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Abstract

Vehicle Routing Problems (VRPs) involve multi-agent route optimization, with the objec-
tive of targeting optimal routes for a fleet of vehicles to serve a set of customers. Exist-
ing neural solvers based on the divide-and-conquer approach for VRPs in general, and
capacitated VRP (CVRP) in particular, integrate the global partition of an instance with
the local construction for each resulting subinstance to enhance generalization. However,
during the global partition phase, misclusterings within subgraphs have a tendency to
progressively compound throughout the multi-step decoding process of the learning-based
partition policy. This suboptimal behavior of the partition policy, in turn, may lead to
a dramatic deterioration in the performance of the overall decomposition-based system,
despite using optimal local constructions. To address these challenges, we propose a ver-
satile Hierarchical Learning-based Graph Partition (HLGP) framework, which is tailored
to benefit the partition of CVRP instances by synergistically integrating global and local
partition policies. Specifically, the global partition policy is tasked with creating a coarse
multi-way partition to generate a sequence of simpler two-way partition subtasks. These
subtasks mark the initiation of the subsequent K local partition levels. At each local parti-
tion level, subtasks exclusive to this level are assigned to the local partition policy which
benefits from the insensitive local topological features to incrementally alleviate the com-
pounded errors. This framework is versatile in the sense that it optimizes the involved
partition policies towards a unified objective, which is harmoniously compatible with both
reinforcement learning (RL) and supervised learning (SL) paradigms. Additionally, we de-
couple the synchronized training into individual training of each component to circumvent
the instability issue. Furthermore, we point out the importance of treating the subproblems
encountered during the partition process as individual training instances. Extensive experi-
ments conducted on various CVRP benchmarks demonstrate the effectiveness and general-
ization capabilities of the HLGP framework under both scale and distribution shifts. The
source code is available at https://github.com/panyxy/hlgp cvrp.
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1 Introduction

Vehicle Routing Problems (VRPs) involve multi-agent route optimization aimed at deter-
mining optimal routes for a fleet of vehicles to serve a set of customers [1-5], with a broad
spectrum of real-world applications in transportation [6] and logistic [7]. As a challeng-
ing class of NP-hard combinatorial optimization problems (COPs), exact methods [8] are
often computationally prohibitive, even though they guarantee optimal solutions. Heuristic
methods, such as LKH3 [9] and HGS [10], provide practical alternatives but rely heav-
ily on domain expertise to design problem-specific, high-quality handcrafted local opera-
tors. More recently, learning-based neural solvers have emerged with empirically favorable
performance, higher computational efficiency, and minimal reliance on domain expertise.
Typically, neural solvers adopt one of three paradigms: the constructive method, the itera-
tive method, and the divide-and-conquer method. The constructive method [11-16], which
incrementally constructs a feasible solution, often suffers substantial performance degrada-
tion on out-of-distribution (OOD) instances, whereas the iterative method [17-22], which
refines solutions by using a neural network to select heuristic local operators, requires
numerous refinement steps with well-crafted local operators to obtain satisfactory solutions.
By comparison, the divide-and-conquer method embraces either a heuristic-based partition
policy [23-28] or a neural partition policy [29-32] to globally divide the entire instance into
subinstances, which are then solved using a local construction policy. However, a failure in
either component policy may lead to a significant performance drop. Moreover, heuristic-
based partition rules often result in local optima, while neural partition policies may be
vulnerable to distribution shifts. Hence, there is a pressing need for a more generalizable and
robust partition policy, which is the focus of this paper.

In the divide-and-conquer paradigm, the local construction policy benefits from the local
topological features within subproblems, which tend to be insensitive against distribution
and scale shifts. This contributes to the (near-)optimality of solutions generated for individ-
ual subproblems [33—35]. However, during the multi-step decoding process of the learning-
based partition policy for Capacitated VRP (CVRP) instances [30, 31], the decoding of
clustered nodes at each step relies on the partial partition solution from the preceding step.
This implies that inaccuracies in the earlier clustering steps have a tendency to propagate
and result in a chain of misclusterings in subsequent steps, called compounded errors. Con-
sequently, even with an optimal local construction policy, deficiencies in the partition task
can lead to substantial deviations from the ideal performance of the overall system. There-
fore, we argue that the partition task occupies a critical role in the overall decomposition-
based system for solving CVRP. Furthermore, the success of the local construction policy
inspires us to introduce a local partition policy, which is instead designed to progressively
alleviate compounded errors by harnessing local topological features in the partition task.
We thus consider to implement a hierarchical learning (HL) framework tailored specifically
for the partition task in the CVRP, which is capable of seamlessly integrating both global
and local partition policies. In prevailing HL frameworks, a high-level policy is adopted to
derive a series of simpler subtasks which are then delegated to the low-level policy [36]. The
primary objective of such frameworks is to facilitate the exploration in reinforcement learn-
ing, wherein the associated policies undergo the joint training [36, 37]. Yet, existing HL
frameworks have not been extensively explored in addressing compounded errors within
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the graph partition task of large-scale CVRP. In contrast, our study extends the HL frame-
work to the partition task of CVRP and demonstrates its efficacy in mitigating compounded
errors.

In this paper, we present a generalizable Hierarchical Learning-based Graph Partition
(HLGP) framework, specifically tailored for the partition task that is critical to solving the
large-scale CVRP. This framework synergistically integrates both global and local partition
policies to alleviate compounded errors during the partition process, thereby contributing to
the performance of the overall decomposition-based framework. To be specific, our method
formulates the partition problem of CVRP using a multi-level HL framework. At the global
partition level, the global partition policy is responsible for initiating a coarse multi-way
partition to create a series of simpler two-way partition subtasks. These subtasks stand as
the starting point for the subsequent K local partition levels. At each local partition level, the
sequence of tailored subtasks is derived from the partition solution of the preceding level.
These subtasks are then fed into the local partition policy to form a new partition solution.
Such a setup allows the local partition policy to mitigate potential misclusterings arising
from the preceding level by leveraging the insensitive local topological features inherent in
subtasks. By enabling the local partition policy to traverse through subtasks at each local
partition level, the compounded misclusterings can be mitigated progressively across levels
as a consequence.

Our proposed HLGP framework is versatile, featuring a unified objective that effortlessly
accommodates both reinforcement learning (RL) and supervised learning (SL) paradigms
for training the associated partition policies. It is worth noting that unlike prior approaches
which directly train neural solvers via SL paradigms [38—40], our method explores the
application of SL for training the partition policy, usually omitting the need for permutation
information. Additionally, to reduce training instability, we propose the joint training of the
involved policies in a disentangled approach. Moreover, by conducting in-depth analyses
under both the RL and SL settings, we shed light on the importance of treating the sub-
problems encountered during the partition process as individual training instances. Empiri-
cally, the proposed HLGP framework convincingly demonstrates its superiority over prior
state-of-the-art methods through extensive experiments on a range of CVRP benchmarks.
Notably, our method can scale up to CVRP instances of 10,000 nodes with around 10%
performance improvement over its baseline method.

The remainder of the paper is organized as follows. Section 2 reviews related learning-
based methods for CVRP. Section 3 introduces the preliminaries of the CVRP formulation
and the divide-and-conquer paradigm. Section 4 presents the proposed HLGP framework.
Section 5 describes the experimental setup and reports the evaluation results. Finally, Sec-
tion 6 concludes the paper and discusses potential extensions of HLGP to other COPs.

2 Related works

Constructive methods Constructive methods aim to develop end-to-end neural solvers for
COPs, which incrementally infer complete solutions for given instances via the autoregres-
sive mechanism. These methods feature efficient generation of (near-)optimal solutions for
in-distribution instances. Among them, the Pointer Network [11] and the Transformer-based
model [13] have emerged as two predominant neural architectures for neural solvers, trained
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using either SL [11] or RL [12, 13]. Additionally, inherent properties of VRPs, such as
the presence of multiple optima [15] and problem symmetry [16], are also considered to
enhance the in-distribution performance of neural solvers. However, the delayed rewards
inherent in training RL policies lead to high GPU memory demands required for the gradi-
ent backpropagation. Consequently, SL-driven policies, such as BQ [38], LEHD [39] and
SIL [40], have resurfaced to alleviate training difficulties and moderately improve general-
ization performance on OOD instances. Moreover, tremendous efforts have been devoted
to improving the generalization capabilities of neural solvers, including approaches such
as meta-learning [41-44], knowledge distillation [45], or ensemble learning [34, 46, 47].
However, these constructive methods might still experience performance deterioration
when encountering substantial distribution or scale shifts.

Iterative methods Unlike constructive methods, iterative methods offer the benefit of con-
sistently refining a given solution through local updates until convergence. Both L2I [17]
and NeuRewriter [18] utilize RL policies to choose from a set of predefined local improve-
ment operators, iteratively refining solutions. Likewise, [19] interleaves the use of heuris-
tic destroy operators and a set of learning-based repair policies to generate new solutions.
Moreover, DACT [20] explores the influence of the expressiveness of solution representa-
tions on the performance of RL policy within an iterative framework. Additionally, both
NeuralLKH [21] and Neural k-Opt [22] utilize RL policies to substitute heuristic rules for
edge exchanges in k-opt algorithms. However, these iterative methods trade efficiency for
improved performance and still rely heavily on domain-specific, well-crafted rules.

Divide-and-conquer methods Divide-and-conquer methods typically leverage local topo-
logical features that are insensitive to distribution or scale shifts, thereby mitigating the
performance deterioration. Fu et al. [24], Kim et al. [25] and [28] attempt to transfer stan-
dard neural solvers for larger instances by applying them to multiple small-scale subgraphs,
which are sampled using heuristic rules. In contrast, both L2D [26] and RGB [27] learn a
policy to select among heuristically constructed subgraphs for iterative refinement. How-
ever, the use of heuristic rules may cause solutions to be trapped in local optima. Unlike the
above methods, TAM [30], GLOP [31] and UDC [32] opt to use a learning-based policy to
globally partition the entire instance into subinstances, which are subsequently solved by a
pretrained local construction policy. In addition, [29] resort to a hierarchical RL framework
where a local policy solves subproblems assigned by a jointly trained global policy. How-
ever, these neural partition policies may suffer performance degradation due to compounded
errors during the partition process.

In summary, compared with constructive methods, the proposed HLGP framework
improves generalization under distributional and scale shifts by dividing large problem
instances into smaller subproblems. Compared with iterative methods, HLGP avoids the
need for numerous handcrafted local operators. More importantly, compared with prior
divide-and-conquer approaches, HLGP integrates both global and local partition policies to
perform multi-level graph partition, which helps mitigate the compounding errors in node
clustering during the partition process. Moreover, both RL and SL can be adopted for the
efficient disentangled training of the corresponding partition policies to optimize the unified
objective within the HLGP framework.
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3 Preliminaries

CVRP formulation A CVRP instance [ is defined as a 3-tuple I = (G, D, Npax), Where
G is a graph consisting of a depot node vy and N, customer nodes {vi}f\i’l, D represents
the vehicle capacity, and Ny,ax denotes the maximum number of permitted returns to the
depot by vehicles. Each node is associated with coordinates (a;,b;), and each customer

node is further assigned a demand d;. Ny ax is accordingly defined as fov:I di/D]+1to
prevent the occurrence of an empty feasible solution set. The distance between any pair of
nodes is calculated using the Euclidean metric. In the CVRP, the vehicle needs to visit each
customer exactly once, fulfills their demands without exceeding its capacity D, and returns
to the depot to reload goods if necessary. A feasible solution 7 € S+ can be described as a
node permutation where the depot node can occur multiple times, while each customer node
appears exactly once. Furthermore, the feasible solution 7 also can be decomposed into
N.. feasible subtours {;} iV:* 1- Each subtour 7; begins and ends at the depot, with customer
nodes visited in between. The travel cost e(7;) associated with 7; is the sum of Euclidean

distances between consecutive nodes along the subtour. Thus, the objective is to minimize

the solution coste(7T) = Zi\]:fl e(;). St denotes the space of feasible solutions, as does the

notation used for S in the following sections.

