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Abstract

The field of machine learning theory plays an essential role in establishing the math-
ematical foundations and performance boundaries of data-driven modelling techniques.
By providing a rigorous analysis of the underlying properties of an algorithm, theoretical
machine learning guides the development of reliable methods that can be utilised in real-
world applications. In this context, Lipschitz regularity has been a particularly useful
tool, aiding in establishing robustness, worst-case error bounds, and generalisation capa-
bilities for a wide range of machine learning frameworks. Building on this foundation,
this thesis explores the theoretical properties of the general class of Lipschitz continuous
machine learning frameworks with a specific focus on dynamical system identification.

The first part of this thesis investigates a fundamental problem of this class of machine
learning frameworks which is the estimation of the Lipschitz constant of the target function
from data. We derive optimal sample complexity rates for this problem in both the
noiseless and the noisy settings under minimal parametric assumptions on the target
function. A novel Lipschitz constant estimation technique shown to be computationally
efficient and sample optimal is also proposed.

The second part of the thesis focuses on a popular non-parametric system identification
method utilised in control: Lipschitz interpolation. It derives a series of theoretical results
on the asymptotic properties of the framework under a bounded noise assumption. More
specifically, general asymptotic consistency and precise upper bounds on the uniform
non-parametric convergence rates are obtained. These established bounds can serve as
theoretical tools for comparing Lipschitz interpolation against alternative non-parametric
regression methods. Various extensions of these results in the context of online learning,
online leaning-based control, and a fully data-driven extension of the classical Lipschitz
interpolation framework proposed by Calliess et al. [2020] are also obtained.

The final part of the thesis considers the use of Lipschitz regularity properties in conjunc-
tion with neural network-based identification methods in the field of time series analysis.
We utilise relaxed Lipschitz-type regularity assumptions on the dynamics of a general
class of non-linear autoregressive processes to obtain a characterisation of mean reversion
through theoretical results on geometric ergodicity and tight upper bounds on the first
hitting times of these processes as they revert back to mean. The utility of these results
is demonstrated in a financial application on improving trading decision rules where the
theoretical results are harnessed to develop learning-based pairs trading strategies with
probabilistic guarantees on their profitability.
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1 | Introduction

Contents

1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Research Objectives and Contributions . . . . . . . . . . 3

1.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.1 Overview

Over the past two decades, the increasing availability of vast amounts of data and

rapid advancements in computational capacity have led to the proliferation of ma-

chine learning frameworks in real-world applications. In many industries such as

finance (Dixon et al. [2020]), robotics (Brunke et al. [2022]), or the automotive

industry (Shukla et al. [2019]), this has meant the popularisation of data-driven

approaches to identifying and controlling dynamical systems based on input-output

observations.

While system identification methods are not novel, historical efforts in this field

have focused on relatively simplistic parametric models (Ljung [2010]) due to com-

putational limitations. The increase in computational power has therefore allowed

for the use of more powerful non-linear parametric and non-parametric learning-

based frameworks which relax the strict structural assumptions inherent in classical

approaches. Popular examples include neural networks (Goodfellow et al. [2016]),

1



CHAPTER 1. INTRODUCTION

kernel methods (Thomas Hofmann [2008]) and Gaussian Processes (Williams and

Rasmussen [2006]).

A desideratum of these modern system identification methods in industrial applica-

tions is that they provide mechanisms for uncertainty quantification or worst-case

guarantees. This ensures that a principled approach to validating safety constraints

and certifying satisfactory performance is possible. In the context of learning-based

control, two prevailing paradigms have typically been associated with these methods

in order to achieve this goal, as outlined in recent surveys on safe learning in predic-

tive control by Hewing et al. [2020], Mesbah et al. [2022]. The first is probabilistic

in nature and leverages a Bayesian methodology that generally relies on Gaussian

process regression, see for instance Berkenkamp and Schoellig [2015], Hewing et al.

[2019]. The second adopts a deterministic approach based on worst-case guarantees

that typically relies on the Lipschitz regularity of estimated systems. This can be

observed in works such as Milanese and Novara [2004], Calliess et al. [2020] which

use Lipschitz interpolation methods or Knuth et al. [2021], Zhou et al. [2022] which

develop neural network-based approaches. Machine learning frameworks that are

consistent with either of these paradigms are therefore of particular interest for

real-world applications of system identification.

In general, the empirical performance of the machine learning-based methods dis-

cussed above has been extensively studied. In contrast, due to the absence of under-

lying structural assumptions, a general theoretical characterisation of these methods

has been more challenging. Given the growing use of these data-driven frameworks

in practice, obtaining a profound understanding of these methods is becoming in-

creasingly relevant and a growing number of streams of research have started to

focus on this issue. These efforts include deriving asymptotic minimax rates of con-

vergence for deep neural networks with both Sigmoid and ReLU activation functions

(Bauer and Kohler [2019], Schmidt-Hieber [2020]), non-asymptotic high probability

bounds for neural networks (Farrell et al. [2021]) or establishing information and

convergence rates for Gaussian process methods (van der Vaart and van Zanten

[2008], Van Der Vaart and Van Zanten [2011]) and various extensions (Burt et al.

2



CHAPTER 1. INTRODUCTION

[2019], Wynne et al. [2021]) to mention but a few. While significant progress has

been made, closing the gap between the theoretical and empirical understanding of

modern machine learning frameworks remains one of the main current challenges

within the field.

This thesis seeks to contribute to the effort to narrow this gap. As the scope of the

problem is extensive, our focus centres on the class of machine learning models that

offer Lipschitz regularity properties with the aim of deriving meaningful theoretical

results in the context of system identification. More specifically, the two following

over-arching objectives are considered:

• A comprehensive theoretical investigation of the non-parametric re-

gression framework known as Lipschitz interpolation.

• The development of practical theoretical tools that leverage Lips-

chitz regularity properties for modern system identification.

1.2 Research Objectives and Contributions

The first part of the thesis will focus on a relatively simple but fundamental question,

which is one of the main practical drawbacks of Lipschitz interpolation frameworks

and Lipschitz constant-based computational methods in general. That is the de-

pendence on prior knowledge of the Lipschitz constant or, in the case that this

assumption is not made, the necessity of learning a precise Lipschitz constant es-

timate. To solve this issue, a number of Lipschitz constant estimation methods

(also called Lipschitz learning algorithms) have been constructed (see in particular;

Strongin [1973], Beliakov [2005] and Calliess et al. [2020]) and applied in practice.

Unfortunately, few of these methods provide guarantees of convergence and there

is little theoretical insight into the problem itself. As the precise estimation of

Lipschitz constants is crucial for the applications of any Lipschitz constant-based

computational method, two reasonable questions that can be asked are:

• "How difficult is the estimation of a Lipschitz constant?".

3



CHAPTER 1. INTRODUCTION

and in light of the answer to this first question;

• "Do existing estimation methods reasonably solve this problem?".

The first chapter in this part of the thesis will answer the first question by providing

lower bounds on the sample complexity and convergence rate bounds on the prob-

lem and will answer the second question by constructing a novel theoretically-backed

algorithm that addresses the shortcomings of existing Lipschitz constant estimation

methods. While the initial motivation for this research was an application to the

context of system identification and more specifically Lipschitz interpolation frame-

works which are popular in predictive control, the research done in this part holds in

a more general context. In particular, computational applications in adaptive global

optimisation (Malherbe and Vayatis [2017]) or reinforcement learning (Chakrabarty

et al. [2019]) have explicitly made use of Lipschitz constant estimation methods and

will therefore also be interested in the findings of this part.

The second part of the thesis will continue the proposed theoretical investigation

into Lipschitz interpolation frameworks by focusing on a minimax convergence rate

analysis of a general version of the method. We aim to provide a satisfying answer

to the following question:

• "Can a precise theoretical characterisation of the convergence obtained by

Lipschitz interpolation frameworks be established?".

As noted above, this type of analysis already exists for the other popular non-

parametric regression methods, see in particular Steinwart et al. [2009] for conver-

gence rates for kernel methods, Van Der Vaart and Van Zanten [2011] for GPs or

Schmidt-Hieber [2020] for deep neural networks, and we take special care in for-

mulating our results such that they can serve as a theoretical tool for comparing

Lipschitz interpolation to these alternative methods. Specifically, our proposed so-

lution provides an explicit condition on the observed tail behaviour of the noise,

indicating when Lipschitz interpolation should be expected to outperform or under-

perform other non-parametric system identification approaches asymptotically.

Finally, the last part of the thesis will focus on the separate topic of leveraging non-

4



CHAPTER 1. INTRODUCTION

linear machine learning and Lipschitz continuity to characterise mean reversion1

which is a fundamental topic in econometrics and finance. Most existing approaches

that study mean reversion utilise classical econometric models that rely on simple

parametric forms such as AR(p) or STAR(p) to model the system dynamics (see

Taylor et al. [2001] and discussion therein) and do not consider the recent prolifer-

ation of non-linear machine learning-based time series models. As these methods

have been shown to perform better than classical models in various forecasting tasks

(Christensen et al. [2022], Hsu et al. [2016]), one can wonder whether they could

not also be leveraged in the context of mean reversion. The main research question

of this part can therefore be stated as:

• "How can machine learning-based system identification methods and

Lipschitz-type regularity conditions be utilised to provide a more precise

estimation of mean reversion in non-linear systems?".

This part of the thesis will provide an answer to this question by developing theo-

retical results on geometric ergodicity, stationarity and first hitting times based on

Lipschitz-type conditions on the dynamics of the time series and by explaining how

these results can be applied in practice to neural time series models. It will conclude

by providing a case study of the proposed approach in the context of finance where

optimal trading rules for statistical arbitrage strategies will be derived. As a side

note, we remark that the Lipschitz constant estimator developed in the first part of

the thesis could be applied in order to verify the Lipschitz-type conditions used to

establish mean reversion in this part.

1.3 Outline

The thesis will be structured as follows:

Chapter 2 [Background] will define the general theoretical setting considered in

this chapter and introduce the relevant machine learning frameworks.
1We note that the key assumption utilised in this chapter is based on Lipschitz continuity.
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Chapter 3 [Lipschitz Constant Estimation] will study the problem of learning

a Lipschitz constant of a target function from data. Theoretical lower and upper

bounds are derived for the sample complexity of the problem and a novel algorithm

based on local linear regression is proposed.

This chapter is based on the following paper:

• J. Huang, S. Roberts, J. Calliess, On the Sample Complexity of Lipschitz

Learning, Accepted in Transactions of Machine Learning Research2, 2023

Chapter 4 [Lipschitz Interpolation: Asymptotics] will provide an asymptotic

analysis of Lipschitz interpolation focused on deriving consistency and asymptotic

convergence rate results. Various theoretical extensions of these results to online

learning, online learning-based control and a fully data-driven Lipschitz interpolation

extension proposed by Calliess et al. [2020] will also be derived.

This chapter is based on the following paper:

• J. Huang, S. Roberts, J. Calliess, Asymptotic Analysis of Lipschitz Interpola-

tion under Bounded Stochastic Noise, (Under review), 2023.

Chapter 5 [Non-linear Mean Reversion] will provide a non-linear characteri-

sation of mean reversion utilising modern machine learning methods and Lipschitz

continuity properties and will explore a financial application on the development of

trading decision rules in statistical arbitrage strategies.

This chapter is based on the following papers:

• J. Huang, J. Calliess, First Hitting Time Guarantees for Non-linear Time

Series Models, Time Series Workshop, International Conference on Machine

Learning (ICML), 2021.

• J. Huang, S. Roberts, J. Calliess, First Hitting Time Guarantees for Contrac-

tive Non-linear Systems, 2023 IEEE 62nd Conference on Decision and Control

(CDC), 2023.
2Featured Certification was awarded for very high quality paper (∼2.5% of papers).
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CHAPTER 1. INTRODUCTION

• J. Huang, S. Roberts, J. Calliess, Non-linear Mean Reversion: A Machine

Learning Perspective, (submitted), 2023.

Chapter 6 [Conclusion] will provide the concluding remarks of this thesis. A

summary of the contributions made and a discussion on future work will be given.
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2 | Background

Contents

2.1 Theoretical setting: . . . . . . . . . . . . . . . . . . . . . . 9

2.1.1 General Regression Setting & Non-parametric Estimation 9

2.1.2 The Space of Lipschitz Continuous Functions. . . . . . . . 14

2.1.3 Reminder: Useful Theoretical Notions . . . . . . . . . . . 17

2.2 Lipschitz Continuous Machine Learning . . . . . . . . . . 18

2.2.1 Lipschitz Interpolation . . . . . . . . . . . . . . . . . . . . 18

2.2.2 Lipschitz Constant Estimation . . . . . . . . . . . . . . . 23

2.2.3 Connections to Artificial Neural Networks . . . . . . . . . 24

This introductory background chapter provides an overview of the theoretical and

practical concepts central to this thesis. We begin by describing the general regres-

sion setting, typically considered in non-parametric regression estimation, which will

be utilised to derive the main theoretical results of this thesis. We discuss various

aspects and assumptions of relevance to this setting, how they tie into the existing

literature, and how they will be considered in subsequent chapters. We conclude

the first part of Chapter 2 by formally defining the space of Lipschitz continuous

functions with respect to metrics on Rd, highlighting why the Lipschitz continuity

property has often been considered in the design of computational methods.

The second part of this chapter will then introduce the class of machine learning

frameworks that offer Lipschitz regularity properties considered in this thesis, that is

8



CHAPTER 2. BACKGROUND

Lipschitz interpolation and neural networks. For both methods, we provide context

for their relation to Lipschitz regularity-based safe learning and discuss several recent

developments. For Lipschitz interpolation, we also examine some important existing

theoretical properties that have motivated its use.

2.1 Theoretical setting:

2.1.1 General Regression Setting & Non-parametric Estima-

tion

Non-parametric regression estimation techniques1 constitute an essential subset of

machine learning algorithms, allowing flexible and versatile modelling capable of

capturing complex dynamics between variables. Theoretically, this flexibility implies

that the non-parametric regression problem can consider a general target function

space subject to regularity conditions, avoiding the more restrictive functional form-

type assumptions2 made in parametric regression. Note that certain parametric

regression models can also be considered in this theoretical setting; e.g. neural

networks can be viewed as non-parametric estimators if the number of layers and/or

neurons is not fixed (Bauer and Kohler [2019], Schmidt-Hieber [2020]).

More formally, we consider the following general regression setting.

Let X ⊂ Rd for some d ∈ N and Y ⊂ R. The goal of non-parametric regression

is to learn a target function f that is assumed to belong to a regularity class of

functions C. In order to do so, a set of (possibly noisy) observations D := (GX , GY)

where GX := {xi}i=1,...,N ⊂ X represents a set of sample inputs that can be either

deterministically or randomly queried and GY := {ỹi}i=1,...,N ⊂ Y denotes a set of

(noise-corrupted) values of the target function f associated with the inputs in GX .
1Classical examples of such frameworks include Gaussian processes (Williams and Rasmussen

[2006]), various Kernel methods (Thomas Hofmann [2008]), certain classes of Neural networks
(Goodfellow et al. [2016]) and Lipschitz interpolation frameworks (Milanese and Novara [2004],
Beliakov [2006]).

2More, precisely, parametric regression will restrict the target function to a pre-defined paramer-
ized family of functions.
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CHAPTER 2. BACKGROUND

In this thesis, we will generally assume that elements of GY are of the form

ỹk = f(xk) + ek (2.1)

where {ei}i=1,...,N is a collection of random variables denoting the additive obser-

vational noise. As noted above, this type of setting is standard in the field of

non-parametric estimation (Györfi et al. [2002], Tsybakov [2004]), and additional

assumptions on {ei}i=1,...,N are generally needed to ensure that the non-parametric

estimation error converges to 0 as the number of observations increases. In order

to explicitly state the dependence on the data, we denote (Dn)n∈N as a stream of

observations such that Dn ⊂ Dn+1 and consider the sequence of predictors (f̂n)n∈N

generated by a non-parametric estimation framework with (Dn)n∈N.

This thesis can essentially be summarised as a theoretical analysis of various prob-

lems related to the non-parametric estimation of the dynamics given in equation

(2.1) for different choices of settings and assumptions. While certain assumptions

have become standard and are commonly used, these are by no means fixed, and

there is a large amount of flexibility in setting them. In particular, assumptions

on the behaviour of the noise, the sampling of the input space, the regularity class

C of the target function, and the characterisation of the properties of the chosen

non-parametric estimation framework will need to be specified in order to derive the

desired theoretical results. As some of these assumptions will vary throughout the

chapters of this thesis and can be relatively technical, we provide a brief high-level

discussion that aims to give an intuition on their selection.

Distributional Assumptions on the Noise

Assumptions on the distributional properties of the noise variables {ei}i=1,...,N will

vary significantly across this thesis depending on the aims and technical require-

ments of each part. This is in line with existing literature and stems from the fact

that small changes in these noise assumptions can be shown to have a substan-

tial influence on the resulting theoretical findings, e.g. see recent work by Han and

Wellner [2019] on the impact of heavy-tailed distributions on non-parametric conver-
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gence rates. In general, our approach will be to establish an initial set of theoretical

results under general noise conditions before incorporating additional distributional

assumptions in order to refine these outcomes. In certain chapters (see Chapter 3

and Chapter 5), the choice of assumptions will be straightforward and will depend

on either standard moment-based assumptions on {ei}i=1,...,N or on more restrictive

assumptions on the probability function, i.e. sub-Gaussianity in Chapter 3 and ap-

proximate knowledge of the cumulative density function in Chapter 5. These types

of assumptions are well-established and can be found in various research articles

(e.g. Stone [1982]) and academic textbooks (e.g. Györfi et al. [2002], Ibragimov

and Has’ Minskii [2013]). In contrast, other chapters (Chapter 4) will necessitate

the use of more technical and less well-known assumptions on the noise. Specifi-

cally, precise distributional assumptions on the bounded tails of the noise variables

{ei}i=1,...,N near the endpoints3 of their support are made in order to quantify the

effect of the behaviour of {ei}i=1,...,N on the asymptotic performance of Lipschitz

interpolation frameworks. While these assumptions are non-standard, we note they

have become popular in sub-fields such as non-parametric boundary regression (Hall

and Van Keilegom [2009] and ensuing articles) and that, under certain conditions4,

non-parametric estimation convergence rates based on these assumptions (Müller

and Wefelmeyer [2010], Meister and Reiß [2013]) can be shown to improve on the

classical optimal convergence rates derived under Gaussian-type noise assumptions

by (Stone [1982]).

Sampling Assumptions on the Data

This assumption pertains to the description of the sets of sample inputs: GX . Clas-

sical research on the convergence rate and general theoretical properties of non-

parametric estimation methods has generally considered input samples that have

been "well sampled" on X either through an independently and identically dis-

tributed sampling distribution or through a deterministic and regular sampling pro-

cedure (Stone [1982], Tsybakov [2004]). However, in many applications, particularly
3The noise variables will be assumed to be bounded in this chapter.
4We will show in Chapter 4 that these improved convergence results hold for Lipschitz interpo-

lation methods.
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in control or in finance where the target function f models the dynamics of a stochas-

tic system, these assumptions no longer hold. We will therefore aim, when possi-

ble, to utilise the assumption that f models the dynamics of a semi-autoregressive

stochastic system;

ỹn = f(xn) + en (2.2)

where xn = (ỹn−dy , ..., ỹn−1, un−du , ..., un) with ỹi ∈ Y ⊂ Rl denoting the past autore-

gressive inputs and ui ∈ U ⊂ Rs denoting a vector of past or current control inputs

for dy, du, s, l ∈ N. The more practical system assumption provided by equation

(2.2) will allow us to both extend certain theoretical convergence results obtained

for Lipschitz interpolation in the standard sampling setting (Chapter 4) and to de-

rive theoretical properties for non-linear systems under a more realistic sampling

setting (Chapter 5). Finally, we note that considering dependency assumptions on

the regressors is not novel and that a significant amount of research has been done

in this type of setting, see for example the work done to derive uniform convergence

rates for various non-parametric estimation frameworks which Chapter 4 will extend

to Lipschitz interpolation: (Hansen [2008]): kernel methods, (Chen and Christensen

[2015]): splines and wavelets series regression, (Masry [1996]): local polynomial re-

gression. As noted above, Chapters 4 and 5 will consider settings of this type in

order to derive their respective results.

Regularity Assumptions on the Target Function

In the majority of existing research on non-parametric regression, the characterisa-

tion of the target function’s regularity class C has predominantly been considered

to be either a Hölder space (Stone [1982]) or a Sobolev space (Nemirovskij et al.

[1985]) of functions defined over X (see Tsybakov [2004] for an overview). This

choice stems from the fact that these function classes provide a general represen-

tation of the target function applicable to most real-world settings while offering

an elegant means of measuring the smoothness through a concise set of fixed con-

stants. Understanding the impact of these "regularity constants" on the theoretical

properties of non-parametric frameworks holds significant interest, as it allows for a

more precise application and analysis of these methods. Moreover, it is important

12
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to highlight that in certain research areas of non-parametric estimation, such as

convergence rate analysis, these types of assumptions on the regularity class C are

crucial. Without them, obtaining meaningful theoretical results becomes unfeasible,

as shown in Theorem 3.1 of Györfi et al. [2002]. In this thesis, we will primarily con-

sider the various Hölder or generalised Lipschitz continuity classes of functions for

C. The implications of this choice on the convergence of the Lipschitz interpolation

framework are discussed in more detail in Section 2.1.2, see subsection on Hölder

Continuous Functions.

Characteristics of the Non-parametric Regression Methods

An apriori understanding of the characteristics of the predictors of the non-parametric

estimation framework is crucial in order to derive theoretical properties in the con-

text of system identification. This is non-trivial, as in contrast to parametric model

estimators which can utilise the properties of the associated pre-defined parame-

terised functional form, it is generally significantly more difficult to determine any

function properties of the non-parametric predictors (f̂n)n∈N. Instead, the theoretical

characterisation of these models relies on the regularity properties of the framework

or on properties of underlying hyperparameter choices. These characteristics can

be utilised implicitly to derive general theoretical results, e.g. upper bounds on

convergence rates through regularity properties of the method (see Tsybakov [2004],

Wynne et al. [2021]), or explicitly to derive theoretical tools that can be used in

practice in conjunction with the non-parametric estimation, e.g. utilising Gaussian

process kernel properties in order to obtain safety guarantees for non-linear system

identification (see Berkenkamp et al. [2016] or Berkenkamp et al. [2017]). Chapter

4 and Chapter will consider the former and will utilise various characteristics of the

Lipschitz interpolation framework in order to derive theoretical results pertaining to

general consistency, convergence rates, and local guarantees. Chapter 5 focuses on

the latter in the context of time series analysis by studying non-parametric frame-

works that provide Lipschitz continuous-type properties with the goal of deriving

theoretical properties related to stationarity, ergodicity and first hitting times. We

refer to the beginning of Chapter 5 for a more detailed discussion on this topic.
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2.1.2 The Space of Lipschitz Continuous Functions.

Lipschitz continuity is a fundamental notion in mathematical analysis that charac-

terizes the smoothness of a function by measuring the extent to which it varies in

its domain. Understanding Lipschitz continuity is crucial in modelling real-world

phenomena, where smoothness assumptions can often be observed to hold for un-

derlying data. Formally, consider the input space X defined in the previous section

and let d : X 2 → R≥0 denote a metric on Rd. Similarly, consider Y defined in

the previous section and let dY : Y2 → R≥0 denote a metric on R. The class of

L-Lipschitz (continuous) functions with respect to dX , dY and some L ∈ R+ is then

defined as follows:

Lip(L, d) := {h : X → Y| dY(h(x), h(x′)) ≤ L d(x, x′),∀x, x′ ∈ X}.

We call the smallest non-negative number L∗ for which f is L∗-Lipschitz the best

Lipschitz constant of f , i.e. L∗ = min{L ∈ R≥0|f ∈ Lip(L, d)}. The Lipschitz

constant L serves as an upper bound on the rate of change of the function and can

be interpreted as a measure of the function’s smoothness or stability. Typically,

smaller values of L imply a smoother function, while larger values indicate a more

rapidly changing function. This can be formally observed by noting the following

elementary lemma that states that the Lipschitz constant is either exactly equal or

upper bounds the maximum gradient of f :

Lemma 2.1.1 Let X be a compact and convex5. If f ∈ C1(X ), then f is L∗p-

Lipschitz6 with respect to ‖.‖p. Furthermore, if f can be extended on an open

set X̄ such that X ⊂ X̄ , then L∗p = maxx∈X{‖∇f(x)‖q} for p = 1, 2 and L∗p ≤

maxx∈X{‖∇f(x)‖q} for p > 2 where q is the Hölder conjugate of p.

Proof (For the sake of completeness, we include the proof of the result).

The fact that f is L∗p-Lipschitz follows directly from the fact that X is compact and

5Note: the assumption of convexity on X is slightly unusual but is necessary as we consider
f ∈ C1(X ) and not f ∈ C1(Rd).

6Here, the p index is used to explicitly denote the dependence on the ‖.‖p norm.
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f ∈ C1(X ).

∀p ∈ N, L∗p ≤ maxx∈X{‖∇f(x)‖q} follows from the multidimensional mean-value

theorem, an application of the Hölder inequality and the fact that X is convex.

For p = 1, 2, we show L∗p ≥ maxx∈X{‖∇f(x)‖q}. Consider : ∀x ∈ X consider the

Frechet derivative of f at x; limt→0
|f(x+th)−f(x)−∇f(x)>(th)|

t
= 0 ∀h ∈ Rd. Then,

choosing h = ∇f(x) for p = 2 and h = ei∗ such that |∇f(x)>ei∗ | = ‖∇f(x)‖∞
for p = 1 gives L∗p ≥ maxx∈X{‖∇f(x)‖q}. Note that this reasoning is well defined

because f ∈ C1(X̃ ) and X̃ is an open set that contains X which implies that f(x+th)

is well-defined for any h ∈ Rd and small enough t.

�

As noted in the introduction, Lipschitz continuity has been utilised explicitly in a

variety of different fields ranging from non-parametric estimation to global optimi-

sation and adversarial robustness. The basis of these methods is generally the same

and utilises the following consequence of Lipschitz continuity. Assume7 that the

value of the target function f is known at a sample input x ∈ X and an estimate of

its value at an input x∗ ∈ X is desired. Then, the Lipschitz continuity of f directly

implies:

f(x∗) ∈ [f(x)− L d(x, x∗), f(x) + L d(x, x∗)] (2.3)

providing bounds on potential values of f at x∗. This information can be utilised

in practice for various applications such as the elimination of certain exploration

regions when searching for a global maximum (Shubert [1972]) or to design decision-

making frameworks that are robust to worst-case errors (Manzano et al. [2020]). It is

relatively intuitive that the tightness of the Lipschitz constant to the best Lipschitz

constant L∗ of f has a significant impact on the tightness of the bounds given in (2.3)

and by consequence on the performance of these computational applications as can

be observed in the convergence rates of the Lipschitz optimisation methods (Bachoc

et al. [2021]) and the bounds on the propagation of the estimation error (Manzano

et al. [2020]) for the two applications given above. This connection has also been
7Here, dY is the metric on R induced by |.|.
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extensively studied in the context of neural networks where the size of the Lipschitz

constant of a network has been shown to be directly linked to its generalisation

(e.g. Bartlett et al. [2017], Negrini et al. [2021]) and robustness capabilities (e.g.

Szegedy et al. [2013], Pauli et al. [2021]). For the Lipschitz interpolation frameworks

introduced in the following section and studied in Chapter 4, the relation given in

(2.3) is fundamental for both the design of the method and the derivation of its

theoretical properties.

The Space of Hölder Continuous Functions.

The definition given above on the space of Lipschitz continuous functions is relatively

non-standard as the usual definition is only defined with respect to norms on Rd.

This difference implies that the general Lipschitz continuity classes defined above

could be considered with respect to a metric of the form ‖.‖α where ‖.‖ is a norm

on Rd and α ∈ (0, 1) is an exponent which is more commonly known as the class of

Hölder continuous functions with parameters (L, α) with respect to ‖.‖:

Hol(L, α, ‖.‖) := {h : X → Y||h(x)− h(x′)| ≤ L‖x− x′‖α,∀x, x′ ∈ X}.

As noted in the previous section, considering Hölder-type regularity is fairly standard

practice in the literature on the convergence of non-parametric frameworks as it

allows for an accurate characterisation of the asymptotic convergence rates, see

Stone [1982], Van Der Vaart and Van Zanten [2011], Schmidt-Hieber [2020] for a

selection of relevant research articles. More precisely, the α exponent allows for

an intuitive understanding of fractional-power changes in smoothness of the target

function without having to rely on more technical theoretical machinery and can be

used to measure the effect of smoothness on the convergence speed of non-parametric

estimation in a quantifiable manner; as done in the convergence rates proposed by

the papers cited above which depend explicitly on α. Chapter 4 will consider this

class of functions in order to derive similar asymptotic convergence rate results that

depend on α for Lipschitz interpolation.
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2.1.3 Reminder: Useful Theoretical Notions

In this brief subsection, we recall various mathematical definitions that will be used

repeatedly throughout the thesis. This chapter is non-essential and can be skipped

if the reader is already familiar with the presented concepts.

In various chapters, we will consider the analysis of algorithmic convergence rates

and sample complexities. As our investigation primarily revolves around asymptotic

considerations and the limiting behavior of the algorithms of interest, we will char-

acterize our results utilising the Bachmann-Landau notations in the form of O, Ω,

and Θ. We define these notations formally as follows.

In this brief subsection, we recall a few mathematical definitions that will be used

repeatedly throughout the thesis. This chapter is non-essential and can be skipped

if the reader is already familiar with the presented concepts.

In various chapters, we will consider the analysis of algorithmic convergence rates

and sample complexities. As our investigation primarily revolves around asymptotic

considerations and the limiting behaviour of the algorithms of interest, we will char-

acterise our results utilising the Bachmann-Landau notations in the form of O, Ω,

and Θ. We define these notations formally as follows.

Definition 2.1.2 Let U ⊂ R+ be unbounded and consider f1, f2 : U → R+, two

functions defined on U . Then, we define:

• f1(x) ∈ O(f2(x)) as x→∞ (with x ∈ U) if lim supx→∞
f1(x)
f2(x)

<∞.

• f1(x) ∈ Ω(f2(x)) as x→∞ (with x ∈ U) if lim infx→∞
f1(x)
f2(x)

> 0.

• f1(x) ∈ Θ(f2(x)) as x → ∞ (with x ∈ U) if f1(x) ∈ O(f2(x)) and f1(x) ∈

Θ(f2(x)).

We also recall the notion of ε-cover that will be used in multiple proofs of this thesis.

In particular, see the notion of (ε, η)-covered used in Definition 3.3.6 of Chapter 3

and various proofs of Chapter 4.
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Definition 2.1.3 (ε-Cover) Let d ∈ N, ε > 0 and consider a set X ⊂ Rd and

a metric d on Rd. Denoting Bε(x) the ball of radius ε centred in x ∈ X with

respect to d, we define an ε-cover of X as a discrete subset Cov(ε) ⊂ Rd such that

X ⊂
⋃
x∈Cov(ε) Bε(x) and the associated set of balls as B := {Bε(x)|x ∈ Cov(ε)}.

We say furthermore that Cov(ε) is a ε-minimal cover of X if |Cov(ε)| = min{n :

∃ε-cover over Xof size n}.

We note that an ε-cover is not necessarily unique nor finite and that under certain

assumptions, the ε-minimal cover can always be obtained.

2.2 Lipschitz Continuous Machine Learning

So far, this chapter has revolved around a general discussion on non-parametric es-

timation with the goal of providing a conceptual intuition of the theoretical setting

and assumptions that will be used later on in this thesis. As stated in the previous

chapter, a majority of this thesis will be dedicated to deriving the properties of a

specific class of non-parametric estimation methods known as Lipschitz Interpola-

tion. In the following section, we define the framework and revisit certain of its key

established theoretical properties.

2.2.1 Lipschitz Interpolation

Consider the setting described in the previous section and assume that the target

function f belongs to the class of Lipschitz continuous functions Lip(L∗, d). Fur-

thermore, assume the following basic noise assumption which will be expanded on

in future chapters.

Assumption 1 (Simple Noise Assumption.) Let (ek)k∈N denote the collection of

noise variables defined in Section 2.1.1. Then, we assume that there exists noise

bounds ē > 0 such that for all k ∈ N, ek ∈ [−ē, ē].
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Utilising these two assumptions, we can formally define the general Lipschitz in-

terpolation framework that is the basis of the majority of Lipschitz constant-based

non-parametric estimators considered in the literature; see Milanese and Novara

[2004], Beliakov [2006], Calliess et al. [2020], Manzano et al. [2021] for a selection.

Definition 2.2.1 (Lipschitz interpolation) Using the setting described in Section

2.1.1, we define the sequence of predictors (f̂n)n∈N, f̂n : X → Y associated with

(Dn)n∈N, as

f̂n
(
x) :=

1

2
un(x) +

1

2
ln(x),

where un, ln : X → Y are defined as

un(x) = min
i=1,...,Nn

f̃i + L d(x, si)

ln(x) = max
i=1,...,Nn

f̃i − L d(x, si)

and L ∈ R≥0 is a selected hyper-parameter.

Ideally, the hyper-parameter L ∈ R≥0 can be set to be larger than the best Lipschitz

constant L∗ of the unknown target function. This can generally be achieved by

assuming some prior knowledge of the properties of the system dynamics or by

utilising a principled Lipschitz constant estimation approach; see Chapter 3 for an

in-depth discussion on the subject. In this case, a series of finite sample and worst-

case guarantees that depend on the density of the grid GX on X can be derived

(Calliess et al. [2020]). These are stated in the theorem given below.

Theorem 2.2.2 (Calliess et al. [2020]) Assume that the target function f ∈ Lip(L∗, d)

for L∗ > 0 and that (Dn)n∈N becomes uniformly dense in X with at a rate (r(n))n∈N ∈

o(1) (see Definition 4.3.1 for a precise definition). Then, denoting (f̂n)n∈N the pre-

dictors generated by the Lipschitz interpolation framework with a hyper-parameter

L > L∗, we have

• (Finite Sample) ∀n ∈ N ∀x ∈ X , |f̂n(x)− f(x)| ≤ (L∗ + L)r(n) + 2ē

• (Asymptotic) limn→∞ ‖f̂n − f‖∞ ∈ [0, 2ē]
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• (Lipschitz Continuity) The predictors (f̂n)n∈N are Lipschitz continuous with

Lipschitz constant L.

Proof These results follow from Lemma 6, Theorem 9 and Corollary 10 of Calliess

et al. [2020] which provides proofs in a more general context8.

�

The properties stated in Theorem 2.2.2 and their more general formulation given in

Calliess et al. [2020] have been particularly useful in the context of control where

applications of a fully data-driven9 extension of Lipschitz interpolation have been

considered in model reference adaptive control (Calliess et al. [2020]) and model

predictive control (Manzano et al. [2020]).

While this first set of theoretical results showcases the usefulness of the Lipschitz

interpolation framework, the presence of noise in the observation implies that the

estimation bounds discussed in Section 2.1.2 which follow from the Lipschitz conti-

nuity of the target function do not hold. As these deterministic error bounds can be

useful in practice, one would want to extend the Lipschitz interpolation framework

in order for them to hold. In settings where bounds on the support of the noise are

known, an alternative framework Lipschitz interpolation framework that proposes

worst-case error bounds can be considered.

Remark 2.2.3 (Alternative Formulation) In some works (see in particular Mi-

lanese and Novara [2004]) an alternative formulation is given for the Lispchitz in-

terpolation predictors. In this case, an upper bound ē′ on ē is assumed known and is

explicitly used in the formulation of u2, l2n : X → Y:

u2
n(x) = min

i=1,...,Nn
f̃i + L d(x, si) + ē′

l2n(x) = max
i=1,...,Nn

f̃i − L d(x, si)− ē′.

8(Calliess et al. [2020]) provides general worst-case bounds for a fully data-driven approach
which hold even when the Lipschitz constant estimate utilised in the Lipschitz interpolation frame-
work is smaller than L∗.

9By "fully data-driven", we mean that the Lipschitz interpolation extension includes an in-built
Lipschitz constant estimator.
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This formulation is useful for computing tight worst-case upper and lower bound

guarantees in practice and extended by considering asymmetric error bounds, i.e.

e ∈ [̄e1, ē2] with probability 1 where ē1 < 0 < ē2 ∈ R.

In the context of this thesis, these two frameworks can be treated equivalently as all

the theoretical properties derived for the classical Lipschitz interpolation framework

hold for the alternative framework. In fact, obtaining theoretical results for the

alternative formulation is slightly easier if the noise bounds (ē) of Assumption 1 are

tight with respect to the support of the noise distribution of (ek)k∈N and ē′ = ē. This

follows from the fact that under these additional assumptions, one can study the

noise present in each of the u2
n, l2n estimators individually by leveraging the provided

noise bound. By contrast, for the un, ln estimators, the theoretical examination

must ensure that the noise present in each estimator counterbalances in the mean

predictor f̂n.

While the alternative formulation of the Lipschitz interpolation method necessitates

the additional assumption that one has prior knowledge of the bounds on the noise,

in exchange it offers optimality guarantees and the capability to establish bounds

on the set of all dynamics that are consistent with observed data set and provided

Lipschitz constant and noise bounds (Milanese and Novara [2004]). This is described

formally in the following theorem.

Theorem 2.2.4 (Milanese and Novara [2004]) Let f ∈ Lip(L∗, ‖.‖) for L∗ and

denote (f̂ 2
n)n∈N the predictors generated by the alternative Lipschitz interpolation

framework with a hyper-parameter L > L∗ ē′ > ē. Finally, define the feasible systems

set as follows:

FSSn := {g ∈ Lip(L∗, ‖.‖)
∣∣∀(x, ỹ) ∈ Dn, |g(x)− ỹ| ≤ ē′}

with worst-case bounds; f̄n : f̄n(w) := supg∈FSSn g(w) and fn : fn(w) := infg∈FnSSn g(w).

Then, (f̂ 2
n)n∈N has the following finite sample properties:

• ∀n ∈ N, the worst case bounds correspond to u2
n, l2n: f̄n ≡ u2

n, fn ≡ l2n.
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• ∀n ∈ N, f̂ 2
n ∈ arginff̂ supg∈FSS ‖f̂ − g‖.

Proof This proof of this result follows from Theorem 2 and Theorem 7 of Milanese

and Novara [2004] who considers a more general setting10.

�

In essence, Theorem 2.2.4 states that Lipschitz interpolation provides the best worst-

case bounds that are consistent with the known information: (L, ē2, Dn). It also

asserts that the predictors (f̂ 2
n)n∈N generated by the Lipschitz interpolation frame-

work are the optimal solutions that minimise the worst-case loss. The optimality

of both the worst-case bounds and the predictors suggest that Lipschitz interpola-

tion is a particularly useful method within the class of Lipschitz regularity-based

safe-learning approaches described in Chapter 1. Various applications utilising the

alternative Lispchitz interpolation framework and the results stated in Theorem

2.2.4 have been pursued in predictive control (see Canale et al. [2009], Canale et al.

[2014]).

Remark 2.2.5 It is important to note that in the setting considered so far where the

noise bounds ē and upper bound ē′ are considered constant, the non-parametric pre-

dictors (f̂n)n∈N and (f̂ 2
n)n∈N are equivalent. This implies that the predictors (f̂n)n∈N

defined without knowledge of ē or ē′ also coincide with the optimal solutions that min-

imise the worst-case loss (in this case ē can be utilised instead of ē′ in the definition

of FSSn).

In addition to the alternative Lipschitz interpolation framework, several extensions

of the classical Lipschitz interpolation approach have been proposed. Calliess et al.

[2020] relax the assumption of prior knowledge of the Lipschitz constant in favour

of a fully data-driven approach, Maddalena and Jones [2020a] propose an equiva-

lent smooth formulation which is more suited for controllers that rely on gradient

computations, (Blaas et al. [2019] extend the framework by incorporating localised

Lipschitz constants, and Manzano et al. [2022] propose a computationally more ef-
10In particular, in Milanese and Novara [2004], the noise bounds ē are assumed to be input-

dependent.
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ficient approach that retains key properties of the original Lipschitz interpolation

framework that are used in the context of model predictive control.

2.2.2 Lipschitz Constant Estimation

The main drawback of the Lipschitz interpolation described in the previous section

is the necessity of prior knowledge of the Lipschitz constant in order to set the L

hyper-parameter of the framework. Unfortunately, the problem of estimating the

Lipschitz constant of an unknown target function is far from trivial and has been

treated in the context of Lipschitz interpolation in numerous research articles. For

example, Milanese and Novara [2004] utilise a shallow neural network-based ap-

proach to obtain an upper bound estimate, Beliakov [2006], Calliess [2017] consider

an optimisation-based framework or more recently Calliess et al. [2020] define a

"LACKI rule" estimator that can deal with online data in a computationally ef-

ficient way to obtain real-time Lipschitz constant estimates. More generally, the

problem has attracted multidisciplinary research11 interest in fields such as global

optimisation with the development of Lipschitz constant estimators in adaptive Lip-

schitz optimisation algorithms (e.g. Malherbe and Vayatis [2017]) or in the context

of designing safe initial policies for reinforcement learning via approximate dynamic

programming techniques and kernelized Lipschitz constant estimators (Chakrabarty

et al. [2020]). An in-depth literature review of existing Lipschitz constant estimation

methods can be found in Chapter 3.

It is important to emphasize that although obtaining a loose12 Lipschitz constant

estimate can be fairly straightforward in some cases, this imprecision often leads

to sub-optimal performance of the Lipschitz constant dependent application; this

follows from the discussion given in Section 2.1.2 on the practical usefulness of the

Lipschitz condition given in (2.3). As a consequence, it is necessary for Lipschitz

constant estimation methods to guarantee a certain degree of accuracy in order to

facilitate the effective use of these applications. As a last remark, we note that
11A more extensive list of applications is provided in Chapter 3.
12We utilise "loose" to signify Lipschitz constants L such that L >> L∗.
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the theoretical aspects of this problem such as deriving convergence rates or sam-

ple complexity bounds, have been largely ignored as existing research focused on

developing practical algorithms. Chapter 3 will focus on addressing this gap.

2.2.3 Connections to Artificial Neural Networks

The last chapter of the thesis considers a general theoretical framework that can be

applied to any Lipschitz continuous machine learning method. While this implies

that the Lipschitz interpolation framework described above could be used, an alter-

native approach based on the application of feed-forward neural networks and its

Lipschitz continuity properties is proposed. For completeness, we briefly discuss this

class of parametric estimators and its connection to Lipschitz regularity. A more

extensive overview of neural networks can be found in Goodfellow et al. [2016].

A feed-forward neural network can be modelled as a recursive application of an

activation function and a series of matrix-vector products. More formally, let L ∈ N

denote the number of layers, {di}i=0,...,L di ∈ N for all i ∈ {0, ..., L} denote the

number neurons on each layer, {σi}i=1,...,L σi : R → R for all i ∈ {1, ..., L} denote

the activation functions and {Wi}i=1,...,L, {bi}i=1,...,L with Wi ∈ Rdi×di−1 and bi ∈

Rdi for all i ∈ {1, ..., L} denote the weights of the neural network. The following

representation (f̂) of a fully connected feed-forward neural network can then be

given:

f̂(x) = σL(WLσL−1(WL−1σL−2( ... σ1(W1x+ b1) ... ) + bL−1) + bL) (2.4)

where σ is applied component-wise at each iteration. The initial and final (L-th)

layers can be referred to as the input and output layers, while all other layers are

termed hidden layers. Note that, in the context of the estimation problem described

in (2.1), d0 = d, dL = 1, and the rest of the layer dimensions can be set arbitrarily.

The number of layers (L), the dimensions of the weights ({di}i=0,...,L), and the

activation functions ({σi}i=1,...,L) together fully characterise the neural network.

The estimation properties of these types of networks are well-known, in particular,
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we highlight Hornik et al. [1989] for foundational work on the universal approxi-

mation properties of single-layered neural networks as the number of neurons goes

to infinity and Bauer and Kohler [2019], Schmidt-Hieber [2020] for recent research

which utilises a non-parametric estimation setting to derive asymptotic convergence

rates for feed-forward neural networks as the number of layers increases with the

size of the data set.

Lipschitz Continuity of Neural Networks

As noted in Section 2.1.2, establishing the Lipschitz continuity of a neural network

and knowing its Lipschitz constant can yield several advantageous properties per-

taining to adversarial robustness (e.g. Pauli et al. [2021] and references cited therein)

and generalisation (e.g. Bartlett et al. [2017] and ensuing works). Furthermore, in

the context of system identification and control, several recent results have utilised

Lipschitz regularity properties in conjunction with neural networks. Some examples

include Zhou et al. [2022] who utilise the Lipschitz continuity (and bounds on the

Lipschitz constant) of both the learned networks and the unknown dynamics in order

to derive closed-loop stability for a dual neural network approach that learns the sys-

tem dynamics, a valid Lyapunov function and a stabilising controller or Knuth et al.

[2021] who bound the difference between the learned and target system dynamics

by utilising a Lipschitz constant estimate of this difference and obtains conditions

ensuring the existence of a one-step feedback law, therefore, enabling the design of

a planner that provides safety and performance guarantees.

The Lipschitz regularity of the neural network described in (2.4) can be trivially

derived if the activation functions are assumed to be Lipschitz continuous13 and a

loose Lipschitz constant estimate can obtained from upper bounds on the weights

{Wi}i=1,...,L, {bi}i=1,...,L and the Lipschitz constant of the activation functions {σi}i=1,...,L.

