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Abstract

Several haplotype-based methods have been developed to identify loci where multiple

mutations of low to moderate frequency and effect size modulate disease susceptibility.

Most such approaches either do not scale to hundreds of thousands of genomes or do not

explicitly model recombination and the block-like structure of haplotypes. Using a novel

checkpointing technique and a C-core, vectorized implementation of an Hidden Markov

Model (HMM) based on the Li & Stephens Model, at each single nucleotide polymorphism

(SNP) along the genome, we obtain a local genetic distance between all pairs of haplotypes

in a phased dataset. To rapidly test this local distance matrix for association with a phenotype,

we derive two finite sample central limit type theorems for quadratic forms which do not

require any further assumptions on the matrix other than it is free of outliers, for which

we have an easily calculable, formal condition. We combine these results with a novel

concentration inequality for Gaussian quadratic forms to upper and lower bound p-values

for quadratic forms while avoiding a full eigendecomposition of each matrix. Applying

our HMM implementation and quadratic form screening method, we recover known loci

associated with malaria susceptibility and uncover new potential associations in a pilot dataset

of 6,136 haplotypes.
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Chapter 1

Haplotype Methods for GWAS

Genome-Wide Association Studies (GWASs) have guided medical and agricultural research

by uncovering genes and molecular pathways that underlie various traits observed within

species [1–4]. It is anticipated that the dropping cost of genomic sequencing and growing

size of cohorts will dramatically boost the statistical power of GWASs to find genetic variants

associated with a range of phenotypes [5]. Future association studies will require new

statistcal methods that can scale to hundreds of thousands of full genomes.

Despite recent advancements, most existing methods still struggle to identify genes in

regions with allelic heterogeneity, where multiple mutations riding on distinct ancestral

haplotypes modulate disease susceptibility [6, 7]. As we discuss in this chapter, this is partly

because simple models that can scale to large datasets do not model recombination and

haplotype structure while most methods that attempt to model haplotypes struggle to scale to

large datasets. Existing haplotypes methods are also sensitive to how they divide the genome

into functional regions, so called "windowing" [8]. This thesis aims to develop computational

and theoretical tools which together open a class of haplotype methods that can scan the

genome for regions with allelic heterogeneity, avoid windowing, and can feasibly be applied

to hundreds of thousands of genomes. In our final chapter we implement one model from

this class of screening methods and use it to identify putatively associated loci in a published
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dataset. Although we do not pursue these putative associations further in this thesis, it is

our intent that investigators may further interrogate the loci they identify using our approach

with more precise, computationally intensive models.

There is an enormous range of diversity among existing GWAS methods ranging from

frequentist linear mixed models to Bayesian regression to machine learning with random

forests [9–11]. In this motivating chapter we will focus on a subset of examples to illustrate

the need for our haplotype approach; however, at least some of the critiques that we make of

existing methods also apply to methods not explicitly mentioned in the text.

1.1 From Single Marker to Haplotype Tests

Due to their simplicity, robustness and computational scalability, most GWASs use single

marker tests (SMTs) to screen the genome for associations [8]. These SMTs regress the

phenotype of interest onto each ascertained single nucleotide polymorphism (SNP) separately.

In order to more formally introduce SMTs, let us introduce some notation. Let L denote the

number of ascertained SNPs in a given dataset. We will also use Ns to denote the number

of organisms or individuals sampled. Since it will be easier to work in terms of haplotypes

rather than genotypes later in this thesis, we will use N to denote the number of haplotypes

ascertained in a given dataset. In other words, for diploid organisms, N = 2Ns. We will also

consider the inclusion of background covariates, A ∈ RNs×p, with corresponding parameters

α ∈ Rp. For a given set of genotypes, X ∈ {0,1,2}Ns×L, at a given locus l ∈ {1, . . . ,L}, and

a binary phenotype, y ∈ {0,1}Ns , a standard additive effects SMT would fit the following

logistic model.

yi ∼ Bern(µi) log
(

µi

1−µi

)
= A[i,]α +X[i,l]βl (1.1)
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Evidence for whether the SNP predicts the phenotype is typically assessed by calculating

a p-value for the likelihood ratio test statistic or a Bayes Factor for the parameter of interest, βl .

In the case where there the phenotype is caused by a single observed mutation, then the SMT

is the most parsimonious and powerful model under the standard logistic regression model

assumptions. However, testing every SNP independently ignores the complex dependence

between nearby SNPs and limits the ability of SMTs to detect causal variation in regions with

allelic heterogeneity. While SMTs may still detect associations driven by untyped causal

variants with a correlated "tag" SNP, in regions with allelic heterogeneity, it is unlikely that a

single SNP will tag all of the functionally distinct allelic subgroups since the causal mutations

appear on different allelic backgrounds.

If we were able to visualize the ancestral tree underlying the variation of a locus with

allelilc heterogeneity, we would see clades under distinct causal mutations whose leaves

exhibit disease risk that is different from the other individuals in the sample. However, there

is a much more parsimonious representation of the local variation that would retain the

same power to detect associations. For illustration, consider a sample of haploid genomes

(NS = N). Assume that we could define a functional unit of that genome, say for example

the transcribed region of a gene, with some known left and right bounds and that we could

know the change in phenotype expected for each unique sequence over that region. If we

were then to cluster unique sequences with the same phenotypic effect into K functionally

distinct haplotype groups, we could define a matrix of indicators, Z ∈ {0,1}N×K , coding for

group membership. For a continuous phenotype, we might fit a model such as

y = Aα +θZβ + ε (1.2)

where the effect of each haplotype group, βk, k ∈ {1, . . . ,K}, is a known constant, ε ∼

N
(
0,σ2

e In
)
, and θ ∈ R is the parameter of interest (θ = 0 under the null hypothesis). When

investigators attempt to model interactions between genes, they are hoping to find combina-
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tions of SNPs which together define one of these K, functionally distinct, haplotype groups.

This example shows that we could hypothetically retain all of the relevant information in the

underlying ancestral tree with just the assignments of the observed sequences into clusters

of functionally distinct haplotypes. In other words, we do not need to reconstruct the entire

tree. We will collectively refer to methods that target this haplotype clustering as "haplotype

methods."

A GWAS method will have more power if it can compress the haplotype variation in each

region into a representation that is likely to track with phenotypic variation, while remaining

robust to phenotypically neutral variation. Of course this idealized model assumes that we

know a) how to cluster distinct haplotypes into groups that have the same phenotypic effect,

βk, and b) how to draw left and right bounds on our region of interest. While these two pieces

of "oracle" information can never be fully known in practice, methods hoping to target this

haplotypic representation of local genetic variation must address them with assumptions. In

the following section, we demonstrate how these two types of assumptions arise in a leading

haplotype method, the Sequential Kernel Association Test (SKAT) [12]. We then proceed to

show how these assumptions may be improved and refined with our proposed method.

1.2 Random Effects Models

In this section, we will use the popular Sequential Kernel Association Test (SKAT, [12])

as a prototypical example of a random effects model for testing local haplotype structure;

however the analysis and critiques provided here generalize to other related random effects

models.
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1.2.1 Derivation

SKAT, and several variants such as SKAT-O, are designed to test regions of the genome for

allelic heterogeneity and rare SNP effects [12, 13]. SKAT does not require phasing since

it operates on genotype data. It takes a window of SNPs around a locus of interest l, say

from position a to position b, and uses a positive definite kernel to construct a covariance

matrix K that reflects the similarity between all pairs of genotypes over the [a,b] interval. For

continuous outcomes, SKAT implements a score test based on the following linear mixed

model (in vector notation):

y = Aα +u+ ε

where u∼ N (0,τK) and ε ∼ N
(
0,σ2

e In
)
. In order to test H0 : τ = 0, SKAT uses the score

test statistic for τ . Below we derive the score test for a variance component in a slightly more

general class of models since the result will be helpful in later discussions.

Let y ∼ N (µ,Στ) where Στ is some function of the parameter of interest, τ . Let y ∼

N (µ,Σ0) under the null hypothesis. Let M = ∂Στ

∂τ

∣∣∣
τ=0

. Below we derive the score test

statistic for τ , starting with the log likelihood, l(y).

l(y) =−N
2

log(2π)− 1
2

log |Στ |−
1
2
(y−µ)T

Σ
−1
τ (y−µ)

∂ l(y)
∂τ

=−1
2

tr
(

Σ
−1
τ

∂Στ

∂τ

)
+

1
2
(y−µ)T

Σ
−1
τ

∂Στ

∂τ
Σ
−1
τ (y−µ)

∂ l(y)
∂τ

∣∣∣∣
τ=0

=−1
2

tr
(
Σ
−1
0 M

)
+

1
2
(y−µ)T

Σ
−1
0 MΣ

−1
0 (y−µ)

Note that the tail probability of a statistic does not change with the addition or multiplication

of constants that do not involve the data y, hence we arrive at
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Qgauss = (y−µ)T
Σ
−1
0 MΣ

−1
0 (y−µ) . (1.3)

Since this score test statistic applies for general Σ
−1
0 , this test statistic can be used for

generalized least squares models. In the case of SKAT where we assume homoskedasticity of

the residuals, Στ = τK +σ2
e I, so M = K and Σ

−1
0 = σ−2

e I. Factoring out σ−2
e , we can write

the SKAT score statistic for Gaussian phenotypes as

QgaussSKAT = (y− µ̂)T K (y− µ̂) , (1.4)

where µ̂ = Aα̂null = E(y) fit under the null model, as presented in the original SKAT paper

by Wu et al. [12]. This test statistic will become large if (yi− µ̂i) and
(
y j− µ̂ j

)
tend to be

close when Ki j is large. In other words QgaussSKAT will be significant when individuals who

are more closely related according to K have relatively similar outcomes. Wu et al. also

present a version of SKAT for binary outcomes motivated by a generalized linear mixed

model for binary outcomes takes the form

y∼ Bern(θ) logit(θ) = Xβ +u (1.5)

where u∼ N (0,τK).

Wu et al. do not provide the derivation of the score statistic for τ in model 1.5. They cite

literature tracing back to Zhang and Lin (2003) [14], which provides a Laplace-approximation-

based version of the score statistic for a more general class of models that includes variance

components under the null model (note the absence of an error term ε or other null model

variance components in Equation 1.5). We follow the same approach to derive the test

statistic in the special case of Equation 1.5, which allows us to obtain the test statistic in a

simpler closed form without the need for a Laplace approximation. This brings us to the

following lemma (proof shown at the end of the present chapter).
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Lemma 1.2.1. Let y ∼ Bern(µ), logit(µ) = Xβ + u, and u ∼ N (0,τK). The score test

statistic for τ = 0 is

QbinarySKAT = (y− µ̂)T K (y− µ̂) , (1.6)

where µ̂ = E(y) estimated under the null model when τ = 0.

QgaussSKAT and QbinarySKAT take the same form and both provide a convenient one-degree-

of-freedom test for whether the structure in the covariance matrix K explains phenotypic

variation. Although there are variants on the original form of SKAT that construct K slightly

differently, to construct K for a given region they all require the user to define a fixed window

of the genome. Then, for the p variants in that window, a kernel function is applied to

each pair of genotypes based on some weighted distance metric. Let Gil ∈ {0,1,2} be the

genotype of sample i at locus l. For the covariance between genotypes i and j, a few examples

given in [12] are as follows:

Ki j =
p
∑

l=1
wlGilG jl (weighted linear kernel)

Ki j =

(
1+

p
∑

l=1
wlGilG jl

)2

(quadratic kernel)

Ki j =
p
∑

l=1
wl
(
2−
∣∣Gil−G jl

∣∣) (”additive” kernel)

Ki j =
p
∑

l=1
wl1IBD

{
Glk,G jl

}
(IBD kernel)

Here, wl refers to the weight given to locus l, which is usually taken to be a function of the

allele frequency at that locus such as wl = (MAFl (1−MAFl))
−1 where MAF is the minor

allele frequency. Assuming that there is some external method to assign identity-by-descent

(IBD) to each pair of genotypes, 1IBD
{

Glk,G jl
}

is the indicator of IBD. As we will see in

the following chapter, our proposal for constructing a matrix K is most closely related to a

probabilistic version of this IBD kernel.
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1.2.2 Challenges Facing Standard Random Effects Models

Recalling our oracle model, Equation 1.2, we see that SKAT assumes that a region of interest

in the genome can be defined by some fixed window of SNPs. In practice, these windows

are usually centered on genes of interest, but this approach does not provide guidance

in non-coding portions of the genome, where regulatory elements may still drive active

assocations. Some related methods attempt to circumvent this challenge by using a sliding

window with overlapping segments along the genome. However, we are still left with

the problem of choosing the width of such regions and how far to slide them with each

increment. Drawing too narrow of a region could miss causal haplotype subgroups which

are associated with different expected phenotypes. Drawing too wide of a region could lead

us to consider spurious haplotypic variation that has no impact on the phenotype, obscuring

true associations. Inevitably, all haplotype methods need to make some assumptions about

how wide of a region to consider when comparing local haplotypes. Should the association

signals driven by two nearby SNPs or haplotypes be combined into a single signal or resolved

as distinct smaller signals? We will return to this question later after we present alternative

approaches that haplotype methods use to define a local region of the genome.

If we compare SKAT to our Oracle Model, Equation 1.2, we see that SKAT assumes that

the covariance between the phenotypes of two individuals will be some monotonic function

of the percentage of their local genotypes that match. Compressing local genetic variation

in this way treats the mutations in a region as exchangeable. In other words, the distance

between the local genotypes of two samples does not depend on the order of their allelic

mismatches (Figure 1.1). This exchangeability assumption throws away the information in

underlying haplotype block structure.
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Fig. 1.1 Exchangeability Under SKAT Kernel: Sample A depicts four pairs of haplotypes
collected from four individuals (haplotype pairs are depicted by the colored brackets to the
right of the haplotypes). In this region, there is a 8-SNP-long stretch where haplotypes may be
either type blue or type organge. To the right of the four haplotype pairs are the corresponding
four genotypes, to which we’ve applied the unweighted linear kernel to produce a local kernel
matrix on the right. Note that the gold and red genotypes have the lowest pairwise similarity
(11), reflecting the fact that the gold sample has two blue haplotypes and the red sample has
two orange haplotypes. Sample B is identical to Sample A except that the columns have been
permuted to break up the 8 SNP haplotype blocks. Notice that while this yields different
genotypes, the implied kernel matrix, K, is identical, hence the exchangeability of loci under
the SKAT kernel. An efficient compression of the 8 SNP region in sample A might use a
binary indicator for either the blue or orange block.
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Modelling loci as exchangeable and independent leads SKAT and related tests to lose

power when many non-causal loci are included in a region of interest [15]. Rewriting the

SKAT linear mixed model in terms of its Bayesian analogue, a connection pointed out by

Listgarten (2012), explains this behavior [16]. Consider a Bayesian linear model where

yi ∼ α +X1β1 + · · ·+XLβL + ε. (1.7)
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Here, Xl is the genotype vector at locus l and we are considering testing a window with L

SNPs. For continuous outcomes, we may write this regression model as y∼ Xβ + ε where

ε ∼ N
(
0,σ2

e I
)

and β ∼ N (0,τDiag(w)) for some weights vector w. Under this Bayesian

specification,

Var(y) = E [Var(y|β )]+Var [E(y|β )] = σ
2
e I +Var [Xβ ] = τXDiag(w)XT +σ

2
e I. (1.8)

Recognizing that XDiag(w)XT is the SKAT weighted linear kernel shows that testing τ = 0

in this Bayesian model is equivalent to testing τ = 0 in the original SKAT linear mixed model

framework. Adding many non-causal predictors to Model 1.7 would shrink the posterior of τ

towards zero and reduce the power to reject H0 : τ = 0.

1.3 Non-exchangeable Models

If we believe that causal variation will tend to ride on haplotype blocks, then we should

have greater power to detect associations if we have a means of compressing local variation

that identifies sub-haplotypes and uses those rather than individual SNPs as predictors in a

Bayesian regression model like 1.7. Essentially we’d have a model like 1.7 where a group

of SNPs on a common haplotype would be collapsed into a single predictor coding for the

"presence of Haplotype version A vs. Haplotype version B." This observation motivated

several earlier haplotype methods, including the work of Browning & Browning (2007),

which uses a variable-length Markov chain model to assign haplotypes to clusters which

change along the genome [17]. Although Browning & Browning (2007) used a Fisher’s Exact

Test for testing whether the cluster assignments predicted case-control status, haplotypes

assigned to the same local cluster could be declared to have IBD, allowing for these cluster

assignments to be used by SKAT with the IBD kernel. Although this method does not require
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windowing, it forces hard assignments to fixed clusters which does not fully account for

uncertainty in the clusterings or the length over which haplotypes are compared.

Tree-based methods, such as LATAG [18] and mARGarita [19], attempt to account for the

hierarchical, multi-resolution, tree-based structure and uncertainty in haplotype relatedness

by integrating over marginal trees that could explain the local haplotypes. However, difficulty

arises in testing these structures. For example, mARGarita finds the branch in each proposed

tree which best separates cases from controls according to a χ2 test and averages the trees

at each locus to produce summary scores. A more precise tree sampling method, TMARG

[20], samples uniformly from the set of time-ordered MinARGs (Ancestral Recombination

Graphs which minimize the number of recombination events required to produce the observed

sample) [21]. However, largely because trees lie within a discrete space, these methods do

not readily scale to thousands of genomes.

While tree-based methods may "correctly" model the local dependence structure among

SNPs, it is difficult to modify them to control for population structure. The problem arises

when some non-genetic effect acts under a subtree of the marginal tree, causing any mutations

on the branch above that subtree to show a spurious correlation with the phenotype [22].

Most regression-based GWAS approaches penalize variants that are liable to be confounded

with environmental factors by incoporating fixed and random effects. Let X denote the N

by L binary matrix indicating the SNP-status of every sampled individual at every locus. A

leading approach is to include a random effect with a covariance structure given by XXT or

some customized SNP set [23–25]. A second, nearly equivalent approach is to use the first

few principal components of XXT as fixed effects [26, 27]. The underlying assumption of

these two approaches of accounting for confounding environmental structure: SNPs which

explain a large proportion of the variants will tend to lie on branches that roughly separate

sub-populations or distinct environments. As we might expect, if a strong environmental
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confounder operates on a small geographical scale, this assumption is violated and the

principal components will not control for the confounding process [28].

One might attempt to account for fine-scale confounders by including rare variants in the

SNP set that is used to generate the random effect covariance matrix or in the PCA calculation.

However, this comes at the risk of obfuscating a true causal variant by including a SNP that

is linked to it in the set of potential confounders. This "proximal contamination" is what has

led to some methods to exclude SNPs from the current chromosome of interest in calculating

the "background" relatedness matrix [9]. In practice, investigators apply this reasoning

by adjusting for just enough genome-wide ancestry structure to eliminate the inflation of

p-values along the genome. We will return to this balance of adjusting population structure

in Chapter 4, but for now we simply emphasize that adjusting for population-structure-based

principal components or random effects can be really challenging for methods that do not

take a regression approach to testing, such as most tree-based approaches.

A groundbreaking compromise between the Markov-chain based latent factor model

of Browning & Browning (2007) and tree-based methods that could easily use the PCA

method to account for population structure came with the two-layer Hidden Markov Model

(HMM) proposed by Xu & Guan (2014) [29]. Their approach models genotypes as being

emitted from a fixed set of K ancestral haplotypes, which themselves are emitted from a

set of S hypothetical populations. A recombination event between ancestral haplotypes

from different hypothetical populations is modeled as less likely than a recombination event

between ancestral haplotypes from the same hypothetical population. Essentially, the K

lower level haplotypes of the HMM model tree structure near the leaves and the S upper level

states model tree structure near the root. While this two-layer HMM models the structure of

trees, critically, it also loads observed genotypes onto K inferred donor haplotypes. In other

words, it provides a soft, probabilistic clustering of the observed genotypes into K clusters

rather than a hard clustering. This enables a simple testing procedure that assesses whether



1.3 Non-exchangeable Models 13

cases or controls preferrentially associate with any of the K groups, which is relatively

computationally efficient. Since the HMM integrates over recombination events (modeled

as ancestral haplotype switches), it avoids windowing the genome, although it still must

infer parameters relating to the recombination rate that determine the amount of ancestral

information flow along a region of the genome. It also infers the ancestral haplotype loadings

of each genotype at each SNP, so the number of tests is the same as in a conventional

single-marker-based GWAS.

Since Xu & Guan’s two-layer HMM approach models trees within a continuous space

of copying probabilities rather than in their original discrete space, it can scale to tens-of-

thousands of genomes. To achieve this scalability, their method assumes that all regions of the

genome can essentially be represented by a fixed number of K underlying donor haplotypes.

In this sense, the model may be considered too rigid. However, the model is already highly

parameterized: not only does the model have to learn the latent haplotypes, each of which is

very high dimensional, but there is also a matrix of transition probabilities for each layer in

addition to mutation/emission parameters. As a probabilistic latent factor model with a very

high-dimensional parameter space, it is very likely that EM will get caught in local modes.

Although one might at first waive this criticism since this haplotype association method is

really aimed at performing local ancestry inference at each region of the genome, the authors

report that their inferred haplotype loadings varied drastically between EM iterations using

the exact forward-backward algorithm. In other words, multimodality was a problem that

produced substantially different local ancestry inferences. The authors partially circumvent

this issue by averaging local ancestry inferences over multiple EM runs, which in simulation

turns out to yield useful renderings of the local haplotype structure. However, the fact that

the underlying model yields inconsistent local inferences suggests that the underlying model

might not be a parsimonious representation of genetic variation.
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Another key problem with the complexity of the two-layer HMM approach is that it

required an approximate forward-backward algorithm that is linear rather than quadratic in

the number of hidden haplotypes K to scale to tens-of-thousands of genomes. Xu & Guan

call this method stochastic linear iterative marginalization (SLIM). Although the authors

provide a figure showing that the local haplotype clusterings inferred via SLIM correlate

with those produced by the exact forward-backward algorithm according to a single metric,

this does not imply that this correspondence will hold on other datasets or that the inferred

clusterings between the two methods can be used interchangeably. The two-layer HMM is

an example of a relatively exact model that can only be approximately computed, rather than

a simple, approximate model that can be exactly computed.

These limitations motivated us to look for a simpler HMM-based approach to inferring

representations of local ancestries that would be amenable to exact inference while avoiding

restrictive assumptions like the existence of strictly K hidden haplotypes. To do this, we

returned to a highly-cited predecesor of Xu & Guan’s two-layer HMM, the Li & Stephens

model [30, 31], which we introduce in the following section. Since the Li & Stephens

model is based on haplotypes rather than genotypes, direct use of the model requires for

the data to be phased a priori. While Xu & Guan’s two-layer HMM avoid phasing errors

by working directly on genotypes, with the emergence of larger haplotype reference panels

and more efficient phasing algorithms [32], it appears that requiring data to be phased might

not introduce too many errors or be computationally prohibitive. Furthermore, recent work

suggests that modeling phased haplotypes might explain a large proportion of the missing

heritability in complex traits [33]. We will explicitly revisit this point in Chapter 4, where we

explicitly show how information relevant to detecting association can be lost when haplotypes

are reduced to genotypes.
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1.4 The Li & Stephens Model

The Na Li & Matthew Stephens (LS) model has become a widely popular model for genetic

diversity [31]. Although the model arises via an approximation to the coalescent with

recombination, it has been proven sufficiently accurate in many applications ranging from

recombination map construction to demographic inference. Its primary advantage is that the

model lends itself to inference via a Hidden Markov Model, making exact inference possible

for large genomics datasets. The use of derivation pathways, which can be seen as a special

case of the LS model when the mutation rate is brought to zero, has also been shown to not

only be scalable for applications in association testing, but also to compete favorably beside

much more exact Ancestral Recombination Graph (ARG) inference methods [21, 20].

A key motivation for focusing on the LS model comes from the fact that the tree-based

association software TMARG defaults to sampling ARGs based on a copying heuristic that

is a special case of the LS model when mutation is not allowed. Under this LS-type model,

TMARG performed approximately as well empirically as it did when sampling true minARGs

[20]. Below we review the motivations and assumptions underlying the LS model [34] as an

approximation to the ARG [21]. In Chapter 2, we will show how it may be adapted to yield a

scalable approach for approximating local ancestries at each position in the genome.

1.4.1 PAC Likelihood

Consider a sample of N haploid genetic sequences of length L. Let µ be a vector of length

L denoting the expected number of mutations to occur at site l in a single meiosis (one

generation). Let r be a vector of length L− 1 such that r(l) denotes the probability of a

recombination event between the lth and (l +1)th locus in a single meiosis. Let G denote

the true ARG underlying the sample of N individuals. Assume that all sampled sites are

biallelic. Let the nth haplotype, hn, be a binary vector of length L denoting the sequence of

alleles of the nth sample. Let hl
n denote the allelic state at a specific locus, l. Let H denote the
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entire sample {h1, ...,hN}. Define vectors ρ = 4Ner and θ = 4Neµ , where Ne is the effective

population size.

The LS model is motivated by a full-likelihood approach devised by Fearnhead &

Donnelly, who sought to sample from P(H|ρ,θ) under the Coalescent with Recombination

by integrating over all possible G [35]. In an attempt to overcome the computational barrier

to this approach, Li & Stephens (2003) sought to approximate the Fearnhead & Donnelly

likelihood with a “product of approximate conditionals” (PAC) likelihood:

P(H|ρ,θ) = P(h1|ρ,θ)P(h2|h1,ρ,θ) · · ·P(hN |h1, ...,hN−1,ρ,θ)

≈ π(h1|ρ,θ) π(h2|h1,ρ,θ) · · · π(hN |h1, ...,hN−1,ρ,θ)

Each π approximates the probability of observing a specific haplotype having already

observed n of N haplotypes in a sample. Li & Stephens used a Hidden Markov Model

(HMM) to approximate each conditional likelihood by arguing that a haplotype could be ap-

proximated as a series of segments copied from similar, previously observed haplotypes, with

segment boundaries determined by recombination events and miscopied sites corresponding

to mutation events. Let us refer to the (n+1)th haplotype as the “recipient” haplotype and

the haplotype that it copies from for a given segment its “donor” haplotype. The emission

distribution (ψ) and the transition distribution (φ ) are motivated by the coalescent where

the donor haplotype is thought to be under the ancestral lineage that the recipient haplotype

first coalesces with. In other words, the donor should be a “nearest-neighbor” or tied to be

a “nearest-neighbor.” Let X l
n+1 ∈ {1, . . . ,n} be the identity of the donor haplotype by a new

haplotype at locus l, the hidden state. By symmetry, without any information of the marginal

coalescent tree to the left or right of a given position, every previously observed haplotype

(each potential donor) has equal probability a priori of being the nearest neighbor. This

motivated the choice of a discrete uniform prior ξ on the hidden states. In the standard form

of a HMM likelihood, the LS model approximate conditional distribution can be written as
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π(hn+1|h1, ...hn) = ∑
X1:L

n

π(hn+1,{X1
n+1, . . . ,X

L
n+1}|h1, ...hn)

= ∑
X1:L

n

(
ξ (X1

n+1)
L−1

∏
l=1

φ

(
X l+1

n+1|X
l
n+1

) L

∏
l=1

ψ

(
hl

n+1|X l
n+1

))
.

1.4.2 Emission Distribution

The emission density, ψ , is rooted in research into optimal proposal distributions for Impor-

tance Sampling marginal trees under the Coalescent [36]. We need the probability that a new

(n+1)th haplotype will have the same allelic state (0 or 1) as its specific donor haplotype in

the previously observed set of n haplotypes. In other words, what is the probability that the

recipient haplotype will copy exactly from its donor?

We can approximate this probability (Qn ) based on the coalescent mutation parameter

θ by first calculating the probability that, in a tree of n+1 haplotypes sampled under the

coalescent, there is no mutation on the path connecting the recipient haplotype to its donor

haplotype. Since the donor haplotype must be under the ancestral lineage that the recipient

haplotype first coalesces with, this is equal to one minus the probability that a mutation

occurs on the ancestral lineage of the recipient or the donor before they coalesce. We can

derive this probability by conditioning on the number of ancestors that remained in the

coalescent when the (n+1)th sample joined the rest, yielding Qn below.

Qn = 1−
(

n
2

)−1 n

∑
k=2

(k−1)
n

∏
j=k

(
1+ θ

j( j−1)

)−1
≈ θ

n+θ
for n large. (1.9)

Numerical calculation confirms that Qn is very well approximated by θ

n+θ
for even modest

n and high mutation rates. Therefore, Li & Stephens approximate the probability that hn+1

directly copies from one of the h1, ...,hn with n
n+θ

.
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If we assume parent-independent mutation (PIM), the allele of a mutant does not depend

on the allele of its parent; therefore, when a mutation happens, we assume that the SNP

flips to another allele or stays the same with probability 1/2. These assumptions specify an

emission kernel:

ψ(hl
n+1|X l

n+1) =


n

n+θ
+ 1

2
θ

n+θ
: hl

n+1 = hl
X l

n+1

1
2

θ

n+θ
: hl

n+1 ̸= hl
X l

n+1

.

