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ABSTRACT 

Branching diffusions are introduced as a simple model of the growth of a population of rare mutant 
genes or of the spread of a small epidemic. Measure-valued critical branching diffusion processes 
are then constructed as the weak limits of the discrete particle branching diffusions when the scales 
of mass and lifetime are changed in an appropriate way. The distribution of such a measure-valued 
process is characterized as the unique solution to a martingale problem and this leads to an 
expression for its Laplace transform in terms of a deterministic dual process. 

The dual process is given as the solution to a non-linear second order partial differential 
equation —the evolution equation of the measure-valued process. It is immediate that those 
measure-valued processes whose total mass is initially finite suffer extinction. The solution to the 
evolution equation is written in the form of a series whose coefficients are expressed in terms of the 
linear semigroup associated with the spatial diffusion part of the process. Estimates on these 
coefficients lead to a simple proof that if the spatial diffusion part of the measure-valued process is 
a recurrent (resp. transient) diffusion on Rd and the initial value of the process is a non-trivial 
invariant measure of this spatial diffusion then the process has no (resp. has a unique) non-trivial 
limiting distribution. 

In order to overcome the tendency to extinction, a Poisson process of mass creation is 
introduced into the discrete particle branching diffusion. The resulting processes are rescaled in a 
way compatible with the previous rescaling to produce a measure-valued process with immigration. 
This process is also characterized via a deterministic dual, obtained by integrating the solution of 
the usual evolution equation with respect to time. The series solution to the evolution equation 
enables the moments to be calculated. It is shown that if the spatial diffusion is positive recurrent 
then the effect on the limit law of X(t)/t of immigrating at a constant rate is the same as that of 
conditioning the process without immigration on non-extinction. However, for a null recurrent 
diffusion it is shown that in the first case the limit is non-trivial (non-random) whereas in the 
second the limit is zero on any compact region. 
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Chapter 1. Introduction 

The aim of this thesis is to present some results concerning the asymptotic behaviour 

of a class of measure-valued branching processes. These processes can be thought of 

as the extension of the Feller diffusion approximation to the space-time context. We 

motivate their study by describing two biological models and then present an 

elementary construction of the measure-valued approximation. This leads to a 

characterization of the measure-valued process in terms of a martingale problem, and 

then by applying the `method of duality' we produce a characterization of its 

distribution in terms of a second order non-linear partial differential equation —the 

evolution equation. It is this equation which is our primary tool in the remainder of 

the thesis. Our study of it reveals that if the initial mass of the measure-valued 

process is finite, and even in some cases if it is infinite then the process dies out in the 

limit as time tends to infinity. In trying to overcome this we appeal again to the 

biological models which suggest that we should be considering a process which has a 

continuous process of mass creation (which we take to be Poisson). It turns out that 

the diffusion approximation to a process with this sort of `immigration' can also be 

characterized via a deterministic dual process, and that this dual relates in a very 

natural way to that of the process without immigration —it is obtained by integrating 

the solution to the evolution equation (multiplied by the rate of immigration) with 

respect to time. This enables us to exploit further the work for the process without 

immigration to establish the asymptotic behaviour of the processes with immigration. 

In Chapter 2 we describe two of the biological processes which lie behind the 

study of branching diffusions. A familiarity with the terminology for these processes 
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makes the reading of the literature a far less formidable task! The origin of the 

processes can be traced back to the Galton-Watson process (first formulated by the 

Rev. Henry Watson in (1874)) which was itself designed to model the growth (or 

rather decline) of English family names. Since then, 'though only after a substantial 

period of dormancy, this simple branching process has been generalized considerably 

to better model the spread of a population (nowadays usually of genes rather than 

gentry!). The individuals in the modern population are no longer confined to 

reproduce at fixed time intervals, but now each has a random lifetime during which it 

is allowed to move around some spatial domain. The difficulty with this is that it 

makes calculations of, for example, transition probabilities extremely complicated. In 

the case of a large population, Feller (1951) was able to show that by rescaling the 

parameters of lifetime and mass we can construct a continuous approximation to the 

size of such a population. This approximation is a diffusion process whose generator 

can be written down in terms of the mean and variance of the branching mechanisms 

of the approximating discrete particle processes, and so we have many techniques at 

our disposal for estimating its value at a given time. In some special cases, Watanabe 

(1968) extended this notion of `diffusion approximation' to the space-time context. 

The processes which this yields are finite measure-valued diffusions. This has 

gradually been extended by many authors to yield diffusion approximations with 

infinite initial measures and corresponding to a wide variety of branching diffusions. 

In Chapter 3 we describe a class of discrete particle branching diffusions to which we 

are able to find such diffusion approximations. The construction of the measure-

valued approximations is given in Chapter 4. In an attempt to make the construction 

accessible to as wide an audience as possible, we adopt a very direct approach, and, in 

particular, avoid invoking the heavy machinery of general martingale theory. The 
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measure-valued diffusions which we construct are characterized via martingale 

problems. The form of their infinitesimal generators makes these processes especially 

suited to the application of the `method of duality'. The proof of the version of 

duality which we use is straightforward and is given in Appendix C. The dual process 

which we obtain is the (deterministic) solution to the evolution equation. 

The evolution equation is a second order non-linear partial differential equation. 

It turns out to be easier to consider the equivalent integral equation. Iscoe (1986b) 

was able to show (using Picard's Theorem) that this integral equation has a unique 

solution, and if the initial value of the equation lies in the domain of the infinitesimal 

generator of the spatial diffusion part of the process then the solution to the integral 

equation also solves the original evolution equation. For the case of a transient 

spatial diffusion, and for sufficiently small initial values, Dawson (1977) expressed the 

solution as an infinite sum, the sum being taken over ordered binary rooted trees. 

Series of this form are well known to physicists who often call them Wild sums (c.f. 

Chapter 5). In Chapter 5 we present a derivation of this sort of series solution. If the 

spatial diffusion part of the process is recurrent, then it is not possible to find initial 

values for which the series solution will be valid for all time. Nonetheless, in Chapter 

6, by exploiting the sub-linearity of the evolution equation, we are able to use the 

series to deduce the asymptotic behaviour of the processes even with recurrent spatial 

diffusion part. With patience we could actually use the series solution to obtain 

moments of the measure-valued diffusion process. 

Chapter 6 is devoted to establishing the asymptotic behaviour of the processes. A 

simple calculation tells us that if we start a measure-valued process of this type from 

a finite initial value then the process will die out. In the special case where the spatial 

diffusion part of the process is Brownian motion, and the branching is spatially 



uniform, Iscoe (1986a) established results about the range of the support. He proved 

that the process spends its entire `life' in a ball of finite (random) radius. This result 

can obviously be used to deduce weaker results about other measure-valued branching 

processes, but the proof rests heavily on the special symmetry properties of this 

process. It is this symmetry which makes this particular process (which we call the 

Dawson process —see Chapter 4) especially amenable to study, for the evolution 

equation can be reduced to one spatial dimension. Most of Chapter 6 is concerned 

with the asymptotic behaviour of the processes when they are started from an 

invariant measure of their spatial diffusion part. This initial value seems to be an 

obvious place to start looking for stable limiting distributions (if they exist). Here we 

observe a dichotomy between those processes with transient spatial diffusions and 

those whose spatial diffusion part is recurrent. We prove that if the spatial diffusion 

is transient then there is a non-trivial limiting distribution for the measure-valued 

process. If, however, the spatial diffusion is recurrent, then the process suffers 

extinction. This result was proved in certain special cases by Dawson (1977), but his 

proof in the recurrent case required very precise knowledge of the transition density of 

the spatial diffusion part of the process. The result can be regarded as the continuous 

analogue of the corresponding result for critical cluster fields which was proved by 

Kallenberg (1975). Although the result is well known to the experts, its proof for 

discrete particle branching diffusions seems well buried in the literature! This is 

perhaps the first illustration that the measure-valued diffusion approximations could 

be of value to the study of discrete processes—the proof of this result for the measure-

valued processes is quite straightforward. 

In Chapter 7 we turn to the problem of `keeping the processes alive'. This is 

achieved by introducing a Poisson process of immigration. From the biological 



viewpoint, this is much more appealing than the more obvious mathematical approach 

of conditioning the processes on non-extinction. Obviously, we are really interested in 

the case of recurrent spatial diffusion, and here we observe another division of 

behaviour, again dictated by the type of spatial diffusion. If we take the distribution 

of the immigrating mass to be an invariant measure of the spatial diffusion, and 

immigrate at a constant rate, then we are able to show that if the spatial diffusion is 

positive recurrent then immigration is, in a sense, equivalent to conditioning on non-

extinction. If, however, the spatial diffusion is null recurrent, then it serves to `smear 

the mass out' sufficiently that even when the process is conditioned on non-extinction, 

the amount of mass in any compact set will tend to zero (in distribution). This 

smearing out effect is sufficiently strong in the case of one-dimensional Brownian 

motion that the process without immigration will vacate a compact set after a finite 

random time and never recharge it (with probability one). This result is proved in 

Iscoe (1986a). In Chapter 8 we will briefly return to the question of stronger 

convergence properties of the measure-valued processes. 

We begin Chapter 8 with a discussion of the effect of dropping some of the 

regularity assumptions which we make in §3.1 and §5.2. In particular, in §5.2, we 

impose the condition that the branching part of the processes should be spacially 

homogeneous. This is largely in attempt to prevent the results of the subsequent 

chapters becoming obscured by a mass of details. As we explain in Chapter 8, this 

assumption could be omitted without affecting our results. The rest of the chapter is 

devoted to a brief survey of some related results and open questions. 

In an attempt to keep this thesis as self-contained as possible, we collect together 

in the appendices some of the results from the theories of weak convergence, binary 

trees and Markov processes which we cite in the text. 
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Chapter 2. Branching Processes in Biology 

A primary motivation for the study of branching processes comes from mathematical 

modelling in biology. We shall therefore devote this chapter to a brief discussion of 

two of the underlying models and show how they lead to the mathematical problems 

addressed in subsequent chapters. 

Our first model arises in population genetics and our second in the study of 

epidemics. In both cases, the biological processes are extremely complex so that our 

models are necessarily greatly oversimplified; nonetheless, they are valuable tools and 

we shall try to point out some of their strengths as well as their weaknesses. 

§2.1 A problem in population genetics 

The characteristics of a human body are determined by its 46 chromosones. These 

occur in 23 pairs, one of each pair being obtained from each parent. To use an 

anology of Dawkins (1976), the chromosones are volumes in the architects plans for 

building the body. They are paired in the sense that to each volume from the father 

corresponds a volume from the mother and corresponding pages in the two volumes 

will describe (possibly rival) plans for the same characteristic. We may think of the 

body as having to form a single hybrid volume from each pair. So in each slot in this 

new volume a page is copied from one of the two parental volumes. We think of 

pages as representing genes. Two genes in competition in this way for a slot on a 

chromosone are said to be alleles of each other. Occasionally a mistake occurs in this 

process in that, for example, a page or batch of pages is miscopied or misfiled in the 

new volume. This is then said to be a mutation and a miscopied or misfiled page a 
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mutant allele. 

Suppose that a single mutant gene has appeared in the population. Let c be the 

expected number of descendants by which it will be represented in the next 

generation. Then s=logc is defined to be the selective advantage of the mutant. 

Selection is called disadvantageous, neutral or advantageous according as s<0, s=0 or 

s>0. 

Evolution can be reduced to the process by which some of the genes become more 

numerous and others less numerous. Two of the principal explanations for the 

occurrence of this effect are provided by the Darwinist and neutralist theories. A 

Darwinist attributes evolution to the spread of selectively advantageous mutant 

types, whereas a neutralist holds a large number of selectively neutral mutants 

responsible —although the descendants of a single mutant will tend to die out there 

are sufficiently many mutants around at any one time to explain the tremendous 

diversity observed in nature. 

Anthropologists measure a great number of traits which distinguish human 

populations and it is observed that individuals of the same `type' tend to be close to 

one another. A Darwinist would put this down to geographically varying natural 

selection —a selective advantage for one gene at one location and for another at 

another location. The resulting configuration of types is called a cline. A neutralist 

on the other hand would argue that individuals located close to one another are 

simply more likely to be related. It seems most likely that in fact both the Darwinist 

and neutralist processes of evolution contribute to the overall effect that we observe in 

nature. The problem then is to distinguish the random variation of type of the 

neutralist from the variation caused by the selective pressure of the Darwinist. We 
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therefore model `neutralist evolution'. 