Global partition and local construction (GPLC) In the context of the CVRP, the partition task
involves clustering nodes into distinct groups such that each cluster contains the depot node,
each customer node belongs to exactly one cluster, and the total demand with each cluster
does not exceed the vehicle capacity D. Each cluster of nodes forms a subgraph. A feasible
partition solution C € S¢ comprises N, subgraphs {cl}ivgl Each subgraph ¢; consists of
the depot node along with a subset of customer nodes which are distinct from those in
other subgraphs. Formally, this implies uﬁV:"lci = G and for all i # j, ¢; N ¢; = {vo}. The
feasible partition solution C can alternatively be represented as a node list, where the order
of customer nodes between two consecutive depot visits is ignored. Therefore, a feasible
solution 7 can be equivalently seen as a feasible partition solution C when disregarding the
permutation information of customer nodes in 7.

Obviously, both the feasible solution 7 (i.e., node permutation) in the CVRP and the
feasible partition solution C (i.e., node clustering) in the partition problem of the CVRP
are composed of discrete variables. This fact prompts prevalent learning-based methods to
revolve around building stochastic policies as neural solvers, with the aim of handling what-
ever types of problems (permutation or clustering) within the context of CVRP. Let A(-)
denote the space of probability measures. In the GPLC paradigm [30, 31], a stochastic parti-
tion policy mpart (C|1) € A(S¢) is used to derive a feasible partition solution C by dividing

the graph G of the given instance 1. Then, a set of subproblems {(c;, D, 1) fvzl is yielded

from the subgraphs {cl}f\il in C. Please note that, due to the feasibility of C, the total
demand within each subproblem (¢;, D, 1) does not exceed the capacity D, and thus only a
single depot visit is required without reloading. Therefore, a (near-)optimal local permuta-
tion policy 7y, (T|C) € A(S7) is employed to generate a feasible solution 7~ = {7; N
, wherein each subtour 7; represents a node permutation for the corresponding subgraph c;
in the partition solution C. The objective is to identify an optimal partition policy 7y, that
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minimizes the solution cost e(7") associated with the resulting solution 7. However, prior
methods lack a formal theoretical foundation for the GPLC paradigm in solving the CVRP.
Therefore, we introduce Theorem 1 to establish the theoretical soundness of the GPLC
approach for the CVRP. Please refer to Appendix D.1 for the proof of Theorem 1.

Theorem 1 Given a CVRP instance I, the primitive objective is to identify a (permuta-
tion) policy w(T|I) € A(St) so as to minimize the expected cost, formally expressed as
ming By [e(T)]. If Therm € A(ST) is optimal for each subproblem (c;, D, 1), then the
primitive objective can be reformulated as the objective of the partition problem which is
to identify a partition policy Tpare € A(Sc) to minimize the expected cost, expressed as:

N
7Irmn Ecmmpar [Z Erons o (e(r:))], M
part
i=1

where 75,0, (T1C) = vaz(z Term (Ti| i) implies that each T; is conditionally independent
given its corresponding subgraph c;.

As aforementioned, a feasible partition solution C can be viewed as a node list, which
implies that the partition policy can incrementally construct the partition solution via the
autoregressive mechanism. Accordingly, the partition policy selects the current node C[n]
conditioned on the partial partition solution C[0 : n — 1] (with C[0] = (}) and the given prob-
lem instance /, written as:

Nsol

Tpart (CT) = H Tpart (C[0]|C[0 = 0 — 1], 1), )

where Ny denotes the length of partition solution. For brevity, we slightly abuse the nota-
tion Ny to denote the length of different partition solutions in the following sections. Since
the objective defined in (1) essentially aligns with that of RL, a common approach is to train
neural solvers using RL techniques.

Theorem 1 presents an idealized algorithmic formulation for the GPLC framework,
assuming access to an optimal local permutation policy. In practice, to obtain a feasible and
implementable algorithm, we approximate this optimal local permutation policy using a
neural solver. This approach is motivated by the empirical observation that local topologi-
cal structures within subproblems remain relatively insensitive to distributional and scale
shifts of the overall problem instance, which is also reported in prior works [33-35]. Such
structural regularity provides a strong inductive bias, thereby enabling a neural network to
effectively approximate the optimal local permutation policy across diverse instance distri-
butions and problem scales. Accordingly, in our implementation, we employ a pretrained
neural solver, as also adopted in GLOP [31], to approximate the optimal local permutation

policy.
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4 Hierarchical learning-based graph partition

Our proposed HLGP framework is built upon the GPLC paradigm. In line with prior
works, we assume the optimal local permutation policy 75, is obtainable by leveraging
LKH3 [9] or the neural solver used in GLOP [31]. As indicated in (2), the decoding of the
node at each time step hinges on the partial partition solution constructed in preceding steps.
Consequently, inaccuracies in clusterings of earlier steps tend to propagate, resulting in a
chain of misclusterings in subsequent steps. This issue becomes particularly pronounced
under substantial distribution or scale shifts. Such empirical challenges in solving the CVRP
thus motivate us to develop a HL framework for addressing the partition problem in the
CVRP. We anticipate that this HL framework can progressively mitigate compounded errors

by incorporating both global and local partition policies.
4.1 HL Formulation of partition problem

In this section, we begin by introducing the feasible cost function f(C), which is responsible
for quantifying the cost associated with a feasible partition solution C, as formally defined
in Definition 1. Following this, different forms of f(C) are presented in the subsequent sec-
tions, designed to align with both RL and SL objectives for training the involved partition
policies.

Definition 1 Let 7}, denote the optimal partition policy obtained by optimizing the objec-
tive of the partition problem, as defined in (1). Given a cost function f(C) : S¢ — R, if
¥ art can be derived by solving the optimization problem miny ., Ec~r,...[f(C)], then

D
f(C) is a feasible cost function.

By leveraging this well-defined feasible cost function f(C), the objective of the partition
problem can be expressed as minimizing the expected cost E¢[f(C)]. Then, we reformulate
the partition problem using a multi-level HL framework, where the global partition policy
Tapart and the local partition policy 71,part Work together in synergy to accomplish the
partition task. At the global partition level, Tqpart is tasked with creating an initial coarse
feasible partition C(?) = {c§0)7 ce 6533}, where each cgo) (for 1 < i < N,.) denotes a sub-

graph at this level. In this partition solution C(?), each pair of subgraphs (CEO), cgorlo aAN.41)

(for 1 <14 < N,) is stipulated as neighboring subgraphs as defined by a specific heuristic
rule. For instance, a simple heuristic involves rearranging the subgraphs in C(®) in ascend-
ing order of the polar angles of their centroids, computed in a Polar coordinate system
centered at the depot node. This coarse multi-way partition C(*) serves as the entry point
for the subsequent K local partition levels. At each local partition level k € {1, ..., K'}, sub-
problems specific to this level are sequentially constructed by reuniting pairs of neighbor-

ing subgraphs from the preceding partition solution C(*~1). Each subproblem T ;kil) (for
1<5< L]\;j) is defined as follows:

(k=1) _ ((k=1) . (k=1) _ (k—1) (k—1)
I; =(G; ,D,2); G = Clmtk—1) mod Not+1  C(m+k) mod No+1° 3)
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where m = 2(j — 1). Thus, each local partition level contains Lj\é“J subproblems. For each
subproblem, the vehicle is allowed to return to the depot at most twice, as each subproblem
is formed by merging two feasible subgraphs. Please note that each pair of consecutive

subproblems /; =1 and I; (k Y do not overlap in terms of the subgraphs they contain. Addi-

tionally, this technlque for creating subproblems can be described as initially left-shifting
the ordered subgraphs in C%*~1) by k — 1 places and then merging the neighboring sub-
graphs without overlaps. At each local partition level k£ > 1, the sequence of subproblems
specific to this level is directed to the local partition policy 7 part, Which enables 7 part to
address potential misclusterings from the preceding level by utilizing the insensitive local
topological features. As a result, the local partition policy can traverse through subproblems
at each local partition level, gradually reducing accumulated misclusterings across levels.

Moreover, upon completion of solving the subproblem IJ(-k_l), the corresponding pair of
(k—1) (kD)
(m+k—1) mod N.+1? (m+k) mod N.+1

subgraph pair (cgfrzﬂefl) mod Not17 82%) mod Nc+1> in C(®). Consequently, the partition

subgraphs (c ) in C*—1 is transitioned to the updated

solutions of the subproblems collectively result in an update of the partition solution from
C+=1) to ) Figure 1 illustrates the HLGP framework for the case where K = 3.
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Fig. 1 This figure presents the HLGP framework with K = 3. The top row illustrates the problem in-
stances, including the subproblems separated by the red lines. The blue dots represent nodes in the prob-
lem instances that have not yet been partitioned or permuted. The second row shows the result after the
graph is divided into several subgraphs. The black lines indicate the partition boundaries, and different
colors are used to distinguish the resulting node clusters. The third row illustrates the merging step, where
two neighboring subgraphs are combined into a new subproblem for further partitioning. Both Tables 2
and 3 adopt the same color scheme. The subgraphs in the resulting partition solution C(3), obtained from
the HLGP framework, are fed to a permutation policy to derive the corresponding subtours for the CVRP
solution 7°
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In the HLGP framework, the global partition policy mgpart is designed to incrementally
construct the partition solution C(9) via the autoregressive mechanism, where C(%) is also
viewed as a node list. Let C(%)[n] and C(*)[0 : n — 1] denote the n-th selected node and the
partial solution consisting of the first n — 1 nodes in C(%), respectively. The global partition
policy thus factorizes as:

Nsol

Gpart (CONT) = ] 7epart €O mlIC [0 : n — 1), 1). (4)

n=1

In contrast, the local partition policy 7r,part aims to separately address subproblems pro-
duced from the previous partition solution C*~1) to construct the updated partition solu-

tion C(*). Let C;kil) denote the partition solution corresponding to the subproblem I ;kfl).

Again, the partition solution C J(kal)

can be either represented as a node list where C ](kal) [n]
and Cj(k_l) [0 : n — 1] denote the n-th node and the corresponding partial solution, respec-

tively, or decomposed into two subgraphs CEQ k—1) mod Nut1 and 682 k) mod No+1° both
of which belong to the updated partition solution C*). Thus, the local partition policy can
be expressed as:

Ne
=]

TLpart (CR|CE=D k) = HJL:I 10 mpare (€ VI V0 cn — 1, 17D). (5)

Please note that in the LHS of (5), the parameter &, which represents the partition level, is
explicitly included as an input to the local partition policy. This inclusion is essential, as the
parameter k£ governs the construction of different sets of subproblems for each level. As a
result, the objective of HLGP framework is to minimize the expected cost by optimizing
both mGpart and mr,part, Written as:

min - Eeo wnguBe® anppar  Eeto orp pare [F(CHN)]. 6)

TGpart,TLpart

In contrast to the objective of the conventional GPLC paradigm, which is written as
Ec~rpar [f(C)], the HLGP framework introduces a multi-level hierarchical structure that
employs the global partition policy and the local partition policy to collaboratively gener-
ate a sequence of partition solutions {C (k)}szo, as defined by the objective in (6). The final
solution C(%) is regarded as the output of the HLGP framework and is evaluated using the
feasible cost function f(-). This hierarchical approach offers the opportunity to progres-
sively reduce compounded errors in partition solutions from C(©) to C(*) across levels.
In the subsequent sections, we present methods based on either RL or SL to optimize the
involved policies with respect to the HLGP objective defined in (6).

4.2 RL-driven HLGP
In the HLGP framework, the imperative task at hand involves the joint optimization of

the global and local partition policies, as illustrated by the objective in (6). To address this
intricate optimization problem through RL algorithms, a rigorous formulation based on a
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multi-level Markov Decision Process (MDP) is required. However, (6) essentially revolves
around evaluating the final partition solution C(%) at the K-th level. For any partition solu-
tion C*) with 0 < k < K, its corresponding evaluation depends not only on itself but also
on the subsequent partition solutions C**1) ... C5)_ Thus, when a RL algorithm attempts
to update both the global and local partition policies using samples associated with C(*) for
0 < k < K, the absence of direct evaluative feedback for these partition solutions primar-
ily contributes to the instability concern during the joint training. To address this issue,
we equivalently transform the HLGP objective defined in (6) into one that supports direct
evaluation at each level, as described in Theorem 2.

