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Abstract 
 

This thesis focuses on multilocus methods designed to detect single nucleotide 

polymorphisms (SNPs) that are associated with disease using case-control data.  I study 

multilocus methods that allow for interaction in the regression model because epistasis 

is thought to be pervasive in the etiology of common human diseases.  In contrast, the 

single-SNP models widely used in genome wide association studies (GWAS) are 

thought to oversimplify the underlying biology.  I consider both pairwise interactions 

between individual SNPs and modular interactions between sets of biologically similar 

SNPs.  Modular epistasis may be more representative of disease processes and its 

incorporation into regression analyses yields more parsimonious models.  My 

methodological work focuses on strategies to increase power to detect susceptibility 

SNPs in the presence of genetic interaction.  I emphasize the effect of gene-gene 

independence constraints and explore methods to relax them.  I review several existing 

methods for interaction analyses and present their first empirical evaluation in a GWAS 

setting.  I introduce the innovative retrospective Tukey score test (RTS) that 

investigates modular epistasis.  Simulation studies suggest it offers a more powerful 

alternative to existing methods.  I present diverse applications of these methods, using 

data from a multi-stage GWAS on prostate cancer (PRCA).  My applied work is 

designed to generate hypotheses about the functionality of established susceptibility 

regions for PRCA by identifying SNPs that affect disease risk through interactions with 

them.  Comparison of results across methods illustrates the impact of incorporating 

different forms of epistasis on inference about disease association.  The top findings 

from these analyses are well supported by molecular studies.  The results unite several 

susceptibility regions through overlapping biological pathways known to be disrupted 

in PRCA, motivating replication study.   
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Chapter 1 

Introduction 

 

Section 1.1: Road Map for Thesis 

This thesis explores methods to detect disease association in the presence of 

genetic interaction (epistasis) using case-control data, with an emphasis on genome 

wide association studies (GWAS, Section 1.2).  The methodological work focuses on 

strategies to increase power in multilocus analyses, with an emphasis on the effect of a 

gene-gene independence constraint.  The applied work aims to generate hypotheses 

about the functionality of established susceptibility regions for prostate cancer (PRCA, 

Section 1.4) through interaction analysis of data from Cancer Genetic Markers of 

Susceptibility (CGEMS, Section 1.5).  This introductory chapter provides succinct 

background information to motivate and contextualize my dissertation research.  I 

outline the additional chapters herein.   

Chapter 2 explores existing methods for modeling epistasis.  First, I consider 

interactions between two genetic markers.  I review three methods to detect pairwise 

epistasis: standard logistic analysis and two methods that can improve power by 

exploiting an assumption of gene-gene independence in the underlying population for 

the candidate interacting markers.  I present the first empirical GWAS evaluation of 

these methods, comparing their strengths and weaknesses.  I highlight a recently 

proposed empirical Bayes method for logistic analysis and discuss one strategy to 

improve case-only type methods.  Second, I consider modular epistasis: interactions 

between sets of biologically similar markers.  I know of only one published method for 

these analyses: the prospective Tukey score test (PTS).  It offers a statistical advantage 
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in that PTS statistics have reduced degrees of freedom and a biological advantage in 

that modular epistasis is arguably more representative of human disease processes.     

Chapters 3 and 4 introduce an innovative and powerful multilocus test: the 

retrospective Tukey score test (RTS).  It is designed to detect disease association in the 

presence of modular epistasis under an assumption of gene-gene independence in the 

underlying population for two sets of genetic markers.  Chapter 3 details the derivation 

of RTS and Chapter 4 presents simulations that characterize the test’s size and power.  I 

address the merits, limitations and practical implementation of RTS.  I also discuss 

several areas for future work with RTS and the Tukey model.  In Chapter 5, I focus on 

the composite Tukey score test, which is an extension of RTS and PTS motivated by 

the empirical Bayes method for pairwise interaction. 

Chapter 6 presents one of the first multi-stage GWAS explorations of pairwise 

epistasis.  The project demonstrates some methodological challenges of large-scale 

interaction analyses.  I present an extensive list of genetic markers worthy of replication 

for interaction with established PRCA susceptibility regions, prioritizing top results for 

biological plausibility through literature reviews.  The most notable finding suggests an 

oncogenic mechanism for the chromosomal region 8q24 that may explain its 

association with a variety of epithelial cancers.   

Chapter 7 presents the first genome wide exploration of modular epistasis.  It 

includes four applications that naturally follow from the pairwise interaction analyses.  

RTS is the focus, but I also use PTS and follow-up with more traditional methods.  

These analyses permit comparison of how modeling different forms of epistasis can 

affect inference on disease association.  The projects of Chapter 6 and 7 identify 

promising interactions that suggest mechanisms with substantial support from 
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molecular studies.  The results unite several susceptibility regions in PRCA and warrant 

replication study that my supervisors and I have begun with collaborators.  

The concluding Chapter 8 provides a succinct summary of my thesis work, 

which has been incorporated into several manuscripts.  The methodological (Section 

2.1.4) and applied (Chapter 6) work on pairwise interactions that focus on CGEMS 

Stage II were consolidated into a paper published in Cancer Research [1].  One 

methodological finding motivated the study of an innovative multilocus method that 

uses principal components to relax the gene-gene independence assumption of case-

only methods (Section 2.1.5).  This work was published in American Journal of Human 

Genetics [2].  The top result for pairwise interaction within the 8q24 susceptibility 

region (Section 6.3) was included in a Nature Genetics article [3].  The derivation, 

evaluation (Chapters 3-4) and applications (Chapter 7) of RTS have been consolidated 

into a single paper that will be submitted for review shortly.  One RTS application 

(Section 7.1) is the motivating example in a methodological paper on an efficient 

algorithm to compute p-values for non-standard test statistics (Section 4.5), published 

in Biostatistics [4].  A second RTS application involves a supplemental main effects 

analysis of fine-mapping data for the susceptibility region 11q13 (Section 7.2.1a) that is 

part of a manuscript published by Human Molecular Genetics.  For the paper, I also 

investigated pairwise interactions with the top marker in 11q13, using the fine-mapping 

data in an analysis similar to that of Chapter 6.[5] 

 

Section 1.2: Background on Genome Wide Association Studies 

Genetic epidemiology has undergone a revolution in the last decade.  Its 

foundation was the completion of the Human Genome Project in 2001 [6,7].  The 

scientific feat challenged researchers to identify the genetic causes of human disease 
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from vast DNA sequences.  A guiding principle in the search has been the “common 

variant, common disease” hypothesis that states common diseases are due, at least in 

part, to common genetic variants (present in at least 5% of the population) [8].  

Although the “common variant, common disease” hypothesis is difficult to prove 

empirically, theoretical calculations based on human mutation and population genetics 

offer support [9].  This thesis focuses on the detection of disease association in the most 

common form of genetic variation: the single nucleotide polymorphism (SNP), a DNA 

locus at which an allele can take one of two forms (major or minor) [10].   

The “common variant, common disease” hypothesis shaped the International 

HapMap Project that was designed to provide a public database of common genetic 

variants in diverse populations [11].  HapMap specifically examines linkage, or patterns 

of correlation, among SNPs with minor allele frequencies (MAFs) of at least 5%.  

Linkage disequilibrium (LD) reflects the tendency of two SNPs to be inherited jointly, 

whereas linkage equilibrium reflects the tendency of two SNPs to be inherited 

independently.  An accepted measure of LD is 2r  that represents the population 

frequency with which two alleles are observed on the same chromosome.  It ranges (0, 

1) with 1 representing complete LD.[12]  The LD patterns published by HapMap are 

based on a total of 270 subjects of European, African, Chinese and Japanese ancestry.  

The current database includes well over 3 million SNPs from which “tag” SNPs for 

genetic association studies are selected.  Tag SNPs exhibit high LD with multiple 

markers in a region, reducing the total number of SNPs for testing in exploratory 

studies of disease association.[11,13]   A tag SNP demonstrating disease association is 

not expected to be the causal SNP but rather to be in LD with the casual SNP, 

necessitating follow-up with fine-mapping.[14]  Researchers were able to implement 
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HapMap’s extensive tagging map within a few years due to technological advances that 

reduced genotying costs [15,16].   

GWAS were built on the pillars of the Human Genome Project, the 

International HapMap Project and advances in genotyping technology  [14,17].  GWAS 

are studies that search the entire human genome in order to identify common genetic 

variants associated with an observable phenotype [18].  Within three years of the first 

GWAS (2005) [19], markers of genetic risk had replicated in more than 40 complex 

diseases and traits [20].  The GWAS era is one of the greatest “bursts of discovery … in 

the history of medical research” [21].   

Scientists championed the extraordinary potential of GWAS to expand our 

understanding of disease etiology and physiologic genome function even before the 

first GWAS report [17,22].  To facilitate discovery, scientists adapted an agnostic 

approach to GWAS analyses, testing SNPs for disease association irrespective of prior 

knowledge on their biological function.  This practice enables GWAS to detect genetic 

risk factors that may not be studied due to low prior probability of disease association. 

[20]  The approach has proven itself well motivated, with success stories including the 

complement pathway and macular degeneration [19].  GWAS have also detected robust 

associations for SNPs in regions without genes, including the chromosomal region 

5p13 with Crohn’s disease [23].  A focus of this thesis is the gene-poor region 8q24 that 

demonstrates associations with many cancers, including the most common gender-

specific cancers of colon, prostate and breast [24].   

With upwards of 500K SNPs to analyze in each GWAS, false positive results 

are a serious concern.  An accepted, though conservative, approach to minimize false 

positives is to enforce a strict significance threshold set by a Bonferroni correction for 

multiple testing  ( )710p −≤  [21].  For conclusive reports on disease susceptibility, the 
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field now requires replication of top findings in independent samples [25].  

Accordingly, many GWAS follow a multi-stage design in which a proportion of top 

SNPs in an early stage are followed-up in a larger, independent sample in the next stage 

(see for example Figure 1.1).  Early findings that prove robust to replication in 

subsequent stages are likely to represent true susceptibility SNPs [10].  A common 

strategy to increase power to detect susceptibility SNPs in GWAS is to form multi-site 

collaborations or consortia that share data [25].  The Cancer Genetic Markers of 

Susceptibility (CGEMS) project, central to this thesis, is a well known, large-scale, 

collaborative, multi-stage GWAS [26].       

One expectation for GWAS was personalized medicine, which involves 

efficient and accurate pairing of high risk individuals with prevention strategies and of 

affected individuals with treatment options [27,28].  This goal has remained elusive 

largely because GWAS has identified susceptibility SNPs that, despite strong 

associations [29], are poor classifiers of high and low risk populations [30] due to 

modest odds ratios (OR < 2.0) [31].  More traditional risk factors such as age and 

family history remain the primary tools with which physicians evaluate disease risk in 

patients.  A prime example involves the well known and widely used Breast Cancer 

Risk Assessment Tool [32,33] that was updated to incorporate seven susceptibility 

SNPs with minimal benefit [34].  Despite small odds ratios, susceptibility SNPs can 

elucidate etiologic mechanisms and propose novel drug targets [35].  Classic examples 

are PPARG (OR=1.25) and KCNJ11 (OR=1.2) that code for receptors targeted by well 

established drugs for diabetes [36–39].  Accordingly, the focus in GWAS has shifted 

from advances in personalized medicine to advances in knowledge of disease etiology 

[40].   



7 

A great challenge in genetic research is deriving functional significance from 

GWAS results, irrespective of whether the susceptibility SNP is in a gene.  The first 

step is often to search a dense map of highly correlated SNPs in a susceptibility region.  

These fine-mapping efforts may detect stronger evidence of disease association in a 

SNP with more direct functional implication, such as a risk allele that alters protein 

structure.  More controlled experiments to determine functionality of a putative causal 

variant can involve characterizing genetic manipulations or quantifying gene 

expression in cell lines or animal models [10,35].  Although GWAS results are many 

steps removed from clinical application, thorough follow-up may expedite therapeutic 

advances.  Furthermore, medical interventions that develop from common genetic risk 

factors could benefit a substantial portion of the population [41].   

 

Section 1.3: Background on Interaction Analysis in Genome Wide  

Association Studies  

Although GWAS have identified numerous susceptibility SNPs, the potential of 

the vast amount of data they generate is not fully realized.  From both a biological and 

statistical perspective, one can argue single-SNP
1
 analyses that dominate GWAS 

literature are inadequate.  In this thesis, I develop, evaluate and apply multilocus 

methods for modeling epistasis using case-control data, with an emphasis on GWAS.    

Epistasis is a term that itself carries several meanings within and across 

disciplines [42,43].  Throughout this thesis, interactions between sets of one or more 

SNPs will be discussed in two general contexts.  First, SNPs will be said to interact in 

the statistical sense when logistic analysis detects a significant deviation from 

                                                 
1
 Single-SNP analyses assess the marginal effect of a SNP on a phenotype.  These results are often 

described as main effects in the literature.  In this thesis, main effects is used exclusively to describe the 

effect of a single SNP in a multilocus model. 
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multiplicative effects.  Second, SNPs will be described as interacting in the biological 

sense when at least one of the (gene) regions they represent is known or presumed to 

affect the other’s function.  Biological interactions can take many forms, for example 

synergistic or antagonistic.   

Complex human diseases are likely to involve the interplay of genetic and 

environmental risk factors [44].  Epistasis has long been known to mediate genotype-

phenotype relationships [45], with the classic example being eye color in Drosophila 

[46].  Studies in model organisms (organisms likely to share elements of the human 

genetic network) suggest epistasis is pervasive in human biology [47–50].  Studies of 

evolutionary genetics also suggest an important role for epistasis in human biology 

[45].  For example, epistasis increases robustness to mutations [51].  From a biological 

perspective, therefore, single-SNP models may oversimplify disease models [42,52,53]. 

From a statistical perspective, single-SNP analyses lose power to detect 

susceptibility SNPs that affect disease risk primarily through epistasis [54–59].  I focus 

on pairwise interactions in this overview because two-SNP models are most often 

studied in theoretical and applied work.  Some researchers advise that GWAS analyses 

include exhaustive pairwise interaction searches [58].  One motivation is the 

phenomenon in which SNPs that affect disease risk through epistasis exhibit no main 

effects and only minimal marginal effects [55].  While it is difficult to quantify the 

frequency of such interactions, animal studies provide numerous examples of genetic 

risk markers detected only through interaction analysis [53,60–64].  An alternative 

approach is to investigate epistasis only in SNPs that reach a specified significance 

threshold in single-SNP analyses.  Although this design reduces the burdens of multiple 

testing and computational intensity, the filtered selection can exclude true susceptibility 

SNPs.[56]  A more flexible alternative is INTERSNP, which selects SNPs for pairwise 
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interaction testing based on prior information about marginal effects, genomic location 

and biology [65].   

The option for GWAS interaction analyses central to this thesis is the 

conditional scan.  The general protocol is to test individual “scan” SNPs across the 

genome for disease association through logistic analysis of a regression model that 

includes main effects for the scan SNP, main effects for a “conditioning” SNP and their 

pairwise interaction (2.2).  The conditioning SNPs are assumed to be associated with 

the disease, selected for strong marginal effects.  When the conditioning SNP is an 

established susceptibility marker, the regression model controls for the variance it 

explains, increasing power to detect susceptibility scan SNPs with relatively weak 

marginal effects [17].  The conditional scan allows for direct testing of interaction 

effects, as well as simultaneous “omnibus” testing of main- and epistatic effects for the 

scan SNP.   

Omnibus testing is well suited to exploratory GWAS analyses because it can 

detect disease association when a SNP affects risk through main- or epistatic effects.  

Published simulation studies characterize omnibus testing as a powerful multilocus 

tool.  When epistasis drives disease association, omnibus testing gains power over 

single-SNP analyses that overlook weak marginal effects [57,66].  These power gains 

tend to increase as significance thresholds become more stringent, a particularly 

relevant finding for GWAS analyses [54].  When epistasis is absent or relatively weak, 

omnibus testing loses only minimal power relative to single-SNP analysis.  It pays only 

a small penalty in the additional degree of freedom on its test statistic.[66]  For weak 

and strong epistatic effects, omnibus testing tends to outperform interaction-only 

testing.  This result holds whether the interaction test involves case-control or case-only 

data.[57]  The power to detect modest epistasis is somewhat limited for both interaction 
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and omnibus tests because sample sizes needed to detect an interaction are at least four 

times greater than to detect a marginal effect of equal magnitude [67].   

By detecting interactions that affect disease risk, multilocus methods have the 

potential to generate hypotheses about the disease process.  An interaction between 

SNPs in genes of the same pathways, for example, may be the first evidence that the 

disease process involves the pathway.  The potential to generate hypotheses about the 

function of susceptibility SNPs in regions without genes or in genes without known 

functions is particularly valuable.  For example, an interaction between an intergenic 

SNP and a SNP in a well characterized gene may be the first step in determining the 

elusive function.   

While the hypothesis-generating potential of GWAS interaction analyses is 

valuable [40], caution must be used when inferring biological meaning from statistical 

interaction [68,69].  Options for follow-up on observed statistical interactions include 

computer simulations to investigate biochemical systems consistent with the proposed 

biological interaction, as well as molecular study to characterize the biological 

interaction [70].  Bioinformatics tools can also be beneficial.  One is STRING (Search 

Tool for the Retrieval of INteracting Genes/proteins), which integrates information on 

genomic context, expression data, high throughput experiments and existing literature 

to return known and predicted interactions for the candidate genes [71]. A second 

resource is GRAIL (Gene Relationships Across Implicated Loci), which calculates a p-

value for the functional connectivity of multiple SNPs or genomic regions based on 

similarities between published reports for the markers [72].  A third tool is the Pathway 

Interaction Database that allows researchers to search for pathways that involve one or 

all candidate genes [73].  These tools are most useful when the SNPs under study are in 

genes, which is often not true for GWAS.  When candidate interacting SNPs are 
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intergenic, traditional literature reviews can yield greater rewards.  Literature reviews 

are also important when the SNPs are in genes because researchers can investigate 

whether the genes participate in similar processes or in processes that relate to the 

phenotype of interest.  I found literature reviews to be most useful in following-up on 

the results of my interaction analyses. 

 

Section 1.4: Background on Prostate Cancer and Susceptibility Regions 

 Prostate cancer (PRCA) carries tremendous public health concern.  It is the 

most common cause of cancer and the second most common cause of cancer deaths in 

American men.  In 2009 nearly 200K new cases and 30K deaths were estimated for 

American men due to PRCA.[74]  The need for good screening options and early 

intervention programs is clear: 5-year survival plummets from 100% to 32% in men 

diagnosed with metastastic (advanced) rather than local (early) PRCA [75].  Screening 

practices with the biomarker PSA have improved early detection [76] and helped reduce  

PRCA mortality rates [77] in recent years.  Other clinical end points used to assess 

PRCA risk are age (older), race (African ancestry) and family history (affected first 

degree relatives) [78]. 

 Although PRCA pathophysiology is a vast topic, I summarize key elements 

pertinent to the findings of my applied work.  Nearly all cases of PRCA are 

adenocarcinomas that originate from organ epithelium [79].  PRCA is a hormone-

sensitive disease, centered on the male androgens such as testosterone.  The androgen 

receptor signaling axis is thought to contribute to all stages of PRCA progression [80].  

WNT signaling is also disrupted in PRCA [81], as well as in other cancers [82].  Its 

physiological functions include embryonic development and adult homeostasis [83].  
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An uncharacterized “reactivation” of embryonic pathways is thought to contribute to 

PRCA progression [84].   

Evidence to suggest a genetic contribution to PRCA risk and prognosis has been 

accumulating for decades [85–90].  A consistent result across ethnic groups is that 

individuals with an affected first degree relative tend to have slightly more than twice 

the odds of disease than individuals without positive family histories for PRCA [91–

95].  Good and poor survival rates also aggregate in families [96].  CGEMS and other 

PRCA GWAS have identified several susceptibility loci for PRCA [3,97–106], but they 

remain relatively isolated findings with little functional significance.  My applied work 

aims to identify interactions that suggest functionality for PRCA susceptibility regions.  

I focus on susceptibility SNPs identified in CGEMS, selecting the top marker in each 

region.  I emphasize SNPs near genes to ease interpretation of observed interactions, 

but also study gene deserts with robust associations.  In total there are five gene and 

two intergenic regions that I briefly summarize herein (Table 1.1).   
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Table 1.1: Summary of nine conditioning SNPs for interaction analyses.   

Conditioning  

SNP 

Conditioning  

Region 

SNP-Region  

Proximity Chr 

Minor  

Allele MAF OR 

 

95% CI 
 

P-value 

rs4962416 CTBP2 Intron 10 C 0.25 1.18  (1.11, 1.26) 1.05e-07 

rs4857841 EEFSEC Intron 3 A 0.28 1.15  (1.08, 1.22) 6.79e-06 

rs4430796 HNF1B Intron 17 G 0.48 0.82  (0.77, 0.87) 4.56e-12 

rs10486567 JAZF1 Intron 7 A 0.24 0.83  (0.78, 0.89) 4.89e-08 

rs10993994 MSMB Near 10 T 0.38 1.23  (1.16, 1.30) 7.47e-13 

rs4242382 8q24, Region P Within 8 A 0.10 1.48  (1.36, 1.61) <1.0e-15 

rs6983267 8q24, Region E Within 8 T 0.50 0.80  (0.76, 0.84) 1.55e-15 

rs620861 8q24, Region H Within 8 T 0.37 0.90  (0.84, 0.95) 5.62e-04 

rs10896449 11q13 Within 11 A 0.50 0.84  (0.80, 0.89) 8.30e-10 

Reported values are based on single-SNP analyses of data from CGEMS Stages I and II.   

Chr=chromosome; MAF=minor allele frequency among controls in sample; OR=odds ratio; CI=confidence interval. 
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The chromosomal region 8q24 contains susceptibility SNPs that demonstrate 

highly significant and robust associations with diverse cancers, including prostate, 

colon, breast and kidney. The 1.18Mb span can be divided into sub-regions that differ 

in cancer susceptibility profiles.  I focus on three in the thesis.  Region “P” (prostate) 

contains three sub-regions associated specifically with PRCA [24].  Region “E” 

(epithelium) includes the sub-region associated with several epithelial cancers, 

including prostate and colon [24,107].  “Region H” (hormone) includes the sub-region 

associated with the hormone sensitive cancers of prostate and breast [24].   

Extensive effort is devoted to identifying the elusive function(s) of 8q24.  The 

flanking genes of 8q24 are MYC on the telomeric end and FAM84b on the centromeric 

end.  The function of FAM84b is not well known, but MYC is well characterized.  It is a 

WNT-targeted transcription factor that participates in the regulation of 15% of all 

genes, affecting cell division, growth and death [108].  MYC has been suggested to 

mediate the cancer associations of 8q24, demonstrating oncogenic properties in 

prostate, breast and colon cancers [82].  It has been studied most extensively in terms of 

Region E.  The risk allele for the conditioning SNP rs6983267 has only a tenuous 

association with MYC [109–111] but more recent reports describe cis-upregulation of 

MYC [112–114].   

The only gene within the extended 8q24 chromosomal region is POU5F1B 

(also called POU5F1P1).  It specifically resides in Region E, ~15Kb from the top 

marker rs6983267 [115,116].  Until very recently, POU5F1B was classified as a 

pseudogene of POU5F1 (also called OCT4 or OCT3) [117], a WNT-targeted gene [118] 

central to the regulation of stem cell pluripotency [119].  POU5F1B now draws more 

attention as a plausible candidate gene to explain the cancer associations of 8q24 

[105,117,120,121].  One study detected disease association in rs871135, a intronic SNP 
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to POU5F1B, 2 base pairs from a binding site for the transcription factor NKx-2.5 

[122].  Its risk allele is associated with altered binding of the transcription factor CREB 

[122] that participates in tumor initiation, progression and metastasis [123].  These 

observations are particularly noteworthy because dysregulation of CREB binding is 

associated with PRCA progression and prostate tumors demonstrate excessive 

methylation of NKx-2.5 [122].   

The second chromosomal region, 11q13, is a gene desert.  It is flanked by 

MYEOV on the telomeric end and TPCN2 on the centromeric end.  TPCN2 is associated 

with hair color [124].  MYEOV is an oncogene first identified for its over-expression in 

myeloma [125].  Its function and regulation are not well understood.   

A brief description of the five gene regions studied in this thesis follows.  

CTBP2 is highly expressed in prostate tissue and its expression inversely correlates 

with that of PTEN, a tumor suppressor [103].  EEFSEC is a translation factor that 

functions in protein synthesis with amino acid specificity [126].  HNF1B is a 

transcription factor that may participate in epithelial differentiation [127].  JAZF1 is a 

transcriptional repressor moderately expressed in healthy prostate tissue [128].  Both 

HNF1B and JAZF1 demonstrate association with type 2 diabetes, which itself is 

associated with PRCA [129].  MSMB encodes a protein whose loss is associated with 

PRCA recurrence after radical prostatectomy [103].  Its most significant risk allele, 

rs10993994, has been shown to increase binding affinity of CREB to MSMB [130,131], 

reminiscent of the POU5F1B marker.   

 

 

Section 1.5: Background on Cancer Genetics Markers of Susceptibility  

 The National Cancer Institute initiated CGEMS in order to detect common 

genetic variants that affect PRCA risk, as a first step towards improved prevention and 
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intervention strategies [132].  CGEMS is one of the largest multi-stage GWAS.  It 

includes several international studies, although subjects are almost exclusively of 

European ancestry.  The general framework for CGEMS is that each successive stage 

includes a smaller number of SNPs genotyped in a larger sample (Figure 1.1).  Detailed 

descriptions of the three stages have been published [3,103,104].  I present brief 

summaries herein.   

 

Figure 1.1: Simplified schematic of study design for multi-stage CGEMS genome 

wide association study.  An approximate number for total sample size in each stage is 

given.  It represents the additional subjects who are independent of previous stages.  

