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Abstract

The field of machine learning theory plays an essential role in establishing the math-
ematical foundations and performance boundaries of data-driven modelling techniques.
By providing a rigorous analysis of the underlying properties of an algorithm, theoretical
machine learning guides the development of reliable methods that can be utilised in real-
world applications. In this context, Lipschitz regularity has been a particularly useful
tool, aiding in establishing robustness, worst-case error bounds, and generalisation capa-
bilities for a wide range of machine learning frameworks. Building on this foundation,
this thesis explores the theoretical properties of the general class of Lipschitz continuous
machine learning frameworks with a specific focus on dynamical system identification.

The first part of this thesis investigates a fundamental problem of this class of machine
learning frameworks which is the estimation of the Lipschitz constant of the target function
from data. We derive optimal sample complexity rates for this problem in both the
noiseless and the noisy settings under minimal parametric assumptions on the target
function. A novel Lipschitz constant estimation technique shown to be computationally
efficient and sample optimal is also proposed.

The second part of the thesis focuses on a popular non-parametric system identification
method utilised in control: Lipschitz interpolation. It derives a series of theoretical results
on the asymptotic properties of the framework under a bounded noise assumption. More
specifically, general asymptotic consistency and precise upper bounds on the uniform
non-parametric convergence rates are obtained. These established bounds can serve as
theoretical tools for comparing Lipschitz interpolation against alternative non-parametric
regression methods. Various extensions of these results in the context of online learning,
online leaning-based control, and a fully data-driven extension of the classical Lipschitz
interpolation framework proposed by Calliess et al. [2020] are also obtained.

The final part of the thesis considers the use of Lipschitz regularity properties in conjunc-
tion with neural network-based identification methods in the field of time series analysis.
We utilise relaxed Lipschitz-type regularity assumptions on the dynamics of a general
class of non-linear autoregressive processes to obtain a characterisation of mean reversion
through theoretical results on geometric ergodicity and tight upper bounds on the first
hitting times of these processes as they revert back to mean. The utility of these results
is demonstrated in a financial application on improving trading decision rules where the
theoretical results are harnessed to develop learning-based pairs trading strategies with
probabilistic guarantees on their profitability.



Statement of Originality

I hereby declare that, except where made explicitly clear, the contents of this dis-
sertation are my own original work, and to the best of my knowledge do not contain
materials submitted in whole, or in part, for consideration for any other degree
or qualification at the University of Oxford or any other academic or professional
institution.

Signature Date



Table of Contents

1 Introduction
1.1 Overview . . . . . . . . . e
1.2 Research Objectives and Contributions . . . . . . . . ... ... ...

1.3 Outline. . . . . . . .

2 Background

2.1.1  General Regression Setting & Non-parametric Estimation . . .
2.1.2  The Space of Lipschitz Continuous Functions. . . . . . . . ..
2.1.3 Reminder: Useful Theoretical Notions . . . . . . .. ... ..
2.2 Lipschitz Continuous Machine Learning . . . . . . . . .. .. ... ..
2.2.1 Lipschitz Interpolation . . . . . . .. ... ... ... .....
2.2.2  Lipschitz Constant Estimation . . . . . ... .. .. ... ...
2.2.3 Connections to Artificial Neural Networks . . . . . ... ...

3 On the Sample Complexity of Lipschitz Constant Estimation
3.1 Imtroduction . . . . . . . ...
3.1.1  Contributions & Outline of Chapter . . . . . . ... ... ...
3.2 Assumptions & Sample Complexity Lower Bound . . . . . .. .. ..
3.2.1 Basic Assumptions . . . . . .. ...
3.2.2  Noiseless Sampling Setting . . . . . . ... ... .. ... ...
3.2.3 Noisy Setting . . . . .. ...

3.3 Lipschitz Constant estimation by Least Squares regression (LCLS) . .

i

14
17
18
18
23
24

27
28
31
33
33
35
37



TABLE OF CONTENTS

3.3.1 Overview . . . . ... 41
3.3.2  General Theoretical Analysis. . . . . . ... ... ... .... 44
3.3.3 LCLS with Regular Partitions & Sample Complexity Upper
Bound . . .. .. .. 48
3.3.4  Empirical Performance . . . . . ... ... 54
3.3.4.1 Experimental Setup . . .. ... ... ... ... .. 54
3.34.2 Discussion . . . . . ... o7
3.4 Connections to Machine Learning & Related Fields . . . . .. .. .. 60
3.4.1 Global Optimisation . . . . .. ... ... ... ........ 61
3.4.2 Non-parametric Regression for System Identification. . . . . . 64
3.5 Conclusions . . . . .. .. 66
3.6  Overview of Empirical Test Functions . . . . . . ... ... ... ... 68
Appendices 69
Appendix 3.A Proofs: Lower bounds on Sample Complexity . . . . . . .. 69
Appendix 3.B  Proofs: Theoretical Properties of LCLS . . . . . ... ... 7
3.B.1 Technical Lemmas . . . .. .. ... ... ... ........ 7
3.B.2  Proof of Main Theoretical Properties of LCLS . . . . . . . .. 83
Appendix 3.C Proofs: Sample Complexity of Adaptive Lipschitz Optimi-
sation . . ..o 100
4 Lipschitz Interpolation: Asymptotic Analysis 104
4.1 Introduction . . . . . . . ... 104
4.2 Lipschitz Interpolation: Set-up & Assumptions . . . . . . . . .. ... 107
4.3 Asymptotic Consistency & Convergence Rates . . . . . . . ... ... 109
4.4  Online Learning: Asymptotics . . . . . . . . ... ... ... .. ... 118
4.5 Removing the Lipschitz Constant Assumption . . . . . . .. .. ... 124
4.6 Connections to Online Learning and Control . . . . . . . .. .. ... 129

4.6.1 Example - model-reference adaptive control of a single pendulum137

4.7 Conclusion . . . . . . . . 139

Appendices 141

1l



Appendix 4.A  Additional Results (Convergence rate of tracking error) . . 141

Appendix 4.B Proof of Theorem 4.3.5 . . . . . . . . ... . ... ..... 142
Appendix 4.C Technical Lemmas . . . . . . . .. .. ... .. ....... 150

5 Non-linear Mean Reversion 153
5.1 Introduction . . . . . . ... 153
5.1.1 Related Literature . . . . . .. .. ... ... ... ...... 156

5.1.2 Outline . . . . .. .. 158

5.2 Theoretical Results . . . . . . . ... ... L 159
5.2.1 Geometric Ergodicity of Non-linear Processes . . .. ... .. 160

5.2.2  First Hitting Time Guarantees for Contracting Non-linear Pro-

CESSES v v v e e e e e e e e e 162

5.2.3 Link to Machine Learning-Based Models . . . . . . . ... .. 168

5.3 Trading Mean Reversion . . . . . . .. ... ... .. ... ... ... 172
5.3.1 Existing Approaches . . . . . . ... ... ... ... ..... 173

5.3.2 Statistical Arbitrage with Precise Knowledge of o* . . . . . . 174

5.3.3 Statistical Arbitrage with Non-linear Mean Reversion . . . . . 177

5.4 Conclusions . . . . . . . .. 182
Appendices 185
Appendix 5. A  Geometric Ergodicity & Mean Reversion. . . . . . . . . .. 185
Appendix 5.B  Proof of Ergodicity & Stationarity Results . . . . . . ... 187

Appendix 5.C Proof of First Hitting Time

Guarantees . . ..., 192

6 Conclusion 195
6.1 Summary of contributions . . . . . ... ... . L L. 195
6.2 Future Work . . . . . . . 197

v



3.1

3.2

3.3

3.4

3.5

3.6

3.7

List of Figures

(Algorithm) Implementation of the LCLS Algorithm for a general
input space partition choice and for a hypercube input space with
regular partitions . . . . .. ..o L Lo
Comparison between the performance of the LCLS algorithm and the
classical Strongin algorithm in the noiseless sampling setting. . . . . .
Comparison between the performance of the LCLS algorithm and the
modified-Strongin algorithms in the noisy sampling setting. . . . . . .
Comparison between the convergence speed relative to computation
time of the LCLS algorithm and the modified-Strongin algorithms in
the noisy sampling setting. . . . . . . .. .. ... L.
[llustration of the performance of the LCLS algorithm in the bounded
and unbounded noisy sampling settings. . . . ... .. ... ... ..
Illustration of a selection of Lipschitz interpolation frameworks ap-
plied to noisy data. The methods utilised are the LCLS-KI method,
LACKI proposed in (Calliess et al. [2020]), Lacki-wrong which is com-
puted from the LACKI framework with wrongly specified hyperpa-
rameters and NN-KI proposed in (Milanese and Novara [2004]).
Comparison of the mean absolute error of the following Lipschitz

interpolation frameworks; LCLS-KI, LACKI, LACKI-wrong and NN-

64



LIST OF FIGURES

4.21 TIllustration of the behaviour of the noise variables described by As-
sumption 8 for various valuesof . . . . . . .. ... 108
4.31 TIllustration of the consistency of Lipschitz interpolation . . . . . . .. 110
4.32 Mlustration of the behaviour of the convergence rates derived in The-
orem 4.3.5 for various values of (d,a,m) . . . . . ... 117

4.61 Ilustration of the pendulum control example. . . . . . . . ... ... 138

5.21 (Algorithm) Characterising mean reversion with neural networks and
input-output gradient computations. . . . . . ... ... 169
5.31 Tllustration of Statistical Arbitrage thresholds and return theoretical
guarantees . . . . ... 176
5.32 (Algorithm) o* threshold setting approach for improving trading de-
cision rules in statistical arbitrage strategies. . . . . . . . . ... ... 177
5.33 Hlustrative comparison of threshold setting approaches for trading

signal generation with VNRX . . . . .. .. ... ... .. ... ... 180

vi



3.1

4.31

5.21
5.41

0.42

List of Tables

Overview of the test functions used in the empirical section on Lips-

chitz constant estimation (Section 3.3.4). . . . . .. .. ... ... .. 68

Comparison of the convergence rate derived in Theorem 4.3.5 with
optimal rates of convergence rates in similar settings and discussion

given in this section. . . . . .. ... L oo 116

Performance of the first hitting time bounds in practice. . . . . . .. 171
Performance of the o, AR(1) and GGR threshold setting approaches
in a low transaction cost environment . . . . . ... ... ... ... 183
Performance of the a*, AR(1) and GGR threshold setting approaches

in a high transaction cost environment. . . . . . . . ... ... ... 184

vil



1 ‘ Introduction

Contents
1.1 Overview . . . v v v ittt i e e e e e e e e 1
1.2 Research Objectives and Contributions . . ... ... .. 3
1.3 Outline. . . . . . . . . . i it ittt e 5

1.1 Overview

Over the past two decades, the increasing availability of vast amounts of data and
rapid advancements in computational capacity have led to the proliferation of ma-
chine learning frameworks in real-world applications. In many industries such as
finance (Dixon et al. [2020]), robotics (Brunke et al. [2022]), or the automotive
industry (Shukla et al. [2019]), this has meant the popularisation of data-driven
approaches to identifying and controlling dynamical systems based on input-output

observations.

While system identification methods are not novel, historical efforts in this field
have focused on relatively simplistic parametric models (Ljung [2010]) due to com-
putational limitations. The increase in computational power has therefore allowed
for the use of more powerful non-linear parametric and non-parametric learning-
based frameworks which relax the strict structural assumptions inherent in classical

approaches. Popular examples include neural networks (Goodfellow et al. [2016]),
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kernel methods (Thomas Hofmann [2008]) and Gaussian Processes (Williams and

Rasmussen [2006]).

A desideratum of these modern system identification methods in industrial applica-
tions is that they provide mechanisms for uncertainty quantification or worst-case
guarantees. This ensures that a principled approach to validating safety constraints
and certifying satisfactory performance is possible. In the context of learning-based
control, two prevailing paradigms have typically been associated with these methods
in order to achieve this goal, as outlined in recent surveys on safe learning in predic-
tive control by Hewing et al. [2020], Mesbah et al. [2022]|. The first is probabilistic
in nature and leverages a Bayesian methodology that generally relies on Gaussian
process regression, see for instance Berkenkamp and Schoellig [2015], Hewing et al.
[2019]. The second adopts a deterministic approach based on worst-case guarantees
that typically relies on the Lipschitz regularity of estimated systems. This can be
observed in works such as Milanese and Novara [2004], Calliess et al. [2020] which
use Lipschitz interpolation methods or Knuth et al. [2021], Zhou et al. [2022| which
develop neural network-based approaches. Machine learning frameworks that are
consistent with either of these paradigms are therefore of particular interest for

real-world applications of system identification.

In general, the empirical performance of the machine learning-based methods dis-
cussed above has been extensively studied. In contrast, due to the absence of under-
lying structural assumptions, a general theoretical characterisation of these methods
has been more challenging. Given the growing use of these data-driven frameworks
in practice, obtaining a profound understanding of these methods is becoming in-
creasingly relevant and a growing number of streams of research have started to
focus on this issue. These efforts include deriving asymptotic minimax rates of con-
vergence for deep neural networks with both Sigmoid and ReLLU activation functions
(Bauer and Kohler [2019], Schmidt-Hieber [2020]), non-asymptotic high probability
bounds for neural networks (Farrell et al. [2021]) or establishing information and
convergence rates for Gaussian process methods (van der Vaart and van Zanten

[2008], Van Der Vaart and Van Zanten [2011]) and various extensions (Burt et al.
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[2019], Wynne et al. [2021]) to mention but a few. While significant progress has
been made, closing the gap between the theoretical and empirical understanding of

modern machine learning frameworks remains one of the main current challenges

within the field.

This thesis seeks to contribute to the effort to narrow this gap. As the scope of the
problem is extensive, our focus centres on the class of machine learning models that
offer Lipschitz regularity properties with the aim of deriving meaningful theoretical
results in the context of system identification. More specifically, the two following

over-arching objectives are considered:

e A comprehensive theoretical investigation of the non-parametric re-

gression framework known as Lipschitz interpolation.

e The development of practical theoretical tools that leverage Lips-

chitz regularity properties for modern system identification.

1.2 Research Objectives and Contributions

The first part of the thesis will focus on a relatively simple but fundamental question,
which is one of the main practical drawbacks of Lipschitz interpolation frameworks
and Lipschitz constant-based computational methods in general. That is the de-
pendence on prior knowledge of the Lipschitz constant or, in the case that this
assumption is not made, the necessity of learning a precise Lipschitz constant es-
timate. To solve this issue, a number of Lipschitz constant estimation methods
(also called Lipschitz learning algorithms) have been constructed (see in particular;
Strongin [1973], Beliakov [2005] and Calliess et al. [2020]) and applied in practice.
Unfortunately, few of these methods provide guarantees of convergence and there
is little theoretical insight into the problem itself. As the precise estimation of
Lipschitz constants is crucial for the applications of any Lipschitz constant-based

computational method, two reasonable questions that can be asked are:

e "How difficult is the estimation of a Lipschitz constant?”.
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and in light of the answer to this first question;
e "Do existing estimation methods reasonably solve this problem?".

The first chapter in this part of the thesis will answer the first question by providing
lower bounds on the sample complexity and convergence rate bounds on the prob-
lem and will answer the second question by constructing a novel theoretically-backed
algorithm that addresses the shortcomings of existing Lipschitz constant estimation
methods. While the initial motivation for this research was an application to the
context of system identification and more specifically Lipschitz interpolation frame-
works which are popular in predictive control, the research done in this part holds in
a more general context. In particular, computational applications in adaptive global
optimisation (Malherbe and Vayatis [2017]) or reinforcement learning (Chakrabarty
et al. [2019]) have explicitly made use of Lipschitz constant estimation methods and

will therefore also be interested in the findings of this part.

The second part of the thesis will continue the proposed theoretical investigation
into Lipschitz interpolation frameworks by focusing on a minimax convergence rate
analysis of a general version of the method. We aim to provide a satisfying answer

to the following question:

e "Can a precise theoretical characterisation of the convergence obtained by

Lipschitz interpolation frameworks be established?”.

As noted above, this type of analysis already exists for the other popular non-
parametric regression methods, see in particular Steinwart et al. [2009] for conver-
gence rates for kernel methods, Van Der Vaart and Van Zanten [2011] for GPs or
Schmidt-Hieber [2020] for deep neural networks, and we take special care in for-
mulating our results such that they can serve as a theoretical tool for comparing
Lipschitz interpolation to these alternative methods. Specifically, our proposed so-
lution provides an explicit condition on the observed tail behaviour of the noise,
indicating when Lipschitz interpolation should be expected to outperform or under-

perform other non-parametric system identification approaches asymptotically.

Finally, the last part of the thesis will focus on the separate topic of leveraging non-
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linear machine learning and Lipschitz continuity to characterise mean reversion'
which is a fundamental topic in econometrics and finance. Most existing approaches
that study mean reversion utilise classical econometric models that rely on simple
parametric forms such as AR(p) or STAR(p) to model the system dynamics (see
Taylor et al. [2001] and discussion therein) and do not consider the recent prolifer-
ation of non-linear machine learning-based time series models. As these methods
have been shown to perform better than classical models in various forecasting tasks
(Christensen et al. [2022], Hsu et al. [2016]), one can wonder whether they could
not also be leveraged in the context of mean reversion. The main research question

of this part can therefore be stated as:

e "How can machine learning-based system identification methods and
Lipschitz-type reqularity conditions be utilised to provide a more precise

estimation of mean reversion in non-linear systems?".

This part of the thesis will provide an answer to this question by developing theo-
retical results on geometric ergodicity, stationarity and first hitting times based on
Lipschitz-type conditions on the dynamics of the time series and by explaining how
these results can be applied in practice to neural time series models. It will conclude
by providing a case study of the proposed approach in the context of finance where
optimal trading rules for statistical arbitrage strategies will be derived. As a side
note, we remark that the Lipschitz constant estimator developed in the first part of
the thesis could be applied in order to verify the Lipschitz-type conditions used to

establish mean reversion in this part.

1.3 Outline

The thesis will be structured as follows:

Chapter 2 [Background] will define the general theoretical setting considered in

this chapter and introduce the relevant machine learning frameworks.

1'We note that the key assumption utilised in this chapter is based on Lipschitz continuity.
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Chapter 3 [Lipschitz Constant Estimation] will study the problem of learning
a Lipschitz constant of a target function from data. Theoretical lower and upper
bounds are derived for the sample complexity of the problem and a novel algorithm

based on local linear regression is proposed.
This chapter is based on the following paper:

e J. Huang, S. Roberts, J. Calliess, On the Sample Complexity of Lipschitz

Learning, Accepted in Transactions of Machine Learning Research?, 2023

Chapter 4 [Lipschitz Interpolation: Asymptotics| will provide an asymptotic
analysis of Lipschitz interpolation focused on deriving consistency and asymptotic
convergence rate results. Various theoretical extensions of these results to online
learning, online learning-based control and a fully data-driven Lipschitz interpolation

extension proposed by Calliess et al. [2020] will also be derived.
This chapter is based on the following paper:

e J. Huang, S. Roberts, J. Calliess, Asymptotic Analysis of Lipschitz Interpola-
tion under Bounded Stochastic Noise, (Under review), 2023.

Chapter 5 [Non-linear Mean Reversion]| will provide a non-linear characteri-
sation of mean reversion utilising modern machine learning methods and Lipschitz
continuity properties and will explore a financial application on the development of

trading decision rules in statistical arbitrage strategies.
This chapter is based on the following papers:

e J. Huang, J. Calliess, First Hitting Time Guarantees for Non-linear Time
Series Models, Time Series Workshop, International Conference on Machine

Learning (ICML), 2021.

e J. Huang, S. Roberts, J. Calliess, First Hitting Time Guarantees for Contrac-
tive Non-linear Systems, 2023 IEEFE 62nd Conference on Decision and Control
(CDC), 2023.

2Featured Certification was awarded for very high quality paper (~2.5% of papers).
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e J. Huang, S. Roberts, J. Calliess, Non-linear Mean Reversion: A Machine

Learning Perspective, (submitted), 2023.

Chapter 6 [Conclusion]| will provide the concluding remarks of this thesis. A

summary of the contributions made and a discussion on future work will be given.
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This introductory background chapter provides an overview of the theoretical and
practical concepts central to this thesis. We begin by describing the general regres-
sion setting, typically considered in non-parametric regression estimation, which will
be utilised to derive the main theoretical results of this thesis. We discuss various
aspects and assumptions of relevance to this setting, how they tie into the existing
literature, and how they will be considered in subsequent chapters. We conclude
the first part of Chapter 2 by formally defining the space of Lipschitz continuous
functions with respect to metrics on R?, highlighting why the Lipschitz continuity

property has often been considered in the design of computational methods.

The second part of this chapter will then introduce the class of machine learning

frameworks that offer Lipschitz regularity properties considered in this thesis, that is
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Lipschitz interpolation and neural networks. For both methods, we provide context
for their relation to Lipschitz regularity-based safe learning and discuss several recent
developments. For Lipschitz interpolation, we also examine some important existing

theoretical properties that have motivated its use.

2.1 Theoretical setting:

2.1.1 General Regression Setting & Non-parametric Estima-

tion

Non-parametric regression estimation techniques® constitute an essential subset of
machine learning algorithms, allowing flexible and versatile modelling capable of
capturing complex dynamics between variables. Theoretically, this flexibility implies
that the non-parametric regression problem can consider a general target function
space subject to regularity conditions, avoiding the more restrictive functional form-
type assumptions? made in parametric regression. Note that certain parametric
regression models can also be considered in this theoretical setting; e.g. neural
networks can be viewed as non-parametric estimators if the number of layers and /or

neurons is not fixed (Bauer and Kohler [2019], Schmidt-Hieber [2020]).
More formally, we consider the following general regression setting.

Let X C R for some d € N and )V C R. The goal of non-parametric regression
is to learn a target function f that is assumed to belong to a regularity class of
functions C. In order to do so, a set of (possibly noisy) observations D := (G, G¥)
where GV := {z;}iz1,. v C X represents a set of sample inputs that can be either
deterministically or randomly queried and G := {Ui}i=1,..v C Y denotes a set of

(noise-corrupted) values of the target function f associated with the inputs in G*¥.

!Classical examples of such frameworks include Gaussian processes (Williams and Rasmussen
[2006]), various Kernel methods (Thomas Hofmann [2008]), certain classes of Neural networks
(Goodfellow et al. [2016]) and Lipschitz interpolation frameworks (Milanese and Novara [2004],
Beliakov [2006]).

2More, precisely, parametric regression will restrict the target function to a pre-defined paramer-
ized family of functions.
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In this thesis, we will generally assume that elements of G¥ are of the form

U = [f(xr) +ex (2.1)

where {e;};,—1..n is a collection of random variables denoting the additive obser-
vational noise. As noted above, this type of setting is standard in the field of
non-parametric estimation (Gyorfi et al. [2002], Tsybakov [2004]), and additional
assumptions on {e; };—; . n are generally needed to ensure that the non-parametric
estimation error converges to 0 as the number of observations increases. In order
to explicitly state the dependence on the data, we denote (D, ),en as a stream of
observations such that D,, C D, ; and consider the sequence of predictors ( fn)neN

generated by a non-parametric estimation framework with (D, )nen-

This thesis can essentially be summarised as a theoretical analysis of various prob-
lems related to the non-parametric estimation of the dynamics given in equation
(2.1) for different choices of settings and assumptions. While certain assumptions
have become standard and are commonly used, these are by no means fixed, and
there is a large amount of flexibility in setting them. In particular, assumptions
on the behaviour of the noise, the sampling of the input space, the regularity class
C of the target function, and the characterisation of the properties of the chosen
non-parametric estimation framework will need to be specified in order to derive the
desired theoretical results. As some of these assumptions will vary throughout the
chapters of this thesis and can be relatively technical, we provide a brief high-level

discussion that aims to give an intuition on their selection.
Distributional Assumptions on the Noise

Assumptions on the distributional properties of the noise variables {e;}i—1 .y will
vary significantly across this thesis depending on the aims and technical require-
ments of each part. This is in line with existing literature and stems from the fact
that small changes in these noise assumptions can be shown to have a substan-
tial influence on the resulting theoretical findings, e.g. see recent work by Han and

Wellner [2019] on the impact of heavy-tailed distributions on non-parametric conver-

10
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gence rates. In general, our approach will be to establish an initial set of theoretical
results under general noise conditions before incorporating additional distributional
assumptions in order to refine these outcomes. In certain chapters (see Chapter 3
and Chapter 5), the choice of assumptions will be straightforward and will depend
on either standard moment-based assumptions on {e;};—1, .y or on more restrictive
assumptions on the probability function, i.e. sub-Gaussianity in Chapter 3 and ap-
proximate knowledge of the cumulative density function in Chapter 5. These types
of assumptions are well-established and can be found in various research articles
(e.g. Stone [1982]) and academic textbooks (e.g. Gyorfi et al. [2002], Ibragimov
and Has’ Minskii [2013]). In contrast, other chapters (Chapter 4) will necessitate
the use of more technical and less well-known assumptions on the noise. Specifi-
cally, precise distributional assumptions on the bounded tails of the noise variables
{ei}i=1,.~ near the endpoints® of their support are made in order to quantify the
effect of the behaviour of {e;},—1_ _n on the asymptotic performance of Lipschitz
interpolation frameworks. While these assumptions are non-standard, we note they
have become popular in sub-fields such as non-parametric boundary regression (Hall
and Van Keilegom [2009] and ensuing articles) and that, under certain conditions®,
non-parametric estimation convergence rates based on these assumptions (Miiller
and Wefelmeyer [2010], Meister and Reifs [2013]) can be shown to improve on the
classical optimal convergence rates derived under Gaussian-type noise assumptions

by (Stone [1982]).
Sampling Assumptions on the Data

This assumption pertains to the description of the sets of sample inputs: G*. Clas-
sical research on the convergence rate and general theoretical properties of non-
parametric estimation methods has generally considered input samples that have
been "well sampled" on X either through an independently and identically dis-
tributed sampling distribution or through a deterministic and regular sampling pro-

cedure (Stone [1982], Tsybakov [2004]). However, in many applications, particularly

3The noise variables will be assumed to be bounded in this chapter.
4We will show in Chapter 4 that these improved convergence results hold for Lipschitz interpo-
lation methods.

11
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in control or in finance where the target function f models the dynamics of a stochas-
tic system, these assumptions no longer hold. We will therefore aim, when possi-
ble, to utilise the assumption that f models the dynamics of a semi-autoregressive

stochastic system:;

Un = f(zn) + €0 (2.2)

where T, = (Un—dy» - Un—1, Un—dy» ---, Up) With §; € Y C R denoting the past autore-
gressive inputs and u; € U C R® denoting a vector of past or current control inputs
for d,,d,,s,l € N. The more practical system assumption provided by equation
(2.2) will allow us to both extend certain theoretical convergence results obtained
for Lipschitz interpolation in the standard sampling setting (Chapter 4) and to de-
rive theoretical properties for non-linear systems under a more realistic sampling
setting (Chapter 5). Finally, we note that considering dependency assumptions on
the regressors is not novel and that a significant amount of research has been done
in this type of setting, see for example the work done to derive uniform convergence
rates for various non-parametric estimation frameworks which Chapter 4 will extend
to Lipschitz interpolation: (Hansen [2008]): kernel methods, (Chen and Christensen
[2015]): splines and wavelets series regression, (Masry [1996]): local polynomial re-
gression. As noted above, Chapters 4 and 5 will consider settings of this type in

order to derive their respective results.
Regularity Assumptions on the Target Function

In the majority of existing research on non-parametric regression, the characterisa-
tion of the target function’s regularity class C has predominantly been considered
to be either a Holder space (Stone [1982]) or a Sobolev space (Nemirovskij et al.
[1985]) of functions defined over X (see Tsybakov [2004] for an overview). This
choice stems from the fact that these function classes provide a general represen-
tation of the target function applicable to most real-world settings while offering
an elegant means of measuring the smoothness through a concise set of fixed con-
stants. Understanding the impact of these "regularity constants" on the theoretical
properties of non-parametric frameworks holds significant interest, as it allows for a

more precise application and analysis of these methods. Moreover, it is important
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to highlight that in certain research areas of non-parametric estimation, such as
convergence rate analysis, these types of assumptions on the regularity class C are
crucial. Without them, obtaining meaningful theoretical results becomes unfeasible,
as shown in Theorem 3.1 of Gyorfi et al. [2002]. In this thesis, we will primarily con-
sider the various Holder or generalised Lipschitz continuity classes of functions for
C. The implications of this choice on the convergence of the Lipschitz interpolation
framework are discussed in more detail in Section 2.1.2, see subsection on Holder

Continuous Functions.
Characteristics of the Non-parametric Regression Methods

An apriori understanding of the characteristics of the predictors of the non-parametric
estimation framework is crucial in order to derive theoretical properties in the con-
text of system identification. This is non-trivial, as in contrast to parametric model
estimators which can utilise the properties of the associated pre-defined parame-
terised functional form, it is generally significantly more difficult to determine any
function properties of the non-parametric predictors ( fn)neN. Instead, the theoretical
characterisation of these models relies on the regularity properties of the framework
or on properties of underlying hyperparameter choices. These characteristics can
be utilised implicitly to derive general theoretical results, e.g. upper bounds on
convergence rates through regularity properties of the method (see Tsybakov [2004],
Wynne et al. [2021]), or explicitly to derive theoretical tools that can be used in
practice in conjunction with the non-parametric estimation, e.g. utilising Gaussian
process kernel properties in order to obtain safety guarantees for non-linear system
identification (see Berkenkamp et al. [2016] or Berkenkamp et al. [2017]). Chapter
4 and Chapter will consider the former and will utilise various characteristics of the
Lipschitz interpolation framework in order to derive theoretical results pertaining to
general consistency, convergence rates, and local guarantees. Chapter 5 focuses on
the latter in the context of time series analysis by studying non-parametric frame-
works that provide Lipschitz continuous-type properties with the goal of deriving
theoretical properties related to stationarity, ergodicity and first hitting times. We

refer to the beginning of Chapter 5 for a more detailed discussion on this topic.
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2.1.2 The Space of Lipschitz Continuous Functions.

Lipschitz continuity is a fundamental notion in mathematical analysis that charac-
terizes the smoothness of a function by measuring the extent to which it varies in
its domain. Understanding Lipschitz continuity is crucial in modelling real-world
phenomena, where smoothness assumptions can often be observed to hold for un-
derlying data. Formally, consider the input space X defined in the previous section
and let 9 : X% — Ry, denote a metric on R?. Similarly, consider ) defined in
the previous section and let 0y : V? — R>( denote a metric on R. The class of
L-Lipschitz (continuous) functions with respect to 9y, 0y and some L € R, is then

defined as follows:
Lip(L, 0) :={h : X = Y|oy(h(x),h(z")) < Lo(x,2"),Vz,2' € X}.

We call the smallest non-negative number L* for which f is L*-Lipschitz the best
Lipschitz constant of f, i.e. L* = min{L € R¢|f € Lip(L, 0)}. The Lipschitz
constant L serves as an upper bound on the rate of change of the function and can
be interpreted as a measure of the function’s smoothness or stability. Typically,
smaller values of L imply a smoother function, while larger values indicate a more
rapidly changing function. This can be formally observed by noting the following
elementary lemma that states that the Lipschitz constant is either exactly equal or

upper bounds the maximum gradient of f:

Lemma 2.1.1 Let X be a compact and conver®. If f € CY(X), then f is L-
Lipschit?® with respect to ||.||,. Furthermore, if f can be extended on an open
set X such that X C X, then L = maxyex{[|Vf(2)|s} for p = 1,2 and L} <
max,ex{||Vf(x)|,} for p > 2 where q is the Holder conjugate of p.

Proof (For the sake of completeness, we include the proof of the result).

The fact that f is L;-Lipschitz follows directly from the fact that X is compact and

5Note: the assumption of convexity on X is slightly unusual but is necessary as we consider
f € CH(X) and not f € C'(R?).
6Here, the p index is used to explicitly denote the dependence on the |.||, norm.
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fecy(Xx).

Vp € N, Ly < max,ex{||Vf(7)|[,} follows from the multidimensional mean-value

theorem, an application of the Holder inequality and the fact that X is convex.

For p = 1,2, we show Ly > max,cx{||Vf(z)[|q}. Consider : Vx € X consider the
Frechet derivative of f at x; lim, o LE&FW=S (xifvf @ _ o v € RY Then,
choosing h = Vf(z) for p = 2 and h = e such that |[Vf(z) ex| = [|[Vf(2)|oo
for p = 1 gives L} > max,ex{||Vf(7)|[,}. Note that this reasoning is well defined

because f € C*(X) and X is an open set that contains X which implies that f(z+th)

is well-defined for any h € R? and small enough t.
|

As noted in the introduction, Lipschitz continuity has been utilised explicitly in a
variety of different fields ranging from non-parametric estimation to global optimi-
sation and adversarial robustness. The basis of these methods is generally the same
and utilises the following consequence of Lipschitz continuity. Assume’ that the
value of the target function f is known at a sample input z € X’ and an estimate of
its value at an input #* € X is desired. Then, the Lipschitz continuity of f directly
implies:

f@@™) € [f(x) = Loz, z7), f(x) + Loz, 27)] (2.3)

providing bounds on potential values of f at x*. This information can be utilised
in practice for various applications such as the elimination of certain exploration
regions when searching for a global maximum (Shubert [1972]) or to design decision-
making frameworks that are robust to worst-case errors (Manzano et al. [2020]). It is
relatively intuitive that the tightness of the Lipschitz constant to the best Lipschitz
constant L* of f has a significant impact on the tightness of the bounds given in (2.3)
and by consequence on the performance of these computational applications as can
be observed in the convergence rates of the Lipschitz optimisation methods (Bachoc
et al. [2021]) and the bounds on the propagation of the estimation error (Manzano

et al. [2020]) for the two applications given above. This connection has also been

"Here, 0y is the metric on R induced by |..
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extensively studied in the context of neural networks where the size of the Lipschitz
constant of a network has been shown to be directly linked to its generalisation
(e.g. Bartlett et al. [2017], Negrini et al. [2021]) and robustness capabilities (e.g.
Szegedy et al. [2013], Pauli et al. [2021]). For the Lipschitz interpolation frameworks
introduced in the following section and studied in Chapter 4, the relation given in
(2.3) is fundamental for both the design of the method and the derivation of its

theoretical properties.
The Space of Hbélder Continuous Functions.

The definition given above on the space of Lipschitz continuous functions is relatively
non-standard as the usual definition is only defined with respect to norms on R
This difference implies that the general Lipschitz continuity classes defined above
could be considered with respect to a metric of the form ||.||* where ||.|| is a norm
on R? and a € (0, 1) is an exponent which is more commonly known as the class of

Holder continuous functions with parameters (L, o) with respect to ||.|:

Hol(L,a, ||.]|) :=={h: X = YV||h(z) — h(z)| < L||z — 2'||*,Vz, 2’ € X}.

As noted in the previous section, considering Holder-type regularity is fairly standard
practice in the literature on the convergence of non-parametric frameworks as it
allows for an accurate characterisation of the asymptotic convergence rates, see
Stone [1982], Van Der Vaart and Van Zanten [2011], Schmidt-Hieber [2020] for a
selection of relevant research articles. More precisely, the o exponent allows for
an intuitive understanding of fractional-power changes in smoothness of the target
function without having to rely on more technical theoretical machinery and can be
used to measure the effect of smoothness on the convergence speed of non-parametric
estimation in a quantifiable manner; as done in the convergence rates proposed by
the papers cited above which depend explicitly on «. Chapter 4 will consider this
class of functions in order to derive similar asymptotic convergence rate results that

depend on « for Lipschitz interpolation.
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2.1.3 Reminder: Useful Theoretical Notions

In this brief subsection, we recall various mathematical definitions that will be used
repeatedly throughout the thesis. This chapter is non-essential and can be skipped

if the reader is already familiar with the presented concepts.

In various chapters, we will consider the analysis of algorithmic convergence rates
and sample complexities. As our investigation primarily revolves around asymptotic
considerations and the limiting behavior of the algorithms of interest, we will char-
acterize our results utilising the Bachmann-Landau notations in the form of O, €2,

and ©. We define these notations formally as follows.

In this brief subsection, we recall a few mathematical definitions that will be used
repeatedly throughout the thesis. This chapter is non-essential and can be skipped

if the reader is already familiar with the presented concepts.

In various chapters, we will consider the analysis of algorithmic convergence rates
and sample complexities. As our investigation primarily revolves around asymptotic
considerations and the limiting behaviour of the algorithms of interest, we will char-
acterise our results utilising the Bachmann-Landau notations in the form of O, 2,

and ©. We define these notations formally as follows.

Definition 2.1.2 Let U C Ry be unbounded and consider fi, fo : U — Ry, two
functions defined on U. Then, we define:

e fi(z) € O(fa(x)) as x — oo (with x € U) if limsup,_, gg; < 0.

e fi(z) € Q(fa(z)) as z — oo (with x € U) if liminf,_, ;‘;gg > 0.

o fi(x) € O(fa(x)) as x — oo (with x € U) if fi(x) € O(fo(x)) and fi(x) €
O(fo(x)).

We also recall the notion of e-cover that will be used in multiple proofs of this thesis.
In particular, see the notion of (e, n)-covered used in Definition 3.3.6 of Chapter 3

and various proofs of Chapter 4.
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Definition 2.1.3 (e-Cover) Let d € N, € > 0 and consider a set X C R? and
a metric 0 on RY. Denoting B.(z) the ball of radius € centred in x € X with
respect to 0, we define an e-cover of X as a discrete subset Cov(e) C R® such that
X C Usecone Be(®) and the associated set of balls as B := {Be(z)|lz € Cov(e)}.
We say furthermore that Cov(e€) is a e-minimal cover of X if |Cov(e)| = min{n :

Jde-cover over X of size n}.

We note that an e-cover is not necessarily unique nor finite and that under certain

assumptions, the e-minimal cover can always be obtained.

2.2 Lipschitz Continuous Machine Learning

So far, this chapter has revolved around a general discussion on non-parametric es-
timation with the goal of providing a conceptual intuition of the theoretical setting
and assumptions that will be used later on in this thesis. As stated in the previous
chapter, a majority of this thesis will be dedicated to deriving the properties of a
specific class of non-parametric estimation methods known as Lipschitz Interpola-
tion. In the following section, we define the framework and revisit certain of its key

established theoretical properties.

2.2.1 Lipschitz Interpolation

Consider the setting described in the previous section and assume that the target
function f belongs to the class of Lipschitz continuous functions Lip(L*, ). Fur-
thermore, assume the following basic noise assumption which will be expanded on

in future chapters.

Assumption 1 (Simple Noise Assumption.) Let (eg)ren denote the collection of
noise variables defined in Section 2.1.1. Then, we assume that there exists noise

bounds ¢ > 0 such that for all k € N, e, € [—¢,¢].
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Utilising these two assumptions, we can formally define the general Lipschitz in-
terpolation framework that is the basis of the majority of Lipschitz constant-based

non-parametric estimators considered in the literature; see Milanese and Novara

[2004], Beliakov [2006], Calliess et al. [2020], Manzano et al. [2021] for a selection.

Definition 2.2.1 (Lipschitz interpolation) Using the setting described in Section
2.1.1, we define the sequence of predictors (fn)neN, fn : X — Y associated with
(Dn)nGN; as

~

fu(e) = () + 312,

where uy,, L, : X — Y are defined as

and L € Rxq is a selected hyper-parameter.

Ideally, the hyper-parameter L € R>( can be set to be larger than the best Lipschitz
constant L* of the unknown target function. This can generally be achieved by
assuming some prior knowledge of the properties of the system dynamics or by
utilising a principled Lipschitz constant estimation approach; see Chapter 3 for an
in-depth discussion on the subject. In this case, a series of finite sample and worst-
case guarantees that depend on the density of the grid G* on X can be derived
(Calliess et al. [2020]). These are stated in the theorem given below.

Theorem 2.2.2 (Calliess et al. [2020]) Assume that the target function f € Lip(L*, 0)
for L* > 0 and that (D,,)nen becomes uniformly dense in X with at a rate (r(n))nen €
o(1) (see Definition 4.3.1 for a precise definition). Then, denoting (fn)neN the pre-
dictors generated by the Lipschitz interpolation framework with a hyper-parameter

L > L*, we have
e (Finite Sample) ¥n € NV € X, |fo(x) — f(z)| < (L* + L)r(n) + 2t

e (Asymptotic) limy, o || fn — flleo € [0, 2¢]
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o (Lipschitz Continuity) The predictors ( fn)neN are Lipschitz continuous with
Lipschitz constant L.

Proof These results follow from Lemma 6, Theorem 9 and Corollary 10 of Calliess

et al. [2020] which provides proofs in a more general context®.
[

The properties stated in Theorem 2.2.2 and their more general formulation given in
Calliess et al. [2020] have been particularly useful in the context of control where
applications of a fully data-driven’ extension of Lipschitz interpolation have been
considered in model reference adaptive control (Calliess et al. [2020]) and model

predictive control (Manzano et al. [2020]).