Suppose that we have a large `normal' population in some domain and we 

introduce a mutation at some point of the domain. We wish to model the growth of 

the mutant population. We suppose the mutant to move around the domain 

according to some diffusion process (e.g. Brownian motion). After a random amount 

of time (assumed to be exponentially distributed) it dies and is replaced at the same 

location by a random number of offspring (with expectation one since we are 

modelling selectively neutral types) which go on to diffuse and reproduce in the same 

way. The presence of the large normal background population makes the probability 

that two mutants mate with each other negligible so that all mutants may be 

assumed to behave independently. This then describes a critical branching diffusion 

process (see Chapter 3). 

There is no need to restrict ourselves to introducing a single mutation initially. 

Indeed, if the background population is sufficiently large, we can, for example, 

introduce mutants according to a Poisson random field i.e. the expected number of 

mutants initially in a set A is Cm(A) for some constant C>0 where rn denotes 

Lebesgue measure. An interesting special case of this is when the diffusion is 

Brownian motion and each mutant has 0 or 2 offspring, each with probability Z. 

Sawyer&Fleischmann (1978) show that in this case the mutant population forms 

`clumps' which take over large areas of the domain at high density with regions 

between clumps becoming empty. The difficulty of this, of course, is that if the 

density of the mutants in any one region becomes too high, then the primary 

assumption of a large normal background is no longer satisfied and our model breaks 

down. 
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So far, we have only considered a model with a single injection of a number of 

mutants into the population. In nature one would expect to observe a constant rate 

of mutations —this leads to what we describe as a process with immigration (see 

Chapter 7). This type of process can also, as the name suggests, be used to model a 

population in which mutants move in from outside the domain at a specified rate, for 

example across the boundaries. 

For small populations we must consider these discrete particle models, but for 

large populations we may consider a continuous approximation achieved by the 

rescaling which we introduce in Chapter 4. In this way we obtain our measure-valued 

processes. 

§2.2 A problem in epidemiology 

It turns out that mathematically equivalent to the problem discussed above is that of 

modelling the spread of an epidemic in a large susceptible population subject to the 

assumptions outlined below (c.f. Frauenthal (1980) Chapter 5). 

We imagine that one or several infectious individuals arise in an otherwise disease 

free area and start the outbreak. Once an individual has contracted the disease, they 

will remain infectious for an exponentially distributed amount of time. The infectives 

move around according to a diffusion process and infect other individuals by close 

contact. It is assumed that there is no latent period for the disease (i.e. that it is 

transmitted directly on contact), all susceptibles are equally susceptible and all 

infected individuals are equally infectious. The number of individuals infected by a 

single infective is governed by a random variable with expectation one. The role of 

the large background of susceptibles is to allow us to ignore the effects of the 

reduction of the number of individuals at risk of being infected every time a new case 
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arises. 

One of the major advantages of the branching diffusion model is that we can, for 

example, allow the recovery rate of infected individuals to vary geographically. In the 

general branching diffusion model we can also allow the expected number of 

individuals infected by a single infective to vary across the domain. Unfortunately 

however, in order to use our continuous approximation we must assume that this is 

everywhere equal to one. 

As for our population model, we may wish to introduce a process of `immigration' 

of infected individuals into the population. Once public health authorities realize that 

an epidemic has begun one would expect preventitive measures to be taken so that 

immigration here may happen at a time-variable (presumably decreasing) rate. 
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Chapter 3. Finite Particle Branching Diffusions 

We begin this chapter with a precise mathematical description of the finite particle 

branching diffusion processes which were introduced in Chapter 2. We then 

characterize the distributions of these processes as solutions to martingale problems. 

Such a characterization is especially well suited to proving weak convergence theorems 

(c.f. Ethier&Kurtz (1986) Chapter 4) and will pave the way to an elementary 

construction of our approximating measure-valued processes in Chapter 4. 

Although all our results will be stated for branching diffusions on the whole of R d, 

it is clear that they apply equally well on regions GCR d provided that appropriate 

conditions are imposed on the behaviour of particles on hitting the boundary aG of G 

(e.g. absorption or reflection). However, as we show by example in §3.5, care is 

needed in describing the domain of the generator of such processes. 

§3.1 Definition of the process 

Let X denote the non-negative integer-valued measures on R d . A Markov particle 

system is simply an X-valued Markov process. It is said to be multiplicative if its 

transition probabilities, {Pdt>0, satisfy the so-called branching property: 

Pt(' ,111+ 112)=-Pt( . 3111)* P -t( . 1112) Vv1, v2 e X, V t>0 

(where * denotes convolution). In other words the distribution of the process with 

initial value v1-{-v2 is equal to that of the sum of two independent copies of the 

process with initial values v1, v2 respectively. 



Definition (3.1) A branching diffusion process, (Zt).t>0, is a multiplicative Markov 

particle system in which the particles independently undergo random motion and 

branching described as follows. 

(a) Spatial motion Until the time that it branches, each particle (independently 

of all other particles) performs a diffusion with infinitesimal generator L, say, in W. 

(b) The branching rate The probability that a particle located at xER d at time t 

branches in the interval [t,t+64) is V(x)64-1-o(5t). V(x) is called the branching rate. 

(c) The branching mechanism When a particle `branches', it dies and is replaced 

at the same location by a random number of offspring governed by what we call the 

branching mechanism. We denote the generator of the branching mechanism by 

(1.(s,x); i.e. if pk(x) is the probability that a particle which dies at x gives rise to k 

offspring, then 

Pk(x)sk
k=0 

xeR d, 

Notice that, by altering V(x) if necessary, we may as well assume that pi(x) -_-,-20. 

We shall call this the (L,VI))—branching diffusion (process) and refer to the 

diffusion generated by L as the spatial diffusion part or base diffusion. 

Recall that a function 1(t) on (0,00) is said to be slowly varying at infinity if for 

every fixed x, 

1(tx)_,
1(t) 
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For the remainder of this thesis we shall make the following assumptions: 

(i) V(x)e Ct(R d ) 

(ii) p k(x) is a continuous function of x for each k. 

2 2 
(iii) 0<znf -4(s,x) 

x Os2
<81113,--V-72 '1'(S,X) 

s=1 X aS 
<oo 

.5=1 

(iv) L is a uniformly strictly elliptic second order differential operator of the form 

2f of Lf(x)= x)  a axaxi i= l
b i(x)5Ti 

j= 
fe C2 (11-i d) 

where ail are bounded continuous and bi are bounded measurable functions on R d. 

(v) If the diffusion generated by L is recurrent, then 3 a function h(t) on (0,00), 

and an invariant measure p of the diffusion with 

and 

t, 
f clit 

h(t) 0 T s
as t co 

h(t), e kt) as t—+ co 

for some slowly varying function 1(t) and some 0<p<1. 
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Remark Condition (v) is not used anywhere in the construction of the measure-

valued processes, but it is essential for our method of establishing asymptotic 

behaviour. In fact it will always hold when the diffusion is positive recurrent. We 

defer the discussion of how our results extend to cases where some of (i)—(iv) are 

dropped to Chapter 8. 

An example which we repeatedly meet in the literature is the following: 

Definition 3.2 The simple branching diffusion process on R d is that process for which 

(A. the Laplacian on R d), V(x)=C for some strictly positive constant C and 

For obvious reasons this process is also sometimes referred to as critical branching 

Brownian motion. 

§3.2 The state space of the process 

By definition, Z(t) is an .1\1-valued Markov process. For the purpose of defining a 

topology on N and calculating the generator of At), it is convenient to think of N as 

follows. 

Let (R d)(n) be defined for n>1 to be the space of equivalence classes of n-tuples 

of elements xeR d modulo permutations. Let 7r(n): (Rd)n---*(R d)(n) be the map taking 

(x1"..,Xn) in (R d)n into its equivalence class {x1,...,x,,} in (R d)(n) and topologize 

(Rd)(n) so that r
(n) 

is both open and continuous. 

Suppose now that {O} is an abstract point. Set 
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oo  

E 1={0}UU (R d) rn' 
n=1 

and topologize El in such a way that {0} and (R d ) (n) for each n>1 are both open 

and closed. Then we may identify N with E1 and this defines a topology on 

It will be important in Chapter 4 that the topology defined above can in fact be 

constructed as follows. Let ,A1,0(R d) be the space of finite positive Borel measures on 

R d with the weak topology i.e. 

n--+m pn=pli if 
n--rn j.fdizn = ifdp 

co +oo 
V fe Cb(R d) 

The weak topology is metrizable by a natural extension, p, of the Prohorov metric on 

probability measures. (For the definition of the Prohorov metric and this result, see 

Appendix A.) pis just the completion of the following metric on non-zero elements of 

Abo(R d) 

p(ii,v)=i6(IILiiii1-1,, I)+ II I - I v µ 00v 

where jO, is the Prohorov metric and I/it= f 1dµ. We write itt,o(R d)P for the metric 

space obtained by completing Ato(R d) in this way. We will always identify the 

elements p of the completion for which it/ i=0 in what follows. This is, of course, 

compatible with the weak topology. 

§3.3 The generator of the process 

We now derive Skorohod's equation for the (L,M-branching diffusion and use it to 

calculate the generator of the process. It is assumed that (40).0.0 is a right 
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continuous strong Markov process. 

If fEC(R d) with 0<f<1, then we extend f to X by 

(3.1) 
f{0}=1 

J({Xi,• • •,Xn})=11 Axi) 
i=1 

Notice that the functions f on N form a determining set. The, distribution of a 
condiftohat 

Markov process is completely determined by its one-dimensional1distributions and so 

by virtue of the branching property, to characterize a branching diffusion process it is 

sufficient to compute 

tt.f(x)=ELAzt)lzo=--{x}E(R d)(1)] 

Let 7 denote the random time at which a single particle initially in the system first 

branches. We write U T =G-{Z,,: 0<u<r} (the minimal o.-field with respect to which 

Zu is measurable for all u<..r. Also let Xt be the base diffusion of the process killed at 

time 7 and write 

TtAx)=Ei.f(Xt)iXo =x1=Ex.f(Xt) 

for the corresponding semigroup. 

Suppose that xt is defined by 

xt= 
1 t< 

0 t>.7-
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Then we may write 

Azt)=Axt)xt+f(z-t)(1—x-t) 

Clearly, 

EVCgt)xt lzo={x}E(Rd)(1)1= TtAx) 

If Zre(Rd)(1c), then we denote the process after time T by (4 1),..., e) where 

fe: t>rlif_i are independent and 4 )=(7.7.) Vi. With this notation 

E[Azt)(1—x-Olzo=fx1E(Rd)(1)]=E(E[f(Z-0151-1(1—Xt)1Z0=fxle(R d)(1)) 

=E 
„

Pk(-77)11EV4 v )la v  X T}(1  - X t)IZ 0 = {x} (R d )( 1)) 
0 i=1 

=E(4.(tt_ „IT ), XT)( 1—x t )I Zo = {xle(Rd)(1)) 

(by the independence of fe: t>7}1g i and the strong Markov property). 

Now let Ex(du,dy) be the measure on [0,00)xR d given by 

Ex[g(7,77)]=1[0,.jg(u,y)IC(du,dy) Vg€Cb([0,00)xOd d) 

The expression on the right hand side above then becomes 

f t
j oi.T irt-uf(Y),Y)-Kx(du,dy) 
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(The (1—xt) term causes the integrand to vanish for u>t.) We then obtain the 

following integral equation for t tf(x) 

ttf(x)= Ttf(x)+1ofil.( t_t_uf(y),y) Ks( du, dy) 

This is Skorohod's equation (first obtained by Skorohod (1964)). 

By means of successive approximation it can be shown that this equation has a 

unique solution for sufficiently small t, giving the transition probabilities of the 

process for such t, and hence by the Markov property for all t. 

It is now straightforward to calculate the infinitesimal generator, L1, of the 

(L, V4)-branching diffusion on the extension to .W of functions fe cotd)n9)(L) with 

0<f<1 

LiA{x})=1irn  Ttgx) — f(x)) 

40( t 

=Lf(x)+ Kx.)(1)(Kx),x) 

=(L- V(x)I),f(x)-1- Kx)(1.(f(x),x) (Dynkin (1965) p.11) 

=Lf(x)+ V(z)(4)(f(x),x)- f(x)) 

and so using the branching property, 

If({xi. • •,xn}) {Lf(xj)i- V(xj)(cP(Axj),xj)—Ax3))11Thlf(xj) 
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Now notice that 

n 

Axi)=exp(<logf,E xi>) 

Thus we can also write the generator of our process as follows 

Li(exP<logf,P>)=Lf+ 1/(6D(f)—D
,p)exp( <logf, p>) 

f 

where (I,(f))(x)=c1.(f(x),x). 

Remark We have tacitly assumed that our branching processes do actually exist. 

However, it is not difficult to see that under our conditions (i)—(iv) the semigroup Tt

corresponds to a normal transition function satisfying the conditions given in 

Appendix B to ensure that t t really is the transition semigroup of a strong Markov 

process. For a construction of more general branching Markov processes the reader is 

referred to Ikeda, Nagasawa&Watanabe (1968) part II. 

