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Abstract

Machine Learning (ML) models are now powerful enough to be used in complex
automated decision-making settings such as autonomous driving and medical diag-
nosis. Despite being very accurate in general, these models do still make mistakes.
A critical factor in being able to depend on such models is that they can quantify
the uncertainty of their predictions, and it is paramount that this is taken into
account by users of the model. Unfortunately, deep learning models cannot readily
express their uncertainty, rendering them unsafe for many real-world applications.

Bayesian modelling provides a mathematical framework for learning models that
can express their uncertainty. However, exact Bayesian methods are computationally
expensive to learn and evaluate, and approximate methods often reduce accuracy
or are still prohibitively expensive. Meanwhile, ML models continue to increase in
number of parameters, meaning that one has to make a decision between being (more)
Bayesian or using a larger model. So far it has always fallen in favour of larger models.

Instead of building on Bayesian methods, we deconstruct uncertainty estimation
and formulate desiderata that we base our work on throughout the thesis (Chapter 1).
In Chapter 3, we introduce a new model (DUQ) that is able to estimate uncertainty
in a single forward pass by carefully constructing the model’s parameter and output
space based on the desiderata. We then extend this model in Chapter 4 (DUE)
by placing it in the framework provided by Deep Kernel Learning. This enables
the model to work well for both classification and regression tasks (as opposed to
just classification), and estimate uncertainty over a batch of inputs jointly. Both
models are competitive with standard softmax models in terms of accuracy and
speed, while having significantly improved uncertainty estimation.

We additionally consider the problem of Active Learning (AL), where the goal
is to maximise label efficiency by selecting only the most informative data points
to be labelled. In Section 4.5, we evaluate the DUE model in AL for personalised
healthcare. Here, the labelled dataset needs to adhere to specific assumptions made
in causal inference, which makes this a challenging problem. In Chapter 5, we look
at AL in the batch setting. We show that current methods do not select diverse
batches of data, and we introduce a principled method to overcome this issue.

Building upon deep kernel learning, this thesis provides a compelling foundation
for single forward pass uncertainty and advances the state of the art in active learning.
In the conclusions (Section 6, and at the end of each chapter), we discuss how users of
ML models could make use of these tools for making sound and confident decisions.
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1
Introduction

Consider the question: “what will the weather be like today?”. When formulating a

reply, which involves making a prediction about the future, one can consider many

sources of information: the season in one’s current location, a forecast made by a

meteorologist, one’s gut feeling, or the clouds in the sky. A combination of a sunny

forecast and dark clouds leads to a tricky situation: usually the forecast is right, but

the sky indicates otherwise. In this case, a reasonable prediction could be: “it will

mostly be sunny today, but it might rain a bit first”. Based on this answer, a cyclist

might make the decision to bring a light, rainproof jacket, but not cancel their trip.

The uncertainty of the given answer is a fundamental component of the decision-

making that depends on it. If uncertainty is low, then we can act confidently based

on it. If uncertainty is high, then it might be necessary to collect more information

and make new predictions, or alternatively take extra precautions.

Such predictions can be made not only by humans, but we are now entering an

era where machine learning (ML) models can do so as well. These are now powerful

enough to make useful predictions on many complex tasks. When integrating their

predictions into any subsequent decision-making, it is crucial that the model’s

uncertainty is quantified accurately. Overconfident but incorrect predictions could

have catastrophic consequences, while staying too cautious would diminish the

value of the predictions.

1
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ML models can be created by learning from large sets of data, called the training

data. Their predictive performance is evaluated on a held-out dataset, the test

set, and when the performance is deemed sufficient, the model can be deployed.

With the advent of deep learning, made possible by the increased availability of fast

computers and large amounts of data, the complexity of tasks that a model can be

learned for has increased substantially. As a result, there are now more and higher

stake situations where ML models are able to make useful predictions. In some cases,

ML models can even be relied upon for automated decision-making, translating

predictions into actions in an automated fashion, for example in autonomous driving

or medical diagnosis. As the stakes are higher, it has become even more important

for these models to quantify their uncertainty correctly.

Uncertainty in learned models can come from a range of sources. For example,

the data at deployment could be presented differently from the training data, or it

could contain elements not seen in the training data. Some sources of uncertainty

can be mitigated, for instance one could improve the diversity and size of the

training dataset and use it to learn a new model. Others are simply inherent,

for example if there is insufficient information in the input to make a prediction:

imagine counting cows in a satellite image where the fields are obscured by clouds.

A natural way to express uncertainty is to use probabilistic modelling, where the

model predicts a distribution over possible outcomes, e.g., this image contains

a cat with probability 80% and a dog with probability 20%, but a horse with

0% probability. In that setting, confidence can be determined by looking at the

probability that the model assigns to each outcome. It is important that the

estimated confidence is calibrated such that it can be evaluated properly in any

subsequent decision-making. 50% uncertainty should indeed mean that across many

predictions the model is correct half the time.

A mathematical framework for learning models that can express their uncertainty

is Bayesian modelling (MacKay, 1992; Neal, 1996; Ghahramani, 2015). In Bayesian

modelling, model parameters are represented using distributions and updated

using Bayes’ rule. Predictions are made by integrating over all possible parameter
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settings and when those different parameter settings lead to a wide variety of

outcomes then uncertainty is high, but if the different settings agree on a prediction

then uncertainty is low. While Bayesian modelling is an excellent way to obtain

uncertainty estimates, it does come at increased computational cost compared to

learning a deterministic model. Exact Bayesian inference in models without a closed

form predictive distribution (such as neural networks) is intractable. Sampling

procedures, such as the Hamiltonian Monte Carlo algorithm (Neal, 1996), for models

with more than a handful of parameters are very computationally intensive. Other

approximate methods still incur a significant extra computaional cost or reduce

accuracy. We discuss why Bayesian models can be computationally prohibitive to

learn and look at several approximations in Chapter 2. Meanwhile, it has become

clear that increasing the number of parameters in a model and training them on

more data leads to increased accuracy (Kaplan et al., 2020). This creates the

situation where one has to trade off predictive performance with being Bayesian.

So far, the trade-off has been decided in favour of making models larger, rather

than making them (more) Bayesian Despite Bayesian methods providing more

benefit to the user when there are more parameters and the risk of overfitting (and

overconfidence) increases. This raises the question: are there alternative methods

for estimating uncertainty in deep learning that do not require such a trade-off?

In the first part of this thesis, we look for ways of obtaining uncertainty estimates

that do not reduce accuracy or incur a large computational cost. We start by

deconstructing what it means to estimate uncertainty and formulate two sets of

desiderata: one set that an uncertainty estimation method must meet for the output

of the method to be considered an uncertainty estimate and a second set that are

required only for certain applications, such medical diagnostics. Subsequently, we

look for mechanisms that enable current models to fulfil these desiderata while

only incurring a minimal increase in computational cost. These mechanisms

include adaptations to current deep learning models, but also alternative ways

of quantifying uncertainty.
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In the second part of this thesis we consider the problem setting of Bayesian

active learning. The goal of active learning (AL) is to acquire labels only for the

most informative data points and thereby minimise the number of labels necessary

for obtaining a well performing model. In practice, AL is an iterative process

consisting of two steps. The first step is to train a model on the currently available

labelled training data and subsequently evaluated. The process is stopped if the

performance of the trained model is deemed sufficient or the labelling budget is

spent. The second step is to use the trained model to select the most informative

new data points to label. In Bayesian active learning uncertainty is used as a

measure of informativeness. We use Bayesian active learning as a way to evaluate

uncertainty estimation, and also suggest new methods for it.

1.1 Deconstructing Uncertainty Estimation

If we want to devise new methods for uncertainty estimation that are not necessarily

Bayesian, we first need to establish what is meant by estimating uncertainty. We

therefore list three desiderata that, when followed, should lead to a value that can

intuitively be interpreted as uncertainty. Note that adherence to these desiderata

will never be perfect, nevertheless we prefer models that are closer to adhering

them, for example as measured by benchmarks on large sets of data.

1. When the model predicts with low uncertainty, the prediction is expected

to be accurate. While high uncertainty should be reserved for predictions

that are closer to a random guess. This is known as calibration (discussed in

Section 2.3.2).

2. The model should signal high uncertainty for data points that cannot be

classified correctly, either because the data point does not belong to any of

the classes seen during training or it is so different from the training data that

the model cannot generalise to it.



1. Introduction 5

3. If the training and test data are independently and identically distributed

(iid), then adding additional training data means uncertainty on the test set

is generally expected to go down.

We have separated Point 1 and Point 2 into two desiderata despite being intuitively

very similar, because they require different evaluation methods, which we discuss

in Section 2.3. Point 3 describes the relation between size of the dataset and

uncertainty: more data is usually expected to reduce the model’s uncertainty.

Related to these desiderata are the concepts of epistemic and aleatoric uncer-

tainty, which are the two main sources of uncertainty. Epistemic uncertainty arises

when an input data point at test or evaluation time cannot be generalised to from

the training data. Alternatively put, epistemic uncertainty is uncertainty over which

solution is correct given limited information. This uncertainty is often represented

by a distribution over model parameters. If we were to add data points similar to

that input point to the training data and retrain the model, then this uncertainty

is expected to decrease. An example of epistemic uncertainty is a data point from

a class that only has a few examples in the training dataset, and that the model

cannot generalise to yet. Aleatoric uncertainty arises when an input data point

contains too much noise or is too ambiguous to be classified confidently. Even if

we were to add similar data points to the training set, we would not be able to

reduce this uncertainty. An example of aleatoric uncertainty is a handwritten digit

that looks like both a “1” and a “7”. This means the digit does not actually belong

to either class and its true label is noisy. Epistemic and aleatoric uncertainty are

also sometimes called reducible and irreducible uncertainty. For some applications,

it is important that the uncertainty can be ascribed to a particular source: in

active learning we are interested only in epistemically uncertain points for acquiring

new labels. Labelling an ambiguous data point (with high aleatoric uncertainty)

would not improve the model. Additional details and examples of these sources

of uncertainty are given in Section 2.3.1.

There are four additional desiderata that are required in some applications of

uncertainty estimation, but not expected of all methods in general:
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1. If the model includes a large neural network, then it can be prohibitively

expensive if the method requires multiple forward passes. For example, in

applications where decisions need to be made in real-time, or where multiple

forward passes would make the cost of the computation prohibitive for its

intended use case. In these cases, it should only be necessary to do a single

forward pass.

2. It can be necessary to be able to disentangle the source of uncertainty: aleatoric

or epistemic. As mentioned previously, this is for example the case in active

learning. Additionally, when a model signals a constant high amount of

aleatoric uncertainty this could mean something is wrong with the way the

data is collected, for instance the lens could be dirty. While constant high

epistemic uncertainty implies the model and/or the training data are not

sufficient for the task.

3. It is useful to be able to compute uncertainty on a set of data points (“joint

uncertainty”). One application where this is important is batch active learning,

where multiple informative points are selected to label at the same time.

4. Generally, uncertainty should remain high on unseen parts of the input

domain, even when the model is overfit. In many applications, such as medical

diagnostics, it is important the model reverts to a baseline level of uncertainty

away from the training data. We discuss this behaviour in more detail in

Section 2.3.5.

Research Questions We now formulate several concrete research questions based

on the desiderata. We start by considering how to evaluate if a model satisfies the

desiderata and verify to what extent current models do so. Evaluation methods

are discussed in Section 2.3, and current methods are described in Section 2.2.

Subsequently, we focus on the question of how to estimate uncertainty in a single

forward pass. It is known that standard softmax models can suffer from spurious

confident extrapolation (Gal, 2016). However, it is unclear if it is possible to adapt
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softmax models to avoid this behaviour, and we study this question in Chapter 3. We

then consider the question if it is possible to design a model that is able to satisfy all

four additional desiderata. We look at this question in Chapter 4 and use the insights

from Chapter 3. In the second part of this thesis, we look at the desideratum of

joint uncertainty through the lens of batch AL. We research the open question for a

tractable estimator of this uncertainty that is practically useful for AL in Chapter 5.

1.2 Contributions

The contributions of this thesis are split into three parts: uncertainty estimation in a

single forward pass, uncertainty estimation in deep kernel learning, and uncertainty

estimation for active learning. The source code for the models and experiments

for all chapters is available under a free and open source licence and linked in

the introduction of each chapter.

Uncertainty Estimation in a Single Forward Pass In Chapter 3, we propose

a new model that is able to obtain uncertainty estimates on high dimensional inputs

in a single forward pass. We do this by placing restrictions on the parameters of the

model and use a distance-based model output. The uncertainty estimates match or

outperform Deep Ensembles (Lakshminarayanan et al., 2017) in high dimensions.

In low dimensions, the proposed model remains uncertain even far away from the

training data, while the Deep Ensemble elements concentrate on a single solution

and are certain everywhere except on the decision boundary. The chapter is based

in large part on van Amersfoort, Smith, Teh, and Gal (2020), which was published

at ICML 2020, and contains a discussion of a simplified alternative by Mukhoti*,

Kirsch*, van Amersfoort, Torr, and Gal (2023), published at CVPR 2023.

Uncertainty in Deep Kernel Learning In Chapter 4, we investigate uncertainty

estimation in Deep Kernel Learning (DKL) (Hinton et al., 2008; Calandra et al., 2016;

Wilson et al., 2016a), and identify several shortcomings of previous DKL models

for which we provide a practical solution. The model introduced in this chapter
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satisfies all presented desiderata. This chapter is related to the previous chapter

in that it places a similar restriction on the parameters to improve uncertainty

estimation in DKL. The difference is that the model introduced in this chapter

works on classification and regression (compared to just classification) and uses an

inducing point Gaussian process output. This chapter is based on van Amersfoort,

Smith, Jesson, Key, and Gal (2021), which was presented at the Bayesian Deep

Learning workshop at NeurIPS 2021. In Section 4.5, we additionally apply the model

introduced in this chapter on active learning for causal inference based on Jesson*,

Tigas*, van Amersfoort, Kirsch, Shalit, and Gal (2021), published at NeurIPS 2021.

Batch Active Learning In Chapter 5, we look at Bayesian active learning in

the batch acquisition setting, where we use uncertainty to select batches of data to

label. We identify a pathology with the application of current acquisition functions

in the batch active learning setting. We subsequently derive a principled alternative

and show its efficacy in a range of scenarios. This chapter is based on Kirsch*,

van Amersfoort*, and Gal (2019), which was published at NeurIPS 2019. We

additionally include a section on using large pre-trained models for active learning.

We estimate informativeness of individual data points with these models in a single

forward pass. This section is based Tran, Liu, Dusenberry, Phan, Collier, Ren, Han,

Wang, Mariet, Hu, Band, Rudner, Nado, van Amersfoort, Kirsch, Jenatton, Thain,

Buchanan, Murphy, Sculley, Gal, Ghahramani, Snoek, and Lakshminarayanan

(2022) which is presented at two workshops: “Pre-training: Perspectives, Pitfalls,

and Paths Forward” and “Principles of Distribution Shift” at ICML 2022, and in

submission to JMLR. This work was done in collaboration with Google Brain.
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This chapter discusses existing methods and definitions in Bayesian deep learning,

uncertainty estimation, and active learning. We derive several commonly used

models and approximate inference techniques, such as variational inference. We also

review ways to evaluate uncertainty estimation methods and disambiguate terms

used in the literature. This chapter is restricted to background knowledge relevant

for multiple chapters in this thesis, and leaves specific background knowledge and

related work to each chapter.

9
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2.1 Deep Learning

Before discussing Bayesian deep learning, we first briefly discuss the basics of deep

learning itself. A deep neural network is a model consisting of multiple recursive

functions called “layers”, each layer is a function of the form f : Rp → Rq, with p

the input dimension and q the output dimension. A layer transforms the input in

some way, for example a linear layer computes an affine transformation of the input

using a set of learnable parameters. In this case, m is also called the number of

hidden units or neurons. By alternating parameterised layers and activation layers,

which compute an element-wise non-linear function (p = q), neural networks can

be used to express complex functions. The simplest neural network is the fully

connected model (also known as a feed-forward model or multi layer perceptron).

It consists of multiple blocks of a linear layer followed by an activation layer:

fi(xi) = σ(Wixi + bi), (2.1)

with xi the vector-valued input at block i, σ an activation function, Wi the learnable

affine transformation matrix of block i, bi a bias term. There are many activation

functions, but a common choice is the rectified linear unit, which is defined as

max(0, xij) computed element-wise (Nair et al., 2010).

Generally, neural networks are learned using stochastic gradient descent (SGD)

or more advanced alternatives such as Adam (Kingma et al., 2014a). SGD works

by first sampling a minibatch of data from the training data. Then the model is

evaluated on this data by recursively computing each layer output. The intermediate

layer outputs are also called features. The final output of the model is then used

in combination with a label to compute an objective function (also called loss

function). A common example in classification problems is the cross-entropy

function. The gradients with respect to all the learnable parameters can be obtained

using backpropagation (Rumelhart et al., 1986). By taking a small step in the

direction of the gradient that minimises the loss, the model can be fit to a dataset.

Recent advances in deep learning have focused on learning significantly deeper

and wider models. In particular, residual connections (He et al., 2016) and
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normalisation layers are now fundamental components of most model structures

(or “architectures”). In a residual layer, the model computes additive terms instead

of freely transforming the input:

fi(xi) = xi + σ(Wixi + bi). (2.2)

Normalisation layers work by standardising an intermediate value, and they are

frequently placed after a linear or residual layer. The most common one is Batch

Normalisation (Ioffe et al., 2015), which normalises its input using the batch mean

and standard deviation. At test time it uses a running mean and standard deviation

obtained from the training set. These innovations have made it possible to train

significantly deeper models, and take larger gradient descent steps which speeds

up training. For example, the ResNet (He et al., 2016) demonstrated that with

residual connections it is possible to scale from tens of layers to hundreds, with

deeper models being at least as good as their shallower counterpart. Deep neural

networks are a cornerstone of this thesis and used throughout all chapters.

2.2 Bayesian Deep Learning

Bayesian deep learning (BDL) is the name for a broad set of deep learning methods

that include a Bayesian component. The archetypical model of BDL is the Bayesian

neural network (BNN) (MacKay, 1992; Neal, 1996), which is a Bayesian extension of

the standard neural network. This extension involves changing the parameters from

point estimates to a distribution, placing a prior on the parameter distribution and

updating them using Bayes rule. Predictions in a BNN are made by integrating over

all possible parameter configurations. Let p(w|Dtrain) be the parameter distribution,

Dtrain = {X, Y } the dataset, x an input and y a prediction for that input:

p(y|x,Dtrain) =
∫

p(y|x, w)p(w|Dtrain)dw. (2.3)

Making exact predictions (or inferences) with a BNN is intractable in general,

because there is no closed form for this integral. The integral is also hard to

approximate well, for example using Monte Carlo methods, due to the large number
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of parameters. One promising technique for approximating this integral is by

restricting the parameter distribution to a computationally convenient form.

In this section, we start by giving an illustrative example of an approximation

for learning a BNN called mean-field variational inference (VI). While we do not

use the method in this thesis directly, because it does not perform well empirically,

the example introduces many concepts that we depend on later. For example

we also use VI to learn the model in Chapter 4. Subsequently, we consider two

alternative BDL methods that are frequently used as baselines: MC dropout (Gal

et al., 2016) and Deep Ensembles (Lakshminarayanan et al., 2017). In this thesis,

we use MC dropout to approximate inference in Chapter 5 and compare frequently

to Deep Ensembles in Chapters 3 and 4. Lastly, we look at a technique called

Deep Kernel Learning (DKL) (Hinton et al., 2008; Calandra et al., 2016; Wilson

et al., 2016a), where a Gaussian process is defined over a deep model’s output.

DKL combines a Bayesian output layer with a deterministic deep model and in

Chapter 4 we investigate using it to estimate uncertainty.

2.2.1 Variational Inference

A rigorous and well performing method to approximate learning in a BNN is

variational inference, where an approximating parameter distribution q is chosen

that has a form that allows easy computation of the posterior predictive distribution.

The distribution q is governed by learnable hyperparameters θ. We attempt to find

the optimal parameters θ′ that minimise the Kullback-Leibler (KL) divergence

(Kullback et al., 1951) between the approximate distribution q and the true

posterior distribution p:

θ′ = arg min
θ

KL[q(w|θ)||p(w|X)]. (2.4)

In effect, VI turns an integration procedure (marginalisation) into an optimisation

procedure, which is more amenable to deep learning.

We now describe an approximate inference method for BNNs known as Bayes

by Backprop (BBB) (Blundell et al., 2015). In BBB, the posterior distribution is
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restricted to have a diagonal covariance. This is known as the mean-field approxi-

mation (Saul et al., 1996) and leads to a significant reduction in computation as the

inverse of the covariance matrix is straightforward to compute when it is diagonal.

The parameter distribution q(w|θ) can be described using two hyperparameters

per model parameter: a mean µ and a standard deviation σ, such that θ = (µ, σ).

The method makes use of the reparametrisation trick (Kingma et al., 2013) which

uses the differentiable sampling procedure:

w = µ + σϵ, ϵ ∼ N (0, I). (2.5)

From Equation 2.4, we can derive the objective function called the ELBO:

θ′ = arg min
θ

KL[q(w|θ)||p(w|X)] (2.6)

= arg min
θ

∫
q(w|θ) log q(w|θ)

p(w)p(X|w)dw (2.7)

= arg min
θ

KL[q(w|θ)||p(w)]− Eq(w|θ)[log P (X|w)] (2.8)

= arg min
θ

ELBO(X, θ). (2.9)

The first term of the ELBO is the KL divergence between a distribution over the

model weights, given the learned hyperparameters θ, and the prior p(w) which in

the case of BBB is chosen to be a Gaussian scale mixture, but also commonly set

to N (0, I). The second term is called the likelihood term, and measures how well

the model fits the data. With the reparametrisation trick, it is possible to compute

a gradient of the ELBO with respect to θ and learn the model using SGD. Special

care needs to be taken to appropriately re-weight the KL divergence term for each

minibatch. The simplest method is to scale the KL term by the size of the minibatch

divided by the total training set size, but several alternatives have been proposed

that can lead to more stable training, such as a warm-up phase (Higgins et al., 2017).

While VI makes it possible to learn and evaluate BNNs, it introduces new

hyperparameters that need manual tuning and reduces accuracy in many cases. MC

Dropout (Gal et al., 2016) and Deep Ensembles (Lakshminarayanan et al., 2017) are

two alternative methods for obtaining uncertainty in deep learning. These methods

are simpler to implement than VI, obtain high accuracy, and are (surprisingly)

competitive at estimating uncertainty.
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2.2.2 MC Dropout

MC Dropout builds on the concept of dropout layers (Srivastava et al., 2014). A

dropout layer sets some rows of its matrix-valued inputs to zero with probability

p. More formally, it computes the Hadamard product between its input and a

mask, where each row of the mask is sampled from a Bernoulli with probability

p. At test time, a dropout layer computes the expected value of the Bernoulli by

keeping all inputs, but multiplying them by 1− p. In the MC Dropout method, the

dropout probability is kept at p at test time and several outputs are computed with

different dropout masks. Gal et al. (2016) showed that, under mild assumptions,

these outputs can be treated as samples from an approximation to the Bayesian

posterior, which makes MC dropout a form of approximate inference. Training

a model with dropout layers is similar in cost to training a standard model, but

evaluating the model requires one forward pass per sample which can become a

significant computational burden. By using the same dropout mask for several

inputs, it is possible to compute samples of a joint posterior. We harness this

ability for batch active learning in Chapter 5.

Uncertainty in MC dropout for classification problems is measured as the

entropy of the average predictive distribution:

p̂(y|x) = 1
N

N∑
i=1

pθi
(y|x)

H(p̂(y|x)) = −
C∑

i=0
p̂(yi|x) log p̂(yi|x),

with θi the dropout mask for sample i, or parameters for ensemble element i

as we see in the next section.

