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Abstract

We find the solution to the stochastic game between a broker and a mean-field of informed traders. In the finite
player game, the informed traders observe a common signal and a private signal. The broker, on the other hand,
observes the trading speed of each of his clients and provides liquidity to the informed traders. Each player in the
game optimises wealth adjusted by inventory penalties. In the mean field version of the game, using a Gateaux
derivative approach, we characterise the solution to the game with a system of forward-backward stochastic differ-
ential equations that we solve explicitly. We find that the optimal trading strategy of the broker is linear in his
own inventory, in the average inventory among informed traders, and in the common signal or the average trading
speed of the informed traders. The Nash equilibrium we find helps informed traders decide how to use private
information, and helps brokers decide how much of the order flow they should externalise or internalise when facing
a large number of clients.

Keywords: market making, algorithmic trading, externalisation, internalisation, mean field games.

1 Introduction

Liquidity provision plays a key role in financial markets. A large portion of the liquidity provision activity happens in
over-the-counter (OTC) markets where broker-client relationships are ubiquitous. Brokers face an important trading
problem when deciding how to face the order flow from informed traders. These problems are challenging because one
is typically interested in the Nash equilibrium of a stochastic game.

The study of externalisation-internalisation strategies is an active area of research. Externalisation refers to the act of
hedging or unwinding a position sent by a client. On the other hand, internalisation refers to the warehousing of risk
by the broker, in the hope that either prices move favourably to the broker or that other trades arrive in the opposite
direction. Focusing on electronic FX spot markets, Butz and Oomen [8] use queuing theory to derive a closed-form
expression for the average internalisation horizon and the cost of internalisation. Barzykin et al. [6] propose a market
making model for dealers who have access to an inter-dealer market allowing them to externalise part of their risk. In
particular, they show that the dealer starts externalising only outside of a certain inventory range (see also Barzykin
et al. [5; 7]). The recent article of Cartea et al. [15] uses a proprietary dataset of transactions of an FX broker to develop
a framework that predicts toxic trades and uses this information to decide whether to internalise or externalise trades.
Additionally, the recent BIS Triennial Survey in Schrimpf and Sushko [31], thoroughly discusses the trade-off between
internalisation and externalisation on empirical grounds, highlighting the increasing prevalence of internalisation in
FX markets. The paper shows diverse behaviours, ranging from complete externalisation to significant internalisation
ratios. It is noteworthy that, despite internalisation ratios surpassing 80% in the FX markets’ top trading centres,
hedging through externalisation remains a crucial aspect of risk management.

In a closely related branch of the literature, there are a number of works that study the unwinding of stochastic order
flow. The work of Cartea et al. [14] studies the optimal liquidation strategy of a broker trading in a triplet of currency
pairs with stochastic order flow from their clients. In Cartea et al. [16] the stochastic order flow to be unwound is that
of the proceeds of the sale of a stock that trades in a foreign currency. Recently, Muhle-Karbe and Oomen [27] studies
how brokers pre-hedge a possible trade from a client to achieve (potentially) better outcomes for both parties. Lastly,
another recent article is that of Nutz et al. [30] where the authors solve a control problem for the optimal externali-
sation schedule of an exogenous order flow with an Obizhaeva—Wang type price impact and quadratic instantaneous
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costs. Our paper also computes an optimal externalisation-internalisation strategy for the broker although it arises as
the Nash equilibrium in a market with a large number of clients.

Information asymmetry has been studied extensively in the algorithmic trading literature. For instance, Muhle-Karbe
and Webster [28] show how short-term informational advantages can be monetised by high frequency traders. The
competition between high frequency traders and slow traders with information asymmetry is also the topic of Cont
et al. [19]. Liquidity provision with adverse selection is studied in Herdegen et al. [24]. Recently, Cartea and Sénchez-
Betancourt [12] introduced a framework where a broker faces a representative informed trader and a representative
uninformed trader. Their Stackelberg game admits closed-form solutions for the strategies of the informed trader and
that of the broker. In this paper, we build on their framework and we design a problem where the broker faces a large
number of informed traders, each of which have access to a common signal and a private signal. We then consider the
mean-field-game (MFG) formulation of the problem and find the solution to the mean-field Nash equilibrium of the
game. We show how the broker trades as a function of the average trading speed across informed traders, and how he
manages inventory.

Our work lies at the intersection of algorithmic trading and mean-field games. Earlier works at this intersection were
concerned with the standard optimal execution problem & la Almgren and Chriss [2] studied from a mean-field game
setting. For example, in Cardaliaguet and Lehalle [10] the trader faces uncertainty with respect to price changes be-
cause of his actions but also has to deal with price changes due to other similar market participants. Huang et al. [25]
extend this work using a major-minor mean-field game framework in which minor agents trade along with the major
agent. In Firoozi and Caines [21] the authors also consider an optimal execution problem through a linear-quadratic
major-minor mean-field game, but the inventory of the major is only partially observed. The case of a large number
of traders trying to perform optimal execution has been studied in Casgrain and Jaimungal [17; 18]. Neuman and
Vof [29] study a similar problem with jointly aggregated transient price impact and a common price signal (see also
Abi Jaber et al. [1]). Recently, the authors of Baldacci et al. [4] proposed a mean-field version of standard market
making models a la Avellaneda and Stoikov [3] in which a market maker faces a large number of strategic market
takers and sets his bid and ask quotes accordingly in order to manage inventory risk — in particular, the broker cannot
externalise. Our model departs from all these previous formulations while remaining closely related with respect to
the end goal. To the best of our knowledge, this paper is the first to derive a Nash equilibrium between a broker and
a mean-field of informed traders.

This paper delves into the intricate strategy employed by a broker who not only provides liquidity to a large number
of informed traders, but also engages in liquidity-taking transactions in a lit market. In our model, both the broker
and the informed traders aim to maximise their expected wealth while strategically managing inventory holdings.
The broker employs an inventory penalty to safeguard his strategy against inventory risks (especially toxic inventory).
Simultaneously, the informed trader uses the inventory penalty to control her exposure to inventory risks stemming
from speculative trades based on common and private signals. The problem is modelled as a linear-quadratic major-
minor mean field game that we can solve explicitly using a Gateaux derivative approach. The broker’s strategy (i)
determines the optimal externalisation of the flow from informed traders and (ii) guides the interactions with the lit
market trading for hedging and speculative purposes. The derived strategy of the broker involves a linear combination
of his inventory, the average informed trader’s inventory, and the common signal. For the representative informed
trader, it also involves her private signal as well as her own inventory.

The remainder of the paper is organised as follows. Section 2 introduces a model with N informed traders and the
broker. Every agent observes a common signal on the price. On top of that, each informed trader observes a private
signal, and the trading activity of the broker in the lit market has a permanent impact on the price. Section 3 derives
the mean field limit of this game and solves for the Nash equilibrium. In particular, we show that the functionals
we optimise are strictly concave, Gateaux differentiable, and we characterise the Nash equilibrium of the game with
a system of forward-backward stochastic differential equations (FBSDEs) that we solve. Section 4 shows numerical
results and Section 5 concludes.

