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Abstract.

The optimal steady-state control, and suboptimal
adaptiﬁe control, of disturbed single-input-output systems
are introduced, and the class of systems considered is
defined.

It is noted that the stochastic tracking problem
divides into a deterministic tracking problem and
a stochastic regulator problem; the solutions to these
two problems are shown to be independent but formally
similar. The continuous regulator problem is approached
via both frequency and time domain methods: the former
method is extended to cover unstable systems; the
latter method is extended to include systems with
input delay. The two regulators are shown to be externally
equivalent. The frequency domain method is br@éfly described
for discrete systems, and shown to include the minimum
variancé regulator of Astrém and Peterka as a special
case. Some systems which allow measurement noise to
be treated as a system disturbance for the purposes
of optimal controller design are investigated.

A novel} class of control laws :is described in
both continuous and discrete time; in the same way
as the minimum variance regulator forms the basis
of the self-tuning regulator of Estrom & Wittenmark,

these minimum variance controllers form the basis of
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a self-tuning controller. These minimum variance controllers
have a number of advantages over the minimum variancé
regulator, and are open to a number of interpretations’
including: a model fallowing control law, and an
extension of classical control laws to systems with
‘delay. The optimality of a member of this class of
control laws is investigated, and analogies drawn
with the previously considered k-step-ahead control
laws; some examples are given to illustrate the method.
An adaptive control law combining the above
mippaun variance controllers with a linear least-
squares algorithm is proposed and shown to be self-
tuning. These self-tuning controllers are only slightly
more complex thaﬁ the self-tuning regulator of Astrom &
Wittenmark, but have a number of advantages. Intuitive
justification is given for the conjecture that some
methods of Ljung, developed for the analysis of the
self-tuning regulator, are applicable to the self-
tuning controller. Simulated examples are given which
compare and contrast the performance of the self-tuning
controller with thathf;the-sekfftgningofégulator.
The first steps towards a quasi—cohtinuous self-tuning

controller are outlined.
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Notation

Polynomials are all of the same form, for example:

A 2 e
A(s) = a, +a,s+a,s +...+ ays

Laplace transformed quantities are denoted by

a bar, for example:
v(s) £ Laplace transform of {y(ti}

Arguments are often omitted where convenieént: The . =
loose, but convenient, notation is sometimes used whereby
the symbols A(s)y(t-T) are taken to mean the inverse
Laplace transform of e-s A(s)y(s).

Symbols denoting vectors or matrices are underlined,
those used in chapter 2 are defined on pages 55-58.

Block diagrams represent systems of eguations -
they must not be taken as wiring diagrams for analogue
computers; for this reason, they may well contain

differentiators or cancelling factors with roots outside

the stability region.

E{*} denotes unconditional expectation: the
ensemble average is over all possible realisations
of the random processes affecting the argument.

E{e |t} denotes expectation conditioned on all
measurable variables in the range c«D}ﬂ : the ensemble
| average is over all possible realisations of the
random processes affecting the argument which occur

! after time t.




Chapter 1.

Introduction.
1.1 Motivation.

Control theory is a rich and interesting fileld
for_phe.theogqtigign; it must not be forgotten, however,
fhat'iis{rggts li;h;ﬁ the elucidation and solution
of problems of practical engineering interest. Divorced
from reality, control theory can become mere mathematical
sophistry - sepagrated from its context, by what criterion
can a new development - be judged? The theory presented
in thié thesis is, it is hoped, not only theoretically
interesting but also practically applicable.
Historically, control theory grew up as a set of
methods for analysing control systems selected using
engineering intultion and judgement; this analytic
design procedure has proved satisfactory for a wide
range of problems. When the emphasis changes from
designing a satisfactory control system to designing
the tbest! control system - either for actual implementation
or aé a yérdstick for measuring performance - such
analytic methods become inappropriate; for this reason
synthetic design procedures were introduced which,
on the basis of known system and disturbance dynamics,

automatically design controllers to minimise some

criterion of performance.




As discussed in section 1.3, this thesis extends
some of these methods to increase the range of systens
to vwhich they are applicable, and to eliminate some
defects hitherto present. In particular, frequency-
domain methods are extended to lnclude umstable
systems, and time-domain methods are extended to
include continuous systems with input time-delay.

Many real-life systems have dynamics which cannot
be easily deduced from physlical laws, and may even
be time varying. One approach to the control of such
systems is to experimentally determine the dynamics
of ('identify!) the system, and on the basis of the
results of suéh an experiment design a control law.

Such a procedure is inspropriate if system dynamics
change “withitime; moreover the design criteria of
identification experiments are rarely matched to the
performance of the resultant control law.

It has been suggested that a more useful approach
is to use an adaptive control law which simultaneously
identifies and controls the unknown system. Unfortunately
the optimum solution to such a problem is computationany
intractable, and so the optimum solution will, in
most cases, represent an unobtainable performance
bound. The field of adaptive control is thus distinguished
by a plethora of subopltimum algorithms: unfortunately ',



it 1is also distinguished by the paucity of adaptive
controllers in practical use.

A notable exeption to this rule is the self-tuning
regulator (strom & Wittenmark,1973); this strikes a
happy mean between complexity and performance, and
seems remarkably robust in practical situations. . .. ..
Applications have been reported in the fields of:
paper making (Borrison & Wittenmark,1973), ship steering
(Kallstrom,1975), ore crushing (Borrison & Syding,1974),
and an enthalpy exchanger used in air conditioning
(Jensen & Hansel,1974). In some of these cases tangible
benefits~h§ve been obtained using the self-tuning
regulator.

This thesis develops.a more general class of
self-tuning controllers (Clarke & Gawthrop,1975) which,
whilst retaining the simplicity of the self-tuning
regulzator, are more powerful: set point folleowing is
included, without deterioration in regulator performance;
control vweighting is possible; and the closed loop
system can be made to behave a prespecified system
with respect to the set point, and the poles of the
disturbance process arbitarily placed. This increaséd
flexibility, without significant increase in complexity,
makes the self-tuning controller a candidate for practical
applications; in particular the algorithm is éimple enough

to be realised using a microprocessor (Clarke et al.,1975)



l.2 System models.
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Fig 1.2.1 The system.

The continuous models considered in this thesis
are as depicted in Fig 1.2.1, and will usually be

expressed in transfer function notation as:

F(s) = e B(s a(s) + %%ﬁ(s) (1.2.1)

V(s) = F(s) + &H?(s) (1.2.2)

The control input, output measurement and output
of the system are denoted by U, ¥ and § respectivly.
The symbols *; and *’ represent uncorrelated white
noise processes, and A(s) -~ F(s) represent polynomlals
in the Laplace operator s of the form:

nu.
A(s) = a, +a,s+ ... +2as (1.2.3)

LY



Without loss of generality, a,, c,, d., &, and f
are all taken to be unity, and the noise processes
scaled accordingly. The system input delay is given
by T.

The rigorous theory of stochastic processes,
and the interpretation of white noise in terms of =a
Wiener process (Astom,1970; Melsa & Sage,1973), will
not be required for fhe purposes of this thesis. The
symbols (C(s)/D(s))Y¥ will normally merely imply a
process with spectral density C(s)C(-s)/D(s)D(-s);
when the process 1is interpreted as a stochastic ¢ Tve.
differential equation, it will always be possible
(following Melsa & Sage,1973) to consider continuous
white noise as a limiting case of discrete white
nolise - a conceptually much simpler process.

The discrete-time systems considered in this
thesis are described by equations analagous to (1.2.1-3),
except that the Laplace operator s is replaced by the
Z operator z-l, and e_ST is replaced by z-kwhere k
is the integer input delay. Discrete-time systems
often arise from the sampled data control of continuous
systems;jthe inter-sample behavicur of the underlying

continuous sys;em is often of practical importance.

b

The consequences of this fact and the related problem

of the cholce of sample period, thoughcof some importance,

are beyond the scope of this thesis. The continuous to



discrete conversion of deterministic models (B/A) is
discussed by Freeman (1965) and Kuo {1970); the different
problem of the conversion of stochastic models (C/D &
E/F) may be solved either via autocorrelation matching
(Kuo,1970), or by integrating the stochastic differential
equation (Astrém,1970; Kwakernaak & Sivan;1972).

It is argued in section 2.2 that practical systems
are such that the disturbance process denominator (D)
contains the system denominator (A) as a factor -
this observation leads to important results concerning
the steady-state regulator problem. The system (1.2.1)
can thus be rewritten as:

-sT

Dy BD'u + c¥, (1.2.4)

]
o

where: D

B (1.2.5)

It will be found that the case defined by C = 1 leads
to particulerly simple solutions to certain problems.

1.% Steady-state optimal control of known systems.

The criterion of optimality for the design of
continuous time control laws for known parameter

systems is taken to he:
2 2
v o= Lt. L JE[GED) - w) + Nu (t)} at
t. -t

(1.3.1)
The interpretation of this cost function as a minimisation

of output error with a constraint on control effort

is discussed by Kwakernaak & Sivan (1972). The symbol



w represents the set point - or desired value - of the
system output (y); the argument of y is advanced by
the system time-delay (T) to account for the fact that
u(t) and w(t) cannot affect y until time t+T. The
minimisation of V is constrained by the requirement
that the minimising control law be realisable - in the
sense that the control (u) must not have a functional
'dependence on future:values.8f v or w. It is shown
that the minimisation of V {2.3.1) decomposes into two
independent problems: a deterministic servo problem,
and a stochastic regulator problem.

The regulator problem has been previously approached
via two main routes: the frequency-domain methods of
Newton et al. (1957); and the time-domain methods of
Kalman and Bellman (Athens,1971; Kwakernaak & Sivan,1972).
Hitherto, neither method applied to all systems described
by equations (1.1 & 2); the former method was inapplicable
to unstable systems, the latter method was inapplicable
to systems with input delay. (Some work -has been reported
(Alekal et al.,1971; Ross,l1971) on certain deterministic
systems with a time delay.) This thesis supplies the
necessary extensions to each method to allow all systems
described by (1.1.1 & 2) to be considered in a uniform
manner.

As each method is applied to the same problem, it



would be expected that the resultant control laws
would be the same; it 1s demonstrated that despite
the different internal structure of the two control
laws, the external input-output relationships are

the same in each case. This demonstration hinges on
relations between two different algebraic Riccati
equations and spectral factorisation identities: one
defining a state feedback gain, the other defining

a Kalman filter gain. The former problem has been
previously discussed (Brocket 1970; MacFarlane,1971);
the latter problem is not the dual of the former -
due to nonwhite measurement noise;-however it is shown
that a similar relationship also holds in this case.

The frequency-domain method is also used to obtain
discrete~time results; it is demonstrated that these
include the minimum variance regulator (Estrém,1970;
Peterka,1972) as a special case - when both measurement
noise variance and céntrol weight (A) are zero.

This work highlights the importance of reglistic
disturbance modelling; unrealistic disturbance models
are shown to lead to impracticable control laws when
applying the frequency domain technique.

Hzving solved the regulator problem, the.corresponding
servo problem is found to have a formally similar solution.
The two corresponding control laws are found to combine

neatly to give a control law satisfying the overall



problem. It is noted that methods that do not distinguish
between knowﬁ set points and unknown disturbances
(Newton et al.,1957; Youla et al.,1976) must, in general
yield inferior control laws,

Finally, conditions are given which define systems
for which the measurement noise may be treated as a
disturbance - that is y in the cost function (1.3.1)
is replaced by v - without deterioration of performance.
These results are particularly useful when considering
problems where, due to lack of a priori information,
disturbance and measurement noise cannot be distinguished.

This work is described in chapter 2.

1.4 Adaptive control of unknown parameter systems.

The optimal control of unknown parameter systems
- that is the coefficients of the polynomials A-F
are unknown - is in most cases mathematically and
computationally difficult. This has lead to a
proliferation of suboptimal algorithms, some of which
have been recently surveyed (Wittenmark,1975). The
purpose of this section is to relate.the self-tuning
controllers of this thesis to some of these algorithms.
Consider the discrete-time system corresponding

to 1.2.4, and with no measurement noise:
y(t) + a y(t-1) +...+ a y(t-n) =

b,u(t-k) + b,u(t~k-1) +...+ b u{t-k-n)

+ ¥ (t) + ¢, Y(t-1) +...+ ¢, ¥(t-n) (L.4.1)
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The control of such systems can beusefully divided into
two parts: estimation of unknown quantities, and generation
of the control signal on the basis of such~gquantitiles.
These two aspects are considered in turn.

As y can be exactly measured, and u is generated
by the control law, the unknown parameters a, -a, and
b, -b, are multiplied by variables known at tine t.

The ramdom numbers f are not directly measurable, and
must be deduced from measurements of y; as the parameters
¢, —¢, are unknown a priori, the joint determination

of Y and ¢, -c, leads to a non-linear estimation problem.
Some strategies (e.g. Wieslander & Wittenmark,1971;
Alster & Belanger,1974; Wittenmark,1975) avoid this
non-linear problem by assuming that the c¢ parameters
are all zero;,the resultant linear problem is solved

by the use of a Kalman filter (&strom & Wittenmark,
1971). Other strategies (e.g. Tse et al.,1973; Jacobs &
Hughes,1975) explicitly includeithe estimation of

¢, -¢, using some approximate non-linear filter, such

as an extended Kalman filter (Sage & Melsa,1971).

The generation of the optimal control signal on
the basis of current estimates is complicated by the
fact that the current control affects future estimation
performance - the control law is said to exercise
the dual functions of estimation and control. Even

if the estimation problem is linear, and the probability
distributions specified by a finite number of sufficient



statistics, the minimisation of a multi-stage cost function
is numerically formidable (e.g. Astrom & Wittenmark,

1971). A common simplification is to remove the dual
feature by using one-step cost functions, for which

the effect of current control on future uncertainty

is immaterial.

This simplification has two deleterious effects:
identification may be poor, and even lead to 'sleeping!
or tturn off! (ﬁstrém & Wittenmark,1971; Hughes & Jacobs,
1974); the control may be poor in the sense that even
if the system parameters were known, a one-step control
law may give poor performance as measured by an infinite
stage cost function. It is this latter effect that the
extensions to the self-tuning regulator, given in this
thesls, are designed to alleviate.

The self-tuning controller, presented in this
thesis, 1s based on a rather different philosophy:
it is considered that for many applications, where
system parameters are constant or slowly varying,
the long term steady-state performancé is of greater
importance than the short term start-up performance.
Hence it is better to trade off transient - rather than
long term - performance against complexity of the :
alzorithm. This thesis develops a novel class of one
step control laws which may be combined with the
self-tuning regulator (Astrdm & HiFtenmark,1973) in



such a way as to enhance its steady-state performance
whilst retaining its essential simplicity.

The control laws corresponding to these one-step
cost functions are shown to minimise the variance
of the output () of an auxiliary system; this is
‘achieved by setting the least-squares prediction (¢*)
of 4> to zero at each stage. 'It is shown that the auxiliary
system may be written in the form:

G (t+k) = dy(t) + dy(t-1) +...+ 4,y(t-n)
+ -"fi’ou(t) + ‘B'u(t-l) +...4 Fﬂu(t-n)

+ %Lw(t) + Tw(t-1) +...+ Tw(t-n)

| ¢

o ¢ (tk-1) + ¢, $7(t+e-2) +...+ c, ¢ (t+kn)
+ € (t+k) (1.4.2)

where €* is a .moving average process of ordér. k-1

and given by:

(t+k) = Y(t+k) + e y(t+k-1) +...+ e;*(tq-l)
(1.4.3)

As in equation 1.4.2), due to lack of measurement
noise, the output (y), input (u) and set point (w)
are known quantities at time t; the corresponding terms
are thus linear in unknown quantities. It is shown
that the remaining non-linear terms ~ involving f and
$ - can be ignored without affecting long term
performance; the coefficients.y-~d, ,ﬁ—.}{\ , and

are estimated using a linear estimation alzorithm.

12
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This useful behaviour is because the terms in ¥

(1.4.3) are uncorrelated with y, u, and w as used in the
the estimation, and because the control law is such as to
set the current best estimate of 9" to zero at each stage.
Hence, although the transient behaviour of the'simplified
estimator is suboptimal, the long term performance 1is
not affected.

The optimal control law based on parameter estimates
would not only depend on the estimates themselves, but
also on the estimate covariances or higher order
statistics if the estimation were non-linear. 1f, however
the system parameters are constant, the estimates
will improve with time and the corresponding covariances
decrease. Hence, in the long term, the control law
would approximate to the certainty equivalent (Patchell &
Jacobs,1971) control law based on the estimates alone.

It is thus possible to trade offshort term performance
against complexity by using the certainty equivalent
control throughout; this also has the advantages of
avoiding turn-off (Hughes & Jacobs,1974), and the need
for a-priori knowledge of disturbance variance.

The development‘of the new one-step control laws
is considered in chapter %; the properties of the
corresponding self-tuning controllers are discussed in

chapter 4, and a number of simulated examples are given.

W



ChégterA2
Steady-state_optimal control.

2.1 Introduction

In this chapter, the systems considered in
section 1.2 are taken to have known parameters, and
on the basis of these parameters the optimal steady-
state control law is derived. Such theory is useful
not only per se, but also for giving ultimate performance
limits for steady-state control - thus_providiﬂg a
yardstick for the suboptimal control algorithms of
later chapters.

As in section 1.3, the optimal control is takenn
to be that which minimises the cost function:

o 2 2
V = Lt. 1_ E{(y(t-l-'l‘) - w(t), + \u (t)}dt
k20 2L
“Fo (2.1.1)

for the system of Fig 2.1.1.

DisTarbance. (],)
T
Lopul () —5—e” Go > Outpar (4]
(<)
Ou['Pu[ &
measurement ;
v measwremenl
neoise (‘m]

Fig 2.i.1 The system.

14
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The signal w is the desired output or setpoint, and
T the system time-delay.

As the system is linear, superposition may be
used to rewrite the system of Fig 2.1.1 as the linear
combination of the systems of Figs 2.1.2 & B.T

W

i > (4,- w)

u‘S Sﬂstem

r 4

~

SQ.I'V'O

N

Fig 2.1,2 For the servo problem.

i;a

ey Sylem ‘ > Yr
4
chu.laror < T
Im

Fig 2.1.3 For the regulator problem.
Where:

y = y‘ + YR’

u - ul + 'L'l‘~ (2.1-2)

From Fig 2.1.2, it follows that u, and y, are functioms

t This argument is expanded in Note 1, p236.
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of w only; from Fig 2.1,3 it follows that u, and y,

are functions of f& and {h’only. The known set point

W 1s taken to be independent of the zero mean stochastic
processes f& and {_; hence, using (2.1.2) and this
independence of y, , u, and y_, u, , the cost function

(2.1.1) may be rewritten as:
v = V. + V¢

vhere V, and V., arerindependent and given by:
Lo

2 2
V, = Lt. 1l_ E{(y4 (t+7) - w(t)) + u,(t)}dt
toro 28,
o (2‘1'3)
o 2 2 |
V, = Lt. L |Efy, (t+1) + uc(v)]at (2.1.2)
tae 2t, o

- r°

It follows that the control problem corresponding to
(2.1.1) naturally divides into a servo problem (2.1.3)
and a regulator problem (2.1.4). It will be shown

that the solutions to these two problems are formally
similar, and that the.resultant control laws naturally
combine into a control law for the complete problem.
This control law cannot, in general, be written as
feedback of (w - v), but rather it operates on -v

and v 1n different ways; hence some previous solutions
to this problem (eg Newton et al.,1957; Youla et al.,

1976) which force the control law to operate on (w - v)
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only,.are not optimal.

There are two main methods of solution of the
regulator problem: the transfer function - frequency
domain methods of Newton et al. (1957), and the state
space - time domain methods of Kalman (Athens,1971;
Kwakernaak & Sivan,1972). However, for the class of
systems described in section 1.2, these previous
methods do not provide a complete solution: the Newton
methods are . inapplicable to unstable systems; the
Kalman methods .were not developed for continuous systems
with a time-delay. (Some work on deterministic time-
delay systems appears in Ross,1971, and Alekal et al.,
1971)

The difficulty with the use of the frequency
domain method of Newton et al. (1957) is that cancelling
factors corresponding tc the system poles appear in
the closed loop system - hence ifi'the system is unstable,
these thidden modes! lead ,ird..practice,to an unbounded
output- in closed loop. Lim & Bankoff (1970) attempted
to overcome this problem by initially stabilising the
system; by modifying the method to include this
stabilising control signal, they derived a regulator
giving rise to stzble 'hidden modes!. It is considered
that this method is theoretically artificial and
computationally cumbersome. More recently the problem

of cancelling modes has been overcome by Youla et al.



(1976); but by restricting the structure of the control
law, their inclusion of set points is suboptimal.

(See example 2.14.1). The method given here (Gawthrop,
1976) was derived independently of that of Youla et
al., and is developed from a different point of view.
Realising that the 'hidden modes! arising in the
method of Newton are symptomatic of ihapprop:iate
system modelling, the method given here provides an
intuitivly appealing solution of the problem.

The regulator problem is also solved by state
space methods., It is shown that the problem separates
(in the strict sense) into a Kalman filter, a state
predictor, and state prediction feedback corresponding
to a certainty equivalent problem but with no time-
delay. It is noted that the same 'hidden modes' can
arise, but the usual formulation of the problem

prevents this.

Using a relationship between spectral factorisation

and the algebraic Riccati equation similar to that

of MacFarlane (1971), the state space control liw

is written in transfer function form, and is found

to be identical with that derived by the frequency
domain method. This equivalence is demonstrated only
for the continuous-time case; however it 1s conjectured

that the discrete-time analogue of this result is

18



also true - this latter equivalence would contain
previous results (Caines,1972; Hughes,1973; Watson,
1976) ,relating the Astrdém minimum variance regulator
and the Kalman linear regulator, as a special case.
Finally these results are used to examine the
guestion of when it is possible to treat measurement
noise as a system disturbance, that is treat the
measured system output, including measurement noise,
as the actual system output. This question is of
practical significance because sometimes, due to
lack of a priori information, it is not possible
to experimentally distinguish between the two

nolse processes.

19
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2.2.THE SYSTEM AND DISTURRAMCE MODEL .

f, —— Cty
(disturbance) . D
' B'C‘t's;
: Y RY - )
lL } il e B{S > .x ~ -
(input) - J - At 7 >
v £ o, - (output)
(me'asuret; 7
output ) .
) % Eg | . ;.
Fe) m
“(measurement
disturbance)

Fig.2.2.l The structure of the system

The system.(Fig.ZZD is assumed to be representable by.a rational
transfer fupcﬁion cascaded with a pure time delay. Disturbances are
stationary and represented by the outputs of rationél transfer functions
driven by white noise; these disturbances, having been multiplied by the’
relevant post-disturbance system elements, are lumped tégether at the
system output. Tﬁe measured system output is corrupﬁed with coleoured
néise represented in the same manner as thé.disturbancés, and ﬁncorrelated

witﬂ them.

That is:
F(s) = eI Bls) Tls) + c'(s) ¥ (s) (2.2.1)
a(s) D' (s) d
Tis) = y(s) + E(s) \*r (s) (2.2.2)

4, ¥, ¥ are the Laplace transformed system input, measured output and
output ?espectively. a({s), B{s) etc., are polynomials in the Laplace
operapor s, of order n, nb etc., and with no cancelling factors. The
orders are restricted by:

n, <ng, B <ng . _ (?.2[3)
The system ?ime delay is T (3;0)

The white noise processes YV and Y are defined by:
. d L



E{md(t) zpd(t+r)}

E{y, (t) v, (t+1)])
E{p_(t) ¢, (t+1))

n

o, §(1) ' 21

1

o &(1) (2.2:1)

1
(=]

where E{.} denotes the expeclation operator and §(T) the Dirac delta

.

function. Note that conditions (223 ensure that no white noise process

appears at. the system output..

As the measurement noise is stationary, all rcots of F(s) must

have. negative real parts. The stationary disturbance processes may,

however, have been passed through the system, and thus when lumped

together at the system output, D'(s) may have roots corresponding to

those of A(s), which may have positive real parts. If D' (s) does not

have roots corresponding ta all roots of A(s}) with positive real parts,

the model has two serious defects. Firstly, if the system model has no

input applied, the corresponding unstable modes will not appear at the

system output — an unlikely situation im practice. Secondly, the

resultant optimum control law designed by frequency - domain technigues

will contain corresponding cancelling factors, and thus be infinitely

"sensitive to parameter variation.

To derive a more realistic model, let the rnqgat t§{ the system be

excited by an infinitesimal amount of the disturbance process, as shown

_dotted in Fig.@iﬁﬁ.The resultant output disturbance is then:

Ya

1t

. (g. + -gll) -$ .
D! YA d

C'E + yC'"D vd ‘ (2.2.5)
DR :

. where A" is a product of factors of A not common to D',?ﬁ is a product

of factors of D' not common to A, and C" is taken to contain no factors

of A(s), A{-s) or D(s).

In the sequel ¥ is allowed to tend tc zero, but

for the present ' and D' are replaced by:

c

D

a

fits

cE + yc'D : . (2.2.6)

Dl

~
A

(2.2.'7)
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It is noted that if y # 0, C and D have no common factors. It follows that

the model obtained by letting the disturbance slightly excite the system

~modes has an output disturbance transfer function containing all unstable

modes of the system. This new model has neither of the disadvantages

associated with the previous model.
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Z2.3. THE REGULATOR PROBLEM .-

+ | Cw
d Dw

(disturbance)

o B

I

{measured B ) A |
:output ) (output)
E Cs) +
Fw) ™M
(measurement

disturbance)

Fig.23! The modified system and the feedback controller
The regulator problem considered here, Fig.23.1,is to find a
non-anticipatory control law a{s) where a{s) and B(s) are constant coefficient
' B(s) ' : o _
polynomials in the Laplace operator s. The criterion of optimality is
the minimisation of the mean square output y, with a constraint on’ the

‘mean square control input u, over an infinite time interval. Following

Newton et al{i57)this problem reduces to minimising the value function:

' L 2 2 :
v=st L el (e« da (6} at (23.1)
o™ 2%, -t, .
with respect to all such’control laws. The determination of the value of V
corresponding to a given constraint on the control u is discussed by .

Newton et al and Lim and Bankoff(i§"dso the discussion here is restricted

~to minimising {23.1) for any given value of 2.

A —>uw

4 1 Dby

T Co

e Bw—~—4>4T~*$*'ﬂ Du)***<*'f;

W
v

J#%r—-—CQM

o Eo) |
t’\ ‘.___F(i) j

Fig.232 The eruivalent cascade systen
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Following Newton et al(®sh),Lhe system is rewritten (Fig.2liZas:

¥y = ¢C (1-¢">7BQ) ¥y -~ E ] (2.2:2)
= m
D F
T = -CQT,-E AT . (2.3.3)
= m
- D F
"Q is the eqguivalent cascade compensation and giQen by:
. Q = o - ‘”
ah T o 5T oB (.3:4)
The method of soluticn used here is to define:
Qo as the optimum cascade compensation,
. Q' as an arbitrary cascade compensation,
then set Q = Qo + g0, _ _ (2.3.5)

Lo o " - Y
Having determined the constraints on Q and Q' imposed by the constraints

on o/ , a variational argumeﬂt in the fréquency domain is used to find

Qo subject to these constraints. The corresponding feedback cbmpensation

a is then obtained using {2.3.4).
B )
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CONSTRAINTS ON_THE CASCADE COMPENSATION, 0.

The solution of the x;egulator problem is dependent on the constraints
imposed on QCi and Q' by th-e problem formulation. Firstly, as the feedback
compénsation a is redquired to.be pPhysically realisable and the system
itself is alsoBrealisable by definition, Q@ and hence O° and Q' must also
be feé'lis:;ble. Secondly, the resultant closed loop system must be stable,
thit is both the system ocutput y (232)and input u (23.3) must be bounded.