While this first set of theoretical results showcases the usefulness of the Lipschitz
interpolation framework, the presence of noise in the observation implies that the
estimation bounds discussed in Section 2.1.2 which follow from the Lipschitz conti-
nuity of the target function do not hold. As these deterministic error bounds can be
useful in practice, one would want to extend the Lipschitz interpolation framework
in order for them to hold. In settings where bounds on the support of the noise are
known, an alternative framework Lipschitz interpolation framework that proposes

worst-case error bounds can be considered.

Remark 2.2.3 (Alternative Formulation) In some works (see in particular Mi-
lanese and Novara [2004]) an alternative formulation is given for the Lispchitz in-
terpolation predictors. In this case, an upper bound ¢’ on ¢ is assumed known and is
explicitly used in the formulation of u?,12 : X — Y:

uw(r) = 4_11ninN fi+ Lo(z,s;) +¢

2(z) = max f;— Lo(z,s;) —¢.

i=1,....Ny,

8(Calliess et al. [2020]) provides general worst-case bounds for a fully data-driven approach
which hold even when the Lipschitz constant estimate utilised in the Lipschitz interpolation frame-
work is smaller than L*.

9By "fully data-driven", we mean that the Lipschitz interpolation extension includes an in-built
Lipschitz constant estimator.
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This formulation is useful for computing tight worst-case upper and lower bound
guarantees in practice and extended by considering asymmetric error bounds, i.e.

e € [ey, es] with probability 1 where ¢; < 0 < ¢y € R.

In the context of this thesis, these two frameworks can be treated equivalently as all
the theoretical properties derived for the classical Lipschitz interpolation framework
hold for the alternative framework. In fact, obtaining theoretical results for the
alternative formulation is slightly easier if the noise bounds (¢) of Assumption 1 are
tight with respect to the support of the noise distribution of (e )reny and ¢ = ¢. This
follows from the fact that under these additional assumptions, one can study the

2[2

n’ m

noise present in each of the u estimators individually by leveraging the provided
noise bound. By contrast, for the u,, [, estimators, the theoretical examination
must ensure that the noise present in each estimator counterbalances in the mean

predictor fn.

While the alternative formulation of the Lipschitz interpolation method necessitates
the additional assumption that one has prior knowledge of the bounds on the noise,
in exchange it offers optimality guarantees and the capability to establish bounds
on the set of all dynamics that are consistent with observed data set and provided
Lipschitz constant and noise bounds (Milanese and Novara [2004]). This is described

formally in the following theorem.

Theorem 2.2.4 (Milanese and Novara [2004]) Let f € Lip(L*,||.||) for L* and
denote ( fg)neN the predictors generated by the alternative Lipschitz interpolation
framework with a hyper-parameter L > L* ¢’ > ¢. Finally, define the feasible systems

set as follows:
FSS, = {g € Lip(L*,||.I)|¥(2,9) € D, |g(z) — g <&}

with worst-case bounds; f,, : fn(w) = supyecpgs, g(w) and [, : f,(w) = infyepnss, g(w).

Then, (fg)neN has the following finite sample properties:

e Vn € N, the worst case bounds correspond to w2, 2: f, =12, f, = 2.
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o Vn €N, f2 € arginf;sup,c pgs |f — gll-

Proof This proof of this result follows from Theorem 2 and Theorem 7 of Milanese

and Novara [2004] who considers a more general setting!”.
|

In essence, Theorem 2.2.4 states that Lipschitz interpolation provides the best worst-
case bounds that are consistent with the known information: (L,es, D,). It also
asserts that the predictors ( fﬁ)neN generated by the Lipschitz interpolation frame-
work are the optimal solutions that minimise the worst-case loss. The optimality
of both the worst-case bounds and the predictors suggest that Lipschitz interpola-
tion is a particularly useful method within the class of Lipschitz regularity-based
safe-learning approaches described in Chapter 1. Various applications utilising the
alternative Lispchitz interpolation framework and the results stated in Theorem
2.2.4 have been pursued in predictive control (see Canale et al. [2009], Canale et al.

[2014]).

Remark 2.2.5 [t is important to note that in the setting considered so far where the
noise bounds ¢ and upper bound ¢ are considered constant, the non-parametric pre-
dictors ( fn)neN and ( fg)neN are equivalent. This implies that the predictors ( fn)neN
defined without knowledge of ¢ or¢' also coincide with the optimal solutions that min-

imise the worst-case loss (in this case ¢ can be utilised instead of ¢ in the definition

of FSS,).

In addition to the alternative Lipschitz interpolation framework, several extensions
of the classical Lipschitz interpolation approach have been proposed. Calliess et al.
[2020] relax the assumption of prior knowledge of the Lipschitz constant in favour
of a fully data-driven approach, Maddalena and Jones [2020a] propose an equiva-
lent smooth formulation which is more suited for controllers that rely on gradient
computations, (Blaas et al. [2019] extend the framework by incorporating localised

Lipschitz constants, and Manzano et al. [2022] propose a computationally more ef-

OTn particular, in Milanese and Novara [2004], the noise bounds @ are assumed to be input-
dependent.
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ficient approach that retains key properties of the original Lipschitz interpolation

framework that are used in the context of model predictive control.

2.2.2 Lipschitz Constant Estimation

The main drawback of the Lipschitz interpolation described in the previous section
is the necessity of prior knowledge of the Lipschitz constant in order to set the L
hyper-parameter of the framework. Unfortunately, the problem of estimating the
Lipschitz constant of an unknown target function is far from trivial and has been
treated in the context of Lipschitz interpolation in numerous research articles. For
example, Milanese and Novara [2004] utilise a shallow neural network-based ap-
proach to obtain an upper bound estimate, Beliakov [2006], Calliess [2017] consider
an optimisation-based framework or more recently Calliess et al. [2020] define a
"LACKI rule" estimator that can deal with online data in a computationally ef-
ficient way to obtain real-time Lipschitz constant estimates. More generally, the
problem has attracted multidisciplinary research!! interest in fields such as global
optimisation with the development of Lipschitz constant estimators in adaptive Lip-
schitz optimisation algorithms (e.g. Malherbe and Vayatis [2017]) or in the context
of designing safe initial policies for reinforcement learning via approximate dynamic
programming techniques and kernelized Lipschitz constant estimators (Chakrabarty
et al. [2020]). An in-depth literature review of existing Lipschitz constant estimation

methods can be found in Chapter 3.

It is important to emphasize that although obtaining a loose'? Lipschitz constant
estimate can be fairly straightforward in some cases, this imprecision often leads
to sub-optimal performance of the Lipschitz constant dependent application; this
follows from the discussion given in Section 2.1.2 on the practical usefulness of the
Lipschitz condition given in (2.3). As a consequence, it is necessary for Lipschitz
constant estimation methods to guarantee a certain degree of accuracy in order to

facilitate the effective use of these applications. As a last remark, we note that

A more extensive list of applications is provided in Chapter 3.
12\We utilise "loose" to signify Lipschitz constants L such that L >> L*.
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the theoretical aspects of this problem such as deriving convergence rates or sam-
ple complexity bounds, have been largely ignored as existing research focused on

developing practical algorithms. Chapter 3 will focus on addressing this gap.

2.2.3 Connections to Artificial Neural Networks

The last chapter of the thesis considers a general theoretical framework that can be
applied to any Lipschitz continuous machine learning method. While this implies
that the Lipschitz interpolation framework described above could be used, an alter-
native approach based on the application of feed-forward neural networks and its
Lipschitz continuity properties is proposed. For completeness, we briefly discuss this
class of parametric estimators and its connection to Lipschitz regularity. A more

extensive overview of neural networks can be found in Goodfellow et al. [2016].

A feed-forward neural network can be modelled as a recursive application of an
activation function and a series of matrix-vector products. More formally, let L € N
denote the number of layers, {d;}i—..; di € N for all i € {0,...,L} denote the
number neurons on each layer, {o;}i—1.. 1 0, : R — R for all i € {1, ..., L} denote
the activation functions and {W;}i—y 1, {bi}iz1..z with W; € Ré>*di-1 and b; €
R% for all i € {1,..., L} denote the weights of the neural network. The following

representation (f) of a fully connected feed-forward neural network can then be

given:
f(l') = O'L<WLO'L,1<WL,10'L,2< 0'1<W11' —+ bl) ) —+ bLfl) —+ bL) (24)

where ¢ is applied component-wise at each iteration. The initial and final (L-th)
layers can be referred to as the input and output layers, while all other layers are
termed hidden layers. Note that, in the context of the estimation problem described
n (2.1), dy = d, dp = 1, and the rest of the layer dimensions can be set arbitrarily.
The number of layers (L), the dimensions of the weights ({d;}i=o. . 1), and the

activation functions ({o;},—1,. 1) together fully characterise the neural network.

The estimation properties of these types of networks are well-known, in particular,
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we highlight Hornik et al. [1989] for foundational work on the universal approxi-
mation properties of single-layered neural networks as the number of neurons goes
to infinity and Bauer and Kohler [2019], Schmidt-Hieber [2020] for recent research
which utilises a non-parametric estimation setting to derive asymptotic convergence
rates for feed-forward neural networks as the number of layers increases with the

size of the data set.
Lipschitz Continuity of Neural Networks

As noted in Section 2.1.2, establishing the Lipschitz continuity of a neural network
and knowing its Lipschitz constant can yield several advantageous properties per-
taining to adversarial robustness (e.g. Pauli et al. [2021] and references cited therein)
and generalisation (e.g. Bartlett et al. [2017] and ensuing works). Furthermore, in
the context of system identification and control, several recent results have utilised
Lipschitz regularity properties in conjunction with neural networks. Some examples
include Zhou et al. [2022] who utilise the Lipschitz continuity (and bounds on the
Lipschitz constant) of both the learned networks and the unknown dynamics in order
to derive closed-loop stability for a dual neural network approach that learns the sys-
tem dynamics, a valid Lyapunov function and a stabilising controller or Knuth et al.
[2021] who bound the difference between the learned and target system dynamics
by utilising a Lipschitz constant estimate of this difference and obtains conditions
ensuring the existence of a one-step feedback law, therefore, enabling the design of

a planner that provides safety and performance guarantees.

The Lipschitz regularity of the neural network described in (2.4) can be trivially
derived if the activation functions are assumed to be Lipschitz continuous!® and a

loose Lipschitz constant estimate can obtained from upper bounds on the weights

{Wi}tizt...., {bi}iz1... and the Lipschitz constant of the activation functions {o; };—1 ...

Estimating a tighter'* bound on the Lipschitz constant of the neural network is how-
ever far less straightforward in general and significant research has been carried out

in this direction. These approaches are generally computationally intensive and ne-

3Most popular choices of activation function are Lipschitz continuous.
4 Estimating a tight bound is in fact NP-hard even for simple neural networks Virmaux and
Scaman [2018].
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cessitate the computation of optimisation problems: notably, Fazlyab et al. [2019]
solve a convex optimisation problem to obtain an accurate Lipschitz constant esti-
mate of the neural network while Jordan and Dimakis [2020] utilise a Mixed-Integer
Problem (MIP) based approach. An alternative computationally quick but signif-
icantly more approximative estimate of the Lipschitz constant can be obtained for
the ||.||; and ||.||2 norms if the dimension of the input space is small. This approach
was described by Scaman and Virmaux [2018] and consists of directly computing the
input-output gradients through back-propagation and utilising a simple grid search
in order to find the maximum of the norm'® of the gradient values; note that this
strategy follows naturally from Lemma 2.1.1 which implies that this maximum cor-
responds to the best Lipschitz constant of the target function. While this approach
is less principled than the other aforementioned methods, it can be useful for prac-
tical reasons depending on the standing assumptions. In Chapter 5, we will base
our empirical analysis on this procedure in order to apply our theoretical results in
the context of neural network-based auto-regressive time series models for financial

time series analysis.

15For a properly selected norm.
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3.1 Introduction

This chapter will study the problem of estimating a Lipschitz constant of a target
function from data under minimal parametric assumptions. As discussed in Chap-
ter 2, this is primarily motivated by Lipschitz interpolation frameworks, whose main
practical drawback is the dependency on the assumption of prior knowledge of the
Lipschitz constant or, in the case that this assumption is not made, the necessity of
having to learn a precise Lipschitz constant estimate. More generally, this issue is
shared with a number of computational applications which are based on the Lips-
chitz continuity of an objective or target function and depend explicitly on the value
of a Lipschitz constant. Examples include: robustness analysis in control settings
which rely on Lipschitz interpolation and therefore utilise Lipschitz constants to
characterise worst-case behaviour (Limon et al. [2017], Canale et al. [2014]), global
optimization algorithms which rely on precise Lipschitz constant estimates to en-
sure speedy convergence (Jones et al. [1993], Gonzélez et al. [2016], Malherbe and
Vayatis [2017]), multi-armed bandit problems which utilise the Lipschitz constants
to obtain asymptotic lower bounds and design algorithms (Magureanu et al. [2014])
or reinforcement learning which utilises the Lipschitz constant to construct safe ini-
tial policies (Chakrabarty et al. [2020]). For these applications, it is critical that the
Lipschitz constant estimate used is sufficiently precise in order to ensure satisfactory

performance in their specified goal.

Consequently, a number of Lipschitz constant estimation methods (also called Lip-
schitz learning algorithms) have been developed. For target functions belonging to
families of parametric models, Lipschitz learning approaches generally utilise the
structure of the model class to obtain precise estimates, see for example the discus-
sion given in Section 2.2.3 on Lipschitz constant estimation and neural networks. For
frameworks that don’t consider a particular parametric family, a majority of the ex-

isting approaches are black-box methods that utilise and extend Strongin’s classical
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estimator (Strongin [1973]): L := rmax;; where 7 € R is a multiplicative
factor and (x;, f;) is a data sample with f; = f(z;). In particular, we highlight:
Wood and Zhang [1996] builds on Strongin’s estimator by fitting an approximate
reverse Weibull distribution to the Lipschitz estimate in the one-dimensional case
and using the location parameter as a Lipschitz estimate, Sergeyev [1995] utilises
Strongin’s approach to compute local Lipschitz constant estimates and extends the
approach to the multidimensional case by using space-filling curves in order to solve
a global optimization problem and a more recent approach Strongin et al. [2019]
proposes dual Strongin Lipschitz estimates: with two differing "local" and "global"
multiplicative factors. We remark that the class of Lipschitz learning algorithms de-
scribed so far does not consider the possibility of observational noise and can explode
in value if it exists. In this case, we can consider the Lispchitz constant estimator

proposed by both Novara et al. [2013] and Calliess et al. [2020] which specifically

extends Strongin’s estimate to deal with bounded observational noise.

Alternative Lipschitz learning approaches that do not directly utilise Strongin’s es-
timate have also been developed. These generally can consider the case of observa-
tional noise and include: Beliakov [2005] which utilises a short optimisation problem
and cross validation /sample splitting to obtain Lipschitz constant estimates, Bubeck
et al. [2011] which employs a similar idea to Strongin’s estimate in order to propose
a Lipschitz constant estimator in the context of the Lipschitz multi-armed bandit
problem, Gonzélez et al. [2016] which generates Lipschitz constant estimates using
the mean function of the gradient function estimate of a fitted Gaussian Process
(GP) and is directly computable using the GP-associated covariance function, and
Calliess [2017] which obtains Lipschitz constant estimates by optimising a Lipschitz
interpolation method. Unfortunately, while this class of Lipschitz learning algo-
rithms tends to work well in practice, they generally do not guarantee asymptotic

convergence and are of limited theoretical interest.

Despite the wide range of proposed Lipschitz learning algorithms, there has been
little theoretical investigation into the Lipschitz constant estimation problem other

than various consistency proofs of Strongin-based estimators. It is generally under-
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stood that this learning problem, without making further restrictive assumptions
on the underlying space of target functions, is inevitably subject to the curse of
dimensionality. However, to the best of our knowledge, this intuition has not been
explored formally. A first goal of this chapter is therefore to provide a theoretical
investigation into the Lipschitz learning problem by deriving lower bounds on the
sample complexity in the case of both noiseless and noisy sampling settings. We
confirm the general intuition on the difficulty of the Lipschitz learning problem by
demonstrating that the problem has a sample complexity lower bound that scales at
least exponentially on the function input dimension in both the noiseless case and

the noisy sampling case when the noise is assumed to be Gaussian.

Remark 3.1.1 The closest work proposing related theoretical learning results can
be found in the literature on global optimisation, e.q. see Bull [2011] and Wang et al.
[2018], as Lipschitz learning can be conceptualised as a type of global optimisation
problem defined on the gradient of a target function. However, we note that the
convergence and sample complexity rates derived in these papers cannot be directly
extended to Lipschitz constant estimation, necessitating additional analysis. A sec-
ond relevant sub-field connected to the theoretical properties of Lipschitz constant
estimation is the study of non-parametric convergence rates such as those derived by

Stone [1982]. This connection is discussed more precisely in Remark 3.2.8.

Our theoretical results imply that a precise estimation of the Lipschitz constant
requires a significant number of samples. This is computationally problematic for
classical Strongin-based Lipschitz learning algorithms due to the fact that the com-

putational complexity of these methods can be shown to be quadratic in the number

2

“amples). While the non-Strongin based estimators discussed above

of samples: O(n
could potentially be less computationally expensive, they only provide heuristic or
experimental convergence guarantees and are generally difficult to study from a the-
oretical perspective. Therefore, in light of our lower bounds on sample complexity,
we propose a novel algorithm for Lipschitz learning called LCLS (short for Lipschitz

Constant estimation by Least Squares regression) that has a linear computational

complexity in the number of sample points and for which we can derive theoretical
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guarantees on asymptotic convergence and finite sample behaviour in a general noisy
sampling setting. The optimality of the lower bounds on the sample complexity of
the Lipschitz learning problem in both the noiseless sampling setting and in the
noisy sampling setting under Gaussian noise assumptions derived in the first part

of the chapter follow from these theoretical results.

In practice, the proposed LCLS algorithm provides a theoretically motivated and
computationally quick way of estimating the Lipschitz constant. With minimal
fine-tuning, LCLS can be plugged into any computational method that utilises a
Lipschitz constant estimate — see above discussion — under any sampling noise as-
sumptions. We provide an example of such a procedure in the context of non-
parametric regression for system identification in control by combining the LCLS
algorithm with a classical nonlinear set-membership/Lipschitz interpolation frame-
work and illustrating the empirical performance of the combined regression method

through a series of short experiments.

A more comprehensive list of the contributions of this chapter is given below.

3.1.1 Contributions & Outline of Chapter

In this chapter, we provide a rigorous treatment of the Lipschitz constant estimation

problem discussed above. In particular, we make the following contributions:

1. In Section 3.2, we provide novel theoretical lower bounds on the sample com-
plexity of the general Lipschitz learning problem (for p € {1,2}) in the noiseless
sampling setting (see Theorem 3.2.3) and of a slightly modified version of the
problem! in the noisy sampling setting (see Theorem 3.2.6) when the target
function f : X C R? — R satisfies a regularity condition C?(X, K) defined in
Assumption 3. We note that these bounds can be equivalently stated as lower
bounds on the convergence rate of the general Lipschitz learning problem (see
Corollaries 3.2.4 and 3.2.7). As far as the authors are aware, the sample com-

plexity and convergence bounds derived in this chapter are the first theoretical

Which can be shown to be equivalent for the majority of existing Lipschitz learning algorithms.
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results pertaining to the convergence of the general Lipschitz learning prob-
lem. We show in Section 3.3 that our proposed lower bound on the sample
complexity rate is optimal in both the noiseless sampling setting and the noisy

sampling setting under a Gaussian assumption.

2. In Section 3.3.1, we propose a least squares-based Lipschitz learning (LCLS)
approach that utilises a partition of the input space X’ and local least squares
estimates in order to generate a Lipschitz constant estimate. As discussed in
the introduction, our motivation for developing the LCLS algorithm rests on

the following two points:

e both theoretically and computationally tractable.
e directly applicable across all noise settings considered in the literature and
implementable without any prior knowledge of target function properties

or of the noise structure.

3. In Sections 3.3.2 and 3.3.3, we investigate the theoretical properties of the

proposed algorithm:

e Asymptotic convergence for general partition choice in noiseless and gen-
eral noisy sampling set-ups (Section 3.3.2, see Theorem 3.3.7).

e Finite sample guarantees in the noiseless and general noisy sampling set-
ups when the partition is constructed using regular hypercubes (Section
3.3.3, see Theorem 3.3.10, Corollary 3.3.16). These guarantees can be
used to provide an upper bound on the sample complexity of the Lipschitz
learning problem and show that the complexity rates derived in the first
part of the chapter match in both the noiseless and noisy settings under a
Gaussian assumption. (Section 3.3.3, see Remark 3.3.11, 3.3.12, Theorem

3.3.15).

4. In Section 3.3.4, we illustrate and compare the empirical performance of the
LCLS algorithm against Strongin-based Lipschitz learning algorithms on a set
of test functions. We consider both the noiseless and noisy sampling settings.

We find that while the benchmark Strongin-based algorithms converge slightly
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faster in terms of number of samples, our proposed algorithm converges faster
in terms of computation time for all functions in the test set (see Figure 3.4).
This is despite the fact that we consider noise settings for which the benchmark

algorithms are specifically designed in our experiments.

5. In Section 3.4, we explore the application of the various theoretical results and
the LCLS algorithm derived in this chapter to the fields of Global Optimisation
and Non-parametric Regression for System Identification. More specifically,
we propose a lower bound on the sample complexity of adaptive Lipschitz
optimisation algorithms that follows from one of the theoretical results stated
in Section 3.2 and a new non-parametric regression method constructed by
combining the LCLS algorithm of Section 3.3 with a classical nonlinear set

membership framework (see Milanese and Novara [2004]).

3.2 Assumptions & Sample Complexity Lower Bound

In this section, we provide the standing assumptions of the chapter and state the
main results pertaining to theoretical lower bounds on the sample complexity of

Lipschitz learning algorithms.

3.2.1 Basic Assumptions

Let p € N, d € N. In this chapter, we will consider Lipschitz continuous functions
with respect to ||.||, norms on R%. In order to alleviate notation and improve clarity,
we will make the following additions to the notation given in Chapter 2 on Lipschitz

continuity.

Notation 3.2.1 Let p € N, d € N. We utilise the following notation:

1. For f € Lip(L,||.||,) with best Lipschitz constant L*, we make explicit the
dependence of L* on f and p, i.e. Li(f) = L".
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2. We classify the set of Lipschitz continuous functions according to the best Lip-

schitz constants:

Fp(L) :={h: X = R|h is Lipschitz A L;(h) = L}.

The Lipschitz learning problem considers the estimation of the best Lipschitz con-
stant Ly(f) where f is an unknown target function. As described in the introduction
of this chapter, we consider a general version of this problem where f is considered
black-box and can only be accessed through queries to a, possibly noisy, oracle. As
f is not assumed to belong to any parametric family, other assumptions are needed?
in order to derive theoretical bounds on the sample complexity. For our results, we

make the following two assumptions on the input space X and the regularity of f.

Assumption 2 (Domain) The domain X of the target function f is a convex and

compact sub-set of R,

Assumption 3 (Functional) The target function f € C*(X) and there exists an

upper bound K € Ry on the second-order partial derivatives of f, i.e. ax%xj| <K
forallz € X and i,j € {1,...,d}. Furthermore, f can be extended on an open set

X such that X C X.

For a given K € R, we denote by C?(X, K) the class of functions that satisfies
Assumption 3 with an upper bound K on the second degree partial derivatives. It is
important to point out that this bound does need to be tight and that if Assumption
2 holds then any f € C?(X) automatically belongs to C%(X, K) for some K € R,.
Finally, we assume that we have access to the target function f through an oracle
Q. X — R —defined formally below for each sampling setting — which can be queried
in order to generate observations of f. In particular, this oracle can be freely used

by any Lipschitz learning algorithm as described in the following definition.

Definition 3.2.2 (Lipschitz Learning Algorithms) We define L,,,(X) as the set of

all ||.||,-Lipschitz learning algorithms that utilise at most n € N queries to the Oracle

20therwise, a theoretical characterisation of the Lipschitz learning problem is not feasible.
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Q with inputs in X. The sampling procedure is considered to be a part of the Lipschitz
learning algorithm and VL € L, ,(X) we denote the set of generated samples by

Dj = {(%L7Q(%L))z:1 ..... n}-

We note that Definition 3.2.2 defines a general class of Lipschitz learning algo-
rithms without any structural specifications and that the inclusion of the sampling
procedure in the algorithm is common for applications in both control and global

optimisation.

3.2.2 Noiseless Sampling Setting

Assumptions (2)-(3) are sufficient to formulate a lower bound on the sample com-
plexity rate of the Lipschitz learning problem in the case where one has access to
an oracle® ) that can be queried to obtain noiseless observations of the underlying

target function. Formally, the noiseless Oracle is described by

Q: X =R

The lower bound on the sample complexity of any Lipschitz learning algorithm is

given in the following theorem.

Theorem 3.2.3 (Sample Complexity Bound — Noiseless) Let M € Ry, d € N,
p € {1,2} and suppose X := [0, M]%. Assume that Assumption (3) holds and that a
noiseless Oracle Q, (described above) is available. YL* > 0,Ve € (0, MK), if

~ inf sup IL(f) —L*| < e

LeLnp(X) feC?(X,K)NFp(L*)
then .

MK
0z (can™™)
€
In this chapter, we find C(d,p) = 1_% , however this value has not been optimized.
2047

3Note: in the noiseless case, the oracle and the target function are equivalent.
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Theorem 3.2.3 provides a lower bound on the minimum number of oracle queries
that are needed in order for a Lipschitz learning algorithm to ensure a precise esti-
mate of the Lipschitz constant for all underlying target functions in C*(X, K). As
speculated in the introduction, it shows that the Lipschitz Learning problem is a
computationally expensive one that depends heavily on the input dimension. The
lower bounding expression is given as a function of the size of the input space (M),
the assumed bound on the second order partial derivatives (K) and the precision
parameter (€) but is independent of the true Lipschitz constant (L*) of the target
function. The product M K can be understood as a bound on the maximum change
in the gradient values of functions in C?(X, K). In Section 3.3, the proposed LCLS
algorithm will be shown capable of estimating the Lipschitz constant of all functions
f in C*(X, K) using O((@)d) queries to the noiseless sampling oracle Q imply-
ing that the lower bound on the sample complexity rate stated in Theorem 3.2.3 is

optimal.

An equivalent reformulation of Theorem 3.2.3 in the form of a lower bound on
the convergence rate of Lipschitz learning algorithms is provided in the following

corollary.

Corollary 3.2.4 (Convergence Rate Bound — Noiseless) Assume the same setting

as Theorem 3.2.3. Then, VL* > 0,

A

MK
inf sup L(f) — L*| > C(d, p) =2
LELnp(X) fec%x,Kme(L*)’ (f) | (d,p) o

where C(d, p) is defined in Theorem 3.2.3.

Corollary 3.2.4 is generally more practical to use then Theorem 3.2.3 when con-
sidering convergence properties of applications of Lipschitz constant estimators. In
Section 3.4, we show how Corollary 3.2.4 can be applied in conjunction with re-
cent theoretical results (Bachoc et al. [2021]) to derive lower bounds on the sample

complexity of adaptive Lipschitz optimisation algorithms.
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3.2.3 Noisy Setting

In many instances, such as the general regression setting described in (2.1), the
sampling oracle cannot be assumed reliable and only approximate observations of the
target function are obtainable. In this case, we model €2 : X — R as being corrupted
by additive noise and a new lower bound on the sample complexity of Lipschitz
learning algorithms can be derived. In order to do so, additional assumptions must

be made on the additive observational noise process.

Assumption 4 (Noisy Oracle — Gaussian Noise) Let c* > 0. We define a noisy

sampling oracle as

Q: ¥ >R

where 7y, are independent Gaussian random variables (v € X ) with mean 0 and
variance 0. Note: 7y, is an abuse of notation as the noise is not dependent on the

input x. In other words: if v € X is sampled twice, then ! # ~2.

As the class of Lipschitz learning has been loosely defined so far, with no parametric
or functional assumptions, a slight reformulation of the Lipschitz learning problem
is needed in order to derive lower bounds on the sample complexity. Consider
the function class C?(X, K) as defined above and p € N. It is known (e.g. see
Lemma 2.1.1) that for all f € C*(X,K), L;(f) = maxx{[|V f(2)|s} if p=1,2 and
Ly(f) < maxx{||Vf()]/,} otherwise, where ¢ is the Holder conjugate of p. Then,
instead of directly considering the estimation error |L(f) — Ly| with a Lipschitz
learning algorithm [:( f) € L,,(X) as done in Theorem 3.2.3, one can consider the
problem of obtaining z2() € X such that |\|Vf(xﬁ(f))||q — Lj| is minimised. In
this case, we say that the algorithm L(f) belongs to the class £, ,(X) of Lipschitz

Learning search algorithms which is defined formally as follows.

Definition 3.2.5 (Lipschitz Learning Search Algorithms) We define L, ,(X) as the

set of all ||.||,-Lipschitz learning search algorithms that utilise at most n € N queries
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to the Oracle Q with inputs in X in order to produce an estimate & that aims to

minimise: Loss(Z, f) := [V f(2)llq — Ly|.

This type of paradigm is similar to the one considered in the literature on minimax
global optimisation where one generally aims to obtain the minimising argument
T € X of a target function rather than directly estimating the minimum (e.g. Bull
[2011]). We stress that if a good estimate of 2L can be obtained, then it is relatively
straightforward to obtain an accurate Lipschitz constant estimate by computing a
local gradient or slope estimate of the target function near 2L In fact, the majority
of Lipschitz algorithms either directly or implicitly operate by maximising gradient
or slope estimates (e.g. Strongin [1973], Calliess et al. [2020], the LCLS algorithm
proposed in this chapter) and could therefore be trivially modified to generate a

search estimate: "), In particular, see Theorem 3.3.15).

Using Assumption 4, the following lower bound on the sample complexity rate can

be derived in the noisy sampling setting.

Theorem 3.2.6 (Sample Complexity Bound — Noisy) Let M € Ry, d € N, p €
{1,2} and suppose X := [0, M]?. Assume that Assumptions (3)-(4) hold, that one
has access to a noisy oracle Q : X — R as specified in Assumption (4) and that the

sample inputs are uniformly and independently sampled on X. Define Zmp(X) as in

Definition 3.2.5. If there exists 6 € (0,1) such that

lim  inf sup P(Loss(xﬁ(f), f)>e) <o
e—0t LEZ'rL,p(X) f€C2(X,K)

then,

Q o2 MK 42 log( MeK)
ne cd+a :

In contrast to the sample complexity bounds obtained in the noiseless sampling
setting, the bounds proposed in Theorem 3.2.6 only hold asymptotically and can
therefore not be utilised in order to obtain finite sample guarantees. Furthermore,

the Lipschitz learning (search) algorithms considered in Theorem 3.2.6 are assumed
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to be passive’ (as the sampling inputs are sampled randomly) as opposed to the
active algorithms considered in Theorem 3.2.3. Nonetheless, the obtained bounds
provide insight into the necessary sampling requirements needed to ensure conver-
gence for the Lipschitz learning (search) problem in the noisy sampling setting.
In Section 3.3.3, we will show that the LCLS algorithm matches the convergence
rate stated in Theorem 3.2.6 under the same assumptions implying that the rate

MAK 2 log(ME)\ . .
O (Jzed—ﬂg(e) is optimal.

Finally, as in the noiseless sampling setting, an equivalent reformulation of Theorem
3.2.6 is provided in the form of a probabilistic lower bound on the convergence rate

of Lipschitz learning (search) algorithms.

Corollary 3.2.7 (Sample Complexity Bound — Noisy) Assume the same setting as
Theorem 3.2.6. Then, for all § € (0,1), there exists C' > 0 such that

1
: . ; log(M Kn) &+
lim  inf su P(Loss(z" D f) > CMK (—) > 0.
=00 el p(X) fec2(;1\)f,K) ( ( /) nM*K?g? )

Theorem 3.2.6 and Corollary 3.2.7 are particularly interesting in the context of sys-
tem identification for control applications (e.g. Milanese and Novara [2004], Calliess
et al. [2020]) where robustness properties depend explicitly on estimating a feasible
Lipschitz constant from noisy data. These frameworks often ignore the modelling
error arising from the Lipschitz constant estimation which is problematic when the
goal is to provide worst-case guarantees. One source of usefulness for the two bounds
stated in this subsection is therefore to provide a theoretical intuition of the worst-
case estimation of Lipschitz constants in this context and therefore to make possible
a more realistic robustness analysis of Lipschitz constant-based system identification
methods in practice. A short illustrative comparison of the convergence rate given in
Corollary 3.2.7 with the convergence of existing Lipschitz learning algorithms used

for system identification purposes is given in Figure 3.3.

4Note: we are not aware of any existing active Lipschitz learning algorithms as Lipschitz con-
stant estimation is usually computed as a secondary task to a main objective (e.g. optimisation,
non-parametric regression).
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Remark 3.2.8 (Comparison to Non-parametric Estimation) The optimal conver-
gence rates of non-parametric estimation in the noisy sampling setting with Gaussian
noise are well-known (Tsybakov [2004]). In particular, the uniform® convergence rate
of the non-parametric estimation of first-order partial derivatives on C*(X,K) for
some K > 0 is given by © <(%)Ti4) . which corresponds exactly to the lower
bounds derived in Corollary 3.2.7. Tthe implies that although Lipschitz learning
seems more straightforward than partial derivative estimation, asymptotically their
sample complexities are equivalent. Note that this observation is somewhat unsur-

prising as similar results hold in the context of global optimisation (Bull [2011],
Wang et al. [2018]).

3.3 Lipschitz Constant estimation by Least Squares
regression (LCLS)

The theoretical results of Section 3.2 imply that a significant number of samples
must be used in order to obtain a precise estimation of the best Lipschitz con-
stant. As noted in the introduction, this is problematic computationally for classical
Strongin-based Lipschitz learning algorithms due to the fact that the computational
complexity of these methods can be shown to be quadratic in the number of sam-
ples. Using existing non-Strongin based methods could resolve this computational
problem, however obtaining convergence guarantees would then be difficult as this
class of methods is generally complicated to study from a theoretical perspective.
Therefore, in the goal of obtaining a Lipschitz learning approach that can provide
asymptotically consistency guarantees, has low computational complexity and for
which we can derive upper bounds on the sample complexity (in the goal of com-
paring with the sample complexity lower bounds derived in Section 3.2), we define a

new estimator: Lipschitz Constant estimation by Least Squares regression (LCLS).

*With respect to ||.||s-
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3.3.1 Overview

The general intuition behind the Lipschitz learning algorithm proposed in this chap-
ter follows from the simple observation that the coefficients from a least squares
regression can be interpreted as a local approximation of the gradient and that the
maximum ¢-norm of the gradient of f on X coincides® (for certain values of p € N)
with the best Lipschitz constant associated to the p-norm, where ¢ is the Holder-
conjugate of p, i.e. % + é = 1. Therefore, by using a partition H of the input space
X that is sufficiently refined to properly capture the gradient variation of f and
computing the maximum ¢-norm of the least squares coefficients associated to each
subset of H, a precise estimate of the Lipschitz constant is obtainable. Practically, in
order to ensure that the refinement of the partition suffices”, the proposed estimation
framework is designed as an iterative method that utilises a sequence of increasingly
fine convex partitions (H;) ey that are given as input. A brief technical description
of an iteration of the algorithm can be described as follows: For a given iteration,
indezed by I € N, a set of observations DY := {(xHi,in)}ie{Lm’N}{} is generated
by an oracle 2 : X — R (defined in Section 3.2) for each subset H of the partition
H; and used individually to compute the coefficients {37} yey of an ordinary least
squares regression for each subset H € Hy. The Lipschitz constant estimate can

then be directly computed: Ly := maxgey, {||37l,} where q is the Holder-conjugate

of p.

Definition 3.3.1 (Notation Overview) For a partition H; of X and a set of samples

Dy :={(z,, ﬁ)}ie{leI} as described above, we utilise the following notation.

1. The subset of samples that belongs to H € H; is denoted DY = {(xy,, in)}iE{l,...,Nf{}'
Note: samples can only belong to one subset H. If a sample point is on the
border between two sets, then it can be included in either design matriz.

2. We denote the design matrices of the least squares regressions XH € RNT' x(d+1)

6See Lemma 2.1.1 in Appendix for a formal statement.

"In the case where the upper bound K given in Assumption 3 is known beforehand it is possible
to directly partition at the required refinement level (See Theorem 3.3.10 for example).

"The method described in this algorithm corresponds to the specific case where the (K, o?)

variables are known.
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Algorithm 1 General LCLS Algorithm 2 Hypercube LCLS®on [0, M]?

Input: Q (Oracle), (Hr)ren (Partition Se- Input: Q (Oracle), K (Bound from (3), n
quence) (covering constant), o2 (noise vari-
Output: {L;} (Lipschitz Estimates) ance), (e,8) (precision)
procedure: LCLS(S2, (H)ren) Output: L (Lipschitz Constant Estima-
initialise: I < 1 tion)

repeat procedure: }.CLS(Q, K, n, o2, (¢,6))
Ly« 0 initialise: L + 0 I + (C1(d) A\%:),
for H € Hz do

Ni  (Ca(d, q) % 4

XE fiy « DU ted by Q
(X7 1) 1 SEHETAtoC by H <+ hypercube partition of [0, M]? with

- T _ Tz
st (X7 X)X side-length M
. SHIL ¢ T
Ly < max([|57' (¢, L1) for H € H do
end (XH, fH) + DH generated by

I« I+1 B (xHT XMy x T i
return {L;}/en L < max(|| 87|, L)
end
return L

Figure 3.1: Algorithm 1 details the implementation of the LCLS algorithm for a general
input space and partition choice. Algorithm 2 details the theoretical implementation given
in Theorem 3.3.10 of the LCLS algorithm when the input space is a hypercube [0, M]? and
the partitions are regular. In practice, I € N and Ny € Ry can be set heuristically in
order to tmprove convergence. We note that the generated data points X}q used by the two
algorithms are selected arbitrarily in each H € Hy. In order to ensure convergence of the
LCLS algorithm, X{I will meed to verify Assumption 5 for all I € N and H € H;.

and the observation vectors fIf € RNT ;

- - - - _ - _ -
1 $H1 le le VH,
1 ay x fa [ VH
X = ’ . fH ” ” * |, where Vk €
T ~
1 xHNIH ] _fHNIH_ _fHNH_ :YHNH—
—_—
= g

{1,.., NI} and where (xy,, fu,) is a sample point contained in D with
fHk = Q(ka) and by abuse of notation; Y, = Vuy, -
3. We denote by b7, 7] € R4 (where b € R is the intercept) the least squares

coefficients associated to H € H; and computed using XF and fI.

The LCLS algorithm is described here in its most general form in order to allow flex-
ibility in the choice of the input space partitions and sampling scheme. Algorithm 1

provides an algorithmic description of this approach. A more specific implementa-
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tion of the LCLS algorithm which utilises a regular hypercube partition of the input
space is given in Algorithm 2 and discussed later on in this section in Theorem
3.3.10 and ensuing discussions. As one might expect, the structure of (H;)ey is a
key part of the LCLS estimator. In practice, these partitions can be defined using
domain or functional knowledge in order to better estimate the gradient variation
and therefore speed up the convergence of the algorithm. The distribution of the
sample points given by (N#),cy should also be considered carefully and can be
selected in a partition dependent way to take advantage of any prior knowledge of
f or of the underlying noise distribution. We note that the relation between the
structure of (H)reny and (N{),cn is essential in the proofs of Theorem 3.3.7 and

Theorem 3.3.10.

The following variables are used to formally describe a partition belonging to (Hj)en.

Notation 3.3.2 Let §(A) = sup, ,c4 |7 — yll2 denote the diameter function and

B, (x) the d-dimensional ball centered in x € X and with radius r with respect to

I-1]2-

Definition 3.3.3 (Partition Variables) Let Hy € (Hy)ren. We define the following
two Hy related quantities: the mazimum diameters of Hy: {AY Yyen,, AY = 6(H)
and the minimum diameters of the biggest subset-inscribed balls of Hy : {65 }ren,,

6% = 2max{r € R |3x € H such that B.(x) C H}.

The quantities { A} ey, and {67} e, are used in Definition 3.3.5 and in Theorem
3.3.7 to define sufficient conditions on the structure of the () ey partitions in order

for the general version of the LCLS algorithm to converge.

We conclude this subsection by giving a result on the computational complexity of

the proposed algorithm.