2 The game with N informed traders

2.1 Framework

In this section, we give a heuristic description of the N—player version of the game. We consider a trading horizon
T > 0 and a probability space (Q,]-' , ]P’) under which all the stochastic processes are defined. We set some positive



integer N € N*, corresponding to the number of informed traders acting on a market consisting of a single asset whose
price process is denoted by S. This quantity can be thought as the mid-price of the asset.

We introduce N + 2 independent standard Brownian motions W<, W W', ... W that we employ in the equations
below. Under the probability P, the price process (S;):e[o,r) follows

dsS, = %AWy,
where o° > 0.

Each trader observes a common signal and a private signal." The common or fundamental signal (a¢)tejo, 1) satisfies
the following stochastic differential equation (SDE)

dat = —kaat dt + O_atha,

with &%, 6® > 0.? On the other hand, the private signal of each trader is not shared, that is, the private signal of one
trader is hidden from the other traders. For trader n € [1, N],” we denote their signal by (@' )tefo, 1), which follows
the SDE

dal! = —kaldt + o dW},

with k,5 > 0.
We denote by (Qy )tecjo,r] and (X;"):e[o,) the inventory process and cash process of the n—th trader, respectively. She
trades with the broker at rate (v4"):co,r) (she buys when 14" > 0 and sells when v;" < 0). Therefore, her inventory has

dynamics
dQ} = vidt,

with @y = 0 and her cash process has dynamics
dX] = - (St + nlut") dt,
with X = 0 and where n! > 0 is a transaction cost charged by the broker to the traders.

We denote by (QF )teo, ) and (xXP )tejo,) the inventory and cash process of the broker, respectively. The broker
receives the order flow from the traders and trades in a lit market at rate (IV I/tB )telo.T] .4 Therefore, his inventory has

dynamics
N
dQP = (Nuf = th> dt,
n=1

with Q(]f = 0 and his cash process has dynamics
N
dxpP = Z vy (St + nIVZL) dt — Nvp (St + nBl/f) dt,
n=1

with X§* = 0 and where ” > 0 corresponds to the execution costs in the lit market.’

For each n € [1, N], we introduce the (completed) filtration (]:tn)te[O,T] generated by S, a,a™, Q", v, We also

introduce the (completed) filtration (]-"tB) generated by S, o, Q8 v, .. VY.

t€[0,T)

LFor the sake of simplicity, we only consider absolutely continuous signal processes. The model can be made more general by incorporating
jumps.

2For simplicity we take all signals to mean-revert to zero. This can be relaxed and the mathematical results can all still be obtained if
the mean-reversion level is not zero.

3Throughout the paper, we use the notation [1,N]:=A1,...,N}.

4The idea here is that the externalisation activity of the broker should scale with the number of participants. The control I/tB can be
thought as the “execution rate per client”. Of course, this is just a change of variable that does not change the problem for the N —player
game.

5The starting values for inventory and cash can be relaxed.



2.2 The problem of the informed traders

Let b > 0. For n € [1, N], let us introduce the probability measure prov” given by

n n 2
—exp (/t bl/f+o;u+audws_1/t<byf+au+au> du).
o “ o2 oS

Assuming that this process indeed defines an exponential martingale, under this probability measure, (S¢)¢c[o,r] has
dynamics

dpr”
dP

ds; = (bth +af + ay) dt + oSdwsn,
where WS is a standard Brownian motion under P™*" . Tn other words, each informed trader observes a common
signal a on the price, on top of which each one observes an idiosyncratic signal o™ that is hidden to the other traders.

Moreover, the broker has a linear permanent impact on the price due to the trading in the lit market.

For a given (z/tB )telo, 1], the n—th informed trader maximises the following objective function
n,vPB n n = n\2 - (T ny\2
E" 1 X7 +QpSt —7 (Qp)" —¢ [ (QF)"dt],
0

over her set of admissible controls (v}"):c[o, 7], Where E™” is the expectation taken under probability P"’”B, and
4, ¢ > 0. Thus, the informed trader wishes to maximise cash at the end of the trading horizon together with the value
of any open inventory (with a penalty that can be understood as the cost of liquidating the terminal inventory); the
performance criterion also includes a running penalty on inventory for completeness.

It is easy to see that this amounts to maximising
n,v? T n B n I/, n\2 ~—n . n Iy ny\2
E™ {Qf (b’/t + Jr0415)*77 ()" =27Q¢ v — ¢ (QY) }dt . (2.1)
0

2.3 The problem of the broker

We introduce the probability measure P? w7 given by

tp B t B 2
bv,) + ay g 1 bv, + ay
7B 0 0

As before, assuming that this indeed defines an exponential martingale, under this probability measure, (S;);c(o,7] has
dynamics

dpB+°
dP

dS; = (bvf + ay) dt + o"dW 2,

where W52 is a standard Brownian motion under P2*”. That is, the broker observes the fundamental signal o on
the price, and he has linear permanent impact on the price when he trades in the lit market.

For given (th)te[O,T]7 N (7o )telo, 1], the broker wants to maximise the following objective function

B B T
o P e (oF (Qf)th],
0

over his set of admissible controls (1/,3B )telo, 1], Where EB” is the expectation taken under probability PP "’B, and

B, $P > 0 correspond to the risk aversion of the broker. The interpretation of the performance criterion is analogous
to that of the informed traders but from the point of view of the broker. It is easy to see that this amounts to
maximising

N

T
EB” VO {QtB(butB+at)+nIZ(ul‘)2NnB(utB)QﬂiQtB (Nyt Z%) Qt)} ]



Of course, the optimisation problem remains unchanged if we scale the objective function by dividing it by N, in
which case the broker maximises

EBV? l/T{QB (buB+a)+nIizN:(V")2—77B (VB)Q—Q’}/BQ ( XN: > " (Q7) }dt] (2.2)
; ¢ oy t N t t ¢ 2 ¢ , :

B
where (QF )te 0.1 = (‘Z\?)te[o . that is,

2.4 Limitations of the finite game model and mean field limit

In the above, we described an agent-based model where N informed traders trade against a single broker. Solving
this multi-agent (N + 1 players) problem boils down to the resolution of a system of Hamilton—Jacobi-Bellman equa-
tions, where the state variables are the inventory processes of the broker and the N informed traders, as well as their
idiosyncratic and common signals. This system of N + 1 HJB equations is intractable in practice for a large number
of informed traders.

To obtain an approximate solution to this problem, in what follows we propose a mean field game approach. The
broker does not face N informed traders but infinitely many of them in a mean field interaction, which can be thought
as the averaged behaviour of the informed traders. In the next section, we present the mean field limit of the N-players
model, and the corresponding optimisation problems of the broker and a representative informed trader. Though we
do not pursue rigorous proofs in that direction, a typical reasoning using propagation of chaos shows that the solution
of the N—player game converges towards the solution of the mean-field game (see Cardaliaguet et al. [9] or Carmona
and Zhu [11], for instance).

Propagation of chaos also tells us that at the limit, we should expect that the execution rate associated with each
trader will become independent conditionally to o and v, therefore it is reasonable to assume that the dynamics of

QP will converge toward ~
dQ7 = (v — i) dt,

where v; denotes the expectation of the execution rate of an informed trader at time ¢ knowing a; and l/tB .

In the next section, we rigorously introduce the mean field version of the problem.