Consistent with intuition, copying is perfect in the limit as the mutation rate approaches

zero and Pr(hl
n+1 = 0) = Pr(hl

n+1 = 1) in the limit as the mutation rate approaches infinity.

1.4.3 Transition Distribution

Although Li & Stephens do not clearly explain how they arrived at their transition density

[34], here we provide a rough justification for their treatment of recombination. To begin, it

is important to note that the LS mdoel makes a Markov approximation of the Coalescent with

Recombination that is closely related to a formalized stochastic process that was presented

two years after the LS model: the sequentially Markov coalescent (SMC) [37]. Under the

SMC, recombination events between loci l−1 and l are independent of the marginal trees

above loci {1, . . . , l−2} conditional on the marginal coalcescent tree above locus l−1. Given

the marginal coalcescent tree above locus l− 1, recombination events occur as a Poisson

process on the tree with rate ρl
2 under the SMC, just like mutation events. If we assume that

the recombination rate is low enough that events where more than one recombination event

occur at the same locus may be ignored, the probability that a recombination event occurs

on the recipient haplotype’s lineage before its first coalescence, is 1− exp
(
−ρl

2 (T ⋆)
)

where

T ⋆ is the time to recipient haplotype’s first coalescence event. A classic calculation gives

the expected value of T ⋆ [38]. Let k here denote the number of lineages remaining when the

recipient haplotype first coalesces.
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E [T ⋆] = E [E [T ⋆|k]]

=
n

∑
k=2

E [T ⋆|k]

(
k−1(k

2

) n

∏
j=k+1

(
1− j−1( j

2

) ))

=
n

∑
k=2

E [T ⋆|k]

(
2
k

n

∏
j=k+1

(
1− 2

j

))

=
2

n(n−1)

n

∑
k=2

(k−1)E [T ⋆|k]

=
2

n(n−1)

n

∑
k=2

(
(k−1)

n

∑
j=k

2
j( j−1)

)

=
2

n(n−1)

n

∑
k=2

(
(k−1)

(
2

k−1
− 2

n

))
=

2
n

If we now substitute T ⋆ with its expectation, the probability of a recombination event

comes to 1−exp
(
−ρl

n

)
. Note that, under the SMC, this result is consistent with our treatment

of mutation events. For small recombination rates and large n, 1− exp
(
−ρl

n

)
≈ ρl

n+ρl
, which

is the probability of a recombination event before coalescence that we would have obtained

from Equation 1.9 if we had treated recombination events like mutation events.

Given that there is a recombination event on the lineage of the recipient haplotype before

it coalesces into the tree, the LS models assumes that the next donor that the recipient copies

is chosen uniformly at random. This choice is consistent with making the copying density, ξ ,

discrete uniform on {1, ...,n}; however, as is done in practice in ChromoPainter [39], these

uniformity assumptions can be generalized to account for the fact that in a real dataset, not all

individuals are equally related to each other within a population. Let δ l
n be the indicator that

there was at least one “recombination event” between the (l−1)th and lth loci affecting the

recent ancestry of the (n+1)th individual. Li & Stephens propose the following transition

density.
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φ

(
X l

n+1|X
l−1
n+1

)
= P(X l

n+1 = x′|X l−1
n+1 = x)

= P(X l
n+1 = x′|X l−1

n+1 = x,δ l
n+1 = 1)P(δ l

n+1 = 1) +

P(X l
n+1 = x′|X l−1

n+1 = x,δ l
n+1 = 0)P(δ l

n+1 = 0)

= 1
n

(
1− exp

[
−ρl

n

])
+1(x′ = x)exp

[
−ρl

n

]
When Li & Stephens use their model to actually estimate recombination rates, they found

that they could improve the performance of the model by taking the recombination map to a

power, say γ . So they defined, ρl = 4Nerγ

l , where as before, rl is the distance between sites

l and l +1 in Morgans. A large γ > 1 makes the recombination map more heavily peaked

whereas a small γ < 1 tempers the recombination map to make it more flat and smooth. When

we return to the LS Model in Chapter 2, we will consider this more general parameterization

of the LS model with a γ exponent.

1.4.4 Pseudo-likelihood Approximation

In order to make the N haplotypes observed in a sample exchangeable in P(H|ρ,θ) and

avoid maximizing P(H|ρ,θ) over many permutations of the haplotypes, Li & Stephens

also suggest using a pseudo-likelihood approximation [40] before invoking the approximate

conditional distribution π:

P(H|ρ,θ)≈
N

∏
n=1

P(hn|ρ,θ ,H−n)≈
N

∏
n=1

π(hn|ρ,θ ,H−n)

where H−n = H\hn.

This pseudo-likelihood approximation was made popular with ChromoPainter and

fineSTRUCTURE [39], where it has proven very effective in resolving fine-scale struc-

ture in overall ancestry inference based on comparing whole genomes.
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In all future mentions of the LS Model, we will implicitly be referring to the pseudo-

likelihood extension in which each haplotype is painted as a mosaic of all of the other

haplotypes in the sample. This approach corresponds to n independent HMMs, each with

n− 1 hidden states. Similar to Xu & Guan two-level HMM approach [29], we will be

interested in the posterior copying probabilities implied by these HMMs and use that as a

basis for defining local relatedness.

1.4.5 LS Model Advantages

Although the ability of the posterior marginals of the LS model to capture local structure at a

particular locus has not been thoroughly studied, it achieves better genome-wide ancestry

resolution than more classic, genotype relatedness matrices, which is the genome-wide ana-

log of the linear SKAT kernel, by accounting for linkage between sites [39]. ChromoPainter

achieves this resolution by defining the relatedness between two individuals as the approxi-

mate number of haplotype blocks that they share rather than the number of SNPs they share.

Similarly, we hope to obtain better local ancestry resolution (local to a region of the genome)

by using the LS model to capture local haplotype sharing rather than local SNP sharing like

SKAT kernels.

As we will show in Chapter 2, the HMM likelihood typically places a higher penalty if a

donor haplotype mismatches the recipient haplotype on a rare SNP rather than on a common

SNP. However, a more nuanced investigation of this effect reveals that the HMM places a

higher penalty on a mismatch between donor and recipient if the recipient’s local sequence

is rare among the haplotypes in the sample. So while the LS model, like SKAT, must

make assumptions about how to weight mutations of different frequencies in determining

local genetic similarity, the LS model penalizes haplotype blocks and mutations of different

frequencies with different penalties all based on a single, coalescent-motivated, mutation

parameter. As with specifying a single mutation parameter, the LS model also summarizes the
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flow of ancestral information along the genome with a single recombination parameter. This

two-parameter specification makes optimizing the LS model for a given genetic dataset much

easier and less arbitrary than specifying a series of weights. In Chapter 2, we will return to

how we optimize the mutation and recombination parameters to capture local geneaologies.

By using a HMM-based approach that accounts for recombination, like Xu & Guan’s

two-level HMM, we avoid hard windowing and are better able to capture the staggered

structure of local haplotype blocks. If one set of samples share a very long local haplotype

while other samples share a very short local haplotype, the LS model can incorporate the

added information from the longer haplotype showing that those samples are very recently

related without diluting the genetic similarity measured among the samples carrying the

shorter haplotype with a wide, fixed-window.

This ability of the LS model to naturally incorporate haplotype length information means

that it might be especially powerful for identifying haplotypes that have been under recent

positive natural selection and are associated with the trait of interest. In Chapter 4, we

will apply our new method to a Malaria GWAS dataset where the outcome, severe malaria

susceptibility, has driven very strong recent positive selection at multiple loci. By capturing

extended haplotype homozygosity, we expect our method to incorporate this selection

information and thereby improve our power to find association signals.

1.5 Correctly Testing Quadratic Forms

In order to use a quadratic form like Qy = (y− µ̂)T K (y− µ̂) as a test statistic in a Fisherian

framework, it is necessary to obtain p-values under the null hypothesis. While it is simple

to express the null as a linear combination of independent χ2 random variables when y

is Gaussian, when y is non-Gaussian, as in the case of binary case-control outcomes, the

distribution of Q is difficult to obtain. SKAT and other related approaches usually circumvent

this problem by asserting that, asymptotically, Qy will converge to Qx = (x− µ̂)T K (x− µ̂)
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in distribution, where each xi ∼ N (µ̂i,Var(yi)). This assumption then allows the authors

to treat the quadratic forms for binary case-control outcomes as if they were quadratic

forms in normal random variables and use the linear combination of χ2 random variables

representation to obtain a p-value. Below we explain why this central limit claim is not

generally true and how examples that violate this claim could easily arise in applications

where investigators might want to apply SKAT.

To get an immediate intuition for why Qy will not converge to Qx, one only has to

compare the variance of the two test statistics.

Lemma 1.5.1. Consider a real matrix B ∈ RN×N and a vector of independent random vari-

ables z∈RN . Let b∈RN be a vector encoding the diagonal of B and B̃= 1
2

(
B+BT −2diag(B)

)
.

Here, diag(B) is the diagonal matrix with b down the diagonal, and for a vector v ∈ Rn, we

will use Diag(v) to denote the diagonal matrix with v down the diagonal. Define the real

vectors µ , σ2, γ and κ such that

µi = E(zi) ,

σ
2
i = E

(
z2

i
)
−µ

2
i ,

γi = bi
(
E
(
z3

i
)
−µiE

(
z2

i
))

,

κi = E(z4
i )−

(
E(z2

i )
)2
.

Then

Var
(
zT Bz

)
= κ

T (b∗b)+2σ
2T
(B̃∗ B̃)σ2 +4µ

2T
(B̃∗ B̃)σ2 +4γ

T B̃µ +4µ
T B̃Diag(σ2)B̃µ.

From Lemma 1.5.1, we can see that the variance is a function of the fourth moments of

the random variables, even if µ = 0. In general, the fourth order moments of a Gaussian will

not match those of binary random variables. The influence of these fourth order moments

will be especially important if the diagonal terms are non-negligible compared to the off
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diagonal terms or the case-control prediction of certain individuals in the sample is close

to 0 or 1 under the null model. This is a major obstacle for SKAT because, especially in a

region of the genome with high diversity, the diagonal terms of a kernel matrix K can be

very large relative to the off-diagonal elements of K. Note that since the matrix K used in

SKAT is positive semi-definite, its diagonal terms must sum to a positive number, so this

variance mismatch is a problem for all positive semi-definite K. Even if one were to rescale

Qx to match the variance of Qy, pointing out the variance mismatch illustrates that there are

higher-order interactions among the random variables in Qy that cannot be matched by Qx.

This means that for all N, the moments will not match and therefore the distributions will not

converge without additional assumptions.

In Chapter 3, we fill this gap in the literature with a set of theoretical and computational

results which allow us to obtain p-values, or strict upper and lower bounds on p-values, for

quadratic forms in non-Gaussian random variables.

1.6 Overview of Thesis

In this chapter we have motivated an HMM-based approach that will a) judiciously define

regions of the genome over which to combine association signals based on local haplotype

structure, b) generate a parsimonious representation of local haplotypic diversity by recog-

nizing the non-exchangeability of loci, and c) has the potential to incorporate recent positive

selection signals into association testing. Building on this, we present a series of results

that allow for the direct use of the LS Model in haplotype association testing. Although we

introduced the LS model from a coalescent perspective, in Chapter 2, we will examine it

from a more algorithmic perspective with the aim of using the model to quickly calculate

distances between all pairs of haplotypes at a given locus. We run N independent HMMs,

allowing each individual to copy from everyone else in the sample. In this way, we avoid the

K-haplotypes assumption by allowing each observation to be their own cluster. We show the
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posterior marginal probabilities can be obtained exactly with reasonable CPU and memory

requirements for simulated data with up to 20,000 individuals (N = 40,000). We also provide

theoretical projections which show how our approach could scale to datasets with hundreds

of thousands of individuals.

In Chapter 3, we develop a Krylov-subspace-based approach to efficiently upper and

lower bounding the p-values of quadratic forms in Gaussian random variables. We then

prove two invariance principles and present a related Rao-Blackwellization procedure which

together allow us to apply our Krylov subspace approach for Gaussian quadratic forms to a

large class of non-Gaussian quadratic forms.

In Chapter 4, we show how the machinery developed in Chapters 2 and 3 can be combined

in a genetics context to quickly screen whether there is evidence of association at each locus

along the genome. Although our haplotype-based approach requires phased haplotypes,

we show in Chapter 4 how phasing provides access to relevant association information

that is obscured by genotypes and allows us to test for different genetic architectures. We

demonstrate the applicability of our approach to real genetics data in a pilot application to a

malaria GWAS dataset.

Chapter 5 concludes with a few exciting new directions for this line of research, including

detecting adaptive introgression between populations.

1.7 Proofs

1.7.1 Proof of Lemma 1.2.1

To derive the score statistic, first, rewrite model 1.5 as

y∼ Bern(θ) log
(

θ

1−θ

)
= Xβ +

√
τK1/2z z∼ N(0, I) (1.10)
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The corresponding log-likelihood for a dataset with n observations l(y,τ), can be written up

to a constant as

log
[∫

Rn
exp
(

h(y,τ)− 1
2

zT z
)

dz
]
, (1.11)

where

h(y,τ) = yT
(

Xβ +
√

τK1/2z
)
−∑

i
log
[
1+ exp

(
XT

i β +
√

τK1/2
i z

)]
. (1.12)

This implies that

∂

∂τ
l(y,τ) =

∂

∂τ

∫
Rn exp

(
h(y,τ)− 1

2zT z
)

dz∫
Rn exp

(
h(y,τ)− 1

2zT z
)

dz
(1.13)

=

∫
Rn

[
(y−θτ)

T K1/2z
]

exp
(
h(y,τ)− 1

2zT z
)

dz

2
√

τ
∫

Rn exp
(
h(y,τ)− 1

2zT z
)

dz
(1.14)

where θτ = E(y) = exp(Xβ+
√

τK1/2z)
1+exp(Xβ+

√
τK1/2z)

. Note that as τ → 0, the denominator will tend to 0

because of the
√

τ term. The numerator will also tend to zero 0 as τ → 0 because for τ = 0,

the numerator is

∫
Rn

[
(y−θ0)

T K1/2z
]

exp
(

h(y,0)− 1
2

zT z
)

dz (1.15)

= exp(h(y,0))(2π)n/2
∫

Rn

[
(y−θ0)

T K1/2z
] 1

(2π)n/2 exp
(
−1

2
zT z
)

dz (1.16)

= exp(h(y,0))(2π)n/2E
[
(y−θ0)

T K1/2z
]
= 0. (1.17)

This gives us an indeterminant form, allowing us to apply L’Hopital’s Rule. Applying a

partial derivative with respect to τ to the numerator of Equation 1.14 yields
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1
2
√

τ

∫
Rn

[(
(y−θτ)

T
(

K1/2z
))2
− [θτ (1−θτ)]

T
(

K1/2z
)2
]

exp
(

h(y,τ)− 1
2

zT z
)

dz

Applying a partial derivative with respect to τ to the denominator of Equation 1.14 yields

(
1√
τ

∫
Rn

exp
(

h(y,τ)− 1
2

zT z
)

dz
)
+
∫

Rn

[
(y−θτ)

T K1/2z
]

exp
(

h(y,τ)− 1
2

zT z
)

dz

Multiplying the new numerator and new denominator by
√

τ and noting that the second

term in the denominator again goes to zero as τ → 0 as shown in Equation 1.17, we obtain

lim
τ→0

∂

∂τ
l(y,τ) =

∫
Rn

[(
(y−θ0)

T
(

K1/2z
))2
− [θ0 (1−θ0)]

T
(

K1/2z
)2
]

exp
(
h(y,0)− 1

2zT z
)

dz

2
∫

Rn exp
(
h(y,0)− 1

2zT z
)

dz

=

∫
Rn

[(
(y−θ0)

T
(

K1/2z
))2
− [θ0 (1−θ0)]

T
(

K1/2z
)2
]

exp
(
−1

2zT z
)

dz

2
∫

Rn exp
(
−1

2zT z
)

dz

=
1
2
E
[(

(y−θ0)
T K1/2z

)2
− [θ0 (1−θ0)]

T
(

K1/2z
)2
]

=
1
2

(
(y−θ0)

T K (y−θ0)− [θ0 (1−θ0)]
T diag(K)

)
=

1
2

(
(y−θ0)

T K (y−θ0)−E
[
(y−θ0)

T K (y−θ0)
])

Thus

QbinarySKAT =
(
y− θ̂0

)T
K
(
y− θ̂0

)

1.7.2 Proof of Lemma 1.5.1

Lemma. Consider a real matrix B ∈ RN×N and a vector of independent random variables

z ∈ RN . Let b ∈ RN be a vector encoding the diagonal of B and B̃ = 1
2

(
B+BT −2diag(B)

)
.
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Here, diag(B) is the diagonal matrix with b down the diagonal, and for a vector v ∈ Rn,

we will use Diag(v) denote the diagonal matrix with v down the diagonal. Define the real

vectors µ , σ2, γ and κ such that

µi = E(zi) ,

σ
2
i = E

(
z2

i
)
−µ

2
i ,

γi = bi
(
E
(
z3

i
)
−µiE

(
z2

i
))

,

κi = E(z4
i )−

(
E(z2

i )
)2
.

Then

Var
(
zT Bz

)
= κ

T (b∗b)+2σ
2T
(B̃∗ B̃)σ2 +4µ

2T
(B̃∗ B̃)σ2 +4γ

T B̃µ +4µ
T B̃Diag(σ2)B̃µ.

Proof:

Let BS =
1
2

(
B+BT). Since vT Bv = vT BSv ∀v ∈ RN , Var

(
zT Bz

)
= Var

(
zT BSz

)
. Thus,

from here onwards, we assume without loss of generality that B is symmetric. Since the zi are
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independent, the only nonzero covariance terms are those involving a repeated term. Thus

Var
(
zT Bz

)
= ∑

i
B2

ii Var
(
z2

i
)
+2 ∑

j ̸=k
B2

jk Var
(
z jzk
)

+4∑
i

∑
j ̸=i

BiiBi j Cov
(
z2

i ,z jzi
)

+4 ∑
j,k,k′ distinct

B jkB jk′Cov
(
z jzk,z jzk′

)
= ∑

i
B2

iiκi +2 ∑
j ̸=k

B2
jk
(
σ

2
j σ

2
k +µ

2
j σ

2
k +µ

2
k σ

2
j
)

+4 ∑
i ̸= j

Bi jµ jγi +4 ∑
j,k,k′ distinct

B jkB jk′σ
2
j µkµk′

= κ
T (b∗b)+2σ

2T
(B̃∗ B̃)σ2 +4µ

2T
(B̃∗ B̃)σ2

+4γ
T B̃µ +4µ

T B̃diag(σ2)B̃µ.

Here we use ∗ to denote element-wise multiplication.





Chapter 2

Building Local Distance Matrices

Ascertaining the "genetic distance" between all pairs of phased haplotypes in a given region

of the genome can be useful for detecting association signals. A simple algorithm for

calculating haplotype distance would count the number of local mutations separating each

pair of haplotypes and somehow account for the local recombination map. Below, we show

how such an algorithm can be motivated by the Li & Stephens approximation to Kingman’s

Coalescent with Recombination. We show how a Hidden Markov Model derived from this

model can be adapted to compute a matrix at each locus of the pairwise genetic distances

between haplotypes.

This distance we will propose can be intuitively interpreted in the context of copying

paths through a hidden Markov state space. For those familiar with applications of the Li &

Stephens, it will be helpful to know up front that the distance we obtain between haplotypes i

and j at locus l is the the added penalty of forcing i to copy j at l rather than allowing i to

take its optimal path through the other haplotypes. We will return to this point in the text.

We then present an R Package which provides a convenient wrapper for a C core featuring

low level vector CPU instructions, a special checkpointing scheme, and cache management

to make these distance matrices tractable for modern-sized datasets.
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2.1 Local Distances from Posterior Decoding

2.1.1 LS Model Without Recombination

Consider a sample of N haplotypes where we now paint the ith haplotype as a mosaic of

the N− 1 remaining haplotypes. Consider the posterior marginal distribution implied for

a non-recombining chromosome. In that case, hi must copy from the same haplotype for

all loci in the sequence and the transition probability terms simply reduce to an indicator to

enforce that constraint. This gives us the likelihood as

π(hi,{X1
i , . . . ,X

L
i = j}|ρ = 0,θ ,H−i) = ξ (X1

i = j)
L

∏
l=1

ψ

(
hl

i|X l
i = j

)
.

Since the posterior marginal distribution over the hidden state must be constant over the

region in the absence of recombination, we can drop the locus superscripts on X .

P(Xi = j|ρ = 0,θ ,H−i,hi) =
π(hi,Xi = j|ρ = 0,θ ,H−i)

∑
j′

π(hi,Xi = j′|ρ = 0,θ ,H−i)

To consolidate notation, let us abbreviate the prior copying probability ξ (X1
i = j) as ξ j.

Let ζ = 1
2

θ

N−1+θ
and let δ l

i, j = 1
{

hl
i ̸= hl

j

}
. Then

P(Xi = j|ρ = 0,θ ,H) =

ξ j ∏
l

ζ
δ l

i, j(1−ζ )1−δ l
i, j

∑
j′

(
ξ j′ ∏

l
ζ

δ l
i, j′ (1−ζ )

1−δ l
i, j′

)

=
ξ j

(
ζ

1−ζ

)
∑
l
δ l

i, j
(1−ζ )L

∑
j′

(
ξ j′

(
ζ

1−ζ

)
∑
l
δx′,l

(1−ζ )L

) =
ξ j

(
ζ

1−ζ

)
∑
l
δ l

i, j

∑
j′

(
ξ j′

(
ζ

1−ζ

)
∑
l
δx′,l
)

Let Cθ = − log
[

ζ

1−ζ

]
. Since the prior only affects the model at the beginning on a

chromosome, to make this illustration clear, let’s also assume that ξ j is the same for all j
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so that the prior probabilities cancel. Then the posterior marginal probability can be simply

rewritten as
exp
[
−Cθ ∑

l
δ l

i, j

]
∑

j′
exp
[
−Cθ ∑

l
δ l

i, j′

] . Taking the negative logarithm yields

− log [P(Xi = j|ρ = 0,θ ,H)] =Cθ∑
l

δ
l
i, j + log

[
∑
j′

exp

[
−Cθ∑

l
δ

l
i, j′

]]
. (2.1)

Note that the function − log
(

∑
i

exp(−zi)

)
is a lower bound on min

i
zi when all zi > 0.

This bound is very close to min when all of the arguments, the zi, are sufficiently larger than

zero and when there is enough separation between the smallest arguments for the minimum

value to dominate. This observation yields the following approximation:

di, j =− log [P(Xi = j|ρ = 0,θ ,H)]≈Cθ

(
∑

l
δ

l
i, j−min

j′
∑

l
δ

l
i, j′

)
. (2.2)

Thus, without recombination, 2.1.1 is roughly proportional to the number of mismatched sites

between the recipient and donor haplotype j in excess of the number of mismatched sites

between the recipient and the closest donor. Since − log
(

∑
i

exp(−zi)

)
is a lower bound, it’s

more precise to say that 2.1.1 is proportional to the number of mismatched sites between the

recipient and donor haplotype j minus the number of mismatched sites between the recipient

and a theoretical donor that is slightly more similar to the recipient than the nearest donor

haplotype. This is a natural consequence of the fact that− log(p)> 0 ∀p∈ (0,1). See Figure

2.1.
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Fig. 2.1 Marginal Tree Perspective of di, j in Absence of Recombination: Below we show
the marginal tree describing the ancestry of 6 observed haplotypes. The colored markers on
the tree represent mutations. Consider calculating the distance from recipient haplotype i
to donor haplotype j. Three mutations separate those haplotypes on the tree. There is not
one but two "nearest neigbours" to i, haplotypes q and m, who are only separated by two

mutations. Since − log
(

∑
i

exp(−zi)

)
provides a lower bound on the distance to the nearest

haplotype, it would evaluate to a number between zero and two. Thus, di, j in this case would
be a number in between 3 and 1. Calculating dl

i, j can be thought of as taking the local number
of mutations that separate i and j and subtracting off the distance to a theoretical nearest
neighbour of i, here drawn in as haplotype k.

𝑖 𝑗𝑘 𝑚𝑞 𝑘′

While di, j is a non-negative distance, it does not follow various properties of a metric. It

will be non-zero even if a donor haplotype and a recipient haplotype are identical. While

it’s trivial to show that counting mutations between haplotypes on a marginal tree will

respect the triangle inequality, since di, j accounts for the theoretical nearest neighbour,

we can only say that it should loosely respect the triangle inequality in moderate to large

samples where the "noise" introduced by theoretical nearest neighbours should be relatively

small. It might seem tempting to avoid normalizing P(Xi = j|ρ = 0,θ ,H), which would
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remove the− log
(

∑
i

exp(−zi)

)
term from Equation and make leave us with a distance that’s

proportional to the number of mismatches, dx, as we will show in the following section,

the normalization allows us to obtain a local distance in the case of a chromosome with

recombination.

d̃i, j has a few key robustness properties to the inclusion of close relatives and biased

population sampling. Representing a local relatedness structure with d̃i, j rather than using the

original posterior copying probabilities has the advantage that it is much more robust to the

addition of near or distant relatives. Whereas the posterior copying probabilities would shrink

to numerical zeros for all individuals if an identical twin was introduced to the donor set, such

an addition would only shift each of the original d̃i, j by a constant. As a consequence, d̃i, j

retains the resolution to discriminate between genetically near and distant local haplotypes

even in the presence of close relatives.

A second major benefit of working with negative log probabilities arises when working

with a merged dataset of individuals from two diverged populations. The original posterior

probabilities are sensitive to the number of individuals included in each population whereas

d̃i, j will remain essentially unchanged if the ratio of samples from each population changes.

As shown in Figure 2.1, if we were to calculate, d j,i then we would subtract off the

distance to a theoretical nearest neighbour of j, shown as k′. If we have a moderate to large

sample size, it is reasonable to assume that the mutation distance separating i from k and j

from k′ to be roughly the same and small relative to the number of mutations separating i

from j. Thus, it is reasonable to assume that di, j ≈ d j,i. Although di, j ̸= d j,i, symmeterizing

the distance by taking the mean, d̃i, j =
1
2

(
di, j +d j,i

)
, not only gives us symmetry which may

be helpful in downstream analysis, but also makes the distances more robust to the influence

of the hypothetical nearest-neighbour. As shown in Figure 2.2, if i is a lone outlier in a

dataset, then di, j will under-report the distance between i and j since i’s nearest neighbour is

in fact also far from i. However, d j,i will reflect the true haplotype distance between j and
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i, so d̃i, j captures the extended distance. Thus, d̃i, j is a more reliable measure of haplotype

distance.

Fig. 2.2 Symmeterization for Outlier Robustness: Blue circles represent observed haplo-
types in an abstract haplotype space. Haplotype i is shown as an outlying haplotype (it has
many mutations that separate it from all other haplotypes). In panel A, k is the hypothetical
nearest neighbour of i (solid red circle). If we substract the number of mutations separating
i from k from the number of mutations separating i from j, we obtain di, j, which does not
reflect the fact that i is an outlier. In panel B, the hypothetical nearest neighbour of j, k′, is
much closer to j than k is to i. Thus, d ji captures the fact that i is an outlier. Panels C and D
show that di, j becomes a more reliable measure when a new observation (shown as a green
circle) is introduced near i. Thus, as long as no extreme outlier is alone, we can expect d ji to
be a meaningful measure of haplotype distance.
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In the following section, we will consider the case of a non-zero recombination map,

which will mean that posterior copying probabilities will no longer be constant along the

entire length of the chromosome. Thus, in the next section we will begin indexing our

distances di, j with an l to denote the locus and write dl
i, j, which we will formally define in

the next section. It will be easier to provide an interpretation for dl
i, j first before introducing

a symmeterized version, but we will return to the idea of using a symmeterized distance in
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the more general case with recombination and use that symmeterized version of the distance

in our later applications.

2.1.2 With Recombination

It is often natural to think of the negative log likelihood in terms of a cost function. Analo-

gously, here dl
i, j which represents the "cost" of i copying j at a given locus l. As we already

described, in the absence of recombination, dl
i, j is approximately a linear function of the

number of typed mutations separating the donor from the recipient haplotype. Now we will

consider the case with recombination and a recombination map. First, we rewrite the product

of the transition densities to see how they contribute to the posterior marginal distribution

from a cost or penalty perspective. Here, we use xl to denote a realization of the hidden state

copied at locus l.