Theorem 2 Let g(c;) = Zfil Brimns oo Clen [€(T3)]. It is evident that f(C) = Zivzz g(ci)
acts as a feasible cost function, since this definition of f (C) directly aligns with the objective
of the partition problem defined in (1). Then, the optimization problem defined in (6) can be
transformed equivalently as follows:

mianGpartaﬂ'Lparc ]EC“’)NﬂGpa” [f(c<0>)] + EC<U)N7\'Gpa”]EC(1)N7TLPart [f(c<l)) - f(c(O))]+ (7)
Bt B ripun B0 1C0) = FCK D]

In (7), the evaluation of the partition solution C'*®) at level k > 1 is defined as
F(CR)Y — f(CR=1)). This expression can be further derived as:

W) = (1) = S Z [(C®), kym) — h(CHD, &y m)); ®
h(C,k,m) = Q(C(m+k—1) mod No+1) + g(C(m+k) mod No+1)5

where m = 2(j — 1), and the function h(C, k, m) serves as the evaluation metric for the
subgraph pair (C(m+k—1) mod No+1> C(m+k) mod N.+1) Within the partition solution C.
Please see Appendix D.2 for the proof of Theorem 2. Theorem 2 breaks down the
HLGP objective defined in (6) into K 4 1 components, with each component associated
with the direct evaluation of a specific partition solution. Notably, except for the evaluation
of C(9) which solely considers its own cost f(C(?)), the evaluation of C(¥) for each level
k > 1 hinges on the difference between its own cost, f(C(*)), and the cost of the preceding

level, f(C*~1)). At each local partition level k > 1, the local partition policy is respon-
N,
2

sible for resolving each subproblem I 7(-k_1), where 1 < j < |=¢]. This involves updat-

: (k1) (k—1)

mng each SUbgraph pair (C(m+k’71) mod N.+1° C(m+k’) mod N.+1
(k)

(

c('m+k—1) mod N.+1" c§7n+k) mod N.+1
subgraph pair and its original counterpart is computed as h(C™*), k,m) — h(C*~Y, k,m)
. The cumulative sum of these differences constitutes the overall evaluation discrepancy
between partition solutions, which underlies the derivation of (8). Given the optimization
problem stated above, we present the formulation of a multi-level MDP to address the multi-
level graph partition problem within the HLGP framework.

In the multi-level MDP framework, at the global partition level £ = 0, at each time step

) to the corresponding pair

). The evaluation difference between the updated

t > 1, the state m§°) € X comprises the problem instance 7 and the partial partition solu-
tion C(D[0: ¢ — 1], where C(®[0] = ). The initial state distribution () is aligned with
the distribution of problem instances, denoted by p;(-). The action u§°> € U involves
selecting a node denoted as C(9)[t], from the set of unvisited customer nodes and the depot,

subject to the capacity constraint. Let ¢, index subgraphs such that at time step ¢, the agent
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(0)

is constructing the i;-th subgraph c; *. When a feasible customer node is selected, it is

©
Tt
(0)
ot
the remaining unvisited customer nodes. To ensure that each cluster contains at least one
customer node, the depot node cannot be selected consecutively. Thus, the transition func-

assigned to the current subgraph c; . When the depot node is selected, the current subgraph

is finalized and a new subgraph c; " is initiated, after which the policy continues clustering

tion can be clearly described based on the above rules. If the subgraph cg?) is completed,
(0) (0)
t =)

then the reward r i)

issetas —g(c; ’); otherwise, it remains at 0. The global partition policy,

parameterized by 0, is thus specified as mg,, (u§°> \xio)), yielding the probability distribu-

tion over actions given the state wgo)'

At each local partition level k£ > 1, the local partition policy is tasked with solving a
[55]

j=1 >
solution C**~1)| In this context, we use J+ as an index for subproblems, indicating that the

)

sequence of subproblems {I J(k_l)} which are derived from the preceding partition

jt-th subproblem denoted as I](-tk_1 , is currently being addressed but remains incomplete

at time step ¢. The state xik) € X(¥) consists of the sequence of subproblems and the partial

solution of the currently active subproblem [ ](.tk_l). The initial state distribution ;%) cor-

(k)
t

responds to the distribution over subproblem sequences. The action u;~’ € U®*) involves

selecting a feasible node for solving I j(tk_l). When solving the subproblem I ](f_l), the tran-
sition function is defined in the same manner as that used in the global partition level. Once

the subproblem 7(5_1) is solved, the index j; advances to the next subproblem I 7(-5:1). The

partial solution in the state is then reset to empty for the this subproblem. The reward rt(k) is
assigned as —(h(C™ k,m) — h(C*~V k,m)), where m = 2(j; — 1), if the subproblem

I](-tk_l) is successfully solved, otherwise, the reward remains at 0. Accordingly, the local

partition policy parameterized by 61, is defined as 7y, (ugk) |x§k)) Let T and w® denote
the horizon and the trajectory at level £, respectively. The objective of the multi-level MDP
framework is to maximize the sum of expected returns across all levels, as defined below:

7© (K
J(eg, QL) =E, o [Z TE())} + -+ E o0 Eyao [Z Tt(K)], )
t=1 t=1

Proposition 1 At any partition level k > 0, the definitions of the state and action within
the multi-level MDP framework are sufficient to ensure the preservation of the Markovian
property at that level.

The proof of Proposition 1 is included in Appendix D.4. Notably, at each level k < K
, although (9) isolates the evaluation exclusively for the trajectory w(*), the influence of
subsequent trajectories w* 1), ... w(K) on the evaluation still remains. This implies that
the underlying MDP at level k remains nonstationary. Furthermore, in (9), the sampling of
the trajectory w(¥) for k > 1 is controlled by the initial state distribution x(*) and the local
partition policy 7y, . However, the distribution (*) heavily depends on the preceding tra-
jectories w(®, ..., w® =1 which are themselves determined by both the global and local
partition policies. To preserve a stationary underlying MDP at each level, we introduce a
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surrogate initial state distribution /1(¥), which achieves this by eliminating the dependency
of the initial state distribution on prior trajectories. We thus take the following optimization
problem as an approximation:

J(06,01) = L(0G, A, 0) +Zkf:1L(HL,)\L7k); (10)
L(O,A k) = By (S 75714+ XH(ma),

where /1(%) denotes the surrogate initial state distribution at level k, H(mg) is the entropy
term that encourages exploration, and A represents a hyperparameter that balances the
entropy regularization. The entropy term is typically defined to minimize the KL divergence
between the policy and a uniform distribution. Please note that 1(®) = (9. In the approxi-
mation objective defined in (10), at each level 0 < k < K, the trajectory w(*) is evaluated
solely based on its own cumulative rewards, without being influenced by the evaluations of
subsequent trajectories. The surrogate initial state distribution 2(*) is activated only during
gradient backpropagation, where it severs the dependency between the trajectory w*) and
preceding trajectories. As a result, the optimization for my, and 7y, is decoupled.

In the context of RL-driven HLGP, we incorporate the surrogate objective defined in (10)
into the REINFORCE algorithm [48] to update my,, and mp, . In each iteration n > 0 of
REINFORCE, the current global partition policy, denoted as 7o, is used to sample the tra-
jectory w(®, which is then used to update mor,. At each local partition level k£ > 1, the cur-
rent local partition policy, denoted as mgr , is additionally leveraged to sample the partition
solution C*=1) which is essential for constructing the surrogate initial state distribution
(%) Subsequently, the trajectory w(*) is sampled and used to update mgn . The pseudocode
is provided in Algorithm 1 of Appendix C.

Furthermore, in the standard theoretical analysis of REINFORCE algorithm presented
in [49], the upper bound of regret includes the term H%Hoo, where d and p denote the sta-
tionary state distribution and the initial state distribution, respectively. However, existing
methods using REINFORCE algorithm for whatever types of problems (permutation or
partition) in the context of CVRP ignore the potential risks highlighted in the regret bound.
We exemplify the partition problem as a case study to elucidate this issue. The support set
of 1 consists solely of the problem instances /. During the partition process, at each step
t > 1, let ¢;, denote the i;-th subgraph currently under construction. The partition policy
is indeed responsible for solving a subproblem, denoted as I(t) = (G(t), D(t), Nmax(t)).
The graph G(¢) consists of the depot and the unvisited customers. The vehicle capacity D(7)
is calculated by subtracting the total demand of the already visited nodes in c;,, from the
initial capacity D, and it reverts back to D once ¢;, is fully formed. The number of allowable
returns to the depot, Nyax (), is decremented in accordance with the number of completed
subgraphs. In contrast, the support set of d thus includes the subproblems (¢). This substan-
tial discrepancy between support sets inevitably results in an unbounded value of || % [|oo in
the regret bound. This insight inspires us to incorporate the subproblems /(¢), encountered
during the partition process, into the training of involved partition policies to reduce the
mismatch between support sets.

In the practical implementation, a problem instance / is initially generated from the
instance distribution p;(-) and used to train the policy mp,, via RL. At each time step 7, if a
new subgraph c;, is formed, then the resulting subproblem (7) is treated as an individual
problem instance, denoted as I <— I(¢), for the training of my . This procedure continues
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Fig. 2 This figure illustrates an example of the RL-driven HLGP framework. In this example, the global
partition process unfolds over four stages. Initially, a problem instance is fed to the global partition policy
to sample a partition solution. The RL loss is then computed with the aid of a pretrained permutation
policy. During this process, once the first subgraph ¢, is completed, the remaining nodes form a new
subproblem. This subproblem is treated as an individual problem instance for further training of the
global partition policy. The complete partition solution of this subproblem replaces the partial solution
from the previous stage. This iterative procedure continues until a new complete partition solution is
constructed, retaining only the subgraphs enclosed within the green circles. This final partition solution is
subsequently refined through K local partition levels

iteratively until G = () in the current instance I, after which a new instance / is drawn from
pr1(+). For efficiency, we do not use all subproblems, but instead include only those that
emerge when a new subgraph is completed in the current problem instance /. During infer-
ence, the partition solution C(*) is formed by sequentially replacing the partial partition
solution with the complete partition solution of the corresponding subproblem. An example
is shown in Fig. 2. The training and inference procedures that leverage encountered sub-
problems can be similarly applied to mg, . Additionally, we adopt the isomorphic Graph
Neural Network (GNN) architecture used in GLOP [31] as the backbone for both 7y, and

Ty, .
4.3 SL-driven HLGP

Inthissection, we pivottowards an SLtraining strategy to optimize the objective ofthe partition
problem within the HLGP framework, as defined in (6). Under this paradigm, the optimal par-
tition policy 77, is presumed to be available in advance. Consequently, the optimal partition
solutionC = {¢y, ..., cy, } for each instance [ is accordingly obtained from 7, ... We there-
fore define the feasible cost functionas f(C) = —1(C =C) = —1(¢; =¢1,...,¢N, = CN,)
, where 1(+) denotes the indicator function. This definition of the feasible cost function is
consistent with Definition 1, as the objective E¢[f(C)] is minimized only when the optimal
partition solution is obtained. Recall that the optimal solution 7 of a CVRP instance can be
equivalently seen as the optimal partition solution C when disregarding the node permuta-
tion information in 7. Accordingly, by setting C = T, the feasible cost function can be
defined as f(C) = —1(C[0] = C[0],...,C[Nsol] = C[Nso1]). Upon utilizing this design of
f(C), Theorem 3 simplifies the optimization objective of the HLGP framework.
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Theorem 3 Given the feasible cost function f(C) = —1(C = C), the optimization objective
of the HLGP framework for a problem instance I is to identify the policies g, and g, so
as to minimize:

Ne
L(0,01,C) = —log mo, (C|T) = Y _ logma, (CilLL), (11)

i=1

where I; = (G, D, 2) denotes the subproblem with G; = ¢; U C; mod N,+1,
Ci = {¢Ci, Ci mod N,+1} represents the corresponding label, and 1 < i < N..