2.2.3 Deep Ensembles

In Deep Ensembles, several models are trained with different weight initialisations

and ordering of the training data. These models can be obtained by simply running

a training script with several random seeds. At test time, a prediction is made by

ensembling the trained models and uncertainty is quantified by looking at their
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disagreement, e.g., by looking at the entropy of the average prediction or their

variance. Deep Ensembles has been shown to be a very effective method in practice

(Ovadia et al., 2019), and the ensemble elements show a large amount of output

diversity (Fort et al., 2019). Training several models incurs additional computational

cost: Deep Ensembles’ memory and compute use scales linearly with the number of

ensemble elements at both train and test time, although it is possible to run the

ensemble elements in parallel. A significant amount of work has been done to verify

to what extent Deep Ensembles are an approximate Bayesian model and if it is

possible to make them more Bayesian (He et al., 2020; D’Angelo et al., 2021). In

summary, there is evidence that Deep Ensembles provide a closer approximation

to the Bayesian posterior predictive distribution than most standard approximate

inference procedures (Wilson et al., 2020; Izmailov et al., 2021; Wilson et al., 2022).

We compare to Deep Ensembles and analyse its shortcomings in Chapters 3 and 4.

2.2.4 Deep Kernel Learning

Deep kernel learning (Hinton et al., 2008; Calandra et al., 2016; Wilson et al.,

2016a) is a method that combines a neural network (NN) with a Gaussian process

(GP). In DKL, the data is first transformed into a feature space using a NN, then a

GP is placed on this feature space. The idea is that the NN transforms the input

data in such a way that it is more amenable to the GP kernel.

A commonly used kernel in GPs is the Radial Basis Function (RBF) kernel,

applied on two vector-valued inputs:

k(xi, xj) = s exp
[
−||xi − xj||22

l

]
, (2.10)

with s and l the output scale and length scale hyperparameters. When directly

applied to images, and many other high dimensional inputs, this kernel is not a

good measurement of the similarity of its inputs (Theis et al., 2016). However, NNs

excel at transforming high dimensional data into an informative lower dimensional

representation, and they are able to learn a feature space where the RBF kernel

is a good measurement of similarity.
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We now describe a version of DKL that works on large datasets and updates all

its learnable parameters at each step of gradient descent (“end-to-end” learning).

The model closest to what we discuss is the GPDNN (Bradshaw et al., 2017), and

we make use of the inducing point variational approximation first introduced in

Titsias (2009), in particular the variant discussed in Hensman et al. (2015).

Let Dtrain = {X, Y } be our dataset, with X ∈ RN×D and Y ∈ RN×T be a

dataset of N points with input dimensionality D and output dimensionality T . In

addition to regression, we also consider classification tasks. For classification tasks,

T is the number of classes, with a single instance y ∈ Y being a T dimensional vector

of class probabilities. Let F ∈ RN×T be the value of a T dimensional latent function

at each input. For regression tasks F is the values of the underlying noiseless

function the GP is modelling. The model is formed of an independent GP for each

output dimension. The joint distribution over Y and F , evaluated at inputs X, is

p(Y , F ; X) = p(Y | F )
C∏

c=1
p(F[:,c]; X) (2.11)

p(F[:,t]; X) = GP(µt(X), klt,θ(X, X)). (2.12)

Here F[:,t] refers to the t-th column vector of the matrix F . µt(·) is a mean function

for output dimension t. For both regression and classification we use a constant

mean function µc(X) = µt, where µt is a hyperparameter. kl,θ(·, ·) is a deep

kernel function with feature extractor parameters θ and base kernel k̄lc(·, ·) with

hyperparameters lt specific to each output dimension (but shared for each input

dimension). p(Y | F ) is the likelihood function. For regression tasks this is defined

p(Y | F ) = ∏N
i=1N (Y[i,:] | F[i,:], σ2IT ), where σ2 is a variance hyperparameter and

I is the identity matrix. For classification tasks,

p(Y | F ) =
N∏

i=1
p(Y[i,:] | F[i,:]) (2.13)

p(Y[i,:] | F[i,:]) = softmax(F[i,:]). (2.14)

Note that while µt, σ2, and lt are described as hyperparameters, they do not

need to be specified manually but instead can be learned alongside the other

model parameters.
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Sparse GP Approximation and Variational Inference Exact inference for

the classification likelihood is not tractable because the softmax function is not

a conjugate likelihood to the GP prior. Additionally, while exact inference is

possible for the regression case, the computational complexity scales cubically (due

to inversion of the Gram matrix) with the number of data points, thus it is not

suitable for large datasets. As an approximation, it is possible to use a sparse GP

and variational inference for both regression and classification.

We use the sparse GP approximation of Titsias (2009) which augments the model

with M inducing inputs, Z ∈ RM×J , where J is the dimensionality of the feature

space. The associated inducing variables, U ∈ RM×T , give the function value at each

inducing input. Together, the inducing inputs and inducing variables approximate

the full dataset. To perform inference in this model we use the variational approxi-

mation introduced by Hensman et al. (2015). Here Z are treated as variational pa-

rameters. U are random variables with prior p(U ) = ∏T
t=1N (U[:,t] |µt(Z), k̄(Z, Z)),

and variational posterior q(U) = ∏T
t=1N (U[:,t] |mt, St), where mt ∈ RM and

St ∈ RM×M are variational parameters and initialized at the zero vector and the

identity matrix respectively. The approximate predictive posterior distribution

at test points X∗ is then

q(F ∗ |Y ; X, X∗) =
∫

p(Y |F ∗)p(F ∗ |U ; X∗, Z)
T∏

t=1
q(U[:,t] |mt, St) dU dF ∗. (2.15)

Here p(F ∗ | U ; X∗, Z) is a Gaussian distribution for which we have an analytic

expression, see Hensman et al. (2015) for details. Note that we deviate from

Hensman et al. (2015) in that our input points X are mapped into feature space

just before computing the base kernel, while inducing points are used as is (they

are defined in feature space).

The variational parameters Z, mt, and St, alongside the feature extractor pa-

rameters θ and model hyperparameters µt, lt, and σ2, are all learned by maximizing

a lower bound on the log marginal likelihood, known as the ELBO, L. For the
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variational approximation above, this is defined as

p(Y ; X) ≥ L =
N∑

i=1
Eq(F[i,:] | m1...T ,S1...T ;xi,Z)

[
log p(Y[i,:] | F[i,:])

]
−DKL(q(U)||p(U)).

(2.16)

Both terms can be computed analytically when the likelihood is Gaussian and for

classification (i.e., a non-Gaussian likelihood) we do MC sampling. Armed with

this objective function, we can learn the model parameters, hyperparameters, and

variational parameters using stochastic gradient descent. To accelerate optimisation

we additionally use the whitening procedure of Matthews (2017).

For regression tasks, we directly use the function values F ∗ above as the

predictions. We use the mean of q(F ∗ | Y ; X, X∗) as the prediction, and the

variance as the uncertainty. For classification tasks we need the posterior over

the class probabilities, q(Y ∗ | Y ; X, X∗), rather than the latent function values.

Thus, we approximate the integral

Ȳ ∗ =
∫

softmax(F ∗)q(F ∗ | Y ; X, X∗) dF ∗, (2.17)

using Monte Carlo samples, which are very fast to compute and do not require

additional forward passes. The predicted class for input i is then the most

likely class in Ȳ ∗
[i,:].

2.3 Evaluating Uncertainty Estimation

In this section we discuss how to evaluate uncertainty estimation methods. We

start by discussing the two main sources of uncertainty, aleatoric and epistemic.

Subsequently, we look at calibration where we evaluate a model’s predicted confi-

dence with a labelled test set. We also discuss different usages of the concept “out

of distribution” and clarify its meaning in the context of this thesis.

2.3.1 Aleatoric and Epistemic Uncertainty

We can distinguish two sources of uncertainty: aleatoric and epistemic uncertainty

(also called data and model uncertainty). Aleatoric uncertainty comes from
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ambiguity in a data point, it can not be reduced by observing more training

data. An example of this type of uncertainty is a digit that looks like both a “1”

and a “7”, or inherent noise due to a sensor. We can further categorise aleatoric

uncertainty as homoskedastic or heteroskedastic. Homoskedastic is constant across

the dataset, for example due to a low quality compression technique or lens issue.

Heteroskedastic is data point dependent, the example of the digits falls into this

category. In most datasets, the aleatoric uncertainty comes from a combination of

both homo- and heteroskedastic noise, but some methods can only model one or

the other. Epistemic uncertainty is uncertainty that comes from a small dataset

or limited model capacity. We expect this uncertainty to reduce as the model is

trained on more data or increased in capacity.

For many applications, it is beneficial when a model can distinguish between

epistemic and aleatoric uncertainty. For example in active learning, we are interested

in labelling data points with high epistemic uncertainty, but not those with high

aleatoric uncertainty. As data points with high aleatoric uncertainty are inherently

ambiguous or noisy and do not belong to any class, it is not possible to label

them accurately (the true label distribution is noisy). However, it is not always

straightforward to assign a cause of uncertainty to either of these sources. For

example, in the case of the ambiguous digit, the writer (likely) had the intent

to write one or the other and including the digits author as input feature would

resolve this uncertainty. Or perhaps in the context of a larger set of samples of

their handwriting it would be obvious which one it is. In general, a model cannot

quantify aleatoric uncertainty until it has a robust understanding of the dataset,

i.e., low epistemic uncertainty. We dig deeper into this in Section 3.4.

2.3.2 Calibration

Calibration measures how well a model’s predicted confidence reflects its actual

accuracy, for example if the model predicts 100 times with 70% confidence, then we

roughly expect 70 predictions to be correct and the remaining 30 to be incorrect.
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This is desideratum 1 in Section 1.1. Calibration quality can be quantified using

the Expected Calibration Error (ECE):

M∑
m=1

|Bm|
N
|acc(Bm)− conf(Bm)| , (2.18)

with M the number of bins, N the total number of data points, Bm the data points

in bin m, acc(Bm) represents the average accuracy of predictions on points in bin

m and conf(Bm) the average confidence. The binning can be done in two ways:

equal width or equal mass. In equal width binning, a set of equidistant points is

chosen between 0 and 1 which form the bin boundaries, points are assigned to a

bin based on their confidence. In equal mass binning, the boundaries are chosen

such that each bin contains an equal number of points. Note that calibration is

independent of accuracy, as a classifier that always predicts all classes with uniform

probability is perfectly calibrated on a balanced dataset.

There are several important aspects of calibration to be aware of. First, the

concept of calibration defined previously can only be computed in the classification

setting. Second, to evaluate calibration we need to compute a notion of accuracy,

however this is difficult when the class distribution of the data at test time does

not overlap with the training data. As we are also interested in evaluating our

model in this setting, we need an additional evaluation metric for uncertainty

estimation. We discuss how to evaluate this setting in the next section. Third,

it turns out that in practice it is straightforward to improve the calibration of

many trained classifiers by simply temperature scaling its softmax output (Guo

et al., 2017; Minderer et al., 2021). This procedure requires a small amount of

additional training data, which is often available.

Another way of evaluating calibration is using selective prediction, also known

as rejection classification. In selective prediction, accuracy is evaluated only on data

points with a confidence above a certain threshold. In Galil et al. (2022), it was

shown that the area under the receiver operating characteristic curve (AUROC) of

the binary event of correctly versus incorrectly classified as function of confidence,

is the most consistent way to compare models in a variety of settings. The ROC



2. Background 21

is defined as plotting the true positive rate as a function of the false positive

rate. This evaluation method can be preferable compared to ECE, because it is

insensitive to post-hoc scaling, which makes it easier to compute. We use this

evaluation method in Chapters 3 and 4.

2.3.3 Out of Distribution

In this subsection we look at evaluating desideratum 2 of Section 1.1: uncertainty

should be high on data points that cannot be classified. The first step is to learn

a model on a particular dataset. Subsequently, we use the model’s uncertainty

estimation as a metric for distinguishing between the test set belonging to the learned

dataset, and an additional dataset that is semantically different. The expectation is

that the model has high epistemic uncertainty on all points in the additional dataset

and low epistemic uncertainty on points of the training set. There are several pairs

of viable datasets which vary in difficulty and what they test (Nalisnick et al.,

2019a). This evaluation is called “out of distribution (OOD) detection” and there

are several important nuances that need to be taken into account when performing it.

First, the other dataset can not be used during training. Second, the other dataset

can also not be used for model selection and hyperparameter optimisation. Last,

the other dataset is preprocessed using the same mechanism as the original dataset

and each point should be treated independently, so approaches using typicality

(Nalisnick et al., 2019c) or other multi-sample or batch level tests are not possible.

This evaluation is similar to the concept of anomaly detection, but the main

difference is that anomalies have low likelihood under the data generating distri-

bution and OOD data could have zero likelihood (i.e., outside its support). It is

also similar to open set recognition (OSR) (Scheirer et al., 2012), a subfield of

computer vision where it is explicitly assumed that some classes are unknown at

training time. An important use case of OSR is in semantic segmentation, where

each pixel is assigned to a class, but many pixels simply belong to a catch-all

“background” class. The main difference between OOD detection as used in this

thesis and OSR, is that we are interested in evaluating and improving uncertainty
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estimation and are therefore restricted in the types of strategies that can be used

to improve performance on this task.

The “out of distribution” naming of this benchmark is unfortunately vague and

poorly defined. Strictly speaking, it means all data that are not in distribution, or

more formally all data with likelihood zero under the data generating distribution.

However this is a very strict definition and in the real world OOD points are usually

sampled from a different, but related distribution to the training data. For example,

a related distribution could be a mild domain or covariate shift. Another view

is that if an image had been rejected by a labeller for this dataset, e.g., because

it is too noisy or does not contain any of the classes of interest, then it can be

considered OOD. However, it has also been used in the context of distribution shift,

a concept we discuss in the next section. In this thesis, we consider OOD detection

to be defined as distinguishing between the test sets of two semantically different

datasets using a score based on uncertainty. We use this evaluation method in

Chapters 3 and 4. A deeper dive into the nuances of this benchmark and potential

alternatives is discussed in Section 6.1.

2.3.4 Robustness

A significant body of research uses the terms OOD robustness and OOD gen-

eralisation, see Hendrycks et al. (2021) for an overview. This is seemingly at

odds with the definition of OOD in the previous section, because it does not

seem possible to be able to generalise to points that are not classifiable with the

current model. However, this inconsistency can be explained with more context.

Instead of defining OOD as data points with zero likelihood, it can be defined as

a shift of the training dataset. A covariate shift would be adding new species of

dogs to the dog class, or drawings of objects instead of only photographs. When

“OOD” implies a covariate shift, it is perfectly reasonable to discuss robustness

and generalisation, and it is generally preferable that models retain high accuracy

even under shifts. See Moreno-Torres et al. (2012), for an in-depth discussion
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and examples of many types of shifts, including a discussion on which shifts are

reasonable to generalise to and which are not.

Just like in OOD detection, it is important that in any evaluation in the

presence of shifted data points no access is given to the exact type of shift at

training time. In practice, it can be difficult to predict what changes will manifest

during use of the model. This was exemplified in Finlayson et al. (2021) who show

the detrimental effect that the new disease COVID-19 had on the accuracy of a

sepsis-alerting model. However, access to a shift during training can significantly

increase performance (Band et al., 2021) leading to evaluations that seem more

positive than what can be expected in practice.

2.3.5 Parametric and Non-Parametric Models

To understand the necessity of the fourth optional desideratum, “uncertainty should

remain high on parts of the input domain that we cannot generalise to based on the

training data”, we consider what happens in the context of uncertainty estimation

in the limit of data, that is an infinitely large dataset. Aleatoric uncertainty remains

constant in the limit of data, since it is irreducible. For epistemic uncertainty,

we must distinguish between parametric and non-parametric models. Parametric

models are models where a finite amount of parameters is fit to the data. Bayesian

Neural networks fall in this category and, when trained to maximise the evidence

lower bound, will have zero uncertainty everywhere except on ambiguous data points.

The model will be certain even on data points that are unlike the training data. In

2D this can be visualised as data points “far away” from the rest of the dataset.

This is an example of an overfit model in the context of uncertainty estimation. In

non-parametric models, such as exact Gaussian processes, this does not happen and

the model remains uncertain far away from the training data even in the limit of

data. Note that non-parametricity is not the only way to achieve this desideratum

and we look at how different models behave in the limit of data setting in Chapter 4.
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2.4 Active Learning

In active learning (AL) (Cohn et al., 1996; Settles, 2009), we are given a set of

data points Dpool without their corresponding labels, some resources to obtain new

labels, and we want to learn the best performing model. Obtaining a label incurs a

cost, for example an X-ray image that has to be diagnosed by a radiologist, and we

want to be able to use our resources to obtain new labels in the most efficient way

possible. Alternatively put, we want to obtain labels only for the most informative

data points. We look at active learning at several moments in this thesis: batch

active learning in Chapter 5, active learning for causal inference in Section 4.5, and

active learning with large pre-trained models in Section 5.6.

AL is an iterative process: first the model is trained on the currently available

dataset, then its performance is evaluated, and lastly new data is selected and

labelled if performance is not deemed sufficient. Selecting new points is done by

evaluating an acquisition function on the current set of unlabelled data points

and learned model parameters θ:

{x1, ..., xb} = a(Dpool, θ). (2.19)

This definition of the acquisition function assumes acquiring b points at a time.

The special case of b = 1 is the traditional AL setup, while b > 1 corresponds

to batch AL. In AL, we train our large model from scratch after each acquisition

step, which can be very computationally expensive for larger models. This is

necessary because just continuing with the previous set of parameters leads to

poor performance, and resolving this is an open problem (Ash et al., 2020). In

deep learning, batch AL is particularly compelling because it reduces expensive

re-training of large neural networks.

2.4.1 Acquisition Functions

The simplest acquisition function is random sampling, where a random subset of

Dpool is selected at each acquisition step. This simple function is a surprisingly

strong baseline, and comes with a guarantee that the labelled subset is an unbiased
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sample of the full dataset. For more interesting acquisition function, we focus

on several that use some notion of uncertainty. Given a function that measures

uncertainty for a single data point, we can extend it to the batch AL setting by

obtaining the top b highest scoring data points:

a(Dpool, θ) = arg max
{x1,...,xb}∈Dpool

∑
{x1,...,xk}

s(xi, θ), (2.20)

with s the function that measures informativeness on a single data point.

We now define the score function of the main uncertainty-based acquisition

functions for classification models with a C dimensional categorical output.

1. Predictive entropy:

s(x, θ) =
C∑

c=1
p(yc|x) log p(yc|x). (2.21)

2. Maximum softmax probability (Hendrycks et al., 2017):

s(x, θ) = max
c

p(yc|x). (2.22)

3. Maximum margin (Scheffer et al., 2001):

s(x, θ) = p(y1|x)− p(y2|x), (2.23)

where y1 and y2 are the first and second most probable predicted class.

4. BALD (Houlsby et al., 2011), expectations are over the parameter distribution:

s(x, θ) =
C∑

c=1
E[p(yc|x, θ)] logE[p(yc|x, θ)]− E[

C∑
c=1

p(yc|x, θ) log p(yc|x, θ)].

(2.24)

Functions 1 to 3 can be evaluated for a deterministic model while BALD requires

a probabilistic model. When BALD cannot be computed in closed-form, it is

common to evaluate it using a Monte Carlo approximation by sampling from the

distribution over weights (Gal et al., 2017).

A significant downside of summing individual data point scores in a batch

(Equation 2.20) is that it does not consider correlations between data points. When
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the unlabelled dataset Dpool contains many (near) duplicate elements, then the

acquisition function is at risk of acquiring up to b near duplicates at each iteration

as these points will have very similar acquisition scores. This problem is related

to the additional desideratum 3 on computing joint uncertainties. We discuss

this problem in more depth and provide an extension of BALD which resolves

this problem in Chapter 5.
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In this chapter, we introduce a deep model that is able to estimate uncertainty

in a single forward pass. We call our model DUQ, Deterministic Uncertainty

Quantification, and we construct it by re-examining ideas originally suggested

in the 90s. By combining these with recent advances and making a number

of improvements, we are able to use them in training of modern deep learning

architectures. We evaluate our model against the strong and simple baseline for

estimating uncertainty in Deep Learning, Deep Ensembles (Lakshminarayanan et al.,

2017), and show that DUQ compares favourably on a number of evaluations, such

27



28 3. Deterministic Uncertainty Quantification

(a) Deep Ensembles (b) DUQ

Figure 3.1: Uncertainty results on two moons dataset. Yellow indicates high certainty,
while blue indicates uncertainty. DUQ is certain only on the data distribution, and
uncertain away from it: the ideal result. Deep Ensembles is uncertain only along the
decision boundary, and certain elsewhere.

as out of distribution (OOD) detection of FashionMNIST vs MNIST, and CIFAR

vs. SVHN. In Figure 3.1, we visualise how DUQ performs on the two moons dataset.

We see that DUQ is only certain on the training data, and its certainty decreases

away from it. Deep Ensembles are not able to obtain meaningful uncertainty on

this dataset, because of a lack of diversity in the different models in the ensemble.

The code for this chapter is publicly available.1

DUQ consists of a deep model and a set of feature vectors corresponding to the

different classes (centroids). A prediction is made by computing a kernel function,

a distance function, between the feature vector computed by the model and the

centroids. This type of model is called an RBF network (LeCun et al., 1998a)

and uncertainty is measured as the distance between the model output and the

closest centroid. A data point for which the feature vector is far away from all

centroids does not belong to any class and can be considered out of distribution

(following the definition of Section 2.3.3).

The model is trained by minimising the distance to the correct centroid, while

maximising it with respect to the others. This incentivises the model to put the

features of the training data close to a particular centroid, however there is no

mechanism that dictates what should happen away from the training data. We still
1https://github.com/y0ast/deterministic-uncertainty-quantification

https://github.com/y0ast/deterministic-uncertainty-quantification
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(a) Input (b) Trained without constraint (c) Trained with constraint

Figure 3.2: A 2D classification task where the classes are two Gaussian blobs (drawn in
green), and a grid of unrelated points (coloured according to their log-probability under
the data generating distribution). We additionally mark a specific point with a star. In
(b), the features as computed by an unconstrained model. In (c), the features computed
by a model with residual connections and spectral normalisation. The objective for the
unconstrained model introduces a large amount of distortion of the space, collapsing the
input to a single line, making it almost impossible to use distance-sensitive measures on
these features. In particular, the star moves from an unrelated area in input space on
top of class data in feature space. In contrast, the constrained mapping maintains the
relative distances of the other points.

need to enforce that DUQ is sensitive to changes in the input, such that we can

reliably detect out of distribution data and avoid mapping out of distribution data to

in distribution feature representations — an effect we call feature collapse. Feature

collapse is exemplified in Figure 3.2 and is defined as the feature representations of

two data points being very close (for example as measured by the mean squared

distance), despite the two points not sharing a similar label. This tends to happen

for out of distribution data that the model has not seen during training: out of

distribution data is mapped on top of in distribution data in feature space (see

Figure 3.2). DUQ avoids feature collapse by regularising the Jacobian with respect

to the input, as was first introduced by Drucker et al. (1992). Note that sensitivity

can be at odds with obtaining a high accuracy, an effect we discuss in Section 3.1.4.

In practice, RBF networks prove difficult to optimise, because of instability of

the centroids and a saturating loss. We propose to make training stable by updating

the centroids using an exponential moving average of the feature vectors of the data

points assigned to them, as was introduced in van den Oord et al. (2017). We use

a “one vs the rest” loss function minimising the distance to the correct centroid,
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while maximising the other distances. These two changes stabilise training and

lead to accuracies that are similar to the common softmax and cross entropy setup

on standard datasets such as FashionMNIST and CIFAR-10.

Uncertainty quantification in deep neural networks with a softmax output is

generally done by measuring the entropy of the predictive distribution, so the

maximally uncertain output is achieved by uniformly assigning probabilities over

all the classes. In practice, the model does not assign uniform probability away

from the training data, but instead extrapolates confidently (Gal, 2016; Hein et al.,

2019). The only uncertainty that can reliably be captured by looking at the entropy

of the softmax distribution is aleatoric uncertainty (see Section 3.4). In DUQ, it is

possible to predict that none of the classes seen during training is a good fit, when

the distance between the model output and all centroids is large.

