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Abstract

There is a large branch of mathematics applied to biological problems,
and many of these problems deal with the movement and behaviour of
many bodies. Nevertheless, biology has many problems where the tech-
niques used for mass movement is not accurate enough. In this thesis
we use mathematical and computational tools applied to such biologi-
cal problems where, furthermore, the relative position of each element is
important to the outcome of the system. The first of the problems is in
immunology, where we focus on the interaction between a protein hooked
to the inside of a T cell and an enzyme floating in the cell’s cytoplasm.
The second biological problem we tackle on is in anthropology, where
we ask ourselves whether nomadic groups of human can meet enough
times in a year to maintain their friendships. In immunology we we pro-
pose models of integrate-partial differential equations with which we can
compare experimental data from the laboratory or results from compu-
tational simulations, and gain information about the system’s reaction
rates and particle lengths. These models use auto- and pair-correlation
functions to take spatial effects into account. In Chapter 2 we deal with
a dephosphorylating enzyme, SHP-1, and phosphorylated tails in the T
cell membrane. In Chapter 3 we deal with a phosphorylating enzyme,
ZAP-70, and both phosphorylated and dephosphorylated tails in the T
cell membrane. In both chapters we find our models have a better fit to
the experimentally obtained data, or the computational simulations in
Chapter 3, than the traditional ODE models with mean-field approxi-
mation. These models also help as a proof of concept of what is thought
to describe the interaction between the proteins involved.

Chapter 4 takes on the anthropological problem, where we seek to find
what set of physical properties allow each human to meet 150 people
(known as the Dunbar number) within a year. Although not many
hunter-gatherer societies remain in the world, this question has more
of a historical value, aiding in theories about the present-day hierarchi-
cal structure of society, the purpose of rituals such as gift-giving, and
the importance of human interaction for mental health. Through the
theoretical development we gain insight into stochastic movement in a
grid. Agent-based simulations are used to provide the number of humans
met for a range of possible parameters, such that, given a society’s basic
details, the particular number of meetings per person could be looked
up. We find that, in the simplest case, hunter-gatherers would be able
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to meet with enough people during a year to maintain their community
network in most scenarios. As is the nature of mathematics, the models
here developed could in future be adapted for other biological or physical
scenarios where elements engage similarly to the elements in each of our
problems. After all, life is a mixture of disciplines to be described in the
language of mathematics.
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other ZAP-70 enzymes may bind (as seen in Figure 3.1b). Further
phosphorylation by ZAP-70 helps activate the T cell, and hence the
immune response. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
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3.2 Representation of the in vitro experiments, using the surface plasmon
resonance (SPR) assay to emulate what happens in the cell mem-
brane, Figure 3.1. The experiment consists of a dextran matrix that
is much wider, longer, and taller than the length of the proteins, as
shown in panel (a). This supporting matrix has ITAMs tethered all
over and kinases (ZAP-70) freely flowing through the dextran matrix.
A transversal cut of panel (a) is shown in panel (b) for a clearer view
of the reactions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

3.3 Abstract representation of the laboratory experiment in the surface
plasmon resonance (SPR) assay, seen in Figure 3.2b, substituted with
general species names: A, B, and C. The kinase is purple, the ITAMs
are the blue lines, and phosphorylation is denoted by the yellow circle. 86

3.4 Graphic explanation of the reactions hypothesized to be taking place
in the SPR experiment. . . . . . . . . . . . . . . . . . . . . . . . . . . 88

3.5 Comparison between the stochastic model and the numerical solution
of the Mean Field approximation, Equations (3.13). The parameter
values used were: k∗on = 0.1 s−1, koff = 1 s−1, kcat = 0.02 µM−1s−1,
λ = 0.005 s−1. The stochastic simulation used 300, 000 initial C
molecules in a volume of 1000 × 1000 × 1000 nm3, which translates
to cT = 498.1734 µM in the Mean Field model. Length of tail used
for the stochastic simulation was L = 20 nm, the simulation had
periodic boundary conditions on all four sides, and a 100 repetitions
were averaged. Run time of stochastic simulations was 3.5 days. . . . 95

3.6 Example of numerical solution of three-dimensional MPDPDE model
of Chapter 3, shown are Equations (3.55), (3.56), and (3.57). Solved
using Matlab’s ode23. Parameter values are: k∗on = 1 s−1, koff = 1
s−1, kcat = 1 µM/s, λ = 0.001 s−1, LA = LB = 10 nm. The initial
conditions were nA(0) = eps, nB(0) = eps (where eps is the smallest
possible number different from 0 in the computer, to avoid singulari-
ties, which is 2.2204× 10−16), nC(0) = 1, and XA(r, 0) = XB(r, 0) =
XC(r, 0) = YAB(r, 0) = YBC(r, 0) = YAC(r, 0) = 1 (assuming there is
no correlation to start with because of homogeneity). . . . . . . . . . 108

3.7 Pair correlation functions of three-dimensional MPDPDE model of
Chapter 3, Equations (3.55) to (3.63). Shown are the solutions to
each pair correlation function over time at each discretisation of r,
from the closest r/L = 0.05 in green, to the furthest r/L = 4.5 in
black. Hence 90 solutions to each function. Numerically solved by
MATLAB’s ode23. Solved using Matlab’s ode23. Same parameters
and starting conditions as in Figure 3.6. . . . . . . . . . . . . . . . . 109

3.8 Three-dimensional representation of pair correlation functions of the
three-dimensional MPDPDE model in Chapter 3, Equations (3.55)
to (3.63). Same data points as in Figure 3.7 as well as parameters
and starting conditions. . . . . . . . . . . . . . . . . . . . . . . . . . 110
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3.9 Comparing the MPDPDE model and the Mean Field model to the
data produced by the stochastic simulation model. The same set of
parameters were used for all models presented here, namely: kon = 0.1
s−1, koff = 1 s−1, kcat = 0.02 µMs−1, L = 20 nm, and λ = 0.005
s−1. The stochastic simulations used 300, 000 initial C particles in a
1000×1000×1000 nm3 area with periodic boundaries. 100 simulations
were averaged for this solution. The stiff (ode15s) solver in MATLAB
was used to numerically solve the MPDPDE model. . . . . . . . . . . 111

4.1 Network layers for an average hunter-gatherer. See text for details. . 119
4.2 Biomes: regions of land with similar weather, flora and fauna condi-

tions. Different biomes are represented by different colours. Image by
Ville Koistinen, taken from: https: // commons. wikimedia. org/

wiki/ File: Vegetation. png , reproduced as permitted by the CC-
BY-SA 3.0 licence. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

4.3 Schematic diagram of stochastic diffusion illustrating parameter and
variable definitions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

4.4 Comparison of the solution to our particular case of discrete space
diffusion, Equation (4.21), in dark blue dots and the average of sim-
ulating 106 particles in light blue bars. Solution for L = 10, and an
arbitrary d = 6 km/day2. The independent variable, xk, represents
the kth compartment, and the dependent variable, P (xk, t), is the
probability for the particles to be in that compartment at the time t
indicated at the top of each figure. . . . . . . . . . . . . . . . . . . . 136

4.5 Example solution from the Gillespie SSA of the model described in
Section 4.2.2, for 2D. Average of 100 runs. Parameter values used
were: 247 unmet families initially, forgetting time of a day, length of
71× 71 km2, detection distance of 1 km, so each compartment is of 1
km2, and diffusion coefficient of 4.7 km2/day. As this was taken from
the North America: California and Northern Mexico biome, as seen
in Section 4.4.1.1, the parameter values used here were the ones used
for the BiomeMid case. . . . . . . . . . . . . . . . . . . . . . . . . . . 145

4.6 Density of families that were not yet met by the tracked family at
different time points for three different models. A family Y and 30
other unmet families moving in a one-dimensional domain of length
L = 200 km, with diffusion constant, D, of 12.25 km2/day, day spec-
ified at the top of each graph. Shown are the numerical solutions of
the PDE Equation (4.41) for U and the stochastic simulations that
used the IMM and MFRM models. A detection distance of 1 km is
used. Meeting rates of µ = 1 per day were used for the corresponding
models. For the MFRM simulations a forgetting rate of f = 1 per
day was used, although f = 0 was used for the numerical solution
of Equation (4.41). Results shown are an average of 500 simulations
each, where applicable. . . . . . . . . . . . . . . . . . . . . . . . . . . 152
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4.7 Density of tracked family at different time points for three different
models. A family Y and 30 other unmet families moving in a one-
dimensional domain of length L = 200 km, with diffusion constant
D of 12.25 km2/day, day specified at the top of each graph. Shown
are the numerical solutions of the PDEs Equations (4.40) for Y and
the stochastic simulations that used the IMM and MFRM models. A
detection distance of 1 km is used. Meeting rates of µ = 1 per day
were used for the corresponding models. For the MRM a forgetting
time of one day is used, for the MFRM a forgetting rate of f = 1 per
day was used. Results shown are an average of 500 simulations each,
where applicable. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

4.8 A family Y and 30 other unmet families moving in a one-dimensional
domain of length L = 200 km, with diffusion constant, D, of 12.25
km2/day, day specified at the top of each graph. Shown are stochas-
tic simulations of the IMM and MFRM models. The average of 500
simulations for each are shown in blue, whilst their respective stan-
dard deviations are shown in red and magenta. A detection distance
of 1 km is used. Meeting rates of µ = 1 per day were used for the
corresponding models. For the MFRM simulations a forgetting rate
of f = 1 per day was used. . . . . . . . . . . . . . . . . . . . . . . . . 154

4.9 The number of newly met families for: the numerical solutions of
the PDEs, Equations (4.40) and (4.41); the IMM stochastic; and the
MFRM stochastic simulations. Parameter values as in Figure 4.6.
The stochastic simulations (blue, cyan) were only run until day 365
because that is the range of interest. The numerical solution of the
PDEs (red) is not as computationally intensive to run, so can be run
for a longer end time. Therefore, it is shown until it reaches the
maximum (30 families in the domain) to show this limit is reached.
Results shown are an average of 500 simulations each, where applicable.155

4.10 Results for the two-dimensional IMM for data from hunter-gatherers
in California and Northern Mexico. (a) The number of families met
by Y as they were being met throughout the year. (b) The number
of times each of the other families was met by family Y on average.
BiomeMid parameter values were used, with a domain of 6006 km2

with 245 “families” of 5 individuals each, an encounter distance of 1
km, and a diffusion coefficient of 9 km2/day. Simulation of a year,
repeated 2000 times. . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
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4.11 Number of new families met over the year and number of times each
family was met for the BiomeMin, BiomeMid, and BiomeMax cases
for the Arctic biome. This is the case for the two-dimensional model
with an average of 4.4 people per family and an encounter distance
of 1 km. For the BiomeMin case we had 25 initially unmet families
in an area of 370, 881 km2, and a diffusion coefficient of 9 km2/day,
with 100 simulations. For the BiomeMid case we had 318 initially
unmet families in an area of 81, 225 km2, and a diffusion coefficient
of 25.8 km2/day, with 100 simulations. For the BiomeMax case we
had 1, 595 initially unmet families in an area of 18, 769 km2, and
a diffusion coefficient of 132.3 km2/day, with 26 simulations. All
parameter values obtained as explained in Appendix G. . . . . . . . . 164

4.12 Close up of Figure 4.11e. The orange vertical line (furthest to the
left) indicates when the 15-individual layer is met, the brown vertical
line (middle one) for the 50-individual layer, and the red vertical line
(furthest to the right) for the 150-individual layer. . . . . . . . . . . . 164

4.13 Average number of people met (left) and times most frequently met
family was met (right) by each biome, for the BiomeMin, BiomeMid,
and BiomeMax cases, as explained in Section 4.4.1.1. The BiomeMin
case can not be seen because of how small it is compared to the
BiomeMax case. BiomeMid is shown in pink (lower bars) and BiomeMax
is shown in purple (taller bars). Individual results for each society
in the Arctic and tropical and subtropical South America biomes are
shown in their respective biomes as asterisk marks so they can be
compared, although the names of the societies are not given. That
is, all the data points marked as asterisks above the Artic biome la-
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individually. This makes the comparison between the approach in
Section 4.4.1.1 (the coloured columns) and the approach in Section
4.4.1.2 (the asterisks) easier to see. . . . . . . . . . . . . . . . . . . . 168

4.14 Average number of people met (left) and times each family was met
(right) by the Labrador Inuit, in the Arctic, over a year, in 100 simu-
lations. This society had 255 unmet families in a 52500 km2 domain
with an average family of 5.7 individuals and a speed of 33.75 km/day.169

4.15 Average number of people met (left) and times each family was met
(right) by the Caribou Inuit, in the Arctic, over a year, in 100 simu-
lations. This society had 160 unmet families in a 236500 km2 domain
with an average family of 4.4 individuals and a speed of 27.5 km/day. 169

4.16 Average number of people met (left) and times each family was met
(right) by the Tehuelche, in Argentina, tropical and subtropical South
America, over a year, in 100 simulations. This society had 1799 un-
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4.17 Average number of people met (left) and times each family was met
(right) by the Ona, in Argentina, tropical and subtropical South
America, over a year, in 100 simulations. This society had 698 unmet
families in a 48100 km2 domain with an average family of 5 individuals
and a speed of 13.33 km/day. . . . . . . . . . . . . . . . . . . . . . . 172

4.18 Time taken to meet 150 people, given different: areas in which families
move, speeds at which they move, and the number of families in total
in the area, N0. Because the domains were taken as squares, only the
length of one side of the domain is given. It can be seen that larger
length increases the time to meet 150 people, whereas the increase
in people in the area (across subfigures), or the increase in speed
(lower lines in each graph), both decrease the time taken to meet the
hierarchical level. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

4.19 Log-log plot of Figure 4.18. Time taken to meet 150 people, given
different: areas in which families move, speeds at which they move,
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subfigures), or the increase in speed (lower lines in each graph), both
decrease the time taken to meet the hierarchical level. These graphs
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4.20 Gradients from linear regression results corresponding to Figure 4.19a
(lower line in light blue with squares), Figure 4.19b (dark blue line
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4.21 Intercept with y-axis when doing linear regression to Figure 4.19a
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4.25 Out of the parameter values tested, those which, within the year, hit
the number of people indicated below the subfigure are marked with
a symbol accordingly. . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

4.26 Ranked families from most met to least. We obtain the number of
times each family was met by family Y within a year and then sort
them from most met to least, then average over all 100 simulations.
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domain. (b) Maximum in all parameter values: 299 other families,
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4.27 Examining the plateau observed in the ranking of families, such as
in Figure 4.26b. Varying the number of simulations for the mean of
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4.28 Numerical solution to Equations (4.56) (left) and (4.57) (right). Hunter-
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B.1 Pair correlation functions of three-dimensional MPDPDE model of
Chapter 3, Equations (3.55) to (3.63). Shown are the solutions to
each pair correlation function over time at each discretisation of r,
from the closest r/L = 0.05 in blue, to the furthest r/L = 4.5 in
red. Hence 90 solutions to each function. Numerically solved by
MATLAB’s ode23. Parameters used are a peptide concentration of
3 × 10−4 peptides/nm3 (equivalent to a height and width of 1, 000
nm with 300, 000 peptides), k∗on = 0.1 s−1, koff = 1 s−1, kcat = 0.02
µM−1s−1, L = 20 nm, and λ = 0.005 s−1. . . . . . . . . . . . . . . . . 216

B.2 Time taken for numerical solver, MATLAB’s “ode23”, to solve our
MPDPDE system of equations up to a given ‘Experimental Time’.
p1 = 0.100000, p2 = 9.961813, p3 = 4.150755, p4 = 0.005000, CT =
0.0003 peptides per nm3, and koff = 1 per s. . . . . . . . . . . . . . . 217

B.3 Comparing the stiff (ode15s) and non-stiff (ode23) ODE solvers in
MATLAB with the data produced by the stochastic simulations from
Chapter 3. The blue line with asterisks is the difference in A concen-
tration between non-stiff solver and data from stochastic simulations,
whilst the red line with squares is the difference between the stiff
solver and the same data from stochastic simulations. We note these
are very similar. This is confirmed by plotting the difference between
the stiff and non-stiff solutions, shown by the yellow line with aster-
isks, which seems flat (at zero) on the left. The difference can only be
appreciated when we zoom in (on the right). Clearly, the solutions
generated by the ODE solvers are not too different from each other,
but ode15s managed to solve the equations much faster. . . . . . . . . 218

C.1 An example of the visualization of the Smoldyn dynamics at two
points in time. Family Y in blue, unmet families in green and met
families in red. Done with 245 initial unmet families, for 365 days,
with a forgetting time of 1 day, a detection distance of 1 km, a diffu-
sion constant of 9 km2/day, and a domain of 78× 77 km2. . . . . . . 219

C.2 Number of families that family Y has met over time, only counting
the first time they were met. Average of 2000 runs with the Gillespie
SSA compared to two particular runs done with the Smoluchowski
method using Smoldyn. The mean of the Gillespie simulations is
shown in green, whilst its first standard deviations have been added
above and below in a dashed magenta line. Done in two dimensions
with 245 initial unmet families, for 365 days, with a forgetting time of
1 day, a detection distance of 1 km, a diffusion constant of 9 km2/day,
and a domain of 78× 77 km2. . . . . . . . . . . . . . . . . . . . . . . 220
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F.1 Example solution from the Gillespie SSA for 1D for the model de-
scribed in 4.2.2, IMM, average of 2, 000 runs. Parameter values used
were: 54 unmet families initially, forgetting time of a day, length of
400 km, detection distance of 0.5 km, and diffusion coefficient of 9
km2/day. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

F.2 The dotted green line represents the mean number of different families
the family Y has met throughout the year. The dashed magenta lines
represent ±1 standard deviation. The solid blue line is the power-
law approximation obtained using MATLAB’s curve-fitting package.
Parameter values are 54 families in a 400 km domain with a speed of
5.3 km/day, and averaged from 2, 000 realisations. . . . . . . . . . . . 236

F.3 Number of new families that family Y meets each day as an aver-
age over 2, 000 realisations. These are families family Y had not met
before in the year and so represents the number of uniquely met fami-
lies each day. The solid blue line is the approximation obtained using
MATLAB’s curve-fitting package. Parameter values are 54 families
in a 400 km domain with a speed of 5.3 km/day. . . . . . . . . . . . . 237

F.4 Ordered by average number of times they meet, we see here how
many times family Y meets with other families throughout the year.
Parameter values are 54 families in a 400 km domain, and 2, 000
realisations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239

H.1 Total number of families met, regardless of new or previously met,
over the year for the BiomeMin, BiomeMid, and BiomeMax case for
the Arctic. See text for parameter values. BiomeMin case had 1
meeting, BiomeMid case had 116 meetings, and BiomeMax case had
10, 021 meetings in average by the end of the year. . . . . . . . . . . . 246

H.2 Number of new families met over the year for the BiomeMin, BiomeMid,
and BiomeMax case for the Arctic. See text for parameter values.
BiomeMin case met 0.43 new families, BiomeMid case met 63.69 new
families, and BiomeMax case met 1, 581.3 new families in average by
the end of the year. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 246

H.3 Number times each family was met by family Y over the year for the
BiomeMin, BiomeMid, and BiomeMax case for the Arctic. See text
for parameter values. The most met family was met 0.53 times in the
BiomeMin case, 6.52 times in the BiomeMid case, and 20.42 times in
the BiomeMax case in average by the end of the year. . . . . . . . . . 247

H.4 Example of 9 paths for each of the three cases for the Arctic biome.
See text for parameter values. . . . . . . . . . . . . . . . . . . . . . . 247

H.5 Total number of families met, regardless of new or previously met,
over the year for the BiomeMin, BiomeMid, and BiomeMax case for
the Arctic. See text for parameter values. BiomeMin case had 0
meetings, BiomeMid case had 91 meetings, and BiomeMax case had
190, 158 meetings in average by the end of the year. . . . . . . . . . . 248
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H.6 Number of new families met over the year for the BiomeMin, BiomeMid,
and BiomeMax case for Australia. See text for parameter values.
BiomeMin case met 0.40 new families, BiomeMid case met 43.64 new
families, and BiomeMax case met 717 new families in average by the
end of the year. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 248

H.7 Number times each family was met by family Y over the year for the
BiomeMin, BiomeMid, and BiomeMax case for Australia. See text
for parameter values. The most met family was met 0.10 times in the
BiomeMin case, 6.71 times in the BiomeMid case, and 279.38 times
in the BiomeMax case in average by the end of the year. . . . . . . . 249

H.8 Total number of families met, regardless of new or previously met,
over the year for the BiomeMin, BiomeMid, and BiomeMax case for
the subarctic and continental midlatitude forests of North America
and Asia. See text for parameter values. BiomeMin case had 0 meet-
ings, BiomeMid case had 70 meetings, and BiomeMax case had 10, 668
meetings in average by the end of the year. . . . . . . . . . . . . . . . 250

H.9 Number of new families met over the year for the BiomeMin, BiomeMid,
and BiomeMax case for subarctic and continental midlatitude forests
of North America and Asia. See text for parameter values. BiomeMin
case met 0.15 new families, BiomeMid case met 39.64 new families,
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H.10 Number times each family was met by family Y over the year for the
BiomeMin, BiomeMid, and BiomeMax case for subarctic and conti-
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H.12 Number of new families met over the year for the BiomeMin, BiomeMid,
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H.13 Number times each family was met by family Y over the year for the
BiomeMin, BiomeMid, and BiomeMax case for tropical and subtrop-
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case, and 59.97 times in the BiomeMax case in average by the end of
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H.14 Total number of families met, regardless of new or previously met,
over the year for the BiomeMin, BiomeMid, and BiomeMax case for
the tropical and subtropical South America. See text for parame-
ter values. BiomeMin case had 0 meetings, BiomeMid case had 329
meetings, and BiomeMax case had 234, 720 meetings in average by
the end of the year. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 254

H.15 Number of new families met over the year for the BiomeMin, BiomeMid,
and BiomeMax case for tropical and subtropical South America. See
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Chapter 1

General Introduction

Much of Mathematical Biology uses deterministic descriptions to model the world.

However, this approach is not always appropriate. Biology is full of systems where

interactions between a small number of elements give rise to stochastic phenomena

[4, 5, 6]. This means that systems with the same initial conditions can tend to

different outcomes, as well as a small change in the starting conditions or a random

fluctuation possibly causing large variations in the evolution of the system. Interest

in systems with stochastic phenomena has been on the rise in recent years1. There

are no absolute rules on what constitutes small numbers, but they become important

when the discrete nature of the elements in the system becomes significant, causing

a deterministic model to fail to accurately describe the system. In this thesis we

use stochastic techniques, alongside modelling that takes into account an element’s

position, to model different problems in biology.

Mathematical Biology uses deterministic descriptions because of the standard-

ized development of equations as seen, for example, in Baker [7, Table 1], analytical

1A search in Google Scholar of the terms “stochasticity, low, small, numbers” produces 349
results in the 4-year period from 2017 to 2020, and the number of results steadily decays going
back in time, down to 91 results in the period 2001− 2004
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tractability, and because it is most likely to be numerically solvable without using

much computer power. For example, continuum differential equations [8] can be

used to model the average of many entities with a small number of equations. This

modelling framework is used right across the field, from the modelling of circadian

rhythms [9, 10], to ecology with predator-prey systems [11, 12], and carbon and ni-

trogen transport processes in water due to biofilms [13], to name but a few examples.

However, when the entities are only present in low quantities it becomes necessary

to resort to stochastic techniques to assess the influence of noise, as the usual deter-

ministic description will not accurately represent the behaviour of the system [14].

Some examples of stochasticity in models are regulatory protein competition for a

switch point [15], circadian rhythms [16] and in the cell cycle [17], again just naming

a few.

Through the theory of stochastic processes [18, 19] we associate a continuous-

time modelling of stochastic events, that depend solely on the previous state of

the system and that accurately describes the behaviour of different species in the

system, with an underlying master equation, which is a set of ordinary differential

equations (ODEs). This master equation describes the evolution of the probability

density of all the possible states of the system at each time point. But the master

equation can be very nonlinear and have very high dimension so it quickly becomes

intractable in practice. There are very few simple systems for which an analytical

solution exists [20]. So, to overcome this, we often turn to stochastic simulations,

such as the stochastic simulation algorithm (SSA) developed by Gillespie [21], which

we use throughout this thesis and firstly introduce in Section 2.1.4. This kind of
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simulation algorithm requires us to simulate all of the elements and reactions in the

system, so it can be computationally intensive when population numbers grow. This

is why exact algorithms, equivalent to the Gillespie algorithm, have been created,

although the modelled system needs to be suitable for the algorithm. For example,

we use the Gibson–Bruck Next Reaction Method [22] in Chapters 2 and 3 because

it is generally thought that this is the best method to speed up most simulations

using the Gillespie SSA [23], and the techniques used in this method are helpful in

making the stochastic simulations faster. Another example is the Optimised Direct

Method [23], which requires less computing time and memory than the Gillespie

SSA, but where determining the next reaction to occur is slightly more complicated

[24]. These algorithms can be further sped up by using parallel computing [25, 26].

Besides the importance of low numbers, we are going to be considering phenom-

ena that are spatially dependent. Spatial dependence is important in areas such as

ecology [27], where modelling of specific ecological problems needs to account for

the dispersal of animals, patchiness of land, degree of aggregation, and distances

between components. Examples of this include the factors influencing habitat suit-

ability for sparrows [28], critical patch size for population density and dynamics

[29], and the spatial spread of populations [30, 31]. Whereas some models account

for space implicitly through variation in parameters, see, for example, Roughgarden

[32], we will focus on a more explicit dependence on space because of its importance

to our problems.

Stochasticity and spatial location are two distinct problems, but there are times

when taking both into consideration is important for the modelling of a system.
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We have come across three such problems at different ends of the spectrum: two

regarding protein interaction in immunology and one regarding human interaction

in anthropology.

Immunology is the study of the complex interaction of cells, tissues, organs,

and substances that defend the body against infections and other diseases. It has

made possible the study of cancer, vaccinations, organ transplantation, autoimmune

diseases, and the behaviour of antibodies, amongst others [33, 34]. But the number

of molecules involved in the immune system, and the amount of possible reaction

pathways, is so large that the study can be approached from different frameworks.

For example, multiscale modelling can be found in the cardiovascular field [35],

neural systems [36, 37], tumour growth [38], vasculature formation [39], epidermal

wound healing [40, 41, 42] and tissue engineering [43, 44].

On the microscopic level, we have biophysical and biochemical events [44, Figure

2], where molecules interact with each other. Protection from pathogens requires

detection of foreign substances and, amongst other things, activation or inhibition

of cells in the immune system [45]. These cells, such as white blood cells, obtain

their cues from external signals that begin a signal transduction cascade inside the

cell. Phosphorylation and dephosphorylation play important roles in such intracel-

lular signalling and in switching the enzymatic activity on and off [46], aiding in

the positive, or negative, feedback that leads to the fine control of the signalling

intensity [45]. For example, phosphorylation and dephosphorylation of proteins can

change the structural conformation of the proteins to allow for easier connection

with other signalling proteins [47, 48]. Chapters 2 and 3 will focus on the modelling
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and understanding of the dephosphorylation and phosphorylation, respectively, of

different trans-membrane proteins, in an attempt to further the understanding of

signal transduction and the cross-talk between signal pathways. After all, as stated

by Enjalbert and Le Pechon-Vallee [49]: “Because phosphorylation and dephos-

phorylation play an essential role in almost every regulatable cellular process, any

abnormality in protein kinase activity is likely to be a feature in human pathology.”

In Chapters 2 and 3 we study tethered signalling reactions (interaction between

proteins that take part in the signalling pathway of the T cell, where at least one

of the components is bound to a substrate), including binding and catalytic reac-

tions, and molecular reach, which is the possible interaction between two tethered

molecules depending on their length, flexibility, and the distance between them. Al-

though binding and catalytic reactions have been well studied [50, 51, 52, 53], we

include molecular reach, as its influence on other molecules is less understood [54].

We currently do not have a way of thinking about space in these problems, so we

will develop a framework in which we can address these problems. The hope is that

this work will contribute towards the ongoing effort to understand T cell regulatory

mechanisms, a study that has been growing rapidly in the last few years because

of the recognition of its importance and advancements in experimental technology,

such as cell imaging [45].

Understanding the T cell regulatory system and the way in which phosphoryla-

tion and dephosphorylation affect surrounding proteins could, in future, be used for

immune system treatments. Because dephosphorylation and phosphorylation are

present in so many protein-protein interactions and dictate T cell activation, these
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treatments could range from vaccine development to therapies for autoimmune dis-

eases and cancer. But, furthermore, because the work is of a basic scientific nature,

many more important questions and research paths in immunology could be found

by shinning a light on our ignorance. This theme has application and further re-

search in mind.

Our second theme stems from anthropology. Anthropology is the study of hu-

man behaviour throughout time, ranging from human biology all the way through

to its societies and culture [55]. It is a large field that has branched out into spe-

cialized fields, like physical anthropology, cultural anthropology (ethnology), social

anthropology, linguistic anthropology, and psychological anthropology. Currently,

anthropology is being applied to problems such as understanding global health [56].

Specifically, understanding the role of loneliness on mental health is an issue of great

importance, particularly during periods of social isolation, which are presently being

forced upon us by COVID-19.

Friends help with external threats, as well as internal ones, support us in dealing

with stressful situations, provide help practically and economically when needed,

and make us feel happier, amongst other advantages. As stated in Dunbar [57],

“Friendship is the single most important factor influencing our health, well-being,

and happiness”. This is also true for anthropoid primates like baboons [58, 59, 60, 61]

and even wild horses and zebras [62, 63], as we share being social animals. Yet, group

sizes in humans are larger than, say, similar apes. This is, in part, because group

size correlates with brain size in primates [64, 65], where group size is identified as

the number of people with whom a person has a relationship by personal contact
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[65]. Human group size has been almost the same since we were hunter-gatherers.

Dunbar’s work [65] suggests that humans maintain interaction with around 150

people, the so-called “Dunbar number”. Seeing as social bonds may have a strong

influence on the longevity and quality of life, it strikes us as important to understand

the processes that gave rise to the Dunbar number and the evolutionary origins of

our societal dynamics. With this idea in mind, in Chapter 4 we explore how this

number may emerge from a study of interactions between hunter-gatherers given

different conditions of population size, area of roaming, and walking speed. This

research hopes to help answer questions related to human bonding over different

conditions, like the appearance of gift-giving when conditions were too harsh for our

ancestors to meet regularly, and the importance of face-to-face interaction for our

mental health.

Further, more detailed, information on each topic can be found in each chapter,

as each chapter begins with an introductory section on the literature of the relevant

theme.

In both the immunological and anthropological themes, stochasticity and loca-

tion are important. In immunology, the number of interacting proteins is huge, but

because of their tethered state they are restricted to effectively interacting with just

a few other proteins, making stochasticity important for the calculation of some re-

action rates. The anchored condition and specific length of each protein also mean

that the distance between them is important for their interaction. On the other

hand, hunter-gatherer societies have hundreds of individuals roaming around, but

we concern ourselves with following one individual and their interactions with ev-
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ery other individual or group. This means that, effectively, we are dealing with

“one-against-one”, and thus stochastic effects become important. Similarly, because

hunter-gatherers would only interact when close to each other, their location needs

to be considered. Even today, with the existence of technological advances, letters,

email and video-calls, we only have 150 close contacts [65, 66]. If we subscribe to

Dunbar’s idea, we can see that these tools can help us maintain the 150 friends, but

they do not extend this number.

As we can see, the themes of stochasticity and location run across a large range

of spatial scales, from interactions between proteins in the cell, to the maintenance

of societies. We show, by looking at problems from diverse biological backgrounds,

that these seemingly very different examples all share underlying common themes,

and we illustrate the importance of addressing them pertinently for understanding

and prediction. We draw from mathematical and computational techniques to better

understand our bodies and friendships.

1.1 Contributions

For Chapter 2: Jesse Goyette and Omer Dushek designed the research. Jesse

Goyette, Nicola Coker-Gordon and Marcus Bridge performed the laboratory ex-

periments with which the models were compared. Samuel A. Isaacson and Jun

Allard developed the stochastic simulations. Citlali Soĺıs Salas and Omer Dushek

developed the analytical and numerical models. Citlali Soĺıs Salas developed the nu-

merical solvers, fitted the data, produced the graphs, and wrote the chapter. Philip

Maini, Thomas Woolley and Omer Dushek read and commented on the written
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the results. Philip Maini, Thomas Woolley and Robin Dunbar read and commented
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Chapter 2

Tethered Enzymatic Reactions:
Dephosphorylation

2.1 Introduction

The work in this chapter, up to Section 2.4, has been published in the Appendix

section of the paper Goyette, Soĺıs Salas, et al. [1].

Our body’s immune system is composed of cells and proteins dedicated to iden-

tify, restrain, and ultimately destroy, pathogens. T cells form a key part of the

adaptive immune system and are able to recognise threats through their cell surface

receptors. Understanding how these surface receptors work is important because

they control the activation of T cells, which, in turn, control infections. Our current

understanding of these receptors is already being exploited for cancer therapy and

improvements in this understanding may improve therapies. It is also important to

understand the mechanisms that “turn” the T cells “on and off”, as an over-reaction

of the immune system may lead to autoimmune diseases and allergies, whereas an

under-reaction may open the body to a huge amount of pathogens, which is what

occurs in HIV, for example.
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An example of an important surface receptor on T cells is LAIR-1, whose cyto-

plasmic tail can recruit an enzyme called SHP-1. When SHP-1 is bound to LAIR-1

at the cell surface, it can act on substrates that it can reach by dephosphorylating

them. This is how the receptor LAIR-1 is thought to transmit signals and help

reduce the T cell reaction. However, although the chemistry of this process can be

verbally described, there has yet to be any quantitative analysis of this reaction.

We hypothesise that the tethered property of LAIR-1 helps stop T cell activation,

and with this work we seek to verify that LAIR-1 and SHP-1 interact as thought,

as well as quantify their reaction rates.

The work in this chapter is motivated by experiments that have been performed

to quantitatively assess the binding and catalytic interactions between SHP-1 and

LAIR-1. The technique used is explained in Section 2.1.1. The data from these

experiments were sufficiently precise to allow fitting of mathematical models. This

is important because obtaining a suitable mathematical model means that more

information could be obtained from the experiment, fewer experiments would be

necessary, and possibly more could be learnt from other such experiments.

Once we tested a range of deterministic models it became apparent that we were

in need of a faster way to verify the models and their representation of the physical

phenomena we were attempting to model, because we had only a few laboratory

experiments and producing more was timely and costly. We hence constructed a

computational stochastic model (Section 2.1.4) which encompassed recreating the

physical phenomena we considered to be happening in the experimental assay. Once

the similarity of the computational, or in silico, data to the experimental, or in vitro,
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data was shown we could use the in silico data to test and refine our deterministic

model, as seen from Section 2.2.2 onwards. The fitting and comparison of our

deterministic model against in silico data, where the parameters are known, gave

us a good idea of the closeness of the model’s predictions to the real values of the

parameters, as seen in Section 2.4.

Although the computational stochastic model tests similar concepts to our de-

terministic model, the deterministic model proves to be much faster, which is why

it is preferred. The deterministic model can then be used to inform the laboratory

experiments on parameters that could yield interesting behaviour, saving both time

and money.

In Section 2.1.1 we will describe the relevant biological interactions taking place

in the cell, from which we abstract the mathematically relevant components in Sec-

tion 2.1.3. In Section 2.1.4 we present the computational stochastic model with

which we corroborate our deterministic model. Section 2.2 shows a simpler de-

terministic model, a coupled system of mean-field ordinary differential equations

(ODEs), that do not capture the experimental behaviour appropriately. We there-

fore then derive a model that consists of a coupled system of non-linear partial

differential equations that better describe the reaction scheme in Section 2.3, mak-

ing use of the stochasticity of the system and taking location into account. We name

this the MPDPDE model. We solve it numerically in Section 2.3.3. In Section 2.4

we compare our MPDPDE model with the computational stochastic model. We

then realised some of the differences between the MPDPDE model and the stochas-

tic simulations could be due to boundary conditions so, finally, in Section 2.5 we
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adapt the MPDPDE model (which was previously solved in three dimensions) to

two dimensions. We compare the two- and three-dimensional MPDPDE model to

the stochastic model in Section 2.5.2, and then we test the suitability of our two- and

three-dimensional solutions for a range of geometries going from a two-dimensional

plate to a three-dimensional box to check when each model is best for each geometry,

and at which height of box does this switch occur.

Goyette, Soĺıs Salas, et al. [1] were able to adequately fit the MPDPDE model

developed here to the experimental data available (seen in Figure 2.3). Using a

statistical fit, they were able to isolate a specific parameter set to use. This pa-

rameter set is also used throughout this chapter to compare with other models and

with MATLAB’s nonlinear least-squares solver. When referring to the “parameters

obtained from Goyette et al. [1]”, this is what we refer to.

In the end, our aim is to understand SHP-1’s influence on the immune response

and gain a better knowledge of how it works. In future, we could use this knowledge

to improve our use of drugs, enhancing or stopping SHP-1 function when tackling

illnesses such as cancer or auto-immune diseases.

2.1.1 Biological background

Immune cells detect their environment using proteins on the surface of their mem-

brane, called receptors. As seen in Figure 2.1, these receptors have sections towards

the outside of the cell and towards the inside. The outside section binds to other

proteins and recognises them. The section inside, in the cytoplasm, is called the

‘tail’. The T cell is a specific example of an immune cell, containing many differ-
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ent receptors on its surface. T cells can recognise components of pathogens when

specific antigen receptors bind these pathogen components, inducing a large signal

transduction pathway, which ultimately can lead to T cell activation. Activated T

cells can perform various effector functions, such as the secretion of cytokines, that

can mobilise a global immune response. On the other hand, the T cell has other

receptors that can inhibit its activation, so that the system does not overreact. For

example, LAIR-1 is one such receptor. Overall, the combination of activating and

inhibiting receptors determines whether or not the T cell will become activated.

If we look closely at the reaction occurring inside the T cell, we will find recep-

tor tails that become phosphorylated (activated) when an outside protein matches

the specific receptor. Because the phosphorylation and dephosphorylation of these

signalling tails determines whether or not a T cell will become activated, there is

interest in understanding how receptor tails interact with enzymes, such as kinases

and phosphatases, that catalyse these reactions. Phosphatase enzymes accelerate

the dephosphorylation of phosphorylated proteins that they can reach nearby. The

interaction between the receptor tails and corresponding enzymes will depend on the

binding kinetics of the enzyme to the receptor tail, the catalytic rate of the enzyme

acting on the substrate, and on the ability of the enzyme to reach the substrate

[51, 67].

We look in particular at the interaction between a specific cytoplasmic tail that

contains an immunoreceptor tyrosine-based inhibitory motif (ITIM) that serves as

a binding site for the enzyme SHP-1. Inhibitory receptors on immune cells contain

ITIMs in their cytoplasmic tails and, therefore, SHP-1 can bind to many different
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inhibitory receptors when they are engaged with their ligands outside the cell. SHP-

1 has three domains, two of which can bind to the phosphorylated ITIM and will

leave SHP-1 “activated” [8]. The final domain in SHP-1 is the catalytic domain that

dephosphorylates other proteins. An example of this pathway can be seen in Figure

2.1. It is known that SHP-1 reduces immune cell activation [68] by dephosphorylat-

ing other proteins in the surrounding area. This dephosphorylation would inhibit

the signalling cascades that promote activation of the cell [69]. In other words,

SHP-1 is thought to reduce phosphorylation at the cell membrane that is required

for immune cell activation.

Although the function of SHP-1 relies on it binding (tethering) to an ITIM and

then acting on other substances, most experiments that study SHP-1 have used

systems that omit this tethering process. As a result, the ‘reach’ of the reaction has

not been studied. In this project an experimental assay, known as surface plasmon

resonance (SPR)[70, 71], was used to study SHP-1 tethered reactions. The objective

of the work is to develop a quantitative assay that can provide the binding kinetics,

catalytic rate, and molecular reach for SHP-1 tethered reactions. We think of the

SPR experiment as a simplification of what may happen in the cell’s membrane, and

a translation of Figure 2.1 into what happens in the SPR can be seen in Figure 2.2.

