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ABSTRACT.

This thesis is concerned with the problem of "coding" tne
information of various zero-rest-mass fields into the complex structure
of "curved twistor spaces". Chapter 2 is devoted to various
preliminaries: a brief outline of twistor thecry; an introduction to
vector bundles and sheaf cohomology and some of their applications
in twistor theory; and a discussion of potentials for electromagnetic
fields.

Chapter 3 deals with left-handed (i.e. anti-self-dual)
electromagnetic fields and describes in some detail the associated
curved twistor spaces. It is shown how holomorphic functions on the
curved spaces give rise to "charged" zero-rest-mass fields on space-
time. The first section of Chapter 4 gives the corresponding results
for left-handed gravitational fields, using Penrose's "nonlinear
graviton" construction. The rest of Chapter 4 is devoted to the
concept of twistors relative to a hypersurface in a general curved
space-time. In §4.2 the hypersurface is taken to be spacelike;
the hypersurface twistors are described and the problem of using
holomorphic hypersurface twistor functions to generate fields on the

hypersurface and in space-time is discussed.

Next the hypersurface is taken to be null. The structure
of the associated hypersuface twistor space and 3§L5pace are described
in some detail. The twistor space has a natural inner product and,
if the hypersurface is shear-free, then it has a "fibred" structure
as well, In 4.4 the hypersurface twistor language is used to show
that the propagation of twistors through an analytic pp-wave is given
by the unfolding of a canonical transformation. Chapter 5 extends the
"electromagnetic" construction of Chapter 3 to non-Abelian gauge theories;
left-handed gauage fields are described in terms of complex vector

bundles over projective twistor space.
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CHAPTER 1. INTRODUCTION,

One of the lessons which quantum mechanics teaches us is that
complex numbers play an essential role in physics. And one of the
features of the twistor programme [19], [é[] is that this role is
very strongly emphasized: twistor spaces are, first and fcremost,

complex manifolds. One of the most striking uses of the twistor

complex structure lies in the fact that holomorphic twistor functions

lead, via contour integration, to solutions of the (linear) zero-
rest-mass free-field equations. This is sometimes called the passive
description of zero-rest-mass fields. Recently it has emerged that
there is a corresponding active description, in which space-time
fields have the effect of deforming the complex structure of twistor
spaces. The information of the fields is '"coded" into the complex
structure of the curved twistor spaces. The active description is in

many ways more useful than the passive one: for one thing, non-linear

theories fit more easily into the scheme; for another, it seems that

interactions between fields can be handled in a particularly natural way.

The active description of zero-rest-mass fields forms the subject
of this thesis, Chapter 2 is devoted to various preliminaries:; a
brief outline of basic twistor theory, an introduction to vector tundles
and sheaf cohomology and the application of these notions in twistor
theory, and a discussion of potentials for electromagnetic fields.
Chapter 3 deals with left-handed electromagnetic fields, describing the
associated curved twistor spaces and showing how solutions of the "charged"
zero-rest-mass field equations may be generated using twistor functions.

The first section of Chapter 4 contains the corresponding results ror



left-handed gravitational fields ( using Penrose's "nonlinear graviton
construction [20:1). The rest of Chapter 4 deals with the definition
and properties of hypersurface twistors. Finally, in Chapter 5, the

"electromagnetic" construction of Chapter 5 is generalized to other

gauge theories.

0f course, zero~rest-mass fields are of limited physical interest,
and the challenge to twistor theory is to come to grips with the problem
of dealing with massive fields in a satisfactory wey. The current idea
in twistor theory is that mass is introduced by going from a 1-twistor
to a 2- or more-twistor description [2{]; this has the disadvantage
that the theory becomes somewhat less natural, but there are compensating
features. From the point of view of the active description, there
appears to be no obstacle to gemeralizing the curved 1-twistor space
constructions of this thesis to curved multi-twistor spaces ( indeed,
the "Yang-iiills" construction of chapter 5 seems to be leading us in

that direction ).



CHAPTER 2. PRELIMINARIES.

§2.1. SPINORS AND TWISTORS.

In this section we shall set up notation and conventions, and give
a brief introduction to basic twistor theory.

First we list some definitions and some spinor formulae. Further
details may be found in [[17]. The abstract index notation will be used

for tensors and spinors in space-time, according to the following scheme:

Space-time 4-vector 2-gspinor indices.
indices.
Abstract a, b, ¢, ... A, B, C, ... A', B', C',...
Numerical a, b, ¢, ... A, B, C,... A', B', C',...
Running over
the values 0,1,2,3. 0,1. o',1"'.

Abstract 4-vector indices will be identified with the corresponding

1
pair of spinor indices (for example, va = vAA

).

By a real space-time will be meant a pair (M,ga ), where M is a

b

connected open subset of]R4'and gab is a real analytic metric (with signature

+---) defined on M. On each space-time we set up an analytic spin-frame

A A A
By, = (0, 1),
A’ A' A’ A '
€pr = (0, ), with o = o , etc.,

a a -a
}

and an associated null tetrad {12, n , m , m The spin coefficients

Yypoer and ikvs'cc' are defined by

~ o~ o~ ~ A A

(1.1)



For later reference we write down the formula

D'
= - 0 .
€A Veer  Oar Veer  Oar ¥ arcc D' (1.2)

~ o~ -~ -~ o~ o

In Minkowski space-time, the standard constant spin-frame will be

a .
used, in which a 4-vector v has the spinor representation

—————
———
gre—

00’ ol’ 0o 1 2 .3
A

AA'

~ o~

le' 11' 2 3‘ O l

The distinction between abstract and numerical indices is not crucial in

Minkowski space-time, and will usually be dropped.

c
Th t ith i ti v Y, =
e curvature tensor (wi sign conventions 2 [a b Vd] Rabcdv .
c
= R * : P
Rab acb) has the spinor decomposition
Rabeda = YaBep €a'B' Sc'p *VYagre'pr €aB Scp
+
tas ®cpa'B' fc'pr * Scp %amc'p' €a'm
+ 2A -
€ac ®BD Ca'c' ®B'D' “ap SBC €a'D' €B'C'’
H = = =~. _=
ere VUppep - YeaBepy ' %aBc'pr “*Bycc'p'y “%apcrprr MM
The Weyl conformal curvature tensor is
- +
C =
abced Cabcd + Cabcd’
where C+ = $
abcd YA'B'C'D' “AB ScD
and c =
abed ~ YaBep €a'B' €c'pe (1.3)

* Square brackets enclosing indices denote skew-symmetrization, round
brackets denote symmetrization.



are respectively the self-dual and anti-self-dual parts of Cabcd'

Einstein's vacuum equations Rab = 0 are equivalent to

¢ = 0, A = 0. (1.4)

ABC'D’

The alternating tensor eabcd = e[abcd]’ e0123 = 1, has as its spinor

equivalent
€bcd - ' Sac Smp fapr SBcr Y G *mc facr “BDU
The commutator Yﬁ VE] has the spinor decomposition
2V v = +
G b o' Has € Harpr
h v VA
wnere =
DAB A'(A B) '’
W T - vA(A' vg,)
If ¢ 1is a scalar on M, then
Op? = 0 =0,.5.9 (1.5)
while £ O > L /] - 2 A ¢ €
DD AB C ABCD D(A B)C ?
(1.6)
D
op Uarsr ¢ = %coapr

We turn now to the notion of complexification. A complex space-time

is a pair (N’gab)’ where N is a connected open subset of d:4'and gab is a
holomorphic nonsingular metric on N. Given a real space-time (M,gab). we
can imbed it in a complex space-time (dZM,gab) by using the following
procedure. If xg are real coordinates on M, simply allow the xg to take on

complex values and extend the real-analytic metric g b analytically to these
a



complex values. The complex space-time (dZM,gab) constructed in this way

is said to be a complexification of ( M,gab). In general, €M will just be

a slight "thickening-out" of M : if we try to extend it too far into the

complex, the metric will run into singularities.

The spin-frame and null tetrad can also be analytically extended

to €M, with the rule that complex conjugation bars are to be replaced by

)

tildes. For example, VY becomes which is now independent

A'B'C'D’ 1PA'B'C'D' ’

of and the real quantity A becomes a complex quantity.

ABCD '

By a right-conformally-flat space-time is meant a complex space-time

-~

which has wA'B'C'D' = 0. A right-flat space-time is one which is both
right-conformally-flat and Ricci-flat : i.e. wA'B'C'D' = 0, Rab = 0.
Left-conformally-flat and left-flat space-times have WABCD = 0 and
wABCD = 0, Rab = 0, respectively.

It will be useful to have a notion of '"convexity" of a space-time.
The object of this is to rule out the type of situation illustrated in
figure 1.1, where the space of null geodesics in M may be non-Hausdorff.x*
So let us say that a real or complex space-time ( M’gab) is convex if the

space of real or complex null geodesics in M is Hausdorff.

Figure 1.1.
nu“geoJe;;;) =
—

* By ''geodesic in M" we mean '"maximally extended geodesic in M".



The concept of a real or complex space-time being ''close to
Minkowski" will occasionally crop up. The statement that '"a space-time has
property P if it sufficiently close to Minkowski' means that "for every
l-parameter family of space-times {(MA’ gab(X) ) |Aeﬁ20r¢:} such that
(M0 , gab(O) ) is real or complex Minkowski, there exists €>0 such
that (MA , gab (A) ) has P for 0s|k|<e ",

We now move on to give a brief outline of twistor theory. For more

details, the reader is referred to [24], [19], [8].

The basic non-projective twistor space is Cfl {0}, with coordinates

Za (the index & runs over 0,1,2,3). The corresponding projective twistor

space is the complex projective 3-space Cﬂ%; the coordinates Za serve as
homogeneous coordinates on CF,. Define complex conjugate coordinates on

- 2 - _ 3 -_.0 s _,1
c*- (0} by Zy=2", L =12, 12, z9, Z, =2 . Twistor space is

partitioned into three subsets T+ N and T~ according to whether the

. a5
twistor norm Z Za is positive, zero or negative. See figure 1.2.

Similarly, CP, is partitioned into pPTt PN and PTT

Figure 1.2
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There is a useful geometric interpretation of twistors in complex
Minkowski space-time, or, more generally, in some convex subregion CM of

A
complex Minkowski space-time. A twistor determines two spinors w and ﬂA,,

according to the scheme

o A
Z = (w ’ "A')'

a
Let Z denote the locus of points x in M for which

wA =1i xAA T, . (1.7)

A'

Then Z is a complex 2-plane in M which is totally null, since each vector

|

tangent to Z has the form AA wA , for some spinor AA, and is therefore null.

We shall refer to such a set Z as a totally null 2-plane of primed type,

abbreviated to TN2P. A complex conjugate twistor determines, via the complex

conjugate version of equation (1.7), a 2-plane whose tangent vectors have the

] 1
form nA AA , with nA fixed and XA varying. Such a 2-plane will be referred

to as a totally null 2-plane of unprimed type , abbreviated to TN2P.

Since equation (1.7) is homogenous in ( wA, ), it dis the

TTA'

projective twistor which determines the TN2P. Conversely, every TN2P is given

)

by an equation of the form (1.7), and so a TN2P determines the pair (wA, ﬂA'
up to proportionality, i.e. determines a projective twistor. In other words,
we can regard

PT :={z | Z is a TN2P in CM}

as a subset of dﬂg. PT is the space of projective twistors in CM. *

The space '[! of non-projective twistors in CM can be pictured as

follows*, As noted above, a TN2P 2Z determines a spinor = up to propor-

A'

tionality. Knowing a non-projective twistor corresponds to knowing WA,

exactly (not just its direction). In other words, the space'Tr may be

thought of as the space of pairs (Z, nA,), where Z € PTand where the
tangent vectors to Z have the form AA ﬂA .

* We emphasize that [P and T refer not to the whole of CF; and €*-{0}
(as is customary in the literature), but to those subsets of €I’ and
C€*-{0} which correspond to the space-time region €M under consideration.



A point xa in €M can be represented by the collection of TN2P's
a .
passing through it. There is a sphere's worth of such TN2P's, and so x is

2
represented in [PT by a compact holomorphic curve (topology S ), denoted

Lx (see figure 1.3).

Figure 1.3.

CcM (SN

N
~

[
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hOPologj
We now discuss twistor functions. If f = f(Za) = f(mA,wA,) is a

holomorphic twistor function (possibly with singularities), we can use

a
equation (1.7) to define a function F = F(x , 7, ,)

A'
F(x>, y i= £(1 P g ). (1.3)

TTA' A" TTA'

The function F(xa, nA,) is defined on the primed spin-bundle over CM.

From (1.8) it follows that

v b _ 9 BB'
apr FOO, Ty =dom, L T x Tovs Mg, (1.92)

A' b
™ V., FGx, m,) = 0. (1.9b)

To say that f(Zq) is homogeneous of degree n in Za means the same as saying

a
that F(x , m,,) is homogeneous of degree n in 7w

A' A"’

One can use twistor functions to generate solutions of the zero-



10
rsst-mass free-field equations

AA' _
v ¢A'....C' = 0, (1.10a)

A’ = 1.10b
v %s...C 0, ( )

a
where ¢A' c and ¢A C are symmetric spinor fields on CM. Let £(Z)

be holomorphic and homogeneous of degree n.

1 DD’
If n £ -2, put ¢A'...C'(x) = 5 é:"A'-.-NC' £f(ix Moy ? nD,) Am. (1.11a)
‘ mi \_/\’\_/
-n-2 DD
I1If n > -2, put ¢A C(x) = 1 %g ) 5 f(ix LS nD,)Aﬂ , (1.11b)
.. Py G
W W
v/
A’ n—-2
where AT =T dnw

Then (1.11) are solutions of (1.10). The integrals are performed on the
Riemann sphere of projective m-spinors, over a contour X which is a circle

separating the singularities of f (see figure 1.4).

angulczm‘:y

Figure 1.4.

sets of F.

