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Abstract

If players learn to play an infinitely repeated game using Bayesian learning, it is
known that their strategies eventually approximate Nash equilibria of the repeated
game under an absolute-continuity assumption on their prior beliefs. We suppose
here that Bayesian learners do not start with such a “grain of truth,” but with
arbitrarily low probability they revise beliefs that are performing badly. We show
that this process converges in probability to a Nash equilibrium of the repeated
game. Journal of Economic Literature Classification: C73; D83.
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1 Introduction

Kalai and Lehrer (1993) establish that rational players who know only their own payoffs in

an infinitely repeated game, and who Bayesian update subjective beliefs about opponents’

strategies, will eventually play a Nash equilibrium, provided that this equilibrium play

is absolutely continuous with respect to their prior beliefs. Absent this “grain of truth”

condition, whereby players must put positive probability on the eventual play from the

outset, Bayesian learners are liable to spend eternity in disequilibrium, with their beliefs

unfulfilled. Might a rational player who finds that his predictions are persistently wrong

eventually come to question his predictions, and consider the possibility that his prior

belief was erroneous?

The Bayesian answer is that such a “paradigm shift” (Weinstein 2011) is irrational,

and should instead be anticipated in the player’s prior. However, the idea that the player

could, in the absence of knowledge of his opponents’ payoffs, adopt a sufficiently agnostic

prior to guarantee equilibrium convergence has been shown to be too demanding (Nachbar

1997, 2001, 2005, Foster and Young 2001). Moreover, Weinstein (2011) shows that, if a

decision-maker’s initial subjective probability of reaching a non-Bayesian paradigm shift

is small, and if the dependence of his bets on “post-shift” events is bounded, the degree

to which he is subject to an objective Dutch book is small.

This paper introduces the possibility of such paradigm shifts into the model of Bayesian

learning in repeated games: with arbitrarily low probability, players revise their beliefs

in a non-Bayesian fashion and adopt a random alternative. We show that this process

converges in probability to a Nash equilibrium of the repeated game, irrespective of the

players’ prior beliefs. The proof of this result draws on the work of Sandroni (1998) and

Foster and Young (2003). The latter exploit a similar random structure on belief revision

to show that most of the time is spent in subgame-perfect equilibrium when players with

limited memory learn by classical hypothesis testing. Here, we return much closer to

Bayesian learning, and consider fully general strategies and beliefs rather than just those

with finite memory. Sandroni’s “almost absolute continuity,” meanwhile, provides us with

a crucial weakening of Kalai and Lehrer’s (1993) absolute continuity.

2 Bayesian Learning with Paradigm Shifts

Now let us sketch the formal details of the learning model. There is a finite, n-person

stage game G with action spaces Xi, i = 1, . . . , n, and utility functions ui : X → R,
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X =
∏n

i=1Xi. This stage game is infinitely repeated in discrete time t ∈ N, with public

observation of play, to give the repeated game G∞.

A history of play is denoted ω, belonging to the set of all possible histories Ω; ωt =

(ωt1, . . . , ω
t
n) ∈ X then denotes the actions taken in period t; ωt = (ω1, ω2, . . . , ωt) the

initial history of actions taken in periods 1 through t inclusive, belonging to the set of all

possible such initial histories Ω
t
, with Ω =

⋃
t∈N Ω

t
; and Ω(ωt) = {α ∈ Ω | αt = ωt} the

set of all continuations of the initial history ωt. Let Ω(ωt) = {ατ | τ ≥ t, αt = ωt} be the

set of possible continued initial histories following ωt. For every initial history ωt ∈ Ω
t
,

a cylinder with base on ωt is the set C(ωt) = {ω ∈ Ω | ω = (ωt, . . .)} of all histories such

that the t initial elements coincide with ωt. Let It be the σ-algebra on Ω whose elements

are all finite unions of cylinders with base on Ω
t
. We then have a filtration

I0 ⊂ · · · ⊂ It ⊂ · · · ⊂ I,

where I0 is the trivial σ-algebra and I is the σ-algebra generated by the algebra of initial

histories I0 ≡
⋃
t≥0 It.

