not all of them

explicitly separate the hardening owed purely to pressure from that due to work hardening.
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so-called phonon drag regime, under which they encounter strong resistance to their

motion via the scattering of phonons. The flow stress thence scales linearly and

rather quickly with strain rate, and is expected to reach the gigapascal scale in the

ultrahigh strain-rate regime (ε̇p >∼ 107 s−1) [97, 202]. Note that although the strain

rates present in a broadening rarefaction fan are admittedly somewhat lower than

those behind the shock itself, if the target is small enough (on the scale of microns,

say), the fan will still be relatively steep, and thus release will still be extremely

rapid. This point will be explored in greater detail in Chapter 6.

When one considers the cooperation of these three strengthening mechanisms, one

is given ample reason to doubt the premise that shock release is always isentropic.

5.1.2 Temperature as a route to diagnosis

Given a sample of material that has just released from the shock state, how might

one deduce whether or not it did so isentropically? A crystal that releases nonisen-

tropically does so because it experiences substantial heating via internal dissipation.

One’s first thought, then, might be to assess the temperature of the crystal, and

compare its value with that calculated assuming an isentropic release (which can be

done, for instance, using the Grüneisen formalism [203]). How best to measure the

temperature of shock-compressed condensed matter is actually something of an open

question. The most widely used diagnostic technique is currently optical pyrometry,

in which the temperature of a sample (or that of its surface, at least) is calculated

from the intensity of the thermal radiation it emits. This method’s main shortcom-

ing is that it is heavily reliant on one’s knowing the sample’s emissivity, which is

likely to be altered by the shock compression process itself. EXAFS, another estab-

lished thermometric technique [204], exploits the oscillatory structure exhibited by

the x-ray absorption coefficient close to an absorption edge to infer a material’s tem-

perature. While thought to be more accurate than pyrometry in the temperature

range pertinent to the solid state, EXAFS is also relatively imprecise. Two further

diagnostics exploiting the Debye-Waller effect [205, 206] and the inelastic scattering

of x-rays by phonons [207] are actively being explored as possible means of resolving

the temperature measurement problem.
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In the experiment described in this chapter, a rather different and somewhat ad

hoc temperature diagnostic technique will be used that exploits the high-quality x-

ray diffraction data provided by an XFEL. The underlying reasoning is very simple.

Using Bragg’s law, one can calculate the distance between any set of diffracting

crystal planes from the angle at which they scatter the incident x-ray beam. It is

therefore possible to deduce the crystal’s volume from its diffraction pattern. Since

the released crystal is no longer under pressure, any change to its volume must

be attributed to thermal expansion20. Hence, if one knows the crystal’s thermal

expansion coefficient, one can deduce its temperature after release. In the following

chapter, the results of an experiment will be presented in which this method is used

to infer the temperature of fibre-textured tantalum foils that have released from

a megabar shock state. The temperature extraction algorithm (a full derivation

and verification of which will be presented) predicts that the foils’ temperature is

completely inconsistent with a standard isentropic release, and thus challenges the

textbook treatment of this fundamental thermodynamic process.

5.2 Experimental setup

The experiment described in this chapter was executed at the Matter in Extreme

Conditions (MEC) endstation of the Linac Coherent Light Source (LCLS) facil-

ity. The MEC instrument allows one to load samples dynamically to hundreds of

gigapascals by exposing them to a high-power optical laser, and simultaneously to

illuminate them with an exceptionally bright x-ray beam, from which one can obtain

time-resolved diffraction images of the sample in its compressed state. A schematic

of the experimental setup is shown in Fig. 5.1.

5.2.1 MEC laser system

The long-pulse laser system at MEC comprises four high-power, frequency-doubled

(527 nm) neodymium-glass pulsed optical lasers whose beams may be overlapped at

a spot between 100 and 250 µm in diameter on a target’s surface. The energy carried

by the beams, which ranges between around 5 and 25 J, is deposited into this tiny

20 Things are actually a little more complicated than this, as we shall see.
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area over the course of 5 to 10 ns. The resulting compression wave launched into the

target [which Eq. (2.80) suggests will have a strength of order 1 Mbar = 100 GPa]

generally requires a finite distance over which to steepen into a steady shock, which

can easily be accommodated for by placing a few microns of ablator material be-

tween the lasers and the target proper (see Sec. 5.2.2 below). The ablation pressure

supporting the shock is sustained for as long as the surface plasma continues to

absorb energy from the optical drive beam, which, as noted, lasts around 10 ns.

5.2.2 Target design

A schematic cross-section and closeup image of the multilayer targets used here is

shown in Fig. 5.2. The target proper is a 6-µm-thick foil of fibre-textured polycrys-

talline tantalum. These foils are fabricated via vapour deposition onto a thin silica

substrate at an elevated temperature of 450◦. The temperature and crystallographic

Drive beam
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X-ray beam
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AR b
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Target

CSPADs

Diffracted beam
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FIG. 5.1. Experimental configuration for release studies of polycrystalline tantalum. Opti-

cal drive beams launch a shock of megabar strength into a target comprising a 50-µm-thick

polyimide ablator and a 6-µm-thick fibre-textured tantalum foil. The target is probed with

50-fs pulses of 9.6 keV x-rays whose resulting diffraction pattern is recorded by a set of

Cornell-SLAC pixel array detectors (CSPADs) [208]. A velocity interferometer system for

any reflector (VISAR) [209] is used to monitor the foil’s rear surface velocity. A beam

diffracted at angles θ and ϕ is shown for reference.
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FIG. 5.2. Cross-section and high-resolution image (obtained via scanning electron mi-

croscopy) of a typical layered target. A [011]-fibre-textured, 6-µm-thick polycrystalline

tantalum foil is grown on a thin SiO2 substrate and subsequently attached with a layer of

epoxy to a 50-µm-thick layer of polyimide. This foil happens to have failed to delaminate

from its silica substrate, which ordinarily would not be present during the experiment.

orientation of the substrate are such that the deposited tantalum forms long, thin

grains whose [011] directions are closely aligned (to within 1◦) with the substrate’s

surface normal, but whose orientations around this axis are approximately randomly

distributed. When the foils are cooled to room temperature after reaching their re-

quired thickness, the mismatch between their thermal expansion coefficient and that

of silica causes the substrate to delaminate from the foil. When driven, the shock

wave travels along the foil’s surface normal. This means each grain is compressed

along its [011] direction, like the crystals simulated in the previous chapter.

Attached to the front surface of the tantalum foils is a 50-µm-thick layer of

polyimide. The purpose of the ablator is twofold. First, it provides the compression

wave generated by the optical lasers with a ‘runway’ over which to steepen into a

steady shock before entering the tantalum foil. The ablator also gives adequate time

for smoothening out of any irregularities in the shape of the shock front, which are

caused by the speckle pattern of the drive laser spot. Actually, 50 µm of ablator is

more than long enough to regularise the shock – the reason the ablator is so thick

compared to the foil is that, when the shock wave reaches the polyimide-tantalum



125 5.2. EXPERIMENTAL SETUP

interface, a counterpropagating secondary shock wave is launched back into the

ablator. This reverberation will run along the length of the ablator and back again,

and subsequently enter the foil, complicating its compression state. For this reason,

the polyimide layer is made thick enough that the tantalum foil will have undergone

its full shock-release load cycle before the reverberation can reach it.

5.2.3 LCLS x-ray source

The primary diagnostic for this experiment is x-ray diffraction. The XFEL at LCLS

produces 50-fs-long pulses of monochromatic21 x-rays in a beam with a transverse

dimension of only 20 µm. The x-ray spot is aligned to the centre of the optical laser

spot, as shown in Fig. 5.3, thus allowing one to probe the uniaxially compressed

portion of the target behind the shock front. The diffracted signal is collected by a

number of Cornell-SLAC Pixel Array Detectors (CSPADs) [208] placed around the

Ablation
plasma

Optical beam

Optical beam

X-ray beam

Shock front

35°

Polyimide ablator
Tantalum foil

1
FIG. 5.3. Closeup of the target-beam interaction region. Energy deposited by the high-

intensity optical beams drives ablation of the target’s front surface, thus generating a shock

wave that is approximately planar over the width of the optical spot (of order 100 µm).

The shocked region is probed by an intense x-ray beam of around 20 µm diameter. The

target thicknesses and various beam diameters are shown approximately to scale.

21 The typical bandwidth of the beam is just 0.2% of its central frequency.
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target within the interaction chamber. The intensity of the signal across the surface

of the detectors will be expressed using (θ, ϕ)-coordinates, where 2θ is the angle

made by the direction of the incident beam with the vector joining the target to the

position on the detector, and ϕ is the azimuthal coordinate expressing the position

of the detector ‘around’ the incident beam – these angles are illustrated in Fig. 5.1.

The length of time after activating the optical laser beams one waits before firing

the XFEL can be varied, allowing one to obtain time-resolved diffraction images of

the target at different stages during shock and subsequent release.

LCLS can provide x-rays with energies anywhere between 2.5 and 12 keV. The

energy chosen for this experiment represents a tradeoff between two competing cri-

teria. Broadly speaking, higher frequency photons are preferable, for two reasons:

one can probe a greater volume of reciprocal space with a higher-energy beam, i.e.

one can in principle measure a greater number of diffraction peaks, allowing one

better to constrain the strain state of the target; and the x-ray absorption cross-

section decreases quickly with increasing energy (notionally according to an inverse

cube law [210]), meaning higher-energy x-rays are more penetrative and thus give a

stronger diffraction signal. However, one also needs to account for the presence of

tantalum’s L-edges (located at approximately 9.9, 11.1, and 11.7 keV), above which

the absorption cross-section jumps by a factor of 2.5 [211]. The energy chosen for

this experiment was Eν = 9.6 keV, which is the highest energy one can obtain while

still safely avoiding the first L-edge at 9.9 keV.

Although the majority of the x-ray beam is confined to the 20-µm-wide spot

centred on larger optical drive spot, scattering in the beryllium lenses that focus the

beam generates a weak ‘halo’ of x-rays that fall well outside the drive spot. This halo

thus always diffracts from unshocked material. While the ambient diffraction peaks

generated by the halo might ordinarily be considered a nuisance, they are actually

quite helpful for our purposes, because they provide a ‘calibrant’ from which the

volume change undergone by the foil following release can be deduced.
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5.2.4 VISAR

The secondary diagnostic is VISAR [209], a technique that uses laser interferometry

to monitor the velocity of the rear surface of the target. Shock breakout is marked

by a sudden increase in the free-surface velocity and thus has a clear signature in

the VISAR trace. The time at which shock release begins (relative to the moment

at which the drive lasers were fired) can thus be found, and used to judge when

to fire the XFEL beam so as to catch the sample while it is releasing. The post-

breakout free-surface velocity deduced from VISAR can also be used to infer the

shock pressure in the foil, using pretabulated Hugoniot data (i.e. the UP - p relation).

5.3 Representative release data

Shown in Fig. 5.4(a) is an archetypal shock-release XRD image of a target loaded

to 190 GPa taken approximately 0.5 ns after shock breakout. The CSPADs capture

scattering intensity from the three most widely spaced families of bcc atomic planes,

namely {011}, {200}, and {211}. Despite its being polycrystalline, we see that the

sample generates diffraction peaks that are highly localised in the azimuthal direc-

tion. This, as explained in Sec. 2.2.5, is owed to the strong fibre texture of the

foils, which restricts the distribution of crystallographic orientations represented in

the sample and thus confines the scattering signal to narrow arcs along the Debye-

Scherrer ring. The feature of the data in which we are interested here is that each

scattering peak is dispersed over a broad range of θ (i.e. Bragg) angles. This is be-

cause under release conditions one observes diffraction from a distribution of density

states. To illustrate this idea, consider the {011̄} peaks depicted in Figs. 5.4(b-c).

Shortly before shock breakout [Fig. 5.4(b)], the x-ray beam is most strongly scat-

tered with a Bragg angle of 18.2◦ that exceeds the ambient Bragg angle (16.1◦)

due to the crystal’s being compressed. This can be understood with reference to

the Bragg condition, which states that the angle of scattering from a given set of

crystal planes, 2θ, increases as their transverse separation d decreases according to

sin θ = λ/2d. As the crystal starts to rarefy following shock breakout [Fig. 5.4(c)],

its interplanar spacings increase, causing the diffraction intensity to shift back to
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FIG. 5.4. Representative x-ray diffraction data from fibre-textured tantalum shocked to

190 GPa. (a) Data collected during release by the full set of CSPADs, showing the {011},
{200}, and {112} peaks. (b) and (c) show closeups of the {011} peaks shortly before and

after breakout, respectively. Peaks arising from shocked, released, and unshocked material

illuminated by the halo are indicated.

lower values of 2θ, until finally reaching a limiting value of 15.7◦ when the crystal

has fully released. Since the top and tail of a release wave are separated by a con-

siderable distance (unlike in a shock), we see appreciable diffraction not only from

shocked and released material, but from the gamut of intermediate density states.

What is interesting is that the Bragg angle to which the signal returns once the

rarefaction process is complete is lower even than that from ambient material. This

can readily be seen in Fig. 5.4(c) by comparing the lowermost θ value taken by

diffraction signal from the release fan with that of the halo peaks. According to

Bragg’s law, this overall decrease in scattering angle indicates that the fully released

material is less dense than it was before it was shocked22. What is the origin of

22 A study by Turneaure and Gupta [212] showed that the decreased scattering angle of the peak

parallel to the loading direction can be explained by material strength, and does not necessarily
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this expansion? We know that the free-surface boundary condition imposed by the

sample’s unconfined rear surface forces the normal stress σzz within the released

portion of the sample to fall to zero. The expansion we observe relative to the

ambient state is not caused by tensile stress, then, but must be largely thermal in

origin. This is to say that the targets are ‘hot’ following shock-release.

It should be noted that, in and of itself, the observation that the targets un-

dergo net heating during a shock-and-release load cycle is not surprising. However,

precisely how hot the targets are after release depends on the nature of the shock-

release process. Suppose the sample has initial pressure p1 = 0, temperature T1, and

entropy S1 = S(p1, T1). Fig. 5.5 illustrates the thermodynamic paths taken by the

sample as it progresses between the ambient, shocked, and released states, which are

labelled 1, 2, and 3, respectively. Upon shock compression to some pressure p2 > p1,

the sample’s entropy increases to S2 > S1, and its temperature follows suit. What

happens when the sample subsequently releases from this shock state? Assuming the

release process proceeds adiabatically, the change in entropy suffered by the sample

is zero at the very least, and thus S3 ≥ S2 (the equality holding in the special case
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FIG. 5.5. Schematic depictions of the thermodynamic path taken by a crystal undergoing

shock and subsequent release in (a) the entropy-temperature plane and (b) the pressure-

temperature plane. In state i, the crystal has pressure pi, temperature Ti, and entropy Si =

S(pi, Ti); states 1, 2, and 3 denote the ambient, shocked, and released states, respectively.

The dashed line depicts the special case of an isentropic release. Note that the arrow

signifying the shock-compression is intended only to guide the eye, as no meaningful path

can be assigned to such a highly nonequilibrium process.

imply an overall increase in the sample’s volume. Here, however, we observe that every Bragg

peak shifts to lower 2θ, no matter its direction, meaning the targets really are less dense than

ambient material.
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of an isentropic, reversible release). To calculate the post-release temperature, we

follow the release adiabat until it encounters the p = p1 isobar. Since the gradient

of the isobar in the entropy-temperature plane is always positive23, the post-release

temperature T3 is strictly greater than T1, which is to say that the sample is always

hotter than it was pre-shock. However, the extent of the difference between T3 and

T1 depends on the entropy change suffered by the sample on release: it assumes its

minimum value when the release is isentropic, and increases the more entropic it is.

To calculate the temperature of a crystal from its diffraction image is conceptu-

ally simple: one first obtains the density of the target by measuring its scattering

angles and employing Bragg’s law to infer its interplanar spacings; then, one infers

the temperature required to effect the observed change in density (relative to the

ambient state) using the sample’s known thermal expansion coefficient αV . There

are, however, a few subtleties that complicate the calculation for a shock-released

metal. It was demonstrated in the previous chapter that under shock-compression

conditions the two transverse components of stress σxx and σyy tend to ‘lag be-

hind’ the longitudinal component σzz due to the crystal’s strength (i.e. its ability

to support shear stresses). There is good reason to believe that the same behaviour

will manifest to some degree during shock release – while the free-surface boundary

condition may compel σzz to vanish, one should not assume that σxx or σyy will do

so. Not only, then, does the sample not truly release to the p = 0 isobar, but its

stress state is not even hydrostatic. Under these circumstances, the volume change

undergone by the crystal is not exclusively attributable to thermal expansion. In

the following section, a more general prescription for converting diffraction peak

positions to temperatures will be formulated for situations where small, residual,

nonhydrostatic stresses may be present.

