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Abstract

In this thesis, we study bendotaxis — a novel, passive droplet transport mech-
anism driven by the coupling between capillary pressure within the droplet
and bending deformations of the channel confining it. This mechanism is
inspired by observations of the legs of Gerris Regimis, which are covered in
setae rendering them superhydrophobic; the setae deform by bending in re-
sponse to the capillary pressure of vapour droplets as they condense between
setae, resulting in their dynamic expulsion, and thus helping to maintain a
superhydrophobic leg.

In the first half of this thesis, we focus on two dimensional scenarios to isolate
the underlying competition between bending and capillarity. In this setup,
the direction of droplet transport is, surprisingly, always the same, regardless
of the wettability of the channel. We use a combination of experiments at
a macroscopic scale and a simple mathematical model to study this motion,
focusing in particular on the time scale associated with the motion. We make
observations that may inform the design of superhydrophobic surfaces ex-
ploiting bendotaxis for anti-fogging and also investigate two physical effects —
contact angle hysteresis and droplet self-trapping — which can impede droplet

transport by bendotaxis.

In the second half of this thesis, we focus on the influence of channel geom-
etry on droplet transport by bendotaxis. Further motivation is provided by
experiments in which a regular, periodic pattern emerges as liquid droplets are
condensed into deformable microchannels and move in a manner similar to
bendotaxis. We hypothesize that this wavelength selection is the result of a
novel instability, reminiscent of the Rayleigh-Plateau instability but mediated
by channel elasticity. By developing and analyzing a mathematical model of
a system susceptible to this instability, we study its characteristic behaviour
and the consider the effect of adding liquid to the channel as the instability

develops.



Finally, we consider how collaborative effects of droplet transport by bendo-
taxis in neighbouring channels may lead to clustering. We first develop a
mathematical model for an array of droplet-channel systems, each of which
would undergo bendotaxis in isolation, and, using this, identify two distinct
regimes for the cluster sizes in the limits of weak and strong surface tension,

which are then derived analytically using asymptotic methods.
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Chapter 1

Introduction

1.1 A primer on superhydrophobic surfaces

This thesis is concerned with droplet transport in response to flexible boundaries. However,
the motivation for studying this comes from manufacturing superhydrophobic surfaces
that are not compromised by the condensation of vapour. This section provides a brief
background to the rapidly expanding field of superhydrophobic surfaces. A more detailed
overview can be found in the review paper by Simpson et al. [2015], for example.

Informally, superhydrophobic surfaces are characterized by the observation that water
droplets placed on them take almost ball-like shapes, and roll or slide off easily. As they do
so, droplets may entrain surface contaminants, effectively cleaning the surface [Blossey,
2003]. For this reason, superhydrophobic surfaces can be considered a class of ‘self-
cleaning’ surfaces [Liu and Jiang, 2012]. A familiar natural example of a superhydropho-
bic self-cleaning surface is the leaf of the lotus plant (Nelumbo nucifera) [Barthlott and
Neinhuis, 1997]; indeed, self cleaning surfaces are often said to exhibit ‘the lotus ef-
fect' [Marmur, 2004]. Nevertheless, superhydrophobic surfaces have a wide range of
applications beyond self-cleaning, including corrosion resistance [Liu and Jiang, 2011],
drag reduction [McHale et al., 2010], and anti-icing [Meuler et al., 2010].

Contact angles on superhydrophobic surfaces

The heuristic notion of superhydrophobicity introduced above is made more formal by
introducing the contact angle ¢: the macroscopic angle that a sessile droplet makes with
a surface; a surface is superhydrophobic if it has a contact angle # > 150° [Ma and Hill,
2006].

If the surface is homogeneous and smooth, and the droplet is in equilibrium, the

contact angle is the Young angle 6., which is set by the material properties via Young's
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Figure 1.1: (a) A sessile droplet on a solid surface takes the macroscopic contact angle
6. that results in a balance between the liquid-vapour, solid-liquid, and solid-vapour in-
terfacial energies 75, Vs, and 7s,, respectively, according to Young's equation (1.1). (b)
A droplet perched on top of topographical structures in a Cassie-Baxter state makes a
macroscopic contact angle greater than that specified by Young's equation. (c) If the
droplet (light blue) contacts a surface whose topographical features contain condensed
droplets (dark blue), it is in a Wenzel state, characterized by a lower macroscopic contact
angle (compared to a Cassie-Baxter state) and reduced mobility. (d) If the topographical
features are conically shaped, fewer droplets condensate between them, and those that
do may be driven out of the channels that exist between features.

equation [Young, 1805, de Gennes, 1985],

Ysv — Vsl
—_ 1.1
Vv ( )

cosf, =

Here ~,,,7vs, and 7, are the interfacial energies at the solid-vapour, solid-liquid, and
liquid-vapour interfaces (Figure 1.1(a)).

In reality, however, surfaces are heterogenous, and droplets are not always in equilib-
rium. In these cases, the contact angle is not unique: if the droplet’s contact line (the line
of contact between solid and liquid) is stationary, it's contact angle can take any value
between an advancing angle, 0,, and a receding angle, 6,. In addition, if the contact line is
advancing, the contact angle takes this advancing angle and if the contact line is receding,
the contact angle takes the receding angle. The contact angle hysteresis is defined as the
difference between these angles, 6, — 6,. Superhydrophobic surfaces typically exhibit low
contact angle hysteresis (superhydrophobic surfaces with a contact angle hysteresis less

than 10° are said to be super-repellent [Attinger and Frankiewicz, 2016]).



Making superhydrophobic surfaces

The maximum Young angle that has been achieved using known materials and a water
droplet is approximately 120° [Blow and Yeomans, 2010]. Nevertheless, many examples
of surfaces with contact angles approaching 180° exist. Such large contact angles can
be achieved by introducing topographical features to the surface [Bico et al., 2001]:
droplets are able to perch on top of features in a so called Cassie-Baxter state [Cassie and
Baxter, 1944, Cassie, 1948]; their macroscopic contact angle is increased, compared to a
flat surface, because much of the solid-liquid contact has replaced by liquid-air contact
(Figure 1.1(b)). Explicitly, the contact angle of a droplet in a Cassie-Baxter state, Ocg,
satisfies [Lafuma and Quéré, 2003|

cosfcg = ¢pcosb, — (1 — o) (1.2)

where ¢ is the fraction of the footprint of the droplet in contact with the solid sur-
face. The lotus leaf, for example, employs a hierarchical structure of papillose epidermal
cells [Neinhuis and Barthlott, 1997] to increase surface roughness, resulting in contact
angles above 160° [Barthlott and Neinhuis, 1997]. By modifying the surface topography,
surfaces demonstrating contact angles all the way up to 180°, the maximum possible,
have been manufactured [Bico et al., 1999, Quéré, 2005].

Textured superhydrophobic surfaces fog up

One major limitation of using texturing to create superhydrophobic surfaces is their ten-
dency to ‘get wet' when exposed to foggy or humid environments — droplets of a size
comparable to the scale of the texturing nucleate and grow within it, destroying the
Cassie-Baxter state [Dorrer and Riihe, 2007, Varanasi et al., 2009]. Macroscopic droplets
subsequently deposited on the surface come into contact with existing liquid bridges em-
bedded within the texturing (Figure 1.1(c)), thereby becoming a ‘Wenzel" state [Wenzel,
1949]. The contact angle 6y of a droplet in a Wenzel state satisfies

cos Oy = 1 cos b, (1.3)

where r > 1 is the ratio of the actual surface area to apparent surface area of the
texturing. A droplet in a Wenzel state has significantly reduced mobility, compared to a
Cassie-Baxter state — the contact angle is lower, and the droplet may pin strongly on the
topographical features, leading to a significantly increased contact angle hysteresis. Lotus
leaves, for example, have been observed to experience an increase in their roll off angle

(the angle that the surface must be rotated to in order to initiate rolling, a measure of



contact angle hysteresis) from < 5° to above 70° when droplets are condensed, rather
than deposited, onto their surface [Cheng and Rodak, 2005, Cheng et al., 2005].

Of course, nature experiences this same problem and has found at least one solution:
by tailoring the shape of the topographical structures, fog build-up can be reduced. For
example, the texturing on the superhydrophobic wings of some cicada [Wisdom et al.,
2013] and butterflies [Chen et al., 2018] features conical structures (shown schematically
in Figure 1.1(d)). These structures are believed to reduce the total number of nucleating
droplets because there is less room for condensation to occur near the base of the cones [Xu
et al., 2016]. In addition, droplets that bridge between two neighbouring cones may be
spontaneously propelled towards their tips (i.e. away from the surface). Droplets can be
removed from the tips by mechanical actuation or by spontaneous jumping after coalescing
with an adjacent droplet [Boreyko and Chen, 2009, 2010] (coalescing with another droplet
releases surface energy, which is converted into kinetic energy). By mimicking these
natural structures, artificial superhydrophobic surfaces with conically shaped protrusions
have been shown to perform significantly better in foggy conditions than superhydrophobic
surfaces with cylindrical features [Mouterde et al., 2017].

The above example of antifogging of a superhydrophobic surface is facilitated by
spontaneous droplet transport in response to the geometric gradient that arises when a
droplet bridges two neighbouring cones. Such motion driven by geometric gradients is
one of a number of mechanisms for transporting droplets. We discuss these mechanisms

in more detail next.

1.2 Droplet transport

Liquid droplets experience body forces (gravity) and surface forces (surface tension). If
a droplet has a typical length scale L, then body forces scale with L?, while surface
forces scale with L? [de Gennes et al., 2004]; this means that surface forces dominate
the behaviour of sufficiently small droplets. The length scale below which surface tension
dominates over gravity is the capillary length, £, = (Apg/v)'/?, where p is the liquid
density (assuming a negligible ambient density), ¢ is gravitation acceleration and ~ the
interfacial tension coefficient [de Gennes et al., 2004]. In this thesis, we are concerned
with droplets of characteristic size below the capillary length.

As we saw in §1.1, control and transport of liquid droplets smaller than the cap-
illary length is important in preventing fog build-up within the topographical features

on superhydrophobic surfaces. More broadly, the transport of small droplets is critical



in a wide range of applications including diagnostics [Yager et al., 2006], fog harvest-
ing [Andrews et al., 2011], microfabrication [Srinivasarao et al., 2001], and droplet-based
microfluidics [Squires and Quake, 2005].

Liquid motion within a droplet is driven by gradients in the liquid pressure p. Locally,
the droplet pressure (its Laplace pressure) is set by the surface tension « and interfacial
curvature x according to the Young-Laplace equation p = ~x [Laplace, 1799, Young,
1805]. There are, therefore, two ways to generate droplet motion [Scriven and Sternling,
1960]: by creating gradients in surface tension, or by creating gradients in interfacial
curvature.

Local variations in the surface tension, thereby generating a Marangoni flow within
the droplet (towards regions of lower surface tension) exert a hydrodynamic force on
the adjacent surface; the equal and opposite force applied by the surface propels the
droplet along it. Gradients in surface tension, or rather the associated Marangoni flow,
can be created in droplets in a variety of ways including by varying the temperature
across them (often called thermocapillarity) [Brzoska et al., 1993, Pratap et al., 2008],
by differential evaporation leading to differences in composition [Thomson, 1855], by
tailoring the surface chemistry [Cottington et al., 1964, John et al., 2005], and by using
electrochemical effects [Gallardo et al., 1999].

The second route to transporting small droplets is to create a gradient in the droplet’s
interfacial curvature. One way to do so is to vary the local contact angle; techniques
such as electrowetting [Lippmann, 1875, Mugele and Baret, 2005], variations in surface
local topography [Shastry et al., 2006], surface chemistry [Dos Santos and Ondarguhu,
1995, Chaudhury and Whitesides, 1992, Daniel et al., 2001], and surface photoirradia-
tion [Ichimura et al., 2000] have all been successfully exploited to vary the local contact
angle of, and thus transport, droplets.

Gradients in interfacial curvature can also be induced by the geometry of the adjacent
surface. This method of droplet transport can be traced back three-centuries to Hauks-
bee [Hauksbee, 1710], who observed that a droplet of oil between two non-parallel plates
would “immediately move towards the touching side of the plane”. Droplet transport in
similar tapered channels (wedges) has been studied in detail in more recent years by Ren-
voisé et al. [2009] and Reyssat [2014] and the mechanism is well understood: provided
that the droplet wets (or has an affinity to) the walls of the channel, the negative inter-
facial curvature, whose magnitude is inversely proportional to the local thickness of the
wedge, is smaller (it is more negative) on the side of the droplet closest to the apex.
The droplet is therefore ‘sucked’ into the wedge. If, on the other hand, the droplet does

not wet the channel walls, then the (positive) interfacial curvature is smaller at on the



side furthest from the tip, where the channel is widest; non-wetting droplets are therefore
squeezed out of the vertex. Crucially, we note that droplet motion in tapered channels is
wettability-dependent — wetting and non-wetting droplets move in opposite directions.

A similar mechanism is responsible for droplet propulsion from within a conically tex-
tured surface (Figure 1.1(d)) — the surface of the cones are themselves hydrophobic, so
the droplets are pushed towards the weaker confinement at the top of the cones. Note,
however, that if nucleating droplets consisting of a wetting liquid were to bridge between
two cones, the droplets would be driven in the opposite direction towards the base of the
cones, rather than expelled, to the detriment of the surface’s superhydrophobicity.

Droplet motion induced by geometric gradients can also be achieved without bridging;
recent studies by Lv et al. [2014] and McCarthy et al. [2019] have described the dynamic
behaviour of droplets on solid surfaces of non-constant curvature, or ‘curvotaxis’. In
this case, droplets move indefinitely towards the region of lowest curvature if the surface
curvature is positive, and vice versa for negative curvature. (This scenario is somewhat
different for configurations in which the droplet wraps completely around the surface, in
which case equilibrium configurations are possible [Lorenceau and Quéré, 1999, Michielsen
et al., 2011]). In contrast to the confined case, this phenomenon — often referred to
as ‘curvotaxis’ — is independent of wettability. Both curvotaxis and droplet motion in
tapered channels are, however, passive — they do not require external energy input — and
spontaneous — there is, in principle, no energy barrier to be overcome before movement
is initiated (in practice, the surface will have some contact angle hysteresis that must be
overcome).

In the examples above, the geometry that drives motion is fixed and independent of the
droplet’s presence. Recently, a new class of scenarios has emerged in which the substrate
geometry is responsive to the droplet’s pressure, for example via deformable boundaries.
In this case, additional droplet transport mechanisms become possible. For example, Style
et al. [2013] demonstrated that droplets placed on a deep, soft substrate move in response
to gradients in the stiffness of the underlying substrate. This mechanism, named durotaxis
for its superficial similarity to cell durotaxis [Lo et al., 2000], has recently been shown to
be wettability dependent [Bueno et al., 2018]. In addition, numerical simulations have
suggested that droplets can move spontaneously in response to gradients in strain of the
underlying substrate (‘tensotaxis’) [Bueno et al., 2017]. Moreover, it has recently been
demonstrated that droplets on a deformable substrate can mutually attract [Karpitschka
et al., 2016] in a process reminiscent of the Cheerios effect [Vella and Mahadevan, 2005].

Bendotaxis, the subject of this thesis, falls into this latter class of droplet motion

mechanisms. It is a passive droplet transport mechanism that relies on the bending of a



channel confining the droplet in response to the droplet’s capillary pressure.

1.3 Bendo-capillarity

The interaction between bending of slender objects and capillarity, sometimes referred to as
bendo-capillarity [Style et al., 2017], falls under the larger umbrella of elasto-capillarity, in
which capillarity deforms elastic solids [Bico et al., 2018]. In bendo-capillary interactions,
the surface tension 7 of an interface acts to minimize its the interfacial area, whilst the
bending stiffness B of the slender object tends to resist deformation.

The length scale on which bending and capillarity interact can be seen on dimensional
grounds to be ¢, = \/ B/, the bendo-capillary length. To elucidate this length scale, we
consider a thin, flexible, rectangular sheet of length L, width w, and bending stiffness B,
that is coated in a thin layer of liquid whose surface tension is 7. If this sheet is brought
into contact with a solid cylinder of radius R, then it has two options: to either remain
flat, or to spontaneously wrap around the cylinder. Wrapping around the cylinder would
release a surface energy scaling with vw/L, but would incur a bending energy scaling
with BwL/RQ; the sheet will spontaneously wrap the cylinder if R 2 £, = \/ﬁ
the bendo-capillary length. Heuristically, objects with a length scale larger than bendo-
capillary length experience large deformations under capillary forces [Roman and Bico,
2010], as this example demonstrates.

If the thickness of the sheet in the previous example is b, then its bending stiffness
B ~ b® [Timoshenko and Woinowsky-Krieger, 1959] and thus the bendo-capillary length
Uy ~ D32 Therefore, if the length scales of the system are scaled by a factor p, the

3/2 " This demonstrates why smaller

bendo-capillary length is scaled down by a factor u
systems are more likely to be susceptible to bendo-capillary phenomena. On the nano-
scale, for example, bendo-capillarity can be exploited for the self-assembly of carbon
nanotube arrays [De Volder and Hart, 2013] and, on the micro-scale, surface tension
induced aggregation (and subsequent collapse) of arrays of micro-pillars can be used to
trap colloids [Pokroy et al., 2009].

Bendo-capillarity is, however, also responsible for a diverse range of phenomena on
macroscopic scales, such as the coalescence of wet hair [Bico et al., 2004, Duprat et al.,
2012], the fluid-like behaviour of a spider’'s web in compression [Elettro et al., 2016], and

capillary origami [Py et al., 2007b].
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Figure 1.2: (a) Electron microscope image of a portion of the setae covering a leg
of a Gerris Regimis (or Water Strider). Collectively, the setae are responsible for the
macroscopic superhydrophobicity of the leg. Image used with permission from Corinne
Sommi/Swathmore College. (b) Schematic diagram of droplet removal from a channel
between the setae on the leg of a water strider [after Wang et al., 2015]. (i) The droplet
moves along a conical seta to the narrower end of the channel via curvotaxis before (ii)
contacting a neighbouring seta, all the while growing in size (via condensation). (iii) The
droplet is expelled from the channel via bendotaxis (see main text), and it can subse-
quently be removed from the surface (iv) by coalescing with another droplet, for example.
(c) Schematic diagrams explain the mechanism behind bendotaxis for non-wetting (top)
and wetting (bottom) droplets. Black arrows indicate (schematically) the sign and magni-
tude of the Laplace pressure within the drop; blue arrows show the direction of decreasing
pressure and hence droplet motion.

1.4 What is bendotaxis?

1.4.1 Bio-inspiration from the Gerris Regimis

Our inspiration for studying bendotaxis comes from recent observations of the legs of the
Gerris Regimis (commonly referred to as a Water Strider, or Pond Skater) by Wang et al.
[2015]. Water strider legs are covered in an array of conically shaped hairs (Figure 1.2(a)),
or setae. Collectively, the setae are responsible for the leg's superhydrophobicity by main-
taining a Cassie-Baxter state [Gao and Jiang, 2004, Bush and Hu, 2006]. Superhydropho-
bicity is in turn important in reducing the energy required by the Water Strider to jump
at the interface [Lee and Kim, 2009].



Wang et al. [2015] showed that the geometry and flexibility of the setae prevent the
superhydrophobic leg from losing its water repellancy in the high humidity conditions
in which the Water Strider dwells (where condensation of droplets would be an issue).
As described by Wang et al. [2015], condensed droplets are removed from the setae in
a three part process that is shown schematically in Figure 1.2(b): firstly, a droplet of
condensed water contacts a single seta and moves towards its base via curvotaxis. This
phase ends with the droplet also contacting a neighbouring seta, forming a capillary
bridge and effectively confining itself. The positive Laplace pressure of the droplet (water
is non-wetting on the setae) then deforms this ‘channel’ outwards, creating a geometric
gradient that propels the non-wetting droplet towards regions of weaker confinement; this
propulsion in response to droplet-induced channel deformations is caused by bending and
hence we refer to it as bendotaxis. Once the droplet has reached the tip, it can be removed

(for example, by coalescence-induced jumping, as discussed in §1.1).

1.4.2 Bendotaxis mechanism

The geometry of a capillary bridge between conical setae is complicated. Moreover, the
tapered channel formed by the conical fibres would expel the droplet, even in the absence
of bending deformation. Therefore, to understand the mechanism of bendotaxis, and to
isolate the role of bending alone, we consider the simplified scenario shown in Figure 1.2(c):
two, initially parallel, bendable walls are clamped at one end and free at the other. These
two walls together form a two-dimensional channel.

If a wetting droplet is introduced between the walls, the interfacial curvature is negative
at both ends of the droplet and the associated negative Laplace pressure deflects the walls
inward (Figure 1.2(c)). The anisotropic boundary conditions (clamping at one end, free
at the other) result in a channel that is effectively stiffer closer to the clamped end — the
same force applied closer to the clamped end results in a smaller deformation. As a result
of this anisotropy, the channel deformation is larger at the meniscus closer to the free end
(denoted x ) than at the meniscus closer to the clamped end (denoted x_). The pressure
is therefore smaller (it is ‘more negative') at x; than at z_, and the resulting pressure
gradient drives the droplet towards the free end. Provided the contact angles remain the
same and the walls do not touch, this motion will continue until the droplet reaches the
free end.

If, however, a non-wetting droplet is introduced between the walls (as is the case in
the setae of the water strider [Wang et al., 2015]), the Laplace pressure within the droplet
is positive, pushing the walls away from one another (Figure 1.2(c)). Again, however,

the resulting pressure gradient is negative, driving the droplet towards the free end. This



argument suggest that bendotaxis is wettability independent, the direction of motion is
universal. (This thought experiment also clarifies the name bendotaxis: without channel
flexibility, the pressure within the droplet would be constant and the droplet would be
stationary. The droplet itself generates the tapering that leads to its motion.)

We can also view bendotaxis from an energetic perspective in this simple geometry. In
the wetting case, the droplet would like to advance because the additional inwards defor-
mation that results from this (the pressure applies at a distance further from the clamped
end) will increase the length over which the droplet wets the channel (by conservation of
droplet volume). Of course, this additional deformation incurs a bending energy penalty,
but we shall see that, provided the channel walls do not touch, this penalty is not large
enough to discourage the droplet from advancing. Similarly, in the non-wetting case, the
outwards deformation that would result from the droplet’'s advance would lead to wetting
over a shorter length, which is again energetically favourable.

It is the wettability-independence that makes it appealing to exploit bendotaxis in
textured superhydrophobic surfaces: both wetting and non-wetting droplets would be
spontaneously propelled towards the free end of the channel (i.e. away from the surface,
which would naturally correspond to the clamped end); this is in contrast to the rigid
conically textured surfaces, in which only non-wetting droplets that bridge between cones

are propelled away from the surface.

1.4.3 Proof of concept

The bendotaxis mechanism described in §1.4.2 is reproducible in a simple laboratory ex-
periment, with a channel fabricated using a rigid separator and glass cover slips. Figure 1.3
shows the time series of a wetting silicone oil droplet and of a non-wetting water droplet
in such a channel. In both cases, the droplets move towards the free end of the channel.
(More experimental details are given in Chapter 3.)

To observe the deflection of the cover slips, we compare their shapes in the final
configuration with those prior to the introduction of the droplet (last panel in Figure 1.3).
In the wetting case, both cover slips are deflected inwards, while in the non-wetting
case both are deflected outwards — the deflections are in accord with the above physical
description. The observed deflections also provide evidence that motion is not simply
caused by the weight of the droplet, which would cause the lower cover slip to deflect
downwards in both cases.

In the first half of this thesis, we consider the quasi-two-dimensional configuration
shown in Figure 1.3 and describe the dynamics of bendotaxis. With a view to the appli-

cability of bendotaxis to anti-fogging surfaces, we focus on the time taken for droplets to
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Figure 1.3: (top) Experimental demonstration of bendotaxis for a wetting silicone oil
droplet (left) and a non-wetting water droplet (right), each between initially parallel, yet
deformable, glass cover slips. While the deformation of the channel occurs in the opposite
sense in each case (left: inwards, versus right: outwards), the direction of droplet motion
is the same. (bottom) Comparison of final channel shape (red lines) with the initial
channel shape (dotted white lines) for the section highlighted by the dashed box in the
final experiment image.

be transported. We also consider situations in which the droplet transport is inhibited.
Below we provide a more detailed synopsis of the three chapters that make up this first
half.

In Chapter 2, we develop a two-dimensional mathematical model for bendotaxis. The
physical processes represented by this model are motivated by those relevant in the proof
of concept experiments in Figure 1.3; in particular, we exploit the small aspect ratio of the
channel and slenderness of its walls to combine lubrication theory and linear beam theory.
By solving the model equations numerically, we verify that our model predicts wettability-
independent droplet transport and gain insight into its dynamics; these numerical solutions
are contrasted to analytic solutions available in the case of small channel deformations.
Finally, we discuss the implications of our model for superhydrophobic surfaces that exploit
bendotaxis.

In Chapter 3, we describe an experimental study of bendotaxis. The configuration is
the similar to that for the experiments shown in Figure 1.3, but we systematically vary the
channel length, channel thickness, wall bending stiffness, wettability conditions, and liquid
viscosity; these experiments provide a robust test of the mathematical model developed

in Chapter 2 and offer further insight into the dynamics of bendotaxis.
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Figure 1.4: Snapshots of experiments performed by Seemann et al. [2011]. Droplets are
condensed into an array of initially empty (1), deformable microchannels (the channel
walls run vertically in the images, and the setup is shown schematically in (b)). Droplets
continue to grow and move towards the open end (out of the page) of the channels (3, 4).
Once droplets reach the end closest to the camera (5), their interface curvature relaxes
and the light spot in their centre is no longer visible. The final configuration (6) has a
lattice-like pattern charaterized by a pairwise mode in the direction perpendicular to the
channel walls, as well as a periodic pattern in the parallel direction. We anticipate that
this instability shares many features of bendotaxis.

In Chapter 4, we extend our mathematical model to include two phenomena encoun-
tered in Chapters 2 and 3 that can impede droplet transport: firstly, the scenario in which
the channel walls touch before the droplet has reached the free end, trapping it indefinitely
(so called ‘geometric trapping’), and, secondly, contact angle hysteresis, which, when suf-
ficiently large, can completely arrest motion. For each of these, we describe the influence
on the dynamics, and quantify when the droplet is prevented from reaching the free end.
(Each of these effects would be detrimental to the performance of an anti-fogging textured

surface exploiting bendotaxis).

1.4.4 Bendotaxis in microchannels

In the second half of this thesis, we consider how various channel geometries affect the
bendotaxis mechanism. Motivation is provided the experiments of Seemann et al. [2011]
in which droplets are condensed into micro-channels. These experiments, shown in Fig-
ure 1.4, clearly show an instability, and we shall explore the extent to which this instability
may illustrate bendotaxis. In addition, these experiments may offer insight into how a
superhydrophobic surface whose topographical features exploit bendotaxis to stay fog

free might behave. (Superhydrophobic surfaces with flexible topographies have been re-
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alised [see Blow and Yeomans, 2010, for example], but typically do not have the correct
geometry to exploit bendotaxis, with features too well separated from one another.)

As seen in the snapshots of these experiments (Figure 1.4(a)), droplets nucleate at the
base of a three dimensional array of channels and their upper surface moves towards the
free end of the channels (the end closest to the camera, see Figure 1.4(b)). This motion
is reminiscent of bendotaxis; in particular, in both the wetting and non-wetting cases, this
advancing interface is accompanied by a reduction in liquid pressure there (the channel
deformation increases), encouraging flow towards it. While the interface is advancing, the
volume of liquid in the channels is increasing as condensation continues. The motion of
the (non-wetting) droplets can be inferred from the light patterns within them: when they
are between the base and the free end, their interface curvature focusses incoming light
and we see a bright spot in their centres (Figure 1.4(a)2-5); once they touch the free
end, the interfacial curvature of the droplets relaxes, resulting in a uniform light pattern
on their surface (Figure 1.4(a)6).

These experiments pose two questions: firstly, what controls the ‘weaving’ instability
seen in Figure 1.4(a)? In Chapter 5, we study a previously-unreported instability mech-
anism, closely related to the Rayleigh—Plateau instability [Plateau, 1873, Rayleigh, 1879,
1892] whose mode selection may explain the length scale of this weaving instability. We
develop a mathematical model of a system that exhibits similar behaviour to gain insight
into the dynamics of this instability, and describe the influence of the speed at which liquid
is condensed into the channels on the mode selection problem.

The second question posed by the experiments of Figure 1.4 is: how would multiple
droplets in neighbouring channels affect each other's bendotaxis? The deformation re-
sulting from the Laplace pressure of condensed droplets changes not only the width of
the channel that contains it, but also the width of the neighbouring channels. For a non-
wetting liquid, the neighbouring channels are narrowed, tending to move droplets in those
channels towards the base. In turn, this affects the thickness of the next-nearest neigh-
bour to the original channel. By iterating this argument, we might expect a long range
ordering in the direction perpendicular to the channel walls. Why then does this happen
in a pairwise manner in the experiments of Figure 1.4(a)? In Chapter 6 we describe the
interaction between neighbouring channels, each of which would undergo bendotaxis in
isolation and use this information to understand the clustering behaviour.

In Chapter 7, we summarize the main results of the thesis and discuss the possibilities

for future work.
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Chapter 2

Modelling bendotaxis

In this chapter, we develop and analyse a mathematical model of bendotaxis, motivated by
the proof of concept experiments shown in §1.4.3. We begin by deriving a two-dimensional
theoretical model that combines linear elasticity to describe the channel deformations with
lubrication theory to describe fluid flow in response to capillary-induced pressure gradient.
We then describe a numerical scheme used to solve the model equations and discuss the
behaviour of these solutions. Following this, we consider the case of small deflections —
in which analytical progress can be made — and discuss the implications of our model for

droplet removal from deformable channels by bendotaxis.

2.1 Theoretical model of bendotaxis

In this section, we develop a theoretical model of bendotaxis. We consider the setup
shown in Figure 2.1; a channel bounded by two narrow, flexible beams of thickness b,
length L, density ps and Young's modulus E, are clamped parallel to one another at a
distance 2H apart, at one end of the beams. This clamped end defines the z-axis, and
the axis of the channel (parallel to the undeformed beams) defines the x axis. Although
we shall show its effect to be negligible, gravity is initially assumed to act parallel to the
z-axis.

The channel contains a droplet of liquid of viscosity 1, surface tension v and density
p. The droplet has (two dimensional) volume €2, and makes a liquid bridge between the
channel walls, wetting them over of a region z_(t) < z < x4(t). We assume that the
droplet makes a constant contact angle 6, with the channel walls (i.e. we neglect dynamic
contact angle effects, and assume there is no contact angle hysteresis).

Table 2.1 contains typical experimental values from the experiments shown in Chapter

1 (and discussed further in Chapter 3) of those quantities introduced here.
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Figure 2.1: Schematic of a droplet in a flexible channel which has underformed wall
separation 2H and length L, and whose walls have thickness b. The menisci contact the
walls at perpendicular distances x = z_(t) and x = z,(t) from the clamped end of the
channel.

2.1.1 A scaling argument

Before we derive a detailed mathematical model, we consider a scaling argument, valid
for small droplets, to gain theoretical insight.

As discussed in Chapter 1, we expect that droplet motion will be driven by the pressure
gradient across it. This pressure gradient arises from a difference in Laplace pressure at
the leading and rear menisci. When surface tension forces dominate over gravitational
forces (i.e. when the droplet Bond number is small), the menisci do not deform significantly
under the weight of the liquid and they take the shape of semi-circular arcs with interfacial
curvatures ky = —cosf./hy [de Gennes et al., 2004], where h. are the channel half
widths at the menisci (Figure 2.1).

The corresponding liquid pressure at each meniscus is p» = —7vcosf./hy, and the

pressure change across the droplet is
AP =p, —p_ = —vycosb.(1/hy —1/h_). (2.1)

In the case that the droplet volume is small relative to the channel volume, V =
/(2HL) < 1, the liquid pressure is applied to the beams over a relatively short length,
and the resulting channel deformation will be small. The length AX = z, — x_ over
which the pressure is applied is approximately AX ~ Q/(2H) — equal to the length of

the droplet in the undeformed channel — and we can expand the channel width as
hy ~h_+aAX. (2.2)

Here « is the average channel slope across the droplet (whose scaling is to be determined).
Combining (2.1) and (2.2), the pressure gradient across the droplet can be approxi-

mated by
AP AP  avycosO AX

x+—x_NAXN H?

(2.3)

15



Description ‘ Symbol ‘ Value SI Units
22x 1073 | Nmt

Droplet surface tension v
Young's modulus E 63 x 10° Pa
Channel wall thickness b 180 x 107¢ m
Channel half width H 250 x 107° m
Channel length L 25 x 1073 m
Liquid density ol 960 kg m™
Channel wall density Ps 2500 kg m™
Droplet viscosity (dynamic) 1 0.096 Pas
Droplet volume Q 15 x 107° m3
Contact angle 6. 0 n/a
Capillary time scale Te 10 s
Bendotaxis time scale T 10 s

Table 2.1: Summary of notation used in this chapter and typical values of the correspond-

ing variables in the proof of concept experiment (§1.4.3) and experimental study (Chapter
3).

The channel walls are slender, so their resistance to bending is characterized by their
bending stiffness B = Eb?/12 [Howell et al., 2009], and their behaviour can be modelled
using linear beam theory. Since the droplet is small, its effect on the channel can be
approximated by a point force of magnitude y cos 0. AX/H; linear beam theory [Howell
et al., 2009] gives the scaling for the angle of a cantilever beam forced by a point force
of this magnitude, and bending over a length scale L, as

v cos . AX L?
Y H B
Provided that the droplet aspect ratio AX/H is small, lubrication theory [Leal, 2007]

o (2.4)

is applicable for the fluid flow and gives the velocity scale U for the fluid flow as

H? AP

Combining (2.3), (2.4) and (2.5) gives the time scale 7 for a droplet to move along
the length of the channel as

L WHB
~ =~ ) 2.6
YU LA~?cos? 0, AX (26)

The other relevant time scale is the capillary time scale,

pL?
S A 2.7
K |y cos 0| H (27)
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which can be thought of as the typical time taken for liquid of viscosity i and surface
tension y to imbibe a distance L in a capillary tube of radius H [Washburn, 1921].
The ratio between these two time scales ((2.6) and (2.7)) is

T B H?

—_—~ . 2.8
T, |ycosB.]AX L3 (28)

Note that for relatively undeformable channels (large B or small ), this time scale be-
comes large, and decreases with increasing droplet size AX. Perhaps surprisingly, however,
T decreases with increasing H — narrower channels exhibit faster bendotaxis. This is the
reverse of imbibition, where the decrease in channel permeability with channel width H is
more than offset by the increase in capillary driving pressure — the imbibition time (2.7)
increases with decreasing H.

We now turn to our more detailed mathematical model, but we shall return to this

scaling argument to understand the results of this model.

2.1.2 Mathematical model

We now derive a detailed mathematical model, beginning here with modelling of the flow
within the channel. Note that, under the assumption that the channel is symmetric, we

only need to consider its half-width, h(z,t), as in Figure 2.1.

Fluid motion

We assume that the drop is long and thin, AX/H < 1, so that lubrication theory [Leal,
2007] applies. Within this framework, the local conservation of mass combined with the
kinematic boundary condition at the channel walls ensures that the droplet pressure p(x, t)
satisfies oh w 5
5 " 30 <h3a—§) v (t) <z < 24(t). (2.9)
We assume that evaporation is negligible. The time scale of evaporation for a sessile
droplet on a substrate is 7. ~ p§2/(HDc,) — where D is the gas phase diffusivity and
¢, the vapour concentration at saturation [Hu and Larson, 2002]. For an oil-air or oil-
water interface, 7. ~ O(1 hour), which is much longer that the capillary time scale
7. ~ O(10 s). (A confined droplet, whose surface area exposed to the air is reduced
because of the channel walls, will evaporate much slower than a sessile droplet; hence 7,

is a lower bound on the evaporative time scale.)
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The flux of fluid through the menisci must therefore balance that caused by the motion,

giving the kinematic conditions

doy h? Op
B S _ 2.1
dt 3pudw|,_ (2.10)

T4+
Note that these kinematic conditions are only valid when the droplet is not touching either
end of the channel (i.e. when 0 < z_ <z, < 1).

The motion is driven by a difference between the droplet pressure at the menisci. To
make progress, we must specify the pressure at these points. As discussed, when the

droplet Bond number pgHZ/y < 1, the menisci are approximately arcs of circles with

curvatures 0
cos
= 2.11
e h(x = z4,t) (211)
The pressure boundary conditions imposed on (2.9) are therefore
0c
p= —WC(;LS atz = x4, (2.12)

Beam modelling

To close our model, we need to describe how the channel deforms in response to an
applied droplet pressure. We use linear beam theory [Howell et al., 2009] to do so;
this theory is valid provided that the beams are long and slender in comparison to the
channel width (L > 2H and b < 2H, respectively) and undergo small deformations
in comparison with their length (H < L). We shall also assume that the channel is
much shorter than the bendo-capillary length ¢, = \/B_M so that capillary induced
beam deformations remain relatively small (as discussed in §1.3, systems larger than the
bendo-capillary length experience relatively large deformations under capillary forces). In
the proof of concept experiments shown in Chapter 1, L/{;. ~ 0.02 (see Table 2.1).

We shall assume that beam inertia, gravitational forces, and the tension within the
beam can be neglected. Here we set out the conditions under which each of these
assumptions is valid.

A tension within the beam is induced by the component of the line force from surface
tension at the menisci. This tension is constant along the beam [Howell et al., 2009], ex-
cept across the menisci z, where it experiences a jump of magnitude |y cos 6.|. Provided
the beams do not interact, there is no tension in the region x, < x < L (we shall discuss

the case of interacting beams in Chapter 4). As a result, the beam tension T scales with

, and the tensile forces within the beam [Howell et al., 2009] scale as

0*h |ycosO.|H
Ox? L? '

|y cos b,

T

(2.13)
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Bending forces within the beam scale with BH/L4; the ratio between tensile and bending

forces therefore scales with )
L~ cos@,

2
gbc

Our assumption that L < /. means that we can neglect beam tension.

(2.14)

Our neglect of gravitational forces requires careful justification. We consider the
pressure gradient induced by both gravitational and bendo-capillary effects as follows,
and show that the latter is dominant. As shown in §2.1.1, a droplet of volume €2 which
occupies a small portion of the channel (V = Q/(2HL) < 1) induces a bendo-capillary
pressure gradient p?¢ ~ v cos? 0. L2AX/(BH?). A pressure gradient due to gravity arises
from a deflection of the whole assembly under its own weight, ngeam ~ psgbL, and that of
the drop,F‘gJIrOp ~ pgf). By considering a cantilever beam weighted down by forces ngeam
and F;mp, we find a scaling for this angle to be o, ~ (psb + pHV)gL?/B (relative to
the horizontal). The associated pressure gradient is pg ~ a,pg ~ (psb+ pHV )pg*L? | B.
The ratio of these two pressure gradients is p? /p ~ (psb+pHV )LH?/(pAX (1), where
l. = \/W is the capillary length of the system. Typical experimental values
(table 2.1), give p?/p’ ~ 0.05; we therefore neglect bending of the plates under their
own weight (or that of the droplet) as a driving mechanism for motion. (Note that a
related gravity dominated problem has recently been considered by Howell et al. [2016].)

Finally, our assumption that beam inertia is negligible is valid provided the inertial time
scale — that obtained by balancing beam inertia and bending stiffness, 7, ~ \/m =
O(1073 s) — is much shorter than the capillary time scale 7. = uL?/(|ycosf.|H) =
O(10 s).

With the assumptions described above, the channel width h(z,t) satisfies the Euler-

Bernoulli equation

o*h
9t q(z,t) (2.15)
where ¢(z,t) is the applied droplet pressure,
0 for 0 <z <az_(t),
q(z,t) =< plx,t) for x_(t) <z < zi(t), (2.16)
0 for x(t) <z < L.

Note that we have now specified the droplet pressure in terms of the channel shape,

o*h
p(z,t) = B@ forz_(t) <z < axy(t). (2.17)
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To proceed, boundary conditions on the beam must be specified. We ensure that the
beams are clamped at z = 0 by imposing
oh
h=H d —=0 atzx=0. 2.18
and o~ at z (2.18)
At the other end, the beams are free — they are not subject to any moment or shear —

and we therefore impose
%:0 and %:O at v = L. (2.19)

It is worth stressing that the asymmetry in the boundary conditions — clamped condi-
tions at one end, and free conditions at the other — is an important part of the mechanism
responsible for bendotaxis. The asymmetry means that the same force applied further from
the clamped end results in a larger deflection — the channel is effectively ‘softer’ there
(although the bending stiffness B is constant along the beam).

Note that when surface tension is sufficiently strong (and the droplet wets the channel,
so that the channel walls are brought towards one another by deflections), we expect that
the beams may touch during droplet motion. In this case, the boundary conditions (2.19)
will no longer hold. We postpone any discussion of this scenario until Chapter 4.

We assume that the channel wall separation, slope, and moment are continuous across

the menisci,

s [on)™ [oPh]
$i . _
=[] 2 [ o

CE+ . . . . .
where [f] * = f(x],t) — f(x},t) denotes the jump in the quantity f across the menisci.
Ty

Ty L
Finally, the line force from surface tension induces a jump in the shear force across
the menisci,
oh] "
B [%} = v sin 6, (2.21)

Tt
However, as the ratio of the right hand side of (2.21) to the left hand side scales with
yeosOL?  L?L .
— ¢ — = iné,, 2.22
BH G2 H (222)
we can ignore the line force provided the channel aspect ratio (H/L) >> sin6.(L /().
We assume this holds (in the non-wetting proof of concept experiment, the quantity (2.22)

is approximately 0.05; for the wetting proof of concept experiment we have sin 6, = 0),
so the final boundary condition on (2.15)—(2.16) is

[8%] "o (2.23)

ox3 | -
Ty

20



Initial conditions

The problem (2.9)—(2.10), (2.12), and (2.15)—(2.20), (2.23) (for h(x,t), p(x,t), x_(t),
x4 (t)) is closed by specifying initial conditions. We assume that the channel is initially
undeformed,

h(z,0) = H. (2.24)
The corresponding spatially constant pressure is set by its values at the menisci

0c
p(z,0) = VC;IS , 2t <z <al. (2.25)

where 19 are the initial meniscus positions

24(0) = 2. (2.26)

These initial conditions must be consistent with the droplet volume: if the droplet volume

) is specified, it is necessary that
Q=2H(2% —2°). (2.27)

Here we have neglected the missing volume contributions from the arcs of the menisci,

whose contribution to the droplet volume enters at O(H/L).

2.1.3 Non-dimensionalization

We non-dimensionalize the problem by introducing dimensionless variables

1 1 ~ 1 ~ 1 LA
% = — 7 = — h == —h t = —t ) —_ — 22
X LZE, T4+ LQ?:E, H ) . ) P BHPa ( 8)

where we recall 7, = uL?/(|ycos6.|H).

Note that we have chosen to non-dimensionalize the pressure p with the natural scale
that emerges in the beam equation (2.17) rather than the scale which emerges in the
Laplace pressure condition (2.12).

By combining (2.9) and (2.15) and inserting dimensionless variables (2.28), we find

that the dimensionless channel half width h(z,{) satisfies

~

4
h .
= 29?;4 0<z<z_(t), (2.29)
oh 1 0 [.,0°h P
5 = 30% <h38§;5> : T_(t) <@ < 3y(t), (2.30)
&*h .
0= 9 Ti(t) <z <1 (2.31)
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Here the dimensionless parameter

_ ycosf.L*

v=tr (2.32)

characterizes the ability of the droplet surface tension to bend the channel walls. It is
through the parameter v that the model equations ‘see’ the wettability conditions: v
is positive for wetting conditions (cosf. > 0) and negative for non-wetting conditions
(cosf. < 0). We refer to the parameter v as the channel ‘bendability’, although it is
closely related to the reciprocal of the elastocapillary number identified by Mastrangelo
and Hsu [1993]. Note that the sixth order partial differential equation (PDE) in (2.30)
is similar to that considered in other studies of elastocapillary dynamics [see Flitton and
King, 2004, Duprat et al., 2011, Aristoff et al., 2011, Taroni and Vella, 2012, for example].

In terms of the dimensionless variables, the kinematic conditions (2.10) read

diy 1 0°h
E 2.33
dt 3lv|oze| 7 (2.33)
=%+
and the channel shape boundary conditions (2.18)—(2.20) and (2.23) read
A h
h=1, g:z; — 0, at & =0, (2.34)
0%h 0°h )
5 =0 =0, at @ =1, (2.35)
+ 7 ‘il 27 ‘i‘l 37 ii
2k oh 0°h 0°h
P - = = = ~0. 2.36)a,b,c,d
[ . [afc] B [a:z2] B [8:&3] B (2.36)a.b.c
Tt Tt Ty

The dimensionless version of the pressure boundary conditions (2.12), expressed in terms
of the channel width (using (2.17)) are

h
a% S S— (2.37)
O i h(z = iy)
Finally, the dimensionless initial conditions are
. xY
h(z,0) = 1, $4(0) =29 = I (2.38)

The problem (2.29)—(2.38) (for h(x,t),z_(t),z.(t) — the pressure p(z,t) has been
eliminated via the Euler-Bernoulli equation) has three dimensionless parameters: the bend-

ability v and the initial conditions on the menisci 2. The latter are related to the relative
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droplet volume V' = i(}r — 2% which characterises the proportion of the channel occupied

by the droplet. Note that the kinematic boundary condition (2.33) ensures that

.
V= / h(i,f) di (2.39)

holds at all times. We shall typically use (v, 2%, V) (rather than (v,2%,2")) as the set
of dimensionless parameters.
Henceforth, hats are dropped and variables are assumed to be dimensionless, unless

otherwise stated.

