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Abstract

Cyclic voltammetry is typically performed using triangular waveforms, however, complications
inevitably arise from the discontinuous nature of the differentiated triangular wave: As the capacitive
current contributions are proportional to the derivative of the applied electrode potential, the mea-
sured current is (at least theoretically) discontinuous, which experimentally manifests in perturbed
voltammetric data following minima and maxima in the applied triangular wave that is mostly due to
unavoidable parasitic capacitances. We herein investigate voltammetry using alternative waveforms
which on the one hand circumvent such difficulties and on the other exhibit unique features in the
voltammetric response. We show that these features immediately reveal the formal potential of an
investigated reaction that is readily available without any need for further data processing, and enable

a new and easy-to-use route to determine formal potentials.

1 Introduction

For decades cyclic voltammetry ' has been the key technique in electrochemistry and still today
remains an integral part of most electrochemical and electro-analytical studies published. In a typical

cyclic voltammetry experiment, an electrode is set in contact with an electrolyte solution containing an



analyte of interest. The surface is then biased with respect to the solution, while a triangular potential

wave E(t) is applied to the electrode relative to a reference electrode:

:l:Ut+E(t:O) for t<t1/2
E(t) = (1)

Fo(t —tije) + E(t=1t12) for t >ty

where o is the scan rate and ¢/, is half of the duration of one cycle. During the potential scan, the
electrode current, the current through the solid-liquid interface, is monitored and enables diverse insights
into the nature of the reaction at the electrode surface. As a vast amount of accessible and easy-to-use
theory exists,® numerous physical quantities can be readily extracted from voltammetric data including
analyte concentrations, diffusion constants, and rate constants to just name a few.

Aside from the great opportunities offered by cyclic voltammetry using the triangular wave (1),
experimental challenges inevitably result from the discontinuity of the potential’s first derivative with
respect to time. As capacitive contributions I. to the measured current (I = I. 4+ Ir) are proportional

to the first derivative of the applied electrode potential F(¢) with respect to time:

I, o th(t) (2)

I, is discontinuous, which entails perturbed voltammetric data following turning points at t = n - £y,
n € N°. The perturbations are mostly due to parasitic capacitances present in the measurement set-up,
which may in a complex fashion depend on parameters such as the scan rate, potential, and current
magnitude, and hence can typically not be distinguished from actual voltammetric data. A more detailed
discussion on capacitive effects can be found in recent literature.® While such perturbations are of course
present at any time of the experiment and generally affect all data, their influence may however be much
larger at discontinuities in the current where they pose a much greater challenge to the acquisition and
quantitative analysis of experimental results and which should therefore desirably be avoided.

In this work we present an alternative approach to cyclic voltammetry using a slightly different
waveform to the above triangular wave to prevent discontinuities in the measured electrode current.
Related voltammetry is investigated in much detail and an expression for the height of the first peak
is established akin to the well-known Randles-Sevéik equation.”® Our analysis further reveals that the
proposed method gives rise to unique voltammetric features that can be exploited to determine the
formal potential of a reaction at an ease and clarity far beyond means offered by triangular wave cyclic

voltammetry.



2 Theory

In the following section, the proposed method of an alternative non-triangular waveform is explained
and a theoretical model introduced. We further introduce practical dimensionless coordinates and two
different computational approaches, finite difference simulation and computation based on fractional

calculus, which complement each other.

2.1 Theoretical model

We investigate a simple one-electron electrochemically-reversible reduction reaction of A to B at a
planar macroelectrode under diffusion-only conditions, where both species have equal diffusion coeffi-

cients:

A+e” =B (3)

The system is assumed to be fully-reversible in which the electrode kinetics are much faster in comparison

to the mass transport resulting in a Nernstian equilibrium at the electrode surface: 2910

RT . ca(x=0)
?lncB(x =0) )

E=E}+
where F is again the applied potential, E? is the formal potential of the A/B couple, and c4(z = 0) and
cp(x = 0) are the surface concentrations of species A and B, respectively. In this system, only diffusion
is considered as means of mass transport of the analytes to the electrode surface with no convection and
the presence of a sufficiently high concentration of supporting electrolyte is assumed so that migration
can be neglected. !4 Tt is, however, important to note that with sufficiently long scan duration times,
convection may affect experimental results. 315717 The transport of analytes is hence described via the

one-dimensional diffusion equation given by Fick’s second law, which relates the change in concentration,

¢, over space, T, with time, ¢:18:19
30 i 820 .
o o (5)
ot Ox

where j is the species of interest and D is the diffusion coefficient of the said species. In order to solve

the diffusion equation, boundary conditions are established for the case where only species A is present

in the bulk solution.?'® and the concentration of both A and B is uniform in space:



t<0,allz, ca=cly, cg =0 (6)