The contributions of this chapter are as follows:

• We stabilise training of RBF networks and show, for the first time, that these

type of models can achieve competitive accuracy versus softmax models.

• We show how two-sided Jacobian regularisation makes it possible to obtain

reliable uncertainty estimates with RBF networks.

• We obtain excellent uncertainty in a single forward pass while accuracy is

competitive with a softmax model.

3.1 Methods

DUQ consists of a deep feature extractor, such as a ResNet (He et al., 2016), but

without the last linear and softmax layer. Instead, it has one learnable weight

matrix Wc per class, c. The prediction is computed as the exponentiated distance

between the model output and the centroids:

kc(fθ(x), ec) = exp
[
−

1
n
||Wcfθ(x)− ec||22

2σ2

]
, (3.1)
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Figure 3.3: A depiction of the architecture of DUQ. The input is mapped to feature
space, where it is assigned to the closest centroid. The distance to that centroid is the
uncertainty.

with fθ : Rp → Rd our model, p the input dimension, d the feature dimension, and

parameters θ. ec is the centroid for class c, a vector of length n (computed following

Equation 3.4). Wc is a weight matrix of size n (centroid size) by d (feature extractor

output size) and σ a hyperparameter also called the length scale. This function

is also referred to as a Radial Basis Function (RBF) kernel. The class dependent

weight matrix improves accuracy and uncertainty empirically. A prediction is made

by taking the class c with the maximum correlation (minimum distance) between

data point x and class centroids E = {e1, . . . , eC} (similar to Snell et al. (2017)):

arg max
c

kc(fθ(x), ec). (3.2)

We define uncertainty in this model as the distance to the closest centroid, i.e.,

replacing the arg max operator by a max in Equation 3.2.

The loss function is the sum of the binary cross entropy between each class’

kernel value Kc(·, ec), and a one-hot (binary) encoding of the label. For a particular

data point {x, y} in our dataset Dtrain = {X, Y }:

L(x, y) = −
∑

c

yc log(kc) + (1− yc) log(1− kc) (3.3)

where we shortened k(fθ(x), ec) as kc, and assume y is one-hot encoded, so yc ∈

{0, 1}. During training, we average the loss over a minibatch of data points, and
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perform stochastic gradient descent on θ and W = {W1, · · · , Wc}. The class

centroids, E, are updated using an exponential moving average of the feature

vectors of data points belonging to that class. If the model parameters, θ and W,

are held constant, then this update rule leads to the closed form solution for the

centroids that minimises the loss. With nc,t is the number of data points assigned

to class c in minibatch t, xc,t,i is element i of a minibatch at time t, with class c.

γ is the momentum, which we set to 0.99 or 0.999 depending on the application:

0.99 learns faster but is less stable than 0.999. Then,

Nc,t = γ ∗Nc,t−1 + (1− γ) ∗ nc,t (3.4)

mc,t = γ ∗mc,t−1 + (1− γ)
∑

i

Wcfθ(xc,t,i) (3.5)

ec,t = mc,t

Nc,t

. (3.6)

This method of updating centroids was introduced in the Appendix of van den Oord

et al. (2017). The high momentum leads to stable optimisation that is robust

to initialisation.

Due to the one-vs-rest loss, the proposed setup leads to the centroids being

pushed further away at each update, without converging to a stable point (further

away feature representations reduce the loss). We avoid this by regularising the l2

norm of θ. This restricts the model to sensible solutions and aids optimisation.

3.1.1 Gradient Penalty

As discussed at the start of this chapter, without further regularisation deep networks

are prone to feature collapse. We find that it can be avoided by regularising the

representation map using a gradient penalty. Gradient penalties were first introduced

to aid generalisation in Drucker et al. (1992), who named it “double backpropagation”.

Recently, this type of penalty has been used successfully in training Wasserstein

GANs (Gulrajani et al., 2017) to regularise the Lipschitz constant.

In our setup, we consider the following two-sided penalty:

λ ·
[
||∇x

∑
c

kc||22 − 1
]2

, (3.7)
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where || · ||2 is the l2 norm and the targeted Lipschitz constant is 1. The penalty is

two-sided because this loss term pushes the norm up to 1 if it is below, but

down to 1 if it is above.

Empirically, we found that computing the penalty on ∇x
∑

c kc works well.

However, there are two other candidates to enforce the penalty on: ∇xK, the

vector of kernel distances and ∇xfθ(x), the feature vector output of the feature

extractor. At first sight, these targets might actually be preferential. Sensitivity of

fθ(x) ought to be sufficient to obtain the out of distribution sensitivity properties

we desire. Computing the Jacobian of a vector valued output is expensive using

automatic differentiation. To evaluate the two alternative candidates we turn to

the Hutchinson’s Estimator (Hutchinson, 1990), which allows us to estimate the

trace of the Jacobian by computing the derivative of random projections of the

output. This approach was previously discussed in the context of making neural

networks more robust by Hoffman et al. (2019).

While we were able to get good uncertainty on the two moons dataset using

both alternative targets, the results were not consistent. We attempted to reduce

the variance of the Hutchinson’s estimator by using the same random projection

for each element in the batch, which worked well on two moons, but lead to

unsatisfactory results on larger scale datasets. In conclusion, we found that

while ∇x
∑

c kc is not a priori the best place to compute the gradient penalty

(compared to the two alternatives discussed above), it is still preferable over the

noise that comes from applying Hutchinson’s estimator on any of the alternatives,

at least in our experiments.

The two-sided penalty was introduced by Gulrajani et al. (2017), who mention

that despite a one-sided penalty being sufficient to satisfy their requirements, the

two-sided penalty proved to be better in practice. The one-sided penalty, which

only pushes the norm down to 1, is defined as:

λ ·max(0, ||∇x

∑
c

kc||22 − 1). (3.8)
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In Section 3.3.1, we show the difference between the single and two-sided penalties

experimentally. We find the two-sided penalty to be ideal for enforcing sensitivity,

while still allowing strong generalisation.

An alternative method of enforcing sensitivity is by using an invertible feature

extractor. A simple and effective method of doing so is by using invertible layers

originally introduced in Dinh et al. (2014). Using these type of layers leads to

strong results on the two moons dataset as seen in Figure 3.5c. Unfortunately,

it is difficult to train reversible models on higher dimensional datasets. Without

dimensionality reduction, such as max pooling, the memory usage of these type of

networks is unreasonably high (Jacobsen et al., 2018). We found it impossible to

obtain strong accuracy and uncertainty using these type of models, indicating that

dimensionality reduction is an important component of why these models work.

3.1.2 Intuition about Gradient Penalty

A gradient penalty enforces smoothness, limiting how quickly the output of a

function changes as the input x changes. Smoothness is important for generalisation,

especially if we are using a kernel which depends on distances in the representation

space. It is simple to show that regularising the l2 norm of the Jacobian, J , enforces

a Lipschitz constraint at least locally, since for a small region around x and a model

g we have g(x + ϵ) − g(x) ≃ Jg(x)ϵ ≤ ||J(x)||2||ϵ||2.

However, smoothness still leaves us vulnerable to the feature collapse problem

outlined earlier, where multiple inputs are mapped to the same g(x). Lipschitz

smooth functions can collapse their inputs — the constant function g(x) = c is

Lipschitz for any Lipschitz constant L. Collapsing features can be beneficial for

accuracy, but it hurts our ability to perform out of distribution detection, since it

has the potential to make input points indistinguishable in the representation space.

We find empirically in our work that the two-sided penalty is extremely important:

using the one-sided penalty, i.e, enforcing only smoothness, is not sufficient to

produce the sensitive behaviour we want in our representation. This can be seen

in Figure 3.5b, in contrast to Figure 3.1b with the two-sided penalty.
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Figure 3.4: The uncertainty learned by DUQ on a simple problem of classifying samples
from two overlapping Gaussian distributions. Yellow indicates certainty, while blue
indicates uncertainty. There is significant aleatoric uncertainty due to the overlap between
the classes. DUQ can express high aleatoric uncertainty by placing centroids close to each
other in feature space, and is able to learn this in practice if the task needs it, as shown
here by the higher uncertainty around the 0 mark on the x-axis.

By keeping the norm of the Jacobian above some value, intuitively we encourage

sensitivity of the learnt function, by preventing it from collapsing to a locally

constant function, ignoring all changes in the input space. We find empirically that

the two-sided penalty is important for preserving out of distribution performance

compared to a one-sided penalty.

3.1.3 Quantifying Epistemic and Aleatoric Uncertainty

DUQ can capture both aleatoric and epistemic uncertainty. Informally, when a

point is far from all centroids in feature space there is epistemic uncertainty. While

aleatoric uncertainty can be expressed by placing centroids so that they are close in

feature space (see Figure 3.4) and mapping a data point close to both of them. This

can happen when two classes are inherently difficult to distinguish. It is important

that the centroids are close in feature space, because otherwise the model would

not map an input in between them as it incurs a large loss, due to the exponential

factor in Equation 3.3. Other forms of aleatoric uncertainty that are not inherent
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class ambiguity are not quantifiable, and we also currently do not have a formal

way to distinguish between these two kinds of uncertainty in DUQ. Solving this

problem is an interesting direction for future research.

3.1.4 Why Sensitivity can be at odds with Classification

In this section, we analyse the trade-offs and assumptions encoded in detecting out

of distribution inputs. Consider fitting a model on a problem with two features, x1

and x2, both sampled from a unit Gaussian, and output y, such that y = sign(x1)∗ ϵ,

where ϵ is noise with a low probability of flipping the label. The optimal decision

function in terms of the empirical risk, no matter the algorithm, is the function

f(x1, x2) = sign(x1). But this says nothing about the out of distribution behaviour.

What happens if we now see the input x1, x2 = 1, 1000? By our definition of the

problem, this is out of distribution, as it lies many standard deviations away from

the observed data. But should it be detected as out of distribution? The data

does not define what could be given as the input, at least if we take a conventional

empirical risk minimisation approach.

In this situation, it seems natural to prefer the kind of decisions which would

be made by a generative model, for example. If x1 and x2 represent medical data,

then presumably a highly abnormal value for x2 is notable, and we would like to

detect it. However, if x2 is a truly irrelevant variable, say, the temperature on

the surface of a distant planet, then presumably our model is correct to ignore its

value, even if the value of the irrelevant variable is highly abnormal. When training

using empirical risk minimisation, features not relevant to classification accuracy

can simply be ignored by the feature extractors of a neural network. This makes

out of distribution detection more difficult using feature space methods, even those

that use a distance loss as we do. It is important to note that there is a potential

tension here with classification accuracy. Enforcing sensitivity can make accurate

classification harder because it forces the model to represent changes in input — as

in the example above, these may be irrelevant to the causal structure of the problem.

If we know about invariances that are appropriate for the problem at hand, we
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can enforce these by corresponding construction of the network. For example, we

enforce translation invariance by using convolutional networks in this chapter.

3.2 Related Work

Aside from using discriminative models, there have also been attempts at finding

out of distribution data using generative models. Nalisnick et al. (2019a) showed

that simply measuring the likelihood under a learned data density model does not

allow detecting OOD data for some difficult pairs of datasets, such as CIFAR-10 and

SVHN. Later work showed that this is particular to flow-based models (Kirichenko

et al., 2020). Recently, a more advanced approach that involves separating the

likelihood of the semantic foreground from the background did show promising

results on selected datasets (Ren et al., 2019). While generative models are a

promising avenue for out of distribution detection, they are significantly more

expensive and difficult to train than classification models.

Our approach is distinct from both ensembles/Monte Carlo methods, which

aim to find different explanations for the data and increase uncertainty when these

disagree, and generative models which model the data distribution directly. Instead,

our approach is more related to pre-deep learning kernel methods (Schölkopf et al.,

2000; Quinn et al., 2014), such as Gaussian processes which revert to a prior away

from data, and Support Vector Machines, where the distance to the separating

hyperplane is informative of the uncertainty, at least in low dimensions. These

approaches have never scaled to high dimensional data, because of a lack of well

performing kernel functions.

The decision function based on kernel distances was first used in the context

of convolutional neural networks by LeCun et al. (1998a). They were quickly

abandoned for softmax models, because they were difficult to scale and optimise

with gradient-based approaches due to saturating gradients and unstable centroids.

Notable improvements in our work over the original are the updating mechanism

of the centroids and the loss function that is based on a multivariate Bernoulli,

solving the problems of unstable centroids and saturating gradients.
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Regularising the Jacobian has a long history, starting with Drucker et al. (1992)

and more recently Ross et al. (2018). Both papers aim to regularise the l2 norm

of Jacobian down to zero. In the first case to obtain better generalisation, while

the second paper aims to achieve adversarial robustness and interpretability. In

neither case are the authors interested in increasing the Jacobian. Gulrajani et al.

(2017) showed how a gradient penalty can be applied to training GANs with the

Wasserstein distance, which was a more scalable and simpler alternative to weight

clipping. They use the double-sided penalty and mention it works better in practice.

Follow-up work has analysed the penalty in more detail and concluded that, contrary

to our case, for training Wasserstein GANS the one-sided penalty is preferable

theoretically and practically (Petzka et al., 2017; Jolicoeur-Martineau et al., 2019).

3.3 Experiments

We start by showing the behaviour of DUQ in two dimensions, with the two moons

dataset and show the effect of leaving out the gradient penalty and using a one-sided

penalty. We continue by looking at the out of distribution detection performance for

some notable difficult dataset pairs (Nalisnick et al., 2019a), such as FashionMNIST

vs MNIST, and CIFAR-10 vs SVHN. Lastly, we study sensitivity to two important

hyperparameters: the length scale σ and gradient penalty weight λ and propose

how to tune them without relying on example OOD data.

3.3.1 Two Moons

We use the scikit-learn (Pedregosa et al., 2011) implementation of this dataset and

describe the model architecture and optimisation details in Appendix A.1.1. For

colouring the visualisations, we normalise the colour map within the figure.

The result of our model trained with a two-sided gradient penalty is shown in

Figure 3.1b. The uncertainty is exactly as one would expect for the two moons

dataset: certain on the training data, uncertain away from it and in the heart within

the two moons. The difference with Deep Ensembles, which is certain everywhere

except on the decision boundary, is striking (Figure 3.1a). The uncertainty for
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(a) DUQ - No penalty (b) DUQ - One-sided penalty (c) DUQ - Reversible model

Figure 3.5: Uncertainty results for two variations of DUQ: left without gradient penalty,
middle with a one-sided gradient penalty (λ = 1), and right with a fully reversible model
as feature extractor (Dinh et al., 2014, 2016). Yellow indicates certainty, while blue
indicates uncertainty. Without gradient penalty and a one-sided gradient penalty are
significantly worse than DUQ with a two-sided penalty. The reversible model works well
too, but does not scale to larger datasets

DUQ is quantified as the distance to the closest centroid (max over the kernel

distances), the uncertainty for Deep Ensembles is computed as the predictive

entropy of the average output. The ensemble elements were trained separately

using the same model as described in Appendix A.1.1, but without l2 regularisation

to encourage diverse solutions.

Discussion While Figure 3.1b is an impressive result in deep learning, it is worth

highlighting that Gaussian processes are able to obtain such result too. A good

visualisation can be found in Bradshaw et al. (2017). Interestingly, even though

Deep Ensembles have been successfully applied to many large datasets (Ovadia

et al., 2019), they fail to estimate uncertainty well on the two moons dataset. Due to

the simplicity and low dimensionality of this dataset, each element of the ensemble

learns the exact same function and there is no (or very little) uncertainty left.

Gradient Penalty In Section 3.1.1, we discussed the two-sided gradient penalty.

Figure 3.5 highlights why it is important. In Figure 3.5a, we visualise the result of

having no gradient penalty, which shows that the model is certain even far away

from the data. While Figure 3.5b shows that the uncertainty does not improve

when only a one-sided penalty is applied. In both cases, there are ‘blobs’ sticking

out of the training data domain that are also classified with high certainty.
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Hyperparameters We found classification performance on two moons to be

insensitive to our setting of the gradient penalty weight λ, likely because of the

simplicity of the two moons dataset. So we simply set it to 1. For the uncertainty

visualisation, we found it important to set the length scale to be small (in the

interval [0.05, 0.5]), despite accuracy not being affected by this hyperparameter.

In the following experiments, we will discuss methods for picking the length scale

and the weight of the gradient penalty λ.

3.3.2 FashionMNIST vs MNIST

In this experiment, we assess the quality of our uncertainty estimation by looking

at how well we can separate the test set of FashionMNIST (Xiao et al., 2017) from

the test set of MNIST (LeCun et al., 1998b) by looking only at the uncertainty

predicted by the model. We train our model on FashionMNIST, and we expect

it to assign low uncertainty to the FashionMNIST test set, but high uncertainty

to MNIST, since the model has never seen that dataset before, and it is very

different from FashionMNIST.

During evaluation, we compute uncertainty scores on both test sets and measure

for a range of thresholds how well the two are separated. As in previous work

(Ren et al., 2019), we report the AUROC metric, where a higher value is better

and 1 indicates that all FashionMNIST data points have a higher certainty than

all MNIST data points. We picked FashionMNIST vs MNIST, because it is a

notably difficult dataset pair (Nalisnick et al., 2019a), while MNIST vs NotMNIST

(Bulatov, 2011) is comparatively simple.

Experimental Setup Our model is a three layer convolutional network, and we

report all architectural and optimisation details in Appendix A.1.2. It is important

to note that at test time we set Batch Normalisation to evaluation mode, meaning

that we use the mean and standard deviation of the feature activations computed

from the training set (i.e., FashionMNIST). It is unlikely that in practice we would

get an entire batch of (uncorrelated) OOD points, so we can not normalise using
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Figure 3.6: ROC curve for DUQ trained on FashionMNIST and evaluated on
FashionMNIST and MNIST. The task is to separate these datasets based on uncertainty
estimates. DUQ does very well here, but we see that gap closes for the harder dataset
CIFAR-10 in Section 3.3.3.

test time batch statistics.2 Further, we use the same data normalisation for the

out of distribution set as the in distribution set. Skipping either of these steps

makes the problem artificially simple.

Length Scale Most hyperparameters, such as the learning rate or weight decay

parameter, can be set using the standard train/validation split. However, there

are two hyperparameters that are particularly important: the length scale σ and

the gradient penalty weight λ. We set the length scale by doing a grid search

over the interval (0, 1] while keeping λ = 0. We pick the value that leads to the

highest validation accuracy. Following this process, we found that a length scale of

0.1 leads to the highest accuracy, as measured over five runs. While this process

might not result in a length scale that leads to the best OOD performance, it

works well in practice.

2Just one data point needs to have significantly different activation statistics for the entire
batch to be easily detectable.
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Figure 3.7: Rejection classification plot: accuracy on a combination of FashionMNIST
and MNIST test sets. The x-axis indicates the proportion of data rejected based on the
uncertainty score. The theoretical maximum is computed from a classifier with 100%
accuracy on FashionMNIST and rejects all MNIST points first.

Gradient Penalty Setting the λ parameter is more involved: from Section 3.1.4,

we know that the accuracy can suffer as a result from gaining the ability to do

out of distribution detection, so we cannot rely on it to select the best λ. We also

cannot use the AUROC score on the MNIST dataset, because that would give the

method an unfair advantage: we cannot assume access to the OOD set in advance

in practice.3 Instead, we use a third dataset on which we evaluate the AUROC and

select our λ values based on that. We follow previous work and use NotMNIST as

the third dataset for this pair (Ren et al., 2019). The results can be seen in Table 3.1.

As expected, the accuracy goes down as λ increases, and we also observe that the

best AUROC result for NotMNIST coincides with the best score for MNIST, which

shows that the strategy of selecting a hyperparameter based on the NotMNIST

dataset is reasonable. We note that while NotMNIST generalises to MNIST, we

cannot rely on this property in general. Therefore, we propose an alternative method

for model selection based on predictive uncertainty in Section 3.3.3.

3If we do assume access, then we can trivially train a binary classifier on the original and OOD
set.
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Comparison We show our results and compare with alternative methods in

Table 3.2. Our proposed method, DUQ, outperforms all other classification based

methods in terms of OOD detection. The only method that is better is LL ratio

(Ren et al., 2019), which is based on generative models. These type of models

are more computationally costly to train than DUQ. The PixelCNN++ (Salimans

et al., 2017) used by LL ratio for FashionMNIST uses 2 blocks of 5 gated ResNet

layers, while our model is a simple three layer convolutional network. An alternative,

competitive approach is Mahalanobis Distance (Lee et al., 2018), which computes

a distance in the feature space of a pretrained softmax/cross entropy model in

combination with a number of dataset specific augmentations. The method relies

on hyperparameter tuning using 1,000 samples of the out of distribution dataset.

The difference in AUROC between our Deep Ensemble result and Ren et al.

(2019)’s is due to using different architectures. For a fair comparison, we use

the same architecture for the ensemble elements as for DUQ (replacing the class

dependent final layer by the usual single linear layer). In Figure 3.6, we show the

complete ROC curve for our implementation of Deep Ensembles and DUQ. We see

that DUQ outperforms Deep Ensembles at all chosen rates.

Accuracy and Gradient Penalty To confirm that training using DUQ’s

distance based output achieves competitive accuracy, we train two models using our

architecture: the standard softmax and cross entropy set up and DUQ with λ = 0.

We obtained 92.4%± 0.1 accuracy for the softmax model, and for our proposed set

up 92.4%± 0.2, both averaged over five runs. The results show that we can obtain

competitive accuracy using DUQ, resolving previous problems with RBF networks.

In Table 3.1, we show how accuracy changes for an increasingly weighted gradient

penalty. The accuracy only degrades slightly, while AUROC is improved.

Rejection Classification In Figure 3.7, we visualise how well these algorithms

work in a more realistic scenario. We combine the FashionMNIST and MNIST

test sets, then we reject a certain portion of the combined dataset by uncertainty

score. Next, we compute the accuracy on the remaining data for each portion,
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λ Acc (FM) AUROC (NM) AUROC (M)
0 92.4%± .2 0.933± .009 0.948± .004

0.05 92.4%± .2 0.946± .018 0.955± .007
0.1 92.4%± .1 0.938± .0018 0.948± .005
0.2 92.2%± .1 0.945± .019 0.944± .011
0.3 92.3%± .1 0.944± .013 0.941± .011
0.5 92.0%± .1 0.946± .014 0.932± .009
1.0 91.9%± .1 0.945± .018 0.934± .006

Table 3.1: FM stands for FashionMNIST, NM for NotMNIST, and M for MNIST.
The results are mean/standard error computed from 5 experiment repetitions. We show
AUROC for separating FashionMNIST from NotMNIST and MNIST; higher is better.
We see that the gradient penalty improves AUROC performance slightly, but performance
on this dataset pair is already very strong.

considering all predictions on the OOD MNIST set to be incorrect. We expect

the accuracy to go up as we reject more of the data points on which the model is

uncertain. Ideally, we reject the incorrectly classified FashionMNIST points and

all MNIST points. The Theoretical Maximum is computed by assuming a model

that has perfect accuracy on the FashionMNIST test set and is able to reject all

MNIST data before any FashionMNIST data. This experiment combines out of

distribution detection, with detecting difficult to classify data points, which is closer

to actual deployment scenarios than the AUROC metric, and also a suggested

practically informed evaluation method by Filos et al. (2019). Note that the

ensemble model has an accuracy of 93.6% on FashionMNIST, giving it a 1.2% head

start on DUQ, which has an accuracy of 92.4%. We see that DUQ outperforms

Deep Ensembles in this more realistic scenario.