− log

(
L−1

∏
l=1

φ

(
X l+1

i = xl+1|X l
i = xl

))
(2.3)

=− log

(
∏

l:xl+1 ̸=xl

1
n

(
1− exp

(
−ρl

n

))
∏

l:xl+1=xl

exp
(
−ρl

n

))
(2.4)

=− log

(
∏

l:xl+1 ̸=xl

1
n

(
1− exp

(
−ρl

n

))
exp
(

ρl

n

)
∏

l
exp
(
−ρl

n

))
(2.5)

= ∑
l

ρl

n
− ∑

l:xl+1 ̸=xl

[
ρl

n
+ log

(
1
n

(
1− exp

(
−ρl

n

)))]
=CM +

L−1

∑
k=1

Ck
ργi

(
xk,xk+1

)
(2.6)

where CM = ∑
l

ρl
n , Cl

ρ =−
(

ρl
n + log

(
1
n

(
1− exp

(
−ρl

n

))))
, and

γi

(
xk,xk+1

)
=

 1 xk ̸= xk+1

0 xk = xk+1
.
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Now we can incorporate this contribution from the HMM state transitions into our

evaluation of the posterior marginal likelihood. Let X−l
i denote a vector for the entire path

set of hidden states underlying haplotype i except for the hidden state at locus l. As before,

define dl
i, j =− log

[
P(hi,X l

i = j)/P(hi)
]
. The numerator gives us the following.

− log
(
P
(

hi,X l
i = j

))
=− log

(
∑
x−l

P
(

hi,X l
i = j,X−l

n = x−l
))

(2.7)

=− log

(
∑
x−l

P
(

hn

∣∣∣X l
i = j,X−l

i = x−l
)
P
(

X l
i = j,X−l

i = x−l
))

(2.8)

=− log

(
∑

x:xl= j

[
ξx1 exp

(
−

(
Cθ

L

∑
k=1

δ
k
i,xk +CM +

L−1

∑
k=1

Ck
ργi

(
xk,xk+1

)))])
(2.9)

Let us assume that the prior copying probability for each recipient haplotype is uniform:

ξx1 = 1
n−1 for all paths x. Then − log(ξx1) = log(n−1). This yields,

=− log

(
∑

x:xl= j

[
exp

(
−

(
log(n−1)+Cθ

L

∑
k=1

δ
k
i,xk +CM +

L−1

∑
k=1

Ck
ργi

(
xk,xk+1

)))])
(2.10)

To evaluate − log(P(hi)), we simply sum over all possible paths through the state space,

not just those that copying through j at l.

− log(P(hi)) = (2.11)

− log

(
∑
x

[
exp

(
−

(
log(n−1)+Cθ

L

∑
k=1

δ
k
i,xk +CM +

L−1

∑
k=1

Ck
ργi

(
xk,xk+1

)))])
(2.12)
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As discussed above, − log
(

∑
i

exp(−zi)

)
can be approximated by min when all of the

arguments are sufficiently larger than zero and when there is enough separation between the

smallest arguments for the minimum value to dominate. For even relatively small sample

sizes (say n = 1000), log(n−1)≥ 6, which means that even just the initial "penalty" coming

from the prior ξ allows us to reasonably assume that we satisfy the first condition. Even if

we inflate the mutation and recombination penalties by decreasing Ne, we still expect a fair

number of paths to tie for the minimum in a large dataset. As discussed above LSE is robust

to these repeats. Thus, with a little bit of simplification, we arrive at

dl
i, j =− log

(
P
(

hi,X l
i

))
+ log(P(hi))

≈ min
x:xl= j

[
Cθ

L

∑
k=1

δ
k
i,xk +

L−1

∑
k=1

Ck
ργi

(
xk,xk+1

)]

−min
x

[
Cθ

L

∑
k=1

δ
k
i,xk +

L−1

∑
k=1

Ck
ργi

(
xk,xk+1

)]
(2.13)

This shows that dl
i, j can be intuitively interpreted as if we are trying to accurately represent

recipient i’s haplotype as a mosaic of the donor haplotypes by minimizing the cost of the

copying path. dl
i, j is the additional cost of deviating from the optimal copying path to force i

to copy j at l. In other words, we obtain the "penalty" of a Viterbi-like path conditioned on

passing through j at l. See Figure 2.3.
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Fig. 2.3 Distance as Average over Copying Paths: Blue lines represent different copying
paths for ith recipient through the remaining N−1 donors across the L loci. Each of the paths
shown have a different penalty associated with them: darker blue lines have lower penalties
(fewer transitions and mutations) than lighter blue lines. Only paths that go through donor j
and locus l, shown as a "gold gate," are considered. − log

(
P
(
hi,X l

i
))

considers all possible
paths passing through the gold gate and tightly lower bounds the penalty incurred by the best
path.

1

𝑙 𝐿1
𝑁 − 1

𝑗

We can simplify dl
i, j slightly be recalling that for HMMs, the distribution over hidden

states given a state k steps behind will tend to the unconditional distribution over states as k

grows large, so called "Exponential Forgetting." Let W = [wl,wr] be a window around l that

is large enough such that

P
(

Xwl
i

∣∣X l
i ,hi

)
≈ P

(
Xwl

i

∣∣hi
)

(2.14)

P
(

Xwr
i

∣∣X l
i ,hi

)
≈ P

(
Xwr

i

∣∣hi
)
. (2.15)

This implies that, outside of W , the optimal path(s) conditioned on going through j at l will

essentially be the same as the optimal path(s) not conditioned on going through j at l. Since

the conditioned path will only deviate from the unconditioned optimal path over W around

locus l, we can cancel penalty terms incurred outside of W to arrive at
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dl
i, j ≈ min

x:xl= j

[
Cθ

wr

∑
k=wl

δ
k
i,xk +

wr−1

∑
k=wl

Ck
ργi

(
xk,xk+1

)]

−min
x

[
Cθ

wr

∑
k=wl

δ
k
i,xk +

wr−1

∑
k=wl

Ck
ργi

(
xk,xk+1

)]
. (2.16)

Thus we can interpret dl
i, j as a local haplotype distance. If the genome that we are

interested in analyzing with this HMM can be crudely represented by a series of non-

recombining chunks separated by recombination hotspots, then it is reasonable to think

of dl
i, j in terms of the marginal tree distance described in Figure 2.1. Crucially, dl

i, j does

not pre-specify a specific window size for comparing haplotypes around l but considers all

possible windowings by integrating over paths that begin copying j around l at all possible

breakpoints. However, there is a tradeoff: we specify an effective population size and

recombination rate map which controls the lengths of likely copying paths that pass through

donor j at l.

Those familiar with Bayesian Non-parametrics might understand this as a standard

tradeoff. Consider comparing all haplotypes using some window of loci around l, placing

a prior over the window size, and integrating over the prior to obtain a pairwise haplotype

distance. This approach corresponds to the classic Bayesian approach of explicitly specifying

a distribution over the domain of the parameter space. Our approach does not place a prior

over window sizes but as we lower the recombination rate, we force transitions around l

to occur at positions where the recombination rate is locally high rather than allowing the

transitions to happen just anywhere around l. Conversely, increasing the recombination

rate would make the distribution over local recombination breakpoints much more diffuse

or uniform. Therefore, just like the novelty parameter in the Chinese Restaraunt Process

controls the number of tables on which observations are concentrated, the recombination rate

in our model governs how concentrated the breakpoints of likely paths will be around local
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recombination spikes. This flexible specification of the prior makes it more adaptable to loci

with different local recombination landspaces across the genome.

By the same arguments described above in the non-recombining case, we take

d̃l
i, j =

1
2

(
dl

i, j +dl
j,i

)
(2.17)

as our distance measure for the remainder of the thesis.

2.1.3 Interpretation of Cost Functions

To understand how modulating n, Ne, µ , and r can affect d̃l
i, j, let us consider the mutation and

recombination penalties implied by typical values for a dataset of N = 50,000 haplotypes.

Let Ne = 40,000 and µ = 1.25×10−8. If we assume that the mutation rate is constant over

the genome, then we have

Cθ ≈ log
(

50000
40000

)
+ log

((
2
(
1.25×10−8))−1

)
≈ 17.7

Since the recombination rate varies dramatically along the genome, let us consider the

penalty for a recombination in a hot region with rate rl = 2×10−7

Chot
ρ =≈ log

(
(50000)2

40000

)
+ log

((
4
(
2×10−7))−1

)
≈ 25.1

and the penalty for a recombination in a cold region with rate rl = 2×10−9

Ccold
ρ ≈ log

(
(50000)2

40000

)
+ log

((
4
(
2×10−9))−1

)
≈ 29.7

As expected, the penalty for recombination events in regions with a high recombination

rate will be lower than the penalty for recombination events in regions with a low recombina-

tion rate. Furthermore, under these standard parameters, we see that recombination events are
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more penalized than mutation events. The fact that the recombination penalty is a function of

n2 while the mutation penalty is a function of n comes from uniform prior copying probability

term in the LS Model likelihood. Recall from our derivation of the LS Model in Chapter 1

that the probability of a mutation event before a given lineage coalesces and the probability

of a recombination before a given lineage coalesces shrink like 1/n since coalescent events

happen at a higher rate at the bottom of the tree. However, given our uniform prior copying

probability assumption, after a recombination event, the given lineage can coalesce with any

other individual with probability on the order of 1/n, making the recombination penalty a

function of n2.

By rewriting Cθ and Cl
ρ , we can interpret how our parameters affect d̃l

i, j. Let φ = 4Ne
n .

For a given µ , Cθ can be written as

Cθ =− log
(

ζ

1−ζ

)
=− log

(
1
2

θ

n−1+θ

1− 1
2

θ

n−1+θ

)
= log

(
n−1
2Neµ

+1
)

≈ log
(

2
φ µ

+1
)
. (2.18)

To obtain a similar form for Cl
ρ , we can use the following series expansion at x = 0:

x+ log
(
1− e−x)= log(x)+

x
2
+

x2

24
− x4

2880
+O(x6). (2.19)

Since ρl
n =

4Nerγ

l
n = φrγ

l tends to be small even for modestly-sized datasets, we expand can

Cl
ρ as follows.
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Cl
ρ =−

(
ρl

n
+ log

(
1
n

(
1− e−

ρl
n

)))
= log(n)−

(
φrγ

l + log
((

1− e−φrγ

l

)))
= log(n)− log

(
φrγ

l

)
− 1

2
φrγ

l −
1

24
(
φrγ

l

)2
+

1
2880

(
φrγ

l

)4
+O

((
φrγ

l

)6
)

= log(n)− log(φ)+ γ (− log(rl))+O
(
φrγ

l

)
(2.20)

Note that θ only appears in Equation 2.18 as a coefficient of µ and Cl
ρ is independent of

µ . Thus, the mutation rate µ can be set to modulate the mutation cost Cθ without affecting

Cl
ρ . In other words, µ dictates a set cost that applies to every haplotype mismatch. We see

that φ plays a similar role for Cl
ρ . Although φ is not a completely free parameter (it must

satisfy φ < log(n+1)
l

max
[rl ]

γ in order for the recombination penalty to be positive), it modulates the

baseline penalty that is incurred for every donor haplotype switch. An additional penalty is

dictated by the recombination rate where the switch occurs, − log(rl), which is multiplied by

γ . Thus γ governs how much less a recombination event at a recombination hotspot will be

penalized than one in a region with low recombination. Although not considered in the LS

model or present thesis, if variable mutation rates were known, one could consider adding an

additional parameter to Cθ like γ that would dictate how much the penalty would increase

per unit increase in − log(µ).

Returning to Equation 2.16, we can predict the behavior of d̃l
i, j for extreme settings

of µ , φ , and γ . Very high µ , low Cθ , would make the d̃l
i, j nearly equal for all donors j,

completely washing out any local structure. Very low µ , high Cθ , would essentially override

the recombination penalty. It would reduce d̃l
i, j to an indicator of whether or not i and j

shared the same SNP at l since the copying path conditioned on going through donor j at

l would immediately deviate and return to the optimal copying path for recipient i through

the sequence. A similar phenomenon would also occur for very high φ , low Cl
ρ , which
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would make all of the loci roughly independent and d̃l
i, j would again return to an indicator

of haplotype matching at l. Very low φ , high Cl
ρ would make all of the loci linked and

essentially d̃l
i, j would be nearly the same at every locus, reflecting the global amount of

allele sharing between i and j. For moderate µ and φ , we obtain a local tradeoff between

recombination and mutation penalties that captures local haplotype similarity. Our third

parameter γ controls how much the local copying paths, the optimal one for recipient i and

the optimal one for recipient i conditioned on passing through donor j at l, must respect the

recombination map. High γ forces d̃l
i, j to reflect haplotype sharing for the full local region up

to the nearest recombination rate spikes on the right and left of l.

2.1.4 Tuning Parameters for Local Resolution

Clearly some values of (µ,φ ,γ) will be better than others for resolving local haplotype

structure and performing association testing. The optimal values will vary between datasets

based on several factors including the diversity of the sampled population, the recombination

map, and the SNP density. The need to specify these parameters in a way makes our method

adaptable to different datasets, as long as we can specify them with a reasonable criterion.

It might be tempting to use standard EM to optimize these parameters, as is done by Xu

& Guan [29]. However, in our case, since we are running N independent HMMs, one for

each recipient, that would be optimizing up to 3N parameters. Not only would this approach

be rather computationally intensive, optimizing the log-likelihood of the HMM along an

entire chromosome does not reflect our primary objective: the local geneaology underlying

each locus. First we will assume that (µ,φ ,γ) are the same across all N HMMs. Although

we cannot observe the tree at a given locus, the SNP at l captures a branch of the tree by

encoding the leaves that must subtend that branch. If we could eliminate the contribution

of SNP l from each local distance matrix
(

d̃l
i, j

)N×N
and optimize (µ,φ ,γ) to capture the

SNP at l, then our HMM would be using local haplotype information to predict cuts on
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the underlying local tree, which should boost our power to detect clusters in the tree that

modulate the phenotype. In our HMM framework, we can modify
(

d̃l
i, j

)N×N
to reflect local

haplotype information without using SNP l by omitting the emission probability of hl
i and

forcing i to copy j. This yields a matrix
(

w̃l
i, j

)N×N
defined by

wl
i, j =− log

(
P
(

hi \hl
i,X

l
i = j

))
+ log

(
P
(

hi \hl
i

))
, (2.21)

w̃l
i, j =

1
2

(
wl

i, j +wl
j,i

)
. (2.22)

Given W , we now need a means of assessing how well it reflects the SNP at l. It is natural

that this assessment should use the same test statistic that we will use to find association

with phenotypes. If the SNP at l was the causal, fully-penetrant, Mendelian mutation for a

given binary phenotype, but we hadn’t genotyped it, then the SNP at locus l, encoded by

hl ∈ {0,1}N , would correspond exactly to the phenotype vector y. Thus, maximizing the

power to detect an association via the p-value of (y−µ)T W (y−µ) would be equivalent

to minimizing the p-value of
(
hl−µ l)T W

(
hl−µ l) where µ l = 1

N ∑hl
i . Thus, we can use

the p-value of
(
hl−µ

)T W
(
hl−µ

)
to assess how well HMM under the current parameter

settings utilizes local haplotype information to infer the local tree structure, or in other words,

impute the SNP at l. This motivates the following objective for optimizing (µ,φ ,γ). Let

al =
(
hl−µ l)T W

(
hl−µ l) be the observed quadratic form at a given locus. For a given

set of SNPs S that are sufficiently far apart in recombination distance as to be deemed

independent, we seek to maximize

f (µ,φ ,γ) =
1
|S | ∑

l∈S
− log

(
P
((

Y −µ
l
)T

W
(

Y −µ
l
)
< al

))
, (2.23)

where Y iid∼ Bern
(
µ l). In practice, one might want to look at the full distribution of the

negative log p-values to make sure that a given parametization does not perform very poorly

on some small subset of SNPs. It might also be wise to stratify SNPs into a few frequency
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bins and ensure that a given parametrization performs adequately in all of them. However,

if one is mostly interested in contributions from rare mutations, one might only optimize

f (µ,φ ,γ) based on rare SNPs sampled from the given dataset.

In tuning the recombination parameters φ and γ it is clear that there will be some

optimal intermediate value. If φ is too low, then information from distant SNPs that are not

informative about the local phylogeny will contaminate each w̃l
i, j. If φ is too high, then not

enough information from surrounding SNPs will be used to capture the local phylogeny. By

optimizing f (µ,φ ,γ), we are training the model to throw away information from distant loci

that are independent of the local phylogeny and to retain information from proximal SNPs

that are predictive of the local phylogeny.

Thus, our approach to tuning the parameters (µ,φ ,γ) has important implications for

how we define a "genomic region." In Chapter 1, we emphasized that all haplotype methods

must somehow decide when two nearby association signals should be grouped or considered

disjoint. Tuning f (µ,φ ,γ) provides a principled response to this question by considering

two association signals distinct if the haplotypes underlying those signals are inherited

independently and to merge two signals into a single signal if they tend to ride on a common

haplotype. If there is strong dependence between two loci, then it would be futile to try to

distinguish the effect of one anyway (without functional experiments). This approach allows

us to avoid breaking the genome up into windows.

2.1.5 Simulation Study to Show Local Resolution

In order to briefly demonstrate that the distance matrices we obtain reflect underlying tree

structure, we provide a couple of examples below from simulated data. In each simulation,

we used msprime [41] to sample a 1 Megabase region from the coalescent with uniform

recombination rate 2×10−8 per locus per generation, mutation rate 1.25×10−8 per locus

per generation, and effective population size 30,000. In Figure 2.4, we show the true tree
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underlying the locus at the exact middle of the MB region in two simulations, one with

20 haplotypes and another with 2000 haplotypes. Using just the haplotypes from both

simulations, we used our implementation of the LS model, to be described in the following

section, to calculate our distance matrix M =
(

d̃l
i, j

)N×N
at the nearest SNP to the left of the

middle of the simulated MB region. For comparison, those distance matrices are shown below

their respective trees in Figure 2.4. We did not specifically optimize the HMM parameters

used, but set Cθ = 2×10−8, φ = 2, and γ = 1. We assumed a uniform recombination map

with rate 2×10−10 per locus. Note that since simulated mutations are different distances

apart, this implies a proportionally different recombination distance between mutations. As

we can see from Figure 2.4, we have a qualitative correspondance between our distance

matrices and the underlying tree structure.
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Fig. 2.4 Tree to Distance Matrix Correspondence: The trees from two simulations are
shown at the top, where vertical height differences between nodes correspond to the simulated
coalescence times. The corresponding matrices below show the inferred local structure where
we generally see greater distances between rather than within clades. The histograms at the
bottom plot the distribution of distances encoded in each matrix (the diagonal is excluded
since it is set to zero by default).
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2.2 Computation

The primary motivation for resorting to the LS model for capturing local haplotype structure

is its relative computational simplicity. Storage is the primary obstacle to computing and

testing local distance matrices based on the posterior marginals. Recall our overall approach:

we will run N independent HMMs, which will model each haplotype as a mosaic of the other

N−1 haplotypes in the sample. If we were to attempt to save the posterior marginal copying

matrices at each locus, we would have a N×N−1×L array, which would overwhelm most

storage systems even for modest sized datasets, not to mention the enormous amount of time

that would be consumed by I/O.

We begin this section showing how the posterior marginal copying probabilities, and

hence our local distance matrix, are amenable to exact inference via the Forward-Backward

(FB) Algorithm [42]. The efficiency of the FB Algorithm is exploited in ChromoPainter

to infer a genome-wide copying matrix [39]. After recapitulating these standard results,

we proceed with a new checkpointing approach and vectorized implementation of the FB

Algorithm for the LS model, which together enable us to efficiently calculate the distance

matrices, one locus at a time. This completely avoids the storage obstacle and I/O bottleneck

and, as we’ll show in the following chapter, allows us to screen each distance matrix for

association without storing it. Our implementation makes it quick to recover the distance

matrices at loci of interest that show evidence of association. We demonstrate the scalability

of our implementation on simulated haplotypes.

2.2.1 Exact Inference Under LS Model

As presented in the previous section, our local distance matrix of interest is a function of the

posterior marginal copying probabilities:
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d̃i, j =
1
2
(
di, j +d j,i

)
=−1

2

[
log
(
P
(

X l
i = j

∣∣∣hi

))
+ log

(
P
(

X l
j = i

∣∣∣h j

))]
. (2.24)

As implied above, in order to calculate d̃i, j for all i and j to form our distance matrix, we

must obtain the N−1 marginal copying probabilities at locus l for each of the N HMMs,

each corresponding to taking one of the haplotypes as the emitted recipient haplotype. A

generic approach to this calculation would involve performing a single forward pass and a

single backward pass for each of the N recipient haplotypes, storing the array of forward

and backward copying probabilities, and combining them to yield the N×N−1×L array of

posterior marginals. Algorithm 1 presents the Forward and Backward Algorithms if we were

to write the LS Model as a genetic HMM. Note that Algorithm 1 has O
(
N2L

)
complexity.

Since in the LS Model, the transition probability matrix at any given locus only has

two distinct entries, one "non-recombination" probability repeated down the diagonal, and

a "recombination probability" in all of the off-diagonal elements, the generic Forward-

Backward algorithm can be rewritten in a relatively simple form for the LS Model (see

Algorithm 2.
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Algorithm 1 Generic Forward-Backward Algorithm for Marginal Posterior Decoding
initialization

P ∈ RN−1×L ▷ Output Array for Posterior Marginals
α ∈ RN−1×L ▷ Storage Array for Forward Probabilities
θ ∈ RN−1×L ▷ Emission Probabilities Matrix
T ∈ RN−1×N−1 ▷ Transition Probabilities Matrix
π⃗ ∈ RN−1 ▷ Prior Copying Probabilities Vector
β new,β old ∈ RN−1 ▷ Storage Vectors for Backward Probabilities
gL ∈ R ▷ Total Probability of the Observed Sequences

procedure FORWARD PASS(α,T,θ , π⃗)
α[·,1]← π⃗ ·θ[·,1]
l← 1
while l < L do

α[·,l+1]← θ[·,l] ·
(
T T α[·,l]

)
l← l +1

end while
gL← ∑

i
α[i,L]

end procedure
procedure BACKWARD DECODING(β old,β new,T,θ ,α)

β old ← 1⃗
l← L−1
while l > 0 do

β new← T
(
θ[·,l+1] ·β old)

P[.,l]←
(
α[·,l] ·β new)/gL

l← l−1
end while

end procedure
return P
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Algorithm 2 LS Model Vectorized Forward-Backward Algorithm for Posterior Decoding
initialization

P ∈ RN×L ▷ Output Array for Posterior Marginals

α ∈ RN×L ▷ Storage Array for Forward Probabilities

θ ∈ RN×L ▷ Emission Probabilities Matrix

ρ⃗ ∈ RL ▷ Expected Number of Recombination Events/Meiosis at each locus

π⃗ ∈ RN ▷ Prior Copying Probabilities Vector

β new,β old ∈ RN ▷ Storage Vectors for Backward Probabilities

gL ∈ R ▷ Total Probability of the Observed Sequence

procedure FORWARD PASS(α,θ , π⃗, ρ⃗,gL)

α[·,1]← π⃗ ·θ[·,1]

l← 1

while l < L do

α[·,l+1]← θ[·,l] ·
(
(1−ρl)α[·,l]+ρl

(
∑
i
α[i,l]

)
π⃗

)
l← l +1

end while

gL← ∑
i
α[i,L]

end procedure

procedure BACKWARD DECODING(β old,β new,α,θ , π⃗, ρ⃗,gL)

β old ← 1⃗

l← L−1

while l > 0 do

β new← (1−ρl)θ[·,l+1] ·β old +ρl

(
∑
i

θ[i,l+1]β
old
i

)
π⃗

P[.,l]←
(
α[·,l] ·β new)/gL

β new← β old

l← l−1

end while

end procedure

return P
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2.2.2 Checkpointing

As alluded to previously, the primary difficulty that faces our approach to local graph

construction is storing the output. A naive implementation of posterior decoding would

involve running the forward algorithm and storing the forward probabilities at each position,

yielding a N×N×L tensor, then running the backward algorithm to generate and test the

posterior probabilty matrices locus by locus. Consider the UK Biobank dataset: 500,000

individuals typed at 820,967 markers. That’s equivalent to 1 million haplotypes. If all of the

markers were used and even if the forward probability tensor was stored in single precision,

that would mean storing a tensor of over 3 million TB.

The standard response to this problem in the HMM literature is to use checkpointing

[43]. These approaches store the forward probabilities at checkpoints along the genome

(perhaps at every 10,000th position), then, during backward decoding, recompute the forward

probabilities at each position between the stored windows (fill in the gaps). Checkpointing

allows us to obtain the posterior decoding at each position, test the implied distance matrix,

and then remove it from memory.

There are a wide variety of checkpointing strategies; typically, the lower the memory

usage, the more redundant computation required [43]. Let us measure the amount of

recomputation required by a checkpointing strategy as of the total distance D in terms

of SNPs that the Forward and Backward Algorithms would need to cover in order to calculate

the graph at every position for a chromosome with L SNPs. If we didn’t use checkpointing,

which would have no computational redundancy but use an enormous amout of memory,

we’d have to cover a distance of D = 2L. This is a lower bound. Assume that we have the

memory to store K distinct N×N−1 matrices. We may first consider uniformly spacing

the checkpoints along the sequence of L SNPs. That would require one N×N−1 matrix of

forward probabilities and one N×N−1 matrix of backward probabilities per checkpoint,

leaving space for K/2 checkpoints. We would calculate these by first running a single pass of
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the forward algorithm and a single pass of the backward algorithm, then evaluating the loci

in each interval by propagating from the adjacent checkpoints. This uniform checkpointing

scheme would yield a total computational cost of

Dunif = 2L+(K/2)
L

K/2

(
L

K/2 +1
)

2
= 2.5L+

L2

K
.

Since Dunif scales with O
(
L2), it would quickly become infeasible for GWAS applications.

Toward Optimal Checkpointing

Let us now consider a checkpointing strategy that would seek to minimize D as a function of

the number of checkpoints we can store, K. Although we have yet to formally prove that

the following strategy is optimal and we only use a heuristic version of it in practice, it is

helpful to present an idealized checkpointing strategy in order to motivate a heuristics with

comparable efficiency.

As with other checkpointing approaches, we will only use checkpoints to store forward

probability tables which we will reshuffle and "recycle" as they are passed during backward

decoding. Since the backward decoding always requires a distance of L SNPs, let us write

D = L+ f ⋆K(L) where f ⋆K(L) denotes the total number of SNPs that must be covered by the

forward algorithm to optimally set up and use K checkpoints. Note for the base case with

no checkpoints K = 0, we have f ⋆0 (L) =
L(L+1)

2 since the forward table must be propagated

forward from start of the haplotypes to every other locus along the sequence. Let us now

consider the case where we have a single checkpoint. It will be convenient for our derivation

to make a continuous approximation to our problem so that we can place a checkpoint

at any real number between 1 and L. Let Lα be the position where we should place the

first checkpoint for α ∈ (0,1). After we have placed the first checkpoint, we will use that

checkpoint to calculate the forward tables for all positions further than that checkpoint,

costing f ⋆0 (L(1−α)). Then, after all of the positions to the right of our first checkpoint have
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been evaluated, we are left with a sequence of length Lα and we have a free checkpoint. We

will again apply the same checkpoint strategy to this subsection of the sequence, placing

the checkpoint now at Lα2. Iterating in this way, we can express the total cost of forward

propagation using one checkpoint as a function of α:

f1 (α,L) =
∞

∑
i=0

[
α

i+1L+ f ⋆0
(
L(1−α)α

i)] . (2.25)

If we can solve this equation for α⋆
1 = argmin

α

f1 (α,L), then, at least in this continuous

approximation, we could efficiently schedule the placement of the checkpoint. Extending this

approach to the case where K > 1 is straightforward. If we had two checkpoints, we would

first have to place a checkpoint at some position Lα along the sequence and then use our

optimized 1-checkpoint approach on the rest of the sequence. Once the backward decoding

has reached Lα , then again we are left with a sequence of length Lα and two available

checkpoints. Extending this recursive thinking to the case of K checkpoints we have

fK (α,L) =
∞

∑
i=0

α
i+1L+ f ⋆K−1

(
L(1−α)α

i) , (2.26)

where as before, f ⋆0 (L) =
L(L+1)

2 . This recurrence relation implies a set of proportions

{α⋆
1 , . . . ,α

⋆
K} such that α⋆

K = argmin
α

fK (α,L). Unfortunately, there is no explicit formula for

α⋆
K beyond α⋆

1 ; however, they can be obtained with numerical optimization.