3 Facing many informed traders: the mean field limit

3.1 Probabilistic framework

We consider a trading horizon T' > 0. We denote by €. the set of continuous functions from [0,7] to R, and let
Q = Q2. The observable state is the canonical process x = (W", WI) of the space 2, with

W (w) =w(t), and W/ (w)=w!(t)

for all t € [0, 7] and w = (w*,w’) € Q. We introduce positive constants k%, o, as well as the unique probability P on
Q under which the process (W‘X, wit ) is a standard bi-dimensional Brownian motion.

We define the processes (a¢)¢ejo,7] and (of )telo,7) as the unique solution to the SDEs
da; = —k%audt + o*dW 2,

and _
dof = ~kafdt + o dW}

respectively, with ag = aé =0.

Finally, we denote the canonical P—completed filtration generated by x by F = (]:t)te[o,T]'



3.2 Admissible controls

The set of admissible strategies for the representative informed trader as well as the broker is given by

T
/ vidt <+oo}.
0

We identify controls in A up to P@dt-null sets. Let us denote by (u)¢cjo,7) the process with values in P(R) representing
at time ¢ the distribution of the execution rates of the (other) informed traders conditionally to F;.° We introduce
the mean field execution rate (4).c[0,) given for each t € [0,T] by

f/t:/Rmut(dx).

For a couple (VI B ) € A? of strategies, we define the associated inventory processes of the representative informed
trader and the broker by
t
Qf = [ vidu
0

v is IF — progressively measurable, and E

A= {V = (Vt)te[O,T]

with Q) = 0 and

respectively.

3.3 Optimisation problems and definition of equilibria

Taking the mean field version of (2.1), we consider that the representative informed trader wants to solve

sup H” (vh)
vieA

where
B T 2 n 2
HY (VI)EV {QF(ovf +al +ar) =" ()’ =27 Q1 vl = 6 (@) }dt], (3.1)
0

where b > 0 represents the market impact of the broker, n! represents the transaction costs charged by the broker to
the traders, and 7, ¢ > 0 correspond to the risk aversion of the informed trader.

Next, taking the mean-field version of problem (2.2), we consider the following problem for the broker

sup HPH (),
vBeA

where

HBHWP) =K

/OT {Qf’ (bvf + ) +nf/Rx2ut<dx> —iP (vP)’ —275QP (utB - /qut(dx)) — " (fo}dt] ,
(3.2)

with n® > 0 the transaction costs on the lit market, and 42, ¢ > 0 the risk aversion parameters for the broker. We
assume that model parameters v and b satisfy that

298 —b>0,

which will be necessary to prove the strict concavity (up to null sets) of the functional of the broker. The inequality
states that the value of the permanent price impact parameter should be less than or equal to the terminal penalty
coefficient 247 in (3.2). Economically, this ensures that the broker cannot move the price up (resp. down) and then

6Throughout the paper, P(R) denotes the set of probability measures on R.



mark-to-market a positive (resp. negative) terminal inventory at a higher price (resp. lower price) in such a way that it
offsets the terminal penalty of liquidating inventory at 7. We also assume that the permanent price impact parameter
satisfies that b < 2 nB ,2n%, 468, 4 6 which is used to prove existence and uniqueness of a solution to a matrix Riccati
differential equation below.

Finally, we can now define what we mean by a solution to the mean field game.

Definition 3.1. A solution of the above game is given by a probability flow p* = (uy)

control v1* € A, and a control vB* € A such that

teo,r] With values in P(R), a

(i) B = sup B0
vie

@) HO (77) = sup HP (17
vbe

*

(i) pf is the distribution of v} conditionally to F® for Lebesque-almost every t € [0,T),

where F* := (}—?)te[O,T] is the P—completed filtration generated by W<.

3.4 The informed trader’s optimality condition

In this subsection, (i) we show that the functional H’ +" g strictly concave and Gateaux differentiable, and (if) we
characterise the optimal trading strategy of the representative informed trader.

Lemma 3.2. Let v® € A. The functional HI”’B(-) : A — R defined in (3.1) is strictly concave.

Proof. Let v® € Aand let ¢,v € A. Let A € A® B([0,T]) with m(A) > 0 where m := P ® dt and for (w,t) € A we
have that (¢(w) # v¢(w). Let p € (0,1), we need to show that

HY (p¢+ (L= p)v) > pH™Y (O + (1 - p) HY (1).

We observe that 1
( )’ v __ 9(’ ’ ] 0 ’
tlp(Jr( p) tl( ( )Qtll/’

where we use the controls in the superscript to draw attention to the process used to define Qf . Then, it follows that

T
H" (p¢+(1—p)v)=E / {Q{’P““"””(byﬂanat)—nf<p<t+<1—p>ut>2
0

B 25/@{7[)(_;’_(1_’[))1/ (PCt + (]_ — ,0) Vt) — (E) (Qi’pC‘F(l—p) V)Q }dt‘|
— o B () + (1= p) H ()

T
+p(l—p)E /0 {—M’Cm—ﬂ (Qf‘vﬁ@f’”@)—w@f‘@f’”}dt]

T
[ {2 (e€aroiem)
0

-6 (( {’C)Q + (Q{’”f) }dt] .

—p(1—p)E

The above equality implies that
B B B
HY (p¢+(L=p)v)=pH" () + (1 —p) H" (v)

+p(1-pE /OT{nI(Ct—Vt)Q‘F?’Y( ¢ — tLV)(Ct—Vt)‘i‘(g( 1{7(4‘@1{’”)2}‘%]'




By the definition of Q! we have that

/OT ( - QtLU> (G —ve)dt

E =E

/oT </Ot Cu = Vud“) (G — ) dt]
/OT /OT (Cu = vu) (G — 1) dudt]

and clearly

E

/OT( e va”f)th] >0.

T
/ (¢t — Vt)zdt] >0,
0

and this together with the above inequalities implies that H'*" (pC+1—p)v)> pHI’”B QO+1-p) qh” (v). O

Given that m(A) > 0, the following holds

E

Lemma 3.3. The functional glv’ defined in (3.1) is everywhere Gateaux differentiable in A. The Gdteauz derivative
at a point v1 € A in a direction w' € A is given by

(DH"" (), 0"y =

T T
/ w{]E[QnIytI27Q{p+/ (bv? +al + oy —20Q)) du’ft]dt]. (3.3)
0 t

Proof. Let v1,w! € A. The Gateaux derivative of H' v at point v in the direction of w!, if it exists, is defined as

B B
(DH (1), wly = i (L Ew]) — HY ()
’ eN0 c .
Let € > 0, and define

t
ol - / wldt,
0

for all ¢ € [0,T]. Then a direct computation gives us

HI’”B(VI +ew!) = HI’”B(VI) +€cE

T
[ {0 (vt 5 ot o) —2uvtt 2500wl 2300 - wmz}dt]
0

+&°E

/OT {=n" () —23Quw] - (@{)2}@] .