Proposition 3.3.4 (Computational Complexity of LCLS) The computational com-
plexity of the Lipschitz Constant Least Squares FEstimator is O(dznsamples) where
Nsamples denotes the number of observations sampled by the algorithm and the d € N

15 the input dimension of the target function.
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The computational complexity derived in Proposition 3.3.4 is significantly smaller
than the complexity of Strongin-based approaches which is O(dn? ). The dif-

samples

ference in computation speed is illustrated empirically on a set of test functions in

Section 3.3.4.

3.3.2 General Theoretical Analysis

An investigation of the theoretical behaviour and performance of the proposed LCLS
algorithm is carried out in this section. This analysis provides an understanding of
the design constraints required for the construction of the input space partitions
and for the choice of sampling schemes in order to ensure satisfactory performance
— see Remark 3.3.8. We begin by stating an asymptotic convergence result for the
general form of the algorithm in the noiseless and general noisy sampling settings
before stating and discussing finite sample results for a more concrete application
of LCLS when the partition of the input space is constructed to be a set of regular

hypercubes.

The following definition defines two quantities (ar)ren, (br)reny as a function of
{A N wen,, {09 uen,, {NF uer,)ren and (|H;|)ren in order to alleviate nota-
tion?. They will be used to describe the conditions on the structure of the input

partition sequence needed in order to ensure asymptotic consistency.

Definition 3.3.5 For any sequence of convex and compact partitions, (Hr)ren, we

construct the following sequences:

(af)?
e (ar)ren, ar = maxpey, | ~5m

o (br)ren, by = maxyey, <%)

Before stating the first main result of this section, a condition on the sampling
procedure used by the LCLS algorithm and a generalisation of the Oracle noise

assumption of Section 3.2 are given.

9Here. |.| denotes the cardinality operator.
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Definition 3.3.6 Let H C X be compact and convex and denote by
We say that H is (e,n)-covered for e > 0,n €0, 1] if there exists an e-cover of H
(with respect to ||.||2) with at least N samples of DX in each of the balls associated

to an element in the e-cover.

Assumption 5 (Sampling) For a given n € (0, 1], the sampling scheme selected for
LCLS 1s such that VI € N and VH € Hy, H is (%,n)—covered.

The sampling condition stated in Assumption 5 is used in order to ensure stability
of the least squares coefficient as the sequence of partitions becomes increasingly
refined and can be satisfied by using quasi-Monte Carlo schemes in practice. In
essence, it ensures that the samples are sufficiently well distributed in each subset
H of the partition H;, avoiding extreme cases such as when a single sample input gets
repeatedly sampled. A possible (conservative) value for n in the regular hypercube
implementation of the LCLS algorithm of Section 3.3.3 is given by n = %ﬂf))
with vol(B;(0)) denoting the volume of the d-dimensional unit ball. In the proof
of Theorem 3.3.15, under a uniform and independent sampling (on X') assumption,

Assumption 5 is shown to hold for n = ”gé(ﬁllg%)) with high probability when the

number of observations is sufficiently large.

The second assumption of this section generalises the Gaussian noise assumption
made in Assumption 4 to include all distributions with zero mean and finite variance

and weaken the assumption of independence.

Assumption 6 (Noisy Oracle — General) Let 0* > 0 and denote by D(0,0?) the
set of all probability distributions on R with zero mean and finite variance o* > 0.

We define a general noisy sampling oracle as

Q: ¥ >R

where v, ~ D.,, € D(0,0?) are uncorrelated random variables (v € X ).
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The general nature of Assumption 6 ensures that the convergence results obtained
for the proposed LCLS algorithm hold for a wide range of noise distributions and
therefore removes the necessity of having to verify a sub-Gaussian noise assumption

when applying LCLS in practice.

Theorem 3.3.7 formalizes the consistency of the proposed Lipschitz learning frame-

work for the general noisy sampling setting.

Theorem 3.3.7 (General Convergence Rate) If Assumptions (2),(3),(5),(6) (for a
given n € (0,1]) hold and the following conditions are verified:

1. VI € N, Hy is a convex partition of X,

2. lim[ﬁoo ar = 0, hmlﬁoo b[ = 0, limlg)oo mMaXgeH; (A?) = O,

thenV DI € D(0,0%), f € C*(X, K),

Li(f) —— Ly(f)

I—o00

where L,(f) = L;(f) forp=1,2, L, > L3(f) for p > 2. P denotes convergence in
probability and (i/](f))[eN is the sequence of Lipschitz constant estimates generated

by the LCLS estimator.

Remark 3.3.8 (Design Constraints) Condition 2 of Theorem 3.3.7 specifies the
design constraints needed in the construction of the partition sequence (H)jen and
the number of sample points ({NF}ren,)ren required per hypercube in order to

ensure convergence. In particular:

1. limy .o a;y = 0 provides the limitations on the shape of the sets in each partition
Hr as I goes to infinity. In particular, as I — oo, (AF)? << 6H < AH.

2. In the noisy sampling setting, lim;_, by = 0 specifies a condition on the num-

[#H1]
(0712

ber of samples needed per hypercube. As I — oo, NF >> This s made
precise in the next section in Remark 3.3.11.

8. limy_ o maxgey, (A) = 0 ensures that the partitions are increasingly refined.

In practice, applying the theoretical conditions used in Theorem 3.3.7 produces an

overly conservative estimator in terms of required number of queries made to the
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oracle — see Section 3.3.4 for an illustration of the empirical convergence of the
LCLS estimator. This is due to the fact that the LCLS estimator makes minimal
functional assumptions and therefore has to explore all of X to generate a precise
Lipschitz estimate. In order to avoid this issue, the number of samples per hypercube
as measured by (br)seny can be set heuristically in order to improve the empirical

performance.

In the noiseless sampling setting, the stopping and sampling rules given in Theorem
3.3.7 and Remark 3.3.8 can be modified in order to obtain a quicker convergence.

This is detailed in the following corollary.

Corollary 3.3.9 (Noiseless Sampling) If Assumptions (2),(3),(5) (for a given n €
(0,1]) hold, a noiseless oracle 2 : X — R is available and the following conditions

are verified:

1. VI € N, H; is a convex partition of X,
2. limy_,oo ar = 0, limy_,o maxgey, (AF) =0,
8. VIeNHeH;, NE>d+1,

then f € C*(X,K),

~

Li(f) —= Lp(f)

I—o00

where Ly(f) = Ly(f) for p = 1,2, L,(f) > Ly(f) for p > 2 and the right arrow

denotes deterministic convergence.

While, the conditions on the design constraints of the partition sequence needed
to ensure asymptotic convergence of the LCLS algorithm remain the same as in
Theorem 3.3.7, the sampling conditions specified in Corollary 3.3.9 imply that a
much smaller number of samples are required per hypercube. More precisely, the
only sampling condition stated in Corollary 3.3.9 is related to the minimum number
of samples needed to ensure that the local linear regressions computed by the LCLS

algorithm are well-defined.

Using the general results developed in this section, we now explore a more specific

application to the [0, M]¢ input space. Theorem 3.3.10 provides finite-sample sam-
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ple complexity bounds for the LCLS in the general noise sampling setting that can
be utilised when limited information on the noise distribution is available. As a
consequence of Theorem 3.3.10, sample complexity rates in the noiseless and Gaus-
sian noise setting can also be derived and compared to the lower bounds proposed
in Theorem 3.2.3 and Theorem 3.2.6. This is discussed in Remark 3.3.11, Remark
3.3.12 and Theorem 3.3.15.

3.3.3 LCLS with Regular Partitions & Sample Complexity

Upper Bound

In the previous section, we considered a general form of the LCLS algorithm and
stated the conditions on the design constraints of the input partition sequence and
the sampling scheme required to ensure convergence. Here, we assume that the
input space is the d-dimensional hypercube [0, M]¢ and consider the case where
every input partition H; is a regular hypercube partition of side-length % The
associated sampling scheme is then defined based on the sampling condition given

in Assumption 5 and the desired precision of the Lipschitz constant estimate.

Under these additional constraints, the following finite sample guarantee can be

obtained for the LCLS algorithm.

Theorem 3.3.10 (Finite Sample Guarantee) Let X = [0, M]? and (Hi)ren., de-
note the reqular partition of sub-hypercubes of X with side-length % If Assumptions
(3)-(5) (for a given n € (0,1]) hold and if Ve > 0, § € (0,1], the LCLS algorithm
is set with a hypercube partition indexed by I > (C’l(d)%) and with VH € H;
N > (Co(d, q) T L%) for C1(d), Ca(d, q) € Ry, then ¥V D € D(0,0?):

%M2e2

st PUL() ~ Li(f) < = 1-6. (3.1)

where L,(f) = Li(f) forp = 1,2 and L, > L; for p > 2. Here Ci(d) =
8d2\/dd™ a2 gnd Csy(d, q) = 25051} however these constants have not been

optimized.
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The theoretical guarantees of Theorem 3.3.10 can be extended to include any X C R?
that satisfies Assumption 2. Indeed, trivially there exists a hypercube [a,b]? C R?
with a,b € R such that X C [a,b]¢ which can be partitioned according to the
iterative regular hypercube partitioning approach. The partition sequence inputted
into the LCLS algorithm then consists of the regular hypercube subsets partitions
of [a,b]? that intersect with X. In this case, under Assumptions (2)-(5), a modified
version of Theorem 3.3.10 holds: the condition on I remains the same, but the lower
bound condition on N can be weakened to become N > (Cg(d, q) "2H),

16 (b—a)?e
VH € Hr, I €N, where I' = |{H € H;|HN X = (}].

Since Theorem 3.3.10 holds under Assumption 6, i.e. for any D7 € D(0, %), neN
and any f € C*([0, M]%, K) it also holds for supprep(oo2) SUPfeca (o k). There-
fore, using Theorem 3.3.7, we can obtain the following general sample complexity

rate for the LCLS algorithm.

Remark 3.3.11 (Sample Complezity — Noisy) For p = 1,2, assuming that the lower
bounds: 1 > (Ci(d)ME) and VH € H; N > (Cs(d, L= Id+2) are satisfied with an

Ve %MTEQ
equality, the total number ny of points required to ensure P(|L, — f)l\ <e)>1-94§
15 given by
o2 (Cy(d) MK\* ™ 1 MK 2412 1
— N = Cy(d, ) (DMK ~0 -
nq |HI| I 2( 7Q)n5 ( \/ﬁ € ) M2€2 (( € ) M2€2)

This sample complexity differs significantly from the lower bound on the sample
complezity derived in Theorem 3.2.6. This is expected given the more general noise

assumptions made in Theorem 3.53.10.

By slightly modifying the necessary conditions used in Theorem 3.3.10, we can also
compare the sample complexity of the LCLS algorithm implied by Theorem 3.3.10
in the noiseless sampling setting to the lower bound on the sample complexity of
the noiseless Lipschitz learning problem stated in Theorem 3.2.3. In order to do so,
we define

N(I) := max min{|D¥| : D¥ contains a disjointed 6¥-cover of H}
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which is constant VI € N when (#H;) e is defined as a sequence of regular hypercube
partitions on [0, M]¢. In this case, we remove the dependence on I and write N :=
N(I). We note that the following two inequalities hold: (1) n < & (tight) and (2)
N < Vd' (loose).

Remark 3.3.12 (Sample Complezity — Noiseless) In the case of noiseless sampling,
the lower bound on NF stated in Theorem 3.5.10 can be replaced by condition 5.
of Corollary 3.3.9 and the definition of N given above, i.e. VI € N H € Hy,
N =max(d+ 1, N). Proceeding as in Remark 3.3.11, we have in this case:

P MK \q (MK,
e = [RIN = mas(d -+ 1,3)(Cud) ) 0(( : )).

This convergence rate corresponds exactly to the lower bound on the noiseless sample
complexity rate stated in the Theorem 3.2.3 and therefore implies that the sample
complexity rate (@)d is optimal (up to constant factors dependent on d and p) in
the sense that it characterises the minimum number of samples that are needed to

obtain an e-precise Lipschitz constant estimate for any f € C*(X, K).

As in Section 3.2, we can reformulate the sample complexity rates of the LCLS
algorithm given in Remarks 3.3.11 and 3.3.12 as convergence rates and therefore as
upper bounds on the convergence rate of the general Lipschitz learning problem.

This is done in the following corollary.

Corollary 3.3.13 (Convergence Rate Comparison)

1. (Noiseless) Assume the same setting as Remark 3.3.12. Then,

. MK
inf sup |L(f)— L (f)| <C(d,n)——
il fecz(x,K)| (f) = L,(/)l < C(d.n) Tn

where C(d,n) := max(d+1, N) (C\l/(g))d and Cy(d) is given in Theorem 3.3.10.

2. (Noisy) Assume the same setting as Remark 3.3.11. Then, ¥ distribution
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Dr € D(0,0%):

d+1

d
Ma@+s K ars

T\%)Zl_(s

Ssu inf Ppn L N < C 0'275’d7
Loy (0) IECP.10) py(IL(F) = Ly ()l < € n)

where C(0?,0,d,n) = Cy(d, q)‘;—; (Cl(d)

2d-+2 _ .
i > and Cy(d), Cy(d,q) are given in
Theorem 3.5.10.

An interesting consequence of Corollary 3.3.13 is that it provides a way of generat-
ing a sequence of feasible!" Lipschitz constant estimates that converge to the best
Lipschitz constant if a potentially loose upper bound on the second degree par-

tial derivatives is known. More precisely, one can consider the Lipschitz constant

estimates:
° ﬁup(f) = f/(f) + C(d,p)]‘g—\/g in the noiseless sampling setting
. . 4 di1
o L, (f):=L(f)+C(c2, d)%ﬁ%“ in the general noisy sampling setting

where IA/( f) denotes the Lipschitz constant estimate generated by the LCLS algo-
rithm. Such an approach is useful in practice as Lipschitz constant-based com-
putational frameworks often rely on the assumption that the estimated Lipschitz
constant used is feasible. This is briefly discussed further in Section 3.4 where a di-
rect application of the LCLS algorithm in the context of non-parametric regression

for system identification is developed.

Remark 3.3.14 (Knowledge of K and Assumption 3) The theoretical results of
the LCLS algorithm of this section have been stated under Assumption 3 and the
knowledge of a tight upper bound on the second-order partial derivatives: K. This
tightness s in fact not necessary and all result pertaining to LCLS hold for any
upper bound K' > K. In this case, the LCLS algorithm simply ensures convergence
for a larger class of functions, C*(X,K) C C*(X,K'), then required at a slightly
slower rate of convergence. Furthermore, while knowing an upper bound on K is

necessary in order for the theoretical properties of the LCLS algorithm to hold, the

10T e. which upper bound the best Lipschitz constant and satisfy the Lipschitz continuity condi-
tion.
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algorithm can still be implemented heuristically in practice without it.

We conclude this section by stating the asymptotic sample complexity rates of the
LCLS algorithm under Gaussian noise assumptions and providing a finite sample

guarantee.

Theorem 3.3.15 (Asymptotic Sample Complezity — Gaussian Noise) Let M € R,
deN, pe{l,2} and (H;)1en denote the regular partition of sub-hypercubes of X
with side-length % Assume that Assumption (3) holds, that one has access to a
noisy oracle Q : X — R as specified in Assumption (4) and that the sample inputs
are uniformly and independently sampled on X. Setting the LCLS algorithm with a
hypercube partition indezed by I = ’—Cl(d)g-‘ for e >0 (see below for definition of
C1(d)), there exists C > 0 such that if

CJZMde+2 log(]wf)
cd+a

Then,

lim  sup P(Loss(xﬁf(f), f)>e¢e) =0,
e—0T feC?(x K)

where 1)) denotes the the center of the hypercube associated to argmatycqy, 1671,

max{l—l, }
computed in Algorithm 2. Here, Cy(d) = 16d2‘/ad\/ﬁ 2% with n= %ﬁ?)“.

The asymptotic sample complexity rates derived in Theorem 3.3.15 match exactly

o2 MAKa+2 log(g)

the rates derived in Theorem 3.2.6. This implies that © ( iz ) is the op-

timal asymptotic sample complexity rate of the Lipschitz learning (search) problem
and that the LCLS algorithm is sample optimal in the noisy setting when the noise is
assumed to follow a Gaussian distribution. As done in Corollary 3.2.7, we can mod-

ify Theorem 3.3.15 in order to show that the optimal asymptotic convergence rate

_1
is O(MK <1°g(MK”)> “™). We note that Theorem 3.3.15 holds more generally for

nM4K?202

any sub-Gaussian noise assumption on the sampling noise. In particular, the same
convergence rate holds in the settings where this noise is assumed to be bounded

which are often considered in Lipschitz-constant based applications (Canale et al.

H0l(B1(0)) denotes the d-dimensional unit ball.
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[2014], Sergeyev et al. [2020]).

Replacing the random uniform sampling assumption of Theorem 3.3.15 with As-
sumption 5 as done in Theorem 3.3.10, a small modification of the proof of Theorem
3.3.15 yields the following result on the finite-sample guarantees of the LCLS algo-

rithm in the noisy sampling setting with sub-Gaussian noise.

Corollary 3.3.16 (Finite Sample Guarantee — Gaussian Noise) Consider the set-
ting of Theorem 3.53.15. Assume that Assumptions (3), (5) (for a given n € (0,1])
hold, that one has access to a noisy oracle Q0 : X — R as specified in Assump-

tion (4). Ve € (O,w), 6 € (0,3), setting I = [C1(d)*™E] and VH € H; :
2772 2
NP 2 O d) A o2 implics

log(ﬁ d

sup  P(|Li(f) = Ly(f)] > €) <.
feC?(X,K)

2190204 (d)%d?

Here, C' is defined as in Theorem 3.5.15 and C’*(n, d) : however these

constants have not been optimized.

As done for the general noise setting in Corollary 3.3.13, convergence rates for the
LCLS in the Gaussian noise setting can be obtained by reformulating the finite sam-
ple guarantees stated in Corollary 3.3.16. Then, following the approach described
above, a sequence of feasible Lipschitz constant estimates converging to the best

Lipschitz constant can be constructed:

d a+2

T Gauss . T Md+d Kd+4 : : : :
o Ly = L(f)+Cw; Vnotlog 1K) in the Gaussian noise setting

where IA/( f) denotes the LCLS algorithm with the hyperparameters set in Corol-
lary 3.3.16 and C' € R is a constant that can be computed from Ci(d), C*(d,n).
We observe that this sequence of feasible Lipschitz constant estimates converges

significantly faster than the one constructed above for the general noisy setting.
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3.3.4 Empirical Performance

The focus so far in this section has been on developing the theoretical properties of
the LCLS algorithm. While that discussion is useful in itself as it provides perfor-
mance guarantees for LCLS as well as upper bounds on the sample complexity of
the general Lipschitz learning problem, we are also interested in how the proposed
algorithm performs empirically. In particular, we would like to compare the conver-
gence speed of the LCLS algorithm to other theoretically well-behaved methods and
to verify whether the theoretical computational advantage of LCLS (see Proposition
3.3.4) is observed in practice. In this subsection, we investigate these questions by
illustrating the convergence rate and computation time of the proposed Lipschitz
constant estimation method and comparing it against existing Strongin-based algo-
rithms on a set of test functions with interesting properties in noiseless, bounded

noise and unbounded noise sampling settings.

3.3.4.1 Experimental Setup

Table 3.1 provides an overview of the four test functions that are used in the exper-
iments discussed in this section. The choice of these functions represents different
testing points that are of interest: Function (a) reaches the maximum of the normed
gradient in a single unique point of the input space, Function (b) is a classical op-
timisation testing function which we have also defined to have large second degree
partial derivatives, Function (c) is a trigonometric function which provides an il-
lustration of convergence for simple target functions and finally, Function (d) is a
higher dimensional version of Function (a) with 3 dimensional inputs. We do not
explore higher dimensional versions (>3) of Function (a) as the convergence speed
with respect to computation time of the Strongin-based benchmark algorithms is

already very slow for Function (d) - see Figure 3.4 and ensuing discussion.

As benchmarks we utilise the classical Strongin Lipschitz learning algorithm (Stron-
gin [1973]) in the noiseless setting and the popular modified Strongin-based Lips-

chitz constant estimator in the bounded noise setting (see in particular Novara et al.
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Figure 3.2: Comparison between the performance of the LCLS algorithm (in orange) and
the classical Strongin algorithm (in green) in the noiseless setting. Each row corresponds to
a different test function ((a) - (d)) and each column represents a different point of compar-
ison between the two algorithms. From left to right: Column 1: Illustration of the target
function where applicable. Column 2: Error of Lipschitz constant estimate - the bound
on the sample complexity rate derived in Corollary 3.2.4 is plotted (in black). Column 3:
Behaviour of the sequence of Lipschitz constant estimates. Column 4: Computation time
required for each algorithm.

[2013], Calliess et al. [2020] and Khajenejad et al. [2021] for applications in control
problems). We note that this modified Strongin estimator is strongly dependent on
a precise estimate of the smallest upper bound of the noise b > 0 in order to properly
specify € € R, hyper-parameter. Indeed, if € is smaller than b, then the Lipschitz
constant estimates generated by the modified Strongin estimator converge to 400
as the number of observations increases. In contrast, if € is bigger then b then the
generated Lipschitz constant estimates will converge to an underestimate of L (f)

and never be feasible.
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Figure 3.3: Comparison between the performance of the LCLS algorithm (in orange) and
the modified-Strongin algorithm with a correctly (in green) and incorrectly (in blue) speci-
fied hyper-parameter in the noisy setting. Each row corresponds to a different test function
((a) - (d)) and each column represents a different point of comparison between the two
algorithms. From left to right: Column 1: Illustration of the target function where applica-
ble. Column 2: Error of Lipschitz constant estimate - the bound on the sample complexity
rate derived in Corollary 3.2.4 is plotted (in black). Column 3: Behaviour of the sequence
of Lipschitz constant estimates. Column 4: Computation time required for each algorithm.
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where € is a hyper-parameter that estimates the tightest upper bound b on the
noise. We consider modified Strongin Lipschitz estimators with a correctly
specified hyper-parameter (€ = b) and a hyper-parameter that is slightly larger
than the true upper bound (€ = 1.2b) as benchmarks.

3.3.4.2 Discussion

In Figure 3.2, we illustrate the performance of the LCLS algorithm against the
classical Strongin algorithm on the proposed set of test functions. We plot the
theoretical lower bounds on the sample complexity rate found in Section 3.2 in order
to provide an intuition for the theoretical bounds. As one would expect, due to the
fact that the Strongin algorithm was specifically designed for the noiseless setting,
our proposed approach converges more slowly in terms of number of samples on all
four test functions. However the difference in convergence speed is not significant
and is mitigated by the substantial divergence in computation time. We also note
that the plotted sample complexity rate implied by the lower bound of Section 3.2
does not appear to be tight which is unsurprising as it represents a min-max type

bound.

Remark 3.3.17 (Link between the proof of Theorem 3.5.7 and convergence of LCLS)
From the proof of Theorem 3.3.7, we have that the convergence of the LCLS algo-

rithm depends on two factors:

1. (I € N) the diameter of the subsets of the regular partition (upper bounded
theoretically using a Taylor expansion).
2. (Ny, I € N) the number of samples in each subset (upper bounded theoretically

using a multivariate Chebyshev inequality).

The relation between these two factors is essential for ensuring quick convergence
of the LCLS algorithm. In particular, for cases where the second derivatives of the
target function f are large, N; can be decreased and I increased so that the LCLS
algrithm considers a finer partition of X (without having to increase the number of

sample points). This type of modification improves the linear approximation of the
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Figure 3.4: Hlustration of convergence speed relative to computation time in the bounded
noise setting using the set of test functions given in Table 3.1. We compare the LCLS
algorithm (in orange) and the modified-Strongin algorithm with a correctly (in green)
and incorrectly (in blue) specified hyper-parameter. We observe that the LCLS algorithm
performs better on all test functions.

gradient of f at the cost of increasing the noise in the local least squares estimates

(see Function (b) - Easom function in Figure 3.3).

In Figure 3.3, we observe the performance of the LCLS algorithm in the bounded
noise setting. Here, the convergence speed relative to sample size of the LCLS
method differs more significantly from the convergence speed of the correctly spec-
ified modified Strongin benchmark algorithm. This is again unsurprising as the
correctly specified modified Strongin algorithm makes use of additional information
on the noise distribution and the choice of a uniform noise distribution in the ex-
periment is beneficial towards its convergence speed!?. We note that the modified
Strongin algorithm with a slightly incorrectly specified tightest upper bound fails to
show any sign of convergence and that the difference in computation time is more
significant than in the noiseless setting. The relation between computational com-
plexity and convergence rate of the LCLS and modified Strongin Lipschitz constant
estimators is illustrated more precisely in Figure 3.4 by plotting the convergence
rate relative to computation time. We observe that the LCLS estimator performs
better on all functions in the test set despite the fact that the modified Strongin
estimator utilises additional information on the noise distribution. In particular,
for Function (d) which takes inputs in R*, the LCLS algorithm needs 8.5 seconds

to generate estimates with an estimation error < 0.5, while the Strongin approach

12Tf a truncated Gaussian distribution had been used instead, the convergence speed of the
modified Strongin estimator could have been arbitrarily slowed by decreasing the variance of the
distribution.
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Figure 3.5: Illustration of the LCLS algorithm in bounded (in light orange) and unbounded
noise settings (in dark orange) using the set of test functions given in Table 3.1. We ob-
serve no significant impact of the unboundedness of the noise distribution on the Lipschitz
constant estimates produced by LCLS.

needs approximately 4000 seconds. This suggests that for application settings with
high sampling capacity and time constraints, the LCLS method should be used even
when the modified Strongin algorithm can be properly specified.

In Figures 3.2, 3.3 and 3.4, the performance of the LCLS method seems to be more
dependent on the value of the maximum of the second degree partial derivatives
than the Strongin-based methods. This can be observed by noting the difference in

3 and

convergence performance for Function (b) relative to the other test functions'
is due to the fact that the LCLS algorithm depends on the maximum to define a
sufficiently refined partition of the input space in order to "localise" the computa-
tions and generate local Lipschitz constant estimates, see Remark 3.3.8 and Theorem
3.3.10 for a precise characterisation of the relationship. In some sense, the stronger
dependency on the maximum of the second degree partial derivatives of the target

function can be interpreted as a trade-off for the improvement in computation time

obtained by the LCLS algorithm.

The last illustration, provided in Figure 3.5, shows the convergence and computation
time of the LCLS algorithm in the unbounded noise setting. We do not provide a
benchmark as no alternative theoretically backed approaches exist in this setting:

the approaches of Beliakov [2005] and Calliess [2017] could be used but do not have

13See also Figure 3.7 and ensuing discussion.
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any asymptotic convergence guarantees. Instead, we compare the convergence rate
to the one obtained by LCLS in the bounded noise setting and observe the fact that
no significant performance loss has occurred when the noise is unbounded on any of

the test functions.

We conclude this section by remarking that throughout the experiments, our pro-
posed method has been relatively unaffected by the changes in sample setting as-
sumptions and can be used with minimal fine-tuning. Indeed, only the relation
between the number of samples in each subset and the diameter of each of these
subsets needs to be modified (see Remark 3.3.17). This relation can be set in a
theoretically principled manner by considering the results given in Remarks 3.3.11,
3.3.12 and Corollary 3.3.16 or treated as a hyper-parameter and set more heuristi-
cally. The flexibility of the LCLS algorithm is in contrast to existing asymptotically
consistent Lipschitz learning algorithms such as the benchmark approaches used in
this section which either only consider noiseless sampling settings or require prior

knowledge of the noise distribution in order to be applied.

3.4 Connections to Machine Learning & Related
Fields

The theoretical results derived in Section 3.2 are fundamental in nature. They can
be used as a benchmark when developing novel Lipschitz constant estimators or
more generally to provide a better theoretical understanding of algorithms that de-
pend explicitly on Lipschitz constant estimates of an underlying target function.
Utilising Corollaries 3.2.4 and 3.2.7 the worst-case estimation errors of Lipschitz
constant estimation can be better understood and their negative impact on overall
performance mitigated. This is particularly important as Lipschitz constant depen-
dent algorithms often rely on heuristic or experimental arguments which might not

always hold in practice to justify the Lipschitz constant estimation step.

In some settings, the LCLS estimator developed in Section 3.3 can be directly ap-
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plied to improve existing computational frameworks in which case the finite sample
guarantees derived in Theorem 3.3.10 and Corollary 3.3.13 can be used. In par-
ticular, when a (loose) bound on the second order partial derivatives of the target
function is known, a sequence of feasible Lipschitz constants converging to the best
Lispchitz constant at a known convergence speed is obtainable. Unfortunately, while
this approach is possible in all the sampling set-ups considered in this chapter, the
convergence rates obtained for the noisy sampling set-up (see Corollaries 3.3.13 and
3.3.16) can be too slow to be useful in some practical applications. In these cases, the
LCLS estimator can be applied directly to estimate the Lipschitz constant without

feasibility guarantees.

In the section below, we briefly discuss how the results and algorithms derived in this

chapter can be used in the fields of system identification and global optimisation.

3.4.1 Global Optimisation

A major subfield of global optimisation research focuses on sequential search meth-
ods that explicitly utilise the Lipschitz constant of the target function to remove
large sets in the search space and enhance the efficiency of exploration (Shubert
[1972], Mladineo [1986]). As a good estimate of the Lipschitz constant is not always
available in practice, work arounds must be be found (Jones et al. [1993]). In partic-
ular, a number of these optimisation frameworks make use of a Lipschitz constant
estimator (Kvasov and Sergeyev [2012] and references therein, D’Agostino [2022]).
The computation of these estimates is generally done heuristically without conver-
gence analysis or error-certificate of the Lipschitz constant estimates. Therefore,
the minimax bounds derived in Theorem 3.2.3 of Section 2 provide a context for
the expected performance of these methods. More precisely, given recent work by
Malherbe and Vayatis [2017] and Bachoc et al. [2021] which derives optimal sample
complexity rates for Lipschitz Optimisation when a Lipschitz constant is known,
it becomes possible to derive a lower bound on the sample complexity of adaptive
Lipschitz Optimisation algorithms that separate the optimisation procedure and the

Lipschitz constant estimation. We derive such a lower bound below as an example
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of how this can be done.

Following the set-up of certified online learning algorithms described in Bachoc et al.
[2021], we assume that we have access to a black-box target function f that can be
queried to obtain noiseless observations. The goal of certified global optimisation
is to design an algorithm that systematically queries f in order to generate an
output sequence ((x,, f(x),(,))nen Where x,, is the n-th query point, f(x}) is the
generated estimate of max,cx f(x) after n queries and ¢, > 0 is an error certificate

that guarantees: maxex f(x) — f(2}) < G-

Given an accuracy € € R, we can then define the sample complexity '* N(A, f,€) of
a certified global optimisation algorithm A as the smallest number of queries needed
in order to obtain an error certificate smaller than e for all f belonging to a function

class C, or in other words:
N(A, f,e) == min{n € NU {+00}|(, < €}.

Utilising this theoretical set-up, we can then combine the theoretical results of Ba-
choc et al. [2021] with Corollary 3.2.4 in order to obtain the following statement on
the worst case lower sample complexity bound of the adaptive Lipschitz optimisation

problem.

Proposition 3.4.1 (Sample Complezity - Adaptive Lipschitz Optimisation) As-
sume that X is the hypercube and consider the set A of adaptive Lipschitz opti-
misation algorithms which combine classical Lipschitz optimisation methods with a
separable’® feasible Lipschitz constant estimator. There exists constants C1,Cy > 0

such that VL* >0, A € A and € € (0,¢q) where € € (0,297 ' ML*) :

sup N(A, f,e)
fEC2(X,K)NFp(L*)
3 1
> Crag(M, L™, K)((1 4+ Cy max( min(—-, T )
1 d( )(( 2 ( (02 ’7(1+10g2(%)—‘)g+6(L*;K76) )

HMNote: this differs slightly from the definition used in Bachoc et al. [2021].
15In other words, only knowledge of the Lipschitz constant estimate is used in the optimisation
part of the algorithm.
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Ya(M, L*, €)

ﬁ(L*,K, 6) ) )5 - 1) (32>

where m := maxyex f(y), Vo = M?, K is as defined in Assumption 3 and

o ay(M,L*,K) := (M) represents the problem’s general dependency on the
mput space size, true best Lipschitz constant of the target function and desired
precision of the optimisation algorithm and second degree partial derivatives.

e B(L*, K €) := (14 [logy(2)]|)/?LES represents the dependency on the true best
Lipschitz constant of the target function, the second degree partial derivatives
and and desired precision of the optimisation algorithm.

o vy(M,L* €)== { % represents the dependency on the input space size,
true best Lipschitz constant of the target function and desired precision of the

optimisation algorithm and second degree partial derivatives.

To our knowledge, (3.2) is the first lower bound on the sample complexity of adaptive
Lipschitz optimisation frameworks (see Malherbe and Vayatis [2017] for a possible
sample complexity upper bound provided by the adaLIPO algorithm). It depends
on the input space, desired precision and upper bounds on the first two orders of
differentiation of f. The structure of the proof of Proposition 3.4.1 as well as the two
terms contained in the max expression of the lower bound can be interpreted as a
comparison between the sample complexity arising from the optimisation procedure
and the one arising from the Lipschitz constant estimation. In particular, %
is computed by considering the subset of linear functions of C*(X, K)NF,(L*) which

is trivial to optimise in the case where the Lipschitz constant is known but becomes

complicated to certify if the Lipschitz constant estimation is difficult.

Unfortunately, the proposed bound is loose as the sampling scheme for the Lipschitz
optimisation algorithm can differ significantly from the sampling scheme of Lipschitz
constant estimator and is of moderate interest as it only considers a subset of adap-
tive Lipschitz optimisation algorithms. It does however provide an example of how
the lower bounds derived in Section 3.2 of this chapter can be utilised to theoreti-
cally analyse existing computational frameworks that rely on Lipschitz learning and

future work will consider refining the lower bound given in (3.2).
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Figure 3.6: Illustration of several non-parametric methods applied to noisy data. The
target function is f : z +— cos(4mwx) + 2z and the noise is distributed according to a
truncated Gaussian distribution (std: 1, upper/lower bound: —2/2). The predictions
of the trained methods are plotted in orange and the training data in light blue (800
observations). From left to write: LCLS-KI: Kinky inference using the Lipschitz constant
estimate generated by the LCLS algorithm. LACKI: Adaptive Kinky Inference proposed
by Calliess et al. [2020] with correctly set error bounds. LACKI-wrong: LACKI method
with error bounds set at the wrong observational error bound (i.e. at 1.3x the true error
bound). NN-KI: Kinky inference method using the Lipschitz constant of a fitted Neural
Network model with sigmoid activation as proposed by Milanese and Novara [2004].

Finally, we note that the lower bounds derived in Section 3.2 can also be considered
in the application of recently proposed batch Bayesian optimisation frameworks
(Gonzalez et al. [2016], Alvi et al. [2019]). Indeed, while these methods provide
interesting experimental results, the convergence bound stated in Corollary 3.2.4
shows that in the worst case the Lipschitz constant estimate generated from the fitted
Gaussian Process can differ significantly from the true Lipschitz constant - severely
impacting the performance of the algorithm in high dimensional settings. At best,
the Lipschitz constant estimate used in these chapters: max,cy ||uv ()| must be
replaced by max,cx ||uv(z)||+C(d, p) Af—\/lg in order to ensure that the estimated value
is a feasible Lipschitz constant. Here uy denotes the mean function of the gradient

function estimate associated to the fitted GP which can be computed efficiently

using the covariance function of the GP.

3.4.2 Non-parametric Regression for System Identification

As discussed in Chapter 2, Lipschitz interpolation frameworks (Milanese and Novara
[2004], Beliakov [2006], Calliess et al. [2020]) explicitly utilise the Lipschitz constant
of an underlying Lipschitz continuous target function to define the smallest set of all

possible systems that is consistent with the observed data and to provide optimal'

16See Theorem 2.2.4 and (Milanese and Novara [2004]).
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point estimates. In the relevant literature, a number of approaches have been used
to estimate the Lipschitz constant however these either rely on heuristic estimation
(Milanese and Novara [2004], Calliess [2017]) or on knowledge of often unavailable
hyper-parameters such as tight bounds on the noise (Novara et al. [2013],Calliess
et al. [2020]) which underestimate the true Lipschitz constant. Utilising the LCLS
algorithm developed in Section 3.3 would therefore be an interesting alternative ap-
proach to constructing an adaptive Nonlinear Set Membership framework. As noted
at the beginning of the section, we directly utilise the Lipschitz estimate produced
by the LCLS estimator as the worst-case error guarantees stated in Corollaries 3.3.13

and 3.3.16 are too conservative to be useful in the considered use case.

In Figure 3.6, we illustrate the performance of a hybrid LCLS - Kinky Inference
method in comparison to other non-parametric methods that depend explicitly on
the Lipschitz constant of the target function. The variation of the plotted non-
parametric predictors is a direct function of the Lipschitz constant estimated from
the data — when the Lipschitz constant estimate underestimates the true Lipschitz
constant flatter prediction curves that do not fully capture the nonlinearity of the
target function are produced while Lipschitz constant estimates that overestimate
the true Lipschitz constant produce overly input sensitive predictions. In fact, the
kinky inference framework converges to a nearest neighbour estimator as the Lisp-

chitz constant goes to infinity (Maddalena and Jones [2020b]).

Remark 3.4.2 In the hybrid regression method considered in this section, we ap-
ply the LCLS and the Kinky inference algorithms sequentially, effectively separating
the computation process. It is worth noting that the same methodology also allows
for the creation of more sophisticated regression techniques by integrating the LCLS
algorithm with either the projected or local extensions of the Kinky inference algo-

rithm.

In Figure 3.7, we observe that under the truncated Gaussian noise assumptions,
the proposed LCLS-KI approach seems to perform best in comparison to the other
non-parametric methods as long as the bound on the second derivative K (see As-

sumption 3) is not too large relative to the number of observations in the training
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Figure 3.7: Mean absolute error of the non-parametric methods discussed in Figure 3.6
and the neural network utilised to estimate the Lipschitz constant in the NN-KI method.
The target functions are given by fy : z — cos(2Amx)+ Az, for A = 1,2,4, 10 and associated
maximum second derivative: K := maxgzcx f3 (z) = 40,158,632,2526. The values shown
in the plot are computed on a test set containing 500 independently sampled observations.

data. As noted in Section 3.3.4, this is due to the fact that the LCLS algorithm
is more dependent on K than other classes of Lipschitz learning algorithms and
can significantly underestimate the true Lipschitz constant when K is too large.
Therefore, when the second order derivatives are moderate and upper bounds on
the noise on the noise are not precisely known, the LCLS-KI algorithm provides an
interesting alternative to existing nonlinear set membership /Lipschitz interpolation
methods. Applications of LCLS-KI to the common-use case of such methods, e.g. in
learning-based model predictive control (Canale et al. [2014], Limon et al. [2017]),

could be pursued in future work.

3.5 Conclusions

In this chapter, we have established precise lower and upper bounds on the sam-
ple complexity of the estimation of Lipschitz constants under minimal parametric
constraints on the target function. Instead, our bounds rely on the assumption of
C? regularity of the target function which, given a compact input space, implies
the existence of an upper bound on the second degree partial derivatives; this type
of assumption is unavoidable as if the second degree partial derivatives are not as-
sumed bounded, then the sample complexity can not be guaranteed to be finite and
any theoretical characterisation of the general Lipschitz learning problem is trivial.

The obtained bounds on the sample complexity are shown to be optimal in the
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noiseless sampling setting and in the noisy sampling setting for a slightly modified
but generally equivalent version of the problem under a Gaussian noise assump-
tion. These results can be used to provide a theoretical baseline for the Lipschitz
learning problem and to help drive the design of future black-box Lipschitz constant

estimators.

In order to derive the upper bound on the sample complexity, we have proposed a
new algorithm for Lipschitz learning based on local least squares regression that is
sample-optimal in the noiseless setting and in the noisy setting with Gaussian noise.
We have thoroughly investigated the theoretical properties of this algorithm showing
asymptotic consistency, guarantees on finite sample behaviour and computational

complexity in both noiseless and general noisy sampling settings.

A series of brief empirical experiments illustrate how these theoretical results trans-
late into practice and how the LCLS algorithm compares to existing classical Lip-
schitz constant estimators. The proposed method provides a suitable solution for
Lipschitz constant estimation when a theoretically principled and computationally

flexible approach is needed.
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Lemma 3.A.1 (Properties of F) For Cy,Cy € R, define the function gy : R? — R,

1
T, 4 22 . d
Cre “25=d if Oy Y0 a2 <1
go(x) =

0 otherwise.

