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with matrices Ay, B1,C; € R™ ™ and Ag, By, Co € R™*™, A solution to this problem
is given by possibly complex (A, u, u,v) if they fulfill (1) and u,v # 0. We call the pair
(A, 1) an eigenvalue of the two-parameter eigenvalue problem if u,v # 0 exist such that
(A, i, u,v) satisfies (1) and we call the tensor product u ® v an eigenvector of the two
parameter eigenvalue problem (in the literature the pair (u,v) is often referred to as the
eigenvector; the terminology here is simply for convenience).

Two-parameter eigenvalue problems have been extensively studied [2,26] and natu-
rally arise in mathematical physics when separation of variables is applied. Consider for
example the Helmholtz equation

Au+Au=0 in Q,
u=0 on N

where Q = {(z,y) € R? : (%)2 + (%)2 < 1,y > 0} is half of an open ellipse. Using

elliptical coordinates, the problem can be reformulated into

v (r) + (A sinh?(r) + p)v(r) =0, v(0) =0 =v(R)

w”(p) + (A sin®(p) — pw(p) =0, w(0) =0 = w(n) )
with u(ccosh(r) cos(p), esinh(r) sin(p)) = v(r)w(p) and p € R (this will be explained
in Section 3). This is of the form (1) after discretization. There are also many other
applications that lead to (1), including delay differential equations [14] and optimization
[25].

There are several numerical methods for solving this problem. The traditional ap-
proach [2] solves an nm x nm generalized eigenvalue problem (4) to find all solutions.
Another possibility are Jacobi-Davidson type methods discussed in [8,10]. These methods
work well in finding eigenvalues close to a given target value. In [18] a Sylvester-Arnoldi
type method is described that can be used to find a small subset of eigenvalues and
uses that Sylvester equations can be solved efficiently. Another possibility is based on
homotopy continuation, for example discussed in [6,21]. These aim to find all eigenvalues.

We present a new algorithm that can be seen as an alternating method as they are for
example considered in [11] for tensors. A similar approach is used in [27]for two-parameter
eigenvalue problems and in [3,17] for two-parameter Sturm-Liouville problems. Similar
ideas from the 1970s can be found in [1]. In these methods they alternatingly solve the
first eigenvalue problem for A while fixing p and the second eigenvalue problem for p
while fixing A, and repeating the process. Another similar approach was taken in [23]. In
there it is described how to transform a two-parameter eigenvalue problem with n > m
into a nonlinear eigenvalue problem and use techniques for nonlinear eigenvalue prob-
lems. By contrast, our method will choose either A or p and solve two coupled linear
eigenvalue problems alternatingly. This aims to reduce the complexity of finding one
solution to (1). The complexity is the one of solving a generalized eigenvalue problem
with matrices of size n x n and m x m. Hencefor n = m, the number of operations is
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O(n?) for one solution. While we only establish global convergence for extremal eigen-
pairs, empirically our algorithm also finds all solutions, with O(n®) cost. It will turn out
that this method can find eigenvalues based on their indez. The index of an eigenvalue
of multiparameter eigenvalue problems is a generalization of ordering real eigenvalues
of a standard symmetric eigenvalue problems [26, Ch. 1]. We will need the following
assumptions to hold:

A.1 All matrices are symmetric;
A.2 The matrices Co and C7 ® By — B; ® Cy are positive definite and C is negative
definite.

Notice that in example (2) the second derivative is indeed a symmetric operator, and
sinh?(r) > 0 and sin?(¢) > 0 almost everywhere. A discrete version of these equations
hence leads to a problem of the type (1) that satisfies the assumptions A.1 and A.2 up
to signs.

Remark 1. In standard literature it is usual to instead require Ay = B1®Cy—C1® By as
positive definite, i.e., when interchanging the first and second equation. We chose these
definiteness assumptions to make Algorithm 1 in the following section more natural.

Remark 2. We only require the matrices C1, Co, and Cy ® Bs — B; ® Cs to be definite,
however we chose these specific definiteness assumptions for convenience as to not have
a list of all cases in the following theorems.

Remark 3. The assumptions are not restrictive for right definite two-parameter eigen-
value problems, that is for two-parameter problems with positive or negative definite
Cy ® By — By ® (5. Indeed we can always find an affine transformation of (1) satisfying
the definiteness assumptions. For a theoretical argument, see for example [26, Theorem
1.4.3.]. For two-parameter eigenvalue problems, we have the following explicit construc-
tion:

First we note, that at least one of the matrices By and Bs is definite [20, Lemma 2.1]:
If both matrices are not definite, then there exist vectors u and v such that u' Byu =
0 = v' Byv contradicting the definiteness of C; ® By — By @ Cy. We may therefore

assume Bj to be negative definite, the other cases can be derived analogously. Now let
T
C
WTBru

u = arg min be a minimizer. We can perform the affine transformation

u'! Ciu
Ol — Cl - (m 7€)B1
T
CQ — CQ — (u Cru — G)Bg

uw' Biu
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for a sufficiently small € > 0. Now the positive definiteness of C; ® By — B; ® Cs and

negative definiteness of B; implies that the new Cy is positive definite and negative

definiteness of B; and minimality of u implies negative definiteness of the new Cfj.
Note that when replacing By, Bs and C7, Cy by the linear combination of matrices

By =b1B1 4+ b:C1, By =b1By+ b0
and
Cy =c1By +eC1, Cy=c1Bs+ 20
and after finding the eigenvalue (X, /i), we can recover the original eigenvalue (A, zt) via
)\:b15\+clﬂ, u:b25\+02ﬂ.

