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We develop techniques to probe the dynamics of quantum information, and implement them
experimentally on an IBM superconducting quantum processor. Our protocols adapt shadow to-
mography for the study of time evolution channels rather than of quantum states, and rely only
on single-qubit operations and measurements. We identify two unambiguous signatures of quantum
information scrambling, neither of which can be mimicked by dissipative processes, and relate these
to many-body teleportation. By realizing quantum chaotic dynamics in experiment, we measure
both signatures, and support our results with numerical simulations of the quantum system. We
additionally investigate operator growth under this dynamics, and observe behaviour characteristic
of quantum chaos. As our methods require only a single quantum state at a time, they can be
readily applied on a wide variety of quantum simulators.

I. INTRODUCTION

Scrambling is fundamental to our current understand-
ing of many-body quantum dynamics in fields ranging
from thermalization and chaos [1–4] to black holes [5–7].
This is the process by which initially local information,
such as charge imbalance in a solid, becomes hidden in
increasingly non-local degrees of freedom under unitary
time evolution. Scrambling accounts for both the fate
of information falling into black holes [5, 8], as well as
the apparent paradox of equilibration under unitary dy-
namics: Information about the initial state is not truly
lost, but rather becomes inaccessible when one can only
measure local observables, as is the case in traditional
experimental settings.

Today, the experimental settings we have access to
offer a much higher degree of control and programma-
bility than those that were available when these ques-
tions were first addressed. New kinds of quantum devices
can be constructed by assembling qubits that are indi-
vidually addressable, such as those made from trapped
ions [9–12], superconducting circuits [13–17], or Rydberg
atoms [18–23]. Such noisy intermediate scale quantum
(NISQ) devices [24] allow a wider range of interactions
to be synthesised, and, crucially, permit measurements
of highly non-local observables, making the distinction
between non-unitary information loss and unitary infor-
mation scrambling more than a purely academic one. As
well as providing further motivation for theoretical work
on quantum chaos and scrambling, these technological
developments open the door to complementary experi-
mental studies, which promise to be of increasing utility
as the size and complexity of the systems continue to
grow beyond what can be simulated classically [25, 26].

A variety of experimental protocols to probe quantum
chaos have already been put forward and implemented,
with early approaches based on measuring the growth of
quantum entanglement. For example, if two copies of

the system can be prepared simultaneously, then certain
quantifiers of entanglement can be extracted from joint
measurements on the two copies [27–31]. More recently,
focus has shifted towards probing scrambling rather than
entanglement growth, primarily via so-called out-of-time-
order correlators (OTOCs) [7, 32–35], which can be mea-
sured when the dynamics can be time-reversed [36–40].
However, the link between OTOC decay and scrambling
is predicated on the assumption that the dynamics is
unitary [41] — this is invariably not the case in NISQ
devices, which are by definition noisy. Moreover, with
system sizes being somewhat limited at present, proto-
cols that are qubit-efficient (i.e. not requiring multiple
copies of the system at once) will be required to make
progress in the near term.
Emphasising its practical implementation in an IBM

superconducting quantum computer, in this work we
show how scrambling can be quantified in NISQ de-
vices using only single-qubit manipulations and individ-
ual copies of a quantum state at a time. To achieve
this, we first generalise the technique of shadow tomog-
raphy [42] to study dynamics. We then prove that cer-
tain well-established physical quantities are (i) accessible
using this technique, and (ii) provide unambiguous sig-
natures of scrambling. Crucially, the signatures that we
identify remain meaningful even when the system’s dy-
namics is non-unitary; this allows us to verifiably detect
scrambling on a real noisy quantum device.
The quantities that we identify satisfying the above

two criteria are related to operator-space entanglement
(OE), also known as entanglement in time [43–46]. While
entanglement quantifies quantum correlations between
degrees of freedom at one instant in time, OE pertains
to correlations that are conveyed across time, which is of
direct relevance to scrambling. This has proved to be an
extremely useful tool in analytical and numerical studies
of chaotic quantum dynamics [45, 47–54], allowing one to
construct measures of chaos in a dynamical, manifestly
state-independent way.
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Here we establish a link between OE and the ability
of a system to transmit information from one qubit to
another via a process known as many-body teleporta-
tion, or Hayden-Preskill teleportation after the authors
of Ref. [5]. This process was originally considered in the
context of the black hole information paradox [8], and
is now a central part of the theory of scrambling. We
put forward two OE-based quantities [Eqs. (2, 3)], and
show that each can be related to the fidelity of Hayden-
Preskill teleportation. In particular, we argue that both
quantities have a threshold value which when exceeded
gives a guarantee that the quantum communication ca-
pacity from one qubit to another is non-zero, i.e. quantum
states can be reliably transmitted at a finite rate using
the quantum system as a communication channel, even
when dynamics is non-unitary.

Beyond establishing these quantities as meaningful
measures of scrambling, we demonstrate their practical
utility by showing that both are directly measurable in
experiment. The scheme we introduce allows one to mea-
sure the necessary information-theoretic quantities with
minimal experimental overhead. This is made possible
by extending ideas originally developed to measure en-
tanglement in an instantaneous state. In that context, it
has been demonstrated that measurements of the state
in randomly selected bases can be used to extract cer-
tain entanglement measures [42, 55, 56], without requir-
ing joint access to multiple copies of the state per exper-
iment. To generalize from state entanglement to OE, we
propose to prepare initial states in random bases, which
are then time evolved under the dynamics of interest,
before being measured in random bases (see Fig. 2). By
post-processing the classical data generated by this se-
quence of operations in a way analogous to that pro-
posed in Ref. [42], we are able to construct estimators
of the quantities in question. We do so explicitly using
data from an IBM quantum computer, giving us access
to spatially-resolved measures of information delocaliza-
tion, revealing the light-cone structure in the system’s
dynamics.

In addition to these probes of many-body teleporta-
tion, our protocol can be used to obtain a fine-grained
description of operator spreading [34, 57–59]. Specifi-
cally, shadow tomography of the dynamics gives us access
to certain combinations of the operator spreading coeffi-
cients studied in Ref. [58], which gives a complementary
perspective on scrambling.

Other quantities related to operator entanglement,
namely out-of-time-order correlators (OTOCs) [7, 32–
35], have been measured in previous experiments [36–40],
and indeed are in principle measurable using shadow to-
mography and related methods [60, 61]. However, these
cannot be used as an unambiguous diagnostic of scram-
bling, since dissipation and miscalibrations can give rise
to the same signal as that of a true scrambler [41]. In
contrast, the quantities (2, 3) measured here constitute a
positive, verifiable signature of scrambling, which cannot
be mimicked by noise. We note that related signatures

of teleportation have been observed before using multi-
ple copies of the system evolving in a coordinated fash-
ion [62, 63]. A key innovation in our work is to quantify
the fidelity of teleportation without actually performing
teleportation. As a consequence our method can probe
scrambling with half as many qubits, and without need-
ing to match the time evolution between two separate
systems, which may not be possible when the dynamics
is not known a priori.
As well as superconducting qubits, the protocol we

use here is implementable using presently available tech-
niques in a variety of other platforms including those
based on Rydberg atom arrays [18, 20–22], trapped ions
[11, 12], and photonics [26, 64–66]. We compare the pro-
tocol to previous approaches used to diagnose scrambling,
and discuss the tradeoffs between sample efficiency, veri-
fiability, and the required degree of experimental control.
This paper is organised as follows. In Section IIA, we

introduce the concept of operator-space entanglement, as
well as the Hayden-Preskill protocol for many-body tele-
portation [5], and describe how the two are related. We
then introduce the key quantities (2, 3) that we will use to
quantify Hayden-Preskill teleportation in Section II B, as
well as showing how OE allows one to track the growth
of operators under Heisenberg time evolution. Section
III describes our shadow tomographic protocol that can
be used to estimate the above quantities. Results from
implementing this protocol on an IBM superconducting
quantum processor are given in Section IV. We discuss
our results and present our conclusions in Section V.

II. PROBING SCRAMBLING USING
OPERATOR-SPACE ENTANGLEMENT

A. Operator-space entanglement and the
Hayden-Preskill protocol

The evolution of a quantum system Q with Hilbert
space HQ from time 0 to time t can be described by
a channel Nt, such that the density matrix evolves as
ρQ(t) = Nt[ρ

Q(0)]. The usual notion of entanglement in
a state can be generalized to channels, which is known as
operator-space entanglement. Formally, this is done by
reinterpreting Nt as a state on a doubled Hilbert space
[67, 68], on which conventional entanglement measures
can be defined. This is perhaps most simply understood

when the dynamics is unitary Nt[ρ
Q] = Utρ

QU†t , as de-
tailed in Ref. [45]. Fixing a basis of product states {|a⟩}
for Q, a pure doubled state (living in ‘operator space’)
is constructed as |Ut⟩op = |HQ|−1/2

∑
ab ⟨b|Ut|a⟩ |a⟩in ⊗

|b⟩out, where |HQ| is the Hilbert space dimension, and
the ‘in’ and ‘out’ labels refer to the inputs and outputs
of the unitary. In words, the components of |Ut⟩op are

the |HQ|2 matrix elements of the unitary Ut. From here
onwards we specialize to N -qubit systems, so |HQ| = 2N .
This construction has an alternative interpretation:

|Ut⟩op is the state that results from evolving a maximally



3

entangled state |Φ⟩ = 2−N/2
∑

a |a⟩in ⊗ |a⟩out under the
unitary Iin ⊗Ut, i.e. one half of the maximally entangled
pair is evolved under Ut. This also makes it clear how to
generalize to non-unitary evolutions: |Ut⟩op is replaced
by a mixed state

ρop(t) = (idin ⊗Nt)[|Φ⟩ ⟨Φ|]. (1)

This construction is illustrated in Fig. 1(a). We use the
more generally applicable density matrix ρop(t), rather
than the pure state |Ut⟩op, in the following. Note
that correlation functions with respect to the doubled
state Tr[(Oin ⊗Oout)ρop(t)] map to infinite-temperature
two-time correlation functions 2−N Tr[OT

inOout(t)] (where
time evolution of operators in the Heisenberg picture is

given by Oout(t) = N †t [Oout], and the transpose is taken
with respect to the basis {|a⟩}).
Evidently, at t = 0 (Nt=0 = id) a given input qubit

with index jin is maximally entangled with the corre-
sponding output qubit jout = jin only. This reflects the
trivial observation that information is perfectly transmit-
ted from jin to jout = jin under Nt=0. If Nt exhibits
scrambling, then we expect that locally encoded informa-
tion will begin to spread out as the output qubits evolve,
such that jin becomes entangled with many other output
qubits. At late times, one will no longer be able to ex-
tract these correlations from any small output region C;
instead, the information about the initial state of a given
qubit will be encoded across many output qubits.

