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This thesis is a study of the detection of separation among the sample points in
binary logistic regression models. We propose a new algorithm for detecting sepa-
ration and demonstrate empirically that it can be computed fast enough to be used
routinely as part of the fitting process for logistic regression models.

The parameter estimates of a binary logistic regression model fit using the method of
maximum likelihood sometimes do not converge to finite values. This phenomenon
(also known as monotone likelihood or infinite parameters) occurs because of a
condition among the sample points known as separation. There are two classes of
separation. When complete separation is present among the sample points, iterative
procedures for maximizing the likelihood tend to break down, when it would be clear
that there is a problem with the model. However, when quasicomplete separation
is present among the sample points, the iterative procedures for maximizing the
likelihood tend to satisfy their convergence criterion before revealing any indication
of separation.

The new algorithm is based on a linear program with a nonnegative objective func-
tion that has a positive optimal value when separation is present among the sample
points. We compare several approaches for solving this linear program and find
that a method based on determining the feasibility of the dual to this linear pro-
gram provides a numerically reliable test for separation among the sample points.
A simulation study shows that this test can be computed in a similar amount of
time as fitting the binary logistic regression model using the method of iteratively
reweighted least squares: hence the test is fast enough to be used routinely as part
of the fitting procedure.

An implementation of our algorithm (as well as the other methods described in this
thesis) is available in the R package safeBinaryRegression.
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Chapter 1

Binary Logistic Regression and

Separated Data

1.1 Introduction

We consider the problem of fitting a binary logistic regression model to a set of n

sample points each characterized by a binary response yi and a vector xi of p ≥ 1

covariates. The model is assumed to contain an intercept term hence xi1 = 1 for

i = 1, . . . , n. Separation is said to exist among the sample points when there is

a hyperplane H in the space of the covariates such that the sample points with

yi = 0 lie on one side of H and the sample points with yi = 1 lie on the other.

Sample points that lie in the separating hyperplane H may have either yi = 0 or

yi = 1. The practical concern is that when separation is present among the sample

points, estimation of the binary logistic regression model parameter vector using

the method of maximum likelihood is not reliable.

Consider a binary logistic regression model fit to a single discrete covariate x with
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1.1. Introduction 2

levels l1 through lm. Suppose there is a level lk, 1 ≤ k ≤ m, such that yi = 1 for

every sample point i with xi = lk. Then x = lk is a perfect predictor of success.

The fitted probability of any sample point with x = lk should therefore be 1 and

this is achieved by taking the parameter associated with lk to be infinite. This is

a consequence of separation. The occurrence of separation is therefore related to

the problem of determining the existence of the maximum likelihood estimate for

the binary logistic regression model which has been considered in Haberman (1974,

chap. 2), Wedderburn (1976), and Silvapulle (1981) among others.

This thesis is primarily concerned with the detection of separation among the sam-

ple points. When p ≤ 3 separation can be easily detected using graphical methods.

However, for models containing more than three covariates, the presence of sep-

aration among the sample points can go unnoticed since the iterative procedures

commonly used to maximize the likelihood (e.g., iteratively reweighted least squares,

Newton’s method) may satisfy their convergence criterion before any trouble fitting

the model is encountered.

The main result of this thesis is a numerically reliable test for separation among the

sample points that can be computed fast enough to be used routinely as part of the

fitting procedure for binary logistic regression models. Our test is based on a linear

program with a nonnegative valued objective function that has a positive optimal

value when separation is present among the sample points and is zero otherwise.

We show by simulation that computing our test requires roughly the same amount

of time as fitting the binary logistic regression model using the method of iteratively

reweighted least squares; hence it is fast enough for routine use. An implementa-

tion of our test is available in the R (R Development Core Team, 2007) package

safeBinaryRegression and an example of its use can be found in appendix A.

2



1.1. Introduction 3

Linear programming techniques have been proposed in the literature (Silvapulle and

Burridge, 1986; Clarkson and Jennrich, 1991) for the purpose of separation detec-

tion. These methods perform a preliminary transformation on the linear program

to eliminate free decision variables. However, when these transformations are com-

puted in double precision arithmetic, sufficient rounding error can accumulate that

the boundedness of the feasible region is affected leading to an incorrect result. On

the other hand, the dual to our proposed linear program is already in the standard

form so no preliminary transformation is required. Hence we have found that it

provides a more reliable test for separation among the sample points than existing

linear programming based methods.

The remainder of this chapter is organized as follows. A statement of the binary

logistic regression model considered is given in section 1.2. Section 1.3 defines the

two classes of separation and gives arguments for the nonexistence of the maxi-

mum likelihood estimate of the binary logistic regression model parameter vector

when separation is present. Section 1.4 briefly explains how to extend the notion

of separation to multinomial logistic regression models and section 1.5 examines

the similarity between the concept of linear separation in the pattern recognition

literature and the two classes of separation described here.

In chapter 2 we provide examples of the behavior of both Newton’s method and the

method of iteratively reweighted least squares when used to maximize the likelihood

for a binary logistic regression model fit to a set of separated sample points. In both

cases the iterative methods satisfy their convergence criterion before any problems

are encountered fitting the model.

In chapter 3 we consider the application of several existing techniques to the problem

of detecting separation among the sample points. We begin with techniques specifi-

3



1.2. The Binary Logistic Model 4

cally for the purpose of separation detection: the heuristic and algebraic approaches

given in Albert and Anderson (1984) and the mixed integer linear program given

in Santner and Duffy (1986). We then consider two pattern classification methods

that can be implemented using linear programming. Finally, we describe the con-

ditions given in Barndorff-Nielsen (1978) and Jacobsen (1989) for the existence of

the maximum likelihood estimate of the binary logistic regression model parameter

vector and propose algorithms for their verification.

Chapter 4 contains a description of our proposed linear program and the test for

separation among the sample points based on its dual. Other methods for solving

the linear program are described as well. Lastly, the performance of the proposed

methods is investigated in a simulation study.

1.2 The Binary Logistic Model

Cox (1970) offers a good introduction to the analysis of binary data using logistic

models and the bibliographic notes at the end of chapter 1 in the second edition

(Cox and Snell, 1989) contain a discussion of work before 1970 on binary data and

the logistic function. Nelder and Wedderburn (1972) showed that the binary logistic

models developed in Cox (1970) could be viewed in the framework of generalized lin-

ear models and the parameters estimated using the method of iteratively reweighted

least squares. We adopt this approach since it is used to fit binary logistic regression

models in R (R Development Core Team, 2007) and S-PLUSr (Insightful, 2005),

the environments for which we are developing a test for separation.

We use McCullagh and Nelder (1989) as a background reference for binary logistic

regression models in the generalized linear models framework. The binary logistic

4
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model supposes that, for each observation or sample point in the data, the response

Y can take only one of two possible values which are denoted by 0 for failure and

1 for success. The relations

P (Yi = 1) = πi and P (Yi = 0) = 1− πi (1.1)

respectively give the probabilities of success and failure for the ith sample point. Ad-

ditionally, each sample point is associated with a vector of covariates or explanatory

variables xi = (1, xi2, . . . , xip)
T . The structural component of the logistic model sets

the logit of the probability of success equal to a linear combination of the covariates

logit(πi) = log

(
πi

1− πi

)
= βTxi = β1 + β2xi2 + · · ·+ βpxip (1.2)

where the model parameter vector β = (β1, . . . , βp)
T is a vector of p elements

containing the model parameters which are to be estimated.

Often binary data is summarized in contingency tables or by covariate class. Since

data in either of these formats can alternatively be represented as a set of binary

sample points where each sample point describes the outcome of a single experi-

mental trial (McCullagh and Nelder, 1989, chap. 4), we consider only this repre-

sentation.

The response vector y = (y1, . . . , yn)T contains the observed binary outcomes of

n independent random variables Y1, . . . , Yn where Yi ∼ binomial(1, πi). The joint

probability of the sample y1, . . . , yn is

P (Y1 = y1, . . . , Yn = yn; π) =
n∏
i=1

πyi

i (1− πi)(1−yi).

5
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where π = (π1, . . . , πn)T . The likelihood of π given the sample is

L(π; y1, . . . , yn) =
n∏
i=1

πyi

i (1− πi)(1−yi)

and the log likelihood is given by

l(π; y) =
n∑
i=1

[
yi log(πi) + (1− yi) log(1− πi)

]
. (1.3)

The probability of success πi for the ith sample point is then modeled as a function

of the covariate vector xi. Let X be the n×p matrix with ith row xTi for i = 1, . . . , n.

The matrix X is assumed to be of full rank, i.e., rank(X) = p. Also, since xi1 = 1

for i = 1, . . . , n, the first column of X is identically one. The log likelihood function

for the model parameter vector β can be obtained by substituting equation (1.2)

into equation (1.3) giving

l(β; y,X) =
n∑
i=1

p∑
j=1

yixijβj −
n∑
i=1

log
(
1 + exp

p∑
j=1

xijβj
)

(1.4)

where xij is the element in the ith row and jth column of the design matrix X.

Fitting the model by maximum likelihood then involves finding β̂ such that when

β = β̂ equation (1.4) is maximized. There is no known closed-form approach for

maximizing the log likelihood in the general case so iterative methods are used. Mc-

Cullagh and Nelder (1989) describe how to compute β̂ using iteratively reweighted

least squares (IRLS). For data in contingency tables, iterative proportional fitting

can be used (e.g., Bishop et al., 1975, chap. 3). Alternatively, β̂ may be computed

by direct maximization of the log likelihood function, for instance by using Newton’s

method.

6
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Two common uses for binary logistic models are classification and regression. For

classification, the quantity of interest is the mean-value parameter πi. The simplest

classification rule labels a sample point xi a success if πi > 1/2 and a failure if

πi < 1/2. Since πi represents the probability of success for the ith sample point,

πi ∈ [0, 1]. On the other hand, the logistic regression model assumes that inference

on the vector of model parameters β is of interest. Since one does not generally

allow infinite model parameters or covariates in regression, the linear combination

xTi β in equation (1.2) – the linear predictor in the terminology of generalized linear

models – may be assumed finite. However, this assumption is at odds with the

binary logistic classification model since it implies πi = logit−1(xTi β) ∈ (0, 1).

In a regression context Haberman (1974, chap. 2) gives general necessary and

sufficient conditions for the existence of the maximum likelihood estimate where,

in his terminology, existence means finiteness of the parameter vector estimate (we

use this definition as well). Silvapulle (1981) shows that a certain degree of overlap

between the successes and the failures is a necessary and sufficient condition for

the existence of the maximum likelihood estimate of the binary logistic regression

model parameter vector β. Albert and Anderson (1984) build on Silvapulle’s results

by showing that the existence of the maximum likelihood estimate depends on the

configuration of the sample points. We feel that the approach taken by Albert and

Anderson is both the easiest to understand and easiest to implement and hence use

it as the foundation for this thesis.

1.3 Separated Data

Albert and Anderson (1984) showed that a set of n sample points can be classified

7
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into one of three mutually exclusive configurations: completely separated, quasi-

completely separated, and overlapped. Additionally, we use the term separated to

describe a set of sample points that belong to either the completely or quasicom-

pletely separated configurations. When there is overlap among the sample points

there is a unique maximum likelihood estimate of the model parameter vector β

that lies in the interior of the parameter space. When there is complete separation

among the sample points, estimation of β using the principle of maximum likelihood

leads to a non-unique solution on the boundary of the parameter space. When there

is quasicomplete separation among the sample points, estimation of β by maximum

likelihood yields a possibly non-unique solution on the boundary of the parameter

space. Since we are interested primarily in the binary logistic regression model, we

say that the maximum likelihood estimate of the parameter vector β does not exist

when the solution lies on the boundary of the parameter space. That is, when one

or more of the elements of the maximum likelihood estimate of β is nonfinite.

These three configurations of the sample points are defined in this section. Ad-

ditionally, for the cases of complete separation and quasicomplete separation, the

arguments for the nonexistence of the maximum likelihood estimate given in Albert

and Anderson (1984) and augmented by the corrections suggested in Santner and

Duffy (1986) are presented.

1.3.1 Complete Separation

There is complete separation among a set of n sample points if there is a vector β

such that

βTxi < 0 when yi = 0 and βTxi > 0 when yi = 1 (1.5)

8
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for i = 1, . . . , n. That is, any vector β giving complete separation correctly predicts

the response yi given xi for each of the n sample points. To simplify the statement

of complete separation let ỹ be a vector of n elements such that ỹi = 1 when yi = 1

and ỹi = −1 when yi = 0 for i = 1, . . . , n and define X̄ = diag(ỹ)X. Then a vector

β gives complete separation among the sample points if

X̄β > 0

where the inequality is interpreted element-wise.

Let E1 be the set of indices i such that yi = 0 and E2 be the set of indices i such

that yi = 1. If there is complete separation between the sample points then there

exists a hyperplane of dimension p− 1 dividing Rp into two halfspaces such that xi

lies strictly in one halfspace when i ∈ E1 and strictly in the other when i ∈ E2. This

configuration is illustrated for p = 3 (the intercept term is not shown) in figure 1.1.

Let Ac be the set of all vectors β satisfying (1.5), then Ac is a convex cone in Rp.

Additionally, if β ∈ Ac then β + ∆ ∈ Ac where ∆ 6= kβ for any real k > 0 is a

perturbation chosen so that β+ ∆ satisfies (1.5). It follows that if there is complete

separation among the sample points then Ac contains a continuum of vectors β

satisfying (1.5).

The following theorem is the first of the two main results in Albert and Anderson

(1984) adapted to the special case of a binary response. The theorem demonstrates

that the maximum likelihood estimate does not exist (in our sense) when there is

complete separation between the sample points.

Theorem 1. If there is complete separation among the sample points, the maximum

9
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Figure 1.1: Complete Separation: the sample points in E1 are represented
by open circles and the sample points in E2 by filled circles.

likelihood estimate β̂ does not exist , and

sup
β∈Rp

L(β; y,X) = 1.

Proof. Let β(k) = kβ for β ∈ Ac and for real k > 0; consider the log likelihood as

the function of β(k)

logL(β(k); X̄) =
n∑
i=1

log
1

1 + e−kβT x̄i
(1.6)

where x̄Ti = ỹix
T
i is the ith row of X̄. Since β ∈ Ac gives complete separation among

10



1.3. Separated Data 11

the sample points, βT x̄i > 0 for i = 1, . . . , n. The exponent in the denominator in

equation (1.6) is therefore strictly negative for each term. Consider the behavior of

equation (1.6) in the limit as k → ∞. The exponential term in the denominator

tends toward zero so that the right hand side of equation (1.6) tends to a sum of

n logs of one. It follows that equation (1.6) tends to zero, its absolute maximum,

as k approaches infinity. Thus the log likelihood is maximum and equal to zero on

the boundary of the parameter space. Further, for any finite β, the log likelihood is

strictly negative since the exponential terms in the denominator of (1.6) are strictly

positive. Hence the maximum likelihood estimate β̂ of the logistic regression model

parameter vector β does not exist when there is complete separation among the

sample points.

The proof of theorem 1 demonstrates that the maximum of the likelihood can be

achieved by extending any vector β ∈ Ac to infinity hence there is a continuum of

points on the boundary of the parameter space where the likelihood is maximized

and equal to one since there is a continuum of vectors β ∈ Ac.

1.3.2 Quasicomplete Separation

If there is no vector β that completely separates the n sample points then another

configuration of separation may occur. A vector β 6= 0 is said to give quasicomplete

separation among the sample points if

βTxi ≤ 0 when yi = 0 and βTxi ≥ 0 when yi = 1 (1.7)

with equality holding for at least one i ∈ {1, . . . , n}. This definition differs slightly

from the one given by Albert and Anderson in that it specifically excludes the zero

11
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(a) Quasicomplete separation – rank(Xq) =
p − 1: the separating hyperplane is unique.
There are 3 points lying in the separating hy-
perplane.

−0.5 0.5 0.0 1.0

−1
.0

−0
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0

0.
5

1.
0

(b) Quasicomplete separation – rank(Xq) <
p−1: there is a continuum of separating hyper-
planes; any line lying in the shaded area gives
quasicomplete separation among the sample
points.

Figure 1.2: Two possible configurations of quasicomplete separation.

vector which trivially quasiseparates any set of sample points (Santner and Duffy,

1986).

