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Abstract—In this paper, we analyze the coverage probability of
a reconfigurable intelligent surface (RIS) aided cellular network
with the theory of stochastic geometry. A Poisson cluster process
(PCP) is applied to model the positions of transmitters (TXs)
and RISs, capturing their spatial correlations. Considering the
general Nakagami-m fading channel model, we derive the ap-
proximate distributions of the composite channel gains with RIS-
assisted transmission, representing the desired signal channel
and the interference channel, respectively. The coverage proba-
bility of the typical user is then obtained. The derived coverage
probability is in a closed form, which can be evaluated efficiently.
Simulation results are presented to show that the presented
analysis is effective, demonstrate the significant performance
gains brought by the passive beamforming of a RIS with a large
number of elements, and show the impact of TX density on the
performance of the proposed system.

Index Terms—Reconfigurable intelligent surface, performance
analysis, stochastic geometry

I. INTRODUCTION

Using reconfigurable intelligent surfaces (RISs) to improve
the quality of wireless communications has been viewed as a
promising physical layer (PHY) technology in wireless com-
munication networks [1]. A RIS comprises massive low-cost
and passive reflecting elements, which can perform passive
beamforming of the incident waves, focusing the reflected
waves towards the receiver [2]. Owing to the prominent ad-
vantages of RISs in providing cost-effective, energy-efficient,
and reliable wireless communications, the implementations of
RISs have been widely explored in recent years, e.g., RIS
aided non-orthogonal multiple access (NOMA) [3], physical
layer security [4], unmanned aerial vehicle (UAV) communi-
cations [5], [6].

As a brand new technology, numerous research efforts
in the academic field have been devoted to characterizing
the performance of RIS-aided wireless networks. Up to the
present, most existing works focus on the single-cell system
and conduct link-level performance analysis. The authors in
[7] used the central limit theorem (CLT) to obtain the outage
probability of a RIS-aided communication link with perfect
phase shifting. With a similar system setup, the authors in [8]
investigated the asymptotic behavior of the outage probability
in the large transmit signal-to-noise ratio (SNR) regime and
derived the diversity order. Moreover, the authors in [9] took
phase errors into consideration and proved that the composite
channel gain with phase errors follows the Nakagami-m

distribution. The authors in [10] illustrated that the CLT-based
approaches are only valid when the number of reflecting ele-
ments is very large and in the low SNR regime. Therefore, a
moment matching technique based on the gamma distribution
was proposed, which can give an accurate approximation even
with a small number of elements. Then, the performance of
a RIS-assisted communication link with perfect and random
phase adjustment over Nakagami-m fading channels were
investigated in [11] and [12], respectively. The Nakagami-
m channel model is regarded as a more general option than
Rayleigh.

Even though the link-level analysis attracts more research
interests, the system-level analysis considering multiple trans-
mitters (TXs), users and RISs was also carried out in a few
works. The blockages and RISs were jointly modeled by the
boolean line segments in [13], where the authors investigated
the connection probability that each user can be served by
a RIS, and showed the benefits of implementing RISs in
service coverage extension. The authors in [14] used two
independent homogeneous Poisson point processes (HPPP) to
model the positions of TXs and RISs, respectively. The signal
power and interference power distributions and the coverage
probability were derived. The authors in [15] analyzed the
coverage probability and ergodic rate of a RIS empowered
large-scale NOMA system where the locations of TXs and
users followed two independent HPPP. Considering the users
served and not served by RISs, the authors in [16] analyzed
the network coverage probability and investigated the impact
of the proportions of different types of users on the system
performance.

It is worth noting that all the existing works regarding
the RIS-assisted multi-cell networks do not take the spatial
correlations between the positions of TXs and RISs into
consideration. However, to provide more reliable transmis-
sion, the locations of the assisting RISs should be designed
carefully according to the locations of TXs; therefore, the
positions of TXs and RISs are spatially correlated in practice.
To this end, we jointly model the locations of TXs and RISs
as a Poisson cluster process (PCP), and analyze the coverage
probability of the typical user. The general Nakagami-m
fading channel model is applied, and both the direct links
and the RIS reflected channels are considered. Particularly, the
distributions of the signal power and the interference power
are derived, and the coverage probability of the typical user
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Fig. 1. System model of the RIS-assisted large-scale cellular networks.

is given in a closed form. Numerical results are presented
to illustrate the performance gains brought by the passive
beamforming of RIS and demonstrate the impact of the
density of TXs on the network performance.