As t increases, both c4 and cp change, however, at a distant significantly far from the electrode, no

reaction is observed and the solution remains the same as the initial condition:

t>0, =00, ca=cy, cg =0 (7)

Since both species have the same diffusion coefficient and by conservation of mass, the amount of A
consumed at the electrode equals the amount of B gained:
dca _ Ocp

t>0, =0 ——=

or  ox (8)

and, due to the symmetry of all boundary conditions with respect to the exchange of A and B, the

following condition holds at any point in space:

ca(z,t) +ep(z,t) —cy =0 9)

2.2 Proposed method

In contrast to a triangular wave, the here-introduced method uses a cosine potential wave with varying
powers, while the scanned potential window is shifted between different experiments. The cosine potential

wave equation is given as:

n cos(2m-a-iAt)
lcos(2m - a-iA )|

E@i)=A |cos(2m-a-iAt) + Eghife (10)

where A is the amplitude of the wave in volts, a is an auxiliary coefficient defined as % . % “Vavg * ﬁ
in which e is the radius of the electrode, D is the diffusion coefficient of the species of interest, F' is the
Faraday constant, R is the gas constant, T" is the temperature, and v, is the average scan rate measured
in volts per second. The other parameters, i, is the time step, At is the difference between each time
step, n is the power of the function, and ;¢ is the offset of the wave. It is herein noted that although
sine waves and cosine waves are used in AC voltammetry, this paper focuses on the use of cosine waves
in cyclic voltammetry.

As can be seen in Figure 1, the duration time is kept the same between the triangular and non-

triangular potential waves but the instantaneous scan rate at any potential differs depending on the



applied potential for non-triangular waveforms. In addition, the figure reveals that there are no discon-
tinuities in the first temporal derivative of the potential and the above-bespoken perturbations arising
from parasitic capacitances will not be observed in experimental data. We further note that a plateau is
observed for the cosine square wave at the midpoint of the applied potential range, which moves up or

down depending on the potential window shift, Esp; r.
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Figure 1: Triangular, cosine, and cosine square potential waves centred at 0 with an amplitude of 1.

2.3 Dimensionless coordinates

For simplicity and both easier and general application of our results to various experimental conditions,

8

dimensionless parameters'® are used in the following manuscript, while conversion factors are shown in

Table 1. Given these expressions, the cosine equation can now be expressed in terms of dimensionless

parameters where A is the amplitude of the dimensionless potential, a = 0&9 s and Egpipt = Faug — E]Q

for which Ejoc is set to equal 0. The diffusion equation also transforms to:

(11)

where d; = 1.
Simulations were run using serveral scan rates ranging from ¢ = 102 to 107 while the results shown
below were obtained for ¢ = 10* unless stated otherwise. Other parameters used for simulations are:

Af = 0.0001, w = 1.05, and h = 10".

2.4 Simulation via finite differences

We simulate the above theoretical model via a finite differences approach. To this end, the dimen-

sionless Fick’s second law (11) is discretized using the backward implicit method explained in detail in



Table 1: Dimensionless parameters. 1%

Parameter Normalization

concentration C; =+

e . D
diffusion coefficient d; = =L
J Da

spatial coordinate X=7z
-

time = Dﬁ;‘t
potential 0= (£7) (E— EY})
scan rate o= 5—1) (47)v
current J = weFlI)Ac;

the Supporting Information.

The numerical procedure was implemented in C++ and data processing and visualisation was done
in Python via the software packages NumPy and matplotlib. We appreciate that comprehensive software
testing?® is a crucial requirement for the development of electrochemical simulation software and have
therefore carried out various tests on our code: Peak-to-peak separations and peak heights were compared

with theoretical predictions and convergence tests were run.

2.5 Simulation via fractional calculus

In addition to the finite differences approach outlined in the previous section, we complement our
findings through the application of fractional calculus in electrochemistry as pioneered by Oldham. Con-
sidering the above theoretical model, our approach follows the method described by Oldham?', which is
summarized below. Mass transport equations (5) can be represented in Laplace space:

2
séi(z,s) —c; = Dﬁc}(x,s) (12)
where ¢;(x, s) is the Laplace transform of ¢;(z,t), and s is the complex frequency parameter. Given the
structure of the so-obtained partial differential equation, it is evident that concentration profiles of the

form:

*

&(x,t) = % +T(s) eap (—x ;) (13)

provide valid solutions where I'(s) is an arbitrary function of s. We next eliminate I'(s) by considering