23 One may show that (∂T/∂p)S = TV αV /Cp, which is positive for any ‘well-behaved’ substance.
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5.4 Temperature extraction algorithm

5.4.1 Calculating temperature from elastic strains

The defining property of the shock-released material is that it experiences no stress

along the loading direction:

σzz = 0. (5.1)

Fundamentally, this stress comprises two parts. The first is a compressive component

owed to thermal motion of the atoms, which tends to cause the crystal to expand.

The second is a tensile, ‘cold’ component due to the attractive interactive forces

between nearby atoms, which counteracts the expansive effect of the ‘thermal’ stress.

The cold component of σzz is essentially determined by the elastic strain state of the

crystal. Once these strains have been determined from the sample’s XRD image,

and the cold stress calculated, one can ask: how hot must the crystal be to generate

sufficient thermal pressure to balance exactly this tensile stress? One thus has

a means of inferring the crystal’s temperature T given its elastic strain ε. It is

this balance between cold and thermal stresses (ordinarily encoded entirely by the

thermal expansion coefficient) that we wish to formalise.

Usually, a state variable like σzz would be treated as a function of (say) V and

T only. In order to allow for material strength, one must augment this description

such that σzz is allowed to vary independently with each component of the crystal’s

elastic strain:

σzz = σzz(εxx, εyy, εzz, T ). (5.2)

A small change to σzz is therefore given by

dσzz =

(
∂σzz
∂εxx

)
dεxx +

(
∂σzz
∂εyy

)
dεyy +

(
∂σzz
∂εzz

)
dεzz︸ ︷︷ ︸

cold component

+

(
∂σzz
∂T

)
dT.︸ ︷︷ ︸

thermal component

(5.3)

It is useful first to recast the various thermodynamic derivatives in Eq. (5.3) into

forms containing material properties with which we are more familiar.
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The derivatives of the form ∂σij/∂εkl are simply the isothermal elastic constants:

dσzz = C13dεxx + C23dεyy + C33dεzz +

(
∂σzz
∂T

)
dT. (5.4)

These moduli depend on the sample’s orientation, but may always be expressed as

linear combinations of the three independent cubic elastic constants c11, c12, and c44.

As in the previous chapter, we will adopt the convention that the crystallographic

directions aligned with the x, y, and z axes are [100], [011̄], and [011] respectively.

In this case, one may show (see Appendix B) that the elastic constants in this frame

are related to those in the 〈100〉 frame (denoted by minuscule c’s) via

C13 = c12, (5.5)

C23 =
1

2
(c11 + c12 − 2c44), (5.6)

C33 =
1

2
(c11 + c12 + 2c44). (5.7)

We turn now to the thermal derivative (∂σzz/∂T )V . Tantalum is cubic, and so

stress increases at the same rate in all directions when it is isochorically heated24.

This allows us to make the replacement (∂σzz/∂T )V = (∂p/∂T )V , in which case we

can exploit the thermodynamic triple product rule:(
∂p

∂T

)
V

(
∂T

∂V

)
p

(
∂V

∂p

)
T

= −1. (5.8)

Using the volumetric thermal expansion coefficient αV = 1/V (∂V/∂T )p and the

isothermal bulk modulus K = −V (∂p/∂V )T , the above may be rewritten as(
∂p

∂T

)
V

= KαV . (5.9)

The bulk modulus may in turn be expressed as K = (c11 + 2c12)/3.

We now integrate the differential dσzz along the release path and demand that

the result vanish, in accordance with the free-surface boundary condition [Eq. (5.1)].

24 The notion that the thermal stress is isotropic is actually an approximation. If, as we anticipate,

the crystal supports shear stress, its cubic symmetry is broken, and so the rate at which stress

along a given axis increases when the crystal is isochorically heated depends on the direction of

the axis. Under these circumstances, (∂σzz/∂T )V is orientation dependent. However, due to the

lack of data on the anisotropy of tantalum’s thermal properties, we will assume that the thermal

pressure is indeed isotropic.
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Re-expressing the thermodynamic derivatives in terms of the elastic constants {Cij}

and the linear thermal expansion coefficient αL = αV /3, this condition may be

expressed as

0 =

∫ [
c12

c11 + 2c12

dεxx +
c11 + c12 − 2c44

2c11 + 4c12

dεyy +
c11 + c12 + 2c44

2c11 + 4c12

dεzz + αLdT

]
.

(5.10)

This expression of the free-surface boundary condition is the means by which we

convert elastic strains to temperatures. As a sanity check, one can show that if the

release is hydrostatic (i.e. dεxx = dεyy = dεzz), Eq. (5.10) reduces, as expected, to

ε(T ) = −
∫ T

T0

dT ′ αL. (5.11)

To compute the line integral in Eq. (5.10) exactly would require knowledge of

how αL and {cij} vary with both strain and temperature. To make the calculation

tractable, some simplifying assumptions about these material properties will be

made. First, the dependence of the thermal expansion coefficient and elastic moduli

on density will be neglected entirely. The volumetric strain observed on release

(relative to ambient density) is typically of order 1%. The variation of αL and

{cij} over this density range is perhaps 2% at most for tantalum [115], meaning the

errors introduced by using their ambient-volume values are largely negligible. By

contrast, one cannot ignore their temperature dependence: the temperature after

release may be a few thousand Kelvin (as will be shown), which can effect changes to

αL and {cij} of several tens of percent [213, 214]. We can, however, treat the elastic

constants as being effectively insensitive to temperature, for the following reason.

Though tantalum’s moduli decrease by up to 25% between 300 and 3000 K [214], the

impact of their temperature dependence is tempered considerably by the fact that

they only ever appear in ratios in Eq. (5.10). For illustration, consider a crystal with

representative late-time elastic strains of (εxx, εyy, εzz) = (−0.2,+0.4,−1.3)%. If one

assumes its elastic moduli always assume their room-temperature values, one infers

from Eq. (5.10) a release temperature of T = 3010 K. If instead one uses their values

at 3010 K, one gets T = 2820 K. Therefore the ‘true’ temperature is presumably

about midway between these two estimates, i.e. T ≈ 2915 K. The error of 95 K
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one introduces by making the room-temperature approximation of {cij} amounts to

only 3% of the final estimate of T in this case. Therefore the approximation of the

moduli by their ambient values is adequate for our purposes.

In addition to these assumptions about its material properties, two further ap-

proximations will be made of the crystal’s elastic deformation state. First, the

residual shock-induced rotation ψ exhibited by the crystal following release (3◦ or

so) will be neglected, meaning [011] is indeed parallel to compression axis, and

Eqs. (5.5-7) for the elastic moduli are accurate. This approximation is justified be-

cause the corrections to the moduli go as ψ2 ≈ 10−3 to leading order. The second

assumption made is that the transverse strains εxx and εyy are approximately equal

on release, which appears to be reasonable so far as one can tell from the diffraction

data. Together, these two assumptions essentially state that the elastic deformation

gradient is expected to take the form F e = I − diag(εxx, εxx, εzz).

After implementing these simplifications and substituting in the ambient elastic

constant values of c11 = 264 GPa, c12 = 160 GPa and c44 = 82 GPa [105], Eq. (5.10)

simplifies to

0.497 εxx + 0.503 εzz = −
∫ T

T0

dT ′αL(T ′). (5.12)

Note that the strains are combined quite differently to how one might have combined

them naively, i.e. by simply taking their arithmetic mean (2εxx+εzz)/3. In Sec. 5.4.3,

it will be shown how great a difference doing the calculation carefully as above

actually makes.

5.4.2 Calculating elastic strains from diffraction patterns

With x-ray diffraction, one can measure directly the spacing (and orientation) of any

set of crystallographic planes, provided they satisfy the Bragg condition. Each one of

these spacings encodes in some manner the crystal’s underlying elastic deformation

gradient F e. By obtaining measurements of sufficiently many reflections, one can

constrain the elements F e, which may comprise up to nine independent components

in general. The following section briefly describes a simple equation with which

one can infer from a set of measured interplanar spacings a simplified deformation

gradient F e = diag(Fxx, Fxx, Fzz).
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Under the action of some real-space deformation gradient F e, a crystal’s recipro-

cal lattice transforms according to [(F e)T ]−1 25. An ambient reciprocal lattice vector

G0 can therefore be related to its post-deformation value G via

G0 = (F e)TG. (5.13)

To introduce the interplanar spacing d = 2π/G, it is useful to ‘square’ both sides:

G2
0 = GTF e(F e)TG (5.14a)

= F 2
xx(G

2
x +G2

y) + F 2
zzG

2
z. (5.14b)

Re-expressing the components of G in polar coordinates, one finds

G2
0 = G2(F 2

xx sin2 χ+ F 2
zz cos2 χ) (5.15a)

= G2[F 2
xx + (F 2

zz − F 2
xx) cos2 χ], (5.15b)

where χ is the angle made by the diffracting plane normals with the compression

direction. To make this formula more convenient, the new polar angle χ can be

expressed in terms of the planes’ original polar angle χ0. Given that cosχ = Gz/G

and cosχ0 = (FzzGz)/G0,

cosχ =
G0

G

1

Fzz
cosχ0. (5.16)

Substituting this expression into Eq. (5.15b) and collecting terms involving G0/G,

we find (
G0

G

)2

=
F 2
xx

1− (F 2
zz − F 2

xx)F
−2
zz cos2 χ0

. (5.17)

Since both Fxx and Fzz will be close to unity even for reasonably strong shocks,

the combination F 2
zz − F 2

xx is much less than unity, so the expression above can be

approximated using the leading terms of its binomial expansion:

(
G0

G

)2

≈ F 2
xx + (F 2

zz − F 2
xx)

(
Fxx
Fzz

)2

cos2 χ0. (5.18)

By expanding the expression above to leading order in the shear strain (Fzz −Fxx),
25 This follows almost trivially when one considers that the inner product of the real and reciprocal

lattice vectors must by definition satisfy aTi bj = 2πδij (see Sec. 2.1.3).
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it can further be shown that the ratio Fxx/Fzz can be approximated by unity. Re-

placing the magnitudes of the reciprocal lattice vectors G and G0 with their corre-

sponding interplanar spacings d and d0, we arrive at our final expression to which

to fit the experimental data:

(
d

d0

)2

≈ F 2
xx + (F 2

zz − F 2
xx) cos2 χ0. (5.19)

This formula provides a simple means of inferring F e from the data. For each reflec-

tion (hkl), one calculates its ambient spacing and polar angle via d0 = 2π/‖(hkl)‖

and cosχ0 = (hkl) · (011)/[‖(hkl)‖‖(011)‖], and then measures its new spacing d

using Bragg’s law, 2d sin θ = λ. A linear regression analysis may then be performed

on the data using the equation above, allowing Fxx and Fzz to be extracted from

the fitted intercept and gradient.

5.4.3 Demonstration of algorithm on synthetic diffraction

In the previous two sections, a prescription for calculating the release temperature

of a crystal from its late-time diffraction image was derived: one first estimates the

sample’s longitudinal and transverse strains from the distribution of its scattering

angles via Eq. (5.19), and then infers T by demanding that the tensile longitudi-

nal stress associated with these elastic strains balance the temperature-dependent

thermal pressure, using Eq. (5.12). It is natural to be dubious about the accuracy

of these equations when one considers the number of approximations upon which

they are reliant. Before applying it to real experimental data, this technique will

first be applied to synthetic diffraction data from a simulated crystal, whose release

temperature is of course known from its constituent atoms’ velocity distribution. It

will be shown that this temperature can be predicted very well (provided the elastic

strains are determined accurately enough), thus validating the technique.

The crystal on which the temperature extraction algorithm was tested is essen-

tially a scaled-up version of the single crystals described in the previous chapter.

This larger crystal has dimensions of 33.1×33.2×5960 nm3, and contains some 362

million atoms. This crystal also differs in that it was modelled under the Ravelo

Ta2 potential [54], whose thermal properties are more accurate than those of the
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Ta1 potential employed in the previous chapter; the distinction is not too important

for the purposes of verifying the temperature algorithm, but will become so when a

detailed account of the crystal’s temperature evolution is given in the next chapter.

As before, a constant-velocity piston was used to compress the crystal, in this in-

stance to approximately 100 GPa. The crystal was simulated for long enough that

an appreciable fraction of it could release back to ambient pressure.

Fig. 5.6 shows the variation of the crystal’s longitudinal stress σzz and tempera-

ture T as a function of distance from the piston at t = 1.7 ns (approximately 0.5 ns

after breakout). The variation of σzz makes plain the structure of the rarefaction

wave, and illustrates that, by this time, the last micron of material reaches the fully

released state, for which σzz ≈ 0. We see that the temperature of the sample in this

released region is elevated considerably above room temperature, and is in fact only

slightly lower than the on-shock temperature of 1750 K. We shall not dwell on the

details of the temperature profile here; a full account will be given in the following

chapter. The feature of interest here is the average temperature of the fully released

material, which is Ttarget = 1560 K.

To emulate diffraction from this monocrystal’s fibre-textured polycrystalline ana-

logue, the FTFT described in Sec. 3.4.3 was used. Fig. 5.7 compares the syn-

FIG. 5.6. Variation of longitudinal stress and temperature for a 6-µm-long tantalum

monocrystal loaded along [011] to 100 GPa at around 0.5 ns after shock breakout.



138 5.4. TEMPERATURE EXTRACTION ALGORITHM

-50 0 50 100 150 200

{011}

{200}

{112}

{022}

15

20

25

30

35

10

40

B
ra

gg
 a

ng
le

(°
)

15

20

25

30

35

10

40

{011}

{200}

{112}

{022}

B
ra

gg
 a

ng
le

(°
)

Azimuthal angle (°)

(a)

(b)

0

2

4

6

8

10

In
te

ns
ity

(a
rb

. u
ni

ts
)

10

11

12

13

14

15

In
te

ns
ity

 (
ar

b.
 u

ni
ts

)

FIG. 5.7. Comparison of diffraction data (a) experimentally obtained from a shock-

releasing fibre-textured tantalum foil using an XFEL and (b) synthesised from an MD sim-

ulation of a tantalum monocrystal using an augmented Fourier transform [see Eq. (3.15)].

Both the real and simulated crystals are releasing from around 100 GPa. A largely opaque

mask has been added to the synthetic data to emulate the gaps between the detectors.

thetic diffraction pattern obtained from the 100 GPa shock-release simulation using

Eq. (3.15) with experimental data taken from a shot at a comparable shock pres-

sure. The synthetic pattern actually imitates the data reasonably well. Several

differences are apparent: the experimental peaks are slightly wider in the azimuthal

direction due to the foil’s not having a perfect fibre texture; the ‘splitting’ of the

peaks from the released material is greater in the synthetic data, which means the

simulation predicts greater residual rotation than is observed experimentally; the
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synthetic data does not exhibit the same attenuation with increasing Bragg angle,

due to its omission of various elements like the atomic form factor; and there are no

halo peaks in the synthetic data. These details aside, the qualitative agreement is

good, meaning the simulated pattern can be treated as a fair representation of the

kind of diffraction data obtained from experiment.

Let us now attempt to extract the crystal’s elastic strains from its synthetic

diffraction pattern via Eq. (5.19). First, a set of reflections from the {011}, {200},

and {112} families is chosen, as illustrated in Fig. 5.8(a). The scattering signal in

the vicinity of these peaks is azimuthally integrated to yield a one-dimensional signal

f(θ). The peak from the fully released material is fitted to a pseudo-Voigt profile,

for which the intensity is assumed to vary with Bragg angle according to

fPV (θ) = w
1

1 +
(

2θ̃−2θ
δθ

)2

︸ ︷︷ ︸
Lorentzian

+(1− w) exp

− ln 2

(
2θ̃ − 2θ

δθ

)2


︸ ︷︷ ︸
Gaussian

, (5.20)

where w determines the relative weights of the Lorentzian and Gaussian contribu-

tions, 2θ̃ is the peak centre, and δθ is the intrinsic linewidth. Note that the peak

from the released material is markedly asymmetric due to bleeding of the diffraction

signal from nearly released material near the foot of the rarefaction wave. To mit-

igate its influence, much of the right wing of the peak is excluded from the fitting

routine, as shown in Figs. 5.8(b-i). The central scattering angle 2θ̃ is then used to

infer the interplanar spacing d of the diffracting planes. Following Eq. (5.19), the di-

mensionless combination (d/d0)2 is finally plotted against cos2 χ0 for each reflection

and analysed using linear regression. This final step is shown in Fig. 5.8(j).