3.3.3 CIFAR-10 vs SVHN

In this section we look at the CIFAR-10 dataset (Krizhevsky et al., 2014), with

SVHN (Netzer et al., 2011) as OOD set. We use a ResNet-18 (He et al., 2016) as

feature extractor fθ(·), specifically the version provided by PyTorch (Paszke et al.,

2019) with some minor modifications: we use 64 filters in the first convolutional

layer, and skip the first pooling operation and last linear layer. CIFAR-10 is a

difficult dataset for out of distribution detection for several reasons. There is a
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Method AUROC
DUQ 0.955
LL ratio (generative model) 0.994
Single model 0.843
5 - Deep Ensembles (ours) 0.861
5 - Deep Ensembles (ll) 0.839
Mahalanobis Distance (ll) 0.942

Table 3.2: Results on FashionMNIST, with MNIST as OOD set. Deep Ensembles is by
Lakshminarayanan et al. (2017), Mahalanobis Distance by Lee et al. (2018), LL ratio by
Ren et al. (2019). Results marked by (ll) are obtained from Ren et al. (2019), (ours) is
implemented using our architecture. Single model is trained with softmax/cross entropy.

Figure 3.8: A histogram of uncertainty estimates as computed using DUQ (λ = 0.5).
CIFAR-10 and SVHN are clearly separated. The counts are normalised, because the
SVHN test set is significantly larger than CIFAR-10’s.

significant amount of data noise: some dog and cat examples are not distinguishable

using only 32 by 32 pixels. The training set is small compared to its complexity,

making it easy to overfit without data augmentation.

Experimental Setup As in the previous section, we tune the length scale using

the accuracy on the validation set, and find that 0.1 works best from a range of

[0.05, 1]. We train for a fixed 75 epochs and reduce the learning rate by a factor of

0.2 at 25 and 50 epochs. We use random horizontal flips and random crops as data

augmentation and find that this is enough regularisation to prevent the model from
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overfitting. All architectural and optimisation details are described in Appendix

A.1.3. We obtain an accuracy of 94.1% ± 0.2 using the standard softmax/cross

entropy loss. A Deep Ensemble of several softmax models obtains an accuracy of

95.2%. DUQ without a gradient penalty (λ = 0) obtains 94.2% ± 0.2 accuracy,

while accuracy of DUQ with λ = 0.5 is 93.2% ± 0.4.

Gradient Penalty For CIFAR-10, we do not use a third dataset to set λ. Instead,

we avoid using more data and use in distribution uncertainty. We measure this

using the AUROC of detecting correctly and incorrectly classified validation set

data points using the predicted uncertainty. We found that optimising λ using

this procedure also transfers to λ values that lead to strong out of distribution

detection performance. In general, this approach performs a bit worse than using a

third dataset, but can be preferable when it is difficult to find an appropriate out

of distribution dataset with the same characteristics as those encountered during

deployment. Imagine a particular difficult traffic situation or an MRI scan which

shows a new type of disease, these scenarios have no reasonable out of distribution

set available. Generative models are not able to take this approach, because they

do not have predictive uncertainty. Even if we use a hybrid model (Nalisnick

et al., 2019b), then the discriminative part, a softmax/cross entropy model, does

not have reliable predictive uncertainty.

Results In Figure 3.8, we show a normalised histogram for the kernel distances

of CIFAR-10 and SVHN. We see that most of CIFAR-10 is very close to 1, while

SVHN is uniformly spread out over the range of distances. This shows that

DUQ works as expected and that out of distribution data ends up away from

all the centroids in feature space.

The rejection classification plot, Figure 3.9, is created similar to the previous

experiment in the last section. Note that this time the Theoretical Maximum

line is significantly lower, because the SVHN test set contains close to 26, 000

elements, while CIFAR-10’s only contains 10, 000. This means that the best possible
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Figure 3.9: Rejection classification plot. Model performance on a mix of CIFAR-10 and
SVHN, while rejecting uncertain points. The theoretical maximum is achieved when a
hypothetical classifier obtains 100% accuracy on CIFAR-10 and rejects all SVHN data
points first. We see that DUQ and a 5 element Deep Ensembles perform very similar.

accuracy when 100% of the data is considered is about 28%. We see that DUQ

and Deep Ensembles perform similarly.

In Table 3.3, we compare DUQ with several alternative methods. We see that

DUQ performs competitively with a number of recent approaches. Interestingly, on

these more complicated datasets Deep Ensembles perform the best. We suspect

this is because the complexity of the dataset allows the ensemble elements to be

more diverse while still explaining the data well. We further see a significant gap

between DUQ with and without a gradient penalty: there is a big improvement

going from λ = 0 to λ = 0.5. Our hypothesis is that this is due to a lot of

within class variation, which incentivises the model to collapse more diverse data

points to the class centroids.

Runtime One of the main advantages of DUQ over Deep Ensembles is com-

putational cost. For Deep Ensembles, both computation and memory cost scale

linearly in the number of ensemble components, during both train and test time.

DUQ has to compute the Jacobian at training time, which is expensive, but at

test time there is only a marginal overhead over a softmax based model. Training
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Method AUROC
DUQ (λ = 0.5) 0.927± 0.013
DUQ (λ = 0) 0.861± 0.032
LL ratio (generative model) 0.930
Single model 0.906± 0.007
3 - Deep Ensembles 0.926± 0.010
5 - Deep Ensembles 0.933± 0.008
10 - Deep Ensembles 0.941
15 - Deep Ensembles 0.942

Table 3.3: We show the AUROC for separating CIFAR-10 from SVHN. Deep Ensembles
is by Lakshminarayanan et al. (2017), but re-implemented and evaluated using our
architecture. LL ratio is as reported in Ren et al. (2019). Single model is our architecture,
but trained with softmax/cross entropy.

for one epoch on an Nvidia 1080 Ti GPU, takes 21 seconds for a softmax/cross

entropy model, which implies 105 seconds for a Deep Ensemble with 5 components.

DUQ with gradient penalty needs 103 seconds for one epoch at training time,

which is on par with Deep Ensembles. At test time, DUQ is ~25% slower at test

time than a single softmax/cross entropy model, but about 4 times faster than

a Deep Ensemble with 5 components.
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3.4 Deep Deterministic Uncertainty

We now take a step back and investigate whether and how the DUQ model can

be simplified and improved. This section is based on work that took place after

publishing the previous part of this chapter. We start by noting that in the DUQ

algorithm, we set the number of centroids equal to the number of classes in practice.

While it is technically possible to use more centroids, this has not shown to be

of value empirically. We also note that DUQ requires numerous changes to the

training procedure (including updating centroids, setting λ, a class dependent weight

matrix). These changes can be cumbersome in practice, especially since the softmax

output is ubiquitous and well understood. DUQ also incurs a significant training

slow down compared to a standard softmax model.

To alleviate these shortcomings, we propose a simplified algorithm, Deep

Deterministic Uncertainty (DDU), in which we train a deep model using the

standard softmax output and cross entropy loss, but include a sensitivity constraint.

In contrast to DUQ’s gradient penalty, the sensitivity constraint is based on spectral

normalisation (Miyato et al., 2018) and residual connections (Liu et al., 2020). We

discuss this type of feature space restriction further in Chapter 4. After training,

we compute the class-wise mean and covariance of all feature representations in the

training set. We use these to define a Gaussian Mixture Model (GMM), with which

we can compute the likelihood of the feature representation of a new data point. For a

class mean µc, and covariance Σc, the likelihood of a data point x under the GMM is:

p(x|θ,Dtrain) = 1
C

∑
c

det(2πΣc)− 1
2 exp

(
−1

2(fθ(x)− µc)⊺Σ−1
c (fθ(x)− µc)

)
. (3.9)

If we were to use the likelihood under each class for classification, then this method

is the same as Gaussian Discriminant Analysis (Murphy, 2012).

We can view the likelihood under the GMM as a measure of epistemic uncertainty.

It is also possible to obtain aleatoric uncertainty estimates by leveraging the softmax

entropy. We discuss how to do this and how to combine the two sources of uncertainty

in the next section DDU is significantly simpler to implement than DUQ and
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Method AUROC
DUQ 93.71± 0.61
DDU 97.86± 0.19
5 - Deep Ensembles 97.73± 0.31

Table 3.4: We show the AUROC for distinguishing CIFAR-10 from SVHN using
uncertainty estimates. All models are based on the Wide-ResNet-28 (Zagoruyko et al.,
2016) (in contrast to the ResNet-20 used previously this chapter).

outperforms both DUQ and Deep Ensembles, see Table 3.4. Algorithm 1 provides a

description of DDU in pseudocode form and an implementation is publicly available.4

3.4.1 Disentangling the Sources of Uncertainty

In many applications of uncertainty estimation, such as active learning, and

exploration in reinforcement learning (Zintgraf et al., 2021), we care specifically

about finding data points with high epistemic and low aleatoric uncertainty.

Meanwhile, in the uncertainty estimation literature it is common to evaluate methods

on heavily curated datasets such as MNIST and CIFAR-10, which contain almost no

ambiguous examples (Aitchison, 2020; Noci et al., 2021; Kapoor et al., 2022). This

means it is difficult to evaluate disentangling of uncertainty using these datasets.

To examine this pathology in more detail, we introduce a new dataset called Dirty-

MNIST. Dirty-MNIST is a modified version of MNIST (LeCun et al., 1998a) with

additional ambiguous digits (Ambiguous-MNIST) with multiple plausible labels

and thus higher aleatoric uncertainty (see Figure 3.10a for several examples).

We now discuss how DDU is able to disentangle aleatoric and epistemic un-

certainty. First, we note that in order to detect aleatoric uncertainty, we must

have low epistemic uncertainty. Only when there is a robust understanding of

each class, can an input that is ambiguous between two classes be detected (see

also Section 2.3.1). In DDU, this means that the input has high likelihood under

the GMM. Second, given that we are in the low epistemic uncertainty regime, we

can trust the entropy of the softmax to accurately capture aleatoric uncertainty

(Gal, 2016). In Figure 3.11, we show the effect of disentangling epistemic and
4https://github.com/omegafragger/DDU

https://github.com/omegafragger/DDU
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aleatoric uncertainty in practice in an active learning setup. Using DDU or a

Deep Ensemble (Lakshminarayanan et al., 2017) with BALD (Houlsby et al., 2011)

performs significantly better than methods that measure total uncertainty.
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(a) Dirty-MNIST (iD) and Fashion-MNIST (OOD)

(b) Softmax entropy

(c) Feature-space density

Figure 3.10: In the bottom row (Figure c), we see that with a well-regularised feature
space (DDU with ResNet-18+SN), iD (Dirty-MNIST) and OOD (FashionMNIST) densities
do not overlap, capturing epistemic uncertainty. However, without such feature space
(LeNet & VGG-16), feature density suffers from feature collapse: iD and OOD densities
overlap. In all cases, unambiguous and ambiguous iD samples are confounded as their
densities overlap. In the middle row (Figure b), we see that Softmax entropy captures
aleatoric uncertainty for iD data (Dirty-MNIST), thereby separating standard MNIST
samples and Ambiguous-MNIST samples. Note the break in the y-axis, with a significantly
higher MNIST count at entropy close to 0. However, iD and OOD are confounded: softmax
entropy can have low values for OOD, making it indistinguishable from iD.

(a) MNIST

(b) CIFAR-10 (c) Dirty-MNIST

Figure 3.11: Active Learning experiments with DDU. We show acquired training set
size vs test accuracy. DDU performs on par with Deep Ensembles.
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Algorithm 1 Deep Deterministic Uncertainty
1: Definitions:

- Regularised feature extractor fθ : x→ Rd

- Softmax output predictions: p(y|x)
- GMM density: q(z) = ∑

y q(z|y = c) q(y = c)
- Dataset (X, Y )

2: procedure train
3: train NN p(y|fθ(x)) with (X, Y )
4: for each class c with samples xc ⊂ X do
5: µc ← 1

|xc|
∑

xc
fθ(xc)

6: Σc ← 1
|xc|−1(fθ(xc)− µc)(fθ(xc)− µc)T

7: πc ←
∑

xc
1

|X|
8: end for
9: end procedure

10: function disentangle_uncertainty(sample x)
11: compute feature representation z = fθ(x)
12: compute density under GMM:

q(z) = ∑
y q(z | y) q(y) with q(z | y) ∼ N (µy; σy), q(y) = πy

13: compute softmax entropy: Hp[Y |x]

14: if low density q(z) then
15: return OOD
16: else if high density q(z) then
17: if high entropy Hp[Y |x] then
18: return ambiguous iD
19: else if low entropy Hp[Y |x] then
20: return iD
21: end if
22: end if
23: end function
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3.5 Conclusion

We introduced two uncertainty estimation methods: DUQ, an RBF network that is

trained end-to-end, and DDU, which fits a GMM in feature space after training. By

carefully considering the necessary restrictions that need to be placed on the model

for uncertainty estimation, we showed that these methods outperform alternatives

while being computationally efficient to evaluate.

In practice, one should consider using DDU before DUQ. DDU is simpler to

implement, outperforms DUQ on large datasets, and has the ability to disentangle

aleatoric uncertainty when epistemic uncertainty is low. Reasons to consider DUQ

are that it can train with arbitrary architectures and can use multiple centroids

per class, to account for multi-modal class distributions.

DUQ and DDU have several limitations and the most notable one is that they

cannot be used for regression. In regression, there is no concept of a class, so the

centroids cannot be computed. It is also not possible to compute joint uncertainty

over a batch of inputs with either method. Several promising methods have already

built on DUQ and DDU with the aim of overcoming some of these limitations, such

as SNGP (Liu et al., 2020) and NUQ (Kotelevskii et al., 2022). We introduce our

own follow-up method and compare it to SNGP in the next chapter.
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Gaussian processes (GPs) are often considered a gold standard in uncertainty

estimation on low dimensional and small datasets (Rasmussen et al., 2006). Using

approximate inference, it is possible to scale GPs to larger datasets while retaining

many of the uncertainty estimation properties. However, the available stationary

kernels do not compute a meaningful distance on high dimensional structured data,

such as images. Deep Kernel Learning (DKL) was introduced as a solution to

this problem: the input data is transformed using a deep feature extractor and

55
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an approximate GP is placed on top (Hinton et al., 2008; Calandra et al., 2016;

Wilson et al., 2016a). This approach has some similarities with DUQ of the previous

chapter: a GP with a stationary kernel is also a distance-aware output and the

data is transformed by a feature extractor in both cases. In this chapter, we focus

on evaluating and improving the uncertainty estimation ability of DKL.

There are two key approaches to approximate inference in a GP on a large

dataset: Random Fourier Features (RFF) (Rahimi et al., 2008; Liu et al., 2020)

and variational inducing points (Titsias, 2009; Hensman et al., 2015). The RFF

approximation is computationally fast, but requires infinitely many features to

exactly approximate the GP posterior. The more recent variational inducing point

approximation (Titsias, 2009; Hensman et al., 2015) is guaranteed to monotonically

improve the approximation as the number of inducing points grow. A discussion

and potential merging of these two methods is done in Hensman et al. (2017).

In combination with DKL, it can obtain accuracies matching standard softmax

neural networks (Wilson et al., 2016b; Bradshaw et al., 2017). We discuss the

differences between the RFF and inducing point approximation in detail in Section

4.3.1. Previous works on DKL have mostly been evaluated in terms of accuracy

and robustness to adversarial examples (Wilson et al., 2016b; Bradshaw et al.,

2017). In this chapter, we focus on evaluating and improving the uncertainty

estimation quality of DKL.

We study why previous DKL works can have poor uncertainty estimates, and

propose Deterministic Uncertainty Estimation (DUE - pronounced “Dewey”), which

builds on DKL and addresses this limitation. Examining why DKL uncertainty

underperforms, we find that for certain feature extractors, data points dissimilar

to the training data (also called “out of distribution” or OOD data) might be

mapped closed to feature representations of in distribution points. This is called

“feature collapse” (Figure 3.2), and suggests that a constraint must be placed on

the deep feature extractor. To understand what constraints must be placed on

the DKL feature extractor, we take inspiration from DUQ and SNGP (Liu et al.,

2020) which propose to use a bi-Lipschitz constraint on a feature extractor in the
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(a) DUE - 1K (b) DUE - 1M

(c) SNGP - 1K (d) SNGP - 1M

Figure 4.1: In green 300 example training data points and in blue the prediction
including uncertainty (one and two std). We see that DUE performs well when trained
with 1 thousand (1K) data points and 1 million (1M) data points. Meanwhile, the RFF
approximation in SNGP concentrates its uncertainty at 1M, and is very uncertain at 1K.
This highlights a drawback of the parametric RFF approximation.

context of radial basis function (RBF) networks and RFF GPs. This constraint

enforces the feature representation to be sensitive to changes in the input (lower

Lipschitz, avoids feature collapse) but also generalise due to smoothness (upper

Lipschitz). We show the effect of these constraints in Figure 4.2.

Compared to alternative single forward pass uncertainty methods, DUE has a

number of advantages. DUQ’s one-vs-all loss cannot be extended to regression, while

DUE is demonstrated to work well on both classification and regression. SNGP

uses the RFF approximation, which means the uncertainty concentrates in the

limit of data, even “far-away” from the training data. For example, in the region

−3 < x < 3 of Figure 4.1 we are outside the support of the training data. We can

see for a training set size of 1K the uncertainty interval is wide for SNGP (Figure

4.1c). However, as we increase the training set size to 1M, the uncertainty interval
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outside the support of the training data becomes indistinguishable from inside the

support (Figure 4.1b). In contrast to SNGP, DUE’s inducing point GP preserves

the exact GP’s properties and has similar uncertainty outside the support of the

training data when trained on small and very large datasets. This means DUE fulfils

optional desideratum 4, uncertainty should remain high away from the training

data. In contrast to existing DKL methods, DUE avoids feature collapse (Table

4.1), and training DUE is substantially simplified: there is no need to pre-train

with a softmax output or adapt the architecture of standard models. There is also

no computational overhead over a standard softmax model.

DUE outperforms all alternative single forward pass uncertainty methods on

the CIFAR-10 vs SVHN detection task. To evaluate DUE’s uncertainty quality for

regression on real world data, we use a recently introduced benchmark for predicting

treatment effect and uncertainty based treatment deferral in causal models for

personalised medicine (Jesson et al., 2020). This benchmark combines the need for

accurate predictions and uncertainty in a regression task, and we show that DUE

outperforms all alternative methods. The code for this chapter is publicly available.1

In summary, our contributions are as follows:

1. A single forward pass uncertainty model that works well for classification and

regression.

2. Insight into DKL’s failures and a principled solution that gives accurate

uncertainty estimates.

3. A practical DKL training setup that can learn the deep model and GP from

scratch on a variety of datasets.

4.1 Background

In DKL, a deep feature extractor is used to transform the inputs over which an

inducing point GP is defined. DKL was originally introduced as a way to combine
1https://github.com/y0ast/DUE

https://github.com/y0ast/DUE
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the expressiveness of deep neural networks with the probabilistic prediction ability

of GPs. The kernel, which contains a deep feature extractor, is defined as:

kl,θ(xi, xj)→ k̄l(fθ(xi), fθ(xj)), (4.1)

where fθ(·) is a deep neural network, such as a Wide ResNet (WRN) (Zagoruyko

et al., 2016) up to the last linear layer, parametrised by θ. The base kernel k̄l(·, ·)

can be any of the standard kernels, such as the RBF or Matérn kernel. l represents

the hyperparameters of the base kernel, such as the length scale and output scale.

xi is a data point in the dataset Dtrain = {X, Y }. DKL can be applied to both

classification and regression problems.

Inference in an exact GP is bottlenecked by the inversion of an n × n kernel

Gram matrix with n the number of data points, which has a time complexity that

scales cubically with n. In contrast, an inducing point GP is based on m inducing

points (with m << n), which act as pseudo-input-points used to approximate

the full dataset. The locations and values of the inducing points are parameters,

and learned by maximising a lower bound on the marginal likelihood known as

the ELBO (Titsias, 2009; Hensman et al., 2015). This reduces the complexity

of posterior inference from O(n3) to O(m2n), thus models with fewer inducing

points are faster to train. In practice, these inducing points are placed in feature

space to exploit the clustering behaviour of the deep feature extractor, we visualise

this behaviour in the Figure 4.4.

The two most prevalent instances of DKL are SV-DKL (Wilson et al., 2016b)

and GPDNN (Bradshaw et al., 2017). In SV-DKL, an additional restriction is

placed on the inducing points to lie on a grid. This enables faster matrix inversion

algorithms, at the expense of a less flexible inducing point structure. In GPDNN,

the inducing points are not constrained, but the feature dimensionality is reduced to

just 25, leading to increased risk of feature collapse and poor uncertainty estimation

(see Section 4.2.1). Both methods use a pre-training phase with a standard, non GP,

output. GPDNN trains with different optimisers for pre-training and training with

GP output, and uses different learning rates for variational versus model parameters.
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In summary, these models are more cumbersome to use than alternative methods for

uncertainty estimation, such as Deep Ensembles (Lakshminarayanan et al., 2017).

4.2 Method

Here we explain how feature collapse affects DKL’s uncertainty, give insight into

why DKL’s objective leads to feature collapse, and use that insight to mitigate

feature collapse by introducing the DUE model.

4.2.1 Feature Collapse

When the deep feature extractor inside the kernel is unconstrained, it can map

in and out of distribution data to the same location in feature space. The GP

assigns high confidence to inputs similar to the training data, so when in and out

of distribution data have the same feature representation, the GP will assign high

confidence to out of distribution inputs. This is called feature collapse, which we

previously discussed in Chapter 3 and visualised in Figure 3.2.

A compelling explanation for why feature collapse is likely to occur for DKL

in particular is given in Lotfi et al. (2022), who argue that the issue lies with

the log marginal likelihood objective. The authors show that an unconstrained

feature extractor in DKL can lead to severe overfitting and incorrect uncertainty

and the problem is exacerbated where there are a large number of hyperparameters

to learn as in DKL. In the low-data regime, the authors show it is possible to

significantly outperform the marginal likelihood objective using a conditional log

marginal likelihood (CLML) objective. We show how this approach is complimentary

with DUE in Appendix B.1.

Following Chapter 3, we know that feature collapse can be reduced by enforcing

two constraints on the model: sensitivity and smoothness. Sensitivity implies that

when the input changes the feature representation also changes. Thus, the model

cannot simply collapse feature representations arbitrarily. Smoothness implies small

changes in the input cannot cause massive shifts in the output. These constraints can

be achieved by enforcing the feature extractor to be bi-Lipschitz, which has also been
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Algorithm 2 Algorithm for training DUE.
1: Definitions:

1.1: Residual NN fθ : x → RJ with feature space dimensionality J and
parameters θ.

1.2: Approximate GP with parameters ϕ = {l, s, ω}, where l length scale and
s output scale of k̄, ω GP variational parameters (including m inducing
point locations Z).

1.3: Learning rate η, loss function L.
2: Using a random subset of p points of our training data, X init ⊂ X, compute:

2.1: Initial inducing points: K-means on fθ(X init) with K = m. Use found
centroids as initial inducing point locations Z in GP.

2.2: Initial length scale: l = 1
(p

2)
∑p

i=0
∑p

j=i+1 |f(X init
i )− f(X init

j )|22.

3: for Minibatch xb, yb ⊂ Dtrain do
4: θ′ ← spectral_normalisation(θ) – explained in Section B.1.5.
5: p(y′

b|xb)← evaluate_GPϕ(fθ′(xb))
6: L ← ELBOϕ(p(y′

b|xb), yb)
7: (ϕ, θ)← (ϕ, θ) + η ∗ ∇ϕ,θL
8: end for

shown to help in many other contexts (Rosca et al., 2020). A bi-Lipschitz feature

extractor can be obtained in different ways and each comes with different trade-offs:

• Two-sided gradient penalty: this penalty was introduced in the context

of GANs (Gulrajani et al., 2017). It regularises using a two-sided gradient

penalty, penalising the squared distance of the gradient from a fixed value

at every input point. It is easy to implement, but only a soft constraint. In

practice the training stability and regularisation effectiveness is sensitive to

the relative weight of the penalty in the loss. This method is used in DUQ.