Let Q(β) be the set of indices satisfying equality in (1.7). The sample points xi for

i ∈ Q(β) are said to be quasiseparated by β. Assume that the set Q(β) contains

r > 0 elements and let Xq be the r×p matrix of quasiseparated observations. By

definitionXqβ = 0 so that the rows ofXq are linearly dependent; the r sample points

thus belong to an affine space of dimension rank(Xq) < p. If rank(Xq) = p−1 then

the separating hyperplane is unique. When rank(Xq) < p− 1 there is a continuum

of hyperplanes containing the r points. This distinction is illustrated in figure 1.2.

Let Aq be the set of all vectors β giving quasicomplete separation of the sample

points.

Lemma 1. For any set of sample points for which Ac = ∅ and for which Aq is not

12
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empty

1. Aq is a convex cone;

2. there is a minimal set Qm such that Qm ⊂ Q(β) for all β ∈ Aq, and Amq =

{β : β ∈ Aq and Q(β) = Qm} is not empty.

Proof.

1. If β satisfies equation (1.7) with equality holding for at least one of the n

sample points, so does kβ for any real number k > 0. Let α and β be elements

of Aq and define γ = λα + µβ with λ, µ > 0 and such that λ + µ = 1. Then

γ also satisfies (1.7). Further, γ must achieve equality in (1.7) for at least

one i ∈ {1, . . . , n} otherwise γ gives complete separation which is excluded by

assumption.

2. Let i ∈ Q(γ), then xi satisfies

λαTxi + µβTxi = 0. (1.8)

Since λ > 0, µ > 0, α ∈ Aq and β ∈ Aq, both terms on the left hand side of

(1.8) have the same sign. Hence (1.8) is only satisfied if each term is zero which

implies that i ∈ Q(α) and i ∈ Q(β). In other words, Q(γ) = Q(α) ∩ Q(β).

Thus the class Eq = {Q(β) : β ∈ Aq} is closed under intersection. Let

Qm =
⋂
β∈Aq

Q(β).

By the closure property, Qm is an element of Eq thus, by the definition of Eq,

there is β∗ ∈ Aq such that Q(β∗) = Qm. Amq is not empty since β∗ ∈ Amq.

13
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The second result from Albert and Anderson (1984) is presented, again for a binary

response, in theorem 2. It shows that the maximum likelihood estimate does not

exist when there is quasicomplete separation among the sample points and that the

likelihood is bounded above by a value strictly less than one.

Theorem 2. If there is quasicomplete separation among the sample points (Ac = ∅,
Aq 6= ∅), then

1. the maximum likelihood estimate β̂ does not exist;

2. sup
β∈Rp

L(X, β) = sup
γ∈Aq

L(Xmq, γ) < 1,

where Xmq is the matrix of quasiseparated points corresponding to the minimal

set Qm.

Proof.

1. Choose a fixed β ∈ Aq. For any α ∈ Rp let α∗(k) = α + kβ and consider the

limit

lim
k→∞

l(α∗(k); y,X).

where l(α∗(k); y,X) = logL(α∗(k); y,X). The derivative of l(α∗(k); y,X) is

d

dk
l(α∗(k); y,X) =

d

dk

n∑
i=1

log
1

1 + e−(α+kβ)T x̄i

=
n∑
i=1

βT x̄i
eα+kβT x̄i

1 + eα+kβT x̄i

which is greater than or equal to zero since βT x̄i ≥ 0 for i = 1, . . . , n. Further,

14
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because X is assumed to be of full rank there is at least one positive term;

hence l(α∗(k); y,X) is strictly increasing in k. Let αb = limk→∞ α
∗(k). Then

L(X,α) = L(X,α∗(0)) < L(X,αb) for any α ∈ Rp. Thus the maximum

likelihood estimate does not exist.

2. By lemma 1 there is a minimal set of quasiseparated sample points Qm, let β

be any element of Amq. Then, for any α ∈ Rp

l(α; y,X) ≤ sup
k∈[0,∞)

l(α + kβ; y,X)

≤ sup
k∈[0,∞)

[∑
i∈Qm

log
1

1 + e−αT x̄ie−kβT x̄i
(1.9)

+
∑

i∈E\Qm

log
1

1 + e−αT x̄ie−kβT x̄i


where E = {1, . . . , n}. Since βT x̄i > 0 for i ∈ E \ Qm, the summation over

the sample points in E \Qm vanishes in the supremum. Thus we have

l(α; y,X) ≤
∑
i∈Qm

log
1

1 + eαT x̄i
= l(α; ymq, Xmq)

where ymq is the vector with elements yi and Xmq is the matrix with rows xTi

such that i ∈ Qm. Taking the supremum

sup
α∈Rp

l(α; y,X) = sup
α∈Rp

[
sup

k∈[0,∞)

l(α + kβ; y,X)

]
= sup

α∈Rp

l(α; ymq, Xmq). (1.10)

The right-hand side of equation 1.10 is constant for all α ∈ Aq. Lastly, the

set {α : αT x̄ > 0 for all i ∈ Qm} = ∅ so that equation 1.10 is strictly less than

15



1.3. Separated Data 16

zero. It follows then that

sup
α∈Aq

L(α; ymq, Xmq) < 1.

1.3.3 Overlap

If the sample points are neither completely separated nor quasicompletely separated

then they are said to overlap. That is for any vector β either

βTxi ≥ 0 for at least one i ∈ E1 or βTxi ≥ 0 for at least one i ∈ E2. (1.11)

An illustration of overlap is shown in figure 1.3.

Silvapulle (1981) shows that, when there is overlap among the sample points, the

maximum likelihood estimate of the parameter vector β exists and is unique. The

theorem assumes that the n sample points have been ordered so that yi = 1 for

i = 1, . . . , r and yi = 0 for i = r + 1, . . . , n. Let

S =

{
r∑
i=1

kixi | ki > 0

}
and F =

{
n∑

i=r+1

kixi | ki > 0

}

be the relative interiors of the convex cones generated by x1, . . . , xr and xr+1, . . . , xn

respectively and let G be a distribution function relating the probability of success

to the linear predictor:

P (Yi = 1) = G(xTi β).

16



1.3. Separated Data 17
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Figure 1.3: Overlapped Data: there is no hyperplane separating the failures
from the successes.

Theorem 3. Let the condition Π be defined by

Π: S ∩ F 6= ∅ or one of S, F is Rp (∅ = empty set).

1. The mle β̂ of β exists and the minimum set {β̂} is bounded only when Π is

satisfied.

2. Suppose that l(β) is a proper closed convex function on Rp. Then the mle β̂

exists and the minimum set {β̂} is bounded if and only if Π is satisfied.

3. Suppose that − logG and − log{1 − G} are convex and xi1 = 1 for every i.

Then β̂ exists and the minimum set {β̂} is bounded if and only if S ∩ F 6= ∅.
Let us further assume that G is strictly increasing at every t satisfying 0 <

G(t) < 1. Then β̂ is uniquely defined if and only if S ∩ F 6= ∅.

The proof is given in Silvapulle (1981).

17



1.3. Separated Data 18

In the binary logistic regression model, G is the inverse function of the logit link;

that is G(x) = ex/(1 + ex). Since

∂2

∂x2
[− logG(x)] =

∂2

∂x2
[− log(1−G(x))] =

ex

(1 + ex)2
> 0

both − logG and − log{1−G} are convex and since

∂

∂x
G(x) =

ex

(1 + ex)2
> 0,

G is strictly increasing for all x. The model is assumed to include an intercept term

thus it follows from part 3 of theorem 3 that the maximum likelihood estimate β̂ is

uniquely defined if and only if S ∩ F 6= ∅. Hence, for the logistic regression model,

the maximum likelihood estimate exists and is unique if and only if there is overlap

among the sample points.

1.3.4 Discussion

It is important to note that the presence of either complete or quasicomplete separa-

tion among the sample points depends on both the data and the model. Separation

is therefore a statistical issue, not merely an artifact of the data. With continuous

covariates separation can always be achieved by increasing the number of terms in

the model (e.g., including higher-order and interaction terms). Hence the presence

of separation may only indicate that the model is overfitting the data. Further,

choosing a different model — discriminant analysis for example — can avoid the

problems arising from separation altogether.

18



1.4. Extension to Multinomial Logistic Models 19

1.4 Extension to Multinomial Logistic Models

For brevity, the results presented in this thesis are for binary logistic models. How-

ever, they may be extended in a straight forward way to apply to multinomial logistic

models as well. This approach is taken in Albert and Lesaffre (1986) and in Al-

bert and Anderson (1984). Albert and Anderson, for example, take the conditional

probabilities of group membership to have the extended logistic form (Anderson,

1972)

P (H = h|x) = exp(βTh x) · P (H = 1|x) h = 2, . . . , g,

P (H = 1|x) =
[
1 +

∑g
t=2 exp(βTt x)

]−1

(1.12)

where g is the number of groups, H is the indicator of group membership taking

values 1, . . . , g and

βh = (βh1, . . . , βhp)
T for h = 2, . . . , p, and β1 ≡ 0.

In the logistic classification model, the simplest classification rule becomes to allo-

cate a sample point x to group H = h if and only if

(βh − βt)Tx > 0

for t = 1, . . . , g except t = h. The model parameter vector is β = (βT1 , β
T
2 , . . . , β

T
g )T .

A vector β gives complete separation among a set of n multinomial sample points

if for all j, t = 1, . . . , g (j 6= t)

(βj − βt)Txi > 0

19



1.4. Extension to Multinomial Logistic Models 20

holds for each i ∈ Ej. In other words, a vector β gives complete separation among

the sample points if it allocates each of the n sample points to its correct group.

When such a vector exists, the sample points are said to be completely separable.

If the sample points are not completely separable, then a vector β gives quasicom-

plete separation among a set of n multinomial sample points if for all j, t = 1, . . . , g

(j 6= t)

(βj − βt)Txi ≥ 0 (1.13)

holds for each i ∈ Ej and with equality for at least one (i, j, t) triplet. The sample

points for which equality holds in (1.13) are said to be quasiseparated by β.

Let Xj be the matrix with rows xTi such that i ∈ Ej. Define the (g − 1)× g block

matrix X̄j to have blocks Xj in each element of column j, blocks −Xj in row t and

column t for t < j and in row t− 1 and column t for t > j and to be zero otherwise.

For example, in the case of three groups X̄2 is given by

X̄2 =

 −X2 X2 0

0 X2 −X2

 .
The matrix X̄j is designed so that for a fixed j if X̄jβ ≥ 0 then (1.13) is satisfied

for that particular value of j as well. If we let

X̄ =


X̄1

...

X̄g



then X̄β ≥ 0 implies that β satisfies (1.13). If all of the inequality relations are

strictly satisfied then β completely separates the sample points. Since β1 is by

20



1.5. The Relationship Between Separated Data and Linear Separability 21

definition zero, neither β1 nor the corresponding columns of X̄ need to be stored

for computational purposes. Thus X̄ can be stored in an n (g−1)× p (g−1) matrix.

1.5 The Relationship Between Separated Data and

Linear Separability

The concept of linear separability has been studied extensively in the context of

pattern recognition and classification. Ripley (1996, chap. 3) for example, defines

two groups of sample points to be linearly separable if there is a linear combination

of the covariates xTβ that is positive for the sample points in one group and negative

for the sample points in the other. A function that computes a linear combination

of the covariates and returns the sign is known as a perceptron (Rosenblatt, 1957).

At first it may seem that the concept of linear separability is quite similar to the

concept of separated data. However, the fact that the linear separability problem

seeks to classify the two groups as either linearly separable or linearly inseparable

while while the data separation problem has three possible outcomes turns out to

be an important distinction.

For computational reasons the problem of finding linear separability is to find β

such that

X̄β ≥ δ (1.14)

for some δ > 0. The parameter δ specifies the width of the so-called dead-zone

— a neighborhood of the separating hyperplane H in which no sample points are

permitted to lie. The dead-zone is essentially the same as the geometrical margin

in a support vector learning algorithm (Schölkopf and Smola, 2002, chap. 7).
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E1 E2

E3

β2−β3

β3−β2

−β2

β2

β3−β3

(a) The vector β = (0T , βT
2 , β

T
3 )T with β2 6=

0 and β3 6= 0 gives linear separability between
the three groups of sample points and complete
separation among the sample points.

E1 E2

E3

β2−β3

β3−β2

−β2 β2

β3
−β3

(b) The vector β = (0T , βT
2 , β

T
3 )T with β2 =

0 and β3 6= 0 gives quasicomplete separation
among the sample points. Linear separability is
not possible.

Figure 1.4: Linear separability between g ≥ 3 groups implies pairwise linear
separability between the groups. However, quasicomplete separation among
the sample points does not imply pairwise separation.

Clearly any vector β satisfying (1.14) also satisfies the definition of complete separa-

tion. On the other hand, if there is quasicomplete separation, then the sample points

are not linearly separable since βTxi = 0 must hold for at least one i ∈ {1, . . . , n};
hence the quasiseparated sample points will always lie in the dead-zone. Linear

separability is therefore a sufficient condition for the nonexistence of the maximum

likelihood estimate of the underlying logistic regression model. Conversely, linear

inseparability is a necessary but not sufficient condition for the existence of the

maximum likelihood estimate since quasicomplete separation is still a possibility.

When there are two groups, the difference between linear separability and separa-

tion among the sample points is small enough that methods for detecting linear

separability may yield some insight into whether separation exists among the sam-

ple points. One such method is considered in chapter 3. However, when there are

more than two groups, the distinction between the two definitions becomes more

important. Smith (1969) extends the definition of linear separability to g > 2 groups

22



1.5. The Relationship Between Separated Data and Linear Separability 23

as the existence of a set of set of vectors wj, j = 1, . . . , g, satisfying the g(g − 1)

inequalities

Xiwi −Xiwj ≥ δ (1.15)

for i = 1, . . . , g and j = 1, . . . , g with i 6= j. It is clear from (1.15) the presence of

linear separability between g groups implies complete separation among the sample

points. An example is shown in figure 1.4(a). Alternatively, consider the example

shown in figure 1.4(b). The three sets of sample points are not only not linearly

separable but there is overlap between the sample points with indices in E1 and

E2. However, there is a vector β = (0T , βT2 , β
T
3 )T with β2 = 0 and β3 6= 0 that

gives quasicomplete separation. The sample points in E3 satisfy (1.13) strictly

while equality holds for the sample points in E1 and E2. This situation is known

as partial separation. A thorough discussion of partial separation can be found in

Lesaffre and Albert (1989).

23



Chapter 2

Effects of Separation

The motivation to develop methods for separation detection and, more generally,

the study of sufficient conditions for the existence of the maximum likelihood es-

timate of the parameter vector in the logistic regression model, arose because of

problems encountered when using iterative methods to maximize the likelihood

(Silvapulle, 1981; Silvapulle and Burridge, 1986). The authors suggest that, in the

event problems with the iterative procedure are encountered — for instance, failure

to converge before the maximum number of iterations is reached or the occurrence

of numerical breakdown — check for separation among the sample points. This

seems a reasonable approach for completely separated configurations of the sam-

ple points. Anderson (1972) showed that if complete separation exists among the

sample points (equivalently, when the successes and failures are linearly separable)

then any convergent method for maximizing the likelihood will yield a solution re-

vealing the complete separation. However, as we will demonstrate in this chapter,

Anderson’s result is far less useful for detecting quasicomplete separation. In fact,

even for trivially small models, iterative methods (in particular we consider New-
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2.1. The Effect of Quasicomplete Separation on Model Fitting 25

ton’s method and the method of iteratively reweighted least squares) for estimating

the logistic regression model parameter vector can satisfy their convergence criteria

before any indication of separation is given.

The occurrence of separation among the sample points is often attributed to small

data sets or small to medium-size data sets containing several unbalanced and highly

predictive risk factors. Heinze and Schemper (2002), for example, go so far as to

summarize the probability of separation for models of various sizes. We believe

however that insufficient attention has been paid to the case of quasicomplete sep-

aration, most likely because its presence rarely causes problems for common fitting

techniques and hence goes unnoticed. In particular, the occurrence of quasicom-

plete separation may be relatively common in models that contain multiple factor

variables, especially when interaction terms are included.

2.1 The Effect of Quasicomplete Separation on

Model Fitting

To demonstrate the effect of quasicomplete separation on both Newton’s method

and the method of iteratively reweighted least squares (IRLS), we consider fitting

a binary logistic regression model — using each of these algorithms — to the four

quasicompletely separated sample points shown in (2.1). Note that, in the case of

logistic regression, both Newton’s method and IRLS compute the same sequence

of steps through the parameter space given identical starting points. The algo-

rithms differ in the choice of starting points and the stopping criteria. The natural

approach when using Newton’s method is to directly maximize the log-likelihood

while IRLS is generally used to minimize the model deviance (SAS Institute Inc.,
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−4 −3 −2 −1 0 1 2 3 4

Figure 2.1: Quasicomplete Separation. Since the intercept term is identi-
cally 1 it is omitted from the plot. Points in E1 (yi = 0) are represented by
open circles and points in E2 (yi = 1) by filled circles.

