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_ Abstract—Sum of Squares programming has been used exten- references on early work on optimization of polynomials,
sively over the past decadg for the ;tablllty analysis of ndnnear see [2], [3], and [4]. For more recent work see [5] and [6]. For
systems but several questions remain unanswered. In this par, a recent review paper, see [7]. Today, there exist a number of

we show that exponential stability of a polynomial vector fiél ftw K f timizati iti [
on a bounded set implies the existence of a Lyapunov function SOTWWare packages ior optimization Over positive polyrais)!

which is a sum-of-squares of polynomials. In particular, te €.9. SOSTOOLS [8] and GloptiPoly [9].

main result states that if a system is exponentially stable ro At the same time, there are still a number of unanswered
a bounded nonempty set, then there exists an SOS Lyapunov questions regarding the use of sum of squares as a relaxation
function which is exponentially decreasing on that boundedset. ¢, nonnegativity and its use for the analysis of nonlinear

The proof is constructive and uses the Picard iteration. A band svstems. Unanswered questions include. for example. asseri
on the degree of this converse Lyapunov function is also gine y : a ! ple,

This result implies that semidefinite programming can be usé Of questions on controller synthesis and the role of duality
to answer the question of stability of a polynomial vector fitd to convexify this problem, as well as estimating regions of

with a bound on complexity. attraction of equilibria. On the computation and optimiaat
side, it is unclear whether multi-core computing could bedus
. INTRODUCTION for computation, as well as how to take advantage of sparsity

. . . . in semidefinite programming.
Computational and numerical algorithms are extensively . . .
In this paper, we do not consider the problem of computing

used in control theory. A particular example is semidefinite .
. o . . sum-of-squares Lyapunov functions. Such work can be found

programming conditions for addressing linear control prob ;
. . . ... in, e.g. [4], [10]-[12]. Instead, we concentrate on the ertips

lems, which are formulated as Linear Matrix Inequalmegf the converse Lyapunov functions for systems of the form

(LMIs). Using such tools, several questions on the anabysis yap Y

synthesis of linear systems can be formulated and addressed X(t) = f(x(t)),

effectively. In fact, ever since the 1990s [1], LMIs have hadh fORY L RP | | il | iUl dd
a significant impact in the control field, to the point that encV/eret . ko= IS polynomial. in par_tlcu ar, we address
question of whether an exponentially stable nonlinear

the solution of a control problem has been formulated as tm}e : . .
solution to an LML. it is considered solved system will have a sum-of-squares Lyapunov function which

When it comes to nonlinear and infinite-dimensional Sy§_stab|ishes this property. This result adds to our previous

tems, the equivalent problems can be formulated as polyaio |_?rk [13],bwhe:je ;ve w_erelgblehto show that (faxponenual ;ta-
non-negativity constraints under a Lyapunov framework, b llity on a bounded set implies the existence of a exponkytia

these are not, at first glance, as easy to solve. Polyno reall(5|tr;]g tpplyno|m|al :_);aptl;]nov function 0? fjhit SEt‘. lud
non-negativity is in fact NP hard. It is for this reason that ork that 1s relevant 1o the oné presented here inciudes

several researchers have looked at alternative tests for n[)esearch on cqntlnl_Jlty propert_|e_s, See €.9. [].'4]’ [15] arﬁj [
negativity, that are polynomial-time complex to test, arfdal and the overview in [17]. Inf|n|tely-d|fferer_1t|able _funo'ns
imply non-negativity. One such relaxation is the existencee € explo_red in the work [18], [19]. Other innovative rasul
of a sum of squares decomposition: the ability to optimiz?érehfound in [20] ﬁnd [21]. IhLe books [ZCZ] a_nd_[23]ftrLeat
over the set of positive polynomials using the sum-of-seqﬂarurt er converse theorems of Lyapunov. Continuity of Lya-

relaxation has undoubtedly opened up new ways for addgessﬂllmov .functions s in-h.e_rited fro'."‘? continuity of the solutio
nonlinear control problems, in much the same way Linefpap with respect to initial condition. An excellent treatrhe

Matrix Inequalities are used to address analysis questio th|§ problem can be four_ld n the.text of Arr_10|d [24].
for linear finite-dimensional systems. However, there riema nlike the work in [13], this paper is closely tied to systems

several open questions about how these methods can be LSQEBW as opposed to approximation theory. Our method is to

to search for Lyapunov functions for nonlinear systems. Fipee a WeII—_known form of converse Lya_lpunc_)v function ba_lsed
on the solution map and use the Picard iteration to apprdesima
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bound on the number of decision variables involved in tH@OS decomposition, which can be tested using Semidefinite
question of exponential stability of polynomial vector figl programming.

on bounded sets. This is because SOS functions of bounde@onsider, for example, the problem of ensuring that a
degree can be parameterized by the set of positive matrigegynomialp(x) € R[x] satisfiesp(x) > 0. This problem arises

of fixed size. Furthermore, we note that the question eturally when trying to construct Lyapunov functions for
existence of a Lyapunov function with negative derivatige ithe stability analysis of dynamical systems, which is the
convex. Therefore, if the question of polynomial posifiviin  topic of this paper. Since ensuring non-negativity is h&sl [

a bounded set is decidable, we can conclude that the problerany researchers have investigated alternative ways toislo t

of exponential stability of polynomial vector fields on thatn [26], the existence of a Sum of Squares decomposition was
set is decidable. The further complexity benefit of using SQ$$ed for that purpose, which involves the presentationuérot