II. SYSTEM MODEL

The system model studied in this paper is a RIS-aided
large-scale wireless network, including multiple TXs, users,
and RISs. All the TXs and users are equipped with a single
antenna, and we focus on the downlink transmission from
the TXs to users. The system model is shown in Fig. 1. It
is assumed that the locations of users follow a HPPP. On the
other hand, the locations of TXs and RISs are jointly assumed
to be a PCP with two nodes in each cluster. To be specific, the
locations of TXs are modeled by a HPPP &, with the density
of A\, which is the parent process. For each TX in ®;, a
daughter node, standing for the assisting RIS, is uniformly
distributed in a circle with the radius of [y, centered at the
location of the corresponding TX'. The daughter process of
the locations of RISs is denoted as &,. In this paper, we
analyze the performance of the typical user, denoted as Uj.

A. Channel Model

It is assumed that each RIS has M elements. We denote
the normalized small scale fading of the channels from a TX
to its corresponding RIS and from a RIS to Uy, i.e., T;-R;,
i1 € &4, 7' € ., and R;-Uy respectively as g; and r;, such
that

gi = (9i1, ~~'agi,M)T e CMx1, (1a)

r; = (11, ...,m’M)T c CMx1, (1b)

In this paper, we assume all the channels associated with the
RISs are Nakagami-m fading with unit power, such that

|9i,m| ~ Nakagami(ng, 1) (2a)

|7i,m| ~ Nakagami(n,, 1), (2b)

IFor clarity, we investigate the case where the distance between a TX and
its corresponding RIS is fixed. The presented results can be generalized to
other patterns of the PCP model by averaging over the distribution of I,
which will constitute our future work.

where m € {1,2,..., M }; ny and n, denote the Nakagami-m
shape parameters of |g; ,,| and |r; .|, respectively. The large
scale fading of the T;-R;/-Uy channel is given by

Qg = ﬁr (ZOdni)_Va (3)

where 3, is the large scale fading per unit distance of the
reflected channel; [y and d,; are the distances of the T;-R;/
channel and the R;-Up channel, respectively; v denote the
pathloss exponent.

The direct link from a TX to Uy, ie., T;-Uy, © € Py, is
assumed to be a Rayleigh fading channel, and the channel
gain can be given as

hi = /ani & =/ Brdy,; &is “)

where ) is the large scale fading per unit distance of the
T;-Uy channel; dj,; is the distance between T; and Up; &;
is a normalized complex Gaussian random variable such that

gh,i ~ CN(07 1)
B. Signal Model

The signal received at the typical user Uy can be written
as

Y= (,/ar70gg@oro + /Oh o 0) \/ﬁxo + \/ﬁf + wg, (5)

where

I= > (Vorkgl Oy + /anris) o (6)

ke, \{0}

denotes the interference power; P is the transmit power of
each TX; xj is the transmit constellation symbol with zero
mean and unit variance; ©®, = diag (e/%%1, ..., €% ) repre-
sents the phase adjustment matrix of Ry/. wy is the additive
white Gaussian noise (AWGN), i.e., wg ~ CN(0, 03).

To maximize the received SNR of U, the phases of R, are
shifted to align the phases of the RIS channels to the direct
link, such that?