2004; R Development Core Team, 2007). We demonstrate that, when quasicom-

plete separation is present among the sample points, numerical convergence occurs

in both these criteria while the parameter estimates diverge.

The vector β = (0, 1)T gives quasicomplete separation among the four sample points

y =


0

0

1

1

 X =


1 −2

1 0

1 0

1 2

 (2.1)

which are displayed in figure 2.1.

2.1.1 Newton’s Method

Newton’s method has been widely used to maximize the likelihood in logistic regres-

sion models, see for example Haberman (1974) or McCullagh and Nelder (1989).

We implemented Newton’s method following the description given in Süli and May-

ers (2003). A discussion of the convergence of Newton’s method can be found in

this source as well. The origin was used for the starting point. Table 2.1 contains
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2.1. The Effect of Quasicomplete Separation on Model Fitting 27

the iteration trace when Newton’s method was used to maximize the log-likelihood

arising from a binary logistic regression model fit to the sample points in (2.1).

iteration log-likelihood β ‖β‖2

start -2.77258872 (0.0, 0.0) 0.00000000
1 -1.64015038 (0.0, 1.00000000) 1.00000000
2 -1.47142683 (0.0, 1.56766764) 1.56766764
3 -1.41669525 (0.0, 2.08941022) 2.08941022
...

...
...

...
17 -1.38629439 (0.0, 9.10144738) 9.10144738
18 -1.38629437 (0.0, 9.60144738) 9.60144738
19 -1.38629436 (0.0, 10.10144739) 10.10144739
20 -1.38629436 (0.0, 10.60144739) 10.60144739

Table 2.1: An iteration trace of Newton’s method for the quasicompletely
separated sample points in (2.1).

Since the goal is to maximize the log-likelihood, convergence is declared when the

relative change in the value of the log-likelihood is suitably small. That is, Newton’s

method is declared to have converged when

l(β(k+1); y,X)− l(β(k); y,X)

a+ l(β(k); y,X)
< ε (2.2)

for a given ε > 0 and where a is a positive constant included to prevent division by

zero and β(k) is the computed β after k iterations.

In table 2.1 we see that, after 18 iterations, the log-likelihood has converged to 8

significant digits while the 2-norm of the parameter vector β is still increasing in

steps of size on the order of 0.5. The computed estimate β̂ is therefore quite sensitive

to the parameter ε. However, since the convergence criteria has been satisfied,

the algorithm returns the final computed β with no indication that quasicomplete

separation is present.
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2.1.2 Iteratively Reweighted Least Squares

We implemented the IRLS algorithm following the description given chapter 4 of

McCullagh and Nelder (1989) using the data-generated starting point (which can

be seen in the first row of table 2.2). Since the logistic regression model is an

instance of a generalized linear model, several software programs, in particular R

(R Development Core Team, 2007) and S-PLUSr (Insightful, 2005), use IRLS for

the model fitting. Both of these software packages use the relative change in the

model deviance as an indicator of convergence. SASr (SAS Institute Inc., 2003)

also uses IRLS to fit logistic regression models and uses either relative change in

the value of the log-likelihood function or relative change in the gradient of the log-

likelihood function as the measure of convergence. Table 2.2 contains the iteration

trace when IRLS was used to maximize the log-likelihood arising from a binary

logistic regression model fit to the sample points in (2.1).

iteration deviance β ‖β‖2

start NA (0.0, 0.66666667)T 0.66666667
1 3.70843882 (0.0, 1.29846523)T 1.29846523
2 3.06001759 (0.0, 1.83571619)T 1.83571619
3 2.87307589 (0.0, 2.34843619)T 2.34843619
...

...
...

...
17 2.77258880 (0.0, 9.35562515)T 9.35562515
18 2.77258875 (0.0, 9.85562516)T 9.85562516
19 2.77258873 (0.0, 10.35562516)T 10.35562516

Table 2.2: IRLS iteration trace for the quasicompletely separated sample
points in (2.1).

Table 2.2 shows that the IRLS method has essentially the same behavior as Newton’s

method: after 19 iterations, IRLS has achieved convergence to 8 significant digits

in the model deviance. Hence the algorithm will return the final computed β with
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no indication that quasicomplete separation is present among the sample points.

2.1.3 A Simple Heuristic Test for Separation Among the

Sample Points

Perhaps the simplest possible test for quasicomplete separation among the sample

points is to insist that the iterative method used to maximize the likelihood termi-

nate only after both the value of the likelihood function and the parameter vector

β have converged. That is (in the case of Newton’s method), require that

‖β(k+1) − β(k)‖2

a+ ‖β(k)‖2

< ε (2.3)

hold in addition to the condition given in equation (2.2). The ‖β(k)‖2 term in the

denominator is necessary to make the stopping criteria independent of the scaling

of the variables in the model. It has been our observation that ‖β(k)‖2 increases

roughly linearly in k while ‖β(k+1) − β(k)‖2 remains relatively constant so that, for

large enough k, equation (2.3) will be satisfied. However, such values of k would be

far beyond any sensible maximum number of iterations.

The convergence in the log-likelihood while at least one parameter diverges to ±∞
was noted in Heinze and Schemper (2002) as a symptom of separation but curiously

the authors did not mention its use as a test for separation.

2.1.4 The Hauck-Donner Phenomenon

Hauck and Donner (1977) show that standard errors and t values computed us-

ing the Wald approximation to the log-likelihood can be misleading for estimated
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parameters that are large in absolute terms. The condition is known as the Hauck-

Donner phenomenon (Venables and Ripley, 1999). For i such that |β̂i| is large, the

curvature of the log-likelihood function can be much smaller at β̂i than at βi = 0

(under the null hypothesis). When this occurs, the Wald approximation under-

estimates the change in the log-likelihood upon setting βi = 0. This happens in

such a way that ti → 0 as |β̂i| → ∞. Thus, highly significant parameters (via the

likelihood ratio test), including parameters revealing separation among the sample

points, may have nonsignificant t values. The t values returned by many software

packages (R Development Core Team, 2007; Insightful, 2005; SAS Institute Inc.,

2003) are computed using the Wald approximation.

A simple heuristic check for separation can be carried out by computing and com-

paring the p values using the Wald approximation and a likelihood ratio test for

parameters large in absolute terms. However, such a check would be computation-

ally demanding as it would require fitting the model p + 1 times where p is the

number of parameters to be estimated.

2.2 Convergent Models for Separated Data

When either complete or quasicomplete separation exists among the sample points

inference is still possible. Heinze and Schemper (2002), for example, show that the

penalized likelihood employed by the bias reduction procedure in Firth (1993) yields

convergent estimates when separation is present among the sample points. Other

methods include exact logistic regression (Mehta and Patel, 1995) and extended

maximum likelihood estimates (Clarkson and Jennrich, 1991). However, it is our

opinion that the majority of users will only resort to these methods when they are
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aware that separation is present in their data.
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Chapter 3

Existing Methods for Detecting

Separated Data and Linear

Separation

This chapter considers several methods proposed in the literature which may be

used to detect separated data. With the exception of the empirical method given

in Albert and Anderson (1984) which is fully implemented in SASr (SAS Institute

Inc., 2003) and partially implemented in several other statistical software programs

including R (R Development Core Team, 2007) and S-PLUSr (Insightful, 2005), to

our knowledge none of these methods are implemented for use with binary logistic

regression models.

In section 3.1 we describe the empirical and algebraic approaches suggested in Al-

bert and Anderson (1984) as well as the mixed integer program suggested in Santner

and Duffy (1986). These methods attempt specifically to classify a given set of sam-

ple points as either completely separated, quasicompletely separated or overlapped.
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Section 3.2 describes two methods typical of those proposed in the machine learn-

ing literature for detecting linear separation and comments on their usefulness for

identifying separated data. Finally, section 3.3 considers the conditions given in

Barndorff-Nielsen (1978) and Jacobsen (1989) for the existence of the maximum

likelihood estimate of the binary logistic regression model parameter vector. These

conditions can be verified by computing convex hulls. Since the maximum likeli-

hood estimate of the binary logistic regression model parameter vector exists only

for overlapped data, these methods can also be used to classify a set of sample

points as separated or overlapped.

3.1 Methods for the Detection and Classification

of Separation among the Sample Points

3.1.1 The Empirical Approach Suggested in Albert and An-

derson

Albert and Anderson (1984) suggested algorithms for detecting complete and quasi-

complete separation among the sample points. The algorithm for detecting complete

separation is based on the result from Anderson (1972) that any convergent method

for maximizing the log likelihood

l(β; y,X) =
n∑
i=1

p∑
j=0

yixijβj −
n∑
i=1

log
(
1 + exp

p∑
j=0

xijβj
)

(3.1)

yields a solution giving complete separation if such a solution exists. The method

involves inserting a stopping rule into the iterative algorithm used to maximize
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equation (3.1). After the kth iteration let β̂(k) be the current iterative approximation

to β̂. If xTi β̂
(k) < 0 for i ∈ E1 and xTi β̂

(k) > 0 for i ∈ E2 then the current

approximation β̂(k) gives complete separation among the sample points. Albert and

Anderson (1984) implemented this rule and claim that it is very effective.

The empirical algorithm for the detection of quasicomplete separation depends on

the observation that, as the iterative procedure diverges, there is at least one sample

point for which the probability of correct allocation tends rapidly towards one.

During each iteration k ≥ K, compute the probability of correct allocation for

each sample point: prmi (β̂(k)) = logit−1(xTi β̂
(k)) for i ∈ E2 and prmi (β̂(k)) = 1 −

logit−1(xTi β̂
(k)) for i ∈ E1. Let prm(β̂(k)) = maxi prmi (β̂(k)). If, for some suitable

choice of ε,

prm(β̂(k)) > min{1− ε, prm(β̂(k−1))} (3.2)

issue a warning that there may be quasicomplete separation among the sample

points and continue with the iterations. Albert and Anderson (1984) recommend

choosing K to be around 7 or 8 to avoid early false warnings.

In the event that this algorithm does issue a warning, there is (at least) one sample

point xi for which the probability of correct allocation is very close to one. There

are two possible reasons for such an occurrence.

Case 1: There is overlap among the sample points and the sample point xi is an

atypical observation in its own group and far from the mean. In this case,

the warning is unnecessary and the iterative algorithm should be allowed to

continue until the maximum of the log likelihood is reached.

Case 2: There is quasicomplete separation among the sample points and the sam-

ple point xi belongs to the set of completely separated points (xi ∈ Q̄). In
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this situation, the asymptotic dispersion matrix is unbounded. Albert and

Anderson therefore recommend that the iterative algorithm be rerun after

scaling the columns of X (except for the intercept column) to have mean zero

and variance one. During the iterations monitor the diagonal elements of the

dispersion matrix and stop if any of these values exceeds 103.

Unfortunately, there is no straight forward way to distinguish between these two

cases. The binary logistic regression model must therefore be refit as described

in case 2 whenever the condition given in equation (3.2) is satisfied during the

iterative maximization. Finally, note that although this method is likely to detect

quasicomplete separation, the detection is not guaranteed.

Software Implementations

The LOGISTIC procedure in SASr v9.1 (SAS Institute Inc., 2003) implements the

empirical method of Albert and Anderson (1984) to identify complete and quasi-

complete separation among the sample points. The values of the parameters used

are K = 9 and ε = 0.05 and the IRLS iterations terminate when at least one of

the diagonal elements of the dispersion matrix for the standardized observations

exceeds 5, 000 (SAS Institute Inc., 2004, chap. 42).

Both S-PLUSr (Insightful, 2005) and R (R Development Core Team, 2007) monitor

the predicted probabilities during the IRLS iterations and issue a warning when the

probability of correct classification for at least one sample point becomes sufficiently

high. R issues a warning when a probability numerically equal to one or zero is

encountered. The warning issued by S-PLUSr occurs in a closed-source portion of

code hence the specific threshold cannot be obtained.
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3.1.2 The Algebraic Approach Suggested in Albert and An-

derson

The algebraic approach suggested in Albert and Anderson (1984) uses the ideas of

linear programming and is related to unpublished work in the thesis of Burridge

(1981). Suppose there is complete or quasicomplete separation among the sample

points, then there is a nonzero vector β satisfying

X̄β ≥ 0. (3.3)

For quasicomplete separation equality must hold for at least one sample point. If

(3.3) cannot be satisfied with β 6= 0 then there is overlap among the sample points.

Albert and Anderson correctly note that the set of all vectors satisfying equation

(3.3) is equivalent to the set of feasible solutions to a linear programming problem

with constraints (3.3) and suggest that an adaptation of a linear programming

technique could be used to determine whether this set contains only the zero vector.

The method of feasible directions provides one approach for testing Albert and

Anderson’s condition. A feasible direction method is a technique generally used in

nonlinear programming (e.g., Luenberger, 1984, chap. 11). The underlying idea is

to take steps through the feasible region of the form

β(m+1) = β(m) + k(m)d(m) (3.4)

where d(k) is a direction vector (i.e., the feasible direction) and k(m) is a nonnegative

scalar. When the feasible direction is used for nonlinear optimization, the parameter

k(m) is chosen to maximize the value of the objective function in the direction d(k)
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from β(k). However, since we are only trying to decide whether the feasible region

contains a nonzero point, it is sufficient to compute only the initial direction d(0)

or determine that no such direction exists. If we can find a nonzero d(0) then there

is a nonzero feasible point β(1) satisfying equation (3.3). Otherwise β ≡ 0 is the

only feasible point. Zoutendijk (1960) introduces the following method to compute

a feasible direction d0. Consider the minimization problem

minimize: −eT X̄d
subject to: −x̄Ti d ≤ 0, i ∈ I∑p

j=1 |dj| = 1

(3.5)

where x̄Ti is the ith row of X̄ and I is the set of active constraints (the constraints

for which equality holds) in (3.3) given β = 0. Since each element on the right-hand

side of (3.3) is zero, the set I = {1, 2, . . . , n}. If we split each element of d into

positive and negative components dj = (d+
j − d−j ) with d+

j ≥ 0 and d−j ≥ 0 then

(3.5) can be stated as the linear program

minimize: cTd∗

subject to: Ad∗ ≤ 0

eT2pd
∗ = 1

d∗ ≥ 0

(3.6)

where

c =

−eT X̄
eT X̄

 , A =

−X̄ 0

0 X̄

 , d∗ =

 d+

d−


and e2p is a vector of 2p ones. The constraint eT2pd

∗ = 1 eliminates d ≡ 0 as a
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feasible point; hence, if (3.6) is feasible, there is a direction d such that the feasible

set defined by equation (3.3) contains the point kd for some k > 0. Further, β = kd

gives either complete or quasicomplete separation among the sample points. If (3.6)

is infeasible then β ≡ 0 is the only point satisfying (3.3) indicating overlap among

the sample points.

3.1.3 A Mixed Integer Linear Program

In their note on Albert and Anderson’s article, Santner and Duffy (1986) provide

a mixed integer linear program capable of classifying a set of n sample points as

completely separated, quasicompletely separated or overlapped. In the case that

there is quasicomplete separation among the sample points, the mixed integer linear

program additionally identifies the minimal set of quasiseparated points Qm. The

mixed integer linear program described in Santner and Duffy is for a multinomial

response. It can be stated concisely for binary data as

maximize: eTnz

subject to: z ≤ 2X̄β / M

β free

(3.7)

where zi ∈ {0, 1} for i = 1, . . . , n, z = (z1, . . . , zn)T , eTn is a vector of n ones and

M > 0 (M ≈ 10−09) is a tolerance parameter.

The point (z ≡ 0, β ≡ 0) is always feasible, hence the mixed integer linear program

(3.7) is always feasible. The mixed integer linear program works because if any

sample point satisfies xTi β ≥M then the corresponding zi may take the value one.

Thus zi = 1 for the sample points that are completely separated by β and zi = 0

for the sample points quasiseparated by β. If there is overlap among the sample
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points then (3.7) terminates with an optimal value of zero. If there is complete

separation among the sample points then (3.7) terminates with an optimal value of

n. Finally, when there is quasicomplete separation among the sample points, (3.7)

terminates with a positive optimal value less than n. Further, Qm = {i : zi = 0}
and the computed optimal β satisfies Q(β) = Qm.