This article is organized as follows: In Section 2, we first motivate our method and
state useful results from multiparameter eigenvalue theory. Afterwards we discuss fixed
point properties of the algorithm and prove convergence for extremal eigenvalues. Finally,
we examine the time complexity of our method briefly. In Section 3, we show that a class
of boundary value problems satisfies our assumptions if properly discretized. Finally, we
exhibit results of numerical experiments in Section 4.

2. An alternating algorithm for the two-parameter eigenvalue problem

In this section, we derive our algorithm and prove local convergence for all eigenvalues
and global convergence for extremal eigenvalues. First, let us fix our notation. By ®
we denote the tensor product. For vectors this can be seen as the outer product, i.e.,
u ® v corresponds to the rank-one matrix uv'. The tensor product of matrices then
corresponds to a linear operator acting on matrices, i.e., the product A ® B acts on the
matrix X by AXB'. This means that (4 ® B)(u® v) = (Au ® Bv). It can also be seen
as the Kronecker product for matrices [7, Ch. 12]. Then the product of two vectors u® v
can be reshaped into a rank-one matrix.

2.1. Derivation of the algorithm

The two-parameter eigenvalue problem (1) can be reduced to two generalized eigen-
value problems [2]. For this we define the operators acting on n X m matrices

Ao =DB1®Cy — (1 ® By,
A=A ®Cy—C1 @ A, (3)
Ay =B ® Ay — A1 ® Bs.
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A straightforward computation shows that a solution of (1) satisfies

A1(u®@v) + AAg(u®v) =0,
Ax(u®@v) + pAo(u®@v) = 0.

Hence, solutions of (1) are also rank-one solutions X of the system of generalized matrix
eigenvalue problems

A1(X) + Ao (X) =0, W
0

Ao (X) + plAo(X) =0,

which are of size nm X nm. Note that the eigenvectors are shared between the two
generalized eigenvalue problems. Also under our assumptions solutions of (4) lead to
solutions of (1). This is a well known consequence of classical theory [2,26]. We provide
a self contained proof for completeness.

Lemma 4. Under the assumptions A.1 and A.2, the eigenvectors of the generalized eigen-
value problem Aq(X) + AAo(X) = 0 are either rank one or are a linear combination of
rank-one eigenvectors. A rank-one eigenvector is then also an eigenvector of the corre-
sponding two-parameter eigenvalue problem.

Proof. The assumption A.2 ensures that the eigenspaces of each subproblem in (4) are
spanned by rank-one matrices. To see this, first note that the operator A, is negative
definite, and A; and Ag are symmetric. Therefore all eigenvalues of (4) are real. Second,
we can without loss of generality assume —C; and C5 to be identity matrices, else we just
transform the matrices to A; = (—C)~2 Ay (—=Cy)~2, By = (—Cy)" 2By (—C1)" 2, ete.,
and @ = (—C})2u, 0 = C’Q%v. Then Ag and A; are operators in the form of a Sylvester
equation, i.e., they have the form

Ao =DB1® 1y + 1, ® By,
A1:A1®Im+ln®f42

A solution to (4) then satisfies
(A1 +AB1) @ I, + I, ® (A2 + AB2)) (X) =0,

i.e., X is a zero solution of a Sylvester equation. Such operators possess an orthonormal
basis of rank-one eigenvectors, namely u ® v, where u is an eigenvector of (A; + ABj)
and v of (A2 + AB3) [12, Theorem 4.4.5], both of which are real symmetric and therefore
possess an orthonormal basis of eigenvectors. It follows that X is a sum of rank-one
eigenvectors corresponding to the eigenvalue 0. The dimension equals that of the null
space of A1(X) 4+ AAp(X), i.e., the geometric multiplicity of .
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We next show that a rank-one solution to just one of the eigenvalue problems in (4)
suffices to get a solution of the initial problem (1). Indeed, assume that X = u®v solves
the second eigenvalue problem in (4). We then get

0=A1(u®v)+ Ao(u®v)
=A1u® Cov — Ciu ® Ayv + ABiju ® Cov — ACiu @ Bav
=(A; + AB1)u ® Cov — Cru ® (As + ABs)v,

which holds true if and only if there is a p such that

—uCru = (A1 + AB1)u,
—pCov = (Ag + )\BQ)U.

This implies (1). O

We can conclude that (1) has essentially nm solutions which can be obtained by com-
puting the rank-one solutions of one of the eigenvalue problems in (4). In the following,
we select the first of these eigenvalue problems.

The assumptions imply that the operators Ag and A; are symmetric and A is neg-
ative definite. Thus, the solution of

AL(X) + AAo(X) =0 (5)
with mazimal eigenvalue A can be obtained by maximizing the Rayleigh quotient

(X, A (X))

T )

(6)

and since the solution is a rank-one matrix, we can just maximize R(u ® v) over u and
v. For convenience, define the functions

ay(u) =u' Aju, bi(u) =u' Byu, c1(u) = u' Chu,
az(v) = v Ay, ba(v) = v Bav, ca(v) =v' Cou.