This intuition can be quantified in terms of particu-
lar measures of operator-space entanglement. These are
constructed by evaluating familiar quantities associated
with state entanglement on ρop(t). In the doubled space,
one can divide the input qubits into A and its comple-
ment B, and the outputs into C and its complement
D. (A and C need not correspond to the same physical
qubits.) Reduced density matrices can then be formed,
e.g. ρAC(t) = TrB∪D ρop(t). Two important information-
theoretic quantities are the von Neumann entanglement
entropy S(AC) = −Tr ρAC(t) log ρAC(t), and the mutual
information I(A : C) = S(A) + S(C)− S(AC) (all loga-
rithms are base-2, and we leave the t-dependence of en-
tropies and mutual information implicit). The mutual in-
formation quantifies the degree to which the initial state
of qubits in A is correlated with the final state of qubits
in C (this includes both classical and quantum correla-
tions). Indeed, I(A : C) is closely related to the capacity
of the channel for classical communication from a sender
A to a receiver C [69, 70].

Given that the reduced density matrices ρAC(t) will
typically be highly mixed, it is also useful to exam-
ine quantities that have been devised to probe mixed
state entanglement. The logarithmic negativity EA:C :=
log Tr |ρAC(t)TA | (where TA denotes a partial transpose

on A and |O| :=
√
O†O for operators O) is useful for this

purpose: when applied to a bipartite state it can be used
to bound the distillable entanglement between A and C
[71, 72], which unlike mutual information excludes classi-
cal correlations. Here we will consider the operator-space

(a)

(b)

ρop(t) =

Qin Qout

Nt

|ψ⟩
A

B′
C

B

D

decode |ψ⟩

FIG. 1. (a) Representation of the operator state ρop(t)
[Eq. (1)]. Each qubit in Qout is prepared in a maximally en-
tangled state (black dots) with the corresponding qubit Qin,
before being time evolved under the channel Nt. (b) Illustra-
tion of the Hayden-Preskill protocol [5]. An unknown quan-
tum state |ψ⟩ is used as an input to a small subregion A, while
the remaining qubits (B) are prepared in a maximally entan-
gled state with a set of ancillas B′ (circled). If the channel
is perfectly scrambling then |ψ⟩ can be reconstructed using
the ancillas combined with a subset of output qubits C of the
same size as A, regardless of which qubits are in C (qubits
in D are discarded). Formally, the final state of the ancillas
combined with the outputs C depends on the input state to

A through the channel NA→B′C
t (see main text).

generalization of negativities, which have been connected
to scrambling in the context of random unitary circuits
and holographic channels [73].

As argued by the authors of Ref. [45], for unitary
chaotic channels the correlations between regions A,C
of size O(1) will be small, whereas I(A : CD) will be
maximal, indicating that the input state A can only be
reconstructed if one has access to all the outputs CD.
They propose the tripartite information I3(A : C : D) =
I(A : C) + I(A : D) − I(A : CD) as a diagnostic of
scrambling (for scramblers I3 is large and negative), il-
lustrating one way in which operator-space entanglement
measures can be used to detect scrambling.

A complementary way to diagnose scrambling is to
quantify correlations between A and BC that are present
in ρop(t), where again A,C are of size O(1). This ap-
proach is related to the Hayden-Preskill teleportation
problem [5] – a thought experiment that was initially
devised to understand the fate of information in black
holes. There, one asks if it is possible to recover the ini-
tial state of a small set of qubits A using a set of ancillas
B′ that are initially maximally entangled with B, com-
bined with a subset of output qubits C, see Fig. 1(b). If
Nt is scrambling, then the initial state of A becomes non-
locally encoded across the entire system. When this oc-
curs, teleportation can be achieved (i.e. the initial state of
A can be recovered from B′C) regardless of which qubits
are chosen in C, as long as |C| ≥ |A| [62].

Intuitively, we expect that for teleportation to be suc-
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cessful, there must be strong correlations between A and
BC in the state ρop(t). This can in principle be diagnosed
using the quantities introduced above, namely I(A : BC)
and EA:BC . More formally, we can capture the depen-
dence of the final state of B′C on the initial state A using
the channel NA→B′C

t [ρA] = TrD[(Nt⊗ idB′)[ρA⊗ΦBB′ ]].
The fidelity of teleportation in the Hayden-Preskill pro-
tocol is then determined by the potential for informa-
tion transmission through NA→B′C

t , which can be quan-
tified in an information-theoretic way using an appropri-
ate channel capacity [74]. As an example, the classical ca-

pacity ofNA→B′C
t is closely related to I(A : BC) [69, 70].

Similarly, the quantum channel capacity (the maximum
rate at which quantum states can be reliably transmit-
ted using multiple applications of the channel) can be
bounded by EA:BC [75]. This illustrates the connection
between information transmission in the Hayden-Preskill
protocol and the degree of correlations between A and
BC in the operator state ρop(t).

The experiment of Ref. [62] provided an explicit
demonstration of scrambling by executing a particu-
lar decoding procedure for the Hayden-Preskill protocol.
This requires one to construct a doubled state, and ma-
nipulate the ancillas B′. In contrast, in this paper we
will employ a different approach, where we quantify the
correlations between A and BC without ever performing
the teleportation explicitly, and relate these to proper-
ties of NA→B′C

t . This avoids us having to construct a
doubled state or execute a decoding procedure.

B. Rényi measures of scrambling and operator
growth

While the von Neumann entropy and quantities
derived thereof have strong information-theoretic
significance, they are not directly measurable in ex-
periments without recourse to full tomography of
ρop(t), which is computationally expensive [76]. This
is due to the need to take the operator logarithm
of ρ. Instead, one can generalize to Rényi entropies
S(m)(AC) := (1−m)−1 log Tr([ρAC(t)]m) (m = 2, 3, . . .),
which unlike S(AC) only depend on integer moments of
the density matrix, and hence can be computed in terms
of mth moments of correlation functions of ρAC(t). This
observation forms the basis of a number of protocols
which use randomized measurements to extract the
Rényi entropies of an instantaneous state [42, 55], as
well as integer moments of the density matrix after
partial transposition [77]. Later, we will employ similar
arguments to show that the analogous quantities in op-
erator space can also be directly measured. Before doing
so, we first discuss how these quantities can be used
to probe quantum chaotic dynamics and information
scrambling, making use of the insight described in the
previous section.

We have argued how I(A : BC) can be related to the

fidelity of the Hayden-Preskill protocol. A natural gen-
eralization of I(A : BC) that is constructed in terms of
integer moments of ρop is the Rényi mutual information

I(m)(A : BC) := S(m)(A) + S(m)(BC)− S(m)(ABC).
(2)

When evaluated on arbitrary states this simple general-
ization of the mutual information does not satisfy all the
same properties as I(A : BC), including non-negativity
[78–80]. However, in Appendix A we show that when
evaluated on operator-states (1) (for which the reduced
density matrix on A is maximally mixed), I(m)(A : BC)
is non-negative [46], and equal to zero if and only if A and
BC are uncorrelated, as one would desire for any measure
of correlation. Additionally, for m = 2 the Rényi mutual
information is related to the recovery fidelity F for the de-

coding protocol used in Ref. [62] by F = 2I
(2)(A:BC)−2|A|

[41], and can also be expressed in terms of particular sums
of two-point correlation functions or OTOCs [45, 46].
Given the above, we expect that the quantity (2) will

be sensitive to the temporal correlations that are con-
veyed by channels that exhibit scrambling. Moreover,
while mutual information captures classical and quan-
tum correlations on an equal footing, one can still use
I(m)(A : BC) to detect the transmission of purely quan-
tum information. Specifically, we argue that the chan-
nel NA→B′C

t , which describes the Hayden-Preskill setup,
must have a non-zero quantum communication capacity
if I(m)(A : BC) exceeds the threshold value of |A|, which
is the maximum value that can be obtained in a classi-
cal system. The full proof of this statement is given in
Appendix A. In brief, we show that violation of the classi-
cal limit can only occur if there is entanglement between
A and BC in the operator state ρop(t). Given multiple
uses of the channel, one can distil this entanglement into
EPR pairs, which can then be used for noiseless quan-
tum communication. This confirms that NA→B′C

t can in
principle be used to reliably transmit quantum informa-
tion, and thus the quantum capacity is non-zero. Note
that the converse is not necessarily true, i.e. there exist
channels for which the quantum capacity is non-zero, but
I(m)(A : BC) ≤ |A|.
We can also consider quantities related to negativity

that only involve integer moments of the density matrix.
Let us first define moments of the partially transposed
operator state pm,X:Y := Tr[(ρXY (t)TX )m], where X and
Y are non-overlapping sets of input and output qubits,
and again TX denotes a partial transpose on X. We will
consider the quantity

RA:BC :=
p22,A:BC

p3,A:BC
. (3)

This particular ratio was proposed as a measure of
mixed state entanglement in Ref. [77], where it was
shown that bipartite states ρAB satisfying RA:B > 1
must be entangled. In Appendix A, we argue that
RA:BC > 1 is a sufficient (but not necessary) condition
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for the quantum communication capacity of NA→B′C
t to

be non-zero, provided that A is a single qubit (which is
the case throughout this paper).

The above arguments demonstrate how the Rényi gen-
eralizations of mutual information and negativity can be
related to the Hayden-Preskill teleportation fidelity. A
complementary way to probe aspects of chaos in quan-
tum dynamics is to consider the time evolution of oper-

ators in the Heisenberg picture O(t) = N †t [O] [57, 58].
Operator-space Rényi entropies for m = 2 (equivalently,

operator-space purities Tr[ρAC(t)2] ≡ 2−S
(2)(AC)) can be

related to the structure of operator growth. To see this,
let us use Pauli strings σµ =

⊗
j σ

µj

j as a basis of op-

erators, where µ = (µ1, . . . , µN ) and µj ∈ {I,X, Y, Z}.
Adopting the notation of Ref. [58], operator spreading
coefficients cµν(t) can then be defined via an expansion

of time-evolved Pauli strings σµ(t) = N †t [σµ], namely
σµ(t) =

∑
ν c

µν(t)σν . It is straightforward to show
that operator-space purity can be expressed succinctly
in terms of operator spreading coefficients as

Tr[ρAC(t)2] =
1

2|A|+|C|
∑
ν∈A

∑
µ∈C

|cµν(t)|2, (4)

where the sums are over Pauli strings ν and µ that act
as identity on qubits outside of A and C, respectively. In
words, we identify operator-space purity as the norm of
the part of the evolved operator σµ(t) that has support
on A, averaged over all initial operators σµ with support
on C.