In this technique the proteins of interest, in this case the receptor tails, or ITIMs,

are fixed in a three-dimensional dextran matrix1. Therefore, unlike the membrane,

where the receptor tails move within the 2D membrane plane, in our experiment

1A dextran matrix is a support matrix used as a medium to tether proteins for experiments,
made of a glucose derivative. The matrix has a web-like structure, due to the branched condition.
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Figure 2.1: Sections of two cells. The higher, red one, is an undesired cell that
presents antigens on its surface and is to be detected. The lower one is a T cell with
both inhibitory and antigen receptors. LAIR-1 is an inhibiting receptor. When
LAIR-1 binds to an inhibitory external protein it gets phosphorylated. SHP-1 en-
zyme, which floats in the cell cytoplasm, binds to the phosphorylated tail of LAIR-1
(its ITIM) to become activated and inhibit other protein reactions, like the phospho-
rylation of the T cell antigen receptor. The T cell antigen receptor would otherwise
go on to activate the immune reaction of the T cell.

they are fixed and immobile. In the cell, SHP-1 would be floating in the cytoplasm,

whilst in the SPR assay a solution with a known concentration of SHP-1 is constantly

being injected over the dextran matrix. This means that there is never a shortage

of SHP-1. A schematic representation of this can be seen in Figure 2.2. The SPR

experiment provides a high sensitivity measure of the fraction of ITIMs bound by

SHP-1 over time with 10 Hz time resolution and a very high signal-to-noise ratio.

An example of the output can be seen in Figure 2.3.

The experiment starts with all ITIMs phosphorylated. As SHP-1 is washed over
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Figure 2.2: Representation of what happens in the in vitro experiment, using the
surface plasmon resonance (SPR) assay. The lower, blue, rectangular section rep-
resents the dextran matrix to which the unphosphorylated (blue squiggly line) and
phosphorylated (blue squiggly line with a yellow spot on top) tails are tethered. A
buffer solution with a known concentration of SHP-1 is injected over the matrix and
flows over it in the direction shown. The SHP-1 phosphatase then binds and unbinds
to phosphorylated tails from the solution. SHP-1’s catalytic domain dephosphory-
lates phosphorylated tails, inhibiting them, either from the solution or when bound
to another phosphorylated tail.

the matrix, some SHP-1 binds to the phosphorylated ITIMs from the solution. This

binding is reversible so that SHP-1 can bind and unbind from phosphorylated ITIMs.

Once bound, a SHP-1 can reach out and dephosphorylate nearby phosphorylated

ITIMs. Once dephosphorylated, an ITIM cannot go back to being phosphorylated.

It is important to note that SHP-1 can only bind to phosphorylated ITIMs and,

therefore, as it dephosphorylates ITIMs over time, it also reduces the total number

of binding sites. This is why binding, after initially increasing, starts to decrease over

time. It is also important to note that when an ITIM is bound by SHP-1, it cannot

be dephosphorylated (either by the SHP-1 to which it is bound, or another SHP-1
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Figure 2.3: Data from the in vitro experiment using the surface plasmon resonance
(SPR) assay. The fraction of phosphorylated tails bound by SHP-1 is shown with a
10 Hz time resolution. Starting time is as soon as the solution of SHP-1 is injected.

nearby). It is well known that binding protects these sites from dephosphorylation.

Although the majority of experiments are performed with a dextran matrix so

that the ITIM is fixed in 3D space, experiments can also be performed without the

matrix so that the ITIM is fixed directly on a 2D flat surface. We discuss these

geometries in Section 2.5.

2.1.2 From experiment to mathematical abstraction

As mentioned in the Introduction, the models to be developed here can be applied to

any couple of proteins or entities where one is tethered and the other one docks with

it and interacts with its own docking site. Because we are interested in the reactions

taking place amongst the proteins, we define and name each of the necessary species.

The phosphorylated ITIM, or tail, will be species A. The structure made by
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(a) Species A. (b) Species B. (c) Species C.

Figure 2.4: Representation of the biological structures as used for our mathematical
models. The phosphorylated receptor tail is species A (shown in (a)), the compound
of the SHP-1 enzyme bound to the phosphorylated tail is species B (shown in (b)),
and the unphosphorylated receptor tail is species C (shown in (c)). Adding a couple
of phosphate groups (coloured yellow) to C makes molecule A, enclosed in the green
rectangle. Finally, the whole group of A plus the SHP-1 enzyme (coloured in orange),
makes molecule B, enclosed in the orange rectangle.

an entity from species A bound by the SHP-1 enzyme will be species B. Finally,

the unphosphorylated tail will be species C. The names can be seen in Figure 2.4,

which is a representation of species A, B, and C in Figure 2.1. Figure 2.5 conveys

how the experimental set-up from Figure 2.2 would translate into our abstraction.

Given that the ITIM is fixed in space, it follows that species A, B, and C are

also all fixed in space. As a result, when a free ITIM (state A) is bound by SHP-1

(to form state B), it can convert nearby A molecules into C provided that they are

within reach. This is illustrated in Figure 2.6.

We note that A can turn into B and back, a B cannot be turned into C, and that

once A has been turned into C it cannot go back. This means A+B+C is a constant

equal to the initial concentration of ITIM (i.e. A(t) +B(t) +C(t) = A(t = 0) since,

initially, B and C are zero). Throughout the experiment we can observe the fraction

of B with great accuracy. All reactions are further specified in Section 2.1.3.
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Direction of flow

A B C

Figure 2.5: Representation of the laboratory experiment in the surface plasmon
resonance (SPR) assay, seen in Figure 2.2, but substituting with general species
names: A, B, and C.

Reach 
length

L

A

Dephosphorylate

B

Figure 2.6: Graphic explanation of the Reach length, L, associated with B due to
it being anchored at one end, but free at the other end. The theory is that B can
dephosphorylate any phosphorylated protein within the sphere of radius L (although
only half a sphere is depicted here the B can move around the full sphere).

21



We assume that it does not matter which binding site SHP-1 uses to bind with

the tail in order to become B. Therefore, the objective is to use a deterministic

model to infer the biochemical and biophysical constants of these reactions by only

observing how much SHP-1 is bound over time. Nevertheless, with the help of the

models developed here, the difference in reaction times presented by binding with

different binding sites was further studied and the results are included in Goyette

et al. [1, Fig. 6].

2.1.3 Reaction scheme

We start developing our models by equating the interaction of the proteins in the

surface plasmon resonance (SPR) assay to chemical reactions.

As SHP-1 binds and unbinds from A, we will have an on rate, kon, and an off

rate, koff . SHP-1 that has un-docked effectively returns to the bulk pool of free

SHP-1 in solution. Because of the constant flux of SHP-1 and because the amount

of A is very small relative to the amount of bulk SHP-1, we assume that the pool

of SHP-1 is not depleted by binding to A. This reaction may be written as:

A
FT kon

�
koff

B,

where FT is the concentration of injected SHP-1, which we consider constant.

Once SHP-1 is bound to A (together labelled as B), it may dephosphorylate

surrounding A with a catalytic rate, k∗cat, resulting in C. For this to happen, B should

be able to reach A, which means the reaction also depends on σ(r), a function for the

distance between the A and B reaction sites when anchored a distance r apart. σ(r)

is developed and further explained in Section 2.2.1. k∗cat is the combined probability
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of A and B coming together and B actually dephosphorylating A, rather than not

reacting. Together, this reaction will look as follows:

A+B
k∗catσ(r)−→ B + C.

The right hand side of the reaction has a B molecule because the A molecule is

changed to C, but B is unaltered.

Finally, the possibility exists of SHP-1 dephosphorylating A directly from the

solution without first binding to an ITIM, which we will denote as a solution catalytic

rate, λ. We expect λ to be very low compared to k∗cat at the beginning of the

experiment because it seems more difficult for SHP-1 and A to find each other when

SHP-1 is floating in the large space that the solution occupies, than for B reacting

with A from a tethered point within reach, yet this is one of the issues we wish to

explore. The reaction is therefore modelled as:

A
λ−→ C.

The idea that B will react with surrounding A whilst docked suggests that the

combined length of the entities involved will play a role in the reaction speed. We

will see in Section 2.2 that we require spatial correlations in our models to consider

such effects.

Figure 2.7a shows a typical curve for B particles from the experiments. As

SHP-1 starts to be injected it rapidly binds to A, but soon thereafter the binding

decreases even though SHP-1 is still being injected and the association phase is still

in process. We hypothesise that the reason for this decrease in binding is because
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of the catalytic process, where docking sites are being dephosphorylated and SHP-1

has fewer binding sites.
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(a) Parameters used for the stochastic simulation: kon = 0.117 s−1, koff = 1.27 s−1,
kcat = 0.00837 µM/s, L = 21.9 nm, λ = 0.0005 s−1. These parameter values were
obtained from paper [1]. Periodic boundary conditions on a 1000× 1000× 1000 nm3 cube
with N0 = 58470 initial A were used. The average of 500 simulations, which took a total
of 7.38 hours to run, is shown.

Figure 2.7: Example of experimental data obtained from the surface plasmon res-
onance (SPR) for the fraction of B compared to stochastic simulations. The blue
dotted line is the experimental data and the purple dashed line is a fit using the
stochastic model, explained in Section 2.1.4. Parameters used for the stochastic
simulation are stated in each subfigure caption.

Following this description, the present deterministic model is developed in Sec-

tion 2.3, which is hoped to better explain what can be observed in the experiments.

A stochastic simulation model was made by Dr. Samuel Isaacson (University of

Boston) and Dr. Jun Allard (University of California, Irvine), explained in Section

2.1.4, which is used to compare our model in Section 2.4.
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(b) Parameters used for the stochastic simulations: kon = 0.0724 s−1, koff = 0.7695 s−1,
kcat = 0.0097 µM/s, L = 20.1679 nm, λ = 0.0097 s−1. These parameter values were
obtained from fitting our multi-particle density PDE model (developed in Section 2.3,
Equations (2.59) to (2.57), called MPDPDE 3D model) to the experimental data. Periodic
boundary conditions on a 1000× 1000× 1000 nm3 cube with 58470 ITIMs was used. 500
simulations, took a total of 6.55 hours to run.

Figure 2.7: (Continued) Example of experimental data obtained from the surface
plasmon resonance (SPR) for the fraction of B compared to stochastic simulations.
The blue dotted line is the experimental data and the purple dashed line is a fit using
the stochastic model, explained in Section 2.1.4. Parameters used for the stochastic
simulation are stated in each subfigure caption.

2.1.4 Stochastic Simulation

In order to ensure that our deterministic model accurately captures the chemistry

in the SPR experiments, a stochastic simulation coded by Dr. Jun Allard and

optimised by Dr. Samuel Isaacson was used. We note that deterministic models can

often be solved analytically or numerically much more quickly than computational,

stochastic models, making the former useful for more detailed data fitting. The

stochastic simulation of the reaction scheme described in Section 2.1.3 was coded

using MATLAB and C++. The Gibson-Bruck Next Reaction Method was used, a
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variant of the Gillespie Stochastic Simulation Algorithm (SSA) [72, 73] where the

next reaction time of each reaction is calculated and the reaction whose next reaction

time is shortest is fired. A tree is used such that only reaction times that need to be

updated after the chosen reaction are updated, saving time. This algorithm consists

of 8 general steps:

1. Initialize, by setting A molecules randomly in a cuboid of side sizes w, l,

and h, depending on the initial number of A, defined as N0, and the desired

concentration. For the simulation, only the coordinates of each particle are

recorded and the distance between these and the neighbours within a distance

of rmax, making the simulation continuous in space. Set time, t, to 0.

2. Generate a dependency graph, G, detailing which reactions depend on which.

3. Determine the time step, τi, at which each chemical reaction, i, will occur by

a process that draws random numbers from a uniform distribution in the unit

interval. Store these time steps in an indexed priority queue, P .

4. Determine which reaction will occur by firing the chemical reaction i for which

τi is smallest in P .

5. Update the time t to the chosen τi.

6. Update the corresponding population due to the chosen reaction.

7. Generate new time steps only for the reactions that need to be updated ac-

cording to G. Replace in P the time values that had to change with the new

reaction time, t+ τi.
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8. Repeat from step 4 until the desired final time is reached.

When dealing with diffusion, the Gillespie SSA and its variants, like the Gibson-

Bruck Next Reaction Method used here, are discrete in space, because diffusion

needs to be calculated between blocks of space. But the ITIMs in our experiments

are fixed in space and can be randomly allocated at the beginning of the simulation

in a continuous space, therefore every species we model is in fixed in a continuous

space. The distance between the ITIMs is then calculated and stored so this only

needs to be done once and only reactions between molecules close enough to each

other need to be considered. Therefore, the stochastic simulation in this chapter

(and the next) is done in continuous space.

The agreement between the data and the stochastic simulations is very good,

as can be seen in Figures 2.7a and 2.7b where the reported R2 value is 0.99, very

close to the perfect fit of 1. The experimental data in Figures 2.7a and 2.7b are the

same, but the parameters used for the stochastic simulations in each are different.

Figure 2.7a uses the parameters as obtained by Goyette et al. [1], where we do

a parameter scan (testing the fit of different sets of parameters within the possible

range of each parameter), whereas the parameters used for the stochastic simulations

in Figure 2.7b were obtained by fitting the model developed in Section 2.3. This

agreement between the SPR data and the stochastic simulations points towards the

confirmation that the main behaviour of the proteins involved in the experiment is

close to the behaviour detailed in Section 2.1.3, as previously thought.

These computational stochastic simulations were further used to generate arti-
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ficial (in silico) data against which our deterministic models, developed in Section

2.3, could be tested. This means that the model parameters that generated the data

are known and the model’s accuracy can be tested.

2.2 Mean field approximation for protein dephos-

phorylation by SHP-1

We now have a computational model that we can fit to the experimental data but, as

noted in Figure 2.7, it takes hours to run a sufficient number of simulations to have

an average that smooths out the stochastic variations. This is not ideal time-wise,

especially when several parameter sets have to be explored in search for the best fit.

Hence we will develop an analytically tractable model that can hopefully be solved

quicker. We will first start with the simplest model we can think of that takes into

account the reactions proposed in Section 2.1.3, the classical mean-field model.

The chemical reactions considered, then, are as follows:

A
FT kon

�
koff

B (2.1)

A+B
k∗catσ(r)−→ B + C (2.2)

A
λ−→ C. (2.3)

Here, σ(r) gives the concentration of other A particles at a distance r from B, as

described in the section that follows.

2.2.1 Interaction kernel σ(r)

We introduce the interaction kernel σ(r), which is related to the probability that

the end points of two proteins will be at the same coordinates despite their anchor
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points being a distance r apart.

We can think of the proteins in these experiments as long chains of joint segments.

This segments are composed of chains of amino acids, depending on the polymer.

The first assumption will be that the segments can form any kind of angle at their

junctions, even if that means the segment will overlap others. This is known as a

freely-jointed chain, or random-flight chain, due to its similarity to random walk

theory [74]. We can think of the chain as having n segments each of length a, as

exemplified in Figure 2.8. We see in Yamakawa [75] that a measure for the average

size of the chain can be obtained from:

L = 〈R2〉1/2 = n1/2a, (2.4)

where R is the distance from the beginning of the chain to the tip at any one time

point and 〈〉 gives the average of all these time points. Hence, L can be thought of

as the “reach”.

Figure 2.8: Representation of a random-flight chain, or freely-jointed chain, with
n = 16 segments. Each segment’s length is a, but the root-mean-square distance
from the first to the last point is equal to LA.

Since our proteins have many sections, we can safely assume that n � 1. The

random-flight chain theory also requires a final assumption that R/na � 1, which
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implies that the chain bends easily. With these assumptions we can follow the work

in Yamakawa [75] and obtain an expression for the probability distribution function

of having the last point in the chain at a point ~r from the beginning of the chain:

P (~r) =

(
3

2πL2

)3/2

exp

(
−3~r · ~r

2L2

)
. (2.5)

Because of the properties of a random walk, this probability distribution has the

form of a Gaussian. This is why this type of chain can also be called a Gaussian

chain.

Now, we are interested in calculating the probability of particles A and B reach-

ing each other depending on how far apart their starting points are. As can be seen

in Figure 2.9, we have a probability distribution PA for chain A and a different prob-

ability distribution PB for chain B. PA(~r) d~r is the probability that the end point

of chain A lies between ~r and ~r + d~r. Similarly, PB(~r′) d~r′ is the probability that

the end point of chain B lies between ~r′ and ~r′ + d~r′. Multiplying PA(~r′)PB(~r′ − ~r)

determines a joint probability distribution function, which gives the number of con-

formations where A and B’s tips are in close proximity to each other divided over

the number of all possible conformations for A and B’s tips. We assume that chain

A has an average length LA and chain B an average length LB.

To calculate the probability density of both of the chains finding each other at

~r′, regardless of where that ~r′ is, we integrate this product over all space. This will
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Figure 2.9: Visual explanation of how both chains’ end points point to the same
point in space although chain A starts at the origin and chain B starts at ~r.

be our σ(r):

σ(r) =

∫
V olume

PA(~r′)PB(~r′ − ~r) d3r′

=

∫ 2π

φ=0

∫ π

θ=0

∫ ∞
r′=0

r′2 sin θ

(
3

2πL2
A

)3/2

exp

[
−3~r′ · ~r′

2L2
A

]

·
(

3

2πL2
B

)3/2

exp

[
−3(~r′ − ~r) · (~r′ − ~r)

2L2
B

]
dr′ dθ dφ.

Therefore:

σ(r) =

[
3

2π(L2
A + L2

B)

]3/2

exp

[
−3r2

2(L2
A + L2

B)

]
. (2.6)

From this expression we see that the probability density for the two chains finding

each other is dependent on the sum of their reach (L2
A + L2

B, which we define as

L2
A + L2

B = L2, due to their indistinguishability).

2.2.2 Mean Field Approximation

Since the equation for C decouples from those for A and B, we can simply use

the conservation relationship to determine C(t) once A(t) and B(t) are determined.
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Therefore system (2.1) to (2.3) reduces to:

A
k∗on

�
koff

B (2.7)

A+B
k∗catσ(r)−→ B (2.8)

A
λ−→ ∅, (2.9)

where k∗on = FTkon, as we assume FT , the amount of available SHP-1 in the substrate,

will be constant.

When presented with a set of chemical reactions, like those in Equations (2.7)

to (2.9), we would normally try to obtain the reaction rate equation. The reaction

rate equation is the expression of the evolution of the mean A and B molecule

numbers [7]. We derive a set of reaction rate equations from a phenomenological

point of view. To introduce space, we will use σ(r). Whilst for reactions between

two molecules the division over the volume of the system would normally account

for the fact that the larger the system is, the harder it is for two molecules to collide

and react, σ(r) will take care of this as it makes the reactions less likely the further

away two molecules are from each other. The larger the system, the bigger r can

become, and σ(r) will decrease appropriately.

The set of equations will be:

∂nA(~x, t)

∂t
= −(k∗on + λ)nA(~x, t) + koffnB(~x, t)

− k∗cat

∫
σ(~x− ~x′)nA(~x, t)nB(~x′, t) d3~x′,

∂nB(~x, t)

∂t
= k∗onnA(~x, t)− koffnB(~x, t), (2.10)

where ~x is the three-dimensional position vector, and nA and nB are the densities of
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A and B molecules, respectively, at a point ~x. Here, the first two terms on the right

hand side of the nA equation follow from the law of mass action [7], whilst the third

term accounts for the interaction between each A and B molecule throughout the

system, using σ(r) to account for the space between molecules, as explained above.

We assume the system volume grows to infinity for ease of calculation, because we

know that the interaction between molecules will mostly depend on σ(r), which

decays rapidly, and because we know a priori that the sizes of the proteins in the

SPR experiment are much smaller than the size of the dextran matrix, so we assume

this to be a good enough approximation.

Because the initial conditions are spatially homogeneous (i.e. nA(t = 0) = A0/V ,

with A0 being the initial number of A molecules in the system and V the volume

of the system, and nB(t = 0) = 0), there is no diffusion, and the reactions are

symmetric, it follows that nB(~x, t) and nA(~x, t) should remain spatially homogeneous

for all time. That is:

nA(~x, t) = a(t),

nB(~x, t) = b(t), (2.11)

where a and b are the density of A and B, respectively, throughout space.

As initial conditions we will have that:

a(t = 0) = aT ,

b(t = 0) = 0, (2.12)

with aT the total density of initial A in the dextran matrix. Therefore, rescaling by
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aT , we can rewrite Equations (2.10) as:

da(t)

dt
= −(k∗on + λ)a(t) + koffb(t)

− k∗cata(t)b(t)aT

∫
σ(~x− ~x′) d3~x′,

db(t)

dt
= k∗ona(t)− koffb(t). (2.13)

This set of ordinary differential equations (ODEs) constitutes the traditional mean

field approximation in the classical deterministic description.

As we assume an infinite space there are no boundaries in this mean-field model,

as opposed to the periodic boundary conditions used in the Stochastic Simulations

described in Section 2.1.4.

We now compute the integral term. Because σ(r) only depends on the absolute

distance between particles we can write it as σ(|~x − ~x′|). In spherical coordinates

this is: ∫ 2π

φ=0

∫ π

θ=0

∫ ∞
r′=0

r′2 sin θσ(|~x− ~x′|) dr′ dθ dφ. (2.14)

The integral is done step by step in Appendix A. The result is:

∫ 2π

φ=0

∫ π

θ=0

∫ ∞
r′=0

r′2 sin θσ(|~x− ~x′|) dr′ dθ dφ = 1. (2.15)

Substituting Equation (2.15) into Equations (2.13) yields the complete mean-

field equations:

da(t)

dt
= −(k∗on + λ)a(t) + koffb(t)− k∗cata(t)b(t)aT ,

db(t)

dt
= k∗ona(t)− koffb(t). (2.16)

The steady state of this system is easy to calculate, so we will obtain it for future
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reference and to check against data. The steady state solutions to this system are:

a = 0,

b = 0, (2.17)

or:

a = − λL
4koff

9k∗catk
∗
on

,

b = − λL4

9k∗cat

. (2.18)

The steady state of Equation (2.18) is negative and so not possible if we start with

non-negative initial conditions (nor biologically realistic).

To analyse the linear stability of the steady state point (2.17), we linearise about

the point. The eigenvalues that characterise the late-time behaviour around this

steady state point, (0, 0), are:

E =
k∗on + λ+ koff ±

√
k∗2on + λ2 + k2

off + 2λk∗on + 2k∗onkoff − 2λkoff

−2
. (2.19)

The corresponding eigenvectors are:

~V1 =

(
k∗on+λ−koff+

√
k∗2on+λ2+k2

off+2λk∗on+2k∗onkoff−2λkoff

−2k∗on

1

)
, (2.20)

~V2 =

(
k∗on+λ−koff−

√
k∗2on+λ2+k2

off+2λk∗on+2k∗onkoff−2λkoff

−2k∗on

1

)
. (2.21)

We now have solutions of the form:

~V (t) = c1
~V1e

E1t + c2
~V2e

E2t, (2.22)

where c1 and c2 are real constants that will depend on the initial conditions. E1 is

the E with a plus sign between koff and the square root in (2.19).
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Experiments suggest that k∗on > λ so ~V1 can not be equal to ~V2. This also means

that E1 6= E2. In fact, simple algebra shows that E1 < E2 < 0. This means that

as time goes to −∞, from Equation (2.22), ~V will be dominated by the ~V2 term,

unless c2 = 0, in which case the solution will be along ~V1. As time goes to ∞, ~V (t)

tends to 0, making the steady state (0, 0) a stable node.

We show the phase plane of the ODEs (2.16) in Figure 2.10. Note that in the

beginning the system moves quickly: b(t) leaves 0 and a(t) starts dropping towards

0 at a fast pace. After 1 second, the trajectory has travelled a long distance. The

evolution of the system slows down noticeably as it approaches the steady state,

(0, 0).
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Figure 2.10: Phase Plane of ODE (2.16) with variables k∗on = 0.0888 s−1, koff =
1.1988 s−1, λ = 0.0001 s−1, k∗cat = 0.0043 µM/s, aT = 58, 470 initial A proteins, and
0 initial B proteins. Red arrows over the line of flow are at time 0.1, 1, and 5 s.

To show the difference between the experimental data and the mean-field model,

we have chosen a particular set of experimental data, as done in Goyette et al. [1].

The comparison can be seen in Figure 2.11. Whilst Figure 2.11a uses the parameters

estimated in Goyette et al. [1] for the mean-field model, Figure 2.11b uses a least-

squares solver to fit the mean-field model. The model is not a good fit and exhibits

systematic differences from both the data and the stochastic simulations, suggesting

that this mean field approximation is insufficient to explain the experimental results.
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(a) Mean field model with the same pa-
rameters as those used for the stochastic
simulations.
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(b) Parameter values used for the mean
field model: kon = 0.0888 s−1, koff =
1.1988 s−1, kcat = 0.0043 µM/s, λ =
0.0001 s−1. These were obtained by fit-
ting the mean field model to the SPR
data using MATLAB’s nonlinear least-
squares solver.

Figure 2.11: Example of experimental data and stochastic simulations versus mean
field approximation model. Shown is the fraction of SHP-1 bound to ITIM. Exper-
imental data obtained from the surface plasmon resonance (SPR). Blue dotted line
denotes the experimental data, purple dashed line is the average of 500 stochastic
simulations, fitted as explained in Section 2.1.4, and the red dotted line is the so-
lution of the mean field equations (Equations (2.16)) with a different type of fit in
each subfigure. Parameter values used for the stochastic simulations: kon = 0.117
s−1, koff = 1.27 s−1, kcat = 0.00837 µM/s, L = 21.9 nm, λ = 0.0005 s−1. These
values were obtained from Goyette et al. [1]. Periodic boundary conditions on a
1000× 1000× 1000 nm3 cube with 58, 470 ITIMs were used for the stochastic sim-
ulations.

2.3 Multi-centre Particle Density Model of De-

phosphorylation

The mean-field model proposed in Section 2.2.2 did not provide a sufficiently good

fit to experimental data, so in search of a better deterministic description of the re-

actions proposed in Section 2.1.3, we use the multi-centre particle density formalism

[76].

The simplest kinetic approach takes into account a well mixed spatial distri-
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bution, but this might not always be appropriate. In the case of our experiment,

the A molecules are fixed, so they are unable to diffuse and mix uniformly across

the domain, despite starting fixed uniformly in the domain. This also fixes the B

molecules once SHP-1 has bound. Whilst B is tethered the number of A molecules

that B can reach is effectively low (we estimate 8 A molecules within reach 2) and,

as they become dephosphorylated, the number drops towards zero. In this case

small numbers may play an important role, and stochastic variability could become

important, whereas the mean-field approximation neglects this. Following the work

by Schnörer et al. [77], we developed a model for reactants that are at low copy

numbers and fixed in space, which we present here.

We consider immobile A and B particles initially distributed randomly in d-

dimensional space. We will propose a reaction rate, k∗catσ(r), that is, the rate at

which A and B particles situated at a distance r apart react, where k∗cat is the

constant of reaction, whilst σ(r) is the concentration of A molecules at a distance r

from B. σ(r) was discussed in Section 2.2.1.

Under our assumptions, the interaction between A and B satisfies the same

chemical reactions in Equations (2.7) to (2.9), written down here again for conve-

nience:

A
FT kon

�
koff

B,

A+B
k∗catσ(r)−→ B,

A
λ−→ ∅,

2This is a very rough estimate suggested by collaborators, but based on a concentration of
around 117µM in the SPR experiment, which translates to a concentration of 7.96× 10−5 nm−3,
giving around 9 ITIMs per spheres of 30 nm of radius.
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where FT is the constant concentration of SHP-1 in the substrate, which never gets

depleted, A represents the concentration of phosphorylated ITIMs, and B represents

the concentration of bound SHP-1 to A. As stated, we would expect λ to be small

compared to the other reactions because of the difficulty for a large protein like

SHP-1 to dock onto a relatively short chain like our ITIM whilst floating by, but we

included it for completeness.

To obtain the rate equations for these we will need to first understand the concept

of Pair Correlation Functions, as these will help us incorporate the spatial relation

between our molecules into our model.

2.3.1 Pair Correlation Functions

In order to keep track of the spatial relation amongst particles, we will introduce

the notion of a k-point distribution function [76, 78, 79], ρ(k) (k = 1, 2, ...). We will

define the function later, but an intuitive way of seeing it is as follows:

We stand on a particle at ~x, make a spherical shell centred at ~x of radius r to

r+dr (dr being very small), and count how many particles of interest are within that

shell (see Figure 2.12a). If we do this for several spherical shells surrounding our

particle at ~x we will have an idea of the number of particles of interest around our

~x point for each distance in r (of course, dividing the count of particles of interest

by 4πr2dr to account for the fact that the further away we are, the larger the shell,

and we will naturally find more particles). This can be seen in Figure 2.12b.

This knowledge of surrounding density is dependant on the position ~x. But

if we now take an average from the position of all, say, A particles, we will have
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(a) Representation of a particle in point
~x surrounded by pink (lighter colour)
and purple (darker colour) particles. A
spherical shell composed of a boundary
of radius r and one of radius r + dr is
shown.

(b) Density of pink particles and purple
particles at distance r as seen from point
~x. Density not measured exactly, but ap-
proximated for exemplifying purposes.

Figure 2.12: Representation of how the particle density can be measured from a
point ~x, as explained in the text. Note that both the pink (lighter colour) and the
purple (darker colour) lines in Figure 2.12b, start at 0, because no particles are found
surrounding the particle at ~x for a small distance in (a). Then the pink graph starts
oscillating because there is a spatial relation between pink dots and the particle at
~x, whilst the purple dots have no spatial relation, so the graph is uniform in space.

an idea of the density relation between particles over all of space. A good visual

representation of an example of this can be seen at http: // www. physics. emory.

edu/ faculty/ weeks/ /idl/ gofr. html [80].

In our case, since we only have particles A and B, we can write this probability

distribution as in Kuzovkov and Kotomin [81]. We divide the volume of our system,

V , into a large number, N , of small regions of the same volume, υ, such that each

region has at most one particle. Each region can be identified by a vector ~r. We can

describe the number of particles in each region ~r by ν~r, where ν = A or B. With

this, we can describe the complete set of population numbers by {ν~r}N = ν~r1 , ..., ν ~rN .

If P ({ν~r}N) is the probability of finding the system in an arbitrary physical state
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{ν~r}N , and we assume the continuous transition where υ → 0 and N → ∞ such

that Nυ = V , then we can introduce the many-point distribution function:

ρm({~r}m) = υ−mP ({ν~r}m),

where {~r}m ≡ {~r1, ..., ~rm}. In particular, we can introduce the (m + m′)-point

distribution functions, ρm,m′ :

ρm,m′({~r}m; {~r′}m′) = υ−(m+m′)P ({A~r}m; {B~r′}m′), (2.23)

where, as in Kotomin and Kuzovkov [82], P ({A~r}m; {B~r′}m′) gives the probability

of finding particles A in m sub-volumes identified by the coordinates ~ri(i = 1, ...,m)

and particles B in m′ sub-volumes identified by the coordinates ~rj(j = 1, ...,m′).

Physically speaking, ρm,m′d~r1, ..., d ~r′m is the mean number of configurations with m

particles A in unit volumes from ~ri to ~ri + d~ri (i = 1, ...,m) and m′ particles B in

unit volumes from ~rj(j = 1, ...,m′) to ~rj + d~rj (j = 1, ...,m′) [83]. Following this

idea, P (A~r) is the probability that we will find a particle A at a region around ~r,

which is also the mean number of A particles in the system as there can only be one

particle per region. Therefore ρ1,0(~r; ) = P (A~r)/υ is the density (concentration) of

particles A at the region identified by the ~r. For a homogeneous system (V → ∞)

ρ1,0 and ρ0,1 are independent of the coordinates, and so:

ρ1,0 ≡ nA(t), (2.24)

where we define nA(t) as the mean-field particle concentration of A. Similarly:

ρ0,1 ≡ nB(t), (2.25)
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with nB(t) being the mean-field particle concentration of B.

On the other hand, ρ1,1(~r1; ~r2) is the joint density of a particle A at region ~r1

and a particle B at region ~r2. As stated by Kotomin and Kuzovkov [82], “It can

be shown that eq. (2.23) describes a set of macroscopic (n + n′)-point densities

(not probability densities) which are nothing but averaged products of powers of

the macroscopic densities ρ1,0, ρ0,1 taken at different spatial points [83].” In a

homogeneous system the joint distribution functions, ρ1,1, ρ2,0 and ρ0,2 depend on

the relative coordinates r = |~r − ~r′|.

From here we can define a correlation function, χν,ν′ such that [81, 84]:

ρm,m′({~r}m; {~r′}m′) = nmν n
m′

ν′ χν,ν′({~r}m; {~r′}m′), (2.26)

where nν is the concentration of particle ν in the system. From Equation (2.23),

the higher-order correlation functions are defined as [81, 85]:

χm,m′({~r}m; {~r′}m′) =
P ({A~r}m; {B~r′}m′)∏m
i=1 P (A~ri)

∏m′

j=1 P (B~r′j
)
.

These correlation functions can serve as a measure of spatial correlation that depends

on the relative distance r = |~r − ~r′|. This is because for two different volumes, υ

and υ′, that are non-overlapping, of the same size, centred at ~r and ~r′, and whose

reactants have no spatial correlation:

P ({ν~r}; {ν~r′}) = P (ν~r)P (ν~r′),

and χ
(2)
ν,ν′(r, t) = 1 in this case. Similarly, because the correlations become negligible

when r →∞, χ
(2)
ν,ν′(∞, t) = 1.
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As it is easier to start from the many-point densities, ρ(k) = ρm,m′ (where k =

m + m′) of a number of reactants when trying to derive the kinetic equations in

question, we will start with:

ρm,m′ = nmA (t)nm
′

B (t)χm,m′ . (2.27)

For k = 2 the distribution function depends on two particles and their coordinates.

The possibilities are:

ρ2,0 ≡ n2
A(t)XA(|~r1 − ~r2|, t), (2.28)

ρ0,2 ≡ n2
B(t)XB(|~r′1 − ~r′2|, t), (2.29)

ρ1,1 ≡ nA(t)nB(t)Y (|~r1 − ~r′1|, t), (2.30)

where XA(r, t) and XB(r, t) are the joint correlation functions of similar reactants,

χ
(2)
ν,ν′(r, t) = Xν(r, t), and Y (r, t) is for dissimilar reactants χ

(2)
A,B(r, t) = χ

(2)
B,A(r, t) =

Y (r, t). These are the pair correlation functions, which are “related to the probability

of finding the centre of a particle a given distance from the centre of another particle”

[80]. This indicates the spatial distribution of the different types of particles and the

concentration in specific areas around each particle. We emphasize that these pair

correlation functions have the property of equalling one when there is no correlation

between the two particles. Note that

XA =
ρ2,0

ρ1,0ρ1,0

.

Independence of the events means the probability of both happening is equal to the

multiplication of each one happening independently, XA = 1 only when each of the

A particles is independent of all the others. The same logic applies to XB and Y .
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Equation (2.28) states how likely you are to find another A particle a distance

|~r1 − ~r2| away given that you have an A molecule. Equation (2.29) is similar but

with B particles, whereas Equation (2.30) refers to having an A particle and trying

to find a B particle a distance |~r1 − ~r′1| away. Equation (2.30) is symmetric for

particles A and B.

From [81] we know that “the derived set of kinetic equations for ρm,m′ (m,m′ =

0, 1, ...) contains three kinds of contributions

∂ρm,m′

∂t
=
∂ρm,m′

∂t

∣∣∣∣
diff

+
∂ρm,m′

∂t

∣∣∣∣
rec

+
∂ρm,m′

∂t

∣∣∣∣
prod

, (2.31)

due to reactant diffusion, recombination and production, respectively.” This ap-

proach assumes these three interactions to be combined linearly and to be the only

interactions needed for this kind of reaction. We follow this framework as it has

been used extensively [82, 86]. For our problem, the first term will be zero since we

are considering no diffusion.

Following [81], the recombination contribution corresponds to the following sys-

tem of coupled integro-differential equations:

∂ρm,m′

∂t

∣∣∣∣
rec

=−
m∑
i=1

m′∑
j=1

σ∗(ri − r′j)ρm,m′

−
m∑
i=1

∫
σ∗(ri − r′m′+1)ρm,m′+1 dd~r′m′+1

−
m′∑
j=1

∫
σ∗(r′j − rm+1)ρm+1,m′ dd~rm+1. (2.32)

It must be noted that here σ∗ contains k∗cat within it: σ∗ = k∗catσ. This recombination

term has the following parts: the first term refers to all the possible combinations

amongst A and B pairs within the group consisting of m particles of A and m′
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particles of B, the second term accounts for recombination of A particles in the group

with B particles outside said group, and the third term accounts for recombination

of B particles in the group with A particles outside the same group. The third term

would mean the loss of a B particle from the group when it interacts with an A

particle outside the considered group, but since B is conserved when reacting with

A particles, we can dismiss the third term as it is zero.

For the production term we consider Equations (2.7) and (2.9), that correspond

to the production part. An A particle at r1 can be created by a B particle in r1

losing its SHP-1 molecule with a rate koff . In the same sense, an A particle at r1

can be lost by an SHP-1 molecule docking on to an A molecule with a reaction rate

of k∗on, or a SHP-1 molecule dephosphorylating from the substrate at a rate λ. This

gives:

∂ρ1,0

∂t

∣∣∣∣
prod

= koffρ0,1 − k∗onρ1,0 − λρ1,0. (2.33)

Two A particles, one at r1 and a second at r2, can be created by having an A

molecule at r1 and a B molecule at r2 and the B molecule changing to A with a

reaction rate of koff or, symmetrically, having a B molecule at r1 and an A molecule

at r2 and the B molecule changing to A with the same reaction rate. The same state

with two A particles can be lost by any one of the two A molecules being docked by

SHP-1 and turning to B with rate k∗on, or any of them being dephosphorylated by

an unattached SHP-1 molecule with rate λ. This leads to:

∂ρ2,0

∂t

∣∣∣∣
prod

= koffρ1,1 + koffρ1,1 − k∗onρ2,0 − k∗onρ2,0 − λρ2,0 − λρ2,0

= 2koffρ1,1 − 2(k∗on + λ)ρ2,0. (2.34)
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From Equations (2.33) and (2.34) we can deduce that for m A particles we will

have m different possibilities of having m − 1 A particles and a B particle that

changes to A with reaction rate koff . Each A particle can be turned into a B particle

with rate k∗on, or can be lost, each with rate λ. Applying the same logic to the

existence of m′ B particles:

∂ρm,m′

∂t

∣∣∣∣
prod

= mkoffρm−1,m′+1 −m(k∗on + λ)ρm,m′ +m′k∗onρm+1,m′−1 −m′koffρm,m′ .

(2.35)

Hence we can put together the general formula by substituting Equations (2.32)

and (2.35) into (2.31):

∂ρm,m′

∂t
=−

m∑
i=1

m′∑
j=1

k∗catσ(ri − r′j)ρm,m′ −
m∑
i=1

∫
k∗catσ(ri − r′m′+1)ρm,m′+1 dd~r′m′+1

+mkoffρm−1,m′+1 +m′k∗onρm+1,m′−1 −m(k∗on + λ)ρm,m′ −m′koffρm,m′ .
(2.36)

This general formula will give us the integro-PDEs of our model dynamics. For

this we will need to get equations in terms of nA, nB, and their joint correlation

functions. To begin this process, we will consider only one A particle:

∂ρ1,0

∂t
=−

∫
k∗catσ(r1 − r′1)ρ1,1 ddr′1 + koffρ0,1 − (k∗on + λ)ρ1,0. (2.37)

We can substitute the definitions in Equations (2.24), (2.25), and (2.30) into Equa-

tion (2.37):

dnA(t)

dt
=−

∫
k∗catσ(r1 − r′1)nA(t)nB(t)Y (~r1 − ~r′1, t) dd~r′1

+ koffnB(t)− (k∗on + λ)nA(t).