The assumption A.2 assures that by (v)Cy — ca(v) By and ¢;(u)Ba — by (u)Cs are positive
definite. We can then write

ul (c2(v) Ay — az(v)Ch)u

A ) = = T () B — b))’

For fixed v the matrix in the denominator is negative definite. Hence, the maximal value
is given by the maximal eigenvalue of the generalized eigenvalue problem
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(c2(v)A1 — a2(v)C1) u = A(b2(v)Cy — c2(v)B1)u, (7)
and respectively fixing u, the maximal value of

v (a1 (u)Cy — ¢y (u)As)v

R V) = = 0 (W) Ca — er(0) Ba)o

is given by the maximal eigenvalue of
(a1(u)Cy — c1(u)As) v = A(e1(u) B — by (u)Co)v. (8)

These are generalized eigenvalue problems with matrices of size nxn and mxm, while (5)
is a generalized eigenvalue problem of size nm x nm.

A similar alternating procedure is of course obtained when minimizing the Rayleigh
quotient in (6), i.e., when aiming at the smallest eigenvalue of (5). More generally, nothing
even prevents us from updating v and v with non-extremal eigenpairs of the subproblems
(7) and (8) in the hope of finding non-extremal eigenpairs of (5). For instance, we can
solve (7) for the i-th eigenvalue and (8) for the j-th eigenvalue, for some fixed i and j.
This idea motivates Algorithm 1.

We will call a pair of eigenvectors u and v a fized point of Algorithm 1 if it simultane-
ously solves the eigenvalue problems (7) and (8). Then choosing the corresponding index
(i,4) of the eigenvalue, i.e., u corresponds to the i-th smallest eigenvalue of (8) and v
corresponds to the j-th smallest eigenvalue of (7), the algorithm will not change u and
v anymore, provided eigenvalues are simple.

Algorithm 1: Alternating Algorithm for solving two-parameter eigenvalue prob-

lems.

Input : Matrices A;, B;, C; for i = 1, 2 satisfying A.1 and A.2 and index (i, j).

Output: Eigenvalue (A, u) of index (¢, j) with corresponding eigenvector u ® v.

select random nonzero ug € R™;

for k=1,2,3,... do

a1 :=a1(ug—1), by :=bi(ur—1), c1:=ci(ur-1);

compute the eigenvector vy corresponding to the j-th smallest eigenvalue of the symmetric
right definite generalized eigenvalue problem

N N

(alCz — ClAg) v = )\(ClBQ - blCz)v;

5 az :=az(vg); b :=ba(vk); c2:= ca(vi);
6 compute the eigenpair (ug, Ax) corresponding to the i-th smallest eigenvalue of the symmetric
right definite generalized eigenvalue problem

(c2 A1 — a2C1)u = A(b2C1 — c2B1)u;

end

<

__astAby,

8 A=Ak, uU:i=ug, U:1=vg, MKI= o

9 return (X, 1) and u ® v.
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2.2. Fized point properties

Our aim in this section is to show that in principle we can find all rank-one eigenpairs
of the problem (5), and hence of (1), by finding fixed points of the subproblems (7) and (8)
solved in Algorithm 1 for all possible input indices (,5) € {1,...,n} x {1,...,m}. The
first step in this direction is the following lemma, which shows that a fixed point of the
algorithm indeed provides a solution to (5) and (1).

Lemma 5. Let u and v simultaneously solve (7) and (8). Under the assumptions A.1
az(v)+Aba(v)
c2(v)
eigenpair of (5) and (u,v, A\, p) is a solution for the two-parameter eigenvalue problem

(1).

and A.2 both eigenvalues coincide. Moreover, setting p = — , (u®w,\) is an

Proof. Denote the eigenvalue in (7) and (8) by X and A, respectively. Then multiplying
(7) by u" and (8) by v, we get

~

ca(v)ar(u) — az(v)er(u) = —A(ca(v)br (u) — ba(v)er(u))

and

ca(v)ag (u) — az(v)er(u) = —A(ca(v)by(u) — ba(v)er(w)).

Since A.2 implies ¢ (v)b1 (1) — by(v)er(u) < 0, we have A = X =: A. Collecting terms in
(7) and (8) gives
c2(v)Aru + c2ABiu — (ag + Ab2(v))Chu = 0,
—c1(u)Agv — 1 ABav + (a1 + Aby(u))Cov = 0.
Dividing the first equation by ca(v) > 0 and the second by —c;(u) > 0, we get (1) with

 arMh(w)
p=—my i

ca(v) B c1(u)

az(v) + Aba(v)  a1(u) + )\bl(u).

This equation is however just a consequence of

ca(v)ar(u) — az(v)er(u) = =Alca(v)bi(u) = ba(v)er (u)).
By the considerations in Section 2.1 (u ® v, ) is also a solution of (5). O

The previous lemma does not yet let us conclude that all solutions of (1) occur as
fixed points of Algorithm 1 when varying the input index (i, j). To show this, we need to
introduce the notion of the index of an eigenvalue (A, ) of the two-parameter eigenvalue
problem.
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Definition 6. An eigenvalue (), 1) of the two-parameter eigenvalue problem has the index
(i,7) if 0 is the é-th smallest eigenvalue of A1 +AB;+pCy and the j-th smallest eigenvalue
of As + ABs + uCl.

Remark 7. If the two-parameter eigenvalue problem comes from the discretization of
two-parameter Sturm-Liouville eigenvalue problem, then the index corresponds to the
number of internal zeros of the eigenfunctions, see e.g. [5, Ch. 8, Theorem 2.1].

If 0 is a multiple eigenvalue of A;+AB1+uCy or Ay+ABo+uCo, then the corresponding
eigenvalue of the two-parameter eigenvalue problem has multiple indices as well. Under
the assumption A.1 every real valued eigenvalue of the two-parameter eigenvalue problem
has an index since the matrices A; +AB; +uC and Ay +ABs+ uCy are symmetric. More
important for us is the following result, which immediately follows from [26, Theorem
1.4.1].