Let us denote by A the term

Therefore, we have

HV (0T + €1ZI)HI=VB(VI) _E /OT{QtI<thB tal 4 at) — 2t vl wl =25 QM w!l —25Q1 vl — 24 Q! Qf}dt +eA.
We can write this as
HI’VB(VI + EQZI)_HI’VB(VI) =E /OthI{ 20’ vl — 25 Q% + /T (bvf +al + o, — 2¢Q£)du}dt +eA.
t
Taking the limit as € N\, 0 and conditioning by F; under the integral finally yields the result.
O



Theorem 3.4. We have that

I* — arg max g’ (vh)

vie A

14

I,%

if and only if v*°* is the unique strong solution to the FBSDE

d (2 n’y{v*) - (b VBt ol +a, — 255@{»*) dt —dz!,

20 vy =-27Q7",

aQp* =yt QT =0, (34
day = —k%audt + o*dW, ag =0,

dof =—kajdt+adW},, ol =0,

where Z! € H% is an F—adapted P—martingale.

Proof. As in Casgrain and Jaimungal [18], using Lemmas 3.2 and 3.3, we can apply the result of Ekeland and Temam
[20] (Chapter II, Proposition 2.1) which states that

(DH™ (1), 0"y =0 Vo' € A « v* = argmax H'*" (u1).
vieA

Therefore, it only remains to prove that <DHI”’B (1), wI> =0 Yw! € Aif and only if v7* is solution to the FBSDE
(3.4).

Let us first assume that <DHI”’B(VI**), w') =0 for all w’ € A. This implies that

T
E —27711/{’*—2’7@%4—/ (byf+ai+au—2¢Q£’*)du
¢

d

T
25 QL — / (505 + ol + ay — 26Q1)du
0

-0
almost surely for all ¢ € [0,T]. Therefore,

T
—2nful* =K |25 QLr - / (b2 +al + oy —20Q1*) du
t

t
_ /(buf +al + ay — 26Q1*)du + E
0

;t]
t —
— / (bvf +al + oy —20QL*) du — Z{,
0
where the process Z! given by

T
VARSI ) wQ’Tv*—/ (bv? +al +a, —20QL%) du
0

.

is a martingale, by definition. Hence it is clear that v/* is solution to the FBSDE (3.4).

Conversely, assume that v7* is solution to the FBSDE (3.4). Then v* can be represented implicitly as

ft] |

Plugging this into the expression of the Gateaux derivative (3.3) in Lemma 3.3, it is clear that it vanishes almost
surely for any w! € A. O

T
2nlv)* =K —25/Q§4*+/ (bl +al + . —20QL%) du
t

3.5 The broker’s optimality condition

Similar to the above, in this subsection, (i) we show that the functional HZ* is strictly concave and Gateaux differ-
entiable, and (ii) we characterise the optimal trading strategy of the broker.



Lemma 3.5. Let (uu¢)iecjo,r) with values in P(R) be the distribution of the evecution rates of the informed traders
conditionally to F;. The functional H?#(-) : A — R defined in (3.2) is strictly concave.

Proof. Fix (pu¢)iejo,r) and let ¢, v € A. Let A € A® B([0,T]) with m(A) > 0 where m := P ® dt and for (w,?) € A we
have that (;(w) # v (w). Let p € (0,1), we need to show that

HPH(p¢+ (1= p)v) > pHPH(C) + (1= p) HPH(v).
Similar to the proof of strict concavity for the informed trader, observe that

t
Qe :/ (pCu+ (L= p)vy — ) du=pQF + (1 —p) Q7
0

where (as before) we use the notation of having the controls in the superscript. It follows that

T
HP*p(+(1—p)v)=E A {QtB’pG(l_”)"(b(pCmL(1—p)w)+at)+nl/x2ut(dx)—nB (PG + (1 —p)r)”

R

g BQPeCHipY (pCt +(1=p)v— / xut(dx)) — @B (QtB’PC+(17P)V)2 }dt]
R
= pHP(C) + (1 - p) HP(v)

T
+p(1—p)E / {*Qf‘bww?’”b@?n%m
0

-7 (@ aP Q) -2 @< 00 Ja

T
—p(1—-p)E /0 {+Qf’<th+Qf’bet—nB (2 —v7)

_ _ _ 2 _ 2
—-247 (QE’C G+ QP Vt) - ¢" (QE’C) — P (Qf’”) }dt] .
It then follows that
HPM(pC+ (1= p)v) = p HPH(Q) + (1= p) HOH()

+p(1-p)E /OT{(MB =0) (@7 = QP") (G =) + 07 (G —m)* + 67 (QF - ‘?“)Q}dt] .

Similar to above,

E

T e ABuw 1 T ’
/0 (t’ —Qt’)(Ct—Vt)dt]=2E (/0 Ct—l/tdt> >0,

and clearly

T, _ 2
E / ( tB*Cfo’”) dt| >o.
0
Given that m(A) > 0, then
T
E / (gtut)th] >0,
0
and this implies that HZ*(p¢ 4+ (1 — p)v) > p HZ () + (1 — p) HPH*(v). O

Lemma 3.6. The functional H®* defined in (3.2) is everywhere Gateauz differentiable in A. The Gateaux derivative
at a point v2 € A in a direction w® € A is given by

T T
/thE[(b— 2v8YQEB —2¢PulP —l—/ (b / @ py (dx) + iy — 2¢BQE>du‘]—}}dt]. (3.5)
0 R

t

(DHPH(uP), wP) =E

10



Proof. Let v2,wP € A. The Gateaux derivative of HP* at point ¥ in the direction of w?, if it exists, is defined as

HB,;L B By _ HB,,u B
<DHB,p(VB)7wB> _ h{% (VP + ew®) (v )
€ &

Let € > 0, and define
t
QF = / whdt,
0

for all ¢ € [0,T]. Then a direct computation gives us

T
HB’“(VB—I—EUJB):HB*“(VB)—Fa]E / {Qf(bl/ﬁ—kat)—F(b—Q'yB) fwf—QnBthwf—QvBQfo
0

—292QF (vf - /]R 2 u(da)) —w%f@f}dt}

/OT {(b—QvB) )P wp —nB(th)Q —¢B<~f)2}dt] .

+£°E

Let us denote by A the term

s [ {(o-20m)aput o (o) - o0 (@) f .

Therefore, we have

HBHYP + cwB)— HBHB T ~ I
e )2 | [ {08 (o0 + ad) + (0= 207) QP — 20PrPul - 2G5 P

~292QP (v ~ [ oputan)) - 26°Q8 QF har| 42
R

‘We can write this as

HBHB 4 cwB)— HBHUP)

T
=FE / wf{(b—nyB)Q? —277B1/tB
€ 0
T —
+ / (b/ @ oy (d) + ay — 2¢BQf)du}dt +eA.
t R
Taking the limit as € N\, 0 and conditioning by F; under the integral finally yields the result. O
Theorem 3.7. We have that
vB* = argmax HB# (1)
vBeA
if and only if VB is the unique strong solution to the FBSDE
d (2 nButB’*) - (b Dy + o — 2¢BQF’*) dt — dzP,
20" = (b-27")Q7",
A B, * B,x — B, (36)
QP = (WP -m)ae,  Qf=o,
doy = —k%a;dt + o*dW, ag =0,

where ZB € H2 is an F—adapted P—martingale.

Proof. As before, using Lemmas 3.5 and 3.6, we can apply the result of Ekeland and Temam [20] which states that

(DHP (1P, wP) =0 vuP e A = vP* = argmax O+ (7).
vBeA

11



Therefore, it only remains to prove that <DHB’“(1/B’*),wB> =0 Yw® € Aif and only if P is solution to the
FBSDE in (3.6).

