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ABSTRACT

Branching diffusions are introduced as a simple model of the growth of a population of rare mutant
genes or of the spread of a small epidemic. Measure-valued critical branching diffusion processes
are then constructed as the weak limits of the discrete particle branching diffusions when the scales
of mass and lifetime are changed in an appropriate way. The distribution of such a measure-valued
process is characterized as the unique solution to a martingale problem and this leads to an
expression for its Laplace transform in terms of a deterministic dual process.

The dual process is given as the solution to a non-linear second order partial differential
equation—the evolution equation of the measure-valued process. It is immediate that those
measure-valued processes whose total mass is initially finite suffer extinction. The solution to the
evolution equation is written in the form of a series whose coefficients are expressed in terms of the
linear semigroup associated with the spatial diffusion part of the process. Estimates on these
coefficients lead to a simple proof that if the spatial diffusion part of the measure-valued process is
a recurrent (resp. transient) diffusion on Rd and the initial value of the process is a non-trivial
invariant measure of this spatial diffusion then the process has no (resp. has a unique) non-trivial
limiting distribution.

In order to overcome the tendency to extinction, a Poisson process of mass creation is
introduced into the discrete particle branching diffusion. The resulting processes are rescaled in a
way compatible with the previous rescaling to produce a measure-valued process with immigration.
This process is also characterized via a deterministic dual, obtained by integrating the solution of
the usual evolution equation with respect to time. The series solution to the evolution equation
enables the moments to be calculated. It is shown that if the spatial diffusion is positive recurrent
then the effect on the limit law of X(t)/t of immigrating at a constant rate is the same as that of
conditioning the process without immigration on non-extinction. However, for a null recurrent
diffusion it is shown that in the first case the limit is non-trivial (non-random) whereas in the
secpnd the limit is zero on any compact region.
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Chapter 1. Introduction

The aim of this thesis is to present some results concerning the asymptotic behaviour
of a class of measure-valued branching proceéses. These processes can be thought of
as the extension of the Feller diffusion approximatioﬁ to the space-time context. We
motivate their study by describing two biological models and then present an
elementary construction of ‘the measure-valued approximation. This leads to a
characterization of the measure-valued process in terms of a martingale problem, and
then by applying the ‘method of duality’ we produce a characterization of its
distribution in terms of a second order non—linea}‘ partial differential equation—the
evolution equation. It is this equation which is our primary tool in the remainder of
the thesis. OQur study of it reveals that if the initial mass of the measure-valued
process is finite, and even in some cases if it is infinite then the process dies out in the
limit as time tends to infinity. In trying to overcome this Wé appeal again to the
biological models which suggest that we should be considering a process which has a
continuous process Qf mass creation (which we take to be Poisson). It turns out that
the diffusion approximation to a process with this sort of ‘immigration’ can also be
characterized via a deterministic dual process, and that this dual relates in a very
natural way to that of the process without immigration—it is obtained by integrating
the solution to the evolution equation (multiplied by the rate of immigration) with
respect to time. This enables us to exploit further the work for the process without

immigration to establish the asymptotic behaviour of the processes with immigration.

In Chapter 2 we describe two of the Biological processes which lie behind the

study of branching diffusions. A familiarity with the terminology for these processes
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makes the reading of the literature a far less formidable ‘task! The origin of the
processes can be traced back to Vthe Galton-Watson process (first formulated by the
Rev. Henry Watson in (1874)) which was itself designed to model the growth (or
rather decline) of English family names. Since then, ’though only after a substantial
period of dormancy, this simple branching process has been generalized considerably
to better model the spread of a population (nowadays usually of genes rather than
gentry!). The individuals in the modern population are no longer confined to
reproduce at fixed time intervals, but now each has a random lifetime during which it
is allowed to move around some spatial domain. The difficulty with this is that it
makes calculations of, for example, transition probabilities extremely complivcated. In
the case of a large population, Feller (1951) was able to show that by rescaling the
parameters of lifetime and mass we can construct a continuous approximation to the
size of such a population. This approximation is a diffusion process whose generator
can be written down in terms of the mean and variance of the branching mechanisms
of the approximating discrete particle processes, and so we have many techniques at
our disposal for estimating its value at a given time. In some special cases, Watanabe
(1968) extended this notion of ‘diffusion approximation’ to the space-time context.
The processes which this yields are finite measure—valued. diffusions. This has
gradually been extended by many authors to yield diffusion apprbxima,tions with
infinite initial measures and corresponding to a wide variety of branching diffusions.
In Chapter 3 we describe a class of discrete particle branching diffusions to which we
are able to find such diffusion approximations. The construction of the measure-
valued approximations is given in Chapter 4. In an attempt to make the construction
accessible to as wide an audience as possible, we adopt a very direct approach, and, in

particular, avoid invoking the heavy machinery of general martingale theory. The




measure-valued  diffusions which we construct are characterized via martingale
problems. The form of their infinitesimal generators makes these processes especially
suited to the application of the ‘method of duality’. The proof of the version of
duality which we use is straightforward and is given in Appendix C. The dual process

which we obtain is the (deterministic) solution to the evolution equation.

The evolution equation is a second order non-linear partial differential equation.
It turns out to be easier to consider the equivalent integral equation. Iscoe (1986b)
was able to show (using Picard’s Theorem) that this integral equation has a unique
solution, and if the initial value of the equation lies in the domain of the infinitesimal
genérator of the spatial diffusion part of the process then the solution to the integral
equation also solves the original evolution equation. For the case of a transient
spatial diffusion, and for sufficiently small initial values, Dawson (1977) expressed the
solution as an infinite sum, the sum being taken over ordered binary rooted trees.
Series of this form are well known to physicists who often call them Wild sums (c.f.
Chapter 5). In Chapter 5 we present a derivation of this sort of series solution. If the
spatial diffusion part of the process is recurrent, then it is not possible to find ibnitia,l
values for which the series solution will be valid for all time. Nonetheless, in Chapter
6, by exploiting the sub-linearity of the evolution equatioﬁ, we are able to use the
series to deduce the asymptotic behaviour of the processes even with recurrent spatial
diffusion part. With patience we could actually use the series solution to obtain -

moments of the measure-valued diffusion process.

Chapter 6 is devoted to establishing the asymptotic behaviour of the processes. A
simple calculation tells us that if we start a measure-valued process of this type from
a finite initial value then the process will die out. In the special case where the spatial

diffusion part of the process is Brownian motion, and the branching is spatially




uniform, Iscoe (1986a) established results about the range of the support. He proved
that the process spends its entire ‘life’ in a ball of finite (random) radius. This result
can obviously be used to deduce weaker results about other measure-valued branching
processes, but the proof rests heavily on the special symmetry properties of this
process. It is this symmetry which makes this particular process (which we call the
Dawson process—see Chapter 4) especially amenable to study, for the evolution
equation can be reduced to one spatial dimension. Most of Chapter 6 is concerned
with the asymptotic behaviour of the processes when they are started from an
invariant measure of their spatial diffusion part. This initial value seems to be an
obvious place to start looking for stable limiting distributions (if they exist). Here we
observe a dichotomy between those processes with transient spatial diffusions and
those whose spatial diffusion part is recurrent. We prove that if the spatial diffusion
is transient then there is a non-trivial limiting distribution for the measure-valued
process. If, however, the spatial diffusion is recurrent, then the process suffers
extinction. This result was proved in certain special cases by Dawson (1977), but his
proof in the recurrent case required very precise knowledge of the transition density of
the spatial diffusion part of the process. The result can be regarded as the continuous
analogue of the corresponding result for critical cluster fields which was proved by
Kallenberg (1975). Although the result is well known to the experts, its proof for
discrete particle branching diffusions seems well buried in the literature! This is
perhaps the first illustration that the measure-valued diffusion approximations could
be of value to the study of discrete processes—the proof of this result for the measure-

valued processes is quite straightforward.

In Chapter 7 we turn to the problem of ‘keeping the processes alive’. This is

achieved by introducing a Poisson process of immigration. From the biological




viewpoint, this is much more appealing than the more obvious mathematical approach
of conditioning the processes on non-extinction. Obviously, we are really interested in
the case of recurrent spatial diffusion, and here we observe another division of
behaviour, again dictated by the type of spatial diffusion. If we take the distribution
of the immigrating mass to be an invariant measure of the spatial diffusion, and
immigrate at a constant rate, then we are able to show that if the spatial diffusion is
positive recurrent then immigration is, in a sense, equivalent to conditioning on non-
extinction. If, however, the spatial diffusion is null recurrent, then it serves to ‘smear
the mass out’ sufficiently that even when the process is conditioned on non-extinction,
the amount of mass in any compact setv will tend to zero (in distribution). This
smearing out effect is sufficiently strong in the case of one-dimensional Brownian
motion that the process without immigration will vacate a compact set after a finite
random time and never recharge it (with probability one). This result is proved in
Iscoe (1986a). In Chapter 8 we will briefly return to the question of strbnger

convergence properties of the measure-valued processes.

We begin Chapter 8 with a discussion of the effect of dr‘opping some of the
regularity assumptions which we make in §3.1 and §5.2. In particular, in §5.2, we
impose the condition that the branching part of the processes should be spacially
homogeneous. This is largely in attempt tc; prevent the results of the subsequent
chapters becoming obscured by a mass of details. As we explain in Chapter 8, this
assumption could be omitted without affecting our results. The rest of the chapter is

devoted to a brief survey of some related results and open questions.

In an attempt to keep this thesis as self-contained as possible, we collect together
in the appendices some of the results from the theories of weak convergence, binary

trees and Markov processes which we cite in the text.




Chapter 2. Branching Processes in Biology

A primary motivation for the study of branching processes comes from mathematical
modelling in biology. We shall therefore devote this chapter to a brief discussion of
two of the underlying models and show how they lead to the mathematical problems

addressed in subsequent chapters.

Qur first model arises in population genetics and our second in the study of
epidemics. In both cases, the biological processes are extremely complex so that our
models are necessarily greatly oversimplified; nonetheless, they are valuable tools and

we shall try to point out some of their strengths as well as their weaknesses.

§2.1 A problem in population genetics

The characteristics of a human body are determined by its 46 chromosones. These
occur in 23 pairs, one of each pair being obtained frbm each parent. To use an
anology of Dawkins (1976), the chromosones are volumes in the architects plans for
building the body. They are paired in the sense that to each volume from the father
corresponds a volume from the mother and corresponding pages in the two volumes |
will describe (possibly rival) plans for the same characteristic. We may think of the
body as having to form a single hybrid volume from each pair. So in each slot in this
new volume a page is copied from one of the two parental volumes. We think of
pages as representing genes. Two genes in competition in this way for a slot on a
chromosone are said to be alleles of each other. Occasionally a mistake occurs in this
process in that, for example, a page or batch of pages is miscopied or misfiled in the

new volume. This is then said to be a mutation and a miscopied or misfiled page a




mutant allele.

Suppose that a single mutant gene has appeared in the population. Let ¢ be the
expected number of descendants by which it will be represented in the next
generation. Then s=logc is defined to be the selective advantage of the mutant.
Selection is called disadvantageous, neutral or advantageous according as s<0, s=0 or

s>0.

Evolution can be reduced to the process by which some of the genes become more
numerous and others less numerous. Two of the principal explanations for the
occurrence of this effect are provided by the Darwinist and neutralist theories. A
Darwinist attributes evolution to the spread of selectively advantageous mutant
types, whereas a neutralist holds a large number of selectively neutral mutants
responsible—although the descendants of a single mutant will tend to die out there
are sufficiently rhgny mutants around at any one time to explain the tremendous

diversity observed in nature.

Anthropologists measure a great number of traits which distinguish human
populations and it is observed that individuals of the same ‘type’ tend to be close to
one another. A Darwinist would put this down to geographically varying natural
selection—a seiective advantage for one gene at one location and for another at
another location. The resulting configuration of types is called a cline. A neutralist
on the other hand would argue that individuals located close to one another are
simply more likely to be related. It seems most likely that in fact both the Darwinist
and neutralist processes of evolution contribute to the overall effect that we observe in
nature. The problem then is to distinguish the random variation of type of the

neutralist from the variation caused by the selective pressure of the Darwinist. We




therefore model ‘neutralist evolution’.

Suppose that we have a large ‘normal’ population in some domain and we
introduce a mutation at sorﬁe point of the domain. We wish to model the growth of
the mutant population. We suppose the mutant to move around the domain
according to some diffusion process (e.g. Brownian motion). After a random amount
of time (assumed to be exponentially distributed) it dies and is replaced at the same
location by a random number of offspring (with expectation one since we are
modelling selectively neutral types) which go on to diffuse and reproduce in the same
way. The presence of the large normal background population makes the probability
that two mutants mate with each other negligible so that all mutants may be
assumed to behave independently. This then describes a critical branching diffusion

process (see Chapter 3).

There is no need to restrict ourselves to introducing a single mutation initially.
Indeed, if the background population is sufficiently large, we can, for example,
introduce mutants according to a Poissén random fileld i.e. the expected number of
mutants initiglly in a set A is Cm(A) for some consfant C>0 where m denotes
Lebesgue measure. An interesting special case of this is when the diffusion is
Brownian motion and each mutant has 0 or 2 offspring, each with probability %
Sawyer&Fleischmann (1978) show that in this case the mﬁtant populatioﬁ forms

‘clumps’ which take over large areas of the domain at high density with regions

between clumps becoming empty. The difficulty of this, of course, is that if the

density of the mutants in any one region becomes too high, then the primary.

assumption of a large normal background is no longer satisfied and our model breaks

down.
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So far, we have only considered a model with a single injection of a number of
mutants into the population. In nature one would expect to observe a constant rate
of mutations—this leads to what we describe as a process with immigration (see
Chapter 7). This type of process can also, as the name suggests, be used to model a
population in Which mutants move in from outside the domain at a specified rate, for

example across the boundaries.

For small populations we must consider these discrete particle models, but for
Jarge populations we may consider a continuous approximation achieved by the

rescaling which we introduce in Chapter 4. In this way we obtain our measure-valued

processes.

§2.2 A problem in epidemiology

It turns out that mathematically equivalent to the problem discussed above is that of
modelling the spread of an epidemic in a large susceptible population subject to the

assumptions outlined below (c.f. Frauenthal (1980) Chapter 5).

We imagine that one or several infectious individuals arise in an otherwise disease
free area and start the outbreak. Once an individual has contracted the disease, they
will remain infectious for an exponenﬁally distributed amount of time. The infectives
méve around according to a diffusion process and infect other individuals by close
contact. It is assumed that there is no latent period for thé disease (i.e. that it is
transmitted directly on contact); all susceptibles are equally susceptible and all
infected individuals are equally infectious. The number of individuals infected by a
single infective is governed by a random variable with expectation one. The rdle of
the large background of susceptibles is to allow us to ignore the effects of the

reduction of the number of individuals at risk of being infected every time a new case

11




arises.