2.2 Numerical solutions

To verify that the model described in the last section does indeed lead to spontaneous
transport of droplets to the free end of the channel regardless of wettability, and to
analyse the dynamic behaviour, we begin by solving the system of the model equa-
tions (2.29)—(2.31), numerically, subject to boundary conditions (2.33)—(2.37), and initial
conditions (2.38).

2.2.1 Numerical scheme

Our numerical scheme involves three steps. We first ‘integrate out’ the dry regions (0 <
x < z_ and xy < x < 1), which leaves an equivalent problem defined only in the drop
region x_ < x < xy. This problem is then transformed onto a fixed domain and re-
written in a flux-conservative form. We discretize the resulting problem in space, giving
a system of ordinary differential equations (ODEs), which are solved numerically using
the method of lines [Schiesser, 1991]. In this section, we describe each of these steps in
detail.

Isolating the drop region

We begin by reducing the problem to one defined only on the drop region, x_ <z < z,.
This is possible because the solutions in the dry regions (0 < z < z_ and z, < x < 1)
may be found analytically and used to give explicit expressions for effective boundary
conditions at the menisci which encode the behaviour of the adjacent dry region.

In more detail, the position of the channel walls in the dry regions are simply cubic

functions of x with coefficients dependent on the beam shape in the drop region and the
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meniscus positions. By solving (2.29) alongside (2.34) and (2.36)a,b, the shape in the

dry region 0 < x < x_ can be expressed in terms of the shape in the drop region as

oh z\? oh z\°
(B )| (2] (2 wes) (2 em

Imposing (2.36)c,d at x = x_ is then equivalent to imposing

2 3
@:i(gx_@_3h+3>, 8h:£< %—2h+2) atz =x_. (2.41)

ox?2 2 ox or2 8 T on

h(z,t)

Similarly, solving (2.31) alongside (2.35) and (2.36)a,b gives the shape in the dry

region 4 < x <1 as

oh
Mo = G ) (242)
which, in turn, shows that (2.36)c,d are equivalent to requiring
9%h 3h
@ = O, @ =0 atx= Ty (243)

(Note that these effective boundary conditions at x = x are identical to the free boundary
conditions (2.35) which apply at = = 1: provided the beams do not interact, the droplet
has no information about the channel shape in the dry region z, <z < 1.)
With (2.41) and (2.43), we have a complete system that involves only the drop region.
In summary, the ‘drop-only’ problem to solve is
oh 1 0 (h385h

EiRTE %) inx_(t) <z <axy(t) (2.44)

alongside pressure boundary conditions,

o*h v
@ = T atr = x4, (245)

and the effective boundary conditions (2.41) and (2.43). The kinematic conditions

dzy —h%0%h
= 2.46
dt 3|v| Oz°|,_,, (2.46)
still hold, as do the initial conditions
r.(0)=2%, h(z,0)=1. (2.47)

Once the problem (2.41), (2.43), (2.44)—(2.47) has been solved, the shape of the whole
channel can be re-constructed from (2.40) and (2.42).
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Flux conservative form

The drop-only problem is transformed from the time dependent domain z_(t) < z <

x4 (t) to a time-independent domain by letting

—x_(1
R et O S (2.48)
1(t)
where [(t) = x4 (t) — x_(t) is the drop length.
Since z is time-dependent, the transformation (2.48) introduces additional advective

terms in (2.44); the time derivatives in the two co-ordinate systems are related by

where ()5 refers to the derivative with £ held constant. Spatial derivatives are straight-

) 3,

forward, since

By introducing

U(z,t) = 1(t)h(z, 1), (2.51)
the PDE (2.44) is transformed to the flux-conservative form:
ou  0Q
— + —===0 2.52
o o T (2:52)
where 1[ 1 UP0U d d
Ty xT_
S 1 - )2 2.
=7 [3|y| Fon Ui TV } (253)

plays the role of the flux.
The PDE (2.52) is solved alongside boundary conditions

0*U 21 oU
I ) . ) 12 2.54
022 xz‘(‘”az 3U+3)’ (2:54)
PBPU 612 oU
— = |z == —2AU + 2 2.55
023 3 (m 0z * ) ’ (2:55)
U —vls
- _ 7 2.56
0z4 U’ (2:56)
at z = 0, and , . . 6
0“U U U —vl
_:0 _f:07 —_— = —, 257
022 ’ 023 024 U ( )
at z = 1. The kinematic conditions are
de 1 U*9°U dey 1 U?0U (258)
dt 3| 18 95|, dt— 3y[ s 025 -
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Method of lines

We solve the PDE (2.52) numerically by discretizing in space: the z-domain is divided
into a grid of n cells of equal length Az = 1/n with cell centres z; = (7 — 1/2)Az for
j=1,...,n, and cell edges at 2,1/ = jAz for j = 0,...n. U(z,t) is approximated at
the centre of each cell by U; = U(z;,1).

Three ghost points are introduced at each end of the domain (corresponding to cell
centres indexed by j = —2, —1,0 and j = n+1,n+2,n+3, respectively). By approximat-
ing U appropriately at these points, we implement the boundary conditions (2.54)—(2.57).

The flux @ is approximated at the edges of each cell by Q112 = Q(2j41/2,t). To
evaluate the fifth derivative in (2.53), we use second-order centred finite differences of U,
Jj=—2,...,n+ 3. Following the positivity preserving scheme described by Zhornitskaya
and Bertozzi [2006], we approximate U? at the cell centres by 2U7U?,, /(U; + Uj44), and
approximate U at cell centres by (U; + Uj41)/2.

The finite difference discretization results in a system of n ODEs,

dU; Qjs12 — Qj—1/2 .
= — =1,... 2.59
dt Az ’ J SRR ( )

which are coupled to the kinematic conditions (2.58), giving a system of n+2 ODEs. The
fifth derivatives in the kinematic conditions are approximated using the same second-order
centred finite differences as for the flux, and the U? terms are approximated using one
sided finite differences on the internal grid points (we find that a one-sided approxima-
tion results in reduced numerical errors in conservation of mass, compared to a centred
approximation).

The system of ODEs is solved numerically using the stiff ODE solving routine ODE15s
routine implemented in MATLAB. A stiff ODE solver is necessary because of the different
time scales in the problem; as we shall see, there is a short (early) time scale on which
the beams respond to an initial torque imbalance, and a longer time scale on which the
droplet moves towards the free end of the channel.

To improve the speed of the ODE15s routine, we specify the Jacobian of the system of
ODEs. This is computed at each time-step using complex step differentiation [Shampine,
2007].

Typical computation time is on the order of seconds (Figure 2.2(b)) but grows rapidly
as the dimensionless drop length [ approaches zero, owing to sensitive dependence of the
flux @ on this quantity.

The integration continues until either the channel ends touch (in which case h(z =

1,t) = 0, and the free end conditions (2.19) are no longer valid), or the droplet touches one
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Figure 2.2: Plot of (a) AM, the maximum percentage mass change, and (b) computation
time plotted as a function of the number of grid points n in numerical solutions (obtained
using the method of lines) of the equations (2.29)—(2.31), (2.33), (2.34)—(2.38) with
v =10,V =0.2 and 29 = 0.8.

end of the channel (in which case z; = 1 or z_ = 0, and the kinematic conditions (2.10)
are no longer valid). Note that, whilst we expect the droplet will always eventually move
towards the free end of the channel, during the early phase the menisci move in opposite
directions and it is therefore possible that a droplet starting sufficiently close to the
clamped end will make contact with it. We denote by ¢, the (model, rather than clock)
time at which the integration finishes.

At each time-step, we compute the volume of the droplet as
M(t) = Az Uj(t). (2.60)
=1

As a proxy for the numerical error, we compute the maximum percentage mass change

(loss or gain, from its initial value of V') during the temporal integration as

AM =100 x max (W) (2.61)

0<t<te V

By integrating the system of equations (2.59) until ¢ = ¢, repeatedly with a different
number of grid points n (but the same parameters v, V, Z‘S)r) can compute the percentage
mass change as a function of n. According to this metric the convergence is indeed second
order in Az = 1/n (see Figure 2.2).

2.2.2 Numerical experiments

Schematic plots of numerical solutions of the model equations are shown in Figure 2.3.

The behaviour seen in these solutions span that seen in all numerical solutions; in this
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Figure 2.3: (a) Droplet-channel configurations obtained from numerical solutions of the
model equations (2.29)—(2.31), (2.33)—(2.38). The initial conditions — 29 = 0.5,2° = 0.3
(giving V' = 0.2) — are the same for each value of v shown. Snapshots vary linearly from
t/t. = 0 (top row) to t/t. = 1 (bottom row), where ¢, denotes the time at which the
droplet reaches the free end. (b) Displacement of the channel tip away from its initial
position in the solutions shown in (a), with colours corresponding to those in (a). The
three wetting configurations (v = 0.1,1,6) have h(1,¢) < 1 (indicating inwards wall
deflections), while the non-wetting configuration (v = —1) has h(1,¢) > 1 (outwards
deflections, respectively).

section, we briefly describe their features.

The salient feature of these solutions is that droplets are transported to the free end
in both wetting (¥ > 0) and non-wetting (v < 0) scenarios, confirming that our model
captures the wettability-independent nature of bendotaxis (Figure 2.3(a)). Further, this
droplet transport is accompanied by an inwards (outwards) deflection for wetting (non-

wetting, respectively) configurations, as we predicted in our discussion of the mechanism
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in §1.4.2.

In all cases, there is a qualitative similarity between the droplet trajectories, albeit
on vastly different time scales (as we shall see, the droplet trajectory can be described
analytically in the case of small deflections). In the proof of concept experiment, described
in §1.4.3, where v = 5,7, = 10, the droplet took O(1 minute) to traverse the channel.
This is in qualitative agreement with the model result for v = 6, which predicts that
the motion to takes approximately 57, seconds. Additionally, in the experiment, the
droplet accelerates along the channel, which is in qualitative agreement with the shape
of the droplet trajectories (Figure 2.3(a)). (In the following chapter we describe a suite
of detailed experiments designed to test the assumptions of our model — especially the
lubrication approximation within the droplet — more closely.)

Stronger surface tension (larger v) is associated with larger deflections (Figure 2.3(b)).
As predicted, when surface tension is relatively strong, and the liquid wets the channel
walls (v = 6 case in Figure 2.3), the beam ends approach one another during the motion.
As a result, the droplet spreads out, occupying a greater portion of the length of the
channel. Note that the value of v = 6 is (approximately) the largest v for which the
channel walls do not touch before the droplet reaches 2, = 1 (for this particular pair
of initial conditions (2%,29%)); if v 2 6, the simulation ends before the droplet reaches
x4 = 1, when the channel walls touch (we shall discuss what happens beyond this point
in Chapter 4).

Recent studies of bendo-capillary imbibition from a bath of liquid [van Honschoten
et al.,, 2007, Aristoff et al., 2011] have shown that the leading meniscus decelerates
throughout the motion. By contrast, we observe here that droplets accelerate as they
move along the channel (Figure 2.3(a)). This acceleration occurs because the channel
becomes more deformable the further the droplet is from the clamped end.

In the imbibition case, there is no rear meniscus, and the pressure gradient acts over
a length equal to the leading meniscus position. Although meniscus advance results in a
decrease in pressure at the front — arising from additional channel deflection — this does
not overcome the additional length over which this pressure difference acts. (Note that
bendo-capillary imbibition from a fixed bath is only possible for wetting configurations).
In the case of bendotaxis, however, the rear meniscus is mobile, and the length over
which the pressure gradient acts does not change significantly (Figure 2.3(a)), allowing
the increased effective deformability of the channel to dominate.

A comparison of the displacement of the channel tip from its initial position (Fig-
ure 2.3(b)) suggests that the dynamic behaviour occurs on two distinct time scales: a

fast, early time scale — arising from a torque imbalance on the channel walls (the initially
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undeformed walls offer no resistance), and a slower time scale on which the droplets move.
(This separation of time scales can be formalised in the case of small deflections.)

We also note the similarity between the tip displacement traces (Figure 2.3(b)) for v =
+1. For the majority of the motion, the deflection in these cases is relatively small, so the
linearized form of the model equations are valid; as we shall see, the tip displacement and
meniscus positions are symmetric in v — —v in solutions of the linearized equations. Only
when deflections are significant, and non-linearities arising from the channel permeability,
meniscus pressure, and conservation of mass enter, do the traces deviate from one another.

This again highlights the importance of the small deflection regime, which we turn to now.

2.3 Small deflections

We seek to make analytical progress by assuming that the deflections of the channel
are small. Physically, small deflections are associated with weak surface tension or stiff

channel walls; in our model, these two cases can be encoded by considering

_ ycosf.L*

= 1. 2.62
v B2 < (6)

In this section, we therefore perform an asymptotic analysis of the model equations in the
limit v — 0. (Note that small deflections can be also be realised by considering a small

droplet volume, V' < 1; we present an asymptotic analysis for V' < 1 in Appendix A.)

2.3.1 Asymptotic expansion

To probe the structure of weak deviations from an undeformed configuration, h(x,t) = 1,

we pose an expansion of the channel width in powers of v:
h(z,t) = 14 vhi(z,t) + v?ho(x,t) + ..., (2.63)

where h; = O(1) as v — 0. Inserting (2.63) into the drop-only formulation of the problem
problem (equations (2.41), (2.43)—(2.47)) and expanding in powers of v gives the PDE
on the drop region as

ohy 0%y 0 Phy  Ohy
At ~Z (3p

ot 0xb * o 3 *

3|v

5 T o ) , o<z < x4, (2.64)
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correct to O(v?). The boundary and kinematic conditions, also correct to O(1?), are

2 2
Oh 2 <2$8_};_1 _ 3h1) ey [a hy 2 (23;8]“ . 3@)] =0, (2.65)

ox2 22 9] ox? 2% Oz
0®hy 6 0h, Dhy 6 Ohs B
pr (xa—x — 2h1> +v { IR (xa—x - 2h2>} =0, (2.66)
*hy Ohy
5 +1+V<8:134 —h1>—0 (2.67)

at x = x_, and

0%hy 0%hs
= 2.
52 +v 52 0, (2.68)
Phy 9?hs,
= 2.
pe +v By 0, (2.69)
0*hy 0*hs

at x =z, and

(2.71)

Ox+ 9 hy Ohy  Ohy
BSgn(z/)W = [8:65 +v (2}“% + 925

T=x4

Here sgn is the signum function, returning 1 for v > 0 and —1 for v < 0, which arises
from v/|v| = sgn(v).

2.3.2 Separation of time scales

The hierarchy of problems resulting from the asymptotic expansion sheds light on the
different time scales alluded to earlier in §2.2.2. We discuss these time scales briefly here.

By comparing the first term on the left hand side of (2.64) with the first term on the
right hand side, we identify a balance between channel squeezing and flux divergence on
a fast (O(|v|)) time scale. Explicitly, if 7" = t/|v| ~ O(1), the leading order equation
in (2.64) reads

Ohy  O%hy
and (2.71) reads
8xi .

i.e. droplets do not move appreciably on this fast time scale. Equations (2.72) and (2.73)
describe how the (initially straight) channel walls respond quickly to the non-zero droplet
pressure by bending; this deflection induces a restoring force within the beams to balance

the droplet pressure. The menisci move an O(v) amount during this motion (in opposite
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directions because mass must be conserved), which is small in comparison with the total
length of the channel. As it provides no information about the droplet motion, we do not
pursue the problem on this time scale further.

It appears, from (2.71), that there is a balance between droplet motion and the leading
order pressure gradient, 9°h;/9z°, on an O(1) time scale. From (2.64), we see that the
leading order pressure gradient is quasistatic on this time scale: 9°h;/0x° is a function of
time only, and hence the leading order pressure simply interpolates between its values at
the two menisci. However, from (2.67) and (2.70), these mensicus pressures are identical.
Therefore the leading order pressure gradient is zero and the droplet does not move
appreciably on an O(1) time scale either. As we shall see, the droplet moves on a long
(O(Jv|~1)) time scale; the large difference in the magnitude of this long time scale, and
the short time scale on which the channel initially responds to applied pressure can be

seen in our numerical solutions (see Figure 2.3(b), for example).

2.3.3 Droplet motion time scale

To analyse the problem on the time scale of droplet motion, we rescale time by introducing
T = 3|v|t ~ O(1). The PDE for hy(x, ) is
Ohy
0xb

=0 r_(1) <z <xy(T). (2.74)

The boundary conditions

0?hy 2 Ohy Bhy 6 Ohy
] ( T 3h1) 0 P (.CE e hl) atzx =az_, (2.75)

0*hy _0 Dhy At o1 0'hy
Oz 03 - Ozt
are unaffected by the time scaling (and hence the problem for hi(x, 7) is identical to that
for hy(z,t)).

The solution to (2.74)—(2.76) is

=—1 atx=ua4 (2.76)

4
Ty

o (1= =401 =) (1 - ) + B+ &, — 48] (2.77)

4
where {(z,7) = /x4 (1) and &, (1) = x_(7)/x+(7). Although the deflection (2.77)

does not contribute to the meniscus motion (as discussed, it corresponds to a uniform

hi(z,7) = —

pressure), it is necessary to solve for h; to determine hy(x, 7) and thus the droplet motion

via the kinematic boundary condition, which reads

d.flfi 85h2
= — 2.7
dr 0z ’ (278)
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at leading order.

The problem for hy(z, 7) is also quasi-static:

O%hy
05

=0 r_ (1) <z < xy(7), (2.79)

with boundary conditions

D?hy 2 Ohy Phy 6 Ohy
0?hy D3hy O*hy
T 0= 5ps LT =T, Sl hy atx=wxy. (2.81)a,b

Note that the only inhomogeneity in the hy problem comes via the forcing in the pressure
at z (i.e. through (2.81)b).

From (2.79), we see that the pressure gradient is spatially independent, and thus set
by the pressure difference across the droplet:

Phy _ (s, 7) = h(z_,7) _ _MéT)g [1— &n(P)][L + En(T)]). (2.82)

Ox® Ty —x_

Here we have used the solution (2.77) to evaluate hi(x4,t). It is then clear from the
kinematic condition (2.78) that both menisci move at the same speed,
a o (wy —a)(zy + )

dSCi
? = R (1 - gm)(l + gm) = 3 (2'83)

and hence the drop length . — x_ does not change at leading order during the motion.
Since the menisci do not move appreciably on the faster time scales discussed above (recall
that on an O(|v|™!) time scale the menisci move an O(v) amount), the droplet length
stays at its initial value, 2, —2_ ~ 2% —2% =V and thus 2} +2_ =~ 2z, — V.

Using this, the solution to (2.83) with initial condition z; (7 = 0) = x4 (t = 0) = 29,

is, in terms of the original (unscaled) dimensionless variables,

1% 32t
1+ (= -
225 -V 4

v

x4 (t) = 9

+ O(|v]?), (2.84)

with x_ =2, —V + O(Jv|). Note that this expression is symmetric in v — —v: droplets
in channels with the same absolute bendability, but with different wettability conditions,
travel at the same speed when the channel deflections are small, as observed in numerical
solutions presented in §2.2.2.

As a proxy for the time scale of motion, we consider ¢ — the time taken for the leading

meniscus to pass from . = f < 1 to the free end, z = 1. As t; is the time difference
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Figure 2.4: (a) Numerically obtained values of ¢/3 (the time taken for the droplet to
traverse the last 1/3™ on the channel) plotted on logarithmic axes. The colour of points

indicates the relative volume V' (see legend in (a)). (b) Data in (a) rescaled according

to the asymptotic prediction (2.85). The dashed black line indicates #,/3 = tg%, the

asymptotic result in the case of small deflections.

between two events, the system is free of inertia, and the capillary torque is balanced by
beam bending (except for at early times, when the droplet does not move significantly),
we expect t; to be approximately independent of the initial conditions. This allows us
to consider the dynamic behaviour only in terms of the control parameters of interest: v
and V. (As we shall see, ty, rather than the total time for the motion, is the relevant
observable in our experimental study of bendotaxis.)

Using the solution (2.84), we find that the small bendability estimate of ts, denoted

3B s

24(1 — f) 1
3B — 2.85
PRV v (2.85)
Noting that

1 BH? L B H? (2 86)

W |y cos 0| L4 AX - |y cos O |AX L3
the result (2.85) is in agreement with the result of the scaling argument presented in
§2.1.1, namely equation (2.8).

Numerical solutions of the full problem with v < 1 agree well with (2.85) (Figure 2.4).
These results are shown for t = t; with f = 2/3 (in which case t; is the time taken to
traverse the final 1/3™ of the channel). Surprisingly, the expression (2.85) accurately
predicts ¢; in numerical solutions even when v = O(1), and the asymptotic analysis is no

longer valid.
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To understand this, we consider the dynamics in the limit of small droplets (V' < 1):

in Appendix A, we show that the corresponding small droplet result for t; is
=’ (2.87)

Note that

24(1— f 6(1— f %

(2f—(V)(22V) = ( 7 ) {1+E+O(V)}’ (2.88)
ie. 13 = 13V + O(V). The agreement between numerical solutions and (2.85) for v =
O(1) (Figure 2.4) in fact reflects agreement with the result (2.87) for small volumes. As
mentioned, both the cases of small bendability (and V' < O(1)) and small droplet volume
(and v < O(1)) will result in a small channel deflections, but the asymptotic analysis of
this section is only valid in the case of the former. Note that, the larger V is, the sooner the
data from numerical solutions ‘peel off’ from the asymptotic result (2.85) (Figure 2.4(b)).
It is difficult to separate the two small deflections cases — small bendability and small
droplet volume — since droplets have V' < 1 by construction (and we are typically interested

in V< 1/2).

2.4 Droplet removal

We conclude this chapter with a brief discussion of the implications of our model for
droplet removal from deformable channels — our main motivation for studying bendotaxis.
In particular, we consider the time taken for a droplet to reach the free end (from which
it can be removed). This quantity is important because the overall performance of the
structure is strongly dependent on the number of compromised channels — those containing
a droplet. Increasing the speed of removal from individual channels will minimise the total
number of compromised channels.

A key question is, therefore, how should a channel be designed to minimize the time
taken for droplets to reach the free end? In answering this question, we again consider
ts, rather than the total time taken, to isolate the effects of the bendability v and droplet
volume V.

We solve the model equations presented in §2.1.3 numerically for a variety of (V,v)
pairs to map ¢ as a function of v and V' (Figure 2.5(a)). This map confirms the trend
suggested by those numerical solutions shown in Figure 2.3: increasing the bendability,
v = vycosf,L*/(BH?), reduces the time taken for the droplets to traverse a section of
the channel adjacent to the free end. However, this is to be weighed against the possibility

that the walls touch during the motion and trap (wetting) drops indefinitely. The regions
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Figure 2.5: (a) Influence of dimensionless droplet volume V' and channel bendability v
on numerically obtained values of ¢33 (the time taken to traverse the final 1/3 of the
channel) with z = 0.6. The solid black line indicates indicates v.(V,z% = 0.6), the
smallest value of v (for a given V') in which the channel walls touch before the droplet

reaches the free end. (b) Numerically obtained values of v, (V, %) for different initial

droplet positions 2. Droplets are always expelled (reach the free end) for v < v, and

trapped (the channel walls touch before the droplet reaches the free end) for v > v, (the
hatched region indicates the expelled region for 29 < 0.7).

of (V, v) space for which the droplet is ultimately trapped or reaches the free end is shown
in Figure 2.5(b).

We denote by v.(V, 2% ) the smallest value of v at which the channel walls touch —
and trap the drop — during the motion (before ¢t = t., when the simulation ends), for a

given droplet volume V" and initial position 29, i.e.
ve =sup{vlh(z =1,t =1t.) > 0}. (2.89)

(This supremum is well defined because h(x = 1,t = t.) is a decreasing function of v for
a given (V,x).) We compute v, numerically using a bisection scheme. Each evaluation
of h(x = 1,t = t.) requires us to solve the model equations numerically for ¢ < t..

We plot in Figure 2.5(b) the curves v, as a function of V, for various 2 . These curves
are approximately independent of z% when z% < 0.7, but are very sensitive to z when
2% > 0.7 (i.e. v./0xY > 1 when 2% > 0.7). To understand this we note that, provided
the channel walls do not touch, the channel width at x = 1 depends only on the channel
width and slope at © = x,, and the (instantaneous) droplet position via the distance
1 — ;. between the channel end and the ‘+' meniscus (see equation (2.42)). In general,
the channel width and slope are set by an instantaneous torque balance on the beams,
and the history of the droplet is unimportant. This torque balance is, however, not valid

during the early squeezing regime: droplets starting close to the free end may be able to
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reach it during this period. For a given V', a stronger pull (larger v) is required to trap

those droplets starting close to the free end.

2.5 Summary

In this section, we have developed a mathematical model of bendotaxis. The physics
retained in our model is motivated by the experimental demonstration of bendotaxis
presented in §1.4.3. The model is characterized by three dimensionless parameters: a
channel bendability (which implicitly describes the wettability conditions), a dimensionless
droplet volume and a dimensionless starting position of the droplet.

Numerical solutions of the governing equations indicate that our model captures the
wettability independent nature of bendotaxis, and its characteristic inwards deflections for
wetting configurations and outwards deflection for non-wetting configurations. The nu-
merical solutions predict motion on a time scale comparable to the experimental demon-
stration, with qualitatively similar dynamics. However, we have not made a detailed
quantitative comparison between this experiment and the model; in the following chapter,
we describe a suite of experiments similar to the proof of concept experiment which are
designed to test the validity of our model.

We demonstrated how analytic progress can be made in quantifying the time scale
of motion in the case of small deflections — achieved by having either a small channel
bendability or a small droplet volume. In both cases, the time scale of motion is inversely
proportional to the product of the bendability and droplet volume, as was also predicted by
a scaling argument. We also discussed the implications of our model for droplet removal
from deformable channels; in particular, we identified that high channel bendability is
desirable for quick droplet removal, but this this is to be weighed against the possibility
of the tips of the channel walls touching and trapping wetting drops indefinitely. Finally,
we note that for v < 8, droplets are always expelled, regardless of where the start in the
channel; tailoring the surfaces design to ensure v < 8 may therefore be a good design

criterion for superhydrophobic surfaces that exploit bendotaxis for anti-fogging.

A Small droplets

In this appendix, we consider the small volume droplets, VV < 1. The aim is to derive a
small volume approximation for ¢; — the time taken between x, = f and ;. = 1 — which
we denote t?v. Here we simply describe the leading order behaviour, as this is sufficient

to determine t?v to leading order.
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A.1 Small volume expansion

We begin by assuming that the channel is not deflected significantly by the droplet,
allowing us to write
h(z,t) =14+ Vh(z,t) + O(V?), (2.90)

where hy ~ O(1); as we shall see, enforcing this condition places a restriction on the
range of v allowed.
To begin, we first note that conservation of mass requires the length of the drop to
remain small and approximately constant throughout the motion, x, —z_ =V +O(V?).
Recall that the channel width in the drop region satisfies
oh 1 0 ( 30N

Inserting (2.90) into (2.91) and integrating across the droplet gives

o°h
3_
{h 0z

T4 T4
} = 3|u|/ v% dr = O(V?), (2.92)

where the second equality makes use of the short length of the droplet. Equation (2.92) in-
dicates that the liquid flux, which is proportional to h20°h/dz°, does not vary significantly
across the droplet. As a consequence, the pressure gradient is approximately (spatially)
constant in the drop. Using the dimensionless Laplace pressure boundary condition (2.37),

we can approximate this constant pressure gradient by

Oh 1 B‘;lzr*+o(vz): v LI }+o(v2). (2.93)

oxd  xy—x_ . Ty — T {h(m, t)  h(xy,t)

Now, by expanding the terms on the right hand side of (2.93) as

1 1 oh Ohy
_ —y 2 V3 = 2= V3 2.94
Wa D) han Vas TOVI=VigS| o 00 (294)
T=x4 T=x4
we can express the pressure gradient as

Oh Ohy
— =vV— oV? 2.95
o5~ U ox Mﬁ V5, (2.95)

Inserting (2.95) into the kinematic condition (2.33) gives (to leading order),

dzy  sgn(v) v Ohy

dt 3 Or

(2.96)

T=x4
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A.2 Point force problem

To proceed, we require an estimate of the slope of the channel walls. Since the drop
is small, its effect on the channel shape may be approximated by a point force acting
at x = x; the channel ‘sees’ the droplet only via jump conditions, which we derive by
integrating the pressure across the droplet.

To begin, we note that, since the pressure gradient within the droplet is O(V') (equa-

tion (2.95)), the droplet pressure is approximately constant:

o'h  d'h
pla,t) = 575 =

C Ot Oat

+O(V?) = —v+ O(V?) (2.97)

T=T4

By integrating (2.97) across the droplet, we calculate the jump in shear force across it as

[%r = —vV +O(V?). (2.98)

Tr—

This is the first jump condition. The second jump condition comes from expanding the

jump in channel shape across the droplet in V:

[B)2F = h(zs,t) = h(zy — Vi1)
— 14 Vhy(zy,t) — [+ Vhy(z, — V1)) + O(V?)
=1+ Vhi(zy,t) — [L+ Vhi(zp,t)] + O(V?)

=0(V?). (2.99)

Similarly, by expanding the channel slope and moment, we obtain

O?h]*" 3h
[a_] =V o

€Tr—

+0(V?),

T=T |

+0(V?). (2.100)

T=T4
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x|, — Oa?

T —

Recall from §2.2.1 that the free boundary conditions applied at = 1 also apply at

T =Ty, le.
o
ox3

Gl
ox?| _
T=r4

Combining (2.100) and (2.101) yields the final two jump conditions

—0, — 0. (2.101)

T=x

l%} o), l%} T —ou). (2.102)

xTr— T —

The leading order ‘point force problem’ for hy is therefore

O*hy

9 =0, in0<z<zy, and 4 <z <1, (2.103)
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with jump conditions

&3h, 1 82h, 1% Ohy ] ot
ET T [ ISR P e
ox ¥

Ty

and boundary conditions

h
hy =0, % =0, atz=0, (2.105)
d?hy Ohy
=0 So=0 ata=l (2.106)
The solution to (2.103)—(2.106) is
— £(3zya® — a? for 0 t
ha(z,t) = i S ) Lo s 7+ () (2.107)
—2 [Bai(x —wy) +20%] for a(t) <z <l

This solution demonstrates that our assumption that h; ~ O(1) is valid only when
v~ O(1).

After inserting (2.107) into the reduced kinematic condition (2.96), we obtain an
ordinary differential equation for the meniscus position:

dry  |v|Va?

- 2.108
dt 6 ( )
The solution to (2.108), with initial condition 2 (0) = ¥, is
629

)= ——+—. 2.109
Z‘+< ) 6 — ‘I/|V.Z‘3_t ( )

Using the solution (2.109), we find that the small volume estimate of ¢; is

6(1 —f)

7 = ——. 2.110
P vy 2310

In Figure 2.6, we plot trajectories for x (t) against V't as well as numerically obtained
values of vy/3 against V' for several different values of v. We see that these numerically
obtained values agree with the asymptotic results (2.109) and (2.110), respectively, in the
limit V' — 0.

It is interesting to note that the numerically obtained data ‘over-shoots’ the asymptotic
result as the bendability v decreases. The competition between the non-linearities in the
Laplace pressure condition — which tends to speed up the motion, relative to the behaviour
in the limit V' < 1 — and the channel permeability — which tends to slow the motion —
is responsible for this. For the larger values of v shown in Figure 2.6(b), the former
dominates, and the motion is faster than the asymptotic result (and vice versa for the
smaller values of ). (The v = 3 curve in Figure 2.6(b) corresponds to these two non-

linearities cancelling one another out, giving the impression of agreement with (2.110) for

V ~0O(1).)
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Figure 2.6: Comparison of numerical solutions and asymptotic results for small droplets.
(a) Trajectories . (t) (solid curves, with V indicated by the colour bar), obtained by
solving the model equations numerically, and the asymptotic result (2.109) (dashed curve).
Here, 29 = 0.6 and v = 5. (b) Log-log plot of numerically obtained values of vty/3 (dotted
curves) for v = 1,3,5,7,9, 11 and the asymptotic result (2.110) (dashed line). The curves
at larger v values terminate when the channel ends touch before the droplet reaches the
free end.

A.3 Doubly clamped configurations

In our experimental study of bendotaxis in the following chapter, we encounter the problem
of a droplet in a channel that is clamped at both ends. In this section, we consider the
behaviour of such a configuration in the case that the droplet is small, V < 1.

The problem is the same as that in the previous sections of this appendix, but with
the free end conditions at = = 1 replaced by clamped conditions:

oh
" ox

We proceed in the same manner as in the clamped-free case of A.1-A.2 by deriving

h=0 atz = 1. (2.111)

a point force problem. The analysis of Appendix A.1 (in particular, the ODE (2.96))
is still applicable. As we shall see, the jump conditions (2.100) are still applicable, but
because of the different boundary conditions at x = 1, they require a different justification.
Note, however, that to justify the jump conditions on the first and second derivatives
(equation (2.104)) it is sufficient to show that the moment and shear are O(V).

To make this justification, we first note that the clamped end at x = 1 results in
effective boundary conditions

2 3
on_ 2 (2:@% - 3h—|—3> , O'h _ 0 <x+@ —2h + 2> (2.112)a,b

2~ 32 2 3
oz T ox ox T

at © = z (as discussed in §2.2.1 for the clamped end at x = 0).
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Figure 2.7: Plot of the functions f = fiamped @and f = free (defined in (2.123)) which
describe the speed of small droplets in deformable channels in which both ends are clamped
(blue curve) and in channels in which one end is clamped and the other is free (orange
curve).

Let us assume that the channel slope remains small Oh,/0xz = O(1); as we shall
see, this is satisfied provided that v = O(1). Inserting the small deflection ansatz (2.90)
into (2.112) gives

9*h 2 Ohy 2

07| = {2x+V% —3(1+Vhy) + 3] Lt OV =0(V) (2113)
and

*h 6 Oh, 2

O3 _— = E {xﬂ/% —2(14+Vhy) + 2} +O(V7) =0(V). (2.114)

T=T4

The moment and shear at x = z are both therefore O(V') as required, and so the jump
conditions across the droplet are identical for both the clamped-clamped and clamped-free
configurations.

The leading order point force problem for h; in the clamped-clamped configuration is

therefore o,
8x41 =0, in0<zx<xzy, andzy <x <1, (2.115)
with jump conditions
Om)T_ L, [T M\ o, (s
oxd | - ox? | _ ’ ox | - Yo & '
+ +
and boundary conditions
h
hlzo:%, at z =0,1. (2.117)



The solution to (2.115)—(2.117) is

1+ Ax? + Ba? fi 0<z<ay(t
oty =4 OTES . o v < (1), (2.118)
1+C(1—2)*+D(1—x)* for z.(t)<z<l1.
where
A=—ZE (@d 420, - 1), B= < (2}~ 3% +1), (2.119)
2 2
C= %(m—l), - —WCT*(M—Q (2.120)

(The solution (2.118) informs us that the channel slope remains small, 0h/0x ~ O(V),
provided that v = O(1)).
Inserting (2.118)—(2.120) into the kinematic condition (2.96) gives the ODE

oy _ vV oi(l—2e)(@y — D7 (2.121)
a6 2

Note that (2.121) is anti-symmetric about x; = 1/2, so the system is in equilibrium when

the droplet sits at the centre of the channel. Furthermore, the channel deformation is

maximised when the droplet sits at the centre, with deformation

Vv
1—h(xr=1/2,t) = —. 2.122
Figure 2.7 compares the functions
52(2s — 1)(s — 1)? 52
fompea(s) = “EZDEZDT oy =S (2.123)

2 2’

which describe how the speed of the meniscus changes as the droplet moves along the
channel (see equations (2.108) and (2.121)). We note that ffree(s) > fclamped(s) through-
out |s| < 1/2, and conclude that motion is always quicker when the end x = 1 is free,
rather than clamped, in the small V' case. In particular, for x, > 0.37, the motion in the

clamped-clamped case will be at least an order of magnitude slower than that with a free

end.
In addition
1 1 1
fetamped(s) ~ 6 (s — 5) as s = 3, (2.124)
so the droplet approaches the equilibrium at z, = 1/2 like
Ty — % ~ exp (—2—‘;) : (2.125)

Returning to dimensional units, equation (2.125) means that the time scale of relaxation
to equilibrium in the doubly clamped channel is

48 ASuBH
vV, B v2cos? 0. AXL’
We will return to (2.122) and (2.126) in the following Chapter.

T = (2.126)
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Chapter 3

Experimental study of bendotaxis

In this chapter, we describe a series of experiments, similar to the proof of concept
experiment presented in Chapter 1. These experiments provide a robust test of our model
and offer further insight into the dynamics of bendotaxis. Systematic experiments were
performed with both wetting and non-wetting configurations. However, the treatment of
the channel walls required to minimize contact angle hysteresis (discussed further below)
leads to some uncertainties in the relevant parameters; we therefore focus primarily on

experiments with wetting drops but discuss non-wetting configurations in Appendix B.

3.1 Experimental setup

3.1.1 Channel fabrication

The experimental setup is shown in Figure 3.1. To fabricate the channel, we cut two
sections of borosilicate glass cover slips to a width w from larger cover slips of length
Liotal. These coverslip sections were first treated (see below) before being clamped either
side of a rigid separator of thickness 2/ over a length L jamp, to create an open-ended
channel of length L = Listal — Leiamp and half-thickness H.

Since the liquid motion is driven by a droplet induced tapering, we were careful to
ensure that the channel has as little intrinsic tapering as possible. Intrinsic tapering is
known to drive droplet motion, as studied by Renvoisé et al. [2009] and Reyssat [2014],
and including it here would interfere with the self-induced droplet motion of interest. To
minimise intrinsic tapering, we clamped the channel walls over a length at least as long

as the length of the resulting channel, i.e. L < Lejamp (Figure 3.1(a)).
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Figure 3.1: Experimental study of bendotaxis. (a) Schematic of the experimental setup
consisting of a droplet in a flexible channel of undeformed wall separation 2H, width w, and
length L. We track the leading meniscus, located a distance x, (t) (measured along the
centreline of the channel), during the experiment. (b) Top view of an example experiment
with a V50 silicone oil droplet of volume 18 pL. Here, 2H = 310 ym, L = 18 mm,
w =5 mm, and b = 300 pm. The scale bar indicates 2 mm. The quantity ¢y~ is the time
taken between x, = 0.7L and x, = L, which corresponds to the time between the third
and sixth images here.

3.1.2 Channel wall treatment

The coverslips that make the channel walls were treated to minimize dissipation arising
from dynamic contact angle effects and contact line pinning. As we shall see in the
following chapter, the dynamics of bendotaxis is highly sensitive to contact angle hys-
teresis, which we have not yet included in our model. (In addition, recent studies of
droplet dynamics in tapered channels by Prakash et al. [2008] and Bush et al. [2010] have
demonstrated how droplet motion can be arrested completely by contact angle hysteresis.)

We used two different treatments on the coverslips, which are described briefly here
(full details can be found in Appendix A). In one set of experiments, the glass was treated
(prior to the channel fabrication) to render it a slippery lubricant-infused porous surface
(SLIPS). Briefly, this treatment involves introducing a porous matrix to the surface of the
coverslips, into which a lubricating silicone oil is impregnated. The result is an intrinsically
smooth surface with no contact line pinning, since droplets of silicone oil subsequently
introduced onto it share an interface only with the lubricant [Wong et al., 2011].

In the second set of experiments, the channel walls were pre-wetted with the same
liquid as was used for the subsequent experiments in that channel. This treatment took
place after the channel had been assembled. We ensured that the prewetting layer was
sufficiently thin that liquid entrained during the experiment did not significantly alter the
droplet’s volume (Appendix A).

The advantage of using SLIPS treated, rather than pre-wetted, coverslips for the
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channel walls is that this treatment guarantees low contact angle hysteresis and contact
line dissipation. The SLIPS treatment is, however, relatively resource intensive (by com-
parison with the pre-wetting treatment) and introduces another source of dissipation not
accounted for by our model, namely viscous dissipation in the lubricant layer [Keiser et al.,
2017].

We find no difference between the SLIPS and pre-wetting treaments in our experi-
mental data (Appendix A). We interpret this agreement as evidence that contact line
dissipation is negligible in the pre-wetting case, and lubricant dissipation is negligible in

the SLIPS case. Henceforth, we shall not distinguish between the two cases.

3.1.3 Experimental protocol

Before the experiment began, a light spacer of thickness 2H was introduced to separate
the free ends of the channel — this allowed us to control the time at which the experiment
begins. A liquid droplet of volume € was introduced close to the centre of this ‘doubly-
clamped’ channel using a micropipette with a narrow syringe tip (diameter 250 pm)
attached. After deposition, the droplet sits at (what will become) its initial position.
Note that the clamped-clamped channel did experience a deformation in response to
the presence of a droplet being introduced, but this deformation was relatively small. To
justify this, we consider the limit of small droplets (which, as we shall see, predicts the
dynamic behaviour of finite size droplets reasonably well). As demonstrated in Appendix
A.3 of Chapter 2, a clamped-clamped channel does experience a deformation when a

droplet is introduced but it is relatively small — the maximum deformation is
vVWH  ~ycosf LPAX
192 192BH?

We have v cos 0. L*AX/(192BH?) < 0.02 in all of our experiments: the channel de-

formation in the clamped-clamped state is never more than (approximately) 2% of the
channel half-width.

(3.1)

More important is the time scale of motion of a droplet in the clamped-clamped
channel: in Appendix A.3 of Chapter 2, we also showed that, for a small droplet close to

the centre of the channel, this time scale of droplet motion is

 48uBH
"~ 42cos?H,AXL’

(3.2)

which is significantly longer (O(10 minutes)) than the time spent in the clamped-clamped

state (O(10 seconds)). It is therefore reasonable to neglect any motion in the doubly
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clamped state, and, in particular, to assume that the droplet’s position when it is deposited
in the clamped-clamped configuration is the initial condition in the subsequent experiment.

The droplet was photographed in the clamped-clamped configuration using a DSLR
camera (Nikon D700) mounted above the experiment. This image (and images of the
subsequent experiment) have a resolution 1920 x 1080 pixels, with a typical spatial res-
olution of 0.03 mm per pixel. Using this image, we determined z4 (¢t = 0), the initial
positions of the menisci — measured along the centreline of the channel — and thus the
droplet length AX = z,(t = 0) —z_(t = 0) and the relative volume V' = AX/L. To
improve the contrast of the menisci, which appear as dark outlines, in images taken from
above (Figure 3.1(b)), we lit the experiment from below (the curved interfaces at the
menisci refract the light).

Droplets were heterogeneous in the third spatial direction (the direction that is not
included in the model of Chapter 2, see Figure 3.1(b)) and the meniscus positions are
measured at the droplet’s longest point, so V' is an overestimate of the relative volume:
V =AX/L > Q/(2H Lw). (The latter measure of relative volume was not used because
there is large uncertainty in the actual amount of liquid that enters the channel.) Another
important consequence of this heterogeneity is the presence of an interfacial curvature in
the third spatial dimension (Figure 3.1(b)). However, this curvature, ky ~ L/w?, was
relatively small in comparison with the curvature k; ~ 1/H of interest, for all parameter
values considered.

When the spacer was removed, the droplet moved spontaneously towards the free
end of the channel. The experiment was lit brightly from below and photographed from
above with the same camera as described for determining the initial condition. The
camera recorded one image every second. When the droplets reached the free end, we
typically observed a small retreat of the rear ‘—' meniscus, after which the droplet remains
stationary; the experiment concluded after the droplet had sat stationary (measured by
eye) for 30 s. Afterwards, the channel was disassembled and the wall thickness b and
spacer thickness 2H were measured with digital callipers (as a result, each experiment
required a new channel to be fabricated).

As mentioned, the menisci are clearly visible as dark outlines in the images taken
during the experiment (Figure 3.1(b)). A Canny edge detection algorithm [Canny, 1987]
incorporated into a custom image analysis code written in MATLAB was used to determine
the outline of the droplet in the images taken during the experiment. Using the length
of the channel to determine the spatial resolution of the images, we inferred from these

outlines the meniscus trajectory x (t) in each experiment.
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Finally, to determine the effects of evaporation, several experiments were left in their
‘final’ configuration overnight. No observable change in size or position had occurred by
the next morning. This is consistent with our modelling assumption that evaporation is

negligible.