Theorem 8. Under the assumptions A.1 and A.2 there is a unique eigenvalue (A, ) to
every index (i,7) € {1,...,n} x {1,...,m}.

The idea is now to show that the index in the sense of Definition 6 of the eigenvalue
solution provided by a fixed point of Algorithm 1 coincides with the given input index
(i,7). Together with Theorem 8 this then implies that all solutions can be obtained this
way. For this we need the following version of Sylvester’s law of inertia.

Lemma 9. Let A, B be symmetric matrices and I + B be positive definite. Then \; is the
i-th largest eigenvalue of A if and only if it is the i-th largest eigenvalue of the generalized
eitgenvalue problem

(A+ X\;B)u = A1+ B)u.

Proof. Consider the matrices A; = A — X\, I and Ay = (I + B)"2(A— \JI)(I + B)" 2.
The matrix Ag is well defined since I + B is positive definite and since (I + B)_% =
((I + B)~2)7T) is invertible, A; and A, are congruent and therefore have the same
number of positive and respectively negative eigenvalues by Sylvester’s law of inertia
[13, Theorem 4.5.8].

We can rewrite Ay in the following way:

Ao=I+B) 2(A-NI)(I+B) 2

Nl

=(I+B) 2 (A+\B—-\NB—-X\NI)(I+B)" >

=(I+B) 3(A+\NB)(I+B)"% — A\,

This implies that A and (I + B)"2(A + A\B)(I + B)~z have the same number of
eigenvalues that are smaller or respectively larger than A;. Since the eigenvalues of
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(I+B)~2(A+X;B)(I+B)~ 2 are the same as the eigenvalues of the generalized eigenvalue
problem

(A+ X\;B)u= I+ B)u
the claim is proven. 0O
We are now in a position to prove the main result.
Theorem 10. Let (i,5) be the input index of Algorithm 1 and let (u,v, A, ) be a fized
point of Algorithm 1. Then the output (\, ) is the eigenvalue of problem (1) with index

(i,4) in the sense of Definition 6 and u® v is the corresponding eigenvector.

Proof. Let (u,v) be a fixed point of Algorithm 1 and let (A, ) be the corresponding
eigenvalue, i.e., A is the i-th smallest eigenvalue of the generalized eigenvalue problem

(c2(v) A1 — a2(v)Ch) u = A(b2(v)Cy — ca(v) By )u.

Assumption A.2 guarantees that by(v)Cy — ca(v) By is positive definite, we may therefore
apply Lemma 9. It follows that A is the i-th smallest eigenvalue of the matrix

ca(v)A1 — az(v)C1 — AM(b2(v)C1 — c2(v)B1) + Al = c2(v) (A1 + AB1 + uCh) + Alp,
where we substituted az(v) = —Aba(v) — pea(v). This implies that 0 is the i-th smallest

eigenvalue of A; + ABy + uC1 since co(v) > 0 is positive by Assumption A.2.
Similarly, A is the j-th smallest eigenvalue of the generalized eigenvalue problem

(a1(u)Cy — c1(u)As) v = A(c1(u) Ba — by (u)Co)v.

We can again use Lemma 9 to conclude that A is the j-th smallest eigenvalue of the

matrix
al(u)Cg — C1 (U)AQ — )\(Cl (U)BQ — b1 (U)CQ) —+ )\I = —cl(u)(AQ + )\BQ —+ ILLCQ) + )\Im,
where we substituted a;(u) = —Aby(u) — per (u). Note that the values for p coincide in a

fixed point, as was shown in Lemma 5. The Assumption A.2 implies that ¢;(u) < 0 and
therefore 0 is the j-th smallest eigenvalue of As + ABs + uCs. O

Remark 11. This result made use of the definiteness of C7 and C5. If instead B; and
By are definite one obtains a similar correspondence of input indices and indices of
the eigenvalue when considering an alternating method resulting from the eigenvalue
problem (Ag + pAg)(X) = 0 instead of (A1 + AAp)(X) = 0.
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Theorem 10 implies that if Algorithm 1 converges, then it computes a solution to the
two-parameter eigenvalue problem (1).

Corollary 12. Let (ug, vk, Ai) be a sequence generated by Algorithm 1. If up and vg con-
verge in the projective sense to u and v, i.e., convergence is up to sign flip if we choose
normalized uy, and v in each step, then A\, converge to A and u,v, A are fized by Algo-
rithm 1. Therefore the output (\, 1) is the eigenvalue of problem (1) with index (i,j) in
the sense of Definition 6 and u ® v is the corresponding eigenvector.

Proof. Let Xop = up ® vy, and Xogy1 = upy1 @ vg. Since uy and v converge to u
and v respectively X} converges to u ® v. Define Me = R(Xog+1). Notice that Ay =
R(Xar) is the eigenvalue corresponding to (7) and A is the eigenvalue corresponding
to (8). By continuity of the Rayleigh quotient R, we get limg_ o0 Ap = limg_ oo 5\k =
A. By continuity of the functions aq, b1, c1,as,bs,co and continuity of eigenvalues of a
nonsingular generalized eigenvalue problem, we get that v and v are eigenvectors of the
eigenvalue problems (7) and (8) with eigenvalue A and continuity also ensures that the
eigenvalue is still the i-th or respectively j-th largest. Hence, (u,v, A, u) satisfies the
conditions of Theorem 10. O

2.8. Geometric interpretation and rate of convergence

Algorithm 1 can be interpreted geometrically. For a given input index (i, j) we look
for the intersection of the curves

vi = {(A, ) : 0 is the i-th largest eigenvalue of A; + ABy + pCi},
¢; ={(A\, 1) : 0is the j-th largest eigenvalue of Ay + ABs + uCs}.