§3.4 A martingale characterization 

As we mentioned before, for our purposes it is best to characterize the 

(L,Vc1)—branching diffusion in terms of a martingale problem. 

For a metric space (E,p) we write DE([0,00)), or sometimes D([0,00),E), for the 

space of cad14 E-valued functions on [0,00) (i.e. right continuous E-valued functions 

with left limits). Let O / denote Dx ([0,00)). Since X is a metric space we may endow 
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S21 with the usual Skorohod topology (see e.g. Ethier&Kurtz (1986) Chapter 5 

We write 77(•) for a generic element of S2 / . For t>0, set gt =c-{71(s) : 0<s<t} and 

g=c7(U gt)• Suppose that, for µeN, P' denotes the distribution of the (L,V<D)-
1>0 

branching diffusion started from p and EP the corresponding expectation operator. 

Then for FE1(1... / ) 

ds
SI-C(°)[F(77(s))]=E77(°)[Li F(77(s))] 

so that 

E'(°)[F(77(t+u))—F(77(t))]=En(°)(f t+uL / F(7)(s))ds) 

and then using the Markov property 

C (°)[F(77(t-f-u))—F('i(t))I1J=EnMF(R(P))—F(77(0))] 

u 
=E"( i LiF(ri(s))ds) 

=C1(O(f t+uLign(s))dsigt) 

i.e. F(R(t))— LiF(n(s))ds is a P'7(°) —martingale for all FES(E / ). 

Definition 3.3 Given veN, we say that the probability measure P on (1 ,F) solves 

the martingale problem for L i started from v (or more briefly for (L pv)) if 

P[n(0)=v].7.-...1 
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t 
and F(77(0)-1 0LiF(77(s))ds is a P-martingale for all Feg(2.. / ). 

We have seen that the distribution of the (L,V(1) —branching diffusion starting 

from v solves the (L1,v)—martingale problem. In fact, much more is true. 

Theorem 3.4 For each vEN there is exactly one solution to the (L1,v)—martingale 

problem. 

Thus this characterizes the distribution of our branching diffusions uniquely. We do 

not use uniqueness in what follows and so we do not prove it here. However, the 

proof is entirely parallel to the corresponding proof of uniqueness of the solution to 

the martingale problem for the measure-valued processes in §4.3. 

§3.5 A remark on the domain of the generator 

A branching diffusion process (like any other diffusion process) is completely 

determined by its full generator. We should like to emphasize the importance of the 

domain of the generator. We illustrate by an example. 

Consider the simple branching diffusion process on a domain GClle. The 

generator A is of the form 

Aexg<logf,p>.),_KAf-1-2 
(1-f)2
f 7 ItleXP( < logf,ii>) 

We take the following two domains for A, 

gl(A)=-(exp(<logf,m>) : 1'65(.0, f( 
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`D 2(A)={exp(<logf,µ>) : feg(L), f(x)-1 as x---.9G1 

In both cases the spatial diffusion part is absorbed on 8G. Notice, however, that in 

the first case a particle continues to branch on the boundary whereas in the second 

case once on the boundary a particle will cease to branch. 

gi 
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Chapter 4. The Measure-valued Processes 

Feller (1951) was the first to observe that although if we are modelling the growth of 

a small population (or epidemic) we must use a discrete particle system, for large 

populations we can apply a continuous approximation. This leads to a diffusion 

process. The approximation is obtained by resealing so that parameters such as birth 

rate, death rate and `mass' of each particle tend to zero or infinity. We are concerned 

with the extension of this idea to the space-time context. In this way we obtain a 

measure-valued limit process. 

Such processes have been studied by many authors. In particular, Dawson, Iscoe, 

Sugitani (and others) have studied in great detail the process obtained as the diffusion 

approximation to the simple branching diffusion process. Here we shall refer to this 

process as the Dawson process (even though it was first constructed by Watanabe 

(1968)!). 

In this chapter we construct and characterize the diffusion approximations to 

those (L, V1.) —branching diffusions with critical branching mechanism (i.e. for which 

-DS Is: 

§4.1 Resealing the branching diffusions 

Suppose that we wish to construct the Dawson process started from bx (the unit point 

mass at xeR d). Then we rescale the simple branching diffusion process as follows 

(Watanabe (1968)) : Let Zn(t) denote the simple branching diffusion with branching 

rate Vn =n starting from n particles located at x. Then the Dawson process started 

from bs is the weak limit as n—.00 of the processes Xn(t)-----=hZn(t). 
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The critical branching mechanism is clearly essential to convergence of these 

processes to a non-trivial limit (the limit of a such a sequence of rescaled supercritical 

process would instantly explode, that of a sequence of subcritical process would 

instantly die). We use the same rescaling to construct our more general diffusion 

approximations. Thus, let Z"(t) denote now the (L,nV)—branching diffusion 

process and write )O(t)=A- Zn(t). 

We should like to be able to start our measure-valued process from arbitrary 

vcAo(Rd). 

We will be 

{Zn(0)}n,>/ 

Initially, however, we restrict our attention to v of compact support. 

able to drop this restriction later (§4.4). Initially then, we choose 

in such a way that {AZI/(°)}n>/ converges weakly as 

n--+co to a finite measure v of compact support. We may further insist that 

(4.1) 
I.Zn(0)i≤Cn 

supp.212(0)C K0
V n 

for some fixed C>0 and some fixed compact set Ko CRd . (This will be essential in our 

proof of Proposition 4.3.) 

The state space for Xn is obviously 

k 
En={µe✓tli 0(R d) : , xi eR d, keN} 

i=1 

and from our expression for L i, we may write down the generator, £n, of the process 

Xn, acting on functions of the form exp(<nlogf,•>) where fE9)(L), 0<f<1. On these 

functions we have 
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Ln(exp(<nlogf,u>)=
( nLf±n2 V(.1•(f)—f) 

, p)exp(<nlogf,p>) 

As in Chapter 3, we can actually characterize X' with Xn(0)=Pn as that process 

whose distribution is the unique solution to the martingale problem for (Ln,un) 

D([O,00),En) (although we will not use uniqueness in what follows). 

over 

§4.2 Relative compactness of the rescaled processes 

Suppose then that we have been given a weakly convergent sequence {vn=iliZn(0)}n>/ 

satisfying the conditions (4.1). Our aim in this section is to prove that {,r(0)}n>/ is 

then relatively compact in the weak topology. ..40(R d)Pis a complete separable metric 

space (see Appendix A). We should like therefore to apply the following theorem 

(due essentially to Prohorov) 

Theorem 4.1 (see e.g. Ethier&Kurtz (1986) Chapter 3 §7.) 

Let (E,p) be a complete separable metric space. For x(s)EDE([0,00)) and fixed 

T>S>0 define 

wf (x,(5,T)= inf max sup p(x(s),x(t)) 

where {ti} ranges over all partitions of the form 

with m>1 and 

0=to<ti<...<tn_ i<tm =T 
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min 1(t• —t• )>6 

Let {.X71} 7.,>1 be a sequence of processes with sample paths in DE([0,co)). Then 

{X7'}7,>/ is relatively compact iff the following two conditions hold: 

(a) For every ri>0 and every (rational) t≥0, 3 a compact set ri;,,CE s.t. 

lira inf P[Xn(t)e. rn„ > 1 — 
n --+ oc 

(b) For every ri>0 and T>0, 3 5>0 s.t. 

hrn sup P[w'(Xn,S,T)≥rl]<rl 
n 

(For a compact set KCE, I ={xcE : inf p(x,y).<4.) 
se K 

Condition (a) is the expected requirement of control of size and range of the 

processes; (b) prevents large `jumps' from being too close together —it implies that for 

any 77>0 we can find N so that (with high probability) none of the processes X', 

n>N, has a limit point of jumps of size greater than 77. 

Unfortunately, this is where we pay the price for choosing the metric p. 

Although, as we shall see below, condition (a) is easily verified, condition (b) may fail 

when the process Xn becomes too small. The difficulty is that if, for example, xi , x, 

are a positive distance, r say, apart in R d, then for every n, 
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p( 71z-b i,h6,2)=rAl 

The effect of this is that our metric takes account of how the processes die and 

distinguishes between 'different zero-masses'. This won't, however, prove to be an 

obstacle to relative compactness in the weak topology since there, there is only one 

zero! 

Let ra(0=sup{s<t : lxn(s)i >a} and write 

Xigi)=X n(t ATa) 

We begin by showing that oc&con,, is relatively compact in A o(IRd)P for 

each fixed oc>0. 

From our expression for the metric p, it is clear that condition (a) of Theorem 4.1 

will certainly be satisfied by {Xg(t)},n), / if we can prove the following 

(a)' Given t>0 and e>0 

(i) 3.B=B(t,e)e[R+ s.t. 

P{IXICIe(t)I<B]>1—e

 3 a compact set K.m---K(t,e)COR d s.t. 

[(Ifc, 1, (1 ((ti))1)<e]>1—e 
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where Kc denotes the complement of K in R d . 

Remark Condition (ii) is the condition that 

xr,,,,(t) 
ixrai(oljn>, 

is relatively compact in the completion of the set of probability measures on R d with 

respect to the Prohorov metric. See Appendix A. 

Indeed, from our definition of X'c,i it obviously suffices to prove (a)f for the processes 

{Xn}n,>1. 

Our assumption on the spatial diffusion part of the process (see p.15) implies that 

if a particle diffusing according to L starts off in the compact set Ko at time zero, 

then after any finite time t, with high probability the particle lies within another 

compact set (depending on t). Condition (ii) then follows easily. Condition (i) is 

immediate from the following result which (for easy reference) we state as a lemma. 

Lemma 4.2 Let P r' denote the distribution of )0. Then 

Pn[sttipiii(ol > 4≤1-- lunl 

Proof Since the branching mechanism of .er is critical, (70)1 is a 'fin-martingale (for 

all n). 
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To see that {X7:(},,,>1 is relatively compact in the weak topology, it remains to 

verify condition (b) of Theorem 4.1, 

Proposition 4.3 Suppose that T>0 is fixed. Then for each q>0, 36>0 and NEIL such 

that for each n>N there is a partition 

0=t0<ti<...<tm=T of [0,T] 

with min (ti —ti_1)>6 for which 

max sup P[p(Xg(s),Xg(t))≥.97]5_77 
s,-tf[ti_rti) 

Proof We will prove this via two lemmas. Recall that 

p(X«(s),X',;(t))=-4 IxXang((si l , IxI tt))i )+11Xg(s)I—IXg(t)il 

It will therefore suffice to prove the corresponding result for the two separate parts of 

the metric. 

Lemma 4.4 Suppose that T>0 is fixed. Then for each e>0, 36 />0 such that 

It—sl<28 / implies 

P[114(s)l—PCP)II>E1<e 
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Lemma 4.5 Suppose that T>0 is fixed. Then for each e>0, 3,52>0 such 

that 

—s l<262 implies 

'OW Xri(t)  )>E]<e 
(13{7'(IXIda(s)11X7a1(01 

Having proved these two lemmas we just set 6=min(61,62) and e=77/2. 