A behavior strategy ai : Ω → ∆i for player i is a mapping from the set of all possible

initial histories into the simplex of his action mixtures ∆i. Let ai(ω
t)(x) denote the

probability that ai prescribes for the action x ∈ Xi, after the initial history ωt ∈ Ω
t
, and

let a = (a1, . . . , an) be a typical strategy profile. Given a strategy profile a and an initial

history ωt ∈ Ω
t
, the induced strategy profile aωt is defined by aωt = a(ατ |ωt) for any

ατ ∈ Ω(ωt).

Each player i has a belief bi = (bi1, . . . , b
i
n) regarding the strategy profile, with bii = ai;

let bi−i = (bi1, . . . , b
i
i−1, b

i
i+1, . . . , b

i
n) denote i’s beliefs about his opponents’ strategies. Let

µbi be the conditional probability measure over histories induced by the belief bi. It

will be useful for our purposes to think of a player’s belief as belonging to the space

B ,
∏∞

k=1 ∆|Ik|, where ∆|Ik| is an |Ik|-dimensional simplex; bi induces a probability on

each element of Ik, k = 1, . . . ,∞. Note that, since Ω
t

has finitely many elements, there

are finitely many cylinders with base on Ω
t
, and hence each It has finitely many elements.

Let ρi ∈ (0, 1) be individual i’s discount factor, and given an initial history ωt−1 and

a continuation ω ∈ Ω(ωt−1), the future stream of utilities discounted to period t is given

by

U t
i (ω) = (1− ρi)

∞∑
t′=t

ρt
′−t
i ui(ω

t′).
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Individual i’s expected utility at time t over all continuations is

E(U t
i (ω) | bi, ωt−1) =

∫
Ω(ωt−1)

U t
i (ω)dµbi∫

Ω(ωt−1)
dµbi

.

Letting U t
i (ai, b

i
−i) = E(U t

i (ω) | bi, ωt−1), ai is then a best response if U t
i (ai, b

i
−i) ≥

U t
i (a
′
i, b

i
−i), ∀a′i. Given a small η > 0, ai is an η-best response if

U t
i (ai, b

i
−i) ≥ U t

i (a
′
i, b

i
−i)− η, ∀a′i.

We assume that, when he chooses his strategy, player i plays an η-best response, de-

termined by a perturbed best response function Aηi (b
i
−i) resulting from random payoff

perturbations (McFadden 1981, Anderson, de Palma, and Thisse 1992), and hence we

will have use for the subspace B−i ⊂ B of beliefs such that bii = Aηi (b
i
−i).

Whereas a best response is automatically optimal in all periods, an η-best response

in period t may be far from optimal in the distant future.1 There is thus an important

distinction to be drawn between uniform η-optimization—requiring an η-best response in

all possible continued initial histories—and the ex ante η-optimization we employ here,

which requires an η-best response only when the strategy is adopted (at the beginning of

the game or following a paradigm shift). As Nachbar (1997) notes, ex ante η-optimization

may not be sufficient to guarantee Kalai–Lehrer (1993) convergence to approximate Nash

equilibrium play, but it is sufficient for our purposes, and indeed Theorem 1 would not

hold under uniform ε-optimization. We view the ex ante concept as quite consistent with

the paradigm-shift model, and note moreover that η becomes arbitrarily small in our

convergence result.

We employ Sandroni’s (1998) notion of weak closeness of strategy profiles: a proba-

bility measure µ is weakly ε-close to µ̃ at time t if

d(µ, µ̃) =
∞∑
k=t

2−(k−t+1)

(
sup
A∈Ik
|µ(A)− µ̃(A)|

)
≤ ε.