In order to appreciate the massive impact of checkpointing on the overall computational

burden, let us explicitly solve for α⋆
1 and f ⋆1 (L). Substituting the definition of f ⋆0 into

Equation 2.25 and evaluating the sum yields

f1 (α,L) = L
(

1
(1−α)2 −

L
(1+α)2

)
(2.27)

Maximizing via the derivative and taking the solution in the interval (0,1) yields α⋆
1 =

√
L−1√
L+1

.

Note that this is a function of L. For arbitrary K, let f ⋆K (L) = min
α

fK (α,L), the minimized
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cost of using K checkpoints to decode a sequence of length L. For K = 1 we can substitute

in α⋆
1 and arrive at

f ⋆1 (L) = L3/2. (2.28)

Of course there will be some slightly added cost when mapping this 1-checkpoint procedure

back to a discrete sequence of loci since we would have to move the checkpoints to integers

rather than any real number. Disregarding this negligible cost, with only a single checkpoint,

we’ve been able to reduce the computational burden from O
(
L2) to O

(
L3/2

)
. In Figure

2.5 we plot f ⋆1 (L) and f ⋆2 (L), which we have solved numerically. Note the marked drop in

the computational burden possible with even two checkpoints, which achieves nearly O (L)

efficiency for large L.

Fig. 2.5 Optimized Checkpointing Performance: The total distance required of the forward
algorithm for locus by locus decoding using one or two checkpoints is plotted against the
number of loci L. The total distance is plotted in units of L loci (using two checkpoints on a
chromosome with 10 million loci would require the forward algorithm to cover approximately
300L loci).
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Geometric Checkpointing

Unfortunately the checkpointing scheme presented in the previous section requires nontrivial

optimization and implementation when using more than two checkpoints. However, it

suggests that an efficient checkpointing approach will recycle checkpoints and initialize

checkpoints by placing one very close to the current locus of the backward table and space

subsequent checkpoints further and further apart towards the first locus. Geometrically

spacing checkpoints provides an intuitive and easily programmable approach to achieving

a pattern. More specifically, consider initializing checkpoints K by placing them at L−
L
2 ,L−

L
4 ,L−

L
8 , . . . ,L−

L
2K . Each of our checkpoints only store a N×N−1 matrix of forward

probabilities, which we will refer to as a forward table. Since 2K grows so quickly, this will

place the right-most checkpoint very near the end of the sequence.

After precomputing these checkpoints, we perform a single sweep along the sequence

using the Backward Algorithm, shifting the backward probability matrix (the backward

table) one SNP at a time. During this backward march, as the backward table increments

to a given SNP, we compute the forward table at that SNP by propagating the forward table

stored at the nearest checkpoint forward, just as described in the "optimal" checkpointing

approach from the previous section. Every time we pass a checkpoint on the backward march,

it is "recycled" to re-establish a geometric progression of checkpoints within the interval

currently being evaluated between the rightmost checkpoint and the position of the backward

march. This approach essentially allows us to act as if we evenly divided the sequence at 2K

uniform checkpoints while only using K. This comes at the added cost of re-establishing the

geometric series of checkpoints as required. As we show below, this tradeoff is worthwhile.

We can upper bound the distance in loci required to be covered by the forward and backward

algorithms in this approach as follows
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Dgeom =2L+
L
x

x(x+1)
2

+ x
K−1

∑
i=1

(
2K−i−1

)
2i−1 where x =

L
2K

=2L+
1
2

L(x+1)+ x

[
K−1

∑
i=1

2K−1−
K−1

∑
i=1

2i−1

]

=2L+
1
2

L(x+1)+ x
[
(K−1)2K−1−

(
2K−1−1

)]
=2L+

1
2

L(x+1)+ x
[
(K−2)2K−1 +1

]
=2L+

L2

2K+1 +
L
2
+

L(K−2)2K−1

2K +
L

2K

=L
(

K−2
2

+
5
2
+

1
2K

)
+

L2

2K+1 (2.29)

Instead of scaling with O
(
L2), this approach is O (L) as long as the number of stored

checkpoints, K, is sufficiently large. Since 2K grows so rapidly, somewhere between K = 20

and K = 40 checkpoints will work in the vast majority of applications. For a dataset of 20,000

individuals (N = 40,000), only 384Gb of memory would be required to store 30 checkpoints.

We will use this geometric checkpointing approach in our pilot GWAS in Chapter 4. For our

pilot, we found that setting K = 14 or K = 15 provided a convenient compromise between

memory usage and computational efficiency.

2.3 Implementation

In the following section we outline features of our implementation of the LS model forward

algorithm and LS model backward algorithm. The work in this section was done in close

collaboration with Dr. Louis Aslett. Over many meetings, we worked together to structure

the problem and eventually converge to a solution. He is responsible for the conception

of the performance features discussed below, their assembly-level implementation, and the

interfacing R package.
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2.3.1 Rescaling

The previous sections have focused on making our local distance matrix construction tractable

in terms of memory usage. Of course, this still leaves the problem of computational efficiency,

which is especially critical if we need to perform even a modest amount of recomputation for

checkpointing. A direct implementation of the LS model forward and backward algorithms

detailed in Algorithm 2 without concern for numerical stability typically hit the boundary of

machine precision after propagating for maybe 100 or 1000 loci because of the summation

required to compute ∑
i
α[i,l]. Since in most realistic datasets, some donor haplotypes are far

better matches to the recipient haplotype than other donors, α[1,l] can quickly become orders

of magnitude apart from α[2,l]. Furthermore, as forward probabilities, these α[i,l] shrink

roughly exponentially in l, so we quickly underflow. To overcome this numerical barrier, it is

common for HMMs to be implented in log space [44]. However, this requires log and exp

functions to be used at every step of the inner loop of both the forward and backward steps,

costing an enormous number of clock cycles. The Foward-Backward Algorithm found in the

ChromoPainter module of the software package fineSTRUCTURE used this technique as of

April 2016.

In order to avoid this cost, we make use of the following rewriting of the inner loop

update. Let Fl = ∑
i
α[i,l].

α[·,l+1]← θ[·,l] ·
(
(1−ρl)α[·,l]+ρlFlπ⃗

)
α[·,l+1]

ρlFl
← θ[·,l] ·

(
(1−ρl)

1
ρlFl

α[·,l]+ π⃗

)
α[·,l+1]

ρlFl
← θ[·,l] ·

(
(1−ρl)

ρl−1Fl−1

ρlFl

α[·,l]
ρl−1Fl−1

+ π⃗

)
a[·,l+1]← θ[·,l] ·

(
ηla[·,l]+ π⃗

)
(2.30)
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Here, a[·,l] =
α[·,l]

ρl−1Fl−1
and ηl = (1−ρl)

ρl−1Fl−1
ρlFl

. Updating ηl at the end of each iteration is

simply given by an accumulation of a:

ηl+1 =

[
ρl+1

1−ρl+1
∑

i
a[i,l+1]

]−1

. (2.31)

Computing in this rescaled space allows our forward algorithm to maintain numerical stability

along the genome. We use the analogous rescaling for the backward algorithm.

2.3.2 Parallelization & Memory Optimization

Recall that each row of this N×N−1 table corresponds to a given recipient haplotype and

each of the N−1 columns corresponds to a given donor haplotype. In order to propagate a

N×N−1 table of forward probabilities to a given target locus, we use each available core

to advance 16 rows at a time from the starting locus all the way to the target locus. This

means that each core evaluates its own set of 16 independent HMMs, each with a distinct

recipient haplotype, at a time. If a dataset of interest is too large to fit into memory on a given

machine, chunking the table updates by rows makes current implementation readily scalable

to parallelization across machines.

For a given core with its 16 rows, the algorithm updates the entries of the forward table

by sweeping through all of the columns of the 16 haplotypes in parallel (sweeping through

all of the donors), and then returning to the first column to propagate forward another locus.

We apply the same approach to propagating the backward table. In order to prevent striding

across cache lines during this propagation, our N×L haplotypes are stored locus by locus

rather than haplotype by haplotype.

In order to further reduce memory bandwidth limitations, we used bit manipulation

intrinsics in order to make it possible to send subsets of haplotypes from memory to the

CPU as bits rather than bytes. Although this costs some additional computation on the CPU,

the added speed from relieving the memory bottleneck far outweights the computational
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costs. For comparison, as of April 2016, ChromoPainter uses integers to store haplotypes

rather than bits so we obtain a 32 times compression of the haplotypes which means that they

consume less of the cache and we can import them faster from memory. Even for a sample

of 40,000 haplotypes, stored as bits, each locus only consumes 1,250 bytes per locus. At 64

bytes per cache line, this means that only 20 memory fetches are required to load in a locus

from memory.

2.3.3 16 Row Blocks & AVX Instructions

We propagate specifically 16 rows at a time in order to make optimal use of some of the

vector unit capabilities introduced with Intel’s Haswell generation processors. In order to

explain this feature of the implementation, note that the computation required to propagate

a single entry of the forward table as shown Equation (2.30) can be captured in only three

essential operations. We must first do a fused multiply-add (FMA) in order to calculate θ[·,l]

and then another FMA to calculate
(
ηla[·,l]+ π⃗

)
. From there we simply need to multiply

these two results together. In order to then accumulate these products into ηl+1 (see Equation

(2.31)), we need to perform one addition per entry in each row. This yields a total of four

essential operations that need to be iterated to sweep along the columns and advance to the

next locus.

Haswell chips have eight execution ports [45]. Two of those ports, port 0 and port 1, can

perform four floating point multiplications in parallel or four FMAs in parallel. Port 1 has

the added capability of doing four floating point additions in parallel. In order to make use of

these parallel operations, it makes sense to advance 4 rows at a time so that we can advance

four rows with one instruction. However, as described in the previous paragraph, the four

steps to advancing a single entry of the forward table involve two FMAs, which can be done

in parallel, but then a multiplication and an addition must wait for the prior steps to complete.

This may leave either port 0 or port 1 dormant in a given clock cycle.
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To try to reduce this idle time, the Haswell chip has a reorder buffer, where instructions

wait for execution before being sent to ports. The reorder buffer attempts to reshuffle

instructions so that independent calculations have the opportunity to be executed on separate

ports in parallel. This parallel execution is made possible by a Haswell feature referred to as

its super scalar architecture: the processor can dispatch two instructions to ports rather than

just one per clock cycle. Although the timing doesn’t always make this possible, this means

that instead of dispatching a four-unit FMA instruction to a port in a given clock cycle, if the

processor knows that two sets of FMAs are indepedent, it will sometimes take advantage of

the ability to dispatch two four-unit FMAs in a given clock cycle.

By streaming four sets of four HMMs (16 rows) to each core at a time, we increase the

probability that the reorder buffer will recognize instances where one instruction for one

set of four HMMs and another instruction for another set of four HMMs are independent

and dispatch both instructions in one clock cycle. While this does not quite double our

computational throughput, it still has a non-negligible impact on our performance.

2.3.4 Benchmarking

We benchmarked our implementation on the c4.8xlarge instances available on Amazon’s EC2

service. Designed for computationally focused tasks, the c4.8xlarge features 36 virtual high

frequency Intel Xeon E5-2666 v3 (Haswell) processors and 60 GiB of memory. Performing

this benchmarking on Amazon Web Services allows other investigators to replicate our results

with relative ease. As is shown in Figure 2.6, we obtain the theoretical scalability of the

Forward algorithm when propagating the forward table long distances along the sequence.

Note the scale on the y-axes. Projecting based on Figure 2.6b, using this architecture, our

implementation can propagate a 40,000×40,000−1 table of forward probabilities across a

chromosome of 100,000 SNPs in 83 minutes.
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Using our convenient R wrapper, the code used to perform the simulations shown in

Figure 2.6 is only about 100 lines long.

Fig. 2.6 Benchmarking: Panel 2.6a shows the time it takes the forward algorithm to propa-
gate a full N×N−1 matrix of forward probabilities to across a segment of length L moving
continuously from locus to locus using all 36 cores. We acheive the theoretical limit for
the forward algorithm, which scales O

(
N2). Rearranging the same data to show the times

as a function of L, we see in panel 2.6b, that we also obtain the theoretical limit of O (L)
scalability. Panel 2.6c, which presents timings for moving a forward table just a single
locus, shows roughly the same O

(
N2) behavior as panel 2.6a. Panel 2.6d shows the same

incremental timings as 2.6c, just presented as a function of the number of cores used. Panel
2.6c and 2.6d suggest that for a problem of this size, the overhead of using 36 cores to
propagate the forward table a single locus makes using just 9 cores almost as fast. This
suggests that using an architecture with fewer cores but more memory per machine may be
more optimal for incremental propagation of the forward table.
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2.4 Discussion

The primary bottleneck in computational speed faced by our current implementation is

based on the size of the L3 cache. While the haplotypes and other components take up

relatively little space (assuming uniform prior copying probabilities), storing the forward

table itself is what takes up the vast majority of the cache during our computation since it

is a N×N−1 array of doubles. If we consider the c4.8xlarge architecture that we used for

our benchmarking, the L3 cache is 25 Mb large. Dividing that space by 8 bytes per double,

then again by 36 cores, and again by 16 rows per core, we can estimate that each row of

the forward table cannot be longer that 5,425 haplotypes before the processor has to begin

fetching doubles from memory for forward table propagation. The smallest example shown

in our benchmarking study featured 10,000 haplotypes so our implementation certainly had

to resort to calls to memory. However, if we could use an architecture with a larger L3 cache

to processor ratio, we could see a dramatic increase in the speed of our implementation. We

hope to explore this possibility as we look to scale our approach to hundreds of thousands of

genomes.

The negative logarithm of the marginal posterior probabilities implied by the LS Model

summarizes the local (local to a region of the genome) relatedness between haplotypes.

Using this distance measure, we obtain a local relatedness matrix that recognizes commonly

inherited haplotype blocks and the non-exchangeability of loci. Furthermore, our approach is

relatively robust to SNP density, much more so than standard window-based methods. To

see this, simply consider adding several monomorphic sites in a region of the genome in

order to dilute the local SNP density. Since our distances can be reinterpreted as the added

penalty of copying through a given individual at locus l rather than taking the optimal path,

the contributions of these added monomorphic sites cancel, leaving our distances unchanged

and therefore robust to variations in SNP density. Our model ignores the absolute length of

sequence between loci, only considering the recombination distance.
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Alongside the benefits of using the LS model as the basis for our inference of local genetic

distances, there are limitations that have been overcome with more modern methods such as

SMC++ [46]. For example, we require phased haplotypes by using the LS model. SMC++, a

recent demographic inference approach based on more recent work on the conditional site

frequency spectrum directly models genotypes. However, phasing accuracy should continue

to improve with the advent of larger reference panels and long read sequencing. Furthermore,

as we’ll see in Chapter 4, using the convolving haplotypes into genotypes can eliminate

information relevant to association testing.

Instead of comparing each haplotype to all other N−1 haplotypes as donors, SMC++

models each pair of genotypes separately, bringing in information from the remaining

N− 2 haplotypes by incorporating the derived allele frequency at each locus. While this

approach might be very attractive since it makes calculating each element of a local distance

matrix completely independent, we expect that the added computational cost of using such

a relatively complex model would render this approach intractable for tens of thousands of

samples, especially since checkpointing would be required.

Computational concerns aside, while carefully modeling allele frequencies may improve

ancient demographic inference, it’s not clear that it will improve local haplotype resolution

useful for association testing (see Chapter 1). Furthermore, SMC++ heavily relies on the

assumptions of the coalescent when incorporating the derived allele frequencies. With our

implementation of the LS model, we use to compare each haplotype to all of the others in the

sample (an "one vs. all" implementation). In order to compare this "one vs. all" approach to

pairwise models like SMC++, we can rewrite the LS model as a pairwise model (see Chapter

2 Appendix). This shows that by comparing all sampled haplotypes simultaneously, the Li

& Stephens model implicitly adjusts the mutation penalty depending on how common each

local haplotype sequence is in the population. In other words, if two haplotypes have two

distinct, relatively rare local sequences, the distance calculated between them will be much
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larger than if their two distinct sequences were relatively common. As a consequence, our

distances reflect the allele frequency at each position: haplotypes that share a rare SNP will

have a significantly smaller distance calculated between them than haplotypes that share a

common SNP. By simply weighting mutation penalties by "local matchability," our model

should be relatively robust to violations of the coalescent.

Most importantly, we have obtained a scalable approach based on the LS Model that

yields meaningful representations of local haplotype diversity. In Chapter 4, we will endeavor

to show that this representation is useful for association studies.

2.5 Appendix

Algorithm 3, rewrites the forward and backward algorithms of the LS model assuming that

we know the normalizing constant for the forward probabilities F[i,l] at each locus l for each

recipient haplotype i and the normalizing constant for the backward probabilities G[i,l] at

each locus l for each recipient haplotype i. In practice these would have to be precomputed

from a prior run of the forward and backward algorithms. However, conditional on knowing

F[i,l] and G[i,l] for all l and i, the forward and backward probabilities under the LS model can

be calculated for each pair of haplotypes without any additional information about the other

haplotypes in the sample, making it a "pairwise algorithm."

Working in this conditional space is mainly interesting because we may be able to

approximate
(

F[i,l]
F[i,l+1]

)
and

(
G[i,l]

G[i,l−1]

)
at each locus to achieve another order of parallelism. If(

F[i,l]
F[i,l+1]

)
and

(
G[i,l]

G[i,l−1]

)
were known ∀ i, there would be no need to run the forward-backward

algorithm at any point in our local graph construction. We could simply run the Conditional

Propagation algorithms on each pair of haplotypes independently.

To give some intuition behind the interpretation of
(

F[i,l]
F[i,l+1]

)
, note that it is the probability

of the observed emissions up to position l divided by the probabilitiy of the observed

emissions up to position l +1.
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Algorithm 3 Conditional Forward & Backward Propagation Functions

function CFP(i, t,F[i,·]|H,Π, µ⃗, ρ⃗)
l← 1
θ ← 1{H[i,l] = H[−i,l]} · (1−µl)+1{H[i,l] ̸= H[−i,l]} ·µl

aold ←Π[i,−i] ·θ/F[i,1]
while l < t do

θ ← 1{H[i,l] = H[−i,l]} · (1−µl)+1{H[i,l] ̸= H[−i,l]} ·µl

anew←
(

F[i,l]
F[i,l+1]

)
θ ·
(
(1−ρl)aold +ρlΠ[i,−i]

)
aold ← anew

l← l +1
end while
return F[i,t]

(
aold
[1:i−1],0,a

old
[i+1:N]

)
▷ N vector, zero reflects that a haplotype cannot copy

itself.
end function

function CBP(i, t,G[i,·]|H,Π,µ,ρ)
l← L
θ ← 1{H[i,l] = H[−i,l]} · (1−µl)+1{H[i,l] ̸= H[−i,l]} ·µl

bold ← θ/G[i,L]
while l > t do

bnew←
(

G[i,l]
G[i,l−1]

)(
(1−ρl−1)θ ·bold +ρl−1Π[i,−i]

)
θ ← 1{H[i,l−1] = H[−i,l−1]} · (1−µl−1)+1{H[i,l−1] ̸= H[−i,l−1]} ·µl−1

bold ← bnew

l← l−1
end while
return G[i,l]

(
(bold

[1:i−1],0,b
old
[i+1:N]

)
▷ N vector, zero reflects that a haplotype cannot

copy itself.
end function
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(
F[i,l]

F[i,l+1]

)
=

P
(
H[i,1:l]

)
P
(
H[i,1:l+1]

) ≥ 1

This ratio essentially measures how “matchable” the recipient haplotype is to the donor

haplotypes at the l +1 position; how “important” it is for the recipient to match a donor at a

given position. If the ratio is much greater than 1, that implies that matching a donor at the

l +1 position will be strongly preferred in among paths sampled from the HMM.

(
F[i,l]

F[i,l+1]

)
=

1T α l(
θ l+1

)T (
(1−ρl)α l +ρl

(
1T α l

)
Π[i,−i]

)
=

((
θ

l+1
)T
(
(1−ρl)

α l(
1T α l

) +ρlΠ[i,−i]

))−1

Note that if we can approximate the normalized forward probabilities α l

(1T α l)
based on a

local update rule, then we might be able to completely eliminate communication outside of

pairwise comparisons between haplotypes.

A totally naive approximation would just be to assume that α l

(1T α l)
≈Π[i,−i], the prior. In

that case.

(
F[i,l]

F[i,l+1]

)
≈
((

θ
l+1
)T

Π[i,−i]

)−1

Note that the elements of θ l+1 are µ for each donor that mismatches the ith haplotpe at

position l + 1 and 1− µ for all donors that match. Let x be the proportion of donors that

match the ith haplotype at position l +1. If Π[i,−i] is uniform, 1
N−1 1⃗, then

((
θ

l+1
)T

Π[i,−i]

)−1

= ((1−µ)x+µ(1− x))−1 = ((1−2µ)x+µ)−1
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Note that lim
x→1

((1−2µ)x+µ)−1 = 1
1−µ
≈ 1. In other words, if donor’s allele at the

position is common in the sample, then it is not very important for the donor to choose a

haplotype that matches at the l + 1 position. However lim
x→0

((1−2µ)x+µ)−1 = 1
µ
>> 1;

therefore, if haplotype i has a rare allele at position l +1, then that position will contribute

very strongly to the conditional forward propagation.



Chapter 3

Scalable Screening Procedures for

Quadratic Forms

Chapter 2 introduced a procedure for computing a distance matrix at each SNP along a

chromosome that encodes pair-wise genetic distances between all individuals in a sample.

Since it is impossible to simultaneously store each N×N local distance matrix obtained at

each SNP, we need to be able to quickly screen these distance matrices for an association

signal one at a time as they are computed. In this chapter, we develop a set of methods for

obtaining lower and upper bounds on the CDF of a quadratic form in independent random

variables under a widely applicable set of assumptions. Due to its utility outside of genetics,

we present this work as a general method for screening for dependence between a weighted

graph or covariance structures and a vector of outcomes. In Chapter 4, we will return to

the genomics context and show how this result allows for the efficient screening of loci for

association signals under a range of plausible genetics models.

Let yi ∈ R, i = 1, . . . ,n, be independent random variables and M ∈ Rn×n a given matrix.

In the special case where each yi ∼ N
(
µi,σ

2
i
)
, we provide an efficient screening method for

obtaining upper and lower bounds on the CDF of the quadratic form, yT My that avoids a full

eigendecomposition. The result does not require any additional constraints on M, such as
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positive semi-definiteness. We then provide two invariance principles which together allow

us to extend our framework to many applications involving non-Gaussian random variables

under explicit assumptions.

3.1 Efficient Bounds for Gaussian Quadratic Forms

3.1.1 Overall Approach

Let yi ∼ N
(
µi,σ

2
i
)
, i = 1, . . . ,n. Several methods that have been proposed to precisely

calculate P
(
yT My≥ a

)
require the full eigendecomposition of M (see [47] for an review).

In order to avoid this O
(
n3) operation, we perform a top k eigenvector decomposition

that allows us to partition yT My into a truncated part, Tk, from the top k eigenvalues and

a remainder part, Rk. Since vT Mv = vT (1
2

(
M+MT))v for any v ∈ Rn, we can assume

that M is symmetric without loss of generality when estimating the CDF. Henceforth, we

assume that every M is symmetric. Using the Implicitly Restarted Lanczos Method, a

Krylov subspace method optimized for symmetric matricies, the top k eigenvalues and

their corresponding eigenvectors of a symmetric matrix can be achieved in a fraction of the

time [48]. By the "top k" eigenvalues, we mean the k eigenvalues of M with the largest

magnitude. If most of the variance of M is captured in the top k eigenvalues for k << N, then

intuitively, P(Tk ≥ a) should be close to P
(
yT My≥ a

)
. Let E(y) = µ ∈ Rn. We make use

of an exponential concentration identity related to the Hanson-Wright inequality to bound

the potential contribution Rk, achieving bounds, {L ,U }.

L (M,y)≤ P
(
yT My≥ a

)
≤U (M,y) . (3.1)
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In practice, when given an asymmetric matrix W , we perform a pre-processing step to

set M = 1
2

(
W +W T) and use the fact that P

(
yTWy≥ a

)
= P

(
yT My≥ a

)
. Note that this

symmetrization step is only a O
(
n2) operation, not a O

(
n3) operation. Furthermore, we can

also assume that each yi has unit variance since we can pre-standardize the rows and columns

of M, another O
(
n2) operation. For now, let us assume that yi ∼ N (µi,1). Let V ΛV T be

the orthogonal diagonalization of M and Z j
iid∼ N(0,1), j = 1, . . . ,n. Exploiting the spherical

symmetry of the centered multivariate gaussian with identity covariance, we have a standard

representation of the quadratic form:

yT My∼ (Z +µ)T M (Z +µ) =
n

∑
j=1

λ j
(
vT

j Z + vT
j µ
)2 ∼

n

∑
j=1

λ j
(
Z j + vT

j µ
)2
. (3.2)

Thus we can write yT My = Tk +Rk where

Tk =
k

∑
j=1

λ j
(
Z j + vT

j µ
)2
, Rk =

n

∑
j=k+1

λ j
(
Z j + vT

j µ
)2
.

With a top k eigendecomposition, the Davies method makes the CDF of Tk accessible by

numerically inverting the characteristic function of Tk, which is simply a linear combination of

independent non-central χ2
1 random variables [49]. If we can obtain a function H(r) : R→R

such that

P(Rk > r)≤ H(r) and P(−Rk > r)≤ H(r), (3.3)

then we can control the contribution from Rk to P
(
yT My < a

)
with either of the following

two lemmas.
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Lemma 3.1.1. For any two real random variables, X ,Y , if there exists a function H such

that P(X > ε)≤ H(ε) and P(−X > ε)≤ H(ε) for all ε ≥ 0, then

P(Y < a− ε)−H(ε)≤ P(X +Y < a)≤ P(Y < a+ ε)+H(ε)

for all ε ≥ 0.

Proof:

P(Y < a− ε)−H(ε)≤

P(Y < a− ε)−P(X > ε)≤ P(X +Y < a)≤ P(Y < a+ ε)+P(X <−ε)≤

P(Y < a+ ε)+H(ε)

By optimizing these bounds in ε , this lemma can be used to obtain relatively tight lower and

upper bounds if the Var(X)<< Var(Y ). Since we also know that Rk and Tk are independent,

we can achieve a tighter bound that also avoids optimizing over a free parameter and, as

shown Lemma 3.1.2, can be obtained if we can integrate over the density of Tk using the

Davies method.

Lemma 3.1.2. For any two independent, real random variables, X ,Y , if there exists a

function H such that P(X > ε)≤ H(ε) and P(−X > ε)≤ H(ε) for all ε ≥ 0, then

P(Y < a)−
∫ a

−∞

H(a− y) fY (y)≤ P(Y +X < a)≤ P(Y < a)+
∫

∞

a
H(y−a) fY (y).
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Proof: Using the independence of X and Y to factorize their density, we have the

following bounds.

P(Y < a)−
∫ a

−∞

H(a− y) fY (y)≤

P(Y < a)−
∫ a

−∞

P(X > a− y) fY (y)≤P(X +Y < a)≤P(Y < a)+
∫

∞

a
P(X < a− y) fY (y)≤

P(Y < a)+
∫

∞

a
H(y−a) fY (y)

This implies that if we can find a way to upper bound the tails of Rk, then we’ll be able to

upper and lower bound the CDF of yT My. We obtain such bounds in the following section.

3.1.2 Exponential Concentration for Gaussian Quadratic Forms

Consider a real, symmetric matrix M. In order to construct an upper bound on the tail

of XT MX where x ∼ N(µ, I), we need the following definitions. Let ||M||HS denote the

Hilbert-Schmidt norm of M. Let M =V ΛV T be the diagonalization of M such that λi is the

eigenvalue corresponding to eigenvector vi. Let b > 0 be an upper bound on the operator

norm of M: ||M||= max
i
|λi| ≤ b. With these definitions, we are ready to state our primary

concentration inequality. The proof, as with many inequalities, is based on bounding the

MGF of the quadratic form, and will require the following lemma.

Lemma 3.1.3. Let Z ∼ N(0,1). Then, for all t ∈
(

0, 1
2σ2

)
,

E
(

et(σZ+µ)2
)
=
(
1−2σ

2t
)−1/2

exp
{

µ2t
1−2σ2t

}
. (3.4)

Using this MGF, we use an approach inspired by notes by David Pollard to obtain the

following concentration inequality.

Theorem 3.1.4. Let X ∼N(µ, I) and M be a real, symmetric matrix. Let ν = 2
(

4 ||Mµ||22 +2 ||M||2HS

)
.

Then, for all q > E
[
XT MX

]
,
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P
(
XT MX > q

)
≤


exp
(
−1

2
(q−E[XT MX])2

ν

)
E
[
XT MX

]
< q≤ ν

4b +E
[
XT MX

]
exp
(

1
2

ν

(4b)2

)
exp
(
−q−E[XT MX]

4b

)
q > ν

4b +E
[
XT MX

]
.