• Direct spectral normalisation and residual connections: spectral

normalisation (Gouk et al., 2018; Miyato et al., 2018) on the weights leads

to smoothness, and it is possible to combine this with an architecture that

contains residual connections for the sensitivity constraint. This method is

faster than the gradient penalty, and in practice offers a more effective way of

mitigating feature collapse. This method is used in SNGP (Liu et al., 2020).
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(a) ResNet + Softmax (b) GPDNN (c) DUE

Figure 4.2: We show uncertainty results on the two moons dataset. Yellow indicates high
confidence, while blue indicates uncertainty. In Figure 4.2a, a simple feed-forward ResNet
with a softmax output is certain everywhere except on the decision boundary. In Figure
4.2b, we see that GPDNN (Bradshaw et al., 2017), which uses a simple Feed-Forward
Network as feature extractor, is certain even far away from the training data. In Figure
4.2c, we show DUE, which has the appropriate restrictions on the feature extractor
(residual connections and spectral normalisation) and obtains close to ideal uncertainty
on this dataset.

• Reversible model: A reversible model is constructed by using reversible

layers and avoiding any down scaling operations (Jacobsen et al., 2018;

Behrmann et al., 2019). This approach can guarantee that the overall function

is bi-Lipschitz, but it consumes considerably more memory and can be difficult

to train.

In this work, we use direct spectral normalisation and residual connections, as we

find it to be more stable than a direct gradient penalty and significantly more

computationally efficient than reversible models. In Figure 3.2, we show that

a constrained model does not collapse points on top of each other in feature

space, enabling the GP to correctly quantify uncertainty. Using a stationary

kernel, the model reverts to the prior away from the training data just like a

GP defined over the input space.

4.2.2 Model

DUE builds upon the foundation of GPDNN (Bradshaw et al., 2017). To enforce

the bi-Lipschitz constraint and enable high quality uncertainty, we restrict the

deep feature extractor to have residual connections in combination with spectral

normalisation as described in the previous section. We further make several
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Figure 4.3: A density of the Lipschitz
values in batch normalisation layers, av-
eraged across 15 WRN models that were
trained with Softmax output and without
spectral normalisation (exactly following
Zagoruyko et al. (2016)). We see that many
of the constants are significantly above 1,
highlighting that batch normalisation has
significant impact on the Lipschitz constant
of the network.

Figure 4.4: Visualisation of the learned
feature representations of the training set of
CIFAR-10. We use T-SNE (van der Maaten
et al., 2008) to reduce the dimensionality
down to 2D, and we colour the points by
their class label. We overlay (in red) the
inducing points location, which we label by
computing the closest class average T-SNE
representation. The features and inducing
point locations are obtained from a DUE
model trained with 10 inducing points and
spectral normalisation.

simplifications to the training process to make GPDNN more practical to use.

Instead of an additional downsampling layer to 25 dimensions which increases

the risk of feature collapse, the GP output is placed directly on top of the last

convolutional layer of a large model, which is 640 dimensional in the case of the WRN.

In practice, DUE trains well with just 10 inducing points on CIFAR-10 which leads to

a runtime that is only 3% slower than a softmax model. No pre-training is necessary

and training is stable with a single set of hyperparameters for both the variational

and model parameters. The training procedure is described in Algorithm 2.

Online power iteration for spectral normalisation can be implemented exactly

for fully connected layers and 1x1 convolutions. For convolutions larger than 1x1,

we use an approximate method that lower bounds the exact method, as proposed

in Gouk et al. (2018) and implemented by Behrmann et al. (2019).

Batch Normalisation In SNGP, spectral normalisation is applied only on the

convolution operations. However, batch normalisation, a crucial component of
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Table 4.1: AUROC on CIFAR10 vs SVHN for two DKL methods trained with feature
extractors with and without a bi-Lipschitz constraint. Non bi-Lipschitz uses VGG-19
(Simonyan et al., 2015); bi-Lipschitz uses a WRN with spectral normalisation. Both
models obtain high accuracy, matching standard softmax models. SV-DKL (Wilson
et al., 2016b) without bi-Lipschitz obtains poor uncertainty: distinguishing in and out
of distribution data is no better than chance. GPDNN (Bradshaw et al., 2017) without
bi-Lipschitz obtains better but still poor uncertainty. The cell highlighted in grey is DUE.

Bi-Lipschitz non bi-Lipschitz
AUROC Accuracy AUROC Accuracy

SV-DKL 0.959±.001 95.7±0.06 0.498±.001 93.6±0.05
GPDNN 0.958±.005 95.6±0.04 0.876±.004 93.7±0.10

training deep models, has a non-trivial Lipschitz constant. Batch normalisation

transforms the input following:

xout = diag
 γ√

Var(x)

 (x− E[x]) + β, (4.2)

with γ and β the learnable scale and shift parameters. It has a Lipschitz constant

of maxi | γi√
Var(x)

i

| (Gouk et al., 2018). Using the above equation, we can extend

spectral normalisation to batch normalisation by dividing the weight γ of the batch

normalisation by the (scaled) Lipschitz constant. In practice, we find that batch

normalisation layers in trained ResNets have a relatively high Lipschitz constant,

up to around 12, and 95% of the channel-wise Lipschitz constants are greater than

one (see also Figure 4.3). Adding spectral normalisation to batch normalisation

layers ensures the entire network’s upper Lipschitz constant is bounded.

4.3 Related Work

The single forward pass uncertainty methods most similar to DUE are DUQ and

SNGP (Liu et al., 2020). Compared to DUQ, DUE can readily be applied to

regression problems, and the gradient penalty in DUQ is difficult to optimise

and slow to compute. SNGP (Liu et al., 2020) consists of a deep feature ex-

tractor and an output GP, which is approximated using the parametric Random

Fourier Features (RFF) approximation (Rahimi et al., 2008) in combination with

a Laplace approximation for the non-conjugate Softmax likelihood (Rasmussen
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et al., 2006). We discuss the trade-offs between the RFF and variational inducing

point approximations in the next subsection.

4.3.1 Inducing Points versus RFF Approximation

With the RFF approximation, for any finite number of features, the kernel is

approximated as a linear model on a finite number of features. Inducing point GP

approximations, on the other hand, use as the approximation a standard GP which

is defined over a set of inducing inputs instead of over the entire training set (which

is computationally prohibitive). The inducing point approximation then tries to

move the inducing input locations to minimise the KL between this inducing point

GP and the full GP (Titsias, 2009), giving a tractable objective. The approximation

will become exact when the number of inducing points matches the number of

training points (at which point the ELBO can match the GP marginal likelihood

by placing the inducing inputs on the training input locations). This is in contrast

to RFF which will only become exact at the infinite limit of the number of random

features. Inducing point GPs also have a tight bound on the marginal log-likelihood,

which means that we can do model selection by optimising the ELBO with respect

to various hyperparameters (Burt et al., 2019).

In Figure 4.1, we show the effects of the approximations in DUE and SNGP in

practice by training on a small and large dataset sampled from the same distribution.

SNGP’s uncertainty interval is dependent on the number of training points: it is

wide in areas where there is no training data at 1K data points, but very narrow

in the same regions at 1M data points. While DUE’s inducing point GP has

similar uncertainty outside the support of the training data when trained on either

dataset size. SNGP uncertainty was estimated using the exact method with a ridge

penalty of 1. All other hyperparameters were shared between the two methods,

and are listed in Appendix B.1.
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Table 4.2: Results on the CIFAR-10 dataset, and distinguishing between CIFAR-10 and
SVHN by uncertainty. All results use a WRN (Zagoruyko et al., 2016) as feature extractor
and are the average and standard error of 5 runs. Ensemble of 5 by Lakshminarayanan
et al. (2017), DUQ, SNGP by Liu et al. (2020), SV-DKL (with the same constraints as
DUE - spectral normalisation and residual connections) by Wilson et al. (2016b). The
runtime is relative to the “Standard WRN” row. In bold are top results (within standard
error), and the horizontal line separates ensembles from single forward pass methods.

Method Runtime ↓ Accuracy (%) ↑ AUROC ↑
Ensemble of 5 5x 96.6±0.03 0.967±0.005
Standard WRN 1x 96.2±0.01 0.932±0.008
DUQ 3.5x 94.9±0.04 0.940±0.003
SNGP 1x 96.0±0.04 0.940±0.006
SV-DKL (with constraints) 2x 95.7±0.06 0.959±0.001
DUE 1x 95.6±0.04 0.958±0.005

4.4 Experiments

We now highlight in several experiments how the suggested constraints affect

uncertainty estimation in DKL. The first experiment looks at classification in

2D, and subsequently we scale the model to CIFAR-10. Lastly, we look at an

application of DUE in a real-world setting.

4.4.1 Feature Collapse in DKL

We analyse the problem of feature collapse in DKL in Figure 4.2 on the Two Moons

dataset (Pedregosa et al., 2011). We show results for three different models: a

standard softmax model, DUE, and a variation where the spectral normalised

ResNet is replaced by a fully connected model (similar to Bradshaw et al. (2017)),

experimental details are provided in Appendix B.1. The uncertainty is computed

using the predictive entropy of the class prediction; we model the problem as a

two class classification problem.

The standard softmax output model is certain everywhere except on the decision

boundary. DUE (Figure 4.2c) quantifies uncertainty as expected for the two moons

dataset: certain on the training data, uncertain away from it and in-between the

two moons. Figure 4.2b highlights the importance of our contribution, because the
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Table 4.3: Test accuracy and Negative
Log-Likelihood (NLL) on CIFAR-10 of
DUE with WRN feature extractor for in-
creasing number of inducing points (m).
As the number of inducing points increases,
both the NLL and accuracy remain con-
stant with no statistically significant differ-
ence. This shows that is not necessary to
have many inducing points to obtain strong
performance.

m Accuracy (%) ↑ NLL ↓
10 95.56±0.04 0.187±0.004
50 95.54±0.06 0.182±0.002
100 95.35±0.06 0.183±0.002
1000 95.49±0.05 0.180±0.001

Table 4.4: ECE calibration results on
CIFAR-10 with 15 bins and no post-hoc
scaling. DUQ and SNGP results obtained
from Liu et al. (2020).

Method ECE
DUE 0.018±0.002
DUQ 0.034±0.002
SNGP 0.018±0.001

uncertainty estimation of a standard Feed-Forward Network in combination with

DKL suffers from feature collapse and is certain away from the training data.

4.4.2 Feature Collapse in CIFAR-10 versus SVHN

We now consider training end-to end with a large feature extractor, the Wide

Residual Network (WRN), on CIFAR-10 (Krizhevsky et al., 2009). We follow

Zagoruyko et al. (2016) and use a 28 layer model with BasicBlocks and dropout.

Importantly, we can use their hyperparameters (such as dropout rate, learning rate,

and optimiser) when training DUE, and no further tuning is necessary. We remove

the final linear layer of the original WRN and the 640-dim feature vector is directly

used in the GP. We use 10 inducing points for DUE on CIFAR-10, which leads to

a runtime of 1m47s for one epoch on an Nvidia GTX1080 Ti, while a standard

WRN with a linear+softmax output takes 1m43s. An ablation were we look at the

learned location of the 10 inducing points is available in the Figure 4.4. Figure 4.4

is created by transforming all points in the CIFAR-10 training dataset into their

feature representation using the trained feature extractor. We then use T-SNE

(van der Maaten et al., 2008) on all the feature representations combined and reduce

them to two dimensions. We plot all points coloured by their class and overlay the
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Table 4.5: Comparing the performance in terms of RMSE of several treatment effect
and uncertainty estimation models under “random” and “uncertainty” based deferral
to an expert (50% and 10% deferred for IHDP Cov. and IHDP respectively). The first
three rows were obtained from Jesson et al. (2020), DKLITE (Zhang et al., 2020) was
evaluated using the author’s open source implementation and the ensemble of TARNet
was reimplemented. BART by Chipman et al. (2010), BTARNet by Shalit et al. (2017),
BCEVAE by Louizos et al. (2017). DUE outperforms all alternative methods, while being
5x faster to train and evaluate than the ensemble.

IHDP Cov. (50% def.) IHDP (10% def.)
Method random uncertainty random uncertainty
BART 2.6±.2 1.8±.2 1.90±.20 1.60±.10
BTARNet 2.2±.3 1.2±.1 1.10±.03 0.76±.03
BCEVAE 2.5±.2 1.7±.1 1.80±.06 1.47±.08
DKLITE 2.6±.7 1.8±.5 1.74±.53 1.34±.41
Ensemble of 5 TARNet 1.74±.1 1.19±.03 1.14±.04 0.76±.01
DUE 1.63±.06 1.05±.05 0.91±.04 0.48±.02

inducing point locations in red. For each inducing point, we add a label based on

the class of the closest feature representation in the training set.

To further investigate the surprisingly strong performance with just 10 inducing

points, we train DUE using more inducing points and present the results in Table

4.3. As expected, the NLL improves as the number of points is increased, but the

difference is small. We attribute this surprising result to the flexibility of deep

learning and the quality of the WRN.

Uncertainty To compare the uncertainty quality between different models, we

use the experiment of distinguishing between the test sets of CIFAR-10 and SVHN

(Netzer et al., 2011) – a notably difficult dataset pair (Nalisnick et al., 2019a) – using

each model’s uncertainty metric. In Table 4.1, we compare SV-DKL and GPDNN

with two different feature extractors: with and without the DUE constraints. In

contrast to the original SV-DKL and GPDNN, these models were trained from

scratch using the same hyperparameters (including mini-batch-size) as DUE. Note

that GPDNN with constraints and the improved training setup is conceptually the

same as DUE. We see that in both cases the accuracy is high, but the uncertainty

is very poor when no constraints are placed. This highlights the importance of
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our contribution: additional constraints on the feature extractor are crucial for

good uncertainty performance in DKL.

Table 4.2 compares DUE to several baselines. We train DUE using 10 inducing

points and spectral normalisation constant 3, set in similar fashion to Liu et al.

(2020) by choosing the lowest value that does not significantly affect accuracy. All

methods compute uncertainty using the predictive entropy, except DUQ which uses

the closest kernel distance. We see that DUE and SV-DKL, with DUE feature

extractor, outperform all competing single forward pass uncertainty methods. Recall,

the difference between DUE and SV-DKL is that DUE learns the inducing points

jointly with the model, but SV-DKL constrains them to lie on a grid to enalbe

faster matrix inversion algorithms at the expensive of a less flexible inducing

point structure. DUE is competitive with Deep Ensembles uncertainty, but only

requires a single forward pass and is therefore five times faster to train. SV-

DKL with the DUE feature extractor performs similar to DUE, but takes 2x

longer to train, since it needs to invert a larger covariance matrix. The DUE and

SV-DKL result shows that the theoretically preferable inducing point variational

approximation also leads to practical improvements, as both outperform SNGP

in terms of uncertainty estimation.

4.4.3 Uncertainty in Regression for Personalised Healthcare

To demonstrate the performance of DUE on a regression task, we focus on a new

benchmark for personalised healthcare (Jesson et al., 2020). The task is to predict

responses of individuals to a particular treatment, which is only possible if there

is sufficient data available to assess how they might respond. This is also called

the overlap assumption, which states that to predict the effect of treatment for

a particular input x (an individual described by features), we need to have seen

similar data points that have received treatment as well as points that have not

received treatment. We can use uncertainty to assess when this assumption is

violated and the patient should be referred to an expert instead (Jesson et al.,

2020). It is important that the uncertainty estimates are accurate, otherwise an
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(a) BTARNet (b) DUE

Figure 4.5: Predicted CATE versus true CATE with 95% confidence intervals for
a randomly chosen cross-validation run. DUE is confident (without converging to no
uncertainty) and correct, while BTARNet (Shalit et al., 2017) is wrong in 2 instances and
the true CATE is not within the confidence interval.

individual could receive treatment even if their response to treatment is not known

which can result in undue stress, financial burdens, or worse.

This benchmark assesses both predictive performance and uncertainty estimation.

Other benchmarks which only evaluate test log-likelihood, such as UCI (Dua et al.,

2017), only capture uncertainty on the test set (in distribution), which is insufficient

to evaluate uncertainty on out of distribution data. In the case of feature collapse,

the test log-likelihood is therefore not a useful comparison tool.

We train DUE on the input features of the training set, appending a 0 or 1

to represent no treatment and treatment. The model is then used to predict the

Conditional Average Treatment Effect (CATE) (Abrevaya et al., 2015), computed

as the difference between the expected effect of treatment and no treatment. The

CATE estimate and its uncertainty are the expectation and variance over the

difference in joint predictions with the two inputs:

[y0, y1] ∼ DUE([x, t = 0], [x, t = 1])

CATE(x) = E[y1 − y0] CATEu(x) = Var[y1 − y0].

The CATE can be computed exactly, using the mean of the GP posterior, while

we use Monte Carlo sampling of the joint posterior for the uncertainty (note that
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this requires only a single forward pass through the model, and sampling from the

GP is fast). We use the uncertainty to decide which predictions will be deferred

to an expert. This process allows us to make a causal statement on the effect of

treatment, under the assumptions in Jesson et al. (2020).

We use the IHDP (Hill, 2011) and IHDP Covariate shift (referred to as IHDP

Cov.) datasets. IHDP is a regression dataset with ∼750 data points, and IHDP

Cov. is a variant with additional covariate shift to increase the difficulty of the task.

These are real world datasets derived from the Infant Health and Development

Program. The details of the covariate shift are discussed in Jesson et al. (2020). In

the experiments, treatment-effect recommendations are deferred to an expert if the

CATE estimate has high uncertainty. We include a baseline that defers at random.

We run IHDP and its covariate shift variant for 1,000 cross-validation trials.

In Figure 4.5, we compare DUE with Bayesian TARNet, which is the standard

TARNet (Shalit et al., 2017) extended with MC dropout (Gal et al., 2016) for

uncertainty quantification. The TARNet is a commonly used deep learning baseline

in the causality field. The results show that DUE is more accurate than BTARNet

for most CATE values, and that the BTARNet makes predictions for which the

ground truth is not within the confidence interval. Table 4.5 summarises our results

compared to several baselines (detailed in Appendix B.1.3) and shows that DUE

has improved performance and uncertainty estimates better suited to rejection

policies than other uncertainty-aware methods.
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4.5 Active Learning for Personalised Healthcare

We now extend the previous section for active learning (AL). This section is based

on work that took place after publishing the previous part of this chapter. In

standard AL, we care about labelling only the most informative data points, see

also Section 2.4, but in the context of personalised healthcare we additionally care

about satisfying the overlap assumption.

To motivate Causal–BALD, we first look at a set of simple acquisition functions.

A random acquisition function selects data points uniformly at random from Dpool

and adds them to Dtrain. In Figure 4.6a, we have acquired 300 such examples from

a synthetic dataset and trained DUE on those labelled examples. Comparing the

top two panels, we see that Dtrain (middle) contains an unbiased sample of the

data in Dpool (top). However, in the bottom panel, we see that while the CATE

estimator is accurate and confident near the modes of Dpool, it becomes less accurate

as we move to lower-density regions. In this way, the random acquisition of data

reflects the biases inherent in Dpool and over-allocates resources to the modes of

the distribution. If the mode were to coincide with a region of non-overlap, the

function would most frequently acquire uninformative examples.

Next, we look at using the propensity score, the probability of observing a

treated and untreated individual, to bias data acquisition toward regions where

the overlap assumption is satisfied.

Definition 4.5.1. Counterfactual Propensity Acquisition

I(π̂t | x, t,Dtrain) ≡ 1− π̂t(x) (4.3)

Intuitively, this function prefers points where the propensity for observing

the counterfactual is high. We are considering the setup where Dpool contains

observations of both X, individuals described by features, and T, if they underwent

treatment, so it is straightforward to train an estimator for the propensity, π̂t(x).

Figure 4.6b shows that while propensity score acquisition matches the treated
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(a) Random (b) Propensity (c) τ–BALD (d) µ–BALD

Figure 4.6: Simple acquisition functions. In all cases, we run active learning for a fixed
budget of 300 acquisitions. In the case of Random, we see that as expected the first two
rows are very similar and there is no noticeable bias. For Propensity, there is virtually full
overlap at the expensive of diversity. For τ–BALD, the dataset spans the full domain at
the expense of very limited overlap. µ–BALD performs relatively better: there is overlap
and diversity. This leads to a confident estimate of the CATE for the full domain of x.

and control densities in the train set, it still biases data selection towards the

modes of Dpool.

We now look at adapting the BALD acquisition function to this new setting.

The goal of BALD is to acquire data (x, t) that maximally reduces uncertainty

in the model parameters θ used to predict the treatment effect. The most direct

way to apply BALD is to use our uncertainty over the predicted treatment effect,

expressed using the following information theoretic quantity:

Definition 4.5.2. τ–BALD

I(Y1 − Y0; θ | x, t,Dtrain) ≈ Var
w∼p(θ|Dtrain)

(µ̂w(x, 1)− µ̂w(x, 0)) . (4.4)

Intuitively, this measure represents the information gain for θ if we observe the

difference in potential outcomes Y1 − Y0 for a given measurement x and Dtrain.

However, a fundamental flaw with this measure exists: observing labels for the

random variable Y1 −Y0 is impossible. Thus, τ–BALD represents an irreducible

measure of uncertainty. That is, τ–BALD will be high if it is uncertain about

the label given the unobserved treatment t′, regardless of its certainty about the

outcome given the factual treatment t, which makes τ–BALD highest for low-density

regions and regions with no overlap. Figure 4.6c illustrates these consequences.

We see the acquisition biases the training data away from the modes of the Dpool,
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where we cannot know the treatment effect (no overlap). In datasets where we

have limited overlap, it leads to uninformative acquisitions.

One remedy to the issues of τ–BALD is to only focus on reducible uncertainty:

Definition 4.5.3. µ–BALD

I(Yt; θ | x, t,Dtrain) ≈ Var
w∼p(θ|Dtrain)

(µ̂w(x, t)) . (4.5)

This measure represents the information gain for the model parameters θ

if we obtain a label for the observed potential outcome Yt given a data point

(x, t) and Dtrain.

µ–BALD only contains observable quantities; however, it does not account for our

belief about the counterfactual outcome. As illustrated in Figure 4.6d, this approach

can prefer acquiring (x, t) when we are also very uncertain about (x, t′), even if (x, t′)

is not in Dpool. Since we can neither reduce uncertainty over such (x, t′) nor know

the treatment effect, the acquisition function would not be optimally data efficient.

4.5.1 Causal–BALD

Until now, we looked at simple methods that either considered overlap or considered

information gain. Next, we present three measures that account for both factors

when choosing a new point to acquire for model training.

A straightforward to combine knowledge about a data point’s information

gain and overlap is to simply multiply µ–BALD (Equation 4.5) by the propensity

acquisition term (Equation 4.3):

Definition 4.5.4. µπ–BALD

I(µπ | x, t,Dtrain) ≡ (1− π̂t(x)) Var
w∼p(θ|Dtrain)

(µ̂w(x, t)) (4.6)

We can see in Figure 4.7a that the acquisition of training data results in matched

sampling that we saw for propensity acquisition in Figure 4.6b. However, the tails

of the overlapping distributions extend further into the low-density regions of the

pool set support where the overlap assumption is satisfied.
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(a) µπ–BALD (b) ρ–BALD (c) µρ–BALD

Figure 4.7: Causal–BALD acquisition functions. In all cases, we run active learning for
a fixed budget of 300 acquisitions. We see that both µπ and µρ–BALD have overlap and
obtain a diverse set of acquisitions. ρ–BALD has good overlap, but not diversity. We
discuss why this is the case in more detail in Section 4.5.1

Alternatively, we can take an information-theoretic approach to combine knowl-

edge about a data point’s information gain and overlap. Let µ̂w(x, t) be an instance

of the random variable µ̂t
θ ∈ R corresponding to the expected outcome conditioned

on t. Further, let τ̂w(x) be an instance of the random variable τ̂θ = µ̂1
θ − µ̂0

θ

corresponding to the CATE. Then,

Definition 4.5.5. ρ–BALD

I(Yt; τ̂θ | x, t,Dtrain) ⪆ 1
2 log

(
Varw (µ̂w(x, t))− 2 Covw(µ̂w(x, t), µ̂w(x, t′))

Varw (µ̂w(x, t′)) + 1
)

.