Oo.m = —arg(go.m) — arg(rom) +arg(éo). (7

Furthermore, the phases of the interference channels, i.e., Tk-
Ry-Up, k € ®:\{0}, are uniformly distributed over [0, 27).
Hence, the signal received by U is rewritten as

M
y= <\/ar,0 > lgomllrom| + \/ah70|§0> el 2rel&0)\/ Py,
m=1

+ VPI + wy, ®)
where
- Y i 92)
ke®:\{0}
M ‘
I, = (\/ar,k > gk mllreml e’ + \/mfk> Tk
m=1

(9b)

2We consider the continuous phase shifting without phase errors, which
leads to a performance upper bound [17]. Moreover, the performance of 2-bit
phase adjustment is close to the ideal case [18].



and @, follows the uniform distribution within [0, 27).
Thus, the received SNR can be written as

R
I+~7Y

v (10)

where
M 2
S = (x/oér,o > 1g0.mllrom| + \/ah70|§o|> , (lla)
m=1
B RS W

ked\{0} ke®,\{0}

(11b)

and +; is the transmit SNR such that v, = P/o3.

III. SIGNAL AND INTERFERENCE POWER ANALYSIS

In this section, the distributions of the desired signal power
S and the interference power I are analyzed in detail.

A. Signal Power Analysis
The desired signal power S can be written as

S = (VoS + yanol&l) (12)

where My
S1="" |gomllro.ml- (13)

m=1

The distribution of S; is evaluated first. Here, a moment
matching approach is proposed to approximate the distribution
of S7. The moment matching method aims to match the mean
and second-order raw moment of a random variable of which
the exact distribution is intractable for analysis to another ran-
dom variable with known distribution. Given that |go | and
[ro,m|, m € {1,..., M} follow the Nakagami-m distribution
and they are independent and identically distributed (i.i.d.)
random variables, we can derive the mean and second-order
raw moment of S as:

E(Si]= Y EllgomlE [lro,ml]

(g +3) L (ne +5)

1
2

=M (n,n,) , (14)
) Ry )
M
Ewﬂ=EPj%mﬁmmﬂ

m=1

M-1 M

+2E Z Z 190,m [T0,m | |90, |7”0,i|‘|
m=1 i=m+1

B M(M —1) (T (ng+ 1) T (n, +3) ?
R ( D(n,) rm>>’ (>

where I'(+) is the gamma function. Thus, we can fit S; as the
gamma distribution, of which the shape and scale parameters
are

E2[S] _ E[S}] - E2[S)]

“TEE-EE T EE o

Based on the approximate distribution of Sp, the mean and
second-order raw moment of .S can be derived as

E[S] = an,om, (17a)
E [S?] = o on2, (17b)

where
a =\/a.0/anp, (18a)
n =08 4+ 200" 97 4 o293, (18b)

n2 =08 + 400897 + 6020897 4+ 439095 4+ o*9]. (18c)

95, € € {h, 7} is the bth order raw moment of |{y| and 51,
respectively. Since |£| is a Rayleigh variable with the param-
eter v/2/2, ie., [€0| ~ R(V2/2), and S; is approximated by
a gamma random variable, ¥} and 9] are given by

9P =T (1 + ;b) , (19a)
o7 — b DO R (19b)

[(k1)
Hence, we can fit S as the gamma distribution, of which the
shape and scale parameters are
2
=N 55
2 —m

(20a)
2 — Tl%
m

W= apof] = apo (20b)

The cumulative distribution function (CDF) and probability
density function (PDF) of S can be given as

Fo(z) = 7 (k,2/w)

OB (21a)
=1 exp (—x/w
fs(x) = x Fe(/g EJ,;E/ )7 (21b)

where (-, -) is the lower incomplete gamma function.

B. Interference Power Analysis

The interference power from Ty, k € ®;\{0} can be written
as

2
I, = |\/ar,kll,k + /0 k| ; (22)
where
M
L= Z \Ghe,m | |71 m | €795 (23)
m=1

Since ¢y, ,, follows the uniform distribution within [0, 27), the
central limit theorem (CLT) can be applied directly to fit Iy j
as a circularly symmetric complex Gaussian (CSCG) random
variable for a large number of RIS elements, such that

I ), ~ CN(0,M). (24)

Moreover, since &, is also a CSCG random variable, we can
have

Vorili e+ okl ~ CN(0, May i + apg).  (25)