Lyapunov functions is discussed in Section VIII. polynomialspi(x) such that

The main result of the paper is stated and proven in K
Section VI. Preceding the main result is a series of lemmas p(X) = Zpi (x)? (1)
that are used in the proof of the main theorem. In Subsection V i=

we show that the Picard iteration is contractive on a certailgorithms for ensuring this have appeared in the 19904 [27
metric space; and in Subsection V-A we propose a new Wt it was not until the turn of the century that this was recog
of extending the Picard iteration. In Section V-B we showt thajzed as being solvable using Semidefinite Programming [28]
the Picard iteration approximately retains the differ@bility |, particular, (1) can be shown equivalent to the existerfce o

properties of the solution map, before we prove the majg - 0 and a vector of monomialg(x) of degree less than
result. The implications of the main result are then exmlorgy equal half the degree af(x), such that

in Section VIl and Section VII. A detailed example is given

in Section IX. The paper is concluded in Section X. p(X) = Z(x)"QZ(x)
In the above representation, the matghis not unique, in fact
1. MAIN RESULT it can be represented as
Before we begin the technical part of the paper, we give a Q=Qo+ z,\iQi )
|

simplified version of the main result.

Theorem 1:Suppose thaf is polynomial of degreg and \yhereQ; satisfyZ(x)TQZ(x) = 0. The search foA; such that
that solutions ofk = f(x) satisfy Qin (2) is such tha® = 0 is a Linear Matrix Inequality, which
()] SKHX(O)”ef)\'[ can be solved using Semi_d_eﬁnite Programming. Mqreover,
if p(x) has unknown coefficients that enter affinely in the
for someA >0, K > 1 and for anyx(0) € M, whereM is representation (1), Semidefinite Programming can be used to
a bounded nonempty region of radius Then there exist find values for them so that the resulting polynomial is SOS.
a,B,y> 0 and a sum-of-squares polynomia(x) such that  This latter observation can allow us$earchfor polynomi-

for anyx e M, als that satisfy SOS conditions: the most important exarisple
o HXH2 <V(X) <B ||XH2 ;ﬂighe constlguctlon odeyaplunolv funct|ons,1v(;/h|c2h8|s_trhhetppi
T ’ paper. For more details, please see [10], [28]. Thetoures
OV(X)" f(x) < =y(Ix]°. that we address in this paper is whether Sum of Squares

Further, the degree ofV will be less than Lyapunov functions always exist for locally exponentially

2qNk-1) where k(L,A,K) is any integer such thatStable systems.

c(k) := YN (ETH+K(TL)X) K3(TL)K < K, and

IogZKZK(TL)k
2\ T

A L
2 o2k
ck)” < Rjogaxz 1~ (K %)

IV. NOTATION AND BACKGROUND
c(k)?+

)

(1+ck)(K+c(k)) <

NI =

The core concept we use in this paper is the Picard iteration.
We use this to construct an approximation to the solution map
and then use the approximate solution map to construct the
Lyapunov function. Construction of the Lyapunov function

. . | 2
alnd N(L,A,K) is any integer such thaT > 9% andT < will be discussed in more depth later on.
o for someT and where is a Lipschitz bound orf on Bag; . Denote the Euclidean ball centered at 0 of radiusy B;.
Consider an ordinary differential equation of the form
I1l. SUM-OF-SQUARES %(t) = f(x(t)), x(0) = Xo, £(0) =0, 3)

Sum of squares (SOS) methods have been introduced over

. . . erex € R" andf satisfies appropriate smoothness properties
the past decade to allow for the algorithmic solution c¥tv < pprop prop

L or local existence and uniqueness of solutions. The swluti
problems that frequently arise in systems and control the- . . . L

; . map is a functionp which satisfies
ory, many of which can be formulated as polynomial non-

negativity constraints that are however difficult to sol\e. ﬁ t ) — flolt d 0.x) —
these methods, non-negativity is relaxed to the existefee o ot P(tx) = f(a(tx) an P(0.) =x.



A. Lyapunov Stability We begin by showing that for any radius there exists a
The use of Lyapunov functions to prove stability of ordiJ Such that the Picard iteration is contractiveXn for any

nary differential equations is well-established. Thedaiing X € Br-

theorem illustrates the use of Lyapunov functions. Lemma 7:Givenr >0, let T < mln{é £} where f has
Definition 2: We say that the system defined by the equé&iPschitz factorL on By and Q = supcg, f(x). ThenP:

tions in (3) are exponentially stable onif there existy,K >0 Xr2r = X72r and there exists some € Xr2r such that for

such that for anyg € X, t€[0,T] andx € By,
_ d
IX(t)]] < K|Ixoll €™ iU ="1eW),  90)=x
forallt > 0. _ and for anyz € Xt o,
Theorem 3 (Lyapunov)Suppose there exist constants
a,B,y >0 and a continuously differentiable functidhsuch qu— szH <(TLX|lp—7|.