One of the major advantages of the branching diffusion model is that we can, for
example, allow the recovery rate of infected individuals to vary geographically. In the
general branching diffusion model we can also allow the expected number of
individuals infected by a single infective to vary across the domain. Unfortunately
however, in order to use our continuous approximation we must assume that this is

everywhere equal to omne.

As for our population model, we may wish to introduce a process of ‘immigration’
of infected individuals into the population. Once public health authorities realize that
an epidemic has begun one would expect preventitive measures to be taken so that

immigration here may happen at a time-variable (presumably decreasing) rate.
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Chapter 3. Finite Particle Branching Diffusions

We begin this chapter with a precise mathematical description of the finite particle
branching diffusion processes which were introduced in Chapter 2. We thern
characterize the distributions of these processes as solutions to martingale problems.
Such a characterization is especially well suited to proving weak convergence theorems
(c.f. Ethier&Kurtz (1986) Chapter 4) and will pave the way to an elementary

construction of our approximating measure-valued processes in Chapter 4.

Although all our results will be stated for branching diffusions on the whole of RY,
it is clear that they apply equally well on regions Gng provided that appropriate
conditions are imposed on the behaviour of particles on hitting the boundary 8G of G
(e.g. absorption or reflection). However, as we show by example in §3.5, care is

needed in describing the domain of the generator of such processes.

§3.1 Definition of the process

Let N denote the non-negative integer-valued measures on R?. A Markov particle
system is simply an N-valued Markov process. It is said to be multiplicative if its

transition probabilities, {P,}, ¢, satisfy the so-called branching property:
Pt(',Vl+V2)=Pt(',Vl)*Pt(',l/2) . VVI, V25N, VtZO

(where % denotes convolution). In other words the distribution of the process with
initial value v;+v, is equal to that of the sum of two independent copies of the

process with initial values v;, v, respectively.




Definition (3.1) A branching diffusion process, (Z;)s g, is a multiplicative Markov
particle system in which the particles independently undergo random motion and

branching described as follows.

(a) Spatial motion Until the time that it branches, each particle (independently

of all other particles) performs a diffusion with infinitesimal generator L, say, in Re.

(b) The branching rate The probability that a particle located at zeR? at time ¢

branches in the interval [t,t+61) is V(z)§t+0(6t). V() is called the branching rate.

(c) The branching mechanism When a particle ‘branches’, it dies and is replaced
at the same location by a random number of offspring governed by what we call the
branching mechanism. We denote the generator of the branching mechanism by
®(s,z); i.e. if py(z) is the probability that a particle which dies at z gives rise to

offspring, then
@(s,x):Zpk(x)sk zeR%, seR
k=0

Notice that, by altering V(z) if necessary, we may as well assume that p,;(z)=0.

We shall call this the (L,V®)—branching diffusion (process) and refer to the

diffusion generated by L as the spatial diffusion part or base diffusion.

Recall that a function () on (0,00) is said to be slowly varying at infinity if for

every fixed =z,

t
l____( :1:)__}1 : as t—r00
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For the remainder of this thesis we shall make the following assumptions:
(i) V=)eCFRY)

(ii) pj(z) is a continuous function of z for each k.

. .2 82
0<inf =—®(s, <supZ—%(s, <
(i) zgf@s2 (s,2) szl_sgpasg (s,x) - 00

(iv) L is a uniformly strictly elliptic second order differential operator of the form

Li=

Lf(:c):i a..(x)-i’ffi.+i b(0) 2L fe C2(RY)
;Y axiamj =, o,

where a;; are bounded continuous and b; are bounded measurable functions on R4,

(v) If the diffusion generated by L is recurrent, then 3 a function A(t) on (0,00),

and an invariant measure g of the diffusion with

1 [t
B-Zt—)JAOTS(ﬁds—axJ’deu : as 100

and

h(t)~1" () as t—oo

for some slowly varying function {(t) and some 0<p<1.

15




Remark Condition (v) is not used anywhere in the construction of the measure-
valued processes, but it is essential for our method of establishing asymptotic
behaviour. In fact it will always hold when the diffusion is positive recurrent. We

defer the discussion of how our results extend to cases where some of (i)—(iv) are

dropped to Chapter 8.

An example which we repeatedly meet in the literature is the following:

Definition 3.2 The simple branching diffusion process on R? is that process for which

L=}A (A the Laplacian on Rd), V(z)=C for some strictly positive constant C and

<I>(3,:c):—:%(l+s2).;

For obvious reasons this process is also sometimes referred to as critical branching

Brownian motion.

§3.2 The state space of the process
By definition, Z(t) is an N-valued Markov process. For the purpose of deﬁning‘ a
topology on N and calculating the generator of Z(t)v,‘ it is convenient to think of N as
follows.

Let (Rd)(n) be defined for n>1 to be the space of equivalence classes of n-tuples
of elements zeR?% modulo permutations. Let . (Rd)"-—r(Rd)(n) be the map taking
(%75..5Zn) in (R%)™ into its equivalence class {zj,...,zn} in (Rd)(n) and topologize

(Rd)(n) so that 7™ is both open and continuous.

. Suppose now that {0} is an abstract point. Set

16




“l (pdy (™
E;={0yulJ (R%)
n=1
and topologize E; in such a way that {0} and ([Rd)(n) for each n>1 are both open

and closed. Then we may identify N with E; and this defines a topology on N.

It will be important in Chapter 4 that the topology defined above can in fact be
constructed as follows. Let ./"oo(Rd) be the space of finite positive Borel measures on

R? with the weak topology i.e.

: o . _ d
i pn=s i tim [ fdpn= [ Vfe Cy(RY)
The weak topology is metrizable by a natural extension, p, of the Prohorov metric on
probability measures. (For the definition of the Prohorov metric and this result, see
Appendix A.) pis just the completion of the following metric on non-zero elements of

Hop(RT)
p(u,v>=p(ﬁm,r,'§])+||ut—i»|t pFEOF£Y

where p is the Prohorov metric and |u|=f1ldu. We write ./N:O(Rd)p for the metric
space obtained by completing Jﬂao(Rd) in this way. We will always identify the
elements p of the completion for which |g|=0 in what follows. This is, of course,

compatible with the weak topology.

$3.3 The generator of the process
We now derive Skorohod’s equation for the (L,V®)-branching diffusion and use it to

calculate the generator of the process. It is assumed that (Z(t)),, is a right

17




continuous strong Markov process.’

If fz C(R?) with 0<f<1, then we extend fto N by

Aop=1
j({xl,...,xn})zﬁ f=z;)

=1

(3.1)

Notice that the functions f on N form a determining set. The, distribution of a
condittonal

Markov process is completely determined by its one-dimensionalfdistributions and so
by virtue of the branching property, to characterize a branching diffusion process it is

sufficient to compute

. ~ (1)

T () =E[f(2,)| Zp={z} e (RY)" ]
Let T denote the random time at which a single particle initially in the system first
branches. We write F,=0{Zy: 0<u<7} (the minimal o-field with respect to which

Zu is measurable for all u<r. Also let X, be the base diffusion of the process killed at

time 7 and write
th’(x)zlE[f(X—t)[YO=x]=lExf()—{t)

for the corresponding semigroup.

Suppose that x, is defined by




Then we may write

AZ)=fX)x:+RZ)(1—x2)

Clearly,

EIAR,) x| Zo={z}e(RY) V=T A=)

If Zre(Rd)(k), then we denote the process after time 7 by (Zt(l),..., Zt(k)) where

{Zt(i): t>r}5_, are independent and Zﬁi)z(f,,) Vi. With this notation
ELf(Z)(1—x)|Zo={zre RV =E(ERZIF 10~ x| Zo={s}e (R V)
o0 k , .
=E<k§:pk<x>.antf(zt(’))lzi‘kmu—xt>|zo={x}e<Rd>( ”}
=0 ta=1

=E<‘I>(Tt-7ﬂff), X )1~ x)|Zo={z}te(RY)( ”)

(by the independence of {Zt(i): t>r}’f__.1 and the strong Markov property).

Now let Kz(du,dy) be the measure on [0,00)xR? given by

Ex{g(r,Xr)] :J[O’W)Jg(u,y)Kz(du,dy) Y ge Cp([0,00) de)

The expression on the right hand side above then becomes

[ &7t ) edudy)
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(The (1—x;) term causes the integrand to vanish for u>t.) We then obtain the

following integral equation for th(x)
. _ t .
T f(z)= th(w)+f0J'<I>( Tt_uf(y),y>Kx(du,dy)

This is Skorohod’s equation (first obtained by Skorohod (1964)).

By means of successive approximation it can be shown that this equation has a
unique solution for sufficiently small t, giving the transition probabilities of the

process for such t, and hence by the Markov property for all t.

It is now straightforward to calculate the infinitesimal generator, £;, of the

(L,V®)-branching diffusion on the extension to N of functions fe Cb(Rd)ﬂﬂ)(L) with

0<f<1
L ;f({w})=lt1'lng< T—i-%—‘-ﬂ—))
=If(z)+ V(x)@(j(x),r)
=(z- V(x)f)f(x)+ V(2)8(f(),z) (Dynkin (1965) p.11)
=Lf(z)+ V(x)(@(f(:c),x)——f(z))
and so using the branching property,

L.z, .,xn})zi{Lj(xj)-i- V(zj)(@(ﬂxj),xj)—f(xj))}f[ fz)

j=1 1=1
iF#j
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Now notice that

f:[f(xi)zexp( < logf,i:lézi >)

=1 t

Thus we can also write the generator of our process as follows
L+ V(®(f)—
L1(mp<logf,/£>)‘—‘< —]i—%—gu,u>exp(<logﬁu>)

where (@(f))(z) = @(f(x},:c).

Remark We have tacitly assumed that our branching processes do actually exist.
However, it is not difficult to see that under our conditions (i)—(iv) the semigroup T,
corresponds to a normal transition function satisfying the conditions given in
Appendix B to ensure that Tt really is the transition semigroup of a strong Markov
process. For a construction of more general branching Markov processes the reader is

referred to Ikeda, Nagasawad Watanabe (1968) part II.

§3.4 A martingale characterization

As we mentioned before, for our purposes it is best to characterize the

(L, V®)—Dbranching diffusion in terms of a martingale problem.

For a metric space (E,p) we write Dy([0,00)), or sometimes D([0,00),E), for the
space of cadlag FE-valued functions on [0,00) (i.e. right continuous E-valued functions

with left limits). Let Q; denote D)-([0,00)). Since N is a metric space we may endow
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{2; with the usual Skorohod topology (see e.g. Ethier&Kurtz (1986) Chapter 5 §3).

We write n(-) for a generic element of Q;. For t>0, set F,=0{n(s) : 0<s<t} and
F=o(lJ F,). Suppose that, for peN, P” denotes the distribution of the (L,V®)-
>0

branching diffusion started from p and E* the corresponding expectation operator.

Then for FeD(L,)
L O r(n(s))=E" " [, F(n(s))]
so that
£ R (t+w)— Fn)=E"( [ " £, F(a(s)) ds)
and then using the Markov property
E"C)[F(n(t+w)) - F(n($)|FJ=E" ¥ [F(n(w)) — F(n(0))]

:E”(‘)(J'ZLIF(U(S))JS)

={En(0)(ﬁ+u£1F(17(s))ds|‘§t)

t
i.e. F(n(t))—J L,F(n(s))ds is a P"(O)—martingale for all FeD(L ;).
0

Definition 3.3 Given veN, we say that the probability measure P on (Q;,%) solves

the martingale problem for L, started from v (or more briefly for (£,,v)) if

P[3(0)=v]=1
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: t
and F(n(t))—-J L, F(n(s))ds is a P-martingale for all FeD(L ).
0

We have seen that the distribution of the (L,V®)—branching diffusion starting

from v solves the (£;,v)—martingale problem. In fact, much more is true.

Theorem 3.4 For each veN there is exactly one solution to the (L ;,v)—martingale

problem.

Thus this characterizes the distribution of our branching diffusions uniquely. We do
. not use uniqueness in what follows and so we do not prove it here. However, the
proof is entirely parallel to the corresponding proof of uniqueness of the solution to

the martingale problem for the measure-valued processes in §4.3.

§3.5 A remark on the domain of the generator
"A branching diffusion process (like any other diffusion prdcess) is completely
determined by its full generator. We should like to emphasize the importance of the

domain of the generator. We illustrate by an example.

Consider the simple branching diffusion process on a domain Gng. The

generator A is of the form

a2
Ae:vp(<logf,u>)=< éﬁ_%——f-)-, #>exp(<logﬁu>)

We take the following two domains for A

D A)={ezp(<logfu>) : feD(L), {z)—C as —0G some CeR*}
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D2 (A)={exp(<logf,up>) : feD(L), [z)—1 as z—IG}

In both cases the spatial diffusion part is absorbed on G. Notice, however, that in
the first case a particle continues to branch on the boundary whereas in the second

case once on the boundary a particle will cease to branch.
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Chapter 4. The Measure-valued Processes

Feller (1951) was the first to observe that although if we are modelling the growth of
a small population (or epidemic) we must use a discrete particle system, for large
populations we can apply a continuous approximation. This leads to a diffusion
process. The approximation is obtained by rescaling so that parameters such as birth
rate, death rate and ‘mass’ of each particle tend to zero or infinity. We are concerned
with the extension of this idea to the space-time context. In this way we obtain a

measure-valued limit process.

Such processes have been studied by many authors. In particular, Dawson, Iscoe,
Sugitani (and others) have studied in great detail the process obtained as the diffusion
approximation to the simple branching diffusion process. Here we shall refer to this
process as the Dawson process (even though it was first constructed by Watanabe

(1968)!).

In this chapter we construct and characterize the diffusion approximations to

those (L,V®)—branching diffusions with critical branching mechanism (i.e. for which
L@(s*,x)}sl)-
0S $2)

§84.1 Rescaling the branching diffusions

Suppose that we wish to construct the Dawson process started from §; (the unit point

mass at xeRd). Then we rescale the simple branching diffusion process as follows

(Watanabe (1968)) : Let Z™(¢) denote the simple branching diffusion with branching

rate V,=n starting from n particles located at z. Then the Dawson process started

from 6. is the weak limit as n—oo of the processes X™(t)=42"(%).
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The critical branching mechanism is clearly essential to convergence of these
processes to a non-trivial limit (the limit of a such a sequence of rescaled supercritical
process would instantly explode, that of a sequence of subcritical process would
instantly die). We use the same rescaling to construct our more general diffusion
approximations. Thus, let Z"(t) denote now the (L,nV®)—branching diffusion
process and write X™(t)=32"(%).