The numbers of cases and controls were roughly equal.  An approximate total for the 

number of SNPs genotyped in each stage is given.   

 

 

 

The Stage I sample was derived from the Prostate, Colon, Lung and Ovarian 

Screening Trial.  The CGEMS cohort consists of nearly 30K men age 55- to 74-years 

from the screening arm, which is a random assignment.  An advantage of a nested case-

control design is that the use of incident cases rather than prevalent cases promotes 

detection of risk factors that reflect risk of developing the disease rather than elements 

of disease progression or survival [14].  No subjects had a diagnosis of PRCA prior to 

        Subjects         SNPs 
 

Stage 
  

    I             ~2K            ~500K 
 
 

   II             ~4K             ~27K 
 
 

  III            ~14K              ~6K 
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enrollment which spanned 1993-2001.  Follow-up was extended to 2003 in order to 

enrich cases for aggressive PRCA, classified on the basis of severity at diagnosis.  

Controls were selected through incidence-density sampling with a target case-control 

ratio of one.  The final dataset, after quality control checks, includes 1175 cases and 

1100 controls, genotyped on 523,841 autosomal SNPs (chromosomes 1-22).  Quality 

checks for all studies involved call rates (% SNPs assigned genotypes), Hardy-

Weinberg Equilibrium in controls and genotype concordance rates with a reference 

dataset for SNP assays [104].   

 Stage II is central to this thesis.  It includes four studies.  Two were conducted 

in America.  Health Professionals Follow-up Study (HPFS) is an on-going prospective 

cohort study of over 50K men age 40- to 75-year that began in 1986.  Controls were 

matched on age and ethnicity, selected from men who were cancer-free at the time of 

case diagnosis and had undergone PSA screening.  In total 596 cases and 611 controls 

were included in CGEMS.  The American Cancer Society Cancer Prevention Study II 

Nutrition Cohort (ACS) follows a cohort of nearly 90K men age 40- to 92-year that was 

formed in 1992.  Controls were matched on age, ethnicity and DNA sample in terms of 

collection data and specimen type.  They were selected from men who were cancer free 

(except for melanoma) at the start of the observational interval that preceded case 

diagnosis.  Over-sampling of aggressive cases occurred among those whose DNA 

testing involved buccal samples.  In total, 1760 cases and 1775 controls were included 

in CGEMS.  The third study was based in Finland: Alpha-Tocopheral, Beta-Carotene 

Cancer Prevention Study (ATBC).  It began in 1985 as a randomized controlled trial of 

almost 30K male smokers age 50- to 69-year.  Its objective was to investigate the 

preventative effects of Vitamin E and beta-carotene on cancer incidence.  It continued 

as a longitudinal cohort study.   After a 16-year follow-up, the nested case-control 
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sample for CGEMS was formed with matching based on age, intervention assignment 

and blood draw date.  In total there were 929 cases and 921 controls.  The fourth study 

is the French PRCA Case-Control Study (FPCC) that began in 1994.  It recruited cases 

from three hospitals and matched controls on geography and age at enrollment.  In total 

there are 656 cases and 657 controls.  The entire Stage II includes 3941 cases and 3964 

controls genotyped on 27,383 autosomal SNPs with evidence of disease association in 

the independent Stage I sample (marginal p<0.05).  The single-SNP analyses for 

selection differ from those I present in this thesis.  My analysis involves a dichotomous 

disease outcome rather than a trichotomous outcome that differentiates aggressive and 

non-aggressive cases.  Also, my analysis codes SNP data based on allele counts, 

assuming the alleles at each locus affect disease risk in an additive fashion on the 

logistic scale.  The alternative used in past CGEMS publications is to make no 

assumption on the structure of genetic risk and code SNP data as indicators for 

observed genotypes [103].  Advantages to the allele count approach is that it retains 

flexibility, while increasing power to detect association due to the reduced degrees of 

freedom on resultant test statistics [54].  

 Stage III includes an additional five studies.  The Cancer Prostate in Sweden 

Study is a large population-based case-control study.  Cases were recruited through 

regional cancer registries and controls were randomly recruited concurrently, matched 

on geography and expected age distribution of cases.  In total there were 2314 cases 

and 1362 controls.  The Multiethnic Cohort Study is a population-based prospective 

cohort study of men younger than 80-year with enrollment between 1993-1996 in 

Hawaii and California.  The nested case-control sample of CGEMS includes incident 

PRCA cases and randomly sampled controls.  In total there were 676 case and 682 

controls.  The European Prospective Investigation into Cancer and Nutrition (EPIC) is 
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an on-going prospective study of over 150K men recruited in 1992-2000, with regional 

centers in ten European countries.  Cases and controls were matched on study center 

and blood draw details (age, fasting-status, time of day).  In total there were 682 cases 

and 990 and controls.  The Johns Hopkins University Study recruited men older than 

55-year from hospitals, with cases based on radical prostectomy surgical cases and 

controls based on screening.  In total there were 990 cases and 451 controls.  The 

Cohort of Norway Study is a collaboration between six population-based cohorts.  The 

incident cases were ascertained through cancer registries.  Controls were matched on 

age and study cohort.  In total there were 606 cases and 662 controls.  On the total 

10,272 cases and 9,123 controls in the combined Stages I-III, 5,796 autosomal SNPs 

were genotyped.  Just over half of the SNPs were selected based on single-SNP 

analyses in Stage II (p<1.0e-3).  Fine-mapping was performed for top regions with 

varying degrees of density in those maps based on the strength of observed 

associations.  8q24 was most densely mapped.[3] 

  

 

Equation Chapter 2 Section 1   
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Chapter 2   

Methods for Modeling Epistasis 

 

This chapter examines a variety of methods available to model epistasis using 

case-control data.  First, I consider pairwise interactions.  I review standard logistic 

regression analysis and two alternatives that can gain power by exploiting a valid 

assumption of gene-gene independence in the underlying population for the candidate 

interacting markers.  I present the first empirical assessment of these methods in the 

setting of a genome wide association study (GWAS), discussing their strengths and 

weaknesses.  The final sections of this chapter focus on modular epistasis between sets 

of single nucleotide polymorphisms (SNPs).  In them, I review the Tukey model and 

prospective Tukey score test (PTS).   

 

Section 2.1: Logistic Model and Pairwise Interactions 

 Case-control studies are used widely in epidemiology.  They can be much more 

efficient than cohort studies with respect to time and money, especially for rare diseases 

such as prostate cancer (PRCA).  Case-control studies collect data retrospectively, 

having already observed the outcome, whereas cohort studies collect data 

prospectively.  Due to this difference in sampling design, case-control studies estimate 

odds ratios (ORs) and cohort studies estimate relative risks.  An odds ratio is the odds 

of disease among subjects with an exposure relative to the odds of disease among 

unexposed subjects.[133]  In this setting, the exposure is a variant allele.  More 

generally, the odds ratio for binary variables X and Y  in a generic 2x2 contingency 

table is:  
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( )
( )

( )
( )

1| 1

0 | 1

1| 0

0 | 0

XY

P Y X

P Y X
OR

P Y X

P Y X

= =

= =
=

= =

= =

      (2.1) 

 

This thesis focuses on the use of case-control data to estimate odds ratios 

through logistic regression analysis, with an emphasis on multiplicative interactions.  A 

representative two-SNP model follows:  

 0 1 2 3 4

1

logit[ ( 1| , , )]
W

w w

w

P D S C A S C SC Aβ β β β β
=

= = + + + +∑                         (2.2) 

These variable designations hold throughout the thesis: 

 D  is the disease status for cases ( )1  and controls ( )0 ;  

 S  is the minor allele count ( )0,1, 2  for the “scan” SNP being tested for  

  disease association;  

 C  is the minor allele count for the “conditioning” SNP assumed to be  

  associated with the disease; 

 { }1,..., WA A=A  is the set of adjusting covariates; this vector notation holds  

  throughout the thesis.   

 

 Before I explore this model, I review some notational conventions.  First, I 

present summations (or products) over an index from its minimum to maximum value 

by notating only the index such that 
2

0c
c

=∑  is equivalent to 
c

c∑  and I present 

summations taken over multiple indices using a single sigma with multiple subscripts 

such that 
s c

sc∑∑  is equivalent to 
sc

sc∑ .  Second, I present the linear combination that 

defines a logistic model as a function of covariates and parameters, excluding the 
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intercept.  In this setting, the function  ( ), , ;m s c a β  is the right hand side of (2.2) minus 

the intercept.  Third, I use subscripts on regression parameters and odds ratios to 

indicate their covariate(s) (for example, 3 SCβ β=  and  { }3exp SCORβ = ).   

The regression model (2.2) can be modified in many ways to allow for more 

complex regressions, but the projects of Chapters 2 and 4 utilize this form to investigate 

pairwise interactions.  This chapter focuses on methods to estimate 
SC

β  which captures 

any non-multiplicative effects of S  and C  on the logistic scale.  If one assumes binary 

genetic variables and no adjusting covariates, the data can be summarized through 

Table 2.1, which will be referenced throughout this chapter.  In this setting, 

( ) -
SC

- , 0 - , 0

 exp D SC
SC

D S C D C S

OR
OR

OR OR
β

= =

= =   (2.3)  

where -D SC
OR  is the odds ratio of disease associated with S  and C  among  

subjects with level one responses for both covariates relative to subjects with  

level zero responses for both covariates; - , 0D S C
OR =  is the odds ratio of disease  

associated with S  among subjects for whom 0C = and analogously for  

- , 0D C S
OR =  [134].  

 

 

 

Table 2.1: Contingency table for Model (2.2) with binary disease outcome (D) and 

genetic variables (S, C) and no adjusting covariates.                                                  

 

        C=0        C=1 

S=0 S=1  S=0 S=1 Total 

D=0 *n000 n001 n010 n011 n0++ 

D=1 n100 n101 n110 n111 n1++ 

* number subjects with , ,
dsc

n D d S s C c= = = =  for 0,1;  0,1;  0,1d s c= = = . 
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Section 2.1.1: Unconstrained Maximum Likelihood Logistic Analysis 

Traditionally, case-control studies are analyzed as though the data were 

collected prospectively.  I refer to this “standard” method as the unconstrained 

maximum likelihood (UML) logistic analysis.  Its prospective likelihood is:  

( ) ( )( )
1

( | , , ) , , 1 , ,
dd ii

i i i i i i

i

P D S C s c s cπ π
−

= −∏A a a                                                   (2.4)  

with  

^ ^

0

^ ^

0

exp , , ;

( , , )

1 exp , , ;

i i i

i i i

i i i

m s c

s c

m s c

β

π

β

  
+   

  =
  

+ +   
  

a β

a

a β

                                        (2.5) 

the probability of being a case. 

In the above equations and throughout the thesis: 

i  subscript indicates individual subjects, 1,...,i n= ;  

n  is the total number of subjects;  

“^” indicates an estimated value. 

The likelihood (2.4) imposes no constraints on the distribution of covariates.  Prentice 

and Pyke demonstrated that, when this distribution is unspecified, a prospective 

analysis of case-control data yields valid point and variance estimates for the regression 

parameters, despite the retrospective study design [135].  This important result stems 

from the identity ( )
( ) ( )

( )
|

|
P Y X P X

P X Y
P Y

=  that allows one to estimate a generic odds 

ratio (2.1) using either ( )|P X Y  or ( )|P Y X  [136].  UML analyses are robust in that 

results are valid irrespective of the covariates’ distribution.  In the context of Table 2.1:  

^
111 010 001 100

001 110 000 101

* * *
ln

* * *

UML

SC

n n n n

n n n n
β

 
=  

 
      (2.6) 
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Section 2.1.2: Constrained Maximum Likelihood Logistic Analysis 

 Although UML is widely used in epidemiology, methods that impose a valid 

constraint of independence in the underlying population for the candidate interacting 

variables are well known to improve power to detect interactions.  The classic example 

is the case-only design that estimates interaction odds ratios using data from only cases 

[137].  The literature discusses it in terms of gene-environment interactions most often 

but the method naturally extends to gene-gene interactions for unlinked loci [138].  A 

case-only analysis gives valid estimates of interaction odds ratio when the assumption 

of gene-gene independence holds.  The result stems from (2.3) which gives the 

following identity with some algebra:   

,

,

S C ca

SC

S C co

OR
OR

OR

−

−

=   (2.7) 

where 
S C

OR −  is the odds ratio of a level one S  response associated with C  

among either cases (ca) or controls (co).  

The assumptions of gene-gene independence and rare disease set the denominator in 

(2.7) to unity.  In the context of Table 2.1: 

^
111 100

110 101

*
ln

*

CML

SC

n n

n n
β

 
=  

 
         (2.8) 

This estimate is more precise than 
^ UML

SCβ  (2.6) because its variance is the sum of inverse 

cell counts for only cases 
1

1

scsc n

 
 
 
∑  rather than for all subjects

1

dscdsc n

 
 
 
∑  [137].  

Subsequently, the case-only method gained favor among epidemiologists [139] and the 

cancer research literature contains numerous applications [140–150].   
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The efficiency gains have trade-offs in bias.  One can see from (2.7) that 
^ CML

scOR  

is biased by a magnitude of ( )
1

- ,S C co
OR

−
when model assumptions are invalid.  The 

sensitivity of case-only methods to violations of gene-gene independence can 

substantially inflate type I error.  A two-stage alternative can diminish but not eliminate 

this bias.  The method calls for researchers to test for gene-gene independence among 

controls in order to determine whether a case-only or UML analysis is more 

appropriate.[151]  The residual bias is thought to be due to the model selection 

uncertainty that hinders variance estimation for interaction estimates rather than to low 

power to detect dependence in small samples of controls [59,151].  

Chatterjee and Carroll introduced the constrained maximum likelihood (CML) 

logistic analysis that is central to this thesis.  It is a case-only type method, meaning it 

assumes independence in the underlying population for candidate interacting variables.  

One advantage of CML over the case-only method is that it estimates main- and 

epistatic effects, using data from cases and controls.  Log-linear analysis can also 

estimate both values under an assumption of gene-gene independence, but the logistic 

model of CML is more flexible than a log-linear model.  For example, it can 

incorporate continuous covariates.[152]   

CML uses a retrospective likelihood to analyze a logistic model.  Retrospective 

analyses are a general technique to improve efficiency by imposing valid constraints on 

the covariates’ distribution.  In this setting, the constraint is independence between the 

scan and conditioning SNPs in the underlying population, which the rare disease 

assumption allows the study controls to represent.  The specific likelihood for model 

(2.2) without adjusting covariates is: 

( | , ) ( ) ( )
( , | )

( )

P D S C P S P C
P S C D

P D
=         (2.9) 
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In the numerator, the gene-gene independence constraint sets ( , )P S C  to ( ) ( )P S P C .  

This constraint can be relaxed through stratification, a procedure that assumes gene-

gene independence holds only within subsets of subjects.  Factors that can influence 

linkage disequilibrium, such as ethnicity and geography, define these strata.  When they 

are the adjusting covariates ( )A , the retrospective CML likelihood is  

( | , , ) ( | ) ( , )
( , , | )

( )

P D S C P S P C
P S C D

P D
=

A A A
A    

for a parametric ( | )P S A  and any ( , )P C A .[152]   

Chatterjee and Carroll compared CML and UML through simulations that 

honored the gene-gene independence assumption.
2
  They evaluated performance 

through mean squared error, which is the sum of the variance and squared bias of a 

parameter estimate.  They found that UML and CML produce unbiased parameter 

estimates and that the efficiency of CML is markedly increased for 
^

β
SC

, slightly 

increased for 
^

β
S

 and comparable for 
^

β
C

.  In a second set of simulations, Chatterjee 

and Carroll simulated the genetic data under gene-gene independence conditional on an 

additional risk factor ( )A , using the regression function ( ), , ;m S C A β  that included 

additional terms for the main effects of A  and an interaction between A  and S .  When 

the analysis erroneously assumed independence on a population level through (2.9), 

bias was substantial for 
^

S
β  and slight for 

^

C
β  and 

^

SC
β .  In contrast, efficiency gains 

were substantial for 
^

SC
β  and modest for 

^

S
β  and

^

C
β  in analyses that assumed 

conditional independence.[152]   

                                                 
2
 Chatterjee and Carroll investigated gene-environment interactions.  For convenience, I treat their 

genetic variable as a scan SNP and their environmental variable as a conditioning SNP.   
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These results correspond to those for log-linear analyses that impose 

independence in the underlying population for candidate interacting variables.  

Specifically, Umbach and Weinberg compared the performance of constrained and 

unconstrained analyses on the basis of asymptotic relative efficiency (ARE), which 

reflects the necessary sample size to achieve the same power level for a given 

significance level.  Although efficiency gains were substantial for interaction estimates 

(ARE > 2), they were modest for main effects (ARE < 1.2).[153]   

 

Section 2.1.3: Empirical Bayes Logistic Analysis 

The empirical Bayes (EB) logistic analysis is a compromise between UML and 

CML.  It relaxes the gene-gene independence assumption of CML in a data-adaptive 

fashion through a nuisance parameter that captures uncertainty about the assumption: 

( ), ,ln
SC co S C co

ORθ −= .  For comparison, UML allows ,SC co
θ  to be unspecified; CML sets 

it to zero; and the two-stage method explicitly tests , 0
SC co

θ =  in controls before 

selecting UML or CML for analysis.  In the EB analysis,  ( )2

, ~ 0,
SC co

Nθ τ , where 2τ  

reflects uncertainty about gene-gene independence.  A conservative choice for 2τ  is 

2

,SC coθ .[134]   It can be interpreted as the squared bias of 
^ CML

SCβ  , since 

,

CML UML

SC SC SC coβ β θ= +                              (2.10) 

By setting 2τ  to 
,

2

SC co
θ , this EB analysis resembles a semi-Bayes method studied by 

Greenland.  The semi-Bayes method was more efficient than UML when 2τ  was 

conservative in simulation studies of both small- and large-scale in terms of sample size 

and covariate dimension [154].  The EB method constructs an estimate for 
SC

β  using 

estimates for UML

SC
β  and its variance 2

UML
σ  and estimates for CML

SC
β  and its bias ,SC co

θ  via: 
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2^ ^
2^ ^ ^

,

2 2^ ^^ ^
2 2

, ,

EB CML UML
SC coUML

SC SC SC

SC Co SC CoUML UML

σ θ
β β β

θ σ θ σ

   
   = +
   
   + +   

                                    (2.11) 

The weights in are intuitive: 
^ ^

3

EB CML

SC
β β→ as evidence for gene-gene independence 

increases and 
2^

, 0SC Coθ → ,  whereas 
^ ^
EB UML

SC SC
β β→ as evidence against independence 

increases and 
2^

,SC Coθ → ∞ .[134]   

Mukherjee and Chatterjee compared UML, case-only, two-stage and EB 

analyses on the basis of mean squared error.  The first set of simulations evaluated 

performance under varying degrees of dependence between the scan and conditioning 

SNPs.  Under gene-gene independence, the case-only method was preferable; EB and 

two-stage analyses were slightly less efficient, and UML was substantially less 

efficient.  As gene-gene dependence increased, CML became least efficient; EB and 

UML performed comparably, and the two-stage method was less efficient than both.  In 

a second set of simulations, Mukherjee and Chatterjee enforced gene-gene 

independence at a population level but allowed for variation in the dependence of S  

and C across strata.  EB maintained its efficiency gains over UML consistently and 

over CML particularly in larger samples.  These findings are relevant to GWAS that 

often involve subjects recruited in different countries.[134]   

Mukherjee and Chatterjee also ran simulations for three-SNP models that 

demonstrate a unique feature of the EB method.  The model included a bivariate 

{ }1 2,S S=S  and its pairwise interactions with C.  With respect to C , 1S  was simulated 

under gene-gene independence but 2S  was simulated under dependence.  The results 

highlight the flexibility of EB in that 
1

^

β
S C

 was weighted towards the CML estimate and 
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2

^

β
S C

 towards the UML estimate.  This flexibility is advantageous because interaction 

analyses may involve SNP pairs in varying degree of dependence, making a uniform 

analysis by CML or UML less preferable.  This feature is particularly relevant for 

large-scale interaction studies.[134] 

Mukherjee et al. performed additionally simulations to evaluate EB that 

reinforce and extend previous findings.  I first review the results for type I error.  The 

case-only method tightly controlled type I error when gene-gene independence held, 

but it had the greatest rates of false positives when the constraint was invalid.  The two-

stage method consistently demonstrated substantial inflation, but its performance 

improved as ,SC co
θ  and total sample size increased.  This behavior may reflect an 

increased power to detect dependence among controls in these setting, suggesting a role 

for large external databases to assess gene-gene independence in the first stage of the 

method.  The results suggest the two-stage and case-only methods are not optimal for 

large-scale interaction analyses that include SNP pairs in modest linkage disequilibrium 

that may go undetected in controls.  In contrast, UML consistently controlled type I 

error and EB demonstrated comparable levels.  Specifically, EB had empirical alpha 

levels in the range (0.04, 0.10) for nominal alpha 0.05.  EB maintained tightest control 

of type I error in settings of no ( ), 1.0
SC co

OR = , weak ( ), 1.1
SC co

OR = or strong 

( ), 2
SC co

OR =  dependence between the scan and conditioning SNPs.  This observation 

suggests ambiguous levels of dependence ( ), 1.2,1.5
SC co

OR =  hinder the EB weight 

scheme (2.11).  With respect to power, EB consistently outperformed UML and lost 

only minimal power relative to CML when independence held.[59]   These results 

characterize EB as a robust and powerful alternative to CML and UML for interaction 

analyses. 
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Section 2.1.4: Empirical Evaluation of Three Methods to Detect Pairwise  

   Interactions  

These promising simulation results motivate my empirical evaluation of UML, 

CML and EB in a GWAS setting.  I analyzed data from Stage II of Cancer Genetic 

Markers of Susceptibility (CGEMS, Section 1.5) through a series of conditional 

genome scans, using the CaseControl.Genetics R package [155].  The data selection is a 

compromise between a large number of SNPs (Stage I) or subjects (Stage III).  The 

regression models include the main effects of one scan SNP and one conditioning SNP, 

their pairwise interaction and covariates for study that were also used for stratification 

in CML (2.2).  The conditioning SNPs represent nine susceptibility regions in PRCA 

(Table 1.1, Section 1.4).  The scan SNPs were all CGEMS SNPs at least 500Kb from 

the conditioning SNP because CML is sensitive to violations of gene-gene 

independence and an accepted practice is to assume SNPs that distant in the genome are 

free of linkage disequilibrium.  I assess the interaction parameter of these models ( )SCβ  

through a Wald test, which is standard statistical test that measures the deviation of a 

maximum likelihood estimate from its null value [156].  This evaluation excludes 

omnibus tests because the three methods estimate main effects similarly.   

Quantile-quantile plots of interaction p-values suggest that, in general, no 

method is affected by large-scale systematic bias (for example, Figure 2.1a).  Neither 

the UML nor the EB method shows evidence of bias.  The robustness of the UML 

method has long been established, while the robustness of the EB method is credited to 

the data-adaptive way it incorporates gene-gene independence.  In many scans, the 

CML method does not demonstrate bias.  This finding suggests gene-gene 

independence can be a valid assumption in large-scale studies of pairwise interaction, 

provided researchers minimize bias due to linkage disequilibrium by excluding SNP 
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pairs in close proximity (≤500Kb).  However, CML does demonstrate an excess of 

statistically significant associations than expected by chance in some scans (for 

example, Figure 2.1b).  This excess is unlikely to reflect increased power to detect 

interactions because most GWAS markers are expected to be null.  Instead, it may 

reflect an inflated type I error due to violations of gene-gene independence.  The excess 

of statistically significant associations only diminishes when analyses exclude scan 

SNPs on the same chromosome as the conditioning SNP (for example, Figure 2.2).  

This observation suggests substructure in the data induces long-range dependence, 

possibly due to population stratification.  The abundance of SNP pairs that demonstrate 

long-range dependence is unknown but their existence motivates methodological work 

to improve case-only type methods.   
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Figure 2.1: Quantile-quantile plots for interaction p-values from two genome 

scans. P-values were computed through Wald tests on the estimate of a multiplicative 

interaction between the susceptibility SNP and each of ~27K scan SNPs in CGEMS 

Stage II.  Estimates were computed via three methods: unconstrained maximum 

likelihood (left), constrained maximum likelihood (middle) and an empirical Bayes 

method (right).  Plots exclude SNPs within 500Kb of the conditioning.  The 

conditioning region was 8q24 Region E (top) or MSMB (bottom).  P-values less than 

1.0e-6 were treated as 1.0e-6. 

 A) 

8q24 Region E Conditional Scan 

 
 

 

B) 

MSMB Conditional Scan 
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Figure 2.2: Quantile-quantile plot for interaction p-values from the constrained 

maximum likelihood logistic analysis of genome scan conditional on one 

susceptibility SNP near MSMB.  P-values were computed through Wald tests on the 

estimate of a multiplicative interaction between a susceptibility locus near MSMB and 

each of 27,053 scan SNPs in CGEMS Stage II.  Plots exclude SNPs on the same 

chromosome as MSMB to minimize violations of gene-gene independence assumption.   

 

 

 

I examine consistency of results in each conditional scan by comparing the rank 

of scan SNPs on interaction p-value across methods.  I present representative examples 

for scans in which CML does and does not demonstrate bias (Figure 2.3).  The plots 

suggest CML and UML analyses yield discordant results, with essentially no visual 

indication of consistent rankings.  The discordance is slightly less extreme for CML 

and EB analyses, and the UML and EB rankings are fairly concordant.  These results 

suggest the data-adaptive gene-gene independence constraint of the EB method 

modifies UML rankings, whereas the rigid gene-gene independence constraint of the 

CML method disregards UML rankings.  I cannot determine if the power advantages of 

CML and EB enabled either to detect true susceptibility SNPs that UML missed 

because this evaluation is empirical.  However, the biological plausibility of top EB 

SNPs is promising (Section 6.4).   
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Figure 2.3: Plots for ranks based on interaction p-values from two conditional 

genome scans.   P-values were computed through Wald tests on the estimate of a 

multiplicative interaction between the susceptibility SNP and each of ~27K scan SNPs 

in CGEMS Stage II.  Estimates were computed via three methods: unconstrained 

maximum likelihood (UML), constrained maximum likelihood (CML) and empirical 

Bayes (EB).  Plots exclude SNPs within 500Kb of the conditioning SNP.  The 

conditioning region was 8q24 Region E (top) or MSMB (bottom).   