As a consequence of [15, Theorem I1.6.1] and definiteness of C; and Cs, these curves are
continuous and piecewise analytic, and the corresponding eigenvectors are also piecewise
analytic. In a fashion similar to [4, Lemma 2.2] we can derive the tangent line of ~; and
¢; at an analytic point (A, 1) with the corresponding eigenvectors. We can choose X as a
local variable and obtain

(A1 + AB1 + p(AN)Cru(A) =0
which implies
(A1 + AB1 + p(A)C)W' (A) = =(By + 1/ (A)Cr)u(N).
Multiplying both equations with «(\) " on the left results in

ar(u(A)) + Ab1(u(A)) + p(X)er(u(A) =0,
b1 (u(N)) + 4/ (Ner (u(A) = 0
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L L

-4 -2 0 2 4

Fig. 1. Iterates in the (A, u) plane for input indices (1,1),(2,2),(3,3). The next iterate is given by the
intersection of the tangent line at the current iterate to one curve and the other curve.

The tangent line T, of ; at a point (Ao, t(Ao)) is therefore given by

Ty = {(A 1) = per(u(Xo)) = —(ar(u(Xo)) + Abi (u(Xo))) }

and similarly the tangent line T, of (; at a point (Ag, (o)) is given by

Te = {(A\ ) = pea(v(Xo)) = —(az(v(Xo)) + Aba(v(Xo))) },

where v(Ag) is a vector in the nullspace of A+ AgBa+ 14(Ag)C2. Examining Algorithm 1,
it can therefore be interpreted as follows:

Start at a point (A, ) of 7; and compute it’s tangent line T',;

compute the intersection point (A, 1) of T, and ¢; and compute the tangent line T¢;
compute the intersection point (A, 1) of T and ~; and compute the tangent line T'y;
go to step 2.

L s

For a visualization of these steps, see Fig. 1. We can use this interpretation to estimate
the local rate of convergence. Notably, this interpretation is related to Newton’s method
for computing an intersection point of two functions f and g. While Newton’s method
would compute a new iterate via

fxg) = g(or) + (f (zr) — ¢ (x)) (@r41 — 1) = 0,

our method performs two steps via

flaxr) + f/(xk)(@k1 — k) = g(2p41) and
9(@rt1) + 9 (Tr1) (Th2 — Th1) = flarr2). (10)
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This allows us to prove local quadratic convergence in a similar fashion to a standard
Newton’s method.

Proposition 13. Let f,g: U C R — R be differentiable with Lipschitz continuous deriva-

tives f' and g’ and corresponding constants a and 8. Furthermore, let |f'(x) — ¢'(x)| >
~v >0 for all x. Then a sequence xy, generated by (10) satisfies

B o 2
A.’Ek 1——Axk S—Al‘kfl,
Al (1 - 5 |Aw) < - |Awi|
a s
Axkll——Axkl)g—Aku,
(Arin|(L- §1ATia) < o |y
where Az = T4 — Tk

Proof. We start with (10) and with a Taylor expansion for g we get

f(xg) + f(wp) Ay = g(xpr1) = g(zr) + g (2x) Azy,

A Taylor expansion of f and g(a) = f(zr—1) + f'(vx—1)Azk_1 leads to

1
f( = g Tk +/ :Ifk_l —+ SAl’k_l) — f’(:z:k_l))A:zrk_lds.
0

Combining both equations, we get

(f (zi) — ) Az, = / (zk + sAzy) — g’ (z1)) Azy,
0

- (f (.’L‘k71 + SAl'k—l) — f/(.’);‘kfl))Al‘kfldS.

Using Lipschitz continuity and |f'(x) — ¢'(z)| > -, we arrive at

I} «a
Y| Axg| < §|Axk|2 + §|Amk,1\2.
The first inequality follows directly, and the second one can be derived analogously. 0O

We can apply this result, when the intersection point of 7; and (; is an analytic
point of both curves. Then we can describe both locally via smooth functions p = f(A)
for 7; and p = g(A) for ¢;. The difference |f' — ¢’| can be bounded with (9). We get

lf' =4l > |2§Z> ZEZ;| > 0 by the definiteness assumption A.2.




150 H. Eisenmann, Y. Nakatsukasa / Linear Algebra and its Applications 643 (2022) 137-160

2.4. Global convergence for extremal eigenpairs

So far, we have shown that if the algorithm converges, it returns the eigenvalue of the
two-parameter eigenvalue problem with the desired index. For extremal indices, we can
actually prove global convergence.

Theorem 14. The sequences uy, and vy generated by Algorithm 1 converge (up to nor-
malization and sign flip) to a solution of (1) if the input index is either (1,1) or (n,m)
and under the assumption that the respective eigenvalue is simple.

We use the following lemma for proving convergence when each step is at least as
good as a line search.

Lemma 15. Let f : D — R be continuously differentiable, where D C R™ is open. Let
{7r}ren C K C D and gr, = V f(xx) satisfy

flxry1) < flar —ogr)

for every o € R such that vy, —ogy € D, where K is compact. Then gy converges to zero
as k — oo.

Proof of Lemma 15. First note that f(zr11) < f(zx — ogx) for all o implies that f(xy)
is monotonically nonincreasing and {zx}reny C K implies that f(xy) is bounded from
below. Hence, f(x) converges to some value f and since x lies in a compact set, the
gradients g are bounded as well.