We should like to be able to start our measure-valued process from arbitrary
I/E./ﬂ:a(Rd). Initially, however, we restrict our attention to v of compact support.
We will be able to drop this restriction later (8§4.4). Initially then, we choose

{Z"(0)},5>; in such a way that #2"(0)},»; converges weakly as

n—oo to a finite measure v of compact support. We may further insist that

(4.1)

[Z"(0)|<Cn
{ suppZ™(0)C K,

for some fixed C>0 and some fixed compact set Kong. (This will be essential in our

proof of Proposition 4.3.)
The state space for X" is obviously

k
En={peMo(R?) : u=£) 6, , 7;6R, keN}

1=<1

and from our expression for £, we may write down the generator, L5, of the process
X", acting on functions of the form ezp(<nlogf,->) where feD(L), 0<f<1. On these

functions we have
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nLf+n? ‘;((I)(f)—f) , ﬂ>exp(<n109faﬂ>)

Ln(exp(<nlogf,y>)::<
As in Chapter 3, we can actually characterize X" with X"(0)=vn as that process
whose distribution is the unique solution to the martingale problem for (£,,vn) over

D([0,00),En) (although we will not use uniqueness in what follows).

§4.2 Relative compactness of the rescaled processes

Suppose then that we have been given a weakly convergent sequence {vn=%Z"(0)}n21
satisfying the conditions (4.1). Our aim in this section is to prove that {X"(0)}ny; i
then relatively compact in the weak topology.. Wpis a complete separable metric
space (see Appendix A). vWe should like therefore to apply the following theorem

(due essentially to Prohorov)

Theorem 4.1 (see e.g. Ethier&Kurtz (1986) Chapter 3 §7.)
Let (E,p) be a complete separable metric space. For x(s)e Dp([{0,00)) and fixed

T>6>0 define

W' (2,6, T)= inf maz sup  p(z(s),z(1))

) SE[t; 1it;)

where {t,} ranges over all partitions of the form
0=t0<t1<...<tn_1<tm= T

with m>1 and
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an (=t )>

Let {X"},>; be a sequence of processes with sample paths in Dg([0,00)). Then

{X"},.>; is relatively compact iff the following two conditions hold:

(a) For every n>0 and every (rational) >0, 3 a compact set I‘Z}th s.t.

lim inf P{X™(t)eT] ;]>1—7
n—*oc

(b) For every n>0 and T>0, 3 6>0 s.t.
lim sup P[w'(X",é,T)Zn]gn
7" 00
(For a compact set KCE, K*={ze E : inf p(z,y)<¢}.)
se K

Condition (a) is the expected requirement of control of size and range of the
processes; (b) prevents large ‘jumps’ from being too close together—it implies that for
any n>0 we can find N so that (with high probability) none of the processes X",

n> N, has a limit point of jumps of size greater than 7.

Unfortunately, this is where we pay the price for choosing the metric p.
Although, as we shall see below, condition (a) is easily verified, condition (b) may fail
when the process X" becomes too small. The difficulty is that if, for example, z;, z,

are a positive distance, r say, apart in Rd, then for every n,
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The effect of this is that our metric takes account of how the processes die and
distinguishes between ‘different zero-masses’. This won’t, however, prove to be an
obstacle to relative compactness in the weak topology since there, there is only one

zero!

Let To(t)=sup{s<t: |X"(s)|>a} and write

X2t)=X"(t ATa)

. T
We begin by showing that {X%(f)},,, is relatively compact in MR for

each fixed o>0.

From our expression for the metric p, it is clear that condition (a) of Theorem 4.1

will certainly be satisfied by {Xa(t)},5; if we can prove the following

(a)! Given >0 and >0

(i) 3B=B(t,)eR s.t.
P{| Xa(t)|<B]>1—¢ Vn

(ii) 3 a compact set IftK(t,e)ng s.t.

X3(1)

PUE, e

><d>1—e Vn
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where K° denotes the complement of K in Re.

Remark Condition (ii) is the condition that

X3(1)
X2 5.,

is relatively compact in the completion of the set of probability measures on R? with

respect to the Prohorov metric. See Appendix A.

Indeed, from our definition of X7 it obviously suffices to prove (a,)' for the processes
{X"} 1

Our assumption on the spatial diffusion part of the process (see p.15) implies that
if a particle diffusing according to L starts off in the compact set K, at time zero,
then after any finite time ¢, with high probability the particle lies within another
compact set (depending on t). Condition (ii) then follows easily. Condition (i) is

immediate from the following result which (for easy reference) we state as a lemma.
Lemma 4.2 Let P™ denote the distribution of X™. Then
P"{sup|n(9)] > 2]<3|val

Proof Since the branching mechanism of X" is critical, |7(t)| is a P™-martingale (for

all n).
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To see that {X&}nﬂ is relatively compact in the weak topology, it remains to

verify condition (b) of Theorem 4.1..

Proposition 4.3 Suppose that 7>0 is fixed. Then for each >0, 36>0 and NeN such

that for each n> N there is a partition
0=t,<t,;<..<tm=T of [0,7]
with ~ min (¢,—1t, ;)>6 for which
1

maz sup  Plp(X2(s),XB(8))2n]<n

K s’te[ti-l'ti)

Proof We will prove this via two lemmas. Recall that

o sseo)=o{ G ey Il

It will therefore suffice to prove the corresponding result for the two separate parts of

the metric.

Lemma 4.4 Suppose that T>0 is fixed. Then for each ¢>0, 36,>0 such that

|t—s| <26, implies

PHIXZ() -1 X (D>l <e

31




Lemma 4.5 Suppose that T>0 is fixed. Then for each ¢>0, 36,>0 such
that

{t —s|<26, implies

Having proved these two lemmas we just set §=min(6,,6,) and e=n/2.

Proof of Lemma 4.4 By our construction of X%, it is certainly the case that given

»

e>0,

P[|IX2(s)| = Xa(t)|[>e]<P(

X7 (8) = | X™(D)]|>€]
Conside;‘ then ||X"(s)|—|X"(2)|
P{|X"(s)| = | XM(B)|[>]=P{| X*(s)| = | X" () |*> €]
SHE(XH =1 XM (O]

= E) 29l -7 OIF)
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Write Z7(t,x) for the branching diffusion process with branching rate nV and
Z}0,5)=6z, zeR%, and W(k) for the k** generation of some Galton-Watson process

whose variance @ is given by

oo
E+1=sup§:k2pk(x)
® k=1

(i.e. the variance of W is the supremum of the variance of Z".) Also let [k,[s,t)]¢

E denote the event that a single particle located at z at time s has Kt generation (and

no higher than k** generation) offspring in the time interval [s,t). Now the right hand

| side above is just
—=E(EllZ () =120l [ 12°()1)

=—E( 3 E|27(5) - 12 )I2] 12%(5) | =P 2°(5)|=1)

J

n

< —F5E( 35wl 22 (s,0)| -1 718 FIPLIZ"(5) =)
J

(127} supE T 27 (5,2) |~ 1 72,2 )

=;21“eziz"<o>|-sgp{,iﬁ(ﬂuzw,xﬂ—lZi‘(t’@”?*
=0

[k l5,0)]e]-P{[k[s.)]1}

< 212|zn(0)l§°jvarW(k)supP“[[k,[s,n]z]
ne gy z

=;§1;3|m<o>|k°° kvar W(1) supP™[[k.[5,)]z]
=0
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;
;
‘X
3
i
;
\

=5 1220 lmsup {3 {1k,
n : T M=o

=L, |12(0)7sup{>" K {[k[s,0)]=]}
ne T M=o

Now, by our (temporary) assumptions, |Z"(0)|<Cn for some C>0 and (by the

assumptiéns of §3.1) & is bounded. Also, stgp V(z)<oco and
sup{ DR kLol <1t
It is clear then that given ¢>0, we may choose 6 ;=6,(¢)>0 so that |[t—s|<26; =
P[lX"(s)| = 1X" () [>e]<e
Proof of Lemma 4.5 We consider events of the form
A {”(é& ’ éﬁé&)x]

By definition of the Prohorov metric, the event A7 is excatly the event that there

exists a closed set Fng such that

X%(s) XZ(t)
< XF’I“““Xz(s>|> > < Xﬁ’|_—xz(t>|>+f

Fix one such F. Let {X%(u)},>, denote that portion of the process X" (after time s)
which evolves from those particles of X"(s) which lie in the set F, with  the

corresponding meaning for {X? p(u)},5s- Then P(AZ) is certainly no greater than
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X2%(s) X5 r()
"’R XPXE(S) >|> g < *rTREDT )¢
Now in a similar way to the proof of (a)’ (ii) on p.29, the assumptions on the spatial

diffusion part of our processes imply that given ¢>0 we can choose §,=6,(¢)>0 so

that |t—s[<26, =

[<XF¢I“—EB|>>1 :|>1—§

»

The same is then obviously true of X7 .(1).

The proof of the lemma will be complete if we can show that given >0,

we can choose §,’=0,(¢)>0 so that |t —s(|<2§, =

f| E

for then we take §,=min(d,,0,’). This is where our ‘cutoff’ of the process

IXgrS X3 (0]
1X3(s) X5

bJIMm

BRI

»

comes into play. At least for large enough n, we know that there will

always be a large number of particles around. Observe thaf

X2 o(8)] (X0
1Xz(s)| 1 Xz(t)] IXct(s)

l[ X7 () — X7 D))

L IXR D)

TXEEI XA [1xXa(e) —Ixaw))

and thus certainly

Xz 1X5,0)]
Xee)  IXa@)] |SX

L (1X240) |~ X2, Ol + X369~ X300

The lower bound on [X7Z| makes this result an easy consequence of the




proof of Lemma 4.4.

We now deduce that {X"},,, is relatively compact in the weak topology.
Take a monotone decreasing sequence {atm},»; of rational numbers with ai0
as Mmoo, We have already proved that {X%/},.; has a convergent
subsequence denoted {X:f,)sz” say, with limit point X,. The corresponding
subsequence {Xfﬁ‘)}nzz of {XZ,),»; also has a convergent subsequence with
limit point X&,, say. From their construction it is clear that X (1), Xa,(t)
coincide for {<Tu;. Proceeding in this way we obtain a sequence of
processes {X%n,}ln»; which are consistent in the above way and thus clearly
have a unique limit point. We should like to see that this limit ppint is a
weak limit point of the processes {X"(t)},,;. The only way in which this
could fail would be if the processes X" were able to become arbitrarily
small and then recover with strictly positive probability. That this is

impossible is an easy consequence of the proof of Lemma- 4.4, for observe

that for t>7T«

PLUX ) |>e’ P +al<a? oVt —Ta| <a? PVt

We have now proved the following

Theorem 4.6 Suppose that {vn},; is a weakly convergent sequence of elements of

Mo o(R?) satisfying the conditions (4.1) and that X®(0)=v, ¥n. Then {X"()} g is

relatively compact in the weak topology.
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§4.3 The weak limit points : A martingale characterization
In this section we identify the weak limit of a convergent subsequence of {X"},.; (the
subsequence also being denoted {X"},.;) as the unique solution to a martingale

problem.

Recall that the distribution of X™ is a solution to the £,-martingale problem over
D([0,00),Er). In fact by assigning zero probability to those paths which are not E,-
valued, we may think of all these martingale problems as being over
D([0,c0),/M,(R?)) or indeed any larger path space. The advantage of the martingale
characterization is that if we can identify the limiting value of the operators L, as an
operator L, say, acting on some appropriate class of functions, then we can deduce
that the distribution of any weak limit point of {X"(:)},; solves the martingale
problem for L (acting on these functions and on this larger path space). If we can
then prove uniqueness of the solution to this martingale problem, then we will have
actually proved that {X"(-)},>; converges (weakly) and furthermore we will have a

characterization of the limit. This is the strategy which we shall adopt.

Let us first then identify the operator £. Suppose that d)é:C;f(le)ﬂfD(L). Then
at least for large enough n, if we set fn=(1—¢/n), we will have

exp(<nlogfn, >)eD(Ly). Notice that

exp(<nlogfn,u>)—erp(—<¢,u>) as n— o0

Consider then

2
nLfn+n §C®(fn)—fn) 1 )-exp(<nlogfa,u>)

Ln(eap(<nlogh,u>))=(
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=_< E%{_‘;:/l(ﬁf) , #>eg;p(<nlogfmll>)

where

Fn(¢)=n’ V(1~®(1~¢/n)~¢/n)
Expanding F'n(¢) as a Taylor series in ¢, with integral form of the remainder yields

Fu(®)=—4"V| ;(1—u)[@-—2-SIz du

832:|(1—¢u/n)

where we have suppressed the dependence of both sides on z. Letting n—oco we see

that

Fn(¢)——b¢?

where

~198%
b_i Vi:g?q)(s’x)]szl

By our assumptions on p.15: b is a bounded continuous function.

Consider then L defined on D={exp(—<d,u>) : de CZ’(Rd)} by
Leap(—<$,p>))=<=Lo+b¢? 1> eap(— <g,p>)

It is clear from above that for each function Fe%, there exist functions Fne®(Ly)

such that F,—F and £, F,—LF as n—oo.
We now know that the distribution of any limit point of {X"(-)},s; solves the
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martingale problem for (£,v) over D([O,oo),./ﬂao(Rd)). It remains to show that this
uniquely determines the distribution of the limit point. To do this we employ ‘the
method of duality’. The version of duality which we use was appled in this way
(’though in slightly greater generality) by Dawson&Kurtz (1982). In this simple case,

the proof is straightforward and is given in Appendix C.

Theorem C.1 (The method of duality)

Let E;, E, be metric spaces and suppose that P and P are probability distributions
on the space of cadlag functions from [0,00) to E;, E, respectively. (These spaces are
endowed with the natural o-fields c.f. p.21.) Take two functions f, g on E;xE, for

which the following are true:
(i) {(fu,9(9)) : ve Bo} SC(E)x C(EY)
(if) {(f@),9(2,)) : e BYC CE)x C(Ey)

(iii) For yeE,

f(X(t),y)—Jt 9(X(s),y)ds is a PX(O)-martingale
0 .