 A) 

8q24 Region E Conditional Scan 

 

 

B) 

MSMB Conditional Scan 
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Section 2.1.5: Follow-up on Constrained Maximum Likelihood Logistic  

  Analysis 

I collaborated with a colleague, Dr. Samsiddhi Bhattacharjee, to study the 

hypothesis that population stratification can induce long-range dependence in the 

genome, inflating type I error in large-scale studies of epistasis that use case-only type 

methods.  Population stratification is a type of confounding unique to genetic 

epidemiology.  It is discussed most commonly in terms of single-SNP analyses, which I 

review first.  Population stratification occurs when the frequency of a genetic variant 

varies between cases and controls due to systematic differences in their ethnicity.  It 

biases results because diseases with higher prevalence in one ethnic group will show 

association with SNPs whose minor allele frequencies are also more common in the 

ethnic group.  Consequently, SNPs that reflect ancestral differences between cases and 

controls can be erroneously classified as susceptibility SNPs.  A didactic example is a 

study of chopstick ability among residents of San Francisco, CA, USA.  One may find 

an association with HLA-A1 because its SNP has a high minor allele frequency in 

subjects of Asian ancestry who are expected to be more adept with chopsticks.[157]   

 Several methods have been proposed to control for population stratification in 

genetic epidemiology.  An early method is Genomic Control that adjusts test statistics 

through a uniform inflation factor that reflects deviation from an expected null 

distribution [158].  The main disadvantage of this method is that uniform adjustment 

may be too extreme in either direction for numerous SNPs [159].  Several methods 

exploiting principal components analysis (PCA) have been introduced more recently 

and are used more commonly.  PCA is a statistical technique to project multi-

dimensional data onto an orthogonal state space, using independent axes known as 

principal components that account for decreasing amounts of variation in the data [160].  
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In genetic association studies, PCA is performed on a large set (~15K) of reference 

SNPs not associated with the disease in order to cluster subjects by similar ancestry 

[159,161].  An excess of variation in the first principal component suggests the sample 

has substructure that should be accounted for in tests of disease association [2].  To 

adjust for population stratification the eigenvectors corresponding to the top principal 

components are included in the regression model [159,161].  An alternative for 

international studies is to incorporate indicator variables for study location in the 

regression model because PCA clusters often have geographical interpretations 

[159,162].  This adjustment also addresses non-genetic differences that may exist across 

centers.  I use this approach in the CGEMS analyses.   

Despite cautionary tails of bias [163–166], some researchers argue population 

stratification does not substantially affect well designed studies [162,167].  Theoretical 

calculations demonstrate that matching on population stratification variables (i.e. race, 

nationality and ancestry) in case-control studies reduces bias in parameter estimates at 

least partially and perfect matching completely eliminates the bias [168].  Of note, an 

extensive study of CGEMS determined it was free of substantial bias due to the well 

designed sampling strategy [162].   

 In the context of epistasis, population stratification takes a different form.  I use 

the term “epistatic” population stratification to refer to the phenomenon in which the 

allele frequencies of candidate interacting SNPs covary within ethnic groups.  Unlike 

population stratification that biases marginal effects, this confounding does not involve 

disease rates.  If it is ignored in case-only analyses, interaction estimates can suffer 

substantial bias because the correlation can be mistaken as evidence of an epistatic 

effect on disease risk  [169].  This sensitivity highlights the value of relaxing the gene-

gene independence assumption to hold only within strata of subjects, as CML can.   
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 The hypothesis of Bhattacharjee et al. is that imposing conditional gene-gene 

independence within increasingly small and homogenous subsets of subjects will 

reduce the observed bias of CML by decreasing residual epistatic population 

stratification.  Bhattacharjee et al. consider several matching strategies for case-control 

and case-only designs that use PCA on a large panel of reference population 

stratification SNPs (12K and 7K) [2].  Bhattacharjee et al. investigate case-control and 

nearest-neighbor matching strategies, using an algorithm that examines genetic distance 

between subjects similar to that of Luca et al.[170].  For case-control matching, 

Bhattacharjee et al. consider both unconstrained (UMLC-CC) and constrained (CMLC-

CC) conditional logistic analyses that differ in the gene-gene independence constraint.  

For nearest-neighbor matching that ignores disease status, Bhattacharjee et al. consider 

a constrained likelihood that incorporates the joint distribution of the disease and scan 

SNP prior to matching (HML-NN).  A unique feature of this likelihood is the parameter 

for population-specific baseline disease risk.  When the parameter is properly specified, 

the likelihood can increase efficiency by conditioning on the number of cases in each 

matched set, but there is a risk of confounding when the parameter is misspecified.  

Bhattacharjee et al. compare these methods to a variety of unconditional logistic 

analyses: UML, case-only and case-only with principal component eigenvectors as 

adjusting covariates (CO-PC).[2]  CO-PC is motivated by previous work on 

multivariate models that reduce bias in case-only analyses by expanding the regression 

models to include variables that promote dependence between scan and conditioning 

SNPs [171]. 

The simulations include three scenarios: a) no population stratification or gene-

gene dependence, b) gene-gene dependence and c) both gene-gene dependence and 

epistatic population stratification.  Under a valid assumption of gene-gene 
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independence, all methods control type I error but constrained methods are more 

powerful.  The case-only method demonstrates greatest asymptotic relative efficiency, 

UMLC-CC the least.  When the gene-gene independence assumption is violated, type I 

error is unacceptably high for only CO and elevated for only CO-ADJ.  The rank order 

of alternative methods on empirical power is consistent whether population 

stratification is present or absent.  CMLC-CC and HML-NN have comparably high 

power; CO-ADJ is intermediate and CO-PC and UMLC-CC have comparably low 

power.  Bhattacharjee et al. also present an empirical GWAS evaluation, using a 

conditioning SNP affected by population stratification in a conditional scan for 

pairwise interaction.   Bhattacharjee et al. report genomic control inflation factors (IF) 

based on interaction p-values for ~500K SNPs on different chromosomes than the 

conditioning SNP.  The results suggest only the case-only method is vulnerable to 

pervasive inflation of type I error in a GWAS setting.  Its inflation factor is 1.32, 

whereas all others range (0.99, 1.02).[2]  This project motivates an area for future work 

on the EB method.  Specifically, one could investigate the performance of EB when its 

estimate for interaction incorporates an estimate from either HCL-NN or CCML-CC 

rather than CML.   

 

Section 2.2: Modular Epistasis and the Tukey Model  

The concept of modular biology was described more than a decade ago.  Its 

building blocks are function modules, discrete units of diverse molecules.  Each module 

accomplishes a relatively autonomous function and higher-level functions result from 

connections between them.[172]  Both healthy and disease states involve 

interconnected biological processes [45].  Modular biology is consistent with 

evolutionary genetics because functional modules can be robust to internal change and 
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yet promote diversity through changes in intermodular connections [51,172].  Modular 

biology has clear implications for genetic epidemiology, suggesting epistasis should be 

investigated on a systems-level between functional modules rather than between single 

genetic markers.   

Two studies in yeast (a model organism) motivate study of modular epistasis in 

humans.  Both found that biological interactions occurred more frequently than 

expected by chance between genes that either had similar functions or encoded proteins 

with similar properties [173,174].  The focused study of yeast metabolism also found 

that genes with similar functions could be grouped into modules with consistent 

patterns of biological interactions with genes in other modules [174].  These results 

suggest that evidence of statistical interaction may be useful in assigning putative 

function to uncharacterized genes, consistent with my objective of generating 

hypotheses about the biological relevance of susceptibility regions through interaction 

analysis.  These results further suggest that biological interactions between sets of 

functionally similar genes (modular epistasis) may affect risk of human disease. 

A disease model involving modular epistasis is consistent with the Tukey model 

that Chatterjee et al. introduced [175].  The regression allows for interaction between 

sets of biologically similar SNPs.  Subsequently, one could argue it is capable of 

modeling the underlying biology of human disease more closely than standard 

multilocus logistic models.  The general form of the Tukey model is: 

0 1 2 1 2 3

1 1 1 1 1

logit[ ( 1| , , )]= + + +
M Z M Z W

m m z z m m z z w w

m z m z w

P D S C S C Aβ β β θ β β β
= = = = =

 
= +  

 
∑ ∑ ∑ ∑ ∑S C A         (2.12) 

where variables ,  ,   and D S C A  retain their meanings from previous sections 

(see Section 2.1.1). 
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The Tukey model differs from traditional logistic models (Section 2.1) through the 

interaction term.  A single parameter ( )θ  captures the interaction of two SNP sets 

rather than individual parameters for each pairwise interaction between scan and 

conditioning SNPs.   

The conceptual framework for this parsimonious regression model is detailed 

elsewhere [175].   The model lends itself to the Tukey 1-degree of freedom test for 

interaction [176] because it involves an assumption that each set of SNPs represents a 

single biological mechanism that affects disease risk.  When this mechanism is 

unknown or unobserved, it can be modeled as a latent variable ( )V  using data from the 

corresponding SNP set.  Chatterjee et al. define: 

0 z Z C

z

V Cκ κ ε= + +∑C                             (2.13) 

for the conditioning SNP set ( )C  and VS  analogously for the scan SNP set ( )S .  They 

demonstrate that inference on epistasis is valid when the SNP sets substitute for the 

latent variables in the regression, using a Taylor series expansion around the error terms 

in the model for VS  and VC  (2.13).  The latent variable framework allows one to 

interpret the interaction between the SNP sets as an interaction between two latent 

variables, making a Tukey 1-degree of freedom test for interaction [176] intuitive.[175]  

The latent variable framework may be most natural for SNPs that are similar in terms 

of genomic location or biological function.  They include SNPs in the same 

chromosomal region or in genes of the same pathway.  A common mechanism for 

SNPs in the same gene could be reduced activity of the gene’s protein.  Researchers 

must construct the SNP sets thoughtfully, but the Tukey model lends itself to diverse 

applications.   
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Section 2.2.1: Prospective Tukey Score Test 

 Using the Tukey model, Chatterjee et al. introduced the prospective Tukey 

score test (PTS) [175] .  Score tests were first introduced by Rao in 1948 and are widely 

used in applied research [177].  They evaluate the derivative of a log-likelihood 

function evaluated under the null, as a measure of the deviation in the observed data 

from the null [178].  They are asymptotically equivalent to both Wald and likelihood 

ratio tests but they have the advantage of needing to fit only the null model [178,179].  

This feature is particularly beneficial in analyses of the non-standard Tukey model. 

 The null hypothesis in PTS is that the scan SNP set is not associated with the 

disease: { }1 1,...,m Mβ β= =1β 0 .  The parameter of interest 1β  represents “general” 

disease association, incorporating the main effects and elements of the interaction effect 

for the scan SNPs.  This “omnibus” character of PTS offers flexibility over single-SNP 

analyses, an advantage particularly in exploratory studies.  However, it precludes the 

separate assessment of main- and epistatic effects, for scan SNPs.[175]   I advise that 

researches assess the relative contribution of an epistatic effect to the disease 

association of a scan SNP by comparing its ranks in standard single-SNP and Tukey 

analyses.  A substantial increase in rank would suggest epistasis drives the RTS signal.    

 The null Tukey model introduces complexity in PTS.  It includes only main 

effects because the interaction term drops out of the model.  Consequently, the null 

value of the nuisance parameter θ  cannot be estimated from the data and a PTS 

statistic can be calculated only for a given θ .  Chatterjee et al. advise calculating PTS 

statistics over a plausible range of θ  (for example -5 to 5 on a 0.2 grid) and basing 

inference on the maximum test statistic [175], as has been advocated elsewhere [54].  

 Chatterjee et al. evaluated PTS through simulation study.  They generated data 

for six markers in each SNP set, assuming a single causal variant was in linkage 
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disequilibrium.  Chatterjee et al. varied the pattern of interaction between the SNP sets, 

allowing for a wide range of epistatic effects (multiplicative, additive, pure epistasis 

and cross-over).  They compared the performance of PTS to UML for two Wald tests: 

main effects and omnibus.  The first Wald test assessed the main effects of all scan 

SNPs, using a logistic model that included only scan SNP main effects.  The second 

Wald test assessed main- and epistatic effects of the scan SNPs, using a saturated 

interaction model that included main effects of all SNPs and all pairwise interactions 

between scan and conditioning SNPs (4.1).  PTS consistently gained power over UML 

analyses of saturated interaction models, presumably through the reduction in degrees 

of freedom.  PTS equaled or improved the power of main effects Wald tests when the 

scan and conditioning SNP sets demonstrated epistasis and lost only minimal power in 

the absence of an interaction (multiplicative).  The greatest power gains for PTS 

corresponded to models with the strongest relative epistatic effects (pure epistasis and 

cross-over).[175]  These results highlight the omnibus nature of PTS, resembling the 

power profile of omnibus and marginal tests of disease association for studies of 

pairwise interaction (Section 1.3).  They suggest the Tukey model is a promising 

framework through which to investigate interactions in genetic epidemiology.  I extend 

the work of Chatterjee et al. through the retrospective Tukey score test that I derive, 

evaluate and apply in subsequent chapters.   

Equation Chapter (Next) Section 1
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Chapter 3 
 

 

Retrospective Tukey Score Test: 

Derivation 

 

 

Section 3.1: Motivation for Retrospective Tukey Score Test 

This chapter introduces the innovative retrospective Tukey score test (RTS).  

RTS is designed to exploit the power advantages of the prospective Tukey score test 

(PTS, Section.  2.2.1) [175] and constrained maximum likelihood logistic analysis 

(CML, Section 2.1.3) [152], thereby offering a more powerful alternative to existing 

methods.  RTS assesses the disease association of a set of biologically similar single 

nucleotide polymorphisms (SNPs), allowing for interaction with a set of biologically 

similar susceptibility makers.  It imposes an assumption of gene-gene independence in 

the underlying population between the SNP sets in the likelihood function under a 

Tukey model (3.1).  RTS is expected to gain power over interaction analyses of 

standard logistic models because the parsimonious Tukey model reduces degrees of 

freedom on the test statistic, as for PTS.  RTS is expected to improve power over PTS 

through the gene-gene independence constraint, as CML gains power over 

unconstrained maximum likelihood logistic analysis (UML, Section 2.1.2).    
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Section 3.2: Derivation of Retrospective Tukey Score Test   

I reproduce the Tukey model (Section 2.2) because it is critical to RTS: 

 

 

0 1 2 1 2 3

1 1 1 1 1

logit[ ( 1| , , )]= + + +
M Z M Z W

m m z z m m z z w w

m z m z w

P D S C S C Aβ β β θ β β β
= = = = =

 
= +  

 
∑ ∑ ∑ ∑ ∑S C A     (3.1) 

 

 

 The model variables retain the following meanings throughout the text:  

D   is a  x 1n vector of disease status (1, case; 0, control) 

( )1,..., MS S=S  is an n x M  matrix of minor allele counts ( )0,1, 2  for a set of  

 scan SNPs being tested for disease association 

( )1,..., ZC C=C  is an n x Z  matrix of risk allele counts ( )0,1, 2  for the  

 conditioning SNPs that are presumed to be associated with the disease   

 and may interact with scan SNPs, for 1M ≥  and 1Z ≥  with the  

 constraint 2M Z+ >  

( )1,..., WA A=A  is an  n xW matrix of adjusting covariates, such as gender, for  

 0W ≥    

I introduce K  to represent population stratification variables, such as ethnicity or 

geography, that may be a subset of A .  The purpose of the stratification variable K  in 

RTS analyses is to guard against epistatic population stratification by imposing 

conditional gene-gene independence between the SNP sets within strata set by K .  

This stratification is similar to that allowed by CML.   

 I derive RTS in stages.  I consider a “simple” Tukey analysis first, building to a 

“full” analysis.  They differ in variable selection: a simple analysis includes a single 

scan SNP and multiple conditioning SNPs, whereas a full analysis includes additional 

scan SNPs, adjusting covariates and stratification variables.  The derivations follow 

each other closely and I provide fewer details in the second section.  I highlight key 
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equations by shading the corresponding equation numbers in grey.  It is important to 

note that this work constructs an RTS statistic for a given θ .  Inference in RTS, as in 

PTS, is based on the maximum score test statistic for a range of θ  (Section 2.2.1). 

 

Section 3.2.1: Simple Tukey Analysis 

Consider a Tukey model (3.1) that includes a single scan SNP and multiple 

conditioning SNPs ( 1M = , 1Z > , 0W =  and K  is the empty set) and let the following 

notation hold throughout the text: 

number subjects with , ,
ds

n D d S s= = = =c C c  

.. number subjects with 
d

n D d= = , analogously for alternate indices 

0 1 2

0 1 2

exp{ ( ( , ; , ))}
( | , )

1 exp{ ( , ; , )}
ds

d m s
P P D d S s

m s

β β

β β

+
= = = = =

+ +

c β
C c

c β
 

with ( );m x γ  an arbitrary function of covariates ( )x  and their 

parameters ( )γ  in the regression model under study  

( ), ( )
is s s

s

q s P S s I f== = =∑f  

with 
0 if 

1 if i

i

s s

i

s s
I

s s
=

≠ 
=  

= 
  ; this convention applies to all indicators. 

{ }( ); 1,2uf P S u u= = = =f , setting 0 1
u

u

f f= −∑  without an assumption of  

 Hardy-Weinberg Equilibrium 

( )Pδ = =C c  

( )0 2,β=β β , or generally all parameters of null model that data estimate 

( ),=ψ β f , nuisance parameters of RTS for given θ  

( )1, ,β=η β f , all parameters of RTS for given θ  
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( )1, 0,β= =0η β f , null values of η  

 

The retrospective likelihood and log-likelihood function for a Tukey model in 

the simple analysis are: 

21
1

0

( | , ) ( ) ( )
( , | )

( | , ) ( ) ( )

nn
i i i i i

i i i
i

i
i i i i i

s

P D d S s P S s P
l P s d

P D d S s P S s P
=

=

= =

= = = = =
= Π =

= = = = =
∏
∑∑

2

c 0

C c C c
c

C c C c

                 (3.2) 

 

 

 

ln[ ( | , )] ln[ ( )] ln[ ( )] ln[ ( )]
i i i i i i

i

L P d s P s P P d= + + −∑ c c      (3.3) 

    ( ). . .. ..ln( ) ln[ ( , )] ln ln ( , )
ds ds s d ds

ds s d s

n P n q s n n P q sδ δ
 

= + + −  
 

∑ ∑ ∑ ∑ ∑c c

c c c

f f        (3.4) 

 

It may be computationally infeasible to maximize (3.4) when the conditioning factor 

( )C  corresponds to a high dimensional nuisance parameter ( )δ .  In the setting of a 

retrospective analysis of a standard logistic model, Chatterjee and Carroll overcame this 

challenge through the use of a profile likelihood that does not involve high-dimensional 

nuisance parameters and retains the maximum likelihood estimates of a prospective 

analysis [152].  To motivate the profile-likelihood in this setting, note that the first two 

terms in (3.3) satisfy the following equality when S and C  are independent: 

               ln[ ( | , )] ln[ ( )] ln[ ( , | )]
i i i i i i i

P d s P s P d s+ =c c                                                 (3.5)

Let R  be an indicator of whether an individual in the underlying population is selected 

for the study.  Define 0, 1( )µ µ=µ  for ( 1| )
d

P R D dµ = = = , which is the probability for 

selection of either a case or control from the underlying population.  At the center of 

the profile likelihood is:  
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The second term in (3.7) contributes little information to the profile likelihood because 

it approximates zero for small effect sizes, as expected with rare diseases in genetic 

epidemiology [152].  Subsequently, I define 
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with ( )1 2 1 2 2, ; , 1
z z z z

z z
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 
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The corresponding log-likelihood for maximization is: 
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                             (3.9) 

This log-likelihood incorporates the first two terms of (3.4) as suggested by (3.5) 

whereas the last two terms of (3.4) have been dropped due to the conditioning on C .   
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The score function is the first derivate of this log-likelihood with respect to η : 
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The final equality in (3.10) holds through the identity ( ) ( ) ( )
x

E g X g x P x=   ∑   for 

( )g X , a generic function of a random variable [116,180].  To compute the score 

function, one needs both the matrix of first derivatives for *

ds
h   with respect to η   (3.8) 

and its conditional expectation with respect to C and R :  

( )

( )1

2*

0 1

1 2 1

0 2

1 2 2

1

1

1

1

i i

i i

T

i

T

i i i

i i z zi

zds i

s s

s s

d

d s

d s c
h

I I

f f f

I I

f f f

θβ

θ β

≠ =

≠ =

 
 

+ 
  

+  
∂   

=  ∂
 +

− − 
 
 + − − 

∑

c

η

η
                            (3.11) 

 

( )

( )

( )

*

* * *

1 1 2

* * *

1 2 2
*

* * *

1 2 1

1 2 1

* * *

1 2 2

1 2 2

1 2

2 1

| , 1

1

1

T

i

T

i i

i z zi

z
ds

i

p

p f f

p f f c

h
E R

f f f

f f f

f f f

f f f

θβ

θ β

 
 

 + +   
  

+ +  
  ∂  

= = =   +∂  + 
− − 

 +
 +

− − 
 
 

∑

c

η
C c

η
                                (3.12) 
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The entries for f  in (3.11) involve indicators because the derivative of 
( , )

ln
(0, )

q s

q

 
 
 

f

f
 

depends on the observed value of S .  I used the following expectations to compute the 

entries of (3.12): 

[ ] *| , 1i iE D R p= = =C c , which is set by the null model 

[ ] *| , 1 1s u uE I R f≠ = = = −C c   

[ ] *| , 1
s

s

E S R s f= = =∑C c   

[ ] ( ) ( )| , 1 , | , 1 | , 1
s u

d

E I R P S u D d R P S u R= = = = = = = = = = = =∑C c C c C c        

         * *

du u

d

P f= =∑                    (3.13) 

 

Given these results, the score function evaluated under the null is: 

( )

( )

( )( )

*

*

*

2 1 2

0 0 1 2 1

0 1

0 1 2 2

0 2

1 2

1

1

i i

i i

T

i i

T

i i i

z zi i i i

z

s s
i

s s

d p

d p

c s d f f p

S I f f I

f f

I f f I

f f

θ β

≠ =

≠ =

 −
 

− 
 
  + − +    

= − − 
+ − 

 
 − −

+ − 
 
 
 

∑

∑

c

η               (3.14)                                                    

The entries for f  in (3.14) hold because under the null *

u u
f f=  .  Specifically, the null 

constraint of 1 0β =  gives *
( , )

d dd
u u

d dd

q u P
f f

P

µ

µ

+

+

= =
∑

∑
f

 with algebra from (3.13) .  The 

entries for all nuisance parameters in (3.14) are standard results that easily can be 

computed in practice [181].  First,   
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( ) ( ) ( )*

0 1,
T

i i i

i

S d p= −∑β
η c   

is the standard score function for 0logit( ( 1| ))P D β= = + 2C β C .  It matches that of 

PTS.  Second, 

( )

.1. .0.

1 1 2

0

.2. .0.

2 1 2

1

1

n n

f f f
S

n n

f f f

 
− − −

 =
 

− 
− − 

f η   

is the standard score function for probabilities associated with a random multi-

categorical sample.  There is no PTS equivalent, as the gene-gene independence 

assumption necessitates the nuisance parameter f .   

The score function converges over n  to a multivariate normal distribution with 

mean zero and covariance I , Fisher’s information matrix, under suitable regularity 

conditions [182].  In this setting, the information matrix is:   

( )
( )2 *

* | , 1iT

L
E R
 ∂

= − = = 
∂ ∂ 

η
I η C c

η η
                (3.15) 

It can be classified as an observed information matrix because it is conditioned on the 

random variables C and R .  The observed information matrix is routinely used in 

applied work.  It is identical to the expected information when analyses involve 

canonical link functions and it is less computationally intensive.  In general, neither 

information matrix is uniformly preferred because both have the same asymptotic mean 

squared error for variance estimation.[182]  Some reports demonstrate the observed 

information matrix can outperform the expected information [183–185].  Others caution 

that score test statistics can be negative and invalid for inference when the observed 

information matrix is used, particularly when the null model fits the data poorly [186–
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188].  Given the novelty of RTS, I present simulations that investigate this potential 

short-coming, after the derivation.   