Estimating a tighter14 bound on the Lipschitz constant of the neural network is how-

ever far less straightforward in general and significant research has been carried out

in this direction. These approaches are generally computationally intensive and ne-
13Most popular choices of activation function are Lipschitz continuous.
14Estimating a tight bound is in fact NP-hard even for simple neural networks Virmaux and

Scaman [2018].
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cessitate the computation of optimisation problems: notably, Fazlyab et al. [2019]

solve a convex optimisation problem to obtain an accurate Lipschitz constant esti-

mate of the neural network while Jordan and Dimakis [2020] utilise a Mixed-Integer

Problem (MIP) based approach. An alternative computationally quick but signif-

icantly more approximative estimate of the Lipschitz constant can be obtained for

the ‖.‖1 and ‖.‖2 norms if the dimension of the input space is small. This approach

was described by Scaman and Virmaux [2018] and consists of directly computing the

input-output gradients through back-propagation and utilising a simple grid search

in order to find the maximum of the norm15 of the gradient values; note that this

strategy follows naturally from Lemma 2.1.1 which implies that this maximum cor-

responds to the best Lipschitz constant of the target function. While this approach

is less principled than the other aforementioned methods, it can be useful for prac-

tical reasons depending on the standing assumptions. In Chapter 5, we will base

our empirical analysis on this procedure in order to apply our theoretical results in

the context of neural network-based auto-regressive time series models for financial

time series analysis.

15For a properly selected norm.
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3.1 Introduction

This chapter will study the problem of estimating a Lipschitz constant of a target

function from data under minimal parametric assumptions. As discussed in Chap-

ter 2, this is primarily motivated by Lipschitz interpolation frameworks, whose main

practical drawback is the dependency on the assumption of prior knowledge of the

Lipschitz constant or, in the case that this assumption is not made, the necessity of

having to learn a precise Lipschitz constant estimate. More generally, this issue is

shared with a number of computational applications which are based on the Lips-

chitz continuity of an objective or target function and depend explicitly on the value

of a Lipschitz constant. Examples include: robustness analysis in control settings

which rely on Lipschitz interpolation and therefore utilise Lipschitz constants to

characterise worst-case behaviour (Limon et al. [2017], Canale et al. [2014]), global

optimization algorithms which rely on precise Lipschitz constant estimates to en-

sure speedy convergence (Jones et al. [1993], González et al. [2016], Malherbe and

Vayatis [2017]), multi-armed bandit problems which utilise the Lipschitz constants

to obtain asymptotic lower bounds and design algorithms (Magureanu et al. [2014])

or reinforcement learning which utilises the Lipschitz constant to construct safe ini-

tial policies (Chakrabarty et al. [2020]). For these applications, it is critical that the

Lipschitz constant estimate used is sufficiently precise in order to ensure satisfactory

performance in their specified goal.

Consequently, a number of Lipschitz constant estimation methods (also called Lip-

schitz learning algorithms) have been developed. For target functions belonging to

families of parametric models, Lipschitz learning approaches generally utilise the

structure of the model class to obtain precise estimates, see for example the discus-

sion given in Section 2.2.3 on Lipschitz constant estimation and neural networks. For

frameworks that don’t consider a particular parametric family, a majority of the ex-

isting approaches are black-box methods that utilise and extend Strongin’s classical
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estimator (Strongin [1973]): L̂ := rmaxi 6=j
|fi−fj |
‖xi−xj‖ where r ∈ R is a multiplicative

factor and (xi, fi) is a data sample with fi = f(xi). In particular, we highlight:

Wood and Zhang [1996] builds on Strongin’s estimator by fitting an approximate

reverse Weibull distribution to the Lipschitz estimate in the one-dimensional case

and using the location parameter as a Lipschitz estimate, Sergeyev [1995] utilises

Strongin’s approach to compute local Lipschitz constant estimates and extends the

approach to the multidimensional case by using space-filling curves in order to solve

a global optimization problem and a more recent approach Strongin et al. [2019]

proposes dual Strongin Lipschitz estimates: with two differing "local" and "global"

multiplicative factors. We remark that the class of Lipschitz learning algorithms de-

scribed so far does not consider the possibility of observational noise and can explode

in value if it exists. In this case, we can consider the Lispchitz constant estimator

proposed by both Novara et al. [2013] and Calliess et al. [2020] which specifically

extends Strongin’s estimate to deal with bounded observational noise.

Alternative Lipschitz learning approaches that do not directly utilise Strongin’s es-

timate have also been developed. These generally can consider the case of observa-

tional noise and include: Beliakov [2005] which utilises a short optimisation problem

and cross validation/sample splitting to obtain Lipschitz constant estimates, Bubeck

et al. [2011] which employs a similar idea to Strongin’s estimate in order to propose

a Lipschitz constant estimator in the context of the Lipschitz multi-armed bandit

problem, González et al. [2016] which generates Lipschitz constant estimates using

the mean function of the gradient function estimate of a fitted Gaussian Process

(GP) and is directly computable using the GP-associated covariance function, and

Calliess [2017] which obtains Lipschitz constant estimates by optimising a Lipschitz

interpolation method. Unfortunately, while this class of Lipschitz learning algo-

rithms tends to work well in practice, they generally do not guarantee asymptotic

convergence and are of limited theoretical interest.

Despite the wide range of proposed Lipschitz learning algorithms, there has been

little theoretical investigation into the Lipschitz constant estimation problem other

than various consistency proofs of Strongin-based estimators. It is generally under-
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stood that this learning problem, without making further restrictive assumptions

on the underlying space of target functions, is inevitably subject to the curse of

dimensionality. However, to the best of our knowledge, this intuition has not been

explored formally. A first goal of this chapter is therefore to provide a theoretical

investigation into the Lipschitz learning problem by deriving lower bounds on the

sample complexity in the case of both noiseless and noisy sampling settings. We

confirm the general intuition on the difficulty of the Lipschitz learning problem by

demonstrating that the problem has a sample complexity lower bound that scales at

least exponentially on the function input dimension in both the noiseless case and

the noisy sampling case when the noise is assumed to be Gaussian.

Remark 3.1.1 The closest work proposing related theoretical learning results can

be found in the literature on global optimisation, e.g. see Bull [2011] and Wang et al.

[2018], as Lipschitz learning can be conceptualised as a type of global optimisation

problem defined on the gradient of a target function. However, we note that the

convergence and sample complexity rates derived in these papers cannot be directly

extended to Lipschitz constant estimation, necessitating additional analysis. A sec-

ond relevant sub-field connected to the theoretical properties of Lipschitz constant

estimation is the study of non-parametric convergence rates such as those derived by

Stone [1982]. This connection is discussed more precisely in Remark 3.2.8.

Our theoretical results imply that a precise estimation of the Lipschitz constant

requires a significant number of samples. This is computationally problematic for

classical Strongin-based Lipschitz learning algorithms due to the fact that the com-

putational complexity of these methods can be shown to be quadratic in the number

of samples: O(n2
samples). While the non-Strongin based estimators discussed above

could potentially be less computationally expensive, they only provide heuristic or

experimental convergence guarantees and are generally difficult to study from a the-

oretical perspective. Therefore, in light of our lower bounds on sample complexity,

we propose a novel algorithm for Lipschitz learning called LCLS (short for Lipschitz

Constant estimation by Least Squares regression) that has a linear computational

complexity in the number of sample points and for which we can derive theoretical

30



CHAPTER 3. ON THE SAMPLE COMPLEXITY OF LIPSCHITZ CONSTANT
ESTIMATION

guarantees on asymptotic convergence and finite sample behaviour in a general noisy

sampling setting. The optimality of the lower bounds on the sample complexity of

the Lipschitz learning problem in both the noiseless sampling setting and in the

noisy sampling setting under Gaussian noise assumptions derived in the first part

of the chapter follow from these theoretical results.

In practice, the proposed LCLS algorithm provides a theoretically motivated and

computationally quick way of estimating the Lipschitz constant. With minimal

fine-tuning, LCLS can be plugged into any computational method that utilises a

Lipschitz constant estimate – see above discussion – under any sampling noise as-

sumptions. We provide an example of such a procedure in the context of non-

parametric regression for system identification in control by combining the LCLS

algorithm with a classical nonlinear set-membership/Lipschitz interpolation frame-

work and illustrating the empirical performance of the combined regression method

through a series of short experiments.

A more comprehensive list of the contributions of this chapter is given below.

3.1.1 Contributions & Outline of Chapter

In this chapter, we provide a rigorous treatment of the Lipschitz constant estimation

problem discussed above. In particular, we make the following contributions:

1. In Section 3.2, we provide novel theoretical lower bounds on the sample com-

plexity of the general Lipschitz learning problem (for p ∈ {1, 2}) in the noiseless

sampling setting (see Theorem 3.2.3) and of a slightly modified version of the

problem1 in the noisy sampling setting (see Theorem 3.2.6) when the target

function f : X ⊂ Rd → R satisfies a regularity condition C2(X , K) defined in

Assumption 3. We note that these bounds can be equivalently stated as lower

bounds on the convergence rate of the general Lipschitz learning problem (see

Corollaries 3.2.4 and 3.2.7). As far as the authors are aware, the sample com-

plexity and convergence bounds derived in this chapter are the first theoretical
1Which can be shown to be equivalent for the majority of existing Lipschitz learning algorithms.
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results pertaining to the convergence of the general Lipschitz learning prob-

lem. We show in Section 3.3 that our proposed lower bound on the sample

complexity rate is optimal in both the noiseless sampling setting and the noisy

sampling setting under a Gaussian assumption.

2. In Section 3.3.1, we propose a least squares-based Lipschitz learning (LCLS)

approach that utilises a partition of the input space X and local least squares

estimates in order to generate a Lipschitz constant estimate. As discussed in

the introduction, our motivation for developing the LCLS algorithm rests on

the following two points:

• both theoretically and computationally tractable.

• directly applicable across all noise settings considered in the literature and

implementable without any prior knowledge of target function properties

or of the noise structure.

3. In Sections 3.3.2 and 3.3.3, we investigate the theoretical properties of the

proposed algorithm:

• Asymptotic convergence for general partition choice in noiseless and gen-

eral noisy sampling set-ups (Section 3.3.2, see Theorem 3.3.7).

• Finite sample guarantees in the noiseless and general noisy sampling set-

ups when the partition is constructed using regular hypercubes (Section

3.3.3, see Theorem 3.3.10, Corollary 3.3.16). These guarantees can be

used to provide an upper bound on the sample complexity of the Lipschitz

learning problem and show that the complexity rates derived in the first

part of the chapter match in both the noiseless and noisy settings under a

Gaussian assumption. (Section 3.3.3, see Remark 3.3.11, 3.3.12, Theorem

3.3.15).

4. In Section 3.3.4, we illustrate and compare the empirical performance of the

LCLS algorithm against Strongin-based Lipschitz learning algorithms on a set

of test functions. We consider both the noiseless and noisy sampling settings.

We find that while the benchmark Strongin-based algorithms converge slightly
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faster in terms of number of samples, our proposed algorithm converges faster

in terms of computation time for all functions in the test set (see Figure 3.4).

This is despite the fact that we consider noise settings for which the benchmark

algorithms are specifically designed in our experiments.

5. In Section 3.4, we explore the application of the various theoretical results and

the LCLS algorithm derived in this chapter to the fields of Global Optimisation

and Non-parametric Regression for System Identification. More specifically,

we propose a lower bound on the sample complexity of adaptive Lipschitz

optimisation algorithms that follows from one of the theoretical results stated

in Section 3.2 and a new non-parametric regression method constructed by

combining the LCLS algorithm of Section 3.3 with a classical nonlinear set

membership framework (see Milanese and Novara [2004]).

3.2 Assumptions & Sample Complexity Lower Bound

In this section, we provide the standing assumptions of the chapter and state the

main results pertaining to theoretical lower bounds on the sample complexity of

Lipschitz learning algorithms.

3.2.1 Basic Assumptions

Let p ∈ N, d ∈ N. In this chapter, we will consider Lipschitz continuous functions

with respect to ‖.‖p norms on Rd. In order to alleviate notation and improve clarity,

we will make the following additions to the notation given in Chapter 2 on Lipschitz

continuity.

Notation 3.2.1 Let p ∈ N, d ∈ N. We utilise the following notation:

1. For f ∈ Lip(L, ‖.‖p) with best Lipschitz constant L∗, we make explicit the

dependence of L∗ on f and p, i.e. L∗p(f) := L∗.
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2. We classify the set of Lipschitz continuous functions according to the best Lip-

schitz constants:

Fp(L) := {h : X → R|h is Lipschitz ∧ L∗p(h) = L}.

The Lipschitz learning problem considers the estimation of the best Lipschitz con-

stant L∗p(f) where f is an unknown target function. As described in the introduction

of this chapter, we consider a general version of this problem where f is considered

black-box and can only be accessed through queries to a, possibly noisy, oracle. As

f is not assumed to belong to any parametric family, other assumptions are needed2

in order to derive theoretical bounds on the sample complexity. For our results, we

make the following two assumptions on the input space X and the regularity of f .

Assumption 2 (Domain) The domain X of the target function f is a convex and

compact sub-set of Rd.

Assumption 3 (Functional) The target function f ∈ C2(X ) and there exists an

upper bound K ∈ R+ on the second-order partial derivatives of f , i.e. | ∂f
∂xi∂xj

| ≤ K

for all x ∈ X and i, j ∈ {1, ..., d}. Furthermore, f can be extended on an open set

X̄ such that X ⊂ X̄ .

For a given K ∈ R+, we denote by C2(X , K) the class of functions that satisfies

Assumption 3 with an upper bound K on the second degree partial derivatives. It is

important to point out that this bound does need to be tight and that if Assumption

2 holds then any f ∈ C2(X ) automatically belongs to C2(X , K̄) for some K̄ ∈ R+.

Finally, we assume that we have access to the target function f through an oracle

Ω : X → R – defined formally below for each sampling setting – which can be queried

in order to generate observations of f . In particular, this oracle can be freely used

by any Lipschitz learning algorithm as described in the following definition.

Definition 3.2.2 (Lipschitz Learning Algorithms) We define Ln,p(X ) as the set of

all ‖.‖p-Lipschitz learning algorithms that utilise at most n ∈ N queries to the Oracle

2Otherwise, a theoretical characterisation of the Lipschitz learning problem is not feasible.

34



CHAPTER 3. ON THE SAMPLE COMPLEXITY OF LIPSCHITZ CONSTANT
ESTIMATION

Ω with inputs in X . The sampling procedure is considered to be a part of the Lipschitz

learning algorithm and ∀L̂ ∈ Ln,p(X ) we denote the set of generated samples by

DL̂ = {(xL̂i ,Ω(xL̂i ))i=1,...,n}.

We note that Definition 3.2.2 defines a general class of Lipschitz learning algo-

rithms without any structural specifications and that the inclusion of the sampling

procedure in the algorithm is common for applications in both control and global

optimisation.

3.2.2 Noiseless Sampling Setting

Assumptions (2)-(3) are sufficient to formulate a lower bound on the sample com-

plexity rate of the Lipschitz learning problem in the case where one has access to

an oracle3 Ω that can be queried to obtain noiseless observations of the underlying

target function. Formally, the noiseless Oracle is described by

Ω : X → R

x
Ω7−→ f(x).

The lower bound on the sample complexity of any Lipschitz learning algorithm is

given in the following theorem.

Theorem 3.2.3 (Sample Complexity Bound – Noiseless) Let M ∈ R+, d ∈ N,

p ∈ {1, 2} and suppose X := [0,M ]d. Assume that Assumption (3) holds and that a

noiseless Oracle Ω, (described above) is available. ∀L∗ ≥ 0,∀ε ∈ (0,MK), if

inf
L̂∈Ln,p(X )

sup
f∈C2(X ,K)∩Fp(L∗)

|L̂(f)− L∗| < ε

then

n ≥
(
C(d, p)

MK

ε

)d
In this chapter, we find C(d, p) = 1

20d
1
p−

1
2
, however this value has not been optimized.

3Note: in the noiseless case, the oracle and the target function are equivalent.
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Theorem 3.2.3 provides a lower bound on the minimum number of oracle queries

that are needed in order for a Lipschitz learning algorithm to ensure a precise esti-

mate of the Lipschitz constant for all underlying target functions in C2(X , K). As

speculated in the introduction, it shows that the Lipschitz Learning problem is a

computationally expensive one that depends heavily on the input dimension. The

lower bounding expression is given as a function of the size of the input space (M),

the assumed bound on the second order partial derivatives (K) and the precision

parameter (ε) but is independent of the true Lipschitz constant (L∗) of the target

function. The product MK can be understood as a bound on the maximum change

in the gradient values of functions in C2(X , K). In Section 3.3, the proposed LCLS

algorithm will be shown capable of estimating the Lipschitz constant of all functions

f in C2(X , K) using O(
(
MK
ε

)d) queries to the noiseless sampling oracle Ω imply-

ing that the lower bound on the sample complexity rate stated in Theorem 3.2.3 is

optimal.

An equivalent reformulation of Theorem 3.2.3 in the form of a lower bound on

the convergence rate of Lipschitz learning algorithms is provided in the following

corollary.

Corollary 3.2.4 (Convergence Rate Bound – Noiseless) Assume the same setting

as Theorem 3.2.3. Then, ∀L∗ ≥ 0,

inf
L̂∈Ln,p(X )

sup
f∈C2(X ,K)∩Fp(L∗)

|L̂(f)− L∗| ≥ C(d, p)
MK
d
√
n

where C(d, p) is defined in Theorem 3.2.3.

Corollary 3.2.4 is generally more practical to use then Theorem 3.2.3 when con-

sidering convergence properties of applications of Lipschitz constant estimators. In

Section 3.4, we show how Corollary 3.2.4 can be applied in conjunction with re-

cent theoretical results (Bachoc et al. [2021]) to derive lower bounds on the sample

complexity of adaptive Lipschitz optimisation algorithms.

36



CHAPTER 3. ON THE SAMPLE COMPLEXITY OF LIPSCHITZ CONSTANT
ESTIMATION

3.2.3 Noisy Setting

In many instances, such as the general regression setting described in (2.1), the

sampling oracle cannot be assumed reliable and only approximate observations of the

target function are obtainable. In this case, we model Ω : X → R as being corrupted

by additive noise and a new lower bound on the sample complexity of Lipschitz

learning algorithms can be derived. In order to do so, additional assumptions must

be made on the additive observational noise process.

Assumption 4 (Noisy Oracle – Gaussian Noise) Let σ2 > 0. We define a noisy

sampling oracle as

Ω̃ : X → R

x
Ω̃7−→ f̃x := f(x) + γx

where γx are independent Gaussian random variables (x ∈ X ) with mean 0 and

variance σ2. Note: γx is an abuse of notation as the noise is not dependent on the

input x. In other words: if x ∈ X is sampled twice, then γ1
x 6= γ2

x.

As the class of Lipschitz learning has been loosely defined so far, with no parametric

or functional assumptions, a slight reformulation of the Lipschitz learning problem

is needed in order to derive lower bounds on the sample complexity. Consider

the function class C2(X , K) as defined above and p ∈ N. It is known (e.g. see

Lemma 2.1.1) that for all f ∈ C2(X , K), L∗p(f) = maxX{‖∇f(x)‖q} if p = 1, 2 and

L∗p(f) ≤ maxX{‖∇f(x)‖q} otherwise, where q is the Hölder conjugate of p. Then,

instead of directly considering the estimation error |L̂(f) − L∗p| with a Lipschitz

learning algorithm L̂(f) ∈ Ln,p(X ) as done in Theorem 3.2.3, one can consider the

problem of obtaining xL̂(f) ∈ X such that |‖∇f(xL̂(f))‖q − L∗p| is minimised. In

this case, we say that the algorithm L̂(f) belongs to the class Ln,p(X ) of Lipschitz

Learning search algorithms which is defined formally as follows.

Definition 3.2.5 (Lipschitz Learning Search Algorithms) We define Ln,p(X ) as the

set of all ‖.‖p-Lipschitz learning search algorithms that utilise at most n ∈ N queries
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to the Oracle Ω̃ with inputs in X in order to produce an estimate x̂ that aims to

minimise: Loss(x̂, f) := |‖∇f(x̂)‖q − L∗p|.

This type of paradigm is similar to the one considered in the literature on minimax

global optimisation where one generally aims to obtain the minimising argument

x̂ ∈ X of a target function rather than directly estimating the minimum (e.g. Bull

[2011]). We stress that if a good estimate of xL̂(f) can be obtained, then it is relatively

straightforward to obtain an accurate Lipschitz constant estimate by computing a

local gradient or slope estimate of the target function near xL̂(f). In fact, the majority

of Lipschitz algorithms either directly or implicitly operate by maximising gradient

or slope estimates (e.g. Strongin [1973], Calliess et al. [2020], the LCLS algorithm

proposed in this chapter) and could therefore be trivially modified to generate a

search estimate: xL̂(f). In particular, see Theorem 3.3.15).

Using Assumption 4, the following lower bound on the sample complexity rate can

be derived in the noisy sampling setting.

Theorem 3.2.6 (Sample Complexity Bound – Noisy) Let M ∈ R+, d ∈ N, p ∈

{1, 2} and suppose X := [0,M ]d. Assume that Assumptions (3)-(4) hold, that one

has access to a noisy oracle Ω̃ : X → R as specified in Assumption (4) and that the

sample inputs are uniformly and independently sampled on X . Define Ln,p(X ) as in

Definition 3.2.5. If there exists δ ∈ (0, 1) such that

lim
ε→0+

inf
L̂∈Ln,p(X )

sup
f∈C2(X ,K)

P(Loss(xL̂(f), f) > ε) ≤ δ

then,

n ∈ Ω

(
σ2MdKd+2 log(MK

ε
)

εd+4

)
.

In contrast to the sample complexity bounds obtained in the noiseless sampling

setting, the bounds proposed in Theorem 3.2.6 only hold asymptotically and can

therefore not be utilised in order to obtain finite sample guarantees. Furthermore,

the Lipschitz learning (search) algorithms considered in Theorem 3.2.6 are assumed

38



CHAPTER 3. ON THE SAMPLE COMPLEXITY OF LIPSCHITZ CONSTANT
ESTIMATION

to be passive4 (as the sampling inputs are sampled randomly) as opposed to the

active algorithms considered in Theorem 3.2.3. Nonetheless, the obtained bounds

provide insight into the necessary sampling requirements needed to ensure conver-

gence for the Lipschitz learning (search) problem in the noisy sampling setting.

In Section 3.3.3, we will show that the LCLS algorithm matches the convergence

rate stated in Theorem 3.2.6 under the same assumptions implying that the rate

Θ
(
σ2M

dKd+2 log(MK
ε

)

εd+4

)
is optimal.

Finally, as in the noiseless sampling setting, an equivalent reformulation of Theorem

3.2.6 is provided in the form of a probabilistic lower bound on the convergence rate

of Lipschitz learning (search) algorithms.

Corollary 3.2.7 (Sample Complexity Bound – Noisy) Assume the same setting as

Theorem 3.2.6. Then, for all δ ∈ (0, 1), there exists C > 0 such that

lim
n→∞

inf
L̂∈Ln,p(X )

sup
f∈C2(X ,K)

P(Loss(xL̂(f), f) > CMK

(
log(MKn)

nM4K2σ2

) 1
d+4

) > δ.

Theorem 3.2.6 and Corollary 3.2.7 are particularly interesting in the context of sys-

tem identification for control applications (e.g. Milanese and Novara [2004], Calliess

et al. [2020]) where robustness properties depend explicitly on estimating a feasible

Lipschitz constant from noisy data. These frameworks often ignore the modelling

error arising from the Lipschitz constant estimation which is problematic when the

goal is to provide worst-case guarantees. One source of usefulness for the two bounds

stated in this subsection is therefore to provide a theoretical intuition of the worst-

case estimation of Lipschitz constants in this context and therefore to make possible

a more realistic robustness analysis of Lipschitz constant-based system identification

methods in practice. A short illustrative comparison of the convergence rate given in

Corollary 3.2.7 with the convergence of existing Lipschitz learning algorithms used

for system identification purposes is given in Figure 3.3.

4Note: we are not aware of any existing active Lipschitz learning algorithms as Lipschitz con-
stant estimation is usually computed as a secondary task to a main objective (e.g. optimisation,
non-parametric regression).
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Remark 3.2.8 (Comparison to Non-parametric Estimation) The optimal conver-

gence rates of non-parametric estimation in the noisy sampling setting with Gaussian

noise are well-known (Tsybakov [2004]). In particular, the uniform5 convergence rate

of the non-parametric estimation of first-order partial derivatives on C2(X , K) for

some K > 0 is given by Θ
(

( log(n)
n

)
1
d+4

)
n∈N

which corresponds exactly to the lower

bounds derived in Corollary 3.2.7. This implies that although Lipschitz learning

seems more straightforward than partial derivative estimation, asymptotically their

sample complexities are equivalent. Note that this observation is somewhat unsur-

prising as similar results hold in the context of global optimisation (Bull [2011],

Wang et al. [2018]).

3.3 Lipschitz Constant estimation by Least Squares

regression (LCLS)

The theoretical results of Section 3.2 imply that a significant number of samples

must be used in order to obtain a precise estimation of the best Lipschitz con-

stant. As noted in the introduction, this is problematic computationally for classical

Strongin-based Lipschitz learning algorithms due to the fact that the computational

complexity of these methods can be shown to be quadratic in the number of sam-

ples. Using existing non-Strongin based methods could resolve this computational

problem, however obtaining convergence guarantees would then be difficult as this

class of methods is generally complicated to study from a theoretical perspective.

Therefore, in the goal of obtaining a Lipschitz learning approach that can provide

asymptotically consistency guarantees, has low computational complexity and for

which we can derive upper bounds on the sample complexity (in the goal of com-

paring with the sample complexity lower bounds derived in Section 3.2), we define a

new estimator: Lipschitz Constant estimation by Least Squares regression (LCLS).
5With respect to ‖.‖∞.
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3.3.1 Overview

The general intuition behind the Lipschitz learning algorithm proposed in this chap-

ter follows from the simple observation that the coefficients from a least squares

regression can be interpreted as a local approximation of the gradient and that the

maximum q-norm of the gradient of f on X coincides6 (for certain values of p ∈ N)

with the best Lipschitz constant associated to the p-norm, where q is the Hölder-

conjugate of p, i.e. 1
p

+ 1
q

= 1. Therefore, by using a partition H of the input space

X that is sufficiently refined to properly capture the gradient variation of f and

computing the maximum q-norm of the least squares coefficients associated to each

subset ofH, a precise estimate of the Lipschitz constant is obtainable. Practically, in

order to ensure that the refinement of the partition suffices7, the proposed estimation

framework is designed as an iterative method that utilises a sequence of increasingly

fine convex partitions (HI)I∈N that are given as input. A brief technical description

of an iteration of the algorithm can be described as follows: For a given iteration,

indexed by I ∈ N, a set of observations DH
I := {(xHi , f̃Hi)}i∈{1,...,NH

I }
is generated

by an oracle Ω : X → R (defined in Section 3.2) for each subset H of the partition

HI and used individually to compute the coefficients {βHI }H∈H of an ordinary least

squares regression for each subset H ∈ HI . The Lipschitz constant estimate can

then be directly computed: L̂I := maxH∈HI{‖βHI ‖q} where q is the Hölder-conjugate

of p.

Definition 3.3.1 (Notation Overview) For a partition HI of X and a set of samples

DI := {(xi, f̃i)}i∈{1,...,NI} as described above, we utilise the following notation.

1. The subset of samples that belongs to H ∈ HI is denoted DH
I := {(xHi , f̃Hi)}i∈{1,...,NH

I }
.

Note: samples can only belong to one subset H. If a sample point is on the

border between two sets, then it can be included in either design matrix.

2. We denote the design matrices of the least squares regressions XH
I ∈ RNH

I ×(d+1)

6See Lemma 2.1.1 in Appendix for a formal statement.
7In the case where the upper bound K given in Assumption 3 is known beforehand it is possible

to directly partition at the required refinement level (See Theorem 3.3.10 for example).
7The method described in this algorithm corresponds to the specific case where the (K,σ2)

variables are known.
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Algorithm 1 General LCLS
Input: Ω̃ (Oracle), (HI)I∈N (Partition Se-

quence)
Output: {L̂I} (Lipschitz Estimates)
procedure: LCLS(Ω̃, (HI)I∈N)
initialise: I ← 1
repeat
L̂I ← 0
for H ∈ HI do

(XH
I , f̃

H
I )← DH

I generated by Ω̃

β̂HI ← (XH
I
>
XH
I )−1XH

I
>
f̃HI

L̂I ← max(‖β̂HI ‖q, L̂I)
end
I ← I + 1

return {L̂I}I∈N

Algorithm 2 Hypercube LCLS8on [0,M ]d

Input: Ω̃ (Oracle), K (Bound from (3), η
(covering constant), σ2 (noise vari-
ance), (ε, δ) (precision)

Output: L̂ (Lipschitz Constant Estima-
tion)

procedure: LCLS(Ω̃, K, η, σ2, (ε, δ))
initialise: L̂← 0 I ← (C1(d)MK√

ηε ),

NI ← (C2(d, q)σ
2

ηδ
Id+2

M2ε2
)

H ← hypercube partition of [0,M ]d with
side-length M

I
for H ∈ H do

(XH , f̃H)← DH generated by Ω̃

β̂H ← (XH>XH)−1XH>f̃H

L̂← max(‖β̂H‖q, L̂)

end
return L̂

Figure 3.1: Algorithm 1 details the implementation of the LCLS algorithm for a general
input space and partition choice. Algorithm 2 details the theoretical implementation given
in Theorem 3.3.10 of the LCLS algorithm when the input space is a hypercube [0,M ]d and
the partitions are regular. In practice, I ∈ N and NI ∈ R+ can be set heuristically in
order to improve convergence. We note that the generated data points XH

I used by the two
algorithms are selected arbitrarily in each H ∈ HI . In order to ensure convergence of the
LCLS algorithm, XH

I will need to verify Assumption 5 for all I ∈ N and H ∈ HI .

and the observation vectors f̃HI ∈ RNH
I ;

XH
I =


1 x>H1

1 x>H2

...
...

1 x>H
NH
I

, f̃
H
I =


f̃H1

f̃H2

...

f̃H
NH
I

 =


fH1

fH2

...

fH
NH
I


︸ ︷︷ ︸

fHI :=

+


γH1

γH2

...

γH
NH
I


︸ ︷︷ ︸

γHI :=

, where ∀k ∈

{1, ..., NH
I } and where (xHk , f̃Hk) is a sample point contained in DH

I with

f̃Hk := Ω̃(xHk) and by abuse of notation; γHk = γxHk .

3. We denote by [b̂HI , β̂
H
I ] ∈ Rd+1 (where b̂HI ∈ R is the intercept) the least squares

coefficients associated to H ∈ HI and computed using XH
I and f̃HI .

The LCLS algorithm is described here in its most general form in order to allow flex-

ibility in the choice of the input space partitions and sampling scheme. Algorithm 1

provides an algorithmic description of this approach. A more specific implementa-

42



CHAPTER 3. ON THE SAMPLE COMPLEXITY OF LIPSCHITZ CONSTANT
ESTIMATION

tion of the LCLS algorithm which utilises a regular hypercube partition of the input

space is given in Algorithm 2 and discussed later on in this section in Theorem

3.3.10 and ensuing discussions. As one might expect, the structure of (HI)I∈N is a

key part of the LCLS estimator. In practice, these partitions can be defined using

domain or functional knowledge in order to better estimate the gradient variation

and therefore speed up the convergence of the algorithm. The distribution of the

sample points given by (NH
I )n∈N should also be considered carefully and can be

selected in a partition dependent way to take advantage of any prior knowledge of

f or of the underlying noise distribution. We note that the relation between the

structure of (HI)I∈N and (NH
I )n∈N is essential in the proofs of Theorem 3.3.7 and

Theorem 3.3.10.

The following variables are used to formally describe a partition belonging to (HI)I∈N.

Notation 3.3.2 Let δ(A) = supx,y∈A ‖x − y‖2 denote the diameter function and

Br(x) the d-dimensional ball centered in x ∈ X and with radius r with respect to

‖.‖2.

Definition 3.3.3 (Partition Variables) Let HJ ∈ (HI)I∈N. We define the following

two HJ related quantities: the maximum diameters of HJ : {∆H
J }H∈HJ , ∆H

J := δ(H)

and the minimum diameters of the biggest subset-inscribed balls of HJ : {δHJ }H∈HJ ,

δHJ := 2 max{r ∈ R+|∃x ∈ H such that Br(x) ⊂ H}.

The quantities {∆H
J }H∈HJ and {δHJ }H∈HJ are used in Definition 3.3.5 and in Theorem

3.3.7 to define sufficient conditions on the structure of the (HI)I∈N partitions in order

for the general version of the LCLS algorithm to converge.

We conclude this subsection by giving a result on the computational complexity of

the proposed algorithm.

Proposition 3.3.4 (Computational Complexity of LCLS) The computational com-

plexity of the Lipschitz Constant Least Squares Estimator is O(d2nsamples) where

nsamples denotes the number of observations sampled by the algorithm and the d ∈ N

is the input dimension of the target function.
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The computational complexity derived in Proposition 3.3.4 is significantly smaller

than the complexity of Strongin-based approaches which is O(dn2
samples). The dif-

ference in computation speed is illustrated empirically on a set of test functions in

Section 3.3.4.

3.3.2 General Theoretical Analysis

An investigation of the theoretical behaviour and performance of the proposed LCLS

algorithm is carried out in this section. This analysis provides an understanding of

the design constraints required for the construction of the input space partitions

and for the choice of sampling schemes in order to ensure satisfactory performance

– see Remark 3.3.8. We begin by stating an asymptotic convergence result for the

general form of the algorithm in the noiseless and general noisy sampling settings

before stating and discussing finite sample results for a more concrete application

of LCLS when the partition of the input space is constructed to be a set of regular

hypercubes.

The following definition defines two quantities (aI)I∈N, (bI)I∈N as a function of

{∆H
J }H∈HJ , {δHJ }H∈HJ , ({NH

I }H∈HI)I∈N and (|HI |)I∈N in order to alleviate nota-

tion9. They will be used to describe the conditions on the structure of the input

partition sequence needed in order to ensure asymptotic consistency.

Definition 3.3.5 For any sequence of convex and compact partitions, (HI)I∈N, we

construct the following sequences:

• (aI)I∈N, aI = maxH∈HI

(
(∆H

I )2

δHI

)
• (bI)I∈N, bI = maxH∈HI

(
|HI |

NH
I (δHI )2

)
.

Before stating the first main result of this section, a condition on the sampling

procedure used by the LCLS algorithm and a generalisation of the Oracle noise

assumption of Section 3.2 are given.

9Here. |.| denotes the cardinality operator.
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Definition 3.3.6 Let H ⊆ X be compact and convex and denote by

DH
I := {(xHi , f̂Hi)}i∈{1,...,NH

I }
the subset of generated or archived data samples in H.

We say that H is (ε, η)-covered for ε > 0, η ∈]0, 1] if there exists an ε-cover of H

(with respect to ‖.‖2) with at least ηNH
I samples of DH

I in each of the balls associated

to an element in the ε-cover.

Assumption 5 (Sampling) For a given η ∈ (0, 1], the sampling scheme selected for

LCLS is such that ∀I ∈ N and ∀H ∈ HI , H is (
δHI
8
, η)-covered.

The sampling condition stated in Assumption 5 is used in order to ensure stability

of the least squares coefficient as the sequence of partitions becomes increasingly

refined and can be satisfied by using quasi-Monte Carlo schemes in practice. In

essence, it ensures that the samples are sufficiently well distributed in each subset

H of the partitionHI , avoiding extreme cases such as when a single sample input gets

repeatedly sampled. A possible (conservative) value for η in the regular hypercube

implementation of the LCLS algorithm of Section 3.3.3 is given by η = vol(B1(0))
23d+2

with vol(B1(0)) denoting the volume of the d-dimensional unit ball. In the proof

of Theorem 3.3.15, under a uniform and independent sampling (on X ) assumption,

Assumption 5 is shown to hold for η = vol(B1(0))
23d+13d

with high probability when the

number of observations is sufficiently large.

The second assumption of this section generalises the Gaussian noise assumption

made in Assumption 4 to include all distributions with zero mean and finite variance

and weaken the assumption of independence.

Assumption 6 (Noisy Oracle – General) Let σ2 > 0 and denote by D(0, σ2) the

set of all probability distributions on R with zero mean and finite variance σ2 > 0.

We define a general noisy sampling oracle as

Ω̃ : X → R

x
Ω̃7−→ f̃x := f(x) + γx

where γx ∼ Dγx ∈ D(0, σ2) are uncorrelated random variables (x ∈ X ).
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The general nature of Assumption 6 ensures that the convergence results obtained

for the proposed LCLS algorithm hold for a wide range of noise distributions and

therefore removes the necessity of having to verify a sub-Gaussian noise assumption

when applying LCLS in practice.

Theorem 3.3.7 formalizes the consistency of the proposed Lipschitz learning frame-

work for the general noisy sampling setting.

Theorem 3.3.7 (General Convergence Rate) If Assumptions (2),(3),(5),(6) (for a

given η ∈ (0, 1]) hold and the following conditions are verified:

1. ∀I ∈ N, HI is a convex partition of X ,

2. limI→∞ aI = 0, limI→∞ bI = 0, limI→∞maxH∈HI (∆
H
I ) = 0,

then ∀ Dn
γ ∈ D(0, σ2), f ∈ C2(X , K),

L̂I(f)
P−−−→

I→∞
Lp(f)

where Lp(f) = L∗p(f) for p = 1, 2, Lp ≥ L∗p(f) for p > 2. P denotes convergence in

probability and (L̂I(f))I∈N is the sequence of Lipschitz constant estimates generated

by the LCLS estimator.

Remark 3.3.8 (Design Constraints) Condition 2 of Theorem 3.3.7 specifies the

design constraints needed in the construction of the partition sequence (HI)I∈N and

the number of sample points ({NH
I }H∈HI)I∈N required per hypercube in order to

ensure convergence. In particular:

1. limI→∞ aI = 0 provides the limitations on the shape of the sets in each partition

HI as I goes to infinity. In particular, as I →∞, (∆H
I )2 << δHI < ∆H

I .

2. In the noisy sampling setting, limI→∞ bI = 0 specifies a condition on the num-

ber of samples needed per hypercube. As I →∞, NH
I >> |HI |

(δHI )2 . This is made

precise in the next section in Remark 3.3.11.

3. limI→∞maxH∈HI (∆
H
I ) = 0 ensures that the partitions are increasingly refined.

In practice, applying the theoretical conditions used in Theorem 3.3.7 produces an

overly conservative estimator in terms of required number of queries made to the
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oracle – see Section 3.3.4 for an illustration of the empirical convergence of the

LCLS estimator. This is due to the fact that the LCLS estimator makes minimal

functional assumptions and therefore has to explore all of X to generate a precise

Lipschitz estimate. In order to avoid this issue, the number of samples per hypercube

as measured by (bI)I∈N can be set heuristically in order to improve the empirical

performance.

In the noiseless sampling setting, the stopping and sampling rules given in Theorem

3.3.7 and Remark 3.3.8 can be modified in order to obtain a quicker convergence.

This is detailed in the following corollary.

Corollary 3.3.9 (Noiseless Sampling) If Assumptions (2),(3),(5) (for a given η ∈

(0, 1]) hold, a noiseless oracle Ω : X → R is available and the following conditions

are verified:

1. ∀I ∈ N, HI is a convex partition of X ,

2. limI→∞ aI = 0, limI→∞maxH∈HI (∆
H
I ) = 0,

3. ∀I ∈ N, H ∈ HI , NH
I ≥ d+ 1,

then f ∈ C2(X , K),

L̂I(f) −−−→
I→∞

Lp(f)

where Lp(f) = L∗p(f) for p = 1, 2, Lp(f) ≥ L∗p(f) for p > 2 and the right arrow

denotes deterministic convergence.

While, the conditions on the design constraints of the partition sequence needed

to ensure asymptotic convergence of the LCLS algorithm remain the same as in

Theorem 3.3.7, the sampling conditions specified in Corollary 3.3.9 imply that a

much smaller number of samples are required per hypercube. More precisely, the

only sampling condition stated in Corollary 3.3.9 is related to the minimum number

of samples needed to ensure that the local linear regressions computed by the LCLS

algorithm are well-defined.

Using the general results developed in this section, we now explore a more specific

application to the [0,M ]d input space. Theorem 3.3.10 provides finite-sample sam-
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ple complexity bounds for the LCLS in the general noise sampling setting that can

be utilised when limited information on the noise distribution is available. As a

consequence of Theorem 3.3.10, sample complexity rates in the noiseless and Gaus-

sian noise setting can also be derived and compared to the lower bounds proposed

in Theorem 3.2.3 and Theorem 3.2.6. This is discussed in Remark 3.3.11, Remark

3.3.12 and Theorem 3.3.15.

3.3.3 LCLS with Regular Partitions & Sample Complexity

Upper Bound

In the previous section, we considered a general form of the LCLS algorithm and

stated the conditions on the design constraints of the input partition sequence and

the sampling scheme required to ensure convergence. Here, we assume that the

input space is the d-dimensional hypercube [0,M ]d and consider the case where

every input partition HI is a regular hypercube partition of side-length M
I
. The

associated sampling scheme is then defined based on the sampling condition given

in Assumption 5 and the desired precision of the Lipschitz constant estimate.

Under these additional constraints, the following finite sample guarantee can be

obtained for the LCLS algorithm.

Theorem 3.3.10 (Finite Sample Guarantee) Let X := [0,M ]d and (HI)I∈N>1 de-

note the regular partition of sub-hypercubes of X with side-length M
I
. If Assumptions

(3)-(5) (for a given η ∈ (0, 1]) hold and if ∀ε > 0, δ ∈ (0, 1
2
], the LCLS algorithm

is set with a hypercube partition indexed by I ≥
(
C1(d)MK√

ηε

)
and with ∀H ∈ HI

NH
I ≥

(
C2(d, q)σ

2

ηδ
Id+2

M2ε2

)
for C1(d), C2(d, q) ∈ R+, then ∀ Dn

γ ∈ D(0, σ2):

inf
f∈C2(X ,K)

P(|Lp(f)− L̂I(f)| ≤ ε) ≥ 1− δ. (3.1)

where Lp(f) = L∗p(f) for p = 1, 2 and Lp ≥ L∗p for p > 2. Here C1(d) =

8d2
√
ddmax{ 1

q
− 1

2
,0} and C2(d, q) = 25dmax{ 2

q
,1} however these constants have not been

optimized.
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The theoretical guarantees of Theorem 3.3.10 can be extended to include any X ⊂ Rd

that satisfies Assumption 2. Indeed, trivially there exists a hypercube [a, b]d ⊂ Rd

with a, b ∈ R such that X ⊂ [a, b]d which can be partitioned according to the

iterative regular hypercube partitioning approach. The partition sequence inputted

into the LCLS algorithm then consists of the regular hypercube subsets partitions

of [a, b]d that intersect with X . In this case, under Assumptions (2)-(5), a modified

version of Theorem 3.3.10 holds: the condition on I remains the same, but the lower

bound condition on NH
I can be weakened to become NH

I ≥
(
C2(d, q)σ

2

ηδ
Id+2−Γ
(b−a)2ε2

)
,

∀H ∈ HI , I ∈ N, where Γ = |{H ∈ HI

∣∣H ∩ X = ∅}|.

Since Theorem 3.3.10 holds under Assumption 6, i.e. for any Dn
γ ∈ D(0, σ2), n ∈ N

and any f ∈ C2([0,M ]d, K) it also holds for supDnγ∈D(0,σ2) supf∈C2([0,M ]d,K). There-

fore, using Theorem 3.3.7, we can obtain the following general sample complexity

rate for the LCLS algorithm.

Remark 3.3.11 (Sample Complexity – Noisy) For p = 1, 2, assuming that the lower

bounds: I ≥
(
C1(d)MK√

ηε

)
and ∀H ∈ HI N

H
I ≥

(
C2(d, q)σ

2

ηδ
Id+2

M2ε2

)
are satisfied with an

equality, the total number n1 of points required to ensure P(|Lp − L̂I | ≤ ε) ≥ 1 − δ

is given by

n1 = |HI |NH
I = C2(d, q)

σ2

ηδ

(
C1(d)
√
η

MK

ε

)2d+2
1

M2ε2
= O

((MK

ε

)2d+2 1

M2ε2

)
.

This sample complexity differs significantly from the lower bound on the sample

complexity derived in Theorem 3.2.6. This is expected given the more general noise

assumptions made in Theorem 3.3.10.

By slightly modifying the necessary conditions used in Theorem 3.3.10, we can also

compare the sample complexity of the LCLS algorithm implied by Theorem 3.3.10

in the noiseless sampling setting to the lower bound on the sample complexity of

the noiseless Lipschitz learning problem stated in Theorem 3.2.3. In order to do so,

we define

N(I) := max
H∈HI

min{|DH
I | : DH

I contains a disjointed δHI -cover of H}
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which is constant ∀I ∈ N when (HI)I∈N is defined as a sequence of regular hypercube

partitions on [0,M ]d. In this case, we remove the dependence on I and write N :=

N(I). We note that the following two inequalities hold: (1) η ≤ 1
N

(tight) and (2)

N <
√
d
d
(loose).

Remark 3.3.12 (Sample Complexity – Noiseless) In the case of noiseless sampling,

the lower bound on NH
I stated in Theorem 3.3.10 can be replaced by condition 3.

of Corollary 3.3.9 and the definition of N given above, i.e. ∀I ∈ N, H ∈ HI ,

NH
I = max(d+ 1, N). Proceeding as in Remark 3.3.11, we have in this case:

n2 = |HI |NH
I = max(d+ 1, N)

(
C1(d)

MK
√
ηε

)d
= O

((MK

ε

)d)
.

This convergence rate corresponds exactly to the lower bound on the noiseless sample

complexity rate stated in the Theorem 3.2.3 and therefore implies that the sample

complexity rate
(
MK
ε

)d is optimal (up to constant factors dependent on d and p) in

the sense that it characterises the minimum number of samples that are needed to

obtain an ε-precise Lipschitz constant estimate for any f ∈ C2(X , K).

As in Section 3.2, we can reformulate the sample complexity rates of the LCLS

algorithm given in Remarks 3.3.11 and 3.3.12 as convergence rates and therefore as

upper bounds on the convergence rate of the general Lipschitz learning problem.

This is done in the following corollary.