that the following conditions are satisfied for ale U c R". i
Proof: We first show that fox € By, P: Xy or — Xy 2r. If

a x| <V(x) < BlIx|? q € Xr2r, then sup. o7 [[q(t)|| < 2r and so
VT F(x) < -y

Then we have exponential stability of System (3) on IPalx ‘tfgﬁ’ X+/ f(a ’
{x:{y:V(y) =V(¥} cU}
<xl+ [ 1)l ds
B. Fixed-Point Theorems
Definition 4: Let X be a metric space. A mappirg: X — < H’/ yigg IT(y)llds
X is contractivewith coefficientd € [0,1) if <r+TQ<2r

— < — )
IFx—Fyll < dx—yl Xy eX Thus we conclude tha®q e Xt . Furthermore, for, gz €

The following is aFixed-PointTheorem. XT 2rs
Theorem 5 (Contraction Mapping Principle [29]}et X
be a complete metric space andfetX — X be a contraction ||Po1 —Ptp|lx = sup
[0

[ (t(@(o) - f(aals))d

with coefficientd. Then there exists a uniqyes X such that te[o.T]
T
Fy=v < [ suplf(au(s) - f(a2(s))ds
0 tejo,T)
Furthermore, for anyg € X, < TL sup ||gu(s) — q2(8)] = TL| gz — a2ll«

te[0,T]
|F%—y|| < dlo—yi- . . -
Therefore, by the contraction mapping theorem, the Picard
To apply these results to the existence of the solution magration converges of0, T] with convergence rat€TL)¥. m
we use the Picard iteration.

A. Picard Extension Convergence Lemma
V. PICARD ITERATION 9

We begin by reviewing the Picard iteration. This is the basic
mathematical tool we will use to define our approximation )
the solution map and can be found in many texts, e.g. [30].

Definition 6: For givenT andr, define the complete metric
space

In this section we propose an extension to the Picard iter-
tion approximation. We divide the interval into subintdsv
on which the Picard iteration is guaranteed to converge. On
each interval, we apply the Picard iteration using the final
value of the solution estimate from the previous intervahas
initial condition,x. For a polynomial vector field, the result is
Xrr:={q(t): supcorillat)| <r, gis continuous } (4) a piece-wise polynomial approximation which is guaranteed
to converge on an arbitrary interval — see Figure 1 for an
B illustration.

lallx _tes[g% la®- Definition 8: Suppose that the solution magpexists ont €
, ' . ) [0,00) and ||@(t,x)|| < K||x|| for any x € B;. Suppose thaf
_ For a fixedx € Br andq & X, the Picard lteration[31], a5 |ipschitz factot on Ba, and is bounded oBag, with
is defined as boundQ. GivenT < min{Z', 1}, let z= 0 and define

t
A
(Pa) £ x+ [ f(a(s)ds G'(‘)(t,x) — (P (%)
In this paper, we also define the Picard iteration iteration @nd fori > 0, define the function§; recursively as
functionsz(t,x) as K K
. Gla(t.X) = (P9 (t, GY(T.x)).
A
(P7)(x.t) :x+/0 f(z(x,s))ds The GK are Picard iterationsP*z(t,x) defined on each

with norm



x(t) and suppose thatG*— ¢||, < ci_1(k)[[X|| on interval [iT —

1.0 — T,iT]. Then
= k=2
0.9} — k=3 sup HGk(SsX)—GO(SX)H
== k=4 Se(iT,iT+T]
0.8F =3 k=5 .
= e = sup_|ef(s=iTx) — (s
0.7F Sc(iT,iT+T]
= sup_||P2(s—iT.GK 4(T.) — p(s— T ¢(iT. )|
0.6f SE[iT,iT+T]
osf < sup |[Pe(s—iT, Gl 4(T,)) — pls—IT,Cl 4(T. )
[0,T] | [T,2T] . [2T,3T]1 4 SE[IT,iT+T]
: — = : | _ R
0.2 0.4 0.6 0.8 1.0 + sup Hq’ 'TaGhl(TaX))—(P(S—|T7€0(|T7X))H
SeliT,iT+T]

Fig. 1. The Solution mag and the functionsGf for k=1,2,3,4,5 and \We treat these final two terms separately. First note that
i =1,2,3 for the system((t) —x(t)3. The |nterval of convergence of the

Picard lteration isT = 3. |G 1T || < 0T 1+ [T, %) — B4 (T
<KX +ci-1(K) ]
< (K+cim1(k) [1x]]-

sub-interval where we substitute the initial conditian— Sinceci_1(k) < c(k) <K andx € By, we have||GK_,(T,x)|| <

GK ,(t,x). Define the concatenation of the€& as (K+Kci—1(k)) [[x]| < 2Kr. Hence
GX(t,x) :=GX(t—iT,x) V teliT,iT+T] andi=1,--- . sup Hsz(s—iT,Gi‘il(T,x))—qo(s—iT,Gi‘il(T,x))H
SeliT,iT+T]
If f is polynomial, then theGk are polynomial for any < sup dquo iT,G!il(T,x))H < deHG!il(T,x)H
i,k and GX is continuously differentiable i for any k. The SEliTiT+T]
following lemma provides several properties for the fumeti < Kd*(K +¢_1(K)) [|X]| -
Gk,

Now, if x€ By, || (s, x)|| < Kr and sincd|GK ; (T, x)|| < 2Kr
Lemma 9:Given o > 0, suppose that the solution mapand f is Lipschitz onBgk,, it is well-known that
@(t,x) exists ont € [0,0] and onx € B;. Further suppose that K _ _
llo(t,a,x)|| <K|x|| for anyx € B;. Suppose that is Lipschitz SE[iTS‘iJTp”] H(P(S— iT,G1(T,x) — @(s— |T,(p(|T,x))H
on Bak, with factor L and bounded with boun®. Choose ' .
T < min{Z5, 1} and integeN > &/T. Then letG* andGF < sup eeTn) HGik—l(Tv X) — @(iT,x) H <e'tc_a1 (k) [X|
be defined’as above. SE[ITiT+T]