To compute the information matrix (3.15) one needs the second derivative of *L  

(3.9) with respect to η : 

( )2 *

T

L∂
=

∂ ∂

η

η η
 

          
{ }

{ }

{ }

{ }

'' '' '' ''

'' ''

'' '' '' '' '' '' '' ''

'' '' '' ''

* *

*
* * * 2 *2 *

'' ''

* *
'' ''

'' '' '' ''

exp
exp

exp exp

d s d s

d s

d s d s d s d s

d s d s

T

d sds
ds T T

ds d s

d s d s

h h
h

h h h hh
n

h h

  ∂ ∂
    ∂ ∂ ∂∂ ∂ ∂   − + −    ∂ ∂ ∂ ∂ ∂ ∂     
   

∑
∑ ∑

∑ ∑
c

c

η η

η η η η η η
 

     

         

2 * *2 *

| , 1 -Var | , 1ds dsds
ds i iT T

ds

h hh
n E R R

  ∂ ∂ ∂
= − = = = =     ∂ ∂ ∂ ∂ ∂     
∑ c

c

C c C c
η η η η η

         (3.16) 

 

Chatterjee and Carroll demonstrated the difference, given by the first two terms in 

(3.16), goes to zero in probability [152].  Consequently, I use the following information 

matrix to derive the RTS statistic:  

( )
*

I = Var | , 1ds

i

i

h
R

 ∂
= =  ∂ 

∑η C c
η

 

        

* * *

2| , 1 | , 1ds ds ds

T

i i

i

h h h
E R E R
        ∂ ∂ ∂
 = = = − = =           ∂ ∂ ∂          

∑ C c C c
η η η

                  (3.17) 
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To compute this information matrix, one needs 

* *

ds ds

T

h h   ∂ ∂
      ∂ ∂   η η

.  It is a triangular 

matrix with diagonal elements:  

( )

( ) ( )

( ) ( )

10
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2

22

1

2

2 2

2

2 2

0 1

2 2

1 1 2 11 2

2 2

0 2

2 2

2 1 2 21 2
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1
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2
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s si i i i

s si i i i

i

T

i i i i

i i z zi

z

s s

s s

d

d s

d s c

I II I

f f f ff f

I II I

f f f ff f

θβ

θ β

=≠

=≠

≠ =

≠ =

 
 

+ 
 

  
+    

 
+ + 

− −− − 
 
 

+ + − −− − 

∑

c c
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The off-diagonal elements of 

* *

ds ds

T

h h   ∂ ∂
      ∂ ∂   η η

 are: 

( ) 0 1 0 22 2

1 2

0 1 0 2
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2 1
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                           1 1

i i i ii s i s i s i s

i i i i i z zi

z

T
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z
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d s d s c
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= ≠ =    
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∑

 

I computed its conditional expectation, using the following equalities: 

1 2 | , 1 0= =
 = = = i is s i

E I I RC c ;  

*

0 | , 1
i is s u i u

E I I R f≠ =
 = = = C c   

* *

0 1 2* | , 1 2≠
 = = = + ii s i

E s I R f fC c  

*   if ,  1, 2 
* | , 1

0      else
=

 = =
 = = =  


i

u i

i s u i

uf s u u
E s I RC c  
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The diagonal elements of 

* *

| , 1ds ds

T

i

h h
E R
    ∂ ∂
 = =      ∂ ∂     
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η η
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Its off-diagonal elements are: 
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The final term needed to compute the information matrix (3.17) is 
( ) ( )* *

| , 1 | , 1
ds dsT

i i

h h
E R E R

   ∂ ∂
= = = =   

∂ ∂   

η η
C c C c

η η
  that follows from  

(3.12).  The information matrix itself is also triangular.  Under the null, it can be written without repetition of off-diagonal elements as: 
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=
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     

+ − + + + +     
     

∑ ∑ ∑

0 1 0

1 1 1
                                                                                             

                                                                                                 

f f f
+
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1 1
                                                                    

f f

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 + 
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  (3.18) 
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As with the score function, the information matrix for the nuisance parameters can be 

deconstructed into two standard results:   

( ) ( )( ) ( )* *= 1, 1, 1
T

T T

i i i i

i

p p−∑ββ 0I η c c  

( ) 0 1 0

0 0 2

1 1 1
       

=
1 1 1

             

f f f
n

f f f

 
+ 

 
 

+ 
 

ff 0I η   

 

These results define the RTS statistic for inference on the disease association of 

a scan SNP as follows: 

( )( )maxT Tθ θ=  

for ( ) 1 1

1 1

^ ^ ^
T

T S S
β β

β βθ      
=      

     
0 0 0η I η η                   (3.19) 

            and  1 1

1 1 1 1

1
^ ^ ^ ^ ^

1 Tβ β
β β β β

−

−          
= −                    

0 0 ψ 0 ψψ 0 ψ 0
I η I η I η I η I η                        (3.20) 

As this score statistic does not have a standard null distribution, permutation is 

appropriate for its p-value computation (Sections 4.3-4.5).  The score function and 

information matrix used to calculate the RTS statistics are evaluated using the 

maximum likelihood estimates of the nuisance parameters under the null.  

Consequently, the score function is not a summation of independent contributions from 

each subject and the asymptotic representation of ( )
1 1β β 0I η  (3.20) is used to compute 

the RTS statistic [178].  The maximum likelihood estimates for β  can be obtained 

through standard logistic analysis because the null Tukey model has standard form, 

including only main effects for the conditioning SNPs (and adjusting covariate in the 
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full analysis).  The estimates for f are 
^

. .u
u

n
f

n
=   because the genotype frequencies do 

not differ between cases and controls under the null.   

 

Section 3.2.1a: Theta Maximization in Simple Tukey Analysis 

 Before proceeding to the derivation of RTS in the full Tukey analysis, I 

examined the θ  grid over which RTS statistics are maximized: -5 to 5 by 0.2 intervals.  

Inference based on ( )( )max Tθ θ  would be jeopardized by negative ( )T θ ’s.  Also, if a 

distribution of positive RTS statistics were not smooth over θ , inference would be 

highly sensitive to the selected θ  grid.  I generated ten sets of data under the null and 

alternative hypotheses, recording all ( )T θ ’s.  (See Section 4.1 for details on data 

simulation under the Tukey model.)  The results indicate that the RTS statistics are 

consistently positive and that the θ   grid is sufficiently dense.  The plots also illustrate 

that ( )T θ  is not monotone over θ  and ( )( )max Tθ θ  does not preferentially occur at 

the boundaries of θ . (Figure 3.1) 
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Figure 3.1: Retrospective Tukey score test statistics over range of θ  .  Three 

representative examples (legend) are given for simulations under the null (top) and 

alternative (bottom) hypotheses.  Simulations included a total sample size of 1000 with 

equal cases and controls, eight conditioning SNPs and a single scan SNP with 

MAF=0.12.  Under the alternative, ( )1 ln 1.12β =  and 1.2θ = .  
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Section 3.2.2: Full Tukey Analysis  

 Consider the Tukey model (3.1) with multiple scan and conditioning SNPs, as 

well as adjusting covariates ( 1M > , 1Z >  and 1W > ).  I impose two constraints of 

gene-gene independence in the likelihood function.  First, I assume the scan and 

conditioning SNP sets are independent in the underlying population conditional on K .  

Second, I assume the markers within the scan SNP set are independent in the 

underlying population.  The second assumption should not impede investigations of 

scan SNPs from unlinked regions, such as those from different genes within a pathway.  

In this derivation I set K  to be a binary variable, although more complex stratification 

is possible.  For example, a trichotomous regression allows estimation of ( )|P S K  for 

continuous stratification variables.  I assume K  is not used for adjusting in the 

regression model and I update notation for parameters with { }0, 2, 3=β β β β . 

The retrospective likelihood in this setting is:  

 

( | , , ) ( , ) ( | )

( )

i i i i i m mi i

m

i

P D P P S s K k

l
P D

= = = = = =

=
∏

∏
S = s C c A a C c A a

        (3.21) 

 

 

Because I take the conditional probability of S  with respect to only K  , this likelihood 

enforces independence of S  and A .  This assumption is relaxed when the conditional 

expectation is taken with respect to adjusting and stratification variables, for example 

when A  sets the strata defined by K , as in the simulations of Chapter 4.  
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The corresponding profile log-likelihood is:  

( )' '

' '

ln expd k d d

d k d

L n h h
  

= −  
  

∑ ∑sca s s

sca s

  

where  number subjects with , , , ,= = = = = =
d k

n D d K ksca S s C c A a  

( )
( )
( )

1
0 1 2 3

0

, , ,
ln , , ; , , , ln

0, , ,
d

m

q s m k
h d m

q m k

µ
β θ

µ

    
= + + +      

    
∑s

f
s c a β β β

f
           (3.22) 

( ), , , *
ms j jmk

j

q j m k I f==∑f  

( ) ( ){ }0 1 2|  for 1, 2;  0,1;  1
iumk K k m mk mk mkf I P S u K k u k f f f== = = = = = = − +f . 

Note that independence of scan SNPs establishes independence of 
jmk

f  and '
jm k

f  for 

'
m m≠ , simplifying calculations for the information matrix.   

In this derivation, I highlight the elements needed to compute the RTS statistic.  

First, the score function for a given θ  is:  

( ) | , , , 1d d
i i i i i i

i

h h
S E K k R

  ∂ ∂
= − = = =  ∂ ∂  
∑ s sη C c A = a

η η
 

Under the null, its form is:  

( ) ( )( )*

21
z zi i i i

i z

S c d E pθ β
 

= + − 
 

∑ ∑1β 0
η s S   

where [ ]* | , , , 1i i i i i i ip E D K k R= = = = =C c A a ; 

for ease of presentation ( )E S  denotes [ ]| , , , 1i i i i i iE K k R= = = =S C c A a   

with ( ) 1 2| , , , 1 2= = = = = +m i i i i i i mk mkE S K k R f fC c A a  

The increased dimensionality of S  differentiates this score function from that of the 

simple Tukey analysis (3.14).  Next, I consider the observed information matrix: 

( )
i

= Var | , , , 1d
i i i i i

h
K k R

 ∂
= = = = 

∂ 
∑ sI η C c A a

η
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As before, I partition it into three components for the parameter of interest ( )1β  and 

nuisance parameters { }( ),=ψ β f .  For ease of presentation, I do not repeat entries 

involving f  that differ only in m  or k  subscripts, but rather denote the entries with 

appropriate matrix dimensions for a general formula.  Subjects contribute non-zero 

entries to 
ff

I  only for their respective strata because f involves indicators for 

stratification levels.  The information matrix, evaluated under the null, is:   

( ) ( ) ( ) ( )( )
2

* 2*

21 T T

z zi i i

i z

c p E p E Eθ β
 

= + − 
 

∑ ∑1 1β β 0
I η S S S S  

 where ( ) 1 2| , , , 1 4m m mk mkE S S K k R f f= = = = = +C c A a  and 

( ) ( ) ( )' '' ' ''| , , , 1m m m mE S S K k R E S E S= = = =C c A a =  for ' ''m m≠   

given the assumed independence of the scan SNPs.    
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z MxM
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− +  

  
  
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  
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 
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( )

( ) ( ) ( ) ( )

( )

* *

1 4

4 1

0 1 0 2 2
2 2
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1 1 1
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    
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I η 0
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1 1 1
                                                   

i
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f f f

 
 
 
 
 
 
 
 
     

+            

∑
 

 

The complete information matrix differs from that of the simple Tukey analysis (3.17) 

through the increased dimensionality of both S  and the design matrix ( ),
T

C A .  Given 

these results, the RTS statistic for inference is: 

( )maxT Tθ θ=    

for  ( )
^ ^ ^

T
T S Sθ      

=      
     

1 1

1 1

β β

β 0 0 β 0η I η η    

where 

1
^ ^ ^ ^ ^

1 T

−

−          
= −                    

1 1

1 1 1 1

β β

0 β β 0 β ψ 0 ψψ 0 β ψ 0
I η I η I η I η I η             (3.23)  

 

 

Section 3.2.2a: Theta Maximization in Full Tukey Analysis 

Following a procedure similar to that in the simple Tukey analysis, I examined 

the θ   grid over which the RTS statistic is maximized.  The caption of Figure 3.2 gives 

a basic description of the relevant simulations.  The graphs demonstrate that the full 

Tukey analysis is inconsistent because it can produce negative ( )T θ ’s.  I observed 

three scenarios: a) RTS statistics are positive for all values θ ; b) RTS statistics are 

negative for only one value of θ ; c) RTS statistics are negative for several values of θ .  

When the analysis involved data generated under the alternative rather than the null, 
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these patterns shifted, with more θ  values and more simulations producing negative 

( )T θ ’s.  The increased frequency of negative ( )T θ ’s for data generated under the 

alternative suggests this irregularity may be due to the use of an observed information 

matrix.  Still, an area for future work is assessing the asymptotic properties of the 

information matrix (3.23) through simulation.   
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Figure 3.2: Retrospective Tukey score test statistics over range of θ  .  Three 

representative examples (legend) are given for simulations under the null (top) and 

alternative (bottom) hypotheses.  Simulations included a total sample size of 1000 with 

equal cases and controls, eight conditioning SNPs and four independent scan SNPs.  

The scan SNP MAFs=(0.12, 0.22, 0.28, 0.18) with ± 0.03 variation allowed between 

strata.  Under the alternative, 1.2θ =  and { } ( )exp 1.12,1.15,1.10,1.13=1β .   
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Section 3.2.2b: Alternate Approach for Full Tukey Analysis 

An alternative to using the observed information matrix in score tests that 

ensures positive score test statistics is using a variance-covariance matrix based on 

individual score functions evaluated under the null [186].  I explore this approach.  In 

the full Tukey analysis, the contribution of each subject to the score function evaluated 

under the null ( ) ( )0 0i

i

S S
 

= 
 

∑η η  is: 

( )

( )( )
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2

0 0 1 2 1

0 1

0 1 2 2

0 2

, ,
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1
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mi mi

mi mi

T
T T

i i i i

z zi i i i
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i s mk mk s

mk mk

s mk mk s
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d p

c d E p

S I f f I

f f

I f f I

f f

θ β

≠ =

≠ =

 −
 
  

+ −  
  
 = − −

+ − 
 
 − −
 + − 
 

∑

1 c a

s S

η  

 

The alternate information matrix ( )*

ηη
I  has entries satisfying the general formula:  

( ) ( )
0 0, , , , , ,

1 1

ca

x y x y x y x y

ca

n n

i i ca ca i i co co

i i n

S S S S S S S Sη η η η η η η η
= = +

− + −∑ ∑                  (3.24) 

where η
x
represents a parameter in 0η ; bars indicate averages; 

 and data are ordered with cases (“ca”) before controls (“co”). 

As in the simple Tukey analysis, the asymptotic representation of the information 

matrix is used to compute the RTS statistic: 

( )maxT Tθ θ=   

for ( )
^ ^ ^

0 0 0

T
T S Sθ      

=      
     

1 1

1 1

β β

β βη I η η    

where 

1
1

^ ^ ^ ^ ^
* * * *

0 0 0 0 0

−−           
= −                       

1 1

1 1 1 1

β β

β β β ψ ψψ ψβ
I η I η I η I η I η             (3.25) 
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  Using this formulation, I once again examined the θ   grid over which RTS 

statistics are maximized.  The results indicate that the full RTS analysis is consistent, 

producing only positive score test statistics, and that the θ   grid is sufficiently dense for 

inference (Figure 3.3).  Consequently, I use this alternate information matrix for both 

simulation studies and applied work with RTS that involve multiple scan SNPs. 
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Figure 3.3: Retrospective Tukey score test statistics over range of θ  .  Three 

representative examples (legend) are given for simulations under the null (top) and 

alternative (bottom) hypotheses.  Simulations included a total sample size of 1000 with 

equal cases and controls, eight conditioning SNPs and four independent scan SNPs.  

The scan SNP MAFs=(0.12, 0.22, 0.28, 0.18) with ± 0.03 variation allowed between 

strata.  Under the alternative, 1.2θ =  and { } ( )exp 1.12,1.15,1.10,1.13=1β .  
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 Section 3.3: Discussion 

A practical consideration distinguishes the two stages of the RTS derivation.  

Specifically, the assumption of shared biology within a SNP set requires apriori 

information only when the SNP set includes multiple markers.  A singular SNP set does 

not require its own hypothesized latent variable to validate the parsimonious interaction 

term in the Tukey model.  Singular scan SNP sets, therefore, are well suited for 

exploratory analyses, such as genome scans.  In contrast, more focused analyses, such 

as studies of candidate pathways, lend themselves to larger scan SNP sets.  This 

distinction applies to conditioning SNP sets as well. 

I compare my RTS derivation to the PTS derivation of Chatterjee et al. [175] to 

understand how the score test statistics are affected by the constraint of gene-gene 

independence in the underlying population between the scan and conditioning SNP 

sets.  The constraint improves efficiency by reducing variance of the score function 

through substitution of [ ]E S  for S .  A direct comparison of the score function under 

the null in a simple Tukey analysis makes this difference explicit: 

( ) [ ]( )
1

*

21RTS

z zi i i i

i z

S c d s p E Sβ θ β
 

= + − 
 

∑ ∑0η               (3.26)

 ( ) ( )1

*

21PTS

z zi i i i

i z

S c s d pβ θ β
 

= + − 
 

∑ ∑0η                (3.27) 

 

The increased efficiency of RTS is reflected in the information matrix as well, with an 

additional substitution of TE   S S  for T
S S .  A direct comparison for the simple Tukey 

analysis follows: 
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= 1 1 ,
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z zi i i i

z

c p p E Sβ θ β
 

+ − 
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∑ ∑β 0I η 1 c

 ( ) ( ) ( )
1

* *

2

i

= 1 1 ,
T

PTS T

z zi i i i i

z

c p p sβ θ β
 

+ − 
 

∑ ∑β 0I η 1 c  

The substitution of [ ]E S  for S  in the score function can reduce variance substantially.  

In the simple case of a binary S  with probability of exposure 
s

f , efficiency would 

improve by a factor of n , as ( ) ( )Var 1s sS f f= −  and [ ]( ) ( )
1

Var 1
s s

E S f f
n

= − .   

I derived RTS assuming a multinomial distribution for the scan SNP data in 

terms of minor allele counts ( )0,1, 2 .  RTS requires that all three genotypes are 

observed in the sample because the inverse of 
^

f  is taken to compute the score test 

statistic.  This requirement should not limit RTS analyses except in the case of very rare 

scan SNPs, very small studies or studies with many strata.  Still, the introduction of a 

genotype frequency parameter that modeled scan SNP data with a binomial count ( )0,1  

is an area for future work with RTS.  The modified genotype frequency parameter 

would apply to more than the special case of only two observed minor allele counts.  It 

would permit RTS analysis in studies of dominant (recessive) disease models in which 

scan SNP data represent presence (absence) of a minor allele.  Alternatively, one could 

introduce an assumption of Hardy-Weinberg Equilibrium into RTS analyses and use a 

scalar f  to represent the minor allele frequency of each scan SNP.  

 A second area for future work on the Tukey model is specific to the analysis of 

a single scan SNP.  It centers on a re-parameterized Tukey model:  
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* *

0 1 2 4 2 3

z z w

logit[ ( 1| , , )]= + + +
z z z z w w

P D S S C S C Aβ β β β β β
 

= +  
 

∑ ∑ ∑C A              (3.28) 

where *

1β  represents the main effect of the scan SNP and *

4β  represents the 

interaction between the scan and conditioning SNP sets.   

This approach offers two advantages.  First, it eliminates maximization of the score test 

statistic over θ .  Second, it permits separate assessment of epistatic effects.  For 

example, two null hypotheses that could be tested are no general disease association 

{ }( )* *

1 4,β β = 0  and no interaction ( )*

4 0β = . 

A third area for future work on RTS is specific to the analysis of multiple scan 

SNPs.  The objective is to allow for analysis of dependent scan SNPs, as may be 

desirable in the fine-mapping of a candidate gene.  The first step is to reformulate the 

retrospective likelihood (3.21), replacing ( | )
m mi i

m

P S s K k= =∏  with 

( )|i iP K k= =S s .  This modification necessitates a second substitution in the log-

likelihood (3.22): 
( )
( )

, ,
ln

, ,

q k

q k

 
  
 

s f

0 f
 for 

( )
( )

, , ,
ln

0, , ,m

q s m k

q m k

 
  
 

∑
f

f
.  The score function and 

information matrix would need to be recalculated in this framework.  One reason to 

prefer the current version of RTS is that 
( )
( )

, ,
ln

, ,

q k

q k

 
  
 

s f

0 f
 requires very large sample 

sizes to ensure that all combinations of minor allele counts for the scan SNPs are 

observed.  

 

Equation Chapter (Next) Section 1
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Chapter 4 

 

 

Retrospective Tukey Score Test: 

Evaluation 

 

I present a variety of simulations to characterize the retrospective Tukey score 

test (RTS) for both simple and full Tukey analyses (Table 4.1).  In general, the simple 

Tukey analysis includes one scan SNP (single nucleotide polymorphism) and multiple 

conditioning SNPs, whereas the full Tukey analysis includes four scan SNPs, multiple 

conditioning SNPs and a four-level factor variable for adjusting and stratification.  I ran 

simulations under the null hypothesis of no disease association for scan SNPs ( )=1β 0  

to assess type I error and under the alternative to assess power.  Empirical alpha levels 

are assessed for both the retrospective and prospective (PTS) Tukey score tests.  I 

compare empirical power across additional methods that include three Wald tests on 

scan SNP parameters in standard logistic models.  The first set of Wald tests evaluates 

the marginal effect (ME) from an unconstrained maximum likelihood analysis of a 

single-SNP model (UML-ME).  For simulations with multiple scan SNPs, UML-ME 

involves only 1S .  The additional Wald tests involve saturated interaction (SI) models 

with the general form: 

      0 1 2 3 4logit[ ( 1| , , )]
m m z z mz m z w w

m z mz w

P D S C S C Aβ β β β β= = + + + +∑ ∑ ∑ ∑S C A   (4.1)

These regression models are saturated with main effects of the scan and conditioning 

SNPs and their pairwise interactions.  They also include main effects for adjusting 

covariates in simulations for the full Tukey analysis.  The omnibus tests on the main 

effects and interaction parameters of the scan SNP parameters in saturated interaction 
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models are based on either an unconstrained (UML-SI, Section 2.1.1) or constrained 

(CML-SI, Section 2.1.2) maximum likelihood analysis.  CML-SI incorporates the 

stratification variable of the full Tukey analysis.  The CML-SI omnibus test most 

closely resembles the RTS test of general disease association because it involves all 

scan SNP parameters and imposes gene-gene independence on the scan and 

conditioning SNPs.  
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Table 4.1: Basic overview of simulation studies for evaluation of retrospective Tukey score test.  All simulations include 1000 subjects with 

equal cases and controls, unless otherwise indicated.  All scan SNP data are generated under the RTS assumptions of gene-gene independence, 

unless otherwise indicated.  Simple Tukey analyses involve a single scan SNP.  Full Tukey analyses include four scan SNPs.  Simulations under 

the Tukey model involve eight conditioning SNPs whereas simulations under models of pure epistasis involve four conditioning SNPs.  Full 

Tukey analyses include variables for adjusting and stratification only when data are generated under the Tukey model.   

Feature RTS Analysis Model for Scan SNP Data Variable Parameter  Methods* for Comparison 

Variance Simple Null TM θ - 

Type I Error Simple, Full Null TM - PTS 

Simple Null TM LD of Scan and Conditioning SNPs - 

Power Simple, Full Alternative TM θ,  Sample Size PTS, CML-SI, UML-SI, UML-ME 

Simple, Full Pure Epistasis Sample Size PTS, CML-SI, UML-SI, UML-ME 

Simple Misspecified TM No. Conditioning SNPs in Interaction - 

Full Misspecified TM No. Null Scan SNPs - 

*Details on methods are in introductory paragraph of this chapter. 

TM=Tukey Model; LD=linkage disequilibrium; No.=number 
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Section 4.1.1: Design of Simulations under Tukey Model  

All simulations involving the Tukey model (3.1) (Section 2.2) rather than the 

model of pure epistasis follow a general protocol.  First, I sampled an equal number of 

cases and controls from Stage II of Cancer Genetic Markers of Susceptibility (CGEMS, 

Section 1.5).  The incorporation of existing data preserves the disease association ( )2β  

and linkage disequilibrium (LD) pattern of the conditioning SNPs, as well as the 

disease association of the adjusting covariates ( )3β .  The conditioning SNP set for both 

the simple and full Tukey analysis includes eight SNPs from the extended 8q24 

susceptibility region (Table 4.2).  Specifically, it includes the top two markers, 

rs4242382 and rs6983267, as well as six additional loci in low LD (all pairwise 

2 0.42<r  in Stage II controls) to maximize coverage of the sub-regions and to 

minimize multi-collinearity in the null model.  The adjusting covariates for the full 

Tukey analysis are indicators for study that define four strata through K  (stratification 

variable, Section 3.2.2). 

 

Table 4.2: Summary of 8q24 conditioning SNPs for simulation study.  Results are 

based on CGEMS Stage II single-SNP analyses.  

SNP Risk Allele Frequency OR P-value 

rs10505476* 0.27 1.13 3.96e-4 

rs6983267* 0.50 1.24 2.22e-11 

rs6999921 0.08 1.14 1.50e-2 

rs1447293*
#
 0.38 1.16 7.24e-6 

rs921146
#
 0.22 1.20 1.86e-6 

rs13253127
#
 0.46 1.23 2.71e-4 

rs4242382* 0.10 1.47 3.46e-15 

rs6991990 0.66 1.14 1.70e-4 

* conditioning SNP was used in simulations under model of pure epistasis.  
#
 conditioning SNP was used to simulate dependence between scan and conditioning 

SNPs.  

OR=odds ratio. 
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Section 4.1.1: Generation of Scan SNP Data 

I generated scan SNP data under the null or alternative hypothesis, as 

appropriate.  The method for data generation under the null hypothesis applies to all 

subjects.  Specifically, I assigned minor allele counts through random draws from a 

multinomial distribution with probabilities set by Hardy-Weinberg Equilibrium [189] 

for a minor allele frequency 
s

f :  

( ) ( ){ }2 2( 0) 1 , ( 1) 2 1 , ( 2)= = − = = − = =s s s sP S f P S f f P S f               (4.2)  

This method of generating scan SNP data applies to controls under the alternative 

hypothesis, as they represent the underlying population through the rare disease 

assumption.  I repeated the procedure to simulate multiple scan SNPs, allowing the 

minor allele frequency of each to vary over a 0.03±  range across strata (studies).   

The method for generating scan SNP data for cases under the alternative is more 

involved.  I give details of the method for the simple Tukey analysis, as few 

modifications are necessary for the full Tukey analysis.  The fundamental data-

generating equation incorporates the disease association of the scan and conditioning 

SNP sets, given by the Tukey model, as follows: 
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The equality (4.3) holds through the rare disease assumption and the equality (4.4) 

holds through the gene-gene independence assumption.  The above formulas specify 

the probabilities of the multinomial distribution that I used to assign minor allele counts 

to the cases: { }( | , 1); 0,1, 2iP S j D j= = = =C c .  In simulations to evaluate power, I 

varied these probabilities by altering θ  in (4.5).  Its value is proportional to the 

epistatic effect in the Tukey model.   