Eq. (4) clarifies how operator purities encode the spa-
tial structure of operator spreading. One concise way to
represent this information is in terms of the k-locality of
the evolved operator σµ(t), i.e. one can ask what pro-
portion of the Pauli strings that make up σµ(t) act non-
trivially on at most k qubits. Intuitively, local operators
with support on a small number of qubits will grow under
chaotic time evolution, leading to more weight on opera-
tors that have a wider support. This contrasts with inte-
grable systems, where σµ(t) spreads out in space without
becoming more complex in terms of k-locality.

A natural way to measure k-locality of the evolved op-
erator σµ(t) is to compute the norm of the part of the
operator that is made up of Pauli strings acting on ex-
actly k qubits

Dµ
k (t) :=

∑
ν:|σν |=k

|cµν(t)|2. (5)

where we use |σν | to denote the number of non-identity
factors in the string σν . If one takes an average of Dµ

k (t)
over all non-identity Pauli strings µ with support in some
region C, the resulting quantity can be expressed in terms

of operator purities

DC
k (t) :=

1

2|C| − 1

∑
µ∈C;µ̸=I×N

Dµ
k (t), k ≥ 1 (6)

=
2|C|(−1)k

2|C| − 1

∑
A⊆S
|A|≤k

(−2)|A|
(
N − |A|
N − k

)
Tr[ρAC(t)2]

We prove the second equation in Appendix B. The above
quantity allows one to track how operators initially
located within C increase in complexity (in the sense
of k-locality) with time. Later, we will use DC

k (t) as a
means to quantify this aspect of operator growth on a
quantum device.

In the following section, we demonstrate that the quan-
tities described above, which depend only on integer
moments of the operator state ρop(t), can be directly
measured in experiment without using full tomography.
Moreover, this can be done without ever explicitly con-
structing the doubled state, which would require simul-
taneous access to identical copies of the system.

III. SHADOW TOMOGRAPHIC
MEASUREMENT OF OPERATOR-SPACE

ENTANGLEMENT

The method we use to measure operator-space Rényi
entropies is based on classical shadow tomography [42].
There, one performs projective measurements in differ-
ent randomly selected bases on a target state ρ, each of
which gives a particular snapshot of ρ. The ensemble of
snapshots (known as the ‘shadow’ of ρ) has an efficient
classical representation, which allows one to calculate es-
timators of expectation values Tr[Oρ] and non-linear mo-
ments Tr[Aρ⊗m] using classical post-processing on the
shadow data.
Here, we propose to build up a shadow of the dou-

bled state ρop(t) by preparing random states, evolving
them under Nt, and performing measurements in inde-
pendently chosen random bases. For our purposes, the
random states and bases will be related to the computa-
tional basis by single-qubit rotations, since these can be
implemented accurately on current devices; however gen-
eralizations to global rotations are also possible [42, 81].
The specific protocol is illustrated in Fig. 2. Output

rotations Vj applied immediately prior to measurement
are sampled independently from a uniform distribution
over the discrete set of gates {I, HX , HY }, where HX,Y

are X- and Y -Hadamard gates. This effectively imple-
ments one of the 3 possible Pauli measurements for each
qubit. The gates Uj applied prior to time evolution are
chosen such that the distribution of initial input states
Uj |0⟩ is uniform over the 6 states {|±σ⟩ : σ = X,Y, Z},
where |+σ⟩ (|−σ⟩) is the eigenstate of the Pauli opera-
tor σ with eigenvalue +1 (−1). A total of M runs are
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|0⟩ U1

Nt

V1 |b̂1⟩

|0⟩ U2 V2 |b̂2⟩

|0⟩ U3 V3 |b̂3⟩

|0⟩ U4 V4 |b̂4⟩

FIG. 2. Illustration of experimental protocol to measure
operator-space entanglement of a quantum channel Nt in a
system with N = 4 qubits. The single qubit unitaries Uj ,
Vj are drawn independently at random from the discrete gate
sets described in the main text. Once the measurement out-
comes b̂j are known, one can construct a snapshot of the dou-
bled state ρop(t) using Eq. (7), and then repeat M times with
different unitaries.

performed, and for now we assume that a new set of in-
dependent gates are generated for each run.

The data associated with a particular run are the gates

Uj , Vj , along with the measurement outcomes b̂j ∈ {0, 1}.
These can be used to construct a snapshot of ρop(t) (we
use a hat to distinguish this estimator from the true op-
erator state)

ρ̂op(t) =

N⊗
j=1

(
3UT

j |0⟩ ⟨0|U∗j − I
)
in

⊗
N⊗
j=1

(
3Vj |b̂j⟩ ⟨b̂j |V †j − I

)
out
. (7)

Using the arguments of Ref. [42], along with the def-
inition of ρop(t) and the property of the maximally
entangled state (O ⊗ I) |Φ⟩ = (I ⊗ OT ) |Φ⟩, one can
show that the above is an unbiased estimator of ρop(t),
i.e. E[ρ̂op(t)] = ρop(t), where the expectation value is over
both random unitaries Uj , Vj and measurement outcomes

b̂j . (See Appendix C. Eq. (7) is consistent with other sim-
ilar proposals that have appeared recently [82, 83].) A
different snapshot is obtained from each of the M runs,
and we write the snapshot obtained from the rth run as

ρ̂
(r)
op (t).

For each ρ̂
(r)
op (t), an independent unbiased estimator of

a given correlation function Tr[OinOout(t)] can be con-

structed by computing Tr[(Oin ⊗ Oout)ρ̂
(r)
op (t)] on a clas-

sical computer. For sufficiently largeM , the average over
all estimators gives an accurate prediction of the corre-
lation function. Estimators for non-linear functionals,
such as the moments pm,:AC = Tr[ρAC(t)m] appearing in
the Rényi entropies, can be constructed using so-called
U -statistics [84], as one does in conventional shadow to-
mography. For instance, to estimate p2,:AC , one can

average Tr[ρ̂AC,(r1)(t)ρ̂AC,(r2)(t)] over all M(M − 1) or-
dered pairs of independent snapshots r1 ̸= r2, where

ρAC,(r)(t) := TrB∪D ρ̂
(r)
op (t). The snapshot (7) can also be

partially transposed beforehand to obtain pm,A:C . Con-
veniently, the same set of shadow data can be used to

obtain multiple quantities simply by post-processing in
different ways.
The size of the statistical errors that arise from this

process will depend on the particular quantity being esti-
mated, the channel Nt in question, and the sample count
M . Worst-case upper bounds on the number of samples
Mϵ required to achieve an error ϵ in state shadow tomog-
raphy have been derived in Refs. [42, 77], and these can
be carried over to the present setting, at least for single-
qubit rotations. For the moments pm,:AC = Tr[ρAC(t)m]
(with or without partial transposition) in the small-ϵ
limit, one has Mϵ ≤ O(2|AC|/ϵ2). In the Supplemen-
tal Material, we argue that when ρAC(t) is highly mixed
(which is common for operator-space states), a poten-

tially tighter upper bound of O(2|AC| log2 3−S(∞)(AC)/ϵ2)
applies, where S(∞)(AC) = − logmax eig ρAC(t) is the
max-entropy. While this is exponential in the num-
ber of qubits in AC, the scaling is highly favourable
over the O(2|AC|rank(ρAC)

2/ϵ2 log(1/ϵ)) number of runs
required for full tomography using the same resources
(i.e. only single-qubit rotations) [85]. In general, while
these bounds are expected to have the correct scaling
behaviour, the prefactors involved are typically not tight
[42].

IV. SIMULATING AND DETECTING
QUANTUM CHAOS

We now present results of simulations of quantum
chaotic dynamics performed on a cloud-based IBM su-
perconducting quantum processor, using the method
described above to access operator-space measures of
scrambling. The system in question, ibm lagos [86], has
7 qubits, arranged as illustrated in Fig. 3(a). In the main
text, we present results where 5 contiguous qubits are
used to simulate a 1D chaotic system using entangling
gates arranged in a brickwork pattern [Fig. 3(b)]. Ap-
pendix D contains details of similar results that involve
all 7 qubits in the device, for which an alternative space-
time pattern of gates is needed.

A. Setup

The brickwork circuit is made up of entangling two-
qubit gates, which we choose to be CNOTs, combined
with single-site unitaries. Each single-site gate is inde-
pendently sampled from a uniform distribution over a
discrete set of 4 gates {Wc : c = 1, . . . , 4}. In terms of

the native gates of the quantum device (
√
X, X, and

Rθ = e−iθZ/2), these are W1 = Rπ/4

√
XR†π/4, W2 =

Rπ/4XR
†
π/4, W3 =

√
XRπ/4

√
X, W4 =

√
XR†π/4

√
X. In

a given timestep t = 1, 2, . . ., CNOTs are applied to pairs
of qubits (2j− 1, 2j) for odd t (first index is control, sec-
ond is target), and to (2j, 2j + 1) for even t. All qubits
are then subjected to single-site unitariesWcj,t . This cir-
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(a) (b)

(c)

12

3

4 5

1 · · ·

2 · · ·

3 · · ·

4 · · ·

5 · · ·

FIG. 3. (a) Qubit layout and connectivity of ibm lagos. Dark
purple circles represent the 5 qubits used for the experiments
detailed in the main text. (b) Circuit design for the chaotic
unitary Nt, with t = 4 timesteps shown. Each single qubit
gate (coloured boxes) is independently sampled from the four
gates W1,...,4, see main text.

cuit is illustrated in Fig. 3(b). The indices cj,t have been
sampled once for each j, t, and this configuration is used
in all the data presented in this paper, i.e. we do not av-
erage over different single-qubit unitaries. This defines a
time-dependent evolution channel Nt=1,2,... that exhibits
chaos.