We have that either g; converges to zero or there exists a subsequence g/ such that
llgrr|| > 2¢ > 0. We therefore assume towards a contradiction that ||gk| > 2¢ > 0 for
some ¢ > 0 and infinite many k. Since g are bounded, there exists d; > 0 such that
zy—ogr € K C D for every o € [0, 61], where K is also compact. Since f is continuously
differentiable, V f is uniformly continuous on K. Therefore, there is 65 € (0, ;] such that

IV f(xr —Egr) — grll <,

for all £ € [0,d2]. By the mean value theorem, Cauchy-Schwarz inequality, and the
assumption ||gx|| > 2¢, we have

flar) — f(xe — d2gk) = 02V f (1 — i) i
> Oallgll* = 6211V f (zk — Egi) — gkl llgwll
> allgrll® — O2llgwlle

P
> §||9k|\2 > 259¢?

for infinite many k. This yields the contradiction
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00 > f(wo) — f = Zf wk) = f(wran) =Y flan Tk — Oagk) > Y 202€” = o0,
k=0 k

therefore gi converges to zero. O

Proof of Theorem 14. Without loss of generality, assume that C; = —I, and Cy =
I,,,. Finding the vectors u and v for the indices (1,1) and (n,m) corresponds to either
minimizing or maximizing the Rayleigh quotient

(X A(X))
) =% a0y
Its gradient is given by
2

and if X = u ® v, then since C; = —I,, and Cy = I,;,, we have
2

(u®v,Ag(u @ v))

+ (A1 + R(u @ v)B1)u ®@v).

VRu®v) = —

(u® (Az + R(u @ v)Bs)v

This shows that the gradient is an element in the tangent space of the rank-one matrix
manifold at u ® v, which is given by

TugoMi1 ={z®@v+u®y:zeR", y e R™}

Now assume every iterate of u and v are unit vectors. Then —c¢j(u) = 1 = ¢o(v) and the
Rayleigh quotient reads

a1(u) + az(v)

@) = ) T ba(v)

Now let (A, v) be an eigenpair of
(a1(u) Ly + Az) v = =A(b1 (u) L, + Ba)v,
which is one step of Algorithm 1. It follows that A = R(u ® v) and
— (Ag + AB3) v = (a1 (u) + by (u))v.

The gradient is then

2

VR(u® v) = (uW@ v, Ag(u®v))

(—u® (a1(u) + Ab1(uw))v + (A1 + AB1)u®v),
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and is orthogonal to the subspace {u®y:y € R™} C TyugvM; as

2
u® v, Ag(u @ v))

(VR(u®v),u®y) = <
=0.

(—(a1(u) 4+ by (uw))v "y + (a1 (u) + by (uw))v " y)

This was to be expected, as in each step we optimize the Rayleigh quotient with respect
to the subspace {u® y : y € R™} or respectively {z ® v : x € R"}, which makes the
gradient orthogonal to that respective space. This, together with VR(u®v) € TygoMi,
implies that the gradient lies in {u ® y : y € R™} or respectively {x ® v : € R™} after
each half step.

We now only consider the case of minimizing the Rayleigh quotient, as maximizing
can be done analogously. As we can choose our iterates u; and vg to be normalized, the
iterates X = ux ® v lie in a compact set. As

Vg1 = arg min R(uy, @ v),
[lvll=1

we have R(Xj1+1) < R(X — o VR(X})) since X — o VR(X}) is of the form uy ® v, and
the R is scaling invariant. We can thus use Lemma 15 and therefore VIR(X},) converges
to zero, implying that any convergent subsequence of X converges to an eigenvector
of A1(X) + AMAo(X) = 0. Corollary 12 implies that this eigenvector corresponds to the
eigenvalue of the correct index. Hence, since this eigenvalue is simple, the sequence Xj
only has one accumulation point up to sign flip. O

2.5. Complezity

We discuss time complexity of Algorithm 1. We assume m = n. Computing the
eigendecomposition of a generalized eigenvalue problem needs O(n?) operations. This im-
plies that the complexity for computing one eigenvalue of the two-parameter eigenvalue
problem is O(n3k), where k is the number of iterations in Algorithm 1 until a sufficient ac-
curacy is achieved (empirically we observe k = O(1)). When computing all n? eigenvalues
of the two-parameter eigenvalue problem, we therefore get a complexity of O(n°k) (and
with & = O(1) we get a complexity of O(n®)). However, a full eigenvalue decomposition is
not always necessary. For extremal eigenvalues, we only need to compute the eigenvector
corresponding to the largest or smallest eigenvalue, which is typically possible in O(n?)
operations, for example using Lanczos or LOBPCG [16]. Similarly, the i-th largest eigen-
value can often be computed in O(n?i) operations. In summary, computing an eigenvalue
with index (4, j) needs O(n?k max(min(i,n—i+1), min(j,n—;+1)) operations, where k is
the number of iterations necessary for the desired accuracy. If the matrices allow for fast
matrix vector multiplication, for example if they are sparse with O(n) nonzero entries,
the complexity can be reduced further up to O(nk max(min(i,n—i+1), min(j,n—j+1))
operations.