(iv) For ze E,

Rz, Y(t))-—r 9(z,Y(s))ds is a I}SY(O)-martingale
0

(v) f, g are bounded.
Then

(4.3) EXO x(9), v(0) )| =E P x(0), (1))
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Consider then the functions {f{¢,u)=ezp(—<,u>) : ¢¢ C;(Rd), pe Mo p(R?)}, and for
each such f, set g(¢,u)=~Lf(¢,u). In place of X(-), we take one of our measure-valued
limit processes whose distribution is a solution to the martingale problem for £, and

in place of Y(.), we take the deterministic flow, u(-) (if it exists), given by
d
(4.4) 0U = Ly—bu? u(0)e CF R4 1 D(L)

If we can show existence and uniqueness of the solutien to equation (4.4), then from
(4.3) we can deduce uniqueness of the solution to the martingale problem for £. The
second order non-linear partial differential equation (4.4) is called the evoluiion
equation of the measure-valued process with generator L. In practice we actually
consider the equivalent integral equation—known as the mild form of the evolution

equation

(45 w()=T,u(0)= | Tpy(b-u()?)ds u(0)=¢¢ G} (RY)

where {T,};5, is the semigroup of linear operators with generator L—i.e. the
expectation semigroup of the diffusion part of the process. For the remainder of this

chapter we will assume existence and uniqueness of the solution u(-) of (4.5) for

Uniqueness follows easily from Picard’s Theorem and we defer the proof
u(O)eC';’L(Rd)/1 ‘ of existence to Chapter 5. 1t will be clear there that if

u(0)eD(L), then u(t) also solves equation (4.4), and moreover the solution to (4.5)
depends (weakly) continuously on the initial data ¢ so that we can extend our

martingale characterization to all ¢¢ C;‘L(Rd).
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Remark 1 (Boundary conditions)

Suppose that we wish to construct the measure-valued diffusion approximation to
critical branching processes on some domain GCR?, then on hitting the boundary 8G
of G the particles will be subject to some sort of boundary condition. This will be
reflected in some sort of boundary condition on functions in (L) and in turn this will
be translated into a boundary condition on the evolution equation (4.4). For
example, if particles are reflected in direction 7 on hitting the boundary, then the
measure-valued process will be characterized by the gvolution equation (4.4), with the

additional condition

Moc
Remark 2 (Continuity)

Notice that.in the proof of Proposition 4.3 we made no requirement on the
choice of ﬁartition {t,} of [0,T]. It follows that X(t) has continuous sample

paths.

§4.4 Infinite initial measures

The measure-valued diffusions which we have constructed so far have all taken their
initial values among the set of finite measures of compact support. In this section we
indicate how to increase our repertoire to include all finite and some infinite initial

measures.

In order to achieve a sensible definition of a measure-valued process started from
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an infinite bmea,sure we should like to avoid the possibility that an infinite amount of
mass might ‘cascade in’ from infinity in a finite time, and so we do not take arbitrary
initial values. Instead, we consider measure-valued processes started from classes of
‘tempered’ measures analogous to those introduced (for some special cases) by Iscoe,
Iscoe (1986b). Those details which we omit in constructing these spaces are entirely
analogous to those in Iscoe’s paper, ’though our construction of the process differs
from his in appealing to Theorem (4.1) rather than proving estimates on our spatial

+ diffusion semigroup and appealing to the general theory of Markov processes.

Recall that each of our measure-valued processes is multiplicative; that is the
distribution of the process with initial value p;+pu, is the distribution of the sum of
two independent copies of the process with initial values p;, pu, respectively. A
natural way then to try to construct‘ the measure-valued process started from an
initial measure, p, with infinite support would be to decompose p into a countable
number of finite measures, {u,} say, of finite (disjoint) supports. We then try to
construct the measure-valued process started from p as the limit as n—oo of the

processes X(n), where X(n)(O) is given by

From our Laplace transform characterization of the measure-valued process started

from u;, the measure-valued process started from p (if it exists) will satisfy

E,fean(— <g(§)>)=] | Euylezp(—<6.n(1)>)]

=1

:ﬁ exp(— <u(t),p;>)
=1
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= eap(— < u(t),1>)

where u satisfies the usual evolution equation with u(0)=¢. Thus to avoid the

problem of ‘cascading mass’ we should choose y in such a way that
/u(t)d,u < oo V120, Yée Cp(RY)

Unfortunately, u(t) is difficult to write down explicitly. However, we can certainly
find an upper bound. For example, it is clear from (4.5) that u(t)<T,u(0) where
{Tt}tzo is the semigroup of linear operators corresponding to the spatial diffusion
part of the process. By our assumptions on L, T,u(0) is strictly positive on R? for
each t>0. Further, if ¢,, ¢,¢ C’K(Rd), then, modulo a constant, T;¢,(z) and T;¢,(z)
exhibit the same asymptotic behaviour (as a consequence of Assumption (v) on p.15).

It is natural then to fix ¢OEC’K(Rd) and topologize
Moy ={pe M(RY) : /thﬁdu<oo Ve Cp(RD)}

by the smallest topology making the maps

{urs fddu, eCr(RYUT,4,}

continuous. We should like to take an initial value

pe ﬂ Mg
se(0,00)
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and show that the corresponding processes {X(n)}n>1 converge in A, for each ¢>0.

Remark Notice in particular that if g is an invariant measure for the spatial diffusion

part of our process, then pe M, for all 1.

The difficulty is that b, is not complete in the given topology and so we must
alter our setting slightly. Let R?=R?U{r} denote the one-point compactification of

R?, and let .AL(Rd) be the space of positive measures on R%. We extend ue./ﬂ:(le) to

R? by p({r})=0. Write

C'tz{cﬁs C(RY) : /miﬁzm%:cs[o,oo) extended to R by ¢(T)=C}

The space

,jﬂ’t:{ﬂ‘f%(@d) : <Tt¢0aﬂ>=/Tt¢0dl‘+/‘(7) < oo}

is topologized by the weakest topology making the maps {u—<o,p>:

'¢€CK(Rd)U T;¢,} continuous [For beC,, pe M,
<¢,u>=f¢1du1+¢(r)u(f)

where ¢, p; are respectively the restrictions to R¢ of é, p]. If d, is a metric for the
vague topology on Jﬂ;(Rd) (under which it is complete) then it is a routine matter to

check that

d(l‘l,#z*)=do(ﬂ1|RdaM2IRd)+|< Tibooty—HB2>|
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defines a metric on b, under which it is complete and separable.

Considering X(n) as an ./Afl:t-valued process, it is easy now to verify the conditions
of Theorem (4.1). Condition (b) requires no checking since the processes are all
continuous. Condition (a) follows from the fact that {peMy : <Tibpu><k} is

compact for each fixed £>0.

The problem now is to show that if we denote a limit point of {X(n)}nZI by X,
then Xs(r)=0 a.s. for all s. Let {pn}n=; be a sequence of C’K(Rd) valued functions
with 0<prn<1 and such that ppfl as n—oo. Also, set cn=1—pn. Then

< nlir)nmIE[<onTt¢0.,X(s)>] (by Fatou’s Lemma)
= n@m(<u(3"7”Tt¢0)’/‘>)
< lim (<Ta(onTudo)n>)

=0 (by the dominated convergence theorem)

Thus, X is actually M(R%)-valued.

It is also easy to see that (with probability 1) if pe()Abs, then Xe[JMs. For such
i, we have now shown the existence of an Mo(R%)-valued process X(t), characterized

via its Laplace functionals
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Eulezp(—<¢,X(8)>)]=exp(— <u(t),p>)

where u solves the usual evolution equation and w(0)=¢e[)Cs. It is a simple matter
now to characterize X as that JH;(Rd)—valued process whose distribution is the unique

solution to the martingale problem for £ over D([0,00),(M;).

$4.5 Homeomorphisms of R¢
We close this chapter with a simple observation which will later prove to be a useful
device in reducing the study of our measure-valued processes with reflecting/absorbing

boundary conditions to certain special cases.

Suppose that ¥ is 2 homeomorphism, 1/):Rd—+|Rd, then this induces a natural map
Ao(R) — M(R?) via,

B [y,
py(B)=p(y7(B)) BeB(RY)

(B(R?) denotes the Borel sets of R?). Thus we can regard ¢ as a transformation of
measure-valued processes. Since ¥ maps the paths of a single particle diffusion with
infinitesimal generator L on R? to the paths of the diffusion with generator L given

by
Llfoy](z)=L[fI(¢(z)) zeR?

without time change (see Csink&@ksendal (1983) for a more general result), it is easy
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to see that the measure-valued process with evolution equation (4.4) will be

transformed into the measure-valued process with evolution equation

%;—‘:jlu— l;u?
where b(z)=b(v"!(z))

Remark Of course, we could state this in a great deal more generality —there is no

reason why we shouldn’t take any continuous ¢ of the form considered by

Csink& @ksendal.
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Chapter 5. A Solution to the Evolution Equation

In principal, the characterization of the measure-valued critical branching diffusions
which we obtained in Chapter 4 should tell us everything we wish to know about the
distribution of the processes. The difﬁculty‘is that the evolution equation is a second
order non-linear partial differential equation, and we have no simple techniques for
finding closed solutions to such equations. However, as we show in §5.1, it is possible
to find a series solution to the evolution equation using a simple iteration technique.
This approach has the added bonus of yielding expressions for the moments of the
measure-valued diffusions. The remainder of this chapter is devoted to establishing
the asymptotic behaviour of these coefficients as t—co. Although we consider several

disjoint cases, the techniques used are closely related to each other.

If the épatial diffusion part of our process is transient, then the coefficients of the
series solution remain bounded for all times ¢. However, if the spatial diffusion part is
recurrent, then they grow to infinity as t—oo. In order to simplify the investigation
of the asymptotic behaviour, at the beginning of §5.2 we introduce the assumption
that the branching mechanism, b, of the measure-valued processes should be constant
(in fact we take this constant to be 1). Chapter 8 includes a brief discussion of the
effects of dropping this assumption. In §5.2 we use Tauberian theory to obtain
asymptotic expressions for the coefficients of the series in the case when the spatial
diffusion part of our process is positive recurrent. These expressions will be a
fundamental tool in Chapter 7. In §5.3 we consider the more difficult case of a null
recurrent diffusion. Here, for the purposes of Chapter 6, we will be interested in the

value of the integral of the coefficient with respect to the invariant measure u of the
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spatial diffusion given by Assumption (v) on p.15. We will no longer be able to find
the exact asymptotic behaviour of the coefficients, but nonetheless we can find ap
upper bound on their rate of growth and we can find a lower bound on the rate of

growth of the second order term.

§5.1 A Wild sum
Recall from Chapter 4, that we may consider the so-called ‘mild’ form of the evolution

equation.

(5.1) w(t)= Ttu(O)—-ﬁ T, (b-u(s)?)ds

where u(O)EC’ZL(Rd). Suppose then that u(0) is of the form A¢ for some A>0. We

proceed formally. Define a multiplication operator ¥ by
$(foa)(t) == Tu(b:K5)5()) ds

Equation (5.1) becomes

(5.2) u(t)= Ty u(0)+$(uou)(?)

It is easy to prove that ¥ is distributive, but not, in general, associative. We try to

solve (5.2) iteratively. Define

up(t)=Tyu(0)
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U4 1(8) = Tyu(0)+F(urour)(t)

It is clear that if the series {ur},., converges to a limit u, then u will solve (5.2). We

expand the first few members of the sequence.
u;=ug+f(uzouy)

ugmg+3((up+¥(ug0ug))o(ug+3(ugouy)))

=u0+§°(uooua)+b"(uo+3°(uaou0))+':}’(§f(uoouo)ou0)+ff(b°(uoou0)oif(uoou0)>

Continuing in this way, we see a pattern emerging. It is clear that there is a one-to-
one correspondence between terms of the expansion of this type of ur and the set ¥,
of ordered binary rooted trees of order less than or equal to 2”. (The reader is
referred to Appendix D for definitions and results related to such trees.) Indeed we

may write

ur()=3_ U7(A¢)

e,

where {U;(A¢)} are defined inductively as follows. If 7. is the tree of order 1 and
7,07, denotes the tree formed by linking the roots of trees r; and 7, to a common

root (thus forming a tree of order |7;|4|r;| ) then
Ui*(A$)=ATy¢
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71772 08)=3(U(08)0 U2 (A0 ) (1)
Formally then

(5.3) W)=Y r108)=3" A9
7T e

is a solution to (5.2) (the sum being over all ordered binary rooted trees).

Remark Sums of this type are often called Wild sums. Wild (1951) used this

construction to produce a series solution of Boltzmann’s equation.

We investigate the convergence of this power seriest Let us begin by supposing
that ¢ is of the form ¢=yx (the indicator function of the set K) for some compact set
Kng. Write T(t) for the maximum expecte;i sojourn time up to time t of a particle
moving under the diffusion generated by L in thé set K; the maximum being taken

over all initial positions of the particle. Then -
U:eore=‘r; Tt-s(b' Ts(Axg)- Ts(/\XK))ds
< AL T()( Tyx g )() where b = supb(2)
Proceeding inductively, we have

rOox @ AT (5 7)) (T @)
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i
i
‘
;
|

Now, from Theorem (D.1), if C(n) denotes the number of ordered binary rooted trees

of order n, then the series

iC’(n)/\"( 5T(t))”‘1

is convergent for AbT(?) < % Thus, for A < —= , say

> Ui(Axg)()
red

is absolutely and uniformly (in both A and x) convergent to a uniformly bounded
limit.
Obviously, we can find a corresponding bound on A for any e CK(Rd) : the series
solution is certainly absolutely and uniformly convergent for /\I;T(t)-suplqﬁ(x)|<%,
T
where T(t) is the maximum expected sojourn time of a particle moving under the

spatial diffusion in suppé.

Remark Notice then that if L is the generator of a transient diffusion process on Rd,
then T(t) is finite for all ¢, and so for sufficiently small A, our seriesi solution to the
evolution equation is valid for all times ¢ If the diffusion is recurrent, then (as we
would guess from above and will follow from §5.2 and §5.3) we cannot find sufficiently
small A that the series solution should' be valid for all time. However, as we shall see,
this doesn’t render the solution useless ev;en for analysing asymptotic behaviour of the

measure-valued processes.
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An important aspect of the series solution is that repeatedly differentiating our
expression for EX(O)[exp(——<)\¢,X(t)>)] with respect to A and evaluating at A=0
yields expressions for the moments of the measure-valued process in terms of the
coefficients of the power series. Moreover, it is no more difficult to establish joint

distributions. For example, to calculate
E[<¢,X(1)> -<¢9,X()>-...- <dn, X()>]
we consider the evolution equation with initial condition
w0)=A;0;+A50,+...+Andn
and differentiate in ’gurn in A;,...,An and evaluate at A;=A,=...=A,=0.

§5.2 Asymptotic estimates : Positive recurrenf spatial diffusion

In theory we could now write down an expression for any moment of the measure-
valued branching process in terms of the linear semigroup corresponding to its spatial
diffusion part. In practice, of course, this would be a tedious exercise. Instead we
satisfy ourselves with establishing some asymptotic estimates for the coefficients of
our power series. We are interested in the case where the spatial diffusion part of the
process is recurrent. In order to simplify our calculations,

For the remainder of the thesis we assume the branching mechanism of the measure-

valued process to be constant.

Indeed we may as well set b=1.
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Suppose that a is the density of a positive measure A concentrated on (0,00). We

write A(z) for A{(0,z]} and use w(}) to denote the Laplace transform of A.