Fick’s first law in Laplace space:



ji(z,s) = —D%c}(m,s) (14)

where evaluation of Equation (13) in terms of (14) and comparison with (13) yields an expression for ¢;

that is independent of T'(s):

*

cir,s) ="+
S

=i (@) (15)

Convolution theorem enables the back-transformation of the concentration profiles from the Laplace into

the time-domain, where the evaluation of the flux at the electrode surface z = 0 provides us with a

general solution of the concentration profile:

y 1 d—1/2 ) )
ci(xzo,t):ci—l—ﬁﬁji(x—o,t) ( 6)
Considering the conservation of charge at the interface, j4(z = 0,t) = —jp(z = 0,t) and Faraday’s law

I; = FAj;, enable us to link the equations for species A4 and B in the following expression?2:

1 4?2
—(ch —calz =0,1)) = WI(t) = (¢ —cp(z = 0,1)) (17)

- FAVD

Aside from the conservation of mass, j4 + jp = 0 at the electrode surface, no further physical aspects
of the reactions kinetics have so far been considered in the derivation of Equation (17) and the result is
independent of the electrode kinetics. In order to implement the Nernstian reaction considered in the

context of this study we re-write?? Nernst equation in terms of the bulk concentrations c% and c:

o (0 - 20-0) ) - 5555 "

where we imply that system is in equilibrium at the initially applied potential E(t = 0), i.e. E(t =0) =
RT/F - (In(c%) — In(cy)). The combination of the Equations (17) and (18), and straight forward algebra
yield an expression?? for the voltammetric current response as a function of the applied potential wave

and features the form:

d~|—1/2

1) = Wf(E(t)) (19)

with:



Ch
F B
erp ( o (E(t) —E(t= O))) +3E

In combination with a suitable algorithm to carry out the semi-integration, this expression can be used

1+

f(E(t)) — FAC,VD | 1— (20)

to evaluate the voltammetric response to an arbitrary potential profile E(t). In this work, we continue

to follow the approach discussed by Oldham?? and approximate the semi-derivative numerically as:

d + 1/2 1 (t/6—1)
—ft)=—+% w; f(t — jo) (21)
dp T /2 Vo jgo ’
with:
3
wj = <]_ —_ 2]) ’lUj,l and wo = 1 (22)

For the purpose of this study, the above numerical model was implemented in C++, which enables the
calculation of a large number of voltammograms on a timescale far superior to typical finite difference or
finite element simulations. Similar to the finite difference simulations discussed above, extensive software
testing?® was carried out: Peak-to-peak separations and peak heights were compared with theoretical

predictions, and convergence tests were conducted.

3 Results and discussion

The following section discusses the opportunities arising from the proposed voltammetric method. To
this end, we first focus on the implications of the altered voltammetric wave on the capacitive current
before we address the voltammetric response to the above cosine wave with an exponent of one. Finally,
the study is concerned with the voltammetry observed for greater exponents and outlines an entirely

novel but highly practical approach to the determination of the formal potential of a redox couple.

3.1 Capacitive currents

Whenever a potential is applied to an electrode in an experimental system, a double layer forms at
the interface between the electrode and the electrolyte solution as electrostatic effects compensate for the
charge difference and effectively screen the electrode potential in solution.??? The double layer acts as

a capacitor and thereby generates a capacitive current contribution to electrode current if the electrode



potential is varied: see Equation (2). Figure 2 shows the capacitive currents for triangular, cosine, and
cosine square potential waves obtained by taking the derivative of each pulse wave in Figure 1, where the

latter two are calculated via Equation (10) and n is set to one and two, respectively.
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Figure 2: Capacitive current of triangular, cosine, and cosine square potential waves centred at 0. The double-layer capacitance is
assumed to be potential independent.

For the linear sweep, a discontinuous capacitive current is observed at the point where the potential
sweep is reversed, which is intuitive from Figure 1 since the slope changes sign in equal magnitude at
said point. In reality a distinct step is not seen because of the time constant of the electrochemical cell,
however, as discussed in the previous section, the discontinuity in the capacitive current disrupts the
voltammogram obtained in experiments and often results in an unwanted complication of the measured
data. In contrast, cosine and cosine square waves are both continuous at the point of reversal as well as
at all other points throughout the entire sweep, minimising the effect of capacitive current drop and the

perturbation of the voltammogram.



600,

400
200

—200
—400;
—600]

—-80

Triangular Faradaic
— Triangular Faradaic + Capacitive|

600

400

200

—200;

—400;

Dimensionless Flux

—600;

Cosine Faradaic
— Cosine Faradaic + Capacitive

—-80
600,

400

200

—200i
—400;

—600]

Cos Square Faradaic
— Cos Square Faradaic + Capacitive

—80

Figure 3: A comparison between voltammograms with and without capacitive perturbations.