Mixed integer linear programs can be solved using the branch-and-bound method,

details of which can be found in Papadimitriou and Steiglitz (1982). Essentially,

branch-and-bound involves constructing a sequence of linear programs that proves

an integer solution is optimal by successively partitioning the solution space.

We have implemented the mixed integer linear program described in Santner and

Duffy (1986) using the lp solve library (Berkelaar et al., 2007) (see section 4.1.1)

and have found that, in practice, the time required to test for separation using the

mixed integer linear program is greater than that for fitting the model using the

method of iteratively reweighted least squares by two to three orders of magnitude.

Hence this implementation of the mixed integer linear program is not suitable for

routine use as part of the fitting procedure for binary logistic regression models.

3.2 Methods for Finding Linear Separability

Following from section 1.5, the problem of detecting separation among the sample

points is closely related to the problem of finding linear separability between the

two groups of sample points. In particular, in the case of a binary response, the

existence of linear separability is equivalent to the case of complete separation.
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3.2.1 Perceptron Learning Rule

Rosenblatt (1957)’s perceptron learning rule provides a simple iterative procedure

for computing a weight vector γ that linearly separates the n sample points (Schölkopf

and Smola, 2002, chap. 7). Recall that a perceptron is a function that returns the

sign of a linear combination of the covariates associated with each sample point.

The updating rule for the weights vector γ takes into account the output of the

perceptron; hence γ is only updated if the current pattern is misclassified. The

perceptron learning rule has the form

γ := γ + 2ηxTi I(xTi γ ≤ 0)

where I(·) is the indicator function. Further, we may take η = 1/2 since this only

requires that γ be rescaled. Rosenblatt (1958) showed that by following this rule,

γ will converge to a value γ∗ that linearly separates the groups of sample points

in a finite number of iterations when such a solution exists. In the case of linear

inseparability, the perceptron learning rule will eventually cycle (Ripley, 1996, chap.

3). However, the cycling is difficult to detect and will almost certainly take a long

time to develop. Detecting cycling in the perceptron learning rule is therefore not

a practical method to test for linear inseparability.

3.2.2 Linear Programming Methods for Pattern Separation

In the context of machine learning, linear programming has been used to design

discriminant functions for pattern classification. Let X1 be the n1 × p matrix with

rows xTi for i ∈ E1 and let X2 be the n2 × p matrix with rows xTi for i ∈ E2. An

alternative definition for the linear separability of the two groups of sample points
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E1 and E2 is the existence of a hyperplane H with equation

xTγ = 0 (3.8)

where x1 ≡ 1 and γ is a vector of p coefficients satisfying

X1γ < 0 and X2γ > 0. (3.9)

If there is no such γ then the sample points in the groups E1 and E2 are said to be

linearly inseparable. Determining whether there is a weights vector γ giving linear

separability can be accomplished using the techniques of linear programming. For

example, Mangasarian (1965) proposes the linear program

maximize: d1 + d2

subject to: d1 +X1γ ≤ 0

d2 −X2γ ≤ 0

−f ≤ γj ≤ f for j = 1, . . . , p

d1 ≥ 0, d2 ≥ 0

(3.10)

where d1 and d2 are scalars and f > 0 provides a bound on the elements of γ. A

graphical representation of the problem is shown in figure 3.1. If the solution of

(3.10) is greater than zero then there the two groups of sample points are linearly

separable. On the other hand, if the maximum value of (3.10) is equal to zero then

the two groups of sample points are linearly inseparable.

Mangasarian’s linear program is typical of the approaches considered early in the

machine learning literature in that it seeks to maximize the margin between the two

sets of sample points (Minnick, 1961; Ripley, 1996). Methods taking this approach
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d2

d1

H

Figure 3.1: Six sample points linearly separated by the hyperplane H with
equation xTγ = 0. The sample points in the set E1 are represented by
open circles and the sample points in the set E2 by filled circles. Following
from Mangasarian’s linear program, the size of the margin is independent
for each set.

compute a nonzero γ only if the two groups of sample points are linearly separa-

ble. In particular, if there is quasicomplete separation among the sample points

then the optimal weights vector computed by Mangasarian’s linear program is the

zero vector. Hence, when the two groups of sample points are linearly insepara-

ble, the configuration of the sample points cannot be classified. Both overlap and

quasicomplete separation are possible.

Smith (1968) proposes a linear program that minimizes the same objective used

in the fixed-increment adaptive design method (Mays, 1964) and returns a useful

weights vector γ regardless of whether the two groups of sample points are linearly

separable. When the two groups of sample points are linearly separable, the linear

program finds a weights vector γ linearly separating the two groups. Smith’s linear

program is based on the concept of the pattern error function (Koford, 1964; Koford
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and Groner, 1966). The pattern error hi for the ith sample point is given by

hi =

 −(x̄Ti γ − d) when x̄Ti γ < d,

0 when x̄Ti γ ≥ d,
(3.11)

where x̄i is the structure vector associated with the ith sample point and d > 0 is

the desired size of the margin. The choice of d is arbitrary since γ may be rescaled

hence d = 1 is assumed. The objective is to minimize the mean error function

h̄ =
n∑
i=i

πihi (3.12)

where πi is a weighting coefficient which, for our purposes, takes the value 1/n for

i = 1, . . . , n.

Several adaptive methods have been proposed to minimize equation (3.12). For

example, Koford (1964) uses the steepest-descent design method which starts from

some initial γ (e.g., γ = 0) and changes γ in increments

∆γ = −ψ
n

∂h(γ)

∂γ
=
ψ

n

∑
i

πixi

where ψ/n is a constant that controls the size of ∆γ and the summation is made

over all i ∈ {1, . . . , n} such that hi 6= 0.

An alternative is the so-called one-at-a-time design method considered in Mays

(1964), Nilsson (1965) and Koford (1964). The one-at-a-time design method is an

approximation to the steepest-descent design method achieved by considering each

pattern individually rather than all the patterns at once. The weights vector γ is
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d

d

hi

xi
H

Figure 3.2: Seven sample points and a candidate separating hyperplane H
with equation xTγ = 0. The sample point xi has nonzero pattern error
hi = −(xTi γ − d). The pattern error for each of the remaining six sample
points is zero.

updated according to the rule

∆γ =


ψ
n
πixi if hi 6= 0

0 if hi = 0

after each xTi γ is evaluated.

Since the mean error function (3.12) is a linear segment function of γ, its minimum

can also be computed using linear programming. Smith (1968) shows that the linear

program

maximize: πT X̄γ − πT s
subject to: X̄γ + h− s = en

h ≥ 0, s ≥ 0

γ free

(3.13)

where h = (h1, . . . , hn)T , π = (π1, . . . , πn)T and s is a vector of n slack variables
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attains an optimal value of πT en if there exists a vector γ∗ giving linear separability

between the two groups of sample points. If the two sets of patterns are linearly

inseparable then the linear program terminates with an objective value strictly less

than πT en.

When there is quasicomplete separation among the sample points, Smith’s linear

program terminates with an optimal value of πT en − k/n where k is the number

of sample points in the set C = {i : hi > 0}. Further, hi = d for i ∈ C. Thus

it is possible to classify the sample points as either quasicompletely separated or

overlapped when the optimal value of the linear program is less than πT ee.

Smith’s linear program also provides a bound on the regression depth as defined

in Christmann and Rousseeuw (2001). The regression depth of a binary logistic

regression model is the minimum number of sample points that must be removed

from the data to achieve separation. Suppose Smith’s linear program terminates

with a computed weights vector γ∗ and an optimal value indicating overlap. Let

C be the set {i : hi > d}. If the sample points in C are removed from the data

then γ∗, suitably rescaled, separates the remaining sample points. It follows that

|C|, the number of sample points in the set C, is an upper bound on the regression

depth. Further, in practice the solution to the linear program can be computed in

far less time than the resampling method proposed in Christmann and Rousseeuw

(2001).
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3.3 Methods for Determining the Existence of

the Maximum Likelihood Estimate

Lastly, we consider two tests for the existence of the maximum likelihood estimate of

the binary logistic regression model parameter vector that do not rely on determin-

ing the configuration of the sample points. The first, proposed by Barndorff-Nielsen

(1978), involves computing the convex hull of the support for the sufficient statis-

tic then deciding whether the observed value of the sufficient statistic lies in its

interior. The second method, proposed by Jacobsen (1989), involves determining

whether the point zero lies in the interior of the convex hull of the structure vectors

(the rows of X̄). We consider computing both of these tests using the Quickhull

Algorithm (Barber et al., 1996) and additionally note that Jacobsen’s condition is

the same as the algebraic approach given in Albert and Anderson (1984).

3.3.1 Barndorff-Nielsen’s Test

The test suggested in Barndorff-Nielsen (1978) for the existence of the maximum

likelihood estimate of the binary logistic regression model parameter vector is based

on the result of the following theorem. Since the maximum likelihood estimate exists

only when there is overlap among the sample points, this test can additionally be

used to classify a set of sample points as separated or overlapped.

Denote by C the support for the sufficient statistic. The binary logistic regression

model is discrete, hence the support C is the set of all possible values of the sufficient

statistic

t = T (y) =

(
n∑
i=1

yi,

n∑
i=1

yixi2, . . . ,

n∑
i=1

yixip

)T

. (3.14)
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Since the model is assumed to include an intercept term, xi1 = 1 for i = 1, . . . , n and

is omitted from the formula for the sufficient statistic t1. Let conv C be the convex

hull of the set C and let P be the polytope with vertices conv C (see Papadimitriou

and Steiglitz, 1982, chap. 2).

Theorem 4 (Barndorff-Nielsen: Theorem 9.13). The log-likelihood function l has

a maximum if and only if t ∈ int P , and then the maximum is unique.

If the observed value of the sufficient statistic tobs is extreme, then it lies in at least

one of the facets of P . In this case the parameter vector β cannot be estimated by

maximum likelihood. If no facet F of P contains the observed value of the sufficient

statistic then tobs lies in the interior of P and the maximum likelihood estimate

exists.

Barndorff-Nielsen (1978) also shows that, although the maximum likelihood esti-

mate of β does not exist when tobs lies on the boundary of P , it is still possible

that a certain subset of the parameters can be estimated by maximum likelihood.

This result is similar to but more general than the reduced problems considered

in Santner and Duffy (1986). Suppose that tobs belongs to the relative interior of

a face F of P of dimension d. Then a d dimensional affine transformation of β is

estimable by maximum likelihood.

Computing Barndorff-Nielsen’s Test

The first task in computing Barndorff-Nielsen’s test is to compute the convex hull

of the sufficient statistics. We can use the perms function in the Matlabr (The

MathWorks, 2006) Statistics Toolbox to generate the 2n×p matrix Y whose rows

contain all possible outcomes for the response in a binary logistic regression model.
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This matrix is used in conjunction with equation (3.14) to compute a 2n×p matrix

T such that the ith row of T contains the sufficient statistic corresponding to the

outcome in the ith row of Y . We can then use Matlabr’s convhulln function to

compute conv C, the convex hull of the sufficient statistics, using the Quickhull

Algorithm (Barber et al., 1996). The output of the convhulln function is a K×p
matrix Z where K is the number of facets comprising the convex hull. The ith row

zTi of Z contains the indices of the rows of T which are the vertices determining the

ith facet.

The second task involved in computing Barndorff-Nielsen’s test is to determine

whether the observed value of the sufficient statistic tobs lies in one or more facets of

P . For each facet, we determine whether tobs lies in the hyperplane spanned by the

p vertices defining the facet. If tobs does not belong to any of the facets of P then

it lies in the interior of P and the maximum likelihood estimate of the parameter

vector β exists and is unique. Otherwise, let m be the number of facets containing

tobs. Then tobs belongs to a face of P of dimension d = p−m.

Example

Consider a simple logistic dose-response model consisting of six sample points. We

assume that the explanatory variables are in increasing order, i.e.,

x = (−1,−1, 0, 0, 1, 1)T .

Recall that we consider the data as a set of sample points rather than covariate

classes hence the repeated measurements. For the logistic does-response model
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2 4 6

−2

0

2
tq

to

tc

t1

t2

Figure 3.3: The polytope P with vertices conv C. When the observed value
of the sufficient statistic lies in the interior (e.g., to) then β can be estimated
by maximum likelihood. When the observed value of the sufficient statistic
lies in a face of dimension one (e.g., tq) subparameters of β can be estimated.
When the observed value of the sufficient statistic lies in a face of dimension
zero (e.g., tc) then β can not be estimated.

p = 2 hence the support C can be written as

C =

{
(t1, t2) : t1 =

n∑
i=1

yi, t2 =
n∑
i=1

yixi, yi = 0, 1, i = 1, . . . , n

}
. (3.15)

The polytope generated by the convex hull of the set C is shown in figure 3.3.

Although the convex hull may be computed using the algorithm presented in the

previous section, a short cut is possible when p = 2. If we condition on the number

of successes t1 when t1 ≥ 1 then it is easy to see that the maximum and minimum

values of t2 are given by

max(t2|t1) =
n∑

i=n+1−t1

xi and min(t2|t1) =

t1∑
i=1

xi
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and clearly (t2|t1 = 0) = 0. The points obtained by calculating the maximum and

minimum values of t2 for t1 = 0, 1, . . . , 6 determine the facets of P .

A simple graphical method can now be used to complete Barndorff-Nielsen’s test.

Draw the polytope P as in figure 3.3 and plot the observed value of the sufficient

statistic. There are three possibilities.

1. The observed value of the sufficient statistic lies in the interior of C, for exam-

ple T o; β may be estimated by maximum likelihood. This case corresponds

to overlap among the sample points.

2. The observed value of the sufficient statistic lies in a face of dimension one, for

example T q; β1 may be estimate by maximum likelihood but the maximum

likelihood estimate of β2 does not exist. This case corresponds to quasicom-

plete separation among the sample points.

3. The observed value of the sufficient statistic lies in a face of dimension zero

(i.e., tobs ∈ conv C), for example T c; the maximum likelihood estimate of

β does not exist. This case corresponds to complete separation among the

sample points.

Interestingly, Barndorff-Nielsen also shows that if the observed value of the sufficient

statistic lies on a face of dimension one that is not parallel to one of the coordi-

nate axis then a one-dimensional affine transformation of β may be estimated by

maximum likelihood. For example, if tobs = (1, 1) then the quantity β1 + β2 can be

estimated by maximum likelihood so that P (Y = 1|x = 1) can be recovered while

P (Y = 1|x = 0) and P (Y = 1|x = −1) cannot. In contrast, the reduced problem

given in Santner and Duffy (1986) would take neither β1 nor β2 to be estimable in

this case.
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3.3.2 Jacobsen’s Method

While Barndorff-Nielsen provides an elegant test to determine the existence and

uniqueness of the maximum likelihood estimate of β, the fact that it requires com-

puting the convex hull of all possible values of the sufficient statistic makes it compu-

tationally impractical as the value of n grows beyond 20. Jacobsen (1989) proposes

a similar test that does not rely on the sufficient reduction of the observations. The

test is based on the following theorem which is stated using our notation.

Theorem 5 (Jacobsen: Theorem (b)). The likelihood attains its maximal value at a

unique point β̂ ∈ Rp if and only if either of the following two conditions is satisfied:

b(i) 0 ∈ int conv {x̄i : i = 1, . . . , n},

b(ii) there does not exist β ∈ Rp with β 6= 0 such that 〈β, x̄i〉 ≥ 0 for i = 1, . . . , n.

Let S = {x̄1, . . . , x̄n} and S∗ = {S}⋃{0}. Denote by conv S∗ the convex hull of

the set S∗ and let P be the convex polytope with vertices conv S∗.

We can use the result b(i) of Jacobsen’s theorem to classify a set of n sample points

as completely separated, quasicompletely separated or overlapped as follows. If

0 ∈ conv S∗ then the convex hull of the structure vectors does not contain the

point 0 hence there is complete separation among the sample points. If 0 6∈ conv S∗

but 0 ∈ F for some facet F of P then there is quasicomplete separation among

the sample points. Further, let H be the supporting hyperplane of F and let β be

a normal vector to H. Then β gives quasicomplete separation among the sample

points and minimal set {xi : i ∈ Qm} of quasiseparated sample points lies in the

hyperplane H. Finally, if 0 6∈ conv S∗ and if 0 6∈ F for all facets F of P then 0 lies

in the interior of S∗. In this case, there is overlap among the sample points and
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−1 1

−1

1

x1

x2

(a) Overlap: the convex hull
strictly contains the origin:
β is estimable by maximum
likelihood.