By inspecting the values assumed by the fit at χ0 = 0◦ and 90◦, it can be seen that

the released portion of the simulated crystal has an average transverse elastic strain

εxx close to zero, and a tensile longitudinal strain εzz of approximately 1%. The sim-

ulated crystal thus exhibits some degree of residual strength following release, and is

also of slightly lower density than ambient, just as the true targets are. If one were

to infer the crystal’s release temperature using the average of the elastic strains ex-

tracted from the regression [εxx = (0.07±0.05)%, εzz = (−0.91±0.11)%] and the lin-

ear thermal expansion coefficient of Ta2 (4.02×10−6 K−1), one would obtain a value
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FIG. 5.8. The temperature extraction algorithm. (a) Sampling regions selected from

the simulated diffraction pattern of a crystal releasing from 100 GPa. (b-i) Azimuthally

integrated signals within each sampling region. Peaks from the released material are fitted

to a pseudo-Voigt profile (orange curves) using mostly their left wing (orange regions).

Vertical dashed lines mark the ambient Bragg angles. (j) Interplanar spacings d and

strains εd inferred from either release peak positions (black points) or from the real-space

elastic deformation gradient F e (purple points) expressed as a function of the original

angle made by the plane’s normal with the target normal, χ0. Strains extracted from the

linear regression are converted to a release temperature using Eq. (5.12).
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of Tnaive = (940± 100) K. If instead one properly accounts for the nonhydrostaticity

of the crystal’s strain state using Eq. (5.12), one obtains Tmeasured = (1350±130) K.

This estimate is considerably closer to the known value of 1560 K, but still not quite

consistent to within error.

To find out where the algorithm could be failing, the linear regression analy-

sis and subsequent steps can be repeated using the ‘known’ elastic strains of the

released portion of the crystal, obtained not from its synthetic diffraction pattern

but directly from its real-space elastic deformation gradient. The true interplanar

spacings obtained from the known strains of (εxx, εyy, εzz) = (−0.32,+0.13,−0.87)%

are plotted alongside their respective values of cos2 χ0 in purple in Fig. 5.8(j). Note

that the true spacings are almost always greater than the spacings inferred from

diffraction. The strains extracted from the linear regression are εxx = −0.10% and

εzz = −0.87%. Using these strains, one infers from Eq. (5.12) a temperature of

Tcheat = (1510± 210) K. This captures very well the target value of 1560 K.

If this algorithm has a flaw, then, it lies not in its conversion of the elastic

strains to a temperature, but in the actual extraction of the elastic strains from the

diffraction pattern. Fig. 5.8(j) shows that the peak fitting technique systematically

underestimates the crystal’s tensile strains, and thus underestimates the extent of

the thermal expansion. This is surely caused by the asymmetry of the released

peaks – the scattering intensity from material near the foot of rarefaction wave likely

shifts each peak’s centre to slightly higher values of θ, and thus gives the impression

that the released material is a little more compressed than it really is. Indeed,

when this entire calculation was repeated using diffraction data synthesised from the

released portion of the crystal only, the release peaks were symmetric, and Tmeasured

agreed with Ttarget to within error. This shortcoming of the temperature extraction

algorithm, which is caused by its crude fitting of the diffraction signal to a single

peak from a unique strain state, should be borne in mind in the section that follows.

The upshot is that the release temperatures quoted, while likely correct to within a

few hundred degrees, will tend to underestimate the true release temperature.
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5.5 Temperatures from experiment

The release temperature extraction algorithm will now be applied to real data from

targets shock compressed to between 1 and 2 Mbar. One additional step is required

for the experimental data, and that is to determine the on-shot x-ray energy Eν .

This can be achieved by fitting the locations of the halo peaks using pseudo-Voigt

profiles [see Eq. (5.20)] and using their associated plane spacings (known from the

ambient lattice constant of tantalum) to calculate Eν = hc/λ using Bragg’s law.

The uncertainty in λ combines with the uncertainty in the elastic strains to yield

the full error on the temperature measurements.

In Fig. 5.9 is shown the release temperature inferred from XRD as a function of

shock pressure for samples probed at the latest ∆t = 1.2 ns after shock breakout

– within this time, at most C0∆t ≈ 4 µm of material has completely released

(where C0 is the ambient bulk sound speed [214, 217]), meaning the rarefaction

fan is still propagating through the targets, and no reverberation from the ablator-

foil interface should have taken place. Shown also in Fig. 5.9 is the locus of shock

states and corresponding isentropic release states. Both loci were calculated by

FIG. 5.9. Release temperature inferred from XRD as a function of shock pressure for

tantalum foils probed less than 1.2 ns after shock breakout. The data for which p <

150 GPa are fitted to a parabola whose 95% confidence interval is shaded grey. Shown

also are the locus of shock and corresponding isentropic release states predicted from

SESAME equation of state 3520 [215], and the value of tantalum’s ambient-pressure melt

temperature TM = 3270 K [216].
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solving the Rankine-Hugoniot equations26 using a high-pressure equation of state

for tantalum [215]. We observe that in all cases, the inferred release temperature

exceeds the theoretical isentropic release temperature by some margin. In fact, the

data follow more closely the Hugoniot itself (up to 150 GPa at least), suggesting

that a substantial heating mechanism is active during shock release that largely

counteracts expansive cooling.

To make more concrete the notion that the data statistically exclude the release

isentrope, we can use Bayesian inference to calculate the confidence interval of a

simple phenomenological fit to the data. The fit we will use is a parabolic one of

the form Tfit(p|κ) = 300 K + κp2. In Bayesian regression, the fit parameter κ is

treated as a random variable whose distribution is informed by the data and their

associated uncertainties. The posterior probability distribution of κ is given by

P (κ|data) ∝ P (data|κ)P (κ), (5.21)

where P (data|κ) is the likelihood of observing the data for the given value of κ, and

P (κ) is the prior (i.e. uninformed) distribution of κ, which, given the absence of any

readily available information about the phenomenological constant κ, we will simply

take to be uniform. The likelihood function P (data|κ) is given by

P (data|κ) ∝
∏
i

exp

[
−(Ti − T̃i)2

2σ2
Ti

− (pi − p̃i)2

2σ2
pi

]
, (5.22)

where (pi, Ti) is the location of the ith data point, (p̃i, T̃i) is its notional ‘true’ loca-

tion, and σpi and σTi are its associated uncertainties. The uncertainty in the shock

pressure σpi was calculated for each shot using the variance of the pressures obtained

by sampling different regions of the VISAR signal. The temperature uncertainty σTi

has two dominant components: there is first the error in the measurement of the

elastic strains from the diffraction pattern, which is deduced using the residuals of

the regression curve, as in the previous section; and there is appreciable uncertainty

in the x-ray beam energy Eν , which is derived from errors in the measurement of

the halo peak locations. To estimate the true location of point i (the location it

26 To calculate the isentropic release temperature using an EOS and the Rankine-Hugoniot equa-

tions, one essentially treats the release as a series of consecutive miniature shocks [218].
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would have were it not displaced from the curve Tfit by statistical noise), an ellipse

with major axes in the ratio σpi : σTi is drawn centred on point i and expanded until

it touches the curve; the tangential intersection is taken to be (p̃i, T̃i). This ‘true’

position varies depending on the location of the curve, and thus varies with κ.

Iterating the calculation above over a set of values of κ yields the posterior proba-

bility distribution P (κ|data), which is approximately a Gaussian with some maximal

(i.e. most likely) value κ0. To calculate the fit parameter’s confidence interval, the

distribution was normalised and then integrated over the interval [κ0 − δκ, κ0 + δκ]

until the cumulative probability reached 0.95. The range of parabolic fits with val-

ues of κ between the limits κ0 ± δκ is plotted in grey in Fig. 5.9, along with the

most probable fit itself (for which κ = κ0). Note that the fitting was only performed

on data for which the shock pressure was less than 150 GPa, because the release

temperature appears to saturate above this pressure (as will be discussed shortly).

The confidence interval clearly excludes the locus of isentropic release states. From

the experimental data we must therefore conclude that these tantalum foils undergo

shock release in a strongly irreversible manner.

The conclusion that shock release is nonisentropic runs contrary to the textbook

picture of the process, and should therefore be treated with some scepticism. The

temperature extraction algorithm was verified in principle in Sec. 5.4.3. Although

it was noted that it will generally tend to underestimate the target’s release tem-

perature, this is not a problem as far as our conclusion is concerned, as it means

that the crystals are probably at least as hot as suggested. Even so, the data points

are few, and rather scattered. To provide further confidence in our conclusion, we

can turn once again to molecular dynamics. The final part of this chapter will

present the results of some preliminary MD simulations that model a highly simpli-

fied version of release in monocrystalline tantalum. The purpose of the simulations

is to test whether two conspicuous features of the experimental data can be repro-

duced, namely the release temperature’s being markedly higher than the isentropic

release temperature at each shock pressure, and its tendency to saturate at a value

suspiciously close to the ambient melt temperature TM = 3270 K [216].
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5.6 Temperatures from small MD simulations

5.6.1 Simulation setup

The crystals modelled in these preliminary MD simulations were prepared as fol-

lows. Each sample starts as a fully periodic, defect-free crystal with dimensions of

26.1 × 26.2 × 26.6 nm3 and a population of just over one million atoms. The crys-

tallographic orientation of the crystal is the standard [100]-[011̄]-[011]. After being

equilibrated, the crystal is uniaxially compressed along the z axis (i.e. [011]) at a rate

of 1010 s−1 until it reaches 25% compression, by which point the huge shear stress

induced in the crystal by the loading has nucleated a dense dislocation network. The

purpose of seeding these defects is to lower the yield stress of the crystal below its

homogeneous nucleation limit, so that its elastic response during simulated release

is minimised. The crystal is simulated under a microcanonical ensemble until the

dislocation network spawned by the preloading relaxes – equilibrium is determined

to have been reached once the average temperature of the crystal fluctuates by no

more than 1 K over the course of 10 ps.

With its dislocations nominally stabilised, the crystal is then evolved under an

isothermal-isobaric (NPT) ensemble to bring its temperature and pressure to match

one of ten Hugoniot states between 45 and 220 GPa. The Hugoniot temperatures

used here were taken from the MD study of Ravelo et. al. [54]. The sample is

then released from the shock state to ambient pressure at a rate of 4 × 109 s−1,

which is representative of the local release rate at around one micron’s distance from

the experimental samples’ rear surface (as will be shown in the following chapter).

Two unloading scenarios are considered for each sample, the first being uniaxial

expansion along z, the second volumetric expansion. In the latter scenario, almost

no plastic deformation is induced by the unloading process, meaning the crystal

releases reversibly. By comparing the latter and former release paths (henceforth

referred to as the isentropes and adiabats, respectively), we can determine to what

extent the uniaxially unloading targets release isentropically.

To unload these fully periodic samples, the dimensions of the computational cell

({Li}, i = x, y, z) are evolved at a prescribed rate. Simultaneously, the coordinates
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of the atoms are homogeneously remapped using an affine transformation, such that

the distance between the atoms scales just as the cell dimensions do. One should

note that if the atomistic configuration is evolved in this manner under the usual

microcanonical ensemble, the rate of change of its internal energy Ė will differ from

the applied work rate Ẇ . That is to say that transforming the crystal in this way

artificially heats it. To ensure the unloading is truly adiabatic, the equation of

motion of each atom can be augmented to read thus [219]:

[ẋα]i =
[pα]i
mα

+
L̇i
Li

[xα]i, (5.23)

[ṗα]i = [fα]i −
L̇i
Li

[pα]i. (5.24)

Here, xα and pα are the position and momentum of atom α with mass mα, and fα

is the total force exerted upon it by its neighbours. The second term in Eq. (5.23)

performs the affine remapping, while the second term in Eq. (5.24) is a per-atom

force that prevents the remapping from heating the crystal.

5.6.2 Simulation results

Fig. 5.10 shows the simulated release isentropes and adiabats emanating from a set

of ten Hugoniot states for fully periodic tantalum crystals released at 4 × 109 s−1.

Shown also for reference are the Hugoniot itself and the melt curve [54]. As expected,

the temperature of samples releasing along an isentrope decreases monotonically and

fairly quickly with pressure. The release adiabats, meanwhile, closely follow their

corresponding isentrope at early times, but then suddenly diverge, and thence follow

a much flatter trajectory through pressure-temperature space. In fact, at the lowest

shock pressures, the adiabatically releasing crystals undergo net heating.

The early-time adherence of the adiabat to the isentrope followed by a sudden

departure is exactly what one would expect from a two-phase elastoplastic release.

During the initial phase of release, the shear stresses induced in the crystal by the

uniaxial unloading are insufficient to cause any dislocation activity, so the release

ensues reversibly (i.e. isentropically). Once the shear stress has built to such a level

that dislocations become mobile, plastic flow ensues, and the considerable work



147 5.6. TEMPERATURES FROM SMALL MD SIMULATIONS

FIG. 5.10. Pressure-temperature space trajectories of tantalum monocrystals simulated

under the Ravelo Ta2 EAM potential [54] evolving either volumetrically (isentropes) or

uniaxially (adiabats) at strain rates of 4 × 109 s−1. Shown also are the Hugoniot and

solid-liquid phase boundary.

required to effect it is largely dissipated as heat. This would cause the adiabat to

rise ‘above’ its corresponding isentrope as shown in Fig. 5.10, thus accounting for

the unusually high release temperatures observed in experiment.

The second and even more promising feature of the simulated release adiabats is

the interesting behaviour they exhibit at the highest shock pressures. The adiabats

emanating from the 204 and 217 GPa shock states, it seems, are loath to cross the

melt curve. In fact, during the latter stage of release (where p < 50 GPa), these

uniaxially releasing crystals are so desperate to avoid the phase boundary that they

cool even faster than the local isentropic cooling rate, despite their simultaneously

suffering dissipative heating due to plastic work. Conspicuously, upon reaching am-

bient pressure, the three highest-pressure adiabats have converged to almost exactly

the same temperature – the ambient melt temperature (≈ 3080 K for Ta2 [54]).

This is exactly what is observed experimentally.

To understand what is happening to the material undergoing uniaxial release in

the proximity of the melt curve, it is useful to examine its synthetic x-ray diffraction

signal. While generally more computationally expensive, reciprocal-space techniques

tend to be considerably more robust than their real-space counterparts in the high-

temperature regime [52], and are therefore extremely useful here. Shown in Fig. 5.11
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is the azimuthally integrated scattering intensity from crystals releasing from the

204 GPa shock state at eleven points in phase space along the release path. The

signals along the isentrope and the adiabat are shown in Figs. 5.11(b) and 5.11(c),

respectively. While the Bragg peaks from the volumetrically releasing crystal remain

sharp throughout, those of the uniaxially unloaded crystal soften considerably at late

times. Broadening of this kind indicates that the latter crystal has at least partially

melted. If the targets releasing from the very highest shock pressures do indeed

begin to liquify on release, that would explain their tendency to follow the melt

curve – the crystal’s phase space trajectory would be prevented from easily crossing

said boundary due to the barrier presented by the latent heat of fusion.

It is natural to ask: can any evidence of melting on release be discerned in the

experiment? One can indeed see liquidlike diffraction from targets compressed above

the shock-melt pressure [220] (∼ 300 GPa for tantalum [192]). Unfortunately, the

same signal is not readily visible for the notionally release-molten targets. There

may be several reasons for this. First, the diffraction signal from molten material is

considerably more diffuse than that from solid material. The signal will delocalise

not only in θ, but also in ϕ, due to the loss of crystallographic texture that attends

melting. Second, if the liquid phase exists, it must be found in a range of density

states, just as its solid host is. This would cause further delocalisation of the liquid

signal in θ. Third, the liquid phase might constitute only a small fraction of the

sample: only part of the crystal needs to melt to cause its release path to adhere to

the melt curve. Presumably, these three effects have conspired to give an extremely

diffuse liquid signal that cannot easily be distinguished from the background.

It might be possible, in further work, to strengthen the liquid signal by carefully

selecting the shock pressure. It so happens that for this experiment there is a paucity

of data points between 200 GPa (where the saturation effect starts to manifest) and

300 GPa (where the material melts on shock). Were the experiment to be repeated,

it would be prudent to explore this pressure region, because targets releasing from

these higher pressures would encounter the melt curve sooner, spend longer following

it, and therefore accumulate a greater liquid phase fraction before reaching ambient

pressure. This would ideally amplify the liquid diffraction signal to such a level that

it could be clearly observed, thus allowing us to experimentally confirm our intuition
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FIG. 5.11. (a) Release adiabat and isentrope of a tantalum monocrystal releasing from

the 204 GPa Hugoniot state. (b) and (c) show the azimuthally integrated, fibrelike syn-

thetic diffraction signals at states i to xi along the release paths for the isentropically and

adiabatically releasing crystals, respectively.

about the temperature saturation effect.