The following properties of gy can be shown;
1. maxyepa ||Vgo(z)||2 = 0.8C11/C

2
2. MaAXyerd i je(l,...d} |6‘9Ti°j(x)| ~ 7.75C1Cs.
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Proof Let gy be as described above. It follows from construction that g is a radial
function and that there exists u : [0, +00) — R, such that Yz € R%, u(3%, 22) =
go(z) (and in other terms, Vr € [0, +00), u(r) := go(y/7,0, ...,0) ). We can compute

the maximum magnitude (in ||.||2) of the gradient of gq as follows:

d d
ggLR%HVgg(x)HQ = rxré%zgﬂ (Qxlu’ (Zl xf) , 2w (fo) ,) IE

i=1
d
2u/ (Z xf)
i=1

= ma
xER}‘g{

I
e 176'27‘
z|lp} = max |2¢/(r?)r] = max <{20,Cor—————
Jell} = max|2u(2)rl = m { el (1_02#)2}

12

(&
= Cl\/ CQ 01252{1 {QTW} .

1
. R e YE. TV
Computing maXOgrgl{Qrta:T)z} gives maxogrgl{%fl_lrg)g} = 6\/(3\7/%_3)2 2. Since gq

is continuously differentiable and the support of Vg, is compact, we have that there

8
exists 2% € R? such that ||Vgo(z*)|s = 01\/02%6 1 2 0.8C1/Ch.

Similarly, we have that for i € {1,...,d}, z € R%;

9 go . .
—(z) = 2u/ 2 | + da?u” 2| .
52 @) Z:; ; : ; :
Here it is clear that for z* € argmaxxeRd\%QTgfo(x)] either (1) zj = 0 or (2) zj = 0,
Vi # j. In the first case; we can compute max,ep, |2u/(r)] = 3452 ~ 1.08C1Cs. In
the second case, setting x = re;, we consider the computation of max,cg, |2u'(r?) +

4r2u” (r?)|. We have

172 2 172\ -1 30227’4—1
2u (’f‘ ) + 4reu (’I" ) = 201028 1—’“2m
and can compute
L 302t -1

max |2u/ (r?) + 4r%u” (r?)| = C,Cy max [2¢” 1=
’I’ER+ T€R+
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Therefore, we have max,cpa |%($)\ ~ 7.75C,Cy. Finally, we check Vi # j €

2
{1,...,d}, max,cpa ];xigxoj ()| = maxyepa [4zzu” (N0, 22)|.  Clearly, we can set

x = re; + se;j for r;s € R,. Computing this quantity gives:

d
4xixju"(z xf)‘ =(0,C;  max

- ('I‘,S) €R+ XR+
=1

47“36_1—02(1T2+82>
1- G0+ )

8/ 2e~2V2
=0 0y——F——r

(V2-2)

max
zcRd

We obtain Vi # j € {1, ...,d}, max,cza | 22 (z)] ~ 1.85C1Cy < max,cpe |22 (z)].

Ox;xj

Proof of Theorem 3.2.3 (Sample Complexity Bound — Noiseless).
Let p = 2. If we can show that there exists a set F C C?(X, K) N F,(L*) of functions

that can be constructed such that

VL € L0p(X),up [L(f) = L (/)] > €
feFr
when n < (C’ (d, p)%)d, then Theorem 3.2.3 follows directly. This expression can

be simplified to the equivalent statement:

VL € L£,,,(X),3f € F such that [L(f) — L3(f)| > e.

Consider the following functional family. For C; € R, Cs € R,

FO(Ch CQ)

- r
- {g ' Rd . R|Z oy , (x) B Cle 1—022?:1(23'—21')2 if 02 2721(1,] o Z])2 <1 }

0 otherwise.

For any L*, we can consider the family F.-(Cy, Cs) by adding a linear component,
e.g. L'z to g, € Fo(Ch,Cs). In this case, we have by the construction of Fy(C1, Cs)
that for all ¢° € Fo(Cy,Cy) with support in X and g € Fr-(C1,Cy), 2 € X,

* 92qL"
max,cgd [Vl (2)]2 = maxyera [Vo2(2)]ls + L* and max,epajeqr,...a} }agm—xi@\ -

MaX,eRd j jefl,....d} |8;§§§f) | The second relation is obvious while the first follows from
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the fact that all ¢° € F(C4, Cy) are radial functions which implies that all gradients
of ¢¥ are either pointing towards or away from z with equal magnitude along any
hypersphere of fixed radius. Therefore, by the properties ¢° shown in Lemma 3.A.1,
for any choice of linear component [ : R? — R, [(x) = ax + b for a € R4, b € R such
that |la|ls = L*, there exists z* € X such that max,cga [|[Vg2(z)]l2 = [|[Vg2(z*)]]2
and Vg¢Y(z*) and a have the same direction (if they have opposite direction it suf-
fices to take z* that is diametrically opposed on the same hypersphere). With this

construction,

max ||V, (2)ll; = |Vg2(2") + alls = Vg2 (2)]| + llall; = mesx Vg2 ()] + L™

We can therefore restrict our proof to considering the case where L* = 0.

In the first part of the proof, we will show that for carefully selected values C7, C5 €

-----

\/10—5 such that; VB;,B; € B, B, C X, B;NB; =0 if i # j and a set F C Fy of

associated functions with the following properties; Vg, € F associated to B; € B,

1. supp(yz,) = B,

2. maxgey || Vs (z)]|e > 26 (+L*if L* #0)

82921-
Oxpx;

3. Vk,j €{1,...,d}, max,cx | (x)] < K.

To do so we consider the gradient and second order partial derivatives of the func-

tions in F. Let g € F, applying Lemma 3.A.1, we have :

1. max,cpa |Vg(2)|l2 = 0.8C1/Cy  (+L* if L* #0)

29(z
2. MmaXyerd i je{l,...,d} I%mgl(ac])} ~ 1.75C,Cy.

Using these values, we can define the values of C} and (3 discussed earlier in the

proof. Firstly, in order to have g € C*(R?, K), we need max,cga; je(1,... 4} | P9 (z)| <

----- Ox;x;

K. This implies the relation ¢ = Secondly, we set (5 such that max,cy

_K_
7.75Cs
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IVg(z)]|a = 0.8C1/Cy = 2¢. Plugging in the relation for C; given above;

0.1K K 51¢
NN €& (206) C5 and Cf e

Setting | = ——= = 2% we have

Ve K
d
supp(g)'" = {1’ eRIC; Y af < 1} = Bi(c)
=1

where B;(z) denotes the d-dimensional ball of radius [ defined with respect to ||.|2
and centred in ¢ € X. The last step before defining F is to count how many balls
of radius [ can fit'® in X = [0, M]?. Here, we use a lower bound that is obtained
by considering the regular hypercube partition of X of side-length [, defined by;
N = L%J and [ = % Let B denote the set of balls of radius [ that can be inscribed
in a subset belonging to the hypercube partition of X. Then, for all B;, B; € B,

B; C X and B; N B; = (. Furthermore, we have |B| = (%)d A (%)d (+ constant).

The associated set F of functions can be constructed by utilising the set Z of ball

centers z; for B; € B and the values C7, C; computed above to define

Fi={g. € Fo(C},C3)|z € 2} U{f)

where f% = 0. Suppose that n < ﬁ(@)d and consider an arbitrary L € L, ,(X).
By construction, there exists a ball B in the set B with associated ball center z € Z
(as defined above) such that no observations are sampled in B. Therefore, if the
unknown target function f € {¢?, f°} then V(x,Q(z)) € D;, Q(x) = 0. This implies
that we can freely set the target function to either ¢ or f* with no change to

the Lipschitz constant estimate generated by L. Tt then suffices to select gv if L

generates a prediction that is smaller than € and f° otherwise. As the choice of L

I"Which we define as the subset of X where ¢ is non-zero.
18This is often referred to as a "packing" of X’ by balls of radius ! and the maximum cardinality
of such a set is called the "packing number" denoted N(X,1).
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was arbitrary, this implies that:
VL € £,,(X),3f € F such that [L(f) — L3(f)| >

and therefore:

_inf sup  |L(f) = Ly(f)] > e
LeLn,p(X) feC2(X,K)NFp(L*)

Utilising norm equivalences and Lemma 2.1.1, we can apply similar arguments to

the ones given above to obtain that in the case: p = 1, the sample complexity of the

MK

Lipschitz learning problem can be lower bounded by (C(d)*E) ? where C (d) =

T -
20d2

Proof of Theorem 3.2.6 (Sample Complexity Bound — Noisy).

Let € > 0 be sufficiently small such that % < M (which implies that the packing
number N (X, 2%) > 0). Consider the maximal packing B, of X of radius 2% with
respect to ||.||2 and the associated class of functions Fy defined in Lemma 3.A.1
which we denote F. in this proof in order to explicitly mark the dependence on e
(we only consider L* = 0). We recall that for all B € B, and associated fp € F;

max,ep |V fa(2)|lq = 2¢ and max,ex\p ||V f5(7)||q = 0. Therefore, by construction

of F., we have for any distinct pair of functions fi, fo € F. and Vo € X
max {Loss(z, f1), Loss(z, f2)} = max {[[|[V fi(z)[lg — L*| [[[V fo2)llg = L[} > €.
with L* := 2e. This implies that

~ inf sup ]P’(Loss(a:i(f),f) > ¢) > inf sup IP’(fA # ).

LeLnp(X) fEC2(X,K) A€H feFe
where H denotes the class of algorithms that utilise the data samples D; in order to
select the correct f in F.. In order to lower bound the right hand side of the above
equation, Fano’s Lemma can be applied. To do so, we first estimate log(|F|) and
supy, r,er. KL (pr,||py,) where py denotes the density defined on (X,)) of a noisy
sample (z, fx) associated to f € F. (defined more precisely below). The first term:
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log(|.Fe|) follows directly from the proof of Theorem 3.2.3 where we obtained that
| Fe| = |Be| > (%)d which implies

MK
log(|7]) = dlog(- )

Let f € F.. Denoting the density of the uniform measure on X as A\, and the density

of the Gaussian measure on R with mean u € R and variance o>

as v, 52, we have
Ve € X,y € R, pr(r,y) = A\u(®)Vf(),02(y). Then, the second term can be upper

bounded as follows:

T,y
up KL (g lps) = [ pplen)os (M) e
f1,f2€Fe X xR pf2<x7y)

V()02 y)
= / /Vﬁ(:c),tf?(y)log (M) dy)‘ d{l? = _/ |f1 | Au ( )
x Jr V()02 (Y)

11) 1
< A pl / No()dz
vol(Be)

where B, denotes an arbitrary ball in the packing defined by B,, (i) follows from the
well-known KL-divergence of univariate Gaussians and (ii) follows by construction
of F.. By the proof of Theorem 3.3.7, we have for all B € B, and associated fp € F,
sup,ep | fe(2)] = Cf = 5}5. Furthermore, fwl(Be) Au(x)da = é% =7 (&)d for

MK
some constants ¢, & := ¢(d) > 0. Therefore, there exists a constant ¢ > 0 such that

d+4

C €
KL <=
ff;igfe (Prllps) < o2 MdRdr2

Applying Fano’s Lemma, we obtain for an arbitrary ordering of F.:

inf sup P(Loss(x L) Jf) >€)
LELn »(X) feC?(X,K)

d+4

log(2) + nsupy, per. KL (prllprn) _ | 108(2) + ngs s
log(|Fe[) B dlog (%

20¢ )
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Therefore, for e sufficiently small and any arbitrary § € (0, 1),

~inf sup  P(Loss(z) f)>e) <6 = 1— 8(2) ﬁgﬁl{dm <.
LELnp(X) fEC2(X,K) dlog(%5>)

drrd+2 MK
Taking the limit as e goes to 0, we have that if n ¢ (%), then

d+4
log(2)+n575 yragars

dlog(4HE)

=1 > ¢. This implies that

2Mde+2l MK
nEQ(U o8 < )>

1im€_>0+ 1-—

6d+4

must necessarily hold in order for inf; . (%) SUPrec2(x k) ]P)(Loss(g;ﬁ(f)’ fl>e)<d

to hold and concludes the proof.
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Appendix 3.B Proofs: Theoretical Properties of LCLS

Proof of Proposition 3.3.4 (Computational Complexity of LCLS).
Follows directly from the computational complexity of the linear least squares re-

gression algorithm which is O(nsampies)-

3.B.1 Technical Lemmas

The proof of Theorem 3.3.7 relies on the following technical lemmas.

Lemma 3.B.1 (Fundamental logarithm inequalities) For all x > 0,
1—§ <log(x) <z —1.

Lemma 3.B.2 Let § € (0,1), then Vo > 2log(15):
1 2z

<
1 ¢/1-8 los(ig)

Proof Let z > 2 log(l_%) be arbitrary, we have
2

1 2 2 - )
< i< a-¢/1-9).
Then,
2 ) 2 —Llog(L
2T 1o g ),
log(@) 27 log(=%)

Utilising the fact that e¥ < 1+y+y? for all y < 1, we have that the above expression

is greater or equal to:

2x 1 1 1 1 1 1
— | -1 — =1 2l =2(1-=1 > 1
cary (et - gy -2 (1 fy ) >

4
1-3
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where last inequality follows from the fact that = > 2log(125 ).
2

Lemma 3.B.3 Consider a sequence of partitions (H)en used by LCLS and assume

that for a given n € (0,1] the sampling distribution satisfies Assumption 5. Then,

-1 16
VI €N, VH € H,, (XHTXH> <2
P I(XETXE) e S

Proof Let \,..:(M) denote the maximum eigenvalue of a matrix M if it exists.

-1
VI € N, VH € H;, we have | (X{”X{I) lo = ——L— where g (X7 XH)

a’mzn(X{{TX[H)

denotes the smallest singular value of X X H_ Therefore, we can focus on showing

the following relation that implies the Lemma statement:

NH
Toin(XH T XHY > 12 512

16
Tl
, 7 i,
Let XF be the design matrix without the first column of ones, ie. X = _ :
.
we have i i
HT o H HT\2 : HT 112 : 11TVH 2
Omin( X7 X7) = Omin(X;" )" = min || X} ull; = min || I ull3
full=1 =t |
N — T T
> min ||| M0 fwf3= min [ X{ uly = o (X7 XT).
llull2=1 xH l[ull2=1

Therefore we can consider the smallest singular value of X I instead of X which

allows for a direct use of Assumption 5. We have

H
NI

=T = =T = . =T = ,
Omin(XE XY = X\ in(XE XY= min o' XY XMu= min E (wp,,u)?.
Wk, [[ulla=1 ueRdJulls=1 <

- T —
Let u?,,, € R? denote the eigenvector associated to Apin (X XH) with ||u?,;,|l2 = 1.

man
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. NE . NH

* I * 2 __ I 2

Then, u,,, satisfies > . % (g, ul. ) = ||£1H1m1 > i (@, w)t
o—

*
min?

*

we can construct an orthonormal basis of {u*,  us,...,uq} of R? (such

min’ )

Using u.

a basis can be constructed using the Gramm-Schmitt algorithm). Then, since D
H

contains nN# points in each ball associated to an element of an %—cover of H, we

have that there exists at least nIN} pairs of datapoints (zg,, ij), (Tm;, fHJ) e DH

d
such that 3{a; }icqr,. a3, @ € R with |ay| > % and (v, —Tp,) = Q1 + > Qrls.
k=2
This implies that max([(zm,, i) |, (T, Upin)|) > %. Indeed, if [(xp,, w);,)| <
%, then
|<xHj’U:mn>‘ = |<xH] — Ty, + J/’H“anm” - |<xH] - tz7u:nm> + <tz7u:nm>|

- T - H
Using this inequality N times we can conclude, Gy (XH XH) = SN (2 u?, )2

) Yman
(;H
> N (%)%
|

Lemma 3.B.4 Consider the constructions of Definition 3.53.3. The following rela-
tionship holds for all I € N,

V(X)D(4 +1)2¢

3 maxpyey, (Aﬁ)d

V(X)T(2 +1)2¢
S ’7_[]’ S d( ) (2 )
T2 mingeyy, (0,)?

where V(X') denotes the volume of X.

Proof Follows directly from the definition of {0¥} ey, {AF} ey, and volume

formula for the d-dimensional ball.

Lemma 3.B.5 Let the notation and assumptions be as described in Theorem 3.3.7
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and define x* € X as x* € argmaz,c ||V f(x)|l. Then, VI € N,

4\/c_ldan
V1

195 @)y — max{IE | 3] .} <

1 1
where ng = Fatinb iU

Proof Note: such an x* exists by compactness of X and the fact that f € C?(X).

By definition, [b#, BH]T = (XHT XH)=1XH' fH Computing the expectation of this
expression yields

Bl B717] = B[ T X g A
T _ T T _ T T _ T
= B[ X)X BT X X T | = (X)X

VH € Hp, let cg € H (closure of H) be such that ||V f(cx)ll, = max,cg{||Vf ()]}
which exists by compactness of H and the fact that f € C?(X). Then, using the
second order Taylor expansion of f around ¢, every coordinate fg, of ff can be

re-expressed as

fro = flew)+(@m —cn) 'V f(en)+(@m —cn) Hess(cn+rm (vm, —cn)) (v, —cm),
(3.3)
where rg, € [0,1] and Hess denotes the Hessian matrix of f. To alleviate notation,

let ||.||; denote a pseudo-norm on R4 defined by; z € R4, ||z||; := {/ Z;i;l xd if

.....

flem) — e Vi(en)

0

(rH, — cH)THess(rHl)(le —cH)
T _ T
=7 xfH i (xf +Xf’[

+ | (zH, —cm) T Hess(rp, ) (wm, — cu) g

vf(CH)]
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C 7CT C
flew) —cgVi(cn) (a1, — et)T Hess(ri, )@ — cxr)
0 0 HT yH\—1yHT T
= + +(x xIHTIXT (|(wnp —em) Hess(rmy)(m, —cn)|) ||g.
Vf(en)

=:J(H)

Plugging this expression into the theorem statement yields:

IV f)lq — }rgle%ﬁ{HE[Bff]llq}! = [V (")l — gle%{llE[Bf’]llq}

0
< [IVF(@")llg = (max ]| la} — max {[[.7(H)llz})
Vf(en) =

HeH CH
< | — _
<19y = mas VA o)l + mas 1T o} = max {11 () )
where the last equality follows from the fact that there exists H € H; such that

r* € H. As f € C*(X,K), we have Vi, j € {1,...,d}, Vr € X that |8fja];j (2)] < K.

This implies that ||Hess(z)||y < dK Vx € X and by matrix norm equivalence;
| Hess(x)||2 < Vd||Hess(x)||; < dVdK, Vo € R Therefore, since matrix p-norms

are sub-multiplicative;

(vg, — 1) "Hess(ru, ) (xy, — cp)

T _ T
1) lg < ngll T2 < ngll (X7 X)X ol | (wm, — €2) T Hess(rm,) (@, — cu) | 12

where n, = gl =30h, Using Lemma 3.B.3 we have

T _ T T _ T
NXETXIYIXET |y = X (T X)) s = \ A (X X))

4
of /nN{!

where Amqe denotes the maximum eigenvalue of (X#' XH)=!. Furthermore, the

— ICET X)) <

components of the vector on the right-hand side can be upper bounded by;

(wn, — 1) Hess(rm) (e, — en)l < l(wm, — ) [l2| Hess(ra) (wa, — cn)ll2
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< l(zu, — )Tl Hess(rm,)oll(@n, — cn)lls < Af*VAdE.

Combining these two upper bounds we can conclude:

AddEKn, AH*  4/ddn, K
IV f(z* ||q—max{||E[ﬁz ¢} < max VddKn, = Vddn,
HEH; \/ﬁ 51 \/ﬁ

arg.

Lemma 3.B.6 If the Assumptions of Theorem 3.3.7 hold, then ¥YI € N, the dif-
ference between the Lipschitz estimate generated by the LCLS method with noisy
sampling L; and the Lipschitz estimate generated by the LCLS method with noise-

less sampling L; can be upper bounded by;

265251 ]

P(|L; — L;| > )<1— H(l— 2 N

€
HeH; N

). (3.4)

Proof Let I € N. VH € H; denote by [b¥, 8H] the least squares coefficients
computed using (X fH) (instead of (X, f}q )), i.e. the noiseless least squares

coefficients. Then,
TH AHIT| _ HU sxrH\=-1~xHT (H| _ pH pHT
B, 17| = B|(XFT X)X TS| = of BT
Therefore, we can write (with n, = > Oh
P(|Zi— Li| > 5) =P (I max {87} — max {187 1,1 > 5
2 Hegy TN ey VYT 2
€
:P —_
( +3)
<P (|max{IE 3] I, - I13] <P max{IE |3 ] - 3"} >
— HEM, I q 1 I I llg 2
<P max{IE |3 ]| = 3"} > 5 ) =1~ P max{IE | 3] - 3ll2} < 5
- ! FE" o, HeM; ! T 9n,

HeH
<1- T P (1= 3] - 3 < o)

HeHy q

max {||E [51 } g} — }I&%{HBF

HeH;
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_ SH AH €
=1- H (1_P<HE [61] _ﬁl ||222—nq)>.
HeHy
In order to upper bound the term given in product: P(||[E[3H] — #|, > ﬁ), we

use the covariance matrix: var([p?, fH]) = o2(XH X H)=1 which follows from the
fact that the components of v/ are assumed to be uncorrelated with mean 0 and
variance o2. We also denote by Tr(M) the trace of a matrix M € R4, Then,
by applying an extension of Chebyshev’s inequality to finite dimensional vectors

(Ferentios [1982]) and Lemma 3.B.3, we have

Chebychev's T
) Inequality 47120'2T7’((X{I X{{)_l)
< q

= 62

P (12 (3] - 37k > o

~ 2n,

-1
.
4”?1‘72d” (X;I X}q) 2 Lemma 3.53 An?c?d 16 2n202d 1
< < q q

- € - e psHPNH net  NH§H?

Plugging this expression into the product given above concludes the proof.

B ~ 26 an’lax{%—l,o}d 1
IP’(|LI—LI|>§)§1—H (1_ G —
HEH] /’76 NI 6[

3.B.2 Proof of Main Theoretical Properties of LCLS

Proof of Theorem 3.3.7 (General Convergence Rate).
We recall that VI € N, the Lipschitz estimate L; is obtained by considering the
partition H; and computing maxgey, {|E[37]|,}. Let € > 0 be arbitrary. We need
to show for p =1, 2:

lim P(|L} — Ly| > ¢) =0

I—o00

and for p > 2
Ilim P(|L, — L;| > €) = 0 with L, € Rs ..
—00 p
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Since f verifies Assumption 3 and X is convex and compact, Lemma 2.1.1 guar-
antees the existence of ¥* € A& such that ||V f(z*)|l, = L; for p = 1,2 and
Ly := |V f(2")llq = maxeex |V (2)], = Ly for p > 2.

Therefore, for all p > 1, we can consider the statement;
Jim B( 95 (@)l ~ Lil > ) =0.

Let I € N and consider P(|||V f(z*)||; — L;| > €). This expression can be split into

two terms:

PV /@)y = Li] > )

<P (1197~ e O [37] D > ) + B (1 e O [3] 1)~ L2l > 5 )

(& J/ J/
-~ -~

) (1)

In the following, we show that both (I) and (II) converge to 0 when I goes to infinity.

(I): From Lemma 3.B.5,

IVF (@)l = maxmen, {IE [ 37] ] < 24250, Plug:

ging this upper bound into the above expression, we have

4/ ddn K ¢
—— T ar > o).

P (19 e 8 [3] 1)1 > ) < P00 ¢

By hypothesis 2. lim;_,,, a; = 0 and therefore there exists Iy € N sufficiently large

such that M%ah < 5 and therefore ]P’(‘“/a%al1 > £)=0.

(IT): We show that P(| maxges, {|E[BF]|l,} — Li| > §) converges to 0 as I goes
to infinity. Let L denote the Lipschitz constant estimate generated by LCLS with

noiseless samples. Then, applying Lemma 3.B.6, we have the following upper bound

on P(| maxges, {|E[5]]llo} — Li| > 5):

~ ~ € = A €
P( max {IE [8] I} = Ll > 5) =P(Ls = Lol > 5)
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16 Qdmax{g,l} 1 26 Qdmax{g,l}
<1-[[a-———) S 1- (- ————— ).
HeM; € Niop ne? minges, (N677)

As by Theorem hypothesis 2 lim;_,o maxyey, (A¥) = 0, applying Lemma 3.B.4
implies that lim; ,., |H;| = co. Therefore using the fact that lim; .. b; = 0, we

= limy oo ——2—— =0,

have lim;_, ., max (
— HeH . 2
& I mingey NHsH

1
H H2>
Ny 67
2602dmax{%,1}
- 2
"752mlnHe7—L1 N{{cﬁ] ’

To alleviate notation, let (o) en be the sequence defined by oy :=

then lim;_,oo ————— = 0 implies that 3/ € N such that VI > I, a; < 0.5.

. 2
mingey NHsH

Utilising fundamental logarithm inequalities, we obtain:

1— (1 —ap™! < 1)1 < |- < M2
(1 —ap)™ < [Hy] Og(l—a1>_| I|1—Oq_| 115
250_2dmax{§,1} ‘HI| 250.2dmax{§,1} Iseo
ne mingey, Ni*0; ne

Proof of Corollary 3.3.9 (Noiseless Oracle).

As in the proof of Theorem 3.3.7, we can consider the statement; p € N,
Jim B[V}l ~ Lil > ) =0

where 2* € argmax, ||V f(z)|/,. Since the data samples contain no noise, L; =

maxpey, {||E[5]']|l,} and
P(IVf(@*)llg — Lil > €) = B(IV f(2")ll, }%%{HE[B?HMH > ).

Then, applying Lemma 3.B.5 and using lim; ., a; = 0 as in the proof of Theorem
3.3.7 gives the desired convergence result.

(Note: that the least squares estimation is well defined as N/ > d+ 1 and Assump-
tion 5 holds.)

Proof of Theorem 3.3.10 (Finite Sample Guarantee).
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We show the equivalent statement; P(|L, — L;| > €) < 6. where as in proof of
Theorem 3.3.7, L, := ||V f(z*)||, with 2" := argmax,.+||V f(2)||, and L, = L} for
p=12,L,> L for p > 2.

In the hypercube set-up, we have VI € No;, VH € H;, All = @, o = % and
|H;| =1I% Let e >0, 6 € (0, 1]: From the proof of Theorem 3.3.7 we have that three
following inequalities need to be satisfied in order for (3.1) to hold. From (I) we
need M%Aé? < § in order for P(|(|V f(2*)|, — maxgen, {|EBH]l,}] > 5)=0.
This implies that;

I> 8d*V/dn, MK
N4 €

From (II), we have the following two inequalities that need to be satisfied;

2652 qmex{ 31}

1 ar = < 0.5

W ! ne2 ming ey, NHOH?
2521} |Hi|

(2) 3

. HSH?2
ne mingey, N;7 o7

The first implies that
27dmax{%vl}0.2 [2

. H
< min N
n M?2e2 " Hew, !

and the second expression gives

25dmax{2,1} 2 2
i fadl < min N},
n M?e? o HeM;

Since |H;| = I¢, I € N5, and 6 € (0, %], we have that if the mingey, NH satisfies
(2) then (1) is true as well. Therefore, we have VH € H;
25dmax{%,1}0_2 [d+2

< min NH.
n SM2e2 "~ Hem, !

Setting Cy(d) = 8d2v/dd™a=2% and Cy(d, q) = 2°d"*{5"}d concludes the proof.

Proof of Theorem 3.3.15 (Asymptotic Sample Complexity — Gaussian
Noise).
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Consider the setting described by Theorem 3.3.15 with 1 = [Cy(d)*%] when € > 0.
As described in the proof of Theorem 3.3.10: in the the hypercube set-up we have
VH € Hy, AF = YAM §H — M qnq |34,| = I,

For all ¢ > 0, let A, denote the event that every H € H; contains a number of
samples N} equal or greater than C(d)10%<MTI:+2K2 for a constant C'(d) > 0 that
depends on d (see (x) for the explicit definition of C(d)) and is (%,n)—covered

where n = “ggﬁﬁfj ) where vol(B;(0)) denotes the volume of the d-dimensional unit

ball. More precisely,

log(4E)o? K o

A :={VH € H; : N}' > C(d) ; A H is (é,n)—covered}.

€

Let us assume that there exists € > 0 such that Ve € (0,€), P(A.) > 0 (this will

follow from (xx) given at the end of the proof). Then,

sup P(Loss(xf”(f),f) >e€) < sup P(Loss(xf”(f),f) > e Ae) + P(A?).
FEC2(X,K) FEC2(X,K)

Therefore, in order to show Theorem 3.3.15, it suffices to show that both terms of
the right-hand expression given above converge to 0 as € goes to 0. The first part
of the proof considers sup jec2 (v k) P(Loss(z10 | f) > ¢|A.). We will show that for
all § > 0, there exists € such that Ve € (0, "),

sup P(Loss(m’i’(f),f) > e Ae) < 6.
feC?(X,K)

Notation 3.B.7 To alleviate notation, we omit the conditional dependence on A,

in the following computations.

Fix an arbitrary 6 > 0 and define VH € H;, BF = b, gH]T = (XH XH)\XH' fH.
As the noise and the sampling distribution are independent and every input sample

is selected independently, we have

B = E |lbf', BT | x| = E o4, BT |67 |
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where we recall (from Chapter 2) that G denotes the set of all sample inputs.
(Note that B is a random variable as the sample inputs are randomly sampled).

We have
‘)

<P (|5 - L] = $) + B (|Eh) ~ 195D > £)
- %)

+2 (| 1% [37]63] 1) - L) > §)

P(Loss(@™ D, [) > ) = B (|L; = [V (" D),| >

<P (‘HVf(x*)Hq — max{||E [Bﬁ‘Gﬂ

+P ([Iv £ O, - IE |3 |67

+P (|IE 8 |Gl - Li(h)| > 5)

where o := argmax,c.|[|V f(2)]l, = Lj by Lemma 2.1.1 (for p = 1,2) and 3f"""""
denotes parameters of the linear regression associated to the hypercube argmax ¢4, 13" llq-

By the arguments given at the beginning of Lemma 3.B.6, we have
AH | ~x 7 AH| x| pH
\ max{|E 37|67 1l,} Lz<f>\ < n, max {[E [3f'|GF] - B2}

where we recall n, = 2™ 0 Similarly, by construction of LCLS, the reverse

triangle inequality and norm equivalence,

Lr(h) Lr(n) SHLI()

e (877Gl = Ld] = |1 [37 6] e = 137l

HLI(f)

< nllE [ GF] = B < ny max (1 [ GY] - Ao},

Therefore,

PLoss(ab0. ) > 9 < P IV )l - e [3F

Gﬂ

®

+ ([Iv s, - £ [5 |67

(i)

> )
4J
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q

AH | ~X AH €
+2 (e 18 [3]6F] - ) > 1= )

(i)
The terms (i), (ii) in the above expression can be shown to be equal to 0 with
similar arguments. For (i), Lemma 3.B.5 can be utilised (as A, is assumed to hold)

to obtain:

H2
~ max 4N ddKn, A " 4N/ddn K
HeHr /N oy V1

ar

19 £l ~ a0 [37]2]

and it follows from applying the same approach as the one used in the proof of

Lemma 3.B.5 (as A, is assumed to hold), that

7 2
AvddKn, A _ Wddn,K
N N a

195 ), — [ [

¥l <

I-

Note that 7 is defined in the omitted conditioning on A.. Then, we have by definition
of T = [C(d)MET,

4N/ ddn K _4¢sz2an%<4¢3¢12% ¢ €
Vi LTy Gild) 4

ar =
Vi

16d2+/dng

where the last line follows from the fact C;(d) = 7

. Therefore, conditional on

€
4
€
>—)=0.
4)
In order to show that (iii) converges to 0 as € goes to 0, we define for all H €

Hr: Ef = {||E[Bﬁ’G}V] —BH||, < i}, consider an arbitrary ordering of H; :=

A, we have

(19760 - e [37]6] 1

=B (I s, — e [5" " c] N,

{H,,...,Hp, } and apply similar arguments as the ones utilised in the proof of

Lemma 3.B.6 to obtain

P (e (0 [5G = AF1) > (5-1A.) = 1= Bovi € 2, B]4)
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=1-P(E™|A) lﬁ P (E™

=2

Al B By

The computation of the local linear regressions parameters is done independently
with no data overlap implying that the conditioning expression: {Ef1 ... Ffi-1}
(for i@ = 1,...,|H|) can only impact the probability by affecting the number of

samples contained in H;: N;"

which are utilised in the local linear regression. As
the probabilities are also each conditioned on A, which provides a fixed lower bound
on N} for all H € H; and the remaining arguments for this part of the proof will
only utilise this fact, we use a slight abuse of notation in order to alleviate notation

and omit the dependencies on {1, ... Ffi-1} (for i = 1,...,|H;|) in the remainder

of this part of the proof. Therefore, we can consider

1= T1 (1= (037 = B30T 2 1))

HeH;

In order to upper bound P(||3X — [b¥, BH]T||, > ﬁ|¢4€) a more refined bound than
the general Chebyshev inequality used in the proof of Lemma 3.B.6 is utilised. In-
stead, we apply Corollary 3 of Pinelis and Sakhanenko [1986| to obtain an alternative
bound (see (iv) below).

Remarking that 0 < € < w implies I = [Cy(d)ME] < V20, (d)ME, we set

€ 1= w. Then, for all € € (0,&),

_ RN € T _ T €
(3 = B8 BT > ool ) = (I XX ol > 154
Ng 4n,

(z57)?
(v) = - HT H4nq HT _H2
< 26 Q]E[”(XI XI )71X] L ”2|-A€] .

: ToHy-1vHT . . T v Hy—
As the Gaussian vector (X XH)"LXH 4H has covariance matrix o?(XH# XH)=1,

we can utilise the tower rule to observe that

T _ T
E [T X X T

A =E BT X X316 A
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—E |o?Tr(XF X))

2
Ae] < 16d20_
nof "Ny

T —
A| <E [do® | (XF X7,

MK

where N; := C(d) M is given by A, (with C'(d) explicitly determined below).

The first inequality follows from the fact that the trace of a matrix is equal to the
sum of its eigenvalues and the second inequality follows from Lemma 3.B.3 which
can be applied by definition of A.. This implies:

2 _ _
62175}¥ Ny e2nA12NI 647]NI

P (3 = B BT 2 (oA ) < 27 0o — et < g0,
Mg

Therefore, denoting Cy(d) := % and substituting the above expression into

N
207201

the initial upper bound, we obtain

P (Loss(a¥0.) > o 4.) < 2¢ (e (18 [37[61] - 37 > 1A,

ANy ANy

<2-2 J] (1—2e"Womiz) =2 — 2(1 — 2e = Woziz )Ml
HeH;

Cold) 5L
Then, setting 2 — 2(1 — 2e~“*'%52x2) M1l < § we obtain that if

_ o2 K? 2
Ny > lo
1= Cy(d)e g(l — /12

then P(Loss(zL1(), f) > e|A) < 6. As [H;| is monotonically increasing and

)

converges to infinity as € goes to 0, there exists €& > 0 such that Ve € (0, &),

|H | > 2 log(l_%). This implies that we can apply Lemma 3.B.2 to obtain:
2

2 _ 4]
1— /1 — g B 10g(é>

Therefore, we have that the following stronger condition on N; implies P(Loss(a:ﬁl B f) >

€) <9

o’ K? 2 o’ K? 4| H |

N; > lo — N; > lo
1= Cyd)et g(1 — /] — g) '= g(log(ﬁ)

Cz(d)€4 )
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We can rewrite this lower bound with |H;| expressed in terms of e:
o? K? 4|H]| o?K? MK 1
— 1 2d+20 d d dl —1
Co(d)et Og(log(ﬁﬂ Cy(d)et og( H(d)( € ) Og(l—g) )
o?K? 1 1 MK
= —————dlog(Cs5(d)1 ~d
Co(d)é? 0g(Cs(d) 0g(1—%) d . )

where C5(d) := 2130, (d). Finally, there exists €5 > 0 such that Ve € (0, &),

Co(d) _ MK

log(25)e ~ €

which implies

2K? MK i
? — log( ) = P(Loss(z“1) f) > ¢) <6
€ €

N; > C*(d)

where C*(d) := %. Therefore, as C*(d) only depends on d (note that 1 depends

only on d) we can set C'(d) = C*(d) (x).

Selecting €* := min(eq, €9, €3), we have Ve € (0, €)

sup ]P)(Loss(x’if(f),f) > e Ae) < 6.
feC?(X,K)

As the choice of § > 0 was arbitrary, this concludes the first part of the proof.

(xx) We now show lim. o+ P(AS) = 0 with C*(d) as defined above in (x). Let
e € (0,C1(d)MK) be arbitrary and define the following events:

1 MK 2K2
Al = {VH €Hy: NI > C*(d)%}
€

5H
A = {VH €H;: His (é,n)—covered} :

We recall:

log( ME) 52 2 sH
A, = {VH € Hr: Nf > C*(d)u N H is (é,n)—covered}
€
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= {AINAZ}.

We can write:
P(A?) =1 —P(A) = 1 - P(AZ]A)P(A)
which is well defined as we will show that P(A!) > 0 for sufficiently small e. There-

fore, if we can show that

lim P(A?|A!) = lim P(A}) =

e—0t e—0t

then the proof of (xx) is concluded.

(I) We begin by showing lim, o+ P(A}l) = 1. For all H € H;, we define

log(ME)o? K*
€ P

Ef(n) = {H contains > C”*(d) for total sample points equal to n}

where n denotes the total number of samples which was assumed to satisfy: n >

2Mde+2 log( IMK

e ) for a fixed constant C' > 0 (defined explicitly below). Then,

considering an arbitrary ordering of H; := {Hy, ..., Hj3;, }, we have
[#Hi]

P(AY) =P (VH € H;,E7 (n)) = (€M (n HIP’ (EX(n)[EM (n), ..., X1 (n)) .

As the inputs are sampled independently and the elements of H; are disjointed by

construction, we have Vi € {2, ..., |H|}

P (& (n)

£ (n), . EMr(n) = P (efwn G- 1>c*<d>w>) -

It trivial to see that Vi € {1, ..., |H;|}, P(EMi(n)) is increasing in n. Thus, we have

[Hr1l

Pl = [[ P (sfim - prilc >M>> .

i=1

For € > 0 satisfying ¢ < Ci(d)MK, we have I < 2C;(d)2E. Therefore, using
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|H;| =1 < w’ we have

€
el - ed et

0| C*(d) log(ME)o?K? _ (201 (d) MK C*(d) log(M4K)o? K*

MK 2 og( MK _ (QCl(d))dC*(d)n

€
ed+4 — C

= (2C1(d))"C*(d)

2 rd prd+2 MK
where the last inequality follows from the theorem assumption: n > CZ M Ked J)g( l

Therefore, defining C, := 2(201(d))?C*(d), setting C > C}, and utilising the upper

bound derived above, we obtain

[H1] MK [Hr] [#Hr]

[I» <Sff<n - |Hfrc*<d>M>> > [T (- ) = [T2 (5 3).

i=1

We now consider for all H € H; the computation of P(£(%)) for which we will

€

derive a lower bound.

For all H € H;, denote M (n) := |{i € {0,...,n} : x; € H}| the random vari-

able!” that counts the number of sample inputs in H. As every sample input is

sampled uniformly on X" and for all H € H; vol(H) = (%)d > m’ we

have that the probability of a sample input being in H € H; can be modelled us-

vol(H) e?
vol(X) > (2C1(d)MEK)4"

ing a Bernouilli random variable with success probability p =
Therefore, M (n) can be modelled as a sum of independent Bernoulli variables with

success probability p. From Lemma 1 of Stone [1982], we have

E[Mé{(n)] ) < (E)E[MIZ(M] |

P(Mf(n) < -

In order to apply this result, we observe that as C > C) = 2(2C,(d))¢C*(d) (by

construction), the following relations hold:

2K21Og(MK) C 1Og(MK)O_2K2
E[MHE Ty=2p> U € > C*(d)———F——

where the rightmost term corresponds to the bound stated in the definition of the

9Tn essence, M (n) = NH but makes explicit the dependency on n.
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EX(Z) events. This implies that P(E (%)) can be lower bounded as follows:

P (551(%)) =P (M}f(g) > C*(@M)

el

_ip <My<g) p o*<d)bg<f‘if¢) o1 (g < B

2 EM (R
>1—(- 2

=1-(2)

Plugging this expression into the initial bound, we obtain:

[#Hr] [Hr]

[T2 () =TT (1= )

02K? MK . .
As E[M"(%)] > s Igf( - )Cl(d)cd2d+1 and |H;| = I (i.e. both terms increase poly-

nomially with respect to %), the above expression can be shown to go to 1 as € goes

to 0. This implies that if C' > Cy, then

lim P(A}) = 1.

e—0t

(IT) We now show that lim_,o+ P(A?|A}) = 1.