Define the function Combining, we conclude that

N—1 : sup G'k(s_ iT,X) - (0(57 X)
o=y (e +K(TL) KETLK se[mmﬂH | |
_ - < etoia(K) x|+ Kd“(K +c-1(k) [[]
)((32/eBrr\ anyk sufficiently large so that(k) < K, then for any = (¥ +Kd")ci_1(K) + K2dX) ||x]| = ci (k) ||| -
sup HGK (5.%) (S’X)H < c(K) ||| (5) Sinceci(k) < c(k), andd < NT, by induction, we conclude
s€[0,0] that

S HGK (5:) — 9(sX)| < x].
Proof: Supposex € B;. By assumption, the conditions of

Lemma 7 are satisfied using= 2Kr. Let z(t,x) = 0. Define =
the convergence rag=TL < 1. By Lemma 7,

kz)
SUP HGO %) — (s H N S H (P2)(sx) - (p(s,x)H B. Derivative Inequality Lemma

gdk sup [|@(s,x)| < Kd“||x||. In this critical lemma, we show that the Picard iteration
sc[0,T] approximately retains the differentiability properties tbe
Thus Equation (5) is satisfied on the inter{&IT]. We proceed Solution map. The proof is based on induction, with a key step
by induction. Define based on an approach in [32] (Proof of Thm 4.14). This lemma
| is then adapted to the extended Picard iteration introdirced
Z d 4 Kk jKde the previous section.

=1 Lemma 10:Suppose that the conditions of Lemma 7 are



satisfied. Then for any € B, and anyk > 0,

sup
te[0,T]

(TL)
T

9k T 9
Z <
S PDXT109 - ZP00)] < THm
Proof: Begin with the identity fork > 1
t
(P2)(t,x) :x+/ F((P“12)(s.x))ds
0
0
:x+/ F(P12)(s+1,%))ds
—t
Then, by differentiating the right-hand side, we get
9k
S (Pt
= f((P*'2)(0,))

+/0Df((Pk’1z)(s+t,x)) 9 Py 2)(s+1t,x)ds
—t

01(

= f((P*12)(0,x) + /O t Of((P<12)(s,x)T E(Pk*lz)(s,x)ds

Js
N+ [ OH(P12)(sx)T -2 (P12 (s x)d
)+ [ O (P2 (s)T (P 7 (s )ds

where 2 5 f denotes partial differentiation df with respect to
its ith variable and

%w@mm=“£hmw“%@wf

Now define fork > 1,

W(EX) = 5 (PN~ 2 (P (LX),

For k> 2, we have
%(sz) t,x) T f(x)— %(pkz) (t,%)
_ _/‘ Df((Pkflz)(S,x))TE(Pk—lz)(ax)ds
0 ot
+ /;Df((Pkflz)(s,x))T
:/Oth((Pkflz)(s,x))T.
[%(Pklz) (s,X)(X) —
:/OtDf((Pkilz)(s’X))Tkal(S,X)ds

This means that sincéP*12)(t,x) € By, by induction

;—X (P*12)(s,x)ds

yk(tvx) =

0
o (P*12)(s,x) f(x)ds

%(Pk 2)(s, x)} ds

supli(t)]| < T sup |IDf (P *2)(t,%))
0T te[0,T]

sup ||yi-1(t, )|
te[0,T]

satisfied. Then for any € By,

9 Gk 9 ek @y
SUP || AT 100~ GO )] < (K-l x|
Proof: Recall that
GN(t,X):=Gi(t—iT,x) V teliT,iT+T] andi=1,-- .

and GF,, (t,x) = PXz(t,GK(T,x)) wherez= 0. Then fort €
[iT,iT+T],

P TN PYR
HaxG (t,x)" f(x) 0tG (t,x)

19 ki i T i — kit
_HaxG (t—iT,x)" f(x) (?tG'(t iT,x)
=9 ot i 9 ki i ek T
H_(?tp Z(t—iT,G (T’X))+_(?xp (t—iT,G(T,x))" f(x)
(TLX |
=77 HG'(T’X)H

As was shown in the proof of Lemma 4GK(T,x)|| < (K+

Ci(K)) ||Ix||. Thus fort € [|T iT+T],

J

—G(t f(x i(k

2 cKtxT a0 < T ki) 1
Since thec; are non-decreasmg,

O kT J (TL)k
Sup || 3G 0T 109 — 57 & (0] < = (K elk) ]
[ |
VI. MAIN RESULT - A CONVERSESOS LYAPUNOV

FUNCTION

In this section, we combine the previous results to obtain
a converse Lyapunov function which is also a sum-of-squares
polynomial. Specifically, we use a standard form of converse
Lyapunov function and substitute our extended Picardtitara
for the solution map. Consider the system

XO) =fx1),  x0)=x. (6)

Theorem 12:Suppose thaf is polynomial of degreg and
that system (6) is exponentially stable bhwith

Xl < K [x(0)] e,

whereM is a bounded nonempty region of radiughen there
exista, 3,y > 0 and a sum-of-squares polynomi&(x) such
that for anyx € M,