When making the substitution ~r1 − ~r′1 = ~r′:

dnA(t)

dt
=− nA(t)nB(t)

∫
k∗catσ(r′)Y (~r′, t) dd~r′ + koffnB(t)− (k∗on + λ)nA(t).

(2.38)
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In a similar way for one B particle, but simpler because of the lack of recombi-

nation term, we obtain:

∂ρ0,1

∂t
= k∗onρ1,0 − koffρ0,1,

dnB(t)

dt
= k∗onnA(t)− koffnB(t). (2.39)

For the following equations we will need three-point distribution functions, which

we have not defined. For this we will need a closure approximation.

2.3.2 Kirkwood Superposition Approximation

Extended to its fullest, the general Equation (2.36) would lead to an infinite system

of non-linear partial differential equations. This is because, as seen from the second

right hand term in Equation (2.36), the A particles being considered will combine

with B particles outside the system being considered, so that we need ρ1,1 to describe

ρ1,0 (Equation (2.37)), ρ1,2 to describe ρ1,1, ρ1,3 to describe ρ1,2, ρ2,1 to describe ρ2,0,

and so on. That is, we need to consider the correlations of n+1 particles to describe

the rate of n particles when at least one A is involved. So a closure approximation

is needed. This approximation was first introduced by Kirkwood [87], and consists

of decoupling the three-centre correlation functions into the product of three pair

correlation functions [85]:

〈n(r1)n(r2)n(r3)〉 ≈ 〈n(r1)n(r2)〉〈n(r2)n(r3)〉〈n(r3)n(r1)〉
〈n(r1)〉〈n(r2)〉〈n(r3)〉

, (2.40)

where each ri is a position vector in d dimensions.

A derivation of this approximation can be seen in Singer [88]. Its main validation

is done by comparing its predictions to experiments or simulations [83, p.247]. This
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approximation, as stated by Dettmann et al. [86], will be quantitatively valid for

small densities of particles, as the further apart particles are on average, the less

likely that higher order interactions will occur and have a strong effect. For higher

densities we would obtain the right order of magnitude [86]. We consider stochastic-

ity is important in our system, due precisely to the low density of particles, meaning

this approximation can be valid.

We use Kirkwood’s approximation for ρ2,1 and for ρ1,2:

ρ2,1 =〈nA(r1, t)nA(r2, t)nB(r′1, t)〉

≈〈nA(r1, t)nA(r2, t)〉〈nA(r2, t)nB(r′1, t)〉〈nB(r′1, t)nA(r1, t)〉
〈nA(r1, t)〉〈nA(r2, t)〉〈nB(r′1, t)〉

=
n2
A(t)XA(r1 − r2, t)n

2
A(t)n2

B(t)Y (r1 − r′1, t)Y (r2 − r′1, t)
n2
A(t)nB(t)

=n2
A(t)nB(t)XA(r1 − r2, t)Y (r1 − r′1, t)Y (r2 − r′1, t), (2.41)

ρ1,2 =〈nA(r1, t)nB(r′1, t)nB(r′2, t)〉

≈〈nA(r1, t)nB(r′1, t)〉〈nB(r′1, t)nB(r′2, t)〉〈nB(r′2, t)nA(r1, t)〉
〈nA(r1, t)〉〈nB(r′1, t)〉〈nB(r′2, t)〉

=
n2
A(t)n2

B(t)Y (r1 − r′1, t)Y (r1 − r′2, t)n2
B(t)XB(r′1 − r′2, t)

nA(t)n2
B(t)

=nA(t)n2
B(t)XB(r′1 − r′2, t)Y (r1 − r′1, t)Y (r1 − r′2, t). (2.42)

Now we can put an A particle and a B particle into the general Equation (2.36):

∂ρ1,1

∂t
=− k∗catσ(r1 − r′1)ρ1,1 −

∫
k∗catσ(r1 − r′2)ρ1,2 ddr′2

+ koffρ0,2 + k∗onρ2,0 − (k∗on + λ)ρ1,1 − koffρ1,1. (2.43)

Using Kirkwood’s approximation (2.42) and substituting Equations (2.28) to (2.30)
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into (2.43), we obtain:

∂ρ1,1

∂t
=− k∗catσ(r1 − r′1)nA(t)nB(t)Y (~r1 − ~r′1, t)

−
∫ [

k∗catσ(r1 − r′2)nA(t)n2
B(t)

· XB(~r′1 − ~r′2, t)Y (~r1 − ~r′1, t)Y (~r1 − ~r′2, t)
]

dd~r′2

+ koffn
2
B(t)XB(~r1 − ~r′1, t) + k∗onn

2
A(t)XA(~r1 − ~r′1, t)

− (k∗on + λ)nA(t)nB(t)Y (~r1 − ~r′1, t)− koffnA(t)nB(t)Y (~r1 − ~r′1, t). (2.44)

Making the substitutions ~r1 − ~r′1 = ~r, and ~r1 − ~r′2 = ~r′, we obtain:

∂ρ1,1

∂t
=− k∗catnA(t)nB(t)σ(~r)Y (~r, t)

− k∗catnA(t)n2
B(t)Y (~r, t)

∫
σ(~r′)XB(~r′ − ~r, t)Y (~r′, t) dd~r′

+ koffn
2
B(t)XB(~r, t) + k∗onn

2
A(t)XA(~r, t)

− (k∗on + λ+ koff)nA(t)nB(t)Y (~r, t). (2.45)

On the other hand, differentiating Equation (2.30):

∂ρ1,1

∂t
= nA(t)nB(t)

∂Y (~r, t)

∂t
+ nA(t)Y (~r, t)

dnB(t)

dt
+ nB(t)Y (~r, t)

dnA(t)

dt
. (2.46)

We can substitute Equations (2.38), (2.39), and (2.45) into Equation (2.46) and, af-

ter simplification and solving for ∂Y (~r, t)/∂t, we are left with the following dynamic

equation:

∂

∂t
Y (~r, t) = koff

nB(t)

nA(t)
[XB(~r, t)− Y (~r, t)] + k∗on

nA(t)

nB(t)
[XA(~r, t)− Y (~r, t)]

− k∗catσ(~r)Y (~r, t)

− k∗catnB(t)Y (~r, t)

∫
σ(~r′)Y (~r′, t)[XB(r′ − r, t)− 1] ddr′. (2.47)
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The same process is applied to the general equation for two A particles and

then for two B particles, using Equations (2.24) to (2.30), their differentials, (2.38),

(2.39), and Kirkwood’s approximation where needed. In the end, the full set of

dynamic equations for a d-dimensional space is:

dnA(t)

dt
=− k∗catnA(t)nB(t)

∫
σ(~r′)Y (~r′, t) dd~r′ + koffnB(t)− (λ+ k∗on)nA(t),

(2.48)

dnB(t)

dt
= k∗onnA(t)− koffnB(t), (2.49)

∂

∂t
Y (~r, t) = koff

nB(t)

nA(t)
[XB(~r, t)− Y (~r, t)] + k∗on

nA(t)

nB(t)
[XA(~r, t)− Y (~r, t)]

− k∗catσ(~r)Y (~r, t)

− k∗catnB(t)Y (~r, t)

∫
σ(~r′)Y (~r′, t)[XB(~r′ − ~r, t)− 1] dd~r′, (2.50)

∂

∂t
XA(~r, t) = 2koff

nB(t)

nA(t)
[Y (~r, t)−XA(~r, t)]

− 2k∗catnB(t)XA(~r, t)

·
∫
σ(~r′)Y (~r′, t)

[
Y (~r′ − ~r, t) + Y (~r′ + ~r, t)− 2

]
dd~r′, (2.51)

∂

∂t
XB(~r, t) = 2k∗on

nA(t)

nB(t)
[Y (~r, t)−XB(~r, t)]. (2.52)

Equations (2.48) to (2.52) constitute our general multicentre particle density

PDE model, which we refer to as the MPDPDE model3.

2.3.3 Solving the MPDPDE model

For its numerical solution we will try to write down Equations (2.48) to (2.52) as

explicitly as possible for the three-dimensional case. We use spherical coordinates

due to the natural rotational symmetries (most of the terms only depend on the

3This MPDPDE model, of Chapter 2, is not to be confused with the one to be developed in
Chapter 3 of the same name but never referred to in this chapter
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absolute distance between particles):

dnA(t)

dt
=− k∗catnA(t)nB(t)

∫ 2π

φ=0

∫ π

θ=0

∫ ∞
r′=0

σ(~r′)Y (~r′, t)r′2 sin θ dr′ dθ dφ

+ koffnB(t)− (λ+ k∗on)nA(t), (2.53)

dnB(t)

dt
= k∗onnA(t)− koffnB(t), (2.54)

∂

∂t
Y (~r, t) = koff

nB(t)

nA(t)
[XB(~r, t)− Y (~r, t)] + k∗on

nA(t)

nB(t)
[XA(~r, t)− Y (~r, t)]

− k∗catσ(~r)Y (~r, t)

− k∗catnB(t)Y (~r, t)

·
∫ 2π

φ=0

∫ π

θ=0

∫ ∞
r′=0

σ(~r′)Y (~r′, t)[XB(~r′ − ~r, t)− 1]r′2 sin θ dr′ dθ dφ,

(2.55)

∂

∂t
XA(~r, t) = 2koff

nB(t)

nA(t)
[Y (~r, t)−XA(~r, t)]

− 2k∗catnB(t)XA(~r, t)

·
∫ 2π

φ=0

∫ π

θ=0

∫ ∞
r′=0

σ(~r′)Y (~r′, t)
[
Y (~r′ − ~r, t)− 1

]
r′2 sin θ dr′ dθ dφ,

(2.56)

∂

∂t
XB(~r, t) = 2k∗on

nA(t)

nB(t)
[Y (~r, t)−XB(~r, t)], (2.57)

where r′ and r are only the radial coordinate and ~r′ and ~r are the three dimensional

vectors.

The pair correlation functions XA, XB, and Y , as well as the interaction kernel

σ, only depend on the absolute distance between particles, so that, for example,

XA(~r, t) = XA(r, t) and XA(~r′ − ~r, t) = XA(||~r′ − ~r||, t). With this in mind, we can

use a variable change for the integrals in ∂Y (~r, t)/∂t and ∂XA(~r, t)/∂t: q = ||~r′−~r||,
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which is:

q =
√
r′2 + r2 − 2rr′ cos θ. (2.58)

This finally leads to:

dnA(t)

dt
=− 4πk∗catnA(t)nB(t)

∫ ∞
0

r′2σ(r′)Y (r′, t) dr′

+ koffnB(t)− (λ+ k∗on)nA(t), (2.59)

∂

∂t
Y (r, t) = koff

nB(t)

nA(t)
[XB(r, t)− Y (r, t)] + k∗on

nA(t)

nB(t)
[XA(r, t)− Y (r, t)]

− k∗catσ(r)Y (r, t)

− 2πk∗catnB(t)

r
Y (r, t)

·
∫ ∞

0

r′σ(r′)Y (r′, t)

∫ |r′+r|
|r′−r|

q[XB(q, t)− 1] dq dr′, (2.60)

∂

∂t
XA(r, t) = 2koff

nB(t)

nA(t)
[Y (r, t)−XA(r, t)]

− 4πk∗catnB(t)

r
XA(r, t)

·
∫ ∞

0

r′σ(r′)Y (r′, t)

∫ |r′+r|
|r′−r|

q [Y (q, t)− 1] dq dr′. (2.61)

When non-dimensionalizing, we can group the biophysical parameters into con-

venient parameter groupings for fitting purposes with the following definitions:

p1 = k∗on = kon[SHP-1],
p2 = koff = koff ,
p3 = k∗catAT = k∗cat(tethered)AT ,

p4 =
k∗cat

L3 =
k∗cat(tethered)

L3 ,
p5 = λ = kcat(solution)[SHP-1],

with AT being the initial concentration of A.

The numerical solution was obtained using MATLAB’s ode45 for the coupled

differential equations, and the trapezoidal rule for the integrals, which states:

∫ b

a

f(x) dx ≈ (b− a)

[
f(a) + f(b)

2

]
. (2.62)
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Because of this trapezoidal rule, the radial coordinate had to be divided into small

intervals of size dr.

Since the integrals for r′ go to infinity we need to truncate them. This means

that interactions between particles at a distance longer than the truncation distance

will not be taken into account. We find an rmax for which the particles are so far

away from each other that their interaction can be thought of as null. For this we

will use the probability density σ(r). We will assume that for a very small ε, there

exists an rε such that if σ(rε) ≤ ε then rmax = rε. This means:

rmax =

√
(L2

A + L2
B) log

[
3

2π(L2
A + L2

B)ε2/3

]
. (2.63)

This equation is derived by setting σ(r) = ε in Equation (2.6) and solving for r.

An initial analysis would suggest that this truncation would overestimate

dnA(t)/ dt because the truncation would reduce the first term on the right hand

side of Equation (2.59), which is being subtracted. As XB(q, t) and Y (q, t) are

smaller than 1 most of the time, [XB(q, t) − 1] and [Y (q, t) − 1] are negative most

of the time, effectively making the last term on the right hand side of Equations

(2.60) and (2.61) an addition. This suggests that ∂Y (r, t)/∂t and ∂XA(r, t)/∂t will

be underestimated because of the truncation that would reduce these last terms in

Equations (2.60) and (2.61). But because Equations (2.54), (2.57), and (2.59) to

(2.61) are coupled and must be solved simultaneously, it is difficult to say whether

the truncation over- or under-estimates any function, and it probably changes over

r and t.

The numerical solution of the differential equations for the pair correlation func-
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tions, Equations (2.57), (2.60) and (2.61), also requires the radial coordinate to be

divided into small intervals. For simplicity, we used the same discretisation. The

size of dr was chosen such that using a smaller interval than the chosen dr would

produce a negligible difference on the results for nA and nB. Now, instead of one

differential equation for XA(r, t), we will have an infinite number of differential equa-

tions: XA(0, t), XA(dr, t), XA(2dr, t), XA(3dr, t), ..., XA(∞, t). The same applies for

XB(r, t) and Y (r, t). Because we cannot numerically calculate an infinite integral,

we choose to truncate this expansion as well and, for simplicity, use the same rmax

as the one used for the trapezoidal rule.

Numerical tests were done on the effective rmax such that using a larger rmax

had no significant impact on the results. This rmax was found to be 3
√
L2
A + L2

B,

so we used 4.5
√
L2
A + L2

B to be safe. For example, for this rmax and a plausible

case of LA ≈ LB ≈ 10 nm, σ(rmax) = 7.5 × 10−18 nm−1/3, which is astronomically

low. To put that into perspective, the distance in Matlab from 1.0 to the next

larger double-precision number is 2.22× 10−16, two orders of magnitude larger than

σ(rmax).

We now have all the ingredients we require for the numerical solution. By dis-

cretizing the integral PDEs, we are able to convert them into a system of coupled

ODEs that are solved in Matlab. We can see an example of the solution in Figure

2.13a. We also see the pair correlation functions in the other panels of Figure 2.13.

We show the time evolution of each function in each r interval, making each pair

correlation function a three-dimensional solution. Because LA and LB are indis-

tinguishable in all equations used, in future calculations we have chosen to assume
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them of equal length: LA = LB = L.
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Figure 2.13: An example of the numerical solution to Equations (2.54), (2.57),
and (2.59) to (2.61) using Equations (2.6) and (2.63) with ε = 10−8. Shown are
the solutions to nA and nB, and each pair correlation function over time at each
discretisation of r, from the closest r/L = 0.05 in blue, to the furthest r/L = 4.5
in magenta. Hence there are 90 solutions to each function. Numerically solved by
MATLAB’s ode23. Parameter values are: k∗on = 1 s−1, koff = 1 s−1, kcat = 1 µM/s,
λ = 0.001 s−1, LA = LB = 10 nm. The initial conditions are nA(0) = 1, nB(0) = eps
(where eps is the smallest possible number different from 0 in the computer, to
avoid singularities, which is 2.2204× 10−16), and XA(r, 0) = XB(r, 0) = Y (r, 0) = 1
(assuming there is no correlation to start with because of homogeneity).
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2.4 Comparison between the MPDPDE and stochas-

tic simulations with periodic boundary condi-

tions

We have seen that our stochastic simulations fit the experimental data, so we will

now use those simulations to test our numerical solutions.

The MPDPDE model does not include boundary conditions and assumes an

infinite space that cannot be recreated in our computational stochastic model. Thus

the stochastic simulations use a domain as large as possible and periodic boundary

conditions. The assumption in both the stochastic and deterministic models, that

the domain is effectively infinite, is reasonable because the reaction length scale,

L, is much smaller than the dimensions of the dextran matrix (the physical space)

where the reactions take place. The typical values for L are around 10 nm, whereas

the dimensions of the matrix are approximately 20 nm in height with length and

width much larger than 1000 nm. Nevertheless, this boundary effect is tested in

Section 2.5.

After testing our model against the stochastic simulations with different param-

eters, we found similar results to those seen in Figure 2.14. Although different

parameter values have been randomly tested and results are very similar to those

shown, a more rigorous testing would be needed throughout the parameter range to

ensure the numerical solution of the MPDPDE model is a good approximation of

the stochastic simulations, but this is beyond the scope of this thesis.
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Figure 2.14: Comparing our MPDPDE model to Dr. Isaacson’s stochastic simula-
tions with periodic boundary conditions. A total number of N = 15000 tethered
proteins in a 300 × 413.4864 × 413.4864 nm3 cube was used for the simulations,
presented by the continuous orange line. The average of a 1000 simulations is used.
Simulations and the MPDPDE solution in dashed magenta were produced with
kon = 0.1 s−1, koff = 1 s−1, kcat = 0.01 µMs−1, L = 20 nm, and λ = 0.0005. Inset:
Zoom in to seconds 50 to 200, to show difference between models.

We find that the numerical solution of the MPDPDE model is always slightly

below the stochastic simulation solution (of the order of 10−4). Possible sources for

this systematic error could be the inevitable interaction with the boundaries that

the stochastic simulations have, or the Kirkwood approximation in Section 2.3.2.

Different geometries are used in Section 2.5 to study the effect the boundaries could
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be having on the results.

To see the effect of the Kirkwood approximation we could exchange it for an-

other closure approximation where three-centre correlation functions are accepted

and four-centre correlation functions are decoupled into the product of four three-

centre correlation functions. Whether this higher-order approximation still showed

a systematic error and how much smaller this systematic error becomes would give

us an idea of the influence of the Kirkwood approximation. This has not been done

because it would produce a much larger set of equations that would be too cum-

bersome to write down and would be equally computationally intensive, whereas

we consider that the trade-off of solving-time versus the accuracy we have with the

MPDPDE model is good enough for experimental testing.

2.5 Geometry effect: two- and three- dimensions

As stated in Section 2.4, our MPDPDE deterministic model assumes an infinite

domain, not taking into account boundaries. This is not the case for the experi-

ments or the stochastic simulations, and the boundaries in these could be playing

a role in the difference found in the results between these and our deterministic

model. On the other hand, the interior of the dextran matrix might be causing an

irregular flow of the injected SHP-1 to which the proteins are exposed, because of

its size and web-like structure. Furthermore, the laboratory we are working with

has the possibility of doing experiments on a different flow chamber where there is

no dextran matrix and the peptides are directly immobilised to a 2D surface. We

will therefore now adapt the three-dimensional MPDPDE model that was previ-
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ously solved to a two-dimensional MPDPDE model. The idea is that we will deal

with the boundaries and irregular flow, comparing the two- and three-dimensional

MPDPDE models with similar two- and three-dimensional stochastic simulations.

We hypothesise that the larger the volume in the three directions, the less the

boundaries would make a difference, hence testing the “boundaries problem”. Also,

there is a larger difference between a three-dimensional model without boundaries

and its corresponding simulation, than a two-dimensional model without boundaries

and its corresponding simulation, so comparing the differences will give us an idea

of how much of a problem it is to compare our infinite model with the bounded

system. On the other hand, the irregular flow problem would be addressed in the

two-dimensional experiments. In the three-dimensional matrix of the experiment,

most of the binding endings of A would lie within the gel matrix, exposing them to

the turbulent flow that would be generated within, and only the few A molecules

in the boundaries would be exposed to a more regular flow of SHP-1. On the other

hand, with a flatter, two-dimensional “pill box” case, most of the binding endings

of A would lie outside the gel, being exposed to a more regular flow. Finally, we

will discern if the two-dimensional MPDPDE model would be better for the possible

laboratory experiment, and determine the heights for which we need to switch from

one model to the other.

For this comparison of geometries, experimental assays were carried out in two

different volumes. One was the original three-dimensional gel matrix, where the

height of the domain is much larger than the length of the molecules being studied.

A representation of this can be seen in Figure 2.15a. The other one was a much
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flatter domain, which we call the two-dimensional domain, or “pill box”, where the

length and width are still much larger than the length of B, but the height is of

the order of magnitude of the molecules’ length or smaller. This is represented in

Figure 2.15b.

h
w

l

L

(a) Three-dimensional representation. Height of gel matrix, h, is much larger than the
proteins, i.e. L << l,w, h.

w

l
(b) Two-dimensional representation, or “pill box”. Height of matrix is almost 0, so L <<
l,w but L ∼ h.

Figure 2.15: Difference between the two- and three- dimensional representations of
the gel matrix for the laboratory experiments.
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We needed to match the stochastic simulations and the MPDPDE model to

the laboratory experiments. To match the experiments and test the effect of this

transition from three dimensions to two dimensions, we carried out stochastic sim-

ulations with varying heights. Because the laboratory experiments were made in

domains which were much larger in height, width, and length than could be recre-

ated in our computational simulations because of time requirements and limits on

computational memory 4, periodic boundary conditions in the three directions were

implemented. To match the stochastic model, we solved our general MPDPDE

model, Equations (2.48) to (2.52), in two dimensions, such that we had a three-

dimensional and a two-dimensional model to test against the stochastic simulations

and the experimental data.

2.5.1 Solving the MPDPDE model in 2D

For the case where the experiments are done in such thin plates, Equations (2.48)

to (2.52) had to be re-evaluated for the appropriate case, choosing the variable

q = |~r− ~r′| =
√
r2 + r′2 − 2rr′ cos(θ) and assuming, without loss of generality, that

~r = rx̂, yielding:

dnA(t)

dt
=− 2πk∗catnA(t)nB(t)

∫ ∞
r′=0

σ(r′)Y (r′, t)r′ dr′

+ koffnB(t)− (λ+ k∗on)nA(t), (2.64)

dnB(t)

dt
= k∗onnA(t)− koffnB(t), (2.65)

4In typical experiments, a density of A molecules in the matrix of about 6.023×10−5 molecules
per nm3 is used. So, to get to length-scales of 10, 000 nm, which is the length-scale in the laboratory
experiments, we would need about 108 particles, which is not feasible, computationally.
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∂

∂t
Y (r, t) = koff

nB(t)

nA(t)
[XB(r, t)− Y (r, t)] + k∗on

nA(t)

nB(t)
[XA(r, t)− Y (r, t)]

− k∗catσ(r)Y (r, t)

− 4k∗catnB(t)Y (r, t)

∫ ∞
r′=0

r′σ(r′)Y (r′, t)

·
∫ |r′+r|
q=|r′−r|

[XB(q, t)− 1]q√
−[q2 − (r′ + r)2][q2 − (r′ − r)2]

dq dr′, (2.66)

∂

∂t
XA(r, t) = 2koff

nB(t)

nA(t)
[Y (r, t)−XA(r, t)]

− 8k∗catnB(t)XA(r, t)

∫ ∞
r′=0

r′σ(r′)Y (r′, t)

·
∫ |r′+r|
q=|r′−r|

[Y (q, t)− 1]q√
−[q2 − (r′ + r)2][q2 − (r′ − r)2]

dq dr′, (2.67)

∂

∂t
XB(r, t) = 2k∗on

nA(t)

nB(t)
[Y (r, t)−XB(r, t)]. (2.68)

Rescaling the variables as follows: nA by AT (where AT is the initial number of

A molecules), nB by AT as well, and r by L (where L is the length of A and B, as

seen at the end of Section 2.3.3) leads to the following system:

dnA(t)

dt
=− 2πk∗catATnA(t)nB(t)

L

(
3

2π

)3/2 ∫ ∞
r′=0

e−
3r′2

2 Y (r′, t)r′ dr′

+ koffnB(t)− (λ+ k∗on)nA(t), (2.69)

dnB(t)

dt
= k∗onnA(t)− koffnB(t), (2.70)

∂

∂t
Y (r, t) = koff

nB(t)

nA(t)
[XB(r, t)− Y (r, t)] + k∗on

nA(t)

nB(t)
[XA(r, t)− Y (r, t)]

− k∗cat

L3

(
3

2π

)3/2

e−
3r2

2 Y (r, t)

− 4k∗catATnB(t)

L

(
3

2π

)3/2

Y (r, t)

∫ ∞
r′=0

r′e−
3r′2

2 Y (r′, t)

·
∫ |r′+r|
q=|r′−r|

[XB(q, t)− 1]q√
−[q2 − (r′ + r)2][q2 − (r′ − r)2]

dq dr′, (2.71)
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∂

∂t
XA(r, t) = 2koff

nB(t)

nA(t)
[Y (r, t)−XA(r, t)]

− 8k∗catATnB(t)

L

(
3

2π

)3/2

XA(r, t)

∫ ∞
r′=0

r′e−
3r′2

2 Y (r′, t)

·
∫ |r′+r|
q=|r′−r|

[Y (q, t)− 1]q√
−[q2 − (r′ + r)2][q2 − (r′ − r)2]

dq dr′, (2.72)

∂

∂t
XB(r, t) = 2k∗on

nA(t)

nB(t)
[Y (r, t)−XB(r, t)]. (2.73)

We can group the biophysical parameters into convenient parameters for fitting

purposes with the following definitions:

p1 = k∗on = kon[SHP-1],
p2 = koff = koff ,

p3 =
k∗catAT
L

=
k∗cat(tethered)AT

L
,

p4 =
k∗cat

L3 =
k∗cat(tethered)

L3 ,
p5 = λ = kcat(solution)[SHP-1].

We note that these parameters are very similar to the ones used for the three-

dimensional solution, since p1, p2, p4, and p5 are the same. It is only p3 that differs

by having an extra 1/L for this three-dimensional case. These definitions result in

a fully non-dimensional MPDPDE system.

Numerical evaluation of the integrals is complicated because of singularities at

the integration limits. To obtain a numerical discretization without blow up, we first

separate the inner integral into two and then use a mid-point rule. This method

consists of decoupling the integrals into a part that can be evaluated numerically by

discretization, and a part that can be evaluated analytically, and will not blow up
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in the limits. This works as follows: Splitting the integral produces:

I =

∫ |r′+r|
|r′−r|

[XB(q, t)− 1]q√
−[q2 − (r′ + r)2][q2 − (r′ − r)2]

dq

=

∫ η

|r′−r|

[
[XB(q, t)− 1]q√

−[q2 − (r′ + r)2][q2 − (r′ − r)2]

]
dq

+

∫ |r+r′|
η

[
[XB(p, t)− 1]p√

−[p2 − (r′ + r)2][p2 − (r′ − r)2]

]
dp.

η is chosen so that it is away from the integration limits (e.g. η = (|r−r′|+|r+r′|)/2).

Next we discretize the inner integral using the mid-point rule:

I ≈
N∑
i=1

[XB(qi+1/2, t)− 1]√
−[q2

i+1/2 − (r′ + r)2]

∫ qi+1

qi

q√
q2 − (r′ − r)2

dq

+
N∑
i=1

[XB(pi+1/2, t)− 1]√
[p2
i+1/2 − (r′ − r)2]

∫ pi+1

pi

p√
p2 − (r′ + r)2

dp

≈
N∑
i=1

[XB(qi+1/2, t)− 1]√
−[q2

i+1/2 − (r′ + r)2]

[√
q2
i+1 − (r′ − r)2 −

√
q2
i − (r′ − r)2

]

+
N∑
i=1

[XB(pi+1/2, t)− 1]√
[p2
i+1/2 − (r′ − r)2]

[
−
√

(r′ + r)2 − p2
i+1 +

√
(r′ + r)2 − p2

i

]
,

with qi = i∆r+ |r−r′|, qN = η, pi = i∆r+η, pN = |r+r′|−∆r, qi+1/2 is the middle

point between qi and qi+1, and pi+1/2 is the middle point between pi and pi+1. We

note that qN+1 = (N + 1)∆r + |r− r′|. We redefine indices so that XB is evaluated

at whole ∆r intervals, making qi+1/2 = qı̂ and qi = qı̂−1/2, and the same for p. We

shift the summation, from ı̂ = 1/2 to ı̂ = N − 1/2, to ı̂ = 1 to ı̂ = N . We drop i’s
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hat for convenience, hence:

I =
N∑
i=1

[XB(qi, t)− 1]√
(r′ + r)2 − q2

i

[√
q2
i+1/2 − (r′ − r)2 −

√
q2
i−1/2 − (r′ − r)2

]
+

N∑
i=1

[XB(pi, t)− 1]√
p2
i − (r′ − r)2

[√
(r′ + r)2 − p2

i−1/2 −
√

(r′ + r)2 − p2
i+1/2

]
. (2.74)

Everything is analogous for the integrals with Y instead of XB in ∂XA/∂t in

Equation (2.67). We note that σ(r) will be the same in the two-dimensional case as

in the three-dimensional case, as the protein chain can still move within the upper

half of a sphere, in the three-dimensional space above the experimental plane. So,

the protein will move in hemisphere but will spend twice as much time in any point

of this hemisphere.

Once again, for the numerical solution MATLAB’s ode45 was used for the cou-

pled differential equations, and the trapezoidal rule for the remaining integrals.

2.5.2 Comparing models

We compare here our MPDPDE model with the results from the stochastic simu-

lations. To make a useful comparison, the program that produced the stochastic

simulations was adapted by Dr. Samuel Isaacson such that it could not only produce

simulations in three dimensions, but also in a two-dimensional plate with h = 0 nm.

Periodic boundary conditions were used in both the three-dimensional stochastic

simulations (3DSS) and on the two-dimensional stochastic simulations (2DSS) to

resemble the infinite space of our MPDPDE as closely as possible.

Restrictions on the size of the domain of the stochastic simulations were imposed
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by the number of proteins the computer’s memory could handle and our required

density. The density in experiments is typically 5× 10−5 of A per nm3, or about 9

molecules within a sphere of radius L = 30 nm. This meant there were 9 proteins

per sphere of radius L in the three-dimensional case, or per circle of radius L in the

two-dimensional case. This would have meant that the number of proteins, N , that

we would use would be given by:

N3D = ρ3D(hlw) =
9

4/3πL3
(hlw), (2.75)

N2D = ρ2D(lw) =
9

πL2
(lw), (2.76)

for three and two dimensions, respectively.

Because we want to maintain a fixed number of proteins throughout the simu-

lations (the maximum number handled by the computer, around 300, 000 particles)

and we want to observe what happens when we gradually go from three to two di-

mensions, it is important that decreasing the height in the 3D simulations converges

to the parameters of the 2D simulations so that they can be compared. For a fixed

number of proteins, l × w has to go to infinity as h approaches 0. To address this

problem we made a combination of both Equations (2.75) and (2.76):

N =
9

4/3πL3
(hlw) +

9

πL2
(lw). (2.77)

This means that in the extremes where h >> L, N will behave accurately for the

three-dimensional case, and it will do so for the two-dimensional case in the extreme

where h = 0, but will give us a smooth transition. Since we want N to be fixed

and can vary the length and width of the domain depending on the desired height,
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we can rewrite Equations (2.75), (2.76), and (2.77) in terms of the width. We will

assume l = w and rescale all lengths by L, denoting them with a hat:

ŵ3D =

√
4Nπ

27ĥ
, (2.78)

ŵ2D =

√
Nπ

9
, (2.79)

ŵ =

√
4Nπ

9(3ĥ+ 4)
. (2.80)

The comparison between Equations (2.78), (2.79), and (2.80) can be seen in Figure

2.16. We can observe that, had we followed the 2D approach until ŵ2D intersects

with ŵ3D, and then followed ŵ3D, the biggest difference between these and the

approximation we used, ŵ, occurs when h = 4L/3. At this point, our approximation

has a smaller width and, therefore, a slightly larger concentration than using ŵ3D.
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Figure 2.16: Visualisation of how the width (and length) of the domain changes
for a constant number of particles N with a three-, two-dimensional treatment, and
how our expression in Equation (2.80) goes from one to the other. Width w, length
l, and height h are rescaled by proteins length, L.

To verify our MPDPDE model, we first solve the stochastic model with periodic

boundary conditions on as large a domain as possible. Given Equation (2.80), this
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would be approximately 1000 × 1000 × 1000 nm3 for three dimensions and 5800 ×

5800 nm2 for two dimensions. We label our two- and three-dimensional MPDPDE

models as MAG2D and MAG3D, respectively, and show the results from the three-

dimensional case in Figure 2.17, whilst the results from the two-dimensional case

are shown in Figure 2.18. Because the biggest two-dimensional domain was larger

than needed to see the boundary interactions, and to save computational time,

the concentration of molecules (9 proteins per circle of radius L) was kept but the

domain was reduced to 4000 × 4000 nm2 for Figure 2.18. As stated before, the

change between two and three dimensions is given by the height of the matrix in

the simulations compared to the length of A and B. For example, because we are

using a protein length of 20 nm, we say that an entity similar or smaller in length

is considered two-dimensional, while an entity 10 times longer or more is considered

three-dimensional. Both figures show the solution to our MPDPDE model with

the parameters used for the stochastic simulations, as well as the solution to our

MPDPDE model using the parameters found to fit best by MATLAB’s lsqcurvefit5.

In both cases the fit between the stochastic simulations and the curve produced by

our MPDPDE model with the fitted parameters is remarkable. We cannot guarantee

that the fitted results are a global minimum, but assumed the correct minimum was

5Matlab’s lsqcurvefit function is an algorithm for solving least-squares problems. This means
that, given observed data ydata and input data xdata, the solver searches for the set of parameters
x such that

1

2

∑
i

(F (x, xdatai)− ydatai)2 (2.81)

is minimized. F is a function defined by the user, in this case our MPDPDE model. The minimiza-
tion is done following the method suggested by Coleman and Li [89]. This method is a subspace
trust region method [89], which establishes global convergence under reasonable assumptions, and
uses an interior-reflective Newton method described in Coleman and Li [90], which minimizes a
smooth nonlinear function within a region of its multi-dimensional variable.
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achieved because of such good agreement between the stochastic simulations and

the results.
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Figure 2.17: Comparing the MAG3D to Dr. Isaacson’s stochastic simulations with
periodic boundary conditions. A total number of N = 268574 initial A molecules in
a 1000 × 1000 × 1000 nm3 cube was used for the stochastic simulations, presented
in a continuous blue line. The average of 10 simulations was used. The stochastic
simulations and the MAG3D solution in dashed magenta were produced with kon =
0.1 s−1, koff = 1 s−1, kcat = 0.02 µMs−1, L = 20 nm, and λ = 0.005, whilst the
MAG3D solution in dotted green was produced with the fitted parameters kon =
0.1023 s−1, koff = 1.0388 s−1, kcat = 0.0203 µMs−1, L = 18.4154 nm, and λ = 0.0054,
fitted by MATLAB’s lsqcurvefit. The initial guess for the fitting function was:
kon = 0.1 s−1, koff = 1 s−1, kcat = 0.02 µMs−1, L = 20 nm, and λ = 0.005. Inset:
Zoom in to seconds 50 to 200, to show difference between models.
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Figure 2.18: Comparing MAG2D to Dr. Isaacson’s stochastic simulations with pe-
riodic boundary conditions (blue continuous line). A total number of N = 114592
initial A molecules in a 4000× 4000 nm2 square was used for the stochastic simula-
tions. The average of 100 simulations plotted. The stochastic simulations and the
MAG2D solution in dashed magenta were produced with kon = 0.1 s−1, koff = 1 s−1,
kcat = 0.02 µM s−1, L = 20 nm, and λ = 0.005, whilst the MAG2D solution in dot-
ted green was produced with the fitted parameters kon = 0.1020 s−1, koff = 1.0254
s−1, kcat = 0.0189 µ M s−1, L = 17.4858 nm, and λ = 0.0054 , fitted by MATLAB’s
lsqcurvefit. The initial guess for the fitting function was: kon = 0.1 s−1, koff = 1 s−1,
kcat = 0.02 µMs−1, L = 20 nm, and λ = 0.005. The dashed orange line corresponds
to stochastic simulations with the same parameter values as the blue continuous
line, but without periodic boundary conditions. Inset: Zoom in to seconds 50 to
200, to show difference between models.

Both the three- and the two-dimensional MPDPDE models fit their stochastic

models very closely, and have a similar difference in their comparisons, which makes

us think that the boundary does not have that large an effect and that assuming

infinite space in the MPDPDE model does not impact the results significantly. If
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the assumption of infinite space made a noticeable difference, we would expect the

difference in the two-dimensional model to be smaller than in the three-dimensional

model, which it is not.

2.5.3 MAG3D vs MAG2D

This study will consist of verifying that the 2D PDE model fits the two-dimensional

stochastic simulations better than the 3D PDE model, as well as the 3D PDE model

fitting better the three-dimensional stochastic simulations than the 2D PDE model.

This means there should be a crossover between model use when the height goes

from “small” to “large”. We will also see where this crossover happens in terms of

height.

Setting the boundary conditions to periodic in the stochastic simulations, we

have created simulations with different heights, whilst keeping to N = 243, 507

tethered proteins, using our width approximation in Expression (2.80). We have

then fitted our two- and three-dimensional MPDPDE models, labelled as MAG2D

and MAG3D, respectively. The results can be seen in Figure 2.19, whilst numbers

can be checked in Table 2.1.
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Figure 2.19: Data from a test with N = 243, 507 initial A molecules. Ratio of fitted
parameter value over each parameter value actually used to produce the stochastic
simulations (labelled as “real”) at heights h = 0.1, 1, 10, 50, 100, and 150 nm.
Fitted two- and three-dimensional MPDPDE models using MATLAB’s lsqcurvefit.
In all cases the initial guess for the fitting function was: kon = 0.1 s−1, koff = 1 s−1,
kcat = 0.02 µMs−1, L = 20 nm, and λ = 0.005 s−1. MAG2D in blue continuous line
and MAG3D in orange dashed line. Corresponding to data in Table 2.1.
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Table 2.1: Fitting MAG2D and MAG3D for simulations with varying heights. Max-
imum error highlighted.

Height [nm] Used value Best fit in MAG2D Best fit in MAG3D

kon

0.1

0.1

0.1021 0.1086
1 0.1019 0.1086
10 0.1024 0.1007
50 0.1036 0.1037
100 0.1033 0.1035
150 0.1029 0.1032

koff

0.1

1

1.0242 0.2467
1 1.0265 0.2494
10 1.0305 0.9625
50 1.0871 1.0731
100 1.0711 1.0580
150 1.0570 1.0473

kcat or µ

0.1

0.02

0.0188 0.0009
1 0.0187 0.0087
10 0.0174 0.0088
50 0.0059 0.0169
100 0.0026 0.0189
150 0.0015 0.0193

L

0.1

20

17.4678 2.5068
1 17.4160 5.4565
10 17.1650 10.0605
50 12.9564 15.1123
100 10.1858 16.2505
150 8.7298 16.8678

λ

0.1

0.005

0.0054 0.0088
1 0.0054 0.0087
10 0.0055 0.0056
50 0.0058 0.0054
100 0.0059 0.0055
150 0.0059 0.0054

Ideally, the quotient of the fitted parameter over the real parameter should equal

to 1, especially for MAG2D when the height is 0 nm for the stochastic simulations,

and for MAG3D when the height is much larger than 20 nm for the stochastic

simulations. We can see that, whilst the quotient is not quite 1, MAG2D does

better than MAG3D for heights below 25 nm, but by heights of 50 nm the results
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have crossed over and MAG3D fares better. Also, the fitted results for the extreme

cases (0 nm or larger than 100 nm) are never more than 10% off, often being much

closer to the actual, real, parameters used to produce the stochastic simulations.