0Q

w(A) =J:oexp( —Az) A( da:)::JO exp(—Az)a(z)dz

Our calculations rest on the application of the following results from Tauberian theory
(see, for example, Feller (1966) Vol. 2, ChapterXIII). Recall once more that a

function [(t) on (0,00) is said to be slowly varying at infinity if for every fixed =z,

I(tz)

l( B —1 as t—o0
Theorem 5.1 If [is slowly varying at infinity and 0<p<oo, then each of the relations

(5:4) w(r)~Li(}) 0

(5.5) A(t)~

e +1)tpl(t) | t— o0

implies the other (where T is Euler’s gamma fuction).

Theorem 5.2 Let 0<p<oco. If a is ultimately monotone then as A—0 and z— oo,

respectively,

(5.6) wN~Hl(3) o @)~y i)
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Corollary 5.3 Suppose that ais ultimately monotone. If (5.5) holds with p>0 then

(5.7) ()~ 242 rco

Let us then consider the coefficients of the series solution to the evolution equation in
the case where the spatial diffusion part of the process is a positive recurrent

diffusion. From the assumptions on p.15 we then know that

1
%J‘OquSdsaJ(ﬁdy as t—oo

where p is a non-trivial invariant measure of the spatial diffusion. Corollary 5.3 then

implies that

(5.8) : Tt¢~Jq5du as t—co

Observe also that if we define the resolvent R, corresponding to the semigroup

{T;}>p in the usual way, then from Theorem 5.1

oQ

(5.9) : }\RAQS:)\f emp(-—As)T3¢ds~I‘(2)J¢dp=Jqﬁdp as A—0

s}

Our first aim is to estimate JUIsqﬁdu. Now an application of Theorem 5.2 and (5.8)

yields
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J:Oea:p(—-)\s) Ts¢.Ts¢ds~r(1)§([¢dp)2 as A—=0
and from an application of Theorem 5.1
J Tsd- Tsdds~t- r&;(ﬁﬁdﬂ)z as t— o0
We integrate w.r.t. u to obtain
(5.10) [ J Tsd- Tsddsdp~t- PE;;(Iédu)z as t—o0

(Strictly speaking we justify this by dividing by ¢ and applying the Dominated

Convergence Theorem.)
We now use (5.9) to arrive at an asymptotic expression for Uj¢. Observe then that
+ oo oo
Jezp(——)\t)J T, ( quS-quS)dsdt::J [ exp(—Ar)exp( —As) Tr( Ts¢- Ts¢)dsdr
0 0Jo
fe e}
=R)‘(,[o exp(-As) Ts¢- Ts¢)ds)
(o]
~%(J emp(-z\s)(JquS-qude)ds) as A—=0
0 .
1.1 J 2 -
11 1,(2)( ngd,u) T(2) as A—0

using (5.10) and an application of Theorem 5.1. Theorem 5.2 now yields
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(5.11) [ 1.smes mugyasme gl [0au) =t [ou)’
ie. JZ Ul pds~ —t-(Jgﬁdu)z

We can now repeat this procedure to obtain higher order terms. We are going to
apply an inductive argument. Suppose then that for two trees 7; and 7,, we have

established that
Ir;
U ¢ ~Cit? ( odu ) as t— 0o

Write 7=7;07,. Then in exactly the same way as above we begin by applying

Theorem 5.2 to obtain
o
J exp(—As) Uyl Us2dds~ ClCZ(%‘)/T/'Z(J¢du)/TIF(]T|—1) as A—0
0
and then by an application of Theorem 5.1

t
1 12 de Irl-1 1T —1)
JOUS ¢+ Us2pds~C,C,t (ngsd ) S as t— 00

Applying the Dominated Convergence Theorem this time yields

t
PN - [r]-1 mT(r=1) _
JJOUS ¢ Us“dpdsdp~C,Cyt (J'qﬁdu) V(ED) as t—o00

and then
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jjemp(—-)t) U'trqﬁdtfv—%-C'lCg<%\)/rl'1(j¢d#)/r/%9-I‘(|T|) as A—0

and finally using Theorem 5.2

U;¢~—clczt/’/'qusdu)/’/r(lla';l)) O 1)0102#’/' (Jqsdu)/’/ as A—0

Thus the asymptotic behaviour of two .trees of the same order is, modulo a
constant multiple, the same. Let us then establish the asymptotic behaviour of the
sum, un(t), of the coefficients of our series solution to the evolution equation which
correspond to trees of order n. Now, there is only one tree of order one, and so we
have already established the behaviour of u;(t). We continue inductively. Suppose

that we have established that for all m<n

um(t)N(—t)m’l(J¢du)m as t—oo

Every tree of order n is built up in a unique way from the two trees of lower order

obtained by removing its root, and so from the calculation above it is easy to see that

un(t>~2 ] I(Jw) =(~"([¢du)" et

p=

Qur proof actually yields more than this. We also have that

(5.12) : Jun(t)dprv(—t)"'I(Jqﬁdp)n as t—00
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§5.3 Asymptotic estimates : Null recurrent spatial diffusion

We now turn to the case of a null recurrent spatial diffusion. As we shall see matters
are considerably more difficult. In particular, we will no longer have the use of the
Dominated Convergence Theorem, so that while we can still find upper bounds on the
rate of growth of coefficients, exact evaluations would almost certai‘nly require a

precise knowledge of the transition probabilities of the spatial motion.

Let us begin with the important special case when the spatial diffusion is plane

Brownian motion—in this case we have
t
~L .
J0T5¢ds 2ﬂ_logt as t—oo
and
Tt¢~§%r7~J¢dp as t— oo

where p is now Lebesgue measure on R? (we have taken the generator of Brownian
motion to be %A) Using the known form of the transition probabilities for Brownian
motion, it is straightforward in this case to calculate the integral with respect to p of
the second order term in the series expansion

lu=2|?

—jU;S¢dp=j2jj4—},;exp(——2;-—)¢<u>¢<v>u(du>u<dv)ds

(see Dawson (1977)—his calculation is not affected by dropping the assumption that ¢

|
has compact support and for fixed ¢ it does not matter that we have not made his 1
|
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assumption of transience!). Asymptotically then
__J UI3¢>dp~%l(t)(J’¢du)2 as t—oo

For a symmetric stable process of index «, the factor of 1/2 is replaced by one of
-a/2 . . . . .
2 o/ , so that one might conjecture that for all recurrent spatial diffusions we can find

a constant f with 0< <1 such that

(5.13) —JU;’¢du2ﬂl(t)(I¢du)2 as t— 00

One of our aims in this section is to prove that this is indeed the case.

An important difference between the asymptotic bounds which we obtain here and
the estimates used in §5.1 to establish convergence of the series (5.3) is that the
essential ingredient in these asymptotic expressions will not be expressed in terms of
the sojourn time of a particle moving under the spatial diffusion in suppu(0), but will
instead depeﬁd on [u(0)du, where p is the invariant measure of th¢ spatial diffusion
given by Assumption (v) on p.15. This means that we need not restrict our attention

to u(0) of compact support. This will be crucial in Chapter 6.

We will begin by establishing (5.13). We adopt a strategy closely related to that

of §5.3. By assumption, there is a function h(¢) with h(t)—oco as t—oo for which
L[ 1,4ds— [ gd |
mjgﬂ,q’: s-—-J¢ 7 as t—oo

where
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h(t)~t"1(1) as t— oo

for some slowly varying function ! and some 0<p<1. Using Theorem 5.1 we see that

this implies

(5.14) R@:ﬁoexp(—,\s)Ts¢ds~(-}\)’°l(/l\)r(p+1)j¢dp as A—0

(where R,is again the resolvent).
We divide the proof into two parts, p>0 and p=0.

Let us begin with the second order term in the case when p>0. In this case we

can apply Corollary 5.3 and we see that

T, ~£%(-Qf¢dp | as t—oo
Consider then Utrs¢. It is a trivial application of Jensen’s inequality to see that
(5.15) -7; 3¢sﬁ Ty o Tod Tog)ds>( Tt¢)2~ﬁf—’%(—t—)—2(f¢du)2 as t—co

We can now reverse the procedure of (5.10) to (5.11). Applying then (in order)

Theorem 5.2, (5.14) and Theorem 5.1 we deduce that
v , 5
(5.16) ” qus-Ts¢dsdu2(—’-’l(3‘l)—.h(t)q¢dp)2 as 1—00
0

I(p+1))?

It is well known (see e.g. Feller (1966) Vol.Il Chapter 2) that
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P’T(20) _ T(20) _[[Fpr-1q_gyoige)
<r<p+1>>2“<r<p))2“<Jo€ a-oy da)

and this is obviously monotone increasing in p. Thus (5.16) is of the required form.

In the case p=0, the estimate in (5.15) is too crude and we can no longer use
Corollary 5.3. However, we are able to employ a very similar argument. Suppose

then that we can show that for some >0,
T rs 2 2

(5.17) —J U,°¢dt~BI(T) ( qﬁdu) as T— 00
0

We again reverse the steps from (5.10) to (5.11) except that we must apply Theorem

5.1 in place of Theorem 5.2 to deduce that

—JU;sde;uvﬂl(t)(fqbdu)z as t—00

which is of the required form. Our aim then is to prove (5.17). Rather than give a
detailed general result, we shall indicate the technique by means of an example.
Suppose then that l(t)=logt. It is an easy exercise to prove that Je,e’>0 (both

independent of ¢) for which,
Tt 2 2
J J Ty Tsddsdt>e(logt) (J¢du) as t— oo
0J0

and setting f{ T)=T%,
T T
Jf( )T3¢-T3¢ds>e’J Tsé-Tspds as T—o0
T 0 :
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Observe that

Uy pdt=
0

_Jf(T) Jf(T)J’f(T)__uTu(Tscﬁ-qub)dsdu
0 0

Now

Jf(T)J’f(T)-u

Tu( Ts- Ts¢)dsdu2JTTu(Jf(T)’“ Top- Tobds)du
[4] 0 0 0

v

J'?rr(T)’T(THs(;s)?dsdu
gJo

JTJf(T) Ts¢-Tsddsdu
0JT
T(T
>€'J J Ts¢-Tspdsdu
0Jo
>ee’(logT)2q¢du)2 as T—oco

Now log( T?)=2logT implies the result (with f=ce’/4).

Let us then establish upper bounds for the rate of increase of the terms of the
expansion. Now, from §5.1, we know that if ¢=xj (the indicator function of a

compact set) then

UUISXKd/J’S TU)(JX{{"’#)
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where T(t) denotes the maximum expected sojourn time in the set K of a particle

moving under the spatial diffusion corresponding to T;. Observe that
1
T(t):mg:cj TsxK(:c)devh(t)Idep as t—oo
0
A density argument and linearity of Ty then yield
T 2 ’
U quﬁdulﬁh(t)(‘[qﬂdu) as t—oo0,Vde Cb(Rd)

Finally, an induction identical to that of §5.1 leads to

j’un(t)dulgC(n)h(t)"'1<J¢du)n | as t—oo

where, as usual, un denotes the sum of the coefficients of the series corresponding to

trees of order n and C(n) denotes the number of trees of order n.
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Chapter 6. Asymptotic Behaviour of the Measure-valued Diffusions

In this chapter we investigate ‘the asymPtotic behaviour of the measure-valued
diffusions constructed in Chapter 4. We begin in §6.1 with the simple case of a
process with finite initial mass. In this case it is easily shown that the process suffers
extinction; i.e. the total mass tends to zero as time increases to infinity. We therefore
turn to infinite initial masses in search of interesting asymptotic behaviour. From the
biological point of view, it is interesting to establish the existence or non-existence of
non-trivial limiting distributions for this type of model. If such non-trivial limits do
exist,‘ then we should expect their domains of attraétion to be dependent on the
spatial diffusion part of the proéess. An obvious strategy then is to start one of these
processes off from an invariant measure of the spatialv diffusion and see if (at least for
some values of the branching function b), the prbcesses converge. In the special case
- where the spatial diffusion is Brownian motion or a symmetric stable process, this
problem was investigated by Dawson (1977). In this case it is observed that there is
a dichotomy between those processes whose spatial diffusion part is transient and
those whose spatial diffusion part is recurrent. Perhaps surprisingly at first sight, the
measure-valued diffusion has a non-trivial limiting distribution if the spatial diffusion
is transient, but suffers local extinction—that is the expected amount of mass in any
compact set tends to zero—if the spatial diffusion is recurrent. Intuitively, the
explanation for this is simply that the tpansient process is constantly able to
‘recharge’ the finite set with mass which was initially residing at infinity. In §6.2 we
extend Dawson’s proof that if the spatial diffusion part of the measure-valued

diffusion is transient, then the process started from a non-trivial invariant measure of
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this diffusion has a non-trivial limiting distribution to processes with general transient
spatial diffusions. In §6.3 we consider the case where the spatial diffusion is recurrent.
Here Dawson’s proof rests heavily on a precise knowledge of the transition
probabilities of Brownian motion and the symmetric stable processes and so we are
forced to adopt a different approach. The method which we employ mimics the proof
in the transient case in that it uses the series expansion of the evolution equation, but
since the range of initial values for which such a solution is valid decreases with time,
we cannot find an exact asymptotic expression for the solution in this way and our
argument rests on sublinearity and the estimates obtained in Chapter 5. It is no
4 surprise that the dichotomy extends to this general case—and in fact we do not need
to restrict ourselves to local extinctioﬁ in the recurrent case; instead we show that if p
denotes an invariant measure of the spatial diffusion part of the process, then the
integral of any p-integrable function with respect to the process t'ends o zero as
t—o0. This result can be considered as the continuous analogue of the corresponding
result for critical cluster fields (Kallenberg (1975)) where the clusters are replaced by

random measures.

In §6.4 we briefly consider the corresponding results for processes on regions with

a boundary.

§6.1 Processes with finite initial measures
If we are considering finite measure-valued processes, then we may find the
distribution of their total mass process by setting u(0)=1, in the evolution equation.

By assumption we have that
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and so it is certainly the case that
u(t,z)<v(t,x) V>0, VzeR?

where v solves

ov__ 2
B—?—LU'_ b,‘nf'U

o(0)=u(0)

Hence if u;, v; denote the solutions to these evolution equations with u(0)=1=1(0),

then

—_ 1
u(t)sv(t)-b;nft+l

and then since the initial measure p is assumed finite,
Ju(t)du—»ﬂ as t—00
i.e. the measure-valued process dies out.

§6.2 Infinite initial measures : Transient spatial motion
Let us turn now to infinite initial measures. In Rosen (1975), it is established that for

the Dawson process in R?, there is a positive lower bound on the total mass in a given
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compact set—the bound being uniform in ¢ (’though he considers the evolution
equation in a different context). We can therefore expect a non-trivial limiting
distribution for this process. In Dawson (1977) this is confirmed. Furthermore, it is
shown there that the result extends to the class of transient symmetric stable
processes. In this section we prove the analogous result for measure-valued processes
with general transient spatial diffusions (subject to the conditions of §3.1 and with the
branching function b=1). The proof is closely related to that of Dawson. Here,
however, in order to be consistent with our previous work we use Laplace transforms

in place of his characteristic functionals. Most of the work was done in Chapter 5!