< TLt S[BJ_I?} Iyk-a(t, )] < (TL*D ts[g-?] Iy (.3l a x> <V(x) < Bx|? (7)
€[o, €0,
B B B V)T (%) < —ylIx]?. (8)
Fork=1, (P2)(t,x) =X, soyi(t) = f(x) and SURy 7] lyr(®)]| <
L|[x||. Thus Further, the degree o will be less than g1, where
TL)K k(L,A,K) is any integer such thatk) < K,
su w01 < O bR . ()
€ og2K TL 1
2 =
. c(? + 22K (L ) (K +c(k) < 5, (9)
We now adapt this lemma to the e>.<t-ended Picard iteration. 2 A S(1— (ZKZ)*%). (10)
Lemma 11:Suppose that the conditions of Lemma 9 are KLlog2K



wherec(k) is defined as

N-1 i
c(k) = e't + K(TL)K) K2(TL)K, (11)
5 )
and N(L,A,K) is any integer such thad T > °92< and T <

for someT and wherd is a Lipschitz bound orf on Byk;-.

Proof: Define & = "’9% andd = TL. By assumption then since0V (x(t))T f(x(t)) =

N > %. Next, we note that since stability implié$0) =0, f is
bounded on anf3, with boundQ = Lr. Thus forBsk,, we have

the boundQ = 4KrL. By assumption] < 4 = 2K — 2K

Therefore, itk is defined as above, the conditions of Lemma 9

are satisfied. Defin€X as in Lemma 9. By Lemma 9, i
is defined as above|G*(s,x) — @(s,X)|| < c(k) [[@(s,X)|| on
se [0,0] andx € B;.

k.
Vi (X / GX(s,x)TGX(s,x)ds

We will show that for anyk which satisfies Inequali-

ties (9), (10) and (11), then if we definé(x) = Vk(x), we

We propose the following Lyapunov functions, indexed by HGK

Negativity of the Derivative: Next, we prove the derivative
condition. Recall

Vi(X / GK(s,)TG(s,)ds
t+0
7/ GK(s—t,x)TGX(s—t,x)ds

dv(x(t)), we have by the
Leibnitz rule for differentiation of integrals,

%Vk(x(t)) = [G4(Exe)T G (8.x1)] - |G (0.x1) TG Ox(1)]

t+0

_/ 2GK(s—t,x(t)T %Gk(s t,x(t))ds
t+0 a
| 2Gk(s—t,x(t))TﬁGk(s—t,x(t))f(x(t))ds

X))~ Ity
+/O 2G¥(s,x(t))T [%Gk(s,x(t))f(x(t))—%Gk(s,x(t)) ds
| a

where recall 7 f denotes partial differentiation of with

have thaV/ satisfies the Lyapunov Inequalities (7) and (8) antgSPect to itsth variable. As per Lemma 11, we have

has degree less tham®* 1. The proof is divided into four

parts:

Upper and Lower Bounded: To prove thatVy is a valid
Lyapunov function, first consider upper boundednesz 4B
andse [0,9]. Then

&0 = osx) + [Ssx™ ~asx]

< llpsx)2 +| [ (s ~ os )] |

As per Lemma 9,[GX(sX)— g(sX)| < o(k) [@(s.x)]| <
Kc(K) ||x||. From stability we havel ¢(s,x)|| < K||x||. Hence,

X) = /06 HGk(s,x)szsg K2 (1+c(k)?) [|x]|2.

2 St~ x| < Fcreto) o)
and as prewously noted]Gk (8,X(t) )||2 < (K22 4
c(k)?)[Ix(t)[|%. Also, [|[G¥(s,x(1))]| < K(1+c(k))[Ix(t)]|. We

conclude that

%Vk(x(t)) < (K% 224 ¢(k)?) [[x(t)]|* — Ix(t)||?
+ 2c5°'?kr<(14r o(k)) (K +c(K)) [x(t)|
k

%<1+c<k>><r<+c<k>>)|x<t>||2.

Therefore, we have strict negativity of the derivative sinc

< (KZeZA 4 c(k)>~1+ 26K

Therefore the upper boundedness condition is satisfiedifpr a k2o-246 4 c(k)? +25d (1+¢(K) (K +c(k))

k > 0 with B = 8K2(1+ c(k)?) > 0.

Next we consider the strict positivity condition. First we =

note
o012 = &) + [os:x) &0
2 2
< |[eX(s )|+ [|ots )~ Gs x|
which implies
0] s 91~ ots 0~ &0

By Lipschitz continuity off, ||g(s,x)||> > e 2-5||x||* and
|GX(s,%) — @(s,%)|| < Kc(K) ||x||. Thus

0= [0 ds= (e 20 - ekeo?) e

Therefore fork as defined previouslya (1 — e 2-9) —

dKc(k)? > 0 and so the positivity condition holds for SOM&y, (x

a>0.

Klog 2K2 gk
2A T

Thus SV(x(t)) < —y|[x(t)||* for somey > 0.