Corollary 3.3.13 (Convergence Rate Comparison)

1. (Noiseless) Assume the same setting as Remark 3.3.12. Then,

inf
L̂∈Ln,p(X )

sup
f∈C2(X ,K)

|L̂(f)− L∗p(f)| ≤ C(d, η)
MK
d
√
n

where C(d, η) := max(d+ 1, N)
(C1(d)√

η

)d and C1(d) is given in Theorem 3.3.10.

2. (Noisy) Assume the same setting as Remark 3.3.11. Then, ∀ distribution
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Dn
γ ∈ D(0, σ2):

sup
L̂∈Ln,p(X )

inf
f∈C2(X ,K)

PDnγ (|L̂(f)− L∗p(f)| < C(σ2, δ, d, η)
M

d
d+2K

d+1
d+2

2d+4
√
n

) ≥ 1− δ

where C(σ2, δ, d, η) = C2(d, q)σ
2

ηδ

(
C1(d)√

η

)2d+2

and C1(d), C2(d, q) are given in

Theorem 3.3.10.

An interesting consequence of Corollary 3.3.13 is that it provides a way of generat-

ing a sequence of feasible10 Lipschitz constant estimates that converge to the best

Lipschitz constant if a potentially loose upper bound on the second degree par-

tial derivatives is known. More precisely, one can consider the Lipschitz constant

estimates:

• L̂up(f) := L̂(f) + C(d, p)MK
d√n in the noiseless sampling setting

• L̂up(f) := L̂(f) + C(σ2, δ, d)M
d
d+2K

d+1
d+2

2d+4√n in the general noisy sampling setting

where L̂(f) denotes the Lipschitz constant estimate generated by the LCLS algo-

rithm. Such an approach is useful in practice as Lipschitz constant-based com-

putational frameworks often rely on the assumption that the estimated Lipschitz

constant used is feasible. This is briefly discussed further in Section 3.4 where a di-

rect application of the LCLS algorithm in the context of non-parametric regression

for system identification is developed.

Remark 3.3.14 (Knowledge of K and Assumption 3) The theoretical results of

the LCLS algorithm of this section have been stated under Assumption 3 and the

knowledge of a tight upper bound on the second-order partial derivatives: K. This

tightness is in fact not necessary and all result pertaining to LCLS hold for any

upper bound K ′ ≥ K. In this case, the LCLS algorithm simply ensures convergence

for a larger class of functions, C2(X , K) ⊂ C2(X , K ′), then required at a slightly

slower rate of convergence. Furthermore, while knowing an upper bound on K is

necessary in order for the theoretical properties of the LCLS algorithm to hold, the
10I.e. which upper bound the best Lipschitz constant and satisfy the Lipschitz continuity condi-

tion.
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algorithm can still be implemented heuristically in practice without it.

We conclude this section by stating the asymptotic sample complexity rates of the

LCLS algorithm under Gaussian noise assumptions and providing a finite sample

guarantee.

Theorem 3.3.15 (Asymptotic Sample Complexity – Gaussian Noise) Let M ∈ R+,

d ∈ N, p ∈ {1, 2} and (HI)I∈N denote the regular partition of sub-hypercubes of X

with side-length M
I
. Assume that Assumption (3) holds, that one has access to a

noisy oracle Ω̃ : X → R as specified in Assumption (4) and that the sample inputs

are uniformly and independently sampled on X . Setting the LCLS algorithm with a

hypercube partition indexed by I =
⌈
C1(d)MK

ε

⌉
for ε > 0 (see below for definition of

C1(d)), there exists C > 0 such that if

n ≥ C
σ2MdKd+2 log(MK

ε
)

εd+4

Then,

lim
ε→0+

sup
f∈C2(X ,K)

P(Loss(xL̂I(f), f) > ε) = 0,

where xL̂I(f) denotes the the center of the hypercube associated to argmaxH∈HI‖β̂
H‖q

computed in Algorithm 2. Here, C1(d) = 16d2
√
dd

max{ 1
q−

1
2 ,0}

√
η

with η = vol(B1(0))
23d+13d

11.

The asymptotic sample complexity rates derived in Theorem 3.3.15 match exactly

the rates derived in Theorem 3.2.6. This implies that Θ
(
σ2MdKd+2 log(MK

ε
)

εd+4

)
is the op-

timal asymptotic sample complexity rate of the Lipschitz learning (search) problem

and that the LCLS algorithm is sample optimal in the noisy setting when the noise is

assumed to follow a Gaussian distribution. As done in Corollary 3.2.7, we can mod-

ify Theorem 3.3.15 in order to show that the optimal asymptotic convergence rate

is Θ(MK
(

log(MKn)
nM4K2σ2

) 1
d+4

). We note that Theorem 3.3.15 holds more generally for

any sub-Gaussian noise assumption on the sampling noise. In particular, the same

convergence rate holds in the settings where this noise is assumed to be bounded

which are often considered in Lipschitz-constant based applications (Canale et al.
11vol(B1(0)) denotes the d-dimensional unit ball.
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[2014], Sergeyev et al. [2020]).

Replacing the random uniform sampling assumption of Theorem 3.3.15 with As-

sumption 5 as done in Theorem 3.3.10, a small modification of the proof of Theorem

3.3.15 yields the following result on the finite-sample guarantees of the LCLS algo-

rithm in the noisy sampling setting with sub-Gaussian noise.

Corollary 3.3.16 (Finite Sample Guarantee – Gaussian Noise) Consider the set-

ting of Theorem 3.3.15. Assume that Assumptions (3), (5) (for a given η ∈ (0, 1])

hold, that one has access to a noisy oracle Ω̃ : X → R as specified in Assump-

tion (4). ∀ε ∈ (0, C1(d)MK
3

), δ ∈ (0, 1
2
), setting I =

⌈
C1(d)MK

ε

⌉
and ∀H ∈ HI :

NH
I ≥ C∗(η, d)σ

2K2

ε4
log( 2

2
d I

log( 1
1−δ )

1
d

) implies

sup
f∈C2(X ,K)

P(|L̂I(f)− L∗p(f)| > ε) ≤ δ.

Here, C1 is defined as in Theorem 3.3.15 and C̃∗(η, d) :=
210n2

qC1(d)2d2

η
however these

constants have not been optimized.

As done for the general noise setting in Corollary 3.3.13, convergence rates for the

LCLS in the Gaussian noise setting can be obtained by reformulating the finite sam-

ple guarantees stated in Corollary 3.3.16. Then, following the approach described

above, a sequence of feasible Lipschitz constant estimates converging to the best

Lipschitz constant can be constructed:

• L̂Gaussup := L̂(f) + C M
d
d+4K

d+2
d+4

d+4
√
nσ2log(MKn)−1

in the Gaussian noise setting

where L̂(f) denotes the LCLS algorithm with the hyperparameters set in Corol-

lary 3.3.16 and C ∈ R+ is a constant that can be computed from C1(d), C̃∗(d, η).

We observe that this sequence of feasible Lipschitz constant estimates converges

significantly faster than the one constructed above for the general noisy setting.

53



CHAPTER 3. ON THE SAMPLE COMPLEXITY OF LIPSCHITZ CONSTANT
ESTIMATION

3.3.4 Empirical Performance

The focus so far in this section has been on developing the theoretical properties of

the LCLS algorithm. While that discussion is useful in itself as it provides perfor-

mance guarantees for LCLS as well as upper bounds on the sample complexity of

the general Lipschitz learning problem, we are also interested in how the proposed

algorithm performs empirically. In particular, we would like to compare the conver-

gence speed of the LCLS algorithm to other theoretically well-behaved methods and

to verify whether the theoretical computational advantage of LCLS (see Proposition

3.3.4) is observed in practice. In this subsection, we investigate these questions by

illustrating the convergence rate and computation time of the proposed Lipschitz

constant estimation method and comparing it against existing Strongin-based algo-

rithms on a set of test functions with interesting properties in noiseless, bounded

noise and unbounded noise sampling settings.

3.3.4.1 Experimental Setup

Table 3.1 provides an overview of the four test functions that are used in the exper-

iments discussed in this section. The choice of these functions represents different

testing points that are of interest: Function (a) reaches the maximum of the normed

gradient in a single unique point of the input space, Function (b) is a classical op-

timisation testing function which we have also defined to have large second degree

partial derivatives, Function (c) is a trigonometric function which provides an il-

lustration of convergence for simple target functions and finally, Function (d) is a

higher dimensional version of Function (a) with 3 dimensional inputs. We do not

explore higher dimensional versions (>3) of Function (a) as the convergence speed

with respect to computation time of the Strongin-based benchmark algorithms is

already very slow for Function (d) - see Figure 3.4 and ensuing discussion.

As benchmarks we utilise the classical Strongin Lipschitz learning algorithm (Stron-

gin [1973]) in the noiseless setting and the popular modified Strongin-based Lips-

chitz constant estimator in the bounded noise setting (see in particular Novara et al.
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Function Error (Log Scale) Estimation Computation time

Figure 3.2: Comparison between the performance of the LCLS algorithm (in orange) and
the classical Strongin algorithm (in green) in the noiseless setting. Each row corresponds to
a different test function ((a) - (d)) and each column represents a different point of compar-
ison between the two algorithms. From left to right: Column 1: Illustration of the target
function where applicable. Column 2: Error of Lipschitz constant estimate - the bound
on the sample complexity rate derived in Corollary 3.2.4 is plotted (in black). Column 3:
Behaviour of the sequence of Lipschitz constant estimates. Column 4: Computation time
required for each algorithm.

[2013], Calliess et al. [2020] and Khajenejad et al. [2021] for applications in control

problems). We note that this modified Strongin estimator is strongly dependent on

a precise estimate of the smallest upper bound of the noise b̄ > 0 in order to properly

specify ē ∈ R+ hyper-parameter. Indeed, if ē is smaller than b̄, then the Lipschitz

constant estimates generated by the modified Strongin estimator converge to +∞

as the number of observations increases. In contrast, if ē is bigger then b̄ then the

generated Lipschitz constant estimates will converge to an underestimate of L∗p(f)

and never be feasible.
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Function Error (Log Scale) Estimation Computation time

Figure 3.3: Comparison between the performance of the LCLS algorithm (in orange) and
the modified-Strongin algorithm with a correctly (in green) and incorrectly (in blue) speci-
fied hyper-parameter in the noisy setting. Each row corresponds to a different test function
((a) - (d)) and each column represents a different point of comparison between the two
algorithms. From left to right: Column 1: Illustration of the target function where applica-
ble. Column 2: Error of Lipschitz constant estimate - the bound on the sample complexity
rate derived in Corollary 3.2.4 is plotted (in black). Column 3: Behaviour of the sequence
of Lipschitz constant estimates. Column 4: Computation time required for each algorithm.

Benchmarking algorithms:

• (Noiseless Setting) Strongin Estimator:

L̂ := max
i 6=j

|f̃i − f̃j|
‖xi − xj‖

.

• (Noisy Setting) Modified Strongin Estimator:

L̂ := max
i 6=j

|f̃i − f̃j| − 2ē

‖xi − xj‖
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where ē is a hyper-parameter that estimates the tightest upper bound b̄ on the

noise. We consider modified Strongin Lipschitz estimators with a correctly

specified hyper-parameter (ē = b̄) and a hyper-parameter that is slightly larger

than the true upper bound (ē = 1.2b̄) as benchmarks.

3.3.4.2 Discussion

In Figure 3.2, we illustrate the performance of the LCLS algorithm against the

classical Strongin algorithm on the proposed set of test functions. We plot the

theoretical lower bounds on the sample complexity rate found in Section 3.2 in order

to provide an intuition for the theoretical bounds. As one would expect, due to the

fact that the Strongin algorithm was specifically designed for the noiseless setting,

our proposed approach converges more slowly in terms of number of samples on all

four test functions. However the difference in convergence speed is not significant

and is mitigated by the substantial divergence in computation time. We also note

that the plotted sample complexity rate implied by the lower bound of Section 3.2

does not appear to be tight which is unsurprising as it represents a min-max type

bound.

Remark 3.3.17 (Link between the proof of Theorem 3.3.7 and convergence of LCLS)

From the proof of Theorem 3.3.7, we have that the convergence of the LCLS algo-

rithm depends on two factors:

1. (I ∈ N) the diameter of the subsets of the regular partition (upper bounded

theoretically using a Taylor expansion).

2. (NI , I ∈ N) the number of samples in each subset (upper bounded theoretically

using a multivariate Chebyshev inequality).

The relation between these two factors is essential for ensuring quick convergence

of the LCLS algorithm. In particular, for cases where the second derivatives of the

target function f are large, NI can be decreased and I increased so that the LCLS

algrithm considers a finer partition of X (without having to increase the number of

sample points). This type of modification improves the linear approximation of the
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(a) (b) (c) (d)

Figure 3.4: Illustration of convergence speed relative to computation time in the bounded
noise setting using the set of test functions given in Table 3.1. We compare the LCLS
algorithm (in orange) and the modified-Strongin algorithm with a correctly (in green)
and incorrectly (in blue) specified hyper-parameter. We observe that the LCLS algorithm
performs better on all test functions.

gradient of f at the cost of increasing the noise in the local least squares estimates

(see Function (b) - Easom function in Figure 3.3).

In Figure 3.3, we observe the performance of the LCLS algorithm in the bounded

noise setting. Here, the convergence speed relative to sample size of the LCLS

method differs more significantly from the convergence speed of the correctly spec-

ified modified Strongin benchmark algorithm. This is again unsurprising as the

correctly specified modified Strongin algorithm makes use of additional information

on the noise distribution and the choice of a uniform noise distribution in the ex-

periment is beneficial towards its convergence speed12. We note that the modified

Strongin algorithm with a slightly incorrectly specified tightest upper bound fails to

show any sign of convergence and that the difference in computation time is more

significant than in the noiseless setting. The relation between computational com-

plexity and convergence rate of the LCLS and modified Strongin Lipschitz constant

estimators is illustrated more precisely in Figure 3.4 by plotting the convergence

rate relative to computation time. We observe that the LCLS estimator performs

better on all functions in the test set despite the fact that the modified Strongin

estimator utilises additional information on the noise distribution. In particular,

for Function (d) which takes inputs in R3, the LCLS algorithm needs 8.5 seconds

to generate estimates with an estimation error < 0.5, while the Strongin approach
12If a truncated Gaussian distribution had been used instead, the convergence speed of the

modified Strongin estimator could have been arbitrarily slowed by decreasing the variance of the
distribution.
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(a) (b) (c) (d)

Figure 3.5: Illustration of the LCLS algorithm in bounded (in light orange) and unbounded
noise settings (in dark orange) using the set of test functions given in Table 3.1. We ob-
serve no significant impact of the unboundedness of the noise distribution on the Lipschitz
constant estimates produced by LCLS.

needs approximately 4000 seconds. This suggests that for application settings with

high sampling capacity and time constraints, the LCLS method should be used even

when the modified Strongin algorithm can be properly specified.

In Figures 3.2, 3.3 and 3.4, the performance of the LCLS method seems to be more

dependent on the value of the maximum of the second degree partial derivatives

than the Strongin-based methods. This can be observed by noting the difference in

convergence performance for Function (b) relative to the other test functions13 and

is due to the fact that the LCLS algorithm depends on the maximum to define a

sufficiently refined partition of the input space in order to "localise" the computa-

tions and generate local Lipschitz constant estimates, see Remark 3.3.8 and Theorem

3.3.10 for a precise characterisation of the relationship. In some sense, the stronger

dependency on the maximum of the second degree partial derivatives of the target

function can be interpreted as a trade-off for the improvement in computation time

obtained by the LCLS algorithm.

The last illustration, provided in Figure 3.5, shows the convergence and computation

time of the LCLS algorithm in the unbounded noise setting. We do not provide a

benchmark as no alternative theoretically backed approaches exist in this setting:

the approaches of Beliakov [2005] and Calliess [2017] could be used but do not have
13See also Figure 3.7 and ensuing discussion.
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any asymptotic convergence guarantees. Instead, we compare the convergence rate

to the one obtained by LCLS in the bounded noise setting and observe the fact that

no significant performance loss has occurred when the noise is unbounded on any of

the test functions.

We conclude this section by remarking that throughout the experiments, our pro-

posed method has been relatively unaffected by the changes in sample setting as-

sumptions and can be used with minimal fine-tuning. Indeed, only the relation

between the number of samples in each subset and the diameter of each of these

subsets needs to be modified (see Remark 3.3.17). This relation can be set in a

theoretically principled manner by considering the results given in Remarks 3.3.11,

3.3.12 and Corollary 3.3.16 or treated as a hyper-parameter and set more heuristi-

cally. The flexibility of the LCLS algorithm is in contrast to existing asymptotically

consistent Lipschitz learning algorithms such as the benchmark approaches used in

this section which either only consider noiseless sampling settings or require prior

knowledge of the noise distribution in order to be applied.

3.4 Connections to Machine Learning & Related

Fields

The theoretical results derived in Section 3.2 are fundamental in nature. They can

be used as a benchmark when developing novel Lipschitz constant estimators or

more generally to provide a better theoretical understanding of algorithms that de-

pend explicitly on Lipschitz constant estimates of an underlying target function.

Utilising Corollaries 3.2.4 and 3.2.7 the worst-case estimation errors of Lipschitz

constant estimation can be better understood and their negative impact on overall

performance mitigated. This is particularly important as Lipschitz constant depen-

dent algorithms often rely on heuristic or experimental arguments which might not

always hold in practice to justify the Lipschitz constant estimation step.

In some settings, the LCLS estimator developed in Section 3.3 can be directly ap-
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plied to improve existing computational frameworks in which case the finite sample

guarantees derived in Theorem 3.3.10 and Corollary 3.3.13 can be used. In par-

ticular, when a (loose) bound on the second order partial derivatives of the target

function is known, a sequence of feasible Lipschitz constants converging to the best

Lispchitz constant at a known convergence speed is obtainable. Unfortunately, while

this approach is possible in all the sampling set-ups considered in this chapter, the

convergence rates obtained for the noisy sampling set-up (see Corollaries 3.3.13 and

3.3.16) can be too slow to be useful in some practical applications. In these cases, the

LCLS estimator can be applied directly to estimate the Lipschitz constant without

feasibility guarantees.

In the section below, we briefly discuss how the results and algorithms derived in this

chapter can be used in the fields of system identification and global optimisation.

3.4.1 Global Optimisation

A major subfield of global optimisation research focuses on sequential search meth-

ods that explicitly utilise the Lipschitz constant of the target function to remove

large sets in the search space and enhance the efficiency of exploration (Shubert

[1972], Mladineo [1986]). As a good estimate of the Lipschitz constant is not always

available in practice, work arounds must be be found (Jones et al. [1993]). In partic-

ular, a number of these optimisation frameworks make use of a Lipschitz constant

estimator (Kvasov and Sergeyev [2012] and references therein, D’Agostino [2022]).

The computation of these estimates is generally done heuristically without conver-

gence analysis or error-certificate of the Lipschitz constant estimates. Therefore,

the minimax bounds derived in Theorem 3.2.3 of Section 2 provide a context for

the expected performance of these methods. More precisely, given recent work by

Malherbe and Vayatis [2017] and Bachoc et al. [2021] which derives optimal sample

complexity rates for Lipschitz Optimisation when a Lipschitz constant is known,

it becomes possible to derive a lower bound on the sample complexity of adaptive

Lipschitz Optimisation algorithms that separate the optimisation procedure and the

Lipschitz constant estimation. We derive such a lower bound below as an example
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of how this can be done.

Following the set-up of certified online learning algorithms described in Bachoc et al.

[2021], we assume that we have access to a black-box target function f that can be

queried to obtain noiseless observations. The goal of certified global optimisation

is to design an algorithm that systematically queries f in order to generate an

output sequence ((xn, f(x∗n), ζn))n∈N where xn is the n-th query point, f(x∗n) is the

generated estimate of maxx∈X f(x) after n queries and ζn ≥ 0 is an error certificate

that guarantees: maxx∈X f(x)− f(x∗n) ≤ ζn.

Given an accuracy ε ∈ R+, we can then define the sample complexity 14 N(A, f, ε) of

a certified global optimisation algorithm A as the smallest number of queries needed

in order to obtain an error certificate smaller than ε for all f belonging to a function

class C, or in other words:

N(A, f, ε) := min{n ∈ N ∪ {+∞}|ζn < ε}.

Utilising this theoretical set-up, we can then combine the theoretical results of Ba-

choc et al. [2021] with Corollary 3.2.4 in order to obtain the following statement on

the worst case lower sample complexity bound of the adaptive Lipschitz optimisation

problem.

Proposition 3.4.1 (Sample Complexity - Adaptive Lipschitz Optimisation) As-

sume that X is the hypercube and consider the set A of adaptive Lipschitz opti-

misation algorithms which combine classical Lipschitz optimisation methods with a

separable15 feasible Lipschitz constant estimator. There exists constants C1, C2 > 0

such that ∀L∗ ≥ 0, A ∈ A and ε ∈ (0, ε0) where ε0 ∈ (0, 2d−1ML∗) :

sup
f∈C2(X ,K)∩Fp(L∗)

N(A, f, ε)

≥ C1αd(M,L∗, K)((1 + C2 max( min(
3

C2

,
1⌈

(1 + log2( ε0
ε

)
⌉
)

1
d + β(L∗, K, ε)

),

14Note: this differs slightly from the definition used in Bachoc et al. [2021].
15In other words, only knowledge of the Lipschitz constant estimate is used in the optimisation

part of the algorithm.
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γd(M,L∗, ε)

β(L∗, K, ε)
) )

1
2 − 1)d (3.2)

where m := maxy∈X f(y), VX = Md, K is as defined in Assumption 3 and

• αd(M,L∗, K) := (ML∗

K
)d represents the problem’s general dependency on the

input space size, true best Lipschitz constant of the target function and desired

precision of the optimisation algorithm and second degree partial derivatives.

• β(L∗, K, ε) := (1+
⌈
log2( ε0

ε
)
⌉
)1/d Kε

L∗2
represents the dependency on the true best

Lipschitz constant of the target function, the second degree partial derivatives

and and desired precision of the optimisation algorithm.

• γd(M,L∗, ε) := d

√
L∗ε(d−1)

M
represents the dependency on the input space size,

true best Lipschitz constant of the target function and desired precision of the

optimisation algorithm and second degree partial derivatives.

To our knowledge, (3.2) is the first lower bound on the sample complexity of adaptive

Lipschitz optimisation frameworks (see Malherbe and Vayatis [2017] for a possible

sample complexity upper bound provided by the adaLIPO algorithm). It depends

on the input space, desired precision and upper bounds on the first two orders of

differentiation of f . The structure of the proof of Proposition 3.4.1 as well as the two

terms contained in the max expression of the lower bound can be interpreted as a

comparison between the sample complexity arising from the optimisation procedure

and the one arising from the Lipschitz constant estimation. In particular, γd(L∗,M,ε)
β(L∗,K,ε)

is computed by considering the subset of linear functions of C2(X , K)∩Fp(L∗) which

is trivial to optimise in the case where the Lipschitz constant is known but becomes

complicated to certify if the Lipschitz constant estimation is difficult.

Unfortunately, the proposed bound is loose as the sampling scheme for the Lipschitz

optimisation algorithm can differ significantly from the sampling scheme of Lipschitz

constant estimator and is of moderate interest as it only considers a subset of adap-

tive Lipschitz optimisation algorithms. It does however provide an example of how

the lower bounds derived in Section 3.2 of this chapter can be utilised to theoreti-

cally analyse existing computational frameworks that rely on Lipschitz learning and

future work will consider refining the lower bound given in (3.2).
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LCLS-KI LACKI LACKI-Wrong NN-KI

Figure 3.6: Illustration of several non-parametric methods applied to noisy data. The
target function is f : x 7→ cos(4πx) + 2x and the noise is distributed according to a
truncated Gaussian distribution (std: 1, upper/lower bound: −2/2). The predictions
of the trained methods are plotted in orange and the training data in light blue (800
observations). From left to write: LCLS-KI: Kinky inference using the Lipschitz constant
estimate generated by the LCLS algorithm. LACKI: Adaptive Kinky Inference proposed
by Calliess et al. [2020] with correctly set error bounds. LACKI-wrong: LACKI method
with error bounds set at the wrong observational error bound (i.e. at 1.3× the true error
bound). NN-KI: Kinky inference method using the Lipschitz constant of a fitted Neural
Network model with sigmoid activation as proposed by Milanese and Novara [2004].

Finally, we note that the lower bounds derived in Section 3.2 can also be considered

in the application of recently proposed batch Bayesian optimisation frameworks

(González et al. [2016], Alvi et al. [2019]). Indeed, while these methods provide

interesting experimental results, the convergence bound stated in Corollary 3.2.4

shows that in the worst case the Lipschitz constant estimate generated from the fitted

Gaussian Process can differ significantly from the true Lipschitz constant - severely

impacting the performance of the algorithm in high dimensional settings. At best,

the Lipschitz constant estimate used in these chapters: maxx∈X ‖µ∇(x)‖ must be

replaced by maxx∈X ‖µ∇(x)‖+C(d, p)MK
d√n in order to ensure that the estimated value

is a feasible Lipschitz constant. Here µ∇ denotes the mean function of the gradient

function estimate associated to the fitted GP which can be computed efficiently

using the covariance function of the GP.

3.4.2 Non-parametric Regression for System Identification

As discussed in Chapter 2, Lipschitz interpolation frameworks (Milanese and Novara

[2004], Beliakov [2006], Calliess et al. [2020]) explicitly utilise the Lipschitz constant

of an underlying Lipschitz continuous target function to define the smallest set of all

possible systems that is consistent with the observed data and to provide optimal16

16See Theorem 2.2.4 and (Milanese and Novara [2004]).
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point estimates. In the relevant literature, a number of approaches have been used

to estimate the Lipschitz constant however these either rely on heuristic estimation

(Milanese and Novara [2004], Calliess [2017]) or on knowledge of often unavailable

hyper-parameters such as tight bounds on the noise (Novara et al. [2013],Calliess

et al. [2020]) which underestimate the true Lipschitz constant. Utilising the LCLS

algorithm developed in Section 3.3 would therefore be an interesting alternative ap-

proach to constructing an adaptive Nonlinear Set Membership framework. As noted

at the beginning of the section, we directly utilise the Lipschitz estimate produced

by the LCLS estimator as the worst-case error guarantees stated in Corollaries 3.3.13

and 3.3.16 are too conservative to be useful in the considered use case.

In Figure 3.6, we illustrate the performance of a hybrid LCLS - Kinky Inference

method in comparison to other non-parametric methods that depend explicitly on

the Lipschitz constant of the target function. The variation of the plotted non-

parametric predictors is a direct function of the Lipschitz constant estimated from

the data – when the Lipschitz constant estimate underestimates the true Lipschitz

constant flatter prediction curves that do not fully capture the nonlinearity of the

target function are produced while Lipschitz constant estimates that overestimate

the true Lipschitz constant produce overly input sensitive predictions. In fact, the

kinky inference framework converges to a nearest neighbour estimator as the Lisp-

chitz constant goes to infinity (Maddalena and Jones [2020b]).

Remark 3.4.2 In the hybrid regression method considered in this section, we ap-

ply the LCLS and the Kinky inference algorithms sequentially, effectively separating

the computation process. It is worth noting that the same methodology also allows

for the creation of more sophisticated regression techniques by integrating the LCLS

algorithm with either the projected or local extensions of the Kinky inference algo-

rithm.

In Figure 3.7, we observe that under the truncated Gaussian noise assumptions,

the proposed LCLS-KI approach seems to perform best in comparison to the other

non-parametric methods as long as the bound on the second derivative K (see As-

sumption 3) is not too large relative to the number of observations in the training
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Figure 3.7: Mean absolute error of the non-parametric methods discussed in Figure 3.6
and the neural network utilised to estimate the Lipschitz constant in the NN-KI method.
The target functions are given by fλ : x 7→ cos(2λπx)+λx, for λ = 1, 2, 4, 10 and associated
maximum second derivative: K := maxx∈X f

′′
λ (x) = 40, 158, 632, 2526. The values shown

in the plot are computed on a test set containing 500 independently sampled observations.

data. As noted in Section 3.3.4, this is due to the fact that the LCLS algorithm

is more dependent on K than other classes of Lipschitz learning algorithms and

can significantly underestimate the true Lipschitz constant when K is too large.

Therefore, when the second order derivatives are moderate and upper bounds on

the noise on the noise are not precisely known, the LCLS-KI algorithm provides an

interesting alternative to existing nonlinear set membership/Lipschitz interpolation

methods. Applications of LCLS-KI to the common-use case of such methods, e.g. in

learning-based model predictive control (Canale et al. [2014], Limon et al. [2017]),

could be pursued in future work.

3.5 Conclusions

In this chapter, we have established precise lower and upper bounds on the sam-

ple complexity of the estimation of Lipschitz constants under minimal parametric

constraints on the target function. Instead, our bounds rely on the assumption of

C2 regularity of the target function which, given a compact input space, implies

the existence of an upper bound on the second degree partial derivatives; this type

of assumption is unavoidable as if the second degree partial derivatives are not as-

sumed bounded, then the sample complexity can not be guaranteed to be finite and

any theoretical characterisation of the general Lipschitz learning problem is trivial.

The obtained bounds on the sample complexity are shown to be optimal in the
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noiseless sampling setting and in the noisy sampling setting for a slightly modified

but generally equivalent version of the problem under a Gaussian noise assump-

tion. These results can be used to provide a theoretical baseline for the Lipschitz

learning problem and to help drive the design of future black-box Lipschitz constant

estimators.

In order to derive the upper bound on the sample complexity, we have proposed a

new algorithm for Lipschitz learning based on local least squares regression that is

sample-optimal in the noiseless setting and in the noisy setting with Gaussian noise.

We have thoroughly investigated the theoretical properties of this algorithm showing

asymptotic consistency, guarantees on finite sample behaviour and computational

complexity in both noiseless and general noisy sampling settings.

A series of brief empirical experiments illustrate how these theoretical results trans-

late into practice and how the LCLS algorithm compares to existing classical Lip-

schitz constant estimators. The proposed method provides a suitable solution for

Lipschitz constant estimation when a theoretically principled and computationally

flexible approach is needed.
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Lemma 3.A.1 (Properties of F) For C1, C2 ∈ R, define the function g0 : Rd → R,

g0(x) =

C1e
− 1

1−C2
∑d
j=1

x2
j if C2

∑d
j=1 x

2
j < 1

0 otherwise.
.

The following properties of g0 can be shown;

1. maxx∈Rd ‖∇g0(x)‖2 ≈ 0.8C1

√
C2

2. maxx∈Rd,i,j∈{1,...,d}
∣∣ ∂2g0

∂xixj
(x)
∣∣ ≈ 7.75C1C2.
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Proof Let g0 be as described above. It follows from construction that g0 is a radial

function and that there exists u : [0,+∞) → R, such that ∀x ∈ Rd, u(
∑d

i=1 x
2
i ) =

g0(x) (and in other terms, ∀r ∈ [0,+∞), u(r) := g0(
√
r, 0, ..., 0) ). We can compute

the maximum magnitude (in ‖.‖2) of the gradient of g0 as follows:

max
x∈Rd
‖∇g0(x)‖2 = max

x∈Rd
‖

(
2x1u

′

(
d∑
i=1

x2
i

)
, 2x2u

′

(
d∑
i=1

x2
i

)
, ...

)
‖2

= max
x∈Rd
{

∣∣∣∣∣2u′
(

d∑
i=1

x2
i

)∣∣∣∣∣ ‖x‖2} = max
r∈R+

|2u′(r2)r| = max
0≤r≤ 1√

C2

{
2C1C2r

e
− 1

1−C2r
2

(1− C2r2)2

}

= C1

√
C2 max

0≤r≤1

{
2r

e
− 1

1−r2

(1− r2)2

}
.

Computing max0≤r≤1{2r e
− 1

1−r2

(1−r2)2} gives max0≤r≤1{2r e
− 1

1−r2

(1−r2)2} = 6
4√

33e

− 1

1− 1√
3

(
√

3−3)2 . Since g0

is continuously differentiable and the support of ∇g0 is compact, we have that there

exists x∗ ∈ Rd such that ‖∇g0(x∗)‖2 = C1

√
C2

6
4√

33

(
√

3−3)2 e
−
√

3√
3−1 ≈ 0.8C1

√
C2.

Similarly, we have that for i ∈ {1, ..., d}, x ∈ Rd;

∂2g0

∂x2
i

(x) = 2u′

(
d∑
i=1

x2
i

)
+ 4x2

iu
′′

(
d∑
i=1

x2
i

)
.

Here it is clear that for x∗ ∈ argmaxx∈Rd |∂
2g0

∂x2
i

(x)| either (1) x∗i = 0 or (2) x∗j = 0,

∀i 6= j. In the first case; we can compute maxr∈R+ |2u′(r)| = 8C1C2

e2
≈ 1.08C1C2. In

the second case, setting x = rei, we consider the computation of maxr∈R+ |2u′(r2) +

4r2u′′(r2)|. We have

2u′(r2) + 4r2u′′(r2) = 2C1C2e
− 1

1−r2
3C2

2r
4 − 1

(1− C2r2)4

and can compute

max
r∈R+

|2u′(r2) + 4r2u′′(r2)| = C1C2 max
r∈R+

|2e−
1

1−r2
3C2

2r
4 − 1

(1− C2r2)4
| ≈ 7.75C1C2.
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Therefore, we have maxx∈Rd |∂
2g0

∂x2
i

(x)| ≈ 7.75C1C2. Finally, we check ∀i 6= j ∈

{1, ..., d}, maxx∈Rd | ∂
2g0

∂xixj
(x)| = maxx∈Rd |4xixju′′(

∑d
i=1 x

2
i )|. Clearly, we can set

x = rei + sej for r, s ∈ R+. Computing this quantity gives:

max
x∈Rd

∣∣∣∣∣4xixju′′(
d∑
i=1

x2
i )

∣∣∣∣∣ = C1C
2
2 max

(r,s)∈R+×R+

∣∣∣∣∣ 4rse
− 1

1−C2(r2+s2)

(1− C2(r2 + s2))3

∣∣∣∣∣ = C1C2
8
√

2e−2−
√

2

(
√

2− 2)3
.

We obtain ∀i 6= j ∈ {1, ..., d}, maxx∈Rd | ∂
2g0

∂xixj
(x)| ≈ 1.85C1C2 ≤ maxx∈Rd |∂

2g0

∂x2
i

(x)|.

�

Proof of Theorem 3.2.3 (Sample Complexity Bound – Noiseless).

Let p = 2. If we can show that there exists a set F ⊂ C2(X , K) ∩ Fp(L∗) of functions

that can be constructed such that

∀L̂ ∈ Ln,p(X ), sup
f∈F
|L̂(f)− L∗p(f)| > ε

when n <
(
C(d, p)MK

ε
)d, then Theorem 3.2.3 follows directly. This expression can

be simplified to the equivalent statement:

∀L̂ ∈ Ln,p(X ),∃f ∈ F such that |L̂(f)− L∗p(f)| > ε.

Consider the following functional family. For C1 ∈ R, C2 ∈ R+,

F0(C1, C2)

:=
{
gz : Rd → R|z ∈ X , gz(x) =

C1e
− 1

1−C2
∑d
j=1

(xj−zj)2 if C2

∑d
j=1(xj − zj)2 < 1

0 otherwise.

}
.

For any L∗, we can consider the family FL∗(C1, C2) by adding a linear component,

e.g. L∗x1 to gz ∈ F0(C1, C2). In this case, we have by the construction of F0(C1, C2)

that for all g0
z ∈ F0(C1, C2) with support in X and gL

∗
z ∈ FL∗(C1, C2), z ∈ X ,

maxx∈Rd ‖∇gL
∗

z (x)‖2 = maxx∈Rd ‖∇g0
z(x)‖2 + L∗ and maxx∈Rd,i,j∈{1,...,d}

∣∣∂2gL
∗

z (x)
∂xixj

∣∣ =

maxx∈Rd,i,j∈{1,...,d}
∣∣∂2g0

z(x)
∂xixj

∣∣. The second relation is obvious while the first follows from
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the fact that all g0
z ∈ F(C1, C2) are radial functions which implies that all gradients

of g0
z are either pointing towards or away from z with equal magnitude along any

hypersphere of fixed radius. Therefore, by the properties g0
z shown in Lemma 3.A.1,

for any choice of linear component l : Rd → R, l(x) = ax+ b for a ∈ Rd, b ∈ R such

that ‖a‖2 = L∗, there exists x∗ ∈ X such that maxx∈Rd ‖∇g0
z(x)‖2 = ‖∇g0

z(x
∗)‖2

and ∇g0
z(x
∗) and a have the same direction (if they have opposite direction it suf-

fices to take x∗ that is diametrically opposed on the same hypersphere). With this

construction,

max
x∈Rd
‖∇gL∗z (x)‖2 = ‖∇g0

z(x
∗) + a‖2 = ‖∇g0

z(x)‖+ ‖a‖2 = max
x∈Rd
‖∇gL∗z (x)‖+ L∗.

We can therefore restrict our proof to considering the case where L∗ = 0.

In the first part of the proof, we will show that for carefully selected values C∗1 , C∗2 ∈

R, X contains ∼ (MK
ε

)d disjointed ‖.‖2-hyperspheres B := {Bi}i∈{1,...,(MK
ε

)d} of radius
1√
C∗2

such that; ∀Bi, Bj ∈ B, Bi ⊂ X , Bi ∩ Bj = ∅ if i 6= j and a set F ⊂ F0 of

associated functions with the following properties; ∀gz̄i ∈ F associated to Bi ∈ B,

1. supp(gz̄i) = Bi,

2. maxx∈X ‖∇gz̄i(x)‖2 ≥ 2ε (+L∗ if L∗ 6= 0) ,

3. ∀k, j ∈ {1, ..., d}, maxx∈X |
∂2gz̄i
∂xkxj

(x)| ≤ K.

To do so we consider the gradient and second order partial derivatives of the func-

tions in F . Let g ∈ F , applying Lemma 3.A.1, we have :

1. maxx∈Rd ‖∇g(x)‖2 ≈ 0.8C1

√
C2 (+L∗ if L∗ 6= 0)

2. maxx∈Rd,i,j∈{1,...,d}
∣∣∂2g(x)
∂xixj

∣∣ ≈ 7.75C1C2.

Using these values, we can define the values of C∗1 and C∗2 discussed earlier in the

proof. Firstly, in order to have g ∈ C2(Rd, K), we need maxx∈Rd,i,j∈{1,...,d} | ∂
2g

∂xixj
(x)| ≤

K. This implies the relation C1 = K
7.75C2

. Secondly, we set C2 such that maxx∈X
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‖∇g(x)‖2 = 0.8C1

√
C2 = 2ε. Plugging in the relation for C1 given above;

0.1K√
C2

= 2ε⇔ (
K

20ε
)2 = C∗2 and C∗1 =

51ε2

K
.

Setting l = 1√
C∗2

= 20ε
K

we have

supp(g)17 :=

{
x ∈ Rd|C∗2

d∑
i=1

x2
i < 1

}
= Bl(c)

where Bl(z) denotes the d-dimensional ball of radius l defined with respect to ‖.‖2

and centred in c ∈ X . The last step before defining F is to count how many balls

of radius l can fit18 in X = [0,M ]d. Here, we use a lower bound that is obtained

by considering the regular hypercube partition of X of side-length l̃, defined by;

N :=
⌊
M
l

⌋
and l̃ = M

N
. Let B denote the set of balls of radius l that can be inscribed

in a subset belonging to the hypercube partition of X . Then, for all Bi, Bj ∈ B,

Bi ⊂ X and Bi ∩Bj = ∅. Furthermore, we have |B| = (M
l̃

)d ≈
(
MK
20ε

)d (+ constant).

The associated set F of functions can be constructed by utilising the set Z of ball

centers zi for Bi ∈ B and the values C∗1 , C∗2 computed above to define

F := {gz ∈ F0(C∗1 , C
∗
2)|z ∈ Z} ∪ {f 0}

where f 0 ≡ 0. Suppose that n < 1
20d

(
MK
ε

)d and consider an arbitrary L̂ ∈ Ln,p(X ).

By construction, there exists a ball B in the set B with associated ball center z ∈ Z

(as defined above) such that no observations are sampled in B. Therefore, if the

unknown target function f ∈ {g0
z , f

0} then ∀(x,Ω(x)) ∈ DL̂, Ω(x) = 0. This implies

that we can freely set the target function to either g0
z or f 0 with no change to

the Lipschitz constant estimate generated by L̂. It then suffices to select g0
z if L̂

generates a prediction that is smaller than ε and f 0 otherwise. As the choice of L̂
17Which we define as the subset of X where g is non-zero.
18This is often referred to as a "packing" of X by balls of radius l and the maximum cardinality

of such a set is called the "packing number" denoted N(X , l).
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was arbitrary, this implies that:

∀L̂ ∈ Ln,p(X ),∃f ∈ F such that |L̂(f)− L∗p(f)| > ε

and therefore:

inf
L̂∈Ln,p(X )

sup
f∈C2(X ,K)∩Fp(L∗)

|L̂(f)− L∗p(f)| > ε.

Utilising norm equivalences and Lemma 2.1.1, we can apply similar arguments to

the ones given above to obtain that in the case: p = 1, the sample complexity of the

Lipschitz learning problem can be lower bounded by
(
C(d)MK

ε

)d, where C(d) = 1

20d
1
2
.

�

Proof of Theorem 3.2.6 (Sample Complexity Bound – Noisy).

Let ε > 0 be sufficiently small such that 40ε
K
< M (which implies that the packing

number N(X , 20ε
K

) > 0). Consider the maximal packing Bε of X of radius 20ε
K

with

respect to ‖.‖2 and the associated class of functions F0 defined in Lemma 3.A.1

which we denote Fε in this proof in order to explicitly mark the dependence on ε

(we only consider L∗ = 0). We recall that for all B ∈ Bε and associated fB ∈ Fε;

maxx∈B ‖∇fB(x)‖q = 2ε and maxx∈X\B ‖∇fB(x)‖q = 0. Therefore, by construction

of Fε, we have for any distinct pair of functions f1, f2 ∈ Fε and ∀x ∈ X

max {Loss(x, f1), Loss(x, f2)} = max {|‖∇f1(x)‖q − L∗|, |‖∇f2(x)‖q − L∗|} > ε.

with L∗ := 2ε. This implies that

inf
L̂∈Ln,p(X )

sup
f∈C2(X ,K)

P(Loss(xL̂(f), f) > ε) ≥ inf
Â∈H

sup
f∈Fε

P(f Â 6= f).

where H denotes the class of algorithms that utilise the data samples DL̂ in order to

select the correct f in Fε. In order to lower bound the right hand side of the above

equation, Fano’s Lemma can be applied. To do so, we first estimate log(|Fε|) and

supf1,f2∈Fε KL (pf1||pf2) where pf denotes the density defined on (X ,Y) of a noisy

sample (x, f̃x) associated to f ∈ Fε (defined more precisely below). The first term:
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log(|Fε|) follows directly from the proof of Theorem 3.2.3 where we obtained that

|Fε| = |Bε| ≥
(
MK
20ε

)d which implies

log(|Fε|) ≥ d log(
MK

20ε
).

Let f ∈ Fε. Denoting the density of the uniform measure on X as λu and the density

of the Gaussian measure on R with mean µ ∈ R and variance σ2 as νµ,σ2 , we have

∀x ∈ X , y ∈ R, pf (x, y) = λu(x)νf(x),σ2(y). Then, the second term can be upper

bounded as follows:

sup
f1,f2∈Fε

KL (pf1||pf2) =

ˆ
X×R

pf1(x, y) log

(
pf1(x, y)

pf2(x, y)

)
d(x, y)

=

ˆ
X

ˆ
R
νf1(x),σ2(y) log

(
νf1(x),σ2(y)

νf2(x),σ2(y)

)
dyλu(x)dx

(i)
=

1

2σ2

ˆ
X
|f1(x)− f2(x)|2λu(x)dx

(ii)
≤ 1

σ2
‖f1 − f2‖2

∞

ˆ
vol(Bε)

λu(x)dx

where Bε denotes an arbitrary ball in the packing defined by Bε, (i) follows from the

well-known KL-divergence of univariate Gaussians and (ii) follows by construction

of Fε. By the proof of Theorem 3.3.7, we have for all B ∈ Bε and associated fB ∈ Fε,

supx∈B |fB(x)| = C∗1 = 51ε2

K
. Furthermore,

´
vol(Bε)

λu(x)dx = c̃vol(Bε)
Md = c̃′

(
20ε
MK

)d for

some constants c̃, c̃′ := c(d) > 0. Therefore, there exists a constant c > 0 such that

sup
f1,f2∈Fε

KL (pf1||pf2) ≤ c

σ2

εd+4

MdKd+2
.

Applying Fano’s Lemma, we obtain for an arbitrary ordering of Fε:

inf
L̂∈Ln,p(X )

sup
f∈C2(X ,K)

P(Loss(xL̂(f), f) > ε)

≥ 1−
log(2) + n supf1,f2∈Fε KL (pf1||pf2)

log(|Fε|)
≥ 1−

log(2) + n c
σ2

εd+4

MdKd+2

d log(MK
20ε

)
.
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Therefore, for ε sufficiently small and any arbitrary δ ∈ (0, 1),

inf
L̂∈Ln,p(X )

sup
f∈C2(X ,K)

P(Loss(xL̂(f), f) > ε) ≤ δ =⇒ 1−
log(2) + n c

σ2
εd+4

MdKd+2

d log(MK
20ε

)
≤ δ.

Taking the limit as ε goes to 0, we have that if n /∈ Ω
(
MdKd+2 log(MK

ε
)

εd+4

)
, then

limε→0+ 1− log(2)+n c
2σ2

εd+4

MdKd+2

d log(MK
20ε

)
= 1 > δ. This implies that

n ∈ Ω

(
σ2MdKd+2 log(MK

ε
)

εd+4

)

must necessarily hold in order for infL̂∈Ln,p(X ) supf∈C2(X ,K) P(Loss(xL̂(f), f) > ε) ≤ δ

to hold and concludes the proof.

�
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Appendix 3.B Proofs: Theoretical Properties of LCLS

Proof of Proposition 3.3.4 (Computational Complexity of LCLS).

Follows directly from the computational complexity of the linear least squares re-

gression algorithm which is O(nsamples).

