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Abstract

General Relativity is one theory amongst a wider range of plausible descriptions of the

Universe. The aim of this thesis is to examine the behaviour of so-called screened the-

ories, which are designed to avoid local tests of MG. We establish that these theories

may be treated in a unified manner in the context of halo formation. A prerequi-

site for this is the clarification that the quasi-static approximation can be applied in

cosmologically-plausible scenarios.

Amongst the plethora of MG theories, we select three, each of which exhibit a differ-

ent form of screening. This describes a self-concealing property whereby each theory

behaves like GR in the conditions of the local Universe. Only at regions of high en-

ergy density (chameleon), large coupling to matter (symmetron) or large derivatives of

the scalar field (Vainshtein) does their modified behaviour emerge. We examine f(R),

symmetron and DGP gravity in the context of non-linear gravitational collapse for the

remainder of the thesis.

Relativistic scalar fields are ubiquitous in our modern understanding of structure for-

mation. They arise as candidates for dark energy and are at the heart of many modified

theories of gravity. While there has been tremendous progress in calculating their ef-

fects on large scales there are still open questions on how to best quantify their effects

on smaller scales where non-linear collapse becomes important. In these regimes, it has

become the norm to use the quasi-static approximation in which the time evolution of

perturbations in the scalar fields are discarded, akin to what is done in the context of

non-relativistic fields in cosmology and the corresponding Newtonian limit. We show

that considerable care must be taken in this regime by studying linearly perturbed scalar

field cosmologies and quantifying the error that arise from taking the quasi-static limit.

We focus on f(R) and chameleon models to assess the impact of the quasi-static ap-

proximation and discuss how it might affect studying the non-linear growth of structure

in N-body numerical simulations.

The halo mass function (HMF) n(M)dM is the number n of haloes with mass in the

range [M,M + dM ] per unit volume. It has two remarkable properties which render it

a useful probe of extensions to general relativity (GR). On the one hand, it is (nearly-

)universal, in the sense that it can be written in a form f(ν) which is (practically)

insensitive to changes in redshift and cosmological parameters and redshift. We develop

a method to generalise fitting functions derived in GR to a variety of screened MG



theories, in order to examine whether they are universal in the sense of being insensitive

to MG. On the other hand, the HMF is sensitive to both the expansion history of

the universe and the nonlinear behaviour of spherical collapse via the critical density

parameter δc [40] and the matter power spectrum via the halo resolution S(M) (both

of which appear in ν). This greatly complicates the theoretical framework required

to calculate ν, particularly given the sensitivity of chameleon MG to the surrounding

environment. We explore a variety of new and existing methods to do so. Finally

we re-calibrate the MG halo mass functions with the same rigour as has been done in

GR.

An important indicator of modified gravity is the effect of the local environment on

halo properties. This paper examines the influence of the local tidal structure on the

halo mass function, the halo orientation, spin and the concentration-mass relation. We

generalise the excursion set formalism to produce a halo mass function conditional on

large-scale structure. Our model agrees well with simulations on large scales at which

the density field is linear or weakly non-linear. Beyond this, our principal result is

that f(R) does affect halo abundances, the halo spin parameter and the concentration-

mass relationship in an environment-independent way, whereas we find no appreciable

deviation from ΛCDM for the mass function with fixed environment density, nor the

alignment of the orientation and spin vectors of the halo to the eigenvectors of the local

cosmic web. There is a general trend for greater deviation from ΛCDM in underdense

environments and for high-mass haloes, as expected from chameleon screening.

Given the broad spectrum of MG theories, it is important to design new probes of

MG. Despite the fact that we examine only three theories of MG, the techniques and

methodology developed in this thesis can be applied to a wide variety of theories and

can be extended to improve the results in this work.
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Chapter 1

Introduction

That gravity is not a force propagated through a static and infinite Universe but an

inherent property of the spacetime which arises from describing the Universe as a geo-

metric manifold, is perhaps the greatest insight of modern physics.

Einstein’s theory of general relativity ([98]; henceforth GR) is now held as a dictum of

twentieth century physics: not only a description of one of the four fundamental forces,

but (alongside the Standard Model of particle physics) one of the two components of a

“Grand Unified Theory” whence all physics might be derived. For the purpose of this

thesis, GR has two remarkable qualities:

1. Its strong-field predictions remained largely un-testable to great accuracy until

60 years after its formulation. Weak-field tests available in the Solar System (e.g.

the perihelion of Mercury, known to be discrepant from Newtonian predictions

in 1843 [240], and the lensing deflection of the Sun first measured in 1919 [93])

operate on a scale of ΦN ∼ 10−6, where deviations from non-relativistic physics

(let alone between competing relativistic theories) are expected to be small [118].

2. It provided a mathematical description of the Universe. This resulted in quan-

titative hypotheses which could be tested against predictions from Newtonian

cosmology, e.g. the lensing deflection predicted by [249].

This combination lead to a plethora of extensions to GR, now termed modified or

extended gravity theories (henceforth MG), which may be tested in all environments of

the Universe. This thesis addresses the question of how certain plausible MG theories—

having passed tests on both local and cosmological scales—can be examined on the

intervening non-linear scales.

First we establish GR, both in terms of its physical principles and mathematical frame-
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work, in Section 1.1. (More detail in given in Appendix A.) Then in Section 1.2 we

show that GR is the simplest of a much richer space of models (thanks to Lovelock’s

Theorem) and broadly categorize some alternatives. Next we apply GR to quantify the

concordance cosmology of ΛCDM in Section 1.3, including how to describe the effects

of gravity in different regimes. This leads naturally to a discussion of MG cosmology in

Section 1.4, from its motivation to its application in analytic, semi-analytic and numer-

ical techniques. Finally we specify the problems addressed in this thesis in Section 1.5

with an overview of the structure.

1.1 General Relativity

Just as special relativity grew from attempts to reconcile Maxwell’s equations with

Galileo’s principle of relativity, GR needed to reconcile Newton’s gravitational equations

with the principles of special relativity.

This task separates into several parts, which we shall address in this section.

1. The inherent non-linearity of a gravitational version of special relativity;

2. Dissatisfaction with theoretical properties of Newtonian gravity, e.g. action-at-a-

distance, lack of Lorentz invariance and equality between inertial and gravitational

mass.

3. Potentially observational problems with Newtonian gravity, e.g. the perihelion of

Mercury, gravitational lensing, the behaviour of black holes.

We shall see that the principles behind GR (Appendix A.1) lead to a geometric descrip-

tion of gravity. The complexity of Item 1 is encapsulated in the Einstein field equations

(Appendix A.3), which resolve the problematic features of Item 2. We can then address

Item 3 by determining the behaviour of observables (matter, photons, etc. ) under the

influence of gravity via the geodesic equation (Appendix A.4).

The principles which enabled Einstein to reconcile the consequences of special relativity

with the limitations of Newtonian gravity are well known. Newtonian gravity can be

summarised in a form ostensibly similar to a co-ordinate approach to GR Definition A.1.

This is particularly useful because there must be a set of conditions—now termed the

weak-field limit—under which GR reproduces the behaviour of Newtonian gravity.

The weak-field limit operates in scales smaller than the horizon, in regimes where the

gravitational potential is small. From Definition A.1 we see that non-uniform gravi-

tational fields are observable, but uniform ones are not. This is due to the fact that
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under Newtonian gravity the equation of motion of a freely-falling particle can be de-

scribed in an inertial co-ordinate system (Eq. (A.1)) where the particle has a (passive)

gravitational mass mp and an inertial mass mi. The experiments of Galileo, Newton

and Eotvos [107] show the equality of these masses. Also Newton’s 3rd law shows the

equality of the active and passive gravitational masses (proof in Appendix A.1). Thus

we obtain:

Theorem 1.1 (Equivalence of inertial and gravitational mass). The inertial, active

gravitational and passive gravitational masses of an object are equal.

An important corollary is the universality of free-fall, known as early as Philoponus

[107] that “if you take two weights differing by a very wide measure and drop them

from the same height, then the ratio of the times of their motion does not correspond

with the ratio of their masses....but the times will not differ at all from each other.” Thus

our GR-like formulation of Newtonian gravity leads to the weak equivalence principle

(Definition A.4).

Similarly, GR must abide by the postulates of special relativity in any local reference

frame. We summarise these in Definition A.2. Consequently, we obtain a (possibly

infinite) set of privileged observers, each with their own inertial frame. In order for

Items 3 and 4 to be satisfied, this specifies the allowed transformation between the

inertial frames specified in Item 2. The invariance postulate Item 4 is known as Lorentz

invariance (Eq. (A.3)). A physical law which remains unchanged under the transfor-

mation Eq. (A.3) is termed Lorentz invariant. The implications are not merely that

definitions of distance and time may change between frames (to ensure the constancy of

c) but that this difference between frames is what becomes meaningful, because there is

no absolute frame privileged above all others. These postulates (Definition A.2) must

hold locally in GR.

We now have the components for one of the two key results of GR, namely the Einstein

equivalence principle (the equivalence principles are in Definition A.4). This describes

the trajectories of particles given the geometry of spacetime and leads to the geodesic

equation in Eq. (1.7) and Appendix A.4. Any theory which obeys the EEP is a valid

description of gravity (i.e. which reconciles special relativity with Newtonian gravity

[118]). However, the only theory which obeys the SEP is GR [255]. This is due to the

corollary that the only gravitational field in the Universe is that provided by the metric

g otherwise one could use the local gravitational effects (including the self-interaction of

bodies which are not test masses) to distinguish between inertial reference frames. Once

the spacetime geometry is specified, the equivalence principles dictate the acceleration

produced by the curvature of the manifold.
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The opposite problem—how the presence of gravitating bodies determines the curvature

of the manifold—is the non-linearity problem mentioned at the beginning of this section.

Specifically, if gravity causes an equivalent force to acceleration, then the geodesics

which result correspond to a curved manifold equivalent to imposing a potential on

a flat manifold. But this potential is itself a form of energy, which contributes to

gravitation. Thus the GR field equations cannot retain the linearity of Newtonian

gravity (proof in Appendix A.1). Instead, we are forced to construct a metric theory of

gravity where the field equations are tensor (rather than scalar). We shall specify these

in Appendix A.3 and Definition 1.2.

The second postulate of GR is the principle of general covariance. Generalising from the

equations for special relativity, which take the same form in any vertical co-ordinate

system, we require those for GR to take the same form in any co-ordinate system.

Thus if satisfied in one co-ordinate system they hold in all others. Consequently they

must be local, symmetric, rank-(0, 2) tensor equations [118], otherwise the Einstein

equation and the geodesic equation cannot reduce to their special relativity behaviour

in locally-inertial co-ordinates.

Having established the postulates of GR, we are now able to quantitatively generalise

both Newtonian gravity and special relativity in the next two paragraphs.

The field equations of GR are most elegantly derived from a variation-of-least-action

principle. This will be useful in subsequent sections (Section 1.2 and Chapter 2) be-

cause it is the approach commonly used to generalise GR to MG theories. We outline

Hilbert’s approach in Appendix A.2. In 4 dimensions, the only available quantity which

is invariant under co-ordinate transformation in a scalar function of the metric and its

derivatives, i.e. the Ricci scalar (up to a generic constant term). Applying modern

notation, we obtain [41]:

SEH [gµν ] =

∫ √
g d 4x (R− 2Λ) =

∫ √
g d 4x Gµνδg

µν +

∮
· · · (1.1)

where in the last equality we have recognised that additional boundary terms exist.

These need to be carefully selected (see [41] for an explanation) if the action is to

satisfy certain conditions on the boundary, but they do not contribute to the bulk

action (hence to the Einstein equations). This is the Einstein-Hilbert action with the

cosmological constant term included.

We obtain the complete Lagrangian for GR by generalising the source term. Nowadays,

it is common to define the stress-energy tensor via the implicit relation [41]:

δSM [φ, gµν ] = −1

2

∫ √
g d 4x Tµνδg

µν =⇒ Tµν = − 2√
g

δ

δgµν
SM [φ, gµν ] (1.2)
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where we have updated to modern notation and defined T to be the source of the field

equations by construction. In this way we automatically obtain the desirable properties

of T from those of g: symmetry, covariance and conservation.

The complete action for GR in the presence of matter (along with its constraint equa-

tions) can be summarised as:

SGR ≡
1

16πGN

SEH [gµν ] + SM [φ, gµν ] where
δSGR

δgµν
= 0 (1.3)

Having defined a complete Lagrangian for GR, we obtain the field equations by the usual

route of varying the Lagrangian with respect to the metric and setting the derivative to

zero (defined in Appendix A.3). The Lagrangian density L is given by the gravitational

and the matter terms [118]:

LGR =
√−gR− 2Λ

16πGN

+ Lmatter (1.4)

The first term is the Einstein-Hilbert Lagrangian density. We have normalised it by

the factor of 16πGN to account for the constant of proportionality κ between the Ein-

stein tensor (obtained by setting the matter term to zero) and the stress-energy tensor

(obtained by setting the gravitational term to zero). In this way, we obtain both sides

of the Einstein equation Eq. (1.5) simultaneously.

On the right hand side of the Einstein equation, the stress-energy-momentum tensor T

encapsulates the energy density, energy pressure and (both isotropic and anisotropic)

stress due to the various components of the Universe. These components are simplified

on cosmological scales to perfect fluids, whose form we delay until Section 1.3.

On the left hand side of the Einstein equation, the Einstein tensor G measures the

compression of the metric in units of inverse-length squared. The Einstein tensor can

also be derived geometrically. Recall that we are concerned with the relative motion

between reference frames. The behaviour of infinitesimally-separated reference frames

can be characterised by the method of parallel transport. In Definitions A.6 to A.8

we establish some definitions, which encapsulate the non-Euclidean geometry of the

spacetime manifold. Not only does this reproduce the behaviour of inertial reference

frames in special relativity but it also generalises to the non-inertial frames of GR.

The curvature of the spacetime manifold is described by the Riemann tensor and its

contractions, the Ricci tensor and scalar respectively. We define these in Definition A.9.

Covariant derivatives do not commute because the basis vectors are now functions of

their co-ordinate chart (a situation familiar from spherical or cylindrical co-ordinates).

We can now construct the Einstein tensor from the metric and its derivatives.
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Definition 1.1 (Einstein tensor [223]). The most general rank-(0, 2) tensor with units

of inverse-length squared is the Einstein tensor G defined by:

Gαβ ≡ Rαβ −
1

2
gαβ (R− 2Λ)

where Λ is the gravitational part of the cosmological constant, R, R and g are the Ricci

scalar, tensor and metric tensor respectively.

While the cosmological constant can be neglected on astrophysical scales, its value be-

comes important on cosmological scales. We shall see that this leads to the cosmological

constant problem in Section 1.4.1. Thus we have quantified the self-interaction of the

spacetime manifold with its contents: the Einstein equation describes the gravitational

curvature of spacetime caused by the presence of energy.

Definition 1.2 (GR field equations [41, 118, 223]). The field equation of GR is the

Einstein equation:

Gαβ =
c4

8πGN

Tαβ (1.5)

The integrability condition (the contracted Bianchi identity) combined with the Einstein

equation produces the energy-momentum balance equation

∇αG
αβ = 0 =⇒ ∇αT

αβ = 0 (1.6)

Thus we have six independent, covariant equations for the metric (ten equations from

Eq. (1.5) and four constraint equations Eq. (1.6)).

Now we define the geodesic equation which described the trajectory of a particle given

its local spacetime geometry. This is a straightforward generalisation of the Newtonian

geodesic equation which we saw in Definition A.1 to accommodate the non-Euclidean

nature of the manifold. Geodesics are those curves whose covariant acceleration is

zero, i.e. which are parallel transported (Definition A.8). Applying the definition of

the convective derivative in Definition A.7 to the four-velocity, we obtain the geodesic

equation directly:
d 2xα

d τ 2
+ Γαβγ

dxβ

d τ

dxγ

d τ
= 0 (1.7)

If the world-line describes a massive particle then the affine parameter τ is equivalent

to the proper time. Thus we see that in the presence of gravity, objects are parallel

transported along their world-lines.

GR provides us with the tools to mathematically describe the paths of observables in the

Universe given its geometry. Accordingly, the challenge for cosmology is either:
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1. To specify the energy contents of the Universe via T and solve the Einstein equa-

tion for the corresponding geometry, or

2. To specify the geometry of the Universe in G and solve the Einstein equation to

find the contents of the Universe.

Both of these approaches are required to extract from the cosmological principle, the

concordance cosmology of ΛCDM. We shall discuss this in Section 1.3. Meanwhile we

shall see in the next section that GR is the simplest of a large family of gravitation

theories. It is this family of theories which also fulfil Einstein’s aim of reconciling

Newtonian gravity with the postulates of special relativity. It is the aim of this thesis

to demonstrate that one can distinguish GR from MG.

1.2 Beyond GR

Contrary to what one might naively expect, there are only a finite number of extensions

to GR. In this section we first outline Lovelock’s theorem, which states that the theory

of GR is in some sense the simplest possible. This provides a set of conditions which

must be broken by an MG theory. Next we categorise a selection of MG theories into

families depending upon which condition they violate. Then we attempt a general

definition of a theory of MG (in comparison to a GR cosmology with dark energy).

Finally, we discuss the status of GR as a quantum theory.

1.2.1 Lovelock’s theorem

Lovelock’s theorem acts as an important guide for the development of MG theories. It

asserts that GR is the only gravitational theorem to fulfil a certain series of conditions.

Theorem 1.2 (Lovelock’s Theorem [171, 172]). The most general Lagrangian density

of the form L (gαβ, ∂gαβ, ∂∂gαβ) which satisfies the following conditions:

1. The Euler-Lagrange equations are rank-(0, 2) tensor equations;

2. They are symmetric under exchange of indices;

3. They are divergence-free;

4. They are second order in derivatives of the metric;

5. The equations are local;
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6. The spacetime manifold has four dimensions.

is given by

L =
√
g
[
aR + bεµνρλRαβ

µνRαβρλ + c
(
R2 − 4Rµ

νR
ν
µ +Rµν

ρλR
ρλ
µν

)
+ d
]

for real constants a, b, c, d.

To reproduce the Einstein-Hilbert action, we set a = 1 and d = −2Λ: the values of b

and c are unimportant because neither the second nor the third term in Theorem 1.2

contribute to the Euler-Lagrange equations.

An important corollary of Lovelock’s Theorem is the limitation it places upon the

possible modifications to general relativity, which must retain the essential properties

of the GR field equations. Namely, if one wishes to have rank-(2, 0), divergence-free field

equations, while retaining the existing symmetry of indices and a torsion-free manifold,

then there are only four possible modifications to GR [70]:

1. Add derivatives of g above second order in the field equations;

2. Supplement or replace the metric tensor g with other fields;

3. Increase the dimensionality of space-time;

4. Permit non-local field equations;

or any combination thereof. This separates extended gravity theories into various fam-

ilies depending upon their relaxation of constraints on the field equations. However, a

more pragmatic approach is to base the familial divisions upon the dynamical effects

of modified gravity, e.g. the presence of extra fields in T, or the ability of a theory to

evade observational constraints. In this thesis, we concentrate on MG theories which

naturally evade local (Solar System) constraints and can be represented by the addi-

tion of a scalar field coupled to matter to the stress-energy tensor, and each of which

exhibits a different relaxation of Lovelock-related constraints. Such theories are termed

screened modified gravity.

1.2.2 Examples of MG theories

This section provides a brief survey of currently viable MG theories. We categorise them

according to Lovelock’s theorem and explain potential problems with each violation. A

selection of theories is presented in graphical form in Fig. 1.1. In Chapter 2 we will delve

into the three MG theories used in this thesis: namely f(R), Dvali-Gabadadze-Porrati

(DGP) and Symmetron models.
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Figure 1.1: Schematic of the relations between a selection of extended gravity theories. Re-
produced from [16] with permission.

1.2.2.1 Higher derivative theories

Higher derivative theories add extra spatial or temporal derivatives of order 3 or greater

to the field equations. There are tight constraints on higher-order temporal derivatives

due to Ostrogradski’s theorem which places conditions on the Lagrangian to ensure

that it is energetically stable. Adding higher order spatial derivatives violates Lorentz

invariance, so we neglect these theories here.

Ostrogradski’s theorem shows that new degrees of freedom without constraint relations

run away to infinitely high energies [151]. Adding higher-order derivatives to a La-

grangian leads to a set of Euler-Lagrange equations with higher order, requiring more

initial conditions to specify a solution. The corresponding Hamiltonian has extra canon-

ical momenta, i.e. more degrees of freedom [151]. The Hamiltonian will be linear in

these additional momenta, so there are no multiplications by other variables to limit

the magnitude of these terms. Consequently, if a different mode is excited to infinitely

high energy, the mode whose momentum appears linearly in the Hamiltonian can com-

pensate without bound. This results in different modes running to infinite (but equal

and opposite) energy states: a ghost phenomenon. This effect becomes worse with

increasing derivative order because runaway is more entropically favoured. The general

result of Ostrogradski’s theorem is that a (non-degenerate) Lagrangian containing N -th
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order derivatives of q requires (N − 1) constraints for the (N − 1) terms linear in p in

its Hamiltonian if it is to avoid catastrophic energy instabilities [16]. Thus we see that

it is difficult to build stable higher-derivative theories of gravity.

An example which does avoid the pitfalls of Ostrogradski’s theorem is the class of

f(R, T ,G) gravities. Of these, f(R) is the most widely studied: it is this theory which

is a focal point of this thesis, which we discuss in Chapter 2.

1.2.2.2 Additional degrees of freedom

A large class of MG theories is constructed by adding new scalar, vector or tensor

fields to the gravitational action. If these fields are minimally coupled to the metric

then they can be moved from the left to the right hand side of the Einstein equation

and become an effective form of dark energy. If they are non-minimally space coupled

to the metric then they introduce new kinetic terms into the action and the resulting

terms and coupling constants can be tuned to agree with observations. This does not

result in fine-tuning if one can find a physically motivated rationale for the values of

the additional terms.

The traditional effective field theory approach of particle physics cannot be used in

this context. This involves composing a Lagrangian from all possible terms in a power

series in E/M , where in our case E/M equals H0/MPl [16]. We see that at late times

every term is hugely suppressed: in fact the only terms which survive are the usual

Einstein-Hilbert term, a kinetic term for the scalar field and the scalar field potential.

Thus we are faced with the same fine tuning as the new cosmological constant problem

(discussed in Section 1.4.1).

Extra fields also risk the creation of ghosts, which are fields with the non-canonical

sign in the kinetic term. These arise from adding extra fields with even spin (i.e.

scalars or tensors), which have energy eigenvalues which are negative [70]. Since its

energy is unbounded from below, the ghost particle—if coupled to non-ghost fields—

can transfer its negative energy to physical particles (e.g. in quantum production of

ghost–non-ghost pairs in vacuo). In order to “exorcise” the ghost, it must be either

prevented from contributing a (potentially infinite) negative term to the Hamiltonian

via [16]:

1. including constraints which bound ghost terms from below

2. coupling to matter above a cut-off energy scale (usually MPl)

3. not coupling to matter (or other non-ghost fields)
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Accordingly, some ghost fields can be included provided that the Hamiltonian remains

positive below the cutoff scale.

If we limit ourselves to purely scalar fields, then the most general Lagrangian was found

by Horndeski (although more general forms have since been discovered, with third-order

time derivatives in their equations of motion) [151]:

L = Σ5
i=2αi

(i)L where φµ ≡ ∇µφ and φµν ≡ ∇ν∇µφ (1.8a)

(2)L = G2(φ,X) (1.8b)

(3)L = G3(φ,X)���φ (1.8c)

(4)L = G4(φ,X)R− 2∂XG4(φ,X)
[
���φ2 − φµνφµν

]
(1.8d)

(5)L = G5(φ,X)Gµνφ
µν +

1

3
∂XG5(φ,X)

[
���φ3 − 3 (���φ)φµνφµν + 2φµνφµσφ

σ
ν

]
(1.8e)

This unifies a variety of sub-models for different choices of the free functions Gi. The

simplest of these is the cubic Galileon models, which we shall discuss in Chapter 2.

1.2.2.3 Additional dimensions

It is possible to formulate the field equations in manifolds which are not 4-dimensional.

Manifolds with N ≤ 3 dimensions are immediately ruled out, not only by trivial obser-

vation, but also by the degrees of freedom of the Riemann tensor. In theories with extra

temporal dimensions, closed time-like curves can generate paradoxes and problems with

causality [70]. We do not discuss them here. In theories with extra spatial dimensions

N ≥ 4 the Newtonian potential due to a point source 1/rN−3 is unstable [70]. Therefore

these theories are only plausible if the extra dimensions do not manifest on local scales

(otherwise we would have evidence from, e.g. unstable planetary orbits). There are

three possibilities:

• promoting surface terms to volume terms in the generalised Einstein-Hilbert ac-

tion

• adding compacted spatial dimensions

• adding extended spatial dimensions

and we discuss each in turn. A schematic summary is shown in Fig. 1.2.

Gauss-Bonnet cosmologies make use of the two terms in Lovelock’s action Theorem 1.2

which only appear as surface terms in 4 dimensions [16]. In N > 4 dimensions these

terms do propagate to the Euler-Lagrange equations. A corollary of Lovelock’s theorem

is that in D dimensions, there are D/2 unique Lagrangian densities which permit both
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Figure 1.2: The structure of extra-dimensional MG theories. Additional dimensions are either
large, i.e. they form a bulk whose surface boundary is the standard (3 + 1)-dimensional
manifold, or they form compact dimensions which have effects only on quantum scales. The
additional dimensions can be spatial or temporal, and may be “parallel” or “perpendicular”
to the brane. Reproduced from [14].

energy conservation and second-order field equations [63]. For a general manifold M
with N = 2k or N = 2k + 1 dimensions, one obtains the action:

SGauss−Bonnet =

∫
M
akLk (1.9a)

Lk =
k∧
i=1

RAiBi ∧ xA1B1...AkBk (1.9b)

RA
B = RA

BCDx
C ∧ xD (1.9c)

where RA
BCD is the Riemann tensor and xD is the basis. For k = 0 the only term

is a constant, which can be set to −2Λ; for k = 2 we obtain the Ricci scalar R;

for k = 3 the Gauss-Bonnet term appears (the third term in Theorem 1.2) etc. . Of

particular interest is the case of N = 5, 6, termed Einstein-Gauss-Bonnet gravity, where

the resulting equations are precisely those of GR with an additional tensor term [16]:
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SD =
1

16πGD

∫
dDx
√−g (R− 2Λ + αG) + SM action (1.10a)

TAB =
1

8πGD

[GAB + ΛgAB + αHAB] field equation (1.10b)

HAB =

[
2
(
RRAB +RACDER

C
B
DE
)

− 4
(
RACR

C
B +RABCDR

CD
)]− 1

2
αGgAB Lovelock tensor (1.10c)

where gAB, GAB, TAB, RAB, RA
BCD have their usual meanings but are now over D

dimensions, GD is the D-dimensional Newton’s constant, G is the Gauss-Bonnet scalar

and α is a constant (usually positive). Einstein-Gauss-Bonnet gravity can be interpreted

as a string-theory-like generalisation of GR [70].

Kaluza-Klein theories posit that of the N = 3 + d spatial dimensions, only 3 grew to

become large, while the other d remained microscopically small. Kaluza noticed that

pure 5D gravity can reproduce the Einstein-Maxwell Lagrangian of gravity plus electro-

magnetism in 4D [41], albeit with certain unpleasant geometric properties. Extensions

to this theory remain popular due to the necessity of extra, compact dimensions to

properly formulate certain quantum gravity theories such as M -theory and string the-

ory. In the usual (3 + 1) boundary, the cutoff energy scale is MPl ≈ 1019GeV, with

associated length scale lPl ≈ 10−35m. However, in the bulk, the cutoff is Ms, related to

the Planck mass by [14]:

M2
Pl =

1

g2
s

(4+d)M2+N
s

(1)R⊥ · · · (d)R⊥ (1.11)

where gs is the string coupling constant and we have added d compact dimensions with

characteristic radii (d)R⊥. Provided that (d)R⊥ � lPl, the new cutoff is Ms � MPl, so

we expect gravity to weaken (compared to the other fundamental forces). The effect

of gravity leaking into the bulk manifests on the brane only on scales shorter than R⊥.

Theories with compact additional dimensions are testable both using cosmology and

using high-energy collider experiments, which makes them easier to constrain.

Brane cosmologies propagate gravity in all N = 4+d dimensions, but limit the Standard

Model to interactions on the (3 + 1) boundary. This aims to explain why gravity is

so much weaker than the other three fundamental forces: its intensity is reduced by

having to propagate into the additional dimensions of the bulk. The usual route is to

embed the manifold with FLRW metric (Section 1.3.1) in a higher-dimensional space

with Minkowski metric (thus empty by definition) [70]. Then the complete action has
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both a bulk term and a brane term [14]:

SEH =

[
(d)M2+N

∫
M d 4x d dy

√
(d)g(d)R

+ (4)M2
Pl

∫
∂M d 4x

√
(4)g(4)R

]
where (4)M2

Pl = rNc
(d)M2+N (1.12)

The Planck masses in the bulk and the brane are related by a characteristic radius rc, so

that on large scales we see the effects of the bulk, but not below them. Theories such as

DGP and RS models produce cosmologically testable deviations from ΛCDM. However

(by definition!) it is only possible to test these theories via gravitational means.

In Chapter 2 we shall examine the 5D braneworld cosmology of DGP in more de-

tail.

1.2.3 Modified gravity vs dark energy

In closing, we make the distinction between a theory of MG and a theory of DE. There

are several competing definitions, amongst which are:

1. [16] The extra fields (or effective fields from geometric terms) in MG theory do

couple non-minimally to matter fields, whereas in a DE theory the coupling is

minimal.

2. [127] A DE theory does not violate the strong equivalence principle, whereas an

MG theory does.

It should be noted that there is some degeneracy between the two definitions. Many

types of MG theory can be effectively described by the addition of extra DE fields,

simply because one can always move additional terms from the left to the right hand

side of the Einstein equation and vice-versa. This is explored in more detail in Chapter 2

.

1.2.4 Progress towards a quantum theory of GR

We briefly mention the lack of a fully quantum understanding of GR and how this

affects the development of MG theories.
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1.3 Cosmology in GR

GR provided the first quantitative framework to challenge the Newtonian cosmology

of a static, infinite universe. In this section we shall see how GR leads to the ΛCDM

cosmology which is our current “best-fit” description of the Universe to date. First

we will summarise how the cosmological principle leads to the FLRW metric and the

expansion history of the Universe. Then we shall use cosmological perturbation theory

to approximate the Universe on linear scales. On non-linear scales the Universe can be

approximated by a halo model which is a cornerstone of this thesis. Finally we shall

illustrate how observational evidence on all of these scales leads to ΛCDM.

1.3.1 The FLRW metric

Application of GR to the cosmological principle results in the FLRW metric, which

describes the spacetime of the Universe on the largest scales. The cosmological principle

Definition 1.3 is an axiom which needs to be verified by observations.

Definition 1.3 (Cosmological Principle [221]). The Cosmological Principle consists of

three statements:

1. (Statistical Isotropy) Apart from anisotropies of local origin, the distribution

of light in the Universe is statistically isotropic.

2. (Statistical Homogeneity) The spatial distribution of matter in the Universe

is statistically homogeneous on scales larger than a certain homogeneity scale.

3. (Cosmological Principle) All physical quantities measured by a co-moving ob-

server are spatially homogeneous and isotropic.

The first can be verified by examination of the isotropy of the CMB, while the second

can be inferred from the CMB weak lensing map or from large galaxy surveys such

as BOSS (we discuss cosmological probes in Section 1.3.4). If we assume that we are

typical observers, i.e. that our observations of isotropy and homogeneity are not a result

of some privileged location, then the third statement follows.

If we assume the validity of the cosmological principle, then we must treat spacetime as

a foliation of maximally symmetric 3-surfaces orthogonal to a time like dimension. This

ensures that each hypersurface is both homogeneous and isotropic. The metric which
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admits this geometry is known as the FLRW metric. Its line element is [118]:

d s2 = a2(η)

[
− d η2 +

d r2

1− kr2
+ r2

(
d θ2 + sin2 θ dφ2

)]
(1.13)

We have introduced the scale factor a, the conformal time co-ordinate η and the metric

of the 3-surface (determined by the value of k). Although in theory this may be any of

the spherical (k = +1), Euclidean (k = 0) or hyperbolic (k = −1) 3-surfaces, observa-

tions show that the Universe is flat to a higher degree of certainty [200]. Therefore we

assume flatness for the remainder of this thesis.

As we have already seen in Section 1.1, by specifying the metric, we can use Einstein’s

equation to infer the contents of the Universe. The diagonality of G demands that T

consists only of perfect fluids.

Definition 1.4 (Perfect fluid). A perfect fluid is a fluid which lacks particle-particle

interactions, viscosity and heat conduction, [118, 223] i.e.:

Tαβ = diag
(
(ρ+ p)uαuβ + pgαβ

)
(1.14)

This is equivalent to the requirement that a perfect fluid is isotropic in its rest frame.

Therefore we have shown that the assumption of the cosmological principle dictates

that the Universe can be approximated by a perfect fluid in a time-varying Euclidean

geometry.

The background evolution of the Universe is determined by the Friedmann equations.

Due to isotropy, the only non-trivial terms of the Einstein equation and the energy-

momentum balance equation become [41, 118, 223]:

Definition 1.5 (Friedmann equations). The conformal Hubble factor H ≡ ∂ηa/a and

its conformal time derivative H
′

= ∂ηH are related to the scale factor a, total energy

density ρ and energy pressure p = wρ of the Universe via:

∂0ρ

ρ
= −3(1 + w)

∂0a
a

(
∇αT

α0 = 0
)

(1.15a)

H2 =
κ

3
ρ

(
G00 = T 00

)
(1.15b)

H ′ =
−κ
6
ρa2 (1 + 3w)

(
Gii = T ii

)
(1.15c)

These equations encapsulate the constituents and evolution of the FLRW universe.
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1.3.2 The metric on linear scales

It is clear that the cosmological principle cannot be valid on all scales in the Uni-

verse. However, we may treat it as a zeroth-order approximation to the full relativistic

description. Based upon the work of the previous section, we will now apply linear per-

turbations to both the metric and the perfect fluid description of the Universe.

Rearranging the energy-momentum balance equation ∇αT
αβ = ∇αG

αβ = 0 gives the

relativistic Euler equation:

u̇β = −µ−1 {uβ (µ̇+ µθ) +∇α (µπαβ) + ∂βp} (1.16)

and via the relations u̇βu
β = 0 and uβu

β = −1 we contract to obtain µ̇ = ρ̇+ ṗ whence

arises the relativistic continuity equation:

ρ̇ = −µ
(
θ + uβ∇απαβ

)
(1.17)

We have introduced µ ≡ ρ + p and the velocity four-divergence θ ≡ ∇αu
α in these

equations. Now we shall use these equations in addition to the Einstein equation to

derive the equivalents to the Friedmann equations at linear order.

Even on linear scales, we can simplify the stress-energy tensor. For simplicity, we

choose a reference frame such that u is the kinematical four-velocity of the fluid and

assume that the kinematical and dynamical four-velocities are equal. Then q vanishes,

equivalent to an adiabatic process [97]. Furthermore we can neglect adiabatic stress, so

πππ vanishes also. Then Eq. (A.10) simplifies to:

Tαβ = µuαuβ + pgαβ (1.18)

On linear scales, the scalar, vector and tensor terms decouple (because terms can be

at most linear in the perturbations). Hence we can restrict ourselves to scalar pertur-

bations. Then we can define the overdensity δ and the velocity perturbation vi as the

linearised components of:

ρ = ρ (1 + δ) and uαuα = −1 (1.19)

By convention we define the perturbations on R3, not on the actual manifold, so that

their indices can be raised and lowered without taking into account deviations from

Euclidean geometry [180]. This has the disadvantage that they do not transform as

tensors. Fortunately, in GR we obtain only one extra degree of freedom,—the metric

potential Φ; equivalently the density perturbation δ—because all the other perturba-

tions vanish [29].
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Now we turn to the equations governing the evolution of perturbations. After substan-

tial algebra, Eqs. (1.5), (1.16) and (1.17) become [29]:

∇2Φ = 4πGNa
2ρ∆ (1.20a)

Φ′′ + 3HΦ′ +
(
2H ′ +H2

)
Φ = 4πGNa

2wδ (1.20b)

(1 + w)
[
3Φ′′ + 3H (1− 3w) Φ′ +∇2Φ

]
= δ′′ +H (1− 3w) δ′ − w∇2δ (1.20c)

Since we are only concerned with matter perturbations (i.e. we neglect radiation and

assume that the cosmological constant does not clump), then we need not sum over

all types of matter and can instead set w = 0. Then we need only find solutions to

the evolution of the gravitational potential Φ, which can be substituted to find the

evolution of dark matter.

In Section 1.3 we shall turn to observations in order to characterise the contents of the

Universe and to determine at what (physical) scales our perturbative approach breaks

down. Beyond these scales, we shall rely on the halo model to describe non-linear

structure formation. We describe this in the next section.

1.3.3 GR on non-linear scales

The dynamics of structure formation on non-linear scales cannot be effectively treated

by extending perturbation theory beyond second order. Instead, we use the halo model

to describe the non-linear collapse of density perturbations into LSS. Locally, we can

describe the collapse of an individual over density as a top-hat in real space surrounded

by an empty FLRW Universe. As we have seen, Birkhoff’s theorem is not valid in some

theories of MG so this approach is not always possible. [70]

The halo model aims to predict the statistics of the dark matter halo distribution

without following the complex dynamics of the formation of the individual halos. Under

the assumption that at early times, the density fluctuations in the Universe follow a

Gaussian random field, we can use the initial power spectrum to completely describe the

overdensity field. Subsequently, the Euler and continuity equations describe the (non-

linear) evolution of the density field, which introduces additional correlations. In order

to compute the statistics of the virialised haloes at late times, we require [73]:

1. The growing mode G(z) to the linear density perturbation equations:

G(z) =
H(z)

H0

∫ 0

z

d z(1 + z)

[
H0

H(z)

]3

(1.21)

2. A window function W (kR) to relate the power spectrum to the halo mass M via
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the fluctuation variance σ =
√
S:

S(M) ≡ 1

2π2

∫ ∞
0

dk k2 P (k, z = 0) |W (kR)|2. (1.22)

3. The transfer function (numerically computed) relating the linear power spectrum

at primordial times to its value after matter-radiation equality.

It remains to relate the statistical behaviour of the density field to the non-linear collapse

of a single halo. The collapse is given by a non-linear ODE, which we study in Chapters 5

and 6. The relation is given by the excursion set theorem, which we examine in detail

in Chapter 5. In summary, we can relate the fraction of collapsed haloes above a certain

mass F (> M) to the fraction of Markovian trajectories exceeding a critical density δc at

resolution S. The analytical solution to this problem is the well-known Press-Schechter

mass function [202]:

F (> M) = 2

∫ ∞
δc

P (δ(S)) dδ = erfc

(
νh√

2

)
where νh ≡ δc/

√
S (1.23)

Nowadays the appropriate functional forms are computed numerically. The accuracy

of this model can be tested by comparison to N -body simulations.

The statistics of the large-scale distribution of the matter density field can also be

derived from this very simple picture. If the halo density profile is indeed universal

(e.g. the Navarro-Frenk-White profile of [185, 186]) then our halo model (designed

for the linear regime) can also provide the statistics of the matter density field on

non-linear scales (for collapsed structures). Consequently, we have a prediction for the

number density of halos of a given mass without following the complex dynamics of the

formation of the individual halos.

Moreover, the baryonic density field can be extrapolated from the halo model. Based

upon the formalism of Rees and White [253], different types of galaxies are produced

by the potentials of different dark matter haloes, ensuring a correlation between the

(detectable) galaxy population and the underlying dark matter halo distribution. These

semi-analytic models become especially important when considering the bias between

the galaxy and dark matter distributions.

In Chapter 6 we shall go beyond the simple halo model to study the geometry of

partially- and fully-collapsed structures in LSS. This replaces the model of a distribution

of universal dark matter haloes with baryonic cores as the only objects in an otherwise

homogeneous Universe. Instead, considering the density, prolateness and ellipticity of

Gaussian density fluctuations leads to a cosmic web. We can classify structures in the

LSS according to the number of axes along which they have collapsed. This permits an
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analytic treatment of the rich landscape of non-linear structures in the Universe.

1.3.4 Observational evidence for ΛCDM

This section summarises the major observational tool which we can use to discern both

the dynamics and the contents of the Universe. Cosmological probes can be divided

into early Universe and late Universe types. Each probe produces (often degenerate)

constraints on a subset of the cosmological parameters of ΛCDM. First we list the main

sources of cosmological data. We shall expand upon these in Section 1.4 when they are

applied to MG rather than ΛCDM. Then we describe the evidence at zeroth order for

both ingredients of the ΛCDM model. Next we show that at first order there is no

evidence for any additional constituents. Finally we summarise the success of ΛCDM,

which must be preserved by an observationally-viable MG theory.

At early times, cosmology is tested using the cosmic microwave background. The Planck

2015 results [200] agree with the predictions of concordance cosmology (i.e. 6-parameter,

best-fit ΛCDM) temperature and E-mode polarisation (TT , TE and EE spectra); the

lensing power spectrum (to 2.5%); flatness (Ωk = 5 × 10−3 at 95% confidence); and

the number of relativistic particle species (Neff = 3.046 to 10%). Moreover, the Planck

2013 results [4] were self-consistent (between lensing and the power spectrum) and

both the 2013 and 2015 primordial power spectra favour the purely adiabatic, tilted,

otherwise-featureless spectrum predicted by the concordance cosmology (more precisely,

r < 0.11 at 95% confidence is consistent with the r = 0.0 prediction). Thus we have

no compelling evidence for a modification to our currently-accepted cosmology at early

times.

At late times, a variety of probes exist: baryon acoustic oscillations (BAO; [84]), large-

scale structure (LSS, [80, 208]), redshift-space distortions ([130, 176]), Type Ia super-

novae [8, 210, 233], weak lensing [138, 154]. So far ΛCDM has passed individual tests

provided by observations of LSS, with anomalies limited to . 2 − 2.5σ [55]. Thus at

late times there is little to suggest tension between theory and observation.

What do these observations tell us about the geometry of the Universe? Recall that at

zeroth order, this is described by the Friedmann equations Definition 1.5. For cosmo-

logical purposes, it is useful to re-express the first Friedmann equation as:

1 = Ωm0 + ΩΛ0 + Ωk0 where Ωi0 ≡
ρi(z = 0)

ρcrit,0

=
ρi0

3H0/8πGN

(1.24)

This equation constrains the (present-day) proportions of each component of the perfect

fluid. The second and third Friedmann equations (Definition 1.5) dictate how the (time-
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varying) energy density of each component affects the expansion history of the Universe.

Having discarded negligible contributions from neutrinos, radiation, and baryons, the

SCDM model contains only a geometric (Ωk0) and a dark matter (Ωm0) component.