−1 1

−1

1

x1

x2

(b) Quasicomplete separa-
tion: a facet of the con-
vex hull contains the origin:
β1 is estimable by maximum
likelihood but β2 is not.

−1 1

−1

1

x1

x2

(c) Complete separation:
the convex hull does not
contain the origin: the max-
imum likelihood estimate of
β does not exist.

Figure 3.4: Jacobsen’s test for the existence of the maximum likelihood
estimate. The examples correspond to the observed sufficient statistics to,
tq and tc in figure 3.3.

the maximum likelihood estimate of the binary logistic regression model parameter

vector β exists and it unique.

Computing Jacobsen’s Test

Computing Jacobsen’s test is relatively straight forward. Append a row of zeros to

the matrix X̄ whose rows contain the structure vectors x̄i and compute the convex

hull using the Matlabr function convhulln. The output includes a K × p matrix

Z whose rows contain the indices of the p sample points determining each of the

K facets of the convex hull. If at least one of the elements of Z is equal to n + 1

then 0 is an extreme point and is not contained in the convex hull of the structure

vectors. If 0 is not an extreme point then it is still possible that 0 ∈ Fi for some

i ∈ {1, . . . , K} where {Fi}Ki=1 are the K facets of P . For each facet Fi determine

the supporting hyperplane Hi with equation

hi1x1 + · · ·+ hipxp = 0.
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If hi1 = 0 for some i then 0 ∈ Fi. To allow for small computational inaccuracies, we

say that hi1 = 0 if |hi1| < ε for some suitably small choice of ε > 0. If 0 is neither

extreme nor contained in any facet of P then 0 ∈ int S.

Verifying Jacobsen’s Condition Using Linear Programming

The second condition (b(ii)) in Jacobsen’s theorem can be stated in matrix form as

there is no β 6= 0 such that

X̄β ≥ 0

which is precisely the condition in the algebraic approach considered in Albert and

Anderson (1984). The linear program described in the next chapter requires far

less time than computing the convex hull of the structure vectors. For set of 1000

sample points in 16 dimensions computing the convex hull takes roughly 100 times

longer than solving the linear program. Hence the linear programming approach is

the preferred method for testing Jacobsen’s condition.
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Chapter 4

A Linear Program for Separation

Detection

This chapter shows how separation detection can be posed as an optimization prob-

lem and discusses the practical solution of this problem using the techniques of

linear programming. The use of linear programming to test for the presence of sep-

aration among the sample points was mentioned in Albert and Anderson (1984) and

further developed in Silvapulle and Burridge (1986) and in Clarkson and Jennrich

(1991). The approaches described in both of these papers rely on transforming the

linear program to eliminate the free decision variables. We have found that when

these transformations are carried out using double precision arithmetic, sufficient

rounding error accumulates that the solution is no longer reliable. Our approach

differs in that we work with the dual of the linear program which can be stated

using nonnegative decision variables; hence no initial transformation is required.

The two main results stemming from our approach are an algorithm providing a

test for separation among the sample points and an algorithm for finding a vector β

54



55

revealing separation among the sample points when it is present. Both algorithms

are based on the same linear program; the test for separation stops as soon as a

positive value of the objective function is found (i.e., when any type of separation

is present among the sample points) while the second algorithm continues until

the optimal value of the objective function is reached. The vector β obtained

from the second algorithm is can also be used to distinguish between the cases of

complete separation and quasicomplete separation. However, this classification is

not guaranteed: if Q(β) is the set of sample points quasiseparated by the computed

β, then Qm ⊆ Q(β) where Qm is the minimal set described in Albert and Anderson

(1984). We have so far been unable to construct an example demonstrating this

behavior. Both algorithms distinguish between the cases of overlap and separation

and thus provide a test for the existence of the maximum likelihood estimate of the

binary logistic regression model parameter vector β.

The chapter is organized as follows. In section 4.1 we give a brief description of linear

programming and discuss the solution of linear programs using the revised simplex

method implemented in the open source library lp solve (Berkelaar et al., 2007)

and the interior point method provided in the MATLABr (The MathWorks, 2006)

Optimization Toolbox. In section 4.2 we describe the linear program underlying

our approach and in section 4.3 we compare it to the methods suggested in Albert

and Anderson (1984) and Silvapulle and Burridge (1986). In section 4.4 we describe

the techniques we chose to use to solve the linear program and show how the linear

program can be used to test for separation and to find a vector revealing separation.

Section 4.5 discusses some numerical concerns and section 4.6 contains a simulation

study comparing the performance of the methods for solving the linear program.
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4.1 Linear Programming

Linear programming is the branch of optimization theory concerned with minimizing

a linear combination of a set of so-called decision variables subject to a set of

linear equality and inequality constraints. Linear programming was introduced

independently by Leonid Kantorovich in 1939 (Orden, 1993) and George Dantzig in

1947 (Dantzig and Thapa, 1997). Since then, linear programming has been used to

solve a wide variety of optimization problems. In fact, linear programming initially

proved so useful that early funding for the development of computers was granted to

make it possible to solve linear programs (Dantzig and Thapa, 1997). Consequently,

there are several robust, efficient software packages available today for solving linear

programs. The linear programs presented in this chapter can be solved by the

revised simplex method using the freely available lp solve (Berkelaar et al., 2007)

library. We have developed an interface to lp solve so that these routines may be

executed from within R (R Development Core Team, 2007). We also make use of

the linprog function in the MATLABr Optimization Toolbox (The MathWorks,

2006) to solve linear programs using an interior point method.

For a thorough description of linear programming see Luenberger (1984). We adopt

his terminology, theorems and the descriptions of both the simplex method and

the revised simplex method which are given in chapter 3. Alternative resources for

linear programming can be found in Dantzig and Thapa (1997), Chvátal (1983),

and Papadimitriou and Steiglitz (1982) among others.

The standard form of a linear program is to find values of the decision variables

γ1 ≥ 0, γ2 ≥ 0, . . . , γm ≥ 0 and the minimum value z satisfying

56



4.1. Linear Programming 57

a11γ1 + a12γ2 + . . . + a1mγm = b1

a21γ1 + a22γ2 + . . . + a2mγm = b2

...
...

...
...

...

an1γ1 + an2γ2 + . . . + anmγm = bn

c1γ1 + c2γ2 + . . . + cmγm = z (min)

(4.1)

where cj is the cost associated with the jth decision variable γj, the jth coefficient in

the ith constraint equation is aij and bi is the right hand side of the ith constraint.

The standard form can be stated concisely using matrix notation as

minimize: cTγ

subject to: Aγ = b

γ ≥ 0

(4.2)

where b = (b1, . . . , bn)T , c = (c1, . . . , cm)T , γ = (γ1, . . . , γm)T , A is an n×m matrix

with elements aij and the notation γ ≥ 0 means that each element of the vector γ

is greater than or equal to zero. Any vector γ that satisfies (4.2) is called a feasible

solution and a vector γ representing feasible solution for which the value of z = cTγ

is minimum is called an optimal feasible solution.

Notation

The n×p design matrix from the binary logistic regression model is denoted by X

and the binary response vector by y. The elements of y are 0 for the sample points

in E1 and 1 for the sample points in E2. The response vector is also denoted as

ỹ where ỹi = −1 for the sample points in E1 and ỹi = 1 for the sample points

in E2. Following Jacobsen (1989) we call x̄i = ỹixi for i = 1, . . . , n the structure
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vectors ; the matrix whose rows are the structure vectors is denoted by X̄. The n×m
matrix A contains the coefficients of the constraint equations for the linear program

when written in the standard form. We also use A to denote the simplex tableau

in which case the (n+1)th row contains the coefficients of the objective function cT

and the (m+1)th column is the vector of constraints b. We use γ for generic decision

variables and β for the decision variables corresponding to the parameters in the

binary logistic regression model.

4.1.1 Solving Linear Programs with the Revised Simplex

Method

The lp solve library provides routines for solving pure linear, mixed integer/binary,

semi-continuous and special ordered sets (SOS) programs using the revised simplex

method. Full documentation is available in the reference API (Berkelaar et al.,

2007). We provide an R interface to the lp solve library via the function

lpSolve(obj, A, b, Aeq = NULL, beq = NULL, lb = 0, ub = Inf,

intvec = integer(0), control = list())

which solves the linear program

minimize: objTγ

subject to: A γ ≤ b

Aeq γ = beq

lb[j] ≤ γj ≤ ub[j] for j = 1, . . . , p

(4.3)

where the obj argument is the vector of objective function coefficients, A and Aeq are

matrices of constraint coefficients, b and beq are vectors containing the constraint
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values and ub and lb are vectors containing the upper and lower bounds on the

decision variables. The bounds on the decision variables are permitted to take

infinite values. The intvec argument can be used to specify decision variables

that may take only integer values, hence lpSolve can be used to solve the mixed

integer linear program suggested in Santner and Duffy (1986) as well. The control

argument is used to pass optional control parameters to the lp solve solver; these

will be described as needed.

Through a sequence of simple algebraic manipulations, any linear program may be

represented in the form of (4.3) (Luenberger, 1984).

The output consists of a status message indicating whether an optimal solution was

found, the optimal value of the objective function and a vector γ corresponding to

the optimal solution. The value of the objective function and the computed γ are

only meaningful when the status message indicates that an optimal solution was

achieved.

4.1.2 Solving Linear Programs with an Interior Point Method

The MATLABr Optimization Toolbox (The MathWorks, 2006) provides the func-

tion linprog which solves the linear program in (4.3). The interface for the function

is given by

linprog(obj, A, b, Aeq, beq, lb, ub, x0, options)

where the arguments are the same as those in (4.3) except for x0 and options. To

solve the linear program using an interior point method we set the following option

options = optimset(’LargeScale’, ’on’)
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to specify that the linear program should be solved using the large scale algorithm,

a variant of the predictor-corrector algorithm proposed by Mehrotra (1992). The

argument x0 is not used by the large scale algorithm.

The output consists of an exit flag indicating whether an optimal solution was

found, the optimal value of the objective function and a vector γ corresponding to

the optimal solution. Again, the value of the objective and the computed γ are only

meaningful when the exit flag indicates that an optimal solution was achieved.

4.2 Separation Detection as an Optimization Prob-

lem

We propose a nonnegative linear objective function that may take positive values

when there is separation among the sample points and is identically zero when there

is overlap.

Suppose there is complete separation among a set of n sample points. Then there

is a hyperplane H such that all of the sample points in E1 lie on one side of H and

all of the sample points in E2 lie on the other. This is illustrated for the case p = 3

(the intercept term is not shown) in figure 4.1.

Let β̃ be a unit vector normal to H. Then the distance of the ith sample point from

H is given by s̃i = xTi β̃. Since we have assumed that there is complete separation

among the sample points, there is a vector β̃ such that s̃i > 0 for i ∈ E2 and s̃i < 0

for i ∈ E1. The configuration shown in figure 4.1 takes s̃i > 0 for i ∈ {1, 2, 3}
and s̃i < 0 for i ∈ {4, 5, 6}. The complete separation assumption can be relaxed to

allow β̃ to give quasicomplete separation among the sample points as well. In this
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s1
s2

s3

s4

s5

s6 H

Figure 4.1: Six sample points completely separated by the hyperplane H.
The distance of the ith sample point from the hyperplane H is denoted by
si for i = 1, . . . , 6.

case s̃i ≥ 0 for i ∈ E2 and s̃i ≤ 0 for i ∈ E1 with s̃i = 0 for at least one value of

i ∈ {1, . . . , n}. Also, s̃i 6= 0 holds for at least one value of i ∈ {1, . . . , n} since the

design matrix X is assumed to be of full rank.

Let S(β̃) =
∑n

i=1 s̃i. Define an optimal separating hyperplane H∗ to be a hyperplane

with unit normal vector β̃∗ such that S(β̃∗) is maximum. Finding β̃∗ can then be

posed as the optimization problem

maximize: S(β̃) =
∑n

1=1 s̃i

subject to: s̃i = xTi β̃ ≥ 0 for i ∈ E2

s̃i = xTi β̃ ≤ 0 for i ∈ E1

β̃T β̃ = 1.

(4.4)

The constraint inequalities require that each sample point lie in or on the appropri-

ate side of H∗ and the quadratic constraint β̃T β̃ = 1 forces β̃ to have unit length.

If there is overlap among the sample points then there is no vector β̃ satisfying

61



4.2. Separation Detection as an Optimization Problem 62

the constraints of (4.4) hence the problem is infeasible. If (4.4) is feasible then its

solution provides a vector β̃∗ maximizing S(β̃) and revealing either complete or qua-

sicomplete separation among the sample points. Also, note that deciding whether

there is separation, and hence demonstrating the nonexistence of the binary logistic

regression model maximum likelihood estimate, is equivalent to determining the

feasibility of (4.4). Solving (4.4) additionally permits the classification of sample

points as completely separated or quasiseparated by the computed β̃∗.

The optimization task in (4.4) belongs to a class of problems called nonlinearly

constrained optimization. Methods for solving nonlinearly constrained optimiza-

tion problems generally follow a sequence of infeasible points to approximate the

optimal value of the objective function (Gill et al., 1981, chap. 3); hence nonlinearly

constrained optimization is not appropriate for our purposes.

The quadratic constraint β̃T β̃ = 1 in (4.4) asserts that β̃ is a unit vector. Each

s̃i may therefore be interpreted as the distance from the ith sample point to the

hyperplane H. However, since we are only interest in whether each sample point is

completely separated (i.e., s̃i > 0) or quasiseparated (i.e., s̃i = 0) by β̃, the length of

β̃ is irrelevant. Removing the quadratic constraint yields the following optimization

problem expressed in the unscaled distances si = s̃i ‖β‖2 for i = 1, . . . , n and where

‖ · ‖2 denotes the 2-norm.

maximize:
∑n

i=1 si

subject to: si = xTi β ≥ 0 for i ∈ E2

si = xTi β ≤ 0 for i ∈ E1

−∞ < βj <∞ for j = 1, . . . , p

(4.5)

This problem has a linear objective function and a set of linear constraints and can
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therefore be solved using the techniques of linear programming. We can simplify

the statement of (4.5) by writing si = x̄Ti β. The constraints may then be written

as

si = x̄Ti β ≥ 0

for i = 1, . . . , n. The unscaled distances si can now be eliminated from the linear

program by noting that s = X̄β where s = (s1, . . . , sn)T . The objective function

can similarly be expressed in terms of β alone as

n∑
i=1

si = eTns = eTn X̄β = (eTn X̄)β

where en is a vector of n ones. Making these substitutions in (4.5) yields the linear

program

maximize: eTn X̄β

subject to: X̄β ≥ b

β free

(4.6)

where b = (0, . . . , 0)T and the notation β free means −∞ < βj <∞ for j = 1, . . . , p.

The remainder of this chapter focuses on the practical solution of this linear program

which we call the primal linear program.

4.3 Literature Review

The idea of using linear programming for separation detection was first suggested

in in the literature by Albert and Anderson (1984) who in turn refer to unpublished

work in the thesis of J. Burridge. They argue that a vector β 6= 0 giving either
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complete or quasicomplete separation among a set of sample points satisfies

X̄β ≥ 0 (4.7)

and that these inequalities can be viewed as the constraint equations defining the set

of feasible solutions of a linear program. However, they do not provide an objective

function.

Silvapulle and Burridge (1986) go one step further by providing the following linear

program arising from the constraint equations in (4.7)

minimize: eTp s

subject to: Bs ≥ b

s ≥ 0

(4.8)

where b = (−1, . . . ,−1)T which they claim has a finite optimal solution when there

is overlap among the sample points and is unbounded when there is either complete

or quasicomplete separation. The (n−p)×p matrix B is formed as follows. Since

X̄ is assumed to be of full rank it can be partitioned as

X̄ = Π

 X̄1

X̄2

 (4.9)

where the p×p matrix X̄1 is nonsingular and Π is a suitable permutation matrix.

The matrix B is then defined to be B = X̄2X̄
−1
1 .
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Clarifications for the Linear Program Suggested by Silvapulle and Bur-

ridge

The linear program (4.8) suggested in Silvapulle and Burridge (1986) requires two

clarifications. The first is that the objective function should seek to maximize eT s,

otherwise the optimal value of the objective function is trivially zero. Equation

(4.8) can be written in feasible canonical form as

 0T eTp

I −B


s∗
s

 =

z
1

 (4.10)

where s∗ is a vector of slack variables. Equation (4.10) shows that the initial basic

feasible solution (s = 0, s∗ = 1) is optimal; hence (4.8) has an optimal solution of

zero for all possible configurations of the sample points. If (4.8) is instead stated as a

maximization problem then the linear program will be unbounded when the feasible

region is unbounded. This outcome, presumably, is what the authors intended.