Please see Appendix D.3 for the proof of Theorem 3. We can observe that the optimi-
zation objectives for my, and 7y, are totally disentangled, as established in Theorem 3.
Accordingly, for instances sampled from p;(-), the optimization objective is to minimize:

J(0c,00) = B ¢)py mz,, [0, 01, C)], (12)

where the problem instance / and its corresponding label C are sampled from the instance dis-
tribution p; (-) and the oracle partition policy 7}, respectively. As a result, the performance
of Ty, and 7y, is evaluated on the sampled trajectories induced by 77,,.. However, since
the oracle partition policy . is practically unavailable for the NP-hard partition problem,
it is infeasible to directly get supervised labels. Inspired by recent techniques known as self-
imitation learning [40, 41], our goal is to acquire high-quality labels for training instances by
constructing a reasonably strong behavioral policy 7tpart. The behavioral policy is constructed
using beam search guided by the partition policy. Beam search, originally utilized for test-time
improvement in COPs [11, 50], is repurposed to generate high-quality labels for supervised
training. This design leverages the fact that, compared to greedy rollout, beam search can pro-
duce superior solutions, albeit at the cost of computational efficiency. The working pipeline of
Tpart €an be described as follows (see Fig. 3): At the global partition level, the initial partition
solution C(°) is generated using beam search guided by the policy mg,,. Subsequently, for
each local partition level k& > 1, the corresponding partition solution C*~1) is further refined
locally using beam search with the policy mp, . This process continues until the final partition
solution C(¥) is obtained. Thus, during training, the final partition solution C = C¥) serves
as the supervisory label. The resulting practical loss function is thus defined as:

J(0c,01) = ]E(Iaé)"“p[aﬁ'part [L(0c,05,C)] + reg(0c, 1), (13)

where reg(0¢g,01) = AGW + A LM corresponds to the L2 regularization term, with
hyperparameters A and Ay. Therefore, this loss function is incorporated into the imitation
learning algorithm to iteratively optimize the policies mg,, and 7y, . At each iteration n > 0
, the algorithm deploys the behavioral policy 7p,,¢, which relies on 6¢ and 67, to collect
labeled instances (1, C). Online gradient updates are then executed based on estimated gradi-
ents to update 6¢ and 67 . The detailed pseudocode is provided in Algorithm 2 of Appendix C.

Here, we delve deeper to illustrate the training process for the global partition policy
T, as a case study to elucidate the intricacies of the SL algorithm for the partition prob-
lem. A similar analysis can be conducted for the local partition policy 7y, . The global
partition policy 7y, requires to imitate the complete trajectory induced by the behavioral
policy @part. Following the formulation in (4), the global partition policy can directly
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Fig.3 This figure illustrates the working pipeline of the SL-driven HLGP framework. At the global parti-
tion level, a set of candidate partition solutions is generated via beam search, guided by the global parti-
tion policy. Each candidate is then evaluated based on the cost of the resulting CVRP solution, computed
with the aid of a pretrained permutation policy. Among these, the partition solution with the lowest cost
is selected and denoted as C(?). At each local partition level, the partition solution C(*~1) (starting
with k = 1) is used to construct a set of subproblems. Each subproblem is independently solved using
beam search guided by the local partition policy, and the best subsolution is selected accordingly. These
subsolutions for the subproblems are then aggregated to form an updated partition solution C(*). This
procedure is repeated for K local partition levels, ultimately yielding the partition solution C' (X) which
serves as the supervision label for training both the global and local partition policies on the original
problem instance /

output the probability distribution over node sequences. Subsequently, the log-probabil-
ity of the node sequence corresponding to C is maximized to update 6. This log-proba-
bility of the node sequence can be represented as a sum of conditional log-probabilities:

log [T mo,, (CIE]|C[0 < ¢ — 1], ) = 31" log 7., (C[]|C[0 = ¢ — 1], T). This formulation
naturally prompts us to consider (C[0 : t — 1], ) as an individual training sample, with its
corresponding label being the next node C[t]. In this context, at each time step ¢ > 1, the
global partition policy addresses a subproblem /(#), which is defined based on the partial
partition solution C[0 : ¢ — 1] and the original problem instance /. This definition is con-
sistent with the notion of subproblems used in the RL setting. Hence, instead of generating
the entire node sequence for behavioral imitation, the labeled instance (I(t),C[t]) is fed to
the global partition policy to imitate one-step behavior at each time step ¢ > 1. In practice,
we adopt a variant Transformer model used in BQ [38] as the backbone for 7y, and 7y, ,
which aligns with the analysis above. Therefore, we underscore the importance of viewing
the subproblems encountered during training as individual training instances within both the

contexts of RL and SL training paradigms.

@ Springer



27 Page 16 of 47 Autonomous Agents and Multi-Agent Systems (2026) 40:27

4.4 Time complexity analysis

Let IV, denote the number of customer nodes, N, the number of subgraphs at each level, and
N, /N, the average number of nodes per subgraph. In the RL-driven HLGP framework, dur-
ing the global partition process, the first generated subgraph is retained, while the remaining
nodes form a new individual problem instance. This problem instance is then solved again
by the global partition policy. The procedure continues iteratively until no nodes remain.
In addition, each encountered subproblem is evaluated using the local permutation policy.
Since the nodes within each subgraph are permuted in parallel, the overall time complexity
of the global partition process is O(((3 + N.)/2)N,). At each local partition level, every
subproblem merges two neighboring subgraphs. These merged subproblems are then inde-
pendently divided by the local partition policy and the resulting partition solutions are eval-
uated by the local permutation policy. The resulting time complexity at each local partition
level is O(3N,/2). Therefore, with K local partition levels, the total time complexity of the
RL-driven HLGP is O(((3 + N. + 3K)/2)N,).

Let Ncand denote the number of candidate solutions maintained by the beam search in
the SL-driven HLGP framework. During the global partition process, at each decoding step,
the beam search selects the N ,,q partial partition solutions with the highest probabilities.
Therefore, generating N.,nq complete partition solutions under the guidance of the global
partition policy incurs a time complexity of O(N¢anaV, ). Each resulting partition solution
is then independently evaluated using the local permutation policy. Consequently, the over-
all time complexity of the global partition stage is O((1 + 1/N.)Ncana Ny ). At each local
partition level, beam search is again applied using the local partition policy to solve each
subproblem. Furthermore, every partition solution generated for a subproblem is evalu-
ated by the local permutation policy. This leads to a time complexity of O(3N¢anaNv/2)
. Therefore, with K local partition levels, the total time complexity of the SL-driven HLGP
framework is O((1 + 1/N. + 3K/2)Neana Nv).

5 Experiments

In this section, we detail the training and evaluation procedures for the proposed HLGP methods,
including the problem settings, hyperparameter configurations, and practical training protocols.
Following this, we present performance comparisons against baseline methods, along with a
hyperparameter study and an ablation study to examine the impact of key components and param-
eters within the HLGP framework. Additionally, visualization results are provided in Appendix B.

5.1 Training settings

During the training phase for both the RL-driven and SL-driven HLGP frameworks, we strictly
adhere to the problem setting used in GLOP [31]. Under this setting, each CVRP instance con-
sists of 1,000 customer nodes uniformly distributed within a unit square area. The vehicle capac-
ity, denoted by D, is fixed at 200. The maximum permissible number of returns to the depot by
vehicles is accordingly calculated as [Zfil di/D] + 1, where N, represents the number of

customer nodes and d; signifies the demand associated with each customer node. Each demand
d; is independently drawn from the discrete uniform distribution over the set {1, ...,9}.
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The RL-driven HLGP framework adopts the same isomorphic GNN architecture [44]
as employed in GLOP [31] to implement both the global and local partition policies. For
each CVRP (sub-)problem instance, a corresponding partition heatmap is generated by the
associated partition policy, which further aids in progressively decoding a feasible parti-
tion (sub-)solution that complies with the predefined CVRP constraints. Subsequently, the
pretrained local permutation policy from GLOP [31] is applied to reorder the nodes within
each subgraph of the feasible partition (sub-)solution. These resulting CVRP subtours col-
lectively form a CVRP (sub-)solution. Accordingly, the cost of the CVRP (sub-)solution
directly reflects the evaluation of the corresponding feasible partition (sub-)solution.

The training phase of the RL-driven HLGP spans 20 epochs, each consisting of 256 itera-
tions. In each iteration, 5 CVRP instances are randomly generated to train both the global and
local partition policies. For a detailed description of the training procedure, please refer to
Algorithm 1 in Appendix C. Following the training configurations in GLOP [31], 20 solutions
are simultaneously generated for both the global and local partition policies to calculate their
respective baselines, thereby reducing gradient variance. The Adam optimizer is employed
with an initial learning rate of 3 x 10~%, and a cosine annealing scheduler is used to gradually
decay the learning rate over the course of training. Additionally, gradient clipping is applied to
ensure the maximum L2 norm of gradients does not exceed 1. The RL-driven HLGP is trained
on an NVIDIA RTX 3090 GPU and an INTEL(R) XEON(R) GOLD 5218R CPU@2.10GHz.

The SL-driven HLGP framework leverages the same network architecture, a variant of
the Transformer model, as used in BQ [38] to implement both the global and local partition
policies, which incrementally generate partition solutions. Although BQ [38] was originally
designed to serve as a neural solver for producing CVRP solutions directly, it can be repurposed
to generate partition solutions. This adaptability arises from the fact that a partition solution can
be represented as a node list, irrespective of the specific decoding order. This justifies that any
neural solver crafted for generating CVRP solutions can be repurposed as the partition policy.
Subsequently, the same pretrained local permutation policy utilized in the RL-driven HLGP is
applied to solve the resulting node ordering problems. As in the RL-driven case, the cost of the
final CVRP solution corresponds to the evaluation of the generated partition solution.

The training phase of the SL-driven HLGP framework consists of two stages. Notably,
since both the global and local partition policies are initialized randomly, incorporating
beam search within our proposed multi-level HL framework to generate partition solutions
as supervision signals for large-scale instances does not guarantee sufficiently high-quality
labels for effective training. Additionally, there are no optimal solvers specifically tailored
for the partition task in the context of CVRP. However, as previously mentioned, a CVRP
solution can be regarded as a partition solution, regardless of the node ordering, implying
that the optimal CVRP solution is equivalent to the optimal partition solution. Thus, in
the first stage, we employ a curriculum learning strategy to train both the global and local
partition policies on CVRP instances, each comprising 100 nodes. The labels for these
small-scale instances are generated using the procedure employed in BQ [38], and we fol-
low the training configurations outlined in BQ [38] during this stage. In the second stage,
we train the partition policies on CVRP instances of 1,000 nodes. A detailed description of
the training procedure in this stage is included in Algorithm 2 of Appendix C. This stage
comprises 20 epochs, each containing 500 iterations. Within each epoch, 100 problem
instances of 1000 nodes are randomly sampled. The corresponding labels are generated by
executing the involved policies using beam search at each level of the proposed multi-level
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HL framework (as illustrated in Fig. 3), with a beam size of 16. These labeled instances
form the training dataset. During each iteration, mini-batches of data are sampled from this
training dataset to train the global partition policy, with the batch size fixed at 50. Addition-
ally, we employ the Adam optimizer with an initial learning rate of 1 x 1072, The learning
rate decays by a factor of 0.9 every 5 update steps. We constrain the maximum L2 norm of
gradients to be less than 1. The coefficients for the L2 regularization terms in the loss func-
tion are setto A\g = Az, = 1 x 10~%, which are consistent with standard practices in Trans-
former-based neural solvers [15, 16, 34, 42]. The SL-driven HLGP model is trained on 4
NVIDIA RTX 3090 GPUs and an INTEL(R) XEON(R) GOLD 5218R CPU@2.10GHz.