Peebles was the first to show that the SCDM model plus the flatness constraint from

inflation was incompatible with data, instead proposing Ωm0 = 0.2 ± 0.1 [195]. Over

the next decade a variety of observations showed that inflation plus a flat SCDM model

could not describe the expansion of the Universe [55]. However, it was not until the

SNe observations of [196, 210] that the Friedmann equations derived from observations

ruled out competing theories such as an open CDM cosmology that ΛCDM became

experimentally favoured.

On scales smaller than the homogeneity scale we can compare the predictions of pertur-

bation theory from the previous section with the observations of large scale structure.

These are provided by galaxy surveys such as [81, 111, 212, 213] which map the distri-

bution of visible matter in the Universe; from redshift-space distortions, which measure

local tidal affects; from galaxy lensing surveys, which measure the distribution of dark

matter. Recently, these have been supplemented by the first lensing results of the CMB

by LSS [200]. These observations have two main caveats. Firstly they operate on a

wide variety of scales, from linear scales & 30Mpc to the non-linear regime . 1Mpc [55].

Secondly, the bias which relates the distribution of luminous matter to the underlying

structure of dark matter cannot be predicted from theory. Therefore predictions from

cosmological perturbation theory can only be reliably tested on scales where both the

matter perturbations and the galaxy bias are linear.

It would seem that ΛCDM manages to predict much of the cosmological properties

which we infer from observations. We shall discuss the failures of the ΛCDM model,

and plausible alternatives to it in the next section.

1.4 Cosmology in MG

There are three possible viewpoints which encourage modifications to GR. First there

are theoretical considerations which disfavour the existence of the Λ in ΛCDM which

are collectively known as the cosmological constant problem. Second, there are obser-

vational inconsistencies between the various cosmological probes used to justify ΛCDM.

Third (provided we do not subscribe to Occam’s Razor) we have no a priori reason to

discard a theory until it has been ruled out either from theoretical considerations or

by observational evidence. In Section 1.4.1 we illustrate the motivation for MG theo-

ries. In Section 1.4.2 we expand upon the cosmological probes discussed in the previous

section in the context of testing MG. The next three sections are devoted to the three
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main methods of generating predictions from MG theories: analytic, the quasi-static

approximation and N -body codes.

1.4.1 Motivation for MG

If ΛCDM is to provide an accurate description of our Universe, then it must be self-

consistent on all scales and at all times. There is some observational evidence that the

latest cosmological probes are in tension with one another. Although this problem may

be resolved with a better understanding of baryonic physics, we cannot rule out the

alternative that we need to change our underlying theory of gravity.

Although ΛCDM has produced predictions which are compatible observations from a

wide array of cosmological probes, the best-fit ΛCDM parameters do not necessarily

agree between surveys. While the Planck measurements agree well with the expansion

history derived from the BAO scale [81, 212, 213], the linear scale clustering signal, and

the matter power spectrum [11, 208], tension arises from a variety of other sources. In

particular, Planck 2015 favours a higher σ8 value compared to weak lensing and cluster

number counts; the σ8 − Ωm plane exhibits tension with CFHTLens and the value of

fσ8 with that from RSDs to ∼ 1.9σ. Additionally, the value of H0 disagrees with that

from Lyman-α BAO measurements at 2.5σ [84]. We require larger surveys (Table 1.6;

so-called “Stage-IV” experiments e.g. Euclid, BigBOSS) to clarify whether these dis-

crepancies are serious enough to cast doubt over ΛCDM as our best-fit cosmology. In

the long run, for ΛCDM to be a viable cosmology, different tests need to give consistent

results, and the source of the present discrepancy is unknown.

Given that GR is theoretically motivated, it is important to consider objections which

derive from either thought experiments or the Standard Model of high energy physics.

Collectively, these suggest that the simplicity of the cosmological constant, despite its

initial appeal, is in fact a serious flaw. The three parts of the cosmological constant

problem (CCP) are:

1. The “old” naturalness problem (that Λ ≈ 0),

2. The “new” dark energy problem (that Λ 6= 0),

3. The “coincidence” problem (that ΩΛ0 ∼ Ωm0).

We will treat the first two simultaneously. This fine-tuning problem can be illustrated

as follows. Recall that the left hand side of the Einstein equation admits a geometric

cosmological constant term, while the right hand side admits a perfect fluid with w =

−1. If we model this perfect fluid as the quantum energy density of the vacuum, then
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[58]:

ρΛ =
Λenergy

8πGN/c2
∼M4

Pl ≈
(
1018GeV

)4
(1.25)

The difference between the geometric Λ and the energy Λ corresponds to the effective

Λ which is that referred to in ΛCDM [58]:

ρΛ = ρcrit,0 (1− Ωm0) ≈ 0.7
3H2

0

8πGN/c2
≈
(
10−12GeV

)4
(1.26)

Thus we see that the geometric term and the energy term cancel each other out to

over 120 orders of magnitude, yet leave a non-zero residual. We cannot explain this fine

tuning problem because the geometric term from GR should be completely independent

of the vacuum energy from QFT.

The coincidence problem asserts that the value of the effective Λ is also at odds with

the cosmological principle. The temporal corollary of the cosmological principle Defi-

nition 1.3 is that we cannot be privileged observers alive at some special epoch of the

Universe. However, we have seen in the second Friedmann equation Definition 1.5 that

the time during which the energy densities of matter and Λ are equal, corresponds to

a very short period of the Universe. Just as we can apply a different cut-off energy

scale to lessen the severity of the new CCP we can appeal to the anthropic principle to

mediate the coincidence CCP. As we have already seen this only reduces the problem

rather than removing it altogether. The very simplicity of Λ which makes it appeal-

ing means that we struggle to find physically motivated explanations for its observed

behaviour.

We are left with two choices: replacing either Λ by a more complex form of dark energy

or GR with a more complex description of gravity. In the next section we shall outline

the observational techniques which allow us to distinguish both of these options from

ΛCDM.

1.4.2 Observational tests of MG

There are five key tools for testing gravity, all of which operate on different scales.

We address each one separately in this section: the CMB in Section 1.4.2.1, BAO

in Section 1.4.2.2, redshift-space distortions in Section 1.4.2.3, gravitational lensing in

Section 1.4.2.4 and supernovae in Section 1.4.2.5. Because each of these probes tests

a subset of the cosmological parameters, they must often be used in conjunction with

one another in order to break the degeneracy between parameters.
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Figure 1.3: The Planck 2015 TT power spectrum, plotted as D` = `(`+ 1)C`/(2π) compared
with the ΛCDM fit (red). Reproduced from [200]

1.4.2.1 The cosmic microwave background

The cosmic microwave background is a measure of the temperature (and now polari-

sation) fluctuations of photons emitted at the surface of last scattering. From this we

can infer early-time modifications to gravity, zeroth order modifications via the expan-

sion history and first order modifications via the potential wells of large scale structure.

There is also a further possibility, namely gravitational lensing of the CMB but we defer

this to Section 1.4.2.4.

MG theories which produce early time modifications can only be ruled out by the

power spectrum of the CMB. The successful predictions of the temperature power

spectrum (Fig. 1.3) using only thermodynamics, the standard model, cold dark matter

and GR motivates most MG theories to reduce to GR at redshifts of z < 1 000 [16].

Some MG theories which do not produce this behaviour, e.g. the cubic Galileon model

have already been ruled out in this manner [28]. However the ease with which GR

reproduces the CMB power spectra does not imply that all MG theories with early

time modification should be ruled out a priori.

There are three stages in relating the CMB power spectrum produced by a given cos-

mology to the anisotropies observed on the sky [16].
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Figure 1.4: Constraints in the Ωm0-ΩΛ plane from SNe data (1, 2, 3− σ contours), combined
with values allowed by CMB data from WMAP (dots). Each value is colour-coded according
to the value of H0 (top), so that the straight line indicates the geometric degeneracy between
H0 and ΩK = 1− Ωm0 − ωΛ. Reproduced from [191].

1. Numerical solution of the coupled system of linearised Einstein equations, conti-

nuity and Euler equations for matter and the Boltzmann equations for photons

and neutrinos.

2. Given the solution for the photon multiple moments at the redshifts of last scat-

tering, calculation of how they are propagated to zero redshift.

3. Conversion of the photon temperatures into observable quantities.

The second stage of this process imparts information about the cosmological parameters.

Late-time modifications produce anisotropies via the Sachs-Wolfe effect, the integrated

Sachs-Wolfe effect (ISW) and the (thermal and kinetic) Sunyaev-Zel’dovich effect [127].

The probe of most interest in MG is the ISW, which is caused by the change in energy

of the CMB photons as they traverse the evolving potential wells formed by LSS. If the

potential wells were static over the photon-crossing time, then the blueshift from enter-

ing the potential well and the redshift from exiting it would precisely cancel. However,

the clusters become more compact (and voids expand) and the potential wells deepen

while the photons are still inside, so there is a net blueshift (or redshift) at the angular

scales corresponding to large-scale over- (or under-)densities [16]. Quantitatively, this

effect manifests in the temperature fluctuations as [228]:

∆T

T
= −

∫
d η [Ψ′ + Φ′] (1.27)

(where a prime is differentiation with respect to conformal time). In the matter-
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dominated regime of GR, the two potentials are equal, whereas in MG they are ex-

pected to differ. Unfortunately, the ISW effect is largest on large scales where we can

make a limited number of independent measurements of the CMB angular power spec-

trum, so cosmic variance limits the constraints we can place on MG theories using this

technique.

As is clear from Fig. 1.4, the CMB alone neither provides evidence neither for nor

against ΛCDM. This is the geometric degeneracy: that the CMB provides constraint

contours in the Ωm0 − ΩΛ plane but not between H0 and ΩK . It is only when we use

additional cosmological probes that we rule out an open Universe without a cosmological

constant.

1.4.2.2 Baryon acoustic oscillations

The Baryon Acoustic Oscillations (BAO) form a spectrum of standard cosmological

rulers. Just as the first peak of the CMB represents the horizon scale at the time

of photon-electron decoupling so does the first BAO peak measure the horizon scale

at the time of baryon-photon decoupling [16]. Since we understand the physics which

contribute to the physical size of the BAO upon creation, the angular size of this feature

upon observation tells us the angular diameter distance to the peak. This allows us to

infer the density budget of the stress-energy tensor.

The BAO was generated by the decoupling of electrons, photons and baryons during

the era of recombination. Prior to recombination, all three species formed a plasma, in

which electrons were coupled to photons via Compton scattering and to baryons via the

Coulomb interaction [16]. While neutral atoms were formed from free electrons and ions,

the Hubble expansion rate exceeded the Compton scattering rate, which caused photons

to be causally decoupled from electrons. Subsequently, the high energy distribution of

photons decreased so that electrons were also decoupled from protons. During this drag

epoch at zdrag, photons also decoupled from baryons because they were only linked via

electrons. At this time of decoupling, the characteristic scale of fluctuations rs(zdrag)

in the now non-existent plasma became imprinted on the distribution of baryons. In

the late Universe this corresponds to an imprint on the distribution of galaxies which

can be detected as an enhancement to the galaxy power spectrum [127]. The scale at

which this enhancement occurs is known as the BAO scale.

Measurement of the BAO scale provides independent constraints on the angular diame-

ter distance (Eq. (1.28a)) and the Hubble factor at the redshift of the drag epoch. This

arises from the potential to measure the BAO feature in both radial (Eq. (1.28c)) and
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transverse (Eq. (1.28b)) directions [16, 120]:

dA(z) =
c

H0(1 + z)

∫ z

0

d z
1√

Ωm0(1 + z)3 + Ωk0(1 + z)2 + ΩΛ0

(1.28a)

θBAO(z) = rs(zdrag)
1

(1 + z)dA(z)
(1.28b)

δzBAO(z) = rs(zdrag)
H(z)

c
(1.28c)

Recently the BOSS and WiggleZ galaxy surveys found results consistent with ΛCDM

[55]. Despite this, we require surveys which extend to higher redshifts in order to dis-

tinguish ΛCDM from MG (rather than ΛCDM from SCDM). Thus the BAO spectrum

is a useful probe on the equation of state at late times.

1.4.2.3 Redshift-space distortions

Redshift-space distortions are the major probe for testing linear perturbations generated

by MG theories. The growth of large scale structure can be encapsulated by the growth

rate f and its index γ [86]:

f(k, z) ≡ d ∆(k, z)

d ln a(z)
= Ωm(z)γ(k,z) where γGR ≈ 6/11 (1.29)

This is a “smoking gun” for evidence of MG: for in GR the growth rate index is a

constant and the growth rate depends only upon redshift. In contrast, most MG theories

produce a scale-dependent growth rate [16]. For some MG models γ can be reasonably

modelled by a constant which differs from GR ([87] e.g. γ ≈ 0.68 for DGP, γ ≈ 0.4 for

f(R)). Parametrising the growth rate index enables a better distinction to be drawn

between DE cosmologies, which typically have a slowly-evolving γ, whereas MG models

have stronger variation [87]. We need to measure γ to far better than an uncertainty

of 0.1 to distinguish between currently-plausible theories [198].

Measuring the growth rate in practice entails several difficulties. This is because we

can only measure the redshift to luminous galaxies, which do not reflect the underlying

distribution of dark matter. Thus we require a detailed understanding of galaxy bias,

which is further exacerbated by the present need to probe the growth rate on non-linear

scales. (On linear scales, one could use the relation that RSDs measure f/b while the

galaxy auto-correlation function measures ζmassb
2 to eliminate the linear bias b via con-

straining fσ8 [198].) Our aim is to measure the redshift-space galaxy power spectrum,

which (aside from the desired f) also depends upon the velocity field v, normalised

to u ≡ v/(faH), its component and derivative along the line-of-sight (denoted by ||)
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[198]:

P s(k, µ) =

∫
d 3r

(2π)3
exp (−ir · k) 〈exp (−ikµfu(r)) ·[

δ(x) + f∂||u||(r)
] [
δ(x) + f∂||u||(r)

]
〉

(1.30)

using the shorthand f(r) = f(x− x). The redshift-space distortion indicates the de-

viation in this power spectrum from the cosmological redshift obtained purely from

background expansion (i.e. the effect of the local potential). The distortion is caused

by the peculiar velocity of the galaxy during its in-fall to the bottom of the cluster

potential, so it has different effects depending upon the scale under examination. A va-

riety of approximations to Eq. (1.30) exists, which attempt to approximate the kinetic

behaviour of the galaxies which are produced in the “Fingers of God” effect shown in

Fig. 1.5. Briefly, on large scales (of order 10Mpc) the motion of neighbouring galaxies

will be correlated, part of an overall flow towards the bottom of the potential; whereas

on halo scales (∼ 1Mpc) the galaxy motions are randomly dispersed; thus we find in

the correlation function ξ(rp, π) an increased radial dispersion (along π) at small scales

and an increased transverse dispersion (along rs) on larger ones [198].

Observation of the growth rate is currently at a boundary between “trigger” and

“model” surveys. Whereas recent surveys (results shown in Fig. 1.6) can only provide

evidence for ΛCDM at a certain confidence level, upcoming surveys have the potential

to distinguish between the growth rate from competing MG theories [55].

1.4.2.4 Gravitational lensing

Gravitational lensing (GL) provided the first experimental test of GR. It is well known

that Eddington’s solar eclipse measurement of gravitational lensing provided the first

observation capable of distinguishing GR from Newtonian gravity. A century later, GL

provides five different tests of GR [16]:

1. Solar gravitational lensing of the positions of stars during an eclipse;

2. Microlensing of galactic sources, which induce pulsar time delays and temporary

magnification of galactic stars;

3. Lensing of high redshift sources by intervening galaxies;

4. Lensing of galaxy distributions by large scale structure;

5. Lensing of the CMB by large scale structure.
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Figure 1.5: Final measurements of the anisotropic redshift-space correlation function, ξ(rp, π)
at z = 0.5 from the final data of the VIPERS survey. Solid contours correspond to iso-
correlation levels of 0.01, 0.1, 0.25, 0.5, 1 [242].

The first three effects are examples of strong lensing, where the source is magnified by

the gravitational effects of the lens [220]. The last two are examples of weak lensing in

which the effect of the lens is to shear rather than magnify [27]. While the last three

effects are potential cosmological probes, only cosmic shear and CMB lensing have been

observed to date.

Gravitational lensing has the advantage that it probes the stress-energy tensor of the

lens, rather than relying on only the luminous component [220]. If we take the lens to

be the intervening large scale structure between the source and observer, then we can

model this in terms of the co-moving distance throughout the structure and the linear

metric potentials. We have already seen in Section 1.3.2 that at linear-order scalar,

vector and tensor perturbations decouple. Consequently, the scalar potentials can be
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Figure 1.6: Predictions of fσ8 from various gravity theories (lines) compared to data from
recent RSD surveys (points). The thick solid (dashed) curve corresponds to the prediction for
General Relativity in a ΛCDM model with WMAP9 (Planck) parameters, while the remain-
der are DGP (dotted), coupled DE (dot-dashed), and f(R) (dot-dot-dashed) respectively.
Reproduced from [241].

inferred from the TT power spectrum and the galaxy power spectrum, whereas the

vector and tensor perturbations require knowledge of the EE and BB power spectra

of the CMB. (In practice this is difficult.)

In galaxy weak lensing surveys, we use the cosmological principle to extract cosmic

shear from the statistical ellipticity of distant galaxies. Recall that, if we are not privi-

leged observers, then the elliptical galaxies surrounding us must be randomly oriented.

While this is approximately true, the presence of the cosmic web produces an obscuring

factor called intrinsic alignment, which will become increasingly important in future

surveys [220]. Neglecting intrinsic alignment, the lensing transformation between the

true (unobserved; θ) and lensed (observed; β) angular positions is entirely given by the

local potential ψ [27]:

∂β

∂θ
= δij −

∂2Ψ

∂i∂jθ
=

(
1− κ− γ1 −γ2

−γ2 1− κ+ γ1

)
(1.31)

Since we cannot observe the unlensed galaxy we must rely on the aforementioned ran-

domness of the galaxy distribution. Any correlations in the convergence term κ and the
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Figure 1.7: The lensing power spectrum as a function of angular scale from [200], at different
frequencies (shaded) and the minimum variance combination of these (hatched).

complex shear term γ = γ1 + iγ2 must be due to the gravitational potentials ψ ≈ Ψ + Φ

[27]. While some work has been done on measuring cosmic convergence, the bulk of

galaxy weak lensing has been concerned with estimating the shear term. Due to the

statistical uncertainties involved, weak lensing must be much better calibrated before

it is a useful probe of MG.

Analogous to the weak lensing of distant galaxies is that of the CMB. This permits the

CMB to act as a probe of both high redshift and low-redshift regimes. Consequently, the

CMB does not need to be combined with late Universe probes to break the geometric

degeneracy [235]. The three major CMB telescopes—ACT, SPT and Planck—have all

detected CMB lensing. Fig. 1.7 shows the latest results from Planck (2015) for the

lensing power spectrum. Qualitatively the amplitude of the lensing power spectrum is

increased when LSS forms with deeper potential wells. For example, in the presence

of a cosmological constant or a fifth-force structures will grow more slowly and so

the photons of the CMB will travel through shallower potential wells. Comparing the

equation of state of ΛCDM to MG allows us to generate predictions for the power

spectrum.

1.4.2.5 Type Ia supernovae

Type Ia supernovae (SNe) provided the first inescapable evidence that the expansion of

the Universe was due to dark energy rather than geometric curvature [196, 210].
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Standard candles provide a fixed luminosity with varying redshift. Consequently the

apparent magnitude of a standard candle depends only upon the luminosity distance

DL, which can be converted to a redshift via a cosmological model. In ΛCDM:

DL ≡
√

L

4πS
= (1 + z)

c

H0

∫ z

0

d z
1√

Ωm0(1 + z)3 + Ωk0(1 + z)2 + ΩΛ0

(1.32)

where L is the bolometric1 luminosity and S is bolometric flux [120]. Directly related

to DL is the distance modulus µ [120]:

µ(z) ≡ 5 log
DL

10pc
= m(z)−M = −5 log h+ 42.38 + κ (z) +A(z) + 5 logDL(z) (1.33)

In practice a variety of effects complicates calculation of apparent magnitude m(z),

which in the second equality are [162]:

1. M (absolute magnitude) the object’s brightness if it were 10 pc distant

2. h(z) (Hubble parameter) H0/(100km s−1Mpc−1),

3. κ(z) (k-correction) adjustment for measuring m and M at different wavelengths

4. A(z) (absorption) adjustment for the absorption of light by the interstellar medium

Thus we can convert the distribution of observed supernovae (apparent) magnitudes at

an observed redshift to a constraint on the underlying expansion of the Universe.

The specific nature of the Type Ia SN strongly indicates that it is a standard candle. It

is commonly held that Type Ia SNe are the thermodynamic explosion of white dwarves

[115]. Thus its peak luminosity is independent of the surrounding conditions because it

depends on the white dwarf reaching a fixed mass limit. Large-scale studies such as [110]

have released a common spectral evolution for SNe Ia and support this by proposing a

common physical mechanism explaining the small dispersion in spectra. In particular,

there is currently no evidence that Ia SN evolve with redshift [163]. Despite this, a

number of studies (e.g. [227]) suggest that the standard candle model for calculating

M is only partially correct and that additional parameters need to be added. The

general consensus is that more high-z data is required for any conclusive evidence. The

use of SNe as cosmological probes has played a vital role in breaking the degeneracy

between results from Sne, BAO and the CMB.

1This refers to a quantity measured over all wavelengths. A bolometer is a hypothetical device
capable of doing so.
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1.4.3 The quasi-static regime

On non-linear and weakly linear scales, many approximations can be used to render MG

analytically tractable. The most important of these is the quasi-static approximation

(QSA). Broadly speaking, this simplifies the equations of motion of the matter fields in

the stress energy tensor and also the evolution of metric perturbations in the Einstein

tensor. This often reduces complex PDEs into ODEs or algebraic equations in Fourier

space. These simplifications are necessary not only in the context of perturbation theory

but also in the programming of numerical simulations. In this section we summarise

the QSA and outline the extent to which it has been studied in MG. It will be a

key aim of this thesis to determine the scales at which QSA provides an accurate

approximation.

Let us briefly summarise what exactly the quasi-static approximation entails. In essence

it contains two separate assumptions as discussed e.g. in [226]: (a) The relative sup-

pression of time derivatives of metric/field perturbations compared with their spatial

derivatives |∇2X| �
∣∣∣Ẋ∣∣∣. (b) A sub-horizon approximation k � aH or, in Euclidean

rather than Fourier space |∇2X| � H2 |X|. In ΛCDM-like models, the evolution

time scale for perturbations is set by the Hubble rate: H |X| ≥
∣∣∣Ẋ∣∣∣; equivalently

H
∣∣∣Ẋ∣∣∣ ≤ H2 |X|. Now on sub-horizon scales H2 |X| � |∇2X| by definition. Combining

these inequalities, we see that time derivatives are small compared to spatial ones as

required. Consequently assumption (b) entails (a). This is not necessarily the case in

MG—we shall see the importance of this in Chapter 3.

The usefulness of the quasi-static approximation and consequently its wide-spread use

(consider for example the N -body codes [158, 167, 204]) stem from the fact that eval-

uating the full (un-approximated) evolution equations in N -body simulations is a task

which is often computationally expensive. An illustrative example are chameleon sce-

narios where evaluating the full evolution equations quickly leads to computations re-

quiring ∼ O(107) more time steps than their quasi-static counterparts or more [51].

In f(R) models N -body simulations implementing the quasi-static approximation have

been carried out e.g. by [102, 126, 146, 150, 190, 216]2, see especially [190] for a nu-

merical check of the quasi-static approximation in this context. For related chameleon

models [134] also see [52, 170]. Non-linear structure formation in braneworld-inspired

DGP models [92] has been probed by [62, 136, 146, 152, 216, 217, 218], where [217] con-

cludes that the quasi-static approximation is a self-consistent approach on sub-horizon

scales in this setup. Linear [23] and non-linear [24, 25, 160] structure formation for

galileon models [187] have also been probed. Interestingly there the quasi-static ap-

proximation may break down particularly in low density regimes. In the linearised

2Interestingly the recent work of [3] outlines a different simulation strategy not explicitly relying on
quasi-static behaviour and which should be applicable to models with relativistic scalars in the future.
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regime, however, it generically performs well on sub-horizon scales [23].

While the quasi-static approximation therefore appears to do reasonably well in a num-

ber of model-specific contexts and there are very good arguments for its general ’rea-

sonableness’ in known observationally viable modified gravity models [226], there are

also known cases where it explicitly breaks down even on sub-horizon scales [77, 166].

Note, however, that it is not quite clear whether any of those known non-quasi-static

scenarios have clear observational signatures in allowed regions of parameter space. In

this context also especially note the work of [77], which links the applicability of the

quasi-static approximation on sub-horizon scales in f(R) models to the proximity of

the background evolution to ΛCDM3 and also [121] who also probe linear growth in

f(R) theories in the quasi-static approximation. The quasi-static approximation is also

extended to Jordan-Brans-Dicke theories in [61] and to f(R, T ) models in [7]4, where

the inclusion of an f(T ) term causes scale-dependent behaviour of the density oscilla-

tions (in both the unapproximated equations and the quasi-static limit), resulting in

inaccurate quasi-static behaviour. In general, and particularly for non-linear structure

formation, however, the de facto necessity of the approximation in numerical modelling

makes it inherently difficult to precisely determine its range of validity.

One of the key consequences of the quasi-static approximation is that it corresponds to

the regime in which MG can be treated as a fifth force. Under these conditions we can

model the dynamical effects of MG as an additional multiplicative factor to GN . This

acts as an additional repulsive force to counteract gravitational attraction. Although

we can often tune the expansion history of an MG theory to mimic that of ΛCDM, it

is far more difficult to mimic the growth of structure in the quasi-static regime.

1.4.4 N-body simulations

We have already seen that the halo model (Section 1.3.3) predicts the abundance of

haloes and the statistics of their distribution on linear scales. On weakly-linear scales

(if we require a high degree of precision) and on non-linear scales, we must turn to a

fully numerical treatment. Collisionless N -body simulations are sufficient to describe

the dynamics of dark matter on cosmological scales. Collisionful simulations containing

both dark matter and baryons are necessary on cluster and galactic scales. Although

most simulations employ Newtonian equations, in recent years there has been some

3More precisely, the condition is |∂Rf(R)| � 1 at all times. The present-day value of ∂Rf(R) is
abbreviated fR0. In particular this means that large classes of observationally viable f(R) theories,
i.e. those falling within the constraint |fR0| ≤ 10−6 imposed by a combination of solar-system and
galaxy-halo tests [124], should satisfy a number of constraints [77, 121] guaranteeing good quasi-static
behaviour.

4The scalars R and T are the Ricci scalar and the trace of the stress-energy tensor respectively
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Name Code Lbox(Mpc/h) Np × 109 mp(M�/h) Ref.

DEUS FUR Ramses-Deus 21000 550 1.2× 1012 [5]
Horizon Run 3 Gotpm 10815 370 2.5× 1011 [137]
Millennium-XXL Gadget-3 3000 300 6.2× 109 [12]
Horizon-4Π Ramses 2000 69 7.8× 109 [237]
Millennium Gadget-2 500 10 8.6× 108 [229]
Millennium-II Gadget-3 100 10 6.9× 106 [43]
MultiDark Run1 Art 1000 8.6 8.7× 109 [201]
Bolshoi Art 250 8.6 1.4× 108 [139]

Phoenix A-1 Gadget-3 41.2 4.1 6.4× 105 [106]

Aquarius A-1 Gadget-3 5.9 4.3 1.7× 103 [230]
GHalo Pkdgrav2 3.89 2.1 1.0× 103 [232]
Via Lactea II Pkdgrav2 4.86 1.0 4.1× 103 [88]

Table 1.2: Current state of the art in DM-only simulations on cosmic, cluster, and galactic
scale. Summarised from [147].

Simulation core-hours (×106) Ncores memory (TB) disk space (TB)

DEUS FUR 10 38016 230 3000
Horizon Run 3 4 8240 21 400
Millennium-XXL 2.86 12288 28.5 100
Horizon-4Π 8 6144 14.7 300
Millennium 0.35 512 1 20
Millennium-II 1.4 2048 8 35
MultiDark Run1 0.4 4000 8 20
Bolshoi 6 13900 12 100
Phoenix A-1 1.9 1024 3 15
Aquarius A-1 3.5 1024 3 45
GHalo 2 1000 1 60
Via Lactea II 1.5 3000 0.3 20

Table 1.4: Supercomputers and computational resources utilized for each simulation. Sum-
marised from [147].

progress towards relativistic N -body simulations. While the difference between Newto-

nian and relativistic simulations is negligible for GR, this may not be the case for MG.

Nonetheless, MG simulations are currently performed in Newtonian conditions. In the

next few sub-sections we shall discuss each of these points in turn.

Current and future observational surveys (Table 1.6) aim to probe the Universe up to

non-linear scales of k = 1 across a large angular fraction (or indeed the entirety) of the

sky. The cosmological data extracted from these surveys must be compared to theo-

retical predictions of corresponding complexity (and size). This involves the numerical

modelling of highly non-linear equations and the super position of the dynamics of
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degenerate or interacting fields. Over the last five decades, the computational power

available to N -body simulations has increased to the point that they have become the

pre-eminent tool for making theoretical predictions on cosmological scales. Therefore

they are an essential link between theory and observation.

The growth of N -body simulations has closely followed Moore’s law when measured by

the total number of simulation particles. It is well known that for N greater than 2

there is no analytical solution to describe their gravitational interaction. While the first

N -body experiment by Holmberg in 1941 used light bulbs to achieve N = 100, the first

computational simulations in 1960 had only N = 16 [83]. As of 2011, the state of the

art is N = 106 for collisionful simulations and N = 109 for collisionless ones (Fig. 1.8.

This indicates the relative difficulty in incorporating baryons into cosmological sim-

ulations. Nonetheless N -body simulations have already played an important part in

replacing SCDM with ΛCDM as the concordance cosmology. Comparison of the galaxy

correlation function from the APM galaxy survey [177] with the dark matter correlation

function from the N -body simulation of [254] showed that the observations were incom-

patible with a dark-matter–dominated Universe [147]. Efstathiou et al. resolved this

discrepancy by reducing Ωm0 to 0.2 and adding a cosmological constant with ΩΛ = 0.8

[95]. As the observational consequences of competing cosmologies become increasingly

similar it is all the more important to understand and quantify the approximations

made in N -body simulations.

For the last few decades a large amount of effort has been expended in the improvement

of N -body codes for ΛCDM. This has improved the efficiency and scalability of a

variety of algorithms, which can be principally divided into grid-based and particle-

based codes. A recent selection is shown in Table 1.2. It has become important to

verify the consistency of these codes and between the codes which extract halos and

sub-halos, voids, galaxies and merger histories from the simulations [140, 141, 219].

This minimises the systematics inherent in the complex task of extracting structure

formation. This agreement between codes is vital in the construction of theoretical

predictions to percent-level accuracy, out to scales of k = 1.

The development of N -body simulations which include either dark energy or modified

gravity is a much more recent phenomenon. This is because a simulation must not only

solve the Vlasov and Poisson equations of weak-field GR, but also the equation of motion

of the dark energy field or its MG equivalent [260]. The non-linearity of the equations

necessitates the use of the quasi-static approximation as a simplifying factor. A wide

variety of codes exist (e.g. generic codes [159, 165, 203]; other codes for specific forms of

MG are discussed in Chapter 2) and there has already been considerable effort taken to

compare the results of these codes. The discrepancy in MG codes is approximately 1%

for both the matter and the velocity power spectrum at z = 0, but at the 10% level for
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Figure 1.8: Number of particles in a variety of collisional (red) and collisionless (blue) N -body
simulations by year. Reproduced from [17].

the halo mass function and there is excellent agreement for the dark matter halo profiles

[260]. This strongly suggests that MG N -body codes will provide robust hypotheses

which will be observationally testable by the next generation of surveys.

Simulating MG on cosmological scales necessitates dark matter-only simulations. Thanks

to the collisionless nature of dark matter, the virial theorem holds [83]

∑
i

{2Ti +Wi} = 0 where Ti ≡
1

2
miẋ

2 and Wi ≡ mixiẍi (1.34)

(as usual, ẋ ≡ d xi
d t

etc. ) which defines a virialised structure by virtue of having reached

a state of equilibrium [109], in which kinetic and potential energy are balanced. The

underlying aim is to treat the dark matter particles as a continuous fluid and to solve

the resulting collisionless Boltzmann equation [96]:

0 =
d f

d t
=
∂f

∂t
+ ẋ

∂f

∂x
− ∂Φ

∂x

∂f

∂ẋ
(1.35)

where the spatial density and gravitational potential Φ are defined by integrating over
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the phase-space distribution function f(t, x, ẋ). A solution can be found if the system is

in equilibrium according to Jeans theorem [83, 96]. However, most LSS formation does

not occur in or near equilibrium by definition. Because it is impractical to solve the

CBE directly, we instead model the distribution using discrete points which form the N -

body simulation. Thanks to linear perturbation theory, we have a Hamiltonian for each

particle, which can be solved to find the local Newtonian potential, whence we obtain

the Newtonian geodesic equation which governs the motion of each particle [83]. This

illustrates that the main challenge in N -body simulations is calculation of the local force

(or potential) throughout the box. This problem must be addressed through the use

of novel numerical techniques if we are to generate many high-resolution, large-volume

simulations required to distinguish between MG theories.

We also require collisionful N -body simulations in order to characterise baryonic effects.

This is especially important if we are to accurately model the bias between luminous

matter and dark matter, for we have already seen that on weakly-linear scales we can-

not neglect baryonic physics if we are to measure the matter power spectrum to the

percent level [219]. In collisionful systems, the relevant Hamiltonian and equations of

motion are generally solved by brute force [83]. The corresponding phase space grows

from six dimensions (for collisionless simulations) to 6N dimensions, so the force calcu-

lation scales as O(N2). The dominant problem in these simulations is the ensuring the

accuracy of temporal evolution, especially because the dynamical time for interactions

is much less than the relaxation time of the two body interactions [83]. Given these

difficulties, it is not surprising that baryonic simulations have only been performed in

ΛCDM [17].

It is possible that the Newtonian approximation used in most N -body codes is in-

sufficient. Recent work by [1, 2, 3] has focussed on the development of GR N -body

simulations. These simulations are DM-only, but use all six degrees of freedom in the

metric perturbations and do not apply the quasi-static approximation. They assume

that metric perturbations are small, but place no constraints on the size of energy

perturbations, nor on the gradients of the perturbations [2]. However, the prevailing

consensus is that the relativistic approach does not produce large discrepancies from the

Newtonian approach [2, 112]. Provided that metric perturbations are small, changes

exist at the percent level, which are attributed to frame dragging [2]. Despite this,

the relativistic approach may be especially useful in MG scenarios, where relativistic

corrections may contribute a non-negligible departure from GR predictions.
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Dates Survey Location
Probe Area Depth

BAO CMB GPR GSR SN WL (deg.2) (z)

2003–2011 CFHTLens Hawaii × × 170 0.7
2006–2011 WiggleZ Australia × × 10 000 0.2 < z < 1.0
2009–2011 Planck space × 30 000 1 100
2009–2014 Boss New Mexico × × 10 000 0.5, 2.5
2010–2014 Pan-STARRS-1 Hawaii × × × 30 000 0.5
2012–2015 HETDEX Texas × × 420 1.9 < z < 3.5
2012–2016 Pan-STARRS-2a Hawaii × × × 30 000 0.7
2012–2017 DES Chile × × × 5 000 0.7
2012–2017 SUBARU Hawaii × × 2 000 0.6 < z < 1.2
2012–2017 VST-KIDSb Chile × × 1 500 0.6
2014–2015 HALO balloon × 1000 0.9
2014–2024 LSST Chile × × 20 000 0.9
2017–2022 BigBOSS Arizona × × 14 000 0.2 < z < 1.7
2018–2023 Euclid space × × × 15 000 0.9
2022–2027 WFIRST space × × 30 000 1

Table 1.6: A range of existing and proposed surveys capable of testing gravity. The probes are: BAO, baryonic
acoustic oscillations; CMB, cosmic microwave background; GPR, galaxy photometric redshifts; GSR, galaxy
spectroscopic redshifts; SN, supernova; WL, weak lensing. [Based on Table 1 from [30]].
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1.5 Problems addressed in this thesis

Having outlined the motivation for this thesis and placed it in context, we now sum-

marise its aims.

Chapter 2 describes the MG models which are studied in detail in this thesis.

In Chapter 3 we are interested in the domain of validity of the quasi-static approxima-

tion. We investigate this using a chameleon scalar field which serves as an approximation

to the scalar field component of the stress-energy tensor produced by families of scalar-

MG theories. For cosmologically sensible behaviour of the scalar field, i.e. satisfaction

of the slow-roll condition, we find that the quasi-static approximation is valid into the

weekly-linear and sometimes the non-linear regime.

Chapter 4 explains how the halo mass function is calculated in both GR and MG. It

outlines the excursion set mechanism for providing a theoretical approximation to the

HMF. We also summarise the cosmic web formalism, which also accounts for the geom-

etry of the environment as well as its density. Then the various ways of marginalising

over the environment “nuisance parameters” are discussed. More prosaically, we sum-

marise fitting functions for the HMF and demonstrate how to extend these from GR to

MG. We present the results of the varying methods proposed to incorporate screened

MG into the HMF and assess their efficacy.

In Chapter 5 we study the universality of the halo mass function in a variety of screened

MG theories. In particular, we address the question of whether HMF’s which are derived

and calibrated using ΛCDM simulations can be suitably recalibrated to retain their

accuracy in MG. We investigate whether evidence for MG can be mistaken for changes

in the mass function generated from ΛCDM. We also quantify the invariance of the

HMF to modifications of gravity and discuss whether additional gravitational degrees

of freedom necessitate additional free parameters in the HMF.

In Chapter 6 we examine semi-analytic predictions for f(R) gravity in more detail.

Using the cosmic web, we develop a semi-analytical approximation to the HMF in

different geometric structures of LSS. We also show the dependence (or lack thereof) of

various halo properties on the geometry of the local environment.

We conclude in Chapter 7, which summarises the key results of this thesis and discusses

avenues for further work.
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Chapter 2

Screened gravity theories

Screened gravity theories exhibit a fifth-force contribution to gravity which is spatially

dependent, thus enabling it to evade local tests of gravity but remain effective on larger

scales [257]. In Section 2.1 we demonstrate how the various theories arise from the

addition of a scalar field term to the Einstein-Hilbert Lagrangian, which results in an

effective gravitational constant Geff = (1 + Feff)GN in the weak-field limit. We classify

the theories according to the circumstances in which they are screened. The remaining

sections apply the results of Section 2.1 to each of the MG models used throughout

the rest of this thesis: f(R) in Section 2.2, Symmetron in Section 2.3 and DGP in

Section 2.4. Our parameter values are tabulated in Table 2.2.
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MG model Ref. A(X,φ) B(X,φ) V (φ) Feff Parameter values

f(R) [124] Eq. (2.7) 0 Eq. (2.9) Eq. (2.14)
|fR0| = 10−5, 10−6

nf(R) = 1

Symmetron [116] Eq. (2.16) 0 Eq. (2.16) Eq. (2.18)
λ = 1 Mpc/h

β0 = 1

aSSB = 0.33, 0.5

normal DGP [91] 0 1 0 Eq. (2.26) rc = 1.2, 5.6 c/H0

Table 2.2: The various gravity models used in this thesis, described in Sections 2.2 to 2.4.

2.1 Types of screening

The MG theories studied in this thesis share a common trait to ensure that the successes

of GR are unaffected by any modifications. The screening mechanism is a technique

whereby fifth-force modifications to GR are “screened away” in regions where the theory

must mimic GR in order to be experimentally viable. A range of such techniques

exists, so we limit ourselves to scalar fields (although [33] suggest a mechanism for

vector fields). Currently, there are three1 types of screening possible with a scalar

field, namely: chameleon [135], symmetron [116, 117] and Vainshtein [246]. We

explore these categories of screening by selecting one theory from each family, namely:

Hu & Sawicki f(R) in Section 2.2 (chameleon), Hinterbichler-Khoury in Section 2.3

(symmetron) and Dvali-Gabadadze-Porrati in Section 2.4 (Vainshtein). Beforehand,

this section unifies the mechanisms by showing how they can be derived from the one

action, then sets the background expansion in terms of an effective dark energy, before

the effects on the halo model manifest as an effective modification to GN .

First we introduce the notion of a conformal reference frame (Definition 2.1). Recall

that the equivalence principles in Definition A.4 introduced the concept of the frame

of reference. Now we generalise this to MG theories, in which the strong equivalence

1There are various ways of classifying screening theories, e.g. [128] group theories by the order of
derivatives of the scalar field. In this work we have absorbed dilaton models [78] into the symmetron
class (both reliant on weak coupling) and kinetic models [15] into the Vainshtein class (both reliant on
the inertia of the scalar field).
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principle does not hold [256]. As a result, two reference frames (which would otherwise

be locally inertial in GR) may be mathematically equivalent (i.e. quantities are confor-

mally related, preserving the geometry of the manifold) but not physically equivalent

(i.e. measuring a quantity may give differing results depending upon what is being

observed [231]; or may give the same result but lead to a different interpretation [89]).

Since this equivalence is a point of some contention, we give more concrete examples

below.

Definition 2.1 (Conformal reference frame [118, 223]). Given a manifoldM of dimen-

sion D with co-ordinate chart xα, we can define the metrics g and g̃ to be conformally

related if (and only if):

g̃ = Ω2 (xα) g (2.1a)

where Ω is nowhere vanishing, everywhere invertible and smooth. This is not a co-

ordinate change, but a geometric rescaling of the metric, such that angles are preserved

[118].

Corollary: The affine connection and Ricci scalar transform between these frames as:

Γ̃αβγ = Γαβγ +
1

Ω

[
δαγ∂βΩ + δαβ∂γΩ− gβγgαε∂εΩ

]
(2.1b)

R̃ =
1

Ω2

[
R− (D − 1)

(
2
∇µ∇νΩ

Ω
− (D − 4)gµν

∇µΩ∇νΩ

Ω2

)]
(2.1c)

and see [118] for the Ricci tensor and [118, 223] for the Riemann tensor.

For now we are interested in the Jordan frame and the Einstein frame (as two of the

potentially infinite choices of conformal frame). The Jordan frame is defined to be

the unique frame in which the additional terms are minimally-coupled to matter [89,

205, 231]. In this frame the scalar field contributes additional terms to the geometry

via non-minimal couplings with curvature terms [89]. In this case, the matter fields

remain unaffected, so the energy-momentum balance equation Eq. (1.6) still holds as

in GR. Moreover, massive particles fall along time-like geodesics (null geodesics remain

null under the conformal transformation), because the additional terms are absorbed

into the Christoffel symbols [231]. The Einstein frame is defined to be the frame in

which the Einstein tensor reduces to that of GR. Consequently, the extra degrees of

freedom must be non-minimally coupled to matter, so there is never a true vacuum due

to the presence of the scalar field as an effective matter component. Then neither the

balance equation2 nor the geodesic equation hold; however the Poisson equation does

hold [231]. We shall define our MG theories in the Jordan frame and transform to the

2The matter component of Tαβ is no longer covariantly conserved because it cannot be traceless,

so ∇αTαβ = 0 6=⇒ ∇̃αT̃
αβ

= 0 [100].
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Einstein frame.