By the law of total probability, we can derive:

P(AZ|AL) = Z P (AZ{N Y e, ) P ({N Y mer, = {N{ Y e, |AY)

{NfY e, evi(n)

- Z ( H P(H is (%,n)—coveredUVfI)) P ({N{"}mer, = {N[" uen, |AY)

{NFYmen,€Vi(n) \HeEH:

log( ]\/IEK )0’2K2
4

where V;(n) := {{NF}yen, € Nzc(e)m" LD HeH| NH = n} with c(e) := C*(d) -
defined as the bound stated in A!. The second equality follows from the definition of
(%, n)-covered and the disjointness of the partition. Note that V;(n) is non-empty,

i.e. n > c(e)|H;], due to the inequality: C' > Cy set in (T).
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For an arbitrary {Nf'}gey, € Vi(n), we now focus on lower bounding [, P(H

is (%, n)-covered |NF).

In order to do so, for each H € H; we define C¥: the minimal cover of H with balls
H
o1

.4
of radius

L with respect to [|.||2 and the associated set of hyperballs: Bf.

Let I € N, H € H; be arbitrary, without loss of generality, we can assume that

CH C H as H is a hypercube. This implies that for all B € BY, vol(B N H) >

2-ol(B) = 2‘%0[(31(0))(%)‘1 where vol(B;(0)) corresponds to the volume of the
unit ball and is a constant?’ that depends on d. Utilising {B¥}c3,, we construct

the set BY as follows
B .= {B{’ c H:3BY € BY such that BY :HmB{I}.

3H H 3H 81 \d
We have UBerf B =H,|B;'| =|C;'| and for all B € By, vol(B) > vol(B1(0))(F5 )"
Furthermore, by Theorem 14.2 of Wu [2017], we have
233, oH! 93d3d

B =16 < G o)~ vl B0y

~ H
Clearly, if each set in B contains N sample inputs, then H is (%, n)-covered.

For all Bf € B, we define the event:
EB"(N) := {B" contains > nN inputs if N samples are in H.}.

Then, we can apply the same arguments as the ones given in (I) to obtain:

5H _ ~ H  —
P (H is (é,n)—coveredUVIH) >P (VBH cB”.gb (NIH)>

> [T e (e o —gnivy) = I1 (e (3ra-n—22))

BHepBH BHcBH

- 11 IP’(EBH(%N}{))

BHepBH

d
20Tn fact, a closed form for vol(B1(0)) is known, vol(B1(0)) = 1“(2711)
2
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where the last equality follows from the fact that by assumption, n = ”gf,(ﬁllg?).

Following the same approach as in (I): we consider the random variables MB"” (N) :=
{i € {1,..., N} : z; € B"}| where z; are samples that are selected uniformly on H.
For all BH € B MB"(N) can be modelled as the sum of independent Bernouilli

5H
variables with success probability: p = vfiggg) > UOZ(Bl;?g(%“)d = ”"“123(0” and
satisfying
N NH _vol(By(0))
BH V] _ 2 H 1

. [M <7>} = P N

Using this inequality, we observe:
om _ vol(Bi(0)) o _ wrvol(Bi(0)) g NI
NI = —osariga NS IWSE{M (T)]-

Therefore, leveraging the same arguments as the ones utilised in (I), we can apply

Lemma 1 of Stone [1982] to obtain:

P (6BH<1NH>) > 1- ()
2 - e
By construction, we have that for all € > 0 and I = I(e) € N, {NH} ey, € Vi(n)
which implies that for all H € H;, N¥ > c(e). Combining this bound with the

lower bound derived above, we obtain for all H € H:

— 1 vol(B1 (0))
n)-covered|N}{) > H (5BH ~NF ) H 1— NH e

BHeBH BHeBH

H

P(H is (54,
8

2 B ‘8 | %
c vo 2 _ vol(B vol(Bq (0
> (1 — <_)c(6) ;imi(zm)) > (1 ( )C(e)W) 1 '

As the lower bound derived above does not depend on { N} ey, € Vi(n), we plug

it into the initial expression to obtain

> ( I P& is (=%, n)- COVered\NH)> P{N{" Y er, = {Nf' }uen,| AL

{(NTYgen,eVi(n) \HENH;
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93d3d
2 a(e) 2ol(B1(0) vol(B1(0)) —
> H (]_ — (g) © 24d+2 ) Z P({N;{}HEHI = {N;{}HE'HI}Ai)
HeH; {NYren, evi(n)
53d4d 24d3d (0 ()M K)4
~ 11 <1—(2)c<e>”°;<£;g°”)“°”B“‘”’ > (1—(2)46)”";25;9”) o
HeHy € ¢

where the last inequality follows from: for all € > 0 satisfying e < C(d)M K, we have
I <20 (d)ME implying [H,| = I? < w. It is relatively straightforward to

see that the lower bound derived above converges to 1 as € goes to 0. Therefore:

24d3d oy ()M K)?

2 5(e) vol(B1(0)) vol(B1(0))ed
1 > lim P(AE‘AD > lim (1 — (—)C(E) 24d1+2 ) B1(0 —1
(&

e—07t e—0t

This shows:

lim P(AS) =1 — lim P(AZ|A}) lim P(A)=1-1-1=0

e—07t e—07t e—0t

and concludes the proof of Theorem 3.3.15.

Proof of Corollary 3.3.16 (Finite Sample Guarantee — Gaussian Noise).

The assumptions of Corollary 3.3.16 imply that the event A, defined in the proof
of Theorem 3.3.15 holds with constants specified in the statement of the corollary:

2 /g max{i-4.0}
n € (0,1) and Cy(d) = 1% \/adﬁ L

Therefore, the same arguments as the ones used in the first part of the proof of

Cl(d)MK).

Theorem 3.3.15 can be applied in order to obtain Ve € (0, 3

N N ~ N €
s BL) - 50> 0 <P (R []6] - ) > 1)

where we note that as we consider P(|ﬁ1(f)—L;(f)| > ¢) instead of P(Loss(z210) | f) >

€), a factor 2 disappears.
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This implies that we can consider the statement V4§ € (0, %)

AH | ~Xx AH €
P (e (1B [570F] - ¥y > 1) <o

q
in order to show Corollary 3.3.16.

Let € € (0, M) and 6 € (0,3) be arbitrary. Again applying the arguments
of Theorem 3.3.15, with §, we obtain that the above expression holds if € < € :=
min(ey, €2, €3) where €1, €2, €3 > 0 depend on § and e. We consider each of the epsilon
separately:

C1(d)MK
3

and by assumption: € € (0, M). Therefore,

(€1). By construction, e; = 3

€ < €; holds.

(€2). € is set such that the relation: |H;| > 2log(:%5) holds (in order to apply
Lemma 3.B.2). Substituting |H;| = % and § < % into the expression yields:
1 d
[Hi] 2 2log(7—5) <= I = 2log(2).
As e € (0, M) and I is defined to be I = [C1(d)2E], I > 3 and the above
holds. Therefore, € < €5 holds.

(€3). €3 is defined such that the following relation holds:

_ 22 A[H,|
VH e H;, NH> 252
o N2 e Bl L)

)

where NF is guaranteed number of samples in H € H;. By the assumptions of

Corollary 3.3.16, we have N = C’*(n,d)"i{fz log(1 (431[);) for all H € H;. By
og(1=5)49

construction, C*(d) = 210ngcnl(d)2d2 = cgd(d)' Therefore:
_ o2 K> 4|H,| - do?K? 4a]
NF > lo — NI > lo
L= Cg(d)€4 g(lOg(ﬁ)) = Cg(d)€4 g(log(ﬁ)all)

holds by design for all € € (0, M) . Therefore, € < €3 holds.
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Thus, we have shown: Ve € (0, w), 5 € (0, %)
sup  P(ILi(f) = Ly(f)] > €) <0,
FEC2(X K)
[ |

Appendix 3.C Proofs: Sample Complexity of Adap-

tive Lipschitz Optimisation

In this section we prove the lower bound on the sample complexity of certified

adaptive Lipschitz optimisation algorithms given in Section 3.4.

Proof of Proposition 3.4.1 (Sample Complexity of Adaptive Lipschitz

Optimisation).

Fix e > 0, L* > 0 and let A be a non-adaptive certified optimisation algorithm
which takes a given Lipschitz constant L > L* as a hyperparameter. Using the
notation given in Section 3.4: with n-queries to the oracle, A outputs a triplet
((xn, f(xF), () )neny Where x,, is the n-th query point, f(z?) is the generated estimate
of max,cy f(x) after n queries and ¢, > 0 is an error certificate that guarantees:
maxger f(x) — f(z) < (,. From Theorem 3 of Bachoc et al. [2021] with ¢ <
24=1M L* (this follows from the fact that X is a hypercube), we have that for all
f €{h: X — |his Lipschitz cont. and L;(h) < L}:

ch*d<1 o ij)d dr
NA 1€ 2 T g, )] | e f (3:5)

where ¢4 > 0 (It is important to note that the term caL*? is not optimised in
Bachoc et al. [2021] and could be improved in future work). Now, consider an
adaptive Lipschitz optimisation algorithm A with a separable Lipschitz constant
estimator L ;(f). If L;(f) can be guaranteed to be feasible (e.g. see discussion after

Corollary 3.3.13) then equation (3.5) holds for A and Vf € C?(X, K) N F,(L*) with
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L replaced by L;(f) ?'. The precision at which L ;(f) estimates L*(f) therefore
directly impacts the lower bound on N ([1, f,€). From the Corollary 3.2.4 given in
Section 3.2, we have that ¥n € N, any Lipschitz learning algorithm L € L, , that

guarantees feasible Lipschitz constants must satisfy

~ MK
sup L(f)—-L">C—
FEC2(X,K)NFp(L*) V/n

for some C' > 0. This implies that for all A € A, there exists a non-empty set
Ga C C*(X, K)NF,(L*) such that Vf* € G, La(f*)—L* > CME  Then, denoting

5
I(f) = rI:ZgL doﬂ fx e f(x 7797 in order to alleviate notation, we have VA € A,
NAQ:=  sip NALO>  sp {(1- =)
FEC2 (X K)NF, (L) FEC(X,K)NFy(L) La(f)

d
L*
>\ 1= o | sw {I(D}:

2 W fega

Re-arranging the terms in the above expression, we can obtain:

QMK sup {V/I(f)} < L* (/N ))2+§MK\d/N(A,€)

feGa

which can be solved to give the lower bound

YN(A, Q) > Cy Ag((\/l Lo e VI —1)

MK

where C'; > 0 is a constant. In order to conclude the proof, a lower bound on
SUD feg, {m } is needed. To do so, we note that I(f) is minimised when f
is constant. We therefore consider the set of functions Fy defined in the proof
of Theorem 3.2.3. From the proof of Theorem 3.2.3, we have that if N(A,¢) <
(ME)d(£2)d then L* < ME__ which implies Fo( Yl - D8 (£)2) C Ga. Using

= 2 ¢/N(Ae) 08K7775

2INote: this is only possible as we are considering adaptive Lipschitz optimization algorithms
which are separable.
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wy _ (LY)? (L*)? 08 (K2 : .
f(@*) = oy VI € Foltge 25 (4)?), we obtain the lower bound:
CdL*d V)(
sup (I(f ——.
s U2 o @] (o7 E2e

Therefore, if N(A,e) < (ME)4(<2)? the above expression can be plugged into the

lower bound on {/N(A,¢). We obtain

YR > G (146, ! 1
{1+ Nogy(2)]) (5 + 1)

(for some constant C3 > 0) which corresponds to the first half of the lower bound

stated in the Proposition 3.4.1. In order to derive the second part of the expression,

MK

we consider the case where N (A, €) > (5=

)4(2)?. In this case, an alternative lower
bound on sup g, {I(f)} needs to be derived. In order to do so, we consider the

following class of functions,

Cy MK

{g: X CRY = RlVz € X, g(z) = f(z) + (L* — TW)M
L*)?* 08 K
where f € Fy (é&;{ 775(L*) )}

which belongs to G4 by construction. However, as obtaining a tight lower bound on

SUP feg {\d/ } is technically infeasible for this class, we simplify the problem by

L*)2 08(
0.8K ’ 7.75

£)2) and considering the simple

removing the functional input from ,7-"0( e

linear function f* : X C R* — R, f*(x) = L*z; which belongs trivially to G4. In

this case, we can compute the lower bound

L*dJrlMdfl B ( . +1) 1
s (N} 2 e o mme @~ V@ e

- Cd(d . 1) L*dJrlMd—l
T2 (1+ [loga(2)])edt

where the last inequality follows from the fact that LM > € since € € (0,€p).
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Plugging this expression into the lower bound on {/N(A, €), we obtain

., MK L L*(d —1)e
YN(A e) >, L 1+O4?\/M(1+ Toga (@) 1)

(for some constant Cy > 0) which corresponds to the second half of the lower
bounding expression. Note: in the statement of the proposition we simply set Cy =

min(Cs, Cy) as the used constant.
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4.6.1 Example - model-reference adaptive control of a single pen-

4.1 Introduction

Given the growing use of Lipschitz interpolation frameworks in control (Mesbah
et al. [2022]), obtaining a strong theoretical understanding of this method is es-
sential. While, as discussed in Chapter 2, several finite sample guarantees and
worst-case error bounds already exist (see in particular Milanese and Novara [2004]
and Calliess et al. [2020]), few asymptotic results have been derived and, to the

best of our knowledge, almost none under stochastic noise. By contrast, numerous
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asymptotic guarantees and convergence rates have been obtained for other popu-
lar non-parametric methods. In particular, for alternative safe-learning frameworks
based on Gaussian processes, both the pointwise convergence of the posterior mean
function (Seeger et al. [2008], Yang et al. [2017]) and the contraction rate of the pos-
terior distribution, which provide a measure of uncertainty quantification (van der
Vaart and van Zanten [2008|, Van Der Vaart and Van Zanten [2011]), of the fitted

Gaussian processes have been derived.

These types of asymptotic properties are crucial for adaptive control applications
as they guarantee that the learned dynamics and error bounds accurately converge
to the true underlying system dynamics while also providing a characterisation of
the long-run performance of the regression method. This in turn ensures that the
controllers built on these data-driven frameworks become increasingly more success-
ful the longer the interaction with the underlying plant progresses. Considering the
computational advantages of Lipschitz interpolation over Gaussian process regres-
sion (Calliess et al. [2020]), deriving analogous asymptotic guarantees for Lipschitz
interpolation is therefore strongly desirable and constitutes the main motivation of
this chapter. Specifically, the following contributions to the literature are made:

e In the case of independent input sampling, general consistency and upper
bounds on the asymptotic convergence rates are obtained for both the pre-
diction function (Theorem 4.3.5) and the worst-case error bounds (Corollary
4.3.6) of the general Lipschitz constant interpolation framework. While con-
vergence lower bounds do not exist for the exact setting considered in this
chapter signifying that the optimality of our bounds is not (yet) established,
the obtained rates are consistent with the optimal convergence rates for non-
parametric regression in related settings; e.g. with the classical convergence

rate results derived by (Stone [1982]).

e In the case of discrete-time non-linear and noisy dynamical systems, we show
that the Lipschitz interpolation framework and worst-case bounds converge
point-wise in moments (Corollary 4.4.1 and ensuing discussion) and that, un-

der an additional sampling assumption, the convergence rates match the ones
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derived in the first part of the chapter. The first result can be directly ap-
plied in the context of the existing non-linear controllers discussed above (e.g.
Canale et al. [2014], Manzano et al. [2020]) and we provide a theoretical illus-
tration in the context of online learning-based trajectory tracking control (see

Section 4.6).

e In a general sampling setting, probabilistic consistency is shown (Theorem
4.5.3) for the fully data-driven LACKI (Lazily Adapted Constant Kinky In-
ference) estimator (Calliess et al. [2020]) that extends the general Lipschitz
interpolation framework by removing the key assumption of prior knowledge of
the Lipschitz constant. This result improves on Theorem 16 of (Calliess et al.
[2020]) which derives the consistency of the LACKI estimator in the noise-free
setting.

We note that in the goal of obtaining a precise characterisation of the convergence
rates of Lipschitz interpolation methods, we make a non-standard noise assump-
tion (Assumption 8) utilising the concept of "non-regular" noise (Ibragimov and
Has’ Minskii [2013]) which describes the behaviour of the tails of the noise distribu-
tion in proximity of assumed error bounds. This type of assumption has been used in
recent research on non-parametric boundary regression (see Hall and Van Keilegom
[2009], Jirak et al. [2014] and ensuing works) and allows for a better comparison
between the convergence rates of Lipschitz interpolation derived in this chapter
and the ones guaranteed by Gaussian process regression and other kernel methods.
In fact, the convergence rate bounds obtained in this chapter provide an explicit
condition on the tail behaviour of the noise that indicates when the Lipschitz inter-
polation should be expected to asymptotically outperform or underperform other

non-parametric approaches.
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4.2 Lipschitz Interpolation: Set-up & Assumptions

Given an input space X C R? endowed with a metric 0 : X2 — Ry and an
output space! Y C R endowed with a metric 9y : Y? — Rs, we consider the non-
parametric regression problem of estimating an unknown target function f described

in equation (2.1) of Chapter 2.

In order to learn f, we assume that a sequence of sample sets (D, )nen := (G¥, GY)pen
defined such that D,, C D,,;; for n € Nis available, where G7* := {s;li = 1,..., N,} C
X represents a set of sample inputs that can be either deterministically or randomly
queried and G¥ := {f;|i = 1,..., N,,} C Y denotes the set of noise-corrupted values
of the target function f associated with the inputs in G. Unless stated otherwise,
we will also assume that elements of G2 are of the form fo=f (si) + er where

(ex)ren is a collection of random variables denoting the additive observational noise.

In this chapter, we will make the following assumption on the noise:

Assumption 7 (General assumptions on noise) 0.The noise variables (ex)ren are
assumed to be independent and identically? distributed random variables with com-
pact support: e > 0 such that Vk € N : P (e, € [—¢,¢]) = 1. Furthermore, we
assume that the bounds of the support are tight in the following sense:

Vk € N,e € (0,€):

Ple, >¢—¢) >0 and Plep<—e¢+¢)>0

In order to derive precise upper bounds on the convergence rates, we will sometimes
make an additional noise assumption which describes the behaviour of the noise at

the boundary of its support. This assumption is given formally as follows:

Assumption 8 (Assumptions on the boundary behaviour of the noise) Assume that

Here, it is possible to extend the analysis done in this chapter to a vector output space, i.e.
Y C R™ for m € N, by applying the obtained results in a component-wise fashion.

2The identically distributed assumption is made to alleviate notation and is not technically
needed in our derivations.
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(a)n=05 (b)n=1 (c)n=2 (d)n=3

Figure 4.21: Illustration of Assumption 8 for various . The target function is given by
f(x) = —sin(3z)2? + 5 and the noise distribution is defined as a mixture of two truncated
Weibull distributions. The solid lines define the error bounds of the observed data, i.e.
(with abuse of notation) f =+ &.

Assumption 7 holds. We assume that the behaviour of the noise near the bounds of
the support can be characterised in the following sense:

Je,v,n > 0Vk € Nye € (0,€):

Plep >e¢—¢) >y and Plep < —e¢+¢€) > e

Example 4.2.1 (Error distributions) For n = 1, commonly used bounded error
distributions such as the uniform or the truncated Gaussian distributions satisfy
Assumption 8. More generally, any noise distribution for which the density can be
bounded away from zero on a bounded symmetric support satisfies the assumption

withn = 1.

The assumption of boundedness of the error distribution given in Assumption 7
is standard in the Lipschitz interpolation literature (e.g. see Milanese and Novara
[2004], Calliess et al. [2020]) as it ensures that the functions u,, [,, defined in Defini-
tion 2.2.1 are generally well-behaved. By contrast, as noted in the introduction of
this chapter, the assumption on the tail of the noise distribution stated in Assump-
tion 8 is non-standard in the literature. While this assumption will be not needed to
ensure the asymptotic consistency of Lipschitz interpolation frameworks, the precise
characterisation of the bounded tail of the noise distribution as a function of vy and
71 given in Assumption 8 makes it possible to derive a more refined convergence rate

result that depends on 7.
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Remark 4.2.2 The results of this chapter will be derived for the general Lipschitz
interpolation framework defined in Definition 2.2.1. The same results can be shown
to hold for the alternative framework proposed in Definition 2.2.3 with a slight mod-
ification of the proofs stated in this chapter. Furthermore, in this case, Assumptions
7 and 8 can be weakened by considering asymmetric error bounds, i.e. e € [¢y, ]

with probability 1 where ¢y < 0 < ¢y € R.

As the description of the input and output metrics has been general so far, we make
the following simplifying assumption on the output metric in order to obtain our

theoretical results.

Assumption 9 (Assumption on 0y ). In this chapter we will restrict ourselves to
the case, dy(y,y') = |lly — V|ly, Yy,y € Y where ||.||y is a norm on Y. It will
therefore be sufficient to derive our asymptotic results for the case: ||.|y = |.| as

discussed below.

As the norms on Y C R are of the form ||y—v/|| = c|ly—y'| Vy,y' € Y for some ¢ > 0, it
is sufficient to consider the case ||y —v'||y = |y—¥'|, Yy, ¥ € Y in order to achieve our
theoretical results. Assumption 9 is necessary in order to ensure that for arbitrary
z, 2’ € X, the relations: f(z) < f(2')+£0(z,2') and f(z)—£0(z,2') < f(2) hold.
In particular, for any sub-linear metric 9y, these inequalities no longer hold. We

note however that no restrictions are made on the input metric 0.

4.3 Asymptotic Consistency & Convergence Rates

In order for our consistency results to hold for both random and deterministic sam-
pling approaches, we recall Definition 8: "Becoming dense, rates, L>,«T/>,—T»” of

(Calliess et al. [2020]) to define general sampling conditions for (G;¥),en-

Definition 4.3.1 (Uniformly dense sampling) We say that the sequence of sets
of sample inputs (G¥)nen becomes uniformly dense relative to X at a rate v (de-

noted by (G) 5 X)if Ir : N — Ry such that lim, o 7(n) = 0 and Vn € N,
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Lipschitz Interpolation Prediction Error in L. norm (+ Standard Deviation)
254
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Figure 4.31: Illustration of of the consistency of Lipschitz interpolation for the target
function: f(z) = /2 sin(222) 4 0.5z on the input space X = [0, 2], with uniform sampling
on X and with independent uniform noise: U([—0.5,0.5]) on the observations (n = 1). The
Lipschitz interpolation plotted in the lefthand figure utilised 100 samples and assumed that
a bound of (¢ = 0.7) on the noise bound (¢ = 0.5) was known in order to compute the lower
and upper bounds (the LI predictors can be constructed without knowledge of ¢’). The
convergence rate and standard deviation plotted on the righthand figure were obtained by
running the experiment independently 20 times. Both plots assumed that access to a bound
on the best Lipschitz constant was known in order to apply the Lipschitz interpolation
framework.

sup,ey infy cqx 0(sp, ) <r(n).

Using this definition, we can provide the following asymptotic guarantee for the

general Lipschitz interpolation method.

Theorem 4.3.2 Suppose Assumptions 7 and 9 hold, X is bounded and the target
function f € Lip(L*, 0)* with best Lipschitz constant L* € Ry. If the sampling set
sequence (Dy)nen has sample inputs (G¥)nen such that Ir € o(1) : (G) 5 X and
the sequence of predictors (fn)neN are computed by a general Lipschitz interpolation
framework with a hyperparameter L € R>q set such that L > L* then we have:

Ve > 0, nh_}n(r}O]P’ (31615 0y (fu(), fz)) > e) =0.

Before providing the proof of Theorem 4.3.2, we recall the notion of e-covering that

will be used in multiple proofs of this chapter.

Definition 4.3.3 (e-Cover) Let d € N, € > 0 and consider a set X C R? and
a metric 0 on RY.  Denoting B.(z) the ball of radius € centred in x € X with

respect to 0, we define an e-cover of X as a discrete subset Cov(e) C R? such that

3unless specified otherwise, Lipschitz continuity will be assumed to be w.r.t. the metrics 0,0y
on the spaces X', V.
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X cUy

We say furthermore that Cov(e) is a e-minimal cover of X if |Cov(e)| = min{n :

) Be(z) and the associated set of balls as B := {B(z)|lx € Cov(e)}.

z€Cov(e)

Je-covering over X of size n}.

Proof We begin by establishing a general bound on dy(f,(z), f(z)), Vn € N,

Vo € X. For any z € X we have:

=1,..., n i=1,..., n

Using the Lipschitz continuity of f , we obtain the following set of inequality relations

for the two terms stated above:

(1) minN {e;} < z_mm {fl flx) + Lb(as,si)} < mm {6Z (L*+ L)o(x,s;)}

i=1,...,

In combination, we see that

[falz) = f(2)]

1
Simax{ _max {e;} + {nm {e; + (L* + L)o(x,s;)},

..........

(I),(II) can then be bounded using the assumption of uniform convergence of the

grid (see Definition 4.3.1). Define R := and consider the minimal covering

4(L*€+L)
of X of radius R with respect to ? that we denote Cov(R) and the associated set
of hyperballs B. By uniform convergence of the sample inputs, there exists M € N

such that Vn > M: VB € B, |BN G| > 0. Then, the following upper bound holds
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for (I) with n > M ((II) can be bounded in a similar way):

irlnax {e;} + rlmn {e; + (L + L)o(z,s;)}

777777777

< max. {es} + min {e(s;) + (L" + L) o(x, s:)}
< max, {e;} + min {e( ) +2(L"+ L)R}

where with abuse of notation, e(s;) denotes the noise term associated with the input

s; and B* denotes a hyperball B € B such that z € B. Similarly for (/I), we obtain

(II)<'maX{ e;}+ min {—e(s;) +2(L" + L)R}.

..... s;€EB*NGX

Let € > 0. Utilising these bounds, Vn > M, we obtain

P(sup 0y (fu(2), f()) > €)

zeX

< IP(Q(L* +L)R + 1sup maX{ _max {61} +  min {e(s;)},

zEX =1,..., s;€BTNGX
~ min e}~ max {e(s)}} > o)
1
< _
< B(gpmymac{ max, (e + min, fe(s))

- minN {e;} — max {e(s,)}} >e—2(L" + L)R)

i=1,..., n $;€BNGY

<P (max max {62} + min {e(s;)} > %)

BeB i=1,..., $;€BNGYX

-I—P(max max {—¢}+ min {- (i>}}>§).

BeB i=1,..., s;€EBNGY

where the last inequality follows by definition of R. Both probability terms stated

above can be shown to converge to 0 as follows:

P<max max {e;} + min {e(s i)}>§>

BeB i=1,..., 8;,€BNGY

BeB i=1,..., $;€EBNGY

_ 1—]P’(max max {6}+ min  {e(s;)} < §>
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:1_IP>(VBEB _max {e;} + min {e(s i)}g%)

=1,...,Nn $i€EBNGY
<1-P (VB eB: max {e;} €, min {e(s;)} € Ig)
i=1,...,Np, SiEBmGif
where I} := [¢ — {,¢] and [, := [—¢,—¢ + {]. Applying a similar argument to the
one given in (%*) in the proof of Theorem 4.3.5, we have that the last term is upper

bounded by
1-— H P ( max {e;} € I, min {e(s;)} € [2>

7 .y B GX
BeB N 5i€

where L, := mingcg |[BN G| and |.| is used to denote the cardinality operator for
finite sets. By the uniformity of the convergence of the sample inputs, we have that
lim,, oo L, = lim, .o N,, = +00. Using basic identities of probability theory and
applying Assumption 7, we have that

lim IP’( max {e;} € ]1,' mlnL {e;} € ]2) =1

n—oo

17711 yeeydn

which implies that

i P (sup 05/ (o). £ (2)) > ) =0

n—o0 reX

and concludes the proof.
[ |

Theorem 4.3.2 ensures that the classical Lipschitz interpolation method is asymp-
totically consistent for a general selection of input metrics. Furthermore, a similar
result for Lipschitz interpolation with a multi-dimensional output setting J C R™
for m € N follows naturally by applying Theorem 4.3.2 to each output component
function (the noise assumption would need to be modified in this case; e.g. see

Assumption 13).

In general, we are mostly interested in simple metric choices for 9. In this case

with additional assumptions on X and ), we can extend the result obtained in
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Theorem 4.3.2 by deriving asymptotic rates of convergence for the general Lipschitz
interpolation method. More precisely, we have the following definition (Gyorfi et al.

2002]).

Definition 4.3.4 Consider a sequence of non-parametric predictors (fn)neN and a
class of functions C endowed with a norm ||.||. Let (an)nen be a sequence of positive
constants in R. We define (ap)nen as the rate of convergence of (fu)nen on C with

respect to ||.|| if there exists ¢ > 0 such that

limsupsup E [a;lﬂfn - f||} =c < 00.
n—oo feC

In order to avoid extreme cases of compact spaces, the following general assumption

provides a light geometric assumption on X.

Assumption 10 (Geometric Assumption on X) Let X C R? be compact and con-
vex. There exist two constants ro > 0,0 € (0,1] such that Vo € X, r € (0,r) :
vol (B,(x) N X) > §vol (B, (z))

Assumption 10 has been used in the learning theory literature (e.g. see Hu et al.
[2020] Bachoc et al. [2021]) and ensures that for all x € X, a constant fraction of
ball with a sufficiently small radius and centred in z is contained in X. For example,

if X is a the unit hypercube then Assumption 10 holds with ro = 1,6 = 279,

The additional assumptions on the sampling of the sample inputs (D,,),en and

metric of the input space 0 are relatively standard and are given as follows.

Assumption 11 (Assumption on Sampling) (G¥)nen is a randomly sampled se-

quence on X with a sampling distribution density that is bounded away from zero on

X.

Assumption 12 (Holder Condition) We restrict the input space metrics under con-
sideration to be of the form d(z,y) = ||z — y||; where o € (0,1} and ||.||, denotes
the usual p-norm on R? with p € NU {+00}.
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Theorem 4.3.5 Consider an input space X C R? that satisfies Assumption 10,
an output space Y C R and the function space C = Lip(L*, d) with L* € Rxg
endowed with the sup-norm: ||hllec = sup,cy [|R(2)|ly. Assume that Assumptions
7,8, 11, 12 with o € (0,1], p € N hold. Then, any sequence of predictors (fn)neN
generated by the general Lipschitz interpolation framework with a hyperparameter
L > L* achieves a rate of convergence of at least (ap)nen := ((n_llog(n))ﬁ>

neN
with respect to .||, i-€.

limsup sup E [%:1”]371 - f”oo} < 0.
n—oo  feLip(L*,0)

Proof See appendix 4.B.
[

Convergence lower bounds do not exist for the exact setting considered in this chap-
ter signifying that we cannot directly compare the rates stated in Theorem 4.3.5 to
a theoretically optimal convergence rate. Instead, we can note that the convergence
rate of Lipschitz interpolation is in line with several known optimal rates in related
settings (see Table 4.31), i.e. non-parametric regression on the Lipschitz continuous
function space endowed with an Ly or L., norm. In particular, we note that the
exponent of the convergence rate derived for Lipschitz interpolation exactly matches
the exponent of the convergence rate derived in Tsybakov [2004] in the case where
the noise distribution is assumed to be uniform (i.e. n = 1). Our convergence rate

is however larger by a log-factor due to a difference in norm.

Furthermore, by varying n in Assumption 8, we can compare our rate of conver-
J S S . .
gence: O((n"'log(n))@),ecn to classical non-parametric convergence rates. More

precisely, we observe that

e For n < 2: the derived convergence rates for Lipschitz interpolation are better
than the known optimal convergence rates obtained under a Gaussian tail
noise assumption on the error distribution: (n~'log(n))?+a (Stone [1982])

which are attained? by Gaussian process regression (Yang et al. [2017]) and

4Note that these methods can be shown to converge at this rate under the simple assumption

115



CHAPTER 4. LIPSCHITZ INTERPOLATION: ASYMPTOTIC ANALYSIS

Algorithm /Type Convergence Rate Noise Assumption Norm

LI (Upper Bound) O(n‘llog(n))ﬁ Bounded L.
Optimal (Tsybakov [2004]) O (n~1)#a Uniform (n = 1) L,
Optimal (Stone [1982]) S) (nillog(n))d&a Gaussian® Ly
Optimal (Stone [1982]) O (n~!)#e= Gaussian? Ly
Optimal (Jirak et al. [2014]) © (n‘l)”a"a (d=1) Boundary Regr. Ly
Upper Bound (Selk et al. [2022]) O(nillog(n))dfw Boundary Regr. Ly

Table 4.31: Comparison of the convergence rate derived in Theorem 4.3.5 with optimal
rates of convergence rates in similar settings and discussion given in this section.

other kernel-based non-parametric methods such as local polynomial regression
(Stone [1982]) or the Nadaraja-Watson estimator (Tsybakov [2004], Miiller and
Wefelmeyer [2010]).

e For n > 2: the opposite becomes true and these alternative non-parametric
methods can be expected to converge quicker asymptotically than Lipschitz

interpolation.

This "n-condition" provides a theoretical tool for comparing the expected long-run
performance of Lipschitz interpolation relative to alternative non-parametric meth-
ods and can help guide the choice of the system identification approach if information
on the non-regularity of the noise distribution is obtainable. We note that the con-
vergence rates of the kernel-based non-parametric methods stated in Table 4.31 hold
under general noise assumptions (see footnotes 4 and 5 below) and that, aside from
the Nadaraja-Watson estimator, no formal derivation of improved convergence rates
in the bounded noise setting considered in this chapter currently exists® for these
methods. As these kernel-based non-parametric frameworks generally rely on local
averaging of the noise in order to prove convergence, it is expected that their conver-
gence rates do not improve with respect to their classical convergence rates (stated
in Table 4.31) under Assumption 7 and Assumption 8. This has been formally shown
to be true for the Nadaraja-Watson estimator by Miiller and Wefelmeyer [2010] and

a more general discussion on the topic can be found in Meister and Reifs [2013].

of bounded variance (Gyorfi et al. [2002]).
®Various generalisations of this noise assumption exist, see (Stone [1982]).
5To the extent of our knowledge.
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Convergence Rates for Various n (d=1,a=1) Convergence Rates for Various n (d=5,a=1) Convergence Rates for Various a (d=1,n=1)

---- =05

n=1
e p=2
—e-- n=3
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Figure 4.32: Ilustration of the behaviour of the convergence rates derived in Theorem
4.3.5 for various values of (d, a,n).

As discussed above, the convergence rates obtained in Theorem 4.3.5 under the
bounded noise assumptions are better than the classical optimal convergence rates
derived by Stone [1982]. This is possible as the lower bounds of these optimal
convergence rates are generally derived under the condition that the noise has a
positive density with respect to the Lebesgue measure on R which does not hold
for the noise assumptions of this chapter. As a consequence, O(nillog(n))ﬁ
provides a new general upper bound on the non-parametric regression problem in
the bounded noise setting and future work can be done on deriving lower bounds to
match these results. We expect the lower bounds to be tight given recent results by
Jirak et al. [2014] on the optimal convergence rates of the related non-parametric

boundary regression problem (see below for a more detailed discussion).

The optimality results of Theorem 2 of Milanese and Novara [2004] show that

2
n

(u2)ens (2 )nen (see Remark 2.2.3 and Theorem 2.2.4) are exactly equal to the upper
and lower bounds of the feasible systems set, i.e. the set of all data-consistent Lips-
chitz continuous systems and therefore provide worst-case error prediction bounds.
With little modification to the proof of Theorem 4.3.5, both error bounds can be

shown to converge to f at the same rate as ( fn)neN as stated in the following Corol-

lary.

Corollary 4.3.6 Assume that the setting and assumptions of Theorem 4.3.5 holds.

The worst-case prediction guarantees (U2)nen, (12 )nen defined in Remark 2.2.3 with

!/

second hyperparameter: ¢ = ¢, converge uniformly to any target function f €

Lip(L*, 0) at a rate of at least ((n‘llog(n))ﬁ)neN_
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Proof Follows from the proof of Theorem 4.3.5.
|

A connection between our convergence results and recent work on non-parametric
boundary regression (see Hall and Van Keilegom [2009] and ensuing works) can
be made. More precisely, consider the predictive functions (i, )nen, (In)neN defined
foraln € Nasu, : X - Y, o — u,(z) + ¢ + ¢ and [, : X > Y, z —
[,(x) —¢; —ey where ¢y, ¢, are tight asymmetric bounds on the error. (i, )nen, (In)neN
can be interpreted as conservative non-parametric boundary regression methods.
Therefore, in the context of bounded noise, the two problems are equivalent and we
can again slightly modify the proof of Theorem 4.3.5 to obtain the same uniform
asymptotic convergence rates of O(n~'log(n))7+) as (fu)nen. These rates exactly
match the recently derived best convergence rates in the multivariate boundary
regression problem (Selk et al. [2022]) and have the same exponent” as the optimal
rates derived with respect to the Ly norm (Jirak et al. [2014]). In order to properly
define (i, )nen, (In)nen, prior knowledge of an upper bound on the Lipschitz constant
(L > L*) as well as the Holder exponent («) and of tight bounds of the noise (e, ¢2)
are needed. However in contrast to the proposed "best" non-parametric estimators
that attain the optimal rates, we do not require prior knowledge of the degree of
"non-regularity" of the noise (7, defined in Assumption 8) which is usually required
in order to define an optimal bandwidth hyperparameter (Drees et al. [2019], Selk
et al. [2022]). In the bounded noise setting, our assumption is therefore arguably

more natural and simpler to verify in practice as (1) is generally hard to determine

precisely.

4.4 Online Learning: Asymptotics

A set-up not yet explicitly considered in this chapter but relevant to control applica-

tions is when the output variables can be used as input variables. More specifically,

"They differ by a log-factor which is usual when considering the L., norm instead of the Lo
norm.

118



CHAPTER 4. LIPSCHITZ INTERPOLATION: ASYMPTOTIC ANALYSIS

we consider the case where f models the dynamics of a semi-autoregressive stochastic

system as described by equation (2.2) stated in Chapter 2:

Yn = f(a:n) +én

where ¥, = (Yn—dy» - Yn—1, Un—dy» ---» Un) With 3 € ¥ C R and u; € U C R® for
dy,d,,s € N and e, € R is a noise variable that satisfies Assumption 7. Here,
y; denotes the autoregressive inputs and w; denotes vectors of past and current
control inputs. In this setting, we will therefore consider X = R% x Y%+l C
R%+(dut1)(s) 3 — R. If the dynamics and control inputs are such that the underlying
dynamical system is ergodic, then Theorem 4.3.2 can be applied and a weaker version
of Theorem 4.3.5 can be derived. However, in general, this cannot be guaranteed
and the following result on the asymptotic point-wise convergence of the general

Lipschitz interpolation framework is needed.

Corollary 4.4.1 Consider X, Y, (Tn)nen, (Un)nen, (Yn)nen as defined above, L* > 0
and (fn)neN as defined in Definition 2.2.1 with L > L* and (Dp)nen = (Tn, Yn)nen-
Assume that Assumptions 7, 9 hold. Assume furthermore that U C R® is bounded.
Then Vp € N, M* € Rt

lim 7811]3 ]E[Hf(xn—&-l) - fn(xn-I-l)Hg)] —0
OO e Tap(L*,0,M*)

where Lip(L*, 0, M*) denotes the set containing all functions in Lip(L*, ) that are
bounded by M*, i.e. |f(z)] < M*.

Proof Asin the proof of Theorem 4.3.5, we have that for all n > 1 and any sampling
| fo—f ||so is uniformly bounded with probability 1.

procedure Dy, SUP re 1+ 0.01%)
This follows from (1) the existence of a bounded set X C X such that (z,)nen C
X (with probability 1) which is due to the boundedness of Lip(L*, 9, M*), the
compactness of U and Assumption 7 (which implies that the noise is bounded), (2)
f € Lip(L*, 9) and (3) by construction of the Lipschitz interpolation framework.
More precisely, we have Vn € N, sup ez 1+ 0.1+ [ fn = flloo < 2€ + 2L53(X) where
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52(X) = sup, ez 0(z,y). Using Lemma 4.C.1, it is therefore sufficient to show

convergence in probability, i.e.

Ve>0: lim sup P<|fn(xn+1) - f('rn+1)| > 6) =0

"0 feLip(Lr oM7)
which can be done through a modified proof of Theorem 4.3.2 as follows.

Fix € > 0 and consider the minimal covering of X by balls of radius r < m

which we denote cov(r) and the associated set of hyperballs B (the existence of a
finite covering is guaranteed by the compactness of X ). Let 0 > 0 be arbitrary, we

show that for sufficiently large n,

~ Sup P(‘fn(xn+1) — f(@ns1)| > €) <0.
feLip(L*,0,M*)

By the finiteness of B, we have

lim P(VB e B: |(£En)n2N N Bl S {O, +OO}) =1.

N—oo
Therefore, there exists Ny := N;(d) € N such that the event:
E(Nl) = {VB eB: |($n)n2Nl N B‘ € {O,+OO}}

holds with probability of at least 1 — g. Then, denoting by B C B the subset of B
consisting of hyperballs that contain an infinite number of elements of (x,,),>nN,, We

can proceed as in the proof of Theorem 4.3.2.