I generated scan SNP data in simulations designed to assess the robustness of 

RTS to misspecification in the conditioning SNP set.  I assumed the conditioning SNP 

set included true susceptibility markers, but I varied the number of conditioning SNPs 

that interacted with the scan SNP.  Specifically, I varied the summation in (4.5) to 

include two, four, six or all eight conditioning SNPs.  I randomly selected conditioning 

SNPs for each subset but used the same subset in the corresponding simulations.  In all 

simulations, the null model and RTS analysis included all eight conditioning SNPs.   

I generated multiple scan SNPs under the alternative by repeating the procedure 

for a single scan SNP.  This approach is valid for the following reasons.  First, the 

assumed independence of scan SNPs allows one to consider the conditional probability 

of each 
m

S  separately.  Second, the conditional odds ratio for data generation simplifies 

to 1 2exp 1m m z z

z

s cβ θ β
  

+  
  

∑  , as in (4.5).  I varied this procedure to assess the 

robustness of RTS to a second form of model specification, simulating scan SNP sets 

with null markers. 

For the simple Tukey analysis, I assessed the sensitivity of RTS to violations of 

the gene-gene independence assumption for the scan and conditioning SNP sets.  I 

simulated scan SNP data under the null, using an ordered trichotomous logistic 

regression: 
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( )( ) ( )logit | exp
s s

P S s ν= = + TC λ C'   

with constraints 0 0ν = , 0 =λ 0  and 2 12=λ λ  and C'  a subset of  C .   

The regression model defines the probabilities of the multinomial distribution from 

which I randomly drew minor allele counts for all subjects: 

 ( )
( )

( )
exp *

|
exp *

s

s

s

s
P S s

s

ν

ν

+
= =

+∑

T

T

γ C'
C

γ C'
   (4.6) 

 
( )1 2 2 2 1 2

1 2

1 1 1 2

exp
with  ln   and  ln   

1 1

f f f f f

f f f f

ν
ν ν

+   +
= =   

− − −  
  

This data-generating equation depends on a subset of the conditioning SNPs because 

the low LD of the conditioning SNPs prevents scan SNPs from being in strong LD with 

even a majority of them.  I selected rs1447293, rs921146 and rs13253127 for C'  

(Table 4.2) because they allow for a broad range of maximum 2r  between scan and 

conditioning SNPs.   I varied the degree of LD between the sets through γ  in (4.6) 

(Figure 4.1).  I randomly sampled CGEMS subjects for these simulations from all 

studies other than ATBC in order to minimize potential epistatic population 

stratification because the minor allele frequencies of conditioning SNPs differed among 

controls in that study relative to all others (see for example, Figure 7.2).   
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Figure 4.1: Pairwise 2r  for each 8q24 conditioning SNP with simulated scan SNP.  

Scan SNP data were sampled from a multinomial distribution with probabilities defined 

by (4.3) for six γ  in (4.6) (legend).  
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Section 4.2: Design of Simulations under Model of Pure Epistasis 

Pure epistasis describes the phenomenon in which two genetic exposures affect 

disease risk only when both are present [189].  The relevant standard logistic regression 

model would include an interaction for the genetic variables but no main effects.  Given 

the framework of the Tukey model, I set these genetic variables to be the latent 

variables of the scan and conditioning SNP sets.   

I incorporated data from CGEMS Stage III to simulate an underlying population 

from which to draw cases and controls.  I recorded data on four 8q24 conditioning 

SNPs in 9,012 controls: rs10505476 and rs6983267 of Region H ( 2r =0.35 in Stage II 

controls) and rs1447293 and rs4242382 of Region P ( 2r =0.18 in Stage II controls) 

(Table 4.2).  I examined the minor allele counts of these loci to identify a genetic “risk 

exposure” with a frequency ~15%.  The genotype 0110 in terms of presence (1) or 

absence (0) of a risk allele at each 8q24 locus has an exposure of 13% in the CGEMS 
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controls.  This exposure rate corresponds to the presence of a minor allele for a causal 

SNP with minor allele frequency 0.07.  The “0110” exposure defines the latent variable 

for the conditioning SNP set in both the simple and full Tukey analyses: 0110==
iC

V IC .   

For scan SNPs, I generated data assuming Hardy-Weinberg Equilibrium 

through (4.2).  In the simple Tukey analysis, I set 0S s
V I >=  , assuming a dominant 

disease model.  I used a minor allele frequency of 0.30 for an exposure rate ~51%.  In 

the full Tukey analysis, I generated scan SNPs with minor allele frequencies of 0.12, 

0.26, 0.21 and 0.08.  I observed a total minor allele count for scan SNPs above three in 

~15% of simulated subjects and set the latent indicator variable to 
3mi

m

s
V I

>
=

∑S .   

The regression model capturing the pure epistasis disease model is:  

( )( ) ( )*

3logit 1P D V Vα β= = + S C  

where α  and *

3β  correspond to a disease prevalence of 1.5% (Section 6.2). 

This logistic model defines the probability of being a case for each simulated subject, 

as in (2.5).  I assigned case-control status to each subject through a random draw of the 

corresponding Bernoulli distribution.  I repeated this process until enough subjects were 

generated to permit sampling of 4000 cases.  In each simulation to assess power, I 

randomly sampled an equal number of cases and controls from this underlying 

population and computed test statistics using data for the scan and conditioning SNPs 

rather than the latent variables. 

 

Section 4.3: P-value Computation 

I assessed type I error and power for two nominal alpha levels: 0.05 and 0.01.  

For the Wald tests, I computed p-values using asymptotic theory that a Wald test 

statistic follows a 2χ  distribution with degrees of freedom equal to the number of 
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parameters being tested [178].  For the Tukey score tests, I used three methods to 

compute p-values because standard theory does not apply (Section 2.2.1).  The methods 

I used were a 2

1M
χ +  approximation, a permutation method [175] and an asymptotic 

approximation [190].  I constructed reference sets of 5000 null test statistics for the 

permutation- and asymptotic-based methods.  The sets more than adequately represent 

the tails of the distribution, since the expected number of trials needed to observe one 

p-value α≤  is ( )
1

α
−

.   

 The first method for p-value computation is a 2

1χ +M
 approximation, motivated 

by classical theory that score test statistics on parameters of a standard logistic model 

have 2χ  distribution with degrees of freedom equal to the number of parameters being 

tested under the null [182].   This method highlights the reduced degrees of freedom on 

a Tukey score test statistic ( )1M +  relative to an omnibus Wald statistic ( )M MZ+  

from the analysis of a saturated interaction model (4.1).  The 2

2χ  approximate p-value 

is: ( )2

2approx
p P T χ= ≥ .  I included PTS in simulations to assess type I error because 

Chatterjee et al. did not consider this approximation in their report [175].   

Chatterjee et al. used permutation-based p-values in PTS simulations.  The 

method reassigns scan SNP minor allele counts rather than case-control status, 

preserving the disease association of the conditioning SNPs under the null.[175]  A 

permutation p-value is: 
# permuted   simulated 

5000
perm

T T
p

≥
= .    

Chatterjee et al. also used an asymptotic approximation to calculate p-values in 

their PTS simulations [175].  The method was developed in the context of linkage 

analysis and has been shown to reduce the computational burden of standard 
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permutation methods [190].  It uses the efficient score function, which is the 

asymptotic, independent-identically distributed form of the score function:  

( ) ( ) ( ) ( ) ( )1

0 0 0 0 0i i i
i

U S S−= −∑1 1 1β β β ψ ψψ ψ
η η I η I η η                             (4.7) 

The efficient score function is based on a Taylor series expansion centered at the true 

value of ψ : ( )
( )

1

1 1

^ ^
0

0 0
i

i
i

S
S S

β

β β

∂   
≈ + −   

∂   
∑

η
η η ψ ψ

ψ
.   This approximation 

simplifies to (4.7) through ( ) ( )
^

1

0 0S
−− ≈ −ψ ψψη I η ψ ψ  ,  which holds because maximum 

likelihood estimates correspond to zero-value score functions.  More specifically,   

( ) ( ) ( ) ( )
^ ^ ^

1

0 0 0 000
i

S S I S
−     

= ≈ + − = + −     
     

ψ ψ ψψ ψ ψψη η ψ ψ η η I η ψ ψ  

In this asymptotic approximation, the efficient score function is modified through 

( ) ( )0 0 0 ii
i

U U w=∑ 1β
η η   for ( )~ 0,1W N .  Since W  is independent of the data, 

( )0 0U η  is a sum of independent terms and its variance-covariance matrix can be 

estimated by ( )1 1

0

β β
I η  (3.25).  Using this framework, I generated an asymptotic null 

distribution for the Tukey score test statistics by calculating ( )max
asymp asymp

T Tθ θ =    

for independent sets of W  that altered ( )0 0U η   in  

              ( ) ( ) ( ) ( )1 1

0 0 0 0 0

T

asympT U I U
β βθ = η η η  

The corresponding p-value is: 
#   simulated 

5000

asymp

asymp

T T
p

≥
= .  

 

Section 4.4: Results  

Figure legends and table captions provide details on the parameters for data 

generation.  All results are based on 1000 simulations.  The one exception is 
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comparison of 1 1β β
I (3.20) to empirical variance estimates for 

1

^

0Sβ

 
 
 
η  (3.14).  In each 

of 10,000 simulations, I recorded the score function and its asymptotic variance for a 

given θ  to calculate the ratio of the empirical variance for 
1

^

0Sβ

 
 
 
η  to the mean 1 1β β

I .   

The results suggest  1 1β β
I  is appropriate for the simple Tukey analysis given the range 

of θ  studied (-5, 5) (Table 4.3).   

 

Table 4.3: Ratio of observed to mean analytic variance of score function in 

retrospective Tukey score test.  Values are based on 10,000 simulations under the null 

for six θ  values and two total sample sizes with equal cases and controls.  Scan SNP 

MAF=0.25. 

 θ -3.4 -1.8 -0.5 0.7 1.2 5 

Total 

Sample Size 

1000 1.00 1.02 1.06 1.03 1.02 1.01 

4000 1.01 0.99 1.02 1.03 1.02 1.01 

 

 

Simulations under the null for both the simple and full Tukey analyses suggest 

RTS controls type I error when the independence assumption holds (Table 4.4). 

The 2

1M
χ +  approximation is a valid approach when the scan SNP set is singular (Figure 

4.2) but deteriorates as the number of scan SNPs increases.  The asymptotic approach 

to p-value calculations is permissible, but it can be conservative when scan SNP sets 

contain more than one marker.  Permutation is consistently a valid method for p-value 

computation.  Given the computational advantages, I used the 2

2χ  approximation in all 

simulations and applications involving a singular scan SNP set but I used permutation 

based p-values in work involving multiple scan SNPs.  RTS does not control type I 

error under violations of the independence between the scan and conditioning SNP sets 

in the underlying population (Table 4.5). 
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Table 4.4: Empirical alpha levels for retrospective (RTS) and prospective (PTS) 

Tukey score tests.  Three methods compute p-values at two nominal alpha levels in 

1000 null simulations with eight conditioning SNPs.  Simple Tukey analysis includes a 

single scan SNP with MAF=0.12 and no adjusting covariates. The full Tukey analysis 

includes four scan SNPs with MAFs=(0.12, 0.22, 0.28, 0.18) and a four-level factor 

variable for adjusting and stratification.   

 Nominal Alpha 0.05 0.01 

Tukey Analysis  RTS PTS RTS PTS 

Simple  2

2χ  Approximation 0.049 0.048 0.008 0.010 

Permutation 0.048 0.048 0.009 0.011 

Asymptotics 0.050 0.051 0.011 0.010 

Full 2

5χ  Approximation 0.130 0.093 0.035 0.021 

Permutation 0.047 0.051 0.009 0.008 

Asymptotics 0.043 0.047 0.008 0.006 

 

 

 

Figure 4.2: 2

2χ  quantile-quantile plots of 1000 null retrospective (RTS, left) and 

prospective (PTS, right) Tukey score test statistics.  Results are based on simple 

Tukey analysis.  Total sample size is 1000 with equal number of cases and controls.  

Scan SNP MAF=0.12. 

 

 

 

 

Table 4.5: Empirical alpha levels for retrospective Tukey score test when gene-

gene independence assumption is violated.  Results are based on 1000 null 
2

2χ -approximate p-values for nominal α =0.01. 

Maximum 2r  for scan and conditioning SNPs 0.05 0.12 0.25 0.31 0.44 

Empirical Alpha 
 

0.47 0.84 0.93 0.95 0.96 
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RTS consistently gains power over alternative methods in diverse settings 

(Figures 4.3-4.5).  The rank order of alternative methods depends on the model for 

generating scan SNP data.  RTS is robust to moderate misspecifications of either the 

scan or conditioning SNP set (Figure 4.6).   
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Figure 4.3: Power curves for retrospective Tukey score test and alternative 

methods over a range of θ  values for data generation under Tukey model.  θ  is 

proportional to the epistatic effect of the SNPs.  Five tests for disease association are 

considered: retrospective (RTS, blue) and prospective (PTS, red) Tukey score tests, a 

standard marginal effects Wald test (UML-ME, green) and an omnibus Wald test (main 

effects and interactions) based on a retrospective logistic analysis with a gene-gene 

independence assumption (CML-SI, purple) and a standard prospective logistic analysis 

(UML-SI, black) of a saturated interaction model.  Each power calculation involves 

1000 simulations for sample size 1000 with equal cases and controls, eight conditioning 

SNPs and nominal 0.05α = .  Panel A: Simple Tukey analysis includes a single scan 

SNP with ( )1 ln 1.15β =  and MAF=0.15. Panel B: Full Tukey analysis includes four 

scan SNPs with ( ) ( )1exp 1.12, 1.15, 1.18, 1.20=β  and MAFs= ( )0.12, 0.22, 0.28, 0.18  

that can vary 0.03±  across strata, as well as a four-level factor variable for stratification 

and adjusting. 
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B)     

Full Tukey Analysis
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Figure 4.4: Power curves for retrospective Tukey score test and alternative 

methods over a range of total sample size for data generation under Tukey model.  

Five tests for disease association are considered: retrospective (RTS, blue) and 

prospective (PTS, red) Tukey score tests, a standard marginal effects Wald test (UML-

ME, green) and an omnibus Wald test (main effects and interactions) based on a 

retrospective logistic analysis with a gene-gene independence assumption (CML-SI, 

purple) and a standard prospective logistic analysis (UML-SI, black) of a saturated 

interaction model.  Power calculations involve 1000 simulations for sample size 1000 

with equal cases and controls and eight conditioning SNPs.  Panel A: Simple Tukey 

analysis involves one scan SNP with ( )1 ln 1.15β =  and MAF=0.15; 3.5θ =  and 

nominal 0.01α = .  Panel B: Full Tukey analysis involves scan SNPs with 

{ } { }exp 1.11,1.08,1.09,1.06=1β and MAFs= ( )0.12, 0.22, 0.28, 0.18  that can vary 

0.03±  across strata; 1.6θ =  and nominal 0.05α = .  Analysis also includes four-level 

factor variable for stratification and adjusting. 
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B) 

Full Tukey Analysis
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Figure 4.5: Power curves for retrospective Tukey score test and alternative 

methods over a range of total sample size for data generation under pure epistasis 

model.  Five tests for disease association are considered: retrospective (RTS, blue) and 

prospective (PTS, red) Tukey score tests, a standard marginal effects Wald test (UML-

ME, green) and an omnibus Wald test (main effects and interactions) based on a 

retrospective logistic analysis with a gene-gene independence assumption (CML-SI, 

purple) and a standard prospective logistic analysis (UML-SI, black) of a saturated 

interaction model.  Power calculations involve 1000 simulations for sample size 1000 

with equal cases and controls and an exposure based on eight conditioning SNPs with 

frequency ~15%.  Panel A: A simple Tukey analysis assumes a dominant disease model 

for scan SNP with MAF=0.30, sets the marginal odds ratio for the conditioning 

exposure to 2.0 and uses nominal 0.01α = .  Panel B: A full Tukey analysis involves an 

exposure based on four scan SNPs with ~15% frequency, sets the marginal odds ratio 

for the conditioning exposure to 1.6 and uses nominal 0.05α = .   
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B) 

Full Tukey Analysis
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 Figure 4.6: Comparison of empirical power for retrospective Tukey score test 

under varying levels of misspecification in the conditioning (Panel A) or scan 

(Panel B) SNP set.  Power calculations involve 1000 simulations for sample size 1000 

with equal cases and controls, eight conditioning SNPs and nominal 0.05α = .  Panel 

A: Scan SNP data were generated using an interaction effect with different numbers of 

conditioning SNPs (legend), ( )1 ln 1.15β = , MAF=0.15 and 1.2θ = .  Panel B: Data 

were generated with 2≤  null markers among four scan SNPs (legend), using 

( ) ( )1exp 1.12, 1.15, 1.18, 1.20=β  and MAFs= ( )0.12, 0.22, 0.28, 0.18  that can vary 

0.03±  across strata.  Analysis also includes a four-level factor variable for stratification 

and adjusting. 
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Section 4.5: Discussion 

RTS is an important multilocus tool for the analysis of case-control data in 

genetic epidemiology.  The underlying Tukey model (3.1) has several advantages.  It 

incorporates patterns of epistasis likely to contribute to human disease, offers a 

parsimonious alternative to saturated interaction models (4.1) and promotes a flexible 

test of general disease association.  RTS is the most powerful method either singularly 

or with one comparable alternative (Figures 4.3-4.5) in diverse settings and it controls 

type I error when model assumptions hold (Table 4.4).  Its power profile generalizes to 

sample sizes commonly seen in GWAS (Figures 4.4, 4.5).   

RTS gains power over PTS in a variety of settings, particularly for simple 

Tukey analyses (Figures 4.3a, 4.4a, 4.5a).  These gains appear proportional to the 

epistatic effect of the scan SNP(s).  For example, in the simple Tukey analysis, RTS 

gains power over PTS for all but the smallest values of θ  that correspond to the 

weakest epistatic effects (Figures 4.3a).  RTS and PTS have comparable power in the 

full Tukey analysis of multiple scan SNPs generated under the Tukey model, a setting 

that may correspond to a relatively weak epistatic contribution to the general disease 

association parameter 1β  (Figures 4.3b, 4.4b).  In contrast, RTS gains power over PTS 

in both simple and full Tukey analyses when scan SNP data demonstrate a large 

epistatic effect in a model of pure epistasis (Figure 4.5b).  These findings suggest the 

improved efficiency of RTS over PTS has limits as epistatic effects diminish relative to 

main effects, particularly for larger scan SNP sets.  This observation is similar the 

finding that constraints of gene-gene independence increase efficiency for interaction 

estimates more than for main effects estimates in analyses of standard logistic [152] and 

log-linear models [153].   
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RTS (PTS) gains substantial power over CML-SI (UML-SI) for analysis of data 

generated under the Tukey model (Figures 4.3-4.4).  The increased efficiency is 

attributed to the reduced degrees of freedom on the score test statistics.  The power 

gains, however, dissipate when scan SNP data are generated under a model of pure 

epistasis (Figure 4.5).  This finding may be due to the simulation design in which the 

Tukey model included twice as many conditioning SNPs as the pure epistasis model 

(eight vs. four), allowing for a greater reduction in degrees of freedom.  For example, in 

the simple Tukey analysis, the degrees of freedom decreased by seven (nine to two) 

rather than three (five to two).  The comparable power of RTS (PTS) and CML-SI 

(UML-SI) under a model of pure epistasis could also indicate that the efficiency gains 

of a gene-gene independence constraint dominate those of a test statistic with reduced 

degrees of freedom in settings of large epistatic effects and small main effects.  This 

interpretation follows from the generalization that the independence constraint is a 

specific strategy to reduce variance on interaction estimates, whereas a reduction in 

degrees of freedom is a general strategy to increase power.  Of note, RTS consistently 

gains power over UML-SI which has neither a parsimonious regression model nor a 

gene-gene independence constraint.  In practice, researchers seldom know of strong 

epistatic effects apriori, making the flexible Tukey score tests preferable to Wald tests 

on saturated interaction models, particularly in exploratory analyses.   

The omnibus character of RTS is most evident in power comparisons with 

UML-ME [57].  For example, the rank order depends on the strength of the interaction 

effect.  RTS loses minimal power to UML-ME only for weak epistatic effects in the 

simple Tukey analysis (Figure 4.3a) but UML-ME loses substantial power relative to 

all methods when pure epistasis generates strong interaction effects (Figure 4.5).  

UML-ME also loses substantial power in the full Tukey analysis with multiple scan 
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SNPs relative to the simple Tukey analysis with a single scan SNP.  This observation 

reflects the potential for single-SNP analyses to overlook susceptibility SNPs when 

multilocus models capture the underlying disease process more closely.  

RTS appears robust to misspecification of either the scan and or conditioning 

SNP set (Figure 4.6).  I specifically consider Tukey models misspecified in terms of the 

number of null markers in the scan SNP set and number of non-interacting markers in 

the conditioning SNP set.  In both settings, RTS loses substantial power only when at 

least half the markers in a SNP set are misspecified.  This feature is particularly 

beneficial because an assumption of shared biology for the SNP sets may depend on 

scarce apriori information, particularly for SNPs in non-coding regions.  

A practical consideration for implementing Tukey score tests is computing p-

values.  Permutation is the preferred method (Table 4.4), although a 2

2χ  approximation 

is valid for singular scan SNP sets (Figure 4.2).  The challenge is the computational 

burden of permutation in large-scale studies with low significance thresholds.  A 

general guideline for estimating p-values on the order of 10 x−  is to use 210x+  

permutations.  Yu et al. recently proposed an efficient algorithm to compute p-values 

that substantially reduces this burden, being suitable for GWAS analysis.[4]  It 

essentially is a Markov Chain Monte Carlo (MCMC) algorithm, a standard sampling 

technique to approximate a complex distribution by simulating random samples [191].  

The algorithm of Yu et al. builds on an innovative MCMC of Liang et al.: stochastic 

approximation-based Monte Carlo algorithm (SAMC).  SAMC partitions the sample 

space for random draws into sets of monotonically increasing real numbers (sub-

regions) and specifies the sampling frequency for each.  Consequently, it can handle 

rare-event sampling more efficiently than standard MCMC or permutation.[192]  Yu et 

al. adapt SAMC to over-sample the tails of a test statistic’s null distribution.  They 
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define SAMC sub-regions with the final set containing all permuted test statistics at 

least as large as the observed.  In the each iteration ( )b , 5-10% of the data is permuted 

and a test statistic 
( )b

t  is computed using all the data.  Yu et al. use a Metropolis-

Hastings update [193] to determine if  
( )b

t  is incorporated into the series of random 

draws rather than 
( )1b

t
−

.  They demonstrate that the algorithm reduces the number of 

iterations required for reliable p-value estimates so dramatically that efficiency in terms 

of computing time efficiency can improve 500K fold.[4]   

The efficiency gains of RTS carry a risk of bias, as RTS is sensitive to 

violations in the assumption of gene-gene independence in the underlying population 

between scan and conditioning SNP sets (Table 4.5).  This behavior is similar to that of 

case-only type methods for pairwise interaction analysis (Section 2.1.2).  It motivates 

future work to relax the independence constraint.  One approach would be to adopt 

methods that minimize bias in case-only type analyses of standard logistic models.  In 

the spirit of Bhattacharjee et al. [2], one could derive RTS in the setting of conditional 

likelihood under the Tukey model that imposes gene-gene independence within small 

subsets of homogenous subjects clustered through the principal components analysis of 

population stratification SNPs.  The first retrospective analysis of the innovative Tukey 

model (3.1), RTS may prove to be the starting point for research on robust methods that 

exploit independence in studies of modular interactions.   

  Equation Chapter (Next) Section 1 
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Chapter 5 

Further Work with Tukey Model 

 

 Further work with the Tukey model (3.1) is motivated by the performance of the 

retrospective Tukey score test (RTS) in simulation and the literature on modular 

biology.  In previous chapters, I indicated areas for future work involving the Tukey 

model.  In the following sections, I address two additional areas for research.      

 

Section 5.1: Composite Tukey Score Test 

 Due to the potential for bias in RTS, I constructed the composite Tukey score 

test (CTS) that relaxes the gene-gene independence constraint between the scan and 

conditioning SNP sets.  CTS could have broad applications.  It would be appropriate for 

large-scale studies that test for interaction between scan and conditioning SNP sets 

demonstrating varied degrees of linkage disequilibrium.  It would also be appropriate 

for studies of gene-environment interactions for which it is often difficult to establish 

independence between the corresponding variable. 

CTS is motivated by empirical Bayes (EB) logistic analysis (Section 2.1.3).  An 

important methodological difference is that EB involves the weighting of point 

estimates from unconstrained and constrained logistic analyses, whereas CTS involves 

the weighting of score functions from the retrospective (3.26) and prospective (3.27)

Tukey analyses.  This project contributes to the field of statistics, as I am unaware of 

any published reports on using an empirical Bayes approach to the computation of 

score test statistics.   
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Section 5.1.1: Derivation  

In this derivation, I consider a simple Tukey analysis with a single scan SNP, 

multiple conditioning SNPs and no variables for adjusting or stratification.  The 

formula for the CTS score function weights the RTS and PTS score functions 

( )
1 1

,RTS PTSS Sβ β , reminiscent of the formula for the EB pairwise interaction parameter 

estimate:
^
EB

SC
β  (2.11).  The motivation for this approach is that the difference between 

the RTS and PTS score functions is the use of an expected or observed value for the 

scan SNP minor allele counts (Section 3.3).  Specifically, I define the CTS score 

function as:  

( )
( )
( )

1 1

1 1 1 1

1 1 1
1 1

1 1

2

2
,

PTS RTS PTS RTS

PTSCTS RTS PTS

RTS PTS

PTS

S S S S I
S g S S

S S I

β β
β β β β

β β β
β β

β β

− +
= =

− +
              (5.1)          

The difference given by ( )
1 1

RTS PTSS Sβ β−  is a measure of the bias for 
1

RTS
Sβ , and  1 1

PTS

β β
I   

(3.23) is an estimate of the variance of 
1

PTS
Sβ .   For comparison, in EB,  

^ ^
CML UML

SC SC
β β
 

− 
 

 

is the estimated bias of 
^

CML

SC
β  and 

^
2

UML
σ  is the estimated variance of 

^
UML

SC
β .  In practice, 

1

CTS
Sβ  is computed using the observed score functions and information matrices from the 

retrospective and prospective Tukey analyses.   