Experimental assays have been done in a three-dimensional gel matrix as well

as in a flat matrix. The robustness of our three-dimensional and two-dimensional

MPDPDE models for the dephosphorylation reaction have yet to be tested.

2.6 Conclusions

To better understand the interaction between phosphorylated proteins in the T cell

membrane and SHP-1 enzyme, we developed a group of deterministic and stochastic

models. These models have a better fit to the experimentally obtained data than

the traditional ODE models with mean-field approximation. These models can be

used as a proof of concept of what is thought to describe the interaction between

the enzyme SHP-1 and phosphorylated tails in the T cell membrane, but the models

could also be adapted for other interactions where elements engage with their own

docking sites and those of surrounding stationary counterparts.

The whole set of parameters of the in vitro experiments is unknown, but we

tested the accuracy of our deterministic model against the known parameters of in

silico generated data. It is noticeable that fitted parameters had a better curve

fit than using the known parameters, when testing against in silico experiments

with known parameters, but the difference was usually smaller than 5% for most

parameters. The biggest discrepancy was in the length of the proteins, L, which

could be up to 15%. This discrepancy is likely a result of having to approximate
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the deterministic model by the use of the Kirkwood approximation. As a result of

the complexity of including higher order terms, it was not possible to explicitly test

whether this is the case.

Furthermore, we tested the use of the MPDPDE models in two and three di-

mensions against stochastic simulations for different heights. With this we found,

as expected, that it is better to use the two-dimensional numerical model for ex-

periments with heights shorter than the proteins’ length, and the three-dimensional

numerical model for experiments with heights larger than twice the proteins’ length.

This suggests that if the fitted reach parameter (L) is on the scale of the SPR chip

height (h), then the 2D model may be more appropriate.

These models can hopefully now be used to further study unknown compound

reaction rates and lengths of proteins in other experiments. Indeed, two studies have

now been published that have utilised the 3D model to fit tethered reactions in SPR

(Goyette et al. [1], Clemens et al. [91]). The deterministic models are preferred to the

stochastic simulations because of their shorter running time and ease of use. These

models could also, in future, be plugged into larger models of protein interaction

inside the T cell, to further understand the role of tethering and reach in signalling

pathways.

Some of the reasons for the difference between the MPDPDE models and the

stochastic simulations could be due to the approximations used. We used the Kirk-

wood approximation, where we approximate three-particle interaction with the prod-

uct of all possible two-particle interactions. Whilst this is a commonly used approx-

imation, it could be introducing errors. In future work this could be explored by
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not approximating the three-body interaction but the four-body one. This would

suppose a larger number of equations and running time, but still finite.

In conclusion, our MPDPDE model can be used to analyse tethered catalytic

reactions in SPR and has recently been applied in the study of PD-1 and LAIR-1

tethered SHP-1 reactions [1, 91]. This analysis is non-trivial because it comprises

both stochastic and spatial elements, which is why simpler ODE models fail to fit

the data. We provide both three- and two-dimensional versions of the model that

should be used for their corresponding SPR experiment (i.e. 3D when there is a

dextran matrix and 2D when there is no dextran matrix). Our approach may be

widely applicable to reactions whereby proteins tether to one molecule but act on

another.

In this chapter we have spoken about the importance of protein interaction in

the cell membrane and, specifically, of how dephosphorylation of receptor tails could

lead to a diminished reaction of the T cell immune system. We focused on enzymes

like SHP-1 that bind and dephosphorylate, creating a negative feedback loop, and

could also dephosphorylate other tethered proteins nearby. But if we look back to

Figure 2.1, we can see that there are similar enzymes that have a completely different

role: they bind and phosphorylate. In Figure 2.1 this is the case for ZAP-70. If

enzymes like SHP-1 could be involved in downregulating the cell’s activity, enzymes

like ZAP-70 could be involved in upregulating it. In the next chapter we will focus

on, and attempt to model, that kind of protein interaction.
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Chapter 3

Tethered Enzymatic Reactions:
Phosphorylation

3.1 Introduction

We mentioned in the introduction of the previous chapter how the immune system

uses activating and inhibiting receptors to detect pathogens and attack them, or stop

an over-reaction of the immune system. We modelled the behaviour of a particular

inhibiting receptor, but its counterpart, the activating receptor, is just as important.

In Chapter 2 we developed the forward reaction, where the enzyme SHP-1 would

dock unto proteins fixed to the cell membrane and then dephosphorylate surrounding

ones. We now proceed to study the reverse event in which fixed, dephosphorylated,

proteins (or receptor tails) are phosphorylated by enzymes in the cytoplasm that can

attach to a phosphorylated activating receptor tail and phosphorylate surrounding

tails.

The dephosphorylating reaction seen in Chapter 2 could be indicative of the

action of an enzyme (such as SHP-1) that down-regulates the immune reaction in a

T-cell. In this chapter we are modelling an enzyme that could help up-regulate the

79



immune reaction in said T-cell. If, as seen for the SHP-1 case in Goyette et al. [1],

the tethering of the enzyme in this chapter increases its phosphorylation rate, then

this would mean that a small phosphorylation event could produce a much bigger

reaction in the T-cell. In other words, only one external phosphorylation event

would be necessary to activate the phosphorylating enzyme, probably caused by the

interaction of the antigen receptor with the corresponding antigen. Once this event

happens, the tethering enzyme could help phosphorylate surrounding receptors more

quickly and, therefore, produce a bigger reaction.

The phosphorylating event we will study here is present in several cells of the

immune system. In particular, the zeta-chain-associated protein kinase ZAP-70 is

important for T cell receptor signalling [92]. Whereas only 5 proteins in the Homo

sapiens species have the structure of SHP-1, there are 49 proteins in the Homo

sapiens species that have the structure of ZAP-70 [93, 94]. This particular enzyme is

therefore important to study because of its presence and involvement in the immune

system. Malfunction of ZAP-70 results in problems such as persistent infections

and severe combined immunodeficiency [95]. Moreover a general understanding of

tethered phosphorylation would be useful in research against diseases like diabetes,

colon carcinoma [96], and Thrombocytopenia 6 (a clotting disease) [97], amongst

many others. These examples underline the fact that the activation, or lack, of the

immune system is crucial for health.

To better understand the intricacies of the immune system, these initial interac-

tions with pathogens and inhibitors are important. We must therefore study both

kinds of receptors and their interactions with the surrounding proteins. Given the
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mathematical techniques that we have already developed, their expansion for the

modelling of this new interaction is of interest and the logical next step. This chap-

ter will develop a mathematical model that can be used to understand interactions

amongst enzymes that bind and phosphorylate, such as the afore mentioned ZAP-70.

In the same way that there are experiments being done in vitro to study SHP-1,

the surface plasmon resonance (SPR) technique could be used to experiment with

phosphorylating enzymes like ZAP-70 and provide us with data to validate the model

developed in this chapter, but these experiments have not yet been done.

In this chapter we explain the biological reaction to be modelled and show how

we mathematically abstract it in Sections 3.1.1 to 3.1.3. We then present a compu-

tational stochastic model, to which our deterministic models will be compared, in

Section 3.1.4. Section 3.2 derives a Mean Field model that approximates the phos-

phorylating reactions in which we are interested, and we see it does not accurately

capture the behaviour of the stochastic simulations. Section 3.3 uses similar mathe-

matical techniques to those used in Chapter 2 and develops a Multi-centre Particle

Density PDE (MPDPDE) model that better describes the interaction between teth-

ered proteins, a particular enzyme, and their joint phosphorylation. Section 3.4

solves the MPDPDE model in three dimensions, deals with the problems of solving

a stiff set of differential equations, and finally compares the results of the MPDPDE

model to the mean-field and the computational stochastic model. The MPDEPDE

model in this chapter has the same acronym as the model in the previous chapter

because they use the same technique, but the MPDPDE model of Chapter 2 is not

used in this chapter.
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3.1.1 Biological background

Surface receptors on immune cells control their activation decision. Their extracel-

lular parts bind to protein fragments to detect whether the agent may be dangerous

or not. The intracellular part, or ‘tail’, interacts with cytoplasmic proteins inside

the cell. In the case of antigen receptors recognising a pathogen, the tail becomes

activated to initiate a cascade of reactions that may activate the immune cell.

The molecular steps of this process are as follows: Upon binding to the antigen,

the tail of the immune receptor will become phosphorylated on multiple residues.

These residues are known as immunoreceptor tyrosine-based activation motifs (ITAMs).

When these ITAMs are phosphorylated, they generate docking sites for a cytoplas-

mic enzyme known as ZAP-70. When ZAP-70 docks or binds to an ITAM, it can

start phosphorylating substrates that it can reach nearby, including nearby ITAMs

[98] (Figure 3.1). This is a form of positive feedback and, ultimately, the signalling

cascade that is initiated can lead to the activation of the immune cell.

It was shown in Goyette et al. [1], and followed up in Clemens et al. [91], that

the binding or tethering of phosphatase SHP-1 to phosphorylated ITIMs can greatly

increase the perceived local concentration of SHP-1. Following these observations,

it stands to reason that the tethering of phosphorylating enzymes, or kinases such

as ZAP-70, would also increase their perceived concentration at the membrane and

hence facilitate their reactions.

The study of how these surface receptors initiate and propagate signals in cells

is difficult because each molecular component cannot be easily controlled. In order
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(a) ZAP-70 about to phosphorylate an-
other ITAM from the same T cell antigen
receptor.

(b) Another ZAP-70 binds to the phospho-
rylated ITAMs and both ZAP-70s phos-
phorylate surrounding ITAMs.

Figure 3.1: ZAP-70 enzyme binds to the phosphorylated tail of the T cell antigen
receptor (its ITAM) to become activated and phosphorylate other proteins, including
other ITAMs (as seen in Figure 3.1a), to which other ZAP-70 enzymes may bind (as
seen in Figure 3.1b). Further phosphorylation by ZAP-70 helps activate the T cell,
and hence the immune response.

to isolate and control each interaction, in vitro experiments are often used where

specific proteins can be studied in isolation. The previous chapter focused on an

in vitro assay to study tethered phosphatases in surface plasmon resonance (SPR).

Building on the success of that work, in this chapter we develop a mathematical

PDE model that can be used to study kinases, like ZAP-70, in SPR. Although the

experiments have yet to be performed, the PDE model that is developed here can

be used to guide the experiments.

A T cell receptor contains multiple tails on the inside of the cell (the cytoplasm),

as can be seen in Figure 3.1b. Each tail contains ITAMs that, when phosphorylated,

generate a docking site for ZAP-70 that itself can phosphorylate other ITAMs. For

our SPR experiments the tail containing an unphosphorylated ITAM will be im-
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mobilised to a three-dimensional dextran matrix. The experimental set up can be

thought of as an upside down representation of the membrane. The SPR experiment

will consist of an initial number of unphosphorylated ITAMs, C0, immobilised on

one end, attached to a three-dimensional dextran matrix, as can be seen in Figure

3.2a. Being immobilised implies that the ITAMs will not be able to diffuse. All

ITAMs will be unphosphorylated at the beginning. The matrix will be constantly

washed with a mixture of a liquid buffer and a kinase, such as ZAP-70. Therefore,

the concentration of this kinase will be known and remain constant, such that there

is never a shortage of this enzyme in the experiment. It is noted that the utility of

this SPR experiment, just as in the previous chapter, is to recover relevant biophys-

ical and biochemical parameters. Therefore, although the 3D geometry of the SPR

experiment may not recapitulate the 2D geometry within cells, by using a mathe-

matical model that accounts for the geometry, we can extract parameter values that

are independent of the geometry. For example, the binding affinity is not expected

to change whether ZAP-70 binds from solution to a 2D surface (cell membrane) or

a 3D matrix (SPR).
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Cross- 
section

(a) Large dextran matrix, as found in the
SPR assay.

Direction of flow

Phosphorylate

Kinase
ZAP-70

Tail/ 
ITAM

(b) Cross-section of panel (a) for better
view of interactions.

Figure 3.2: Representation of the in vitro experiments, using the surface plasmon
resonance (SPR) assay to emulate what happens in the cell membrane, Figure 3.1.
The experiment consists of a dextran matrix that is much wider, longer, and taller
than the length of the proteins, as shown in panel (a). This supporting matrix has
ITAMs tethered all over and kinases (ZAP-70) freely flowing through the dextran
matrix. A transversal cut of panel (a) is shown in panel (b) for a clearer view of the
reactions.

As the kinases undergo diffusion around the tails, they will be able to phos-

phorylate ITAMs directly from solution without tethering. This phosphorylation

from solution is expected to be slow because it is determined, in part, by the con-

centration of the injected kinase. Once phosphorylated, these ITAMs would then

become available to the kinase to bind to phosphorylated ITAMs. These bound,

or tethered, kinases would then be able to further phosphorylate surrounding, un-

phosphorylated, ITAMs. This phosphorylation, when tethered, is expected to be

fast because it is determined, in part, by the high local concentraction of the teth-

ered kinases that nearby ITAMs will experience. The kinases will, ideally, continue

phosphorylating ITAMs, either from the solution or from the bound state, until all

ITAMs are phosphorylated. A representation of this experiment can be seen in Fig-

ure 3.2b. Given the constant flow, which brings new kinases into the matrix, it is
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Direction of flow

A
B

A C

Figure 3.3: Abstract representation of the laboratory experiment in the surface
plasmon resonance (SPR) assay, seen in Figure 3.2b, substituted with general species
names: A, B, and C. The kinase is purple, the ITAMs are the blue lines, and
phosphorylation is denoted by the yellow circle.

reasonable to assume that the concentration of active kinase in solution is fixed so

that any chemical reaction has a fixed rate that does not depend on, for example,

the depletion of active kinases.

3.1.2 From experiment to mathematical abstraction

In the SPR assay, the ITAMs are immobilised within the dextran matrix and unable

to diffuse. We start by calling these unphosphorylated ITAMs species C. Once

an unphosphorylated ITAM has been phosphorylated it becomes species A. The

binding of an entity A by a kinase is denoted as species B. An illustration of these

labels in the in vitro experiment can be seen in Figure 3.3.

As a result of the ITAM being immobilised within the dextran matrix, any

modification to it also remains immobile within the dextran matrix (i.e. the diffusion
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coefficients of A, B, and C are zero). The only molecule that can diffuse is the free

kinase in solution. When the kinase binds to a phophorylated ITAM, it can explore

a volume that is determined by the molecular reach of the ITAM tether and the

enzyme itself (Figure 3.4d). Given that the ITAM tail is fixed in space onto the

dextran matrix, the molecular reach determines, in part, how many other ITAM

tails will be within reach and it is these other ITAMs that will experience a high

concentration of the tethered kinase. The number of these ITAMs within reach is

expected to be very small. This will bring spatial and stochastic elements into our

modelling.

Initially, the ITAMs would be unphosphorylated, and we term this the initial

amount of C, C0. For our abstraction, we will have C become an A through in-

teraction with a kinase in solution, as can be seen in Figure 3.4b. A can then be

bound by a kinase to become B. As this kinase can bind and unbind freely, B can

turn back into A. B can help phosphorylate C within reach, because of its bound

kinase. In all, A+B + C is a constant.

In the SPR assay the enzyme is constantly injected over the dextran matrix.

Because we have a constant flow of the enzyme in the experiment, this resource

would not get depleted, meaning it is always available and we do not need to consider

it as a separate species. The details of the reactions are shown in Section 3.1.3.
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kon koff
A B

EnzymeZAP-70

Dextran Matrix
(a) A phosphorylated ITAM, or species
A, being bound by the phosphorylating
enzyme, ZAP-70, to turn it into species
B. Binding rate kon, unbinding rate koff .

λ
AC

EnzymeZAP-70

Dextran Matrix
(b) An unphosphorylated ITAM, or
species C, being phosphorylated by ki-
nase ZAP-70 and turning into species A
with a reaction rate λ.

A

k*cat
B C B

Dextran Matrix
(c) Representation of species B reaching
over to a C within its reach length, L, to
turn it into an A species, with a reaction
rate kcatσ(r).

Reach 
length

L

A

Phosphorylate

B

(d) Reach length, L, which B has due
to it being anchored at one end but free
at the other end. The hypothesis is that
B can phosphorylate any dephosphory-
lated protein within a distance L.

Figure 3.4: Graphic explanation of the reactions hypothesized to be taking place in
the SPR experiment.

3.1.3 Reaction Scheme

We can now formalise the interactions into a chemical reaction scheme.

As we start with all entities being C, the first interaction that can happen is

that of C being turned into A by an enzyme from the solution, with a reaction rate

of λ. The first-order reaction for this interaction is:

C
λ−→ A.
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This is also what is depicted in Figure 3.4b, where λ has units of s−1.

The production of state A means that the kinase can now undergo reversible

binding and unbinding from A to form B and B to form A with kon and koff ,

respectively. This reaction is depicted as:

A
FT kon

�
koff

B,

where FT is the concentration of kinase in the solution, taken as constant due to the

constant flow of the enzyme, as mentioned above. This means that the reaction is

effectively first-order, and is depicted in Figure 3.4a.

The final chemical equation corresponds to the phosphorylation of surrounding

C by compound B reaching over. In this case we consider a catalysing rate, kcat, but

we propose that the rate of interaction will also depend on the distance between the

reactants. We denote this function as σ(r), which has been introduced previously

in Section 2.2.1 (restated in Section 3.2.1 here). We will use that same function as

the way this compound moves is very similar to the one studied in Chapter 2. The

chemical reaction is:

B + C
kcatσ(r)−→ B + A.

This bimolecular second-order reaction is depicted in Figure 3.4c.

These three chemical reactions form the basis of our deterministic models for

a kinase injected over a substrate in SPR. Comparing our model to experimental

results in the future should confirm whether the proposed reactions can accurately

capture the data. For now, we will compare our deterministic model to a computa-
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tional stochastic model, to make sure our assumptions work. This stochastic model

is explained in the next section.

3.1.4 Stochastic Simulation

In order to ensure that simplifications in our deterministic model do not introduce

large errors into our solution and that we accurately represent the reactions hap-

pening in the SPR experiments, a stochastic simulation was developed. We note

that, once experimental data are available, the deterministic model will probably

be preferred to the stochastic model. A stochastic simulation cannot easily be fit

to the experimental data because it is computationally expensive to run, making it

impractical for data fitting. On the other hand, deterministic models can often be

solved analytically or numerically much more quickly, allowing for data fitting.

As with Chapter 2, a Gibson-Bruck Next Reaction Method was used to create

a stochastic simulation of the chemical reactions so that our mathematical model

could be compared with the stochastic model. The stochastic model was coded

by Dr. Jun Allard (University of California, Irvine) and optimised by Dr. Samuel

Isaacson (University of Boston) using MATLAB and C++. A short explanation of

how the method works is given in Section 2.1.4.
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3.2 Mean field approximation for protein phos-

phorylation by an enzyme

We can gather the reaction scheme from Section 3.1.3 into the following chemical

reactions for our model:

A
FT kon

�
koff

B, (3.1)

B + C
kcatσ(r)−→ B + A, (3.2)

C
λ−→ A. (3.3)

Because FT is constant, we can simplify the forward reaction rate in (3.1) to:

k∗on = FTkon.

As done in Section 2.2.2, we intuitively derive the following set of reaction rate

equations from a phenomenological point of view:

∂nA(~x, t)

∂t
= −k∗onnA(~x, t) + koffnB(~x, t) + λnC(~x, t)

+ kcat

∫
σ(~x− ~x′)nC(~x, t)nB(~x′, t) d3~x′,

∂nB(~x, t)

∂t
= k∗onnA(~x, t)− koffnB(~x, t),

∂nC(~x, t)

∂t
= −λnC(~x, t)− kcat

∫
σ(~x− ~x′)nC(~x, t)nB(~x′, t) d3~x′, (3.4)

where ~x is a three-dimensional position vector, and nA, nB, and nC are the densities

of the particles A, B, and C, respectively.

Because the initial conditions are spatially homogeneous (i.e. nC(t = 0) = C0/V ,

with C0 being the initial number of C molecules in the system and V the volume of

the system, and nA(t = 0) = nB(t = 0) = 0), there is no diffusion, and the reactions
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are symmetric, it follows that nA(~x, t), nB(~x, t), and nC(~x, t) should remain spatially

homogeneous for all time. That is:

nA(~x, t) = a(t),

nB(~x, t) = b(t),

nC(~x, t) = c(t), (3.5)

where a, b, and c are the densities of A, B, and C, respectively, throughout space.

The initial conditions are:

a(t = 0) = 0,

b(t = 0) = 0,

c(t = 0) = cT , (3.6)

with cT the mean concentration of C in the system initially. Making changes (3.5)

to Equations (3.4) and rescaling by cT , we get:

da(t)

dt
= −k∗ona(t) + koffb(t) + λc(t) + kcatcT c(t)b(t)

∫
σ(~x− ~x′) d3~x′,

db(t)

dt
= k∗ona(t)− koffb(t),

dc(t)

dt
= −λc(t)− kcatcT c(t)b(t)

∫
σ(~x− ~x′) d3~x′, (3.7)

with

a(t = 0) = 0,

b(t = 0) = 0,

c(t = 0) = 1. (3.8)

We assume an infinite space, therefore there are no boundaries.
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3.2.1 Interaction kernel σ(r)

We will be using the same probability for two protein tips to meet as we used in the

previous chapter. In Section 2.2.1, Chapter 2, we used the work of Yamakawa [75]

and obtained an expression for the probability distribution function of having the

last point in the protein chain at a point ~r from the start of the chain:

P (~r) =

(
3

2πL2

)3/2

exp

(
−3~r · ~r

2L2

)
. (3.9)

For both proteins to end in the same point, regardless of where that point is,

but having their tethered ends a distance r apart, we had σ(r):

σ(r) =

[
3

2π(L2
B + L2

C)

]3/2

exp

[
−3r2

2(L2
B + L2

C)

]
, (3.10)

where LB is the average size of one of the proteins involved, and LC is the average

size of the other protein involved. Because LB and LC are indistinguishable in our

calculations, we will simplify to one unknown parameter, L, with: L2 = L2
B + L2

C .

Therefore:

σ(r) =

[
3

2πL2

]3/2

exp

[
−3r2

2L2

]
, (3.11)

3.2.2 Solving the Mean Field Approximation

As seen in Section 2.2.2, the three-dimensional integral of σ(~x− ~x′) is:∫ 2π

φ=0

∫ π

θ=0

∫ ∞
r′=0

σ(|~x− ~x′|) dr′ dθ dφ = 1. (3.12)

We will substitute this expression into Equations (3.7) to obtain the equations to

solve for the Mean Field Approximation:

∂a(t)

∂t
= −k∗ona(t) + koffb(t) + λc(t) + kcatcT c(t)b(t),
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∂b(t)

∂t
= k∗ona(t)− koffb(t),

∂c(t)

∂t
= −λc(t)− kcatcT c(t)b(t). (3.13)

Taking into account the conservation of molecules, that is a(t) + b(t) + c(t) = 1

∀ t, and that b(t) ≥ 0 ∀ t, the steady state for this system is:

as =
koff

k∗on + koff

,

bs =
k∗on

k∗on + koff

,

cs = 0. (3.14)

Several simulations of the computational stochastic model were run to compare

with the numerical solution of Equation (3.13) and the comparison is shown in Fig-

ure 3.5. It can be observed that, whilst both models reach the same theoretical

steady states in the long run, there is a significant difference between the stochastic

simulations and the Mean Field Approximation numerical solution during the first

25 seconds. Whilst we can use these steady states to obtain k∗on/koff from experi-

mental data, our aim is to gain more information from the data. This discrepancy

between the models is important because by fitting a model that takes into ac-

count stochasticity and location we will be able to obtain the value of five kinetic

rate constants from the experiments. In the next section we focus on an improved

deterministic model that does take into account stochasticity and location.
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Figure 3.5: Comparison between the stochastic model and the numerical solution of
the Mean Field approximation, Equations (3.13). The parameter values used were:
k∗on = 0.1 s−1, koff = 1 s−1, kcat = 0.02 µM−1s−1, λ = 0.005 s−1. The stochastic
simulation used 300, 000 initial C molecules in a volume of 1000 × 1000 × 1000
nm3, which translates to cT = 498.1734 µM in the Mean Field model. Length of
tail used for the stochastic simulation was L = 20 nm, the simulation had periodic
boundary conditions on all four sides, and a 100 repetitions were averaged. Run
time of stochastic simulations was 3.5 days.

3.3 Multi-centre Particle Density Model of Phos-

phorylation (MPDPDE)

As discussed in the previous chapter, and verified in Section 3.2, the well-mixed

model does not fit the in silico data well enough, because the peptides are immobile.

As before, we will explicitly model spatial effects and, in addition, include stochastic
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effects because the enzyme is only able to reach a few substrates. In contrast to

the case in Chapter 2, in this case the reactants (unphosphorylated peptides) and

products (phosphorylated peptides) both play important roles. Therefore, we have

three chemical species and a set of equations for them. As we will see, this will

increase the model from five to nine integral partial-differential-equations.

As before, we propose B and C, situated at a distance r apart, react with a

probability of interaction of σ(r). This interaction kernel will be the same as the

one used in the previous model (seen again in subsection 3.2.1). We base our model

on Equations (3.1), (3.2), and (3.3), restated here:

A
k∗on

�
koff

B, (3.15)

B + C
kcatσ(r)−→ B + A, (3.16)

C
λ−→ A, (3.17)

where k∗on = FTkon.

We will start with all molecules unphosphorylated, so the initial conditions will

be:

A(t = 0) = 0,

B(t = 0) = 0,

C(t = 0) = CT ,

where CT is the initial amount of tethered unphosphorylated peptide. As before, we

have the following conservation equation, CT = A+B + C ∀t.
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3.3.1 Pair Correlation Functions

We will use k-point distribution functions [76, 78, 79], ρ(k) (k = 1, 2, ...), as in Section

2.3.1, which quantify “how the particle of interest is surrounded by other particles”

[99]. This ρ(k) can be seen as a probability distribution function with k centres. In

other words, it is related to the density of k particles seen from the viewpoint of one

of these particles.

In our case, because we have three species, the many-point densities will be

written as ρ(k) = ρm,m′,m′′ , where k = m+m′ +m′′. We will use a definition similar

to that given in Equation (2.23), following the work in Kotomin and Kuzovkov [82],

but for three species:

ρm,m′,m′′({~r}m; {~r′}m′ ; {~r′′}m′′) = υ−(m+m′+m′′)P ({A~r}m; {B~r′}m′ ; {C ~r′′}m′′),

where υ are small regions of the same volume such that each region has at most one

particle, each identified by its vector ~r, and P ({A~r}m; {B~r′}m′ ; {C ~r′′}m′′) gives the

probability of finding particles A in m regions with the coordinates ~ri(i = 1, ...,m),

particles B in m′ regions with the coordinates ~rj(j = 1, ...,m′), and particles C in

m′′ regions with the coordinates ~rk(k = 1, ...,m′′). υ−(m+m′+m′′) is the multiplication

of the volume of each of these small regions. This definition gives us an idea of the

density of probability of specific species.

We have, as in Section 2.3.1, that ρ1,0,0(~r; ) = P (A~r)/υ is the density (concen-

tration) of particles A at a region identified by ~r because there is only one particle

per region. If the system is homogeneous (V →∞) then ρ1,0,0, ρ0,1,0, and ρ0,0,1 are

97



independent of position, so we can write:

ρ1,0,0 ≡ nA(t), (3.18)

where we define nA(t) as the mean-field particle concentration of A. The same can

be done for ρ0,1,0 ≡ nB(t) and ρ0,0,1 ≡ nC(t). This will help us define correlation

functions for higher level distribution functions [81, 84]:

ρm,m′,m′′({~r}m; {~r′}m′ ; {~r′′}m′′) = nmA (t)nm
′

B (t)nm
′′

C (t)χm,m′,m′′({~r}m; {~r′}m′ ; {~r′′}m′′),

(3.19)

where χm,m′,m′′({~r}m; {~r′}m′ ; {~r′′}m′′) (we simplify the notation by denoting this

χm,m′,m′′) will be the many-point correlation functions, which will help us keep track

of the probability of finding centres of other particles a given distance from any one

particle [80]. This function is not known a priori and cannot normally be calculated

analytically, so we will obtain it numerically.

Now, we know the distribution function for just one particle, which is the mean-

field density of particles. For two particles the distribution function depends on the

particles’ coordinates, and there are 6 combinations:

ρ2,0,0 ≡ n2
A(t)XA(r1 − r2, t), (3.20)

ρ0,2,0 ≡ n2
B(t)XB(r′1 − r′2, t), (3.21)

ρ0,0,2 ≡ n2
C(t)XC(r′′1 − r′′2 , t), (3.22)

ρ1,1,0 ≡ nA(t)nB(t)YAB(r1 − r′1, t), (3.23)

ρ0,1,1 ≡ nB(t)nC(t)YBC(r′1 − r′′1 , t), (3.24)

ρ1,0,1 ≡ nA(t)nC(t)YAC(r′′1 − r1, t), (3.25)
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where XA(r, t), XB(r, t), XC(r, t), YAB(r, t), YBC(r, t), and YAC(r, t) are the pair

correlation functions. We note that these functions are equal to one when there

is no correlation between two particles and their probability is independent. For

example, if every A particle is independent of each other, then ρ2,0,0 = ρ1,0,0× ρ1,0,0,

and:

XA =
ρ2,0,0

ρ1,0,0ρ1,0,0

= 1.

Equation (3.20) states how likely you are to find another A particle a distance

|r1 − r2| away given that you are positioned at an A particle. Equations (3.21) and

(3.22) are similar but with B and C particles, respectively, whereas Equation (3.23)

refers to having an A particle and trying to find a B particle a distance |r1 − r′1|

away. Equation (3.23) is symmetric for particles A and B. The same logic applies

to the remaining correlations.

Using the formalism introduced by Kuzovkov and Kotomin [81], we derive the

general model, based on the reactions in equations (3.15), (3.16), and (3.17):

∂ρm,m′,m′′

∂t
=

mkoffρm−1,m′+1,m′′ +m′k∗onρm+1,m′−1,m′′

−mk∗onρm,m′,m′′ −m′koffρm,m′,m′′

}
From Eq. (3.15)

+mλρm−1,m′,m′′+1 −m′′λρm,m′,m′′
}

From Eq. (3.17)

−
∑m′

i=1

∑m′′

j=1 kcatσ(r′i − r′′j )ρm,m′,m′′
−
∑m′′

i=1

∫
kcatσ(r′m′+1 − r′′i )ρm,m′+1,m′′ ddr′m′+1

+
∑m

i=1

∑m′

j=1 kcatσ(r′j − r′′i )ρm−1,m′,m′′+1

+
∑m

i=1

∫
kcatσ(r′m′+1 − r′′i )ρm−1,m′+1,m′′+1 ddr′m′+1.

 From Eq. (3.16)

(3.26)

The first four terms on the right-hand side come from the reaction in Equation

(3.15). The first of these terms captures the observation that any of themA particles

could have come from a B particle in that position that turned into A with a koff
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rate, necessarily coming from a state with one more B particle and one fewer A

particle to reach the desired ρm,m′,m′′ state. The second term is, similarly, for any

of the m′ B particles that could come from an A particle turning into a B particle

with a k∗on rate. This is how we could have got into the ρm,m′,m′′ state. In contrast,

the third and fourth terms refer to being in the ρm,m′,m′′ state and either losing any

of the present m A particles with a rate k∗on, or losing any of the m′ B particles with

a rate koff .

Similarly, the fifth term comes from moving into the ρm,m′,m′′ state due to a C

particle turning into one of the m A particles required with a rate λ, coming from

a state with one fewer A particle and one more C particle. In turn, the sixth term

assumes we start at the ρm,m′,m′′ state and one of the m′′ C particles turns into an

A particle with a rate λ.

Finally, the last four terms on the right-hand side stem from the reaction in

Equation (3.16). We first start with the ρm,m′,m′′ state, which can be lost by a

reaction between any of the m′ B particles with any of the m′′ C particles inside

the k = m + m′ + m′′ group of particles with which we are specifically dealing.

Because the reaction rate depends on kcat, but also the distance between each pair

of particles through the σ function, a check through every possible couple within the

group is made with the summations. Secondly, we consider that any C particle in

the ρm,m′,m′′ state could be lost by reacting with a B particle out of the group being

considered, which is why the second of these terms has an integral with respect to

“m′ + 1” B particles. The third of these terms considers a C particle within the

group reacting with one of the B particles within the group to become the required
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A particle for the ρm,m′,m′′ state, and the fourth term considers, again, a C particle

within the group becoming the required A particle, but through interaction with a

B particle outside the group, hence the integral over space.

This general formula, Equation (3.26), will give us the specific PDEs for our

model variables. For example, to start with we can consider only one A particle:

∂ρ1,0,0

∂t
= koffρ0,1,0 − k∗onρ1,0,0 + λρ0,0,1 +

∫
kcatσ(r′1 − r1)ρ0,1,1 ddr′1. (3.27)

With the definitions in Equations 3.18, its equivalents for ρ0,1,0 and ρ0,0,1, and 3.24

we can substitute into Equation (3.27):

∂nA(t)

∂t
= koffnB(t)− k∗onnA(t) + λnC(t) + kcatnB(t)nC(t)

∫
σ(r′)YBC(r′, t) ddr′.

This gives us a PDE for the evolution of nA(t) over time.

In a similar way, we can use Equation (3.26) for the first 9 moments:

∂ρ1,0,0

∂t
= koffρ0,1,0 − k∗onρ1,0,0 + λρ0,0,1 +

∫
kcatσ(r′1 − r1)ρ0,1,1 ddr′1, (3.28)

∂ρ0,1,0

∂t
= k∗onρ1,0,0 − koffρ0,1,0, (3.29)

∂ρ0,0,1

∂t
= −λρ0,0,1 −

∫
kcatσ(r′1 − r′′1)ρ0,1,1 ddr′1, (3.30)

∂ρ2,0,0

∂t
= 2koffρ1,1,0 − 2k∗onρ2,0,0 + 2λρ1,0,1

+

∫
kcatσ(r′1 − r′′1)ρ1,1,1 ddr′1 +

∫
kcatσ(r′1 − r′′2)ρ1,1,1 ddr′1, (3.31)

∂ρ0,2,0

∂t
= 2k∗onρ1,1,0 − 2koffρ0,2,0, (3.32)

∂ρ0,0,2

∂t
= −2λρ0,0,2

−
∫
kcatσ(r′1 − r′′1)ρ0,1,2 ddr′1 −

∫
kcatσ(r′1 − r′′2)ρ0,1,2 ddr′1, (3.33)

∂ρ1,1,0

∂t
= koffρ0,2,0 + k∗onρ2,0,0 − k∗onρ1,1,0 − koffρ1,1,0 + λρ0,1,1
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+ kcatσ(r′1 − r′′1)ρ0,1,1 +

∫
kcatσ(r′2 − r′′1)ρ0,2,1 ddr′2, (3.34)

∂ρ0,1,1

∂t
= k∗onρ1,0,1 − koffρ0,1,1 − λρ0,1,1

− kcatσ(r′1 − r′′1)ρ0,1,1 −
∫
kcatσ(r′2 − r′′1)ρ0,2,1 ddr′2, (3.35)

∂ρ1,0,1

∂t
= koffρ0,1,1 − k∗onρ1,0,1 + λρ0,0,2 − λρ1,0,1

−
∫
kcatσ(r′1 − r′′1)ρ1,1,1 ddr′1 +

∫
kcatσ(r′1 − r′′1)ρ0,1,2 ddr′1. (3.36)

We now need to substitute into the above all many-point densities (ρ) for particle

concentrations or pair correlation functions. Although the derivative for ρ(k) for

k = 1 is straightforward, the derivatives of the other 6 moments are:

∂ρ2,0,0

∂t
= 2nAXA

∂nA
∂t

+ n2
A

∂XA

∂t
,

∂ρ0,2,0

∂t
= 2nBXB

∂nB
∂t

+ n2
B

∂XB

∂t
,

∂ρ0,0,2

∂t
= 2nCXC

∂nC
∂t

+ n2
C

∂XC

∂t
,

∂ρ1,1,0

∂t
= nBYAB

∂nA
∂t

+ nAYAB
∂nB
∂t

+ nAnB
∂YAB
∂t

,

∂ρ0,1,1

∂t
= nCYBC

∂nB
∂t

+ nBYBC
∂nC
∂t

+ nBnC
∂YBC
∂t

,

∂ρ1,0,1

∂t
= nCYAC

∂nA
∂t

+ nAYAC
∂nC
∂t

+ nAnC
∂YAC
∂t

.

Some of the equations, like Equation (3.31), have three-point densities that will

need three-point distribution functions, which we have not defined. Introducing a

definition for the three-point density would require us to extend the general formula

and the use of four-point densities. This, in turn, would generate a need for five-

point densities and so on, creating an infinite system of nonlinear partial differential

equations. As in Chapter 2, we close the system by using the Kirkwood Superposi-

tion approximation, detailed in Section 2.3.2. This closure consists of decoupling the
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three-centre correlation functions into the product of three pair correlation functions

[85], which leads to:

ρ1,1,1 ≈ nA(t)nB(t)nC(t)YAB(r1 − r′1, t)YAC(r′′1 − r1, t)YBC(r′1 − r′′1 , t),

ρ0,2,1 ≈ n2
B(t)nC(t)XB(r′1 − r′2, t)YBC(r′1 − r′′1 , t)YBC(r′2 − r′′1 , t),

ρ0,1,2 ≈ nB(t)n2
C(t)XC(r′′1 − r′′2 , t)YBC(r′1 − r′′1 , t)YBC(r′1 − r′′2 , t).