�

3.B.1 Technical Lemmas

The proof of Theorem 3.3.7 relies on the following technical lemmas.

Lemma 3.B.1 (Fundamental logarithm inequalities) For all x > 0,

1− 1

x
≤ log(x) ≤ x− 1.

Lemma 3.B.2 Let δ ∈ (0, 1), then ∀x ≥ 2 log( 1
1− δ

2

):

1

1− x

√
1− δ

2

≤ 2x

log( 1
1− δ

2

)
.

Proof Let x > 2 log( 1
1− δ

2

) be arbitrary, we have

1

1− x

√
1− δ

2

≤ 2x

log( 1
1− δ

2

)
⇐⇒ 1 ≤ 2x

log( 1
1− δ

2

)
(1− x

√
1− δ

2
).

Then,
2x

log( 1
1− δ

2

)
(1− x

√
1− δ

2
) =

2x

log( 1
1− δ

2

)
(1− e

− 1
x

log( 1

1− δ2
)
).

Utilising the fact that ey ≤ 1+y+y2 for all y < 1, we have that the above expression

is greater or equal to:

2x

log( 1
1− δ

2

)

(
1

x
log(

1

1− δ
2

)− 1

x2
log(

1

1− δ
2

)2

)
= 2

(
1− 1

x
log(

1

1− δ
2

)

)
≥ 1
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where last inequality follows from the fact that x > 2 log( 1
1− δ

2

).

�

Lemma 3.B.3 Consider a sequence of partitions (HI)I∈N used by LCLS and assume

that for a given η ∈ (0, 1] the sampling distribution satisfies Assumption 5. Then,

∀I ∈ N, ∀H ∈ HI , ‖
(
XH
I

>
XH
I

)−1

‖2 ≤
16

ηδHI
2
NH
I

.

Proof Let λmax(M) denote the maximum eigenvalue of a matrix M if it exists.

∀I ∈ N, ∀H ∈ HI , we have ‖
(
XH
I
>
XH
I

)−1

‖2 = 1

σmin(XH
I
>
XH
I )

where σmin(XH
I
>
XH
I )

denotes the smallest singular value of XH
I
>
XH
I . Therefore, we can focus on showing

the following relation that implies the Lemma statement:

σmin(XH
I

>
XH
I ) ≥ ηNH

I

16
δHI

2
.

Let X̄H
I be the design matrix without the first column of ones, ie. X̄H

I =


x>H1

x>H2

...

x>H
NH
I

,
we have

σmin(XH
I

>
XH
I ) = σmin(XH

I

>
)2 = min

‖u‖2=1
‖XH

I

>
u‖2

2 = min
‖u‖2=1

‖

 1>
NH
I

X̄H
I

>

u‖2
2

≥ min
‖u‖2=1

‖

 0>
NH
I

X̄H
I

>

u‖2
2 = min

‖u‖2=1
‖X̄H

I

>
u‖2

2 = σmin(X̄H
I

>
X̄H
I ).

Therefore we can consider the smallest singular value of X̄H
I instead of XH

I which

allows for a direct use of Assumption 5. We have

σmin(X̄H
I

>
X̄H
I ) = λmin(X̄H

I

>
X̄H
I ) = min

u∈Rd,‖u‖2=1
u>X̄H

I

>
X̄H
I u = min

u∈Rd,‖u‖2=1

NH
I∑

i=1

〈xHi , u〉2.

Let u∗min ∈ Rd denote the eigenvector associated to λmin(X̄H
I

>
X̄H
I ) with ‖u∗min‖2 = 1.
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Then, u∗min satisfies
∑NH

I
i=1〈xHi , u∗min〉2 = min

‖u‖2=1

∑NH
I

i=1〈xHi , u〉2.

Using u∗min, we can construct an orthonormal basis of {u∗min, u2, ..., ud} of Rd (such

a basis can be constructed using the Gramm-Schmitt algorithm). Then, since DH
I

contains ηNH
I points in each ball associated to an element of an δHI

8
-cover of H, we

have that there exists at least ηNH
I pairs of datapoints (xHi , f̃Hj), (xHj , f̃Hj) ∈ DH

I

such that ∃{αi}i∈{1,...,d}, αi ∈ R with |α1| >
δHI
2

and (xHi−xHj) = α1u
∗
min+

d∑
k=2

αkuk.

This implies that max(|〈xHi , u∗min〉|, |〈xHj , u∗min〉|) ≥
δHI
4
. Indeed, if |〈xHi , u∗min〉| <

δHI
4
, then

|〈xHj , u∗min〉| = |〈xHj − xHi + xHi , u
∗
min〉| = |〈xHj − xHi , u∗min〉+ 〈xHi , u∗min〉|

≥ δHI
2
− δHI

4
=
δHI
4
.

Using this inequality ηNH
I times we can conclude, σmin(X̄H

I

>
X̄H
I ) =

∑NH
I

i=1〈xHi , u∗min〉2

≥ ηNH
I (

δHI
4

)2.

�

Lemma 3.B.4 Consider the constructions of Definition 3.3.3. The following rela-

tionship holds for all I ∈ N,

V (X )Γ(d
2

+ 1)2d

π
d
2 maxH∈HI (∆H

I )
d
≤ |HI | ≤

V (X )Γ(d
2

+ 1)2d

π
d
2 minH∈HI (δn)d

where V (X ) denotes the volume of X .

Proof Follows directly from the definition of {δHI }H∈HI , {∆H
I }H∈HI and volume

formula for the d-dimensional ball.

�

Lemma 3.B.5 Let the notation and assumptions be as described in Theorem 3.3.7
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and define x∗ ∈ X as x∗ ∈ argmaxx∈X‖∇f(x)‖q. Then, ∀I ∈ N,

∣∣‖∇f(x∗)‖q − max
H∈HI

{‖E
[
β̂HI

]
‖q}
∣∣ ≤ 4

√
ddnqK√
η

aI .

where nq = dmax{ 1
q
− 1

2
,0}.

Proof Note: such an x∗ exists by compactness of X and the fact that f ∈ C2(X ).

By definition, [b̂HI , β̂
H
I ]> = (XH

I
>
XH
I )−1XH

I
>
f̃HI . Computing the expectation of this

expression yields

E
[
[b̂HI , β̂

H
I ]>

]
= E

[
(XH

I

>
XH
I )−1XH

I

>
f̃HI

]
= E

[
(XH

I

>
XH
I )−1XH

I

>
fHI

]
+ E

[
(XH

I

>
XH
I )−1XH

I

>
γHI

]
= (XH

I

>
XH
I )−1XH

I

>
fHI .

∀H ∈ HI , let cH ∈ H (closure of H) be such that ‖∇f(cH)‖q = maxx∈H̄{‖∇f(x)‖q}

which exists by compactness of H̄ and the fact that f ∈ C2(X ). Then, using the

second order Taylor expansion of f around ch, every coordinate fHk of fHI can be

re-expressed as

fHk = f(cH)+(xHk−cH)>∇f(cH)+(xHk−cH)>Hess(cH+rHk(xHk−cH))(xHk−cH),

(3.3)

where rHk ∈ [0, 1] and Hess denotes the Hessian matrix of f . To alleviate notation,

let ‖.‖q̃ denote a pseudo-norm on Rd+1 defined by; x ∈ Rd+1, ‖x‖q̃ := q

√∑d+1
i=2 x

q
i if

q <∞ and ‖x‖∞̃ := maxi∈{2,...,d+1} |xi| otherwise. Then, using the definition of XH
I ,

‖E[β̂HI ]‖q = ‖

E[b̂HI ]

E[β̂HI ]

 ‖q̃ = ‖(XH
I

>
XH
I )−1XH

I

>
fHI ‖q̃

= ‖(XH
I
>
XH
I )−1XH

I
>

(XH
I


f(cH)− c>H∇f(cH)

0

...

0

 +XH
I

 0

∇f(cH)

 +


(xH1

− cH)>Hess(rH1
)(xH1

− cH)

(xH2 − cH)>Hess(rH2 )(xH2 − cH)

...

)‖q̃
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= ‖


f(cH)− c>H∇f(cH)

0

...

0

 +

 0

∇f(cH)

 + (XH
I
>
XH
I )−1XH

I
>

(


(xH1

− cH)>Hess(rH1
)(xH1

− cH)

(xH2 − cH)>Hess(rH2 )(xH2 − cH)

...

)

︸ ︷︷ ︸
=:J(H)

‖q̃ .

Plugging this expression into the theorem statement yields:

∣∣‖∇f(x∗)‖q − max
H∈HI

{‖E[β̂HI ]‖q}
∣∣ = ‖∇f(x∗)‖q − max

H∈HI
{‖E[β̂HI ]‖q}

≤ ‖∇f(x∗)‖q − (max
H∈HI

{‖

 0

∇f(cH)

 ‖q̃} − max
H∈HI

{‖J(H)‖q̃})

≤ ‖∇f(x∗)‖q − max
H∈HI

{‖∇f(cH)‖q}+ max
H∈HI

{‖J(H)‖q} = max
H∈HI

{‖J(H)‖q}

where the last equality follows from the fact that there exists H ∈ HI such that

x∗ ∈ H. As f ∈ C2(X , K), we have ∀i, j ∈ {1, ..., d}, ∀x ∈ X that | ∂2f
∂xi∂xj

(x)| < K.

This implies that ‖Hess(x)‖1 ≤ dK ∀x ∈ X and by matrix norm equivalence;

‖Hess(x)‖2 ≤
√
d‖Hess(x)‖1 ≤ d

√
dK, ∀x ∈ Rd. Therefore, since matrix p-norms

are sub-multiplicative;

‖J(H)‖q ≤ nq‖J(H)‖2 ≤ nq‖(XH
I

>
XH
I )−1XH

I

>‖2‖


(xH1 − c1)>Hess(rH1)(xH1 − cH)

(xH2 − c2)>Hess(rH2)(xH2 − cH)
...

 ‖2

where nq = dmax{ 1
q
− 1

2
,0}. Using Lemma 3.B.3 we have

‖(XH
I

>
XH
I )−1XH

I

>‖2 = ‖XH
I ((XH

I

>
XH
I )>)−1‖2 =

√
λmax((XH

I
>
XH
I )−1)

=

√
‖(XH

I
>
XH
I )−1‖2 ≤

4

δHI
√
ηNH

I

where λmax denotes the maximum eigenvalue of (XH
I
>
XH
I )−1. Furthermore, the

components of the vector on the right-hand side can be upper bounded by;

|(xH1 − c1)>Hess(rH1)(xH1 − cH)| ≤ ‖(xH1 − c1)>‖2‖Hess(rH1)(xH1 − cH)‖2
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≤ ‖(xH1 − c1)>‖2‖Hess(rH1)‖2‖(xH1 − cH)‖2 ≤ ∆H
I

2√
ddK.

Combining these two upper bounds we can conclude:

∣∣‖∇f(x∗)‖q − max
H∈HI

{‖E[β̂HI ]‖q}
∣∣ ≤ max

H∈HI

4
√
ddKnq√
η

∆H
I

2

δHI
=

4
√
ddnqK√
η

aI .

�

Lemma 3.B.6 If the Assumptions of Theorem 3.3.7 hold, then ∀I ∈ N, the dif-

ference between the Lipschitz estimate generated by the LCLS method with noisy

sampling L̂I and the Lipschitz estimate generated by the LCLS method with noise-

less sampling L̄I can be upper bounded by;

P(|L̄I − L̂I | >
ε

2
) ≤ 1−

∏
H∈HI

(1− 26σ2dmax{ 2
q
,1}

ηε2
1

NH
I δ

H
I

2 ). (3.4)

Proof Let I ∈ N. ∀H ∈ HI denote by [bHI , β
H
I ] the least squares coefficients

computed using (XH
I , f

H
I ) (instead of (XH

I , f̃
H
I )), i.e. the noiseless least squares

coefficients. Then,

E
[
[b̂HI , β̂

H
I ]>

]
= E

[
(XH

I

>
XH
I )−1XH

I

>
fHI

]
= [bHI , β

H
I ]>.

Therefore, we can write (with nq = dmax{ 1
q
− 1

2
,0})

P
(∣∣∣L̄I − L̂I∣∣∣ > ε

2

)
= P

(
| max
H∈HI

{‖[βHI ]‖q} − max
H∈HI

{‖β̂HI ‖q}| >
ε

2

)

= P
(∣∣∣∣max

H∈HI
{‖E

[
β̂HI

]
‖q} − max

H∈HI
{‖β̂HI ‖q}

∣∣∣∣ > ε

2

)

≤ P
(∣∣∣∣max

H∈HI
{‖E

[
β̂HI

]
‖q − ‖β̂HI ‖q}

∣∣∣∣ > ε

2

)
≤ P

(
max
H∈HI

{‖E
[
β̂HI

]
− β̂HI ‖q} >

ε

2

)

≤ P
(

max
H∈HI

{‖E
[
β̂HI

]
− β̂HI ‖2} >

ε

2nq

)
= 1− P

(
max
H∈HI

{‖E
[
β̂HI

]
− β̂HI ‖2} <

ε

2nq

)

≤ 1−
∏
H∈HI

P
(
‖E
[
β̂HI

]
− β̂HI ‖2 <

ε

2nq

)
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= 1−
∏
H∈HI

(
1− P

(
‖E
[
β̂HI

]
− β̂HI ‖2 ≥

ε

2nq

))
.

In order to upper bound the term given in product: P(‖E[β̂HI ] − β̂HI ‖2 ≥ ε
2nq

), we

use the covariance matrix: var([b̂HI , β̂HI ]) = σ2(XH
I
>
XH
I )−1 which follows from the

fact that the components of γHI are assumed to be uncorrelated with mean 0 and

variance σ2. We also denote by Tr(M) the trace of a matrix M ∈ Rd×d. Then,

by applying an extension of Chebyshev’s inequality to finite dimensional vectors

(Ferentios [1982]) and Lemma 3.B.3, we have

P
(
‖E
[
β̂HI

]
− β̂HI ‖2 ≥

ε

2nq

) Chebychev′s
Inequality

≤
4n2

qσ
2Tr((XH

I
>
XH
I )−1)

ε2

≤
4n2

qσ
2d‖
(
XH
I
>
XH
I

)−1

‖2

ε2
Lemma 3.B.3

≤
4n2

qσ
2d

ε2
16

ηδHI
2
NH
I

=
26n2

qσ
2d

ηε2
1

NH
I δ

H
I

2 .

Plugging this expression into the product given above concludes the proof.

P(|L̄I − L̂I | >
ε

2
) ≤ 1−

∏
H∈HI

(
1− 26σ2dmax{ 2

q
−1,0}d

ηε2
1

NH
I δ

H
I

2

)
.

�

3.B.2 Proof of Main Theoretical Properties of LCLS

Proof of Theorem 3.3.7 (General Convergence Rate).

We recall that ∀I ∈ N, the Lipschitz estimate L̂I is obtained by considering the

partition HI and computing maxH∈HI{‖E[β̂HI ]‖q}. Let ε > 0 be arbitrary. We need

to show for p = 1, 2:

lim
I→∞

P(|L∗p − L̂I | > ε) = 0

and for p > 2

lim
I→∞

P(|Lp − L̂I | > ε) = 0 with Lp ∈ R≥L∗p .
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Since f verifies Assumption 3 and X is convex and compact, Lemma 2.1.1 guar-

antees the existence of x∗ ∈ X such that ‖∇f(x∗)‖q = L∗p for p = 1, 2 and

Lp := ‖∇f(x∗)‖q = maxx∈X ‖∇f(x)‖p ≥ L∗p for p > 2.

Therefore, for all p ≥ 1, we can consider the statement;

lim
I→∞

P(|‖∇f(x∗)‖q − L̂I | > ε) = 0.

Let I ∈ N and consider P(|‖∇f(x∗)‖q − L̂I | > ε). This expression can be split into

two terms:

P(|‖∇f(x∗)‖q − L̂I | > ε)

≤ P
(
|‖∇f(x∗)‖q − max

H∈HI
{‖E

[
β̂HI

]
‖q}| >

ε

2

)
︸ ︷︷ ︸

(I)

+P
(
| max
H∈HI

{‖E
[
β̂HI

]
‖q} − L̂I | >

ε

2

)
︸ ︷︷ ︸

(II)

.

In the following, we show that both (I) and (II) converge to 0 when I goes to infinity.

(I): From Lemma 3.B.5,
∣∣‖∇f(x∗)‖q −maxH∈HI{‖E

[
β̂HI

]
‖q}
∣∣ ≤ 4

√
ddnqK√
η

aI . Plug-

ging this upper bound into the above expression, we have

P
(
|‖∇f(x∗)‖q − max

H∈HI
{‖E

[
β̂HI

]
‖q}| >

ε

2

)
≤ P(

4
√
ddnqK√
η

aI >
ε

2
).

By hypothesis 2. limI→∞ aI = 0 and therefore there exists I1 ∈ N sufficiently large

such that 4
√
ddnqK√
η

aI1 ≤ ε
2
and therefore P(4

√
ddnqK√
η

aI1 >
ε
2
) = 0.

(II): We show that P(|maxH∈HI{‖E[β̂HI ]‖q} − L̂I | > ε
2
) converges to 0 as I goes

to infinity. Let L̄ denote the Lipschitz constant estimate generated by LCLS with

noiseless samples. Then, applying Lemma 3.B.6, we have the following upper bound

on P(|maxH∈HI{‖E[β̂HI ]‖q} − L̂I | > ε
2
):

P(| max
H∈HI

{‖E
[
β̂HI

]
‖q} − L̂I | >

ε

2
) = P(|L̄I − L̂I | >

ε

2
)
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≤ 1−
∏
H∈HI

(1− 16σ2dmax{ 2
q
,1}

ηε2
1

NH
I δ

H
I

2 ) ≤ 1− (1− 26σ2dmax{ 2
q
,1}

ηε2 minH∈HI (N
H
I δ

H
I

2
)
)|HI |.

As by Theorem hypothesis 2 limI→∞maxH∈HI (∆
H
I ) = 0, applying Lemma 3.B.4

implies that limI→∞ |HI | = ∞. Therefore using the fact that limI→∞ bI = 0, we

have limI→∞maxH∈HI
(

1

NH
I δ

H
I

2

)
= limI→∞

1

minH∈HI N
H
I δ

H
I

2 = 0.

To alleviate notation, let (αI)I∈N be the sequence defined by αI := 26σ2d
max{ 2

q ,1}

ηε2 minH∈HI N
H
I δ

H
I

2 ,

then limI→∞
1

minH∈HI N
H
I δ

H
I

2 = 0 implies that ∃Ī ∈ N such that ∀I ≥ Ī, αI < 0.5.

Utilising fundamental logarithm inequalities, we obtain:

1− (1− αI)|HI | ≤ |HI | log(
1

1− αI
) ≤ |HI |

αI
1− αI

≤ |HI |
αI
2

=
25σ2dmax{ 2

q
,1}

ηε2
|HI |

minH∈HI N
H
I δ

H
I

2 =
(25σ2dmax{ 2

q
,1}

ηε2
)
bI

I→∞−→ 0.

�

Proof of Corollary 3.3.9 (Noiseless Oracle).

As in the proof of Theorem 3.3.7, we can consider the statement; p ∈ N,

lim
I→∞

P(|‖∇f(x∗)‖q − L̂I | > ε) = 0

where x∗ ∈ argmaxx∈X‖∇f(x)‖p. Since the data samples contain no noise, L̂I =

maxH∈HI {‖E[β̂HI ]‖q} and

P(|‖∇f(x∗)‖q − L̂I | > ε) = P(|‖∇f(x∗)‖q − max
H∈HI

{‖E[β̂HI ]‖q}| > ε).

Then, applying Lemma 3.B.5 and using limI→∞ aI = 0 as in the proof of Theorem

3.3.7 gives the desired convergence result.

(Note: that the least squares estimation is well defined as NH
I ≥ d+ 1 and Assump-

tion 5 holds.)

�

Proof of Theorem 3.3.10 (Finite Sample Guarantee).
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We show the equivalent statement; P(|Lp − L̂I | > ε) ≤ δ. where as in proof of

Theorem 3.3.7, Lp := ‖∇f(x∗)‖q with x∗ := argmaxx∈X‖∇f(x)‖p and Lp = L∗p for

p = 1, 2, Lp ≥ L∗p for p > 2.

In the hypercube set-up, we have ∀I ∈ N>1, ∀H ∈ HI , ∆H
I =

√
dM
I

, δHI = M
I

and

|HI | = Id. Let ε > 0, δ ∈ (0, 1
2
]: From the proof of Theorem 3.3.7 we have that three

following inequalities need to be satisfied in order for (3.1) to hold. From (I) we

need 4
√
ddnqK√
η

∆H
I

2

δHI
≤ ε

2
in order for P(|‖∇f(x∗)‖q −maxH∈HI{‖E[β̂HI ]‖q}| > ε

2
) = 0.

This implies that;

I ≥ 8d2
√
dnq√
η

MK

ε
.

From (II), we have the following two inequalities that need to be satisfied;

(1) αI =
26σ2dmax{ 2

q
,1}

ηε2 minH∈HI N
H
I δ

H
I

2 < 0.5

(2)
25σ2dmax{ 2

q
,1}

ηε2
|HI |

minH∈HI N
H
I δ

H
I

2 < δ.

The first implies that
27dmax{ 2

q
,1}σ2

η

I2

M2ε2
< min

H∈HI
NH
I

and the second expression gives

25dmax{ 2
q
,1}σ2

η

I2

M2ε2
|HI |
δ

< min
H∈HI

NH
I .

Since |HI | = Id, I ∈ N>1 and δ ∈ (0, 1
2
], we have that if the minH∈HI N

H
I satisfies

(2) then (1) is true as well. Therefore, we have ∀H ∈ HI ;

25dmax{ 2
q
,1}σ2

η

Id+2

δM2ε2
< min

H∈HI
NH
I .

Setting C1(d) = 8d2
√
ddmax{ 1

q
− 1

2
,0} and C2(d, q) = 25dmax{ 2

q
,1}d concludes the proof.

�

Proof of Theorem 3.3.15 (Asymptotic Sample Complexity – Gaussian

Noise).
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Consider the setting described by Theorem 3.3.15 with I =
⌈
C1(d)MK

ε

⌉
when ε > 0.

As described in the proof of Theorem 3.3.10: in the the hypercube set-up we have

∀H ∈ HI , ∆H
I =

√
dM
I

, δHI = M
I

and |HI | = Id.

For all ε > 0, let Aε denote the event that every H ∈ HI contains a number of

samples NH
I equal or greater than C(d)

log(MK
ε

)σ2K2

ε4
for a constant C(d) > 0 that

depends on d (see (?) for the explicit definition of C(d)) and is (
δHI
8
, η)-covered

where η = vol(B1(0))
23d+13d

where vol(B1(0)) denotes the volume of the d-dimensional unit

ball. More precisely,

Aε := {∀H ∈ HI : NH
I ≥ C(d)

log(MK
ε

)σ2K2

ε4
∧H is (

δHI
8
, η)-covered}.

Let us assume that there exists ε̄ > 0 such that ∀ε ∈ (0, ε̄), P(Aε) > 0 (this will

follow from (??) given at the end of the proof). Then,

sup
f∈C2(X ,K)

P(Loss(xL̂I(f), f) > ε) ≤ sup
f∈C2(X ,K)

P(Loss(xL̂I(f), f) > ε|Aε) + P(Acε).

Therefore, in order to show Theorem 3.3.15, it suffices to show that both terms of

the right-hand expression given above converge to 0 as ε goes to 0. The first part

of the proof considers supf∈C2(X ,K) P(Loss(xL̂I(f), f) > ε|Aε). We will show that for

all δ > 0, there exists ε̄∗ such that ∀ε ∈ (0, ε̄∗),

sup
f∈C2(X ,K)

P(Loss(xL̂I(f), f) > ε|Aε) < δ.

Notation 3.B.7 To alleviate notation, we omit the conditional dependence on Aε
in the following computations.

Fix an arbitrary δ > 0 and define ∀H ∈ HI , β̄HI := [bHI , β
H
I ]> = (XH

I
>
XH
I )−1XH

I
>
fHI .

As the noise and the sampling distribution are independent and every input sample

is selected independently, we have

β̄HI = E
[
[b̂HI , β̂

H
I ]>

∣∣∣XH
I

]
= E

[
[b̂HI , β̂

H
I ]>

∣∣∣GXI ]
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where we recall (from Chapter 2) that GXI denotes the set of all sample inputs.

(Note that β̄HI is a random variable as the sample inputs are randomly sampled).

We have

P(Loss(xL̂I(f), f) > ε) = P
(∣∣∣L∗p − ‖∇f(xL̂I(f))‖q

∣∣∣ > ε
)

≤ P
(∣∣∣L∗p − L̂I(f)

∣∣∣ ≥ ε

2

)
+ P

(∣∣∣L̂I(f)− ‖∇f(xL̂I(f))‖q
∣∣∣ ≥ ε

2

)
≤ P

(∣∣∣∣‖∇f(x∗)‖q − max
H∈HI

{‖E
[
β̂HI

∣∣∣GXI ] ‖q}∣∣∣∣ > ε

4

)

+P
(∣∣∣∣max

H∈HI
{‖E

[
β̂HI

∣∣∣GXI ] ‖q} − L̂I(f)

∣∣∣∣ > ε

4

)
+P
(∣∣∣‖∇f(xL̂I(f))‖q − ‖E

[
β̂H

L̂I (f)

I

∣∣∣GXI ] ‖q}∣∣∣ > ε

4

)
+P
(∣∣∣‖E [β̂HL̂I (f)

I

∣∣∣GXI ] ‖q − L̂I(f)
∣∣∣ > ε

4

)
.

where x∗ := argmaxx∈X |‖∇f(x)‖q = L∗p by Lemma 2.1.1 (for p = 1, 2) and β̂HL̂I (f)

I

denotes parameters of the linear regression associated to the hypercube argmaxH∈HI‖β̂
H‖q.

By the arguments given at the beginning of Lemma 3.B.6, we have∣∣∣∣max
H∈HI

{‖E
[
β̂HI

∣∣∣GXI ] ‖q} − L̂I(f)

∣∣∣∣ ≤ nq max
H∈HI

{‖E
[
β̂HI

∣∣∣GXI ]− β̂HI ‖2}

where we recall nq = dmax{ 1
q
− 1

2
,0}. Similarly, by construction of LCLS, the reverse

triangle inequality and norm equivalence,

∣∣∣‖E [β̂HL̂I (f))
I

∣∣∣GXI ] ‖q − L̂I∣∣∣ =
∣∣∣‖E [β̂HL̂I (f))

I

∣∣∣GXI ] ‖q − ‖β̂HL̂I (f))
I ‖q

∣∣∣
≤ nq‖E

[
β̂
HL̂I (f))
I

∣∣∣GXI ]− β̂HL̂I (f))
I ‖2 ≤ nq max

H∈HI
{‖E

[
β̂HI

∣∣∣GXI ]− β̂HI ‖2}.

Therefore,

P(Loss(xL̂I(f), f) > ε) ≤ P
(∣∣∣∣‖∇f(x∗)‖q − max

H∈HI
{‖E

[
β̂HI

∣∣∣GXI ] ‖q}∣∣∣∣ > ε

4

)
︸ ︷︷ ︸

(i)

+P
(∣∣∣‖∇f(xL̂I(f))‖q − ‖E

[
β̂H

L̂I (f)

I

∣∣∣GXI ] ‖q∣∣∣ > ε

4

)
︸ ︷︷ ︸

(ii)
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+2P
(

max
H∈HI

{‖E
[
β̂HI

∣∣∣GXI ]− β̂HI ‖2} >
ε

4nq

)
︸ ︷︷ ︸

(iii)

.

The terms (i), (ii) in the above expression can be shown to be equal to 0 with

similar arguments. For (i), Lemma 3.B.5 can be utilised (as Aε is assumed to hold)

to obtain:∣∣∣∣‖∇f(x∗)‖q − max
H∈HI

{‖E
[
β̂HI

∣∣∣GXI ] ‖q}∣∣∣∣ ≤ max
H∈HI

4
√
ddKnq√
η

∆H
I

2

δHI
≤ 4
√
ddnqK√
η

aI

and it follows from applying the same approach as the one used in the proof of

Lemma 3.B.5 (as Aε is assumed to hold), that

∣∣∣‖∇f(xL̂I(f))‖q − ‖E
[
β̂H

L̂I (f)

I

∣∣∣GXI ] ‖q∣∣∣ ≤ 4
√
ddKnq√
η

∆HL̂I (f)

I

2

δH
L̂I (f)

I

≤ 4
√
ddnqK√
η

aI .

Note that η is defined in the omitted conditioning on Aε. Then, we have by definition

of I =
⌈
C1(d)MK

ε

⌉
,

4
√
ddnqK√
η

aI =
4
√
dd2nqK√
η

M

I
≤ 4
√
dd2nq√
η

ε

C1(d)
=
ε

4
.

where the last line follows from the fact C1(d) = 16d2
√
dnq√
η

. Therefore, conditional on

Aε, we have

P
(∣∣∣∣‖∇f(x∗)‖q − max

H∈HI
{‖E

[
β̂HI

∣∣∣GXI ] ‖q}∣∣∣∣ > ε

4

)
= P

(∣∣∣‖∇f(xL̂I(f))‖q − ‖E
[
β̂H

L̂I (f)

I

∣∣∣GXI ] ‖q∣∣∣ > ε

4

)
= 0.

In order to show that (iii) converges to 0 as ε goes to 0, we define for all H ∈

HI : EH := {‖E[β̂HI

∣∣∣GXI ] − β̂HI ‖2 ≤ ε
4nq
}, consider an arbitrary ordering of HI :=

{H1, ..., H|HI |} and apply similar arguments as the ones utilised in the proof of

Lemma 3.B.6 to obtain

P
(

max
H∈HI

{‖E
[
β̂HI

∣∣∣GXI ]− β̂HI ‖2} >
ε

4nq

∣∣Aε) = 1− P(∀H ∈ HI , E
H
∣∣Aε)
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= 1− P
(
EH1

∣∣Aε) |HI |∏
i=2

P
(
EHi

∣∣Aε, EH1 , ..., EHi−1
)
.

The computation of the local linear regressions parameters is done independently

with no data overlap implying that the conditioning expression: {EH1 , ..., EHi−1}

(for i = 1, ..., |HI |) can only impact the probability by affecting the number of

samples contained in Hi: NHi
I which are utilised in the local linear regression. As

the probabilities are also each conditioned on Aε which provides a fixed lower bound

on NH
I for all H ∈ HI and the remaining arguments for this part of the proof will

only utilise this fact, we use a slight abuse of notation in order to alleviate notation

and omit the dependencies on {EH1 , ..., EHi−1} (for i = 1, ..., |HI |) in the remainder

of this part of the proof. Therefore, we can consider

1−
∏
H∈HI

(
1− P

(
‖β̄HI − [b̂HI , β̂

H
I ]>‖2 ≥

ε

4nq

∣∣Aε)) .
In order to upper bound P(‖β̄HI − [b̂HI , β̂

H
I ]>‖2 ≥ ε

4nq
|Aε) a more refined bound than

the general Chebyshev inequality used in the proof of Lemma 3.B.6 is utilised. In-

stead, we apply Corollary 3 of Pinelis and Sakhanenko [1986] to obtain an alternative

bound (see (iv) below).

Remarking that 0 < ε < C1(d)MK
3

implies I =
⌈
C1(d)MK

ε

⌉
≤
√

2C1(d)MK
ε
, we set

ε̄1 := C1(d)MK
3

. Then, for all ε ∈ (0, ε̄1),

P
(
‖β̄HI − [b̂HI , β̂

H
I ]>‖2 ≥

ε

4nq

∣∣Aε) = P
(
‖(XH

I

>
XH
I )−1XH

I

>
γHL ‖2 ≥

ε

4nq

∣∣Aε)

(iv)
≤ 2e

−
( ε
4nq

)2

2E[‖(XH
I
>
XH
I

)−1XH
I
>
γH
L
‖22|Aε] .

As the Gaussian vector (XH
I
>
XH
I )−1XH

I
>
γHL has covariance matrix σ2(XH

I
>
XH
I )−1,

we can utilise the tower rule to observe that

E
[
‖(XH

I

>
XH
I )−1XH

I

>
γHL ‖2

2

∣∣∣Aε] = E
[
E[‖(XH

I

>
XH
I )−1XH

I

>
γHL ‖2

2|GXI ]
∣∣∣Aε]
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= E
[
σ2Tr((XH

I

>
XH
I )−1)

∣∣∣Aε] ≤ E
[
dσ2‖(XH

I

>
XH
I )−1‖2

∣∣∣Aε] ≤ 16dσ2

ηδHI
2
N̄I

where N̄I := C(d)
log(MK

ε
)σ2K2

ε4
is given byAε (with C(d) explicitly determined below).

The first inequality follows from the fact that the trace of a matrix is equal to the

sum of its eigenvalues and the second inequality follows from Lemma 3.B.3 which

can be applied by definition of Aε. This implies:

P
(
‖β̄HI − [b̂HI , β̂

H
I ]>‖2 ≥

ε

4nq

∣∣Aε) ≤ 2e
− ε

2ηδHI
2
N̄I

29n2
qdσ

2 = 2e
− ε2ηM2N̄I

29n2
qI

2dσ2 ≤ 2e
− ε4ηN̄I

210n2
qK

2C1(d)2dσ2 .

Therefore, denoting C2(d) := η
210n2

qC1(d)2d
and substituting the above expression into

the initial upper bound, we obtain

P
(
Loss(xL̂I(f), f) > ε

∣∣Aε) ≤ 2P
(

max
H∈HI

{‖E
[
β̂HI

∣∣∣GXI ]− β̂HI ‖2 >
ε

4nq

∣∣Aε)

≤ 2− 2
∏
H∈HI

(1− 2e−C2(d)
ε4N̄I
σ2K2 ) = 2− 2(1− 2e−C2(d)

ε4N̄I
σ2K2 )|HI |.

Then, setting 2− 2(1− 2e−C2(d)
ε4N̄I
σ2K2 )|HI | ≤ δ, we obtain that if

N̄I ≥
σ2K2

C2(d)ε4
log(

2

1− |HI |
√

1− δ
2

)

then P(Loss(xL̂I(f), f) > ε
∣∣Aε) ≤ δ. As |HI | is monotonically increasing and

converges to infinity as ε goes to 0, there exists ε̄2 > 0 such that ∀ε ∈ (0, ε̄2),

|HI | ≥ 2 log( 1
1− δ

2

). This implies that we can apply Lemma 3.B.2 to obtain:

2

1− |HI |
√

1− δ
2

≤ 4|HI |
log( 1

1− δ
2

)
.

Therefore, we have that the following stronger condition on N̄I implies P(Loss(xL̂I(f), f) >

ε) ≤ δ:

N̄I ≥
σ2K2

C2(d)ε4
log(

2

1− |HI |
√

1− δ
2

) ⇐= N̄I ≥
σ2K2

C2(d)ε4
log(

4|HI |
log( 1

1− δ
2

)
).
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We can rewrite this lower bound with |HI | expressed in terms of ε:

σ2K2

C2(d)ε4
log(

4|HI |
log( 1

1− δ
2

)
) =

σ2K2

C2(d)ε4
log(2d+2C1(d)d(

MK

ε
)dlog(

1

1− δ
2

)−1)

=
σ2K2

C2(d)ε4
d log(C3(d) log(

1

1− δ
2

)−
1
d
MK

ε
)

where C3(d) := 21+ 2
dC1(d). Finally, there exists ε̄3 > 0 such that ∀ε ∈ (0, ε̄3),

C3(d)

log( 1
1− δ

2

)
1
d

≤ MK

ε

which implies

N̄I ≥ C∗(d)
σ2K2

ε4
log(

MK

ε
) =⇒ P(Loss(xL̂I(f), f) > ε) ≤ δ

where C∗(d) := 2d
C2(d)

. Therefore, as C∗(d) only depends on d (note that η depends

only on d) we can set C(d) = C∗(d) (?).

Selecting ε̄∗ := min(ε1, ε2, ε3), we have ∀ε ∈ (0, ε̄∗)

sup
f∈C2(X ,K)

P(Loss(xL̂I(f), f) > ε|Aε) < δ.

As the choice of δ > 0 was arbitrary, this concludes the first part of the proof.

(??) We now show limε→0+ P(Acε) = 0 with C∗(d) as defined above in (?). Let

ε ∈ (0, C1(d)MK) be arbitrary and define the following events:

A1
ε :=

{
∀H ∈ HI : NH

I ≥ C∗(d)
log(MK

ε
)σ2K2

ε4

}

A2
ε :=

{
∀H ∈ HI : H is (

δHI
8
, η)-covered

}
.

We recall:

Aε :=

{
∀H ∈ HI : NH

I ≥ C∗(d)
log(MK

ε
)σ2K2

ε4
∧H is (

δHI
8
, η)-covered

}
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=
{
A1
ε ∧ A2

ε

}
.

We can write:

P(Acε) = 1− P(Aε) = 1− P(A2
ε |A1

ε)P(A1
ε)

which is well defined as we will show that P(A1
ε) > 0 for sufficiently small ε. There-

fore, if we can show that

lim
ε→0+

P(A2
ε |A1

ε) = lim
ε→0+

P(A1
ε) = 1

then the proof of (??) is concluded.

(I) We begin by showing limε→0+ P(A1
ε) = 1. For all H ∈ HI , we define

EHε (n) :=

{
H contains ≥ C∗(d)

log(MK
ε

)σ2K2

ε4
for total sample points equal to n

}

where n denotes the total number of samples which was assumed to satisfy: n ≥

C
σ2MdKd+2 log(MK

ε
)

εd+4 for a fixed constant C > 0 (defined explicitly below). Then,

considering an arbitrary ordering of HI := {H1, ..., H|HI |}, we have

P(A1
ε) = P

(
∀H ∈ HI , EHε (n)

)
=
(
EH1
ε (n)

) |HI |∏
i=2

P
(
EHiε (n)

∣∣EH1
ε (n), ..., EHi−1

ε (n)
)
.

As the inputs are sampled independently and the elements of HI are disjointed by

construction, we have ∀i ∈ {2, ..., |HI |}

P
(
EHiε (n)

∣∣EH1
ε (n), ..., EHi−1

ε (n)
)

= P

(
EHiε (n− (i− 1)C∗(d)

log(MK
ε

)σ2K2

ε4
)

)
.

It trivial to see that ∀i ∈ {1, ..., |Hi|}, P(EHiε (n)) is increasing in n. Thus, we have

P(A1
ε) ≥

|HI |∏
i=1

P

(
EHiε (n− |HI |C∗(d)

log(MK
ε

)σ2K2

ε4
)

)
.

For ε > 0 satisfying ε < C1(d)MK, we have I ≤ 2C1(d)MK
ε
. Therefore, using
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|HI | = Id ≤ (2C1(d)MK)d

εd
, we have

|HI |
C∗(d) log(MK

ε
)σ2K2

ε4
≤ (2C1(d)MK)d

εd
C∗(d) log(MK

ε
)σ2K2

ε4

= (2C1(d))dC∗(d)
MdKd+2 log(MK

ε
)

εd+4
≤ (2C1(d))dC∗(d)

C
n

where the last inequality follows from the theorem assumption: n ≥ C
σ2MdKd+2 log(MK

ε
)

εd+4 .

Therefore, defining C̄1 := 2(2C1(d))dC∗(d), setting C ≥ C̄1, and utilising the upper

bound derived above, we obtain

|HI |∏
i=1

P

(
EHiε (n− |HI |C∗(d)

log(MK
ε

)σ2K2

ε4
)

)
≥
|HI |∏
i=1

P
(
EHiε (n− n

2
)
)

=

|HI |∏
i=1

P
(
EHiε (

n

2
)
)
.

We now consider for all H ∈ HI the computation of P(EHε (n
2
)) for which we will

derive a lower bound.

For all H ∈ HI , denote MH
I (n) := |{i ∈ {0, ..., n} : xi ∈ H}| the random vari-

able19 that counts the number of sample inputs in H. As every sample input is

sampled uniformly on X and for all H ∈ HI vol(H) = (M
I

)d ≥ εd

(2C1(d)K)d
, we

have that the probability of a sample input being in H ∈ HI can be modelled us-

ing a Bernouilli random variable with success probability p = vol(H)
vol(X )

≥ εd

(2C1(d)MK)d
.

Therefore,MH
I (n) can be modelled as a sum of independent Bernoulli variables with

success probability p. From Lemma 1 of Stone [1982], we have

P(MH
I (n) ≤ E[MH

I (n)]

2
) ≤ (

2

e
)
E[MH

I (n)]

2 .

In order to apply this result, we observe that as C ≥ C̄1 = 2(2C1(d))dC∗(d) (by

construction), the following relations hold:

E[MH
I (
n

2
)] =

n

2
p ≥

σ2K2 log(MK
ε

)

ε4
C

C1(d)d2d+1
≥ C∗(d)

log(MK
ε

)σ2K2

ε4

where the rightmost term corresponds to the bound stated in the definition of the
19In essence, MH

I (n) = NH
I but makes explicit the dependency on n.
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EHε (n
2
) events. This implies that P(EHε (n

2
)) can be lower bounded as follows:

P
(
EHε (

n

2
)
)

= P

(
MH

I (
n

2
) ≥ C∗(d)

log(MK
ε

)σ2K2

ε4

)

= 1− P

(
MH

I (
n

2
) ≤ C∗(d)

log(MK
ε

)σ2K2

ε4

)
≥ 1− P

(
MH

I (
n

2
) ≤

E[MH
I (n

2
)]

2

)

≥ 1− (
2

e
)
E[MH

I (n2 )]

2 .

Plugging this expression into the initial bound, we obtain:

|HI |∏
i=1

P
(
EHiε (

n

2
)
)
≥
|HI |∏
i=1

(
1− (

2

e
)
E[MH

I (n2 )]

2

)
.

As E[MH(n
2
)] ≥ σ2K2 log(MK

ε
)

ε4
C

C1(d)d2d+1 and |HI | = Id (i.e. both terms increase poly-

nomially with respect to 1
ε
), the above expression can be shown to go to 1 as ε goes

to 0. This implies that if C ≥ C̄1, then

lim
ε→0+

P(A1
ε) = 1.

(II) We now show that limε→0+ P(A2
ε |A1

ε) = 1.

By the law of total probability, we can derive:

P(A2
ε |A1

ε) =
∑

{N̄H
I }H∈HI∈VI(n)

P
(
A2
ε |{N̄H

I }H∈HI
)
P
(
{NH

I }H∈HI = {N̄H
I }H∈HI

∣∣A1
ε

)

=
∑

{N̄H
I }H∈HI∈VI(n)

( ∏
H∈HI

P(H is (
δHI
8
, η)-covered|N̄H

I )

)
P
(
{NH

I }H∈HI = {N̄H
I }H∈HI

∣∣A1
ε

)

where VI(n) := {{N̄H
I }H∈HI ∈ N≥c(ε)|HI | :

∑
H∈|HI |N

H
I = n} with c(ε) := C∗(d)

log(MK
ε

)σ2K2

ε4

defined as the bound stated in A1
ε . The second equality follows from the definition of

(
δHI
8
, η)-covered and the disjointness of the partition. Note that VI(n) is non-empty,

i.e. n ≥ c(ε)|HI |, due to the inequality: C ≥ C̄1 set in (I).
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For an arbitrary {N̄H
I }H∈HI ∈ VI(n), we now focus on lower bounding

∏
H∈HI P(H

is (
δHI
8
, η)-covered |N̄H

I ).

In order to do so, for each H ∈ HI we define CHI : the minimal cover of H with balls

of radius δHI
8

with respect to ‖.‖2 and the associated set of hyperballs: BHI .

Let I ∈ N, H ∈ HI be arbitrary, without loss of generality, we can assume that

CHI ⊂ H as H is a hypercube. This implies that for all B ∈ BHI , vol(B ∩ H) ≥

2−dvol(B) = 2−dvol(B1(0))(
δHI
8

)d where vol(B1(0)) corresponds to the volume of the

unit ball and is a constant20 that depends on d. Utilising {BHI }H∈HI , we construct

the set B̃HI as follows

B̃HI :=
{
B̃H
I ⊂ H : ∃BH

I ∈ BHI such that B̃H
I = H ∩BH

I

}
.

We have
⋃
B∈B̃HI

B = H, |B̃HI | = |CHI | and for all B ∈ B̃HI , vol(B) ≥ vol(B1(0))(
δHI
16

)d.

Furthermore, by Theorem 14.2 of Wu [2017], we have

|B̃H | = |CHI | ≤ (
233

δHI
)d

δHI
d

vol(B1(0))
=

23d3d

vol(B1(0))
.

Clearly, if each set in B̃HI contains ηNH
I sample inputs, then H is (

δHI
8
, η)-covered.

For all BH ∈ B̃H , we define the event:

EBH (N) := {BH contains ≥ ηN inputs if N samples are in H.}.

Then, we can apply the same arguments as the ones given in (I) to obtain:

P
(
H is (

δHI
8
, η)-covered|N̄H

I

)
≥ P

(
∀BH ∈ B̃H : EBH (N̄H

I )
)

≥
∏

BH∈B̃H

P
(
EBH (N̄H

I − η|B̃H |N̄H
I )
)
≥

∏
BH∈B̃H

P
(
EBH

(
N̄H
I (1− η 23d3d

vol(B1(0))
)

))

=
∏

BH∈B̃H

P
(
EBH (

1

2
N̄H
I )

)
20In fact, a closed form for vol(B1(0)) is known, vol(B1(0)) = π

d
2

Γ( d
2 +1)

.
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where the last equality follows from the fact that by assumption, η = vol(B1(0))
23d+13d

.

Following the same approach as in (I): we consider the random variablesMBH (N) :=

|{i ∈ {1, ..., N} : xi ∈ BH}| where xi are samples that are selected uniformly on H.

For all BH ∈ B̃H , MBH (N) can be modelled as the sum of independent Bernouilli

variables with success probability: p = vol(BH)
vol(H)

≥ vol(B1(0))(
δHI
16

)d

δHI
d = vol(B1(0))

16d
and

satisfying

E
[
MBH (

N̄H
I

2
)

]
=
N̄H
I

2
p ≥ N̄H

I

vol(B1(0))

24d+1
.