In practice, for the quantum processor we use, running
the same circuit many times is much faster than running
many randomly generated circuits once each. For this
reason, we alter the shadow protocol slightly: A ran-

dom computational basis state |ψ⟩ =
⊗N

j=1 |âj⟩ is used

in place of the initial |0⊗N ⟩ (this can be done with a fixed
circuit by preparing |0⊗N ⟩ and applying Hadamard gates
to each qubit, followed by projective measurements of all
qubits). The full circuit is sampled MS times for a fixed

choice of Uj , Vj , generating different âj , b̂j each time.
The whole procedure is repeated for MU different inde-
pendently chosen bases. While the sampling errors in the
final outcomes of observables are sub-optimal for a fixed
total number of runsMSMU compared to the usual shad-
ows protocol [42], we are able to reach a much higher total
run count this way, thus achieving higher accuracy. We
discuss the necessary alterations to the post-processing
methods and the influence on the scaling of errors in the
Supplemental Material [87].

Other than the channel Nt itself, the full circuit in-
volves single-qubit unitaries and measurements. To com-
pensate for the imperfect measurement process, we ran
periodic calibration jobs, the data from which was used
to apply measurement error mitigation techniques as de-
scribed in e.g. Ref. [88]. In principle, one could also em-
ploy a version of shadow tomography that counteracts
the effects of errors in the unitaries Uj , Vj [89]; how-
ever, the single-qubit gate errors in ibm lagos are on
the order of 10−4, so we assume that these unitaries are
implemented perfectly.

The full shadow tomography protocol was executed on
ibm lagos with MS = 8192, MU = 900, for t varying
from 0 to 15. The values obtained from this dataset
are affected by both imperfections in Nt realised in the
quantum device (‘noise’) and the sampling error (i.e. the
statistical fluctuations arising from the stochastic na-
ture of shadow tomography). To help distinguish these

ibm_lagos

FIG. 4. Rényi mutual information [Eq. (2)], with A =
{1}, C = {jC}. Top panel: Dashed lines indicate the exact
value without noise or sampling error, points are estimations
obtained using shadow post-processing methods on data from
numerical simulations of the full circuit (Fig. 2) without noise.
The deviations between these two values can be used to es-
timate the typical size of the sampling errors that arise from
the shadow tomography protocol. Bottom panel: results ob-
tained from ibm lagos; solid lines are to guide the eye. The
region above the threshold I(2)(A : BC) > 1 is shaded green
(see Section II B).

two sources of error, we have also generated another set
of shadow data by running noise-free numerical simu-
lations of the full circuits [Fig. 2] where all gates are
perfectly accurate, and the measurement outcomes are
sampled stochastically. This dataset generates values
that are affected by sampling error only. The same two
sets of shadow data (which we label ‘simulation’ and
‘ibm lagos’) were used to calculate all the different phys-
ical quantities described in the following. We also com-
pute the exact value of each quantity for noiseless Nt,
against which the shadow tomographic estimates will be
compared. Throughout, we fix A and C to be individual
qubits, A = {1}, C = {jC}, where jC = 1, . . . , N .

B. Results

Firstly, the Rényi mutual information I(2)(A : BC) is
plotted in Fig. 4. At early times, the mutual informa-
tion is large only for jC = 1, reflecting the fact that the
input A can only be reconstructed if one has access to
the same qubit at the final time. At late times, the data
from noiseless simulations saturate to comparable values
for all choices of jC , close to the value I∗ = 1.1945 . . .
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ibm_lagos

FIG. 5. Logarithm of the ratio RA:BC = p22,A:BC/p3,A:BC ,
where A = {1}, C = {jC}. Data presented as in Fig. 4. The
region above the threshold logRA:BC > 0 is shaded green (see
Section II B).

that would be expected if Nt were a global Haar random
unitary (see Appendix A), thus confirming that informa-
tion has scrambled. (For jC = 5, this value is reached
at a time just beyond the maximum t simulated on the
quantum device.) The approach to this saturation value
follows a light-cone structure: qubits that are further
away from A take a longer time to reach saturation. The
results from the quantum processor agree well with sim-
ulations at early times. At later times we see an in-
creasingly marked reduction of I(2)(A : BC) for all jC .
This is a consequence of the cumulative effects of noise
in the execution of the time evolution Nt, which reduces
the fidelity of information transmission. For jC ≤ 3, we
find values of I(2)(A : BC) above the threshold value of
|A| = 1, which confirms that the quantum communica-
tion capacity of NA→BC

t is non-zero (see previous sec-
tion). Even though the threshold is not exceeded for all
qubits due to noise, the increase of I(2)(A : BC) confirms
that information does indeed propagate to all qubits to
some extent.

The ratio of negativities RA:BC is plotted in Fig. 5.
These show a similar pattern to the mutual information:
The early-time values of RA:BC are large only for jC = 1,
and as time evolves the ratio tends towards saturation
values that are comparable for all values of jC , following
a light-cone structure. From numerical simulations, we
see that the threshold RA:BC > 1 is achieved at earlier
times than for the Rényi mutual information, suggest-
ing that this criterion is more sensitive than the mutual
information to the particular form of operator-space en-
tanglement generated by the dynamics. On the other

ibm_lagos

FIG. 6. Evolution of the k-locality of time-evolved operators,
as quantified by DC

k [Eq. (6)]. Specifically, we plot the cu-
mulative weight

∑
l≤kD

C
l which measures the total weight

of the time-evolved operator acting non-trivially on at most
k qubits, averaged over all non-trivial initial operators with
support on C. We fix C = {3}, the central qubit in Fig. 3(a).
The shaded areas and dashed lines indicate the exact values
without sampling error or noise. Markers indicate shadow
tomographic estimates calculated from the datasets obtained
from noise-free simulations (top) and from the quantum de-
vice (bottom). The former are affected by sampling error
only, while the latter are affected by both sampling error and
noise.

hand, the data from ibm lagos shows a more significant
suppression of the signal, suggesting that the quantity in
question may be more sensitive to noise.

Finally, in Fig. 6, we plot the cumulative sums∑k
l=0D

C
l [Eq. (6)], which measures the proportion of the

time-evolved operators σµ(t) that act non-trivially on at
most k qubits, averaged over all non-identity initial op-
erators σµ with support in C. Here we fix C = {3}, the
central qubit in the chain. Note that for unitary time
evolution, the total operator weight

∑
ν |cµν(t)|2 is con-

served, which implies that
∑N

l=0D
C
l = 1.

At early times, the operators have only evolved a small
amount away from their single-qubit initial values, and so
the operator weight is dominated by the low-k sectors. As
time evolves, an increasing amount of weight moves onto
operators with more extended support. Eventually, once
the system has fully scrambled, the evolved operators
have weight roughly evenly distributed over the whole
space of operators (excluding identity). The weights

DC
k (t) are then well approximated by (4N − 1)−13k

(
N
k

)
,

which is the value that would be obtained from a uni-
form distribution over all 4N − 1 non-trivial operators.
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At these late times, the values obtained from ibm lagos
are again lower than the exact values due to noisy non-
unitary processes. Indeed, given that the dynamics of the
quantum device is not perfectly unitary, the total opera-
tor weight

∑
ν |cµν(t)|2 is expected to decrease with time,

which is reflected in the data for k = 5.

V. DISCUSSION AND OUTLOOK

Using a combination of randomized state prepara-
tion and measurement, combined with the postprocess-
ing techniques introduced in Ref. [42], we have evalu-
ated various operator-space entanglement measures in
a programmable quantum simulator. We constructed
quantities that probe the fidelity of the Hayden-Preskill
teleportation protocol [5], allowing us to unambiguously
confirm that the system exhibits scrambling. Addition-
ally, we used the same techniques to characterise opera-
tor growth, which can also be used to diagnose quantum
chaos [57, 58].

A related approach to diagnosing scrambling in ex-
periments is to measure the decay of OTOCs [36–
40, 61]. However, present day quantum simulators are
inevitably noisy, and dissipative effects can mimic this de-
cay [41, 90], as can mismatch between forward and back-
ward time evolution. Thus, OTOC decay is at present
not a truly verifiable diagnostic of scrambling to the same
extent as many-body teleportation.

Compared to previous proposals to measure operator-
space entanglement and teleportation fidelities [62, 91],
our method has the advantage that no additional ancilla
qubits are needed. Not only does this reduce the hard-
ware requirements in terms of system size, it also removes
the need to control the dynamics of ancillas, which would
otherwise need to be kept coherent, and possibly time-
evolved in parallel [41]. Moreover, other than the time
evolution Nt itself, the only additional gates required are
single-qubit rotations, making the protocol particularly
straightforward to implement on a wide variety of pro-
grammable quantum simulators. This simplicity is pos-
sible because our protocol does not require us to explic-
itly perform the decoding procedure for the many-body
teleportation problem; rather, we can infer the existence
of correlations between A and BC from statistical cor-
relations between different measurement, which in turn
informs us that teleportation is in principle possible.

In developing the protocol used here, we have focussed
on keeping experimental requirements to a minimum.
However, other approaches that demand higher levels of
experimental control may offer different advantages. In
particular, one consequence of using randomized state
preparation and measurement is the exponential scaling
of the required number of repetitions M with the size of
the region on which the Rényi entropy is evaluated — in-
deed, this sampling complexity is provably optimal with
the given resources [42]. This is not an issue if one is
interested in small regions within a large system, which

is the situation for many studies of quantum thermaliza-
tion, but may be problematic if one needs to consider
large AC. Indeed, the ideal probes of many-body tele-
portation require access to an extensive number of in-
puts AB. Note, however, that one could consider corre-
lations between A and B′C, where B′ is a fixed size rather
than the full complement of A, which will be good mea-
sures of early-time chaos; see also the modified OTOCs
in Ref. [60].
One immediate generalization is to replace the ran-

dom local unitaries Uj , Vj with global Clifford gates [42].
As argued in Ref. [55], the scaling of the required num-
ber of runs will be better, albeit still exponential. The
larger number of gates required will make such a proto-
col more susceptible to decoherence, and so noise-robust
techniques would be required [89].
If the evolution in question Nt is known in advance,

then further improvements to the scaling of M may be
obtained using ancillary qubits. Roughly speaking, in
these approaches the non-local correlations established
during time evolution are distilled into smaller regions
using some decoding procedure that requires knowledge
of Nt; these correlations can then be verified in a sample-
efficient way. For instance, fast decoders for the Hayden-
Preskill problem have been developed that use a doubled
system [92]. Note that as the system size increases, so too
will the complexity of these decoders, requiring increas-
ingly high levels of coherence and gate fidelity. Thus, in
current NISQ devices, there is a natural tradeoff between
sample complexity and the necessary level of control over
the system.
The quantities that one can directly access without us-

ing full tomography of Nt or an ansatz for ρAC(t) [93] are
limited to integer moments of the (doubled) density ma-
trix ρop(t). While the Rényi entropies S(m)(AC) and par-
tially transposed moments pm,A:C have less information-
theoretic significance than, e.g. the von Neumann en-
tropy, their experimental relevance makes it important
to better understand their behaviour in chaotic systems,
which we leave to future work.
Recently, a protocol to measure the spectral form fac-

tor — a quantity that can be used to diagnose chaos in
time-periodic systems [94] — has been proposed, which
also uses randomized state preparation and measurement
[95]. There, the initial and final unitaries appearing in

Fig. 2 are related via Uj = V †j . It would be interesting to
consider other ways of introducing correlations between
different random unitaries in such protocols, which could
give access to different properties of the time-evolution
channel.
Operator-space entanglement also plays an important

role in contexts beyond quantum chaos. For instance,
the mutual information between initial and final states
can be used as a probe of entanglement phase transitions
in monitored quantum circuits [96–99]. Analogous
quantities can also be used to detect quantized chiral
information propagation at the edge of anomalous
Floquet topological phases [100–103]. The protocol we
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employ here could therefore be used as a means to verify
experimental realisations of these phenomena.