Let us first assume that <DHB’“(1/B’*)7 wB> =0 Vw®? e A. This implies that

T
E <b727B)Q?’*f2nBVtB’*+/ (b/xuu(dx)+au72¢BQf’*)du
¢ R

d

T

(b*Q’YB)Q?’*+/O (b/Rzuu(dx)JraqugbBQf’*)du

ft] 0
almost surely for all ¢ € [0,T]. Therefore,

—opBuB* =K [— (b - 273) IBr /tT (b/R:cuu(dx) + o — 2¢BQE’*)du

/Ot(b/R:ruu(dw)JrauZQSBQE’*)du]E

ft]
t —
= /(b/ & o, (d) + oy — 2¢BQ5’*)du - ZB,
0 R
where the process Z? given by

ZB —E (b - 273)625’* + /T<b/ 2 o (dz) + ay — 2¢BQE7*>du
0 R

.

Conversely, assume that v?* is solution to the FBSDE (3.6). Then vP* can be represented implicitly as
T
2Bt =K [(b - 2*yB>Q§’* —|—/ (b/ Z fo, (dx) + oy — 2¢BQE’*)du .7-}] .
t R

Plugging this into the expression of the Gateaux derivative (3.5) in Lemma 3.6, it is clear that it vanishes almost
surely for any w? e A. O

is a martingale, by definition. Hence it is clear that v?* is solution to the FBSDE (3.6).

3.6 The mean field FBSDE system
Finally, at equilibrium, we have the following system of coupled FBSDEs

—d(20'v*) = (b0’ ol +a - 20007 ) at - azf,
d 2173%3’*) = (b7} + oy — 2¢BQ?7*) dt — dzP,
2,,7[”;17* — _2:)/Q§—:* i
20 vy = (27" - 0)Q7" (3.7)
day = —k%a;dt + o*dW, ap =0,
da! = —kaldt+edW},, ol =0,
dQ~ = vl*dt, =0,
QP = (z/f”* - 17;) dt, QP*=o.
Moreover, we know that at the equilibrium
v =E [y 17 (3.8)

¢
Letting Q} = / % du, and noting that E[of |F*] = E[al] = 0, it is clear that #* is then solution to the FBSDE
0
—d(2n'5) = (b 4 —26Q7) dt - aZ{,

w'rh = -23Gh (39)
aQ; v, Q=0

12



3.7 The solution to the FBSDE

Next, we solve the FBSDE systems we derived. First, we solve the mean-field system of FBSDEs explicitly, and then
we solve the FBSDE of an individual informed trader.

3.7.1 The optimal strategy of the broker
In the equilibrium, we solve the FBSDE system

—d@2n'z) = (6P o - 2&@;) dt —dz!,

4 (2 nButh*) = (b +ay — 2¢BQ,{37*) dt — dzE,

277177% = _27(2} (3.10)
B. B, _ B ~B,x

200 = (27" - D)QE",

aQ: —prdt, Q5=0,

dQP = (w2 -wr)a, QP =o.

Let us make an ansatz, and look for the solution to the above system in the form
— A A E;7
U= gtan+ g, QF + 95 Q0
v = hio+ i QF +h; Q"

where g, g%, g¢ and h¢, hY, h¢ are deterministic C' functions, with terminal conditions g% = h% = ¢% = hb = 0,

97 = —7/n" and hg = —(2+7 —b)/27".
It then follows that

v} = aydgf + giday + Q7 dgf + ¢ dQF + Q7" dgf + g5 Q™
= oudgf — K®augidt + Qf dgf + gf v dt + Q7" dgy + gy (VtB’* - 17?) dt + o%gfdwy
= aydgy — k*ougfdt + Qf dgf + g7 (g?at +97 QF + 9§ Qf’*) dt + Q7" dgf
+ 5 ((h = gty + (b = gb) Qi + (b = g) Q) dt + 0® giawe
a @ _a a c a a * 2 c
= a;{dgf — k“gdt + g7 gidt + gf (b — g7) dt} + Qf {dg; + (g7)” At + g (k7 — g7) dt}
+ Q7 {dgf + gf gfdt + gf (b — gf) dt} + o“grdW,
and similarly,
v/ = oydhf + hidoy + Qf dbf + by dQf + Q7" dhf + h{ Q™
= aydh? — k®ah%dt + QF dhY + kY 7F At + QP dh§ + h§ (yf”* — 17;) dt + o“hgdWy
= aydhf — k®oghidt + Qf dhf + hY (gﬁat +97QF +9f ‘f’f*) dt + Q" dhg
0 (g = gi) au+ (b8 = gb) QF + (b — g5) QP dt + 0wy
= a{dh¢ — k*h¢dt + hY gidt + h (h§ — gf) dt} + QF {dh} + Y gPdt + hf (RY — g7) dt}
+ Q7" {dhf + hY ggdt + hf (h§ — gf) dt} + o h{dWy.
Given that 7; also satisfies the above FBSDE, we have that

—% B, Yats 1 74
th :7ﬁ (b}/t *+at72¢Qt)dt+27nIdZtI’
S (b (haat + R Q4+ he Qf’*) oy — 2&@;) dt + ——dz!
2771 t t 2 77] ’
and similarly for 77*, for which we have that
Box 1 s ~Bx 1
=g (byt + oy — 208Q! )dt + Wdzf

1 A _ 1
T (b (gfat +9°QF + gt QtB’*) + oy — 2¢BQtB’*) dt + WdZtB .

13



Combining the derived expressions we have that

0= a;ddg® — k®g%d d o goyde o PRy
= au{ dgy — k®gidt + g gidt + gf (hy — gf) dt + Ty t

. 2 . bht —2¢
+Q; {dgf +(g2)" dt + gf (R — gb) dt + ;ndt}

2Y=131 c bhc aa «a ]' 7
+Qr {dgt+gt9tdt+gt (hi — g) nﬁdt} + o grdW, 72—”[(12{,

and

. b 1
0= at{dhf — k*h¢dt + hY gfdt + RS (R — g) dt + g; * dt}
n?

- b
+Q§{dhb+htgtdt+hc(hb gt)dt+ 9 dt}

_ B
+Q* {dhg + AL gédt + b (hS — gf) dt + 2¢ dt} + o*hEdW — dzp.

277 2nB

Then, by setting _
dzf = 2P0 h(t)dWy  and  dZ{ =2p'o%g" (t)AWY,

we observe that the system of equations becomes

bho +1
et }dt

0 =dgf + [—kag?+gi’g?+gf(h? —9¢)+ P

bgi +1
Odhf+{kah“ hi gi + hi (h§ — gf') + ‘(;373 ]dt

bhY — 26
- }a

0=dg?+ | (9)" +gf (he — ) +

b
0=dnb+ htgt—i-h‘(hb—gt)—k T’ﬂdt

i bhe
0=dgf + gi’g§+g§(h§—95)+2n§] dt

c c(1c c bgc_2¢B
0 =dhi + Ry g + i (b = gf) + =55 | dt.

with terminal condition g% = h% = g5 = h% =0, ¢4 = —3/n' and hS = —(2+P — b)/21”. We see that the system
for g%, g¢, hY, h¢ is independent of the solution to g2, h%. Let P : [0,T] — R* be given by

c b
r—- (1 1)
9t 9t

and let U,Y,Q, S € R?*? be given by

b B B _
1 -1 0 5.5 -2 0 LQ N
U= ) Y = n ) Q " iy ) S = "
0 1 b é 5
o7 0 - 0 v
n n n

The system of ODEs for gf L 95 hf , h{ can be written as the following matrix Riccati differential equation (MRDE)

dP;
O_d——i—YPt PUP -Q, te€[0,77, (3.11)
Pr=2S5.