At any rate, the small-scale simulations performed here reproduce both of the

interesting features of the experimental data, namely that the targets are consid-

erably hotter than they would be if their release proceeded isentropically, and that

the release temperature saturates at the ambient melt temperature at high shock

pressures. The simulations also provide hints at what the underlying physics might
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be: the inferred heating that takes place during release appears to be consistent

with plastic-work heating, and the saturation effect could conceivably be caused by

the enthalpy barrier found at the melt curve. The simulations thus provide strong

circumstantial evidence that the locus of shock release temperatures presented in

Fig. 5.9 is correct, and give further assurance that the temperature extraction algo-

rithm constructed in Secs. 5.4.1 and 5.4.2 is sound. Further weight is thus lent to

the conclusion that shock release is not, in general, isentropic.

5.7 Conclusion

Micron-scale tantalum targets loaded to and subsequently allowed to release from

megabar pressure states have been studied using time-resolved x-ray diffraction. A

means of inferring the temperature they assume following release from their ther-

mally induced tensile elastic strains was developed, and verified on simulant diffrac-

tion data generated from large-scale molecular dynamics simulations. The tempera-

ture extraction algorithm predicted that the post-breakout temperatures exhibited

by the targets were substantially higher than those expected from a conventional

isentrope release. It was further predicted that, at the highest shock pressures, the

release temperature saturates at the ambient melt temperature. Both of these phe-

nomena were borne out by small-scale molecular dynamics simulations of tantalum

unloading from a megabar shock state at around 109 s−1. These experimental results

indicate that the shock release process is a highly nonisentropic one.



chapter 6

Simulations of nonisentropic

release in shocked tantalum

6.1 Introduction

In the previous chapter, it was shown experimentally that micron-scale tantalum

crystals undergo substantial heating while unloading from a megabar shock state,

contrary to the conventional picture of shock release. While it was speculated that

internal dissipation (i.e. plastic work) was to blame, observing such a process in a

shock compression experiment is challenging. To gain an insight into the microphys-

ical processes at play during shock release, we can appeal once again to large-scale

molecular dynamics (MD) simulations. In this chapter, MD simulations are used to

study the detailed behaviour of micron-scale tantalum single crystals during shock

compression and subsequent release. Their temperature history is interpreted using

a heat equation, which can separate and quantify the heating and cooling mecha-

nisms active during adiabatic deformation. Like the above-mentioned experiments,

the simulations demonstrate dramatic heating during release, and confirm that plas-

tic work is the primary source of heat. It is further shown that the amount of heating

undergone by the crystal varies with distance from its rear surface, but that over the

micron scale of the targets frequently used in laser-induced shock experiments, the

release temperature is fairly uniform. These simulations thus give further reason to

believe that the nonisentropic release observed in experiment is a real phenomenon.

6.1.1 Heating and cooling mechanisms

At any instant of time, there are several mechanisms competing to control the tem-

perature of a shock-releasing material. Chief among them is the thermoelastic effect

[184]. This refers to the reversible change in temperature undergone by a substance

when its volume changes; heating is expected upon compression, cooling on expan-
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sion. If a material releases isentropically (which to say, reversibly), its temperature

T is governed exclusively by the thermoelastic effect, and therefore falls monotoni-

cally with volume. The typical magnitude of the thermoelastic effect (characterised

by the Grüneisen parameter γ [203]) is such that a crystal releasing from a megabar

pressure state is generally expected to cool by several hundred degrees.

While the crystal is expanding, it also inevitably undergoes plastic deformation

– as illustrated in Chapter 4, it is principally by plastic flow that the elastic strains

transverse to the loading direction are able to relax. Plastic deformation is an

irreversible, dissipative process, which is to say that the work expended in bringing

it about is converted almost completely to heat. The amount of work required to

cause a given plastic strain scales with the strength (i.e. the flow stress τ) of the

crystal. Conventionally, plastic-work heating is assumed to be negligible during

shock release because it is a ‘slow’ process, and can therefore be realised with small

flow stresses. However, while the strain rates present in a rarefaction fan are indeed

far lower than those present in the shock front – and fall as the fan travels deeper

into the crystal – within the first few microns of the rear surface they can exceed

109 s−1 (as will be shown). Laser-compression studies [202, 221, 222] and MD

simulations performed on commensurate timescales [47, 223, 224] have shown that,

in an ultra-high strain rate regime such as this, a metal will typically exhibit strength

of order gigapascals. Strength of this magnitude is non-negligible. As shown in

the computational studies of Swift et. al. [225] and of Kurosawa and Genda [226],

the crystal’s considerable strength will cause plastic-work heating not only during

compression but also on release, directly opposing the thermoelastic cooling due to

expansion and thus causing the release path to deviate markedly from the isentrope.

There is a second potential heating mechanism that is necessarily neglected by an

isentropic treatment of release: recovery of energy from crystal defects. It has long

been posited that defects must be created in huge numbers during shock compression

in order to accommodate the extreme plastic strain rates induced at the shock front

[227, 228], in accordance with Orowan’s equation [91]. This prediction is supported

by MD simulations, which consistently show copious homogeneous defect generation

across the shock front (as shown in Chapter 4, and in Refs. [42, 43, 47, 54]). Such

simulations have also shown that the huge defect densities created on shock can be
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partially annihilated upon release [48, 59]. In fact, it has recently been demonstrated

by in situ x-ray diffraction (XRD) measurements that both deformation twinning

and lattice rotation induced by shock compression of tantalum [64] are largely re-

versed during rarefaction [59], which is consistent with such a defect annihilation.

Studies performed over the past century have suggested that the energy stored by

defects generally constitutes between 5% and 15% of the plastic work performed

during compression [229–234]. Defect annihilation therefore allows a considerable

amount of latent energy to be recovered during unloading and released as thermal

energy, providing another source of heat that further opposes thermoelastic cooling.

The main aim of the following chapter is to see whether the release heating ob-

served experimentally is borne out in simulations, and, if so, why? This question

will be answered using a heat equation that allows us to quantify the three afore-

mentioned heating and cooling mechanisms, namely expansive cooling due to the

thermoelastic effect, heating due to plastic work, and the exchange of thermal en-

ergy with that of the material microstructure. Before tackling a true shock-release

simulation, however, some time will be given to describing how the heat equation

can be implemented in an atomistic simulation and how it was verified.

6.2 The heat equation

The following section describes how one evaluates the components of the heat equa-

tion for an MD simulation. Several small-scale tests of the heat equation will then be

presented, to give an idea of how accurate it is expected to be in a shock-compression

context. Only then will the equation be applied to a true shock-release simulation of

a micron-scale target. Note that the superscript for elastic strain εe will henceforth

be reinstated, so as to differentiate it from the plastic strain εp.

6.2.1 Formulation of the source terms

To quantify the effects of thermoelasticity, it is customary to use the Grüneisen pa-

rameter27. The Grüneisen parameter γ is the fundamental thermodynamic variable

27 This is the convention in shock physics, at least – in engineering and materials science contexts,

one often speaks instead of the ‘thermoelastic constant’ K. This is defined such that the frac-
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that expresses how the vibrational properties of a solid vary with its volume. Among

its definitions is

γ = V

(
∂p

∂E

)
V

, (6.1)

where E is the internal energy of the solid. If the volume V of an isotropic material

reversibly changes by δV , the concomitant temperature change δT expected within

the Grüneisen formalism reads [203]

δT = −Tγ δV
V
. (6.2)

Since γ is typically of order unity, the fractional decrease in temperature expected

on release is approximately equal to the fractional increase in volume, which can be

several tens of percent in the shock regime. When modelling an anisotropic material,

it is advisable to promote γ to a tensor, and replace the definition above with

γij = V

(
∂σij
∂E

)
V

. (6.3)

The thermoelastic heating (or cooling) rate becomes [236, 237]

ṪTE =
∑
i,j

Tγij
dεeij
dt

(6.4a)

≡ Tγ :
dεe

dt
, (6.4b)

where εe is the true elastic strain tensor. This more general formulation is better

equipped to deal with low-symmetry crystal structures28 undergoing non-volumetric

deformation. We shall see that this distinction is important for shock release, during

which the Grüneisen tensor can exhibit strong anisotropy.

To evaluate the heating due to plastic work, meanwhile, requires two terms. It is

a simple matter to calculate the total amount of plastic work performed on a unit

volume of material while it undergoes plastic strain. It reads

ẇp = σ :
dεp

dt
, (6.5)

tional change in temperature upon a change in pressure ∆p is 3K∆p. In any case, K and γ are

related by a constant of proportionality [235], and they describe the same underlying physics.
28 A cubic crystal in a nonhydrostatic strain state also constitutes a low-symmetry structure.
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where εp is the true plastic strain. In the simplest picture of plasticity, the entirety

of this work is dissipated, suggesting a ‘perfect plastic’ heating rate of

ṪPW =
1

cV

(
σ :

dεp

dt

)
, (6.6)

cV being the crystal’s volumetric heat capacity. In reality, some fraction29 of this

plastic work is usually siphoned off to create the very dislocations mediating plastic

flow. This is to say that, if defects are being created, the heating rate is somewhat

less than the work rate. If the energy stored by the defects is Es, then the amount

of energy dissipated per unit volume actually reads (σ : ε̇p − Ės/V ). This can be

accounted for with the corrective term

ṪMS = − 1

cV

(
1

V

dEs

dt

)
. (6.7)

Note, though, that this term cuts both ways: if the energy of the microstructure

decreases (through dislocation annihilation, say), its latent energy is released and so

causes heating additional to that provided by plastic work. In other words, defect

energy can be exchanged for thermal energy. As will be shown, the changes in the

dislocation density that take place during shock release are so huge that the exchange

term ṪMS can cause perceptible changes to the material’s temperature history.

6.2.2 Application to an atomistic simulation

To recap: the temperature T of a material element undergoing adiabatic deformation

is notionally governed by the equation

dT

dt
= ṪTE + ṪPW + ṪMS (6.8a)

= Tγ :
dεe

dt
+

1

cV

(
σ :

dεp

dt
− 1

V

dEs

dt

)
, (6.8b)

where γ is the Grüneisen parameter, εe is the true elastic strain, εp is the true

plastic strain, σ is the Cauchy stress, cV is the volumetric heat capacity, and Es is

29 The fraction of plastic work that must be invested in defects is often expressed via the Taylor-

Quinney factor fTQ [84]. In continuum modelling, one often amends the plastic work heating

rate to fTQ(σ : ε̇p)/cV , where fTQ is canonically taken to be around 0.9 in the high strain rate

regime [225]. With MD, however, we can evaluate the energy stored by the microstructure Es

directly, meaning we need not rely on the phenomenological constant fTQ.
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the energy stored by the element’s defects. From left to right, these three source

terms capture the thermoelastic heating or cooling caused by changes in volume, the

heating due to plastic deformation, and the exchange of microstructure energy with

thermal energy, respectively. In principle, every one of these macroscopic variables

can be calculated for an atomistic material element, provided it is not too far from

thermodynamic equilibrium. It is then possible to integrate numerically the heat

equation at each timestep to generate its predicted temperature curve Tf (t), which

may then be compared with its true temperature T (t). If the two are sufficiently

similar, one can be confident that the ‘thermal energy budget’ expressed by Eq. (6.8)

is accurate, and so explains the source of the heating observed on release.

While T , V , σ, εe and cV = 3nkB represent fairly standard variables in the context

of MD, the calculation of εp, γ, and Es is arguably less routine. The following

subsections explain how these latter macroscopic variables were extracted from the

MD simulations; for details of the calculation of the standard variables, the reader

is referred to Chapter 3.

Calculation of the plastic strains

When compared to εeα, calculation of the per-atom plastic strain tensor εpα is ac-

tually a somewhat involved process – unlike the elastic strain, the instantaneous

plastic strain state cannot be deduced from the current atomistic configuration

alone, because it depends on the material’s deformation history. While there do

exist algorithms for calculating the per-atom plastic strain using an elastoplastic

decomposition of the total deformation gradient Fα (see the work by Stukowski and

Arsenlis [238], for example), it transpires that the macroscopic plastic strain εp can

be derived relatively painlessly from the element’s macroscopic elastic strain εe, and

certain boundary conditions that depend on the nature of the loading. Two loading

scenarios (pictured in Fig. 6.1) will be considered here.

The first scenario to be considered is that in which the material element in ques-

tion is a fully-periodic crystal. In this case, one can obtain the macroscopic plastic

strains straightforwardly from the cell dimensions {Li(t)}, which one knows exactly
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FIG. 6.1. Depictions of two loading scenarios. Scenario I describes a fully periodic,

orthogonal material element whose dimensions {Li(t)} are known at all times. Scenario

2 describes an element that straddles a uniaxially loaded crystal and has fixed transverse

dimensions, but whose longitudinal extent is unconstrained.

at all times. By definition of the true strain ε (with our sign convention),

dLi = −Lidεii. (6.9)

In the differential limit, the strains decompose additively, hence

dLi
dt

= −Li
(
dεeii
dt

+
dεpii
dt

)
. (6.10)

Given the cell dimensions and the average elastic strains, then, one can use the

following system of equations to deduce ε̇p:

dεpxx
dt

= − 1

Lx

dLx
dt
− dεexx

dt
, (6.11a)

dεpyy
dt

= − 1

Ly

dLy
dt
−
dεeyy
dt

, (6.11b)

dεpzz
dt

= − 1

Lz

dLz
dt
− dεezz

dt
. (6.11c)

This set of equations for εp will be used for the tests of the heat equation performed

on fully periodic crystals in Sec. 6.2.3.

The second loading scenario we consider is one in which the material element

forms a cross-section of a uniaxially loaded, laterally confined monocrystal. In this

case, one knows the transverse dimensions of the element Lx and Ly (which are

constant throughout the simulation) but not necessarily its longitudinal extent Lz
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(which is unconstrained). Indeed, given that the surface of the element is liable

to change shape during plastic deformation, its thickness Lz likely varies over its

cross-section. At any rate, one cannot simply use Eq. (6.11c) to infer εpzz. Under

certain circumstances, one might be justified in using the assumption of zero plastic

dilatation. This states that, as a form of shear deformation, plastic flow is a volume-

conserving process. If this is so,

dεpxx
dt

+
dεpyy
dt

+
dεpzz
dt
≡ ε̇pV = 0. (6.12)

This constraint allows εpzz to be inferred trivially from the other two components of

plastic strain, which can in turn be deduced from the corresponding elastic strains

via Eqs. (6.11a) and (6.11b). Here, however, we will not rely on any assumptions

about the dilatancy εpV of the element. While shear deformation is, in itself, an

isochoric process, plasticity is also attended by the production of crystal defects.

Since defective lattice sites do not necessarily occupy the same volume as crystalline

ones, and because the number of defects generated by shock compression tends to

be extremely large, there is no guarantee that the plastic flow should be volume-

conserving. For this reason, we will adopt a more general approach that allows the

volume change effected by plastic deformation to be non-zero.

Extending Eq. (6.9) to three dimensions, the change in volume attending changes

in the average strains of dεxx, dεyy, and dεzz is

dV = −V (dεxx + dεyy + dεzz). (6.13)

By additively decomposing the strains as before, one finds

dV

dt
= −V

(∑
i

dεeii
dt

+
∑
i

dεpii
dt

)
. (6.14)

Hence, the dilatation can be expressed as

ε̇pV = − 1

V

dV

dt
−
∑
i

dεeii
dt

. (6.15)

The element’s volume V may be calculated using the Voronoi construction method
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described in Sec. 3.4.1. Hence, the system of equations with which we can deduce

the plastic strain state of a uniaxially loaded Lagrangian material element reads

ε̇pxx = −ε̇exx, (6.16a)

ε̇pyy = −ε̇eyy, (6.16b)

ε̇pzz = ε̇pV + ε̇exx + ε̇eyy. (6.16c)

This latter set of equations for εp applies to the shock-release simulations proper

described in Sec. 6.4.

Calculation of the Grüneisen parameter

The most practical formulation of the Grüneisen parameter is, for the purposes of

MD, that given by Eq. (6.3): γ = V (∂σ/∂E)V . To evaluate this derivative, one heats

the crystal isochorically by some small amount30 using an appropriate thermostat,

waits for the crystal to equilibrate, and then evaluates the ratio of the resultant

increase in its Cauchy stress δσ to that of its energy density δE/V .