As the roots of D with positive real parts, which correspond to
roots of A (section22), are cancelied by the numerator fac.tor A in(233),

this equation imposes the condition that o° and Q' have no poles with .

positive real parts. Equation (232) togather with (2.5.5) gives after slight

réarrangément: , AU .
¥y o= ¥ 4 £y’ : (275.6 )
. ) i _ ] s ) )
where 7= C(1-e " B") §. -2 e T ay C (237
D F )
gnd ¥ = Ce “UBQ' §. -E Q' e 5T [ (2.5.8)
'I-)" d 'F m

If ¥ is to be boiinded for all g, yo ard y' must be bounded, that is the
expressions (273,7) and (2738) must contain no poles with positive real parts,

Now: .
1 - e-;ST B =1 ~ e‘STBa

BA + e Yum

sT

‘BA + e aB (2.3.9)

The expression{2,39) has zerofcorresponding 1.;0 roots of A, and thus
to-the roots of P with positive real part. As F has no roots with positive
feai ‘part (section2.2),(2.3.7) and(273.9) require only that Q° has no pole with
a positive real part,

The first term of(273.8) imposes the additional condition that Q'
have zeros c'é-rresponding to roots of B {orA) with positive real parts. To
summarise, the constraints on Qo an.d Q' are:

Constraint 1 - Qo and Q' have no poles with positive real parts.

Constraint 2 - Q' has zeros correéponﬁing to all roots of a witﬁ positive
real parts,
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2.%. DERIVATION OF THE OPTIMUM CASCADE COMPENSATION : ,

From Parsevals theorem ~ the value function v (23, becones:
id 7
Vo= i Je, + a )as :
2”ﬂj Yy ] ¢uu_) (2‘4
where éyy and duu are the spectral densities of y and u respectively.

-
e

As ¢” and ¢u are uncorrelated (22%),and y and u are bounded (section2d),

(232)and(2'55) substituted into{2.4. )gives

c(s)c{-s) [U—e‘STB(s)Q(s)’").(a-e STh(-s)a(-s)) + AA(s)a(s)A(-s)
D(s)D{-s) _ . o Q(—si}ds

__“P

o - '-

+ “m | B(s)E(-s) iB(s)Qls)B(-s)Q(-s) + aa(s)Qls)a(-s)q(-s)|as, (242
27j] F(s)F(-s) [; . , S _ 3 ° +2)

| i

Setting Q = Q + e (275 S)and evaluating the first derivative of V with

respect to g_at € = 0 glves; . i
av C(s)C{~s) 1- (5)%(s)e® B(-s)Q'(-s)
de | e=0 ———il—D p{s)D{-s) [ ( ° ) ) °
e + kA(s)Qoﬁs)A(—S)Q‘t—s)] ds

+ 2%, E(s')E(—s) [B(S)QO(S)B(—s)Q'(—s) + AA(S)QO(S)A(ﬂs)Q'(%s)] ds. (2&.3)
21y | F(s)F(-s) : .

—joo - 5 )
Setting u = _m , _ R 24.4)

%a

and rearrangizg,(1‘+3)beccmes

av =20 | Q' (=s) fe{s)c(- % % s ~s) 4 -s))Q° |
a : S[(D(s = + vl hsg)( s)B(-s) + AA(s)A( s))Q (s)

2nj

—jb =
- ¢{s)c(- eSTB(ﬁs)lck; (2.4.5)
D(s)D(- S)

At this point the technique of spectral factorlsatlon(ankeut7910)5

introduced. Terms like A{s) A{-s) can be written as:

a(s) A(-s) a_ I (s-a;) a ft (—s—ai)

a 2 H'(—32 + azf) (46.)
[o) 1

i

where ai;l< i< n are the roots of A(s) and a is a constant. That is

2
such terms, and sums of such terms, are polynomials in s , and thus their
roots are in pairs of same modulus but opposite sign. Hence the following

relationships uniquely define P{s} and R(s):
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P(s)P(-s) B(s)B(-s) + AA(s)A(-s) _ ~ (2.4.7)

C(s)0(~5)F(s)F(~s) + uE(s)E(-s)D(s)D(~s) C(24.8)

1

R(s)R(-s)

where P(s) and R{s} have no roots with positive real parts.

Substltutlng (247) and (248)into (2.4.5):

| cwl - 23, Q' (-s) [ R(s)R(=s)P(s)P(-s) Q°(s) —c(s)c(-s)eSTB(_-s)}ds(2.4.9)
wehe® o p(s)5(7s)F(s)¥ () D(s)D(-s)
| 3] _

In a similar manner it follows that:

&’y = 20d Q (s)a' (-s)R(s)R{~s)P(s)P({~s) ds . (24.10)
aeZ| e=0 F217—J D( )D(— s)F(s)F( s) :
-J&

" The argument of the integral 1n(2£€4‘10)1s of the form G(s) G( s) and

thus, as o~ is p051t1ve(223) dV 'y is positive. If a stationary point of

&
dele=0

v(E) 1is found at € = 0, it follows that it must be a minimum.

Rearranging(2.4.9), the right hand Slde become.s
Joﬁ

Poa] ot (-s)mt=s)p (=) [R(s)P(s) 0°(s) - e STB(-S)C(S)C(_S)F(_S)] as  (24.11)

21 - D(-s)F(-s) [D(s)F(s) P(-s)R(-s)D(s)
i
At this stage it would seem possible to set g!;\_! to zero by.
CLE €=0

choosing Qo(s) such that the argument of the integral in(2411)was zero.
However, this yields a form of Q that is unreallsable, in the sense that
it anticipates the future, To av01d this effect, the term

g(s) 2 STp(s)c(s)C(-s)F{-5) . ' ,
- P(-s)R(- s)D( ) : (2.4.12)

fs divided into realisable and unrealisable components. That is:

where 9, (f) =0t<0
and g ) =0t 30 | ‘ (2.4.13)
Té perform this decompositi;m('z.q-.i?_)is rewritten as: . _
g(s) = e%TI{s) + e>3(-s) | C (24.14)
D(s) P{-s)R(-s)

It is now shown that the first term in{2.4.14)represents a time functicn

zero for t <-T, and the second term a time function zero t >-T. Setting



=

glt) = g, (t +T) + g,(t' ~ 1)

e
) - T
wvhere gl(t + T} = es(’L +T) I(s) ds
LrpT ls)
f—a_icD ) .
z 5'(t' “_r:].‘)]q,) ) ds'

and g (t' - T) =le
- P(s' )R(s")
. ‘;_‘J'D .

t' = -t, s' = -5 the Inverse Laplae transform of (2414 becomes:

28

(2.44.15)
(z.2416)

(2.4017)

The constants r, and r2' lie to the right of all singularities.

If t' <T, that is t > -T the integral{2.4.17) vanishes around the vight.

hand infinite semicircle , and as by definition no poles are enclosed

by this contour and the path of integration, gz(t'—T) is zero if t>-T.-

The realisable part of(24.1%4)thus correspoﬁds 'to_ that part of g, (t + T)

Vbccuring after T = 0. That is:

.- <h
g (s) = fg,{t + 1) St
N - o .

The inverse Laplace transform(2.4.18)and the Laplace transfdrm(’&.%l‘@)

. : - (s
are conveniently evaluated by rewrlting ;(q)

expansion . For example if D has no multiple roots, set:

I(s) = n.d r,

)

jw)
—
th

—

. where c':li are the roots of D{s). Equationf,?,,"r.lb) then gives:

n
d d, (t+
g (1) = g, (T
| ! :
Ecuation{24.18)beconas:
N .
d T
g (s} = L r.edi
r \ i
s-d

In general, defining:

I{jf) = gr(s)

v

1(s) as a part'ial fraction

(2.4.19)

. (2.4.20)

(2421

(2.4.22)
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and eSTIu(_s) 2 eSTIts) - I,.0s) - . {(2.4.23)
D(s) D{s) i S

the decomposition becomes:

'eSTB(_—s) C(s) C(-s) F(-5) = eSTI (s} + T (s) + eSTIr(—s)
P(-s5) R(-s) D(s) - T D(s) P(~s)R(-s)
This decomposition is depicted in Fig. 241, [R5 24
J\qu .
7.
g,
! ard™
o I
due Lo o L o
p
Fig.241The realisability décomposition
A realisable Qo can now be obtained by setting:
07(s) = I (s) F(s) | (24.25)
P(s) R(s) ' '
It remains to show that this is the optimum realisable Q°.
Substituting(2.4 .Z‘ig’in (R411):
d .
) ' T
&) % |aortpts) | Sy v eTas) | as Gz
€1 e 2n) D(-s)}F(-s) TDbs) P(-s)R{-s)

-jP
Condition 1 (section2’3) implies that Q'(-s) has no poles in the

left hand plane, and condition 2 implies that Q'(-s) has zeros

éorrésbonﬂing to all left hand plane roots of D{(-s). By assumption F(-s)

has no left hand plane roots, and by coanstruction neither do P(-s} and

T . . - .
R(-s)., By definition, & Iyis unrealisable, and thus its poles
3]

corresponding to realisable impulse responses must have zero residue,
that is

Iu(di.) =0 ‘ ' (24,27

di roofs of D{(s).

Firstly consider the case T=0. From the conditions {2 .23)and fhe

definitions of P(R&47), R(2438), Q(23.4),it follows that the numeratocr of the



30
of the argument of{&%ﬁe}is of deg?ee two less than the ﬁumerator, and thus
the ilntegral vanishes around the left hand infinite semicircle. If
T>0 this is clearly still true. As it has also been concluded that the

left hand.plane contains no poles with non-zero residue,ﬁl”i&}musg

vanish.

] 0. , _
To summarise, it has been shown that with Q@ ‘given by (24.23),

3V = 0, and 32V > 0. It is thus concluded that @° is the

§;-a=0 552. £.=0

optimum cascade compensation.

If the time-delay (T) is greater than zero, the
integral in equation (2;4.26) vanishes whatever the
(finite) degrees of the polynomials involved. Hence
a formazl solution exists even if n yn, or nyn and -
white noise is present in the system. This point is
not pursued further here as white noise does got appear
in rphysical systems; it is tezken up again in section
3.2 where attention is given to fictitious systens
vhich may involve white noise processes and their

.

derivatives.
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In section 24 the optimum cascade compensafion was__de_r;f_veg’j, ‘The
corresponding feedback compensation is mow deduced. From {2.3.4) and (1_4,25)’
Qo can be ;cealised by setting: ‘

o ='I‘rF - ' (2.5.1)

B = PR -t 1 FB - _ (2.5.2)

It is noted que -that the ca_sc'adé compensation could also be

_.J:ealised by using -feedback -_c_:pmpens_a_ti_on_ in -the form:

o' =1FA : S , (2.5.3)

However {25.3) leads to a cancelling factor A in the denominator and
~numerator of 'Qo. Iﬁ_ practice if A contained roots with positive real
parts, .that is ‘th.e _systém was unstable, this implies an _-inf;lnitely
.sensitive control law. This is _t_he source of the Vfroub-le in the basic
methéd of Newton et al (1957), -

It is now shown that because of the cheoice of disturbapce model in
section?2.2 the right hand side of(2.5.2) has a factor A, and so the
~control law can be realised in -the form o£(2.5.1) and (2.5.2), thus avoiding
the problems associated with (25.3). From (24.24):

. T
T (Cs) Cls) Clos) Fi-g) = (esTIu(s) +1_(s)) P(-s) R(-s) + & D(s) Tey
S ¥ (2.5.4)

.In section2?2,D(s} was forced to contain all roots of a{s) and frem

(2.‘+.’25)Iu(_s) also contains all rcots of A{s). Hence:
a,T : _ e, ‘
e’i'B(-a) Cla)C(-a,)F(-a;) = I {a,)P(-a;IR(-a,} (2.55)

_but from the definitions of PandR (24.7),(2.4.8), noting that D(s) contains

all roots of A(s) (Section 2.2):

P(ai)P(—.a'i‘) B(ai)B(—ai) } . {(2.5.6)

it

g(ai)R(—ai) C(ai)C(fai)F(ai)F(-—ai) (2.5.7)

Substituting@.5.¢) and {2.5.7)into (2.5.5% and rearranging:
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 Pla)R(a,) -e i I (a,)F(a)Bla) =0 _ (2.5.8)

Comparing{2.5.8) and (2,5.2) it follows that the right hand side of (2.5Li)
contains all roots of A(s). By considering multiple roots as the limiting
case of nearby roots it also follows that the right hand side of (2.5.2)
contains roots w-ith the same multiplicity as those of A(é)_. It is
concluded that B may be found from (2.5.2) by dividing thelright.'hand side
exactly by A(s). |

Having now shown that the optimum c_:ascade compensatioleo can
be realised directly, without cancelling facfors, by the ;se of aﬁ
equivalent feedback control law, it is now possible to derive expressions
for t_ﬁe system input u and output y in closed loop.

Substituting (2.4.25)into(23.2),(2/5.3)and (2.3.4),

— T ' _ST Iy " -
7 = CBA Ee T BFLY - - (2.5,
bR & F PR I 0 9)
a = C oA I E oA 1/
= R i’d - PR (2.5.10)

The leading terms of (2.5.9) and (25.10)contain cancelling factors
corresponding to Al(s). Hence if the system were actu_ally simulated in
the form of FJ’Lg.Z.’iI and A.(s) had roots with positive real parts, an
unstable closed loop system would result. However, as descz.:ibed in
'sectibn 2.2,the unstable modes of %only arise because it is mathematically
convenient to lump disturbances at the ‘output, involving the multiplication
of stable disturbance processeé by pessibly unstable pqst_distﬁrbance
elen.lents. Thus the -system itself does not physically' centain these

cancelling factors, and so(2.5.9)and(2510)may be safely written as:

7 o= c8 ¥ _.~sT BL E : ~
,B)—'PR ‘f/d = r \{/m (2511)
PR
T = -ca b AI E
w19 - P; Ym ' (2.5.12)

vhere D is defined by:

]

D="DaA ' ' N (2.5.13)

i
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2.6, COMPUTATICN OF THE CONTROL LAW

‘In this.section certain simplifications in 'the computation of the
control law are introduced,' and the problems associated with thé
realisation of e_sr discussed. The equations specifyiné cc-a'nt_rolr are
then, for conyenience, collectecﬁ .together. |

The realisability relations.(Z.‘i:‘lS) and (R4.1b}involve the pa_rtial

fraction expansion of the term2.4.2_4=

B(-5)C(s)C (-S)F (-s) ' (2.6.1)
P{-s)R(-s)D(s} ‘

The only terms required , however, are those corresponding ‘to D(s).
“Now from (2.4.9)

RM@OR(-a,) = €(d,)C(-d)F@IF(-d,)

‘where di is a root 'of D(s).
"Hence for the purposes of the partial fraction expansion (2.6.1)may be

replaced by:

B(-s)R(s)
P(—s)F(s)D (s}

(2.6.2)
If Y in equation(2.25)is set to zero, the spectral factorisation

(24 8)simplifies to:
R(s) = R'(s) at (s)

where R'(s)R'(-s) = C'{s)C’' (—s)F(s:)F(-s) +,;E(s)E(—s)D' {s)D'(-s) (2.6.3)

+ ~r
and . At(s) ¥ (-s) = F()E(-s)
o 4 _
R'{s), T (s) do not contain roots with positive real parts.

.Another simplification occurs if D=A. 'In this case the ng=n_
-coefficients of Ir(s) may be computed from the n, equations associated
with the fact that the right hand side of (2.6.1) must contain the n_ roots
‘of A(s).

- sT
The functiocon e cannot be exactly represented by a rational

function. Hence in general if a control law ip the form of a rational

function of s is required, the optimwm control law can only be

approximated. However it is noted that in a particular. case, the optimum’
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controller contains é-'srexplicitly and thus can be realised using a
deléy line. This occurs if R{s) has afactor A(s), as is the case if
Dfs) has no roots common to A(s), and A(s) has-no roots with positive
real parts (2.6.3). This implies frém(ZiiS)that Ir also has a factor A(s)
_ and so(?:iZjbecomes:

B = PR' - e'GT 1~r' BF - : : o ' (2:6.4)

where R =R'Aand I =1 'A
r r

-sT . s ' .
In general, however, e does not occur explicitly and it is

suggested'that it be approximated in the form:

n .
Sloy _Lvlhey BD' 2= | (2.6:5)
IT+1th, &1 o

The 2.n coefficients (2.6.5)may be, for instance, determined by making
the approximation exact at n judiciously chosen complex .values of s. The
function {2.6.5)should be a close approximation for s = J over the bandwidth

of u, and for s = a;, a; roots of Als). The equations for the approximate

feedback law tﬁen become: : —
a = I FH - - (2.6.6)
~ . N - PR ]
BA = PRH - I FBG - (2.6.7)

To summarise, the equations defining a rational approximation to

the optimal control law are repeated.

a) Disturbance model conversion

The techniques of section2? are applied to the original model (22.1)

As ¥ tends to zero,(2.2.6)and (2.‘2.7)be;:ome:

c = c'& ' SN . (2.6.8)

ol 4

D = D' (2.6.9)

b) Spectral factorisation

P(s) and R{s) are found from:

P(s)P(-s} = B(s}B(-s) + 2A(s)a{-s) {2.610)
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R(s)R{-s) = cls)c{=s)F(s)Fis) + UE(S)E(—S)dfs)D(—S) ' (2.6.11)

Theée factorisations may be accomplished by wriﬁing the right hand

i Al . . 2 ' ' .
.side as a polynomial in s (2.4.6) and finding the roots of this polynomil.

P (or R} is then found by forming a product of factors corresponding to

the negative square roots of these roots, multiplying by a constant to-

lJ§a§i§fy(2li7)(qr(zﬁkg)), It méy be convenient to rgplace(2$L8)by(2£h3)in

some .cases.

¢) .Realisability relation

The rational fgn¢tion(2£LI)LS_expanded iﬁto partial fractions:

B{-s)}R(s) ’ r

e - p_ i + F'(-s) R (2.6.12)
plsIFlIDts) 7 Ty Fls)p(-3) :

It is not .necessary to bompute_J'(us),-and if D(s) has ﬁultiple

.roots, a more complicated expansion is‘ﬁeceSSary‘. Ir is'ﬁhén
calcglated fxom(&ﬂA%)anﬂ(ZﬁkZQ):ihmthp case of distinct roots this

becomes:

_;_r_ :{_t r.ed (2.6.13)

5= di

. =T
d) Approximate e -
‘ . . 3 -= T
Find a rational function approximation to e :

=sT

17+ Ehi(s T} '

This may be found as discussed above. A simple approximation is:

G{s) = 1 - 0.5sT ' (2.6.15)
H(s) . 14 0.5sT

In general the number n of coefficiants necessary will depend on the
ratio of T, the system time delay, to system time constant, and the degree

of approximation required.

e) Calculéte a and 8

The approximate optimal control law a/8 is computed from:

@ = IFH (2.6.16)

and fA = PRH - GI_FB
] r (2.6.17)

Gls) = 14 g (sT)' L L (2.6.14)
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Relation (2.6.7) implies algebraic long division of the right hand side

by A{s). 1If the approximzation to e_sT ig exact at roots of A{s),that
Y . 19¢) ’

is:

Gla;) _ 3T ‘ . ' . (2.6.18)
H(ai)

then the remainder will be zero.
These steps, a) - e), may be applied to all system% described by
(22.jwithout exception. However, if D=A, it may be more convenient to

find.Ir from the n, equations:
JR(a,) - e 11 (a;,)Fla,)Bl (261
Pla, R(ai -e _Ir ai)F ai)B ai) =0 . 6.19)
If A(s) has multiple roots, the extra equations are given by setting

derivatives of {2.6.19)to zero\if the multiple roots.
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B=C'=1 ¥ |
‘ - : 4 T
E=Dt=s" - . (disturbance) s
K Y S R ' | ]
? 'E (inﬁut) e > o > >
- : ' (output)

Fig.2.6.1 System for example 2.6.1

The system depicted in Fig2.6lmay be regarded as an inertia,
rotating without friction, but disturbed by torques wi£h a wide frequency
spectrum. The control signal is delayed ‘by artime T. Notice that this
input disturbance has been transferred to the outﬁut to give a model

in standard form.

a) Disturbance modal conversion

As the system has a finite input disturbance, D contains all modes

of A. Hence equations(26.8) and {(2.69) leave the model unchanged.

b) Spectral factorigation
| {2.6.10) becomes;
P{s)P(-s) = B(s)B(-s) +AA{s)A(-s)
-1 st | (2.6, 20)

The roots of (2.6.20)regarded as a polynomi al in 52 are:

2 1
s =+ 3N 7 5

taking the sguare roots with negative real part:

4 Lt
Pis) = {'s +(Q+3)) {( x's + {157) )
_7?3_ 7;;?_]_
= ()\1152 + #2}*'5 + 1) (2.6.21)

y is zero, and taking F=1,

R{s) =1 (2.6.22)
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¢} Realisability relation -

Equation (é.b.il)becomes :

1
B({-s}R{s) =
P(-s)F(s)b(s) ( )‘152 - G)\l‘ s+1)52
= 1+ /‘a}l‘s faes) . (2.6.23)
=3 P{-s)
{2.4.18) becomes :
gult+T) = (t+T) + /5)\"
S I S L
s2 ]
", 1 = 1+ (T + G)\l‘)s (2.6.24)
d} Approximate e—ST
.For simjplicity use (2.6.15).
eT = 1 -0.5sT = G(s) - (2.6.25)
1 + 0.5 sT H(s)

" Note that this is exact at s = 0, the root of A(s).

e) Calculate o and B8

Equation(2.6,6) becomes:

o = I FH
r

(1 + (T + 6)&7}5) (1 + 0.5 Ts) (2.6.286)
Equation (2.6.7) becomes:
BA = PRH — e ST I _FBG

(1+f2.)\3's + 2252y (1+0.57s)

o Bs? =
-+ (T G)a)s} (1-0.5sT)
- s2{(N% + /E').l‘T + 0.5 T2) + 0.5 N'Ts)
SB = (N7 s 0.5TY) + 0.5MTs (2.6.27)

As in this case D = A, and A has a double root at s = 0O, 1 may also
be found from(2.6,19)and its first derivative.
That is; when s = 0O

PR - e'STIIFB =0 {(2.6.28)
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a (PR - e—STIrFB) =0- ' ' (2.6.29)

"setting I_ =1 + 1 s
r o

(?:.6.28)gives
1 -1 =0,
o

' {2.629) gives: _
Vi X " i, —i, =0,
Hence I =1+ (T +‘ '’y )\1‘)5 . | : (2.6.30)
Note that(2.6.30) is the same 'as {(2.6.21).
The control law given by {2.6.26)and (2.6.27) has a numerator of higher order
than denominator. This means that is has a large high frequéncy gain, making
it susceptible to high fréquency measurement noisg. However, if

measurement noise has béen explicitly included in the calculation, it

would have been found that the orders of numerator and denominator in the

. optimal control law were equal.
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2.7. DISCRETE-TIME SYSTEMS .

. The discrete-time system equivalent‘to(ZijJand(ZQQJis given by:

¥lg) = qk,lﬂgL uiq) + C'(q) ?d(q) | (2.7.1)
A{q) D' (a) ' o
Wa) = Y@ + Ela ¥ (@ R (2.7.2)
' F(q] m : :

u, v, and y are the discrete system input, sampled measured output, and

discrete output respectivdy. Al(g) etc are polynomials with non zero

leading coefficients.in the operator é, g given by:
q = z =e _' SR € X 259

where s is the LaplaCe operator, z the z-transform operator and A the
constant sample period. The sequences of uncorrelated random numbers
*d and*m are defined by:

- L] +- ) =U L]

E{b ()0 0149} =04 6 (3)

z i i+ =ag_ § ' . ' z.7.

Ewh(ﬂ¢mh i)} n kU] : ( 4)

‘ 3 +1 =

E{tbm(l)wd(_i 33} o
where E{.} denotes theezyeétationéperator, and Gk(j) the Kronecker
delta function. ‘Unlike the continuous case, discrete white noise does
not have infinite variance, and may thus be allowed at the system
output. Hence no restrictionson the orders of the system polynomials
are required,

The cptimum control is defined in a similar fashion to the

continuous case. The derivation is also similar, and so only the salient

points of the proof are ocutlined.

The loss function minimised (2.4,1) becomes (Astnﬁn,1970):

_

v o= “Zﬁ{ (<},YY + e,) dq (2.1.5)
unit q
circle

vwhere $yyand ¢uu are discrete spectral densities. The spectral factorisation

relationships (2.4.7)and (2.4.8) become ;

PPl T} = Bl@B(GL) +Na(@alg ) (27.6)
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- . _ — - -1 .
R@RIG D = Cl@Cla HF@Flg ) + VE(EQDD@DiG ) (227
where P and Q have all roots outside the unit disc. Note that P(q)P(q-—l)
is a polynomial in (g D).

The realisability relation(24.1%)becomes:

F@ = g fBlghc@eg e = o F g v o
Pl{g-1)R{a~1L)D(q} Dlg) - Plg hr(g ) (27.8)

As no res_t_ri_c:t_ion was placed on the orders of the polynomials, (2.7.8)
cannot always be expanded in terms of partial fractions only. In general

the orders of I .and J are given by:

n, = A, R, TR + n, + ng - (277.9)

If Dlg) has distinct roots, in an analogous manner to{2419)it

follows that:

nd
I =% z; +I'(g - (2.7.10)
D (g} ''ogd; .

where 1'{q) is of degree n, -0, if n.% ng. and is zero otherwise.

The realisable part of glq) f24.21) is then given by:

nd
_ B _ -k \
gr(q) = Iylq) = % ridi + X {(q) (2.7.11)
- D (a)  Toa
!
where I'{q) = Iu' (q) + qkir' (g) B (z.7.12)

and I'u is of degree k-1.
I‘L.l(q) is defined in a similar manner to(2423) as:

k

: I = I@ ~-g I(q ' (2.7.13)
1 . Diq) D(q) (,) '
I} .