Furthermore, for all q < E
[
XT MX

]
,

P
(
XT MX < q

)
≤


exp
(
−1

2
(E[XT MX]−q)2

ν

)
E
[
XT MX

]
− ν

4b ≤ q < E
[
XT MX

]
exp
(

1
2

ν

(4b)2

)
exp
(
−E[XT MX]−q

4b

)
q < E

[
XT MX

]
− ν

4b .

Importantly, this concentration inequality allows us to achieve exponential bounds on

the tail of XT MX in terms of quantities that can be readily computed for even very large

matrices: the largest eigenvalue (in magnitude), the Hilbert-Schmidt norm, and the norm

of a matrix applied to a vector. Now that we have this machinery for bounding quadratic

forms in Gaussian random variables, in the following section, we show how this result can be

useful for bounding quadratic forms in non-Gaussian random variables. Below we pause to

briefly present how our approach to deriving Theorem 3.4.2 may be generalized to functions

of matricies.

Extending to XT f (M)X

A powerful generalization of this concentration inequality is possible for functions of M

that still only rely on the trace and norms of M, all of which are easily calculable. In this

context, when we say a function of M, f (M), let that denote the matrix where f is applied

elementwise to the eigenvalues of M. f (M) = V diag
(

f
(
λ j
))

V T . Typically, calculating

functions of M such as the matrix exponential are computationally prohibitive since, in

genreal, they require a full eigendecomposition. Perhaps surprisingly, it is possible to avoid

the eigendecomposition and still obtain a bound on the tail probabilities of XT f (M)X without
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ever computing f (M). Below we recapitulate part of the proof of Theorem 3.4.2 in the more

general case where we are interested in bounding the CDF of XT f (M)X . Unfortunately, this

extension does not yield a bound in closed form that can be written explicitly for all f , but it

does imply a numerical procedure for achieving such bounds for a specific choice of f . We

have not fully formalized this approach, but we give a brief intuition for the extension below.

Theorem 3.4.2 relies on the ability to bound the MGF of XT MX in terms of quadratics

in λ j. Since quadratics in λ j can be expressed in terms of basic matrix functions, as done

in the proof of Theorem 3.4.2, bounding the MGF in this way yields an easily calculable

concentration inequality for XT MX . Following the same steps as in the proof of Theorem

3.4.2, we can obtain the MGF of XT f (M)X :

E
[
etXT f (M)X

]
= exp

(
n

∑
j=1

(
vT

j µ
)2 t f

(
λ j
)

1−2t f
(
λ j
) − 1

2
log
(
1−2t f

(
λ j
)))

.

Let us assume without loss of generality that we’ve obtained the largest magnitude eigenvalue

of M and have normalized the matrix so that
∣∣λ j
∣∣≤ 1 ∀ j. Following the same approach as

the proof of Theorem 3.4.2, bounding
t f(λ j)

1−2t f(λ j)
and −1

2 log
(
1−2t f

(
λ j
))

with quadratics

in λ j. is sufficient to obtain a bound in terms of easily calculable matrix norms. This can be

easily done using Taylor’s Theorem as demonstrated below

t f
(
λ j
)

1−2t f
(
λ j
) ≤ t f (0)

1−2t f (0)
+

λ j

(1−2t f (0))2 +
1
2

max
λ j∈[−1,1]

[
4t f ′

(
λ j
)(

1−2t f (λ j)
)3

]
λ

2
j .

Note that the coefficients of this quadratic are simply functions of t, which can be numerically

optimized to obtain bounds on the CDF of XT f (M)X without ever forming f (M).
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3.2 Non-Gaussian Random Variables

In order to exploit our CDF bounding approach for Gaussian random variables in the non-

Gaussian case, we will provide two non-asymptotic bounds which guarantee when the CDF

of a quadratic form of interest will be close to the CDF of a quadratic form in Gaussians. A

large body of work has already been done on the asympotitcs of quadratic forms and can be

summarized in terms of invariance classes of quadratic forms. Consider two random vectors

y,x ∈ Rn. Let each component yi be independent and come from some distribution Fi such

that E(yi) = µi and Var(yi) = σ2
i . Let each component xi be independent and come from

some distribution Gi such that E(xi) = µi and Var(xi) = σ2
i . Let M be a real, n×n matrix,

ν2
y = Var

(
yT My

)
, and ν2

x = Var
(
xT Mx

)
.

Q(n)
y =

1
νy

yT My, Q(n)
x =

1
νx

xT Mx

,

dM(x,y) = max
a

∣∣∣P(Q(n)
y ≤ a

)
−P

(
Q(n)

x ≤ a
)∣∣∣ .

If the Kolmogorov Distance, dM(x,y), between the distributions of the Q(n)
y and Q(n)

x

tends to zero for n large, then x and y are said to belong to the invariance class of M [50]. Of

course such a result will only be guaranteed and an invariance class will only exist for a given

set of sufficient conditions on Mn, the set of distributions {Fi}, and the set of distributions

{Gi}.

Wet and Venter (1973) defined an invariance class of M, assuming difficult-to-verify

conditions on the spectrum of M, that the yi are all i.i.d. yi ∼ F , and that the xi are all i.i.d.

xi ∼ G [51]. Rotar (1973) derives a similar result in the i.i.d. case but provides an explicit,

non-asymptotic bound on dM(x,y). This non-asymptotic bound provides a set of sufficient

conditions on M that are much easier to verify in practice. Gamkrelidze and Rotar (1978)

and Rotar and Shervashidze (1985), extend this result to the more general, non-i.i.d. case but
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with the added assumptions that M is hollow (Mii = 0 ∀ i) and that E(yi) = E(xi) = 0 ∀ i

[52, 53].

As explained in Rotar (1973) and later in Rotar’s work extending these results to higher

dimensional tensors (polylinear forms), the zero mean condition can be easily relaxed [50, 54].

To provide the intuition for this result, any quadratic form in a random vector with a non-zero

mean can be rewritten as the sum of a centered quadratic form and a linear form in a centered

random vector as follows.

yT My = (y−µ)T M(y−µ)+2µ
T M(y−µ)+µ

T Mµ (3.5)

However, none of these existing works extend on this observation to provide an explicit,

non-asymptotic bound on dM(x,y) in the non-i.i.d. case in terms of µ = E(y). So while

Rotar shows that such an asymptotic result should hold, it is important in practice to be able

to flag instances where the convergence may not be valid without a bound that includes µ .

Although our bound will require the existence of the fourth moment rather just the third

moment for each yi as in Rotar’s work, this is a valid assumption for the vast majority of

applications. In addition, none of these prior works provide a non-asymptotic bound for the

non-i.i.d. case when M has a non-zero diagonal, which of course would be the case for all

covariance matricies.

We answer these open questions with two sets of results. The first set provides bounds on

dM(x,y) when M is hollow. The second set of results provides bounds on dM(x,y) when µ = 0

but M is not hollow. As we will see, this second set of results also requires that the second,

third, and fourth moments of x and y match. Although this may appear to imply that the

distribution of the quadratic form yT My cannot, in general, be approximated by a quadratic

form in normal random variables, we provide a Rao-Blackwellization procedure which allows

us to meet the fourth order moment matching condition of this second theorem while still

applying our Gaussian bounding approach to obtain fast tail bounds on P
(

Q(n)
y ≤ a

)
.
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Our non-asymptotic bounds are crucial in practice because they capture all of the terms

that could make approximating Q(n)
y with Q(n)

x hazardous for finite n. As we will see below,

Theorem 3.2.1 and Theorem 3.2.6 both give bounds that imply sufficient conditions for the

asymptotic convergence of dM(x,y) to zero. However, when we extend these theorems to

derive explicit, non-asymptotic bounds on dM(x,y) where we assume x is Gaussian, we find

that the spectrum of M actually impacts the convergence of Q(n)
y to Q(n)

x (see Lemma 3.2.3).

Explicitly, we find that if M has only two eigenvalues and that they have oppposite signs, it

is not safe to envoke the convergence of Q(n)
y to Q(n)

x . This property is completely washed

over in the purely asymptotic results. Thus, our non-asymptotic bounds on dM(x,y) provide

practitioners with an explicit set of statistics that can be used to diagnose when it may not be

valid to approximate the distribution of Q(n)
y with the distribution of Q(n)

x .
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3.2.1 Hollow Matrices

Theorem 3.2.1. Let M be a hollow, real matrix and φ be a real function with a bounded

third derivative: |φ ′′′| ≤ K3. For two random vectors with independent entries, y, x, let the

first four moments of each yi and each xi exist. If the first two moments of xi match the first

two moments of yi for all i, then

∣∣∣E[φ (Q(n)
x

)
−φ

(
Q(n)

y

)]∣∣∣≤ 1√
n

ψK3

6
271/4 max

(
τ3,1

)
σ3
⋆ min

(
min

j

((
1
2σ2

j +µ2
j

)3/2
)
,1
)ρ

3
1 . (3.6)

where

σ
2
⋆ = min

j
σ

2
j ,

τ ≥max
(

max
j

(∣∣∣∣x j
∣∣∣∣

4

)
,max

j

(∣∣∣∣y j
∣∣∣∣

4

))
,

ψ ≥max
j

[
E
[∣∣x j

∣∣3]+E
[∣∣y j

∣∣3]] ,
ρ1 =

max
j

[
||M j||2 +

∣∣∣MT
j µ

∣∣∣]
min

j

[√
||M j||22 +

(
MT

j µ

)2
] .

Since Theorem 3.2.1 applies to any φ with bounded third moments, it applies to all

sin and cos functions. As long as
33/4
√

8max(τ3,1)
σ3
⋆ min(σ3

⋆ ,
√

8)
ρ3

1 does not grow faster than
√

n, this

implies asymptotic convergence in cumulant generating functions and hence convergence in

distribution. This result does not assume that either x or y come from any specific distribution,

hence this is not a central limit theorem in a traditional sense but rather an invariance

principle.
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Since n will of course be finite in any application, we will now proceed to use Theorem

3.2.1 to derive non-asymptotic bounds on dM(x,y). Our overall approach will be to choose

a continuous function φ that closely approximates a step function in order to bound the

difference in CDFs. This idea is presented in Lemma 3.2.2 below. For some ε > 0 let

φa,ε(x) =


1 x≤ a

1
2

(
cos
(

π

ε
(x−a)

)
+1
)

a < x≤ a+ ε

0 x > a+ ε

.

The first, second, and third, partial derivatives of φa,ε with respect to x exist and are bounded.

Define K3 = sup
x∈R

∣∣φ ′′′a,ε(x)
∣∣. Explicitly, the third partial derivative is:

φ
′′′
a,ε(x) =


0 x < a

1
ε3

π3

2 sin
(

π

ε
(x−a)

)
a≤ x≤ a+ ε

0 x > a

Thus, K3 = 1
2

(
π

ε

)3. For this specific definition of φa,ε , we can bound the Kolmogorov

distance between two distributions using the following lemma.

Lemma 3.2.2. Consider two random variables X and Y . Let Y be continuous and it’s

density be upper bounded by a constant U. If there exists a constant C ∈ R such that

|E(φa,ε (X))−E(φa,ε (Y ))| ≤ K3C ∀ a ∈ R and ∀ ε > 0, then

|P(X ≤ a)−P(Y ≤ a)| ≤ 4
3

U
(

3π3C
2

)1/4

for all a ∈ R.

It is critical to note that Lemma 3.2.2 requires one of the random variables to be continuous

with a density function bounded above by some U . While such a bound is hard to obtain

for a quadratic form in arbitrary independent random variables, such a bound is possible for
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most instances of Gaussian quadratic forms. We emphasize "most cases," because there are a

few easy counter-examples which show that not all Gaussian quadratic forms have bounded

densities. For example, if M is a rank one matrix and µ = 0, then (Z +µ)T M (Z +µ) =

ZT MZ ∼ λ1χ2
1 , which has a density that is unbounded at zero. A less trivial counterexample

that might be disturbing to those hoping to use our results for genetics is the case where

M =

 0 1

1 0

=



0 · · · 0 1 · · · 1

0 . . . 0 1 . . . 1

0 · · · 0 1 · · · 1

1 · · · 1 0 · · · 0

1 . . . 1 0 . . . 0

1 · · · 1 0 · · · 0


. (3.7)

Such an M might arise in genetics where there are two equally sized sub-populations of

clones or where M represents the distance between individuals based on a single SNP of

frequency 0.5 in a haploid population. It’s easy to show that the eigenvalues of M are N/2

and −N/2. Again assuming that µ = 0, we have, ZT MZ ∼ N
2 (X−Y ), which we show has

an unbounded density at zero with the following lemma.

Lemma 3.2.3. Let X ∼ α1 (Z1 +η1)
2, Y ∼ α2 (Z2 +η2)

2, where η ,α ∈R2, α1,α2 > 0, and

Z1,Z2 ∼ N(0,1). If W = X−Y , then the density of W is unbounded at 0.

Proof:

First we need the density of X .
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P(X ≤ x) = P
(

α1 (Z1 +η1)
2 ≤ x

)
= P

(
−
(√

x
α1

+η1

)
≤ Z1 ≤

√
x

α1
−η1

)
= Φ

(√
x

α1
−η1

)
−Φ

(
−
(√

x
α1

+η1

))

fX(x) =
∂

∂x
P(X ≤ x)

=
1

2
√

α1x

[
φ

(√
x

α1
−η1

)
+φ

(
−
(√

x
α1

+η1

))]
=

1
2
√

α1x

[
φ

(√
x

α1
−η1

)
+φ

(√
x

α1
+η1

)]

Since X ,Y ≥ 0, we can write the density of W as

fW (w) =
∫

∞

w
fX (τ) fY (τ−w)dτ

=
1

4
√

α1α2

∫
∞

w

1√
τ (τ−w)

[
φ

(√
τ

α1
−η1

)
+φ

(√
τ

α1
+η1

)]
·[

φ

(√
τ−w

α2
−η2

)
+φ

(√
τ−w

α2
+η2

)]
dτ

If C = min
[
φ

(√
τ

α1
−η1

)
,φ
(√

τ

α1
+η1

)
,φ
(√

τ

α2
−η2

)
,φ
(√

τ

α2
+η2

)]
, then

fW (0)≥ C2

4
√

α1α2

∫
∞

0

1
τ

dτ = ∞.

However, as shown in Lemma 3.2.4, if we can assume that M has three or more eigenvalues,

or two of the same sign, then we can be sure that the density is bounded. We state Lemma
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3.2.4 while allowing for µ to be an arbitrary random vector because it will be important for

the justification of our Rao-Blackwellization routine at the end of the chapter.

Lemma 3.2.4. Let Z ∼ N(0, I) and µ be a random vector in Rn. Let M have two or

more eigenvalues with the same sign and let ζ = max
i, j

λiλ j. Then the density of Q =

(Z +µ)T M (Z +µ) is bounded above by 1
2
√

ζ
.

Proof:

Let λ1,λ2 be the two eigenvalues of the same sign with corresponding eigenvectors v1,v2.

Without loss of generality, assume λ1,λ2 > 0. Let X ∼ λ1
(
Z1 + vT

1 µ
)2, Y ∼ λ2

(
Z2 + vT

2 µ
)2,

where Z1,Z2 ∼ N(0,1). From the proof of Lemma 3.2.3, we have

fX(x) =
1

2
√

λ1x

[
φ

(√
x

λ1
− vT

1 µ

)
+φ

(√
x

λ1
+ vT

1 µ

)]
≤ 1√

2πλ1x
.

Let W = X +Y . Since X ,Y ≥ 0,

fW (w) =
∫ w

0
fX (τ) fY (w− τ)dτ

≤
∫ w

0

1√
2πλ1τ

1√
2πλ2 (w− τ)

dτ

=
1

2π
√

λ1λ2

∫ w

0

1√
τ (w− τ)

dτ

=
1

2
√

λ1λ2

This proves our base case. Now let us define W = X +Y where X =
k
∑
j=1

λ j

(
Z j + vT

j µ

)2

for some k ∈ {2, . . . ,n−1} and Y = λk+1
(
Zk+1 + vT

k+1µ
)2. Using our assumption that the

density of X is bounded by some constant C, then
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fW (w) =
∫

∞

−∞

fX (τ) fY (w− τ)dτ ≤C
∫

∞

−∞

fY (w− τ)dτ =C. (3.8)

Since, Q = (Z +µ)T M (Z +µ) ∼
n
∑
j=1

λ j

(
Z j + vT

j µ

)2
, by induction, we have that the

density of Q given µ is bounded:

fQ|µ(q)≤
1

2
√

λ1λ2
.

Mixing over µ , we still have

fQ(q) =
∫

fQ|µ(q) fµdµ ≤ 1
2
√

λ1λ2

∫
fµdµ =

1
2
√

λ1λ2
.

Now we have an explicit bound which can be combined with Theorem 3.2.1 and Lemma

3.2.2 to obtain the following bound on dM(x,y).
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Theorem 3.2.5. Let M be hollow and have at least two eigenvalues of the same sign. Let the

first four moments of each yi exist and xi ∼ N
(
µi,σ

2
i
)
. If the first two moments of xi match

the first two moments of yi for all i, then

dM(x,y)≤ 1
n1/8

ρ
3/4
1√

ζ
g1(τ,σ

2
⋆ ,σ ,µ,ψ),

where

σ
2
⋆ = min

j
σ

2
j ,

τ ≥max
(

max
j

(∣∣∣∣x j
∣∣∣∣

4

)
,max

j

(∣∣∣∣y j
∣∣∣∣

4

))
,

ψ ≥max
j

[
E
[∣∣x j

∣∣3]+E
[∣∣y j

∣∣3]] ,
ρ1 =

max
j

[
||M j||2 +

∣∣∣MT
j µ

∣∣∣]
min

j

[√
||M j||22 +

(
MT

j µ

)2
] ,

ζ = max
i, j

[
λiλ j

]
,

g1(τ,σ
2
⋆ ,σ ,µ,ψ) =

2
3

 271/4ψπ3 max
(
τ3,1

)
4σ3

⋆ min
(

min
j

((
1
2σ2

j +µ2
j

)3/2
)
,1
)


1/4

.

Proof:

Since each xi is Gaussian and we have that M has at least two eigenvalues of the same

sign, we can be sure that the density of of 1
νx

xT Mx is bounded by Lemma 3.2.4. Since the

Gaussianity of x also implies 1
νx

xT Mx is a continuous random variable, we can combine this

result with Lemma 3.2.2 and Theorem 3.2.1 to obtain
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dM(x,y)≤ 4
3

1

2
√

ζ

3π3

2
1√
n

ψ

6
271/4 max

(
τ3,1

)
σ3
⋆ min

(
min

j

((
1
2σ2

j +µ2
j

)3/2
)
,1
)ρ

3
1


1/4

=
1

n1/8

ρ
3/4
1√

ζ

2
3

 271/4ψπ3 max
(
τ3,1

)
4σ3

⋆ min
(

min
j

((
1
2σ2

j +µ2
j

)3/2
)
,1
)


1/4

Using Theorem 3.2.5, we can see when it should be safe to assume in practice that yT My

is close in distribution to xT Mx, where xi ∼ N
(
µi,σ

2
i
)
. Informally, we would expect the

distribution of yT My to be close to the corresponding quadratic form in Gaussian random

variables when

1. none of the yi are heavy tailed,

2. no yi is very close to a pointmass (each yi must have some minimal variance),

3. there are no outliers in the graph structure implied by M (ρ1 grows slower than n1/6).

Intuitively, these conditions ensure that no single component of y can have too much influence

on the quadratic form. Although one might be concerned by the fact that ζ is a function

of the spectrum of M, since the first few largest in magnitude eigenvalues of M will be

non-decreasing in n in most applications, we can essentially take it to be at worst a constant.

In genetics applications, we can reduce these conditions to three major criteria:

1. avoid models where the fourth moment of yi doesn’t exist (eg: t-distribution with 4

degrees of freedom),

2. if the yi are modeled as outcomes in some generalized linear model, then make sure

none of them are perfectly predicted by the base model (each yi must have some

variance),
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3. remove all samples that are lone outliers genetically or phenotypically from the dataset.

Importantly, the bound from Theorem 3.2.5 can be quickly and easily calculated for any

M, using the Implicitly Restarted Lanczos Method to obtain the leading three eigenvalues and

calculate ζ . Thus, in screening applications where M may be arriving online, we can monitor

ζ and ρ1 in order to detect matricies for which the true CDF may diverge significantly from

the CDF given by Gaussian random variables.

3.2.2 Centered Random Variables

Instead of assuming that M is hollow, we can derive a similar invariance principle by assuming

that E(x) = E(y) = 0. Although we will now consider a general real M, it will be helpful to

separate the diagonal from the non-diagonal elements, so let M̃ denote a copy of M where

the diagonal has been set to zero. Applying Lemma 1.5.1 we again have that ν2
y = ν2

x if y

and x also have the same first four moments. Using the same variable swapping approach

that we use for Theorem 3.2.1, we have the following result.
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Theorem 3.2.6. Let M be a real matrix and φ be a real function with a bounded third

derivative: |φ ′′′| ≤ K3. For two random vectors with independent entries, y, x, let the first

eight moments of each yi and each xi exist. If E(yi) =E(xi) = 0 ∀ i and the first four moments

of xi match the first four moments of yi for all i, then

∣∣∣E[φ (Q(n)
x

)
−φ

(
Q(n)

y

)]∣∣∣≤ 1√
n

K3ψ max
(

8
(

33/4
)

τ3,1
)

3(min(κ⋆,2σ4
⋆ ))

3/2 ρ
3
2 ,

where

σ
2
⋆ = min

j
σ

2
j

κ j = Var
(
y2

j
)
= Var

(
x2

j
)

κ⋆ = min
j

κ j

τ ≥max
j

(
max

(∣∣∣∣x j
∣∣∣∣

4 ,
∣∣∣∣y j
∣∣∣∣

4

))
ψ ≥max

j

(
max

(√
E
[
x8

j

]
,E
[
x8

j
]
,

√
E
[
y8

j

]
,E
[
y8

j
]))

ρ2 =

max
j

[
||M̃ j||2 +

∣∣m j j
∣∣]

min
j

[√
||M̃ j||22 +m2

j j

]
Note how ρ2 weights the diagonal elements slightly more than the off diagonal elements.

Comparing ρ2 to ρ1 from Theorem 3.2.1, we see that the diagonal elements have taken the

place of
∣∣∣M̃T

j µ

∣∣∣. Just as we derived Theorem 3.2.5, we can use Theorem 3.2.6 to arrive at

Theorem 3.2.7 below.
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Theorem 3.2.7. Let M have at least two eigenvalues of the same sign. Let the first eight

moments of each yi exist and E(yi) = 0 ∀ i. For each yi, let xi ∼ Zi+µi such that Zi ∼N(0,1)

is independent of µi ∼ Fi. If marginally the first four moments of xi match the first four

moments of yi, then

dM(x,y)≤ 1
n1/8

ρ
3/4
2√

ζ
g2
(
ψ,τ,σ2

⋆ ,κ⋆

)
,

where

σ
2
⋆ = min

j
σ

2
j

κ j = Var
(
y2

j
)
= Var

(
x2

j
)

κ⋆ = min
j

κ j

τ ≥max
j

(
max

(∣∣∣∣x j
∣∣∣∣

4 ,
∣∣∣∣y j
∣∣∣∣

4

))
ψ ≥max

j

(
max

(√
E
[
x8

j

]
,E
[
x8

j
]
,

√
E
[
y8

j

]
,E
[
y8

j
]))

ρ2 =

max
j

[
||M̃ j||2 +

∣∣m j j
∣∣]

min
j

[√
||M̃ j||22 +m2

j j

]
ζ = max

i, j

[
λiλ j

]
g2
(
ψ,τ,σ2

⋆ ,κ⋆

)
=

2
3

(
π3

2
ψ max(2τ,1)

(min(κ⋆,2σ4
⋆ ))

3/2

)1/4

.

Proof:

Since each Zi is Gaussian and we have that M has at least two eigenvalues of the same

sign, we can be sure that the density of of 1
νx

xT Mx is bounded by Lemma 3.2.4. Since the

Gaussianity of each Zi also implies 1
νx

xT Mx is a continuous random variable, we can combine

this result with Lemma 3.2.2 and Theorem 3.2.6 to obtain
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dM(x,y)≤ 4
3

1

2
√

ζ

(
3π3

2
1√
n

ψ max(2τ,1)

3(min(κ⋆,2σ4
⋆ ))

3/2 ρ
3
2

)1/4

,

=
1

n1/8

ρ
3/4
2√

ζ

2
3

(
π3

2
ψ max(2τ,1)

(min(κ⋆,2σ4
⋆ ))

3/2

)1/4

.

Theorem 3.2.6 implies sufficient conditions for convergence that are very similar to those

implied by Theorem 3.2.1, except that now µ must be introduced in order to match the 3rd

and 4th moments of y. In the following section, we present a Rao-Blackwellization procedure

that shows how to explicitly construct µ and apply Theorem 3.2.6 to acheive fast upper and

lower bounds on the CDF for quadratic forms in centered random variables. We recommend

this approach for investigators hoping to use models like SKAT for testing random effects in

GLMMs [12].

Rao-Blackwellization

Below we show how Theorem 3.2.6 can be used in combination with our Gaussian concen-

tration inequality, Theorem 3.4.2, to bound the tails of quadratic forms in centered random

variables. As required by Theorem 3.2.6, we assume that the first eight moments of each yi

exist.

Let xi = σ

(√
1−ω2

i zi +ωibi

)
where zi ∼ N(0,1) and bi ∼ gi−E(gi)√

Var(gi)
, gi ∼ Beta(αi,βi).

Using our invariance principle, we can approximate P
(
yT My < a

)
with P

(
xT Mx < a

)
=

E
[
1
{

xT Mx < a
}]

if both of the vectors are centered and the remaining first four moments

match. It’s easy to show with our current construction that E(yi) = E(xi) = 0 and Var(yi) =

Var(xi) = σ2
i . The difficulty arises in how to choose αi and βi to match the third and fourth

moments. Before addressing this point, first we will show how this construction is useful for

obtaining bounds on E
[
1
{

xT Mx < a
}]

.
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E
[
1
{

xT Mx < a
}]

= E
[

1
{(

σ

(√
1−ω2z+ωb

))T
M
(

σ

(√
1−ω2z+ωb

))
< a
}]

.

(3.9)

If we let M† = M ∗
(

σ
√

1−ω2
)(

σ
√

1−ω2
)T

, then we can rewrite this as

E

1


z+

√
ω2

1−ω2 b

T

M†

z+

√
ω2

1−ω2 b

< a




= E

E
1


z+

√
ω2

1−ω2 b

T

M†

z+

√
ω2

1−ω2 b

< a


∣∣∣∣∣∣x


= E

P
z+

√
ω2

1−ω2 b

T

M†

z+

√
ω2

1−ω2 b

< a

∣∣∣∣∣∣b
 ,

where the outer expectation is over b. Let L (M,µ,a) be a function of matrix M, a fixed

vector µ , and a scalar a such that L (M,µ,a)≤ P
(
(Z +µ)T M (Z +µ)< a

)
∀ a∈R where

Z ∼ N(0, I). Let U (M,µ,a) be an analogous function that upper bounds the same CDF.

Since we have such functions from our lower and upper bounding approach for Gaussian

quadratic forms, we apply them here inside the expectation over b to obtain

E

L

M,

√
ω2

1−ω2 b,a

≤ P
(
yT My < a

)
≤ E

U

M,

√
ω2

1−ω2 b,a

 . (3.10)

This result demonstrates that we can obtain upper and lower bounds on P
(
yT My < a

)
when M has a non-zero diagonal by simulating b, and for each draw, apply our bounding

approach for Gaussian quadratic forms. Note that since the eigenvalues and eigenvectors of

M do not change between draws of b, they only need to be calculated once. Since we are

simulating b, we will not be able to completely remove the Monte-Carlo error. In estimating
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the bounds, we are left with two options. Either we take the mean of our sampled upper

bounds (or the sampled lower bounds) to be our estimate and appeal to the central limit

theorem in order to put a confidence interval on the estimate. However, since we have been

careful enough to use exact bounds up to this point, it is possible for a user to use Hoeffding’s

inequality to provide exact probabilistic bounds on the Monte-Carlo error.