Theorem 6.1(a) Suppose that the spatial diffusion part of the measure-valued process
with generator £ is a transient diffusion on R¢ with non-trivial invariant measure .

Then the L-process with initial value p has a non-trivial limiting distribution.

Remark Recall from §4.4 that the measure-valued process with this initial measure

does exist!

The proof will be a simple consequence of the results of Chapter 5 and the following

well-known result.

Theorem 6.2 (see Feller (1966) Vol.Il, Chapter XIII, Theorem 2)

For n=1, 2, ... let Fr be a probability distribution with Laplace transform ¢.

(a) If F,— F where F is a possibly defective distribution with Laplace transform ¢

then ¢n(A)—¢(A) for A>0.

(b) Conversely, if the sequence {¢n())} converges for each A>0 to a limit ¢(A),
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then ¢(}) is the transform of a possibly defective distribution F, and Fp—F.

The limit F is not defective iff ¢(A)—1 as A—0.

Proof of 6.1(a) Recall once more our Laplace transform characterization of the

measure-valued process
Eulexp(—<26,X(1)>)]=ezp(— <uy(1),p>)

where u,(t) solves the usual evolution equation with u(0)=X¢.

In order to apply Theorem 6.2, we should like to see that Ju,(t)dp converges to a
finite limit  as t—oo for each A>0. But observe that this expression is monotone

decreasing in ¢, and

OSJu,\(t)dﬂéjz\qfdu

Therefore the integral does indeed converge to a bounded limit for each A and (by
considering arbitrary subsequences ¢; of times) we may deduce from Theorem 6.2(b)
the existence of a limiting distribution. We must establish that this limit is non-

trivial.

Recall (from Chapter 5) that for sufficiently small A, we can write down u,(?) as a
power series in A whose coefficients are expressed in terms of the linear semigroup

corresponding to the spatial diffusion part of the process.

u,\(t):Z Al Uié
reg -
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Let ¢ be the indicator function of a compact set Kng, then if T(¢) denotes, as usual,
the maximum expected sdjourn time up to time t of a particle in K, this series
converges absolutely and uniformly for A<1/(87(t)). Since the process is transient,
T(t)< T for some T>0 (uniformly in t). Therefore we can integrate term by term to
obtain an expression for f[u,(t)dp—this series also converges for A<1/(87). That the
limiting distribution is non-trivial follows sincé the coefficients of the series a‘re not al

zero, so for at least some A, the series has a non-trivial finite sum.

Since all the coefficients in the series are bounded, it is clear that this limiting

distribution is not defective.

Remark In the special case of the Dawson process we can obviously say a lot more
about the limiting distribution. For example, it is clear that it is spatially

homogeneous.

§6.3 Infinite initial measures : Recurrent spatial motion

Consider now the case where the spatial diffusion corresponding to T} is null recurrent
(the case of positive recurrence being covered by §6.1). We will prove the following
Theorem 6.1(b) Suppose that the spatial diffusion part of the L-superprocess is a

recurrent diffusion on R? with non-trivial invariant measure p. Then the 2-

superprocess with initial value p has no non-trivial limiting distribution.

Our proof requires a lemma.
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Lemma 6.3 Suppose that #>0. Then we can find ae(0,1) with
(- s
Proof Equivalentyly we seek « for which
2<(1+%§)(Jﬁ?+m)

Notice then that the function on the right hand side is smooth on [0,1) and is equal to

2 at 0, with strictly positive first derivative at-0. The result follows.
Proof of 6.1(b) Again most of the work was done in Chapter 5. We argue by -
contradiction. Suppose that the process does converge to a non-trivial limit. Then,
by Theorem 6.2(a), we must have that for any ¢e¢ Cb(Rd), Ju(t)dp converges to a

finite limit as t—o0 and furthermore this limit is non-trivial for at least some ¢,. Let

us choose such a ¢,, and suppose that T is chosen sufficiently large that
(1—%-@)Ju( T)duﬁ&mooju(t)dp
where 3 is chosen (as in (5.13)) in such a way that (V¢e C:(-Rd))
JU;sdzdy?_,Bh(t)(ngdp)g as t— o0

and o is chosen as in Lemma 6.3. We show that there is a finite time T at which
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Ju( T+ T)du<<1—-%§)fu( T)dp

and, since [u(t)du is monotone, thereby arrive at a contradiction.

Consider once again the series solution to the evolution equation. Since the
spatial diffusion is recurrent, we have seen that we cannot find A>Q for which the
power series expansion for u,(t) converges for all . However, for fixed t>0, we do
have convergence for A:A(t)<(4h(t)f¢du)'1. We set ¢=u(T) in this series and for
convenience of notation consider our time scale to have ‘restarted’” with T=0. We

will exploit the sublinearity of the evolution equation. Observe then that for A<1,

u () <dun(®)
We set

M) =—-C—— 0<a<l—e
=100 Jodu <
(where € is a small positive constant). From Chapter 5, for this value of A we may
express fu)\(t)(t)d,u//\(t) as a series. (The role of € is to ensure that we are strictly
within the radius of convergence of the power series for uk(t)(t), so that we may

interchange the order of integration and summation.) Consider the first two terms

| X(lthU:e(A(t)¢)dﬂ=J¢dﬂ

Il

X(lgjj U (A(1)¢)dp< —A(t)ﬁh(t)@z;d,l)2 _%{ijqﬁdy as ts o0
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Thus, at least for sufficiently large T, the contribution to the sum from the first two

terms is bounded above by

Consider then the sum of the remaining positive terms of the series. These come from

trees of odd order and from Chapter 5 we have that

[sro@a)anl<ace (3o [sa)” as 1—o0
From Appendix D, if C(n) denotes the number of binary rooted trees of order n, then

iC(n)&”:%(l—-«]l—-éw)

nz=1

Thus the sum of the positive terms of order greater than one in our expansion of

fux(t)d,u//\(t) is bounded above (for large enough t) by

(i(m-m)_%) [sand

But by our choice of a, this is less than
ap
Taf¢d“

and this leads us to the required contradiction.
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Remark The proof above uses the crudest of estimates and so almost certainly
disguises the rather rapid rate of decay of the process at least in a compact set. We

will return to this rate of decay again in §7.5 and in Chapter 8.

§6.4 Regions with boundaries

Let us consider briefly what these results imply for a region with a boundary.
Obviously if the region is finite then no matter what boundary condition we impose,
then the process will become extinct. On an infinite region we can however deduce

more.

As an example, suppose that we have a measure-valued diffusion on the upper half
plane with normal reflection at the bouﬁdary. Consider the following construction.
Take a copy of the whole plane with the coefficients of spatial diffusion and branching
defined symmetrically about the z-axis, and. construct the measure-valued diffusion
with these coefficients. ‘Folding’ the lower half plane onto the upper half plane by
projecting along the y-axis yields the measure-valued diffusion with reflecting
boundary conditions. The existence or non-existence of a limiting distribution is then
reduced to the corresponding problem for this process on the whole plane. Using §4.5
(or rather its analogue for regions with boundaries) we can obviously extend this

‘doubling and projecting’ technique considerably.

~ For a region with absorbing boundary conditions, extinction is clearly ‘more
likely’.. Obviously if the spatial diffusion part of the process is recurrent, then
extinction is certain. However, our results do not allow us to deduce anything when
the spatial diffusion is transient. The obvious ‘test caseA’ is the Dawson process on a
half-space with absorbing boundary condition. It is an easy exercise to check that

even if the branching coefficient is set to zero, this process will suffer local extinction
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in any dimension and obviously then the same is true for any process equivalent to

the Dawson process in the sense that we can apply §4.5. No result has yet been

established for the general case.
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Chapter 7. Measure-valued Diffusions with Immigration

We saw in Chapter 6 that if \;ve start from a finite initial mass, then our measure-
valued diffusion processes will suffer extinction and that this can happen even for an
infinite initial mass. Howeverr, it would still be of interest to find some sort of
‘natural’ limiting spatial distribution of the processes. We will see in §7.1 that we
cannot find a scaling function f(t), say, for which f{t)X(t) converges to a non-trivial
limit, and so we are led to seek some means of ‘keeping the processes alive’.
Mathematically at least, the obvious thing to try is conditioning on non-extinction.
Howevgr, this is physically unappealing since we would be conditioning on an event
whose probability is tending to zero as time increases and so we turn to the biological
models themselves for inspiration. Recall from Chapter 2 that our branching
diffusions may model for example the spread of a rare mutant gene in a large normal
background or of a éma,ll epidemic in a large susceptible population. As we remarked
there, in either case, one might expect that rather than a single injection of the rare
individuals or infectives into the population, ‘ther_e would be a continuous proces‘s of
creation (at a possibly timg-varying rate). This leads us to consider a discrete particle
branching diffusion with a process of ‘immigration’. We take this process of
immigration to be a Poisson process of mass creation. In §7.2 we find a measure-
valued diffusion approximation to these discréte particle processes under a rescaling
compatible with that used to construct the measure-valued diffusions without
immigration. We show that this diffusion approximation can also be characterized
via a deterministic dual process which is obtained simply by integrating the solution

to the usual evolution equation with respect to time.
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In §7.3, we consider the total mass of a finite measure-valued diffusion process
with immigration and write down a rate of immigration for which the total mass of

the measure-valued process with immigration converges to a non-trivial limit.

If we are modelling the spread of a rare mutant population, it is most likely that
we shall be modelling a constant rate of immigration. Although in this case the
process explodes in the limit as time tends to infinity, unlike the process without
immigration the process with a constant rate of immigration can be rescaled. The
simf)le calculation in §7.3 shows that if xt (t) denotes the process with immigration,

then IXI (?)]/t converges in distribution to a non-trivial limit.

For a critical Galton-watson process {Z(n)},5;, it is well known that the effect on
the limit law of Z(n)/n of immigrating at the constant rate o2/2 (where o is the
variance of the branching mechanism of the process) is the same as that of
conditioning the process without immigration on non-extinction (see, for example,
Athreya&Ney (1972) Chapter VI, §7). In §7.4 we prove the corresponding result for
our measure-valued diffusions with immigration on finite regions of R? and in §7.5 we
compare the two effects on processes on infinite regions. We will see that further to
the dichotomy already established in Chapter 6 between processes with transient and
recurrent spatial diffusions, there is a division of behaviour of the processes with null

recurrent and positive recurrent spatial diffusions.

§7.1 Scaling functions

Even ’though a measure-valued diffusion started from some finite initial measure p
suffers extinction, we might hope to glean some information from observing ‘how the
process dies’. For example, we might hope to find a function f{t) for which f{#)X(?)

converges to some non-trivial limit as t—oo. However, it is easy to see that this is
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impossible. As usual we set b=1. Recall from §6.1 that if we solve the evolution

equation for the process with u(0)=C for some constant C>0, then

U(t) = C———tc_;_ i

Thus for a finite initial measure u,

Eulezp(~ <10 X()>)]=eap( — D)

so that existence of a function f for which f{#)X(t) has a non-trivial limiting

distribution implies existence of a function f for which

fY)
tf(t)+1’+a for some 0<a<oo

Therefore we cannot find such a scaling function.

§7.2 The processes with immigration : Definition and characterization

Let us then consider branching diffusion processes with immigration. We begin by
describing the discrete particle models. These are branching diffusions with a Poisson
process of mass creation. Let us suppose that immigrafion occurs at a possibly time-
variable rate p(t) with distribution p. i.e. The probability that a new particle is
created in an element of space Ax in the time interval [t,t+6t) is
p(t)6tu(Az)+o(6tp(Az)). Once inside the domain the particles obey the usual
branching diffusion laws. We denote by E,I,’,ﬂ the expectation operator corresponding

to the discrete process with immigration at rate p with distribution p where the
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domain is supposed to be initially empty. We can obviously use the multiplicativity

of the process to generalize this to the case where there is already mass in the domain

at time zero.

It will be convenient to write

(7.1)

Gi(flx)=E;,[exp(<logf,X(1)>)] feCy(RY), 0<f<1

Let us begin with the case when p=constant and the domain is finite. Then

[Eﬁ’j,[exp<logf,X(t)>]=E£”£(E£’,f,[ezp(<logf,X(t)>)|there ‘are n immigrants in

(7.2)

(7.3)

[0,t) with times and locations of immigration (z;,5;), . . . (wn,sn)])

=L Ge, (o)

2, exp(—pt-u(GN(pt-p(GN™ B [t du(z;) ds;
_§ ematu OO 1] g, 1) 2

n=0 ) i=1
1
0

=ezp(—pt-p( G))- e:cp(pJ’ JG Gy.,(flx)du(z)ds)

=exp(_pmg(1— G>(f12) )dp(x)ds)

1
If the rate of immigration is not constant, then pt in (7.2) is replaced by I p(s)ds and
0

ds;

7 is replaced by

p(s;)ds;
T

[ p(s)ds
0

79




&

Equation (7.3) then becomes
(1.4) exp(— [ | _p(t=5)(1=Gs(1))du(z)ds)

We can also overcome the restriction of a finite domain by considering the effect of
immigrating into an increasing sequence of domains Gn and taking the weak limit of
the processes obtained in this way as n—oo. Equation (7.4) remains unchanged

under this limit.

Remark -As usual we have tacitly assumed the existence of the processes, but as
before we could use the one-dimensional distributions derived above to define the
processes and then appeal to the general theory of Markov processes to confirm that

they really are the one-dimensional distributions of a strong Markov process.

We now turn to the problem of constructing a diffusion approximation to these
discrete particle processes with immigration. We should like to use a rescaling which
is compatible with the Feller rescaling used for the processes without immigration. At
the n't stage we therefore take the mass of each particle to be 1/n and the branching
rate to be nV(z), and further we suppose the immigration to be taking place at rate
np. Let IE,I,",Z denote the expectation operator of the n'® rescaling and let G7(f]z) be
the obvious extension of (7.1). Then

I
(7.5) E]

’

Sern(<loghn, X(0)>=eap(~ [ | _np(t=5)(1={G2(fla)}"/" du(z)ds
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Set fnz(l—g)n, so that
exp(<logfn, X(t)>)— exp(—<¢,X(t)>)
Now, from the convergence of the sequence of processes without immigration
G5 (fal2)—Es, [exp(— <4,X(s)>)]
= eap(—u(s,2))

where u(s,z) solves the usual evolution equation (4.5). Therefore the right hand side

of (7.5) converges and
o 4
r.h.s. of (7.5)——+ezp(—-—J‘ J p(t-—-s)u(s,x)duds) as n—oo
0J) G

Denoting the expectation operator of the limiting process (if it exists) by IE{;,,‘, we see

that
(7.6) ELulezn(— <4,X(0)> )= eap ——JZp(t——s)<u(s),ﬂ>ds)

where u(s) solves the evolution equation for the process without immigration. Of
course, we should really follow the same strategy as that adopted in Chapter 4 and
prove that the sequence of processes obtained under this rescaling is relatively weakly
compact. Granted this, we then know that the distribution of any limit point satisfies

(7.6) and thus, since we have already established uniqueness of the solution wu() to
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the evolution equation for the process without immigration, such a limit point must

be unique. The details of relative compactness are omitted. They are very similar to

those given in Chapter 4.