3.1.4 Parameter study

We performed the bendotaxis experiment 142 times in total. The liquid viscosity pu,
channel length L, channel thickness 2H, droplet volume €2, and coverslip thickness b were
systematically varied across these experiments. The channel width w =5+ 0.5 mm and
liquid—vapour interfacial tension «y (see below) were held constant across the experiments.
This channel width w was the smallest we can reliably achieve — cover slips typically
fractured when cut to widths narrower than this (it is desirable to minimise the channel
width w as this reduces the influence of flow and cross-sectional volume variations in the
spatial direction not accounted for by our model).

For each experiment, we used silicone oil (Sigma-Aldrich, USA) as the droplet lig-
uid. We used silicone oils V50, V100, V350, and V500 with dynamic viscosities u =
48,96, 336,480 Pas &+ 5% respectively (note that we calculate the dynamic viscosity as
the product of the kinematic viscosity and density, whose values are provided by the man-
ufacturer). These liquids have the same surface tension coefficient, v =22 4+1 mN m™!
(also provided by the manufacturer). Owing to the channel wall treatment, the silicone oil
droplets share an interface only with the (lubricating) silicone oil and thus perfectly wet
the channel walls (6. =~ 0), but crucially form a capillary bridge with well-defined menisci.

Droplet volumes 2 in the range 10 < 2 < 25+ 0.5 pL were used.

Each of the coverslips (Agar Scientific, UK) has a fixed length Liota = 64 mm;
the channel length is varied in the range 14 < L < 30 4+ 0.25 mm by adjusting the
clamped length, Lcjamp. Whilst it would be desirable to probe a larger range of channel
lengths (recall that our theory predicts sensitive dependence on L through the bendability
v ~ L%), the upper bound on the channel length was chosen so that all configurations have
a pressure gradient contribution from gravity (defined in §2.1) that is less than 10% of the
total pressure gradient. In addition, longer channels are more likely to have walls touch
during the motion (at which point our theory breaks down). Finally, for channels with
L < 14 mm, we observe that droplets do not occupy a significant portion of the channel
and are pancake shaped; for these droplets, a two-dimensional theory is inadequate.

The separator, which sets the thickness of the channel, is fabricated by adhering two
or more glass coverslips together. Using this method we achieved channel thicknesses
310 < 2Hy < 630+ 5 pm. (Note that each spacer is measured individually using a digital
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micrometer as the thickness of the adhesive layer used in fabricating the spacer is not
known a priori).

We used three different thicknesses of coverslip (labelled no. 1,1.5, and 2 by the
manufacturer) giving channel wall thicknesses in the range 160 < b < 310+ 5 pm. (Note
that if there is a difference in the measured values of b between the upper and lower wall,
we take the mean of the two values.)

With these parameter values, we achieve a large variation in the elasto-capillary num-
ber, 0.16 < v < 8§, as well as relative volumes in the range 0.20 < V < 0.51. The combi-
nation of these results in almost two orders of magnitude variation in vV, 0.24 < vV < 20.

3.2 Results

3.2.1 Raw results

After image processing, each experiment yields a meniscus trajectory x(t) with initial
condition z(0). Standardizing of initial conditions is difficult (it relies on the accuracy of
inserting the droplet by hand), so we end up with a broad range of initial droplet positions
0.42 < 24 (t = 0)/L < 0.76 with mean 0.6 and standard deviation 0.06 (the inset in
Figure 3.2(a) contains a plot of the kernel density estimate [Sheather, 2004] of =, /L).

We do not directly compare experimental trajectories, as their behaviour is obfuscated
by this difference in initial condition. Instead, we consider shifted trajectories: we choose
a point 0 < p < 1 and determine the time, T}, at which this trajectory passes p. We then
define the shifted time = t—1,,. We also consider the dimensionless displacement z, /L—
p, rather than the raw meniscus position. (Note that 7}, is related to the dimensional
form of the quantity ¢; — the time between the events z,/L = f and z; = 1 - by
Ty +ty = tiotal, Where tioa is the time taken for the droplet to pass from its initial
position to the end at x = L.)

Figure 3.2(a) contains a plot of the trajectories 2, (t)/L — 0.7 (i.e. taking p = 0.7 in
the above definition). The data shown in this figure are only for those experiments with
initial droplet positions 0.6L < x,(t = 0) < 0.65L; this restriction ensures that only a
manageable set of data (38 out of 142 total experiments) is presented. (Note that this
restriction is somewhat arbitrary — we could equally have taken 0.5L < z,(t = 0) <
0.55L, for example — but the particular choice we have made does cover the extremes of
the parameter space described in the previous section.)

The trajectories demonstrate the large variation in dynamic behaviour which can be
achieved by varying the experimental parameters. For example, the slowest moving droplet

takes an order of magnitude longer to move from x, /L = 0.7 to z. /L = 1 (approximately
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Figure 3.2: (a) Trajectories of the meniscus displacement away from ¢ = Tj 7, at which
point 2 = 0.7L. Each curve corresponds to an individual experiment (which has a unique
value of Tg 7). Circles indicate experimental data, obtained at 1 s intervals, connected by
a spline to facilitate distinction between individual experiments. The legend indicates the
type of silicone oil (and hence droplet viscosity) used in each experiment. Inset: histogram
(blue boxes) and kernel density estimate (black line) of the initial conditions z, (¢ =
0)/L in all 142 experiments. (These plots are scaled so that their total area is unity.)
(b) Plot of the (displacement) trajectories shown in (a) as a function of dimensionless
time on logarithmic axes (to facilitate identification of distinct trajectories). Triangles
indicate experimental data and dashed curves indicate numerical solutions of the model
equations (presented in §2.2) using parameter values corresponding to the experiment.
Points (both experimental and numerics) are coloured according to the value of vV =
BH?/(]y cos 0. |AX L3).

220 s for the slowest moving droplet versus approximately 12 s for the fastest). As
expected, the viscosity plays a key role: the trajectories corresponding to high viscosity
droplets (yellow and green trajectories in Figure 3.2(a)) generally take much longer to
traverse the final 30% of the channel than the relatively low viscosity droplets (blue

trajectories in Figure 3.2(a)). The trajectories also indicate that droplets accelerate as
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they move along the channel, as the model developed in previous chapter predicts.

For a more detailed comparison between the model and experimental trajectories, we
plot in Figure 3.2(b) the trajectories as a function of dimensionless time (non-dimensionalized
with the capillary time scale 7. = uL?/(]ycos6./H)). By plotting in this way, we
are able to identify a strong dependence of the dynamic behaviour on the quantity
vV = BH?/(]ycos.|]AXL?), which was identified as being important in the scaling
argument in §2.1. Those experiments corresponding to low vV take a long time, rela-
tive to the capillary time scale (and vice versa for high vV'). We postpone any detailed
assessment of experimental dependence on vV until the following subsection.

Alongside each experimental trajectory, we plot in the prediction of the full model
for the appropriate parameter values, obtained using the numerical scheme described in
§2.2 (Figure 3.2(b)). In each case, we use the initial conditions from the corresponding
experiment. We see reasonable agreement between the numerical solutions and the ex-
perimental trajectories, and also that the spread of data — the difference in time taken
between the (relatively) fastest and slowest droplets — is consistent between experiment
and numerics, as is the shape of the trajectories.

Note that the numerical solutions typically overestimate the speed at which the
droplets move along the channel (this is most pronounced in the case of large vV, the
yellow trajectories in Figure 3.2(b)); these deviations are in the direction we expect —
neglecting the curvature ks, overestimating the droplet volume and ignoring contact line

dissipation, would each act to slow the droplet down.

3.2.2 A proxy for the dynamics

We have seen that the shape of the trajectories is well predicted by the theory. To allow
a more robust comparison between the mathematical model developed in the previous
chapter and the myriad experimental data (the data plotted in Figure 3.2 covers approxi-
mately 25% of the the total), we re-introduce ts, the time taken for the droplet to move
between x,/L = f and z,/L = 1. This quantity is a useful proxy to describe the
dynamic behaviour throughout the experiment.

There are two main benefits to considering the quantity ¢, rather than the full trajec-
tories. Firstly, we have a single value of t; per experiment, vastly reducing the amount of
data to be presented. Secondly, ¢, is approximately independent of the initial conditions
and, as a result, removes the need to shift the time origin (this is in contrast to other
proxies for the dynamic, such as mean square error between the numerical solution and

experimental trajectory). Note, however, that by abstracting in this way, we remove any
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Figure 3.3: (a) Raw experimental measurements of ¢ 7 for different channel lengths. The
legend indicates the silicone oil used (and hence the viscosity, see main text). Different
shapes encode channel wall separation as follows: 2H = 310 pm (right triangle), 360pm
(left triangle), 430pm (square),540pm (circle),630pm (diamond). The size of each point
encodes the approximate fraction of the channel taken by the droplet (V = AX/L), with
bins corresponding to V' = 0.25,0.25 <V < 0.35,0.35 <V < 0.45, and V' > 0.45. (b)
Collapse of the experimental data when rescaled according to (3.5). A single set of error
base extends one standard deviation away from a particular data point, computed from 20
measurements (see Appendix A.3). Solid curves shown results from numerical solutions
of the equations governing the model. Also plotted as a dashed line is the asymptotic
result (3.5), valid for V' < 1 (corresponding to the upper right corner of this plot).

detail of how the droplet gets from 2, /L = f to x,/L = 1 (other than how long it
takes).

Recall that the model developed in the previous chapter has three independent pa-
rameters: the dimensionless initial droplet position, xz(t = 0)/L, the relative volume
V = AX/L, and the bendability v = v cos6.L*/(BH?). In our model, however, t/.
is approximately independent of initial conditions; the model prediction of ¢;/7. depends
only on v, V,

b ruvy. (3.3)

Tc

In particular, the scaling argument in §2.1 gives this functional dependence as

ty 1
~ 3.4
Te vV ( )

for V< 1 and v < 1. The asymptotic analysis for small droplets (see Appendix A of
Chapter 2) gives the pre-factor

ty _6(1—f) 1
P as V — 0. (3.5)

Te f v
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In Figure 3.3(a) we present raw measurements of #,7 as a function of the channel
length L. (Again, taking f = 0.7 is arbitrary but this value is sufficiently far from unity to
allow a significant portion of the motion to be considered sufficiently. Experiments with
x4 (t = 0) > 0.7L are then discounted of course, but less than 10% of the experiments
fall into this category.) Plotting the data against the channel length L reveals a strong
dependence of the dynamic behaviour on the channel length, which was not visible before.
For example, droplets in channel with length L = 30 mm take an order of magnitude less
time to traverse the final 30% than droplets of the same viscosity in channels of length
L =18 mm.

Rescaling the data according to (3.4) provides a reasonable collapse (Figure 3.3(b)).
For moderate to large values of the abscissa in Figure 3.3, we observe the scaling (3.4).
However, at smaller values of the abscissa (larger V'), the linear scaling appears to break
down.

We also include in Figure 3.3(b) curves corresponding to numerical solutions of the
model equations for V' = 0.2,0.3,0.4,0.5 (i.e. spanning the experimental range). The
curves are obtained by numerically solving the model equations repeatedly at fixed V'; by
varying v the curves in Figure 3.3(b) are traced out. These numerical solutions indicate
that the non-linearity observed in the experimental data at small values of vV is a real
feature of the model that is not captured by the simple scaling argument described in
§2.1. For these experiments, the assumption of small deformations is no longer valid, and
droplets traverse the channel quicker than the scaling argument predicts. Physically, this
corresponds to the non-linearity in the pressure difference — which arises when channel
deformations are significant — overcoming the non-linearity in the channel permeability
(the former will reduce t; relative to the small deformation case, while the latter will
increase it).

We also note that the spread between the numerical results corresponding to the
largest and smallest values of V' is comparable to that in the experiments, suggesting
that some of the discrepancy between experiments and the asymptotic prediction (3.5) is

accounted for by the finite value of V.

3.3 Summary

In this chapter we have presented an experimental investigation of bendotaxis. Although
the ‘bench top’ experiments are relatively simple, they provide a robust test of the model

developed in the previous chapter.
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In these experiments, we focussed primarily on the case of wetting droplets and were
careful to minimize contact angle hysteresis and contact line dissipation; in the following
chapter we consider the effect of contact angle hysteresis on the dynamics of bendotaxis.

The numerically and experimentally obtained droplet trajectories have a similar shape,
but the model systematically over-predicts the speed with which droplets will traverse the
channel. This is consistent with the two dimensional nature of our model: both interfacial
curvature and volume variations in the third spatial dimension — which are not included
in the model — are expected to slow the droplet down.

We considered the time to traverse a portion of the channel as a proxy for the dynamic
behaviour; introducing this proxy facilitated quantitative comparison of a large set of data
and reduced sensitivity of the results to initial conditions, which are hard to standardise
in experiments. The experimental data for the traversal time indicate that the small
deflection result derived in §2.3 describes the dynamics reasonably well, even when the
droplet has finite volume. The deviations from the small droplet result — the non-linearity
associated with large channel deflections, and the finite drop size effects predicted by the

model — are represented in the experimental data.

A Surface treatments

Before each experiment, the glass coverslips were first treated to reduce the amount
of contact line pinning and contact angle hysteresis. In this appendix we describe in
more detail the two techniques used to treat the channel walls — SLIPS treatment and
pre-wetting — as well as additional experiments to test whether there is any difference

between the dynamic behaviour in SLIPS treated and pre-wetted channels.

A.1 SLIPS treatment

To achieve a slippery lubricant-infused porous surface on the glass coverslips, we followed
the procedure outlined by Guan et al. [2017]. The target surface was first sprayed with
a commercial superhydrophobic coating (Glaco Mirror Coat Zero, Soft 99, Japan), which
was then left to dry in ambient conditions. To ensure a robust coating, each target surface
was sprayed three times; after the first two applications the surface was left to dry for
30 minutes, whilst after the third, the surface was left to dry for 24 hours, allowing the
isopropanol in the spray to completely evaporate. This process left the target surface
coated with hydrophobic nano-particles. By measuring the thickness of several coverslips
before and after the nano-particle layer had been applied, we determined that the nano-

particle layer thickness is negligible in comparison with that of the target surface.
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After drying, the surfaces were dip coated in silicone oil (Sigma Aldrich, USA). The
silicone oil penetrates the nano-particle structures, leaving a robust, lubricating coating
on the target surface. Provided this lubricant is not displaced, droplets subsequently
introduced onto the surface share an interface only with the lubricant; as a result, these
droplets are highly mobile (the surface is ‘slippery’) [Ruiz-Gutiérrez et al., 2017]. The
speed of withdrawal from the bath of lubricant was controlled using a linear actuator
(M-229.26S Physik Instrumente, Germany) in conjunction with a motor controller (C-663
Mercury Step Controller, Physik Instrumente, Germany).

For surfaces to be used in experiments with wetting drops, we used V100 silicone oil

as the lubricant, withdrawing at a speed of 100 pm s™!

(which has been reported to leave
a lubricated layer of thickness approximately 3 pm [Guan et al., 2017]). For the surface
to be used in experiments with non-wetting drops we used V5 silicone oil as the lubricant,

withdrawing at a speed 2 mm s~

(In the non-wetting case, we used a lubricant with
much lower viscosity to maximise the droplet:lubricant viscosity ratio and thus ensure
that viscous dissipation occurs primarily within the droplet rather than in the lubricant
layer [Keiser et al., 2017]).

The thickness of the lubricating layer follows a Landau-Levich scaling [Landau and
Levich, 1942, Guan et al., 2017]; since the product of withdrawal speed and lubricant
viscosity is equal in both wetting and non-wetting cases, the thickness of the lubricating
layer should also be equal. This lubricant layer is sufficiently thin that it does not add
significantly to the droplet volume, nor affect the droplet viscosity as liquid is entrained

from the lubricating layer during the experiment.

A.2 Pre-wetting

To achieve a pre-wetted coating on the coverslips (without the addition of a porous
surface), we introduced a liquid slug consisting of the same liquid as would be used for
the subsequent experiments, at the clamped end of the channel. The whole assembly was
tilted towards the (downward) vertical. As a result, the liquid drained under gravity to
the free end, where any excess was removed.

The typical descent speed of the slug (which was controlled by varying the tilting
angle, up to a maximum rotation of 90°) is U ~ 1072 m s, coats the channel walls
with layer of liquid with thickness b, ~ H(uU/v)?/® [Landau and Levich, 1942]. The
total volume of liquid deposited on each channel wall during the prewetting is therefore
Vy = Lwb,,. For the highest viscosity liquid used in our experiments (V500 silicone oil
with dynamic viscosity © = 480 mPas we calculate b, ~ 1 pm and V; ~ 1 pL, which are
relatively small in comparison with the range of droplet volumes (10 pL < €2 < 25 pL) and
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Figure 3.4: Violin plot of experimentally obtained values of 7 for channels prepared with
walls treated to achieve a SLIPS (left) and a pre-wetted surface (right). The data are
obtained by performing the bendotaxis experiment repeatedly (25 times for SLIPS and 20
times for pre-wetted) using droplets V50 silicone oil droplets of volume 2 = 15 pL in a
channel with geometry as follows: L = 27 mm, 2H = 430 pm, w =5 mm, b = 180 pm.
The mean values are tg7; = 98.85 s and ty7 = 98.89 s in the SLIPS and pre-wetted cases,
respectively, with standard deviations of 10.8 s and 10.6 s.

channel widths used. (Note that the calculation V; ~ 1 pL provides an upper bound; the

majority of experiments use V50 or V100 silicone oils, which have a thinner pre-wetting

layer.)

A.3 Comparison between treatments

To ascertain whether there was any difference between the dynamics of droplets in channels
with pre-wetted and SLIPS walls, we performed the bendotaxis experiment repeatedly (25
times in a channel whose walls had been treated to be SLIPS, and 20 times in channels
whose walls had been prewetted). The channel geometry was fixed as follows: L = 27 mm,
2H = 430 mm, w = 5 mm, b = 180 mm. We used V50 silicone oil droplets of volume
) = 15 pL; small variations in thickness of the separator — and hence channel thickness
2H — as well as the volume of liquid we were able to get into the channel, meant that the
relative volume V' varied in the interval 0.29 < V' < 0.35 (mean 0.32, standard deviation
0.02).

Figure 3.4 shows violin plots [Hintze and Nelson, 1998] of the values of ¢ ; for both
cases; the kernel density estimates have very similar shapes about an identical mean
tor = 98.9 s. There is no significant difference in ty; between the two treatments
(SLIPS and pre-wetting) and we therefore conclude that the dynamic behaviour in our

experimental study of bendotaxis is independent of the choice of surface treatment.
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Note that we use the standard deviation in the SLIPS experiments as the error bar

included in Figure 3.3 and Figure 3.5.

B Non-wetting configurations

In this appendix, we describe a suite of bendotaxis experiments performed in non-wetting

configurations.

B.1 Modifications to the experiment

The experimental setup and protocol is identical to that described in §3.1 except for two
important changes.

Firstly, we used only a SLIPS treatment on the channel walls. We used V5 silicone oil as
the lubricating liquid (rather than V50 in the wetting case); this lower viscosity lubricating
liquid ensures that the dissipation in the lubricating layer is negligible in comparison with
dissipation in the droplet (see Appendix A).

The second modification is the use of a glycerol-water mix (GWM) for the droplets.
The kinematic viscosity was measured using a viscometer (Ametek Brookfield, UK) to
be 30 =5 mm? s1. The density of the GWM was measured to be 1.196 kg m3 using a
densiometer (DMA 35, Anton Paar GmbH, Austria), from which we calculate a dynamic
viscosity of 1 = 35.9 mPa s. The air-liquid surface tension coefficient of the GWM was
measured using the pendant drop method [Stauffer, 1965] to be v = 67 mN m™ (this
value is in agreement with previously reported values [Takamura et al., 2012]).

We measured the equilibrium contact angle of a 15 pL droplet of GWM on a single,
horizontal SLIPS infused with V5 silicone oil (i.e. not within a channel) to be §, = 102+1°.
This was determined by analyzing images taken with a microscope using the Imagel
contact angle plug-in [Schneider et al., 2012]. Errors in this calculation may be significant
since the fit does not account for the lubricant skirt, which has a similar refractive index
to the GWM. Further, it has been reported [Schellenberger et al., 2015] that microscopic
contact angles on SLIPS can vary significantly from those obtained with the elliptic fit
technique, while the use of an image of a droplet on a single SLIPS, rather than a channel
makes the role of the skirt difficult to quantify. Using the same elliptical fit technique, we
measured the advancing and receding contact angles of the droplet moving under gravity
on a plate inclined by 1° to be 101.8 £ 1.7° and 100.2 £ 2.2°, respectively.
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Figure 3.5: Raw experimental measurements of ¢y, for different channel lengths. The
legend in (b) indicates the liquid used (and hence the viscosity and wetting conditions,
see main text). Shape and size of the data points encode channel width 2H and relative
volume V, as in Figure 3.1. (b) Collapse of the experimental data when rescaled according
to (3.5). A single set of error bars extends one standard deviation away from a particular
data point, computed from 20 measurements (see Appendix A.3). Solid curves show
results from numerical solutions of the equations governing the model. Also plotted is
the asymptotic result (3.5) (including the corresponding pre-factor), valid for V' < 1
(corresponding to the upper right corner of this plot).

B.2 Results

The non-wetting experiment was performed a total of 20 times, in channels whose geom-
etry spanned the range described in §3.1.4.

In Figure 3.5 we present the raw and rescaled measurements of ¢, 7 from all experiments
(i.e. with both wetting and non-wetting experiments included). The raw experimental
data indicate that droplets in non-wetting experiments generally take a longer time than
droplets in wetting experiments to traverse the final 30% of the channel, although the
order of magnitude is similar (Figure 3.5(a)). The dependence on the channel length is not
visible for the data from non-wetting experiments, as it was for the wetting experiments.

When rescaled according to the scaling argument (3.4), the data from non-wetting
experiments show two families with a similar scaling trend but modified pre-factors. We
believe that differences between the effective value of |y cosf,.| between measurements
made on a single SLIPS and experiments in a narrow channel may be responsible. In
addition, droplets may be entirely coated, or ‘cloaked’, by lubricant [McHale et al., 2019],
in which case the air-liquid surface tension coefficient is not the correct one to use for

the Laplace pressure; we believe that the two families correspond to whether the droplet
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is cloaked by lubricant or not. It is worth noting that the discrepancy in the pre-factor
of the two families can be eliminated by a relatively small change in the effective contact

angle of approximately 7° and 12°, for the two families.
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Chapter 4

Trapped droplets

In the model of bendotaxis presented thus far, droplets typically continue to move until
one meniscus reaches the free end of the channel. In this chapter, we consider two
phenomena that can prevent the droplet from doing so. We devote a section to each:
in the first section, we consider the scenario in which the channel walls touch before the
droplet has reached the free end, thereby trapping it in a closed channel; we refer to this
scenario as geometric trapping. In the second section, we consider the possibility that
the contact angles at each meniscus may differ — the system has contact angle hysteresis;
when sufficiently strong, contact angle hysteresis may cause droplets to be trapped in an
equilibrium part way along the channel.

Throughout this chapter, the notation introduced in Chapter 2 is assumed and all

variables are dimensionless.

4.1 Geometric trapping

The mathematical model developed in Chapter 2 relies on the free boundary condition
applied at * = 1; if the channel walls make contact, this boundary condition is no
longer appropriate. This is expected to occur when the bendability v is sufficiently large
(physically, when surface tension is strong, or the channel walls are compliant); indeed
contact is observed in numerical solutions of the model equations (at which point we were
terminated the simulation) in §2.2 and, in §2.4, we described how the smallest value of v
at which wall contact during a simulation occurs depends on the other system parameters,
namely the dimensionless volume V' and initial droplet position xi. In this section, we
extend the model of Chapter 2 to describe the system beyond the point at which the
channel walls make contact (i.e. beyond the point at which droplets are trapped by
the channel geometry), and describe the characteristic behaviour observed in numerical

solutions of the equations governing this updated model.
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Regime | (open ends) Regime Il (touching ends) Regime Il (sticking ends)

_\
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Figure 4.1: Schematic diagrams of the possible configurations of a droplet in a deformable
channel that is clamped at one end: (a) open ends, (b) touching ends, and (c) sticking
ends. We refer to these configurations as regime |, Il and IIl, respectively.

4.1.1 Extended theoretical model

There are two cases for walls in contact with one another, as discussed by Taroni and
Vella [2012] for the case of an immobile droplet that remains in contact with the clamped
end. In the first case, the channel walls make contact at a single point (they ‘touch’, as
we encountered in §2.2). Following Taroni and Vella [2012], we refer to a channel with
touching walls as being in regime Il. The second case occurs when surface tension is very
strong, causing the slope of the walls at the contact point to reach zero. The channel
walls will make contact over a portion of their length (or ‘stick’ together); we refer to
channels with sticking walls as being in regime Ill. Channels whose walls are not in contact
(they are ‘open’) are referred to as being in regime |. The different possible configurations
are illustrated in Figure 4.1.

The model developed in Chapter 2 assumed that channels remain in regime [; to
allow us to consider regimes Il and Ill, we allow boundary conditions imposed on the
channel shape at the non-clamped end (previously referred to as the free end) to change
dynamically. Recall that while the channel remains in regime |, the ends are free and the
appropriate boundary conditions are

Ph 0?h

% —0, ﬁ =0 atzx=1. (41)a,b

Regime | applies while the channel walls remain open, i.e.
h(x =1,t) > 0. (4.2)

Note that our choice of an undeformed initial condition, h(x,t = 0) = 1, means that the
channel necessarily begins in regime |.

If the walls touch during the motion, so that h(x = 1,t) = 0 at some point, the
channel enters regime Il; the channel walls are no longer free at © = 1, but exert an equal
and opposite reaction force on one another to prevent inter-penetration. We therefore

replace the shear free condition (4.1)a by a contact condition. The zero moment boundary
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condition (4.1)b still applies; the boundary conditions imposed on channels in regime |
are 22
h=0, —=0 atz=1. 4.3)a,b
52 (4.3)
The channel remains in regime Il provided that the reaction force is repulsive (cor-
responding to a positive shear force), and that the slope at the contact point remains
negative,
9h oh
- > O7 -
or3| _, ox

If the repulsive shear condition (4.4)a is violated, the channel walls must open, and we

<0. (4.4)a,b

r=1

return to regime | boundary conditions (4.1) (while we allow for this possibility in our
numerics, we have never observed it).

If the negative slope condition (4.4)b is violated, then the walls come into contact
over a portion of their length, z. < x < 1 (see Figure 4.1), where x. > x is the location
of the (a priori unknown) first point of contact between the channel walls. (We refer to
this case as sticking ends since the walls appear stuck in portion x. < x < 1, though we
emphasize that there is no adhesive force between them.) In this case, we impose smooth

contact conditions at the contact point:

Oh 9%h
h=0, e " B 0 at x = z, (4.5)a,b,c
and enforce a flat contact over the section of the channel walls in contact,
Oh
h =0, %:0 for z. <z < 1. (4.6)

Note that (4.5)c imposes an adhesion free contact between the beams [Kim and Ma-
hadevan, 2006, Majidi, 2007] and that this additional boundary condition is necessary to
determine the contact point x. as part of the solution. Channels remain in regime Ill

while the contact point is between the ‘+' meniscus and the wall end,
Ty <w < 1. (4.7)

If z, reaches z. our model is no longer valid. If x. increases to beyond x = 1, the channel

returns to regime Il (again, this transition is allowed for in our numerics, but has not been

observed).
The PDE (2.29)—(2.31) describing the channel width,

O*h

:@ <<z, (48)
oh 1 0 °h

— =P - 4.9
ot 3lv|ox ( 83:5) To ST (4.9)

O*h
0= @ ry <w<l, (410)
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Regime | Regime Il Regime IlI

h(0,8) = 1, hy(0,) = 0

:r+ .’L‘+ II?+ .’17Jr
(0] = [ha]™® = [haw] * = [hase] = =0
Ty

Ty

p(x+,t) = hpgee (s, t) = —v/h(xL, 1)

heaa(1,t) =0
hye(1,8) =0 hye(xe,t) =0
h(1,t) =0 h(ze <z <1,6)=0
hy(xe,t) =0

Table 4.1: Boundary conditions on the PDE (4.8)—(4.10) that describes the coupled
channel deflection and droplet motion in a flexible channel with either open ends (regime
), touching ends (regime II), or sticking ends (regime Ill). Note that subscript x denotes
a partial derivative in this table.

still applies, as do the kinematic conditions (2.33),

dos h? oh
= — ) 411
dt 3l 025 |, _, (4-11)

+

The boundary conditions at x = 0 and = = x4 are as in Chapter 2 ((2.34), (2.36),
and (2.37)); the complete set of boundary conditions for (4.8)—(4.10) are summarised in
Table 4.1.

Also as in Chapter 2, we use the initial conditions
h(z,0)=1, x.(0)=2%, 2_(0)=2"=2%-V, (4.12)

ensuring that the dimensionless droplet volume is V. We note that equilibria are not
possible in any of regimes I-Ill, because an equilibrium would require an equal channel
width at both sides of the droplet.

4.1.2 Numerical solutions

To illustrate the numerical solution of the model equations (equations (4.8)—(4.12) along-
side the appropriate choice of (4.1), (4.3), or (4.5)) we consider the cases of v = 30 and
v =100 (with V' = 0.3, 29 = 0.4 in each case). We shall see that with v = 30, the
simulation reaches regime |l but not regime Il and the simulation with v = 100 terminates

while the channel is in regime Ill.
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Modifications to numerical scheme

Before presenting the dynamics of the numerical solutions, we briefly discuss the two
modifications that must be made to the numerical scheme described in §2.2.1 to implement
regime Il and Il boundary conditions (4.3) and (4.5), as well as dynamic changes between

regimes.

Modification 1: isolating the drop region. Recall that the first step in the numerical
scheme is to express the shape of the channel in the dry regions 0 < =z < x_ and
xy < x < 1 in terms of the channel shape in the drop region z_ < x < x,. For the
region 0 < z < z_, we solve (4.8) alongside the clamped conditions (2.34) and continuity
conditions (2.36)a,b; imposing the other two continuity conditions, (2.36)c,d, then results
in the effective boundary conditions (2.41), independently of the conditions at the non-
clamped end. For the region z, < = < 1, we solve (4.10) alongside (2.36)a,b and the
appropriate choice of (4.1), (4.3), or (4.5). Imposing the continuity conditions (2.36)c,d
is then equivalent to imposing effective boundary conditions at x = x, that encode the
effect of the adjacent dry region.

The channel shape in the dry region x, < = < 1 (and thus effective boundary condi-
tions applied at x = x, on the drop-only problem) must be adjusted to reflect the possible
boundary conditions at the non-clamped end. Recall that for regime | configurations, the
shape in the dry region x, < x < 1 is expressed in terms of the shape in the drop region

as

oh
h(z,t) = E (x—zy) + Rl Ty <z <l, (4.13)
T=T4
and the resulting effective boundary conditions are
0?h 9h
@ :O, % =0 atx = x4, (414)

In regime I, the channel shape in the dry region may be expressed in terms of the

=
z=zy \1 7 T4

3
1{h+(1—x+)@} (1—x) ry <z <l (4.15)
r=x 1—SL’+

2 ox

shape in the drop region as

h(z,t) = % [3h +(1- m%}

The resulting effective boundary conditions are

*h -3 oh P*h 3 oh
02 (1 —xy)? {h - xﬁ%] Toord (1—ay)3 {h - xQ%} (4.16)
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Figure 4.2: Flowchart of the dynamic events that trigger either a change in boundary
conditions or the termination of the integration in numerical solutions of the model equa-
tions. The arrow labels indicate the event function that triggers the associated regime
change or ends the simulation, and up (down) arrows indicate that the function must
increase (decrease, respectively) through the value. Grey labels indicate those events that
are included in the model, but are never triggered.

at v = x4

For channels in regime Ill, the channel shape in the dry region is

3
h(z,t) = hl,_,, <—) Ty < T < (4.17)

where
oh
LTe =Ty — 3 h’$:$+ (@

The effective boundary conditions are

>_ . (4.18)

0*h 6h Oh 6h
ox?  (xe—xy)? 02 (v.—x4)3 dET I (4.19)

Modification 2: dynamically adjusting the boundary conditions. The second mod-
ification to the numerical scheme described in §2.2.1 is to allow the effective boundary
conditions to change dynamically. At each time-step, we determine whether changes in
the boundary conditions applied at ©+ = x4 are needed, or whether the numerical in-
tegration should terminate, by evaluating event functions that indicate these transitions.
These event functions, and the transitions that they trigger, are summarized in Figure 4.2.
Note that in practice, we terminate the integration when the appropriate event function
(1 — 2 for channels in regime Il, and x. — =, for channels in regime Ill) comes within
some tolerance of zero (we use a tolerance of 1073 in the simulations presented here); by
terminating the simulations ‘early’, we avoid a singularity in the droplet pressure as the

‘+' meniscus advances into a channel with vanishing thickness.
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Figure 4.3: Numerical solutions in which the system is allowed to change regimes. (a)
Meniscus trajectories and (b) meniscus velocities obtained by numerically solving the
model equations for v = 30 (left) and v = 100 (right) (both solutions have z% = 0.4,
V' = 0.3 and use 200 grid points). Solid and dashed curves indicate the ‘+' and ‘—’
menisci, respectively; where applicable, dotted curves indicate the contact point z.. (c)
Plot of distance of the meniscus to the channel closure: for regimes | and |l configurations
(left) this is 1 — x, for regime Ill configurations, this is x. — 2. The black dashed curve
indicates the fit (4.20). Vertical dashed lines indicate transitions between the various
contacting conditions.

Dynamics

Examples of the dynamic behaviour determined from the numerical solution of the model
equations (allowing for changes between regimes I-11l) are shown in Figure 4.3. The left
panel of Figure 4.3 shows a scenario in which the system transitions from regime | to Il but
appears to remainin Il as xy — 1 (i.e. it does not transition to regime Ill). In this case, the
movement of the droplet in regime | (prior to walls contacting) is dominated by translating
rather than spreading — the menisci both move in the same direction. Immediately prior
to contact there is a brief spreading phase in which the leading meniscus accelerate and
the rear meniscus retreats (dz_/dt < 0). This is reversed immediately after the contact
followed by a phase in which the leading meniscus moves (at a decelerating rate) towards

the contact point while the rear meniscus is approximately stationary.
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By comparison, the dynamics of a system that reaches regime Il are relatively simple
(see right panels of Figure 4.3). The channel is in both regime | and Il for a relatively
short period of time. Throughout the motion, the ‘+' meniscus is decelerating from the
high initial velocity that is a consequence of the strong early squeezing. The majority of

the time is spent with the channel in regime Il and x, close to x..

Contact time

Both the simulation with v = 30 and that with v = 100 terminate when the meniscus
gets within the tolerance (107?) of the channel end. Even with this caveat, the curvature
of the traces of 1 —z, and x.—x, shown in Figure 4.3(c), suggest that the the meniscus
would reach the channel end in finite time in the regime Il case (v = 30) but would not
in the regime Il case (v = 100).

We have not been able to rationalize the observations using an analysis of the governing

PDE. However, we note that a power law fit of the regime Il case suggests that
1—a, ~ (t.—t)"* ast.—t—0, (4.20)

where t = t. is the time at which the meniscus reaches the channel end.

It is interesting to compare these results with imbibition in a rigid channel. Gorce et al.
[2016] showed that the meniscus of a column of liquid imbibing into a tapered channel
with a linear profile reaches the taper ‘corner’ linearly in time with 1 —z, ~ t. —t as
te —t — 0 (the same imbibition behaviour was also observed for droplets by Reyssat
[2014]). In the present (deformable) case, the channel has a locally linear profile at the
contact point (z = 1) when in regime Il (see equation (4.15)) and appears to make
contact in finite time at a faster rate than in the rigid case ((¢. —t)°/* versus (t. —t)!).
We believe that this is because the angle of the tapering in the flexible case may change
during the motion.

Gorce et al. [2016] also showed that the meniscus of a column of liquid approaches
the tip of a channel with a cubic profile only algebraically slowly, which appears to be
in accord with the flexible case here (channels in regime Ill have a cubic profile near the

contact point x = x,, see equation (4.17))

4.2 Trapping with hysteresis

In our modelling so far, we have assumed that the contact angle between the liquid and
the channel walls takes the equilibrium, or Young, value 6, at both menisci. In reality, the

contact angles are non-unique [de Gennes et al., 2004]: the contact angle 6 can take any
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value in the interval [6,,0,] where 0, is referred to as the advancing contact angle and 6,
is referred to as is the receding contact angle.

A complete description of contact angle hysteresis is beyond the scope of this thesis. In
this chapter, we add a simple encoding of contact angle hysteresis to the model developed
in Chapter 2 and Section 4.1, which aims to capture the essential behaviour, as described
by de Gennes et al. [2004]:

If, for instance, we inflate a drop (Figure 4.4(a)), the contact angle 6 can
exceed f, without the line of contact moving at all. Eventually, 6 reaches a
threshold value 6, beyond which the line of contact finally does move. 6, is

referred to as the advancing angle.

Likewise, when deflating a drop (Figure 4.4(a)) 6 can decrease down to a
limiting value 6., known as the receding angle. When 6 = 6,, the line of

contact suddenly shifts.

In this Chapter we supplement this static picture with the simplest possible dynamics:
0 = 0, if the contact line is advancing and ¢ = 6, if the contact line is receding.
Generally, contact angle hysteresis impedes droplet motion. For example, it is contact
angle hysteresis that opposes gravity when slugs of liquid remain stationary in vertical
capillary tubes. It has also been shown [Prakash et al., 2008, Bush et al., 2010] that
contact angle hysteresis, when sufficiently strong, can arrest the motion of droplets in
tapered channels that were moving as a result of the channel's tapering. We might
expect a similar scenario in bendotaxis, where the droplet motion itself results from the
tapering of the channel (albeit one that is induced by the droplet itself, rather than
externally imposed). In this section, we aim to understand whether this expectation is
correct: can contact angle hysteresis prevent droplet motion by bendotaxis? If so, when

does hysteresis-induced trapping occur?

4.2.1 Modelling hysteresis

Preliminaries

We present a model of contact angle hysteresis that captures the characteristic features of
contact angle hysteresis described in the previous section: (i) the droplet-channel system
has intrinsic advancing and receding contact angles, 6, and 6,., respectively, with 6, > 6,,
(i) an interface is advancing (receding) if and only if the contact angle at the interface
is 0, (0,, respectively) and (iii) the contact angle at a stationary interface may take any
contact angle 6, < 6 < 0,.
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Figure 4.4: (a) Schematic diagram illustrating the advancing (top) and receding (bottom)
contact angles. When a droplet is being quasi-statically inflated the meniscus evolves
through increasing contact angles 6 < 6, without the contact line moving. Once 6 = 6,
the contact line advances. Similarly, when a droplet is being quasi-statically deflated, the
meniscus evolves through decreasing contact angles 6 > 6,.. Once 6 = 0, the contact line
recedes. (b) Plot of A\nax (equation (4.21)) as a function of 6, — 6, for various receding
angles 0,..

In our system, the contact angle 6 does not arise alone but rather its cosine does. It

is therefore helpful to introduce the parameter

cos 0,

Amax = 1 (4.21)

cos b,

as a measure of the asymmetry between the advancing and receding angles, or contact
angle hysteresis. Assuming that the advancing and receding contact angles lie on the
same side of 90° (they correspond to the same wettability), then A\y,a.x > 0 for wetting
configurations (6, < 90°) and Aynax < O for non-wetting configurations (6, > 90°).

While this is different from the usual definition of contact angle hysteresis, 6, — 6,,
these two measures of hysteresis are closely related: Figure 4.4(b) shows that An.x is
monotonic in 6, — 6, (increasing for wetting configurations and decreasing for non-wetting
configurations). Increases in |\n.x| therefore correspond to increases in 6, —6,., and, also,
Amax = 0 if and only if 8, — 6, = 0 (see Figure 4.4(b)). Moreover, de Gennes et al. [2004]
suggests that surfaces with 6, — 6, < 5° are relatively clean (shaded in Figure 4.4(b));
here | Amax| < 1.

Since the contact angles at the menisci, 64(t), are now time-dependent, we also define

_ cosB_(t)

Alt) = cos 0, (t)

—1, (4.22)
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as measure of the instantaneous contact angle asymmetry. Within our model, A has the
following properties: (i) A < Anax for wetting configurations and A > A, for non-
wetting configurations (we will, therefore, often refer to Amax as the maximum contact
angle asymmetry for wetting configurations), (ii) A = 0 corresponds to 6§, = 6_ (equal
contact angles at both menisci) and (iii) A = Apax if 04 =60, and 0_ = 0, (as we expect
for a droplet moving towards the free end of the channel with ‘+' meniscus advancing
and ‘—' meniscus receding).
Finally, we note that in this framework, the equilibrium contact angle 6. is no longer
a relevant parameter. We must therefore choose how to replace the factors of cos 6, that
appeared in the non-dimensionalization of Chapter 2. In the following, we use cosf, in
place of cosf,, i.e. we let
ulL? nd = 1€ 0,L*

S A T8 Ba 4.23
K |y cosb,|H BH? (423)

respectively.

Modified boundary conditions

Incorporating this model of contact angle hysteresis into our model simply involves mod-
ifying the boundary conditions that apply at * = x4, and allowing them to change
dynamically. There are three cases for each meniscus, depending on its current motion
and the contact angle there. Throughout, we keep in mind that the kinematic conditions

and Laplace pressure conditions, which now read

deye  —h%20°h 0*h v cosfy

- a 2t — 4.24)a,b
dt 3lv| 0z | _ an Ot |, h(xy,t) cosby,’ (4.24)a,

T+
respectively, always hold.
Consider first the ‘+' meniscus. If this is moving with a positive velocity (corresponding

to a negative pressure gradient), it is advancing out of the liquid so 0, = 6,, i.e. we set

0, =140,, if dj—; > 0. (4.25)

If the ‘+' meniscus subsequently stops moving (the pressure gradient decreases to

zero), it is then pinned in place; its contact angle 6, takes the value between 6, and 6,

(via the Laplace pressure condition (4.24)b) that maintains zero pressure gradient, i.e. we
set

0, <0, <0, if —t=0. (4.26)

Should the contact angle increase back up to 6, while the meniscus is pinned, we return

to the advancing conditions (4.25). If, on other hand, the contact angle decreases down
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to 6,, the meniscus begins to recede into the liquid (it moves with a negative velocity)

taking the receding angle, i.e. we set

. d:l:’+
0, =0, f— <0. 4.27
+ LT (4.27)

The transition from receding back to pinned occurs if the meniscus velocity increases back
to zero from below.

The conditions on #_ are very similar: precisely one of

0. =0, L= <o,

dt

0, <0_ <0, %=—=0, (4.28)a,b,c

dt

0_ =06, L=>o,

dt

must hold at all times. (The small differences between the contact angle conditions on 6,
and 6_ are a result of being located on opposite sides of the droplet, so that advancing
and receding have opposing senses for the two menisci.)

To close the model, we need to specify initial conditions on the contact angles 6. To
be consistent with the early squeezing, in which the menisci move in opposite directions
(away one another for wetting configurations, and towards from one another for non-

wetting configurations), we take initial conditions

f.(t =0) =0, (4.29)

0.(t=0) =0, (4.30)

for non-wetting conditions (A < 0, < 0). Here, we shall focus primarily on wetting con-
ditions, which display more diverse behaviour (the different contacting regimes discussed
in §4.1 are only possible for wetting conditions); we discuss the corresponding results for

non-wetting configurations in §4.2.5.

4.2.2 Numerical Solutions

In this section, we consider numerical solutions of the system (4.8)—(4.10) with the bound-
ary conditions listed in Table 4.1 and modified kinematic conditions (4.24)—(4.29). These
numerical solutions offer insight into how hysteresis affects the dynamics of bendotaxis,
showing how the various transitions between boundary conditions described in §4.2.1 might
occur in practice, and offer insight into one route by which droplets may be trapped within

a channel.
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Figure 4.5: Flowchart of the dynamic events that result in a change of boundary conditions
in the model equations describing bendotaxis with contact angle hysteresis. The arrow
labels indicate the function that triggers the transition, and up (down) arrows indicate
that the function must increase (decrease, respectively) through the corresponding value.

Modifications to numerical scheme

It is straightforward to modify the numerical scheme described in §2.2 and §4.1.2 to include
contact angles that evolve dynamically within this model of hysteresis. Transitions between
advancing, pinned, and receding conditions at each meniscus are determined by evaluating
appropriate event-detection functions at each time-step, as outlined in the flowchart in
Figure 4.5. Note that several of the nine possible (three at each meniscus) combinations
of states (advancing, pinned or receding) for (0,,0_) are not realizable as they would
require a violation of conservation of mass; for example, receding angles at both menisci,
0, =0,.,0_=80,, is incompatible with wetting conditions in which the channel walls are
deflected inwards.

Note that here we consider only channels in regime | (open ends), although our nu-
merical scheme is capable of describing any combination of the boundary conditions at
x = x4 and x = 1 that arise from the various contact angle and contacting conditions
described in §4.1 and §4.2.1.