The second clarification arises from the suggestion in Silvapulle and Burridge (1986)

that the feasibility of the dual linear program be used as a test for whether (4.8) is

bounded. The dual linear program to (4.8, when posed as a maximization problem)

is

minimize: −bTλ
subject to: −BTλ ≥ ep

λ ≥ 0

(4.11)

where λ is a vector of n dual decision variables. The feasibility of the dual is

determined by the constraints in (4.11); in particular it does not depend on the

primal right-hand side b. Thus any finite choice of b is permissible. Choosing

b = (−1, . . . ,−1)T requires both phases of the two-phase algorithm to be computed
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in order to find the optimal value of (4.11). Phase one to determine an initial

feasible point and phase-two to find the optimal value. On the other hand if we

choose b ≡ 0 then only phase one needs to be computed since the optimal value

— when the dual is feasible — is clearly zero. Thus choosing b ≡ 0 yields a test

requiring roughly half the computational effort as that proposed in Silvapulle and

Burridge (1986).

Also, note that the linear program proposed in Silvapulle and Burridge (1986) can

be used to test for the presence of separation but, when separation is present, does

not provide a direction vector β revealing it.

Numerical Difficulties

The transformation B = X̄2X̄
−1
1 provides an elegant method to obtain a linear

program expressed in nonnegative decision variables. However, in our tests, the

numerical error accumulated in computing the product X̄2X̄
−1
1 was from time to

time sufficient to change the boundedness of the feasible region.

4.4 Solving the Linear Program

The API given in (4.3) is capable of solving the primal linear program (4.6). How-

ever, it is worth considering precisely how the software solves the linear program

since there are certain pitfalls that could cause the solver to require excessive com-

putation time or in fact not terminate at all.

Algorithms for solving linear programs generally begin by converting the input

linear program into the standard form. Both lp solve and the MATLABr linprog
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function take this approach. The two principal tasks involved in representing (4.6)

in the standard form are (1) expressing the free decision variables as nonnegative

decision variables and (2) transforming the inequality constraints into an equivalent

system of equality constraints through the introduction of slack variables. In this

section we describe how the software conducts these transformations and suggest

alternative methods that may lead to a faster algorithm for our particular purpose.

4.4.1 Free Decision Variables

Both lp solve and the MATLABr linprog function begin by converting the input

linear program into the standard form, e.g., (4.1). We first consider how the software

deals with the free decision variables in the input linear program.

Expressing Free Decision Variables as the Difference Between Two Non-

negative Decision Variables

Both lp solve and the MATLABr linprog function represent free decision variables

as the difference between two nonnegative decision variables. That is, if γj is free,

then the substitution γj = (γ+
j − γ−j ) is made where γ+

j ≥ 0 and γ−j ≥ 0 (Berkelaar

et al., 2007; The MathWorks, 2006). The revised simplex method allows at most

one of {γ+
j , γ

−
j } to be nonzero (Luenberger, 1984) so that γ+

j and γ−j do not grow

unbounded as a pair while γj remains constant.
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Substituting βj = (β+
j − β−j ) into (4.6) yields

maximize: (eT X̄)Tβ+ − (eT X̄)Tβ−

subject to: X̄β+≥ 0

−X̄β−≥ 0

β+ ≥ 0, β− ≥ 0

(4.12)

which can be stated concisely as

maximize: cTβ∗

subject to: −X̃β∗ ≤ 0

β∗ ≥ 0

(4.13)

where

c =

 X̄T e

−X̄T e

 , β∗ =

 β+

β−

 , and X̃ =

 X̄ 0

0 −X̄

 .
This approach yields a linear program stated in 2p nonnegative decision variables.

Expressing the inequality constraints as a system of equality constraints requires

the addition of a further 2n slack variables so that the standard form representation

of (4.6) requires 2n+ 2p decision variables and 2n equality constraints.

Eliminating the Free Decision Variables

An alternative approach is to express the free decision variables as linear com-

binations of the slack variables then substitute them out of the linear program

(Luenberger, 1984). This approach is used in Clarkson and Jennrich (1991). The
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idea is to construct the reduced linear program

maximize: c̃T s∗

subject to: Bs∗ ≥ b̃

s∗ ≥ 0

(4.14)

where c̃ and s∗ are vectors of p elements and B is an (n−p)× p matrix. Note that

the decision variables in the reduced linear program are nonnegative. Additionally,

an optimal solution to the primal linear program (4.6) can be recovered from an

optimal solution to the reduced linear program by backward substitution. The

reduced linear program is similar to the linear program suggested in Silvapulle and

Burridge (1986) but does not require matrix inversion nor finding a permutation

matrix such that the matrix X̄1 is nonsingular.

The idea is to eliminate each free decision variable from the linear program by

expressing it as a linear combination of the nonnegative decision variables then

substituting it out of the linear program. Consider a linear program written in

canonical form (e.g., 4.1 but where one or more of the decision variable may be

unrestricted in sign). Suppose that the decision variable γ1 is free. We may take

any one of the constraint equations in (4.1) that has a nonzero coefficient for γ1,

say

ai1γ1 + ai2γ2 + · · ·+ ai,mγm = bi (4.15)

with ai1 6= 0 and solve for γ1 expressing it as a linear combination of the decision

variables γ2, . . . , γm plus the constant bi. If we substitute this expression for γ1 ev-

erywhere in (4.1) we obtain a a new linear program describing the same optimization

problem but expressible in the decision variables γ2, . . . , γn+p. The substitution is

justified because the linear combination of the free and nonnegative decision vari-
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ables γ2, . . . , γn+p in (4.15) provides a feasible value of γ1. After the substitution,

the ith constraint equation is redundant and may be removed from the linear pro-

gram as well. Thus we obtain a linear program expressible in canonical form having

m − 1 decision variables and n − 1 constraint equations. The reduced linear pro-

gram is obtained by applying this substitution, in turn, to each free decision variable

in (4.6).

The following example illustrates this approach. Consider a set of five sample points

arising from a binary logistic regression model fit to a single two-level factor variable

with one success and one failure at the base level and two successes and one failure at

the treatment level. The response vector and design matrix (including an intercept

term) computed using treatment contrasts are given by

y =


0

0

1

1

1

 and X =


1 0

1 1

1 0

1 1

1 1

 .

Substituting these values of X and y into (4.6) gives rise to the linear program

described by the simplex tableau in table (4.1a). The first step is to eliminate β1.

This is accomplished by pivoting on the top-left element of the simplex tableau;

doing so yields the simplex tableau in table (4.1b). The first row and first column

in table (4.1b) are grayed out to indicate that no further changes should be made

to these elements of the simplex tableau. The remaining elements in the simplex

tableau form a sub-tableau representing a linear program with six decision variables

and four constraint equations. The remaining free decision variable β2 can be elim-

inated by pivoting on the top-left element of the sub-tableau. Doing so yields the

simplex tableau in table (4.1c).
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a)

β1 β2 s1 s2 s3 s4 s5 b
1 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
−1 0 0 0 1 0 0 0
−1 −1 0 0 0 1 0 0
−1 −1 0 0 0 0 1 0

1 1 0 0 0 0 0 0

b)

β1 β2 s1 s2 s3 s4 s5 b
1 0 1 0 0 0 0 0
0 1 −1 1 0 0 0 0
0 0 1 0 1 0 0 0
0 −1 1 0 0 1 0 0
0 −1 1 0 0 0 1 0
0 1 −1 0 0 0 0 0

c)

β1 β2 s1 s2 s3 s4 s5 b
1 0 1 0 0 0 0 0
0 1 −1 1 0 0 0 0
0 0 1 0 1 0 0 0
0 0 0 1 0 1 0 0
0 0 0 1 0 0 1 0
0 0 0 −1 0 0 0 0

Table 4.1: Eliminating the free decision variables through substitution: a)
the initial simplex tableau, β1 and β2 are free; b) the simplex tableau after
pivoting on a11; c) the simplex tableau after pivoting on a22 ignoring the
first row and first column of the full tableau.

The sub-tableau in table (4.1c) describes the linear program

minimize: 0s∗1 − 1s∗2

subject to:

 1 0

0 1

0 1

[ s∗1

s∗2

]
≤ b̃

s∗1 ≥ 0, s∗2 ≥ 0

(4.16)

where b̃ = (0, . . . , 0)T . The values of the original decision variables β1 and β2 can
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be expressed as the linear combinations of s∗1 and s∗2

β1 = −s∗1 and β2 = s∗1 − s∗2

which are apparent from the top two rows of table (4.1c). Hence, an optimal

solution to the primal linear program can be obtained from the optimal solution of

the reduced linear program.

Implementation Details

We now describe precisely the algorithm to convert the primal linear program (4.6)

to its reduced form (4.14). The structure of the initial simplex tableau describing

the primal linear program is shown in figure 4.2.

p

n

p

p n−p

n−p

−X̄
0 I

cT 0

I 0

1 0

Figure 4.2: The structure of the initial simplex tableau for the primal linear
program.

The aim is to pivot on each of the first p diagonal elements of this simplex tableau

in column order.

First, observe that since the top-right block of the simplex tableau is composed

entirely of zeros, no pivot carried out in the first p rows will have any affect on

the identity matrix in the middle-right block or the objective coefficients in the

bottom-right block. Therefore it is sufficient to consider only the first 2p columns
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of the simplex tableau; the memory requirement is thus 2p(n+ 1) double precision

values. We call this (n+1)× 2p block of the simplex tableau the skinny tableau.

Since the design matrix X is assumed to include an intercept term there will be

either a 1 or a −1 in the top-left element of the skinny tableau. We can therefore

always pivot on this element. However, it is possible that there may be a zero in

the diagonal element of the jth column when a pivot is attempted. In this case, find

a row k with j < k ≤ n such that akj 6= 0 then swap rows k and j. If there is no

such k then the model matrix X is not of full rank which violates our assumption.

Hence, constructing the reduced linear program also provides a check for the linear

independence of the columns of the model matrix.

When swapping rows to introduce a nonzero value in jth diagonal element of the

skinny tableau, it is only necessary to swap the elements in columns j to p+j−1

of rows j and k. The first j − 1 elements in each of these rows are already zero

because of the first j−1 pivots. The last p−j elements in rows j and k are similarly

unaffected by the first j−1 pivots since the upper-right j×(p−j) block of the skinny

tableau contains only zeros. Note that swapping rows implies that sj becomes the

slack variable for what was originally the kth sample point. This change in labeling

has no effect on the outcome of the linear program.

Similarly, each pivot only needs to be carried out in a subset of the columns. The

elements below the diagonal in the block of the skinny tableau initially holding −X̄
are not referenced after the pivoting is complete, so it is not necessary to compute

their values. Further, the jth row of the skinny tableau, after j − 1 pivots, has a

one in position p + j and zeros in positions p + j + 1 through 2p. Thus, it is only

necessary for the jth pivot to write into columns j + 1 through p + j + 1. This

optimization cuts the number of operations necessary to obtain the reduced linear

73



4.4. Solving the Linear Program 74

program roughly in half.

The algorithm for computing the reduced linear program can be summarized as

follows.

1. Set j := 1.

2. If ajj = 0 then find k (j < k ≤ n) such that akj 6= 0; swap the elements of

rows j and k in columns from j to (p−j−1). If no such k exists then report

that the design matrix is not of full rank.

3. Pivot on ajj updating the values only in rows j through n+ 1.

4. If j = p stop, the sub-tableau contains the reduced linear program. Otherwise,

set j := j + 1 and go to step 2.

When the reduction algorithm is complete the tableau has the structure shown in

figure 4.3.

p

n

p

p n−p

n−p0
I

0

0

1 0c̃T

U

−B

Figure 4.3: The structure of the reduced simplex tableau.

A vector β optimal for the primal linear program can be obtained from the reduced

linear program when the reduced linear program has a finite optimal solution. Be-

cause the left p×p block of the matrix U is upper triangular, an optimal β can be

computed from an optimal s1 using backwards substitution. The general expression

74



4.4. Solving the Linear Program 75

for βj is given by

βj = −uj,j+1βj+1 − · · · − uj,pβp − up,p+1s1 − · · · − up,2psp

and the original vector β can be obtained by first solving for βp, then βp−1, and so

on.

4.4.2 Pivoting Rules for the Revised Simplex Method

The description of the revised simplex method given in (Luenberger, 1984, chapter

3, section 7) describes how, for a given basic feasible solution, to identify the eligible

nonbasic variables which may become basic and, once a nonbasic variable has been

selected to enter the basis, how to identify the basic variables that are eligible to

leave the basis. The revised simplex method itself does not uniquely determine

the pivot but rather a family of eligible pivots. The method of choosing a specific

pivot is called a pivoting rule and can greatly affect the performance of the revised

simplex algorithm (Maros, 2001). In particular, a poor choice of pivoting rule can

lead to a phenomenon known as cycling in which the revised simplex method fails

to terminate.

In general, the revised simplex method permits any nonbasic variable with a negative

reduced cost coefficient to enter the basis (Dantzig and Thapa, 1997). This criterion

is more general than that given in Luenberger (1984) which selects the nonbasic

variable with the most negative reduced cost coefficient. Having selected a nonbasic

variable γq which is to enter the basis, the revised simplex method then permits the
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selection of any basic variable γi such that

ai0
aiq

= min

{
ai0
aiq

: aiq > 0

}
(4.17)

to leave the basis. If aiq ≤ 0 for i = 1, . . . , n then the linear program is unbounded.

Note that the right-hand sides of both the primal linear program (4.6) and the

reduced linear program (4.14) are identically zero. Given q, the set of indices I

satisfying (4.17) is the set such that aiq > 0 when i ∈ I. Hence the set of eligible

pivots allowed by the revised simplex method can be quite large.

A pivoting rule that is consistent with the revised simplex method and further

restricts the choice of either the pivot column or the pivot row is called a refinement

of the simplex method (Bland, 1977). We adopt Bland’s terminology and say that

a refinement determines a simplex method, as opposed to the simplex method which

refers to the family of methods determined by all possible refinements. Clearly, any

useful refinement must give a unique choice of pivot column and pivot row for any

given non-optimal basic feasible solution.

Degeneracy and Cycling

A basic feasible solution is said to be degenerate if one or more of the basic variables

has the value zero. We additionally use the terminology fully degenerate to describe

a basic feasible solution in which all the basic variables are zero. Since the right-

hand side of the primal linear program (4.6) and the right-hand side of the reduced

linear program (4.14) are both identically zero, it follows that the basic variables

in both linear programs are zero as well. Hence their initial basic feasible solutions

are fully degenerate.
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Given a non-degenerate basic feasible solution, Dantzig and Thapa (1997) show

that any pivot allowed by the simplex method causes a decrease in the value of

the objective function. However, when the basic feasible solution is degenerate,

it is possible (for a fully degenerate basic feasible solution it is guaranteed) that

the minimum ratio in (4.17) is zero in which case the pivot has no effect on the

value of the objective function. When a pivot causes no change in the value of the

objective function, the new basic feasible solution obtained is degenerate as well.

It is conceivable then that a sequence of pivots could return the simplex tableau

to a previously achieved basic feasible solution. This phenomenon is called a cycle.

When cycling occurs the revised simplex method fails to terminate.

Cycling is a real problem and can occur in even small linear programs. For example,

Papadimitriou and Steiglitz (1982) show that the linear program

minimize: −3
4
x1 + 20x2 − 1

2
x3 + 6x4

subject to: 1
4
x1 − 8x2 − 1x3 + 9x4 ≤ 1

1
2
x1 − 12x2 − 1

2
x3 + 3x4 ≤ 0

0x1 + 0x2 + 1x3 + 0x4 ≤ 0

(4.18)

with xj ≥ 0 for j = 1, 2, 3, 4 cycles when the following refinement to the simplex

method is used as the pivoting rule.

• Choose the pivot column j such that rj is the most negative.

• In the case of a tie when choosing the pivot row, choose the row with the

smallest index.

Since the initial basic feasible solutions for both the original linear (4.6) program

and the reduced linear program (4.14) are fully degenerate the possibility that a

cycle will develop is quite high if an inappropriate refinement is used. A refinement

that guarantees the revised simplex method will terminate after a finite number of
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pivots and hence precludes the possibility of cycling is given in the next section.

Bland’s Rule

It is well known that the simplex method can fail to terminate due to the possibility

of cycling. Several rules have been suggested, for instance the lexicographic rule

(Dantzig, 1963), that restrict the selection of the pivot row in such a way that

cycling cannot occur. Bland (1977) describes a rule which restricts both the choice

of the pivot column and the pivot row by imposing the following two restrictions

on the revised simplex method.