Proof of Lemma 4.4 By our construction of XII, it is certainly the case that given 

e>0, 

P[11x7c1(s)1 — lxg,(t)11>e] p[11,30(s)i— PcnWII>E] 

Consider then liXn(s)i iXn(i)11 

p[Ipez(s)1 — ixn(t)11>d=p[Ipo(s)i— pcn(t)112>E21 

5-1-JE[11X(S)I — 1 -Kn ( t )112 ] 

= n 1- E[liZn(s)I HZ"(t)11 2] 
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Write Zri'(t,x) for the branching diffusion process with branching rate n V and 

.41i(0,x)=6 , xER d, and W(k) for the kth generation of some Galton-Watson process 

whose variance so' is given by 

Ft+ 1= sup k2 p k(x) 
k_1 

(i.e. the variance of W is the supremum of the variance of Zn.) Also let [k,[s,t)] 

denote the event that a single particle located at x at time s has kth generation (and 

no higher than km generation) offspring in the time interval [s,t). Nov the right hand 

side above is just 

ne
2E(E[jiZn(s)i — Zn(t)il2 i Zn(s)ii) 

=
ne

2EME[liZn (s)i — (t)I12 i iZn(s)i= Zn (s)i= 3]) 
3 

<-  1 
-z n2 e2

• sr  E [ I Z711( s,x) I — t,x) I 21 [ Zn ( s) I =3]) 

= n E 21E[ I Zn(s)I] •suPE[II Zi( s,x) (t,x)I 2] 

co 

2 N N ne 2iZn(0)I-sup{EEE[liZs,x)i—IZi,x)iri 
k=0 

co 

< 2 €21 Zn varW(k)sup Pn[R,[5,0] xi 
k_0 x 

=
n

J-
e 
2i 

zn 
(0)i 

k =0 

kvarW(1)sr Pn[[k,[s,t)]x] 
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1 
9 9 IZn(0)resup{ kn[k,[s,t)] ]). 

k=0 

IZn(0)resup{ kr -q[k,[s,t)] ]} 
ne k=0 

Now, by our (temporary) assumptions, IZn(0)I<Cn for some C>0 and (by the 

assumptions of §3.1) 5- is bounded. Also, VEsup V(x)<oo and 

sup{ k1131[[k,[s,t)]x]}≤Vit—si 
k=0 

It is clear then that given e>0, we may choose 8 /=6/(6)>0 so that it—sl<25/

PEllxn(s)l—lxn(t)II>d<6 

Proof of Lemma 4.5 We consider events of the form 

AT
Xg(s) Xrct(t) 

lxg(s)1 ' lxg(t)l)>

By definition of the Prohorov metric, the event AP. is excatly the event that there 

exists a closed set FCRd such that 

( xg(s) \ > 
x ,I 

/ xAttO
xFixg(s)1/ + 

Fix one such F. Let {X71,(u)},,>8 denote that portion of the process XT' (after time s) 

which evolves from those particles of X"(s) which lie in the set F, with the 

corresponding meaning for {Xan, F(u)}u>s • Then P(AP) is certainly no greater than 
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PR Xrat(S)  

I 'C c J(0\ 

X.F

M,Q( S )1/ XF"  I X7C1 ( t )i / +€ 1 

Now in a similar way to the proof of (a)' (ii) on p.29, the assumptions on the spatial 

diffusion part of our processes imply that given e>0 we can choose 50 =450(e)>0 so 

that It—sl<260

P
R x.e, X3,((i) 

> > 2 2 

The same is then obviously true of Xn,,,,p(t). 

The proof of the lemma will be complete if we can show that given e>0, 

we can choose 601=601(e)>0 so that It —s 1<260' 

[IXaI ,r(s) EXa.,(0 I 
Ixa(s)I lx:1(01 

for then we take 62 =min(60,60'). This is where our 'cutoff' of the process 

comes into play. At least for large enough n, we know that there will 

always be a large number of particles around. Observe that 

IX;',,(s)  I IX',2,,,(01 1
Ixp.(s)I Ixa(t)I Ixa,p(s)1 — Ixa,p(t)1} 

IX'tr(t)1( 
pigs) I — Ixa(t) I) + IXa(s)1 IXa(t) I 

and thus certainly 

lixa,r(s)i ixa,F(011  ( p(s)i— PQ,F(t)I1+ — Ixa(t) Ixa(s)1 Ixa(t)1 Ixa(s)1 

The lower bound on 1X7,1 I makes this result an easy consequence of the 



proof of Lemma 4.4. 

We now deduce that {X n}„, / is relatively compact in the weak topology. 

Take a monotone decreasing sequence {am), / of rational numbers with am./0 

as m—.00. We have already proved that {Xa i),, 1 has a convergent 

subsequence denoted (4,1i)l i, say, with limit point X'a' z. The corresponding 

subsequence {)( 7,1'2)„-zi of {X42}n>1 also has a convergent subsequence with - 

limit point X',7,2, say. From their construction it is clear that X,7,,(t), X&'2(t) 

coincide for t<Ta i. Proceeding in this way we obtain a sequence of 

processes {X ̀c',,}, , which are consistent in the above way and thus clearly 

have a unique limit point. We should like to see that this limit ppint is a 

weak limit point of the processes {X n(t)}.„;_,L. The only way in which this 

could fail would be if the processes Xa were able to become arbitrarily 

small and then recover with strictly positive probability. That this is 

impossible is an easy consequence of the proof of Lemma- 4.4, for observe 

that for t>Th 

F,[ixn(01 >a l/3± c d <  
--r

1/3 7
0/ It - -ra I <ct1/34517t 

We have now proved the following 

Theorem 4.6 Suppose that -0,,,l n>1 is a weakly convergent sequence of elements of 

../tt o(R d) satisfying the conditions (4.1) and that r(0)=v n V n. Then {)(4(')}n>i is 

relatively compact in the weak topology. 
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§4.3 The weak limit points : A martingale characterization 

In this section we identify the weak limit of a convergent subsequence of {,1O}n>1 (the 

subsequence also being denoted {X" } n>1) as the unique solution to a martingale 

problem. 

Recall that the distribution of xri is a solution to the Ln-martingale problem over 

D([0,00),En). In fact by assigning zero probability to those paths which are not En-

valued, we may think of all these martingale problems as being over 

D([0,co),Ab o(R d)) or indeed any larger path space. The advantage of the martingale 

characterization is that if we can identify the limiting value of the operators Ln as an 

operator £, say, acting on some appropriate class of functions, then we can deduce 

that the distribution of any weak limit point of {.)O(•)}n>1 solves the martingale 

problem for L (acting on these functions and on this larger path space). If we can 

then prove uniqueness of the solution to this martingale problem, then we will have 

actually proved that {X n(•)} Th>1 converges (weakly) and furthermore we will have a 

characterization of the limit. This is the strategy which we shall adopt. 

Let us first then identify the operator L. Suppose that OeCt(Rd)n5(L). Then 

at least for large enough 71, if we set f n =(1 —0/n), we will have 

esp(<nlogfn,• >) 65(Ln). Notice that 

exp(<nlogfn,µ>)—>exp(—<q,µ>) as n-->co 

Consider then 

2 
Ln(exp(<nlogfn,µ>))= \ nLfn±n 

(4°0— fn) 
p )•exp(<nlogf,,,p>) 

fn 
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FTh(0)
, ii)•exp(<nlogf,,ii>) 

1-01n 

where 

Fn(q5)=n2 V(1--(1)(1-01n)-01n) 

Expanding F,,(0) as a Taylor series in 0, with integral form of the remainder yields 

F,,,(0)= —02 Vf1(1—u r
0 as2 

1 
(1- — ou/n)

du 

where we have suppressed the dependence of both sides on x. Letting n —+co we see 

that 

Fn(0)-4—b02

where 

, - 2 
b=1 V 2 5752l)(8,x) 

_s./ 

By our assumptions on p.15, b is a bounded continuous function. 

Consider then L defined on 9)=-(exp(—<0,p>) : Ct (R)} by 

L(exp(— < 0,p > ))= < —L0+ b02,p> exp( — < 0,p > ) 

It is clear from above that for each function FE S, there exist functions Fn eS(Ln ) 

such that F,, —+F and 1,,,Fn I,F as n--4co. 

We now know that the distribution of any limit point of {X (•)}n>1 solves the 
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martingale problem for (L,v) over D([0,00),.At o(Rd)). It remains to show that this 

uniquely determines the distribution of the limit point. To do this we employ `the 

method of duality'. The version of duality which we use was appled in this way 

('though in slightly greater generality) by Dawson&Kurtz (1982). In this simple case, 

the proof is straightforward and is given in Appendix C. 

Theorem C.1 (The method of duality) 

Let E 1, E 2 be metric spaces and suppose that P and P are probability distributions 

on the space of cadlag functions from [0,00) to E1, E 2 respectively. (These spaces are 

endowed with the natural (r-fields c.f. p.21.) Take two functions f, g on E1xE2 for 

which the following are true: 

(i) 

(ii) 

ii) For yEE2

(iv) For xeEi

{(f(•,y),g(•,y)) : ye E.21gC(Ei)xC(E.1) 

{(f(x,•),g(x.,•)) : re EilcC(E2)xC(E2) 

f(X(t),y)—f og(X(s),y)ds is a L5X(°)-martingale 

rt 
f(x,Y(t))— og(r,Y(s))ds is a P Y(0) -martingale 

(v) f, g are bounded. 

Then 

(4.3) EX(°)[f(X(t), Y(0))] = Y(°)[f(X(0), Y(t))1 
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Consider then the functions {AO ,µ)= exp(— , p>) : cbeCt(R d), iteAo(R d)}, and for 

each such f, set g(ct, , it)= ,p). In place of X(•), we take one of our measure-valued 

limit processes whose distribution is a solution to the martingale problem for L, and 

in place of Y(•), we take the deterministic flow, u(•) (if it exists), given by 

(4.4) at — Lu— bu2at — u(0)eCt(0)(11/4.)1 (L) 

If we can show existence and uniqueness of the solution to equation (4.4), then from 

(4.3) we can deduce uniqueness of the solution to the martingale problem for L. The 

second order non-linear partial differential equation (4.4) is called the evolution 

equation of the measure-valued process with generator L. In practice we actually 

consider the equivalent integral equation —known as the mild form of the evolution 

equation 

(4.5) u(t)=Tt u(0)—f Ti_s(b• u(s)2)ds u(0)= Ct (0) 

where {T212" is the semigroup of linear operators with gerierator L —i.e. the 

expectation semigroup of the diffusion part of the process. For the remainder of this 

chapter we will assume existence and uniqueness of the solution u(•) of (4.5) for 
Uniqueness follows easily from Picard's Theorem and we defer the proof 

u(0)eCt(0), of existence to Chapter 5. It will be clear there that if 

u(0)E1(L), then u(t) also solves equation (4.4), and moreover the solution to (4.5) 

depends (weakly) continuously on the initial data cb so that we can extend our 

martingale characterization to all Oc CVO). 
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Remark 1 (Boundary conditions) 

Suppose that we wish to construct the measure-valued diffusion approximation to 

critical branching processes on some domain GCEld, then on hitting the boundary OG 

of G the particles will be subject to some sort of boundary condition. This will be 

reflected in some sort of boundary condition on functions in g(L) and in turn this will 

be translated into a boundary condition on the evolution equation (4.4). For 

example, if particles are reflected in direction -y on hitting the boundary, then the 

measure-valued process will be characterized by the volution equation (4.4), with the 

additional condition 

au =0
.971aG 

Remark 2 (Continuity) 

Notice that .in the proof of Proposition 4.3 we made no requirement on the 

choice of partition (tt) of [OM. It follows that X(t) has continuous sample 

paths. 

§4.4 Infinite initial measures 

The measure-valued diffusions which we have constructed so far have all taken their 

initial values among the set of finite measures of compact support. In this section we 

indicate how to increase our repertoire to include all finite and some infinite initial 

measures. 

In order to achieve a sensible definition of a measure-valued process started from 
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an infinite measure we should like to avoid the possibility that an infinite amount of 

mass might `cascade in' from infinity in a finite time, and so we do not take arbitrary 

initial values. Instead, we consider measure-valued processes started from classes of 

`tempered' measures analogous to those introduced (for some special cases) by Iscoe, 

Iscoe (1986b). Those details which we omit in constructing these spaces are entirely 

analogous to those in Iscoe's paper, 'though our construction of the process differs 

from his in appealing to Theorem (4.1) rather than proving estimates on our spatial 

diffusion semigroup and appealing to the general theory of Markov processes. 

Recall that each of our measure-valued processes is multiplicative; that is the 

distribution of the process with initial value µ1+µ2 is the distribution of the sum of 

two independent copies of the process with initial values 1111 /12 respectively. A 

natural way then to try to construct the measure-valued process started from an 

initial measure, µ, with infinite support would be to decompose p into a countable 

number of finite measures, {µi} say, of finite (disjoint) supports. We then try to 

construct the measure-valued process started from µ as the limit as n—oo of the 

processes X(n) , where X(n) (0) is given by 

(n) 
= 2_, Pi 

From our Laplace transform characterization of the measure-valued process started 

from µi, the measure-valued process started from p (if it exists) will satisfy 

00 

Ep[exp(— <0,77(0 >)]=11Epi[exp(—< ,q(t) >)] 
2=, 

00 

exp(— <u(t),Iii>) 
i=1 
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= exp( — <u(t),IL>) 

where u satisfies the usual evolution equation with u(0)=0. Thus to avoid the 

problem of `cascading mass' we should choose p in such a way that 

f u(t)dp < co V t> 0, V CK (R d ) 

Unfortunately, u(t) is difficult to write down explicitly. However, we can certainly 

find an upper bound. For example, it is clear from (4.5) that u(t)< Tt u(0) where 

Ttl-t>o, is the semigroup of linear operators corresponding to the spatial diffusion 

part of the process. By our assumptions on L, Tt u(0) is strictly positive on R d for 

each t>0. Further, if 0 /, 02 e CK(R d), then, modulo a constant, Tt cb / (x) and Tt02(x) 

exhibit the same asymptotic behaviour (as a consequence of Assumption (v) on p.15). 

It is natural then to fix ¢0 6- Ct(Rd) and topologize 

✓tb t ={µe✓tU(R d) : f Tt¢dµ<oo VOECK(R d)} 

by the smallest topology making the maps 

¢dµ, OeCK(Rd)UTt cb ol 

continuous. We should like to take an initial value 

µe n At's 
sc(0,00) 
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and show that the corresponding processes { X
(n) 

} n>/ converge in .At for each t>0. 