L ek 42 = (L4 (k) (K+c(k) <1

Sum of Squares: Since f is polynomial andz is trivially
polynomial,(Pz)(s,x) is a polynomial inx ands. Therefore,
Vk(x) is a polynomial for anyk > 0. To show that is sum-
of-squares, we first rewrite the function

PYANL

Since G¥z is a polynomial in all of its argumenti}k(s—

iT x)TGf((s—|T X) is sum-of-squares. It can therefore be
represented a (x)7Z(s)"z(s)Ri(x) for some polynomial
vector R and matrix of monomial bases. Then

ZR/Z) ZR

—iT,x) TG (s— iT,x)} ds

(s)dsR(x



WhereM; = i'TTfT Z(s)"z(s)ds> 0 is a constant matrix. This
proves thal/ is sum-of-squares since it is a sum of sums-of-
squares.

We conclude thalv =V satisfies the conditions of the
theorem for anyk which satisfies Inequalities (9) and (10).
Degree Bound: Given a k which satisfies the inequality
conditions onc(k), we consider the resulting degree @f,
and hence, of¥. If f is a polynomial of degreq, andy is
a polynomial of degred in x, thenPy will be a polynomial
of degree ma{l,dq} in x. Thus sincez= 0, the degree of

Degree Bound

Pkz will be ¢, If N > 1, then the degree oBK will be %005 o1 o Ig‘.z o 03 04 05 06 07
g1 Thus the maximum degree of the Lyapunov function xponential Decay Rate
is 2q(Nk—l)_ 10

]

In the proof of Theorem 12, the integration interval,
was chosen such that the conditions will always be feasibleg w0’
for somek > 0. However, this choice may not be optimal. §
Numerical experimentation has shown us that a better degreg
bound may be obtained by varying this parameter in the proof® ¢
However, the given value is one which we have found to work
well in the vast majority of cases.

We conclude this section by commenting on the form of the

i 10 L L L L L
converse Lyapunov function, 7 ! 2 3 4 5

Exponential Decay Rate

3
. k Tk Fig. 2. Degree bound vs. Exponential Convergence Rat&ferl.2, r =

Vk(x) T /O G (S’ X) G (S’ X)dS L=1, g=5. DomainsA <.7 andA > .7 are plotted separately for clarity.
Our Lyapunov function is defined using an approximation of
the solution map. A dual approach to solution of the Hamilton ) . ' L
Jacobi-Bellmand Equation was taken in [33] using occupati(ghe monomial te_rms in the vector field. If_the complexity iff st
measures instead of Picard iteration. Indeed, the duabmcunacceptably h'gh’ _then one can con§|der the use Of_ parallel
the Sum of Squares Lyapunov functions can be understoodffilPuting: unlike single-core processing, parallel cotimgu
terms of moments of such occupation measures [34]. power continues to increase exponentially. For a discossio

As a final note, the proof of Theorem 12 also holds for timé2" using parallel computing to solve polynomial optimizati

varying systems. Indeed the original proof was for this Cas%roblems, we refer to [35].
However, because Sum-of-Squares is rarely used for time-
varying systems, the result has been simplified to improve VIl. QUADRATIC LYAPUNOV FUNCTIONS
clarity of presentation.

In this section, we briefly explore the implications of our
result for the existence of quadratic Lyapunov functiorsvpr
ing exponential stability of nonlinear systems. Specificale

To illustrate the degree bound and hence the complexity lgbk at when the theorem predicts the existence of a degree
analyzing a nonlinear system, we plot the degree bound sergigund of 2. We first note that when the vector field is linear,
the exponential convergence rate of the system. For givgfenq= 1, which implies that 8Nk1 = 2 independent oN
parameters, this bound is obtained by numerically seagchiaind k. RecallN is the number of Picard iterationk, is the
for the smallesk which satisfies the conditions of Theorem 12aumber of extensions amglis the degree of the polynomial
The convergence rate parameter can be viewed as a mejggtor field, f. Hence an exponentially stable linear system
for the accuracy of the sum-of-squares approach: suppegg a quadratic Lyapunov function - which is not surprising.
we have a degree bound as a function of convergence ratqnstead we consider the case whgnt 1. In this case,
d(y). If it is not possible to find a sum-of-squares Lyapunogyr g quadratic Lyapunov function, we requife=k =1 -
function of degreed(y) proving stability, then we know that 3 single Picard iteration and no extensions. By examining
the convergence rate of the system must be lessghan  the proof of Theorem 12, we see that if the conditions of

As can be seen, as the convergence rate increases, tfgetheorem are satisfied with = k = 1 thenV (x) = x"x is
degree bound decreases super-exponentially, so tiat 8t4, a Lyapunov function which establishes exponential stgbili
only a quadratic Lyapunov function is required to provef the system. Since this is perhaps the most commonly
stability. For cases where high accuracy is required, tigeae used form of Lyapunov function, it is worth considering how
bound increases quickly; scaling approximately exs To conservative it is when applied to nonlinear systems of the
reduce the complexity of the problem, in come cases lefssm
conservative bounds on the degree can be found by congiderin X(t) = f(x(t)).

A. Numerical lllustration
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VIII. | MPLICATIONS FOR SUM-OF-SQUARES
PROGRAMMING
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In this section we consider the implications that the above
results have on Sum of Squares programming.

w
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A. Bounding the number of decision variables

N
T
I

Because the set of continuously differentiable functians i
an infinite-dimensional vector space, the general problém o
finding a Lyapunov function is an infinite-dimensional feasi
bility problem. However, the set of sum-of-squares Lyapuno
functions with bounded degree is finite-dimensional. Thetmo
05097 0@ 03 04 05 06 07 08 09 i significant implication of our theorem is a bound on the

Lipschitz Factor number of variables in the problem of determining stabitity
a nonlinear vector field. The nonlinear stability problenm ca
Fig. 3. Required decay rate for a quadratic Lyapunov functis. Lipschitz now be expressed as a feasibility problem of the following
bound forK =1.2 form.