Taking all the above points into account, the complete integro-PDE system for

d dimensions (Equation 3.26), assuming all functions are even because they mostly

depend on the distance from each particle and | − r| = |r|, becomes:

∂nA(t)

∂t
= koffnB(t)− k∗onnA(t) + λnC(t)

+ kcatnB(t)nC(t)

∫
σ(r′)YBC(r′, t) ddr′, (3.37)

∂nB(t)

∂t
= k∗onnA(t)− koffnB(t), (3.38)

∂nC(t)

∂t
= −λnC(t)− kcatnB(t)nC(t)

∫
σ(r′)YBC(r′, t) ddr′, (3.39)

∂XA(r, t)

∂t
= 2koff

nB
nA

[YAB(r, t)−XA(r, t)] + 2λ
nC
nA

[YAC(r, t)−XA(r, t)]

− 2kcat
nBnC
nA

XA(r, t)

∫
σ(r′)YBC(r′, t) ddr′

+ kcat
nBnC
nA

YAC(r, t)

·
∫
σ(r′)YBC(r′, t) [YAB(r + r′) + YAB(r − r′)] ddr′, (3.40)

∂XB(r, t)

∂t
= 2k∗on

nA
nB

[YAB(r, t)−XB(r, t)] , (3.41)

∂XC(r, t)

∂t
= kcatnB(t)XC(r, t)

·
∫
σ(r′)YBC(r′, t) [2− YBC(r′ + r, t)− YBC(r′ − r, t)] ddr′, (3.42)

103



∂YAB(r, t)

∂t
= koff

nB
nA

[XB(r, t)− YAB(r, t)] + k∗on

nA
nB

[XA(r, t)− YAB(r, t)]

+ λ
nC
nA

[YBC(r, t)− YAB(r, t)] + kcat
nC
nA
σ(r)YBC(r, t)

− kcat
nBnC
nA

YAB(r, t)

∫
σ(r′)YBC(r′, t) ddr′

+ kcat
nBnC
nA

YBC(r, t)

∫
σ(r′)YBC(r′, t)XB(r + r′, t) ddr′, (3.43)

∂YBC(r, t)

∂t
= k∗on

nA
nB

[YAC(r, t)− YBC(r, t)]− kcatσ(r)YBC(r, t)

+ kcatnBYBC

∫
σ(r′)YBC(r′, t) [1−XB(r − r′, t)] ddr′, (3.44)

∂YAC(r, t)

∂t
= koff

nB
nA

[YBC(r, t)− YAC(r, t)] + λ
nC
nA

[XC(r, t)− YAC(r, t)]

+

(
1− nC

nA

)
kcatnBYAC(r, t)

∫
σ(r′)YBC(r′, t) ddr′

− kcatnBYAC(r, t)

∫
σ(r′)YBC(r′, t)YAB(r + r′) ddr′

+ kcat
nBnC
nA

XC(r, t)

∫
σ(r′)YBC(r′, t)YBC(r′ − r) ddr′. (3.45)

3.4 Solving the PDEs: 3D

We use spherical coordinates and restate Equations (3.37) to (3.45) for three dimen-

sions, similarly to Section 2.3.3:

∂nA(t)

∂t
= koffnB(t)− k∗onnA(t) + λnC(t)

+ 4πkcatnB(t)nC(t)

∫ ∞
0

r′2σ(r′)YBC(r′, t) dr′, (3.46)

∂nB(t)

∂t
= k∗onnA(t)− koffnB(t), (3.47)

∂nC(t)

∂t
= −λnC(t)− 4πkcatnB(t)nC(t)

∫ ∞
0

r′2σ(r′)YBC(r′, t) dr′, (3.48)
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∂XA(r, t)

∂t
= 2koff

nB
nA

[YAB(r, t)−XA(r, t)] + 2λ
nC
nA

[YAC(r, t)−XA(r, t)]

− 8πkcat
nBnC
nA

XA(r, t)

∫ ∞
0

r′2σ(r′)YBC(r′, t) dr′

+
4π

r
kcat

nBnC
nA

YAC(r, t)

∫ ∞
0

r′σ(r′)YBC(r′, t)

∫ |r+r′|
|r−r′|

qYAB(q, t) dq dr′,

(3.49)

∂XB(r, t)

∂t
= 2k∗on

nA
nB

[YAB(r, t)−XB(r, t)] , (3.50)

∂XC(r, t)

∂t
=

4π

r
kcatnB(t)XC(r, t)

∫ ∞
0

r′σ(r′)YBC(r′, t)

∫ |r+r′|
|r−r′|

q [1− YBC(q, t)] dq dr′,

(3.51)

∂YAB(r, t)

∂t
= koff

nB
nA

[XB(r, t)− YAB(r, t)] + k∗on

nA
nB

[XA(r, t)− YAB(r, t)]

+ λ
nC
nA

[YBC(r, t)− YAB(r, t)] + kcat
nC
nA
σ(r)YBC(r, t)

− 4πkcat
nBnC
nA

YAB(r, t)

∫ ∞
0

r′2σ(r′)YBC(r′, t) dr′

+
2π

r
kcat

nBnC
nA

YBC(r, t)

∫ ∞
0

r′σ(r′)YBC(r′, t)

∫ |r+r′|
|r−r′|

qXB(q, t) dq dr′,

(3.52)

∂YBC(r, t)

∂t
= k∗on

nA
nB

[YAC(r, t)− YBC(r, t)]− kcatσ(r)YBC(r, t)

+
2π

r
kcatnBYBC

∫ ∞
0

r′σ(r′)YBC(r′, t)

∫ |r+r′|
|r−r′|

q [1−XB(q, t)] dq dr′,

(3.53)

∂YAC(r, t)

∂t
= koff

nB
nA

[YBC(r, t)− YAC(r, t)] + λ
nC
nA

[XC(r, t)− YAC(r, t)]

+ 4π

(
1− nC

nA

)
kcatnBYAC(r, t)

∫ ∞
0

r′2σ(r′)YBC(r′, t) dr′

− 2π

r
kcatnBYAC(r, t)

∫ ∞
0

r′σ(r′)YBC(r′, t)

∫ |r+r′|
|r−r′|

qYAB(q, t) dq dr′

+
2π

r
kcat

nBnC
nA

XC(r, t)

∫ ∞
0

r′σ(r′)YBC(r′, t)

∫ |r+r′|
|r−r′|

qYBC(q, t) dq dr′, ,

(3.54)

where r′ and r are radial coordinates.

The initial conditions will be nA(t = 0) = 0, nB(t = 0) = 0, nC(t = 0) = CT ,

XA(r, t = 0) = XB(r, t = 0) = XC(r, t = 0) = YAB(r, t = 0) = YBC(r, t = 0) =
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YAC(r, t = 0) = 1.

We can next rescale the variables as follows: nA, nB, and nC by CT , r by L, and

t by koff , such that:

n̂A = nA/CT ,

n̂B = nB/CT ,

n̂C = nC/CT ,

r̂ = r/L,

t̂ = t ∗ koff .

Dropping the hat notation leads to the following non-dimensional MPD-PDE sys-

tem, which corresponds to our MPDPDE model (remembering this is different to

the similarly named model of Chapter 2):

∂nA(t)

∂t
= nB(t)− k∗on

koff

nA(t) +
λ

koff

nC(t)

+ 4π

(
3

2π

)3/2
kcatCT
koff

nB(t)nC(t)

∫ ∞
0

r′2e−
3r′2

2 YBC(r′, t) dr′, (3.55)

∂nB(t)

∂t
=
k∗on

koff

nA(t)− nB(t), (3.56)

∂nC(t)

∂t
= − λ

koff

nC(t)

− 4π

(
3

2π

)3/2
kcatCT
koff

nB(t)nC(t)

∫ ∞
0

r′2e−
3r′2

2 YBC(r′, t) dr′, (3.57)

∂XA(r, t)

∂t
= 2

nB
nA

[YAB(r, t)−XA(r, t)] + 2
λ

koff

nC
nA

[YAC(r, t)−XA(r, t)]

− 8π

(
3

2π

)3/2
kcatCT
koff

nBnC
nA

XA(r, t)

∫ ∞
0

r′2e−
3r′2

2 YBC(r′, t) dr′

+
4π

r

(
3

2π

)3/2
kcatCT
koff

nBnC
nA

YAC(r, t)

∫ ∞
0

r′e−
3r′2

2 YBC(r′, t)

·
∫ |r+r′|
|r−r′|

qYAB(q, t) dq dr′, (3.58)
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∂XB(r, t)

∂t
= 2

k∗on

koff

nA
nB

[YAB(r, t)−XB(r, t)] , (3.59)

∂XC(r, t)

∂t
=

4π

r

(
3

2π

)3/2
kcatCT
koff

nB(t)XC(r, t)

∫ ∞
0

r′e−
3r′2

2 YBC(r′, t)

·
∫ |r+r′|
|r−r′|

q [1− YBC(q, t)] dq dr′, (3.60)

∂YAB(r, t)

∂t
=
nB
nA

[XB(r, t)− YAB(r, t)] +
k∗on

koff

nA
nB

[XA(r, t)− YAB(r, t)]

+
λ

koff

nC
nA

[YBC(r, t)− YAB(r, t)] +

(
3

2π

)3/2
kcat

koffL3

nC
nA
e−

3r2

2 YBC(r, t)

− 4π

(
3

2π

)3/2
kcatCT
koff

nBnC
nA

YAB(r, t)

∫ ∞
0

r′2e−
3r′2

2 YBC(r′, t) dr′

+
2π

r

(
3

2π

)3/2
kcatCT
koff

nBnC
nA

YBC(r, t)

∫ ∞
0

r′e−
3r′2

2 YBC(r′, t)

·
∫ |r+r′|
|r−r′|

qXB(q, t) dq dr′, (3.61)

∂YBC(r, t)

∂t
=
k∗on

koff

nA
nB

[YAC(r, t)− YBC(r, t)]−
(

3

2π

)3/2
kcat

koffL3
e−

3r2

2 YBC(r, t)

+
2π

r

(
3

2π

)3/2
kcatCT
koff

nBYBC

∫ ∞
0

r′e−
3r′2

2 YBC(r′, t)

·
∫ |r+r′|
|r−r′|

q [1−XB(q, t)] dq dr′, (3.62)

∂YAC(r, t)

∂t
=
nB
nA

[YBC(r, t)− YAC(r, t)] +
λ

koff

nC
nA

[XC(r, t)− YAC(r, t)]

+ 4π

(
3

2π

)3/2(
1− nC

nA

)
kcatCT
koff

nBYAC(r, t)

∫ ∞
0

r′2e−
3r′2

2 YBC(r′, t) dr′

− 2π

r

(
3

2π

)3/2
kcatCT
koff

nBYAC(r, t)

∫ ∞
0

r′e−
3r′2

2 YBC(r′, t)

·
∫ |r+r′|
|r−r′|

qYAB(q, t) dq dr′

+
2π

r

(
3

2π

)3/2
kcatCT
koff

nBnC
nA

XC(r, t)

∫ ∞
0

r′e−
3r′2

2 YBC(r′, t)

·
∫ |r+r′|
|r−r′|

qYBC(q, t) dq dr′. (3.63)

Bear in mind that to solve this system we require that neither nA nor nB are equal

to 0, because of their presence in some of the denominators. Since the experimental
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Figure 3.6: Example of numerical solution of three-dimensional MPDPDE model of
Chapter 3, shown are Equations (3.55), (3.56), and (3.57). Solved using Matlab’s
ode23. Parameter values are: k∗on = 1 s−1, koff = 1 s−1, kcat = 1 µM/s, λ = 0.001
s−1, LA = LB = 10 nm. The initial conditions were nA(0) = eps, nB(0) = eps
(where eps is the smallest possible number different from 0 in the computer, to
avoid singularities, which is 2.2204× 10−16), nC(0) = 1, and XA(r, 0) = XB(r, 0) =
XC(r, 0) = YAB(r, 0) = YBC(r, 0) = YAC(r, 0) = 1 (assuming there is no correlation
to start with because of homogeneity).

starting point is nA = nB = 0, but the system leaves that state immediately, we

assume at least one C particle gets phosphorylated by an external factor, and ZAP-

70 will immediately start being recruited. That is, the system moves away from the

initial zero state very quickly and we make the assumption that it is realistic to talk

about densities immediately after the start of the experiment.

We can see an example of the numerical solution to Equations (3.55) to (3.63)

in Figure 3.6. We also show the time evolution of the pair correlation functions in

Figure 3.7, where the results are in a two-dimensional representation, and Figure

3.8, where results are in a three-dimensional representation because of the ease of

understanding some functions in one representation or the other.

At the end of the experiment, we note that the steady state is the same as
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(a) XA (b) XB (c) XC

(d) YAB (e) YBC (f) YAC

Figure 3.7: Pair correlation functions of three-dimensional MPDPDE model of
Chapter 3, Equations (3.55) to (3.63). Shown are the solutions to each pair corre-
lation function over time at each discretisation of r, from the closest r/L = 0.05
in green, to the furthest r/L = 4.5 in black. Hence 90 solutions to each func-
tion. Numerically solved by MATLAB’s ode23. Solved using Matlab’s ode23. Same
parameters and starting conditions as in Figure 3.6.

the one given by the Mean Field Approximation model, but this means nC = 0.

Although our Equations (3.55) to (3.63) seem to be well-defined in this case, the

proximity of nC to 0 makes C go into a region where it is no longer reasonable to talk

about densities, because the number of C proteins becomes too small and stochastic

effects become important. Equations (3.55) to (3.63) were solved numerically using

MATLAB ode23 package, but some difficulties were found due to it taking a long

time to numerically solve. We see in Appendix B that nC going to 0 and the

possible stiffness of the equations are most likely responsible for this long time taken

to numerically solve. This means our MPDPDE model can be numerically solved

between immediately after t = 0 and just before reaching steady state, although the
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(a) XA (b) XB (c) XC

(d) YAB (e) YBC (f) YAC

Figure 3.8: Three-dimensional representation of pair correlation functions of the
three-dimensional MPDPDE model in Chapter 3, Equations (3.55) to (3.63). Same
data points as in Figure 3.7 as well as parameters and starting conditions.

model is valid beyond this region, as long as nA, nB > 0. Within the numerically

solvable interval it was found that the numerical solutions correspond closely with

the stochastic model, as we now show.

3.4.1 Comparing models

The MPDPDE 3D model and the Mean Field model were solved with the same

parameters used to generate the data from the stochastic simulations to which we

want to compare them. After comparing our MPDPDE 3D solution, solved with

Matlab’s ‘ode15s’, to the stochastic simulations, we can see that an improvement

was made relative to the well-mixed ODE of the Mean Field model. This can be

seen in Figure 3.9. Even though our MPDPDE 3D model could not yet be fitted to

the stochastic simulations because of long solution times, as explained in Appendix
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B, an agreement of R2 = 0.998 was generally obtained with our MPDPDE model,

which is remarkable.
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Figure 3.9: Comparing the MPDPDE model and the Mean Field model to the data
produced by the stochastic simulation model. The same set of parameters were
used for all models presented here, namely: kon = 0.1 s−1, koff = 1 s−1, kcat = 0.02
µMs−1, L = 20 nm, and λ = 0.005 s−1. The stochastic simulations used 300, 000
initial C particles in a 1000× 1000× 1000 nm3 area with periodic boundaries. 100
simulations were averaged for this solution. The stiff (ode15s) solver in MATLAB
was used to numerically solve the MPDPDE model.

3.5 Conclusions

Signalling reactions through phosphorylation and tethered proteins are common in

signalling by surface receptors, such as those found on the surface of T cells. To study
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these kinds of reactions we developed mathematical models in the previous chapter

which can directly fit SPR data to recover biophysical and biochemical reaction

parameters. In this chapter, mathematical models have been developed that are

applicable for kinase reactions. In particular, we found that our MPDPDE model

compares favourably with the solutions generated from the underlying stochastic

model. This MPDPDE model can guide future laboratory experiments by informing

on parameter values of interest within those available for SPR experimentation,

before the use of kinases in SPR experiments.

Agreement between the models (MPDPDE model and the stochastic simulations)

and the SPR experimental data will be tested once experiments are available, but

the success of the model in Chapter 2 is encouraging. Once tested, the hope is

that the model developed in the present chapter will be of use to easily and quickly

obtain the value of the four reaction rates at play and the estimated length of the

proteins involved. Knowing whether the model fits the experiments will also work as

a proof of concept, to assess whether the main interactions between the participating

proteins have been accurately captured.

The use of the MPDPDE model would be preferred to the use of the stochastic

simulations because of its shorter running time and because it uses less computa-

tional memory. Furthermore, as the MPDPDE model takes into account space, this

model could also be used for reactions where the “activation” of a spatially fixed

entity enhances the switch of other similar entities in the surrounding area.

There are several avenues for future research. For example, as in Chapter 2,

the model could be solved for two-dimensional experiments, rather than three-
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dimensional ones as done here, to accommodate the different geometry in which

the experiment can be carried out. This would widen the model’s use and take into

account different experimental set-ups.

In conclusion, we have derived and solved a mathematical model that seeks to

represent tethered phosphorylation reactions. This model takes into consideration

both stochastic and spatial elements of tethered reactions when the tethers are im-

mobile. The MPDPDE model, but not a well-mixed ODE model, agreed favourably

with the corresponding stochastic model simulations. This work furthers our under-

standing of immobile proteins that interact with their surroundings using flexible

tethers, and could be adapted to other similar interactions in a wider biological

context.
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Chapter 4

Hunter-Gatherer Friendships:
Mathematical model of meeting

4.1 Introduction

In this chapter, we turn our attention to early-human communities, when nomadic

movement took place. For early human communities to survive, they needed to share

knowledge and responsibilities with other members of the species. The larger their

social network, the bigger the pool of knowledge available to them. However, time

is a limited resource and individuals have to fulfil a number of necessary functions,

such as eating and sleeping. Since arranging meetings consumes precious time, we

consider the possibility of optimising time use by socialising and bonding whilst

fulfilling other needs. In this sense it is useful to know how many, and how often,

humans can meet during a given period of time, whilst performing other necessary

tasks, such as gathering food.

This project seeks to investigate and quantify the interaction rates of such popu-

lations given constraints on extrinsic group factors (such as time, food, environment,

and climate). This goal will be achieved by initially using stochastic agent-based
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models and then comparing our numerical results to mean-field approaches in or-

der to scale the individual effects up to a population-wide understanding, giving the

problem a multi-scale character. Ultimately, we endeavour to produce a mechanistic

framework for understanding the current theoretical “friendship limit” of Dunbar

[65] and determine which features contribute to such limits. To this end we will use

archaeological and anthropological data to obtain insight for our theoretical models.

This chapter will study the problem from a mathematical perspective, by seeking

to model and characterise the size of an individual’s social network. This approach

has the potential to facilitate the testing of ecological hypotheses on how a social

network size depends on an individual’s interactions, movement, memory, and pop-

ulation density. Understanding the socialization of hunter-gatherers could bring us

closer to understanding general human socialization, along with present-day health

issues related to loneliness, mental illnesses, and anti-social crime. Going beyond

humans, understanding the mechanisms and needs for social connection may help

in the conservation of animal habitats and the environment needed for their healthy

existence.

4.1.1 Biological background

For social animals, larger interactive networks mean a higher rate of survival, because

of the sharing of knowledge, information, and resources. It is a well known fact that

social organization has been present throughout hominid evolution [100, 101, 102,

103, 104].

For example, childrearing is easier when shared amongst many, with increased

116



chances of offspring survival [105], whilst the knowledge of where and how to obtain

food is of great value to the whole community. Also, there is evidence that larger

social networks and stronger connections amongst individuals may play an important

role in helping individuals fight illnesses and improve their physical and mental

health [105, 106, 107, 108, 109]. Such unity has proved vital for our species’ survival.

The organization of social animals has different levels of complexity that allow

for different numbers of individuals in each network. In our case, although large net-

works are good, human social groups cannot grow infinitely large. Indeed, as human

social groups grow, they tend to fracture for periods of time, forming bands (residen-

tial units [110] or, more broadly, groups of people), before periodically reuniting to

renew social bonds. Critically, even though they are fractured, the bands still con-

sider each other to be part of the same society. Layton et al. [111] hypothesized that

band formation may have been due to the predatory nature of hunter-gatherers: The

scarcity of prey, as opposed to the availability of plants in the case of chimpanzees,

for example, could have forced the density of humans to be lower. The main dif-

ference between chimpanzees and hunter-gatherers is that the latter consume much

more meat [103, 111, 112, 113], allowing for energy to be extracted quickly for use in

the brain rather than in digestion [114]. The increase in brain size, in turn, allowed

for more complex organizations, amongst other properties.

Band formation and splitting could have also been a response to the need for a

greater collaboration amongst hunter-gatherers within a more dispersed community

[111]. For example, to increase the robustness of hunting, the existence of a larger

community means that the failure of a smaller group would not necessarily doom
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each individual, who could then seek help from other groups. Moreover, a smaller

group could move faster in order to hunt and would have to hunt fewer prey.

Band formation in humans created a hierarchical importance of individuals with

respect of each other and, hence, a social stratification.

Anthropologists acknowledge up to 6 layers in human social organization [115].

The number of layers depends on the season of the year and on the precise definition

used, although these definitions do not vary widely. These 6 layers can be seen in

Figure 4.1. For the analysis of our models we will use ‘idealised’ layers [2, 115].

These layers are summarised in Table 4.1, taken from Pearce [2], which compares

the different definitions across the area. The innermost layer comprises the domestic

band or family, which tends to have 3 to 5 individuals. This group tends to stick

together for daily activities. The second layer is the sympathy group, with around 12

to 15 individuals, who would always share sleeping space at the end of the day, even

during the most dispersed time of the season. These two layers are the ones to which

an individual would go to seek advice and help, making them the most important for

an individual’s mental health [116]. The third level would be the aggregated band,

composed of around 50 individuals, with which the members would share sleeping

space at the end of the day during the most aggregated time of the season. Fourth

is the active network of around 150 individuals. These are the people with whom an

individual makes a conscious effort to maintain contact. In an analysis by Dunbar

[65], it emerged that this active network layer is limited by the capacity of our

brain to process relationships, also reaching the conclusion that it is consistently

made up of approximately 150 individuals (Dunbar’s number). We mention the
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importance of the time of the season in the second and third layers because for tribes

the abundance of food at certain times of the year means bigger groups can come

together [111]. The fifth and sixth layers do not revolve around the individual but

mark the boundaries of the society in which that individual lives. With around 500

individuals we have the endogamous mating pool, and with around 1500 individuals

we have the ethnolinguistic tribe.

Figure 4.1: Network layers for an average hunter-gatherer. See text for details.

As hunter-gatherers moved out of Africa and into higher latitudes, social organi-

zation had to be maintained over greater geographic distances. Meeting everyone in

the tribe would be harder due to higher travelling costs and lower human densities.

It would become more challenging to maintain periodic aggregations, but the im-

portance of these could be even greater than before to maintain the social network.

We hypothesise that this could have been the reason for the evolution of different

behaviours, like periodic aggregations or gift-giving, but verifying these hypotheses

is difficult due to lack of data.
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‘Idealised’
layers based

on those
identified
by Zhou

et al. [115]

Personal
network layers

Hunter-gatherer
grouping layers

Binford [117]
hunter-gatherer

groups

5 Clique Nuclear family Family

15 Sympathy group Foraging party
Group 1 (band during
the dispersed phase of

the season)

50 Affiliation group Residential band
Group 2 (band during
the aggregated phase

of the season)
150 Active network Group 3 (periodic ag-

gregations of bands)
500

Megaband /
endogamous
mating pool

1500
Ethnolinguistic

tribe
Population

Table 4.1: The assumed equivalences used in this project for social organization in
hunter-gatherers as given in Pearce [2].

Because experiments are hard to perform on hunter-gatherers, mathematical

models can be used to investigate possible case-scenarios. Pearce [2] uses a gas

model (see below) to suggest that, at lower latitudes, the walks made daily to fulfil

basic needs alone are sufficient for tribes to maintain such social networks, whereas

in Arctic latitudes this would not be sufficient and further mechanisms for social

cohesion would be needed, such as token gifts from tribe to tribe. This can help us

explain the geographic patterning of certain elements of the archaeological record.

This study was done from the archaeological point of view, tracking maximum ob-

sidian transfer distances from source to burial, and relating these to the possible

existing social links between groups [118].

As the groups spread over the globe, regions they moved into had different char-
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acteristics, such as: weather, flora, fauna, carrying capacities, and landscape. These

differences affected the individuals’ ability to interact with each other. Some com-

binations of characteristics would have had increased the likelihood of interactions,

whereas some of them would have had decreased it. For example, places with a

food surplus and a flat landscape could have a higher concentration of groups [119],

making it easier for them to find each other, whilst places with little flora and harsh

weather could mean fewer groups near each other for possible interactions. Based

on the idea that similar conditions will provide similar amounts of interactions, we

initially associate each community with its biome. A biome, as seen in Figure 4.2,

is an area of land with similar characteristics.

Figure 4.2: Biomes: regions of land with similar weather, flora and fauna conditions.
Different biomes are represented by different colours. Image by Ville Koistinen,
taken from:
https: // commons. wikimedia. org/ wiki/ File: Vegetation. png ,
reproduced as permitted by the CC-BY-SA 3.0 licence.

4.1.2 Mathematical background

Due to the seemingly somewhat erratic movement in animals, a vast range of stud-

ies have been carried out based on gas models and random walks [120, 121, 122].

However, less attention has been given to the study of the effects of small-number
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stochasticity in animal models. This chapter focuses on studying the effect of small-

number dynamics in random walks with memory. Studies on animal movement over

long periods of time have revealed non-Markovian effects [123, 124, 125], which we

intend to consider as part of our work in the future. However, we presently begin

with the most basic set of dynamics.

4.1.2.1 Gas model and applications

The ideal gas model [126] refers to the idea of randomly moving particles colliding

with each other. It is a simple model that has been used in biology to aid in the

modelling of events in which randomness seems to play an important role [127, 128,

129, 130, 131], for example, to estimate encounter rates within and between species

[129, 132]. It has also been used to prove that the movement of some animals is

far from random by showing clear differences between the predicted results of the

gas model and real measurements [132, 133, 134, 135, 136]. A good overview of this

kind of model, and its shortcomings, can be found in Hutchinson and Waser [126].

We start with the gas model as a way of coarsely approximating the motion of

hunter-gatherers as random walkers. It should be noted that we will be dealing

with relatively small numbers of groups moving over large areas, therefore the usual

population-level deterministic framework may need to incorporate stochastic effects.

4.1.3 Computational background

We will be using a continuous-time, discrete space stochastic simulation algorithm.

These are good at giving insight into the overall effect of stochasticity arising from

low numbers of agents. The simulations will be compared with the analytical and
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numerical representations of our models.

Our stochastic compartmental model stems from the framework of chemical re-

actions, as in Erban et al. [73], and it is called a Gillespie Stochastic Simulation

Algorithm (SSA). Whilst agent-based simulations can keep track of individual en-

tities (agents), be it molecules, animals, or families, the Gillespie SSA does not

naturally do this. The Gillespie SSA is capable, though, of “labelling” each entity

into different groups, called species, which we will use to keep track of agents (or

families) separately. The implied stochastic kinetics take into account the fact that

populations have discrete integer values and have a randomness associated with

their movements and reactions (in our context, meetings). These computer simula-

tions are useful for low numbers of molecules [137, 138]. The discrete and stochastic

simulations we will be working with have the benefit of providing statistically ex-

act sample paths, which we can analyse to gain knowledge on the distribution of

the agents at a given time. This is helpful when modelling human dispersal since

the population numbers we deal with are much smaller than those traditionally

taken into account in deterministic models, making the system’s discreteness and

stochasticity important for its behaviour.

Each simulation run gives only a single history for each family and a possible

number of encounters which is unlikely to be repeated in multiple simulation runs,

thus we repeat the simulation several times to better estimate the distribution of

results and their deviations from the mean. The individual solutions we obtain from

each simulation may differ from each other, but their ensemble converges to a more

useful distribution. Computer simulations can be very useful, but they also have an
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important drawback: the more accurate the simulation is, the longer it takes to run.

For our simulations we used a spatially-extended Gillespie SSA [73, 139]. This

Gillespie SSA is a lattice-based simulation that tracks the number of molecules or

individuals in each compartment for each species. Hence, it is very useful for spatial

distributions, but not for tracking the path of each individual throughout the domain

(once a molecule joins other molecules of the same species in any compartment its

individuality is lost and we can not tell it apart from others). It is also meant to

emulate a continuous time by generating two random numbers, r1 and r2, uniformly

distributed in [0, 1), using the first one to generate the time of the next reaction,

and the second one to choose which of the available reactions will take place. This

is achieved with the use of propensity functions: if αj is the propensity function of

reaction j, then αj∆t will be the probability of the reaction j occurring in a small

time interval [t, t+ ∆t].

If in our simulations we are at time t, then the time when the next reaction takes

place will be t+ τ , with

τ =
1

α0

ln

[
1

r1

]
, (4.1)

where r1 is the first random number and α0 is the sum of all theQ possible propensity

functions:

α0 =

Q∑
j=1

αj(t). (4.2)

After obtaining the next time, the Gillespie SSA searches for the reaction that

will occur. This is done with the second random number, r2, and finding q such
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that:

r2 ≥
1

α0

q−1∑
j=1

αj and r2 <
1

α0

q∑
j=1

αj.

This allows us to know that the reaction that takes place is the qth reaction. This is

equivalent to normalizing the sum of the Q reactions to lie within the interval [0, 1]

and giving each reaction a compartment of length proportional to the probability of

it happening, then randomly choosing a point in the segment which corresponds to

a given reaction.

There are other models of stochastic simulation, such as the velocity-jump pro-

cess [140] and the Smoluchowski algorithm [141]. The latter has a set time-step

and generates a normally distributed random number that dictates the distance a

particular molecule or individual will move. This algorithm is better at following

individuals across the domain and obtaining their trajectories. A velocity-jump

process, on the other hand, changes the velocity of a molecule or individual stochas-

tically, instead of its position, as in the Smoluchowski algorithm.

We considered two main methods for our stochastic simulations, the Gillespie

SSA and the Smoluchowski algorithm. A quick comparison can be seen in Ap-

pendix C. We chose the spatially-extended Gillespie SSA because the spatial dis-

cretization allows us to explicitly control the separation that defines interacting and

non-interacting families, as well as thinking ahead for our plans of including the

environment into the simulations.

125



4.1.4 Data on Hunter-Gatherers

We were kindly pointed to available data by Dr. Eiluned Pearce. Thus we have data

on biomes, and family sizes of different hunter-gatherer societies, as well as their area

of residence, total population in said area, number of home reallocations in a year,

and total displacement in a year. The data we are using have been put together by

Binford [117], and are available in Grove et al. [3, Table 5.01]. An extract of them

can be seen in Appendix D. Many of the parameter values for the simulations were

derived based on these data.

4.1.5 Presented research

The work presented in this chapter is divided into two general segments: model

building and then its applications. The segments explore and systematically build

towards a model aimed at answering the question concerning the number of people

a hunter-gatherer could meet by essential movement, whilst performing necessary

tasks like collecting resources. For this it is necessary to study the diffusive move-

ment of individuals, the different ways of incorporating ‘meeting’ events into the

models, and the impact of memory inclusion, for the final integration of all these

proposed attributes.

Section 4.2 will be divided into three subsections: 4.2.1 understanding simple

diffusion, 4.2.2 the Immediate Meeting Model (IMM), and 4.2.3 the Meeting and

Forgetting as a Reaction Model (MFRM). In Section 4.2.1 we explain the imple-

mentation of diffusion as an agent-based stochastic simulation, then we show the

mean-field equivalent of diffusion, and finally we develop the analytical equivalent to
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one agent diffusing in the computational compartment-based model. Section 4.2.2

explains the basic model of how we initially consider agent meeting. Section 4.2.3

studies a different approach to the meeting and forgetting events, treating them

as possible reactions. The classical deterministic approximation of the MFRM is

obtained as well as its steady state.

Section 4.3 provides a parallel comparison between the computational simula-

tions and the mean-field equations. We show that the differences present between

these two suggest the importance of stochastic dynamics in the system.

Section 4.4 makes use of the developed models to generate data whilst exploring

the best way to classify these data. The input parameter values are based on avail-

able data from hunter-gatherers. Section 4.4.1 bases the IMM on the data we have

available, firstly grouped into biomes and then individually as societies. In Section

4.4.2 we compute the outcome of the MFRM for a vast range of parameter values

so we can create a look-up table to know which combinations of parameter values

are likely to meet the desired social tier and which are not. We then analyse the

results, realising there is a power-law relation to be exploited.

4.2 Mathematical models of meeting

We seek to provide a mathematical answer to the question: “given numerous en-

vironmental factors, how do animals, and especially humans, maintain large social

networks throughout a year.” The hypothesis is that in some biomes, conditions

are good enough for hunter-gatherers to meet everyone in their active network (es-

timated to be 150 individuals), mating pool (500 individuals), or even tribe (1500
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individuals) within the year, whereas in environments where movement is inhibited,

additional cohesion mechanisms, such as exchange of symbolic artefacts, may be

required.

In this section we first describe the diffusive motion that our families will undergo

in the simplest simulations, as well as obtaining an analytical solution to the dis-

crete, small numbers case. Afterwards we describe the initial model, the “Immediate

Meeting Model” (IMM), and run simulations for one and two spatial dimensions, be-

fore using the model to obtain information on different biomes and societies. Finally,

we adapt the IMM to make it tractable to the classical deterministic description,

hence treating each meeting and forgetting event as an event with reaction proba-

bility, rather than meeting immediately as soon as two hunter-gatherers are within

detection distance, or forgetting families every 24 hours exactly. We finally compare

this “Meeting and Forgetting as a Reaction Model” (MFRM) with the IMM and

with a deterministic equivalent.

4.2.1 Diffusive motion

Although a strong assumption, random-walk-like movement is not completely un-

reasonable since hunter-gatherers did not always know the exact position of desired

food resources (such as edible plants or prey). Fundamentally, we see this diffu-

sive motion as a worst-case scenario in that if we could maintain a social network

through random motion then it would be even easier in the case in which the agents

were directed to one another or actively trying to meet up. The computational and

analytical meanings of this diffusive motion are explained below.
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4.2.1.1 Computational simulation of diffusion

Diffusion is simulated by considering a space-jump process over the discretized do-

main, which will only be a line section as we start with the one-dimensional case.

Imagine a hypothetical species A (composed of families, instead of individuals) and

we want it to diffuse across a domain of length L. Since the spatially extended

SSA works on compartments, this domain will be divided into K compartments of

equal length, such that each compartment has a length h = L/K. Here, xk, with

k = 1, ..., K, will denote the compartment between x = h(k − 1) and x = hk, or

the kth compartment. The diffusive movement can be seen as families transition-

ing from one compartment to a neighbouring compartment. To keep track of these

movements, we assign a ‘population’ to each compartment, as can be seen in Fig-

ure 4.3. For example, if a family moves from compartment 3 to 2, then population

A3 loses a family at the same time as population A2 gains it. Thus, the diffusion

reaction is defined as

A1

d


d
A2

d


d
A3

d


d
. . .

d


d
AK , (4.3)

with d = D/h2 being the diffusion rate constant, where D is the deterministic

diffusion coefficient, and h the compartment length [73, 142]. Thus each population

will have a location index k = 1, ..., K.
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Figure 4.3: Schematic diagram of stochastic diffusion illustrating parameter and
variable definitions.

The traditional approach now would be to obtain a continuous-time master equa-

tion and then its mean, as done in Appendix E. This would give us the classical

deterministic equation for diffusion. Although this mean-field approach fits suf-

ficiently well for one species in simple diffusion, as seen in Figure 4.7, we want a

compartmentalised solution that maintains its stochasticity for use in further models

with more types of interactions. We develop this in the next subsection.

4.2.1.2 Gambler’s ruin

The mean-field approach may miss the stochasticity we are interested in observing.

In our case the formulation also quickly becomes analytically intractable by keeping

track of too many equations. Thus, we take a different approach. Instead of following

changes in vacancy, we choose to follow the development of one family. This is similar

to the so-called Gambler’s ruin problem [143]. This formulation will deal with fewer

equations and is more likely to be tractable analytically.

The problem refers to a gambler who starts gambling with a finite and discrete

amount of money, deciding they will retire when they have either earned a chosen

amount of, or lost all of, their money. We wonder about the probability of them

winning rather than losing all their money given the amount they started with.
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This relates to our problem, because, given the discretization on the domain in our

algorithm, the steps taken by each family will be discrete, and it would be useful

to know the probability of their whereabouts given a known starting point. The

difference with our problem is that the Gambler’s ruin problem is not concerned

with the time taken between gambling events, and so can be thought of as evolving

in discrete time, whereas our problem should evolve in continuous time.

We will solve the Gambler’s ruin problem as a proxy for the diffusion of a particle.

If we take P (xk, t) as the probability of a particle being at discrete site xk at time

t, then:

P (xk, t+ ∆t) = P (xk−1, t)d∆t+ P (xk+1, t)d∆t+ (1− 2d∆t)P (xk, t), (4.4)

for k = 2, ..., K − 1. The first term on the right-hand side is defined as the proba-

bility of a particle being one position to the left at the previous time and jumping

right during the time interval ∆t with probability d∆t; the second term is the prob-

ability of the particle being one position to the right and jumping left; whereas the

third term is the probability of the particle having been in the same position for

the previous time and just staying there. We will also have reflective boundary

conditions:

P (x1, t+ ∆t) = P (x2, t)d∆t+ P (x1, t)(1− d∆t), (4.5)

P (xK , t+ ∆t) = P (xK−1, t)d∆t+ P (xK , t)(1− d∆t), (4.6)

meaning that the probability of moving left is zero if the particle is at x1 and the

probability of moving right is zero if the particle is at xK . We have initial condition:

P (xk, t = 0) = δ[xk,xi], (4.7)
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using the Kronecker delta for the particle starting at a particular position xi.

Akin to the solution of the continuous deterministic diffusion equation, we as-

sume that P (xk, t) can be represented as the product of two functions, each in-

dependently dependent on one of the variables: P (xk, t) = g(x)f(t). For simplic-

ity, we assume the x in g(x) takes the integer value that k in P (xk, t) had, hence

P (xj, t) = g(j)f(t) for any j = 1, ..., K. Upon separation we obtain:

f(t+ ∆t)− f(t)

∆tf(t)
= d

g(x− 1)− 2g(x) + g(x+ 1)

g(x)
, (4.8)

and, in the usual way, we can set each side of Equation (4.8) to −C, where C is a

positive constant.

In the case of time: f(t+ ∆t) = (1− C∆t)f(t), so, by induction:

f(m∆t) = (1− C∆t)mf(0). (4.9)

From Equation (4.7), g(x)f(0) = δ[xk,xi]. Because the Kronecker delta does not

depend on time, we can say g(x) = δ[xk,xi] at initial time, and since the probability

for the particle to be anywhere in the domain must equal one,
∫ L

0
g(x)f(0) dx = 1,

therefore

f(0)

∫ L

0

g(x) dx = 1, (4.10)

f(0)

∫ L

0

δ[xk,xi] dx = 1, (4.11)

f(0) = 1. (4.12)

We conclude that:

f(m∆t) = (1− C∆t)m. (4.13)
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By considering the continuous version of the diffusion equation we may anticipate

that there will be several solutions for C, each denoted by Cq, and we will have a

different fq(t) solution depending on the Cq:

fq(t) = (1− Cq∆t)t/∆t . (4.14)

If we apply the separation of variables to Equation (4.4) and the boundary

conditions, we obtain a finite set of equations:(
C

d
− 1

)
g(1) + g(2) = 0,

g(x− 1) +

(
C

d
− 2

)
g(x) + g(x+ 1) = 0,

...

g(K − 1) +

(
C

d
− 1

)
g(K) = 0.

We can write this problem in matrix form Ax = b:
C
d
− 1 1 0 ... 0
1 C

d
− 2 1 ... 0

...
...

...
. . .

...
0 0 0 ... C

d
− 1


K×K


g(1)
g(2)

...
g(K)

 =


0
0
...
0

 . (4.15)

We can split the matrix such that:
−1 1 0 ... 0
1 −2 1 ... 0
...

...
...

. . .
...

0 0 0 ... −1


K×K


g(1)
g(2)

...
g(K)

 = −C
d


g(1)
g(2)

...
g(K)

 . (4.16)

We want the eigenvalues and eigenvectors of this system. Each eigenvalue must be

equal to a −Cq/d, because of the variable separation in Equation (4.8). From [144],

Theorem 5, the eigenvalues for this matrix are:

λq = −2 + 2 cos

[
(q − 1)π

K

]
, for 1 ≤ q ≤ K. (4.17)

133



Making λq = −Cq
d

, this system will have K solutions for Cq, giving:

Cq = 2d

{
1− cos

[
(q − 1)π

K

]}
, for 1 ≤ q ≤ K. (4.18)

We also know from [144] that there is a different eigenvector for each eigenvalue,

therefore we have K eigenvectors. If ~u(q) =
(
u

(q)
1 , ..., u

(q)
K

)
then, using [144], we know

that for our case the eigenvectors have the form:

u
(q)
j = 1, for j = 1, ..., K, and q = 1,

and:

u
(q)
j = cos

[
(q − 1)(2j − 1)π

2K

]
, for j = 1, ..., K, and q = 2, ..., K.

Then solutions for the eigenvectors are, given a particular q = q̂, with q̂ = 1, ..., K:


gq̂(x = 1)
gq̂(x = 2)

...
gq̂(x = K)

 =


cos
[

(q̂−1)π
2K

]
cos
[

(q̂−1)3π
2K

]
...

cos
[

(q̂−1)(2K−1)π
2K

]

 . (4.19)

Since the solution will be a linear combination of the eigenvectors, we can now

combine Equations (4.14) and (4.19) to obtain the solution:

P (xk, t) =
K∑
q=1

γqgq(x)fq(t)

=
K∑
q=1

γq cos

[
(q − 1)(2k − 1)π

2K

]
(1− Cq∆t)t/∆t

=
K∑
q=1

γq cos

[
(q − 1)(2k − 1)π

2K

](
1− 2d

{
1− cos

[
(q − 1)π

K

]}
∆t

)t/∆t
,

with each γq a constant.
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To solve for γq, we must make use of the initial condition (4.7).