As before ,(2:4.27), as q“k_Iﬁ._r is unrealisable, poles corresponding to

. D
] realisable impulse responses must have zero residue, and so I{J must have

a factor D. Also from{27.10),(27.11),(27.12) and {21117, Iu(q) is of degree

h.+ k-1, and (2.7.13) becomes :

! d
- k
I1(g) = I (@ +gqg Ila) (2.7.14)
D{q) - D(q) :

where I = DI and 1. is of degree k-1.
u v u
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q. may be interpreted as the first k-1 terms of the weighting
18] -
sequence expansion of I. Given I(q) from(27.8), I_r (@) is thus found either
5 .
~via (2.7.9),(2.%.10), (2.7.11) and (2712) or from (2.7.14),

O . : I
The cascade compensation Q (g) is given by an equation. similar

to (2.4.25):

Cly) = I (qF(q) | B (2.7.15)
P(g)R (g} : )

This leads to an equation similar to (2.4.26) :

av’ 9r{g” )R(q Pl D] 7 (q) SR | CO SR [
e=0 ‘-——— D(q"1)F(q ) P(q‘q)F(q ) q
(2.7.16)
umt
crele

As in the continuous case it follows that the argumént :of the integrai in
(27716) .has no poles with non zero residue outside the -unit disc. As Q'. (q}

is realisable,- its dencminator must have a non zZerec leading coeffi.cient;

by definition this is also true of D, F and f. Also I, (g) is of degree

k-1, i‘xent?e the integ-rand behaves as ('1—2 around the infinite c'irc;*le, ‘dand thus
the integral(27.16)vanishes. Once aéain it is concluded that (2.7 'j.S)defines

the optimum cascade compensation. | |

The equivalent feedback compensation is given by equations corresponding

to(2,5.1) and (2.5.2):

a = Ir F - (2.7.17’)

BA = PR — q"L FB ' A (2.7.18)

As in the continuous case, the right hand side of (27718) has a factor
A. Unlike the continuous case B is exactly given by a finite degree
polynomial ;, hence the calculation of finite approximations {step (d),

LY

section2.,6) is avoided.
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To illustrate the solution of the discrete-time problem, the
m.inim_ur'n variance controller of Rstrdm and Péterka' is obtained as a
speéial case. The minimum variance control is that which for the model
(27.1) w.i..t'h no measirement noise, unconditionally minimises the mean squa.re

output, that is as defined above with the conditions:

A= o= 0 _ (2.7.19)

a) Disturbance model conversion(2.6.8)and {2.6.9)

c=C%&
- {(2.7.20)
D =D'A
" b) Spectral factorisation(27.6) and (2.7.7)
Plq) =B (q)
) . {2./71.21)
~t
R(g) =c (X (@
where B+ (q)B+ (q—l) = B.(q)B(q_l} , B+ has all roots outside the unit
disc.
¢} Realisability relation’
From {27.8) and (2.7.21):
-1 &+ , -1 '
Bg ) |, 9 = Il + Ilq ) @722
BT (g™t) D {q) D{q) s (q 1)
2 +.rt
= = ’ C -
where n nc, n.:r % C A
from_(?,."l.?.l)this may be rewritten as:
+ 3 '
B (g . c (g = Ilq) + I'lg) (2.7.23)
B(q) D{q) D {q) B{qg)
-1
where I'{q) = Il(q ')
B{q) B+(q—l)
From (2.7.14) {(2.7.23) becomes: )
+ * : k
B (q)C (@) = D {1y (@)B(+1'(q)} + g I.(q)B{q)
X = D{g)K{qg) + kur(q)B(q}' _ (2.7.24)

‘K{q) is of degree n, + k-1
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e) Calculate a and B8 .

From (2.7.17)

o =T : (2.7.2.5)
X . . .

From(27.1%), (277.20) and (2.7.24)

B8 = BC' - kurs
: A
= Hi@x(q) S {271.28)
where A = pX = b

For the cése"ﬂ = D', equations(2:7.24),(2.7.25) and(2.7.26) correspond to
theorem 1 of Peterka .(1972). |

If B+ = B, that is B has all roots outside the unit disc,(2.77.24)"
becomes: | |

. .
c = IDp + kur ' - . (271.271)

- and(2.7.2.6) becomes :
B = Dbr, ' (2.7.29)
Equations(2.7.27),(271.28) and (2."7.28 )correzpond to the minimum

variance strategy of Estrom (1970),
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2.8 On controllability.

This section considers+ the relationship between
optimal controllers for controllable and uncontrollable
systems, and in particular whether an uncontrollable
system may be considered as a limiting case of a
controllable system. for the purposes of controller
design. The systems considered here (1.2.1 & 2) have
two inputs affecting the system output y: the control
input u, and the disturbance input t_. There are thus
two aspects of this problem: controllability with
respect to the control input, and controllability
with respect to the disturbance input.

As in section 2.2, a system fully controllable
with respect to both the control input u, and the

disturbance input ¥, , is defined as:

y = e-STg,n + Ce} : (2.8.1)
D D 4
B, = BD' + ¥ B'K (2.8.2)
c. = C'E + ¥ cnp (2.8.3)
vhere: ADY =ED' =D )

and: A contains all factors of A not common to D'

D n n n n p'n " noa

B" and C" are polynomials of the same order as B and
¢ respectivly, containing no factors in common with B

and C respectivly; the coefficients are otherwise arbitary.

t The use of the word 'controllable! is justified

in Note 2, p2%@®.
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The problem can nov be posed as: "Is the control
law obtaned in the limit as 7, and Y, tend to zero
the same as that obtained at 7, = % = 0" ?" Note that
when ¥,= % = 0 , eguation (2.8.1) becomes the same
as equation (1.2.1). The method given above covers all
cases except that when ¥ = 0, in which case - although
the expression for the optimal cascade compensation
is as given in equation (2.4.25) - it cannot be directlyrealised
from equation (2.5.2); equation (2.5.3) must be used
instead. The method then corresponds to that of Newton
et al. (1957), and the closed loop,system contains
cancelling factors corresponding to the modes unaffected
by the disturbance ¥,.

The method used to investigate this problem is to
derive the optimal control law corresponding to (2.8.1)
as ¥, and ¥, tend to zero, and compare this control
law with that obtained for ¥ = ¥ = O.

Using (2.8.2 & 3) the spectral,factorlsation

(2.4.7) becomes:

P, (8).P. (-s) B, (s).B_ (-s) +>D(s).D(-s)

fl

[B(s)D' (s) +%B"(s)A(s)]
s [B(-5)B1(-s) +7 B"(-s)-'A(-sﬂ

+ YA(s)D1(s)a(-s)D! (~5) (2.8.4)



Define:

P(s).P(-s) = B(s).B(-s) + XxA(s).A(-s) (2.8.9)
Letting r, tend to zero, (2.8.4) becomes:

P.(s).B.(-s) = D(s).D{-s).P(s).P(-5) (2.8.6)

Hence, iff D(s) has no roots in the rieht-hand plane,

as 7, tends to zero:

P (s) = D(s).P(s) (2.8.7)

Similarly iff A(s) has no'. roots in the right-hand
plane, the spectral factorisation (2.4.8) becomes:

R_(s) = A(s).R(s) (2.8.8)

vwhere:

R{s).R(-s) = C(s).C(~s).F(s).F(-s)
+ AD'(s)D'(~s).E(s).E(~s) (2.8.9)

The left-hand side of the realisability relation
(2.6.2) becomes:

Bc (~s) .Re(s (2.8.10)
Pgi—s; F(s)D(s)

Letting % and J, tend to zero, if D has no right-

hand plane poles the expression (2.8.10) beomes:

3'§—slBi-s).K's R(s (2.8.11)
1(-s)P(-s) F%s;D'Zsifis)

47
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Define I, ina similar manner to (2.6.2) as:

Ir(s realisable part of B(-s)R(s (2.8.12)
D!t P(-s)F(s) D'(s)

It follows that the realisable part of (2.8.11) is

given by:
I.A = L% (2.8.13)

D'A D

Hence the control law for the system given by (2.8.1)
as ¥, and ¥, tend to zero, where D and A have no roots

in the right~hand plane,is given by (2.5.1 & 2) as:

4 = I.AF (2.8.14)
o -sT

pA = PRA - e L,AFB (2.8.15)

When ¥, =.¥, :=.02, the optimal cascade compensation

is given by (2.4.25) as:

Q° = IcF (2.8.16)

vwhere I, is given by (2.8.12). In section 2.5 it is
shown (2.5.3) that this may be realised in feedback
form as equations (2.8.14 & 15); this leads to cancelling
factors & in equation (2.8.16) -.a practically feasible
situation 1f X has no right hand plane roots.
It has thus been shown that if X and D have no
roots in the right-hand plane, the optimal control
law parameters for the system given by (2.8.1) are

continuous with respect to ¥ and 7 at %=7%=0.
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If, however, some unstable modes are not controllable
with respect to the disturbance input - that is A
has roots in the right-hand plane - equation (2.8.8)
no longer holds as ¥, tends to zero; hence equations
(2.8.14 & 15), which hold for ¥ = 0 , do not hold
as 7, tends to zero. It follows that the control law
parameters are discontinuous with respect to % at
¥ = 0, in this particular case. Although the control
law at ¥, = 0 may have a lower theoretical loss than
the control law as 7, tends to zero, the presence
of the theoretically unexcited, unstable, closed
loop modes makes it useless in practice. The method
introduced in this chapter, for the case when ¥ tends
to zero, is thus of some importance.

A system containing unstable modes unaffected
by the control input (u), that is D has right-hand
plane roots, can never be stabilised. Hence, for all
cases of practical interest (where D has no right-
hand plane roots) uncontrollable systems should always,
for practical controller:design, be considered as

the limiting case of a controllable system.

Example 2.8.1

To illustrate these ideas, consider the discrete

system given by:
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y = qu+7Ty + 1 4

1l - aq 1 - dq
= a _u + (1+¥) - (d+ra)q (2.8.19)
1- aq {T— aq) (1 - dq)

-1
where: a1l , |di{1 ,and ¢ = z

Note that when ¥ = 0 , ¥ does not excite all system
modes; and so when ¥ = 0 , the system is uncontrollable
with respect to the disturbance. For simplicity, the
optimum control law is considered for the case when
both the control weight and the measurement noise

are zero. This minimum variance regulator (Astrém,

1970) has been outlined in example 2.7.1 ; for the

case when 7 tends to zero, it wés shown that the control

law . &S given by:

d = Ir (2.7.25)
R = pBT. (2.7.26)
where:
. k
c* = I.D +q I, (2.7.27)

and I, is of degree k - 1.

In this case, as a>1l, c* is given by:

* « "1 -1

c*(a).c(q ) = (1 =-ag(l-ag ) (2.8.20)
vwhere C*(q) has no roots within the unit circle. Hence:

¢*(@) = A" = a-q (2.8.21)



51
Bquation (2.7.27) then becomes:

(-9 = 1,0-a(@ - 4dq) + dqlr
giving: I, = a, I, = a(atd -adq) - 1

Substituting the preceeding equations into (2.8.19),
and letting ¥ tend to zero, the closed loop systen
is given by:
v B%ﬁ Y
= a%* (2.8.22)

The spectral density of y is then given by:

% -1 2
= ahA «ai = a
1 ﬁ{qg éq-l;
Hence the loss function is given by:
2

4 Z =
vV = Ely}] = a

Repeating example (2.7.1) when ¥ = 0 leads to:

d = I.A (2.8.23)
R = DBI. (2.8.24)
where:
k
ct = 1 = I.p +4q1, (2.8.25)
This gives: I, = 1, I, = d

Substituting these equations into (2.8.19) and setting



¥= 0, gives the closed loop system:

y = Ba_ ¥

DAB

A (2.8.26)

A

Theoretically A cancels in (2.8.26), giving a
loss of unity; however in practice, the unstable mode
corresponding to A will be excited - leading to an
infinite loss. Hence this control law, though giving
a lower theoretical loss than the control law based
on the limiting controllable system, is useless in

practice.

2.9 State—space formulation.

The regulator minimising the cost function (2.1.4)
has, in previous sections, been derived by a frequency
domain method: in this section, the same cost function
is minimised over all linear realisable control laws,
expressed in state-space form, by time domain methods.
The solution of the same problem by two different
methods is not mere mathematical sophistry: the two
methods each give a different insight into the problem
and its solution. The resultant forms of the regulators
are of very different internal structure, but in

section 2.13 it is shown that - as expected - the



external characteristics of the two regulators are
identical.

The problem of minimising the cost function
(2.1.4) is unusual, from the state-space péint of
viey, .in two respects: the measurement noise is non-
vhite, and the system has an input tlme-delay. The
former problem has been treated previously (Bryson &
Johansen,1965; Sage & Melsa,1971; Kwakernaak & Sivan,
1972); the contribution of section 2.10 is to‘provide
a relationship between spectral factorisation and the
algebraic Ricatti equation, similar to that for
the standard Kalman filter problem. (Brockett,l1970;
MacFarlane,1971). The latter problem is shown, in
section 2.11, to involve the insertion of a state
predictor between the usual Kalman filter and state
feedback stages (Fig 2.9.1).

A A
Vi) 3 Stale X(ele) | Stale X (LT[e) > SCule > uft)

Esbimabion Predilion Feedback

Fig 2.9.1 The structure of the state-space regulator.
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It is convenient to consider the regulator as
three distinct elements (Fig 2.9.1):-an estimator
of current states (a Kalman filter), a predictor of
future states, and feedback from predicted future
states. It is shown (section 2.11) that these three
elements are seperable in the strict sense (Patchell &
Jacobs,1971) - only estimates of the state itself
are passed forward from one element to the next, no
higher order information is required. These three
elements are treated in sections 2.10-13.

Note that the internal feedback loop from
controller output (u) to the state predictor can
allow the state feedback gain to be infinite,whilst
retaining a finite closed loop gain; it will be seen
(section 3.7) that such a situation corresponds to a .
continuous analogue of the minimum variance regulator
(Astrdm,1970).

The transfer function formulation of the regulator
problem is now restated in state-space notation.

The system equations (2.2.1 & 2) are repeated
here as: |

-sT

F = e 4 0+ crY (2.9.1)
D

it
|

-

(2.9.2)

<
]

L4}
e
g

It is recalled that A, B, C, D, E and F are polynomials



in the Laplace operator s. The following deyglopment
asstuimes that the system has no direct link, that is
n,< n.

The state-space equivalent of (2.9.1) is given
by:

]

y(t) Max(t) (2.9.3)

£(t) = Aux(t) + Bu(t-T) + Ly  (2.9.4)

vhere: My 1s a ny; row vector.

%) B, and Cj are n, column vectors.

A4is a npnymatrix.
n,is the degree of D (= B'4 = D'E)

The components of the matrices are such that:

-1
Ma(sl - A4) B

(2.9.5)

1l
o]
iy Ul'
A

-1
Ma(sl - A ) Ca= Ci(s (2.9.6)

The following results (Kwakernaak & Sivan,1972) are

noted:

MB = b, , MCua=nc, (2.9.7)

242 fy 3

where b, and c, are the highest order coefficients
of B(s) and CYs) respectively.
In particular, if the highest order coefficient of

c(s) is non-zero , it may be taken as unity and the
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noise variance scaled accordingly; it then follows

that:
MC =1 (2.9.8)

Unless particular care is taken during matrix
manipulations, even though (2.9.1) might be uncontrollable
with respect to elther input, numerical inaccuracies
could well make (2.9.3 & 4) controllable with respect
to both inputs. If this were so, the results obtained
would apply to the limit as this controllable system
tends to the uncontrollable system - rather than to
the uncontrollable system itself. However, as pointed
out in section 2.8, this yieids the required control
law; and is presumably a reason why the problem of
cancelling unstable nmodes,found in frequency domailn
studies, dpes not appear in the state-space literature.
Throughout the following sections, then, the system
will be taken to be the limiting controllable system
(2.8.1) rather than the possibly uncontrollable system
(2.9.1).

Follovwing the same procedure, the state-space

equivalent of (2.9.2) is given by:
v(t) = y(t) + Maxa(¢ (2.9.9)

2.(t) = Ax(t) ¥ Cmf@® (2.9.10)
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2.10 The Kalman filter.

The problem considered in this section is to
find the least-squares estimate of those states which
affect the system output. The problem is different
to that originally considered by Kalman, in that the
measurement noise is coloured and of finite variance -
as opposed to the standard case of white measurement
noise of infinite variance. The approach taken here
is to augment the state vector affecting the system
output with those states corresponding to the measurement
noise , and estimate the n + n, components of the
augmented vector. That is, find the least-squares

estimate of X where:

v(t) = M x(t) (2.10.1)

x(t) = aAx(t) + Bu(t-1) + Ct(v)  (2.10.2)
where: M =[MaMa], & =f&u O

N 2 Am

it

I
e,

[t

See section 2.9 for further definitions.
Initially, the particular case will be consldered
where the orders of the disturbance and measurement

processes are restricted by:



n, = ng-1, n, = n, -1
This augmented problem is singular in that there is
no measurement noise; a standard technique (Bryson &
Johansen,1965; Sage & Melsa,1971; Kwakernaak & Sivan,
1972) is to differentiate (2.10.1) and substitute

(2.10.2) to give:
v = MAX + MCY + MBu (2.10.3)

This measurement equation now contains. a white noise

term, which using (2.9.7) is given by:
MCt = Yf.+ Y. ' (2.10.4)

The solution to this non-singular problem, with
correlated *‘plant! and 'measurement'! noise, is standard
(Ssage & Melsa,1971); it is of the form given in

Fig 2.10.1.

i % »— H.E
i . -1 AN
- 3 etoi d 3 (s1-4) > X
E p
Sl S
Sgsrn.m Filler

Fig 2.10.1 The structure of_ the Kalmsn filter.
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The filter gain K. is given by the algebraic Ricatti

equation:
‘ -1
K. = (BAM + C84) Sun (2.10.5)
AS + SA + CB8uC - KSwK = 0 (2.10.6)
" S = ke B+ F= @
W, : . TR +1. = 1+
ere B / _} M
Sam= _1 Ejjtel (Y, +Y)} = | 2.10.
. Bdm ! fﬁff {[*']( . )} LJ ( 7)

1l

Sus E{i E{[;ﬂm w} [; ;3]

M 1s the ratio of the variance of ¥, to that of Y;.

It has been shown (MacFarlane ,1971) that the
non-singular filtér problem, with uncorrelated plant
and measurement noise, may be solved via a spectral
factorisation involving the return difference of the
Kalman filter. It is now shown that the singular
filter problem associated with equations (2.10.1 & 2} -
having been transformed into the non-singular problem
associated with equations (2.10.3 & 2), with correlated
plant and measurement noise - may be solved in a
similar manner.

Adding s§ 1 - s8 1 to (2.10.6), premultiplying

-1
MA(-s1l -A) and postmultiplying by:

-

by

LT I 1

-1.T
[M A (-sL - &) ]this equation becomes:

>9
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From equations (2.10.5 & 7) the following equations

hold:
MAS = -Sﬂl':\'I«-K-‘ - §1J,-_C_‘
= @4k’ - cl- peo
C8ugl = Cali + ﬂ.gﬂg_:
1 v
K s..k = (1 +M)KK

Substituting these equations into (2.10.8),and adding
(1 +M) and subtracting 1 and m from the resultant

equation:

-1 . -1
(a) (@ +p)[1+MAa(sL-8) KJ[1+K(-s1l-2a") AM=

-1 -1

(b) [1+MAa(sL-8) C[1+ci(-sL~a") a'¥]+

(c) w1+ H AGsd - D71+ el - AN EN
(2.10.9)

The contents of the left~hand parentheses of
terms (a), (b), and (c) of equation (2.10.9) are all

of the same form, and each has two interpretations.



Firstly, from Fig 2.10.1, they are the return differences
of the Kalman filter with gains K, Ciand Ca.respectively.
Secondly, from equations (2.10.2 & 3) they are transfer
functions representing derivatives of stochastic
processes, which for terms (b) and (c) are described
by white noise passing into transfer functions C/D
and E/F respectively.

Define the polynomial R(s) by:

| -1

(i:;)%.sg g =5 = 1+ MA(sl -4 K (2.10.11)
Note that the right hand term is the return difference
of the Kalman filter. Equation (2.10.9) becomes:

R(s)R(-s) = C(s)C{-s
D(s)F(s)D(-s)F(~s) D(s)D(-s

E(s)E(-3 (2.10.12)
F(s)F(-5s
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Note that (2.10.12) corresponds to the spectal factorisation

relationship (2.4.8). As the closed loop transfer function
of the filter must be stable, R(s) must have:no roots
in the right-hand plane; hence the spectral factorisation
implied by (2.10.11) is unique, and the ny + n, roots
of R(s) define the nj + n, components of the Kalman
gain vector K.

For example if the eigenvalues of A are distinct,

the system equations’(2.10.1 & 2) may be written in



normal form, and from (2.10.11) K is given by:

-1
1+ MA(sL~-4) K = 1+4 ajk;
b4 (s~ai)

It

.S (2.10.13)

L 1.sR(s
(14#)2 D(s)F(s)

where k; 1s the ith component of K and a; the ith
root of D(s)F(s) - the ith eigenvalue of A. Equation
(2.10.13) is satisfied by choosing:

(2.10.14

k,

1 ,.r,
(1+/u)% i

where r; is the residue of R(s)/F(s)D(s) at s = a;.

The process given by:

Where: E{t;} = (LmE{ Y]

T OO
(2.10.15)

has the same spectral density as the process given

by:

g 337¢ + %%%;fu (2.10.16)

In this sense, the processes-(2.10.15 & 16) may be
considered to be equivalent.- and yield the same
Kalman: filter: .Referring to Fig 2.10.1, it is seen

that the Kalman filter - inithe-stedady state - generates

*ﬁ by comparing(v - M B u]with its predicted value.
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The white noise process, t?’ then drives a model
of the system corresponding to (2.10.15) to yield
an asymptotically exact estimate of the equivalent
state corresponding to this system. It is concluded
that the exact estimate of this equivalent state is
the best estimate of the actual state corresponding
to (2.10.16) and (2.10.1 & 2).

Formally, then, the Kalman filter may be written

as:

h

-1
(sL- 8 (g, +Bu(t-1)] (2.10.17)

+“L = (17*)%%%;21@[*: *%%u(t-T)] (2.10.18)

It is emphasised that equations (2.10.17 & 18) do

T(tlt)

not correspond physically to the filter, properly

realised in the form of Fig 2.10.1 ; but rather they

provide an external description of the filter,

involving theoretically exact mathematical cancellation.
Attention now turns to another particular case

defined by:

ng < n, ~1
In thts case , equation (2.10.4) becomes:

MCY = ¥, (2.10.19)
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Equations (2.10.7) then become:

Saw = 1

Sum = '1] (2.10.20)
0

sy =1 0]
O M

Equation (2.10.19) is replaced by:

- -1 1 T 1,7
[L+uaCst-» £][2+kl(-sL-4) ay]-=
Leya(st-n cl[1+ci(-sL-aD £u]+

- -1 4 2 4 -1 Tt

MA(sL-4) GCCu(-sL-4A) A'M (2.10.21)

The argument then proceeds exactly as before, except
that the noise process f, now has a covariance E{V;]}
rather than (l'l"/-l)E{ L}

The derivation for the case defined by:

n < ng -1

ne, = n;, -1
is analogous, 1’,!( having a covariance /LE{T.:} . It remains
to consider the general case.

If none of the previous three cases holds, the
measured system output (v) is differentiated N times -
effectively increasing the degrees of C(s) and E(s)

by N - until one of the three sets of conditions
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holds. The derivation then proceeds as before, but
using the new polynomials s'C(s) and s"E(s). The
return difference of the Kalman filter becomes:

N+1
s
3

i
s where V= (1+m*=, 1, or/u%. (2.10.22)
Dis;F!s)

The N+l differentiations are thus cancelled by N+l
integrations; hence equations (2.10.14) and (2.10.17 &
18) are unchanged, but for the factor v.

The derivation of the optimum filter for the
augmented state is now complete; itiis a standard
result (Sage & Melsa, 1971) that the first n, elements
of the estimated augmented vector form the best
estimate of the required state vector x,. From equation
(2.10.17) the nquired state estimate may be written

asi
ﬁ.¢(tlt) = A, X.(t1t) + B u(t-T) +§¢fet(t)(2.1o.23)

where Kq is a n, column vector formed from the first

ny elements of K , and ¥ is generated using (2.10.13).



2.11 The state predictor.

In the previous section, the optimum estimate
(R+(tI1t)) of the current system state (x4(t)) was
derived; this section is devoted to finding the
optimum prediction (X4(t+Tit)) of the future state
(x, (t4+T)) time T ahead. In most standard treatments
of this subject, the effect of the control input
on the system state is often omitted as being determin- .
istiec and thus easily accounted for. However, as
vill be seen in this section, this-detérministiec. . -liz
control signal can lead to the effect of cancelling
poles and zeros noted in the realisability relation
of the frequency domain treatment (2.4.27).

It can be shown (Sage & Melsa,1971) that the
optimum (least-squares) state prediction is obtained
from the state equation (2,10.2), with the noise
term omittediand using the current state estimate
(R4(tlt)) as initial condition. That is, integrating
equations (2112032):

A4T
e X, (t1t)
t4T [ Ay.(£+4T-d)
e
t

24 (t+T)t)
B u@-T) da (2.11.1)
The integral term in (2.11.1) renders it unsuitable

for on-line use; so to obtain a recursive solution,

(2.11.1) is differentiated with respect to t to give:
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AyT, AJT
& i,t1t) + Bu(t) - e Bu(t-T)

t+T[ Ay (t+T-d)
e Bu(k-T) d& (2.11.2)
t

2, (++T )

Multiplying both sides of (2.11.1) by A,, and subtracting
the_result from (2.11.2):

. A AJT- A&T
La(e4Tl) - MRa(4TIE) = e Ry (t1t) - Ap Ra(tlE)
-A4T
+ Bu{t) - e Bu(t-T)

(2.11.3)
Once again the steady-state solution is of interest,

and Laplace transforming (2.11.3) :

T
e Xa(tlt)

-9 e T 2

2 (t+T L)

-+

To examine the second term of the right-hand side
of equation (2.11.4) more closely, consider the case
where Ay has distinct eigenvalues and is written in
normal form; the 1th component then becomes:

-(s-2;)T
.b; u(t) (2.11.5)

i
® o

where a; is the ith eigenvalue of Ag and b, the ith
conponent of B. Note that s = a; i1s a root of both

numerator and denominator of (2.11.5), and thus if
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not explicitly cancelled will remain as a hidden

mode. Hence if the predictor is to be actually realised
as such , this cancellation must be explicitly performed.
The fact that the predictor cannot be represented

by a rational transfer function, and contains no poles,
is analogous to the properties of the unrealisable
transfer function I./D encountered in section 2.4.

It is a standard result (Sage & Melsa,1971;
Kwakernaak & Sivan,1972) that both the state estimate
(%,(t1t)) generated by the Kalman filter, and the
control input (u(t)), are uncorrelated with the estimation
error; this is the property underlying the separation
principle (Kwakernaak & Sivan,1972) for the optimal
control of systems with no time delay. It is now
shown that a similar property holds for the state
predictor developed in this section; it will be seen
that this implies separation between state feedback
and prediction in this more general case.

Integrating the state equation (2.9.4) from t
to t4T :

AT t+T gd(t+T-a)
x (t41) = e xu(t) + e Bu(@-T) dd
t

t+T Ag(t+T-d)
Je C4 @) dad (2.11.6)

t



Defining the prediction error ¢ (t+Tit) as:
€ (t4TIt) = E(t+TIt) - xa(t+T) (2.11.7)

and subtracting (2.11.6) from (2.11.1) it follows

that:
AT
€(t+T1t) = e (xaltit) - xa(t))
t+T[ Ayl (44T-4)
- e Cald) da (2.11.8)
t

It is a standard result (Sage & Melsa,197l) concerning
the Kalman filter that the first term of (2.11.8) 1s
uncorrelated with X4(tlt) and independent of u(t);

the second term contains white noise processes occurring
after time t and 1s hence also uncorrelated with

£24(t1t) and u(t). It follows from multiplying (2.11.1 &

7) and taking expectations that:
E{g(ti-'rlt) .21(t+Tlt)} = 0 (2.11.9)

Moreover, it follows from (2.11.8) and the above

conditions that:
u(t) and €(t+T|t) are independent (2.11.10)

The cost function to be minimised by the control
law is given by equatioq(2.l.4); the argument of this

integral is:

E{yf(tﬂ) + xuz(t)} (2.11.11)



Substituting (2.9.3) into (2.11.11), the argument

becomes:

h | oy § 2

E{xJ(t4T) MiM;x,(t+T) + Xu (v} (2.11.12)

Using equations (2.11.7), (2,11.12) becomes:

1 T A 2
0 E{RI(t+Tt) MM X (¢4TIE) + du (¢)
w o+ 2 € (tTIt) MR (£4T 1Y)
W  + € (T]t) MiMe (+T1t) } (2.11.13)

From equation (2.11.9) the second term of (2.11.13)
is zero, and from equation (2.11.10) the third term
is independent of u(t). It follows that the minimisation
of V (2.1.4) can be replaced by the minimisation of:

o

vt o= Lt ]E{.ih(tmt) MiM, %, (£+T1)
to

L1

D 2T, &,
2

+ Au (8)] at (2.11.14)

The functions of state prediction and state feedback
are thus seperable.
Using equations (2.11.3) and (2.10.23), the

prediction can be expressed as:

£,(t+T1t) = A (t+T|t) + Bu(t)
AT
+ e Epf (2.11.15)
%

where K,is the Kalman gain vector andﬂf a white noise
¥
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process. The minimisation of the cost function (2.11.14),
with x given by equation (2.11.15), is a standard
problem. (Kwakernaak & Sivan,1972); the best linear
solution is that associated with the certainty-
equivalent (Patchell & Jazcobs,1971l) deterministic
problem obtained by removing the expectation operator
from (2.11.14), and setting ¥ to zero in equation
(2.11.15). Note that this certainty-equivalent system
has the same dynamics as the system (2.9.4) and,

as initial conditions do not affect the steady-state
solution, the time-delay does not formally enter

the problem. That is the state feedback element of the
control taw is the same as that which would be obtained
for the system (2.9.3 & 4) with no disturbance and

no time-delay; hence:
u(t) = KcXa(t+Tlt) (2.11.16)

where K. is obtained on the basis of the deterministic

system:

x'(t) = Ax'(t) + Bu(t) (2.11.17)
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2.12 State feedback.