5.2 Evaluation settings

During the evaluation phase, our focus is on comparing the generalization capabilities of our
proposed models against prior baseline methods. To this end, we utilize diverse datasets that
vary in both scale and node distribution. Specifically, each evaluation dataset contains 1,000
(1K), 2,000 (2K), 5,000 (5K), 7,000 (7K), or 1,0000 (10K) customer nodes. These datasets
have been widely used to investigate generalization performance across varying scales [31, 35,
38, 39]. The distribution of customer nodes follows one of four patterns: Uniform (U), Gauss-
ian (G), explosion (E) or rotation (R), which are commonly adopted to evaluate model gener-
alization performance across diverse spatial distributions [42, 45]. With the exception of the
dataset containing 1,000 customer nodes, for which the vehicle capacity is set to 200, all other
datasets use a capacity of 300. Each dataset consists of 128 problem instances. The generation
of these instances follows the methodologies outlined in [13, 42]. In addition, for comparative
evaluation, we report three metrics: the average cost over the dataset (Avg.), the standard devia-
tion of solution costs (Std.), and the average inference time required to solve a single problem
instance within the dataset (Time). For both the RL-driven and SL-driven HLGP frameworks,
the number of levels, denoted as K is set as 5. The beam size in SL-driven HLGP during evalu-
ation is set as 16, 16, 8, 4, and 4 for the CVRP datasets with node counts of 1,000, 2,000, 5,000,
7,000, and 10,000, respectively. Please note that the implementation code is publicly available.
During the evaluation phase, we compare our proposed RL-driven and SL-driven HLGP
models against a broad range of existing methods. Classic heuristic methods include OR-
Tools [51], LKH3 [9] and HGS [10]. Among learning-based constructive methods, AM [13],
POMO [15], and Sym-POMO [16] serve as baselines trained using RL. AMDKD [45]
and Omni-POMO [42] specifically target generalization issues. ELG-POMO [34] and
INVIT [35] harness local topological features. BQ [38] and LEHD [39] are trained using SL
to improve their generalization capabilities. Within the realm of iterative methods, L2I [17],
NLNS [19], and DACT [20] integrate RL-based policies with local operators to iteratively
refine solutions. In the divide-and-conquer paradigm, RBG [27] and L2D [26] employ heu-
ristic partition rules, while TAM [30] and GLOP [31] utilize neural partition policies. We
follow the official implementations of these methods and the instructions provided in prior
works [30, 31, 35] that apply these methods to replicate the experimental results. For RBG
and TAM, we directly use the reported results in previous studies [27, 30, 31]. To maintain a
fair comparison, we only include those baseline methods that either have official code avail-
able for reproducibility or have been extensively benchmarked in the literature. Further
implementation details of these baseline methods are deferred to Appendix A.
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5.3 Performance comparisons

In Table 1, we compare our proposed RL-driven and SL-driven HLGP models with a variety
of existing methods on cross-size datasets. The RL-driven HLGP model consistently out-
performs its baseline, GLOP-G, by achieving lower average solution costs across datasets
of varying problem scales. When compared to the state-of-the-art learning-based method,
LEHD, the RL-driven HLGP shows only a slight performance drop, notably on the CVRP1K
dataset. Across other cross-size datasets, the RL-driven HLGP model consistently delivers
superior solutions and is notably more efficient than LEHD. Moreover, the standard devia-
tion of its solution costs is closer to that of the optimal heuristic method, HGS, indicating
enhanced stability and robustness compared to its baseline. Notably, on the large-scale eval-
uation setting with 10,000 nodes (i.e., CVRP10K), the RL-driven HLGP model achieves a
improvement of 10.62% in terms of the average cost compared to its baseline. The SL-driven
HLGP model also demonstrates consistent improvements over its baseline, BQ, across data-
sets of varying scales, achieving lower average solution costs. Notably, on the in-scale data-
set (i.e., CVRP1K), the SL-driven HLGP model not only outperforms prior learning-based
methods but also surpasses the optimal heuristic method, HGS, while achieving a lower
average inference time of 8.31s per instance. For large-scale problem instances ranging from
2,000 to 10,000 customer nodes, the SL-driven HLGP model exhibits only marginal perfor-
mance degradation compared to HGS, yet maintains a substantially lower average inference
time. In comparison to all other learning-based baselines, the SL-driven HLGP model con-
sistently demonstrates its superiority in terms of average cost while maintaining efficiency.
In terms of the standard deviation, the SL-driven HLGP model achieves lower values on
CVRPS5K, CVRP7K and CVRP10K, and slightly higher values on CVRP1K and CVRP 2K.
On the CVRP10K dataset, the SL-driven HLGP model achieves a 14.57% improvement in
average cost compared to its baseline. Moreover, it stands out as the only method capable of
generating high-quality solutions within 4 minutes per instance on this large-scale setting.

Table 2 displays a comparison of our proposed methods with various existing meth-
ods on both cross-distribution datasets (i.e., CVRP1K+G, CVRP1K+E and CVRP1K+R)
and cross-size-and-distribution datasets (i.e., CVRP2K+G, CVRP5K+E and CVRP7K+R).
On cross-distribution datasets, the RL-driven HLGP model demonstrates the consistent
improvement over its baseline method, GLOP-G, in terms of the average solution cost,
while achieving a standard deviation closer to that of the optimal heuristic method, HGS.
When compared to BQ and LEHD, the RL-driven HLGP model exhibits a minor perfor-
mance decline on cross-distribution datasets, yet benefits from the lower average infer-
ence time. In contrast, on the cross-size-and-distribution datasets, the RL-driven HLGP
model consistently showcases superior generalization by efficiently producing improved
solutions compared to prior learning-based methods. Compared to all previous learning-
based methods, the SL-driven HLGP model consistently outperforms across both cross-size
and cross-size-and-distribution datasets. Additionally, the standard deviation of its solution
costs is significantly closer to that of the optimal heuristic method, HGS, than those of other
learning-based approaches that perform well across diverse datasets, such as BQ, LEHD,
and L2D. Moreover, the SL-driven HLGP model achieves performance levels comparable
to HGS while offering significantly greater computational efficiency.

Furthermore, we observe that, compared with LKH3, except for slight performance
decreases of 0.03 and 0.25 on CVRP1K+G and CVRP2K+G, respectively, the SL-driven
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HLGP delivers superior performance across all other settings. Moreover, the performance
improvement achieved by our method becomes more pronounced as the graph size increases.
More importantly, the SL-driven HLGP is able to produce high-quality solutions with sig-
nificantly lower inference time compared to LKH3. For instance, on CVRP10K, our method
requires 3.39 minutes per instance and achieves an average cost of 227.07, whereas LKH3
requires 41.29 minutes per instance while yielding a higher average cost of 240.23. Therefore,
the advantage of HLGP lies in its ability to deliver competitive or superior solution quality
with substantially lower inference time compared to LKH3, making it particularly suitable for
large-scale instances. Additionally, we integrate LKH3 as the local permutation policy within
the SL-driven HLGP framework, with the results reported in the last rows of Tables 1 and 2,
referred to as SL-driven HLGP-LKH. We observe that, in nearly all dataset settings, SL-
driven HLGP-LKH continues to outperform standalone LKH3, achieving both lower average
cost and reduced inference time. Moreover, compared with GLOP-LKH, which employs the
same LKH3 solver as the local permutation policy but achieves inferior performance relative
to standalone LKH3, the SL-driven HLGP-LKH produces more refined and effective partition
solutions. As a result, when combined with LKH3, it delivers superior overall performance.

To present the relative performance of the SL-driven HLGP model in terms of solution
quality and runtime, we compare it with several representative baselines, namely HGS, BQ,
and GLOP. The relative performance of the SL-driven HLGP model against each selected
baseline is reported in Table 3. We use the performance gap in both solution quality and
runtime with respect to each baseline as the evaluation metrics. As shown in Table 3, the
SL-driven HLGP achieves solution quality that is close to HGS in terms of average cost,
while generating high-quality solutions more rapidly. Compared with both BQ and GLOP,
the SL-driven HLGP consistently produces better solutions. Although the runtime of the
SL-driven HLGP is higher than that of BQ and GLOP, it still maintains a favorable trade-
off between solution quality and computational cost relative to prior methods.

5.4 Training stability
In the literature on learning-based methods for VRPs, it is standard practice to evaluate the
stability and robustness of a neural solver by reporting the standard deviation across prob-

lem instances within a test dataset. In our work, we follow the same protocol and evaluate

Table 3 Relative performance comparisons between SL-driven HLGP and representative baselines

Datasets HLGP vs HGS HLGP vs BQ HLGP vs GLOP
Apvg.] ATime.| Apvg.) ATime.| Apve.l ATime.|

CVRP1K 0.83 -4.43m -1.17 3.56s -5.26 7.58s
CVRP2K 1.43 -12.14m -3.28 16.74s -5.93 30.66s
CVRP5K 1.29 -17.18m -13.01 17.38s -17.54 94.90s
CVRP7K 1.36 -18.00m -22.05 16.20s -25.02 2.09m
CVRP10K 0.48 -21.25m -38.74 5.40s -39.89 3.16m
CVRPI1K+G 0.71 -15.45m -2.16 3.33s -6.65 6.77s
CVRPIK+E 0.83 -6.39m -1.68 3.65s -5.48 7.12s
CVRP1K+R 0.78 -7.66m -1.77 3.50s -6.06 7.00s
CVRP2K+G 1.21 -19.29m -4.89 19.27s -7.70 28.73s
CVRP5K+E 1.11 -15.13m -17.96 12.00s -15.38 77.05s
CVRP7K+R 1.43 -19.40m -28.57 22.02s -25.90 90.51s
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the stability of both the HLGP methods and the prior baselines using the standard deviation
across problem instances, as reported in Tables 1 and 2. To further demonstrate the training
stability of the HLGP methods and eliminate the possibility that a particular random initial-
ization may be favorable to our approach, we additionally conduct five independent training
runs with different random seeds. The corresponding results are reported in Table 4. Across
all datasets, including both in-distribution and out-of-distribution settings, the performance
variation across runs remains limited and the standard deviations are small. These results
indicate that the training of the HLGP methods is not sensitive to random initialization.

5.5 Training overhead

We report the training time of both the RL-driven and SL-driven HLGP models, as well as the
dataset generation time for the SL-driven HLGP model, in Table 5. The reported training times
for both variants include the training of the global and local partition policies. The local per-
mutation policy, however, is pretrained and directly adopted from the publicly available code
repository of GLOP [31]. For the SL-driven HLGP model, the dataset generation time includes
both the solution generation using LKH3 and the solution generation via beam search. As
shown in Table 5, the RL-driven HLGP model requires less training time than the SL-driven
variant. Notably, the SL-driven HLGP model incurs additional computational overhead, as the
generation of the supervised learning dataset requires more than twice the training time.

5.6 Computation time overhead analysis

In this section, we analyze the time overhead contributions of the global partition process
and the local partition process for both the RL-driven HLGP and SL-driven HLGP frame-
works, as illustrated in Table 6. For the RL-driven HLGP, it is evident that the local partition
process contributes significantly more to the average time overhead compared to the global
partition process. This disparity arises primarily due to the local partition process typically
involving multiple levels of recursive partitioning. Conversely, the SL-driven HLGP exhib-
its comparable average time overheads between the global and local partition processes.
This similarity can be attributed to the design of the global partition process in the SL-driven
framework. In the global partition process of the SL-driven framework, the global partition

policy requires to solve a sequence of subproblems {7 (t)}fgg‘. As the number of encoun-
tered subproblems grows linearly with the graph size, the time overhead associated with the
global partition process increases proportionally. In contrast, the RL-driven HLGP frame-
work adopts a more efficient strategy for the global partition process, where a subproblem is
formed and passed to the policy network when a new subgraph is constructed. This selective
invocation substantially reduces the frequency of global partition policy calls. As a result,
the time overhead of the global partition process in the RL-driven HLGP framework is sig-
nificantly lower than that of the local partition process.