Dynamics

In Figure 4.6, we show numerically obtained traces of the displacement of the menisci,
the normalized meniscus pressure, and contact angle asymmetry for three different values
the advancing contact angle as follows: 6, = 0°, 6, = 10°, and 6, = 16°, all with
0, = 0°. The corresponding values of the contact angle hysteresis \nax are Amax = 0,
Amax = 0.02, and Apax = 0.04, respectively. (These correspond to systems with no contact
angle hysteresis, relatively small contact angle hysteresis and relatively large contact angle

hysteresis, respectively, as we shall see.)
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Figure 4.6: Numerical simulations of bendotaxis with contact angle hysteresis. The plots
show (a) the displacement of the menisci away from their initial positions, (b) the normal-
ized meniscus pressure, and (c) the contact angle asymmetry . In each plot, solid curves
correspond to results for the ‘+' meniscus while dashed curves correspond to results for
the ‘—' meniscus. In each case, 6, = 0°, and solutions are shown for three different values
of the contact angle hysteresis Anax as follows: A\ya.x = 0 (orange curves, i.e. no contact
angle hysteresis), Amax = 0.02 (green curves, 6, = 10° — relatively small contact angle
hysteresis), and Amax = 0.04 (purple curves, 6, = 16° — relatively large contact angle
hysteresis). In each case, v = 4,29 = 0.65,V = 0.2 (i.e. 22 = 0.45). A log-log scale is
used in (a) to aid distinction between the curves. The motion can be split into (at most)
three temporal regions based on the direction of motion of the menisci; these are referred
to as squeezing, pinned x_, and translating as indicated at the top of the figure. In (c),
the coloured horizontal dashed lines indicate the corresponding value of A\ = A\,,.x and the
black dashed line indicates A\ = A, — the contact angle asymmetry that the system would
saturate at for Apax > 1 (see main text).

Initial behaviour. The three solutions have identical initial conditions (2% = 0.65, 2% =

0.45), and are thus identical at early times (the droplet does not have any information

about the maximum possible contact angle asymmetry, Amax, while A < Anax). In this
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squeezing period, the droplet has the advancing contact angle at both menisci, so A =0
(Figure 4.6(c)) and the behaviour is identical to the early time behaviour described in
Chapter 2 — the droplet responds to the initial torque imbalance and the pressure decreases

with time at both menisci as the confinement becomes stronger (Figure 4.6(b)).

Pinning of x_. As the channel continues to deform inwards, the pressure gradient at = _
decreases, eventually reaching zero so that this meniscus becomes pinned — the advancing
boundary condition (4.28)a is replaced by the pinned boundary condition (4.28)b. We
refer to the subsequent time period as ‘pinned x_' to reflect this change in boundary
conditions (see Figure 4.6).

The behaviour of the solutions for different values of \... diverges at this point: if
Amax = 0, the pinned meniscus immediately unpins (since 8, = 6, = 0° throughout). The
meniscus z_ turns and moves towards the free end (orange traces in Figure 4.6); these
dynamics are precisely those discussed in Chapter 2.

For Amax > 0, z_ remains pinned for a period of time. x, continues to advance
and the channel deformation continues to increase, thus reducing the pressure at x,
(increasing the suction) and maintaining 6, = 6,. To maintain a pinned condition at
x_, the contact angle difference X increases (the contact angle 6_ decreases, increasing
cos_, which acts to increase the magnitude of the suction pressure via the Laplace
pressure condition (4.24)). Independent of the value of Ayax, there is a limit to how much
the channel can deform, and thus to how much the pressure can change, while x_ remains
pinned. There is therefore a value of A, which we denote by A\, at which the meniscus
remains pinned indefinitely and reaches equilibrium. The value of A\, depends on v, V, x?r
but emerges from the dynamic model — it is not possible to determine it a priori, though
our simulations suggest A, = 0.03 for the values v = 4,V = 0.2, 2% = 0.65 used here.

Whether the droplet leaves the pinned x_ stage depends on whether \ reaches A,
without first reaching the maximum allowed contact angle asymmetry An.., at which
point x_ must de-pin. If the contact angle hysteresis is relatively large then Ay > Ao
(purple curves in Figure 4.6), so A reaches A, first, and, when it does so, the droplet
remains trapped partway along the channel with xz_ pinned indefinitely. If the contact
angle hysteresis is relatively small, then Ap.c < Ao (green curves in Figure 4.6), so A
reaches the maximum allowed asymmetry, Ay.x, and the x_ contact line de-pins. We
therefore have 6 = 6, (recall that §, = 0, still) and the droplet begins to translate
to the free end of the channel. In summary, when contact angle hysteresis is small,
the maximum contact angle asymmetry A.x is insufficient to maintain the pinned x_

state and the droplet translates to the free end via bendotaxis. If the maximum allowed
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asymmetry is sufficiently large, Amax > Ao, then the droplet is trapped. (Note that as

Amax — 00, the contact angle asymmetry will always saturate at A = A\..)

Discussion of dynamics

These numerical solutions highlight two important points: firstly, they demonstrate that
even a moderate amount of hysteresis can have a significant influence on the dynamics
of bendotaxis; in the simulation with relatively small contact angle hysteresis (6, = 10°,
0, = 0°) the droplet takes approximately twice as long to reach the free end as the case of
no hysteresis (6, = 6, = 0°). (This sensitivity of the dynamics to contact angle hysteresis
justifies the care taken to minimize it in the experimental study of bendotaxis presented
in Chapter 3.)

Secondly, these simulations confirm our intuition that when hysteresis is sufficiently
strong, droplets may get trapped part way along the channel. The numerical solutions
highlight three important features of the trapping mechanism, that appear to be generic:
firstly, the system always passes through a squeezing period, after z_ is pinned; secondly
there is a contact angle asymmetry, A\, required to maintain the pinned conditions
indefinitely; and, thirdly, if Anax < A, the maximum contact angle asymmetry is not
enough to pin the droplet and it begins to translate, but if A,.x > A the droplet remains
in the pinned state.

Effect of droplet initial position

Further insight into the trapping mechanism can be gleaned by considering the effect of
the initial position of the '+’ meniscus, z. In Figure 4.7, we plot numerically obtained
trajectories x (t) and the corresponding evolution of the contact angle asymmetry \(t)
for various initial conditions in the range 0.5 < xﬂ < 0.9. We see that for droplets that
start close to the free end, A\ reaches \... so that the droplet begins to translate and
ultimately reaches the free end (it ‘escapes’). However, for droplets that start closer to
the base (smaller values of xi{) A does not reach A, before A\ and the droplet remains
trapped part way along the channel, close to its initial position. This behaviour suggests
that A is an increasing function of 29, as we might expect — a greater contact angle
difference will be needed to maintain the pinned state when the droplet sits nearer the
free end of the channel, which is easier to deform.

In the remainder of this chapter, we address the following question that is moti-
vated by the dynamic numerical solutions just presented: when (i.e. in which regions

of (v, V, 2%, Amax) space) do droplets get trapped as a result of contact angle hysteresis?
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Figure 4.7: (a) Meniscus position x(t) and (b) contact angle asymmetry \ in simulations
of bendotaxis with contact angle hysteresis for various initial meniscus positions in the
range 0.5 < 2% < 0.9. For each value of 2% = 2, (t =0), V = 0.2, v = 4, A\pax =
0.038, 6. = 0° (corresponding to an advancing angle 6, = 18°). Note that droplets
starting close to the free end (2 sufficiently large) escape, whilst those starting closer to
the base are trapped indefinitely.

The first step in approaching this question is to consider the configurations occupied when

droplets are trapped, i.e. equilibria of the system, and so we turn to this now.

4.2.3 Equilibrium configurations

The numerical solutions presented in §4.2.2 suggest that droplets can be trapped indef-
initely if the contact angle hysteresis is sufficiently large (or equivalently that droplets
start sufficiently close to the clamped end). In this section, we consider these trapped
equilibrium states. We aim to determine when equilibria exist and analyse their linear
stability, with a view to (i) verifying that the numerical solutions presented in §4.2.2 are
indeed converging to true equilibria (rather than simply slowly evolving transients), (ii)
checking that these equilibria are linearly stable and (iii) understanding whether it is ever
possible for a droplet to become trapped after reaching the translating phase.

In this section, we consider equilibrium configurations for a general contact angle
difference A = \.; these results are then expected to be pertinent provided that A, is
attainable, i.e. provided that A\, < A\pax.

Equations for equilibrium

Equilibrium configurations can be recovered from the steady form of the dynamic problem
(the PDE (4.8)—(4.10) with the boundary conditions in Table 4.1 but with the Laplace

pressure condition replaced by (4.24)b). Here we consider configurations in regime |, Il
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or Ill, for completeness, but we are primarily interested in regime | because droplets in
channels in regime Il or Ill are already trapped (albeit via a different mechanism). As we
shall see, only regime | equilibria exist in the region of parameter space of interest.

The problem for the equilibrium channel wall shape h.(z) with menisci located at

x4+ = X4 (as well as possibly for the contact point z. = X.) is

d*h

3 =0, for0 <z < X_, (4.31)
T

d*h,

1 =P for X_ <x < X4, (4.32)

d*h,

P 0, for X, <z <1, (4.33)
T

where py is the equilibrium droplet pressure. py is constant throughout the droplet (since

we consider equilibrium) and so, in particular, the meniscus pressures equal py, i.e.

v v(1+ X))
Po=— — =— - : (4.34)
he z=X4 he r=X_
The problem (4.31)—(4.34) must be solved subject to further boundary conditions
dh
he=1, =0, atz=0, (4.35)
continuity conditions
+ + +
r o [dr Y (&R YE [dPR)TE
[he]jji:[ ] :[ 2} :[ 3} =0, (4.36)
+ do | - dx X7 dzx X7
and boundary conditions at the non-clamped end, which depend on the regime as:
d?h d3h
ﬁ . = ?36 . =0 regime | (open ends), (4.37)
he|,_, = Ehe =0 regime Il (touching ends), (4.38)
elpg=1 dl‘Q - - g g ) .
2
he( X, <2 <1)= (ilf;e . = (th; . =0 regime lll (sticking ends).  (4.39)

The solution h.(x) must also satisfy the global volume constraint,
X4

V= he(x) dx. (4.40)

X_

For any candidate equilibrium, we must also ensure that

he(1) >0 for regime |, (4.41)
d3h, dhe :

| > 0, | <0 for regime I, (4.42)
X <X <1 for regime 111, (4.43)
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as discussed in §4.1.1.
Note that by re-arranging (4.34), the contact angle asymmetry A, can be expressed

as a geometric constraint on the solution:

A = ~1. (4.44)

Equilibria with X_ =0

The equations for equilibrium (4.31)—(4.40) do not have an analytic solution in general.
However, analytic progress can be made if we impose (instead of solving for) X_ = 0.
Although this is case is hypothetical (we do not expect the Laplace pressure boundary
condition to hold when the liquid contacts the base, for example), it serves as a limiting
case and will be useful in what follows.

In this case, the combination of the pressure condition (4.34) and the clamped bound-
ary condition (4.35) mean that equilibrium pressure is simply py = v(1+ A.), and we can

find analytic solutions with channel shapes

1 - X ) +4x3 (- X X1 X
() = 1 — v(de +1) 8 (x L) 4AX (x +)+3XL, 0<z <Xy (4.45)
24 X34z — X)) X<z <l
where the meniscus position X, satisfies
8A
) G — 4.46
+ V<1+)\e)2 ( )

To satisfy the volume constraint (4.40) we require

8 A [(3A+5)
- — . 4.47
EERTEATESWE (5)\e+5> (447)

Provided (4.47) holds, the open ends constraint (4.41) is

AN (3N, + 5)

V> s s )@ £ 3)

(4.48)

Regime Diagrams

Equilibrium configurations are obtained numerically. Full details can be found in Ap-
pendix A, but we note that, for convenience, we do not solve the (non-linear) equilibrium
equations (4.31)—(4.40) for given (v, V, \.) directly; rather we specify one of the meniscus
positions (typically X_), and then solve the equations. The volume associated with each
equilibrium is then readily calculated using (4.40). By sweeping over all permissible values
of X_, we pick up all possible solutions of (4.31)—(4.40).
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Figure 4.8: Regime diagram showing regions of (V) space for which solutions of equa-
tions (4.31)—(4.40) exist with A\, = 0.3. The schematic diagrams indicate the shape of
the configuration close to that region of parameter space. The black dashed curve indi-
cates (4.47), corresponding to regime | equilibria with X_ = 0. Insets are close-ups of
the main figure at (a) the dashed box, where multiple solutions exist with the same (v, V)
values, and (b) the region 0 < v < 17, 0 < V < 1. Points corresponding to regimes |, Il
and |l are plotted as red, blue and green points, respectively.

Equation (4.44) encodes the fact that equilibria occur when the difference in contact
angles \., exactly balances capillary induced wall deflections, whose size depends on the
strength of surface tension (via v), the length over which the force is applied (via V')
and the position of the droplet (via X ;). In Figure 4.8 we show a regime diagram that
indicates the regions of (V,v) space in which equilibria exist. By presenting the data in
this way, we address the question of how the droplet volume V' and bendability v interact
to create the required channel wall deflection. (Note that this example with A\, = 0.3
corresponds to high contact angle asymmetry, but demonstrates the full range of possible
behaviour; regime diagrams for smaller values of A, are shown in Figure 4.9.)

We can rationalize the shape of these regime diagrams by considering A\, to be a
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Figure 4.9: Regime diagram showing regions of (V) space for which solutions of equa-
tions (4.31)—(4.40) exist for (a) A. = 0.01, (b) Ac = 0.05, (c) A\e = 0.1, and (d)
Ae = 0.2. The inset in each plot is as in the main plot, but zoomed into 0 < v < 5.
Red and blue regions indicate regime | and Il equilibria, respectively, and plot shading
indicates the value of the constraint S; (defined in (4.62)) according to the colour-bar in
(d). The second inset in (d) indicates the growth rates o of perturbations to equilibria
with A, = 0.2,V = 0.2, as a function of v (i.e. along the vertical dashed line in (d)) with
the magenta curve corresponding to solutions of the BVP (4.50)—(4.56) and the black
dashed curve to numerical solutions of the (dynamic) model equations.

geometric constraint on the capillary induced wall deflections. At small v (weak surface
tension), the Laplace pressure in the droplet is not able to create enough deflection to
satisfy the geometric constraint (4.44), regardless of the droplet’s size or position in the
channel, and thus no equilibria exist. As v increases, equilibria first appear with X, =1
(see the schematics and inset b in Figure 4.8), since droplets are able to create the largest
deflection when they are at the non-clamped end of the channel. This lower boundary
of v values is decreasing in V' (inset b) because larger droplets can generate the same
deflection by applying a lower pressure (smaller v/) over a larger area.

As v increases (at the same volume V'), equilibrium configurations have droplets
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closer to the base, where the higher bendability is countered by pressure being applied
over relatively stiffer sections of channel. The channel width at the (currently free) end
x = 1 is smaller in these equilibria.

Increasing v further, regime | equilibria fail to exist when either (i) the channel width
at the free end reaches zero, and regime Il equilibria appear (blue region in Figure 4.8),
or, (ii) for larger volume droplets, the lower meniscus reaches the base (X_ = 0) — the
droplet can move no further to offset increasing bendability (dashed line in Figure 4.8,
which corresponds to the analytic result (4.47)—(4.48)). The boundary between regime
I and regime Il equilibria behaves in a qualitatively similar way, although it is located at
much larger values of v.

Interestingly, there is a small region of parameter space where ¥ > 1 and V <« 1
in which multiple equilibria exist (see inset a in Figure 4.8), but elsewhere at most one
equilibrium exists. For a general )., the region where multiple equilibria exist is always
on the border between regime Il and Ill configurations, and with V' < 1; because of their
small volume, however, these equilibria are considered to be a curiosity (and not physically
relevant).

Regime diagrams for smaller values of the contact angle difference \. are shown in
Figure 4.9. We see that the minimum value of v (for a fixed V') at which equilibrium
configurations exist is smaller for smaller A\, — less deflection is needed to satisfy the
geometric constraint (4.44), which can therefore be achieved with a lower surface tension.
Similarly, the largest value of v at which equilibrium configurations exist is also smaller
for lower \.. In addition, equilibria in regime Il and Il are less prevalent; since the border
between regime | and Il equilibria is well beyond the range of (O(1)) v values that are
of interest, we shall therefore consider only regime | equilibria for the remainder of this
chapter (note that regime Il equilibria do exist for A\, < 0.2 — i.e. in the range of values
used in Figure 4.9 — but they do not appear on the scale of the plot).

In Figure 4.10 we show two other ways of describing where equilibria exist. Firstly, in
Figure 4.10(a), we plot the value of ). associated with equilibria in (X, v) space (for
the O(1) values of the bendability v that we are interested in). This plot indicates that
equilibria in which the droplet is located closer to the free end are associated with a larger
Ae, encoding a larger difference between the channel widths at the menisci, and that this
difference is more pronounced for larger v.

Secondly, in Figure 4.10(b), we plot the value of X, associated with equilibria in
(Ae, v) space. In particular, this plot indicates that equilibria do not exist when the contact

anglie asymmetr is too large e droplet is not able to create enou eflection to
gle asy try A is too large (the droplet t able t t gh deflection t
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Figure 4.10: Regime diagrams indicating (a) the value of A, associated with equilibria in
(X4, v) space and (b) the value of X, associated with equilibria in (A, ) space (with
V' = 0.3 in both cases). In (b), no equilibria exist in the white region in the top left and
bottom right corners, and the pink line indicates equilibria with X_ = 0 (equation (4.47)).

satisfy (4.44), regardless of where it sits in the channel) or too small (the droplet always

creates too much deflection, regardless of where it sits in the channel).

Stability

We analyze the linear stability of equilibria by letting
h = he(z) 4 e hy(z), z4(t) = Xo + Xiee™, (4.49)

where € < 1 is arbitrary, in the model equations. For simplicity, we assume that the
contact angles . (and thus A = ).), are unchanged by the perturbation (we use the
boundary conditions on h; to reflect the contact angle conditions, see below).

After a standard linearization, the problem for h(x) becomes

o Ih O<z<X_, X, <wz<l1, (4.50)
dxt
3|v|ohy = % (hiﬁf;l) X_<z<X,, (4.51)
with boundary conditions,
hy = % =0 at z =0, (4.52)
C:;l = ‘fg =0 at z =1, (4.53)
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continuity conditions,

dh.]%  [dn d2p, 1%
{hl + X1 e }Xi - {d—; }:de }Xi =0, (4.54)
i @%}Xi [ 1d4heri 0 (4.55)
da? £ da3 - dx * dat X7 ’ '
and conservation of volume
Xy
0= / hy dz — X1 he(Xy) + X he(X2) (4.56)

The final (pressure) boundary conditions on (4.50)—(4.51) at x = X depend on the

pinning conditions. Here we consider two cases. Firstly, mobile conditions,

d4h1 I/(l -+ >\e) 1 dhe

7 = E (X_ 1 + M atz = X_, (4.57)
d*hy v [, dhe

drt 12 (X+ ar hl) e (429

which are the linearized form of the Laplace pressure boundary conditions (4.24)b with
0, =0, and 0_ =0, (i.e. \c = \nax) and are thus appropriate for the translating period
of the numerical solutions presented in §4.2.2.

Secondly, we consider a pinned meniscus at X_ and an advancing meniscus at X,
so that

d°hy

=0 atz = X_, (4.59)
d4h1 v 1 dhe

W = h_z (X+E + hl) at x = X_|_, (460)

we expect this latter case to be appropriate for the ‘pinned x_" period of the numerical
solutions of §4.2.2, where \ < A\, with 0, = 40,.

The boundary value problem (BVP) given by (4.50)—(4.56) alongside either (4.57)-
(4.58) or (4.59)—(4.60) may be solved numerically using the BVP4c routine implemented in
MATLAB (for example). This returns the growth rate o as part of the solution. Numerical
solutions of the BVP agree well (see inset in Figure 4.9(d)) with numerical solutions of
the full model equations, in which the growth rate is determined by an exponential fit to
the meniscus trajectory at early times.

We do not dwell on solutions on the BVP, however, because we are primarily interested
in the stability (the sign of o) of equilibria, rather than the time scale of evolution to and

from them (the magnitude of ¢). It is instructive to consider instead the marginal stability

83



problem given by (4.50)—(4.56) and (4.57)—(4.58) or (4.59)—(4.60) with o = 0. In this
case (4.51) can be integrated directly to give

5d°hy
¢ dad

—C (4.61)

where C' is a constant (equal to zero for pinned conditions, from (4.59)). From (4.61),
we can express h; in terms of h., and thus the conservation of volume equations (4.56)

can be expressed as a non-linear constraint of the form
Si(v,V,Ae) =0, 1=1,2. (4.62)

Here, i = 1 corresponds to the translating boundary conditions (4.57)—(4.58) and i = 2
to the pinned boundary conditions (4.59)—(4.60).

Solutions to the marginal stability problem exist when (4.62) holds. However, we find
that S; > 0 over the whole parameter space (the shading in Figure 4.9 indicates the
value of Sy), so that for either choice of boundary conditions, the growth rate o does not
change sign (o is continuous).

For the translating boundary conditions (4.57)—(4.58), o > 0 somewhere in the domain
(see inset in Figure 4.9(d)), and so o > 0. For the pinned boundary conditions (4.59)—
(4.60), the same reasoning gives o < 0 everywhere.

This demonstrates that if the system reaches an equilibrium in which z_ is pinned, that
equilibrium is stable and the droplet remains trapped indefinitely. However, should the
droplet reach the translating stage, it will not stop again as any equilibrium it reaches is
unstable. (In any case, we do not expect the system to encounter any of these equilibria —
once the droplet has reached the translating stage, the contact angle asymmetry A cannot
increase further, so the pressure difference between the menisci will continue to grow since

the channel deflection is enhanced when the droplet is closer to the free end.)

4.2.4 Mobile Droplets

We are now in a position to describe when droplets remain trapped part way along the
channel as a result of contact angle hysteresis. We understand that droplets get trapped
in stable equilibria if they remain in the pinned x_ stage of the motion; this, in turn,
is possible, when the maximum contact angle asymmetry, An.x, is larger than A, the
contact asymmetry required to maintain the pinned state indefinitely. The crucial point
to note is that if an equilibrium exists then the associated contact angle asymmetry
Ae(, V. X4) & Ao(v, V2% = X,): for a droplet with given volume V' in a channel

with given bendability v, the contact angle asymmetry in equilibrium is approximately
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Figure 4.11: Predictions from the equilibrium calculation of (a) ASS2P¢ — the largest value
of Amax at which a droplet with initial position 2. is able to escape — and (b) g escape
— how far along the channel a droplet must start in order to escape if the contact angle
hysteresis is Amax. Both plots correspond to a droplet volume V' = 0.3. Configurations
with (Amax, ) that lie in the hatched region (bottom right) will trap droplets of volume
V = 0.3, regardless of where they start in the channel. Similarly, V' = 0.3 droplets will
escape channels whose (Amay, ) lie in the striped region (top left), regardless of where
they start in the channel; the pink line indicates the prediction (4.63) for the boundary of

this ‘always escape’ region.
that for a pinned droplet with initial condition 2% = X.. (Any difference between A,
and A\ is a result of the meniscus motion in the squeezing period, which is brief, making
the difference relatively small, see Figure 4.6). As an approximate criterion, therefore,
we argue that droplets will be trapped in Apax = Ae(v, V, X, = x‘}r) and will escape if
Amax S Ae(v, V, Xy = 29).

With this approximate criterion, the regime diagrams in Figure 4.10 can be re-purposed
as maps describing whether droplets will be trapped or not, based on the value of A ..
(these regime diagrams are shown again in Figure 4.11 with updated labels to reflect
this interpretation of the equilibria). Figure 4.11(a) therefore (approximately) indicates
Aeseape the largest value of Ay.x at which droplets with initial condition xﬂ are still able

max

to escape: droplets in channels with A\j.c > AsS2P€ will remain trapped, but those in

channels with A\pax < ASS2Pe will escape. As we see from Figure 4.11(a) (and as we
expected from the numerical solutions presented in §4.2.2), A%52P¢ is increasing in 9,
so that droplets starting closer to the free end are more likely to escape. We see that,
in addition, for a large proportion of the initial droplet positions only a small amount of
hysteresis is needed to ensure droplets are trapped (AS53P¢ < 1), again highlighting the

sensitivity of our system to contact angle hysteresis.
The regime diagram in Figure 4.11(b) (in (Amax, ¥) space) can be interpreted as a map
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showing how far along the channel the droplet must start in order to escape if the contact
angle hysteresis if \pax; we refer to this ‘escape position’ as 25°°**°. The equilibrium data
for V' = 0.2 are plotted as a surface in Figure 4.12; configurations with initial condition

29 < 2559 (i.e. beneath this surface) will be trapped, and vice versa — configurations

with initial condition 29 > x$“P¢ (above this surface) will escape. As expected, with
higher hysteresis A\n.x, droplets need to start closer to the free end to escape.

Using the equilibria to predict the 2%%*° does not work, however, when such equilibria
do not exist. There are two possibilities for configurations whose (v, V, Ayax) lie in regions
of parameter space in which no equilibria exist: if equilibria exist for values of \. below
Amax, then droplets will always be stuck in this channel (the droplet is never able to
overcome pinning, since it would need to be located beyond zf = 1 to create enough
deflection to do so). Otherwise droplets will always escape (see Figure 4.11(b) and
Figure 4.13, which is as in Figure 4.11(b) for droplet volumes, V' = 0.1, 0.2, 0.4, and
0.5).

The shape of these ‘always trapped’ regions demonstrate that when surface tension is
very weak (small ) only a small contact angle hysteresis Anax is needed to ensure that
droplets always get stuck, as we might expect. In addition, the contact angle hysteresis
needed to ensure that droplets are always trapped reduces for lower volume droplets (that
are associated with smaller deflections).

The regions of parameter space in which droplets always escape are only appreciable
for larger droplet volumes (note that for V' = 0.1 and V' = 0.2 in Figure 4.13 this
region does exist, but is not clearly visible on the scale of the plot). The border of these
regions corresponds to equilibria with X_ = 0, whose location we expressed analytically

in (4.47)—(4.48); we therefore predict that droplets will always escape when

(4.63)

8  Amax (3Amax + 5)4

> —_
YT VA 4 Am)? \ DA + 5

The boundary between 'always escaping’ and some trapping, given by equality in (4.63), is
included as the pink curves in Figure 4.11(b) and Figure 4.13. The sensitive dependence
of (4.63) on V elucidates why the ‘always escape’ region is not resolved for smaller volume

droplets.
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always trapped ~ always trapped
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)\max )\max

0,
x+escape
1

always escape
always escape

always trapped

always trapped

0 v
0 0.05 0.1 0 0.05 0.1
Amax Amax
Figure 4.13: Predictions from the equilibrium calculation of 2" — how far along the

channel the droplet must start in order to escape if the contact angle hysteresis is Anayx
and bendability is v (as in Figure 4.11(b)) for (a) V = 0.1, (b) V =0.2, (c) V = 04,
and (d) V = 0.5. The colour-bar applies in (d) applies to each plot with the appropriate
value of V. Configurations with (Anax, ) that lie in the hatched regions (bottom right of
each plot) will trap droplets of the corresponding volume, regardless of where they start in
the channel. Droplets will escape channels whose (Apay, ) lie in the striped region (top
left of each plot), regardless of where they start in the channel. The pink line indicates
the prediction (4.63) for the boundary of ‘always escape’ region (in (a) and (b), this line
covers the y-axis and is not shown).

Comparison with full numerics

We compare the results of our equilibrium-based predictions section with numerical results
of the full (dynamic) model. To do so, we compute 25%*® numerically using a bisection
scheme, with the model equations solved numerically for many different initial conditions.
We use 2% = 0.97 as a first upper bound to avoid the situation where the ‘+' meniscus
is pushed onto the free end x = 1 during the initial squeezing; droplets that are trapped
even for 2 = 0.97 are said to be always be trapped. Similarly, we use 2} =V + 0.03
(i.e. 2% =0.03) as the first lower bound; droplets that escape even for 29 =V + 0.03

are said to always escape.
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Figure 4.14: Predictions from the equilibrium calculation (background colour) and nu-
merical solutions of the model equations (circles) for 25 with V' = 0.2. Red markers
indicate configurations in which the droplet is always trapped in numerical solutions, re-
gardless of its initial position.

The values of 22 obtained numerically in this way agree well with the values deter-
mined from equilibrium calculation. This is shown in Figure 4.14 where agreement would
mean that the colour of the circles in the region where equilibria exist are indistinguish-
able from the background while the red circles (indicating where droplets never escaped)
should be entirely within the empty region towards the right. Note that the numerically
determined £3°°®° are systematically lower than the equilibrium based predictions (al-
though this is not clearly visible in Figure 4.14), because the equilibrium calculation does

not account for the meniscus motion in the squeezing period.

4.2.5 Non-wetting droplets

We conclude this section with a very brief presentation of the corresponding results for
non-wetting configurations.

The dynamic behaviour of wetting and non-wetting configurations is qualitatively sim-
ilar: assuming the droplet initially has receding angles at both menisci, an initial squeezing
regime is followed by a period in which x_ is pinned and, possibly, a period in which the
droplet translates. Again, droplets can only be trapped during the period for which x_ is
pinned, and not whilst translating.

The mechanism behind droplet trapping in the non-wetting case is exactly the same: in
some regions of parameter space, the droplet must begin sufficiently far along the channel
if it is to escape. In other regions of parameter space, droplets are trapped regardless of

their initial position, and, in others still, they will escape regardless of their initial position;
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Figure 4.15: Boundaries of the regions of (Amax, ) space in which (a) droplets are always
trapped in the channel, regardless of their initial position, and (b) droplets always escape
the channel, regardless of their initial position (based on locations of equilibria). Each
boundary corresponds to a different droplet volume. Arrows indicate which side of the
boundary droplets are always trapped or always escape, as appropriate. In both plots, the
dashed purple curve shows the reflection v — —v, Aoy — —Amax of the corresponding
boundary for wetting configurations with V' = 0.5.

the boundaries between these regions (based on the equilibrium calculation) are indicated
in Figure 4.15 for various droplet volumes V. The regions have a qualitatively similar
shape to those in the corresponding wetting case (albeit with v — —v, Apax = —Amax);
in particular, for small bendability, only a small amount of contact angle hysteresis is
required to ensure that droplets are always trapped, and both the always trapped and
always escape regions (the latter still given by (4.63)) are very sensitive to the value of
V.

Interestingly, the symmetry v — —v, Anax — —Amax IS NOt quantitative: Figure 4.15
shows that the always trapped region is larger, and the always escape region is smaller,
for non-wetting configurations than wetting configurations. Without going into detail, the
non-linearity in the Laplace pressure boundary condition is responsible for this asymmetry:
non-wetting droplets cannot create as large a droplet pressure, and thus deformation, while
x_ is pinned because the meniscus pressure, which scales with 1/h, does not change
as sharply when advancing into an outward tapered channel (increasing h) than when

advancing into an inward tapered channel (decreasing h).

4.3 Summary

In this chapter, we have consider two mechanisms through which droplets can be prevented

from reaching the free end of the channel. Understanding when droplet motion to the
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free end of (and thus removal from) the channel is inhibited is important for self-cleaning
surfaces that might exploit bendotaxis because trapped droplets might promote the sticky
Wenzel state that we are aiming to avoid.

In the first half of the chapter, we considered geometric trapping, which describes
the scenario in which the free ends of the channel contact before the droplet reaches the
free end. We extended the model developed in Chapter 2 to describe the post-contact
behaviour and studied the dynamics of the resulting model through numerical solutions of
the model equations. The numerical solutions demonstrated the complex dynamics that
result from the competition between the two modes of droplet motion — squeezing and
translating — as well as from the competition between a diverging meniscus pressure and
vanishing channel permeability. In particular, we saw that if the meniscus approaches the
end of the channel while the channel walls are simply touching, it appears to reach the
end in finite time, with asymptotic behaviour that is faster than previously reported for
the analogous rigid case [Gorce et al., 2016]. However, if the channel walls touch over an
extended portion of their length (as we expect when surface tension is very strong), then
the meniscus appears to take an infinite time to reach the cusp.

In the second half of this chapter, we considered trapping by contact angle hysteresis,
whose strength is described in our model by the maximum contact angle asymmetry
Amax = cosf,/cosf, — 1. Numerical solutions of the model equations confirmed our
intuition that when hysteresis is sufficiently strong (Amax sufficiently large), droplets may
be trapped in equilibrium part way along the channel. By studying steady solutions of the
model equations and assessing their linear stability, we determined that these equilibria
are stable and also that droplets will not translate to equilibrium (if droplets start to move
appreciably along the channel, they will not be stopped). We identified the importance
of the quantity A\, the contact angle asymmetry required to hold the droplet in the
pinned state (when equilibria are possible). A, gives a simple criterion for whether a
droplet will escape: droplets in channels with initial conditions such that the maximum
contact angle asymmetry Anax < Ao Will escape, while those with A > Ao will not.
In reality, A\, can only be determined by a full dynamic simulation, but our analysis of
equilibria gives an approximation for \,. This approximation allowed us to re-purpose our
regime diagrams, that demonstrate where equilibria exist, to describe whether droplets of
given parameters will be trapped or not. In doing so, we identified regions of parameter
space in which droplets will always escape and other regions in which droplets are always
trapped, regardless of where they start in the channel. The shape of these regions agreed
with our intuition, demonstrating that when the channel bendability is small, only a

small amount of contact angle hysteresis is required to trap droplets. In addition, they
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confirmed that droplets are more likely to be trapped in channels with higher hysteresis,
which emphasizes the need to minimize hysteresis in any superhydrophobic surface that

might exploit bendotaxis.

A Solving the equations for equilibria

In this appendix we describe the method used to find solutions of equations (4.31)—(4.40)
describing an equilibrium configuration h.(x) whose menisci are located at x = X .

We first ‘integrate out’ the dry regions to give an equivalent problem defined only on
the drop region X_ < z < X, with the effect of the dry regions encoded by effective
boundary conditions (as discussed in §2.2 and §4.1 for the dynamic problem). In this
droplet only problem, the ordinary differential equations, boundary conditions at z = X _
and volume constraint are independent of the nature of any contact at the wall ends (and
hence identical for each of the three regimes). We have:

d*h,
where 0 0
v V(Ae +
— — _ e ) X_ X 4.65
Po he<X+) he(X_> <z < + ( )
d?h, 2 dh,
— 2X_ —3h.+3 =0, 4.66
d2 X2 < du * )x:X_ (4.66)
d3h 6 dh
°_ X ——2h.+2 =0. 4.67
dz3 X3 ( dz + >z_X 0 (4.67)
Xy
V= / he(x) dx. (4.68)

The boundary conditions at z = X, do depend on the nature of any contact at x = 1.

For channels in regime |, we have boundary conditions

d*h,  d3h.
= = 4.
da? da? (4.69)
at x = X,. For channels in regime Il, we have boundary conditions
d3h dh d3h,  d%h
X, —1)P—= — X, —1)——h| =(X, -1 - " = 4.7
( + ) da3 3 ( + ) dx ( + ) da3 dx2? 0 ( 0)
at x = X,. For channels in regime Ill, we have boundary conditions
2 3
d*h. 6he _ d*he 6he _0 (4.71)

de?  (X; — X2 ded (X — X.)P



at x = X, where

he (dh,\ "
X, - X, —-¢ —0. 4.72
. . (d) (4.72)

For given Vv and )., the problem (4.64)—(4.72) for h.(xz), X is nonlinear and there-
fore expensive to solve numerically. It is more convenient to instead specify a meniscus
position (typically X ) and solve for h.(z) and X, only, computing the associated vol-
ume V' a posteriori; with X_ specified the problem (4.64)—(4.72) can be converted into
a polynomial in X, (described below), which is computationally inexpensive to solve. By
sweeping over all permissible values of X _, we pick up all possible equilibria.

In the following sections, we give relevant details of this procedure which differ slightly
for channels in regimes | & Il and channels in regime Ill. We therefore consider these cases
separately.

Before we do so, we note that, regardless of the boundary conditions applied at the
non-clamped end, the channel shape in the drop region may be expressed as

he(z) = %(m ) Ka(r— 22 + Koo — 202 + Ko(o —2y) + Ko (4.73)
where K; = K;(X, X_,po), 1 =1,2,3,4.

A.1 Regimes | and Il

The boundary conditions (4.69) and (4.70) that apply for channels in regime | and Il are
linear. As a result, the coefficients K;, ¢ = 1,2,3,4 in (4.73) are linear in the in the
equilibrium pressure py and multinomials in X.. Using the solution (4.73), the channel

displacement at the menisci can be expressed as

he(X4) = f4(Xo, X5) 4+ pog+ (X—, X)), (4.74)
he(X*) = f*(va X+) +pog*(X*7 X+) (475)

where fi, g+ are known (albeit regime dependent) multinomials.
Inserting (4.74)—(4.75) into the two pressure conditions (4.65) gives two quadratic
equations for the pressure py:

po [f+ (X, Xp) + pog (X, Xy)]
po [f-(X_, X4) + pog—(X_, X4)]

—v, (4.76)
—v(Ae +1). (4.77)

Eliminating py from (4.76)—(4.77) gives a single multinomial whose coefficients depend
on parameters v, \.:
F(X_, X ;v 0) =0. (4.78)
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Under our assumption that X _ is prescribed, (4.78) is simply a polynomial equation for
X, (of degree 9 for regime | configurations, and degree 19 for regime Il configurations).
We solve this polynomial numerically using the MATLAB routine roots, which computes
the eigenvalues of the matrix whose characteristic polynomial is given by (4.78).

Once the equation (4.78) has been solved for X, we keep only those roots that
correspond to physically relevant solutions — i.e. those with X < X, < 1 and for
which the open end condition (4.41) (for channels in regime ), or the repulsive shear and

negative slope conditions (4.42) (for channels in regime II) are satisfied.

A.2 Regime lll

The procedure is a little more complicated for configurations in regime Ill because the
boundary conditions (4.71)—(4.72) are not linear. As a result, the system of equations for
the K in (4.73) that emerge from using (4.66)—(4.67) and (4.71)—(4.72) are non-linear
in po. After inserting the result into the pressure conditions (4.65) we obtain a system of
two quartic equations for the pressure py.

To obtain solutions of these quartics (for a given X_), we first specify a meniscus
position X, and solve (independently) the resulting quartics in p. We choose the pair
(X_, X), and the corresponding pressure pg, to be a candidate equilibrium if any of the
roots pg of the first quartic coincide (to within a tolerance) with any of the roots of the
other quartic (we typically choose a tolerance of 0.1, which is large enough to ensure that
we do not miss any solutions but small enough that the search space for the following
non-linear solver is not too large). By removing any un-physical roots, and looping over all
possible X_, we are left with a set of candidate solutions {(X*, X', p{)}, i =1,...,n.

To find exact solutions of the equilibrium equations, we solve the non-linear equations
using MATLAB's non-linear equation solving routine fsolve. We provide fsolve with an
initial guess at each of the candidate solutions.

Finally, once every possible equilibria has been found in this way, we remove any that
violate the sticking condition (4.43).
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Chapter 5

Bendo-capillary instability of a
channel

In this chapter, we extend the work of the rest of this thesis to consider channels that
vary in the third spatial direction.

As motivation, we consider the experiment described in §1.4.4 (shown again in Fig-
ure 5.1(a)). Recall that in these experiments, droplets nucleate at the base of a three-
dimensional array of channels and their upper surface moves towards the free end of the
channels (the ends closest to the camera, see Figure 5.1) in a process reminiscent of
bendotaxis. As this takes place, a periodic pattern emerges in the in-plane direction (we
refer to variations in the plane parallel to the undeformed channel walls as being ‘in-plane’,
and variations in the across channel plane as being ‘transverse’, see Figure 5.1(b)). This
pattern emerges at relatively early times, and persists throughout the experiment (visible
in Figure 5.1(a)3-6); its periodicity suggests a preferential wavelength for growth in the
transverse direction. We therefore turn now to a first study of this instability.

We focus on three key questions in this chapter: Is the growth of periodic perturbations
a generic feature of bendo-capillary systems in which transverse bending and flow are
allowed? If so, which physical processes control the wavelength that emerges? And, how
does the addition of liquid via condensation mediate this mode selection?

This chapter is structured as follows. In the first section, we describe (our hypothesis
for) the mechanism driving the ‘weaving’ instability responsible for the pattern formation,
and then gain physical insight via a scaling argument. In the third section, we develop a
mathematical model for a simple bendo-capillary system which may be susceptible to the
instability. The remainder of the chapter is dedicated to studying the mode selection pro-
cess; initially we focus on the case when the liquid volume is constant, before considering

the effect of adding liquid volume via condensation.
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Figure 5.1: (a) Snapshots of experiments performed by Seemann et al. [2011] in which
liquid droplets condense within an array of deformable microchannels and eventually reach
the free end of the channel. Notice how the emergent periodic pattern appears at rela-
tively early times. (b) Schematic diagram of the experiments shown in (a). We refer to
variations in the plane parallel (perpendicular) to the channel walls as in-plane (transverse,
respectively), as indicated

5.1 Mechanism

We hypothesize that the periodic pattern seen in Figure 5.1 is the result of an instability,
with the observed wavenumber of instability determined as that of the fastest growing
mode. In this chapter, we investigate the possibility that this preferred mode is determined
by a competition between interfacial curvatures in the transverse and in-plane directions

(which we refer to as a ‘competing-curvature’ instability).

5.1.1 Competing curvature instabilities: Rayleigh-Plateau

The canonical example of a competing-curvature instability is the Rayleigh-Plateau insta-
bility [Plateau, 1873, Rayleigh, 1879, 1892]: in the absence of gravity, a thin thread of
liquid of uniform radius » may remain in equilibrium (Figure 5.2(a)) since the constant
pressure this requires is consistent with the constant pressure difference across a meniscus
of constant curvature. If the interface is disturbed slightly by an axisymmetric perturba-
tion, periodic in the in-plane direction the transverse curvature — inversely proportional to
the local radius of the thread — increases (decreases) at troughs of lower radius (peaks
of higher radius, respectively). The opposite is true of the in-plane curvature, which is
negative at (locally) concave troughs and positive at convex peaks (Figure 5.2(a)). The
difference in the in-plane curvature between peaks and troughs increases from zero with

the wavenumber, while the difference in the transverse curvature is independent of it. As
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Figure 5.2: Air-liquid interfaces in competing-curvature instabilities. (a)(Left) A thread
of liquid with radius r has interfacial curvatures x| and x, in the in-plane and transverse
directions, respectively (the schematic diagram indicates the orientation of the planes).
(Right) The pressure differences associated with the variable curvatures following a pertur-
bation drives fluid from high to low transverse curvature, leading to the Rayleigh-Plateau
instability. (b)-(d) Schematic diagrams of the interface between liquid and air in a narrow
channel. The interface has curvature components C'; and C)j (taken in the same planes
as in (a)). The base state (b) has no in-plane curvature. The effect of perturbing the
interface from the base state differs between (c) rigid, tapered and (d) flexible channels.
Arrows indicate the local curvature changes, relative to the base state.

a result, perturbations with sufficiently small wavenumbers (specifically & < 1/7) result
in a decrease (increase) in the total curvature — and hence pressure — at peaks (troughs,
respectively), resulting in liquid being driven from troughs to peaks and thus amplifying

the perturbation.

5.1.2 The Effect of confinement: Al-Housseiny

If the liquid is confined between two plates with a gap thickness that varies in the transverse
direction (Figure 5.2(b),(c)), a competing curvature instability is also possible. (Note that
confinement can alter mode selection in the Rayleigh-Plateau instability if the liquid does
not contact the walls but is surrounded by a second liquid [Son et al., 2003], but we do not
consider this scenario here.) In the confined case, the stable configuration is a uniform ad-
vancing front with no in-plane curvature, C} = 0. The key difference between this scenario
and the free interface is that here the confinement sets the transverse curvature; the total
curvature of the base state is C'(z) = O+ C = C| = —2cos0/h(x) [de Gennes et al.,
2004], where h(z) is the (non-constant) channel thickness, 6 is the contact angle between

the liquid and the plates, and the z-axis is aligned along the channel (Figure 5.2(b)).
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Consider first a wetting configuration, 8 < 90°. Provided the channel is narrowing,
a periodic perturbation to the interface (Figure 5.2(c)) decreases the channel width at
protrusions (where the liquid advances ahead of the original meniscus position) and thus
increases the magnitude of the transverse curvature C'| there (corresponding to a more
negative capillary pressure). Invaginations experience a decrease in the magnitude of the
transverse curvature, and hence a reduction in the suction pressure, owing to the weaker
confinement. As a result, protrusions may suck liquid from invaginations, thus increasing
the size of the perturbation and destabilizing the interface.

As in the Rayleigh-Plateau instability, the transverse curvature changes are in com-
petition with the in-plane curvature C, which offers a stabilizing effect whose strength
increases with wavenumber. Again, perturbations of a sufficiently small wavenumber are
amplified (the range of unstable wavenumbers depends on the contact angle, and the lo-
cal channel thickness and tapering angle). This scenario has been studied in detail (both
theoretically and experimentally) in recent years [see Protiére et al., 2010, Al-Housseiny
et al., 2012, Al-Housseiny and Stone, 2013, Keiser et al., 2016, Ledesma-Aguilar et al.,
2017, for example].