Theorem 13:For a givenA, let 2d be the degree bound as-
sociated with Theorem 12 and defiNe= ”;]T(?!)!. If System (6)
is exponentially stable oN with decay rateA or greater, the

following is feasible for somer, 3,y > 0.

Exponential Decay Rate
wu

-
T
I

o
o
T

I

In the following corollary we give sufficient conditions onet
vector field and decay rate for the Lyapunov functidrx to

prove exponential stability. Find: Pe SN :
Corollary 1: Suppose that system (6) is exponentially sta- P>0
ble with allx|?<zx)TPz(x) < B|x|?>  forallxeM

Ix(t)]] < K |[[x(0)[| e ! T T )
_ O0(Z(x)'PZ(x)) f(x) <—y|x]| for all xe M

for someA >0, K > 1 and for anyx(0) € M, whereM is a S

bounded nonempty region of radius Let L be a Lipschitz WhereZ(x) be the vector of monomials ir of degreed or

bound for f on Bsk,. Suppose that there exists sorﬁe> less.

d > 0 such that Proof: The proof follows immediately from the fact that
o a5 2 a polynomialV of degree @ is SOS if and only if there exists
Koe ™ +c1+2KoL(1+cr)(K+c1) <1 aP > 0 such thaV (x) = Z(x)TPZ(x). |

and KoL < 1, wherec; = K268L. Let V(x) = X"x. Then for Our condition bounds the number of variables in the feasibil
problem associated with Theorem 13.Mf is semialgebraic,

) then the conditions in Theorem 13 can be enforced using sum-

V(x) = Ox" f(x) < =B x]*. of-squares and the Positivstellensatz [36]. The complefit
solving the optimization problem will depend on the complex
ity of the Positivstellensatz test. If positivity on a sefgebraic

Proof: We reconsider the proof of Theorem 12. This timeset is decidable, as indicated in [37], this implies the tjors

we setN=k=1 andT = and determine if there existsof exponential stability on a bounded set is decidable.
ad=T«< 2—1L which satisfies the upper-boundedness, lower-

boundedness and derivative conditions. Becal(se = 6x"x, o

the upper and lower boundedness conditions are immediatBty Local Positivity

satisfied. The derivative negativity condition is Another implication of our result is that it reduces the

_ complexity of enforcing the positivity constraint. As dissed

K’e 2/\5+C(1)2+2K6L(1+C(1))(K+C(1)) <1 in Sgctionylll, semidegnite Srogran){ming is used to optimize

wherec(1) = c; = K23L. This is satisfied by the statement ofover the cone of sums-of-squares of polynomials. There are

the theorem. m several different ways the stability conditions can be erdd.

For example, we have the following theorem.

Note that neither the size of the region we consider nor .
g Theorem 14:Suppose there exist polynomidl and sum-

the degree of the vector field plays any role in determinin . :
the degree bound. To illustrate the conditions for exi&fen((%'squares polynomiaks, ,, s3 andsy such that the following

of a quadratic Lyapunov function, we plot the required deca%?nd'tlons are satisfied fax, y > 0.
rate vs. the Lipschitz continuity factor in Figure 3 fisr= V(X) — a|[X]|? = s1.(x) + g(x)S2(X)
1.2. This plot shows that as the Lipschitz continuity of the B T _ 2_

vector field increases (and the field becomes less smooth), th V()10 =y X" = ss(x) + g (x)s4(x)
conservatism of using the quadratic Lyapunov functiox Then we have exponential stability of System (6) on

increases. {x:{y:V(y)<V(x)} cU}.

anyxe M,

for somef > 0.



The complexity of the conditions associated with Theo- '
rem 14 is determined by the four sum-of-squares variables,
5. Theorem 14 uses the Positivstellensatz multipl@rand
s4 to ensure that the Lyapunov function need only be positive, |
and decreasing on the regiof= {x: g(x) > 0}. However,
as we now know that the Lyapunov function can be assumegd |
SOS, we can eliminate the multiplisg, reducing complexity
of the problem. 0.2

Theorem 15:Suppose there exist polynomidl and sum-
of-squares polynomials;, s, and sz such that the following  of
conditions are satisfied far,y > 0.

V(x) - allx* = su(x)
—OV ) +a X% ) - yIIXIZ = s + g(x)sa(x) o

Then we have exponential stability of System (6) for affy) -os
such that{y: V(y) <V(x(0))} C X whereX := {x: g(x) > 0}.

This simplification reduces the size of the SOS variables b?
25% (from 4 to 3). If the semialgebraic s¥tis defined using
several polynomials (e.g. a hypercube), then the redudtion 'y _os
the number of variables can approach 50% . SDP solvers af& 4. Plot of trajectories of the Van-der-Pol Oscillative estimate the
typically of complexityO(n®), wheren is the dimension of the overshoot parameter as= 1
symmetric matrix variable. In the above example we reduced
n=4N to n = 3N. Thus this simplification can potentially
decrease computation by a factor of 82%.