This indicates that one must be careful in deciding which (if any) is the “physical” frame.

Faraoni and Nadeau assert that both frames are physical, provided that one takes into

account that dimensionful quantities in the Einstein frame have additional powers of

Ω arising from the rescaling of the metric. Consider d t → Ω d t, so [T] → Ω−1[T]

generates the transformation between conformal η and physical t time d η = d t/a(t),

where a(t) is the conformal factor. Similarly [89] suggest that redshift will have the

same physical effect in both frames, but can be interpreted differently. Using the same

example of conformal time, in the usual FLRW metric the redshift is attributed to

expansion of physical lengths by (1 + z) over time; whereas the conformally flat FLRW

metric is static, so the redshift is interpreted as a rescaling of fermion mass (or energy

levels) by (1 + z)−1 over time. Since we are largely concerned with the fifth-force as an

effective modification to the Poisson equation, we shall observe physical quantities in

the Einstein frame.

Now we generalise the conformal scaling to a disformal one, so that we can obtain

a Lagrangian which encompasses all of our screening mechanisms. Then we have the

following metric relation between the Jordan and Einstein frames [188]:

Definition 2.2 (Disformal transformation [188]). The most general metric transforma-

tion g̃ = g̃ (g, φ, ∂φ) which produces equations of motion of at most second order is

defined by:

g̃µν = A2 (φ,X) gµν +B2 (φ,X) (∂µφ) (∂νφ) where X ≡ −1

2
(∂αφ) (∂αφ)

The conformal factor A and disformal factor B must be functions of co-ordinate invari-

ants, hence the kinetic term X.

Let us separate the action into a part containing all contribution from φ minimally-

coupled to the metric g and a part containing all matter fields Φi which are not φ,

non-minimally coupled to the metric g̃:

S =

∫
∂4x
√−g LE +

∫
∂4x
√
−g̃ Lmatter [g̃,Φi] (2.2a)

LE =
R

16πGN

+X − V (φ) (2.2b)

T̃ µν =
2√
−g̃

δLmatter

δg̃µν
(2.2c)

Then we can vary the action with respect to the scalar field (using the Euler-Lagrange

operator Eq. (A.8)) with respect to φ to obtain the field equations of motion and with

respect to g̃µν to obtain the Einstein equations. A particular choice of A, B and V
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corresponds to a particular screened MG theory. Then we can proceed as for GR, but

with an additional degree of freedom.

It remains to show that the effect of the scalar field in the halo model is just a redefinition

of the Poisson equation. Let us define the most general scalar field Lagrangian in the

Jordan frame, which will encompass all our screening mechanisms. This was already

treated in Eq. (1.8). We transform to the Einstein frame at the level of the action

and define the field equations as per GR. In the conformal FLRW metric Eq. (1.13)

this reduces to varying with respect to the scale factor a(t) and lapse function N(t)

[41]. The equation of motion for φ is obtained as above. Then we apply the weak-

field, quasi-static limit to the perturbed equations: after copious algebra [82] show that

this relates the metric perturbations Φ, Ψ to the perturbed field χ and gauge-invariant

matter density δ. (We shall perform this for chameleon screening in Chapter 3.) More

algebraic manipulation allows us to recast this as a Poisson equation (for details see

[82]). Thus we obtain our effective multiplication of Geff = (1 + Feff)GN . For brevity

we treat each MG theory separately in the following sections.

Finally, let us characterise the various types of screening used in this thesis. Screen-

ing mechanisms add new terms to the GR action, which are designed to suppress the

non-GR modifications under certain conditions. By construction, this suppression of

the fifth-force modification happens on non-linear regimes. The conditions required for

screening divide the mechanism into three groups: chameleon, symmetron and Vain-

shtein. The different screening methods correspond to different behaviours of the La-

grangian, which we can classify by expanding about some value φ0 by an infinitesimal

value (δφ) [36]:

L =
1

2
RM2

Pl + ∂µ (δφ) ∂ν (δφ)Zµν (φ0) + (δφ)m2 (φ0) +
ρm
MPl

β (φ0) (2.3)

In low density regions the scalar field takes a value φ0 = φlow, for which:

γ ≡
∣∣∣∣∣ ~Fφ~FN

∣∣∣∣∣ ∝ β2 (φlow) ∼ 1 (2.4)

and we see that the contribution of the fifth force |~Fφ| is non-negligible compared to the

Newtonian value |~FN |. Compare this to the high-density value φ0 = φhigh, for which:

γ � 1 by definition (2.5a)
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which can only be produced by:

β (φhigh)� β (φlow) matter coupling suppressed (symmetron) (2.5b)

m (φhigh)� m (φlow) large local mass (chameleon) (2.5c)

Zµν (φhigh)� Zµν (φlow) weakened matter source (Vainshtein) (2.5d)

This permits us to classify a screened MG theory not by abstract considerations (i.e.

which conditions are relaxed in Lovelock’s Theorem) but rather by the practicalities of

the mechanism by which it evades local tests of gravity.

2.2 f (R) gravity

Definition 2.3 (f(R) gravity). An f(R) theory can be defined in the Jordan frame

via the action:

SJ =

∫
d4x
√−g 1

2
[R+ f(R)] + Lm [Φi, gµν ] (2.6)

where we have (temporarily) chosen units such that 8πG = 1, the function f(R) is a

general function of the Ricci scalar R and Φi denotes all matter fields.

The f(R) modification in the Jordan frame translates to a scalar-tensor theory of

gravity in the Einstein frame where the scalar field φ is coupled to matter. Via a series

of field redefinitions and a conformal transformation [26, 31, 64, 179]:

A (φ) = exp

(
φ√
6

)
=⇒ β (φ) =

1√
6

(2.7)

we can turn the Jordan frame action into an equivalent Einstein frame one

SE =
1

2

∫
d4x
√
−g̃ R̃

+

∫
d4x
√
−g̃

[
−1

2
g̃µν∇̃µφ∇̃νφ− V (φ)

]
+ Smatter[Φi, e

−βφg̃µν ] (2.8)

where a tilde denotes Einstein frame quantities and the corresponding potential is:

V (φ) =
1

2

RfR(R)− f(R)

(1 + fR(R))2 where fR ≡ df(R)/dR (2.9)

The fact that we have this conformal transformation is the essential ingredient behind

the mapping between f(R) and chameleon-screened theories [134]: we will return to
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this point in Chapters 3 and 6.

The f(R) modification in the Jordan frame translates to a scalar-tensor theory of

gravity in the Einstein frame where the scalar field φ is coupled to matter. In this

formulation we can see that this model behaves as standard general relativity with the

inclusion of a fifth-force mediated by the scalar field with coupling strength 1/3, i.e. in

the unscreened limit, the gravitational force can be enhanced by a factor of up to 4/3.

In the fully screened limit the gravitational force is not enhanced, i.e. this modification

does not manifest itself in dense environments or on small scales [234]. In order to

exhibit this behaviour, the scalar field self-interaction potential must satisfy a number

of constraints (viz. [189]), which again translates into constraints on the functional

form of f(R) (equivalently V (φ)) [10]. At this point one may wonder whether any

particular fiducial form suggests itself for the potential. For an arbitrary polynomial

of positive powers of R in four dimensions of the form
∑k

n=1 anR
n, such a potential

will asymptotically approach an exponential potential as φ → ∞. This is the fiducial

potential chosen by [31, 103] and will be the potential we work with throughout most

of Chapter 3. However, we will return to the Hu & Sawicki model in the context

of the chameleon Section 3.6, where we will also find that an exponential potential

qualitatively is a good proxy for this model in several regions of parameter space. We

shall also use this model for Chapters 5 and 6.

The explicit f(R) model which we apply here is the Hu-Sawicki model of [124]. This is

a well studied model known to exhibit chameleon screening [131]. It is defined by:

f(R) = −H2
0 Ωm

(
c1

( R
m2

)nf(R)
)

1 + c2

( R
m2

)nf(R)
free parameters nf(R), c2, and c1 =

6ΩΛ

Ωm

c2

(2.10)

We now reparametrise in more meaningful free parameters. Using the constraint in

Eq. (2.10) between c1 and c2 we can express |c1| /c2
2 in terms of |fR0|, the value of

f(R) in the cosmological background evaluated at z = 0:

|fR0| = nf(R)
|c1|
c2

2

(
Ωm

3(Ωm + 4ΩΛ)

)1+nf(R)

(2.11)

The value of |fR0| determines the magnitude of variations from ΛCDM. The value of

nf(R) dictates how late the f(R) modification switches on [123]: larger values delay the

deviation from the ΛCDM expansion history. While [124] suggest methods to constrain

|fR0| on various scales, [60] find an upper bound of log10 |fR0| < −4.79 for nf(R) = 1

by combining cluster data with CMB probes.3 Larger nf(R) would permit larger |fR0|:
[57] note that nf(R) > 1 models are not well-constrained. Throughout this thesis we set

nf(R) = 1 and will only consider |fR0| = 10−5 and |fR0| = 10−6.

3After this thesis was submitted, [57] proposed that log10 |fR0| . −7 for nf(R) = 1.
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The evolution of the background in an f(R) model is governed by [31]

H̃2 =
1

3

(
φ̇2

2
+ ã2V (φ) + ã2ρ̃m

)
φ̈ + 2H̃φ̇+ ã2Vφ =

1

2
βã2ρ̃m

ρ̃m ≡ ρ̃∗0m
ã3

exp

(
−βφ

2

)
. (2.12)

The background cosmology of this model is always very close to ΛCDM as long as

|fR0| � 1 (which is required to satisfy local gravity constraints). The deviation of weff

from wΛ = −1 is of order f(R) [123], which is negligible for the values considered here.

Thus we follow [170] in adopting an ΛCDM expansion history in Chapters 5 and 6—but

we will use the full expansion history in Chapter 3.

To see how screening works, let us consider a top-hat overdensity of radius RTH and

mass MTH. The Newtonian potential of the overdensity is ΦN = GMTH

RTH
at the surface

of the overdensity. As shown in [45] the gravitational force on a test-mass of mass m

outside the top-hat is approximately given by

F =
GMTHm

r2

[
1 +

1

3
Feff

]
(2.13)

where

Feff(a,RTH, ρTH, ρenv) =
1

3

[
3

(
∆R

RTH

)
− 3

(
∆R

RTH

)2

+

(
∆R

RTH

)3
]

(2.14a)

∆R

RTH

= min

{
3|fTH
R − f env

R |
2ΦN

, 1

}
(2.14b)

and fTH
R = fR(ρTH) and f env

R = fR(ρenv) are the scalar field values inside and outside the

body respectively. For the Hu-Sawicki model the scalar field value in a region density

ρm and time (scale-factor) a can be estimated to be

fR(ρm) = fR0

(
1 + 4ΩΛ0

Ωm0

ρm
ρm0

+ 4ΩΛ0

Ωm0

)nf(R)+1

(2.15)

where ρm0 = 3Ωm0H
2
0M

2
Pl is the average matter density in our Universe at the present

time. When the overdensity is massive ( 1
ΦN

is very small) or is located in a very dense

environment (|fTH
R −f env

R | is very small) then ∆R
RTH
� 1 and the fifth-force is screened. In

contrast, when the overdensity is not massive (so 1
ΦN

is very large) then ∆R
RTH
≈ 1 and the

force is 4/3 the value of the Newtonian prediction. Thus we see that the modification

to gravity is sensitive to both the halo mass and the environment density. We have

three regimes: on cosmological scales, the background solution mimics ΛCDM; on local
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scales in high-density regions, the modification is screened in order to evade tight, Solar

System constraints; on local scales in low-density regions the modifications of gravity

are in full effect. This completes our discussion of f(R).

2.3 Symmetron gravity

The symmetron mechanism is distinct from both the chameleon (Section 2.2) and Vain-

shtein (Section 2.4) mechanisms of screening. This model adds to ΛCDM a scalar field

with an artificially-imposed Z2 symmetry and a coupling to matter [116, 199, 234]. The

breaking of this symmetry occurs when the environmental density drops below a critical

value, which causes the matter-scalar coupling to become non-zero [234].

Definition 2.4 (Symmetron gravity [116]). The symmetron model adds a scalar field

φ with symmetry φ → −φ, such that the coupling to matter depends on density. The

Einstein-frame Lagrangian is:

S =

∫
d 4x
√−g R

2κ
− 1

2
(∂φ)2 − V

(
φ2
)

+ Lm
[
A2
(
φ2
)
gµν
]

In our specific model V and A are given by Eq. (2.16).

The modification imposed in the Einstein frame encodes all of the non-gravitational

couplings between the scalar field and the matter fields via the conformal function

[199]. Various forms of A and V exist ([44] for constraints on the functional form of

V ). The model [117] used in the N -body code is the simplest such model:

A (φ) = 1 +
1

2

(
φ

M0

)2

V (φ) = −1

2
µ2φ2 +

1

2
λφ4 +

µ4

3
√
λ

 free parameters µ, λ,M (2.16)

We re-express the free parameters for each model via [258]:

1. The range of the field at which ρ = 0 in Mpc/h : λ0 = 1
µ
√

2

2. A dimensionless coupling constant β0 = φ0
MPl

M0
= µ√

λ

MPl

M0

3. The scale factor at which the background density takes the value required for

symmetry breaking in the cosmological background aSSB = ρ0

µ2M2
0

Although the symmetron model should be well-constrained by atomic and astrophysical

tests, there is a “desert” in constraints on M0 and λ for fixed values of µ, caused by
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a lack of translating experimental results into bounds on symmetron parameters (q.v.

Figure 10 of [57]). We can fix aSSB to any time in the matter-dominated regime, so we

“switch on” the symmetron modification relatively late; by appropriate use of units λ0

and β0 should be of order unity. Thus we set λ0 = 1, β0 = 1 and aSSB = 0.33, 0.5 in

our simulations.

The effective gravitational potential can be expressed similarly to that of f(R). For a

top-hat of (physical) radius RTH the Newtonian potential is:

ΦN =
Ωm0

2ay

(
H0RTH

c

)2

(2.17)

The scalar field value in the cosmological background and inside the halo are:

Fenv =

√
1−

(aSSB

a

)3

(2.18a)

Fh =
√

1− (1 + δ) a3
SSB (2.18b)

and the corresponding conformal function is:

β = β0Fenv (2.18c)

which leads to a thin-shell factor

∆R

RTH

=
Ωm0

a3
SSB

λ2
0

ΦN

|Fh − Fenv|
Fenv

(2.18d)

and as per f(R) the effective factor is:

Feff = 2β2min

{
3

∆R

RTH

, 1

}
(2.18e)

Let us consider what sort of screening this produces. Again consider a top-hat4 of radius

R and homogeneous mass density ρ which satisfy M0R � 1 and ρ � µ2M2
0 (caveat

lector: this is not the top-hat mass, but the free parameter). The profile of the scalar

field has an interior and exterior solution:

φin (r) ' C
R

r
sinh

(
r

√
ρ

M0

)
(r < R) (2.19a)

φout (r) ' D
R

r
exp (−m0 (r −R)) + φ0 (r > R) (2.19b)

By matching φ and derivatives at the boundary we can find the values of the coefficients

4More generally, any static, pressureless, spherically-symmetric source obeys this condition [117].
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C,D in terms of a thin-shell factor

∆R

R
≡ M2

0

ρR2
=

φ0

6gMPlΦ
where Φ =

ρR2

6M2
Pl

(2.20)

We quantify the effect on a test particle at r where R � r � m−1
0 depending on the

value of the thin-shell factor. The fifth-force effect is:

γ ≡
∣∣∣∣∣ ~Fφ~FN

∣∣∣∣∣ = − g

MPl

1∣∣∣~FN ∣∣∣
dφ

d r
'
{

6g2 (∆R/R) (screened: (∆R/R)� 1)

2g2 (unscreened: (∆R/R)� 1)
(2.21)

By analogy with the chameleon potential in Section 2.2, the modification falls into an

unscreened regime where φin ≈ φ0 and the scalar field cannot relax to the value at the

effective minimum of the potential V (φ); and a screened regime where φin is suppressed

exponentially compared to φ0. Thus, we see that despite the different mechanism by

which screening occurs, the result is very similar for both the chameleon screening in

f(R) gravity and symmetron gravity.

2.4 DGP gravity

Dvali-Gabadadze-Porrati (DGP) gravity is a braneworld model, in which the usual

(3 + 1) foliated hypersurfaces are a brane embedded in a(n otherwise empty) higher-

dimensional spacetime known as the bulk. While the Standard Model interactions are

limited to the brane, gravitational interactions extend into the bulk. The DGP model

employs Vainshtein screening to remain observationally viable.

Definition 2.5 (Dvali-Gabadadze-Porrati gravity). Dvali-Gabadadze-Porrati gravity

embeds the FLRW manifold into a 5D Minkowski manifold, via the following action

[145]:

S =

∫
d 5x

√
−(5D)g

(5D)R

2(5D)κ
+

∫
d 4x

√
−(4D)g

[
(4D)R + 2(4D)K

2(4D)κ
+ Lmatter

]
where we have made explicit the bulk (5D) and brane (4D) terms and K = KµνKµν is

the trace of the extrinsic curvature tensor. The value of κ is defined in 5D by the free

parameter of the crossover scale:

rc ≡
(5D)κ

2(4D)κ
where (4D)κ = (8πGN) as usual (2.22)

When integrated onto the boundary, the DGP action in the bulk can be described by

51



a boundary-effective action on the brane [70]: In the decoupling limit only scalar self-

interactions remain in the brane-bending Lagrangian [70]. Then DGP is equivalent to

a purely disformal relation between Jordan and Einstein frames (Definition 2.2) with

B(X,φ) equal to unity [188].

There are two solution branches: a self-accelerating branch and a normal one. While

the former is inherently useful because it produces the expansion of the brane without

requiring dark energy, fluctuations about the self-accelerating vacuum produce ghost-

like instabilities [70]. The latter, which has fewer theoretical problems, is similar to

massive gravity, with the usual field of finite mass replaced by a resonance of finite

width. This encapsulates the free parameter rc in Definition 2.5 [165]. On scales

r � rc, the dynamics are affected by the width of the resonance and the 5D effects

are unscreened, whereas on scales r � rc, the brane is unaffected by the presence of

the bulk and the dynamics are screened [69]. Constraints on the crossover scale from

observations are scarce: [169] suggest rc > 2.23c/H0 for the normal branch, based upon

WMAP3 CMB measurements combined with galaxy-ISW correlations in a flat universe.

We will only examine the normal branch from now on with rc = 1.2, 5.6c/H0.

The expansion history in the normal branch can be made to mimic ΛCDM [243]:

E(a) ≡ H(a)

H0

=

√
(Ωm0a−3)2 + Ωeff,0 (2.23)

Thus we see that the presence of the scalar field φ affects the metric only at linear

order.

The DGP potentials are related to the GR result ΦGR = ΨGR by [260]

ΨDGP = ΦGR − 1

2
φ ΦDGP = ΦGR +

1

2
φ (2.24)

In the weak-field, quasi-static limit, the equation of motion for the scalar field is [260]:

8πGNa
2

3β(a)
δρm = ~∇2φ+

r2
c

3a2β(a)

[(
~∇2φ

)2

− (∇i∇jφ)
(
∇i∇jφ

)]
(2.25a)

where we define

β(φ) ≡ 1 + 2rcH(a)

(
1 +

Ḣ(a)

3H2(a)

)
(2.25b)

Combining Eqs. (2.24) and (2.25), we obtain a modified Poisson equation with:

Feff(r, a) =
2

3β(a)

√
1 + x−3 − 1

x−3
where x(r, a) ≡ r

R∗
(2.26)
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where R∗ in the Vainshtein radius for the mass M(r) enclosed inside the radius r:

R∗(r, a) =

(
r2
c

16c2GNδM(r)

9β2(a)

) 1
3

(2.27)

We can understand the Vainshtein radius using a top-hat of radius RTH . At a distance

r outside the top-hat, the scalar field is:

1

2

dφ

d r
=

1

3β(a)

GN

r2

(
4

3
πR3

TH

)
(r � R∗) (2.28a)

1

2

dφ

d r
≈ 0 (R∗ � r) (2.28b)

and so is unscreened outside the Vainshtein radius and screened within it. This com-

pletes our discussion of DGP gravity.

2.5 Quintessence-like MG

Finally we outline a “dark energy equivalent” model to f(R) gravity. This behaves

analogously to the quintessence DE model (described in the next paragraph). We shall

use this in Chapter 3 to determine the effect of the coupling to matter on the accuracy

of the quasi-static approximation.

Quintessence usually refers to a family of dark energy models wherein a scalar field φ

with potential V (φ) is not coupled to matter. (Contrast this with the matter couplings

in our MG theories.) The equation of state determines the ratio between the scalar

fluid pressure and density:

w(t) ≡ Pφ(t)

ρφ(t)
=

[
1

2

dφ

d t
− V (φ)

]/[
1

2

dφ

d t
+ V (φ)

]
(2.29)

(here t is proper time). This divides the possible models into two families depending

upon the evolution of w [244]:

• Thawing models: the field has w ∼ −1 until the mass drops below H, then only

evolves at late times

• Freezing models: the field evolves quickly from w = 0 towards w ∼ −1 until the

evolution slows at late times

For our choice of potential, we have a freezing model. At early times, either we are

in the fast-roll regime φ̇ � V , in which case w ≈ 1, or we are in the slow-roll regime

φ̇� V , in which case w ≈ −1. In the matter-dominated regime, the scalar field tracks
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the condition Ωφ ∝ Ωm until Ωφ = 3(1 + w)/λ2 is constant [244]. This resolves the

coincidence problem for Λ in Section 1.4.1.

In assessing the accuracy of the QSA in f(R) models we will find it useful to compare

them with analogous Quintessence-like solutions, i.e. models with no non-minimal

coupling to matter as present in the case of f(R). This corresponds to setting β = 0 in

the action Section 2.2. Consequently, the background evolution equations now are

H̃2 =
1

3

(
φ̇2

2
+ ã2V (φ) + ã2ρ̃m

)
0 = φ̈+ 2H̃φ̇+ ã2Vφ (2.30)

ρ̃m ≡ ρ̃∗0m
ã3
, (2.31)

The scalar field obeys the relativistic Klein-Gordon equation:

∇µ∇µφ = −dV

dφ
(2.32)

The decoupling removes any difference between the scalar field potential V and the

effective one: we are left with a runaway potential (since V ′(φ) < 0 for all φ), which

should have substantially different behaviour from the f(R) case. This is summarised

in Fig. 3.5. The features of our quintessence-like model are summarised in Defini-

tion 2.6.

Definition 2.6 (Quintessence-like f(R) [189]). Quintessence-like f(R) (henceforth

“quintessence”) entails a scalar field φ minimally coupled to the metric, but not coupled

to matter. The action in the Einstein frame is:

SE =
1

2

∫
d 4x

√
−g̃

[R
κ
− g̃µν∇̃µφ∇̃νφ− 2V (φ)

]
+ Smatter [Φi, g̃µν ] (2.33)

We choose a potential V ∼ exp (− |λ|φ) with λ = 1.5.

This completes our summary of the various MG theories used in this thesis. We shall

use the effective fifth-force contribution to G to find the density required for collapse

of a spherical top-hat in each MG theory in Section 4.1. We now turn our attention to

applications of these theories in the next three Chapters.
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Figure 2.1: Here we show the effective chameleon potential and its evolution. 1 and 2 label
the two initial conditions for the field φ considered in the main text.
Top: The effective chameleon potential Veff showing the contributions from the original po-
tential V (φ) (dashed) and from the non-minimal coupling to matter (dotted).
Centre: The corresponding Quintessence potential, which only possesses the contribution
from V (φ) (dashed) since matter is coupled minimally to gravity.
Bottom: Plot showing how the minimum of the effective chameleon potential changes due
to the redshifting of the matter-dependent contribution (dotted).
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Chapter 3

Relativistic scalar fields and the quasi-
static approximation
in theories of modified gravity

This chapter discusses the role of the quasi-static approximation in MG compared to

GR. As we have already seen in Section 1.2.2, relativistic scalar fields are ubiquitous

in modified theories of gravity. An important tool in understanding their impact on

structure formation, especially in the context of N-body simulations, is the quasi-static

approximation in which the time evolution of perturbations in the scalar fields is dis-

carded.

We show that this approximation must be used with some care by studying linearly

perturbed scalar field cosmologies and quantifying the errors that arise from taking

the quasi-static limit. We focus on f(R) and chameleon models and link the accuracy

of the quasi-static approximation to the fast/slow-roll behaviour of the background

and its proximity to ΛCDM. Investigating a large range of scales, from super- to sub-

horizon, we find that slow-rolling (ΛCDM-like) backgrounds generically result in good

quasi-static behaviour, even on (super-)horizon scales. We also discuss how the approx-

imation might affect studying the non-linear growth of structure in numerical N-body

simulations.

3.1 Introduction

While relativistic scalar fields are hard-wired into our current theories of the very early

universe, they are also at the heart of our modern understanding of the evolution of the
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universe at late times [74]. They are often invoked as the source of dark energy as well

as being instrumental in attempts at modifying general relativity [70]. As such, their

presence should be felt and have a significant impact on the formation of structure.

The role that relativistic scalar fields play in linear cosmological perturbations of homo-

geneous universes is well-developed and understood. From coherent perturbations as

one finds in a wide range of Quintessence [103, 122, 197] models to incoherent pertur-

bations as emerge in axion and axion-like theories [9, 181, 182, 245] , it is now possible

to calculate cosmological observables in the linear regime with almost arbitrarily high

precision. Furthermore, a range of phenomenological approaches exist which can be

applied to understand the effects of the scalar field in different ways.

The same cannot be said on small scales where non-linear effects come into play. There,

the method of choice is to use N-body simulations to study how non-linear evolution

will lead to the formation of galaxies, clusters and, more generally, the cosmic web that

is such a rich source of dynamical information. N-body simulations are inherently non-

relativistic — for they simulate a system which interacts under Newtonian gravity —

and as such should not, in principle, capture the essential relativistic nature of the scalar

field. While there have been attempts at inserting scalar fields into N-body simulations,

in general they have been at the expense of taking the equivalent Newtonian limit of

the scalar field equation of motion [51, 190]. Broadly speaking this means converting

a dynamical, sourced, Klein-Gordon equation into a Poisson-like equation: the quasi-

static approximation (we will explain this approximation more thoroughly later).

Our approach is to explore the validity of the quasi-static approximation on both large

and small scales by using the apparatus of linear perturbation theory. In order to do

so, we perform a detailed comparison between quasi-static and full, not approximated

evolutions. The models which we consider are representative f(R) and chameleon mod-

els of modified gravity, which alternatively may be interpreted as f(R) models without

and with screening. Doing so we aim to extend previous work by analytically and

quantitatively understanding on which scales and subject to what conditions exactly

the quasi-static approximation is a valid approximation for both f(R) and chameleon

models.

We explore and quantify these models in enough detail that we can use our results as a

guide on how to tackle and better understand the evolution of non-linear perturbations

in N-body simulations in the future. In doing so we identify the regimes where the

quasi-static approximation can and cannot be trusted.

In Section 3.2 we lay out the pared-down formalism of cosmological perturbations which

we will use throughout this chapter and in Section 3.3 we use it to understand the

Newtonian limit, the quasi-static approximation and the miracle of N-body simulations
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with non-relativistic matter, which does not extend to relativistic scalar fields.

In Section 3.4 we then apply the quasi-static approximation to f(R) models with an

exponential potential and compare it to the full evolution of perturbations without

the quasi-static approximation. Providing explicit examples, in Section 3.5 we map

out the regime of validity of the quasi-static approximation and how it relates to the

fast- and slow-rolling nature of the background scalar degree of freedom as well as its

proximity to ΛCDM-like behaviour. This analysis is extended to specific f(R) models

with screening, namely chameleons, in Section 3.6. Finally, in Section 3.7 we discuss

our findings and conclude.

3.2 Cosmological perturbations

Throughout this chapter we will use linear, cosmological perturbation theory to gain

insight into structure formation in modified gravity.

To do so, we need to perturb the metric and the energy content of the universe around a

homogeneous and isotropic background. Depending upon one’s educational background

(see [175] for a thorough discussion), one tends to pick one of two gauges: synchronous

or conformal Newtonian. In the synchronous gauge one chooses a foliation of space-time

such that surfaces of equal time correspond to those of equal density — consequently the

coordinates are those of a freely falling observer — and the metric can be written

ds2 = a2(τ)
[
−dτ 2 + (γij + hij)dx

idxj
]

(3.1)

where τ is conformal time, a(τ) is the scale factor, γij is the conformal 3-space metric of

constant Gaussian curvature and hij its perturbation (from the Fourier-space parametri-

sation of the scalar modes we have hij = hδij/3 + (h + 6η)(k̂ik̂j − δij/3) where k̂i is

the unit vector in the direction of the wave vector ~k). Alternatively in the conformal

Newtonian gauge, the metric is diagonal such that

ds2 = a2(τ)
[
−(1 + 2Ψ)dτ 2 + (1− 2Φ)γijdx

idxj
]

(3.2)

where Φ and Ψ map directly onto the Newtonian potential field in the non-relativistic

limit. In this chapter we will primarily work with the synchronous gauge, although we

will resort to the conformal gauge to make a few key points.

The content of the universe must also be suitably perturbed so that key tensors retain

a gauge-invariant structure. For example, the stress energy of a perfect fluid has for its

58



(0, µ) components:

T 0
0 = −ρ(1 + δ)

ikjT 0
j = (ρ+ P )θ

where ρ and P are the background energy density and pressure, δ and θ are the density

contrast and the momentum (the divergence of the 3-velocity perturbation) and we have

transformed to Fourier space assuming the convention of [174]. While the structure of

the perturbed energy momentum tensor is identical in both gauges, the perturbation

variables δ and θ behave differently in both gauges. So for example, in synchronous

gauge, the evolution of δ and θ for a pressure-less fluid is given by

δ̇ = −θ − ḣ

2

θ̇ = −Hθ

while in conformal Newtonian gauge we have

δ̇ = −θ − 3Φ̇

θ̇ = −Hθ + k2Ψ

where we have used the conformal Hubble factor, H = ȧ
a

and ȧ = da
dτ

.

To determine the perturbed metric (and close the system of equations), one needs to

consider the perturbed Einstein field equations, δGα
β = 8πGδTαβ where δGα

β and δT αβ
are the perturbed Einstein and energy-momentum tensor. In the conformal Newtonian

gauge, we can combine the (0,β) components to construct the relativistic Newton-

Poisson equation:

−k2Φ = 4πGa2

(
δT 0

0 − 3
H

k2
ikiδT 0

i

)
(3.3)

In the synchronous gauge we have that the metric is found by solving:

k2η − 1

2
Hḣ = −4πGa2δT 0

0

ḧ+ 2Hḣ− 2k2η = −8πGa2δT ii

Specialising to the case of a shear-free fluid, we have

δT ij = δPδij

Finally, it makes sense to reduce the contents of the universe to a scalar field and dust,
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where the dust mimics dark matter and the scalar field is the ’modified gravity/dark

energy degree of freedom’1. We now consider the evolution and effect of a scalar field, the

archetypal relativistic source in modern cosmology. We will consider models with more

complicated matter-scalar field couplings later on, but for the moment it is instructive

to focus on a simple example of a Quintessence-like model where matter and the scalar

are minimally coupled to gravity without any direct coupling to one another [103].

Typically a scalar field ϕ obeys a relativistic Klein-Gordon equation

∇µ∇µϕ = −dV
dϕ

The scalar field can be divided into homogeneous and inhomogeneous components ϕ =

φ+ χ which satisfy

φ̈+ 2Hφ̇+ a2V ′ = 0 (3.4)

where V ′ = dV /dφ and

χ̈+ 2Hχ̇+ k2χ+ a2V ′′(φ)χ = S (3.5)

where S = −1
2
φ̇ḣ in the synchronous gauge and S = 4φ̇Φ̇− 2a2V ′Φ in conformal New-

tonian gauge. The perturbed stress energy components for a scalar field are now

δT 0
0 = −a−2φ̇χ̇− V ′(φ)χ

ikiδT 0
i = a−2φ̇k2χ

δT ii = a−2φ̇χ̇− V ′(φ)χ

We can combine these equations to obtain a coupled set of 2nd order ordinary differential

equations in Fourier space:

δ̈ +Hδ̇ − 3

2
H2Ωmδ − 2φ̇χ̇+ a2V ′χ = 0

χ̈+ 2Hχ̇+ k2χ+ a2m2
φχ− φ̇δ̇ = 0 (3.6)

where m2
φ = d2V /dφ2. In what follows, we will make use of these equations in exploring

the evolution of cosmological perturbations in the linear regime and also re-encounter

them in the context of f(R). The initial conditions chosen are: φi = 5, φ̇i = 0, ai =

1, τi = 10−3 in all cases: for the potential (specified later) we set λ = 1.5. The initial

overdensity δi can be related to ρ̃∗0m , which we will change between f(R) and Quint., so

that Ωφ,i is identical for the two gravity models. The value of Ωφ,i is set to ∼ 10−4 in

the fast-roll and ∼ 0.2 in the slow-roll scenarios.

1Note that in effect this means we will be considering accelerating models that start in a matter-
dominated regime and transition into one dominated by the scalar. We ignore radiation throughout.
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3.3 The quasi-static approximation and relativistic

scalar fields

In this section we discuss a few aspects of cosmological perturbation theory and how

we can use it as a guide to understanding N-body simulations of structure formation

and the quasi-static approximation. Let us first focus on Section 3.2 and consider the

case of a generic, perfect fluid with equation of state w ≡ P/ρ. The Poisson equation

in Fourier space is now

−k2Φ = 4πGa2ρδgi (3.7)

where we have defined the gauge-invariant density contrast

δgi ≡ δ +
3(1 + w)H

k2
θ

This is an interesting expression for a number of reasons. For a start, it differs from the

non-relativistic Newtonian equation although in the limit where H/k → 0, namely on

sub-horizon scales, they agree. Hence, in the Newtonian gauge, one expects relativistic

corrections once one looks at sufficiently large scales. But more relevant is the fact that

δgi is a gauge-invariant quantity and the relativistic Newton-Poisson equation we present

above is gauge-invariant. The standard gauge-invariant Newtonian potentials map (by

construction) directly onto the conformal Newtonian potentials and, if accordingly we

calculate δ and θ in any gauge, we can combine them to find δgi.

It turns out that this form of relativistic Newton-Poisson equation is at the heart of

why N-body simulations can accurately calculate the evolution of the Universe from

super-horizon down to sub-horizon scales, even though they, in principle, use the non-

relativistic Newton-Poisson equation [38]. To understand why this is so, let us briefly

sketch the algorithm for an N-body code. The idea is that one follows the motion of a

set of N-particles (labelled by a = 1, · · ·N) with positions ~xa. These particles obey the

non-relativistic geodesic equation

d2~xa
dτ 2

+H
d~xa
dτ

= −∇Φ(~xa)

while Φ is calculated (using a variety of integral techniques) from the non-relativistic

equation:

−k2Φ = 4πGa2ρδ (3.8)

Given that, näıvely, δgi 6= δ, one would expect that this equation is not applicable on
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scales of order the horizon or greater. Yet, it turns out that the δ as calculated in N-

body simulations is in the frame of freely falling observers and hence in the synchronous

gauge. If we now take the evolution equation for θ in that gauge, we see that it

is solved by θ ∝ a−1. Any initial perturbation in θ set up at early times will have

completely died away and cannot be sourced at the linear level. This means that, in

the synchronous gauge, δgi = δ. Given that Φ maps directly onto the gauge-invariant

Newtonian potential, for a pressure-less fluid, Section 3.3 is therefore applicable on all

scales.

There are two major caveats in our explanation of why conventional N-body algorithms

are applicable on cosmological scales (see also [66] for the importance of getting the

initial value constraint correct). For a start, we have used linear theory while the

whole point of N-body simulations is to understand non-linear gravitational collapse;

yet we are trying to understand gravitational collapse on the scale of the horizon and

there we expect the evolution of gravitational collapse to be accurately described in

the linear regime. But more importantly, we have focused on the case of pressure-less

matter which fairly represents the dark matter that one is simulating. If the fluid is not

pressure-less and non-relativistic, this argument breaks down. The evolution equations

for δ and θ for a shear-free perfect fluid in synchronous gauge are now (cf. [67])

δ̇ = −(1 + w)(θ +
ḣ

2
)− 3H(c2

s − w)δ

θ̇ = −H(1− 3w)θ +
c2
s

1 + w
k2δ

while in the conformal Newtonian gauge they are

δ̇ = −(1 + w)(θ − Φ̇)− 3H(c2
s − w)δ

θ̇ = −H(1− 3w)θ +
c2
s

1 + w
k2δ

where c2
s is the sound speed of the fluid. Note that the Laplacian term will play an

important role if csk/H ≥ 1. Furthermore if w ≥ 1/3, θ will not decay, at least at the

linear level, and may play a significant role in δgi. Hence, the non-relativistic Newton-

Poisson equations should not be applied on the scale of the horizon or greater.

A notable example is that of the relativistic scalar field introduced in the previous

section. The relativistic Newton-Poisson equation is now

−k2Φ = 4πGa2ρδgi + 4πG
[
φ̇χ̇+ V ′χ+ 3Hφ̇χ

]
(3.9)

where the last term is the relativistic correction. In fact, we can see from Sections 3.2

to 3.3 that this system is fundamentally relativistic (Quintessence-like models have cs =
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(a) A fast-roll f(R) scenario, where the initial value
of Ωφ is small and the field quickly starts evolving.

(b) A slow-roll f(R) setup with a large initial Ωφ,
where the field remains frozen-in (’slow-rolling’) for
a significant amount of time.

Figure 3.1: Here we show the relative error δQS/δfull − 1 resulting from the QSA in f(R) for
an accelerating, non-scaling regime (λ = 1.5 for this plot). The x-axis denotes the value of
xQS = kτQS , and the y-axis denotes the value of Ωφ(τQS). The evolution is stopped and errors
are computed once we reach Ωφ,(final) = 0.7. Note that the maximum value of the relative
error increases with Ωφ,(final). Contours denote 5, 10 and 50% errors from right to left and
the black region corresponds to > 100% error. The oscillatory features mildly visible in the
slow-roll case on (sub-)horizon scales are a consequence of the oscillating behaviour of χ on
those scales, cf. Fig. 3.4.

1). It seems, therefore that to accurately simulate a universe with the usual cosmological

fluids and a relativistic scalar field it is necessary to evolve the full relativistic set of

equations. This means that for an N-body simulation, not only is it necessary to solve

the Newton-Poisson equation and the non-relativistic geodesic equation but also the

second order evolution equations for φ and χ. This is especially true if one wants to

follow the evolution of modes that start off outside the cosmological horizon.

There is a growing interest in simulating N-body systems in the presence of relativistic

scalar fields and, as discussed in the introduction, the strategy in the overwhelming

majority of cases has been to use the quasi-static approximation when evolving pertur-

bations, where one assumes that2

∣∣∇2X
∣∣� H2 |X| and

∣∣∣Ẋ∣∣∣ ≤ H |X|, (3.10)

2Our notation follows that of [35] here.
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where e.g. X = χ, χ̇, h, η, . . . in synchronous gauge. This approximation should be

valid on sufficiently small (i.e. sub-horizon) scales: indeed, it is remarkably efficient for

evolving cosmological systems without actually having to follow the detailed evolution

of the scalar field. It is the purpose of this chapter to explore how accurate this ap-

proximation actually is for a range of models which include a relativistic scalar field.

Let us reiterate what the QSA entails in more detail than Section 1.4.3:

Definition 3.1 (Quasi-static approximation [226]). The quasi-static approximation as-

sumes that the following two conditions are fulfilled:

The relative suppression of time derivatives of metric/field perturbations compared with

their spatial derivatives. ∣∣∣Ẋ∣∣∣ ≤ H |X| (3.11)

In principle scalar field (as well as matter and metric) perturbations can follow an

evolution with non-negligible time-derivatives, e.g. by displaying highly oscillatory

behaviour. However, typically these are heavily constrained. For example, in the case

of f(R) gravity ↔ chameleon models it has been argued that the relative suppression

of such derivatives, effectively a slow-roll condition for φ̇, is required by solar system

constraints (in order to have a successful screening of fifth forces) [48, 124, 134]. One

should keep in mind, however, that this is a model-dependent statement - see e.g. [166]

for a symmetron model with collapsing domain walls; a feature absent if a ‘static’

simulation is employed.

A sub-horizon approximation k2 � H2 or, when written in the same formalism as above

∣∣∇2X
∣∣� H2 |X| , (3.12)

This assumption is typically required, since ignoring time-derivatives amounts to ne-

glecting any slow-varying changes to χ as well, which is only justified on sub-horizon

scales, where χ has decayed away sufficiently, so that its evolution is no longer impor-

tant.3

In ΛCDM-like models, the evolution time scale for perturbations is set by the Hubble

rate and consequently the sub-horizon assumption is a sufficient condition for the van-

ishing of time derivatives. However, this is not the case for MG. Here we will solely

be concerned with testing the validity of the quasi-static approximation as applied to

scalar field fluctuations, so X = χ, χ̇. Having characterised the quasi-static approx-

imation and how it is used in N-body simulations, we now proceed to explore a few

3The oscillatory features visible on (sub-)horizon scales in the contour plots Figs. 3.1 and 3.6 are a
result of the intermediate phase where χ is displaying an oscillatory decay, but is still relevant. As a
result these features vanish as xQS becomes large, i.e. as the field χ decays away.
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representative models. In doing so, we identify the key qualitative features which make

the quasi-static approximation a useful and and accurate tool.

3.4 f (R) gravity

In this section and the next we will compare the exact evolution of linearised pertur-

bations in different types of f(R) models with its quasi-static and hence approximate

counterpart. The aim is to assess in what regimes the quasi-static approximation is a

well-behaved approximation and in particular whether its näıve range of validity (good

on subhorizon scales, bad on super-horizon scales) can be extended. We have already

defined the f(R) model in Section 2.2.

Recall that in f(R) the equivalent chameleon potential V (φ) is determined entirely by

the original Jordan frame action and is given by

V (φ) =
1

2

RfR − f
(1 + fR)2

. (3.13)

At this point one may wonder whether any particular fiducial form suggests itself for

the potential. For an arbitrary polynomial of positive powers of R in four dimensions

of the form
∑k

n=1 anR
n, such a potential will asymptotically approach an exponential

potential as φ → ∞. This is the fiducial potential chosen by [31, 103] and will be the

potential we work with throughout most of this chapter too. However, one may wonder

what the relevant potential looks like for other motivated potentials of interest, e.g. the

Hu & Sawicki model [124], where we have

f(R) = R−m2

(
c1

(
R
m2

)n)
1 + c2

(
R
m2

)n , (3.14)

where c1, c2, n are arbitrary constants. We will return to the Hu & Sawicki model in

the context of the chameleon section 3.6, where we will also find that an exponential

potential qualitatively is a good proxy for this model in several regions of parameter

space. But for the time being we will continue to work in as much generality as possible

without specifying a concrete potential.