If h is a twistor function which is holomorphic in a region on which
¥ is homologous to zero (for example, the region containing ¥ and the hemi-
sphere "to the left of ¥"), then the integral of h vanishes by Cauchy's
theorem. So we can add such a function h to £ without changing the result

of the integrals (1.11), and we are really only interested in f modulo such
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functions h. As we shall see in section 2.3, this kind of 'gauge freedom"”
can be neatly handled by regarding f as an element of a certain sheaf

cohomology group.

Finally we remark on the concept of positive frequency of fields
+
on Minkowski space-time. Let CM denote the subset of complex Minkowski
a . _a a a
space-time whose points have the form x - i y , where x and y are real
and ya is timelike future-pointing. A field on Minkowski space-time is

positive frequency if it can be extended holomorphically to the whole of <IZM+

+

[19], [20]. The region of twistor space corresponding to CM is exactly TV*
(cf. figure 1.2) [24], [20]. So the fields defined in equations (1.11) will
be positive frequency provided the function f has a singularity structure on

+
M which enables one to define its contour integral in a satisfactory way.
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§2.2, Vector Bundles, Line Bundles and Twistor Functions.

In this section we define the concept of a holomorphic vector bundle
(and, in particular, of a holomorphic line bundle) and show how homogeneous
twistor functions may be regarded as cross-sections of certain line bundles
over H"ﬂ' For further details on the subject of vector bundles, the reader
is referred to ElZ], [10].

Let X be a complex manifold; assume it to be Hausdorff and paracompact.

A holomorphic vector bundle of rank N over X is a complex manifold L and a

holomorphic map p from L onto X such that, for a sufficiently fine locally

finite open covering {U,} of X

J

(i) there exist biholomorphic maps

gj : p—l (vj) —> Uj x(]’,N such that
P—l(UJ) £j , Ujx cX
Pj
v Uj
commutes , where pJ (z,z) = z, zer, Ceq:N;

(ii) if (z, ¢ ;) € Uj x(ﬁN and (z,;k)eka(EN,

J
-1
then gj O Bk (z, ) = (2, gjk(z) Z g)» where gjk (z) is a non-singular

N x N matrix whose elements are holomorphic functions on Uj n Up

(regarding ¥}, as a 1 x N column vector : Ck = Tk1 ).

L
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N N
The condition (ii) means that if (z, ;j)EUJ- x C and (z,Ckg) € Uy xO@
represent the same point of L, then Zj and Ck are related by the linear

transformation
zy = gjk (Z)Ck (2.1)

on the overlap region (Uj N Uk) x:CN: In matrix form, equation (2.1) is

u n B 1 NT B ]
$51 Bsk1 7 ° Bjk1 Tkl
1 N :
ng gjkN e gjkN g kN
L. P L— L S —
The matrix-valued functions gjk (z) determine the vector bundle, since they
describe how the pieces Uj X CN are '"patched together". If z is a point of X,

then p_1 (z) is called the fibre over z : it is isomorphic to CN,

as an N-dimensional complex vector space.

Two vector hundles L and L”over X are said to be equivalent if there

exists a biholomorphic map H : L —> L” such that

H
(1) the diagram L-——————gL’ commutes;

(2) H is linear on each fibre, i.e. there exist holomorphic matrix-

valued functions hj(z) on Uj such that g’j oHo gfl = hj 3

The condition (2) means that if ze:Uj, then the fibre p‘l(z) (with coordinates

-1
Sj) is mapped to the fibre (p’) (z) (with coordinates ;3) by the linear

transformation

/ -
o h, (2) §'J.. (2.2)
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Let us consider now the special case N =1, i.e. vector bundles of

rank one. Such vector bundles are called line bundles. In this case,

the g

k(z) are non-singular 1 x 1 matrices, i.e. nowhere zero holomorphic

J

functions on Uj N Uk' Given a line bundle L over X, determined by the

-1
transition functions {g }, we define the inverse of L (denoted L ") to be

jk
. -1
the line bundle determined by the transition functions {gjk }. If v

(determined by {gsk}) is another line bundle over X, the tensor product

of L and ﬁ'(denotediLQbIﬁ is defined to be the line bundle determined by

g’ }. Define 12 .= L®L, L3 =L X L &® L, etc.

the transition functions {gjk Ik

The line bundle determined by gjk = 1 is called the trivial bundle; the
trivial bundle over X is just the product X x ¢.

...LN are N line bundles over X (with transition functions

g(l)jk’ g(2)jk""g(N)jk respectively), then the direct sum of L_, L S &

1’ 727

N
(denoted LIC) L2C)"'<)IN) is the vector bundle of rank N determined by the

transition matrix

(1) jk 0

ik

&y 3k

A holomorphic cross-section of a line bundle L over X is a holomorphic

map 0 : X —» L such that poo = iqx. 1f {Uj} is a sufficiently fine covering
of X, then O can be represented locally as a collection of functions S
J

Uj—ad:, where Sj is holomorphic on Uj’ and where (cf.(2.1))

S = .
j(z) gjk(z) Sk(z) on Uj(\ Uk (2.3)
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We now apply these definitions to the case when X is the projective
+
twistor space IPT corresponding to some convex subregion of ™M (i.e.
+ . -4
‘PTQ PT ). As coordinates on ]PT', use the homogeneous coordinates Z . Let
A and B be two disjoint planes in H"ﬂ—', given by the homogeneous equations

A¢Z°( = 0 and B,(Zd = O respectively. Cover PN by the two open patches

PT-a

P U
and ]P G

P -B -

A
The planes A and B are chosen so that [PU and PU are topologically trivial

(the picture is as depicted in figure 2.1).

Figure 2.1

A
Y

To build a line bundle over H>T, we take the two pieces fPu x C
A
(with coordinates (Z2%,z ) ) and [PU xC (with coordinates (Z"‘,?)), and patch
them together by T =g@%¢ (2.4)

(cf.(2.1)), where g(Z*) is homogeneous of degree 0, holomorphic and nowhere

zero on PUAa Pa .
- B.Z . (2.5)
A,;Zf3

For example, we may take g(Z%)

In this case, we can define new coordinates X% on Pux € and /}2"‘ on H’Ca x C

by X¢ = z*
& —s ,

ABZ

At _ A Z°
=3 :

B@B
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A A
Then X% =% 2% = Byz¥ . vAs = x%,
BBZB AgZS BBZB |

using (2.4) and (2.5), so that the line bundle is just the non-projective

— 4 . . .
twistor space T C® -{o}. Denote this line bundle by L(-1). By inverting
L(-1), taking its tensor product with itself, etc., we obtain other bundles:

define L(n) := [L(-—l)] —n‘ So L(n) is determined by the transition function

: _ (B Z |-
g () Apzp) :

Remarks: (1) The.s-zpace‘.”-I , as a bundle over [P, is really a principal

fibre bundle with group C€-{0} [11], rather than a line bundle. The point

is that each fibre in M is €- {0} and not the vector space € . But one
can always add in the zero section if desired, so this distinction will be

ignored.

Finally we consider what it means to have a cross-section of L(n).
By definition, a cross-section corresponds to a pair of functions S(Z“)

A o A
on PU and S(Z°) on PU such that

A BBzB -n
Sy = sz,) S(z%) (2.6)

A
on PULPU (cf.(2.3)). Define two functions £ and T by

R.n

£(z%) = (A,Z")" Sz,

B

@z = B2Z

B.n
B)

AN
S(Z7).

¥on

N

Then £(2Z%) = (BE,ZB)n (B‘z $(z%)
>
Af)ZE
= £(2%)

on the overlap region. What we have shown, therefore, is that cross-sectiors
of L(n) correspond to functions on T, homogeneous of degree n.

The same kind of result holds if we restrict our attention to a single
line in P, i.e. to a Riemann sphere (CF ). We again obtain line bundles
L(n), labelled by the integer n, and such that sections of L(n) correspond to

functions of two variables homogeneous of degree n (the two variables being

homogeneous coordinates for the sphere).
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§2.3. Sheaf Cohomology.

This section is devoted to a brief discussion of sheaf cohomology

theory and to some of its applications.
A rigorous definition of what a sheaf is may be found in [6] or [12:].

For our purposes, it is sufficient to say what the local cross-sections of

various sheaves are. Let X be a complex manifold and U an open subset of X.

Let L be a line bundle over X. Then we define

T"(U,0) := Group of holomorphic functions on U;
T7(U,0*) := Multiplicative group of nowhere zero holomorphic functions
"~ omn U;

T{U,o(L)) := Group of holomorphic sections of L over U.

We now move on to discuss sheaf cohomology. Let X be a complex

manifold, W= {Uj}je a covering of X, andj a sheaf over X. The group of

J
p-cochains (denoted CP(U,X)) is defined as follows:

a o-cochain'ﬁ"is a collection {fj} where fjer'(Uj,,! );

Jjed,
|
a 1-cochain Fig a collection {fjk}j,keJ: where fi = —fy;

and fjke T (U5 nUk,J);

2
a 2-cochain & is a collection {fjkl }i,k,1eJ,
where f£. = £ ;
skl [jki] and fjkl €T (anuknul,)i\,),
etc.

The coboundary operator 6: C.P (U, 4) =P+ 1 cU,4£)H

is defined as follows. Suppose FP= {f50...mt € P (w4
ana GP! = (g1 e TP (L g,
Then ’Qal=53‘° < 8jk - Ik - %y
%2 =8Y & Bjkl = fx1 = fy1 + £ 5

3 2 — 3
% =6 <& Bjkim - Txip " fiim * tkm T Tikr

etc.
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A p-cochain }’P is said to be a p-cocycle if § '\\:}p= 0, and }p is said

-1 -1
to be a p-coboundary if there exists a % € Cp U,8) such that

6§ -1 =3P . Denote the group of p-cocycles by ZP (u,8) and the group
of p-coboundaries by BP (u,8)

Define HP(U,8) := 2°(u,8)/8°(U,8) (it's not difficult to check that BP

p

is a subgroup of Zp, so the ‘quotient group H is well-defined). The

p-th cohomology group of X with coefficients in8 , denoted Hp(X,S)

is the direct 1limit of the groups HP( U, 8) as the coverings w = {Uj} become
finer. In practice one can generally find a "sufficiently fine" covering U

such that HP(x, 8) = HP (U, 8).

Our first application of sheaf cohomology in twistor theory has to do
with the twistor integrals discussed at the end of §2.1., The type of twistor
function f(Zd) considered there was homogeneous of degree n (and therefore
a cross-section of the line bundle L(.n) over PI: cf. §2.2) and had singularities
on two disconnected sets (say D and D) in PT. Dpefine a cover U= {\PU,TPG }
of P by Pu := ®T- p,

PU := PT- b.
For the sake of brevity, denote the sheaf O(L(n)) by O(n). The function
f(Zu’) is a holomorphic cross-section of L(n) over WYu (\{PG , and so £
represents a l-cocycle in Z'l( u, O(n)). [Strictly speaking, the cocycle

Vo ~ , N N
is the set {£f on PUAVPU, -f onPU~APU , O onPU 0U, O on ™ UaiPi }.]

1 A A
A l-coboundary inB (WL, O(n) ) has the form h-h, where h and h are holomorphic
A
cross-sections of L(n) over PU and PU respectively. As was remarked in

A
§2.1, the integrals of h and h vanish, and we are only interested in f modulo

such functions.

In other words, we are interested in the quotient group H'('LL, g(n)) =
1
Z u, d(n))/Bl (W, o(n)). The function f may therefore be regarded as a

representative cocycle of an element of H'('U., O(n)), or, more generally, of
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H' (TPT, o(n)). For further details, see [21], [22].

The second application of sheaf cohomology is to line bundles:
Theorem. The space of equivalence classes of equivalent line bundles over
a complex manifold X, forms a group which is isomorphic to HY(X,0%).

A proof may be found in [12]) p-63. The group operation on the space of
line bundles is tensor multiplication, and the group identity element is

the trivial bundle.

Finally, we discuss a '"splitting formula', originally suggested by

G. A. J. Sparling [26].

N
Suppose that the Riemann sphere Q:ﬂ?is covered byl = {U, U}, where U and ﬁ
are two "hemispherical" patches (see figure 3.1). As homogeneous coordinates
on dfﬂi, use (the two components of) a primed spinor WA'
We shall show that H!'(qL, &(n)) = O for n>-1, or in other words

that every l-cocycle is a l-coboundary. 1In fact, H'(d:“%, O(n)) = H'(?L’d(n))

([12], p.35), so it will follow that H'(C /P , O(n)) = 0 for n3»-1.

Figure 3.1.
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A representative cocycle in Hl( W ,®(n)) is essentially given by
a function f(nA,), homogeneous of degree n and holomorphic on Unﬁ. Let
ﬂA' and dA' represent two distinct points in Unﬁ and let ¥ be g closed
contour surrounding Mot such that

f(TrD,)‘ = (%Q, (3.1a)

where § is the 1- form

’ 1
Q =1 (“A Tf‘n'>n ) ’C('OD’) a0t (3.1b)
271 ("43//’8’>n + 1 (jDC'TrC,) Pe f

(This is essentially Cauchy's integral formula, as can be seen by putting

LPar = Moo + Za(A', where ¢ is a complex variable; the integral in equation

(3.1) then becomes

_}._. § C-lf(ﬂAl+CdA') dC’
omi ,

where ¥ surrounds z = 0)

The next step is to express the contour ¥ as the sum of two closed

A
contours I and D lying in U,;I\J : see figure 3. 2.

Figure 3.2.