§7.3 The total mass of thg process with immigration

Having constructed the measure-valued process with immigration, let us now establish
whether it is worth pursuing this line of investigation in search of a non-trivial
limiting distribution. We devote this section to the total mass process of a finite
measure-valued branching diffusion process with immigration. As we have already

seen, setting u(0)=C in the evolution equation yields
__C
w)=zer1

Thus the expected total mass at time ¢ of the process with immigration, denoted

|X1(1)], is given by

o sl [(50

If we choose, for example, p(t)=(log(t+2))7, then it is not difficult to check (using,
for example, the sandwich principle) that this expression converges as t—oo to a finite
limit (in fact, the limit is 1 if C=1 in this case). Thus there do exist rates of
immigration for which the total mass of the process converges to a non-trivial, finite
limit and we could reasonably expect in such cases that the processes with
immigration might have a non-trivial limiting distribution. However, the rates of

immigration for which this occurs seem somewhat contrived and at least from a
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physical point of view not very natural—if we are modelling the spread of a rare
mutant gene we would be much more likely to consider a constant rate of

immigration. The rest of the chapter will be devoted to this special case.

From (7.7), it is clear that the mass of a measure-valued diffusion with a constant
rate of immigration is unbounded in the limit as £—oco. However, in this case we can
find a rescaling : setting C=1/t in (7.7), we see that the total mass of X(%)/t

converges in distribution to a non-trivial finite limit as {— oco.

§7.4 Conditioning on non-extinction : Finite regions

Of course, the existence of a non-trivial limiting distribution for the total mass of a
rescaled measure-valued diffusion does not necessarily imply the existence of a non-
trivial limit for the process itself. In this section we consider such processes on finite
regions of R? when the distribution of immigration is chosen to be a nc;n-trivial
invariant measure of their spatial diffusion part. Using the asymptotic evaluation of
the coefficients of the series solution to the evolution equation for the process without
immigration which was obtained in Chapter 5 we show that, in this case, not only do
we have a non-trivial limiting distribution for these rescaled processes, but also that
they provide a nice physical interpretation of conditioning the pfocesses without

immigration on non-extinction.

Consider then
E,{,,‘[exb(-—(/\qﬁ,—)-(—g—t—)»] :.exp(—‘(ta<u/\/t(s),p>’ ds)

where u, , solves the usual evolution equation with ”A/t(O)E)‘/t‘ In the notation of

Chapter 5, at least if A/t is sufficiently small, we may write this
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Ted

Now, if /\J¢du<%, then the series on the right is uniformly convergent in t so that we
can interchange the order of integration and summation and the asymptotic

expressions of Chapter 5 then give an asymptotic expression for the right hand side of

(7.8).
(7.9) Eﬁ},,[exp( </\¢,X( )>)]~exp<ﬂi;1%(—/\J¢d#)n>

We can now use this expression to calculate the moments of the rescaled process with
immigration. Our next aim is to show that if p is appropriately chosen, then the
moments of this process are the same as those of the process without immigration

conditioned on non-extinction.

Let us consider then the process without immigration conditioned on non-

extinction. We will need to know the value of P,[<1,X(2)>#0].

Pu[<1,X(8)>=0]=lim Eu[ezp(—<rX(1)>)]

Solving the evolution equation with u(0)=r and allowing r to tend to infinity yields

P,‘[<1,X(t)>¢0]=l—-rl_i_)mooe:vp( T:;S_Gl)> “(G> (%)

Thus for n>1,
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£.l(6, 20" <1, x(0)> 0]~ Bl (6.512)")

Now, the moments on the right are calculated from

(10 X8 e (5 (3 70

T7eT

~eap( =33 (=3 [edi) [ o)

n=1

Suppose then that we choose pu(G)=1. Differentiating in A and evaluating at A=0,
it is not difficult now to check that

(7.10) Eul(6 XY <1, x(0)> #0]~ELu1(8.52)) ¥n20

The important thing to notice is that for each fixed ¢, these moments satisfy the
Carleman condition (see Appendix E) so that they uniquely determine a probability

distribution. From this we can then deduce that (7.10) actually implies the following

Theorem 7.1 Suppose that X(t) is a measure-valued critical branching process on a
finite region Gng with reflection on the boundary G of G. Then the effect on the
limit law of X(t)/t of conditioning on non-extinction is the same as that of

immigrating at rate 1/u(G).

Remark By our definition of b, that this is the correct value of p could be predicted

from the corresponding result for the Galton-Watson process described at the

85




~beginning of the chapter.

We have therefore shown that if we are working on bounded domains in R?, then
the mathematically appealing idea of conditioning the measure-valued processes on
non-extinction is, in a sense, equivalent to the physically appealing notion of

immigration.

§7.5 Conditioning on non-extinction : Infinite regions

Obviously Theorem (7.1) only makes sense if u(G)<oco. On infinite regions the
behaviour can be totally different. We already know that it does not make sense to
consider the process with a constant rate of immigration if the spatial diffusion part is
transient. What we will observe is a further dichotomy between those pro.cesses with
null and positive recurrent spatial diffusion parts. In both cases, as we know from
Chapter 6, the measure-valued process without immigration suffers local extinction
(i.e. the amount of mass in each compact set converges to zero in distribution as time
tends to infinity). In this section we investigate the local effects of immigration and
of conditioning on non-extinction. As for the case of a finite domain we suppose that
mass is immigrating at a constant rate with distribution g where g is an invariant
measure of the spatial diffusion part of the process. We take ¢=xy, the indicator
function of the compact set K ng and write as usual T(#) for the maximum expected
sojourn time in the set K up to time ¢ of a particle moving under the spatial diffusion
part of the branching process (the maximum being taken over all initial positions of

the particle).

Let us consider first what happens if the spatial diffusion part of the process is
null recurrent. It is easy to see the effect of immigration. Mathematically, what

happens in this case is that T(t)/t—0 as t-—o0, so that (asymptdtically) only the first
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term of the series expansion of the solution to the evolution equation will contribute
to the right hand side of (7.8). Thus, in the limit as t—co, all moments other than

the first vanish, and

nlllnooEpyu /¢dl‘

On an infinite region, it is no longer straightforward to condition on non-extinction.
What we will do is condition on the process not having suffered local extinction in

some compact set DCR? with KCD by conditioning on the event [<¢,X(t)>#0]

where Y=Yx p.
Remark In the case of a null recurrent diffusion the behaviour of the resulting process
will be independent of D, so that we really can regard this as conditioning on ‘local

non-extinction’.

The difficulty with the process conditioned on this type of non-extinction is that the

spatial motion has much more freedom to ‘smear the mass out’. Calculation of
X(2)
El($, 542 ) <, X($)>#0]

will be straightforward once we have calculated P[<%,X(#)>#0]. Recall from

Chapter 5 that

p7(o( [vd)’ <El<6,x(0)> 1< T [wan)’
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for some #>0 where T(t) is the maximum expected sojourn time in the set D of a

particle moving under the spatial diffusion part of the process. Now, it is clear that

E[<¥,X()>]_ pu(D)
T(t) T(t)

(7.11) Pl<¢,X(t)>>T($)]<
Also, from Chapter 6
E[ezp(—<¢,X(£)>)]—1 as {—00
and conditioning this on the event [<%,X(t)>< T'(¢)] and using (7.11) we see that
(7.12) [E[ezp(—<¢,X(t)>jl<1,b,X(t)>< T()]—1 as t— oo

Now since T'(t) is finite for each fixed t, we can express the exponential as a sum and

interchange the order of integration and summation in .(7.12) which leads to
E[<%,X(t)>"[<¢,X()><T(t)]—0 as t—co, Yn>1
Thus
P[<,X(1)>#0]~P[<9,X(8)>> T (¢)]
and for each n>1,

(7.13) E[<$,X(t)>"] <9, X(1) > #0 ~E[ <%, X(£)>"| <%, X (1) >> T ()]
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Using the expression for the first order moment of the process obtained in Chapter 6
and (7.13) to find an (asymptotic) expression for the variance of the process
conditioned on the event [<¢,X(#)>>T(t)] which is necessarily a non-negative

quantity yields finally

s (D)
P[<¢’X(t)>_7é0]2,87’(t) as t—co
and then
el(e. 50 <px(9> o] L 208 as 100

No matter how large the set D, we see that this expression tends to zero. This is a

reflection of the tendency of mass to cluster outside any bounded set.

The case of a positive recurrent diffusion is a straightforward extension of §7.4 and
so we omit the proof. We are now once more in a position to condition on global non-
extinction (since |p| is finite), and since p is tight this actually is the same as
conditioning on [<¢,X(t)> #0] and allowing D to increase té R?; i.e. local and global
non-extinction are equivalent. Mathematically, what is different in this case from the
null recurrent case is that T(¢)/¢t-40 as t—oo. Physically, the diffusion no longer

serves to push the mass out of finite sets.

Thus on infinite regions, for the process with immigration to have the nice
physical interpretation of Theorem (7.1), it must have a positive recurrent spatial

diffusion part.
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Chapter 8. Related Results and Open Problems

The study of measure-valued diffusion processes is still in its infancy and it seems
wrong to close any work on the subject with a chapter entitled ‘conclusion’. The role
of this closing chapter is rather to indicate some results related to those presented
here and indicate a number of open questions. It is worth mentioning that all the
measure-valued processes which we have studied belong to the class of processes which
Dynkin (1988) calls superprocesses. We have avoided this term since it is unclear
whether or not it will survive. [My personal view is that ywe must have some term for
this class of processes and while I would prefer a process X to be called a superprocess

over a process Y only if Y were a subprocess of X, I have yet to see any better

‘suggestions!]

We begin by fulfilling our promises and discussing briefly the effects of dropping
the assumptions of §3.1 and §5.2. Recall that in §3.1, we made a number of regularity
assumptions. Essentially these were to ensure that the spatial diffusion part of the
process should be ‘well-behaved’ and that the branching part should be non-vanishing,
continuous and bounded. For the purposes of constructing the processes these could
be relaxed substantially. For example, we could certainly allow the branching part to
vanish, and we only require the spatial motion to be sufficiently nice that we can
prove a ‘compact containment’ condition for the rescaled processes (c.f. Chapter 4).
The difficulties arise in investigating asymptotic behaviour. We cannot really expect
the measure-valued processes to be well-behaved asymptotically if their spatial

diffusion part alone is badly behaved! Although we could relax the condition on the

form of the generator, we must insist on Assumption (v). In our investigation of the
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asymptotic behaviour we also made the assumption that the branching mechanism
should be constant. For a recurrent spatial diffusion we can obviously extend this to
any branching mechanism satisfying the conditions of §3.1, for we simply bound the
solution to the evolution equation for the process by that for the process whose
branching part is everywhere given by the inﬁmum of the branching mechanism.
Extinction follows. Since the branching mechanism will only vanish at a point if
either a particle of our discrete model residing at that point has infinite lifetime or if
at that point the offspring generating function of each particle has zero variance
which implies that each particle has one offspring with probability one, this problem is
of very little biological significance. However, if, as mathematicians, we do not allow
this to deter us, our original proof suggests an obvious means of attack—-—wé should
investigate the effect on the second term of our series solution to the evolution
equation oi; choosing such a branching mechanism. (If the branching mechanism is
strictly positive on a set of infinite ,u-measuré then it is easy to see that the process
will still suffer extinction—thus in particular we could drop the assumption that there
was a uniform lower bound on the branching mechanism and simply assert that it
should be positive. If the branching mechanism is only positive on a bounded set then
the question remains unresolved.) In the transient case alsbo we could drop the
assumption that the branching mechansim is constant, and in fact in this case we

don’t even have to worry about the branching part vanishing.

An important assumption which we should discuss is that of criticality of the
branching mechanism. As we remarked at the beginning of Chapter 4, this
assumption is essential to the convergence of the processes under our rescaling.
However, it is possible to construct ‘supercritical’ measure-valued branching processes

in a very similar way. Specifically, we take a sequence {Z"},; of discrete particle
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branching diffusion processes all with the same spatial diffusion part (with generator

L, satisfying the usual regularity conditions) and with continuous branching rates and

mechanisms given by Vin(z), ®n(s,z) respectively. Then provided that

1 i

s=

i

I

> a(2)=lim_Va(2)(@a(1,5)—1)
[

i

§

!

|

[ are bounded functions of z, the sequence {%Zn}m ; converges weakly to the measure-
|

valued limit X(t), again _éharacterized via an evolution equation
E[exp(— <6,X()>)] = eap(— <u(t),u>)
where

Ou _ 3.2
ot =Lu+au—bu

u(0)=¢

The total mass of this process on R¢ (or on a region of R? with reflecting boundary

;
conditions) is a one-dimensional diffusion with generator

d

=br Lt ard
A—bxda:'ﬁ.axdx

which has extinction probability
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(see Bailey (1964) Chapter 14). Even on a bounded region with absorbing boundary
the extinction probability may be less than one (see Wang (1982)). For this type of
pro;:ess we can therefore expect interesting limiting behaviour (at least for sufficiently
large a). Unfortunately, we would not expect such a limiting distribution to throw
any light on ‘natural limits’ of our critical processes, since the effect of the -
supercriticality term a is, of course, that of a process of mass creation where the
amount of mass created in a given set in the time interval [t,t+6¢) is proportional to
the amount of mass already there—thus vamplifying the discrepancies between
quantities of mass in disjoint sets. These processes are of course worthy of study in
their own right, and at least in principal we could write down the solution to their
evolution equation as a Wild sum, ’though calculation of th‘e coefficients would

obviously be more difficult than in the critical case.