H. Eisenmann, Y. Nakatsukasa / Linear Algebra and its Applications 643 (2022) 137-160 153

3. A class of PDE eigenvalue problems

We now present a class of PDE eigenvalue problems, which can be separated into an
appropriate two-parameter eigenvalue problem. Let ¢ : (a,b) x (¢,d) — U C R? be a
diffeomorphism, with

ole.9) = (Do) Doty = (2500 0.

and choose g1, g2 > 0. This is always possible for such a function g as g(x,y) is positive
definite and therefore g1 (z) + g2(y) > 0. Now let Q = ¢((a,b) X (¢,d)). We consider the
Helmholtz equation

Au+ X u=0 on,
u=0 at oQ.

We can now write Au in coordinates given by ¢. Then

1 . (
det(g(z,y))
1

(Au)(¢(z,y)) = det(g(ﬂc’y))g*l(ﬂ%yW(U((b(x,y)))

Making an ansatz u(z,y) = v(z)w(y), we get

0 =v"(z)w(y) + v(z)w" (y) + Ag1(z)v(x)w(y) + Aga(y)v(z)w(y)
= () (w"(y) + Ag1(@)w(y) — pw(y)) + w(y) (V" (z) + Aga(y)v(z) + po(z)).

Now let v and w satisfy

v"(z) + Ag1(z)v(z) + po(z) =

0
w” (y) + Aga(y)w(y) — pw(y) = 0

)

and 0 = v(a) = v(b) = w(c) = w(d). Then u(x,y) = v(x)w(y) solves the original
eigenvalue problem, and on a given discretization (11) satisfies A.1 and A.2.

Example 16. The complex function ¢ : C — C,z + 22. Then D¢(z) = 2z. Therefore
with z = x + iy, we have

(22 2y (20 —2y\ _ [4x?+ 4y? 0
g(z,y) = (_2y 2x> (2y 2 ) = ( 0 4z 4492 )
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Example 17. The complex function ¢ : C — C,z — e*. Then D¢(z) = e*. Therefore
with z = x 4 1y, we have

() = e cos(y) e”sin(y) e cos(y) —e®sin(y)\ _ [e* 0
IWY) =\ —ersin(y) ecos(y) ) \ e*sin(y) e“cos(y) ) ~ \ 0 €2 )"
These coordinates describe an annulus.

Example 18. The complex function ¢ : C — C,z + cosh(z). Then D¢(z) = sinh(z).
Therefore with z = x + iy, we have

Z) cosh(x)sin(y)  sinh(x) cos(y)

_( sinh(x)cos(y)  cosh(z)sin(
g(@,y) = (— cosh(x)sin(y) sinh(z) cos(

)> (sinh(x) cos(y) —cosh(zx) sin(y))
‘(SinhQ(x)JSin2(y) inh?( >O+ in( )
sinh?(z) + sin”(y)

These are elliptical coordinates.
4. Numerical experiments

In this section, we present results from numerical experiments to test the performance
of Algorithm 1. For a measure of the error we use Definition 6. For a given approximate
eigenvalue (A, u) we compute the i-th smallest eigenvalue of Ay + AB; + uCp and the
j-th smallest eigenvalue of As + ABy + uCs and take the sum of the respective absolute
values. This quantity is zero if and only if (A, ) is an eigenvalue with index (¢, j). This
is also the sum of the corresponding residual norms with the corresponding normalized
eigenvectors.

In a first experiment we generated matrices satisfying Assumptions A.1 and A.2 ran-
domly. For the matrices A; and A; we generated n x n and m X m matrices with
independent standard Gaussian distributed entries and took the symmetric part. For
the matrices By, B, C1, Co we generated matrices S; and Sy with Gaussian distributed
entries and an n dimensional array b; with values uniformly distributed between —0.5
and 0.5 and an m dimensional array by with values uniformly distributed between —1.5
and —0.5. We then chose the matrices

By = S, Diag(b1)S,, By =S, Diag(hs)Sy, C1=-5,5, Cp=25,5;,

where Diag(b;) is the matrix with the entries of b; on its diagonal.
As a second example, we discretized the Helmholtz equation on half of an ellipse as
in the example in Section 1, i.e.,

0" (r) + (A sinh?(r) 4+ p)v(r) =0, v(0) =0=v(1)

(13)
w” () + (Ac? sin®(p) — ww(y) =0, w(0) =0 = w(m).
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Fig. 2. Testing Algorithm 1 with input index (1, 1). Figure (a) depicts results for randomly generated 1000 x
1000 matrices fulfilling Assumptions A.1 and A.2 and Figure (b) depicts results for a discretization of (2)
on a 1000 x 1000 grid.
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Fig. 3. Testing Algorithm 1 with random 100 X 100 matrices fulfilling the assumptions. Every picture is
taken after solving one eigenvalue problem in line 4 or 6 of the algorithm. The axis label the indices of the

computed eigenvalue and the colorscale shows the sum of the absolute values of the i-th and j-th eigenvalue
n (1) on a logarithmic scale.

For Fig. 2, we generated 1000 x 1000 matrices randomly in (a) and used a discretization
on a 1000 x 1000 grid in (b) as described above and used Algorithm 1 to find an eigenvalue
with minimal A, i.e., with input index (1,1). After solving 6 and 7 eigenvalue problems
respectively as described in lines 4 and 6 of Algorithm 1, we found an eigenvalue with an
error of approximately 10~ and 1079 respectively, confirming the result of Theorem 14.