-0.2
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IX. NUMERICAL EXAMPLE

In this section, we use the Van-der-Pol oscillator to ilast
how the degree bound influences the accuracy of the stabilty
test. The zero equilibrium point of the Van-der-Pol ostilta g
is unstable. In reverse-time, however, this equilibriurstable &
with a domain of attraction bounded by the well-known
forward-time limit-cycle. The reverse-time dynamics ae a
follows. —

x1(t) = —xa(t)
Xo(t) = — (1= Xa(t)?)Xa(t) + Xa(t) = o e o'

Exponential Decay Rate

For simplicity, we choosgu = 1. On a ball of radiug, the
Lipschitz constant can be found frolm= SURp, IDf(x)||, Fig.5. Degree Bound for the Van-der-Pol Oscillator as a Fancf Decay
where ||-|| is the maximum singular value norm. We find
Lipschitz constant for the Van-der-Pol oscillator on radiu,y
r=1 to be 21. Numerical simulations indicat& = 1, as
illustrated in Figure 4. Given these parameters, the degreg
bound plot is illustrated in Figure 5. Note that the choice |
of K =1 dramatically improves the degree bound. Numerical
simulation shows the decay rate to be a relatively constdht:
A = .542 throughout the unit ball. This is illustrated in
Figure 6. This gives us an estimate of the degree bound &y
d=6.
To find the converse Lyapunov function associated with thjs.|
degree bound we construct the Picard iteration.

(PZ)(t,X) =X+ /Ot f(O)dS: X. 107

ot
(PZZ) (t,X) = X+/O f(PZ(Sv X))dS 10760 2 7 s s 10 12 14 1 18 20

't : . . . .
=X f(xX)ds= x=+ f(x)t Fig. 6. A semi-log plot of||x|| for three trajectories. We estimate= .542
+/0 ( ) + ( ) for the Van-der-Pol oscillator
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The converse Lyapunov function is 08
b
Ve = [ (PP X)) (Pats X)ds f
0
5
- / (x+ F(09)T (x+ f(x)s)ds 04 |
Jo
S ox 171 X
:./o [f X)} [Sl} [ sl [f X)} ds 02f 1
T .5
X [ sl X | ]
- [f x)} ./o [sl szl]ds[f x)} °
[ x ][ & &2 x ozl ]
f(x)| |6%/2 &%/31] | f(x)
If =T =4 = 3, for the Van-der-Pol Oscillator, we get the-0.4| 1
SOS Lyapunov function.
T -0.6 1
X 48 ol X
192'V(X):[f(x)] [GI I}[f(x)}
T 2 -0.8 ‘ : w w ‘ ‘
| X 6.931 245 X -08 -06 -04 -02 0 02 04 06 08
“lito] a2 Lito)

T Fig. 7. Level Sets of the converse Lyapunov function, withl B& radius
 [6.93x+2.45f(x)] " [6.93x+ 2.45f (x) r=.25
| 245+ f(x) 2.45x+ f(x)

= (6,93 — 2.45x)% + (2.45(xq +X2x2) + 4.48%p)
+ (245 — X)? + (X0 + X% + 1.45xp)

As per the previous discussion, we use SOSTOOLS ti)
verify that this Lyapunov function proves stability. Noteat
we must show the function is decreasing on the ball of|
radiusr = .25, as the Lipschitz bound used in the theorem
is for the ball of radiusBy,. We are able to verify that the
Lyapunov function is decreasing on the ball of radius.25. |
Some level sets of this Lyapunov function are illustrated in
Figure 7. Through experimentation, we find that when we
increase the ball to radius = 1, the Lyapunov function |
is no longer decreasing. We also found that the quadratic
Lyapunov functiorV (x) = x" x is not decreasing on the ball of
radiusr = .25. Although we believe that our degree bound ig |
somewhat conservative, these results indicate the caatssrv
iS not excessive. .

To explore the limits of the SOS approach, for degree bouny 1 1 1 1 1
2, 4, 6, 8 and 10, we find the maximum unit ball on which? 2 B 0 ! 2 3
we are able to find a sum-of-squares Lyapunov function.
then use the largest sublevel set of this Lyapunov function o
which the trajectories decrease as an estimate for the domai
of attraction of the system. These level sets are '”uwat%ounded set may be decidable. Furthermore, the converse

in Figure 8. We see that as the degree bound increases, our . S . :
. . s Lyapunov function we have used in this paper is relativeyea
estimate of the domain of attraction improves.

to construct given the vector field and may find applications
in other areas of control. The main result also holds for fime

In this paper, we have used the Picard iteration to constructRecently, there has been interest in using semidefinite
an approximation to the solution map on arbitrarily longrogramming for the analysis on nonlinear systems using sum
intervals. We have used this approximation to prove thaf-squares. This paper clarifies several questions on thi ap
exponential stability of a polynomial vector field on a boadd cation of this method. We now know that exponential stabilit
set implies the existence of a Lyapunov function which is @n a bounded set implies the existence of an SOS Lyapunov
sum-of-squares of polynomials with a bound on the degrdanction and we know how complex this function may be. It
This implies that the question of exponential stability on has been recently shown thglkobally asymptotically stable

. 8. Best Invariant Region vs. Degree Bound with Limit @yc



vector fields do not always admit sum-of-squares Lyapungas]
functions [38]. Still unresolved is the question of the &ige
of polynomial Lyapunov functions for stability of globally

exponentiallystable vector fields. [29]
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