R

So now if we define

(3.2)

N
”~
=

(o]
~
1]
<~
Q

g (1)) ==-§ @y (3.3)
A
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then equation (3.1) can be re-expressed as

£(m_,) = g(wD.) - g(r_ ). (3.4)

D'

Claim: g is holomorphic on U. For the contour integral in (3.2) is well-

A
defined for all 7,, in U. It is only when 7, 6 enters U that the contour [’

A'
is in danger of being "pinched'" between nA, and the singularities of f.

A . A
Similarly, g is holomorphic on U.

So we have succeeded in expressing the l-cocycle £ as a coboundary
A N
g - g. For n> -1, these functions g and g are not unique (for one thing,
; A
they depend on the choice of the spinor oa,). The freedom in g and g

N
(preserving their domains of holomorphicity and the difference g - g) is

g — g + h,
N A (3.5)
g > g + h,

A
where h(nA,) is holomorphic on UyU (i.e. on the whole Riemann sphere) and

homogeneous of degree n. Thus h must have the form [6]

h(r_.) = K, if n =0 (Ked),

'o'op' N 'Ou. '
KA m T if n>o (KA a constant
symmetric n-spinor).
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§2.4. Hertz Potentials for Maxwell Fields.

Let M be a region of Minkowski space-time and let Fab - FCab] be a
(possibly complex) 2-form on M representing an electromagnetic field. We

have the spinor decomposition

Fab =¢AB Exigr * Papr Eap

where ¢, o and %'B' are symmetric (see, for example, [20]), and where
= . i d -h if = ,
F o real & 4>A'B' ¢A'B' The field is said to be left-handed i A B o)
- =0. T 1 i H ,
and right-handed if ¢AB 0 he self-dual part of F__ is exactly ¢>A'B' €45
S0
F . is self-dualé& F . is right-handed.
ab ab
a
' s - = .
Maxwell's equations V Fab o, v[anc] O are equivalent to
gAA 4>AB = 0, (4.1a)
AA' 7o
=0. 4.1
v ¢A'B' 0 (4.1b)

It is proved in [15] that if M is topologically trivial (i.e.

]

homeomor phic to IR4), if satisfies (4.1a), and if dA is some

AB

constant spinor, then there exists a spinor field wA such that

A
_ 4.2
Vaar ¥ 0, (4.2a)
Al 4.2
¢AB =d VAA'IPB' (4.2b)
Define a 1-form ¢, by q)AA' :=¥/AdA,. Then equations (4.2) can be rewritten as
A
Viar %50 = O, (4.32)
1
v q)A _ (4.3b)
s %5 = Pas -
a ;
Notice that the Lorenz gauge condition Va<1> = 0 follows automatically from

(4.3a).
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The equations (4.3) are not conformally invariant, but the weaker

equations

A
= 4'4
VA(A' ¢B') 0, ( a)

_ A’
Prs = "ara %p) (4.40)

are conformally invariant, as may easily be checked by using the conformal

——

transformation formulae in [?Q]. The essential difference between (4.3) and
(4.4) is that we have dropped the Lorenz gauge condition. The equations (4.4)

are in fact gauge-invariant, since if @al~—* Qa + Vak (with A some scalar on

A A A A
V (I) =V
M), then VA(A'Q B') — aa' °BYy + VA(A'VB') A ACA" QB')

(using equation (1.5)), and similarly

A' A’
VA'(A QB) ' : vA'(A QB).

Theorem. If a l-form ¢ satisfies (4.4a), then the field ¢,,, defined by

(4.4b), satisfies (4.1la).

A" A
Proof. (4.
00f. (4.42) =» 0 = 2V (VA(A, @B,)>

_ A A A
= 3e,p00;, +V Va' ar
A A
= %DQBB' + V VAB' <I>Av ’ (4-5)
a
where (Q:=V V.
a
A A A
Now 2V = (v ®
5 Pan 2V Uara %y
_ A A A
= %e,,5.0% +V,,V,.5 %,
=400 + vA v 4>A
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We say that @a is left-handed if it satisfies equation (4.4a). If

@a is left-handed, then its exterior derivative
Fab 1= 2V o)

a 1]

c' o
=V %y €asr *ear %s'y Ens

$,5 Ervp

is a left-handed solution of Maxwell's equations.
Similarly, if V¥, is right-handed, then ZVEa ‘YbJ is a right-handed solution
of Maxwell's equations. Conversely, if Fab satisfies Maxwell's equations

in the topologically trivial region M, then there exist left-handed <I>a and

right-handed ¥, such that

Fap =V, (% +¥p) = Vp(0, + %) =20, 0 o+ 20, ¥ ..

All the above results are also valid in a region of complexified Minkowski

space-time. In particular we could work in the region CM+ (cf. §82.1). A
+

left-handed Maxwell field on CM represents the wave function (not

necessarily normalizable) of a positive frequency photon, in an eigenstate

of helicity with eigenvalue -h [20]-



CHAPTER 3. ELECTROMAGNETIC FIELDS.

The object of this Chapter 1is to study two closely related problems:
(a) How may the '"flat'" twistor theory be modified so as to

take account of an external electromagnetic field ?

(b) How may the information relating to an electromagnetic field

be coded into the complex structure of a (deformed) twistor space?

Throughout the Chapter the underlying space-time will be taken to be
Minkowski. So the concept of a TN2P (which depends only on the conformal
geometry of the space-time) and hence of a projective twistor, remains
unchanged. One might expect, therefore, that the effect of an electro-

magnetic field will be to deform the non-projective twistor space, while

preserving the projective twistor space. This turns out to be the case .

§3.1. Left-Handed Maxwell Fields and the Deformed Twistor Space.

In this section we define and give an explicit construction of the
deformed twistor space J appropriate to a left-handed electromagnetic field.

Let €M be a convex and topologically trivial region of complex
Minkowski space-time contained in the region cM*t , and let P be the
correspond i jecti twistor space. Let F = F 2 - form o

P ing projective tw r Sp e ab [ab] be a or n

CM and 1let @a be a 1 - form such that

F = 2V

ab (a Qﬁj (cf. 82.4).



26

Recall from §2.1 that a non-projective twistor may be regarded as

a pair (:Z,WA'), where Z is a TN2P whose tangent vectors all have the form

KANA . The spinor =

A’

the (parallel propagation) equation

AA wA v

A method of "minimally coupling"

magnetic field Fab

A’ .
™ (VAA' - ie QAA') Moo

now suggests itself:

may be viewed as a spinor field on Z , satisfying

for all AA ,

(1.1)

[5] the twistor to the electro-

replace (1.1) by

= 0, (1.2)

where e is some complex number (at this stage arbitrary), which may be

thought of as the ''charge' of the twistor.

So let us define the deformed twistor space J

as the space of pairs

(Z, m,.), where

(a) Z is a TN2P in €M, with tangent vectors of the form AAA :

(b) nA'

is a spinor field on 7, satisfying (1.2).

We now find the condition under which equation (1.2) is integrable.

o
has the value 7

If the field A

Al

that the value of Moo at some other point x2

m (xa) =7 exp {-1i eF(xb

A’ A’

where F(xb,w )) :=-{éa(yb) dy?,

Lid

B

oa a
7 being some contour from x to x

’TTB'

at % on Z, then it follows from (1.2)

on Z is

)}, (1.3)

(1.4)

and lying in Z (see figure 1.1).

In order that equation (1.2) be integrable over Z,, we require that the

function F be independent of the choice of contour | .
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o
So let T and I’/ pe two contours in the TN2P Z , from xa to xa. We require

that

Figure 1.1.

a a
j <I>ady = J:Dady

r T/
= f <I>adya = 0
r-r/
Yot jd(@adya) = 0 Dby Stokes' theoren,
8

S being the 2-surface in Z bounded by the closed curve I'-T/.

a
Now the points y € Z can be coordinatized by a spinor :\A, according to

a oa A A

y = X + A T,
H d(d dyd) = (V. &) dyta dy®
ence(ay)— b Ya Y A QY

= (V ¢ ) moow d)\Ad}\

BB' AA'
B A _ (B ..A] _ BA c
But dA ,dA” = dAT,dA = 3¢ dAg X7,
a, _ B' A B C
so Jd(d)ady )y = gfn | (VBB'QA') d)\cAdA ,

S S

which vanishes for arbitrary S iff

B _
Vasr ®ary = O (1.5)

(cf. equation (2.4.4a)).
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Thus F(xb,wB,) is contour-independent, provided the electromagnetic

field is left-handed: we shall assume this to be the case in the rest of

this section and in §3.2. The function F(xb,n ) is homogeneous of degree

Bl
zZero in WB,, since the integral in equation (1.4) is just the line integral

of a 1-form and is therefore invariantly defined.

The remainder of this section is devoted to demonstrating, by explicit
construction, that:j has the structure of a holomorphic line bundle.X
Without loss of generality, we can assume that the origin O of the
Minkowski coordinate system lies in the region CM. Let {Cﬁ',iA'} be
the usual constant spin-frame (cf. §2.1). Define two twistors P* and Q¥ by
P* = (0

’OA'),

a _
Q (O,zA.)-
Denote the corresponding TN2P's in CM by P and Q respectively (see fig. 1.2).
Note that they both pass through the origin O.
Let z% = (wA,nA,) represent some twistor with ﬂo,aéo, and denote its

TN2P by Z. The point of intersection of P and Z is

0O =ip Op 1o

* This construction was first descrited by G.A.J.Sparling [26].
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Figure 1.2.

ot A

Define a subset U of I by U = {2 = (w )Iwo,‘#o and pae CM3.

,TTA'

Let PU be the corresponding projective space; in other words, the points
of PU correspond to TN2P's which are not parallel to P, and whose inter-
section with P lies in M.

A A
Similarly, define UC J by Z€U iff . ,# 0 and ¢ = — Wi € CM.

N
It follows immediately from the definitions that (1) U and U are open
subsets of 'ﬂ-';
A
(2) PU and PU are open subsets of P ;

A
(3) the line Lo is contained in PUyPU (see figure 1.2).

We are now in a position to construct the space Cf . A point of :7

is a pair (Z,Tra,), where Z is a TN2P and “A' is a spinor field on 2. 1If

A
Z € PU, we can label (Z, TrA,) by the coordinates z% = (w ): the ratios

’TTA'

between these coordinates determine 2Z, and 'TTA' refers to the value of the

. a
spinor field Tat at the intersection point P .

A A
Similarly, 1if Ze IPG, we can label (Z,TTA,) by the coordinates Z% = (& ,7

A
In other words, the space UyU is covered by two patches, namely U(with

A A A
coordinates Z%) and U (with coordinates Z“). On the overlap region U,U, the



coordinates are related by

A

Zz® = 29 exp{ -ief(D)}, (1.6)

where

q
£(2) -J@a (x) dx° (1.7)
) 4

(cf. equations (1.3) and (1.4)).

A

Equation (1.6) tells us that UyU has the structure of a holomorphic
N\
line bundle over PUYIPU (cf. §2.2). It is a deformation of the bundle
N

L(~-1) over PU y PU (recall that the bundle L(-1) was characterized by the
. . Nt _ ot . . "j

patching relation Z— =2 )., Our original claim that would be shown to

be a 1line bundle was a bit premature: in fact, it may not be possible to

A
extend the line bundle structure from UyU to J. The problem is that the

field &a might become singular "just outside"” €M. Since we are in any

event only working locally in the space-time, we can get over this problem

]
as follows. Let CM' be a subregion of €M and let PT be the corresponding

, A
projective twistor space, such that ,PTC'PUUW(such a €CM' exists, since

30

A
PULIPU is a neighbourhood of the line L,). Then the line bundle structure

over PUy PU can be restricted to PT’ and JJ/ is a holomorphic line pundle

over P T/
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§3.2. Further Discussion.

This section is devoted to making a number of remarks about the

construction of the previous section.

(a) We consider first the effect on £(Z) of a gauge transformation

o > ¢ + V A |
a a a

where \= ?\(xa) is a scalar on CM. Equation (1.7) gives

£(2) l-——)-j{@a(xb) + Vak(xb)} ax®
Ir

= £(2) - A(g) + ApD.

a . A A
Now A(q ) represents a twistor function g(Z) which is holomorphic on [P U;

in fact, /g\ is given by A

A A A’
g (w,m

S
) = )\(i_’r w1t ).

A 1

-

. a
Similarly, A(p ) represents a twistor function holomorphic on PU. So

a
A(q ) - )\(pa) represents a coboundary (cf. §2.3) and F(Z), considered as

A
an element of H3( PUYPU, O), is gauge-invariant.

(b) Next we wish to show that the relationship between f(Z) and the

electromagnetic field Fa is compatible with the contour integral formula

b
(2.1.11b), i.e. that

DD’
c 1 J o f(ix T\'D',TTD:) Aw
A'B' 27iJow"™ dw®

Fio = s &arm:

A'
where Am:= 'rrA, dm .

N
Let xa be a point of CM corresponding to a line L, in IPUUIPU. The

line has the structure of a Riemann sphere, and it is covered by the two

patches

A A
wx = IPUan and Wx = PU‘\Lx.

Restrict the function f(Z) to Ly by putting

a .= AA'
F(x ,'nA,) = f£(ix “A',“A')
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a a .
(c£. (2.1.8)). For each fixed value of x , F(x ;nx,) is a holomorphic

A " i 3 1"
function on wx“wx’ homogeneous of degree zero. Applying the 'splitting

technique of §2.3, we get

A a
F(xa;nA,) =g<xa;nA,> - BG;m, ), (2.1)

a _ A’ d
where g(x ;m, ,) := 1 (o WA') F(x » Pp’ ) (2.2)

A'
2mi ; - A
@ p (F ) s

is holomorphic on Wy; and similarly for g.