The evolution of the background in an f(R) model is given in Section 3.4, namely
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(tildes indicate that we are in the Einstein frame):

H̃2 =
1

3

(
φ̇2

2
+ ã2V (φ) + ã2ρ̃m

)
φ̈ + 2H̃φ̇+ ã2Vφ =

1

2
βã2ρ̃m

ρ̃m ≡ ρ̃∗0m
ã3

exp

(
−βφ

2

)
. (3.15)

In synchronous gauge the perturbation equations are given by4

¨̃δ + H̃ ˙̃δ − 3

2
H̃2Ω̃m(δ̃ − βχ

2
)− 2φ̇χ̇+ ã2Vφχ = 0 (3.16)

χ̈+ 2H̃χ̇+ k2χ+ ã2V ,φφ χ− φ̇ ˙̃δ

− 3β

2
H̃2Ω̃m (δ̃ − 1

2
βχ) = 0 (3.17)

In the quasi-static approximation, the second perturbation equation can be used to

solve for χ, so that we now solve

¨̃δ + H̃ ˙̃δ − 3

2
H̃2Ω̃m(δ̃ − βχ

2
)− 2φ̇χ̇+ ã2Vφχ = 0

k2χ+ ã2V ,φφ χ− φ̇ ˙̃δ − 3β

2
H̃2Ω̃m(δ̃ − 1

2
βχ) = 0.

(3.18)

Application of the QSA eliminates χ̇, χ̈ in Eq. (3.17), but not χ̇ in Eq. (3.16), where

there is no k2χ term relative to which χ̇ is suppressed. Note that, in the evolution

equation for χ, several terms survive the QSA. We have both a mass term as well as

extra contributions dependent on φ̇ and δ.

In assessing the accuracy of the QSA in f(R) models we will find it useful to compare

them with analogous Quintessence-like solutions, i.e. models with no non-minimal

coupling to matter as present in the case of f(R). As we saw in Section 2.5, this

corresponds to setting β = 0 in the action Section 2.2. The corresponding background

evolution is given in Section 2.5. The perturbations (in the Einstein frame) are governed

by

¨̃δ + H̃ ˙̃δ − 3

2
H̃2Ω̃mδ̃ − 2φ̇χ̇+ ã2Vφχ = 0 (3.19)

χ̈+ 2H̃χ̇+ k2χ+ ã2V ,φφ χ− φ̇ ˙̃δ = 0 (3.20)

4The careful reader will have observed that there are two sign differences between Eq. (3.17) and
the analogous equation presented in [31] - the version here corrects these typos.
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and the quasi-static approximation reduces this to

¨̃δ + H̃ ˙̃δ − 3

2
H̃2Ω̃mδ̃ − 2φ̇χ̇+ ã2Vφχ = 0

k2χ+ ã2V ,φφ χ− φ̇ ˙̃δ = 0. (3.21)

Note how, by taking the limit β → 0, Eqs. (3.19) and (3.20) have exactly reproduced

the evolution equations for the simple Quintessence-like model in Section 3.2.
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(a) Fast-roll f(R) and corresponding Quint. evolutions starting with an initial Ωφ,i ∼ 10−4 that
quickly starts evolving in the f(R) case.
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(b) Slow-roll f(R) and corresponding Quint. evolutions starting with an initial Ωφ,i ∼ 0.21 that initially
stays frozen in and only later starts evolving. f(R) and Quint. evolutions are nearly indistinguishable
in this case.

Figure 3.2: The two different background evolutions in terms of Ωφ considered in this section.
Note that the vertical dashed lines indicates when Ωφ = 0.7 in the f(R) model considered
and that the y-axis has a different range in the two plots.
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(a) Fast-roll cases: both coefficients are very small at early times when modes of interest are on (super-)horizon scales for Quint., while this is not the
case for f(R).
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(b) Slow-roll cases: coefficients are small for both f(R) and Quint. leading to a suppression of the QSA error propagation.

Figure 3.3: Plots showing the evolution of the coefficients of χ (left) and χ̇ (right) for f(R) and Quint. in the QSA evolution Eq. (3.25) as discussed
in Section 3.4. Once again the vertical dashed lines indicate when Ωφ = 0.7 in the f(R) models considered and hence the point at which errors are
evaluated in the contour graphs Fig. 3.1.
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3.5 The fast and slow roll regime of f (R)

It should already be obvious that there are some fundamental differences at the pertur-

bative level between a Quintessence-like model (henceforth Quint.) and an f(R) model

as described in the previous section. To understand this difference, in particular in the

context of the QSA, consider the solutions to the quasi-static evolution equations:

χQuintQSA =
φ̇δ̇

k2 + a2V,φφ
,

χ
f(R)
QSA =

φ̇δ̇ + 3
2
βH2Ωmδ

k2 + a2V,φφ + 3
4
β2H2Ωm

(3.22)

Our primary interest is the evolution of δ and errors introduced into this evolution by

the QSA. These errors come from the fact that, in the QSA, we simplify the χ evolution

equation and hence obtain an inaccurate solution for χ Eq. (3.22) 5. This propagates to

the evolution equation for δ via its direct dependence on χ as well as a dependence on χ̇

via the φ̇χ̇ term. How much of this error propagates determines how well the QSA does.

However, already at this point it becomes clear that the slow- or fast-roll properties of

the background (the size of φ̇) will be important for error propagation in the QSA. It will

prove useful to consider two concrete f(R) examples. We emphasize that we treat these

examples as toy models in order to understand both qualitatively and quantitatively

why and when the QSA does well - for the time being, we will therefore not be concerned

with tuning all of the model parameters to match observational constraints, but focus

on generic features of such models. We will comment on the observational viability

of these toy models in the Section 3.6. For both example cases we will, as discussed

in the previous section and following [31, 103], pick an exponential potential of the

form V ∼ exp (− |λ|φ), choosing λ = 1.5 so that we obtain a non-scaling, accelerating

background solution in which the scalar field dominates at late times. The difference

between the two cases will solely consist in the initial conditions imposed on the scalar

field, leading to different background evolutions.

We will parametrise the onset of the QSA by two variables. Firstly xQS = kτQS,

labelling the ‘time’ when the QSA is switched on, i.e. we switch from using the full

equations to the approximated ones. If xQS > 1 we are in the sub-horizon regime,

whereas xQS < 1 indicates the super-horizon regime where we would näıvely expect

the QSA to fail. Secondly, we keep track of the value of Ωφ at the corresponding time

τQS. We expect this to be relevant, because for a given matching time xQS, the QSA

should do better the less-dominant the scalar field is. This is because inaccuracies in

5This inaccuracy mainly appears on (super-)horizon scales. On sub-horizon scales the QSA does
well by design (at least for the examples considered in this thesis - for counterexamples see [77, 166])
and the corresponding χ solution is a faithful one.
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the evolution of χ introduced by the QSA should be less consequential for the evolution

of δ. Even though the QSA is only designed to hold for sub-horizon times xQS � 1, it

may therefore still be possible that it faithfully reproduces the full evolution on larger

scales. In general, however, we expect the following broad features: for large Ωφ and

small xQS we should generate large errors, whereas for small Ωφ and large xQS the QSA

should be an excellent approximation.

A few further remarks are in order before proceeding with the QSA analysis for our f(R)

scenarios. For the f(R) case we can define the effective (Einstein frame) potential

Veff,φ = V,φ −
1

2
βρ̃m (3.23)

in terms of which we can also look at the effective equation of state for the scalar degree

of freedom

weff =
1/2φ̇2 − Veff

1/2φ̇2 + Veff

. (3.24)

A slow-rolling model with φ̇2 � Veff therefore automatically means the scalar field

mimics a ΛCDM evolution with w ∼ −1 very well. Fast-rolling solutions will tend to

take the background away from ΛCDM-like behaviour. We may now recall that [77]

found ΛCDM-like background behaviour to coincide with good quasi-static behaviour

in f(R) models on sub-horizon scales. We are now in a position to better understand

and quantify why this is the case and also to understand how/whether this statement

can be extended to super-horizon scales at all.

The coefficients of χ and χ̇ in Section 3.4, that determine how much of the QSA error

is propagated to the δ equation respectively are:

Cχ =
3β

4
H̃2Ω̃m + ã2V,φ, (3.25a)

Cχ̇ = −2φ̇ (3.25b)

The second coefficient is clearly suppressed in the ΛCDM-like slow-roll case when φ̇� 1.

The first coefficient can be re-expressed as

Cχ =
3β

4
H̃2Ω̃m + ã2V,φ =

β

4
ã2ρ̃m + ã2V,φ (3.25c)

It is less obvious how this coefficient will be related to fast- and slow-roll behaviour, so

we will investigate this in more detail below.

Above we have already specified that we will use a fiducial potential V ∼ exp (− |λ|φ)

as studied by [31, 103]. From our expression for the effective potential Eq. (3.23)

we can see that this always has a negative gradient and consequently is a runaway
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effective potential without a minimum. In the next section we will discuss what happens

when the effective potential displays a minimum (the chameleon case). But for now

it suffices to notice that with a choice of potential V ∼ exp (− |λ|φ), both V and the

β-dependent contribution to the effective potential display runaway behaviour in the

same direction

Veff,φ = −|λ|V − β

2
ρ̃m. (3.26)

As a direct consequence the f(R) case (β =
√

2/3) will have a steeper potential than

the corresponding (β = 0) Quintessence model. This makes slow-roll solutions harder

to come by in this particular f(R) model.
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(a) Fast-roll cases: xQS = 0.5 and Ωφ(τQS) ∼ 0.016

1 10 100 1000
Τ

0.0000

0.0005

0.0010

0.0015

fHRL: QS relative error

1 10 100 1000
Τ

-0.0002

0.0000

0.0002

0.0004

0.0006

Quint.: QS relative error

(b) Slow-roll cases: xQS = 0.1 and Ωφ(τQS) ∼ 0.21

Figure 3.4: Plots showing the relative error in δ (i.e. δQS/δfull− 1) again for f(R) (top) and for Quint. (bottom). Note that we have chosen units such
that k = 1 here, so that τ = 1 corresponds to horizon-crossing and these plots essentially correspond to zooming in on a particular pixel in Fig. 3.1.
The oscillatory features clearly visible in the slow-roll case are a direct consequence of χ displaying decaying oscillatory behaviour on sub-horizon scales,
which are not present in the quasi-static solutions.
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3.5.1 Fast Roll

First we consider an evolution where φ̇ swiftly becomes non-negligible, i.e. the field is

rolling quickly6. The evolution of Ωφ is shown in the left graph of Fig. 3.2. We compare

it to a corresponding non-scaling (Quint) Quintessence model (i.e. same potential with

β = 0), where the initial condition φi has been chosen so that Ωφ(τinitial) is identical for

both cases. The QSA contour plot for this case is shown in the left graph of Fig. 3.1.

We plot the relative error δQS/δfull − 1 to show how well the QSA does in comparison

with the full linearised solution. We cut off the evolution and evaluate errors when

Ωφ = 0.7, i.e. our model resembles the state of the universe today7. As explained above

we plot the final relative error in the parameter space specified by xQS = kτQS, the

‘time’ when the QSA was switched on, and the value of Ωφ at τQS.

A notable feature of Fig. 3.1 is that the error eventually decreases for large values of

Ωφ. Note that this is an artefact of cutting off the evolution of the error as soon as

an Ωφ, final = 0.7 is reached. Consequently, if the quasi-static approximation is only

switched on at a time when, say, Ωφ = 0.5, then even though the QSA will get the

evolution of δ very wrong for super-horizon scales, there is just not very much time left

until Ωφ, final = 0.7 is reached, so there is very little time for the error to grow. If a

different cutoff at an asymptotic value of Ωφ, final → 1 was chosen, and we proceeded

to make the analogous contour plot, the error would no longer eventually decreases

for large values of Ωφ. Also note that, since Ωφ is still evolving significantly towards

its asymptote Ωφ → 1 when the snapshot that leads to Fig. 3.1 is taken (i.e. when

Ωφ = 0.7), this means the error can also still be evolving. This is demonstrated by

comparing Figures 3.2,3.3 and 3.4. The overall error-levels plotted in Fig. 3.1 can

therefore continue to grow if a larger Ωφ, final is chosen.

The behaviour of the quasi-static approximation for the fast-roll case matches our näıve

hypothesis. On sub-horizon scales it performs well irrespective of the initial conditions

or the model considered, whereas on super-horizon scales the f(R) model does signifi-

cantly worse than its Quint. counterpart. To see why, we recall that errors in the QSA

for δ stem from propagating an incorrect solution for χ. So we need to investigate how

this error propagates to the evolution equation for δ - in other words, check the coeffi-

cients of both χ as well as χ̇ in the δ evolution equation. These are purely background

quantities. They are shown in the two left graphs of Fig. 3.3 and one can immediately

read off the reason why the Quint. model performs significantly better in the QSA than

the corresponding f(R) setup. We can see that the dependence on both χ and χ̇ is

6The initial conditions chosen are: φi = 5, φ̇i = 0, ai = 1, λ = 1.5, τi = 10−3 and ρ̃∗0m ' 10 for f(R)
while ρi = ρ̃∗0m e

−β/2χi for Quint., so that Ωφ,i is identical for the f(R) and Quintessence models. The
initial conditions result in a very small (∼ 10−4) initial Ωφ.

7In an explicit N-body context one may want to refine this to only extend to the time where a given
scale of interest starts to display non-linear behaviour.

74



highly suppressed at early times (i.e. when relevant modes can still be on super-horizon

scales) in the Quint. model, explaining why the error in those quantities does not prop-

agate very much at all to the evolution of δ on those scales. The coefficients plotted in

the left graphs of Fig. 3.3 only become relevant for Quint. at late times, when modes of

interest are on sub-horizon scales and where the associated χ is very well described by

its QSA solution. Note that Ωφ also starts evolving later in the Quint. case (as shown

in the left graph of Fig. 3.2), since φ̇� 1 for longer here.

For the f(R) case, on the other hand, we can discern two effects. Firstly the new

β-dependent terms in the evolution equations result in a significant χ-dependence at

early times, when ρm is still relevant. Secondly, φ̇ (the coefficient of χ̇) now also evolves

at early times, creating yet another source for the propagation of errors in χ on super-

horizon scales for modes of interest.

The left hand graphs in Fig. 3.4 finally confirm the intuition gained from the previous

plots in this section. Here we zoom in on a particular case, setting k = 1, xQS = 0.5.

This corresponds to a single pixel in the left graph in Fig. 3.1, namely the pixel at

xQS = 0.5 and Ωφ(τQS) ∼ 0.016 at the very bottom of the graph: i.e. this is a point for

which the QSA does fairly well. We find that the relative error for the fast-rolling f(R)

setup here is approximately an order of magnitude larger than that for the corresponding

Quint. model. Finally it may be worth stressing that, while in the fast-roll case the

QSA performs badly on scales close to or above the horizon scale, it still performs well

on sub-horizon scales as witnessed by Fig. 3.1, despite having a background evolution

that does not closely resemble ΛCDM (cf. Fig. 3.2).

3.5.2 Slow Roll

Let us now consider a setup with a long initial slow-rolling phase for φ, i.e. φ̇ � 18.

The evolution of Ωφ in this case is shown in the right graph of Fig. 3.2 and we can

immediately spot that the Quint. and f(R) cases behave almost identically. The QSA

contour plot for this case is shown in the right graph of Fig. 3.1 and indeed the plot

mostly agrees with the corresponding (large Ωφ) section of the fast-roll contour plot.

However, there is a crucial difference: In the contour plot we show the performance of

modes where the QSA is switched on at rescaled time xQS and the background quantity

Ωφ is at a given value. But from Fig. 3.2 we know that, due to the initial slow-rolling

phase, many modes cross the horizon when Ωφ is still near its initial value. What at

8The initial conditions chosen this time are: φi = 5, φ̇i = 0, ai = 1, λ = 1.5, τi = 10−3 and
ρ̃∗0m ' 0.016 for f(R) while ρi = ρ̃∗0m e

−β/2χi for Quint., so that Ωφ,i is identical for the f(R) and Quint.
models. These initial conditions enforce a relatively large (∼ 0.2) initial Ωφ which remains frozen in
for a significant amount of time. For contour plots Fig. 3.1 we again evolve forwards until Ωφ = 0.7.
Recall that tildes show that we are using the Einstein frame.
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(a) The effective chameleon potential Veff showing
the contributions from the original potential V (φ)
(dashed) and from the non-minimal coupling to mat-
ter (dotted).

(b) The corresponding Quintessence potential, which
only possesses the contribution from V (φ) (dashed)
since matter is coupled minimally to gravity.

(c) Plot showing how the minimum of the effective
chameleon potential changes due to the redshifting
of the matter-dependent contribution (dotted).

Figure 3.5: Here we show the effective chameleon potential and its evolution. 1 and 2 label
the two initial conditions for the field φ considered in the main text.

first sight might appear to be a numerical artefact in the right graph of Fig. 3.1 — the

fact that there is a very thin strip directly on top of the x-axis (corresponding to the

lowest and initial value of Ωφ which happens to be ∼ 0.21 here and which, during the

initial phase of the evolution, remains frozen-in as shown in Fig. 3.2) and that the QSA

does in fact do very well even for modes crossing the horizon during this initial phase

— is a direct consequence of the slow-rolling behaviour of the solution.

This may appear counter-intuitive, since a large Ωφ means the scalar field is relevant to

the cosmic evolution and should hence affect δ. By introducing errors into the evolution

of χ via the QSA, these should then map onto significant errors for δ. However, we have

already seen above that it is in fact other background properties — such as the slow- or

fast-rolling nature of φ̇ — that control how much the QSA errors in χ are propagated

to the evolution of δ. To make this clear let us once again zoom in on a particular case,

setting k = 1 and xQS = 0.1. This corresponds to a single pixel in the right graph in

Fig. 3.1, this time the pixel at xQS = 0.1 and Ωφ = 0.21 in the thin bright (i.e. low
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(c) Fast-roll initial condition (case 2) away from the minimum of the effective potential

(f) Slow-roll initial condition (case 1) at the minimum of the effective potential

Figure 3.6: Contour plots plotting the relative error δQS/δfull − 1 showing how well the
chameleon does in the QSA for the fast-roll and the slow-roll initial condition (cf. Fig. 3.5).
Note how the slow-rolling nature of the field enforced by case 1 results in a much improved
performance of the QSA. Axes are labelled and chosen as in Fig. 3.1 and error contours are
5, 10, 50, 80, 100% and 1, 2, 3, 5% from right to left in the fast- and slow-roll cases respec-
tively. The oscillatory features that are visible on (sub-)horizon scales are a consequence of
the oscillating behaviour of χ on those scales, cf. Fig. 3.4.
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error) strip directly at the bottom of the graph; a point for which the QSA does very

well as depicted in Fig. 3.4.

As before, we now need to check whether the error introduced into χ is enhanced or

suppressed by the background coefficients in the δ evolution equation. These are shown

in the right hand graphs in Fig. 3.3. Comparing with the corresponding Quint. graphs

we see that the background behaviour enforces small coefficients Cχ and Cχ̇, suppressing

the dependence on χ of the evolution equation for δ at early times both for the f(R)

and Quint. cases this time. For the modes of interest (subhorizon today) the relevant

coefficients only become large after horizon-crossing when the exact and QSA solutions

for χ match very well. This is a consequence of the initial slow-rolling phase. The

conclusion one draws here is that, once the evolution equations for the perturbations

are known, we can understand how well the QSA performs on super-horizon scales in

terms of background quantities. In the particular case considered here, even though we

started with a large Ωφ, this remained frozen in initially so that φ̇ remained small and

the dependence on χ is also suppressed. The right hand graphs in Fig. 3.4 summarise

these results, showing that the relative errors for both the f(R) and Quint. setups

considered in this section are very small (on the sub 0.1% level).

The key result of this section is that the impact of the QSA can depend crucially on

how the evolution equation for the scalar field couples back into that of the density

perturbation. Small errors in the QSA for χ can be greatly amplified if the background

scalar field evolves substantially. Small values of Ωφ (indicating that the field φ only

negligibly contributes to the energy density of the universe at the relevant time) may

not be enough to prevent the propagation of large errors. In some sense, this is not

surprising- it is the non-static nature of the background which is pushing the QSA

outside its range of validity. And, if the QSA is to be applied in any specific f(R)

theory, it is clearly essential to check whether the evolution of the scalar field is such

that the approximation is good enough.

3.6 The Chameleon mechanism in f (R)

It is well-known [50, 134] that a subset of f(R) models give rise to the so-called

chameleon effect, where the non-minimal coupling to matter in the Einstein frame re-

sults in an effective potential for φ with a minimum, and consequently an effective mass.

In chameleon models this is used to screen away any fifth force from φ in dense regions,

allowing them to evade tight fifth force constraints on solar system scales [134]. Such a

screening mechanism is therefore an essential ingredient to construct an observationally

viable f(R) model. Screening is an intrinsically non-linear effect and our linearised

78



analysis is consequently not sensitive to it by default. However, the analysis is sensitive

to the form of the potential via the associated mass term9, so it is worth considering

how this impacts our analysis and whether there are any interesting consequences for

the QSA.

Let us briefly review the mapping between f(R) theories and chameleons, pointing out

some important subtleties between different, typically-used conventions. In order to

do so we establish a dictionary between the convention (largely) used in the literature

for structure formation in f(R) models (e.g. [31, 124]) and that used in chameleon

phenomenology and screening effects (e.g. [121]). The former convention we label I and

the latter II: this thesis uses convention I.

Definition 3.2 (Conventions for the chameleon-f(R) mapping). In order to avoid con-

fusion when comparing with other literature, we here explicitly spell out these conven-

tions and the mapping between them.

Convention I: As we saw at the start of this section, the f(R) action can be written

(in the Jordan frame) as

SJ =
1

2

∫
d4x
√−g [R+ f(R)] +

∫
d4x
√−gLm[Φi, gµν ] , (3.27)

which is then mapped into the equivalent Einstein frame scalar-tensor theory

SE =
1

2

∫
d4x
√
−g̃ R̃

+

∫
d4x
√
−g̃

[
−1

2
g̃µν∇̃µφ∇̃νφ− V (φ)

]
+ Smatter[Φi, e

−βφg̃µν ] (3.28)

where we have employed a conformal transformation

g̃µν = eβφgµν , (3.29)

and defined the field φ via

1 + fR = e2φβ. (3.30)

β in this convention is
√

2/3. The potential V (φ) is determined by

V (φ) =
1

2

RfR − f
(1 + fR)2

. (3.31)

9After all, the background field evolution and especially φ̇ are highly sensitive to the form of the
potential.
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Convention II: The action we start with now is

SJ =
1

2

∫
d4x
√−g [f(R)] +

∫
d4x
√−gLm[Φi, gµν ] , (3.32)

i.e. f(R)(II) = R+f(R)(I) where the Roman index denotes the convention. The metric

g̃µν and the field φ are now defined via

f
(II)
R = e−2β̂φ, (3.33)

g̃µν = e−2β̂φgµν = f
(II)
R gµν . (3.34)

β̂ in this convention is
√

1/6. Finally the potential V (φ) in the second convention is

V (φ)(II) =
1

2

Rf
(II)
R − f (II)

(f
(II)
R )2

. (3.35)

The mapping: It is now clear that the difference between the two conventions boils

down to a a field redefinition of φ, namely

φ(I) ↔ −φ(II). (3.36)

This means care has to be taken when considering which potentials have the correct

properties to give rise to an effective chameleon.

The f(R) model considered in the previous section does not display chameleonic be-

haviour. This is straightforward to understand from the background evolution equation.

Recall this is

φ̈+ 2H̃φ̇+ ã2Vφ =
1

2
βã2ρ̃m (3.37)

for the background scalar φ. Now we can write this in terms of an effective potential

for φ (absorbing the factor ã2 this time)

Veff,φ = ã2Vφ −
1

2
βã2ρ̃m. (3.38)

However, for the runaway potential V ∼ e−|λ|φ both contributions to Veff,φ are negative,

so no minimum exists. Yet, for a chameleon-like model, we require that Veff has a

minimum.

Under what conditions does the f(R) potential fulfil the requirements for chameleon

behaviour? Adapting the results of [50] to the conventions used throughout this thesis,
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we find that the relevant conditions are10

Vφ > 0 Vφφ > 0 Vφφφ > 0. (3.39)

We can check that this is indeed the case. Firstly consider a new fiducial chameleon

potential V = exp (|λ|φ) trivially satisfying the chameleon conditions above. From

Eq. (3.37) this can clearly generate an extremum for the effective potential now. The

derivatives of the potential in our convention are now given by

V =
RfR − f

2 (fR + 1)2 (3.40)

Vφ = β
R+ 2f −RfR

2 (1 + fR)2 (3.41)

Vφφ =
β2

2

(
1

fRR
+
R (fR − 3)− 4f

(1 + fR)2

)
(3.42)

Vφφφ =− β3fRRR (fR + 1)3 + 3 (fR + 1)2 f 2
RR

2 (1 + fR)2 f 3
RR

− β3R (fR − 7)− 8f

2 (1 + fR)2 . (3.43)

In order for the effective potential Veff to have a minimum in the Jordan frame, the

condition

R+ 2f −RfR > 0 (3.44)

needs to be satisfied [31, 124]. Comparing with our expression for the derivatives of

the potential, this shows that Vφ > 0 as expected. As a further check we can cross-

check against a model that is known to have consistent chameleon screening, the Hu &

Sawicki model [124]. Fig. 3.7 demonstrates that regions of parameter space satisfy the

necessary constraints for different choices of parameters in this model. As a corollary we

see that the fiducial exponential potential we have chosen here qualitatively is a good

proxy for Hu & Sawicki potentials in regions of parameter space that display chameleon

screening.

Equipped with the above insights about the nature of the potential, we choose a fiducial

chameleon potential V = e|λ|φ. The evolution equations for the background, perturba-

tions and perturbations in the QSA laid out in the previous section are still valid. We

now contrast two cases. In the first case, we initially place the field at the minimum

(this is case 1 shown in the left graph of Fig. 3.5); in this situation we expect the QSA

10This may come as a surprise, given the result of [50] who quote the condition: Vφ < 0 Vφφ >
0 Vφφφ < 0 as required for f(R) models with chameleon screening. This difference is due to two
differing conventions used in the literature when mapping a given f(R) model into its scalar-tensor
form. We discuss these conventions in Definition 3.2 and describe the field redefinition that maps
between them. Also note that we need Vφ > 0, since for a minimum we require Veff,φ = 0, but the
contribution from the non-minimal coupling to matter to Veff,φ is negative.
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to do very well and indeed it does as shown in the left graph of Fig. 3.6. This is because,

as we saw in the previous section, errors generated by the QSA are propagated via their

dependence on φ̇ and H2Ωm. If the field is slow-rolling any dependence on χ is highly

suppressed; indeed, starting at the minimum should keep φ frozen at the minimum.

Having said that, since the effective potential will evolve due to the redshifting of mat-

ter density, the field will in fact slowly roll tracking the effective minimum, so a small

error should still remain. This effect is shown in the right graph in Fig. 3.5, while the

middle graph in the same figure shows the corresponding situation in the Quint. setup

which lacks any contribution to the effective potential that depends on the cosmological

matter density (again we match initial conditions so that the Quint. and chameleon

cases start off with the same Ωφ as discussed in the previous section).

The initial condition for starting out at the minimum of the potential is (tildes indicate

that we are in the Einstein frame)

Veff,φ =
√

1/6ρ̃m − λV0e
λφ = 0. (3.45)

Denoting the initial value of the scalar field by φi, in terms of an initial condition for

the matter energy density ρ̃m this means we require

ρ̃m, initial =
√

6λeλφi . (3.46)

This means that the initial energy density Ωφ, which we may write as

Ωφ =
1

1 + ρm
ρφ

, (3.47)

is fixed once we require the field to start at its minimum and specify λ.

To understand this better let us once again effectively zoom in on a single pixel in the

contour plot, setting k = 100, xQS = 0.1 and Ωφ(τQS) ∼ 0.22. Also setting λ = 1.5 as for

the contour plots we obtain the evolution shown in Fig. 3.8.11 One sees that the back-

ground field φ is indeed very slowly rolling. We compare this with a Quintessence-like

model that starts out with the same Ωφ. The reason the non-chameleon Quintessence-

like model also does relatively well, is that the minimum of the effective potential lies

in a region where the curvature of the original φ potential is very small (cf. the middle

graph in Fig. 3.5). Hence the field is slow-rolling in the Quintessence case too, only

doing mildly worse in the long run than the chameleonic f(R) setup.

In the second case we start away from the minimum. This is labelled as case 2 for both

11Again we emphasize that the parameters (λ, φi, etc.) chosen for our examples are intended to give
rise to toy models providing an understanding of the QSA. An in-detail comparison with observational
constraints on the parameter space of such models is beyond the scope of this thesis.
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the f(R)/chameleon and Quintessence cases in Fig. 3.5. The QSA error introduced

now is shown in the left graph in Fig. 3.6 and we see that the QSA does significantly

worse than in the the first case, where the field started at the minimum of the effective

potential. Zooming in on a pixel with k = 100, xQS = 0.1 and Ωφ(τQS) ∼ 0.0014,

we obtain the evolution shown in Fig. 3.9. As expected the Quintessence-like model is

hardly affected by the change from case 1 to case 2. In fact it does slightly better than

before since we have effectively moved into the flat, tail end of the original potential for

φ. However, the ρm-dependent term in the effective potential for the chameleon case

means the field there is rolling down a very steep slope and hence the QSA error is

strongly propagated to the δ evolution equation, resulting in a very bad fit for the QSA

(Fig. 3.6).

While the the two cases considered above are extremely useful in understanding what

controls the accuracy of the QSA and in particular in stressing the importance of the

fast/slow-rolling nature of the background, at this point it is important that an initial

condition very close to or identical to case 1 is the observationally motivated case.

Firstly note that BBN constraints require the field to have settled into its minimum by

the time BBN starts [49]. CMB constraints can also be used to place bounds on the

variation of φ since recombination, giving [47]∣∣∣∣exp

(
β∆φ

MPl

)
− 1

∣∣∣∣ < 0.05 (3.48)

This ensures that viable chameleon models do well in the QSA in the linearised regime,

since as we have seen, the approximation works well if we start close to the minimum

of the effective potential (which results in a maximally slow-rolling evolution). This

serves as somewhat of an a posteriori justification for the use of the QSA in chameleon

models - and we should stress: even on super-horizon scales. Note that this is directly

related to the shape of the chameleon potential. Since the field is slow-rolling along

with the effective minimum, QSA errors are strongly suppressed. Of course the effective

minimum also generates an effective screening mass for φ. Nevertheless we should keep

in mind that, while the screening properties of chameleon theories are intrinsically non-

linear effects, the fact that the QSA does well here solely relies on the slow-rolling nature

of the background. One should therefore not convolute explanations for the efficiency

of screening and the accuracy of the QSA in this case.
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(a) We plot f(R)−R vs. R, showing how this model interpolates between different f(R) for large and
small curvatures.

0.2 0.4 0.6 0.8
Φ0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

VHΦL

n = 1

n = 4

(b) The resulting potential V (φ).

Figure 3.7: The Hu & Sawicki potential Eq. (3.14) form = c1 = c2 = 1. Note how the potential
for n = 1 satisfies Vφ, Vφφ, Vφφφ > 0 for all R (and hence always acts as a chameleon), whereas
n = 4 only satisfies this for large φ ∼ 0.8 (which corresponds to large curvature R here), so
chameleon-like behaviour is restricted to the high curvature regime in the second case.
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Figure 3.8: The slow-rolling chameleon (case 1): Initial conditions place the field at the
minimum in the effective potential Veff , resulting in a slow-rolling field and small QSA errors.
The Quintessence-like case also performs well due to the very flat V (φ). The dashed vertical
line denotes the time when Ωφ = 0.7 and the relative error is evaluated in our contour plots.
The evolution of Ωφ for a chameleon f(R) and Quint. model starting with identical Ωφ is
almost identical. We show the evolution of δQS/δfull − 1 in units where k = 100 and choosing
xQS = 0.1 and Ωφ(τQS) ∼ 0.22 (cf. Fig. 3.6). Horizon-crossing therefore takes place at
τ = 0.01. The evolution of δ in the f(R) chameleon case and the Quint. case, with full and
quasi-static solutions: both agree very well in the slow-roll case shown here. In the evolution
of coefficients for χ̇ (left) and χ (right) in Section 3.4 the chameleon f(R) and Quint solution
closely follow each other here in comparison to the analogous plots in Fig. 3.9 (up to ∼ 50%
vs. > 1000% difference).
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Figure 3.8: The slow-rolling chameleon (case 1): Initial conditions place the field at the
minimum in the effective potential Veff , resulting in a slow-rolling field and small QSA errors.
The Quintessence-like case also performs well due to the very flat V (φ). The dashed vertical
line denotes the time when Ωφ = 0.7 and the relative error is evaluated in our contour plots.
The evolution of Ωφ for a chameleon f(R) and Quint. model starting with identical Ωφ is
almost identical. We show the evolution of δQS/δfull − 1 in units where k = 100 and choosing
xQS = 0.1 and Ωφ(τQS) ∼ 0.22 (cf. Fig. 3.6). Horizon-crossing therefore takes place at
τ = 0.01. The evolution of δ in the f(R) chameleon case and the Quint. case, with full and
quasi-static solutions: both agree very well in the slow-roll case shown here. In the evolution
of coefficients for χ̇ (left) and χ (right) in Section 3.4 the chameleon f(R) and Quint solution
closely follow each other here in comparison to the analogous plots in Fig. 3.9 (up to ∼ 50%
vs. > 1000% difference).

86



0.01 0.1 1 10
Τ

5000

10 000

15 000

Χ coefficient: fHRL vs Quint.

fHRL

Quint

(e) Evolution of coefficients for χ

0.01 0.1 1 10
Τ

50

100

150

200

Χ' coefficient: fHRL vs Quint.

fHRL

Quint

(f) Evolution of coefficients for χ̇

Figure 3.8: The slow-rolling chameleon (case 1): Initial conditions place the field at the
minimum in the effective potential Veff , resulting in a slow-rolling field and small QSA errors.
The Quintessence-like case also performs well due to the very flat V (φ). The dashed vertical
line denotes the time when Ωφ = 0.7 and the relative error is evaluated in our contour plots.
The evolution of Ωφ for a chameleon f(R) and Quint. model starting with identical Ωφ is
almost identical. We show the evolution of δQS/δfull − 1 in units where k = 100 and choosing
xQS = 0.1 and Ωφ(τQS) ∼ 0.22 (cf. Fig. 3.6). Horizon-crossing therefore takes place at
τ = 0.01. The evolution of δ in the f(R) chameleon case and the Quint. case, with full and
quasi-static solutions: both agree very well in the slow-roll case shown here. In the evolution
of coefficients for χ̇ (left) and χ (right) in Section 3.4 the chameleon f(R) and Quint solution
closely follow each other here in comparison to the analogous plots in Fig. 3.9 (up to ∼ 50%
vs. > 1000% difference).
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Figure 3.9: The fast-rolling chameleon case (case 2): Initial conditions place the field away
from the minimum in the f(R) model, resulting in a fast-rolling field and large QSA errors,
markedly different from case 1 shown in Fig. 3.8. The corresponding Quintessence-like per-
formance is hardly changed in comparison with case 1 as expected. The dashed vertical line
denotes the time when Ωφ = 0.7 and the relative error is evaluated in our contour plots. The
evolution of Ωφ for a chameleon f(R) and Quint. model starting with identical Ωφ is visibly
different now. We show the evolution of δQS/δfull − 1 in units where k = 100 and choosing
xQS = 0.1 and Ωφ(τQS) ∼ 0.0014 (cf. Fig. 3.6). Horizon-crossing therefore takes place at
τ = 0.01. Evolution of δ also differs in the f(R) chameleon and the Quint. case, showing
full and quasi-static solutions . The QSA fails rather catastrophically in the f(R) chameleon
here, while the Quint. QSA solution faithfully tracks the full solution. Again this is in stark
contrast to the slow-roll case considered before and is a result of fact that in the fast-roll case
there is no suppression of the propagation of large quasi-static errors for χ to the evolution
of δ̃ on super-horizon scales. Evolution of coefficients for χ̇ and χ in Section 3.4 - note that
chameleon f(R) and Quint solution are very different now, with the f(R) chameleon display-
ing much larger coefficients. This explains why the QSA error in evaluating χ is much more
strongly propagated into the evolution equation for δ, resulting in the bad QSA fit shown in
the middle row. Contrast this with the case shown in Fig. 3.8.
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Figure 3.9: The fast-rolling chameleon case (case 2): Initial conditions place the field away
from the minimum in the f(R) model, resulting in a fast-rolling field and large QSA errors,
markedly different from case 1 shown in Fig. 3.8. The corresponding Quintessence-like per-
formance is hardly changed in comparison with case 1 as expected. The dashed vertical line
denotes the time when Ωφ = 0.7 and the relative error is evaluated in our contour plots. The
evolution of Ωφ for a chameleon f(R) and Quint. model starting with identical Ωφ is visibly
different now. We show the evolution of δQS/δfull − 1 in units where k = 100 and choosing
xQS = 0.1 and Ωφ(τQS) ∼ 0.0014 (cf. Fig. 3.6). Horizon-crossing therefore takes place at
τ = 0.01. Evolution of δ also differs in the f(R) chameleon and the Quint. case, showing
full and quasi-static solutions . The QSA fails rather catastrophically in the f(R) chameleon
here, while the Quint. QSA solution faithfully tracks the full solution. Again this is in stark
contrast to the slow-roll case considered before and is a result of fact that in the fast-roll case
there is no suppression of the propagation of large quasi-static errors for χ to the evolution
of δ̃ on super-horizon scales. Evolution of coefficients for χ̇ and χ in Section 3.4 - note that
chameleon f(R) and Quint solution are very different now, with the f(R) chameleon display-
ing much larger coefficients. This explains why the QSA error in evaluating χ is much more
strongly propagated into the evolution equation for δ, resulting in the bad QSA fit shown in
the middle row. Contrast this with the case shown in Fig. 3.8.
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Figure 3.9: The fast-rolling chameleon case (case 2): Initial conditions place the field away
from the minimum in the f(R) model, resulting in a fast-rolling field and large QSA errors,
markedly different from case 1 shown in Fig. 3.8. The corresponding Quintessence-like per-
formance is hardly changed in comparison with case 1 as expected. The dashed vertical line
denotes the time when Ωφ = 0.7 and the relative error is evaluated in our contour plots. The
evolution of Ωφ for a chameleon f(R) and Quint. model starting with identical Ωφ is visibly
different now. We show the evolution of δQS/δfull − 1 in units where k = 100 and choosing
xQS = 0.1 and Ωφ(τQS) ∼ 0.0014 (cf. Fig. 3.6). Horizon-crossing therefore takes place at
τ = 0.01. Evolution of δ also differs in the f(R) chameleon and the Quint. case, showing
full and quasi-static solutions . The QSA fails rather catastrophically in the f(R) chameleon
here, while the Quint. QSA solution faithfully tracks the full solution. Again this is in stark
contrast to the slow-roll case considered before and is a result of fact that in the fast-roll case
there is no suppression of the propagation of large quasi-static errors for χ to the evolution
of δ̃ on super-horizon scales. Evolution of coefficients for χ̇ and χ in Section 3.4 - note that
chameleon f(R) and Quint solution are very different now, with the f(R) chameleon display-
ing much larger coefficients. This explains why the QSA error in evaluating χ is much more
strongly propagated into the evolution equation for δ, resulting in the bad QSA fit shown in
the middle row. Contrast this with the case shown in Fig. 3.8.
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3.7 Discussion

What have we learned from our analysis of the QSA in linearised f(R), chameleon

and, en passant, in Quintessence models? The key insight of this chapter is that the

performance of the perturbative QSA on a given scale in all of these models can be un-

derstood in terms of background variables. This allows us to straightforwardly quantify

how well a given model does in the QSA and to assess whether this approximation can

also be used in super-horizon regimes. In particular the slow- or fast-rolling nature of

the background field plays a crucial role in propagating potential quasi-static errors into

structure formation, i.e. δ̃. Slow-rolling solutions lead to quasi-static solutions which

perform well even outside their näıve regimes of validity, i.e. also on super-horizon

scales.

Slow-rolling solutions also correspond to ΛCDM-like background evolutions, which [77]

found to be linked to good quasi-static evolution on sub-horizon scales. Phrasing this

in terms of slow- and fast-rolling solutions and investigating the evolution Eqs. (3.16)

and (3.17) and Section 3.4 has allowed us to gain a semi-analytical understanding of

why this is the case. We have extended the argument to (super-)horizon scales, where

slow-rolling solutions are still accurate within ∼ 5% for the chameleon case considered

in Section 3.6. We have also found that on sub-horizon scales the QSA performs well

as expected, with < 1% level errors in δ̃. This can even be the case when the field is

fast-rolling and the background evolution is consequently distinct from ΛCDM, as the

fast-roll examples in Sections 3.4 and 3.6 show12. Note that we expect the exact error-

levels to be sensitive to the precise nature of the potential, so it will be an interesting

task for the future to combine the findings of this chapter with an exhaustive survey of

observationally viable chameleon and f(R) models.

Viable f(R) and chameleon models satisfy two conditions. Firstly, they come equipped

with a screening mechanism that avoids clashes with tight fifth force constraints. This

screening mechanism relies on an effective potential with a minimum. Secondly, BBN

and CMB constraints require the field to be very close to this minimum by the time

of BBN/recombination and to have the field subsequently slow-rolling together with

the evolving minimum (we recall that the minimum evolves due to the redshifting

matter density). Here we have shown that the resulting slow-roll condition on the

evolution of the background field is precisely what is required for the QSA to perform

well even on (super-)horizon scales. It therefore appears that the QSA is well-suited

to analyse structure formation in such modified gravity models for a range of scales

12Note that we do not expect this to remain true in general, for example in cases where there are still
rapid oscillations of scalar field perturbations deep into the sub-horizon regime. An explicit example is
provided by the R0.63 case discussed in [77], where the QSA fails on sub-horizon scales too. We thank
Antonio Maroto for pointing this out to us.
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- an encouraging conclusion indeed. This is in agreement with (and an extension of)

the conclusions of [77, 121], who discuss sub- and near-horizon scales, and the analysis

presented here sheds some light on why the QSA performs so well in these cases.

However, note that a question of precision remains. QSA errors introduced into the

evolution of δ can still reach ∼ 5% on super-horizon scales, even in the best cases

considered in this chapter, so that the use of the QSA limits the maximal precision that

can be reached in any such analysis of structure formation. Such an error is still too

large if one targets 1% accuracy for the power spectrum of δ in future experiments.13

If higher accuracies are desired a more accurate prescription than one employing the

QSA will likely be necessary. Also adding a short fast-rolling phase before BBN or

maximising the distance the field could have travelled in accordance with constraints

would probably worsen the obtained accuracy. This is of crucial importance in the

context of N-body simulations, in particular when the QSA is used to set up initial

conditions in the linear regime on (super) horizon scales, which is precisely the regime

we have probed here.