Using this inequality, we observe:

ηN̄H
I =

vol(B1(0))

23d+13d
N̄H
I ≤ N̄H

I

vol(B1(0))

24d+1
≤ E[MBH (

N̄H
I

2
)].

Therefore, leveraging the same arguments as the ones utilised in (I), we can apply

Lemma 1 of Stone [1982] to obtain:

P
(
EBH (

1

2
N̄H
I )

)
≥ 1− (

2

e
)N̄

H
I
vol(B1(0))

24d+2 .

By construction, we have that for all ε > 0 and I = I(ε) ∈ N, {N̄H
I }H∈HI ∈ VI(n)

which implies that for all H ∈ HI , N̄H
I ≥ c(ε). Combining this bound with the

lower bound derived above, we obtain for all H ∈ HI :

P(H is
(
δHI
8
, η)-covered|N̄H

I

)
≥

∏
BH∈B̃H

P
(
EBH (

1

2
N̄H
I )

)
≥

∏
BH∈B̃H

1−(
2

e
)N̄

H
I
vol(B1(0))

24d+2

≥
(

1− (
2

e
)c̄(ε)

vol(B1(0))

24d+2

)|B̃H |
≥
(

1− (
2

e
)c̄(ε)

vol(B1(0))

24d+2

) 23d3d

vol(B1(0))

.

As the lower bound derived above does not depend on {N̄H
I }H∈HI ∈ VI(n), we plug

it into the initial expression to obtain

∑
{N̄H

I }H∈HI∈VI(n)

( ∏
H∈HI

P(H is (
δHI
8
, η)-covered|N̄H

I )

)
P({NH

I }H∈HI = {N̄H
I }H∈HI

∣∣A1
ε)
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≥
∏
H∈HI

(
1− (

2

e
)c̄(ε)

vol(B1(0))

24d+2

) 23d3d

vol(B1(0)) ∑
{N̄H

I }H∈HI∈VI(n)

P({NH
I }H∈HI = {N̄H

I }H∈HI
∣∣A1

ε)

=
∏
H∈HI

(
1− (

2

e
)c̄(ε)

vol(B1(0))

24d+2

) 23d3d

vol(B1(0))

≥
(

1− (
2

e
)c̄(ε)

vol(B1(0))

24d+2

) 24d3d(C1(d)MK)d

vol(B1(0))εd

where the last inequality follows from: for all ε > 0 satisfying ε < C1(d)MK, we have

I ≤ 2C1(d)MK
ε

implying |HI | = Id ≤ (2C1(d)MK)d

εd
. It is relatively straightforward to

see that the lower bound derived above converges to 1 as ε goes to 0. Therefore:

1 ≥ lim
ε→0+

P(A2
ε |A1

ε) ≥ lim
ε→0+

(
1− (

2

e
)c̄(ε)

vol(B1(0))

24d+2

) 24d3d(C1(d)MK)d

vol(B1(0))εd

= 1.

This shows:

lim
ε→0+

P(Acε) = 1− lim
ε→0+

P(A2
ε |A1

ε) lim
ε→0+

P(A1
ε) = 1− 1 · 1 = 0

and concludes the proof of Theorem 3.3.15.

�

Proof of Corollary 3.3.16 (Finite Sample Guarantee – Gaussian Noise).

The assumptions of Corollary 3.3.16 imply that the event Aε defined in the proof

of Theorem 3.3.15 holds with constants specified in the statement of the corollary:

η ∈ (0, 1) and C1(d) = 16d2
√
dd

max{ 1
q−

1
2 ,0}

√
η

.

Therefore, the same arguments as the ones used in the first part of the proof of

Theorem 3.3.15 can be applied in order to obtain ∀ε ∈ (0, C1(d)MK
3

):

sup
f∈C2(X ,K)

P(|L̂I(f)− L∗p(f)| > ε) ≤ P
(

max
H∈HI

{‖E
[
β̂HI

∣∣∣GXI ]− β̂HI ‖2} >
ε

4nq

)

where we note that as we consider P(|L̂I(f)−L∗p(f)| > ε) instead of P(Loss(xL̂I(f), f) >

ε), a factor 2 disappears.
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This implies that we can consider the statement ∀δ ∈ (0, 1
2
):

P
(

max
H∈HI

{‖E
[
β̂HI

∣∣∣GXI ]− β̂HI ‖2} >
ε

4nq

)
≤ δ

in order to show Corollary 3.3.16.

Let ε ∈ (0, C1(d)MK
3

) and δ ∈ (0, 1
2
) be arbitrary. Again applying the arguments

of Theorem 3.3.15, with δ, we obtain that the above expression holds if ε ≤ ε̄∗ :=

min(ε1, ε2, ε3) where ε1, ε2, ε3 > 0 depend on δ and ε. We consider each of the epsilon

separately:

(ε1). By construction, ε1 = C1(d)MK
3

and by assumption: ε ∈ (0, C1(d)MK
3

). Therefore,

ε < ε1 holds.

(ε2). ε2 is set such that the relation: |HI | ≥ 2 log( 1
1−δ ) holds (in order to apply

Lemma 3.B.2). Substituting |HI | = Id and δ ≤ 1
2
into the expression yields:

|HI | ≥ 2 log(
1

1− δ
) ⇐= Id ≥ 2 log(2).

As ε ∈ (0, C1(d)MK
3

) and I is defined to be I =
⌈
C1(d)MK

ε

⌉
, I ≥ 3 and the above

holds. Therefore, ε < ε2 holds.

(ε3). ε3 is defined such that the following relation holds:

∀H ∈ HI , N̄
H
I ≥

σ2K2

C2(d)ε4
log(

4|HI |
log( 1

1−δ )
)

where N̄H
I is guaranteed number of samples in H ∈ HI . By the assumptions of

Corollary 3.3.16, we have N̄H
I = C̃∗(η, d)σ

2K2

ε4
log( 4

1
d I

log( 1
1−δ )

1
d

) for all H ∈ HI . By

construction, C̃∗(d) =
210n2

qC1(d)2d2

η
= d

C2(d)
. Therefore:

N̄H
I ≥

σ2K2

C2(d)ε4
log(

4|HI |
log( 1

1−δ )
) ⇐⇒ N̄H

I ≥
dσ2K2

C2(d)ε4
log(

4
1
d I

log( 1
1−δ )

1
d

)

holds by design for all ε ∈ (0, C1(d)MK
3

) . Therefore, ε < ε3 holds.
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Thus, we have shown: ∀ε ∈ (0, C1(d)MK
3

), δ ∈ (0, 1
2
)

sup
f∈C2(X ,K)

P(|L̂I(f)− L∗p(f)| > ε) ≤ δ.

�

Appendix 3.C Proofs: Sample Complexity of Adap-

tive Lipschitz Optimisation

In this section we prove the lower bound on the sample complexity of certified

adaptive Lipschitz optimisation algorithms given in Section 3.4.

Proof of Proposition 3.4.1 (Sample Complexity of Adaptive Lipschitz

Optimisation).

Fix ε > 0, L∗ ≥ 0 and let A be a non-adaptive certified optimisation algorithm

which takes a given Lipschitz constant L̄ > L∗ as a hyperparameter. Using the

notation given in Section 3.4: with n-queries to the oracle, A outputs a triplet

((xn, f(x∗n), ζn))n∈N where xn is the n-th query point, f(x∗n) is the generated estimate

of maxx∈X f(x) after n queries and ζn ≥ 0 is an error certificate that guarantees:

maxx∈X f(x) − f(x∗n) ≤ ζn. From Theorem 3 of Bachoc et al. [2021] with ε0 <

2d−1ML∗ (this follows from the fact that X is a hypercube), we have that for all

f ∈ {h : X → |h is Lipschitz cont. and L∗p(h) < L̄}:

N(A, f, ε) ≥
cdL

∗d(1− L∗

L̄
)d

1 +
⌈
log2( ε0

ε
)
⌉ ˆ

X

dx

(f(x∗)− f(x) + ε)d
. (3.5)

where cd > 0 (It is important to note that the term cdL
∗d is not optimised in

Bachoc et al. [2021] and could be improved in future work). Now, consider an

adaptive Lipschitz optimisation algorithm Ã with a separable Lipschitz constant

estimator L̃Ã(f). If L̃Ã(f) can be guaranteed to be feasible (e.g. see discussion after

Corollary 3.3.13) then equation (3.5) holds for Ã and ∀f ∈ C2(X , K)∩Fp(L∗) with
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L̄ replaced by L̃Ã(f) 21. The precision at which L̃Ã(f) estimates L∗(f) therefore

directly impacts the lower bound on N(Ã, f, ε). From the Corollary 3.2.4 given in

Section 3.2, we have that ∀n ∈ N, any Lipschitz learning algorithm L̃ ∈ Ln,p that

guarantees feasible Lipschitz constants must satisfy

sup
f∈C2(X ,K)∩Fp(L∗)

L̃(f)− L∗ ≥ C
MK
d
√
n
.

for some C > 0. This implies that for all A ∈ A, there exists a non-empty set

GA ⊂ C2(X , K)∩Fp(L∗) such that ∀f ∗ ∈ GA, L̃A(f ∗)−L∗ ≥ C
2
MK
d√n . Then, denoting

I(f) := cdL
∗d

1+dlog2(
ε0
ε

)e
´
X

dx
(f(x∗)−f(x)+ε)d

in order to alleviate notation, we have ∀A ∈ A,

N(A, ε) := sup
f∈C2(X ,K)∩Fp(L∗)

N(A, f, ε) ≥ sup
f∈C2(X ,K)∩Fp(L∗)

{
(1− L∗

L̃A(f)
)dI(f)

}

≥

1− L∗

L∗ + C
2

MK
d
√
N(A,ε)

d

sup
f∈GA

{
I(f)

}
.

Re-arranging the terms in the above expression, we can obtain:

C

2
MK sup

f∈GA

{
d
√
I(f)

}
≤ L∗( d

√
N(A, ε))2 +

C

2
MK d

√
N(A, ε)

which can be solved to give the lower bound

d
√
N(A, ε) ≥ C1

MK

L∗
(

√
1 + C1

L∗ supf∈GA
{

d
√
I(f)

}
MK

− 1)

where C1 > 0 is a constant. In order to conclude the proof, a lower bound on

supf∈GA
{

d
√
I(f)

}
is needed. To do so, we note that I(f) is minimised when f

is constant. We therefore consider the set of functions F0 defined in the proof

of Theorem 3.2.3. From the proof of Theorem 3.2.3, we have that if N(A, ε) ≤

(MK
L∗

)d(C2

2
)d, then L∗ ≤ C2

2
MK

d
√
N(A,ε)

which implies F0( (L∗)2

0.8K
, 0.8

7.75
( K
L∗

)2) ⊂ GA. Using

21Note: this is only possible as we are considering adaptive Lipschitz optimization algorithms
which are separable.
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f(x∗) = (L∗)2

0.8K
, ∀f ∈ F0( (L∗)2

0.8K
, 0.8

7.75
( K
L∗

)2), we obtain the lower bound:

sup
f∈GA

{
I(f)

}
≥ cdL

∗d

1 +
⌈
log2( ε0

ε
)
⌉ VX

(ε+ (L∗)2

0.8K
)d
.

Therefore, if N(A, ε) ≤ (MK
L∗

)d(C2

2
)d, the above expression can be plugged into the

lower bound on d
√
N(A, ε). We obtain

d
√
N(A, ε) ≥ C1

MK

L∗
(

√√√√1 + C3
1

d

√
(1 +

⌈
log2( ε0

ε
)
⌉
)( εK
L∗2

+ 1)
− 1)

(for some constant C3 > 0) which corresponds to the first half of the lower bound

stated in the Proposition 3.4.1. In order to derive the second part of the expression,

we consider the case where N(A, ε) > (MK
L∗

)d(C2

2
)d. In this case, an alternative lower

bound on supf∈GA
{
I(f)

}
needs to be derived. In order to do so, we consider the

following class of functions,

{g : X ⊂ Rd → R|∀x ∈ X , g(x) = f(x) + (L∗ − C2

2

MK
d
√
N(A, ε)

)x1

where f ∈ F0

(
(L∗)2

0.8K
,

0.8

7.75
(
K

L∗
)2

)
}

which belongs to GA by construction. However, as obtaining a tight lower bound on

supf∈GA
{

d
√
I(f)

}
is technically infeasible for this class, we simplify the problem by

removing the functional input from F0( (L∗)2

0.8K
, 0.8

7.75
( K
L∗

)2) and considering the simple

linear function f ∗ : X ⊂ Rd → R, f ∗(x) = L∗x1 which belongs trivially to GA. In

this case, we can compute the lower bound

sup
f∈GA

{
I(f)

}
≥ cd

L∗d+1Md−1

(1 +
⌈
log2( ε0

ε
)
⌉
)εd−1

(d− 1)
(LM

ε
+ 1)d−1 − 1

(LM
ε

+ 1)d−1

≥ cd(d− 1)

2

L∗d+1Md−1

(1 +
⌈
log2( ε0

ε
)
⌉
)εd−1

where the last inequality follows from the fact that LM ≥ ε since ε ∈ (0, ε0).
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Plugging this expression into the lower bound on d
√
N(A, ε), we obtain

d
√
N(A, ε) ≥ C1

MK

L∗
(

√√√√1 + C4
L∗2

εK
d

√
L∗(d− 1)ε

M(1 +
⌈
log2( ε0

ε
)
⌉
)
− 1)

(for some constant C4 > 0) which corresponds to the second half of the lower

bounding expression. Note: in the statement of the proposition we simply set C2 =

min(C3, C4) as the used constant.

�
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4.1 Introduction

Given the growing use of Lipschitz interpolation frameworks in control (Mesbah

et al. [2022]), obtaining a strong theoretical understanding of this method is es-

sential. While, as discussed in Chapter 2, several finite sample guarantees and

worst-case error bounds already exist (see in particular Milanese and Novara [2004]

and Calliess et al. [2020]), few asymptotic results have been derived and, to the

best of our knowledge, almost none under stochastic noise. By contrast, numerous
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asymptotic guarantees and convergence rates have been obtained for other popu-

lar non-parametric methods. In particular, for alternative safe-learning frameworks

based on Gaussian processes, both the pointwise convergence of the posterior mean

function (Seeger et al. [2008], Yang et al. [2017]) and the contraction rate of the pos-

terior distribution, which provide a measure of uncertainty quantification (van der

Vaart and van Zanten [2008], Van Der Vaart and Van Zanten [2011]), of the fitted

Gaussian processes have been derived.

These types of asymptotic properties are crucial for adaptive control applications

as they guarantee that the learned dynamics and error bounds accurately converge

to the true underlying system dynamics while also providing a characterisation of

the long-run performance of the regression method. This in turn ensures that the

controllers built on these data-driven frameworks become increasingly more success-

ful the longer the interaction with the underlying plant progresses. Considering the

computational advantages of Lipschitz interpolation over Gaussian process regres-

sion (Calliess et al. [2020]), deriving analogous asymptotic guarantees for Lipschitz

interpolation is therefore strongly desirable and constitutes the main motivation of

this chapter. Specifically, the following contributions to the literature are made:

• In the case of independent input sampling, general consistency and upper

bounds on the asymptotic convergence rates are obtained for both the pre-

diction function (Theorem 4.3.5) and the worst-case error bounds (Corollary

4.3.6) of the general Lipschitz constant interpolation framework. While con-

vergence lower bounds do not exist for the exact setting considered in this

chapter signifying that the optimality of our bounds is not (yet) established,

the obtained rates are consistent with the optimal convergence rates for non-

parametric regression in related settings; e.g. with the classical convergence

rate results derived by (Stone [1982]).

• In the case of discrete-time non-linear and noisy dynamical systems, we show

that the Lipschitz interpolation framework and worst-case bounds converge

point-wise in moments (Corollary 4.4.1 and ensuing discussion) and that, un-

der an additional sampling assumption, the convergence rates match the ones
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derived in the first part of the chapter. The first result can be directly ap-

plied in the context of the existing non-linear controllers discussed above (e.g.

Canale et al. [2014], Manzano et al. [2020]) and we provide a theoretical illus-

tration in the context of online learning-based trajectory tracking control (see

Section 4.6).

• In a general sampling setting, probabilistic consistency is shown (Theorem

4.5.3) for the fully data-driven LACKI (Lazily Adapted Constant Kinky In-

ference) estimator (Calliess et al. [2020]) that extends the general Lipschitz

interpolation framework by removing the key assumption of prior knowledge of

the Lipschitz constant. This result improves on Theorem 16 of (Calliess et al.

[2020]) which derives the consistency of the LACKI estimator in the noise-free

setting.

We note that in the goal of obtaining a precise characterisation of the convergence

rates of Lipschitz interpolation methods, we make a non-standard noise assump-

tion (Assumption 8) utilising the concept of "non-regular" noise (Ibragimov and

Has’ Minskii [2013]) which describes the behaviour of the tails of the noise distribu-

tion in proximity of assumed error bounds. This type of assumption has been used in

recent research on non-parametric boundary regression (see Hall and Van Keilegom

[2009], Jirak et al. [2014] and ensuing works) and allows for a better comparison

between the convergence rates of Lipschitz interpolation derived in this chapter

and the ones guaranteed by Gaussian process regression and other kernel methods.

In fact, the convergence rate bounds obtained in this chapter provide an explicit

condition on the tail behaviour of the noise that indicates when the Lipschitz inter-

polation should be expected to asymptotically outperform or underperform other

non-parametric approaches.
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4.2 Lipschitz Interpolation: Set-up & Assumptions

Given an input space X ⊂ Rd endowed with a metric d : X 2 → R≥0 and an

output space1 Y ⊂ R endowed with a metric dY : Y2 → R≥0, we consider the non-

parametric regression problem of estimating an unknown target function f described

in equation (2.1) of Chapter 2.

In order to learn f , we assume that a sequence of sample sets (Dn)n∈N := (GXn , G
Y
n )n∈N

defined such thatDn ⊂ Dn+1 for n ∈ N is available, whereGXn := {si|i = 1, ..., Nn} ⊂

X represents a set of sample inputs that can be either deterministically or randomly

queried and GYn := {f̃i|i = 1, ..., Nn} ⊂ Y denotes the set of noise-corrupted values

of the target function f associated with the inputs in GXn . Unless stated otherwise,

we will also assume that elements of GYn are of the form f̃k = f(sk) + ek where

(ek)k∈N is a collection of random variables denoting the additive observational noise.

In this chapter, we will make the following assumption on the noise:

Assumption 7 (General assumptions on noise) 0.The noise variables (ek)k∈N are

assumed to be independent and identically2 distributed random variables with com-

pact support: ∃ē > 0 such that ∀k ∈ N : P (ek ∈ [−ē, ē]) = 1. Furthermore, we

assume that the bounds of the support are tight in the following sense:

∀k ∈ N, ε ∈ (0, ε̄):

P(ek > ē− ε) > 0 and P(ek < −ē + ε) > 0

In order to derive precise upper bounds on the convergence rates, we will sometimes

make an additional noise assumption which describes the behaviour of the noise at

the boundary of its support. This assumption is given formally as follows:

Assumption 8 (Assumptions on the boundary behaviour of the noise) Assume that
1Here, it is possible to extend the analysis done in this chapter to a vector output space, i.e.

Y ⊂ Rm for m ∈ N, by applying the obtained results in a component-wise fashion.
2The identically distributed assumption is made to alleviate notation and is not technically

needed in our derivations.
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Figure 4.21: Illustration of Assumption 8 for various η. The target function is given by
f(x) = − sin(3x)x2 + 5 and the noise distribution is defined as a mixture of two truncated
Weibull distributions. The solid lines define the error bounds of the observed data, i.e.
(with abuse of notation) f ± ē.

Assumption 7 holds. We assume that the behaviour of the noise near the bounds of

the support can be characterised in the following sense:

∃ε̄, γ, η > 0 ∀k ∈ N, ε ∈ (0, ε̄):

P(ek > ē− ε) > γεη and P(ek < −ē + ε) > γεη.

Example 4.2.1 (Error distributions) For η = 1, commonly used bounded error

distributions such as the uniform or the truncated Gaussian distributions satisfy

Assumption 8. More generally, any noise distribution for which the density can be

bounded away from zero on a bounded symmetric support satisfies the assumption

with η = 1.

The assumption of boundedness of the error distribution given in Assumption 7

is standard in the Lipschitz interpolation literature (e.g. see Milanese and Novara

[2004], Calliess et al. [2020]) as it ensures that the functions un, ln defined in Defini-

tion 2.2.1 are generally well-behaved. By contrast, as noted in the introduction of

this chapter, the assumption on the tail of the noise distribution stated in Assump-

tion 8 is non-standard in the literature. While this assumption will be not needed to

ensure the asymptotic consistency of Lipschitz interpolation frameworks, the precise

characterisation of the bounded tail of the noise distribution as a function of γ and

η given in Assumption 8 makes it possible to derive a more refined convergence rate

result that depends on η.
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Remark 4.2.2 The results of this chapter will be derived for the general Lipschitz

interpolation framework defined in Definition 2.2.1. The same results can be shown

to hold for the alternative framework proposed in Definition 2.2.3 with a slight mod-

ification of the proofs stated in this chapter. Furthermore, in this case, Assumptions

7 and 8 can be weakened by considering asymmetric error bounds, i.e. e ∈ [̄e1, ē2]

with probability 1 where ē1 < 0 < ē2 ∈ R.

As the description of the input and output metrics has been general so far, we make

the following simplifying assumption on the output metric in order to obtain our

theoretical results.

Assumption 9 (Assumption on dY). In this chapter we will restrict ourselves to

the case, dY(y, y′) = ‖y − y′‖Y , ∀y, y′ ∈ Y where ‖.‖Y is a norm on Y. It will

therefore be sufficient to derive our asymptotic results for the case: ‖.‖Y = |.| as

discussed below.

As the norms on Y ⊂ R are of the form ‖y−y′‖ = c|y−y′| ∀y, y′ ∈ Y for some c > 0, it

is sufficient to consider the case ‖y−y′‖Y = |y−y′|, ∀y, y′ ∈ Y in order to achieve our

theoretical results. Assumption 9 is necessary in order to ensure that for arbitrary

x, x′ ∈ X , the relations: f(x) ≤ f(x′)+ L
c
d(x, x′) and f(x)− L

c
d(x, x′) ≤ f(x′) hold.

In particular, for any sub-linear metric dY , these inequalities no longer hold. We

note however that no restrictions are made on the input metric d.

4.3 Asymptotic Consistency & Convergence Rates

In order for our consistency results to hold for both random and deterministic sam-

pling approaches, we recall Definition 8 : "Becoming dense, rates, r−→, r
;,

r
�" of

(Calliess et al. [2020]) to define general sampling conditions for (GXn )n∈N.

Definition 4.3.1 (Uniformly dense sampling) We say that the sequence of sets

of sample inputs (GXn )n∈N becomes uniformly dense relative to X at a rate r (de-

noted by (GXn )
r
� X ) if ∃r : N → R+ such that limn→∞ r(n) = 0 and ∀n ∈ N,
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Figure 4.31: Illustration of of the consistency of Lipschitz interpolation for the target
function: f(x) =

√
x sin(2x2) + 0.5x on the input space X = [0, 2], with uniform sampling

on X and with independent uniform noise: U([−0.5, 0.5]) on the observations (η = 1). The
Lipschitz interpolation plotted in the lefthand figure utilised 100 samples and assumed that
a bound of (ē′ = 0.7) on the noise bound (ē = 0.5) was known in order to compute the lower
and upper bounds (the LI predictors can be constructed without knowledge of ē′). The
convergence rate and standard deviation plotted on the righthand figure were obtained by
running the experiment independently 20 times. Both plots assumed that access to a bound
on the best Lipschitz constant was known in order to apply the Lipschitz interpolation
framework.

supx∈X infsn∈GXn d(sn, x) ≤ r(n).

Using this definition, we can provide the following asymptotic guarantee for the

general Lipschitz interpolation method.

Theorem 4.3.2 Suppose Assumptions 7 and 9 hold, X is bounded and the target

function f ∈ Lip(L∗, d)3 with best Lipschitz constant L∗ ∈ R+. If the sampling set

sequence (Dn)n∈N has sample inputs (GXn )n∈N such that ∃r ∈ o(1) : (GXn )
r
� X and

the sequence of predictors (f̂n)n∈N are computed by a general Lipschitz interpolation

framework with a hyperparameter L ∈ R≥0 set such that L ≥ L∗ then we have:

∀ε > 0, lim
n→∞

P
(

sup
x∈X

dY(f̂n(x), f(x)) > ε

)
= 0.

Before providing the proof of Theorem 4.3.2, we recall the notion of ε-covering that

will be used in multiple proofs of this chapter.

Definition 4.3.3 (ε-Cover) Let d ∈ N, ε > 0 and consider a set X ⊂ Rd and

a metric d on Rd. Denoting Bε(x) the ball of radius ε centred in x ∈ X with

respect to d, we define an ε-cover of X as a discrete subset Cov(ε) ⊂ Rd such that
3unless specified otherwise, Lipschitz continuity will be assumed to be w.r.t. the metrics d, dY

on the spaces X ,Y.
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X ⊂
⋃
x∈Cov(ε) Bε(x) and the associated set of balls as B := {Bε(x)|x ∈ Cov(ε)}.

We say furthermore that Cov(ε) is a ε-minimal cover of X if |Cov(ε)| = min{n :

∃ε-covering over Xof size n}.

Proof We begin by establishing a general bound on dY(f̂n(x), f(x)), ∀n ∈ N,

∀x ∈ X . For any x ∈ X we have:

dY(f̂n(x), f(x)) = |f̂n(x)− f(x)|

=

∣∣∣∣12 min
i=1,...,Nn

{f̃i + L d(x, si)}+
1

2
max

i=1,...,Nn
{f̃i − L d(x, si)} − f(x)

∣∣∣∣
=

∣∣∣∣12 min
i=1,...,Nn

{f̃i − f(x) + L d(x, si)}+
1

2
max

i=1,...,Nn
{f̃i − f(x)− L d(x, si)}

∣∣∣∣ .
Using the Lipschitz continuity of f , we obtain the following set of inequality relations

for the two terms stated above:

(1) min
i=1,...,Nn

{ei} ≤ min
i=1,...,Nn

{
f̃i − f(x) + L d(x, si)

}
≤ min

i=1,...,Nn
{ei + (L∗ + L) d(x, si)}.

(2) max
i=1,...,Nn

{ei − (L∗ + L) d(x, si)} ≤ max
i=1,...,Nn

{
f̃i − f(x)− L d(x, si)

}
≤ max

i=1,...,Nn
{ei}.

In combination, we see that

|f̂n(x)− f(x)|

≤ 1

2
max

{
max

i=1,...,Nn
{ei}+ min

i=1,...,Nn
{ei + (L∗ + L) d(x, si)}︸ ︷︷ ︸

(I)

,

− min
i=1,...,Nn

{ei} − max
i=1,...,Nn

{ei − (L∗ + L) d(x, si)}︸ ︷︷ ︸
(II)

}
.

(I), (II) can then be bounded using the assumption of uniform convergence of the

grid (see Definition 4.3.1). Define R := ε
4(L∗+L)

and consider the minimal covering

of X of radius R with respect to d that we denote Cov(R) and the associated set

of hyperballs B. By uniform convergence of the sample inputs, there exists M ∈ N

such that ∀n > M : ∀B ∈ B, |B ∩GXn | > 0. Then, the following upper bound holds
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for (I) with n > M ((II) can be bounded in a similar way):

max
i=1,...,Nn

{ei}+ min
i=1,...,Nn

{ei + (L∗ + L) d(x, si)}

≤ max
i=1,...,Nn

{ei}+ min
si∈Bx∩GXn

{e(si) + (L∗ + L) d(x, si)}

≤ max
i=1,...,Nn

{ei}+ min
si∈Bx∩GXn

{e(si) + 2(L∗ + L)R}

where with abuse of notation, e(si) denotes the noise term associated with the input

si and Bx denotes a hyperball B ∈ B such that x ∈ B. Similarly for (II), we obtain

(II) ≤ max
i=1,...,Nn

{−ei}+ min
si∈Bx∩GXn

{−e(si) + 2(L∗ + L)R}.

Let ε > 0. Utilising these bounds, ∀n > M , we obtain

P(sup
x∈X

dY(f̂n(x), f(x)) > ε)

≤ P
(

2(L∗ + L)R +
1

2
sup
x∈X

max
{

max
i=1,...,Nn

{ei}+ min
si∈Bx∩GXn

{e(si)},

− min
i=1,...,Nn

{ei} − max
si∈Bx∩GXn

{e(si)}
}
> ε
)

≤ P
(1

2
max
B∈B

max
{

max
i=1,...,Nn

{ei}+ min
si∈B∩GXn

{e(si)},

− min
i=1,...,Nn

{ei} − max
si∈B∩GXn

{e(si)}
}
> ε− 2(L∗ + L)R

)
≤ P

(
max
B∈B

max
i=1,...,Nn

{ei}+ min
si∈B∩GXn

{e(si)} >
ε

2

)
+ P

(
max
B∈B

max
i=1,...,Nn

{−ei}+ min
si∈B∩GXn

{−e(si)}} >
ε

2

)
.

where the last inequality follows by definition of R. Both probability terms stated

above can be shown to converge to 0 as follows:

P
(

max
B∈B

max
i=1,...,Nn

{ei}+ min
si∈B∩GXn

{e(si)} >
ε

2

)

= 1− P
(

max
B∈B

max
i=1,...,Nn

{ei}+ min
si∈B∩GXn

{e(si)} ≤
ε

2

)
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= 1− P
(
∀B ∈ B, max

i=1,...,Nn
{ei}+ min

si∈B∩GXn
{e(si)} ≤

ε

2

)

≤ 1− P
(
∀B ∈ B : max

i=1,...,Nn
{ei} ∈ I1, min

si∈B∩GXn
{e(si)} ∈ I2

)
where I1 := [̄e − ε

4
, ē] and I2 := [−ē,−ē + ε

4
]. Applying a similar argument to the

one given in (??) in the proof of Theorem 4.3.5, we have that the last term is upper

bounded by

1−
∏
B∈B

P
(

max
i=1,...,Nn

{ei} ∈ I1, min
si∈B∩GXn

{e(si)} ∈ I2

)

≤ 1− P
(

max
i=1,...,Nn

{ei} ∈ I1, min
i=1,...,Ln

{ei} ∈ I2

)|B|
where Ln := minB∈B |B ∩GXn | and |.| is used to denote the cardinality operator for

finite sets. By the uniformity of the convergence of the sample inputs, we have that

limn→∞ Ln = limn→∞Nn = +∞. Using basic identities of probability theory and

applying Assumption 7, we have that

lim
n→∞

P
(

max
i=1,...,Nn

{ei} ∈ I1, min
i=1,...,Ln

{ei} ∈ I2

)
= 1.

which implies that

lim
n→∞

P
(

sup
x∈X

dY(f̂n(x), f(x)) > ε

)
= 0

and concludes the proof.

�

Theorem 4.3.2 ensures that the classical Lipschitz interpolation method is asymp-

totically consistent for a general selection of input metrics. Furthermore, a similar

result for Lipschitz interpolation with a multi-dimensional output setting Y ⊂ Rm

for m ∈ N follows naturally by applying Theorem 4.3.2 to each output component

function (the noise assumption would need to be modified in this case; e.g. see

Assumption 13).

In general, we are mostly interested in simple metric choices for d. In this case

with additional assumptions on X and Y , we can extend the result obtained in

113



CHAPTER 4. LIPSCHITZ INTERPOLATION: ASYMPTOTIC ANALYSIS

Theorem 4.3.2 by deriving asymptotic rates of convergence for the general Lipschitz

interpolation method. More precisely, we have the following definition (Györfi et al.

[2002]).

Definition 4.3.4 Consider a sequence of non-parametric predictors (f̂n)n∈N and a

class of functions C endowed with a norm ‖.‖. Let (an)n∈N be a sequence of positive

constants in R. We define (an)n∈N as the rate of convergence of (f̂n)n∈N on C with

respect to ‖.‖ if there exists c > 0 such that

lim sup
n→∞

sup
f∈C

E
[
a−1
n ‖f̂n − f‖

]
= c <∞.

In order to avoid extreme cases of compact spaces, the following general assumption

provides a light geometric assumption on X .

Assumption 10 (Geometric Assumption on X ) Let X ⊂ Rd be compact and con-

vex. There exist two constants r0 > 0, θ ∈ (0, 1] such that ∀x ∈ X , r ∈ (0, r0) :

vol (Br(x) ∩ X ) ≥ θ vol (Br(x))

Assumption 10 has been used in the learning theory literature (e.g. see Hu et al.

[2020] Bachoc et al. [2021]) and ensures that for all x ∈ X , a constant fraction of

ball with a sufficiently small radius and centred in x is contained in X . For example,

if X is a the unit hypercube then Assumption 10 holds with r0 = 1, θ = 2−d.

The additional assumptions on the sampling of the sample inputs (Dn)n∈N and

metric of the input space d are relatively standard and are given as follows.

Assumption 11 (Assumption on Sampling) (GXn )n∈N is a randomly sampled se-

quence on X with a sampling distribution density that is bounded away from zero on

X .

Assumption 12 (Hölder Condition) We restrict the input space metrics under con-

sideration to be of the form d(x, y) = ‖x − y‖αp where α ∈ (0, 1] and ‖.‖p denotes

the usual p-norm on Rd with p ∈ N ∪ {+∞}.
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Theorem 4.3.5 Consider an input space X ⊂ Rd that satisfies Assumption 10,

an output space Y ⊂ R and the function space C = Lip(L∗, d) with L∗ ∈ R≥0

endowed with the sup-norm: ‖h‖∞ = supx∈X ‖h(x)‖Y . Assume that Assumptions

7, 8, 11, 12 with α ∈ (0, 1], p ∈ N hold. Then, any sequence of predictors (f̂n)n∈N

generated by the general Lipschitz interpolation framework with a hyperparameter

L ≥ L∗ achieves a rate of convergence of at least (an)n∈N :=
(

(n−1log(n))
α

d+ηα

)
n∈N

with respect to ‖.‖∞, i.e.

lim sup
n→∞

sup
f∈Lip(L∗, d)

E
[
a−1
n ‖f̂n − f‖∞

]
<∞.

Proof See appendix 4.B.

�

Convergence lower bounds do not exist for the exact setting considered in this chap-

ter signifying that we cannot directly compare the rates stated in Theorem 4.3.5 to

a theoretically optimal convergence rate. Instead, we can note that the convergence

rate of Lipschitz interpolation is in line with several known optimal rates in related

settings (see Table 4.31), i.e. non-parametric regression on the Lipschitz continuous

function space endowed with an L2 or L∞ norm. In particular, we note that the

exponent of the convergence rate derived for Lipschitz interpolation exactly matches

the exponent of the convergence rate derived in Tsybakov [2004] in the case where

the noise distribution is assumed to be uniform (i.e. η = 1). Our convergence rate

is however larger by a log-factor due to a difference in norm.

Furthermore, by varying η in Assumption 8, we can compare our rate of conver-

gence: O((n−1log(n))
α

d+ηα )n∈N to classical non-parametric convergence rates. More

precisely, we observe that

• For η < 2: the derived convergence rates for Lipschitz interpolation are better

than the known optimal convergence rates obtained under a Gaussian tail

noise assumption on the error distribution: (n−1log(n))
α

2α+d (Stone [1982])

which are attained4 by Gaussian process regression (Yang et al. [2017]) and
4Note that these methods can be shown to converge at this rate under the simple assumption
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Algorithm/Type Convergence Rate Noise Assumption Norm

LI (Upper Bound) O(n−1log(n))
α

d+ηα Bounded L∞.
Optimal (Tsybakov [2004]) Θ (n−1)

α
d+α Uniform (η = 1) L2

Optimal (Stone [1982]) Θ (n−1log(n))
α

d+2α Gaussian5 L∞

Optimal (Stone [1982]) Θ (n−1)
α

d+2α Gaussian4 L2

Optimal (Jirak et al. [2014]) Θ (n−1)
α

1+ηα (d=1) Boundary Regr. L2

Upper Bound (Selk et al. [2022]) O(n−1log(n))
α

d+ηα Boundary Regr. L∞

Table 4.31: Comparison of the convergence rate derived in Theorem 4.3.5 with optimal
rates of convergence rates in similar settings and discussion given in this section.

other kernel-based non-parametric methods such as local polynomial regression

(Stone [1982]) or the Nadaraja-Watson estimator (Tsybakov [2004], Müller and

Wefelmeyer [2010]).

• For η > 2: the opposite becomes true and these alternative non-parametric

methods can be expected to converge quicker asymptotically than Lipschitz

interpolation.

This "η-condition" provides a theoretical tool for comparing the expected long-run

performance of Lipschitz interpolation relative to alternative non-parametric meth-

ods and can help guide the choice of the system identification approach if information

on the non-regularity of the noise distribution is obtainable. We note that the con-

vergence rates of the kernel-based non-parametric methods stated in Table 4.31 hold

under general noise assumptions (see footnotes 4 and 5 below) and that, aside from

the Nadaraja-Watson estimator, no formal derivation of improved convergence rates

in the bounded noise setting considered in this chapter currently exists6 for these

methods. As these kernel-based non-parametric frameworks generally rely on local

averaging of the noise in order to prove convergence, it is expected that their conver-

gence rates do not improve with respect to their classical convergence rates (stated

in Table 4.31) under Assumption 7 and Assumption 8. This has been formally shown

to be true for the Nadaraja-Watson estimator by Müller and Wefelmeyer [2010] and

a more general discussion on the topic can be found in Meister and Reiß [2013].

of bounded variance (Györfi et al. [2002]).
5Various generalisations of this noise assumption exist, see (Stone [1982]).
6To the extent of our knowledge.
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Figure 4.32: Illustration of the behaviour of the convergence rates derived in Theorem
4.3.5 for various values of (d, α, η).

As discussed above, the convergence rates obtained in Theorem 4.3.5 under the

bounded noise assumptions are better than the classical optimal convergence rates

derived by Stone [1982]. This is possible as the lower bounds of these optimal

convergence rates are generally derived under the condition that the noise has a

positive density with respect to the Lebesgue measure on R which does not hold

for the noise assumptions of this chapter. As a consequence, O (n−1log(n))
α

d+ηα

provides a new general upper bound on the non-parametric regression problem in

the bounded noise setting and future work can be done on deriving lower bounds to

match these results. We expect the lower bounds to be tight given recent results by

Jirak et al. [2014] on the optimal convergence rates of the related non-parametric

boundary regression problem (see below for a more detailed discussion).

The optimality results of Theorem 2 of Milanese and Novara [2004] show that

(u2
n)n∈N, (l2n)n∈N (see Remark 2.2.3 and Theorem 2.2.4) are exactly equal to the upper

and lower bounds of the feasible systems set, i.e. the set of all data-consistent Lips-

chitz continuous systems and therefore provide worst-case error prediction bounds.

With little modification to the proof of Theorem 4.3.5, both error bounds can be

shown to converge to f at the same rate as (f̂n)n∈N as stated in the following Corol-

lary.

Corollary 4.3.6 Assume that the setting and assumptions of Theorem 4.3.5 holds.

The worst-case prediction guarantees (u2
n)n∈N, (l2n)n∈N defined in Remark 2.2.3 with

second hyperparameter: ē′ = ē, converge uniformly to any target function f ∈

Lip(L∗, d) at a rate of at least ((n−1log(n))
α

d+ηα )n∈N.

117



CHAPTER 4. LIPSCHITZ INTERPOLATION: ASYMPTOTIC ANALYSIS

Proof Follows from the proof of Theorem 4.3.5.

�

A connection between our convergence results and recent work on non-parametric

boundary regression (see Hall and Van Keilegom [2009] and ensuing works) can

be made. More precisely, consider the predictive functions (ũn)n∈N, (̃ln)n∈N defined

for all n ∈ N as ũn : X → Y , x 7→ un(x) + ē1 + ē2 and l̃n : X → Y , x 7→

ln(x)− ē1− ē2 where ē1, ē2 are tight asymmetric bounds on the error. (ũn)n∈N, (̃ln)n∈N

can be interpreted as conservative non-parametric boundary regression methods.

Therefore, in the context of bounded noise, the two problems are equivalent and we

can again slightly modify the proof of Theorem 4.3.5 to obtain the same uniform

asymptotic convergence rates of O(n−1log(n))
α

ηd+α ) as (f̂n)n∈N. These rates exactly

match the recently derived best convergence rates in the multivariate boundary

regression problem (Selk et al. [2022]) and have the same exponent7 as the optimal

rates derived with respect to the L2 norm (Jirak et al. [2014]). In order to properly

define (ũn)n∈N, (̃ln)n∈N, prior knowledge of an upper bound on the Lipschitz constant

(L ≥ L∗) as well as the Hölder exponent (α) and of tight bounds of the noise (ē1, ē2)

are needed. However in contrast to the proposed "best" non-parametric estimators

that attain the optimal rates, we do not require prior knowledge of the degree of

"non-regularity" of the noise (η, defined in Assumption 8) which is usually required

in order to define an optimal bandwidth hyperparameter (Drees et al. [2019], Selk

et al. [2022]). In the bounded noise setting, our assumption is therefore arguably

more natural and simpler to verify in practice as (η) is generally hard to determine

precisely.

4.4 Online Learning: Asymptotics

A set-up not yet explicitly considered in this chapter but relevant to control applica-

tions is when the output variables can be used as input variables. More specifically,
7They differ by a log-factor which is usual when considering the L∞ norm instead of the L2

norm.
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we consider the case where f models the dynamics of a semi-autoregressive stochastic

system as described by equation (2.2) stated in Chapter 2:

yn = f(xn) + en

where xn = (yn−dy , ..., yn−1, un−du , ..., un) with yi ∈ Y ⊂ R and ui ∈ U ⊂ Rs for

dy, du, s ∈ N and en ∈ R is a noise variable that satisfies Assumption 7. Here,

yi denotes the autoregressive inputs and ui denotes vectors of past and current

control inputs. In this setting, we will therefore consider X = Rdy × Udu+1 ⊂

Rdy+(du+1)(s),Y = R. If the dynamics and control inputs are such that the underlying

dynamical system is ergodic, then Theorem 4.3.2 can be applied and a weaker version

of Theorem 4.3.5 can be derived. However, in general, this cannot be guaranteed

and the following result on the asymptotic point-wise convergence of the general

Lipschitz interpolation framework is needed.

Corollary 4.4.1 Consider X ,Y , (xn)n∈N, (un)n∈N, (yn)n∈N as defined above, L∗ ≥ 0

and (f̂n)n∈N as defined in Definition 2.2.1 with L ≥ L∗ and (Dn)n∈N = (xn, yn)n∈N.

Assume that Assumptions 7, 9 hold. Assume furthermore that U ⊂ Rs is bounded.

Then ∀p ∈ N, M∗ ∈ R+

lim
n→∞

sup
f∈Lip(L∗, d,M∗)

E[‖f(xn+1)− f̂n(xn+1)‖pY ]→ 0

where Lip(L∗, d,M∗) denotes the set containing all functions in Lip(L∗, d) that are

bounded by M∗, i.e. |f(x)| ≤M∗.

Proof As in the proof of Theorem 4.3.5, we have that for all n ≥ 1 and any sampling

procedure Dn, supf∈Lip(L∗, d,M∗) ‖f̂n − f‖∞ is uniformly bounded with probability 1.

This follows from (1) the existence of a bounded set X̃ ⊂ X such that (xn)n∈N ⊂

X̃ (with probability 1) which is due to the boundedness of Lip(L∗, d,M∗), the

compactness of U and Assumption 7 (which implies that the noise is bounded), (2)

f ∈ Lip(L∗, d) and (3) by construction of the Lipschitz interpolation framework.

More precisely, we have ∀n ∈ N, supf∈Lip(L∗, d,M∗) ‖f̂n − f‖∞ ≤ 2ē + 2Lδ d(X̃ ) where
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δ d(X̃ ) := supx,y∈X̃ d(x, y). Using Lemma 4.C.1, it is therefore sufficient to show

convergence in probability, i.e.

∀ε > 0 : lim
n→∞

sup
f∈Lip(L∗, d,M∗)

P(|f̂n(xn+1)− f(xn+1)| > ε) = 0

which can be done through a modified proof of Theorem 4.3.2 as follows.

Fix ε > 0 and consider the minimal covering of X̄ by balls of radius r < ε
4(L∗+L)

which we denote cov(r) and the associated set of hyperballs B (the existence of a

finite covering is guaranteed by the compactness of X̃ ). Let δ > 0 be arbitrary, we

show that for sufficiently large n,

sup
f∈Lip(L∗, d,M∗)

P(|f̂n(xn+1)− f(xn+1)| > ε) < δ.

By the finiteness of B, we have

lim
N→∞

P(∀B ∈ B : |(xn)n≥N ∩B| ∈ {0,+∞}) = 1.

Therefore, there exists N1 := N1(δ) ∈ N such that the event:

E(N1) := {∀B ∈ B : |(xn)n≥N1 ∩B| ∈ {0,+∞}}

holds with probability of at least 1 − δ
2
. Then, denoting by B̃ ⊂ B the subset of B

consisting of hyperballs that contain an infinite number of elements of (xn)n≥N1 , we

can proceed as in the proof of Theorem 4.3.2.

Let f ∈ Lip(L∗, d,M∗) be arbitrary. For n > Ñ1 > N1 with Ñ1 sufficiently large

(such that there is at least one sample input in each hyperball of B̃), applying the

same arguments as in the proof of Theorem 4.3.2:

P
(
dY(f̂n(xn+1), f(xn+1)) > ε

)
≤ P

(
dY(f̂n(xn+1), f(xn+1)) > ε|E(N1)

)
P (E(N1)) + P (E(N1)c)
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≤ P (E(N1))

(
P
(

max
B∈B̃
| max
i=1,...,n

{ei}+ min
xi∈B
{e(xi)}| >

ε

2

∣∣∣E(N1)

)

+ P
(

max
B∈B̃
| min
i=1,...,n

{ei}+ max
xi∈B
{e(xi)}| >

ε

2

∣∣∣E(N1)

))
+
δ

2

≤ P
(

max
B∈B̃
| max
i=1,...,n

{ei}+ min
xi∈B
{e(xi)}| >

ε

2

)
+ P

(
max
B∈B̃
| min
i=1,...,n

{ei}+ max
xi∈B
{e(xi)}| >

ε

2

)
+
δ

2
.