-20 -10 0 10 20

Dimensionless Potential

Figure 3 shows the theoretical behavior of voltammograms when a capacitive current is considered in

the modelling of triangular, cosine, and cosine square potential waves. The arrows indicate the direction

of the sweep. As expected, the voltammogram with triangular waveform shows a step caused by the

capacitive current at the point of reversal whereas voltammograms with cosine and cosine square waves

show minimal perturbation at the said point. The capacitive current was calculated using the following

equation:

Ik = KI/Aele

(23)

where [, is the capacitive current, K is the capacitance per surface area, v is the scan rate, and A, is the

area of the electrode. This equation was transformed into dimensionless coordinates using the conversion

factors listed in Table 1 in order to obtain a dimensionless expression for the capacitance, K':

Here, K =20 pF/cm?, e = 1073

KRT

K =—
Dk
eF2cy

m, and c% = 1.0 mol/m3.
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3.2 Voltammety obtained using a cosine potential wave when n = 1

Figure 4 shows a voltammogram simulated for a cosine pulse wave that is symmetric with respect to

the reaction’s formal potential using a scan rate of ¢ = 10*. The red dotted line herein corresponds to

the peak current value obtained from the Randles-Seveik equation which in dimensional form is: 18242
% FDAZ/
I, = —0.446 F Ac}y T (25)

which shows a square root dependence on the scan rate, v.2%27 Using the aforementioned conversion
factors between dimensional and dimensionless coordinates, Equation (25) was converted into its dimen-

sionless form:

J, = —0.446:/c (26)

The value indicated by the horizontal yellow line is the peak current observed in the simulated voltam-
mogram. In the figure, it can be clearly seen that the simulated peak current exceeds the peak current
arising from a standard triangular wave as described by the Randles-Sevéik equation. This can be under-
stood by comparing the sweep rates in the region of the formal potential; although the durations of both,
the triangular and the cosine wave measured over the full voltammetric sweep are equal, their scan rates
in the region of the formal potential differ with the cosine wave featuring a higher transient scan rate.
The observed current response is hence elevated as higher scan rates lead to increased rates of material

reacting.

60
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Figure 4: Voltammogram using cosine potential wave centered at 0.

The peak currents of the cosine model are further investigated in analogy with the Randles-Sevéik

equation by fitting a linear function to the graph obtained from plotting the peak currents versus the

11



square root of the scan rate as shown in Figure 5.
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Figure 5: Linear regression of peak heights for triangular and cosine potential waves.

In the figure, blue and yellow dots correspond to the peak heights of voltamograms simulated with
triangular and cosine waves, respectively, at each dimensionless scan rate between 10% to 107. The peak
current for a triangular potential wave under one-dimensional diffusion is calculated by the Randles-
Seveik equation and is used to generate the pink line. The line passes through the centres of the dots
demonstrating that the simulated results coincide with the theoretical value calculated by Equation (26).
The orange line is generated by performing a linear regression on the yellow dots, whose slope is then
used to determine the coefficient of the equation for the cosine potential wave akin to the Randles-Seveik

expression:

J, = —0.559\/c (27)

Similar to the triangular potential wave voltammogram, the peak current of the cosine potential wave
voltammogram shows a square root dependence on the scan rate. The simulations were run using dimen-
sionless parameters and hence the mathematical expression for the linear regression shown in Figure 5 is
obtained in dimensionless coordinates. This can then be converted to a dimensional expression using the

conversion factors listed in Table 1 and becomes:

FDAV

I, = ~0.559F Ac |~

(28)

Equation (28) shows approximately a 25% increase in the peak current compared to that obtained from
the Randles-Sevéik equation. The reasoning behind this can again be attributed to the steeper slope
of the applied potential waveform around the formal potential where the electron transfer occurs most

significantly.

12



3.3 Voltammetric effects of cosine square potential wave when n > 1

When the value of n in Equation (10) is larger than 1, a plateau is found in the applied potential
as shown in Figure 1, which becomes more pronounced with increasing n. The plateau, which signifies
a temporary halt in the potential sweep, results in a double peak in the voltammogram that is most
apparent for potential waves that are approximately symmetric with respect to the formal potential but

diminshes at other potential shifts.
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Figure 6: Close-up of cosine graphs for n = 2 with different potential shifts with respect to the formal potential. The top left
voltammogram corresponds to when the potential wave is shifted —10 dimensionless potential units, the top right voltammogram
corresponds to when the potential wave is shifted —2 units, the middle left corresponds to when the potential wave if shifted —1
units, the middle right is when the potential wave is symmetric, the bottom left corresponds to when the wave is shifted 1 units,
and the bottom right corresponds to when the wave is shifted 2 units.