Let f € Lip(L*, 0, M*) be arbitrary. For n > N; > N; with Ny sufficiently large
(such that there is at least one sample input in each hyperball of B), applying the

same arguments as in the proof of Theorem 4.3.2:

P (0y(fal@nsn). flanin) > )

<P (0y(falwnn), f(wa)) > e E(ND ) B(E(ND)) + P (B(V))°)
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<P(E(N)) <IP’ (max| max {e;} + minfe(r;)}| > Z‘E (V) )

BeB =l
4]
2

+P (max\ min {eJ%—max{e(xZ H> = ‘E N >>
BeB =1, 2

<P (max| max {ez} + mm{e(xz)}| > E)
BeB =1, x; € 2

+P (max| min {e;} + max{e(z)}] > 2) + g

BeB i=1,...,

As the choice of f € Lip(L*, 0, M*) was arbitrary and the upper bound expressed
above does not depend on f, we have that the sum of the first two terms of this
upper bound can be treated with the same approach as the one used to conclude the
proof of Theorem 4.3.2 and upper bounded by g for all n > N, with an appropriately
selectetd N, € N. This implies for all n > max(Ny, Ny):

P (Ifa(@nss) = flani)] > €)

< lim P (max| max {e;} + min{e(z:)}| > 2)

n—o00 BeB =1, zi€
3
+ lim P max| mm {ez} +max{e(xz)}| > S) 42
n—)oo BeB  i=1,.., 2 2
) N 5
-2 2

which concludes the proof.
[ |

The setting considered in Corollary 4.4.1 is the same as the one considered in Mi-
lanese and Novara [2004] and in ensuing applications of the Lipschitz interpolation
framework in the context of MPC (see Canale et al. [2014], Manzano et al. [2020]).
As in Corollary 4.3.6, the worst-case prediction guarantees (u2),en, (I2)nen can be
shown to provide similar guarantees to the one proposed Corollary 4.4.1 which pro-
vides a theoretical guarantee that even conservative adaptive controllers relying on
worst-case bounds of Lipschitz interpolation methods will consider the true underly-
ing dynamics in the long run. In Section 4.6, a slight modification of Corollary 4.6.3

that considers dynamics with multidimensional outputs (y,,)nen is given. This exten-
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sion is then applied in the context of tracking control in order to obtain closed-loop

stability guarantees for a simple online-learning based controller

Remark 4.4.2 The assumptions of Corollary 4.4.1 are weaker then the those of
similar results that can be found in the literature. This is due to the fact that the
conclusion of the corollary is also weaker as only a type of "point-wise convergence"”

1s established.

To conclude this section, we remark that if an additional assumption is made on
the sequence of inputs (x,)nen, then the convergence rate derived in Theorem 4.3.5
holds in the online learning setting. This assumption is given using the following

definition on the "regularity of the sampling" of (x,)nen-

Definition 4.4.3 (Regularity Assumption for (x,)nen) We say that (x,)nen is Teg-
ularly sampled on a set X C X if AN € N, (Tn)nensy C X and IM € N such that
Yn >N and VAC X,

P(z,in € Alz,) > Cu(A)

where p(A) denotes the Lebesque measure of A and C' > 0 is an arbitrary constant.

In essence, Definition 2.2.1 states that (x,),en is regularly sampled on a given set
X C X if (2,)nen will eventually be contained in X and will continue to visit all of
X with non-zero probability. The existence of such a set depends implicitly on the

target function and the defined control inputs.

Corollary 4.4.4 Assume that the setting and assumptions of Corollary 4.4.1 hold
and consider f € Lip(L*, 0, M*). If Assumption 8 holds and the stochastic control
law wpyq = u(xn,fn,Dn) is defined such that (x,)nen 1S reqularly sampled on a

bounded set X C X that satisfies Assumption 10, then

thUpE[CL;1||f($n+1) - fn(xn+l)||y] < 0.

n—oo

where (ap)nen = ((nillog(n))ﬁ)new
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Remark 4.4.5 From the proof of Corollary 4.4.1, we have that if U is bounded and
f € Lip(L*, 0, M*), then there exists a bounded X C X that contains (p)nen with
probability 1. Therefore, only the second part of Definition 4.4.3 and the geometric
shape of X need to be checked in order for Corollary 4.4.4 to hold.

Proof The proof of Corollary 4.4.4 follows from Theorem 4.3.5. More precisely:

By assumption, we have that there exists M, N € N and a bounded set X C X such
that Definition 4.4.3 and Assumption 10 hold. Consider the sequence (z;,)nen>ny C
X and the subsequence (7, )nen C (acn)neN2 v defined such that z,, = 2,4 for all
n € N. From Definition 4.4.3, we have that for all n € N, Z,, is sampled on X’ with

a probability distribution whose density is bounded away from zero on all of X

~

Then, defining (fM),cn as the predictors of the Lipschitz interpolation framework
with hyperparameter L and sample inputs (Z,)nen, we can apply Theorem 4.3.5
to (fM),en. This implies that (fM),cy converges uniformly on X to f at a rate
that is upper bounded by (CLLA%J)nGN = ¢(ap)nen for some ¢ > that depends on
M and where n € N denotes the index of the original sequence: (x,)nen. As the
asymptotic convergence rate of ( fn)neN is at least as fast as the convergence rate of

~

( fé” Jnen due to the fact that the input samples utilised by (fM),cn are also utilised
by ( fn)neN, we have that ( fn)neN achieves the same uniform convergence rate on
X. Finally, as (Tn)nensy C X, the same converge rate holds for the pointwise

asymptotic convergence of (x,),en, i.€.

lim sup E[a;1|‘f($n+1) - fn($n+1)HJJ]

n—oo

with (an)nen = (n"Hog(n)) & )pen.

While Corollary 4.4.4 provides an interesting extension to Theorem 4.3.5, the char-
acterisation of the regularly sampling set X and the necessity of ensuring that As-
sumption 10 holds for X can be difficult to do in practice. Therefore, in comparison

to Corollary 4.4.1 which can be directly utilised in various control applications,
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Corollary 4.4.4 is essentially a theoretical result.

4.5 Removing the Lipschitz Constant Assumption

As discussed in the introduction and studied in Chapter 3, the main difficulty of
the Lipschitz interpolation framework is obtaining a suitable hyper-parameter that
properly estimates the Lipschitz constant of the unknown target function. In cases
where prior knowledge of the Lipschitz constant of f is not obtainable, an additional
step is therefore needed. While one solution would be to compute this estimate of-
fline beforehand, this approach is problematic when considering a stream of data.
Instead, one can consider the approach developed by Novara et al. [2013] and ap-
plied in the context of Lipschitz interpolation by Calliess et al. [2020] which utilises
a modified version of Strongin’s Lipschitz constant estimator (Strongin [1973]) to
(Dp)nen to obtain a sequence (L(n))nen of approximations of L*. These estimates
can be continuously updated with the arrival of new data and are defined formally

in the following definition.

Definition 4.5.1 (LACKI rule) The Lazily Adapted Lipschitz Constant Kinky In-
ference (LACKI) rule computes a Lipschitz interpolation predictor fn as per Defini-

tion 2.2.1, but where L depends on (Dy)nen and is computed as follows:

L(n) = maX{O, max oy (F(). f() = )\}, (4.1)

(s,8")EUR 0(8, S/>

where U, = {(g1, 92) € G¥ x G¥|0(g1,92) > 0} and X is a hyperparameter.

The errors are estimated correctly if the A\ hyper-parameter of the LACKI rule is
set to 2e. Calliess et al. [2020] provides worst-case prediction bounds even when
the errors are not correctly estimated. In this chapter, we focus on the case where
the error bounds are known and A can be correctly specified. We note that the
Lipschitz estimator L(n) given by LACKI is the smallest Lipschitz constant that is
consistent with the data. In other words, it reduces the hypothesis space of Lipschitz

continuous functions Lip(L(n), 9) that the target function f could belong to.
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We start by showing that the LACKI rule proposed in Definition 4.5.1 converges

asymptotically to the best Lipschitz constant of the unknown target function.

Lemma 4.5.2 If the assumptions of Theorem 4.5.2 hold, then :

Ve >0, li_>m P(|L(n) — L*| >¢€) =0

Proof Fix an arbitrary e > 0. We start by defining an auxiliary function F:

F:Dom(F):=XxX —{(z,z)|lr € X} — R

oy(f(x), f(y))

(z,y) — (0.1

By construction, L* = sup, ,yecpom(r) F'(7,y) and there exists (v1,72) € Dom(F)
such that L* — § < F(x1,25) < L*. Hence,

P(|L(n) = L*| > )

< P(|L(n) — F(xy,z2)| + |F(x1,29) — L*| > ¢)

:POﬂmﬂw—Lmﬂ>g):P@%mwﬁ—Lmﬁ>9.

Since F is continuous on its domain, we have that 39; > 0 such that V(z,y) €
Bs, ((x1,22))® N Dom(F), |F(x1,x9)—F(z,y)| < &. Defining 0 < §, < min{%, 22y
we consider the two hyperballs By := B, (z1), By := Bs,(z1). Then

[T

F(x1,29) — L(n)
1f(s) = f(s)] = A

=F —
(x1,22) (sg})ae%n (s, 5')
- CF eV

< F(z1,79) —  max .

siEBl,SjEBQ D(‘Si) S,])

) — . ) —e(s:)|— A

< F(z1,72) — max [f(s:) = fsy)l + le(si) — e(s)]

$;€B1,5;€B2 D(Si, 8])

cond(s;,s;)

8Here, Bs((w1,22)) denotes the ball centered in (z1,z2) of radius §; with respect to dxxx
defined such that dxxx((x1,72), (2], 75)) = 0(z1,2)) + 0(z2, Th)
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- B .
< F(«Tbx2) Siefliln:sl;lEBQ D(Si78j>
cond(s;,s;)
—  max le(si) — e(s;)] — )\.

s;€B1,5;€B2 U(Si, Sj)
cond(s;,s;)

where cond(z,y) = {sgn (f(s;) — f(s;)) = sgn (e(s;) —e(s;))} and with abuse of
notation, f(s;) e(s;) denote the noise term associated with the input s;. By definition

of By, By, we have

Flor,zg) —  min ) = S()]

s;i€B1,s;€B2 0(51,8j)
cond(s;,s;)

= F(z1,22) — min  F(s;,s5) <
SiEBl,S]'EBQ
cond(s;,s;)

Substituting this value into the initial expression, we can obtain the upper bound

e (s —e(s)] -
4  s5,€B1,5;€B2 D(Si, Sj)
cond(s;,s;)
Sy Alels) —els)
4 = s;€B1,5;€B: D(Si,Sj)

cond(s;,s;)

c e A= lels) —els)]

T4 si€B1,s;€By 0(:61, IITQ) — 252
cond(s;,s;)

By the assumption of uniformly dense sampling, there exists M € N such that
r(M) < dy. Therefore, for n > M,

P (F(xl,xQ) ~ L(n) > %)
o o Al el e
s;€B1,s;€B2 0(1’17 $2) — 252 4
cond(s;,s;)

€

<P min  {A — |e(s;) —e(s;)|} > 1

s, €By »Sj €Bs
cond(s;,s;)

(a($1, ZL’Q) — 2(52)
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€
=F siegllfg{eBQ |€(Si) B e(‘sj)‘ <A-— A_L(a(xl’IQ) — 2(52>
cond(s;,s;)

As A = 2¢ and 0(z1, ) > 209, the last expression can be shown to converge to 0 as

n goes to oo by a similar argument to the one used in the proof of Theorem 4.3.2.
[ |

Lemma 4.5.2 proves that the modified version of Strongin’s estimate defined in Def-
inition 4.5.1 is a consistent Lipschitz constant estimator under bounded noise. It is
therefore of interest for applications outside the one considered in this chapter, e.g.
see in particular global optimisation methods that depend explicitly on the Lipschitz
constant (see for example Malherbe and Vayatis [2017]). One main drawback how-
ever is that none of the finite sample estimates generated by the LACKI rule upper
bound the true Lipschitz constant. This is discussed in more detail after Theorem

4.5.3.

Using Theorem 4.3.2 and Lemma 4.5.2, we can now show that the sequence of LACKI

predictors ( fn)neN converges uniformly and in probability to the target function f.

Theorem 4.5.3 If the assumptions of Theorem /.3.2 hold, then the sequence of

LACKI predictors (fn)neN with A = 2e converges to f uniformly and in probability:

n—oo reX

Ve > 0, lim P <sup 0y (fu(), fz)) > (—:) =0

Proof The proof of Theorem 4.5.3 follows from Theorem 4.3.2 and Lemma 4.5.2.

Fix an arbitrary € > 0, we have

P (sup 03 (). £0)) > )

rzeX

< P (sup 03(fute), o) > § ) + P (sup 0p(Fs(o). £ (0)) > 5

rEX reX 2

A

where (f})nen denotes the general Lipschitz interpolation framework with a hyper-
parameter equal to the best Lipschitz constant L* of f. The second term of the

upper bound given above converges to 0 as n — oo by Theorem 4.3.2. For the first
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term, we have

<P (sup%| , minN {fi+ L(n)o(z,s)} — min {fi + L*0(z,s;)}| > E)

zEX i=1,..., n i=1,....,Np, 4

+P (sup%| _max, {fi — L(n)o(z,s;)} — max {fi = L*o(x, s;)} > E)

TEX =1,..., n =1,..., n 4

<p (Sup o, s)|L* — Ln)| > f) +P (sup (2, s3)|L" = L(n)| > i)

TEX 4 TEX

< 9P <6D(X)|L* — L(n)| > i) (4.2)

where s} 1= argmin,_; _y {fi+L(n)0(z,s;)} and s} 1= argmax,_, _y {fi—L(n)0(z,s,)}.
As §,(X) is finite by assumption, Lemma 4.5.2 can be applied to show that P(0,(X)|L*—

L(n)| > §) converges to 0.
|

In general, it suffices for the sequence of Lipschitz constant estimates to converge to
a value that is bigger than the best Lipschitz constant in order for the consistency
guarantees given in Theorem 4.5.3 to hold. This follows from the fact that Lemma
4.5.2 holds for any Lipschitz interpolation framework with L > L*. Furthermore, if
the Lipschitz constant estimate can be guaranteed to be feasible? in a finite num-
ber of queries and is asymptotically bounded, then the rate of convergence of the
adaptive Lipschitz interpolation method matches the one derived in Theorem 4.3.5.
Unfortunately, as remarked above, the LACKI rule proposed in Definition 4.5.1 is
not feasible for any finite number of sample points but converges only asymptoti-
cally to the true best Lipschitz constant. One approach to remedying this problem
would be to include a multiplicative factor x > 1 (similar to the original approach
proposed by Strongin [1973| in the noiseless sampling setting) in the LACKI rule.
However, developing a principled approach to setting x is non-trivial and depends

on second order partial derivatives of the unknown target function.

Furthermore, in contrast to the general Lipschitz interpolation approach, the LACKI

%.e. L(n) > L*.
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estimator is also not necessarily asymptotically consistent in the setting of a non-
linear discrete-time dynamic system. This is due to the dependency on the sampling
sequence. More specifically, without uniform sampling on X, it is possible for the
Lipschitz constant estimate generated by the LACKI rule to never become suffi-
ciently large in order to ensure that the relations (1) and (2) derived and utilised in
the proof of Lemma 4.5.2 hold. In other words, the Lipschitz interpolation frame-
work of LACKI might utilise samples drawn from the initial steps of the sampling
sequence which belong to a subset of X that is never revisited, leading to a possible
underestimation of the Lipschitz constant. This issue could potentially be fixed by
including a "memory hyper-parameter" that limits the number of past observations

considered in the u,, [,, functions. This extension will be investigated in future work.

In essence, while the general Lipschitz interpolation framework can be shown to
perform well as a non-parametric estimation method, the additional difficulty of
Lipschitz constant estimation implies that many of the desirable asymptotic prop-
erties become difficult to obtain for a fully adaptive version of the framework. A
detailed discussion on this issue can be found in Huang et al. [2023], see Chapter
3, where optimal convergence rates are given for the Lipschitz constant estimation

problem and a feasible asymptotically consistent estimation method is developed.

4.6 Connections to Online Learning and Control

We conclude this chapter by providing a theoretical illustration of how the results
derived in previous sections can be utilised in the context of control-related applica-
tions. More precisely, we slightly modify the online consistency results of the general
Lipschitz interpolation stated in Section 4.4 in order to obtain closed-loop stability
of a class of online learning-based trajectory tracking controllers discussed in Sanner
and Slotine [1991], Astrém and Wittenmark [2013], Chowdhary et al. [2013], Calliess
et al. [2020].

We briefly recall the setting of the trajectory tracking control problem considered by

Calliess et al. [2020]. The goal is to ensure that a sequence of states (y,)nen follows
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a given reference trajectory (&,)nen. In order to do so, it is assumed that the states

(Yn)nen satisfy a multivariate recurrence relation described as follows:

Yn = f(xn>

where , = (Yn—dy, > Yn—1, Un—dy, ---» Un) With y; € Y C R! denoting the past au-
toregressive inputs, u; € U C R® denoting a vector of past or current control inputs
for d,,d,,s,l € N. In this setting, we will therefore consider X = RO(@) x gfdut!
ROE)+E) (1) ) — RE Note that in contrast to the setting considered in Section
4.4 the noise does not impact the state and will only be assumed to be observational:
we assume that the Lipschitz interpolation framework has access to noisy samples

of function values f(z;) at each time step i < n: D, = {(z;, f;)|i < n}.

Under this assumption on the system dynamics, the problem becomes equivalent
to defining a control law that ensures that the tracking error (¢,)nen, ¢n = &0 — Un

becomes stable: obtaining, in an ideal scenario, a closed-loop recurrence relation

<n+1 = ¢(Cn)

where ¢ is a contraction with a desirable fixed point (..

This type of stability is well-known to be achievable when the dynamics of the states
(4n)men are known and sufficiently well-behaved (Astrom and Wittenmark [2013])
or when f is assumed unknown but well approximated by linear learning-based
methods (Limanond and Tsakllis [2000]). Obtaining such guarantees in the setting
where f is assumed both unknown and non-linear is less clear although significant
research has been conducted with the use of non-parametric regression methods

(Sanner and Slotine [1991], Chowdhary et al. [2013], Calliess et al. [2020]).

Under a general assumption on the control law, the online-learning guarantees of
the Lipschitz interpolation method (Corollary 4.4.1 and Lemma 4.6.3) derived in
this chapter can be shown to directly imply the convergence of the tracking error to

a fixed point, therefore ensuring the asymptotic stability of the controller.
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To do so, we begin by formally extending the online guarantees of the Lipschitz inter-
polation stated in Corollary 4.4.1 to the multi-dimensional online setting described
above. In this case, the Lipschitz interpolation framework is applied component-wise

as follows:

Definition 4.6.1 (Multi-dimensional Lipschitz interpolation) Let L € Rsq be a
selected hyper-parameter. Using the set-up defined above, we define the sequence of

predictors (fo)nen, fo: X — Y associated to (Dy)nen, as
. N 1. 1.
Vi€ {lnll fi(e) = Suile) + 56 @)

where ul I+ X — R are defined as

n’m

W (r) = min le + Lo(z,s;)

i=1,....,Np,

U(z) = max ff” — Lo(x, ;)

i=1,....Nn,

forall j € {1,...,1}.

We note that under Assumption 14 provided below, it is relatively straightforward to
observe that each component of the target function is also Lipschitz continuous with
the same Lipschitz constant. This implies that the properties utilised in the previ-
ous sections hold component-wise for the multi-dimensional Lipschitz interpolation

framework.

In order to derive the desired online guarantee for the Lipschitz interpolation frame-
work described in Definition 4.6.1, we first extend the assumptions of the previous

sections to the multi-dimensional output setting.

Assumption 13 (Assumption on multi-dimensional noise) The noise variables (ey)ken,
ex € R? are assumed to be independent and identically'® distributed random vari-
ables such that F¢ € R, such that Yk € N j € {1,....d}, e} € [=¢, ] with prob-
ability 1. We assume further that the bounds of the support are tight, i.e. Ve > 0,

0The identically distributed assumption is made to alleviate notation and is not technically
needed in our derivations.
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Vi ed{l,...,d},
P(e] € [—¢ 4 ¢,¢]),P(e] € [-¢, & — ¢]) > 0.

Assumption 14 (Assumption on 0y ). In this section, we will restrict ourselves to

the case, 9y(y,y') = |ly — ¥'|l1, Yy, v’ € Y where ||.||1 denotes the usual 1-norm.

Remark 4.6.2 By the strong equivalence of norms on R!, it is sufficient to show
the results of this section for ||.|y = ||.|li. Additionally, we note that if a Lips-
chitz constant of the target function is known for a given norm on R, then it is

straightforward to compute a feasible Lipschitz constant for any other norm on R'.

Corollary 4.6.3 (Multidimensional Online Learning) Consider the multidimensional
setting described above, L* M* € RY and (fo)nen as defined in Definition 4.6.1
with L > L* and (Dp)nen = (Tn, Yn)nen. Assume that Assumptions 13 and 14 hold.

Assume furthermore that U is compact. Then

ILm ~ sup E{|lf(#ni1) = fu(@ni1)]ly] = 0
OO reLip(L*,0,M*)

where we recall that Lip(L*, 9, M*) denotes the set containing all functions in Lip(L*, 0)
that are bounded by M*, i.e. || f(x)|y < M*.

Proof By the strong equivalence of norms on R, it is sufficient to show Lemma

4.6.3 for |-y = ||.|:

lim sup E{ll f(zn11) — fn($n+1)||1] — 0.
"0 reLip(L*,0,M*)

This is implied if V5 € {1,...,1}:

lim sup B[ (2ns1) = fi ()] = 0
"0 feLip(Lr o, M)

where f, fi denote the j-th component functions of f,, f,. This statement can

1VWith the same arguments, one can show that the same result holds for the multidimensional
version of the dynamical system described in Section 4.4.
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be derived using the same arguments as the ones given in the proof of Corollary
4.4.1 as, under Assumption 14, f is component-wise Lipschitz continuous with Lips-
chitz constant L* and by construction, the multi-dimensional Lipschitz interpolation

framework can be considered component-wise.
[ |

Utilising Lemma 4.6.3, we can now state the closed-loop guarantees of an online

controller based on the Lipschitz interpolation framework.

Theorem 4.6.4 Assume the settings described above. Assume that reference trajec-
tory (&n)nen is bounded and that the recursive plant dynamics satisfy: f € Lip(L*, 9, M*)
for some L*, M* > 0. Let (fn)neN be the predictors generated by the Lipschitz in-
terpolation framework with hyperparameter L > L* and (Dy)pen = (ZEn,]Ei)neN. If
there exists a bounded control law w,, 1 = u(xn,fn,Dn) such that the closed loop
dynamics are given by:

Cn—&-l = Cb(gn) + dn

~

where d,, = f(x,) — f(x,) is the one-step prediction error and ¢ is a contraction

with o fived point (. € X and Lipschitz constant Ay € [0,1), then we have
lim E[[|¢, — ¢lly] = 0.
n—oo

Proof The proof follows a modified version of the proof Theorem 17 of Calliess

et al. [2020] and an application of Corollary 4.6.4.

Define the nominal reference error (()nen, Co = Cob (1 = #(Cy) for n € N. Fix an
arbitrary € > 0. The proof of Theorem 4.6.4 follows from the following sequence of

steps.
By Banach fixed point Theorem, 3ng € N such that Vn > ng, [|G, — Clly < &

Inductively, one can show that Vn,k € N,

E[lI¢k — Clly]
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n—1
< NSE[IG = Gelly] + D X | il
=0
n - 1
< NG~ Guly] + 7= e Elldiily]

By Lemma 4.6.3, we have that E[||d,||y] converges to 0 as n goes to infinity. There-
fore, dky € N such that Vk > kg,

1
; <
1— )‘¢> i:(r)?%:;f_lE[HdkﬂHy] <

Wl ™

Let mg := max{no, ko}. Since A}’ < 1, there exists ¢y € N such that:
q0 = €
)\¢ ]E[HCmO - CmoHy] < g

Let M := mg+ qo. Combining the above steps, we have for any m > M there exists

n > qo such that m = my + n. This implies

E[l|¢n = Gelly] < 16 = Gally + Elll¢m — Gmlly]

< 2+ AGE[IGmo — Gmolly] +

Wl ™

1— )\¢ i=0,...,
<<y
-3

As the choice of € was arbitrary, this concludes the proof.

|

Theorem 4.6.4 provides a theoretical result on the global stability in expectation
of a general class of control problems where both the system dynamics and the
error dynamics are assumed to be both unknown and non-linear. An extension of
Theorem 4.6.4 which states that the convergence rates of the Lipschitz constant
estimator derived in Corollary 4.4.4 hold for the tracking error ((,)nen can also
be obtained. However, this result would be contingent on the difficult-to-verify
"regularity of the sampling" assumption of (z,)nen (as defined in Definition 4.4.3)

and is therefore of limited interest. We provide it in the appendix for completeness.
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Unfortunately, for numerous applications, the contraction assumption on dynamics
of the tracking error: ¢ is too stringent to be observed in practice. To alleviate this
issue, Theorem 4.6.4 can be extended to consider the more general assumption that
¢ is an eventually contracting function if ¢ is also assumed to be a linear. More

formally, we define an eventually contracting function as follows.

Definition 4.6.5 (Eventually Contracting Function) Letl € N. A continuous func-

tion h : Rl — R is said to be eventually contracting if there exists N € N and
A €[0,1) such that Vx,y € R:

(I (), k™ (y)) < Ad(z,y).

As with the contracting functions considered above, eventually contracting functions
can be shown to admit a unique fixed point £*. Additionally, it is well-known that
a linear function h : R — R! defined as h(x) = Mz for some matrix M € R™> is
eventually contracting if and only if the spectral radius of M is strictly smaller than

L: p(M) < 1.

The assumption of the existence of a control law wu, 1 := u(x,, fn, D,,) such that
the closed loop dynamics are given by: (,+1 = ¢((,) + dy,and ¢ is eventually con-
tracting can be observed in applications such as the removal of wing rock during the
landing of modern fighter aircraft (Monahemi and Krstic [1996], Chowdhary et al.
[2013]). Therefore, if Theorem 4.6.4 can be extended to hold under these assump-
tions, then, conditional on the existence of feasible Lipschitz constant estimate, the
online learning-based reference tracking controllers utilising a Lipschitz interpolation

can be ensured to be globally asymptotically stable in expectation in these settings.

This alternative result is stated in the following corollary.

Corollary 4.6.6 Assume the setting and initial assumptions of Theorem 4.6.4. If
there exists a bounded control law wu,, 1 = u(a:n,fn,Dn) such that the closed loop
dynamics are given by:

Cn—&-l = Cb(gn) + dn
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where d,, == f(x,) — f(xn) is the one-step prediction error and ¢ : R! — R!, ¢(¢) =
M(¢ for a matriz M € R™! that is a stable, i.e. p(M) < 1. Then

Jim E[J ] = 0.

Proof The proof of Corollary 4.6.6 is similar to the on given for Theorem 4.6.4.

Define the nominal reference error (¢, )nen, o = Co, Cuy1 = ¢((,) for n € N. Fix an

arbitrary € > 0.

As p(M) < 1, we have that lim,, ., ¢, = 0 (Hasselblatt and Katok [2003]). This

implies that Jny € N such that Vn > ng, |G|y < £

Inductively, one can show that Vn,k € N,

E[[|Gor = Casrlly]

n—1

< IMIYE [1Gk = Glly] + D I IyEllldieilly)-

i=0
By Gelfand’s formula we have lim,_,o | M*||* = p(M) < 1 for any matrix norm
||.||. This implies that there exists ny such that for all n > ny: ||M"]|y < ||M”||§ <
Ay < 1 for some A\, € (0,1). Utilising this relation and matrix-vector inequalities,
we obtain the following inequalities: let n > ny, there exists ny € NU {0} such that

ni

n=mn LﬂJ + na:

0y = a0 amsneyy < B pagmnayy <0515, L5

Substituting this inequality into the bound given above, we obtain:

n—1

IM™MIVE (1[G — Clly] + D IM™ Iy Elll i)

1=0

-----

’7 v 1-‘
n 1
1

FBIG - G+ e Ellderals] [ Ko+ S miky
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<A BlIG - G + X Bl (Knl 1 7—%)

where K,,, := > " || M?]|y By Lemma 4.6.3, we have that E[||d,||y] converges to 0
as n goes to infinity. Therefore, dky € N such that Vk > ko,
€

n
; <
(Fow 725 ) s, Bl < 5

Let mg := max{ng, ko}. There exists ¢y € N such that

40

/\LMJE[HQWLO - Em()”y] < %

Let M := mqg + qo. Combining the above steps, we have that for all m > M, there

exists n > qo such that m = mg + n. This implies

EfllGnlly] < 1Gnlly + EllGn = Gnlly]

€ o = 3!
< &AL B, — Gl + (o + 722 ) s Bl
< € i € i € .
=37373°°

As the choice of € was arbitrary, this concludes the proof.

4.6.1 Example - model-reference adaptive control of a single

pendulum

As a simple illustration, we replicate a modification of the model-reference adaptive
control example in Calliess et al. [2020]. Here, we control an Euler discretisation of

a torque-actuated single pendulum in set-point control mode:

We consider a torque controlled pendulum where forces u can be applied to the
joint of the pendulum. The angle of the pendulum is called q. We define a state
r = [gq]. In continuous-time, it’s dynamics are given by the ODE ¢ = f(z) + u
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Figure 4.61: Illustration of the pendulum control example. A single run is depicted in the
leftmost figure showing how the controller learns to drive the state to the set-point in spite
of the noise and initially uncertain dynamics. Note, “Time” is simulation time ¢ = An [sec.]
for discrete time steps n = 0,1,.... The second figure shows how the mean trajectories,
averaged over 30 repetitions (each with new draws from the noise distribution), converge
to the set-point. An illustration of our theory, predicting vanishing tracking errors in the
mean, is depicted in the rightmost figure: For each repetition of the experiment, the colored
lines show the error trajectories (||{(An) —2(An)||)n=0,1,2,.. as well as their empirical mean
(black dashed line).

where f(x) = —sin(q) — ¢ may be uncertain a priori and hence, needs to be learned

online while we control.

As explained in Section 4 of Calliess et al. [2020], using online learning of noisy
measurements of angular accelerations (but assuming full state observability) we
can use Lipschitz interpolation to learn a model fn at time step n define a control
law u(z) = —fn(x) — K21 — Kyxo with gains Ky, Ky > 0 such that the closed-loop

error dynamics becomes:

Gt = 9(Cn) + Ady (4.3)
= M(, +Ad, (4.4)
—~—
=:6(Gn)

where A = 0.1 is a sampling period for the time discretisation, d,, = f(z,) — fu(xn)

1 A
is the tracking error and M = is a matrix, where the gain

—AK;, 1-AK,
parameters K7, K5 = 1 were chosen to render M stable (i.e. such that its spectral

radius p(M) < 1). This renders the closed-loop tracking error dynamics consistent
with the one considered in Corollary 4.6.6 and as previously discussed, implies that

the error dynamics are an eventual contraction.
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For this experiment, we chose Lipschitz interpolation with a fixed Lipschitz constant
L = 11 which is a Lipschitz constant of the true dynamics. To learn f the Lipschitz
interpolator had access to acceleration corrupted by uniformly distributed noise
drawn i.i.d. from the interval [-2,2] given a performance example in a relatively low
signal-to-noise ration setting. Starting in initial state o = [—2., —1.], the controller
was given a set-point reference &, = [27,0], Vn € N. An example run of the controller
as well as empirical measurements of the tracking dynamics across 30 trials of the
experiments for different noise realisations are given in Figure 4.61. Note, consistent
with our theory, the plots show how the tracking error appears to vanish in the mean

(and in fact for all realisations).

Before we conclude, we will need to point out some limitations to the online control

application given in this section:

Remark 4.6.7 Firstly, our example assumed knowledge of the Lipschitz constant.
While not an uncommon assumption, we recognise that having to know the true Lip-
schitz constant is a practical limitation. Therefore methods such as LACKI (Calliess
et al. [2020]) or POKI (Calliess [2017]) could also be employed to incorporate full
black-box learning. Our example however, merely serves as a simple illustration of
our currently developed theory. Secondly, we assumed that states were observable

but that only accelerations were noisy.

Extending our results to learning-based control settings that involve Lipschitz con-
stant parameter estimation and extending the theory to realistic settings of noisy
state observations would, in our opinion, be an interesting direction to investigate

in future work.

4.7 Conclusion

In conclusion, this chapter has provided a comprehensive investigation into the
asymptotic convergence properties of general Lipschitz interpolation methods in the

presence of bounded stochastic noise. Through our analysis, we have established
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probabilistic consistency guarantees for the classical approach within a broad con-
text. Furthermore, by deriving upper bounds on the uniform convergence rates, we
have aligned these bounds with the well-established optimal rates of non-parametric
regression observed in similar settings. These rates provide a precise characterisa-
tion of the impact of the behaviour of the noise at the boundary of its support on
the non-parametric uniform convergence rates and are, as far as the authors of this

chapter. are aware, novel to the literature.

These established bounds can also serve as useful tools for the comparative asymp-
totic assessment of Lipschitz interpolation against alternative non-parametric regres-
sion techniques determining the circumstances under which Lipschitz interpolation
frameworks can be anticipated to be asymptotically better or worse. In particular,
an explicit condition on the noise’s behaviour at the boundary of its support can be

utilised to predict this out-or under-performance.

Extending our work, we have expanded our asymptotic results to consider online
learning in discrete-time stochastic systems. The additional consistency guarantees
we provide in this context carry practical significance, as we show how they can
be utilised to establish closed-loop stability assurances for a simple online learning-
based controller in the setting of model reference adaptive control. We note that
these asymptotic results also hold for the worst-case upper and lower bounds pro-
vided by the ceiling and floor predictors of the Lipschitz interpolation framework.
This implies that even the most conservative adaptive controllers relying on worst-
case bounds of Lipschitz interpolation methods will consider the true underlying

dynamics in the long run.

Finally, we have provided a brief theoretical study of the fully data-driven LACKI
framework (Calliess et al. [2020]) which extends classical Lipschitz interpolation by
incorporating a Lipschitz constant estimation mechanism into the algorithm. We
show asymptotic consistency of both the Lipschiz constant estimation method and

the extended framework which can serve to further theoretically motivate the use

of the LACKI in practice.
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Appendix 4.A Additional Results (Convergence rate

of tracking error)

We provide the theoretical convergence rates obtained for the tracking error in the
application to online learning-based control. As noted in Section 4.6, this result is
not generally applicable as verification of the "regular sampling" condition defined

in Definition 4.4.3 is difficult to do in practice.

Corollary 4.A.1 Assume that the setting and assumptions of Corollary 4.6.3 hold.
Assume furthermore that the stochastic control law w1 := u(xy, fn,Dn) is defined
such that (z,,)nen is reqularly sampled on a set X C X that satisfies Assumption 10

and that the noise vectors (€,)nen are component-wise independent. Then,

thUpE[CL;1||f($n+1) - fn(xn-i-l)Hy] < 0.

n—o0
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where (an)nen == (0~ log(n)) ¥ )pen.

Proof (sketch) Applying the same arguments as in the proof of Lemma 4.6.3, it is
sufficient to consider: Vj € {1,...,1}

limsup Ela, | f7 (2n41) — fZ(fEnH)”

n—o0

Since the noise is component-wise independent, we can apply the arguments utilised

in the proof of Corollary 4.4.4 for all j € {1,...,1} and conclude the proof.

Theorem 4.A.2 Assume the settings and assumptions of Theorem 4.6.4 hold. If
the stochastic control law u,, 1 = u(xn,fn,Dn) is such that (z,)nen is regularly
sampled on a set X C X that satisfies Assumption 10 and the noise vectors (€,)nen

are component-wise independent. Then,

limsup Ela,, *||e, — e.||y] < oo
n—oo

where (ap)nen := ((n_llog(n))ﬁ)n@\].

Proof (sketch) Follows from applying the proof of Theorem 4.6.4 and noting that

the slowest converging term at the end of the proof is given by

1
1— /\¢ i=0,...,

This term can be upper bounded by applying Corollary 4.A.1 which therefore pro-

vides the convergence rate and concludes the proof.

Appendix 4.B Proof of Theorem 4.3.5
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Proof From the proof of Theorem 4.3.2, we have Vf € Lip(L*,0), x € X,

() = f(2)]

= ax z:rlmnNn 2 2 i=1,..Np = 2

L*+ L

. €; €;
— min {5} = max {5 - "5 0(w )}

Consider the minimal covering of X of radius R, := a, = (n‘llog(n))ﬁ with
respect to 0 denoted Cov(R,) and the associated set of hyperballs; B,. Assuming
that n is large enough such that every hyperball in B, contains at least one input

of G7¥, we have that the following upper bound holds:

~

() = f(2)]

gmax{ min {@}, min {—@}}

s,€BTNGY s;€BTNGY 2

+ % + (L*+ L)R,

where with abuse of notation, e(s;) denotes the noise variable associated with the
input s; and B* € B, such that x € B. For all n € N, we define the following

random variable and event

A, = maxmax{ min {0y {@}}+

3
BeBy, siGBﬂGﬁ 2 SiGBﬂGﬁ 2 2

E, ={VB € B,,|{i € [n]},s; € B} > 0}.
Then, from (%) given at the end of the proof we have that it is sufficient to consider

sup (0,1 = fllo|En] P(EL)

fELip(L*va)

in order for Theorem 4.3.5 to hold. For n € N sufficiently large such that P(E,) > 0

(see (x)), we can apply the upper bound on |f,(z) — f(z)| derived above:

sup E a;Llen _ fHOO’En} = sup )E [anl sup | fn(x) — f(x)]‘Enl

f€Lip(L*,0) f€Lip(L*,d reX

143



CHAPTER 4. LIPSCHITZ INTERPOLATION: ASYMPTOTIC ANALYSIS

()}, min {—6<2Si)}}+5+(L*+L)Rn

$;€BTNGX s, €EB*NGX 2

<al sup E {sup max{ min {
)

n
fE€Lip(L*,0 TeEX

—a;I(L*—i—L)Rn—FE[ maxmax{ min {( )} min {—M}}+§)En]

BeB s;€BNGX ~ 2 s, €BNGX 2

By definition of R,, the first term: (L* + L)a,'R, = (L* + L) is bounded for all

=(L*+ L)a,'R, + E [an

n € N. We can therefore focus on upper bounding the second term:

E [an

En] P(E,) = E [a;'4,] .
Using 0 < A,, < 2¢ with probability 1, we have VCy > 0,
a,' A, < Colyaz1a,<cr + 2?@;11{(1;114”>CO}
with probability 1. This implies that
Ela, ' A, < Cy + 2¢a, 'P(A, > Coa,).
It is therefore sufficient to show that 4Cy > 0 such that

limsup sup a,'P(A, > Coa,) < oo.
n—oo  feLip(L*,0)

We have

P(A, > Coa,) =1—-P(VB € B,: min e(s;) € [;, max e(s;) € Io)

$;€EBNGX s;,€BNGY

(xx

<1—HIP’( min _e(s;) € [;, max e(si)E[2>

BeB,, $;€BNGY s, €BNGY

1Bn|
<1-P min e; € [;, max e; € Iy
i€l,...,Np,, i€l,...,Np,,

where [} := [—¢, —¢ + 2Cyay,), I := (¢ — 2Cha,,¢] and Np, := mingeg, |B N G|

The second to last inequality follows from arguments given in (xx) provided at the
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end of the proof. For n large enough such that 2Cya,, < €, we can apply Assumption

8 to simplify the left hand expression as follows;

< (1=20 -ty

Therefore, we have

sup  a,'P(A, > Cya,)
feLip(L*,0)

<al (1 — (1201 - y(QCoan)")NBn—l)z‘B”') .

C
<a? (1 — (1 =2(1 — v(2Coa,)") e 1) ”’) :

where we used the fact that there exists a constant C; > 0 (that can depend on d)

such that 2|B,| < R?% = af_l% which is a modification of (Wu [2017], Theorem 14.2)
that follows from the assumed convexity of X'. By Lemma 4.C.2, in order for the
above expression to be bounded, it is sufficient that 2(1 — v(2Cya,,)")¥e»~! behaves
like Céan(gﬂ) for an arbitrary C} > 0 as n goes to infinity. More precisely, let

C% =1, it is sufficient to have:

2(1 — (2Cpa,)") Nt < g, (a+Y

log (ay,)
log (1 — vy(2Cpa,)")

as n goes to infinity. The right-hand expression can be re-expressed as the series

d
(8%

expansion:

d+a 1 1 1
T oe(— log(—
e 8() + Ollos()
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d+a
avy(2Co)"

14+ (g + 1)% < Oy log(i)an% and it suffices to have

as a, goes to 0. Therefore, for any Cy > and n > 0 large enough, we have

1.1
Ng, > Cylog(—)—

as n goes to infinity in order for lim, o SUPferip(z o) @n P(An > Coan) to be
bounded:
If Ng, > Cs log(i)a%ﬁ,

C1
limsup sup a,'P(A, > Coa,) < a,’ (1 - (1 - an(g*'l)) ang> < 2C4.

n—oo  feLip(L*,0)

where the last inequality follows from Lemma 4.C.2.