Much remains to be done. Probing Vainshtein screening in the same quantitative fashion

and exploring whether there are viable dark energy models that are not well described

by the QSA (along the lines of [166, 226]) are tasks left for future work. For Vainshtein-

screened models it could be very interesting to extend the work of [23, 24, 25, 160],

exploring the accuracy of the QSA for such models. The fact that the background

evolution can be very distinct from ΛCDM in such models might suggest that the QSA

will generically perform rather poorly on super-horizon scales there. However, a detailed

analysis may uncover interesting exceptions. Finally the analysis in this chapter has

focussed on the linear regime relevant to the way initial conditions are set up in N-body

simulations and to (super-)horizon scales. An explicit and detailed fully non-linear

analysis of the QSA on sub-horizon scales should also result in a better understanding

of the applicability of the approximation.

13Also note that intrinsic N-body simulation systematics, e.g. due to the discretisation of evolution
equations, will introduce further errors. It will be an interesting task for the future to establish precisely
at what level these errors contribute. We thank Baojiu Li for raising this point.
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Chapter 4

Generalising the halo mass function
from GR to MG

The halo mass function n(M) is defined to be the number density of dark matter

haloes in a given mass interval at a certain redshift. Using excursion set theory, this

can be related to the probability f(S) for a given trajectory in the phase space (δ, S)

to be absorbed at resolution S when the overdensity δ reaches the collapse density

δc. This behaviour amounts to a diffusion equation, where δ and S act as spatial and

temporal variables respectively. In turn, f(S) can be expressed in terms of a “universal”

fitting function F (ν), which is invariant under changes in redshift and cosmological

parameters.

This chapter explains how the existing frameworks to calculate the halo mass function

in GR can be generalised to (screened) MG. In Section 4.1 we show how the barrier

density forms the solution to an ODE which can be tailored to each theory of gravity

using an effective Newton’s constant: the solution to this equation encapsulates the

modifications to non-linear collapse from MG. This is utilised when explaining the the-

oretical approach provided by excursion set theory in Section 4.2.1 (general relativity)

and Section 4.2.2 (modified gravity). Then we extend this to dependence on the cos-

mic web in Section 4.3. The same method can be used for empirical fitting functions

(Section 4.4), which are derived from and calibrated using N -body simulations. In par-

ticular we focus on the various ways to account for environment dependence—a problem

peculiar to chameleon MG theories—and in Section 4.5 we analyse the accuracy of both

existing methods and the novel methods which we propose in this chapter.
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Figure 4.1: The barrier density δc(M, δenv) for each of the MG models in this thesis.

4.1 Spherical collapse in MG

In this section we quantify how screening affects the critical density required for halo

collapse in the excursion set formalism. We present a formula for the overdensity

required for collapse δc(M, z, δenv) which is sufficiently general for all of our screened

MG theories. The main difference in modified gravity is that δc depends both on mass

and environment density as well as depending on redshift as in ΛCDM.

The density field δ is the linearly-extrapolated over-density at the present epoch.1 Ini-

tially the density field exhibits Gaussian fluctuations on all scales, which we measure

according to the fractional overdensity ρ/ρ convolved (hence we work in Fourier space)

with a window function to obtain the fluctuations over a given scale R, which we expect

to have some variance σ, such that δ = νσ(R) for any positive constant ν and σ =
√
S

defines the resolution S:

S ≡ σ2 =
1

(2π)3

∫
d 3k

〈∣∣∣δ (~k;R
)∣∣∣〉 =

1

2π

∫ ∞
0

d ln k P (k, z)W (k;R)2k3 (4.1)

where P (k, z) is the power spectrum which completely describes the original Gaussian

density field δ at redshift z.

Now we require a condition for the redshift evolution of the density field: we choose a

1Originally [42] denoted this by F to avoid confusion with δc and to emphasise that it is not purely
ρ/ρ, the usual cosmological definition of overdensity compared to the background density. However,
present convention dictates that δ be used instead.
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Figure 4.1: The barrier density δc(M, δenv) for each of the MG models in this thesis.

linear evolution δ(k, z;R) = D(z)δ(k;R) where D(z) is the growing mode normalised

to unity at the present epoch. Accordingly, we require the linear growing mode D(z)

for ΛCDM, which is the solution of the second-order ode:

0 =
d 2D

d ln a2
+

(
2− 3

2
Ωm(ln a)

)
dD

d ln a
−
(

3

2
Ωm(ln a)

)
D(ln a) (4.2a)

Ωm(ln a) =
Ωm0 exp (−3 ln a)

Ωm0 exp (−3 ln a) + ΩΛ0

(4.2b)

ΩΛ(ln a) =
ΩΛ0

Ωm0 exp (−3 ln a) + ΩΛ0

(4.2c)

Let us view the present-day δ as a fixed density field, with a critical overdensity for

collapse δc0: where δ > δc0/D(z), we expect these overdensities to have already collapsed

at redshift z; conversely where δ < δc0, these parts of the density field have yet to

collapse. Our aim is to calculate δc0 for both GR and our screened MG theories.

The collapse of the environment surrounding the halo is equivalent to collapse in general

relativity. Let us assume that the initial overdensity is a spherical top-hat in Eulerian

space. We can utilise the resulting axisymmetry to simplify the gravitational collapse

equation to:

0 =
d2y

d ln a2
+

(
2− 3

2
Ωm(a)

)
dy

d ln a
+

1

2
Ωm(a)

(
1

y3
− 1

)
y (4.3)
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where y(a) is the ratio of the physical radius of the halo RTH(a) to the physical radius

of the filter a(t)R [155]. Now we have an expression for the halo density in general

relativity and the environment density in modified gravity.

Since all of our MG theories obey a modified Poisson equation in the weak-field limit,

we can use the standard equations for collapse of a spherical top-hat overdensity. We

need only replace GN by GN(1+Feff) in the Poisson equation. Following the same steps

as for the environment collapse, we obtain:

0 =
d 2y

d ln a2
+

(
2− 3

2
Ωm(a)

)
d y

d ln a
+

1

2
(1 + Feff) Ωm(a)

(
1

y3
− 1

)
y (4.4)

and Feff is the appropriate modification in GN as tabulated in Table 2.2. Since Feff � 1

at early times, we can use the same initial conditions as we used for ΛCDM. For

Symmetron gravity Feff depends upon the halo overdensity in Eq. (2.18); while in Dvali-

Gabadadze-Porrati models Feff depends upon the halo mass and radius in Eq. (2.26).

Therefore for Symmetron and Vainshtein screening we need only solve Eq. (4.4). In

contrast, the chameleon-screened f(R) theory with Feff in Eq. (2.14) depends both

upon the halo density and the environment density: in this case Eq. (4.4) (for the halo

collapse) must be coupled to Eq. (4.3) (for the collapse of the surrounding environment).

This is the general form for modified gravity collapse of a spherical top-hat.

Finally we set the initial conditions. Mass conservation determines yi via equating the

physical radii of the physical halo and the top-hat window function at the initial time

ai:

M =
4

3
πρm0a

3
iR

3
TH =

4

3
πρm0 (1 + δi) r

3
i =⇒ y(ai) = 1− δ(ai)

3
(4.5)

At early times we expect the ODE Eqs. (4.3) and (4.4) to be well-approximated by its

linearised equivalent. Without loss of generality, we can set the initial redshift of the

ODE (we used z = 500) to before the modification to GR, hence Feff = 0. Substituting

the result for yi gives the corresponding first derivative:

d y(ai)

d ln a
= −δ(ai)

3
(4.6)

An important corollary of Eq. (4.5) is that δ = y−3 − 1, which contributes the nonlin-

earity in the final term of Eqs. (4.3) and (4.4).

Despite the fact that our (coupled) ODEs are in terms of y(a), our aim is to calculate

δc(zc). We define this via the boundary-value problem [143]:

δc (zc) = δi (zi)
D (zc)

D (zi)

∣∣∣∣ y (zc) = 0 (4.7)

This condition specifies that y vanish at the boundary zc. We have one unknown, which
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is the value of δi controlling both yi and y′i at the boundary zi via Eq. (4.5). We are

left with y′(zc) which is totally unknown. There is no guarantee that this non-linear

system of odes constrained by boundary values has a solution. We employ a “shooting

method” to iteratively find the collapse density which causes the halo to collapse at

z = 0. An initial estimate for δc is scaled to its initial value at zi and the system

of equations is evolved. If the density is too low, the halo will not have collapsed,

resulting in y(z = 0) > 0, whereas if the density is too high, y = 0 will be reached

before z = 0. These conditions are used to select which branch of the bijection to

use for further estimation. The lower limit is δc > 0. The upper bound is given by

the Einstein-de Sitter result δc0 = 3
20

(12π)
2
3 (not the ΛCDM result, because the DGP

values exceed this). We now have all the requirements to compute both the present-day

collapse density (in fact, the barrier density required for collapse at any redshift).

We checked our results for the collapse density by reproducing the values in [170] for

f(R) and [215] for DGP. For the symmetron model only [234] has values for δc but their

symmetron potential is substantially (algebraically) different from ours, so we verified

our results by ensuring that they converged smoothly to ΛCDM as we reduced the

modification to gravity.

The collapse densities using our screening parameters are shown in Fig. 4.1. The DGP

models produce a flat result with similar values to ΛCDM. This suggests that these

results may be indistinguishable from a ΛCDM model with non-standard cosmological

parameters. In contrast, the two Symmetron models produce a collapse density which

is a function of mass. While it asymptotes to ΛCDM density at high masses, it is

substantially lower for small masses and appears to tend to a constant value on sub-

cluster scales. As expected, the MG model parameters are correlated with the collapse

density divergence from ΛCDM: DGP models recover the ΛCDM collapse density as the

cross-over radius tends to infinity, whereas symmetron models do so as the symmetry-

breaking scale factor tends to unity.

The f(R) collapse density exhibits a more complex behaviour. We shows its dependence

on mass in Figs. 4.1b and 4.1d and environment in Figs. 4.1c and 4.1e. The collapse

density is no longer flat: δc(M, δenv) is a monotonically-increasing function ofM , and the

peak-background split δc−δenv is a monotonically-decreasing function of δenv. Compared

to ΛCDM, we expect haloes to form at higher masses and to have more in low-density

regions. Figs. 4.1c and 4.1e demonstrate that the collapse density is always bounded

from below by the environment density and from above by the ΛCDM result. We have

also marginalised over the environment distribution according to Eqs. (4.14) and (4.15b)

as suggested in Section 4.4. The resulting environment-averaged collapse density is

shown in Fig. 4.2. This completes our analysis of spherical collapse in MG.
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4.2 Excursion set theory

In this section we derive this relationship between the halo mass function n(M) and the

universal fit F (ν) derived via excursion-set theory, including the scenario in which ν

depends upon “nuisance parameters” other than M . We outline the excursion set for-

malism in general relativity (Section 4.2.1) and then discuss the modifications induced

by modified gravity (Section 4.2.2).

4.2.1 The excursion set theory in ΛCDM

The Ansatz of the excursion set formalism is the relation of the linear overdensity field

in real space collapsing to a halo of mass M to trajectories in the density field being

absorbed by a critical density at resolution S. As shown in [42, 148], where they assume

top-hat window functions in k-space, this problem reduces to finding the fraction of

random walks in the plane (δ, S) that are absorbed by the collapse overdensity δc at

resolutions earlier than S. These correspond to the cumulative fraction F (> M) of

mass contained in haloes above mass M .

We have already seen, albeit en passant, the ingredients of the excursion set formal-

ism:
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1. The window function W (kR) used to smooth the density field. We utilise a

Gaussian filter and a top-hat filter in both real and Fourier space.

2. The overdensity field δ corresponding to the fractional, linearly-evolved overden-

sity smoothed over a scale R defined by a given Fourier-space window function

W (kR).

3. The resolution S, which is related to the linear matter power spectrum P (k) and

the halo mass M .

4. The collapse density δc which acts as a drifting-and-diffusing barrier in the diffu-

sion equation below.

Following [42], we obtain a diffusion equation for the probability density function Π(S, δ)

that a Markovian trajectory which moves randomly in the linearly-extrapolated density

field δ and moving linearly forwards in S from the origin will first exceed the barrier

density δc(S) at resolution S:

∂Π

∂S
=

1

2

∂2Π

∂δ2
with boundary conditions

Π(δ, S) = 0 at δ = δc(S)

Π(δ, S) = 0 at δ = 0
(4.8)

However, our aim is to express this solely in terms of S—the resulting function f(S) is

known as the first-crossing distribution—and as the name suggests is the probability

of first up-crossing the barrier density at S. In GR the barrier is flat, so we obtain an

analytical solution for Π provided that we use a top-hat filter in Fourier space for S.

This is given by the Press-Schechter mass function [202]:

F (> M) = 2

∫ ∞
δc

d δ Π(δ(S)) =

∫ S

0

dS ′f(S ′) = erfc

(
νh√

2

)
(4.9)

where νh ≡ δc/
√
S. (A more detailed derivation of this result is in [42].)

Excursion set theory can be extended to theories with a non-flat barrier δc(S, Senv, δenv)

which depends upon the starting point of the random walk (Senv, δenv) and the variance

S at which the random walk crosses the barrier. By assuming that trajectories in (δ, S)
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are uncorrelated, the diffusion equation admits the solution [192]:

f(S|Senv, δenv) = g(S) +

∫ S

Senv

dx k(S, x) f (x |Senv, δenv) (4.10a)

k(S, x) =

[
δc(S)− δc(x)

S − x − 2
d δc(S)

dS

]
1√

2π(S − x)
exp

{
−(δc(S)− δc(x))2

2(S − x)

}
(4.10b)

g(S) =

[
δc(S)− δenv

S − Senv

− 2
d δc(S)

dS

]
1√

2π(S − Senv)
exp

{
−(δc(S)− δenv)2

2(S − Senv)

}
(4.10c)

It is straightforward to show that this has an analytical solution for a linear barrier

density [192, 262], including the constant case δΛ
c0 ≈ 1.676 which is the ΛCDM solu-

tion:

f(S|Senv, δenv) =
δΛ
c − δenv√

2π(S − Senv)3
exp

[
−1

2

(
δΛ
c − δenv

)2

S − Senv

]
(4.11)

We shall refer to this as the (environment-)conditional HMF from now on. We shall

require this result in the MG case, having seen in Fig. 4.1 that some of our grav-

ity theories produce flat barriers, others “drifting” barriers δc(S) and other the full

“drifting-and-diffusing” barrier δc(S, Senv, δenv).

Finally we must marginalise over the environment. We require a probability distribution

for δenv, upon which we will expand in Section 4.2.2. Then the unconditional mass

functions is simply the conditional one marginalised over the nuisance parameter [155,

156]:

f (S) = 〈f (S |Senv, δenv)〉env =

∫ δΛ

−∞
d δenv p (δenv |Senv) f (S |Senv, δenv) (4.12)

In ΛCDM we obtain an analytic solution which is precisely the Press-Schechter func-

tion:

f (S) =
δΛ
c√

2πS3
exp

[
−1

2

(
δΛ
c

)2

S

]
(4.13)

The unconditional HMF Eq. (4.13) has the same functional form as the conditional

one Eq. (4.11), albeit with the substitutions δc → (δc − δenv) and S → S − Senv. In

Section 4.4 we shall assume that this applies to other fitting functions beyond Press-

Schechter.
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4.2.2 Excursion set theory in MG

How does screened gravity alter this result? After solving Eqs. (4.3) and (4.4) we

can derive values for δc in general relativity and modified gravity, and for the starting

point of the random walk δenv. We have already seen the integral required to obtain

the conditional first-crossing distribution in Eq. (4.10). Now we must account for the

environment dependence, which forms nuisance parameters in the unconditional (i.e.

environment-averaged) HMF n(M).

Three options are frequently used for the environment density in the literature:

1. Lagrangian distribution from excursion set theory

2. Eulerian equivalent to Item 1

3. Numerical distribution from N -body simulations

Recall that we assume that the environment behaviour is on sufficiently large scales

that it is well-approximated by ΛCDM. Then [42] have shown that the environment

distribution can be obtained using the same excursion set method by which we have

derived the PS mass function. The probability that the trajectory starting from (0, 0)

survives to up-cross the environment density δenv at resolution Senv is [42]:

p (δenv) =
H
(
δΛ
c − δenv

)
√

2πSenv

[
exp

(
− δ2

env

2Senv

)
− exp

(
−
(
δΛ
c − δenv

)2

2Senv

)]
(4.14)

where δΛ
c ≈ 1.676 is the barrier density for ΛCDM and H is the Heaviside step func-

tion.

Item 2 can be obtained from Eq. (4.14) by treating the non-linear Eulerian overdensity

∆ as the barrier function in the excursion set method:

∆(S) = δc

[
1−

(
Renv

8 Mpc/h

)3/δc ( S

σ2
8

)1/ω
]

(4.15a)

which produces the distribution2 for the Eulerian linear density contrast

q (δenv) =
βω/2√

2π

[
1 + (ω − 1)

δenv

δΛ
c

] [
1− δenv

δΛ
c

]−(ω/2+1)

exp

[
−δ

2
env

2

(
β

1− δenv

δΛ
c

)ω ]
(4.15b)
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where

ω = −δc
d lnS

d lnM

∣∣∣∣
env

and β =

(
Renv

8 Mpc/h

)3/δc ( 1

σ8

)2/ω

The corresponding Lagrangian and Eulerian probability density functions for Renv =

10 Mpc/h are shown in Fig. 4.3. The Lagrangian PDF is quasi-symmetric: whereas the

PDF asymptotes smoothly to zero for δenv ≤ −δΛ
c , it is artificially set to zero for values

δenv ≥ δΛ
c because these environments would already have formed a halo. The Eulerian

PDF is asymmetric, with a greater proportion of overdensities (i.e. where δenv ≥ 0)

than voids. However, it does not asymptote to zero for negative densities as rapidly

as the Lagrangian PDF. We analyse the effect of the choice of PDF on the HMF in

Section 4.5.

Whereas both of these are analytic methods, perhaps the most accurate solution is

simply to extract the distribution from the N -body simulations. This would isolate

the effects of the MG excursion set prediction from those of assuming a theoretical

approximation to the δenv distribution. (Implicit in the use of this distribution is the

assumption that the environment in the box is an unbiased sub-sampling of the cosmo-

logical environment density.) However, each environment probability density function

would differ in each simulation, so it would be difficult to disentangle the effects of av-

eraging over a different p(δenv) from the effects of the gravity model on the conditional

HMF. Thus we discard this option.

Throughout this thesis we set Senv = S(10 Mpc/h) ≈ 0.1, i.e. an environment radius

of ≈ 14 Mpc. Using a Gaussian window function limits the maximum halo mass to

. 1016M�. We confirmed that this is above the maximum halo mass found in our

N -body simulations, so that we do not exclude any data by imposing the excursion-set

condition S < Senv. The values of σ8 = 0.8 and ns = 0.966, 1.0 for the Eulerian

probability density function are set by the simulations (Sections 1.4.4 and 5.2.1).

So far we have neglected the additional complications that the resolution S is sensitive

to the MG parameters (e.g. f(R)) via the power spectrum and that the collapse density

is now a function of S. We address these now.

We have chosen to use the linear P (k) computed in the ΛCDM model in Eq. (4.1)

when computing the f(R) gravity predictions. The same approach was taken in [59].

The reason for this choice is that linear theory massively overestimates the clustering

in modified gravity theories such as f(R): Fig. 4.4 shows that the ratio of the linear

2We correct an error in [170] Equation (49) and [156] Equation (15) by restoring the δ2
env term in

the exponent. Without it, the distribution does not normalise to unity. Furthermore [170] Equation
(49) has an error in the definition of β, which is correct in [156] Equation (15).
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Figure 4.3: The probability density functions for Lagrangian and Eulerian environment density
according to Eqs. (4.14) and (4.15b) respectively. This assumes a smoothing scale of 10 Mpc/h
for both environments.

Figure 4.4: The ratio of the f(R) power spectrum to that of ΛCDM for the linear (purple)
and non-linear (green) case. The effect of screening is clearly visible at increasingly large k:
the non-linear result is suppressed, while the linear result increases rapidly.
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Figure 4.5: Two-point correlation function of the Lagrangian (red) and Eulerian (blue) matter
density fields, the latter approximated by a lognormal transformation of the former. The
results are shown for a Gaussian smoothing scale Renv = 10 Mpc/h. The relative difference
between both curves is smaller than 7% on all scales.

power-spectrum in |fR0| = 10−5 to the linear power-spectrum in ΛCDM shows a much

larger deviation than the ratio of the corresponding non-linear power spectra obtained

from simulations. The reason is that screening is not present in linear theory. One

can easily construct modified gravity models of this type where non-linear results for

the power spectrum and the mass function can be arbitrarily close to ΛCDM while at

the same time having a linear power-spectrum that deviates significantly from ΛCDM.

In such scenarios excursion set theory is not able to give results that agree with sim-

ulations if the modified gravity linear power spectrum is used in the calculations. We

have checked that this gives results which are in better agreement with simulations by

comparing the results using the full linear power-spectrum. An alternative would be

to consider a compromise approach where we use the linear ΛCDM power-spectrum

corrected with a boost-factor Pf(R)(k)/PΛCDM(k) computed from simulations, however

this would require explicit simulations which goes against the appeal of using the excur-

sion set approach—which is to extract observables without having to perform expensive

numerical calculations.

We finish this section by noting that, in a strict sense, when relating the excursion-
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set predictions to simulated or real data, the scale of the environment Senv should

correspond to its Lagrangian scale (i.e. in the initial conditions) instead of its Eulerian

size, and as pointed out by [149, 156] these effects could be relevant for modified-gravity

theories. However, for the environment scales studied in this work (Renv ≥ 10 Mpc/h),

we expect these two quantities to be very similar, the evolution of the density field

since on such large scales is close to self-similar. We can verify this with a quick

test: the effect of the Eulerian evolution can be roughly captured by making a log-

normal transformation on the linear (Lagrangian) density field [72]. Then, since the

shape of density profile around any point in either the Lagrangian or Eulerian fields

is, on average, determined by the correlation function of the field, we can explore the

effects of this distinction by studying the correlation function in either case. Under a

lognormal transformation, the correlation function of the log-normalized (i.e. Eulerian)

field would be given by ξEu(r) = exp[ξLag(r)]− 1, where ξLag is the correlation function

of the linearized (i.e. Lagrangian) field. Fig. 4.5 shows both correlation functions for

the smallest smoothing scale explored in this work (R = 10 Mpc/h), and shows the

negligible effect of ignoring the true Eulerian scale of the environment.

4.3 Tidal classification of the cosmic web

So far the halo collapse has only depended upon the variance and overdensity of the

local environment. Now we propose a method to include not only these two properties,

but also the prolateness and ellipticity of the environment surrounding the halo. This

was the main result of [6] in ΛCDM, upon which we built in [248] to find the equivalent

in f(R). As done in e.g. [6, 104], we characterise the environment in terms of the

properties of the local tidal tensor Tij, defined as the the Hessian of the normalised,

Newtonian potential φ smoothed with a given kernel of size Renv

Tij =
∂i∂jφ

4πGρ
. (4.16)

The environment is then classified into one of four different classes, depending on the val-

ues of the three eigenvalues of T, λ1 ≥ λ2 ≥ λ3, in relation to a given eigenvalue thresh-

old. We thus define voids, sheets, filaments and knots as regions in which α ∈ {0, 1, 2, 3}
eigenvalues are above the threshold respectively. Since the tidal tensor quantifies the

direction and intensity of the local tidal forces, this classification thus informs about

the number of dimensions in which extended objects are contracted or stretched. We

will call these environment types “elements” of the cosmic web.

For convenience, let Senv be the variance of the overdensity field convolved with the
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kernel defining the environment, and let us introduce the three useful quantities:

νenv = (λ1 + λ2 + λ3) /
√
Senv, (4.17a)

θ =
1

2
(λ1 − 2λ2 + λ3) /

√
Senv, (4.17b)

ρ =
1

2
(λ1 − λ3) /

√
Senv. (4.17c)

These diagonalise the covariance matrix of the λi in the previous paragraph. The

classification scheme outlined above can be re-cast in terms of these quantities as:

νenv − νth ∈ [f1 (ρ, θ |α) , f2 (ρ, θ |α)] where νth = 3
λth√
Senv

(4.18a)

f1 (ρ, θ |α) =



−∞ α = 0 (voids)

−3ρ− θ α = 1 (sheets)

2θ α = 2 (filaments)

3ρ− θ α = 3 (knots)

(4.18b)

f2 (ρ, θ |α) =



−3ρ− θ α = 0 (voids)

2θ α = 1 (sheets)

3ρ− θ α = 2 (filaments)

∞ α = 3 (knots)

(4.18c)

where λth is the eigenvalue threshold, and α is the number of eigenvalues above it.

The probability distribution for the environmental tidal field in terms of νenv, ρ and θ

is given by [6, 248]:

p (ρ, θ, νenv) = 225

√
5

2π
ρ
(
ρ2 − θ2

)
exp

[
−1

2

(
15ρ2 + 5θ2 + ν2

env

)]
(4.19)

after integrating over the irrelevant rotation angles that diagonalize the tidal tensor.

Thus we can estimate the volume fractions taken up by each element of the cosmic

web:

Fvol =

∫ ∞
0

dρ

∫ ρ

−ρ
dθ

∫ νth+f2(ρ,θ |α)

νth+f1(ρ,θ |α)

dνenv p(ρ, θ, νenv). (4.20)

Now we use the Gaussian statistics to find the conditional Press-Schechter Ansatz. The

simplification that we are only interested in spherical collapse has the corollary that the

distribution of the overdensity field conditional on environment only depends explicitly
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on the value of the environmental overdensity δenv = νenv

√
Senv:

p (δh | δenv) dδh =
dνh√

2π (1− ε2)
exp

[
−(νh − ενenv)2

2 (1− ε2)

]
(4.21)

where νh = δh(S, δenv)/
√
S refers to the halo3, with νenv = δenv/

√
Senv the analagous

quantity for the environment and ε2 = Seh/ (SenvS) is the correlation coefficient between

δh and δenv.

We are now in a position to present the key integral of this chapter. First we must

take into account that we require S > Senv for the excursion set theory to work. This

corresponds to the physical requirement that the halo be embedded in the environment

and not vice-versa. Under the simplification that the moving barrier δc does not affect

Eq. (4.21), we find that the conditional collapsed mass fraction is the same as the result

in Eq. (6.1), subject to the change of variables from ν to νeff (defined below). Thus we

find the corollary that the first-crossing distribution becomes:

f (S |α) =
1

Fvol (α)

∫ ∞
0

dρ

∫ ρ

−ρ
dθ

∫ νth+f2(ρ,θ |α)

νth+f1(ρ,θ |α)

dνenv p(ρ, θ, νenv)g (νeff) (4.22)

This effective-ν approach can be used for any fitting function, once we have transformed

the independent variable from σ to ν in the unconditional HMF.
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Figure 4.6: The full barrier (surface) and linear approximation (grid) for f(R) models with
|fR0| = 10−5 and |fR0| = 10−6. Both the surface and the grid are coloured according to the
value of δc, so any areas in which the grid is visible indicates a discrepancy between the linear
estimate and the true value. This is particularly pronounced for |fR0| = 10−5 compared to
|fR0| = 10−6.
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4.4 Generalising HMF fitting functions

This section summarises the various halo mass functions used in this thesis. In GR

a variety of empirical fits to N-body simulations have been proposed in a “universal”

form f(ν). The aim of these fits is to find a fitting function over a broad range of

masses which is independent of redshift and cosmology, and the extent to which each

fitting function exhibits this universality is a controversial one even in GR. Nonetheless,

we show how to generalise the HMFs proposed in GR to three types of screened MG.

Furthermore, we show a variety of methods to include environment dependence in the

HMF, as required by chameleon-screened MG. A summary of the functions used in this

thesis is in Table 4.1.

Two of the fitting functions used here (viz. Press-Schechter and Sheth-Mo-Tormen) can

be derived analytically. As we have seen in Section 4.2.2, the Press-Schechter function

results from assuming spherical symmetry and a flat (scale-independent) barrier density.

That Press-Schechter can be derived analytically in screened MG (e.g. for a chameleon

model [155]) via a simple change of variables is the very reason that we can extend the

other mass functions in this thesis to MG as well. The Sheth-Mo-Tormen function in

[224, 225] was originally a fit to data with the substitution δc →
√
aδc made to produce

a better fit than Press-Schechter. Later [178] showed that this is equivalent to using

excursion set theory with the moving barriers which result from ellipsoidal collapse. To

our knowledge, no-one has shown that the assumptions used to construct the Sheth-

Tormen function in GR also hold in MG. Nonetheless it is their analyticity in GR which

makes these appealing functions for use in MG.

The remaining fitting functions are purely empirical fits, derived from ΛCDM N-body

simulations. Having extracted the discrete approximation to the HMF n(M), this can

be converted to a discrete first-crossing distribution and a continuous “best-fit” ap-

proximation found—either in terms of σ or in terms of ν—which holds for a given

redshift (range), mass range and cosmology (or family of cosmologies). The resulting

HMF also depends upon the halo finder used to extract the halo masses, as well as

any subsequent calibration or corrections. These factors all contribute to the final pa-

rameter values adopted by a particular function. This is particularly notable for the

Sheth-Mo-Tormen fit, for which several authors4 [75, 125, 224, 251] have proposed their

own “improved” values for the best-fit parameters of this function. This emphasises

that while the same functional form can provide a good fit to data in different back-

ground cosmologies, the same N -body data and the same fitting function will produce

3We use δc and δh interchangeably: the subscript c when employed as a collapse density equivalent
to the excursion set barrier and a subscript h when we wish to emphasise the difference between halo
and environment quantities.

4This is why Jenkins appears twice in Table 4.1: one instance is their calibration for the SMT
function (as with Courtin) and the other is their new fitting function.
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different best-fit parameters and varying degrees of invariance depending upon the halo

extraction techniques and the theoretical assumptions of the authors. For this reason,

we have separated the HMFs into families which share the same functional form. We

summarise the HMFs f(ν) in Table 4.1.

There are four steps involved in generalising the ΛCDM HMFs to MG:

1. Calculating the appropriate barrier density;

2. Selecting the appropriate linearised power spectrum;

3. Converting from σ to ν as the dependent variable;

4. Rescaling the free parameters accordingly.

We discuss Item 1 in Section 4.1.

In Item 2 we must decide whether to keep the ΛCDM power spectrum or to adjust it

according to the MG theory. Motivated by Section 4.2.2 we keep the linear P (k) from

ΛCDM, in agreement with [59, 248].

Item 3 is concerned with making explicit the dependence on the collapse density. In

GR, one is faced with the question of whether the appropriate independent variable

for the HMF is ν or S (equivalently any other function of σ). Those in the former

camp (inter alia [193, 224, 225, 261]) assert that according to excursion set theory the

(albeit weak) cosmological and redshift dependence of both δc and σ cancel when the

first-crossing distribution is expressed in terms of ν ≡ δc/σ in GR cosmologies. Those

in the latter camp (inter alia [76, 125, 206, 207, 239, 251]) assert that δc is a sufficiently

weak function of Ωm0 and z that this dependence can be ignored; in fact [125] go so far

as to say that “taking δc = 1.686 in all cosmologies leads to excellent agreement with

our numerical data if halos are defined at fixed overdensity”. Thus, while the choice of

S or ν appears to be mere semantics in GR cosmologies (because this is an invertible

mapping if and only if δc is assumed to be a constant), this is clearly not the case in

our extended gravity theories. This is especially true for f(R), which has both a mass-

and δenv-dependence for δc.

Item 4 is the consequence of Item 3. All the free parameters in the HMFs5 need to be

converted from ln (σ−1) to ν, by absorbing factors of δc. This requires paying particular

attention to whether the SCDM or ΛCDM collapse density is used in the original papers,

as this has implicitly been absorbed into the best-fit parameters.6 This “updates” the

5The “Reed 2007” fit is the 2003-like fit from [207], rather than the one with neff(σ) dependence,
which creates ambiguity about which terms to convert to ν. In the fit we use the σ-dependence is
clearly only caused by treating δc as a constant.

6If we were concerned with redshift evolution, we would have to decide whether to absorb δc0 or
δc(z). Some authors fix δc and allow the free parameters to vary with redshift; others do the opposite.
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ΛCDM-calibrated fits to a format which is compatible both with GR and MG.

This is sufficient for MG theories which only have a drifting barrier δc(S), but not for the

drifting-and-diffusing barrier δc(S, δenv, Senv). We treat this additional generalisation in

the next few paragraphs.

The drifting-and-diffusing barrier can be accounted for using a wide variety of meth-

ods:

1. Scaling using the Volterra integral solution in Eq. (4.10a)

2. Averaging over the cosmic web (described in [248])

3. Calculating a δenv-averaged collapse density, i.e. converting to a drifting barrier

4. A flat or linear-barrier approximation to the full excursion-set problem

We address each of these in turn.

Technique 1 utilises the fact that we already know how to account for the extra bar-

rier complexity in the excursion set approach: whereas the flat barrier produces the

Press-Schechter distribution, the drifting-and-diffusing barrier leads to the solution

Eq. (4.10a). So we may calculate the unconditional HMF, i.e. assuming (δenv =

0, Senv = 0), then accounting for the effects of the drifting and diffusing barrier us-

ing excursion set theory. This results in a rescaling of the unconditional HMF:

f(S)MG = f(S|Senv = 0, δenv = 0)MG
Volterra solution

Press-Schechter
(4.23)

This is efficient, as we only need to solve the Volterra equation once for each drifting-

and-diffusing barrier density, rather than re-calculating for each HMF as well.

Technique 2 uses the νeff prescription of Section 4.3. This can be substituted directly

into the HMF:

νeff = max

{
0,
νh (S, δenv)− ε2 (S, Senv) νenv (Senv, δenv)√

1− ε2 (S, Senv)

}
(4.24)

Since we are not interested in restricting ourselves to a particular environment, we can

simplify Eq. (4.22) to:

f (S) =

∫ ∞
−∞

d νenv f (νeff)

∫ ∞
0

d ρ

∫ ρ

−ρ
d θ p(ρ, θ, νenv) (4.25)

We have rearranged the order of integration to highlight that the conditional mass

function f (νeff) is independent of ρ and θ.

Technique 3 approximates the drifting-and-diffusing barrier by a drifting-only barrier.
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The aim is to integrate over the environment density at the stage of calculating the

collapse density:

νeff =
〈δc〉env

S
where 〈δc〉env =

∫ δΛ

−∞
d δenv p (δenv |Senv) δc (S |Senv, δenv) (4.26)

This effective-ν is substituted directly into the unconditional HMF. In contrast to the

full barrier solution—where the random walk must upcross δc at S having started at

(δenv, Senv)—here there is no accounting for the environment in the excursion set phase

space. This method does not account for the absorption of the Markovian trajectories

in (δ, S) caused by the drifting-and-diffusing barrier in the excursion set methodol-

ogy.

Technique 4 approximates the full solution to the Volterra equation in Eq. (4.10a) by

a linear barrier. This is motivated by the fact that the Volterra equation with a linear

barrier δc(S) = ω − βS is calculable analytically [192]:

f (S, δc(S) |Senv, δenv) =
δc − δenv√

2π (S − Senv)3
exp

[
−1

2

(δc − δenv − β (S − Senv))2

S − Senv

]
(4.27)

so we can substitute the effective arguments into the fitting function, in the same way

as for the cosmic web. However, Fig. 4.6 shows that the f(R) barriers are not linear

in S (except when δenv → δΛ
c ). The linear approximation is always an overestimate and

is particularly poor at approximating the sharp rise at δenv ≈ δΛ
c . Therefore we discard

this approach due to its poor approximation.

A caveat for all of these methods is that there is no way to eliminate dependence on

Senv. The excursion set condition Senv < S prevents us from marginalising directly.

The environment distributions (whether cosmic web or the PDFs for the environment

overdensity) in the limit Senv → 0 do not have a finite limit. Instead we take a suf-

ficiently large environment radius (e.g. Renv = 10, 20Mpc/h) that S > Senv is always

obeyed (but not too large, otherwise this is no longer a sufficiently local description of

the halo surrounds [156]).

The main result of Section 4.5 is to compare these methods for generating the condi-

tional HMFs for |fR0| = 10−5 and |fR0| = 10−6. For the other MG models, the barriers

do not have an environment-dependent component, so their calculation is straightfor-

ward.

This updates the ΛCDM-calibrated HMFs to screened MG.
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Fitting function f(ν) Mass calibration Cosmology Reference√
2

π
ν exp

[
−ν

2

2

]
– EdS Press-Schechter [202]

A

√
2a

π

[
1 +

(
aν2
)−p]

ν exp

[
−aν

2

2

] ν2 ∈ [0.5, 10] ΛCDM SCDM OCDM Sheth-Tormen [225]

lnσ ∈ [−0.7, 0.8] ΛCDM, OCDM, SCDM, τCDM Jenkins [125]

lnσ ∈ [−0.7, 0.8] ΛCDM SCDM L-ΛCDM LRP-CDM Courtin [75]

A

[(
ν

δΛ
c

)a
+ b

]
exp

[
−cν2

] M ∈ [1010, 1015]M� ΛCDM Warren [251]

M ∈ [1010.5, 1015.5]M� ΛCDM Crocce [76]

A exp [− |ln ν + b|a] lnσ ∈ [−1.05, 1.2] ΛCDM OCDM SCDM τCDM Jenkins [125]

ν2 exp(−cν2)

(1 + aνb)2

[
abνb−1+ c(1 + aνb)

]
M ∈ [1010, 1015]M� ΛCDM Peacock [193]

A

√
2a

π
ν exp

[
−caν

2

2

]
[

1 +
(
aν2
)−p

+Q exp

[
−1

2

(
ln ν − q

0.6

)2
]] lnσ ∈ [−0.9, 1.7] ΛCDM Reed 2007 [207]

A [(bν)a + 1] exp
(
−cν2

)
σ ∈ [10−0.4, 100.6] ΛCDM Tinker 2008 [239]

M ∈ [108, 1016]M� ΛCDM Angulo [13]

lnσ ∈ [−1.31, 0.55] ΛCDM Watson [252]

Table 4.1: Details of the HMF fitting functions used in this paper. The various “nCDM” cold dark matter cosmologies are described in Table 4.2. For
some fits, we have rewritten the function in terms of ν by substituting for σ and absorbing factors of δc into the original free parameters.
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Cosmology
Parameters

HMF paper(s)
Ωm0 ΩΛ0 σ8 h

ΛCDM

0.269 0.731 0.80 0.704 This paper

0.29 0.71 0.90 0.72 WMAP1 (Courtin)

0.30 0.70 0.90 0.70 WMAP1 (Sheth-Tormen, Jenkins, Tinker, Warren)

0.24 0.76 0.74 0.73 WMAP3 (Courtin, Reed)

0.24 0.76 0.75 0.73 WMAP3 (Tinker)

0.24 0.76 0.8 0.73 WMAP3 (Tinker)

0.26 0.74 0.79 0.72 WMAP5 (Courtin)

0.27 0.73 0.80 0.70 WMAP5 (Watson)

0.28 0.72 0.80 0.70 WMAP5 (Watson)

0.27 0.73 0.90 0.70

Tinker

0.27 0.73 0.79 0.70

0.26 0.74 0.75 0.71

0.23 0.77 0:75 0:73

0.20 0.80 0:90 0:70

0.25 0.75 0.80 0.70 Crocce

0.25 0.75 0.80 0.73 Peacock

0.25 0.75 0.90 0.73 Angulo, Reed

1.0 0.0 0.60 0.50 Sheth-Tormen

SCDM 1.0 0.0 0.51 0.50 Jenkins

1.0 0.0 0.79 0.72 Courtin

OCDM 0.30 0.0 0.85 0.70 Sheth-Tormen, Jenkins

τCDM
1.0 0.0 0.51 0.5 Jenkins

1.0 0.0 0.60 0.50 Sheth-Tormen, Jenkins

L-ΛCDM 0.10 0.90 0.79 0.72 Courtin

LRP-CDM 0.26 0.74 0.79 0.72 Courtin

Table 4.2: Cosmological parameters used to derive each of the HMF fitting functions in GR.
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4.5 Accounting for the drifting-and-diffusing bar-

rier in MG

Section 4.5 presents our new results for incorporating MG into ΛCDM-calibrated HMFs.

In Section 4.4 we suggested a variety of different methods to implement the full effects

of environment dependence in MG for a fitting function. We compare the data from

our f(R) simulations with |fR0| = 10−5 and |fR0| = 10−6 to the theoretical HMF using

each method. In the order given by Fig. 4.7 we have:

1. The unconditional HMF using 〈δc (S | δenv, Senv)〉env, the environment-averaged

collapse density Eq. (4.26)

2. The conditional HMF marginalised over the Eulerian δenv-distribution Eq. (4.15b)

3. The conditional HMF marginalised over the Lagrangian δenv-distribution Eq. (4.14)

4. The unconditional HMF, i.e. assuming both δenv and Senv vanish

5. The Volterra solution to Eq. (4.10)

6. The unconditional HMF scaled with the Volterra solution using Eq. (4.23)
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(a) ΛCDM

Figure 4.7: The first-crossing distribution for a drifting-and-diffusing barrier using the variety
of methods explored in this thesis are shown as lines. We also plot the f(R) data from the
N -body simulations using the two halo finders.
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Figure 4.7: The first-crossing distribution for a drifting-and-diffusing barrier using the variety
of methods explored in this thesis are shown as lines. We also plot the f(R) data from the
N -body simulations using the two halo finders.
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Figure 4.7: The first-crossing distribution for a drifting-and-diffusing barrier using the variety
of methods explored in this thesis are shown as lines. We also plot the f(R) data from the
N -body simulations using the two halo finders.
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7. The cosmic web HMF marginalised over the tidal tensor distribution Eq. (4.25)

Fig. 4.7 shows these methods for the Reed-07 fitting function7 (lines) and the N -body

HMFs calculated using the MatchMaker and RockStar halo finders (points). These

simulations and the workings of the two halo finders are described in Section 5.2.1.

We examine the ΛCDM results before discussing each method over the next few para-

graphs.

The ΛCDM behaviour in Fig. 4.7a is consistent with the excursion-set framework we

discussed in Section 4.2.2. The environment-averaged collapse density is δΛ
c (because

the excursion-set barrier is flat) and the Volterra solution reduces to Press-Schechter.

Therefore both of these methods produce the same result as the unconditional HMF.

The other four methods all differ. While both the Lagrangian and cosmic web methods

do equal the unconditional HMF using Press-Schechter, this is due specifically to the

design of this function from excursion set theory. It is the only integrand for which

the solution to the integral equation Eq. (4.10a) is merely a rescaling between the

conditional and unconditional forms of ν. We have now ensured that the different

methods behave as expected in GR, before applying them to f(R).