The delta method can be used to characterize 
1

CTS
Sβ ,  a function of two 

summations for constant 1 1

PTS

β β
I  .  The delta method uses a Taylor expansion of a function 

of averages, ( )g X , around [ ]E X  to approximate the mean and variance of the function 

[180].  In this setting, the delta method estimates the variance of 
1β

CTS
S  through: 
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( )

( )

( )
( )

( )

( )

1 1 1 1

1 1

1 1 1

1 1 1 1

1 1

, ,

Var Cov ,
, ,

T
RTS PTS RTS PTS

RTS RTS

CTS RTS PTS

RTS PTS RTS PTS

PTS PTS

dg S S dg S S

dS dS
S S S

dg S S dg S S

dS dS

β β β β

β β

β β β

β β β β

β β

   
   
   

=    
   
      
   

       (5.2)       

 

The first derivates are: 

( )
1 1

1

,RTS PTS

RTS

dg S S

dS

β β

β

=  

( ) ( )1 1 1 1

1 1 1 1 1 1 1

1
2 2 22 2 * 2RTS PTS PTS RTS RTS PTS PTS

PTS PTS
S S S I S S S S I

β β β β
β β β β β β β

−

− + − + + −     

( ) ( ) ( )1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

2
2 2 2 2 32 2 2RTS RTS PTS PTS RTS PTS RTS PTS RTS PTS PTS RTS

PTS PTS
S S S S I S S S S S S S S I

β β β β
β β β β β β β β β β β β

−

− + + − − + +  

( )
1 1

1

,RTS PTS

RTS

dg S S

dS

β β

β

=  

( ) ( )1 1

1 1 1 1 1 1 1 1

1
2 2 2 24 3 * 2RTS RTS PTS PTS RTS RTS PTS PTS

PTS
S S S S S S S S I

β β
β β β β β β β β

−

− + − + + −  

( ) ( ) ( )1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

2
2 2 2 2 32 2 2RTS RTS PTS PTS PTS RTS RTS PTS RTS PTS PTS RTS

PTS PTS
S S S S I S S S S S S S S I

β β β β
β β β β β β β β β β β β

−

− + + − − + +  

 

The variance-covariance matrix is:  

( )
( )

( )

1 1

1 1

1 1
1 1

1 1

                   Cov ,
Cov ,

Cov ,             

RTS PTS

RTS
RTS PTS

RTS PTS

PTS

S S
S S

S S

β β
β β

β β β β
β β

 
 =
 
 

I

I
 

The asymptotic representations of the information matrices (3.20) are the diagonal 

entries for variance.  The off-diagonal entries for covariance depend on the efficient 

score functions ( )U  from the Tukey analyses (4.7) so that the estimates involve 

summations of independent terms.  The general formula for covariance is:  
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( ) ( ) ( )1 1 1 1 1 1 1 1 1 1, , , ,

1 1

Cov ,
ca

ca

n n
RTS PTS RTS PTS RTS PTS RTS PTS RTS PTS

i i ca ca i i ca ca

i i n

S S U U U U U U U Uβ β β β β β β β β β
= = +

= − + −∑ ∑     

where the data are organized with cases (ca) before controls (co).   

These values define the CTS test statistic for a given θ  as: 

           ( )
1 1 1

^ ^ ^
-1

0 0 0
Var

T

CTS CTS CTST S S Sβ β βθ
        

=         
        
η η η  

Inference is based on ( )( )maxT Tθ θ=  , as for RTS and PTS.   

 

Section 5.1.2: Simulations and Discussion 

I ran simulations to evaluate the performance of CTS under varying degrees of 

dependence for the scan and conditioning SNP sets.  To advocate for CTS in large-

scale studies of epistasis it should be robust relative to RTS and powerful relative to 

PTS.  I generated scan SNP data under the Tukey model as before (Section 4.1).  The 

one exception involves an additional set of simulations in which I generated data for a 

scan SNP in linkage disequilibrium with the conditioning SNPs under the alternative 

hypothesis, using the generating equations (4.3) and (4.6). 

Before I assessed type I error and power, I examined two fundamental features 

of CTS.  First, I investigated whether the delta method produced a valid estimate of the 

variance for 
1

CTS
Sβ .  I computed the ratio of empirical to analytic variance estimates for 

several θ  values and degrees of gene-gene dependence over 10,000 simulations.  The 

results support the use of the analytic ( )
1

Var CTSSβ  (5.2) in CTS (Figure 5.1).  Second, I 

assessed the θ  grid over which the CTS statistic is maximized for inference.  The plots 

illustrate that ( )CTS
T θ  can fluctuate more than ( )RTS

T θ  between θ  values on a 0.2 

grid (Figures 5.2, 3.1).  A unique feature of ( )CTS
T θ is that its distribution can have 
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global and local minimums and maximums when gene-gene independence does not 

hold (Figure 5.2b).  These observations suggest one direction for future work on CTS is 

to use the re-parameterized Tukey model that can eliminate maximization over θ  in the 

analysis of a single scan SNP (3.28). 

 

 



98 

Figure 5.1: Ratio of observed to mean analytic variance of score function in composite Tukey score test.  Values are based on 10,000 

simulations under the null for six θ  values and six levels of dependence between scan and conditioning SNPs (legend).  Sample size was 1000 

with equal cases and controls. Scan SNP MAF=0.25. 
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Figure 5.2: Composite Tukey score test statistics over range of θ .  Representative 

examples (legend) are given for simulations under the null, assuming gene-gene 

independence (top) or weak dependence (maximum 2r =0.05, bottom) between the scan 

and conditioning SNP sets.  Simulations include a total sample size of 1000 with equal 

cases and controls, eight conditioning SNPs and a single scan SNP with MAF=0.12.  
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 I computed p-values though permutation (Section 4.3), given the non-standard 

form of the CTS statistic.  I constructed a reference set of 5000 permuted CTS statistics 

for each linkage disequilibrium level for the scan and conditioning SNP sets to guard 

against differences in the null distribution of the CTS statistic.  I computed summary 

statistics for each reference set of permuted CTS statistics (Table 5.1) and tested 

whether one was stochastically different from the others through the non-parametric 

Kruskal-Wallis test [180].  The results suggest the distribution of CTS statistics depends 

on whether the gene-gene independence assumption holds but not on the degree of 

dependence between the scan and conditioning SNPs (p-value=2.72e-08 for all 

reference sets; p=0.12 for only reference sets generated under gene-gene dependence).  

This behavior may reflect the high sensitivity of RTS to small violations of the gene-

gene independence assumption.  It reveals a minor obstacle to the practical 

implementation of CTS in large-scale studies.  Specifically, one may wish to rank scan 

SNPs based on CTS statistics and calculate permuted p-values for only a certain 

percent of top results to reduce computing time.  While this method is appropriate for 

SNP pairs that demonstrate gene-gene dependence, it will exaggerate the rank of scan 

SNPs that are independent of the conditioning SNP set because their critical value 

based on permutation is smaller (Table 5.1).  This observation suggests researchers 

should rank scan SNPs based on permuted p-values, a requirement made less 

computationally intensive through the efficient algorithm for p-value computation of 

Yu et. al (Section 4.5) [4].   
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Table 5.1: Summary of composite Tukey score test statistics under varying 

degrees of gene-gene dependence for scan and conditioning SNP sets.  Each value is 

based on 5000 permutations under the null. 

Maximum 2r  for scan 

and conditioning SNPs 

Critical Value, 

0.05α =  

 

Mean 

 

Variance 

0.00 5.66 1.86 3.64 

0.05 6.32 2.06 4.24 

0.12 6.11 2.03 4.04 

0.25 6.29 2.06 4.41 

0.31 6.16 1.99 3.98 

0.44 6.12 2.08 4.02 

 

 

 

Although CTS is much more robust than RTS against violations of the gene-

gene independence assumption, CTS does not control type I error as tightly as PTS 

(Table 5.2).  The bias is similar in magnitude to that of the EB method for pairwise 

interaction (Section 2.1.3).  It may be acceptable in an efficiency-bias trade-off, as CTS 

consistently gains power over PTS and loses only minimal power to RTS when gene-

gene independence holds (Figure 5.3).   

  

 

 

Table 5.2: Empirical alpha levels for composite (CTS), prospective (PTS) and 

retrospective (RTS) Tukey score tests under valid and invalid assumptions of 

gene-gene independence.  Values are based on 1000 simulations for two nominal 

alpha levels. 

Maximum 2r  for scan 

and conditioning SNPs 

 

0.00 

 

0.05 

 

0.12 

 

0.25 

 

0.31 

 

0.44 

 Nominal Alpha       

CTS  0.05 0.055 0.064 0.073 0.065 0.071 0.068 

0.01 
 

0.010 0.016 0.017 0.012 0.015 0.017 

PTS 0.05 0.049 0.051 0.049 0.049 0.048 0.047 

0.01 
 

0.010 0.010 0.009 0.010 0.011 0.009 

RTS 0.05 0.049 0.67 0.90 0.95 0.97 0.98 

0.01 
 

0.008 0.47 0.84 0.93 0.95 0.96 
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 Figure 5.3: Power curves for the Tukey score tests over a range of θ .  θ  is 

proportional to the epistatic effect of the SNPs.  Each power calculation involves 1000 

simulations with 500 cases and 500 controls; ( )1 ln 1.15β = ; scan SNP MAF=0.15 and 

nominal 0.05α = .  Panel A: Retrospective (RTS), composite (CTS) and prospective 

(PTS) Tukey score tests are compared under gene-gene independence.  Panel B: CTS 

and PTS are compared under two levels of gene-gene dependence between the scan and 

conditioning SNP sets. 
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These results suggest CTS may become a powerful and robust framework for 

analysis of modular epistasis, motivating future work.  One area to investigate is the 

performance of CTS when it incorporates the score function from an RTS analysis that 

involves a more relaxed gene-gene independence assumption (Section 4.5).  A similar 

topic is the bias estimate of 
1

RTS
Sβ  in (5.1).  Its current form 

[ ]( )
^ ^

2
1

z zi i i

i z

c p s E Sθ β
 

+ − 
 

∑ ∑        (5.3) 

does not have an intuitive interpretation in terms of uncertainty about the gene-gene 

independence assumption.  The expectation is zero under gene-gene independence, as 

the final term in (5.3) is zero, and the expectation is non-zero when independence is 

violated, as [ ] [ ]|≠E S E S C .  But, the absolute value of the estimated bias need not be 

proportional to the degree of dependence between the scan and conditioning SNP sets.  

In contrast, the estimated bias for 
^ CML

SCβ  in EB has a clear interpretation through (2.10). 

One may also wish to extend CTS to the full Tukey analysis.   

Decision theory is an alternative to the CTS framework that offers a similar 

compromise between RTS and PTS.  This standard technique allows researches to 

assess the “risk” of basing inference on either RTS or PTS when the methods disagree.  

The risk is a function of the loss suffered when inference is based on the statistic that 

contradicts the true state of nature [180].  Examples include the use of resources in an 

unnecessary follow-up study or a missed opportunity to implement effective prevention 

policies.  A measure of uncertainty on the gene-gene independence assumption is also 

beneficial in this approach for assigning false positive probabilities to RTS results.   
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Section 5.2: Bayesian Work with Tukey Model 

 Future work on the Tukey model could also explore strategies to relax the 1 

degree-of-freedom assumption in the Tukey interaction.  I am beginning work with my 

supervisor Dr. Chris Holmes and his fellow Dr. Joanna Davies on a Bayesian analysis 

for this purpose.  It centers on the “Bayes-Tukey” model:  

 

( )0 1 2 1 2

z z

logit[ ( 1| , )]= + +
z z z z z

P D S S C S Cβ β β θ β β= +∑ ∑C  (5.4) 

with ,  ,D S and C  defined as in the Tukey model (3.1) for disease outcome, 

scan and conditioning SNPs. 

It differs from the Tukey model through the multi-dimensional θ  that replaces the 

scalar θ .  This modification allows for more diversity in the scan SNP’s interaction 

with the conditioning SNP set and may increase robustness to model misspecification.  

In practice, the Bayes-Tukey model is approximated by a linear model that improves 

computational efficiency.  The parameter of interest in the Bayes-Tukey analysis is 

“interaction” parameter θ .  Its maximum likelihood estimate is modeled through the 

prior distribution ( )
^

~ , ZMVNθ θ λI  with ( )~ ,MVNθ 0 ν  and it is assessed through the 

computation of an approximate Bayes Factor [194].  In contrast, in the Tukey analyses, 

the 1-degree of freedom assumption sets λ  to zero and θ  is a nuisance parameter in the 

Tukey score tests for the general disease association parameter 
1

β .     

 

 

Equation Chapter (Next) Section 1 
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Chapter 6 

 

 

Genome Wide Exploration of  

Pairwise Interactions in Prostate Cancer 

 

The applied work of this chapter follows naturally from the empirical evaluation 

of methods to detect pairwise interactions in case-control studies (Section 2.1.4).  It 

includes a series of conditional scans that use data from each stage of Cancer Genetic 

Markers of Susceptibility (CGEMS, Section 1.5).  My objective is to identify single 

nucleotide polymorphisms (SNPs) that affect prostate cancer (PRCA) risk through 

interaction with established susceptibility regions in order to generate hypotheses about 

disease etiology.  This project also addresses general methodological concerns for 

studies of epistasis in PRCA and other phenotypes because it is one of the first 

interaction analyses in a multi-stage genome wide association study (GWAS).   

 

Section 6.1: Analysis Plan 

The regression models for the conditional scans are the same as in the empirical 

evaluation (2.2).  They include one scan SNP, one conditioning SNP and their pairwise 

interaction.  The Stage II and III analyses include indicator variables of international 

studies (and centers) for adjustment in the regression model and stratification in the 

CML analysis because geographical variables can be proxies for population 

stratification [159,162].  The Stage I analysis differs because the data come from a 

single American study.  The nine conditioning regions are also the same as in the 

empirical evaluation (Table 1.1, Section 1.4).  The same conditioning SNP applies to 
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all relevant scans with one exception: rs7077275 is the CTBP2 conditioning SNP in the 

Stage III scan because it is the most significant regional marker in Stage III single-SNP 

analysis (p=4.39e-7).   

Scan SNP selection differed between Stage III and earlier stages.  In Stages I 

and II, I analyzed all possible scan SNPs.  The respective sets of ~500K and ~27K 

SNPs set Bonferroni significance thresholds to p≤1.0e-7 and p≤1.85e-6.  In Stage III, I 

analyzed a subset of potential scan SNPs in order to minimize the burden of multiple 

testing and retain the power advantages of a large sample.  I limited the Stage III scan 

SNPs first on evidence of marginal effects in analysis of the joint data (p<0.05).  I 

further limited the subset by including only the top SNP within each fine-mapping 

region, reducing the number of SNPs in linkage disequilibrium.  These filters selected 

263 SNPs for interaction analysis.   

I conducted the Stage III analysis in three phases.  First, I tested all pairwise 

interactions among the nine conditioning SNPs, using a Bonferroni threshold of 

p<1.11e-3.  Second, I performed a conditional scan for each of the nine susceptibility 

regions and the remaining 254 scan SNPs, using a Bonferroni threshold of p≤1.97e-4.  

Third, I tested all pairwise interactions among the 254 scan SNPs, using a Bonferroni 

threshold of p≤1.57e-6.  For highly significant interactions involving SNPs in fine-

mapping regions, I searched for nearby SNP pairs with stronger interaction signals.     

I performed two sets of Wald tests on the scan SNP parameters in the regression 

models: interaction and omnibus (main effects and interaction).  I base inference on 

disease association for the scan SNPs on empirical Bayes (EB) logistic analysis 

(Section 2.1.3) because my empirical evaluation suggests it is robust to violations of a 

gene-gene independence constraint and previous simulations demonstrate it gains 

power over standard analyses when the constraint holds at least approximately [59].  I 
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consider results of the unconstrained (UML, Section 2.1.1) and constrained (CML, 

Section 2.1.2) maximum likelihood logistic analyses to investigate how inference 

differs across the methods.  I analyzed data from Stages I and II separately to prevent 

selection bias because omnibus tests assess main effect signals.  In contrast, I jointly 

analyzed data from Stages I, II and III in the final phase to maximize on the power 

advantages of a large sample.  

 

Section 6.2: Power Evaluation 

I evaluated power to detect pairwise interactions at genome wide significance 

(Bonferroni correction) in each CGEMS stage (Stage I, 1.0e-7; Stage II, 1.85e-6; Stage 

III, 1.97e-4) because this project is one of the first explorations of epistasis in a multi-

stage GWAS.  Power calculations involve the following assumptions for simplification: 

a) scan and conditioning SNPs are independent; b) scan and conditioning SNPs exhibit 

pure epistasis (an interaction effect but no main effects); c) scan and conditioning SNPs 

affect disease risk through a dominant disease model; d) each sample includes an equal 

number of cases and controls (total n : Stage I, 2200; Stage II, 8K; Stage III, 20K).  I 

set the probability of disease to 1.5% to reflect the prevalence among white American 

men [116].  I consider a variety of realistic settings over a range of marginal odds ratios 

(ORs) for the conditioning SNP and of minor allele frequencies (MAFs) for the scan 

SNP.   

The power to detect an interaction in Stage II or III also depends on the power 

of earlier stage(s) to select the scan SNP based on its marginal effect.  It is relevant, 

then, that interaction effects in models of pure epistasis are proportional to the SNPs’ 

marginal effects [189].  In this framework, earlier stages would have relatively high 

power to detect scan SNPs that demonstrate large epistatic effects.  In contrast, scan 
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SNPs that demonstrate large epistatic effects in models of cross-over interactions can 

have small or even non-existent marginal effects.  A cross-over interaction describes 

the phenomenon in which the effect of an allele at one locus reverses in the presence of 

the risk allele at a second locus.[189]  Early CGEMS stages that base follow-up 

selection on  single-SNP analyses would have relatively low power to detect scan SNPs 

involved in cross-over interactions with conditioning SNPs. 

The following terms will ease presentation of the formulas necessary for this 

power evaluation, which assumes a binary disease outcome ( )D  , binary genetic 

variables for the scan ( )S  and conditioning ( )C  SNPs, and no adjusting covariates:  

2

2

marginal OR for conditioning SNP

MAF for scan SNP                                     MAF for conditioning SNP

( 1| 0) 2                          ( 0 | 0) 1

( 1| 0) 2  

C

s c

s s

c c

M

f f

A P S D f f B P S D A

E P C D f f

=

= =

= = = = − = = = = −

= = = = −                        F 1

( 1, 1| 0) *                     H 1

( | , ) 

E

G P S C D A E G

pDSC P D d S s C c

= −

= = = = = = −

= = = =

 

The relevant interaction parameter can be written as 
111 100

ln ln
011 000

SC

p p

p p
β

   
= −   

   
.  

Power to detect an interaction of this magnitude at genome wide significance ( )α  is: 

( )( )2
1

2 1

1,NCP1 1P F
χ

χ α−− ≥ −           (6.1)  

with non-centrality parameter 
( )

22 *
2NCP

1 1Var

0 1

SCSC

SC

sc

n

p sc p sc

ββ

β
= =

+∑
                       

and the critical value set by 2
1

1
F

χ

− , the cumulative distribution for a central 2

1χ . 

In order to calculate power, I first solved for 111p  through: 

( ) ( )
( ) ( )

101 111 * 1 100 110

100 110 * 1 101 111
c

p B p A p B p A
M

p B p A p B p A

+ − −
=

+ − −
                                      (6.2) 
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1.. ( 1) 1 * ( | 0)* ( | 0)
sc

p P D p sc P S s D P C c D= = = = = = =∑                        (6.3) 

Equation (6.2) simplifies because the pure epistasis model has no main effects, setting 

00 01 00pd pd pd= =  for all values of d .  With algebra (6.3) gives the identity 

1.. * 111
100

p G p
p

H

−
=  .  These equalities allow for substitutions in (6.2) that yield a 

quadratic formula to solve for 111p  and, by extension, 100p : 

20 111
GB

p
H

 
=  

 
 

( ) ( ) ( )
2

1 1.. 1 2 * 1..
 111

C C C
M Ap B M G M BG p

p A
H H H

− − − 
+ + − + 

 
 

* 1..1.. * 1.. C
C

BM pp B p
B M

H H H

 
+ − − + 

 
 

 

These calculations are sufficient for only Stage I, as they do not consider power 

of previous stages to select SNPs for follow-up.  The overall power for Stages II and III 

is the product of the power to select the SNP for its marginal effect in all preceding 

stages and the power to detect the interaction in the stage at hand.  This approach is 

permissible even for the joint analysis in Stage III because the marginal and interaction 

parameters of the scan SNP are asymptotically independent when the candidate 

interacting SNPs are independent [195].  The previous calculations for p111 and p100 

set the marginal effect to: 

( ) ( )
( ) ( )

110 111 * 1 100 101
ln

100 101 * 1 110 111
S

p F p E p F p E

p F p E p F p E
β

 + − −
=  

+ − − 
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This value determines power through (6.1) for the appropriate significance thresholds 

(Stage I, 0.05; Stage II, 0.001) and non-centrality parameter:  

2 *
2

1 1

0 . 1 .

S

s

n

p s p s

β

+∑
. 

 

Section 6.3: Results  

Figure 6.1 summarizes the findings on statistical power.  Stage I of CGEMS has 

virtually no power to detect interactions in settings of multiplicative odds ratios in the 

range ( )1.13,2.05 .  In contrast, CGEMS Stages II and III have high power to detect 

modest to large interactions (OR > 1.7) for common conditioning SNPs (MAF > 20%), 

even after accounting for the power lost through selection of SNPs on marginal effect 

in earlier stages.  Power is not monotone over scan SNP minor allele frequency 

because, in a model of pure epistasis with a fixed marginal odds ratio for the 

conditioning SNP, the minor allele frequency of the scan SNP is inversely proportional 

to the interaction odds ratio.   



111 

Figure 6.1: Power to detect interactions in CGEMS at genome wide significance. Results are for Stages I (top, p≤1.0e-7), II (middle, 

p≤1.85e-6), III (bottom, p≤1.97e-4). Conditioning SNP marginal ORs are 1.1 (left), 1.15 (middle), 1.2 (right).  Legends apply to columns. 
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In the analysis of Stage I data, one SNP demonstrates genome wide significance 

for interaction.  The conditioning SNP is 8q24 Region H and the scan SNP is 

rs2002865, intergenic to DPP6 and PAXIP1 on chromosome 7 (p=9.14e-10).  The 

signal is driven by CML (p=9.53e-10) but also highly significant in the UML analysis 

(p=1.05e-5), conferring robustness to the finding.  A second SNP, rs4960563, in strong 

linkage disequilibrium with rs2002865 ( 2r =0.68 in controls), is highly significant for 

interaction with the same 8q24 conditioning region (p=3.79e-6).  Both interactions 

failed to replicate in a subset of the CGEMS Stage II sample (2439 cases and 2241 

controls) that were additionally genotyped. 

In the Stage II conditional scans, no SNP demonstrates genome wide 

significance for interaction.  A list of top ranking SNPs (p<1.0e-4) from each 

conditional interaction scan is shown in Table 6.1.  The most notable finding for 

biological plausibility and statistical evidence is an interaction between rs6983267 in 

8q24 Region E and rs4953347 in the first intron of EPAS1 (also known as HIF-2A) on 

chromosome 2 (p=9.69e-5, Table 6.2).  Its signal is driven by CML (p=9.28e-5) but 

also significant in the UML analysis (p=3.05e-3). The empirical joint odds ratios 

suggest each rs4953347 minor allele attenuates the effect of each rs6983267 risk allele 

(Figure 6.2).  The marginal p-value of rs4953347 is not statistically significant 

(p=0.38). 
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Table 6.1: Summary of SNPs with interaction p-values < 1.0e-4 in empirical Bayes logistic analysis of CGEMS Stage II data.   