(4.7)

This measure represents the information gain for the CATE τθ if we observe the

outcome Y for a data point (x, t) and the data we have trained on Dtrain.

In contrast to µ–BALD, this measure accounts for overlap in two ways. First,

ρ–BALD will be scaled by the inverse of the variance of the expected counterfactual

outcome µ̂w(x, t′). This scaling biases acquisition towards examples for which we

know about the counterfactual outcome, so we can assume that overlap is satisfied

for observed (x, t). Second, ρ–BALD is discounted by Covw(µ̂w(x, t), µ̂w(x, t′)).

This discounting is a concept that we will leave for future discussion.

In Figure 4.7b we see that ρ–BALD has matched the distributions of the

treated and control groups similarly to propensity acquisition in Figure 4.6b.



76 4.5. Active Learning for Personalised Healthcare

Further, we see that the CATE estimator is more accurate over the support of

the data. There is, however, a shortcoming of ρ–BALD that may lead to subop-

timal data efficiency. Consider two examples in Dpool, (x1, t1) and (x2, t2) where

Varw(µ̂w(x1, t1)) = Varw(µ̂w(x1, t′
1)) and Varw(µ̂w(x2, t2)) = Varw(µ̂w(x2, t′

2)):

for each point, we are as uncertain about the conditional expectation given the

factual treatment as we are uncertain given the counterfactual treatment. Fur-

ther, let Covw(µ̂w(x1, t1), µ̂w(x1, t′
1)) = Covw(µ̂w(x2, t2), µ̂w(x2, t′

2)). Finally, let

Varw(µ̂w(x1, t1)) > Varw(µ̂w(x2, t2)): we are more uncertain about the conditional

expectation given the factual treatment for data point (x1, t1) than we are for

data point (x2, t2). Under these three conditions, ρ–BALD would rank these

two points equally, and so this method would bias training data to the modes of

Dpool when (x2, t2) is more frequent than (x1, t1). In practice, it may be more

data-efficient to choose (x1, t1) over (x2, t2) as it would more likely be a point

until now unseen by the model.

To combine the positive attributes of µ–BALD and ρ–BALD, while mitigating

their shortcomings, we introduce µρ–BALD.

Definition 4.5.6. µρ–BALD

I(µρ | x, t,Dtrain) ≡ Var
w

(µ̂w(x, t)) Varw(τ̂w(x))
Varw(µ̂w(x, t′)) . (4.8)

Here, we scale Equation 4.7, which has equivalent expression Varw(τ̂w(x))
Varw(µ̂w(x,t′)) by our

measure for µ–BALD such that in the cases where the ratio may be equal, there is

a preference for data points the current model is more uncertain about. We can see

in Figure 4.7c that the training data acquisition is distributed more uniformly over

the support of the pool data where the overlap assumption is satisfied. Furthermore,

the accuracy of the CATE estimator is the highest over that region.

4.5.2 Experimental Results

For each of the acquisition objectives, dataset, and model we present the mean and

standard error of empirical square root of precision in estimation of heterogeneous

effect (PEHE), which is defined as√ϵP EHE =
√

1
N

∑
x (τ̂(x)− τ(x))2. We summarise
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Table 4.6: Summary of active learning parameters for each dataset.

Dataset |Warm-up| |Acq batch| Acq steps |Pool| |Valid|

Synthetic 10 10 30 10k 1k
IHDP 100 10 38 471 201
CMNIST 250 50 55 35k 15k

Figure 4.8: √ϵP EHE performance (shaded standard error) on IHDP. All results use
the DUE model. We observe that BALD objectives outperform the random, γ and
propensity acquisition functions significantly, suggesting that epistemic uncertainty
aware methods that target reducible uncertainty can be more sample efficient.

each active learning setup in Table 4.6. The |Warm-up| is the number of examples

in the initial training dataset. |Acq batch| is the number of examples labelled

at each acquisition step. Acq steps is the number of times we query a batch of

labels. |Pool| is the number of examples in the pool dataset. Finally, |Valid| is

the number of examples used for model selection when optimizing the model

at each acquisition step.

In Figure 4.8, we see that epistemic uncertainty aware µρ–BALD outperforms

the baselines, random, propensity, and S-Type error rate (γ). This improvement is

expected as the acquisition objective targets reducible uncertainty – that is, epistemic

uncertainty when there is overlap between treatment and control. Additionally, µρ–

BALD shows superior performance over the other objectives in the high-dimensional
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dataset CMNIST verifying our qualitative analysis in Figure 4.7c.

Each of (µ–BALD, ρ–BALD, µπ–BALD, and µρ–BALD) outperforms the

baseline methods on these tasks. Of note, the performance ρ–BALD improves

as the dimensionality of the covariates increases. In contrast, the performance

of the propensity score-based µπ–BALD worsens as the dimensionality of the

covariates increases. Propensity score estimation is known to be a problem in

high-dimensions (D’Amour et al., 2021). We see that both µ-BALD and µρ–

BALD perform consistently as dimensionality increases, with µρ–BALD showing

a statistically significant improvement over µ–BALD on two of the three tasks.

These improvements indicate that µρ–BALD is more robust for data with high-

dimensional covariates than µπ–BALD; moreover, µρ-BALD does not need an

additional propensity score model.

4.6 Conclusion and Limitations

We demonstrated that DUE outperforms alternative single forward pass methods

on CIFAR-10, and obtains SotA performance in a personalised medicine regression

benchmark. We further show that by carefully considering the acquisition function in

combination with using DUE, it is viable to do active learning in the context of causal

inference. These results show that DUE overcomes the previous problems with uncer-

tainty in DKL, and makes DKL a more reliable method for uncertainty estimation.

DUE meets all desiderata set out in Chapter 1, but there are still a number

of limitations worth mentioning. First, the spectral norm coefficient (maximum

singular value) in DUE is set to 3, despite needing to be less than 1 to make

the model bi-Lipschitz (Behrmann et al., 2019). Additionally, the model employs

downsampling, which makes it non Lipschitz in general. These limitations are

discussed in Smith et al. (2021), who give insight into why this regularisation

method works well despite downsampling using a frequency analysis perspective.

Second, while inference in DUE’s output GP is independent of dataset size it is

dependent on the number of classes. In particular, on ImageNet size datasets that

have over 1,000 classes, inference becomes a bottleneck again. Lastly, implementing
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an inducing point GP is significantly more complex than the softmax function.

Recent frameworks, such as GPyTorch (Gardner et al., 2018), have made this

easier, but it remains a barrier.
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This chapter diverges from the topic of single forward pass uncertainty towards

principled uncertainty estimation for Active Learning (AL) (Cohn et al., 1996). AL

is a powerful technique for attaining data efficiency, a key problem in deep learning.

Instead of a-priori collecting and labelling a large dataset, which often comes at

81
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a significant expense, in AL we iteratively acquire labels from an expert only for

the most informative data points from a pool of available unlabelled data. After

each acquisition step, the newly labelled points are added to the training set, and

the model is retrained. This process is repeated until a suitable level of accuracy is

achieved, or the labelling budget is spent. The goal of AL is minimise the amount

of data that needs to be labelled to achieve that accuracy, or equivalently maximise

accuracy within the labelling budget. AL has already made real-world impact in

manufacturing (Tong, 2001), robotics (Calinon et al., 2007), recommender systems

(Adomavicius et al., 2005), medical imaging (Hoi et al., 2006), and NLP (Siddhant

et al., 2018), motivating the need for pushing AL even further.

In AL, the informativeness of new points is assessed by an acquisition function.

In this chapter, we focus on BALD (Houlsby et al., 2011), which has proven itself

in the context of deep learning (Gal et al., 2017; Janz et al., 2017; Shen et al.,

2018). BALD is based on mutual information and scores points based on how well

their label would inform us about the true model parameter distribution. In deep

learning models (Simonyan et al., 2015; He et al., 2016), we generally treat the

parameters as point estimates instead of distributions. However, Bayesian neural

networks have become a powerful alternative to traditional neural networks and

do provide a distribution over their parameters. Improvements in approximate

inference (Blundell et al., 2015; Gal et al., 2016; Maddox et al., 2019) have enabled

their usage for high dimensional data such as images and in conjunction with

BALD for Bayesian AL (Gal et al., 2017).

In practical AL applications, batches of data points are selected during each

acquisition step to reduce the number of times the model has to be retrained and

expert-time is requested. Model retraining becomes a computational bottleneck for

larger models while expert time is expensive: consider, for example, the effort that

goes into commissioning a medical specialist to label a single MRI scan, then waiting

until the model is retrained, and then commissioning a new medical specialist to

label the next MRI scan, and the extra amount of time this takes.
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Figure 5.1: Idealised acquisitions of BALD
and BatchBALD. If a dataset were to con-
tain many (near) replicas, then BALD would
select all replicas of a single informative data
point at the expense of other informative
data points, wasting data efficiency.

Figure 5.2: Performance on Repeated
MNIST with acquisition size 10. See Sec-
tion 5.3.1 for further details. BatchBALD
outperforms BALD while BALD performs
worse than random acquisition due to the
replications in the dataset.

In Gal et al. (2017), batch acquisition is implemented as taking the top b points

with the highest BALD acquisition score. This approach leads to acquiring points

that are individually very informative, but not necessarily so jointly. See Figure

5.1 for such a batch acquisition of BALD in which it performs poorly whereas

scoring points jointly (“BatchBALD”) can find batches of informative data points.

Figure 5.2 shows how a dataset consisting of repeated MNIST digits (with added

Gaussian noise) leads BALD to perform worse than random acquisition while

BatchBALD sustains good performance.

Without approximations, finding the best batch to label requires enumerating

all possible subsets within the available data, which is intractable as the number

of potential subsets grows exponentially with the acquisition size b and the size of

available points to choose from. Instead, we develop a greedy algorithm that selects a

batch in linear time, and show that it is at worst a 1−1/e approximation to the optimal

choice for our acquisition function. The code for this chapter is publicly available.1

1https://github.com/BlackHC/BatchBALD

https://github.com/BlackHC/BatchBALD
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The main contributions of this work are:

1. BatchBALD, a data-efficient active learning method that selects sets of high-

dimensional image data to label, leading to improved data efficiency and

reduced total run time, Section 5.2;

2. a greedy algorithm to select a batch of points efficiently, Section 5.2.1; and

3. an estimator for the acquisition function that scales to larger acquisition sizes

and to datasets with many classes, Section 5.2.2.

5.1 Background

We now review and extend the definition of AL given in Section 2.4. We also

revisit MC dropout BNNs (previously discussed in 2.2.2) as we use them to

evaluate BatchBALD.

5.1.1 Problem Setting

The Bayesian active learning setup consists of an unlabelled datasetDpool, the current

training set Dtrain, a Bayesian model M with model parameters w ∼ p(θ | Dtrain),

and output predictions p(y |x, θ,Dtrain) for data point x and prediction y ∈ {1, ..., c}

in the classification case. The conditioning of w on Dtrain expresses that the model

has been trained with Dtrain. Furthermore, an oracle can provide us with the

correct label ỹ for a data point in the unlabelled pool x ∈ Dpool. The goal is to

obtain a certain level of prediction accuracy with the least amount of oracle queries.

At each acquisition step, a batch of data points {x∗
1, ..., x∗

b} is selected using an

acquisition function a which scores a candidate batch of unlabelled data points

{x1, ..., xb} ⊆ Dpool using the current model parameters p(θ | Dtrain):

{x∗
1, ..., x∗

b} = arg max
{x1,...,xb}⊆Dpool

a ({x1, ..., xb} , p(θ | Dtrain)). (5.1)
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5.1.2 BALD

BALD (Bayesian Active Learning by Disagreement) (Houlsby et al., 2011) uses

an acquisition function that estimates the mutual information between the model

predictions and the model parameters. Intuitively, it captures how strongly the

model predictions for a given data point and the model parameters are coupled,

implying that finding out about the true label of data points with high mutual

information would also inform us about the true model parameters. Originally

introduced outside the context of deep learning, the only requirement on the model

is that it is Bayesian. BALD is defined as:

I(y ; θ | x,Dtrain) = H(y | x,Dtrain)− Ep(θ|Dtrain) [H(y | x, θ,Dtrain)] . (5.2)

Looking at the two terms in Equation 5.2, for the mutual information to be high,

the left term has to be high and the right term low. The left term is the entropy

of the model prediction, which is high when the model’s prediction is uncertain.

The right term is an expectation of the entropy of the model prediction over the

posterior of the model parameters and is low when the model is overall certain

for each draw of model parameters from the posterior. Both can only happen

when the model has many possible ways to explain the data, which means that

the posterior draws are disagreeing among themselves.

BALD was originally intended for acquiring individual data points and imme-

diately retraining the model. This becomes a bottleneck in deep learning, where

retraining takes a substantial amount of time. Applications of BALD (Gal et al.,

2016; Janz et al., 2017) usually acquire the top b. This can be expressed as

summing over individual scores:

aBALD ({x1, ..., xb} , p(θ | Dtrain)) =
b∑

i=1
I(yi ; θ | xi,Dtrain), (5.3)

and finding the optimal batch for this acquisition function using a greedy algorithm,

which reduces to picking the top b highest-scoring data points.
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5.1.3 Bayesian Neural Networks (BNN)

In this chapter, we focus on approximate BNNs as our Bayesian model because

they scale well to high dimensional inputs, such as images. Compared to regular

neural networks, BNNs maintain a distribution over their weights instead of point

estimates. Similar to Gal et al. (2017), we use MC dropout (Gal et al., 2016) as a

variational approximation for learning a BNN, which is easy to implement, scales

well to large models and datasets, and is straightforward to optimise.

5.2 Methods

We propose BatchBALD as an extension of BALD whereby we jointly score points

by estimating the mutual information between a joint of multiple data points

and the model parameters:2

aBatchBALD ({x1, ..., xb} , p(θ | Dtrain)) = I(y1, ..., yb ; θ | x1, ..., xb,Dtrain). (5.4)

This builds on the insight that independent selection of a batch of data points

leads to data inefficiency as correlations between data points in an acquisition

batch are not taken into account.

To understand how to compute the mutual information between a set of points

and the model parameters, we express x1, ..., xb, and y1, ..., yb through joint random

variables x1:b and y1:b in a product probability space and use the definition of the

mutual information for two random variables:

I(y1:b ; θ |x1:b,Dtrain) = H(y1:b |x1:b,Dtrain)−Ep(θ|Dtrain) H(y1:b | x1:b, θ,Dtrain). (5.5)

Intuitively, the mutual information between two random variables can be seen as

the intersection of their information content. In fact, Yeung (1991) shows that

a signed measure µ∗ can be defined for discrete random variables x, y, such that

I(x ; y) = µ*(x ∩ y), H(x, y) = µ*(x ∪ y), Ep(y) H(x | y) = µ*(x \ y), and so on,
2We use the notation I(x, y ; z | c) to denote the mutual information between the joint of the

random variables x, y and the random variable z conditioned on c.
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∑
i

I(yi ; θ | xi,Dtrain)

(a) BALD

I(y1, ..., yb ; θ | x1, ..., xb,Dtrain)

(b) BatchBALD

Figure 5.3: Intuition behind BALD and BatchBALD using I-diagrams (Yeung, 1991).
BALD overestimates the joint mutual information. BatchBALD, however, takes the
overlap between variables into account and will strive to acquire a better cover of θ. Areas
contributing to the respective score are shown in grey, and areas that are double-counted
in dark grey.

where we identify random variables with their counterparts in information space,

and conveniently drop conditioning on Dtrain and xi.

Using this, BALD can be viewed as the sum of individual intersections:

∑
i

µ*(yi ∩ θ), (5.6)

which double counts overlaps between the yi. Extending BALD to the mutual

information between y1, ..., yb and θ, which is equivalent to µ*(⋂i yi ∩ θ), would lead

to selecting similar data points instead of diverse ones under maximisation.

BatchBALD takes overlaps into account by computing µ*(⋃i yi ∩ θ) and is more

likely to acquire a more diverse cover under maximisation:

I(y1:b ; θ | x1:bDtrain) (5.7)

=H(y1:b | x1:b,Dtrain)− Ep(θ|Dtrain) H(y1:b | x1:b, θ,Dtrain) (5.8)

= µ*
(⋃

i

yi

)
− µ*

(⋃
i

yi \ θ

)
= µ*

(⋃
i

yi ∩ θ

)
(5.9)

This is depicted in Figure 5.3 and also motivates that aBatchBALD ≤ aBALD. We

can prove this by using the subadditivity property of information entropy and

the independence of the yi given θ, we show that BALD is an approximation of
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Algorithm 3 Greedy BatchBALD 1− 1/e-approximate algorithm
1: Input: acquisition size b, unlabelled dataset Dpool, model parameters p(θ |Dtrain)
2: A0 ← ∅
3: for n← 1...b do do
4: for x ∈ Dpool \ An−1 do
5: sx ← aBatchBALD (An−1 ∪ {x} , p(θ | Dtrain))
6: end for
7: xn ← arg max

x∈Dpool\An−1

sx

8: An ← An−1 ∪ {xn}
9: end for

10: Output: acquisition batch An = {x1, ..., xb}

BatchBALD and is always an upper bound on the respective BatchBALD score:

aBatchBALD ({x1, ..., xb} , p(θ | Dtrain)) (5.10)

=H(y1, ..., yb | x1, ..., xb,Dtrain)− Ep(θ|Dtrain) [H(y1, ..., yb | x1, ..., xb, θ,Dtrain)]
(5.11)

≤
b∑

i=1
H(yi | xi,Dtrain)−

b∑
i=1

Ep(θ|Dtrain) [H(yi | xi, θ,Dtrain)] (5.12)

=
b∑

i=1
I(yi ; θ | xi,Dtrain) = aBALD ({x1, ..., xb} , p(θ | Dtrain)) (5.13)

For acquisition size 1, BatchBALD and BALD are equivalent, which we prove

in Appendix C.3.

5.2.1 Greedy Approximation Algorithm for BatchBALD

To avoid the combinatorial explosion that arises from jointly scoring subsets of

points, we introduce a greedy approximation for computing BatchBALD, depicted

in Algorithm 3. In Appendix C.2, we prove that aBatchBALD is submodular, which

means the greedy algorithm is 1− 1/e-approximate (Nemhauser et al., 1978; Krause

et al., 2008; Cuong et al., 2013).

In Appendix C.3, we show that, under idealised conditions, when using Batch-

BALD and a fixed final |Dtrain|, the active learning loop itself can be seen as a

greedy 1 − 1/e-approximation algorithm, and that an active learning loop with

BatchBALD and acquisition size larger than 1 is bounded by an active learning
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loop with individual acquisitions, that is BALD/BatchBALD with acquisition

size 1, which is the ideal case.

5.2.2 Computing BatchBALD

For brevity, we leave out conditioning on x1, ..., xn, and Dtrain, and p(θ) denotes

p(θ | Dtrain) in this section. aBatchBALD is then written as:

aBatchBALD ({x1, ..., xn} , p(θ)) = H(y1, ..., yn)− Ep(θ) [H(y1, ..., yn | θ)] . (5.14)

Because the yi are independent when conditioned on θ, computing the right term

of Equation 5.14 is simplified as the conditional joint entropy decomposes into a

sum. We can approximate the expectation using a Monte-Carlo estimator with k

samples from our model parameter distribution ŵj ∼ p(θ):

Ep(θ) [H(y1, ..., yn | θ)] =
n∑

i=1
Ep(θ) [H(yi | θ)] ≈ 1

k

n∑
i=1

k∑
j=1

H(yi | ŵj). (5.15)

Computing the left term of Equation 5.14 is difficult because the unconditioned

joint probability does not factorise. Applying the equality p(y) = Ep(θ) [p(y | θ)],

and, using sampled ŵj, we compute the entropy by summing over all possible

configurations ŷ1:n of y1:n:

H(y1, ..., yn) = Ep(y1,...,yn) [− log p(y1, ..., yn)] (5.16)

= Ep(θ) Ep(y1,...,yn|θ)
[
− logEp(θ) [p(y1, ..., yn | θ)]

]
(5.17)

≈ −
∑
ŷ1:n

1
k

k∑
j=1

p(ŷ1:n | ŵj)
 log

1
k

k∑
j=1

p(ŷ1:n | ŵj)
 . (5.18)

5.2.3 Efficient Implementation

In each iteration of the algorithm, x1, ..., xn−1 stay fixed while xn varies over

Dpool \An−1. We can reduce the required computations by factorizing p(y1:n | θ) into

p(y1:n−1 | θ) p(yn | θ). We store p(ŷ1:n−1 | ŵj) in a matrix P̂1:n−1 of shape cn−1 × k

and p(yn | ŵj) in a matrix P̂n of shape c× k. The sum ∑k
j=1 p(ŷ1:n | ŵj) in Equation

5.18 can then be turned into a matrix product:

1
k

k∑
j=1

p(ŷ1:n | ŵj) = 1
k

k∑
j=1

p(ŷ1:n−1 | ŵj) p(ŷn | ŵj) =
(1

k
P̂1:n−1P̂

T
n

)
ŷ1:n−1,ŷn

. (5.19)
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(a) BALD (b) BatchBALD

Figure 5.4: Classification performance on MNIST for several acquisition sizes. BALD’s
performs significantly worse for larger acquisition sizes, because it does not consider the
joint informativeness and acquires repeated points in each batch. Meanwhile, BatchBALD
maintains strong performance even at larger acquisition size. However, we do see
performance degradation at 40 points, which is due to the noise in the approximations
required to compute BatchBALD at that size.

This can be further sped up by using batch matrix multiplication to compute the

joint entropy for different xn. P̂1:n−1 only has to be computed once, and we can

recursively compute P̂1:n using P̂1:n−1 and P̂n, which allows us to sample p(y | ŵj)

for each x ∈ Dpool only once at the beginning of the algorithm.

For larger acquisition sizes, we use m MC samples of y1:n−1 as enumerating all

possible configurations becomes infeasible. See Appendix C.4 for details.

Monte-Carlo sampling bounds the time complexity of the full BatchBALD

algorithm to O(bc ·min{cb, m} · |Dpool| · k) compared to O(cb · |Dpool|b · k) for finding

the exact optimal batch and O((b + k) · |Dpool|) for BALD (remind that b is the

acquisition size, c is the number of classes, k is the number of MC dropout samples).

5.3 Experiments

We start by showing how an application of the BALD algorithm in the batch

setting can lead to poor results in a dataset with many (near) duplicate data

points, and show that BatchBALD solves this problem in a grounded way while

obtaining favourable results (Figure 5.2).

We then illustrate BatchBALD’s effectiveness on standard AL datasets: MNIST

and EMNIST. EMNIST (Cohen et al., 2017) is an extension of MNIST that also
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Figure 5.5: Examples of all 47 classes of EMNIST.

includes letters, for a total of 47 classes, and has a training set that is double

the size of MNIST’s. See Figure 5.5 for examples of the dataset. We show that

BatchBALD provides a substantial performance improvement in these scenarios

too, and has more diverse acquisitions. Finally, we look at BatchBALD in the

setting of transfer learning, where we finetune a pre-trained model on a more

difficult dataset called CINIC-10 (Darlow et al., 2018), which is a combination

of CIFAR-10 and downscaled ImageNet.

Experimental Setup In our experiments, we repeatedly go through active

learning loops. One active learning loop consists of training the model on the

available labelled data and subsequently acquiring new data points using a chosen

acquisition function. As the labelled dataset is small in the beginning, it is important

to avoid overfitting. We do this by using early stopping after 3 epochs of declining

accuracy on the validation set. We pick the model with the highest validation

accuracy. Throughout our experiments, we use the Adam optimiser (Kingma

et al., 2014a) with learning rate 0.001, β1 0.9, and β2 0.999 (the default values

in PyTorch (Paszke et al., 2019)). All our results report the median of 6 trials,

with lower and upper quartiles. We use these quartiles to draw the filled error

bars on the figures in this chapter.