As the choice of f ∈ Lip(L∗, d,M∗) was arbitrary and the upper bound expressed

above does not depend on f , we have that the sum of the first two terms of this

upper bound can be treated with the same approach as the one used to conclude the

proof of Theorem 4.3.2 and upper bounded by δ
2
for all n > N2 with an appropriately

selectetd N2 ∈ N. This implies for all n > max(Ñ1, N2):

P
(
|f̂n(xn+1)− f(xn+1)| > ε

)
≤ lim

n→∞
P
(

max
B∈B̃
| max
i=1,...,n

{ei}+ min
xi∈B
{e(xi)}| >

ε

2

)
+ lim

n→∞
P
(

max
B∈B̃
| min
i=1,...,n

{ei}+ max
xi∈B
{e(xi)}| >

ε

2

)
+
δ

2

≤ δ

2
+
δ

2
= δ

which concludes the proof.

�

The setting considered in Corollary 4.4.1 is the same as the one considered in Mi-

lanese and Novara [2004] and in ensuing applications of the Lipschitz interpolation

framework in the context of MPC (see Canale et al. [2014], Manzano et al. [2020]).

As in Corollary 4.3.6, the worst-case prediction guarantees (u2
n)n∈N, (l2n)n∈N can be

shown to provide similar guarantees to the one proposed Corollary 4.4.1 which pro-

vides a theoretical guarantee that even conservative adaptive controllers relying on

worst-case bounds of Lipschitz interpolation methods will consider the true underly-

ing dynamics in the long run. In Section 4.6, a slight modification of Corollary 4.6.3

that considers dynamics with multidimensional outputs (yn)n∈N is given. This exten-
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sion is then applied in the context of tracking control in order to obtain closed-loop

stability guarantees for a simple online-learning based controller

Remark 4.4.2 The assumptions of Corollary 4.4.1 are weaker then the those of

similar results that can be found in the literature. This is due to the fact that the

conclusion of the corollary is also weaker as only a type of "point-wise convergence"

is established.

To conclude this section, we remark that if an additional assumption is made on

the sequence of inputs (xn)n∈N, then the convergence rate derived in Theorem 4.3.5

holds in the online learning setting. This assumption is given using the following

definition on the "regularity of the sampling" of (xn)n∈N.

Definition 4.4.3 (Regularity Assumption for (xn)n∈N) We say that (xn)n∈N is reg-

ularly sampled on a set X̄ ⊂ X if ∃N ∈ N, (xn)n∈N≥N ⊂ X̄ and ∃M ∈ N such that

∀n > N and ∀A ⊂ X̄ ,

P(xn+M ∈ A|xn) > Cµ(A)

where µ(A) denotes the Lebesgue measure of A and C > 0 is an arbitrary constant.

In essence, Definition 2.2.1 states that (xn)n∈N is regularly sampled on a given set

X̄ ⊂ X if (xn)n∈N will eventually be contained in X̄ and will continue to visit all of

X̄ with non-zero probability. The existence of such a set depends implicitly on the

target function and the defined control inputs.

Corollary 4.4.4 Assume that the setting and assumptions of Corollary 4.4.1 hold

and consider f ∈ Lip(L∗, d,M∗). If Assumption 8 holds and the stochastic control

law un+1 := u(xn, f̂n,Dn) is defined such that (xn)n∈N is regularly sampled on a

bounded set X̄ ⊂ X that satisfies Assumption 10, then

lim sup
n→∞

E[a−1
n ‖f(xn+1)− f̂n(xn+1)‖Y ] <∞.

where (an)n∈N := ((n−1log(n))
α

d+ηα )n∈N.
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Remark 4.4.5 From the proof of Corollary 4.4.1, we have that if U is bounded and

f ∈ Lip(L∗, d,M∗), then there exists a bounded X̃ ⊂ X that contains (xn)n∈N with

probability 1. Therefore, only the second part of Definition 4.4.3 and the geometric

shape of X̄ need to be checked in order for Corollary 4.4.4 to hold.

Proof The proof of Corollary 4.4.4 follows from Theorem 4.3.5. More precisely:

By assumption, we have that there exists M,N ∈ N and a bounded set X̄ ⊂ X such

that Definition 4.4.3 and Assumption 10 hold. Consider the sequence (xn)n∈N≥N ⊂

X̄ and the subsequence (x̃n)n∈N ⊂ (xn)n∈N≥N defined such that x̃n = xMn+N for all

n ∈ N. From Definition 4.4.3, we have that for all n ∈ N, x̃n is sampled on X̄ with

a probability distribution whose density is bounded away from zero on all of X̄ .

Then, defining (f̂Mn )n∈N as the predictors of the Lipschitz interpolation framework

with hyperparameter L and sample inputs (x̃n)n∈N, we can apply Theorem 4.3.5

to (f̂Mn )n∈N. This implies that (f̂Mn )n∈N converges uniformly on X̄ to f at a rate

that is upper bounded by (ab nM c)n∈N = c̃(an)n∈N for some c̃ > that depends on

M and where n ∈ N denotes the index of the original sequence: (xn)n∈N. As the

asymptotic convergence rate of (f̂n)n∈N is at least as fast as the convergence rate of

(f̂Mn )n∈N due to the fact that the input samples utilised by (f̂Mn )n∈N are also utilised

by (f̂n)n∈N, we have that (f̂n)n∈N achieves the same uniform convergence rate on

X̄ . Finally, as (xn)n∈N≥N ⊂ X̄ , the same converge rate holds for the pointwise

asymptotic convergence of (xn)n∈N, i.e.

lim sup
n→∞

E[a−1
n ‖f(xn+1)− f̂n(xn+1)‖Y ]

with (an)n∈N := ((n−1log(n))
α

d+ηα )n∈N.

�

While Corollary 4.4.4 provides an interesting extension to Theorem 4.3.5, the char-

acterisation of the regularly sampling set X̄ and the necessity of ensuring that As-

sumption 10 holds for X̄ can be difficult to do in practice. Therefore, in comparison

to Corollary 4.4.1 which can be directly utilised in various control applications,
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Corollary 4.4.4 is essentially a theoretical result.

4.5 Removing the Lipschitz Constant Assumption

As discussed in the introduction and studied in Chapter 3, the main difficulty of

the Lipschitz interpolation framework is obtaining a suitable hyper-parameter that

properly estimates the Lipschitz constant of the unknown target function. In cases

where prior knowledge of the Lipschitz constant of f is not obtainable, an additional

step is therefore needed. While one solution would be to compute this estimate of-

fline beforehand, this approach is problematic when considering a stream of data.

Instead, one can consider the approach developed by Novara et al. [2013] and ap-

plied in the context of Lipschitz interpolation by Calliess et al. [2020] which utilises

a modified version of Strongin’s Lipschitz constant estimator (Strongin [1973]) to

(Dn)n∈N to obtain a sequence (L(n))n∈N of approximations of L∗. These estimates

can be continuously updated with the arrival of new data and are defined formally

in the following definition.

Definition 4.5.1 (LACKI rule) The Lazily Adapted Lipschitz Constant Kinky In-

ference (LACKI) rule computes a Lipschitz interpolation predictor f̂n as per Defini-

tion 2.2.1, but where L depends on (Dn)n∈N and is computed as follows:

L(n) := max
{

0, max
(s,s′)∈Un

dY(f̃(s), f̃(s′))− λ
d(s, s′)

}
, (4.1)

where Un = {(g1, g2) ∈ GXn ×GXn | d(g1, g2) > 0} and λ is a hyperparameter.

The errors are estimated correctly if the λ hyper-parameter of the LACKI rule is

set to 2ē. Calliess et al. [2020] provides worst-case prediction bounds even when

the errors are not correctly estimated. In this chapter, we focus on the case where

the error bounds are known and λ can be correctly specified. We note that the

Lipschitz estimator L(n) given by LACKI is the smallest Lipschitz constant that is

consistent with the data. In other words, it reduces the hypothesis space of Lipschitz

continuous functions Lip(L(n), d) that the target function f could belong to.
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We start by showing that the LACKI rule proposed in Definition 4.5.1 converges

asymptotically to the best Lipschitz constant of the unknown target function.

Lemma 4.5.2 If the assumptions of Theorem 4.3.2 hold, then :

∀ε > 0, lim
n→∞

P(|L(n)− L∗| > ε) = 0

Proof Fix an arbitrary ε > 0. We start by defining an auxiliary function F:

F : Dom(F ) := X × X − {(x, x)|x ∈ X} −→ R≤0

(x, y) 7−→ dY(f(x), f(y))

d(x, y)

By construction, L∗ = sup(x,y)∈Dom(F ) F (x, y) and there exists (x1, x2) ∈ Dom(F )

such that L∗ − ε
2
≤ F (x1, x2) ≤ L∗. Hence,

P (|L(n)− L∗| > ε)

≤ P (|L(n)− F (x1, x2)|+ |F (x1, x2)− L∗| > ε)

= P
(
|F (x1, x2)− L(n)| > ε

2

)
= P

(
F (x1, x2)− L(n) >

ε

2

)
.

Since F is continuous on its domain, we have that ∃δ1 > 0 such that ∀(x, y) ∈

Bδ1((x1, x2))8 ∩Dom(F ), |F (x1, x2)−F (x, y)| < ε
2
. Defining 0 < δ2 < min{ δ1

2
, d(x1,x2)

2
},

we consider the two hyperballs B1 := Bδ2(x1), B2 := Bδ2(x1). Then

F (x1, x2)− L(n)

= F (x1, x2)− max
(s,s′)∈Un

|f̃(s)− f̃(s′)| − λ
d(s, s′)

≤ F (x1, x2)− max
si∈B1,sj∈B2

|f̃(s1)− f̃(sj)| − λ
d(si, sj)

≤ F (x1, x2)− max
si∈B1,sj∈B2

cond(si,sj)

|f(si)− f(sj)|+ |e(si)− e(sj)| − λ
d(si, sj)

8Here, Bδ((x1, x2)) denotes the ball centered in (x1, x2) of radius δ1 with respect to dX×X
defined such that dX×X ((x1, x2), (x′1, x

′
2)) = d(x1, x

′
1) + d(x2, x

′
2)
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≤ F (x1, x2)− min
si∈B1,sj∈B2

cond(si,sj)

|f(si)− f(sj)|
d(si, sj)

− max
si∈B1,sj∈B2

cond(si,sj)

|e(si)− e(sj)| − λ
d(si, sj)

.

where cond(x, y) := {sgn (f(si)− f(sj)) = sgn (e(si)− e(sj))} and with abuse of

notation, f̃(si) e(si) denote the noise term associated with the input si. By definition

of B1, B2, we have

F (x1, x2)− min
si∈B1,sj∈B2

cond(si,sj)

|f(si)− f(sj)|
d(si, sj)

= F (x1, x2)− min
si∈B1,sj∈B2

cond(si,sj)

F (si, sj) ≤
ε

4
.

Substituting this value into the initial expression, we can obtain the upper bound

ε

4
− max

si∈B1,sj∈B2

cond(si,sj)

|e(si)− e(sj)| − λ
d(si, sj)

≤ ε
4

+ min
si∈B1,sj∈B2

cond(si,sj)

λ− |e(si)− e(sj)|
d(si, sj)

≤ ε
4

+ min
si∈B1,sj∈B2

cond(si,sj)

λ− |e(si)− e(sj)|
d(x1, x2)− 2δ2

.

By the assumption of uniformly dense sampling, there exists M ∈ N such that

r(M) < δ2. Therefore, for n > M ,

P
(
F (x1, x2)− L(n) >

ε

2

)

≤ P

 min
si∈B1,sj∈B2

cond(si,sj)

λ− |e(si)− e(sj)|
d(x1, x2)− 2δ2

>
ε

4



≤ P

 min
si∈B1,sj∈B2

cond(si,sj)

{λ− |e(si)− e(sj)|} >
ε

4
( d(x1, x2)− 2δ2)


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= P

 max
si∈B1,sj∈B2

cond(si,sj)

|e(si)− e(sj)| < λ− ε

4
( d(x1, x2)− 2δ2)

 .

As λ = 2ē and d(x1, x2) > 2δ2, the last expression can be shown to converge to 0 as

n goes to ∞ by a similar argument to the one used in the proof of Theorem 4.3.2.

�

Lemma 4.5.2 proves that the modified version of Strongin’s estimate defined in Def-

inition 4.5.1 is a consistent Lipschitz constant estimator under bounded noise. It is

therefore of interest for applications outside the one considered in this chapter, e.g.

see in particular global optimisation methods that depend explicitly on the Lipschitz

constant (see for example Malherbe and Vayatis [2017]). One main drawback how-

ever is that none of the finite sample estimates generated by the LACKI rule upper

bound the true Lipschitz constant. This is discussed in more detail after Theorem

4.5.3.

Using Theorem 4.3.2 and Lemma 4.5.2, we can now show that the sequence of LACKI

predictors (f̂n)n∈N converges uniformly and in probability to the target function f .

Theorem 4.5.3 If the assumptions of Theorem 4.3.2 hold, then the sequence of

LACKI predictors (f̂n)n∈N with λ = 2ē converges to f uniformly and in probability:

∀ε > 0, lim
n→∞

P
(

sup
x∈X

dY(f̂n(x), f(x)) > ε

)
= 0

Proof The proof of Theorem 4.5.3 follows from Theorem 4.3.2 and Lemma 4.5.2.

Fix an arbitrary ε > 0, we have

P
(

sup
x∈X

dY(f̂n(x), f(x)) > ε

)

≤ P
(

sup
x∈X

dY(f̂n(x), f̂ ∗n(x)) >
ε

2

)
+ P

(
sup
x∈X

dY(f̂ ∗n(x), f(x)) >
ε

2

)
where (f̂ ∗n)n∈N denotes the general Lipschitz interpolation framework with a hyper-

parameter equal to the best Lipschitz constant L∗ of f . The second term of the

upper bound given above converges to 0 as n→∞ by Theorem 4.3.2. For the first
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term, we have

P
(

sup
x∈X

dY(f̂ ∗n(x), f̂n(x)) >
ε

2

)

≤ P
(

sup
x∈X

1

2
| min
i=1,...,Nn

{f̃i + L(n) d(x, si)} − min
i=1,...,Nn

{f̃i + L∗ d(x, si)}| >
ε

4

)

+P
(

sup
x∈X

1

2
| max
i=1,...,Nn

{f̃i − L(n) d(x, si)} − max
i=1,...,Nn

{f̃i − L∗ d(x, si)}| >
ε

4

)

≤ P
(

sup
x∈X

d(x, s∗i )|L∗ − L(n)| > ε

4

)
+ P

(
sup
x∈X

d(x, s∗k)|L∗ − L(n)| > ε

4

)
≤ 2P

(
δ d(X )|L∗ − L(n)| > ε

4

)
(4.2)

where s∗i := argmini=1,...,Nn{f̃i+L(n) d(x, si)} and s∗k := argmaxi=1,...,Nn{f̃i−L(n) d(x, si)}.

As δ d(X ) is finite by assumption, Lemma 4.5.2 can be applied to show that P(δ d(X )|L∗−

L(n)| > ε
4
) converges to 0.

�

In general, it suffices for the sequence of Lipschitz constant estimates to converge to

a value that is bigger than the best Lipschitz constant in order for the consistency

guarantees given in Theorem 4.5.3 to hold. This follows from the fact that Lemma

4.5.2 holds for any Lipschitz interpolation framework with L ≥ L∗. Furthermore, if

the Lipschitz constant estimate can be guaranteed to be feasible9 in a finite num-

ber of queries and is asymptotically bounded, then the rate of convergence of the

adaptive Lipschitz interpolation method matches the one derived in Theorem 4.3.5.

Unfortunately, as remarked above, the LACKI rule proposed in Definition 4.5.1 is

not feasible for any finite number of sample points but converges only asymptoti-

cally to the true best Lipschitz constant. One approach to remedying this problem

would be to include a multiplicative factor κ ≥ 1 (similar to the original approach

proposed by Strongin [1973] in the noiseless sampling setting) in the LACKI rule.

However, developing a principled approach to setting κ is non-trivial and depends

on second order partial derivatives of the unknown target function.

Furthermore, in contrast to the general Lipschitz interpolation approach, the LACKI

9i.e. L̂(n) ≥ L∗.
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estimator is also not necessarily asymptotically consistent in the setting of a non-

linear discrete-time dynamic system. This is due to the dependency on the sampling

sequence. More specifically, without uniform sampling on X , it is possible for the

Lipschitz constant estimate generated by the LACKI rule to never become suffi-

ciently large in order to ensure that the relations (1) and (2) derived and utilised in

the proof of Lemma 4.5.2 hold. In other words, the Lipschitz interpolation frame-

work of LACKI might utilise samples drawn from the initial steps of the sampling

sequence which belong to a subset of X that is never revisited, leading to a possible

underestimation of the Lipschitz constant. This issue could potentially be fixed by

including a "memory hyper-parameter" that limits the number of past observations

considered in the un, ln functions. This extension will be investigated in future work.

In essence, while the general Lipschitz interpolation framework can be shown to

perform well as a non-parametric estimation method, the additional difficulty of

Lipschitz constant estimation implies that many of the desirable asymptotic prop-

erties become difficult to obtain for a fully adaptive version of the framework. A

detailed discussion on this issue can be found in Huang et al. [2023], see Chapter

3, where optimal convergence rates are given for the Lipschitz constant estimation

problem and a feasible asymptotically consistent estimation method is developed.

4.6 Connections to Online Learning and Control

We conclude this chapter by providing a theoretical illustration of how the results

derived in previous sections can be utilised in the context of control-related applica-

tions. More precisely, we slightly modify the online consistency results of the general

Lipschitz interpolation stated in Section 4.4 in order to obtain closed-loop stability

of a class of online learning-based trajectory tracking controllers discussed in Sanner

and Slotine [1991], Åström and Wittenmark [2013], Chowdhary et al. [2013], Calliess

et al. [2020].

We briefly recall the setting of the trajectory tracking control problem considered by

Calliess et al. [2020]. The goal is to ensure that a sequence of states (yn)n∈N follows
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a given reference trajectory (ξn)n∈N. In order to do so, it is assumed that the states

(yn)n∈N satisfy a multivariate recurrence relation described as follows:

yn = f(xn)

where xn = (yn−dy , ..., yn−1, un−du , ..., un) with yi ∈ Y ⊂ Rl denoting the past au-

toregressive inputs, ui ∈ U ⊂ Rs denoting a vector of past or current control inputs

for dy, du, s, l ∈ N. In this setting, we will therefore consider X = R(l)(dy) ×Udu+1 ⊂

R(l)(dy)+(s)(du+1), Y = Rl. Note that in contrast to the setting considered in Section

4.4 the noise does not impact the state and will only be assumed to be observational:

we assume that the Lipschitz interpolation framework has access to noisy samples

of function values f(xi) at each time step i < n: Dn = {(xi, f̃i)|i < n}.

Under this assumption on the system dynamics, the problem becomes equivalent

to defining a control law that ensures that the tracking error (ζn)n∈N, ζn = ξn − yn
becomes stable: obtaining, in an ideal scenario, a closed-loop recurrence relation

ζn+1 = φ(ζn)

where φ is a contraction with a desirable fixed point ζ∗.

This type of stability is well-known to be achievable when the dynamics of the states

(yn)n∈N are known and sufficiently well-behaved (Åström and Wittenmark [2013])

or when f is assumed unknown but well approximated by linear learning-based

methods (Limanond and Tsakllis [2000]). Obtaining such guarantees in the setting

where f is assumed both unknown and non-linear is less clear although significant

research has been conducted with the use of non-parametric regression methods

(Sanner and Slotine [1991], Chowdhary et al. [2013], Calliess et al. [2020]).

Under a general assumption on the control law, the online-learning guarantees of

the Lipschitz interpolation method (Corollary 4.4.1 and Lemma 4.6.3) derived in

this chapter can be shown to directly imply the convergence of the tracking error to

a fixed point, therefore ensuring the asymptotic stability of the controller.
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To do so, we begin by formally extending the online guarantees of the Lipschitz inter-

polation stated in Corollary 4.4.1 to the multi-dimensional online setting described

above. In this case, the Lipschitz interpolation framework is applied component-wise

as follows:

Definition 4.6.1 (Multi-dimensional Lipschitz interpolation) Let L ∈ R≥0 be a

selected hyper-parameter. Using the set-up defined above, we define the sequence of

predictors (f̂n)n∈N, f̂n : X → Y associated to (Dn)n∈N, as

∀j ∈ {1, ..., l}, f̂in
(
x) :=

1

2
ujn(x) +

1

2
ljn(x),

where ujn, l
j
n : X → R are defined as

ujn(x) = min
i=1,...,Nn

f̃ jn,i + L d(x, si)

ljn(x) = max
i=1,...,Nn

f̃ jn,i − L d(x, si)

for all j ∈ {1, ..., l}.

We note that under Assumption 14 provided below, it is relatively straightforward to

observe that each component of the target function is also Lipschitz continuous with

the same Lipschitz constant. This implies that the properties utilised in the previ-

ous sections hold component-wise for the multi-dimensional Lipschitz interpolation

framework.

In order to derive the desired online guarantee for the Lipschitz interpolation frame-

work described in Definition 4.6.1, we first extend the assumptions of the previous

sections to the multi-dimensional output setting.

Assumption 13 (Assumption on multi-dimensional noise) The noise variables (ek)k∈N,

ek ∈ Rd are assumed to be independent and identically10 distributed random vari-

ables such that ∃ē ∈ Rd
+, such that ∀k ∈ N j ∈ {1, ..., d}, ejk ∈ [−ēj, ēj] with prob-

ability 1. We assume further that the bounds of the support are tight, i.e. ∀ε > 0,
10The identically distributed assumption is made to alleviate notation and is not technically

needed in our derivations.
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∀j ∈ {1, ..., d},

P(ejk ∈ [−ēj + ε, ēj]),P(ejk ∈ [−ēj, ēj − ε]) > 0.

Assumption 14 (Assumption on dY). In this section, we will restrict ourselves to

the case, dY(y, y′) = ‖y − y′‖1, ∀y, y′ ∈ Y where ‖.‖1 denotes the usual 1-norm.

Remark 4.6.2 By the strong equivalence of norms on Rl, it is sufficient to show

the results of this section for ‖.‖Y = ‖.‖1. Additionally, we note that if a Lips-

chitz constant of the target function is known for a given norm on Rl, then it is

straightforward to compute a feasible Lipschitz constant for any other norm on Rl.

Corollary 4.6.3 (Multidimensional Online Learning) Consider the multidimensional

setting described above11, L∗,M∗ ∈ R+ and (f̂n)n∈N as defined in Definition 4.6.1

with L ≥ L∗ and (Dn)n∈N = (xn, yn)n∈N. Assume that Assumptions 13 and 14 hold.

Assume furthermore that U is compact. Then

lim
n→∞

sup
f∈Lip(L∗, d,M∗)

E[‖f(xn+1)− f̂n(xn+1)‖Y ]→ 0

where we recall that Lip(L∗, d,M∗) denotes the set containing all functions in Lip(L∗, d)

that are bounded by M∗, i.e. ‖f(x)‖Y ≤M∗.

Proof By the strong equivalence of norms on Rl, it is sufficient to show Lemma

4.6.3 for ‖.‖Y = ‖.‖1:

lim
n→∞

sup
f∈Lip(L∗, d,M∗)

E[‖f(xn+1)− f̂n(xn+1)‖1]→ 0.

This is implied if ∀j ∈ {1, ..., l}:

lim
n→∞

sup
f∈Lip(L∗, d,M∗)

E[|f j(xn+1)− f̂ jn(xn+1)|]→ 0

where f jn, f̂ jn denote the j-th component functions of fn, f̂n. This statement can
11With the same arguments, one can show that the same result holds for the multidimensional

version of the dynamical system described in Section 4.4.
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be derived using the same arguments as the ones given in the proof of Corollary

4.4.1 as, under Assumption 14, f is component-wise Lipschitz continuous with Lips-

chitz constant L∗ and by construction, the multi-dimensional Lipschitz interpolation

framework can be considered component-wise.

�

Utilising Lemma 4.6.3, we can now state the closed-loop guarantees of an online

controller based on the Lipschitz interpolation framework.

Theorem 4.6.4 Assume the settings described above. Assume that reference trajec-

tory (ξn)n∈N is bounded and that the recursive plant dynamics satisfy: f ∈ Lip(L∗, d,M∗)

for some L∗,M∗ > 0. Let (f̂n)n∈N be the predictors generated by the Lipschitz in-

terpolation framework with hyperparameter L ≥ L∗ and (Dn)n∈N = (xn, f̃i)n∈N. If

there exists a bounded control law un+1 := u(xn, f̂n,Dn) such that the closed loop

dynamics are given by:

ζn+1 = φ(ζn) + dn

where dn := f(xn) − f̂(xn) is the one-step prediction error and φ is a contraction

with a fixed point ζ∗ ∈ X and Lipschitz constant λφ ∈ [0, 1), then we have

lim
n→∞

E[‖ζn − ζ∗‖Y ] = 0.

Proof The proof follows a modified version of the proof Theorem 17 of Calliess

et al. [2020] and an application of Corollary 4.6.4.

Define the nominal reference error (ζ̄n)n∈N, ζ̄0 = ζ0, ζ̄n+1 = φ(ζ̄n) for n ∈ N. Fix an

arbitrary ε > 0. The proof of Theorem 4.6.4 follows from the following sequence of

steps.

By Banach fixed point Theorem, ∃n0 ∈ N such that ∀n ≥ n0, ‖ζ̄n − ζ∗‖Y < ε
3
.

Inductively, one can show that ∀n, k ∈ N,

E[‖ζk − ζ̄k‖Y ]
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≤ λnφE[‖ζk − ζ̄k‖Y ] +
n−1∑
i=0

λn−1−i
φ E[‖dk+i‖Y ]

≤ λnφE[‖ζk − ζ̄k‖Y ] +
1

1− λφ
max

i=0,...,n−1
E[‖dk+i‖Y ].

By Lemma 4.6.3, we have that E[‖dn‖Y ] converges to 0 as n goes to infinity. There-

fore, ∃k0 ∈ N such that ∀k ≥ k0,

1

1− λφ
max

i=0,...,n−1
E[‖dk+i‖Y ] ≤ ε

3
.

Let m0 := max{n0, k0}. Since λq0φ < 1, there exists q0 ∈ N such that:

λq0φ E[‖ζm0 − ζ̄m0‖Y ] <
ε

3
.

Let M := m0 + q0. Combining the above steps, we have for any m > M there exists

n ≥ q0 such that m = m0 + n. This implies

E[‖ζm − ζ∗‖Y ] ≤ ‖ζ∗ − ζ̄m‖Y + E[‖ζm − ζ̄m‖Y ]

≤ ε

3
+ λq0φ E[‖ζm0 − ζ̄m0‖Y ] +

1

1− λφ
max

i=0,...,n−1
E[‖dm0+i‖Y ]

≤ ε

3
+
ε

3
+
ε

3
= ε.

As the choice of ε was arbitrary, this concludes the proof.

�

Theorem 4.6.4 provides a theoretical result on the global stability in expectation

of a general class of control problems where both the system dynamics and the

error dynamics are assumed to be both unknown and non-linear. An extension of

Theorem 4.6.4 which states that the convergence rates of the Lipschitz constant

estimator derived in Corollary 4.4.4 hold for the tracking error (ζn)n∈N can also

be obtained. However, this result would be contingent on the difficult-to-verify

"regularity of the sampling" assumption of (xn)n∈N (as defined in Definition 4.4.3)

and is therefore of limited interest. We provide it in the appendix for completeness.
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Unfortunately, for numerous applications, the contraction assumption on dynamics

of the tracking error: φ is too stringent to be observed in practice. To alleviate this

issue, Theorem 4.6.4 can be extended to consider the more general assumption that

φ is an eventually contracting function if φ is also assumed to be a linear. More

formally, we define an eventually contracting function as follows.

Definition 4.6.5 (Eventually Contracting Function) Let l ∈ N. A continuous func-

tion h : Rl → Rl is said to be eventually contracting if there exists N ∈ N and

λ ∈ [0, 1) such that ∀x, y ∈ Rl:

d(hN(x), hN(y)) ≤ λ d(x, y).

As with the contracting functions considered above, eventually contracting functions

can be shown to admit a unique fixed point ξ∗. Additionally, it is well-known that

a linear function h : Rl → Rl defined as h(x) = Mx for some matrix M ∈ Rl×l is

eventually contracting if and only if the spectral radius of M is strictly smaller than

1: ρ(M) < 1.

The assumption of the existence of a control law un+1 := u(xn, f̂n,Dn) such that

the closed loop dynamics are given by: ζn+1 = φ(ζn) + dnand φ is eventually con-

tracting can be observed in applications such as the removal of wing rock during the

landing of modern fighter aircraft (Monahemi and Krstic [1996], Chowdhary et al.

[2013]). Therefore, if Theorem 4.6.4 can be extended to hold under these assump-

tions, then, conditional on the existence of feasible Lipschitz constant estimate, the

online learning-based reference tracking controllers utilising a Lipschitz interpolation

can be ensured to be globally asymptotically stable in expectation in these settings.

This alternative result is stated in the following corollary.

Corollary 4.6.6 Assume the setting and initial assumptions of Theorem 4.6.4. If

there exists a bounded control law un+1 := u(xn, f̂n,Dn) such that the closed loop

dynamics are given by:

ζn+1 = φ(ζn) + dn

135



CHAPTER 4. LIPSCHITZ INTERPOLATION: ASYMPTOTIC ANALYSIS

where dn := f(xn)− f̂(xn) is the one-step prediction error and φ : Rl → Rl, φ(ζ) =

Mζ for a matrix M ∈ Rl×l that is a stable, i.e. ρ(M) < 1. Then

lim
n→∞

E[‖ζn‖Y ] = 0.

Proof The proof of Corollary 4.6.6 is similar to the on given for Theorem 4.6.4.

Define the nominal reference error (ζ̄n)n∈N, ζ̄0 = ζ0, ζ̄n+1 = φ(ζ̄n) for n ∈ N. Fix an

arbitrary ε > 0.

As ρ(M) < 1, we have that limn→∞ ζ̄n = 0 (Hasselblatt and Katok [2003]). This

implies that ∃n0 ∈ N such that ∀n ≥ n0, ‖ζ̄n‖Y < ε
3
.

Inductively, one can show that ∀n, k ∈ N,

E[‖ζn+k − ζ̄n+k‖Y ]

≤ ‖Mn‖YE
[
‖(ζk − ζ̄k)‖Y

]
+

n−1∑
i=0

‖Mn−1−i‖YE[‖dk+i‖Y ].

By Gelfand’s formula we have limn→∞ ‖Mk‖ 1
k = ρ(M) < 1 for any matrix norm

‖.‖. This implies that there exists n1 such that for all n ≥ n1: ‖Mn‖Y ≤ ‖Mn‖
1
n
Y <

λφ < 1 for some λφ ∈ (0, 1). Utilising this relation and matrix-vector inequalities,

we obtain the following inequalities: let n ≥ n1, there exists n2 ∈ N∪ {0} such that

n = n1

⌊
n
n1

⌋
+ n2:

‖Mn‖Y = ‖Mn1(
⌊
n
n1

⌋
−1)
Mn1+n2‖Y ≤ ‖Mn1‖

(
⌊
n
n1

⌋
−1)

Y ‖Mn1+n2‖Y ≤ λ
(
⌊
n
n1

⌋
−1)

φ λφ = λ

⌊
n
n1

⌋
φ .

Substituting this inequality into the bound given above, we obtain:

‖Mn‖YE
[
‖(ζk − ζ̄k)‖Y

]
+

n−1∑
i=0

‖Mn−1−i‖YE[‖dk+i‖Y ]

≤ λ

⌊
n
n1

⌋
φ E[‖(ζk − ζ̄k)‖Y ] + max

i=0,...,n−1
E[‖dk+i‖Y ]

Kn1 +

⌈
n−1
n1

⌉∑
i=1

n1λ
i
φ


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≤ λ

⌊
n
n1

⌋
φ E[‖(ζk − ζ̄k)‖Y ] + max

i=0,...,n−1
E[‖dk+i‖Y ]

(
Kn1 +

n1

1− λφ

)

where Kn1 :=
∑n1−1

i=0 ‖M i‖Y By Lemma 4.6.3, we have that E[‖dn‖Y ] converges to 0

as n goes to infinity. Therefore, ∃k0 ∈ N such that ∀k ≥ k0,(
Kn1 +

n1

1− λφ

)
max

i=0,...,n−1
E[‖dk+i‖Y ] ≤ ε

3
.

Let m0 := max{n0, k0}. There exists q0 ∈ N such that

λ

⌊
q0
n1

⌋
φ E[‖ζm0 − ζ̄m0‖Y ] <

ε

3
.

Let M := m0 + q0. Combining the above steps, we have that for all m > M , there

exists n ≥ q0 such that m = m0 + n. This implies

E[‖ζm‖Y ] ≤ ‖ζ̄m‖Y + E[‖ζm − ζ̄m‖Y ]

≤ ε

3
+ λ

⌊
q0
n1

⌋
φ E[‖ζm0 − ζ̄m0‖Y ] +

(
Kn1 +

n1

1− λφ

)
max

i=0,...,n−1
E[‖dm0+i‖Y ]

≤ ε

3
+
ε

3
+
ε

3
= ε.

As the choice of ε was arbitrary, this concludes the proof.

�

4.6.1 Example - model-reference adaptive control of a single

pendulum

As a simple illustration, we replicate a modification of the model-reference adaptive

control example in Calliess et al. [2020]. Here, we control an Euler discretisation of

a torque-actuated single pendulum in set-point control mode:

We consider a torque controlled pendulum where forces u can be applied to the

joint of the pendulum. The angle of the pendulum is called q. We define a state

x = [qq̇]. In continuous-time, it’s dynamics are given by the ODE q̈ = f(x) + u
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Figure 4.61: Illustration of the pendulum control example. A single run is depicted in the
leftmost figure showing how the controller learns to drive the state to the set-point in spite
of the noise and initially uncertain dynamics. Note, “Time” is simulation time t = ∆n [sec.]
for discrete time steps n = 0, 1, .... The second figure shows how the mean trajectories,
averaged over 30 repetitions (each with new draws from the noise distribution), converge
to the set-point. An illustration of our theory, predicting vanishing tracking errors in the
mean, is depicted in the rightmost figure: For each repetition of the experiment, the colored
lines show the error trajectories (‖ξ(∆n)−x(∆n)‖)n=0,1,2,... as well as their empirical mean
(black dashed line).

where f(x) = − sin(q)− q̇ may be uncertain a priori and hence, needs to be learned

online while we control.

As explained in Section 4 of Calliess et al. [2020], using online learning of noisy

measurements of angular accelerations (but assuming full state observability) we

can use Lipschitz interpolation to learn a model f̂n at time step n define a control

law u(x) = −f̂n(x)−K1x1 −K2x2 with gains K1, K2 > 0 such that the closed-loop

error dynamics becomes:

ζn+1 = φ(ζn) + ∆dn (4.3)

= Mζn︸︷︷︸
=:φ(ζn)

+∆dn (4.4)

where ∆ = 0.1 is a sampling period for the time discretisation, dn = f(xn)− f̂n(xn)

is the tracking error and M =

 1 ∆

−∆K1 1−∆K2

 is a matrix, where the gain

parameters K1, K2 = 1 were chosen to render M stable (i.e. such that its spectral

radius ρ(M) < 1). This renders the closed-loop tracking error dynamics consistent

with the one considered in Corollary 4.6.6 and as previously discussed, implies that

the error dynamics are an eventual contraction.
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For this experiment, we chose Lipschitz interpolation with a fixed Lipschitz constant

L = 11 which is a Lipschitz constant of the true dynamics. To learn f the Lipschitz

interpolator had access to acceleration corrupted by uniformly distributed noise

drawn i.i.d. from the interval [-2,2] given a performance example in a relatively low

signal-to-noise ration setting. Starting in initial state x0 = [−2.,−1.], the controller

was given a set-point reference ξn = [2π, 0],∀n ∈ N. An example run of the controller

as well as empirical measurements of the tracking dynamics across 30 trials of the

experiments for different noise realisations are given in Figure 4.61. Note, consistent

with our theory, the plots show how the tracking error appears to vanish in the mean

(and in fact for all realisations).

Before we conclude, we will need to point out some limitations to the online control

application given in this section:

Remark 4.6.7 Firstly, our example assumed knowledge of the Lipschitz constant.

While not an uncommon assumption, we recognise that having to know the true Lip-

schitz constant is a practical limitation. Therefore methods such as LACKI (Calliess

et al. [2020]) or POKI (Calliess [2017]) could also be employed to incorporate full

black-box learning. Our example however, merely serves as a simple illustration of

our currently developed theory. Secondly, we assumed that states were observable

but that only accelerations were noisy.

Extending our results to learning-based control settings that involve Lipschitz con-

stant parameter estimation and extending the theory to realistic settings of noisy

state observations would, in our opinion, be an interesting direction to investigate

in future work.

4.7 Conclusion

In conclusion, this chapter has provided a comprehensive investigation into the

asymptotic convergence properties of general Lipschitz interpolation methods in the

presence of bounded stochastic noise. Through our analysis, we have established
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probabilistic consistency guarantees for the classical approach within a broad con-

text. Furthermore, by deriving upper bounds on the uniform convergence rates, we

have aligned these bounds with the well-established optimal rates of non-parametric

regression observed in similar settings. These rates provide a precise characterisa-

tion of the impact of the behaviour of the noise at the boundary of its support on

the non-parametric uniform convergence rates and are, as far as the authors of this

chapter. are aware, novel to the literature.

These established bounds can also serve as useful tools for the comparative asymp-

totic assessment of Lipschitz interpolation against alternative non-parametric regres-

sion techniques determining the circumstances under which Lipschitz interpolation

frameworks can be anticipated to be asymptotically better or worse. In particular,

an explicit condition on the noise’s behaviour at the boundary of its support can be

utilised to predict this out-or under-performance.

Extending our work, we have expanded our asymptotic results to consider online

learning in discrete-time stochastic systems. The additional consistency guarantees

we provide in this context carry practical significance, as we show how they can

be utilised to establish closed-loop stability assurances for a simple online learning-

based controller in the setting of model reference adaptive control. We note that

these asymptotic results also hold for the worst-case upper and lower bounds pro-

vided by the ceiling and floor predictors of the Lipschitz interpolation framework.

This implies that even the most conservative adaptive controllers relying on worst-

case bounds of Lipschitz interpolation methods will consider the true underlying

dynamics in the long run.

Finally, we have provided a brief theoretical study of the fully data-driven LACKI

framework (Calliess et al. [2020]) which extends classical Lipschitz interpolation by

incorporating a Lipschitz constant estimation mechanism into the algorithm. We

show asymptotic consistency of both the Lipschiz constant estimation method and

the extended framework which can serve to further theoretically motivate the use

of the LACKI in practice.
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Appendix 4.A Additional Results (Convergence rate

of tracking error)

We provide the theoretical convergence rates obtained for the tracking error in the

application to online learning-based control. As noted in Section 4.6, this result is

not generally applicable as verification of the "regular sampling" condition defined

in Definition 4.4.3 is difficult to do in practice.

Corollary 4.A.1 Assume that the setting and assumptions of Corollary 4.6.3 hold.

Assume furthermore that the stochastic control law un+1 := u(xn, f̂n,Dn) is defined

such that (xn)n∈N is regularly sampled on a set X̄ ⊂ X that satisfies Assumption 10

and that the noise vectors (εn)n∈N are component-wise independent. Then,

lim sup
n→∞

E[a−1
n ‖f(xn+1)− f̂n(xn+1)‖Y ] <∞.

141



CHAPTER 4. LIPSCHITZ INTERPOLATION: ASYMPTOTIC ANALYSIS

where (an)n∈N := ((n−1log(n))
α

d+ηα )n∈N.

Proof (sketch) Applying the same arguments as in the proof of Lemma 4.6.3, it is

sufficient to consider: ∀j ∈ {1, ..., l}

lim sup
n→∞

E[a−1
n |f j(xn+1)− f̂ jn(xn+1)|].

Since the noise is component-wise independent, we can apply the arguments utilised

in the proof of Corollary 4.4.4 for all j ∈ {1, ..., l} and conclude the proof.

�

Theorem 4.A.2 Assume the settings and assumptions of Theorem 4.6.4 hold. If

the stochastic control law un+1 := u(xn, f̂n,Dn) is such that (xn)n∈N is regularly

sampled on a set X̄ ⊂ X that satisfies Assumption 10 and the noise vectors (εn)n∈N

are component-wise independent. Then,

lim sup
n→∞

E[a−1
n ‖en − e∗‖Y ] <∞

where (an)n∈N := ((n−1log(n))
α

d+ηα )n∈N.

Proof (sketch) Follows from applying the proof of Theorem 4.6.4 and noting that

the slowest converging term at the end of the proof is given by

1

1− λφ
max

i=0,...,n−1
E[‖dm0+i‖Y ].

This term can be upper bounded by applying Corollary 4.A.1 which therefore pro-

vides the convergence rate and concludes the proof.

�

Appendix 4.B Proof of Theorem 4.3.5
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Proof From the proof of Theorem 4.3.2, we have ∀f ∈ Lip(L∗, d), x ∈ X ,

|f̂n(x)− f(x)|

≤ max
{

min
i=1,...,Nn

{ei
2

+
L∗ + L

2
d(x, si)}+ max

i=1,...,Nn
{ei

2
},

− min
i=1,...,Nn

{ei
2
} − max

i=1,...,Nn
{ei

2
− L∗ + L

2
d(x, si)}

}
.

Consider the minimal covering of X of radius Rn := an = (n−1log(n))
α

d+ηα with

respect to d denoted Cov(Rn) and the associated set of hyperballs; Bn. Assuming

that n is large enough such that every hyperball in Bn contains at least one input

of GXn , we have that the following upper bound holds:

|f̂n(x)− f(x)|

≤ max

{
min

si∈Bx∩GXn
{e(si)

2
}, min

si∈Bx∩GXn
{−e(si)

2
}
}

+
ē

2
+ (L∗ + L)Rn

where with abuse of notation, e(si) denotes the noise variable associated with the

input si and Bx ∈ Bn such that x ∈ B. For all n ∈ N, we define the following

random variable and event

An := max
B∈Bn

max

{
min

si∈B∩GXn
{e(si)

2
},− max

si∈B∩GXn
{e(si)

2
}
}

+
ē

2

En := {∀B ∈ Bn, |{i ∈ [n]}, si ∈ B}| > 0} .

Then, from (?) given at the end of the proof we have that it is sufficient to consider

sup
f∈Lip(L∗, d)

E
[
a−1
n ‖f̂n − f‖∞

∣∣∣En]P(En)

in order for Theorem 4.3.5 to hold. For n ∈ N sufficiently large such that P(En) > 0

(see (?)), we can apply the upper bound on |f̂n(x)− f(x)| derived above:

sup
f∈Lip(L∗, d)

E
[
a−1
n ‖f̂n − f‖∞

∣∣∣En] = sup
f∈Lip(L∗, d)

E
[
a−1
n sup

x∈X
|fn(x)− f(x)|

∣∣∣En]
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≤ a−1
n sup

f∈Lip(L∗, d)

E
[
sup
x∈X

max

{
min

si∈Bx∩GXn
{e(si)

2
}, min

si∈Bx∩GXn
{−e(si)

2
}
}

+
ē

2
+ (L∗ + L)Rn

∣∣∣En]

= a−1
n (L∗ + L)Rn + E

[
a−1
n max

B∈Bn
max

{
min

si∈B∩GXn
{e(si)

2
}, min

si∈B∩GXn
{−e(si)

2
}
}

+
ē

2

∣∣∣En]
= (L∗ + L)a−1

n Rn + E
[
a−1
n An

∣∣∣En] .
By definition of Rn, the first term: (L∗ + L)a−1

n Rn = (L∗ + L) is bounded for all

n ∈ N. We can therefore focus on upper bounding the second term:

E
[
a−1
n An

∣∣∣En]P(En) = E
[
a−1
n An

]
.

Using 0 ≤ An ≤ 2ē with probability 1, we have ∀C0 > 0,

a−1
n An ≤ C01{a−1

n An≤C0} + 2ēa−1
n 1{a−1

n An>C0}

with probability 1. This implies that

E[a−1
n An] ≤ C0 + 2ēa−1

n P(An > C0an).

It is therefore sufficient to show that ∃C0 > 0 such that

lim sup
n→∞

sup
f∈Lip(L∗, d)

a−1
n P(An > C0an) <∞.

We have

P(An > C0an) = 1− P(∀B ∈ Bn : min
si∈B∩GXn

e(si) ∈ I1, max
si∈B∩GXn

e(si) ∈ I2)

(??)

≤ 1−
∏
B∈Bn

P
(

min
si∈B∩GXn

e(si) ∈ I1, max
si∈B∩GXn

e(si) ∈ I2

)

≤ 1− P
(

min
i∈1,...,NBn

ei ∈ I1, max
i∈1,...,NBn

ei ∈ I2

)|Bn|
where I1 := [−ē,−ē + 2C0an), I2 := (ē − 2C0an, ē] and NBn := minB∈Bn |B ∩ GXn |.

The second to last inequality follows from arguments given in (??) provided at the
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end of the proof. For n large enough such that 2C0an < ε̄, we can apply Assumption

8 to simplify the left hand expression as follows;

P
(

min
i∈1,...,NBn

ei ∈ I1, max
i∈1,...,NBn

ei ∈ I2

)

≥ P
(

min
i∈1,...,NBn

ei ∈ I1

)
· P
(

max
i∈1,...,NBn

ei ∈ I2| min
i∈1,...,NBn

ei ∈ I1

)
≥
(

1− (1− γ(2C0an)η)NBn
)(

1− (1− γ(2C0an)η)NBn−1
)

≥
(

1− 2 (1− γ(2C0an)η)NBn−1
)2

.