We use normalized Beta random variables to produce the third and fourth order moment

correction partly because they have bounded support, limiting the sampling variability

that they can contribute to our bound estimates. This Rao-Blackwellization approach can

only produce useful bounds as long as most of the variability in x is driven by the normal

component z, which we integrate over analytically, rather than by the beta component b. This

motivates the objective of minimizing ωi. Since xi and yi match on the first two moments,

it is sufficient to match them on their skewness and excess kurtosis in order to match on

the first four moments. This yields the folowing objective for each yi. Find ωi,αi,βi that

minimize ωi while satisfying

Skew(yi) =Skew(xi) = ω
3
i Skew(gi) = ω

3
i

2(βi−αi)
√

αi +βi +1

(αi +βi +2)
√

αiβi
,

ExKurt(yi) =ExKurt(xi) = E
(

x4
i

σ4
i

)
−3

=
(
1−ω

2
i
)2E

(
z4

i
)
+6
(
1−ω

2
i
)

ω
2
i E
(
z2

i
)
E
(
b2

i
)
+ω

4
i E
(
b4

i
)
−3

=3
(
1−ω

2
i
)2

+6
(
1−ω

2
i
)

ω
2
i +ω

4
i Kurt(gi)−3

=3−6ω
2
i +3ω

4
i +6ω

2
i −6ω

4
i +ω

4
i Kurt(gi)−3

=ω
4
i ExKurt(gi) = ω

4
i

(
6(βi−αi)

2 (αi +βi +1)−αiβi (αi +βi +2)
αiβi (αi +βi +2)(αi +βi +3)

)
.

For brevity, let us temporarily drop the i subscripts and reparameterize such that κ = α +β

and γ = α−β . We use the identity that 1
2

√
κ2− γ2 =

√
αβ . We must minimize ω such that
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Skew(yi) =
4ω3γ

√
κ +1

(κ +2)
√

κ2− γ2
(3.11)

ExKurt(yi) =
ω4

κ +3

[
24γ2 (κ +1)

(κ +2)(κ2− γ2)
−1
]

(3.12)

This optimization problem can be solved numerically. Note that even if our optimization

routine did not find the triple (α,β ,ω) that minimizes ω , as long as the third and fourth

moment conditions are satisfied, this Rao-Blackwellization approach is valid, it just may take

more samples to achieve the same precision on P
(
yT My < a

)
.

3.3 Discussion

We have presented a computationally efficient method for obtaining exact bounds on the

CDF of quadratic forms in Gaussian random variables. We have also shown how this result

can be extended to apply to quadratic forms in non-Gaussian random variables when the

matrix of interest is hollow or when the random variables are centered. It is critical to note

that the invariance principles that we’ve provided are robust in practice: the convergence can

be expected to be tight even if the inlier-outlier ratio, ρ1 or ρ2, grows logarithmically in n.

Together, these results allow for the efficient screening of quadratic forms in a wide variety

of settings. Outside of genetics, these include screening for predictive random projections

in high-dimensional classification and even trend detection on large social networks. Other

screening applications include selecting good initialization points for the kernel parameters

in Gaussian Process Regression. We will present these applications and related results in a

forthcoming publication.
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3.4 Proofs

3.4.1 Proof of Lemma 3.1.3

Lemma. Let Z ∼ N(0,1). Then, for all t ∈
(

0, 1
2σ2

)
,

E
(

et(σZ+µ)2
)
=
(
1−2σ

2t
)−1/2

exp
{

µ2t
1−2σ2t

}

Proof:

E
(

et(σZ+µ)2
)
=

1√
2πσ2

∫
∞

−∞

et(y+µ)2
e−

y2

2σ2 dy =
1√

2πσ2

∫
∞

−∞

e−
(

1
2σ2−t

)
y2+2µty+µ2tdy

We can complete the square using −ax2 + 2bx = −a
(
x− b

a

)2
+ b2

a . Also noting that(
1

2σ2 − t
)
= 1

2σ2(1−2σ2t)
−1 yields

exp
{

µ2t
1−2σ2t

}√
(1−2σ2t)−1 1√

2πσ2 (1−2σ2t)−1

∫
∞

−∞

exp

−
(

y− 2σ2µt
1−2σ2t

)2

2σ2 (1−2σ2t)−1

dy.

Thus, for t < 1
2σ2 , we have

E
(

et(σZ+µ)2
)
=
(
1−2σ

2t
)−1/2

exp
{

µ2t
1−2σ2t

}
.
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3.4.2 Proof of Theorem 3.4.2

Theorem. Let X ∼N(µ, I) and M be a real, symmetric matrix. Let ν = 2
(

4 ||Mµ||22 +2 ||M||2HS

)
.

Then, for all q > E
[
XT MX

]
,

P
(
XT MX > q

)
≤


exp
(
−1

2
(q−E[XT MX])2

ν

)
E
[
XT MX

]
< q≤ ν

4b +E
[
XT MX

]
exp
(

1
2

ν

(4b)2

)
exp
(
−q−E[XT MX]

4b

)
q > ν

4b +E
[
XT MX

]
.

Furthermore, for all q < E
[
XT MX

]
,

P
(
XT MX < q

)
≤


exp
(
−1

2
(E[XT MX]−q)2

ν

)
E
[
XT MX

]
− ν

4b ≤ q < E
[
XT MX

]
exp
(

1
2

ν

(4b)2

)
exp
(
−E[XT MX]−q

4b

)
q < E

[
XT MX

]
− ν

4b .

Proof:

We credit David Pollard for the proof approach used below (reference: http://www.stat.yale.edu/ pol-

lard/Books/Mini/Basic.pdf).

XT MX = (Z +µ)T M (Z +µ) =
n

∑
j=1

λ j
(
vT

j Z + vT
j µ
)2 ∼

n

∑
j=1

λ j
(
Z j + vT

j µ
)2

Where Z j ∼ N(0,1). The last step relies on the spherical symmetry of the standard multivari-

ate normal distribution. Using Lemma 3.1.3, for t < 1
2max

j
|λ j| ,

E
[
etXT MX

]
=

n

∏
j=1

(
1−2tλ j

)−1/2 exp


(

vT
j µ

)2
tλ j

1−2tλ j


= exp

(
n

∑
j=1

(
vT

j µ
)2 tλ j

1−2tλ j
− 1

2
log
(
1−2tλ j

))
.



98 Scalable Screening Procedures for Quadratic Forms

Let us further restrict t such that 0 < t ≤ 1
4b . Since 1

4b ≤
1

4max
j
|λ j| , we have that −1

4 ≤ λ jt ≤

1
4 ∀ j. For x ∈

[
−1

4 ,
1
4

]
,

−1
2

log(1−2x)≤ 2x2 + x,

x
1−2x

≤ 4x2 + x.

Therefore,

E
[
etXT MX

]
≤ exp

(
n

∑
j=1

(
vT

j µ
)2
(

4
(
λ jt
)2

+λ jt
)
+2
(
λ jt
)2

+λ jt

)

≤ exp

(
4t2

n

∑
j=1

λ
2
j
(
vT

j µ
)2

+ t
n

∑
j=1

λ j
(
vT

j µ
)2

+2t2
n

∑
j=1

λ
2
j + t

n

∑
j=1

λ j

)

≤ exp
(

4t2 ||Mµ||22 + tµT Mµ +2t2 ||M||2HS + t tr(M)
)

To simplify our notation, let ν = 2
(

4 ||Mµ||22 +2t2 ||M||2HS

)
and ψ = E

(
XT MX

)
=

µT Mµ + tr(M). With these definitions we have

E
[
et(XT MX−ψ)

]
≤ exp

(
ν

2
t2
)
.

By the Markov Inequality, for any q ∈ R,

P
(
XT MX > q

)
= P

(
XT MX−ψ > q−ψ

)
= P

(
eXT MX−ψ > eq−ψ

)
≤ exp

(
ν

2
t2− (q−ψ) t

)
∀ t ∈

[
0,

1
4b

]

For q≤ ψ we have the trivial bound P
(
XT MX > q

)
≤ 1. We can optimize our bound in t to

find

t⋆ = min
[

q−ψ

ν
,

1
4b

]
.



3.4 Proofs 99

Thus, for ψ < q≤ ν

4b +ψ , we have

exp
(

ν

2
t2
⋆ − (q−ψ) t⋆

)
= exp

(
(q−ψ)2

2ν
− (q−ψ)2

ν

)
= exp

(
−1

2
(q−ψ)2

ν

)
,

a Gaussian bound. For q > ν

4b +ψ , we have

exp
(

ν

2
t2
⋆ − (q−ψ) t⋆

)
= exp

(
1
2

ν

(4b)2

)
exp
(
−(q−ψ)

(4b)

)
,

an exponential bound. Combining these results yields our upper bound on P
(
XT MX > q

)
for q≥ψ =E

(
XT MX

)
. Since P

(
XT MX < q

)
= P

(
XT (−M)X >−q

)
, repeating the proof

for −M and −q yields the upper bound on the lower tail, P
(
XT MX < q

)
, for q ≤ ψ =

E
(
XT MX

)
.

3.4.3 Proof of Theorem 3.2.1

Theorem. Let M be a hollow, real matrix and φ be a real function with a bounded third

derivative: |φ ′′′| ≤ K3. For two random vectors with independent entries, y, x, let the first

four moments of each yi and each xi exist. If the first two moments of xi match the first two

moments of yi for all i, then

∣∣∣E[φ (Q(n)
x

)
−φ

(
Q(n)

y

)]∣∣∣≤ 1√
n

ψK3

6
271/4 max

(
τ3,1

)
σ3
⋆ min

(
min

j

((
1
2σ2

j +µ2
j

)3/2
)
,1
)ρ

3
1 . (3.13)
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where

σ
2
⋆ = min

j
σ

2
j ,

τ ≥max
(

max
j

(∣∣∣∣x j
∣∣∣∣

4

)
,max

j

(∣∣∣∣y j
∣∣∣∣

4

))
,

ψ ≥max
j

[
E
[∣∣x j

∣∣3]+E
[∣∣y j

∣∣3]] ,
ρ1 =

max
j

[
||M j||2 +

∣∣∣MT
j µ

∣∣∣]
min

j

[√
||M j||22 +

(
MT

j µ

)2
] .

Proof:

By Lemma 1.5.1, νx = νy, so we can drop the subscript and use ν to denote the variance

of either quadratic form. Since Q(n)
y = 1

ν
yT My = 1

2ν
yT (M+MT)y, we can assume that M is

symmetric without loss of generality. . We will proceed using a standard variable swapping

approach reminiscent of Gibbs-sampling.

Let ∆
(n)
j = 2

[
j−1
∑

i=1
mi jyi +

n
∑

i= j+1
mi jxi

]
.

S(n)j =
1
ν



y1

...

y j−1

0

x j+1

...

xn



T

M



y1

...

y j−1

0

x j+1

...

xn


Under these definitions we not only have that Q(n)

x = S(n)1 + ν−1x1∆
(n)
1 and Q(n)

y = S(n)n +

ν−1yn∆
(n)
n , but also that
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S(n)j +ν
−1y j∆

(n)
j = S(n)j+1 +ν

−1x j+1∆
(n)
j+1 ∀ j ∈ 1, . . . ,n

This allows us to rewrite
∣∣∣E[φ (Q(n)

x

)
−φ

(
Q(n)

y

)]∣∣∣ as a telescoping sum:

∣∣∣∣∣E
[

n

∑
j=1

[
φ

(
S(n)j +ν

−1x j∆
(n)
j

)
−φ

(
S(n)j +ν

−1y j∆
(n)
j

)]]∣∣∣∣∣
Taking the expectation through the sum and Taylor expanding φ around S(n)j , we can rewrite

E
[
φ

(
S(n)j +ν−1x j∆

(n)
j

)]
as

E
[
φ

(
S(n)j

)]
+

1
ν
E
[
φ
′
(

S(n)j

)
x j∆

(n)
j

]
+

1
2ν2E

[
φ
′′
(

S(n)j

)(
x j∆

(n)
j

)2
]
+

1
6ν3E

[
φ
′′′
(

Ŝ(n)j

)(
x j∆

(n)
j

)3
]

for some function of x j, Ŝ j(x j) ∈
[
S(n)j ,S(n)j +ν−1x j∆

(n)
j

]
. Using independence, we have

E
[
φ

(
S(n)j +ν

−1x j∆
(n)
j

)]
=

E
[
φ

(
S(n)j

)]
+

1
ν
E
[
x j
]
E
[
φ
′
(

S(n)j

)
∆
(n)
j

]
+

1
2ν2E

[
x2

j
]
E
[

φ
′′
(

S(n)j

)(
∆
(n)
j

)2
]

+
1

6ν3E
[

φ
′′′
(

Ŝ(n)j (x j)
)(

x j∆
(n)
j

)3
]

Note that we can similarly expand E
[
φ

(
S(n)j +ν−1y j∆

(n)
j

)]
with Ŝ j(y j)∈

[
S(n)j ,S(n)j +ν−1y j∆

(n)
j

]
in the third order term. Since the first and second moments of xi match those of yi, we can

cancel all first and second order terms of each expansion. Using Jensen’s Inequality and
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independence, we have,

∣∣∣E[φ (Q(n)
x

)
−φ

(
Q(n)

y

)]∣∣∣=
1

6ν3

∣∣∣∣∣ n

∑
j=1

E
[

φ
′′′
(

Ŝ(n)j (x j)
)(

x j∆
(n)
j

)3
]
−E

[
φ
′′′
(

Ŝ(n)j (y j)
)(

y j∆
(n)
j

)3
]∣∣∣∣∣

≤ 1
6ν3

n

∑
j=1

E
[∣∣∣φ ′′′(Ŝ(n)j (x j)

)∣∣∣ ∣∣x j
∣∣3 ∣∣∣∆(n)

j

∣∣∣3]+E
[∣∣∣φ ′′′(Ŝ(n)j (y j)

)∣∣∣ ∣∣y j
∣∣3 ∣∣∣∆(n)

j

∣∣∣3]
≤ K3

6ν3

n

∑
j=1

E
[∣∣x j

∣∣3 ∣∣∣∆(n)
j

∣∣∣3]+E
[∣∣y j

∣∣3 ∣∣∣∆(n)
j

∣∣∣3]
≤ K3

6ν3

n

∑
j=1

E
[∣∣x j

∣∣3]E[∣∣∣∆(n)
j

∣∣∣3]+E
[∣∣y j

∣∣3]E[∣∣∣∆(n)
j

∣∣∣3]
≤ ψK3

6ν3

n

∑
j=1

∣∣∣∣∣∣∆(n)
j

∣∣∣∣∣∣3
4
. (3.14)

In order to evaluate
∣∣∣∣∣∣∆(n)

j

∣∣∣∣∣∣
4
, let Mi denote the ith column of M and M2

i denote the ith

column of M squared elementwise. Let ỹ = y−µ and x̃ = x−µ Let Z and Z̃ both be n×n

matricies such that the jth column,

Z j =



y1

...

y j−1

0

x j+1

...

xn



and Z̃ j =



ỹ1

...

ỹ j−1

0

x̃ j+1

...

x̃n



.

∣∣∣∣∣∣∆(n)
j

∣∣∣∣∣∣4
4
= 16E

[(
MT

j Z j
)4
]
= 16E

[(
MT

j Z̃ j +MT
j µ
)4
]
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Expanding yields

E
[(

MT
j Z̃ j +MT

j µ
)4
]
= E

[(
MT

j Z̃ j
)4
]
+4E

[(
MT

j Z̃ j
)3
](

MT
j µ
)

+6E
[(

MT
j Z̃ j
)2
](

MT
j µ
)2

+E
[(

MT
j Z̃ j
)](

MT
j µ
)3

+
(
MT

j µ
)4
.

Since E
[
z̃i j
]
= 0 ∀ i, j, all terms including a monomial in the above expectations are zero,

this allows us to simplify this to

E
[(

MT
j Z̃ j
)4
]
+4E

[
(M3

j )
T Z̃3

j
](

MT
j µ
)
+6E

[
(M2

j )
T Z̃2

j
](

MT
j µ
)2

+
(
MT

j µ
)4

Here when we write Mk
j we mean taking the elements of M j to the kth power elementwise.

Note again that here we have already removed all monomial terms since they evaluate to

zero.

To evaluate the first term, we again use the fact that all terms with monomials will be zero.

E

( j−1

∑
i=1

mi jỹi +
n

∑
i= j+1

mi jx̃i

)4
=

j−1

∑
i=1

m4
i jE
(
ỹ4

i
)
+

n

∑
i= j+1

m4
i jE
(
x̃4

i
)

+6
j−1

∑
i=1

∑
1≤k≤ j−1

k ̸=i

m2
i jm

2
k jE
(
ỹ2

i
)
E
(
ỹ2

k
)
+6

j−1

∑
i=1

n

∑
k= j+1

m2
i jm

2
k jE
(
ỹ2

i
)
E
(
x̃2

k
)

+6
n

∑
i= j+1

j−1

∑
k=1

m2
i jm

2
k jE
(
x̃2

i
)
E
(
ỹ2

k
)
+6

n

∑
i= j+1

∑
j+1≤k≤n

k ̸=i

m2
i jm

2
k jE
(
x̃2

i
)
E
(
x̃2

k
)

Recalling that τ ≥max
(

max
j

(∣∣∣∣x j
∣∣∣∣

4

)
,max

j

(∣∣∣∣y j
∣∣∣∣

4

))
, which also makes τ2 ≥ σ2

i ∀ i, we

have
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E

( j−1

∑
i=1

mi jỹi +
n

∑
i= j+1

mi jx̃i

)4
≤ 3τ

4

(
n

∑
i=1

m2
i j

)2

= 3τ
4||M j||42

To evaluate the second term, we recall that
∣∣∣E(ỹ3

j

)∣∣∣≤ E
(∣∣ỹ j

∣∣3)≤ τ3.

4E
[
(M3

j )
T Z̃3

j
](

MT
j µ
)
≤ 4(

∣∣M j
∣∣3)T



∣∣E(ỹ3
1
)∣∣

...∣∣∣E(ỹ3
j−1

)∣∣∣
0∣∣∣E(x̃3
j+1

)∣∣∣
...∣∣E(x̃3

n
)∣∣



∣∣MT
j µ
∣∣

≤ 4τ
3||M j||33

∣∣MT
j µ
∣∣

≤ 4τ
3||M j||32

∣∣MT
j µ
∣∣ .

We have a similar bound for the third term using E
(

ỹ2
j

)
≤ τ2.

6E
[
(M2

j )
T Z̃2

j
](

MT
j µ
)2 ≤ 6(M2

j )
T



σ2
1
...

σ2
j−1

0

σ2
j+1
...

σ2
n



(
MT

j µ
)2

≤ 6τ
2||M j||22

(
MT

j µ
)2
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Putting the terms back together yields

E
[(

MT
j Z̃ j +MT

j µ
)4
]
≤ 3τ

4||M j||42 +4τ
3||M j||32

∣∣MT
j µ
∣∣+6τ

2||M j||22
(
MT

j µ
)2

+
(
MT

j µ
)4

≤ 3max
(
τ

4,1
)(
||M j||2 +

∣∣MT
j µ
∣∣)4

.

This in turn implies that

∣∣∣∣∣∣∆(n)
j

∣∣∣∣∣∣4
4
≤ 48max

(
τ

4,1
)(
||M j||2 +

∣∣MT
j µ
∣∣)4

.

Using our Lemma 1.5.1 and that Mii = 0 ∀ i,

ν
2 ≥ 2 σ

2 T
(M ∗M)σ

2 +4
(
µ

2)T
(M ∗M)σ

2 +4(Mµ)T Diag
(
σ

2)(Mµ)

=
n

∑
i=1

σ
2
i

(
4(M2

i )
T
(

1
2

σ
2 +µ

2
)
+4(MT

i µ)2
)

≥ 4σ
2
⋆

n

∑
i=1

(M2
i )

T
(

1
2

σ
2 +µ

2
)
+(MT

i µ)2

≥ 4σ
2
⋆

n

∑
i=1

min
j

(
1
2

σ
2
j +µ

2
j

)
||Mi||22 +(MT

i µ)2

≥ 4σ
2
⋆ min

(
min

j

(
1
2

σ
2
j +µ

2
j

)
,1
) n

∑
i=1
||Mi||22 +(MT

i µ)2

≥ 4nσ
2
⋆ min

(
min

j

(
1
2

σ
2
j +µ

2
j

)
,1
)

min
i

(
||Mi||22 +(MT

i µ)2)
Applying these bounds we have,
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ν
−3

n

∑
j=1

∣∣∣∣∣∣∆(n)
j

∣∣∣∣∣∣3
4
≤ ν

−3
n

∑
j=1

(
48max

(
τ

4,1
)(
||M j||2 +

∣∣MT
j µ
∣∣)4
)3/4

≤ 483/4 max
(
τ

3,1
)

ν
−3

n

∑
j=1

(
||M j||2 +

∣∣MT
j µ
∣∣)3

≤ 33/48max
(
τ

3,1
)

ν
−3nmax

j

((
||M j||2 +

∣∣MT
j µ
∣∣)3
)

≤
33/48nmax

(
τ3,1

)
max

j

((
||M j||2 +

∣∣∣MT
j µ

∣∣∣)3
)

(
4nσ2

⋆ min
(

min
j

(
1
2σ2

j +µ2
j

)
,1
)

min
i

(
||Mi||22 +(MT

i µ)2
))3/2

≤ 1√
n

271/4 max
(
τ3,1

)
σ3
⋆ min

(
min

j

((
1
2σ2

j +µ2
j

)3/2
)
,1
)
 max

j

(
||M j||2 +

∣∣∣MT
j µ

∣∣∣)
min

i

(√
||Mi||22 +(MT

i µ)2
)


3

.

Substituting this into our bound on
∣∣∣E[φ (Q(n)

x

)
−φ

(
Q(n)

y

)]∣∣∣ (Equation 3.14) completes

the proof.

3.4.4 Proof of Lemma 3.2.2

Lemma. Consider two random variables X and Y . Let Y be continuous and it’s density be up-

per bounded by a constant U. If there exists a constant C∈R such that |E(φa,ε (X))−E(φa,ε (Y ))| ≤

K3C ∀ a ∈ R and ∀ ε > 0, then

|P(X ≤ a)−P(Y ≤ a)| ≤ 4
3

U
(

3π3C
2

)1/4

Proof:

Since 1
2

(
cos
(

π

ε
(x−a)

)
+1
)
∈ [0,1) for x ∈ (a,a+ ε], we have

P(X ≤ a)≤ E(φa,ε (X))≤ E(φa,ε (Y ))+K3C ≤ P(Y ≤ a)+Uε +K3C.
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Going the other direction,

P(X ≤ a)≥ E(φa−ε,ε (X))≥ E(φa−ε,ε (Y ))−K3C ≥ P(Y ≤ a)−Uε−K3C.

Therefore,

|P(X ≤ a)−P(Y ≤ a)| ≤Uε +K3C =Uε +
π3C

2
ε
−3 (3.15)

Optimizing our bound in ε ,

d
dε

(
Uε +

π3C
2

ε
−3
)
=U− 3π3C

2
ε
−4 = 0,

we find that we should set ε to
(

3π3C
2U

)1/4
. Thus,

|P(X ≤ a)−P(Y ≤ a)| ≤U
(

3π3C
2U

)1/4

+
π3C

2

(
3π3C
2U

)−3/4

≤
(

3π3C
2U

)1/4
(

U +

(
3
U

)−1
)

≤ 4
3

U
(

3π3C
2

)1/4

.
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3.4.5 Proof of Theorem 3.2.6

Theorem. Let M be a real matrix and φ be a real function with a bounded third derivative:

|φ ′′′| ≤ K3. For two random vectors with independent entries, y, x, let the first eight moments

of each yi and each xi exist. If E(yi) = E(xi) = 0 ∀ i and the first four moments of xi match

the first four moments of yi for all i, then

∣∣∣E[φ (Q(n)
x

)
−φ

(
Q(n)

y

)]∣∣∣≤ 1√
n

K3ψ max
(

8
(

33/4
)

τ3,1
)

3(min(κ⋆,2σ4
⋆ ))

3/2 ρ
3
2 ,

where

σ
2
⋆ = min

j
σ

2
j

κ j = Var
(
y2

j
)
= Var

(
x2

j
)

κ⋆ = min
j

κ j

τ ≥max
j

(
max

(∣∣∣∣x j
∣∣∣∣

4 ,
∣∣∣∣y j
∣∣∣∣

4

))
ψ ≥max

j

(
max

(√
E
[
x8

j

]
,E
[
x8

j
]
,

√
E
[
y8

j

]
,E
[
y8

j
]))

ρ2 =

max
j

[
||M̃ j||2 +

∣∣m j j
∣∣]

min
j

[√
||M̃ j||22 +m2

j j

]
Proof: By Lemma 1.5.1, νx = νy, so we can drop the subscript and use ν to denote the

variance of either quadratic form. Since Q(n)
y = 1

ν
yT My = 1

2ν
yT (M+MT)y, we can assume

that M is symmetric without loss of generality. Let M̃ = (M−diag(M)) so that m̃ j j = 0 ∀ j.

Let us temporarily consider a more general three-times differentiable function φ with bounded

derivatives up to fourth order. Let K3 = sup
x∈R
|φ ′′′(x)|. We will proceed using the same variable

swapping approach as in the previous proof. Define ∆
(n)
j = 2

[
j−1
∑

i=1
mi jyi +

n
∑

i= j+1
mi jxi

]
,
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S(n)j =
1
ν



y1

...

y j−1

0

x j+1

...

xn



T

M



y1

...

y j−1

0

x j+1

...

xn



.

Under these definitions we have

S(n)j +ν
−1
(

y j∆
(n)
j + y2

jm j j

)
= S(n)j+1 +ν

−1
(

x j+1∆
(n)
j+1 + x2

j+1m j+1, j+1

)
,

Q(n)
x = S(n)1 +ν

−1
(

x1∆
(n)
1 + x2

1m11

)
,

Q(n)
y = S(n)n +ν

−1
(

yn∆
(n)
n + y2

nmnn

)
.

This allows us to rewrite
∣∣∣E[φ (Q(n)

x

)
−φ

(
Q(n)

y

)]∣∣∣ as a telescoping sum:

∣∣∣∣∣E
[

n

∑
j=1

[
φ

(
S(n)j +ν

−1
(

x j∆
(n)
j + x2

jm j j

))
−φ

(
S(n)j +ν

−1
(

y j∆
(n)
j + y2

jm j j

))]]∣∣∣∣∣ .
Taking the expectation through the sum and Taylor expanding φ around S(n)j , we can rewrite

E
[
φ

(
S(n)j +ν−1

(
x j∆

(n)
j + x2

jm j j

))]
as
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E
[
φ

(
S(n)j

)]
+E

[
φ
′
(

S(n)j

)
ν
−1
(

x j∆
(n)
j + x2

jm j j

)]
+

1
2
E
[

φ
′′
(

S(n)j

)
ν
−2
(

x j∆
(n)
j + x2

jm j j

)2
]

+
1
6
E
[

φ
′′′
(

Ŝ(n)j

)
ν
−3
(

x j∆
(n)
j + x2

jm j j

)3
]

for some function of x j, Ŝ j(x j) ∈
[
S(n)j ,S(n)j +ν−1

(
x j∆

(n)
j + x2

jm j j

)]
. Using independence,

we have

E
[
φ

(
S(n)j

)]
+ν

−1E
[
x j
]
E
[
φ
′
(

S(n)j

)
∆
(n)
j

]
+ν

−1E
[
x2

j
]

m j jE
[
φ
′
(

S(n)j

)]
+

1
2

ν
−2E

[
x2

j
]
E
[

φ
′′
(

S(n)j

)(
∆
(n)
j

)2
]
+ν

−2E
[
x3

j
]

m j jE
[
φ
′′
(

S(n)j

)
∆
(n)
j

]
+

1
2

ν
−2E

[
x4

j
]

m2
j jE
[
φ
′′
(

S(n)j

)]
+

1
6

ν
−3E

[
φ
′′′
(

Ŝ(n)j (x j)
)(

x j∆
(n)
j

)3
]
.