Note added.—During completion of this work,
Refs. [82, 83] appeared, where similar proposals to gen-
eralize shadow tomography to channels were given.
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Appendix A: Properties of the Rényi mutual
information (2)

In this section, we prove the claims made in the main
text regarding properties of Rényi mutual information
[Eq. (2)] when the underlying state is an operator state
ρop(t), including our claim that the quantum capacity
of a channel must be non-zero when the corresponding
operator-space Rényi mutual information exceeds its
maximum classical value. We will refer explicitly to the
quantity I(m)(A : C) := S(m)(A) + S(m)(C)− S(m)(AC)
where A is a subset of inputs and C is a subset of
outputs [as in Fig. 1(b)]; however our claims continue
to hold if A and C are replaced by subsets that contain
combinations of inputs and outputs, provided that the
reduced density matrix on at least one of the subsets
is maximally mixed. For example, in the main text we
consider I(m)(A : BC), which falls under this category
since the reduced density matrix ρA = IA/2|A| is
maximally mixed. For the purposes of this appendix, we
leave all t-dependence implicit. We denote the Hilbert
space dimensions of A, C as dA, dC , respectively.

While the definition of the Rényi mutual information
that we use here [Eq. (2)] generalizes the von Neumann
mutual information in a natural way, it is not always a
good measure of the correlations present in a given state.
For example, in certain cases it can even be negative [79,
80]. (Because of this, other related quantities have been
proposed that are sometimes referred to as Rényi mutual
information [78]; here we will use this term exclusively
for the quantity (2).) However, when the reduced density
matrix for eitherA or C is maximally mixed – as occurs in
the cases under consideration – it was noted that I(m)(A :

C) is non-negative [46]. We argue that this can be made
stronger:

Theorem. For any density operator ρAC satisfying
ρA := TrC ρ

AC = IA/dA or ρC = IC/dC , the Rényi mu-
tual information satisfies

I(m)(A : C) ≥ 0 ∀m = 2, 3, . . . (A1)

with equality if and only if the density operator factorizes
as ρAC = ρA ⊗ ρC .

This theorem establishes I(m)(A : C) as a sensible mea-
sure of how much ρAC fails to factorize, and hence the
degree to which A and C are correlated. We only ex-
plicitly consider integer m ≥ 2 here, since these are the
quantities that can be measured experimentally.
We assume that ρA is maximally mixed; the alterna-

tive case where ρC is maximally mixed then follows from
the symmetry of I(m)(A : C). Our proof relies on the
following observation∫

Haar

dU1 · · · dUm Tr
[
(U1 ⊗ IC)ρAC(U1 ⊗ IC)† · · ·

· · · (Um ⊗ IC)ρAC(Um ⊗ IC)†
]
= Tr

[
(IA/dA)m ⊗ (ρC)

m
]

(A2)

where the integration variables are unitary matrices
{Ui ∈ U(dA)} acting on A, and the integrals are taken
over the Haar measure. The above is a consequence of
the standard identity

∫
Haar

dU UOU† = (Tr[O]/d) Id for

d × d matrices O [104]. We seek to prove Tr[(ρAC)m] ≥
Tr[(ρA)m ⊗ (ρC)m], which will in turn imply (A1).
Since the integration measure over each Ui is normalized∫
Haar

dUi = 1, and ρA = IA/dA, we have

Tr[(ρAC)m]− Tr[(ρA)m ⊗ (ρC)m] =

∫
Haar

dU1 · · · dUm(
Tr[(ρAC)m]− Tr

[
U1ρ

ACU†1 · · ·Umρ
ACU†m

])
(A3)

where we leave the factors of IC implicit. The integrand
of the right hand side is non-negative by the following
lemma

Lemma. If ρ is a complex Hermitian positive semi-
definite matrix and {Ui} are unitary matrices of the same
size, then ∣∣Tr[U1ρU

†
1 · · ·UmρU

†
m]

∣∣ ≤ Tr[ρm] (A4)

with equality if and only if U1ρU
†
1 = · · · = UmρU

†
m.

Proof.— We first note that |Tr[A]| ≤ Tr[|A|] for all
square matrices A, where |A| := (A†A)1/2, with equality
if and only if A is Hermitian positive semidefinite. Set-

ting A = A1 · · ·Am where Aj = UjρU
†
j , we then use a

generalization of Hölder’s inequality proved in Ref. [105]:

Tr[|A1 · · ·Am|] ≤
m∏

a=1

(
Tr[(Aa)

pa ]
)1/pa

(A5)
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for any positive real numbers pa satisfying
∑

a(1/pa) = 1,
with equality if and only if A1 = · · · = Am. Eq. (A4)
then follows by setting pa = m for a = 1, . . . ,m, so that
Tr[(Aa)

pa ] = Tr[ρm]. ■

This completes our proof that I(m)(A : C) is non-
negative for the states under consideration. The fact that
I(m)(A : C) vanishes for factorizable ρAC follows immedi-
ately from its definition. Conversely, if I(m)(A : C) = 0,
then the integrand in (A3) must vanish everywhere,
which implies that (U ⊗ IC)ρAC(U ⊗ IC)† = ρAC for all
U ∈ U(dA). This can only be true if ρAC ∝ IA ⊗ ρC ,
which completes our proof.

Having established the above theorem, we now provide
the proof of the claims we made in Section II B regarding
the threshold values for I(m)(A : BC) and RA:BC . In its
most general form, we have

Claim. The quantum capacity of a channel NA→B is
non-zero if the operator-space Rényi mutual information
satisfies I(m)(A : B) > |A|. If the input Hilbert space
dimension |HA| = 2, then the same conclusion can be
made whenever the ratio of partially transposed moments
RA:B := p22,A:B/p3,A:B exceeds unity.

The statements made in the main text then follow
from applying the above to NA→B′C

t .

Proof.—Firstly, we consider the case where I(m)(A :
B) > |A|. Here we will rely somewhat on the notion of
majorization; see, e.g. Ref. [106] for a full introduction.
A nX × nX Hermitian matrix X majorizes a nY × nY
Hermitian matrix Y if their traces are equal and the sum
of the kth largest eigenvalues ofX is greater than or equal
to the sum of the kth largest eigenvalues of Y for k =
1, 2, . . . ,min(nX , nY ). This relation is denoted denoted
X ⪰ Y . A function f from matrices to real numbers is
called Schur convex iff X ⪰ Y ⇒ f(X) ≥ f(Y ).
Since A is maximally mixed, our starting point

I(m)(A : B) > |A| is equivalent to Tr[(ρAB)m] >
Tr[(ρB)m], where ρAB is the operator state for the chan-
nel NA→B (see Eq. 1), and ρB = TrA ρ

AB . It is straight-
forward to show that the map ρ 7→ Tr[ρm] is Schur-
convex, which implies that ρAB ⪯̸ ρB . In Ref. [107], it
was shown that separable states satisfy ρAB ⪯ ρB , and so
the operator-state must be bipartite entangled whenever
I(m)(A : B) > |A|. Moreover, in Ref. [108] a stronger
result was proved: violation of the separability criterion
ρAB ⪯ ρB implies violation of the so-called reduction
criterion [109]. States which violate the reduction crite-
rion must possess distillable entanglement, meaning that
many copies of the state can be converted into a smaller
number of pure EPR pairs using local operations and
classical communication [110].

The above implies that if the operator-state ρAB

satisfies I(m)(A : B) > |A|, then pure EPR pairs can be
distilled from many copies of ρAB (each of which can be
prepared from a single use of the channel NA→B) using

the protocol described in Ref. [109], which requires a
one-way classical communication channel from sender A
to receiver B. The ability to generate EPR pairs from
multiple uses of a channel assisted by one-way classical
communication is equivalent to being able to reliably
transmit the same number of qubits from A to B using
the same resources [111]. Since the quantum channel
capacity assisted by one-way classical communication is
equal to the unassisted capacity [111, 112], we conclude
that the quantum capacity of any channel NA→B must
be non-zero whenever the operator-state ρAB satisfies
I(m)(A : B) > |A|.

For the ratio of partially transposed moments RA:B

[Eq. (3)], our argument follows a similar line. In
Ref. [77], it was shown that if a bipartite state ρAB

satisfies RA:B > 1, then the Peres criterion [113] must
be violated, which is a sufficient but not necessary
condition for the existence of bipartite entanglement in
ρAB . Given that the Hilbert space dimension |HA| = 2,
violation of the Peres criterion implies that the entan-
glement in ρAB is distillable [114]. Again using the
equivalence between generation of pure EPR pairs and
transmission of quantum states, we conclude that the
quantum capacity of NA→B must be non-zero.