But there is a more direct way of splitting F. This involves using the

definition (1.7), which can be re-written

b
q
b _ b a
F(x ,TTA,) J@a(y ) dy .
Pb
xb
v o D - b a
Put g'(x ,TTA.) ¢>a(y ) dy
Pb
(2.3)
xb
nd gm0 = - | e, (Day’
a gl(x jm,,) : bay y .
q
b b A b
Then clearly F(x ;wA,) = g'(x ;wA,) - g'(x ;WA')- (2.4)

Claim: g' is holomorphic on Wy. For the line integral in (2.3) is well-

defined provided the point pa lies in €M, i.e. provided L lies in W,.
Comparing (2.1) and (2.4), and using eqn.(2.3.5), we must have
b - b b
g'(x ; 1TAI\ =g (x ;TTA') + h (x ),

b
for some function h(x ). In other words,



X
b.. a A' d
9 dy. = - Fox;
jb a (¥ )dy 211r1 (@ m,,) (xippe) Ap + h(xb). (2.5)
] C'
P (dP ‘PB') SP ﬂc')

. . A’
Operating on (2.5) with 7 VAA" and using equation (2.1.9a), yields

b, A DD’
¢ (x ) = 1 A'' 7 ) 3 f(i
AA' el [} ——— X t? ') A
i A A Porrfp 8p
(o )
PB
A b
+T VAA' h (x). (2.6)
B'A'
Thus ¢, _(x) := ¢ Ver(a P ayar (cf. equation (2.4.4.1))

- <‘" nc’)~1 B' A' _ _A' B’
C' (m - T
n ") Vg (B ®ayar

. _ A' B' A' Bl
- _ <7TC'nC) 1 1 §(« nA.)(Tr j)B,)-(o\ TrA,)(n ~PB')
2mi

D'

@ Py

DD’
) p) f(i
_ " (i x ,PD' ,f'D')Af R (2.7)
ow oW

using equations (2.1.9a) and (2.1.5) .

A’ B' A’ B
But (%" n, )1 pp,) - (2w )(n pp)

_ _ C' B'A'
(re.f ) 4y Pge €

' A
= - (ﬂC.}DC ) (@ p) . (2.8)

Substituting (2.8) in (2.7) and then replacing Par by m,, gives
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d . DD
¢AB(X ) = 1 { o 3 f (1x TTD|, TTD') ATT
a
as required.

(¢c) The function f(Z) depends on the choice of spin-frame

A' A' t A'
{07 ,1 }, since a'A and 1 appear in the definition of the two twistors

A ]
P“ and Q%. A change in, say, o will change the endpoint p- in the line
integral (1.7), and hence f will change by having added into it a function
which is holomorphic all over [PU. It follows that f(Z), regarded as an

A
element of HY( PULPU, O, is independent of the choice of spin-frame.

(d) If the region of Minkowski space-time under consideration is the
. + . . . +
region €M , then the deformed twistor space J will be a deformation of T
(cf.52.1) and will correspond to the wave function of a positive frequency,

negative helicity photon (cf. §2.4.).

(e) Let ¢kB and ¢k3 be two left-handed Maxwell fields, and £(2)
and g(Z) the corresponding twistor functions. The linearity of the contour

integral formula (2.1.11b) shows that £(2Z) + g(Z) corresponds to ¢ks + Yy
the appropriate twistor space '"patching" is

A
ZO(

z% exp{ -ie(£(2) + g(2))}

Z* exp{-ief(2)} . exp{ -ieg(2)}.

But multiplication of transition functions means taking the tensor product

of the corresponding line bundles. In other words, adding left-handed

Maxwell fields corresponds to taking the tensor product of the associated

line bundles.
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(f) We have seen how to describe a left-handed electromagnetic

field in terms of a deformation of the "flat" twistor line bundle qr'.

To deal with right-handed fields, one can either

~J

(i) deform the complex conjugate twistor space 1P, using the

complex conjugate version of the construction of §3.1;o0r

(11) deform the twistor space Wq in a different way: Penrose [23]
has recently described a construction which seems to have the

desired features.

The general solution of Maxwell's equations can (at least locally)
be written as the sum of a left-handed and a right-handed field (cf. §2.4).
So the general Maxwell field (and in particular a real Maxwell field on
real Minkowski space-time) may be described by

(i) a deformation of the product space 'V’xiﬁ : 'ﬂ71s deformed by
the left-handed part of the field, and iﬁ by the right-handed part;

(ii) combining the construction of 8§3.1 with Penrose's f23]
construction: unfortunately this seems to have the feature that the

right-handed part of the field interacts with the left-handed part;

(iii) employing the notion of hypersurface twistors. These will be

discussed in Chapter 4 in the context of gravitation, but they can also be
defined in the presence of electromagnetism. The main defect of the hyper-
surface twistor description is its non-global nature, resulting from its

being '"tied" to a particular hypersurface in space-time.



36

§3.3. Charged Functions and Fields.

In §63.1 and 3.2 we discussed the problem of coding the information
of an electromagnetic field into the complex structure of twistor space.

Part of the idea behind doing all this is that interactions between the

electromagnetic field and other fields would be described by working in the
deformed twistor space J rather than in the flat twistor space T. There are
some indications that this programme can be carried out: in particular,

we shall show in this section that cross-sections of deformed line bundles
correspond to charged zero-rest-mass fields on space-time. Of course,charged
zero-rest-mass fields are not observed in nature. But the idea is that the
procedure should gene?lize to the case of massive fields at the 2- or 3-

A
twistor level [21].

A'
So let AB _VA'(A(DB ) be a left-handed Maxwell field and let J be the

associated twistor space, regarded as a line bundle over ”311. If s>o0 and q
are integers, define a line bundle L(s,q) over P by

Ls,q) := Jr @ T2+*71 (3.1)
Here T is being regarded as the standard line bundle over Wﬂr(i.e. TP is the
bundle L(-1) : cf. §2.2).

First we need to find the "patching function" for L(s,q). Suppose
that PTis covered by the two patches IPU and IPG and (as in §2.2) that A
and B are planes in |PU and IPﬁ respectively. Recall from §2.2 that the
patching fof mﬂ goes as follows:

A

the patch PU x € (with coordinates (Z*,5) and the patch ®U xC(with

A
coordinates (Z%, %)) are patched together by

T = Bg 2%z,
B
YA
Ag

which amounts to the same thing as




The patching for‘C’is given by

N a
¢ = BaZ exp {-ief(2)} ¢
B

AB Z

which means the same as (cf. equation (1.6))
ta . o
2% = exp{-ief(2)1z%.

So the patching for L(s,q) = j‘l ® '"-,23+2-q_

is A Bﬂzd)lS‘\‘z
T = o8 | exp{-iqef(Z)} § . (3.2)
AgZ

A
Now what is meant by a holomorphic cross-section of L(s,q) over RPU, PU?
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A
By definition (cf.§2.2) this is a pair of holomorphic functions {h(Z), h(Z)}

on IPU,q!PG such that (cf. equation (3.2))

h(2) = : exp{-iqef(2)} h(z) - (3.3)
AgZ
Define H(Z%) := (A‘,‘z“)"?s'2 h(zB)
and BZ% := (BLZ*) ~257% fz8).

A
Then H and H are homogeneous of degree -2s-2 and satisfy

f(z% = exp {-iqef(2)} H(Z®) . (3.4)

A
What we want to do is obtain from the pair {H, H} a space-time field
Wy....r in an unambiguous way. This can be achieved as follows. Split

the function f according to equation (2.3)

AA' ,,.a A a
f(ix “A', ﬂA') = g'(x , ﬂA,) -g' (x ,NA,),
b
x
b b a
where g' (x',qp,) = -\j\ Qa(y ) dy . (3.5)
P
' a
Put H'(xa,ﬂA,) = H(ixAA ™ ﬂh') expl -iqeg' (x ,WK,)}, (3-6a)
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N a A AA'’ a
H'(x ,m .) :=H (ix T, ™) exp{-iqeg'(x",m )} . (3.6b)
A A', A A
Then the relation (3.4) becomes
A
H' = H' . (3.7)
. . b
Define a spinor field WA,.. L (x') by
b
b4 X
ar...L X 1= 1 T L H' (Xb,ﬂB,) Am . (3.8)
TZE LEY N
25
A 1 ]
Then % A y = 1 VAA ™ m H' Am
A'...L' A' ... L'
2mi
\]
= iqe ¢ 1 '
E;I-i;ﬂA' ﬂL' H Aw,
using (3.5) and (3.6). Thus
A 1 AA'
(v AT iqe?d ) WA' L = 0.
In other words, the zero-rest-mass field V is minimally coupled to

A',..L

the left-handed electromagnetic field [BJ. The charge of V is qe

A'...L"
(recall that q was an integer, and e was the "charge" of the twistor).

Notice that we could have used ﬁ' instead of H' in (3.8): by virtue
of equation (3.7), this would make no difference to the answer. This was
what was meant when we said that we wanted to obtain ﬁk'...L' in an

unambiguous way. To sum up: holomorphic cross-sections of the line bundle

L(s,q) correspond to zero-rest-mass fields with charge qe, where e is the

charge of the twistor.
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CHAPTER 4. GRAVITATIONAL FIELDS

The problem of defining twistors in curved space-times has long
been one of the central issues in twistor theory. The difficulty involved
may be illustrated by considering the Kerr theorem [}6]. This states
essentially that a shear-free congruence of null geodesics in Minkowski

space-time corresponds to a holomorphic 2-surface in twistor space H)WT

In other words, the equations of "shear—free-ness" in space-time correspond
to the Cauchy-Riemann equations in PT. But conformal curvature is some-
thing which creates shear [}1]: a shear-free congruence of null geodesics
will pick up shear (in general)if it passes through a conformally curved
region of space-time. Thus conformal curvature would seem to destroy the

complex structure of twistor space.

A number of different approaches to the problem have been proposed;
more details on these may be found in [24], [19].

(i) Local twistors. The idea here is to erect a flat twistor

space at each point of space-time. This provides a conformally
invariant algebra on the space-time, but from our point of view
is not much use : the local twistor spaces contain no information

about the gravitational field.

(ii) Global twistors. Here we start with the real 5-dimensional

space of unscaled null geodesics in space-time and extend it to a
6 - dimensional manifold : the space of global twistors. But this

twistor space has no natural complex structure, only a (weaker)

symplectic structure.

(iii) Hypersurface twistors. See §s4.2, 4.3. The space of twistors

relative to a hypersurface has a complex structure and contains

some information about the gravitational field. But it suffers from

the defect of being '"tied" to a hypersurface in space-time. The
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special case of asymptotic twistors in asymptotically flat

space-timesg is particularly useful.

(iv) The Nonlinear Graviton f20]. See §4.1. This is the

most satisfactory approach so far : the description is global

and holomorphic, and all the information about the gravitational
field is.contained in the twistor space structure. Unfortunately
it applies only to right- or left- flat fields - what is really
needed is a more general construction which works for general
solutions of Einstein's vacuum equations, but at present no such

construction is known.

§4.1, Zero-Rest-Mass Free Fields on Right-Flat Space-Times.

This section is concerned with right-flat space-times, i.e. complex
space-times which have ?A'B'C'D' = 0 and Rab = O (these are what
Plebanski EZQ] calls '"strong heavens'"). A construction due to Penrose
(the "nonlinear graviton" [20] has shown that right-flat space-times are
closely associated with curved twistor spaces. We shall begin with a
brief description of this association and then go on to describe how it
may be used in dealing with zero-rest-mass free fields on a right-flat
background.

The central concept is that of a totally null 2-surface (of primed type),

which will be referred to as a TN2S. A TN2S is a complex 2-surface Z, such

that the tangent space at each point of Z is spanned by vectors of the form

A A’ . A' . A . d fici A
AT m , with 7 fixed and A varying. A necessary and sufficient condition

for a complex space-time to admit a three-complex-parameter family of TN2S's
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is [207]

W awmcpr =0

So if (M,gab) is a right-flat space-time, we define the associated

projective twistor space R>C7 to be the space of TN2S's in M (see figure

2.1.3.). Provided (M,gab) is convex and sufficiently close to Minkowski (cf.
§2.1), IPJ will have the structure of a 3-dimensional complex manifold.

As was the case in Minkowski space-time, each point xeM corresponds
to a compact holomorphic curve Ly in "D:I. With every TN2S Z, there is

associated a primed spinor field = on Z, up to proportionality.

A'
Knowing ﬂA, exactly (as a covariantly constant spinor field on Z)gives us
a non-projective twistor. More precisely, the non-projective twistor space

]

Cj is the space of pairs (Z,12,),where Z is a TN2S in M and ﬂA is a
constant spinor field on Z, such that the tangent vectors to Z have the form
AA NA'.

The fact that M is right-flat enables one to choose a primed spin-
frame which is covariantly constant on M [25]:

\Y) [ A = 0. (1.1a)

Equation (1.la) means that the primed spin coefficients vanish:

A

Xé'g'gg' = 0. (1.1b)

The practical implication of (1.1) is that primed spinor indices ''commute

with the covariant derivative operator." Let B denote the primed spin-

a .
bundle over M; as coordinates on B use (x~ y A'). The following lemma

describes a representation of twistor functions as functions on B (cf.

equations (2.1.8) and (2.1.9)).

Lemma. Holomorphic functions on J, homogeneous of degree n, correspond

to holomorphic functions F = F(Xg, T, )on ® , homogeneous of degree n in

ﬂA' and satisfying

~
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T~ v F(xp , M_.) = 0. (1.2)

Proof. There is a natural map ¢ :28—»7, defined as follows:

oLy > (@,

~

"A')’

where Z is that TN2S which passes through the point xa~1 and which has

tangent vectors of the form AAﬂA . Clearly, if xg and yg are two

- . - - » a
infinitesimally separated points and the vector from xg to y~ has the

A A’ a
form A 7w , then(x~, NA') and (y?,ﬂA,) are mapped by o to the same
(Z,ﬂA,).
a
Now, given £ : J—>C, we define F = F(x~,TrA,) on®B by F = £ o 0.
L A A b A
The above comment implies that A 7 v F(x~,m_,) = 0, for all A,

AA'

or in other words that WA VAA' F(xP,nB') = 0.