Note that we can similarly expand E
[
φ

(
S(n)j +ν−1

(
y j∆

(n)
j + y2

jm j j

))]
with

Ŝ j(y j) ∈
[
S(n)j ,S(n)j +ν−1

(
y j∆

(n)
j + y2

jm j j

)]
in the third order term. Since the first, second,

third and fourth moments of xi match those of yi, we can cancel all first and second order

terms of each expansion and apply Jensen’s Inequality to yield

1
6ν3

∣∣∣∣∣ n

∑
j=1

E
[

φ
′′′
(

Ŝ(n)j (x j)
)(

x j∆
(n)
j + x2

jm j j

)3
]
−E

[
φ
′′′
(

Ŝ(n)j (y j)
)(

y j∆
(n)
j + y2

jm j j

)3
]∣∣∣∣∣

≤ 1
6ν3

n

∑
j=1

E
[∣∣∣φ ′′′(Ŝ(n)j (x j)

)∣∣∣ ∣∣∣x j∆
(n)
j + x2

jm j j

∣∣∣3]+E
[∣∣∣φ ′′′(Ŝ(n)j (y j)

)∣∣∣ ∣∣∣y j∆
(n)
j + y2

jm j j

∣∣∣3]

≤ K3

6ν3

n

∑
j=1

(
E
[(

x j∆
(n)
j + x2

jm j j

)4
])3/4

+

(
E
[(

y j∆
(n)
j + y2

jm j j

)4
])3/4

.
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Expanding the first term, we can use independence and the fact that E
[
∆
(n)
j

]
= 0 to yield

E
[(

x j∆
(n)
j + x2

jm j j

)4
]
= E

[
x4

j
]
E
[(

∆
(n)
j

)4
]

+4m j jE
[
x5

j

]
E
[(

∆
(n)
j

)3
]
+6m2

j jE
[
x6

j

]
E
[(

∆
(n)
j

)2
]

+4m3
j jE
[
x7

j
]
E
[
∆
(n)
j

]
+m4

j jE
[
x8

j
]

≤
√

E
[
x8

j

]
E
[(

∆
(n)
j

)4
]
+4
∣∣m j j

∣∣E[∣∣∣x5
j

∣∣∣]E[∣∣∣∆(n)
j

∣∣∣3]
+6m2

j j
(
E
[
x8

j
])3/4

√
E
[(

∆
(n)
j

)4
]
+m4

j jE
[
x8

j
]

≤
√

E
[
x8

j

]
E
[(

∆
(n)
j

)4
]
+4
∣∣m j j

∣∣(E[x8
j
])5/8E

[(
∆
(n)
j

)4
]3/4

+6m2
j j
(
E
[
x8

j
])3/4

√
E
[(

∆
(n)
j

)4
]
+m4

j jE
[
x8

j
]

≤max

(√
E
[
x8

j

]
,E
[
x8

j
])(

E
[(

∆
(n)
j

)4
]1/4

+
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As shown in the previous proof, we have
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Chapter 4

Application to GWAS

In Chapter 2, we presented an approach for calculating a genetic distance between all pairs

of haplotypes in a sample at each locus along the genome. In Chapter 3, we developed a

screening approach for quadratic forms that can test whether a set of outcomes respects

the weighted graph structure implied by a given matrix. In this chapter, we make the final

steps to show how these two methods provide the foundation for a class of haplotype-based

screening models for GWASs. We pilot one model from this class on a dataset of Kenyan

haplotypes from the Malaria Genomic Epidemiology Network [55]. We will focus on binary

phenotypes, specifically the diagnosis of severe malaria.

The HMM parameters we use, how we adjust for population structure, and other features

of the model have not been optimized, and our present analysis is by no means a full or robust

analysis of this dataset. We simply aim to show that our framework is applicable to real

data and recovers a few known associated loci. While our implementation of the screening

approach derived from Chapter 3 has not been computationally optimized, our pilot shows

that coupling our HMM decoding with our quadratic form screening approach is tractable on

a real GWAS dataset. We also highlight a few interesting novel signals and discuss future

steps that we will take to improve robustness and performance.
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4.1 Dediploiding

Recalling our notation established at the beginning of Chapter 1, let Ns refer to the number of

organisms sampled in a study, and N be the number of haplotypes derived from that sample. In

diploid organisms, N = 2Ns. Note that the distance matrices we calculate between haplotypes

in Chapter 2,
(

d̃l
i, j

)N×N
, are N×N. In other words, there are four distances between any

two individuals. Since we only have one outcome per individual, testing quadratic forms like

those in Chapter 3 requires us to construct a meaningful genetic distance between each pair

of individuals based on the four distances between their pairs of haplotypes. We will refer to

the process of generating a Ns×Ns distance matrix from
(

d̃l
i, j

)N×N
as "dediploiding."

At first, the need to perform dediploiding may appear to be an unnecessary complication

arising from our choice to model haplotypes. Both SKAT and Xu & Guan’s approach for

haplotype testing seem to circumvent this step by inferring local relatedness structures directly

from genotypes rather than from phased haplotypes [12, 29]. While modeling genotypes

avoids the computational burden and switch errors that accompany phasing, we deliberately

model haplotypes rather than genotypes because convolving haplotypes into genotypes often

obscures the grouping of the underlying haplotypes. This eliminates information relevant to

association testing (see Figure 4.1). As we will show below, we can choose transformations

ψ : R2×2→ R that will map the four distances between two individuals to a single distance

that remembers whether two individuals share a common haplotype.
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Fig. 4.1 Information Loss During Convolution: Here we present a sample of 4 individuals
(each with a distinct ID number). Two of them have the blue phenotype and two have the
red phenotype. Alongside their phenotypes are their local haplotypes in a causal region
of the genome. At this locus, there are four distinct haplotypes. The purple haplotype is
dominant and elicits the blue phenotype. The golden haplotype is dominant and elicits the
red phenotype. The convolution of the haplotypes into genotypes is shown (paired haplotype
rows are simply added). To the right of the genotypes is the kernel matrix K that would result
followed by an application of the non-weighted linear kernel: Ki j = ∑

k
GikG jk. This is the

same kernel used before in Chapter 1, Figure 1.1. As emphasized by the four red entries in
the resulting kernel matrix, K, the genotypes predict that individuals 2 and 3 have similar
phenotypes and that individuals 3 and 4 have different phenotypes. This reflects the fact that
the genotypes obfuscate the genetic distinction between individuals 2 and 3 that drives their
distinct phenotypes. This information cannot be recovered no matter which kernel function
is used to process the genotypes.
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Among the set of potential dediploiding functions, ψ , we want to choose those that will

maximize our power to detect haplotypic associations. Consider a population with k distinct

haplotypes that elicit different expected phenotypes. We will label these different alleles

with capital letters: A, B, C, . . . . For a population with k distinct haplotypes, there are k(k+1)
2

possible pairs of alleles that an individual might carry, k of them being homozygous and
(k

2

)
of them being heterozygous. On average, our HMM implementation will add a mutation

penalty and declare a relatively high distance between mismatched haplotypes and a relatively

low distance between matching haplotypes. The resulting four local distances calculated by

our HMM between any two individuals in our sample may be summarized in a 2×2 table.

We will denote a generic 2×2 table as having the following form where a,b,c,d ∈ R.
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a b

c d

Using this notation, we will consider functions ψ(a,b,c,d).

We only need to consider how ψ acts on five different configurations of tables because of

three key symmetries. These are the same symmetries that arise in 2×2 tables in classical

hypothesis testing. First, the order of rows and columns is arbitrary: the haplotypes within an

individual may be denoted in either order. Similarly, which pair of alleles is assigned to be

written across the rows versus across the columns is arbitrary: if we transpose each 2×2

table, the genetic relationship between two individuals is invariant. These two symmetries

reflect the fact that in any given sample of haplotypes, the order of individuals within that

haplotype file and the order of the two haplotypes within each individual can be changed

without changing the underlying phylogeny. Finally, the labelling of the k groups is arbitrary.

Even in a population with k distinct haplotypes, accounting for these symmetries leaves us

with only the five classes of 2×2 tables in Table 4.1. These symmetries constrain our family

of candidate dediploiding functions ψ: they must be invariant to changes in row/column

order, transposition, and allele labelling. We will say that such functions are 2× 2 table

symmetric. We note that a slightly different approach toward compressing haplotypes should

be taken for regions of the genome that are hemizygous, such as the X chromosome in males

and imprinted regions, but we will not consider those special cases here.
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Matching Hom-Hom

A A

A ε ε

A ε ε

Non-matching

A A

B δ δ

B δ δ

A A

B δ δ

C δ δ

A B

C δ δ

D δ δ

Matching Het-Het

A B

A ε δ

B δ ε

P. Match. Het-Hom

A A

A ε ε

B δ δ

P. Match. Het-Het

A C

A ε δ

B δ δ

Table 4.1 The Five Table Classes: Let ε denote a relatively small haplotype distance and
δ denote a relatively large haplotype distance. Each of the 2× 2 tables indicate whether
we would expect the distance between two haplotypes to be declared relatively low (ε) or
relatively high (δ ) using our HMM implementation under different haplotype configurations.
Regardless of the dataset or locus of interest, ψ should always return a small distance for
matching homozygous-homozygous tables and matching heterozygous-heterozygous tables.
It should always return a large distance for non-matching tables where all four distances
are δ . In contrast, partial matching heterozygous-homozygous tables and partial matching
heterozygous-heterozygous tables should be treated differently by ψ depending on the
suspected underlying genetic architecture.

To maximize power, we want to select a set of ψ functions that will call individuals with

the same expected phenotype genetically similar. In the matching homozygous-homozygous

(matching hom-hom) case, it is obvious that the two individuals should be called genetically

similar by ψ since all of their alleles are identical. In contrast, two individuals should be

called genetically distant in the non-matching case where they do not share any alleles. Many

ψ would map these two configurations appropriately. For example, taking the mean of

the four distances would call matching hom-hom tables close and non-matching tables far.

Importantly, ψmean =
1
4 (a+b+ c+d), is also 2×2 table symmetric. However, ψmean does

not perform optimally in the matching heterozygous-heterozygous (matching het-het) case

where both individuals would have the same alleles and the same expected phenotype but

ψmean would declare them to be some medium genetic distance apart.
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As we will see below, there are several 2×2 table symmetric functions that can return

a small distance when given a matching het.-het. table as well as the appropriate distances

for matching hom-hom and non-matching tables. However, the desirable behavior of ψ

for the remaining two cases, partial matching heterozygous-homozygous (partial het-hom)

and partial matching heterozygous-heterozygous (partial het-het), varies depending on the

genetic architecture.

In essence, ψ should handle these two types of tables depending on how phenotypically

similar two individuals should be based on sharing one allele. More specifically, for partial

het-hom tables, we must decide whether heterozygotes will be phenotypically similar to

homozygotes with which they share an allele, their "neighboring" homozygotes. Similarly,

for the partial het-het case, we must decide whether to declare heterzygotes that only share

one allele as close or far. Geneticists routinely make judgements about whether heterozygotes

should be modeled as phenotypically equivalent to homozygotes when fitting dominant allele

and recessive allele models (see Figure 4.2).

To connect dominant and recessive allele models to our tables, consider the partial het-

hom case as depicted in Figure 4.1. If B was a dominant allele, then it would optimal for

ψ to return a large distance. However, note that a function ψ that calls AB far from AA,

would also call AB far from BB due to allele labeling invariance, which if B were dominant,

should share the same phenotype. The same problem arises if B was recessive in the partial

het-hom table. In that case, it would be optimal for ψ to return a large distance. However,

a function ψ that calls AB close to AA will also call it close to BB, which would be false

if B is recessive. This reflects the fact that 2×2 tables are invariant to allele labeling while

definitions of dominance and recessiveness are not invariant to allele labeling. In other words,

with only a matrix of pairwise distances, the directionality encoding which allele is increasing

in copy number is lost. This means that we cannot model recessiveness and dominance as

distinct phenomena, but only whether heterozygotes are expected to have a phenotype that is
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a compromise between the phenotypes of their neighboring homozygotes or a phenotype

that is completely distinct from the phenotypes of their neighboring homozygotes.

Fig. 4.2 Classic Modes of Inheritance: The expected phenotype corresponding to recessive,
additive, and dominant inheritance is shown as a function of genotype. Strictly looking
at this figure, it would appear that in order to maximize the power to detect a dominant
mutation, ψ should evaluate heterozygotes (01) as close to (11) homozygotes but far from
(00) homozygotes. However, if we flipped the labelling of the alleles, we would want to ψ

to group heterozygotes (01) with (00) homozygotes. Since the coding of alleles is arbitrary,
this means that testing for dominance or recessiveness is the same in the binary allele case.
It amounts to assessing whether the expected phenotype of the heterzygote is closer to the
expected phenotype of one of the homozygous states.
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We do not see this as a true limitation of the method. Dominant and recessive models

capture when a heterozygote should be modeled as phenotypically more similar to one

neighboring homozygote than the other. Once we move beyond the biallelic case to where

we have k potential haplotypes and an entire Ns×Ns matrix of comparisons, testing for

dominance and recessiveness would consume many degrees of freedom and require the

identification of homozygous individuals (AA, BB, etc.) to establish directionality of allele

copy number with a hard classification algorithm. Like our approach, SKAT cannot model

recessive or dominant effects because SKAT is working with a matrix of differences between
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individuals, not counting the number of copies of specific alleles. Assumptions must be made

to achieve a one-degree of freedom test. However, since we model haplotypes rather than

genotypes, our approach retains some control over how we model heterozygotes through our

dediploiding functions.

Below we present four functions, which, as delineated in Table 4.2, provide us with

control over how partial het-hom and partial het-het tables are evaluated. Note that all of

these functions are 2×2 table symmetric and return a large distance in the trivial case of a

non-matching hom-hom table and a small distance in the case of a matching hom-hom table.

Unlike ψmean, they also return a low distance in the matching het-het case.

ψmin1 = sort(a,b,c,d) [1]

ψmin2 = sort(a,b,c,d) [2]

ψadd = min
(

a+d
2

,
b+ c

2

)
ψdom = min(max(a,d),max(b,c))

To clarify our use of the sort function, ψmin1 returns the smallest distance in the 2×2 table

where as ψmin2 returns the second smallest distance in the 2×2 table.

ψ Matching Het-Het
A B

A ε δ

B δ ε

P. Match. Het-Hom
A A

A ε ε

B δ δ

P. Match. Het-Het
A C

A ε δ

B δ δ

ψmean (ε +δ )/2 (ε +δ )/2 (ε +3δ )/4
ψmin1 ε ε ε

ψmin2 ε ε δ

ψadd ε (ε +δ )/2 (ε +δ )/2
ψdom ε δ δ

Table 4.2 Handling of Heterozygotes by ψ Candidates: Entries indicate the distance that
a given ψ function would return for the three non-trivial haplotype table configurations.
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In order to observe what is gained by using our haplotype-based rather than genotype-

based HMM and then using dediploiding functions, we revisit the hypothetical example from

Figure 4.1, where we saw the loss of information in reducing haplotypes to genotypes at the

start of the chapter, in Figure 4.3.

Fig. 4.3 Propagation of Information via Dediploiding Functions: Here we reconsider
the configuration of haplotypes and phenotypes from Figure 4.1. Applying our HMM
approach, we obtain a symmetric N×N = 8×8 distance matrix of ε and δ denoting small
and large genetic distances respectively. After applying ψmin1 or ψmin2, we see that the
resulting Ns×Ns matrix M that places a small distance between individuals with the same
phenotype (highlighted with a green ε) and larger distances between individuals with different
phenotypes.
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It may be advisable to try each of our proposed ψ functions at a given locus since they

are tuned to distinguish distinct genetic signals. However, if an investigator wants to only

use a single ψ function in order to minimize the multiple testing burden, the ψadd function

provides a sort of compromise by assigning a medium distance to partial matching tables.

As can be seen in Table 4.2, we have a function ψmin2, which assigns a low distance to

partial het-hom tables and a high distance to partial het-het tables, so we do not need to

treat both partial matching cases the same. We do not have a ψ that assigns a high distance

to partial het-hom tables and a low distance to partial het-het tables. Although it may be

difficult to countenance a genetics context in which two individuals who ostensibly have less

allele sharing at a position should be declared to have a more similar phenotype, we provide
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potential example in Example 4.1. Example 4.1 also illustrates a few of the characteristics of

a genetic architecture to which our ψ functions are sensitive.

Example 4.1 Consider a locus where partial or full knock-outs of a particular gene

are protective. Consider a genetic architecture where the functional, ancestral allele

A is common with frequency 1− p and there are k− 1 potential knockout alleles

B, C, D, etc, each with equal frequency
( p

k−1

)
. In a population with k alleles, there

are k(k− 1) potential partial het-hom pairings and k
(k−1

2

)
potential partial het-het

pairings. In this hypothetical example, let us assume that these alleles are all in

Hardy-Weinberg equilibrium. Since we assumed that the mutant alleles are dominant

over the A allele, an ideal ψ would assign a large distance to partial het-hom pairings

where A is the primary haplotype (AA-AX, for some other allele X). As a proportion

of the 2×2 tables at this locus, (AA-AX) comparisons make up 4(1− p)3 p of tables.

In contrast XX-AX and XX-YX tables (for some alelles X ̸= A and Y ̸= X), only

make up 4(k−1)
( p

k−1

)3
(

1− p
(k−1)

)
of tables. Recall that we assumed that p is small.

Although it would be sub-optimal to declare the XX-AX and XX-YX tables as far

apart, since AA−AX terms are much more common, it may be superior to declare

all partial het-hom pairings as far. No calculation is necessary to consider the partial

het-het tables because in this scenario, all heterozygotes are protected, and should be

declared similar. In summary, this is a hypothetical case where calling partial het-hom

tables far and partial het-het tables similar may be advantageous.

Given our four dediploiding functions, we proceed in the following section to show how

the resulting Ns×Ns distance matrix M may be used in modeling phenotypes.
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4.2 GWAS via Autologistic Models

In this section, we consider a couple of models that allow us to incorporate our distance

matrix M into a logistic regression framework.

4.2.1 Classic Autologistic Models

Consider modeling a binary phenotype Y ∈ {0,1} with a logistic regression model that

includes a covariate, indexed by a parameter of interest τ , which takes a weighted sum over

the other phenotypes in the dataset. While previously in the thesis it has been sufficient to use

y to denote a random vector of phenotypes, since we will be dealing with phenotypes both as

a random vector but also as a realization of that random vector in a dataset, here let Y denote

the random vector of phenotypes and y denote an observed realization of Y . Let A ∈Rn×p be

a matrix of background covariates with corresponding coefficients α ∈ Rp. The model

Yi|Y−i ∼ Bern(ηi) where logit(ηi) =
p

∑
k=1

Aikαk + τ ∑
j ̸=i

Mi jy j, (4.1)

has been used in countless applied problems, but is sometimes used without proper nor-

malization [56]. As pointed out by [57] in the context of probabilistic nearest neighbour

models, this can lead to unreliable inference. The full conditional distribution implied by 4.1

corresponds to a joint likelihood of the form

P(Y = y|A,α,M,τ) =
exp
(
yT Aα + τyT My

)
∑

z∈{0,1}N
exp(zT Aα + τzT Mz)

, (4.2)

where M is a hollow matrix (the diagonal entries are all zero). Equation 4.2 makes it clear that

Model 4.1 automatically ignores any asymmetry in M since vT Mv = 1
2vT (M+MT)v ∀ v ∈

Rn. Therefore, we can assume that M is symmetric. If we are given an asymmetric distance or

weight matrix W , we can always just set M = 1
2

(
W +W T). This justifies the symmeterization
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step that we perform in calculating our haplotype distance matrices: the skew component of

M is ancillary in our model.

The normalizing constant is famously intractable, hence why proper normalization of

this likelihood is often ignored in practice [58, 59]. However, the likelihood is normalizable

on the slice of the parameter space where τ = 0. Approximating the log-likelihood surface

with a paraboloid based on the gradient and Hessian at the MLE under the null (τ = 0), we

obtain following first order approximation to the likelihood ratio test statistic, commonly

known as the score statistic, for τ (see Appendix at end of chapter for derivation).

Proposition 4.2.1. The score statistic for τ under the logistic automodel likelihood in

Equation (4.2) is

Sy =
1

1− r2
α̃,M

(
yT My−Eα̃

(
Y T MY

)√
Varα̃ (Y T MY )

)2

. (4.3)

Here α̃ are the maximum-likelihood parameters estimated under the null model. Note

that Eα̃

(
Y T MY

)
, Varα̃

(
Y T MY

)
, and r2

α̃,M (see Appendix for definition) are all functions of

α̃ and M, not functions of the observed y. Therefore, given α̃ , Sy is a deterministic function

of yT My so the p-value of the score statistic is simply the tail probability of the quadratic

form P
(
Y T MY ≤ yT My

)
where each Yi is independent and drawn from the fitted null model.

4.2.2 Centered Autologistic Models

The classic autologistic model presented above has been critisized for the lack of interpretabil-

ity of the interaction parameter τ [60]. From a genetics perspective, it’s helpful to decompose

yT My into its centered and mean components. Since we can assume that M is symmetric, we

have

yT My = (y−µ)T M (y−µ)+2yT Mµ +µ
T Mµ (4.4)
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Therefore, yT My will reach extreme values when either (y−µ)T M (y−µ) or yT Mµ are

large. The centered quadratic form captures what we typically think of as heritability. It

tests whether an individual is more likely to have a disease beyond the risk predicted by his

or her background covariates if their close relatives also have the disease beyond the risk

predicted by their background covariates. This would imply that there is some latent genetic

process underpinning disease risk in the population. yT Mµ captures something more subtle:

it tests whether an individual is more likely to have a disease if their genetic relatives are at a

high environmental risk for the disease. While this type of gene-environment interaction is

certainly of interest, especially in the context of infectious disease, for now we wish to focus

on purely the latent genetic process. To this end, we resort to a modification of the classic

autologistic model, the centered autologistic model [60, 58]. Its likelihood takes the form

Yi|Y−i ∼ Bern(ηi) where logit(ηi) =
p

∑
k=1

Aikαk + τ ∑
j ̸=i

Mi j
(
y j−µ j

)
. (4.5)

Here we define µ j as the expected value of Yj if the effect of τ was absent: µ j =

exp
( p

∑
k=1

Aikαk

)
1+exp

( p
∑

k=1
Aikαk

) . As in the previous model, we are interested in cases where τ < 0, since for

a given distance matrix M, implies that individuals who are more genetically similar tend to

similar outcomes. As before, note that here M is also hollow. Critically, the ability to include

background covariates A, allows us to adjust for population structure [27]. Just as for Model

4.2, we obtain a quadratic form for the score statistic for τ under Model 4.5 which takes the

form

(y− µ̃)T M (y− µ̃) . (4.6)

Since M has a zero diagonal, after removing genetically outlying individuals from a

dataset, we can directly appeal to Theorem 3.2.5 and apply our Gaussian quadratic form

screening approach to obtain bounds on the p-value of (y− µ̃)T M (y− µ̃).
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4.3 Pilot on data from the MalariaGEN Consortium

4.3.1 Background on Malaria

Malaria is a life-threatening disease caused by Plasmodium parasites, which are spread

between humans by infected female Anopheles mosquitoes. Although five species of

Plasmodium are known to cause malaria in humans, the overwhelming majority of the

disease burden worldwide is driven by two species, P. falciparum and P. vivax [61].

Although individuals living in areas where malaria is endemic often develop resistance

during early childhood, for non-immune individuals, symptoms usually appear between one

to two weeks after the initial mosquitoe bite and include fever, chills, and vommitting. For

individuals infected by P. falciparum, these symptoms can escalate to multisystem organ

failure and death [61]. Although the incidence rate and mortality rate have dropped globally

between 2000 and 2015, the WHO estimates that there were over 214 million new cases of

malaria and 438,000 malaria deaths worldwide in 2015 [62].

The phylogenetic ancestors of malaria parasites are thought to have began infecting

early forms of mosquitoes and blood-sucking flies over 100 million years ago and evolved a

two-stage life cycle in accordance with the blood feeding of the host insects, leading them

to parasitize a wide range of land vertebrates, including reptiles, birds, and mammals [63].

Although malaria parasites are thought to have sporadically infected even the earliest apes and

humans, it is suspected that the advent of agriculture and human settlements around 10,000

years ago provided malaria parasites with an unprecedented opportunity for expansion. By

placing relatively large numbers of human hosts in close proximity to bodies of water, the site

of mosquito replication, agriculture facilitated a dramatic increase in malaria transmission

between mosquitoes and humans. Consistent with this hypothesis, many of the resistance

mutations that have risen to prevalence in modren humans are only thought to have emerged

in the past 10,000 to 5,000 years [63–65].
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Among the genetic variants that are known to be protective from malarial infection are

some of the most classic examples of natural selection: the process by which a certain

trait or causal genetic variant becomes more prevalent in a population over generations

due to a reproductive advantage it confers to carriers. HBB is the gene that codes for the

two β -globin chains in hemoglobin, the oxygen-transporting protein complex in red blood

cells. Three of its alleles, hemoglobin S, hemoglobin E, and hemoglobin C, are all known

to confer resistance to malaria [64]. Perhaps the most famous allele, the S allele, otherwise

known as the sickle-cell allele, corresponds to a glutamic acid to valine substitution that

disrupts the natural structure of hemoglobin, causing red blood cells to take on a sickled

confirmation in homozygotes. While being homozygous for the S allele yields sickle cell

anemia, being heterozygous for the allele confers strong protection against malaria infection

without significant anemia. This has made the S allele a textbook example of balancing

selection: natural selection that acts on variant that is beneficial in a heterozygous state but

deleterious in a homozygous state [64]. Since we anticipate that our HMM-based approach

will be sensitive to long haplotypes that exhibit extended homozgosity due to recent positive

selection [66], severe malaria susceptibility is a phenotype where our approach might be

especially sensitive compared to current approaches.

Not only is the S allele interesting from a selection perspective, but the valine substitution

of the S allele is thought to have arisen from five independent mutation events on distinct

haplotype backgrounds in five distinct geographical regions from West Africa to India [64].

In other words, if we were to genotype individuals from across these regions and did not

know to ascertain the valine substitution as a marker on our SNP chip, it is very unlikely

that any nearby SNP would effectively tag the causal subsitution. This type of extreme

allelic heterogeniety is also seen at other known malaria risk loci, including G6PD, ABO,

and HLA, which has made it difficult for standard single-SNP-based approaches to clearly

identify or quantify the effects of variants at these risk loci [7, 67, 64, 68, 55]. Although more
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than twenty regions of the genome have been reported to be associated with malaria risk,

several associations have not been consistently replicated [69]. Only associations at six genes

have been successfully replicated and validated: ABO, HBB, G6PD, APT2B4, CD40LG,

and GYPA/GYPB [69, 70]. We hope to show that our method provides statistical power and

consistency in these regions that exhibit allelic heterogeneity compared to single marker tests.

This makes severe malaria susceptibility a prime test case for piloting our approach.

4.3.2 Dataset & Methods

We reanalyzed the phased and filetered 6,136 Kenyan haplotypes (3068 samples), used

by Band et al. in their 2013 GWAS for loci that modulate severe malaria susceptibility

[55]. Cases recruited into this dataset presented with cerebral malaria or severe malar-

ial anemia. The control samples were population controls (obtained from umbilical cord

blood). SNPs were also subsampled for this pilot study to reduce the overall computational

time, though it is certainly tractable to apply our method to a larger dataset. For example,

Chr2, with L=27,242 SNPs in our subsampled data, took 8 hours to run using 96 cores

distributed across four machines. The majority of computational resources used went towards

association testing since our implementation of the p-value bounding procedure has not

been optimized to interface efficiently with our R package responsible for propagating the

HMM. For each N×N distance matrix, we applied the five dediploiding functions men-

tioned earlier in the chapter {ψmean,ψmin1,ψmin2,ψadd,ψdom}. For each of these dediploid

transformations, we obtained upper and lower bounds on both P
(
Y T MY < yT My

)
and

P
(
(Y −µ)T M (Y −µ)< (y−µ)T M (y−µ)

)
. We also calculated the score statistic from

Equation 4.3 based on yT My.

In this pilot, we did not tune the mutation or recombination parameters used in the HMM,

but simply set the prior copying probability to uniform for all donors across all recipients.
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We set µ = 8× 10−7 and the exponent on the recombination map γ = 1. Of course these

parameters can and should be optimized as outlined in Chapter 2.

For every locus and each of our dediploiding transformations, we bounded the p-values

of the resulting quadratic form using the top 50 eigenvalues and eigenvectors for each

distance matrix M. The bound on the potential contribution from remaining eigenvalues and

eigenvectors was then optimized using Lemma 3.1.1. We added the five principal components

calculated from the genome-wide genotype sharing matrix and added them as background

covariats to Model (4.5) to account for population structure [27, 22].

Alongside our method, we present Manhattan plots of single marker tests applied to the

same SNPs that were provided to our haplotype method. One important criticism of our

pilot is that we do not give the single marker test the added benefit of performing imputation.

However, it is still informative of our method’s ability to see more complex haplotypic

structure to compare the single marker tests to our approach on the same SNP set. At each

locus we applied four different single marker tests (SMTs) corresponding to different modes

of inheritance: dominant, recessive, additive and general (the two-degree of freedom model

for arbitrary heterozygote and homozygote SNP effects).

4.3.3 Recovering Known Results

We begin our analysis with the most classic malaria susceptibility loci: HBB and ABO. As

shown in Figure 4.4, the association signal is so strong at the HBB locus that it is detected by

all SMTs and by our haplotype test regardless of the dediploiding function used. However,

some dediploiding functions found HBB more of an outlier than others. In Figure 4.4 we

report one of the stronger haplotype signals, found using ψmin1.

Moving on to ABO, in Figure 4.5, we find that our haplotype approach clearly identifies

the association at the locus while the association at ABO was missed by all four of the SMTs.