In the previous section, it was shown that the
state feedback element of the control law (Fig 2.9.1)
iszidentical to that obtained from the minimisation

of.the cost function (2.11.14), repeated here as:

t. 2
vt o= Lt. 1| xT(&x MiMax(t) + >u (t) dat (2.12.1)
toe 26t

where the system is given by (2.11.17) as:

x(t) = a,x(t) + Bu() (2.12.2)

It is a standard result (Kwakernaak & Sivan,1972)
that the state feedback vector K., associated with

(2.12.1 & 2), is given by the solution of the algebraic
Ricecati equation:

=

< = l E § (2‘12’3)
A

SA + A + MMi- KAK = 0 (2.12.4)

To avoid difficulties with the solution of (2.12.3 &
4), the results of section 2.8 are invoked to replace
the - possibly uncontrollable - system (2.12.2) with
a nearby controllable system; that is B in equations
(2.12.2-4) is replaced by Be, corresponding to the
numerator polynomial gcﬁs)'defined in (2.8.2)



Comparing equations (2.12.3 & 4) with equations
(2.10.5 & 6), it follows that this control problem
is not the dual of the filter problem discussed in
section 2.10. However it has been shown that
(MacFarlane,1971), by using similar manipulations
to those given in section 2.10, the solution of the
Riccati equation (2.12.3 & 4) may be expressed in
terms of a spectral factorisation. That is, defining
the return difference assoclated with the closed

loop control as:

-1
Ll = 1+ Kc(sL - As) Be (2.12.5)
» Di(s

(s P.(s) is given by the spectral factorisation

relationship:

P_(s)P_(-s) = B_(s)B.(-s) + XD(s)D(-s) (2.12.6)
where B (s) is given by (2.8.2) as:

B.(s) = B(s)D'(s) + ¥B"(s)A(s)

If the roots of D are distinct, the system may be

written in normal coordinates., and (2.1215) becomes:

1, P<(s) = 1+ [bi (2.12.7)
22 D(s s-4;

where d; 1s the ith root of D(s), and k; and b; are
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the ith components of K. and B. expressed in normal

coordinates; in particular b; 1is given by:

b, = residue of B:(s) at s = d (2.12.8)
D{s

Also, as B./D represents a controllable system, B.(a;)

is non-zero and so from (2.12.7 & 8) k;is given by:

k;, = 1, B d'g (2.12.9)

Az B. d:

Again using the fact that B_(d;) is non-zero, it ~.w
follows from (2.12.6) that:

.“E;%gig = E;{:QLB (2.12.10)
B; d'. = P‘ “'di

B.(-d: , (2.12.11
P.(-d;

e
L

]
w

As in section 2.4 (2.4.7),P(s) is defined as:
P(s)P(-s) = B(s)B(-s) + XA(s)a(-s) (2.12.12)

where P(s) has no right-hand plane roots. Then letting
¥, tend to zero in equation (2.8.2), the ith element
of the gain vector for the limiting controllable

system (2.12.11) becomes:

K, 1, D'(-d;)B(-d;
N2 DT{-d;gPi-dfg

d-g (2.12.13)
-d:

1t

]
e
ja o] las
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It is concluded that although thls method does
not define the state feedback vector K. for systems
uncontrollable with respect to the control input u,
it does give K. for the limiting controllable system.
With the results of section 2.8 in mind, it is conjectured
that (2.12.13) is also valid for the uncontrollable
system (2.9.1).

2.13 Comparison of state space and transfer function solutions.

Having derived the optimum (in the sense of section
2.1) regulator via both state space and transfer
function methods, it is possible to show, by direct
comparisony that both methods do indeed yield a regulator
with the same external behaviour. A similar comparison-
has previously been made (Caines,1972; Bughes,1973;
Watson,1976) for discrete-time systems with no measurement
noise, and no weighting on control effort. The comparison
given in this section is restricted to the continous-
time case, but the control weighting may be non-zero
and coloured measurement noise may be present; it
is conjectured that discrete~time results are
analogous.

It is recalled that the transfer function derivation
isvolved carrying cancelling factors through to the

final calculation. To permit direct comparison, the
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state space formulae are written in a form involving
such cancellations; it is emphasised that this is

for mathematical simplicity, and does not imply that
the components of the control law are physically
realised in this form. Collecting together results
from sections (2.10-12) =:inuthe Tuncancelled'Zform
where appropriate - the three components of the control

law (Fig 2.9.1) becone:
State feedback (2.11.16) :

u = -K.X.(t+T)t) (2.13.1)
State prediction (2.11.4) :

2. (£+T]8)

It
o
»

R
~
ot
ct
~r

i

-

'

State estimation (2.10.23%) :

-1
Ra(tlt) = (sl - Aa) (KaY, + Bu(t-1))  (2.13.3)
-sT
= JD(s)F(s [Y - e B(s uJ~ (2.1%.4)
Ris Als

% 1
where N = (1+#)%, 1, or m® depending on the relative

degrees of C,iiD, E and F (see section 2.10).



-1 ~(sl-Aa)T
Noting that (sl - Ay) 2nd e commute,

the first three equations combine to give:
-1 A,T
u = -K.(sL-4a) (e Ky + Bu) (2.13.5)
Y
It is assumed that Ay has distinct eigenvalues, .
and thus, working in normal coordinates:
-1 AT . 4T
K. (sl -4 e Ke = k.e kKa (2.13.6)
s5-d;
where d;is the ith root of D(s) - ith eigenvalue of
A - and k! and k' are the ith components of K. and

K4 respectively.
From equation (2.12.13) k! is given by:

k. = 1, B —d:; (2.13.7)
A P(-4;

and from equation (2.10.13) ki is given by:

D(s)F(s

<

ki = l.residue of [R s )]at s = g (2.13.8)

In section 2.4 - equations (2.4.21 & 22) - the
realisable transfer function was defined as:
-d;T

Ir(s) = e .T: (2.13.9)
D(s s-d;

: residue of[g -s).RB{s at s = d,
i-s; FisgDis)

5
[}
H
o
H
1]
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It follows from equations (2.13.6-9) that:
-1 A,T

K (sl - A4 e Ki = 1, Le(s) (2.13.10)
Y22 D(s

From the results of section 2.12, equation (2.12.3%)

may be written as:

-1
K.(sl -A) B = L, 2%§3f4f4_1 (2.1%.11)

M Als)a wi-

Combining the equation (2.13.5) with equations
(2.13. 10 & 11) the control law 1s given by:

u = -1 3. E!S) - (71i:B(s) - Du
N2 D(s *ﬂ, K%’A S

S, Pls)u = —Ir(s)gézg (2.13.12)
~

Using equation (2.13.4), (2.13.12) becomes:

P(s)u = -Irjs)Aglegsg [V’— e B(s u] (2.13.13)
R(s A(s

Collecting terms, the control law (2.13.13) becomes:

u = =dv (2.13.14)
B
where:
A = I.F (2.13.15)
-s5T
R-e BI.F) (2.13.16)

“w
n
e
P
g
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Equations (2.13.15 & 16) are identical to equations
(2.5.1 & 2) defining the control law derived via
transfer function - frequency domain methods. It is
concluded that - as expected - the state space and

transfer function solutions are externally equivalent.

2.14 Set point following.

Having solved the regulator problem, attentlon
turns to the servo problem posed in section 2.1.

That 1s, for the system of Flg 2.1.Z given by:

(y(t+T) - w(t)) = E_%u(t) - w(t) (2.14.1)

the problem is to minimise V, of equation (2.1.4)

repeated here as:

ot 2 2

VvV = Lt. L JE{(y‘ (t+T) - w(t)) + )u,(t)}dt
tooo 2%t

(2.14.2)

Note that because of the way that the cost function
is chosen, the system of equation (2.14.1) effectively
has no time-delay; w(t) acts as a disturbance process.
The problem is approached via the frequency-domain
formulation of sections 2.2-7; the state space method
would follow that outlined in sections 2.9-12, but

is omitted here.
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As in the regulator problem, it is necessary_.to
assign some structural properties to the !'disturbance!
process w. This may be done in two ways: firstly,
following Newton et al.[(1957), the setpoint may be
described as a stochastic process with rational spectral
density - such a description is appropriate to a
setpoint continuously varying in a random manner;
secondly, following Chang (1961), the setpoint may
be deseribed as a deterministic process with rational
Laplace transform, for instance a step, ramp, or

sinusoidal function. That 1s, w is described by:
#(s) = C"{sgv(s) (2.14.3)
D¥(s

vhere ?(s) is either a white noise process or an
impulse function. For example, if C” = 1 and D" = s,
the setpoint is either a drifting stochastic process
with uncorrelated increments (Wiener process), or
else a step function.

Formally, the solution of this servo problem
is very similar to that of the regulator problem.
The system 1is put into equivalent cascade form -
as 1In Fig 3.1 ; as Parsevals.. theorem is formally
the same for either a stochastic process driven by
white noise, or a determinilstic system driven by an
impulse, the proof proceeds as for the regulator

problen.
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.There is, however, an important difference between
the realisation of the resultant cascade system of
the regulator, and that of the servo problem. The
disturbance process ocecuring in the regulator problem
is not directly Known, and can only be deduced from
measurements of the system output; hence realisation
in the feedback configuration is cbligatory. The
tdisturbance! process occuring in the servo problem
is' - however described - a known variable; hence
the control law may be realised in either feedback
or cascade form. It will be seen below that the servo
control law can be neatly realised in cascade form
as a feedforward term added to the feedback regulator
solution. This cascade realisation does not have

the problem of cancelling factors assoclated with

feedback realisation, and thus no disturbance conversiomn

- to obtain a limiting controllable system - 1s
necessary. This result is pleasing, for whereas there
are theoretical reasons for letting the disturbance
process excite all system modes, there is no reason
why the setpoint should be in anyway matched to the
system,

The solution of the servo problem is thus given

by:
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u = -QCAw (2.14.4)
Q¢ = It (2.14.5)
PR

Where If is obtained from the realisability relation:

and R”(s) is obtained¢ from the spectral factorisation:
R*(s)R"(-s) = C"(s)C"(-s) (2.14.7)

Equations (2.14.4-7) correspond to equations (2.3.2),
(2.4.25), (2.4.14) and (2.4.8) respectively. P(s) is
as defined in the regulator problem and is given by
. the spectral factorisation relation (2.4.7).

The solution to the regulator problem - equations
(2.5.1 & 2) - can be combined with that of the servo

problem as:

Pu = -dy + R. IV w (2.14.8)
Rﬂ
vhere:
d = IF (2.5.1)
-sT
,BA = PR - e I.FB (2.5.2)

c(s)Cc(-s)F(s)F(-s)
+,LE(s)E(-s)D(s)D(-s) (2.4.8)

and: R(s)R(-s)
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Fig 2.14.1 The complete control configuraticn.

It is readily verified that the control law
(2.14.8) satisfies the regulator and servo problems
simultaneously; this complete solution is represented
in Fig 2.14.1. It is noted that this solution does
not, in general, only involve feedback of the output
error (v-w), but contains a feedforward term; thus
solutions which are forced to be of pure feedback
form (e.g. Newton et al.,1957; Youla et al.,1976)
are suboptimal.

The discrete-time servo problem has an analogous
solution, corresponding to the discrete regulator
problem discussed in section 2.7; these solutions

then combine 1n a manner formally the same as equation

(2.14.8).



Example 2.14.1.

To illustrate the application of the preceeding
theory, consider a problem described previously (Youla
et al.,1976). The system is given by:

-0.1s
y = e s-l)u + 1
s!sq2; (s+10)*k
vEy oty

where }, and }_are unit white noilse processes: The:
theory developed in this chapter does not consider
the physically impossible case of vwhite measurement
noise, Hovever the white measurement noise in this
example presumably represents an approximation to
wide bandwidth noise; if the measurement nolse is
considered as such, the preceeding theory also
applies to this case..

In this example the cost function (2.1.1) is taken
to have a control weight A=4 ; the setpoint is taken
to be a step function. The regulator problem is
considered first ; from section.2:l this is independent
of the servo problem. This is in distinction to the
method of Youla et al. in which the problems interact
due to an unnecessary constraint on the form of the
control law. For simplicity, the derivation follows

the steps outlined in section 2.6.
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a) Disturbance conversion.

]

c = Ci&

D = D'A

s(s-2)

(s+10) .s(s~-2)

b) Spectral factorisation

P(s)p(-s)

B(s)B(-s) + XA(s)A(-s)

= (s-1)(-s-1) + 4s(s-2).~s5(-s-2)

]

2
= 4(s

P(s)

]

2 4

1l -17s + 4s

2
+ 4.190) (s + 0.05966)

2(5 ™+ NEZIT0) (6 ++/0-05555)

2

1+ 4.583s + 28

In a similar manner it follows that:

2

R(s) = s(20.10+ 12.05s + s )

¢) Realisability relation

P{-s) F(s)D(s)

From equation (2.6.13):

(=1-s) .5(20.1+12.05s +5°)
(1I-4.583s+25"Y) 1.s(s-2)(s+10)

-3
o + 72. - 1,265 10 + J%-s
s 23—2; (s+10) P -s;




gr2° -1 -3
Ir =70 + e .72, - e 1.265 10
D s s-2 s+10

s(891.1 + 89.12s)

-sT
d) Approximate. e

I,

The method of Youla et al. (1976) does not explicitly
include a ~system time-delay; hence they derived the
exact controller for the system approximated using
a second order Pade approximation. For comparison
the same approximation is used here, but this method
gives an approximate controller for the exact system.
The approximation is given by:

""OOlS .
€ T

Iltm

- 0.05s _+_0.0008333s G sg
+ 0.055s + 0.0008533s" H(s

i
1

e) Calculate the control law.
d = I,FH
= s(891.1 + 89.12s).1.(L + 0.05s + 0.0008333s")
= s(891.1 + 133.7s + 5.200s + 0.07426s )

PRH - I.BFG

w
o>
"

= s8(911.2 - 74l.4s + 53.36s° +37.38s"
+ 3.440s" + 0.1239s° + 0.001667s")

The right-hand side of this equation clearly has a
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factor s; it can also be verified that it has a factor
(s-2). These are the two factors of A; cancelling them

gives:
R = -455.6 + 142.9s + 44.77s% +3.6958"
+ 0.1272s" + 0.001667s

The solution to the servo problem is similar.

The step setpoint is modelled by:

It has been noted that step a) does not apply to the

servo problem.
b) Spectral factorisation

From (2.14.7):
RY(s)R" (-s) ¢ (s)c”(-s)
J. R'(s) = 1

¢) Realisability relation:

This 1s given by (2.14.6) as:
BS-S;.R“ s) = =s-1 .
P(~-s) D"(s 1-4.583s+2s"

= -1 + J’—s;
5 P(-s

I = -1

w |-
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Note that B(0) and P(0) have the same magnitude in
this case because the system contains an integrator,
and is thus matched to the setpoint.

Finally, from equation (2.14.8), the control law
is given by:

R Ww

u = dv + I
F R P

Using a standard root finding routine, it follows that

the entire control law is given by:

u = -k.s§s+ok.§is+d“;¥s+2,;v +_ k.s(s+v)(s+¥)w
s+ s+ 5+ s+ Stg
' rt FJ Pﬁ Fla
where ~ denotes complex conjugate. The roots are

tabulated in Table 3.14.1. This control law should
be compared with that of Youla et al. (1976) given by:

n = —k' ES"‘dn st+d,
s+f Hsﬂ-ﬂ;

The roots of the polynomials in this control law are

also given in Table 35.14.1.
The differences between these two control laws

seem to be due to two main factors: the optimal

control law treats set points and disturbances separately.

that of Youla et al. does not; the optimal control
law expliciltly treats the:system time-delay and includes
it in the cost function, that of Youla et al. does
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not actually ttreat time-delays, but rather systems

which contain a rational approximation to a time-delay.

Optimal Youla et al.
Kk, 44,58 67.22
o 0 0.01487
d, -10.00 -10.00
d, -30.00 + j17.32 -30,00 + j17.32
k, 599.9 -
Y, 0 -
Y, ~2.000 -
7, -10.05 -
g 1.887 2.413
A -9.957 -9.981
3 -21.11 -33,65
g -23.58 + jll.54 -18.06 + 3j14.99
l‘

Table 2.14.1 Control law constants.

Finally, it is noted that the control law derived
in this example is independent of the noise and set point
amplitudes; that of Youla et al. - derived for a unit step ~
depends on the relative ampiitude of the disturbance

process and the set point.



2.15 On measurement noise.

In some situations, due to the absence of a-
priori information about the statistics of the disturbance
and measurement noise, it may be necessary to minimise
a cost function containing the measured output - rather
than the actual output - of the system. That is,

although the system is actually of the form of equations

(1.2.1 & 2):
-sT
y = e Bu + CY (2.15.1)
A D
¥ =57 + EY (2.15.2)
F.~

it. may be necessary to minimise a cost function containing
v rather than y, E/Ff“being regarded as a disturbance,
This section examines the implications of such a
procedure, when associated with the optimal control
laws developed in this chapter.

Consider the cost function (2.1.1):

t, 2 2
V = Lt. 1_ JE{(y(t+T) - w(t)) +)u (t)} dt
tae 2t, .
(2.15.3)

and also the cost function:

. 2 2
Ve %t [E{(v(t+'1‘) - w(t)) +xu (t)} dt

t
- L
0 2t, t,
(2.15.4)

-~
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For the purposes of minimising V' (2.15.4), the measurement
noise is treated as a disturbance and combined with
the disturbance noise to give a process described

by:

= B + R 2.1%5.
v e Ku ___h‘ (2.15.5)

The symbol Y:.‘ represents a white noise process , and

the polynomial R is given by the spectral factorisation:
R(s)R(-s) = C(s)C(-s)F(s)F(-s)
+juE(s)E(-s)D(s)D(—s) (2.15.6)

Note that the autocorrelation of v given by (2.15.5)
is identical to that given by (2.15.1 & 2) when u = 0.
From the results of section 2.14, the control

laws corresponding to (2.15.1-3) and (2.15.4-6) may

both be written down as:
dy + pu + Mw = o0 (2.15.7)

In the former case, minimising a function of y, the

control law polynomials are given by:

& = I;F (2.15.8)
-sT

Bp = PR-e I.FB (2.15.9)

N = R,%; (2.15.10)



where R is given by (2.15.6), R~ by (2.14.7), and
I,by:(2.6.12) as:
-sT

B(-s)-R(s = I.+e I + J(-s (2.15.11)
P{-sg D(s)F(s) D(s) P%—S;Fzs)
In the latter case, minimising a function of v,

the control law is given by:

Aty =+ 'F'u + Mw = 0 (2.15.12
where: |
At = I (2.15.13
—-sT -
Rt = PR-e 1B (2.15.14)
mo=pP o= R'%E (2.15.15)

Once again R is given by (2.15.6), R'by (2.14.7), and
17 by (2.14.6), but I;is given by (2.6.12) as:

~sT
B{-s}.R = I I} g -5 2.15.16
P%-:% DE:%F(S) D]ZS?(SS : ¥ Pi—sq; (2.15.16)

Comparing equations (2.15.7-11) with equations

(2.15.12-16), it follows firstly that the closed loop
characteristic polynomial 1is identical in each case
and given by PR. Secondly, the differences appear in
the expressions for 4 and}S,and are associated with
the expression for I, (2.15.11) and with that for I}
(2.15.16). In particular, if:
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1r = IF (2.15.17)

the expressions are identical. Assuming that DF has
distinct roots and using equation (2.6.13), I. and

It may be explicitly_ written as:

ng =d; T ( 8)
I = e r: 2.15.1
D .2 (s-d:i)
"'d:T —ij
iy = ry_ o+ e i (2.15.19)
DF (s-d; ) (s-f;)

vhere r; and p are the residues of the expressions
on the left-hand side of (2.15.11 & 16) at the n, roots
of D, and the n, roots of F, respectively. If the
second term on the right-hand side of equation
(2.15.19) is small, equation (2.15.17) is satisfied;
this occurs if:

-f‘iT "'d'T

e K e 3=1,mn, ; £ =1,n, (2.15.20)
From the expression for R (2.15.6):
R(£3R(~-f;) = mE(£;)E(-£;)D(£;)D(-£;) (2.15.21)

Equation (2.15.21) implies that if m is small, R(f;)
is small, and hence /% is small. That is, if the

ratio of the variance of the measurement noise

to that of the disturbance is small, equation (2.15.17)
is approximately true and hence the two control laws

are approximately equal.
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These two conditions ~ high frequency or small
variance measurement noise - are perhaps fairly
obvious: it is now shown that if the poles of the
measurement noise transfer functlon are close to
those of the disturbance, then an interesting
third possibility arises.

Consider the case where D containes all factors
of F; then as, by definition, F has no right-hand plane
roots, R (2.15.6) also has a factor F and the

equivalent noise process becomes:

R = RIF
DF DF
= R!? (2.15.22)
D
where R' is defined by: R = R'F .

The expression for I! (2.15.16) now becomes:

B{-s).R = I' + e J + J' ot 2.15.2
e gp

and that for F' (2.15.14) becomes:
-5T
F'A = PR! - e i)B (2.15.24)

The expression for I,.(2.15.11) becomes:
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and that for f?fl5¢9) becomes:

pA = PR'F -e I,FB (2.15.26)
Comparing equations (2.15.23 & 25) it follows that:

I} = I (2.15.27)

From equations (2.15.8, 26 & 10) it follows that:

d = A'F,
F — P'F (2.15.28)
P = MF

Hence the two control laws are identical, except for

a common factor which - by definition - contains no

right-hand plane roots.
To summarise, control laws minimising the cost

functions (2.15.3 & 4) - identical but for the

system output being replaced by its measured value -

for the system of equations (2.15.1 & 2) become

identical irf either:

a) The measurement noise variance 1s much smaller
than that of the disturbance process .

or b) The time constants associated with the measurement

nolse are much smaller than those of the disturbance
process , and are much smaller than the system

time-delay.



or ¢) . The denominator polynimial (F) of the measurement
process is a factor of the denominator polynomial
(D) of the disturbance process. (Recall that the
polynomial D contains . the system denominator

polynomial (A)as a factor.)

In all cases, the closed loop characteristic polynomial

is the same for both control laws.



2.16 Summary.

The problem of tracking a set point in the presence
of disturbances and measurement noise of Known rational
spectral densities, and where the system dynamics are
known, has been considered with respect to the usual
steady-state quadratic criterion. It was shown that
the stochastic tracking problem can be considered as
the sum of two independent problems: a deterministic
servo problem, and a stochastic regulator problem.

The latter problem was.-solved via both transfer
function - frequency domain technigues, and state-
space - time domain techniques. 1t was shown that by
considering a system, uncontrollable with respect
to the disturbance input, as the limiting case of
a controllable system, the frequency domain technique
could be extended to cover all systems of the type
considered in a unified manner. A physical justification
of this method was given; and i1t was shown that
unstable thidden modes! associated with earlier methods
do not arise. A complete derivation was given for the
continuous-time problem; the analogous discrete-time results
were outlined.

State space methods were extended - by the use
of a state predictor -~ to include systems with an input
time-delay. It was noted that because of the way that

the system was written in state space form, the above
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transformation of the disturbance model occurs
implicitly. By the use of certain relationships between
spectral factorisation and the algebraic Riccati
equation - extended to include the case of coloured
measurement noise - the state space control law was
found to be externally equivalent to that derived
by the transfer function approach. The derivation
ves restricted to the continuous-time problem; it
was conjectured that discrete -time results are similar.
The solution of the deterministic servo problem
has been shown to follow directly from the solution
of the stochastic regulator problem; and the two
solutions were combined to'give the final control
law., It was noted that some previous solutions of
this problem, by forcing the control law to operate
on the error signal only, are suboptimal.
Finally, some conditions were given which define
a class of systems for which measurement noise may
be treated as a system disturbance, whilst still

producing an optimum control law.
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Chapter

Minimum Variance Control.

3.1 Introduction.

The minimum variance regulator,developed by Astrém
for the control of discrete-time systems (ﬁstrém,l970),
has proved useful in practice;in particular it has been
shown to form the basis of a self-tuning regulator(dstrom &
Hittenmark,l973).:However it suffe:s from a number of
drawbacks: control effort can only be altered by manipulating
the sample rate; systems with zeros outside the unit circle
cannot be regulated; the inclusion of a set-polnt can
lead to a deterioration in regulator performance; and
the excessive control effort can lead to undesirable
inter-sample behaviour.The purpose of this chapter is
to develop: a class of control laws which, whilst
retaining the properties necessary for self-tuning,
go some way towards alleviating the disadvanteges of

the minimum variance regulator.

=18

T
Gopt) w —>—e B Y Coukput)

By

Fig. 5.1.1 The system

T The stability properties of this control method

are discussed on plll - equation (3.3.26) onwards.
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The development is mainly concerned with the
continuous systems (Fig. 3.1.1) described by:

-sT
y = Bss; u + Cis; 1.1
¢ A(s Dis + (3 )

The system output, control input, and disturbance input
are y,u and ¥ respectively; A,B,C and D are polynomials
in the lLaplace operator s. As in section 2.2, the

system 1s taken to be excited by the disturbance process,
and thus D always has a factor A; this avolds the
problem of cancelled unstable poles discussed in section
2.8. The consideration of continuous ; as opposed to
discrete - problems is not only of interest in itself,
but also elucidates some aspects made obscure 1in the
discrete-~time treatment. The discrete-time results are,
hovwever, similar and are summarised in section 3.10.

The cost function considered in this section is:
2 _ 1
V = E{¢ (t+T)] t} (3.1.2)

¢ (t+T) =/\yy(t+'1‘) -!-/\uu(t) +/\ww(t) (35.1.3)
The symbc.ls/\y,/\u,smd/\'“Y denote rational transfer
functions in s; T and w denote the system time-delay
and set point ;espectively. The symbol El«|t} denotes
expectation conditional on data available up to time t;
this conditioning is equivalent to a realisability
constraint (Astrém,1970).

The cost function V (3.1.2) is closely related to
the cost function minimised by the minimum variance

1 E{¢|t} denotes expectation conditioned on all

measurable varlables in the range (-»,t] : the ensemble
average is over all possible realisations of the

random processes affecting the output which occur after

time t.
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regulator given by:

v o= E{y2(t+T)|t} (3.1.4)
For this reason, the control laws considered here are
termed 'minimum variance controllers!', The minimum
variance regulator 1s based on the optimum prediction
of the future system output .y(t+T); in the same way the
minimum variance controller is based on the optimum
prediction of the future value of the auxiliary function
¢(t+T). Hence the main part of the development concerns
a continuous analogue of the previously derived discrete
predictor (&strsm,1970).