Remark Notice in particular that if p is an invariant measure for the spatial diffusion 

part of our process, then pE.Att for all t. 

The difficulty is that Att is not complete in the given topology and so we must 

alter our setting slightly. Let Ad=RdU{r} denote the one-point compactification of 

R d, and let A(Rd ) be the space of positive measures on A d. We extend µE.A(Rd) to 

A d by µ({r})=0. Write 

I 

)i 
a t = {0 COi d ) : /x lirn =ce[0,00) extended to Ift d by 0(7)=4 

/--+00111t0 10(0(x

The space 

pe.A0d) : <T-t0,94z>=1T-tOodP+11(T) < c°1 

is topologized by the weakest topology making the maps 

e C K(R d )U Tek 0} continuous [For ka t , pEAt

<0,p> =J

4 <0,1-1>: 

where Qi1, µi are respectively the restrictions to R d of 0, p]. If do is a metric for the 

vague topology on .A1 ,(Rd) (under which it is complete) then it is a routine matter to 

check that 

d(iti,/-12)=d0GLIIRd,tiad)+1<T200,iti — p2>1 
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defines a metric on iit t under which it is complete and separable. 

Considering X (n) as an jilt-valued process, it is easy now to verify the conditions 

of Theorem (4.1). Condition (b) requires no checking since the processes are all 

continuous. Condition (a) follows from the fact that : <Tt b 0,µ><k} is 

compact for each fixed k>0. 

The problem now is to show that if we denote a limit point of {X(n)}7.i>/ by X, 

then Xs(r)=0 a.s. for all s. Let fpnlT__1 be a sequence of CK(R d) valued functions 

with 0<pn <1 and such that pnll as Also, set an =l—pn. Then 

P[X,(7)>O]=E[<x{r},X(s)>] 

limn -n Tt ck o,X(s)>] (by Fatou's Lemma) 

= lirn (<u(s,vnTtOo),µ>) co 

n 
< —+co(< T $(7 n tcb 0),P>) — 

=0 (by the dominated convergence theorem) 

Thus, X is actually ..A1,(R d)-valued. 

It is also easy to see that (with probability 1) if /I e nAts, then XEnAs. For such 

p, we have now shown the existence of an ..A1,(R d)-valued process X(t), characterized 

via its Laplace functionals 
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Ey[exp(— <0 ,X(t)>)]= exp( — <u(t), p>) 

where u solves the usual evolution equation and u(0)=oEncs. It is a simple matter 

now to characterize X as that .A(R d)-valued process whose distribution is the unique 

solution to the martingale problem for L over D([0,00),n-Att). 

§4.5 Homeomorphisms of R d

We close this chapter with a simple observation which will later prove to be a useful 

device in reducing the study of our measure-valued processes with reflecting/absorbing 

boundary conditions to certain special cases. 

Suppose that is a homeomorphism, 0:R d --+Rd, then this induces a natural map 

..4(R d)--..4(Rd) via 

tio(B)=P(0-1(B)) BeS(R d) 

(93(R d) denotes the Borel sets of R d). Thus we can regard '0 as a transformation of 

measure-valued processes. Since 0 maps the paths of a single particle diffusion with 

infinitesimal generator L on Rd to the paths of the diffusion with generator L given 

by 

LEfo 01(x)--= El(0(x)) xeR d

without time change (see Csink&Oksendal (1983) for a more general result), it is easy 
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to see that the measure-valued process with evolution equation (4.4) will be 

transformed into the measure-valued process with evolution equation 

110-11-L -1,u2
at 

-L—but 

where b(x)=b( C 1(x)) 

Remark Of course, we could state this in a great deal more generality —there is no 

reason why we shouldn't take any continuous 0 of the form considered by 

CsinkSzOksendal. 
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Chapter 5. A Solution to the Evolution Equation 

In principal, the characterization of the measure-valued critical branching diffusions 

which we obtained in Chapter 4 should tell us everything we wish to know about the 

distribution of the processes. The difficulty is that the evolution equation is a second 

order non-linear partial differential equation, and we have no simple techniques for 

finding closed solutions to such equations. However, as we show in §5.1, it is possible 

to find a series solution to the evolution equation using a simple iteration technique. 

This approach has the added bonus of yielding expressions for the moments of the 

measure-valued diffusions. The remainder of this chapter is devoted to establishing 

the asymptotic behaviour of these coefficients as t--).c.o. Although we consider several 

disjoint cases, the techniques used are closely related to each other. 

If the spatial diffusion part of our process is transient, then the coefficients of the 

series solution remain bounded for all times t. However, if the spatial diffusion part is 

recurrent, then they grow to infinity as In order to simplify the investigation 

of the asymptotic behaviour, at the beginning of §5.2 we introduce the assumption 

that the branching mechanism, b, of the measure-valued processes should be constant 

(in fact we take this constant to be 1). Chapter 8 includes a brief discussion of the 

effects of dropping this assumption. In §5.2 we use Tauberian theory to obtain 

asymptotic expressions for the coefficients of the series in the case when the spatial 

diffusion part of our process is positive recurrent. These expressions will be a 

fundamental tool in Chapter 7. In §5.3 we consider the more difficult case of a null 

recurrent diffusion. Here, for the purposes of Chapter 6, we will be interested in the 

value of the integral of the coefficient with respect to the invariant measure p of the 
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spatial diffusion given by Assumption (v) on p.15. We will no longer be able to find 

the exact asymptotic behaviour of the coefficients, but nonetheless we can find an 

upper bound on their rate of growth and we can find a lower bound on the rate of 

growth of the second order term. 

§5.1 A Wild sum 

Recall from Chapter 4, that we may consider the so-called `mild' form of the evolution 

equation. 

(5.1) u(t)= Tt u(0)—f o Tt,(b•u(s)2)ds 

where u(0)eCt(R d). Suppose then that u(0) is of the form Aq5 for some A>0. We 

proceed formally. Define a multiplication operator f by 

?(fo g)(t)= —Io Tt_s(b-As)•g(s)) ds 

Equation (5.1) becomes 

(5.2) u(t)=Tt u(0)+S(uou)(t) 

It is easy to prove that I is distributive, but not, in general, associative. We try to 

solve (5.2) iteratively. Define 

uo(t)= Tt u(0) 
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ur+I(t)=. Tt u(0)+T(ur 0 ur)(t) 

It is clear that if the series {ur} r>0 converges to a limit u, then u will solve (5.2). We 

expand the first few members of the sequence. 

U1=210+I(71002L 0 ) 

u2=u0-4((uo +T(uo ou0))o(uo +Y(uo o uo))) 

=u0+S(u0 Ou0)+S(uo+S(uo ou0))+I(S(uo otto)ou0)+I(I(uo ouo)oS(u0 ou0)) 

Continuing in this way, we see a pattern emerging. It is clear that there is a one-to-

one correspondence between terms of the expansion of this type of ur and the set Tr

of ordered binary rooted trees of order less than or equal to 2'. (The reader is 

referred to Appendix D for definitions and results related to such trees.) Indeed we 

may write 

ur(t)= UT(Aq5) 
763 -r 

where { UT (A0)} are defined inductively as follows. If r e is the tree of order 1 and 

7/ or2 denotes the tree formed by linking the roots of trees r 1 and r2 to a common 

root (thus forming a tree of order ) then 

(4'00= Tt sb 
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(1;1°72 (Acb)=Y(Url(Ack)o U72(4))(t) 

Formally then 

(5.3) u(t)= Ut(tcb)=L 
TeX reT 

171 MO 

is a solution to (5.2) (the sum being over all ordered binary rooted trees). 

Remark Sums of this type are often called Wild sums. Wild (1951) used this 

construction to produce a series solution of Boltzmann's equation. 

We investigate the convergence of this power series. Let us begin by supposing 

that cb is of the form 0 =x K (the indicator function of the set K) for some compact set 

KCIR d. Write T(t) for the maximum expected sojourn time up to time t of a particle 

moving under the diffusion generated by L in the set K; the maximum being taken 

over all initial positions of the particle. Then 

Ut e°Te=f t r t _3(b• Ts(AxK)• Ts(AXK))dS 
0 

< 6.A2.2'(/)•(TaK)(x) where 6 = supb(x) 

Proceeding inductively, we have 

IMAXK)(x)15_ A Ir I (b T(t))11.1 1( Ta K)(x) 
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Now, from Theorem (D.1), if C(n) denotes the number of ordered binary rooted trees 

of order n, then the series 

E C(n) An b T(t))n-1
n=1 

is convergent for AT) T(t) < 14. Thus, for A <  8bT(t)' say

E u(Ax„)(x) reT 

is absolutely and uniformly (in both A and x) convergent to a uniformly bounded 

limit. 

Obviously, we can find a corresponding bound on A for any Oc CK(R d) : the series 

solution is certainly absolutely and uniformly convergent for AVT(t)•supl0(x)1<i-
8' 

where T(t) is the maximum expected sojourn time of a particle moving under the 

spatial diffusion in suppq5. 

Remark Notice then that if L is the generator of a transient diffusion process on R d, 

then T(t) is finite for all t, and so for sufficiently small A, our series solution to the 

evolution equation is valid for all times t. If the diffusion is recurrent, then (as we 

would guess from above and will follow from §5.2 and §5.3) we cannot find sufficiently 

small A that the series solution should' be valid for all time. However, as we shall see, 

this doesn't render the solution useless even for analysing asymptotic behaviour of the 

measure-valued processes. 
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An important aspect of the series solution is that repeatedly differentiating our 

expression for Ex(0)[exp(—<A0,X(t)>)] with respect to A and evaluating at A=0 

yields expressions for the moments of the measure-valued process in terms of the 

coefficients of the power series. Moreover, it is no more difficult to establish joint 

distributions. For example, to calculate 

E[<0 /,X(t)>•<02,X(t)>-...-<On,X(t)>] 

we consider the evolution equation with initial condition 

u(0)=A /0 / -i-A202-1-...+Ansbn 

and differentiate in turn in A i,...,An and evaluate at A1=A2=...=An =0. 

§5.2 Asymptotic estimates : Positive recurrent spatial diffusion 

In theory we could now write down an expression for any moment of the measure-

valued branching process in terms of the linear semigroup corresponding to its spatial 

diffusion part. In practice, of course, this would be a tedious exercise. Instead we 

satisfy ourselves with establishing some asymptotic estimates for the coefficients of 

our power series. We are interested in the case where the spatial diffusion part of the 

process is recurrent. In order to simplify our calculations, 

For the remainder of the thesis we assume the branching mechanism of the measure-

valued process to be constant. 

Indeed we may as well set bEl. 
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Suppose that a is the density of a positive measure A concentrated on (0,00). We 

write A(x) for A{(0,4} and use co(A) to denote the Laplace transform of A. 

co
w(A)=1.

°° 
0 exp(—Ax)A(dx)= o exp(—Ax)a(x)dx 

Our calculations rest on the application of the following results from Tauberian theory 

(see, for example, Feller (1966) Vol. 2, ChapterXlll). Recall once more that a 

function 1(t) on (0,00) is said to be slowly varying at infinity if for every fixed x, 

1(tx).1
1(t) 

as t---).co 

Theorem 5.1 If 1 is slowly varying at infinity and 0<p<oo, then each of the relations 

(5.4) co(r)—

(5.5) Am-r(i)±1) ek0

implies the other (where I' is Euler's gamma fuction). 

t--+oo 

Theorem 5.2 Let 0< p < oo. If a is ultimately monotone then as 0 and x--+ao, 

respectively, 

(5.6) cv(A),-- 31—tp /(a) if a(x).-• r
(
p)xP-11(x) 
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Corollary 5.3 Suppose that a is ultimately monotone. If (5.5) holds with p>0 then 

(5.7) a(x)— 
pA(x)

x 

Let us then consider the coefficients of the series solution to the evolution equation in 

the case where the spatial diffusion part of the process is a positive recurrent 

diffusion. From the assumptions on p.15 we then know that 

t TsOds----jcbdp 0 as t--,00 

where p is a non-trivial invariant measure of the spatial diffusion. Corollary 5.3 then 

implies that 

(5.8) Tt cb ,,,f0dp as 

Observe also that if we define the resolvent RA corresponding to the semigroup 

{T-t}t≥o in the usual way, then from Theorem 5.1 

co 
(5.9) ARAO=Af exp(—A.s)Tscbds-,r(2).1 Odp=f Odµ as A --*0 

Our first aim is to estimate 1(4804 Now an application of Theorem 5.2 and (5.8) 

yields 
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exp( As)T T cls--1' (1)—( .1 cbdp I — s s A 

and from an application of Theorem 5.1 

ft Ts.: k • Tscbds,-t rr(2)(1) (f0dp)2

We integrate w.r.t. p to obtain 

(5.10) I I Tscb • Tslidsdp—t r(1)(fg5d,u )2r(2) 

)2 as A 

as t--+oo 

as t—+oo 

(Strictly speaking we justify this by dividing by t and applying the Dominated 

Convergence Theorem.) 