This sort of calculation is straightforward for a crystal in equilibrium, but a set

of problems is immediately encountered when one tries to apply this method to a

material element (or an isolated copy thereof) undergoing dynamic loading. First,

such an element is unlikely to be in mechanical equilibrium, meaning the strain

state and temperature of the element will evolve spontaneously while one tries to

thermostat it. Second, if we are considering loading scenario II, the surface of

the material element will generally be irregular, so finding appropriate boundary

conditions to hold it at constant volume is non-trivial. For these reasons, it is often

more practical to calculate instead the Grüneisen function of a ‘surrogate’ crystal,

with the same temperature and average elastic strain state as the material element

in question, but with fully periodic boundaries and none of the crystal defects. The

volume of such a crystal is easily conserved, and the absence of dislocations means

that, as long as the element’s instantaneous shear stress is below the homogeneous

yield stress, no plastic flow will ensue during thermostatting.

30 The Grüneisen parameter is marginally temperature dependent, so the heating should be re-

stricted to perhaps 100 K at most.
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The assumption one makes when one replaces the crystal with its surrogate is that

by removing the defects one does not appreciably alter the Grüneisen parameter.

There are in fact a limited number of studies that cast some doubt on the universality

of this premise – reportedly, the thermoelastic cooling rate of α-titanium [239–241]

and stainless steel [242] can be changed by 5% – 10% by first plastically deforming

the sample. Shortly, however, a simulation will be presented showing that under the

loading conditions considered here, γ is apparently insensitive to dislocation density.

Calculation of the defect energy

To deduce the energy stored by an element’s microstructure, we simply calculate

the difference between its internal energy and that of its defect-free surrogate. That

is, if the energy per atom in the surrogate is e0, and the element contains N atoms,

we say that Es = E −Ne0. The calculations of Es and γ may be performed using

the same surrogate crystal for efficiency.

6.2.3 Exercising the heat equation

Before applying it to a crystal undergoing shock compression and release, it is sen-

sible first to verify that the heat equation can predict the temperature dynamics of

atomistic systems experiencing more ‘controlled’ loading. By this, we mean loading

conditions in which one or more of the source terms in Eq. (6.8) is absent. This al-

lows us to isolate and assess the accuracy of each term in turn. The following section

presents three simulations of fully-periodic crystals that test the various components

of the heat equation. The first test assesses the thermoelastic cooling term ṪTE, the

second the anisentropic terms ṪPW and ṪMS, and the third test verifies that the

Grüneisen parameter is insensitive to dislocation density, justifying our use of the

surrogate crystals to calculate γ.

Test 1: Elastic deformation of pristine crystal

The first test of the heat equation is designed to isolate the thermoelastic cooling

term ṪTE. The test involves unloading a crystal that is devoid of defects and is never
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loaded above its yield stress. Such a crystal experiences neither plastic-work heating

nor heating from dislocation annihilation, so its temperature evolution is governed

exclusively by the thermoelastic effect. The test was conducted as follows.

A fully periodic, perfect crystal comprising one million atoms was equilibrated

with an initial temperature and pressure of 1750 K and 100 GPa, respectively. This

initial state matches the Hugoniot state from which the large-scale crystals we will

eventually study in Sec. 6.4 undergo shock release. The elastic strain state of the

crystal was then ‘manually’ evolved so as to simulate an anisotropic (i.e. nonvolu-

metric) release to ambient pressure. The strain state of the crystal was evolved by

changing the dimensions of the computational cell {Li} while homogeneously remap-

ping the coordinates of the atoms with an affine transformation. As in Sec. 5.6, the

simulation was executed under an adiabatic integration scheme [219], which prevents

the artificial heating that would otherwise result from the coordinate rescaling.

The prescribed elastic strain variation of the cell is pictured in Fig. 6.2(a). These

profiles are representative of those one would expect of a material element undergoing

shock release; a detailed discussion of their form will be given in Sec. 6.4.1. Note

that while the shear stress associated with these profiles is generally nonzero, it is

never large enough to precipitate plastic flow in this pristine crystal. This means

there is no possibility of either plastic-work heating or exchange of thermal energy

with a microstructure. Shown also for reference in Fig. 6.2(b) is the variation of the

Grüneisen tensor components γij. Wherever εe is anisotropic, so too is γ.

FIG. 6.2. (a) Elastic strain evolution of a fully periodic crystal undergoing simulated

elastic release from the 100 GPa shock state via explicit evolution of its dimensions. (b)

On-diagonal components of the Grüneisen tensor γij during simulated release.
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FIG. 6.3. Temperature T of a crystal undergoing simulated elastic release from the

100 GPa shock state via explicit evolution of its strains, compared with the predicted

temperature Tf given by integration of the thermoelastic cooling rate [see Eq. (6.4).]

The actual temperature variation of the element and the temperature predicted

based on the thermoelastic cooling rate ṪTE are plotted in Fig. 6.3. The agreement

is very good: the two profiles differ by no more than 10 K throughout the simula-

tion. On this basis, it appears that the heat equation can accurately quantify the

thermoelastic effect, in the absence of plastic deformation at least.

Test 2: Plastic, isochoric deformation of defective crystal

The second test of the heat equation targets the two anisentropic terms ṪPW and

ṪMS. This is achieved by subjecting a defective crystal to plastic deformation, but in

such a way that its volume remains constant – by loading the crystal isochorically,

we eliminate the thermoelastic effect, leaving only the plastic-work heating and

microstructure energy terms. The simulation is essentially similar to that presented

in the study of Higginbotham et. al. [243], in which the authors used a simplified

form of the heat equation (containing only the perfect plastic work term) to predict

the temperature evolution of copper single crystals undergoing pure shear; the salient

difference between this simulation and theirs is that the defect density is likely to

change appreciably here. The simulation was executed as follows.

A fully periodic, pristine crystal was first uniaxially compressed along z at a rate
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of ≈ 1010 s−1 in order to nucleate a dense dislocation network. When the volumetric

compression reached 25% the loading was arrested, but the system continued to

be simulated under a microcanonical ensemble until the dislocations equilibrated

– equilibrium was determined to have been reached once the temperature of the

crystal, which slowly increases due to dislocation relaxation, drifted by no more

than 1 K over a 10 ps interval. The crystal was subsequently cooled to ≈ 1700 K

using an NVT thermostat to bring the crystal close to the 100 GPa shock state. This

equilibrated, defective crystal was then expanded by 33% along z over the course of

100 ps, while simultaneously being compressed along x and y at such a rate as to

keep the volume of the cell constant. The atoms’ coordinates were remapped under

an adiabatic integration scheme as before to prevent artificial heating.

Shown in Fig. 6.4 is the variation of the crystal’s elastic strain, plastic strain and

stress state over the course of its volume-conserving deformation. We see that, at

early times, the elastic strain along z decreases while those along x and y increase,

mimicking the behaviour of the macroscopic strains applied to the cell. Meanwhile,

the plastic strains remain at zero, indicating that the crystal can initially accommo-

FIG. 6.4. Evolution of (a) the elastic strain state εe, (b) the plastic strain state εp, (c) the

stress state σ and (d) the stored energy Es of a fully-periodic crystal undergoing plastic,

isochoric deformation at around 100 GPa. The crystal was expanded along z at a rate of

109 s−1 while simultaneously being compressed along x and y so as to conserve its volume.
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date the applied strains elastically. Once the shear stresses have built to 2.5 GPa,

the crystal yields. Thereafter, the crystal enters a period of steady plastic flow,

during which shear stress and strain are prevented from further accumulating by

continuous dislocation motion.

Shown also in Fig. 6.4 is the time dependence of the stored energy Es. Following

the onset of plastic flow (t ≈ 10 ps), we observe that the energy stored by the

crystal’s microstructure increases by some 40%. This energy increase is evidence

of dislocation nucleation or multiplication. Some fraction of the plastic work, then,

is not converted directly to heat, but is instead invested in creating new crystal

defects. The correction to the heat equation is encoded by the microstructure term

ṪMS = −(dEs/dt)/(V cV ) < 0.

The temperature of the isochorically loaded crystal is plotted in Fig. 6.5, along

with two other curves: the first, Tp, is obtained by integrating ṪPW only, i.e. assuming

perfect conversion of plastic work to heat; the second, Tf , includes the correction

from ṪMS. We see that once the crystal yields, plastic work continually heats the

crystal at a rate well predicted by the heat equation. Note, however, that Tp slightly

overestimates the heating suffered by the crystal overall, because it neglects the

plastic work ‘sopped up’ by the new dislocations formed during the early stages

of loading. The full solution Tf , meanwhile, provides an excellent prediction of

FIG. 6.5. Temperature T of a crystal suffering volume-conserving, plastic deformation,

compared with two predictions from the heat equation; Tp assumes perfect conversion of

plastic work to heat, while Tf contains the correction from the microstructural term ṪMS.
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the crystal’s temperature variation: over the entire course of the crystal’s 530 K

temperature rise, T and Tf differ by no more than 5 K. On this basis, it seems the

heat equation can correctly account for the effects of plastic work, at least under

isochoric conditions.

Test 3: Volumetric expansion of defective crystal

The final test of the heat equation verifies that, in the temperature and pressure

range of interest, the defect content of the crystal does not significantly alter its

thermoelastic properties. This test involves elastically unloading two crystals from

the same initial temperature and elastic strain state. The first crystal is free of

defects, but the second contains a dense dislocation network. By comparing their

temperature evolution, one can assess whether the latter crystal’s being defective

has any bearing on its Grüneisen parameter.

The defective crystal was prepared in the same manner as in the previous test.

This crystal and its nondefective surrogate were then unloaded to approximately

ambient pressure using coordinate remapping under an adiabatic integration scheme

as usual. In contrast to previous tests, the dimensions of the crystals were varied

such that ε̇xx = ε̇yy = ε̇zz. This was done in an effort to prevent the accumulation of

FIG. 6.6. Temperatures of two crystals undergoing isentropic, volumetric expansion from

approximately 100 GPa. One crystal is defect-free, while the other contains a dense

dislocation network.
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any shear stress, particularly in the defective crystal, which is susceptible to plastic

deformation due to its dislocation content. The purpose of this test is to compare

the thermoelastic cooling rates only, so we wish to avoid the complication of having

to account for plastic-working heating too.

Fig. 6.6 shows the temperature variation of the two crystals as functions of time.

The difference in final temperatures between the two crystals amounts to only 1.5%

of the total temperature drop. The dependence of γ on dislocation density is there-

fore so small in this regime that it is not worth the trouble to correct for, and our

use of surrogates to estimate γ is reasonable.

6.3 Simulation setup

Having tested the individual components of the heat equation, we are now in a

position to apply it to micron-scale tantalum crystals undergoing shock compression

and release. We do so with a view to examining ‘in real time’ the heating and cooling

processes active during shock release that cannot be resolved experimentally.

The EAM interatomic potentials constructed by Ravelo et. al. were tailored to

reproduce the behaviour of tantalum under pressures of order 100 GPa and above.

Indeed, they successfully predict the experimentally determined pressure-volume

curve at ambient temperature [163, 164] and the Hugoniot in the US-UP plane [165],

in addition to many mechanical properties determined from first-principles calcu-

lations, such as the cold curve (i.e. the zero-temperature equation of state) and

the pressure-dependent elastic constants [54]. However, the authors note that these

two potentials largely fail to capture the thermal properties of tantalum: notably,

the two potentials (known as Ta1 and Ta2) underestimate the ambient Grüneisen

parameter γ by approximately 60% and 40%, respectively [54]. It would seem at

first glance, then, that even Ta2 (the more faithful of the two potentials in this

regard, and the one that will be used in this chapter’s simulations) would signifi-

cantly underestimate the amount of thermoelastic cooling the crystal suffers upon

release, artifically inflating the release temperature and so hampering a meaningful

comparison with the experiment described in the previous chapter.

It so happens, however, that the pressure dependence of γ for Ta2 is such that
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1

11
FIG. 6.7. (a) Scalar Grüneisen parameter γ versus volume for the Ta2 potential along a

release path from 100 GPa, and determined experimentally along the Hugoniot [12]. (b)

Release paths from the 100 GPa shock state to ambient volume V0 according to integration

of the cooling rate Ṫ = −Tγ V̇ /V .

the total amount of cooling it predicts for release from around 100 GPa differs only

slightly from that expected experimentally. This can be understood from Fig. 6.7(a),

which shows the variation of the scalar Grüneisen parameter with volume V as pre-

dicted by the Ta2 potential31, and as determined using velocimetric measurements

of explosively driven tantalum by Walsh et. al. [12]. While the experimental value

of γ is the higher of the two at ambient volume, the Grüneisen parameter for the

Ta2 potential increases with pressure (contrary to what is observed experimentally),

such that its ‘average’ value over the pressure range 0 to 100 GPa is actually close

to the experimental average. When we compare the temperature drops that would

result from release from the 100 GPa Hugoniot state [shown in Fig. 6.7(b)], we find

the simulated and experimental results differ by only 40 K. So, although the spuri-

ous dependence of the Grüneisen parameter on pressure for Ta2 means we probably

31 The Ta2 curve was calculated along a release adiabat from 100 GPa, while the experimental

curve was measured on the Hugoniot. There is therefore some additional variation in γ due to

its dependence on T , but this dependence is far weaker than the volume dependence [115].
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should not perform a wide pressure scan (as was done in the experiment), if we

choose a shock pressure of 100 GPa, the total amount of expansive cooling pre-

dicted during shock release should be of approximately the correct magnitude. It is

for this reason that only this single shock pressure will be considered in this chapter.

The crystals we will study are identical to the single crystals described in Chap-

ter 4; the essential details will be recapped here. As illustrated in Fig. 6.8, the

crystals have dimensions of 24.8 × 24.8 × 1121 nm3, and are subjected to periodic

boundaries on their transverse faces. The crystallographic directions aligned with

the x, y, and z axes are [100], [011̄], and [011], respectively, where again [011] was

aligned with z in order to emulate the fibre-textured targets studied in the previous

chapter. As before, compression of the crystal is realised with a constant-velocity

piston instantaneously accelerated to constant velocity UP = (0, 0, UP ), where UP =

1.2 kms−1 (yielding a shock pressure of 100 GPa). In contrast to previous simula-

tions, the system was simulated beyond shock breakout in order to allow the crystal

to release. The crystal was equilibrated prior to compression as described in Sec. 4.2.

In previous chapters, we have typically calculated material properties at an in-

stant of time as a function of a static spatial coordinate. That is, we have been

employing an Eulerian description of the crystal. Given that the central focus in

material
element

piston

24
.8

 n
m

24.8 nm

-11 200 ms

1121nm

10 nm
200 nm

[011]

[011]
[100]

FIG. 6.8. Schematic illustration of the computational cell used in MD simulations of

shock-releasing tantalum single crystals. Analysis was focused on a Lagrangian element

of material (shown in red) initially situated 200 nm from the rear surface of the crystal.
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this chapter is the application of the adiabatic heat equation [Eq. 6.8], it is more

natural to move to a Lagrangian picture, in which one instead monitors the prop-

erties of a set of evolving material elements as functions of time. The elements in

question are distributed along the length of the crystal, each with a thickness of

10 nm along z and a cross-section equal to that of the computational cell. Each

element comprises around 340 000 atoms. By examining the stress, strain, and mi-

crostructural evolution effected in these material elements by the release process,

we hope to be able to account for the heating and cooling mechanisms that govern

their temperature evolution, and thus provide a microphysical basis for the highly

nonisentropic release observed experimentally in the previous chapter. We will con-

sider first the gross qualitative features of the shock-release cycle, before providing

a detailed account of the temperature dynamics that ensue during release.

6.4 Results

6.4.1 Overview of shock-release cycle

Shown in Fig. 6.9(a) are the temperature T and elastic components of strain εe of a

material element found 0.2 µm below the rear surface of the crystal, and Fig. 6.9(b)

shows the concurrent evolution of its dislocation density ρD and twin fraction ρt.

Four distinct periods of evolution can be distinguished: the ambient period (t <

185 ps), before the shock front has reached the element; the shock period (185 ≤

t < 247 ps), during which the element relaxes in the wake of the shock; the elastic

period (247 ≤ t < 254 ps), during which the element begins to release without

yielding; and the plastic period (t ≥ 254 ps), when the element undergoes full

plastic release back to ambient pressure. These four periods are labelled in Fig. 6.9,

and all subsequent figures, as A, S, E, and P, respectively.