P (xk, 0) = δ[xk,xi] =
K∑
q=1

γq cos

[
(q − 1)(2k − 1)π

2K

]
. (4.20)

Using the fact that the set of functions {cos(nπx/L)∞n=0} are mutually orthogonal

on −L ≤ x ≤ L, we deduce that:

γ1 =
1

K
, γq =

2

K
cos

(
(q − 1)(2xi − 1)π

2K

)
, for q = 2, ..., K.

Therefore:

P (xk, t) =
1

K
+

K∑
q=2

2

K
cos

(
(q − 1)(2xi − 1)π

2K

)
cos

[
(q − 1)(2k − 1)π

2K

]
(

1− 2d

{
1− cos

[
(q − 1)π

K

]}
∆t

)t/∆t
. (4.21)

In Figure 4.4 we can see the comparison over time between this equation and stochas-

tic simulations, noting they agree.
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Figure 4.4: Comparison of the solution to our particular case of discrete space
diffusion, Equation (4.21), in dark blue dots and the average of simulating 106

particles in light blue bars. Solution for L = 10, and an arbitrary d = 6 km/day2.
The independent variable, xk, represents the kth compartment, and the dependent
variable, P (xk, t), is the probability for the particles to be in that compartment at
the time t indicated at the top of each figure.

Since we are using continuous time in our model, we can use the fact that (1−

x)y ≈ e−xy for small x (remember that we can make ∆t as small as needed) and

approximate the time dependent term in Equation (4.21) as:

(
1− 2d

{
1− cos

[
(q − 1)π

K

]}
∆t

)t/∆t
≈ e(−2d{1−cos[ (q−1)π

K ]}t) (4.22)

136



Extending this to two dimensions in space, we have:

P (xk, yl, t) =
1

KxKy

+
Kx∑
q=2

2

KxKy

cos

(
(q − 1)(2xi − 1)π

2Kx

)
cos

[
(q − 1)(2xk − 1)π

2Kx

]
(

1− 2dx

{
1− cos

[
(q − 1)π

Kx

]}
∆t

)t/∆t
+

Ky∑
p=2

2

KxKy

cos

(
(p− 1)(2yi − 1)π

2Ky

)
cos

[
(p− 1)(2yl − 1)π

2Ky

]
(

1− 2dy

{
1− cos

[
(p− 1)π

Ky

]}
∆t

)t/∆t
+

Kx∑
q=2

Ky∑
p=2

4

KxKy

cos

(
(q − 1)(2xi − 1)π

2Kx

)
cos

[
(q − 1)(2xk − 1)π

2Kx

]
cos

(
(p− 1)(2yi − 1)π

2Ky

)
cos

[
(p− 1)(2yl − 1)π

2Ky

]
(

1− 2dx

{
1− cos

[
(q − 1)π

Kx

]}
∆t− 2dy

{
1− cos

[
(p− 1)π

Ky

]}
∆t

)t/∆t
,

(4.23)

where Kx is the number of compartments in the x direction, Ky the number of

compartments in the y direction, xk means the particle is in the kth compartment

in the x direction, yl means it is in the lth compartment in the y direction, dx is the

diffusion rate constant in the x direction, and dy is the diffusion rate constant in the

y direction.

We can use the same approximation as in Equation (4.22) to obtain the two-

dimensional, discrete space, continuous time solution:

P (xk, yl, t) =
1

KxKy

+
Kx∑
q=2

2

KxKy

cos

(
(q − 1)(2xi − 1)π

2Kx

)
cos

[
(q − 1)(2xk − 1)π

2Kx

]
exp

(
−2dx

{
1− cos

[
(q − 1)π

Kx

]}
t

)
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+

Ky∑
p=2

2

KxKy

cos

(
(p− 1)(2yi − 1)π

2Ky

)
cos

[
(p− 1)(2yl − 1)π

2Ky

]
exp

(
−2dy

{
1− cos

[
(p− 1)π

Ky

]}
t

)
+

Kx∑
q=2

Ky∑
p=2

4

KxKy

cos

(
(q − 1)(2xi − 1)π

2Kx

)
cos

[
(q − 1)(2xk − 1)π

2Kx

]
cos

(
(p− 1)(2yi − 1)π

2Ky

)
cos

[
(p− 1)(2yl − 1)π

2Ky

]
exp

(
−2dx

{
1− cos

[
(q − 1)π

Kx

]}
t− 2dy

{
1− cos

[
(p− 1)π

Ky

]}
t

)
. (4.24)

We can see then that P (xk, yl, t) = P (xk, t)P (yl, t) as expected, as the probability of

a particle moving in one direction is independent of it moving in the other direction.

A solution to this type of problem has been attempted several times, but with

subtle differences. For example, since 1943 the famous astrophysicist and Nobel

winner Chandrasekhar, worked on a similar problem [145], but provided only one

boundary, as opposed to our solution with two or four boundaries, depending on the

dimension. Lindeberg [146] also solved the discrete random walk problem, but they

assumed an infinite domain and do not take into account boundary conditions. This

means that they use an infinite number of Bessel functions, which then have to be

truncated for numerical solutions. Our solutions is exact, no truncation was neces-

sary. The random walk problem, as a discrete diffusion equation, was also reviewed

by Campbell [147], where they used modified Bessel functions of the first kind to

solve the problem. Firstly, our work extends to two dimensions, whereas Campbell

only solved the one-dimensional problem. Further, although it may be possible to

extend Campbell’s work to two dimension, we supply a direct trigonometric relation-

ship for the solution, whereas Campbell used a form of discrete Fourier transform
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providing a set of difference equations, which can be used to generate an infinite

sum of characteristic functions. Solutions found by the author seem different to the

one here presented, but the ongoing interest in this problem throughout time shows

its importance for many fields.

4.2.2 Immediate Meeting Model

Having derived an equation for movement we will now start to consider more in-

teractions. We begin by adding the meeting interaction. The study of the one-

dimensional interaction is presented in Appendix F, while here we show the two-

dimensional extension. We will assume that a group of humans (which we will

assume as five when not known) form a cohesive family that moves as a whole, as

we assume the clique (a small group of people, Figure 4.1) always travels together.

These families will have free, random movement. The domain in which these fami-

lies move will have reflective boundaries, assuming that families will not fall off the

domain or be trapped by its boundaries. As face-to-face interaction seems to be

essential for social bonding, each encounter, or meeting, strengthens a link. Each

family will have a detection distance, presently of 1/2 km, as used in Pearce [2], such

that a person may see other people half a kilometre away and, since strengthening

the bond is desirable, once they see each other we consider these families to imme-

diately have met. Finally, a memory function will be incorporated, allowing families

to see each other several times within a particular time-frame without adding to the

number of times they are considered to have met. For example, families will only

be considered to have met once within any single day, no matter how many times
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they interact during that day. We call this the Immediate Meeting Model (IMM).

We make the distinction that an encounter will be assumed to have occurred

whenever two families come within the detection distance, whilst a meeting is as-

sumed to occur only when encounters happen after the families have “forgotten”

each other. That is, each meeting is an encounter, but an encounter will be a

meeting only after a “forgetting time” has passed from the previous meeting. This

“forgetting time” is initially set to 1 day (24 hours).

Because computationally simulating a large number of individuals takes a long

time, we used the assumption that humans would not live or hunt alone, and would

therefore always travel in cliques or families. This reduces the need to simulate

every person in a domain and reduces the running time whilst being plausible for

hunter-gatherers.

For quantification purposes, we will focus on one ‘main’ family and study its en-

counters with every other family in the domain. Our model will have three different

types of families: Y (for the subject family), U (for the unmet families), and M (for

the met families).

For our simulations, initially there will only be one Y family and N unmet

families that can be met. We will enumerate each of the families of type U and

M so that we can maintain their individuality and keep count of where they are

and how many times each has met with Y , therefore the ‘unmet’ families will be

denoted Ui, i = 1, ..., N , and the ‘met’ families will be denoted Mi, i = 1, ..., N .
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These dynamics are:

Y + Ui −→ Y +Mi, i = 1, ..., N. (4.25)

This means that whenever family Y meets one of the other families, that family

turns into a met family, but the Y family remains unchanged. Since families only

convert between met and unmet species, the total number of both met and unmet

families is constant. Family Y is initiated at the middle of the domain whilst all the

unmet families are uniformly spread out across the domain. The definitions used

throughout the chapter can be seen in Table 4.2.

We expect these assumptions to give us a lower bound to the number of meetings

a family could have for a constant environment. This is because hunter-gatherers

may share a sleeping space with their sympathy group (15 people) or even affiliation

group (50 people), as seen in Section 4.1.1, making the meeting of those layers

more frequent than predicted here, or, their will to meet other members in their

active network (150 people) may take them to agreed meeting spaces. On the other

hand, once other environmental factors, like resources, start varying, the number of

meetings could be even lower, because the lack of resources in certain areas could,

essentially, “trap” the families in isolated spots. We will start considering such

complications in Section 4.6.1, Future Work.
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Variable Definition Unit

L Length of one side of domain. km

K Number of compartments in one direction.

h
Length of compartments or detection

distance, h = L/K.
km

D Deterministic diffusion coefficient. km2/day
d Diffusion rate constant, d = D/h2. 1/day
xk kth compartment.
A Species A.
Ak Population of species A in compartment k.

nk
Number of families of species A in

compartment k.
t Time. day

p(~n, t)
Joint probability of population Ak having

nk families at time t.

ν
Volume of system where reaction takes

place.
km or km2

P (xk, t)
Probability of a particle being at discrete

site xk at time t.
N Number of “other” families.

Y
Main family, to be followed and whose

interactions will be quantified.

Ui
Unmet family i. Can turn into a met family

and back.
Mi Met family i. Has been met by family Y .
µ Meeting rate. families/day
f Forgetting rate. families/day

Y (x, t) Density of family Y at point x and time t.
U(x, t) Density of family U at point x and time t.
M(x, t) Density of family M at point x and time t.

Table 4.2: Definition of symbols/abbreviations used throughout this chapter.

4.2.2.1 Particle movement in two dimensions

As seen in Section 4.2.1, and following from Appendix F.2 (where we focus on

the one-dimensional case), not only will each family have an index identifying it,

k = 1, ..., N , but they will also have a location index for each dimension: (x, y).

Here, x = 1, ..., K specifies the ith compartment in the horizontal location, whilst
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y = 1, ..., K specifies the jth compartment in the longitudinal location. The domain

will be divided into K × K compartments of 1 km2 each, for detection distance.

Therefore, Mf,(x,y), for example, will be met family f in the compartment (x, y).

Throughout the simulation all of these families diffuse. The position of any family

in one box does not exclude another family occupying that box as well. The unmet

species can convert to and from the met species, which means the unmet families

have been met and then forgotten, turning back to unmet. Thus we have N + 1

families, but 2N+1 species, spread over K2 spatial compartments in two dimensions.

The algorithm will keep track of K2 × (2N + 1) different “populations”. In total,

the reactions will be:

Y(1,y)

d


d
Y(2,y)

d


d
Y(3,y)

d


d
. . .

d


d
Y(K,y), (4.26)

Y(x,1)

d


d
Y(x,2)

d


d
Y(x,3)

d


d
. . .

d


d
Y(x,K), (4.27)

Uf,(1,y)

d


d
Uf,(2,y)

d


d
Uf,(3,y)

d


d
. . .

d


d
Uf,(K,y), (4.28)

Uf,(x,1)

d


d
Uf,(x,2)

d


d
Uf,(x,3)

d


d
. . .

d


d
Uf,(x,K), (4.29)

Mf,(1,y)

d


d
Mf,(2,y)

d


d
Mf,(3,y)

d


d
. . .

d


d
Mf,(K,y), (4.30)

Mf,(x,1)

d


d
Mf,(x,2)

d


d
Mf,(x,3)

d


d
. . .

d


d
Mf,(x,K), (4.31)

Y(x,y) + Uf,(x,y) −→ Y(x,y) +Mf,(x,y), (4.32)

Mf,(x,y) −→ Uf,(x,y), (4.33)

where Y is for the main family we are following, M is for met families, and U is

for unmet families, all for f = 1, 2, ..., N , x = 1, 2, ..., K, and y = 1, 2, ..., K. d is

the diffusion rate. We coded these reactions into the Gillespie SSA and obtained
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position and number of meetings for each family every day for a year.

Since we assume that a family is composed of 5 people, we satisfy the clique social

layer meetings on a daily basis. To achieve the number of meetings needed for the

sympathy group, the 15-individual layer, family Y has to meet 2 other families. This

would mean each member of family Y comes into contact with each member of the

other two families, each achieving their sympathy group connections. The affiliation

group (or residential band) is covered when family Y meets 9 other families. The

next layer corresponds to the active network, of 150 individuals, for which family Y

would have to meet 29 other families.

The way we will visualise our results is via three main quantities of interest:

1. The total number of encounters throughout the year.

2. The total number of new meetings throughout the year.

3. The number of times each family was met by Y .

The first quantity is always a straight line as long as the forgetting time is small

compared to a year (see Figure 4.5a). This is as expected because, according to

the ideal gas model [126], the number of encounters an individual experiences when

moving randomly is directly proportional to the individual’s speed, their detection

distance, the density of individuals, and time. Since the former three entities are

constant in our model, the number of total meetings will be directly proportional to

time only, assuming memory plays a proportionally small role.

The second quantity is a measure of how many families have been met throughout

the year, counting only the first time Y met them. This graph tells us if our Y family
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has met 150 people and how long it took for them to meet (see Figure 4.5b). This

quantity can initially be approximated with a line, much like the ideal gas model, but

its slope starts decreasing as soon as all nearby families have been met and family

Y has to go further to find new families. This curve has a maximum where all

available families have been met, and this will happen sooner or later depending on

the combination of all parameter values. We note that the total number of families

met must be bounded because of the finite number of families available to meet.
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(c) Number of times each family was met by Y at t = 365 days.

Figure 4.5: Example solution from the Gillespie SSA of the model described in
Section 4.2.2, for 2D. Average of 100 runs. Parameter values used were: 247 unmet
families initially, forgetting time of a day, length of 71× 71 km2, detection distance
of 1 km, so each compartment is of 1 km2, and diffusion coefficient of 4.7 km2/day.
As this was taken from the North America: California and Northern Mexico biome,
as seen in Section 4.4.1.1, the parameter values used here were the ones used for the
BiomeMid case.
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For the third quantity we order the met families from most met to least met in

each run and then average over all the runs, obtaining an indicator of how many

times a person in family Y will meet with each other person (see Figure 4.5c). This

graph shows that a small number of families will be met several times, whilst most

families will only be met a few times.

This model was applied to data from known hunter-gatherer societies, as can be

seen in Section 4.4.1. The IMM was useful for computational simulations, but was

difficult to translate fully to analytical equations because of the location-specific

immediate meetings and the time-dependent forgetting actions. This is why we

decided to build on this model by making meetings and forgetting actions dependent

on a probability of reaction, rather than being immediate or time-dependent, which

would better resemble a reaction-diffusion framework, as used in Baker [7]. This is

done in the next subsection.

4.2.3 Meeting and Forgetting as a Reaction Model

As stated in Section 4.2.2, the original model has two events determined precisely

by distance or time. The IMM has a detection distance for each family within

which families Y and U would immediately meet. It also has a set forgetting time

after which a met family will be forgotten. In order to translate this behaviour

into reaction-diffusion equations, and following the molecular dynamics approach,

we will treat both events as reactions with a reaction probability µ for meeting and

f for forgetting. This is what we call the Meeting and Forgetting as a Reaction

Model (MFRM).
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This new model may also be closer to a real-life scenario. Treating the meeting

as a reaction means there is a probability that two families will meet once they come

into the same compartment, but there is also a possibility that the families will go

in and out of the compartment without noticing each other. An immediate meeting

would mean infinite µ, so, in the future, we can approximate the IMM by making µ

very large. In simulations we will choose a high meeting rate such that meeting is

much more probable than moving out.

Treating the forgetting event as a probability as well may also more closely

resemble human behaviour. We assume an encounter counts towards strengthening

the bond between two people but a certain amount of time has to pass between

encounters for them to count towards the strengthening of the bond, or for them to

be called “a meeting” in our paradigm. In the IMM we assume that an encounter 24

hours after the first encounter will count as a meeting. But humans are not exact in

this sense, and two encounters with 18 hours between them can strengthen the bond

between the people, or it can take longer than a day for these encounters to count

as “meetings”. In this way, making the forgetting event a rate where the average is

24 hours, but leeway exists for the natural randomness of human interaction, may

be closer to reality.

The reaction model in two dimensions is as follows:

Xx−1,y
d←→Xx,y

d←→Xx+1,y, (4.34)

Xx,y−1
d←→Xx,y

d←→Xx,y+1, (4.35)

Yx,y + Ux,y,k
µ−→Yx,y +Mx,y,k, (4.36)
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Mx,y,k
f−→Ux,y,k, (4.37)

where X can be family Y , U or M , d is the diffusion rate, with units of day−1, µ is

the meeting rate, with units of families/day, and f is the forgetting rate, with units

of families/day as well. We assume the domain is isolated as in Equations (4.26) to

(4.31) above. Thus, at each boundary the populations only have the ability to jump

back into the domain. Equation (4.36) is the meeting action and Equation (4.37) is

the forgetting event each family goes through after being met. In both, k refers to

the specific U (unmet) or M (met) family.

The propensity function for meeting will depend on the volume, ν, of the com-

partments in which the bimolecular reaction happens:

αm(t) = Yx,y(t)Ux,y,k(t)µ/ν, k = 1, ..., N, (4.38)

with the units of ν being km when in one dimension, and km2 when in two dimen-

sions.

The propensity function for forgetting will depend on both families being close

to each other, which is similar to what was done for the proteins in the previous two

chapters.

αf (t) = Mx,y(t)f/ν, k = 1, ..., N, (4.39)

with the units of f being families per day.

4.2.3.1 Continuous time and space: mean-field approximation

We will obtain the mean-field approximation for future comparison. We will work

in one dimension for simplicity. Assuming ∆t → 0 and ∆x → 0 with d such that
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d∆x2 = D, D a positive constant, then O(∆x3) in the Taylor expansion of the

master equation will be negligible compared to the remaining terms and we get the

classical deterministic description:

∂Y (x, t)

∂t
= D

∂2Y (x, t)

∂x2
, (4.40)

where Y (x, t) is the density of family Y at point x and time t.

Using the law of mass action, we obtain the mean-field approximation for the

density of families U and M , respectively:

∂U(x, t)

∂t
= D

∂2U(x, t)

∂x2
− µY (x, t)U(x, t) + fM(x, t), (4.41)

∂M(x, t)

∂t
= D

∂2M(x, t)

∂x2
+ µY (x, t)U(x, t)− fM(x, t). (4.42)

These three equations above are our system of deterministic PDEs for the MFRM.

We will use reflective boundary conditions, also known as Neumann boundary con-

ditions:

∂X(x, t)

∂x

∣∣∣∣
x=0

= 0, (4.43)

∂X(x, t)

∂x

∣∣∣∣
x=L

= 0, (4.44)

where X stands for family Y , M , or U . We will also have family Y at the middle

of the domain and the other N unmet families spread homogeneously across the

domain of length L as initial conditions.

We can solve Equation (4.40) analytically, for which the general solution is:

Y (x, t) =
∞∑
n=0

αn cos
(nπx
L

)
e−D(nπ/L)2t, (4.45)

with αn being constants to be determined from the initial conditions.
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For the initial condition:

Y (x, t = 0) = δ(x− L/2), (4.46)

which is our initial configuration for family Y , we obtain:

Y (x, t) =
1

L
+
∞∑
m=1

2

L
(−1)m cos

(
2mπx

L

)
e−D(2mπ/L)2t. (4.47)

We substitute this expression for Y into Equations (4.41) and (4.42) to obtain a

pair of PDEs for U and M which we solve numerically.

The steady state of these coupled PDEs is:

Y (x) = 1/L, (4.48)

U(x) = N
f

µ+ Lf
, (4.49)

M(x) =
N

L
− U(x). (4.50)

We can see that varying f from 0 to ∞, any number of unmet people can be the

steady state, from 0 to the N families across the domain. This final result does not

mean they were not met, it just means they can be forgotten quicker than met.

4.3 Comparing Models

We now want to compare the three models:

• the IMM stochastic model,

• a MFRM stochastic model, and

• the expression for Y in (4.40) and the numerical solution to Equations (4.41)

and (4.42) (the mean-field approximation of the MFRM).
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As we are initially interested in the total number of new families met, counting only

the first meeting between family Y and any family U should suffice. Therefore we

only track family U up until the first meeting with family Y , as if it had never been

forgotten. This means making f = 0 for Equations (4.37), (4.41), and (4.42). The

evolution in time for the U families can be seen in Figure 4.6 and the evolution for

Y can be seen in Figure 4.7. The M families are not shown as they are given by:

M(x, t) = N/L − U(x, t). The standard deviations of the simulations for U , from

Figure 4.6, can be seen in Figure 4.8. Although f = 1 was used for the MFRM

simulations, we counted only the first time a U family was met, so f is effectively

zero in the comparison plots.

We can see in the solutions for U that, whilst the numerical solution to the

PDEs seems to agree with the MFRM simulation at the beginning, by t = 120 days

it diverges from the stochastic simulation results and drops faster, almost agreeing

with the stochastic simulations for the IMM at the end. In fact, if we compare

newly met families, as seen in Figure 4.9, the numerical solution crosses over both

stochastic simulations, but does not converge with either. The fact that the meetings

from the PDEs seem to be faster than the meetings from the MFRM simulations

could be due to the fact that the PDEs take into account a probability of meeting

with all the U families in the domain, however small that probability might be,

whilst in the MRM simulations, family Y can only meet with the U families within

its detection distance. That is, the meeting rate is the same in both models, but

one considers only the families in Y ’s compartment and the other considers the

whole domain. For large numbers of Y and U families both models should be in
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Figure 4.6: Density of families that were not yet met by the tracked family at
different time points for three different models. A family Y and 30 other unmet
families moving in a one-dimensional domain of length L = 200 km, with diffusion
constant, D, of 12.25 km2/day, day specified at the top of each graph. Shown
are the numerical solutions of the PDE Equation (4.41) for U and the stochastic
simulations that used the IMM and MFRM models. A detection distance of 1 km
is used. Meeting rates of µ = 1 per day were used for the corresponding models.
For the MFRM simulations a forgetting rate of f = 1 per day was used, although
f = 0 was used for the numerical solution of Equation (4.41). Results shown are an
average of 500 simulations each, where applicable.
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Figure 4.7: Density of tracked family at different time points for three different
models. A family Y and 30 other unmet families moving in a one-dimensional
domain of length L = 200 km, with diffusion constant D of 12.25 km2/day, day
specified at the top of each graph. Shown are the numerical solutions of the PDEs
Equations (4.40) for Y and the stochastic simulations that used the IMM and MFRM
models. A detection distance of 1 km is used. Meeting rates of µ = 1 per day were
used for the corresponding models. For the MRM a forgetting time of one day is
used, for the MFRM a forgetting rate of f = 1 per day was used. Results shown are
an average of 500 simulations each, where applicable.
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Figure 4.8: A family Y and 30 other unmet families moving in a one-dimensional
domain of length L = 200 km, with diffusion constant, D, of 12.25 km2/day, day
specified at the top of each graph. Shown are stochastic simulations of the IMM
and MFRM models. The average of 500 simulations for each are shown in blue,
whilst their respective standard deviations are shown in red and magenta. A de-
tection distance of 1 km is used. Meeting rates of µ = 1 per day were used for the
corresponding models. For the MFRM simulations a forgetting rate of f = 1 per
day was used.
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agreement, but verifying this is computationally expensive, so it is left for future

work. However, as we only have one Y family, stochasticity seems important and

this could be playing an essential role in the slower meetings.

We note that the standard deviation in Figure 4.8 does seem large compared

to the difference between the simulation models, but it follows the same pattern as

each corresponding mean line, making us think that the overarching difference in

behaviour between both models is captured.
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M
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e
ti
n

g
s

MFRM PDEs' numerical solution

IMM simulations

MFRM simulations

Figure 4.9: The number of newly met families for: the numerical solutions of the
PDEs, Equations (4.40) and (4.41); the IMM stochastic; and the MFRM stochastic
simulations. Parameter values as in Figure 4.6. The stochastic simulations (blue,
cyan) were only run until day 365 because that is the range of interest. The numerical
solution of the PDEs (red) is not as computationally intensive to run, so can be run
for a longer end time. Therefore, it is shown until it reaches the maximum (30
families in the domain) to show this limit is reached. Results shown are an average
of 500 simulations each, where applicable.

Another difference between the IMM and the MFRM is that the MFRM takes

longer to simulate. This is because the extra number of reactions of around the

same time-scale as the diffusion, or smaller, means that more events will happen for

the MFRM than for the IMM in the same time interval. The algorithm will have

to update the whole system and generate new random numbers after each event,
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instead of just being based on the time that has passed or the family’s position.

Despite this disadvantage for the MFRM, its closer similarity to human behaviour

and the possibility of translating it into our diffusion-reaction scheme makes it our

chosen model for future application and development.

4.4 Model Application

Subsequently, we applied the IMM and the MFRM to study the relationship be-

tween biome properties and hunter-gatherer meetings. Specifically, we sought to

understand under which conditions does an observed family meet the Dunbar num-

ber of 150 meetings per year in a hunter-gatherer society. We informed the models

using anthropological data on societies (their location, population size, movement

velocity, area of roaming, and mean family size) as provided by our collaborators

Prof. Robin Dunbar and Dr. Eiluned Pearce. The data are taken from Binford’s

work [117] and can be seen in the Appendix, Table D.1.

The application of the IMM in Section 4.4.1 gives us insight into realistic pa-

rameter values and whether biomes are a good-enough split. With this information,

and having developed a more complete model in parallel (the MFRM), we then ap-

plied the MFRM to a range of plausible parameter values in Section 4.4.2. We here

present these applications and, in the end, a table for sets of parameter values that

could, or could not, reach the 150-people threshold.
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4.4.1 Immediate Meeting Model

4.4.1.1 Application of IMM to biomes

We want to know in which cases our family could reach the Dunbar number of 150

meetings in a year for a society of hunter-gatherers. We have the data from Binford’s

work [117] (Table D.1) to inform the parameter values used for our model. The

data contain, for 178 different societies across the world, data on: location, absolute

latitude, general biome, population area (km2), number of times the society moved

base-camp in a year, distance moved in the movement of base-camp, population,

and mean size of family. But because our model has to be solved on a case-by-

case scenario and the simulations are time consuming, we speculated that there

could be a way of grouping cases such that the results for one case would fit several

societies, so we decided to group the societies by biomes: areas of land with similar

characteristics as divided by Binford [117].

We used three distinct values for each biome to cover uncertainty about their

precise values: “BiomeMin” (using the parameter values that would achieve the

least amount of meetings for family Y ), “BiomeMax” (using the parameter values

that would achieve the most meetings for family Y ), and “BiomeMid” (using the

midrange of each parameter to create a plausible mid-range amount of meetings).

We take the information from Table D.1 to determine where the biologically realistic

boundaries in family size, people density, speed of movement, and area of domain

are.

For the number of initially unmet families, we divided the population of each

data entry in Table D.1 over its mean family size (or over 5 when the mean family
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size was not available), then rounded to the closest integer. The maximum for each

biome was used for the BiomeMax case, the minimum of each biome was used for

the BiomeMin case, and an average was taken for the BiomeMid case.

The length of each side of the area was calculated as the square root of the total

area, then rounded to the closest integer. The maximum for each biome was used

for the BiomeMin case, the minimum of each biome was used for the BiomeMax

case, and an average was taken for the BiomeMid case.

For the speed of movement of each family the distance walked in a day was

calculated using a combination of Layton et al. [111, p 1230] and Table D.1. This

gave us the diffusion coefficient for our model. In most cases, displacement in a day

was taken from Layton et al. [111] where available or, if not, we took from Table

D.1 the distance moved in a year over the number of displacements in a year divided

by 3 to fall within acceptable walking ranges. This is all more fully explained in

Appendix G.

We can see in Tables 4.3, 4.4, and 4.5 a summary of the number of families met

(and their timing) for the BiomeMin, BiomeMid, and BiomeMax cases, respectively.

Each result shown is the average of 100 simulations. In each table we see the total

number of meetings family Y had with other families by the end of the year, the

total number of distinct people met by the end of the year, the time family Y took

before meeting each of its social layers, and the number of times the most frequently

met family was met by the end of the year. Figures for more detailed results can be

seen in Appendix H.

In general, none of the BiomeMin cases reached the 2 family meetings that would
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correspond to the 15-layer foraging party, as can be seen in Table 4.3. This means

150 individuals were not met in very harsh conditions. In contrast, in the BiomeMax

cases almost all of the biomes reached the 1500-layer, the ethnolinguistic tribe, as

can be seen in Table 4.5, except for tropical and subtropical Africa, which did not

have enough families in the domain for this layer. Still, in the BiomeMax cases all

of the cases met more than the 500 individuals of the endogamous mating pool.

Moreover, people in 5 of the 8 biomes met everyone in their domain within the first

month for the BiomeMax cases.

Picking one aleatory biome to show as an example, the results for the ‘California

and Northern Mexico’ biome can be seen in Figure 4.10. For this biome, family Y

got to meet a little fewer than 170 different families in a year, which corresponds

to 850 individuals. Emerging properties can be seen in Figure 4.10b, where small

groups of families seem to be met roughly the same amount of times, forming “steps”

in the graph. These “steps” or “oscillations” could relate to the discrete property

of the number of families being met, although it could also relate to the ‘layering’

of social networks, making the network layers more of a mathematical inevitability

than a social decision. Figure 4.10b shows the most met family was met 11 times

by family Y .
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(a) (b)

Figure 4.10: Results for the two-dimensional IMM for data from hunter-gatherers
in California and Northern Mexico. (a) The number of families met by Y as they
were being met throughout the year. (b) The number of times each of the other
families was met by family Y on average. BiomeMid parameter values were used,
with a domain of 6006 km2 with 245 “families” of 5 individuals each, an encounter
distance of 1 km, and a diffusion coefficient of 9 km2/day. Simulation of a year,
repeated 2000 times.

For the number of times each family was met, we find that the oscillations ob-

served in Figure 4.10b emerged in all of the biomes for the BiomeMid and BiomeMax

cases, as can be seen in Appendix H. Tropical and subtropical Asia and the North

American desert and desert scrub were the biomes that showed these steps the least.

The number of meetings for the family most met, however, ranges from 0, for the

tropical and subtropical South America biome in the BiomeMin case, to 279.4 in

Australia for the BiomeMax case. This last number is a meeting every 1.3 days,

very close to the limit of a meeting every day imposed by the memory function.

In Figures 4.11 and 4.12 we exhibit, as an example, the results for a biome with

a high absolute latitude: the Arctic.
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(a) BiomeMin case.
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(b) BiomeMid case.
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(c) BiomeMax case.
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(f) BiomeMax case.

Figure 4.11: Number of new families met over the year and number of times each
family was met for the BiomeMin, BiomeMid, and BiomeMax cases for the Arctic
biome. This is the case for the two-dimensional model with an average of 4.4 people
per family and an encounter distance of 1 km. For the BiomeMin case we had 25
initially unmet families in an area of 370, 881 km2, and a diffusion coefficient of 9
km2/day, with 100 simulations. For the BiomeMid case we had 318 initially unmet
families in an area of 81, 225 km2, and a diffusion coefficient of 25.8 km2/day, with
100 simulations. For the BiomeMax case we had 1, 595 initially unmet families in an
area of 18, 769 km2, and a diffusion coefficient of 132.3 km2/day, with 26 simulations.
All parameter values obtained as explained in Appendix G.
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Figure 4.12: Close up of Figure 4.11e. The orange vertical line (furthest to the left)
indicates when the 15-individual layer is met, the brown vertical line (middle one)
for the 50-individual layer, and the red vertical line (furthest to the right) for the
150-individual layer.
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The Arctic biome, having an absolute latitude range between 55.32◦ and 77.5◦,

and therefore being amongst the furthest away from the Equator and which could

be related to harsh weather conditions, has some of the slowest meetings amongst

biomes. We can see in Figure 4.11a its BiomeMin case barely reaches 0.4 family

meetings in a year, which corresponds to 2.5 people outside their family. In Fig-

ure 4.11c we see the other extreme, where Y reaches 1, 581 family meetings in a

year, which is 6, 958 hunter-gatherers, and the meetings are fast, reaching the 150-

individual layer by the third day. But these are both extreme conditions. The

BiomeMid case, seen in Figure 4.11b, was more reasonable in the sense that family

Y met around 280 other hunter-gatherers (63.69 other families), taking 15 days to

meet the foraging party, 52 days to meet the residential band, and 175 days to meet

the active network. On the other hand, we can see in Figure 4.11e that the family

most met in the BiomeMid case was met a little more than every two months, whilst

in the BiomeMax case, in Figure 4.11f, the family most met was met 20 times in a

year, almost twice per month. The emerging property, seen as oscillations, can be

appreciated in Figures 4.11e and 4.11f, where Figure 4.11e seems to have three clear

levels, or layers better shown in Figure 4.12.

Whereas Table 4.4 tells us that it is probable that all biomes meet the 150-people

target, it is clear from Tables 4.3 and 4.5 that the lower and upper boundaries are

too large, to the point that each biome is indistinguishable from each other. We do

find, for example, that harsher climates, like the Arctic or Subarctic biomes, would

take longer to meet their societal layers than tropical areas, but all of them have

a lower bound of “never meeting 150 people” to an upper bound of “meeting 150
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people in 2 or 3 days”. This does not seem precise enough to distinguish between

biomes. We can see that the BiomeMin and BiomeMax produce clearly unrealistic

results, and while the BiomeMid seems more plausible, it is difficult to know this

with certainty. To further investigate this idea, we apply the IMM to each society

and show the clear differences between them that could not have been noticed in

the biome-guided simulations.

4.4.1.2 Application of IMM to society-specific data

We refer to “society” as the group of people that share a domain and that form part

of the same population. This means that in Table 5.01 from Grove et al. [3] (as seen

in Appendix D, Table D.1), each row corresponds to a different society, with columns

giving location, absolute latitude, general biome, population area (km2), number of

times the society moved base-camp in a year, distance moved in the movement of

base-camp, population, and mean size of family. Different societies in similar biomes

may not be as similar as we first thought, given the large variation in parameter

values seen in the last section. Thus, creating an average for each biome may be

misleading for a given society within the biome. To illustrate such disparities we

consider societies from the Arctic, and the tropical and subtropical South America

biomes, a representation of each is shown separately below.

The parameter values used for the analysis in this section are taken from each

society’s row in Grove et al. [3] instead of having to average over several rows as

done in the previous section. As before, the family size was taken as 5 when not

available in the data. The speed at which each family moves, however, was taken
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as the total displacement in a year over the number of times the society moved in a

year. When data for the total displacement in a year were not available, the speed

was taken as the lower bound used by Pearce [2], 25 km/day. The domain was taken

to be a square, so the square root of the total area was taken for the sides’ lengths.

Society
Number of distinct

people met

Times most
frequently met
family was met

Baffin Island Inuit 3,115.3 10.11

West Greenland 2,780.5 9.74
Mackenzie Inuit 1,895.9 11.27
Labrador Inuit 1,411.2 14.72

Siberian Eskimo 1,286.4 18.34
Ingulik Inuit 598.3 7.44
Noatak Inuit 546.7 18.53
Kobuk Inuit 496.8 17.52

Great Whale Inuit 445.1 16.84
Caribou Inuit 270.2 6.65

Polar Inuit 264.4 9.77
Nunamiut Inuit 239 26.40
Netsilik Inuit 227.2 6.52

Utkuhikhaling-miut 151.8 9.58
Avivlingmiut Inuit 124.2 11.25

Table 4.6: Number of distinct people met by family Y at the end of the year and
maximum number of meetings of a single family in each society in the Arctic biome.
Both averages over 100 simulations.

Results on the number of new people met by Y in a year and the number of

times the most met family was met by the end of the year for each society in the

Arctic biome can be seen in Table 4.6. These, and the results for the tropical and

subtropical South America biome, can also be seen in Figure 4.13, compared to the

results for the biomes as a whole. We plot the society named “Labrador Inuit” in

Figure 4.14 and the “Caribou Inuit” in Figure 4.15. The Labrador Inuit met more
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new families than the BiomeMid case of the Arctic biome in the previous section,

whilst the Caribou Inuit met only a little less than the BiomeMid case, but definitely

more than the BiomeMin case. In general, only 6 out of 15 societies in the Arctic

met less than the BiomeMid case of the Arctic biome in Section 4.4.1.1, although

not by much. Still, all societies were in between the BiomeMin and BiomeMax cases

of the Arctic biome.
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(a) People met throughout the year.
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Figure 4.13: Average number of people met (left) and times most frequently met
family was met (right) by each biome, for the BiomeMin, BiomeMid, and BiomeMax
cases, as explained in Section 4.4.1.1. The BiomeMin case can not be seen because of
how small it is compared to the BiomeMax case. BiomeMid is shown in pink (lower
bars) and BiomeMax is shown in purple (taller bars). Individual results for each
society in the Arctic and tropical and subtropical South America biomes are shown
in their respective biomes as asterisk marks so they can be compared, although
the names of the societies are not given. That is, all the data points marked as
asterisks above the Artic biome label are results for the simulation of each society
in the Artic biome individually. This makes the comparison between the approach
in Section 4.4.1.1 (the coloured columns) and the approach in Section 4.4.1.2 (the
asterisks) easier to see.

Regarding the families most met, most societies had between 9 and 19 meetings

in a year. This means that almost all of the societies in the Arctic were between

the BiomeMid and the BiomeMax cases for the complete Arctic biome in Section
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4.4.1.1 (6.5 to 20.4 meetings, respectively), except for an anomalous society with 26

meetings for its most met family.
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(a) People met throughout the year.

Family
50 100 150 200 250

T
im

e
s
 m

e
t

0

2

4

6

8

10

12

14

(b) Times each family was met.

Figure 4.14: Average number of people met (left) and times each family was met
(right) by the Labrador Inuit, in the Arctic, over a year, in 100 simulations. This
society had 255 unmet families in a 52500 km2 domain with an average family of
5.7 individuals and a speed of 33.75 km/day.
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(a) People met throughout the year.
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Figure 4.15: Average number of people met (left) and times each family was met
(right) by the Caribou Inuit, in the Arctic, over a year, in 100 simulations. This
society had 160 unmet families in a 236500 km2 domain with an average family of
4.4 individuals and a speed of 27.5 km/day.

Results on the number of new people met by Y in a year and the number of

times the most met family was met by the end of the year for each society in the
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tropical and subtropical South America can be seen in Table 4.7. We choose to

showcase the “Tehuelche” and “Ona” societies, as seen in Figure 4.16 and 4.17,

respectively. The Tehuelche society was one of the societies that met the least

number of people, not including those who did not have more than 100 people in

their domain to begin with, yet it managed to meet the 500-individuals layer. The

Ona are a good average example for this biome, meeting more than 1600 people.

In general, for those societies who could, all met even the 1500-layer, except for

the Tehuelche. Also, most societies met everyone in their domain within the year.

Regarding the whole biome simulations for tropical and subtropical South America

in Section 4.4.1.1, it was clear that no society would fall below the BiomeMin case,

since that proved to have 0 new family meetings by the end of the year, and all were

within the BiomeMax case bound.

Society
Number of distinct

people met

Times most
frequently met
family was met

Akuriyo 63.6 13.14

Nukak 194.5 10.11
Heta 29 217.17

Tehuelche 1,255.1 6.93
Chono 2,097.1 21.49

Alacaluf 3,364 18.75
Ona 1,622.6 9.54

Yahgan 2,417.2 17.39

Table 4.7: Number of total new people met by family Y at the end of the year and
number of times the family most met was met in each society in the tropical and
subtropical South America biome.