The first option avoids using excursion set theory altogether, by pre-emptively convert-

ing the drifting-and-diffusing barrier to an average density. The drifting barrier δc(S)

can be incorporated straightforwardly, just as in the non-chameleon MG models, into

the unconditional HMF. Surprisingly, this gives a very good fit, superior to the purely

unconditional HMF. Although the peak of Eq. (4.14) is at zero, this result illustrates

that we need to use the entire PDF, rather than only using the peak to approximate

the average. In this way we can account for the peak-background split, whereby it is

easier for haloes to form as δenv → δc in dense regions and more difficult in under-dense

regions. This method has the advantage that we can compute the barrier density once,

rather than re-computing the conditional function at every stage of the MCMC pro-

cess. We have managed to produce a good fit by considering only the barrier density,

rather than accounting for the complex excursion set behaviour of the full drifting-and-

diffusing barrier.

The conditional HMFs marginalised over the Lagrangian (Eq. (4.14)) and Eulerian

(Eq. (4.15b)) theoretical distributions p(δenv) have appeared in the literature before8

[170], where they were applied to the Sheth-Tormen HMF. The authors suggested dis-

carding the Lagrangian (density) distribution in favour of the Eulerian, on the basis

that a density distribution which better reflects the physical formation of overdensities,

7We might have used any of the fitting functions, because our aim is to compare the behaviour of
each technique for extending the mass function to MG. The Reed fit produced the closest fit to the
data given the default parameters.

8[170] only plotted the relative enhancement nMG(M) − nGR(M)/nGR(M), rather than the HMF
proper n(M), so we cannot readily compare our results to theirs.
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would correspondingly produce a more accurate HMF. This is supported by the findings

of [156]. While our results agree using the MatchMaker halo finder, the RockStar halo

finder predicts a systematically lower distribution of haloes, better suited to the La-

grangian model. The question of which PDF to use is somewhat moot considering that

neither fit performs particularly well. This is probably due to generating the conditional

from the unconditional HMF. The rescaling at the end of Section 4.2.1 which is used

in [155, 170] implicitly assumes that a linear function of δc(S) is a good approximation

for the actual barrier density. We have already seen in Fig. 4.6 that this is not the case.

Therefore we cannot use methods which work for a flat barrier density in ΛCDM to

good effect in f(R).

The solution to the integral equation is the MG-equivalent of Press-Schechter. For this

reason, we do not expect it to be a good fit to the data. Indeed the |fR0| = 10−5

and |fR0| = 10−6 plots in Figs. 4.7b and 4.7c share the recognised flaws of the Press-

Schechter fit in ΛCDM in Fig. 4.7a, namely that it under-predicts at the high-mass

end (low-S) and over-predicts at the low-mass end (high-S). Nonetheless, it reproduces

the general behaviour of the first-crossing distribution, which is remarkable for such a

simple model.

Moreover, we can improve the result from the unconditional HMF by scaling by the

ratio of the Volterra solution to Press-Schechter. The two poor results combine to form

a decent approximation. At the low-S end, the Volterra solution forms too few haloes

because the random walks in excursion set theory are not absorbed early enough by

the barrier density, so too many trajectories survive to produce haloes at high-S. In

contrast, the unconditional HMF assumes δenv = 0 (and Senv = 0) so at small values of

S the value of ν = δc(S)/
√
S is large and vice-versa at high-S. Since the fitting function

f(ν) is monotonically increasing with ν, we have too many haloes at small S and too few

at low S. These two behaviours counteract one another to reduce the overall discrepancy

of the fit. This is because we have deliberately designed a method to combine different

strengths of the analytical and empirical approaches. The unconditional fitting function

is designed to produce a good approximation to the ΛCDM data. The Volterra solution

captures the excursion set behaviour of the barrier density, which incorporates the main

effect of f(R) compared to ΛCDM from a theoretical viewpoint. Thus, we can combine

two simple mechanisms to produce a relatively good solution, despite their individual

predictions being ineffectual.

The performance of the cosmic web method is discussed in more detail in Chapter 6.

In general it under-predicts the HMF at the high-mass end, whereas it works well at

the low-mass end. There are two contributing factors, namely the νeff approximation

substituted into the fitting function and the p(ρ, θ, νenv) distribution related to the tidal

tensor in the cosmic web. The former is not particularly successful even in ΛCDM ([6])
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so we ought not expect any better performance in f(R) where the spherical collapse in

more complicated due to the fifth force. The latter is the equivalent of the Lagrangian

distribution for δenv applied to all three eigenvalues of the tidal tensor rather than its

trace. We have already seen that the Lagrangian-δenv fit does not produce an accurate

fit. This technique is useful for calculating the HMF in individual structures of the

cosmic web (e.g. voids, sheets etc. ), wherein we have no other analytical treatment,

but not the overall HMF.

Finally we comment on the distinction between the cosmic web results (Eq. (4.25)) and

those of the Lagrangian PDF (combining Eqs. (4.12) and (4.14)). Given that the con-

ditional HMF in the cosmic web doesn’t depend upon (ρ, θ), and that the distributions

for p(νenv) and p(δenv) have the same dependence on δenv, one may expect that these

two methods should produce the same results. Clearly Fig. 4.7 does not agree. This

is due to the effect of the window functions in calculating S(M) and Senv(Renv). In

cosmic web we use a Gaussian window function for the environment and a (real-space)

top-hat for the halo, whereas in the excursion set we used a top-hat window function

for both halo and environment. This affects the value of Senv obtained from the same

environment radius. Additionally, the Lagrangian (and Eulerian) result(s) both assume

that the halo-environment correlation is ε = Senv/S. This is due to the assumption in

excursion set theory that our trajectories in (δ, S) are uncorrelated at successive values

of S, for which one requires a sharp-k window function, whence comes this expression

for ε. In the cosmic web method we calculate ε numerically for a Gaussian and top-hat

window function in the environment and halo respectively. Therefore the same values

of δc(S|δenv, Senv) map differently onto the argument of the conditional HMF. Once this

is established, it does not matter that the marginalisation over the environment is the

same in both methods.

What improvements in the numerics are required to decisively exclude some of these

methods? In Fig. 4.7, the uncertainty on the HMF is on the same order as the spread of

results from the different techniques. There is also considerable spread in the N -body

results when extracted using different halo finders at low resolution. This is expected,

since at low-S scales the halo finders count high-mass haloes, of which few exist in

the simulation box. Unfortunately the halo-rich end at high-S—where constraints are

tightest—is the excursion set regime in which all the methods converge because the tra-

jectories which have survived avoiding the drifting-and-diffusing barrier for many steps

in the random walk. Therefore we require larger simulations which contain more large-

mass haloes, in order to maximise constraints at the low-resolution end. Furthermore,

multiple halo finders need to be utilised, in order to better characterise the uncertainty

from data reduction. This should permit better analysis of the efficacy of the different

theoretical methods against numerical results.
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Given the performance of the various techniques for extending the fitting functions

to chameleon MG, and the performance factor involved in re-calculating a conditional

HMF (and marginalising over it) at every stage of the MCMC procedure, we shall use

the Volterra-ratio method to calculate the f(R) HMF in Section 5.4.3. Nevertheless, we

have found a broad spectrum of possible methods by means of which we can incorporate

MG into fitting functions originally designed for ΛCDM alone. Moreover, we have found

that some are more suited to certain applications (e.g. the cosmic web approach) or halo

finders (e.g. the two density-marginalised methods) than others. This demonstrates the

additional complexity which environment dependence produces in chameleon screening

compared to symmetron- and Vainshtein-screened theories. We cannot neglect this

and simply substitute the unconditional HMF if we wish to produce a useful empirical

function to use in lieu of deriving one from N -body simulations.
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Chapter 5

Universality of the HMF in screened
MG

5.1 Introduction

The halo mass function (HMF) n(M)dM is the number n of haloes with mass in the

range [M,M + dM ] per unit volume. It has two remarkable properties which render it

a useful probe of extensions to general relativity (GR). On the one hand, it is (nearly-

)universal, in the sense that it can be written in a form f(ν) which is (practically)

insensitive to changes in redshift and cosmological parameters [34, 261], where ν is the

universal parameter and f is a fitting function with a number of free parameters. On

the other hand, the HMF is sensitive to both the expansion history of the universe and

the nonlinear behaviour of spherical collapse via the critical density parameter δc [40]

and the matter power spectrum via the halo resolution S(M) (both of which appear

in ν). This presents a number of interesting possibilities for the use of the HMF in

“modified gravity”, i.e. gravity theories which extend GR, namely:

• How do underlying assumptions in constructing the HMF from simulations affect

the success of the fitting functions?

• Should we blindly apply HMFs calibrated using GR (specifically ΛCDM) to other

theories of gravity?

• Can evidence for modifications to GR be mistaken for changes in the free param-

eters in the GR HMF?

• Which HMFs are more universal across (i.e. insensitive to) different gravity the-
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ories?

• Do the extra gravitational degrees of freedom necessitate additional parameters

in the HMF?

Only after such avenues are investigated can we begin to probe the universality of the

HMF in MG theories. We cannot determine whether the kind of universality of the

HMF enjoyed in GR also applies to extended gravity theories without understanding

its behaviour at a fixed redshift and cosmology. This chapter addresses all of these

questions for a comprehensive range of currently-viable HMFs by focusing on a subset

of MG theories known as screened gravity.

Modifications to GR are motivated by a number of factors. From a theoretical stand-

point, it is interesting to see what extensions to GR are permitted by Lovelock’s theorem

[70]. Consequently, we have a useful division of theories into families depending upon

which condition(s) in Lovelock’s theorem is (are) relaxed. From a cosmological view-

point, the era of precision cosmology now enables us to distinguish between competing

models. While the concordance cosmology of ΛCDM has performed remarkably well

over the past two decades (see [55] for a summary), there exist theoretical problems

(e.g. fine-tuning of Λ, the lack of direct detection of CDM, possible fine-tuning of infla-

tion) [70] and tensions between observations measured at early times (with Planck 2015

[200]) and at late times (e.g. the values of σ8 from weak lensing and cluster number

counts, H0 from Lyman-α measurements of BAO, fσ8 from redshift-space distortions)

[55]. Thus it is useful to have a range of possible gravity models which may alleviate

these problems. Clearly, these motives give rise to a plethora of theories (see e.g. [70] for

a summary), and it is impractical to test them all. Therefore in this chapter we restrict

ourselves to a class of theories which exhibit screening, i.e. have the deviations from GR

screened away in dense environments such as the Solar System. We are also restricted

by the requirement to have a number of N -body simulations available for comparison

to our theoretical HMFs. In this chapter we examine f(R), Symmetron and Dvali-

Gabadadze-Porrati (DGP) models. This selection represents a range of MG families

(and screening mechanisms), while ensuring that each theory is broadly related.

A pre-requisite for using the HMF as a probe of MG is a firm understanding of its

behaviour in GR. Superficially this may be obvious: the analytical HMF of Press and

Schechter [202] has long been supplanted by a range of fitting functions (see [183] for

a summary) whose free parameters are calibrated using N -body simulations. This

calibration is valid only for certain cosmological parameters (which were employed in

the N -body code) and a certain range in mass and redshift (for which the fit agrees

with the simulation bins). It is this fitting function f(ν) which is universal, rather than

the HMF itself n(M). Specifically, the “universality” arises from the fact that f(ν)

can be applied to a range of redshifts and cosmologies [239]. Recently, there has been
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disagreement over whether this universality holds [129, 173, 261] or not [206, 207, 251]—

and even these papers test only a few of the competing fitting functions. Consequently,

one might argue that there is no clear “null hypothesis” against which deviation from

GR may be tested. Despite this, once various obscuring factors are addressed, the

deviations from non-universality in the calibrated HMFs are of a few percent [239]. In

particular, if one uses the correct measurement of halo overdensity [85] and includes z-

dependence in the overdensity and the resolution, the best-fit parameter values provide

an HMF which applies over several decades of mass and beyond z = 0 (sometimes up

to z = 30; [207]), but only for a fixed cosmology [75]. Thus, we can firmly establish the

null result against which to test the effects of modified gravity.

Now we must establish how to derive the HMF in MG compared to GR. The underlying

mechanism for generating halo mass functions differs in the MG and GR cases. Usually,

N -body simulations are far more expensive to run because of the additional computa-

tion time and complexity required (discussed in Section 5.2.1). Consequently, rather

than inventing and calibrating fitting functions, one typically uses either the Press-

Schechter or the Sheth-Tormen functions (although [248] uses the Peacock function).

The advantage of Press-Schechter is that it can be derived in both GR and MG using

excursion set theory (Section 4.2.2), whereas Sheth-Tormen provides better agreement

with N -body results. For the (quartic and quintic) Galileon HMF, the authors of [22]

are forced to adopt the Press-Schechter approach due to the fact that the assumptions

used in the Sheth-Tormen model are unlikely to hold, given the Galileon fifth-force

modification to GR. In contrast, the DGP mass function in [215] is derived using the

Sheth-Tormen approach, on the grounds that the Sheth-Tormen fit is considered satis-

factory in the GR simulations. It is worth noting that both of these theories fall into

the broader class of Vainshtein mechanism models—so in some sense the modification

to gravity is the same—yet there is no agreement on which excursion set model is the

appropriate one. The symmetron HMF in [234] uses Sheth-Tormen, following the same

logic as [161, 215]. The f(R) mass function is relatively advanced in comparison, with a

variety of different approaches in reasonable agreement. These approaches illustrate the

additional theoretical complications when applying excursion set theory to MG. In par-

ticular, the process also highlights ambiguities in the universal parameter ν = δc /
√
S

which are not present in GR: do we change only S(M) [161] or only δc [248] or both

[170], or do we need to evolve the full scalar field equations [143]? Once we have defined

ν, what should be done about the parameter values? Usually the ΛCDM values are

retained; sometimes the normalisation constant is left free while the other parameters

are fixed at ΛCDM values [234] or recalibrated from appropriate MG simulations [20,

21]. Nonetheless, the approach is very different from the empirical, N -body driven

approach used in GR.
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This chapter seeks to address these issues. We have already outlined the various

screened models of MG in Chapter 2. Moreover we have seen the fitting functions

used in this chapter in Chapter 4. Therefore we describe the numerical work: Sec-

tion 5.2 outlines the simulation parameters and algorithms used for the various N -body

simulations and the extraction of the HMF from the simulations; Section 5.3 describes

the “nested sampling” algorithm used to calculate the best-fit values for the free param-

eters in the HMFs. The results section discusses the questions raised at the beginning

of this chapter: Section 5.4.2 shows how MG manifests in the parameters even when

assuming a ΛCDM HMF; Section 5.4.3 recalibrates the fitting functions using the same

gravity model in both the N -body simulations and the HMFs; Finally we summarise

our method and key results and discuss avenues for further work in Section 5.5.

5.2 Data processing

This section summarises the N-body simulations from which we obtain the halo cata-

logues which form our simulated data. We also outline the nested sampling technique

which we use for parameter estimation. We define the likelihood functions used in this

chapter.

5.2.1 N-body simulations

The N-body simulations were run using the ISIS [165] and ECOSMOG codes [157]. Both

of these are a modified gravity modification of the high-resolution N-body code RAMSES

[236]. These codes belong to the class of adaptive mesh refinement codes, for which

the equations Eqs. (5.1) and (5.2) and the fifth-force equations due to the scalar field

are solved at multiple points on a grid, where the resolution of the grid adapts to the

local density [157]. For details about the implementation and for a comparison of these

codes see the modified gravity N-body code comparison project [260].

We ran two sets of simulations with different mass resolution. Simulation set 1 has

N = 5123 particles of mass 8.75×109M�/h in a box ofB = 250 Mpc/h. The background

cosmology is a flat ΛCDM model with Ωm = 0.269, ΩΛ = 0.732, h = 0.704, ns = 0.966

and σ8 = 0.8. These simulations were presented in [260]. Simulation set 2 has N = 2563

particles of mass 3.531 × 1010M�/h in a box of B = 200 Mpc/h. The background

cosmology is a flat ΛCDM model with Ωm = 0.267, ΩΛ = 0.733, h = 0.719, ns = 1.0

and σ8 = 0.8. These simulations were presented in [46].

Dark matter N-body simulations are performed by evolving two equations. The first

123



one is the Poisson equation which gives us the gravitational potential Φ in terms of the

particle positions (which determines the density field ρm)

∇2
xΦ = 4πG(ρm − ρm) (5.1)

and the second is the geodesic equation

ẍ + 2Hẋ = −∇xΦ (5.2)

which determines the evolution of the particles. For the modified gravity simulations

we consider here the only change is that we have a fifth force −∇ϕ that contributes

to the right hand side of Eq. (5.2) and we have to solve a field equation similar to

Eq. (5.1), but highly non-linear, to get the fifth-force potential ϕ. It is this addition

which requires the main difference between ISIS and RAMSES, namely that the linear

multigrid solver is replaced by a non-linear one. The equations are discretised and

scaled into code units to render them dimensionless, e.g. ECOSMOG uses “supercomoving

co-ordinates” [157]. This latter step increases numerical stability. The gravitational

potential is calculated on the grid and gravitational fields are computed as its spatial

derivatives. Matter evolution is determined by discretising the mass distribution into

particles and computing their geodesics. (Baryons require an additional Godunov solver

because they are collisionful.) Rather than solving the scalar field evolution directly, it is

transformed (nonlinearly) to fix its sign and reduce large gradients [165]. The resulting

equations of motion are solved on the grid using a variety of methods depending upon

whether or not they are in canonical form. The simulations are performed in the

quasi-static limit. Fortunately, we have already discussed in Chapter 3 that this is a

reliable approximation in cosmologically-viable models. This alleviates the need to use

small time steps to quantify the behaviour of the scalar field evolution, which becomes

increasingly difficult at higher (spatial) resolutions because the oscillations are largest

on small scales [46]. Non-QSA code do exist (e.g. [164]), by which one can quantify

the errors due to the QSA for a specific gravitational model. More details about the

implementation for the models considered in this chapter are contained in [46, 165,

260]. The results obtained using different MG N -body codes agree to the level of a few

percent for the HMF [260], so this is not a sufficiently large error to be concerned with

in our study.

We utilised two different halo finders of differing complexity:

1. The friend-of-friend halo-finder MatchMaker1 with linking-length b = 0.2.

2. The 6D phase-space friend-of-friend halo-finder RockStar [32].

1MatchMaker can be found at https://github.com/damonge/MatchMaker
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First we describe the Friends-of-Friends (FoF) algorithm developed in [79], since this

is an essential part of both halo finders. Particles are formed into connected graphs by

drawing an edge between vertex particles if the distance between them is less than some

fraction b of the mean inter-particle distance. This is usually taken to be the cube root

of the mean inter-particle volume [32]. Each connected graph is defined to be a halo if

it is not a subgraph of a larger halo. Decreasing b leads to more tightly-clumped haloes,

whereas increasing it links more diffuse particles, leading to more irregular structures.

FoF does not account for the time evolution of the haloes.

The MatchMaker finder is a parallel 3d-FoF finder. We used the canonical linking length

b = 0.2. The simulation volume is separated into nodes, each of which has a buffer in the

adjacent node. The distance between particles is the usual 3d Euclidean distance:

d(particle1, particle2) =

√
(x1 − x2)2 (5.3)

Particles can be “friends” with any particle within its own node, and if necessary, within

the buffer. In this way the FoF graphs are built within each parallelised cube and then

spanning adjacent cubes.

The RockStar finder uses a four-stage process. First it uses the normal FoF in 3d

Euclidean space (albeit with a longer than usual linking length b = 0.28) to identify

groups of particles. The remainder of the algorithm is run on each cluster of particles in

parallel. Within each group it identifies subgroups by using FoF in the 6d phase space

whereby the “distance” between two particles is:

d(particle1, particle2) =

√
(x1 − x2)2

σ2
x

+
(v1 − v2)2

σ2
v

(5.4)

depending upon their positions x, velocities v and the respective dispersions σx, σv for

each subgroup. These subgroups are converted into subhaloes by forming a seed halo

at the most dense subgroups. Successively less dense subgroups have their particles

assigned to a halo according to another distance measure:

d(halo1, particle2) =

√
(x1 − x2)2

r2
vir

+
(v1 − v2)2

σ2
v

(5.5)

This is similar to the particle-particle distance, with the position dispersion replaced

by the virial radius of the halo rvir. In this way, subhaloes are built into parent haloes

using the various levels of the 6d-FoF hierarchy. Finally any unbinding of particles from

haloes is performed using the halo potentials. (This algorithm is summarised in Figure

1 of [32].)

Subsequently halo properties are extracted. The halo property with which we are
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concerned in this chapter is the halo mass of the parent haloes only (i.e. we ignore

subhaloes because we are only interested in the largest mass ranges). This is defined to

be M200, the total mass of all particles within the overdensity satisfying ρ ≥ 200ρcrit,

where ρcrit is the background critical density (not the matter density) [32].

A comparative analysis of halo finder performance in ΛCDM can be found in [140].

5.2.2 Simulation corrections

Having obtained our halo catalogues we now approximate the continuous HMF using a

histogram.

We do not make any corrections to the data. Some authors propose adjusting the values

of σ(M) in the simulation data. The aim is to correct for the finite box size, which

precludes modes with k ≤ 2π/Lbox from contributing to the overdensity fluctuations in

the halo. This effect can be approximated by the extended Press-Schechter approach

(amongst other methods: see [173] for details). We avoid corrections for the mass

variance due to our large box size, for which corrections are negligible.

It is necessary to remove simulation artefacts from the low-mass end. We truncate

the mass function at a lower bound of 100 particles, where one particle is the mass

resolution of the N -body simulations. (This is independent of the minimum number of

particles required in the halo identification process.) Compared to the cuts of [173] this

is a conservative cut: faced by a relatively small box size, we wish to retain as much of

the HMF as possible. However, the cut is sufficient to remove the low-mass “tail” where

the mass function—which should be monotonically-decreasing with mass—actually in-

creases with mass. Such a phenomenon arises from the finite (mass) resolution of the

simulations. At the lowest masses, there is insufficient resolution to identify all of the

bound objects with few particles, so the number density is increasingly suppressed at

masses below a characteristic turnover mass. This limitation cannot be alleviated with-

out sub-sampling the simulation box at finer resolution. Slightly higher, at haloes with

tens of particles, the uncertainty on the mass values is a significant fraction of the total

halo mass. Consequently, the loss or addition of one particle can move the halo be-

tween bins. There are two possible ways of accounting for this: either incorporating a

mass uncertainty in the likelihood function, or minimising the effect by judicious bin

optimisation. We opt for the latter. This low-mass effect is well-known and we do not

discuss it further.

At the high mass end our cutoff is artificially imposed by the finite box size. The

finite box size curtails the number of large mass haloes found in a finite sub-volume of

the horizon (this underestimation is quantified for ΛCDM in [183]). In addition, our
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excursion set technique prevents us from calculating the HMF for masses of S < Senv

(for the excursion-set method) or νeff < 0 (for the cosmic web). Using a Gaussian

window function with a radius of 10 Mpc/h this corresponds to a mass of M ≈ 1016M�.

We have confirmed that this does not remove any haloes from our data.

The remaining factor in our simulated HMF is the bin width of the histogram. The

aim is to verify that the seemingly arbitrary bin choice (which varies in every HMF

chapter) has minimal effect on the calibration of the free parameters. We adopted

three constant-width bin methods, explained in the next paragraphs.

The constant bin width method is that most widely adopted in the literature. The

haloes are typically binned in constant intervals of log10M [59], or lnσ−1 [125], rather

than ln ν, so the same f(ν) will produce a different (discrete) HMF in different MG the-

ories. We adopt lnM to ensure a ready comparison between different gravity theories.

A non-arbitrary method for selecting the bin width is to decide upon the maximum

Poisson error tolerated and find the bin width ensuring this error in the most massive

bin. (Lower-mass bins will have more haloes, hence less Poisson error.) However this

produces an impractically small number of bins, of order the number of free parame-

ters (3 − 6) in the fitting functions. The advice of [251] is to leave the most massive

bin variable and set a constant width for the other bins. While this method has the

advantage of being directed by the simulation data, rather than arbitrarily selected, it

produces relatively few bins. Instead, we applied N = 10 and N = 100 bins in order to

approximate a choice of too few or too many bins. The former has difficulty accurately

representing the steep gradient at the high-mass end, whereas the latter has such nar-

row bins that monotonic behaviour of the HMF is not observed, or even punctuated

by zero-occupancy bins. This illustrates two possible dangers of arbitrarily selecting a

number of bins.

In order for the bin width to be driven by the data, one can use Bayesian analysis

to find an optimal number of bins. There exist a number of ways to find a “best”

number of bins from a distribution by minimising the L2 norm between the data and the

underlying (unknown) smooth density function [105, 222, 250]. However, it is possible

to minimise the required assumptions using the method of [142], which computes the

likelihood that the binned data is drawn from the smooth distribution. The bin width,

i.e. amount of discretisation, which maximises this likelihood value is judged to be

optimal. The downside of this method is the computational expense of the MCMC

calculations required (to ensure that the uncertainty in the posterior mean is much

less than half, i.e. we are certain to within a unit of one bin). However, for a one-

dimensional histogram computed using ∼ 50000 haloes, we found that this required

∼ 1 minute per simulation. The results differ according to the gravity model used and

the halo finder (as expected, for each has a different HMF). Since we did not wish to
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introduce another free parameter, we adopted a value of N = 30 bins as an average

value across all our data sets.

5.2.3 Uncertainty in the data

Finally we quantify the uncertainty in the HMF.

The uncertainty in the bin occupation is assumed to be Poissonian. The usual un-

certainty on bin occupations is taken to be the well-known result2 that the Poisson

standard deviation on a bin containing N haloes is σ =
√
N . Various HMF papers (e.g.

[173]) use an “improved” Poisson error defined by [113]:

σ± =

√
N +

1

4
± 1

2
(5.6)

This asymmetric error asymptotes to the usual one for large N but is better-behaved for

small N , particularly for empty bins. Fig. 5.1 compares the two methods. While this

does not affect the Poisson-based likelihood, it does enter the Gaussian-based likelihood.

The reason is straightforward: the number of counts per bin is known precisely, so there

is no uncertainty. The Poisson “noise” expresses the uncertainty in the mean of the

underlying Poisson probability density function, which is equal to the variance term

which does enter into the Gaussian probability density function [238]. Since the error

does not enter the likelihood function, we make no cuts when using constant-width

bins (explained below). For variable-width bins, we tolerate an error of 10% or less,

which is in line with the choice from other papers (e.g. [75]). We must pay attention

to combining the asymmetric errors via the method of [19]. The combined variance

is:

V (x | x̂) = V0 + V1(x− x̂) where V0 = σ+σ− and V1 = σ+ + σ− (5.7)

This method tightens the uncertainty on the low-occupation bins, weighting the likeli-

hood more favourably towards the high-mass end than with symmetric errors.

2Eq. (11) in [75] is not true, but is related to the standard deviation as a fraction of bin occupation:
σ/N = 1/

√
N 6=⇒ σ = 1/N .
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Figure 5.1: Uncertainty due to discretisation of the underlying Poisson distribution, showing
the upper and lower error bounds (y-axis) for N haloes per bin (x-axis). Lines are for the
standard Poisson errors (solid) and the improved ones (dashed).

5.3 Bayesian inference

The problems of both estimating the best-fit parameters in our fitting function and

comparing between functions can be achieved simultaneously using Bayesian inference.

First, we outline calculation of the posterior from the data using Bayes theorem. Then

we explain the problem of finding the maximum-likelihood values in the parameter

space of each model. Next, we use this result to evaluate the relative likelihood of one

model compared to another. Finally, we describe the algorithm calibration used in this

chapter to ensure accurate posteriors.

5.3.1 Priors

The priors I contain both our assumptions about the likelihood function and our prior

distribution for the parameters of the hypothesis. We discuss the former in the next

paragraph. The latter we set to uniform priors, i.e. we have no reason to favour any

regions of parameter space over another. The lower limit for the priors is zero, because

we must avoid an HMF which is negative (if the scaling parameter is A < 0), complex

(fractional powers of aν where a < 0), or non–monotonically-decreasing (since ν is

an increasing function of mass, νp must have p > 0). The upper limit is arbitrary.

Given that most published values for the parameters lie in [0, 2] (the exception being
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Jenkins a = 3.8), we used an upper limit of 10 to ensure that the credible regions were

well-contained within the prior region.

5.3.2 Choice of likelihood

Our aim is to find the posterior probability distribution p (H |D, I) for a given hypoth-

esis H when we take into account our prior information I and the data D. In our case,

H is either a set of values for the free parameters in our fitting function, or a choice

of fitting function overall. We have already examined D, the counts per mass bin from

our simulation data in Section 5.2.2.

The choice of likelihood function largely reflects one’s probabalistic education. The two

schools of thought are typically a Gaussian likelihood based upon the frequentist chi-

squared estimator and a Poissonian likelihood based upon maximum-entropy results

from Bayes theorem. We characterised the available likelihood functions by testing

the results for a known set of parameters. The result which gives the tightest credible

regions around the input parameter is the function we used on the runs with simulation

data. We choose between:

1. The Poisson likelihood (the last term is zero when ni is zero):

lnL = −
∑
i

(
µi − ni + ni ln

ni
µi

)
(5.8)

2. The Gaussian likelihood with symmetric errors

lnL = −1

2

∑
i

[
2πV0 +

(µi − ni)2

V0

]
(5.9)

3. The Gaussian likelihood with asymmetric errors

lnL = −1

2

∑
i

[
2π (V0 + V1(µi − ni)) +

(µi − ni)2

V0 + V1(µi − ni)

]
(5.10)

where µi(q) is the number of counts (first-crossing distribution) given by the parameter

set q and ni is that given by the data in the i-th bin and the choice between counts

and first-crossing distribution is determined by the use of the Poisson and Gaussian

likelihood respectively. When applied to counts, n is always a positive integer, whereas

µ is a positive real number. Bayesian inference implies that Eq. (5.8) will produce

the most accurate result, whereas the standard frequentist approach is equivalent to

Eq. (5.9). The last approach Eq. (5.10) is no longer equivalent to the frequentist
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approach because the errors are asymmetric. We compare the results of Eq. (5.8) and

Eq. (5.10) in Section 5.4.1.

The likelihood L(H) is the probability that the hypothesis H produces the data D.

However, we are interested in the probability that the data are consistent with the

hypothesis. The complete posterior PDF for our hypothesis H in light of the data D

given prior information I is given by:

p (H |D, I) =
p (H | I) p (D |H, I)

p (D | I)
(5.11)

For our purposes H is either a choice of parameter values for a given HMF (in which

case I includes a choice of fitting function) or a choice of fitting function (in which case

I represents our priors alone). We discuss these two cases in more detail in the next

two (sub-)sections.

5.3.3 Parameter estimation

Having chosen a particular HMF, we are interested in the universality of the HMF

across different MG theories. One way in which to measure this is to see how the best-fit

parameter values change depending on the MG model. MultiNest gives three differ-

ent options to define “best-fit”: the maximum-likelihood (ML), maximum-a-posteriori

(MAP) and posterior mean (PM) values.

The ML value for a given parameter θ is defined to be that which maximises p (D | θ, I),

i.e. the most probable value for the model to give the observed data. In contrast the

MAP value maximises the probability p (θ |D, I). Since we have chosen uniform priors,

the MAP value is equal to the ML value via Eq. (5.11). Since the ML value is the

fastest to converge to the true value in MultiNest [101], we used this value for our

best-fit parameters. We are also interested in the PM value

〈θ〉 =

∫
d θ p

(
θ
∣∣D, I) θ (5.12)

because the 1σ credible regions given by MultiNest are only provided for the posterior

mean.

If the full PDF is not well-described by a single value (e.g. the three values above are

very different, or the posterior is very flat etc. ), then we are better off examining the

credible region R of credibility C, which is the set:

R =

{
θθθ :

∫
p(θθθ |D,I)>c

dθθθ p
(
θθθ
∣∣∣D, I) = C

}
(5.13)
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where c is the level set forming the boundary ∂R, inside which the probability is greater

than c and outside which it is less than c. We refer to the 1σ and 2σ credible regions for

C = 0.68 and C = 0.95 respectively. This is particularly the case in multiple dimensions,

e.g. examining correlations between variables. We show our results in Section 5.4.2

assuming the ΛCDM case for all our halo data and in Section 5.4.3 matching the

excursion set model to the MG model for each dataset.

5.3.4 Nested sampling calibration

We used the MultiNest nested sampling algorithm of [101] to carry out the integrals

in the previous subsections. This section describes the calibration process we used to

tune the algorithm.

The simulated data in this section was made by generating an HMF with the “default”

parameter values for each fitting function,i.e. the values in the original publication. The

Poisson error was simulated by scattering each data point by a value in [−
√
N ,
√
N ],

where N is the number of haloes per bin. The sign of the scatter was selected from a

uniform distribution [−1, 1] by rounding away from zero, whereas the magnitude was

chosen from a normal distribution in [0 ,
√
N ]. We used both 30 and 100 data points,

equivalent to binning our halo data into 30 and 100 equal-lnM bins. Recall that the for-

mer was the number of bins suggested by the optimisation in Section 5.2.3. We derived

the latter by increasing the number of bins by 10 until the maximum-likelihood values

returned from MultiNest were within 10% fractional error of the default parameters

from all our HMF functions using the Poissonian likelihood. The MultiNest parame-

ters were selected until both the “Poisson” and “Gaussian” likelihoods returned credible

regions which included the original parameter. These regions were calculated automat-

ically by MultiNest for the posterior PDF marginalised over all other parameters. We

verified these results by comparing with the graphical output from GetDist.

The key settings are tabulated in Table 5.1. Importance Nested Sampling was turned

off to increase the speed of convergence, which did not impact appreciably on the

posteriors. Searching for multi-modal posteriors was switched on to verify that no

spurious modes were identified in addition to the correct, single mode. The number of

live points controls the density of sampling within the ellipses: too few, and the evidence

is incorrectly approximated; too many, and the algorithm cannot discard and re-sample

points effectively. Ideally, one would required this to scale with the dimensionality

of the parameter space. However, for the sake of efficiency, we capped the number

of live points at 10 000. (This was particularly important for the Reed-07 run.) The

tolerance determines the maximum contribution to the total evidence from the un-

sampled points: this was set unusually stringently, in order to ensure smooth posteriors
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and profile likelihoods. The calibration process ensured that our MCMC code produced

reliable results for the likelihood functions and parameter spaces which were particular

to this problem.

We show the results of our calibration in Section 5.4.1. This examines the effect of the

number of bins, the likelihood function and the number of live points.

Description Values tested Final value

Importance Nested Sampling True, False True

Identify multi-modal posteriors True, False False

Number of live points 100 200 500 1000 500

Tolerance factor 1d-4, 5d-4, 5d-3, 5d-2, 5d-1 1d-4

Sampling efficiency 3d-1, 5d-1, 8d-1, 1, 2 8d-1

Table 5.1: Calibration parameters used to tune MultiNest. The same values were used for
both likelihood functions.

5.4 Results and discussion

This section addresses the questions posed in the introduction. Section 5.4.1 confirms

that our parameter estimation technique is reliable for the problem at hand. Then in

Section 5.4.2 we discuss whether the presence of screened gravity can be mistaken for

a change in best-fit parameter values for the ΛCDM HMF. In Section 5.4.3 we apply

the procedure used in ΛCDM to calibrate the MG HMF using the full excursion set

approach. We compare to existing values from the literature and assess the deviation.

In particular we address the universality of the halo mass function,i.e. the invariance

of the best fit free parameters to changes in the underlying gravity model.
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Figure 5.2: Posteriors for the Jenkins HMF using different numbers of live points (coloured).
The main diagonal shows the 1-d posteriors marginalised over all other parameters, while the
off-diagonal plots show correlations between pairs of parameters via the 2-d 1, 2σ credible
regions. The black dashed lines show the input values, while the coloured lines show the PDF
of the values recovered by nested sampling, with 30 bins, assuming a Poissonian likelihood.

5.4.1 Calibration of MultiNest

This section analyses the effect of the bin width, the number of live points and the

choice of likelihood function on simulated data. We discussed the simulated data in

Section 5.3.3. The calibration process tuned MultiNest to ensure that (known) in-

put parameters were recovered within 1σ credible regions of the posterior “best-fit”

values.

Having calibrated MultiNest as described in Section 5.3.4, the algorithm was used to

recover (as best as possible) the input parameter values. The properties which we varied
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Figure 5.3: Posteriors for the Peacock HMF using different numbers of live points (coloured).
The main diagonal shows the 1-d posteriors marginalised over all other parameters, while the
off-diagonal plots show correlations between pairs of parameters via the 2-d 1, 2σ credible
regions. The black dashed lines show the input values, while the coloured lines show the PDF
of the values recovered by nested sampling, with 30 bins, assuming a Poissonian likelihood.

were:

1. The likelihood function: Gaussian or Poissonian

2. The number of bins: 10, 30 or 100 (equivalently, the bin width)

3. The number of live points

Figs. 5.2 to 5.6 show—for a given HMF—the posteriors produced by the two likelihood

functions. The number of live points is indicated by the colour of the credible regions.

Where a colour does not appear, GetDist did not find that the chains had converged

sufficiently to produce unimodal credible regions. In those cases, we confirmed that
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Figure 5.4: Posteriors for the SMT-Courtin HMF using different numbers of live points
(coloured). The main diagonal shows the 1-d posteriors marginalised over all other param-
eters, while the off-diagonal plots show correlations between pairs of parameters via the 2-d
1, 2σ credible regions. The black dashed lines show the input values, while the coloured lines
show the PDF of the values recovered by nested sampling, with 30 bins, assuming a Poissonian
likelihood.

the maximum-a-posteriori, maximum-likelihood and input values were all within the

1σ error on the posterior mean directly with the MultiNest output. The dashed black

line shows the value of the parameter at input.

The choice of likelihood function has a common behaviour across all of the HMFs.

The Gaussian data is not shown here. This is because we found that the Gaussian

likelihood produces far larger credible regions than the Poissonian one. The posteriors

are broad rather than peaked—in fact the 1σ regions occupy most of the parameter

space. Expanding the prior volume did not affect this result, which indicates that the
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Figure 5.5: Posteriors for the Tinker-Angulo-Watson HMF using different numbers of live
points (coloured). The main diagonal shows the 1-d posteriors marginalised over all other
parameters, while the off-diagonal plots show correlations between pairs of parameters via the
2-d 1, 2σ credible regions. The black dashed lines show the input values, while the coloured
lines show the PDF of the values recovered by nested sampling, with 30 bins, assuming a
Poissonian likelihood.

posteriors are prior driven rather than constrained by the data. The credible regions do

not shrink appreciably when the number of live points is dramatically increased (from

101 to 104), so this is a consequence of the likelihood rather than the algorithm used to

calculate it. Moreover, this is not a consequence of the scatter in the data, because the

Poisson likelihood does produce narrow, peaked posteriors with the same data. The

remaining factor is the poor performance of this likelihood function. Consider that the

standard deviation is equal to the Poisson error. Substituting into the likelihood, we
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Figure 5.6: Posteriors for the Warren-Crocce HMF using different numbers of live points
(coloured). The main diagonal shows the 1-d posteriors marginalised over all other parameters,
while the off-diagonal plots show correlations between pairs of parameters via the 2-d 1, 2σ
credible regions. The black dashed lines show the input values, while the coloured lines show
the PDF of the values recovered by nested sampling, with 30 bins, assuming a Poissonian
likelihood.

have:

lnL = −1

2

∑
i

{
2πNi +

(
1− µi

Ni

)2
}

(5.14)

The first term
∑

iNi, which does not depend upon the model, dominates regardless of

the value of µi in the second term. [119] suggest dropping the first term and only using

the exponential, but we found that this also saturated the prior volume. Thus there

must be additional problems with this likelihood. Low-mass bins with more counts are

weighted by the first term to decrease the likelihood more than high-mass bins with

few counts. (In fact when Ni = 0 the first term is a maximum.) However, these are
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the very bins where the fraction in the second term is small, so this term approaches a

maximum. At the low mass end, the bin occupation has tighter uncertainties, but this

is the region where all the fitting functions converge to similar values regardless of the

choice of free parameters (except perhaps for the scaling factor A). At the high mass

end the low-occupation bins cannot provide strong constraints on the parameter values

because
√
N → N as the bin occupation drops to zero. We can test our assumptions

about bin occupation by comparing the 100-bin data with the 30-bin data for a given

HMF. We find that these trends are independent of the bin width used. Thus it is

the Gaussian shape of the likelihood which prevents us from obtaining narrow credible

regions. For this reason, we discard the Gaussian likelihood when using real data. It

is difficult for this function to have a sharp peak in the parameter volume because it

penalises the most certain bins. The only way to utilise the Gaussian likelihood is

to replace the Poisson errors with much smaller ones. For example, [34] run multiple

N -body simulations and use jack-knife errors which are much smaller. However, it

is impractical to replicate this in the synthesised data. Therefore we do not apply

the Gaussian likelihood to our halo data. This illustrates the importance of correctly

selecting a likelihood function using maximum entropy principles (i.e. based upon the

underlying distribution in the data).

The number of bins is a compromise between the amount of information provided by

the data and the scatter in this information. Thinner bins produce more data points

with which to constrain the parameter values, so we expect smaller credible regions with

100 than with 30 bins. However, the finite number of haloes in the simulation limit

the number of samples drawn from the continuous (underlying) distribution (which

would be obtained with an infinite number of haloes as the bin width approached zero).

Therefore—particularly at the high-mass end with few haloes—bins may be insuffi-

ciently wide to preserve the monotonicity of the HMF, or may be empty altogether.

This does not only widen the posteriors, but may also shift the peaks, if the low-mass

end does not provide sufficient constraints where the scatter is minimal. In our sim-

ulated “data,” we have maximised the scatter (to within Poisson errors) to produce a

pessimistic scenario. The performance of each HMF is similar, so we only show the

Peacock HMF in Fig. 5.7. We find that this produces little to no effect on the location

or width of the 1σ credible regions. This behaviour is largely independent of the number

of live points as well.

The number of live points is of interest as we need to find a compromise between

efficiency and accuracy. The higher the dimensionality of the parameter space, the

more live points are typically required to constrain the posterior. However, we find

that once the number is increased beyond 102, there is usually little difference between

the 100, 200, 500 and 1000 posteriors. (MultiNest advises using fewer than 1000 live

points when the Importance Nested Sampling mode is used, due to memory constraints.)
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The credible regions all largely overlap, independent of the number of live points. The

marginalised posteriors usually overlap as well (e.g. all parameters in Figs. 5.2 and 5.3;

{A, a} in Fig. 5.4; {A, b, c} in Fig. 5.6). In some cases (p in Fig. 5.4; a in Fig. 5.6)

the peaks of the posteriors move further from or closer to the original value. This does

not affect the result that in all cases the input parameters lie within the 1-σ credible

regions. This illustrates the need to find a minimum number of live points for which

the results converge and ensuring that adding more live points does not move the ML

and MAP estimates outside the existing credible regions. This demonstrates that our

estimates of the posteriors have already converged to an accurate representation of the

likelihood with only ∼ 102 live points.