5.7 Hyperparameter studies
We begin by examining the influence of the number of levels, denoted as K, on the performance

of both the RL-driven and SL-driven HLGP frameworks. The left portion of Table 7 pres-
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Table 5 Comparison of training  RY _driven HLGP SL-driven HLGP
overheads for the HLGP models

Training Time Training Time Dataset Generation Time
10.46h 12.50h 24.95h

Table 6 Time overheads of both the RL-driven and SL-driven HLGP frameworks. For the columns grouped
under the Local Partition Process, each value is calculated as the difference between the corresponding value
under the Global Partition Process and that under the Global Partition Process. These values quantify the
improvements in average cost and standard deviation, as well as the additional time overhead introduced
specifically by the local partition process

RL-driven HLGP Global Partition Process Overall Partition Process  Local Partition Process
Avg. Std. Time Avg. Std. Time  Apavg.| Astd. ATimel
CVRPIK+G 37.98 1.35 0.58s 34.58 1.26 347s -3.40  -0.09 2.89s
CVRP2K+U 63.55 1.19 2.37s 59.58 1.17 10.03s  -3.97 -0.02 7.66s
SL-driven HLGP Global Partition Process Overall Partition Process  Local Partition Process
AVg. Std. Time AVg. Std. Time AAVg..L AStd. ATimeJ,
CVRPIK+G 32.73 1.21 3.69s 32.55 1.21 7.21s -0.18 0 3.52s
CVRP2K+U 57.77 1.08 15.11s 57.67 1.08 3240s -0.10 O 17.29s

ents the results for the RL-driven HLGP framework, evaluated on the CVRP1K dataset with
Gaussian-distributed nodes (CVRP1K+G) and the CVRP2K dataset with uniformly distrib-
uted nodes (CVRP2K+U), with K ranging from 0 to 10. These results exhibit that the average
cost converges to 34.51 at K = 7 for CVRP1K+G and to 59.50 at K = 8 for CVRP2K+U.
As expected, the computational time increases with the number of levels. The right por-
tion of Table 7 illustrates the performance trends of the SL-driven HLGP framework on the
CVRPIK+G and CVRP2K+U datasets as K varies. For CVRP1K+G, the average cost stabi-
lizes at 32.55 when K = 5, while for CVRP2K+U, convergence is observed at 57.66 when
K = 6. Again, the time overhead increases with higher values of K. In practice, to trade off
the performance against efficiency, we select K = 5 for both RL-driven and SL-driven HLGP.

Moreover, as shown in Table 7, both the RL-driven HLGP and the SL-driven HLGP
models exhibit only marginal changes in the objective value, measured by the average cost,
once K > 5. This observation indicates that the primary contribution of the local parti-
tion policy to cost reduction is realized within the first five partition levels, after which
the performance gradually stabilizes. For the RL-driven HLGP model, the global partition
policy tends to generate relatively coarse partition solutions, as the subsequent local parti-
tion levels lead to a considerable reduction in cost. In contrast, the global partition policy in
the SL-driven HLGP model already produces high-quality partition solutions. As a result,
the local partition policy mainly performs finer-grained refinement of node clustering. It is
important to emphasize that this does not imply the local partition policy in the SL-driven
HLGP model is negligible. For real-world NP-hard problems, even small improvements in
solution quality can translate into significant financial savings.

We then proceed to investigate the impact of the coefficients associated with the entropy
terms, denoted as A\ and Ar, in the loss function of the RL-driven HLGP framework.
Since A\g directly affects the behavior of the global partition policy, we analyze its impact
across four datasets with graph sizes ranging from 1,000 to 7,000 nodes, as shown in the
left portion of Table 8. The results indicate that setting A\ = 0.1 consistently yields the best
performance across all datasets. The right portion of Table 8 displays the performance of
the RL-driven HLGP as Ay, varies. The configuration with A;, = 0.005 achieves superior
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results on three out of the four datasets. Based on these findings, we adopt A\ = 0.1 and
AL = 0.005 as the default settings for the RL-driven HLGP. It is also worth noting that the
coefficients for L2 regularization terms incorporated into the loss function of the SL-driven
HLGP framework, are commonly set to 1 x 1079 in Transformer-based neural solvers [15,
16, 34, 42]. To maintain consistency, we apply this setting to both the global and local par-
tition policies in the SL-driven HLGP, i.e., A\¢ = A = 1 x 1079, This configuration has
proven effective in our experiments.

5.8 Ablation studies

In this section, we analyze the contributions of individual modules within the HLGP
framework using the CVRP1K+G and CVRP2K+U datasets. The upper portion of Table 9
presents the results for the RL-driven HLGP framework. “Glob.” refers to a model
where only the global partition policy is utilized, trained on randomly sampled CVRP1K
instances. “Glob.+Subp.” indicates that the global partition policy is trained on both the
random CVRPI1K instances and the subproblems encountered during training. In contrast,
“Glob.+Loc.” and “Glob.+Loc.+Subp.” incorporate the local partition policy, which is
designed to progressively rectify misclusterings. As shown in Table 9, both the “Subp”
and “Loc.” modules contribute to performance improvements. However, the “Loc.” mod-
ule demonstrates a more substantial impact on the final performance across both evalua-
tion datasets. Additionally, Fig. 4 presents the training and validation curves of the global
partition policy in the RL-driven HLGP framework. It is clear that incorporating the sub-
problems encountered during training expedites convergence, thereby enhancing training
efficiency.

The bottom portion of Table 9 shows the results for the SL-driven HLGP framework.
The configuration “SS.+Glob.” refers to using only the global partition policy trained
on small-scale instances (100 nodes). “SS.+LS.+Glob.” extends this by further includ-
ing training on large-scale instances (1,000 nodes). Similarly, “SS.+Glob.+Loc.” and
“SS.+LS.+Glob.+Loc.” incorporate the local partition policy into the framework. The
results indicate that, for the CVRP1K+G dataset, the “LS.” and “Loc.” modules contrib-
ute comparably to performance improvements. However, on the larger-scale CVRP2K+U
dataset, the “LS.” module demonstrates a more pronounced impact than the “Loc.” module.
These findings suggest that the proposed multi-level HL framework, when combined with
beam search for each policy component, can generate high-quality solutions that serve as
reliable supervision signals. This, in turn, enhances the generalization capability of the parti-
tion policies across varying problem scales.

We then conduct an ablation analysis of each hierarchical level in HLGP and compare
it with non-hierarchical backbones. The partition policies in HLGP are themselves capa-
ble of generating feasible solutions for CVRP instances. Under this view, HLGP can be
interpreted as enhancing the solution produced by the neural network used in the partition
process through the integration of a pretrained permutation policy. Accordingly, the non-
hierarchical counterpart of the RL-driven HLGP corresponds to a model that relies solely on
the neural network used in the partition process that is trained to directly generate a CVRP
solution. For the SL-driven setting, the corresponding non-hierarchical baseline is BQ. To
clearly demonstrate the contributions of the global and local partition levels, we report the
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Fig. 4 The training curve (a) and the validation curve (b) of the global partition policy in the RL-driven

HLGP framework

Table 10 Performance comparisons between the HLGP variants and their corresponding non-hierarchical
backbone methods

RL-driven HLGP Non-hierarchical Backbone  Global Partition Level — Local Partition Levels
Avg.| Avg. Apvg.y  Avgy Apvg.)
CVRP1K+G 42.34 37.98 -4.36 34.58 -3.40
CVRP2K+U 76.87 63.55 -13.32 59.58 -3.97
SL-driven HLGP Non-hierarchical Backbone  Global Partition Level — Local Partition Levels
AVg.L AVg.J, AAvg.J, AVg.i AAvg.¢
CVRP1K+G 34.71 32.73 -1.98 32.55 -0.18
CVRP2K+U 60.95 57.77 -3.18 57.67 -0.10

comparative results of the HLGP variants and their corresponding backbone methods in
Table 10. As shown in Table 10, for the RL-driven HLGP model, both the global and local
partition levels reduce the average cost in the CVRP1K+G setting compared with the non-
hierarchical backbone. In the CVRP2K+U setting, the non-hierarchical backbone exhibits
poor generalization under scale shifts. Thus, the global partition level significantly reduces
the average cost, while the local partition levels further mitigate the compounded errors
introduced at earlier stages. For the SL-driven HLGP model, the global partition level con-
tributes more substantially to the reduction in average cost than the local partition levels.
As a result, the local partition policy mainly performs finer-grained refinement of node
clustering. Importantly, this does not imply that the local partition policy in the SL-driven
HLGP model is negligible. In real-world NP-hard problems, even marginal improvements
in solution quality can translate into meaningful financial savings.

5.9 Contribution analysis of local partition levels

In this section, we compare the contributions of the first local partition level (X = 1) and the
subsequent local partition levels (K > 1), as summarized in Table 11. This table reports the
individual cost reductions and their corresponding contribution percentages, derived from
the results presented in Tables 7. According to Table 11, in the RL-driven HLGP model, the
subsequent local partition levels still achieve additional cost reductions of 0.55 and 0.74
on the two datasets, accounting for 16.18% and 18.64% of the total cost reduction, respec-
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Table 11 Contributions of the first local partition level and the subsequent local partition levels

RL-driven HLGP First Local Partition (K = 1)  Subsequent Local Partitions (/' > 1) Total (K > 1)
Cost Reduction  Percentage Cost Reduction Percentage Cost Reduction
CVRPIK+G 2.85 83.82% 0.55 16.18% 3.40
CVRP2K+U 3.23 81.36% 0.74 18.64% 3.97
SL-driven HLGP First Local Partition (i = 1)  Subsequent Local Partitions (X' > 1) Total (K > 1)
Cost Reduction  Percentage Cost Reduction Percentage Cost Reduction
CVRPIK+G 0.08 44.44% 0.10 55.56% 0.18
CVRP2K+U 0.04 40.00% 0.06 60.00% 0.10

tively. These contributions are therefore non-negligible. In contrast, in the SL-driven HLGP
model, the subsequent local partition levels contribute even more substantially, accounting
for 55.56% and 60% of the total cost reduction on the two datasets, which exceeds the con-
tribution of the first local partition level. These results indicate that a single local partition
level is insufficient. Instead, they provide empirical support for our primary argument that
the partition task requires both global and local partition processes to mitigate compounding
errors in node clustering.

5.10 Solution quality-efficiency trade-off

To analyze the trade-off between solution quality and computational efficiency of the
HLGP framework, we report results on the CVRPSK+U dataset, which contains large-scale
instances with 5,000 nodes per graph, as shown in Table 12. In addition to the average solu-
tion cost and the inference time per instance, Table 12 also reports the incremental improve-
ment in solution quality achieved at each level compared with the preceding level, as well
as the additional inference time introduced by increasing the number of levels. For the RL-
driven HLGP, each additional level incurs approximately 10 seconds of extra inference time
per instance. The first local partition level contributes the most significant improvement,
reducing the cost by over 8 units. From levels 2 to 5, the improvement becomes marginal,
with each level reducing the cost by less than 1 unit, resulting in a total reduction of about 2
units across these levels. In contrast, for the SL-driven HLGP, each additional level increases
the inference time by approximately 3 seconds per instance. Similarly, the first local parti-

Table 12 Trade-off between solution quality and computational efficiency

RL-driven HLGP SL-driven HLGP

CVRP5K+U CVRP5K+U

Avg. Apvg.) Time ATime| Avg. Apvg.) Time ATimel
K=0 13837 - 32.30s - 124.36 - 81.54s -
K=1 129.96 -8.41 42.56s +10.26 124.25 -0.11 84.62s +3.08
K=2 129.12 -0.84 52.51s +9.95 124.17 -0.08 87.73s +3.11
K=3 128.60 -0.52 63.04s +10.53 124.14 -0.03 90.61s +2.88
K=4 12836 -0.24 72.50s +9.46 124.13 -0.01 94.08s +3.47
K=5 12812 -0.24 82.59s +10.09 124.13 0.00 97.27s +3.19
K=6 128.12 0.00 93.66s +11.07 124.11 -0.02 100.15s  +2.88
K=17 128.02 -0.10 103.91s  +10.25 124.10 -0.01 103.45s  +3.30
K =8 128.02 0.00 112.60s  +8.69 124.10 0.00 106.63s  +3.18
K=9 12795 -0.07 124.00s  +11.40 124.10 0.00 109.85s  +3.22
K =10 12795 0.00 133.60s  +9.60 124.10 0.00 112.62s  +2.77
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tion level provides the largest improvement, reducing the cost by 0.11 units, while levels 2
to 5 collectively contribute an additional 0.12 units of improvement. These results indicate
that most of the performance gains are achieved at the early partition levels, while deeper
levels primarily provide diminishing returns at the cost of increased runtime. Therefore, in
practical applications, the number of levels K can be adjusted to balance solution quality and
computational efficiency according to the requirements of the deployment scenario.