~

We move on to a discussion of zero-rest-mass fields on M, dealing
first with scalar and right-handed fields and then with left-handed fields.
a
Theorem. Suppose that F = F (x~,nA,) satisfies (1.2).

(i) If F is homogeneous of degree - n - 2 (n a positive integer),

then the field ¢ , on M, defined by

.‘.C' h
/\A___,.‘
e
$ap ...D" _——leri Tat Tgroee Ty F(x””g-) am

. AA’ )
is a solution of V ¢A'B'...D' 0.

(ii) If F is homogeneous of degree -2, then the field

d
= 1_ §F(x~,‘n’D') Am
2mil ~

/
A B! D' AA
Proof. (1) €, €., «--€ps Y Pups ... o

_ JAA’T b 1.1b
= V7 @upr... D y (1.1p)
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[
23
=
=
<

¢

!
*rf
”~~
FS
=2

O by (1.2)

(ii) Equation (1.2) implies that there exists a spinor field EA such

L3

that
\Y) =
ant F T Bp Mo, (1.3)
B! B'
N L v =
oW Tar ™ Vppr &4 T Vgpr (Mar &)
Bl
= v
™ Vg Vaar T
- B'
= VAA' (m VBB' F)
=0 by (1.2).
B' . . .
Thus = VBB' EA = 0, 80 there exists a spinor field EAB such that
Vsg' fa T %aB "B’ ° 1.4

Combining (1.3) and (1.4) gives

\% \ F

BB' 'AA’ = tap "ar "B s (1.5)

from which it follows that gAB is symmetric in AB.

It also follows that

1 y d , Aﬂ} AA! d
X~,T —_ ' .
E]{é;;’§ D' Py AA D

]
(-
<1
<
o]

”~
”

f
2
o/

o>
3

which completes the proof of the theorem.

43
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Remarks.
(a) Define BAF =i EA and BA BB F := - EAB o (1.6)

Then BAF and BAB F reduce, in the case of flat-space twistor theory, to

B
2
OF and OJ F respectively (cf. equation (2.1.9a)).
awA awAawB
. AA"l> .
(b) Solutions of the equation V A'...C' =0 in curved
2s

3
space-time are (for s> 7) subject to the "Buchdahl conditions" [17]

~A'B'C'
2l (D'¢E'...L')A'B'C' = 0.
,~
In the present case TA'B'C o O, so the conditions are void.

But for left-handed fields, these conditions have to be taken into

account:
AA' 3
solutions of V 4’A. ..C = 0, with s 2 —, are subject to
2s 2
VB¢ p PE...1)aBc = 0. (1.7)

For S = % or 1, solutions can be generated using twistor functions:

a .
Theorem. Let F = F(x~,1rA,) satisfy (1.2).

-~

(i) 1If F is homogeneous of degree -1, then

b
4; . 1 2 F(x~,T_ ) An
— A '

A 27mi B

0.

]

AA'
satisfies V ¢A

(ii) If F is homogeneous of degree O, then

c

L— 8 a FX“,TT ') ATr

4’AB’ 1 § A B ¢ c
2ri

AA'’
3 - 00
satisfies V 4>AB
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AA!
Proof. (i) V ¢A

1 %VAA' (’bAF) A

27mi

= 1 et by (1.6), (1.4)
2ni

= 0 by symmetry of EAB

\

= -V % v F (1.8)

. B
(ii) By (1.6), V (3 BAF) TI’B' T\’A' BC! gt Vaar T

ml

Now ¥ VB v F =0

B(C' 'B') VAA' cg (Y F) =0 (cf. (2.1.6)).

AA'

/

So the right-side of (1.8) is skew in C'B', while the left-hand side is

clearly symmetric in B'A'. Thus both sides vanish and

B -
Vo1 (37 9,F) = 0. (1.9)

The desired result follows immediately:

it

VAA"‘#’AB

A'
1 §VA (8A8BF) Am

2mi

O by (1.9).

There appears to be no natural generalization of this kind of
procedure to left-handed fields of higher spin (in view of the Buchdahl
conditions (1.7), this is not surprising). |

To sum up, the space J has the information about the right-flat
gravitational field coded into it, and holomorphic functions on J

correspond to zero-rest-mass fields which are correctly coupled to the

gravitational f ield.
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§4.2, Twistors Relative to a Spacelike Hypersurface.

This section is devoted to discussing the concept of twistors relative
to a spacelike hypersurface in a general space-time, and to verifying certain
conjectures made by Penrose ([19], p.388) concerning the space-time fields

derived from functions of such twistors via contour integration.

As was noted in the previous section, the existence of TN2S's in a
space-time imposes restrictions on its conformal curvature: in a general
curved space-timg, no TN2S's will exist. To get around this problem, we
note that in Minkowski space-time a TN2P can be represented by its intersec-
tion with a given spacelike hypersurface : this intersection will be a
complex curve (see [19] for details). This observation motivates the

definition that follows.

Let M be a convex space-time and letxf be an analytic spacelike
. a
hypersurface in M. Suppose thatxf is given by the equation S(x ) = O,
where S is an analytic function on M.
Now '"'thicken" M and,g into the complex,giving a complex space-time €M
and a complex hypersurface €4 embedded in it. Define

t% = [}VbS)(VbSi]-% v’s.

Then ta is a holomorphic unit vector on dﬂg, provided we don't 'thicken out’”

b
too far (note that (VbS)(V s)>0 on M).

Definition. A hypersurface twistor (with respect to the spacelike

hypersurface,g) is a pair (A,wA'), where A is a complex curve (regarded as

a point set) in GLX and where ﬂA, is a spinor defined along A, such that

(a) the vector tAB nB,nA is tangent to A; (2.1a)

(b) ﬂA' is parallelly propagated along A, i.e.

4 ' _
tAB TTB' TTA VAA' ‘"Ct - 0' (2.1b)
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Let J(§) denote the space of hypersurface twistors with respect to £,

and for brevity write

a _ AB' A

There is another way of visualising hypersurface twistors, namely

as follows. Let m(l) be the bundle of primed spinors over Q,S; so B)

is a five-dimensional complex manifold on which we can use the coordinates

(xg,ﬂA') with x2 ed:xf.

Equation (2.1b) implies that

AA' [V AA' D’
[} ] = ~ o~ v +
o=¢ ¢ Vaarer ¥ AA'TC! ¥,

R .

(cf. (2.1.2)). So let us define a vector field V on B vy

L AA' ~ Q'
VEYT O ¥opmar T 2 2.2)
]

~

acting on scalars. Then the integral curves of V in B({) are in one-to-one

correspondence with hypersurface twistors. In fact, each integral curve of

V projects down to a hypersurface twistor curve A in CX (see figure 2.1).

BE)

Y% /
Figure 2.1.
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Since the conditions (4.1) are homogeneous in 7 it makes sense

A"’

also to talk about projective hypersurface twistors. We say that two

A
™

A') are projectively equivalent iff

A
hypersurface twistors ( A,‘ITA') and (A,

for some nonzero complex number C.
A projective hypersurface twistor is an equivalence class of projectively
equivalent hypersurface twistors. Denote the space of projective hypersurface

twistors by [Pj(,;g).

fa
In exactly similar fashion one can define the space J (4) of conjugate

hypersurface twistors with respect to the spacelike hypersurface/f. An

element of JJ(§) is a pair (K',nA) such that

A' B A ~
(a) t ng N is tangent to the curve A, (2.3a)

= 1 ) 2.3b
(b) t Ng N Vyas Ng = 0 along A ( )

If ( A,TrA,) is a hypersurface twistor, then its complex conjugate is defined

to be the conjugate hypersurface twistor (-K,Tr'A).

¢

An element (A,nA,) of J(§) and an element (A,nA) of U(X) are said to be

orthogonal to each other iff Agh + ¢ . This "conformal scalar product”

seems to be all that remains of the flat-space twistor scalar product z% Zg4

(i.e. the "complexified'" version of the twistor norm Z% Z,().
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We now turn to consideration of functions on ’J(J), and of their

contour integrals.
A holomorphic function on TJ(f), homogeneous of degree n, may be thought

a
of as a holomorphic function f = f(x~,'nA,) on ?B(X), homogeneous of degree n

~

in TrA,, and constant along the integral curves of V, i.e.
_ AA' ~S C' _
VE = v~ (V,,, - XC,D,AA, m 3 ) £ =o0. (2.4)
- D'

[Note: the partial differentiation V is carried out while keeping the

AA ]

components T of the 7~ spinor fixed J

A'
If n¢-2 and if £ has the appropriate singularity structure, we can

d

integrate out the W-dependence of f to produce a spinor field ¢ | (x )

...C!'

on €4 : its components are

d
‘f’g'...g' = 1 TrA,...ﬂC, f(x~,‘rrl'),) Am . (2.5)
~~ 21 |~ ~
-n-2 -n-2
The obvious question that now arises is : is ¢ . c the restriction to

C_.8 of a zero-rest-mass free field in CM?

3
(1) The case of spin >/2/ (i.e. n £-5) can be ruled out immediately,

since the Buchdahl conditions (cf. §4.1) show that there is an '‘obstruction”

; : . 3
to the existence of zero-rest-mass fields in curved space-time, for s > /,_ .

(ii) for spin O (scalar field: n = -2) and spin % (neutrino field: n = -3),
there are no differential constraints on the fields restricted to a hyper-

sur face Thus the integral expression (2.5) serves to describe scalar or

neutrino fields restricted to cd.

(iii) The most interesting case is that of spin 1 (electromagnetic field:

n= - 4) An electromagnetic free-field restricted to a hypersurface has to

satisfy certain constraint equations.

. = -
In 3-vector notation, these are the well-known div E = O = div B. The

following lemma gives their spirrial version.
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Lemma. Let ¢A be a spinor field on (EX. Then *A is the restriction

'B'

'B'
to €J of a zero-rest-mass free field in CM iff

A A'B’

to, VAA,¢> = 0. (2.6)
Proof. Let D, be the intrinsic covariant derivative in Cd [o]. 1f
F._=F - e .
ab [ab] is a source-free electromagnetic field in CM, then the electric

and magnetic field vectors Ea and Ba are defined by

a ab

E := F tb,
(2.7)
a ab
B = Fx* tb,
a d
where Fx b = % eabc F is the dual of F _.
cd ab
The constraint equations div Ea = 0 = div Ba can be restated as
DE =0=DB". (2.8)
a a
Now if we take
Fab = farpr €ap’
then F*_ = = 1¢A,B, €aR’
a A A'B'
E = t g ¢) 3
A A'B’
Ba = i tB' ¢ ’
and the constraint equations (2.8) can be rewritten as
A A'B’
= 0. 2.9)
D,s:(tge ¢ ) (

By definition of Dy,
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A A'B’ C c' cC' A A'B’
= - t \Y
Dpar(tg: & ) (Ca Ea “aa ) Ve g0 P
A A'B' A'B'[j A cc' A
= v t -t t t
tB' VAA'¢ 4’ AA' B' AA' vCC' B'_]
A cc' A'B'
=(t,, tg ) (T Ve, ¢ ). (2.10)
The last term on the right-hand side of (2.10) vanishes because tAA'tg' =
1) t
3 €p gt is skew and ¢A B is symmetric. Similarly, the second last term
vanishes because the quantity in square brackets is skew in A'B' : to see

this, we use the facts that ta is hypersurface-orthogonal and has unit length.

These imply that

c c
= =v_t_ -t t
0 3t tfc Va th V[a b] tEa VC b]
= o0=v, ,, th, cc' A
-— t .
aar tay -t taar Vit oy
Thus D, ., ( ¢A'B' tg,) = tg, v ,<pA B and the constraint equation

(2.9) 1is equivalent to (2.6).

We are now in a position to verify the following result:
Theorem. Let f be a holomorphic function satisfying (2.4) and homogeneous

of degree -4. Then the spinor field ¢A'B' on €4, defined by

f

—————

C
- ~ AT
$amr T "3 T g ’
~ m1 ~

-~

gatisfies the constraint equation (2.6).
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Proof .
A A'B’ A A'B' ~A" C'B' B A'C'
t v = ~ \Y ~ e~ ~ ~ R~ < ~~<~
B' AA'¢ tgq (éé' +X Q‘:AA'¢ +X Q'A&'¢ )
- A A' B' ~A' C' B'
= _lf_ té,{%~ L VAA' f+ 5~ crapr ™ T f
271 ~ ~~ oinls
~B' ’ Cv
YU £§ o
=_]-___ té X C"n-..' gv _8__{_ + X‘% o . Tl'g TT§ £
anij B (Ocmraar TN G <22
~B' A C'
+-X~ C'AA" T m~ f }' At
using (2.4).

The expression in braces is easily seen to be equal to

d v C" A" B
o ,[XE'D'AA"T ™o f] 3

D A ibuts
o

A'B’
A
and so its integral over a closed contour vanishes. Thus t B VAAfP
The final matter to be discussed in this section is that of finding
solutions of the equation
v e = 0 . (2.11)

A...CA'...D'
in CM.
Consider the product space J(§) x J(§) and let A(S) be the

"diagonal" subspace

s = LT, ), En»ed W T | rartBY -

= 0.
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In other words, an element of A(,<f) consists of an orthogonal pair (A,TTA')

\J

o~ A Loud
and (A,nA). The vector nA T at the intersection of Aand A determines

a null geodesic in €M (see figure 2.2). Conversely, a null geodesic in CM

determines an element of ACX) in the obvious way. In order to generate
solutions of equation (2.11), we shall use holomorphic functions on the
space of null geodesics. Such functions may essentially be thought of as

twistor functions defined on the space AT ) x I .