Finally we examine the effect of the number of free parameters. The HMFs with

three free parameters—Jenkins, Peacock and SMT-Courtin—can all be reasonably con-

strained by the available data. Of the two four-parameter fits, Warren-Crocce also

recovers the required values whereas Tinker-Angulo-Watson does not produce such an

accurate result. Although MultiNest did find the ML values to within a few percent of

the input values, the posteriors created by GetDist showed a broad tail in its credible

regions for {A, a, b}, while c was fine. Although the chains do converge as we increase

the number of live points, they converge to the wrong values when examining the peaks

in the posterior (as processed by GetDist). The nested sampling ellipses exclude the

ML value at some point during the sampling, from which point onwards the sample can

only be drawn from within the likelihood iso-surface created by the ellipses. (This is

hardly surprising given that A(bν)a is automatically degenerate. Such behaviour was

also seen in [54].) The Reed 2007 fit has six parameters. In this case the Poissonian

likelihood cannot identify the original parameter values used to create the data. Many

pairs of parameters in this fitting function are degenerate (Table 4.1). This may be a

failure of the data as well: counts must be rounded to an integer value (to correspond

with the behaviour in our N -body derived data) and, once scattered, could be negative.

Rounding the counts mapped a small portion of the parameter space (used for calculat-

ing the first-crossing distribution) to the same counts. The two factors which affect this

conversion are the box size and the bin width (larger boxes create more haloes; wider

bins include more haloes). The behaviour of the fit agrees with statements in [206,

207] that some of their parameters can only be constrained by masses M ≥ 1015M�,

of which we have very few in the halo data. The nested sampling algorithm is not

infallible. For this reason, we exclude the Reed and Tinker-Angulo-Watson fits from

our halo results in the next two sections.

Having explored the effects of the likelihood function, the number of bins and the num-

ber of live points, we have found that the optimal choices are the Poissonian likelihood

function with at least 100 live points and that the number of bins is irrelevant. Thus

we set 30 bins and 500 live points for our data proper in the next two sections. We
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also exclude the Tinker-Angulo-Watson and Reed-07 fits on the basis that we have

insufficient data to properly constrain their free parameters.
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Figure 5.7: The effect of changing bin width on the Peacock HMF. The triangle plot is the same as Fig. 5.3. The subfigure captions show the number
of bins used in calculating the input HMF and discretising the model HMFs proposed by the nested sampling routine.

142



5.4.2 Assuming concordance cosmology

The first problem is perhaps so obvious as to be invisible: if we do not set out to look

for modified gravity, we may be unable to detect it. In other words, having assumed a

ΛCDM cosmology a priori, does modified gravity present itself a posteriori as merely a

different (i.e., non-standard) set of best-fit parameters in a ΛCDM halo mass function?

In this subsection, we fit the N-body HMFs for each modified gravity model using the

ΛCDM mass functions. We used 102 and 103 live points to ensure that our results

had converged, i.e. that our estimate of the posteriors PDFs was accurate. We also

examined the effects of both the MatchMaker and RockStar halo finders, which we

expect to differ due to their varying criteria for finding bound objects, which translates

into a different halo mass function.

First we define appropriate criteria for a fitting function to produce a well-behaved fit

to the data. We define a fit to be “successful” if the credible regions are continuous,

smooth and peaked, tending to zero well within the prior parameter range. We do not

exclude a fit form being well-behaved if zero is within its 1σ credible region: instead

we examine the proximity of the maximum-a-posteriori value, excluding the fit if the

probability at zero is close to that of the MAP. (A more quantitative option would be to

exclude a fit if zero lies within the full-width-half-maximum of the Gaussian posterior,

but we cannot guarantee that our posteriors are Gaussian.) The upper limit is set by

the priors, so our main criterion is the breadth of the posterior. If it does not have a

clear peak (or peaks), but a flat posterior, then there is too much uncertainty for the

fit to be useful: it is not constrained by the data.

The majority of the mass functions are well-behaved for all MG models and both

halo finders: Peacock (Fig. 5.9), Jenkins (Fig. 5.8). Initially, SMT-Courtin (Fig. 5.10)

appears to not be successful because both halo finders and all MG models have a peak

as p approaches zero. However, this lower bound is set by the physical requirement

for the parameters to be positive, rather than an indication that we have not explored

enough of the parameter space. Moreover, considering that the prior volume of p is in

[0, 10], the motion of the maximum-likelihood from 0.1 (Courtin et al. ’s original value)

to 0.0 is only a 1% shift relative to the size of the parameter space. The Warren-

Crocce fitting function exhibits slightly different behaviour in Fig. 5.11 for b. Using

the MatchMaker finder, only LCDM, DGP1 and F5 peak clearly away from b ≈ 0;

whereas using RockStar only SymB peaks at b ≈ 0. The same logic applies as with

SMT-Courtin, except that we can be more reassured here because the majority of MG

models produce a ML value at the published value (the black dashed line). However,

the posteriors are broader and more complicated in shape than the simple peaks for

the other HMFs. This is probably due to the corrections made to the mass of each

halo when Warren et al. derived the function: a halo of N particles was corrected to
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N(1−N−0.6), producing a non-linear correction to the resulting n(M). In this way we

have found that all of our fitting functions can exhibit a degeneracy between a change

in cosmology and a change in the underlying gravity theory.

We can now determine whether some HMFs are more sensitive to the underlying theory

of gravity than others. A halo mass function whose parameters have credible regions

highly insensitive to the gravity model which generated the N -body halo data is one in

which we are unlikely to detect deviations from general relativity inadvertently. Con-

versely, should the values of (or degeneracies between) parameters change sufficiently

between N -body simulation “data”, then we have an HMF in which deviations from

ΛCDM values may reliably indicate the underlying deviation from an ΛCDM cosmol-

ogy. Our results lie somewhere between these extremes: we can use a subset of the free

parameters to distinguish between different classes of models, but cannot really test the

parameters in the MG models themselves.

For example, Jenkins shows a high degree of overlap between all the MG models for a

and b, so we must rely on A. Certain MG theories are clearly distinct (F5, SymA and

SymB) whereas DGP and LCDM are nearly indistinguishable and F6 has some overlap

with the two symmetron models. Thus we can clearly identify whether a result is in one

of the DGP-LCDM or Sym-FR ”families”but not confidently be more specific.

Similarly, the Peacock model is nearly indistinguishable for b and c, despite showing a

broad spread of best-fit values along the parameter space for the remaining parameter

A. This spread is slightly different depending upon the halo finder: for RockStar

the overlap within each of the three ”sets” of theories is nearly total, whereas for

MatchMaker the overlap is less extreme.

The situation is even more problematic for the SMT-Courtin fit, where not only does a

have significant overlap, but p peaks to the same value for all MG models. Once again

for A we may reasonably expect to separate the DGP and LCDM models (themselves

inseparable) from the F5 model, and this from the F6 and Symmetron ones.

The Warren-Crocce model with MatchMaker has only three well-behaved MG results,

so we can use A to readily distinguish between DGP1, F5 and SymB. Conversely, the

RockStar result has too much overlap to determine the underlying MG model.

Therefore we find that is it possible for MG to be mis-interpreted as a ΛCDM result for

most of the fitting functions, bar Tinker-Angulo-Watson. However, we cannot distin-

guish between the underlying mechanisms for the deviation from ΛCDM, despite our

ability to distinguish these posteriors from the ΛCDM case. The same trends occur:

the separation of LCDM and the two DGP models into one group and the f(R) and

Symmetron ones into one or more others.
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However, we cannot readily use this to test for varying theories of MG because the

fitting functions display considerable similarities in their credible regions, so we are

forced to rely on one or two parameters where the variation is distinctive. Nonetheless,

it is remarkable that MG theories which have not only additional fifth-force interaction

governing their spherical collapse, but also more complex excursion set behaviour, can

be well-approximated by the HMF functions derived from ΛCDM simulations. Conse-

quently, we do not necessarily have to reproduce the approach of inventing new functions

and calibrating them, as was done in GR.
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Figure 5.8: Posteriors for the Jenkins HMF in ΛCDM for each gravity model. The main diagonal shows the 1-d posteriors marginalised over all other
parameters, while the off-diagonal plots show correlations between pairs of parameters via the 2-d 1, 2σ credible regions. The black dashed lines show
the values proposed by [125].
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Figure 5.9: Posteriors for the Peacock HMF in ΛCDM for each gravity model. The main diagonal shows the 1-d posteriors marginalised over all other
parameters, while the off-diagonal plots show correlations between pairs of parameters via the 2-d 1, 2σ credible regions. The black dashed lines show
the values proposed by [193].
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Figure 5.10: Posteriors for the SMT-Courtin HMF in ΛCDM for each gravity model. The main diagonal shows the 1-d posteriors marginalised over all
other parameters, while the off-diagonal plots show correlations between pairs of parameters via the 2-d 1, 2σ credible regions. The black dashed lines
show the values proposed by [75].
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Figure 5.11: Posteriors for the Warren-Crocce HMF in ΛCDM for each gravity model. The main diagonal shows the 1-d posteriors marginalised over
all other parameters, while the off-diagonal plots show correlations between pairs of parameters via the 2-d 1, 2σ credible regions. The black dashed
lines show the values proposed by [251].
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5.4.3 Recalibrating best-fit parameters

Now we explore the opposite question to the previous one, namely: how universal is

the halo mass function? In this subsection, we use the same extended gravity model

for both the N -body data and the collapse density for the halo mass function. In

this way, insensitivity of the credible regions for the fitting function parameters to the

gravity model used would indicate that the halo mass function in question is “uni-

versal” in a greater sense than that which is currently applied. Not only would it be

insensitive to the redshift, but also to the model of gravitational collapse under which

the haloes formed. This would vindicate the current practice to derive and calibrate

HMF functions in ΛCDM N -body simulations alone—with the advantage that they

could then be reliably applied to any scalar theory of MG with the same cosmological

parameters.

Figs. 5.12 to 5.15 show the 1,2-σ credible regions for the free parameters in each of the

fitting functions which passed our tests in Section 5.4.1. As in the previous subsection,

the main diagonal show the 1-d posteriors marginalised over all other parameters, while

the off-diagonal plots show correlations between pairs of parameters via the 2-d credible

regions at 1, 2-σ. The black dashed lines show the published values for each HMF, i.e.

those proposed by their original authors. (Where it is not visible, the value is outside

the range of the plot provided by GetDist.) We examined the behaviour of both the

MatchMaker and RockStar halo finders.

Should we expect the LCDM results from our calculations to equal those from the

original values of their respective papers? We do not expect to recover these results for

a variety of reasons:

• The value of δc changes with Ωm0 and H0

• The value of σ depends upon the power spectrum and value of σ8

• Differing halo finders and settings

• The presence (or absence) of corrections to the N -body halo data

Let us examine each of these in turn.

Table 4.2 summarises the cosmological parameters used for each of the papers which

provided ”best-fit” parameters for particular fitting functions. The dependence of δΛ
c

on Ωm0 is given in parametric form by [94] as δc = 1.68/Ω0.28
m0 —we can also see that this

parameter enters the collapse ODE Eq. (4.4). Our value is δΛ
c ≈ 1.675. This contrasts

with most of the papers (bar [75]). Some [76, 193, 225] use the SCDM value δc ≈ 1.686

(following Press-Schechter [202]) regardless of the actual cosmology of their simulations.

Others [13, 125, 239, 251, 252] absorb the value of δc into their free parameters because
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they use σ as the independent variable rather than ν, so their choice—which we need

to convert back to ν—is ambiguous. In all cases we have assumed the exact SCDM

collapse value δc = 3 · (12π)2/3/20 when converting from σ to ν. Only Courtin et al.

vary δc according to the solution of the spherical collapse equation for a variety of

cosmologies. Thus we have a different numerator for ν. Moreover, it is unlikely that

our P (k) is precisely equal to any of those used in the papers. Even if it did match, the

normalisation σ8 differs. The variance σ which forms the denominator of ν therefore also

differs from previous publications. Since the independent variable ν (or more precisely,

our mapping lnM → ν from counts to first-crossing distribution) differs in this paper

(and indeed in all of the others), our free parameters must change to compensate. Even

if we had exactly the same numbers of counts and the same bins, and our best-fit HMF

had the same n(M) values as a preceding paper, we would see a change in f(ν). This

is a small contribution to the movement of the maximum-likelihood peaks from the

published values.

The choice of halo finder further abstracts the problem. All of the published values

except Peacock and Watson (both of which are FoF-only) arise from a compromise

between the best-fit values for multiple halo finders. For example, Jenkins [125] uses

both FoF and SO halo finders to find a fitting function which has a residual of within

20% compared to their N -body HMFs simulated for a range of cosmologies (not just

ΛCDM). Even when restricting their data to FoF-only and SO-only (whereby they

obtain different best-fit values), the FoF linking length is changed between cosmologies

(b = 0.2 for τCDM, b = 0.164 for ΛCDM), so we cannot disentangle the cosmological

effects from the reduction of the N -body “data”. As we can see by comparing the results

for MatchMaker and RockStar in Figs. 5.9, 5.12, 5.14 and 5.15, the same distribution

of mass within the N -body simulations produces a different HMF according to the halo

finder used. [140] discuss this in great detail for ΛCDM and we have no reason to

disagree with their findings.

Differing authors also treat the distribution n(M) obtained from their halo finder(s) in

a variety of ways. As we briefly covered in Section 6.3, the mass cutoffs are controlled

by the simulation box size and the mass resolution. Table 4.1 summarises the mass

range used by each paper. This shifts the sampling along a subsection of the actual

HMF, changing the influence of each parameter in the likelihood function. An extreme

example of this is the Reed 2003 fit, whose parameter c is completely unconstrained by

masses M ≤ 1015M� [206]. Sometimes the individual halo masses are systematically

”corrected”, e.g. [34] or (more relevantly here) the Warren correction: a halo of N

particles was updated to N(1 − N−0.6) to account for perceived flaws in the halo

finders. These factors all affect the final first-crossing distribution of the data, against

which is compared the first-crossing distribution of the model (converted to counts per

bin) which contains the values of the free parameters at a chosen point in the parameter
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volume.

Given these factors, it is not surprising that our LCDM values do not always align with

the published values. In Figs. 5.9, 5.12, 5.14 and 5.15 the grey lines show our ΛCDM

posteriors, while the black dashed lines show the values from one of the relevant papers

respectively. (We do not show all of the published values for every fitting function

because this would lead to up to five lines on some plots, which would be confusing.)

Of particular interest is the variety of best-fit values for the SMT fitting function. Our

changes in all HMFs are the same order of magnitude as the changes other authors

have found when altering the cosmological parameters, halo finders and data reduction

techniques used to derive the HMF. Since we are utilising a single cosmology and

separating the effects of our two halo finders, it is not surprising that our values do not

reproduce the existing ones.

Despite the fact that we have used the full MG modifications to ν (S | δenv, Senv), the

behaviour of the HMFs mirrors that of the previous subsection, in which we assumed

ν = δΛ
c /S. Some HMFs have precisely the same “good behaviour” (or lack thereof) in

both cases. The Jenkins plot has the same flaws with b ≈ 0 for DGP1 in Fig. 5.12a (cf.

Fig. 5.8a). The Peacock plot has the same multi-modal tendencies for c in Fig. 5.9a

and Fig. 5.13a. Otherwise these HMFs have well-behaved posteriors. SMT-Courtin in

Fig. 5.14 is well-behaved for all MG theories and both halo finders. It is notable that the

Peacock HMF—an empirically-derived fit to the Watson-FoF HMF accurate to 1% in

ΛCDM—does behave well when generalised, whereas the original Watson fit does not.

This suggests that the behaviour is not caused by over-simplifying the gravitational

collapse, but by the underlying form of the fitting function itself. In contrast, Warren-

Crocce shows considerable improvement in terms of the poor behaviour of the posteriors

peaking at b ≈ 0 in both Fig. 5.15 and Fig. 5.11. However for the MatchMaker result,

both F5,6 models are well-behaved in MG, compared to F5 alone in ΛCDM; moreover

RockStar behaves (relatively) well for everything apart from SymB. In this case, ac-

counting for the mass dependence of the critical density does improve the behaviour of

the HMF. Thus we see that generalising ν from its ΛCDM value (proportional to σ−1)

to MG does not affect the overall behaviour of the HMFs, compared to the previous

subsection.

We can use the HMFs to examine the universality of ν: specifically, whether accounting

for the excursion set behaviour of the MG models is sufficient to render our fitting

functions independent of MG. While it is evident from Figs. 5.12 to 5.14 that no single

value works for every MG model, we do find clustering between families. The Jenkins

posteriors (Fig. 5.12) show that the credible regions for the two symmetron models are

quite distinct from the other five models, all of which have overlapping credible regions.

The Peacock function shows a higher degree of universality than Jenkins: particularly
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in Fig. 5.13a, but slightly less in Fig. 5.13b. In particular, c is practically universal,

but there is a spread of overlapping values for the other two parameters. SMT-Courtin

(Fig. 5.14) has very similar behaviour to the Jenkins HMF, with the two Symmetron

models distinct from each other as well as the clustering–but here it is four of the other

five models, with F6 closer to the Symmetron results. Unlike the preceding fitting

functions, Warren-Crocce (Fig. 5.15) has posteriors which largely overlap, perhaps with

the exception of F6, and more clustering in MatchMaker than RockStar. This fitting

function has no credible regions which are isolated from one other. Thus, the fitting

functions display a range of behaviours, but most show that the best-fit parameter

values for multiple MG models do overlap.

Where the symmetron models are distinguishable from the others, the differences are

driven by the “normalisation3 factor:” the symmetron models underpredict n(M), re-

quiring a systematic upwards shift by increasing the multiplicative factor A. These

models have a drifting barrier δc(S) which includes mass dependence. However, this

dependence via the collapse density ODE is not accounting for all of the actual be-

haviour of the haloes in non-linear collapse. Considering that we use a simple model of

a collapsing spherical top-hat, we may be oversimplifying the effect of the symmetron

fifth-force.

There is also the issue of the F5 and F6 models exhibiting greater spread (albeit still

with overlapping credible regions) than the LCDM and DGP results. This is particularly

visible in Warren-Crocce. Recall that here we fully account for the excursion-set barrier

density using the Volterra solution. However, we use this to scale the unconditional

HMF, so we approximate the integral over the environmental dependence of the HMF

via the value at the peak of the environment distribution (which happens to be δenv = 0).

Under these circumstances, it is remarkable that our approximation does produce such

a universal result.

The two DGP models cluster strongly with ΛCDM in all the HMFs. This is possi-

bly because all of these models use a flat barrier, so there is no additional mass- or

environment-dependence to be included in ν, so no additional excursion set behaviour

which needs to be approximated by the change in the independent variable.

While we do not find a strong degree of overall universality, we can see that the different

screening mechanisms do behave similarly. This is independent of the choice of halo

finder, so this clustering is not caused by systematic effects or scatter in the N -body

data.

This illustrates the caution which must be employed when using fitting function orig-

3While A originally played this role in the SMT-Courtin function [225], we no longer require the
cumulative mass fraction to tend to unity.
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inally calibrated in ΛCDM in the context of MG. Although the generalisation of the

fitting functions from ΛCDM to MG does not produce a completely universal fitting

function, there is a degree of universality in the clustering of the credible regions for

different screening mechanisms. This is because the effects of the fifth-force are largely

encapsulated by the modified Poisson equation which appears in the ODE for gravita-

tional collapse. The resulting δc clearly does not contain all of the non-linear collapse

information (otherwise we would have a universal HMF) but it does incorporate enough

into ν that the resulting fitting function depends only on the type of screening, rather

than the values of the fifth-force parameters.
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Figure 5.12: Posteriors for the Jenkins HMF calculated with the MG extensions for each gravity model. The main diagonal shows the 1-d posteriors
marginalised over all other parameters, while the off-diagonal plots show correlations between pairs of parameters via the 2-d 1, 2σ credible regions.
The black dashed lines show the values proposed by [125].
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Figure 5.13: Posteriors for the Peacock HMF calculated with the MG extensions for each gravity model. The main diagonal shows the 1-d posteriors
marginalised over all other parameters, while the off-diagonal plots show correlations between pairs of parameters via the 2-d 1, 2σ credible regions.
The black dashed lines show the values proposed by [193].
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Figure 5.14: Posteriors for the SMT-Courtin HMF calculated with the MG extensions for each gravity model. The main diagonal shows the 1-d
posteriors marginalised over all other parameters, while the off-diagonal plots show correlations between pairs of parameters via the 2-d 1, 2σ credible
regions. The black dashed lines show the values proposed by [75].
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Figure 5.15: Posteriors for the Warren-Crocce HMF calculated with the MG extensions for each gravity model. The main diagonal shows the 1-d
posteriors marginalised over all other parameters, while the off-diagonal plots show correlations between pairs of parameters via the 2-d 1, 2σ credible
regions. The black dashed lines show the values proposed by [251].
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5.5 Conclusions

This section reiterates the salient points of this chapter. We outline the method we

have used, before describing avenues for generalisation and other possibilities for further

work. We conclude by summarising the key results of this chapter.

5.5.1 Summary

This chapter builds upon the earlier parts of this thesis, in which we explored the use of

the halo mass function in screened MG theories. We selected a range of theories which

have different screening mechanisms (Sections 2.2 to 2.4) and derived their additional

contribution to the spherical collapse equation (Section 4.1). After motivating our

transformation between GR and MG via the excursion set theorem (Section 4.2.2), we

summarised a variety of HMFs and described the nature of their universality in GR

and how to transform this into the equivalent in MG (Section 4.4).

We have illustrated a method to apply the same rigorous calibration techniques used to

generate the HMF in GR to various theories of screened MG. The N -body simulations

from which we extracted halo catalogues to compare to our empirical fits are described in

Section 5.2.1. Similarly, the Bayesian methodology for estimating maximum-likelihood

parameters and the relative likelihood of the different models is outlined in Section 5.3.

The key steps of our method are:

1. Conversion of the GR HMF from σ to ν (if necessary).

2. Calculation of the effective fifth-force Feff to insert into the spherical collapse

ODE.

3. Calculations of the collapse density δc(S, δenv, Senv) to incorporate into ν.

4. Use of an appropriate excursion-set technique to account for the barrier density

δc.

5. MCMC estimation of the best-fit free parameter values and their credible regions.

6. Output of the corresponding best-fit HMF.

Our main results (Section 5.4) are as follows. In our calibration of the MultiNest

MCMC code, we found that the posteriors are much tighter for the Poissonian than

the Gaussian likelihood, due to the large standard deviation in the latter, which is a

consequence of the Poisson noise involved in counting the haloes per mass bin. For-

tunately, we found that the bin width, which controls the discretisation of the HMF,
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does not affect the posteriors when using the Poissonian likelihood. In fact, we are able

to recover the input values for all of our fitting functions. This enabled us to fix the

likelihood, the bin width and the number of live points for use on our N -body data.

We then applied this method to determine whether the ΛCDM HMF can be used as a

probe of MG.

We found that the effects of MG can be interpreted as a change in best-fit parameters

in the ΛCDM HMF for all of the fitting functions. Alternatively, the relation can be

inverted to judge the universality of the HMF, i.e. its independence on the underlying

theory of gravity. Although we found no completely universal HMF, the parameter val-

ues did cluster according to the type of screening mechanism, with Jenkins, Peacock and

SMT-Courtin being the least universal and Warren-Crocce the most. The former group

required very different best-fit parameters for the two Symmetron models, whereas in

the latter all of the models had overlapping credible regions. The results suggest that

a single, best-fit HMF might be used for each type of screening, independent of the

parameters in the MG model. This demonstrates that the additional complexity of the

gravitational collapse in screened MG theories cannot always be accounted for using the

techniques developed in GR. However, it is unnecessary to develop new fitting functions

and calibrate them on a case-by-case basis.

We have demonstrated that it is possible to generalise some of the halo mass functions

in common use in GR to incorporate MG theories with a variety of screening mecha-

nisms. However, the calibration of these fitting functions has a number of caveats which

are not encountered in the ΛCDM framework for which they were initially developed.

Nonetheless, it is remarkable that our method can incorporate much of the non-linear

collapse behaviour of screened MG in a simple and efficient mechanism. This is in direct

contrast to the difficulties encountered in performing N -body simulations in screened

MG. Thus we have provided an excursion-set-motivated alternative in MG to the need

to replicate the time-consuming development of accurate halo mass functions which

took place (and is ongoing) in GR.

5.5.2 Further work

The method presented in this chapter for calculation of the MG halo mass function using

the fitting functions derived from ΛCDM has many avenues for generalisation. Most

straightforward of these is the application to other fitting functions as they become

available, provided that these functions can be expressed in terms of the “universal

parameter” ν rather than the variance σ.

The universality of the halo mass function can be further extended to higher redshifts.
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The collapse ODE in Section 4.1 has a new stopping condition that yh(zc) = 0, but

the same bijection scheme can be applied to calculate the collapse density δc(zc). The

variance σ(z) is obtained from the present-day value via the growth factor D(z). How-

ever, to a good approximation, these modifications cancel, leaving ν independent of z

[261]. This generalisation is particularly relevant given the ongoing discussion on the

z-independence of f(ν) in ΛCDM. It would be particularly interesting to determine the

influence of the fifth-force on the evolution of the HMF.

The calibration techniques are applicable to any MG theory which satisfies a number

of constraints:

• Existence of a modified Poisson equation to approximate the gravitational effects

of MG

• Well-posedness of the corresponding spherical-collapse ODE

• Background expansion similar to ΛCDM (so that the ΛCDM growth factor can

be used and the halo environment treated as ΛCDM in the collapse ODE)

Galileon MG is an example of a screened theory for which this technique may be

used. However, it may also be applied to MG theories which do not involve screening,

but have some other method of being observationally-viable. It would be interesting

to investigate whether the results we have found are unique to screening models, or

whether they extend to non-screened theories.

The cosmology-dependence of these results can also be explored. This would be a

daunting task, requiringN -body simulations for a grid of cosmological parameters, espe-

cially given the additional complexity of incorporating a fifth-force into the simulations.

Nonetheless, this would permit comparison with the investigation of the cosmological-

dependence of the HMF in GR (e.g. [75]). Moreover, if using changes in the best-fit

GR parameters for a given fitting function to suggest a deviation from ΛCDM, it would

highlight the potential degeneracy between a change in MG and a change in the GR

cosmological parameters. This is important if we are to use the HMF as a probe of MG

in future surveys.

The many avenues for generalisation illustrate that the same attention to detail can be

applied to the HMF in both ΛCDM and MG. Having illustrated a number of caveats—

the choice of fitting function, likelihood and the dependence of the results on both halo

finder and bin width—we nonetheless show that three common HMFs can be used and

calibrated in both GR and MG. Without applying the same calibration techniques in

both theories, we are not making a like-for-like comparison when analysing the be-

haviour of the HMF, especially when constructing theoretical HMFs to compare to

observations.
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Chapter 6

The f (R) mass function in the cosmic
web

6.1 Introduction

The discovery of the accelerated expansion of the Universe [196, 210] is one of the

biggest puzzles in modern cosmology. Having accepted the Einstein equations as the

correct description of the interaction between matter and geometry, one is left with no

alternative but to modify either side of the equation in order to account for this accel-

eration. On the one hand, modifying the stress-energy tensor necessitates the presence

of an unknown substance dubbed dark energy; on the other, modifying the Einstein

tensor requires modifications to relativity at a more fundamental level. This poses the

question: should one of these choices be favoured over the other? Dark energy—at its

simplest a vacuum energy which acts in the form of an effective cosmological constant—

is in excellent agreement with most observations so far, but suffers from some theoret-

ical problems including fine-tuning [70]. Extended gravity theories—at their simplest

adding extra complications to the Einstein-Hilbert action—have a secure theoretical

motivation, but need to be carefully designed to satisfy observational constraints.

General Relativity has been tested to great precision on Earth and in the Solar System

[36, 37, 256]. Thus, if it is modified then some form of screening mechanism [53, 132,

133, 144] is required to hide the effects in these regimes. As we have tested general

relativity only in high density regimes (relative to the cosmic mean), this naturally

leads to an environmental dependence on the modifications of gravity. In turn this

would translate into an environmental dependence on observables [e.g. 214, 259]. Thus
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the very screening which modified theories of gravity invoked to evade local, Solar

System tests can be harnessed as a detection mechanism by examining different regions

of the cosmic web. This can also be used to distinguish it from other dark energy

scenarios.

In this chapter we examine a variety of halo properties in the different geometric struc-

tures of the cosmic web, namely: the abundance of halos of different masses; the align-

ment of the halo spins and shapes with the local tidal structure; the halo spin parameter

and the concentration-mass relation. We provide an excursion-set-based approximation

to the N-body results for the halo mass function. This synthesises two, major existing

results: the unconditional mass function in f(R) calculated by [143, 155, 170] and the

classification of halo statistics in the cosmic web by e.g. [6, 90, 104]. In the same vein as

those chapters, our aim is to build a semi-analytic model which combines an empirically-

derived halo mass function in the unconditional case for ΛCDM with a physical model

derived using the tools of excursion set theory. Such a model, if sufficiently accurate,

can then be used to cheaply compute observables for quantities that otherwise would

require expensive numerical simulations.

The structure of the chapter is as follows: we have already encountered the Hu & Sawicki

f(R) model of modified gravity in Chapter 2. We reiterate the equations for calculating

the HMF conditional on the cosmic web in Section 6.2, where we specifically apply the

Peacock fitting function. The N-body simulations against which we benchmark our

semi-analytical model are described in Section 6.3. In Section 6.4 we compare the

accuracy of our theoretical model to N-body simulations (Sections 6.4.1 and 6.4.2)

and we analyse deviations from ΛCDM for each of the halo properties (Sections 6.4.3

and 6.4.4). We suggest possible generalisations and applications of this method in and

conclude in Section 6.5.

6.2 The multiplicity function

In this chapter, we adopt the Peacock mass function1 [193]

F (> M) =
exp (−cν2

h)

1 + a νbh
where


a = 1.529

b = 0.704

c = 0.412

(6.1)

1This simple functional form matches the Warren et al. fit [251] to the mass function to sub-percent
accuracy.
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Instead of the collapsed mass fraction (Eq. (6.1)), we will use its differential, known as

the multiplicity function2:

f(M) ≡ dF (< M)

dlnM
= f (S)

∣∣∣∣ dS

dlnM

∣∣∣∣ = −〈f (δc(S), S | δenv, Senv)〉env
dS

dlnM
(6.2)

where we have defined the first-crossing distribution f (S), the probability that the

random walk will be absorbed by the barrier at resolution S. We have already seen in

Section 4.2.2 that this becomes much more important in modified gravity than general

relativity.

We have already derived the key integral of this chapter, which incorporates the depen-

dence on the cosmic web (Section 4.3). In this chapter we have singled out the Peacock

HMF:

f (νeff) = − exp (cν2
eff)

(1 + aνbeff)2

[
abνb−1

eff + 2cνeff

(
1 + aνbeff

)] ∂νeff

∂S
(6.3a)

νeff = max

{
0,
νh (S, δenv)− ε2 (S, Senv) νe (Senv, δenv)√

1− ε2 (S, Senv)

}
(6.3b)

Eq. (6.3) is the first-crossing distribution which we substitute into Eq. (6.2) to obtain

the f(R) multiplicity function conditional to the tidal classification of the environment.

In this way, we ensure that our base model is an excellent fit to simulations, while also

retaining the semi-analytical nature of the model.

6.3 Simulations and algorithms

The simulations used in this chapter were performed with the ISIS code [165], which

is a modified gravity modification of the N-body code RAMSES [236].

We performed two large-box simulations: one for ΛCDM and one for |fR0| = 10−5 using

an approximate method [258] to incorporate the scalar field. We also performed two

small-box simulations: one for ΛCDM and one for |fR0| = 10−5 fully solving for the

scalar field in the simulation box [260]. The approximate method has previously been

shown to produce very good results (accuracy to a few percent) with respect to the mat-

ter power spectrum and the halo mass function [258]. The modified gravity simulations

were performed using the same initial conditions as the corresponding ΛCDM simula-

tions. This allows us to compare the two models without requiring multiple realisations

of the initial conditions. The cosmological parameters are: Ωm0 = 0.27, ΩΛ0 = 0.73,

2Note that some authors define the multiplicity function as the derivative with respect to σ rather
than lnM . Moreover, although f(M) and f (S) are related, they do not denote the same functions,
despite the same letter being conventionally used for both.
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Box size (Mpc/h) Particles per box Cosmology MG algorithm

1024 10243 ΛCDM, |fR0| = 10−5 Approximate
256 5123 ΛCDM, |fR0| = 10−5 Full

Table 6.1: The N-body simulations used in this chapter. The cosmological parameters used to
generate initial conditions was: Ωm0 = 0.27, ΩΛ0 = 0.73, h = 0.704, ns = 0.966 and σ8 = 0.8.

h = 0.704, ns = 0.966 and σ8 = 0.8 and the other simulation parameters are listed in

Table 6.1.

We located haloes using a Friend-of-Friend algorithm3 as well as the spherical overden-

sity halo finder AHF (Amiga Halo Finder)4 [108]. The N-body particles were binned to a

Ngrid = 5123 grid using Cloud-in-Cell interpolation and then smoothed with a Gaussian

kernel of widths Renv = 10 and 20 Mpc/h in this chapter. The local tidal tensor and

its eigenvalues were then computed using a public code5. The error bars in the plots

were computed using jack-knife resampling of the simulation box with 8 samples. To

generate error-bars for ratio plots coming from two different simulations, we used:

∆
(a
b

)
=
a

b

√(
∆a

a

)2

+

(
∆b

b

)2

− 2 r
∆a

a

∆b

b
(6.4)

where r is the correlation coefficient. The quantities whose ratios we compute are highly

correlated (since they are taken from simulations with the same initial conditions) so

for simplicity we have used a fixed value of r = 0.9 (or r = 0 for cases where we wanted

to be conservative) to estimate the error-bars.

6.4 Results

We compare the behaviour of the ΛCDM and f(R) mass functions in various envi-

ronments. Then we evaluate the accuracy of our semi-analytic model using N-body

simulations and describe its limitations and possibles paths to improvement. Finally,

we analyse the effect of modified gravity on a number of internal halo properties as a

function of tidal environment.
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Figure 6.1: Volume fraction according to the Gaussian probability distribution function
Eq. (4.19) (lines) and the N-body simulations (points), as a function of the threshold λth.
Light colours (solid lines; crosses) are for ΛCDM, darker ones (dashed lines; circles) for
|fR0| = 10−5. The value of λth chosen for the remainder of this work is shown by the vertical
line (at 0.0 for Renv = 20/h Mpc and 0.1 for Renv = 10/h Mpc).
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6.4.1 Volume fractions

We can indirectly measure the accuracy of the Gaussian model for the eigenvalue proba-

bility distribution via the volume fractions in different cosmic web elements. In Fig. 6.1

we compare the values from our model to those from the N-body simulations.

The behaviour with λth permits us to select a suitable value for νth in Eq. (4.18). We

require a value for which there is a (relatively) even distribution between the different

morphologies (amongst other requirements discussed in [6]). Thus we select λth = 0 for

Renv = 20 Mpc/h and λth = 0.1 for Renv = 10 Mpc/h. We utilise the same threshold

for the smoothing in our semi-analytic model and the N-body simulations.

We compare the volume fractions calculated from Eq. (4.20) to the N-body volume

fraction in Fig. 6.1. At scales of Renv = 20 Mpc/h Eq. (4.19) performs well, whereas at

Renv = 10 Mpc/h we find that p(ρ, θ, φ) is a poor approximation of the real overdensity

field. This should not be surprising given the non-linear evolution of the density field

on all but the largest scales.

The Gaussian volume fraction in Fig. 6.1 illustrates the large-scale behaviour of the

scalar field modification to general relativity. Compared to ΛCDM (solid lines in

Fig. 6.1) there is a greater fraction of voids and a smaller fraction in collapsed struc-

tures. At larger scales, the change in volume fraction due to modified gravity is more

pronounced. This is due to the scalar field leaving the chameleon regime at small scales

and moving to the linear regime at large scales (although on cosmological scales it re-

turns to mimic general relativity behaviour). More compact morphologies exhibit a

greater deficiency, so that the overall fraction remains at unity. However, the difference

between even |fR0| = 10−5 and ΛCDM is dwarfed by the difference between the theo-

retical volume fraction and the N-body result at all smoothing scales. This provides a

quantitative basis for the assertion in [170] that there is insufficient evidence to warrant

modelling the environment density using the f(R) equations.

6.4.2 Multiplicity functions in each environment

We compare the behaviour of the ΛCDM mass functions to f(R) with |fR0| = 10−5

in the different structures of the cosmic web and averaged over all environments. Our

semi-analytic model performs best at successively larger scales and in lower-density

environments, but reproduces the main trend found in the simulations: the f(R) abun-

dances are amplified in underdense environments and at low masses.

3https://github.com/damonge/MatchMaker
4http://popia.ft.uam.es/AHF/Download.html
5https://github.com/damonge/DensTools
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Figure 6.2: Multiplicity function f(M) for each “unconditional” definition at Renv =
10 Mpc/h. The green dashed line shows the Peacock model for the unconditional multi-
plicity function, while the solid red line shows our re-scaling method for the conditional mass
function applied to the Peacock multiplicity function and then integrated over the environ-
ment distribution. Boxes and circles show the data from the large- and small-box N-body
simulations. The cut-off below which the mass resolution of the simulations make the results
unreliable are shown as dashed (dotted) lines for the small (big) simulations.

The smoothing scale determines the range of masses in which our results are reliable.

Recall from Section 4.2.1 that the major shortcoming of the excursion set formalism is

that whenever S < Senv the process is not well defined, since the condition S < Senv

implies that the halo has already collapsed at resolution S, before the starting points

of its trajectory at Senv. Therefore care must be taken when interpreting any results

for masses with S ∼ Senv. For the filter sizes used in this work, R = 10 Mpc/h and R =

20 Mpc/h, the corresponding masses enclosed within them are M10 = 1.67 · 1015M�/h

and M20 = 1.34 · 1016M�/h, which act as upper bounds for the mass range where the

excursion set predictions are meaningful.

A desirable property of any model of the mass function that incorporates environmen-

tal dependence is that, when marginalised over all possible environments, one should

recover the unconditional mass function given by the same model. Currently our model

is based on simply substituting the argument of the unconditional mass function from

νh to νeff , inspired by the equivalent result found in the excursion-set formalism. How-

ever, this rescaling of the mass function is only mathematically consistent, in the sense

described above, for the specific form of the Press-Schechter mass function [192]. Thus,

most simple attempts at modelling the conditional mass function have only been able
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to provide a qualitative description of it, with a poor quantitative performance. This

problem is also illustrated in Fig. 6.2, which shows the mass function from our simu-

lations together with the Peacock unconditional mass function and the excursion set

prediction after rescaling the Peacock mass function and marginalising it over the envi-

ronment. Our results agree with [192], who showed that the only solution of Eq. (4.10a)

which matches the unconditional case is Press-Schechter with a δc linear in S. Thus we

do not expect the cosmic-web-sensitive result to match the percent-level fits to N-body

which motivated the unconditional form of the Peacock mass function.

The additional dependence of the collapse density in f(R) amplifies this same problem:

compare Figs. 6.3a, 6.4a, 6.5a and 6.6a to Figs. 6.3b, 6.4b, 6.5b and 6.6b, which show the

multiplicity functions in different environments measured from the simulations together

with the predictions of our method for a range of smoothing kernels (with Renv = 10 and

20 Mpc/h in Figs. 6.5 and 6.6 and Figs. 6.3 and 6.4 respectively, and using Gaussian and

sharp-k filters in Figs. 6.3 and 6.5 and Figs. 6.4 and 6.6 respectively). We concur with

[170], who state that the environment-averaged result simplifies to the result with the

random walk starting at (δenv = 0, Senv = 0) (i.e. to the unconditional mass function)

only in ΛCDM and not in f(R). Thus we expect our fits to be less accurate (when

compared to N-body results) in f(R) than in ΛCDM, a hypothesis borne out by our

results.

The trends with environment smoothing scale and density shown in Figs. 6.3 to 6.6 can

be understood in terms of deviations of the non-linear environment distribution with

respect to the Gaussian prediction. Having seen in Fig. 6.1 that the Renv = 20 Mpc/h

volume fraction is well-approximated by the integral of p(ρ, θ, νe), the density field on

such large scales is still evolving linearly from the primordial Gaussian density field.

Thus in Figs. 6.3 and 6.4, we find good agreement in both ΛCDM and f(R), regard-

less of halo mass or the location within the cosmic web. On environment scales of

Renv = 10 Mpc/h, the results in Section 6.4.1 suggest that the density field evolution is

weakly-linear. We expect deviations from linear collapse to occur more quickly in in-

creasingly dense environments, where the local structures have already collapsed along

one (sheets), two (filaments) or all three (knots) axes. In Figs. 6.5 and 6.6 our predic-

tions lie within the N-body error bars at progressively fewer points for voids, sheets,

filaments and knots. These trends occur independent of cosmology, which further rein-

forces the hypothesis that the Gaussian model for the density is responsible, as we model

the large-scale structure according to general relativity in both ΛCDM and modified

gravity.

Like [6], we find that the excursion-set prediction for the conditional mass function in

ΛCDM becomes a worse model for the N-body data in higher-density environments,

underpredicting the number of low-mass halos and over-predicting the abundance in
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the high-mass tail at Renv = 10 Mpc/h (see Figs. 6.5a and 6.5b), and this is true also

for f(R). For a smoothing of 20 Mpc/h, Figs. 6.3a and 6.3b show that the predic-

tion becomes a much better fit, with a slight deficiency of haloes at high masses in

knots.

Despite the shortcomings of the excursion set formalism when making accurate predic-

tions for the conditional mass function, we can still use this framework to understand

the differences between the ΛCDM and f(R) predictions. The f(R) mass functions are

amplified compared to ΛCDM. The key trends visible in Figs. 6.3c, 6.4c, 6.5c and 6.6c

are that the amplification increases with lower environment density. The amplifica-

tion tends to increase with halo mass in voids and sheets, while there is a maximum

enhancement mass in filaments and knots. This behaviour can be explained by the peak-

background split. For equivalent values of S, the barrier density is lower for |fR0| = 10−5

than ΛCDM, which makes it more probable for the first-crossing of the excursion set

trajectory to occur. This effect is amplified by a larger value of δc(δenv, S)− δenv, i.e. in

voids and sheets, but damped in dense regions where δc(δenv, S)−δenv → 0 via screening.

Thus, the modified gravity behaviour compared to ΛCDM is driven by screening at all

scales.

In order to improve the semi-analytical model for the mass function used here, three

problems need to be overcome:

• The Gaussian eigenvalue distribution p(ρ, θ, νe) is a poor description on small

smoothing scales.

• At resolutions smaller than Senv, the excursion set theory which underpins the

first-crossing distribution is undefined.

• The ν → νeff rescaling is known to be a poor approximation to the conditional

mass function even in ΛCDM.