Therefore, we can learn that [ is an exponentially distributed
random variable, of which the PDF and CDF can be given as

f1u () ) . Q6a)

1 x
= exp|-——--T""—
Moy j + an g P ( Moy j + o

Fr,(z) =1—exp (— (26b)

Fare)
Moy +ang )’
In contrast to the moment matching approach in the signal
power distribution analysis, the approach based on the CLT
method is applied in the interference power analysis. The
reasons are explained as follows. First, in the signal power
analysis, S7 is a positive random variable. Thus, fitting S;
with a gamma variable makes more sense since the gamma
distribution is always positive. However, a Gaussian random
variable is supported in the set of reals. Therefore, applying
the CLT to fit S; causes significant errors. The authors in [10]
also introduced this point. Different from S;, the supports
of the real and imaginary parts of I ; are both the set of
reals. Hence, it is more reasonable to use the CLT to fit the
distribution of I; ;, as CSCG distribution.

Remark 1. By using the CLT, the distribution of I}, is not
related to the Nakagami-m distribution parameters.
C. Laplace Transform of the Interference Power

The Laplace transform of the interference power is pro-
posed in the following proposition, which will be used when
we characterize the coverage probability.

Proposition 1. If Uy is connected with a TX at a fixed
location®, the Laplace transform of the interference power
can be given as

)

27)

272\, csc (2”

) (MBlg" + Bn)s)

N

v

Li(s) = exp <—

Proof: See the Appendix. |

IV. COVERAGE PROBABILITY ANALYSIS

In this section, we characterize the coverage probability
of Uy. The coverage probability is an important performance
metric that can be used to evaluate the reliability of a
communication network. It is defined as the probability that
the received SINR is larger than a threshold, i.e.,

Pe(70) = P(v > 7o) (28)

Using the approximate signal power distribution and the
Laplace transform of the interference power, the coverage
probability of the typical user can be evaluated and concluded
in the following proposition.

3In this paper, we consider the fixed connection strategy. Discussion on
the nearest connection strategy will be left for the future work.

Proposition 2. If Uy is connected with a TX at a fixed
location, the coverage probability of Uy is

r—1 j j
SRy [
Pe(v0) = JZ::O ;1 {WX (s)} L (29)
where 1
B _ o 70
X(s) =exp ( w S) £ (w s) ’ G0

and R is the integer closest to k; L1(s) is defined in (27).

Proof: The desired signal power distribution has been
fitted by the gamma distribution with the scale parameter k.
Another approximation is taken here by rounding ~ to the
closest integer k. Then, the coverage probability of Uy can be
written as

Pc(70> = P(ry > 70)
=E; [Fs(yo +771)]

_ I'(%,Y)

== [ ) oy
where

Y =([+y") 2, (32)

and T'(-,-) is the upper incomplete gamma function, which
can be expanded in series. Then, we can have

PC('VO) =

=0 J

Ey [(-1)7Y7e™Y]

=
I

—
—

_1)j o7 s
> g ]
J=

_— . ‘
(—1)7 [ o9 ]
- —Ly(s) ,

j=0 J! 951" s=1

(33)

where (a) follows by using the interchangeable properties of
computing differentiation and expectation.

Using the derived Laplace transform of the interference
power in Proposition 1, the Laplace transform of Y is written
by

Ly(s) =Ex [exp (—(I+77)2s)]

—1
= exp (—’mzt{s‘)/h (%8) .

Thus, the proof is complete. O

(34)

Remark 2. Regarding the Proposition 2, it can be learned
that increasing the density of TXs \; and reducing the transmit
SNR ~¢ will lead to lower coverage probability due to the
increased interference power and the decreased signal power,
respectively.
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Fig. 2. CCDF of S and MC simulation results.

V. NUMERICAL RESULTS

If not otherwise specified, the Monte Carlo (MC) simulation
parameters are provided in the following. We generate all
the nodes of the PCP in a circle area, of which the radius
is 5000 m. The large scale fading per unit distance and the
pathloss exponent are set as 8, = 8, = —30dB and v = 2.5,
respectively. The distribution radius of the daughter node of
the PCP is [p = 3 m. Since the fixed connection strategy is
investigated in this paper, Uy is at the origin, while the TX
and the RIS connected with Uy are respectively located at the
coordinates of (20,0) and (20, 3). The noise power o2 is set
to be —70dBm. The SINR threshold vy = 0dB.