The shock-release cycle proceeds as follows. First, the shock strikes the element

at 185 ps. The compression wave heats the material to 1750 K and generates a

short-lived population of deformation twins. The twins rapidly ‘evaporate’, and are

replaced by a dense network of perfect dislocations. The Hugoniot temperature of

1750 K at this pressure is in fair agreement with ab initio calculations [244], and
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the induced dislocation density of order 1013 cm−2 matches the densities inferred

from compression experiments on [001] tantalum crystals [245]. The element suffers

compression for a total of 62 ps, during which time the shear strain induced in it

by the shock relaxes to a limiting value of ∆εe = εezz − (εexx + εeyy)/2 = 0.6%, and

the dislocation network steadily decreases in density while it relaxes. Meanwhile,

the shock traverses the remaining 200 nm of the crystal, breaks out from the rear

surface, and launches a rarefaction wave back into the crystal that encounters the

element at t = 247 ps. The ensuing release proceeds in two phases.

Initially, we see that the elastic strain along z rapidly decreases in response to

the tensile release wave, but the transverse elastic strains remain largely unchanged.

The loading conditions to which the material element is subjected are such that

FIG. 6.9. Time evolution of a 10-nm-thick Lagrangian material element initially situated

200 nm below the rear surface of a single crystal shock compressed along z to 100 GPa.

(a) Temperature T and true elastic strain εe. Shown also for reference is Ts, the predicted

temperature along the release isentrope emanating from the shock state at t = 247 ps. (b)

Dislocation density ρD (calculated using the dislocation extraction algorithm [123, 124])

and twin fraction ρt. Regions A, S, E, and P denote when the crystal was under ambient

conditions, shock compressed, elastically releasing, and plastically releasing, respectively.
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macroscopic plastic flow cannot take place without causing changes to εexx and εeyy

– this constraint is expressed mathematically in Eqs. (6.16a) and (6.16b). We must

conclude, then, that the first phase of release is largely elastic, and is therefore also

isentropic. One should expect a substance undergoing isentropic expansion to cool,

and indeed we observe that the temperature of the element briefly drops by 123 K

between 247 and 254 ps. As a preliminary test of the heat equation, one can estimate

the thermoelastic cooling that should attend a decrease of the longitudinal elastic

strain εezz from 9.5% to 4.3%. Using the cooling rate ṪTE = Tγ : ε̇e, the change in

temperature δT may be approximated as

δT ≈ (T0 + δT/2) γzzδε
e
zz (6.17)

where T0 is the initial temperature. Given that γzz ≈ 1.5 at 100 GPa and that

δεezz = (4.3− 9.5)%, we find δT = −131 K. The expansive cooling during the elastic

release can therefore be predicted reasonably well within the Grüneisen formalism.

By 254 ps, the shear strain ∆εe has reached 4.2%. At this point, the correspond-

ing shear stress τ = [σzz − (σxx + σyy)/2]/2 ≈ −5 GPa has built to such a level

that the crystal yields. The plastic deformation that ensues allows εexx and εeyy to

start decreasing, as can be seen in Fig. 6.9(a). It is at this moment that the release

path departs from the isentrope. In fact, the temperature of the element practically

stagnates, signalling the presence of a substantial heating mechanism that counter-

acts the thermoelastic cooling suffered by the material as it expands. Note also that

when the crystal yields, the dislocation density ρD, which was previously undergoing

something close to an exponential decay, suddenly jumps by some 25% in response

to the renewed plastic strain rate of order 4× 109 s−1 [see Fig. 6.9(b)]. Following a

plateau of around 15 ps duration, ρD then drops, and resumes its decay to a limiting

value of 5× 1012 cm−2. Given that the dislocation density undergoes a net decrease

during release (as illustrated in Fig. 6.10), we should expect that some part of the

heating during release is attributable to recovery of microstructure energy.

Before attempting to interpret the temperature evolution, we shall first look at

two other interesting aspects of the load cycle. First, the assumption that thermal

conductivity need not be considered in the heat equation (i.e. that the crystal really
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FIG. 6.10. Dislocation network within a material element releasing from a 100 GPa shock

state (left) immediately before release and (right) long after release. Light grey dislocations

have Burgers vectors of the type 1
2〈111〉, dark grey 〈100〉. Dislocations were identified using

the dislocation extraction algorithm [123, 124].

does release adiabatically) will be verified by directly evaluating the heat flux into

the material. We will then assess the magnitude of the plastic dilatation εpV [which

is needed to calculate the macroscopic plastic strains with Eq. (6.16)], and identify

which species of crystal defect are responsible for it.

6.4.2 Test of adiabaticity

The heat equation constructed in Sec. 6.2.1 describes a material undergoing adia-

batic deformation. That is, it accounts only for heating or cooling attributable to

thermodynamic work (either elastic or plastic), not for temperature changes caused

by the direct flow of heat in or out of the system. While thermal radiation is not

modelled in these simulations, and thermal convection is precluded by construction

(we are treating a Lagrangian material element here), it is perhaps not immediately

obvious that thermal conduction should be negligible. Indeed, it transpires that

there is actually a temperature gradient along the release fan both during and after

release (as will be demonstrated in Sec. 6.4.5), which could in principle cause a flow

of heat. Fortunately, we can use the first law of thermodynamics to show directly

that the crystal experiences a negligible amount of heat flux.
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FIG. 6.11. (a) Rate of change of internal energy Ė and total work rate Ẇ (expressed per

unit volume) for a material element in a single crystal releasing from the 100 GPa shock

state. (b) The inferred conductive heating δQ =
∫
dt′ (Ė − Ẇ ) as a function of time.

The first law states any change to the internal energy of a closed system, δE, can

be expressed as the sum of the mechanical work performed upon it, δW , and the

heat supplied to it, δQ:

δE = δW + δQ. (6.18)

So, if one knows both the internal energy variation of a given element and the rate at

which mechanical work was performed upon it, one can infer how much heat (if any)

is required to make up the shortfall. The internal energy of each material element is

readily obtained from its constituent atoms’ velocities and potential energies, while

the total work rate Ẇ can be found if one knows its stress-strain state [246]:

Ẇ = V (σ : D) . (6.19)

D is the so-called stretching tensor, and is related to the total deformation gradient

F via D = 1
2
(ḞF−1 + [ḞF−1]T ). The macroscopic deformation gradient for this

uniaxial loading scenario is simply F = diag(1, 1, V/V0), so the total work rate

reduces as expected to

Ẇ = σzz ×
dV

dt
. (6.20)

To deduce δQ, one simply integrates the difference between Ė and Ẇ :

δQ(t) =

∫ t

dt′
(
Ė − σzz

dV

dt

)
. (6.21)
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Fig. 6.11(a) shows the time dependence of Ė and Ẇ during release for the material

element located 0.2 µm from the rear surface of the crystal. Plotted on the opposite

graph is the cumulative amount of heat transferred, δQ(t), expressed in terms of

the change in temperature it would produce. We see that the difference between Ė

and Ẇ is generally extremely small, indicating that the overwhelming majority of

changes to the element’s internal energy can be ascribed to mechanical work. The

inferred change in temperature owed to thermal conduction during release [plotted

in Fig. 6.11(b)] amounts to only 10 K. Even if this temperature change is physically

meaningful (i.e. not just due to the noisiness of the profiles of Ė and Ẇ ), it is so

small in comparison to the other terms in the heat equation that it is likely not worth

the trouble to correct for. It seems that the duration of the release process for the

crystal simulated here is so short that there is simply not enough time for appreciable

thermal conduction to take place. The question of whether the conduction can be

ignored in experiment will be visited in Sec. 6.4.5.

6.4.3 Origin of the plastic dilatation

To calculate the crystal’s macroscopic plastic strain state εp via Eq. (6.16), one needs

to know its plastic dilatation ε̇pV =
∑

i ε̇
p
ii. This is the fractional change in volume

produced purely by plastic deformation. Per Eq. (6.15), εpV may be calculated by

finding the difference between the true volume of the region of interest, V , and the

volume that it would have if all of its constituent atoms had a perfectly crystalline

environment with strain state εe. As any atom located near one of the myriad

defects in a shock-loaded crystal does not occupy an ideal lattice site, one should in

general anticipate that εpV will be non-zero. In the following section, the magnitude

and origin of the element’s observed dilatancy will be explored.

Fig. 6.12(a) shows the variation of the element’s plastic dilatation, calculated

using Eq. (6.15), during shock and subsequent release. The dilatation reaches a

local maximal value of 0.3% a few picoseconds after the arrival of the shock, before

undergoing an exponential decay as the element relaxes (much as ρD and ρt do). At

the onset of plastic release, εpV experiences a small ‘bump’ (somewhat like ρD and ρt),

but then increases linearly until around 300 ps, after which the dilatation appears to
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FIG. 6.12. (a) Variation of the plastic dilatation for a material element releasing from

the 100 GPa shock state. (b) Approximation of the number of vacancies present in the

element, expressed as both a raw count (left axis), and as a fraction of the element’s atomic

population (right axis).

saturate at a limiting value of 0.27%. We note first that the dilatation is small (i.e.

sub-percent), but not so small as to be negligible. Second, the time dependence of εpV

has a definite and rather interesting structure. However, the structure is not easily

explicable in terms of either the dislocation density or the twin fraction, neither of

which increases as εpV does during plastic release. The culprit is a proliferation of a

third species of crystal defects we have not yet considered: vacancies.

In Chapter 3, it was shown how point vacancies (and aggregates thereof) could be

indirectly detected and counted by examining the spectrum of atomic cluster popu-

lations. Vacancies tend to be associated with clusters with populations between 10

and 100: an isolated single vacancy creates a connected group of 14 defective atoms,

a divacancy between 22 and 28 defective atoms, and so on. Defective clusters with

populations exceeding 100 or so tend to belong to far larger defect structures, e.g.

dislocations or twin boundaries, which comprise hundreds to thousands of connected,

noncrystalline atoms. This stratification of the spectrum means aggregates of point

vacancies have a fairly conspicuous signal. Even so, reliably identifying and counting

vacancies in this shock-released crystal is challenging because of its high tempera-
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ture32 – thermal noise causes many atoms to be misidentified as defective by the

a-CNA routine, which hampers both visualisation of the defects and interpretation

of the cluster population spectrum. To facilitate accurate counting of the vacancies,

one can quench the atomistic configuration (that is, drain it of its kinetic energy)

before partitioning it into clusters. This was achieved as follows.

First, the instantaneous deformation state of the element F e(t) was obtained.

The element was then isolated, and the coordinates of its constituent atoms were

scaled using the operator [F e(t)]−1, which effectively ‘undoes’ the elastic deformation

imposed on the element by the loading process and brings it to an approximately

hydrostatic stress state. The element was then allowed to evolve under an NVE

ensemble, but with an additional viscous damping force applied to each atom. The

idea is to allow each atom to settle dynamically to its equilibrium position, but first

to relieve as far as possible any shear stress that could cause it to undergo plastic

flow while it does so. It is only once the temperature of the element has dropped to

a sufficiently low value (< 0.1 K, say) that we apply the cluster analysis and count

the vacancies using the cluster population spectrum. By applying this process at

each instant of time, we can construct the vacancy population profile.

Fig. 6.12(b) shows the inferred variation of the vacancy count for t > 190 ps

alongside the dilatation profile. The vacancies cannot be counted during the first

5 ps of shock compression (185 ps ≤ t < 190 ps) due to the element’s being highly

defective, but after this period a meaningful profile emerges. We see that approx-

imately 200 vacancies are created during compression, and another 200 or so form

during release. The crystal is thus left surprisingly porous – given that this material

element’s population is 340 000, this means just over one in every thousand lattice

sites is unoccupied. Fig. 6.13 shows that the vacancies and vacancy clusters are

distributed evenly throughout the element, and that only 65% of the vacancies are

found in complete isolation – the remainder form groups of two or more. Though a

discussion of the details of the vacancy nucleation mechanism is beyond the remit

of this chapter, it is noted that screw dislocations gliding through a simulated bcc

crystal under high shear stress have previously been observed generating copious

point vacancies via the so-called cross-kink mechanism – the interested reader is

32 The typical post-breakout temperature, ∼ 1650 K, constitutes half of tantalum’s ambient melt

temperature TM [216].
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(b) (d)

(f)

(c)

(e) (g)

FIG. 6.13. Vacancy detection algorithm applied to a Lagrangian material element after

complete shock release from the 100 GPa shock state (t = 378 ps). (a) Distribution of

defective atomic cluster populations. Isolated vacancies generate clusters of 14 defective

atoms; aggregates of vacancies form groups with populations slightly below integer multi-

ples of 14. (b–g) Groups of vacancies from selected peaks in the cluster spectrum. Single

vacancies are abundant, but chains of up to six or seven vacancies exist too.

referred to Ref. [247] for a detailed description of the nucleation process.

One question that naturally arises from this analysis is: where are all the self-

interstitials? The atoms that vacate their lattice sites must go somewhere, after all.

One’s first thought might be that some of the point vacancies shown in Fig. 6.13 are

actually interstitials that have been misidentified – indeed, the ‘vacancy’-counting

technique described in Sec. 3.5.2 is so crude that it cannot tell the difference between

different types of point defect. When the material element under consideration is

systematically viewed plane-by-plane, however, only one interstitial defect can be

found: a single 〈111〉 crowdion, in which five atoms are distributed between four

lattice sites. That is, the point defects shown really are almost exclusively vacancies.

How is so great an asymmetry between the vacancies and the interstitials possible?

The answer may lie in their mobilities. Under the Ravelo Ta2 potential, the
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migration energy of an isolated vacancy is 1.08 eV [54]. At the temperatures char-

acteristic of this shock pressure (T ≈ 1700 K ≡ 0.15 eV), vacancies are therefore

practically immobile over the picosecond timescale of the shock-release process. The

migration energy of a self-interstitial, meanwhile, might only be a fraction of an elec-

tronvolt33, meaning its diffusivity can be several orders of magnitude greater than

that of a vacancy [250], such that it can move through many lattice spacings over

tens of picoseconds. Where, then, will the interstitials ‘choose’ to go? It is now

understood that, given enough time, self-interstitials tend to migrate towards one

another and form platelike clusters called interstitial loops34. The boundary sepa-

rating this loop from the rest of the crystal may in fact be a perfect dislocation; the

loop itself is nondefective. In this way, any interstitials nucleated by the cross-kink

mechanism can be rapidly reintegrated into the host crystal. The disparity between

the migration energies of vacancies and self-interstitials may thus explain why only

the former are visible following release from the shock state.

The most promising feature of the vacancy density profile shown in Fig. 6.12 is

that it increases during the unloading phase, just as the dilatation does. To gain

an idea of whether the late-time dilatation’s being attributable to the vacancies is

plausible, we can use the following crude reasoning. Imagine taking a pristine crystal

comprising N atoms, and generating a vacancy by plucking a single atom out of the

bulk and placing it on the crystal’s surface. Where once the crystal occupied N

lattice sites, each with some effective volume Ω0, it now takes up approximately

N + 1 sites. The fractional volume change effected by the creation of this vacancy

is [(N + 1)Ω0−NΩ0]/(NΩ0) = 1/N . If one makes Nv vacancies, the volume change

is Nv/N , which we will define as the vacancy density ρv:

[εpV ]vacancies ≈ ρv. (6.22)

At late times in Fig. 6.12, we observe a dilatation of 0.27%, and a vacancy density

of 0.13%. The porosity owed to the vacancies is therefore, at the very least, of the

33 Self-interstitial migration energies for the Ta2 potential are not quoted in the original paper [54],

but first-principles calculations place their value at between 0.4 and 0.6 eV [248, 249].
34 There is strong motivation to understand the behaviour of interstitials and the aggregates they

form from the nuclear power industry: the structure surrounding a reactor is continually bom-

barded by a flux of neutrons capable of blasting its constituent atoms from their lattice sites,

causing a displacement cascade that results in the generation of many vacancies and interstitials,

and, ultimately, damage to the material. Self-healing nanomaterials that capture and recombine

interstitials with vacancies are being explored as a potential means of solving this problem [251].
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correct order of magnitude to account for the observed dilatation. The 0.14% of

the dilatation that remains unaccounted for could be explained by the fact that the

crude cluster counting algorithm almost always underestimates the vacancy density:

any vacancy ‘attached’ to a much larger defective structure (like a dislocation or a

surface) is absorbed into its associated cluster, and thus evades detection. A more

sophisticated algorithm than the one used here could easily circumvent this issue.