The first issue can be resolved in three ways. Following [6], we could replace the

functional form with the distribution of values from the N-body simulations. We find

this solution unsatisfactory, due to the requirement to run many realisations to avoid

cosmic variance and the dependence upon individual simulation parameters. However,

as [6] note, this remains a useful technique to separate the effects of the Gaussian

density field from the other approximations. Alternatively, it may be possible to add

small-scale corrections to the probability density function, or to replace the Gaussian

density field of [18] with the log-normal density field proposed by [72].

The second item appears to be insurmountable. This is because M(Senv) is completely

controlled by our smoothing scale Renv via the window function. Fortunately, on mildly

non-linear scales and larger, there are so few haloes with M > M(Senv) that the problem
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is only an issue in mass bins which are already uncertain due to small-number statistics

and cosmic variance. Resolving these problems will improve the quantitative accuracy

of our model beyond the large-scale, low-density regime. [6] found a better fit to the data

by using an “effective-universe” approach, where halo abundances in an environment

with overdensity δenv are predicted as the unconditional abundance in a universe with

effective cosmological parameters governed by the value of δenv, and the Senv mass cut

is accounted for in an ad-hoc manner by limiting the Fourier modes available in that

effective universe to those smaller than ∼ Renv. While there remain quantitative issues

to overcome, our extremely simple model performs well qualitatively on all scales and

in all density environments.

The last item is not readily solved, and is a common limitation of the conditional mass

function. In order to produce an environment definition more akin to the excursion-set

formalism we have also studied cases where the density field is filtered using a sharp-k

window function. As shown in Figs. 6.4 and 6.6, this produces a better agreement

with the N-body simulations. A possible improvement may be to use an alternative to

excursion set, e.g. the survival probability approach of [194] or the Markovian Velocity

excursion set of [184].

We have seen in the preceding two sections that the model illustrated in this chapter is

qualitatively useful but not always quantitatively accurate. At large smoothing scales,

where we are in the linear regime, our results agree well with the full N-body calcula-

tions. As we move to smaller scales, we encounter the increasing non-Gaussianity of the

environment overdensity and the chameleon regime of the f(R) modification. While we

can extend our model into this regime in low-density environments, it performs badly

in knots, and by non-linear scales we only reproduce qualitative behaviour. Neverthe-

less, we can attribute the difficulties to certain approximations and assumptions in our

model, which in turn suggests avenues for improving our results.
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(c) Ratio of the |fR0| = 10−5 to ΛCDM results.

Figure 6.3: f(M) for each environment at Renv = 20 Mpc/h, assuming a Gaussian window function. Lines indicate our model according to Eq. (4.22)
and points indicate the N-body results.
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Figure 6.4: f(M) for each environment at Renv = 20 Mpc/h, assuming a sharp-k window function. Lines indicate our model according to Eq. (4.22)
and points indicate the N-body results.
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Figure 6.5: f(M) for each environment at Renv = 10 Mpc/h, assuming a Gaussian window function. Lines indicate our model according to Eq. (4.22)
and points indicate the N-body results.
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Figure 6.6: f(M) for each environment at Renv = 10 Mpc/h, assuming a sharp-k window function. Lines indicate our model according to Eq. (4.22)
and points indicate the N-body results.
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6.4.3 Multiplicity functions at fixed environment density

One of the key predictions of the excursion-set formalism in ΛCDM cosmologies with

Gaussian initial conditions is that halo abundances only depend on the density of the

environment, i.e. not on any other local environmental parameters. In spite of the ap-

proximate nature of this formalism, this result was found to be true in [6] in comparison

with N-body data. Therefore, it is interesting to explore whether the same is true for

modified gravity theories.

Fig. 6.7 shows the conditional mass function for fixed environmental densities in different

types of environments defined in terms of the eigenvalues of the tidal tensor. We do

not find significant differences between environments in terms of halo abundances. This

is also a prediction of our semi-analytic model: we treat the environment as if it were

ΛCDM (rather than with a full f(R) treatment) not only in calculating the environment

density ODE, an approximation justified in [170]; but also (via the power spectrum)

the environment variance. Furthermore, the only change from ΛCDM to f(R) in our

model is the barrier density, which itself is only a function of δenv and not of (ρ, θ).

This is an a priori simplification which is a corollary of only examining the modified

gravity collapse assuming spherical symmetry, instead of the full ellipsoidal collapse.

Nevertheless, as in the case of ΛCDM, we find that this phenomenological result is in

agreement with the simulated data. It could be that f(R) does modify the ΛCDM

result in certain regimes, but Renv = 10/h Mpc is a sufficiently large scale that the

modifications are negligible, i.e. the f(R) modification is in the cosmological regime

where it must mimic the ΛCDM background. Alternatively, perhaps the influence of

f(R) is minimal on the structure of the cosmic web (e.g. by late times non-linearities in

the density field or the merger history of haloes may overwhelm any contribution from

modified gravity) so the same physics dominates in both cosmologies. Regardless, the

fact that we encounter the same result in both the semi-analytical and the numerical

solution is encouraging.

6.4.4 Internal halo properties

The relation of certain internal halo properties with the tidal structure of the environ-

ment could also potentially contain relevant signatures for modified gravity models. To

this end, we have studied the relative orientation of the halo shapes and halo spins with

respect to the eigenvectors of the local tidal tensor, as well as the distribution of the halo

spin parameter and the concentration-mass relation as a function of environment type.

In order to obtain reliable estimates of these internal properties, we selected a subset

of the halo catalogue containing only virialised structures (as done in [165]) with more
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Figure 6.7: Multiplicity at Renv = 10/h Mpc after restricting the range of δenv.
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than 100 particles per halo. While [65] suggest a cut-off of 300 particles per halo, on the

basis of ensuring that the resolution bias is less than 10% compared to the ellipticity

result from sampling a halo of 1000 particles, our smaller cut-off produces a maximum

resolution bias of ∼ 60%, which declines to ∼ 30% as the ellipticity increases. This

affects the uncertainty on the shape of the haloes: thus, any difference between ΛCDM

and f(R) would have to exceed this uncertainty to be a non-null result. We select only

virialised structures by combining the kinetic energy T , gravitational potential energy

W and surface pressure term ES of the halo to define a parameter η such that:

2T +W − ES = 0 =⇒ η =
2T − ES

W
+ 1 ≈ 0 (6.5)

The first equality is the virial theorem, which defines a virialised structure by virtue

of having reached a state of equilibrium [109]. The possibly non-zero value of η allows

for uncertainty in the measurement of the kinetic energy of the halo, so we set haloes

with η < 0.2 to be virialised in accordance with the literature [165]. The decision to

remove non-virialised haloes, rather than keeping all gravitationally-bound structures,

stems from the different distributions of halo properties within the two classes of haloes

[109]. We compute the relative orientation of the halo shape by estimating the inertia

tensor of the halo as [66, 165]:

Iij ∝
Npart∑
n=1

xn,ixn,j (6.6)

where the position of the n-th halo is xn along each axis i, j ∈ [1, 3] and the sum is over

all particles in the halo. The principal axis of the halo is then defined as the eigenvector

corresponding to the largest eigenvalue of Î, the (reduced) inertia tensor. For each halo

we then compute µ11 and µ13, the cosine of the angle between its principal axis and

e1, and e3, the eigenvectors of the local tidal field (defined with a smoothing scale

Renv = 10 Mpc/h) corresponding to the largest and smallest eigenvalues respectively.

Fig. 6.8 shows the average µ11 and µ13 as a function of halo mass in the four different

environment types. We find no significant difference between ΛCDM and f(R) in the

relative halo orientations with respect to the cosmic web. We also performed a similar

analysis studying the relative orientation between the principal directions of the cosmic

web and the halo spin. We found no significant difference between f(R) and ΛCDM

in this case either. Given the interpretation of [71] that the alignment between dark

matter haloes and the cosmic web is driven by the dynamics of cosmic flows during

the merger history of the haloes, it is unlikely that this behaviour should be altered

by modifications to gravity. Specifically, the presence of the scalar field will affect the

gravitational interaction during halo mergers, which are the key contributors to the

final orientation and spin of the haloes. However, if haloes flow preferentially towards
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increasingly collapsed structures, ([71]; e.g. along filaments towards knots), then the

merger history of these haloes will occur in increasingly screened areas. If the halo

formed at early times (even in an unscreened void), each additional contribution to

its orientation and/or spin vector will tend towards the ΛCDM equivalent, washing

out any initial f(R) modification to the large-mass haloes. In ΛCDM, [71] find that

haloes above a threshold of M > (8 ± 2) · 1012M� exhibit this large-mass behaviour,

which is the range we have tested here. Thus our null result is consistent with current

interpretations of dark matter halo formation.

It is also customary to define the halo spin parameter [56]

λ ≡ |J |√
2GM3/2R1/2

, (6.7)

where J and R are the halo angular momentum and virial radius respectively. The

distribution of λ is known to be only mildly dependent on mass6 and redshift in ΛCDM

[39, 114], and therefore it is interesting to explore departures from this independence

in modified gravity theories. Fig. 6.9a shows the spin distribution for all halos in the

ΛCDM and f(R) simulations and Fig. 6.9b the ratio of the distributions between both

cosmologies for the four different environment types. The spin-parameter is seen to

be higher in modified gravity which is in agreement with what was previously found

in [153]. We also split the halo catalogue into two samples M < 3 · 1013M� and

M > 3 · 1013M� and computed the PDF in each of the samples. For the high-mass

sample the PDF is very close to ΛCDM while for the low-mass sample the PDF is as

in Fig. 6.9.

This agrees with [153] where the conclusion (for the same f(R) model, but with

|fR0| = 10−6) was that modified gravity spins up galactic-sized halos. We can intu-

itively understand why spin has to be modified via Eq. (6.7). Let us approximate the

spin as |J| = MR |v|. Recalling Eq. (2.13), we see that G is enhanced by the factor

(1 + Feff) with Feff ∈
[
0, 1

3

]
. Thus we indirectly increase |v|, with v ∝ G in the linear

regime, leading to the approximation λ ∝
√

(1 + Feff)G. In the absence of screening

we would expect λf(R)/λΛCDM ≈
√

1 + 4
9
, a factor of 1.2. In practice, this is an up-

per bound because we have neglected the non-linear regime (in which v ∝ G does not

hold) and the distribution of partial screening. The shift in the PDF we find is roughly

λf(R)/λΛCDM ≈ 1.04 which is within our upper bound. We also see a clear dependence

of the spin-parameter in the cosmic web. Fig. 6.9b demonstrates that the spin param-

eter is boosted mostly in low density environments (in voids and sheets) whereas in

high-density environments (in filaments and knots) the value is close to ΛCDM for all

6This dependence is described by [39] as “small but real” but the precise nature of it is so dependent
upon the halo finder used that they do not quantify the dependence for the FOF finder used in this
chapter.
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values of λ. This is as expected due to the environmental dependence of screening: a

halo that is not screened if placed by itself might still be screened if placed in a high

density environment. Given the density ranges in Eq. (4.18), the trend of enhancement

with tidal morphology is what we expect from theory.

In Fig. 6.10 we see the dependence on the NFW concentration-mass parameter with

mass and environment. The concentration-mass is enhanced in our f(R) model for

halos with mass in the range M . 1014M�/h, whereas for halos of larger mass the

results are close to ΛCDM. This agrees with the results of [168], which only considered

cluster-sized halos. There is some dependence on the cosmic web, but it is insignificant

in comparison with the scatter in each mass-bin.
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Figure 6.8: Alignment between the halos and the environment for ΛCDM (left) and f(R)
(right). The angle cos(τij) is between the i-th axis of the halo and the j-th axis of the
environment. The smoothing scale here is R = 10 Mpc/h and eigenvalue threshold is λth =
0.1. The different point types correspond to the different elements of the cosmic web and the
connecting lines are to aid the eye.
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6.5 Discussion

We study the properties of dark matter haloes in the context of the environmental tidal

classification of the cosmic web in f(R) theories. This classification defines four different

types of environments based on the directionality of the tidal forces: voids are defined

as regions of space where tidal forces will expand an extended object in all directions,

sheets and filaments have instead one or two compressing directions respectively, and in

knots tidal forces will only compress structures. The relation between the gravitational

potential and the density field also implies that these environment types will sample

partially overlapping ranges of densities, and thus this classification can be a useful tool

to study the effect of the chameleon screening, present in viable f(R) theories, on the

properties of dark matter haloes.

We have described an approximate method to predict the abundance of dark matter

haloes in each environment type. Recall that our purpose was to use excursion set

theory to take into account as much of the structure of the cosmic web and the non-

linear collapse in f(R) as possible in a semi-analytic model, in order to obtain results

that can fit numerical simulations. Thus, we incorporated both the moving barrier of the

excursion-set formalism—inherent in screened models—and the analytical description of

the mass function conditional upon tidal environment described in [6]. When comparing

this prediction with the data from simulations we find that, even though the method is

able to reproduce the correct behaviour of modified gravity theories qualitatively, the

predictions become unreliable in high-density environment and for mildly non-linear

filter scales. The method is, however, able to predict the enhanced abundance of high-

mass objects found in low-density environments, a direct consequence of chameleon

screening, and the prediction is accurate in voids, where the departure from ΛCDM

is largest. The shortcomings of this model are directly related to the inability of the

traditional excursion-set formalism to accurately describe the conditional mass function,

and we have outlined a number of ways forward to improve the predictions.

In spite of these shortcomings, we have gained further insight into the possible impact of

modified gravity on halo properties conditional on environment by directly comparing

the results of f(R) and ΛCDM simulations:

• One of the key predictions in ΛCDM is that halo abundances should only depend

on the environmental density, and not on the directionality of the tidal forces.

Our results show no significant departure from this behaviour in f(R), at least

on mildly non-linear filter scales.

• We have identified a number of internal halo properties that are not affected by

modified gravity in this context. In particular, we find that the alignment of
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halo orientations and spins with respect to the principal tidal directions of the

environment.

• We have also seen that, even though the mass-concentration relation is different in

f(R) and ΛCDM, its dependence on the tidal environment only shows marginally

significant differences between both models.

• We observe a dependence in the distribution of the halo spin parameter upon

tidal environment, with stronger deviations from the ΛCDM results in voids and

sheets, as expected in the presence of chameleon screening.

Incorporating morphological classification of the cosmic web into the existing analysis

of dark matter halo properties increases their utility as a probe of modified gravity. By

doing so we can distinguish between the collapsed mass fraction in f(R) and ΛCDM

far more than merely using the unconditional result, especially in low-density environ-

ments. Furthermore, we can draw a boundary between the halo properties that are

affected by screening and those which are not by explicitly examining the results in

screened and unscreened regions, rather than averaging the effect over the distribu-

tion of environmental properties. While we find three null results, we also have three

avenues for detecting the presence of f(R) theories which are designed to evade local

tests.
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Chapter 7

Conclusions

This chapter highlights the significant elements of the work performed in this thesis. It

is useful to remind ourselves of the key points raised in the Introduction. This enables

us to place its aims into the wider context of modern cosmology. Having seen that GR

is a special case within a broader field of theories, we then focus on the MG theories

which are used in this thesis. Next, we summarise the logical flow of the research.

Then we summarise the methods developed in each chapter and the corresponding

results. Finally, we close with an assessment of how this work can be expanded in the

future.

The principles of GR illustrate a shift from a force-based to a geometry-based theory

of gravity. The equivalence of inertial and gravitational masses is inherited from New-

tonian gravity. Once we add Special Relativity, we are left with a division between

observers in inertial reference frames, in which SR holds, and those in non-inertial

frames. The combination of these two theories leads to the “tower” of weak, Einstein

and strong equivalence principles. We can use the EEP to construct plausible theories

of gravity and the SEP to distinguish GR as a “special” case. In this way, the geodesic

equation determines the trajectories of objects in a given geometry. Space is no longer

an inertial, absolute frame through which gravity distorts that trajectory of masses;

instead gravity is a local curvature of space(time) which determines the geodesics of

masses. We are left with the inverse problem, namely, to describe the effect of bodies on

the geometry of spacetime. The Einstein equation G = κT which solves this problem,

describes a non-linear, tensor theory of gravity. This is remarkably more complex than

the linear, scalar form of Newtonian gravity.

GR has performed remarkably well at predicting and explaining cosmological data. This

is particularly surprising given the large range of scales (Solar System to super-horizon),
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curvatures (weak- to strong-field) and energies (e.g. evolution of the temperature of

the CMB) at which gravity has been tested. In particular, the CMB, BAO, LSS,

RSDs, (Type Ia) SNe and weak lensing can all potentially distinguish between GR

and extended gravity theories. Current observations have lead to the development of

ΛCDM as a description of the Universe which is compatible both with the principles

of GR and (to a large degree) with current data. Thus we have an FLRW metric with

flat (Ωk = 0) spatial geometry, so that the Einstein tensor only depends upon the scale

factor a(z) and derivatives. The corresponding stress-energy tensor is a perfect fluid

consisting of baryonic and cold dark matter and a cosmological constant, with energy

densities Ωb, Ωc and ΩΛ = 1− (Ωb + Ωc) respectively. The expansion of the Universe is

characterised by the last-scattering horizon scale θMC and Hubble constant H0. Linear

perturbations require a single scalar potential. On non-linear scales, σ8 characterises

the variance of density fluctuations. This is the concordance cosmology1 against which

we test MG theories.

Given the observational success of GR, we are interested in MG theories whose back-

ground evolution agrees with the model provided by ΛCDM. On linear scales, the MG

contribution is to remove the equality of the two scalar potentials Φ and Ψ in the per-

turbed FLRW metric. On non-linear scales, we must turn to the excursion set model

of halo formation to test MG.

The aim of Chapter 2 is to characterise GR as one solution amongst a broader class of

theories which obey the EEP. We have seen that this large body of MG theories can

be classified into families in a number of ways. Lovelock’s Theorem implies that any

MG theory must relax one or more conditions—four-dimensionality, additional fields,

Lorentz invariance, and/or locality—which are characteristic properties of GR. The

three theories which we studied in this thesis form a sample across some of these prop-

erties. Despite these differences, they share a common trait known as screening. This

describes a self-concealing property whereby each theory behaves like GR in the condi-

tions of the local Universe. Only at regions of high energy density (chameleon), large

coupling to matter (symmetron) or large derivatives of the scalar field (Vainshtein) does

their modified behaviour emerge. The main result of Chapter 2 was the simplification

that we can approximate the effects of generalising GR to a modified Poisson equation,

provided that we work in the weak-field limit and assume that the quasi-static approxi-

mation holds. The effects of this fifth-force interaction on the formation of dark matter

haloes is the focus of this work.

Our first task was to prove that these caveats are satisfied in the remainder of this

work. Since the weak-field limit is satisfied because we are only concerned with the

gravitational collapse of local over-densities into dark matter haloes, we need only

1The other parameters, e.g. As, ns, τ are of no particular interest in this work.

187



look at the quasi-static approximation. In Chapter 3, we examined the efficacy of the

quasi-static approximation in chameleon theories of gravity. We used a scalar field

with a quintessence and an exponential potential before moving to f(R) gravity. We

derived the linear perturbations for the scalar field equations of motion and the Poisson

equation in both the synchronous and conformal Newtonian gauges, before carefully

applying the two approximations involved in the quasi-static limit. Comparison of the

terms in these equations between both gauges illustrated the accuracy (or lack thereof)

of the quasi-static approximation compared to the full solution. The essential result was

that the performance of the perturbed equations was controlled not by the perturbed

quantities but by the background values. In the fast-roll regime of the background

field, the scalar field derivatives became non-negligible, leading to an inaccurate quasi-

static limit. Conversely, in the slow-roll regime, the derivatives were negligible and

the quasi-static approximation performed well. In fact, the slow-rolling field had an

accurate quasi-static solution even outside its assumed region of validity, beyond linear

scales.

Having established that the quasi-static approximation holds in screening scenarios

which are cosmologically plausible, we can now apply the MG Poisson equation in the

context of the collapse of overdensities. In Chapter 4 we showed that the equations

for collapse of a spherical top-hat overdensity in GR can be modified to the equiv-

alent equation in MG by the addition of a (1 + Feff) factor in the non-linear term.

(The chameleon screening has the additional complication that we must solve the MG

equation for the halo and the GR equation for the environment simultaneously.) Us-

ing a bijection scheme we calculated the collapse density and compared to existing

results.

Similarly, the excursion set formalism can also be re-used in MG, albeit without the ana-

lytic solution arising from a flat barrier in GR. The remainder of Chapter 4 we devoted

to solving the integral equations for the drifting-and-diffusing barrier of the collapse

density in MG. Moreover, we used this result to also generalise the fitting functions

which are derived in ΛCDM N -body simulations to screened MG. While Vainshtein

screening (DGP) and symmetron screening prove straightforward, we found a plethora

of possible methods to account for the environment-dependence of chameleon screening

(f(R)). In addition to examining the behaviour of existing methods—namely using

the equivalent to Press-Schechter, the unconditional HMF, integrating the conditional

HMF over Lagrangian or Eulerian distributions for p(δenv)—we also proposed three

new methods. The first marginalises over the δenv-dependence when calculating the

critical density δc rather than the first-crossing distribution f(S). The second scales

the unconditional HMF according to the Volterra integral equation which is the MG

excursion set equivalent to Press-Schechter. The third involved using the cosmic web

effective-ν approach and integrating over the distribution p(ρ, θ, νe). While the first
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two methods provided a more competitive fit than existing proposals, the last was

not so effective. Fortunately, the relatively simple (and computationally-expedient)

method of scaling the unconditional HMF according to the enhancement from solving

the Volterra equation (compared to Press-Schechter), proved to be a good fit to the

data. The methodology established in this chapter formed a basis for the next two

chapters.

Chapter 5 was devoted to calibrating our MG HMFs with the same rigour as the meth-

ods used in ΛCDM. We developed a straightforward method to generalise existing

HMFs which are derived in ΛCDM simulations to MG. Our main result was that these

HMFs can be utilised in screened MG. Consequently, one does not need to repeat the

cumbersome invention of new fitting functions as occurred when improvements to Press-

Schechter were required in GR. This is particularly useful in MG because the fifth-force

equations make N -body simulations more time-consuming and computationally inten-

sive. Moreover, the framework which we use to generalise the HMFs has a theoretical

foundation in excursion set theory, rather than being a purely empirical method. It is

remarkable that such a simple physical model provides such a good fit to the complex

evolution of dark matter haloes seen in N -body simulations.

However, Chapter 5 also demonstrated some of the caveats of this framework. The

calibration process is vulnerable to the choice of likelihood function, the width of the

binning and the usual minefield of MCMC settings. Therefore, it was necessary to tune

the MCMC routine on artificial data (for which we already knew the correct values)

and to confirm that our optimal-binning estimate performed well (i.e. that the bins

were neither too narrow nor too wide). In particular, we highlighted the advantage of

a Bayesian approach—utilising the Poissonian likelihood appropriate to the problem—

compared to a frequentist approach equivalent to using a Gaussian likelihood. This

placed us in a position to explore two problems: the potential for MG to be mis-

interpreted as a change in ΛCDM parameter values and the universality of the HMF in

screened MG.

We ran the ΛCDM HMFs using the data from the MG simulations. This illustrated

that it was possible for an ΛCDM fitting function to provide a good fit to the MG

data. In order to distinguish between ΛCDM and MG in this case, one would have to

compute the odds ratios of the evidence. While Dvali-Gabadadze-Porrati and ΛCDM

were largely indistinguishable from one another, these theories clustered in a different

region of parameter space to the Symmetron and f(R) models. Although one could

in principle separate the symmetron/chameleon screened results from the Vainshtein-

screened/purely-GR ones, it was not possible to be more specific. Consequently, this

is one method by which to probe MG, provided that we have enough halo data at

a sufficient mass range. We also used the invariance (or lack thereof) of the best-fit
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parameters as a measure of the universality (or not) of HMFs to the underlying theory

of gravity. We computed the best-fit parameters for each fitting function using the same

MG model for the data and the collapse density δc. Our main results were that in most

fitting functions, the credible regions for every MG model were in good agreement.

In some HMFs, the two Symmetron models were quite distinct from the other five.

This behaviour can be attributed to the performance of the spherical collapse model in

estimating the non-linear behaviour of the actual halo formation.

Additionally we investigated the behaviour of the HMF in different structures in the

cosmic web. We limited ourselves to chameleon f(R) gravity for this chapter. This

method, which we already used in our techniques to integrate out environment depen-

dence, can also be used to isolate different environments. The cosmic-web-conditional

formula for the HMF depends only on δc instead of having to solve the excursion set

integral equation. The trade-off is that we have a 3d integral over the eigenvalues of the

tidal tensor. By applying different limits to the integral, we classified large-scale struc-

ture according to the number of collapsed axes, finding a probability density function

for each structure. However, the local environment overdensity was the sole factor con-

trolling the conditional HMF, which was largely independent of the number of collapsed

axes (measured by the ellipticity and prolateness along with the overdensity). It was

unexpected that f(R) reproduced this result from ΛCDM. Our semi-analytic model

had a number of drawbacks compared to simulations. Broadly, it was least successful in

dense environments, at very high masses and below weakly-linear scales. Fortunately,

it perfomed best in voids, where the chameleon effects are largest and where we ex-

pect smaller-mass haloes. However, it performed better when expressed as a relative

enhancement of f(R) compared to ΛCDM, because the source of errors was the same

in both cosmologies. This showed that the HMF is a potential probe of MG in specific

environments as well as overall.

Finally we examined the effects of chameleon screening on a variety of other halo prop-

erties. Some internal halo properties remained unaffected by MG, namely the alignment

of the halo spin and halo alignment with the local tidal forces. In contrast, the spin

parameter of the halo and the mass-concentration relation were different in f(R) com-

pared to ΛCDM. While the former did depend upon the environment, having a stronger

deviation from GR in voids and sheets, the latter was largely independent of the local

structure. These results were as expected from the theoretical density dependence of

chameleon screening.

There are various avenues for generalising and extending the work in this thesis. We

are not limited to exploring screened models. If the quasi-static approximation behaves

well for other MG theories, according to a similar investigation to Chapter 3, then one

could apply the quasi-static and weak-field limit, using first-order perturbation theory
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to find a modified Poission equation as per Chapter 2. This could be applied to the

same spherical collapse equations as Chapter 4 and subsequently used to investigate

the HMF. We have listed improvements mentioned in Chapter 6 to the theoretical

environment distributions which are used in the conditional HMF and the cosmic web

HMF, which could be applied both in ΛCDM and MG. The theoretical development

for MG fitting functions is limited to the spherical collapse model, so it may be possible

(albeit difficult, given the fifth-force effects) to investigate ellipsoidal collapse in MG.

This will become more relevant as triaxial collapse of haloes becomes more widely

investigated. The cosmic web method used to incorporate the drifting-and-diffusing

barrier can be applied to any of the MG models we have described. Although we have

used it here to incorporate environment-dependence for the f(R) models, νeff can be

calculated for any given δc to isolate the behaviour of the HMF is different elements of

LSS. This was already applied to ΛCDM in [6], but has not (yet) been applied to any

other types of MG.

Alternatively, one could use voids instead of haloes as a probe of MG. There is already

an established excursion set formalism for voids in ΛCDM [261]. [68] have attempted

this for chameleon screening. There is no shortage of theoretical work to pursue in this

field.

Throughout this thesis, we have seen that there exists a rich variety of MG theories.

Even amongst those which use screening to be a viable alternative to GR, we have seen

that there are three different possibilities whereby the fifth-force effects can be screened

away in the local universe. Moreover, the screening behaviour is produced by relaxing

the principles of GR in different ways. In particular, we have focused on chameleon

screening produced by changing the geometric response to matter; Vainshtein screen-

ing produced by additional spatial dimensions and symmetron screening caused by the

addition of new scalar fields. Remarkably, all of these can be represented in the Ein-

stein frame as an additional scalar field. Furthermore, when examining gravitational

collapse in the quasi-static, weak-field limit, we obtain a simple, modified Poisson equa-

tion. Thanks to this simplification, we can look at the effects of MG in a uniform

manner. We have developed novel methods to calculate the distribution of haloes in

different theories of gravity, not only for Vainshtein and symmetron screening, which

produce a simple function change in the HMF, but also for chameleon screening, whose

environment dependence opens many possible techniques for marginalising over this

nuisance parameter. Conversely, we have also described how to make the environment

a strength rather than a weakness, because it enables us to localise the HMF (and

indeed other halo properties) in the large-scale structure. This cosmic web approach

permits us to investigate the halo distribution within different structures. We discussed

the wide variety of options to apply this method to other MG theories, to improve the

current methods, or to apply them to voids instead of haloes. However, some avenues
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for improvement are blocked due to conflicting assumptions (particularly incorporat-

ing both the excursion set and the cosmic web methods), computational limitations

(thoroughly investigating the sensitivity of the HMF in MG N -body simulations to

changes in ΛCDM-cosmological parameters), or mathematical overcomplexity (a theo-

retical framework for ellipsoidal collapse in MG). Despite this, we have also seen that

there are many promising avenues for building upon the work in this thesis.
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Appendix A

General Relativity

This appendix summarises basic rsults of GR which are useful in MG. We shall see that

the principles behind GR (Appendix A.1) lead to a geometric description of gravity.

We opt to derive Einstein’s tensor equations from a variation-of-least-action principle

(Appendix A.2) which places GR in the context of the Standard Model. The complexity

of Item 1 is encapsulated in the Einstein field equations (Appendix A.3), which resolve

the problematic features of Item 2. We can then address Item 3 by determining the

behaviour of observables (matter, photons, etc. ) under the influence of gravity via the

geodesic equation (Appendix A.4).

A.1 Principles of GR

Recall that in the weak-field limit GR (or any extension to it) must reproduce the

behaviour of Newtonian gravity. This behaviour can be summarised in a “GR-like”

formalism as follows:

Definition A.1 (Newtonian gravity). [107] Let two neighbouring test masses be sep-

arated by the 3-vector N, in the presence of a conservative gravitational field g. Since

the field g is conservative

∇× g = 0 =⇒ g = −∇Φ

The Hessian of the potential Φ is the tidal tensor E:

Eij ≡ ∂i∂jΦ
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Gauss’s law relates the field to its source, namely the (active gravitational) local mass

density ρa:

∇ · g = −4πGNρa

We have the following corollaries:

d 2Ni
d t2

+ EijN
j = 0 Geodesic equation

Eij = Eji Symmetry

∇iEjk −∇jEik = 0 Bianchi Identity

Eii = 4πGNρa = ∇2Φ Field equation

Under Newtonian gravity the equation of motion of a freely-falling particle can be

described in an inertial co-ordinate system x by:

mi
d 2Ni
d t2

= mpgi (t, x) (A.1)

where the particle has a (passive) gravitational mass mp and an inertial mass mi. The

experiments of Galileo, Newton and Eotvos [107] show the equality of these masses.

Also Newton’s 3rd law shows the equality of the active and passive gravitational

masses.

Proof. Consider two bodies at r1,2 with active and passive gravitational masses mp1,2

and ma1,2. Newton’s law of gravity gives the force of each object upon the other, while

Newton’s 3rd law requires these to be equal and opposite:

F1 on 2 = GNma1mp2
r1 − r2

|r1 − r2|3
(A.2a)

F2 on 1 = GNmp1ma2
r1 − r2

|r1 − r2|3
(A.2b)

Newton‘s 3rd law requires these to be equal and opposite, with the consequence that

F1 on 2 = −F2 on 1 =⇒ ma1

mp1

=
ma2

mp2

(A.2c)

Requiring this to be true for any two bodies gives the desired result. This must also be

satisfied in GR.

Thus we obtain:

Theorem A.1 (Equivalence of inertial and gravitational mass). The inertial, active
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gravitational and passive gravitational masses of an object are equal: mi = mp =

ma.

In addition to the weak-field limit, GR must abide by the postulates of special relativity

in any (locally) reference frame.

Definition A.2 (Postulates of special relativity). In the absence of gravity:

1. Space and time form a manifold with metric gαβ homomorphic to the Euclidean

4-d space R4.

2. There exist globally inertial reference frames, in which the metric satisfies g =

diag (−1, 1, 1, 1) and ∇g = 000 on all points on the manifold.

3. In any inertial frame the speed of light is a constant c (in vacuo).

4. Moreover the laws of physics are the same in any inertial frame.

Consequently, we obtain a (possibly infinite) set of privileged observers, each with their

own inertial frame. In order for Items 3 and 4 to be satisfied, this specifies the allowed

transformation between the inertial frames specified in Item 2. The invariance postulate

Item 4 is known as Lorentz invariance .

Definition A.3 (Lorentz invariance). Consider two inertial frames parametrised by co-

ordinate charts x, x at a given points in the metric. Then the most general conversion

from one frame to another is given by:

xα = Lαβx
β + Tα (A.3a)

where L is a Lorentz transformation matrix satisfying

gαβ = LγαL
δ
βgγδ (A.3b)

T is a translation vector and the metric g in Eq. (A.3) must—by definition of an

inertial frame—be reducible to ηηη = diag (−1, 1, 1, 1) in the inertial co-ordinate system,

via judicious choice of basis vectors. A physical law which remains unchanged under

the transformation Eq. (A.3) is termed Lorentz invariant.

The implications are not merely that definitions of distance and time may change be-

tween frames (to ensure the constancy of c) but that this difference between frames

is what becomes meaningful, because there is no absolute frame privileged above all
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others. These postulates (Definition A.2) must hold locally in GR.

We now have the components for one of the two key results of GR, namely the Einstein

Equivalence Principle. This describes the trajectories of particles given the geometry

of spacetime and leads to the geodesic equation in Appendix A.4.

Definition A.4 (Equivalence Principles [255]). Weak EP Any freely-falling body has

a trajectory independent of its internal composition.

Einstein EP Any local, non-gravitational experiment performed in a freely-falling ref-

erence frame has an outcome independent of both the velocity of the frame and

when it was performed.

Corollary: The WEP is valid for test bodies.

Strong EP Any local experiment performed in a freely-falling reference frame has an

outcome independent of the velocity of the apparatus and the time and location

of the experiment.

Corollary: The WEP is valid for test bodies and self-gravitating bodies.

The only theory which obeys the SEP is GR [255].

Proof. Via the SEP corollary, self-gravitating masses must obey the WEP in a local,

gravitational experiment. If there are additional gravitational effects beyond those

provided by the metric, then the geodesic equation will hold for test masses but not

for self-gravitating ones. Then one could use the local gravitational effects (including

the self-interaction of bodies which are not test masses) to distinguish between inertial

reference frames. This violates the WEP. Proof by contradiction.

The opposite problem—how the presence of gravitating bodies determines the curvature

of the manifold—is the non-linearity problem mentioned in Appendix A.1. Thus the

GR field equations cannot retain the linearity of Newtonian gravity.

Proof. Proof is by contradiction. Suppose that the GR equations are linear. From

Newtonian gravity we know that gravity couples to matter. Then two masses will have

a field equal to the sum of that produced by the individual. However if they are in

different inertial reference frames, part of the rest mass of one will be interpreted by

the other as energy-momentum (and vice-versa). So gravity must also couple to energy

to satisfy the Lorentz invariance of special relativity. This gravitational energy must

contribute to the gravitational field of the two masses. But linear equations would

196



require this contribution to be zero. Thus GR must include a geometric term related

to the metric tensor equivalent to an energy term related to the local mass density.

Instead, we are forced to construct a metric theory of gravity where the field equations

are tensor (rather than scalar). We shall specify these in Appendix A.3.

A.2 The action formalism

The field equations of GR are most elegantly derived from a variation-of-least-action

principle. Hilbert presented his action-based derivation contemporaneously with Ein-

stein’s tensor-based approach in December 1915 [41]. This demonstrates that the action

is independent of any prior knowledge of the field equations. The gravitational and

stress-energy parts will be handled separately. We will (mostly) ignore the Gibbons-

Hawking-York boundary term as it is an unnecessary complication for the purposes of

cosmology.

Let us outline Hilbert’s approach. Let the general invariant1 H = K + L be composed

of a source-free gravitational term K and a source term L, which for simplicity shall

be purely electrodynamic. Hilbert established two axioms and used what is now known

as general covarience to obtain the restrictions (Theorem A.2) which should be placed

independently on K, L, hence on H.

Theorem A.2 (Hilbert’s axioms [211]). Suppose that the Euler-Lagrange equations of

a generally covariant variational integral

δ

∫
H
√
g dω = 0 (A.4)

for a suitable “world function” H, corresponding to the field equations of GR. Then H

can only be composed from:

• The ten gravitational field terms gµν , their first and second derivatives

• The four electromagnetic field terms qµ and their first derivatives

The “world function” H is invariant with respect to arbitrary transformations of the co-

ordinate chart ωωω. in the system of n Euler-Lagrange equations in n variables obtained

from a generally covariant variational integral, four of the n equations are always a

consequence of the other n − 4 in the sense that four linear combinations of the n

equations and their total derivatives are always identically satisfed.

1We retain Hilbert’s notation to avoid sub- and super-script overload.
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In Hilbert’s paper he defines the electromagnetic Lagrangian via:

− 2gνσ
δ
√
gL

δgµν
= T σµ =⇒ δL = −κT µνδgµν (A.5)

where the implication is suggested by [209] and they remove the factor of κ which

Hilbert did not explicitly specify. This suggests the now common definition of the

stress-energy tensor via the implicit relation [41]:

δSM [φ, gµν ] = −1

2

∫ √
g d 4x Tµνδg

µν =⇒ Tµν = − 2√
g

δ

δgµν
SM [φ, gµν ] (A.6)

where we have updated to modern notation and defined T to be the source of the field

equations by construction. In this way we automatically obtain the deisrable properties

of T from those of g: symmetry, covariance and conservation.

The complete action for GR in the presence of matter (along with its constraint equa-

tions) can be summarised as:

SGR ≡
1

16πGN

SEH [gµν ] + SM [φ, gµν ] where
δSGR

δgµν
= 0 (A.7)

In the next section we will examine the field equations which emerge from this ac-

tion.

A.3 The field equations

The Euler-Lagrange equations are generated by taking the operation Eµν and demand-

ing that it be zero [70]:

Eµν(L) ≡ d

dxρ

[
∂L

∂ (∂ρgµν)
− d

dxλ

(
∂L

∂ (∂λρgµν)

)]
− ∂L
∂gµν

= 0 (A.8)

where the Lagrangian density L is given by the gravitational and the matter terms

[118]:

LGR =
√−gR− 2Λ

16πGN

+ Lmatter (A.9)

The first term is the Einstein-Hilbert Lagrangian density. We have normalised it by

the factor of 16πGN to account for the constant of porportionality κ between the Ein-

stein tensor (obtained by setting the matter term to zero) and the stress-energy tensor

(obtained by setting the gravitational term to zero).

On the right hand side, we utilise a fluid-based definition of the stress-energy-momentum

tensor T.
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Definition A.5 (Fluid stress-energy [96]). The generalised stress-energy tensor T for

a fluid takes the form [97, 99]:

Tαβ = ρuαuβ + p
(
uαuβ + gαβ

)
+
(
qαuβ + uαqβ

)
+ π̃αβ (A.10)

where:

• ρ is the total energy density

• p is the isotropic, mean kinetic pressure

• q is the energy flux (e.g. diffusion and heat conduction)

• π̃̃π̃π is the anisotropic matter pressure (e.g. shear viscosity)

These components are simplified on cosmological scales to perfect fluids, discussed in

Section 1.3.

On the left hand side, the Einstein tensor G measures the compression of the metric

in units of inverse-length squared. The Einstein tensor can also be derived geometri-

cally. Recall that we are concerned with the relative motion between reference frames.

The behaviour of infinitesimally-separated reference frames can be characterised by the

method of parallel transport. First we establish some definitions, which encapsulate

the non-Euclidean geometry of the spacetime manifold.

Definition A.6 (Covariant derivative). For a metric gαβ with affine connections Γαβγ,

the covariant derivative of any (p, q) tensor T is a (p, q + 1) tensor, whose form can be

found by induction from the results which we will need:

∇αφ ≡ ∂αφ scalar φ (A.11a)

∇αV
β ≡ ∂αV

β + ΓβαγV
γ vector V ν (A.11b)

∇αT
β
γ ≡ ∂αT

β
γ + ΓβαδT

δ
γ − ΓδαγT

β
δ tensor T βγ (A.11c)

Definition A.7 (Convective derivative). For a worldline xµ(τ) parameterised by the

affine parameter τ with tangent vector field d τx
µ(τ), define the derivative to be Xµ∇µ.

If we take X to be the velocity uα along the worldline, then we define the convective

derivative

Ṫ ≡ uα∇α T (A.12)

which is the covariant derivative along the worldline. (Equivalent terminology is the
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“intrinsic derivative” of [118], the “convective derivative” of [223] and the “effective

derivative” of [99].)

Definition A.8 (Parallel transport). A (p, q) tensor T is parallel transported if its

convective derivative is zero.

The curvature of the spacetime manifold is described by the Riemann tensor and its

contractions, the Ricci tensor and scalar respectively. Covariant derivatives do not

commute because the basis vectors are now functions of their co-ordinate chart (a

situation familiar from spherical or cylindrical co-ordinates). Having defined the local

curvature of the spacetime manifold, we can now construct the Einstein tensor from

the metric and its derivatives.

Definition A.9 (Riemann tensor [223]). The Riemann tensor quantifies the effect of

transporting the vector vδ along two different curves in the manifold due to its intrinsic

curvature at each point along the paths [16].

Rδ
αβγv

α = (∇β∇γ −∇γ∇β) vδ

The Ricci tensor R is generated via contraction of the Riemann tensor:

Rαβ ≡ Rγ
αβγ = −

(
∂βΓγαγ − ∂γΓγαβ + ΓγβσΓσαγ − ΓγγσΓσαβ

)
Contracting again generates the Ricci scalar R:

R ≡ Rαβg
αβ

The Einstein tensor G is:

Gαβ ≡ Rαβ −
1

2
gαβ (R− 2Λ) (A.13)

Thus we have quantified the self-interaction of the spacetime manifold with its contents:

the Einstein equation describes the gravitational curvature of spacetime caused by the

presence of energy.

Definition A.10 (GR field equations [41, 118, 223]). The field equation of GR is the

Einstein equation:

Gαβ =
c4

8πGN

Tαβ (A.14)

The integrability condition (the contracted Bianchi identity) combined with the Einstein
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equation produces the energy-momentum balance equation

Gαβ
α = 0 =⇒ Tαβα = 0 (A.15)

Thus we have six independent, covariant equations for the metric (ten equations from

Eq. (A.14) and four constraint equations Eq. (A.15)).

A.4 The geodesic equation

In this Section, we define the geodesic equation which described the trajectory of a

particle given its local spacetime geometry. This is a straightforward generalisation of

the Newtonian geodesic equation which we saw in Definition A.1 to accommodate the

non-Euclidean nature of the manifold.

Geodesics are those curves whose covariant acceleration is zero, i.e. which are parallel

transported (Definition A.8). Applying the definition of the convective derivative in

Definition A.7

ȧα = uβ∇βu
α (A.16)

we obtain the geodesic equation directly:

d 2xα

d τ 2
+ Γαβγ

dxβ

d τ

dxγ

d τ
= 0 (A.17)

If the worldline describes a massive particle then the affine parameter τ is equivalent

to the proper time. Thus we see that in the presence of gravity, objects are parallel

transported along their worldlines.
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