Given two strategy profiles a and ã, a plays weakly ε-like ã if µa is weakly ε-close to

µã. Intuitively, if two strategy profiles play weakly ε-like one another, then they induce

two probability measures on histories that assign similar probabilities for all measurable

events except perhaps those that may only be observed in the distant future. This is to

be contrasted with the stronger notion of distance captured by the sup norm, ‖a− ã‖ ,
1See Lehrer and Sorin (1998) for a discussion of the resulting issues.
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supA∈I |µa(A)− µã(A)|, closeness in which requires that similar probabilities be assigned

for all measurable events. We assume each E(U t
i (ω) | bi, ωt−1) to be continuous in bi (with

respect to d); two beliefs that are weakly close generate similar expected utilities, which is

quite reasonable under discounting. We also assume each perturbed best response function

Aηi (b
i
−i) to be continuous in bi−i, essentially requiring smoothness in the underlying payoff

perturbations.

Given two strategy profiles a and ã, a is absolutely continuous with respect to ã (de-

noted µa � µã) if µã(A) > 0 implies µa(A) > 0 for every A ∈ I. Given perturbed best

responses a and beliefs b1, . . . , bn, the strategy profile ki = (ki1, . . . , k
i
i−1, ai, k

i
i+1, . . . , k

i
n)

is an ε-perturbation in player i’s beliefs at time t if

– (ai)ωt is an ε-best response to (ki−i)ωt , i = 1, . . . , n, and

– kiω plays weakly ε-like biω for every ω ∈ Ω(ωt).

Note that this differs from Sandroni’s (1998) Definition 4.8, requiring an ε-best response

in period t only, rather than in every subgame; this is a consequence of ex ante ε-

optimization. The strategy profile a is ε-absolutely continuous with respect to bi if there

exists an ε-perturbation of player i’s beliefs, ki, such that a is absolutely continuous with

respect to ki. a is almost absolutely continuous with respect to bi if, for every ε > 0,

a is ε-absolutely continuous with respect to bi. Sandroni showed that almost absolute

continuity of optimal strategies with respect to beliefs is necessary and sufficient for them

eventually to play weakly like a Nash equilibrium.2

Each player’s belief is Bayesian updated each period in light of observed play. However,

given such an updating process, the resulting belief may come to be seen as an unlikely

basis for observed play, and questioned; for example, the observed initial history of play

may have zero probability under bi. In response to this, we assume that, with some

probability πt,τi ∈ [0, ε], player i’s belief changes in a non-Bayesian fashion within the

next τ periods; in particular, he undergoes a paradigm shift whereby a new belief is

chosen at random according to a probability measure f ti (· | ωt−1) defined on B−i, and a

new perturbed best response is given by Aηi . Moreover, fi is assumed to be flexible in

2Recall that beliefs (b1, . . . , bn) and optimal strategies a = (a1, . . . , an) play eventually weakly ε-like a
Nash equilibrium if there exists a set A ∈ I such that

i. µa(A) = 1.

ii. For every α ∈ A, there exists a period t(α) such that for all t ≥ t(α), aαt and biαt , i = 1, . . . , n,
play weakly ε-like a Nash equilibrium.

If (b1, . . . , bn) and a play eventually weakly ε-like a Nash equilibrium for all ε > 0, they are said to play
eventually weakly like a Nash equilibrium.

5



the sense that, for each ν > 0, the fi-measure of any ν-ball of beliefs in B−i is bounded

below by a strictly positive number f∗(ν) > 0. The following result entitles us to make

this assumption.

Lemma 1 There exists a flexible probability measure fi.

Proof. Given t ≥ 0, ∆|It| is compact in the topology induced by the sup norm. d metrizes

the standard product topology on B−i, in which B−i is then compact by Tychonoff’s

Theorem. Consider a cover U of B−i composed of infinitely many open η-balls. By

compactness of B−i, U has a finite subcover V . Let fi allocate measure 1 uniformly over

the elements of V .

Note that the use of weak closeness is important for this result; under the stronger sup

norm, compactness of the belief space fails and the lemma breaks down.