The utility of the cost function V (3.1.2) is
unclear at first sight. However it is shown that this
cost function generates a number of useful cqntrol laws.
These include: a model following control law; an
extension of classical control laws to systems with
input delay; and a control law which under certain
circumstances approximaﬁes to the optimal control law of
chapter 2. Some attention is given as to which systems
can be well controlled by the approximate optimal
controller, and it is shown that this problem 1is closely
connected with the relative performance of optimal
infinitesimal and infinite horizon control laws. This
latter problem 1s the continuous-time analogue of the
relative performance of optimal k;step—ahead and infinite
step ahead control laws which has been considered

previously (Hughes & Jacobs,1973; Hughes,1975; Ashton,
1975) .
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Summary of sections 3.6-3.9.

There are three classes of control laws considered
in sedtions 3.6-3.9: those corresponding to the
cost functions:-
a. Infinite horizon.

t 2 2
V=1Lt °{E{(y(t+T)-w(t)) +Au (t)} at
e £,

The minimisation of this cost function with respect
to realisable control laws 1s considered in chapter 2.
b. Infinitesimal horizon.

Vo= Lt [E{y(t—'}‘]}-}é) - w(t+ )) }

Ss0
2 2
+ ﬁ{(y(&-ﬂ‘) - wit)) + ).au (ol)} d o

The first temm of this cost function represents the
terminal cost. The minimisation of this cost function
with respect to realisable control laws is conéidered
in sectlion 3.6.

c. Proportional minimum variance.

2
Vo= B{(r(41) - w(¥) + ) u(®) |t}

The minimisation of this cost function is considered

in section 3.5.
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The expectation appearing in cost functions a
and b is unconditional: the ensemble average is
over all possible realisations of the random variables
involved. The expectation in ¢ is conditioned on
al%¥méasured variables in the ;@ng§_[ﬁ,fﬁg= the
ensemble average is over all random variables occuring
after time t, conditioned on variables occuring up to
and including time t.

The sections may be summarised as follows:-
3,6. The cost function Vg (b.) is introduced and the
resultant control law compared with that corresponding
to V, (ec.). It is shown that if the system transfer
function:

n

] - en

is such that bn=0 » the two control laws are equal if

X = éﬁ; : (3.6.20)
n-1

3.7. The control law corresponding to cost function ¢

is discussed in a state-space context. Standard results

concerning the cost function b are used to verify

equation (3.6.20).

3.8. The performance of control laws corresponding to

a and ¢ are compared; root-locus conditiond are




) _lOl c
derived which characterise systems for which the
performances of the two control laws are similar. It

is argued that if (3.6.20) holds, and so the control

laws corresponding to b and & are identical, the results
of section 3.8 also relate the control laws corresponding
to a and b. This latter eomparison is the continuous-

time analogue of previous work in discrete time,

%.9. The results of 3.8 are illustrated using a

first order example.
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3.2 Optimal least-squares prediction.

The theory of minimum variance control revolves
around the theory of least;squares prediction., Prediction
has been previously treated (Xstrém,1970) in connexion
with the discrete~time minimum variance regulztor; in
this section a theory is developed in a similar way
for continuous systems, and the discretthime results
briefly pointed out in section 3.10.

Consider the continuous system:

y(s) =e Bs) u(s) + L) (=) (3.2.1)
A(s D(s
In the sequel, fictitious systems are considered which
may have white noise processes appearing at the output,
hence no restriction is placed on the relative orders
of C and D. As in section 2.2, Dis forced to contain all
roots of A.

Define a new disturbance process given by:

¥ =%y (3.2.2)

where R has no roots in the right hand plane and is
given by the spectral factorisation relationship:

R(s) .R(-s) = C(s).C(-s) (3.2.3)
Using a standard relationship (35tr6m,l970), the
spectral density of ¥' (§') is given in terms of the
spectral density of ¥ (Qj by:

= C(s).C(-s 3,2.4)
R(s).R(-8 §' (

Using (3.2.3) it follows that the spectral densities
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are equal. Hence as ¥ is white so is ¥!'; using this

fact (3.2.1) may be rewritten as:

y = e- B s; u + 5%_; y' (3.2.5)
A(s
As in: sectiom 2.4 the disturbance transfer function
1s divided into realisable and unrealisable components.
However in'this.case the degree of R (n.) may be
greater than that of D (n,), and so first of all it

is rewritten as:

B 2} ‘R (s) +.%%£7) (3.2.6)

where the order of R! (n,, ) is given by: n. =, -nJ

if nzn , and R'=0 if n <(n . Following section 2. 4,
r d r 4
R (s
D(s) 1s divided into realisable and unrealisable components

as:

8T --8T
e Rn(s)=e I'(s) + I-(s) (3.2.7)
Dis n T
D(s) D(s)
Once again 1' has a factor D and so:
u
-sT sT -
e R sg =e (R'(s) +I'(s)) + I (s) (3.2.8)
D(s - u r
D(s)
where: I' = D I'. The decomposition 3.2.8 is depicted
u u :
in Flg. 3.2.1. '
&
due to
R dafe
' dwe Lo 1r
’\%
—D V=T =) 2

Fig. 3.2.1 The realisability decomposition.
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By including Rt(s) in the unrealisable response, it
is tacitly assumed that the time-delay (T) is non-
zero, and hence that the corresponding impulse and its
derivatives occur before time t=0. This leads to a 'well-~-
behaved! realisable response, and is related to the
commenté at the end of section 2.4.

Substituting (3.2.8) into (3.2.5):

y(t+T) =B u(t) + I ¥v1(t) + P(&T)  (3.2.9)
A r u L o

|

where: f & pgr & T'
u u

As I ¥ '(t+T) is a function of future (Ot) values
u -
of ¥ only, and as ¥' is white, 1t is uncorrelated
with both ¥'(t) and u(t), that is:

E{Iu\lf' (t+7). p (t)it}= 0; E{Iur (£+T) .u(t))c} =(g.2.1o)

Let y?(t+Tlt) be the least squares estimate of y(t+T)
based on data up to time t, and let € (t+T) be the
assoclated error. Subtracting y* from both sides of.
(3.2.9):

€ (t+T) = Bu(t) + I Y (t) - y (++T)t)

A _r

¥ (t+T) (3.2.11)
Squaring, *taking expectations and using (3.2.10):

2 . 2
Ele ] = [Bu(t) +I y'(t) - ¥ (t+T|t)]
A r

> 2
+ B{(I y*(++1)) [t} (3.2.12)
@ -
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As the terms on the right;hand side of (3.2.12) are
positive and mutually independent, the minimising
value of y* is that which sets the first term to zero.
That 1is:

yF(£4TIt) =B u(t) + Iy (t) - (3.2.13%)

b 5

Subtracting (3.2.13) from (3.2.9), the minimal error (e*)
is given by:

L y(t+T) - ¥ (2+T]t) .-‘.-_.. T {t+7) (3.2.14)
- u

From (3.2.10) it follows that:
E{y*(t+TI1t).e'} = 0 (3.2.15)
It is noted that if T } contains white noise
processes, and is thus of gnfinite variance, the
minimisation of (3.2.12) is rather dubious. However
this problem may be circumvented by minimising e2 over
a finite bandwidth - leading to a finite variance.
Equation (3.2.12) can thus be considered as a limiting
casé as the bandwldth~goes. to.infinity.
Substituting for w (3.2.5) in (3 2.13):
vy (tert) = I y(t) +B [R - e ~st I Juw(r) (3.2.16)
_r iR r
R
but from (3.2.8 & 9):
R-e 1 =3I0D (3.2.17)

also, as by construction D always has a factor A4, D
is defined by:

D=5.4 (3.2.18)
Substituting (3.2.17 & 18) into (3.2.16):
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y¥(t+TIt) = I y(t) + BDI.iu(t) (3.2.19)
Fy b

R R

The cancellation of A in the denominator of (3.2.16)
is only possible because the system is controllable
with respect toy¥y, that is D has a factor A. This is
similar to the results of section 2.8.

It is also noted that if the above_were repeated
with the original. system (3.2.1), the noise process
numerator (C) would have replaced R in (3.2.19). The
conversion to (3.2.5) is thus necessary to ensure
stability for all C. This result is similar to that
derived in section 2.10, where it was found that the
Riccatl equation for the Kalman filter had many solutions,
only one of which produced a stable filter - corresponding

to the minimum-phase disturbance representation.

3.3 The minimum variance controller as a regulator

In this section it is shown that a minimum variance

controller acting on a system may he considered as a
minimum variance regulator acting on an associated
system. It has been shown (Astrém & Wittenmark,1973)
that the minimum varlance regulator can form the basis
of a self-tuning regulator; in chapter 4 it will be
seen that the result of this section leads to the
more general minimum variance controller also forming

the basis of a self-tuning algorithm.
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The cost function minimised by the minimum variance

controller is given by (3.1.2 & 3) and repeated here as:

y u W 2
v = B[\ y(++T) + A u(t) + Aw(t)) |t} (3.3.1)
Defining an auxiliary function ¢ by:
y

R/
¢ (++1) = A,y (t2T) (3.3.2)
the system (3.2.1) may be rewritten as:
-8T ¥ Y
¢ =e ABu +Acy (3.3.3)
y A D

Equation (3.3.3) is of the same form as (3.2.1) and
as no restrictions have been placed on the relative
orders of the numerator and denominator of /\y » P
may contain whilte nolse processes. Define the nuglerator
(/\y) and denominator (s,l*ga) polynomials of /\Y as:

n

y y ¥
A =A/A (3.3.4)
n d

Using the results of section 3.2 the least-squares
*

prediction (1:) of qp is given by:
y y

* = N
¢y(t+tut) .].Z.I?S(t) + Bn Iu u(t‘)

R R
y v
=1 A y(t) + BAD:I u(e)  (5.3.5)
_r 4 _n_u
R ¥ R
N
a

The polynomial R is obtained from the spectral factorisation
(3.2.3) and given by:
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R(5)-R(=5) = C() A (3).0(-8).A (-2) (3.3.6)
and I and I froi the.réalisabilitysrélatiéns (3.2.6 &
r
7): ’
R(s) , Rt (s) + _El(é).y , (3.3.7)
D(S)Ad(s) : D(S)/\d(s)

where the degree of R' is the difference between the
numerator and denominator degrees of the left hand

side of (3.3.7). The remaining relations are:

sT sT
e Rt =e It+ I (3.3.8)
u,  _r
DAY DA} DA}
e
I = I'+ m (3.3.9)

u u
DAY

note that the polynomial division in (3.3.9) is exact.

It is recalled that in section 3.2,it was found
that the estimate(¢5'was uncorrelated with the estimatién
error (€ ). Using this result the cost function V (3.1.1)

becomes:
« u W 2
V= (¢ (£4T1t) + A u(t) + Aw(t))
4 2
+ BE{(¢'(++1)) 1t} (3.3.10)
As the two terms are positive and mutually independent,
the minimising value of u(t) is obtained from:

¢;(t+Tlt) + Au(t) + Aw) =0 (3.3.11)



109

u ¥
Note that A u(t) and Aw(t) are known gquantities at time
t, and so defining:

G(H4T) =.¢ (44T) + Au(t) + Aw(E)  (3.5.12)
y

it follows directly that the least-squares estimate
@Y of ¢(t+T) is given by:

& (taT1t) = ¢§(t+Tjt) A+ Aw(t)(5.3.13)

The associated error.is given by:

[l

¢ (t41) - $(t+TIt) = (t+1) - ¢T(t+T1t)
y y

= e*(t+T) (3.3.14)
Effectively the prececding equations imply that
the auxiliary system (3.3.3) may be decomposed inte
a deterministic term (ﬁ*) and a completely unpredictable
term (e¥), that is:

d(t+1) =¢Nt+1It) + €'(+T) (3.3.15)
The control law (3.3.11l), minimising the expected
variance of (3.3.1), involves setting the deterministic
component to zero, that is:

$(t+T]t) = 0 (3.3.16)

The cost function V (3.1.1) and its assoclated
control law (3.3.16) correspond to those of the minimum
variance regulator applled to the auxiliary system
(3.3.3) whose output is ¢ . For the purposes of this
thesls, the important result of this section is that
when the control law (3.3.16) is applied, the steady-
state output of the auxilia;y system 1s given by:
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¢ (t+1) = e¥(t+1) (3.3.17)
where €*(t+#T)isuncorrelated with y(t),u(t) and w(t).
The error process (e*) is given by white noise passing

into the 'unrealisable' polynomial I ,that is:

u
€*(4T) = I ¥(t+T) (3.%.18)
u
The impulse response corresponding to 1 1is depicted
u
in Fig. 3.3.1.
‘pk '
? duelo R
e
olu.efo 1:-
2 T ?
W
-

Fig. 3.3.1 The error transfer function impulse response

Using the explicit formulae (3.3.5 & 13) for the

predictor of ¢, the control law (3.3.16) beconmes:
¥ '] PV |
$(t+T|t) = InAay(t) + B.D.LAu(t)
RAY R

+ Aut) #AWE) =-0 ) (3.3.19)

That 1is:
Ay + Fu' + wa =0 (3.3.20)
vwhere:
A= I,./\‘i.'_k (3.3.21)
R = "(BAD TA+ AR) (3.3.22)
r=ng. : (3.3.23)
and: ' = Ly, ut = 1u, w = Aw (3.3.24)
AL A
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Note that if A? has no right hand plane roots, it is
a factor of R(s) and thus may be cancelled from the
control law.

The closed loop characteristic polynomial is

given by:

—-am_ 5T

P (s) '=FA}A e+ 2 A B
c
. I -sT |
= AN ABDI.+AR) +e NAILB (3.3.25)
using the realisability relations (3.3.7 & 8):
P (s) = RALA,B + ALAR) (3.3.26)
[

As R is obtained from the spectral factorisation
relationship (3.3.6), it has no right hand plane roots.
The stability of the closed loop is thus determined

by the term in parentheses. This term corresponds to

the numerator polynomial of the auxiliary system (3.3.12)
with ¢ as output; the condition for stability is thus
that this polynomial has no right hand plane roots. This
result is analogous to a simllar result concerning

the discrete-time minimum variance regulator: (Astrém,
1970).

As in chapter 2, the control law (3.3.20) cannot
be exactly realised in terms of rational transfer
functions. In this case, the offending term is fi
which is given by equations (3.3.8 & 9) as:

-sT

Tr=R" - e It (3.3.27)
u D.Ai - ’
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As in equation (2.4.21), if DA} has distinct zeros (p;),
(3.3.4) becomes:

~ : -(s - p:)T
I =2, (L-e ) (5.5.28)
u ' (S - P;)
where r, is the residue of R"_at p. .
DA} '

Using the series expansion of e , (3.3.28) becomes:
- c 22
1 =12r(1 - (s -p)I+ (s-p)ZL-...)(3.3.29)
LS [ 2! 3!
The expression (3.3.29) can be approximated either by
truncation or by some rational approximation. For

example using the first order Pade approximation for

-(s - p,)T
e :

t= $r (- (L=2(s - p)T
" (s - p;) (1 + 2(s - p; )T

T3

I

(3.3.30)

I _
1 +3(s -p)7)

3.4 The minimum variance controller as a model followver

In this section, the subeclass of minimum variance
controllers with no control weighting (A" = 0) is considered.
It is shown that apart from the unavoidable system
time-delay, the closed loop system behaves as an
arbitrary model, specified by the cost function, with
respect to the set point. The autocorrelation function
of the error corresponds to a transfer function with

the same poles as the model, but the zeros are system
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dependent. This result provides the basis for a self-
tuning algorithm which makes the closed loop system
largely independent of possibly varying open loop
parameters.

Consider the cost function (3.3.1) with A*= 0,
that is:

vV = E{(A'y (t+T) + /\"’w(t))zit} - (3.4.1)
In section 3.3 it is shown that this cost function
is minimised by setting the least sqguares prediction
of an auxiliary function to zero (3.3.15). That is:

¢*(t+T|t) =0 (3.4.2)

where 1ln this case:

9 i v
$(t+T) = Ay(t+e1) + A w(t) (3.4.3)
It is also shown that the resultant closed loop system
is specified by equation. (3.3.17) as:

b (t+T) = € (t+T) (3.4.4)
Combining (3.4.3 & 4) and rearranging?)

y{t+T) = -_j\_\‘_:w(t) + %ﬁe*(tw) (3.4.5)
That 1s, in closed loop, the system behaves as an
arbitrary modelfA;'with respect to the set point,
and as an arbitrgry model 1 with respect to the
prediction error . A

The question lmmediately arises as to whether

the control law corresponding to (3.4.1) is practicable.
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For instance it might require excessive control signals
or excessive component gains. Using equations (3.3.20-2%

the control law (3.4.2) becomes:

u(t) = -Iz/\?\x;t% + AL AR w(t) (5.4.6)
ALAY “

From (3.4.5) it follows that the numerator of A’
must have no roots in the right hand plane if the
model followed is to be stable. In this case the

spectral factorisation (3.3.6) becomes:

R(s) = A%(s).Cls) (3.4.7)
vhere:

d?s).éivs) = C(s).C(-s)
Substituting (3.4.7) into (3.4.6) yields the slightly

simpler expression:

u(t) = -Ley(t) + Ak A% (3.4.8)
AT T,

The control law (3.4.8) has a factor I, in the denominator;
hence it is necessary that T. is not a zero polynomial.
From the expression for the closed loop system (3.4.5)
it follows that if I.is non-zero and +:is non-zero
then the model following error is non-zero. It is
concluded that (as would be expected) it is not possible
to eliminate the effects of disturbances. It is recalled
from equation (3.3.9) that I. is the sum of two terms :
the first (R!') depending on the relative degrees of

the disturbaﬁce transfer function (C) and the weighting
transfer function (A') ; the seconthending to zero

as the system time-delay (T) tends to sero (3.3.29).

It follows that either the time delay (T) be non-zero

or the auxiliary system output (¢) must contain white
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nolse processes.

The above conditions ensure that the coefficients
of the control law are finite. However the control
law may still produce unacceptably large control
signals, for instance when trying to make a system
follow a step input. Hence the model to be folloved,
and the set point variations, must be realistic with
regard to the system to be controlled and the control
effort available, In this context it is noted that
the set point weighting (A") appears directly in the
control law as a filter operating on w. It can thus
be used to filter out high frequency components of the
set point, whilst enabling the system to follow slowly
varying set points Iin a suitable manner.

From the results of section 3.3, the closed loop
charaecteristic polynomial is given by (3.3.26) as:

P = RBA} | (3.4.9))
As R (gy definition,3.4.7) and A.(by choice) have
no roots in the right hand plane, the stability condition
is that B has no right hand plane roots.

Example 3.4.1
Consider the system (Fig. 3.4.1) given by:

y=_1 u + _1 ¥
s+a s+d

For the purposes of this example, both a and d are



116
taken to be positive (though the former condition is
not essential). It is desired to make the system
follow the model:
M(s) = 1 , vhere Tp0,z70
1+ T:(S + T:s

Hence choose the cost function specified by:

A"=1+T‘§s+Tts‘;/l“=0;/|“=-1.
For clarity the derivation follows the steps given in
section 2.6.
a) Noise conversion
C=s+4+a;D=(s+a)(s+4d)
b) Spectral factorisation
From equation (3.4.7):
c*= s +a s R=(s +a)(1 + 1%5 + T.s")
- ¢) Realisability relation
The system is assumed to have a vanishingly small
(but non-zero) time-delay. From equation (3.3.7):
R1(s) = T(g~T.d) + T s= T,
R"(s) = [1 - T.d(} - T.d)](s + a) = I, .
d) Approximate f;

As the time-delay is infinitesimal, I. is taken

to be zero.
e) Calculate control law

From equation (3.4.8):
u=-1 + Cﬁf&
. BOL.

Hence the control law is as given by Fig. 3.4.1
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conlroller Sysbam
1 A
‘y__)- Sed
* { w _I'_ _| +
W) — P To(s+d)[30-1d)2 5] (§42) ’ e

(seaf1-Ted (3~ Ted) -

AN

Fig. 3.4.1 The closed loop system

It can be verified from Fig 3.4.1 that:

= 1 v + TlG- 1.4 + T.s]Y

1+ Tgs + I st 1L+ Q{S + T, s*

L

This result agrees with equation(3.4.5).
At first sight it would seem that the same result
would have been obtained with the weightings:

AN=1; A=0; A=__-1
1+T0‘S+T:S"

Repeating the above calculations with these weightings

Ir=s5+a;I,=0 -
The latter equation leads to an infinite loop gain;
making the system infinitely fast. A" then filters the
set point to give the required response. Such a strategy
- eliminating the disturbance -~ is impracticable due
to the infinite gain required.
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3.5 The minimum variance controller as a classical control law.

In this section 1s considered the subclass of
minimum variance control laws with unity weilghting on
the output error, and arbitrary weighting on the
control signal. That is the cost function V is given by:

v = E{ (y(t#T) - w(t) +-ﬂ?u(t))2|t} (3.5.1)
It will be seen that the resultant control law is
a more sophisticated version of a classical control
law involving a 'Smith predictor' (smith,1959).
From equatién (3.3.11), the control law corresponding
to (3.5.1) is given by:
u(t) = -,}_\;_(y*(tmt) - w(t)) (3.5.2)

Firstly consider the case of zero time-delay, then as
the least-squares estimate of y(t),at time t, is y
itself, (3.5.2) becomes:

u(t) = -L_G(t) - w(%) (3.5.3)
AIA
This is a classical control law with transfer function

1/A% , for example the PI control law:
1_=kK(1+21) (3.5.4)
A" sT;

vhere K is the 'proportional gain', and T; the integral
time constant. Comparing (3.5.2 &_3) it follows that
the former is a generalisation of the latter appropriate
to time-delay systems. From equation (3.3.26), the
closed loop characteristic polynomial 1is given by:



P (s) = C¥(s)[A;B + A4] (5.5.5)

vhere A. and A: are the numerator and denominator
polynomials of the control weightingtransfer function
A" As the closed loop polynomial is independent of
the system time-delay (T), the effect of the predlctor
is to allow a classical design ignoring the system
time-~delay.

From the practical point of view, although sensible

choice of the transfer function 1/A" requires at
most approximate knowledge of the system, the predictor
design requires accurate knowledge. This latter fact is
a drawback to the design of an invariant control law,
but when incorporated into a self-tuning strategy,
the predictor parameters are automatically detemined
and this problem no longer arilses.

The idea of designing a control law to operate
on a predicted output - rather than the output itself -
seems to be due to Smith (Smith,1959). His predictor

generates y- (t+T|t) where:
s -sT
v (t+Tlt) = y(t) + %(1 - e ) u(t) (3.5.6)

This should be compared with the predictor of section

3.2 given by:

7¥(t+T1t) = L.y (t) + BDI.u(t) (3.2.19)
R R

If the system is stable, and the noise transfer functlon

minimum phase, (3.2.19) becomes:

119
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y¥(£#71t) = Ley(t) + B.AD.T, u(t) (3.5.7)
c CA
Using the realisability relation (3.2.9):

MY, =1 _=cC-e I, (3.5.8)

L3

Combining (3.5.7 & 8):

-y

sT
yr(t+T18) = Ly(t) + B (1 - e Ir) u(t) (3.5.9)
C A C

If all the system time constants are long compared =
with the time-delay (T), from the realisgbility relation
(3.2.9) it follows that: I. = C. Inthis case the
smith predictor (3.5.6) approximates to the optimal
least-squares predictor (3.5.9). It is emphasised,
however, that the introduction of cancelling A polynomials
in (3.5.7) is only possible if A has no right hand plane
roots.

It is concluded that for stable systems, disturbed
by minimum phase noise processes, both slow with respect
to the time-delay, the Smith predictor approximates

to the optimal least-sgares predictor.

Example 3.5.1

Consider the system:

- - =-8T
y=e u %+ _1 Y
s+a 84a

From section 3.2, the optimal predictor of y 1s given
by:
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JHEATE) = e y(t) + Tou(t)

- -(s+a)T
where: I, =1 — ¢ , the division being taken
s+a

.y

to be exact. From (3.3.30) if Tka, I, may be approximated

I.= T
1+ 5(s+a)T

The generalisation of a proportional control

law is given by (3.5.2) as:

u = -1(y*(e+7l £) - w(t))
X

-aT
oou(e) = - y(8)-- w(t)
x+ T

L8

From the cost function (3.5.1), infinite proportional
gain (X = 0) corresponds to the continuous minimum
variance regulator. Note that if 170, I, is non-zero
and hence the control lew does not involve an infinite

gain.

3,6 An infinitesimal horizon control law

In this section is considered the subclass of
minimum variance controllers discussed in section 3.5,
but with scalar weighting on control. That is the
control law is such as to minimmise the cost function

V, vwhere:
2
V, = B{(y(t+1) - w(t) + 3u(t)) |t} (3.6.1)

In section 3.5, this control law was interpreted as

proportional feedback of the predicted output error;

- - LA P
- -
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hence it will be called the proportional minimum
variance control law.

The performance of this control law will, in
section 3.8, be compared with that of the optimal
control law of chapter 2. Previous work on discrete-
time control systems has compared the performance of
k~-step-ahead and infinite-step-ahead control laws
(Hughes & Jacobs,1973). In this section it is demonstrated
that, under certain circumstances;the proportional
minimum variance control law is equivalent to the
infinitesimal horizon control law - the continuous
analogue of the discrete-time k-step-azhead control
law, Hence, under cetfain circumstances, the comparison
of the proportional minimum variance control law and
the optimal control law of chapter 2 becomes the
continuous analogue ofathesproblem considered by
Hughes &"Jacobs.

It is now shown that under certain c¢ircumstances,
and by suitable cholice of X, , the control law
minimising V, (3.6.1) is identical to that minimising
V. , vhere V; 1is given by:

2
Vi = EﬁéE[(Y(t+J+T) - w(t+s))

+ t:“_(y(d&T) _ w(d\))2 + )\éﬁz(d)]di} .61

The cost function V corresponds to that of the optimal
control problem where the control horizon is infinitésimal;

this will be called the infinitesimal horizon control

+ The first term represents the terminal cost.
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problem. It is noted that if § in equation (3.6.2)
becomes Infinite, the term outside the integral would
become negligible; the cost function would then correspond
to that of the optimal infinitezxhorizon control law
(2.1.1).

As in section 3.5, the expectation operator in

(3.6.2) can be removed by setting:

y(t+54T) = 3 (£+8+4T16+8) + €5 (t+3) (3.6.3)
The term j*‘is the least-squares prediction of y as
given by (3.2.19), and €* is the associated error.
Assuming that y ,u and w are continuous between t and

t+3, (3.6.2) becomes:

‘ 2
Lt.[(y*(t+s+T\t+s) - w(t+s))
$20

2 2
+5@T(eTIE) - w(B) o+ $Hu ()

Y

2 2
+0(5) + (1+5) E(e™ )] (3.6.4)

Differentiating (3.6.4) with respect to u{t) and

setting the result to zero gives:

Lt.[2(y*‘(t+s+T|t+.s) - w(t+s)).g_ YR (t+5+T | £+35)
§20 au(t)

+ 2.5(y(+TlE) - w(t) y*(t+T) t)

-2
u

Z
+ 2.63(t) + o(s )]= 0 (3.6.5)

y* may be expanded in the form of a Taylor series as:
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yH(L+ 4T Jt+5) = yT(2+TIt) + & FF(t+TIt)

2
+ of(§ ) (3.6.6)
There are thus three cases to consider:
a) 27 ¥.0
2u
b) 3y'=0, 3§=0
Ju 2u

¢) wy'=3¥"=0
U au

The step response of systems corresponding to cases
a) ,b) and ¢) are depicted in Fig. 3.6.1.