A function f on the space of null geodesics in €M may be written as

f = f(xg,n , T

A v) 7

~

A

AA' B Y B
where n~m (VAA' —XBCAA' n~ _9 - XB'C'AA' Ll 9
~~ piplgls 3N c T am c'

) £ = 0. (2.12)

Equation (2.12) simply says that f is constant up the null geodesic with

*

tangent vector ‘nA T!'A . The presence of the § and ¥ terms express the fact

*

that nA and TrA move up the null geodesic by parallel propagation.

Figure 2.2.

S CJ
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Defi i M b

efine a field ¢, .., ., on C y

3 x5 = 1 o ..m . £xS,n.,n. ) An.Am 2.13
A..CA' L) E 2, nA"'QJ“Q' Mg Ngr) BNART 4 (2.13)
NN VY (2mi) e e~ - -
n m n m

where f is required to be homogeneous of degree -n-2 in n ~-m-2 in T\’E'.

E’

Theorem. If £ satisfies (2.12), then the field (DA CA'..D' on €M,

defined by (2.13), satisfies

Proof. For brevity let us assume that m = n = 2 ;

the proof for other values of m and n is essentially the same.

B B' _AA' AA' C AA' C AA'
% % " Caman TV "wmap T84 Comam T8 Cacam
~Cv AA' ~Cv AA'
-y~ A" ®apc'B X" B' ®aBA'CY
AA' C AA'
= V~~ - ~ - i f
1. ) {T]AT]BTTA"H’B' £ X A NeNp™ A+ g
(27i) 22 S 2 ~ SR
C ] NC' AA'
~y= 22 -z 22 £
Y8 MaNc"armr T §~ A" MAMg"c g

using (2.12), the expression in braces can be written as

Now
c | AA" c'y AA
3 |ny ng N Ty "B.XCD f] * 2 Ny g Ty TR T s D i
~— | A B A' B' TR st | 2 2 2 B C'D
31’11, D

and thus its integral (over a closed contour) vanishes. The result follows. I l
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§4.3 Twistors Relative to a Null Hypersurface.

The concept of a hypersurface twistor introduced in the previous
section carries over to the case when the hypersurface,j’is null, but
some extra features arise. These features are well-known in the case when
8= -
the space-time is asymptotically flat [18] and = : we then obtain the

additional structure of asymptotic twistor space and H- space [}3], [EQJ,

[}9]. In this section we will show that the additional structure arises in

more general situations as well.

The section consists of three parts. First, the null hypersurface
twistor space is defined and its structure described. Second, :}f-space is

introduced. Finally, we discuss the special case when,j7is shear-free.

We shall be considering two different cases simultaneously : the
"purely local'" case in which,g has topology JR?, and the '"'null cone' case
in which,g has topology wf X Sz. Let (M,gab) be a real space-time and Af
a null hypersurface in M. As coordinates on M, use (u, r, T, f), wher e

(i) u and r are real, ¥ is complex;

(ii) ,J’is given by u = o ;

(iii) r is an affine parameter up the null generators of &f ;

(iv) T and f label the null generators of Af,

In the "null cone'" case, & is allowed to take on the valueow; i.e. T varies
over the Riemann sphere. Choose a null tetrad (1%, n*, n®, 0%} as in (37 :

a a_  _ _
the vectors 1% and m° have the form 1°V_ = p=2r,1_ = V_ u,

(3.1a)
a, _ o~ _ ~ .
mU, =883 + F2
tla oc
and the spin coefficients satisfy
K:}E:ﬁ::é: ---=/(‘-— = 0)
- « P " (3.1b)
T=T|'=B+ o ?

ad .

A
!
= |
i
Loy
+



56

Let CM and €4 be complexifications of M and 4 . Extend the

null tetrad and spin coefficients to CM in the usual way (cf. §2.1).
a Av ' '

The vector normal to €f is 1% = o® o', so the vector t*B TTB'TTA

of the previous gsection should be replaced by

B' Al Bl |‘
vo TTB,‘IT = (7..,0 ) OATTA

This suggests the following

Definition.

A hypersurface twistor (with respect to the null hypersurface X)

is a complex curve A in CJ, together with a spinor on A, such that

A \J

(a) the vector OATTA is tangent to A;

(b) L is parallelly propagated along A, i.e. oAnA v m .= 0; (3.2)

(c) ‘TTO'-'-#O on A

(see figure 3.1).

Figure 3.1.
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Denote by 'J(,X) the space of hypersurface twistors with respect to X

There is an alternative way of stating what J L) is, namely as
follows. Let '28(,8) be the primed spin-bundle over ‘LX , with spinors
proportional to Op deleted; 1i.e. ZB(J) ='{(X§,TTB,) x% eCX, TTO.’FOS-
Define a vector field V on B () by

_ éé' -~ B
V =o~n (VAé, XB,C,AA, T d ) . (3.3)

Then :7(,8) is the space of integral curves of V in B(,X) : we may regard 7(3)

as the quotient space 'B(X )/V.

The condition m., # O is added for technical reasomns. If LN

were allowed to be proportional to Op 12 then the correspording hypersurface
twistor curve A would be a (complex) generator of C,{Y : such a curve may

be called a "blown up twistor entirely on J" (cf. (24]).
We now claim (but will not give an explicit proof here) that 3(1)
has the structure of a complex manifold, provided that CM is convex and

sufficiently close to Minkowski.

In similar fashion, an element of the space J({) of conjugate

hypersurface twistors (with respect to the null hypersurface ,X ) is defined

~ ~

to be a curve A and a spinor N on A, satisfying

(a) nAoA is tangent to A;
AA" ~
= 0 on A;

(b) no Vyur Ny

(c) nO:/:o on A.

In addition to its complex structure, the space J( &) possesses

the following three structures.



58

(a) A Projective structure. This is defined in exactly the same way as

in the spacelike hypersurface case(cf. §4.2).

Another way of looking at this projective structure is to define a

vector field T on '(B(X) by

A
Bné,

Val
Then [T, V] = V, which implies that T projects down to a vector field T

on the quotient space U(X) = B(X)/V [2] . In flat twistor space,
N

A
Twould just be the Euler operator Z“B/EZ‘. The integral curves of T

in J(£) are the points of PIJ f).

(b) A scalar product. This is a straightforward generalization of the

scalar product for asymptotic twistors [24]. The definition goes as follows.
~ v

Let (A,'rrA,)e. U(X) and (A,nA)e J (X). There is at most one generator X

~

of @X which meets both A and A : suppose that such a Y exists and let

a a . . Ay .

p and q be the points where ¥ intersects A and /A respectively. (If such a

X does not exist, then the scalar product is not defined. For example, see

figure 3.1 : in this picture, (EX does not extend far enough into the

complex for K to exist.)

We now employ the language of local twistors [19]. The hypersurface

A
twistor (A,TrA') is represented by the local twistor (w , “A') = (0, TTA')

a a
at pa. This local twistor is then propagated up X from p to q by local

twistor transport

AA' B B
=-41i7.,&x) o, 3.4
00 VAA' w (x) 0 ( )
' =-iPp (%) oo (x)
OAGA VAA' TTB,(X) - oo 'BB' w ’
where P, .pp, 7 2 BA'B' AEAB €A'B. The conjugate hypersurface twistor

( K’, n,) is represented by the conjugate local twistor
A

A' a od t £ A ‘N n i
= 0) at . The scalar product of (A,m, ) and (A,n ) is
(nA,E ) (TTA’ ) q A A

defined to be the scalar product of the corresponding local twistors at qa,

namely
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A ' A
W@ (@ + T, (@ £ (@ = 6@ 0, (@)

A *
Remarks. (i) We could also propagate the conjugate local twistor (nA, £ )

down & from qa to pa by

' B' = 3 B,
dAdA VAA' g (x) = 1‘no(x) =3
(3.95)
A A"
o o

V. g0 = 1P x) £2,

AA" CJ'BB'

and then take the scalar product at pa. This gives the same value for the
scalar product, since (3.4) and (3.5) imply that

Foo @ e @

is constant along X.

(ii) In the case when (M,gab) is Minkowski space-time, the above scalar
product agrees with the usual flat-space scalar product Zdﬁ;. To see this,

notice that in flat space the solution of (3.4) is

g = constant,
BB' BB'

L) = AT x0T,

B _ .,.BB' BB'
So w (Q) T]B(Q) = 1(P - q )TTB' nB

BB' . BB’
= i + -
(ip "B') g (-igq nB)wB,
= ZdZ“,

using equation (2.1.7) and its complex conjugate version.

(iii) The scalar product of (A,w,,) and (7\',nA) is zero iff AN + & .

To show this, it is sufficient to show that

a a
mB(q) nB(q) = 0&SSp =4q .,
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The &= part follows immediately from the definition. Conversely, (3.4)

o

B B B
implies that w (q) = koB(q) for some scalar k, so w (q) nB(q) = 0w (q) =

(since nqoB#=0). It follows that q- = pa, as required.

(c) A Kahler Structure. The scalar product serves as a Kahler scalar

on J4) [12]. If Z¥ are local complex coordinates on [J(§ ) and the

scalar product is g(Z“, E:), then the Kahler 2 - form is

Bzg(ZB, ZE) 8
2 78 g8 dZadZ” .

Remark. The hypersurface twistor space structure is conformally

invariant, in the following sense:

Theorem.
The structure of :j(xf) is invariant under a conformal rescaling of

the space-time metric

A _ QZ
€ap F €ab €ab®

Proof.

Take Mot and C\ to be invariant under the rescaling: i.e.ﬁA, = Ty

and SA = oA. Then the conditions (3.2) are preserved under the rescaling,

for example (using the transformation formulae of [24] )

I\A AA ~ ~ _ -2 A A' - -1

o 1 VAA' L Q o {VAA' L. Q o VAB' Q}
_ ;2 A A o
- (@) m AA' B' ’

AAAA' ~ ~ _ A A’ =
=0 & or Vaa T g = O-

SO o T VAA' TrBl

The scalar product is also invariant; this follows from the conformal

invariance of local twistor transport and of the local twistor scalar product

[19].
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We come now to the concept of %- space. For the remainder of

this section, suppose that X is of the "null-cone" type (i.e. with topology
lex Sz). The space M is defined to be the space of compact holomorphic
curves (with topology Sz) in PJ (§), belonging to a certain homology class.
To specify what this homology class is, it is sufficient to consider the case
when IPj(X) =ﬂD"}r', i.e. flat twistor space (this is because homology is
preserved under sufficiently small deformations [12]). The homology class
is taken to be that one to which the projective straight lines in IPT belong.
For further details, see [20].

[ZOJ also contains an existence theorem which can be stated as
follows.
Theorem. Provided [PJ(f) is a sufficiently small deformation of [P’
(i.e. provided M is sufficiently close to Minkowski), the space 34 is a

4-dimensional complex manifold.

The points of }4’ have an interpretation in the space-time picture,

namely as cross-sections of Q:,X . By a cross-section of Q:X we mean a

complex 2-surface € in G:,X given by an equation of the form r= £(zg, E),
wher e f(C,Z) is holomorphic in some neighbourhood of EJ= T. In other words,
C intersects each of the generators of C,X at most once. A point of H
is an Sz's worth of projective twistors, each of which corresponds to a

2, . .
curve A in (EJ So we have an S 's worth of curves in (ﬁ,f making up a
cross—-section which is ruled by hypersurface twistor curves (see figure 3.2)

Such a cross-section will be called a good cut of Cj

Theorem. The cross-section C ot CJ given by F= £(,Z) is a good cut iff

ng + zﬁ’(Sf)z + (F+ 28)(5£) + o(6E)(SE) + X =0

on F= f(CvE)'



Figure 3.2.

Proof. Write F(xg) = f(;,f) - r, so that C is given by F(xg) = 0.
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Let

yg be a point on C and let (A,‘rrA,) be a hypersurface twistor such that A

intersects, and is tangent to, € at y% (see figure 3.2). The condition for

A to be tangent to C at y% is

b
F ~
o T Vppr F O Ry

e

]

o
L

(3.6)

The condition that A should lie entirely in C'is that equation (3.6)

should be preserved along A , i.e. that

B B A
= v F
o) o T VBB' (o AA ! )
B' A' .
=1 7w V OB v oA F using (3.2) (3.7)
B' A' ~~' g' é'
= 7% T~ VOB' VOQ' F X A'OB' T W VOQ' F,
using (2.1.2).
Now equation (3.6) implies that ﬂ;, is proportional to
A = - D f ,~ -7r
0V, ¥ (oA,S 1. D) (£(,0) )
t v
= OA' (Sf) + 1'A' at y~. (3.8)
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Since (3.7) is preserved under multiplication by some nonzero scalar,

we can make the substitution 7w —>k o +
A’ A' Tl (3.9)

—~ ~

(where k := £(y%)) in (3.7), giving

= A A’
0 =(k o + 1° )(kD +S)[(6'f)oé, + 1‘3':]

& 1 ' ' ' '

B B' A A C C
+XC'A'O ' (k o~ +1~ )(k o~ + 1~ )(k o~ + 1~ )

2 ~
=8f+kDSf+/ok2+(ﬁ+2i)k+X (3.10)

Now D§f = (D§ - §D)f = (0§ +]8'5‘)f (see for example, [_14_] )
=0 §f +ﬁ’$f,
so that equation (3.10) becomes

Szf + zf(Sf)z + (F +2&)(Sf) + o(8£)(8f) + X = 0O ( 3.11)

at the point yg. Thus a necessary and sufficient condition for C to be ruled

by twistor curves is that (3.11) should hold on ﬁ
Equation (3.11) is a generalization of the ''good cut'" equation of
. . _ 4t
Newman ([13]), equation 11), which applies to the particular case when {= 7.