6 Conclusion and discussion
6.1 Conclusion

In this work, our primary contributions can be summarized as follows. We propose a novel
hierarchical learning-based framework for the graph partition problem to efficiently solve
large-scale CVRP instances. Within this framework, the global partition policy and local
partition policy synergistically address the partition task, progressively mitigating com-
pounded misclusterings during the partition process. The proposed approach adopts a
unified objective function that is compatible with both RL and SL training paradigms. In
addition, we analyze the importance of treating subproblems encountered during training as
individual instances in both RL and SL settings. Extensive experimental results demonstrate
the strong generalization capability of the proposed HLGP framework in efficiently produc-
ing low-cost CVRP solutions under both distributional and scale shifts.

In this work, the main findings can be summarized as follows. Empirically, compared
with SOTA heuristic methods, the SL-driven HLGP method outperforms LKH3 and OR-
Tools while achieving faster inference speed, and exhibits only a marginal performance gap
compared with HGS while still maintaining faster inference. Compared with existing learn-
ing-based baselines, both the RL-driven and SL-driven methods achieve the best overall per-
formance. In terms of inference time overhead, the local partition process of the RL-driven
HLGP contributes significantly more to the average runtime than the global partition process.
In contrast, the SL-driven HLGP exhibits comparable time overheads between the global and
local partition processes. Furthermore, both the RL-driven HLGP and the SL-driven HLGP
models exhibit only marginal changes in the objective value, measured by the average cost,
once the number of local partition levels satisfies K > 5. This observation indicates that most
of the cost reduction achieved by the local partition policy occurs within the first five partition
levels, after which the performance gradually stabilizes. Therefore, in practical applications,
the number of levels K can be adjusted to balance solution quality and computational efficiency
according to the requirements of the deployment scenario. Finally, in the RL-driven HLGP
framework, the local partition policy contributes more significantly to the overall performance
improvement. In contrast, for the SL-driven HLGP framework, training the global partition
policy on large-scale instances plays a more critical role in performance improvement, but it
incurs substantially higher training overhead due to the need for dataset generation.

In this work, the primary implications can be summarized as follows. For the domain of
VRPs, our study introduces a novel hierarchical learning-based graph partition framework
that can efficiently generate high-quality solutions for large-scale CVRP instances with
rapid inference. For the broader domain of COPs, the proposed HLGP framework demon-
strates the effectiveness of combining global and local partition policies to mitigate com-
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pounded errors in node clustering. This hierarchical paradigm may inspire future research
to adopt similar strategies for COPs that require node clustering as an intermediate step.
From a practical perspective, the HLGP framework demonstrates advantages in both solu-
tion quality and inference efficiency compared with SOTA heuristic methods such as LKH3
and OR-Tools. Therefore, the proposed approach has strong potential for deployment in
real-world scenarios where multiple vehicles are required to serve large numbers of custom-
ers. In such applications, the reduction in average routing cost may translate into meaningful
operational and financial savings.

6.2 Discussion on extending HLGP to other COPs

We use the Maximum Cut (MaxCut) problem as a case study to illustrate the potential
extension of the HLGP framework to other COPs. Before describing how HLGP can be
applied to MaxCut, we would like to clarify that HLGP is a unified framework with the
potential to generalize across different COPs. Specific components of HLGP may require
adaptation to accommodate the structural characteristics and objective functions of each
problem. In this response, we outline some potential design choices for these components
when extending HLGP to other COPs. A systematic investigation of their effectiveness is
beyond the scope of the current paper and is left for future work. After presenting the poten-
tial extension of HLGP to MaxCut, we briefly outline the general pipeline for adapting the
HLGP framework to other COPs.

In MaxCut, given a graph, the objective is to divide the vertex set into two comple-
mentary subsets such that the number of edges between the two subsets is maximized. A
feasible solution can be constructed incrementally by sequentially assigning vertices to one
subset, while the remaining vertices form the complementary subset. During this construc-
tion procedure, vertices are added as long as the number of edges between the selected
and unselected vertices increases. In the HLGP framework adapted for MaxCut, the global
partition policy sequentially selects vertices into a partial solution, provided that the number
of edges between the selected and unselected vertices continues to increase. Based on the
resulting selected and unselected vertex sets, subgraphs can be constructed in various ways.
One potential design is to define proxy vertices as selected vertices that have direct connec-
tions to unselected vertices. For each proxy vertex, a corresponding subgraph can be defined
as the set of vertices within an M-hop neighborhood of that proxy node in the original graph.
At each local partition level, different strategies may be adopted to select pairs of subgraphs
to form subproblems. For example, subgraphs may be selected randomly or based on the
connectivity between their proxy vertices. The local partition policy is then applied to each
constructed subproblem, yielding a refined set of subgraphs. After completing the partition
process, each subgraph can be solved using a local MaxCut solver, and the final solution is
consequently derived for the MaxCut.

In this overall design, both the global and local partition policies are capable of producing
feasible solutions for the MaxCut. However, the subgraphs and subproblems are derived from
the intermediate solutions generated by these partition policies. This design is analogous to
the HLGP framework for CVRP, where both the global and local partition policies can gen-
erate feasible routing solutions, while the sequential ordering information is subsequently
discarded when constructing subgraphs and subproblems for further refinement. Moreover,
different COPs require different designs of the local solving component. For MaxCut, this
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corresponds to employing a local MaxCut solver for each subgraph, whereas for CVRP, a
local permutation policy is required to determine the visiting order within each partition.
Thus, the general pipeline for extending HLGP to other COPs can be summarized as follows.
First, both the global and local partition policies are designed to generate feasible solutions
for the target problem. Next, subgraphs are derived from these feasible solutions, and sub-
problems are constructed by combining pairs of subgraphs according to a predefined strategy.
Finally, after completing the partition process, a problem-specific local solver is applied to
each subgraph, and the resulting partial solutions are integrated to obtain the final solution.

Appendix A: Implementation details of baselines

In this section, we provide the implementation details of the baseline methods, including
both heuristic and learning-based approaches, selected for comparison with our proposed
approaches.

LKH3 [9] We adhere to the settings outlined in Omni-POMO [42] to reproduce the results
of LKH3. For solving each CVRP instance with varying scales and distributions, we set the
maximum number of trials to 10000.

HGS[10] In order to decrease the runtime, we adjust the number of iterations of HGS for the
CVRP datasets with varying scales. Specifically, we set the number of iterations to 20000,
5000, 2000, 1500, and 1000 for the CVRP instances with node counts of 1000, 2000, 5000,
7000, and 10000, respectively.

AM [13] We follow the implementation guidelines of AM as outlined by [31], where the
checkpoint trained on CVRP100 is adapted for comparison purposes. In the evaluation
stage, to enhance the quality of solutions generated by AM, we employ a sampling decod-
ing strategy with 1280 solutions for each instance. The temperature of the softmax function
in the output layer is set to 0.1 to prevent solutions from diverging towards lower-quality
outcomes.

POMO [15] To benchmark against POMO, we generalize the checkpoint trained on
CVRP100 to generate results across different CVRP datasets. The POMO size is adjusted to
align with the number of nodes in each CVRP instance. Furthermore, data augmentation is
implemented for each CVRP instance with an augmentation factor of 8.

Sym-POMO [16] We stick to the original implementations of Sym-POMO, where the POMO
size is adjusted to match the number of nodes, and each CVRP instance is augmented by a
factor of 8. The checkpoint trained on CVRP100 is generalized for comparisons.

AMDKD [45] AMDKD aims to improve the generalization capacity of neural solvers on
CVRP datasets with scale and distribution shifts through knowledge distillation. We adhere
to the original evaluation settings with the model trained via knowledge distillation on
CVRP100 datasets with various distributions. The default POMO size and augmentation
factor are employed in our evaluations.
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Omni-POMO [42] Omni-POMO aims to transfer neural solvers to problem instances with
diverse scales and distributions through meta-learning techniques. Therefore, we strictly fol-
low the evaluation configurations by utilizing the provided model trained via MAML with
250000 epochs to replicate the results of Omni-POMO across various CVRP datasets. The
POMO size is configured to match the number of nodes in each CVRP instance. Addition-
ally, data augmentation is applied to every CVRP instance with an augmentation factor of 8.

ELG-POMO [34] ELO-POMO integrates both a global neural solver and a local neural
solver to leverage insensitive local topological features, thereby enhancing the overall sys-
tem’s generalization capability. We generalize the checkpoint trained on CVRP100 with
250000 epochs for comparison purposes. Throughout the evaluation phase, we maintain the
default values of the POMO size and augmentation factors as recommended in the original
implementations.

INVIT [35] INVIT utilizes multiple encoders to capture the features of subgraphs of vary-
ing scales within each CVRP instance, enabling the utilization of local topological features
for the generalization improvement. In our study, we generalize the checkpoint trained on
CVRP100 to evaluate the generalization ability against other baselines. During the evalu-
ation phase, given that each instance in the evaluation dataset consists of at least 1000
nodes, the beam size is accordingly set to 16 for each evaluation CVRP dataset, as recom-
mended in the original implementation. All other settings strictly conform to the original
implementations.

LEHD [39] LEHD incorporates iterative local revision (known as RRC) by utilizing a SL-
trained neural solver to improve the generalization capability of the constructive method.
We leverage the officially provided checkpoint to compare its generalization ability with
other methods. During the evaluation phase, as all baseline methods are evaluated on large-
scale instances with a minimum of 1000 nodes, to balance performance and efficiency, the
number of RRC is set to 200, 50, 5, and 1 for CVRP datasets with node counts of 1000,
2000, 5000, and 7000. For the CVRP10K dataset, the greedy model is directly deployed for
comparison purposes.

BQ[38] BQ enhances generalization ability by leveraging the inherent recursive property of
the CVRP instance. We utilize the officially provided checkpoint to generalize its applica-
tion to various CVRP datasets. During the evaluation phase, to achieve a trade-off between
performance and efficiency, the beam size is set to 16, 16, 8, 4, and 4 for the CVRP datasets
with node counts of 1000, 2000, 5000, 7000, and 10000, respectively. Other settings remain
aligned with the original implementations.

L2I1[17] L2I is an iterative approach that merges an RL-based policy with predefined local
operators to iteratively enhance a given solution. We directly apply the provided official
checkpoint of the RL-based policy and the predefined set of local operators to diverse CVRP
datasets for generalization comparisons. Additionally, to prevent unexpected increases in
makespan due to excessive iterations, we limit the maximum number of rollout steps for
the RL-based policy to 40, 10, 6, 4, and 2 for the CVRP datasets with node counts of 1000,
2000, 5000, 7000, and 10000, respectively.

@ Springer



27 Page 36 of 47 Autonomous Agents and Multi-Agent Systems (2026) 40:27

NLNS [19] NLNS seamlessly integrates heuristic destroy operators and a collection of
learning-based repair policies to iteratively enhance a given solution. We closely follow the
official implementations of NLNS for generalization comparisons, with the exception of the
setting for maximum running time per instance. Since NLNS is intended to generalize to
large-scale instances, the maximum running time in our study is extended to approximately
1200ms per instance for various CVRP datasets.

DACT [20] DACT, as an iterative method, redesigns the solution representation for the
RL-based policy to improve the given solution. We thus generalize the official checkpoint
trained on CVRP100 to various CVRP datasets for comparisons. Following the guidelines
in the official implementation, to tailor DACT to larger CVRP instances, smaller values
are recommended for the number of perturbations and the dummy rate. As a result, we
set the dummy rate to 0.05 and the number of perturbations to 2. Furthermore, to prevent
unexpected increases in makespan resulting from an excessive number of iterations, the
maximum rollout steps of the RL-based policy are set to 400.

L2D [26] L2D is replicated by adhering to the publicly available open-source implementa-
tion across various CVRP datasets. It is impressive to observe L2D’s strong performance
on CVRP datasets exhibiting distribution and scale shifts. This success can be attributed
to L2D’s heavy reliance on near-optimal solutions from numerous neighboring subgraphs,
derived from classical heuristic solvers, to guide both clustering subgraphs and resolving
subproblems.

GLOP [31] We rigorously follow the official implementations of GLOP to benchmark it
against other baseline methods. Moreover, for the selected baseline methods that align with
those in GLOP, we rely on GLOP’s recommendations to reproduce these methods, thereby
ensuring that our replicated results are at least on par with those documented in GLOP.