Even though this biome was smaller, with only 8 societies, the range of number

of times the most met family was met was very large, ranging between 7 and 21.5.
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We have, though an anomalous case, the Heta society in south Brazil where the

5 families in the domain were met more than 200 times. What remains constant

are the emergent steps, except where there were too few families for these to be

clear. Once again, it was obvious that no family would be met fewer times than the

number of meetings for any family in the BiomeMin case for the whole tropical and

subtropical South America biome in Section 4.4.1.1 because those had 0 meetings.

Still only one society had its most met family fall below the BiomeMid case in that

section and only one other society had its most met family being met more times

than the BiomeMax case, with 217.17 against only 156.1. The society that had

its most met family having met several more times than the BiomeMax case for

the same tropical and subtropical South America biome in Section 4.4.1.1 had the

same domain size as the BiomeMax case, and, because theoretically the path of each

family is independent of every other family, so the number of families in a domain

should not influence the number of encounters and meetings each family had in this

model, and both speeds were similar, both simulations should have approximately

the same number of meetings for the most met family. The difference could be

attributed to the low number of repetitions of the BiomeMax case, only having 19,

against the 100 repetitions for the particular society.
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Figure 4.16: Average number of people met (left) and times each family was met
(right) by the Tehuelche, in Argentina, tropical and subtropical South America, over
a year, in 100 simulations. This society had 1799 unmet families in a 475300 km2

domain with an average family of 5 individuals and a speed of 21.18 km/day.
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(a) People met throughout the year.

Family
100 200 300 400 500 600

T
im

e
s
 m

e
t

0

1

2

3

4

5

6

7

8

9

(b) Times each family was met.

Figure 4.17: Average number of people met (left) and times each family was met
(right) by the Ona, in Argentina, tropical and subtropical South America, over a
year, in 100 simulations. This society had 698 unmet families in a 48100 km2 domain
with an average family of 5 individuals and a speed of 13.33 km/day.

In general it seems that the BiomeMin and BiomeMax cases of Section 4.4.1.1

worked as lower and upper bounds for the results of each society in this section,

as seen partly in Figure 4.13. For the cases where a society did go above the

BiomeMax case, this BiomeMax as a top limit could be improved by running many
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more iterations. Yet, the range given by the BiomeMin and BiomeMax cases in

Section 4.4.1.1 tends to be so large that differentiation between biomes is mainly

lost. Also, by dividing societies into whole biomes, information on whether societies

could have met all layers of networking, and when, is lost, especially for societies

that did not have a sufficient population in their domain to cover all layers. It would

seem like it was useful to break the biomes into individual societies, as there is large

variance within the same biomes. However, all societies seem to have met their

150-individuals layer.

The fact that in several cases everyone, or almost everyone, was met, even with

such a large range of areas and variation in the number of initial families, leads to

the idea that the speed chosen for these examples might have been too high. This

could have been because we took the total displacement in a year over the number of

times they moved base-camp, because this assumes that every time base-camp was

moved, its re-establishment was completed in a day, whereas in real life this could

have taken several days. This is also assuming their speed when moving base-camp

is the same as when hunting or gathering. The speed parameter might have to be

chosen differently, for example using velocities from different sources as we did in

Section 4.4.1.1. It will also be more realistic to represent hunting and gathering

groups with different speeds, which is more precisely given in Layton et al. [111], as

we suggest in our further work section, Section 4.6.

In Section 4.4.2 we address doubts regarding the influence of different speeds and

area parameter values by testing all possible parameter combinations and analysing

which make the meetings possible and which do not.
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4.4.2 Parameter Sweep of MFRM

While it is useful to examine the possibilities of societal cohesion of societies of

which we know, we would like to provide information such that societies we do not

yet know of can be assessed in the future. This, and the desire to try and make a

rule for when are the layers met, are the stimulus for making a sweep of all realistic

parameter values. For the MFRM, the parameter values needed for each simulation

are: number of initial families, speed at which they diffuse, and area size. Using

information provided by Prof. Robin Dunbar and Dr. Eiluned Pearce, a viable

range for each of the three input parameter values was proposed. These ranges were

split into what can be seen in Table 4.8 and a parameter sweep was made. This will

aid in producing a quick guide on which combinations of parameter values would

produce the number of desired meetings in a year. One hundred simulations were

run for each combination of parameter values and the average was taken.

Corresponds to Corresponds to
N0

[families]
Total number of
people in area

Length of one side
[km]

Total area
[km2]

Speed
[km/day]

2 15 9 81 5
9 50 99 9,801 10
29 150 199 39,601 15
99 500 299 89,401 20
150 755 399 159,201 25
299 1500 499 249,001 30

599 358,801 35
699 488,601 40
799 638,401 45

Table 4.8: Ranges of parameter values used in the computer simulations for the
parameter sweep.

As before, we used the assumption that humans would not live or hunt alone, and
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would therefore always travel in cliques because simulating this reduces the number

of individuals, whilst maintaining realism. In previous sections we have used the

number of individuals per family as available in data such as Table 5.01 from Grove

et al. [3] (as seen in Appendix D). From here on, to standardise, we will use exactly

5 people to a family. This reduced the need to simulate up to 1500 people in a

domain to simulating only 300 families. Although it would have been interesting to

test higher number of families interacting, some set of the larger parameter values

used took three days or longer to run. Much higher numbers were not feasible.

With this in mind, the range for number of families in Table 4.8 was chosen so

that at least enough people were available in the domain to meet the 15-people layer

and all the way up to having a whole 1500-people population available, making all

societal layers available through the range. The range for total area of domain was

chosen such that the smallest and largest domains recorded in Binford’s data were

included. Binford’s data [117] suggest that the hunter-gatherer walking speeds vary

from 2 to 4 km/hour. We therefore produce a speed range, in 5 km/day intervals,

from minimal walking throughout the day, to walking for 9 hours, which corresponds

with some of the distances base-camps were moved if moved in one day.

We do not have information on the meeting rate of our families, µ, so we needed

to find a rate that would be high enough, such that we would ensure two families

falling into the same box would meet before one of them jumped out of the box again.

The rate can not be too high, though, as larger values significantly slow down the

simulations. We estimated that a rate bigger than that of the second highest rate

would suffice. The second highest rate is the diffusion rate. From Okubo et al. [148],
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we know that the two-dimensional diffusion of a species can be obtained from their

walking speed by:

diffusion = (distance walked)2/(4× time taken).

We know, from the mean-field equations of diffusion, that this diffusion coefficient,

D, is linked to the diffusion rate, d, by:

D = dh2,

with h the length of a box in our domain, which in this case is 1 km. We can see in

Table 4.8 that the fastest walking speed taken is of 45 km/day, making our second

largest rate dmax = 506.25 day−1.

We consider a family would need at least 5 minutes to recognise and appreciate

the members of another family, but would need to sleep 8 hours a day, leaving

960 useful minutes in each day. We tentatively set µ = 960 per day. To check if

µ = 960 per day is large enough we check the following: We want the probability

of two families meeting within a few minutes, say 5 minutes, to be very close to 1.

We assume that the meeting event is a Poisson random variable, as its occurrence

is independent of each event, uniform within a time interval, and we consider two

events can not happen at the same time. Hence, the probability of observing an

event in a time interval t is given by:

P (k events in time interval t) = (rt)k exp−rt /k! (4.51)

with r being the event rate. In our case the event rate is µ. If we set µ = 960

meetings per day, convert µ into meetings per minute to make it consistent with the
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time interval we are interested in, and make the time interval t = 5 minutes, then

the probability of having one meeting within 5 minutes is 0.1189, and the probability

of having 2 or more events in this time is of 0.8454. The probability of one or more

meetings within 5 minutes will then be 0.9643, which we consider is close enough to

1. The forgetting rate will be left as f = 1 per day.

A quick test was made to ensure that the meeting and forgetting rates given for

the computational simulations would be consistent with what would be expected in

real life. These two parameter values were tested in a sole compartment (no space

and no diffusion involved) of 1 km2 with one Y family and 1000 other families. This

is not a realistic density but was only used to test the functionality of the chosen

rates. In this case, family Y met all other families within the first day, but only got

to around 366, 000 meetings by the end of the year, which means each family was

forgotten more or less every day, in time to be met approximately once a day. What

is more, all families had been met by the time of our first data point, at day 0.05, so

within the first 1.2 hours, agreeing with our requirement: families having met after

a few minutes in contact with each other.

The amount of time taken for each set of parameter values to get to 150 people

met (the active network) is shown in Figure 4.18. As is logical, entries with fewer

than 150 people in the domain to start with, N0 = 2 and 9 families, did not reach

the 150-individuals level of society, the active network. It can also be seen that as

the domain gets larger, as indicated in the x-axis, it takes longer for people to meet

149 other people. It is also clear that the faster the people move, the quicker they

will meet each other. Qualitatively similar graphs were obtained for meeting all
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different hierarchical levels of society.
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(b) N0 = 99.
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(c) N0 = 150.
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Figure 4.18: Time taken to meet 150 people, given different: areas in which families
move, speeds at which they move, and the number of families in total in the area,
N0. Because the domains were taken as squares, only the length of one side of
the domain is given. It can be seen that larger length increases the time to meet
150 people, whereas the increase in people in the area (across subfigures), or the
increase in speed (lower lines in each graph), both decrease the time taken to meet
the hierarchical level.

By plotting these graphs in a log-log plot we realise the relation between the side

length and the time taken to meet 150 people behaves like a power law. The graphs

are mostly linear, except for the first point in the graph. As we output every 0.5

days, the first data point might not be an accurate representation of the actual time
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Figure 4.19: Log-log plot of Figure 4.18. Time taken to meet 150 people, given
different: areas in which families move, speeds at which they move, and the number
of families in total in the area, N0. Because the domains were taken as squares,
only the length of one side of the domain is given. It can be seen that larger
length increases the time to meet 150 people, whereas the increase in people in the
area (across subfigures), or the increase in speed (lower lines in each graph), both
decrease the time taken to meet the hierarchical level. These graphs show a power
relationship.

for meeting 150 people as the meeting may have happened much earlier than day

0.5. Therefore we ignore this first point when doing linear regression. We also ignore

graphs with just one data point. The gradients from the log-log plots are shown

in Figure 4.20, which would correlate with the index of the power law, whereas

the intercept points are shown in Figure 4.21, which would indicate the constant
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term multiplying the independent variable. It can be seen that the gradients have

an ascending relationship with velocity within the same parameter values, and are

larger with ascending numbers of people in the domain.
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Figure 4.20: Gradients from linear regression results corresponding to Figure 4.19a
(lower line in light blue with squares), Figure 4.19b (dark blue line with crosses),
Figure 4.19c (purple line with plus signs), and Figure 4.19d (top line in magenta
with diamond markers). The gradient is the power term of the power law found in
Figure 4.19.

The same procedure was carried out for the time taken to meet other network

layers (sympathy group at 15 people, affinity group at 50 people, mating pool at

500 people, and the tribe at 1500 people) and the gradients and intersection points

are shown in Figures 4.22 and 4.23, respectively.
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Figure 4.21: Intercept with y-axis when doing linear regression to Figure 4.19a (top
line in light blue with squares), Figure 4.19b (dark blue line with crosses), Figure
4.19c (purple line with plus signs), and Figure 4.19d (magenta line with diamond
markers). The intercept is the constant term multiplying the powered independent
variable of the power law.

We can deduce that with an increase in density and diffusive speed, the time

at which the desired society level is met decreases. But we have yet to deduce an

equation that can take the parameter values and produce similar results.
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(b) Time to meet 50 people.
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(c) Time to meet 500 people.
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(d) Time to meet 1500 people.

Figure 4.22: Gradients from linear regression results similar to Figure 4.20 but
corresponding to the time taken to meet the 15, 50, 500, and the 1500 social layers.
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(a) Time to meet 15 people.
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(b) Time to meet 50 people.
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(c) Time to meet 500 people.
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(d) Time to meet 1500 people.

Figure 4.23: Intersect with Y-axis when carrying out linear regression similar to
Figure 4.20 but corresponding to the time taken to meet the 15, 50, 500, and the
1500 social layers.

Finally, our parameter sweep produces Figure 4.24, the range of parameter values

checked for the length of one side of the square domain, and the speed at which the

families move per day. It also marks the cases of initial number of families for which

the 150-people layers were met. Figure 4.25 indicates the same for the other societal

tiers. These figures could be used as a rough look-up table for when are people

meeting their network layers and when they might not. We can see that many

parameter combinations do reach the 150-people layer, especially with speeds of 25
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km/day or more, which seems well within human capacity. When there are more

than enough people in the domain, the domain has to be very large for the people

to not meet their active network. Yet it seems very difficult for them to meet their

whole ethnolinguistic tribe when there are barely enough people for the 1500 layer

to exist. In all, meeting the 150 people within a year by random movement seems

plausible in most cases.
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Figure 4.24: Out of the parameter values tested, those which hit the 150 level of
number of people met throughout a year are marked as indicated. N0 refers to the
number of ‘other’ families in the domain. Meeting one family would mean meeting
5 people.
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(b) Parameter values that met 50 people.
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(c) Parameter values that met 500 people.
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(d) Parameter values that met 1500 people.

Figure 4.25: Out of the parameter values tested, those which, within the year,
hit the number of people indicated below the subfigure are marked with a symbol
accordingly.

Following up on the “waves” seen before, we plot in Figure 4.26 the graphs for the

ranking of families obtained from using all the minimum parameter values (Figure

4.26a) to using all the maximum parameter values (Figure 4.26b). As we analyse all

the 486 results we realise that all set of parameter values for which a pattern could

be seen, the waves seen in Figure 4.26b, would form.

We noticed that in Figure 4.26b, around 10 families seemed to be met exactly

once during the year, without deviation, so we explored this further. We ran a par-
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(a) Minimum value of all parameter values:
N0 = 2 other families, L = 9 km per side,
and moving at 5 km per day.
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(b) Maximum value of all parameter values:
N0 = 299 other families, L = 799 km per
side, and moving at 45 km per day.

Figure 4.26: Ranked families from most met to least. We obtain the number of times
each family was met by family Y within a year and then sort them from most met to
least, then average over all 100 simulations. (a) Minimum in all parameter values:
2 other families, apart from the main one, and movement at a speed of 5 km/day
in a 9 × 9 km2 domain. (b) Maximum in all parameter values: 299 other families,
apart from the main one, each moving at the speed of 45 km/day in a 799 × 7999
km2 domain. In each simulation Y is initialised in the middle of the domain and all
other families are placed uniformly randomly throughout the domain.

ticular set of parameter values, where the wave-like formations, or “steps”, could be

seen, for varying numbers of simulations. The results can be seen in Figure 4.27. It

is difficult to see in Figures 4.27a to 4.27c, but it is clear by Figure 4.27d, with one

thousand simulations, that the lack of deviation is a product of an insufficient num-

ber of simulations. One thousand simulations were needed in order to see variation

in the number of times all families were met in this particular case.

Nonetheless, the waves are still present, despite the hundred-fold repeated sim-

ulations. The deviation in Figure 4.26b still gets smaller periodically. We notice

that the “plateau” of the waves seems to coincide with whole numbers and probably

stems from the integer characteristic of this kind of measurement. This phenomenon
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may be explained by an area of mathematics called “Order Statistics” [149, 150],

but this is beyond the scope of this thesis.
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(b) 100 repetitions.
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Figure 4.27: Examining the plateau observed in the ranking of families, such as in
Figure 4.26b. Varying the number of simulations for the mean of ranked families.
150 other families were used, with 399 km per side of the domain, and a speed of
40 km/day.

4.5 Conclusions

In this chapter, we set out to answer whether it was possible for hunter-gatherers to

meet their network layers as a by-product of their roaming to fulfil other necessities,

or if other means of bonding would be necessary. We studied simple diffusive motion,
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and we developed several, progressively more complicated, models to gain insight

into this problem. We then applied these models to several real-life cases based on

data-driven parameter values.

At the beginning we thought that when applying the model to real-life cases we

could divide the societies into the biomes to which they belonged, obtaining upper

and lower bounds of number of people met for those biomes. We hoped this could

be applied to societies for which we had no information but were in similar biomes.

However, we realised that dividing the societies into biomes was unnecessary and

gave bounds for the possible number of meetings for families in each biome that

were too large to distinguish between societies. We also realised that the absolute

number of meetings one family had throughout the year can be approximated by

the ideal gas model, as it is linear, but not so the distinct number of people met.

In Section 4.3 we showed that a mean field approach is not valid for the meet-

ing process in which we are interested because of the importance of stochasticity.

Critically, we are dealing with only one family and its interactions with the other

families in the tribe.

Finally, the parameter sweep helped us identify parameter spaces in which meet-

ing 150 people would be plausible, allowing us to generate look-up tables (Figures

4.24 and 4.25). These tables mean that someone wanting to know whether a society

could be meeting its different network layers in a year would only need to know the

size of the area, the number of people in that society, and the speed at which they

roam, to answer their question. In the analysis of these tables we showed that there

is a power-law relation between the number of meetings in a year and the length of
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the side of the domain.

Section 4.2.1 provides us with an analytical solution to the probability of a parti-

cle being at a given place, given our particular case of discrete space and continuous

time diffusion with reflective boundary conditions, Equation (4.24), which is an

important result of our work. This could be used in the future to search for an

analytical solution for the number of encounters a family has in a year.
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4.6 Further work

The work presented in this chapter could take several different paths going forward.

Some of the things that can be done to carry the work forward are fairly easy and

would just take time, like extending the parameter sweep in Section 4.4.2 to account

for more entities moving. Some other things require a lot more work and depend

deeply on the specific questions asked, like exploring groups with different tasks, or

the source of the wave-like phenomena seen in Figure 4.27. Here we present some

ideas we have explored in a preliminary fashion.

As mentioned before, by grouping people into families of 5 we found a region of

parameter space that allowed people to meet 29 other families, namely 150 people in

total. To fully address the problem of each person moving individually and covering

all the possible combinations of parameter values would require a significant amount

of computational time. The coding needed for this is already available, but the

simulations would take several months.

Another step that would be simple to take would be to find an ad hoc equation

that could predict whether someone in a particular society could meet its 150-people

active network. The work done to obtain Figures 4.20 and 4.21 already lets us see

the relation that exists between the three parameter values used in our model. An

equation could be sought for the meeting of each network layer, which could be

quicker and easier to use than the look-up tables in Figures 4.24 and 4.25. As it

would be ad hoc, this endeavour may prove to be quick or may encounter some other

problems on the way.
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One of the main reasons for changing to the MFRM was the possibility to trans-

late the computational model into equations that may be quicker to solve and might

be more insightful. Section 4.3 showed that the Mean Field approach would not

suffice, but we could use the tools from Chapters 2 and 3 and derive the equations

from first principles. The multi-centre particle density formalism has the ability to

take into account the relative distance between particles, and so can incorporate the

stochasticity that proves to be important in the encounter between hunter-gatherers.

Since animals have memory and take sensory cues from their environment, a

purely random movement will not be realistic when looking for specific details about

their displacement and decision-making. In general, we would have to incorporate

movement and interaction with the environment, to produce a more realistic hunter-

gatherer movement model. To do this we would implement the idea of resource use.

The following section, Section 4.6.1, shows our preliminary advances on studying

how the diffusive movement of humans and their meetings are affected by spatially-

distributed resources.

4.6.1 Mathematical model of resource use and meeting

An animal’s pattern of movement and home range size greatly influences its sur-

vival. Although movement and environment are individually actively studied, the

coupling of environmental factors with population dynamics has received little at-

tention [151] and its better understanding is needed in order to bring our models

closer to empirical observations. For example, animals may be restricted by patches

of land where food does not grow, or attracted to bodies of fresh water. A model
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by Possingham and Houston [152] shows that, for territorial foragers, food renewal

is an important element of foraging strategy.

Building on the purely diffusive model from Section 4.2.1, and with the as-

sumption that the hunter-gatherers move mainly following resources, we will add a

resource density, R. In this section we first get an idea of how the motion of one

type of family is affected by the presence of resource being followed in the domain.

Alongside this, we also obtain a set of PDEs for the time evolution of the one type

of family, Y , and the resource field, R. We then combine the meeting action that

we developed in Section 4.2 with this new resource use and start studying how is

the distribution of families Y , U and M affected by this combination. As a first

example we consider a case with high eating rate which shows how the number of

new meetings in a year can be highly impaired when the resource field is quickly

depleted.

In general, this section suggests that if the rate between resource regrowth and

resource usage is not large enough, it is very easy for the families to quickly consume

available resources, get trapped, and not meet enough people. We can predict that

if the amount of available food is infinite, this case should go back to the case where

resource had no inference, like in Section 4.2, so these two extremes should mark

the boundaries for the amount of people that can be met in a year by moving to

collect resources.

192



4.6.1.1 Preliminary investigation into a model including resource use

Firstly, we explore the effects of resource use on the movement and distribution of

one type of family. We may see this resource as food, which will be eaten by the

hunter-gatherers with an eating rate E and will grow back with a growing rate G,

with the maximum level of available resources being Rmax. Initially, we start with

a homogeneous source of food at Rmax everywhere in a one-dimensional domain.

In this case, human movement will not just depend on diffusion, but there will be

a transition function, T±∆t which, in turn, depends on the resource density. This

transition function will dictate the probability that a family will move left (T−) or

right (T+) in the time interval ∆t. We use a discretized space and time, where time

is divided into intervals of size ∆t, and tj refers to an interval [(j− 1)∆t, j∆t), and

a space domain [0, L] which is divided in compartments of length ∆x and xk refers

to the compartment [(k − 1)∆x, k∆x). For the probability that a particle will be

in compartment xk at time tj, Y (xk, tj), we have:

Y (xk, tj + ∆t) =

T+
k ∆tY (xk −∆x, tj) + T−k ∆tY (xk + ∆x, tj) + (1− T+

k+1∆t− T−k−1∆t)Y (xk, tj),

where T−k is the transition left into compartment xk, and T+
k is the transition right

into compartment xk. We define

T±k = dRk, (4.52)

where Rk will be the amount of resource available at xk, and d is the diffusion rate

constant.
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Using the Taylor expansion for Y (xk, tj) around x:

Y (xk, tj + ∆t) = dRk∆tY (xk −∆x, tj) + dRk∆tY (xk + ∆x, tj)

+ (1− dRk+1∆t− dRk−1∆t)Y (xk, tj),

Y (xk, tj + ∆t)− Y (xk, tj)

∆t
= d[RkY (xk −∆x, tj) +RkY (xk + ∆x, tj)

− (Rk+1 +Rk−1)Y (xk, tj)],

= d

[
2RkY (xk, tj) +Rk

∂2Y (xk, tj)

∂x2
(∆x)2 + O(∆x3)

− (Rk+1 +Rk−1)Y (xk, tj)

]
.

Assuming ∆t → 0 and ∆x → 0 with d such that d∆x2 → D, D a positive

constant, then O(∆x3) will be negligible compared to the remaining terms and,

letting d = D/∆x2:

∂Y (x, t)

∂t
= D

[
R(x, t)

∂2Y (x, t)

∂x2
− ∂2R(x, t)

∂x2
Y (x, t)

]
, (4.53)

where x and t are now continuous, as is R(x, t), and Y (x, t) is the density of a

particle in x at any time point t. This simplifies to:

∂Y (x, t)

∂t
= D

∂

∂x

[
R(x, t)

∂Y (x, t)

∂x
− ∂R(x, t)

∂x
Y (x, t)

]
. (4.54)

We now develop the form of the resource equation, R(x, t), which is a function

that gives us the amount of resource at time t in a compartment around x of width

∆x. We assume there is a maximum level of food, therefore R(x, t) ε [0, Rmax].

Intuitively, the concentration of R(x, t) will decrease with the eating rate, E, times

the amount of people in x, and grow with rate G, such that:

∂R(x, t)

∂t
= −EY (x, t)R(x, t) +G(Rmax −R(x, t)). (4.55)
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We can non-dimensionalize Equations (4.54) and (4.55) with:

R = Rmaxr, Y =
G

E
y, t =

1

G
t′, x =

√
DRmax

G
x′,

where r, y, t′, and x′ are now dimensionless. So that, upon dropping primes for

simplicity:

∂y(x, t)

∂t
=

∂

∂x

[
r(x, t)

∂y(x, t)

∂x
− y(x, t)

∂r(x, t)

∂x

]
, (4.56)

∂r(x, t)

∂t
= −y(x, t)r(x, t) + 1− r(x, t). (4.57)

As initial conditions we have:

r(x, t = 0) = 1,

y(x, t = 0) =

{
E

G2δL
if xε[L/2− δL, L/2 + δL]

0 elsewhere
,

where L is the length of the domain, and δL is the size of the partitions of L. This

means the resource starts at its maximum capacity, and the particles are initiated

at the middle of the domain. Also, at the boundary, we have reflective boundary

conditions:

∂y(x, t)

∂x

∣∣∣∣
x=0

= 0,

∂y(x, t)

∂x

∣∣∣∣
x=L

= 0,

∂r(x, t)

∂x

∣∣∣∣
x=0

= 0,

∂r(x, t)

∂x

∣∣∣∣
x=L

= 0.

A numerical solution can be seen in Figure 4.28. The difference with the simple

diffusion case (an example of which can be seen in Figure 4.7, from Equation (4.40))
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can be readily observed in Figure 4.29, where the densities of y and r are shown for

time t = 0.01 days.

Figure 4.28: Numerical solution to Equations (4.56) (left) and (4.57) (right). Hunter-
gatherers diffusing and eating in a one-dimensional space of length 200 km, diffusing
at 25 km2/day, with an eating rate of 50 resources per day, a growth rate of 1 per
day, an initial maximum food level of Rmax = 5000 units in every compartment and
y initially as a step function of area 1 in the centre of the domain.
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Figure 4.29: Numerical solution to Equations (4.56) (left) and (4.57) (right) at time
t = 0.01 days. Same parameter values as in Figure 4.28.

We can see in Figure 4.29 that, because of the initial depletion of food in the

centre of the domain due to the initial conditions on y, y falls in the middle of

the domain. As time goes by, these “indentations” move sideways throughout the

domain, but the shape of the y curve, in general, quickly tends to a uniform distri-

bution, so that these indentations become smaller and are unnoticeable by the end
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of the first unit of time. Something similar happens to r as it mirrors y’s movement,

depleting faster wherever y is more concentrated and experiencing some lag time

before “regrowing”.

Since a numerical solution is much faster than a stochastic simulation, although

not as exact, solving this set of equations should give us a good estimate of the

parameter range to be used in the stochastic simulations to obtain the types of

behaviour in which we are interested.

4.6.1.2 Combining meeting and resource use

In this section we combine the MRM with the model of resources to gain some

knowledge of how the search for resources affects the number of meetings. An

example with people eating too fast, or too little food available, can then be seen.

The MRM without forgetting is similar to Equations (4.40) for Y , (4.41) for U ,

and (4.42) for M , but the incorporation of the resource usage is analogous to Equa-

tion (4.54) for Y and Equation (4.55) for R, such that the PDEs for the deterministic

mean-field approximation of this model are:

∂Y (x, t)

∂t
=D

∂

∂x

[
R(x, t)

∂Y (x, t)

∂x
− ∂R(x, t)

∂x
Y (x, t)

]
, (4.58)

∂U(x, t)

∂t
=D

∂

∂x

[
R(x, t)

∂U(x, t)

∂x
− ∂R(x, t)

∂x
U(x, t)

]
− µY (x, t)U(x, t), (4.59)

∂M(x, t)

∂t
=D

∂

∂x

[
R(x, t)

∂M(x, t)

∂x
− ∂R(x, t)

∂x
M(x, t)

]
+ µY (x, t)U(x, t), (4.60)

∂R(x, t)

∂t
=− E[Y (x, t) + U(x, t) +M(x, t)]R(x, t) +G(Rmax −R(x, t)), (4.61)

where Y (x, t), U(x, t), M(x, t), and R(x, t) are the density of the main family, the

unmet families, the met families, and food units in x at any time t, respectively. As

previously, µ is the meeting rate, E is the eating rate, and G is the growth rate.
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As before, we can non-dimensionalize the set of Equation (4.58) to (4.61) by

setting new variables:

r =
R

Rmax

, y =
E

G
Y, u =

E

G
U, m =

E

G
M, t′ = Gt, x′ =

√
G

DRmax

x,

where the variables on the left are now dimensionless. So that upon dropping primes

for simplicity:

∂y(x, t)

∂t
=
∂

∂x

[
r(x, t)

∂y(x, t)

∂x
− ∂r(x, t)

∂x
y(x, t)

]
, (4.62)

∂u(x, t)

∂t
=
∂

∂x

[
r(x, t)

∂u(x, t)

∂x
− ∂r(x, t)

∂x
u(x, t)

]
− µ

E
y(x, t)u(x, t), (4.63)

∂m(x, t)

∂t
=
∂

∂x

[
r(x, t)

∂m(x, t)

∂x
− ∂r(x, t)

∂x
m(x, t)

]
+
µ

E
y(x, t)u(x, t), (4.64)

∂r(x, t)

∂t
=− [y(x, t) + u(x, t) +m(x, t) + 1]r(x, t) + 1. (4.65)

As initial conditions we have:

y(x, t = 0) =

{
E

G2δL
if xε[L/2− δL, L/2 + δL]

0 elsewhere
,

u(x, t = 0) =
EN

GL
,

m(x, t = 0) = 0,

r(x, t = 0) = 1,

where L is the length of the domain, δL is the size of the partitions of L, and N

is the number of other families, initialised all as unmet and spread evenly in the

domain. At the boundary, we again have reflective boundary conditions:

∂y(x, t)

∂x

∣∣∣∣
x=0

= 0,
∂u(x, t)

∂x

∣∣∣∣
x=0

= 0,

∂y(x, t)

∂x

∣∣∣∣
x=L

= 0,
∂u(x, t)

∂x

∣∣∣∣
x=L

= 0,
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∂m(x, t)

∂x

∣∣∣∣
x=0

= 0,
∂r(x, t)

∂x

∣∣∣∣
x=0

= 0,

∂m(x, t)

∂x

∣∣∣∣
x=L

= 0,
∂r(x, t)

∂x

∣∣∣∣
x=L

= 0.

For example, the numerical solution to these equations with the same parameter

values and at the same time as Figure 4.29 is shown in Figure 4.30. These figures

do not show the indentation for y, but here r shows some undulations that were not

present in Figure 4.29 and u has a couple of peaks before the dent in the middle.

This shows that the presence of both types of families, Y and U , the meeting events,

and resource availability has altered the distribution of Y , U , and R.
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Figure 4.30: Numerical solution to Equations (4.62) to (4.65) for y (left), u (centre),
and r (right) at time t = 0.01 days. One Y and 30 unmet families diffusing, eating,
and meeting in one-dimensional space of length 200 km, diffusing at 25 km2/day,
with an eating rate of 50 per day, a growth rate of 1 per day, a meeting rate of µ = 1
per day, and an initial maximum food level of Rmax = 5000.

4.6.1.3 An example of high eating rate

Up to now we had been considering Y as a density in the mean-field equations, but

to better see the interaction of a lone Y family with several U families and their

surrounding resources we switch to a Gillespie stochastic simulation. The model

and simulations will work as for the IMM from Section 4.2.2, but we will include the
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resource as a non-diffusing entity that gets consumed by families in the space. As

with the dynamics described in Section 4.6.1.2, the families have reflective boundary

conditions and the resource starts at its maximum capacity.
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Figure 4.31: Average from 10, 000 stochastic simulations. A family Y and 30 other
initially unmet families diffusing in a one-dimensional domain of length L = 200
km, meeting and eating with rates µ = E = 1 per day, forgetting each other every
24 hours, a detection distance of 1 km, a maximum resource of Rmax = 1 unit, and
a regrowth rate of G = 1/365 units per day. Each graph has the day stated at the
top of the graph. All events treated as reactions except the forgetting event, which
happens a day after a meeting occurs.

The first simulation we ran had a very high eating rate because the initial density

of food was one unit throughout, whilst the eating rate was also 1 unit per day,

meaning people would very quickly deplete the only available resource as soon as

they reached a compartment. The result can be seen in Figure 4.31. Here, the

population barely moves from its starting point because of the resources quickly

disappearing and not growing back fast enough. This means that family Y will
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only get to meet the closest people as soon as the year starts and then will have

difficulties meeting other families, as shown in Figure 4.32.
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Figure 4.32: Number of new families Y meets when all families have a very high
eating rate. Average from 10, 000 stochastic simulations. All parameter values as in
Figure 4.31.

It is clear from the work done in this section that the presence of a resource to

be consumed and followed changes the behaviour of the families present, whereas,

on its own, family Y normally just diffuses into a uniform distribution. During

preliminary testing, parameter values that strongly showed the oscillatory behaviour

of the distributions were the ones where a lot of initial resources were available and

the eating rate was much higher than the growing rate, but orders of magnitude

smaller than the initial resource level. This type of behaviour could directly affect

the number families met by Y by keeping families restricted to specific areas of the

domain, as demonstrated in the last case.

The results obtained when adding an interactive resource field to the models,

even in the one-dimensional case, would point to the fact that a threshold ratio

between resources available and resources eaten exists, all measured in terms of
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resource growth, below which families will easily get trapped and stop meeting more

families. If this happens, families will heavily depend on the number of families

that closely surround them for support and sharing of knowledge, and will possibly

not meet the 150-individual layer, or even the 15-individual layer. Whereas in

the simple cases without food the families had easily met everyone in their 150-

individual layer and we had considered the speed of the families to be too large for

our interest, when resources are added, the variations in speed we were debating

about become minor and play a less significant role on the number of meetings, and

other parameter values, such as eating rate and initial amount of resources, become

more important. As always, these models would have to be translated into two

dimensions. We suggest that, for Dunbar’s number to be reached in more realistic

conditions, additional means of network cohesion would be needed.
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Chapter 5

Conclusions

We have shown, throughout this Thesis, the importance of taking into account

phenomena such as stochasticity and location when modelling certain biological

problems. In Chapters 2 and 3 we developed a set of analytical and computational

models to improve our understanding of the interactions that take place in the T

cell membrane. In Chapter 4 we explored the possibility of societal maintenance by

gathering and hunting movements of non-sedentary humans. The difference between

the mean-field approach and ours is that we consider a specific element interacting

with a small number of the surrounding elements, independently of the size scale of

the problem.

Chapters 2 and 3 modelled the dephosphorylation and phosphorylation, respec-

tively, of tethered receptors that are present in T cells. By comparing the analytically

posed, but numerically solved, models to stochastic computational simulations we

proved that our models fit the in silico data generated by the computational simula-

tions (which we take to be the ground truth) better than the traditional mean-field

ODEs in both cases. The numerical models in Chapter 2 have now been tested

against laboratory experiments and have proven to be useful [1, 91] by providing
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values for four biochemical parameters (those included in the model) and a good

estimate of the length of the tethered tail, which is otherwise difficult to measure,

from a single experiment. The model helped estimate that the tethered binding

makes SHP-1 more active and helps cluster the dephosphorylating tails together,

making the dephosphorylation more effective than if the proteins were floating in

the cytoplasm. The MPDPDE model from Chapter 2 is also used to examine which

sections of the tail are more relevant for dephosphorylation of surrounding peptides

to occur [1]. Further on, the model was used to determine the length of SHP-1 when

bound, showing that it had a longer reach than had been previously estimated from

its structure [91]. We wanted to verify that the main interaction between SHP-1

and the peptide tail is as previously thought and the success of these experiments

confirms our hypothesis.

Once experiments are available, the numerical, deterministic models in Chapter 3

can also be checked against experiments and, if verified, all of these numerical models

could be useful to inform future experiments. As with the model in Chapter 2, the

model in Chapter 3 can provide estimates for four different reaction rates, as well as

the length of the protein being tethered, by fitting to data from just one experiment.

Thus, these models provide a good insight into the mechanistic workings of processes

we can not see. As such, the models would be very useful to help us understand

further experiments where we know a change in the set-up produces a change in

the outcome, but the reasons for this change are not yet understood. Further, the

way these models are written and solved means they can be plugged into larger

models, where larger sections of the immune system are incorporated. Despite the
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existence of the stochastic simulations, the analytical models are preferred because

they are quicker to solve, use less computational memory, and are as easy to use.

The stochastic simulations are used, though, to ensure that our deterministic models

correctly capture the chemistry we are describing, to determine the accuracy of

our parameter predictions, and can be used to conclude if differences between our

deterministic model and the experiments are due to numerical approximations or

because we are not fully capturing the behaviour in the experiments.

Chapter 2 saw the reduction of the three-dimensional model to a two-dimensional

model, and its analysis. This confirmed the suitability of each model for experiments

where the proteins are tethered to matrices taller or shorter than the protein’s length,

respectively. A similar extension could be made for the model in Chapter 3, and

we would expect a similar behaviour because of the similarity of protein movement,

despite the difference of interaction.

Despite the encouraging results, the analytical models are not perfect. One

potential source of error that they all share is the use of the Kirkwood approxima-

tion, where the interaction between three elements is approximated with three two-

element interactions. Testing this hypothesis requires changing this approximation

to one where four-element interactions are approximated with the four three-element

possible interactions, which is a higher order moment closure. This would signifi-

cantly increase the number of equations to be solved and would also increase the

time to generate the numerical solution. Still, this does not seem to be necessary so

far in light of the small errors and the proven usefulness of the models from Chapter

2 in laboratory experiments.
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Chapters 2 and 3 can be seen as indicators of the importance of stochastic interac-

tions, specifically within immune system regulation. Whereas the dephosphorylating

SHP-1 reduces the amount of activated receptor tails and so helps down-regulate the

signalling within the T cell, the phosphorylating ZAP70 does the opposite. Adding

stochasticity to the system does not change the final number of phosphorylated tails

at the steady state, but it does change the reaction rates, the speed with which we

get to the steady state. Furthermore, the space-dependent nature of these systems

changes the final conformation of the phosphorylated tails, meaning they will end

up spread apart or grouped together in clusters, instead of uniformly randomly lo-

cated. These properties probably have an effect on the immune system’s efficiency,

although we do not yet fully understand how. For example, having the activated

tails in a cluster may help other proteins find them more quickly or interact with

other necessary sections of the chain of reaction that are now nearby. Also, a steady

state may never be reached, and the speed with which reactions take place may be

crucial.

Study and awareness of these stochastic and location-dependent elements seem

important to understand the immune system and its possible failures, whether by

an over active response, or an insufficient response. We wanted to better understand

how dephosphorylation and phosphorylation affect the signal transduction pathway

of the immune system, helping turn it on and off, and with this work we now do,

understanding how the tethered state influences the speed of reaction of dephos-

phorylation or phosphorylation, respectively. We better appreciate the regulatory

mechanism in T cells and have successfully introduced space into the modelling of
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these problems.

The work in Chapters 2 and 3 is of a basic nature, as it looks into the funda-

mental activation of T cells. As a result, it would apply to any disease or therapy

involved with T cells, be it development of vaccines, understanding of autoimmune

diseases, allergies, cancer, developing new diagnosis methods, or many more. Im-

proved understanding of the process may allow us to exploit this knowledge for the

benefit of human health.

In Chapter 4 we moved to a problem on a much larger spatial scale and considered

the importance of face-to-face meeting for primitive humans. The interest sparked

from the unusually large network that human individuals have, compared to other

primates, where we all keep a conscious log of around 150 people (Dunbar’s number),

but with restrictions on time to spend with “friends” solely socially, and the difficulty

to find them when spread across large areas. Face-to-face meetings kept the social

bonds alive in a time when no other means of communication existed. These social

bonds were important because humans rely on others for aid against threats, physical

and mental support, assistance in daily tasks like child-rearing, and for safe-keeping

and dispersal of communal intelligence, amongst many other things, as explained in

Section 4.1.1. So we decided to investigate whether a certain number of face-to-face

meetings was possible through essential movement, or if other means for meeting

and remembering each other would be necessary. The hierarchical arrangement

of these societies was also noted when analysing our results. Initial attempts at

modelling the interactions taught us that modelling hunter-gatherer societies in

similar environments (biomes) did not suffice, as the range of number of meetings

207



for each individual was too large, biomes became mainly indistinguishable from

each other, and it was not possible to say whether people would meet their different

network layers (as seen in Figure 4.1). It was also clear that the absolute number

of encounters each individual had could be approximated using the ideal-gas model,

but this model was not able to provide information on the question that we are

interested in, namely, how many different people our subject met. Here is where

the stochasticity of the problem came into play. We further proved the need to

include stochasticity into our models by showing that the traditional mean-field

approximation did not accurately fit the computational simulations either.