LT
@

o
«

>
k

Fig. 3.6.1 Initial response to a _step input.

In case a), setting §=0 gives the minimising
control law:

yE(+TIE) —ww(t) =0 (3.6.7)
In case b) setting §=0 gives the minimising control

law:

(5" (t+118) - w(t))g_%* + 2u(t) =0 (3.6.8)

Incase ¢) setting § #0 gives the minimising control

law:

Mu(t) =0 (3.6.9)
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From equation (3.2.16), the prediction (y¥) may

be expressed in its 'uncancelled! form as:

vy (t+T|t) = Lry(t) + B u(t) - BLru(t-T)  (3.6.10)
R : A AR
where: B sg =b+b s+ ... + b s"
A(s a,+a s + ... +a,8"
= b, + L(b,, - bya,, )+ 1°f(s) (3.6.11)
s )
Now:
3 -
3 uf@) dd =3 Lt.)Su(t) + [u(a)da
’aETt)j ®) '&E(t)aao[ (t) ) ]
o
Fe =‘?t.[§] =0 (3.6.12)

and similarly for higher integrals of u(t). From
equations (3.6.10-12) it follows that:

FF(t+TIt) = b, (3.6.13)
du(t)
also if b, =0 it follows that:
(3.6.14)

NP (L+TIE) = b,
aﬁrt) "
Substituting (3.6.13 & 14) into (3.6.7-9), it follows

that the control law is given by:

if b, X0 (3.6.15)

y (t+T]t) - w(t) =0
(3.6.1¢6)

y (t4T|t) - w(t) + 25 u(t) = 0 if b, =0

Bos
if b,=b =0 (3.6.17)

Ju(t) =0
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Compare equations (3.6.15-17) with the proportional

minimum  variance control law given by (3.5.2) as:

yF(e+TIt) - w(t) + du(t) =0 - (3.6.18)
It is seen that the control laws are identicalé
when:

b. ¥0, 2 =0 _ (3.6.19)

b, =0, X%= % (3.6.20)

1t is concluded that the particular minimum variance
control law corresponding to V., (3.6.1) is closely
related to the infinitesimal horizon control law
corresponding to V5 (3.6.2).

3.7 State space interpretation of a minimum variance controller.

In this section a state space interpretation of the
proportional minimum variance controller (as defined
in section 3.6) is given.

As in section 2.9, the system under consideration
(3.1.1) may be rewritten in state space termininology

as:

z(t) = A.x(t) + B.u(t-T) + cY(t) (3.7.1)

1

y(t) = M.x(t) (3.7.2)

where A is an nxn matrix, B and C column n-vectors,

and M a row n-vector. In a similar manner, the set

point (w) is taken to be representable by:
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x (t) = &xt) + Caf(t) (3.7.3)

w () = M.x.(t) (3.7.4)
From section 3.5, the proportional minimum variance

control law is given by:
u(t) = %(y*(t*Tlt) - w(t)) (3.7.5)

It is recalled from section 3.2 that y (t+Tlt) is the
least-squares prediction of y(t+T) based on data up

to time ¢t; the important characteristic being that

the prediction error is uncorrelated with the prediction.
Similarly, in~chapter.2 the least-sqares prediction,
2(++T)t), of the state x(t+T) was found; again the

prediction error was uncorrelated with the prediction.

That is:
x(t4T) -~ R(L#TIt) = € (£+T) (3.7.6)
where: E{;’;‘ é'j: 0 (3.7.7)

premul tiplying.by M, and using (3.7.2):

y-MZ=ME (3.7.8)
substituting into (3.7.7):
EfM x.2'} =0 (5.7.8)

It is concluded that as M '_f_‘ is uncorrelated with M €,

it is also the least sqares prediction of y. That is:
y¥(£+T|t) =. M x(t+T|t) (3.7.10)

This is a well known result (Sage & Melsa,1971).
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As w is a known quantity, it .follows from section
2.10 that. X can be exactly determined in the steady
state. It is thus possible using (3.7.4 & 10) to

rewrite the control law (3.7.5) as:

u(t) =
That is the

=

M X(t+T]t) + M.x.. (3.7.11)

tate feedback vector is the measurement

0 ¥

vector (M) of the combined state equations (3.7.1-4),
divided by \,. If the system has distinct roots and

and is written in normal form, the elements of M and

M. are all unity,and thus the state feedback vector (K.)
is given by:

K. = (;,;,...,L) (3.7.12)
e do %

In the literature (Kwakernaak & Sivan,1972) it
is shown that the state space solution of the infinitesimal
horizon regulator problem (section 3.6), for the system
(3.7.1 & 2) but with no time-delay, is given by:

u(t) = 1B'M' M £(t|t) (5.7.13)
pH
This state feedback vector corresponds to the initial
condition of the associated Riccati equation. Comparing

(3;5:10 & 13) and noting (section 2.9) that:

B'M = b, (2.9.7)
it follows that the infinitesimal horizon control law
and the proportional minimum variance control law are

identical if: >,= X . This agrees with section 3.6.

ny



3.8 On_the optimality of a minimum varisnce controller.

In this section the performance of the proportional
minimum variance controller (section 3.6) is considered.
It 1s recalled that the proportional minimum variance

controller minimises the cost function:

2
v, o= E[(y(t+T) - w(t) + A,p(t)) )t} (3.8.1)

The corresponding control law is given by (3.6.18)

as:

u(t) = 1(y(t+T1t) - w(¢¥)) (3.8.2)
X

E {tjz}\ . A

—_— - suboPl'imal

onmm'

E{>_u.‘}

Fig 3.8.1 Controller performance curves.

The performance criterion used here is depilcted
in Fig 3.8.1;jeach curve represents a locus of system
output error variance against the corresponding input
control variance - obtained with a particular system,
controlled by a given class of control laws, as a
control law design parameter is varied. The full curve

represents an optimum series of control laws, in the

129
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sense that for every value of control input variance,
the output error variance 1s the least possible for
all steady-state realisable control laws operating
on the particular system.
This optimality criterion may be stated mathematically
using the Lagrange multiplier technnge:(Kwakernaak &

Sivan,1972) as the minimisation of the cost function:
k,

V =Lt 1 E{(Y(t+T) - W(t))2 + >‘u%t)}dt (5.8.3)
z;ﬁik, ®

- rD
This is the cost function (2.1.1) considered in chapter

2.

The dashed line in Fig 3.8.1 is obtained by
replacing the optimal control law by the proportional
minimum variance control law (3.8.2), using a range
of values of X,. The criterion of performance of this
control law, operating on a particular system, is
taken to be some measure of the closeness of the
two curves displayed in Fig.3.8.1.

In section 3.6 it was noted that in some circumstances,
the proportional minimum variance controller corresponded
to the optimal control law with infinitesimal horizon
(3.6.2): in chapter 2 it was found that the control
law minimising V (3.8.3) correspondéd to the optimal
control law with infinite horizon. Thus in some cases,
the comparison of the proportional minimum variance

controller and the optimal controller can be translated



131

into the comparison of.steady-state Infinitesimal

and infinite horizon controllers. The discrete-time
analogue of the latter comparison (with zero set point)
has been considered previously.(Ashton,1974; Hughes &
Jacobs,1973; Hughes,1974). It was shown that for

first order systems, the two control laws had identical
performance; but apart from this result, work was
aimed at numerical determination of

performance curves related to those of Fig.3.8.1.

In some cases it was found that the performance curves
vere widely seperated, and for other systems the
curves lay close together. In his summary of this
work, Hughes states: "It is yet to be established

what characterises such systems." - thils section
supplies this characterisation for the continuocus-time
problem, the discrete-time results are discussed in
section 3.10.

Firstly, the formula for the proportional minimum
variance control law is rewritten in a similar manner
to that of the optimak.-control law. Substituting:
ﬂr= i, A= M. and A”= -1 into equations (3.3.20-24)
the proportional minimum variance control law is

given by:
Ly + FO“ + Mw = o (5.8.4)

Where:
O

ok = Ig : (3.8.5)



B = BB + ¥ (3.8.6)
" =c* (3.8.7)
I? and I, are given by (3.3.7-9) as:
* ~o -sT ,
¢*= T°+e 17 (3.8.8)
D D

where C* has no roots in the right-hand plane and is

given by:

cts).d-s ) = c(s).c(-s) (3.8.9)

Substituting (3.8.8) into (3.8.6), /Bomay be

written as:
-sT

Aa = c¥B+ ) - e I,B (3.8.10)
Define P° as:

P = (B +)\A) (3.8.11)
then (3.8.10) becomes:

p‘i Z oo - e_ST;f,?; (3.8.12)

This should be compared with the expression for the
optimal control law (2.5.1 & 2) repeated here as:

iy + F"u + % = 0 (5.8.13)
& = 17 (3.8.14)
F‘FA = ¢*p*° - e-STI‘fB | (5.8.15)
= c (3.8.16)

132
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ﬁﬁ has no roots within the right-hand plane and 1s
given by (2.4.7) as:
o oo
F (s) . FF(-s) = B(s).B(-s) + WA(s).A(-s) (3.8.18)

I% is given by (2.4.24) as:

o -sT
I(s I.(s) +e Ir(s) (3.8.20)
D(s D(s

and I 1is given by:

P(-s8) D"{s D™(s P(-s

Note that the coefficients of the control laws
(3.8.4&13) may, be multiplied by the same factor and
still yield the same control signal; to overcome this
non-uniqueness it i1s convenienti to normalise the
polynomials P° and P® such that the highést coefficient
of each 1s unity.

If the control laws (3.8.4 & 13) are to have
approximately the same coefficlents, the followlng
conditions must held (3.8.5 & 14):

It = I (3.8.22)
B’ M

which from equations (3.8.8 & 19) implies that:
p: -di ) p:

vhere d. is the i™ root of D(s).
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If the system (3.1.1) has - no direct link, and
as the highest coefficient of A 1s normalised tol
unity, it follows from (3.8.11 & 18) that: p = xi
and p:=)b. For such systems it follows (section 2.12)
that the left-hand side of (3.8.23) represents the
i*™ element . ~ in normal coordinates - of the optimal
state feedback vector: from section 3.7 it follows
that the right-hand side of (3.8.23) represents the
i®* element of the suboptimal state feedback vector.
Condition (3.8.23) can thus be interpreted as the
frequency-domain analogue of the time=domain condition
that the state feedback vectors of the two control
laws be close.

In a similar manner it follows from (3.8.7 & 16)
that:

w

B(-d;g_ = 1 i=1, n, (3.8.24)
P= (a3 P;

From (3.8.12 & 15) a further condition is that:

I

o o
P(s) = P (s) (3.8.25)
N P;

By inspection of the defining equations, conditions
(3.8.23-~25) are both necesary and sufficient for
the parameters of the two control laws to be close.
Conditions (3.8.22 & 24) are not, however, independent.
From equation (3.8.18), when d, is a root of A(s), the
left-hand side of (3.8.23)becomes:
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lsBS‘f;} = %f%f%g%; (3.8.26)

iy ]

-]

If (3.8.25) holds, and using the definition of P
(3.8.11), (3.8.26) becomes:

;.Ef%gL; = 1.P°(a;
p’B (a; p’B (a;
= 1l.B(a;) + J.A(a
P’ Bla;
= 1 (3.8.27)
pll

It is concluded that if (3.8.25) holds, condition

(3.8.23) must also hold for d.= a;, . Hence if the

system is fully controllable, that is d; and 4. are

roots of A(s) for all i (1-n), condition (3.8.25).1s
sufficient for the control laws to have close coefficients;
that is the characteristic polynomial assoclated

with the closed loop system fully defines the state
feedback gains. A similar result relates equations

(3.8.24 & 25).

In general, condition (3.8.25) is investigated g?%“iﬁg
SEER
using root-locus techniques, and then conditions ;?ﬁigki

(3.8.23 & 24) are checked at the uncontrollable system
poles - from the previous paragraph it follows that

if (3.8.25) holds, and the uncontrollable poles are
tclose' to the controllable poles, conditions (3.8.23 &
24) will also hold.
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Having determined conditions on the system polynomial,
vhich ensure that the suboptimal control law parameters
are close to those of the optimal control law, the fact
that the optimal control law 1s insensitive to parameter
variation (Kwakernaak & Sivan, 1972) is invoked to
deduce that the performance curves (Fig. 3.8.1) will
be close at this point. Note that the preceeding
conditions are. independent of the system time-delay.

These conditions are qualitative, and provide
a useful 'rule of thumb' for characterising systems
for which the suggested suboptimal control law is
near optimal; more detailed design would use the
previously suggested numerical methods . (Bughes &
Jacobs,1973; Ashton,1974). The application of the
above techniques 1s best illustrated by a sbecifié

exanmple.

Example 3.8.1

X open logp pok A L
0 open looP Jere
Q chred loop Po'c
Pﬂ—"
H
!
L )
P, _— . — R
N Ly 7 s ff';.p )ﬁ' s AR
|
{
!

[
Fig. 3.8.2. The comparative root-locus diagram.
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Consider the system given by:

The polynomial corresponding to the optimal control
law is given by (3.8.18) as:

fl

2 2
(2 +s)(2=38) N1+s)(1 -~ s)

2 4
a+d, - (1+220)s + 35

P¥(s) .pP"(-s)

]

The roots of this polynomizl are given by:

2 . %
P o= 12\ # (12123
2)\® 23%p

The polynomial corresponding to the suboptimal control
law is given by (3.8.11) as:

i

P°(s) (2+s) + 21+ s)2

2
(2 %) + (1 +.23)s + )gs

The roots of P° and Pls).P(-s), as ), and JMs
are varied, can be plotted using conventional root-
locus techniques (Jacobs,1974); this is done in Fig 3.8.2.
Only the loci corresbonding to P®(s) are shown: those
corresponding to P’(;s)_are the mirror images in the
imaginary axis.

. P
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For a particular application, closed loop poles

at -2 + ] are considered acceptable, these correspond

o 2
% =0.5, P=5+4s + 5
Xe

The problem is to determine whether there exist points
on the root-locus of the optimum control law close to
these poles. From Fig 3.8.2, it is seen that the loci
are, in fact, fairly close. By trial and error it is

found that a close optimum polynomial is given by:

2

pN =5 4+ 4.38s + 5.26

p = 0.15,

gl

-2.19 + 0.683

with roots at: p

These roots are marked in Fig 3.8.2.

1, &cd
N Pora)

B S
-~
W

Fig 3.8.3 Optimum gain against position of pole.

It has been found that the controllable part of

the system is such that the suboptimal charecteristic
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polynomial P0 is close to the optimal characteristic

P
polynomial P (condition 3.8.25). It remains to examine

condition (3.8.23). Fig 3.8.3 is a plot of B{-d
P(-d )

against the position of the uncontrollable pole -4 ;
the requirement of (3.8.23) is that this should be

close to L = 2—at d = =2 this condition 1s satisfied.
2o

It is noted that this quantity can be calculated
from either the expressions for P and B or directly

from the root-locus diagram. For example if 4 = -0.1 :

where AB denotes the length of the line AB in Fig 3.8.2

Straightforward, but tedious, calculation yellds
the input and output variances corresponding to the
closed loop systems when d = -2, these are given

in table 3.8.1. for the case when T=0.

Optimal Suboptimal
)
E{y ] 0.1273 0.1500
2
Efu | 0.5090 0.6000

Table %.8.1 Optimal & Subotimal variances.

The entries of this table verify that the two
control laws acting on the particular system, and

for the particular values of X, do indeed have similar
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performance. Curves plotted for a range of values of
)\, and %, - as in Fig 3.8.1 - are, however, necessary
for a detalled comparison.

This example conslders. the regulator problem;
identical techniques would be applied to the servo
problem of making a nolse~free system follow a set
point described by a transfer function:

I
s +d

Although the particular case T = 0 was chosen,
for simplicity, when actual varlances wvere calculated;
it is emphasised that the broad conclusions drawn
concerning the system in this example are independent
of the system time-delay. This point 1s further examined

in the next section.

3.9 Performance of regulators acting on first-order systems.

In previous sectlions the relative performance of
the optimal (in the sense of chapter 2) control law
and the proportional minimum variance control law
has been considered. In this section the theory is
applied to the regulation of a first-order system
with time-delay; this problem 1is simple enough to
yeild explicit expressions for the control signal
and system output variances, and yet it provides
useful insight into the relationship of the two control

laws.
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Consider the system:

-sT
y=e stbu + 1LY (3.9.1)
sta st¥a

This class of systems can be usefully d;Videdi:ﬂ;
into four catagories:
l. a>0, b>0
2, a<0, b>0
3. a720 , b<oO
4. a<0 , b<oO
Each catagory 1is<subdivided into:
(2) Ivl>1e
(b) bl ]q
The response of the system to a unit step is shown

in Fig 3.9.1.
A 4o 2 .

- \ \ iy

Fi 9.1 e system step response.

The system (3.9.1) 1s, effectivly, controllable
with respect to the input u; from the results of the
previous section, this implies that the two control
laws are defined by the roots of the closed loop
polynomials P° and F" (3.8.11 & 18). The comparitive

root-locus diagrams for the eight catagories are

L FJ —_— - - -
P s o7 B - = - -~
+ . L] - P . N F A - . g

—

a
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X open loop pole W reflected open loop poie

0 open loop zero _ireflected open loop zero
—— locus of root of P* as X, increases from 0 to & .
->- locus of root of P° as |\J increases from 0 to & ,

sign of ), as indicated.

la) o +ve 18) N, + ve

-y p=—€=-= |

2a) N, 4 Ve ZL) Ao = Ve
opa syl e
© . Dt | 4

3a) X, - ve Tt} N +ve

R Fa- — e
E‘L v 0 )i;--< -~ € _r?\
[ Fal A4 N - AV 4

Le) N, -ve L) Ao -ve

——_—— e — — = - - -
SRV B . AR BN Al
o 1 © ~ P Al
——— e I

Fig 5.9.2 Comparative root locus diagrams.
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shown in Fig 3.9.2: the weighting (X,) in the optimal

cost function is varied from O to®; the weighting (J,)
in the suboptimal cost is chosen so that its modulus
varies from O to ® ,and the sign is indicated separately
on each diagram. In every case it is seen that there
exists a value of ), (possibly negative) yeilding a
root of P° corresponding to a root of Po, for all
> 0. In general, the sign of V' is the same as the
sign of the larger of 1 and b/a for stable systems:
the reverse is true for unstable systems. Note that
for stable systems, the step response is characterised
by: y(0) =.liand y(®) = b/a ; hence the sign of
is the same as the sign of the steady-state gain,
or the initial-step response, whichever is larger
in magnitude.

Simple calculation gives the following table
of values of ), c¢orresponding to : ); = 0 (minimum
variance of y), and to \;=cD (minimum variance of u},

for the four catagories.

%o =0 M\, = @
1 0 o0
2 0 i(-o - 1)
2 a
3 -2b
b+a o
4 -2b 1(-b - 1)
b+a 2 a

Table 3.9.1 Range of Ao corresgonding to _opiimal control.



- To examine this behaviour further, the values
of the system output and control input are derived
for the system regulated by the suboptimal controller.
The closed loop polynomial is given by (3.8.11) as:

=]

P°= B + )A
(b + a8 + (1L+)s (3.9.2)

n

As the system (3.9.1) is controllable, the coefficients
of the control law may, as in section 2.6, be computed

directly from the identity:
o -sT
P°(s) = B(s).a(s) + e OUs).B(s) (3.9.3)

From section 3.2 O 1s of zero degree; substituting
s = -a into (3.9.3) and using the fact that P{-a) =
B(-a):

A = e (3.9.4)

Elementary manipulation gives the closed loop equation:
u = -d
PY

-aT
- e
(b+xg) + (1+\)s

¥ (3.9.5)

Using standard techniques, the variance of the control
input is thus given by:
2 -2at
V. 2 E{ﬁ } =

. 1 .9.6
< p] (b+ia) (1+)0) (3.9-6)

if the expression (3.9.6) is positive; V,=< otherwise.
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2
— E{y}
2

—---  E{u]
<&—) useful range’ of )\,

}' to different scales.

‘GJ Zu-)
! \
|
/' \
| A I
/ \ e
/ ~
P ~
o—l .
"'3_ -t o S, >-‘H:
l N
4 3
™ I \ / | Aol
. I/ \ | \
/ : ‘\ L \
/ \ / \
~ ¥ \ / \l
4 \\ / :\
- O -b l i’ O y ‘v‘l
l-;:a_ d. 0 °

Fig 3.9.3 Input_and output variances apainst ..
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From equation (3.3.17), the system output (y) is given
by:

$(6+1) = y(e+T) +lu(t) = €7(t+1) (3.9.7)
where & (t+T) is uncorrelated with u(t). Subtracting
Ay from both sides of (3.9.7), squaring, and taking

expected values:

2 2 2
Efy}] = v, = +17, (3.9.8)
2
where ¢ 1is the variance of €* and is given by:
2 , 3 -2aT
o~ = E{¢] = :5__.(1-9. ) (3.9.9)
a

Curves of V, and V. are sketched in Fig 3.9.3
for a selection of the catagories into which the
class of sysems conslidered has been divided.

In conclusion, the following results of this
section are noted:

The performance curves, that is plots of Vy against
V. with ),as parameter, are such that for each finite
value of V;, there are two corresponding values of
V. - and vice versa.

The lower part of the performance curve - between
minimum Vs and minimum V, - corresponds to that of the
optimal controller as xw goes from zero to infinity.

Vhereas the optimal control law decreases the
output variance for all X, 0, the proportional minimum
varlance control law can produce worse results than those
obtained using zero control, and can also induce instabillity;

the choice of ), 1s thus critical.
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3.10 Discrete-time systems.

The theory presented so far in this chapter
concerns continuous-time systems: this section contains
brief discussions of the analogous discrete-time
results, which are mainly concerned with highlighting
the points at which the theory differs. Further detalls
appear in Appendix 1, which contains~a reproduction of
a paper by Clarke & Gawthrop (1975) .

Optimal least-squares prediction.

The system (3.2.1) becomes:

-1 -k -1} -1 -1 -1
y(z ) = z ij 1).u(z ) + c(= 1). (z )
Az ) p(z ) (3.10.1)

vhere k is the integer time delay, and z the z~transform
operator.

The spectral factorization (3.2.3) becomes:
-l -1
R(z ).R(z) = C{(z ).C(2) (3.10.2)

The realisability relations (3.2.6-8) are - as in
section 2.7 - replaced by:
-1 1 -k -1

R{z ) = Tu(z— ) + z I:(zl ) - (3.10.3)
D(z- ) D(z )

where ?L is of order k - 1. Unlike the continuous case,
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T* is a finite degree polynomial (in z-l) and represents
a moving average stochastic process of finite variance.
Moreover as k is always at least unlty, f; is always
non~zero.

The remaining equations are formally the same as
in the continuous case, but with the real number T
'being replaced by the integer time-delay k.

The minimum variance controller as & regulator.

The cost function used is formally that of (3.3.1),
but the welighting terms A“, A" and A" are now transfer
functions 1in z- . The method of solution of the discrete-
time problem is formally similar to that of the continuous-
time problem, but an important difference is that f;
is now of finite degree and so does not have to be
approximated. The prediction error eX(t+k|t) = I V(t+k)
becomes a moving average process of order k - 1,
uncorrelated with y{t), u(t) and w(t); the pulse
response of a typical defining transfer function (I.)
is depicted in Fig 3.10.1.

S

Fi .10.1 The pulse response of I (k = 4

A

F 3

L hd
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A different derivation restricted to AY, A"
and A¥Y being polynomials - as opposed to transfer
functions - is given by Clarke & Gawthrop (1975),
and is reproduced in Appendix 1.

The minimum varisnce controller as a model follower.

As in the continuous case, the discrete model
following control law makes the closed loop system
follow an arbitary model with respect to the set point,
and the poles of the error transfer function are
prescribed. It was noted previously that, in.the
discrete case, f; is non-zero; hence, from the discussion
following equation (3.4.8), there is no restriction
on the model to be followed. A major disadvantage of
the discrete-time formulation is that inter-sample
behaviour is not considered, and may be poor.

Note that the minimum variance regulator (Rstrom,
1970)kis a special case where the model to be followed

is z , and the set point 1s zero.

The minimum variance controller as a classical control law.

The discrete ~-time system (3.10.1) has a delay of
at least one sample interval; the genera;isation
of classical control laws to include prediction is thus
always useful., In particular, it is noted (see Example
3,5.1) that the minimum variance regulator (Astrom,1970)
is the generalisatlion of a proportional feedback

regulator with infinite gain.



Example %.10.1

Consider the system:

-1
y = z .0 + disturbance
-1
l - az
-1
= 2 . Z .0+ disturbance
Z - &

A standard proportional control law :

u(t) = -L.y(t)
A

gives the closed loop characteristic polynomial:
P(z) = 1 + x(z - a)

The corresponding root-locus diasgram is given in

Fig 3.10.2(2). The proportional feedback of prediction:
u(t) = -1.y*(t+klt)
X
gives the closed loop charecteristic polynomial as
if X = 0, and given by:
P(z) = 2z + X(z - a)

The corresponding root-locus diagram is given in

Pig 3.19.2 (b) .
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N

\t L )
(a) proportional (b) proportional
feedback feedback of
prediction

Fig 3.10.2 Root-locus diagrams.

From Fig 3.10.2 (a), the conventional control
law leads to an oscillatory, and then unstable, response
as the gain (1/)) increases; from Fig 3.10.2 (b),
the predictor control_laW'merely leads to a faster
system as the gain increases; A =0 gives the
minimum variance regulator, or dead-beat controller.
Clarke & Hastings-James (1971) considered a
related class of control laws which minimized a one-
stepcost function; in the next subsection it is shown
that such control laws can also be interpreted as
proportional feedback of predicted output. (However
their method is not applicable to unstable systems,
for the reasons discussed in section 2.8; ). In a x 7.0

similar manner (Appendix 1), extensions to the one-

step control law given by Ashton (1973) can be considered
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as minimum variance control laws - which can, in
turn, be interpreted as generalisations of classical

control laws.

Example 3.10.2

A differential control law (Ashton,1973) has

been proposed, which minimises the cost function:
2 -1 2
v = Efr(t+k) - w()) + A @ -z )u(t)
from Appendix 1 , this is equivalent to minimising:
¢ -1 2
vt = E{(y(t+) - w(t) + 2 (1 - z Ju(t) }

where A' = Axconstant. The suggested control law
can thus be written in the form:

u(t) = __1 1(y*(t+klt) - w(t))
A (1-z )

Such a control law, containing no proportional term,
would be expected to have poor performance - this

was experimentally found to be so.

A one~step control law.

A discrete analogue of the infinitesimal horizon
control law (section 3.6) is the one-step (or k-step-
ahead) control law. That is the cost function (3.6.2)
is replaced by:
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v = E{(y(t+k) —-w(t))2 +A,ﬁ2(t)J (3.10.4)

Similar cost functions have been considered previously.
(Clarke & Hastings-James,1971l; Ashton, 1973; Hughes &
Jacobs,1973). As in section 3.6, using the fact that
the prediction error (¢%) 1s uncorrelated with y(t),
u(t), and w(t), the cost function (3.10.4) becomes:

2 2
vV, = [ (t+kit) -~ w(t)) + Mu () +7 (3.10.5)

where the variance of the prediction error is a:i
Unlike the continuous case, 3y*(t+k|t)/@u(t) is never
zero - for k is chosen in such a way that the leading
coefficient (b,) of B(z-l) is non-zero. V, (3.10.4)
is thus minimised by choosing u(t) such that:

(y*(t#k\t) - w(t)).b, + Au(t) = 0 (3.10.6)
The proportional minimum variance control law is:

u(t) = -%(y*(t+k\t) - w(t)) (3.10.7)

Equations (3%.10.7 & 8) are identical if:

A = (3.10.8)

A
b,
Hence, unlike the continuous-~time case, the one-step

and proportional minimum variance controllers are

always equivalent - results about the optimality of

one control law imply the same results about the optimality
of the other.
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On the optimality of a minimum variance controller.