Therefore, the final step of the proof is to show that Ng, > Cy log(i)ﬁ occurs

n

with a probability that converges to 1 at a rate of a, as n goes to infinity.

More precisely, let n € N and fix an arbitrary constant Cy > % based on the

condition given above (note that Cjy > 0 can be set arbitrarily large).

S, 1= {VB € B.: |{i € [n]},si € B} > Cy log(ai)%}

i.e. the event that there is more than Cf log(i)an% queries in each hyperball in B,,.

Utilising the asymptotic bound developed in the first part of the proof, we have by
the law of total probability:

limsup Ela,*A4,] < Cy + 2elimsup a;, 'P(A, > Coa,)

n—0o0 n—oo

< Cp + 2elimsupa,’ (P(A, > Coan|S,) +P(S%)) < Cp + 4eCy + limsup a,, 'P(S).

n—oo n—o0

where the last inequality can be obtained by applying Lemma 4.C.2.

To conclude the proof, we need to show that limsup,, .. a,'P(S¢) is bounded. We

have (denoting b, := log(i)a%ﬁ to alleviate notation):

P(S,) =P (VB € B, : |{i € [n]},s: € B} > Caby)
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> T P(tiel|5 b5 € BY > Caba)

> [T (1-p(iel|5] 1t s e BY < o))

where the first inequality stated above follows from (x x x) (shown at the end of
the proof) for n € N if C; satisfies the condition: Cy < % where C1,d, a,n are

constants.

Then, Assumption 10 on X implies that there rq > 0,0 € (0, 1] such that Vz € X,
r € (0,r9),vol (B.(x) N X) > @vol(B,.(x)). Therefore, for all n € N such that
R, < rg, we have that Assumption 10 can be applied to B € B,,. Using Assumption
11, we have that the random variable defined by |{i € [|2]]},s; € B}| follows a

binomial distribution with a success probability p that can be lower bounded by

d
CLelB) — e for Cf, CY > 0 and with expectation:

3vol(X) —
. n n Cg _no _d _no _d
E [’{7, c [LEJ]}’ s; € B}|i| = {gJ p > ?nna-kd log(n) dtna = (Cgnnotd log(n) d+na
where C5 = %‘/“’/ (Note: the "3" denominator was arbitrarily selected in order to

remove the ceiling operator in the above equation).

d+af

As the only condition on Cj is given by the bound Cy > (PO

, Cy can be set
arbitrarily small as Cy can be set arbitrarily large. Therefore, there exists Cy > 0,

Cy > 0 such that Cy < min{%, W} which implies that (x * *) holds and

a n n e
Caby, = Cy (d + na) log <log (n)> <log(n))

na na E{|{: ; €B
< (2 ) 5 logta) i < Gy gy < ELUE b € B

that:

This last relation implies that we can apply Lemma 1 of Stone [1982] to obtain the

upper bound:

P({i € [n]},s: € B} < Caby) <P (I{z' c ). s € BY| < B [n]z},si € B}|]>
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E[|{i€[n]},5;€B}]
9 2
<[z
e
which in turn implies
ElGicinl}sieB)\ [Brl
2

e

(1—P(|{i € [n]},s; € BY < Cob,))B > [ 1 - (2)

Plugging this expression back into limsup,,_,. a, 'P(S¢), we obtain

aZlP(SZ) < a,jl (1 — (1 _ (Q)IW)'B") |
e

Cran
<a,'|1- (1 —-(2)03""a+dk%<>d¢?a> 1
e

which converges to 0 as n goes infinity and concludes the proof (follows from the

exponential speed of convergence of (2 )*”"‘Hd log(n) T ).

(%) For completeness we revisit the assumption made in the proof. Recall for all
n €N,
E, :={VB € B,,|{i € [n]},s; € B}| > 0}.

Then, by law of total expectation, we have Vf € Lip(L*, 9), n € N sufficiently large
such that P(E,) > 0 (which exists since P(E,) > P(S,) "=°1);

Ela, (| fn = flloc]

2 E [ = Flloo|Bn] B(EW) +E [ = flloo| 5] P(EL)).

Foralln > 1, f € Lip(L*, d) and any sampling procedure Dy, || f, — f || is uniformly
bounded with probability 1. More precisely, we have sup ez« o) |l fo = flloo <
2¢ + 2L55(X) where §5(X) = sup, .y 0(x,2") with probability 1 which follows
from f € Lip(L*, 9) and by the design of the Lipschitz interpolation framework.
This bound is finite by the assumed compactness of X'. Therefore, denoting K :=

148



CHAPTER 4. LIPSCHITZ INTERPOLATION: ASYMPTOTIC ANALYSIS

2¢ + 2L0,H(X'), we have that the above statement is upper bounded by
E [0, fu = fllo| Ea] P(Ew) + 0, KP(E).

The first term is equal to the simplified expression assumed earlier in the proof and
the second term converges to 0 since P(E¢) < P(S¢) and lim,, o a,, 'P(S¢) = 0 as

shown above.

(xx) For all B € B,,, let E(B) denote the event

E(B) ::{ min e; € [, max eiEIQ}.

siEBﬂGﬁ SZ'EBﬂGg

Then, imposing an arbitrary ordering of the hyperballs in B,,, we have

P (VB € B,, min e; € I;, max e; € [2>

SiEBﬁGﬁ SiEBﬁGif

|Bnl
= P(B(B) [ P(E(B)EB), . E(B)).

Foralli € {1, ..., |B,|}, we observe that either there exists j € {1, ...,i—1} such that B;N
B; N G:¥ # 0 in which case

P(E(B)|E(Bi-1), ..., E(By)) > P(E(B;))
or no such 5 exists, in which case

P(E(B)|E(Bi-1),..., E(By)) =P(E(B;)).
Therefore, we have that

]P’(VB S Bn, min e; € Il, max e; € IQ)

$;€EBNGX 8;,€BNGY
> P( min e; € I}, max e; € [y).
siEBﬂGf{ SiEBﬂGfl{
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(% x %) In order to alleviate notation, for all B € B,,, we define the following event:

Ep(n) = {|{i € [n]}, s: € B}| > Cab,}

It is trivial to see that for all B € B,, Eg(n) is increasing in n (when b, is kept

fixed). Utilising the arbitrary numbering of B, defined above in (%), we have

|Bn|

P(S,) =P(VB € B, : £g(n)) =P (Ep,(n)) HIP’ (E,(n)|EB,_, (n), ..., ER, (n))

i=1

|Bn|
>HIP’SB (n— (i —1)Csb, >HPan_|B|CQ »)
i=1 BeB,

where the second to last inequality holds due to the independence of the input

sampling. Computing |B,,|Csb,, we obtain

Cy, 1.1 log(,-)
’B ’CQb < Cg—llog( )—,7 = 0102 Ao
an mn an an «
log(log(n))
= 1l—-—————) <
nclczd + noz( log(n) )< nCICQd + na
Therefore, setting the condition Cy < CzlJcr?z’ we have
>H]P)<EB< 1—0102 ))>HP<(€B >
BeB, BeB,

Appendix 4.C Technical Lemmas

Lemma 4.C.1 Assume that the settings and assumptions of Theorem 4.3.5 hold.

Let (gn)nen denote a sequence of non-parametric predictors and (b, )nen denote a con-

~

’gn_

vergence rate sequence (that converges to 0). If 3K > 0 such that SUD e Tip(L*,0,M)
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flloo < K Vn € N with probability 1, then

lim sup E[(f(zn+1) = gn(znt1))’] = 0 (4.5)

"0 reLip(L*,0,M*)

if and only if Ve > 0

lim sup ]P)(|f(xn+l) - gn(xn-i-l)‘ > E) =0 (46)
nree fET@(L*,D,M*)

where Lip(L*, 9, M*) is as defined in Corollary 4.4.1.

Proof " = " can be trivially obtained by applying Markov’s inequality. We show
the " <= " statement. Fix ¢ > 0 and consider an arbitrary f € Lip(L*, 0, M*).

Define A, := | f(znt+1) — gn(Tni1)| > €, we have
(f(Tns1) = Gn(wps1))? < eplAﬁ + KP14,

with probability 1. This implies that

_ sup E[(f(zns1) = Gn(Tns1))?]
FeLip(L*,0,M*)

S e’ + K? sup P(’f($n+l) - gn(xn+1)| > 6)'
feLip(L*,0,M~)
n—0

< &

As the choice of € was arbitrary, (4.5) holds.

Lemma 4.C.2 Vp,c > 0, we have

L
lim sup z (1 —(1=—)= ) < 2c

T—00 aptl
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Proof Lemma 4.C.2 can be shown as follows.

1 caP caP log(1——L1)
x(l—(l—m) )zx(l—e zp+1>.

Expanding the exponent based on the power series expression of log(1+x), we obtain

1 > 1 crP & 1
P _ P § -
ca” log(1 :1:P+1) e ~ mamP+1) P Tl Zo (m + 1)zm@+l)
_° e D
= T mE::O xm(pt1) rretl) —1 — X

for sufficiently large x. Substituting this equation back into the initial bound, we

obtain:

lim sup <1 - €C$plog(1_ﬁ)) < limsupz <1 - e*Qf) 2 2.

T—00 T—00
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5.1 Introduction

In this chapter, we consider the second objective of the thesis, that is the develop-

ment of practical theoretical tools that leverage Lipschitz regularity properties for

153



CHAPTER 5. NON-LINEAR MEAN REVERSION

machine learning applications, in the context of time series analysis. Our goal is
to derive theoretical results, of use to learning-based models, regarding the mean
reversion properties of a stochastic process. More precisely, we are interested in
examining the necessary conditions for the presence of mean reversion and in deriv-
ing an estimation of the mean reversion speed. We focus on this particular set of
theoretical properties as the majority of existing results relating to mean reversion
rely on linear or prescribed model assumptions (see Taylor et al. [2001] and dis-
cussion therein) and due to the fact that mean reversion is a fundamental topic in
econometrics and finance; a concrete motivation for the theoretical results stated in
this chapter is to enhance trading decision rules in statistical arbitrage frameworks.
By using our proposed approach, we aim to leverage the flexible structural assump-
tions of machine learning models used in modern system identification methods!
and Lipschitz regularity properties of these models to obtain a more precise theoret-
ical characterisation of mean reversion than can be obtained by classical time series

models.

Defining mean reversion in the context of non-linear time series models is not
straightforward. As mentioned above, mean reversion has generally been studied
under the assumption that the underlying dynamics are linear or with strong as-
sumptions on the functional form of the underlying autoregressive model, see for
example (Taylor et al. [2001], Mukherji [2011], Krauss [2017]). In this case, a char-
acterisation is relatively clear and practical; directly relying on the model parame-
ters to verify unit-root stationarity and first hitting time properties. Unfortunately,
in the case of the non-linear dynamics we consider, such a characterisation is not
directly available as the parameter space is significantly more complex. As an alter-
native, we utilise the Lipschitz-type regularity assumptions on the dynamics in order
to infer properties related to the ergodicity and stationarity of the data-generating
process which imply mean-reverting behaviour (as noted by Domowitz and El-Gamal
[2001], Geman [2007], Fouque et al. [2011]) as well as first hitting time guarantees
which serve as a proxy for mean reversion speed. As we explain in Section 5.2.3,

this choice of assumption regarding the dynamics is key as they can be transformed

! Also referred to as a time series modelling method in the context of this chapter.
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into conditions on the ||.|; norm of the gradient of the time series dynamics and
can therefore be efficiently verified for some of the most popular machine learning
models. In particular, for modelling approaches that rely on neural networks, this
quantity can be computed with an automatic differentiation approach by slightly
modifying the commonly used back-propagation algorithm in order to obtain the

input-output partial derivatives.

We would like to emphasize that the theoretical results obtained in this chapter are
also of interest in their own right, not just in the context of time series modelling

using machine learning. We highlight the following two theoretical contributions.

e We extend the class of general non-linear autoregressive processes that are
geometrically ergodic (and hence stationary if certain initial conditions are
satisfied). This result can therefore be seen as a continuation of the results
obtained in several publications on the subject (see Section 5.1.1 for a more

in-depth discussion).

e We derive tight probabilistic bounds on the first hitting times of general
classes of partially contractive non-linear autoregressive processes. While these
bounds are not given in closed form as they contain non-analytic definite in-
tegrals, they can be computed numerically offline, and solutions stored in a
look-up table. To the best of our knowledge, no other first hitting time guar-
antees have been derived that cover the general class of non-linear stochastic

processes that we consider.

As a practical illustration of our proposed approach, we consider the trading of mean-
reverting assets which arises in pairs trading and statistical arbitrage strategies in
finance. This application is particularly interesting in the context of our chapter as
mean-reverting financial time series exhibit several stylised facts, such as asymmetric
mean-reversion or varying mean-reversion speed across the input space that cannot
be captured by most classical time series models. We apply our theoretical results in
this context in two ways. First, we show how the first hitting time bounds derived
in this chapter can be directly translated to probabilistic bounds on the return of

a mean reversion trading strategy, provided the underlying autoregressive model of
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the mean reverting time series satisfies the required contractive Lipschitz conditions.
Second, we propose a set of trading decision rules based on the application of the
mean reversion properties developed in this chapter and a neural network based
forecasting model. This approach is benchmarked against standard trading decision
rules that can be found in the Pairs Trading literature in an empirical experiment
using real and artificial data. We find that our proposed trading decision rules
identifies better trading opportunities in terms of holding time, average return per
holding time, return volatility and Sharpe ratio of held positions. This approach
is, to the best of our knowledge, the first to incorporate modern machine learning

mechanisms into the trading decision making process of mean reversion.

5.1.1 Related Literature

The investigation of theoretical properties relating to the ergodicity and stationarity
of non-linear autoregressive processes is a classical topic in econometrics which has
been carried out for a variety of different choices of assumptions on the autoregressive
dynamics. For an exposition of relevant theoretical definitions and results related to
the ergodicity of non-linear processes, we refer the reader to Nummelin [2004] and
for a more general overview of theoretical properties of non-linear autoregressive

processes we refer to Meyn and Tweedie [2012].

A foundational paper by Tweedie [1976| first established an equivalence between
the study of stability in deterministic dynamical systems using Lyapunov functions
and the study of geometric ergodicity in non-linear processes. This result, and the
Tweedie criterion given in the same paper, have provided a basis for an entire stream
of research; e.g. Tjostheim [1990]; Bhattacharya and Lee [1995]; Lu [1998] that look
to relax the assumptions on the autoregressive function of the non-linear process. In
particular, we note the theoretical results of An and Huang [1996] and Cline and Pu
[1999] which prove the geometric ergodicity of the underlying data generating pro-
cess when the autoregressive function satisfies a relaxed Lipschitz-type assumption
and are the most comparable to the results on ergodicity stated in this chapter. We

also mention Liebscher [2005] who improves on the results of An and Huang [1996]
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and Cline and Pu [1999], explores the relationship between geometric ergodicity and
mixing properties and investigates the geometric ergodicity of the EXPARCH and
threshold autoregressive models. More recently, several papers; Boussama et al.
[2011]; Chen et al. [2018]; Kheifets and Saikkonen [2020], have explored the ergodic
properties of various non-linear autoregressive models that have a specific structure
such as vector star models or generalised exponential autoregressive models. Fi-
nally, while little work has been done with a direct application to machine learning
based time series modelling in mind, we highlight the work of Trapletti et al. [2000]
which provides conditions for the ergodicity and stationarity of autoregressive neural
network processes. The goal of this work overlaps with ours as it also focuses on
non-linear processes that arise in the context of machine learning based time series
modelling and the paper proposes several interesting results, however it suffers from
a major drawback in that it requires the boundedness of all activation functions of

the neural network which excludes commonly used choices such as ReLLU.

The results on geometric ergodicity derived in this chapter extend the results of An
and Huang [1996] and Cline and Pu [1999] by setting similar but different Lipschitz-
type conditions that are better suited for application in the context of machine
learning based time series modelling. Our conditions, applied to neural network
frameworks, also avoid imposing the boundedness assumption on the activation
function made in Trapletti et al. [2000]. We recall that our goal is not to derive
the most general class of non-linear ergodic processes but rather, as discussed in the
introduction, to focus on a dynamical model class that can be defined by easily ver-
ifiable yet sufficiently general conditions, so that they can be directly accessible for
application in conjunction with non-linear time series modelling methods, especially

those pertaining to modern machine learning.

In contrast to the literature on the geometric ergodicity of non-linear processes, the
existing literature on the first hitting times of contractive processes is spread across a
diverse range of contexts. For discrete time series, usual approaches assume that the

underlying dynamics are linear and stationary, i.e. follow a stationary AR(p) model.
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The first hitting time probabilities and expectation are then computed numerically
(Basak and Ho [2004], Di Nardo et al. [2008]) or can be lower bounded analytically
in the case of the AR(1) model (Novikov and Kordzakhia [2008]). This approach has
been explored in various domains; in statistical arbitrage and quantitative finance for
optimal thresholds setting (Krauss [2017], Puspaningrum et al. [2010]), for predicting
population extinction and time to extinction in ecology (Ferguson and Ponciano
[2014]), signal detection and surveillance analysis( Frisén and Sonesson [2006]) or
structural health monitoring (Mollineaux and Rajagopal [2015], Noh et al. [2009]).
For continuous time price series, dynamics are usually assumed to follow Ornstein-
Uhlenbeck (OU) dynamics in which case the first hitting time probabilities can be
obtained semi-analytically (Lipton and Kaushansky [2018], Martin et al. [2019] and
references therein) under some additional assumptions. Applications are numerous
and involve, for example, hydrology (Fisher et al. [2014]), neuroscience (Léansky and
Smith [1989]) or quantitative finance (Bertram [2010]), (Zeng and Lee [2014]). Note
that, even though in the aforementioned works specific forms of dynamic models were
presupposed, the computation of the first hitting time probabilities had to rely on
numerical approximation. Simplifying this computation is difficult even for simple
autoregressive functions and remains an open question for both Ornstein-Uhlenbeck

models and AR(p) models.

In this chapter, we aim to extend the existing literature as it only provides an
understanding of first hitting times for time series whose dynamics conform to a
specific (linear) structure. In particular, when those functions are identified by black-
box machine learning algorithms, existing results are not applicable and additional
theoretical guarantees are needed. Providing sufficient criteria for mean-reversion
type behaviour of non-linear autoregressive processes and the provision of first-

hitting time bounds for such processes is one of the core contributions of our chapter.

5.1.2 Outline

The first part of the chapter presents the main theoretical results and is divided

into three subsections. Section 5.2.1 states the theoretical results on general mean
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reversion for non-linear processes in the form of geometric ergodicity and stationarity
properties. Section 5.2.2 provides theoretical results pertaining to mean reversion
speed defined by first hitting time guarantees of the stochastic process’s return to
the mean. Finally, Section 5.2.3 discusses how these results can be applied in the
context of machine learning based time series modelling in order to more accurately
characterise non-linear mean reversion.

The second part of the chapter provides an application of the theoretical results in
the context of financial trading. In order to do so, we first provide a short discussion
that shows how the first hitting time guarantees can be directly translated into
guarantees on trading profits when precise estimates of the partial derivatives of
the underlying dynamics are known. We then utilise the derived non-linear mean
reversion results to define trading decision rules in a statistical arbitrage framework.
We illustrate the performance of the proposed trading decision rules empirically by
conducting a benchmark experiment on a small set of (pairwise)-mean reverting
stocks and a series of artificially generated data. A short conclusion and discussion

of future work is given at the end and all major proofs can be found in the Appendix.

5.2 Theoretical Results

In this chapter, we will consider a sequence of random variables (y;)ien generated
by the nonlinear autoregressive structure? described in equation (2.2) in Chapter 2.

More precisely, we assume the following: let d € N

Tty s Yt—(d—2) Yt—(a—1)) + €141 for t >0
Y41 = (51)
a_y, forte{—1,.., —d}.

where f : RY — R denotes the time series dynamics (or autoregressive function),

a € R? represents the initial conditions and (€:)ten is a mean zero stochastic process.

In order to derive mean reversion properties for (y;):cn, assumptions need to be made

2In this chapter, we do not consider control inputs.
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on f and (€;)ien. As discussed in the Chapter 2, we aim to make the assumption on
f as general as possible but defined in such a way that it can be readily verified if f
has been approximated by f obtained from a learning-based time series model (the
impact of the approximation error between f and f is briefly discussed in Section
5.2.3). This is done by considering Lipschitz-type assumptions that, under additional
regularity assumptions, can be transformed into assumptions on the gradient of f.
As this chapter will utilise a notion of local-Lipschitz continuity, we rehearse the
definition of the space of Lipschitz continuous functions provided in Chapter 2 in
order to explicitly denote the subset of R on which the time series dynamics f is

Lipschitz continuous.

Notation 5.2.1 Let D C RY, L € R, be a constant and consider a norm || - || on
R®. We define the space of L-Lipschitz continuous functions with respect to || - || on
D as

Lip(L, D, || - |I) = {f : D = R[|f(z) = f(«")| < Lllx — &', Va,2" € D}

5.2.1 Geometric Ergodicity of Non-linear Processes

Geometric ergodicity can be used to imply mean reversion as it studies the long-
term convergence of a process towards a stable probability measure. Furthermore,
through the well-known Birkhoff-Khinchin theorem (Birkhoff [1931]), it provides
long-term convergence guarantees for the statistical quantities of a time series by
linking the time sample estimation to the space average computed using the invariant
probability measure associated with the autoregressive model. In Appendix 5.A, a
more precise discussion on the link between mean reversion and geometric ergodicity

is provided.

In order to show that (y;)ien is geometrically ergodic, an assumption on the noise

process (€;)eny must be made. This is given in the following statement:

Assumption 15 (&)ien is a sequence of independent and identically distributed

random variables with positive density everywhere on R such that E[|e;]] < oo.
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Assumption 15 is standard in the literature on geometric ergodicity of non-linear
models and is necessary to apply Tweedie’s criterion (Tweedie [1976]) in order to
show geometric ergodicity. For example, a sequence of i.i.d. variables following a
Gaussian noise distribution or a Student’s t-distribution would satisfy this assump-
tion. Using Assumption 15 as well as a global contraction condition with respect to
||./lc0s We can obtain the following known result (Nummelin [2004]) which is fairly

trivial to prove.

Lemma 5.2.2 Let a € (0,1), f € Lip(a,R% || - ||oo) and a € R If the noise terms

(€)ten verify Assumption 15, then (y;)ien s geometrically ergodic.

A global assumption on f, as given in Lemma 5.2.2 by Lip(a,R%, | - ||«), makes
sense as a condition for processes that follow classical linear autoregressive models
as in this case the same dependence structure holds for all inputs of the state space.
However for machine learning frameworks that adaptively model the dependence
structure over the state space, these global conditions are overly restrictive. In
this context, we therefore aim to establish more local conditions for ensuring the
geometric ergodicity of the process. This is formally addressed in the following

theorem by restricting the contraction assumption on f to a subset of R%;

Theorem 5.2.3 Let @ € (0,1), K C R? be compact and assume the noise terms
(€1)een verify Assumption 15. If f € Lip(a, R\ K, ||-||s) and is bounded on compact

sets, then (y;)ien s geometrically ergodic.

This theorem extends the class of geometrically ergodic non-linear processes de-
scribed in An and Huang [1996]; Cline and Pu [1999]. For (y;)en defined by (5.1),
ergodic behaviour can therefore be observed if & € (0,1) and the dynamics of the
time series are a-Lipschitz continuous with respect to || - ||« above (resp. below) a
given upper (resp. lower) barrier. For example, it is possible for (y;);en to be a non-
continuous or a linear non-unit root stationary process when it stays between the two
barriers and still exhibit mean reverting properties if the dynamics are contracting

when the time series breaches the barriers.
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We note that the result of Theorem 5.2.3 can be directly used to imply the following

corollary on the stationarity of (v;)en-

Corollary 5.2.4 Let (y;)ien be as in Theorem 5.2.3. Then (y;)ien is asymptotically

stationary.

Using two short lemmas (see the Appendix for the statement of the lemmas), we
can rewrite the Lipschitz condition of Theorem 5.2.3 in terms of the gradient of f

under additional regularity conditions.

Notation 5.2.5 For ¢ € R4, R € R, we define the ball centered in ¢ and with
radius R as B(0,R) = {z € R : ||z|| < R}.

Proposition 5.2.6 (Ergodicity for C* functions) Let K = By (c, R) for ¢ € RY,
R e R,. Assume f is bounded on K, f € CY(RY\ K) and (€,)ien satisfies Assump-
tion 15. If there exists & € (0,1) such that Vo € R4\ K, |V f(2)|1 < & then (yi)ien

defined by equation (5.1) is geometrically ergodic.

As will be discussed in Section 5.2.3, this proposition can be applied in the context
of neural network frameworks as the input-output gradients of the neural network

are easily computable.

5.2.2 First Hitting Time Guarantees for Contracting Non-

linear Processes

From the previous subsection, we have that if a non-linear process (y;)en satisfies the
contraction assumption stated in Theorem 5.2.3, then the process is mean reverting.
However, this characterisation does not include any information on the speed or
behaviour of the mean reversion. In this section, we aim to compute these properties
for (y;)ien in the form of first hitting time guarantees on the return to the mean.
As this task is more difficult, additional assumptions are needed. We assume that

the noise process (€;)en satisfies additionally.
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Assumption 16 (¢)ien are independent and identically distributed random vari-

ables with bounded non-zero variance and a probability density function denoted by

Je-

We also replace the contraction condition on f by a slightly modified and weaker
Lipschitz-type assumption: we assume f to be a contraction relative to a weighted

o ' RES R

norm denoted || - ||+ which is defined as: for a* € R%,, the a*-norm || - |

is the weighted /;-norm

Vr € RY, 2]

d
ar = Z ;|
i=1

Using this norm, we can define the concept of an a*-contracting process on D C
R? as an autoregressive process with a transition function f that is contained in

Lip(1,D, || - ||ox) and a* € Ay = {x € R%O]Zle x; < 1}. Our Lipschitz-type

assumption is then given by:

Assumption 17 Our time series (y;)en 45 an o contracting process , i.e.
(S )

f €LY (D):= Lip(1,D, | - |

a*)
for some a* € AL and D = RY.

One may wonder how this a* contracting condition relates to a simpler Lipschitz
assumption on f. Let D C R? o* € A, and & := Z?Zl a;. We have the following
relationship between Lipschitz function spaces: (1) L (D) C Lip(a, D, || - ||oo) and
(2) for 6 € (0,1), define o = (2,...,2)T, then Lip(2, D, || -|l1) € £ (D). (Note that
the first condition implies that the assumption used in Theorem 5.2.3 is weaker than
Assumption 17).

Therefore, although the a* condition is notationally heavy, it is useful as it provides

a weaker assumption than an alternative Lipschitz condition based on the || - |3

norm. Perhaps more importantly, the o* condition provides additional flexibility

1

that allows for the dependence on previous time lags to be greater than 5 as long

as the sum of the a* coefficients is smaller than unity. This feature is useful in
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practice where models generally depend on recent time lags more. Finally, if the
a* coefficients are obtained by using a machine learning estimation of f then the
input dimension of the estimation model can be greater than d with no explicit

consequences on the a* condition.

We define the following matrices that will be used express the first hitting time

guarantees.

Notation 5.2.7 (Relevant matrices) For any o* € Ay = {x € RL| S < 1}
and T € N, we define the associated matrices A(T) € RT*T and B € R™?. Here,
A(T) is a lower triangular banded matriz and B is a sparse matriz whose entries

are given by:

1, ifi—j=0

ATy = —af,_;, f0<i—j<d (5:2)

0, otherwise.)
. dfi—j=1
Bj:=Saf, ifi=landl1<j<d (5.3)

0, otherwise)

foralli,j € {1,....,T}.

We now state the bounds on first hitting times of a time series generated by an
autoregressive model satisfying Assumption 17. Appealing to Banach’s fixed point
theorem one can show the existence of a unique fixed point for f: y* = f(y*,...,y").
As noted in the previous section, the contractive properties of the time series result
in a generalisation of mean-reverting behavior where the fixed point serves as the
level to which the time series will tend to revert to in the long run after being
exposed to a shock. More formally, we define the following.

For a € R? with ag > y* and v € [0, aq — y*), we define the upper first hitting time
of (yt)teN :

77 =inf{t € Ny, —y" <~} .
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Similarly, for ag < y* and v € [aq — y*,0), we define the lower first hitting time of

(Yt )ten:

7, =1inf{t € Nly, —y* >~} .

The initial value ag can be seen as having resulted from a "shock" in the time series
and ~ as a return barrier that indicates proximity to the long-run “mean” y*. The
first hitting times 7." and 7. are linked to the speed of mean reversion measured at
various levels (7). By conditioning on past hitting times and the last result of Wise

[1955], one can show our following principal result:

Notation 5.2.8 To alleviate notation, we denote the projection operator onto the

i—th component: m; : RS — R, (z1,...,2q)" — x; for i€ {1,...,d}.

Theorem 5.2.9 ForT € N, define

3&*’y*)(T) = / fer(A(T)x)dz
b Jobr

where A(T') is defined in (5.2), fe,.. is the joint probability density function of any
finite sequence of consecutive noise variables: €1.p := (€1, ..., ep) defined according to
Assumption 16 and b; == m (Bi(a — y*ld)) — v fori=1,...,T where B is defined
in (5.3). We have:

Analogous bounds can be derived for P(t; > T) and E[7].

Proof See appendix.
[

Theorem 5.2.9 provides a lower bound on the cumulative density function of the first
hitting times of (y;)ien as it returns to the fixed point of its autoregressive model.

By varying the choice of barrier v, the bound given in Theorem 5.2.9 can be used as
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a theoretical guarantee on the speed of the mean reversion (y;)ien. It is important
to note that contrary to the results on ergodicity given in the previous subsection,
these bounds do not provide any information on the long-run convergence of the
data generating process.

The multi-dimensional integral expression stated in J* corresponds to the compu-
tation of the orthant probabilities of a T-dimensional random vector. This com-
putation can be done using quadrature, sparse grids or Monte-Carlo methods and
dedicated software libraries exist (Hahn [2005]). Furthermore, this computation can
be done offline and a look-up table can be created. In the case where (€;);ey is i.i.d.
Gaussian, the T-dimensional random vector is distributed as N'(b, V~1). Extensive
research has been done to optimise the numerical evaluation of this type of expres-
sion and fast quasi Monte Carlo methods can be used for accurate computation for

T < 100 (Genz and Bretz [2009)]).

Some comments on the behaviour Jz;* o (D):

+

Proposition 5.2.10 Consider the same setup as in Theorem 5.2.9. Then ’J(a* )

satisfies the following properties
1. VT €N, 3. . (T) is decreasing in .
2. VT € Nug, ifVi, af < B and 3j s.t. o < 3} then 3?;* y*)(T) < TJ&,* y*)(T).

3. VI € N: lim”a*HlHO b

ey (D) = 5

Proof See appendix.

As with the main result of the previous section on the ergodicity of (y;)en, a useful
extension of Theorem 5.2.9 is to weaken Assumption 17 to take advantage of the
flexibility of the non-linear autoregressive model. An improvement of this type is

stated in the following Corollary.

Corollary 5.2.11 Assume that Assumption 16 holds. Consider a € R? and D* =
Hle Ry, for b € RY. If Jak. € R? satisfying flp- € L%D+(D*) and f does not
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have a fized point in D*, then, Vv € [0,aq — max;e1._a{bi}] and VT € N, the upper

,,,,,

bounds stated in Theorem 5.2.9 hold with the o* coefficients replaced by ..

Proof The proof of Corollary 5.2.11 follows from the proof of Theorem 5.2.9 and
Proposition 5.2.10.2.

Corollary 5.2.11 can also be used to tighten the upper bounds of Theorem 5.2.9. In-
deed, fix v € [0, ag—y*). Then, defining D* = [], Rss, where b; = min{v, min,<; a;},
we have that Corollary 5.2.11 can be applied with a7},. coefficients instead of Theo-
rem 5.2.9 with the global o*.

The following result states that under the classical Gaussian noise assumption, E[7]

is finite.

Lemma 5.2.12 If, instead of Assumption 16, (€;)ien is assumed to be a Gaussian

white noise process then E[7] < co.

Proof Follows from proof of Theorem 5.2.9 and Basak and Ho [2004].

One may wonder how effective the bounds given in Theorem 5.2.9 are and whether
they can be improved for the assumptions used in this chapter. The following result

shows that the bounds stated in Theorem 5.2.9 cannot be improved for a* € A,

Lemma 5.2.13 (Tightness) The upper bounds in Theorem 5.2.9 are tight for all

a* e Ay

Proof Proposition 5.2.13 follows from the proof of Theorem 5.2.9.
[ |

The proof of Theorem 5.2.9 shows that the bounds are tight when the dynamics
of (y;)ien can be represented by a linear autoregressive model (AR(p), p € N). In

particular, for a* € A, this implies that any non-linear model that is Lipschitz

continuous with respect to || - ||o+ and has a fixed point y*, will have its first hitting
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time probabilities and expectation upper bounded by a linear AR process with

coefficients o* and intercept ¢ (specified such that the mean of the AR process is

y).

5.2.3 Link to Machine Learning-Based Models

In this subsection we explain how the theoretical results obtained the in this chapter
can be utilised in the context of machine learning frameworks that are sufficiently
smooth. We illustrate the practical performance of the first hitting time guarantees
stated in Section 5.2.2 based on synthetic data and a neural time series model
implementation. A commonly used AR(1)-based approach to estimating the first
hitting times is used to benchmark our approach (see Novikov and Kordzakhia [2008]
for the theoretical derivation and Sukparungsee and Novikov [2006] for a numerical

application of the AR(1)-based approach).

Assume that the following time series data: Sy = {¥:}sef1,..,n} can be observed for
some N € N and that an autoregressive machine learning forecasting model f has
been fitted to the data. Then, using f as a replacement for the transition function
f one can aim to estimate @ (as defined in Lemma 5.2.2 or Theorem 5.2.3) or the
a* coefficients. To do this, a main advantage of the theoretical results obtained so
far in this chapter is the intuitive formulation of the Lipschitz type conditions that
were used. In particular, if f is differentiable, we can utilise the partial derivatives
of f to verify the conditions needed to apply the results. This has already been
explicitly shown in Proposition 5.2.6 for the theoretical results on ergodicity where
the assumptions are directly stated in terms of max, |V f(z)||; and can be shown
for the first hitting time guarantees given in Theorem 5.2.9 and Corollary 5.2.6 by
applying the following lemma;

Lemma 5.2.14 If the domain D C R? of f is conver and f € CY(D) then f €

L% (D) with o = maxep |g7f(w)|

Proof (Trivial) Follows directly from an application of the multivariate version of

the mean value theorem and the convexity of D.
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Algorithm 1 Characterising Mean Reversion with Neural Networks

-----

2: use automatic differentiation to compute Vﬁ
3: define a set V of the form given in Corollary 5 based on max,cy HV@B(J:)H > (Final choice of V depends on
1

the application)
4: if V exists: then
5 assert that (y:)ien is mean reverting
6 compute the o, coefficients of if)
7: if o), € A, then
8 estimate standard deviation of noise using residuals
9 compute j(_a;,, y;)(T)*for various choices of thresholds and time steps T

10: use J,. y,)(T) to infer guarantees on first hitting times
VI

11: end if

12: end if

Figure 5.21: (Algorithm) Characterising mean reversion with neural networks and input-
output gradient computations.

From Lemma 5.2.14, we have that if there exists {a] }icq,...qp coefficients such that
mMax,ep |§—i(m)| <a;forallie{l,..,d}and 7, a < 1 then Theorem 5.2.9 and
Proposition 5.2.12 can be applied. While the computation of Lipschitz constants
of machine learning models can be computationally difficult (with the exception of
some non-parametric frameworks, see Calliess et al. [2020] and Chapter 3), obtaining
an approximation of the gradients is generally more straightforward. In particular,
for non-linear autoregressive models that rely on neural networks, backpropagation
can be used to compute partial derivatives and existing deep learning libraries (e.g.
Pytorch or Tensorflow) can be utilised (see torch.autograd or tf.GradientTape). In
Algorithm 1, we proceduralise this discussion and describe more precisely how neural
networks can be applied in order to approximately verify the conditions of non-linear

mean reversion derived in practice.

We note that the type of input-output partial derivative computation discussed
in the previous paragraph and utilised in Algorithm 1 has been extensively used
in computer vision and explainable Al for input sensitivity analysis, see Baehrens
et al. [2010]; Simonyan et al. [2013] and has started to expand to other application
areas. Existing heuristics and techniques from these fields can therefore be leveraged

in order to improve Steps 2 and 3 of Algorithm 1. Furthermore, for several non-
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parametric machine learning model choices that utilise neural networks, it is possible
to incorporate gradient learning directly into the model fitting process which would
offer a more direct way of estimating max, ||V f(z)|; and the {o]}icq1,..ay coeffi-

cients, see Ismail et al. [2021].

We also note that Step 2 of Algorithm 1 only provides a discretised approximation of
IV |1 across the input space. If f is a neural network with ReLU activation func-
tions, we can consider recent work by (Jordan and Dimakis [2020]) that proposes a
Mixed-Integer Programming (MIP) approach for exactly computing local Lipschitz
constants of ReLLU networks in order to modify Algorithm 1 to avoid this discreti-
sation. More precisely, if f is a ReLU network, Steps 2 and 3 of Algorithm 1 can be
replaced by an alternative series of steps that involves solving a MIP problem on a
set V which is given as input and then applying Theorem 5.2.3 and Corollary 5.2.11.
This approach is however technically difficult as it suffers from the worst-case expo-
nential time complexity of solving a MIP problem and the difficulty of defining MIP
problems with non-convex input sets V of the type used in Theorem 5.2.3. There-
fore, as an assumption on the accuracy of the discretisation approximation of Step
2 is weak relative to the one made on the accuracy of the approximation of Vf by
Vf and the fact that the computation of maxep ]g—ai(x)] can be done efficiently in
low dimensions through grid search (Scaman and Virmaux [2018]), we consider the
more approximate approach described by Algorithm 1. We note that this approach
is consistent with the baseline method for Lipschitz constant estimation of neural

networks proposed in the experimental section of Scaman and Virmaux [2018].

In Table 5.21, we illustrate how the upper bounds given in Theorem 5.2.9 perform
in practice. Using a standard autoregressive model, we generate a time series of
fixed length: 1000 timesteps and model the noise with a Gaussian distribution.
Then, utilising a 2-layer Neural Network with sigmoid activation we estimate the
a* constants of the underlying function and compute jz;’ﬂy*)(T ) for 1 < T <40
(We stop at 40 as the first hitting time probabilities are approximately equal to 0
for T'> 40). These values are compared against the “true" first hitting probabilities

stochastic process defined by the selected autoregression function. We compute
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Method L1(20) L,(40) E[r|r < 40]
AR(1): 2441 = 0.9z, + €41, E[r|7 < 40] = 8.96

Non-linear Estim.  0.12 £ 0.067 0.06 £0.033  9.05+1.23
AR(1) Estim. 0.087 £0.046 0.052 +0.027 7.95 £ 0.048

AR(3): x411 = 0.7xy + 0.1524_1 + 0.0524_5 + €441, E[7|T < 40] = 7.66

Non-linear Estim. 0.102 + 0.032 0.1£0.08 11.86 £1.13
AR(1) Estim. 0.074 £0.042 0.038 £0.02  7.43+£0.58

<7
ESTAR(1): 2411 = 0.4ay + 0.32,(1 — e 2 ) + €41, Bl7|7 < 40] = 34

Non-linear Estim.  0.093 £0.021  0.04 £0.009 4.77 £0.61
AR(1) Estim. 0.085 +0.0095 0.038 +0.004 3.57 + 0.04

Neur. Net.: 2411 = NN (x4, 241, T—2) + €41, E[7|7 < 40] = 7.36

Non-linear Estim.  0.17 £ 0.061 0.06 +0.03 10 +1.33
AR(1) Estim. 0.085 4 0.037 0.08 = 0.03 3.8+1.2

Table 5.21: Performance of the first hitting time bounds in practice.

the (averaged) L;(20)-error: 5 S ’Ja*’y*)(T) —P(r" > T)|, (averaged) L;(40)-

error: &S0, 36 y(T) = P(77 > T)| and the value of the estimation of the
conditional expectation E[7|7 < 40]. These values are averaged over 10 simulations
and the standard deviation of the obtained results is also stated. As a benchmark,
we estimate the first hitting time probabilities of the time series using an AR(1)

model as is most commonly done in practice (see discussion in introduction).