Therefore, we have

sup
f∈Lip(L∗, d)

a−1
n P(An > C0an)

≤ a−1
n

(
1−

(
1− 2(1− γ(2C0an)η)NBn−1

)2|Bn|
)
.

≤ a−1
n

(
1−

(
1− 2(1− γ(2C0an)η)NBn−1

) C1

an
d
α

)
.

where we used the fact that there exists a constant C1 > 0 (that can depend on d)

such that 2|Bn| ≤ C1

Rn
d
α

= C1

an
d
α
which is a modification of (Wu [2017], Theorem 14.2)

that follows from the assumed convexity of X . By Lemma 4.C.2, in order for the

above expression to be bounded, it is sufficient that 2(1− γ(2C0an)η)NBn−1 behaves

like C ′2an( d
α

+1) for an arbitrary C ′2 > 0 as n goes to infinity. More precisely, let

C ′2 = 1, it is sufficient to have:

2(1− γ(2C0an)η)NBn−1 ≤ an
( d
α

+1)

⇐⇒ NBn ≥ 1 + (
d

α
+ 1)

log (an)

log (1− γ(2C0an)η)

as n goes to infinity. The right-hand expression can be re-expressed as the series

expansion:
d+ α

αγ(2C0)η
1

anη
log(

1

an
) +O(log(

1

an
))
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as an goes to 0. Therefore, for any C2 >
d+α

αγ(2C0)η
and n > 0 large enough, we have

1 + ( d
α

+ 1) log(an)
log(1−γ(2C0an)η)

< C2 log( 1
an

) 1
anη

and it suffices to have

NBn ≥ C2 log(
1

an
)

1

anη

as n goes to infinity in order for limn→∞ supf∈Lip(L∗, d) a
−1
n P(An > C0an) to be

bounded:

If NBn ≥ C2 log( 1
an

) 1
anη

,

lim sup
n→∞

sup
f∈Lip(L∗, d)

a−1
n P(An > C0an) ≤ a−1

n

(
1−

(
1− an( d

α
+1)
) C1

an
d
α

)
≤ 2C1.

where the last inequality follows from Lemma 4.C.2.

Therefore, the final step of the proof is to show that NBn ≥ C2 log( 1
an

) 1
anη

occurs

with a probability that converges to 1 at a rate of an as n goes to infinity.

More precisely, let n ∈ N and fix an arbitrary constant C2 >
d+α

αγ(2C0)η
based on the

condition given above (note that C0 > 0 can be set arbitrarily large).

Sn :=

{
∀B ∈ Bn : |{i ∈ [n]}, si ∈ B}| > C2 log(

1

an
)

1

anη

}

i.e. the event that there is more than C2 log( 1
an

) 1
anη

queries in each hyperball in Bn.

Utilising the asymptotic bound developed in the first part of the proof, we have by

the law of total probability:

lim sup
n→∞

E[a−1
n An] ≤ C0 + 2ē lim sup

n→∞
a−1
n P(An > C0an)

≤ C0 + 2ē lim sup
n→∞

a−1
n (P(An > C0an|Sn) + P(Scn)) ≤ C0 + 4ēC1 + lim sup

n→∞
a−1
n P(Scn).

where the last inequality can be obtained by applying Lemma 4.C.2.

To conclude the proof, we need to show that lim supn→∞ a
−1
n P(Scn) is bounded. We

have (denoting bn := log( 1
an

) 1
anη

to alleviate notation):

P(Sn) = P (∀B ∈ Bn : |{i ∈ [n]}, si ∈ B}| > C2bn)
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≥
∏
B∈Bn

P
(
|{i ∈ [

⌊n
2

⌋
]}, si ∈ B}| > C2bn

)
≥
∏
B∈Bn

(
1− P

(
|{i ∈ [

⌊n
2

⌋
]}, si ∈ B}| ≤ C2bn

))
where the first inequality stated above follows from (? ? ?) (shown at the end of

the proof) for n ∈ N if C2 satisfies the condition: C2 ≤ d+ηα
2C1α

where C1, d, α, η are

constants.

Then, Assumption 10 on X implies that there r0 > 0, θ ∈ (0, 1] such that ∀x ∈ X ,

r ∈ (0, r0) , vol (Br(x) ∩ X ) ≥ θ vol (Br(x)). Therefore, for all n ∈ N such that

Rn < r0, we have that Assumption 10 can be applied to B ∈ Bn. Using Assumption

11, we have that the random variable defined by |{i ∈ [
⌊
n
2

⌋
]}, si ∈ B}| follows a

binomial distribution with a success probability p that can be lower bounded by

C ′3
vol(B)
vol(X )

= C ′′3a
d
α
n for C ′3, C ′′3 > 0 and with expectation:

E
[
|{i ∈ [

⌊n
2

⌋
]}, si ∈ B}|

]
=
⌊n

2

⌋
p ≥ C ′′3

3
n

ηα
ηα+d log(n)

d
d+ηα = C3n

ηα
ηα+d log(n)

d
d+ηα

where C3 :=
C′′3
3
. (Note: the "3" denominator was arbitrarily selected in order to

remove the ceiling operator in the above equation).

As the only condition on C2 is given by the bound C2 >
d+αξ

αγ(2C0)η
, C2 can be set

arbitrarily small as C0 can be set arbitrarily large. Therefore, there exists C0 > 0,

C2 > 0 such that C2 ≤ min{d+ηα
2C1α

, C3(d+ηα)
α
} which implies that (? ? ?) holds and

that:

C2bn = C2

(
α

d+ ηα

)
log

(
n

log (n)

)(
n

log(n)

) ηα
ηα+d

≤ C2

(
α

d+ ηα

)
n

ηα
ηα+d log(n)

d
d+ηα ≤ C3n

ηα
ηα+d log(n)

d
d+ηα ≤ E[|{i ∈ [n]}, si ∈ B}|]

2
.

This last relation implies that we can apply Lemma 1 of Stone [1982] to obtain the

upper bound:

P (|{i ∈ [n]}, si ∈ B}| ≤ C2bn) ≤ P
(
|{i ∈ [n]}, si ∈ B}| ≤

E [|{i ∈ [n]}, si ∈ B}|]
2

)
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≤
(

2

e

) E[|{i∈[n]},si∈B}|]
2

which in turn implies

(1− P (|{i ∈ [n]}, si ∈ B}| ≤ C2bn))|Bn| ≥

1−
(

2

e

) E[|{i∈[n]},si∈B}|]
2

|Bn| .
Plugging this expression back into lim supn→∞ a

−1
n P(Scn), we obtain

a−1
n P (Scn) ≤ a−1

n

(
1−

(
1− (

2

e
)
E[|{i∈[n]},si∈B}|]

2

)|Bn|)
.

≤ a−1
n

1−
(

1− (
2

e
)
C3
2
n

ηα
ηα+d log(n)

d
d+ηα

)C1an
d
α


which converges to 0 as n goes infinity and concludes the proof (follows from the

exponential speed of convergence of (2
e
)
C3
2
n

ηα
ηα+d log(n)

d
d+ηα ).

(?) For completeness we revisit the assumption made in the proof. Recall for all

n ∈ N,

En := {∀B ∈ Bn, |{i ∈ [n]}, si ∈ B}| > 0} .

Then, by law of total expectation, we have ∀f ∈ Lip(L∗, d), n ∈ N sufficiently large

such that P(En) > 0 (which exists since P(En) > P(Sn)
n→∞→ 1 );

E[a−1
n ‖f̂n − f‖∞]

= a−1
n (E

[
‖f̂n − f‖∞

∣∣∣En]P(En) + E
[
‖f̂n − f‖∞

∣∣∣Ec
n

]
P(Ec

n)).

For all n ≥ 1, f ∈ Lip(L∗, d) and any sampling procedure Dn, ‖f̂n−f‖∞ is uniformly

bounded with probability 1. More precisely, we have supf∈Lip(L∗, d) ‖f̂n − f‖∞ ≤

2ē + 2Lδ d(X ) where δ d(X ) := supx,x′∈X d(x, x′) with probability 1 which follows

from f ∈ Lip(L∗, d) and by the design of the Lipschitz interpolation framework.

This bound is finite by the assumed compactness of X . Therefore, denoting K :=
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2ē + 2Lδ d(X ), we have that the above statement is upper bounded by

E
[
a−1
n ‖f̂n − f‖∞

∣∣∣En]P(En) + a−1
n KP(Ec

n).

The first term is equal to the simplified expression assumed earlier in the proof and

the second term converges to 0 since P(Ec
n) ≤ P(Scn) and limn→∞ a

−1
n P(Scn) = 0 as

shown above.

(??) For all B ∈ Bn, let E(B) denote the event

E(B) :=

{
min

si∈B∩GXn
ei ∈ I1, max

si∈B∩GXn
ei ∈ I2

}
.

Then, imposing an arbitrary ordering of the hyperballs in Bn, we have

P
(
∀B ∈ Bn, min

si∈B∩GXn
ei ∈ I1, max

si∈B∩GXn
ei ∈ I2

)

= P (E(B1))

|Bn|∏
i=2

P (E(Bi)|E(Bi−1), ..., E(B1)) .

For all i ∈ {1, ..., |Bn|}, we observe that either there exists j ∈ {1, ..., i−1} such that Bi∩

Bj ∩GXn 6= 0 in which case

P (E(Bi)|E(Bi−1), ..., E(B1)) > P(E(Bi))

or no such j exists, in which case

P(E(Bi)|E(Bi−1), ..., E(B1)) = P(E(Bi)).

Therefore, we have that

P(∀B ∈ Bn, min
si∈B∩GXn

ei ∈ I1, max
si∈B∩GXn

ei ∈ I2)

≥
∏
B∈Bn

P( min
si∈B∩GXn

ei ∈ I1, max
si∈B∩GXn

ei ∈ I2).
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(? ? ?) In order to alleviate notation, for all B ∈ Bn, we define the following event:

EB(n) := {|{i ∈ [n]}, si ∈ B}| > C2bn}

It is trivial to see that for all B ∈ Bn, EB(n) is increasing in n (when bn is kept

fixed). Utilising the arbitrary numbering of Bn defined above in (??), we have

P(Sn) = P(∀B ∈ Bn : EB(n)) = P (EB2(n))

|Bn|∏
i=1

P
(
EBi(n)|EBi−1

(n), ..., EB1(n)
)

≥
|Bn|∏
i=1

P (EBi(n− (i− 1)C2bn) ≥
∏
B∈Bn

P (EB(n− |Bn|C2bn)

where the second to last inequality holds due to the independence of the input

sampling. Computing |Bn|C2bn, we obtain

|Bn|C2bn ≤ C2
C1

a
d
α
n

log(
1

an
)

1

aηn
= C1C2

log( 1
an

)

a
d+ηα
α

n

= nC1C2
α

d+ ηα
(1− log(log(n))

log(n)
) ≤ nC1C2

α

d+ ηα
.

Therefore, setting the condition C2 ≤ d+ηα
2C1α

, we have

P(Sn) ≥
∏
B∈Bn

P
(
EB
(
n(1− C1C2

α

d+ ηα
)

))
≥
∏
B∈Bn

P
(
EB(

n

2
)
)
.

�

Appendix 4.C Technical Lemmas

Lemma 4.C.1 Assume that the settings and assumptions of Theorem 4.3.5 hold.

Let (gn)n∈N denote a sequence of non-parametric predictors and (bn)n∈N denote a con-

vergence rate sequence (that converges to 0). If ∃K > 0 such that supf∈Lip(L∗, d,M∗) ‖ĝn−
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f‖∞ < K ∀n ∈ N with probability 1, then

lim
n→∞

sup
f∈Lip(L∗, d,M∗)

E[(f(xn+1)− ĝn(xn+1))p]→ 0 (4.5)

if and only if ∀ε > 0

lim
n→∞

sup
f∈Lip(L∗, d,M∗)

P(|f(xn+1)− ĝn(xn+1)| > ε) = 0 (4.6)

where Lip(L∗, d,M∗) is as defined in Corollary 4.4.1.

Proof " =⇒ " can be trivially obtained by applying Markov’s inequality. We show

the " ⇐= " statement. Fix ε > 0 and consider an arbitrary f ∈ Lip(L∗, d,M∗).

Define An := |f(xn+1)− ĝn(xn+1)| > ε, we have

(f(xn+1)− ĝn(xn+1))p ≤ εp1Acn +Kp1An

with probability 1. This implies that

sup
f∈Lip(L∗, d,M∗)

E[(f(xn+1)− ĝn(xn+1))p]

≤ εp +Kp sup
f∈Lip(L∗, d,M∗)

P(|f(xn+1)− ĝn(xn+1)| > ε).

n→0

≤ εp

As the choice of ε was arbitrary, (4.5) holds.

�

Lemma 4.C.2 ∀p, c > 0, we have

lim sup
x→∞

x

(
1− (1− 1

xp+1
)cx

p

)
≤ 2c
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Proof Lemma 4.C.2 can be shown as follows.

x

(
1− (1− 1

xp+1
)cx

p

)
= x

(
1− ecx

p log(1− 1
xp+1 )

)
.

Expanding the exponent based on the power series expression of log(1+x), we obtain

cxp log(1− 1

xp+1
) = −cxp

∞∑
m=1

1

mxm(p+1)
= − cxp

xp+1

∞∑
m=0

1

(m+ 1)xm(p+1)

≥ − c
x

∞∑
m=0

1

xm(p+1)
= − c

x

x(p+1)

x(p+1) − 1
≥ −2c

x

for sufficiently large x. Substituting this equation back into the initial bound, we

obtain:

lim sup
x→∞

x
(

1− ecx
p log(1− 1

xp+1 )
)
≤ lim sup

x→∞
x
(

1− e−
2c
x

)
x→∞→ 2c.

�
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5.1 Introduction

In this chapter, we consider the second objective of the thesis, that is the develop-

ment of practical theoretical tools that leverage Lipschitz regularity properties for
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machine learning applications, in the context of time series analysis. Our goal is

to derive theoretical results, of use to learning-based models, regarding the mean

reversion properties of a stochastic process. More precisely, we are interested in

examining the necessary conditions for the presence of mean reversion and in deriv-

ing an estimation of the mean reversion speed. We focus on this particular set of

theoretical properties as the majority of existing results relating to mean reversion

rely on linear or prescribed model assumptions (see Taylor et al. [2001] and dis-

cussion therein) and due to the fact that mean reversion is a fundamental topic in

econometrics and finance; a concrete motivation for the theoretical results stated in

this chapter is to enhance trading decision rules in statistical arbitrage frameworks.

By using our proposed approach, we aim to leverage the flexible structural assump-

tions of machine learning models used in modern system identification methods1

and Lipschitz regularity properties of these models to obtain a more precise theoret-

ical characterisation of mean reversion than can be obtained by classical time series

models.

Defining mean reversion in the context of non-linear time series models is not

straightforward. As mentioned above, mean reversion has generally been studied

under the assumption that the underlying dynamics are linear or with strong as-

sumptions on the functional form of the underlying autoregressive model, see for

example (Taylor et al. [2001], Mukherji [2011], Krauss [2017]). In this case, a char-

acterisation is relatively clear and practical; directly relying on the model parame-

ters to verify unit-root stationarity and first hitting time properties. Unfortunately,

in the case of the non-linear dynamics we consider, such a characterisation is not

directly available as the parameter space is significantly more complex. As an alter-

native, we utilise the Lipschitz-type regularity assumptions on the dynamics in order

to infer properties related to the ergodicity and stationarity of the data-generating

process which imply mean-reverting behaviour (as noted by Domowitz and El-Gamal

[2001], Geman [2007], Fouque et al. [2011]) as well as first hitting time guarantees

which serve as a proxy for mean reversion speed. As we explain in Section 5.2.3,

this choice of assumption regarding the dynamics is key as they can be transformed
1Also referred to as a time series modelling method in the context of this chapter.
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into conditions on the ‖.‖1 norm of the gradient of the time series dynamics and

can therefore be efficiently verified for some of the most popular machine learning

models. In particular, for modelling approaches that rely on neural networks, this

quantity can be computed with an automatic differentiation approach by slightly

modifying the commonly used back-propagation algorithm in order to obtain the

input-output partial derivatives.

We would like to emphasize that the theoretical results obtained in this chapter are

also of interest in their own right, not just in the context of time series modelling

using machine learning. We highlight the following two theoretical contributions.

• We extend the class of general non-linear autoregressive processes that are

geometrically ergodic (and hence stationary if certain initial conditions are

satisfied). This result can therefore be seen as a continuation of the results

obtained in several publications on the subject (see Section 5.1.1 for a more

in-depth discussion).

• We derive tight probabilistic bounds on the first hitting times of general

classes of partially contractive non-linear autoregressive processes. While these

bounds are not given in closed form as they contain non-analytic definite in-

tegrals, they can be computed numerically offline, and solutions stored in a

look-up table. To the best of our knowledge, no other first hitting time guar-

antees have been derived that cover the general class of non-linear stochastic

processes that we consider.

As a practical illustration of our proposed approach, we consider the trading of mean-

reverting assets which arises in pairs trading and statistical arbitrage strategies in

finance. This application is particularly interesting in the context of our chapter as

mean-reverting financial time series exhibit several stylised facts, such as asymmetric

mean-reversion or varying mean-reversion speed across the input space that cannot

be captured by most classical time series models. We apply our theoretical results in

this context in two ways. First, we show how the first hitting time bounds derived

in this chapter can be directly translated to probabilistic bounds on the return of

a mean reversion trading strategy, provided the underlying autoregressive model of
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the mean reverting time series satisfies the required contractive Lipschitz conditions.

Second, we propose a set of trading decision rules based on the application of the

mean reversion properties developed in this chapter and a neural network based

forecasting model. This approach is benchmarked against standard trading decision

rules that can be found in the Pairs Trading literature in an empirical experiment

using real and artificial data. We find that our proposed trading decision rules

identifies better trading opportunities in terms of holding time, average return per

holding time, return volatility and Sharpe ratio of held positions. This approach

is, to the best of our knowledge, the first to incorporate modern machine learning

mechanisms into the trading decision making process of mean reversion.

5.1.1 Related Literature

The investigation of theoretical properties relating to the ergodicity and stationarity

of non-linear autoregressive processes is a classical topic in econometrics which has

been carried out for a variety of different choices of assumptions on the autoregressive

dynamics. For an exposition of relevant theoretical definitions and results related to

the ergodicity of non-linear processes, we refer the reader to Nummelin [2004] and

for a more general overview of theoretical properties of non-linear autoregressive

processes we refer to Meyn and Tweedie [2012].

A foundational paper by Tweedie [1976] first established an equivalence between

the study of stability in deterministic dynamical systems using Lyapunov functions

and the study of geometric ergodicity in non-linear processes. This result, and the

Tweedie criterion given in the same paper, have provided a basis for an entire stream

of research; e.g. Tjøstheim [1990]; Bhattacharya and Lee [1995]; Lu [1998] that look

to relax the assumptions on the autoregressive function of the non-linear process. In

particular, we note the theoretical results of An and Huang [1996] and Cline and Pu

[1999] which prove the geometric ergodicity of the underlying data generating pro-

cess when the autoregressive function satisfies a relaxed Lipschitz-type assumption

and are the most comparable to the results on ergodicity stated in this chapter. We

also mention Liebscher [2005] who improves on the results of An and Huang [1996]
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and Cline and Pu [1999], explores the relationship between geometric ergodicity and

mixing properties and investigates the geometric ergodicity of the EXPARCH and

threshold autoregressive models. More recently, several papers; Boussama et al.

[2011]; Chen et al. [2018]; Kheifets and Saikkonen [2020], have explored the ergodic

properties of various non-linear autoregressive models that have a specific structure

such as vector star models or generalised exponential autoregressive models. Fi-

nally, while little work has been done with a direct application to machine learning

based time series modelling in mind, we highlight the work of Trapletti et al. [2000]

which provides conditions for the ergodicity and stationarity of autoregressive neural

network processes. The goal of this work overlaps with ours as it also focuses on

non-linear processes that arise in the context of machine learning based time series

modelling and the paper proposes several interesting results, however it suffers from

a major drawback in that it requires the boundedness of all activation functions of

the neural network which excludes commonly used choices such as ReLU.

The results on geometric ergodicity derived in this chapter extend the results of An

and Huang [1996] and Cline and Pu [1999] by setting similar but different Lipschitz-

type conditions that are better suited for application in the context of machine

learning based time series modelling. Our conditions, applied to neural network

frameworks, also avoid imposing the boundedness assumption on the activation

function made in Trapletti et al. [2000]. We recall that our goal is not to derive

the most general class of non-linear ergodic processes but rather, as discussed in the

introduction, to focus on a dynamical model class that can be defined by easily ver-

ifiable yet sufficiently general conditions, so that they can be directly accessible for

application in conjunction with non-linear time series modelling methods, especially

those pertaining to modern machine learning.

In contrast to the literature on the geometric ergodicity of non-linear processes, the

existing literature on the first hitting times of contractive processes is spread across a

diverse range of contexts. For discrete time series, usual approaches assume that the

underlying dynamics are linear and stationary, i.e. follow a stationary AR(p) model.
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The first hitting time probabilities and expectation are then computed numerically

(Basak and Ho [2004], Di Nardo et al. [2008]) or can be lower bounded analytically

in the case of the AR(1) model (Novikov and Kordzakhia [2008]). This approach has

been explored in various domains; in statistical arbitrage and quantitative finance for

optimal thresholds setting (Krauss [2017], Puspaningrum et al. [2010]), for predicting

population extinction and time to extinction in ecology (Ferguson and Ponciano

[2014]), signal detection and surveillance analysis( Frisén and Sonesson [2006]) or

structural health monitoring (Mollineaux and Rajagopal [2015], Noh et al. [2009]).

For continuous time price series, dynamics are usually assumed to follow Ornstein-

Uhlenbeck (OU) dynamics in which case the first hitting time probabilities can be

obtained semi-analytically (Lipton and Kaushansky [2018], Martin et al. [2019] and

references therein) under some additional assumptions. Applications are numerous

and involve, for example, hydrology (Fisher et al. [2014]), neuroscience (Lánskỳ and

Smith [1989]) or quantitative finance (Bertram [2010]), (Zeng and Lee [2014]). Note

that, even though in the aforementioned works specific forms of dynamic models were

presupposed, the computation of the first hitting time probabilities had to rely on

numerical approximation. Simplifying this computation is difficult even for simple

autoregressive functions and remains an open question for both Ornstein-Uhlenbeck

models and AR(p) models.

In this chapter, we aim to extend the existing literature as it only provides an

understanding of first hitting times for time series whose dynamics conform to a

specific (linear) structure. In particular, when those functions are identified by black-

box machine learning algorithms, existing results are not applicable and additional

theoretical guarantees are needed. Providing sufficient criteria for mean-reversion

type behaviour of non-linear autoregressive processes and the provision of first-

hitting time bounds for such processes is one of the core contributions of our chapter.

5.1.2 Outline

The first part of the chapter presents the main theoretical results and is divided

into three subsections. Section 5.2.1 states the theoretical results on general mean
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reversion for non-linear processes in the form of geometric ergodicity and stationarity

properties. Section 5.2.2 provides theoretical results pertaining to mean reversion

speed defined by first hitting time guarantees of the stochastic process’s return to

the mean. Finally, Section 5.2.3 discusses how these results can be applied in the

context of machine learning based time series modelling in order to more accurately

characterise non-linear mean reversion.

The second part of the chapter provides an application of the theoretical results in

the context of financial trading. In order to do so, we first provide a short discussion

that shows how the first hitting time guarantees can be directly translated into

guarantees on trading profits when precise estimates of the partial derivatives of

the underlying dynamics are known. We then utilise the derived non-linear mean

reversion results to define trading decision rules in a statistical arbitrage framework.

We illustrate the performance of the proposed trading decision rules empirically by

conducting a benchmark experiment on a small set of (pairwise)-mean reverting

stocks and a series of artificially generated data. A short conclusion and discussion

of future work is given at the end and all major proofs can be found in the Appendix.

5.2 Theoretical Results

In this chapter, we will consider a sequence of random variables (yt)t∈N generated

by the nonlinear autoregressive structure2 described in equation (2.2) in Chapter 2.

More precisely, we assume the following: let d ∈ N

yt+1 :=

f(yt, ..., yt−(d−2), yt−(d−1)) + εt+1 for t ≥ 0

a−t, for t ∈ {−1, ...,−d}.
(5.1)

where f : Rd → R denotes the time series dynamics (or autoregressive function),

a ∈ Rd represents the initial conditions and (εt)t∈N is a mean zero stochastic process.

In order to derive mean reversion properties for (yt)t∈N, assumptions need to be made
2In this chapter, we do not consider control inputs.
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on f and (εt)t∈N. As discussed in the Chapter 2, we aim to make the assumption on

f as general as possible but defined in such a way that it can be readily verified if f

has been approximated by f̂ obtained from a learning-based time series model (the

impact of the approximation error between f and f̂ is briefly discussed in Section

5.2.3). This is done by considering Lipschitz-type assumptions that, under additional

regularity assumptions, can be transformed into assumptions on the gradient of f .

As this chapter will utilise a notion of local-Lipschitz continuity, we rehearse the

definition of the space of Lipschitz continuous functions provided in Chapter 2 in

order to explicitly denote the subset of Rd on which the time series dynamics f is

Lipschitz continuous.

Notation 5.2.1 Let D ⊆ Rd, L ∈ R+ be a constant and consider a norm ‖ · ‖ on

Rd. We define the space of L-Lipschitz continuous functions with respect to ‖ · ‖ on

D as

Lip(L,D, ‖ · ‖) := {f : D → R| |f(x)− f(x′)| ≤ L‖x− x′‖,∀x, x′ ∈ D} .

5.2.1 Geometric Ergodicity of Non-linear Processes

Geometric ergodicity can be used to imply mean reversion as it studies the long-

term convergence of a process towards a stable probability measure. Furthermore,

through the well-known Birkhoff-Khinchin theorem (Birkhoff [1931]), it provides

long-term convergence guarantees for the statistical quantities of a time series by

linking the time sample estimation to the space average computed using the invariant

probability measure associated with the autoregressive model. In Appendix 5.A, a

more precise discussion on the link between mean reversion and geometric ergodicity

is provided.

In order to show that (yt)t∈N is geometrically ergodic, an assumption on the noise

process (εt)t∈N must be made. This is given in the following statement:

Assumption 15 (εt)t∈N is a sequence of independent and identically distributed

random variables with positive density everywhere on R such that E[|ε1|] <∞.
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Assumption 15 is standard in the literature on geometric ergodicity of non-linear

models and is necessary to apply Tweedie’s criterion (Tweedie [1976]) in order to

show geometric ergodicity. For example, a sequence of i.i.d. variables following a

Gaussian noise distribution or a Student’s t-distribution would satisfy this assump-

tion. Using Assumption 15 as well as a global contraction condition with respect to

‖.‖∞, we can obtain the following known result (Nummelin [2004]) which is fairly

trivial to prove.

Lemma 5.2.2 Let ᾱ ∈ (0, 1), f ∈ Lip(ᾱ,Rd, ‖ · ‖∞) and a ∈ Rd. If the noise terms

(εt)t∈N verify Assumption 15, then (yt)t∈N is geometrically ergodic.

A global assumption on f , as given in Lemma 5.2.2 by Lip(ᾱ,Rd, ‖ · ‖∞), makes

sense as a condition for processes that follow classical linear autoregressive models

as in this case the same dependence structure holds for all inputs of the state space.

However for machine learning frameworks that adaptively model the dependence

structure over the state space, these global conditions are overly restrictive. In

this context, we therefore aim to establish more local conditions for ensuring the

geometric ergodicity of the process. This is formally addressed in the following

theorem by restricting the contraction assumption on f to a subset of Rd;

Theorem 5.2.3 Let ᾱ ∈ (0, 1), K ⊂ Rd be compact and assume the noise terms

(εt)t∈N verify Assumption 15. If f ∈ Lip(ᾱ,Rd\K, ‖·‖∞) and is bounded on compact

sets, then (yt)t∈N is geometrically ergodic.

This theorem extends the class of geometrically ergodic non-linear processes de-

scribed in An and Huang [1996]; Cline and Pu [1999]. For (yt)t∈N defined by (5.1),

ergodic behaviour can therefore be observed if ᾱ ∈ (0, 1) and the dynamics of the

time series are ᾱ-Lipschitz continuous with respect to ‖ · ‖∞ above (resp. below) a

given upper (resp. lower) barrier. For example, it is possible for (yt)t∈N to be a non-

continuous or a linear non-unit root stationary process when it stays between the two

barriers and still exhibit mean reverting properties if the dynamics are contracting

when the time series breaches the barriers.
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We note that the result of Theorem 5.2.3 can be directly used to imply the following

corollary on the stationarity of (yt)t∈N.

Corollary 5.2.4 Let (yt)t∈N be as in Theorem 5.2.3. Then (yt)t∈N is asymptotically

stationary.

Using two short lemmas (see the Appendix for the statement of the lemmas), we

can rewrite the Lipschitz condition of Theorem 5.2.3 in terms of the gradient of f

under additional regularity conditions.

Notation 5.2.5 For c ∈ Rd, R ∈ R+, we define the ball centered in c and with

radius R as B(0, R) = {x ∈ Rd : ||x||∞ < R}.

Proposition 5.2.6 (Ergodicity for C1 functions) Let K = B‖·‖∞(c, R) for c ∈ Rd,

R ∈ R+. Assume f is bounded on K, f ∈ C1(Rd \K) and (εt)t∈N satisfies Assump-

tion 15. If there exists ᾱ ∈ (0, 1) such that ∀x ∈ Rd \K, ‖∇f(x)‖1 ≤ ᾱ then (yt)t∈N

defined by equation (5.1) is geometrically ergodic.

As will be discussed in Section 5.2.3, this proposition can be applied in the context

of neural network frameworks as the input-output gradients of the neural network

are easily computable.

5.2.2 First Hitting Time Guarantees for Contracting Non-

linear Processes

From the previous subsection, we have that if a non-linear process (yt)t∈N satisfies the

contraction assumption stated in Theorem 5.2.3, then the process is mean reverting.

However, this characterisation does not include any information on the speed or

behaviour of the mean reversion. In this section, we aim to compute these properties

for (yt)t∈N in the form of first hitting time guarantees on the return to the mean.

As this task is more difficult, additional assumptions are needed. We assume that

the noise process (εt)t∈N satisfies additionally.
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Assumption 16 (εt)t∈N are independent and identically distributed random vari-

ables with bounded non-zero variance and a probability density function denoted by

fε.

We also replace the contraction condition on f by a slightly modified and weaker

Lipschitz-type assumption: we assume f to be a contraction relative to a weighted

norm denoted ‖ · ‖α∗ which is defined as: for α∗ ∈ Rd
≥0, the α∗-norm ‖ · ‖α∗ : Rd → R

is the weighted l1-norm

∀x ∈ Rd, ‖x‖α∗ =
d∑
i=1

α∗i |xi|.

Using this norm, we can define the concept of an α∗-contracting process on D ⊆

Rd as an autoregressive process with a transition function f that is contained in

Lip(1,D, ‖ · ‖α∗) and α∗ ∈ 4+ := {x ∈ Rd
≥0|
∑d

i=1 xi < 1}. Our Lipschitz-type

assumption is then given by:

Assumption 17 Our time series (yt)t∈N is an α∗ contracting process , i.e.

f ∈ Lα∗(D) := Lip(1,D, ‖ · ‖α∗)

for some α∗ ∈ 4+ and D = Rd.

One may wonder how this α∗ contracting condition relates to a simpler Lipschitz

assumption on f . Let D ⊆ Rd, α∗ ∈ 4+ and ᾱ :=
∑d

i=1 αi. We have the following

relationship between Lipschitz function spaces: (1) Lα∗(D) ⊆ Lip(ᾱ,D, ‖ · ‖∞) and

(2) for δ ∈ (0, 1), define α∗ = ( δ
d
, ..., δ

d
)>, then Lip( δ

d
,D, ‖ · ‖1) ⊆ Lα∗(D). (Note that

the first condition implies that the assumption used in Theorem 5.2.3 is weaker than

Assumption 17).

Therefore, although the α∗ condition is notationally heavy, it is useful as it provides

a weaker assumption than an alternative Lipschitz condition based on the ‖ · ‖1

norm. Perhaps more importantly, the α∗ condition provides additional flexibility

that allows for the dependence on previous time lags to be greater than 1
d
as long

as the sum of the α∗ coefficients is smaller than unity. This feature is useful in
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practice where models generally depend on recent time lags more. Finally, if the

α∗ coefficients are obtained by using a machine learning estimation of f then the

input dimension of the estimation model can be greater than d with no explicit

consequences on the α∗ condition.

We define the following matrices that will be used express the first hitting time

guarantees.

Notation 5.2.7 (Relevant matrices) For any α∗ ∈ 4+ := {x ∈ Rd
≥0|
∑d

i=1 xi < 1}

and T ∈ N, we define the associated matrices A(T ) ∈ RT×T and B ∈ Rd×d. Here,

A(T ) is a lower triangular banded matrix and B is a sparse matrix whose entries

are given by:

A(T )ij :=


1, if i− j = 0

−α∗(i−j), if 0 < i− j ≤ d

0, otherwise.)

(5.2)

Bij :=


1, if i− j = 1

α∗j , if i = 1 and 1 ≤ j ≤ d

0, otherwise)

(5.3)

for all i, j ∈ {1, ..., T}.

We now state the bounds on first hitting times of a time series generated by an

autoregressive model satisfying Assumption 17. Appealing to Banach’s fixed point

theorem one can show the existence of a unique fixed point for f : y∗ = f(y∗, . . . , y∗).

As noted in the previous section, the contractive properties of the time series result

in a generalisation of mean-reverting behavior where the fixed point serves as the

level to which the time series will tend to revert to in the long run after being

exposed to a shock. More formally, we define the following.

For a ∈ Rd with ad > y∗ and γ ∈ [0, ad − y∗), we define the upper first hitting time

of (yt)t∈N:

τ+
γ := inf{t ∈ N|yt − y∗ < γ} .

164



CHAPTER 5. NON-LINEAR MEAN REVERSION

Similarly, for ad < y∗ and γ ∈ [ad − y∗, 0), we define the lower first hitting time of

(yt)t∈N:

τ−γ := inf{t ∈ N|yt − y∗ > γ} .

The initial value ad can be seen as having resulted from a "shock" in the time series

and γ as a return barrier that indicates proximity to the long-run “mean” y∗. The

first hitting times τ+
γ and τ−γ are linked to the speed of mean reversion measured at

various levels (γ). By conditioning on past hitting times and the last result of Wise

[1955], one can show our following principal result:

Notation 5.2.8 To alleviate notation, we denote the projection operator onto the

i−th component: πi : Rd → R, (x1, . . . , xd)
> 7→ xi for i ∈ {1, ..., d}.

Theorem 5.2.9 For T ∈ N, define

I+
(α∗,y∗)(T ) :=

ˆ ∞
−b1

...

ˆ ∞
−bT

fε1:T
(A(T )x)dx

where A(T ) is defined in (5.2), fε1:T
is the joint probability density function of any

finite sequence of consecutive noise variables: ε1:T := (ε1, ..., εT ) defined according to

Assumption 16 and bi := π1

(
Bi(a − y∗1d)

)
− γ for i = 1, . . . , T where B is defined

in (5.3). We have:

(i) P
(
τ+
γ > T

)
≤ I+

(α∗,y∗)(T ) < 1 and

(ii) E[τ+
γ ] ≤ 1 +

∞∑
T=1

I+
(α∗,y∗)(T ).

Analogous bounds can be derived for P
(
τ−γ > T

)
and E[τ−γ ].

Proof See appendix.

�

Theorem 5.2.9 provides a lower bound on the cumulative density function of the first

hitting times of (yt)t∈N as it returns to the fixed point of its autoregressive model.

By varying the choice of barrier γ, the bound given in Theorem 5.2.9 can be used as
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a theoretical guarantee on the speed of the mean reversion (yt)t∈N. It is important

to note that contrary to the results on ergodicity given in the previous subsection,

these bounds do not provide any information on the long-run convergence of the

data generating process.

The multi-dimensional integral expression stated in I+ corresponds to the compu-

tation of the orthant probabilities of a T-dimensional random vector. This com-

putation can be done using quadrature, sparse grids or Monte-Carlo methods and

dedicated software libraries exist (Hahn [2005]). Furthermore, this computation can

be done offline and a look-up table can be created. In the case where (εt)t∈N is i.i.d.

Gaussian, the T-dimensional random vector is distributed as N (b, V −1). Extensive

research has been done to optimise the numerical evaluation of this type of expres-

sion and fast quasi Monte Carlo methods can be used for accurate computation for

T < 100 (Genz and Bretz [2009]).

Some comments on the behaviour I+
(α∗,y∗)(T ):

Proposition 5.2.10 Consider the same setup as in Theorem 5.2.9. Then I+
(α∗,y∗)

satisfies the following properties

1. ∀T ∈ N, I+
(α∗,y∗)(T ) is decreasing in γ.

2. ∀T ∈ N>d, if ∀ i, α∗i ≤ β∗i and ∃ j s.t. α∗j < β∗j then I+
(α∗,y∗)(T ) < I+

(β∗,y∗)(T ).

3. ∀T ∈ N : lim‖α∗‖1→0 I
+
(α∗,y∗)(T ) = 1

2T
.

Proof See appendix.

�

As with the main result of the previous section on the ergodicity of (yt)t∈N, a useful

extension of Theorem 5.2.9 is to weaken Assumption 17 to take advantage of the

flexibility of the non-linear autoregressive model. An improvement of this type is

stated in the following Corollary.

Corollary 5.2.11 Assume that Assumption 16 holds. Consider a ∈ Rd and D∗ =∏d
i=1 R≥bi for b ∈ Rd. If ∃α∗D∗ ∈ Rd satisfying f |D∗ ∈ Lα

∗
D∗ (D∗) and f does not
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have a fixed point in D∗, then, ∀γ ∈ [0, ad −maxi∈1,...,d{bi}] and ∀T ∈ N, the upper

bounds stated in Theorem 5.2.9 hold with the α∗ coefficients replaced by α∗D∗.

Proof The proof of Corollary 5.2.11 follows from the proof of Theorem 5.2.9 and

Proposition 5.2.10.2.

�

Corollary 5.2.11 can also be used to tighten the upper bounds of Theorem 5.2.9. In-

deed, fix γ ∈ [0, ad−y∗). Then, definingD∗ =
∏d

i=1 R≥bi where bi = min{γ,minj≤i aj},

we have that Corollary 5.2.11 can be applied with α∗D∗ coefficients instead of Theo-

rem 5.2.9 with the global α∗.

The following result states that under the classical Gaussian noise assumption, E[τ+
γ ]

is finite.

Lemma 5.2.12 If, instead of Assumption 16, (εt)t∈N is assumed to be a Gaussian

white noise process then E[τ+
γ ] <∞.

Proof Follows from proof of Theorem 5.2.9 and Basak and Ho [2004].

�

One may wonder how effective the bounds given in Theorem 5.2.9 are and whether

they can be improved for the assumptions used in this chapter. The following result

shows that the bounds stated in Theorem 5.2.9 cannot be improved for α∗ ∈ 4+.

Lemma 5.2.13 (Tightness) The upper bounds in Theorem 5.2.9 are tight for all

α∗ ∈ 4+.

Proof Proposition 5.2.13 follows from the proof of Theorem 5.2.9.

�

The proof of Theorem 5.2.9 shows that the bounds are tight when the dynamics

of (yt)t∈N can be represented by a linear autoregressive model (AR(p), p ∈ N). In

particular, for α∗ ∈ 4+, this implies that any non-linear model that is Lipschitz

continuous with respect to ‖ · ‖α∗ and has a fixed point y∗, will have its first hitting
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time probabilities and expectation upper bounded by a linear AR process with

coefficients α∗ and intercept c (specified such that the mean of the AR process is

y∗).

5.2.3 Link to Machine Learning-Based Models

In this subsection we explain how the theoretical results obtained the in this chapter

can be utilised in the context of machine learning frameworks that are sufficiently

smooth. We illustrate the practical performance of the first hitting time guarantees

stated in Section 5.2.2 based on synthetic data and a neural time series model

implementation. A commonly used AR(1)-based approach to estimating the first

hitting times is used to benchmark our approach (see Novikov and Kordzakhia [2008]

for the theoretical derivation and Sukparungsee and Novikov [2006] for a numerical

application of the AR(1)-based approach).

Assume that the following time series data: SN = {yt}t∈{1,...,N} can be observed for

some N ∈ N and that an autoregressive machine learning forecasting model f̂ has

been fitted to the data. Then, using f̂ as a replacement for the transition function

f one can aim to estimate ᾱ (as defined in Lemma 5.2.2 or Theorem 5.2.3) or the

α∗ coefficients. To do this, a main advantage of the theoretical results obtained so

far in this chapter is the intuitive formulation of the Lipschitz type conditions that

were used. In particular, if f̂ is differentiable, we can utilise the partial derivatives

of f̂ to verify the conditions needed to apply the results. This has already been

explicitly shown in Proposition 5.2.6 for the theoretical results on ergodicity where

the assumptions are directly stated in terms of maxx ‖∇f(x)‖1 and can be shown

for the first hitting time guarantees given in Theorem 5.2.9 and Corollary 5.2.6 by

applying the following lemma;

Lemma 5.2.14 If the domain D ⊆ Rd of f is convex and f ∈ C1(D) then f ∈

Lα∗(D) with α∗i = maxx∈D | ∂f∂xi (x)|.

Proof (Trivial) Follows directly from an application of the multivariate version of

the mean value theorem and the convexity of D.
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Figure 5.21: (Algorithm) Characterising mean reversion with neural networks and input-
output gradient computations.

�

From Lemma 5.2.14, we have that if there exists {α∗i }i∈{1,...,d} coefficients such that

maxx∈D | ∂f̂∂xi (x)| ≤ α∗i for all i ∈ {1, ..., d} and
∑d

i=1 α
∗
i < 1 then Theorem 5.2.9 and

Proposition 5.2.12 can be applied. While the computation of Lipschitz constants

of machine learning models can be computationally difficult (with the exception of

some non-parametric frameworks, see Calliess et al. [2020] and Chapter 3), obtaining

an approximation of the gradients is generally more straightforward. In particular,

for non-linear autoregressive models that rely on neural networks, backpropagation

can be used to compute partial derivatives and existing deep learning libraries (e.g.

Pytorch or Tensorflow) can be utilised (see torch.autograd or tf.GradientTape). In

Algorithm 1, we proceduralise this discussion and describe more precisely how neural

networks can be applied in order to approximately verify the conditions of non-linear

mean reversion derived in practice.

We note that the type of input-output partial derivative computation discussed

in the previous paragraph and utilised in Algorithm 1 has been extensively used

in computer vision and explainable AI for input sensitivity analysis, see Baehrens

et al. [2010]; Simonyan et al. [2013] and has started to expand to other application

areas. Existing heuristics and techniques from these fields can therefore be leveraged

in order to improve Steps 2 and 3 of Algorithm 1. Furthermore, for several non-
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parametric machine learning model choices that utilise neural networks, it is possible

to incorporate gradient learning directly into the model fitting process which would

offer a more direct way of estimating maxx ‖∇f(x)‖1 and the {α∗i }i∈{1,...,d} coeffi-

cients, see Ismail et al. [2021].

We also note that Step 2 of Algorithm 1 only provides a discretised approximation of

‖∇f̂‖1 across the input space. If f̂ is a neural network with ReLU activation func-

tions, we can consider recent work by (Jordan and Dimakis [2020]) that proposes a

Mixed-Integer Programming (MIP) approach for exactly computing local Lipschitz

constants of ReLU networks in order to modify Algorithm 1 to avoid this discreti-

sation. More precisely, if f̂ is a ReLU network, Steps 2 and 3 of Algorithm 1 can be

replaced by an alternative series of steps that involves solving a MIP problem on a

set V which is given as input and then applying Theorem 5.2.3 and Corollary 5.2.11.

This approach is however technically difficult as it suffers from the worst-case expo-

nential time complexity of solving a MIP problem and the difficulty of defining MIP

problems with non-convex input sets V of the type used in Theorem 5.2.3. There-

fore, as an assumption on the accuracy of the discretisation approximation of Step

2 is weak relative to the one made on the accuracy of the approximation of ∇f by

∇f̂ and the fact that the computation of maxx∈D | ∂f∂xi (x)| can be done efficiently in

low dimensions through grid search (Scaman and Virmaux [2018]), we consider the

more approximate approach described by Algorithm 1. We note that this approach

is consistent with the baseline method for Lipschitz constant estimation of neural

networks proposed in the experimental section of Scaman and Virmaux [2018].

In Table 5.21, we illustrate how the upper bounds given in Theorem 5.2.9 perform

in practice. Using a standard autoregressive model, we generate a time series of

fixed length: 1000 timesteps and model the noise with a Gaussian distribution.

Then, utilising a 2-layer Neural Network with sigmoid activation we estimate the

α∗ constants of the underlying function and compute I+
(α∗,y∗)(T ) for 1 ≤ T ≤ 40

(We stop at 40 as the first hitting time probabilities are approximately equal to 0

for T ≥ 40). These values are compared against the “true" first hitting probabilities

stochastic process defined by the selected autoregression function. We compute
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Method L1(20) L1(40) E[τ |τ ≤ 40]

AR(1): xt+1 = 0.9xt + εt+1, E[τ |τ ≤ 40] = 8.96

Non-linear Estim. 0.12± 0.067 0.06± 0.033 9.05± 1.23
AR(1) Estim. 0.087± 0.046 0.052± 0.027 7.95± 0.048

AR(3): xt+1 = 0.7xt + 0.15xt−1 + 0.05xt−2 + εt+1, E[τ |τ ≤ 40] = 7.66

Non-linear Estim. 0.102± 0.032 0.1± 0.08 11.86± 1.13
AR(1) Estim. 0.074± 0.042 0.038± 0.02 7.43± 0.58

ESTAR(1): xt+1 = 0.4xt + 0.3xt(1− e−
x2
t
2 ) + εt+1, E[τ |τ ≤ 40] = 3.4

Non-linear Estim. 0.093± 0.021 0.04± 0.009 4.77± 0.61
AR(1) Estim. 0.085± 0.0095 0.038± 0.004 3.57± 0.04

Neur. Net.: xt+1 = NN(xt, xt−1, xt−2) + εt+1, E[τ |τ ≤ 40] = 7.36

Non-linear Estim. 0.17± 0.061 0.06± 0.03 10± 1.33
AR(1) Estim. 0.085± 0.037 0.08± 0.03 3.8± 1.2

Table 5.21: Performance of the first hitting time bounds in practice.

the (averaged) L1(20)-error: 1
20

∑20
T=1 |I

+
(α∗,y∗)(T )− P

(
τ+
γ > T

)
|, (averaged) L1(40)-

error: 1
40

∑40
T=1 |I

+
(α∗,y∗)(T ) − P

(
τ+
γ > T

)
| and the value of the estimation of the

conditional expectation E[τ |τ ≤ 40]. These values are averaged over 10 simulations

and the standard deviation of the obtained results is also stated. As a benchmark,

we estimate the first hitting time probabilities of the time series using an AR(1)

model as is most commonly done in practice (see discussion in introduction).