  Interacting Region  Multiplicative Interaction 

Conditioning  

Region SNP MAF 

Chr,  

Nearby Gene 

Marginal* OR  

(95% CI) OR (95% CI) P-value 

CTBP2 rs7765379 0.12 6 0.99 (0.90, 1.09) 0.80 (0.71, 0.89) 9.83E-05 

EEFSEC rs12489404 0.42 3, GRM7  0.99 (0.93, 1.05) 0.85 (0.79, 0.91) 3.10E-06 

 rs10458466 0.49 1 0.97 (0.91, 1.03) 1.15 (1.07, 1.24) 6.52E-05 

HNF1B rs10506678 0.43 12 1.00 (0.94, 1.07) 1.14 (1.07, 1.22) 5.35E-05 

 rs617182 0.46                17, PHOSPHO1  0.95 (0.89, 1.01) 1.15 (1.07, 1.23) 7.14E-05 

 rs4691238 0.41 4 0.95 (0.90, 1.02) 1.14 (1.07, 1.22) 8.37E-05 

JAZF1 rs745720 0.19 2 0.96 (0.88, 1.03) 1.23 (1.12, 1.35) 2.28E-05 

 rs2899748 0.35 15, GLCE 0.96 (0.90, 1.02) 0.84 (0.77, 0.91) 3.04E-05 

MSMB rs10935317 0.42 3 0.98 (0.92, 1.05) 1.14 (1.07, 1.22) 3.93E-05 

 rs12605415 0.38 18 0.99 (0.93, 1.06) 1.14 (1.07, 1.22) 6.20E-05 

 rs11083271 0.32 18 1.02 (0.96, 1.09) 1.16 (1.08, 1.24) 6.67E-05 

 rs9880831 0.31 3, LOC391524 1.04 (0.97, 1.12) 0.87 (0.82, 0.93) 6.90E-05 

 rs7921651 0.23 10, FAM107B 1.03 (0.97, 1.12) 0.86 (0.79, 0.93) 8.62E-05 

8q24 Region P rs4660403 0.21 1, LOC388621 0.93 (0.86, 1.01) 1.24 (1.12, 1.38) 7.57E-05 

8q24 Region E rs4953347 0.48 2, EPAS1 0.97 (0.91, 1.04) 1.13 (1.06, 1.21) 9.69E-05 

8q24 Region H rs11589338 0.10 1, TMCO4 0.94 (0.84, 1.05) 1.30 (1.15, 1.47) 1.57E-05 

11q13 rs1240224 0.30 12 1.03 (0.96, 1.10) 1.15 (1.07, 1.23) 9.00E-05 

*Marginal results are based on single-SNP analyses. Chr=chromosome; OR=odds ratio; CI=confidence interval.
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Figure 6.2: Empirical joint odds ratios for rs4953347 in EPAS1 and rs6983267 in 8q24 

Region E.  Interaction p-value is 9.69e-5, ranking first among 27,226 SNPs in the conditional 

scan.  Bold values indicate odds ratios significant at the 5% level.   
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Table 6.2: Results of empirical Bayes analysis of logistic model for pairwise interaction 

between rs4953347 in EPAS1 and rs6983267 in 8q24 Region E.   

 

A colon designates an interaction.  

OR=odds ratio; CI=confidence interval.  

 

 

 

 

Covariate OR 95% CI P-value 

rs6983267 0.72  (0.66, 0.78) 5.48e-14 

rs4810671 0.87 (0.80, 0.95) 1.33e-3 

rs6983267 : rs4810671 1.13 (1.06, 1.21) 9.69e-5 
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The Stage III results highlight one SNP pair for interaction in each phase of the 

analysis.  In the first phase, the top pair of conditioning SNPs for interaction includes 

rs620861 of 8q24 Region H and rs4242382 of 8q24 Region P (p=7.90e-3).  This result was 

published recently [3].  I searched for stronger evidence of epistasis between all SNP pairs in 

these fine-mapping regions (66 SNPs in Region P, 57 in Region H).  The top SNP pair of 

rs6986543 and POU5F1P1-173 is significant after adjusting for multiple testing (p=4.27e-7).  

The signal is driven by CML (p=2.52e-7) but also significant in the UML analysis (p=7.33e-

4).  In the second analysis phase, the MSMB conditional scan highlights a biologically 

interesting scan SNP: rs4656538 near POU2F1 on chromosome 1 (p=0.02, rank 2).  The 

CML result is also significant but the UML signal is much stronger (p=3.65e-3).  In the final 

analysis phase, the second overall SNP pair for interaction includes rs9920331 in an intron of 

NR2F2 on chromosome 15 and rs1859962 in a gene desert on chromosome 17 (p=8.28e-5).  

rs1859962 demonstrates genome wide significance for marginal effect in Stage III (p=9.78e-

18).  rs9920331 demonstrates a statistically significant interaction with 8q24 Region H as 

well (p=6.01e-3, rank 2).  Both interaction signals for rs9920331 are driven by CML but also 

significant in the UML analysis.  

The CGEMS selection for follow-up based on marginal effects excluded 15,917 SNPs 

after Stage I and 271 SNPs after Stage II that demonstrate evidence of disease association in 

omnibus testing (Stage I p<0.005, Stage II p<0.001).  However, omnibus testing revealed no 

new susceptibility regions.  
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Section 6.4: Discussion 

Although the literature includes reports on large-scale interaction analyses 

[196], this project is the first published exploration of gene-gene interactions in the 

setting of a multi-stage GWAS to my knowledge [1].  It provides insight into both the 

possible role of gene-gene interactions in the etiology of PRCA and methodological 

challenges that large-scale studies of epistasis in other traits will face.  With respect to 

the later, my power evaluation suggests that very large sample sizes are required to 

detect pairwise interactions at GWAS significance.  The exploration of gene-gene 

interactions in smaller studies is unlikely to lead to definitive findings but can be useful 

in generating lists of SNP pairs for replication studies.  This project provides a list of 

SNPs that warrant follow-up study with varying degrees of priority (Table 6.1).  All top 

EB results are significant in the CML and UML analyses.  This consistency 

demonstrates robustness in the findings.  It also suggests inference on disease 

association can be similar between CML and UML analyses, although my empirical 

evaluation revealed discordant ranks for scan SNPs based on interaction p-values in the 

CML and UML analyses (Figure 2.3). 

The omnibus tests did not detect novel genome wide significant susceptibility 

SNPs.  However, a large number of SNPs excluded from follow-up in CGEMS due to 

weak marginal effects have omnibus signals that surpass the significant threshold for 

follow-up selection.  This observation demonstrates the potential of multilocus analyses 

to alter the trajectory of multi-stage GWAS.  Researchers could adopt a two-stage 

selection process.  First, a genome scan selects a portion of top SNPs for follow-up 

based on single-SNP analysis.  Second, a series of conditional scans that involve SNPs 

with strong marginal effects selects a set of top scan SNPs for follow-up based on 

omnibus testing.  A similar strategy has been advocated previously [40]. 



 117

The interaction results of this project should be interpreted with regard to the 

power calculations, particularly because they involve conditioning SNPs with 

comparable marginal effects and minor allele frequencies (Figure 6.1).  The power 

evaluation suggests Stage I is underpowered to detect SNPs that affect PRCA risk 

through pure epistasis.  In contrast, Stages II and III are well powered to detect large 

multiplicative effects.  The scarcity of genome wide significant results may indicate 

that, if pure epistasis contributes to PRCA risk, it is through more modest multiplicative 

effects that would correspond to the range of odds ratios detected in the analysis.  I 

acknowledge that this project may have missed scan SNPs involved in strong cross-

over effects with the susceptibility regions, as they may have been excluded from 

CGEMS follow-up due to weak marginal effects.  This project may also have missed 

higher order interactions through its focus on pairwise epistasis.  The task of searching 

for such complex interactions is a computationally daunting task with a great multiple 

testing burden in large-scale studies.  Investigation of higher order interactions through 

logistic analysis involves a regression model that quickly becomes saturated with 

interaction terms.  One strategy to overcome this challenge is sequential modeling of  

higher order interactions and simultaneous testing of all interactions not statistically 

significant in simpler models [197].  An alternative to logistic analysis is multifactor-

dimensionality reduction, a model-free approach that uses cross-validation and 

permutation testing to assess the ability of a one dimensional predictor (for example, a 

genotype) to predict disease status [198].   

The one genome wide significant result in this application failed to replicate.  It 

involves 8q24 Region H and rs2002865 in Stage I.  The result is unlikely to be due to 

genotyping error as a second SNP in strong linkage disequilibrium with the original 

signal also showed strong significance.  The result was interesting biologically because 
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the conditioning region is also associated with breast cancer and the scan SNP is 

located near PAXIP1, whose protein shares features with the protein of the well 

characterized breast cancer susceptibility gene BRCA [199].  Its failure to replicate 

underscores the challenges of employing rank p-values to prioritize interaction results 

and of establishing significance thresholds for conclusive findings.  These results 

reinforce the need for methods that consider both the power to detect a SNP and its 

biological plausibility.  I briefly review two.      

The False Positive Report Probability (FPRP) is defined as the probability that a 

SNP is a null marker conditional on a significant test statistic.  In an unbiased study, the 

value is determined by the test’s power ( ω), its size ( )α  and the prior probability on 

the alternative hypothesis ( )π .  The relevant formula is: 

( )
( ) ( )

1
FPRP

1 1

α − π
=

α − π + − ω π
 

Wacholder et al. advise that power calculations be based on a fixed odds ratio (for 

example 1.5) under the alternative and that the observed p-value be used for α .  Their 

simulation studies demonstrate it can be challenging to categorize a statistically 

significant SNP as a true positive when π  is very low.  The results also suggest the 

benefit to FPRP from increases in sample size has a practical limit, particularly for 

studies with low π .[200]  These findings are relevant to GWAS in which most SNPs 

are expected to be null.    

Wacholder et al. discuss practical applications of FPRP.  They acknowledge 

that one obstacle to its broad implementation is hesitance among scientists to specify 

π .  They advise that FPRP be reported over a range of π  , allowing external 

researchers to base inference on a different π , should they disagree with the publishing 

authors.  Wacholder et al. similarly advocate flexibility in FPRP interpretation.  They 
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note that a universal threshold for FPRP is not practical given the varied designs, 

purposes and consequences of genetic studies.  They contrast definitive and exploratory 

studies as examples of a setting in which either a stringent or relaxed criterion is 

appropriate.[200] 

Wakefield introduced the Bayesian False Discovery Probability that has the 

same objective as FPRP but incorporates information and establishes thresholds 

differently.  It requires investigators to define a prior distribution for the odds ratio 

under study, whereas Wacholder et al. assign it a fixed value.  Wakefield uses that prior 

distribution to compute a posterior probability for the null, which is intrinsically linked 

to false positive probabilities.  Wakefield defines an approximate Bayes Factor and 

uses a cost analysis to establish a flexible threshold for the “noteworthiness” of a 

significant finding.  Wakefield argues that a significant finding should be labeled 

noteworthy only if the posterior expected cost of a false negative exceeds that of a false 

positive.[201]   

Perhaps the most noteworthy result of our study is the top SNP for interaction 

with 8q24 Region E in Stage II: rs4953347.  This SNP is an intronic variant of EPAS1, 

which is biologically interesting both individually and in conjunction with 8q24 Region 

E.  The gene is a member of the hypoxia-inducible factor family that has been shown to 

promote key carcinogenic processes, including angiogenesis and metastasis [202].  

Under hypoxic conditions that are common in tumor micro-environments, EPAS1 

directly binds POU5F1 and activates its expression [203,204].  By activating POU5F1, 

EPAS1 has been shown to promote tumorigenesis [205].  Both EPAS1 and POU5F1B 

are over-expressed in PRCA, but POU5F1 is not expressed in healthy or malignant 

prostate tissue [120,202].  Given these data, I propose that POU5F1B mediates the 

observed EPAS1-8q24 Region E interaction.  This hypothesis makes an assumption that 
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EPAS1 participates in the regulation of POU5F1B, which is currently poorly 

understood.  Of note, a regulatory element containing the conditioning SNP rs6983267 

has been described [109,112].  Its risk allele increases local binding affinity of β-

catenin-TCF complexes up to fourfold.  Although studies have focused on TCF4, it is 

possible that the results generalize to the β-catenin-TCF3 complex [110] that promotes 

POU5F1 expression [206] and shares one of two POU5F1 promoter regions with 

EPAS1.   

Given the literature, I further propose that the PRCA association of 8q24 

Region E involves a type of pluripotency network centered on POU5F1B rather than on 

POU5F1 (Figure 7.8).  Over-expression of POU5F1B  in PRCA may mimic ectopic 

POU5F1 expression because the genes produce proteins with similar function [121].  It 

may also promote growth of PRCA tumors, which typically originate in epithelium 

[79], because ectopic POU5F1 expression promotes epithelial tumors [207].  This 

hypothesis aligns well with reports that PRCA progression involves the reactivation of 

embryonic pathways [84] because POU5F1 is central to the regulation of stem cell 

pluripotency in embryogenesis [119].   

The EPAS1-Region E interaction warrants replication not only in studies of 

PRCA but also in studies of additional epithelial cancers associated with the sub-

region, including colon, kidney, larynx and thyroid.  The motivation stems from 

molecular evidence that, in at least a subset of these cancers, EPAS1 is over-expressed 

[202], mRNA transcripts of POU5F1B are present [117] and embryonic pathways are 

implicated [208].  All these features characterize colon cancer, the third most common 

cancer in American men and women [74].  The hypothesis that POU5F1B mediates, at 

least in part, the association of 8q24 Region E with several epithelial cancers carries 

great significance, as relatively few genes promote cancer in multiple organs [209].  If 
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replication study is confirmatory, it will underscore the importance of incorporating 

interaction analyses into studies of complex human diseases because rs4953347 was 

overlooked in single-SNP analyses. 

The Stage III analysis is essentially an all pairwise interaction analysis among 

263 SNPs with evidence of association in single-SNP analyses (p<0.05).  Although no 

SNP pairs reach Bonferroni significance, several top-ranking SNP pairs are noteworthy 

for their biology.  The top SNP pair for interaction among the nine susceptibility SNPs 

involves 8q24 Regions P and H, both gene-deserts.  While it is difficult to suggest 

functional relevance for the observed interaction, the result underscores the complexity 

of 8q24.   

The second SNP for interaction in the Stage III MSMB conditional scan is 

rs4656538, intronic to POU2F1.  POU2F1 has been shown to enhance activity of 

cyclin D1, which controls the expression of many genes involved in the cell cycle and 

is over-active in several cancers.  In a breast cancer study, POU2F1 was shown to form 

a complex with CREB bound to cyclin D1 and to enhance CREB-dependent 

transcription of cyclin D1 [47].  Given the literature, this observed interaction suggests 

a functional relevance for the molecular finding that the MSMB conditioning SNP alters 

CREB binding affinity [130,131].  The potential biological importance of this finding is 

far greater than its modest p-value suggests.   

The second overall SNP pair for interaction in Stage III includes rs1859962 of 

the 17q24 gene desert and rs9920331 of NR2F2.  rs1859962 has no known function but 

is reported to be a susceptibility SNP for PRCA [100].  NR2F2 encodes a transcription 

factor that regulates expression of diverse genes.  It is thought to participate in 

organogenesis through mesenchymal-epithelial interactions [210].  This function is 

interesting given the embryonic model for PRCA pathogenesis.  Although NR2F2 has 
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not been studied in terms of PRCA, it is thought to promote the progression of both 

lung [211] and breast [212] cancers.   Its expression influences the activity of the well 

known tumor suppressor p53 [213].  The scan SNP rs9920331 also demonstrates 

interaction with 8q24 Region H.  This result supports a functional relationship between 

NR2F2 and gene deserts in PRCA etiology, although it is difficult to suggest a 

mechanism for the observed interaction.  Long-range gene regulation, which is often 

proposed for intergenic regions, is unlikely because these SNPs are on different 

chromosomes.   
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Chapter 7 

 
 

Exploration of Modular Epistasis in Prostate Cancer 

 

This chapter presents several applications of the Tukey score tests that follow 

from the preceding exploration of pairwise interactions in prostate cancer (PRCA).  I 

investigate modular epistasis in PRCA through two genome wide scans and analyses of 

a candidate pathway and gene, using data from Stage II of Cancer Genetics Markers of 

Susceptibility (CGEMS).  I focus on the retrospective Tukey score test (RTS) but also 

use the prospective Tukey score test (PTS) to assess consistency of results.  I examine 

comparable results from the empirical Bayes analysis of pairwise interactions to assess 

how incorporation of different forms of epistasis affects inference on disease 

association for specific single nucleotide polymorphisms (SNPs).  I also consider 

standard single-SNP analyses (UML-ME) to assess how the incorporation of either 

form of epistasis affects inference on disease association.   

I used more traditional methods to follow-up on promising RTS results.  First, I 

analyzed saturated interaction models (4.1) with main effects for the SNPs and study 

covariates, as well as pairwise interactions for the scan and conditioning SNPs through 

either an unconstrained (UML-SI) or constrained (CML-SI) maximum likelihood.  The 

constrained analysis assumes gene-gene independence for the scan and conditioning 

SNPs in the underlying population and stratifies on study to minimize epistatic 

population stratification.  Omnibus tests on the main effects and interaction parameters 

of the scan SNP(s) in these models correspond to Tukey score tests of general disease 

association.  Second, I constructed empirical joint odds ratios (ORs).  These 
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supplemental analyses allow one to assess the robustness of findings and to explore 

individual interactions between specific combinations of scan and conditioning SNPs.    

 

 

Section 7.1: Genome Wide Scans 

 

Section 7.1.1: Analysis Plan  

The objective of this project is to generate hypotheses about the functionality of 

susceptibility regions in PRCA, as in the exploration of pairwise interaction.  I 

conducted two genome scans for modular epistasis with distinct conditioning SNP sets 

(Table 7.1).   

The first scan focuses on 8q24 Region P.  I designed the conditioning SNP set 

under an assumption that Region P susceptibility SNPs represent a single casual 

mechanism specific to the prostate in contrast to 8q24 SNPs in sub-regions associated 

with additional or different cancers.  Region P contains the most statistically significant 

marker in the extended 8q24 region: rs4242382, a conditioning SNP in the pairwise 

interaction analysis.  rs4242382 resides in a sub-region of Region P that contains 

androgen receptor (AR) binding sites and enhancer elements responsive to androgens 

[214].  It is in complete linkage disequilibrium with the Region P susceptibility SNP 

most extensively studied for molecular function: rs11986220 (not genotyped in 

CGEMS) [215].  The risk allele of rs11986220 is associated with increased androgen-

dependent enhancer activity in Region P and with increased binding affinity of the 

androgen receptor protein through the co-regulator FoxA1 [214].  These results are 

particularly noteworthy because the androgen receptor signaling axis is central to the 

etiology of PRCA [80,216] and because AR mutations that affect androgen receptor co-

regulators are sufficient to cause aggressive PRCA in mice [217].  The conditioning 

SNP set for this genome scan includes rs4242382 and six additional loci from 8q24 
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Region P that demonstrate low pairwise linkage disequilibrium, maximizing coverage 

of tag SNPs and minimizing multi-collinearity in the null model (Figure 7.1).   

The second genome scan investigates the association of PRCA with type 2 

diabetes [129,218–220].  The conditioning SNP set spans HNF1B and JAZF1, regions 

that demonstrate associations with both diseases [100,103,129].  The SNP set 

specifically includes the HNF1B and JAZF1 conditioning SNPs from the pairwise 

interaction scans, as well as an independent PRCA susceptibility SNP intronic to 

HNF1B [100] ( 2 0.01r =  in controls) (Table 7.1).  I constructed this conditioning SNP 

set assuming the markers affect PRCA risk through a common mechanism that involves 

a diabetic phenotype unobserved in CGEMS.  Of note, increased PRCA risk is 

associated with a decreased genetic risk of type 2 diabetes [220].   

  

 

 

 

Table 7.1: Summary of conditioning SNP sets for two genome scans.   

Genome 

Scan 

Conditioning SNP 

(Gene) 

Frequency* 

(Allele) 

 

OR 

 

P-value 

8q24 

Region P 

rs17446916 0.43 (T) 1.07 0.04 

rs6999921 0.08 (G) 1.15 0.02 

rs1447293 0.37 (G) 1.14 1.54e-4 

rs921146 0.22 (C) 1.21 2.13e-6 

rs13253127 0.46 (T) 1.14 1.22e-4 

rs4242382 0.10 (A) 1.47 3.74e-13 

rs6991990 0.66 (C) 1.15 1.02e-4 

Diabetes rs4430796† (HNF1B) 0.52 (A) 1.26 1.85e-11 

rs1164973   (HNF1B) 0.81 (G) 1.18 2.70e-4 

rs10486567†  (JAZF1) 0.75 (G) 1.24 2.21e-7 

*Risk allele frequency is based on CGEMS Stage II controls.   

†SNP is associated with type 2 diabetes.  

OR=odds ratio.
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Figure 7.1: Linkage disequilibrium (LD) plot for twenty-four 8q24 SNPs genotyped in CGEMS Stage II.  The seven boxed loci represent 

conditioning SNPs in the 8q24 Region P genome scan.  The outlined LD block with five of these SNPs contains three binding sites for the 

androgen receptor.  The smaller outlined LD block is 8q24 Region E (Section 1.4).  This LD plot spans 354,599 base pairs.  The color scheme 

reflects LD with white corresponding to low 2r and black to high.  Pairwise 2r  based on 3887 study controls are written as percentages in 

respective blocks.  Black squares indicate SNP contributed to joint odd ratios calculations (Figure 7.6). 
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  In each genome scan, I tested individual scan SNPs for disease association, 

allowing for interaction with the conditioning SNP set.  I excluded scan SNPs within 

500Kb of any conditioning SNP to minimize violations of gene-gene independence due 

to physical proximity.  This filter selected 27,042 scan SNPs for the 8q24 Region P 

scan and 27,203 scan SNPs for the “Diabetes” scan, setting the Bonferroni threshold to 

p≤1.83e-6.  I included indicators for study in the regression models and stratified the 

RTS analyses by participation in ATBC because the minor allele frequencies (MAFs) 

of the conditioning SNPs differ among controls in that study relative to all others 

(Figure 7.2).   
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Figure 7.2: Risk allele frequencies for two conditioning SNP sets by study.  Values are based on controls in each CGEMS Stage II study 

(legend).  Conditioning SNP sets were used in genome scans to explore the prostate cancer associations of 8q24 Region P and type 2 diabetes.   
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Section 7.1.2: Results  

Figure 7.3 presents quantile-quantile plots of the RTS and PTS p-values for 

~27K scan SNPs in the two genome scans for modular epistasis.  The top SNPs in all 

analyses represent established susceptibility regions.  The top six SNPs in the 8q24 

Region P scan and the top 13 SNPs in the Diabetes scan met genome wide significance 

in single-SNP analyses of CGEMS Stage II data.  The deflation in their p-values from 

the single-SNP to the Tukey analysis may indicate that the simpler model is more 

appropriate for these SNPs.  Their top ranks are merely shuffled between the RTS and 

PTS analyses.  This consistency contrasts the discrepancies in RTS versus PTS ranks 

observed for the vast majority of scan SNPs (Figure 7.4). 
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Figure 7.3: Quantile-quantile plots of 
2

2χ -approximate p-values from retrospective (right) and prospective (left) Tukey score tests 

in 8q24 Region P (top) and Diabetes (bottom) scans with ~27K SNPs.   SNPs within 500Kb of the conditioning SNPs are excluded. 
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Figure 7.4: Ranks of ~27K SNPs in two genome scans based on retrospective 

(RTS) and prospective (PTS) Tukey score tests.  The conditioning SNP sets for the 

analyses represented either 8q24 Region P (left) or Diabetes (right).  SNPs within 

500Kb of the conditioning SNPs were excluded.   

 
 

 

 

For inference on modular epistasis in PRCA, I focus on the set of high-ranking 

SNPs in the RTS analyses that have not been implicated in previous GWAS.  Each 

genome scan highlights a SNP noteworthy for biology.  In the 8q24 Region P scan, 

rs748120 of NR2C2 (also known as TR4, p=4.98e-5, MAF=0.23) ranks 7th overall and 

1
st
 among “novel” susceptibility SNPs.  In the Diabetes scan, rs4810671 of SULF2 

(p=4.84e-5, MAF=0.48) ranks 23
rd

 overall and 4
th

 among novel susceptibility SNPs.  In 

standard single-SNP analyses, the overall ranks of these scan SNPs are notably lower 

(rs748120, 191; rs4810671, 252), suggesting interaction drives the RTS signals.  Since 

RTS assesses the general disease association of a scan SNP, it follows that RTS ranks 

for these scan SNPs are more similar to the empirical Bayes omnibus ranks in 

comparable conditional scans for pairwise interaction: rs748120 ranks 9
th

 in the 8q24 

Region P pairwise scan; rs4810671 ranks 62
nd

 in the JAZF1 and 109
th

 in HNF1B scan.  

Both scan SNPs demonstrate statistically significant associations in the PTS analysis, 
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although p-values decrease in magnitude from an order of 1.0e-5 to 1.0e-3.  This 

observed deflation may reflect the increased efficiency of RTS due to the gene-gene 

independence constraint.  The stratification procedure in the RTS analysis appears 

appropriate for these scan SNPs because their minor allele frequencies differ among 

controls in ATBC relative to other studies (Figure 7.5).   

 

 

Figure 7.5: Minor allele frequencies of two scan SNPs by study.  Values are based 

on controls in each CGEMS Stage II study (legend).  NR2C2 is a top result in the 8q24 

Region P genome scan and SULF2 is a top result in the Diabetes genome scan. 
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More traditional analyses support the RTS results and provide further 

information on the nature of the observed interactions.  First, the CML-SI omnibus tests 

on all scan SNP parameters are statistically significant for both rs748120 (p=2.67e-5) 

and rs4810671 (p=4.32e-4); the UML-SI omnibus tests are also significant.  In these 

models, each scan SNP demonstrates a significant interaction (p<0.05) with two 

conditioning SNPs (Tables 7.2, 7.3).  Empirical joint odds ratios involve total risk allele 

counts of these conditioning SNPs and minor allele counts of the scan SNP (Figure 
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7.6).  The cell counts for odds ratios are generally large, with few below 100.  In the 

8q24 Region P scan, the exceptions are the subset of no risk alleles at conditioning SNP 

loci and the subset of two minor alleles at the scan SNP locus.  In the Diabetes scan, the 

exceptions are the subset of four risk alleles at conditioning SNP loci and the subset of 

two minor alleles at the scan SNP locus.
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Table 7.2: Results of CML analysis of saturated interaction model with scan SNP rs748120 and seven 8q24 Region P conditioning SNPs.   