Appendix B: Visualization results

Figures 5 and 6 illustrate the CVRP solutions generated by the RL-driven and SL-driven
HLGP frameworks, respectively, on the CVRP1K datasets with node distributions including
Uniform, Gaussian, Explosion, and Rotation. In Fig. 5, we illustrate the impact of train-
ing on the encountered subproblems for the global partition policy, as well as the effect of
including or excluding the local partition policy in the RL-driven HLGP model. In Fig. 6,
we show the differences arising from training on large-scale problem instances and the pres-
ence or absence of the local partition policy. Although the CVRP solutions exhibit similar
strip-shaped loop pattern within each sub-route, the details of node clustering differ signifi-
cantly, which substantially affects the final solution costs.

@ Springer



Autonomous Agents and Multi-Agent Systems... Page 37 of 47 27

g
o 4 ¥ “ ¥
<
=
=}
+
o
o
S
—
[al
oo
>
O
Cost=59.37 Cost=53.99 Cost=56.49 Cost=52.73
(a) glob. (b) glob.+loc. (c) glob.+subp. (d) glob.+loc.+subp.
=]
<
§7
@0 " * " "
=
o]
O
T
o
]
(]
—
[al}
o~
>
O
Cost=51.61 Cost=43.59 Cost=49.08 Cost=42.18
(e) glob. (f) glob.+loc. (g) glob.+subp. (h) glob.+loc.+subp.
=}
8
7 * % * #
<
o
i
=
+
S
S
(]
—
[a W}
o
>
®)
Cost=46.55 Cost=40.90 Cost=43.75 Cost=39.73
(i) glob. (j) glob.+loc. (k) glob.+subp. (1) glob.+loc.+subp.
=}
9 * * e a
+
<
=
Q
~
+
el
(]
(]
—
[al}
o~
>
O
Cost=51.28 Cost=42.27 Cost=48.65 Cost=40.91
(m) glob. (n) glob.+loc. (o) glob.+subp. (p) glob.+loc.+subp.

Fig.5 Visualizations of CVRP Solutions generated by the RL-driven framework
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Fig. 6 Visualizations of CVRP Solutions generated by the SL-driven framework
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Appendix C: Algorithm Pseudocodes

The algorithm pseudocodes for both the RL-driven and SL-driven HLGP frameworks are
illustrated in Algorithm 1 and Algorithm 2, respectively.

Algorithm 1 RL-driven HLGP.

Input: Problem instance distribution py(-), Permutation policy 7perm
Output: Global partition policy 7y, , Local partition policy 7y,

I: forn =0to N do

2:  Sample an instance / = (G, D, Nmax) ~ pr(-)

3 Initialize the partition solution C O = {}

4 while G # ¢ do

S: Sample a partition solution ¢O = {E%O), A 6582} ~ mgn (-|1)
6 Update Nmax < Nmax — 1 ¢

7 Update G <« UlN:CZEI(O)

8: Construct a subproblem / < (G, D, Nmax)

9: Update the partition solution C© « ¢© y {650)}

10: # train global partition policy

11: CVRP solution 7 ~ perm (-|C)

12: Solution cost e(T) = Y, 7 e(r)

13: Update the parameter using RL 67, < AdamOpt (87, Vo J (6, 67))

14: end while
15: fork=1toK do

Ne
16: Construct subproblems {lj(‘kil) }JL:ZIJ from c*k—1)
17: for j =1to L%j do
18: Sample a partition solution C}IFD ~ mgn (~\Ij(.k71))
19: # train local partition policy
20: CVRP solution 7} ~ nperm(.\cj(."‘“)
21: Solution cost e(7;) = ZreTj e(t)
22: Update the parameter using RL 67 < AdamOpt(67, Vg, j(Hg, 61))
23: end for N
24: Construct the partition solution C ® from {C;k_l) }E.ZJ and k=D
25:  end for )
260 opt —onort! —on
27: end for
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Algorithm 2 SL-driven HLGP.

Input: Problem instance distribution p;, Permutation policy 7wperm
Output: Global partition policy 7y, , Local partition policy mg,

1: forn =0to N do

2:  Sample an instance / = (G, D, Nmax) ~ ps(*)

3:  Generate candidate solutions {C (0.1 }?/ﬁ“d ~ BeamSearch(/, 719&)
4: fori=11to Neang do o
5: CVRP solution 77 ~ mperm (-ICO)
6: Solution cost e(T?) = Zsti e(t)
7. end for ~
8:  Generate the label C©) = arg miné(())v,- {e(’T1 ) P e(’TNcaﬂd)}
9: fork=1toKdo
k—1), L% A
10: Construct subproblems {1; } j:21 from C %=1
11: for j = 1to [2¢] do
12: Ggr]}ferate, c]z\l[ndidate solutions:
13: {cj. ~D iy Neand BeamSea:ch(l/(."*”, 7o)
14: for i = 1t0 Negng do ‘ '
15: CVRP solution T ~ mrperm (1€ ")
16: Solution cost e(T}) = Zre’]’/f e(1)
17: end for ) ' v
18: Generate the label Cj(k_]) = arg minc-(k,l),,v {e(le), Cee e(Tj candyy
J
19: end for
5 sth—1), L3 5
20: Construct the label C® from {C]( }j:21 and C*k—D
21: end for
22: C<«CcK&

23: # train global partition policy

24:  Generate labeled instances {(/(¢), C| [t])}fvzs‘(’)l

25:  Update the parameter using SL 67, < AdamOpt(6¢;, Vg, JA(QE’;, 67))
26: # train local partition policy

27:  Generate labeled instances {(/;, C_‘,-)}f\i'l

28:  Update the parameter using SL 67 <« AdamOpt (67, Vg, J(6n, 07))
29: ont —gniort! —on

30: end for

Appendix D: Proofs

D.1 Proof of Theorem 1

Proof For a given CVRP instance /, a feasible CVRP solution 7 comprises IV, subtours 7;
, where 1 < i < N,. If a partition solution C = {cy,...,cn,} corresponds to 7, then each
subtour 7; can be obtained by reordering the nodes within the corresponding subgraph c;
, implying that N, = N,. This observation indicates that a given CVRP solution 7 can be
represented by the pair (C,T) = {c1,...,¢n.,T1, ..., TN, }, Wwhere C captures the partition
structure and 7 encodes the intra-cluster node orderings. Therefore, we can derive the fol-
lowing expressions for the primitive objective.
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min Er[e(7)]

=min > w(TIDe(T)
T

=min Y w((C,T))e(T) (D1)
" @en
N, Nc
:71— min Z?Tpart C|I ZHﬂ'pcrm 7-1|Cz Ze(Ti)'
part:Tperm o T =1 i

We can further simplify the expectation term associated with mperm as follows:

2T Hl 1 Tperm (7i[C:) ZﬁVC e(r) = vazcl Z-r,, Tperm (Ti|ci)e(7;).- (D2)

Thus, we can plug (D2) into (D1) to derive the following objective function:

min prart(c’\] Znﬂ'perm Tz‘cz Z (2)
C

Tpart;Tperm
T i=1

~ i prartwm izwpermmci)e(n) (D3)

Tpart;Tperm

i=1 7
= min E Tpart C|I E min E Tperm TZ|C1 (Tz)
Tpart Tperm

If we denote the optimal permutation policy as 7, then the primitive objective can be

perm>
expressed as:
N.
it Ecnryon (S By (e(7)]. (D4)
Tpart
=1
O
D.2 Proof of Theorem 2

Proof The objective function of the HLGP framework can be equivalently reformulated as
follows:

. K
min e gy Bemmp s Eeto gy [F(CF)]

TGpart,TLpart

= min Ec(n)Nﬂ'GparcEC(l)Nﬂ'Lpam .. 'EC(K)NT"Lpart [f(C(K)) — f(C(Kfl)) (D5)

TGpartsTLpart

+ D) = FETTD) e f(E) = F(E) + F(CO))
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The RHS of (D5) can be further decomposed as follows:

min = EeoEeq - - Eouo [f(CHD)) — f(CHD))
TGpart:;TLpart (D6)
+ BewEea - Eeaeon [f(CHTY) = FCET) 4 4 £(CD) = £(C) + 7€)

Due to the decomposition demonstrated in (D6), the original objective can be iteratively
simplified as:

min  Eewo [£(GD)] + Ecw Eew [F(CD) — £(CO)] +- -

TGpart,TLpart (D7)
+EcoEew - - Eouo [f(CF)) — fF(CED)].

Then for any k > 1, the evaluation for C(*) can be written as:

FE®) = pe*=Y)

k - k—1
=> g™ = > g )
i=1 i=1
[
_ (k) (k) (D8)
= Z [g(c(k+m—1) mod NC+1) + g(c(k+m) mod NC+1)}
j=1
L 5]
(k—1) (k—1)
- [g(c(kerfl) mod NC+1) + g(c(ker) mod NC+1)]’
j=1
where m=2(j —1). Let us define the function

h(C,k,m) = g(C(ktm—1) mod Not+1) + 9(C(k+m) mod N.+1), then the evaluation, denoted
as f(C*) — f(C*=1), for C*) can ultimately be written as:

FE®) = fe®=1) = Z [h(C™®), k,m) — h(C*™D k,m)]. (D9)

=1

D.3 Proof of Theorem 3

Proof Given that the feasible cost function is defined as f(C) = —1(C = C), the objective
of the HLGP framework can be written as:

min Eco Ecqy -+ - Eex) [1(C(K) = é)}
TGpart;TLpart
1 _ (D10)

= min  ——F.0E - B [1(CE) =C) +...+1(C =)
TGpart:TLpart 5 + 1
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Subsequently, we can apply the same recursive decomposition, which is used to equiva-
lently transform (D5) into (D7), to (D10), yielding the following equivalent formulation:

min Eco Ecay -+ Epx) [l(C(K) = é) + ...+ 1(C(0> = é)}

TGpartsTLpart

= min  Ee0[1(C? =0C)] 4+ EcwEer[1(CH =C)] + - (D11)

TGpart;TLpart

+ Ec(D)Ec(l) M Ec(K) [1(C(K) = é)]

It is evident that the objective function defined in (D11) attains its minimum when the
condition C(0) = ¢ = ... = C(K) = (C is satisfied. At the global partition level (k = 0),
the global partition policy is trained to maximize the probability of generating the solution
C, thereby ensuring that C(?) = C. In contrast, to ensure that the probability of generating
C is maximized at any local partition level & > 1 by training the local partition policy, we
define a set of subproblems I; = (G;, D, 2), where 1 < i < N, and G; = ¢; U €; mod N, +1
. The corresponding label for each subproblem is defined as C; = {Ci, Ci mod N,+1}- It is
clear that the subproblem set {I; = (G;, D, 2) fvz“l covers all possible subproblems that
may arise at any local partition level. The local partition policy is therefore trained to maxi-
mize the probability of generating C; given the corresponding subproblem ;. In practical
scenarios, maximizing the log-probability objective can be utilized without compromising
the theoretical optimality of the resulting policies. Accordingly, the objective function of the
SL-driven HLGP framework is formulated as follows:

N
min  —logm, (CII) — Y logmg, (Ci|I;). (D12)
=1

TGpart;TLpart

D.4 Proof of Proposition 1

Proof We aim to prove that, at any partition level £ > 0, the definitions of state and action,
as defined in the multi-level MDP framework, are sufficient to preserve the Markovian
property at that level. At the global partition level, the partial partition solution evolves from
CON0:t —1] to CO[0: #] by selecting an unvisited node C(*)[] at each time step . It is
evident that the dynamics remains Markovian at this level. At the local partition level £ > 1
, the state consists of the subproblem sequence and the partial solution of the subproblem
)

ugk) extends the partial solution of I J(-ffl) by incorporating an unvisited node, thereby gen-

currently being addressed at time step z. During solving [ J(-tk_l , executing the action

erating the subsequent partial solution of I ;ffl). The remaining subproblems remain unaf-

fected throughout this process. Once I j(.f_l) is completed, the framework proceeds to the
next subproblem in the sequence. As a result, the dynamics at each local partition level

preserve the Markov property. O
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