The above system has a solution as a consequence of Theorem 2.3 in Freiling et al. [23] for C' = 0 and D = I, where
0 and I denote the zero and the identity matrix in R2*2. To be more precise, using the notation of [23], we have that
B =0, Bis =—-U, By = Q, and Byy = —Y . Then, it follows that for our choice of C and D,

C+DS+STDT=28>0,

14



that is, it is positive definite given that we assumed that 2v% —b > 0 and 4 > 0. Next, the matrix L defined as

I — D By, B]TID+DB22 _(Q -Y
o 0 Bl, D ~\0 -U)/"

satisfies that det(L) = det(Q) x det(—U). Given that @ < 0 and —U < 0, it follows that all eigenvalues of L are
guaranteed to be non-positive, and at least one of them is guaranteed to be nonzero. A short calculation shows that
x (L+L7) x7is

P x?  pa3 bryxs  , briay

e
nB n’ 29! 5 2pB

2
+ 2314 — Ty

where x = (z1, z2, 23, 24). Using the inequality +2zy < 22 +y? for z,y € R, we see that a sufficient condition for
x (L+L7) 2T <0 for all z € R? is that b < 297, 29!, 4¢P, 4 ¢, which we assumed. Tt follows that L + LT < 0
which implies that we can make use of Theorem 2.3 in Freiling et al. [23] and show that there is a solution to (3.11).
These last arguments follow closely part II of the proof of Theorem 3.5 in Casgrain and Jaimungal [18], and similar
to them, given that the solution exists and is continuous in [0,77], it is bounded, and we conclude that the unique
solution takes the form

P,=T,R;",
where Ry, T; solve the linear system of differential equations
d R\ _ (0 U R,
at\T:) \-Q -Y)\T,)’

as a consequence of Theorem 3.1 in Freiling [22].

(7)) (s).

Lastly, given the above solutions, we just have to solve the linear system of ODEs given by:

0 —dgt+ [—k“g? b gl (ke — gt +

bhe +1
Tl

(3.12)

bgp +1
0 :dh§+{—kah?—khi’gf—khf(h?—gf)-k gtnB ]dt,

with terminal conditions g7 = AT = 0. Let

1 b
_ b
a 2B k® — h§ hf—ht—iB
Xt:<hz,) ) A= ;] ) Bt: b 217 )
t 957 K 9ol

T
then, we have that the system for h{ and gy can be written as
dX: = (A+ B X;)dt,

with terminal condition X7 = 0. The solution is therefore given by

T s
X; = —/ & (/ —Budu) Ads,
t t

where £ < / —Budu> denotes the time-ordered matrix exponential of —B.” The optimal solution to (3.10) is then
¢

VB’* ~B,*
¢ =X — P, 1 . 3.13
(ﬁ) e t(QZ) (3.13)

S
7As in [17], for » < s, we define the time-ordered exponential £ </ Mudu) of a K X K matrix-valued function M to be the unique
s

solution to the K X K matrix-valued ODE dy, s = yr s Msds with initial condition y, = Ik (see [26] for more details on matrix ODEs).
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Remark 3.8. The optimal trading strategy of the broker can be written as

vt =g (7 - gt Qi — i QP) + W Q7 + 1 @ (3.14)
:q?9§+(hi’*q,?gt)c?t*+( — qf g5) 3*7 (3.15)
where the externalisation rate qf is defined as
hi
L (3.16)

fort €[0,T), and for t =T as the limit of the above expression whent — T. We call it externalisation rate because
it is a component of the trading speed of the broker that is directly modulated by v;. More precisely, qf corresponds to
the proportion of the incoming flow that is immediately externalised.

3.7.2 The optimal strategy of the informed trader

Finally, we can solve the FBSDE of the representative informed trader:

{ —d(20'v*) = (buP* 4ol + o - 26Q]) at - az, 317
21 UL % :—Q:YQ;’*~
As before, we make an ansatz and look for a solution with the form

f= o Sl 4 QT+ QN+ 1O (3.18)
where f¢, fo1 b f>1 f¢ are deterministic C' functions, with terminal conditions fr = f;’l = f% = ff = 0 and
%I = —7/n', and where

t

Ix _ I,x

4 —/ v, du.
0

dv ™ = audff + fiday + afdf + fNdad + Qrdf + £2AQF + QPSP + £1AQL + QPSS + fLdQy
= apdff — kau fedt + of df — kol fTdt+ QrdfE + fivrdt + QUrAfYT + f vl At + QP fy
7 (v 7)o Sy + g aw]
_ a a a I a,l 7. I pa,l Ak b b a bAx cAB,x
= atdft —k atft dt + atdft - katft dt + Qtdft + ft <9t Qi +tht +tht ) dt
QU AR+ T (frow+ £ ol + Qi+ ST QP + £2QP7) dt + QP
15 (0 = gidou + (bl = g)Q; + (5 = gE)QP) At + 0™ AW + 5 [ aw!
=y {dféz — ko fedt + fogidt + T fede + fE(hE — g?)dt}
+af {ast —kfplat+ Aty

+Qp {dst+ frgbat+ £ frat+ fi () — gtyat}

It then follows that

2 _
Qi {at  (#7) QP {afe + fhataree 2 gzt g0 - at) o
+ o fEAWE 4+ G f AW
Given that v/ also satisfies the above FBSDE, we have that

1 - 1
I, B, I,
dv; =~ (but ol o —20Q; )dt+2nIdZ{,

1 * c Nb,* Y * 1
=57 (b (hicw+ bt Q; +1F QP ) +af + a1 —26Q) )dt+2—n[dzg.
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Combining the derived expressions we have that

bhe + 1
2t

0=y {dft“ — kO fadt + fhgpdt+ f2T fadt + fE(R — gf)dt +
a 1. £a a 1
+ay {dft Lokt + T A+ Wdt}
* b b b b,I b crib b bhf
+QF ¢ Afy + frgidt + 77 frdt + ff(hy — g)dt + Wdt

2
+ Qi {dff’l + ( ,f’”) dt — Tﬁdt}

~B,x c c c c(he c bhi
QP {afs + fbafdree e g7 0 - gy e+ vt )

1
+ {00‘ feawe +afetaw — ﬁdZ[ } :
Then, by setting
azl =o' [o° frawe + alawy] .
we observe that the system of equations becomes

a [0 a a a C a a bha+1
0=df + [k Fo4 fhge + f e+ fE(R gt>+’f} dt

2!
a 1. £ a 1
0=df" + [—kft SR A s 2,71] d
I bh?
0= aft [+ 4P S gt + ]

0=df)" + {( tb’I)z - ;ﬂ dt

[ bhg
0= dfi |t + S+ 57 = a0)+ et

with terminal conditions f% = f;’l = f7b~ = fr=0and f;’l = —5/n%.