• Select the column to enter the basis by j = min{j : rj < 0}; i.e., select the

decision variable with the smallest index from among those having negative

reduced cost coefficients.

• In the case that ties occur in the criterion for determining the pivot row, select

the row with the smallest index.

Bland (1977) shows that the simplex method, and hence the revised simplex method,

terminates in a finite number of iterations when this refinement is used as a pivoting

rule.

4.4.3 Testing for Separation

In section 4.2 we showed that if there is overlap among the sample points then the

optimal value of the primal linear program (4.6) is zero. If the optimal value of (4.6)

is greater than zero then there is a nonzero vector β feasible for (4.6) and giving

either complete or quasicomplete separation among the sample points. Thus, to

test for separation, it is sufficient to check whether the optimal value of (4.6) is
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greater than zero. This often requires less work than finding a vector revealing the

separation. Our test is based on the following remark.

Remark 1. The linear program in (4.6) either has an optimal value of zero or is

unbounded.

Proof. Consider the following two cases.

Case 1: There is a nonzero point β′ feasible for (4.6), then X̄β′ ≥ 0 (with at least

one element strictly greater than zero) and eTn X̄β
′ > 0. For k > 0 the point

kβ′ is also feasible since kX̄β′ ≥ 0, thus kβ′ is feasible for all k > 0 and

keTn X̄β
′ grows unbounded as k →∞.

Case 2: β ≡ 0 is the only point feasible for (4.6); the optimal value of the objective

function is eTn X̄β ≡ eTn X̄0 = 0.

If there is either complete or quasicomplete separation among the sample points

then there is a nonzero β feasible for the primal linear program (4.6) hence it is

unbounded. If there is overlap among the sample points then β ≡ 0 is the only

point feasible for the primal linear program hence its optimal value is zero.

Testing the Boundedness of the Primal Linear Program with the Revised

Simplex Method

We first consider solving the primal linear program (4.6) directly using the revised

simplex method. Assume that the free decision variables have been represented as

the difference between two nonnegative decision variables as in (4.13) so that the

standard form is expressed in 2n+2p decision variables and 2n constraint equations.
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The revised simplex method allows a pivot in any column corresponding to a decision

variable with a negative reduced cost coefficient (Dantzig and Thapa, 1997). Let

J = {j : rj < 0} be the set of indices for which the reduced cost coefficient is

negative. The linear program is unbounded if there is j ∈ J such that B−1Dij ≤ 0

for i = 1, . . . , 2n and where B is the current basis. Normally, when using the revised

simplex method, we would choose a pivot column then declare the linear program

unbounded only if all the elements in that specific column are less than or equal

to zero. However, a more thorough test for an unbounded solution is also possible.

During each iteration of the revised simplex method if

max(B−1D•j) ≤ 0

holds for any j ∈ J then the linear program is unbounded. If there is no pivot

giving an unbounded solution and the current basic feasible solution is not optimal

then pivot according to Bland’s rule and repeat this test on the new basic feasible

solution. This algorithm must yield either an unbounded solution or an optimal

solution of zero in a finite number of pivots. When an unbounded solution exists

this method is likely to require fewer pivots to detect it than the standard revised

simplex method.

Testing for boundedness in the primal linear program (4.6) requires using this

method on a linear program expressible in 2p + 2n decision variables and 2n con-

straint equations when written in the standard form. Since all of the constraints

in the primal linear program are inequality constraints, the 2n slack variables pro-

vide an initial basic feasible solution with the identity matrix providing the initial

basis. Further, since the right-hand side is identically zero this initial basic feasible

solution is fully degenerate so we use Bland’s rule as the pivoting rule.
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Example

The following example demonstrates how the revised simplex method detects an

unbounded solution. Let

y =


0

0

1

1

 , X =


1 −1

1 a

1 −a
1 1


represent a set of 4 sample points. There is overlap among the sample points if

a > 0, quasicomplete separation if a = 0 and complete separation if a < 0; also we

assume |a| ≤ 1/2 to avoid an ambiguity. The relative cost coefficients for the initial

basic feasible solution are

rT = [ 0 −2+2a 0 2−2a ].

Because −2 + 2a is the only negative reduced cost coefficient, the second column of

−X̃ (corresponding to β+
2 ) is chosen to enter the basis. Since

(B−1D•,2)T = [ −1 a a −1 0 0 0 0 ]

the solution is bounded if and only if a > 0, i.e., when there is overlap among the

sample points.

Testing for boundedness in the reduced linear program (4.14) requires applying this

method to a linear program expressible in n decision variables and n− p constraint

equations when written in the standard form. Again, since all of the constraints

in the reduced linear program are inequality constraints, the slack variables pro-

vide an initial basic feasible solution with the identity matrix providing the initial
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basis. The reduced linear program is fully degenerate since the right-hand side is

identically zero, thus Bland’s rule should again be used as the pivoting rule. Note

that converting the primal linear program into the reduced linear program requires

O(np2) floating point operations.

Testing for Boundedness: Dual Feasibility

An alternative approach for checking the boundedness of the primal linear program

(4.6) is provided by the duality theorem of linear programming.

Theorem 6 (Duality Theorem of Linear Programming). If either the primal linear

program or the dual linear program has a finite optimal solution, so does the other,

and the corresponding values of the objective functions are equal. If either problem

has an unbounded objective, the other problem has no feasible solution.

Thus we can determine whether the primal linear program (4.6) is bounded by

checking whether the dual linear program is feasible. Using the rules for the duals

of mixed systems given in Dantzig and Thapa (1997) we can write the dual linear

program to (4.6) as

minimize: −bTλ
subject to: X̄Tλ = −X̄T en

λ ≥ 0

(4.19)

where λ is a vector of n dual decision variables and b = (0, . . . , 0)T . It is clearly

preferable to work with the dual linear program since it is already in the standard

form; that is, all of the constraints are equality constraints and the decision variables

are nonnegative.

To test the feasibility of (4.19) it is only necessary to carry out phase one of the

82



4.4. Solving the Linear Program 83

two-phase algorithm. Let v = X̄T ep and let M be a p×p diagonal matrix with

Mii = −1 if vi < 0 and Mii = 1 otherwise. The phase one linear program is given

by

minimize: eTp u+ 0Tλ

subject to:
[
I −MX̄T

] [u
λ

]
= ṽ

λ ≥ 0

u ≥ 0

(4.20)

where ṽ = Mv and u is a vector of p artificial variables. The point (u = ṽ, λ = 0)

provides an initial basic feasible solution with the identity matrix as the initial

basis. When (4.19) is feasible, (4.20) has an optimal value of zero and when (4.19)

is infeasible the optimal value of (4.20) is strictly greater than zero.

Since the objective function coefficients in the dual linear program (4.19) are iden-

tically zero, any basic feasible solution is an optimal basic feasible solution. Thus,

if we use the two-phase algorithm to solve (4.19), the phase two problem is trivial.

Hence we can determine whether (4.19) is feasible simply by solving it with lp solve.

Since there is no apparent initial basic feasible solution lp solve will transparently

solve the phase one problem. If the optimal value of (4.20) is greater than zero,

lp solve will report that (4.19) is infeasible. Otherwise, lp solve will return the

solution to the phase two problem which is trivially zero.

Some care is needed since lp solve by default uses the dual simplex method to solve

the phase one problem. Doing so essentially converts the dual linear program (4.19)

to its primal form (4.6) before attempting its solution. Clearly this is not what we

want. Thus we must provide the control argument

control = list(simplex.type = c("primal", "primal"))
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to lp solve to specify that the primal simplex method be used for both phases of

the two-phase algorithm.

Testing for boundedness using the method of dual feasibility requires solving a linear

program whose standard form representation requires n + p decision variables and

p constraint equations. Since the right-hand side vector ṽ is equal to the coefficient

vector from the primal linear program up to sign, it is quite likely that the initial

basic feasible solution is nondegenerate.

A Modification to the Primal Linear Program for Nondegeneracy

Another approach to the problem of determining whether the primal linear program

(4.6) is bounded is suggested by examination of the dual linear program. The set

of feasible points for the dual linear program (4.19) depends only on the matrix of

constraint coefficients X̄. In particular, it does not depend on the vector b containing

the right-hand side in the primal linear program. The Duality Theorem of Linear

Programming then implies that if (4.6) is bounded when b = 0, it is also bounded

for any finite choice of the right-hand side b. It follows that the linear program

maximize: eTn X̄γ

subject to: X̄γ ≥ −1

γ free

(4.21)

where b = (−1, . . . ,−1)T rather than b = (0, . . . , 0)T is bounded when the primal

linear program (4.6) is bounded and unbounded when the primal linear program

(4.6) is unbounded. The notation used for the decision variables is changed from β

to γ because the solution vector can not be interpreted in the parameter space of

the underlying logistic regression model. We call (4.21) the modified linear program.
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A similar modification can be made to the reduced linear program by setting b̃ =

(−1, . . . ,−1)T . This yields

maximize: c̃T s1

subject to: Bs1 ≥ −1

s1 ≥ 0

(4.22)

which we call the modified reduced linear program.

The modified linear program is expressible in the standard form using 2n + 2p

decision variables and 2n constraint equations. The initial basic feasible solution

γ∗ = 0 with the identity matrix providing the initial basis is nondegenerate.

The modified reduced linear program is expressible in the standard form using n

decision variables and n− p constraint equations. The initial basic feasible solution

s1 = 0 with the identity matrix providing the initial basis is nondegenerate.

By default lp solve uses the Devex pricing strategy (Harris, 1973) for pivot selec-

tion which reduces the number of simplex pivots quite considerably (Maros, 2001).

Solving (4.21) using the Devex pivoting rule in lp solve is likely to require fewer

simplex pivots than solving (4.6) using Bland’s rule.

Alternatively, the modified linear programs can be solved using the interior point

method provided by the MATLABr linprog function. The points γ = 0 and s1 = 0

respectively lie strictly in the interiors of the modified linear program and modified

reduced linear program and hence provide initial feasible points. A simulation based

timing comparison between the simplex method and this interior point method is

given in section 4.6.
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4.4.4 Finding the Direction of Separation

Finding a vector β revealing either complete or quasicomplete separation among the

sample points requires only a trivial change to the primal linear program. Finite

upper and lower bounds are placed on the decision variables so that the linear

program remains bounded when separation is present. This results in the linear

program

maximize: eTn X̄ β

subject to: X̄β ≥ 0

−1 ≤ β ≤ 1

(4.23)

where the notation −1 ≤ β ≤ 1 means that each element of β is restricted to

the interval [−1, 1]. The linear program in (4.23) has p decision variables and

n constraint inequalities. According to the lp solve documentation, when there

is a finite lower bound on a decision variable βj, lp solve internally makes the

substitution βj = wj + lj so that the linear program is represented internally in

the nonnegative decision variables wj. Making this substitution in (4.23) yields the

linear program

maximize: eTn X̄ w

subject to: X̄w ≥ X̄ep

0 ≤ w ≤ 2

(4.24)

where the constant term in the objective function has been omitted. This linear

program can easily be solved using the revised simplex method for bounded decision

variables (Luenberger, 1984).

While the point w = e is clearly feasible for (4.24), there is no immediately apparent
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initial basis. Therefore, to solve (4.24), lp solve must solve both phases of the two-

phase algorithm. Again, it is quite likely that degenerate basic feasible solutions will

be encountered during one or both phases so Bland’s rule is used to avoid cycling.

4.5 Numerical Considerations

So far we have assumed that the linear programs can be solved exactly. However,

both the revised simplex method provided in lp solve (Berkelaar et al., 2007) and the

interior point method provided in the Matlabr Optimization Toolbox (The Math-

Works, 2006) are implemented using the double precision system; representation

error and roundoff error may therefore adversely affect the computed solution.

4.5.1 Representation Error

Representation error arises from the fact that numbers which have a finite represen-

tation in decimal notation do not necessarily have a finite representation (Higham,

1995, chap. 2) in the double precision system (IEC 60559:1989, 1989). In particu-

lar, only fractional numbers that can be written in the form a/b where b is a power

of two can be represented exactly in the double precision system. For example,

even the seemingly trivial value of 0.3 can not be represented exactly in the double

precision system.

It turns out that, for the purpose of separation detection, representation error is not

a concern. Let X̃ and ỹ be the input design matrix and binary response vector and

let X and y be respectively their representations in the double precision system.

First of all, ỹ ≡ y since ỹ ∈ {0, 1} and both zero and one have exact representations

87



4.5. Numerical Considerations 88

in double precision. Second, the software used to fit the binary logistic regression

model is going to represent the design matrix and response vector using the double

precision system. Hence, the real concern is whether there exists separation among

the sample points described by y and X since these are the values to which the

model will be fit. This is precisely the separation that our method tests for.

4.5.2 Rounding Error

Rounding error is the difference between the calculated result of a mathematical

operation represented in the double precision system and true result of the math-

ematical operation. A brief description of rounding error is given in Björck (1996)

and a thorough discussion of floating point arithmetic can be found in chapter 2

of Higham (1995). Rounding error arises because a computer is only capable of

representing a finite subset of the real numbers. For our purposes, this subset is the

set of numbers that may represented exactly in the double precision system. When

a computer performs a mathematical operation on two double precision numbers x

and y the result must also be stored in the double precision system. That is

dps(x ◦ y) = (x ◦ y)(1 + δ), |δ| ≤ u,

where dps(v) represents the double precision approximation of the real number v,

◦ is one of {+, −, ×, ÷}, and u is the unit roundoff – the maximum relative error

in storing a number in the double precision system. The difference δ(x ◦ y) between

the true result and the computed result is the rounding error.

In the revised simplex method, the eligible pivot columns are those with negative

reduced cost coefficients and, given the pivot column j, the eligible pivot rows are

88



4.5. Numerical Considerations 89

those such that B−1D•j < 0 where B is the current basis. If the design matrix

contains a large number of zero elements – this would be the case for instance if the

design matrix contains several coded factor variables – then even a small amount of

rounding error could cause the revised simplex method to choose an illegal pivot.

The lp solve library (Berkelaar et al., 2007) therefore uses a set tolerance parameters

to specify when a double precision value should be considered different than zero.

The relevant tolerance parameters are

εb the tolerance for the right-hand side, if |bi| < εb then bi is considered to be

zero;

εd the tolerance for the reduced cost coefficients, if |rj| < εd then rj is considered

to be zero;

εel the default tolerance, this value is used when no other tolerance specifically

applies;

εpivot the tolerance for the pivot element, if the absolute value of the candidate

pivot variable is less than εpivot then it is rejected as a pivot element.

The lp solve API includes a routine called epslevel which sets all of the tolerance

parameters to one of four internally consistent levels. On the recommendation of the

authors (Berkelaar et al., 2007), we set epslevel to ”baggy” which is the least tight

level for the tolerances. The loss in accuracy caused by this setting is not important

since we are generally only interested in deciding whether a linear program is either

bounded or feasible.

In general we have found that lp solve solves the primal linear program quite reliably.

Since the primal linear program is fully degenerate, the basic decision variables and

the slack variables have value zero. Further, since the right-hand side is zero as well,

the eligible pivot rows are identified only by the signs of the respective elements of
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the pivot column. The tolerances in lp solve allow this to be done reliably. The

modified linear program (i.e., the right-hand side b = 1) does not share this property

and from time to time the modified linear program returns an incorrect result or

terminates prematurely due to numerical instability. The modified linear program

fails often enough that we did not include it in the simulation study given in the

next section and do not recommend its use for separation detection.

Testing for separation using the dual linear program can be done reliably using

lp solve. The test for separation using the dual linear program only involves deter-

mining whether the dual is feasible. Solving phase one of the dual linear program

either provides a feasible point or shows that no feasible point exists. In the case

that phase one returns a feasible point, it can be checked by evaluating the con-

straints of the dual linear program. If the point is in fact feasible then we can

say with high reliability that there is overlap among the sample points and that

the maximum likelihood estimate of the binary logistic regression model parameter

vector β exists.

The reduced linear program can be solved as reliably as the primal linear program.

However, it is possible that rounding error accumulated while computing the re-

duced form of the primal linear program can alter the feasible region so that the

solution of the reduced linear program no longer corresponds to the optimal value

of the primal linear program. Hence, in the general case, we find the reduced linear

program unreliable for separation detection. However, the design matrix is com-

posed entirely of ones and zeros when it is generated by coding only factor variables.

In this case it is sometimes possible to compute the reduced linear program without

accumulating any rounding error by performing each pivot on a one or minus one.