We now use (5.9) to arrive at an asymptotic expression for LTIO. Observe then that 

co co 
exp(— At)f Tt_s ( T s • T ds dt= o o exp(— A r) exp(— As) Tr( T .75 • T s 0) dsdr 

co 
= RA

(J
. exp(-As)T30. TsO)ds) 

—IA-(j: exp(-As)( cb Ts • Ts0 dp)ds) as A--4) 

— 1 r(1)(fodpyr(2) 
a a r(2)kJ 

using (5.10) and an application of Theorem 5.1. Theorem 5.2 now yields 

as A--4.0 
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I
(i)(5.11) j Tt_,( Tso• Tscods—t• r(2)( jodit

i.e. ito Utrscbds--t.(fcbdp 

2 

) 2

We can now repeat this procedure to obtain higher order terms. We are going to 

apply an inductive argument. Suppose then that for two trees r1 and r2, we have 

established that 

as t--+oo 

Write r=r _t or 2. Then in exactly the same way as above we begin by applying 

Theorem 5.2 to obtain 

f xp(—As)(17, 10. Urs2Ods—CiC2e A Yr11(1 
Occe 

Y r/ cart-1) 

and then by an application of Theorem 5.1 

ft

US10. Us 2 0C1S^ 'CiCit ill-1 (f cbdiir r(ir  I —1)

0 ail) 

Applying the Dominated Convergence Theorem this time yields 

and then 

Urs -lcb- US2 cb dsdp—C1C2t11+ 1( .1 Odit)Iri r(I TI —1)
r(171) 
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Jo exp(- At) (qc b dt— 
1

C C ( 1 ) 171-1( .1 Od)  !ITV) r(Id) as a -->o 

and finally using Theorem 5.2 

—11) C C 1-1( d 1.1)1r 1 as A-40 UTO — C./ C2tH-i(f odityr/r
( 

(171 —
(ITIrH)  1 2

Thus the asymptotic behaviour of two trees of the same order is, modulo a 

constant multiple, the same. Let us then establish the asymptotic behaviour of the 

sum, un(t), of the coefficients of our series solution to the evolution equation which 

correspond to trees of order n. Now, there is only one tree of order one, and so we 

have already established the behaviour of u1(t). We continue inductively. Suppose 

that we have established that for all 7n<n 

tern(t)—(—t)m-1(f c5dµ)m as t—HDo 

Every tree of order n is built up in a unique way from the two trees of lower order 

obtained by removing its root, and so from the calculation above it is easy to see that 

un(i) 22_1 (  (7 2 t2ni A j Odp) 71 =(—i) n-i (jOdlir 

Our proof actually yields more than this. We also have that 

as t---oo 

(5.12) J un(t)dµ ,-, (—t)n-1(f Odµ) n as t—i-co 
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§5.3 Asymptotic estimates : Null recurrent spatial diffusion 

We now turn to the case of a null recurrent spatial diffusion. As we shall see matters 

are considerably more difficult. In particular, we will no longer have the use of the 

Dominated Convergence Theorem, so that while we can still find upper bounds on the 

rate of growth of coefficients, exact evaluations would almost certainly require a 

precise knowledge of the transition probabilities of the spatial motion. 

Let us begin with the important special case when the spatial diffusion is plane 

Brownian motion —in this case we have 

and 

f lo TsOds,-, - logt 
27r 

as t--*oo 

Tt0- 24--rt 10dp as t-+OO 

where it is now Lebesgue measure on R2 (we have taken the generator of Brownian 

motion to be -1A). Using the known form of the transition probabilities for Brownian 2 

motion, it is straightforward in this case to calculate the integral with respect toµ of 

the second order term in the series expansion 

2

—fulsodit= fi 0 thexP( lu 2s I 0(u)0(v)µ(du)µ(dv)ds 

(see Dawson (1977) —his calculation is not affected by dropping the assumption that 0 

has compact support and for fixed t it does not matter that we have not made his 
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assumption of transience!). Asymptotically then 

—J 
UtrsOdp-4-- /(t)(f 0dµ)2 as t-- .00 

For a symmetric stable process of index a, the factor of 1/2 is replaced by one of 

2
-a/2

, so that one might conjecture that for all recurrent spatial diffusions we can find 

a constant 13 with 0<#<1 such that 

(5.13) — J Ult*sOdp≥fikt)(f0dp)2 as t--+00 

One of our aims in this section is to prove that this is indeed the case. 

An important difference between the asymptotic bounds which we obtain here and 

the estimates used in §5.1 to establish convergence of the series (5.3) is that the 

essential ingredient in these asymptotic expressions will not be expressed in terms of 

the sojourn time of a particle moving under the spatial diffusion in suppu(0), but will 

instead depend on f u(0)dp, where p is the invariant measure of the spatial diffusion 

given by Assumption (v) on p.15. This means that we need not restrict our attention 

to u(0) of compact support. This will be crucial in Chapter 6. 

We will begin by establishing (5.13). We adopt a strategy closely related to that 

of §5.3. By assumption, there is a function h(t) with h(t)--+co as t—*co for which 

where 

1  t
h(t)1 oTscbds—jcbdit 
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h(t)—tP 1(t) as t--4 O.O

for some slowly varying function / and some 0<p<1. Using Theorem 5.1 we see that 

this implies 

co 
(5.14) RAO=f 0 exp(—As)TsOds—(15,-)P /(i)r(p+l)fcbdit as A--+0 

(where RAis again the resolvent). 

We divide the proof into two parts, p>0 and p=0. 

Let us begin with the second order term in the case when p>0. In this case we 

can apply Corollary 5.3 and we see that 

Tt
ph(t)

ck as t--oo 

Consider then Ett-scb. It is a trivial application of Jensen's inequality to see that 

ft
(5.15) — ritrsqSa, Tt_8(T.4.T4)ds≥t(Tt0)2,-- .p 2h(t) Jbdp)2 

Jo 
as t--).00 

We can now reverse the procedure of (5.10) to (5.11). Applying then (in order) 

Theorem 5.2, (5.14) and Theorem 5.1 we deduce that 

1p)2
(5.16) t T g5- Tscbdsdp>  p r(2 

' 
h(t)(f 

d 
0 - (r(

2 
p+) ) 

It is well known (see e.g. Feller (1966) Vol.II Chapter 2) that 
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P2r(2p) r(2P)  -
(f

1 p-/ 
(r(P+1))2-(r(p))2- 0 9 ( 1-60 P 1de 

and this is obviously monotone increasing in p. Thus (5.16) is of the required form. 

In the case p=0, the estimate in (5.15) is too crude and we can no longer use 

Corollary 5.3. However, we are able to employ a very similar argument. Suppose 

then that we can show that for some /3>0, 

(5.17) —IT UTs dt fikT)2 (f 00)2
0 

as T-4 co 

We again reverse the steps from (5.10) to (5.11) except that we must apply Theorem 

5.1 in place of Theorem 5.2 to deduce that 

— I Utsck dµ—(dl(t)(jdidµ)2 as t---oo 

which is of the required form. Our aim then is to prove (5.17). Rather than give a 

detailed general result, we shall indicate the technique by means of an example. 

Suppose then that 1(t)=logt. It is an easy exercise to prove that 3e,e'>0 (both 

independent of cb) for which, 

and setting f(T)= T2, 

fT f t Ts0. Ts0dsdt>e(logt)2( .10dp) 
0 0 

i
f(T) Ts0. Ts0ds>e' Tscb• Ts0ds 

0 
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Observe that 

f(T) fCr) f(T)-u 
- Ut s di= .1 

o 
Tu(T80 • Tscb)dsdu 

o 

Now 

f f(T) ff(T)-u T (ff(T)-u 

Jo Jo 
Tu(T30. Tscb)dsdu≥ o f Tu o Ts0. TsOds)du 

> IT ff,_T 
(Tu+30)2 dsdu 

JO U° 

f T (fCT) 
T Ts cbdsdu 

JOJT 

IT fT 
>e' Ts c¢ T30 dsdu 

JJ 0 JO 

>ee' (log T)2 (10 4) 2 as T--co 

Now log(T2)=2logT implies the result (with /3=e614). 

Let us then establish upper bounds for the rate of increase of the terms of the 

expansion. Now, from §5.1, we know that if 0=xK (the indicator function of a 

compact set) then 

JUtr 3 X K ≤T(t)(fxK dp) 
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where T(t) denotes the maximum expected sojourn time in the set K of a particle 

moving under the spatial diffusion corresponding to Tv Observe that 

T(t) = max 
o

T X K(x) ds 11(0 d 

A density argument and linearity of Tt then yield 

J Ct.' d p ≤h(t)(Jcdµ) 

Finally, an induction identical to that of §5.1 leads to 

fun(t)dp 

2 

≤ C(n)h(t)n -1( fc b d pr 

as t---).00 

as t---co,V0eCb(Rd) 

as t--).co 

where, as usual, un denotes the sum of the coefficients of the series corresponding to 

trees of order n and C(n) denotes the number of trees of order n. 
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Chapter 6. Asymptotic Behaviour of the Measure-valued Diffusions 

In this chapter we investigate the asymptotic behaviour of the measure-valued 

diffusions constructed in Chapter 4. We begin in §6.1 with the simple case of a 

process with finite initial mass. In this case it is easily shown that the process suffers 

extinction; i.e. the total mass tends to zero as time increases to infinity. We therefore 

turn to infinite initial masses in search of interesting asymptotic behaviour. From the 

biological point of view, it is interesting to establish the existence or non-existence of 

non-trivial limiting distributions for this type of model. If such non-trivial limits do 

exist, then we should expect their domains of attraction to be dependent on the 

spatial diffusion part of the process. An obvious strategy then is to start one of these 

processes off from an invariant measure of the spatial diffusion and see if (at least for 

some values of the branching function b), the processes converge. In the special case 

where the spatial diffusion is Brownian motion or a symmetric stable process, this 

problem was investigated by Dawson (1977). In this case it is observed that there is 

a dichotomy between those processes whose spatial diffusion part is transient and 

those whose spatial diffusion part is recurrent. Perhaps surprisingly at first sight, the 

measure-valued diffusion has a non-trivial limiting distribution if the spatial diffusion 

is transient, but suffers local extinction —that is the expected amount of mass in any 

compact set tends to zero —if the spatial diffusion is recurrent. Intuitively, the 

explanation for this is simply that the transient process is constantly able to 

`recharge' the finite set with mass which was initially residing at infinity. In §6.2 we 

extend Dawson's proof that if the spatial diffusion part of the measure-valued 

diffusion is transient, then the process started from a non-trivial invariant measure of 
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this diffusion has a non-trivial limiting distribution to processes with general transient 

spatial diffusions. In §6.3 we consider the case where the spatial diffusion is recurrent. 

Here Dawson's proof rests heavily on a precise knowledge of the transition 

probabilities of Brownian motion and the symmetric stable processes and so we are 

forced to adopt a different approach. The method which we employ mimics the proof 

in the transient case in that it uses the series expansion of the evolution equation, but 

since the range of initial values for which such a solution is valid decreases with time, 

we cannot find an exact asymptotic expression for the solution in this way and our 

argument rests on sublinearity and the estimates obtained in Chapter 5. It is no 

surprise that the dichotomy extends to this general case —and in fact we do not need 

to restrict ourselves to local extinction in the recurrent case; instead we show that if µ 

denotes an invariant measure of the spatial diffusion part of the process, then the 

integral of any µ-integrable function with respect to the process tends to zero as 

t--400. This result can be considered as the continuous analogue of the corresponding 

result for critical cluster fields (Kallenberg (1975)) where the clusters are replaced by 

random measures. 

In §6.4 we briefly consider the corresponding results for processes on regions with 

a boundary. 

§6.1 Processes with finite initial measures 

If we are considering finite measure-valued processes, then we may find the 

distribution of their total mass process by setting u(0) -_--.-1, in the evolution equation. 

By assumption we have that 

b =iry b(x)<oo 
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and so it is certainly the case that 

li(t,x) v(t,x) Vt>0, VxeRd

where v solves 

L bat . V— inf  V2 

v(0) = u(0) 

Hence if ui, v1 denote the solutions to these evolution equations with u(0)=1=v(0), 

then 

u(t) v(t)= b inft +1 

and then since the initial measure it is assumed finite, 

fu(t)dµ—>0 as t—oo 

i.e. the measure-valued process dies out. 