The discrete-time comparison of the proportional
minimum variance and optimal control laws 1s based
on the sampled behaviour only; this leads to directly
analogous results to those found for the continuous
case. The comparative root-locus diagrams are drawn
in the z - as opposed to s - plane; and the spectral
factorisation is into roots inside and outside the
unit circle. This comparison does not, however, provide

information about interssample behaviour.
Example 3.10.

Consider the system:

-k -1
y = z (1 -0.52 ) .u + 1 Y
-1 .2 -1
(1 - 0.9z ) (1 - dz )
-k
= z zEz - 0.5) .u + A 1 4
z - 0.9 (z -dd)

The comparative root-loci.are defined by:
2
P°(z) = z(z - 0.5) + Az - 0.9)
- -1 -1 =1
and P(z).P°(z ) = zz(z - 0.5)z (= -_.o;»;5)
2 -1 2
+ X(z-0.9) (z -0.9)

These loci are depicted in Fig 3.10.3.
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open loop poles Xx
n n zeros ©
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\/ wnil ciecle
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Fig 3.10.3 Comparative root-locus diagram.

More detailed analysis is similar to that of
Example 3.8.1; once again, the comparison is independent

of the system time-delay,.k.
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3.11 Summargiors

A cost function, closely allled to that of the
minimum variance regulator of Estram, has been considered
in both continuous and discrete time, and shown to
be open to a number of useful interpretations:

1) A model following control law:which enables
the closed-~loop system response, to a filtered set
point, to be prespecified subject to certain constraints.
It is shown that it is not possible to eliminate
disturbances; but it is shown that the poles of the
closed-laop disturbance process are those .of the
prespecified closed-loop,system.

2) Aiclassical.control law which operates on
the least-squares prediction of the system output,

a time ahead corresponding to the system time-delay.
This allows classical design methods for systems with
no dead-time to be directly applied to systems with
dead-time.

3) A special case of 2), proportional feedback
of predicted output error, is interpreted as an
approximation to the optimal control law of chapter 2;
conditiond are given for a system to be well controlled
by this control law. Analogies are drawn with a previously
studied problem involving comparison of discrete-time
k-step~ahead and infinite horizon control laws.

The important feature of these control laws is

that they form the basis of a2 self-tuning algorithm.



157

Chapter 4

A self-tuning controller.

4.1 Introduction.

In the previous chapter was considered the control
of systems described by transfer functions with known
coefficients: in this chapter is considered the control
of systems with the same structure, but the transfer
function coefficients are unknown.

The discrete-time systems considered in thils

chapter are of the form:

-k
y = z Bu + Cy¥ (4.4.1)
A D

where y, u, and * are the discrete system output,
control input, and noise input respectively. A, B,
C, and D are polynomials, in the z-transform operator
z- , of known degree but unknown coefficients; the
integer time-delay k (> 1) i1s assumed known.

A 'self-tuning regulator! has been proposed
(Astrdém & Wittenmark,1973) which combines a linear
least-squares estimation algorithm with a linear feedback
control law based on the parameter estimates; this
is done in such a way that, asymptotically, the control

law becomes the minimum variance regulator (Astrém,

1970) designed using prior knowledge of the values



'158

of the transfer fuanction coefficients. This property,
whereby the control law parameters asymptotically
correspond to those of some prespecified control law
based on prior knowledge of system parameters, has
been termed 'self-tuning! (Borisson,l1975).

In this’chapter, it.is shown that the more general
class of minimum variance controlliers (discussed in
chapter 3) can be combined with a least-squares estimation
scheme, in such a way that the overall algorithm is
- in this sense - self-tuning. The exposition is
largely based on previous work (Ljung & Hittehmark,
1974); the central result (Ljung,1974) is quoted without
proof, but some intuitivejustification is given

As pointed out in chapter 3, the minimum variance
controller has a number of advanteges over the basic
minimum variance regulator, in particular with regard
to control weighting and set point following. The
self-tuning controller is only slightly more complex
than the basic self-tuning regulator. The combination
of these two facts make the self-tuning controller

a valuable extension of the self-tunhg regulator.
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4,2 The self-tuning controllier.

In chapter 3 (equations 3.3.19-24), it was shown
that the system (4.4.1) could be written in terms

of the auxiliary outpat (¢ ) as:

R(t+kIt) = dyr(e) +Rur(t) +Mwr(r)  (2.2.1)

P (4| t) + E%(t+k) (4.2.2)

¢ (t+k)

where¢ is the auxiliary system output, given by:

$t) = Myt + Aiu(®) - wi(t) (4.2.3)
A4 N

and: y' = 1/A%.¥, u' = 1/4%.u, w' = Aw. R is given
by (3.3.6); but note that if A% has no roots outside
the stebility region, this factor may be cancelled from
R,d, ﬂ , and [

The control law defined by setting the right-
hand side of equation (4.2.1) to zero, was shown to

minimise the cost function:

2
vV = E{cp (t+k) | ;} (4.2.4)
Define the column vectors X and 8 as:
i) = [yr(e) o = [
y' (t-n) ng
ut (t) £, @.5)
I;ll (t-nf’) F"F
wi(t) P
\:v‘(t,—ni) }}n
3 - b r_.
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where d,...d, are the n, coefficients ofd etec.

The equations (4.2.1 & 2) can now be rewritten as:

¢ (t+k) = i‘&f(i).@ + e*(t+x) (4.2.6)
o s
vwhere: {%, = iE;€Z (4.2.7)
Without loss of generzlity, . ¢ R can be chosen
such that f’= 1, .. :1 f being scaled accordingly.
Consié;r first the case when =R =1, that
is:
£ =0 iyl (4.2.8)

Then equation (4.2.4) becomes:

b(t+k) = X'(t).0 + E¥(t+k) (4.2. 9)

The parameter vector @ is unknown; whereas the data

vector X, being formed from measured values of y, u,

and W, is known at time t. If the time-delay k is

unity, €*(t+k) is a discrete white noise process (section
3.10); in this case it has been shown (Astrom & Wittenmark,
1971) that © is optimally estimated - in a least-squares
sense - by a recursive least-squares algorithm. The
least-squares algorithm for the system (4.2.9) can

be written in a number of forms (Astrom & Eykhoff,

1971); a selection of these are now presented.
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The basic non-recursive form of the least-sguares

algorithm, based on N measurements,is given by:

A N
e = E(N)[gz(t—k)cp(t)] (4.2.10)
where:
. N T -1
p(y) £ [)E-_"}_{(t—k).g(t—k)] (4.2.11)

These equations may be put into recursive form as:

&v = 61 + K&[P @ - 1" (6%) .B(t-1)]

(4.2.12)
E(t) = P(£)X(t-k) (4.2.13)
gﬁ (t) = E_-l(t-l) + ;(t-k).g'(t-k) (4.2.14)

Using the matrix inversion lemma (Sage & Melsa,
1971), equation (4.2.14) may be converted to give

P directly as:

P(t) = P(t-1) - PB(t-1)X(t-k)X (t-k)P(t-1)
1 + X (t-k)P(t-1)X(t-k)
(4.2.15)

Substituting (4.2.15) into (4.2.13), K may be written

in a more usual form as:

K(t) = P(t-1).X(t-k) (4.2.16)
1 + X" (t-k)P(t-1)X(t-k)

Equations (4.2.15 & 16) may, in practice, be updated



using efficient square-root techniques (Clarke et al.,
1975); for theoretical purposes, however, equztions
(4.2.10-14) are more convenient.

The above recursive equations are closely related
(Rstrém & Eykoff,1971) to those of the Kalman filter,
© being regarded as the (constant) state and equation
(4.2.9) as the measurement equation. It can be shown
that P(t) is proportional to the a posteriori covariance
matrix of the estimation error at time t; because
the state (@) is constant, P(t-1) is proportional
to the a priori covariance matrix at time t. Equations
(4.2.13 & 16) thus represent the alternative forms:
of the Kalman gain based on the a posterior; and a
priori covariances respectively.

The proposed self-tuning strategy can now be stated

as follows:

a) DUsing.the measured values of y,u,and w form the
auxiliary output (4.2.3).
b) Using the measured values of y,u, and w form
the data vector X(t-k) and use a set of equations
equivalent to (4.2.12-14) to update the parameter
estimate B(t).
¢c) Use the current estimate é‘and current measurements
to choose the current control input u{t) such

that:
X(6).Bt) = o (4.2.17)

162
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Steps a)-c) are repeated at each sample instant. If,
in:step a), ¢(t) = y(t), the above algorithm becomes
that of the self-tuning regulator (Astrém & Wittenmark,
1973%); the additional complexity of the self-tuning
controller is thus small.

" In the above strategy, the leasttsquares estimator
is - in general - not operating under conditions for
which it was designed: because of step c¢) feedback
is present; the system is, in general, given by equation
(4.2.6) rather than equation (4.2.9); and if k> 1,
the noise term (€*) is non-white. The problem now
becomes one of analysing the behaviour of the estimator
under the actual operating conditions, and making

ad hoc modifications to improve performance.

4.3 Steady state properties.

In the previous section, the self-tuning scheme
was stated; it was noted that the estimation algorithm
was not operating under its design conditions. For
the proposed scheme to be self-tuning in the sense
of section 4.1, it is necessary that the estimate é
both converges to some constant value, and also that
this value corresponds to the desired control law. In
this section convergence is assumed and the latter

condition examined.



In the original paper on the self-tuning regulator
(Astrom & Wittenmark,1973), this latter property was
verified for the particulal case ¢(t) = y(t); this
proof can be modified to fit the more general case,
but a more direct method is given here.

Consider the self-tuning scheme of the previous
section, but with step c) replaced by the constant

parameter control law:

x'(t).8 = 0 (4.3.1)

vhere & is of the same form as @ (4.2.5); this will
be the steady state situation if é converges to é
Firstly it is noted that, as from (4.3.1) the components
of X are linearly related, the matrix £~l (4.2.11)

is singular and thus é(N) is not uniquely determined.
In practice, this would mean that the components of
é would drift, buf?gientually become in atconstant
ratio to eachother. This would not affect the control
signal generated by equation (4.2.17), but could lead
to numerical difficulties. Following the approach of
Rstrdm & Wittenmark (1973), one parameter is fixed

at some prespecified value, and the remaining parameters

estimated, The following definitions are made:

©;is © but with the ith element (8:)deleted.
A ]

_9_; n B n " (6‘. ) n

X X n " (=i) @

164
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The estimator equations (4.2.10 & 11) become:

8. = (u)[Zx (t-w)(d(t) + Bx, (t-k>](4 5.2)
-1

P, (V) Zx (t-k) X (t-k) (4.3.3)

where ©; is the ith component of Q; and chosen a priori.
Substituting (4.2.2) into (4.3.2) and premultiplying
-1
P; (N)
£ 8. = Yxen[$m + X0 + Bwxitw
=t
(4.3.4)

In section 3.3 it was shown that 6*(1:) was uncorrelated
with y, u, and w occuring at and before time t-k,

and so uncorrelated with X;(t-k); hence, taking expected
values of both sides of (4.3.4):

-1
E{_I:; (N)él(N)} = { Z (t-x)| $e) + 6ix. (t—k)”
(4.3.5)
Using the control law (4.3.1) and the expression for

-1
P. (4.%.3), equation (4.3.5) becones:

e, 8w} = oy xewdw
-
E[z_;l(m é;} (4.3.6)

+

@l {es

If equation (4.3.6) is to represent the asymptotic
self-tuning scheme, the constant control law must correspond

to the estimated parameter vector; that is:



x () = LE®WE® = L X®& (437

e : e;
Substituting (4.3.7) into (4.3%.6), the asymptotic

estimated control law must also be such that:
M *
{2 Xi(t-w4 w] = o (4.3.8)
[ 1]

From (4.2.1) it follows that X;(t-k) and $™(t) are,
in general, correlated; hence if the components of X
are not always zero, the estimated control law nust

be such that:

$(t) = o
é\a(t) =_§_=§= | (4.3.9)

r

Hence, if.the self-tuning controller converges to
give a constant control law; this constant control law
must correspond to the minimum variance controller

3 L
defined by the weighting transfer functions A ,/\, and

w

A

- as used in the generation ofqp.

Note that as, in general, the self-tuning scheme
takes some time to converge, ¢f(t) cannot initially be
zero: the self tuning scheme can only make the right-
hand side of (4.3.8) zero by generating further

‘non-zere terms to compensate. In practice, this is
found to lead to slow convergence of the estimate éh.
This blas of the estimate after some finite time t=N
can be reduced - at the expense of increased variance
of the estimate ~ by using 'exponential forgetting!
(Eykhoff,1975). This leads to equation (4.3.8)
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being replaced by:
N N+l-t
Bl ¥ (1-8) g;(t-k)df(t)} = 0, 0<5¢1 (4.3.10)
=)

where (1-§) is the forgetting factor, § usually being
of the order of 0.0l. With this modified estimator,
initial non zero values of ¢fhave coefficients which
tend to zero as N grows.

To summarise,; by assuming that the estimate /Q\
converges to some constant value, it has been shown
that if one element of é is fixed a priori, and the
least-squares estimator is modified to weight out
past data, this constant value gives the minimum
variance control law specified by A s A“, andA” - used

to generate the auxiliary output ¢ . That is, the

proposed scheme is self-tuning.

It has been noted that it is useful to welght
out past data using, for instance, equation (4.3.10);
this prevents the estimator gain K (4.2.13) from becoming
zero, and so prevents the estimate é converging to
a constant valuie.. It has been suggested (Borrison,1975),
that by letting the forgetting factor in (4.3.10)
tend to unity (§»0) according to some predetermined
scheme, the estimator gain eventually becomes zero,
and the estimate é can settle down to some constant

value. It is now shown that the estimate wandering

about its correct value does not, in practice, lead
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to poor control; convergence to a constant value 1is
thus not necessary, and the forgetting factor does
not have to be changed on-line. The following argument
has been given previously (Clarke & Gawthrop,1975).

The cost function minimised by the modified least-

squares estimator is :

N A 2
@ ®) = _1_ 3 7(t)(Pt) - (08 W)
:ur R (4.3.11)

. (N+t)
Where ¥(t) is some weighting factor, for example (1-§f)

as in equation:(4.3.10). The cost function minimised

by the control law can be written as:

- 2
V.(® = E ($(t) - X'(t-k) 8) (4.3.12)

<

Although X(t) is not a stationary sequence, and thus
ergodicity cannot be invoked to equate V. and V_, if

the estimates é(t) do not diverge, and the control law
glves a stable closed loop system, the two cost functions
become approximately equivalent. Hence, if Vs(é) is

such that it does not change rapidly in some direction
in parameter space - and so E tends to wander in such

a direction,- the control law according to V_(8) will

be insensitive to such variations. That is wandering

estimates do not imply poor control.

To summarise, the effect of exponential forgetting
1s to reduce - at any given time -~ the bias of the
estimate due to initial non-minimum variance feedback;
but this is at the expense of increased variance of
the estimate. This increased variance has been shown u)l

be relatively unimportant.
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4.4 Convergence.

In the previous section it was shown that the
proposed adaptive control algorithm was self-tuning
- on the assumtion that the estimated parameters
converged to some constant value. In this section
attention turns to the question of under what conditlons
the self-tuning controller converges. A large body
of results for the self-tuning regulator (¢$(t) = y(t))
exists in the literature (Ljung,1974 a,b; Ljung &
Wittenmark,1974 a,b); because of the similarity betwveen
the self-tuning controller and the self-tuning regulator,
a large part of this theory would seem to apply directly
to the more general problem. The purpose of this section
is to give an intuitive overview of this previous
work in relation to the more general self-tuning controller.
To give some idea of the problems involved in
the analysis of the self-tuning controller, consider
the particular case were the system has an integer
time-delay (k) of unity. The recursive form of the
estimator (4.3.2 & 3) is given by:

i) = -1 + k(WP - Xi(+-DE (+-1)
-x; (t_l)é;] (4.4.1)

where K;1s given by equations similar to (4.2.13 & 14).
The feedback control law  (4.2.17) is such as to set

the sum of the last two terms of (4.4.1) to zero.
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Using also the expression for ¢(t) (4.2.6), equation
(4.4.1) becomes:

6.0 = Gien + me[L prI-NE + €®
{roled (4.4.2)
perine:  8i(v) = B () - 80, (4.4.3)

&;
and define _6 in a similar manner. Then using the

control law. (4.2.17), equation (4.4.2) becomes:

Tiut) = & (t-1) -

o K: (0[5 pEiCa-08(1)]
8; 4707y
+ K.(t)E"(t) (4.4.4)

This equation (4.4.4) is, in general, stochastiec,
non-linear, and time varying; moreover _é, does not
define the state of the system described by (4.44;
the analysis of this equation is thus formidable. It is,
however, possible to draw some rough conclusions about
the behaviour of its solution. Firstly, if /)(j) = 0,
3>1 (that is . R is unity) and & =&; (that is &
is exactly known a priori), equation (4.4.4) becomes
the standard least-squares update equation,.for‘-én'
with K;(t) the optimum gain vector.

If the former condition holds but é:: =/u§.' , the
optimum gain vector K is multiplied by a factor}‘l;.. If
/u.< 1, the actual gain is greater than optimum, leading
to tovershoot! or even a diverging sequence of estimates:
if P) 1, the actual gain is less than optimal leading
to slov convergence,

If the latter condition holds, the behaviour of
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the solution of equation (4.4.4) depends on the magnitudes
of‘ﬂ,j ¥1; hence if the roots of R(s) ~which corresponds
to the numerator of the system disturbanceif /A% is.stable -
are near the unit circle, the behaviour of the solutions
of equation (4.4.4) will, due to the far from zero
values of ﬂ, izfl, be far from optimal in some sense.

The contribution of Ljung (1974 a,b) was to
analyse similar equations, and hence show that the
convergence of the self-tuning regulator was assured
if:
a) The output and input sequences y{(t) and u(t) are
not always unbounded; that is the closed loop system
is not always unstable. And
b) An associated ordinary (non-stochastic) non-linear
differential equation converges.

It would appear that the above conditions also
hold for the more general self-tuning controller.
Ljung's proof is long and involves advanced techniques,
and so no rigorous proof of this conjecture is given
here; however, an intuitive Jjustification is given
here, which closely follows one given previously (Ljung &
Wittenmark,1974 a,b) for the above conditions applied
to the self-tuning regulator.

Using the estimator equations (4.4.1) and {(4.2.13)},
the estimate é; is updated according to:
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B = &it1) + Ri(0Li(ex] $(o)
- K108 (1) - x,(¢-1) 6]
z_;l(t) = Bi-l(t-l) ¢ X(t-k)XT (t-k) (4.4.5)

The latter equation may be suitably modified to weight out
past data, but this does not essentially change the
following argument. As the quantity P, gets small it
requires more time for E: to change by a given small
amount; if also the closed loop system is stable,

the sequence X;(t) becomes approximately stationary.

Using some !law of large numbers! it would seem possible
to replace quantities by their: expected values - as

if they were actually generated over a long period

of time with.é; constant. The following quantities are

now defined:

(@) = Bz (09 () (4.4.6)
a@) = B{x:(t-0)xi(t-0)} (4.4.7)

where the expectations are taken for the steady state
system when the feedback control law is constant and

given by:
A
X;(t) & =0 (4.4.8)

Substituting equations (4.4.6-8) into equations
(4.4.5), according to the preceeding non-rigorous

argument.:
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B.(++T) - 8, (t) = T B(t) £(&: (¢)) (4.4.9)

-1 1

; (¢4T) - ‘E: (t) T 6(8; (t)) (4.4.10)

ol

Equations (4.4.9 & 10) are, formally, difference

approximations to the differential equations:

8:(t) = B(t) £ (t)) (4.4.11)
B, (t) = 6(&: (v) (4.4.12)

In the work of Ljung and Wittenmmark (1974 a,b) these

equations are expressed? in a different form as:

%Tﬁ; (1) = s(1) £(& (1) (4.4.13)
-1 n -1
%Tﬁ (1) = g M) -8 (1) (4.4.14)
where: dT = 1, B8(t) = tP(t)
dr t

The above intuitive argument suggests that if the
closed loop system is stable, equations (4.4.11 & 12)
describe the actual trajectories arbitrarily closely
as t»ad , and thus that their convergence also implies

convergence of the algorithm described by equations

(4.4.5).
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Ljung (1974 a,b) has shown rigorously that conditions
a) and b) , where the assoclated ordinary differential
equation is given by (4.4.13 & 14), do imply convergence
of the self-tuning regulator; the preceeding argument
suggests that this result can be extended to the more
general self-tuning controller. Attention now turns
to the practical verification of these conditions.

The verification of condition a) involves showing
that if the estimated parameters are such as to make
the closed loop system unstable, the estimates are
always driven towards values giving a stable closed-
loop system. This has been considered previously (Ljumg &
Vittenmark,1974 a,b); similar methods are used here, but
are extended to include consideration of set point
parameters, which are not present in the self-tuning
regulator.

If the closed loop system is unstable, theussysStenm
output (y) and input (u) will become much larger than
the disturbance and set point processes, which may
then be neglected in comparison. There are two cases
to consider: firstly a coefflcient: of y or u is
not fixed at aconstant value; secondly a coefficilent
of y or u is fixed.

In the former case, as the measurements of y
and u are effectively noise free, the corresponding

parameter - estimates will rapidly converge towards
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those based on the system parameters, but ignoring
the disturbance and set point dynamics. Such a control
law, though suboptimal, gives a closed loop system
with characteristic polynomial P, , obtained from
equation (3.3.26) by setting the disturbance polynomials
C!' and D' to unity. If this polynomial -~ corresponding
té the nﬁmerator of the auxiliary system (3.3.12) -
has no right-hand plane roots, the closed loop. system
is stable. That is, 1f the numerator of the auxiliary
system (3.3.12) has: no right-hand plane roots, estimates
outside‘the closed loop stabllity: region are forced
inside the stability region.

If, on the other hand, a coefficient of y or u
is fixed at a constant value, the resultant estimator
of the remaining ceefficients of y and u is not a
least squares estimator, and the estimates do not
necessarily converge to the above stabilising control
law. In this latter case it can be shown (Ljung &
Wittenmark,1974 a) that the estimates will converge
to those of the above suboptimal control law if:

6 50.5 and k=l (4.4.15)

=\

where &. is the value to which the coefficient @; of

the above suboptimal control law is actually fixed.
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To summarise, condition a) is satisfied if the
closed loop polynomial obtaineéd from equation (3.3.26)
with R set to unity:

P! = AMB o+ AiAa (4.4.16)

<

has no roots in the right-hand plane; and either:
4) No coefficient of y or u is fixed.
or 2) A coefficlent of y or u is fixed, the system
time-delay (k) is unity, and the fixed parameter
is not less than half of its actual value in the
. suboptimal control law which ignores set point
and disturbance dynamics.
More general cases have not, as yet, been investigated.
The verification of the convergence of the ordinary
differential equation (4.4.11 & 12) - condition b) -
seems to be difficult in genersl; methods suggested
(Ljung & Wittenmark,1974) include: numerical solution
for a range of initial conditions; construction of
a suitable Liapunov function; and linearisation about
the required steady-state solution. This last method
has been used (Ljung & Wittenmark,1974 a) to construct
a system for which the self-tuning regulator, although
satisfying condition a), does not have a convergent
ordinary differential equation; it is noted that a
feature of this system is complex roots of the noise
nunerator near the unit circle, it has been noted above
that the performance of the self-tuning controller would

be expected to be poor for such a system.
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4.5 Steady-state offset.

It is often an important practical requirement
that a control algorithm be such that the mean steady-
state output of the system under control has zero
offset with respect to the set point - even if the
disturbance process and setpoint have a non-zerc mean
value. The purpose of this section is twofold: the
theory of least-squares prediction (chapter 3) is
extended to include disturbances with a known constant
component, the self-tuning controller being modified
accordingly; and conditions are derived which ensure
that the minimum variance controller - that is the
steady-state self-tuning controller -~ has zero offset.

A known constant disturbance is included in the

model (3.10.1) to give:

u + Cy + d (4.5.1)
D

where 4 is a known constant. Define:

y = y-4d (4.5.2)

$ = ¢ - AQ) a (4.5.3)

-1
where A'(1) d is the steady-state value of A'(z ) 4.

The equations for y and.?ocorrespond to those
-
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discussed in chapter 3 with no constant term; hence
using equation (3.3.19), the least- squares predictor
for ¢% may be written down as:

CE~)(~(t-1-lcl1t;) = %(d‘ya' +Fu| + wt) (2.5.4)

vhere &, g, I', y', u' ,w' are given by equations
(3.3.20-24). Substituting equations (4.5.2 & 3) into
(4.5.4), the predictor for ¢ itself is given by:

Ft+kit) = %(d.y- + But + Mt o+ ar) (4.5.5)

where d' is a constant given by:
ai = [RQL) -»olEl;]d (2.5.6)
ALL)

The prediction error associated with (4.5.5)
is identical to that associated with (3.3.19) and is
thus independent of the constant d; hence the predirtor
model (4.2.1) is replaced by (4.5.5), whilst equation
(4.2.2) is unchanged. Augmenting the data vector X
(4.2.5) with a unit element, and the parameter vector
© (4.2.5) with a constant element d!', the modified
system system (4.5.1) may be written in predictor
form (4.5.5) as equation (4.2.6). The self-tuning
controller is thus simply modified by including a
unit element in X, and estimating the constant (but

now unknown) term df.
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It 1s now assumed that the modified self-tuning
controller has converged to the corresponding minimum
variance control law, and the resultant offseziiﬁvestigated.
The minimum variance controller has the property (3.3.17)
that in the steady state, the auxiliary output G#)

is given by:

Aly(t+x) + Atu(t) + Aw(E)

]

4) ()

€ *(t+k) (4.5.7)

]

Denoting the mean values of y, u and w by the subscript
m and noting that €¥(3.3.18) has zero mean, in the steady-
state:
y, = -1__ (A1) up+ AQD) W) (4.5.8)
AT (D)
As the system coefficients are unknown a priori, um

is unknown a priori; under these circumstances, the

offset (3. - w.) will always be zero iff:

a) A@) =o (4.5.9)
and b) "’13 =4 (4.5.10)
Al

The former condition can be ommited if it is known
a priori that u, is zero - for example if the system
is known to contain an integrator. Some particular

cases where conditions a) and b) are satisfied are
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now given.

1) Model following control law.

Such control laws were discussed in section 3.4.
By definition,A“'was taken-to be zero, and so condition
a) is automatically satisfied. Condition b) then merely
states that the chosen model (A“/A® )has unity gain.
2) Extended classical control law.

Such control laws were discussed in section 3.5.
By definition, A’ =1 and A = -1, and so condition
b) is automatically satisfied. Condition a) then
states that the feedback compensation (1/4") nust
contain a discrete-time integrator - this result is

expected from classical control theory.
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4.6 Simulation of the self-tuning controller.

Unlike the invariant control laws presented in
chapters 2 & 3, the behaviour of the non-linear self-
tuning controller cannct be accurately predicted in
advance. This section presents a selection of simulated
examples of the self-tuning controller operating under
various conditions; these examples are designed to
i11lustrate the preceeding theory - rather than provide
a detailed statistical verification. ‘

The simulation package was designed for use on
a D.E.C. PDP 11/45 digital computer and written in
FORTRAN, making fulluse of the rapid output afforded
by an associated visual display unit. The main design
criteria adopted were flexibility and ease of setting
up simulation runs, and provision of comprehensive
graphical and numerical of selected generated data.