Finally, it is helpful to evaluate I(m)(A : C) for the
case where the time evolution is a global Haar-random
unitary, which is maximally chaotic. A simple estimate
for the average ⟨I(m)(A : C)⟩Ut

(angled brackets denote
the expectation value over all unitary evolutions Ut with
respect to the Haar measure) can be obtained by approx-
imating ⟨log Tr[ρAC(t)m]⟩Ut

≈ log⟨Tr[ρAC(t)m]⟩Ut
, the

right hand side of which can be evaluated using standard
expressions for integrals over the Haar measure [104].
This assumes that fluctuations of Tr[ρAC(t)m] between
different Haar-random unitaries are small. For the sim-
plest case of m = 2, for a system of N q-level systems
(q = 2 for our case of qubits), we find

⟨Tr[ρAC(t)2]⟩Ut =
1

qN (q2N − 1)

[
qN (q|BD| + q|AC|)

− (q|AD| + q|BC|)

]
. (A6)

This can be used to estimate the mean value of I(2)(A :
BC), which we argue in the main text probes the fidelity
of the Hayden-Preskill teleportation protocol

⟨I(m)(A : BC)⟩Ut
≈ |AC| log q

− log

(
q2N (q|A|−|C| + q|C|−|A| − q−|AC|)− q|AC|

q2N − 1

)
.

(A7)

In the case of interest |A| = |C|, this becomes

= |AC| log q − log

(
q2N (2− q−|AC|)− q|AC|

q2N − 1

)
. (A8)
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The first term is the maximum value for the Rényi mu-
tual information. The second term, describing devia-
tions from the maximum value, remains order one when
one takes |N | → ∞ while keeping |A| = |C| fixed.
This is consistent with the expectation that informa-
tion about the initial state of A can be recovered even
if one only has access to a vanishing fraction of outputs
C (this corresponds to the amount of Hawking radiation
in the Hayden-Preskill protocol [5]). Evaluating (A8)
for the case N = 5, q = 2, |A| = |C| = 1 (the pa-
rameters used for the data plotted in Fig. 4), we find
I(2)(A : BC) ≈ 1.1945 . . ..

Appendix B: Proof of Eq. (6)

Here we prove the relationship between the quantities
DC

k (t), which measure the k-locality of time-evolved op-
erators that initially have support in C, and the operator
purities Tr[ρAC(t)2]. Firstly, trace preservation implies
that N †[I] = I, which in turn gives cIν(t) = δν,I , where
I labels the identity Pauli string. Thus, for k ≥ 1, the
restriction µ ̸= I in the sum on first line of (6) can be
removed. Then, we consider the sum of operator purities
over all subsets of qubits A of fixed size |A| = r

EC
r (t) :=

2|C|+r

2|C| − 1

∑
A⊆S;|A|=r

Tr[ρAC(t)2] (B1)

=
1

2|C| − 1

r∑
k=0

(
N − k

r − k

) ∑
µ∈C

∑
ν:|σν |=k

|cµν(t)|2

(B2)

=

r∑
k=0

(
N − k

N − r

)
DC

k (B3)

where for convenience we alter the definition of DC
k for

k = 0 to be DC
0 = Tr[ρC(t)2]/(2|C| − 1), which dif-

fers from the expression (6) in the inclusion of the term
µ = I. The above follows from counting the number
of subregions A that support a Pauli string that acts
non-trivially on k qubits. This establishes a linear rela-
tionship between the sums EC

r (t) and the quantities of
interest DC

k , which can be inverted. The inverse of the

lower triangular matrix [L]rk =
(
N−k
N−r

)
(r ≥ k) is simply

given by [L−1]kr = (−1)k+r
(
N−r
N−k

)
(k ≥ r); this can be

proved using the relation
∑j

m=i(−1)j+m
(
j
m

)(
m
i

)
= δij .

This gives DC
k =

∑k
r=0(−1)r+k

(
N−r
N−k

)
EC

r (t), which can

be easily manipulated to give Eq. (6).

Appendix C: Justification of Eq. (7)

In this section, we prove that the quantity (7) is in-
deed an unbiased estimator of the operator-state ρop(t),
i.e. E[ρ̂op(t)] = ρop(t), where the expectation value is

|â⟩Qin

|b̂⟩Qout

|Φ⟩

UT

Nt V

=

rand

|b̂⟩Q
|â⟩Q U Nt V

FIG. 7. Left: Conventional shadow tomography on the opera-
tor state ρop(t) = (idin⊗Nt)[Φ]. The distribution of unitaries

U , V and measurement outcomes â, b̂ are the same as that of
a hybrid classical-quantum process (right), where â are sam-
pled from a uniform distribution, and then used as the input
for a quantum circuit.

taken over the joint distribution of unitaries Uj , Vj , and

outcomes b̂j . This can be done relatively straightfor-
wardly using the graphical equation shown in Fig. 7.
First, suppose that one could explicitly construct ρop(t)
in the experiment; then one could perform conven-
tional shadow tomography, where unitaries U and V are
applied to Qin and Qout, respectively, with outcomes

â, b̂ ∈ {0, 1}×N . This is shown on the left hand side of
Fig. 7. Using the property of the maximally mixed state
(OT

in ⊗ Iout) |Φ⟩ = (Iin ⊗Oout) |Φ⟩, one can push the uni-
tary U =

⊗
j Uj acting on Qin onto the other half of the

doubled system. This makes it clear that the distribu-
tion of measurements {â} on the input qubits is uniform
over {0, 1}×N . Thus, we can sample â using a classical
computer, and use it as the input to a circuit that only
requires a single copy of the system (right hand side of

Fig. 7). The joint distribution of â, b̂, U , V will be ex-
actly the same as that of state shadow tomography on
ρop(t), which allows us to construct an unbiased estima-
tor of ρop(t) in the usual way [42].
Finally, we note that the variables â, U only appear in

the combination U |â⟩ in both the circuit and the shadow
tomography estimator of the density matrix. Thus, we
need only ensure that the ensemble of inputs to the chan-
nel Nt has the correct distribution. In our case U is dis-
tributed uniformly over products of single-qubit Clifford
operations; we can therefore replace U |â⟩ with U |0⊗N ⟩
without modifying the appropriate distribution. This
justifies the form of Eq. (7).

Appendix D: Results for N = 7 qubits

In this Appendix, we describe a circuit model of dy-
namics that uses all 7 qubits of the quantum device
ibm lagos, and present results obtained from the shadow
protocol.
To generate chaotic dynamics, we use a circuit design

made up of the same gates as the setup presented in
the main text [Fig. 3(b)], namely CNOTs and single-
qubit gates independently sampled from the discrete set
{Wc : c = 1, . . . , 4}. As before, each timestep is made up
of a layer of single-qubit unitaries acting on all qubits fol-
lowed by a layer of CNOTs. The arrangement of CNOTs
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t = 3n+ 1

5 6 7

4

1 2 3

t = 3n+ 2 t = 3n+ 3

FIG. 8. Configuration of the CNOT layers in the model of
chaotic dynamics that uses all 7 qubits of ibm lagos. The
pattern of CNOTs repeats every 3 timesteps. Small orange
circles denote the control qubits, and large orange circles with
a plus are the target qubits. Note that the numbering of the
qubits (indicated in the leftmost panel) differs from that used
in the main text.

ibm_lagos

FIG. 9. Color plot of the second Rényi mutual information
I(2)(A : BC) for the circuit model of dynamics described in
Appendix D, using all 7 qubits of ibm lagos. We fix A =
{1} [the bottom right qubit in Fig. 3(a)], and C = {jC},
where jC is varied. Top panel: results obtained from noiseless
classical simulations of the time evolution Nt and the shadow
protocol. By averaging the deviation of these data from the
exact value of I(2)(A : BC) for the circuit in question, we
obtain an estimate of the statistical fluctuations due to the
shadow protocol of 0.07. Bottom panel: data obtained from
ibm lagos.

changes each timestep, repeating itself after a period of
3 steps, as illustrated in Fig. 8. This ensures that en-
tanglement can generated between any two qubits after
a sufficient amount of time.
After running the shadow tomography protocol with

the same parameters as before (NU = 900, NM = 8192),
the Rényi mutual information I(2)(A : BC) was com-
puted, where we set A = {1}, the top left qubit in Fig. 8.
We also generate a set of shadow data by simulating the
full circuit without noise on a classical computer, for
comparison. The results are presented in Fig. 9. Ini-
tially, correlations are only present for jC = 1, whereas
at later times these correlations are distributed across
the entire system, thus confirming that information has
been scrambled. As before, the values from ibm lagos
at later times are systematically below those from clas-
sical simulations, due to noisy processes that disturb the
propagation of information.
The region ABC involves more qubits than that used

for the N = 5 setup described in the main text, and
so we expect to incur larger statistical errors when com-
puting the operator-space Rényi entropies, and in turn
I(2)(A : BC). The size of these errors can be estimated
by looking at the deviation of the values from noiseless
classical simulations of the shadow protocol, compared
with the exact values of the mutual information. Aver-
aging across all times t and choices of jC , we find a mean
relative error in the value of Tr[ρ2ABC ] of 0.05, and an ab-

solute error in I(2)(A : BC) of 0.07. Evidently, even for
regions as large as |ABC| = 8, it is possible to estimate
Rényi entropies and quantities derived thereof to a good
accuracy using a reasonable number of shots.
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Repeating random unitaries in shadow tomography

While shadow tomography is ideally performed using
different measurement bases for each shot, in some plat-
forms it is possible to achieve a higher total shot count
by running each circuit multiple times. This is the ap-
proach we use to obtain the data used to generate the
quantities plotted in the main text. The circuits are de-
signed as follows: First, starting from an initial state
|0⊗N ⟩, a Hadamard gate is applied to each qubit, followed
by measurements of all qubits in the computational ba-
sis. This generates a random initial computational state
|Ψâ⟩ =

⊗
j |âj⟩, where âj ∈ {0, 1}. This way, both âj

and b̂j are random variables that are sampled indepen-
dently for different shots of the same circuit, whereas Uj

and Vj are fixed for a particular circuit. We can ver-
ify a posteriori that the distribution of âj is uniform.
The rest of the shadow tomography protocol proceeds as
usual (Fig. 2), with |Ψâ⟩ in place of the ordinary initial
state |0⊗N ⟩. The basis rotations Uj , Vj are fixed for a
particular circuit. A total of MU circuits are generated,
and each is run MS times.
This scenario where circuits are repeated multiple

times is closer to the protocol for measuring Rényi en-
tropies proposed by Elben et al. [55], which was imple-
mented in Ref. [56]. Interestingly, it is possible to under-
stand both this method and the usual shadow tomogra-
phy process using the same formalism, as we now explain.
We will focus solely on the second Rényi entropy, which
was the main quantity considered in Refs. [55, 56]. Ad-
ditionally, for now we drop the distinction between state
and channel shadow tomography, simply referring to a
state ρ with a total of N qubits.
The purity P = Tr[ρ2] is quadratic in the density ma-

trix. Thus, unbiased estimators of P should be con-

structed using correlations between pairs of different
experiments. Let us pick such a pair from the total
of M = MSMU experiments. For M2

SMU(MU − 1)/2
of these pairs (which we call type I), the two experi-
ments will correspond to independently generated cir-
cuits, i.e. U and V will be different, while the remaining
MUMS(MS − 1)/2 pairs (type II) will correspond to two
different shots of the same circuit.
For a given pair of either type, one can describe the

probability distribution of possible outcomes using a pos-
itive operator-valued measure (POVM) — a collection of
positive operators {Fµ} acting on a doubled Hilbert space
(each factor representing one of the two experiments),
satisfying

∑
µ Fµ = I. The joint index µ enumerates

the possible data that could arise from the pair of ex-
periments; namely, the classical bit strings b̂

(r)
j (where

r = 1, 2 labels the two runs), and the unitaries V (r). The
probability of obtaining the joint outcome µ is then given
by Tr[Fµ(ρ⊗ ρ)].