§6.2 Infinite initial measures : Transient spatial motion 

Let us turn now to infinite initial measures. In Rosen (1975), it is established that for 

the Dawson process in R3, there is a positive lower bound on the total mass in a given 
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compact set —the bound being uniform in t ('though he considers the evolution 

equation in a different context). We can therefore expect a non-trivial limiting 

distribution for this process. In Dawson (1977) this is confirmed. Furthermore, it is 

shown there that the result extends to the class of transient symmetric stable 

processes. In this section we prove the analogous result for measure-valued processes 

with general transient spatial diffusions (subject to the conditions of §3.1 and with the 

branching function bz--_-1). The proof is closely related to that of Dawson. Here, 

however, in order to be consistent with our previous work we use Laplace transforms 

in place of his characteristic functionals. Most of the work was done in Chapter 5! 

Theorem 6.1(a) Suppose that the spatial diffusion part of the measure-valued process 

with generator L is a transient diffusion on !R d with non-trivial invariant measure µ. 

Then the L-process with initial value p has a non-trivial limiting distribution. 

Remark Recall from §4.4 that the measure-valued process with this initial measure 

does exist! 

The proof will be a simple consequence of the results of Chapter 5 and the following 

well-known result. 

Theorem 6.2 (see Feller (1966) Vol.II, Chapter XIII, Theorem 2) 

For n=1, 2, ... let Fri be a probability distribution with Laplace transform (bn• 

(a) If Fn -+F where F is a possibly defective distribution with Laplace transform 

then On(A)—+O(A) for a>0. 

(b) Conversely, if the sequence { cbn(A)} converges for each A>CI to a limit OW, 

68 



then ON is the transform of a possibly defective distribution F, and F,,, —+F. 

The limit F is not defective iff ON 1 as A --+O. 

Proof of 6.1(a) Recall once more our Laplace transform characterization of the 

measure-valued process 

Em[exp(—<A0,X(t)>)}=exp(—GuA(t),11>) 

where uA(t) solves the usual evolution equation with u(0)=Acb. 

In order to apply Theorem 6.2, we should like to see that f ux(t)dit converges to a 

finite limit as t—+oo for each A>0. But observe that this expression is monotone 

decreasing in t, and 

juA(t)dp≤ .1.A0dp 

Therefore the integral does indeed converge to a bounded limit for each a and (by 

considering arbitrary subsequences ti of times) we may deduce from Theorem 6.2(b) 

the existence of a limiting distribution. We must establish that this limit is non-

trivial. 

Recall (from Chapter 5) that for sufficiently small a, we can write down uA(t) as a 

power series in a whose coefficients are expressed in terms of the linear semigroup 

corresponding to the spatial diffusion part of the process. 

uA(t)=E Air/ UTO 
r 
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Let ¢ be the indicator function of a compact set KCOR d, then if T(t) denotes, as usual, 

the maximum expected sojourn time up to time t of a particle in K, this series 

converges absolutely and uniformly for )<1/(8T(t)). Since the process is transient, 

T(t)<T for some T>0 (uniformly in t). Therefore we can integrate term by term to 

obtain an expression for f uA(t)d p —this series also converges for A<1/(8T). That the 

limiting distribution is non-trivial follows since the coefficients of the series are not all 

zero, so for at least some a, the series has a non-trivial finite sum. 

Since all the coefficients in the series are bounded, it is clear that this limiting 

distribution is not defective. 

Remark In the special case of the Dawson process we can obviously say a lot more 

about the limiting distribution. For example, it is clear that it is spatially 

homogeneous. 

§6.3 Infinite initial measures : Recurrent spatial motion 

Consider now the case where the spatial diffusion corresponding to Tt is null recurrent 

(the case of positive recurrence being covered by §6.1). We will prove the following 

Theorem 6.1(b) Suppose that the spatial diffusion part of the L-superprocess is a 

recurrent diffusion on R d with non-trivial invariant measure µ. Then the L-

superprocess with initial value p has no non-trivial limiting distribution. 

Our proof requires a lemma. 
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Lemma 6.3 Suppose that /3>0. Then we can find ae(0,1) with 

1441-Ea-41.--a)<1±V 

Proof Equivalently we seek a for which 

2<( af3  
1+-16 )(11-1-a-FAil—a) 

Notice then that the function on the right hand side is smooth on [0,1) and is equal to 

2 at 0, with strictly positive first derivative at O. The result follows. 

Proof of 6.1(b) Again most of the work was done in Chapter 5. We argue by 

contradiction. Suppose that the process does converge to a non-trivial limit. Then, 

by Theorem 6.2(a), we must have that for any cbeCb(R d), fu(t)dµ converges to a 

finite limit as t—i.00 and furthermore this limit is non-trivial for at least some 00. Let 

us choose such a cb o, and suppose that T is chosen sufficiently large that 

fu(T)d p<tlimoof u(t) d 

where ,3 is chosen (as in (5.13)) in such a way that (V0eCt(R d)) 

J U;s0dp≥Oh(t)(jOdp)2 as t—+co 

and a is chosen as in Lemma 6.3. We show that there is a finite time at which 
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l')dp<(1— 
)1u(T)d11 

and, since f u(t)dµ is monotone, thereby arrive at a contradiction. 

Consider once again the series solution to the evolution equation. Since the 

spatial diffusion is recurrent, we have seen that we cannot find a>0 for which the 

power series expansion for ux(t) converges for all t. However, for fixed t>0, we do 

have convergence for A=A(t)<(4h(t)f Odµ)"1. We set cb=ii(T) in this series and for 

convenience of notation consider our time scale to have `restarted' with T=O. We 

will exploit the sublinearity of the evolution equation. Observe then that for A<1, 

ui(t)≤1A-"ux(t) 

We set 

A(t) 4h(071,0dii 0<a<1 —e 

(where e is a small positive constant). From Chapter 5, for this value of a we may 

express f co( t)dp/ A( t) as a series. (The role of e is to ensure that we are strictly 

within the radius of convergence of the power series for ux(o(t), so that we may 

interchange the order of integration and summation.) Consider the first two terms 

A(t) 
e (t(t)cb) d ft= idµ 

A(t) 
C 

U1:13 (A(t)cb)dp .. — A(t),Oh(t)(1. ci 2 ¢dµ 
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Thus, at least for sufficiently large T, the contribution to the sum from the first two 

terms is bounded above by 

r(1— 2a .4) .104 

Consider then the sum of the remaining positive terms of the series. These come from 

trees of odd order and from Chapter 5 we have that 

Urt (A(t)q5)dp ≤h(t)1r1-1(a(t) f gdp)1rI as t-9.00 

From Appendix D, if C(n) denotes the number of binary rooted trees of order n, then 

00 E C(n)(0=-21(1-41-40) 
n=1 

Thus the sum of the positive terms of order greater than one in our expansion of 

fuAo)c/p/A(t) is bounded above (for large enough t) by 

(-14(.4-Fa-4—a)—i)10dp4, 

But by our choice of a, this is less than 

al3 16 JO dp 

and this leads us to the required contradiction. 
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Remark The proof above uses the crudest of estimates and so almost certainly 

disguises the rather rapid rate of decay of the process at least in a compact set. We 

will return to this rate of decay again in §7.5 and in Chapter 8. 

§6.4 Regions with boundaries 

Let us consider briefly what these results imply for a region with a boundary. 

Obviously if the region is finite then no matter what boundary condition we impose, 

then the process will become extinct. On an infinite region we can however deduce 

more. 

As an example, suppose that we have a measure-valued diffusion on the upper half 

plane with normal reflection at the boundary. Consider the following construction. 

Take a copy of the whole plane with the coefficients of spatial diffusion and branching 

defined symmetrically about the x-axis, and construct the measure-valued diffusion 

with these coefficients. `Folding' the lower half plane onto the upper half plane by 

projecting along the y-axis yields the measure-valued diffusion with reflecting 

boundary conditions. The existence or non-existence of a limiting distribution is then 

reduced to the corresponding problem for this process on the whole plane. Using §4.5 

(or rather its analogue for regions with boundaries) we can obviously extend this 

`doubling and projecting' technique considerably. 

For a region with absorbing boundary conditions, extinction is clearly `more 

likely'. Obviously if the spatial diffusion part of the process is recurrent, then 

extinction is certain. However, our results do not allow us to deduce anything when 

the spatial diffusion is transient. The obvious `test case' is the Dawson process on a 

half-space with absorbing boundary condition. It is an easy exercise to check that 

even if the branching coefficient is set to zero, this process will suffer local extinction 
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in any dimension and obviously then the same is true for any process equivalent to 

the Dawson process in the sense that we can apply §4.5. No result has yet been 

established for the general case. 
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Chapter 7. Measure-valued Diffusions with Immigration 

We saw in Chapter 6 that if we start from a finite initial mass, then our measure-

valued diffusion processes will suffer extinction and that this can happen even for an 

infinite initial mass. However, it would still be of interest to find some sort of 

`natural' limiting spatial distribution of the processes. We will see in §7.1 that we 

cannot find a scaling function f(t), say, for which f(t)X(t) converges to a non-trivial 

limit, and so we are led to seek some means of `keeping the processes alive'. 

Mathematically at least, the obvious thing to try is conditioning on non-extinction. 

However, this is physically unappealing since we would be conditioning on an event 

whose probability is tending to zero as time increases and so we turn to the biological 

models themselves for inspiration. Recall from Chapter 2 that our branching 

diffusions may model for example the spread of a rare mutant gene in a large normal 

background or of a small epidemic in a large susceptible population. As we remarked 

there, in either case, one might expect that rather than a single injection of the rare 

individuals or infectives into the population, there would be a continuous process of 

creation (at a possibly time-varying rate). This leads us to consider a discrete particle 

branching diffusion with a process of `immigration'. We take this process of 

immigration to be a Poisson process of mass creation. In §7.2 we find a measure-

valued diffusion approximation to these discrete particle processes under a rescaling 

compatible with that used to construct the measure-valued diffusions without 

immigration. We show that this diffusion approximation can also be characterized 

via a deterministic dual process which is obtained simply by integrating the solution 

to the usual evolution equation with respect to time. 
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In §7.3, we consider the total mass of a finite measure-valued diffusion process 

with immigration and write down a rate of immigration for which the total mass of 

the measure-valued process with immigration converges to a non-trivial limit. 

If we are modelling the spread of a rare mutant population, it is most likely that 

we shall be modelling a constant rate of immigration. Although in this case the 

process explodes in the limit as time tends to infinity, unlike the process without 

immigration the process with a constant rate of immigration can be rescaled. The 

simple calculation in §7.3 shows that if XI(t) denotes the process with immigration, 

then IX/(t)l/t converges in distribution to a non-trivial limit. 

For a critical Galton-watson process {Z(n)},,,,i, it is well known that the effect on 

the limit law of Z(n)/n of immigrating at the constant rate (72/2 (where o-2 is the 

variance of the branching mechanism of the process) is the same as that of 

conditioning the process without immigration on non-extinction (see, for example, 

Athreya&Ney (1972) Chapter VI, §7). In §7.4 we prove the corresponding result for 

our measure-valued diffusions with immigration on finite regions of R d and in §7.5 we 

compare the two effects on processes on infinite regions. We will see that further to 

the dichotomy already established in Chapter 6 between processes with transient and 

recurrent spatial diffusions, there is a division of behaviour of the processes with null 

recurrent and positive recurrent spatial diffusions. 

§7.1 Scaling functions 

Even 'though a measure-valued diffusion started from some finite initial measure µ 

suffers extinction, we might hope to glean some information from observing `how the 

process dies'. For example, we might hope to find a function f(t) for whichf(t)X(t) 

converges to some non-trivial limit as t--o.00. However, it is easy to see that this is 
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impossible. As usual we set bE-1. Recall from §6.1 that if we solve the evolution 

equation for the process with u(0)a- C for some constant C>0, then 

u( et+ 

Thus for a finite initial measure 

EA[exp(— <1.,f(t)X(t)>)]= exp( I µIf(t) 
tf(t)+ 1) 

so that existence of a function f for which f(t)X(t) has a non-trivial limiting 

distribution implies existence of a function f for which 

f(t) 
tf(t)+1-4a

Therefore we cannot find such a scaling function. 

§7.2 The processes with immigration : Definition and characterization 

Let us then consider branching diffusion processes with immigration. We begin by 

describing the discrete particle models. These are branching diffusions with a Poisson 

process of mass creation. Let us suppose that immigration occurs at a possibly time-

variable rate p(t) with distribution µ. i.e. The probability that a new particle is 

created in an element of space Ax in the time interval [t,t-F8t) is 

p(t)Stµ(Ox)+o(Stµ(Ax)). Once inside the domain the particles obey the usual 

for some 0<a<00 

branching diffusion laws. We denote by Ep,p the expectation operator corresponding 

to the discrete process with immigration at rate p with distribution µ where the 
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domain is supposed to be initially empty. We can obviously use the multiplicativity 

of the process to generalize this to the case where there is already mass in the domain 

at time zero. 