.

(3.19)
(3.20)
(3.21)
(3.22)

(3.23)

Notice that Equation (3.22) is independent from the rest of the system. A particular solution to this Riccati equation

is given by
yp(t):—wnib]tanh %(T—t) vt € [0,T].

We then know that the general solution is given by y, 4+ u where u solves

W= —u?— 2ypu
on [0,T]. Substituting z = 1/u yields
2= 2ypz+ 1,
with the terminal condition ff,?l = —7/n! now translating as z(T') = —n’ /4. The solution to this linear ODE is given

by

z(t) = 72—5 exp (2 /tT yp(s)ds> - /tT exp (2 /tu yp(s)ds> du.

We can finally conclude that the unique solution to Equation (3.22) with terminal condition f’T”I

= = 2 fT yp(s)ds
f,sb’]:fwiltanh %(Tft) - S -
7 ! 05+ [T gy

17
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for ¢ € [0, 1.

Once we know f%!, Equation (3.20) is a simple linear ODE with terminal condition f;’j = 0. Its solution for ¢ € [0, T
is therefore given by

a,l 1 r

= [ e [y
+ /. e .

Let A% :[0,7] — R* and "€ : [0, 7] — R? be given by

b, bl b b b b
A?’C __ (gt "‘Cft ) hy - 9t , 1) and bf’c S (%) .
9y hi —gi + f¢ 20t \ 1§

We introduce the function F*<:[0,7] — R? given by

F)© = (f) :

Then it is clear from Equations (3.21) and (3.23) that F*° is the unique solution to the linear ODE
d

B = AVF 4 b

with terminal condition F;’C = 0. The solution is therefore given by

T s
Fe=— / £ ( / Al;fdu) bcds.
t t

Finally, if we define b : [0,7] — R by
bhe + 1

b= —fiof — S — o)~ o= Ve 0.T)

then the unique solution to the linear Equation (3.19) with terminal condition f¢ = 0 is given by
T Uoa eb I,
fo = —/ pe™ Jo B 1d9) gy,
t
for ¢ € [0,T7.

To ensure the consistency condition in Definition 3.1 (iii), we need the following lemma:

Lemma 3.9. For allt € [0,T],we have

b, I - 3
g =fr g =1+ g =

Proof. First, let us write f* = f* + f2! for all t € [0, 7).

7b
We can see that <§C) satisfies the following ODE:
. N2 e bh? — 2¢
V(ftb> —fit = ) = ()" = fee = 9) = =5 7
) bhy

AR g U Yy
b
It is clear that (z C) is a solution to this ODE. Moreover, the terminal conditions are given by

C

Gr=fr=——,  G=fr=0.

3&4‘\2|

Therefore, we necessarily have g? = ftb and gy = f; for all t € [0,T7.

The same argument proves that g = f* for all ¢ € [0, T]. O
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Theorem 3.10. Let the functions g%, ¢°, g°, h®, h®, he, f&, f&1, 2, 1. ¢ be defined as above. The equilibrium strategy
of the broker and of the informed trader are respectively given in feedback form by

v = by + hy QF + hi Q7
v = flon+ f ol + fPQE++1TQ0T + £ QP
for allt € [0,T], with
t t t
Q= [ s QP = [wPras Q= [ vheas
0 0 0

where
_ = . ~AB,
v =glai+9/QF + g Q.

Proof. Denote by Q* the vector process given by

o
o = QP
T
Q"
for all ¢ € [0,T]. Then Q* satisfies
gt 0
dQr = [ hf —gf | audt+ | O | of dt +T11,Q; dt
fi o
where .
bgt ) g¢ 0
M= \he—g/ hi-gi 0
f I

Therefore, Q* can be written as

t s g(sl 0
Q;‘:/S(/ Hudu> he —gd | as + O)ag ds.
0 0 IS fe!

Then, using Jensen’s inequality, we have that

T t s gg 0 2
:IE/ /5(/ Hudu> R —g®las+ | 0 |al|ds|| dt
0 0 0 a fa,I

T
E| [ 10k
O S S
T t s gg 0 2
<E / t/ 5</ Hudu> R —glas+ | 0 |al]| dsdt
0 0 0 ;z a,l

T s g? 2 T s
<272 IE/ 5(/ Hudu) R — g% | asl| ds +E/ 5(/ Hudu> 0 |olf ds
0 0 a 0 0 fa,l
T [, )
<oT? | E / Cllaf’ds| +E / CZ ol ds| |,
0 0

where C! and C? denote respectively
2 2

s gg s
£ (/ Hudu> hy —gs and £ </ Hudu) 0
: I 0 ol




In particular, C* and C? are continuous on [0,T], so they are bounded by a constant C, and we can write

T T T )
/ ||Q;;||2dt] <20T? (IE [/ [EREE / ||| dsD < +o0.
0 0 0

Since a and o are Ornstein-Uhlenbeck processes, it is clear from this result that

[ () ar [ () a

and as those two processes are progressively measurable, we get 5% v1* € A.

E +E

E <400 and E < +00,

Let us now check the consistency condition. Let us first denote Qtl* =E [ f’* \Ft‘l] Then we have

a(Q*-ar) =s' (@ —qp)a, Qb -Qp=o, (3.24)
and therefore QtI * —Qr =0. Therefore C_Qf * = Q; for all t € [0, T]. We can then see by direct computation that

E v 17| =7

4 Numerical results

In this section we study the optimal trading strategies derived above. We discretise the trading window [0, T, with
T =1, in 10,000 steps and perform ten thousand simulations, which we use to compute the confidence bands. Model
parameters are chosen largely in line with [12];* for the price dynamics we set ag = 0, Sop = 100, k% = 5, 0* = 1,
0° = 1. The price impact and penalty parameters are nf=10x103 78 =12x103,b=10"3, 7 =1,~+% =1,
and ¢® = ¢ = 1072. Figure 1 shows two sample paths of the main processes involved in the MFG Nash equilibrium
we obtained in (3.13), together with the 5% and 95% quantiles through time.

8For example, in that paper the transaction cost parameter of the informed trader is 1073 and the value of the permanent impact
parameter is also 1072, These are standard values used to show the performance of associated trading strategies; see e.g., Figure 6 in page
148 of the textbook [13]. The transaction cost parameter of the broker in the lit market is taken to be 1.2 x 1073 arbitrarily. Here, the
only purpose is to convey the idea that trading with the broker is less costly (from a transaction cost perspective) than trading in the lit
market. Below, we carry out robustness checks on a number of these model parameters to understand their influence.
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Figure 1: Sample paths for ay, Sy, 7], l/tB’*, Qr, and QtB’*.

We see that both the mean field trading speed of the informed traders and that of the broker look almost identical to
the naked eye for each of the two simulations shown. The cumulative difference, which of course is not zero, is shown
in the inventory of the broker in the bottom right panel.