If the liquid does not wet the channel (f > 90°), protrusions (invaginations) of a
perturbation to the meniscus experience a decrease (increase, respectively) in transverse
curvature, provided the channel is widening; the convex interface experiences a weaker
(stronger) confinement. Again, perturbations of sufficiently small wavenumber will be
amplified. We stress that this instability is only possible for non-wetting configurations
if the channel is widening (in the direction of advancing interface) and only possible for

wetting configurations if the channel is narrowing.

5.1.3 Introducing elasticity

If the tapered wall is not rigid but deforms in response to liquid pressure (Figure 5.2(d)),
the picture changes in two important ways. Firstly, the global tapering of the channel
is set by the bulk liquid pressure. With the familiar clamped-free conditions on the
beams, the induced tapering will always be in the direction that favours instability: wetting
configurations will be tapered inwards, and non-wetting configurations will be tapered
outwards. This means that, unlike the rigid case, it is possible that both wetting and
non-wetting configurations will be susceptible to the bendo-capillary competing curvature
instability within the same channel.

The second important difference with the competing curvature instability in a rigid
confinement it that a meniscus perturbation will result in an additional elastic response

from the channel. Protrusions will apply a pressure over a longer portion of the channel,
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Figure 5.3: Schematic diagrams of section of a flexible channel consisting of a solid base
and two flexible walls, which are only permitted to bend along their length. A cut along
each of the flexible walls (black dashed line) allows the two halves to bend independently.
(a) The system is in equilibrium with the meniscus located a distance x,,, from the base.
(b) The equilibrium is perturbed by moving the menisci on either side of the cut a distance
J; if X is sufficiently large, this perturbation results in the flow of liquid from troughs (blue)
to peaks (red) with speed U, amplifying the perturbation, as described in the main text.

compared to the flat base state, resulting in an enhanced wall response; the confinement
that a protrusion experiences will be exacerbated (and the confinement an invagination
experiences will be reduced) by the elastic response to the perturbation. This, in turn,
will lead to a greater difference in the destabilizing transverse curvature between meniscus
protrusions and invaginations. We anticipate that this may extend the range of unstable

modes, or make the growth rate faster, than the corresponding rigid case.

5.2 Scaling argument

Before developing a detailed model, we seek first to gain some quantitative insight into
mode selection driven by the mechanism described in §5.1.3. We consider the configu-
ration shown in Figure 5.3: a section of a channel with width A and length L contains
liquid sat at a rigid base of thickness 2H, while the opposite end is open. The other two
walls of the channel are narrow and flexible; they bend in response to the liquid pressure
(characterized by a bending stiffness B), but for simplicity we allow them to bend only
along their length (i.e. in the transverse direction). They are clamped at the rigid base.
We imagine a cut along the centre of each deformable wall (black dashed lines in Fig-
ure 5.3), so that the two halves can deform independently of one another. In effect, we
allow liquid to flow between the two halves of the (section of) channel, whilst neglecting
in-plane bending. (Any instability that appears in this system will be a discrete square

wave instability.)
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For the moment, we assume that the fraction of the channel occupied by liquid is
relatively small. (This is the situation at early times in the condensation experiments that
motivate this work; pattern formation first occurs in these early stages.) In this simple
argument, we assume that no condensation occurs in the time interval of interest: the
amount of liquid in the channel remains constant.

To make the analysis presented in this chapter more tractable, we consider the situation
in which the condensed liquid remains in contact with the base. In this case, a two-
dimensional equilibrium exists [Taroni and Vella, 2012].

Consider such an equilibrium configuration in which the meniscus is located a distance
T, from the clamped base. As the volume of liquid is relatively small, the walls are
not deformed significantly and the channel half-width at the meniscus h,, ~ H (see
Figure 5.3(a)). By conservation of mass, the meniscus position is x,, ~ €2/ H, where € is
the cross sectional volume. The liquid pressure in this configuration is p,, ~ —ycosf/H,
where v is the surface tension coefficient of the liquid, and 6 the contact angle between
the liquid and channel wall.

Before we consider perturbations to this equilibrium, we need a scaling for h! , the
channel slope at the meniscus. By considering a cantilever beam with bending stiffness B
bending over a length scale z,,, by a uniform (Laplace) pressure —~ cos/H we find [Tim-
oshenko and Woinowsky-Krieger, 1959],

7 cos O3
~ BH

We mimic a periodic perturbation of wavenumber k = 27 /A, and amplitude §, by

B~ (5.1)

considering a region of length A, with each split region having length \/2 (as in f Fig-
ure 5.3). We then force one side of the cut to advance (uniformly) to zo+ ¢ and the other
to retreat to xy — 0 (Figure 5.3(b)). As discussed, the transverse interfacial curvature,
and thus liquid pressure, changes as a result of this perturbation: the transverse curvature
changes as the interface is forced into a stronger (or weaker) confinement and, addition-
ally, the confinement responds to the perturbation as the liquid pressure is now applied
over a different length of the channel walls. With this ‘discrete’ perturbation, there is no
stabilizing surface tension term, which would usually come from the in-plane curvature.
Here, we put this in manually by adding a pressure penalty vJk? to the pressure in the

protruding half.

5.2.1 Mode selection

The perturbation will grow when the difference in liquid pressure between the two halves,

AP = p, — p_, drives liquid towards the protruding half (the red half in Figure 5.3),
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i.e. when AP < 0.
To leading order in 9, we find that

AP ~ (:08(9_(:089%_55]{:2 ~ Ahc086+/85k2 , (52)
h_ hy h2,

where 5 > 0 is an O(1) scaling constant and Ah = h, — h_ is the difference in the
channel widths at the menisci between the two halves (see Figure 5.3(b)).

To find a scaling for Ah, we decompose it into a contribution from the meniscus
advancing/receding into a tapered channel, and a contribution from the elastic response

to the perturbation:
Ah = Ahtapering; + Ahelastic- (53)

To leading order in ¢, the tapering contribution has the same scaling as a meniscus

advancing into a rigid channel, whose angle is set by the equilibrium configuration, i.e.

_glycos Oz

Ahtapering ~ 6h;n ~ BH

(5.4)

where we have used the scaling (5.1) for h/,.

The leading order elastic contribution is found by considering a cantilever beam of
length x,, loaded with the equilibrium liquid pressure py = —ycosf/H (the dry region
of the beam offers no resistance to bending in this scenario). If the length of the beam

increases in length to x,, + d, the corresponding increase in deflection of its tip is

cos 023
~ —§ L

- (5.5)

Ahelastic ~ _% [(xm + 5>4 - xfn}

Perhaps surprisingly, both the elastic and tapering contributions to Ah have the same

scaling but, in any case, substituting this in to (5.2) gives

29 .3
ycos“ 0 z,,
By balancing the terms in (5.6), we obtain a scaling for the wavenumber of unstable
modes: 1o
2,3
v cos” Oz,
ki ~ (T) (57)

We expect that perturbations with wavenumber k& < k. will be unstable, while those will
wavenumber k = k. will be damped. This prediction is independent of the wettability:
both wetting and non-wetting configurations of sufficiently small wavenumber may be

amplified, as we suggested in §5.1.3 when first describing the mechanism.
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5.2.2 Growth rates

When AP < 0, liquid is sucked from the invaginations into protrusions with a typical ve-
locity U (Figure 5.3(b)). To estimate this velocity scale, note that this pressure difference
acts over a length scale A = 27 /k and so lubrication theory [Leal, 2007] suggests that
(provided A, L > H)

H?AP  H?6vk [~cos?l x?
Un~m—— 22 o mo_ BE* ). 5.8
pooA f ( m pH ) 58)
The corresponding flux of liquid between the two halves of the channel is
QH?k [(~vcos?0 x3
~QU ~ 0 ™ — Bk 5.9
Q ] (59)
and conservation of mass for either section requires
do
H\— ~ Q. 5.10
RN (510)

Combining (5.9) and (5.10) gives a scaling for o, the growth rate of perturbations, as

g

1dé  QH (7 cos® 0 x3,

=_— ~ — Bk% ) k2. 11
o dt I H?2 BH 6) (5.11)

The wavenumber of the fastest growing modes can then be easily shown to scale as
k ~ k., with k. as given in (5.7). The corresponding growth rate of the perturbation with

this wavenumber is

Oc

1dd  QHE? 20 a3 2 cos? 07
=__ ~ c 7C082 T _ BE? | ~ JCOS Tm fm, (5.12)
o dt 1 H; BH uBH

where the final scaling uses the small deformation scaling 2 ~ x,,, H.

While the above calculation is very rough, it suggests that that the growth rate of
unstable modes has a sensitive dependence on the amount of liquid in the channel (via
the meniscus position z,,); as we shall see, this is important when the amount of liquid
in the channel is evolving via condensation. We turn now to a more formal calculation

but shall refer back to these results.

5.3 Mathematical model

In this section, we develop a formal mathematical model of the system discussed in §5.2.
The configuration is shown in Figure 5.4(a): a narrow cell of thickness H and length L

extends infinitely in the third direction. The channel has a rigid boundary at one end (the
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Figure 5.4: (a) Schematic diagram of liquid in a narrow channel consisting of a solid base
at £ = 0 and two deformable walls, whose midplanes are located at z = +h(z,y,t). The
liquid makes contact with the channel walls at = z,,(y,t). Note that the cell extends
infinitely in the y-direction (only a section of which is shown). (b) Cross sections of the
system shown in (a) in the (z,y) plane (upper) and (z,z) plane (lower); the latter is
taken through y = y*, indicated by the dashed box in (a).

x = 0 plane), and is free at x = L. The other two walls are thin and flexible and, without
deformation, coincide with the planes z = +H; the channel walls are characterized by
their thickness b, Young's Modulus F, density ps, and Poisson’s ratio 1. The channel
walls have bending stiffness B = Eb3/(12(1 —n?)) [Timoshenko and Woinowsky-Krieger,
1959] (We take n = 0.5, corresponding to incompressible walls, throughout this chapter.)

Liquid of viscosity u, density p; and surface tension v condenses into the channel, and
sits at the solid base. We assume the liquid makes a (constant) contact angle 6 with
the channel walls. The liquid pressure induces a deformation of the channel walls; in the
following sections we describe models for the flow of liquid and deformation of the channel

walls and study the coupling between the two.

5.3.1 Preliminaries and assumptions

We assume that the configuration is symmetric about 2 = 0 — so we only need to consider
a single channel wall — and also that the walls are thin in comparison with their length,
b < L. As a result, we can characterize the channel width at time ¢ > 0 entirely by
the position of the mid-plane of one wall [Reddy, 2006], denoted by h(z,y,t), (we shall
therefore use ‘wall’ and ‘wall mid-plane’ interchangeably).

The channel is wetted over a region 0 < x < x,,(y,t). We assume that z,,, > H
throughout and also that variations in the flow in the y direction occur on a length scale
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much longer than H, allowing us to use lubrication theory to model the liquid flow. The
channel geometry does not provide a natural length scale for variations in the y-direction
(as it does for the z-direction), but the length scale L that we use in the horizontal
direction is a natural choice. To ensure the lubrication approximation holds, we must
ensure that the typical length scale of flow in the y-direction is much longer than H, but
we shall check this a posteriori. With this assumption, the contact angle between liquid
and solid is approximately that measured in the (x, z) plane (Figure 5.4(b)).

As in previous chapters, we neglect the weight and inertia of both the liquid and the

channel walls, and the line force associated with surface tension.

5.3.2 Liquid flow

Given the assumed small aspect ratio of the flow, we describe it using lubrication theory.
The evolution of the pressure field p(z,y,t) and the gap width are then coupled via
Reynolds’ equation

Oh h3 :
5 V. <@Vp) in0<x<z,(yt). (5.13)

The free boundary of the liquid moves in response to the flux of fluid there and
condensation of liquid onto it. Assuming that liquid condenses onto the interface at a

uniform rate C' per unit area, the location of the interface evolves according to

0x,, h? n

Zm o L p— C 5.14
ot 5 Tl * (5.14)

T=xm(y,t)

OTm

where n = e, — on

ure 5.4(b)).

According to Laplace's law, the liquid pressure immediately beneath the interface is

e, is the normal to the interface in a plane at constant z (Fig-

p(x = Tm,y,t) :7(0L+C||) (5.15)

where C'; and ()| are the transverse and in-plane interfacial curvatures, respectively. Our
neglect of gravity ensures that the meniscus is locally a circular arc in the (z, z) plane

(Figure 5.4(b)), and hence

o= cos f

o=z ) (5.16)

Our assumption that variations in the y-direction occur on a length scale much larger
than H means that we can approximate the in-plane interfacial curvature by
%z,

oy?

Cp=- (5.17)
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We impose a no-flux condition at the rigid base,

9 _

i 0 at z = 0. (5.18)

5.3.3 Wall deformation

In the experiments shown in Figure 5.1, the channel walls appear to undergo deformations
that are large in comparison with their thickness. We might expect, therefore, that the
modelling of the channel's response to liquid pressure should include self-induced in-plane
stretching [Timoshenko and Woinowsky-Krieger, 1959]. However, the energy penalty
associated with in-plane stretching, which scales with b/ L, is very high in comparison with
the bending energy (b/L)? for thin flexible objects [Pini et al., 2016]. We therefore ignore
stretching, and the channel walls can therefore be modelled as thin plates undergoing pure
bending deformations under an applied load ¢(x,y,t). The position of the channel wall

mid-plane h(z,y,t) therefore satisfies [Timoshenko and Woinowsky-Krieger, 1959]
BV*h = q. (5.19)

The channel deformation is coupled to the liquid pressure via the applied load:

(5.20)

p(z,y,t) 0<x <z,
q(z,y,t) =
0 Ty < x < L

To close the problem, we require boundary conditions at the channel ends, x = 0 and
x = L, as well as at the interface, x = x,,,. We apply a straightforward clamped condition
at x =0,
h=H, %:0 at z = 0. (5.21)
The other boundary conditions require care, as they concern moments and shear forces.
The wall supports bending moments

9%h 9%h 9%h 9%h
M, =—-B|— +n— M,=—-B|— +n=—> 22
: (3962 " nayQ) and My (0y2 " 770:62) (5:22)

parallel to the x- and y-axes, respectively, as well as a twisting moment

*h

(5.23)

Similarly, shear deformation can be decomposed into components ), and @), in directions

parallel to the x- and y-axes, respectively. These are related to the channel wall position
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oM, OM,, o (9*h  O?h
L= — Y= - B— |- +—|, 5.24
¢ ox dy ox (8;1:2 * 0y? (5.24)
oM, OM,, o (0°h  O*h
— i — s i ST 5.25
@ dy ox dy ((991:2 + 0y? (5.25)
(See Timoshenko and Woinowsky-Krieger [1959], for example, for a derivation of (5.22)-
(5.25).)
We apply a free boundary condition at = = L:
M,=0=M,,=0Q, atz=L. (5.26)

For a thin plate undergoing purely bending deformations, however, the three boundary
conditions (5.26) are too many, and were demonstrated by Tait and Kelvin [1883] to be
equivalent to the two boundary conditions [Timoshenko and Woinowsky-Krieger, 1959],

9?h 9%h Oh h

The free boundary condition (5.27) applies only when the channel walls do not touch.
If deformations become large enough for contact, (5.27) must be modified but here we
focus on early times when only a small amount of liquid is present and the associated
deformations are small.

At the meniscus, we assume that the channel and its slope, as well as the moments

and shear forces it supports are continuous:

[, = {%} = B—ﬂ =0 (5.28)
ML =My = My))  =[Q), _=Q)), =0 (5.29)

Here [f];_ = f(x+,y,t) — f(x—,y,t) denotes the change across the x = x, and has
both y and t-dependence in general. (In contrast to previous chapters, here we explicitly

state where the jump condition is being applied.)

5.3.4 Non-dimensionalization

Variations in the z- and z-directions have natural length scales set by the channel geometry,

and corresponding dimensionless variables (denoted by hats)

h m
PR S (5.30)

h=—
H’ L L



The channel geometry does not provide a length scale for variations in the y-direction,

and so we choose the scale L used in the x-direction, introducing

.Y
==, 31
Y I (5.31)

Note that in the scaling argument of §5.2, we identified a critical wavelength for instability

in the y-direction:

BH3 1/2
L = — .32
Y (7 cos? 9L3) ’ (532)
and so we anticipate the appearance of the dimensionless wavenumber
2075\ 1/2
v cos” 0L

in our stability analysis.
As elsewhere in this thesis, dimensionless time and pressure variables are introduced
by scaling with a capillary time scale and a bending pressure scale, respectively,
~ t  |ycosO|H Lt
t=—=———t = —p. 5.34
- Lz b P=gp (5.34)
After scaling variables in this way, and combining Reynolds’ equation (5.13) with the
bending equation (5.19)—(5.20), we obtain the following system of equations:

Oh 1 o [aqe )
. v [h?’vﬂ 0< &< @30, 5.35
5 = 3] b (9,t) (5.35)
p=0 T(9,1) < & < 1, (5.36)
p=V'h 0<z<1, (5.37)

where or
_ycos

V= (5.38)

is the familiar channel bendability.
The dimensionless boundary conditions on the channel wall position (equations (5.21),
(5.27) and (5.28)) are

h=1, =0 at@=0, (5.39)

O h  *h _0°h roop Ot
9i2 " 9iz ~ 053 LPrew

=0 ati=1, (5.40)

107



N Ak - ATk
[~ Tm ah 8h
0= |h = = 5.41
]zm [(992’ _ 8@] B ( )
- et ok
0*h  9*h 0*h  0*h 9?h
0= = = 5.42
0z TaE| T |ap +"a@2] ) [a@ag] ) (5.42)
: o\ e N
o [0*h  9%h o (9*h  0%h
0 AU I A (A | 5.43
D (89?:2 " 8@2)] ) [ag (a:z;2 " ag2>] ) (5:43)
The boundary conditions on the pressure (equations (5.15) and (5.18)) become
A~ 1 2/\
g—i =0 ati=0, p=—v (z+a%) at & = . (5.44)a,b

Here, the aspect ratio a = H/(L cosf) arises as the ratio between the typical radii of
curvature in the transverse and in-plane directions. Note that the sign of a reflects the
wetting conditions: a > 0 for wetting conditions (6 < 90°) and v: a < 0 for non-wetting
conditions (f > 90°); the sign of a is always the same as the sign of v, so their ratio
v/a > 0.

We retain the final term in (5.44) despite being higher order in @ < 1 (we assume
cos ~ O(1)); for periodic perturbations with wavenumber k, this term is O(ak?) and
will become important for large wavenumber (short wavelength) perturbations. (Note
also that the final term in (5.44) is larger than the errors introduced by using lubrication
theory, which are O(a?).)

The dimensionless meniscus position Z,,, = &,,(y, t) evolves according to

O h? (aﬁ O ap)

~

+C, (5.45)

A

0r 0y 0y

T=Tm

correct to O(a?), where C = C'/Usy describes the speed of meniscus motion caused by
condensation relative to the capillary filling speed Uy = L/7..

We now move on to consider the quasi-static base state and its stability. We shall
henceforth drop hats (including on the condensation rate é); all variables are dimensionless

unless otherwise stated.

5.4 No condensation

We consider first the case of no condensation, C' = 0, so that we can isolate the competing
curvature instability from the effect of condensation driven dynamics and a changing

amount of liquid in the channel
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5.4.1 Equilibria

With C' = 0, solutions of the steady form of the model equations equations (5.35)—(5.45)
may exist.

These equilibria are uniform in the y-direction with meniscus position z,, = xy and
channel shape h.(x) (we suppress the y-dependence to reflect uniformity in this direction).
These equilibria were studied in detail by Taroni and Vella [2012], who used the meniscus

position, g, to parametrize the wall shapes and the cross sectional volume,
o
V =V(xy) = / he(x) dx. (5.46)
0

Taroni and Vella showed that the equilibria then have wall shapes

ho(z) = { P + @ [4x3 (0 ; r) — (zg — 2)Y 0 <2 < @, (5.47)
hin — 51— (2 — @o) 2} ro <z <1,
with associated uniform pressure p = py = —v/h,,. Here h,, == h.(zo) and xy must
satisfy
Vs 3v
B2, — hp + —2 =0 d V=uxhn, : 5.48)a,b
m = fm g =0, an ol o (5.48)a
In addition, to avoid situations in which the walls touch, we require
1 — 3
he(z = 1) = hyp — % > 0. (5.49)

Note that equation (5.48)a has roots

hm:hi:1
me

1+ ( - ”7563)1/2] , (5.50)

so two equilibria at the same parameter pair (v,V') may exist. We distinguish between

the two equilibria by referring to them as ‘+' and ‘—' roots according to the sign taken
in (5.50).
The ‘—' root exists only for small band of sufficiently large meniscus position x, (or,

equivalently, for sufficiently large V, see Figure 5.5(a)) (the ‘—' root violates the no-
touching condition (5.49) for smaller z;), whilst the ‘+' root exists for a large range of z

including 0. Further, the ‘+' root is associated with smaller deformations; in particular, if
e =V < 1, (5.51)

then from (5.48), we find that Al = 1+ O(e), whilst h,, = O(e). If we take the ‘+’
root in this small deformation case, then from (5.48) we find that the meniscus position

satisfies

zo=V |1+ Sgl;(oy)e +0()], (5.52)
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Figure 5.5: (a) Equilibrium volume V' (orange curve) and free end channel width h.(z = 1)
(purple curve) in steady solutions of the model equations (5.35)—(5.45) with v = 10. The
solid and dashed parts of the curve corresponds to the ‘+' and ‘—' roots of (5.50),
respectively. Inset: a close up of the section of the main figure indicated by the black
dashed box, in which multiple equilibria with the same meniscus position exist. (b) Growth
rate o, of uniform perturbations (i.e. of the form (5.54)) to the equilibria indicated by
the points in (a) that lie within the hatched box. Each equilibria is associated with two
values of o, one of which is always zero. Inset: a close up of the section of the main
figure indicated by the black dashed box.

where sgn is the signum function. The associated channel shape is

he(e) = Trsgn(v)ey () +0(@),  wls) = %Hi 41— s) — (1—s)"]. (5.53)
Equation (5.52) demonstrates that the meniscus position and the volume are approxi-
mately equal when deformations are small, which is encoded by (5.51). Expressions (5.52)
and (5.53) will be important when we formally consider the case of small deformations in
due course.

Before moving on to consider the stability of these equilibria to in-plane perturbations,
we briefly consider their stability to uniform perturbations (or, equivalently to in-plane
perturbations with zero wavenumber). In this scenario, the instability mechanism is some-
what simpler than that described in §5.1.3: the meniscus would like to advance to wet
the beams over a longer length, but the additional deformation that results will incur a
bending energy penalty.

Following Taroni and Vella, we probe the stability of the equilibria by substituting

h = he(x) +Mo(7) exp(out), p = po+ 0llo(z) exp(out), To = o+ exp(o,t), (5.54)

where 0 < 1 is arbitrary, into the model equations (5.39)—(5.45); linearizing in ¢ yields a

boundary value problem which can be solved numerically to obtain the growth rate o, for
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a given v and V' (the numerical procedure is described in following section for in-plane
perturbations of any wavenumber).
For each of the roots of (5.50), this boundary value problem has two solutions, resulting

in two unique values of o, for each equilibrium (Figure 5.5(b)). One of these growth
2

u'!

rates, o, is always zero; the corresponding solution does not conserve mass — it refers to

a uniform advance of the meniscus with no corresponding change in channel shape.

1

., Is negative and large in magnitude for small z

The second of these growth rates, o
(Figure 5.5(b)). Increasing z, is accompanied by an increase in o because the bending
penalty incurred by the perturbation is reduced when the meniscus is closer to the free
end, when the channel is effectively softer. For a small range of x(, the equilibrium
corresponding to the ‘+' root in (5.50) are unstable (the growth of perturbations is
positive), whilst those corresponding to the ‘—' root are always unstable.

As we a primarily interested in low volume configurations, we shall henceforth ignore

the equilibria corresponding to the ‘—' root in (5.50).

5.4.2 Periodic perturbations

To analyze the linear stability of these equilibria to perturbations with an in-plane com-

ponent, we let

h = he(x) + dH (x) exp(ot + iky), (5.55)
p = pm + 0P(x) exp(at + iky), (5.56)
Tm = Xo + 0 exp(ot + iky), (5.57)

with § again arbitrary. Substituting (5.55)—(5.57) into the model equations (5.39)—(5.45)
(with C' = 0) and linearizing yields a coupled boundary value problem (BVP) for H and
P:

h? dh,dP d?pP
H=—"|3——"—+h, | — —K*P 0 5.58
7 3|v| { dr dz (dx2 )} s (5.58)
0=P ro <z <1, (5.59)
d*H d*H
P= ) ep—— S & 1. .
e k d$2+k 0<z< (5.60)
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The boundary conditions on (5.58)—(5.60) are
_dH _dP

H:O_E_E at z =0, (5.61)
P= é (i};e + H) + vak? at x = w, (5.62)
fg —nk*H =0 = %— (2—77)’62% atz=1, (5.63)
dH* ?H1" ¢GHT v
e i I - e
The growth rate o satisfies 2 ap
— _ﬁ 0 o (5.65)

The terms on the right hand side of (5.62) elucidate the mechanism described in
§5.1.3; in order, they correspond to the transverse curvature changes arising from channel
tapering set by the base state, transverse changes arising from the elastic response to the

perturbation, and the stabilizing in-plane curvature of the perturbation.

Numerical results

To solve the BVP numerically, we first write it as a first order system of ODEs; we solve
this system using the BVP4C routine implemented in MATLAB [Kierzenka and Shampine,
2001]. As for the uniform perturbation discussed in the previous section, the problem has
two solutions and which is of these is returned depends on the proximity to the initial guess
for o. The corresponding growth rates 0;,7 = 1, 2 originate from o’ (i.e. o;(k = 0) = o?).
In particular, those solutions on the oy branch originate from the solution that does not
conserve mass, so would need mass adding; with k& # 0, however, it is possible to move
mass in the y-direction.

It is the oo that is of most interest here: this branch shows positive growth rates
(Figure 5.6(a)); the branch originating at o has very high decay rates even for small k.
To reflect this, we drop the index and take 0 = o5 henceforth.

Dispersion relations o(k) are obtained by solving the BVP (5.58)—(5.65) numerically
over a range of different k£ values, and are shown in Figure 5.6 for different cross sec-
tional volumes V' = V(xy). We see that ¢ > 0 for sufficiently small wavenumbers —
an observation that is generic in numerical solutions of the BVP. In addition, o ~ k? as
k — 0 (Figure 5.6(b)) as suggested by the scaling argument (5.11). (We shall derive this

formally in the case of small deformations shortly.)

112



(a) %107

4
2.
5 0
2—v=o01
—V =0.15
—V =02
all—Vv=02
V=03
- o =,09 branch
4
-10 o =0 branch =
E
6b oo _________ <
o-10°%F j
qo8EL———= - - -y T---- . - -aTo--- -0.01
0 0.2 0.4 i 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
k

Figure 5.6: Numerical solutions of the boundary value problem arising from periodic
perturbations with wavenumber k to an equilibrium with cross-sectional volume V' (values
indicated by the legend), v = 1 and a = 0.01. (a) Growth rates o;,i = 1,2 of the
perturbation shown as solid (i = 1) and dashed (i = 2) lines. The black dashed line
indicates 0 = 0. Note that the bottom axis uses a semi-logarithmic scale to allow all
the data to be seen. (b) Zoom in on the small k region of the oy curve in the dashed
box in (a), plotted on logarithmic axes. (c) Value of shape perturbation at the interface.
Colours are as in (a) and (b).

Another generic feature of numerical solutions of the BVP is that the perturbation to
the shape is negative at the meniscus, H(z() < 0 (Figure 5.6(c)): the channel deformation
of the base state is enhanced at protrusions and reduced at invaginations. (For non-
wetting configurations with v < 0, H(xq) is positive, again corresponding to enhanced
deformation at protrusions.)

For the parameter values used in Figure 5.6, the fastest growing mode, denoted k*,
and the corresponding growth rate o* = o(k*), both increase with cross-sectional volume
V. This is in qualitative agreement with the scaling argument (5.12), which, after non-

dimensionalizing with the length scale L and time scale 7., suggests the typical scales

3\ 1/2 21/7
ke = (%) . o= ”‘Z . (5.66)

For a quantitative assessment of the scaling argument, we rescale the numerically ob-

tained dispersion relations o (k) according to (5.66) (Figure 5.7(a)). Here we see that the
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Figure 5.7: (a) Numerically obtained dispersion relations o (k) rescaled according to (5.66).
The value of the cross sectional volume V' used is indicated in each plot, and here a = 0.01.
Each curve corresponds to a different value of v, taking logarithmically spaced values be-
tween 1072 and 10?; darker shaded curves corresponds to lower values of v. (b) Rescaled
growth rates shown from (a) plotted on top of one another, and coloured according to
vV5/a (indicated by the colour bar); the results for vV?/a < 1072 are indistinguish-
able from the black dashed curve, which represents the asymptotic result (5.78). Inset:
semilogarithmic plot of the ratio between numerically obtained values of the maximum
growth rate ¢* and the asymptotic prediction ol given by (5.79).

data collapse onto a universal curve for v < 1 (indicated by dark shades in Figure 5.7(a)),
but deviate when v > 1 (light shades). In addition, the deviation occurs sooner (i.e. at
lower v values) for larger volume V' where the base state deformation is expected to be
larger. To predict the envelope enclosing the curves /o, we now perform an asymptotic
expansion of the BVP (5.58)—(5.65) in the limit of small deformations.

5.4.3 Asymptotics for small deformations

In this section, we provide details of an asymptotic analysis of the boundary value prob-
lem (5.58)—(5.65) in the case of small deformations. We aim to predict the envelope of
growth rate curves in Figure 5.7 and thus predict the fastest growing mode and corre-
sponding growth rate in this limit. Here we give an outline of the asymptotic analysis —

further details can be found in Appendix A.
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Qualitative description of analysis

As alluded to in §5.4.1, we encode small deformations by considering
e= Vi< 1. (5.67)

The first step in the asymptotic analysis is to rescale the wavenumber by introducing
K =k/k. ~ O(1) (when k ~ k. the two curvature contributions in the pressure boundary
condition (5.62) balance). We anticipate the majority of the bending deformation occurs
in the wet region 0 < = < 9 = V + O(e), and introduce the rescaled spatial variable
X = x/V to reflect this. In doing so, the parameter £ = vV?/a = €V/|a| naturally
appears; £ describes the relative sizes of increases in-plane and transverse bending energies
when the equilibrium is subject to a perturbation with wavenumber k£ ~ k.. To see this
we note that the typical (dimensionless) in-plane and transverse wall curvatures induced

by this perturbation are

% Ah  Ah
Rin-plane ™~ k‘zAh ~ TAh and Rtransverse ™ 37_(2) ~ W, (568)

where Ah is the typical change in channel thickness that results from the perturbation.

The corresponding dimensionless bending energies are

3\ 3/2
(Hin—plane)2 VV3 ’ 2
Ein— ane ™ ~\\— Ah ; 5.69
pl kc a ( ) ( )
(AR)?

Etransverse ~ Ty ("@tramsverse)2 ~ V3 ) (570)

whose ratio is s
in-plane -~ 53/2' (571)

Etra nsverse

To make progress, we consider the limit & — 0. We pose a bivariate asymptotic
expansion of the perturbation to the channel shape, H, the perturbation to the pressure,
P, and the growth rate, o, in both € and &, using subscript {i, 7} to denote the term at
O(&e):

H(X) = H0,0 -+ §H170 + €H0’1 + §2H2’0 -+ §€H1’1 -+ €2H0,2 + ... s (572)
P(X) = P070 + €P170 + €P071 + §2P270 + §€P171 + €2P072 —+ ... s (573)
O'(k?) = 00,0 + 50'17() + €00,1 + 520'270 + 560’171 + 620'072 +.... (574)
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Results

The particular hierarchy of problems arising from the asymptotic expansion (5.72)—(5.74)
depends on the relative sizes of € and &, but we must ensure that V' >> |a] for lubrication
theory to remain valid, and therefore £ = €(V/|a|) > € (in Appendix A, we present the
hierarchy of problems for the case ¢ ~ ¢2). The leading order (O(1)) and first order
(O(&)) problems are, however, independent of the relationship between ¢ and &.

In the leading order and first order problems, the pressure profile is a linear function
of X. However, to satisfy the no flux condition at X = 0, this pressure perturbation is,

in fact, constant and thus offers no contribution to o, i.e.
00,0 = 0= 01,0 (575)
We find the leading order contribution to the perturbation to the channel shape to be

X2x
Ho,0:1/V3><{6<X 3 0<X <1,

H1-X) 1<X<1/WV (5.76)

The leading order solution reflects a shear arising from the base state pressure (magnitude
v) acting over a length equal to the amplitude of the perturbation, to deform the wall over
a length comparable to V' (the shear force is the third derivative of the beam shape). Note
that Hyo(X = 1) < 0 — this allows us to verify that H(x = xy) < 0 in the limit of small
deformations, |v|V* — 0 (as suggested in the previous section). We find the Poisson’s
ratio 77 in the first order term, H, o, but not in the leading order term, H, o, demonstrating
that the contribution from the dry region enters at lower order (the Poisson’s ratio only
enters the problem via the boundary conditions on the dry region, at = = 1).

Despite the dependence of the hierarchy of problems on the relationship between ¢

and ¢, the first non-zero term in the expansion of o (5.74) is

K2 (1 - 2K?)

ST (5.77)

011 =

regardless of the relationship between € and £. (The first non-zero term in the expan-
sion (5.73) is the O(¢) term, Py, because the terms corresponding to the destabilizing
transverse curvature, and stabilizing in-plane curvature contributions to the pressure enter
at this order. However, we find that % ; is constant, and the first term in (5.73) with a
non-zero gradient — which sets the growth rate — comes in at the next order, O(ef).)
Noting that o, = ¢£/V? and substituting (5.77) in to the expansion (5.74), gives

o(K) K?%(1-2K?)
o, 6

+0(). (5.78)

116



Equation (5.78) gives the envelope of the curves (k) (Figure 5.7(b)). Moreover, and as
expected, numerical solutions with larger values of & = vV /|a| deviate more significantly
from this envelope.

By maximizing (5.78) with respect to K, we find that the small deformation estimates

of the fastest growing mode, denoted k¢, and the corresponding growth rate, denoted

; 1 1 v2V7 . 1 1 jvV3
Osp = EUC = E 4 > kSD = §k’c = 5 T (579)

which agree well with numerical solutions of the BVP (see inset of Figure 5.7(b), in which

*
oép are

perfect agreement would correspond to y = 1). Numerical solutions with larger values
of V' — and thus larger values of ¢ = |v|V* for a given v — peel off from the asymptotic
prediction (5.79) at a lower value of §, as we would expect.

The numerically obtained values of o*/c%y are not monotonic in §& = vV?/a (see
the V' = 0.1 curve in the inset of Figure 5.7(b)). As ¢ increases, the penalizing effect
of in-plane bending tends to suppress the growth rate relative to the asymptotic result
(0* /oy initially decreases). For a given value of a, increases in & = vV?/|a| are, however,
accompanied by increases in the deformation parameter ¢ = ||V allowing the non-linear
effects of significant base state deformation to enter. Specifically, the competition between
the non-linearities in channel permeability and meniscus pressure (which tend to reduce
and enhance the growth rate of instability, respectively) is won by the former, and the net
effect of the channel width non-linearity is to enhance the growth rate relative to o¢p.
(This is reminiscent of the ‘over-shooting’ of the asymptotic result by numerical solutions
observed in Chapter 2.)

Note that our prediction of the fastest growing mode and the corresponding growth
rate are highly sensitive to the amount of liquid in the channel via the volume V (o ~ V7
for small deformations (5.79)); we might expect, therefore, that if the volume is changing,
then the fastest growing mode will be changing as well. We turn now to consider the case
of non-zero condensation to describe formally how the mode selection problem changes

when the liquid is being added via condensation.

5.5 The influence of condensation

In this section, we consider the case when C' > 0, and liquid is added to the channel via
condensation. We focus on how mode selection in the competing curvature instability
described in the previous section, is modified by the presence of a dynamic base state and

a non-constant liquid volume that result from a non-zero condensation rate.
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5.5.1 Base State

With C' > 0, equilibria of the model equations (5.39)—(5.45) do not exist. In this case,

the base state configurations are those with a cylindrical interface:

h = ho(z,1), p = po(z,t), T = Zo(1). (5.80)

Substituting (5.80) into the model equations (5.39)—(5.45) results in a system of

spatially one dimensional PDEs:

aho 1 0 38170
— = —— | hg— 0 5.81
ot 3|v|dx ( 0 Ox =S T (5.81)
po=0 ro < x <1, (5.82)
0*hg
Po= 53 0<z<l1. (5.83)
with boundary conditions
Ohy Opo B
ho = 1, % O, % =0 at r = 0, (584)
Do = _r at x = xy, (5.85)
ho
0?hg Dhy
02 = 0, % =0 at x = ]_, (586)
+ 8h0 Ig thO ac(T 83]10 J:(T
hol2 = |=——| = = =0 5.87
ot = |2 [a] [81 ’ (587)

and a kinematic condition
8950 . h% 8p0

W = 3’1/’ o7 + C. (5.88)

r=x0

The associated cross-sectional volume is now time-dependent,

V(t) = /0 O h(at) d. (5.89)

and its initial value is denoted by Vy = V' (¢t = 0). We take the pressure and channel shape
from the C' = 0 equilibrium that has volume V' =V (as described in §5.4.1) to be the
initial condition on (5.81)—(5.88) (this implicitly specifies the initial condition (¢ = 0)).

Base state dynamics

Before moving on to analyze the stability of these base states to in-plane perturbations,
we consider how the condensation rate affects their dynamic behaviour by solving equa-

tions (5.81)—(5.88) numerically. The numerical scheme used to solve these equations is

118



10
2
-0.01} 10
10"
< -0.02}
= 10°
S
= -0.03}
& 107
-0.04
1072
0
0 0.2 0.4 0.6 0.8
0 L L L -0.05 . . . 107
0 0.2 0.4 0.6 0.8 0 0.1 0.2 0.3 0.4
Ct Ct

Figure 5.8: (a) Meniscus position, zo(t), and (b) pressure gradient at the meniscus,
pz(x0(t),t) (using subscript to denote a partial derivative with respect to ), in numerical
solutions of base state equations (5.81)—(5.88) with v = 10, V; = 0.2. The colour of
the curves indicates the condensation rate C' as specified in the colour bar in (b). The
dashed lines in (a) indicates a linear increase in meniscus position, xg = xo(t = 0) + Ct;
the trajectories in (a) diverge from this linear prediction when zy ~ 0.64, the moment
at which the corresponding C' = 0 equilibrium goes unstable (see Figure 5.5). Inset: the
cross sectional volume V'(¢) in the numerical solutions of (a). The dashed line indicates
V=1 +Ct.

very similar to that described in §2.2 for the equations describing bendotaxis in a single
flexible channel, but with a single meniscus and a no-flux boundary condition applied at
x = 0. Full details of this numerical scheme can be found in Appendix B.

Meniscus trajectories, xo(t), alongside the pressure gradient at the meniscus, p.(x¢),
are shown in Figure 5.8 for different values of the condensation rate C. The pressure
gradient at the meniscus acts as a proxy for the dynamic behaviour in the base state —
deviations away from zero indicate non quasi-static behaviour of the base state.

When condensation in slow, C' < 1, the behaviour can be split into two distinct
time periods. At early times (see ¢ < 0.4 in Figure 5.8), meniscus position follows
xg = Vo + Ct and the base state evolves quasi-statically; condensation simply marches
the system through the true equilibria with C' = 0, whose volume is the instantaneous
volume V(). However, at the time (and thus volume) at which the corresponding C' = 0
equilibrium becomes unstable to uniform perturbations (in this example, this occurs when
xo =~ 0.64, see Figure 5.5) the behaviour ceases to be quasistatic because the evolution of
this instability is much faster than the condensation driven evolution. Beyond this point,
the dynamics are driven by the instability — the meniscus advances faster than the speed
set by condensation, and ultimately the numerical integration terminates with channel

walls touching before the meniscus reaches the free end of the channel. In this section,
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however, we shall consider only sufficiently early times (sufficiently low V/(¢)) that the
corresponding C' = 0 equilibria are linearly stable to uniform perturbations. Therefore
C < 1 will be considered to correspond to quasi-static behaviour in which condensation
only influences the cross sectional volume V().

When condensation is fast, C' 2 1, the meniscus position follows the motion 2y =
Vo + C't set by condensation throughout. In particular, the meniscus position does not
deviate from this when the corresponding C' = 0 equilibrium goes unstable (i.e. at ¢ ~ 0.4)
because the time scale of evolution of this instability is much longer than the time scale
1/C set by condensation in this case. We see from Figure 5.5(b) that the base state
dynamics are ‘excited’ before the corresponding C' = 0 equilibria goes unstable (before
t =~ 0.4), indicating that condensation driven dynamics in the base state are important in
this case; for C' 2 1, condensation exerts control over both the volume V' (¢) and induces
dynamic behaviour in the base state.

Before moving on to consider the stability of this base state to in-plane perturbations,
we note that the liquid volume only deviates from V' =V + Ct at late times (see inset in
Figure 5.5(a)) when the menisci are near to the free end, and channel deformations are

significant.

5.5.2 Frozen time approximation

In the previous section, we saw that when C' < 1, condensation exerts little control on
the base state dynamics, and its influence is to increase the cross sectional volume V()
only. If we assume that condensation exerts no control at all on the base state dynamics,
then the condensation rate simply marches the system through the true equilibria with
C = 0 described in §5.4.1. With this assumption, the instantaneous growth rate of a
mode with wavenumber k& and amplitude x; will be the C' = 0 result at the current value
of V, ie.

%% =000 [V(t);v,a,k], (5.90)
where gc—g is the growth rate obtained with C' = 0.

The asymptotic analysis for small deformations described in §5.4.3 showed that

oo=o [V(t);v,a, k] ~ 1/2‘|/T(|t)7f <I§£) for [v|V* <« 1, (5.91)
where )
V()3
FO=50-2),  ke=ki) =/ (5.92)
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Figure 5.9: Growth of the amplitude of the mode of wavenumber £ as a function of time
as calculated from the ODE (5.94) with V5 = 0.2, and v = 10, a = 0.01. The upper and
lower plots corresponds to increase and decrease of the amplitude of modes, respectively.
The colour of the curves indicates the wavenumber k, as specified by the colour bar. Also
plotted are the envelope of these solutions for small deformations (equation (5.97), black
dashed line) and the corresponding envelope for the ODE (5.90) (solid black curve).

In addition, the volume increases linearly with time when deformations are small,
V(t) = Vo + Ct. (5.93)

The sensitive dependence of the growth rate oo—y on V' means that the modes that
are initially growing (those with k/k.(t = 0) = k//vV/a < 1//2), do so very slowly.
As time progresses, and the volume increases, the band of unstable modes grows, as does
the growth rate of these newly unstable modes. The growth rate of the modes that were
initially unstable increases, but more slowly. Eventually, the higher, later ‘starting’, modes
will be growing faster than the initially growing modes and may therefore catch-up with,
and overtake, the initially growing modes (which have lower wavenumber). Ultimately, we
expect that the pattern observed at late times will correspond to the mode that is first to
reach the non-linear regime, and so this increase of wavenumber (instability refinement)
will not continue indefinitely.

To demonstrate this possibility explicitly, we consider the small deformation approxi-

mation of (5.90). Using a tilde to denote this approximation, we have

Ldn V)T, <kk > . (5.94)

Zi’l dt a C(t)
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The solution to (5.94) with initial condition Z;(t =0) =1 is

T = exp {—% [|a|k:2 (V(t)? = Vy) — ’—? (V(t)° - 1/05)] } : (5.95)

We plot in Figure 5.9 the growth of the amplitude Z; given by (5.95) for various k in
which this overtaking mechanism can be seen. At early times, the largest modes are those
with small wavenumber (dark curves in Figure 5.9), and modes with larger wavenumbers
(lighter curves in 5.9) decay. However, at later times these modes with larger wavenumber
enter into the unstable band and so begin to grow. Some of these modes overtake the
smaller wavenumber modes, but those solutions with the largest wavenumbers (the lightest
curves in Figure 5.9) do not spend enough time in the unstable band to be able to overtake
the smaller wavenumber modes before the solution ends with V' (¢) = 0.4.

By maximizing the solution (5.95) with respect to wavenumber k, we find that the

instantaneously largest mode is

Femax(t) = J v_V(tp - Vo (5.96)

10a V(t)?2 = V'
The maximum displacement

v (V) — V)
600C V(1) — Vi

Arae = 1 <t; /Emax(t)) = exp (5.97)

describes the envelope of the curves in Figure 5.9.

We can find the corresponding envelope valid for (quasistatic) deformations of any size
(i.e. not reasonably small) by numerically integrating (5.90) to find x; for a range of values
of k. We use the ODE15s routine implemented in MATLAB to perform this integration; the
growth rate o is evaluated at each time step by solving the quasistatic BVP (5.58)—
(5.65) numerically (as described in §5.4.2). The envelope for deformation of any size is
tighter than the envelope for small deformations as expected (Figure 5.9); numerically
obtained values of oc—( are smaller than the corresponding asymptotic approximations,
which do not account for the in-plane bending penalty, as discussed in §5.4.3.