As the AR(1) estimation approach aims to directly estimate the first hitting time
of the stochastic process (instead of ensuring a lower bound), one could expect it to
be more precise than the non-linear first hitting time estimation approach in terms
of L1(20) and L;(40) metrics. While this can be observed for some values in Table
5.21, we have that in the majority of computed loss metrics the performance of our
proposed approach is competitive with the results of the AR(1) first hitting time
estimation method. The estimated values of E[7|7 < 40] then illustrate the fact that
the non-linear estimation method aims to ensure a lower bound on the first hitting
times of the time series. We note that for each estimation, a* € A, on a subset
of RY of the form given in Algorithm 1. This implies that max, |V f(z)|; < 1 and
that the time series is geometrically ergodic.

One caveat to the discussion of this section is that the robustness of the estimation of
the a* coefficients can be difficult to obtain as it depends strongly on the precision

of the system identification method. Some research on robust estimation of the
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gradient /partial derivatives for neural network based approaches can be found (e.g.
see Cardaliaguet and Euvrard [1992] Wang et al. [2019]), however the impact of the
estimation error on the partial derivatives estimates and thereby on the a* estimates

remains an open question that we will explore in future work.

5.3 'Trading Mean Reversion

In this section, we apply the theoretical results developed in Section 5.2.1 and Sec-
tion 5.2.2 to inform financial trading decisions of statistical arbitrage strategies. In
general terms, these strategies can be defined as trading frameworks that utilise
inter-dependencies between the price time series of a set of financial assets to con-
struct a portfolio containing these assets that generates consistent market neutral
returns. Although the approach to detecting and leveraging the inter-dependencies
can be quite varied (see Avellaneda and Lee [2010], Krauss [2017]), the end goal is
generally the same: constructing a mean reverting time series from the underlying
financial data that can be studied to obtain trading signals. To make this clearer,
we provide the following example that considers the popular statistical arbitrage

strategy of pairs trading:

Example 5.3.1 One trades a synthetic asset whose price series Z is computed as
the difference of two other assets X,Y. That is, one trades Z; = X; — Py;. Hedging
coefficient 8 is tuned to render Z mean reverting. A pairs trading strategy then aims
to profit by leveraging the mean reverting behaviour of the synthetic asset. It enters
a long trade whenever the price of the synthetic asset reaches a threshold level Uy
that is far below the mean. It closes the long trade whenever the asset price has
reverted back to a level Ly close to the mean by selling it. Conversely, the strategy
goes short trade is initiated the price of Z reaches a level Uy that is far above the
mean by short-selling the synthetic asset and closes out the position upon reaching
a level Ly near the mean. This is illustrated in Figure 5.31[a]. Here we traded a

simulated synthetic asset employing our strategy.
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The optimisation of the U, L thresholds described in Example 5.3.1 is a key com-
ponent of creating a successful statistical arbitrage strategy as it provides the rules
for systematically entering and exiting the underlying trading positions. The choice
of these thresholds directly impacts the return, volatility and average holding time
of the strategy, but is difficult to do in practice given the noisiness of financial
data. In this section, we focus on the problem of threshold setting and propose a
machine learning based approach which utilises the theoretical results developed in

this chapter to derive optimal thresholds.

5.3.1 Existing Approaches

Existing academic literature on trading decision rules based on threshold setting can
be separated into three broad categories (See Krauss [2017] for a recent overview of

the statistical arbitrage literature).

e Fixed model approach: This approach assumes that the price series of
the synthetic asset follows a discretised Ornstein-Uhlenbeck model (AR(1)) in
order to derive optimal trading thresholds and policies that optimise standard
trading metrics (see Elliott et al. [2005]; Bertram [2010]). Extensions for OU
modelling with jump processes (Stitbinger and Endres [2018]), stop-loss rules
(Leung and Li [2015]) and regime-switching (Bai and Wu [2018|) have also

been developed.

e Heuristic approach: A commonly used approach in practice is the one de-
scribed in (Gatev et al. [2006]) which simply sets the entry thresholds(U) at
two standard deviations and the exit threshold (L) at the long-term mean.
Variations of this approach have also been implemented by changing the entry

thresholds through heuristics based on the financial data considered.

e Optimisation approach: This approach sets the U, L thresholds by directly
maximising returns based on past observations of the price time series of the
synthetic asset Z (e.g. Vidyamurthy [2004]). While this type of framework

may seem optimal, it is prone to data snooping and has been avoided in existing
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literature.

Apart from a few exceptions (e.g. Dunis et al. [2008] Dunis et al. [2015]) which do not
focus directly on threshold setting, most of the relevant research has ignored settings
where the synthetic asset has been identified with a (non-linear) machine learning
method. This is despite the fact that learning based approaches offer the flexibility
to capture stylised facts such as the existence of asymmetrical mean reversion (Chen
et al. [2011]) or the complicated non-linear nature of the autocorrelation structures
of financial price time series. Note that these properties are not indicated by the
statistical testing that is commonly used to detect mean reversion i.e. unit-root
stationarity tests and can generally only be observed by a more precise modelling
of the mean reversion of the time series of the constructed synthetic asset (see Choi

and Moh [2007]).

Our approach. In Section 5.3.3, we provide a threshold setting approach that fits
a neural network to the synthetic mean reverting time series and applies Algorithm
1 to obtain subsets V € R, and corresponding o, coefficients that identify domains
of the subspace where (y;);en is quickly mean reverting. This is described more
precisely in Algorithm 2. Before that, in Section 5.3.2, we briefly discuss how the
first time guarantees developed in this chapter can be directly leveraged to obtain
theoretical guarantees on the trade returns that depend on the choice of the U, L

trading thresholds.

5.3.2 Statistical Arbitrage with Precise Knowledge of o*

Using our theoretical results, we show how, having obtained precise estimates for
the a*-coefficients and the first hitting time bounds from Theorem 5.2.9, we can
inform the selection of the entry and exit trading thresholds U, L such that we get
a probabilistic guarantee on the trade time and expected return. An illustrative
example with a simulated synthetic asset is given in Figure 1[b,c|]. To tune U, L and
understand the profitability properties of the trades of the strategy, we are interested

in bounds involving the following variables:
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Definition 5.3.2 (Informal definition of trading variables)
o 7(U,L,c): return of a single trade at thresholds (U, L) and transaction cost c.

e S(U,L): time taken to close positions once they have been opened (with thresh-
old (U,L)).

¢ Rovaae(U, L, c) := TS(,Z(JI’]LS) : average return of a single trade per unit of time

with thresholds (U, L).

Under common noise assumptions (e.g. Gaussian with finite standard deviation
of ¢), we can utilise Theorem 5.2.9 to obtain an upper bound T4« (U, L,p) on
S(U, L) that holds with high probability p € [0,1); Tia+0)(U, L,p) := min{T €

NI1-73¢. . (T) > p} where 3 depends on the choice of U, L and o. This

) (o,y*)
upper bound can then be used to set a probabilistic guarantee on the average return

per unit of time;

Proposition 5.3.3 Let Tia- o) (U, L,p) be as defined above,

r(U, L,c)
> > .
P(Rdee(U, L) > ﬁa*’g)(U,L,p)> >p (5 4)

where p € [0,1) is a chosen confidence level. Furthermore, we have

r(U, L, c)
E[RTrade(Ua L)] > < ~ .
L+ 32701 Ty (T)

(5.5)

Proof This result follows directly from Theorem 5.2.9 and Jensen’s inequality.
[

Proposition 5.3.3 is comparable to the semi-analytical trading guarantees derived un-
der an AR(1) model assumption by Bertram [2010]. As a lower bound for (U, L, c)
is generally easily obtainable by considering the difference in value of the underlying
positions at U and L, (5.4) and (5.5) can be used to determine trading thresholds
that guarantee in expectation or with high probability a sufficiently high average

return per unit time.
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Figure 5.31: [a]: Statistical arbitrage thresholds for the short position. Positions are opened
(green circles) when the time series hits U (green line) and closed (red circles) when it sub-
sequently hits L (red line). The dashed black line represents the "fized point” y*.  [b]:
Dependence of the expected return lower bound guarantee (Eq. 5.5) on the entry threshold
(U) and exit threshold (L). Here, o = (0.7,0.15,0.05) and U, L are given in units of noise
standard deviation. [c]: Setting thresholds U = 4.4, L = 2.2, the bound on Rypyade(U, L)
given in Eq. 5.4 is illustrated empirically for various choices of confidence levels (p) by com-
puting the empirical distribution of the returns for positions opened and closed at thresholds
(U,L).

The final optimisation of the trading thresholds will then also depend on the number
of times the position entry threshold U is hit (i.e. the number of times a position in
the underlying securities can be opened), the desired duration of the trade and the
average return per unit of time of other trading opportunities in the portfolio. Figure
5.31|b] provide an illustration of the behaviour of the lower bound guarantees on
E[R1rade(U, L)] stated in (5.5) for various values of U and L. These lower bounds
were computed in the context of a simple case of a single mean reverting asset
(implies (U, L,c¢) > U — L) when the dynamics of the synthetic asset were assumed
to be a*-Lipschitz contracting with o* = (0.7,0.15,0.05). For a specific choice
of U, L, Figure 5.31|c| illustrates the lower bound stated in (5.4). To obtain the
bound, the relation r(U, L,c) > U — L was utilised. The experiments were run 5000
times by simulating from a neural network (4-layers, Relu activation, trained on real
financial data) with o* = (0.7,0.15,0.05) in order to obtain the illustrated empirical
distribution. As expected, for each confidence level p the curve representing the lower
bound given in (5.4) lies beneath the curve representing the empirically estimated

(1 — p)-th quantile of the average return per unit of time.
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Algorithm 2 a* Threshold Setting Approach:
Input: A time series data set (y;)ec(1
Output: Trading thresholds U, L
1: Apply Algorithm 1 to find {i{,...,l1}, {i3,...,13} and a mean reverting subset V* := R\ Hle[lil, 12] such that
&Y., @y < § where V] = Hle[lf,oo) and V3 = H:,’!:l(—oo,li1
2: Estimate the past standard deviation o of the synthetic asset
3: Set the lower threshold for position exit at L; = I} and the upper threshold for position exit at Lo = 13

4: Set the lower threshold for position entry at U; = {I} — o,...,1}} and the upper threshold for position entry
at Uy ={+o,..03}

n}» Mean-reversion speed parameter: d € (0,1)

.....

Figure 5.32: (Algorithm) a* threshold setting approach for improving trading decision
rules in statistical arbitrage strategies.

5.3.3 Statistical Arbitrage with Non-linear Mean Reversion

The theoretical trade return guarantees presented in the previous subsection de-
pended on the assumption that precise estimates of the partial derivatives of f are
readily available in order to infer the a* coefficients. Unfortunately, this assump-
tion does not generally hold in practice. In the case where only an approximation
of the partial derivatives can be determined, we propose an alternative threshold
setting rule that utilises a small neural network based time series model to estimate
max, ||V f(z)]1 and the o* coeflicients and then utilises these estimates to set the
position exit threshold (i.e. L). The position entry threshold (i.e. U) is then set
heuristically depending on the exit threshold, observed past standard deviation and
transaction cost. The goal of this approach is not to directly optimise for higher
returns but rather to utilise the functional flexibility of the neural network and the
theory developed in this chapter (see in particular Propositions 5.2.6, 5.2.10 and
Corollary 5.2.11) to decrease return volatility and asset holding time of each trade
by identifying subsets of the state space that exhibit faster mean reversion and set-
ting the trading thresholds accordingly. To this end, a hyper-parameter § can be
specified in Algorithm 2 to indicate the desired mean reversion speed in our trading
decision rules. Ideally, trades based on these decision rules should be quick, with
constant high daily returns and should therefore be well suited to trading environ-
ments with high transaction costs, when significant turnover is needed (i.e. due
to drift, avoiding regime shifts, etc.) and/or when numerous trading strategies are

being deployed simultaneously.
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We note that our proposed approach focuses on setting optimal thresholds and
therefore assumes that a stationary mean reverting time series has already been
constructed. Mean reversion is however indirectly considered as the max, |V f(z)||1

will automatically increase in value as the time series stops mean reverting.

Outline of the experiment: To illustrate the performance of the proposed o*
threshold setting approach we perform a series of experiments on both real and arti-
ficial data. Since the purpose of this chapter is the improvement of trading decision
rules on mean reverting assets, we focus on implementing and comparing various ap-
proaches at this level of a statistical arbitrage strategy and do not implement a full
strategy i.e. constructing the mean reverting time series from underlying financial
assets. The selected stocks were found in various academic texts and a look-ahead
bias was used in order to ascertain the mean reversion of the synthetic asset; we
verify that the synthetic time series has an ADF test with a p-value under 0.1 over

the full time period. An overview of the data used:

e Real Data: Four pairs/mean reverting equity price time series are used; (V;MA),
(EWA;EWC), (VNRX), (EURN) over the time period 2017-2021. We train
the neural network model and apply Algorithm 2 on the data between 2017
and 2019. The performance of the strategy is then measured on the 2019-2021
period.

e Artificial Data: Two-layer neural networks with ReLu activation were trained

on real data and then used to generate time series. In this case, the partial
derivatives of f and therefore the “optimal” trading thresholds of our approach
are assumed known apriori. The performance of the a* threshold setting ap-
proach is tested on a "2 year" trading simulation" (500 data points) . This

experiment is conducted 200 times and averaged.

The performance of the a* threshold setting approach is benchmarked against two
standard trading decision rules; (1) a fized model approach that assumes that the
synthetic asset follows an AR(1) model in order to utilise analytical formulae given
by Bertram [2010] to set the upper and lower thresholds. These serve as both

position entry and exit thresholds. (2) A heuristic approach used in Gatev et al.
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[2006] which sets the upper and lower entry thresholds at 2 standard deviations

above/below the empirical mean and the position exit threshold at the mean.

To measure the performance of the proposed threshold setting approach a series of
well known financial measures is used; total return,Ssharpe ratio, maximum draw-

down and average holding time. Additionally, we add two measures;

1. Sharpe ratio 2: Sharpe ratio computed only on days where an underlying po-

sition in the assets is open. This quantity provides a better understanding of
the trade return volatility and makes sense as in practice one would trade on

a number of pairs concurrently.

2. Trade return average: discussed in the previous subsection and is the average

daily return of an opened position. This measure gives an understanding of

the relation between return and holding time of the asset.

The results of the empirical analysis are presented in Table 5.41 and Table 5.42
(see Appendix) for varying levels of transaction costs. In addition to the financial
measures discussed above we also report the entry and exit thresholds of each trading

approach.

Threshold Comparison: In the conducted experiments, the thresholds set by the
AR(1) approach are closely positioned around the mean. This makes the strategy
dependent on a precise estimation of the mean or the drift of the synthetic asset and
might lead to heavy losses when the time series no longer mean reverts to a point
between the two thresholds. In contrast, GGR thresholds are generally set much
further away from the empirical mean of the time series mitigating the risk of mis-
specified mean reversion outside the position entry thresholds. The GGR thresholds
perform optimally when mean crossing happens frequently i.e. when strong "global"
mean reversion is observed. Finally, the thresholds set by the proposed a* approach
are non-symmetrical and the specified exit thresholds are significantly more con-
servative than the other two approaches. While certain trading opportunities may
be missed in this case, additional flexibility /error in the specification of the empir-

ical mean or drift of the synthetic time series is obtained. An illustration of the
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Threshold Setting a"-approach (VNRX, Transaction cost: 2.0) Threshold Setting AR(1)-approach (VNRX, Transaction cost: 2.0) Threshold Setting GGR-approach (VNRX, Transaction cost: 2.0)
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Figure 5.33: [a,b,c| [lustration of the o*, AR(1) and GGR threshold setting approaches
that define a trading signal based on the mean reversion of VNRX. The red lines represent
the position exit thresholds and the green lines the position entry thresholds. For [b] the
green lines represent both entry and exit thresholds. [d] PnL of trading decision rules
based on the threshold setting approaches with 2% transaction cost. [e] PnL of trading
decision rules based on the threshold setting approaches with 2% transaction cost with
additional max constraint set on holding time (two weeks).

differences in threshold setting is given in Figures 5.33|a|, 5.33|b] and 5.33|c].

Trading Performance: The performance of the trading decision rules based on
the thresholds described in our empirical analysis offers insight on the advantages
and disadvantages of each approach. When the dynamics of the underlying model
are captured well by an AR(1) model, the AR(1) trading decision rules offer a way of
maximising returns by trading quickly and frequently. However, the return volatility
of held positions by this approach as measured by Sharpe Ratio 2 tends to be
considerably higher than other approaches which implies that significant risk is taken
to attain the higher returns. Furthermore, in cases where the noise model is not well
specified which inevitably happens in practice, e.g. un-modeled exogenous variables,
the maximum drawdown can be heavy (For VNRX the maximum drawdown reaches

—91.30%!) and the maximum holding time can last an extended period of time.
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Alternatively, the GGR trading decision rules tend to mitigate some of these issues
as observed by the smaller empirical Sharpe Ratio 2 and maximum drawdown values
in Table 5.41. However, this trading approach often results in high average holding
times which are not sufficiently compensated by the increased trade return (i.e.
difference between entry and exit thresholds) as described by the empirical trade
return average. High holding time can be particularly problematic in practice as
it leads to higher transaction costs and increased risk of being caught in a regime

switch before the position is exited.

The observed performance of the proposed a* trading decision rules in our exper-
iments shows an approach that has a low average holding time and a high trade
return average comparable to the values obtained by the AR(1) decision rules. In
addition, the a* approach maintains a low return volatility, relatively low maximum
drawdown and a high Sharpe Ratio 2 which consistently outperforms both of the
other approaches. The total returns of the o* trading decision rules are generally
smaller than the total returns of the other two threshold setting approaches as our
proposed method trades less frequently than the AR(1) decision rules and for a
smaller potential trade return than the trades specified by the GGR decision rules.

The differences in total returns are however often not substantial.

In essence, the a* trading decision rules sacrifices trading opportunities and trade
returns in order to focus on high quality trades with low return volatility and holding
time. As noted above, this is an expected consequence of our theoretical results as
the flexibility of neural network modelling and the selection of a mean-reversion
speed hyper-parameter § in Algorithm 2 can be used to identify subsets of the
state space where the time series mean reverts faster in terms of first hitting time
(see Proposition 5.2.10). It is important to note that we have assumed that no
portfolio adjustements due to drift or hedging were required in our experiments. If
these conditions are included in the trading environment it should further improve
the total return performance of the o* trading decision rules relative to the other
approaches. This is illustrated by Figure 5.33|e] where an additional constraint of

total position turnover was imposed after 10 time steps.
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5.4 Conclusions

This chapter is, to the best of our knowledge, the first to model mean reversion in
the context of machine learning- based time series modelling. The chapter derives
theoretical properties of non-linear autoregressive processes specifically intended for
this goal and describes how these results can be leveraged in practice with popular
machine learning frameworks. By doing so, the proposed approach takes advantage
of the structural flexibility of a machine learning based modelling approach in order

to obtain a more precise characterisation of mean reversion.

Specifically, we present theoretical results extending the class of general non-linear
geometrical ergodic processes and derive novel first hitting time bounds for non-
linear time series that can be interpreted as a measure of mean reversion speed.
These results rest on contraction conditions that can be transformed into assump-
tions on the partial derivatives of an underlying autoregressive model and therefore
be readily verified by neural network based approaches through automatic differenti-
ation (cf. Algorithm 1). We provide a brief experiment on synthetic data to showcase
how our approach can improve on existing mean reversion modelling frameworks by

considering the first hitting times of contracting non-linear time series.

As an application we show how this chapter’s theoretical results can be utilised
in practice to define trading decision rules of statistical arbitrage strategies. The
trading strategy constructed in this chapter shows how a more precise modelling of
mean reversion can be utilised to improve performance compared to commonly used
trading decision rules in terms of low trade return volatility and holding time, while

minimally affecting trade return and Sharpe ratio.
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Appendix 5.A Geometric Ergodicity & Mean Re-

version.

As noted by (Domowitz and El-Gamal [2001], Geman [2007], Fouque et al. [2011]),
geometric ergodicity and mean reversion are closely related concepts. In this section,

we recall the definition of geometric ergodicity and briefly discuss this connection.

In order to do so, we consider a d-dimensional reformulation of the (y;)ten process
defined in Section 5.2. More formally, (Y;)sen is a R%-valued 1-step Markov process
that satisfies:

Yii1 = (V) + ereq (5.6)

where ® : R? — R &(zy,...,2q4) = (f(21,...,24), 71, ...,7q_1) " and e; is the first
unit vector of R%. We also specify the state space: (R%, By, u1q) of (Y;)ien where By

is the class of Borel sets on R? and j4 is the Lesbegue measure. The geometric
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ergodicity of (Y;)ien can then be defined as follows.

We first say that (Y})ien is ¢-irreducible if there exists a non-trivial probability

measure ¢ on R? such that for every set S € B, of non ¢-measure 0,
> p"(Sla) >0,
n=1

where p'(S|a) is defined by p'(Sla) := P(Y; € S|Y(_1._ = a). Assuming that
(Y})ten is ¢-irreducible, we can then define geometric ergodicity as follows; (Y;)ien
is geometrically ergodic if there exists an invariant probability measure 7 (defined

below) and a constant p > 1 such that Vo € R,

N
Jim 1 (dSa) = w(dS)]| 0 57
where ||.|| denotes the variation norm on the space of signed measures on (R?, By).

Furthermore, if (5.7) holds, then 7 is the unique invariant probability measure for
(Yy)ten (Nummelin [2004]). We recall that a measure 7 defined on (R%, By) is said

to be an invariant measure for (Y} )ey if VS € By,
() = / P (S|a)r(da).
R4

The geometric ergodicity property described in (5.7) implies that the long-run prob-
abilistic behaviour of (V});en and therefore of (y;)qen will be stable, converging to a
fixed invariant probability measure. This notion can be more explicitly connected
to mean-reversion through the Birkhoff-Khinchin theorem (Birkhoff [1931]) which
implies that if (5.7) holds, then for all measurable® functions g : R? — R, the long-
run time average of (g(Y;))en converges almost surely to the deterministic average

with respect to the invariant probability measure 7 of (Y})ien:

i 7 S0 = [ a)r(ay)

3With respect to the .
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In particular, if g is the projection of vectors € R? onto their first component 1,

then:

T
o1
Tlggof;yt = E.[Y]

where Y is a random variable on (R, B) with distribution 7. This result states that
the long-run average of ¢ will converge to a fixed constant determined by the invari-
ant measure 7 which implies that (y;);en will either satisfy limr oy, = E;[Y] or
will cross-over E,[Y] infinitely many times. In the context of the trading applica-
tion considered in Section 5.3, both of these cases provide pertinent information on
mean reverting characteristics of (y;);eny Which can be used to inform decision rules

regarding trading threshold setting.

Appendix 5.B Proof of Ergodicity & Stationarity
Results

In order to utilise past results (see Tweedie [1976], Chan and Tong [1985], Tjgstheim
[1990]) to show the geometrical ergodicity of (y;)ien, we will consider the reformu-

lation of (y;)sen into a R-valued 1-step Markov process: (Y;)sen in this chapter.

Proof of Lemma 5.2.2.

Follows from Banach’s fixed point theorem and Theorem 5.1 of Chan and Tong

[1985].

|
Notation: For ¢ € R%, R € R, we define the ball centered in ¢ and with radius R
as B(0,R) = {x € R?: ||z||c < R}
Proof of Theorem 5.2.3. Without loss of generality, we suppose K := B(0, R)

for R < R+.

Let (Y:)ien be the equivalent one step Markov chain in R¢ defined in (5.6). The

proof of Theorem 5.2.3 follows from the two following results;

187



CHAPTER 5. NON-LINEAR MEAN REVERSION

Lemma 5.B.1 (Section 2 of Chan and Tong [1985]) Let f be as defined in Theorem
5.2.3 and assume that the noise assumption defined in Assumption 15 holds. Then,
(Yi)ten is pg-irreducible and aperiodic. Furthermore, any compact set K C R is

small.

Theorem 5.B.2 (Eztension of Tweedie’s Criterion given in Tjostheim [1990]) Let
(Yo)ten be pg-irreducible and aperiodic. Suppose that there exists a non-negative
measurable function g : R? — R, positive constants cy,co € Ry, p € (0,1),a small

set K and a positive integer h € N, such that

Elg(Yun)lY = a] < pgla) —c1, Va ¢ K (5.8)

Elg(Yern)|Yi=a] < ¢, Vae K (5.9)
then (Y3)ien is geometrically ergodic.

In order to show the geometric ergodicity of (y;):en, it is therefore sufficient to find
g:RY SR, ¢q,¢5 € Ry, pe(0,1) and a small set K such that equations (5.8) and
(5.9) are verified. In order to do so, we choose g : R? — R, g(z) = ||7|| and h = d.
We now show that there exists a positive constant ¢; € Ry, p € (0,1) and a small
set K such that our choices of g and h satisfy the drift condition (5.8).

Fix an arbitrary a ¢ K, we consider two cases;

2. There exists j € {1, ...,d} such that Y;,; € K.

(1.): Consider j € {1,...,d}, and fix an arbitrary point 2 € R?\ K. Then, for
Yi+; ¢ K and initial conditions Y; = a (Note: Y; = (y;,...,Yj—a+1) ), we denote:
fVijia) ifj > €ryji il J > 1

Vi € {0,,d - 1}, gt—i—j—i = s gt—‘rj—i =
a;—j4+1 otherwise. 0 otherwise.

and observe the following relation:

Vet lloo

= max |Yppj| < MAX (¥ 1 €
i€{0,..., d—l}‘ =il i{0,..., d—l}‘ 7 =il
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< Gerii — 7;
< e (G — )+ max el +1/(2)]

<a max ||Yiii illeo max || + al|z]|s P
T ie{l,., d}” =il +i€{1 .... d}| |+ allzlle + [f(2)]

< amax{[[Vigjalloe, llalloo} + | max feif + all2lleo + [£(2)]-

As only the first term of the last equation depends on a, we can iterate the above
relation to obtain;

Yerjlloo < @llafloe + C5 = agla) + C;

where C; is random variable that only depends on a, {e1, ..., €4} and z. Therefore,

-----

-----

and does not depend on a. Set R € Ry, & € (@, 1) and ¢} > 0, such that K C
B(0, R')

(@' —a)R — ¢, > E[Cy]

As the choice of 2 € R?\ K can be same the for all a, this implies that for all

a € R4\ B(0, R'), we have
E [[[Yisallo|Y: = a, {Yisj}jeq,..p S R\ K] < ag(a) +E[C]

< a'g(a) + (a—a)R +E[Cy < d@gla) — .

which verifies equation (5.8) of of Theorem 5.B.2.

(2.): Since there exists j € {1,...,d} such that Y;;; € K, we cannot use the same
approach as above. Define M := max{max,cx |f(2)|, max,ex |||} and j* =
max{j € {1,...,d} s.t. Yi;; € K} which both exist by assumption. We have that
o < M.

either j* = d and therefore ||Yitdllco < M or j* < d in which case ||Yi4 ;-

Denoting Oj-y; == |f(2)| + @l|z]lcc + |€rrje1s] Where z € R4\ K is the arbitrarily

selected point of the first part of the proof, we can use a similar approach to the one
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used in (1.), to obtain the following relation:

* || oo S O'*+1 +O_5M>

Yerjer1] < |f(2)] + allz]|

|yt+J 42| < 0, 1+ O[HY;-H +1lfoo < OJ *42 +aOJ w1+ aM,

d—(j"+1)

|Ye+a| < Z a0 + aM.
i=0

Since {€;}icq1,..qp are ii.d., we have that Vi # j, E[O;4i] = E[O,+,] =: E[O] and

-----

therefore

U

-1
E[|YicalloolY: = a,35 € {1,...,d} s.t. Yi; € K] <Y a» Y7 E[O] + aM.

=1

As the term on the right-hand side of the above equation is constant we can set
R'> M, a" € (0,1) and ¢/ > 0 such that 7' @@ VE[0] + aM < &a"R" — ¢!
For all a € R?\ B(0, R"),

E[|[VicallooY: = a,3j € {1,...,d} s.t. Yiy; € K] <&"R" — ¢}

Finally, let R” € R, be such that K C B(0, R”) and set R := max{R', R", R"},
a = max{a’,a"} and ¢; := min{c},/}. Combining (1.) and (2.) together, we

obtain for all a € R¢\ B(0, R),

E[|[Yerdlloo|Y: = a]

P ({Yiss}jettsmay S RN K) E [[Vigallo|Y: = @, {Yirs bjeqr,.qy SR\ K]
+P (35 € {1,....,d} s.t. Yiy; € K)E[||Yisalloo|Y: = a,35 € {1, ...,d} s.t. Yiy; € K]
= aR—¢ < agla) — ¢

which verifies condition (5.8) given in Theorem 5.B.2 is satisfied. The existence of
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a positive constant ¢, > 0 such that condition (5.9) holds for K = B(0, R) follows
directly from the assumption that f is bounded on compact sets. Therefore, the

second condition of Theorem 5.B.2 is satisfied and (y;)sen is geometrically ergodic.

Proof of Proposition 5.2.6. Consider K = By (c, R) with ¢ € R and R € Ry.

We define the following projection function;

pr R\ K — R\ K;

pr(x)i=ci+r ifx; >c+r

T = pr(x) = pr(x)i=c—r ifz; <c—r

pr(x); =0 otherwise.
\

where the image set of pg is denoted by Px := Im(pk). It is trivial to see that Px
is countable and |Py| < oo.
In order to prove Proposition 5.2.6, we first state and prove the following lemma

that considers the projection functions: pgk.

Lemma 5.B.3 Let a € (0,1) and K = B(c,R) for c € RY, R € R, and assume
the noise terms (€;)ien verify Assumption 15. If f is bounded on compact sets and

such that
Vr e RI\ K, |f(2) — f(px(z))| < allz — pr ()|«

then (y¢)ien is geometrically ergodic.

Proof of Lemma 5.B.3. Without loss of generality, we can assume ¢ = 0. The
lemma then follows from applying the same approach as in the proof of Theorem
5.2.3 replacing the arbitrarily selected point z € R\ K with px (y4;) for j € {1,...,d}
at each iteration of the upper bounds obtained when y,4; ¢ K. Note that since

pr(R4\ K) C Py which is finite, we have that the implicit dependence® of px (y: ;)

4In the proof of Theorem 5.2.3, the choice of z € R\K was arbitrary and did not depend on a
while in the proof of Proposition 5.B.3, by construction, the selected points are given by px (yi+;)
j € {1,...,d} which depends, through y:1; j € {1,...,d}, on the initial conditions a.
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on initial conditions a ¢ K can be removed by taking the maximum over the vertex
set. This implies that comparable constants to the Cy and O terms defined in the

proof of Theorem 5.2.3 can be defined to hold for all @ in the context of this proof.
[ |

Before continuing with the proof of Proposition 5.2.6, we also state the following

useful lemma.

Lemma 5.B.4 (Basic Lemma) Let O be an arbitrary set and f € CY(O). If L :=
sup,co [VF(@)|1 < oo, then Va,y € O such that v := {z € RY3IN,z = Az + (1 —

Ny} €O, [f(x) = f(y)l < Lllz =yl

The proof of Proposition 5.2.6 then follows from combining Lemma 5.B.3, Lemma

5.B.4 and the fact that Vo € R*\ K, {z € RY3\, z = A\v + (1 — A\)px(z)} C R\ K.

Appendix 5.C Proof of First Hitting Time

Guarantees

Proof of Theorem 5.2.9. The proof of Theorem 5.2.9 is given as follows. From
Assumption 17, we have that the first hitting time T;r can be upper bounded by
the first hitting time 72 := inf{t € N|z; < v} of a linear AR(d) (2):en process with
coefficients equal to the a* vector, initial conditions (a; — y',...,aq — y*) € R% and

same noise process (€ )ien as (Y¢)ien. Then, for an arbitrary T € N:

T
P(r2>T)=P( min z >9)= P(ﬂ{zt >7}).
t=1
For every time step t € {1,...,T}, by iterating backwards from timestep ¢, we can

re-express z; as

2= Bla* ti)e+m(B'(a—yla). (5.10)

i=1
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2

where f(a*,t,4) is a constant that depends on a* ¢ and i. Define 0° := var(e;)

which is finite and non-zero by Assumption 16. The independence and identical

distributions of the noise variables imply Vs <t € N,
cov ZS’Zf ZB (o, 5,9)8(a*, ,i) = (M(T)s, M(T):)

where M(T'); denotes the i-th row of of a matrix M € RT*T. Therefore, the covari-

ance matrix Vp € RT*T of (2)ieq1,.. 1 18 given by Vp = O'2M<T>M<T)T. From (35)

-----

by Vi! = pAa*( YAu+(T)" with A,«(T) is defined in (5.2). By uniqueness of the
square root of a matrix and of the inverse matrix we obtain an explicit expression

for M(T): M(T)™t = An-(T)7.

Using the above relation, equation (5.10) and det(A,-(7")) = 1, we obtain the bound:

P(({z >}) <P(M(D)err > —b)

fera( )(s))
L a— P |
/ b / b |det(Ay(T) 1 T
— A+

(ay)( )-

The second statement of 5.2.9 follows almost immediately. For N € N, define Ey
as the partial sum Ey := SN TP(r;- =T) then

T=1 T=11t=1
N N N
=D D P(ry =T) =3 P(ry =7T)
t=1T=t T=1
N N
=14y P(r >T)<1+) 3. (D)
T=1 T=1

Blrf) = Y TR = T) <143 3, (D)
T=1 T=1
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Proof of Proposition 5.2.10. In this proof, we modify previous notation to
emphasize dependence on the parameters studied in Remark 5.2.10 and we define
the following notation: for every T € N, we denote by Jr C R? the set Jr :=
[1;_,[—bi, 00) where b; := (B.la—y*14])),—7. (i): Consider y1,72 € [0, ag—y*) with

Y1 < Y2. We have Vi = 1, ...,T, bz<’}/1) > bz(’}/g) which 1mphes that JT(’}/1> D) JT(’YQ)

and subsequently

jz;*,y*) (T7 71) = / f€1;T (Aa* (T)l')dl’
Jr (1)

> [ fa e (o) = 3 (To2).
Jr(v2)

(ii): Consider o*, 8* € A, with Vi, af < 8 and such that 3j with of < 37. It
follows that Vt € Ny g4, zi(a*) < z,(8%)) (where z;(a*) (2(8*) denotes a linear AR(d)
process defined with coefficients equal to o* (*)) and noise process (€ )ien. Then,

\V/T € N>d,

i (T ﬂ{zt ) >7}) <P( ﬂ{zt )>7})

(ili): Let J}_l) denote {z € RT|A,-(T) 'z € Jr}, then

T (1) = POIDIAT) > =) = [ (A (D))

fel:T(x)dx - /]RT felzT(x>1J;—1) (I)d.r

g5

where 14(z) denotes the indicator of a subset A. Define g(z,a*) = f,..(z)1 20

Since g verifies all the conditions of Theorem 5.6 of Elstrodt [1996] for af := 0, we

have [or g(x,a*)dz is continuous in af. This implies that era* (1) is continuous

in o* = 0 and therefore limo+), 50 I(,- o) (T) = TG ) (T) = 57
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6.1 Summary of contributions

This chapter concludes this thesis by providing an overview of our main research
contributions and examining potential avenues for future work that build upon the

various results established in previous chapters.

In Chapter 3, we investigated the fundamental problem of estimating the Lipschitz
constant of an unknown target function under minimal parametric assumptions.
As a first theoretical contribution, we derived novel lower bounds on the sample
complexity of this problem for both noise-free and noisy sampling settings under
mild assumptions. We then proposed a simple Lipschitz learning algorithm (LCLS?!)
which we showed to be asymptotically consistent under general noise assumptions.
We established finite sample guarantees for LCLS thereby deriving upper bounds
on the sample complexity of the Lipschitz learning problem. Our analysis shows
that the sample complexity rates derived in this chapter are optimal in both the

noise-free setting and in the noisy setting when the noise is assumed to follow a

! Lipschitz Constant Estimation by Least Squares Regression.
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Gaussian distribution and that LCLS is a sample-optimal algorithm in both cases.
Finally, we showed that, by design, the LCLS algorithm is computationally faster
than existing theoretically consistent methods, and can be readily adapted to various
noise assumptions with little to no prior knowledge of the target function properties

or noise distribution.

In Chapter 4, we examined the asymptotic convergence properties of general Lip-
schitz interpolation methods under bounded stochastic noise assumptions. We es-
tablished probabilistic consistency guarantees of the classical approach in a gen-
eral context and derived upper bounds on the uniform convergence rates consistent
with well-known optimal rates of non-parametric regression in related settings. Our
bounds contribute to the literature in two ways: Firstly, from a theoretical perspec-
tive, they provide a novel characterisation of the non-parametric uniform conver-
gence rate in the bounded noise setting. Secondly, they can serve as a theoretical
tool for comparing Lipschitz interpolation to alternative non-parametric regression
methods and provide an explicit condition on the behavior of the noise at the bound-
ary of its support, indicating when Lipschitz interpolation should be expected to
asymptotically outperform or underperform other approaches. In the second part
of this chapter, we extended these results to include additional consistency guar-
antees for online learning of system dynamics in discrete-time stochastic systems
and demonstrated their usefulness in deriving closed-loop stability guarantees for a
basic online-learning-based controller. We also derived asymptotic consistency for
the fully data-driven LACKI framework (Calliess et al. [2020]) when the assumption

of prior knowledge of the Lipschitz constant is removed.

Finally, in Chapter 5, we investigated the theoretical properties, in relation to mean
reversion, of general classes of non-linear autoregressive processes that arise in the
context of machine learning-based time series modelling. More precisely, we utilised
relaxed Lipschitz-type regularity assumptions on the dynamics of these processes
to obtain geometric ergodicity /stationarity and to provide tight probabilistic upper
bounds on the first hitting times of the process as it reverts back to the mean. As

a practical case study, we demonstrated how our theoretical results can be applied
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to neural network time series models to define trading decision rules for statistical

arbitrage strategies and to provide probabilistic guarantees on the PnL.

6.2 Future Work

While this thesis has provided a comprehensive theoretical study of a variety of the-
oretical problems pertaining to Lipschitz continuous machine learning, many chal-
lenges and open problems persist. In particular, in the long run, it would be of
great interest to explore the generalisability of these types of findings beyond the
Lipschitz continuous case and to observe how the conclusions reached in this work
can be improved under strengthened functional assumptions on the target function,

particularly through the consideration of specific modern machine learning models.

For the shorter term, throughout this thesis, we have provided insight into potential
extensions and avenues for future exploration. Presented below is a concise compi-
lation of both long term goals and promising extensions stemming from the results

developed in this thesis, which we believe would be of interest for future work.

e The LCLS algorithm proposed in Chapter 3 generates global Lipschitz con-
stants. In practice, it is relatively common that local Lipschitz constants are
utilised instead to improve performance. A natural extension would there-
fore be to modify the LCLS algorithm to recursively compute local Lipschitz
constants and to obtain theoretical guarantees for this extension. Some initial

results in this direction have already been derived and are relatively promising.

e Extending the lower bounds on the sample complexity in the noisy setting
derived in Chapter 3 under stronger assumptions on the target function, a
more restricted class of Lipschitz learning algorithms and /or weaker noise as-
sumptions is another interesting potential research direction. In particular, it
would be of interest to consider the bounded noise setting of Chapter 4 which

is generally assumed when applying Lipschitz interpolation frameworks.

e With respect to the asymptotic analysis done in Chapter 4, a potential re-
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search avenue would be the derivation of lower bounds on the non-parametric
convergence rates under the same settings and assumptions. These would, ide-
ally but not unexpectedly, given existing results on the optimal convergence
rates of non-parametric boundary regression by Jirak et al. [2014], demon-
strate the optimality of the upper bounds on the non-parametric convergence

rates developed in that chapter.

The extension of the convergence rate upper bounds of Chapter 4 to the more
practical and fully data-driven extensions of Lipschitz interpolation such as
LACKI (Calliess et al. [2020]), POKI Calliess [2017] or LCLS-KI (Chapter 3)
would also be of interest. These new bounds would most likely be probabilis-
tic in nature and could potentially be obtained by combining the results of

Chapter 3 and Chapter 4.

The first hitting guarantees derived in Chapter 5 make nominal model assump-
tions and do not consider the impact of estimation error. A potential research
direction could therefore incorporate this additional uncertainty into the first

hitting time bounds to obtain a more practical result.

A more practical research direction, could consider a more comprehensive in-
vestigation into the empirical performance of the neural network-based trading
decision rules proposed in Chapter 5 when applied to enhance statistical arbi-

trage strategies.
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