Newman defines a good cut to be a cross-section which is shear-free, in the

following sense.

Definition. A cross-section of (I:,X given by F(xe) =£f(,Z) -r =0

is said to be shear-free if F can be extended off CX in such a way

-

that the vector field &a .= -V?F is null and shear-free (i.e. ¢ =£ £

AA' CACAT

OAEA'EB'VAA' EBI= O : cf. [17]).

But Newman's definition is consistent with ours:

Theorem. A cross-section of C,X is shear-free iff it is a good cut.
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Proof. Let F(xg) = £(z,Z) - r = 0 be a cross-section of GZAY. Then

—(2n?+nst® -mia -an’)vF
a a a a b

= -2 + 4 m
aAF na+maSI’~‘+ma Sf. (3.12)

The quantity AF is only defined if we know what F is off C,X; if we
extend F off CJd in such a way that AF = - (Sf)(z"f), then §a will be null,
since (3.12) implies that

a

£ £ = - 2[aF + (Sf)(f%)].

It follows thatga has the form&A &A, where

£, =(§f) o, + 1,,- (3.13)

A'

Now, combining equations (3.7), (3.8), (3.9) and (3.13) we see that the

A r B! )
shear-free condition © EA 13 VAA' EB' = 0 is equivalent to the good cut

condition (3.11).

The space '.)’F has a natural conformal structure, defined as follows.

Let p and q be two neighbour ing points in X and 1let LP and Lg be the

corresponding curves in PU(,X) (see figure 3.3).

Then p and q are defined to have a null separation if and only if the curves
Lp and Lq intersect. It is proved in [20] that this concept of null separation

is in fact a quadratic (i.e. Riemannian) conformal structure.
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Figure 3.3.

~

Theorem. The conformal structure of }F is right-conformally-flat

(i.e. \pA'B'C'D' =0 :cf. §2.1).

Proof. Fix a point ZE PJ(f), and consider all the compact holomorphic

curves through Z : these form a 2-complex-parameter family. The corresponding

object in 34: is a 2-surface, and this 2-surface is totally null, since

each holomorphic curve intersects all the others in the family (namely at Z).
So there exists a 3-parameter family of totally null 2-surfaces in 3=P

(one for each point of PJ(4)).

By convention, we say that these totally null 2-surfaces are of primed type

(cf. §2.1). The reason for making this choice is that the fixed twistor Z
would, if (M,gab) wer € Minkowski, correspond to a totally null 2-plane of
primed type in C/M. But the integrability condition for the existence of a
3-parameter family of TN2S's is \PA'B'C'D' =0 [20]. This proves the theorem.

To sum up: associated with the null hypersurface x.f is a 4-dimensional
complex manifold }F, the points of which may be regarded either as good cuts
of C,X , or as compact holomorphic curves in IP:j(X). It has a natural

conformal structure which is right-conformally-flat.
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Finally, let us consider the special case of ,X being shear-free

: +
(i.e.0 =7 = 0). This condition is, for example, satisfied by the g’

of an asymptotically flat space-time [18]'

The commutator equation between D and § now becomes
p§- p§= F§ ; (3.14)

in other words, the pair of vector fields {D,§} spans an involutive

distribution [2] Therefore, Frobenius' theorem implies that @X is

fibred into 2-surfaces, each of which has tangent vectors of the form

a a a
bl + cm

] ]
=o® (bd* i), (3.15)

c
1

where b and ¢ are arbitrary complex numbers. We refer to such a surface

as a totally null 2-surface of unprimed type, or TN2S

(see figure 3.4). Without loss of generality, the coordinates fand Z can

be chosen so that the TN2S's are given by E = constant, and the (complex)

generators of (E,J by = const., i = const.

Figure 3.4.

integral
surfaces of [D s}

\/ /g = const.

T = const. y2

N

Theorem. Each hyper surface twistor curve A lies entirely in a TN2S.

a
Proof. Let A be a hyper surface twistor curve and let y~ be some point on A.

a » > 2 ~ = ~
Suppose that y~ lies 1n the TN2S given by ¢ T To prove the theorem,

it suffices to prove that A is tangent to this TN3§ 2t the arbitrary point y‘c‘i,
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But this follows immediately from the definitions:

!

the tangent vector to A at y> has the form ot , which is of the form (3.15).

It follows that ,PJ(X) has a fibred structure: [PU(X) is a

——

bundle over the space of TN2S's, i.e. over the [-sphere (see figure 3.5).

Figure 3.5.

A

wn

N
Y

In the case ,X= 4*, this Z-sphere is called the (projective) asymptotic

spin-space [24], and it is an important part of the asymptotic structure.
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§4.4. Propagation of Hypersurface Twistors.

In [24] there is a discussion of how a twistor is "scattered"
through a weak impulsive gravitational wave. The scattering turns out to

have the form of a canonical transformation

z¥ —> 2% -1 5 u (2, 2,
B.Zq B
_Z-d F""")Zd+ i p) B =
—H
st @, 2,

where H is a suitable real Hamiltonian. The transformation preserves the
symplectic form dZ“A dzd. In this section we consider the propagation of

a twistor through an analytic plane-fronted wave with parallel rays (pp - wave
for short), using the formalism of hypersurface twistors. It will turn out
that the propagation is given by the continuous unfolding of a canonical

transformation.
The metric of a real-analytic pp-wave has the form [4]

2 - -
ds” = 2 dudv - 2dzdf + 2h(v,z,z) dvz,
where (i) u and v are real coordinates;
(ii) ¢ and 7 are complex, ranging over the Riemann sphere;

_(iii) h is real-analytic.

If h = 0, the space-time is Minkowski.

We set up a null tetrad as follows

d 0 d d 2

D= —, A:_h____ s - C_. . (4.1)
Ju =+ 3 § e S e
The only nonzero spin coefficients turn out to be v = Sh and U = §h; in
other words,
XB'C'AA' = (Sh) OB'OC'OAOA' e (42)

The Ricci tensor is
Ry = - 2 (§8§h) 25 %5

so Einstein's vacuun equations are satisfied iff
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9z aT

i.e. iff h has the form

h(v,z,Z) = h (v,g) + h (v,T), (4.3)

—

with h° = n~

Let Xo be the null hypersurface v = v, , where v, is a real constant.
We shall consider hypersurface twistors with respect to ,f . Complexify by
allowing u to become complex, replacing 7 by E’, etc. Recall from §4.3
that hypersurface twistors can be regarded as integral curves in @(jo)

of the vector field

AA' ~~ B'

fi
3
()

i
3
o3

(4.4)

We see from equation (4.4) that V does not involve the function h, so we
expect that the twistor space J(X‘,) will turn out to be flat (i.e. a subset
of @4 - {0}). This is because V does not ''notice" whether or not h is zero,
and h = 0 corresponds to Minkowski space-time.

We shall now verify that J(J4,) is flat, by defining natural

A
coordinates Zz* = (w~, m,,) on I .

Let w? be the pair of functions on B(.J,) defined by

B .= TCUS S N L A TR (4.5)

. 4 . . A _ AA’
The motivation for this definition 1s the equation w = i x TTA"



L2 A
Theorem. Z~ = (w-~, TTA,) serve as global coordinates on T .

Proof. First, notice that V(TrA,) =0 and V (wé) = 0, so the four
functions Z% are constant alon; the integral curves of V, i.e. for each
hypersurface twistor they take on a constant value.

Conversely, given (wé, ﬂA,) with ﬂo,+ O, we can employ (4.5) to

~

obtain a curve T in B(f,): T is given by

o
~ i 1
g = - (w —ivoﬂl,),
m ’
o
o (4.6)
u=-1i (w ‘-iCTfl.),
m 1
o
=G,
‘rrA, = constant.
The tangent vector to T is
a 0T ps T
Ix~ 9 + A 3 = - 1" 3 + 9 = - v,
u
oz - 9g ané, Tor d 14 Tor

so T is indeed an integral curve of V, i.e. a hypersurface twistor.

In a similar way we can deal with the conjugate hypersurface twistor

space 5(,{0). Elements of j(Xo) correspond to integral curves of

vV = nlD-no<5

~ A'
and are labelled by coordinates Z4= (nA, £~ ), where

A' . >
g~ = =i(un  + gnyy TN, * Vo nyd-

70
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Theorem. Let 2% = (wé, ) be the coordinates of an element (A ,m, ) of

1TA' ’ Av

- - -A! —
:j(zXo)- Put Zg = (7 we ). Then.A contains a real point iff z% Zy, = O,

in which case (A,wA,) is said to be null.

Proof. If.A does have a real point, then this point has to be given by

o )
- _ 1
Tr t
(o)
(4.7)
-1
T
0
'
u=-1 [wo"’fi' (ml +ivo ‘n’l)],
T, w
(o] o

using equation (4.6). The condition for u to be real is

’r‘fo‘n‘o 1

1) z% Z« =0 &) A has a real point.

We now discuss the propagation of a twistor from ,JZ to a neighbouring

hyper surface J;, (given by VvV = Vl)' The propagation law for nmull twistors

is defined as follows. Given a null hypersurface twistor (with coordinates

Z“) in :7(42), let x§ denote the real point given by (4.7). Let X be the

-A A' a
real null geodesic through x? with tangent vector 7 T at x~ ; suppose

AQ
™ to be parallelly propagated up X. Let x~ be the point where ¥ intersects
A'

. a
AY and let ?A' denote the value of the spinor w, at %~ (see figure 4.1).
1

A
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. A Aa "
Having WA’ at X~ determines an element (ﬁ,ﬂA') of 17(‘j3); suppose that
the coordinates of this hypersurface twistor are 2“. We want to find an expressior

(o
ol
for 2% in terms of Z%. Let us consider first the infinitesimal case.

Figure 4.1.

Theorem. If v1 - vo =: ¢ is infinitesimal, then
Aa .
Z = Z - ie 0 B =
B = . ._= -1 - 1
where H(v,Z , ZB) = no no, h(v, iw _- VT, = iw - vmyr) .
L T
o o

Proof. Write xg = (u,v,c,g) (so these quantities are given by (4.7)) and

AQ A A AN 2
X~ = (u, V’C’C )'
a -A A’
The vector tangent to X ijs p :=7n m , and
a _ ab
PV, =P8 vy
b-a
= Py (Q,anb + 2 na - ma m -mm )V
= ;1 Ty g—- + 7 wo,(-h 3+ 3)
" ° u  av
T Tor 9 - Ty Ty 4 .



Thus moving a distance )\ along ¥ means that

-hr 7w ),

u u + AT
— \(Trlnl' "o

oo"’
(4.8)
Cb—sC - AmT
> - )\Tronl,
A -
We want v —> Vv = v + ¢, so >\=e/1r T,
o o
Writing u:= ﬂl'/no" the transformations (4.8) become
A —
u U =u+ e(uia - h),
A
v V =V + g,
(4.9)

Now the parallel propagation of = means (using equation (2.1.2)) that

A 1

E! a B'
AA"' y C'
"Ap ‘VAA- ﬂgv X’%v AA' “C')
A A' C'Y
= (TrB, - TrB,) + -_€ O 1§ ! XB' C' OAA"
~ land ‘n’ ™ ' ~
oo
- (?B' - TTBv) -8“0'(gh) OB' by equation (4.2) .
Thus Ty, = Tg, * €Ty, (§h) op,. (4.10)

The "hatted" version of equation (4.5) gives

73
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2D
o>
2D
<
=)

A
W~ - 1 & Ty (h = §h, - vy 8h), (4.11)

where use has been made of (4.9) and (4.10), and where terms of the second
order in &£ have been ignored.

Defining
=1 - 1
ﬂo h(v, iw - VT, -iw - vm, ) (4.12)

™ T,
o o

I
3

H(V, Zd, Zq)

-] !

and using = @+ 1 v, ) (c£.(4.7)),

i
T—ro
it is not hard to check that (4.10) and (4.11) are equivalent to

PA -
z%= 2% _4ig 9 H(VO,ZB,Z

0Z «

8)’ (4.13)

as required.

The propagation equation (4.13) has been derived for null twistors.
We define the propagation of non-null twistors to be that given by (4.13).
To propagate a finite (i.e. non-infinitesimal) distance, ore has to integrate

(4.13); in other words, one exponentiates the Hamiltonian transformation.

Finally, let us consider the consequences of the vanishing of the
\

Ricci tensor. Combining equations (4.3) and (4.12) leads to

+ +
H=H + H ,

= - d
where H+(V,Zx,Zx) 1= 2Za I“p——E-g(v,Z‘),
0Z

h (v,E) dE 1
_ -iw -VTT]_'
g= - ’
o'

o - 4 2
g(V,Z ) = 1“01

o Sy )
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and where 1% represents the infinity twistor:

AB
€

o o
L -

In other words, the propagation or scattering of a twistor through a

vacuum pp-wave is essentially described by the holomorphic twistor function

g(v, Z‘). This is one more illustration of the important role played by

holomorphic functions in twistor theory.
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Chapter 5. Yang-Mills Fields.

The object of this Chapter is to generalize the "left-handed
Maxwell field" construction of Chapter 3 to a "left-handed Yang-Mills
field" construction. We shall use the term "Yang-Mills" to encompass

all gauge theories, not just the one which arises from the group SU(2).

§5.1. Mathematical Preliminaries.

In this section we shall give a brief review of the theory of
Yang-Mills fields. For more details, the reader is referred to the

review article by Abers & Lee [ﬁ].

Yang-Mills theory grew out of the observation that the theory of

electromagnetism is invariant under the action of a gauge group U(l).

If U(1) is replaced by some larger gauge group, one is led to the theory

of Yang-Mills fields. The basic mathematical setup is as follows.