We reinitialise the model after each acquisition, similar to Gal et al. (2017), and

found this helps the model improve even when few data points are acquired. It
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Figure 5.6: Accuracy on MNIST for BALD
and BatchBALD. BatchBALD outperforms
BALD with acquisition size 10 and performs
close to the optimum of BALD with acqui-
sition size 1.

Figure 5.7: Relative total time on MNIST.
Normalised to training BatchBALD with
acquisition size 10 to 95% accuracy. The
stars mark when 95% accuracy is reached
for each method.

also decorrelates subsequent acquisitions as final model performance is dependent

on a particular initialisation (Frankle et al., 2019).

MC Dropout When computing p(y | x, θ,Dtrain), it is important to use the

same dropout masks for each data point x when sampling from the model with

MC dropout. This is necessary to capture dependencies between the inputs for

BatchBALD, and it makes the scores for different points more comparable by

removing this source of noise. Note that the default implementation in most

machine learning frameworks uses a different mask per element of a minibatch. We

do not keep the masks fixed when computing BALD scores, because its performance

usually benefits from the added noise. We also do not need to keep these masks

fixed for training the model.

In all our experiments, we either compute joint entropies exactly by enumerating

all configurations, or we estimate them using 10,000 MC samples, picking whichever

method is faster. In practice, we compute joint entropies exactly for roughly the

first 4 data points in an acquisition batch and use MC sampling thereafter.

5.3.1 Repeated MNIST

As demonstrated in the introduction, applying BALD to a dataset that contains

many (near) replicated data points leads to poor performance. We show how this
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(a) Increasing Repetitions (b) Alternative Method Comparison

Figure 5.8: Performance on Repeated MNIST. In Figure 5.8a, we see that BALD
performs worse as the number of repetitions is increased, while BatchBALD outperforms
BALD with zero repetitions. In Figure 5.8b, we compare BALD, BatchBALD, Var Ratios
(Freeman, 1965), Mean STD (Kendall et al., 2015) and random acquisition with acquisition
size 10 and 10 MC dropout samples.

manifests in practice by taking the MNIST dataset and replicating each data point

in the training set two times (obtaining a training set that is three times larger than

the original). After normalising the dataset, we add isotropic Gaussian noise with

a standard deviation of 0.1 to simulate slight differences between the duplicated

data points in the training set. All results are obtained using an acquisition size

of 10 and 10 MC dropout samples. The initial dataset was constructed by taking

a balanced set of 20 data points, two of each class (similar to Gal et al. (2017)).

These initial data points were chosen by running an active learning loop with

BALD and an initial dataset picked randomly 6 times and choosing the set of

the median model. They were subsequently held fixed. The model architecture

used for this dataset is described in Section C.1.

The results can be seen in Figure 5.2. In this illustrative scenario, BALD

performs poorly, and even randomly acquiring points performs better. However,

BatchBALD is able to cope with the replication perfectly.

To better understand the effect of redundant data points on BALD and Batch-

BALD, we run the RMNIST experiment with an increasing number of repetitions.

The results can be seen in Figure 5.8a. BatchBALD performs the same on all

repetition numbers (100 data points till 90%). BALD achieves 90% accuracy at
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Table 5.1: Number of required data points on MNIST until 90% and 95% accuracy are
reached. 25%-, 50%- and 75%-quartiles for the number of required data points when
available.

90% accuracy 95% accuracy
BatchBALD 70 / 90 / 110 190 / 200 / 230
BALD (follows Section 5.3) 120 / 120 / 170 250 / 250 / >300
BALD (Gal et al., 2017) 145 335

120 data points (0 repetitions), 160 data points (1 repetition), 280 data points (2

repetitions), 300 data points (4 repetitions). In Figure 5.8b, we evaluate the other

methods used in Gal et al. (2017) on RMNIST. We see that some of these methods

are better able to cope with the duplication, such as Var Ratios. We hypothesise

that this is due to these methods being more noisy, given that acquiring repeated

points is the optimal behaviour under summation of informativeness.

5.3.2 MNIST

For the second experiment, we follow the setup of Gal et al. (2017) and perform AL

on the MNIST dataset using 100 MC dropout samples. We use the same model

architecture and initial dataset as in Section 5.3.1. Due to differences in model

architecture, hyperparameters and model retraining, we significantly outperform

the original results in Gal et al. (2017) as shown in Table 5.1.

We first look at BALD for increasing acquisition size in Figure 5.4a. As we

increase the acquisition size from the ideal of acquiring points individually and

fully retraining after each point (acquisition size 1) to 40, there is a substantial

performance drop.

BatchBALD, in Figure 5.4b, is able to maintain performance when doubling the

acquisition size from 5 to 10. Performance drops only slightly at 40, possibly

due to estimator noise.

The results for acquisition size 10 for both BALD and BatchBALD are compared

in Figure 5.6. BatchBALD outperforms BALD. Indeed, BatchBALD with acquisition

size 10 performs close to the ideal with acquisition size 1. The total run time of

training these three models until 95% accuracy is visualised in Figure 5.7, where
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Figure 5.9: Performance on EMNIST.
BatchBALD consistently outperforms both
random acquisition and BALD while BALD
is unable to beat random acquisition.

Figure 5.10: Entropy of acquired class
labels over acquisition steps on EMNIST.
BatchBALD steadily acquires a more diverse
set of data points.

we see that BatchBALD with acquisition size 10 is much faster than BALD with

acquisition size 1, and only marginally slower than BALD with acquisition size 10.

5.3.3 EMNIST

In this experiment, we show that BatchBALD also provides a significant improve-

ment when we consider the more difficult EMNIST dataset (Cohen et al., 2017)

in the Balanced setup, which consists of 47 classes, comprising letters and digits.

The training set consists of 112,800 28x28 images balanced by class, of which the

last 18,800 images constitute the validation set. We do not use an initial dataset

and instead perform the initial acquisition step with the randomly initialised model.

We use 10 MC dropout samples for estimating BALD and increase model capacity

(see Section C.1 for further details).

The results for acquisition size 5 can be seen in Figure 5.9. BatchBALD

outperforms both random acquisition and BALD while BALD is unable to beat

random acquisition. Figure 5.10 gives some insight into why BatchBALD performs

better than BALD. The entropy of the categorical distribution of acquired class

labels is consistently higher, meaning that BatchBALD acquires a more diverse

set of data points. In Figure 5.11, the classes on the x-axis are sorted by number

of data points that were acquired of that class. We see that BALD undersamples

classes while BatchBALD is more consistent.
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Figure 5.11: Histogram of acquired class labels on EMNIST. BatchBALD left and
BALD right. Classes are sorted by number of acquisitions only the lower half of the
classes are shown. Several EMNIST classes are underrepresented in BALD and random
acquisition while BatchBALD acquires classes more uniformly. The histograms were
created from all acquired points at the end of an active learning loop.

5.3.4 CINIC-10

CINIC-10 is an interesting dataset because it is large (270k data points) and its

data comes from two different sources: CIFAR-10 and ImageNet. To get strong

performance on the test set it is important to obtain data from both sources. Instead

of training a very deep model from scratch on a small dataset, we opt to run this

experiment in a transfer learning setting, where we use an ImageNet pre-trained

model and acquire data only to finetune the original model. This is suitable in

cases where there is a large amount of data available in an auxiliary domain, but

it is expensive to label for the domain of interest.

For the CINIC-10 experiment, we use 160k training samples for the unlabelled

pool, 20k validation samples, and the other 90k as test samples. We use an

ImageNet pre-trained VGG-16, provided by PyTorch (Paszke et al., 2019), with

a dropout layer before a 512 hidden unit (instead of 4096) fully connected layer.

We use 50 MC dropout samples, acquisition size 10 and repeat the experiment

for 6 trials. The results are in Figure 5.12, with the 59% mark reached at 1170

for BatchBALD and 1330 for BALD (median).

5.4 Related Work

AL is closely related to Bayesian Optimisation (BO), which is concerned with

finding the global optimum of a function (Snoek et al., 2012), with the fewest
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Figure 5.12: Performance on CINIC-10. BatchBALD outperforms BALD from 500
acquired samples onwards.

number of function evaluations. This is generally done using a Gaussian Process. A

common problem in BO is the lack of parallelism, with usually a single worker being

responsible for function evaluations. In real-world settings, there are usually many

such workers available and making optimal use of them is an open problem (González

et al., 2016; Alvi et al., 2019) with some work exploring mutual information for

optimising a multi-objective problem (Hernández-Lobato et al., 2016).

Maintaining diversity when acquiring a batch of data has also been attempted

using constrained optimisation (Guo et al., 2008) and in Gaussian Mixture Models

(Azimi et al., 2012). In AL of molecular data, the lack of diversity in batches

of data points acquired using the BALD objective has been noted by Janz et al.

(2017), who propose to resolve it by limiting the number of MC dropout samples

and relying on noisy estimates.

A related approach to AL is semi-supervised learning (also sometimes referred to

as weakly-supervised), in which the labelled data is commonly assumed to be fixed,

and the unlabelled data is used for unsupervised learning (Kingma et al., 2014b;

Rasmus et al., 2015). Wang et al. (2017), Sener et al. (2018), and Samarth Sinha

(2019) explore combining it with AL.
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5.5 Scope and Limitations

Unbalanced Datasets BALD and BatchBALD do not work well when the test

set is unbalanced as they aim to learn well about all classes and do not follow the

density of the dataset. However, if the test set is balanced, but the training set is

not, we do expect BatchBALD to perform well. Alternatively, one could consider

upweighting the scores by the empirical class balance in the test set and focus on

acquiring data that is more represented in the test set.

Unlabelled Data BatchBALD does not take into account any information

from the unlabelled dataset. However, semi-supervised learning could improve

the accuracy and uncertainty estimates of our BNN. We leave a semi-supervised

extension of BatchBALD to future work.

Noisy Estimator A significant amount of noise is introduced by MC-dropout’s

variational approximation to training BNNs. Sampling of the joint entropies

introduces additional noise. The quality of larger acquisition batches would be

improved by reducing this noise.

5.6 Active Learning with Very Large Pre-trained
Models

We now shift gears and look at active learning with very large pre-trained models.

This section is based on work that took place after publishing the previous part of

this chapter. Previously pre-trained experiments in this chapter were done using

a VGG-19 based model pre-trained on ImageNet. In this section, we propose to

go far beyond that by using a ViT-32L (Dosovitskiy et al., 2021) trained on the

JFT-4B dataset, which is an internal dataset by Google. Given a model that is

trained on a large dataset relevant to the active learning dataset, we can expect the

model to obtain excellent performance with just a few labelled examples. Due to

large pre-trained models being significantly more general and robust than previous
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(a) CIFAR-10
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(b) CIFAR-100
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(c) ImageNet
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(d) Places-365

Figure 5.13: Active learning on (a) CIFAR-10, (b) CIFAR-100, (c) ImageNet and (d)
Places365. JFT implies pre-training on the JFT-4B internal Google dataset, I21K is
the ImageNet derived dataset with 21,000 classes (Deng et al., 2009). I21K does not
share classes with standard ImageNet, but it is more similar to it than JFT. The margin
acquisition function (Scheffer et al., 2001) is discussed in Section 2.4. The uniform
acquisition function selects data points uniformly at random. There are very significant
benefits to pre-training compared to training from scratch in all four scenarios.

generation models (Radford et al., 2021), the chances that the model can transfer

to the AL dataset is substantial.

We augment the ViT-L32 with Batch-Ensemble layers (Wen et al., 2020) and

pre-train on JFT-4B or ImageNet21K (ImageNet with all 21,000 classes) (Deng et al.,

2009). This code for this section is available.3 In Figure 5.13, we see that these very

large pre-trained models significantly outperform their not pre-trained counterparts.

On ImageNet, pre-training on the smaller but more relevant dataset Imagenet21K

significantly outperforms pre-training on the larger but less relevant dataset JFT-4B.

We discuss the importance of the pre-trained dataset further in Section 6.3.3.

3https://github.com/google/uncertainty-baselines

https://github.com/google/uncertainty-baselines
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5.7 Conclusion

We have introduced a new batch acquisition function, BatchBALD, for Deep

Bayesian Active Learning, and an approximate greedy algorithm that selects good

candidate batches compared to the intractable optimal solution. Acquisitions

show increased diversity of data points and improved performance over BALD

and other methods.

While our method comes with additional computational cost during acquisition,

BatchBALD is able to significantly reduce the number of data points that need

to be labelled and the number of times the model has to be retrained, potentially

saving considerable costs and filling an important gap in practical Deep Bayesian

Active Learning.
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In this thesis, we described new methods and insights for uncertainty estimation in

deep learning. We answered the research questions set out in Chapter 1, and in the

course of doing so several new questions have opened up. First, we look at open

questions directly related to the chapters in this thesis. Subsequently, we consider

recent advances in very large pre-trained models such as CLIP (Radford et al., 2021)

and GPT-3 (Brown et al., 2020) and analyse how the mechanisms devised in this

thesis apply to them. We suggest exciting new research directions enabled by the

very large pre-trained models and end by summarising the contributions of this

thesis and looking back at the most important lessons learned.
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6.1 Future of Uncertainty Estimation Evaluation

An important part of introducing new uncertainty estimation techniques is to

perform a fair comparison to current methods. In this section, we specifically look

at the OOD detection evaluation method, often used to evaluate desideratum 2

of Section 1.1. The goal of this evaluation method is to distinguish between two

datasets based on uncertainty (see Section 2.3.3). It is commonly used to evaluate

uncertainty estimation techniques in the literature (Lakshminarayanan et al., 2017;

Fort et al., 2019; Nalisnick et al., 2019a; Ren et al., 2019; Liu et al., 2020; Ren

et al., 2021), and we use it as part of our evaluations in Chapters 3 and 4.

The OOD detection evaluation method corresponds to the deployment scenario

where an unexpected and unclassifiable input is encountered, and it needs to be

detected. For example, consider an X-ray image taken to detect a broken finger but

containing only an elbow. It is not known upfront that the input is unclassifiable,

nor is it known during training time what unexpected inputs can be encountered.

To be realistic, the evaluation needs to adhere to the following rules:

1. The OOD dataset cannot be used for training or model selection. It is unclear

if a model trained with the OOD dataset would generalise to different OOD

data and giving access does improve the model significantly (Band et al.,

2021).

2. Elements of the OOD dataset are preprocessed in the same way as the original

dataset. By preprocessing, we mean the input standardisation done before

evaluating the model. This might seem trivial, but in practice the detection

task becomes much simpler if this is ignored and given that we do not know

at deployment time what data will be encountered, this is the only correct

thing to do.

3. Each point should be treated independently. Access to two independent OOD

samples at the same time makes the task much simpler (see, e.g., Nalisnick

et al. (2019c)), but given that OOD samples are expected to be relatively

rare, this is not a reasonable assumption to make.
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In the ideal case, the model is evaluated on several OOD datasets, and if hy-

perparameter tuning or model selection is necessary then a completely separate

dataset should be used for this.

This set of rules makes the evaluation cumbersome, prone to mistakes, and easy

to manipulate. For example, by incorrectly preprocessing the OOD dataset one can

get better results, which means this bug is tough to spot. The exact evaluation

set-up is often obscure and a cause for discussions during peer review, while

manipulations inhibit measuring progress. We now suggest a potential alternative

evaluation method which avoids having to consider the rules above and is less prone

to mistakes or manipulation. We propose to call this “unclassifiability detection” as

an alternative for the unfortunate naming “OOD detection”, which, as we discussed

in Section 2.3.3 could mean many different types of tasks.

6.1.1 Evaluation of Unclassifiability Detection

We propose an alternative way of evaluating models trained on a given popular

dataset (e.g., CIFAR-10). We start by introducing two new evaluation datasets

that are disjoint. Each set consists of actual images from the original test set (or

equivalently obtained alternatives, see Recht et al. (2018, 2019)), in combination

with other images with classes that are not represented in the training set (e.g., taken

from ImageNet). The first evaluation set can be used for hyperparameter tuning

and model selection (the “validation set”) and the second one is used for method

comparison only (the “test set”). To reduce potential manipulation, the evaluation

of the predictions on the test set can be done by a third party, such as Kaggle.

One can compute the AUROC metric of distinguishing between two datasets by

post-hoc filtering out predictions on the data with classes not represented in the

training data. The AUROC in the selective prediction setting can be computed

by considering the full set of predictions. See Section 2.3.3 for more context on

these evaluation metrics. Different levels of difficulty could be provided by mixing

in different types of datasets and using different ratios of original and added data.

Additionally, one can consider multiple different validation and test sets, to allow
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evaluating the generalisation properties of proposed methods. Both extensions will

also reduce bias arising from the exact data that was mixed in.

The main improvement comes from providing a test set that already includes

data from another dataset, instead of considering it separately. This makes the

setup similar to standard classification, which means that one must preprocess the

individual points in the same way, and that it is not possible to use OOD detection

methods that depend on using multiple OOD samples. It is much easier to adhere

to the rules laid out in the previous section. This evaluation method is partially

inspired by the CINIC-10 dataset (Darlow et al., 2018), which extends CIFAR-10

with images from ImageNet that contain classes that match CIFAR-10. However,

that dataset is aimed at evaluating generalisation and not uncertainty estimation.

6.2 Future of Active Learning

In this section, we propose another new evaluation protocol, this time for active

learning. The current evaluation protocol of AL gives researchers the maximum

amount of freedom, but is unrealistic from a practitioners’ perspective. We further

discuss a new batch active learning method with DKL based on insights from

Chapters 4 and 5. The new method is simpler to implement and faster to compute

than BatchBALD.

6.2.1 Evaluating Active Learning

A common issue that researchers in the field of AL face is learning a large model

on a small dataset. The small dataset leads to an increased risk of overfitting and

often a different set of hyperparameters is required than when training on a large

dataset. A robust way to avoid overfitting is to use early-stopping, where training

is stopped when the validation loss starts to decrease. Hyperparameter tuning can

be done by running the full active learning loop several times and comparing the

performance on a separate validation set at the end. These approaches are taken

in Chapter 5. Alternatively, one can also change the hyperparameters after each

acquisition step, but this will introduce variance in the evaluation and is rarely done
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in research. Both these practices run into a fundamental problem when bridging

the gap from active learning research to practice: there are no (labelled) validation

sets available in practice, just like there is no labelled training set. In addition, it is

not possible to run the full active learning loop several times as the labelling budget

is spent after the first time. This means that models that are sensitive to their

hyperparameter settings are at a large disadvantage in the AL setting. We argue that

research in active learning should consider the total amount of labels to successfully

train and evaluate a model and only run active learning once on their dataset of

interest. Adhering to these requirements will need a significant shift from the current

approach as researchers will need to consider the sample efficiency of their model

evaluation (Kossen et al., 2021). Only evaluating an AL loop on the dataset once is

more straightforward: one can use a second dataset for the hyperparameter tuning.

The active learning protocol commonly used in academic research is also more

difficult than necessary. The model is trained from scratch on a small labelled

dataset and the unlabelled dataset is ignored for the purpose of obtaining a trained

model. This is an odd choice, given that there are unsupervised training algorithms

available for many types of data (Chen et al., 2020), and in some cases there might

even be strong relevant pre-trained models available (Tan et al., 2019; Radford et al.,

2021). A potential way to make use of these advances is to consider active learning

in the transfer learning setting. This would avoid the problems with learning on

a small dataset, and greatly reduce the number of hyperparameters that need to

be tuned. We looked at the pre-trained setting briefly in Section 5.6 and discuss

its limitations in more depth in Section 6.3.3.

6.2.2 Scalable Batch Active Learning

BatchBALD (Chapter 5) introduced the first practical method for computing the

informativeness of a batch of data points jointly. It does so by using a greedy

approximation of the joint entropy with a bounded error. As mentioned in the

limitations in Chapter 5, noise in the estimator of the posterior and further in

the joint entropy computation prohibits scaling BatchBALD to batches larger
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than 30 to 40. Meanwhile, a GP with a Gaussian likelihood has a closed form

solution for computing joint uncertainty on a few thousand points, after which

numerical precision makes the Cholesky decomposition difficult. From Chapter 4,

we also know that a GP in the context of DKL can obtain excellent uncertainty

estimation on large scale datasets.

There are two options for enabling joint uncertainty computation for classifi-

cation GPs. The first is to compute the uncertainty pre softmax integration, on

q(F ∗ | Y ; X, X∗) of Section 2.2.4, similar to Kendall et al. (2017). The problem

with this approach is that the model could predict a very large mean and a large

variance for a particular class and a small mean with large variance for the other

classes (note that the classes are modelled independently). Pre softmax, the large

variance would indicate high uncertainty, but post softmax the large mean value of

that particular class would dominate every MC softmax sample, leading to a low

entropy predictive softmax distribution and therefore low uncertainty. In effect, the

magnitude of the variance needs to scale with the mean value to have meaningful

influence on the uncertainty post softmax, but the likelihood pushes the mean values

as large as possible as it continues to reduce the likelihood component of the ELBO.

The second option is to avoid the softmax likelihood altogether and turn the

classification problem into regression. This can be done by transforming the labels

into a one-hot encoding and directly regressing to them. Usually models trained

in this way underperform their classification counterpart, but Milios et al. (2018)

show that by changing the likelihood to a Dirichlet, which involves smoothing of

the one hot encoded label, accuracy and uncertainty quality can match that of a

model trained with the softmax likelihood. With this tool in hand, it is possible

to evaluate the joint uncertainty in closed form, and do batch Bayesian active

learning with DKL. In a preliminary experiment, we were able to confirm Milios

et al. (2018)’s finding and obtained an accuracy of 95.7% on CIFAR-10 when

training DUE with a Dirichlet observation model, which is a slight improvement

over the 95.6% reported for DUE with a Softmax likelihood in Table 4.2. This
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underscores the viability of this approach, although more work is necessary to

evaluate the quality of the uncertainty estimation.

6.3 Very Large Pre-Trained Models

Deep learning research has long been focused on training deeper models with

increasing number of parameters. The hope is that these models will be able to

learn more complex behaviour and make more accurate predictions. The field

started with a handful of layers (Hinton et al., 2006), then tens of layers (Simonyan

et al., 2015), hundreds of layers (He et al., 2015), and now transformers with

billions of parameters (Vaswani et al., 2017; Dosovitskiy et al., 2021). Aside from

the architectural improvements, there have also been improvements in hardware,

software, and larger datasets. These improvements combined have led to models

with excellent classification, robustness, and generalisation ability (Radford et al.,

2021). Training these very large models is infeasible for most individuals and requires

a dedicated team with a large budget. Fortunately, the companies that train these

models frequently make them publicly available (Tan et al., 2019; Radford et al.,

2021). However, they do not provide the dataset used for training and only describe

the process by which it was gathered with minimal details, leaving out important

information on data sources, filtering, and total size. This has lead to the situation

where both the model, by virtue of being a very large neural network, and the

dataset have become black boxes (Breiman, 2001).

Many of the analyses done in this thesis require knowing what data the model

is (and is not) trained on. By removing that information, it becomes very difficult

to assess how the model will behave on data unlike its training data. Aside

from changing the output, architectural changes are not viable either, because

the computational cost and private data make it impossible to train a new model.

However, given the large performance improvements this type of model brings

compared to smaller alternatives, it seems evident that they will become the

standard method of deep learning, so new tools for estimating uncertainty and
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analysing the model’s abilities that can work within these constraints will have to

be researched. We discuss potential ways to do so below.

6.3.1 Evaluating Uncertainty Estimation

An important question for evaluating uncertainty in the context of pre-trained

models is to find out what data the model is not familiar with, and verify that it

does not make overconfident wrong predictions. Given that the dataset is a black

box, it is not straightforward to find a dataset that we can confidently say the

model has not seen. Instead of attempting to find such a dataset, we could take

inspiration from the adversarial example literature and quantify how difficult it

is to produce plausible but incorrectly classified inputs.