The analysis of this section serves to demonstrate the overtaking mechanism, and is
expected to be valid for C' < 1. To go beyond these results and describe the effect
of non-zero condensation rate on mode selection for a general C', we must consider the
equations describing perturbations from a time-dependent base state, to which we turn

now.
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5.5.3 Periodic perturbations

To analyze the linear stability of a time-dependent base state to periodic in-plane pertur-
bations, we substitute the ansatz

h = ho(x,t) + ehy(z,t) exp(iky), (5.98)
p= po(fE; t) +€p (ZL‘, t) exp(ik’y), (599)
Ty = xo(t) + exq(t) exp(iky), (5.100)

where ¢ < 1 is arbitrary, into the model equations (5.35)—(5.45). Here hg, po, ¢ satisfy
the base-state equations (5.81)—(5.88). Linearizing in € results in a system of spatially

one dimensional PDEs:

O _ 1 { 0 (h3% + 3h23p0H1) - kZhgpl] 0<z<uaz(t), (5.101)

ot 3y 0 B

p1=0 zo(t) <z < 1. (5.102)
“h h

p= %xj — 21#% "k 0<z<l. (5.103)

The PDEs (5.101)—(5.103) are subject to the boundary and continuity conditions

ahl 8p1
hy = === tx= 104
=0= or  Ox 0 atz =0, (5.104)
0 dh
P+ 11 82250 % (x < Ly h1> + vak®zy, at x = . (5.105)
0
0?h 9h

81‘21 —nk*hy =0 = o 21 (2 —n)k*hy at z = 1. (5.106)
[ T[] ~0 P _ v (5.107)

Yo | da 25 Clda? ] de3 |- ho(wo,t) '

The perturbation to the meniscus position evolves according to

dry 1 [h 87;1+ a<h28p0> 2h0%h] (5.108)

dt 3lv| Yo Oz 0

T=x0

5.5.4 Numerical solutions

In this section, we describe numerical solutions of the system of linear PDEs (5.101)-
(5.108). These equations are solved simultaneously alongside equations (5.81)—(5.88)
describing the base state shape hg, pressure py and meniscus position zy. Full details
of the numerical scheme are contained in Appendix B, but we point in particular to our

choice of initial conditions; we anticipate that, as in the zero-condensation case, there are
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Figure 5.10: Numerically obtained displacements, x1(t) — 1, of a perturbation to the
meniscus position with wavenumber k. Data are shown for various condensation rates
C' (see legend in (a)) and v = 10, a = 0.01, V5 = 0.2. The three plots correspond
to different wavenumbers as follows: (a) & = 0.2, (b) £ = 2.1, (c) £ = 2.6, and (c)
k = 3.9. Each trajectory is accompanied by a dashed curve indicating the corresponding
quasistatic behaviour, obtained by solving (5.90) numerically with a linear volume increase,
V(t) =V, + Ct.

two branches of solutions, one of which has very high decay rates for all k£ and one of
which displays positive growth rates for sufficiently small k. To guide our numerics onto
the branch displaying positive growth rates, we take the solution to the zero-condensation
BVP (5.58)—(5.65) with V' =V}, that is on the ‘correct’ branch to be the initial condition
on hy and p; (with z1(0) = 1 without loss of generality).

Results

In Figure 5.10 we show the growth of numerically obtained amplitudes z; for different
wavenumbers k£ and condensation rates C'. There are three main qualitative similarities
with the quasistatic case described in §5.5.2. Firstly, modes with small wavenumbers

initially grow, and while their growth rate increases, it does so more slowly as time progress
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Figure 5.11: Contour plots of mode decay/growth x;(¢)—1: the colour along a vertical line
through k = k( describes the evolution of the perturbation with wavenumber kq according
to the colourbar (note that each colourbar is different, and the colours are saturated to
ensure that 0 has same colour in each plot). The coloured curve (red in (i), green in
(i), blue in (iii), and pink in (iv)) in each plot indicates kpnax, the mode that has grown
the most at each instant of time. The black solid curve indicates the prediction of the
quasistatic theory, and the black dashed curve indicates the prediction of the quasistatic
theory for small deformations. Results are shown for four different condensation rates
are shown as indicated in the top left corner of each plot. (b) Instantaneous maximal
displacement, A, for each of the contour plots in (a). The colours corresponds to those

in (a). Also plotted as dashed lines are the corresponding quasistatic approximations to
Amax-

(Figure 5.10(a)). Secondly, modes that initially decay start to grow at a finite time and

may overtake smaller wavenumber modes (Figure 5.10(b),(c)). Finally, modes with large

wavenumbers do not spend enough time in the unstable band to be able to overtake smaller
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wavenumber modes during the simulation period (Figure 5.10(d)). These observations
can be seen for a broader range of wavenumbers & in the contour plots of displacement
in Figure 5.11, which are generated by numerically solving the equations (5.101)—(5.108)
for 200 values of k£ between k£ = 0.02 and k = 4.

However, there are two key differences between the numerical solutions to (5.101)-
(5.108) and the quasistatic case of §5.5.2. Firstly, condensation driven dynamics in the
base state enhance the growth rate of perturbations, indicated by the fact that the dis-
placement in numerical solutions is always larger than the corresponding quasistatic ap-
proximation. Secondly, the dynamics lengthen the band of unstable modes; in particular,
some modes, that initially decay under the quasistatic approximation, grow at early times
in the full numerics (compare, for example the C' = 0.5 and C' = 1 curves in Figure 5.10(b)
with the corresponding quasistatic results). These two effects are more pronounced for
the largest values of the condensation rate, ', as expected.

At small wavenumbers (Figure 5.10(a)), the numerical solutions (plotted against Ct)
are almost indistinguishable, suggesting that the growth of the perturbation is controlled
primarily by dynamic effects in the base state in this case. However, at relatively large
wavenumbers (Figure 5.10(c)), results barely deviate from the quasistatic prediction, sug-
gesting that the competing-curvature mechanism with a time-dependent volume primarily
controls the dynamics, in this case.

The mode with the largest amplitude, denoted kpax(t), and its associated amplitude
Apmax(t) are time dependent (Figure 5.11). As expected, when the condensation is slow,
kmax and Amax are indistinguishable from the quasi-static result (Figure 5.11(a)(i)—(ii)).
For intermediate condensation rates (Figure 5.11(a)(iii)), kmax(t) is shifted towards lower
wavenumbers, and the amplitude A,.., is enhanced, indicating that condensation driven
dynamics of the base state tend to preferentially enhance smaller wavenumber (longer
wavelength) modes. (Note that A,y is lower for higher condensation rates when plotted
against Ct, as in Figure 5.11(b), simply because modes have less time to grow — however,
they do show the biggest derivation from the quasistatic theory.) Finally, when conden-
sation is fast, the base state dynamics dominate over the competing curvature instability
— the mode with the longest wavelength has the largest amplitude (the pink curve in
(Figure 5.11(a)(iv) corresponds to k = 0.02, the smallest wavenumber used to generate
the contour plots). For high condensation rates, the maximum amplitude is significantly
larger than the corresponding quasistatic prediction (Figure 5.11(b)).

Intuitively, the results described in this section make sense: when liquid is being added

to the configuration, the base state is advancing with a flat interface (an infinitely long
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wavelength), and those modes which are most coherent (i.e. have a small wavenumber)

will be amplified preferentially.

5.6 Summary

In this Chapter, we set out to understand the periodic pattern that is observed in experi-
ments in which liquid condenses into deformable microchannels. In doing so, we identified
a novel instability mechanism that is driven by a competition between interfacial curva-
tures in the liquid and mediated by the elasticity of the channel in response to liquid
pressure. Unlike the similar Al-Housseiny instability, driven by competing interfacial cur-
vatures in liquid confined to a rigid channel, this bendo-capillary instability is theoretically
possible in the same channel for both wetting and non-wetting liquids.

We studied this mechanism in detail by considering a simple system that may be
susceptible to the instability. For simplicity, we assumed a single meniscus and walls that
extend infinitely in the in-plane direction.

We first considered the case of zero condensation, C' = 0. By performing a linear
stability analysis of its equilibrium configurations, we identified that the system is unstable
to perturbations of a sufficiently small wavenumber. The linearized equations elucidate
the two main ways that the elastic case differs from the rigid (Al-Housseiny) case in two
important ways: the bulk channel elasticity is set by the liquid pressure, and the channel
responds to the perturbation in a way that tends to enhance the difference between the
in-plane and transverse curvatures, increasing the range of unstable wavenumbers. The
growth rate of the fastest growing mode is highly sensitive to the amount of liquid within
the channel (parametrized by the cross-sectional volume V); in particular, we identified
that the growth rate o ~ V7 in the case of small deformations and negligible in-plane
bending.

In the final section, we analyzed how a non-zero condensation rate affects the mode
selection problem. A non-zero condensation rate introduces two variations to the elasto-
capillary competing-curvature mechanism: the problem now has a time-dependent volume,
and the potential for condensation driven dynamics in the (time-dependent) base state.
Numerical solutions of the equations linearized about the base state demonstrated how
the modes that initially grow can be overtaken by initially decaying modes, ultimately
reaching the non-linear regime earlier. This overtaking behaviour was also predicted an-
alytically with a quasistatic approximation, in which the condensation rate enters via the

liquid volume only. Finally, we saw how condensation driven dynamics in the base state
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result in faster growth of perturbations compared to the quasistatic case, and that modes
with smaller wavenumbers are enhanced preferentially.

Ultimately, we expect that the pattern observed at late times will correspond to the
mode that is first to reach the non-linear regime, and so the instability refinement we
observed will not continue indefinitely. In this sense, the results of the mode selection
problem are not able to predict the wavelength that would be observed in practice, but
should give a reasonable order of magnitude estimate. In the condensation experiments
which originally motivated this study, condensation is very slow (C' ~ 107°), and thus
condensation driven base state dynamics are unimportant. The quasi-static scaling for the
largest wavenumber derived in §5.2 should therefore give a order of magnitude estimate
for a model prediction of experimentally observed wavelength. Using values from Seemann
et al. [2011], we find that v &~ —12 and a &~ —0.38 in these experiments; the wavelength
of approximately 200 pm that is observed experimentally (see Figure 5.1) agrees in its
order of magnitude with the scaling result (5.7), which predicts a wavelength of 370 pm
when the channel is half full, V= 0.5. (Note that smaller values of V' result in predictions
of longer wavelengths, but for V'~ O(1), these are of the correct order of magnitude; for
example with V' = 0.1, the scaling argument predicts a wavelength of 4 mm.) A more
detailed model of the condensation experiments requires consideration of the interaction
between neighbouring channels, which appear to undergo the instability simultaneously;
this provides motivation for the next chapter, in which we study the interaction between

neighbouring channels, each of which would undergo bendotaxis in isolation.

A Small deformation asymptotics

In this appendix, we describe an asymptotic analysis of the equations describing a periodic
perturbation to an equilibrium configuration (equations (5.58)—(5.65)) in the limit of small
deformations of the equilibrium configuration, ¢ = |V|V4 < 1. In particular, we aim to
describe the leading order behaviour of the growth rate o of these perturbations. Note
that for simplicity, we consider only wetting configurations here (v > 0) but the analysis

is largely similar for non-wetting configurations (v < 0).

A.1 Governing equations

Recall from §5.4.1 that, for € < 1, the equilibrium configuration has

2o =V [1 + 2—60 + 0], (5.100)
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he(z) =1+ € (%) + O(€?), U(s) = %1 + i [4(1—s)—(1—s)*]. (5.110)

Before we can proceed with an asymptotic expansion, we need to determine the size
of the terms in which the wavenumber k appears. We are primarily interested in those
wavenumbers in which the destabilizing transverse and stabilizing in-plane curvature con-
tributions (the terms on the right hand side of (5.62)) are comparable. We therefore
introduce a scaled wavenumber

- (”—V?’>m K, (5.111)

a

which is motivated by the scaling for £ we obtained in the scaling argument. We anticipate
the majority of the bending deformation occurs in the wet region 0 < x < 29 = V 4+ O(e),
and introduce the rescaled spatial variable X = x/V to reflect this.

After inserting (5.111) and the scaled variable X into the BVP (5.58)—(5.65), the
parameter

= V—V5 > € (5.112)
|al
appears naturally. The parameter £ describes the ratio between bending energies in the
in-plane and transverse directions (see §5.4.3). The requirement that £ >> € ensures that
our use of lubrication theory is valid.

We consider the behaviour in the limit & — 0, which corresponds to relatively small
in-plane bending deformations, compared to transverse bending deformations. We expect
that the majority of the bending of the dry region occurs in the in-plane direction, so for
¢ < 1, the bending of the dry region is not significant.

We also rescale the perturbed channel shape H and pressure P with vV3 to reflect
the leading order behaviour — a shearing force of magnitude v applied over a length equal
to the magnitude of the perturbation (the shear is the third derivative of the channel
deformation, which combined with the length rescaling is responsible for the V3).

After inserting (5.109) and (5.110) into BVP (5.58)—(5.65), the problem for

H(X) PX)

G(X) = TR QX) = e (5.113)
and o reads, correct to O (€?):
dy d@ d*Q
2 o . 2
BeV20G = (1+2e0) |exr 4 (14 €v) (dX2 EK2Q )| 0<X <1, (5.114)
1
0=0@Q 1<X<V’ (5.115)
a'G d*G 1
= — 26K* K* X<, (511
Q I § e +E{K°G 0<X < v (5.116)
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with boundary conditions

4G dQ

Q+%§_§:€(%+G+K2) at X =1, (5.118)
d2G ) 3G ,dG 1
dG1t  [a¢eG v 3Gt
+
G2 = {E]_ - [dXZ * Q_OdX?’]_ =0 (5.120)
Be v dGT”t
[ng N Q_OdX‘*} —1— (1), (5.121)

Here the jump applies across the (unperturbed) contact line X = 1.The growth rate o

satisfies

(5.122)

dQ v &
3120 = — [1+ 2e(1)] [d—ﬁg + ;—Od)g} .
X=1

A.2 Bivariate expansion

We analyse the asymptotic structure of the rescaled problem (5.114)—(5.122) by posing

the bivariate asymptotic expansion

G = G(),o + fGl,o + €G0,1 + §2G270 + §€G171 + €2G072 + ..., (5123)
Q = Qoo +EQ10+ Qo1 + §2Q2,0 +&eQr1 + Qo2+ .-, (5.124)
g = 0'0’0 + gO‘l,o + 60'071 —I— 520'270 + 660'171 + 620'072 —|— e (5125)

The particular hierarchy of problems that emerges depends on the relative sizes of ¢ and
&> e. Clearly, if e < &%, terms like Go o will dominate G ; while if €2 < e it will be the
other way around. We therefore consider the distinguished limit € ~ &2, writing € = 3¢£2
with 8 ~ O(1). (In any case, the first and leading order problems are independent of the
precise details of the relative sizes of € and £ > ¢.)

We therefore rewrite the expansion as

G=Go+EG1+EG+8G+0(¢Y), (5.126)
Q=Qu+&Q +EQ+EQs+0 (54) y (5.127)
o =09+ o+ 0y + 305+ O (54) : (5.128)

We do not include any terms that are O (&%) = O (e?) because the rescaled prob-
lem (5.114)—(5.122) is only correct to O (¢?).
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Leading and first order problem

The leading order problem is given by

d2
o P

= 1x? 0<X <1, (5.129)
1
0=CQo <X < v (5.130)
d*Gy 1
QO_W 0<X < v (5.131)
dGy d
Gozozd—XO:% at X =0, (5.132)
Qo =0 at X =1, (5.133)
d2Gy d*Gy 1
oz 0= oo at X =+, (5.134)
dGo1"  [d2Ge]"  [d3Ge]T
+ _q_ 950 _ 0 0 _
[Go]_—o—{dX}_ {dXQ}_, {ng]_ 1 (5.135)
dQo
3WVip = — —> (5.136)
dX |,

From (5.129), the pressure Q) is a linear function of X. However, from (5.132)—(5.133),
this linear function has no slope and passes through zero; we therefore have )y = 0, and
from (5.136) oy = 0. The solution to (5.129)—(5.136) for the channel shape is

X2 (3-X X <1
GO:{ s (3-X) 0<X <], (5.137)

“Ix -1 1<Xx <V

The first order problem is similar. Again, we get no pressure contribution, ; = 0 (the
equations for (); are identical to those for ()y) and thus o; = 0. The shape contribution
(71 is non-trivial, but is not required for the determination of the leading order behaviour
for o, and we therefore do not state it here. We note, however, that the Poisson’s ratio
7 first appears in this term, highlighting the lower order contribution of the dry regions.
(For a balance between ¢ and ¢ other than € ~ &2, as assumed here, the statements in

this paragraph remain true.)
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Higher order problems

The O(&?) problem may be expressed simply be exploiting the O(1) and O(&) problems.
We give only this simplified form here:

d2
d)?j =0 0<X <1, (5.138)
1
Q2=0 <X <3 (5.139)
d*G, ,dGy . 1
Q2= 51 — 2K 5 T K Go 0 <X < (5.140)
dG; Qs
Gy =0= = t X =0 5.141
dx ~ dx 2 ) (5.141)
d
Q2= Go+ K* + d;é at X =1, (5.142)
d?G, 3G, dG, 1
—nK?G,=0= —(2—-n)K*— t X =— 5.143
dX2 n 1 ng ( 77) dx a V, ( )
dGo1T  [d2G, BV d3Gy1™ BGy, BV AdGy T
+ 2 2 0 2 0
=0=|—2| = o = s 144
(G2)l= =0 [dX] [dXQ T30 dX3]_’ LU(3 * 90 ax (5.144)
dQ»
20y = — —— 14
V=09 X | (5.145)

Crucially, the boundary condition (5.142) is inhomogeneous, in contrast to the correspond-
ing boundary condition for the lower order problem. We therefore find the first non-zero

pressure term in (5.127) to be

2
0 1< X <1V,

QF{K?-é 0<X<1, (5.146)
where we have used Gy, from (5.137), to obtain (2. (Note that for a relationship other
than € ~ £2, the boundary condition (5.142) would be unchanged because the shape
contributions at higher order all take the same value at X = 1.) This leading order
pressure contribution is constant in the liquid and thus again offers no contribution to the
growth rate, hence o, = 0.

To obtain a non-zero term in the expansion for o we must proceed to O(£?), where

we find that

d2Q3 2
e —K*Q2=0 0< X <1, (5.147)
1
Q3 =0 <X < (5.148)
d*G; , dGy 1
= — 2K K* X< = 14
Qs I dX2+ G1 0< <y (5.149)
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G3:0:d—X:d—X atX:O, (5150)
Qs = Gy at X =1, (5.151)
d2G, eN dGy 1
- nK?*G,=0= - (2-n)K*— t X = — 152
o~ MG =0= 0y - 2R o a =2 (5.152)
dG31T [d2G; BV AdB3G T $BGy  pv G "
+ 3 3 1 3 1
=0=|—| = — = — 1
Gs] = =0 {dx] [clx2 30 dx3]_’ {ng Tooaxs| 6193
d@s
Vi3 =——2| . 5.154
T TAX |, (5.154)
From (5.147) and (5.150), we find that
dQS o 2
o =KX <X <1 (5.155)
Inserting (5.155) into (5.154), and using (5.146) gives
KQ
03 =~ (2K*—1). (5.156)

This is the leading order term in the expansion (5.125) for o.
Undoing the various variable changes introduced in Appendix A.1, the result (5.156)

gives -
o~ ”;/ F (kﬁ) (5.157)
where , s
F(§) = —% (262 -1), ko= (%) : (5.158)

Note that (5.157) agrees with the scaling argument presented in §5.2.

B Details of humerical scheme

In this appendix, we give details of the numerical scheme used to solve the system of
PDEs and boundary conditions (5.81)—(5.88) and (5.101)—(5.108) for hg, h1, po, p1, To, 1
that describe both the dynamic evolution of the base state, and the growth of periodic
perturbations to it. Note that the equations describing the evolution of hg, pg, ¢ can be
solved without also solving for hy,p;,z; (but not the other way around) so this section
also describes the scheme used to numerically solve the PDEs (5.81)—(5.88) for Ay, po, o

in isolation.
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B.1 Isolating the wet region

We begin by reducing the problem to be solved to one defined only on the wet region,
0 < x < xo(t). This is possible because both the base state channel shape hg, and the
perturbation to it, k1, can be expressed analytically in the the dry region (o < z < 1) in
terms of the channel shape at = = .

Explicitly, we integrate (5.81)—(5.83) and (5.102)—(5.103) directly to obtain

hy = Cix+ Cy l’o(t) <x<l, (5159)
hy = (Dix + Ds) exp(kx) + (Dsx + Dy) exp(—kx) zo(t) <z < 1, (5.160)

where the C;(t), D;(t),i = 1,...,4 are constants of integration.
Inserting (5.160) into the two boundary conditions (5.106) and the four continuity
conditions (5.107) allows us to express the C;,i = 1,...,4 in terms of the channel shape

at © = x( provided that two constraints on the wall shape of the form

83h 82h
1 = 1/11 + Yoy + P31, —— ¢1 + ¢ohy + P31 at x =z (5.161)

hold. Here v;, ¢;,i = 1,2,3 are (known) functions of k,n,xy, and v. Equations (5.161)
can be thought of as effective boundary conditions, which parametrise the effect of the
dry region on the wet region.

The same procedure applied to the base state results in effective boundary conditions

Phy 0= 0*hy
Ox3 O0x?

With (5.161) and (5.162), we have a complete system of equations for hg, h1, po, p1,
xg, and z; that involves only the drop region. These are the four PDEs (5.81), (5.83),
(5.101), (5.103), the boundary conditions (5.84)—(5.87), (5.104)—(5.108), (5.161)—(5.162)

and the kinematic conditions (5.88) and (5.108).

at z = xy. (5.162)

B.2 Transformation to a fixed domain and discretization

This system of equations is transformed onto a time-independent domain, 0 < s < 1
using
s=—2 (5.163)
o(t)
Since s is time-dependent, the transformation (5.163) introduces additional advective

terms in the system of equations; the time derivatives in the two co-ordinate systems are

0 0 s dxg O
) - (2 o 9. 164
(Gt)x (&s)f o) dt 92’ (5.164)
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where (.), refers to the derivative with x held constant. Spatial derivatives are straight-

() -3,

up(z,t) = xo(t)ho(z,t) (5.166)

forward, since

We also introduce

to allow the base state equations to be expressed in conservative form.
With the transformation (5.163) and (5.166) the PDEs (5.81), (5.83), (5.101), and
(5.103), become

0 0
0= %Jr%, (5.167)
1 0*hy
-0 5.168
Po rg Ost’ ( )
B ohy  Oq I Tg
0= E_F%_ka h0p1+x—0h1, (5169)
1 0*h,  2K20%*Mm
P g (170
where
1 1 ud dpo dxg
- |- 07 - 171
o T {3|V| z3 0z AT (5.171)
1 1 ul Opy u? dpo dzo
= |— | == ——nh hiz—— 172
o T [3|V| (x% ds +3x3 9s ) TP (5.172)
play the role of the flux.
The boundary conditions on (5.167)—(5.170) are:
oh 0 oh 0
ho =1, hlza—;:%:(?—;’:gzo ats=0, (5.173)
— 0 d
o = TO’ oL+ %% _ % (%% + hl) +vak’ny, ats=1, (5.174)
0 0 \To
83’11,0 1 83}11 wl 8h1
953 =0, x—gﬁ = x—og + Pohy 4+ Y311 at s =1, (5175)
82u0 1 thl §Z§1 (9h1
52 =0, x—gﬁ = SC_U% + pohq + P31 at s =1. (5.176)

The base state meniscus position evolves according to

drg  —1 ud dpo

—_— = 5.177
dt  3lv|z} 9s |, ( )
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and the perturbation to this evolves according to

dzy 1 [u_%(?pl x, O ( 2%) 2u0%h1

i S S o A 2t 5.178
dt 3lv| [z 0s w3 0s 4095 22 Bs ( )

s=1

We solve the problem (5.167)—(5.172) numerically by discretizing in space: the s-
domain is divided into a grid of n cells of equal length As = 1/n with cell centres
s; = (j —1/2)As for j = 1,...,n, and cell edges at s;11/o = jAs for j = 0,..n.
ho, po, h1, and p; approximated at the centre of each cell by hé,pé, h{ and p{, respectively.
The fluxes gy and ¢, are approximated at the edge of the cells using second order centred
finite differences of the A} and h7.

Two ghost points are introduced at each end of the domain (corresponding to cell cen-
tres indexed by j = —1,0 and j = n+1,n+2, respectively). By approximating hg, h1, po
and p; appropriately at these points, we implement the boundary conditions (5.173)-
(5.176).

The finite difference discretization of (5.167) and (5.169) results in a system of 2n,
ODEs for hi(t) and hl(t). These ODEs are coupled to the 2n algebraic equations that
arise from the finite difference discretization of (5.168) and (5.170) as well as to the
ODEs for zy and x; arising from the discretization of (5.177) and (5.178). This system
of 4n+ 2 differential-algebraic equations are solved using the ODE15s routine implemented
in MATLAB.

B.3 Initial conditions

We assume that the initial volume V4, is prescribed and compute the shape, pressure, and
meniscus position of the corresponding C' = 0 equilibrium (see §5.4.1). These are used
as the initial condition on the base state quantities hg, pg, and z.

The initial condition for the perturbation requires care. We anticipate that, as in the
C' = 0 case, there will be two modes of growth for the perturbation, one of which displays
very high decay rates for all wavenumbers and one of which has a band of unstable
wavenumbers. To ensure that the numerics select the branch on which modes grow
(corresponding to the o3 branch for the C' = 0 case, see Figure 5.6), we use the solution
of the quasistatic BVP (5.58)—(5.65) whose growth rate that lies on the correct branch

as the initial condition on the shape and pressure of the perturbation.
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Chapter 6

Multibody bendotaxis

6.1 Introduction

So far, our focus has been restricted to a single channel. In this chapter, we consider
an array of droplet-channel systems, each of which would undergo bendotaxis in isola-
tion; we refer to this as multi-body bendotaxis. Ultimately, we aim to understand how
drops in neighbouring channels would affect each other's bendotaxis. Understanding this
interaction is relevant not only for self-cleaning surfaces exploiting bendotaxis (which nat-
urally have many neighbouring features on their surface and thus channels in which a
droplet may confine itself), but also for the experiments of Figure 5.1 in which droplets
are condensed into deformable microchannels; in the previous chapter we described how
a bendo-capillary instability may be responsible for wavelength selection in the direction
parallel to the channel walls, and in this chapter we seek to understand how the presence

of liquid in neighbouring channels might influence its behaviour.

6.1.1 Summary of multibody elastocapillary phenomena

The influence of capillary forces on arrays of pillars and lamellae has been a topic of
interest for many years, originally spurred by issues associated with the miniaturization of
devices; the down-scaling of components results in an increased surface area to volume
ratio and hence a more prominent role for surface forces. Tanaka et al. [1993] verified that
it is during the liquid-rinsing step of photo-lithography (a technique relied upon in the
manufacture of micro-electromechanical systems, or MEMS) that catastrophic sticking
(‘stiction’) between elements can occur. The surface tension of the rinsing liquid is
responsible for stiction, and this process is generally understood at a theoretical level
by focussing on a single cantilever beam or a single channel with elastic bounding walls

(see for example Zhao et al. [2003] for a review). In doing so, these models neglect the
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influence of liquid in neighbouring channels and thus cannot describe how collaborative
effects (such as how the deformation of the channel will affect the width of neighbouring
channels) influence the aggregation process.

Stiction was originally viewed as a detrimental process since it has been shown to
diminish the optical, electrical and mechanical performance of MEMS devices [De Volder
and Hart, 2013]. However, in other settings, elastocapillary self assembly and associated
instabilities driving long range order have been successfully exploited to produce novel
structures on both the nano and micro-scale. For example, wetting and drying of carbon
nanotube forests can increase their packing density [Chakrapani et al., 2004] or form
periodic assemblies [See for example De Volder and Hart, 2013, and references therein],
whilst on the micro-scale, surface tension induced aggregation and subsequent collapse
can be used to trap colloids [Pokroy et al., 2009].

Mathematical modelling of elastocapillary self assembly experiments such as these of-
ten aims to predict the clustering behaviour of high aspect ratio pillars. As with most
models, one has to make a trade off between complexity and tractability; with a large
number of elastic elements coupled to a fluid flow (which typically also involves evapora-
tion), even a highly simplified model is very difficult to make progress on (recall the sixth
order nonlinear partial differential equation developed to describe flow and deformation in
a single channel in Chapter 2).

Because modelling the flow and deformation in a many-body system is so complicated,
many previous theoretical studies describing multibody elastocapillary phenomena have
analysed the steady state left after coalescence using energy minimization arguments. Bico
et al. [2004] used energy arguments to predict the ‘sticking length’ and maximum bundle
size in a two-dimensional array of hairs being withdrawn quasi-statically from a bath.
Chandra and Yang [2009, 2010] extended these arguments to include evaporation, and Py
et al. [2007a] used energy arguments to predict the sticking length in three dimensional
arrays. Similarly, Chiodi et al. [2010] appealed to energy arguments to describe the final
state of an array of micropillars under an evaporating free surface, whilst Kim et al. [2016]
did so to predict whether the solid-solid adhesion between micropillars would be sufficient
to ensure that they remain stuck after the liquid that caused them to stick together was
evaporated away, having first demonstrated that a simple torque balance argument is
insufficient.

As well as neglecting the rich hierarchical structure of the aggregation process, energy
minimisation arguments predict that coalescence continues indefinitely until a maximum
cluster size is obtained. Gat and Gharib [2013] refuted this by considering a dynamic model

of the withdrawal problem, which predicted that the number of pillars in each bundle is
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instead restricted to the set 2V (where N is the natural numbers), a result also observed
in Pokroy et al. [2009] albeit for very small system sizes. A similar result was obtained from
a dynamic model by Wei et al. [2015] in the case of an array of pillars almost completely
submerged in liquid. Here it was also shown that the final configuration is sensitive to initial
perturbations, which implies that self organisation cannot be predicted by post aggregation
energy arguments alone. The dynamic model of Singh et al. [2014], similarly demonstrated
the importance of the initial condition — clusters are ‘locked in’ by fronts propagating from
localised disturbances. This study disagreed, however, with the restriction of cluster size
to 2V, observing instead a distribution resembling a Gaussian distribution, truncated at
a maximum cluster size. A similar model considered by Hadjittofis et al. [2016] showed
that evaporation can alter both the dynamics and final clustering significantly.

Whilst the geometries considered by Gat and Gharib [2013] and Singh et al. [2014]
differ slightly (Gat and Gharib [2013] consider relatively short droplets at the open end of
channels, whilst Singh et al. [2014] consider droplets sat at the base of channels), they
both effectively include the elastic response to droplet pressure with linear elastic springs
tethering plates to their equilibrium positions. They also both show that a pairwise mode
of aggregation is the most unstable (in a linear stability analysis), and iterating this
pairwise mode is where the prediction that cluster sizes are restricted to 2" comes from.
The alternative approach of Wei and Mahadevan [2014], with an array of rigid plates
clamped at their base by linear torsion springs, similarly found the pairwise mode to be
the fastest growing. The approximately continuous distribution predicted by Singh et al.
[2014] arises, however, from solving the full problem numerically.

All of the aforementioned predictions of cluster sizes apply, however, for droplets in
which only a single meniscus is able to move. In bendotaxis, the droplet is mobile, and
able to move in both directions along its channel; one of the aims of this chapter is
therefore to understand how droplet mobility affects elastocapillary aggregation in many-
body systems, and the associated predictions of cluster sizes. We shall also aim to make
inferences into the apparent pairwise clustering observed in the experiments of Figure 5.1:
is this pairwise mode a generic feature of multibody bendotaxis, or just for those particular
parameter values?

This chapter is structured as follows: in §6.2, we present a mathematical model of
multibody bendotaxis, which uses a simplified (versus linear beam theory applied previ-
ously) elastic response to drop pressure. In §6.3, we verify that that this model, when
restricted to a single channel, still demonstrates wettability independent droplet motion,
and we study the dynamics which facilitates comparison with the analysis of Chapter 2.

In §6.4, we present results of numerical solutions of the governing equations. In §6.5, we
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explore the linear stability of the equilibrium state and, with reference to this analysis,
present statistics of cluster sizes. §6.6 is dedicated to explaining the observations of the

cluster sizes, whose significance is discussed further in §6.7.

6.2 Mathematical model

6.2.1 Modelling multibody bendotaxis

As discussed, modelling elastic response to drop pressure using linear beam theory is a very
complex problem. We choose, therefore, to follow the approach of Wei and Mahadevan
[2014], using rigid plates tethered by torsion springs, but with two important modelling
differences: we consider droplets of liquid, rather than a filled channel with liquid pinned
to the free end, and assume dissipation occurs primarily in the droplet rather than in the
plate (or, equivalently, that plate damping is small in comparison with damping arising
from droplet viscosity). We choose a torsion spring model (rather than the spring block
models considered by Gat and Gharib [2013] and Singh et al. [2014]) as it allows wettability
independent droplet transport in a single channel (recall the thought experiment of §1.4.2:
bending of the beams is sufficient, but not necessary, for both wetting and non-wetting
droplets to move towards the free end, and the same argument applies with the torsion
spring approach). Wettability-independent droplet transport in this setup is discussed
further in §6.3.

In this rest of this section, we describe a mathematical model for an array of drop-
channel systems, each of which would undergo bendotaxis in isolation. Figure 6.1 contains
a sketch of the setup, consisting of N + 1 rigid plates of length L, and linear density p
extending infinitely in the out-of-plane direction. Prior to any displacement, these plates
are uniformly spaced with a gap 2H and aligned with the z-axis. With periodic boundary
conditions, these plates define N channels. Each channel contains a droplet of viscosity
w and density p, which makes a contact angle 6, with the channel walls (dynamic contact
angle effects are ignored). The surface tension at the interface between the droplet and
surrounding vapour is denoted . As in previous chapters, we neglect the weight and
inertia of both the liquid and the channel walls, and the line force associated with surface

tension.

6.2.2 Geometrical preliminaries

Each plate is anchored at a point along the z-axis, denoted z = z;11/o = 2H(j+1/2), j =

0,..., NN, by a torsion spring of stiffness x (this is consistent with channels of undeformed
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Figure 6.1: Modelling setup for interacting drop-channel systems. (a) Schematic diagram
of the system of NV +1 rigid plates, anchored at their base by torsion springs. (b) Detailed
view of a single channel in the system. Note that the channel shape is described entriely
by the adjacent deflection angles 6;_1/5 and 0} /,.

width 2H since the plates are assumed to be thin in comparison). The torsion springs
respond to applied torques by varying the angles (measured clockwise) they make with
the z-axis; these are referred to as deflection angles, and are denoted by 0j+1/2(t). The

width of the j* channel, at a perpendicular distance = from its base is
hj(lll', t) =2H + x tan (6j+1/2) — xtan (9]‘_1/2) s (61)

valid for 0 < & < L. Note that the deflection angles scale with the channel aspect ratio
a = H/L < L so changes in channel length in the z-direction because of plate tilting
are negligible in comparison with L. This assumption also means that the channel widths
can be approximated as

hj(z,t) = 2H + xA0;(t) (6.2)

for j = 1,...,N, where A0; = 6,115 — 0;_1,5 denotes the tapering angle of the j*"
channel. Henceforth, the range of the index j is suppressed — it is always 7 = 1,..., N
— and periodic conditions are assumed: any quantity with subscript 0 or N + 1 takes the
same value as that quantity with subscript NV and 1, respectively.

Droplets have (two-dimensional) volumes denoted by V; and make a liquid bridge
between the channel walls. The j* droplet wets the channel over the region z (t) < z <
a:j(t) (Note that whilst the channels are not necessarily symmetric about their midpoint
— 0;_1/2 # 0;41/2 in general — it is consistent to assume that the meniscus positions are
equal on each wall of the channel, as the deflection angles are small and the channel width

thus varies slowly along its length.)
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6.2.3 Fluid Motion

As before, lubrication theory is used to model the motion of the droplet. The pressure

within the droplet in the j* gap, p;(z,t), satisfies Reynolds’ equation [Leal, 2007]

oh;  O0A0; 0O {h_?%

e = for z7 (). |
o ot ox 12/183:} or 27 (t) <z < a7 (t) (6.3)

For simplicity, we assume that condensation is negligible. As a result, the flux of
fluid through the menisci must balance that caused by the motion, giving the kinematic
conditions

dxjc h; (xjc, t)? %

= A
dt 12 Ox (6:4)

+
T=x>
J

To solve (6.3) for the pressure within each drop, boundary conditions are required.
There is a pressure jump across each meniscus caused by surface tension: as gravity is
negligible, the menisci are arcs of circles whose curvature is 2 cos 8, /h;(x’,,t) to leading
order in « (the contribution to meniscus curvature from deflection angles comes in at
O(«)). Taking the ambient pressure as reference, the liquid pressures at the menisci are
therefore

27y cos b,
C2H + xiAﬁj’

27y cos b,
2H + 27 NG,

pj(x],t) = p(ay,t) = (6.5)a,b
Integrating equation (6.3) twice, using (6.4) and (6.5) for the boundary terms, gives the

p; in terms of Af;, Z;, and their derivatives (see Appendix A).

Pinned Drops

During the motion, a droplet may reach the free end of the channel (z = 1) or the base
(x = 0). In practice, when it does so, the meniscus curvature relaxes by taking the
value of the contact angle that ensures that the meniscus does not move (there is no
flux of fluid there) until the contact angle has reached an advancing or receding angle (as
discussed in detail for bendotaxis in a single flexible channel in Chapter 4). Here we have
assumed, however, that the contact angle is fixed; we therefore encode pinned conditions
by prescribing a no-flux condition instead of a Laplace pressure condition when the droplet

is pinned. Explicitly, if the 5 drop reaches the free end, we replace (6.5)a with

9p;

o 0 atzx=uz; =1 (6.6)
so that by (6.4), we have
Ty 6.7
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meaning that the meniscus does not subsequently move, and the droplet is said to be
pinned. (Note that regardless of the droplet’s pressure, it cannot be ‘unpinned’, which
may occur in practice as we saw in Chapter 4.)

Similarly, if the j* drop reaches the base, we replace (6.5)b by

Op;
ox

and hence T; = 0 in the subsequent motion. We are, however, primarily interested in the

=0 atx=ux; =0, (6.8)

behaviour before droplets are pinned, so consider boundary conditions (6.4)—(6.5) to be

the default, which hold henceforth unless otherwise specified.

6.2.4 Torque balance

The pressure within each droplet has thus been determined (from (6.3)—(6.5)) in terms
of the tapering angles, 6;,,/5, the meniscus positions, xf and the time derivatives of
both of these. To find a relationship between tapering and meniscus positions, a torque
balance on each plate is considered.

Each plate is subject to torques from the liquid pressure within drops in the neighbour-
ing channels, from interactions with neighbouring plates, and from the restoring spring

torque. The fluid pressure torque on the (j + 1/2)™ plate is

+ +
. Zj Tjt1
Ti+1/2 = /J xp; da —/ ’ zpj+1 de. (6.9)

41
Plate contact

For the case of flexible channel walls, considered in Chapter 2—4, there were two scenarios
when the walls came into contact: regime Il (making contact at a single point) and
regime Il (making contact along a portion of their length). However, for rigid plates,
whose slopes are constant along their length, regime Ill has no analogue, so we model
plate-plate interactions in a different way — by including a van der Waals force between
the plates. This force acts to repel beams strongly when they come close to touching (we
also include a weak attraction to avoid bouncing out of contact). We assume that the van
der Waals force is a point force on the end of the plates. The long range attraction and
short range repulsion — which prevents channel widths reaching zero — is captured (see

Figure 6.2) by taking the magnitude of the van der Waals forces between the (j — 1/2)t"

and (j + 1/2)™ plates to be
205 \" 2H5 1\’ (6.10)
h]’(ﬂf = L, t) hJ(.fU = L,t) ’ ’
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Figure 6.2: Plot of the dimensionless function F;/A defined in equation (6.10).

where A is a constant force which sets the scale of plate-plate interaction forces and ¢ is
a small positive number (the equilibrium separation caused by van der Waals forces alone
is 2H0 < 2H).

The torque on the (j + 1/2)™ plate due to van der Waals forces is then

Ve = L[F(t) = Fi(1)]. (6.11)

Torque balance equation

The van der Waals and pressure-induced torques must be balanced by elasticity — here
represented by the restoring torque from the torsion spring. For a Hookean torsion spring,

the restorative torque exerted on the (j + 1/2)% plate is
T;I+1/2 = K,QjJrl/Q. (612)

A balance between damping within the spring and restorative torque, and van der

Waals and fluid pressure torques gives

dfj+1/2 g i vdW

CPT + Kb 41/2 = apjde — [ apip de+ 770, (6.13)
v Tit1

where (), is the angular damping coefficient of the spring. Here the particular form of the

van der Waals torques has been suppressed to reflect its unimportance (it is the charac-

teristic short range repulsion and long range attraction, rather than the exact expression,

of the van der Waals term that is important).
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6.2.5 Initial conditions

The system of differential equations is closed by specifying initial conditions

x;r(o) = m;foa 373_(0) =T, 9j+1/2(0) = ‘9?+1/2- (6.14)

These initial conditions implicitly specify the drop volumes, which must be conserved

throughout the motion. Neglecting the missing volume contribution from the arc of the

meniscus (which scales with the channel aspect ration a@ < 1), conservation of volume
can be expressed as dV;/dt = 0, where

hi(xF, t)+ h;(x;,t
v, = [0 -y ) M,

J (6.15)
(Note that dV;/dt = 0 holds automatically when the kinematic conditions (6.4) hold).

6.2.6 Non-dimensionalization

We non-dimensionalize the problem by choosing scales for spatial variables that are mo-
tivated by the channel geometry. The time scale emerges from of a balance between
viscosity and capillarity, as before. In particular, we let

H|ycosb,| A Ak 1 n - 1
Tt’ (Z,27) = z(ﬂfaﬂfj ), hj = BY7i

where dimensionless variables are denoted by *. In each of the models we have developed

t= hj, (6.16)
so far in this thesis, we have taken a pressure scale that is set by a balance between
beam bending and Laplace pressure. The equivalent scaling in this torsion spring model
is that obtained by balancing the restorative spring torque and the fluid pressure torques
in equation (6.13); we therefore let
LS

= 2l
Note that, in contrast to the flexible case, the behaviour of the whole, rather than half,

bj (6.17)
of the channel is modelled — this difference is responsible for the apparent extra factor of
two. The torques generated by plate interactions are non-dimensionalized by scaling with
the typical scale of the restoring torque scale, 2Hk/L, i.e.

2 Vi L Vi

Deflection angles are scaled by the aspect ratio, i.e. we let

Ois1y2 = %‘%H/% (6.19)
and the dimensionless channel tapering is Aéj = AJ-H/Q — éj,l/g. The dimensionless
channel widths are then

hi(z,t) =1+ #A0;. (6.20)
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6.2.7 Statement of the problem

In terms of these scaled variables, Reynolds' equation (6.3) reads

ONG; 1 O [..0p; o
T (%] = 3T 07 {hj 83;] for &7 (t) <& <z’ (t). (6.21)
Here 013
v cos b,
BT (6:22)

is the dimensionless surface tension, which compares the typical torque from surface
tension, L?y/H, with the typical restoring torque from the torsional spring xH/L. The
parameter I is analogous to the bendability ~ we have considered throughout this thesis.
Different wettability conditions are captured by the sign of I': I' > 0 corresponds to a
droplet that wets the channel walls (6. < 7/2), and I" < 0 to a droplet that does not
(0. > m/2).

Inserting (6.16)—(6.20) in the kinematic conditions (6.4) and pressure boundary con-
ditions (6.5) gives

I =L 6.23
dt 3T oz + ( )
and
p;(aT 1) = _ (6.24)
T 1+ 3EA0;
respectively.
The torque balance becomes
. db, A 2 o .
Cy Jd:}/z + 04172 = / Tp; da — / Py do + 700 (6.25)

J+1

where C,, = C, H|v cos 6,|/(uxL) is a dimensionless damping coefficient. We are primarily
interested in the case where the dissipation occurs mainly due to the droplet viscosity,
ie. ép < 1; nevertheless, we retain the first term in (6.25) due its importance in
numerically solving the system (this is discussed further in §6.4). Note that this droplet-
dominated dissipation is in contrast to previous torsion spring models of elastocapillary
aggregation [Wei and Mahadevan, 2014, Wei et al., 2015] where configurations with wall-
dominated damping, C, > 1, are considered. In (6.25), the dimensionless van der Waals
torque is

702 = Fy = Fjn (6.26)
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where

9 3
- AL
Fy = SRR I (U (6.27)
21n |\ =15))  \IyG=11)

is the dimensionless van der Waals force between the (j — 1/2)™ and (j + 1/2)™" plates.
The quantity AL/(2Hk) compares a typical torque from the interaction between two
plates separated by an (O(0) distance, with the typical restoring force from the torsion
spring. To ensure van der Waals forces only become important for channels whose walls are
very close to one another, we consider AL/(2H k) < 1 here (we take AL/(2Hk) = 1075,
d = 1072 in all results presented in this chapter).