The reader should by this stage have realized that the representation of the
deterministic dual process as the solution to the evolution equatién is deceptively
simple. Indeed, even if we could find a nice closed form for this solution, its
application is limited for we only immediately yield results about convergence in’
distribution of the measure-valued processes. However, with more work we can
deduce a little more. Using this dual, Iscoe (1986b) characterized the distribution of

the ‘weighted occupation time’, Y(t), for the Dawson process.
t
<¢,Y(t)>=J'0<¢,X(s)>ds ¢eD(L)

The characterization is again via a deterministic dual process
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Eulezp(—<4,Y(t)>)]=ezp(— <v(t),n>)
where

—a—’t’zéAw—v‘?-}—d)

v(0)=0

(In fact he proves this result in rather greater generality —the spatial diffusion part of
the process can be any symmetric stable process and the branching mechanism can
have infinite variance.) It is not difficult to check that this result generalizes to any
of our measure-valued processes.  In Iscoe (1986b), it is established that for the
Dawson process on R?! with initial value Lebesgue measure, the weighted occupation
time in a compact set of the process remains finite. In Iscoe (1986a) this result is
strengthened to prove that we have a.s. convergence to zero of the amount of mass in
a compact set. I believe that it has been established by Stanley Sawyer (personal
communication via Ted Cox) that for the two-dimensional critical branching random
walk (the lattice analogue of the two-dimensional Dawson process), the weighted
occupation time in any compact set tends to infinity as time increases. This suggests
that the same is true of the Dawson process in two dimensions, so that one would not
expect a.s. convergence in this case. It would bé interesting to establish a criterion for
a.s. convergence for those processes with a general recurrent spatial diffusion part. It
seems likely that there will be some critical value of p in Assumption (v) of §3.1 above

which we will have a.s. convergence.
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There is a general philosophy with this type of measure-valued process that a
result is true for the measure-valued process if and only if it is true for the discrete
process to which it is a diffusion approximation. (From the biological point of view,
this is of course the real value of studying the measure-valued processes!) Indeed
from their very construction the measure-valued processes lend themselves to the
techniques of non-standard analysis and this has been exploited by Perkins (1$88) in
investigating the way in which the Dawson process spreads its mass over its support.
This support was first studied by Dawson&Hochberg (1979), where using the
rescaling properties of the approximating séquence of branching diffusions it was
established that in dimensions two and above, at any given positive time, the Dawson
process started from Lebesgue measure is a singular measure. Dawson, Iscoe&Perkins
(1988) have even established the exact Hausdorff measure function of the support
process, but this still does not provide us with a concrete description of the support of
such a process. If there were such a description then it must surely lead to a much

deeper intuition for these processes.

We mention briefly some of the many questions arising from the loose ends in
Chapter 7. An obvious open problem is to establish the nature of the limit of the
process if we choose the rate of immigration in such a way that the total mass
converges. Another intriguing question is the following. We know that the Dawson
process on a half space suffers extinction, but .are there spatial diffusions for which the
measure-valued processes will not suffer extinction? For example, what happens if
therer is a drift away from the boundary of the space?-—this would not only increase
the amount of mass ‘at infinity’ initially, but would also decrease the probability of
mass hitting the boundary and consequently disappearing. Perhaps a more

interesting problem is to establish how much immigration it would require to keep 2
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process with absorbing boundary conditions alive.

There iz certainly a wealth of open problems related to the processes which we
have studied in this thesis, and although, as we have seen, we can deduce a lot from
their characterization via our deterministic dual it is clear that we would benefit
greatly from‘ the discovery of a more manageable characterization or the development
of more satisfactory ways of dealing with the evolution equation. It is certainly the
case, for example, that the processes have other duals (in the sense of Theorem C.1).
The other obvious approach is to use computer simulations, but these are necessarily
discrete models and start from a finite measure. Although this second problem could
be overcome to an extent by generalizing the work of Cox (1988) which establishes for
a similar model how long fhe process must run before ‘it realises that it is finite’, we
should not lose sight of the fact that these processes will only be of lasting value to
the biologists if they enable us to deduce results which have not already been proved

for the discrete processes.
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Appendix A. The weak topology on M O(Rd)

Recall that a sequence of measures {yn},s; on R? is said to converge weakly to the

limit p iff
. _ d

n@m/fdun-/fdu | Yfe C,(R%)
We describe here a metric for the weak topology on ./ﬂ')o(Rd) (the space of finite,
positive Borel measures on Rd). For this we will require the Prohorov metric on
?P(Rd)—the family of Borel probability measures on R Let € denot.e the collection of
closed subsets of Rd, and for FeC and €>0 define

Fe={zeR%: inf d(z,y)<e}
ye F

(d here is the ordinary Euclidean metric on Rd).

Definition A.1 The Prohorov metric, p, on probability measures is defined as follows.

For P, QeP(R%)
(A1) p(P,Q)=inf{e>0: P(F)<Q(F)+e¢ Y FeC}

The reader is referred to Ethier&Kurtz (1986), Chapter 3, §1 for a proof that this

does indeed define a metric on €P(Rd).
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This suggests an obvious way to define a metric on the non-zero elements of

Mo p(R?). As proposed in Ethier&Kurtz (1986) Chapter 9 Exercise 7, we define

(A2) o) =)+l =1

where {pl:/ldu. That this defines a metric on the non-zero measures of J"oo(Rd) is
a trivial verification. The completion of this metric space, denoted ./ﬂao(le)p, can be
identified with ./ﬂao(Rd). Obviously this metric makes Jﬂ:o(R'd) into a complete
separable metric space. We should like to see that the metric p induces the weak
topology, but this follows easily from the fact that p induces the weak topology on

P(R?) (see Ethier&Kurtz (1986), Chapter 3 §3).

Remark In fact the topology induced by p on Jﬂoo(Rd) is stronger than the weak
topology whereas the topology induced by § on ?P(Rd) is equivalent to the weak
topolégy. The difference arises because in taking the completion, we are taking
equivalence - classes of Cauchy sequences in .ALO(Rd)\{O}, where two sequences
{#n}ns>1» {¥n}ny; are deemed to be equivalent if p(pn,vn)—0 as n—oco. This gives
rise then to an infinite number of measures of total mass zero in the completion'. We

identify all such measures in the weak topology.
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Appendix B. An existence theorem

We state here some results from the general theory of Markov processes sufficient to

ensure the existence of our branching diffusion processes of Chapter 3.

Let (E,B) denote an arbitrary topological state space. (B here is the collection of
Borel subsets of E.) We write C,(E) for the set of bounded measurable functions on

E.

Theorem (see Dynkin (1965) Vol 1, Chapter II, §1)
A necessary and sufficient condition for a contraction semigroup of linear operators T}
on the space C,(E) to correspond to some transition function P(%,z,I') on the space

(E,B) is that the following conditions be satisfied

(a) If {z)>0 VzeE, then T,f(z)>0 Vze E
(b) If fzp)=0, Tpf(zy)=0
A transition function is said to be normal if P(0_,z,E)=1 VzeE. For a point zcE,

write Ue(z)® for the complement of the e-neighbourhood of z. A semicompact space is

a locally compact Hausdorff space with countable base.
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Theorem (see Dynkin (1965) Vol 1, Chapter III, §2)
Let P(t,z,I') be a normal transition function on a semicompact E. Suppose that for

every compact T’

i L P(t,z, Ue(2)°) =0
(1 lim sup (t,2, Ue(2)®)
(ii) For each u>0,

yl_z_)moo igg P(t,y,I')=0

Then there is a Markov process with transition function P(#,z,I') which is bounded,

right-continuous and has no discontinuities other than jumps.

A transition function P(%,z,T') is a Feller function if for any bounded continuous

function fon E,

Tf)=|_P(tsdni)

is continuous. A process is a Feller process if its transition function is a Feller

function.
Theorem (see Dynkin Vol 1, Chapter III, §3)

Every right-continuous Feller process on the topological state space E is a strong

Markov process.
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Appendix C. The method of duality

We present here the derivation of the simple form of the so-called ‘method of duality’

which was used in Chapter 4.

Theorem C.1 (The method of duality)

Let E;, E, be metric spaces and suppose.that P and P are probability distributions
on the space of cadlag functions from [0,00) to E,, E, respectively. (These spaces are
endowed with the natural o-fields c.f. p.22.) Take two functions f, g on E;xE, for

which the following are true:
) {(fw059(-29)) : e B2} C O(E)x C(Ey)
(i) {(),9(51)) 3¢ B} CEy)x OEy)

(iii) For yeE,

f(X(t),y)—r 9(X(s),y)ds is a PX(O)-martingale
0

(iv) For ze E,

A=, Y(t))-r 9(z,Y(s))ds is a IF’Y(O)-ma,rtingale
0

(v) f, g are bounded.

Then

(C.1) EXO X0, (0 )I=E P x(0), Y(9)]
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Proof From these assumptions, if E denotes the expectation operator corresponding

to the direct product of the distributions P and P we see that

LEU(X(), Y(1=5) )|=Elg X(5), ¥(2=8) )= o X(s), ¥(1=5))] =0

Thus integrating in s over [0,t] we obtain

ELA{ X(0), Y(9) )| =E[{ X(2), ¥(0) )]

The conclusion of the Theorem is now immediate.
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Appendix D. Ordered binary rooted trees

Although the definitions and results relating to binary rooted trees which we have
used in this work are straightforward, they play an important réle. Therefore, in

order to keep this thesis as self-contained as possible, we gather them together here.

We may construct the set of ordered binary rooted trees, I, inductively. We let
Te denote the tree consisting of a single vertex. Given two trees 7; and r,, 7,07, is
the tree obtained by connecting the roots of r; and 7, to a single vertex. For our
purposes we must consider ordered trees i.e. the two trees 7;,0r, and 7,07, are
deemed to be different if 7;%#7, (c.f. Chapter 5). The order |7| of 7¢¥ is defined to
be the number of vertices having at most one neighbour. Thus |7 07,|=|7/|+]|7,]|.

The result which we require is the following.

Theorem (D.1) Let C(n) denote the number of ordered binary rooted trees of order

n, then the power series

(D.1) | i:C(n)B”

1

has radius of convergence 3
Proof From the construction described above, given any such tree of order n>2 we

can decompose it into two trees of lower order (byb removing the root). It is easy to

see that we have the following recurrence relation
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n-1
(D.2) C(n)=7_ C(j) C(k—3)
J=1

o0
Consider the complex function j(z):.:z C(n)z". Suppose that this series converges.

na=1

(72)? = (3 cmy=)?

n=1

- izk:C(i)C(k+1—i)zk+l

k=1i=1

o0 N

= Z ZC’(i)C(n—i)zn

n=2¢=]

[o.]
:Z C(n)z"
nz=2
= flz)—=z
Thus if the series converges we have

)2+ z=£7)

Solving this quadratic and choosing f(0)=0 we obtain

f(z)"—:%(l—- ﬁTE)

f(2) is holomorphic on the disc of radius % and its power series is (D.1) which implies
the result.
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Appendix E. The Carleman condition

Let {a;=1,a;,a,...} be a sequence of real numbers. Suppose that there is at least

one distribution function F(z), zcI such that
anzjxndF(x) n=0,1,2,...

A sufficient (but not necessary) condition for F to be uniquely determined by {anr} is

that the following condition be fulfilled

o3

Z azn-l/(.?n):OO

n=]

This condition is known as the Carleman condition, and we say that the moment
problem is determined. (See, for example, Stoyanov (1988) §11 for a discussion of the

moment problem.)

105




References

Athreya K.B.&P.E. Ney (1972). Branching Processes. Springer-Verlag.

Bailey N.T.J. (1964). The Elements of Stochastic Processes with Applications to the
Natural Sciences. Wiley.

Cox J.T. (1988). Coalescing random walks and voter model concensus times on the
torus in Z%. Preprint.

Csink L.&B.Qksendal (1983). Stochastic harmonic morphisms : functions mapping
the paths of one diffusion into the paths of another. Ann. Inst.
Fourier Grenoble 33 No.2 p.219-240. |

Dawkins R. (1976). The Selfish Gene. Oxford University Press.

Dawson D.A. (1975). Stochastic evolution equations and related measure processes.
J. Multivariate Anal. 5 p.1-52.

Dawson D.A. (1977). The critical measure diffusion process. Z. Warsch. Verw.

~ Gebiete 40 p.125-145.
Dawson D.A.&K.J. Hochberg (1979). The carrying dimension of a measure-diffusion
. process. Ann. Prob. 7 p.693-703.

Dawson D.A., LIscoe&E.A.Perkins (1988). Super-Brownian motion : Path properties
and hitting probabilities. Preprint.

Dawson D.A.&T.G.Kurtz (1982). Applications of duality to measure-valued
processes. Lect. Notes Cont. Inf. Sci. 42 p.177-191.
Springer;Verlag.

Dynkin E.B. (1965). Markov Processes. Vol. I. Springer-Verlag.

106




Ethier S.N.&T.G. Kurtz (1986). Markov Processes: Characterization and
convergence. Wiley.

Feller W. (1951). Diffusion processes in genetics. Proc. 2nd Berkeley Symp. Math.

- Statist. Prob. p.227-246. University of California Press.

Feller W. (1966). An Introduction to Probability Theory and its Applications Vol.Il.
Wiley.

Frauenthal J.C. (1980). Mathematical Modeling in Epidemiology. Springer-Verlag.

Ikeda N., M.Nagasawa&S.Watanabe (1968). Branching Markov Processes II. J.
Math. Kyoto Univ. No.8 p.365-410.

Iscoe I. (1986a). On the supports of measure-valued critical branching Brownian
motion. Preprint.

Iscoe I. (1986b). A weighted occupation time for a class of measure-valued branching
processes. Prob. Th. Rel. Fields 71 p.85-116.

Kallenberg O. (1975). Stability of critical cluster fields. Math. Nachr. 77 p.7-43.

Perkins E.A. (1988). A space-time property of a class of measure-valued branching
diffusions. Trans. A.M.S. 305 No.2 p.743-795.

Rosen G. (1975). Solutions to the non-linear recombination equation for the infinite
spatial domain. Siam. J. Appl. Math. 29 No.l p.146-151.

Sawyer S.&J. Fleischmann (1978). The maximum geographical range of a mutant
allele considered as a subtype of a Brownian branching random
field. Proc. Nat. Acad. Sci. U.S.A. 76 No.2 p.872-875.

Skorohod V.V. (1964). Branching diffusion processes. Translated by B. Seckler. Th.
Prob. Appl. IX No.3 p.445-449.

Stoyanov J. (1987). Counterezamples in Probability. Wiley.

107




Sugitani S. (1987a). Some properties for the occupation times arising from the
measure-valued branching diffusion processes. Preprint.

Sugitani S. (1987b). Some properties of the measure-valued branching diffusion
processes. Preprint.

Watanabe S. (1968). A limit theorem of branching processes and continuous state
branching processes. J.Math. Kyoto Univ. 8 No.1 p.141-167.

Wang F.J. (1982). Probabilities of extinction of multiplica.tive.measure~valued
diffusions with absorbing boundary. Indiana Univ. Math. J.
31p.97-107.

Wild E. (1951). On Boltzmann’s equation in the kinetic theory of gases. Proc.

Camb. Phil. Soc. (1951) p.602-609.

108