Although this is not a strictly fair comparison since we have not imputed the SNPs for the
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SMTs, that would increase the multiple testing burden on the SMTs and make it somewhat

more difficult to compare p-values between results. At least this signal at ABO shows that

when given the same set of SNPs, our approach can uncover a classic signal that SMTs do

not. Whereas the signal at HBB was obvious no matter which ψ was used, the signal at ABO

stood out considerably more using ψmin1 or ψmin2 than ψdom or ψadd (see Figure 4.6).

Hit plots for HBB and ABO are shown in Figure 4.7. This figure not only includes a local

Manhattan plot of the p-value bounds on the centered quadratic form, (y− µ̃)T M (y− µ̃),

but also a local Manhattan plot of the p-value bounds on non-centered quadratic form, yT My

(shown in violet and orange in the bottom panels). As we can see qualitiatively, the p-value

bounds for the centered and non-centered quadratic forms tend to agree on both the magnitude

and localization of signals. However, the score statistic for yT My sharply disagrees with the

p-value bounds for several SNPs in both regions. The score statistic also appears to more

closely localize the signals to HBB and ABO.

Of course if we were performing a full GWAS on these data rather than a pilot to

characterize our method, we would use our HMM to quickly recover the distance matrices

at HBB and ABO loci. We would then exactly evaluate the p-values at the two loci by

performing a full eigendecomposition of each promising distance matrix and characterize the

haplotypes driving the association signal. We leave that work to future investigations.

While our approach proved to be relatively sensitive to the signal around ABO, it did not

strongly isolate the association on chromosome 4 at glycophorin A and glycophorin B like

the SMTs. The p-value bounds on the centered quadratic form using ψmin2 still appear to

have captured some of the signal (see Figure 4.8). To make our plots easier to view, for the

chromosome 4 SMT Manhattan plot and all subsequent Manhattan plots, we remove the

legend coding for the different SMT models shown in the Manhattan plots for chromosomes

11 and 9. We maintain the same color codings for the different SMT models throughout.
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Fig. 4.4 Chr 11 SMT vs. Quad. Form Screening: Bounds and score test shown for M
obtained with ψmin1. Gray bars mark HBB.
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Fig. 4.5 Chr 9 SMT vs. Quad. Form Screening: Bounds and score test shown for M
obtained with ψmin1. Gray bars mark ABO.

0.0e+00 2.0e+07 4.0e+07 6.0e+07 8.0e+07 1.0e+08 1.2e+08 1.4e+08

0

2

4

6

8

10
Dominant
Recessive
Additive
General

O
b
s
e
rv
e
d

  
−
lo
g
1
0
(p

)

(a) SMT Manhattan Plot

0.0e+00 2.0e+07 4.0e+07 6.0e+07 8.0e+07 1.0e+08 1.2e+08 1.4e+08

0

2

4

6

8

10

O
b
s
e
rv
e
d

  
−
lo
g
1
0
(p

)

(b) Upper (red) and Lower (blue) P-value Bounds on (y− µ̃)T M (y− µ̃)

0.0e+00 2.0e+07 4.0e+07 6.0e+07 8.0e+07 1.0e+08 1.2e+08 1.4e+08

0

5

10

15

S
c
o

re
 S

ta
tis

tic

(c) Score Statistic for yT My



4.3 Pilot on data from the MalariaGEN Consortium 133

Fig. 4.6 ABO Signal Using ψdom and ψadd: Bounds and score test shown for M obtained
with ψdom compared to those obtained with ψadd. Gray bars mark ABO.
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(a) Upper (red) and Lower (blue) P-value Bounds on (y− µ̃)T M (y− µ̃) calculated using ψdom
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Fig. 4.7 Hit-plots for HBB and ABO: Gray vertical bars denote the limits of the gene of
interest. Just as dark blue and dark red points denote upper and lower bounds respectively on
the p-value for (y− µ̃)T M (y− µ̃), violet and orange points denote upper and lower bounds
respectively on the p-value for yT My.
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(a) HBB local (y− µ̃)T M (y− µ̃) p-value bounds
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Fig. 4.8 Chr 4 SMT vs. Quad. Form Screening: Bounds and score test shown for M
obtained with ψmin2. Gray bars mark the outer borders of the regions of GYPB and GYPA.
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4.3.4 Novel Results

While we found several novel putative associations signals during our screen, we focus on

seven here due to their relatively compelling biological significance. We group these genes

into three categories: glutathione production, immune response, and cerebral malaria.

Glutathione Production

Here we present a gene that falls in the same glutathione synthesis pathway as Glucose-6-

phosphate dehydrogenase, G6PD. Glutathione is crucial for neutralizing oxidative species

in red blood cells [71]. G6PD deficiency is protective against malaria since it reduces

glutathione production, which promotes oxidative stress in red blood cells, leading to pre-

mature cell lysis [71]. On chromosome 6, using ψmin1, we identified an association signal

at glutamate-cysteine ligase, GCLC, which catalyzes the rate limiting step in glutathione

production [72]. See Figure 4.9. While variation in GCLC has been repeatedly associated

with hemolytic anemia, the gene has not yet been associated with malaria susceptibility.

While GCLC does not appear to stand out on plot of p-value bounds (Figure 4.9b) , if one

just considers the red lower bounds, then it is the second highest peak on the chromosome.

Focusing on the GCLC locus, we see that the p-value bounds for both the centered and

non-centered quadratic forms, as well as the score statistic, report a signal at GCLC (see

Figure 4.10). In further support of this locus, the association signal was replicated when we

applied any of our other three dediploiding transformations, albeit, the signals were weaker

than that shown for ψmin1.

Casting further spotlight on the pathways to glutathione production, the locus on Chromo-

some 5 with the largest ψmin2 score statistic was less than 4kb downstream of glucosamine-6-

phosphate deminase 1 (GNPDA1, see Figure 4.11). This enzyme converts glucosamine-6-

phosphate to fructose-6-phosphate [73]. While fructose-6-phosphate is a key intermediate in
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several pathways, most notably glycolysis, it is also a key metabolite in the pentose phosphate

pathway that leads to the production of glucathione [74].

Immune Response

Using ψmin1, we identified signals within the boundaries of two important immunological

genes, LILRB1 and CDH4 (see Figure 4.14). Both putative associations were weakly reported

by the SMTs. Significantly increased levels of LILRB1+ CD19+ B cells have been found in

patients with severe malaria versus those with uncomplicated malaria or healthy controls [75].

These B cells have been implicated in the excessive release of cytokines and impairment of

immune memory [75]. See Figure 4.13 and Figure 4.15. Genetic variation in CDH4 has been

found to modulate blood levels of the classic cytokine, monocyte chemoattractant protein-1

(MCP-1), which is crticial for recruiting macrophages to sites of infection [76, 77].

Cerebral Malaria

Using our dediploiding function ψmin1, on chromosome 12 we identified an association at

TMEM132B (see Figure 4.16). The SMTs also reported an association at this locus. This

gene may play an important role in vascular integrity in cerebral malaria given that it was

found to be differentially expressed in patients who had experienced an intracranial aneurysm

[78]. See Figure 4.17.

Using our dediploiding function ψadd, on chromosome 10, we identified a signal at Homo

sapiens N-acylsphingosine amidohydrolase 2 (ASAH2), which is responsible for the cell

surface production of shingosine, the precursor for shingosine-1-phosphate (S1P) [79, 80].

Ugandan children with cerebral malaria were found to have decreased S1P levels compared

to children with uncomplicated malaria [81]. In a mouse model of cerebral malaria, mice

that had induced higher levels of S1P showed improved survival [81]. See Figure 4.18 and

Figure 4.19.
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We found a second, even stronger signal on chromosome 10 with ψadd at homo sapiens

glutamate receptor, ionotropic, delta 1 (GRID1). This signal was not at all detected by SMTs.

A recent scan for soft selective sweeps found that several glutamate receptors, including

GRID1, showed evidence for recent selection in humans [82]. Of course, further analysis

will be required to confirm whether such a selection signal is present at this locus in our data

and if those are the same haplotypes that are driving the association signal we see at GRID1.

If so, it would support our current speculation that our haplotype approach is particularly

powerful for detecting associated haplotypes under recent, positive selection. See Figure

4.18 and Figure 4.20.
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Fig. 4.9 Chr 6 SMT vs. Quad. Form Screening: Bounds and score test shown for M
obtained with ψmin1. Gray bars mark GCLC.
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(a) SMT Manhattan Plot
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Fig. 4.10 Hit-plots for GCLC: All three plots are based on ψmin1. Gray vertical bars denote
the limits of the coding region of GCLC. Just as dark blue and dark red points denote upper
and lower bounds respectively on the p-value for (y− µ̃)T M (y− µ̃), violet and orange points
denote upper and lower bounds respectively on the p-value for yT My.
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(a) GCLC local (y− µ̃)T M (y− µ̃) p-value bounds
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Fig. 4.11 Hit-plots for GNPDA1: Gray vertical bars denote the limits of the GNPDA1
coding region. ψmin2 was used to generate both plots.
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(a) GNPDA1 local (y− µ̃)T M (y− µ̃) p-value bounds
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Fig. 4.12 Chr 19 SMT vs. Quad. Form Screening: Bounds and score test shown for M
obtained with ψmin1. Gray bars mark LILRB1.
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Fig. 4.13 Hit-plots for LILRB1: Gray vertical bars denote the limits of the LILRB1 coding
region. ψmin1 was used to generate both plots.
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(a) LILRB1 local (y− µ̃)T M (y− µ̃) p-value bounds
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Fig. 4.14 Chr 20 SMT vs. Quad. Form Screening: Bounds and score test shown for M
obtained with ψmin1. Gray bars mark CDH4.
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Fig. 4.15 Hit-plots for CDH4: Gray vertical bars denote the limits of the CDH4 coding
region. ψmin1 was used to generate both plots.
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(a) CDH4 local (y− µ̃)T M (y− µ̃) p-value bounds
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Fig. 4.16 Chr 12 SMT vs. Quad. Form Screening: Bounds and score test shown for M
obtained with ψmin1. Gray bars mark TMEM132B.
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Fig. 4.17 Hit-plots for TMEM132B: Gray vertical bars denote the limits of the TMEM132B
coding region. ψmin1 was used to generate both plots.
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(a) TMEM132B local (y− µ̃)T M (y− µ̃) p-value bounds
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Fig. 4.18 Chr 10 SMT vs. Quad. Form Screening: Bounds and score test shown for M
obtained with ψadd. Gray bars mark ASAH2. Gold bars mark GRID1.
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Fig. 4.19 Hit-plots for ASAH2: Gray vertical bars denote the limits of the ASAH2 coding
region. ψadd was used to generate both plots.
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Fig. 4.20 Hit-plots for GRID1: Gold vertical bars denote the limits of the GRID1 coding
region. ψadd was used to generate both plots.
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(a) GRID1 local (y− µ̃)T M (y− µ̃) p-value bounds
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4.4 Discussion

4.4.1 Comparing to SMTs

We have recovered classic association signals for malaria susceptibility and identified a few

exciting new candidates. Much further indepth analysis of the distance matrices underlying

our putative hits will need to be conducted in order to identify and charaterize the haplotypes

driving these signals.

More importantly, from this pilot, we have verified that our overall approach can identify

signals in a real dataset. Most of the association signals featured above were strongest when

ψmin1 or ψmin2 were used, with the one exception of ψadd. The fact that the dediploiding

functions used had such a strong effect on the results validates our attention given to them. It

also warrants extensive simulations to investigate the performance of these various dediploid-

ing functions and verify the assumptions underlying their derivation. It would be helpful

for practitioners to provide one or two default dediploiding functions that work in the vast

majority of cases since using too many functions on the same dataset increases the multiple

testing burden.

At least in its current form, our haplotype approach is not strictly better than SMTs: our

approach missed the signal at the glycophorin region which the SMTs detected. While this

result may be improved if we optimize the HMM parameters, it is important to note that our

approach need not be in opposition to SMTs. Since our model for testing local matrices M

is simply an extension of logistic regression, we can fit a SMT model at a given position

and see if there is a SMT association present. Then, taking the fitted SMT model as our new

null model, we can test whether the local haplotype structure captured in distance matrix M

shows evidence of a more sophisticated signal of assocation. Recall from Chapter 2, that we

can construct a version of our distance matrix without including information from the SNP at
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that precise locus (Equation (2.21)). This matrix could then be added into a model with the

core SNP as a separate predictor while avoiding redudancy and excess collinearity.

4.4.2 P-values vs. Score Statistics

Perhaps the most unexpected statistical feature of the Manhattan plots presented is the

parsimony of the score statistics. Complicating the situation, there is inconsistency in the

loci reported by the p-value bounds and the score statistics across each chromosome. Even

over a small region, score statistics can localize association signals to different SNPs than

p-value bounds. As emphasized in Figure 4.7, the p-value bounds and the score statistic for a

given distance matrix M can report conflicting results.

For each chromosome we analyzed, the score statistics tended to only highlight a few loci

on each chromosome and remain virtually flat for the remainder of the chromosome. This

putative "signal-to-noise" ratio was qualitatively better than that of the SMT p-values and our

p-value bounds. Of course, beyond the known associated genes, we cannot be sure whether

the loci that the score statistic isolated are true signals, but this observation still warrants

further investigation.

Theoretically, it is not as principled from a Fisherian testing perspective to directly

interpret a test statistic rather than its tail probability under the null. Measuring signals in the

common currency of p-values might be especially important in our applications since each

local distance matrix we form has a slightly different spectrum. Thus, each quadratic form

has a different null distribution, which may make raw score statistics incomparable. However,

since the score statistic is a first order approximation to the likelihood ratio (the ratio between

the likelihood of the best model in the alternative model space and the likelihood of the

best model in the null model space). One may argue that it is a measure of the evidence of

association that may be taken on its own merit.
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To help explain the discrepancy between p-value bounds and score statistics, note that

the score statistic directly incorporates how similar the local distance matrix is to the global

population structure via the term 1
1−r2

α̃,M
. This information is partly propagated to our p-value

bounds via the mean vector under the null µ̃ . The derivation and definition of r2
α̃,M are in the

Appendix. This factor essentially rescales the variance so that local graphs whose leading

eigenvectors closely align with the global principal components will not be penalized as

strongly as local graphs whose leading eigenvectors are orthogonal to the global principal

components. Ostensibly, this might lead one to presume that the score statistic would yield

many false positives by boosting signals for local graphs whose structure resembles the

genome-wide relatedness structure. Surprisingly, the score statistic remained relatively flat

across most of the genome. As a reminder, we did not artificially introduce the r2
α̃,M term,

but rather, it arose directly from taking derivatives of the likelihood under the null when we

derived the score statistic. Quantifying the reliability of the score statistic is a subject for

future work.

4.4.3 P-value Inflation and Bound Effectiveness

As the reader may have noticed by looking at the upper p-value bounds plotted in red on the

Manhattan plots presented, our p-values are inflated by at least two orders of magnitude. Note

that in our Manhattan plots, lower bounds on our p-values, after being − log10-transformed,

are plotted in blue as upper bounds on the evidence of association. Of course the exact

amount of inflation cannot be determined without fully eigendecomposing each matrix and

calculating each p-value exactly, but the CDF of the lower bounds clearly shows that there’s

inflation off of the theoretical expectation for transformed uniform p-values. See Figure 4.21a.

This reflects the fact that our current implementation does not fully adjust for population

structure.
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Moving forward, there are several means by which we can hope to better correct for

population structure. Since our local distance matrices are so much more information rich

than single SNPs, it is not obvious that the top 10 or so eigenvectors of a single global matrix

will be able to fully account for the confounding that could arise as a by-product of the

fine resolution of our approach. A relatively straightforward idea to help account for the

finer resolution of our distance matrices is to use top eigenvectors from a variety of local

matrices on other chromosomes. Since local matrices are likely to capture a wider variability

of "normal" relatedness than a single global matrix, their top eigenvectors may help to better

control for local confounding. If we wish to remove non-linear confounding effects, it may

also be important to include Mlocal µ̃ as an additional background predictor. If we modified

our HMM implementation to include an EM procedure that could estimate the prior copying

probabilities, we could even calculate a global distance matrix Mglobal and include Mglobal µ̃

as a predictor to help account for confounding.

Fig. 4.21 ECDF of p-value Bounds: a) We compare the ECDF of the theoretical distribution
of our− log10-transformed p-values (− log10 (U)∼ Expo(log(10)) if U ∼ Unif) against the
empirical CDF of the − log10-transformed p-value upper bounds (red) and lower bounds
(blue) we obtained across chromosome 2. Inflation is evident in the discrepancy between
the ECDF of the upper bounds and the theoretical CDF near the origin. b) The gap between
the significance bounds at a given SNP is shown as a function of significance. Larger gaps
between the bounds can occur at SNPs where the − log10-transformed p-value lower bound
is higher.
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Another important limitation is that our p-value bounds can be rather far apart, limiting

our ability to estimate the underlying p-values (see Figure4.21b). One direct way to attempt to

remedy this would be to increase the number of eigenvalues and eigenvectors evaluated at each

position; however this would greatly add to the computational burden. One optimization that

we can make without computing additional eigenvalues involves using Lemma 3.1.2, which

yields a tighter bound, rather than Lemma 3.1.1. Since Lemma 3.1.2 involves integration

where as Lemma 3.1.1 only requires one-dimensional optimization, it was easier to implement

the approach presented in Lemma 3.1.1 in time for this pilot study.

A more effective strategy to overcome the inflation and the lack of precision in our current

p-value bounds is to do a few successive screens. While the p-value bounds that we obtained

with the top 50 eigenvalues may not have proven very tight, they succeeded in screening out

roughly 1 in 250 loci (fewer than 1 in 250 loci had a lower bound on their p-value below

10−5 on chromosome 2). This means that if we only use 50 eigenvalues to eliminate loci in

our first pass, we can then run a second iteration just targeting the remaining candidate SNPs

and evaluate 500 eigenvalues for each of them. Since weakly associated SNPs tend to be

clustered together, we will get a marked improvement in the HMM speed by moving many

loci at a time during the second screen.

While several aspects of this pilot model require improvement before mainstream appli-

cation, this trial shows that our overall approach of building HMM-based distance matrices

and applyling our screening methods to them has the promise to identify real associations.
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4.5 Appendix

Proposition. The score statistic for τ under the logistic automodel likelihood in Equation

(4.2) is

Sy =
1

1− r2
α̃,M

(
yT My−Eα̃

(
Y T MY

)√
Varα̃ (Y T MY )

)2

. (4.7)

Proof:

Starting with our log likelihood:

Lθ = log [P(y|α,τ)] = yT (Aα + τMy)− log

[
∑
z

exp
(
zT (Aα + τMz)

)]

Here we use θ to refer to the total set of parameters θ = {α,τ}.

∇Lθ =

 AT y

yT My

−Eθ

 AT z

zT Mz


Since −∇∇Lθ turns out not to be a function of y, Iθ = Ey (−∇∇Lθ ) =−∇∇Lθ .

Iθ = Eθ


 AT z

zT Mz


 AT z

zT Mz


T−

Eθ

 AT z

zT Mz



Eθ

 AT z

zT Mz




T

If we let Uθ = Eθ


 AT z

zT Mz


 AT z

zT Mz


T and Vθ = Eθ

 AT z

zT Mz

 ,

we can simply write Iθ =Uθ −VθV T
θ

.

By Jensen’s Inequality, each term of the Fisher Information is non-negative, meaning that

the Hessian of the log likelihood has non-positive entries at all points of the parameter space.

This confirms that the log-likelihood function is convex with one global maximum.
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Since our log likelihood takes the form of θ T η − logZ(θ), where θ is a vector of

parameters and η is a vector of statistics, our likelihood is an Exponential Family member.

For all Exponential Family Members, the likelihood ratio test statistic Λ can be written as

Λ
θ̂
= 2

(
θ̂

T
η− logZ(θ̂)−

(
θ̃

T
η− logZ(θ̃)

))
where θ̂ is the MLE under the alternative hypothesis and θ̃ is the constrained MLE found in

the subspace dictated by the null hypothesis. Consider Taylor expanding Λ
θ̂

from θ̃ , treating

it as a function of θ̂ :

Λ
θ̂
≈ 2

((
θ̂ − θ̃

)T
∇Λ

θ̃
+

1
2
(
θ̂ − θ̃

)T
∇∇Λ

θ̃

(
θ̂ − θ̃

))

≈ 2
((

θ̂ − θ̃
)T (

η−E
θ̃
(η)
)
− 1

2
(
θ̂ − θ̃

)T
I

θ̃

(
θ̂ − θ̃

))
If we assume that the paraboloid surface given by this approximation closely resembles

the log-likelihood surface, then we can estimate Λ
θ̂

by finding the height of the apex of

this paraboloid and subtracting the log-likelihood at θ̃ . Note that in the asymptotic limit

where we would have many observations of y rather than just one, then the log-likelihood

surface would converge to a quadratic around θ̂ (under the usual regularity assumptions)

and our quadratic approximation to the log-likelihood surface would be accurate. With this

motivation, we set the derivative of our approximation to zero and find

θ̂max = I
θ̃

−1 (
η−E

θ̃
(η)
)
+ θ̃

Substituting this yields:

2
((

I
θ̃

−1 (
η−E

θ̃
(η)
))T (

η−E
θ̃
(η)
)
− 1

2
(
I

θ̃

−1 (
η−E

θ̃
(η)
))T

I
θ̃

(
I

θ̃

−1 (
η−E

θ̃
(η)
)))
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=
(
η−E

θ̃
(η)
)T

I
θ̃

−1 (
η−E

θ̃
(η)
)

This form matches that of a classic Score Statistic, otherwise known as the Lagrange-

Multiplier Statistic, which is typically written as

Sy = ∇Lθ
T Iθ

−1
∇Lθ

∣∣
θ=θ̃

where θ̃ is still the MLE under the null constraint. The subscript y is used to emphasize

the fact that Sy is a function of the observed data y (a statistic).

Since the Score Statistic evaluates gradient and Fisher Information at the constrained

MLE, we have that

∇L
θ̃
=

 0

yT My−E
θ̃

(
zT Mz

)
 which implies V

θ̃
=

 AT y

E
θ̃

(
zT Mz

)


Thus,

S
θ̃
= ∇L

θ̃

T I
θ̃

−1
∇L

θ̃
=
(
yT My−E

θ̃

(
zT Mz

))2 [
I

θ̃

−1]
22

where
[
I

θ̃

−1]
22 denotes the lower-left corner entry of the inverse of the Fisher Informa-

tion Matrix. Plugging in V
θ̃

yields,

I
θ̃
= Eθ


 AT z

zT Mz


 AT z

zT Mz


T−

 AT y

E
θ̃

(
zT Mz

)

 AT y

E
θ̃

(
zT Mz

)


T

=

 〈
AT zzT A

〉
−AT yyT A

〈
AT zzT Mz

〉
−AT y

〈
zT Mz

〉
〈
zT MzzT A

〉
−
〈
zT Mz

〉
yT A

〈(
zT Mz

)2
〉
−
〈
zT Mz

〉2


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where we use < > to abbreviate the expectation with respect to π(y|θ̃). By definition,〈(
zT Mz

)2
〉
−
〈
zT Mz

〉2
= Var

θ̃

(
zT Mz

)
. Using block matrix inversion, we rewrite

[
I

θ̃

−1]
22

as

(
Var

θ̃

(
zT Mz

)
−
[〈

AT zzT Mz
〉
−AT y

〈
zT Mz

〉]T [
I

θ̃ 11

]−1 [〈AT zzT Mz
〉
−AT y

〈
zT Mz

〉])−1

Therefore, our score statistic can simply be expressed as

S
θ̃
=

(
yT My−

〈
zT Mz

〉)2

Var
θ̃
(zT Mz)− [⟨AT zzT Mz⟩−AT y⟨zT Mz⟩]T

[
I

θ̃ 11

]−1
[⟨AT zzT Mz⟩−AT y⟨zT Mz⟩]

where

[
I

θ̃ 11

]−1
=
[〈

AT zzT A
〉
−AT yyT A

]−1

. This can be rewritten as

Sy =
1

1− r2
θ̃

(
yT My−E

θ̃

(
zT Mz

)√
Var

θ̃
(zT Mz)

)2

where

r2
θ̃
=

[〈
AT zzT Mz

〉
−AT y

〈
zT Mz

〉]T [〈AT zzT A
〉
−AT yyT A

]−1 [〈AT zzT Mz
〉
−AT y

〈
zT Mz

〉]〈
(zT Mz)2

〉
−⟨zT Mz⟩2

.

This quantity r2
α̃,M is the same as the coefficient of determination from classic linear

regression where yT My is the outcome being predicted. Hence, r2
α̃,M is a measure of how

well the background covariates can predict yT My. This function often appears in linear

regression where it can be expressed as the proportion of the variation in yT My that can be
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“explained” by the background covariates. It is helpful for interpretation to note that we could

also estimate it by a simple Monte Carlo scheme:

1. Draw S samples from π(y|θ̃) and index them by s ∈ {1, . . . ,S}.

2. For each ys, calculate the scalar ys = yT
s Mys and the vector x⃗s = AT ys.

3. Regress ys onto x⃗s using standard linear regression and store the calculated coefficient

of determination r2
s .

4. Estimate r2
α̃,M ≈

1
S∑

s
r2

s



Chapter 5

Conclusion & Future Directions

We have developed several theoretical and computational components which together enable

a scalable approach to genome-wide association studies that directly models recombination

and captures local haplotype structure.

In Chapter 2, we recasted the likelihood of an HMM based on the Li & Stephens

model in terms of penalty functions that reflect local haplotype similarity. We derived

new checkpointing algorithms, which are applicable to any HMM, to avoid having to store

a N×N× L array. As part of a collaboration with Louis Aslett, we developed a highly

optimized implementation of our HMM that can be easily accessed via R. Future directions

for this work include benchmarking and tuning our implementation for larger GWAS datasets

as well as working to improve our haplotype distances by assessing their performance in

simulation. Several extensions to potentially improve the robustness are possible: we may

want to say that haplotype i copies j at l only if i continues to copy j for at least one or two

SNPs in either direction. Such extensions will be a focus of future work.

In Chapter 3, we presented an approach to screening Gaussian quadratic forms based

on Krylov subspace methods and a novel concentration inequality which we extended to

a much more general class of quadratic forms via two invariance princples and a Rao-

Blackwellization routine. We hope to demonstrate the utility of this approach in applications
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in network analysis and classification. Early computer scientists coined the adage, "never

compute something more precisely than you have to." However, this advice has seems to only

partially have worked its way into the math and models of statistical inference. In several

applications beyond quadratic forms, it may be sufficient for an investigator to know if a

p-value is within a certain tight window while requiring a fraction of the computational cost

of full precision. We believe that our approach of using a decomposition to capture the major

components of a statistic (in our case, the leading eigenvectors and eigenvalues) and then

bounding the remaining components with a concentration inequality may prove fruitful in

several other domains.

In Chapter 4, we developed a conceptual framework for working with distances between

haplotypes that allowed us to bring our haplotype distance matricies from Chapter 2 into

the GWAS setting with our quadratic form screening procedure. To our knowledge, our

dediploiding framework is distinct from common paradigms for thinking about haplotypic

relationships. This work motivated four functions, two of which were essential to identifying

the signals we found in our pilot study. As mentioned in Chapter 4, there are several domains

in which our pilot method must be improved, but it is capable of identifying known associated

genes and shows promise in uncovering new association signals.

One particularly exciting line of research for this thesis includes detecting adaptive intro-

gression between populations. Adaptive introgression events occur when an adventageous

haplotype is introduced to population B from population A via migration which then arises

to a high frequency in population B due to selection [83]. This phenomenon creates a unique

signal in the genome at the position of the selected haplotype. While individuals from

populations A and B may look genetically dissimilar at most regions of the genome, at this

selected locus, individuals will appear closely related across populations. In order to find

such signals, we don’t need dediploiding functions but can model the haplotypes from both

populations directly (assuming we can phase them). Then we can treat population status
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as a "phenotype," except we would be looking for signals in the opposite direction from

what we look for in a GWAS. To detect introgression, we don’t want to identify regions

where close genetic relatedness implies the same population status: individuals from both

populations with tend to be more related to those from their own population along the entire

genome. For introgression detection, we want to identify regions where genetic relatedness

is less predictive of population status than usual. This can be done by simply calculating a

chromosome-wide relatedness matrix between haplotypes and including the top principal

components in a logistic regression model predicting population status. Taking this as our

null model, we then screen along the genome for local haplotype distance matricies that have

significantly large quadratic forms.

Within the realm of association testing and in other applications, we hope that approxi-

mating local phlyogenies with HMM-derived distance matricies will yield a fruitful approach

for modeling future genomic datasets.
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