The dimensionless initial conditions,
i;t(o) = j;%Oa éj+1/2(0) = é?+1/2a (628)

close the problem (6.21), (6.25)—(6.29), and also define the dimensionless droplet volumes

ﬁ =V, = (xjo - xj,0>) 9 ;

(6.29)

which represents the proportion of the channel a given drop would occupy if its walls were
undeformed. Hats are henceforth dropped, and all quantities are dimensionless unless
otherwise stated.

6.2.8 System of differential equations

It is convenient to work in terms of the mean meniscus position and drop half length,
defined as N N
T, +x; T — T
r;j=-2—2 and (;=-21—2L (6.30)
2 2
respectively. The meniscus positions are easily recovered from these as

IE;_ = fj + gj, ZBJ_ = [fj — gj- (631)

Equations (6.21)—(6.28) can be reduced to a system of 2N ordinary differential equations
(ODEs) for 0;41/2,Z;. Briefly (see Appendix A for further details), we first note that mass
conservation requires

Vi =20;(1+ z;A0;), (6.32)

to be constant throughout, which gives the droplet lengths ¢; algebraically in terms of the
z; and Af;. We then integrate Reynolds’ equation (6.21) twice alongside the Laplace

pressure conditions (6.24) to obtain an expression for droplet pressures p; in terms of
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zj, Af; and d(A6;)/dt. Inserting this expression into the torque balance equation (6.25)
gives the following N ODEs:

d0;1/2 dAb; dAG;
- CP de;/ + |F| (de+1 dtJ—H B CJd dtj) -

QN0 2N TR,
Wi 10 W 10

J+177+175+1

0. vdW
i+1/2 — Tit1/2

hi h hj

J+1 j+1

<gzj+1+ej+1>2_<afj+1— 1) (@4 G) +<$J“€j>2] (6:33)

Here the integrals I7, I7, and I} are defined by

AR
Z;+L "
I(t) = —d e N. 6.34
! ( ) /a‘rj—fj (1 +xA9j)3 o ( )
The quantities
Ti+l; .2
d R i 8p . 3 074 2\ 2

o /ij_ej 7o &= - (1)), (6.35)

play the role of viscous dissipation in the droplet.
Inserting the expression for the pressure into the kinematic conditions (6.23) (and
taking their sum) gives N ODEs:

dz; | 1 2+ 207 L G2 B -7 (L . L) d(Ad;) _
+ - ‘ ¥ -
dt 2| h h I hi dt
20,A0;sen(T) (1 1
— Lgn() —+—=. (6.36)
3ghthy  \hi h;

The ODEs (6.36) capture the balance between the two modes of droplet transport: squeez-
ing (via the d(Ad;)/dt) and translating (via the dz,/dt).
The differential equations (6.33) and (6.36) are solved alongside the initial conditions

+ p—
_ o TjoT Tjp
0;412(0) = 0,15, T;(0) = T§ = % (6.37)

(Note that the procedure, and resulting differential equation system, is slightly different
if droplets are pinned at the end of their channels — see Appendix A.)

6.3 The single channel case

Having developed a model capable of describing bendotaxis in many interacting channels,

we consider first the description of a droplet in a single channel. There are two reasons
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Figure 6.3: Schematic diagram of a non-wetting droplet in a channel whose rigid walls are
tethered at their base with torsion springs. Arrows indicate the clockwise direction in which
angles are measured, i.e. —0 denotes an angle of magnitude 6 measured anticlockwise
about the z-axis.

for studying this system: firstly it will allow us to verify that the equations derived in
§6.2 (i.e. with torsion springs and rigid plates, rather than flexible plates as in Chapter
2-4) do indeed exhibit droplet transport to the free end of a single channel, regardless
of wettability. The other reason is that by comparing the two models (flexible response
and torsion spring response), information is gleaned about the relationship between the
bending stiffness of beams in a flexible system, and the torsion stiffness included in the
present system. We would like to keep our torsion spring model as faithful as possible to a
model with flexible channel walls (which we expect to be more appropriate for describing
a physical system). It might be expected that an appropriate choice of torsion stiffness
would give quantitative agreement between the two models, giving greater confidence in

the validity of results of this chapter when describing an array of flexible channels.

6.3.1 Governing equations and numerical Solutions

A single drop-channel system is equivalent to the periodic system described in §6.2 with
N = 2 channels, one of which (say j = 2) contains a drop of trivial length (i.e. /5 =0). In
this case, only one angle, i35 = 0, needs to be considered; the other angles are ;5 = —0
(by symmetry), and 05,, = —0 (by periodicity), with the angle difference A6 = 20 (see
Figure 6.3). The system is described entirely by the angle # and mean position Z; = T of
the non-trivial drop. The droplet volume is V' := V) and is treated as a known parameter,
and the droplet half length is £ = V/ [2(1 + ZA6)].

(Note that with this periodic formulation, it is possible that results for non-wetting
drops with strong surface tension — I' < 0 with |T'| > 1 — may be unintentionally
affected by van der Waals interactions between the beams which define the ‘ghost’ channel
containing no drop. This is resolved in what follows by including only van der Waals

interactions between the beams surrounding the drop.
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With these simplifications equations (6.33) and (6.36) become (with suppressed in-
dices):

dz [¢? =20z > +20x  2z*1°—1*)h] d0  8hsgn(T)h
dt h- ht IOh+h- dt ~ 3I0(h*)2(h*)2
dé L[ 401> (z+0)?* (z—10)>
o dy =7 vdW _ ~ . —
2 (C, + |I'|CY) n 0+7 5 [Iohﬂr 7 = 0 (6.39)

where h* = 1+ (2 £/()A0, h = 1+ 2A0 are the channel widths at the menisci and at the
mean meniscus position, respectively. The system (6.38)—(6.39) is closed by specifying
initial conditions

z(0) = Zo, 6(0) = Bo. (6.40)

Figure 6.4 shows traces of meniscus positions ¥ = Z + ¢ and channel tapering

A#, obtained by solving equations (6.38)—(6.39) numerically using the stiff ODE solver
ODE15s implemented in MATLAB. As discussed in Chapter 2 for the flexible case, a
stiff solver is required because of the different time scales present: as 6y = 0, the beams
offer no restoring force to balance the capillary pressure to begin with, so there is a short
time scale on which damping from droplet viscosity must balance the capillary torque.
During this short time scale, the droplet does not move very far — it ultimately moves
on a longer time scale during which the torsion spring resistance is important (these time
scales are formally distinguishable in the case of weak surface tension, discussed later in
this section). This early response can be seen in numerical solutions: see Figure 6.4,
for example, in which the deflection angle in a numerical solution of (6.38)—(6.39) with
I' = 5 reaches 90% of its final value in less than 1% of the time taken for the droplet to
reach the end of the channel. As we shall see, this separation of timescale is even more
pronounced for I' = 0.1 but is not resolved on the scale of Figure 6.4.

These numerical solutions demonstrate that the model described in §6.2 describes
droplet transport by bendotaxis in a single channel that is wettability independent (in
this case, the ‘bending’ occurs in the torsion spring, rather than in the channel walls):
droplets are transported to the free end (the trajectories 7 (t) shown in Figure 6.4(a)
reach x = 1) regardless of whether the droplets wet the channel (I' > 0) or not (I" < 0),
a result that is generic in numerical solutions of (6.38)—(6.39) (provided droplets do not
start too close to the base and make contact during the early time scale, where menisci
move in opposite directions). This droplet motion is accompanied by an inwards deflection
when the droplets wets the channel (Af = 20 < 0 in Figure 6.4(b)) and outwards when
it does not (A8 = 20 > 0), as we also saw in the flexible case. There are further

similarities: droplets accelerate along the channel, and beam-beam interactions play a
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Figure 6.4: Numerically-obtained solutions of equations (6.38)—(6.39) with 6y = 0,y =
0.5 and V = 0.3. (a): Traces of x7 = T + ¢ (solid lines) and 2= = T — ¢ (dashed lines)
plotted on semi-logarithmic axes for four values of the dimensionless surface tension I" as
indicated by the legend. The traces end when z* = 1, denoted ¢t = t,. (b): Portion of
the I' = 10 trace indicated by the black dashed box in (a) (plotted on linear axes) showing
constant velocity motion into the wedge. The rapid change in slope occurs when the plate
ends are sufficiently close for van der Waals forces to be significant (1 + 26 ~ 0). Points
indicate the mesh (in time) used in the numerical solution. The inset shows the behaviour
close to the rapid change in speed, indicating that the traces shown in (a) and (b) are well
resolved. (c): Traces of the channel width at the free end, 14 26 on semi-logarithmic axes
(colours are as in (a)). (d) Plot of channel width as a function of ¢, — ¢ on logarithmic
axes, corresponding to the region shown by the black dashed box in (c) with dots again
indicating the mesh in time. Note that the channel does not close entirely, 1 4+ 26 > 0
(the distance at which van der Waals force is zero is taken to be 1073). Inset: zoomed in
on region indicated by the black box in (c), demonstrating that the channel width is also
well resolved.

role when surface tension is sufficiently strong: the magenta traces (I' = 10) in Figure 6.4
show that the ‘+' meniscus decelerates briefly at ¢ ~ 10~!, when the channel walls come
sufficiently close for van der Waals force to be important. The short range repulsion
associated with this force means the channel does not close entirely (Figure 6.4(d)) but
forms a triangle-like wedge (albeit with a narrow gap). This is in contrast to the flexible

case considered in Chapters 2—4, where the beams make contact. It might be expected
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that the lubrication approximation breaks down as the droplet moves into this wedge,
but we note that the constant speed of imbibition into it (Figure 6.4(b)) is consistent
with theory and experiment describing the similar scenario of droplet imbibition into rigid
wedges [Reyssat, 2014].

6.3.2 Comparison between torsion spring and flexible cases

As discussed, we would like our torsion spring model, in which the spring stiffness x is
known, to be as faithful as possible to a flexible model whose walls have a bending stiffness
B. However, we would prefer to use the torsion spring model for multibody bendotaxis
due to its relative simplicity. We therefore want to find an effective spring stiffness — the
value of x that gives quantitative agreement with the flexible case for a given value of B.

Note that s has the units of a force, while B has the units of a force per unit length,
so they must be related via a length scale. The present problem has two geometric length
scales, L and H as well as the length scales defined by the position of the drop, say
Xy, and the length of the drop (denoted AX in Chapters 2—-4). It is not immediately
obvious which is the correct choice. Here, we compare the results of a single channel to
those of the flexible model described in Chapter 2 in the case of weak surface tension,
IT'| < 1, where analytic results can be found in both the flexible and torsion spring cases.
In doing so, we identify the correct length scale and offer a suggestion on how to choose
an effective spring stiffness.

The asymptotic analysis of equations (6.38)—(6.39) in the limit |I'| < 1 (see Ap-
pendix B for full details) begins by assuming small deformations |§| < 1 for all £ > 0.
The dynamics then decouple into two distinct time scales: on a fast (O(I")) timescale, the
drop does not make a net movement along the channel (Z is constant), but the deflection
angles respond to applied torques. At early times, this response arises from a torque
imbalance: no resistive torque is offered by the torsion springs since 6, = 0, but there is a
non-trivial capillary pressure which must therefore be balanced by dissipation in the drop

and plate. The angle evolution is given by

-1 t
= TV |1 - . 41
o= 1V |1 - ()| e+
where o
o_v3( Y | To
o (V1) 6

is the leading-order term in the expansion of droplet dissipation for |[Af| < 1. The droplet

itself moves on a long (O(1/|T'|)) timescale, with the mean meniscus position evolving
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according to the ODE
dz 2|V _
— = —17.
dt 3

As discussed in Chapter 2, when the channel walls are flexible, and wall deflections are

(6.43)

small, the droplet moves according to the ODE

_ 2
i—f = % (:Tc + %) ) (6.44)
where v = ycos0.L*/(BH?).

Comparison of (6.43) and (6.44) suggests that the length scale relating x and B is X4,
i.e. Kk~ B/Xy. This is perhaps unsurprising: in the flexible case, the further away from
the clamped end that a (fixed) force is applied, the larger the deformation (note that this
is necessary for bendotaxis to occur). Or, equivalently, two channels, whose flexible walls
have different bending stiffnesses, may experience the same deformation from a droplet
if it is father from the clamped end in the channel whose walls have a higher bending
stiffness.

It is therefore not possible to find an ‘effective bending stiffness’ which gives completely
equivalent dynamic behaviour. However, we can find quantitative agreement between the
flexible and torsion spring cases with respect to certain metrics (in the small T" limit).
Here we consider one example: the time taken for the droplet to traverse a section of the
between x = f < 1 and x = 1. This is the metric we used in our experimental study of
bendotaxis in Chapter 3 as a proxy for the dynamic behaviour.

By solving the ODE (6.43), we find that the dimensionless bendotaxis time for a single
torsion spring channel is

3 2-V
_ 1 . 4
b= gy 8 <2X—V) (6.45)

In Chapter 2, we found the equivalent result for the flexible case:

: 6 1—f
flexible
S — 6.46
! v f (649
Therefore quantitative agreement between the flexible and torsion spring cases (with re-
spect to the bendotaxis time) can be had by considering a system whose spring stiffness
s 2(1 B
-/ B (6.47)

I E

In other words, the asymptotic results presented in Chapter 2 for a flexible channel of

bending stiffness B are identical to those for a torsion spring channel whose spring stiffness

is chosen according to (6.47).
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6.4 Numerical solutions

In this section, we present numerical solutions of the governing equations derived in §6.2,
and describe the numerical methods used to obtain them. Note that in the following
sections (§6.4-86.7), we consider only wetting drops (I > 0); the corresponding results
of these sections in the non-wetting case are discussed in §6.8.

6.4.1 Details of numerical methods

To numerically solve the problem, we first express equations (6.33) and (6.36) as a single
matrix differential equation 1
u
Md—; = [ (6.48)
where u = (03/2,...,0n41/2,71,...,Z5)7. Here M and f play the roles of a mass
matrix and a force, respectively (note that M changes dynamically and captures pinning
conditions, see Appendix C for more details, including explicit expressions for M and f).

In this setting, the initial condition is

W= (085, Oy T, TN) T (6.49)

The matrix equation (6.48) is well-defined only if A has full rank. This is not the
case when plate damping is neglected (C, = 0); in this case, the first N 4 1 rows of M
have zero row-sum, and hence M has a zero eigenvector v, = (1,...,1,0,...,0)7. This
elucidates the importance of retaining plate damping in the model.

Let us briefly consider v,: this eigenvector corresponds to increasing each of the
deflection angles by an equal amount, without changing the positions or shapes — and
therefore capillary torques — of the droplets. Increasing the deflection angles, however,
increases the restoring torques from the torsion springs, resulting in a torque imbalance;
when C), # 0, this imbalance is resolved on a fast timescale where plate damping balances
with restoring torque.

We therefore consider 0 < C, < 1 in the rest of this chapter (recall that the latter
inequality ensures droplet damping dominates over plate damping). All results presented
use C,, = 1073, but we have observed that numerical solutions display indistinguishable
behaviour with C, = 107°,10%, and 1073.

The problem (6.48)—(6.49) is solved numerically using the ODE15s routine in MATLAB.
At each time-step, the sparse mass matrix M is evaluated, with particular care taken in
the computation of the integrals I7',n = 0,2,4. Analytic expressions for the I7' can be
found for |Af;| > 0 by integrating (6.34) by parts, and trivially for Af; = 0. This result
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is singular in the limit [Af;| — 0, so the I} are evaluated for |Af;| < 1 by expanding
the integrand in |A6,| and integrating term-by-term. (We are careful to ensure that the
magnitude of errors introduced by truncating this sum fall below errors from numerical

integration.)

6.4.2 Numerical experiments

Figure 6.5 displays the snapshots of the evolution of the droplet-channel array at various
time-points measured relative to t* — the time at which every drop is pinned at one,
or both, of the ends of the channel. The snapshots show solutions for I' = 0.1, 1, 10,
and 100; I' = 0.1 corresponds to weak surface tension, whilst I' = 100 corresponds to
strong surface tension. The channel shapes, h;(x,t) = 1+ xA#f;, and drop positions, Z;,
are obtained numerically (as described in the previous section) by solving (6.48) with a
random initial condition:

Ojr1/2 =0, Z; =T+ €R;. (6.50)

Here R, is a (seeded) random number sampled from a normal distribution with zero mean
and unity variance, and € is a small, positive constant (note that the solutions shown in
Figure 6.5 have the same initial condition).

Figure 6.6 displays the corresponding spatiotemporal plots of the free end channel
widths, h;(z = 1,t) = 1+ Ad,. Note that in each numerical experiment the same
channel volumes V; are used as we are primarily interested in the influence of surface
tension (via I'). To quantify the aggregation process we define clusters: a channel is part
of a cluster if it tapers inwards along its length (Af; < 0), and channels with outwards
tapering (AQj > () are the boundaries of clusters. The size of a cluster, N,, is defined to
be the number of plates in the cluster (for example a cluster of size four consists of four
plates which define three channels).

When surface tension is weak (left column in Figure 6.5 and 6.6(a)), the channels are
deformed only slightly (not resolved on the scale of these plots) and a pairwise separation
dominates. The vast majority of channels in this system form clusters of two plates (see
Figure 6.7). Neighbouring drops move very slowly to opposite ends of the array, and
approximately half of the droplets end up at the free end of channels. Here we see that
the interactions between neighbouring channels prevents droplets transport to the free
end, in some of the channels.

For stronger surface tension, deviations from the pairwise mode are observed. In
particular, channels cluster into groups of different sizes that are not restricted to the set

2N (as was suggested in several similar studies of elasto-capillary aggregation, see §6.1).
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0.2

t/t, =05

Figure 6.5: Snapshots of arrays corresponding to numerical solutions of (6.48) with ran-
dom initial conditions (6.50) (the initial conditions are the same for each value of T" with
e = 0.1 and o = 0.5) and uniform volumes V; = 0.3. The time at which the snapshot
is taken is measured relative to ¢, — the time at which every droplet has reached either
end of the channel containing it. Here, t, =~ 300, 6, 1, 0.6, for I' = 0.1, 1, 10, 100
respectively. Note that the equations were solved for N = 199 channels (i.e. 200 plates),
but only those with indices 1 < j < 80 are shown here for clarity.

Figure 6.7 shows that a range of cluster sizes appear even at early times, although the

largest clusters don't appear until later on. We also see that clusters can split: what

appear to be discontinuities in Figure 6.6 are in fact quick re-arrangements, which occur
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Figure 6.6: Spatiotemporal plots of numerical solutions to (6.48) with random initial
conditions (6.50) (with ¢ = 107!, Zy = 0.5). Each subplot corresponds to a column of
the snapshots displayed in Figure 6.5, i.e. each corresponds to a different value of I as
follows: (a) ' =0.1, (b) I'=1, (¢) I' =10, (d) I = 100. Here V; = 0.3, and N = 199
channels consisting of 200 plates (only 50 plates are shown for clarity). Note that each
curve in (z,t) space corresponds to the trajectory of the end (z = 1) of a single beam.
The apparent kinks in (d) are the separation of large clusters into two smaller clusters
(see main text).

when two clusters compete between aggregating as two smaller clusters or one larger
cluster. If the former ‘wins’ (see for example the two left-most clusters in Figure 6.6(d) at
t ~5x 1072 and the t/t, = 0.05 and t/t, = 0.1 snapshots in Figure 6.5 for I' = 100), the
channel between these clusters widens rapidly, sending the (wetting) droplet it contains
quickly towards the base. As it moves towards the base, the torque that the droplet exerts
on its channel walls reduces, and this is felt by the two clusters either side which respond
on a time scale faster than that on which droplets typically move (the droplet motion
time scale sets the scale of the plot).

Visual comparison of the subplots in Figure 6.6 and the cluster size distributions in

Figure 6.7 suggest that the sizes of clusters depends strongly on I', with larger I" (stronger
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Figure 6.7: Evolution of the proportion of clusters of each particular size N, (indicated
in the legend in (d)) in numerical solutions (6.48) with random initial conditions (6.50).
Each subplot corresponds to a column of the snapshots, which are displayed in Figure 6.5,
i.e. each subplot corresponds to a different value of I' as follows: (a) I' = 0.1, (b) I' =1,
() I' =10, (d) I' = 100. Here V; = 0.3, and N = 199 channels (200 plates). Note
that the time axis only covers part of the motion (the curves are approximately time
independent for times later than those shown).

surface tension) associated with larger clusters (and vice versa). The proportion of droplets
reaching the free end also seems to increase with I" (Figure 6.5). These two observations
are intimately related: droplets will move towards the free end of channels only if tapered
inwards (A#; < 0), which is precisely the definition of being part of a cluster. We therefore
focus primarily on cluster sizes in the following sections, but return to droplet transport

in the discussion in section 6.7.

6.5 Linear stability analysis

The numerical experiments of the previous section showed that every drop in the array
eventually ends up at one of the two ends of its channel. No equilibria were observed,

despite the fact that when ¢ = 0, the initial conditions (6.50) with equal drop volumes
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(V; =V for all j) is an equilibrium configuration (we used e = 107! in Figures 6.5-6.7).
This begs the question: did the solutions not evolve to this equilibrium because it is
unstable, or, rather, because the perturbation from the equilibrium was too large? To

answer this question, we examine the linear stability of the equilibrium given by

fj - i’o, 9j+1/2 - O, (651)
with equal drop volumes V; = V. (Note that, in the absence of contact angle hysteresis,

every equilibrium in which no drop is pinned is of the form (6.51).)

6.5.1 A continuum approximation

It is instructive to view the governing equations (6.33) and (6.36) as the natural dis-
cretization of a system of partial differential equations (PDEs), which are recovered by
mapping
()i — () — % (6.52)

(Note that in what follows we ignore van der Waals forces and the possibility of pinning,
both of which only play a role at later times when any linearised analysis breaks down.)

We denote by 7 and 0 the continuous forms of Z; and 6,2, respectively. Applying
the mapping (6.52) to the governing ODEs (6.33) and (6.36) gives the PDE system:

80 8 [ 4 0% Lo ([ 2, 00 (z—10?% (T+10)?
~Cr 5 (C azat) 20z (fohﬂr&J“ ) (659)

265:+1 £2+2£:f:+£2—2€:i_12—*2]0 1+ 1 %0
ot 2 ht h— 10 ht  h~- 020t
20sgn(I") [ 1 1\ o0
T 30hh (h_+ - h_—) g, (654
where
1% 00\ o0 e 00\ ~°
= (147= M=1+zZ+0)—=, I"= "1+ ao— dz.
14 2<+$0z) , + (z 5)82, /xéx (+xaz) x

(6.55)

The linear stability of the equilibrium (6 = 0 0) is probed by considering a

“HI
I
Kl

perturbation of the form
=100, T=2=o,+0X, (6.56)
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Figure 6.8: Linear growth rate of periodic perturbations to an equilibrium in multi-body
bendotaxis. (a) Plot of o = 0$*(k) (solid curves) and o = o, (k) (dashed curves) the
positive solutions of equations (6.61) and (6.64) with k = 27 /N, respectively. Note that
for the continuous problem, the solid curves are simply rescaled versions of the same curve
because the dispersion relation (6.61) can be rescaled to remove explicit I' dependence
(see main text). Markers (o) indicate discrete growth rates for perturbations with integer
valued wavelengths N,,. Here, V' = 0.3, 7, = 0.5 and four different values of I" are shown
(colours) as indicated by the legend in (b). The curves 0$** and o are indistinguishable
for ' = 100. (b) Plot of the growth rates 0 = o (k) (dashed curves) for the discrete
problem, and its value at integer valued wavelengths (o) normalized by their maxima
max(o) = o4 (7). The black dashed line indicates k = 7, the wavenumber at which each

of the discrete curves in (a) attains its maximum.

where § < 1. Inserting (6.56) into equations (6.53)—(6.54) and linearizing gives

00 (V2 oz 0°O 0X I%& ) 0°0
X V?9%0 2sgn(T") 06
2 = :
ot 6 o0t 3 0 (6.58)
We can eliminate X from (6.57) and (6.58) to give a single PDE in O:
0% 0*e 00 ||V 9?0 9%0
—C,—— + A ST LA TN V) .
Cr o+ Tl 022012 Ot 3 02 Pz (6.59)
where
VQ i.Z V2
_v3( Y T _ v —2
A=V (240—1—4), B V<6+2x0). (6.60)

The growth rate o of periodic perturbations with wavenumber k (i.e. perturbations

of the form © = exp(ikz + ot)) satisfies the dispersion relation

C,+ |T|Ak?) 0?2 + (1 = TBK*) 0 — V——k%2 = 0. 6.61
p
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This quadratic equation has two real roots for any parameter values (the discriminant
of (6.61) is positive, because the product of the constant and quadratic coefficients is
negative). In particular, one of these roots is positive and the other negative, so the
system is unstable to perturbations of any wavenumber, and for any value of I". This is
in contrast to some other studies of dynamic elasto-capillary aggregation in which equi-
libria are unstable only for sufficiently large wavenumbers and sufficiently strong surface
tension [Singh et al., 2014, Hadjittofis et al., 2016]. It is straight-forward to show that
the positive branch, denoted 0<%, is increasing in k: the fastest growing instability in
this continuous problem is that with the largest possible wavenumber, or smallest possi-
ble wavelength (see Figure 6.8). However, we expect that the continuum approximation
breaks down for large wavenumber (short wavelength) perturbations, whose linear stability
is therefore explored by considering the discrete equations in the next subsection.

Before moving on to this discrete analysis, we note that the dimensionless surface
tension T" only enters (6.61) via the product T'k? (for the wetting case of interest). The

growth rate o can therefore be expressed as o (k;T') = 6(k = [''/2k) where 6 (k) satisfies

. . V.

(Op + Ak;2> 52+ (1 - Bk;2> o— k=0, (6.62)
This means that solid lines in Figure 6.8(a) showing o$*(k;I") for I' = 0.1, 1, 10, 100
are simply rescaled versions of one another, with larger values of I' having faster growth

rates for perturbations of the same wavenumber.

6.5.2 Discrete analysis

The stability of the equilibrium state (6.51) is analysed by considering a periodic pertur-
bation to equations (6.33) and (6.36) of the form

7 1 211
Tj=1T9+ 6Aexp [27” <Nip — Zl) + at} ; Oi41)2 = 0exp ( ij + at) ,  (6.63)

where A = O(1) is the (real) relative amplitude of the perturbation in drop positions and
N, its wavelength (these perturbations are analogous to continuous perturbations with
wavenumber k, = 27 /N,). (That Z; must be one quarter of a period out of phase with
0;1+1/2 can be understood from the kinematic condition (6.36). The coupling between
changes in deflection angles and mean-meniscus position motion enters only through the
difference in angles Af; = 0,1/ — 0;_1/5. Drop motion must be out of phase with the
tapering angle Af; as squeezing the drop — i.e. reducing Af; — increases Z; and vice

versa, and therefore 7/2 out of phase with each deflection angle.)
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Inserting (6.63) into the model equations (6.33) and (6.36) and linearizing gives the
dispersion relation

V2 z2 27
37 0 . “n 2
{Cp—|—|F|V (240+ 4> [2 2cos<Np)}}U+
Vi o, V2 9 2m
{I—FV {?sm (Fp>+(ﬁ+2x0) (2—2008 (E))]}U_

AVID| (7
) = 64
(Np) 0, (6.64)

sin
3

as well as the amplitude

q = Vot dsen(D) o (1) . (6.65)

o N,
Note that the dispersion relation (6.61) is recovered from (6.64) in the limit N, >
1. Unlike the continuous case, however, the parameter I" cannot be scaled out of the
dispersion relation (6.64) for N, = O(1).

Equation (6.64) has one positive (denoted o) and one negative real root, as in the
continuous case, thus confirming that the undeformed equilibrium (6.51) is unstable to
perturbations of any wavenumber. In contrast to the continuous case, however, these roots
are not monotonic as functions of NV, (equation (6.64) is 27 periodic in k, = 27 /N,) — o,
has maxima at odd integer multiples of 7 (see Figure 6.8(a)). The smallest wavenumber
k, which is a maximum is k, = m, corresponding to N, = 2. N, = 2 is also a lower
bound on the wavelength of perturbations (which must be integer valued), i.e. k, = 7 is
an upper bound on wavenumbers. As o is increasing for 0 < k < 7, we conclude that
the instability with N, = 2 is the fastest growing.

6.5.3 Discussion

Both the continuous and discrete linear stability analyses show that perturbations to the
equilibrium state (6.51) of any wavelength are unstable. Thus we have answered the
question posed at the start of the section: the numerical solutions presented in §6.4
do not decay to the equilibrium close to which they started because this equilibrium is
unstable, which would have been the case for any choice of droplet volume and position.
We have also seen that the pairwise mode, IV, = 2, is always the fastest growing mode
in the linear analyses. It might be expected, therefore, that a random initial condition (as
in §6.4) would always select a pairwise mode; however this is not the case since clusters
of various sizes, which correspond to different wavelength modes, can be observed in the

numerical solutions even at early times when the linear analysis holds.
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We can gain insight into the appearance of other modes by comparing the relative
size of the growth rates of different wavenumber perturbations. Figure 6.8(b) displays
the (discrete) growth rates, normalized by their maxima (attained at N, = 2). Those
normalized growth rates which are shallow near k = 7 (e.g. the purple I' = 100 curve in
Figure 6.8(b)) will have similar growth rates for many of the largest possible wavenumbers;
the modes corresponding to these wavenumbers will grow comparably during the period
in which the linear analysis is valid. This argument agrees qualitatively with observations:
growth rates are shallower near k = 7 in Figure 6.8(b) for larger I', and a greater range
of cluster sizes is observed for larger I' in the numerical solutions in §6.4 (Figure 6.7).

Quantitative predictions about the range of cluster sizes observed can be made when I
is large and the continuous analysis applies (note that the discrete and continuous growth
rates are indistinguishable when I' > 1, see Figure 6.8(a)). As described in §6.5.1, in this
case, I' can be scaled out of the problem by setting k = I''Y2k. This implicitly identifies
a lengthscale in the z-direction which scales with I''/2. We might therefore expect that
the range of similar growth rates, and hence range of early time cluster sizes in numerical
solutions of the full problem with random initial conditions, should scale with T''/2.

In fact, we observe a stronger result: numerical solutions of the full problem with
random initial conditions have a range of cluster sizes that scales with I''/? even at late
times, as shown in Figure 6.9. The other clear trend in this figure is that the system
almost always selects the pairwise mode for I' < 1 (i.e. the linear stability prediction is
followed here). The following section is devoted to explaining the mechanisms behind

these observations.

6.6 Analysis of cluster sizes

In this section, we explain quantitatively the salient trends in the mean and maximum
cluster sizes shown in Figure 6.9: in particular, we seek to explain the I''/? scaling for
I' > 1, and the selection of a pairwise mode for I' < 1.

6.6.1 Strong surface tension, I' > 1

The mean and maximum cluster sizes for I' > 1 (Figure 6.9) are reminiscient of those
reported by Singh et al. [2014] who observed a similar scaling in their spring-block model
of elasto-capillary aggregation. They were able to predict the prefactor of this scaling
after noticing that the disturbance propagating from a localised perturbation (that is, a
perturbation in a single channel) grows only within a ‘wedge’ bounded by two straight

lines in spatiotemporal plots. Our torsion spring model appears to behave similarly (see

163



102 . . .

¢
2.
2 yo
o,/
1 aril
’
) e
N 9/
wn 1L H
o 10 ’ [ )
9] Oy
+— ¢ ©®
u ’
S @
O )
® 0 0 0 0 O 0 O ] ogd (4
e o0 a o oa o S
’
’
0 L yAmI L
10 102 109 102

Figure 6.9: Clustering behaviour of multibody bendotaxis. Open circles indicate maximum
cluster size (and hence range of cluster sizes) and filled circles indicate average cluster
size in an ensemble numerical solutions of the full problem (6.48) with random initial
conditions (6.49) (sampled from a uniform random distribution on [—1,1], and € = 107?).
Cluster sizes are evaluated when every drop is at least 90% of the way along the channel
(towards the base or the free end). In these solutions, V' = 0.3 and z, = 0.5 and
N = 199 channels are used. Each data point is obtained by averaging over 10 solutions
with a unique initial condition. The dashed line indicates the asymptotic prediction (6.81)
for strong surface tension, I" > 1 and the dot-dashed corresponds to the pairwise mode
predicted analytically in §6.6.2.

Figure 6.10). Motivated by these similarities, we investigate whether the mechanism
responsible for selecting cluster sizes in the case of strong surface tension identified by
Singh et al. (described in the next section) is also the mechanism selecting cluster sizes

in the limit I' > 1 in our torsion spring system.

Qualitative discussion of Singh et al. [2014]

Singh et al. observed fronts propagating at a constant speed from a localised initial
condition, therefore defining a wedge in spatiotemporal plots inside which solutions grew
in time, and outside which they decayed in time. They noticed that monodisperse clusters
formed in the vicinity of this wedge, whose (uniform) size scaled with the square root of
dimensionless surface tension as predicted by their linear analysis of the same problem.
Further, these clusters were found to persist — the late time cluster distribution is also
monodisperse, with this same cluster size. They explained that the cluster size must be
‘frozen in' near the leading edge of the wedge and that, as the displacements are small in

the vicinity of the wedge, the linearised analysis can predict this cluster size.
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Figure 6.10: Spatiotemporal plots of the displacement z; — Zy from a local perturbation

of the form x = 0.5+ €4, 50, Q?H/z = 0 (0, is the Kronecker delta) obtained numerically

by solving equatlon (6.48) with N = 100 channels and equal drop volumes V; = 0.3, and
e = 1073, Results with four different values of T' are shown as follows: (a) T = 0.1, (b)
I'=1, (c) ' =10, (d) I' = 100. The colourbar in (d) applies to each of the plots with
the appropriate value of I'. Observe that the propagation of the disturbance away from its

initial position appears to be confined to a wedge bounded by two approximately straight
lines (dashed lines, acting as a guide for the eyes).

By solving the linearized equations explicitly in both the discrete and continuous cases,
they obtained predictions of the cluster size; these predictions were identical for strong
surface tension, indicating that the long wavelength structures formed in this case are
described well by the continuous model.

Their linearised PDE in the perturbation to channel widths, H(y,t) is

OPH O’H
-2 =2KH :
y2ot 022 ’ (6.66)

where K ! is the dimensionless surface tension of their system. To solve equation (6.66)

Singh et al. took a Fourier transform in space, solved the resulting equation and expressed
the solution in physical space as an inverse Fourier integral

2Kt
/ Hy(s) exp (zsy— —2) ds, (6.67)
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where Hy(s) is the Fourier transform of their initial condition. To understand the be-
haviour of the integral, they considered its behaviour along rays — lines of the form y = ¢t
— at late times, by applying the method of steepest descent. In particular, they found that
5/6 71/641/6 1/9.2/3 3/2

H(y,t) o % exp [zt (1 — %%ﬂ cos [24—;3(@%)1/3] (6.68)
along rays, as ¢ — oo. The solution (6.68) only grows along rays which are travelling
sufficiently slowly, i.e. for ¢ < cpayx = 27/2K~12/33/2 (for ¢ > ciax, the solution (6.68)
decays exponentially in time). Their wedge shape is thus given by z = cpaxt. As well as
this exponential envelope, the solution (6.68) has an oscillatory term; the monodisperse
cluster size prediction was then seen to correspond to the speed of propagation of the
front cpay divided by the frequency of oscillations along it, wmax = 3%/%/m and thus scaling
with K~1/2,

This prediction from analysing a localised perturbation also accurately predicted the
maximum cluster size in numerical solutions of the full system with random initial condi-
tions. They rationalized that a random initial condition contains many localised perturba-
tions, from each of which a front propagates and (provided it does not interact with other
fronts) locks in the monodisperse cluster sizes discussed above. When fronts interact,
they act destructively and form clusters whose size is below this monodisperse size. Over
a large number of channels, these effects give a distribution of cluster sizes bounded by
the monodisperse cluster size.

We hypothesize that the ‘locking-in’ of clusters around fronts associated with localised
perturbations may also be responsible for the appearance of the I''/2 scaling in our maxi-
mum cluster sizes. In the next section we discuss how to solve the linearised PDE system
(expected to be relevant for the long wavelength structures) to obtain the pre-factor in

this scaling.

Solving the linearized PDEs

Recall that the system of PDEs for wetting drops, obtained by considering § = 00,7 =
T+ 0X, and linearizing in § < 1:
V2 52 3@ X V2 2
—Cp§ rvs (ﬂo - f) 88,22816 =0 -1V {%—Z - (5 + 23:3) %} . (6.69)
0X Voo _ 200
ot 6 020t 30z
To analyse a localized perturbation about z = z;, we consider initial conditions of the

(6.70)

form
1 for |z — 2| < 1/2,

. (6.71)
0 otherwise.

O(,0) =0, X(2,0) = f(z52) = {
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Figure 6.11: (a) Spatiotemporal plot of X (Z,T'), obtained numerically by solving equa-
tions (6.73) and (6.74) with initial condition (6.75) corresponding to a localised per-
turbation. Here, the perturbation has magnitude ¢ = 1073, y = V/Zo = 0.6 and the
perturbation is located at Z, = 0.55. The magenta line (fitted by eye) indicates the
wedge inside which the perturbation grows. Note that far away from the wavefront inside
the wedge (where the pattern is coarse), we expect large deformations and therefore the
linearized analysis does not apply. The disturbance is only confined to a wedge for T' < 4
at which point noise growing in the far field has magnitude comparable to that along the
wavefront. (b) plot of x(Z = Zy + ¢max, ') (i.€. the cross section of x taken along the
magenta line in (a), magenta curve) and a single mode Fourier fit with frequency @ to
this (black dashed curve). (c) Plot of scaled cluster size ¢p.x/@ for p in the range of
physically realistic values. Each point is obtained by solving numerically the PDE sys-
tem (6.73)—(6.74), finding Cpax by fitting the line Z o ¢axT by eye, and obtaining & by
fitting a single mode Fourier series to the solution along this line.

Note that by introducing scaled variables,

/27, 1 1
¢ = WG’ T = Wt’ 7 = WZ, (6.72)a,b,c
the PDE system (6.69)—(6.70) is reduced to
-, 0¢ w1\ P 20X (1P ¢
- a_T+<%+Z>aZ2aT_¢_“a_Z+ 12t oz (6.73)
0X 1 0% 2 0¢
o1 “6ozor ~ 307 (6.74)

where = V/Z, is a geometric parameter whose value is restricted to 0 < pu < 2 by
channel geometry, and C' = C,/V?. Note that here we have explicitly identified the
lengthscale L, = 7,V'/?I''/2, whose scaling with I''/? was discussed in §6.5.3. The PDE
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system (6.73)—(6.74) and corresponding initial conditions

20 1 for |Z — Zo| < 5—
Z.0)=0, X(Z.0)=f(220=—0 ) _ py
2,0 (2.0)=1 ( ’ %VI/QFI/Q) {0 otherwise.

(6.75)
have no parametric dependence on I" except via the breadth of the perturbation, which
was arbitrary prior to rescaling. In the numerical results presented here, we take 1/L, =
1072 < 1 to reflect the fact that I' > 1.

After taking a Fourier transform in space, the linear problem (6.73)—(6.74) becomes

da
— — A'Bu 6.76
% u (6.76)

A~

where @& = (¢(T'; ), X (T s))T is the Fourier transform of u = (¢(Z,T), X(Z,T))T and

_(j_<ﬂ_2+l)32 0 1—(“—2+2)52 —p2is
A= 220 4 , B= 1221-5 s (6.77)
L 2 —&e 0

The problem (6.76)—(6.77) can be solved alongside the initial condition

0
a(0;5) = | .|, (6.78)
f
thus allowing @ to be expressed as an inverse Fourier integral:

1 [ .
u(Z,T) = %/ [(@(0; )01 )v €™ T + (@(0; 5).v5)v,e™ ] 7 ds (6.79)

— 00

where v;,i = 1,2 are orthonormal eigenvectors of A~'B, and m;,i = 1,2 are the cor-
responding eigenvalues (these are solutions of the dispersion relation (6.61) after scaling
the variables according to (6.72)).

The integral (6.79) must be evaluated numerically, in general’. With the technology
we have developed so far in this chapter, it is simpler, however, to solve the original
PDE system (6.73)—(6.74) numerically on [0, N] using the method of lines with N grid
points; this is equivalent to solving the ODE system that is obtained by applying the
scalings (6.72)a,b to the linearized discrete equations and normalizing channel widths to
the lengthscale L, by mapping ();4+1 — (); = [()j+1 — ();]/L.. (We do not discuss the

numerical scheme in more detail as it is essentially the same as that described in §6.4.1.)

!In Singh et al. [2014], the steepest descent calculation involves finding the saddle points of the
function t(s) = isc — 1/s> in C, i.e. s = (2/¢)'/3(i/2 & v/3/2). The corresponding calculation here
requires locating the saddle points of ¥(s) = isc+m;(s), which cannot be done analytically for a general
on = V/ifo
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A spatiotemporal plot of the numerical solution of (6.73)—(6.74) with initial condi-
tion (6.75) (Figure 6.11) shows that the growth of the perturbation is confined to a wedge
bounded by lines parallel to Z — Zy = +éax T (the slope Cpax of these lines is fitted by
eye). As in Singh et al. [2014], the solution is oscillatory at the edge of the wedge (see
Figure 6.11(b)); the frequency of oscillation along it, @, is determined by performing a
(single term) Fourier fit in MATLAB.

Following Singh et al. [2014], the monodisperse cluster size in this scaled problem
is Cmax/w, corresponding to a localized perturbation cluster size (and hence a maximum
cluster size with random initial conditions) of

jovlizémax F1/2’

N, = (6.80)

@
after reversing the scalings in (6.72).
For the particular case 7o = 0.5, V' = 0.3, we find ¢pax =~ 10 and w ~ 2 (Figure 6.11).

This predicts a maximum cluster size
N,~ 13T (6.81)

which shows very good agreement with maximum cluster size of numerical solutions with
random initial conditions (Figure 6.9).

Finally, we note that the ratio ¢y,ay /@ is approximately independent of 1 (Gax/@ = 5,
see Figure 6.11(c)); we therefore expect that cluster size statistics for values of 7y and V'

different to those used in Figure 6.9 will follow the scaling
N, = 55,2112 (6.82)

forI' > 1.

6.6.2 Weak surface tension, [' < 1

In this section, we solve analytically the discrete governing equations (equations (6.33)

and (6.36)) with a generalized initial condition

z(0) = (039, - O s1 )00 70, .., TN) T = 2, (6.83)

and equal volume drops, V; =V, in the limit I" < 1.

As mentioned earlier in §6.3.2 for a single channel, the discrete equations decouple
onto two distinct time scales in the limit [I'| — 0 (see Appendix B for full details). With
multiple channels, rather than a single channel, the behaviour is subtly different: on a fast

(O(]T'])) time scale, the deflection angles move towards a quasi-equilibrium set by the
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difference in capillary forces applied by the adjacent droplets (rather than by the capillary
force from a single droplet). The droplets move towards the end of their channels on a

long (O(|T'|~!)) timescale; this motion is governed by the ODE

dz _ |1V o
==l py 6.84
dt 3 (6.84)

where D? is the periodic form of the discrete Laplacian matrix

-2 1 1
1 -2 1
D? = 1 : (6.85)
1
|1 1 —2]
where empty entries indicate zeros.
The solution to (6.84) with initial condition z° = (z9,...,2%)" is
N
_ 1N\%
= Apt 6.86
r=> e (<) (6.86)
p=1
where the \,, p=1,..., N are the eigenvalues of D?, i.e
—4sin? <M> p odd,
Ap = (6.87)
—4 sin? (2N) p even,
and v, are the corresponding eigenvectors whose q*" component is
1 if p=1,
(—1)1 if p= N and N is even,
v,,=N"?x (6.88)

V/2sin (

m(g—1/2)p
N

otherwise, with p even,

\ V2 cos <%> otherwise, with p odd.

The solution (6.86) shows good agreement with numerical solutions of the full problem
(see Appendix B).

Note that all eigenvalues are negative, and the largest in absolute value is Ay = —4.
When N is even, the corresponding eigenvector is vy, = NY2(1,—-1,1,—1,...,—1)T,
corresponding to a pairwise mode in which droplets move in opposite directions to their
neighbours. For odd values of NV, the eigenvector associated with Ay also has entries

with equal magnitude whose sign alternates, but the first and final entries have the same
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sign and value. This means that when N is odd, the system selects a pairwise mode
everywhere except for at the periodic boundary, across which the drops move in the same
direction (towards the free end), giving a cluster of three plates; this explains why the
maximum cluster size in numerical solutions is N, = 3 even as I — 0 (Figure 6.9).

We note finally that, if we consider initial conditions corresponding to a localised
perturbation (i.e. z° = (Zo,...,Zo,To + €, To,...,To)T) as in the previous section, the

solution (6.86) reduces to

el’

N

[NV/2]
iL’j :$0+ |:

1+2 CoS
1

p=

MN—J'W exp {Siv sin? (57 ]F\t} . (6.89)

where k is the index of the disturbance. This solution grows in time everywhere, rather
than only within a wedge, as was the case for I' > 1. (Note that equation (6.84) is the
discretization of the backwards heat equation, which is famously ill-posed and character-
istically transmits information infinitely quickly). Whilst it appears from Figure 6.10(a)
that the growth of a localized perturbation for I' = 0.1 is confined to a wedge, the so-
lution (6.89) shows that this is not the case: the displacement is constant along lines

approximately given by z = cexp(t?).