At this point, it becomes helpful to view operators O
over the doubled Hilbert space H⊗2 as vectors |O⟫ in a
linear space B(H⊗2), endowed with the Hilbert-Schmidt
inner product ⟪X|Y ⟫ := d−2 Tr[X†Y ], where d = |H| is
the Hilbert space dimension. One can then express the
POVM as a linear map E = d2

∑
µ |µ)⟪Fµ| taking dou-

bled quantum states |σ⟫ ∈ B(H⊗2) to classical probabil-
ity distributions. Here, we treat the space of probability
distributions as a linear space itself with basis vectors
|µ), such that a collection of probabilities {pµ} becomes
a vector |p) = ∑

µ pµ|µ). In this language, the distribu-

tion of outcomes |p) = E|ρ ⊗ ρ⟫. The POVM property
of {Fµ} translates to E being completely positive and
trace-preserving (CPTP).

For type I pairs, the unitaries are sampled indepen-
dently, so we have

Fµ = q(V (1))q(V (2))
[
[V (1)]† |b̂(1)⟩ ⟨b̂(1)|V (1) ⊗ [V (2)]† |b̂(2)⟩ ⟨b̂(2)|V (2)

]
, type I (S1)

where q(V ) is the classical probability distribution for selecting the unitary V . For type II pairs, the unitaries are the
same for the two experiments, so

Fµ = δV (1)=V (2)q(V (1))
[
[V (1)]† |b̂(1)⟩ ⟨b̂(1)|V (1) ⊗ [V (1)]† |b̂(2)⟩ ⟨b̂(2)|V (1)

]
. type II (S2)

This defines two distinct channels EI, EII as described
above.

Now, an estimator P̂ for P can be expressed as a map
taking an outcome µ and returning a scalar: P̂ : µ 7→ wµ.
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We can express this as a dual vector (P | = ∑
µ wµ(µ|,

such that the expectation value of the estimator is E[P̂ ] =
(P |p) = (P |E|ρ⊗ ρ⟫. Suppose that E has an inverse E−1
(as is the case if the POVM is informationally complete
[115]). Then, since P = Tr[Πρ⊗ρ], where Π(|ϕ⟩⊗ |ψ⟩) =
|ψ⟩ ⊗ |ϕ⟩ is the swap operator, we should choose |P ) =

E−1|Π⟫, whence E[P̂ ] = ⟪Π|E−1E|ρ⊗ρ⟫ = P , as desired.
Since EI is informationally complete [42], we can compute
this estimator, and we recover the expression given in
Ref. [42] for the estimator of the purity [see Eq. (S4)
with m = 2].

However, even if E does not have an inverse, it may
still be possible to define a pseudoinverse E+ on the space
spanned by Π (satisfying E+E = P, where P is a projec-
tor in operator space satisfying P|Π⟫ = |Π⟫). In this
case |P ) = E+|Π⟫ defines an unbiased estimator of the
purity. This is indeed the case for EII. A straightforward
(though tedious) calculation confirms that the resulting
expression for |P ) corresponds to the expression provided
in Ref. [55, 56] for the purity.

In conclusion, from the combination of MSMU sets of
experimental data, one can construct estimators of the
purity for each pair of experiments. The expression for
each estimator depends on whether the pair corresponds
to the same or independently generated circuits. The
method used in Refs. [55, 56] makes use of the type II es-
timators only. In contrast, the classical shadow protocol
uses the limit MS = 1, such that only type I estimators
remain.

In our case, we have access to both types of estima-
tor. In principle, a minimum-variance estimator could
be constructed as an optimal linear combination of all
type I and type II estimators. Here, for ease of imple-
mentation, we use the type I estimators only. This is
equivalent to constructing shot-averaged density matri-

ces ρ̂
(rU)
avg =M−1S

∑MS

rS=1 ρ̂
(rU,rS) (where ρ̂(rU,rS) is Eq. (7)

for circuit index rU and shot index rS) for each measure-
ment basis, and computing

P̂ =

(
MU

2

)−1 MU∑
r1=1

MU∑
r2=r1+1

Tr[ρ̂(r1)avg ρ̂
(r2)
avg ]. (S3)

We leave the problem of determining the optimum com-
bination of estimators to future work.

The statistical errors coming from this process are sub-
optimal for a fixed measurement budget M = MSMU.
Nevertheless, increasing MS for fixed MU (which can be
done efficiently on the IBM system that we use) can de-
crease the errors, particular for highly mixed states. This

is because the shot-averaged density matrices ρ̂
(rU)
avg typ-

ically have a narrower spectrum than the individual ob-
jects of the form (7). Thus, the individual terms in the
double sum in Eq. (S3) will be smaller, and the full av-
erage will converge more quickly. Note, however, that
taking MS → ∞ for fixed MU does not reduce the error
to zero.

Error analysis

In this section, we compute the variance of the esti-
mator of moments of the reduced density matrix, which
in turn determines how many experimental runs N are
needed to predict the Rényi entropy to a desired accu-
racy. Specifically, we consider

θ̂m :=
(M −m)!

M !

∑
r1 ̸=···̸=rm

∏
j∈AC

Tr[ρ̂
(r1)
j · · · ρ̂(rm)

j ], (S4)

which is an estimator for θm := Tr[(ρAC)
m]. Here,

ri ∈ {1, . . . ,M} indexes the different experimental runs,

and ρ̂
(r)
j is one of the factors in Eq. (7) corresponding to

qubit j (input or output), and run r. Since these bounds
are expected to be indicative of the qualitative form of
scaling, rather than being quantitatively tight [42], we
will consider the ideal shadow tomography measurement
allocation MS = 1, with the expectation that similar be-
haviour should be expected for MS > 1, at least in the
regime MU ≫MS.

Being an example of a U -statistic, Var[θ̂m] can be re-
duced to standard formulae as outlined in, e.g. Ref. [84].
We briefly summarise these derivations before evaluating
the variance for our specific problem.
We first find it useful to re-express the estimator as

θ̂m =

(
M
m

)−1 ∑
r1<···<rm

h(ρ̂
(r1)
AC , . . . , ρ̂

(rm)
AC ). (S5)

Here, ρ̂
(r)
AC :=

⊗
j∈AC ρ̂

(r)
j , and we have defined a function

of m density operators

h(ρ1, . . . , ρm) =
1

m!

∑
σ∈Σm

〈
ρ1, . . . , ρm

〉
σ

where
〈
ρ1, . . . , ρm

〉
σ
:= Tr[ρσ(1) · · · ρσ(m)], (S6)

where the sum is over all permutations of m elements. Now, by definition we have

Var[θ̂m] =

(
M
m

)−2 ∑
r1 ̸=···≠rm

∑
s1 ̸=···̸=sm

Cov
(
h(ρ̂

(r1)
AC , . . . , ρ̂

(rm)
AC ), h(ρ̂

(s1)
AC , . . . , ρ̂

(sm)
AC )

)
. (S7)
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The covariance in the above can be expressed with the help of the following quantities, defined for c = 0, 1, . . . ,m

hc(ρ1, . . . , ρc) := Eρ̂c+1,...,ρ̂m [h(ρ1, . . . , ρc, ρ̂c+1, . . . , ρ̂m)] = h(ρ1, . . . , ρc, ρAC , . . . , ρAC︸ ︷︷ ︸
m−c copies

) (S8)

which gives the expectation value of h over the random variables ρ̂c+1, . . . , ρ̂m [drawn independently from the same

distribution as each ρ̂
(r)
AC ], with the density matrices ρ1, . . . , ρc fixed. We have used the fact that h is linear in

each of its arguments. If we then use the random variables ρ̂1, . . . , ρ̂c as arguments to the function (S8), then

we evidently have Eρ̂1,...,ρ̂c
[hc(ρ̂1, . . . , ρ̂c)] = θm, where θm := E[θ̂m] = Tr[(ρAC)

m], and we define the variance
σ2
c := Varρ̂1,...,ρ̂c

[hc(ρ̂1, . . . , ρ̂c)]. One can then show that [84]

Cov
(
h(ρ̂

(r1)
AC , . . . , ρ̂

(rm)
AC ), h(ρ̂

(s1)
AC , . . . , ρ̂

(sm)
AC )

)
= σ2

c (S9)

where c is the number of indices in {si} that are also present in {ri}. Eq. (S7) can then be evaluated in terms
of combinatoric factors by counting how many sets of indices in the sums over {ri}, {si} have exactly c indices in
common. As argued in Ref. [84], one finds

Var[θ̂m] =

(
M
m

)−1 m∑
c=1

(
m
c

)(
M −m
m− c

)
σ2
c (S10)

(Note that σ2
0 = 0 trivially.) The above formula applies to U -statistics in general. Now it remains to determine

σ2
c for our specific problem. This is a challenging task to do exactly; however it is possible to derive sensible upper

bounds, such as those given in Ref. [42]. We will rely heavily on a particular inequality: For any operator O that acts

non-trivially on k qubits (i.e. O = I2n−k ⊗ Õ), and for any underlying state ρ, the fluctuations of expectation values
between different snapshots can be bounded by

Varρ̂
[∣∣Tr[Oρ̂]∣∣] ≤ Eρ̂

[∣∣Tr[Oρ̂]∣∣2] ≤ 3k Tr[Õ†Õ]∥ρ̃∥∞ (S11)

where ρ̃ is the reduced density matrix of ρ on the region where O acts non-trivially, and ∥X∥∞ := max eigX is the
spectral norm. The proof of (S11) is given at the end of this section. Note that an alternative bound for the same
quantity was given in Ref. [42]:

Varρ̂
[∣∣Tr[Oρ̂]∣∣] ≤ 2k Tr[O†O] (S12)

Eq. (S11) is an improvement on the above when the min-entropy S
(∞)
AC := mini(− log pi) = − log ∥ρAC∥∞ (where pi

are the eigenvalues of ρAC) exceeds |AC| log(3/2), which is to be expected for highly mixed states.