As the AR(1) estimation approach aims to directly estimate the first hitting time

of the stochastic process (instead of ensuring a lower bound), one could expect it to

be more precise than the non-linear first hitting time estimation approach in terms

of L1(20) and L1(40) metrics. While this can be observed for some values in Table

5.21, we have that in the majority of computed loss metrics the performance of our

proposed approach is competitive with the results of the AR(1) first hitting time

estimation method. The estimated values of E[τ |τ ≤ 40] then illustrate the fact that

the non-linear estimation method aims to ensure a lower bound on the first hitting

times of the time series. We note that for each estimation, α∗ ∈ 4+ on a subset

of Rd of the form given in Algorithm 1. This implies that maxx ‖∇f(x)‖1 < 1 and

that the time series is geometrically ergodic.

One caveat to the discussion of this section is that the robustness of the estimation of

the α∗ coefficients can be difficult to obtain as it depends strongly on the precision

of the system identification method. Some research on robust estimation of the
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gradient/partial derivatives for neural network based approaches can be found (e.g.

see Cardaliaguet and Euvrard [1992] Wang et al. [2019]), however the impact of the

estimation error on the partial derivatives estimates and thereby on the α∗ estimates

remains an open question that we will explore in future work.

5.3 Trading Mean Reversion

In this section, we apply the theoretical results developed in Section 5.2.1 and Sec-

tion 5.2.2 to inform financial trading decisions of statistical arbitrage strategies. In

general terms, these strategies can be defined as trading frameworks that utilise

inter-dependencies between the price time series of a set of financial assets to con-

struct a portfolio containing these assets that generates consistent market neutral

returns. Although the approach to detecting and leveraging the inter-dependencies

can be quite varied (see Avellaneda and Lee [2010], Krauss [2017]), the end goal is

generally the same: constructing a mean reverting time series from the underlying

financial data that can be studied to obtain trading signals. To make this clearer,

we provide the following example that considers the popular statistical arbitrage

strategy of pairs trading:

Example 5.3.1 One trades a synthetic asset whose price series Z is computed as

the difference of two other assets X,Y. That is, one trades Zt = Xt − βyt. Hedging

coefficient β is tuned to render Z mean reverting. A pairs trading strategy then aims

to profit by leveraging the mean reverting behaviour of the synthetic asset. It enters

a long trade whenever the price of the synthetic asset reaches a threshold level U1

that is far below the mean. It closes the long trade whenever the asset price has

reverted back to a level L1 close to the mean by selling it. Conversely, the strategy

goes short trade is initiated the price of Z reaches a level U2 that is far above the

mean by short-selling the synthetic asset and closes out the position upon reaching

a level L2 near the mean. This is illustrated in Figure 5.31[a]. Here we traded a

simulated synthetic asset employing our strategy.
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The optimisation of the U,L thresholds described in Example 5.3.1 is a key com-

ponent of creating a successful statistical arbitrage strategy as it provides the rules

for systematically entering and exiting the underlying trading positions. The choice

of these thresholds directly impacts the return, volatility and average holding time

of the strategy, but is difficult to do in practice given the noisiness of financial

data. In this section, we focus on the problem of threshold setting and propose a

machine learning based approach which utilises the theoretical results developed in

this chapter to derive optimal thresholds.

5.3.1 Existing Approaches

Existing academic literature on trading decision rules based on threshold setting can

be separated into three broad categories (See Krauss [2017] for a recent overview of

the statistical arbitrage literature).

• Fixed model approach: This approach assumes that the price series of

the synthetic asset follows a discretised Ornstein-Uhlenbeck model (AR(1)) in

order to derive optimal trading thresholds and policies that optimise standard

trading metrics (see Elliott et al. [2005]; Bertram [2010]). Extensions for OU

modelling with jump processes (Stübinger and Endres [2018]), stop-loss rules

(Leung and Li [2015]) and regime-switching (Bai and Wu [2018]) have also

been developed.

• Heuristic approach: A commonly used approach in practice is the one de-

scribed in (Gatev et al. [2006]) which simply sets the entry thresholds(U) at

two standard deviations and the exit threshold (L) at the long-term mean.

Variations of this approach have also been implemented by changing the entry

thresholds through heuristics based on the financial data considered.

• Optimisation approach: This approach sets the U,L thresholds by directly

maximising returns based on past observations of the price time series of the

synthetic asset Z (e.g. Vidyamurthy [2004]). While this type of framework

may seem optimal, it is prone to data snooping and has been avoided in existing
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literature.

Apart from a few exceptions (e.g. Dunis et al. [2008] Dunis et al. [2015]) which do not

focus directly on threshold setting, most of the relevant research has ignored settings

where the synthetic asset has been identified with a (non-linear) machine learning

method. This is despite the fact that learning based approaches offer the flexibility

to capture stylised facts such as the existence of asymmetrical mean reversion (Chen

et al. [2011]) or the complicated non-linear nature of the autocorrelation structures

of financial price time series. Note that these properties are not indicated by the

statistical testing that is commonly used to detect mean reversion i.e. unit-root

stationarity tests and can generally only be observed by a more precise modelling

of the mean reversion of the time series of the constructed synthetic asset (see Choi

and Moh [2007]).

Our approach. In Section 5.3.3, we provide a threshold setting approach that fits

a neural network to the synthetic mean reverting time series and applies Algorithm

1 to obtain subsets V ∈ R+ and corresponding α∗V coefficients that identify domains

of the subspace where (yt)t∈N is quickly mean reverting. This is described more

precisely in Algorithm 2. Before that, in Section 5.3.2, we briefly discuss how the

first time guarantees developed in this chapter can be directly leveraged to obtain

theoretical guarantees on the trade returns that depend on the choice of the U,L

trading thresholds.

5.3.2 Statistical Arbitrage with Precise Knowledge of α∗

Using our theoretical results, we show how, having obtained precise estimates for

the α∗-coefficients and the first hitting time bounds from Theorem 5.2.9, we can

inform the selection of the entry and exit trading thresholds U,L such that we get

a probabilistic guarantee on the trade time and expected return. An illustrative

example with a simulated synthetic asset is given in Figure 1[b,c]. To tune U,L and

understand the profitability properties of the trades of the strategy, we are interested

in bounds involving the following variables:
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Definition 5.3.2 (Informal definition of trading variables)

• r(U,L, c): return of a single trade at thresholds (U,L) and transaction cost c.

• S(U,L): time taken to close positions once they have been opened (with thresh-

old (U,L)).

• RTrade(U,L, c) := r(U,L,c)
S(U,L)

: average return of a single trade per unit of time

with thresholds (U,L).

Under common noise assumptions (e.g. Gaussian with finite standard deviation

of σ), we can utilise Theorem 5.2.9 to obtain an upper bound T(α∗,σ)(U,L, p) on

S(U,L) that holds with high probability p ∈ [0, 1); T(α∗,σ)(U,L, p) := min{T ∈

N| 1 − I+
(α∗,y∗)(T ) ≥ p} where I+

(α∗,y∗) depends on the choice of U,L and σ. This

upper bound can then be used to set a probabilistic guarantee on the average return

per unit of time;

Proposition 5.3.3 Let T(α∗,σ)(U,L, p) be as defined above,

P
(
RTrade(U,L) ≥ r(U,L, c)

T(α∗,σ)(U,L, p)

)
≥ p (5.4)

where p ∈ [0, 1) is a chosen confidence level. Furthermore, we have

E[RTrade(U,L)] ≥ r(U,L, c)

1 +
∑∞

T=1 I
+
(α∗,y∗)(T )

. (5.5)

Proof This result follows directly from Theorem 5.2.9 and Jensen’s inequality.

�

Proposition 5.3.3 is comparable to the semi-analytical trading guarantees derived un-

der an AR(1) model assumption by Bertram [2010]. As a lower bound for r(U,L, c)

is generally easily obtainable by considering the difference in value of the underlying

positions at U and L, (5.4) and (5.5) can be used to determine trading thresholds

that guarantee in expectation or with high probability a sufficiently high average

return per unit time.
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Figure 5.31: [a]: Statistical arbitrage thresholds for the short position. Positions are opened
(green circles) when the time series hits U (green line) and closed (red circles) when it sub-
sequently hits L (red line). The dashed black line represents the "fixed point" y∗. [b]:
Dependence of the expected return lower bound guarantee (Eq. 5.5) on the entry threshold
(U) and exit threshold (L). Here, α∗ = (0.7, 0.15, 0.05) and U,L are given in units of noise
standard deviation. [c]: Setting thresholds U = 4.4, L = 2.2, the bound on RTrade(U,L)
given in Eq. 5.4 is illustrated empirically for various choices of confidence levels (p) by com-
puting the empirical distribution of the returns for positions opened and closed at thresholds
(U,L).

.

The final optimisation of the trading thresholds will then also depend on the number

of times the position entry threshold U is hit (i.e. the number of times a position in

the underlying securities can be opened), the desired duration of the trade and the

average return per unit of time of other trading opportunities in the portfolio. Figure

5.31[b] provide an illustration of the behaviour of the lower bound guarantees on

E[RTrade(U,L)] stated in (5.5) for various values of U and L. These lower bounds

were computed in the context of a simple case of a single mean reverting asset

(implies r(U,L, c) ≥ U −L) when the dynamics of the synthetic asset were assumed

to be α∗-Lipschitz contracting with α∗ = (0.7, 0.15, 0.05). For a specific choice

of U,L, Figure 5.31[c] illustrates the lower bound stated in (5.4). To obtain the

bound, the relation r(U,L, c) ≥ U −L was utilised. The experiments were run 5000

times by simulating from a neural network (4-layers, Relu activation, trained on real

financial data) with α∗ = (0.7, 0.15, 0.05) in order to obtain the illustrated empirical

distribution. As expected, for each confidence level p the curve representing the lower

bound given in (5.4) lies beneath the curve representing the empirically estimated

(1− p)-th quantile of the average return per unit of time.
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Figure 5.32: (Algorithm) α∗ threshold setting approach for improving trading decision
rules in statistical arbitrage strategies.

5.3.3 Statistical Arbitrage with Non-linear Mean Reversion

The theoretical trade return guarantees presented in the previous subsection de-

pended on the assumption that precise estimates of the partial derivatives of f are

readily available in order to infer the α∗ coefficients. Unfortunately, this assump-

tion does not generally hold in practice. In the case where only an approximation

of the partial derivatives can be determined, we propose an alternative threshold

setting rule that utilises a small neural network based time series model to estimate

maxx ‖∇f(x)‖1 and the α∗ coefficients and then utilises these estimates to set the

position exit threshold (i.e. L). The position entry threshold (i.e. U) is then set

heuristically depending on the exit threshold, observed past standard deviation and

transaction cost. The goal of this approach is not to directly optimise for higher

returns but rather to utilise the functional flexibility of the neural network and the

theory developed in this chapter (see in particular Propositions 5.2.6, 5.2.10 and

Corollary 5.2.11) to decrease return volatility and asset holding time of each trade

by identifying subsets of the state space that exhibit faster mean reversion and set-

ting the trading thresholds accordingly. To this end, a hyper-parameter δ can be

specified in Algorithm 2 to indicate the desired mean reversion speed in our trading

decision rules. Ideally, trades based on these decision rules should be quick, with

constant high daily returns and should therefore be well suited to trading environ-

ments with high transaction costs, when significant turnover is needed (i.e. due

to drift, avoiding regime shifts, etc.) and/or when numerous trading strategies are

being deployed simultaneously.
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We note that our proposed approach focuses on setting optimal thresholds and

therefore assumes that a stationary mean reverting time series has already been

constructed. Mean reversion is however indirectly considered as the maxx ‖∇f(x)‖1

will automatically increase in value as the time series stops mean reverting.

Outline of the experiment: To illustrate the performance of the proposed α∗

threshold setting approach we perform a series of experiments on both real and arti-

ficial data. Since the purpose of this chapter is the improvement of trading decision

rules on mean reverting assets, we focus on implementing and comparing various ap-

proaches at this level of a statistical arbitrage strategy and do not implement a full

strategy i.e. constructing the mean reverting time series from underlying financial

assets. The selected stocks were found in various academic texts and a look-ahead

bias was used in order to ascertain the mean reversion of the synthetic asset; we

verify that the synthetic time series has an ADF test with a p-value under 0.1 over

the full time period. An overview of the data used:

• Real Data: Four pairs/mean reverting equity price time series are used; (V;MA),

(EWA;EWC), (VNRX), (EURN) over the time period 2017-2021. We train

the neural network model and apply Algorithm 2 on the data between 2017

and 2019. The performance of the strategy is then measured on the 2019-2021

period.

• Artificial Data: Two-layer neural networks with ReLu activation were trained

on real data and then used to generate time series. In this case, the partial

derivatives of f and therefore the “optimal” trading thresholds of our approach

are assumed known apriori. The performance of the α∗ threshold setting ap-

proach is tested on a "2 year" trading simulation" (500 data points) . This

experiment is conducted 200 times and averaged.

The performance of the α∗ threshold setting approach is benchmarked against two

standard trading decision rules; (1) a fixed model approach that assumes that the

synthetic asset follows an AR(1) model in order to utilise analytical formulae given

by Bertram [2010] to set the upper and lower thresholds. These serve as both

position entry and exit thresholds. (2) A heuristic approach used in Gatev et al.
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[2006] which sets the upper and lower entry thresholds at 2 standard deviations

above/below the empirical mean and the position exit threshold at the mean.

To measure the performance of the proposed threshold setting approach a series of

well known financial measures is used; total return,Ssharpe ratio, maximum draw-

down and average holding time. Additionally, we add two measures;

1. Sharpe ratio 2: Sharpe ratio computed only on days where an underlying po-

sition in the assets is open. This quantity provides a better understanding of

the trade return volatility and makes sense as in practice one would trade on

a number of pairs concurrently.

2. Trade return average: discussed in the previous subsection and is the average

daily return of an opened position. This measure gives an understanding of

the relation between return and holding time of the asset.

The results of the empirical analysis are presented in Table 5.41 and Table 5.42

(see Appendix) for varying levels of transaction costs. In addition to the financial

measures discussed above we also report the entry and exit thresholds of each trading

approach.

Threshold Comparison: In the conducted experiments, the thresholds set by the

AR(1) approach are closely positioned around the mean. This makes the strategy

dependent on a precise estimation of the mean or the drift of the synthetic asset and

might lead to heavy losses when the time series no longer mean reverts to a point

between the two thresholds. In contrast, GGR thresholds are generally set much

further away from the empirical mean of the time series mitigating the risk of mis-

specified mean reversion outside the position entry thresholds. The GGR thresholds

perform optimally when mean crossing happens frequently i.e. when strong "global"

mean reversion is observed. Finally, the thresholds set by the proposed α∗ approach

are non-symmetrical and the specified exit thresholds are significantly more con-

servative than the other two approaches. While certain trading opportunities may

be missed in this case, additional flexibility/error in the specification of the empir-

ical mean or drift of the synthetic time series is obtained. An illustration of the
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(a) (b) (c)

(d) (e)

Figure 5.33: [a,b,c] Illustration of the α∗, AR(1) and GGR threshold setting approaches
that define a trading signal based on the mean reversion of VNRX. The red lines represent
the position exit thresholds and the green lines the position entry thresholds. For [b] the
green lines represent both entry and exit thresholds. [d] PnL of trading decision rules
based on the threshold setting approaches with 2% transaction cost. [e] PnL of trading
decision rules based on the threshold setting approaches with 2% transaction cost with
additional max constraint set on holding time (two weeks).

differences in threshold setting is given in Figures 5.33[a], 5.33[b] and 5.33[c].

Trading Performance: The performance of the trading decision rules based on

the thresholds described in our empirical analysis offers insight on the advantages

and disadvantages of each approach. When the dynamics of the underlying model

are captured well by an AR(1) model, the AR(1) trading decision rules offer a way of

maximising returns by trading quickly and frequently. However, the return volatility

of held positions by this approach as measured by Sharpe Ratio 2 tends to be

considerably higher than other approaches which implies that significant risk is taken

to attain the higher returns. Furthermore, in cases where the noise model is not well

specified which inevitably happens in practice, e.g. un-modeled exogenous variables,

the maximum drawdown can be heavy (For VNRX the maximum drawdown reaches

−91.30%!) and the maximum holding time can last an extended period of time.
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Alternatively, the GGR trading decision rules tend to mitigate some of these issues

as observed by the smaller empirical Sharpe Ratio 2 and maximum drawdown values

in Table 5.41. However, this trading approach often results in high average holding

times which are not sufficiently compensated by the increased trade return (i.e.

difference between entry and exit thresholds) as described by the empirical trade

return average. High holding time can be particularly problematic in practice as

it leads to higher transaction costs and increased risk of being caught in a regime

switch before the position is exited.

The observed performance of the proposed α∗ trading decision rules in our exper-

iments shows an approach that has a low average holding time and a high trade

return average comparable to the values obtained by the AR(1) decision rules. In

addition, the α∗ approach maintains a low return volatility, relatively low maximum

drawdown and a high Sharpe Ratio 2 which consistently outperforms both of the

other approaches. The total returns of the α∗ trading decision rules are generally

smaller than the total returns of the other two threshold setting approaches as our

proposed method trades less frequently than the AR(1) decision rules and for a

smaller potential trade return than the trades specified by the GGR decision rules.

The differences in total returns are however often not substantial.

In essence, the α∗ trading decision rules sacrifices trading opportunities and trade

returns in order to focus on high quality trades with low return volatility and holding

time. As noted above, this is an expected consequence of our theoretical results as

the flexibility of neural network modelling and the selection of a mean-reversion

speed hyper-parameter δ in Algorithm 2 can be used to identify subsets of the

state space where the time series mean reverts faster in terms of first hitting time

(see Proposition 5.2.10). It is important to note that we have assumed that no

portfolio adjustements due to drift or hedging were required in our experiments. If

these conditions are included in the trading environment it should further improve

the total return performance of the α∗ trading decision rules relative to the other

approaches. This is illustrated by Figure 5.33[e] where an additional constraint of

total position turnover was imposed after 10 time steps.
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5.4 Conclusions

This chapter is, to the best of our knowledge, the first to model mean reversion in

the context of machine learning- based time series modelling. The chapter derives

theoretical properties of non-linear autoregressive processes specifically intended for

this goal and describes how these results can be leveraged in practice with popular

machine learning frameworks. By doing so, the proposed approach takes advantage

of the structural flexibility of a machine learning based modelling approach in order

to obtain a more precise characterisation of mean reversion.

Specifically, we present theoretical results extending the class of general non-linear

geometrical ergodic processes and derive novel first hitting time bounds for non-

linear time series that can be interpreted as a measure of mean reversion speed.

These results rest on contraction conditions that can be transformed into assump-

tions on the partial derivatives of an underlying autoregressive model and therefore

be readily verified by neural network based approaches through automatic differenti-

ation (cf. Algorithm 1). We provide a brief experiment on synthetic data to showcase

how our approach can improve on existing mean reversion modelling frameworks by

considering the first hitting times of contracting non-linear time series.

As an application we show how this chapter’s theoretical results can be utilised

in practice to define trading decision rules of statistical arbitrage strategies. The

trading strategy constructed in this chapter shows how a more precise modelling of

mean reversion can be utilised to improve performance compared to commonly used

trading decision rules in terms of low trade return volatility and holding time, while

minimally affecting trade return and Sharpe ratio.
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Appendix 5.A Geometric Ergodicity & Mean Re-

version.

As noted by (Domowitz and El-Gamal [2001], Geman [2007], Fouque et al. [2011]),

geometric ergodicity and mean reversion are closely related concepts. In this section,

we recall the definition of geometric ergodicity and briefly discuss this connection.

In order to do so, we consider a d-dimensional reformulation of the (yt)t∈N process

defined in Section 5.2. More formally, (Yt)t∈N is a Rd-valued 1-step Markov process

that satisfies:

Yt+1 = Φ(Yt) + εte1 (5.6)

where Φ : Rd → Rd, Φ(x1, ..., xd) = (f(x1, ..., xd), x1, ..., xd−1)> and e1 is the first

unit vector of Rd. We also specify the state space: (Rd,Bd, µd) of (Yt)t∈N where Bd
is the class of Borel sets on Rd and µd is the Lesbegue measure. The geometric
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ergodicity of (Yt)t∈N can then be defined as follows.

We first say that (Yt)t∈N is φ-irreducible if there exists a non-trivial probability

measure φ on Rd such that for every set S ∈ Bd of non φ-measure 0,

∞∑
n=1

pn(S|a) > 0,

where pt(S|a) is defined by pt(S|a) := P(Yt ∈ S|Y(−1:−t) = a). Assuming that

(Yt)t∈N is φ-irreducible, we can then define geometric ergodicity as follows; (Yt)t∈N

is geometrically ergodic if there exists an invariant probability measure π (defined

below) and a constant ρ > 1 such that ∀x ∈ R,

lim
t→∞

1

ρt
‖pt(dS|a)− π(dS)‖ → 0 (5.7)

where ‖.‖ denotes the variation norm on the space of signed measures on (Rd,Bd).

Furthermore, if (5.7) holds, then π is the unique invariant probability measure for

(Yt)t∈N (Nummelin [2004]). We recall that a measure π defined on (Rd,Bd) is said

to be an invariant measure for (Yt)t∈N if ∀S ∈ Bd,

π(S) =

ˆ
Rd
pn(S|a)π(da).

The geometric ergodicity property described in (5.7) implies that the long-run prob-

abilistic behaviour of (Yt)t∈N and therefore of (yt)t∈N will be stable, converging to a

fixed invariant probability measure. This notion can be more explicitly connected

to mean-reversion through the Birkhoff-Khinchin theorem (Birkhoff [1931]) which

implies that if (5.7) holds, then for all measurable3 functions g : Rd → R, the long-

run time average of (g(Yt))t∈N converges almost surely to the deterministic average

with respect to the invariant probability measure π of (Yt)t∈N:

lim
T→∞

1

T

T∑
t=0

g(Yt) =

ˆ
Rd
g(Y )π(dY ).

3With respect to the π.
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In particular, if g is the projection of vectors x ∈ Rd onto their first component x1,

then:

lim
T→∞

1

T

T∑
t=0

yt = Eπ[Y ]

where Y is a random variable on (R,B) with distribution π. This result states that

the long-run average of c will converge to a fixed constant determined by the invari-

ant measure π which implies that (yt)t∈N will either satisfy limT→∞ yt = Eπ[Y ] or

will cross-over Eπ[Y ] infinitely many times. In the context of the trading applica-

tion considered in Section 5.3, both of these cases provide pertinent information on

mean reverting characteristics of (yt)t∈N which can be used to inform decision rules

regarding trading threshold setting.

Appendix 5.B Proof of Ergodicity & Stationarity

Results

In order to utilise past results (see Tweedie [1976], Chan and Tong [1985], Tjøstheim

[1990]) to show the geometrical ergodicity of (yt)t∈N, we will consider the reformu-

lation of (yt)t∈N into a Rd-valued 1-step Markov process: (Yt)t∈N in this chapter.

Proof of Lemma 5.2.2.

Follows from Banach’s fixed point theorem and Theorem 5.1 of Chan and Tong

[1985].

�

Notation: For c ∈ Rd, R ∈ R+, we define the ball centered in c and with radius R

as B(0, R) = {x ∈ Rd : ||x||∞ < R}

Proof of Theorem 5.2.3. Without loss of generality, we suppose K := B(0, R)

for R ∈ R+.

Let (Yt)t∈N be the equivalent one step Markov chain in Rd defined in (5.6). The

proof of Theorem 5.2.3 follows from the two following results;
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Lemma 5.B.1 (Section 2 of Chan and Tong [1985]) Let f be as defined in Theorem

5.2.3 and assume that the noise assumption defined in Assumption 15 holds. Then,

(Yt)t∈N is µd-irreducible and aperiodic. Furthermore, any compact set K ⊂ Rd is

small.

Theorem 5.B.2 (Extension of Tweedie’s Criterion given in Tjøstheim [1990]) Let

(Yt)t∈N be µd-irreducible and aperiodic. Suppose that there exists a non-negative

measurable function g : Rd → R, positive constants c1, c2 ∈ R+, ρ ∈ (0, 1),a small

set K̃ and a positive integer h ∈ N, such that

E[g(Yt+h)|Yt = a] ≤ ρg(a)− c1, ∀a /∈ K̃ (5.8)

E[g(Yt+h)|Yt = a] ≤ c2, ∀a ∈ K̃ (5.9)

then (Yt)t∈N is geometrically ergodic.

In order to show the geometric ergodicity of (yt)t∈N, it is therefore sufficient to find

g : Rd → R, c1, c2 ∈ R+, ρ ∈ (0, 1) and a small set K̃ such that equations (5.8) and

(5.9) are verified. In order to do so, we choose g : Rd → R, g(x) = ‖x‖∞ and h = d.

We now show that there exists a positive constant c1 ∈ R+, ρ ∈ (0, 1) and a small

set K̃ such that our choices of g and h satisfy the drift condition (5.8).

Fix an arbitrary a /∈ K, we consider two cases;

1. {Yt+j}j∈{1,...,d} ⊆ Rd \K.

2. There exists j ∈ {1, ..., d} such that Yt+j ∈ K.

(1.): Consider j ∈ {1, ..., d}, and fix an arbitrary point z ∈ Rd \ K. Then, for

Yt+j /∈ K and initial conditions Yt = a (Note: Yj = (yj, ..., yj−d+1)>), we denote:

∀i ∈ {0, ..., d − 1}; ȳt+j−i :=

f(Yt+j−i−1) if j > i

ai−j+1 otherwise.
, ε̄t+j−i :=

εt+j−i if j > i

0 otherwise.
and observe the following relation:

‖Yt+j‖∞

= max
i∈{0,...,d−1}

|yt+j−i| ≤ max
i∈{0,...,d−1}

|ȳt+j−i + ε̄t+j−i|
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≤ max
i∈{0,...,d−1}

|ȳt+j−i − f(z)|+ max
i∈{1,...,d}

|εi|+ |f(z)|

≤ ᾱ max
i∈{1,...,d}

‖Yt+j−i‖∞ + max
i∈{1,...,d}

|εi|+ ᾱ‖z‖∞ + |f(z)|

≤ ᾱmax {‖Yt+j−1‖∞, ‖a‖∞}+ max
i∈{1,...,d}

|εi|+ ᾱ‖z‖∞ + |f(z)|.

As only the first term of the last equation depends on a, we can iterate the above

relation to obtain;

‖Yt+j‖∞ ≤ ᾱ‖a‖∞ + Cj = ᾱg(a) + Cj

where Cj is random variable that only depends on ᾱ, {ε1, ..., εd} and z. Therefore,

E
[
‖Yt+d)‖∞

∣∣Yt = a, {Yt+j}j∈{1,...,d} ⊆ Rd \K
]
≤ ᾱg(a) + E[Cd]

where E[Cd] ∈ R is a function of the constants E[maxi∈{1,...,d} |εi|], ᾱ‖z‖∞ and |f(z)|

and does not depend on a. Set R̃′ ∈ R+, ᾱ′ ∈ (ᾱ, 1) and c′1 > 0, such that K ⊆

B(0, R̃′)

(ᾱ′ − ᾱ)R̃′ − c′1 > E[Cd]

As the choice of z ∈ Rd \ K can be same the for all a, this implies that for all

a ∈ Rd \B(0, R̃′), we have

E
[
‖Yt+d‖∞

∣∣Yt = a, {Yt+j}j∈{1,...,d} ⊆ Rd \K
]
≤ ᾱg(a) + E[Cd]

≤ ᾱ′g(a) + (ᾱ− ᾱ′)R̃′ + E[Cd] ≤ ᾱ′g(a)− c′1.

which verifies equation (5.8) of of Theorem 5.B.2.

(2.): Since there exists j ∈ {1, ..., d} such that Yt+j ∈ K, we cannot use the same

approach as above. Define M := max{maxx∈K |f(x)|,maxx∈K ‖x‖∞} and j∗ :=

max{j ∈ {1, ..., d} s.t. Yt+j ∈ K} which both exist by assumption. We have that

either j∗ = d and therefore ‖Yt+d‖∞ ≤ M or j∗ < d in which case ‖Yt+j∗‖∞ ≤ M .

Denoting Õj∗+i := |f(z)| + ᾱ‖z‖∞ + |εt+j∗+i| where z ∈ Rd \ K is the arbitrarily

selected point of the first part of the proof, we can use a similar approach to the one
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used in (1.), to obtain the following relation:

|yt+j∗+1| ≤ |f(z)|+ ᾱ‖z‖∞ + |εt+j∗+1|+ ᾱ‖Yt+j∗‖∞ ≤ Õj∗+1 + ᾱM,

|yt+j∗+2| ≤ Õj∗+1 + ᾱ‖Yt+j∗+1‖∞ ≤ Õj∗+2 + ᾱÕj∗+1 + ᾱM,

...

|yt+d| ≤
d−(j∗+1)∑

i=0

ᾱd−(j∗+1)−iÕj∗+i+1 + ᾱM.

Since {εi}i∈{1,...,d} are i.i.d., we have that ∀i 6= j, E[Õt+i] = E[Õt+j] =: E[Õ] and

therefore

E [‖Yt+d‖∞|Yt = a,∃j ∈ {1, ..., d} s.t. Yt+j ∈ K] ≤
d−1∑
i=1

ᾱ(d−1)−iE[Õ] + ᾱM.

As the term on the right-hand side of the above equation is constant we can set

R̃′′ > M , ᾱ′′ ∈ (0, 1) and c′′1 > 0 such that
∑d−1

i=1 ᾱ
(d−1)−iE[Õ] + ᾱM ≤ ᾱ′′R̃′′ − c′′1.

For all a ∈ Rd \B(0, R̃′′),

E [‖Yt+d‖∞|Yt = a,∃j ∈ {1, ..., d} s.t. Yt+j ∈ K] ≤ ᾱ′′R̃′′ − c′′1.

Finally, let R̃′′′ ∈ R+ be such that K ⊆ B(0, R̃′′′) and set R̃ := max{R̃′, R̃′′, R̃′′′},

α := max{ᾱ′, ᾱ′′} and c1 := min{c′1, c′′1}. Combining (1.) and (2.) together, we

obtain for all a ∈ Rd \B(0, R̃),

E[‖Yt+d‖∞
∣∣Yt = a]

≤ P
(
{Yt+j}j∈{1,...,d} ⊆ Rd \K

)
E
[
‖Yt+d‖∞

∣∣Yt = a, {Yt+j}j∈{1,...,d} ⊆ Rd \K
]

+P (∃j ∈ {1, ..., d} s.t. Yt+j ∈ K)E [‖Yt+d‖∞|Yt = a,∃j ∈ {1, ..., d} s.t. Yt+j ∈ K]

≤
(
P
(
{Yt+j}j∈{1,...,d} ⊆ Rd \K

)
+ P (∃j ∈ {1, ..., d} s.t. Yt+j ∈ K)

) (
αR̃− c1

)
= αR̃− c1 ≤ αg(a)− c1

which verifies condition (5.8) given in Theorem 5.B.2 is satisfied. The existence of
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a positive constant c2 > 0 such that condition (5.9) holds for K̃ = B(0, R̃) follows

directly from the assumption that f is bounded on compact sets. Therefore, the

second condition of Theorem 5.B.2 is satisfied and (yt)t∈N is geometrically ergodic.

�

Proof of Proposition 5.2.6. Consider K = B‖·‖∞(c, R) with c ∈ Rd and R ∈ R+.

We define the following projection function;

pK : Rd \K → Rd \K;

x 7→ pK(x) =


pK(x)i = ci + r, if xi > ci + r

pK(x)i = ci − r, if xi < ci − r

pK(x)i = 0 otherwise.

where the image set of pK is denoted by PK := Im(pK). It is trivial to see that PK

is countable and |PK | <∞.

In order to prove Proposition 5.2.6, we first state and prove the following lemma

that considers the projection functions: pK .

Lemma 5.B.3 Let ᾱ ∈ (0, 1) and K = B(c, R) for c ∈ Rd, R ∈ R+ and assume

the noise terms (εt)t∈N verify Assumption 15. If f is bounded on compact sets and

such that

∀x ∈ Rd \K, |f(x)− f(pK(x))| ≤ ᾱ‖x− pK(x)‖∞

then (yt)t∈N is geometrically ergodic.

Proof of Lemma 5.B.3. Without loss of generality, we can assume c = 0. The

lemma then follows from applying the same approach as in the proof of Theorem

5.2.3 replacing the arbitrarily selected point z ∈ R\K with pK(yt+j) for j ∈ {1, ..., d}

at each iteration of the upper bounds obtained when yt+j /∈ K. Note that since

pK(Rd \K) ⊆ Pk which is finite, we have that the implicit dependence4 of pK(yt+j)

4In the proof of Theorem 5.2.3, the choice of z ∈ R\K was arbitrary and did not depend on a
while in the proof of Proposition 5.B.3, by construction, the selected points are given by pK(yt+j)
j ∈ {1, ..., d} which depends, through yt+j j ∈ {1, ..., d}, on the initial conditions a.
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on initial conditions a /∈ K can be removed by taking the maximum over the vertex

set. This implies that comparable constants to the Cd and Õ terms defined in the

proof of Theorem 5.2.3 can be defined to hold for all a in the context of this proof.

�

Before continuing with the proof of Proposition 5.2.6, we also state the following

useful lemma.

Lemma 5.B.4 (Basic Lemma) Let O be an arbitrary set and f ∈ C1(O). If L :=

supx∈O ‖∇f(x)‖1 < ∞, then ∀x, y ∈ O such that v := {z ∈ Rd|∃λ, x = λx + (1 −

λ)y} ⊆ O, |f(x)− f(y)| ≤ L‖x− y‖∞.

The proof of Proposition 5.2.6 then follows from combining Lemma 5.B.3, Lemma

5.B.4 and the fact that ∀x ∈ Rd \K, {z ∈ Rd|∃λ, z = λx+ (1− λ)pK(x)} ⊆ Rd \K.

�

Appendix 5.C Proof of First Hitting Time

Guarantees

Proof of Theorem 5.2.9. The proof of Theorem 5.2.9 is given as follows. From

Assumption 17, we have that the first hitting time τ+
γ can be upper bounded by

the first hitting time τ zγ := inf{t ∈ N|zt < γ} of a linear AR(d) (zt)t∈N process with

coefficients equal to the α∗ vector, initial conditions (a1 − y1, ..., ad − y∗) ∈ Rd and

same noise process (εt)t∈N as (yt)t∈N. Then, for an arbitrary T ∈ N:

P
(
τ zγ > T

)
= P

(
min

t∈{1,...,T}
zt > γ

)
= P

( T⋂
t=1

{zt > γ}
)
.

For every time step t ∈ {1, ..., T}, by iterating backwards from timestep t, we can

re-express zt as

zt =
t∑
i=1

β(α∗, t, i)εi + π1(Bt(a− y∗1d)). (5.10)
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where β(α∗, t, i) is a constant that depends on α∗, t and i. Define σ2 := var(ε1)

which is finite and non-zero by Assumption 16. The independence and identical

distributions of the noise variables imply ∀s ≤ t ∈ N,

cov(zs, zt)

σ2
=

s∑
i=1

β(α∗, s, i)β(α∗, t, i) = 〈M(T )s,M(T )t〉

where M(T )i denotes the i-th row of of a matrix M ∈ RT×T . Therefore, the covari-

ance matrix VT ∈ RT×T of (zt)t∈{1,...,T} is given by VT = σ2M(T )M(T )>. From (35)

in Wise [1955], we have that the sample covariance of (zt)t∈{1,...,T} is known and given

by V −1
T = 1

σ2Aα∗(T )Aα∗(T )> with Aα∗(T ) is defined in (5.2). By uniqueness of the

square root of a matrix and of the inverse matrix we obtain an explicit expression

for M(T ): M(T )−1 = Aα∗(T )>.

Using the above relation, equation (5.10) and det(Aα∗(T )) = 1, we obtain the bound:

P
( T⋂
t=1

{zt > γ}
)
≤ P

(
M(T )ε1:T > −b

)

=

ˆ ∞
−b1

...

ˆ ∞
−bT

fε1:T
(Aα∗(T )

( x1

...
xT

)
)

|det(Aα∗(T )−1)|
dx1...dxT

= I+
(α∗,y∗)(T ).

The second statement of 5.2.9 follows almost immediately. For N ∈ N, define EN
as the partial sum EN :=

∑N
T=1 TP

(
τ+
γ = T

)
then

EN =
N∑
T=1

TP
(
τ+
γ = T

)
=

N∑
T=1

T∑
t=1

P
(
τ+
γ = T

)
=

N∑
t=1

N∑
T=t

P
(
τ+
γ = T

)
=

N∑
T=1

P
(
τ+
γ ≥ T

)
= 1 +

N∑
T=1

P
(
τ+
γ > T

)
≤ 1 +

N∑
T=1

I+
(α∗,y∗)(T ).

Taking limits on both sides of the inequality yields

E[τ+
γ ] =

∞∑
T=1

TP
(
τ+
γ = T

)
≤ 1 +

∞∑
T=1

I+
(α∗,y∗)(T ).
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�

Proof of Proposition 5.2.10. In this proof, we modify previous notation to

emphasize dependence on the parameters studied in Remark 5.2.10 and we define

the following notation: for every T ∈ N, we denote by JT ⊆ RT the set JT :=∏T
i=1[−bi,∞) where bi :=

(
Bi
α∗|a−y∗1d|)

)
1
−γ. (i): Consider γ1, γ2 ∈ [0, ad−y∗) with

γ1 ≤ γ2. We have ∀i = 1, ..., T , bi(γ1) ≥ bi(γ2) which implies that JT (γ1) ⊇ JT (γ2)

and subsequently

I+
(α∗,y∗)(T, γ1) =

ˆ
JT (γ1)

fε1:T
(Aα∗(T )x)dx

≥
ˆ
JT (γ2)

fε1:T
(Aα∗(T )x)dx = I+

(α∗,y∗)(T, γ2).

(ii): Consider α∗, β∗ ∈ 4+ with ∀ i, α∗i ≤ β∗i and such that ∃ j with α∗j < β∗j . It

follows that ∀t ∈ N>d, zt(α∗) < zt(β
∗)) (where zt(α∗) (z(β∗) denotes a linear AR(d)

process defined with coefficients equal to α∗ (β∗)) and noise process (εt)t∈N. Then,

∀T ∈ N>d,

I+
(α∗,y∗)(T ) = P

( T⋂
t=1

{zt(α∗) > γ}
)
≤ P

( T⋂
t=1

{zt(β∗) > γ}
)

= I+
(β∗,y∗)(T ).

(iii): Let J (−1)
T denote {x ∈ RT |Aα∗(T )−1x ∈ JT}, then

I+
(α∗,y∗)(T ) = P

(
M(T )ε(T ) > −b

)
=

ˆ
JT

fε1:T
(Aα∗(T )x)dx

=

ˆ
J

(−1)
T

fε1:T
(x)dx =

ˆ
RT
fε1:T

(x)1
J

(−1)
T

(x)dx.

where 1A(x) denotes the indicator of a subset A. Define g(x, α∗) = fε1:T
(x)1

J
(−1)
T

.

Since g verifies all the conditions of Theorem 5.6 of Elstrodt [1996] for α∗0 := 0, we

have
´
RT g(x, α∗)dx is continuous in α∗0. This implies that I+

(α∗,y∗)(T ) is continuous

in α∗ = 0 and therefore lim‖α∗‖1→0 I
+
(α∗,y∗)(T ) = I+

(0,y∗)(T ) = 1
2T
.

�
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6.1 Summary of contributions

This chapter concludes this thesis by providing an overview of our main research

contributions and examining potential avenues for future work that build upon the

various results established in previous chapters.

In Chapter 3, we investigated the fundamental problem of estimating the Lipschitz

constant of an unknown target function under minimal parametric assumptions.

As a first theoretical contribution, we derived novel lower bounds on the sample

complexity of this problem for both noise-free and noisy sampling settings under

mild assumptions. We then proposed a simple Lipschitz learning algorithm (LCLS1)

which we showed to be asymptotically consistent under general noise assumptions.

We established finite sample guarantees for LCLS thereby deriving upper bounds

on the sample complexity of the Lipschitz learning problem. Our analysis shows

that the sample complexity rates derived in this chapter are optimal in both the

noise-free setting and in the noisy setting when the noise is assumed to follow a
1Lipschitz Constant Estimation by Least Squares Regression.
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Gaussian distribution and that LCLS is a sample-optimal algorithm in both cases.

Finally, we showed that, by design, the LCLS algorithm is computationally faster

than existing theoretically consistent methods, and can be readily adapted to various

noise assumptions with little to no prior knowledge of the target function properties

or noise distribution.

In Chapter 4, we examined the asymptotic convergence properties of general Lip-

schitz interpolation methods under bounded stochastic noise assumptions. We es-

tablished probabilistic consistency guarantees of the classical approach in a gen-

eral context and derived upper bounds on the uniform convergence rates consistent

with well-known optimal rates of non-parametric regression in related settings. Our

bounds contribute to the literature in two ways: Firstly, from a theoretical perspec-

tive, they provide a novel characterisation of the non-parametric uniform conver-

gence rate in the bounded noise setting. Secondly, they can serve as a theoretical

tool for comparing Lipschitz interpolation to alternative non-parametric regression

methods and provide an explicit condition on the behavior of the noise at the bound-

ary of its support, indicating when Lipschitz interpolation should be expected to

asymptotically outperform or underperform other approaches. In the second part

of this chapter, we extended these results to include additional consistency guar-

antees for online learning of system dynamics in discrete-time stochastic systems

and demonstrated their usefulness in deriving closed-loop stability guarantees for a

basic online-learning-based controller. We also derived asymptotic consistency for

the fully data-driven LACKI framework (Calliess et al. [2020]) when the assumption

of prior knowledge of the Lipschitz constant is removed.

Finally, in Chapter 5, we investigated the theoretical properties, in relation to mean

reversion, of general classes of non-linear autoregressive processes that arise in the

context of machine learning-based time series modelling. More precisely, we utilised

relaxed Lipschitz-type regularity assumptions on the dynamics of these processes

to obtain geometric ergodicity/stationarity and to provide tight probabilistic upper

bounds on the first hitting times of the process as it reverts back to the mean. As

a practical case study, we demonstrated how our theoretical results can be applied

196



CHAPTER 6. CONCLUSION

to neural network time series models to define trading decision rules for statistical

arbitrage strategies and to provide probabilistic guarantees on the PnL.

6.2 Future Work

While this thesis has provided a comprehensive theoretical study of a variety of the-

oretical problems pertaining to Lipschitz continuous machine learning, many chal-

lenges and open problems persist. In particular, in the long run, it would be of

great interest to explore the generalisability of these types of findings beyond the

Lipschitz continuous case and to observe how the conclusions reached in this work

can be improved under strengthened functional assumptions on the target function,

particularly through the consideration of specific modern machine learning models.

For the shorter term, throughout this thesis, we have provided insight into potential

extensions and avenues for future exploration. Presented below is a concise compi-

lation of both long term goals and promising extensions stemming from the results

developed in this thesis, which we believe would be of interest for future work.

• The LCLS algorithm proposed in Chapter 3 generates global Lipschitz con-

stants. In practice, it is relatively common that local Lipschitz constants are

utilised instead to improve performance. A natural extension would there-

fore be to modify the LCLS algorithm to recursively compute local Lipschitz

constants and to obtain theoretical guarantees for this extension. Some initial

results in this direction have already been derived and are relatively promising.

• Extending the lower bounds on the sample complexity in the noisy setting

derived in Chapter 3 under stronger assumptions on the target function, a

more restricted class of Lipschitz learning algorithms and/or weaker noise as-

sumptions is another interesting potential research direction. In particular, it

would be of interest to consider the bounded noise setting of Chapter 4 which

is generally assumed when applying Lipschitz interpolation frameworks.

• With respect to the asymptotic analysis done in Chapter 4, a potential re-
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search avenue would be the derivation of lower bounds on the non-parametric

convergence rates under the same settings and assumptions. These would, ide-

ally but not unexpectedly, given existing results on the optimal convergence

rates of non-parametric boundary regression by Jirak et al. [2014], demon-

strate the optimality of the upper bounds on the non-parametric convergence

rates developed in that chapter.

• The extension of the convergence rate upper bounds of Chapter 4 to the more

practical and fully data-driven extensions of Lipschitz interpolation such as

LACKI (Calliess et al. [2020]), POKI Calliess [2017] or LCLS-KI (Chapter 3)

would also be of interest. These new bounds would most likely be probabilis-

tic in nature and could potentially be obtained by combining the results of

Chapter 3 and Chapter 4.

• The first hitting guarantees derived in Chapter 5 make nominal model assump-

tions and do not consider the impact of estimation error. A potential research

direction could therefore incorporate this additional uncertainty into the first

hitting time bounds to obtain a more practical result.

• A more practical research direction, could consider a more comprehensive in-

vestigation into the empirical performance of the neural network-based trading

decision rules proposed in Chapter 5 when applied to enhance statistical arbi-

trage strategies.
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