Let G be a compact semi-simple Lie group. Let {Tp | p=1,2,..., n}
be a matrix representation of the infinitesimal generators of G. 1In other
words, the T_ are N x N complex matrices (for some integer N) and they span
the Lie algebra of G. Suppose that the Tp satisfy the commutation relationsx*

r's r .
CTp. Tq] =i Cp Tr (1.1)

So the C T are the structure constants of G [7] .
Pa

* The indices p,q,r ... run from 1 to n.



Let M be a region of real or complexified sinkowski space-time.

‘A Yang-Mills field on M is defined to be a field F: - p on M

b F (ab]

(this gives us a collection of n 2-forms on M, as p runs over the values
1,2,..., n); the field is assumed (i) to possess a potential @Z on M
(i.e. a collection of n l-forms), such that

P

- P P zq r
ab =2 85 tE Cp O $ (1.2)

where g is some constant (the coupling constant of the field);

(ii) to satisfy the Yang-Mills equations

a _p i p qa r _
VvV Fp, *8 qu ) Fob 0, (1.3a)
a p p qa r
* + * = .
\v; Fab g qu o Fab o, (1.3b)
p pCd . p
b .= .
where Fab . 3 € bed F is the dual of Fab

We are particularly interested in fields which are left-handed (or

anti-self-dual). The field Fa% is said to be left-handed if it has the
form p b
Fab = Pap &sr, (1.4)

P - 4P Using equation (1.4), the Yang-Mills equations (1.3
where ¢AB ¢(AB) g eq ( ), g q ( )
become

AA' , D P QAA r - o

g CPAB + g qu $ ¢AB , (1.5)

while equation (1.2) is equivalent to the two equations

P _ PA'’ P 4 rA'
<PAB B vt‘\'(A §B) +‘}ngr éA'(A éB) ’ (1.6)

PA P rd rA
0o = VA(A, @B,) +i‘ngr @A(A, By (1.7)

77
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A potential §: satisfying (1.7) is said to be left-handed.

Theorem. Equations (1.7) and (1.6) imply equation (1.5).
In other words, the field derived from a left-handed potential

automatically satisfies the Yang-Mills equations.

Proof. First note that since qup is skew in qr,

cqrp $,yn @E'} = cqrp ®:(A, @’B',? and
qup ®a q’;A' - qup QIDE'(A q)ll;l)\'
Define YP .= 1 Va %p , so that
A'A QSA' = Vara @é":' + Epp ¥V
Then (1.6) and (1.7) can be rewritten as
CbXB = Vaa: ¢§A' - & vt qup (D:A' q’;A' ’ (1.8)
0 =79,,, @l‘;‘f €, vP 4 3 g cqrp ), ¢;‘} : (1.9)

B'
Operating on (1.9) with VB and using (1.8) yields

pPAB AB P P gA rB'B
0 =VAA'[—¢ + 8 b4 +%gcqr (DBO ¢

BB' p
- v y + C '
E\ g g ar AA

P 54 _ 4 TAB AB T r sA tBB']
+§gcqr QAA,[ $ + £ ¥ +ifgC$t <I>B, d .(1.10)
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Using
R R I AR PLRE A
+3g . (-3¢ cstp ¢§A' g TCB'y +.& eABeA'B' yP
equation (1.10) reduces to
0 = - (VAA 1. ¢PAB + g qup (DZA' ¢rAB)
‘g ¢’ ¢ e, (1.11)
where rtsrﬁ' ;= g TAB <I>Ez, ‘P;J.B
Clearly Tt(sr)a = 0, and it is easy to check that r(ts)ra = 0, so
it follows that I‘tS: = F@SI‘Ja

But the Jacobi identity [7] states that

p c 1
q{r st] = 0,

so that the last term in equation (1.11) vanishes, and we are left with

C

equation (1.5), as required.

Nothing has been said so far about the way in which G acts as a

gauge group. This matter will not be entered into here, beyond saying that

¢pAB and <I>p transform in a definite way under gauge transformations and
a

that equations (1.5), (1.6) and (1.7) are gauge-invariant. In addition,

jt is easy to see (using the conformal transformation formulae of [24] ) that

these equations are conformally invariant.




Finally, note if we define

Fab : ab p’
= &P
Pap T ¢ Tpo

3, =&, T

(so is an N x N matrix of l1-forms, etc.), then equations (1.95),
[ \

and (1.7) become’

AA AA" AA’
VS g m1E (27 $p ~fp 0 ),

- A’ . A’
Pap = Varca gy ~1e& %, %y
A A
= - i o
0 Vaa® gy ~ 1 8%, B')

respectively, where use has been made of equation (1.1).
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(1.6)

(1.12)

(1.13)

(1.14)
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§56.2. The Twistorial Construction.

Recall from Chapter 3 that in the case of electromagnetic fields,
the space that was deformed was the non-projective twistor space r"-’,

considered as a line bundle L(-1) over IP'"-'(Cf- §2.2).

In the Yang-Mills case, the space we shall deform is a vector bundle K

over PT, where K is the direct sum of N copies of T = L(-1):

K:= L(-1)® ---®dL(-1).
—_——o

N times.

N
The bundle K has rank N, i.e. each fibre is a copy of C : recall that
N
C is the representation space on which the matrices Tp act. K may be

thought of as the space of N-tuples of non-projective twistors

ol d—l
Z

1
z% = .

’
7
N
such that Z;‘ , Z; y e s Z?*J , are all proportional to one another.

Let CM be a convex region of complexified Minkowski space-time

and 1et P be the corresponding projective twistor space. So iP'TF'

is the space of TN2P's in CM. Let Fup = Fag T, be a Yang-Mills field

p

in CM, with potential <I>a =<I>a T , satisfying the Yang-Mills equations

(1.3).

Recall from §3.1 thatTcould be regarded as the space of pairs (Z’TTA')‘

where Z is a TN2P in CM and U is a constant spinor field on Z which
A A’
points along Z (meaning that the tangent vectors to Z have the form A 7 ).

Analogously, the vector bundle K may be regarded as the space of pairs (z,vA')

where Z is a TN2P in CM and T is a 1 x N column vector of spinor fields

on Z
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[ —
VY
NA‘ = . ?
TrNA'J
such that each of = i
1A', ___’WNA' points along Z. It follows that wlA',——-,

NNA' are all proportional to one another; 1let £ denote some spinor in the

A'
proportionality class they determine. So the tangent vectors to Z have the

A’ A
for some X, and the condition for = to be constant on Z is

form XA g
A'

A.'
g v T O onZ . (2.1)

A way of coupling this setup to the Yang-Mills field now suggests itself:

replace (2.1) by

O on Z. (2.2)

In matrix form, equation (2.2) is

— r— — p— om———t
[ | A' N
" mme--
"B e 1 AA' I TR LTY
{ { !
: ! ' '
A' {
v -1 ' : =
E AA "’ : g \ L | 0
1 ! ! 1
A 1} A' N "o
TmBu £ iNAA' _____ £ QNAA' NBJ
I . S,

To sum up, on each TN2P Z we have an N-tuple of proportional primed
spinors, and equation (2.2)tells us how to propagate these spinors over Z.

Equation (2.2) consists of two equations
v @n., = 0,
°© B (2.3)

V. m = 0,

where the linear operators VO and Vl are defined by
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Al
\' = \vj -
g (AA' ig ¢ ) .

P

The condition for the system of equations (2.3) to be integrable is that

the commutator { Vv
[ o Vl] be a linear combination of V, and V,

Integrability of (2.3) will mean that the propagation law is integrable,

in the sense that if we propagate T around a closed loop in Z, then 7

B' B'
returns to its original value.
Now
[V V] = EA'EB'(V -ig ¢ ) (V -ig?d ) - ( 03>1)
°r 1 OA" oa'’ “V1B' 1B"
A A
\] t - @ .
="ig£A EB (VAA' ‘bB' ig (pAA' B') ’

and the only way that this can be a linear combination of Vo and V5 is for
it to vanish. It follows that the integrability condition is

A . A -
Vaar B ~1e8% @ %my 0>

i.e. <I>a is left-handed (cf. equation (1.14)). We shall assume for the

rest of this section that &, is left-handed.

Thus we can define a vector bundle J'Cover TPT' to be the space of
pairs (Z, T ,), where ZEMPTMN and where m . is an N-tuple of spinor fields
on Z, each pointing along Z and satisfying equation (2.2). The space K
is a deformation of the '"flat'" vector bundle K. A construction analogous to
the one of §3.1 enables us to see how _'K: may be patched together out of two

A »
patches U and U ., This construction goes as follows.
Let P and Q be two fixed TN2P's in €M and define two subsets [PU

and PU of PT as in §3.1. Let U be the space of all
pre— d-
Zl
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a  ___
’

Lo §
such that the Zy, ===, Z% a1l determine the same TN2P Z in [PU (i.e. z3 ,

N

Z; are all proportional to one another and their proportionality class lies
in PU). Define U similarly. The '"flat'" bundle K is given by patching U
and II\I together according to
z% = z* on Unﬁ.
The deformed bundle XK is determined by the patching

Z% = £(Z) 2% on UAD, (2.4)
where f(Z) is a nonsingular N x N matrix, the elements of which are
holomorphic functions on PUA IP’I}. The matrix f(Z) arises as follows.
1f Z € PU A Pﬁ, let T be some path in Z from pa (the intersection point
of Z and P) to @@ (the intersection point of Z and Q) (see figure 3.1.2).
Propagate TTA' along T using the propagation law (2.2) : this leads to a

relationship of the form

b, _ b
Moo () = £(2) TTA.(p ) (2.5)

and serves to define £(Z).

In other words, given a left-handed Yang-Mills potential 9§,, we
can build the spaceK according to (2.4). Conversely, given the matrix

f(Z) which determines JC, how can we get back to ¢,? One way of achieving

this is set out below.

a
The first step is to fix a point x € €M (i.e. fix a line L  in IPW)

and to restrict f£(Z) to L, by putting

a L AA'
F(x ’ EA,) s f(i )§ E Av'g Al)

(cf. equation 2.1.8 and §3.2; recall that EA’ was a constant projective
spinor pointing along Z). Identify the line L, with the sphere of projective

spinors £ this sphere is covered by the two patches

A’

Wx = Lx n PU ’

A A
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1" 1" . . A
Now "split" F into the quotient of two matrices G and G :

a

Fix3 6,0 =6 (%5 £, 6 &5 £, (2.6)

Al A’

where G(xa; EA,) is holomorphic and nonsingular on W, and e(xa; EA,) on ﬁx.
In practice, it might be rather difficult to carry out this splitting
(except in cases like electromagnetism where there is an explicit "splitting
formula": cf. §83.2).

t
Operating on equation (2.6) with EA

VAA' yields
_ AT A -1 A A -1
0=( V,,, G G~ +G(E V,,,67)
_ AT AL -1 A -1 A" -1
(5" V,,,0) G GG (£ V,,®GC
-1, A" _A-1_ A" A
—>» G (& Va® =6 TE V6. (2.7)

The left-hand side of (2.7) is holomorphic on Wy and the right-hand side

A
on W,; so both sides must be globally holomorphic.

'

A A
And both sides are homogeneous of degree one in § (G and G are homogeneous of

degree zero since they are defined on the projective £ - space). It

A'

follows that both sides of (2.7) must be linear in § . In other words,

there exists a unique N x N matrix &g (xb) of 1-forms on CM, such that

-1 b A’

b
G (x5 £34) £ Vyar G(x 5 Egt) =i "1 ¢ (xb). (2.8)

®apc

Theoren. éa is left-handed (i.e. satisfies equation (1.14).

Proof. Using equations (2.8) and (2.1.95),

A' B’ A -1 A" -1, B' A
£ E Vaar 0pr =18 (& 4.6 )& vy O

-1, -1 A"’ 1 B' A

= -ig (G " ¢ VAA.G)(G- £ Vg,

i A' B' A

’

from which equation (1.14) follows immediately.
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So we now have a procedure for getting from a left-handed Yang-Mills
potential ®a to a vector bundle K over [P']F with patching function f(Z)

£

and we also have a procedure for getting from a patching function f to a

potential Q&;

fr—>>9

Are these two procedures compatible, in the sense that the composite
procedure

f—> 0, —> £’ (2.9)
implies that £ = £/ ? 1In fact, the answer to this question is no, in
general. But what is true is that (2.9) implies that there exist matrices

h(Z) (holomorphic¢ on [PU) and /ﬁ(Z) (holomorphic on IPG) such that
A -
¢ =% £ nt. (2.10)

This means precisely that f and f7 determine equivalent vector bundles (cf.§2.2).

So compatibility is ensured if we agree to identify equivalent vector
bundles over PT

To verify that equation (2.10) holds, we can reason as follows.
Given a patching function £(Z), '"split" it according to (2.6) and define

¢, by (2.8). Adopt the propagation law (2.2) for = Then (using (2.2) and

B'’
(2.8))
A' _
£ YAA'(G wB,) = 0.
It follows that
a a _ a. a
G(x ;& A,) Too x) = G(p; EA.) wB.(p ). (2.11)
Similarly,
A a a _ N, a a
G(x"g, ) Ty, (x) = G(a; £,,) mp, (@) (2.12)
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Combining (2.11) and (2.12) yields

a

_A a A -1 a a
s (@) = G(q ;EA,) G(x"; EA') G (x%; Epr) G(p 5 £,,)m5,(P)

A -
h(z) £(z) b~ (2) SNCSE (2.13)
using equation (2.6) and defining

A
h(Z)

A
Ga%g, ),

h(Z) G(p";

At

Comparing (2.13) with (2.5) yields the desired result.

What we have shown in this Chapter is that the information of a
left-handed Yang-Mills field can be coded into the complex structure of a
vector bundle }C over “DWP. It remains to be seen whether the construction
will provide a useful technique for finding explicit left-handed solutions

of the Yang-Mills equations.
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