Given beliefs (b1, . . . , bn) and perturbed best responses a = (a1, . . . , an), we assume

that there exists a τ = τ(a, b) such that, for all i, t and τ , πt,τi = 0 if a is ε-absolutely

continuous with respect to bi at time t, and πt,τi ≥ π > 0 otherwise. Informally, as ε

vanishes, we can think of a player undergoing a paradigm shift with positive probability

only if the observed initial history of play is impossible under his belief.

3 Equilibrium Convergence

Since (B, d) is compact, it is also separable, and hence we may say that random variables

{Ys} on (B, d) converge in probability if and only if

lim
s→∞

Pr(d(Ys, Y ) > ε) = 0, ∀ε > 0.

Theorem 1 Beliefs (b1, . . . , bn) and perturbed best responses a converge in probability to

a Nash equilibrium of G∞.

Proof. Given ε > 0, suppose that beliefs and optimal strategies have not weakly ε-

converged to a Nash equilibrium at time t. Then, at worst, there is at least one player

i such that a is not ε-absolutely continuous with respect to bi. Any such player i then

undergoes a paradigm shift by period t + τ with probability at least π, resulting in a

new belief b̃i, which plays weakly ν-like a fixed point of Aη (an η-Nash equilibrium) with

probability at least f∗(ν). Any player not undergoing a paradigm shift during a τ -length

timeframe does so with probability at least 1−ε. It follows that there exists a τ̂ such that
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all beliefs play weakly ν-like an η-Nash equilibrium a∗ by period t+ τ̂ with probability at

least λ = (πf∗(ν))n(1− ε)n(n−1).

Consider the strategy profile ki = (ki1, . . . , k
i
i−1, ãi, k

i
i+1, . . . , k

i
n), where ãi = Aηi (b̃

i),

kij = (1−η)b̃ij+ηãj and η < ε/2. We know that ãi is an η-best response to b̃i. We also know

that a∗i is an η-best response to a∗−i; hence, given any η̂ ∈ (η, ε] there exists ν sufficiently

small that ãi is an η̂-best response to ã−i, by continuity of Aηi (·) and E(U t
i (ω) | bi, ωt−1) in

bi. Thus, we can choose ν sufficiently small that ãi is an ε/2-best response to ki−i and ã is

an ε-Nash equilibrium. Moreover, (ki)ω plays (strongly and hence) weakly η-like (b̃i)ω for

every ω ∈ Ω. Hence, ki is an ε/2-perturbation in player i’s beliefs, with respect to which

ã is absolutely continuous. Therefore, with probability at least λ, ã is ε/2-absolutely

continuous with respect to all beliefs by period t + τ̂ . In this event, the Blackwell and

Dubins (1962) theorem implies that there exists a full µã-measure set A(ε) ∈ I such that

for every ω ∈ A(ε), there exists a period t̄ such that

(ki(η))ωτ plays ε/2-like ãωτ , for all τ ≥ t̄.

Thus, for every ω ∈ A(ε), there exists a period t̄ such that

(b̃i)ωτ plays weakly ε-like ãωτ , for all τ ≥ t̄.

Now consider the probability of the event Es that optimal strategies are not ε-

absolutely continuous with respect to beliefs in an arbitrary period s. In this event,

there are at least k distinct times t1 < · · · < tk ≤ s such that the following hold:

– tj+1 − tj ≥ τ̂ for 1 ≤ j < k,

– optimal strategies are not ε-absolutely continuous with respect to beliefs at time tj

for 1 ≤ j < k,

– optimal strategies do not become ε-absolutely continuous with respect to beliefs

from t1 to tk.

From above, the probability of this event is at most (1 − λ)k−1. Moreover, k → ∞ as

s→∞. Hence, lims→∞ Pr(Es) = 0, and the limiting probability that beliefs and η-optimal

strategies do not play weakly ε-like an ε-Nash equilibrium in period s is also zero.
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