Fig. 2 is presented to demonstrate the accuracy of fitting .S
as the gamma distribution. It can be learned that the proposed
analytical results match with the MC simulations very well.
Moreover, we can see that the received signal power can
be greatly increased by adding the number of RIS elements
due to the passive beamforming. According to the simulation
results, n, = n,, = 1 and the CCDF of S, Fs(z) = 0.8, it can
be observed that x = —41dB and = —52dB for M = 64
and M = 16, respectively.

On the other hand, Fig. 3 illustrates the accuracy of fitting
I, as an exponential random variable. To demonstrate the
advantage of RIS passive beamforming, we place the inter-
fering TX and RIS at the coordinates of (0,20) and (3,20),
respectively. The approximation based on the CLT also has
high accuracy in terms of fitting the interference power.
Compared with the results in Fig. 2, the interference power
is much weaker due to the lack of passive beamforming. It is
worth noting that the interference power does not increase as
quickly as the signal power when the number of RIS elements
increases, showing that using a large RIS is beneficial for the
communication quality in a multi-cell network.

Fig. 4 shows the coverage probability versus the transmit
SNR with different densities of TXs. Simulation parameters
are set as lp = 3m, ng = n, = 2. The elements equipped
at each RIS is M = 32. It can be learned that increasing
the density of TXs will deteriorate the performance of the
typical user due to the increased interference power level.

Analytical Results
QO MC Simulations
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x (dB)

Fig. 3. CCDF of I, and MC simulation results.
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However, when the density of TXs is smaller than 10~% /m?,
the performance of Uy is very close to the ‘No Interference’
case, where there are not any interfering TXs. Hence, in a
network with sparsely deployed TXs, the link-level analysis
carried out in many existing works can well represent the
network performance.

VI. CONCLUSIONS

This paper presented a RIS-assisted cellular network with
multiple TXs, RISs, and users. The typical user is connected
with a fixed TX with an assisting RIS, while all the in-
terfering TXs and RISs follow a PCP, capturing the spatial
correlations. The distributions of the signal power and the
interference power, as well as the coverage probability of the
typical user are analyzed in detail. It was shown that, with
passive beamforming, increasing the number of RIS elements
can significantly improve the network performance. In the
proposed system setup with the fixed connection strategy, a
larger density of TXs will lead to worse performance due to
the increased interference.
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= exp —# (MBI5" + Br)s) (35
APPENDIX [3] T. Wang, M.-A. Badiu et al., “Outage probability analysis of STAR-

With the fixed connection strategy, the Laplace transform
of the interference power can be written as

Li(s) =E[e ] (36)

=FE |exp | —s Z p

i ke®,\{0}
=E H exp (—sl)

_kE@t\{O}
(@) 1
2 H

kb (0} 1+ (Nay g +apg)s

where (a) follows that I}, is exponentially distributed. An-
alytically, d, i, lop and dj,  follow the law of cosines, such
that

dyj, = \/d,%_k + 12— 2dpilocos (wrr),  (37)

where w, ;, is the angle contained between the T}-Up link
and the Tj-Rjy link, which is random variable uniformly
distributed over [0, 27). However, since the spatial correlation
is considered between TXs and RISs, we can safely assume
that dp > lp if the RIS is deployed in the vicinity
of its corresponding TX for the exchange of channel state
information (CSI). Moreover, as introduced in many papers,
RIS might be used to serve cell-edge users which are far away
from the TX in the future, and TXs are deployed sparsely in
practical networks, where 1072/m? is a large value. These
practical insights make the assumption more reasonable. In
this way, we are able to take a distance approximation that
dn 1 = d, . Hence, the Laplace transform of the interference
power can be derived as in (35), where (b) follows from the
probability generating functional (PGFL).
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