To give as full an account as possible of the dilatation observed during the shock-

release cycle, we can attempt to express εpV as a sum of dilatations from each defect

species, and compare the prediction with the known dilatation. Suppose each va-

cancy, each length of dislocation, and each volume of twinned material brings about

some constant amount of plastic dilatation. If this is so, εpV can be expressed as

ε̃pV (t) = αvρv(t) + αtρt(t) + αDρD(t), (6.23)

where αv, αt and αD are constants to be determined. We make this constant-

dilatancy assumption for convenience, and with the express understanding that it

is almost certainly false – it would be surprising if the dilatation per defect did not

vary with pressure to some degree. The assumption that a given volume of twinned

material occupies a constant excess volume is also suspect35. Pressing on regardless,

we can find the dilatancy coefficients that minimise the sum of the squared residuals,∑
i[ε̃

p
V (ti) − εpV (ti)]

2, where the sum is conducted over the set of timesteps {ti} at

which the system is characterised.

Fig. 6.14 shows the measured dilatation εpV , the modelled dilatation obtained from

the best fit ε̃pV , and the contributions to the excess volume from each species of defect.

We see that while the fit struggles in several places (likely due to the shortcomings

of the vacancy detection algorithm), the gross features of the dilatation can be

accounted for: the rapid peak and subsequent decay during shock compression are

owed to the short-lived deformation twins that nucleate on shock, and the steady

increase during shock release, as suggested above, is owed to the vacancies. The

dislocations, meanwhile, apparently contribute very little to the dilatancy.

In summary, the proliferation of point vacancies generated during deformation

35 Any dilatation caused by a twin is presumably associated with its boundaries, rather than the

twinned material itself (which is non-defective).
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FIG. 6.14. Comparison of the calculated plastic dilatation εpV and a simple modelled

dilatation ε̃pV , in which the dilatation is expressed as sum of contributions from point

vacancies (αvρv), deformation twins (αtρt), and full dislocations (αDρD).

can in principle provide a physical origin for the plastic dilatation of 0.27% observed

following release. If one substitutes the expression for the plastic strains [Eq. (6.16)]

into that for the rate of plastic work [Eq. (6.5)], one obtains the following:

ẇp = (σxx − σzz)(−ε̇exx) + (σyy − σzz)(−ε̇eyy)− σzz(−ε̇
p
V ). (6.24)

Given that |δεpV | ≈ 0.1% during release, and that σzz ≈ 50 GPa on average, the

correction to the plastic work heating provided by the plastic dilatation will be of

order 15 K – small, but not entirely negligible.

6.4.4 Interpretation of the temperature evolution

We can now piece everything together, and apply Eq. (6.8) to the Lagrangian ma-

terial element undergoing shock release. To make more apparent the effect of each

mechanism, we will consider various solutions to the heat equation in which certain

source terms are ‘switched off’. The isentropic solution, Ts, is obtained simply by

integrating the thermoelastic cooling term:

Ts(t) =

∫ t

dt′ ṪTE(t′). (6.25)
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The perfect-plastic solution, Tp, is obtained by summing the thermoelastic and

plastic-work heating contributions:

Tp(t) =

∫ t

dt′
(
ṪTE(t′) + ṪPW(t′)

)
. (6.26)

This is the temperature evolution that would result if plastic work were converted

purely to heat, i.e. if work could neither be invested in nor recovered from crystal

defects. The full solution, Tf , includes all mechanisms and accounts for microstruc-

tural energy exchange:

Tf (t) =

∫ t

dt′
(
ṪTE(t′) + ṪPW(t′) + ṪMS(t′)

)
. (6.27)

Henceforth, we will focus exclusively on the release portion of the load cycle.

Plotted in Fig. 6.15(a) are the heating rates resulting from plastic work and from

defect energy recovery alongside the thermoelastic cooling rate, and in Fig. 6.15(b)

we compare the various release paths inferred from these rates with the observed

release temperature, T . During the elastic phase of release, the thermoelastic cooling

overwhelmingly dominates the element’s temperature evolution, and, as expected,

the release path closely follows the release isentrope, Ts. As the crystal transitions

from the elastic to the plastic phase, the plastic-work heating rate ṪPW ramps up

to about 15 K ps−1, and in fact draws approximately equal with ṪTE for t > 265 ps.

As a result, when we combine the plastic-work heating and thermoelastic cooling

rates to give the perfect-plastic solution Tp, the predicted temperature is practically

stagnant during the plastic phase of release. The simulation predicts, then, that

plastic-work heating can largely compensate for the cooling effect of expansion, and

thus explains the height of the temperature profile.

However, the shape of Tp leaves something to be desired: it departs far too

quickly from the isentrope when plastic flow begins, and it does not capture the

slow temperature rise observed at late times. To resolve these features of the release

path, we must appeal to the microstructural term ṪMS. Fig. 6.15(a) shows that

shortly after plastic flow begins, ṪMS < 0, i.e. it brings about a cooling effect. This

reflects the fact that the dislocation density briefly rises when the crystal yields [see

Fig. 6.9(b)], meaning some fraction of the plastic work must be siphoned off and
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1 11
FIG. 6.15. Thermal analysis of a material element 200 nm below the free surface of a

single crystal releasing from the 100 GPa shock state to ambient pressure. (a) Heating

rates resulting from the thermoelastic effect (ṪTE), plastic work (ṪPW), and recovery of

microstructure energy (ṪMS). (b) Comparison of the observed release path T and the

corresponding isentrope Ts with paths predicted from various terms in the heat equation;

Tf contains the correction from the microstructural term ṪMS, while Tp does not. Periods

of elastic and plastic release are labelled E and P , respectively.

invested in making new defects. This is why Tp overestimates the heating rate early

on. Conversely, ṪMS > 0 at late times, meaning the evolution of the defects brings

about a heating effect. This is because the dislocation density decays after 275 ps,

and the energy that was previously stored by these defects is released into the crystal

as heat. By accounting for the energy content of the defects, we are thus able to

reproduce the shape of the release path with greater fidelity.

Overall, the agreement between the predicted and measured release paths, Tf

and T , is fair, insofar as the height and shape of the profile are approximately

correct. There is, however, a rather conspicuous gap between the two. The late-

time disparity between the two profiles is 64 K, which constitutes about 18% of the

magnitude of the difference between the isentropic and observed release paths. This

is surprising given that the tests in Sec. 6.2.3 suggested that the thermoelastic and

plastic-work heating mechanisms can be modelled accurately, at least individually.

Assuming all of the ingredients of the heat equation have been calculated correctly,

it would seem that some additional physics manifests when the material undergoes

true shock release. It is difficult to speculate on the source of the disparity without

additional investigation. It should be noted, though, that the Grüneisen formalism is
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reliant on the crystal’s being in thermodynamic equilibrium at all times. However,

if dislocations are nucleated or annihilated quickly enough, the crystal’s phonon

spectrum will assume a nonequilibrium distribution [252], and could thus cause the

Grüneisen formalism to fail. A thorough exploration of this intriguing issue could

form the basis of further work.

All this being said, the agreement between T and Tf , while imperfect, is good

enough that we can state with some confidence that the bulk of the heating we

observe on release is indeed due to plastic-work heating, owing to the high strength

exhibited by the crystal.

6.4.5 Depth-dependent heating

We have been able to give a fair account of the temperature evolution of a single

material element undergoing shock release. The final point we will explore in this

chapter is how the local temperature evolution varies with depth below the rear

surface of the sample. It is known that the strain rate associated with a release

wave falls as it propagates, due to the top of the wave travelling faster than its tail.

It is further known that material strength generally decreases with decreasing strain

rate. One might expect, then, that the heating suffered by the material during

release falls as one looks deeper into the crystal. This is exactly what is observed,

as will now be shown.

Fig. 6.16 shows the variation of the plastic shear strain rate ε̇pxz = 1
2

(ε̇pxx − ε̇pzz)

and the corresponding shear stress τxz = 1
2

(σxx − σzz) during release for material

elements initially situated up to 200 nm from the crystal’s rear surface. The quan-

tities τxz and ε̇pxz characterise the shear stress and shear strain rate experienced by

crystal planes with normals along (±1, 0, 1), i.e. those that sit at 45◦ to the loading

direction. As expected, we see that material further from the rear surface suffers a

lower peak plastic strain rate due to the gradual broadening of the release fan. The

decreasing strain rate can be accommodated by slower-moving dislocations, which

can in turn be driven by lower shear stresses, as shown in Fig. 6.16(b). The attenua-

tion of the peak flow stress with depth is quite dramatic over the distance considered

here, falling from 6 GPa to 4 GPa over the course of only 0.2 µm. Since the local
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FIG. 6.16. Time evolution of (a) shear plastic strain rate ε̇pxz and (b) corresponding shear

stress τxz of a set of releasing material elements initially spaced at regular 20 nm intervals

from the rear surface. Curves coloured according to the element they correspond to [see

inset diagram in (a)].

strain rate within the rarefaction wave falls monotonically with distance, one should

expect this decay of the local shear strength to continue as one moves further and

further from the target’s rear surface.

It is readily observed from Eq. (6.24) that the material further from the rear

surface undergoing deformation at lower shear stress should suffer less plastic-work

heating. This is confirmed in Fig. 6.17(b), in which the total plastic work TPW =∫
dt ṪPW performed on each material element during release is plotted as a function

of its Lagrangian distance from the rear surface. Shown also in Fig. 6.17(a) are the

time-averaged stresses and (inverse) strain rates, 〈τxz〉 and 〈ε̇pxz〉−1, for reference.

We see that the local plastic-work heating TPW generally increases as one moves

towards the rear surface (though it is slightly reduced in the immediate vicinity of

this surface, as will be explained momentarily).

The heat analysis performed in the previous section indicated that it is plastic
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11
FIG. 6.17. (a) Time-averaged shear stress 〈τxz〉 on planes at 45◦ to the loading direction

against inverse plastic shear strain rate 〈ε̇pxz〉−1 for a set of material elements releasing

from a 100 GPa shock. (b) Plastic-work heating versus Lagrangian distance from the rear

surface, z. (c) Temperature profile for a 6-µm-long crystal unloading from 100 GPa at

1.3 ns after breakout. TH and TR denote the shock and isentropic release temperatures,

respectively. Lagrangian material elements found in the cooler region immediately below

the rear surface are marked by hollow data points.

work that provides the bulk of the heating observed on release. We should therefore

expect that material nearer the rear surface will be hotter. To confirm this, the

spatial temperature profile of a much larger crystal some 6 µm long is shown in

Fig. 6.17(c) at 1.3 ns after shock breakout. The sample length is comparable to

those of the targets described in the previous chapter, as is the time at which it

is ‘probed’, so a direct comparison with the experiment is warranted. One can

see that the release temperature of the crystal falls as one moves away from the

surface material into the bulk. Note, however, that the length scale over which the

temperature decays is of order microns: the average temperature of the last 3 µm of

material is 1520 K, which is still some 250 K above the isentrope. So, although the

release heating mechanism diminishes with increasing distance into the crystal, it

does so sufficiently slowly that a micron-scale target will suffer substantial plastic-

work heating throughout its length. The simulation is therefore consistent with the

experimental observations described in the previous chapter.

It is interesting to note that the release temperature does not decrease mono-
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tonically with depth, but actually has a global maximum approximately 100 nm

below the free surface. There appear to be two reasons for this. First, we see from

Fig. 6.17(b) that the plastic work performed on release starts to fall once one is less

than 50 nm from the rear surface. Given that the speed of the shock and the top of

the release wave is approximately 5 kms−1 at this shock pressure, material less than

50 nm below the surface is compressed for at most 20 ps before it starts to release.

We see from Fig. 6.9(a) that before 20 ps have elapsed the crystal is still undergoing

plastic deformation – the elastic strain along y (i.e. [011̄]) is particularly slow to

relax, as we saw in Chapter 4. This means that, for material in proximity to the

rear surface, there is less plastic deformation to ‘undo’ during release, so less work

is performed upon release. The second (and related) reason for the surface being

marginally cooler is that less plastic work is performed on this shallow material on

shock, again because the plastic deformation process precipitated by the shock is

never completed. The hottest material, then, is close enough to the surface to ex-

perience maximal flow stress on release, but sufficiently far away that it experiences

the maximum amount of cumulative plastic flow possible over the shock-release cycle

for the given shock pressure.

There is a final point to be made here about length scales and timescales. It was

noted above that the extent of the heating experienced by the material is smaller

further into the target. One can imagine that if the target were much longer (on

the scale of a millimetre, say), the strain rate in the rarefaction fan could eventually

fall so far that the flow stress in the fan could reassume its quasistatic limit36. In

this limit, the plastic-work heating during release would (presumably) be negligi-

ble compared to the expansive cooling. The crystal bulk would therefore release

isentropically, in accordance with the textbook picture of release. A temperature

difference of hundreds of degrees would thus exist between the crystal’s surface and

its interior. It is therefore important to consider, for a given experiment, whether

thermal conduction has sufficient time to iron out the temperature gradient.

From Fig. 6.17(c), we see that the characteristic distance L over which the tem-

perature varies in the vicinity of the free surface is of order one micron. The thermal

diffusivity D of tantalum is approximately 23 mm2s−1 [253]. The timescale tD over

36 Note that ‘quasistatic’ is not quite the same as ‘ambient’ – the dense dislocation network left in

the wake of the shock could still enhance the flow strength on release above its ambient value due

to the effects of work hardening [98]. Pressure hardening, too, would likely be non-negligible.
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which the excess surface temperature would dissipate is therefore tD = (1 µm)2/D ≈

50 ns. This diffusion time greatly exceeds the implicit nanosecond timescale of laser-

compression experiments using micron-scale foils. In other words, the duration of

these experiments is so short that the temperature gradient owed to the decay strain

rate is effectively ‘frozen into’ the sample. By contrast, gas-gun experiments often

use millimetre-scale projectiles and targets, and are therefore typically conducted

over the course of a microsecond or so. This is ample time for the high surface

temperature to diffuse into the bulk. So, while the rear surface of a ‘macroscopic’

target would still release nonisentropically, one might be hard-pushed to detect this

unless one deliberately probed within the first few tens of nanoseconds of shock

breakout. In conclusion, while the last few microns of material will always release

nonisentropically (if it is sufficiently strong), it is the timescale of the experiment

that dictates whether this is observable.

6.5 Beyond tantalum

It should be borne in mind that this result (that shock release is highly nonisentropic

for sufficiently strong targets) is not necessarily peculiar to tantalum. To gain an

idea of whether a given target will release nonisentropically, one can use Eq. (6.8)

to estimate the instantaneous ratio of the magnitudes of the plastic-work heating

and thermoelastic cooling terms. If for simplicity one assumes that both γij and ε̇eij

are scalars (i.e. tensors proportional to δij), it can be shown that the ratio reads

R =
4

3

(
τ

cV T

)
1

γ
, (6.28)

where τ = (σxx,yy − σzz)/2 is the flow stress. Any material for which this dimen-

sionless figure of merit R approaches or exceeds unity will release nonisentropically.

Clearly, the greater the strength of the material, the more likely this is.

6.6 Conclusion

In summary, large-scale molecular dynamics of shock release in tantalum single crys-

tals have been performed, and have demonstrated that the temperature following
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shock release greatly exceeds what one would expect were the release to be isentropic.

The heat equation was used to quantify the massive plastic-work heating suffered by

the crystal, which compensated almost entirely for the expansive cooling owed to the

thermoelastic effect. The prodigious heating was ultimately owed to the crystal’s

exceptional strength during release (typically 5 GPa) that was in turn due to the

extreme rate at which it is forced to deform. These simulations were consistent with

the experimental observations of highly nonisentropic release in shock-loaded tan-

talum foils described in the previous chapter. These results challenge the textbook

understanding of shock release, and illustrate the power of combined computational

and experimental studies of lattice response under high strain rate.
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Conclusion

It is the hope of the author that the results of this thesis have demonstrated not

only the rich physics owed to material strength under shock conditions, but also the

immense power of the molecular dynamics simulation technique, as both a predictive

and as an interpretative tool. This final chapter summarises the main findings of

Chapters 4 to 6, and speculates upon possible routes for further work.

7.1 Summary

In Chapter 4, the role of grain interactions under shock conditions was investigated

by means of large-scale molecular dynamics simulations. First, the response of a

control group of tantalum single crystals shocked along [011] was examined. These

monocrystals showed marked stress anisotropy in the plane normal to the shock

(due to their twofold rotational symmetry about the loading axis). Elementary

polycrystals built from several such crystals were then simulated under elastic load-

ing conditions. It was shown that stress anisotropy at the level of each grain causes

stress gradients to form over the grain boundaries, and thus causes grains to exert

gigapascal-scale stresses on one another. The influence of these interactions under

shock conditions was then explored. It was found that the deformation intergranular

forces cause can replace conventional plastic deformation, and thus alter the defect

content of the polycrystal. The deformation further allows grains to relax to a state

of lower shear stress than would ordinarily be permitted by material strength, pro-

vided the grains are coordinated in such a way that they can relax cooperatively.