For example, one can define an adversarial optimisation target based on the

concept of feature collapse, as discussed in Chapters 3 and 4. We introduce

an additive mask ∆ in input space, a weight λ, and minimise the following

objective for i ̸= j:

min
∆
|fθ(xi + ∆)− fθ(xj)|2 + λ|∆|2. (6.1)

Intuitively, this objective aims to find the smallest change in input space such that

the feature representation of xi + ∆ and xj have a low L2 distance. Subsequently,

we can define a comparison metric based on the empirical Lipschitz constant:

Exi,xj∈X

[√
|xi|/|fθ(xi)|

|fθ(xi + ∆)− fθ(xj)|2
|(xi + ∆)− xj|2

]
. (6.2)

The root is a normalisation factor to account for the difference in input and feature

dimensionality for different datasets and models. As the final step of fθ(x) and as

preprocessing for x, we divide by a running mean and standard deviation to make

the metric scale invariant. We can use this metric to compare the extent of feature

collapse robustness in a particular pre-trained model. The main caveat is that it is

unclear if restricting the norm of ∆ is meaningful, as this implies we are computing

an L2 distance in input space, which is not a good measure of similarity.
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Avoiding Feature Collapse Recent research has shown that finetuning a pre-

trained model on a new dataset can lead to poor OOD detection (Kumar et

al., 2022). We now propose a possible way to mitigate this feature collapse by

using an additional loss term. With fθ the pretrained large model and gϕ the

classification model placed on top. X is a minibatch of 2N data points with

labels y, ϵ and η are small step sizes:

X ′ ←X − ϵ ∗ ∇X |fθ(X1:N)− fθ(XN :2N)|2 (6.3)

L ← CE(gϕ(fθ(X ′)), y)− λ
|fθ(X ′

1:N)− fθ(X ′
N :2N)|2

|X ′
1:N −X ′

N :2N |2
(6.4)

θ, ϕ← θ, ϕ− η∇θ,ϕL, (6.5)

with CE the cross-entropy loss function.

Intuitively, X ′ is one step in the direction of feature collapse between individual

elements of the first half of the batch with elements of the second half. In terms

of feature space distance:

|fθ(X1:N)− fθ(XN :2N)|2 ≥ |fθ(X ′
1:N)− fθ(X ′

N :2N)|2. (6.6)

Subsequently, we minimise the standard cross-entropy loss while maximising the

feature space distance of X ′
1:N and X ′

N :2N . An open question is what data should be

used to compute and evaluate this loss term. One option is to take inspiration from

the function-space VI literature and use interpolated points in pixel space (Rudner

et al., 2020). Another open question is whether simply splitting a minibatch

in two parts is a reasonable approach. There is significant literature on self-

supervised learning that focusses on finding the best pairs of points to contrast

(Robinson et al., 2020).

6.3.2 Uncertainty Estimation for In-Context Learning

By combining large vision and text models, it has become possible to classify

images by simply prompting the model in the right way (Alayrac et al., 2022).

For example, one can prompt the model with images of three different dogs, for

each dog specifying its species “This is an image of a ...” and ending with an
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uncaptioned image of a new dog. The model is then asked to predict the next

word, and hopefully predicts the right class for the new dog. The examples used

for the prompt can be found by searching for labelled similar images based on the

feature representation of test input (Yang et al., 2021). Excitingly, the set of classes

does not need to be known upfront, but the model can be queried on virtually any

class. This requires a complete rethinking of the concept of “open set recognition”

(as discussed in Section 2.3.3), as basically any class is now viable. This type

of learning is called “in-context learning” to differentiate it from “gradient-based

learning”, which for example includes finetuning.

In-context learning opens up interesting new questions for uncertainty estimation.

Given that there is no predictive distribution over classes, one cannot compute a form

of entropy or look at the predicted probability. It is also not clear how to compute

a feature space distance, as it is unclear what to use as feature representation for a

class. Meanwhile, it is known that the ordering of the elements of the prompt and

the content used in the prompt has a significant effect on the predictive performance

(Lu et al., 2021). Even when an uncertainty estimation method is found, evaluating

it will require crafting prompts where we know the model cannot do better than

random guessing. In summary, this type of learning will require new mechanisms

for evaluating uncertainty that go beyond what is discussed in this thesis.

6.3.3 Active Learning with Large Pre-Trained Models

Active Learning (AL) is an exciting application for large pre-trained models. Given

a model that is trained on a large dataset relevant to the active learning dataset,

we can expect the model to obtain excellent performance with just a few labelled

examples. Due to large pre-trained models being significantly more general and

robust than previous generation models (Radford et al., 2021), the chances that

the model can transfer to the AL dataset is substantial. This is the scenario

we considered in Section 5.6.

However, we must consider a second scenario, where the model was not pre-

trained on any data relevant to the AL task. This can happen when, e.g., the AL
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task is a specialised medical dataset. In this situation, it is possible that using

a pre-trained model will lead to lower performance than what can be achieved

with a randomly initialised model (Ash et al., 2020). Unfortunately, due to the

dataset of the pre-trained model often being a black box, it is not possible to

tell if a model would do well up front. Given that the AL budget can only be

spent once, this complicates using pre-trained models in practice. One could use a

labelled dataset similar to the AL task and evaluate AL performance there before

using it on the dataset of interest, but such a dataset might not always be readily

available. Not being able to predict performance up front is a big limitation in

doing active learning with pre-trained models. It is currently an open question

how and whether this shortcoming can be mitigated. One avenue of research

could be to analyse the feature space for an unlabelled dataset, for example by

using the metric suggested Section 6.3.1.

6.4 Conclusion

This thesis studies uncertainty estimation for classification, regression, and active

learning in the context of deep learning. We motivated the need for uncertainty

estimation in Chapter 1, and provided context on how it is quantified, used, and

evaluated, in Chapter 2. We developed new mechanisms to be able to estimate

uncertainty in a single forward pass in Chapter 3, and introduced a simplified

extension in Section 3.4. The extension also analysed in detail the question of

disentangling epistemic and aleatoric uncertainty including a benchmark to evaluate

it. We subsequently placed the mechanisms of Chapter 3 in the theoretical framework

of Deep Kernel Learning in Chapter 4, and showed its efficacy in active learning

for causal inference in Section 4.5. In Chapter 5, we successfully argued the case

that uncertainty-based batch active learning needs specific acquisition functions

that focus on joint informativeness and introduced a computationally tractable

way to do this that obtains excellent performance.

The work of this thesis provides a compelling framework for single forward pass

uncertainty estimation. With the advent of very large models, this has now become
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the default method of uncertainty estimation in deep learning. Several works have

already built on this approach, such as SNGP, NUQ, and others (Antorán et al.,

2020; Liu et al., 2020; Postels et al., 2020; Kotelevskii et al., 2022). A difficult

open question is how to effectively and rigorously evaluate uncertainty estimation,

especially in the context of models pre-trained on a private dataset. An answer to

this question will enable practitioners to better evaluate their systems, and catch

issues before they impact users. Since the introduction of BatchBALD in Chapter

5, several works have focused on improving it, for example BADGE (Ash et al.,

2019) and PowerBALD (Kirsch et al., 2021).

As ML becomes used in more and higher stakes applications, uncertainty

estimation will be a crucial component in making sure these systems are safe and

dependable. We hope that improvements in large-scale modeling and uncertainty

estimation go hand in hand and will lead to a bright future enabled by AI.
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A
Appendix for Chapter 3: DUQ

A.1 Experimental Details

This section contains the experimental details of Chapter 3. In all experiments, we

initialise the centroids using draws from N(0, 0.05In). All convolutional layers are

initialised using the default in PyTorch 0.4.2 based on He et al. (2015).

A.1.1 Two Moons

We set the noise level to 0.1 and generate 1000 points for our training set. Our model

consists of three layers with 20 hidden units each, the embedding size is 10. We use

the ReLU activation function and standard SGD optimiser with learning rate 0.01,

momentum 0.9 and L2 regularisation with weight 10−4. Our batch size is 64, and

we train for a set 30 epochs. We set the length scale to 0.3, γ to 0.99 and λ to 1.0.

A.1.2 FashionMNIST

We use a model consisting of three convolutional layers of 64, 128 and 128 3x3

filters, with a fully connected layer of 256 hidden units on top. The embedding

size is 256. After every convolutional layer, we perform batch normalisation and

a 2x2 max pooling operation.
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We use the SGD optimiser with learning rate 0.05 (decayed by a factor of 5

every 10 epochs), momentum 0.9, weight decay 10−4 and train for a set 30 epochs.

The centroid updates are done with γ = 0.999. The output feature dimension of

the model is 256, and we use the same value for the dimensionality of the centroids.

We normalise our data using per channel mean and standard deviation, as

computed on the training set. The validation set contains 5000 elements, removed

at random from the full 60,000 elements in the training set. For the final results,

we re-train on the full training set with the final set of hyperparameters.

A.1.3 CIFAR-10

We use a ResNet-18, as implement in TorchVision version 0.4.2. With the following

modifications: the first convolutional layer is changed to have 64 3x3 filters with

stride 1, the first pooling layer is skipped, and the last linear layer is changed

to be 512 by 512.

We use the SGD optimiser with learning rate of 0.05, decayed by a factor 10

every 25 epochs, momentum of 0.9, weight decay 10−4, and we train for a set 75

epochs. The centroid updates are done with γ = 0.999. The output dimension of

the model, d is 512, and we use the same value for the size of the centroids n.

We normalise our data using per channel mean and standard deviation, as

computed on the training set. We augment the data at training time using random

horizontal flips (with probability 0.5) and random crops after padding 4 zero pixels

on all sides. The validation set contains 10,000 elements, removed at random from

the full 50,000 elements in the training set. For the final results, we re-train on

the full training set with the final set of hyperparameters.

https://github.com/pytorch/vision/tree/v0.4.2
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Appendix for Chapter 4: DUE

B.1 Experimental Details

This section lists the experimental details for all experiments in Chapter 4.

B.1.1 1D and 2D Experiments

We perform these experiments using a simple feed-forward ResNet, similar to Liu

et al. (2020). The first linear layer maps from the input to the initial feature

representation and does not have an activation function. After which the model

is a fully connected ResNet consisting of blocks computing x′ = x + f(x), with

f(·) a combination of a linear mapping and a ReLU activation function. Spectral

normalisation is applied to the linear mapping for which we use the implementation

of Behrmann et al. (2019). We use the Adam optimiser for regression and SGD

for the two moons classification with learning rate 0.01. We use 4 layers with 128

features, a maximum spectral norm of 0.95, a single power iteration to compute

the spectral norm at each step, and an RBF kernel. Additive Gaussian noise with

standard deviation 0.1 is added to samples from the two moons dataset. For the

toy regression experiment, we use 20 inducing points and for two moons we use 4.
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B.1.2 CIFAR-10

For the WRN, we follow the experimental setup and implementation of Zagoruyko

et al. (2016). This means that for CIFAR-10, we use depth 28 with widen factor

10 and BasicBlocks with dropout. We train for the prescribed 200 epochs (no

early stopping) with batch size 128, starting with learning rate 0.1 and dropping

with a factor of 0.2 at epoch 60, 120 and 160. SGD is set to use a momentum

of 0.9 and weight decay 5e-4. We select 20% of the training data at random as

a validation set for hyperparameter tuning, but obtain the final model by using

the full training set with the final set of hyperparameters. SV-DKL was trained

using the suggested values in the GPyTorch (Gardner et al., 2018) tutorial: grid

size set to 64 and grid bounds between -10 and 10.

For spectral normalisation, we use the implementation of Behrmann et al. (2019),

and also constrain batch normalisation as described in Gouk et al. (2018). We use 1

power iteration and use the lowest spectral norm that still allows for good accuracy,

which we found to be around 3 in practice. We set the momentum of spectral batch

normalisation to 0.99 to reduce the variance of the running average estimator of

the empirical feature variance, which can be a source of instability.

B.1.3 Regression Experiment

Following Shalit et al. (2017), we use 63%/27%/10% train / validation / test

splits and report the RMSE (or equivalently PEHE) evaluated on the test set over

1000 trials. For each trial, we train for a maximum of 750 epochs with batch

size 100 and report results on the model with the lowest negative log-likelihood

evaluated on the validation set. We employ Adam optimisation with a learning

rate of 0.001 and batch size of 100.

The feature extractor uses a feed-forward ResNet architecture with 3 layers,

200 hidden units per layer, and ELU activations. Dropout is applied after each

activation at a rate of 0.1. The feature extractor takes the individual x as input,

and treatment t is appended to the output of the feature extractor, in similar

fashion to the TARNet architecture. Spectral normalisation with value 0.95 is
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used on all layers of the feature extractor. The output GP uses a Matérn kernel

with ν = 3
2 and 100 inducing points.

The baselines in Table 4.5 are: BART which is based on decision trees (Chipman

et al., 2010), BCEVAE which is the MC Dropout extension of CEVAE (Louizos

et al., 2017), and DKLITE (Zhang et al., 2020) which is a recent method also

based on DKL. Results are obtained from Jesson et al. (2020). DKLITE works by

jointly training a VAE (Kingma et al., 2013) with a GP on the latent dimensions

of the VAE. For the DKLITE experiments we use the open source code from the

authors, available from bitbucket. We write a custom loop over the IHDP dataset

to follow the above protocol. BTARNet, ensemble of TARNet and DUE all use

the same feature extractor, as detailed in Appendix B.1. We report the root mean

squared error between the predicted CATE and the true CATE (which is given in

the dataset) to assess the error on the held out dataset (lower is better).

B.1.4 Gaussian Process Initialisation

The inducing points locations are initialised using centroids obtained from performing

k-means on the feature representation of 1,000 points randomly chosen from the

training set. The initial length scales are computed by taking the average pairwise

euclidean distance between feature representation, as computed using a randomly

initialised model, of the 1,000 points. The GP is implemented using GPyTorch

(Gardner et al., 2018) and uses their default values if not otherwise specified.

B.1.5 Spectral Normalisation

We now describe the spectral normalisation procedure used in Section 3.4 and

Chapter 4. It is based on Miyato et al. (2018) and Gouk et al. (2018). The

implementation for the experiments in this paper is based on the implementation

of Behrmann et al. (2019).

The goal of spectral normalisation is to constrain the maximum singular value.

The maximum singular value can be determined exactly by SVD, but this is too

computationally expensive to run at every forward step. Instead we depend on

https://bitbucket.org/mvdschaar/mlforhealthlabpub/src/master/alg/dklite/
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Algorithm 4 Spectral Normalization for a linear layer

• Initialize ul ∈ Rdl . With d the number of hidden units in layer l for
l = 1, . . . , L with a random vector (sampled from an isotropic Gaussian
distribution).

• For each weight matrix Wl at layer l:

1. Apply power iteration method to a unnormalized weight Wl:

vl ←W T
l ul/∥(Wl)Tul∥2 (B.1)

ul ←Wlvl/∥Wlvl∥2 (B.2)

2. Calculate WSN with the spectral norm:

W SN
l (Wl) = Wl/σ(Wl), where σ(Wl) = uT

l Wlvl (B.3)

the fact that the value only changes a small amount at every gradient update and

estimate it with online power iteration, see Algorithm 4.

Based on Gouk et al. (2018), Algorithm 4 can be extended to convolutions by

simply relying on the convolution and transposed convolution operator instead of

the matrix multiplications between W and ul, vl.

We additionally constrain batch normalisation as discussed in Section 4.2.2

and we repeat it here for completeness. Batch normalisation transforms the

input following:

xout = diag
 γ√

Var(x)

 (x− E[x]) + β, (B.4)

with γ and β the learnable scale and shift parameters. It has a Lipschitz constant

of maxi | γi√
Var(x)

i

| (Gouk et al., 2018). Using the above equation, we can extend

spectral normalisation to batch normalisation by dividing the weight γ of the batch

normalisation by the (scaled) Lipschitz constant:

γSN = γ

maxi | γi√
Var(x)

i

|
(B.5)

These procedures limit the maximum singular value to 1. In practice, we find

that this value can be too constraining and instead use a larger coefficient (similar
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Figure B.1: Results of applying DUE with LML and CLML to two UCI datasets. We
see that CLML improves performance compared to LML, and that DUE’s insights further
improve upon the results in Figure 7a. of Lotfi et al. (2022).

to Liu et al. (2020)). We then normalize the weights such that their maximum

singular value is at most the larger coefficient.

B.2 Conditional Log Marginal Likelihood

We evaluate if the findings to avoid feature collapse in DKL discussed in Chapter 4

are complimentary with the method of using the conditional log marginal likelihood

(CLML) (Lotfi et al., 2022). For this experiment, we use the same feature extractor

as in Section B.1.1, with spectral normalisation and coefficient set to 0.95 as in

the 1D and 2D experiment in Chapter 4. We apply it following the experimental

setup of Lotfi et al. (2022) to the Wine datasets of UCI. In comparison with Figure

7 (a) of Lotfi et al. (2022), we see that DUE works complimentary with CLML

and further improves the performance.
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Appendix for Chapter 5: BatchBALD

C.1 Experimental Details

(Repeated) MNIST Our model consists of two blocks of [convolution, dropout,

max-pooling, ReLU], with 32 and 64 5x5 convolution filters. These blocks are

followed by a two-layer MLP that includes dropout between the layers and has

128 and 10 hidden units. The dropout probability is 0.5 in all three locations.

This architecture achieves 99% accuracy with 10 MC dropout samples during test

time on the full MNIST dataset.

EMNIST We use a similar model architecture as on MNIST, but with added

capacity. Three blocks of [convolution, dropout, max-pooling, ReLU], with 32, 64

and 128 3x3 convolution filters, and 2x2 max pooling. These blocks are followed

by a two-layer MLP with 512 and 47 hidden units, with again a dropout layer in

between. We use dropout probability 0.5 throughout the model.

C.2 Proof of Submodularity

Nemhauser et al. (1978) show that if a function is submodular, then a greedy

algorithm like Algorithm 3 is 1 − 1/e-approximate. Here, we show that aBatchBALD

is submodular.
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We will show that aBatchBALD satisfies the following equivalent definition of

submodularity:

Definition C.2.1. A function f defined on subsets of Ω is called submodular if

for every set A ⊂ Ω and two non-identical points y1, y2 ∈ Ω \ A:

f(A ∪ {y1}) + f(A ∪ {y2}) ≥ f(A ∪ {y1, y2}) + f(A) (C.1)

Intuitively, submodularity expresses that there are “diminishing returns” for

adding additional points to A.

Lemma C.2.2. aBatchBALD(A, p(θ)) := I(A ; θ) is submodular for A ⊂ Dpool.

Proof. Let y1, y2 ∈ Dpool, y1 ≠ y2. We start by substituting the definition of

aBatchBALD into Equation C.1 and subtracting I(A ; θ) twice on both sides, using the

fact that I(A ∪B ; θ)− I(B ; θ) = I(A ; θ |B):

I(A ∪ {y} ; θ) + I(A ∪ {x} ; θ) ≥ I(A ∪ {x, y} ; θ) + I(A ; θ) (C.2)

⇔ I(y ; θ | A) + I(x ; θ | A) ≥ I(x, y ; θ | A). (C.3)

We rewrite the left-hand side using the definition of the mutual information

I(A ; B) = H(A)−H(A |B) and reorder:

I(y ; θ | A) + I(x ; θ | A) (C.4)

=H(y1 | A) + H(y2 | A)︸ ︷︷ ︸
≥H(y1,y2|A)

− (H(y1 | A, θ) + H(y2 | A, θ))︸ ︷︷ ︸
=H(y1,y2|A,θ)

(C.5)

≥H(y1, y2 | A)−H(y1, y2 | A, θ) (C.6)

= I(x, y ; θ | A), (C.7)

where we have used that entropies are subadditive in general and additive given

y1 ⊥⊥ y2 | θ.

Following Nemhauser et al. (1978), we can conclude that Algorithm 3 is

1 − 1/e-approximate.



C. Appendix for Chapter 5: BatchBALD 125

C.3 BatchBALD as an Approximation of BALD
with Acquisition Size 1

To see why BALD with acquisition size 1 can be seen as an upper bound for

BatchBALD performance in an idealised setting, we reformulate line 5 in Algorithm

3 on page 88. Instead of the original term aBatchBALD (An−1 ∪ {x} , p(θ | Dtrain)),

we can equivalently maximise:

aBatchBALD (An−1 ∪ {x} , p(θ | Dtrain))− aBatchBALD (An−1, p(θ | Dtrain)) (C.8)

as the right term is constant for all x ∈ Dpool \ An−1. In turn, this is equivalent to:

= I(y1, ..., yn−1, y ; θ | x1, ..., xn−1, x,Dtrain)− I(y1, ..., yn−1 ; θ | x1:n−1Dtrain) (C.9)

= I(y ; θ | x, y1, ..., yn−1, x1:n−1,Dtrain) (C.10)

once we expand An−1 = {x1, ..., xn−1}. At each step of the inner loop, our greedy

algorithm is maximising the mutual information of the individual available data

points with the model parameters conditioned on all the additional data points

that have already been picked for acquisition and the existing training set. Finally,

assuming training our model captures all available information,

≥ I(y ; θ | x,Dtrain ∪ {(x1, y1), ...., (xn−1, ỹn−1)}) (C.11)

=aBALD ({x} , p(θ | Dtrain ∪ {(x1, y1), ...., (xn−1, ỹn−1)})) , (C.12)

where ỹ1, ..., ỹn−1 are the actual labels of x1, ..., xn. The mutual information

decreases as θ becomes more concentrated as we expand the training set size,

and thus the overlap of y and θ will become smaller (in an information-measure-

theoretical sense).

This shows that every step n of the inner loop in our algorithm is at most as good

as retraining our model on the new training set Dtrain ∪ {(x1, y1), ...., (xn−1, ỹn−1)}

and picking xn using aBALD with acquisition size 1.

Relevance for the Active Training Loop We see that the active training loop

as a whole is computing a greedy 1− 1/e-approximation of the mutual information

of all acquired data points over all acquisitions with the model parameters.
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C.4 Sampling of Configurations

We are using the same notation as in Section 5.2.2. We factor p(y1:n | θ) to avoid

duplicating computation and rewrite H(y1:n) as:

H(y1:n) = Ep(θ) Ep(y1:n|θ) [− log p(y1:n)] (C.13)

= Ep(θ) Ep(y1:n−1|θ) p(yn|θ) [− log p(y1:n)] (C.14)

= Ep(θ) Ep(y1:n−1|θ) Ep(yn|θ) [− log p(y1:n)] (C.15)

To be flexible in the way we sample y1:n−1, we perform importance sampling of

p(y1:n−1 | θ) using p(y1:n−1), and, assuming we also have m samples ŷ1:n−1 from

p(y1:n−1), we can approximate:

H(y1:n) = Ep(θ) Ep(y1:n−1)

[
p(y1:n−1 | θ)

p(y1:n−1)
Ep(yn|θ) [− log p(y1:n)]

]
(C.16)

= Ep(y1:n−1) Ep(θ) Ep(yn|θ)

[
−p(y1:n−1 | θ)

p(y1:n−1)
logEp(θ) [p(y1:n−1 | θ) p(y1:n | θ)]

]
(C.17)

≈ − 1
m

m∑
ŷ1:n−1

∑
ŷn

1
k

∑
ŵj

p(ŷ1:n−1 | ŵj) p(ŷn | ŵj)
p(ŷ1:n−1)

log
1

k

∑
ŵj

p(ŷ1:n−1 | ŵj) p(ŷn | ŵj)


(C.18)

= − 1
m

m∑
ŷ1:n−1

∑
ŷn

(
P̂1:n−1P̂

T
n

)
ŷ1:n−1,ŷn(

P̂1:n−11k,1
)

ŷ1:n−1

log
(1

k

(
P̂1:n−1P̂

T
n

)
ŷ1:n−1,ŷn

)
, (C.19)

where we store p(ŷ1:n−1 | ŵj) in a matrix P̂1:n−1 of shape m × k and p(ŷn | ŵj)

in a matrix P̂n of shape c × k and 1k,1 is a k × 1 matrix of 1s. Equation C.19

allows us to cache P̂1:n−1 inside the inner loop of Algorithm 3 and use batch matrix

multiplication for efficient computation.
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