When this can be done, the numerical reliability of the reduced linear program is
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similar to that of the primal linear program.

4.6 Simulation Study

The revised simplex method has worst-case exponential complexity. For example,

Klee and Minty (1972) show that for every integer d > 1 there is a linear program

with 2d constraint equations, 3d decision variables and integer constraints whose

absolute value is bounded by 4, such that the simplex method may take 2d−1 pivots

before reaching the optimal value of the objective function. However, in practice

the actual number of pivots required to solve a linear program using the simplex

method tends to be many times smaller. Hence the theoretical upper bound on the

number of pivots is often a misleading benchmark for the actual performance of the

simplex method (Dantzig and Thapa, 1997).

Simulation methods were therefore used to assess the performance of the tests for

separation. The simulations involving the revised simplex method were carried

out in the R environment (R Development Core Team, 2007) and the simulations

involving the interior point method were done in Matlabr. All simulations were

run on the same machine, a 2.00 GHz Intelr XEONTM with 3.5 GB of RAM (this

amount far exceeded the maximum required to compute any of the simulations)

running Fedora-Core 5 Linux.

Each simulation consisted of randomly generating a set of n sample points with p

variables represented by an n × p design matrix X and a binary response vector

y containing n elements. The binary response vector y was simulated using the

sample function with prob = 0.5 and the design matrix X was simulated using

the following steps.
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1. Simulate four 4-level factor vectors each of length n using the sample function.

2. Generate an n × 256 design matrix including an intercept term, the main

effects and all possible interaction terms using the model.matrix function.

3. Set X to be the first p columns of this saturated design matrix.

The time taken to test for separation or compute a vector giving separation among

the simulated sample points was then measured. Also, since the overall goal is to

produce a test fast enough to be used routinely as part of the fitting process of a

binary logistic regression model, the time taken to estimate the model parameter

vector using the method of iteratively reweighted least squares (IRLS) was measured

as well to serve as a benchmark.

Note that this method of simulation takes P (Yi = 1 | xi) = P (Yi = 1) = 0.5 for

i = 1, . . . , n; that is, the distribution of Y given X is the same as the distribution

of Y . Since the linear programming algorithms compared in this simulation study

are not influenced by the underlying logistic regression model nor the presence

of separation, the simplest possible model was used to generate the data. On the

other hand, the IRLS algorithm used to compute the maximum likelihood estimates

takes considerably longer when separation is present among the sample points. This

property manifests itself as the kink seen in the IRLS curve in several of the figures

in this section.

4.6.1 Testing for Separation with the Revised Simplex

Method

The simulations testing for separation using the revised simplex method used the

implementation provided in the lp solve library (Berkelaar et al., 2007) through the
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interface presented in section 4.1.1. Two simulation studies were conducted. The

first to assess the computational complexity in the number of sample points and

the second to assess the computational complexity as the number of columns in the

design matrix is increased.

Computational Complexity versus the Number of Sample Points

Two simulations were conducted to investigate the complexity of the tests for sep-

aration in terms of the number of sample points. For each value of n from 1000

to 10000 in lots of 1000, twenty-five simulations were conducted with p = 50 and

a further twenty-five with p = 250. The tests for separation based on the primal,

the dual and the reduced linear programs were applied to each simulated X and

y and the user time reported by the function unix.time was recorded. Since we

are interested in the worst-case complexity, the longest of the twenty-five times for

each test was taken. We call this the empirical worst-case time based on twenty-

five simulations. The results from these simulations are shown in figure 4.4 and

figure 4.5.

Figure 4.4 shows that, when p = 50, the empirical worst-case time grows roughly

linearly in the number of sample points for all three methods. The empirical worst-

case time for the test based on the dual linear program is approximately equal to the

empirical worst-case time taken to fit the underlying model using the IRLS method.

The tests based on the primal linear program and the reduced linear program take

anywhere from two to three times longer over the range of sizes considered in the

simulation.

Figure 4.5 shows that, when p = 250, the empirical worst-case times for both the

test based on the dual linear program and the test based on the reduced linear
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Figure 4.4: Empirical worst-case computing time versus number of sample
points for the 50 column design matrix.

program are approximately equal to the empirical worst-case time taken by the

IRLS method. The test based on the primal linear program is again slower, this

time by a factor of between three and four. The kink in the IRLS curve was caused

by the presence of separation in at least one of the simulated sets of sample points.

When separation was present among the sample points, significantly more IRLS

iterations were required to fit the binary logistic regression model. Separation was

not present in any of the simulated sets of sample points for n ≥ 5000.

Computational Complexity versus the Number of Columns in the Design

Matrix

Two additional simulation studies were conducted to investigate the complexity of

the tests for separation in terms of the number of columns in the design matrix. For

each value of p from 16 to 256 in lots of 16, twenty-five simulations were conducted

with n = 2000 and a further twenty-five with n = 4000. The tests for separation
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Figure 4.5: Empirical worst-case computing time versus number of sample
points for the 250 column design matrix.

based on the primal, the dual and the reduced linear programs were applied to

each simulated X and y and the user time reported by the function unix.time was

recorded. The results are shown for n = 2000 in figure 4.6 and for n = 4000 in

figure 4.7.

Figure 4.6 shows that for the case n = 2000, the empirical worst-case time taken to

test for separation among the sample points scales roughly linearly in the number

of columns in the design matrix for all three tests. For p ≤ 160 separation was not

present in any of the simulations. In these cases, the empirical worst-case times for

the tests based on the dual and reduced linear programs are approximately equal to

the worst-case time necessary to fit the model using IRLS. Separation was present

among the sample points in at least one of each of the simulations for each value of

p ≥ 176. In these cases the empirical worst-case times to test for separation using

the tests based on the dual and reduced linear programs continue their trends while

the empirical worst-case time to fit the model using IRLS increases significantly.
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Figure 4.6: Empirical worst-case computing time versus the number of
columns in the design matrix; 2000 sample points were used.

The test based on the primal linear program underperforms the others by a factor

of between three and five.

The simulations summarized in figure 4.7 again show that, for the case n = 4000,

all three tests scale roughly linearly in the number of columns in the design matrix.

The kink in the IRLS curve corresponds to the point where separation begins to

occur in the simulated sample points. The tests for separation based on the dual

and reduced linear programs are slightly slower than IRLS when separation is not

present and faster when separation is present. The test based on the primal linear

program again underperforms the others by a factor of between three and five.
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Figure 4.7: Empirical worst-case computing time versus the number of
columns in the design matrix; 4000 sample points were used.

4.6.2 Computing the Direction of Separation Using the Re-

vised Simplex Method

A further set of simulations was conducted to assess the computational complexity

of the linear programs described in section 4.4.4 for finding a vector revealing sep-

aration. The first study was conducted to assess the complexity as the number of

sample points is increased. Twenty-five 250 column design matrices were simulated

for each value of n ranging from 1000 to 10000 in lots of 1000 and the primal and

reduced linear programs were used to compute a vector giving separation. The time

reported by the function unix.time was recorded for each simulation. The second

study was conducted to assess the complexity as the number of columns of the de-

sign matrix increased. Twenty-five design matrices were simulated for each value

of p ranging from 16 to 256 in lots of 16; 4000 sample points were used. Again,

the primal and reduced linear programs were used to compute a vector revealing

separation and the time reported by the function unix.time recorded.
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Figure 4.8: A comparison of the time taken to compute a direction reveal-
ing separation among the sample points as the number of sample points
increases. Each curve shows the empirical worst-case time based on 25
simulations for the respective method.

The empirical worst-case complexity in the number of sample points is shown in

figure 4.8 and the empirical worst-case complexity in the number of columns in the

design matrix is shown in figure 4.9. The primal linear program and the reduced

linear program again appear to scale linearly in both the number of sample points

and the number of columns in the design matrix. Also, note that since the basis

for the primal linear program using bounded variables is an n × n matrix (rather

than the 2n× 2n matrix necessary for the free variable version used in the tests for

separation), the performance is greatly improved.

4.6.3 Testing for Separation Using an Interior Point Method

Finally, we conducted a simulation study to assess the relative performance between

the simplex method and an interior point method. These simulations are not in-

tended to be comparable with those given previously. The problems were chosen
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Figure 4.9: A comparison of the time taken to compute a direction revealing
separation among the sample points as the number of columns in the design
matrix increases. Each curve shows the empirical worst-case time based on
25 simulations for the respective method.

small enough that the modified primal linear program gave reliable results when

used to test for separation among the sample points.

The large scale algorithm provided by the linprog function in the Matlabr (The

MathWorks, 2006) Optimization Toolbox uses an interior point method with poly-

nomial time worst-case complexity. The large scale algorithm is a variant of the

predictor-corrector algorithm described in Mehrotra (1992). Although we have ob-

served the approximately linear complexity in both the number of columns in the

design matrix and in the number of sample points, we also conducted a simulation

study to assess the performance of an interior point method.

For each simulation the binary response vector y and design matrix X were gener-

ated in R using the procedure described in the previous section then imported into

Matlabr. The linprog function was then used to test for separation among the

sample points using the test based on the modified linear program with b = 1. The
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Figure 4.10: A comparison of the time required to compute the test for
separation using the simplex method and using an interior point method
versus the number of sample points. The line shows the empirical worst-
case time based on 25 simulations for the simplex method and the box plots
show the results of 25 simulations using the interior point method.

time taken to solve the linear program with

options = optimset(’LargeScale’, ’off’, ’Simplex’, ’on’)

for the simplex method and with

options = optimset(’LargeScale’, ’on’)

for the large scale algorithm was measured using the tic and toc functions. Also,

note that Matlabr implements the simplex method and not the revised simplex

method used previously.

To get an idea of the relative performance of the interior point method versus the

simplex method, twenty-five simulations were carried out for each value of n ranging

from 500 to 5000 in lots of 500; 16 column design matrices were used. Figure 4.10

shows the results of this simulation. There was considerably more variability in
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Figure 4.11: A comparison of the time required to compute the test for
separation using the simplex method and using an interior point method
versus the number of columns in the design matrix. The curve shows the
empirical worst-case time based on 25 simulations for the simplex method
and the box plots show the results of 25 simulations using the interior point
method.

the time taken by the interior point method so the results of the 25 simulations for

each value of n are displayed using box plots. The curve in figure 4.10 shows the

worst-case computing time based on 25 simulations. We see that for smaller models,

those with less than 2500 sample points, the simplex method is faster. However, as

the number of sample points increases beyond this value, the interior point method

then becomes the faster method.

To assess the relative performance of the simplex method versus the interior point

method as the number of columns in the design matrix is increased, twenty-five

simulations were carried out for each value of p ranging from 2 to 30 in lots of 2;

1000 sample points were used. Figure 4.11 shows the results of this simulation. The

curve shows the empirical worst-case run time for the simplex method based on

25 simulations. The results of the interior point method are again displayed using
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box plots. Also, as the number of columns in the design matrix was increased, the

interior point method failed to converge for some simulations. Only the simulations

where the method converged are shown in the plot. When the interior point method

did not converge the time taken to reach the maximum number of iterations was

on the order of 100 seconds.

4.6.4 Discussion

Our simulations show that, among the tests for separation based on the primal,

dual and reduced linear programs, the test based on the dual linear program had

the best empirical worst-case performance. Also, as the number of columns in the

design matrix increased, the performance of the test based on the reduced linear

program improved to approximately that of the test based on the dual. However,

from time to time, the rounding error accumulated while computing the reduced

form was sufficient to alter the boundedness of the feasible region leading to an

incorrect result. In the simulations, the frequency of these incorrect results seemed

to depend mostly on the number of decision variables; ranging from never for the

simulations involving 16 column design matrices to 6 in 25 for the simulations using

2000× 256 design matrices. Hence the test based on the reduced linear program is

not reliable for routine use.

Since the test based on the dual linear program takes approximately the same

amount of time as fitting the model using iteratively reweighted least squares, we

feel that it is fast enough to be used routinely as part of the fitting process for the

binary logistic regression model.

Interestingly, the primal linear program with bounded decision variables used to
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compute a vector revealing separation had approximately the same empirical worst-

case run time as the test for separation based on the dual linear program. This

method returns the zero vector when there is overlap among the sample points and

a nonzero vector when separation is present. Hence this method also provides a test

for separation among the sample points. In the event that separation is present,

the nonzero elements of the vector revealing separation can be used to identify the

terms in the model causing separation. For an example see appendix A.
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Chapter 5

Conclusion

This thesis studied the detection of separation among the sample points in binary

logistic regression models using methods based on linear programming.

We proposed a linear program with a nonnegative objective function that has a

positive optimal value when separation is present among the sample points and

compared several methods for its solution. Our main result was demonstrating

that a test for separation based on determining the feasibility of the dual to this

linear program is both numerically reliable and can be computed fast enough to

be used routinely as part of the fitting procedure for binary logistic regression

models. The performance of the test was evaluated using simulation methods. The

test is implemented in the accompanying R (R Development Core Team, 2007)

package safeBinaryRegression so that, when the package is loaded, fitting binary

logistic regression models in the standard way includes a test for separation (see

appendix A).

We also found through direct experimentation that linear programming methods

which use a preliminary transformation of the linear program to eliminate the free
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decision variables are sometimes unreliable. Rounding error accumulated during

this preliminary transformation is from time to time sufficient to alter the feasible

region so that the optimal value of the transformed linear program no longer cor-

responds to the optimal value of the original linear program. Among our methods,

we observed this behavior in the reduced linear program. The linear programs de-

scribed in Silvapulle and Burridge (1986) and Clarkson and Jennrich (1991) are also

affected. Our test based on the dual linear program does not require a preliminary

transformation; hence it can be computed with a higher degree of reliability.

To compute our test for separation among the sample points we implemented an

interface to the lp solve library (Berkelaar et al., 2007). This interface provides a

general, publicly available linear programming solver available for R. In addition to

our test for separation, the lp solve interface was also used to implement functions

for

• verifying the algebraic condition for separation given in Albert and Anderson

(1984),

• solving the mixed integer linear program described in Santner and Duffy

(1986),

• finding linear separation based on the methods given in Mangasarian (1965)

and Smith (1968),

• computing the test for separation described in Silvapulle and Burridge (1986),

and

• verifying the condition given in Jacobsen (1989) for the existence of the max-

imum likelihood estimate of the binary logistic regression model parameter

vector β.
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These functions are included as well in the safeBinaryRegression package.
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Appendix A

Implementation in R

To encourage routine use we have implemented our test for separation in the

safeBinaryRegression package for R (R Development Core Team, 2007). This

appendix is meant to be a brief overview of the safeBinaryRegression package.

Complete documentation is provided in the package and is accessible using R’s

built-in help facility. A source version of the package can be downloaded from the

url

http://www.stats.ox.ac.uk/∼konis/safeBinaryRegression.tgz

and the package should be available on CRAN shortly.

The standard way to fit binary logistic regression models in R is to use the glm

function (see for example, Venables and Ripley, 1999, chap. 7). For example, the

following command fits a binary logistic regression model to a set of 50 quasisepa-

rated sample points in the data frame qs.dat.

glm(y ~ x, family = binomial(), data = qs.dat)

This function produces the following output.
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Call: glm(formula = y ~ x, family = binomial())

Coefficients:

(Intercept) xb xc xd

0.1823 -0.5188 0.1054 15.3837

Degrees of Freedom: 49 Total (i.e. Null); 46 Residual

Null Deviance: 69.31

Residual Deviance: 66.88 AIC: 74.88

Note that there is no error or warning indicating the presence of separation.

Our package overrides R’s glm function so that, from the user’s point of view,

no change to workflow is required. When the safeBinaryRegression package is

loaded, the glm function performs a test for separation among the sample points

when it is used to fit a binary logistic regression model. Otherwise the behavior of

the glm function is unchanged.

library(safeBinaryRegression}

glm(y ~ x, family = binomial(), data = qs.dat)

Error in glm(y ~ x, family = binomial()) :

Separation exists among the sample points.

This model cannot be fit by maximum likelihood.

The version of the glm function provided by the safeBinaryRegression package

contains one additional argument: separation. The default behavior is to test for

separation. Alternatively, using separation = "find" lists the terms in the model

causing the separation.

glm(y ~ x, family = binomial(), data = qs.dat,

separation = "find")

Error in glm(y ~ x, family = binomial(), separation = "find") :

The following terms are causing separation among the

sample points: xd

If there is a sensible way to combine the level x == "d" (the level of the factor
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variable x corresponding to term xd in the model) with one of the other levels of x

then the resulting model could be fit using maximum likelihood.
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