156  H. Eisenmann, Y. Nakatsukasa / Linear Algebra and its Applications 643 (2022) 137-160

100 50

) Two iterations (b) Three iterations ) Four iterations

50
25 25
a0
o o
25 -2
&
-50 -50
W s W a0 s
-100 -100
2
125 125
150 2

) Five iterations (e) Six iterations ) Seven iterations

0 50 el

Fig. 4. Testing Algorithm 1 with a discretization of (2) on a 100 x 100 grid. Every picture is taken after
solving one eigenvalue problem in line 4 or 6 of the algorithm. The axis label the indices of the computed

eigenvalue and the colorscale shows the sum of the absolute values of the i-th and j-th eigenvalue in (1) on
a logarithmic scale.

For Fig. 3 we generated 100 x 100 matrices satisfying Assumptions A.1 and A.2 as
described above and use Algorithm 1 to find all eigenvalue, i.e., for every input index
(1,7) € {1,...,100} x{1,...,100}. The axis describes the input index of Algorithm 1 and
the greyscale describes the base ten logarithm of the error described above. An iteration
is computing the solution of one eigenvalue problem in lines 4 and 6 of Algorithm 1.
After 7 iterations the highest error was 4-10~% and the smallest errors were in the range
of machine precision.

In Fig. 4 we used a discretization of the Helmholtz equation (13) on a 100 x 100 grid
and repeated the experiment of Fig. 3 for the resulting matrices. Again, after 7 iterations
the highest error was 31078 and the smallest errors were in range of machine precision.
These experiments suggest that Algorithm 1 can indeed be used to find every eigenvalue
of right definite two-parameter eigenvalue problems.

In Fig. 5(a) we compared the time of both Algorithm 1 and the algorithm
twopareig [22] for computing every eigenvalue of a two-parameter eigenvalue problem of
varying sizes n = m. We generated matrices satisfying the assumptions as above. Notice
that Algorithm 1 can be run in parallel for different input indices to further improve
efficiency. The experiment was run on a Intel Xeon Gold 6144 at 3.5 GHz with 384 GB
RAM. We used 8 cores with 16 threads. We chose to solve 10 small eigenvalue problems
in Algorithm 1, corresponding to & = 1,...,5 in line 2. For larger n our method was
indeed faster, and the asymptotic slope in Fig. 5(a) on a loglog scale is smaller, indicating
that the asymptotic computational cost is lower. In Fig. 5(b) we measure the sum of the

n? errors as described above. We observe that our method computed eigenvalues with

higher accuracy.
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Fig. 5. Comparing the computational time (a) and precision (b) for randomly generated examples with
matrices of size n X n satisfying the assumption A.1 and A.2 for our method and twopareig from [22].
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Fig. 6. Comparing the computational time (a) and precision (b) for randomly generated examples with
matrices of size n X n satisfying the assumption A.1 and A.2 for our method and twopareig from [22]. For
this example the matrices B, B2, C1, C2 are diagonal matrices.

Finally, we repeated the last experiment, but we chose S; = I, = S;. This made
the matrices By, Be, C7 and Cy diagonal, which effectively transformed the generalized
eigenvalue problems in Algorithm 1 into ordinary eigenvalue problems to further im-
prove efficiency. When solving for every eigenvalue of the two-parameter problem, we
can perform the left and right actions of (701)*% and Cy 3 respectively and afterwards
diagonalize By and By. This justifies this experiment. The results are depicted in Fig. 6.
In Fig. 6(a) we see that the alternating method is faster than the method twopareig [22]
for even smaller n. Again our method is more accurate.
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Remark 19. In principle Algorithm 1 can be made more efficient by a fitting choice of
ug. If the two-parameter eigenvalue problem comes from the discretization of a two-
parameter Sturm-Liouville eigenvalue problem, then the factor wu;; of an eigenvector
u;; ® v;; corresponding to index (4, j) has the same number of zeros as the factor u;
of u;r ® v corresponding to the index (4, k). Then w;; can be very similar to u;; and
is possibly a good initial guess. We observed that such a choice for ug usually reduces
the number of iterations needed until the algorithm converges by one. This saves around
10% to 25% computing time.

5. Conclusion and outlook

We presented a new method for computing eigenvalues of the two-parameter eigen-
value problem. Our approach only requires solving generalized eigenvalue problems of
the size of the matrices of the two-parameter problem and can therefore reduce the
complexity compared to conventional methods. Our method also uses a search for the
eigenvalues by index, which makes it possible to find successive eigenvalues of the two-
parameter eigenvalue problem without deflation.

So far the technique of our proof only established global convergence for extremal
eigenvalues and under definiteness assumptions. The numerical experiments however
indicated convergence for every eigenvalue. Proposition 13 gives insight into the local
convergence, but a global convergence proof remains an open problem. Although there
are many classes of two-parameter eigenvalue problems that satisfy the assumptions
(eventually after performing an affine transformation), many other interesting appli-
cations do not. Therefore it would be important to investigate if a generalization to
non-singular problems, i.e., the operator A is invertible, as in [8] or even to the general
case as in [9] is possible.

This paper relies heavily on the assumptions A.1 and A.2. A natural question is to
relax these conditions, in particular the definiteness condition A.2. Indeed under weaker
assumptions (such as when the matrices are almost definite, with a few eigenvalues of
the opposite sign), using inertia laws [19] one can show that the generalized eigenvalue
problem (4), and hence also (1), has many real eigenvalues. It would be of interest to
investigate the applicability of the results here in such situations.

Finally, another interesting generalization that could be considered is to multipa-
rameter eigenvalue problems with more than 2 parameters. The eigenvectors then form
rank-one tensors similar to (4) [2]. Again an alternating approach as in [11] can be
used, however our proof technique will not work and in practice the generalization will
not easily assure convergence even for extremal indices. A similar approach using the
Tensor-Train format is used in [24].
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