To assess how much of the average informed flow the broker externalises, we compute a proxy G(77)/G(vP™) of the
quotient 77 /v, To define the function G we set ¢ = 0.1 and define G(z) = max(z, €) 1(z > 0)+min(z, —¢) L(z < 0).
We use the function G to prevent the quotient ]/ Vf; * from being undefined or becoming too large when v?* is
close to zero. We also plot the quotient ¢f' defined in (3.16). In particular, we study the sensitivity of the equilibrium
strategies to model parameters. We stress the signal parameter k%, the permanent price impact parameter b, and the
temporary price impact parameters n’ and n®. For each parameter, all else being the same, we analyse the case where
the parameter is twice its original value and half of its original value. The difference between the proxy G(77)/G(v*)
and the externalisation quotient ¢f is that the former accounts for all components entering the trading speeds (e.g.,
inventories) while the later is only the component of the trading speed of the broker that is directly modulated by 7.
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Figure 2: Externalisation rates for the broker in the mean-field setting. Left panel: externalisation rate as measured
by overall trading speeds; median trajectory is in a solid red line. Right panel: Externalisation ratio in (3.16).

From the median trajectory in the left panel of Figure 2, we observe that the broker externalises almost all of the
order flow from the average trading speed of the informed traders. Towards the end of the trading day we see that
the quotient becomes negative for some sample paths; this is a consequence of the offloading of inventory that has
been internalised. The right panel paints a similar picture to that of the median trajectory in the left panel; here, the
‘effective’ externalisation quotient is around one at the beginning of the trading day, decreases to about 90% towards
the end before changing when approaching the terminal time. The difference between the red line on the left panel
and the black line on the right panel is largely due to the offloading of inventories, which may or may not go in
the same direction for both the broker and the average of informed traders. There are two cases where the effective
externalisation rate goes well above one and two cases where it goes well below one. The cases where it goes well below
one is when the trading costs of the informed decrease (1 halves) or when the trading costs of the broker increase
(nB doubles); in the first instance the slowdown in internalisation is due to the higher intensity of trading from the
informed traders, whereas in the second instance, the broker allows her inventory to build up (internalisation of the
order flow) in the hopes of internally netting, and manages inventory directly to avoid paying the higher trading costs
of the lit market. The cases where the effective externalisation rate goes well above one have the reverse interpretation.

Next, we study each of the functions g%%¢, h¥%¢ : [0, 7] — R which define the optimal trading speeds in terms of the
state variables of the control problems. Figure 3 shows each of the functions for the end of the trading window, in
particular, we show the range [0.95,1]. We also study the sensitivity to model parameters as in the right panel of the
previous figure.
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Figure 3: Functions ¢ h®%¢ : [0, T] — R as time approaches T,

We see that all four ¢”¢, h»¢ are negative which follows from the intuition that the players wish to keep their inventory
close to zero. Both ¢g* and h® are positive and decrease towards zero which prescribes the way in which the signal
is used, that is, both the mean field informed trader and the broker trade in the direction of the common signal
and as time progresses, this component of the trading strategy vanishes. Both ¢” and h°¢ have a similar behaviour;
this is because these functions are the ones that force the terminal inventory (of the informed trader and the broker)
towards the optimal level which gets closer to zero the larger the terminal penalty. Recall that gf Q; is part of the

optimal trading speed of the mean-field informed trader and h{ _f’* is part of the optimal trading speed of the broker.

A more interesting behaviour is that of h®. As expected, h is negative. We observe that it decreases fast just before
time T This is because of the terminal penalty of the informed traders; assume for instance that, as t gets close to T,
Qt* is positive; in that case, the broker knows that, on average, the traders will start selling fast to him, because they
want to have a flat inventory at T'. Thus, in anticipation of this, the broker starts selling fast too on the dealer-to-dealer
market. Lastly, the terminal condition takes h® back to zero.

In terms of the sensitivity analysis, as expected, the transaction costs n® (resp. nt ) have a high degree of influence in
the function h® (resp. ¢%) that decide how much the broker (resp. average informed trader) exploits the signal. The
effect of the signal parameter k% can also be seen in the functions ¢® and h®. The higher the mean-reversion speed
the more conservative both parties become when exploiting the signal. The baseline (unstressed) behaviour is in a
solid black line.

Next, Figure 4 shows the components f®%¢, &1 %1 .0, T] — R of the trading strategy of the individual informed
trader; see (3.18). We employ the same model parameters as before, together with k =k and & = 0.50%. That is,
the private signal has the same mean-reverting rate but lower variance when compared to the common signal. Similar
to the previous figure, we show how stressing model parameters changes these functions.
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Figure 4: Functions f®%¢, fI f»I [0, 7] — R as time approaches T.

The interesting comparison is between (i) f® and f*!, and (ii) f® and f®I. We see that for (i) the behaviour is
roughly the same. That is, the individual informed trader follows both signals in a similar way. On the other hand,
the comparison for (ii) is not as straightforward. Indeed, as time progresses f %I hecomes more and more important
in the trading strategy of the individual informed trader because of the constraint to liquidate inventory, whereas the
value of f° vanishes because the informed trader stops pre-empting what the broker offloads of their order flow.

Finally, we compare the average behaviour of informed traders with that of a representative individual informed trader.
As before, we denote the representative player with a superscript I. We show two sample paths, together with the 5%
and 95% quantiles through time.

50 50
0.5
25 25
- g il
S 0.0 = 0 3. 0
—25 —25
— =~
051, . . . . . 50 . . . . . —50 1 . . . . .
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t t t
504
20 20
X
0 o0 S 07
720‘ 720<
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t t ¢
51 ]
5<
K 4 X *
I 0 = 01 e 0
75< 71<
75‘ T T T T T T T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t t t

Figure 5: Sample paths for the private signal af, together with f& oy, f&' af, 7f, vi*, vP™, QF, QF*, and QP".

Figure 5 shows the effect of the individual signal o/ on the trading speed of the representative informed trader I. The
top right panel shows f;" o a{ , which is the part of the trading speed utI "* that goes to the private signal. The top
middle panel shows f;* o, which is the part of the trading speed l/tI * that goes to the common signal; this part can be
understood as herd behaviour because all traders share this component. From the left middle panel and centre panel
we observe that, both 7] and utI " are similar, with the latter showing a rougher behaviour due to the actions of the
representative informed trader on the individual signal.” The trajectory in red in the bottom two left panels shows
the difference in more detail.

9These two trading speeds are similar because the dependence on « in (3.18) outweighs the dependence on a!; this is because out of
the five linear terms in the strategy, four are influenced by a.
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5 Conclusion

In this paper, we study the problem of a broker facing many informed traders. Each informed trader observes both a
common and an idiosyncratic signal. The broker charges a fixed transaction cost and chooses his externalisation rate
based on the common signal and the average behaviour of the traders. Using a Gateaux derivative approach, we derive
a system of coupled forward-backward SDEs driving this optimisation problem. Using a sequence of ansatzes, we solve
this FBSDE system, and obtain the equilibrium strategy of the broker and that of the representative informed trader.

We then illustrate the results of our model using a set of realistic market parameters. As expected, the average
trader’s inventory moves with the common signal, and the broker adjusts his externalisation rate accordingly. More
interestingly, both the common signal and the individual signal share a similar role. Even in the presence of a private
information that contradicts the beliefs of the market, the representative trader largely follows the market. Finally,
we studied the role of externalisation and how it deviates from the reference one hundred percent externalisation rate;
we saw that the increasing discrepancies along the trading day come from the offloading of inventory that the small
(but not negligible) internalisation rates accumulate over time.
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