An experiment or run is defined by one set of
parameters representing the system; and up to five
sets of parameters, each defining a controller, set
point and noise sequence. Up to five controllers -
which may be different algorithms, or the same algorithms
but with different parameters - may thus be simulated
independently, in parallel, on identical systems with
either the same or different nilse sequences. This

allows easy comparison of algorithmswwithccleaprlys. ined
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defined differences in experimental conditions. The
package consists of three interconnected programs,
data belng passed via disk files. These programs are
now briefly described.

The program 'SIMSET! sets up the six sets of
defining parameters described above. When an experiment
has been set up, it is stored on a disk file; its
name and date of entry are entered in a file directory,
enabling easy retrieval at a future date. Once an
experiment has been entered manually, or read from
disk, any one of these six parameter sets can be displayed
on the visual display screen; the system display has
a fixed format, but the controller display depends
on the type of controller.

The parameters being displayed can be changed
in three different ways. Firstly, associated with each
type of controller is a standard set of constants -
which may be system dependent - which may be loaded
on command. Secondly, any controller parameter set
may be replaced by that of any other of the controllers
in the particular experiment. Thirdly, by entering
the first two letters of a parameter name, follQWed
by its required value, any parameter under display
can be individually changed. The combination of these
three entry methods leads to a very flexible, yet

simple, set up procedure.



The program 'SIMRUN! reads the required experiment
from disk, the five controller parameter sets being
loaded into the named COMMON areas, /COM1/-/COMS/ .
The program then calls, in turn, up to five subroutines -
identical but for the named COMMON. Each subroutine,
according to an indexing parameter, calls one of a
number of possible controller subroutines; the
corresponding parameter set being interpreted by
an EQUIVALENCE statement. This allows up to five independént
simulations to be run in parallel.

The discrete-time white noise processes areu
generated using a D.E.C. supplied pseudo-random number
generator which produces a sequence of uncorrélated
numbers with a uniform distribution. The mean of twelve
of such numbers 1is suitably normalised to produce -
via the central 1limit theorem (Melsa & Sage,1973) -
a nevw sequence with an approximate gaussian distribution.
This was not because the theory relies on such a distribution,
but rather because it was felt that a gaussian distribution
was more realistic than a uniform distribution.

The display program, 'SIMDSP!', uses the display
terminal to plot graphs of any required data generated,
and stored on disk file, by the previous progranm.
S;milarly, data may be tabulated; or any data set
correlated with any other to provide statistical

diagnostics.
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Example 4.6.1 A general example.

This example (Fig 4.6.1) is intended to give
a general view of a self-tuning controller in operation,

and to point out typical features.

System.
-1 -1 -1
y = z_(1+0.52 Ju + (1+0.72 )Y
1 -2

(L - 0.9z + 0.3z )
White noise statistics.

Mean = 1.0, Standard deviation = 1.0

Cost function.

A=1, A"=0.5, A =-1

Minimum -variance controlllaw. (3.3.20-24)

-1
d = 1.6 - 0.3z
; -1
F = 1.5+ 0.85z
¥ -1
AT = -1.0-0.7z
ir = 0.4 (4.5.6)

Self-tuning controller parameters.

¥, fixed at -1.0, forgetting factor (4.3.10) 0.995

~ ~ A

A P
& = cor.[d, &, £, /’.’-5’:, 2], Pe= oo

The first four graphs are all self-explanatory,

and refer to the self-tuning controller. The fifth
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graph gives the parameters estimated by the self-tuning
controller, the asymptotes correspond to the parameters
of the minimum variance control law - to which the
estimated parameters should converge. The four graphs
entitleddd, ¢y, $u, and ¢w are the cross correlations
of each two variables taken over the last five hundred!
points shown. The final graph,'Cumulative loss!, gives
ﬁhe quantity:

N 2

> & (v)

E=1
plotted against N. The upper curve is based on the
self-tuning controller data; for comparison the lower
curve is based on the corresponding minimum variance
controller operating on the same system with identical
nolse sequence., The relative increase of these two
guantities is a measure of the degree of convergence
of the self-tuning controller.

From section 3.3, the minimum variance control
law - asymptotic self-tuning controller - is characterised
by the auxiliary output (¢) being a moving average
process of order k-1; in this case (k=1) a white noise
process. This is verified by the sample autocorrelation
over the last five hundred points, given in graph.¢¢.
Similarly graphs ¢y, ¢u, ¢w verify that ¢ is approximately
uncorrelated with y(t=i)gia(t~1), and w(t-1) for i)k.



187

The estimated parameters wander about their ideal
values (as shown by dashed lines); however they wander
in unison and, as the cross correlations indicate
that the control law has the required properties,
it is conjectured that this is due to the control law
being insensitive to such deviations. This behaviour

is discussed at the end of section 4.3.
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Example 4.6.2 A non-minimum phase system.

This example demonstrates the use of control
wéighting to succesfully control a system with a zero
outside the unit circle. Such systems canndt be stoac.iéay

controlled using the basic self-tuning regulator.

System.

-1 -1 _ -1
y = 2z (-1 +2z Ju + (1+0.52 )Y
-1
’ (l - 009Z )
White nois?2 statistics.

Mean = 0, Standard deviation = 1.0

Cost function.

A=, N= 1.7; the set point is zero.

Mi um variance control law, :

A = 1.4

1
P = 007 + 2-85Z

Self-tuning controller parameters.

[;’, fixed at 0.7, forgetting factor = 0.99

:9\_;__= col.[a.,,ﬁ'] , Py =-1001

The graphs are of the same format- &s those of example
4.,6.1.
The self-tuning controller operates succesfully

in this example because A is such that the auxiliary
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system is given by:

-1
¢ = y+2z2 .IL.7u
=1 -1 -1 -1
= z (-1 +2z +1.7(1-0.9z )) u + (1+0.52 )Y
-1
(1 - 0.9z )
-1 -1 -1
= z_ (0.7 + 0.47z )ul + (1 +40.52 )V

This system has no zeros outside the unit circle, hence
as discussed in section 3.3, the minimum varlance
controller operates succesfully on this system.

An interesting feature of this example is that
the initial large excursions of the system output and
input cause - as discussed in section 4.4 - the parameter
estimates to move close to those pertalining to the case
where the noise numerator polynomkal is replaced by
unity, that.is: 4! = 0.9, E' = 2.0 . After some tine,
however, the estiﬁated paraﬁeters tend to their indicated

ideal values.
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Example 4.6.3 An unstable system.

This example demonstrates the behaviour of the
self-tuning regulator operating on an unstable system;
the control of this system is also cénsidered in

example 2.8.1.

System.
y = _1 _u + _1 ¥
-1 -1
1 ~ 2z 1 - 0.9z

White noise statistics

Mean = 0.0, Standard deviation = 1.0

Cost function.

A'=1, A"=0; the set point is zero.

Minimum variance control law.

-1

A 2.4 - 1,8z

£

Self-tuning controller parameters.
F fixed at 1.0, forgetting factor = 0.995, P)= 1
°

-1
1-0 - 0.92

i

In this example, the unstable system leads to a converted
disturbance process with a zero outside the unit circle
given by (2.6.8) as:

-1
C = Cla = 1 - 2z

As the control weighting (A") is zero, the minimum
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variance controller becomes the minimum variance regulator
discussed in example 2.8.1. There it was shown that
although it is theoretically possible to acheive

a white noise ouput (y) of unit variance; such a control
law involves cancellation of a pole outside the unit
circle, and is thus impracticable. The optimum insensitive
control law (given overleaf) was shown to be given

by replacing C by c* given by:

This latter control law gives a white noise output
with variance four.

In this example it is demonstrated that the self-
tuning regulator does, as expected, converge to this
insensitive control law; the sample autocorrelation
does indeed approximate to that of white noise with a

variance of ifour.
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Example 4.6.4 A stochastic tracking problem.

This example demonstrates the superiority of
the self-tuning controller over the self-tuning
regulator,vhen applied to a stochastic tracking problem.
As the weighting on control (A") is zero, the minimum
variance controller corresponds:to the optimal control
laws discussed in chapter 2; whereas the self-tuning
regulator of this example corresponds to the suboptimal
control laws, discussed in section 2.1, which treat: -

the set point as a disturbance.

-

System. —  __ [ LZ:;}”.‘
a‘] O '1,_.;.-)-}—1

-1

(L - 0.9z )

ite noise statistics.

.. ... Mean = 0.0, Standard deviation = 0.2

Cost function

o

A=1, A=o, A=2

Min;gggHvariance control law. -

d = 0.4
f = 1.0
-1
AT = 1.0 + 0.5z

Self-tuning parameters.
E fixed at 1.0, forgetting factor = 0.995, Pp)= 100, 1

The graphs are of the same format as those of example 4.6.1
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Fig 4.6.4 b) shows the behaviour of a modified
self-tuning regulator, operating on the same system
with identical set point and disturbance. This modification,
which ensures zero offset, is given by Wittenmark (1973)
and is depicted in Fig 4.6.4 c).

w g Sl.lf- tum'nj dn | . w Su‘.j sPewn \'j
- fegulnl’er -2

Fig 4.6.4 ¢) The modified self-tuning regulator.

The integrator ensures no steady-state offset,
but - as discussed in chapter 2.—-treating the set point
and disturbance in the same manner reduces the amount
of information available to the controller, and performance
is adversely affected. The parameters of this suboptimal
regulator depénd on the magnitude and pattern of the
set point; the dashed lines in Fig 4.6.4 b) are for
zero set point. The self-tuning parameters are as for
the self-tuning controller.

From the auto correlation (¢¢ ) taken over the
last 500 points - as for the self-tuning controller -

it can be seen that the average loss is 0.6, compared
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with the minimum possible of 0.4 attailned by the self-
tuning controller (Fig 4.6.4 a) ). This is also reflected
in the fact that the cumulative loss of this modified
self-tuning regulator increases more rapidly than that

of the self-tuning controller.
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Example 4.6.5 Model following.

This example demonstrates the utility of the
model following control lavs (section 3.4) when included
in a self-tuning scheme. Fig 4.6.5 a) applies to a
servo problem with no disturbance; Fig 4.6.5 b) applies

to a stochastic regulator problen.

System.
-1 -1 -1
y = 2 (1 -0.92 ) u +-%—0.5z )Y
(1 -0.95z l)
White noise statistics.
Mean = 0.0; a) Standard deviation = 0.0
b) n n = 1.0

Cost function.

w

\J -1 “
A=3-22 ,A =O,A=_.1

Minimum variance control law.

-1

d = 2,2 -~ 1.70752
oo =1
g 51 - 0.9z )
-1

Al = -1 +0.5 2

Self-tuning controller parameters.
a) ¥, fixed at 1, forgetting factor = 0.995, Py = 1

b) Eo n no3 n " " " "
For comparison, a self tuning controller identical but

for A*= 1 was also simulated; for case a) this corresponds
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to a self-tuning dead beat controller, and for case b)
it corresponds to a self-tuning regulator. It can be

seen from Figs 4.6.5 a) & b) that the modél following
control law trades off a decrease in output performance

against a relatively large decrease in control effort.
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Example 4.6.6 The effect_of not fixing a parameter.

This example demonstrates'thg effect of not fixing
an estimated parameter at a prespecified constant

value; this was discussed in section 4.3.

System.
~1
y = 2Z2_u + Y
] -1
l1-0.92

ite noise statistics.

>._ . Mean = 0.0, Standard deviation = 1.0

Cost function.

'

NM=1, N=0, A=

Minimum variance control law.

d = G.9
P = 1.0
AP = -1.0

Self-tuning controller parameters.

No parameter fixed. Forgetting factor = 0.995.
A - - -~
6= COI[da: Fo :'5‘,] , B(0) =1

The self-tuning controller depicted in Fig 4.6.6
estimates all three controller parameters - no parameter
is fixed at a constant value. It is seen that the

parameters drift in unison; there is no tendency for
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them to settle down to constant values. As discussed

in section 4.3, this does not effect the control signal;
but if the run were continued, the parameters could take
on very large or small values - this could lead to
numerical problems. Also, if the previously constant
parameters changed, the control law would become time
varying and hence identifiable; 1f the parameters

had drifted to very large values, controller performance

could be poor as the parameters were retuned.
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4.7 A _quasi-continuous self-tuning controller.

In chapter 2 the optimal control of continuous
systems was considered, and the optimum control signal
was found to be a continuous function of the system
output and input - a well known result. It follows
that a sampled data control system, involving discrete
sampling of output and plécewise constant control
slgnal, is suboptimal. This point has been considered
previously (Rstrdm,1963) in connexion with the discrete
control of linear systems with no time-delay and designed
with respect to a continuous-time cost function; it
was shown that as the sample period decreases, the
performance of the control law improves.

The discrete-time control laws considered in this
thesis are based on discrete-time cost functions; this
can lead to poor inter-sample behaviour, for example
thidden oscillations! (Kwakernaak & Sivan,1972). It
seems, once agaln, that decreasing the sample period,
and changing the control law parameters accordingly, leads
to improved continuous performance.

For a number of situations, then, it seems that
a small sample period is better than a long sample
period. The basic self tuning controller described in
earlier sections has a lower limit on the sample period

imposed by two main factors. Firstly, as the sample



period decreases, measured values at one sample instant
differ by a decreasingly.small amount from those at

the previous instant,.,and hence the discrete system
and controller will have poles and zeroes close to the
unit circle. This leads to an increasingly sensitive
control law, and possible convergence and numerical
problenms.

Secondly, if the continuous system has a finite
time delay T - due to transport or computational lag -~
the integer time-delay of the corresponding discrete-
time system is given by:

k = Integer part of[T] + 1 (4.7.1)
A

where A is the sample period. Hence as A decreases,

k grows and the number of parameters in the corresponding

discrete~-time control law grows - in practice k> 5
gives excessive computation time for the self-tuning
controller.

The approach taken in this section is to consider
a continuous analogue of the discrete-time self-tuning

controller, and then discretise the algorithm for
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digital computation. This leads to a self-tuning controller

with the followlng properties:
a) The number and value of the controller coefficlents

are largely independent of the sample period.



b) The control law may be realised in analogue form,
or digital approximation with small sample period;
the more complex estimation phase being realised
digitally at a sample period independent of that
of the control law.

The theory of this class of quasi-continuous self-tuning

controllers is not as advanced as that of the discrete

version, and is a subject of current research. In this

section some basic results are given, and topics requiring

further eluclidation are pointed out.

Firstly consider systems with zero time-delay;
from equations (3.3.20-24), the predictor is in terms
of finite degree polynomials, hence analogously to
equations (4.2.1 & 2) the auxiliary system may be

written as:

ncp*(m t) = dy(t) + Ru(t) +Mw(t)  (4.7.2)

$ (t+1) $F (t+T|t)  + €¥(t+T) (4.7.3)

¥Yhere d,fz, and” are now polynomials in the Laplace
operator s. The formally equivalent procedure to that
of section 4.2 would be to form a vector (X) of ¥y,,u, W
and their dérivatives, and use this asi the measurement
vector in an estimation algorithm corresponding to
equations (4.2.12-14). However y, u, and w are not,

in general, differentiable the requisite number of

times - in the sense that the derivatives might contain
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white noise processes. One approach which avoids this
problem is to rewrite the polynomialsd, R, and [ in
terms of (s+a),as opposed to s, wh_ere a 1s some constant;
this gives a nevw set of polynomials d(s+a), F’(s+a) and
'['l(s+a). Defining N as the highest degree of ,1', F,'

|
and [', equation (4.7.2) may be rewritten as:

B¢ (LL]t) Z m‘a) wke &
(4.7.4)

where &, F‘.', and ¥ are the ith coefficients of d\',F'
and 7' respectively. The vectors X and @ can now be

defined - as in (4.2.5) - by:

x(t) &7y g = |d] (4.7.5)
Gy °"j
u(t) ﬁd
(S-l-ag" Fo
w(t) 7,
L(s+a}' i Yo"

The generation of X is depicted in Fig 4.7.1.
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Fig 4.7.1. Generatlon of the X vector.

Equation (4.7.4) then becomes:

$(t+T)t) = S;am x(t). @ : (4.7.6)

It is not clear that this is the 'best! form
of the data vector; for instance, filters of different
forms could be used to make the components of X as
different as possible, in some sense. This is a matter
for further research.

The components of X are now well behaved, and a
continuous analogue of the discrete self-tuning controllier

is given by:

a) Using the measured values of y, u and v, form the
auxiliary output ¢ (t)

b) Pass the measured values of y, u, and v through
a bank of low-pass filters (Fig 4.7.1) to generate
the vector X; then update the parameter estimate
©(t) using a continuous Kalman filter.

¢) Use the current estimate é and the data vector

X to choose U(t) such that:



211

X'(t).6(t) = o (4.7.7)

For practical purposes this continuous algorithm would
be discretised to give a quasi-continuous zlgorithm.

In general, step a) involves differentiation
of the system output (y) and input (u); the continugﬂgY‘F”E(
integrates the variable $ oncé. Hence, if the estimate
'é is not to have a white noise component, ¢ must not
have any component involving differentiated white
nolse. This restricts the degrees of the polynomials
definingd}, depending on the degrees of the system
polynomials.

A similar restriction arises from the method by
which the data vector X is generated. From equation
(4.7.5) it follows that if N is greater than the degree
of R, ¢* will contain derivatives of X &. In the previous
chapter it was stated that ¢fdoes not contain white noise
processes, hence if any element of X cannot be differentiated
the reguisite number of times, the corresponding
element of B must be zero. The existence of such zero
elements is not known a priori, hence white noise
processes can appear in the estimated value of
given by X §; this could lead to difficulties in the
estimation of 8. It would seem, howevery.that the fact
that the algorithm is, in practice, a discrete-time
approximation would ameliorate these effects. This

is a matter for further research.
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If the system time delay 1s non-zero, the minimum
variance control law cannot be represented in terms
of finite degree:polynomials; it can,.however, be
approximated bf rational transfer functions. In this
case the self tuning controller would involve & parameter
vector of finite dimensions corresponding to this approximate
control law. It is a matter for further research as
to vwhat degree of approximation is required to obtain
a satisfactory self-tuning contrcller; however thg
number of pafameters used in the quasi-continuous
approximation would be independent of the sample

period used.
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4.8 Summary.

An adaptive control scheme has been proposed,
which is applicable to the control of systems of known
structure and with unknown - but constant - coefficients.
This control law uses a recursive least-squares algorithm
to directly estimate the parameters of a minimum
varisnce control law, of the type discussed in chapter 3.
It was shown that although the adaptive controller
is suboptimal, it has the property of being self-tuning -
in the sense that if the estimates converge, they
converge to the control law parameters that would
be obtained if the system parameters werem known a
priori.

It was conjectured that as this self-tuning controller
is similar to the self-tuning regulator (Astrom. &
Wittenmark,1973), the metheods of Ljung (1974 a,b) -
developed for the analysislof the latter algorithm -
are also applicable to the self-tuning controller.

Some intuitive justification for this conjecture was
given.

Asselection of simulated examples were given
which 1llustrate the behaviour of the of the self-
tuning controller, and demonstrate some of its advantages
as comared to the self-tuning regulator.

Finally, the first steps of some research into

a quasi-continuous self-tuning controller were given;
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it is hoped that such algorithms will be beneficial

at high sample rates.
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Chapter 5

Conclusion.

5.1 Introductfionz

This chapter summarises the results of previous
chapters, and suggests possible directions of future
research.

The systems considered in this thesis are single
input - single output: the dynamics are described by
a rational transfer function cascaded with a pure
time delay; the system is disturbed by a stochastic
process with rational. spectral density. In chapter 2,
the output measurement is taken to be corrupted by
nolse deseribed in a similar fashion to the disturbance;
in chapters 3 & 4 the output is taken to be directly
measurable.- the effect of the latter assumtion when
the former condition holds is treated in section 2.15.

A possibility for further research is the extension
of the results of this thesis to the multivariable

case.

5.2 Steady-state optimal control.

The steady-state control of the systems considered
in this thesis, where the objective is to follow some

set point in the presence of disturbances has been
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considered previously via two main routes: the frequency
domain - transfer function methods, and the time domain -
state space methods. The fact that the solution to
such problems involves both feedback and feedforward
. components, the fbrmer.being indépendent of the set
point process, has been noted in state space literature
(Kwakernaak & Sivan, 1972), but seems to have escaped
attention in the frequency domain literature. In section
2.1, the stochastic tracking problem is shown to comprise
two independent problems: a deterministic tracking
problem, and a stochastic regulator problem. It is
pointédnoutLthat the two problems have formally similar
solutions.

The frequency domain methods of Newton et al. (1957)
did not apply to unstable systems; this defect is - .~ %
remedied in chapter 2 by the realisation that the
unstable 'hidden modes' of previous tretments were due to
inappropriate d@st&rbance modelling. A discrete time
derivation is also outlined and shown to give the
.~ minimum variance regulator (&strém,1970; Peterka,1972)
as a Speciai case. The problem of unstable 'hidden
modes! has been recently treated by Youla et al. (1976),
but their method is different and perhaps rather more
forced than that given here; moreover their method
suboptimdly includes set points and does not treat

time delay systems.
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A possibility for further research would be to
extend the results of this thesis to the multivariable
case. This has been done by Youla et al. for their
method, but as their method does not include time-delays
the problem of different delays on each input is ;5%
avoided.

Solutions to the stochastic regulator problem
via state space methods did not hitherto include systems
with input delay. In chapter 2, the optimél:}tate space
control law is shown to involve: a Kalman filter generating
an estimate of the current state, a predictor of the
stafe fhe time delay ahead, and feedback of the predicted
state. These three elements are shown to be separable
in that only state estimates are passed between them -
no higher orded statistics are required. The state
feedback is shown to correspond tos that for a certainty
equivalent system but with no time-delay. Using relations
between the algebraic Riccati equation and spectral
factorisation, it is demonstrated that the state space
control law is externally equivalent to the transfer
‘function control law derived by frequency domain methods.

Further research could take two main directions:
non-stedady-state problems, and multivariable problems.
The derivation of the filter in section 2.10 is perhaps
rather long winded; the innovations approach to this

problem (Kailath & Geasey,1973) would possibly be more

direct.




5.3 Minimum variance control.

In chapter % are developed a novel class of control
laws for both continuous and discrete systems; these
can all be interpreted as regulators minimising the
output of some auxiliary system, and are thus similar
to the minimum variance regulator §(dstrom,1970).
In the same way as the minimum variance regulator
forms the basis of a self-tuning regulator, these control
form the basis of a self-tuning controller. These minimum
variance controllers are shown to beciopen to a number
of interpretations; these include: é model following
control law, an extenslon of classical control laws
to time-delay systems, and an infinitesimal horizon
control law. This latter control law has been previously
considered (Clarke & Hastings-James,1971) and compared
with the optimal infinite horizon control law (Ashton,
1973; Hughes and Jacobs,1973); conditions, involving
root-locus diagrams in the s or z plane, are given
in seftion 3.8 which characterise systems for which the
infinitesimal horizon control law approximates the
infinite horizon control law. _

It would seem that the model following control

law could also be considered as an approximate infinite

218
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horizon control law -~ this is a matter for further
research. The discrete control law of Clarke & Hastings-
James has been extendéd to multivariable systems (Ashton,

| 1974), further research is needed to apply this to

the more general class of djisékete control laws considered
in this thesis, and also to the more complicated .. : ..

continuous multivariable case.

5.4 A self-tuning controller.

In chapter 4,tthe minimum variance control laws
of cﬁapter 3‘were shown to form the ba?is of a self-
tuning algorithm. This self-tuning con;roller is only
slightly more complex than the self-tuning fegulator
(Astrém & Wittenmark,1973), and as from chapter 3
it has a number of advantages, it would seem to be a
usefdl . extension to the self-tuning regulator. The
question of convergence of the algorithm is complicated,
but intuitive Jjustification is given to support a
conjecture that the methods developed by Ljung (1974 a,b)
are applicable to the self-tuning controller. Some
examples are glven to illustrate the potential of..
the self-tuning controller.

It is envisaged that the self-tuning controller
will follow the self-tuning regulator in becoming a

useful tool for the control of industrial processes.
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Once again, a possible direction of further
research is into the self-tuning control of multivariabile
systems; the self-tuning regulator has been extended
(Borrison, 1975) to the multivariable:ease where all
inputs have the same delay,. The self-tuning controller
can presumably extended in the same manner, but the
extension to systems with different time delays remains
unsolved.

An important gap in the fiéld of suboptimal
adaptive control is the lack of a unified treatment
of the various algorithms proposed; further research
could be directed towards the elucidation of the
connekigns.iand differghéé;i@étweethhe many adaptive

control laws appearing in the literature.
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Additional notes.

Note 1 expands on the superposition argument of
section 2.1. p 236
Note 2 examines the use of the word 'controllable!

as used in section 2.8. p 23%
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Note 1 (section 2.1).

The control input to the system (Fig.2.1.1l.) is,
by assumption, generated by linear transfer functions
operating on the measured output (v) and set point (w).
As discussed by Horowitz1; although there are many
ways to write such control laws, they are all essentially

equivalent and may be written as:
u=GWw+ GV (N1.1)

vhere G, and Gzare transfer functions (FigNl.1l).

N

+

W o—— G’l '—“—®"—>—* ‘é-;rﬁ_. + > j
‘ ) A

L' 4

G 4

kR +

§m

Fig. N1.l. A possible control configuration.

There are two 'degrees of freedomffavailable to
realise desired system characteristics: the loop gain

may be fixed by a suitable choice of G, , the transmission

T Horowitz, I.M. (1963): "Synthesis of feedback

systems" Academic Press. Section 6.1, pp. 246-249.




from w to y may then be independently manipulated
using G, .

The control law (N1.1) and the system (2.2.1)
are both linear, and so superpositicn may be invoked
to write the varizbles y and u as the sum of the
effects of the variables §¢’ gn,and w. One way of
doing this is given by equations (2.1.2). This decomposition
may be diagrammed in many forms; that given in Figs.

2.1.2 & % is convenient for the purposes of this
chapter, and demonstrates that the regulator and
servo problems are similar in principle.

The fact that the blocks labelléd 'servo! and
'regulator' can be independently realised is a conseguence
of the previously mentioned 'two degrees of freedom!
inherent in the control law (NI.1). This fact is
explicitly used in section 2.14, where the control
laws of Figs. 2.1.2 & 3 are recombined in a form

similar to that of Fig.NL1l.1.




233

Note 2 (section 2.83).

Section 2.8 stands between sections couched in
transfer function language and sections couched in
state-space language; it is inevitable that the
vocabulary is a mixture of the two. This note gives
justification for the replacement of the phrase:
"all modes exited by", by the phrase:"controllable
with respect to".

Consider the following state-space description

of a system:

Z’[?;gr-?g} + E]u + E}V (¥2.1)
: .

B

and a3 are constants.

I

L1ax, x

«
]

where 2, 8,

This system may also be written in transfer

function form as:

y = %gLf a;) +2s 4 + (ax+ a;) + 2s */ (N2.2)
a,+ s)(a,+ s) (a.+ s)(a;+ s)

The first two states (X, & x,) of the system of
equation (N2.l) are clearly controllable with rdspect
to u, and the last two states (x,& x,) are controllable
with respect toV¥ . This is reflected in equation (N2.3

by the fact that the corresponding poles appear in
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respective transfer functions - the usual convention
has been adopted that iddntical poles and Zeros ore
cancelled.

It is seen from this example that, for the class
of systems considered in this thesis, there is a
direct connexion between poles with non-zero residues
in the transfer function description and controllable
states in the state-space description. The use of
the word "controllable" to distinguish transfer function
poies with non-zero residue thus corresponds to state-

space usage, and is unambiguous.