With Eq. (S11) in hand, it is instructive to first consider the quantity σ2
c for c = 1, which can be bounded as

σ2
1 ≤ Eρ̂

[
Tr[(ρAC)

m−1ρ̂]2
]

≤ 3|AC| Tr[(ρAC)
2m−2]∥ρ∥2∞

= exp
(
|AC| log 3− 2(m− 1)S

(2m−2)
AC − S

(∞)
AC

)
. (S13)

For c = 2, we group permutations in the sum in Eq. (S6) together, giving

σ2
2 = Varρ̂1,ρ̂2

[
m× (m− 2)!

m!

m−2∑
u=0

Tr[ρ̂1(ρAC)
uρ̂2(ρAC)

m−2−u]

]
. (S14)

The above can be re-expressed using the identity Tr[ABCD] = Tr[(B⊗D)Π←(A⊗C)], where Π← is a swap operator
acting between two copies of the Hilbert space, i.e. Π←(|ϕ1⟩⊗ |ϕ2⟩) = |ϕ2⟩⊗ |ϕ1⟩ for all wavefunctions |ϕ1⟩, |ϕ2⟩. The
trace in Eq. (S14) then becomes Tr[(ρuAC ⊗ ρm−2−uAC )Π←(ρ̂1 ⊗ ρ̂2)]. Since ρ̂1 ⊗ ρ̂2 is a classical snapshot of the state

ρ⊗ ρ, we can substitute the 2k-qubit operator O = (
∑m−2

u=0 ρ
u
AC ⊗ ρm−2−uAC )Π→ into Eq. (S11), after the replacement
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k → 2k. This gives

σ2
2 ≤ (m− 1)−2 × 32|AC|∥ρ⊗ ρ∥∞ Tr

∣∣∣∣∣
[
m−2∑
u=0

(ρAC)
u ⊗ (ρAC)

m−2−u
]
Π→

∣∣∣∣∣
2


= (m− 1)−2 × 32|AC|∥ρ∥2∞

[
(m− 1)Tr[(ρAC)

m−2]2 +
m−3∑
s=0

2(s+ 1)Tr[(ρAC)
s] Tr[(ρAC)

2m−4−s]

]
≤ 32|AC|∥ρ∥2∞ × 2|AC|Tr[(ρAC)

2m−4]

= (m!)2 exp
(
|AC| log[18]− 2(m− 2)S

(2m−4)
AC − 2S

(∞)
AC

)
(S15)

where in the second line we use Π†→Π→ = I, and re-expressed the two sums over u coming from the two factors in
Tr[O†O] as a single sum over s. In the third line we use Tr[(ρAC)

s] Tr[(ρAC)
2m−4−s] ≤ dAC Tr[(ρAC)

2m−4]. (To see
this, write Tr[ρb+a] Tr[ρb−a] =

∑
jk λ

b
jλ

b
kfa(λk/λj), where {λj} are the eigenvalues of ρ, and fa(x) := (xa + x−a)/2;

then note that fa(x) is a non-decreasing function of a for x, a > 0, and so is maximized when a = b.)
Generalising the above approach to include c > 2, we find

σ2
c = Varρ̂1,...,ρ̂c

m× (m− c)!

m!

m−c∑
u1=0

m−c−u1∑
u2=0

· · ·
m−c−∑c−2

k=1 uk∑
uc−1=0

Tr[ρ̂1(ρAC)
u1 · · · ρ̂c−1(ρAC)

uc−1 ρ̂c(ρAC)
m−c−∑k uk ]


(S16)

The trace in the above can be written as Tr[(ρu1

AC ⊗ · · · ⊗ ρ
uc−1

AC ⊗ ρ
m−c−∑k uk

AC )Π←(ρ̂1 ⊗ · · · ⊗ ρ̂c)], where now Π← is a
cyclic permutation operator acting on c copies Π←(|ϕ1⟩ ⊗ · · · ⊗ |ϕc⟩) = |ϕ2⟩ ⊗ · · · ⊗ |ϕc⟩ ⊗ |ϕ1⟩. We thus have

σ2
c =

(
(m− c)!

(m− 1)!

)2

× 3c|AC|∥ρAC∥c∞
∑

{ri},{si}
Tr[ρr1+s1

AC ] · · ·Tr[ρrc+sc
AC ]

≤ [(c− 1)!]−2 × 3c|AC|2(c−1)|AC|∥ρAC∥c∞ Tr[ρ2m−2c]

= [(c− 1)!]−2 × exp
(
|AC| log[2c−13c]− (2m− 2c)S

(2m−2c)
AC − cS

(∞)
AC

)
(S17)

where the sums in the first line are restricted to
∑

i ri =
∑

i si = m− c. We use the fact that the summand is always

less than or equal to Tr[I]c−1 Tr[ρ
∑

j rj+sj ], and that there are
(
m−1
c−1

)2
terms in total. Evidently, if we had used the

bound (S12) instead of (S11), we would find an alternative bound

σ2
c ≤ [(c− 1)!]−2 × exp

(
(2c− 1)|AC| − (2m− 2c)S

(2m−2c)
AC

)
(S18)

Finally, putting everything together, and using
(
M
m

)−1(m
c

)(
M−m
m−c

)
≤ N−c[m!/(m− c)!]2/c!, we find

Var[θ̂m] ≤
m∑
c=1

(
m

c

)2
c2

c!
× 1

M c
exp

(
|AC| log[2c−13c]− (2m− 2c)S

(2m−2c)
AC − cS

(∞)
AC

)
(S19)

In the M → ∞ limit, the right hand side of the above will be dominated by the c = 1 term, which simplifies using
(S13), and scales as M−1/2 as expected.
Proof of Eq. (S11).— Our derivation follows that of Proposition S3 in Ref. [42], with the difference that we do not

maximise over all underlying states ρ. We can expand Õ in a basis of Pauli operators acting on k qubits Õ =
∑

p apPp,

where p ∈ {I,X, Y, Z}k, and Pp = σp1
⊗ · · · ⊗ σpk

. The Pauli operators are orthonormal under the Hilbert-Schmidt
inner product ⟪Pp|Pq⟫ := 2−k Tr[P †pPq] = δp,q. By taking appropriate averages over the random unitaries, one can
show that [42]

Eρ̂

[∣∣Tr[Oρ̂]∣∣2] =
∑
pq

a∗paqf(p,q) Tr[ρPpPq] (S20)
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where f(p,q) =
∏k

j=1 fj(pj , qj), with the function fj(pj , qj) equal to 1 if pj = I or qj = I; 3 if pj = qj ̸= I; or 0

otherwise. Evidently, f(p,q) is only non-zero if p and q can be obtained from the same vector s ∈ {X,Y, Z}k by
replacing various elements with I. Because of this, the above can be written

Eρ̂

[∣∣Tr[Oρ̂]∣∣2] =
∑

s∈{X,Y,Z}k

∑
p,q▷s

3
∑

j |pj ||qj | × 1

3
∑

j(1−|pj |)(1−|qj |) a
∗
paq Tr[ρPpPq]

=
1

3k

∑
s∈{X,Y,Z}k

∑
p,q▷s

3|p|+|q|a∗paq Tr[ρPpPq] (S21)

Here we adopt the notation of [42], where p▷s indicates that p can be obtained from s by setting a subset of elements
to I. We define |pj | = 0 if pj = I, and |pj | = 1 if pj ∈ {X,Y, Z}; similarly |p| = ∑

j |pj | is the number of non-trivial
Pauli operators in the string p. Note that the denominator in the first line is necessary to avoid over-counting.

Now, we can define operators Õs =
∑

p▷s apPp, which contain the components of Õ within the subspace spanned

by operators {Pp : p▷ s}. We then have

Eρ̂

[∣∣Tr[Oρ̂]∣∣2] =
2k

3k

∑
s∈{X,Y,Z}k

⟪Õs|f P f|Õs⟫ (S22)

where f and P are superoperators (i.e. linear maps between operators), whose action on the Pauli basis is ⟪Pp|f|Pq⟫ =
3|p|δp,q and ⟪Pp|P|Pq⟫ = Tr[ρP †pPq]. Matrix norms for superoperators can be defined in the usual way; in particular
we consider the spectral norm ∥P∥∞ := supC: ⟪C|C⟫=1⟪C|P|C⟫. By the definition of this spectral norm, we have

Eρ̂

[∣∣Tr[Oρ̂]∣∣2] ≤ 2k

3k
∥P∥∞

∑
s∈{X,Y,Z}k

⟪Õs|f2|Õs⟫

≤ 2k

3k
∥P∥∞∥f∥∞

∑
s∈{X,Y,Z}k

⟪Õs|f|Õs⟫, (S23)

Evidently, ∥f∥∞ = 3k. Then, starting from ∥P∥∞ = supC: ⟪C|C⟫=1 2
−k Tr[C†Cρ], we expand C†C =

∑
a pa |ϕa⟩ ⟨ϕa|,

where |ϕa⟩ are normalized wavefunctions, and the coefficients satisfy
∑

a pa = Tr[C†C] = 2k⟪C|C⟫ = 2k. Thus,
∥P∥∞ = 2−k suppa,|ϕa⟩:

∑
a pa=2k(pa ⟨ϕa|ρ|ϕa⟩) ≤ ∥ρ∥∞. Finally, following the arguments in Ref. [42], we have

∑
s∈{X,Y,Z}k

⟪Õs|f|Õs⟫ =
∑

s∈{X,Y,Z}k

∑
p▷s

3|p||ap|2 = 3k
∑
p

|ap|2 =
3k

2k
Tr[Õ†Õ] (S24)

Putting this all together, we arrive at Eq. (S11).
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