 Main Effects Interaction with rs748120 

Covariate OR 95% CI P-value OR 95% CI P-value 

rs748120 (NR2C2) 0.99 (0.84, 1.16) 0.90    

rs17446916 1.08 (1.01, 1.16) 0.03 0.98 (0.90, 1.06) 0.58 

rs6999921 1.17 (1.04, 1.33) 0.01 1.02 (0.89, 1.16) 0.82 

rs1447293 1.01 (0.91, 1.12) 0.81 1.11 (0.99, 1.24) 0.07 

rs921146 0.90 (0.77, 1.05) 0.18 1.06 (0.90, 1.24) 0.51 

rs13253127 0.98 (0.88, 1.09) 0.67 1.05 (0.94, 1.18) 0.39 

rs4242382 1.70 (1.48, 1.96) 2.56e-13 0.71 (0.61, 0.84) 2.29e-5 

rs6991990 1.13 (1.03, 1.25) 0.01 0.89 (0.80, 0.99) 0.03 

Omnibus test on all rs748120 parameters gives p=2.67e-5.   

CML=constrained maximum likelihood logistic analysis; OR=odds ratio; CI=confidence interval.  

 

 

 

 

Table 7.3: Results of CML analysis of saturated interaction model with scan SNP rs4810671 and conditioning SNPs in HNF1B and 

JAZF1.   

 Main Effects Interaction with rs748120 

Covariate OR 95% CI P-value OR 95% CI P-value 

rs4810671 (SULF2) 0.75 (0.56, 1.00) 0.053    

rs4430796 (HNF1B) 1.20 (1.11, 1.29) 2.45e-6 1.13 (1.03, 1.23) 0.010 

rs11649743 (HNF1B) 1.14 (1.04, 1.26) 0.007 1.00 (0.88, 1.13) 0.974 

rs10486567 (JAZF1) 1.19 (1.09, 1.30) 8.30e-5 1.14 (1.02, 1.28) 0.019 

Omnibus test on all rs4430796 parameters gives p= 4.32e-4.  

CML=constrained maximum likelihood logistic analysis; OR=odds ratio; CI=confidence interval.  
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Figure 7.6: Empirical joint odds ratios.  Results are based on the minor allele count of a top scan SNP and the total risk allele count of 

conditioning SNPs that demonstrate significant interaction with it in a saturated interaction model.  For the 8q24 Region P scan (left), the scan 

SNP is rs748120 with MAF=0.23 and the conditioning SNPs are rs4242382 and rs6991990.  For the Diabetes scan (right), the scan SNP is 

rs4810671 with MAF=0.48 and the conditioning SNPs are rs4430796 (HNF1B) and rs10486567 (JAZF1).  Values are given for odds ratios 

significant at the 5% level.   
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Section 7.1.3: Discussion 

These applications highlight important features of the Tukey score tests, as well 

as identify SNPs that suggest functionality for established PRCA susceptibility regions.  

The RTS analyses specifically highlight rs748120 of NR2C2 in the 8q24 Region P scan 

and rs4810671 of SULF2 in the Diabetes scan.  Although the scan SNPs do not meet 

genome wide significance, both rank in the top 25 of more than 27K SNPs.  

Dominating the top ranking SNPs in both the RTS and PTS analyses are markers from 

established susceptibility regions that meet genome wide significance in single-SNP 

CGEMS analyses.  These results support the use of Tukey score tests in exploratory 

GWAS analyses, highlighting the flexible nature of a test for general disease 

association.  Although top results are consistent, the RTS and PTS analyses produce 

discordant ranks for the vast majority of scan SNPs (Figure 7.4).  Consistency of Tukey 

score test results may suggest robustness in a finding.   

The 8q24 Region P scan highlights rs748120 of NR2C2.  An epistatic effect 

appears to drive the RTS signal because rs741820 ranks much lower in single-SNP 

analysis.  The scan SNP demonstrates evidence of epistasis with multiple conditioning 

SNPs in a saturated interaction model (Table 7.2).  The two conditioning SNPs with 

statistically significant pairwise interactions (p≤0.05) in the model reside in the same 

sub-region of Region P that contains AR binding sites and enhancer elements 

responsive to androgens.  They are rs4242382, the most significant SNP in marginal 

analyses, and rs6991990.  These SNPs are independent ( 2 0.04r =  in controls), 

suggesting there is a region-wide interaction between 8q24 Region P and rs748120.  

The empirical joint odds ratio that incorporate the conditioning SNPs rs4242382 and 

rs6991990 suggest the latent causal mechanism of 8q24 Region P acts almost 

exclusively in the absence of minor rs748120 alleles (Figure 7.6a). 
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NR2C2 is a co-regulator of the androgen receptor protein (AR); it encodes a 

protein that can form a complex with AR and decrease expression of both their target 

genes [221].  A target gene of NR2C2 is NANOG, one of two additional genes at the 

center of stem cell pluripotency with POU5F1 [222].  This relationship is particularly 

noteworthy because PRCA pathogenesis is thought to involve the reactivation of 

embryonic pathways [84].  It suggests a mechanism by which embryonic pathways can 

be activated in PRCA in addition to the hypothesized regulation of POU5F1B by 

EPAS1 (Section 6.3).  NR2C2 has also been shown to reduce synthesis of Vitamin D 

[223], which influences cellular differentiation and proliferation in the prostate 

[224,225].  Observational studies identified an association of Vitamin D deficiency with 

increased PRCA risk [226].  Given the literature, I hypothesize that impaired AR-

NR2C2 binding contributes to the increased androgen responsiveness of 8q24 Region P 

in the presence of a risk allele at rs11986220 (or rs4242382 by complete linkage 

disequilibrium). Impaired binding would also correspond to increased NR2C2 activity 

that could activate NANOG expression and repress Vitamin D synthesis at levels 

outside the physiologic range.  Both sequelae would increase risk of PRCA, consistent 

with previous reports.  

The Diabetes scan highlights rs4810671 of SULF2.  The RTS signal appears to 

involve a relatively large epistatic effect, given the comparatively low rank of 

rs4810671 in single-SNP analysis.  The scan SNP demonstrates evidence of epistasis 

with two of the three conditioning SNPs in a saturated interaction model: rs4430796 of 

HNF1B and rs10486567 of JAZF1, the conditioning SNPs from the pairwise interaction 

scans.  These results suggest the observed association of rs4810671 with PRCA 

involves the proposed latent diabetic phenotype rather than a gene specific function of a 

single conditioning region.  The empirical joint odds ratios that incorporate these 
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conditioning SNPs suggest rs4810671 affects PRCA risk only when at least three 

conditioning SNP risk alleles are present (Figure 7.6b).   

SULF2 has been well characterized in molecular studies.  It demonstrates 

connections to cancer, specifically PRCA, as well as type 2 diabetes.  In several 

cancers, including pancreas, breast, lung and liver, SULF2 demonstrates oncogenic 

properties [227–230].  The gene encodes an enzyme that modifies the sulfation and 

function of heparin sulfate proteoglycans [231].  Abnormalities in these sugars and 

particularly in HSPG2 (Perlecan) contribute to the disease progression of both type 2 

diabetes [232] and PRCA [233,234].  Heparin sulfate proteoglycans influence the FGF 

and WNT-signaling axes [228] that are disrupted in PRCA [81,235,236].  A positive 

regulator of SULF2 is insulin, the hormone at the center of diabetes [237].  Cellular 

response to insulin is thought to mediate the association of type 2 diabetes and PRCA 

[238–241].  Given the literature and observed modular interaction, I propose that 

abnormal insulin function affects PRCA risk through dysregulation of SULF2.   This 

hypothesis aligns well with the claim that a consequence of type 2 diabetes mediates its 

association with PRCA [220].  The RTS finding is worthy of replication, particularly 

because the SULF2 enzyme would be good candidate for a drug target and biomarker 

[228] in PRCA.   

If replication study confirms rs748120 and rs4810671 are susceptibility SNPs 

for PRCA, it will underscore the benefit of incorporating epistasis and particularly 

modular epistasis into GWAS analyses.  For comparison, both scan SNPs were 

excluded from CGEMS Stage III due to weak marginal effects (p>0.001).  A recent 

report refutes a link between the associations of HNF1B and JAZF1 with PRCA and 

type 2 diabetes based on null results in main effects analyses [242].  My own pairwise 
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interaction analysis (Chapter 6) overlooked rs4810671 in both the HNF1B and JAZF1 

conditional scans, but it did highlight rs4242382 in the 8q24 Region P conditional scan. 

 

Section 7.2: Candidate Regions 

Section 7.2.1: Candidate Gene MYEOV Application 

MYEOV has been implicated in PRCA because it flanks the 11q13 susceptibility 

region and functions as an oncogene in other cancers [103].  I investigated the 

hypothesis that these regions affect PRCA risk through epistasis using PTS because 

physical proximity invalidates the RTS assumption of independence for the regions.  

The regression model includes a single scan SNP, rs11605162 that ranks 1
st
 out of 23 

SNPs in the MYEOV gene region for marginal effect in Stage I (p=0.058).  This filter 

ensures data for selection and analysis are independent.  The regression model also 

includes covariates for study.  I constructed the conditioning SNP set through the 

following fine-mapping analysis.   

 

Section 7.2.1a: Fine-Mapping of Chromosomal Region 11q13 

The fine-mapping data of CGEMS Stage III include 120 SNPs from the 11q13 

susceptibility region (Figure 7.7).  The conditioning SNP from the 11q13 scan for 

pairwise interaction, rs10896449, demonstrates the most significant marginal effect 

among them [5].  An objective of this supplemental analysis is to determine if 11q13 

harbors independent risk markers in addition to the top marker, as seen with 8q24 

[3,105] and HNF1B [100].  The logistic models for this analysis include rs10896449, 

study covariates and, as appropriate, one or more 11q13 SNPs.  I analyzed the models 

using the standard UML method.  I considered two-SNP main effects models first, 

testing the additional 11q13 SNP for PRCA association.  I assessed the statistical 
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significance of the top SNP in the analysis through a parametric permutation method, 

since the high correlation of SNPs made a Bonferroni correction too conservative.  The 

permutation procedure preserves the linkage disequilibrium of the SNPs in each model 

by permuting the outcome data rather than the genetic data.  It also preserves the PRCA 

association of rs10896449 by assigning case-control status based on random draws 

from a Bernoulli distribution with probability of “case” set by the null model, as in 

(2.5).  I assigned an adjusted p-value to the top SNP, using minimum p-values from 

each of 100K permutations to define ( )( )adj min permuted  observed p P p p= ≤ . 

 If adj 0.05p ≤ , I defined the top SNP as an independent susceptibility SNP in 11q13, 

incorporated it into the null model and repeated the process for a 3-SNP alternative 

model.  This sequential testing of multilocus models continued until the top SNP had 

adj 0.05p > .  To reduce computing time, I collaborated with a colleague, Mr. William 

Wheeler, on the permutations.   
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Figure 7.7: Linkage disequilibrium (LD) plot of chromosomal region 11q13.  Plot spans 241,804 base pairs and denotes SNPs 

included in CGEMS Stage III fine-mapping.  The color scheme reflects LD with white corresponding to low 2r and black to high.  

Pairwise 2r  is written as percentages in respective blocks.  Estimates are based on HapMap data for subjects of European ancestry [243].  
Three SNPs identified as independent susceptibility loci for prostate cancer are boxed in red. They define the conditioning SNP sets in the 

prospective Tukey analysis for candidate gene MYEOV.  
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The results suggest 11q13 contains three independent PRCA susceptibility 

SNPs: rs10896449, rs12793759 and rs10896438 (Table 7.4, Figure 7.7).   The top SNP 

for the analysis of two-SNP models is rs12793759, a novel susceptibility marker for 

PRCA ( adjp =0.004).  The top SNP for the analysis of three-SNP models is rs10896438.  

I included it in the final model, despite a borderline adjusted p-value ( adjp =0.054), 

because it is a proxy for the PRCA susceptibility SNP rs12418451 [106] ( 2r =0.96) 

[115].  These SNPs demonstrate low pairwise 2r  in CGEMS controls: rs10896449 and 

rs12793759, 0.17; rs10896449 and rs10896438, 0.10; rs12793759 and rs10896438, 

0.12.   

 

 

 

Table 7.4: Summary of 3-SNP model from sequential logistic regression analysis of 

SNPs in 11q13 susceptibility region.  

SNP OR 95% CI P value 

rs10896449 1.14 (1.09, 1.20) 8.69e-9 

rs12793759 1.11 (1.04, 1.18) 1.41e-3 

rs10896438 1.07 (1.02, 1.12) 5.92e-3 

OR=odds ratio; CI=confidence interval.  

 

 A relevant methodological issue is that the final model of a forward-selection 

analysis can be highly dependent on the data.  Alternative approaches that demonstrate 

increased predictive accuracy include non-parametric bootstrapping and sub-sampling.  

In the first, forward selection is performed multiple times on subsets that have been 

sampled with replacement from the full dataset.  In the latter, forward selection is 

performed on subsets that have been sampled without replacement.  Bootstrapping can 

involve datasets as large as the original, but sub-sampling is restricted to datasets 

smaller than the original.  Both approaches construct a series of multilocus models that 
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can be examined to determine the probability that a given SNP is included in the final 

model.[244]   

 

Section 7.2.1b: Results 

The PTS results do not support an association of MYEOV with PRCA risk 

(p=0.68).  Similarly, no association was detected for this MYEOV SNP in the 

conditional scan for pairwise interaction with 11q13 (empirical Bayes omnibus p=0.75) 

or in the single-SNP analysis (p=0.13).   

 

Section 7.2.2: Ectopic POU5F1 Expression  

This project is motivated by the top result for pairwise interaction in the 

conditional scan for 8q24 Region E (Table 6.2, Figure 6.2).  I specifically investigate 

the hypothesis that POU5F1B mediates the PRCA association of 8q24 Region E 

through functional similarities with POU5F1.  Despite substantial support in the 

literature (Section 6.4), this hypothesis has not been tested in published work.   

The Tukey model for this analysis differs from those previous.  Its conditioning 

SNP set has a single marker and its scan SNP set has multiple (four) markers.  The 

conditioning SNP is the top marker in 8q24 Region E, rs6983267, which is  ~15Kb 

from POU5F1B and has been implicated as a causative locus [245].  I constructed the 

scan SNP set to represent ectopic POU5F1 expression, which is tumorigenic in 

epithelium [205] where the vast majority of PRCA tumors originate [79].  The pool of 

potential scan SNPs includes all CGEMS SNPs in the regions of POU5F1 target genes.  

A recent bioinformatics study provides a thorough list of these genes, which are too 

numerous for a single regression model [246].  I limited the pool to target genes 

involved in pluripotency regulation because progenitor cells are central to the 
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development of PRCA [84] and of epithelial tumors due to ectopic POU5F1B 

expression [205].  Also, the selection of scan SNPs within a functional group of a 

pathway provides stricter adherence to the latent variable framework of the Tukey 

model.  CGEMS includes four of these genes, ESRRB, SALL4, KLF4 and DPPA3, for 

which I provide brief information (Table 7.5, Figure 7.8).  Both ESRRB and SALL4 are 

positive regulators, as well as target genes, of POU5F1 [247].  One function of ESRRB 

is to up-regulate NANOG, reminiscent of NR2C2 [248].  DPPA3 expression has been 

detected in germ cell tumors [249].  KLF4 is a transcription factor that regulates the cell 

cycle and cell differentiation in many tissue types, including epithelium.  It can act as a 

tumor suppressor or oncogene depending on the tissue.[250,251]  The scan SNP set 

includes the top SNP in each gene based on a Stage I single-SNP analysis, ensuring the 

data for selection and analysis are independent.  As the scan and conditioning SNPs are 

on different chromosomes, I assume the gene-gene independence constraint is valid.  

I included study indicators in the Tukey model for this analysis but did not 

stratify by study because the allele frequencies of the scan and conditioning SNPs do 

not appear to covary within study among CGEMS controls (Figure 7.9).  No correction 

for multiple testing is necessary with a single hypothesis.  

 

Table 7.5: Summary of scan SNP set for candidate pathway application.  Results 

from Stage II are given for the 8q24 Region E conditional scan. 

Scan SNP Nearby  

Gene 

SNP-

Gene  

Proximity 

Chr MAF Stage I 

Marginal 

P-value 

Stage II 

Omnibus 

P-value 

Stage II 

Interaction 

P-value 

rs10772662 DPPA3 Nearby 12 0.32 0.02 0.07 0.82 

rs7155416 ESRRB Intron 14 0.12 0.17 0.08 0.08 

rs1832741 KLF4 Nearby 9 0.47 0.11 0.10 0.18 

rs6021460 SALL4 Intron 20 0.44 0.77 0.21 0.09 

Chr=chromosome; MAF=minor allele frequency. 
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Figure 7.8: Simplified schematics of pluripotency network centered on POU5F1.  The four genes listed in the blue box as major 

pluripotency-related genes were jointly tested for disease association through the prospective Tukey score test with the conditioning SNP 

rs6983267 of 8q24 Region E, yielding a significant result (p=0.01).  An intronic SNP of EPAS1 is the top pairwise interacting SNP with 

rs6983267 in a genome wide scan (p=9.69e-5).  rs6983267 is associated with altered binding of β -catenin to 8q24.  Sharp (blunt) arrows 

represent excitatory (inhibitory) relationships between genes; WNT, FZD and SMAD respectively represent the gene families of wingless type 

protein, frizzled, and similar to mothers against decapentaplegi; Ids = inhibitors of differentiation. Adapted from previous publications [118,246]. 
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Figure 7.9: Allele frequency for scan and conditioning SNP sets of candidate 

pathway application by study.  Minor allele frequencies are given for the scan SNP 

set (POU5F1).  Risk allele frequencies are given for conditioning SNP (8q24 Region 

E).  Values are based on controls in each CGEMS Stage II study (legend).    
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Section 7.2.2a: Results  

 The scan SNP set representing ectopic POU5F1 expression demonstrates weak 

evidence of disease association in RTS (p=0.14).  The set demonstrates a significant 

association in PTS (p=0.01), and more traditional analyses support an association.  The 

omnibus test on all scan SNP parameters in a saturated interaction model is significant 

in the CML-SI analysis (p=0.03), more so in the UML-SI analysis (p=4.32e-3, Table 

7.6).  In these analyses, rs10772662 of DPPA3 is the only scan SNP that does not show 

evidence of PRCA association for main effect or interaction (p<0.05).  Figure 7.10 

gives the empirical joint odds ratios for the remaining scan SNPs and the 8q24 Region 

E conditioning SNP based on a total risk allele count.  The “risk” alleles for the scan 

SNPs correspond to higher PRCA risk in Stage II single-SNP analysis, although no 

marginal effect is significant.  They are the major allele for rs1832741 and rs6021460 

and the minor allele for rs7155416.  The maximum total count of risk alleles for the 

scan SNPs is five because the subset of six risk alleles has several empty cells.  The 
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only additional cells with counts less than 100 are within the subsets of zero or five 

scan SNP risk alleles.   
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Table 7.6: Results of UML analysis of saturated interaction model with one 8q24 Region E SNP and four scan SNPs from target genes of 

POU5F1.   

 Main Effects Interaction with rs6983267 

Covariate OR 95% CI P-value OR 95% CI P-value 

rs6983267 1.08 (0.94, 1.26) 0.26    

rs10772662 (DPPA3) 1.07 (0.95, 1.20) 0.29 1.01 (0.92, 1.11) 0.77 

rs7155416   (ESRRB) 1.24 (1.05, 1.47) 0.01 0.87 (0.76, 0.99) 0.04 

rs1832741   (KLF4) 0.88 (0.79, 0.99) 0.03 1.07 (0.98, 1.17) 0.14 

rs6021460   (SALL4) 0.89 (0.79, 0.996) 0.04 1.11 (1.02, 1.21) 0.02 

Omnibus test on all scan SNP parameters gives p=4.23e-3.  

UML=unconstrained maximum likelihood logistic analysis; OR=odds ratio; CI=confidence interval.  
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Figure 7.10: Empirical joint odds ratios.  Risk allele counts for scan SNPs involve rs7155416 of ESRRB, rs1832741 of KLF4 and rs6021460 

of SALL4. Bold values indicate odds ratios significant at the 5% level.   
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Section 7.2.2b: Discussion 

The results of this candidate pathway application provide sufficient evidence to 

warrant follow-up on the hypothesis that POU5F1B mediates the PRCA association of 

8q24 Region E through its similarities with POU5F1.  Specifically, the results suggest 

that POU5F1 target genes involved in pluripotency regulation affect PRCA risk 

through interaction with 8q24 Region E.  If replication confirms a PRCA association 

for these scan SNPs, it would underscore the benefit of modeling modular epistasis 

because all scan SNPs were overlooked in single-SNP analyses and in the 8q24 Region 

E conditional scan for pairwise interaction.   

The SNP sets demonstrate a cross-over interaction in their empirical joint odds 

ratios (Figure 7.10).  When both conditioning SNP risk alleles are present, the greatest 

risk is observed in the subset of no scan SNP risk alleles but, when less than two 

conditioning SNP risk alleles are present, the greatest risk is observed in the subset of 

maximum scan SNP risk alleles.  This pattern is a more extreme version of the one 

involving 8q24 Region E and the EPAS1 SNP rs4953347 (Figure 6.2).  The consistency 

supports my hypothesis that the PRCA association of 8q24 Region E involves a type of 

pluripotency network centered on POU5F1B rather than POU5F1.  More specifically, I 

hypothesize EPAS1 promotes over-expression of POU5F1B that mimics tumorigenic, 

ectopic expression of POU5F1.  I advocate for follow-up study not only in PRCA but 

in all epithelial cancers associated with 8q24 Region E.   
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Chapter 8 

 

Conclusion  

 

 Multilocus methods can increase power to a detect disease association in single 

nucleotide polymorphisms (SNPs), capturing the biology of complex human diseases 

more accurately than single-SNP models [42,52–58].  My dissertation research 

contributes to the field of statistical genetics by evaluating and developing methods to 

detect disease association in the presence of epistasis using case-control data.  My 

applied work with these methods contributes to the field of cancer genetics by 

identifying statistical interactions that suggest functional relevance for susceptibility 

regions in prostate cancer (PRCA).   

Chapter 2 presents the first empirical evaluation of standard logistic analysis 

and two methods that can gain power to detect pairwise interactions in the setting of a 

genome wide association study (GWAS).  The alternate methods impose a constraint of 

gene-gene independence in the underlying population between candidate interacting 

SNPs.  The results reveal a weakness in case-only type methods and highlight the 

promise of a recently proposed empirical Bayes (EB) method.  The rigid constraint of 

case-only type methods inflates type I error when candidate interacting SNPs 

demonstrate linkage disequilibrium or epistatic population stratification (Figure 2.1b).  

Researchers can minimize the first type of bias that is likely more common by selecting 

SNP pairs for analysis based on genomic location.  Recent modifications to the case-

only method minimize the second type of bias, retaining efficiency over standard 

analyses [152,153,171].  For example, Bhattacharjee et al. proposed a method that 

enforces the independence constraint in small, homogenous subsets of subjects 
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clustered through principal component analysis [2].  The EB method minimizes bias in 

a more general way, using the data to assess uncertainty about independence and to 

weight interaction estimates from constrained and unconstrained analyses (2.11).  This 

data-adaptive approach makes EB more robust than case-only type methods (Figure 

2.1) and more powerful than standard methods.[59]   

Chapters 3 and 4 introduce the innovative retrospective Tukey score test (RTS). 

The underlying Tukey model (3.1) allows for interaction between sets of biologically 

similar SNPs [175], representing a movement in statistical genetics towards modular 

biology.  The regression model also offers statistical advantages, motivating a flexible 

test of disease association that incorporates main- and epistatic effects and reducing 

degrees of freedom on the test statistic.  RTS further improves efficiency by imposing a 

constraint of gene-gene independence in the underlying population between the SNP 

sets.  When independence holds, RTS demonstrates high power to detect disease 

association in the presence of epistasis (Figures 4.3-4.5) and controls type I error (Table 

4.4).  It is a powerful alternative to existing methods for analysis of case-control data in 

genetic epidemiology.  Furthermore, RTS provides a foundation for work on robust and 

efficient methods that exploit gene-gene independence in studies of modular epistasis, 

as the case-only method does for pairwise interactions.  I explore an extension of RTS 

in Chapter 5: the composite Tukey score test (CTS).  CTS can be considered an EB 

equivalent for studies of modular epistasis because it uses the data to relax the RTS 

independence assumption.  Simulation studies motivate further work on CTS, 

suggesting it may become a powerful and robust framework for analyses of modular 

interactions, both gene-gene and gene-environment.     

Chapters 6 and 7 present numerous applications of EB and RTS to a PRCA 

GWAS.  The results underscore the potential of multilocus methods to generate 
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hypotheses about disease etiology, uniting several susceptibility regions through 

overlapping pathways known to be disrupted in PRCA.  The pairwise interaction 

between EPAS1 and 8q24 Region E (Figure 6.2) implicates POU5F1B and suggests a 

mechanism for its over-expression in PRCA.  The follow-up RTS analysis suggests 

POU5F1B may be at the center of a reactivated pluripotency network that, in healthy 

states, is centered on POU5F1, NANOG and SOX2 (Figure 7.8).  The interaction results 

for NR2C2 and 8q24 Region P (Figure 7.6a) suggest a second mechanism for 

reactivation of embryonic pathways in PRCA: increased NANOG expression.  NR2C2 

also influences the androgen receptor signaling axis [80] that is central to PRCA 

progression [221].  NR2C2 can affect WNT signaling, which is disrupted in PRCA, 

through the Vitamin D pathway that is associated with PRCA risk 

[81,223,226,252,253].  JAZF1 regulates NR2C2 [128].  JAZF1 and HNF1B are 

associated with PRCA and type 2 diabetes [129].  Increasing evidence suggests insulin 

mediates the association of PRCA and type 2 diabetes [238–240].  An observed 

modular interaction suggests the mechanism may be insulin’s regulation of SULF2, an 

oncogene that also affects WNT signaling [228] (Figure 7.6b).  These results have 

substantial support in the literature, but all require replication in large studies of 

independent subjects.  My supervisors and I have established collaborations for this 

purpose.  Confirmatory results would underscore the advantages of incorporating 

epistasis into exploratory GWAS analyses because these candidate SNPs were 

overlooked in single-SNP analyses.    
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