6.7 Droplet removal in multi-body bendotaxis

Having described the clustering behaviour, we now briefly discuss droplet transport (as
mentioned in §6.4) and discuss the implications of our findings for removing droplets from
an array of channels.

Figure 6.12(a) shows that the trend observed in a few numerical solutions in §6.4.2 —
that larger values of T" (stronger surface tension) are associated with a greater proportion
of droplets reaching the free end — is reasonably robust (note that the flattening of the
curve at large I is because of the finite size of the array). This is not true, however, when
[’ < 1; in this case, a pairwise mode dominates, and roughly half of the droplets reach
the free end and half end up at the opposite end of the array, as we predicted analytically
in §6.6.2.

In terms of droplet removal (our original motivation, as discussed in Chapter 1), we
expect that fluid can be removed faster from configurations which have a greater number
of droplets at the free end, where they are exposed to the atmosphere. It is tempting,
therefore, to conclude that optimising liquid removal would be achieved by taking I" as
large as possible — i.e. making the array as deformable as possible (for a given liquid) —

to maximise the proportion of droplets reaching the free end eventually (Figure 6.12(a)).
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Figure 6.12: (a) Plot of average proportion of drops reaching the free end in numerical
solutions of the full equation (6.48) with random initial conditions (6.50). Each data point
is obtained by averaging over 10 solutions, each of which has a different initial condition,
with V; = 0.3, Zp = 0.5 and N = 199 channels (200 plates). In each solution, the
proportion of drops reaching the free end is determined at the point at which every drop
is at one end of the array or the other. (b) Plot of average exposed (defined in main
text) channel widths (red curve) and total width of exposed channels (black curve), both
normalised by the array size N (the latter is then the product of proportion of droplets
reaching the free end and the mean exposed area). The horizontal dashed black line
corresponds to a channel width of 1072, the distance at which the van der Waals force is
zero.

However, this ignores the possibility that removing drops requires access to them: we
expect that in general, the smaller the gap at the free end, the harder it will be to remove
a droplet.

To quantify this, we define ‘exposed’ channels as those channels that have a droplet
at their free end eventually (i.e. when every droplet has reached one end or the array or
the other). Figure 6.12(b) shows that not only are all of exposed channels essentially shut
for I' > 1 (average channel widths at the free end are below the distance at which van
der Waals forces become important) — so individual droplet removal is difficult — but also
that the total width of the exposed channels is smaller in this case too. This is despite a
much greater proportion of droplets reaching the free end for I' > 1.

We suggest that the choice of I" (and hence the trapping behaviour) may depend on
the mechanism for droplet removal: for example, if droplets are to be evaporated out
of the array, a configuration which traps droplets, thus preventing exposure to ambient
conditions, may be penalised more heavily than one with many drops at the base. On the
other hand, droplet removal by coalescence [Wisdom et al., 2013] would place a premium
on droplets reaching the free end, as this mechanism relies on contact with an external

droplet. This discussion is reminiscent of the flexible case considered in Chapter 2, where
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Figure 6.13: (a) Growth rates & of the unstable modes in the linear analysis as a function
of the rescaled wavenumber k = ]F|1/2k:. The red curve is the positive root of equa-
tion (6.62) (relevant for non-wetting drops, I' > 0), and the blue curve is the positive
root of equation (6.90) (relevant for wetting drops, I' < 0). (b) Mean (blue curve) and
maximum (black curve) cluster sizes in a single numerical solution of (6.49) with random
initial condition (6.50) (here, e = 1072, N =199, V = 0.3, T, = 0.5) and non-wetting
conditions (I' < 0). Note that each solution uses the same initial condition. The ma-
genta line indicates the total area of exposed droplets at the moment when every drop
has reached one end of the array or the other.

droplet transport speed was optimised by taking the corresponding elasto-capillary number
v as large as possible, albeit with the risk of trapping the droplet. The particulars of this
optimisation would depend on the mechanism of removal and is not discussed further

here, but may make an interesting extension to the work presented in this chapter.

6.8 Non-wetting drops

The results of this chapter so far are for wetting droplets (I' > 0); in this section we briefly
discuss the corresponding results for non-wetting drops (I" < 0). The results of the linear
stability analysis in §6.5 extend to non-wetting drops: the dispersion has two roots which
correspond to one stable and one unstable mode, and the pairwise mode (N, = 2) always
has the highest growth rate. It is worth noting however, that the growth rates of the
unstable mode are larger for wetting drops than for non-wetting drops. To illustrate this,
we compare in Figure 6.13 the continuous growth rates in the wetting and non-wetting
cases, after rescaling the dispersion relation to remove dependence on T" (as described in
§6.5.1). Explictly, in the non-wetting case, this dispersion relation is

2 =2 2
{cp + V3 (XTO + %) kQ] 6%+ {1 +V (% + zxg) k;Q} 6 — %kﬂ =0. (6.90)
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We can understand the lack of symmetry (in I' — —I") by considering the mechanism
for instability: in the wetting case, a perturbation which moves a droplet closer to the free
end results in an increased torque applied to the plates containing it, closing the channel
and squeezing the droplet as it does so. As a result, the droplet lengthens and the
Laplace pressure within it applies over a larger section of channel walls, further increasing
the torque applied. In other words, there are two destabilizing effects: the increased
torque from moving closer to the free end, and also from the droplet pressure applying
over a larger area. In the non-wetting case, however, the increased torque resulting from
a perturbation in which a droplet moves closer to the free end acts to widen the channel
(the Laplace pressure is positive in the non-wetting case), resulting in a shortening of the
droplet and therefore reducing the length over which the Laplace pressure applies. That
the growth rate is always positive even for non-wetting drops means that the destabilizing
effect of moving closer to the free end always ‘wins’ the competition between these two
effects.

The dependence of mean and maximum cluster size on I displays similar characteristics
to wetting drops (note that in the case of non-wetting drops, a channel is said to be part
of a cluster if its tapering is positive, Af; > 0, rather than negative as for the wetting
case, since droplets with positive Laplace pressure deform channels outwards). As shown
in Figure 6.13(b), the system almost always selects a pairwise mode when surface tension
is weak. However, for large I', we do not obviously see the I''/? scaling, but we expect
this scaling to pervade at large T' (larger than those shown); the clusters are smaller for
non-wetting drops than wetting drops (because of the competing mechanisms described
above), so the long wavelength structures for which the I''/2 scaling holds will appear at
larger values of T.

One key difference between the wetting and non-wetting cases is droplet removal.
Since non-wetting drops move towards the free end in channels which are tapered outwards
along their length, channels with droplets at their free ends are open. As a result, the total

exposed area increases with |I'| in this case (Figure 6.13(b)): for larger |I"

, more droplets
reach the free end, and the exposed channels are wider. This suggests that the trade-off
discussed in §6.7 is not necessary for non-wetting drops — an array can be designed to
transport the most liquid to the free end by maximising |I'|. Recalling the definition of
I' from §6.2.6, this may be achieved by making the channels long or narrow, or the walls
highly compliant. The design of an array for both wetting and non-wetting drops would,
however, still be limited by the behaviour for wetting drops.
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6.9 Summary

In this chapter, we have considered the interaction between droplets in neighbouring
channels, each of which would undergo bendotaxis in isolation. We have developed a
mathematical model of this multi-body bendotaxis, in which we assumed for simplicity
that the channel walls are rigid and tethered at their base by torsional springs. Our
modelling choice of torsional springs was motivated by the behaviour of a single channel,
in which wettability-independent droplet transport still occurs, as verified by numerical
solutions of the governing equations.

The system has an equilibrium when all of the droplets have equal volume and identical
positions in their channels. A linear stability analysis revealed, however, that this equilibria
is unstable regardless of the droplet volume and the value of I' — the parameter that
describes strength of surface tension compared to spring stiffness — and the system will,
therefore, always move away from this equilibrium. This suggests that droplet mobility
may be an important aspect of elasto-capillary clustering, since previous studies of similar
systems in which droplets are pinned at one end of the array have equilibria that are
unstable only when surface tension is sufficiently strong [Singh et al., 2014, Hadjittofis
et al., 2016].

Although the linear stability analysis suggests that the pairwise mode is that fastest
growing, we observed a range of cluster sizes in an ensemble of numerical solutions of the
model equations with random initial conditions. This range depends sensitively on the
value of the parameter I'. For small surface tension, a pairwise mode was almost always
observed because the deflection angles (and thus direction of droplet motion) is set simply
by the difference in the position of droplets across the channel walls. We rationalized this
result by analyzing the governing ODEs in the case of small deflections that is associated
with the limit I' — 0. For strong surface tension I' > 1, however, a distribution of cluster
sizes are observed, with a maximal size that scales with T''/2. By using a discrete-to-
continuum approximation of the ODEs, we suggested that this appears to be the result
of the propagation of fronts through the system which ‘lock in' clusters of this set size;
with a random initial condition, these fronts interact with one another to ‘smooth out’
the cluster sizes between the pairwise mode preferred by the linear stability analysis and
the maximal cluster size set by the front propagation.

Finally, we discussed the implications of our model for self-cleaning surfaces exploiting
bendotaxis. The ensemble of numerical solutions revealed that for I' < 1, approximately
half of the droplets reach the free end, and half end up at the base of the array, in accord

with a pairwise separations, and that the proportion of droplets reaching the free end is
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increasing for I' 2 1. However, this increasing proportion of droplets reaching the free end
is to weighed against the fact that the channels are almost closed, thus making droplet
removal potentially difficult.

Returning to the question posed at the start of the chapter, the work in this chapter
suggests that the pairwise mode observed in the condensation experiments of Figure 5.1
is not generic behaviour in multi-body bendotaxis, and larger clusters may be observed
experimentally for more deformable arrays. We note, however, that in this experiment
the droplet volume is varied dynamically (via condensation), an effect that has been
observed to exert a strong influence on elasto-capillary clustering by Hadjittofis et al.
[2016]; understanding the influence of dynamically changing droplet volume on bendo-
capillary clustering would make an interesting extension to the work presented in this

chapter.

A Governing equations as a system of ordinary differ-
ential equations

In this appendix, we describe how to express the governing equations derived in §6.2.6

as a system of ODEs. We first consider unpinned droplets and then subsequently discuss

pinned droplets. Here, all variables are non-dimensional and hats have been dropped.

It is convenient to work in terms of the drop half lengths and mean positions, defined as
— + —

T, — X x; + z;

gj = jTj and [Z’j = T, (691)

respectively. The governing equations and boundary conditions, (equations (6.21), (6.23),
(6.24), and (6.25) in the main text), in terms of (6.91), the drop pressures p;, deflection

angles 0,1/ and their derivatives are

d (A0 1 0 [ .0p
e A
A0 11/ Zj+L; Zjr1+Li4+1 "
o=+ Orma = / , _X i dr kT, (6.93)
Tj—4 Tj+1—Ej+1
d(@;£6) __ hj op; (6.94)
dt 30|y, |
) r
pj(.fB:.Z'jigj,t) = _h_.i’ (695)
J
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where h{(ﬂf,t) =1+ IAQJ is the jth channel Width, AGJ = 6j+1/2 — 9]‘_1/2, and h]i =
hj(x;), hj = h;(Z;). The droplet lengths are related to the deflection angles and mean

positions via the droplet volumes

which must be constant throughout (thus the ¢; are known functions of Z; and A#;);
these volumes are set by initial conditions
_l’_ —
Y0+ Tjo

z;(0) = 5”(;‘ =T 9 0j41/2(0) = 9;)“/2 (6.97)

Recall that the index 7 runs from j =1 to j = N, with periodic conditions imposed
by specifying that variables with subscripts 0 and N + 1 are equal to the same variable
with subscript N and 1, respectively.

Integrating Reynolds’ equation (6.92) gives

7} — a* d(AY;) h op;

2 EEENEE @ (6.98)
where _
_ h3 op;
) —_ _J 78

is the depth averaged flux of fluid through the mean-meniscus position [Leal, 2007] (re-
ferred to henceforth as the mean-point flux). Rearranging (6.98) gives the pressure gra-
dient in terms of the mean-point flux:

o0 = a0 D= - QQJ.] . (6.100)

Integrating this expression over the whole drop gives the pressure change between the two

menisci: 312 20) T )
Bl F —xil d(Af; ~
pile e = =5 — = 30|Q,1). (6.101)
where we recall that the integrals I} are defined by
Z;+4; .n
I (z,t) = / 73 dz, n € N. (6.102)
Tj—l; Y

A second expression for the pressure change between the menisci is obtained by taking
the difference of the boundary conditions (6.95):

e, 2TUAH;

17 = 1
[p]]wjfej h;»h; (6 03)
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Equating (6.101) and (6.103) gives the mean point flux

S _ B-FRAA)  20A8sen(D)
e dt 3hih;

(6.104)

The terms on the right hand side of (6.104) represent fluid flux arising from the squeezing
of the droplet and tapering of the channel, respectively. Note that at this point we have
the droplet pressure p; in terms of Ad;, z; and their derivatives by integrating (6.100)
alongside one of the pressure boundary conditions (6.95) (but this is not used in the what
follows).

Inserting (6.104) into (6.94) and (6.100) gives a set of N ODEs:

dz, 242 2—2w; 1) — 22 < 11 >

'} J o d(Aej)_
hl o hy

dt

1
+= L .
dt 2| h h 7 ;

20;A0,sgn(I° 1 1
_ 24;A0sen(l) —+— . (6.105)

3IghThy hi  h;
Now we consider the torque balance (6.93), in which the integrals (the contributions to
the hydrodynamic torque) on the right hand side must be evaluated. Although the droplet

pressures are now known, it is more convenient to evaluate these after first integrating by

T+ 2 1%t Zit+ti 42 9
/ zp; do = [%p]} —/ T D 4s. (6.106)

zj—Lj zj—L; Tj—L; 2 O
Inserting (6.95), (6.100) and (6.104) into (6.106), we find

parts:

7t D [2006,12 (240, (2,—1; )2] LOND;
xp; de = — - — - T|Cf—=~  (6.107)
/xj_gj 2 hjhj IJQ hj h; ot
where 5
d 014 2)2
¢ =1 01— (12)°] (6.108)
which can be interpreted as damping arising from droplet viscosity.
Inserting (6.107) into (6.93) gives a set of N ODEs
dé 172 | dAQ i1 dAH
- Cp ]dt ]+1|F| ] B Cd
vdw 2¢; AQ I2 2£j+1A6j+1I]+1
biasa = Tjs12 hih; 10 Rt o, IO
G+ 15541
(41 +4i)° n (Tj41 = lin)? N (7 +4)* (37— 4) (6.100)

h hf h

Jj+1 J J

s
Equations (6.105) and (6.109) are a set of 2/V ordinary differential equations in Z;, 8,112,

which are to be solved alongside initial conditions (6.97).
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A.1 Pinned droplets

When any droplet is pinned, the governing equations still reduce to a set of 2N ODEs.
However, the pressure within pinned drops is different to unpinned drops, so the kinematic
equations (6.105) and hydrodynamic torques (6.106) are modified in this case; in this
section we briefly describe these modifications. Note that when a droplet is pinned,
equations Reynolds equation (6.92) and the kinematic conditions (6.94) still hold, so that
equations (6.99)—(6.101) for the midpoint flux, pressure gradient and pressure jump from

the previous section still hold.

Droplets Pinned at =z =1

If the jth droplet is pinned at = 1, we impose pressure boundary conditions on the
pressure (replacing (6.95))
r 8pj

oz, e, = =7 = 0. 11
p] ’.Z’:$]'—Z]’ h; ) am 0 (6 O)a,b

IZij-‘r-Ej:l

Evaluating (6.98) at z; + ¢; = 1, and using (6.110)b we find the mean-point flux to be

_ 1-73dAg;
=7 111
The pressure gradient within the drop is then (using (6.100))
Op; _ 3T , dAb;
—_— = — -1 6.112
O 2h§(x )@ (6.112)
and the pressure jump (using (6.101)) is
g4, S o oy dAG;
pilz 2o = =~ (= 1) = (6.113)
Hence, taking the sum of the kinematic conditions (6.94) gives
dz; _ 2,648, (6.114)

i ~ h at
This replaces (6.105) if the j* drop is pinned at z = 1.

To evaluate the hydrodynamic torque contribution from this droplet, we first note that

Tj fj Tj f]‘ _ _ Tj @j
@) = [0 i@ — 4. 6) + (& + 6) Il (6.115)

T; —Zj T 7£j ’

in which both terms on the right hand side are known. After integrating by parts, and
using (6.112) and (6.115) we find that, for a drop pinned at z = 1,

T+t 1 N2 A6
/ xp; da :/ zp; do = — hxjéj — |F|C'j‘»i’pl—a J (6.116)

3—4; ]

ot ’

i
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where
dp1 _ 74 0 2
ij = Ij +Ij — QIj (6.117)

is the damping from droplet viscosity in this case. Expression (6.116) replaces (6.107)
when the j™ drop is pinned at z = 1 (and therefore changes (6.109), the resulting

equations are contained in Appendix C).

Droplets Pinned at = =0

Similarly, if the j* droplet is pinned at x = 0, the boundary conditions

8pj F

ax = 07 pjlx:;fj—‘,—fj = _h_-l—
J

:EZIEJ' —6‘7:0

(6.118)a,b

replace (6.95). Following the same procedure as in the previous subsection, we find that
the kinematic equations (6.105) should be replaced by

dr; _ a5ty 00,

dt — hf dt (6.119)
in this case. The hydrodynamic torque contribution from this droplet is
/;T:J xp; doe = /Oxﬁgj zp; do = _2Fhi]£ ]F[C’d Pt dﬁf (6.120)
where
cir =11 (6.121)

is the damping from droplet viscosity in this case.

B Weak surface tension: |['| < 1

In this appendix, an asymptotic analysis is presented for the case of weak surface tension
II'| < 1. Here, we consider only unpinned droplets. Weak surface tension is associated

with small deformations, so we scale
Ojs172 = |U|dj11/2- (6.122)
The channel widths,
hj =1+ 20412 — 0j-12) = 1L+ 2[T[(Dj41/2 — jr1/2), (6.123)

are then unity to leading order in |T'| (the assumption of small deformations holds only

when ¢;.1/2 = O(1) — this is verified a posteriori).
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Using the notation A¢; = ¢;11/2 — ¢j—1/2, the drop volumes are
Vi =20;(1+ [T|Ag;) = 2¢; + O(|I)), (6.124)

i.e. the drop lengths are half of the droplet volumes, ¢; = V;/2, to leading order in |I'|.

The integrals I3 can be expanded in [I'] as

Ti40s n n+1 n+1
3T T 1 V V
[n — - [ T . _j — r. — _‘7 F
j / T e (B s) (%) | e
and therefore
3 [[(-314 — (12)2] 12 T2
d _ JJ J V3L 4+ 2 ). 6.12

The first term on the right hand side is the leading order contribution to viscous damping
and is denoted by C. Similarly, we find that

-z V?
—— == 4 0O(|I')). 6.126
=31+ oUr (6.126)
Recall the expression for the mean-point flux

_ -2 d(A8)  20,A8sen(D)

= : 6.127
@ o]  dt 3hih; (6.127)
derived in the Appendix A. When the displacements are small, this becomes
_ V2d(Ag, Ag;sgn(l
Qj _ ‘F’ _J ( ¢J> _ VJ (bjsgn( ) + O(’FP) (6128)

24 dt 3

This shows that the mean-point fluxes are small (O(|T'|)) on an O(1) time scale, and

motivates defining a fast time scale
T =t/|T. (6.129)

On this time scale the mean-point fluxes are proportional to the rate at which the channel

closes:
1y~ V2 (86
! 24 dT
Only the first term of (6.128) — corresponding to the squeezing of the droplet by the

+o(1)). (6.130)

channel walls — contributes significantly to the mean-point fluxes on this fast time scale.
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Inserting the scalings (6.122) and (6.129) into the kinematic equations (6.94), we find
that

2+ O(T Q1) = 0ot + v+ or S5 (6.131)
% — o(|r), (6.132)

meaning that droplets do not move appreciably on this time scale.
Inserting the scalings (6.122) and (6.129) into the torque balance (6.109) gives

d(Ag,
- C]d’o ( ]+1) _

dT
Gjv172 — sgn(l') (VisaZjmn — Vizy) + O(I'), (6.133)

doji1/2
dT

d(Adj1)

—Cy dT

d
+ Cli10

where C', are constant on this fast time scale (as the Z; are constant). Equations (6.133)

can be expressed in matrix form as

d¢

Qfastd_j_—v = ? - Sgn(r)gv (6134)
where
Qfast
[—(Cp + Cilo + C3y) s i ]
Cg,o —(Cp + Og,o + Cg,o) Cg,o
Cg,o )
- : Co
i Cio Clo —(Cp+ Co+ Cp) ]
and u = (ViZy,...,VyZn)T. Note that Cy,, is constant, so the behaviour of solutions

to (6.134) is given by the eigenvalues of Cf,,. As Cf,, is Hermitian and strictly diagonally
dominant? with negative entries on its diagonal, it is negative definite —i.e. all of its eigen-
values are negative. Therefore, solutions to (6.134) decay in time to a quasi-equilibrium

set by the net droplet torque across the beam:
¢;11/2 = gbj_,_l/g(T — OO) = sgn(F)uj = sgn(F) (‘/}+1ij+1 — ‘/]J_]j) . (6135)

In particular, at early times (¢ < O(I")) — when the mean-meniscus positions are equal to

their initial values to leading order in |I'| — the deflection angles evolve to an equilibrium

05012 = sgn(l) (Vi — Vi) (6.136)
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Figure 6.14: Plot of d = ||Z — Z,,m|l2 — the difference between numerical solutions
of (6.48) and the approximation (6.145) valid for weak surface tension (|I'| < 1) as a
function of I't on semi-logarithmic axes (to facilitate comparison between different values
of I'). Here, N =199, and the initial conditions (used in both the numerical solutions and
asymptotic approximations) are 7; = 0.5 4 0.02R;, where the R; are random numbers
sampled from a normal distribution with zero mean and unity variance. The numerical
solutions also have initial conditions 6;1/2(0) = 0. Each curve corresponds to a different
value of I as described in the legend (the same initial conditions are used for each curve).
Note that the d(0) = 0 in each case, but this is not resolved on the scale plotted here (the
solution (6.145) only describes the behaviour on long timescales). Note that a droplet
reaches the end of the channel at I't &~ 1.6 in the numerical solutions (beyond which point
the analysis of Appendix B is no longer valid).

where fg = z;(0). At later times, the deflection angles are given by 925;11/2-

The dynamics of the droplet motion are determined from the kinematic ODEs. Recall

that on an O(1) time scale they are

dz; 1164243 G203 -k ( L2 ) d(88)) ,
dt 2 h;‘ hj_ I(J) hj_ hj_ dt
20;A0;5gn(T) (11
%gn_() <_+ + —_> =0. (6.137)
sLnThy \hy b

In the case of small displacements, the second term and third terms (those in d(A#;)/dt
and Af;, respectively) are O(|I'|). To determine droplet motion, we therefore rescale

onto a long time scale by introducing

T, = |T|t. (6.138)

2A matrix is diagonally dominant if, for every row in the matrix, the absolute value of the diagonal
entry in that row is larger than the sum of the absolute value of all other entries in that row.
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Inserting (6.138), and the original small deflection scalings (6.122), (6.123), and (6.135)
into (6.137) gives, at leading order,

di’j ¢j‘11/2 - ¢§i1/2 V'Jrl.i’ i1 — 2V.x; —+ V',lf i—1
_ T _ Va1 IR i—1%-1 1
a7, sgn(T) 3 3 (6.139)
As a matrix differential equation, this is
dz 1.,
— = = T .14
AT, 0V z (6.140)
where Z = (Zy,...,Zy)" and
—2Vi W Vy |
i =2V, Vs
O’V = Ve . e : (6.141)
VN
| W Vo1 —2Vy]

resembles the Laplacian operator but weighted by the drop volumes. The matrix prob-
lem (6.140) is to be solved alongside the initial condition z(0) = z° = (9, ...,2%)T.

In general, there is no analytic expression for the eigenvalues of 9*V and the prob-
lem (6.140) must be solved numerically. However, when all the droplet volumes are equal
(V; =V for all j, as considered in §6.6), the matrix 92V is proportional to the periodic
Laplacian matrix D? (defined in (6.85)), and has eigenvalues
—4V sin? <M> p odd,

2N

Ap = (6.142)

—4V sin? (%) p even.
With the exception of the zero (p = 1) eigenvalue, and the largest eigenvalue if N is
even, the eigenvalues are repeated and each eigenspace has rank two. The orthonormal

eigenvectors of D? are denoted by v, whose ¢ component is given by

p

1 if p=1,
N (—1 if p= N and N is even, (6.143)
—PA V2 sin (7T a—1/2)p otherwise, with p even, '
V2 cos (”(q 1/2)(p= 1)) otherwise, with p odd.

The solution of (6.140) with z(0) = z° is

N
T = Z(zo.gp)yp exp (—%TS) , (6.144)
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Figure 6.15: Plot of ¢, the time between z* = Z+/¢ = f and 7 = 2+ = 1 determined
by solving numerically the equations (6.38)—(6.39) with initial conditions 6y = 0, %y =
0.4 (note that ¢; is approximately independent of initial condition, as droplet inertia
is neglected). (a) Numerical results of ty/3 for various droplet volumes (symbols, see
legend). Note that solutions are only presented for I' > 0. (b) Collapse of the numerical
results in (a) when rescaled according by taking 53 = 2Vty/3/ [3log((2 — V) /(4/3 = V)]

(equation (6.150)). The dashed black line indicates the asymptotic prediction ¢5/3 = I'"1.

or, in terms of the original timescale,

S]]

a A
= Z(io.yp)yp exp (—§p|F|t) : (6.145)
p=1
To compare the solution (6.145) to numerical solutions of the full equations (6.48) with the

we define the difference between the solutions

same initial conditions (denoted by Z,,.,)

to be

at) = ||z — z (6.146)

num||2'

Figure 6.14 shows that d(t) — 0 as I' — 0, indicating agreement between (6.145) and

numerical solutions of the full equations (6.48).

B.1 Single channel case

The analysis of this section so far holds for N > 3. In the case of the single drop-channel
system discussed in §6.3 — which is equivalent to setting N = 2 and considering one of
the two drops (say j = 2) to have trivial volume — the behaviour in the limit [I'| — 0 can
be found, however, by repeating the analysis with only slight modification. As discussed
in §6.3, the single channel case requires us to consider only a single angle 6 = 03,5 and its

mean meniscus position = (its length /¢ is specified by the volume constraint); following
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the steps of the previous section, we find that the angles are set on the same fast (O(|I']))

time scale, with the scaled angle ¢ = 6/|I| evolving according to

do

(Cd’o + Op) ar —

[sen(T)Vz + 4], (6.147)

where C%0 is the leading order contribution to the viscous damping of the relevant drop
(constant on this time scale, as before). The deflection angle is quasi-static on any longer
time scale, and given by ¢ = ¢ = —sgn(I")V z.

The drop moves on a long (O(1/|T"|)) timescale; its mean position evolves according

to
dz 2V

dt 3
Solving this alongside the initial condition Z(0) = Z, (this is the appropriate initial condi-

(6.148)
tion because droplet does not move appreciably during the fast time scale) gives

Z(t) = Toexp (%’F't) . (6.149)

To compare this result with numerical solutions of the governing equations (6.38)—(6.39),
we invert expression (6.149) to find ¢y, the time between 27 =z + ¢ = f and 2 =
T+L0=1:

3 2V
— 1 . 1
b= g8 (2f—V> (6.150)

The agreement between (6.150) and ¢; determined by numerically solving the governing

equations can be seen in Figure 6.15.

C Matrix differential equation

To facilitate their numerical solution, the governing equations (6.33) and (6.36) (and the
modifications for pinned drops, as described in Appendix A) are first expressed as a matrix
differential equation.

Using the notation 6 = (03)2,...,0n41/2)', Z = (Z1,...,2y)", the torque balance
equations (6.33) read

dg
(—=Cyly + |T|D*C?) & =2~ Tvow - I'DE(9,z). (6.151)
Here, I denotes the N x N identity matrix and 7V = (73", ..., 7"} ,)T are the van
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der Waals forces on the beams. Also

—(Cf + C) Cy Cf
s —(C§ +C5)
D*C? = Cy PR , (6.152)
: CL
| O O —(CR+ )]
describes the damping arising from droplet viscosity (empty entries are filled with zeros),
in which
I+ 1) — 217 if the jt" droplet is pinned at = = 1,
C’]‘-i =1} if the j* droplet is pinned at z = 0, (6.153)
(1014 — 22(13)?] /1Y otherwise.
The matrix ) )
-1 1
-1 1
D= -1 - , (6.154)
1
L 1 _1_

captures the difference across channels and F' describes the hydrodynamic torque due to

each droplet. If the droplet is not pinned, the ;" entry of F is

—AOIE (T, +0,)2 (T, — 1)
Fjj — J 7] J + J J _ J 7.] ’ (6155)
hih; 10 2h 2h;

whilst its jt" entry is
+ Y
hj

7l
or ﬁ;::——ﬁﬁﬁﬁ (6.156)

J

Fj:

for droplets pinned at x = 1 or droplets pinned at = = 0, respectively.

The matrix representation of the kinematic conditions (6.36) is

dz do
27 1+ G(0,2)D, = sen(D)H (0, 2). (6.157)
dt dt
H describes the contribution to drop motion arising from drop imbibition into a tapered
channel:
o 0 if the 5t" droplet is pinned at either end, ( )
= g 6.158
H 0,00, ,
/ _;gh;h; <% + %) otherwise.
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(G describes how the droplets move in response to channel closure:

~Fh 4t drop pinned at z = 1,
j
- : :
G, - it 4™ drop pinned at = = 0,
E— J
220,z 223 -2 .
% [ J h+] R hfj ) ]g] 0 (h% + h%) otherwise
J J J J

Combining (6.151) and (6.157) gives a single matrix differential equation in u = (7, Z7)T:

M% =/, (6.159)
where A
M= ( _Cln;\QFID@d 291]; ) (6.160)
and

Q _ IvdW + PE
f= ( en(D)EL ) (6.161)

play the roles of a mass matrix and force, respectively.
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Chapter 7

Epilogue

In this thesis, we have presented a detailed study of bendotaxis — a new mechanism
by which a droplet squeezes itself out of an elastic channel: the capillary pressure of
the droplet bends the channel walls confining the droplet in such a way that causes the
droplet to move spontaneously. We have focussed on questions pertinent to the possible
application of bendotaxis to self cleaning surfaces, which has motivated consideration of
the time scale of motion, physical effects that might impede droplet transport, the influ-
ence of channel geometry, and the collaborative effects that arise between neighbouring
channels. In this chapter we summarize our results and suggest some ideas for further

work.

7.1 Summary of the thesis

We began in Chapter 1 with a discussion of the mechanism of bendotaxis: the Laplace
pressure within a droplet induces a tapering of the confining channel that drives it towards
the free end. By considering this mechanism, we predicted that the direction of motion
is universal — droplets should be transported to the free end, regardless of whether they
wet the channel or not — and verified this with a proof-of-concept experiment.

Having shown that the direction of bendotaxis is universal, we turned in Chapter 2 to
develop a two-dimensional dynamic model of bendotaxis. The physical processes repre-
sented by our model were motivated by the proof of concept experiment of Chapter 1;
in particular, we exploited the small aspect ratio of the droplet and the slenderness of
the channel walls to reduce the dimensionality of the problem. The resulting spatially
one-dimensional system of PDEs that describe this model were solved numerically; using
these solutions, we verified that wettability independent droplet transport is a feature that
is reproduced by our model and identified three key characteristic features of the dynamics

of bendotaxis in two-dimensional channels: Firstly, motion occurs on two time scales: a
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short time scale on which the channel walls respond to a torque imbalance by bending
rapidly (causing the droplet to spread), and a longer time scale on which droplets translate
to the free end. Secondly, even in the absence of inertia, droplets accelerate along the
channel, in contrast to bendo-capillary imbibition from a fixed bath of liquid, for which
the leading meniscus decelerates throughout the motion. Finally, when surface tension is
sufficiently strong, the channel walls touch before the droplet reaches the free end. We
made analytic progress in understanding the first two of these observations by assum-
ing small channel wall deflections; this asymptotic analysis suggested that the time scale
of bendotaxis is inversely proportional to the product of the channel bendability » and
the droplet volume V', as a scaling argument valid for small droplets also suggested. The
mathematical model provides some insight that could inform the design of superhydropho-
bic surfaces that exploit bendotaxis for anti-fogging. In particular, we noted that more
compliant channels will transport droplets faster (it would be desirable to remove droplets
from such a surface as quickly as possible), but this faster transport must be balanced
with the increased risk of trapping the droplets within the channel, thereby compromising
the surface's performance.

In Chapter 3, we presented an experimental study of bendotaxis. The experimental
setup was similar to that in the proof of concept experiments of Chapter 1, except that the
parameters of the system (specifically the channel geometry, droplet viscosity, and chan-
nel wall stiffness) were systematically varied to present a robust test of the mathematical
model developed in Chapter 2. The experimental droplet trajectories have a similar shape
and time scale of motion to those predicted by the analysis of our model (both from
scaling, asymptotics, and numerics). Nevertheless, the experimentally observed motion
was systematically slower than predicted — a discrepancy that is consistent with the two-
dimensional nature of our theory and the associated overestimation of the relative droplet
volume. To facilitate comparison of a much larger data set and reduce dependence on
initial conditions, we introduced the time taken to traverse a section of the channel as a
proxy for the full dynamics represented by the trajectories. Analysis of the experimental
data showed that the small volume result of Chapter 2 describes the dynamics reason-
ably well, even when the droplet has finite volume. Moreover, this analysis showed that
deviations from the small volume result — the non-linearity associated with larger channel
deflections, and the finite drop size effects predicted by the model — are represented in
the experimental data in a way that is consistent with the model predictions.

In Chapter 4, we considered two mechanisms by which droplets might become trapped
in channels whilst undergoing bendotaxis. The first of these was geometric trapping,

which describes the scenario first encountered in Chapter 2 in which the channel walls
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touch before the droplet reaches the free end. We built upon the ideas of Chapter 2,
where we saw that the channel bendability for which droplet trapping occurs is reasonably
insensitive to the droplet volume and initial position, provided that the droplet starts
reasonably far from the free end of the channel. In particular, we extended our model
of bendotaxis to describe the behaviour beyond the point of wall contact, and identified
two post contact scenarios — channel walls touching at a single point, and channel walls
making contact along a portion of their length, the latter occuring only when the channel
bendability v is very large. Numerical solutions of the model equations display complex
dynamics that result from the strong squeezing at early times that is associated with large
channel bendability, as well as from the competition between two diverging quantities
(the meniscus pressure and viscous dissipation) as the droplet advances into a channel of
vanishing thickness.

In the second half of Chapter 4, we considered when droplets may be trapped as a result
of contact angle hysteresis. We extended the model to encode the idea of a non-unique
contact angle at a stationary interface and supplemented this with the simplest possible
contact angle dynamics. In numerical solutions, we saw that droplets may be trapped
(reach equilibria) part way along the channel, but this depends critically on whether the
contact angle asymmetry across the droplet that is allowed by the given contact angle
hysteresis is sufficient to permit an equilibrium. We mapped out the conditions under
which such an equilibrium is possible and found, in particular, that for a given droplet, it
may ‘escape’ the channel provided that it starts close enough to the free end. Further, we
found that droplets are more likely to be trapped in channels with higher contact angle
hysteresis, confirming the need to minimize hysteresis in any superhydrophobic surface
that seeks to exploit bendotaxis for anti-fogging. We also verified that the trapped states
are indeed equilibria, that they are linearly stable, and that droplets will never translate
to equilibrium — heuristically, once droplets ‘get going’' they will not be stopped.

In Chapter 5, we sought to understand the weaving instability that is observed in
experiments of condensation of droplets into deformable microchannels [Seemann et al.,
2011]. In doing so, we identified a novel bendo-capillary instability that is reminiscient of
the Rayleigh-Plateau instability (in that it relies on a competition between the principal
interfacial curvatures) and the instability described by Al-Housseiny et al. [2012] (in that
it is mediated by the channel that confines the liquid). Unlike the rigid (Al-Housseiny)
case, however, the channel tapering in the bendo-capillary case is set by the liquid pressure
meaning that both wetting and non-wetting liquids may, in theory, experience instability
in the same channel. To study this bendo-capillary instability, we developed a mathe-

matical model of a three-dimensional system and again exploited linear beam theory and
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lubrication theory to reduce its dimensionality. We focussed first on the no condensa-
tion case, where equilibria are possible. A linear stability analysis revealed that these
equilibria are unstable to perturbations of a sufficiently small wavenumber and that the
corresponding growth rates are highly sensitive to the amount of liquid in the channel,
which is parametrized by the cross-sectional volume V. We then considered the effect
of a non-zero condensation rate, which changed the picture in two important ways: (i)
the cross-sectional volume V' becomes time-dependent, and (ii) condensation may drive
dynamic effects in the (now time-dependent) base state. We saw that when the con-
densation rate is small, condensation enters only through the instantaneous value of V'
and the instantaneous growth rate of a perturbation is given by the corresponding zero-
condensation result; as a consequence of the sensitivity of the zero-condensation results
to V, we saw how modes that grow slowly at first are able to catch up with, and overtake,
those that grow faster initially. We speculated that these later modes reach the non-linear
regime sooner. Numerical solutions of the linearized equations revealed that this mecha-
nism is also present for condensation rates of any size, but interacts with the condensation
driven dynamics. This tends to enhance the instantaneous growth rate and lengthen the
band of unstable modes (compared to the quasistatic case) with longer wavelength modes
being enhanced preferentially. Despite the simplicity of our model, its predictions agree
in their order of magnitude with the condensation experiments of Seemann et al. [2011].

In Chapter 6, we sought to understand how multiple droplets in neighbouring channels
might affect each other's bendotaxis — a question relevant not only for self cleaning surfaces
(which naturally have many channels) but also for the condensation experiments in which
the weaving instability occurs simultaneously in neighbouring channels. We developed a
mathematical model of this ‘multi-body’ bendotaxis in which, for simplicity, we assumed
that the channel walls are rigid, and are tethered at their base by torsional elastic springs.
As part of the model development, we identified the importance of a parameter I' that
encodes the ability of the individual droplets to deform the channel that confines them,
and is analogous to the bendability v used throughout Chapters 2-5. Importantly, this
torsional spring model is also able to describe wettability-independent droplet transport
in a single channel. Modelling with torsional springs (rather than the potentially more
realistic beam theory applied elsewhere in this thesis) simplifies the model equations to
a system of ODEs which have an equilibrium corresponding to equal volume droplets in
un-deformed channels. A linear stability analysis revealed that this equilibrium is always
unstable and we do not, therefore, expect to see it in practice. Moreover, the linear stability
analysis suggested that a pairwise mode is always the fastest growing. However, numerical

solutions of the governing ODEs with an initial condition close to the equilibrium displayed
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a range of cluster sizes. For small T', the system almost always selects the pairwise mode
(in accord with the linear stability analysis) because the angle of the channel walls (and
thus direction of droplet motion) is set simply by the difference in position of droplets
across them. We rationalized this result with an analysis that considers the governing
ODEs in the case of small deflections that are associated with small I'. For large T,
however, a distribution of cluster sizes were observed, with a maximal size that scales
with T'/2. By using a discrete-to-continuum approximation of the ODEs, we suggested
that this appears to be the result of the propagation of fronts through the system which
‘lock in" clusters of this set size; with a random initial condition, these fronts interact with
one another to ‘smooth out’ the cluster sizes between the pairwise mode preferred by the
linear stability analysis and the maximal cluster size set by the front propagation. We also
considered the implications of this model for self-cleaning surfaces exploiting bendotaxis;
the key result is that for larger I', a greater proportion of droplets reach the free end, but
they do so in channels that are almost closed at the free end, and thus potentially difficult

for droplets to be removed from.

7.2 Future work

In this section, we provide a brief overview of how the work presented in this thesis might
be extended.

We hypothesized in Chapter 3 that some of the discrepancies between experimental
data and the predictions of the model of Chapter 2 are a result of the two-dimensional
nature of the model, which does not account for the fact that the length of the droplet
(and interfacial curvature) vary in the third dimension in the experiments. It would be
useful to quantify these effects and thereby assess the validity of this hypothesis. We
anticipate that to do so, the mathematical model of Chapter 2 could be extended to
describe variations of a finite extent in the third spatial direction (similar to the model
of Chapter 5, although there the liquid had infinite extent in the third direction). With
geometric extensions to the model of Chapter 2 in mind, one might also consider how the
shape of the channel walls influences the dynamics of bendotaxis; in particular, one might
take further inspiration from the setae of the water strider, which played an important role
in the problem that provided our original motivation for studying bendotaxis. The setae
are conically shaped, and they should, therefore, have a lower resistance to deformation
at their tip than at their base; this should, in turn, exacerbate the relative ‘softness’ of the
free end of the channel, potentially increasing the speed of motion of droplet transport,

but increasing the risk of trapping. A first step towards modelling this softening might
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be to consider the two-dimensional configuration of Chapter 2 with a variable bending
stiffness B = B(x). (Indeed, with a variable bending stiffness, many more possibilities
open up, such as bendotaxis in tubes, which could be useful for micro-fluidic applications.)

In Chapter 4, we observed numerically that a droplet approaching the end of a channel
whose walls are in contact at a single point appear to be able to reach this contact point
in finite time (approaching with power law behaviour), but a droplet approaching the end
of a channel whose walls are in contact over a portion of their length appear to take an
infinite time to do so. It would be good to confirm and rationalize this behaviour, perhaps
using an asymptotic approximation of the solution as the droplet approaches the contact
point.

We focussed in Chapter 4 on identifying when droplets are trapped with a view to
preventing this from happening, but, in other situations, this behaviour could perhaps
be turned to our advantage. Indeed, the trapping of droplets in tapered channels that
results from contact angle hysteresis is believed to be part of a wider ‘capillary ratchet’
mechanism that is exploited by feeding shorebirds [Prakash et al., 2008]. Furthermore,
with modifications to the channel set-up, additional possibilities for droplet control might
open up; for example, by controlling tapering angle of the channel walls at the clamped
end, we can imagine a scenario in which only droplets with a sufficiently large surface
tension are transported to the free end, whilst others are trapped, and others still (of the
same wettability) are transported to the clamped end of the channel.

The natural extension to our study of the bendo-capillary instability in Chapter 5 is to
solve the corresponding non-linear equations numerically. This would allow us to assess
how the linearly unstable modes interact with one another as well as to predict which
mode will ultimately be observed at late times, once the linearized analysis is no longer
valid. We stress, however, that this is not a simple task for myriad reasons. For example,
care is required in discretizing the biharmonic operator in the beam equation on a moving
domain, fluid and solid deformations must be solved for simultaneously (leading to a large
number of degrees of freedom), and the free surface must be appropriately parametrized.

It would also be interesting to study how the mobility of the liquid affects the bendo-
capillary instability; we assumed for simplicity that the liquid is sat at the base of the
channel but a similar instability should occur if there is a second meniscus closer to the
clamped end (a scenario that would be more appropriate for bendotaxis). In that case,
there are potentially two modes of instability, depending on whether the protrusions of
the perturbation to the leading meniscus are in phase or out of phase with those at the

trailing meniscus (sinusoidal or varicose modes).
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There are several ways in which the study of multi-body bendotaxis in Chapter 6 could
be extended. Most pressingly, we assumed that the droplets have a constant volume, and
focussed primarily on the case when each droplet has the same volume. This is often not
the case in experiments of bendo-capillary clustering (for example, in the condensation
experiments which provide motivation). In addition, a recent study by Hadjittofis et al.
[2016] identified how mass changes in a similar system can exert a strong influence on the
dynamic behaviour, both suppressing or enhancing clustering depending on how quickly it
occurs. One might extend this work further to imagine a scenario in which droplets nearer
to the free end are evaporated preferentially; this may exert a stabilizing control on our
system, which is always unstable when droplet volumes are constant.

With respect to self cleaning surfaces that could exploit bendotaxis, it would be useful
to consider boundary conditions other than periodic in the y direction because, after all,
a real surface would have finite extent. Beyond the channel geometry considered here,
one might extend our model to include two dimensional arrays of pillars; key difficulties
with this would be that surface tension forces require a more careful calculation (because
of the three-dimensional menisci), and resistive forces from the lubricating flow might be
reduced because the liquid can flow in two directions.

Finally, we note that in the second part of this thesis, we took much inspiration
from the condensation experiments of Seemann et al. [2011], but made progress towards
understanding the observations by decoupling the behaviour into the weaving instability in
a single channel and the interaction between bendotaxis in neighbouring two-dimensional
channels. For a model that is more faithful to the experiments, one would have to couple
these two together (i.e. Chapters 5 and 6), as well as account for droplets and contact

angle hysteresis (Chapter 4), all of which would pose a significant modelling challenge.
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