In the end, we wrote a computational model with which we carried out a system-

atic testing of all the plausible parameter ranges, the parameters being the number

of people in an area, size of that area, and the walking speed. With this we pro-

duced a set of look-up figures (Figures 4.24 and 4.25) that will in future allow us

to see whether someone in their society of interest would meet their “active layer”

(150 people) in a year, or any of the other network layers. Of course, this is for a

randomly moving individual who moves all day at constant speed with their family

of 5 and with a fixed memory function. All, and any, of these properties, along with

many more, could be changed to generate a more realistic result, but this would

depend on the specific research question as each change would require several hours

of simulation, if not days or months, with the present method.

We set out to investigate whether Dunbar’s number (150 people) could be met by

an individual roaming around an area in search of resources and we found that this

is very dependent on the size of the area, the number of people in it, and the speed

208



at which the individual walks. There are several occasions when 150 people were

met, especially when the area had more than enough people for the 150 number to

be met (with more than 500 people in the domain, Dunbar’s number was met more

than half the time). In fact, this random movement could possibly work extremely

well for fast-paced humans, or societies with a lot of people in a small space, where

the whole tribe (1500 people) could be met in a year. But there are certainly some

parameters where Dunbar’s number was not met, those where the space was large

and people were spread apart because of low concentrations, for example. This

feeds into the idea that in harsher places, like the Arctic or the dessert, with vast

areas and a small population, mechanisms for meeting the 150 people would be

necessary. The hypothesis is that this is how gift-giving and other kinds of material

exchanges developed, as explained in Pearce et al. [153], making the memory of other

members of the society last longer and so not needing to meet as often. The model

in Chapter 4 could be enhanced to explore this by changing the memory function

to a longer one in the case of a gift being exchanged, and running the simulations

for several years. Another way of fixing the problem of insufficient meetings could

have been the arrangement of periodical meetings, from every few days to yearly. In

modern times we have restaurants and means of agreeing meetings, but some early

humans had annual events, gathering for the solstice, or developed religion that

brought people together. Later on, humans developed social events, such as sports.

Presently, if we can not get interaction from movement, we have to put things in

place to substitute, thus the importance of Skype, Zoom, Facebook, other forms

of communication, and all kind of media. With the onset of the 2020 pandemic
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and restrictions on socialisation, online gaming has seen a boost, especially multi-

player games, as opposed to single-player games [154]. Yet, because for most of its

existence the human evolved by adapting to face-to-face interaction, it is plausible

that technological communication is not a good enough substitute. The effect that

this change of type of interaction has on mental health remains as an open question.

Chapter 4 also saw a natural rise of different numbers of meetings for different

people in the society of an individual, as seen in Figure 4.12. Where anthropologists

talk about a hierarchical organisation of an individual’s society (Figure 4.1), it is

possible that this organisation emerged naturally as a mathematical and geograph-

ical construct, rather than a human or biological imposition. The causality of this

hierarchical arrangement would be difficult to verify, but further research could be

carried out into the source of the ‘steps’ seen in the plots for numbers of meetings

per family (Figure 4.12).

Along the way, an analytical, exact solution was found for the probability of a

particle’s position given a discrete space and continuous time diffusion, in a space

with reflective boundaries. Diffusion in a discrete space over continuous time is a

fundamental problem that appears in numerous contexts. Different versions of this

problem have been solved with different methods throughout time [145, 146, 147],

but the exact problem we deal with has not been solved analytically and without

approximations before, as explained at the end of Section 4.2.1.2. Thus, our result

could be applicable in a wide variety of problems such as in random walks [155],

stochastic processes in physics and astronomy [145], heat dispersion in nano-films

[156], signal and image processing [146], and mutations in biology [147].
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The models presented in this thesis can be improved in several different ways:

accuracy, speed, compatibility with other models in the area, to mention but a

few. But we have already improved on our mean-field, homogeneous counterparts

(the mean-field models in Sections 2.2, 3.2, and 4.2.3.1). We have taken methods

developed in other areas of mathematics and computation and used them to gain

insight into biological questions. In doing so we have made some extensions to these

techniques. We have worked in an interdisciplinary manner to extend the reach of

mathematics to address problems of interest to non-mathematicians. And, more

importantly, we have once again pointed out the importance of not taking small

numbers or relative position lightly.
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Appendix A

Integral in Mean Field model in
Chapter 2

We want to compute the integral term for Equation (2.14) in Section 2.2.2 as we try

to solve the traditional mean field approximation of our system in Chapter 2.

Because σ(r) only depends on the absolute distance between particles we can

write it as σ(|~x− ~x′|). In spherical coordinates this is:

∫ 2π

φ=0

∫ π

θ=0

∫ ∞
r′=0

r′2 sin θσ(|~x− ~x′|) dr′ dθ dφ. (A.1)

If we make a change of variable and use q = |~x − ~x′| =
√
r′2 + r2 − 2rr′ cos θ, then

the expression (A.1) becomes:

2π

r

(
3

2πL2

)3/2 ∫ ∞
r′=0

r′
∫ |r+r′|
q=|r−r′|

q exp

(
− 3q2

2L2

)
dq dr′. (A.2)

Calculating the integral with respect to q:

∫ |r+r′|
q=|r−r′|

q exp

(
− 3q2

2L2

)
dq =

L2

3

[
e−

3
2L2 (r′2+r2−2rr′) − e−

3
2L2 (r′2+r2+2rr′)

]
. (A.3)

Substituting Equation (A.3) into the integral with respect to r′ in the expression
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(A.2) we obtain:

∫ ∞
r′=0

r′
∫ |r+r′|
q=|r−r′|

q exp

(
− 3q2

2L2

)
dq dr′

=
L2

3

1

6
L

√6πr

Erf


√

3
2
(r + r′)

L

− Erf


√

3
2
(r − r′)
L


+2L

(
e−

3(r+r′)2

2L2 − e−
3(r−r′)2

2L2

)]} ∣∣∣∣∣
∞

0

,

where Erf(z) is the “error function”, defined by:

Erf(z) =
2√
π

∫ z

0

exp−t
2

dt.

In the limit as z tends to infinity, Erf(z) is 1 for z 6= 0, zero when z = 0, and

Erf(−z) = −Erf(z). This leads us to the evaluated integral:

∫ ∞
r′=0

r′
∫ |r+r′|
q=|r−r′|

q exp

(
− 3q2

2L2

)
dq dr′ =

L3

3

√
2π

3
r. (A.4)

Substituting Equation (A.4) back into the expression (A.2) we obtain:

∫ 2π

φ=0

∫ π

θ=0

∫ ∞
r′=0

r′2 sin θσ(|~x− ~x′|) dr′ dθ dφ = 1. (A.5)
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Appendix B

Ode23 and ode15s MATLAB
solvers for the MPDPDE of
Chapter 3

Whilst solving the MPDPDE model in three dimensions in Chapter 3, the numerical

solver used was taking too long to solve. We study here the cause of this.

The numerical package that we used at first to solve Equations (3.55) to (3.63)

was MATLAB’s “ode23”, using the trapezoidal rule for the integrals, which states:

∫ b

a

f(x) dx ≈ (b− a)

[
f(a) + f(b)

2

]
. (B.1)

It was seen that the behaviour of the solution represented closely that of the

solution of a “stiff” set of differential equations. This can be inferred in Figure B.1,

where the functions XA and XB change very rapidly in the begining, whereas XC

takes a while to change. This is, they seem to be in different time scales.

On the other hand, it can be seen in Figure B.2 that the time taken to solve

the set of equations seems to be taking exponentially longer, despite the system

seemingly having reached the steady state since the Experimental Time × koff

= 30. Although the laboratory experiments typically run for 300 seconds, if we
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extrapolate the exponential growth in Figure B.2 the expected time to reach this

‘Experimental Time’ is of 1.57 × 109 days (taking into account a reasonable value

of koff of 1 per second), which is prohibitively long. We hypothesise that this long

solving time toward the end may be due to nC approaching 0, where it is no longer

adequate to talk about densities, whereas our MPDPDE model deals with densities.

(a) XA (b) XB (c) XC

(d) YAB (e) YBC (f) YAC

Figure B.1: Pair correlation functions of three-dimensional MPDPDE model of
Chapter 3, Equations (3.55) to (3.63). Shown are the solutions to each pair corre-
lation function over time at each discretisation of r, from the closest r/L = 0.05 in
blue, to the furthest r/L = 4.5 in red. Hence 90 solutions to each function. Numer-
ically solved by MATLAB’s ode23. Parameters used are a peptide concentration of
3× 10−4 peptides/nm3 (equivalent to a height and width of 1, 000 nm with 300, 000
peptides), k∗on = 0.1 s−1, koff = 1 s−1, kcat = 0.02 µM−1s−1, L = 20 nm, and
λ = 0.005 s−1.

For the first problem, a stiff ODE solver was then used in MATLAB, “ode15s”.

This solver took longer to solve than the ode23 solver for Experimental Time 30

(about 3 minutes), but then took about 4.8 minutes to solve the equations up to

70. Yet, ode15s stops at Experimental Time 211 because it was “Unable to meet
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Figure B.2: Time taken for numerical solver, MATLAB’s “ode23”, to solve our
MPDPDE system of equations up to a given ‘Experimental Time’. p1 = 0.100000,
p2 = 9.961813, p3 = 4.150755, p4 = 0.005000, CT = 0.0003 peptides per nm3, and
koff = 1 per s.

integration tolerances without reducing the step size below the smallest value allowed

(4.547474×10−13).” Still, ode15s reaches this point in less than 15 minutes of running

time, which is still better than ode23.

When compared, it was seen that both solvers had very similar solutions to the

MPDPDE system of equation, and their difference with the stochastic simulation is

small. The comparison between both ODE solvers and how close they get to the

stochastically produced data can be seen in Figure B.3. We note that the close

agreement between the stochastic simulations and the MPDPDE model suggests

that the MPDPDE model does reproduce the stochastic simulations, even though

the MPDPDE model includes simplifications (like Kirkwood approximation and

integral truncation) that the stochastic simulations do not have. This suggests that

the MPDPDE model can be used to fit data.

217



0 20 40 60

time * k
off

-0.06

-0.04

-0.02

0

0.02
n

A
/C

T

Ode23 - Stoch

Ode15s - Stoch

Ode23 - Ode15s

0 20 40

time * k
off

-6

-4

-2

0

2

4

n
A

/C
T

10
-4

Ode23 - Stoch

Ode15s - Stoch

Ode23 - Ode15s

Figure B.3: Comparing the stiff (ode15s) and non-stiff (ode23) ODE solvers in
MATLAB with the data produced by the stochastic simulations from Chapter 3.
The blue line with asterisks is the difference in A concentration between non-stiff
solver and data from stochastic simulations, whilst the red line with squares is the
difference between the stiff solver and the same data from stochastic simulations.
We note these are very similar. This is confirmed by plotting the difference between
the stiff and non-stiff solutions, shown by the yellow line with asterisks, which seems
flat (at zero) on the left. The difference can only be appreciated when we zoom in
(on the right). Clearly, the solutions generated by the ODE solvers are not too
different from each other, but ode15s managed to solve the equations much faster.

Given that none of the ODE solvers reach the 300 seconds of Experimental

Time in a satisfactory amount of time, and taking into account that the MPDPDE

model should not be used when the number of particles is to close to 0, none of the

numerical solutions could be used alone for data fitting. Yet, given that we know

that the MPDPDE model reaches the steady state quickly, this knowledge could be

used to shorten drastically the time needed to run the model. That is, once the

solutions hit the steady state values, given in Equations (3.14), the MATLAB solver

could be stopped.
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Appendix C

Gillespie and Smoluchowski
comparison

Following work done in Section 4.1.3, in this section we show an example of the

program used to compare our spatially extended Gillespie Stochastic Simulation

Algorithm (SSA) with the Smoluchowski SSA. An example of the visualization pro-

duced by Smoldyn, which is based on the Smoluchowski SSA, at two different points

in time can be seen in Figure C.1. This figure is also an example of how the met

families distribute after having been met by family Y .

Figure C.1: An example of the visualization of the Smoldyn dynamics at two points
in time. Family Y in blue, unmet families in green and met families in red. Done
with 245 initial unmet families, for 365 days, with a forgetting time of 1 day, a
detection distance of 1 km, a diffusion constant of 9 km2/day, and a domain of
78× 77 km2.
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The comparison between two Smoluchowski SSA realizations and the average of

2000 realizations with the Gillespie SSA that we used all throughout the disserta-

tion in any stochastic simulations is shown in Figure C.2. Here we can see that,

despite the Smoluchowski not fitting exactly between the first standard deviations

of the mean of the Gillespie SSA, both Smoluchowski simulations follow the Gille-

spie’s mean shape and the difference could be attributed to the stochastic nature

of the simulations. This points towards the fact that both algorithms can be inter-

changeably used for our purposes and choosing the Gillespie SSA because of speed

and eventual specific use of the domain for, for example, resource allocation, can be

admitted.

t
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Smoluchowski

Figure C.2: Number of families that family Y has met over time, only counting the
first time they were met. Average of 2000 runs with the Gillespie SSA compared to
two particular runs done with the Smoluchowski method using Smoldyn. The mean
of the Gillespie simulations is shown in green, whilst its first standard deviations have
been added above and below in a dashed magenta line. Done in two dimensions with
245 initial unmet families, for 365 days, with a forgetting time of 1 day, a detection
distance of 1 km, a diffusion constant of 9 km2/day, and a domain of 78× 77 km2.

220



Appendix D

Table of data used for parameter
values

Here we present an extract of the table from where real-world data were obtained to

calculate the parameter values used in the two-dimensional simulations for biomes,

in Section 4.4.1.1, and societies, in Section 4.4.1.2. Put together by Binford [117],

found in Grove et al. [3, Table 5.01], and kindly provided to us by Dr. Eiluned

Pearce.

Table D.1: An extract of the data used from Grove et al. [3, Table 5.01]
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Appendix E

Stochastic to deterministic
equation of diffusion

In Chapter 4, Section 4.2.1.2, we obtain an analytical solution to the stochastic

equation of diffusion for one particle diffusing in a bounded lattice. Here we show

how the stochastic representation, which starts in Equation (4.4), is related to the

traditional deterministic equation of diffusion.

We define the joint probability of population Ak having nk families, k = 1, ..., K

at time t as p(~n, t), where ~n = [n1, n2, ..., nK ]. K being the number of compartments

in the one-dimensional domain. We define right-jumping and left-jumping operators:

Ri~n = [..., ni + 1, ni+1 − 1, ...],

Li~n = [..., ni−1 − 1, ni + 1, ...].

The evolution of the stochastic model described by Figure 4.3 will be:

p(~n; t+ ∆t) =
K−1∑
i=1

d∆t(ni + 1)p(Ri~n; t)

+
K∑
i=2

d∆t(ni + 1)p(Li~n; t)

+ p(~n; t)

(
1−

K−1∑
i=1

d∆tni −
K∑
i=2

d∆tni

)
,
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where the first term on the right-hand side describes the probability of a particle

being in the left compartment at time t and jumping right in ∆t, the second term

describes the probability of a particle being in the right compartment at time t and

jumping left in ∆t, and the third term is the probability of the system being in the

wanted configuration at time t and not jumping right or left in ∆t. With algebraic

manipulation we can obtain:

p(~n; t+ ∆t)− p(~n; t)

∆t
=d

K−1∑
i=1

[(ni + 1)p(Ri~n; t)− nip(~n; t)]

+ d

K∑
i=2

[(ni + 1)p(Li~n; t)− nip(~n; t)] .

If we take the limit where ∆t tends to 0, we have the continuous-time master equa-

tion:

dp(~n)

dt
=d

K−1∑
i=1

[(ni + 1)p(Ri~n)− nip(~n)]

+ d
K∑
i=2

[(ni + 1)p(Li~n)− nip(~n)] . (E.1)

The mean of the ith compartment will be:

Mi(t) =
∑
~n

nip(~n; t) ≡
∞∑

n1=0

∞∑
n2=0

...

∞∑
nK=0

nip(~n; t), (E.2)

for each i = 1, ..., K. The evolution equation of the mean can be obtained by

multiplying Equation (E.1) and the correspondent reflective boundary conditions

by ni and summing over ~n, as seen in Erban et al. [73] to arrive at the system of

equations:

dM1

dt
= d(M2 −M1), (E.3)
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dMi

dt
= d(Mi−1 − 2Mi +Mi+1), i = 2, ..., K − 1, (E.4)

dMK

dt
= d(MK−1 −MK). (E.5)

Because the classical deterministic equation for diffusion is usually given in terms

of concentration, we will approximate the concentration c(xi, t) as the mean over

the compartment length: c(xi, t) ≈ Mi(t)/h. By dividing Equation (E.4) by h and

doing a Taylor expansion on the right-hand side, we obtain:

∂c(xi, t)

∂t
≈ dh2∂

2c(xi, t)

∂x2
. (E.6)

This is equivalent to the classical deterministic equation for diffusion if we take

d = D/h2 as we have done in Chapter 4. The method commonly used to solve

the diffusion equation in the continuum limit is the separation of variables. An

analogous procedure would allow us to consider more species.
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Appendix F

One-dimensional case of the
Immediate Meeting Model

F.1 Parameter estimation

We will estimate realistic parameter values for the one-dimensional simulations of

the Immediate Meeting Model. Parameter values for these simulations were taken

from Pearce [2]. For clarity we expand on the origins of each parameter. Grove

et al. [3, Table 5.01] (found in Appendix D) collected a dataset corresponding to

178 different groups of hunter-gatherers in different locations around the world,

collected from different sources. This dataset contains information such as: the

general biome (or climatic area) where the society lives, the area occupied by the

population, the estimated total displacement in a year due to the migrations, the

number of members in the population, the average number of members in a family,

etc. From this information we can see that the mean area of occupation for a society

is about 50, 380 km2. We can also see that 90% of the areas are under 160, 000 km2,

we choose to use this larger area so as to keep the simulation closer to the lower

bound on minimum families met in the worst case scenario. Because the area is
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two-dimensional and we are working in one dimension, we fix our domain to be 400

km wide. For the one-dimensional case, we assumed a detection distance of 0.5 km.

Also, by dividing each population over the number of members in a family, then

over the area of each society we can determine the density of families for each

group. The mean for this number is 0.02 families per km2. Instead of choosing a

family number from the data table, we use this mean density of families obtained

and multiply it by the chosen area (160, 000 km2). This gives us 3, 200 families

in this space. However we have to take into account that this calculation is for a

two-dimensional area, whereas we first work with a one-dimensional line. Taking

the square root of the 3, 200 families gives 56 families, which is fortunate since this

means that an individual has the potential to meet 30 families, thus achieving its

150-individuals layer, the active network.

To calculate the diffusion parameter, D, we need the speed at which the hunter-

gatherers move each day as they forage for food. Layton et al. [111] reports foraging

distances from camp of 2 to 25 km/day: The Nukak population in tropical areas

forages a maximum of 2 to 11 km/day and the hunters a range of 3 to 16 km/day

[113, p 172-173]. This is just the distance away from camp, so that distance should

approximately be doubled to 6 km/day, to keep within the lower limit. I erred

and ran the stochastic simulations wth 5.3 km/day as the speed. This will have

to be improved, but works as a conservative limit. The one-dimensional diffusion

coefficient can now be calculated as follows [148, 157]:

D =
∆x2

2∆t
(F.1)
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where ∆x is 5.3 km and ∆t is a day. Thus D = 14 km2/day.

F.2 Simulations in one dimension

As seen in Section 4.2.1, not only will each family have an index identifying it,

i = 1, ..., N , but they will also have a location index k = 1, ..., K, given a one-

dimensional domain divided into K compartments. Throughout the simulation all

of these families diffuse and the unmet species can convert to and from the met

species. Thus we have 2N + 1 families spread over K spatial compartments in one

dimension. The algorithm will keep track of K × (2N + 1) different “populations”.

In total, the chemical reactions will be

Y1

d


d
Y2

d


d
Y3

d


d
. . .

d


d
YK

(F.2)
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Mi,1
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d
. . .

d


d
Mi,K , for i = 1, 2, ..., N

(F.4)

Yk + Ui,k −→ Yk +Mi,k, for i = 1, 2, ..., N, and for k = 1, 2, ..., K.
(F.5)

We coded these reactions into the Gillespie SSA and obtained position and number

of meetings for each family every day for a year.

For our results we have three main graphs:

1. The total number of meetings throughout the year.

2. The total number of new meetings throughout the year.

3. The number of times each family was met by Y .
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The first graph is always a straight line as long as the forgetting time is small

compared to a year. This is as expected because, according to the ideal gas model

[126], the number of encounters an individual experiences when moving randomly is

directly proportional to the individual’s speed, their detection distance, the density

of individuals, and time. Since the former three entities are constant in our model,

the number of total meetings will be directly proportional to time only, assuming

memory plays a proportionally small role. The second graph is a measure of which

families have been met throughout the year, counting only the first time Y met

them. This graph tells us if our Y family has met 150 people and how long it took

for them to meet. This graph can initially be approximated with a line, much like

the ideal gas model, but its slope starts decreasing as soon as all nearby families

have been met and family Y has to go further to find new families. The curve must

asymptote to a maximum where all available families have been met, and this will

happen sooner or later depending on the combination of all parameter values. For

the third graph we order the met families from most met to least met in each run

and then average over all the runs, obtaining an indicator of how many times a

person in family Y will meet with each other person. This graph shows that a small

number of families will be met several times, whilst most families will only be met

a few times. These three graphs are illustrated in Figure F.1.
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Figure F.1: Example solution from the Gillespie SSA for 1D for the model described
in 4.2.2, IMM, average of 2, 000 runs. Parameter values used were: 54 unmet families
initially, forgetting time of a day, length of 400 km, detection distance of 0.5 km,
and diffusion coefficient of 9 km2/day.

F.3 One-dimensional results analysis

Parameter values for this section were estimated as explained in Appendix F.1. Note

that, presently, we assume a detection distance of 0.5 km.

After 2, 000 simulations for 54 families in a 400 km domain with a speed of 5.3

km/day, we can see from Figure F.2 that the number of families family Y meets

over the year is given approximately by:

Families met = 1.6t0.5. (F.6)
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This power law was approximated using the MATLAB curve-adjusting package.

Note, however, that the simulation must be bounded because of the finite number

of families available to meet. Also, we can see from Figure F.2 that family Y has

clearly met the 15-individuals layer (by having met more than 3 families) within

the first month. The 50-individual layer is met within the second month, and the

150-individual layer is approximately covered by the end of the year. This means it

is plausible that an individual can meet the whole of his/her active network within a

year by merely foraging randomly for this set of parameter values in one dimension.

Figure F.2: The dotted green line represents the mean number of different families
the family Y has met throughout the year. The dashed magenta lines represent ±1
standard deviation. The solid blue line is the power-law approximation obtained
using MATLAB’s curve-fitting package. Parameter values are 54 families in a 400
km domain with a speed of 5.3 km/day, and averaged from 2, 000 realisations.

Figure F.3 shows, for each day, how many families family Y met for the very

first time. On average, family Y meets more than 1 new family on day one, but this

figure quickly drops as a power law. The fact that, on day one, the number of new

families met is bigger than 1 depends on the density of U families initially. In at

least one of the realisations, family Y met 8 unmet families in day 1. This average
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falls below 1 new meeting for the second day. This behaviour can be explained by

the fact that at the start of the realisation every family around Y is a family never

met before by Y , but as the families nearby are met, family Y has to go much

further to meet new families.

Figure F.3: Number of new families that family Y meets each day as an average
over 2, 000 realisations. These are families family Y had not met before in the year
and so represents the number of uniquely met families each day. The solid blue line
is the approximation obtained using MATLAB’s curve-fitting package. Parameter
values are 54 families in a 400 km domain with a speed of 5.3 km/day.

From Figure F.3 we obtain an estimating function that could be used to predict

how many days it would take to meet further layers in the social organization. For

example, it would take 2, 963 days, or 8.1 years, before an individual could meet the

whole 500-individual layer just by diffusion in one dimension.

In Figure F.4 we rank the families in terms of their number of meetings. Explic-

itly, for each realisation we sort the families in order of how many times they have

met Y . A number is given to each family in the realisation, ‘Family 1’ being the

most met, and ‘Family 53’ the least met. Having done this for every realisation, we

average over all simulations. This result shows that all the personal network layers
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are achieved right up to the active network of 150 individuals. The result also tells

us how many times family Y meets with these different layers.

Since we assume that a family is 5 people we satisfy the clique social layer meet-

ings on a daily basis. To achieve the number of meetings needed for the sympathy

group, the 15-individual layer, each member of family Y has to meet 2 other families.

Figure F.4 suggests Y can see 2 other families at least 48 times in a year, that is

a little less than once a week. The affiliation group (or residential band) is covered

when family Y meets 9 other families, and from our results, these are met at least

25 times in a year, which is equivalent to twice a month. The final layer covered

corresponds to the active network, of 150 individuals, and so family Y would have

to meet 29 other families for this layer to be covered. Figure F.4 not only suggests

that this is possible but that all 150 individuals can be met at least twice a year.

This could correspond to special occasions such as solstices for primitive humans,

or Christmas and birthdays for modern day humans.

Family Y meets up to 31 families at least once a year on average, but the re-

maining 22 families are met less than once a year. From those remaining 22 families,

7 families are not met at all in our 2, 000 simulations.

238



Figure F.4: Ordered by average number of times they meet, we see here how many
times family Y meets with other families throughout the year. Parameter values are
54 families in a 400 km domain, and 2, 000 realisations.

These results are for a one-dimensional space, which does not represent most of

the hunter-gatherers we want to describe, but it could represent the movement of

societies that live along a riverbank, a mountain range, or a particular marked path.
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Appendix G

Parameter estimation for all the
biome-specific cases of the
Immediate Meeting Model

We calculate here the parameter values used for the application of the IMM to

each biome, in Section 4.4.1.1, to obtain an estimate of maximum and minimum

boundaries (which we call BiomeMax and BiomeMin respectively) and a possible

intermediate case (which we name BiomeMid) of number of families met in a year.

For the BiomeMax number of families met we used the largest family size in the

biome, the fastest speed, the biggest concentration of people, and the minimum

area. For the BiomeMin, the opposite extremes were chosen. Whereas for the

BiomeMid case, a mean of the given family sizes is used (set to 5 when data was

not available), an average of given areas of occupancy, an average of calculated

population concentration, and a speed in between maximum and minimum values

are used. The speed was obtained as explained in the next paragraph, but a division

over 3 was sometimes used to achieve the value in between the extremes.

The distance in a day to use for the diffusion coefficient was found using a

combination of Layton et al. [111, p 1230], Table IV, and Grove et al. [3, Table
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5.01], (as seen in Appendix D). For each biome the distance walked was obtained

as follows:

• For Arctic: Maximum and minimum were taken from Grove et al. [3]. For the

BiomeMid case we took the total displacement over the number of movements,

divided by 3, and rounded to the closest integer.

• For Australia: Maximum and minimum were taken from Layton et al. [111],

taking hunters from the Nukak population in ‘Tropical’ for maximum and

foragers for minimum. For the BiomeMid case, using Grove et al. [3], we

took the total displacement over the number of movements, divided by 3, and

rounded to the closest integer. Data where the total displacement in a year

was zero was not taken into account.

• For North America: Minimum and BiomeMid cases were taken from Grove

et al. [3], calculating total displacement over the number of times moved in a

year, divided by 3, and rounded to the closest integer. Data where the total

displacement in a year was zero was not taken into account. Maximum was

taken from Layton et al. [111] for the ‘semi-desert’.

• For Subarctic and continental midlatitude forests of North America and Asia:

Minimum and BiomeMid cases were taken from Grove et al. [3], calculating

total displacement over the number of times moved in a year, divided by 3,

and rounded to the closest integer. Again, data where the total displacement

in a year was zero was not taken into account. Maximum was taken from

Layton et al. [111], for ‘Boreal forest’.
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• For tropical and subtropical Africa: Maximum and BiomeMid cases were both

the same, the Aka population in ‘Tropical’, from Layton et al. [111]. Minimum

was taken from Grove et al. [3], as the total displacement in a year over the

number of times moved, divided by 3, and rounded to the closest integer. Data

where the total displacement in a year was zero was not taken into account.

• For tropical and subtropical Asia and tropical and subtropical South America:

data was taken from Layton et al. [111]. We used hunters from the Nukak

population in ‘Tropical’ for the maximum, foragers for the minimum, and the

average of both for the BiomeMid case.

For the number of initially unmet families, we divided the population of each

data entry in Grove et al. [3] over its mean family size (or over 5 when the mean

family size was not available), then rounded to the closest integer. The maximum

for each biome was used for the BiomeMax case, the minimum of each biome was

used for the BiomeMin case, and an average was taken for the BiomeMid case.

Horizontal and vertical lengths were calculated as the square root of the total area,

then rounded to the closest integer.
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Appendix H

Results for BiomeMin, MiomeMid
and BiomeMax cases for each
biome, Immediate Meeting Model.

This appendix contains more example results of the work done in Section 4.4.1.1.

Results of the total number of encounters in a year, the number of new families

met by the end of the year, the number of times each family was met by Y , and 9

example paths are shown for the Arctic, whilst only the first three results are shown

for Australia, the subarctic and continental midlatitude forests of North America and

Asia, tropical and subtropical Africa, and tropical and subtropical South America.

More examples of paths are not shown because of the similitude with the ones in

the Arctic and the low information content.

H.1 Arctic

Results are given here for the BiomeMin, BiomeMid and BiomeMax cases for the

Arctic biome. A two-dimensional IMM with an average of 4.4 people per family

and an encounter distance of 1 km was used. For the BiomeMin case we had 25

initially unmet families in an area of 370, 881 km2, and a diffusion coefficient of 9
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km2/day, with 100 simulations. For the BiomeMid case we had 318 initially unmet

families in an area of 81, 225 km2, and a diffusion coefficient of 25.8 km2/day, with

100 simulations too. For the BiomeMax case we had 1, 595 initially unmet families

in an area of 18, 769 km2, and a diffusion coefficient of 132.3 km2/day, with 26

simulations.
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(a) BiomeMin case.
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(b) BiomeMid case.

0 60 120 180 240 300 360

Time [days]

0

2000

4000

6000

8000

10000

T
o

ta
l 
fa

m
ili

e
s
 m

e
t

(c) BiomeMax case.

Figure H.1: Total number of families met, regardless of new or previously met, over
the year for the BiomeMin, BiomeMid, and BiomeMax case for the Arctic. See
text for parameter values. BiomeMin case had 1 meeting, BiomeMid case had 116
meetings, and BiomeMax case had 10, 021 meetings in average by the end of the
year.
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(a) BiomeMin case.
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(b) BiomeMid case.
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(c) BiomeMax case.

Figure H.2: Number of new families met over the year for the BiomeMin, BiomeMid,
and BiomeMax case for the Arctic. See text for parameter values. BiomeMin case
met 0.43 new families, BiomeMid case met 63.69 new families, and BiomeMax case
met 1, 581.3 new families in average by the end of the year.
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(a) BiomeMin case.
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(b) BiomeMid case.
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(c) BiomeMax case.

Figure H.3: Number times each family was met by family Y over the year for the
BiomeMin, BiomeMid, and BiomeMax case for the Arctic. See text for parameter
values. The most met family was met 0.53 times in the BiomeMin case, 6.52 times
in the BiomeMid case, and 20.42 times in the BiomeMax case in average by the end
of the year.
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(a) BiomeMin case.
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Figure H.4: Example of 9 paths for each of the three cases for the Arctic biome. See
text for parameter values.

H.2 Australia: subtropical desert through tem-

perate settings

Results are given here for the BiomeMin, BiomeMid and BiomeMax cases for the

Australia biome, where ‘subtropical desert through temperate settings’ means the

biome here considered spans climates from subtropical deserts through to mild cli-

mates. A two-dimensional IMM with an average of 6.3 people per family and an

encounter distance of 1 km was used. For the BiomeMin case we had 6 initially
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unmet families in an area of 137, 641 km2, and a diffusion coefficient of 1 km2/day,

with 100 simulations. For the BiomeMid case we had 167 initially unmet families in

an area of 14, 884 km2, and a diffusion coefficient of 5.8 km2/day, with 100 simula-

tions too. For the BiomeMax case we had 718 initially unmet families in an area of

81 km2, and a diffusion coefficient of 64 km2/day, with 55 simulations.
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(a) BiomeMin case.
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(b) BiomeMid case.
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(c) BiomeMax case.

Figure H.5: Total number of families met, regardless of new or previously met, over
the year for the BiomeMin, BiomeMid, and BiomeMax case for the Arctic. See
text for parameter values. BiomeMin case had 0 meetings, BiomeMid case had 91
meetings, and BiomeMax case had 190, 158 meetings in average by the end of the
year.
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(a) BiomeMin case.
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(b) BiomeMid case.

0 60 120 180 240 300 360

Time [days]

200

400

600

N
e

w
 f

a
m

ili
e

s
 m

e
t

Mean

First Standard Deviation

(c) BiomeMax case.

Figure H.6: Number of new families met over the year for the BiomeMin, BiomeMid,
and BiomeMax case for Australia. See text for parameter values. BiomeMin case
met 0.40 new families, BiomeMid case met 43.64 new families, and BiomeMax case
met 717 new families in average by the end of the year.
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(c) BiomeMax case.

Figure H.7: Number times each family was met by family Y over the year for the
BiomeMin, BiomeMid, and BiomeMax case for Australia. See text for parameter
values. The most met family was met 0.10 times in the BiomeMin case, 6.71 times
in the BiomeMid case, and 279.38 times in the BiomeMax case in average by the
end of the year.

H.3 Subarctic and continental midlatitude forests

of North America and Asia

Results are given here for the BiomeMin, BiomeMid and BiomeMax cases for the

subarctic and continental midlatitude forests of North America and Asia. A two-

dimensional IMM with an average of 4.4 people per family and an encounter distance

of 1 km was used. For the BiomeMin case we had 26 initially unmet families in an

area of 660, 156 km2, and a diffusion coefficient of 3.8 km2/day, with 100 simulations.

For the BiomeMid case we had 308 initially unmet families in an area of 93, 330

km2, and a diffusion coefficient of 17 km2/day, with 100 simulations too. For the

BiomeMax case we had 1, 066 initially unmet families in an area of 5, 402 km2, and

a diffusion coefficient of 56.3 km2/day, with 15 simulations.
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(a) BiomeMin case.
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(b) BiomeMid case.
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(c) BiomeMax case.

Figure H.8: Total number of families met, regardless of new or previously met, over
the year for the BiomeMin, BiomeMid, and BiomeMax case for the subarctic and
continental midlatitude forests of North America and Asia. See text for parame-
ter values. BiomeMin case had 0 meetings, BiomeMid case had 70 meetings, and
BiomeMax case had 10, 668 meetings in average by the end of the year.
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(a) BiomeMin case.

0 60 120 180 240 300 360

Time [days]

0

10

20

30

40

N
e

w
 f

a
m

ili
e

s
 m

e
t

Mean

First Standard Deviation

(b) BiomeMid case.
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(c) BiomeMax case.

Figure H.9: Number of new families met over the year for the BiomeMin, BiomeMid,
and BiomeMax case for subarctic and continental midlatitude forests of North Amer-
ica and Asia. See text for parameter values. BiomeMin case met 0.15 new families,
BiomeMid case met 39.64 new families, and BiomeMax case met 1, 065.4 new fami-
lies in average by the end of the year.
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(c) BiomeMax case.

Figure H.10: Number times each family was met by family Y over the year for the
BiomeMin, BiomeMid, and BiomeMax case for subarctic and continental midlati-
tude forests of North America and Asia. See text for parameter values. The most
met family was met 0.28 times in the BiomeMin case, 5.58 times in the BiomeMid
case, and 25.67 times in the BiomeMax case in average by the end of the year.

H.4 Tropical and subtropical Africa

Results are given here for the BiomeMin, BiomeMid and BiomeMax cases for the

tropical and subtropical Africa biome. A two-dimensional IMM with an average of

4.2 people per family and an encounter distance of 1 km was used. For the BiomeMin

case we had 23 initially unmet families in an area of 57, 121 km2, and a diffusion

coefficient of 3.6 km2/day, with 100 simulations. For the BiomeMid case we had 90

initially unmet families in an area of 13, 456 km2, and a diffusion coefficient of 132.3

km2/day, with 100 simulations too. For the BiomeMax case we had 180 initially

unmet families in an area of 2, 500 km2, and a diffusion coefficient of 132.3 km2/day,

with 89 simulations.
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(a) BiomeMin case.
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(b) BiomeMid case.
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(c) BiomeMax case.

Figure H.11: Total number of families met, regardless of new or previously met,
over the year for the BiomeMin, BiomeMid, and BiomeMax case for the tropical and
subtropical Africa. See text for parameter values. BiomeMin case had 3 meetings,
BiomeMid case had 778 meetings, and BiomeMax case had 7, 500 meetings in average
by the end of the year.
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(a) BiomeMin case.
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(b) BiomeMid case.
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(c) BiomeMax case.

Figure H.12: Number of new families met over the year for the BiomeMin,
BiomeMid, and BiomeMax case for tropical and subtropical Africa. See text for
parameter values. BiomeMin case met 1.29 new families, BiomeMid case met 89.89
new families, and BiomeMax case met 180 new families in average by the end of the
year.
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(c) BiomeMax case.

Figure H.13: Number times each family was met by family Y over the year for the
BiomeMin, BiomeMid, and BiomeMax case for tropical and subtropical Africa. See
text for parameter values. The most met family was met 1.81 times in the BiomeMin
case, 19.07 times in the BiomeMid case, and 59.97 times in the BiomeMax case in
average by the end of the year.

H.5 Tropical and subtropical South America

Results are given here for the BiomeMin, BiomeMid and BiomeMax cases for the

tropical and subtropical South America biome. A two-dimensional IMM with an

average of 4.3 people per family and an encounter distance of 1 km was used. For

the BiomeMin case we had 5 initially unmet families in an area of 476, 100 km2,

and a diffusion coefficient of 1 km2/day, with 100 simulations. For the BiomeMid

case we had 553 initially unmet families in an area of 30, 276 km2, and a diffusion

coefficient of 15 km2/day, with 100 simulations too. For the BiomeMax case we had

1, 799 initially unmet families in an area of 324 km2, and a diffusion coefficient of

64 km2/day, with 19 simulations.
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(a) BiomeMin case.
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(b) BiomeMid case.
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Figure H.14: Total number of families met, regardless of new or previously met,
over the year for the BiomeMin, BiomeMid, and BiomeMax case for the tropical
and subtropical South America. See text for parameter values. BiomeMin case had
0 meetings, BiomeMid case had 329 meetings, and BiomeMax case had 234, 720
meetings in average by the end of the year.
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(a) BiomeMin case.
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(b) BiomeMid case.
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(c) BiomeMax case.

Figure H.15: Number of new families met over the year for the BiomeMin,
BiomeMid, and BiomeMax case for tropical and subtropical South America. See
text for parameter values. BiomeMin case met 0 new families, BiomeMid case met
165.48 new families, and BiomeMax case met 1, 799 new families in average by the
end of the year.
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Figure H.16: Number times each family was met by family Y over the year for
the BiomeMin, BiomeMid, and BiomeMax case for tropical and subtropical South
America. See text for parameter values. The most met family was met 0 times
in the BiomeMin case, 8.48 times in the BiomeMid case, and 156.11 times in the
BiomeMax case in average by the end of the year.
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