This study demonstrates that the grain dynamics taking place in the wake of the

shock are complex and dramatic, and have measurable effects on the polycrystal’s

elastic strain state that can in principle be detected by x-ray diffraction.

Chapter 5 presented the results of an experiment conducted at LCLS in which

the temperature of tantalum foils following shock release from a megabar pressure
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state was measured in situ using x-ray diffraction. The data showed that, following

a shock-release load cycle, the foils were less dense than they were pre-shock, in-

dicating they had thermally expanded. An algorithm to convert the elastic strains

obtained from a diffraction pattern to a release temperature while properly account-

ing for material strength was derived, and then verified on synthetic diffraction data

generated from molecular dynamics simulations. When the algorithm was applied to

experimental data, the inferred release temperatures exceeded that expected from a

purely isentropic release by a considerable margin. The algorithm further suggested

that the release temperature saturated at the ambient melt temperature above shock

pressures of about 150 GPa. Both of these qualitative features of the experimental

data were reproduced by small-scale molecular dynamics simulations of tantalum

monocrystals undergoing quasistatic release.

The physical origin of the highly nonisentropic release observed experimentally

was identified in Chapter 6, which details the results of large-scale molecular dy-

namics simulations wherein the temperature evolution of a micron-scale tantalum

crystal undergoing shock release was interpreted by use of a heat equation. The

equation accounted for the effects of thermoelastic cooling, plastic-work heating,

and changes in the energy of the crystal’s dislocation network; the accuracy of each

of these terms was verified using small-scale simulations of single crystals undergoing

quasistatic deformation. Full simulations of micron-scale tantalum crystals in shock

and release were then performed. These too showed unexpectedly high release tem-

peratures, which the heat equation attributed to the massive plastic-work heating

resulting from the crystal’s exceptionally high strength during release. The high

strength was a direct consequence of the extremely high release rate, a conclusion

consistent with the observation that material deeper into the crystal experiencing a

slower rarefaction was cooler. Together, Chapters 5 and 6 contradict the textbook

picture of shock release as an isentropic process.

7.2 Further work

There are a number of routes for further work that might shed further light on the

physics of grain interactions under shock-loading conditions, and bring us closer
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to detecting such interactions in experiment. It would first be useful to conduct

a search of the ‘parameter space’ of polycrystals for a target in which the effects

of grain interactions are maximised. One might start, for example, with a system-

atic study of polycrystals with a wider range of morphological and crystallographic

textures (rather than just the two presented here). The simulations indicate that

the efficiency of the cooperative relaxation mode is dictated by the configuration of

the grains. A deeper, more intuitive understanding of how each grain frustrates the

relaxation of its neighbours might make it possible to predict the efficiency of elastic

deformation in a real polycrystal with a known texture. It is also likely that there

exists a particular element whose mechanical properties are such as to amplify grain

interactions further. Desirable properties would include high material strength (as

this would make elastic relaxation effects more conspicuous), and a Zener ratio far

from unity (which would ensure that large stress gradients were induced over the

grain boundaries upon shock compression).

It would also be fascinating to study the role of grain size. It was noted in Chapter

4 that, at shock pressures of around 50 GPa, the elastic deformation owed to grain

interactions is able to replace ordinary transverse slip because the former takes place

very quickly – the response time is essentially the time taken for sound waves to

traverse the grain, which for a nanocrystal is only a few picoseconds. If instead the

grains were a micron across, there would probably not be enough time for the stress

waves generated at the grain boundaries to propagate into the bulk and relieve the

shear stress generated by shock compression before plastic deformation could do

so. One can therefore imagine the grain would possess an ‘acoustically insulated’

core, with much the same dislocation content as a single crystal, surrounded by a

mantle of markedly lower dislocation density. Observing this kind of stratification

in a simulation would make for a beautiful illustration of grain interaction physics.

Finally, it would be instructive to identify and quantify the diffraction signatures

of grain interaction effects. The simulations show that, if the arrangement of the

grains is conducive to cooperative relaxation, the difference between the transverse

elastic strains is much smaller than would be expected from the crystal’s strength. In

principle, these strains can be measured directly using a diffraction pattern, provided

one has access to sufficiently many reflections. With a simple model for how the
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structure or position of the diffraction peaks changes due to interactions between

grains, one could set about identifying the experimental setup in which sensitivity

to such interactions is maximized. Studies of this kind could thus inform the design

of experiments, and facilitate the observation of grain interactions during a shock.

The study of nonisentropic release, too, naturally suggests several routes for fur-

ther investigation. It is first important to establish whether the same phenomenon

can be experimentally observed in metals other than tantalum. As noted at the end

of the previous chapter, nonisentropic release should manifest in any metal that is

sufficiently strong, and the tendency of solids to become stronger at higher strain

rates is apparently a universal one. It would be particularly interesting to investigate

metals with crystal structures differing from that of tantalum – the plastic defor-

mation modes available to a crystal, and so its inherent strength, are governed to a

great extent by its structure. Copper, for example, tends to accommodate plastic

strain primarily (though not exclusively) by slip due to its being fcc, while zinc, a

hexagonal-closed-packed crystal, is expected to respond principally by twinning.

It would also be useful to resolve the discrepancy between the temperature evo-

lution measured in the simulation and the temperature predicted using the heat

equation. Although the individual terms in the heat equation appear to be accu-

rate, something causes one or more of them to fail under the rapid shock release

conditions explored here. Is the release process really so fast that it cannot be un-

derstood using thermodynamics, and so is fundamentally unamenable to the kind of

analysis we are trying to perform? If so, do the predictions of the heat equation be-

come more accurate at lower release rates? In what regime is the equation actually

applicable? More rigorous testing will be required to answer these questions.

Perhaps the most important avenue of further investigation, though, would be

towards a direct experimental measurement of material strength during shock re-

lease. The simulations in Chapter 6 suggest that the micron-scale tantalum crystals

exhibiting temperatures far exceeding the isentropic release temperature do so be-

cause they become extremely strong when forced to unload rapidly. These same

excessively high release temperatures were measured experimentally, meaning the

experiment is at least consistent with the high-strength story. However, no attempt

was made to ‘close the loop’, and measure the flow stress in the release fan directly
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directly from the shear strain that could potentially be deduced from the diffraction.

This is possible in principle, but by no means easy. The task is made nontrivial by

the fact that the x-ray diffraction measurement is not spatially resolved, in the sense

that the beam enters the target at an oblique angle and thus scatters from a con-

tinuum of strain states – one cannot easily tell which parts of the scattering signal

come from which parts of the sample. One could imagine solving this inverse prob-

lem by building a ‘forward model’ that simulates the diffraction pattern generated

by a crystal with known elastic strain and rotation profiles, and then iteratively

adjusting the profiles until the simulated and experimental signals match (much like

the method used in Ref. [59]). With these profiles, one could measure directly the

shear strain throughout the release fan, and so its strength.
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Fibre-texture Fourier transform

This section derives an analytic approximation for the Fourier transform of a fibre-

textured polycrystal, given the atomistic configuration of one of its many grains.

Let {x(0)
α } be the configuration of the grain in question. The idea is to emulate

the presence of a continuum of ‘image’ grains whose orientations are related to that

of the original grain by rotations about the fibre direction, which we will take to be

z. The atomistic configuration of the full polycrystal is easily parametrised: each

atom α has an infinite number of images with position

x(g)
α = Rz(φg) x(0)

α + dg, (A.1)

where φg is the angle expressing the relative orientation of image grain g and the

original grain, and dg is their displacement. The Fourier transform of the polycrystal

is obtained by summing over every atom and all of its images:

F (q) =
∑
g

∑
α

e−iq·x
(g)
α (A.2a)

=
∑
g

[
e−iq·dg

∑
α

e−iq·Rz(φg)x
(0)
α

]
. (A.2b)

To calculate such a sum by brute force would be extremely expensive. However, it

is possible to evaluate the sum analytically if one ignores the fact that the grains

are displaced from one another, i.e. if one identically sets dg to zero:

F (q) ≈
∑
g

∑
α

e−iq·Rz(φg)x
(0)
α . (A.3)

In this crude approximation, atom α and all of its images are found on a circle with

height zα and radius ρα =
√
x2
α + y2

α. It transpires that the sum over grains can, in

the continuous limit, can be calculated analytically.
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Writing out the exponent in Eq. (A.3) in full gives

F (q) =
∑
g

∑
α

exp

−i

qx

qy

qz

 ·


cosφg − sinφg 0

sinφg cosφg 0

0 0 1



xα

yα

zα


 , (A.4)

Rearranging the above, one finds

F (q) =
∑
α

[
e−iqzzα

∑
g

exp {−i[(qxxα + qyyα) cosφg + (qyxα − qxyα) sinφg]}︸ ︷︷ ︸
Cα(q)

]
.

(A.5)

If for brevity we relabel the grain-independent coefficients as

qxxα + qyyα = Aα, (A.6)

qyxα − qxyα = Bα, (A.7)

the function Cα may be written

Cα(q) =
∑
g

exp[−i(Aα cosφg +Bα sinφg)]. (A.8)

It is that this point that we promote the discrete sum over a finite number of grains

to a continuous integral:

Cα(q)→ G
2π

∫ 2π

0

dφ e−i(Aα cosφ+Bα sinφ), (A.9)

where G, the number of grains, serves as a normalisation constant whose value does

not matter for our purposes. The integral above is actually a standard one:

Cα(q) =
G
2π
× 2πI0

[√
(−iAα)2 + (−iBα)2

]
(A.10a)

= GI0

(
i
√
A2
α +B2

α

)
, (A.10b)

where I0 is a zeroth-order, modified Bessel function of the first kind. Given the

identity In(x) ≡ i−nJn(ix), and the fact that the Bessel function is even for even n,
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the above can be rewritten as

Cα(q) = GJ0

(√
A2
α +B2

α

)
, (A.11)

where J0 is an unmodified Bessel function. This is where the computational saving

is made – the sum over the aggregate of grains can be performed automatically by

evaluating a Bessel function with the appropriate argument.

To get the Fourier transform into the form quoted in Eq. (3.15), we note that the

combination A2
α +B2

α can be rewritten as

A2
α +B2

α = (qxxα + qyyα)2 + (qyxα − qxyα)2 (A.12a)

= q2
xx

2
α + q2

yy
2
α + q2

yx
2
α + q2

xy
2
α (A.12b)

= (q2
x + q2

y)(x
2
α + y2

α) (A.12c)

= q2
ρρ

2
α, (A.12d)

where qρ is the radial coordinate of the scattering vector q. On substituting this

expression into that for Cα(q) and inserting the result in Eq. (A.5), we arrive at

F (q) = G
∑
α

J0 (qρρα) e−iqzzα . (A.13)

As noted above, Eq. (A.13) is in fact the Fourier transform of a set of continuous

rings of atoms, where ring α has height zα and radius ρα. One should expect the

Fourier transform of the cylindrically symmetric system formed by the rings to be

cylindrically symmetric itself, and this is indeed the case, as is readily seen from the

fact that F depends only on the radius of the scattering vector, qρ, and not on its

individual transverse components qx and qy. By dispensing with the peculiar grain

displacements {dg}, we have been able to calculate the numerical sum over different

grain orientations analytically, which reduces the computational cost of doing so by

at least an order of magnitude. However, in doing so, one also artificially forces the

grains to overlap one another and thus diffract ‘coherently’. It is stressed that the

shortcut above is not necessarily being endorsed – it was utilised in this thesis out

of convenience in order to circumvent the prohibitively massive computational cost
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FIG. A.1. Diffraction simulated using the fibre-texture Fourier transform of an ambient

block of 〈100〉 bcc tantalum, showing {011}, {200}, and {211} peaks. Peaks locations

expected from the geometrical solution of the Laue condition are superimposed as circles.

of simulating diffraction from a 6-µm-long crystal.

To reassure the reader that the fibre-texture Fourier transform (FTFT) correctly

predicts diffraction peak positions, the results of a simple test are presented. A

fully periodic block of bcc tantalum with its 〈100〉 directions aligned with the com-

putational cell axes was constructed with cubic lattice constant a = 3.308 Å and

allowed to thermalise at 300 K for a few picoseconds. Its atomic coordinates were

subsequently written out and fed into the FTFT. The transform was evaluated at

a set of q-points on an Ewald sphere so as to simulate a diffraction pattern, with

an incident beam angle of ω = 35◦ and energy of Eν = 9.6 keV. The resulting

diffraction pattern is shown in Fig. A.1. Shown also are the expected locations of

the {011}, {200}, and {211} diffraction peaks calculated by finding geometrically

the intersection between the Ewald sphere and the various reciprocal-lattice rings

on the Polanyi surface (see Sec. 2.2.5). Every peak is exactly where it is expected to

be. So, while one should perhaps not read too much into the structure of the peaks

in the FTFT, one can at least be sure that their positions are correct.



appendix b

Stiffness tensor rotation

This section briefly explains the origin of the values taken by the elastic constants

in the standard [100]/[011̄]/[011] frame.

For a cubic crystal like tantalum whose 〈100〉 directions are aligned with the

coordinate axes, the stiffness tensor reads

C =



c11 c12 c12 0 0 0

c12 c11 c12 0 0 0

c12 c12 c11 0 0 0

0 0 0 c44 0 0

0 0 0 0 c44 0

0 0 0 0 0 c44


, (B.1)

where c11, c12, and c44 are the independent cubic elastic constants. We can calculate

the stiffness tensor in another frame by applying a transformation of the form

C →MCMT , (B.2)

where the rotation matrix M encodes the relative orientation of the two frames.

To move to the standard frame, in which directions of the type 〈011〉 are aligned

with the y and z axes, we can imagine applying an active rotation about the x-

direction by 45◦. For a rotation about x through angle θ, the transformation matrix
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M assumes a reasonably simple form [254]:

M =



1 0 0 0 0 0

0 cos2 θ sin2 θ 2 cos θ sin θ 0 0

0 sin2 θ cos2 θ −2 cos θ sin θ 0 0

0 − cos θ sin θ cos θ sin θ cos2 θ − sin2 θ 0 0

0 0 0 0 cos θ − sin θ

0 0 0 0 sin θ cos θ


. (B.3)

For θ = π/4, the above becomes

M =



1 0 0 0 0 0

0 1
2

1
2

1 0 0

0 1
2

1
2
−1 0 0

0 −1
2

1
2

0 0 0

0 0 0 0 1√
2
− 1√

2

0 0 0 0 1√
2

1√
2


. (B.4)

So,

C →



1 0 0 0 0 0

0 1
2

1
2

1 0 0

0 1
2

1
2
−1 0 0

0 −1
2

1
2

0 0 0

0 0 0 0 1√
2
− 1√

2

0 0 0 0 1√
2

1√
2





c11 c12 c12 0 0 0

c12 c11 c12 0 0 0

c12 c12 c11 0 0 0

0 0 0 c44 0 0

0 0 0 0 c44 0

0 0 0 0 0 c44


MT (B.5a)

→



c11 c12 c12 0 0 0

c12
c11+c12

2
c11+c12

2
c44 0 0

c12
c11+c12

2
c11+c12

2
−c44 0 0

0 c12−c11
2

c11−c12
2

0 0 0

0 0 0 0 c44√
2
− c44√

2

0 0 0 0 c44√
2

c44√
2





1 0 0 0 0 0

0 1
2

1
2
−1

2
0 0

0 1
2

1
2

1
2

0 0

0 1 −1 0 0 0

0 0 0 0 1√
2

1√
2

0 0 0 0 − 1√
2

1√
2


(B.5b)
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→



c11 c12 c12 0 0 0

c12
c11+c12

2
+ c44

c11+c12
2
− c44 0 0 0

c12
c11+c12

2
− c44

c11+c12
2

+ c44 0 0 0

0 0 0 c11−c12
2

0 0

0 0 0 0 c44 0

0 0 0 0 0 c44


. (B.5c)

We thus arrive at the quoted results

C13 = c12, (B.6)

C23 =
1

2
(c11 + c12)− c44, (B.7)

C33 =
1

2
(c11 + c12) + c44. (B.8)

Note that for an isotropic material, for which the Zener ratio A = 2c44/(c11−c12) = 1,

the transformed and original stiffness tensors are identical, as expected.
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