Figure 6 shows a close-up of the voltammograms obtained using a cosine square pulse wave with different
potential shifts in dimensionless coordinates (A full representation of the voltammogram is presented in
the Supporting Information) from right to left and back to right as the arrow indicates. At E,.q —EJQ =0*

and in its vicinity, two distinct peak heights are observed. However, Figure 6 shows that when the

*

1 _ S
Bavg = = / E(t)dt (29)
0

max

where t maz is the maximum value of the duration time for the scan.
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potential shift is significantly negative, only one peak is observed whereas when the potential shift is
significantly positive, one of the peaks disappears. This behavior is clearer when the peak height is

plotted against the potential shift.
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Figure 7: Changes in cosine square peak heights with the potential shift with respect to the formal potential.

Figure 7 shows the dimensionless peak heights of the voltammograms obtained for the cosine pulse wave
(n = 1) and the cosine square pulse wave (n = 2) against the dimensionless potential shift. The cosine
peak heights represented by yellow dots shows only a little variation as the potential is shifted whereas the
cosine square peak heights exhibit two peaks emerging when the potential shift is around —2 dimensionless
potential units. The light purple dots and the solid orange line herein represent the first peak and the
dark purple dots and the dashed orange line represent the second. As discussed above, the absolute height
of the first peak decreases and approaches 0 as the potential shift becomes increasingly positive while
both peaks merge as the shift becomes smaller. A sudden change in the peak height of the second peak
is observed around the potential shift of —2 dimensionless potential units, which is the threshold above
which two peaks are seen. Below —2 only one peak is visible, but at approximately the said potential
shift, the second peak additionally emerges and peak one diminishes as evident from Figure 6. Beyond
the point of intersection of the dark purple and light purple dots, the two peaks swap heights and the
second peak becomes dominant while the first gradually diminishes. In the figure, the dots signify results
obtained from the finite difference method, whereas the solid and dashed lines correspond to the results
from fractional calculus, and as can be seen, the two results agree with each other.

The double peak caused by the cosine square wave results in a peak-to-peak separation are shown in

Figure 8.
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Figure 8: Changes in peak to peak separation with different potential shift

Figure 8 shows the changes in peak-to-peak separation of the voltammograms simulated using the poten-
tial waves given in Figure 1 with varying potential shifts. For the cosine wave when n = 1, the peak-to-
peak separation potential remains approximately 2.2 in dimensionless units, which in dimensional term
corresponds to 57mV (the standard peak-to-peak separation of a reversible system at 298K %27-31) and
is also evident from the nearly perfect overlap with the results from the triangular waveform. On the
other hand, the peak-to-peak separation changes markedly depending on the potential shift when n > 1.
As the potential shift approaches 0, the peak-to-peak separation decreases but at Eg,q — E? =0 and in
its immediate vicinity, the peak-to-peak separation shows a sharp increase. Here, the dots, again, repre-
sent the results obtained from the finite difference method and the solid lines represent the results from
fractional calculus. The fact that double peaks appear and drastic changes in peak-to-peak separation
are observed with varying potential shifts suggest that cosine waves with n > 1 can be used to determine
the formal potential of a species.

In practice, this would be performed by applying the cosine wave given by Equation (10) to an
electrode and measuring the peak-to-peak separation of the voltammogram obtained. The same process
would be repeated with different Egp;p; values until a sharp increase in the peak-to-peak separation is
observed. The cosine potential wave may also be beneficial in ultrafast voltammetry to change some

common complications3?33 that have been addressed in previous literature.

4 Conclusions

We propose a novel approach to cyclic voltammetry, where a non-triangular waveform is repeatedly
applied while the wave’s average potential, E,,g, is shifted with respect to the reference potential. By this

means, two challenges can be addressed; first, in triangular wave cyclic voltammetry, an instantaneous

15



change in capacitive current is observed at the point of reversal where it causes a perturbation of the
voltammogram. In contrast, the here-proposed waveform features a continuous slope across the entire
potential range, minimizing the disruption of the Faradaic current at the said point. Secondly, the pro-
posed wave form yields double peaks in the voltammogram, which separately vary in intensity depending
on the difference between E,,, and E?, and result in a sharp increase in the peak-to-peak separation at
Eavg — E? = 0. This effect can be exploited as a tool to experimentally determine the formal potential

of a reaction.
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