It will be convenient to write 

(7.1) Gt(flx)=E5x[exp(<logf,X(t)>)] fE Cb(R d), 0<f<1 

Let us begin with the case when pE--,constant and the domain is finite. Then 

Eip'11,[exp<logf,X(t)>]=Eipclii(Eip, lijexp(<logf,X(0>)Ithere are n immigrants in 

[0,t) with times and locations of immigration (xi,si), • • • (xn,sn)1) 

(7.2) 

n 

= Ek itl[ri Gt-si(tlxi)] 

n=0 

exp(—pt•it(G))(pt•p(G))n f -r ft clit( s• 
Gt_3.(fl xi ) 

n! ofG 
P(G)x•) d "t

=exp(—pt•p(G))-exp(pf oLG t_3(fix)dp(x)ds) 

(7.3) =exp(—pf of G(1— Gs(fl x))dp(x)ds) 

If the rate of immigration is not constant, then pt in (7.2) is replaced by 

ds• . 
tZ is replaced by 

p(si)dsi
t f 

J 0p(s)ds 
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Equation (7.3) then becomes 

(7.4) exp( — Gp(t—s)(1— Gs(fix))dp(x)ds) 

We can also overcome the restriction of a finite domain by considering the effect of 

immigrating into an increasing sequence of domains Gn and taking the weak limit of 

the processes obtained in this way as n--+oo. Equation (7.4) remains unchanged 

under this limit. 

Remark As usual we have tacitly assumed the existence of the processes, but as 

before we could use the one-dimensional distributions derived above to define the 

processes and then appeal to the general theory of Markov processes to confirm that 

they really are the one-dimensional distributions of a strong Markov process. 

We now turn to the problem of constructing a diffusion approximation to these 

discrete particle processes with immigration. We should like to use a rescaling which 

is compatible with the Feller rescaling used for the processes without immigration. At 

the nth stage we therefore take the mass of each particle to be 1/n and the branching 

rate to be nV(x), and further we suppose the immigration to be taking place at rate 

n np. Let Ep/,,i2 denote the expectation operator of the nth rescaling and let Gs flx) be 

the obvious extension of (7.1). Then 

(7.5) Ei,;r4[exp(<logfn,X(t)>)1=exp(-10 f G np(t—s)(1—{GrAfn ix)} 1/n ) dii(x)ds 
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Set fn= , so that 

exp(<logf,,,X(t)>)—+ exp(—<0,X(t)>) 

Now, from the convergence of the sequence of processes without immigration 

G78'(fnix)-4E6.[exp(—<0,X(s)>)] 

=exp(—u(s,x)) 

where u(s,x) solves the usual evolution equation (4.5). Therefore the right hand side 

of (7.5) converges and 

r.h.s. of (7.5)—exp(_ rJ  G p(t—s)u(s,x)duds) 
0

as n-3.00 

Denoting the expectation operator of the limiting process (if it exists) by E-L,p, we see 

that 

(7.6) Ef,,„[exp(—<0,X(t)>)]=exp(—f 
-t 
op(t—s)<u(s),p>ds) 

where tt(s) solves the evolution equation for the process without immigration. Of 

course, we should really follow the same strategy as that adopted in Chapter 4 and 

prove that the sequence of processes obtained under this rescaling is relatively weakly 

compact. Granted this, we then know that the distribution of any limit point satisfies 

(7.6) and thus, since we have already established uniqueness of the solution u(t) to 

81 



the evolution equation for the process without immigration, such a limit point must 

be unique. The details of relative compactness are omitted. They are very similar to 

those given in Chapter 4. 

§7.3 The total mass of the process with immigration 

Having constructed the measure-valued process with immigration, let us now establish 

whether it is worth pursuing this line of investigation in search of a non-trivial 

limiting distribution. We devote this section to the total mass process of a finite 

measure-valued branching diffusion process with immigration. As we have already 

seen, setting u(0):.---.0 in the evolution equation yields 

to)=ct .f+-1 

Thus the expected total mass at time t of the process with immigration, denoted 

X-T(t)I, is given by 

(7.7) E[exp(—CIXT(t)l)]=exp(— ft (cP(t—s))d8 J 0 cs+  1- 

If we choose, for example, p(t)=(log(t+2))-1, then it is not difficult to check (using, 

for example, the sandwich principle) that this expression converges as t---+oo to a finite 

limit (in fact, the limit is 1 if C=1 in this case). Thus there do exist rates of 

immigration for which the total mass of the process converges to a non-trivial, finite 

limit and we could reasonably expect in such cases that the processes with 

immigration might have a non-trivial limiting distribution. However, the rates of 

immigration for which this occurs seem somewhat contrived and at least from a 
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physical point of view not very natural —if we are modelling the spread of a rare 

mutant gene we would be much more likely to consider a constant rate of 

immigration. The rest of the chapter will be devoted to this special case. 

From (7.7), it is clear that the mass of a measure-valued diffusion with a constant 

rate of immigration is unbounded in the limit as t-4-co. However, in this case we can 

find a rescaling : setting C=1/t in (7.7), we see that the total mass of X(t)/t 

converges in distribution to a non-trivial finite limit as t—+oo. 

§7.4 Conditioning on non-extinction : Finite regions 

Of course, the existence of a non-trivial limiting distribution for the total mass of a 

rescaled measure-valued diffusion does not necessarily imply the existence of a non-

trivial limit for the process itself. In this section we consider such processes on finite 

regions of R d when the distribution of immigration is chosen to be a non-trivial 

invariant measure of their spatial diffusion part. Using the asymptotic evaluation of 

the coefficients of the series solution to the evolution equation for the process without 

immigration which was obtained in Chapter 5 we show that, in this case, not only do 

we have a non-trivial limiting distribution for these rescaled processes, but also that 

they provide a nice physical interpretation of conditioning the processes without 

immigration on non-extinction. 

Consider then 

X(t) 
EP,, [exp(— =exp( Jo<uA/t(s),p>ds) 

where uvt solves the usual evolution equation with uvt (0):--..-A/t. In the notation of 

Chapter 5, at least if .\ /t is sufficiently small, we may write this 
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(7.8) 
t)

Yr/ sO,pdsE-Tp,i,[exp(—(Acb,  ( t ))]=exp t e -
reT 

Now, if then the series on the right is uniformly convergent in t so that we 

can interchange the order of integration and summation and the asymptotic 

expressions of Chapter 5 then give an asymptotic expression for the right hand side of 

(7.8). 

( 
(7.9) Elp,p[exp(--(A0,Xt)t))]—exp(pE 

n(—)tJ 
cb dµ 

n=1 
)n) 

We can now use this expression to calculate the moments of the rescaled process with 

immigration. Our next aim is to show that if p is appropriately chosen, then the 

moments of this process are the same as those of the process without immigration 

conditioned on non-extinction. 

Let us consider then the process without immigration conditioned on non-

extinction. We will need to know the value of Pp[<1,X(t)> 00]. 

11) 0[<1,X(t)>=0]=7./im. EA[exp(—<r,X(t)>)1 

Solving the evolution equation with u(0)Er and allowing r to tend to infinity yields 

rrtit+(G1))= PT) ± 00) P,,,[<1,X(t)>00]=1-7.limo.exp( 

Thus for n> l, 
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i) n X(t)\  n 
Ep KO, ) I <1,X(t) > 0] it(tG)Et., / t 

Now, the moments on the right are calculated from 

EA[(45,X( tt) n j=exp(—(E (# 7/11t 0,0) 

00 ,., exp(_ . _.E(_ Af ocitz)n-ifodp) 

n=1 

Suppose then that we choose pµ(G)=1. Differentiating in a and evaluating at a=0, 

it is not difficult now to check that 

(7.10) Ett[(0,X(tt)r <1,X(t)> 00j-E,,,,[(0,Ii))711 V n>0 

The important thing to notice is that for each fixed 0, these moments satisfy the 

Carleman condition (see Appendix E) so that they uniquely determine a probability 

distribution. From this we can then deduce that (7.10) actually implies the following 

Theorem 7.1 Suppose that X(t) is a measure-valued critical branching process on a 

finite region GC[R d with reflection on the boundary aG of G. Then the effect on the 

limit law of X(t)/t of conditioning on non-extinction is the same as that of 

immigrating at rate 11 p(G). 

Remark By our definition of b, that this is the correct value of p could be predicted 

from the corresponding result for the Galton-Watson process described at the 
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beginning of the chapter. 

We have therefore shown that if we are working on bounded domains in R, then 

the mathematically appealing idea of conditioning the measure-valued processes on 

non-extinction is, in a sense, equivalent to the physically appealing notion of 

immigration. 

§7.5 Conditioning on non-extinction : Infinite regions 

Obviously Theorem (7.1) only makes sense if µ(G)<oo. On infinite regions the 

behaviour can be totally different. We already know that it does not make sense to 

consider the process with a constant rate of immigration if the spatial diffusion part is 

transient. What we will observe is a further dichotomy between those processes with 

null and positive recurrent spatial diffusion parts. In both cases, as we know from 

Chapter 6, the measure-valued process without immigration suffers local extinction 

(i.e. the amount of mass in each compact set converges to zero in distribution as time 

tends to infinity). In this section we investigate the local effects of immigration and 

of conditioning on non-extinction. As for the case of a finite domain we suppose that 

mass is immigrating at a constant rate with distribution p where p is an invariant 

measure of the spatial diffusion part of the process. We take 0=x1<, the indicator 

function of the compact set KCIR d and write as usual T(t) for the maximum expected 

sojourn time in the set K up to time t of a particle moving under the spatial diffusion 

part of the branching process (the maximum being taken over all initial positions of 

the particle). 

Let us consider first what happens if the spatial diffusion part of the process is 

null recurrent. It is easy to see the effect of immigration. Mathematically, what 

happens in this case is that T(t)/t--).0 as so that (asymptotically) only the first 
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term of the series expansion of the solution to the evolution equation will contribute 

to the right hand side of (7.8). Thus, in the limit as t--oo, all moments other than 

the first vanish, and 

nlirn EPilh
 [( 0 X(t))1= p I 

q5dp 
—*co 1

On an infinite region, it is no longer straightforward to condition on non-extinction. 

What we will do is condition on the process not having suffered local extinction in 

some compact set DCR d with KCD by conditioning on the event [<0,X(t)>00] 

where 0=x.D. 

Remark In the case of a null recurrent diffusion the behaviour of the resulting process 

will be independent of D, so that we really can regard this as conditioning on `local 

non-extinction'. 

The difficulty with the process conditioned on this type of non-extinction is that the 

spatial motion has much more freedom to `smear the mass out'. Calculation of 

E[(0,)T ))i<O,X(t)>00] 

will be straightforward once we have calculated P[<0,X(t)> O0]. Recall from 

Chapter 5 that 

f3 l' (t)(f V) d 11)2 ≤E[< 0 ,X(t)> 2] ....5_ I' (t)( f , c b d 11)2
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for some #>0 where t(t) is the maximum expected sojourn time in the set D of a 

particle moving under the spatial diffusion part of the process. Now, it is clear that 

(7.11) P[< ,X(t)>> t(t)]<
E[<lk,X(t)>]= p(D) 

t(t) t(t) 

Also, from Chapter 6 

E[exp(— <11),X(t)>)] 1 as co 

and conditioning this on the event (<0,X(t)><t(t)] and using (7.11) we see that 

(7.12) E[exp( — < 0,X( t)> ) I <0,X(t)><T(t)]—+1 as t—+ oo 

Now since t(t) is finite for each fixed t, we can express the exponential as a sum and 

interchange the order of integration and summation in (7.12) which leads to 

Thus 

E[< ,X(t)> n I <7 ,X(t)> (t)] -40 as t—+oo, Vn>1 

P [ < 0,X( t) > 00] P[ < ,X( t) > > ( t)] 

and for each n>1, 

(7.13) E[<0,X(t)> n I<O,X(t)>00],, E[<0,X(t)> n j<0,X(t)>>1'(t)] 
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Using the expression for the first order moment of the process obtained in Chapter 6 

and (7.13) to find an (asymptotic) expression for the variance of the process 

conditioned on the event [<O,X(t)>>T(t)] which is necessarily a non-negative 

quantity yields finally 

and then 

P[<0,X(t)>--1--0]>  µ(D) 
#T(t) 

E[/.,X(t)>t ,X(t))t<0 ,X(t)> 00]<p(Kyl" (og 
— µ(D)t 

as 2--+ co 

as t---oo 

No matter how large the set D, we see that this, expression tends to zero. This is a 

reflection of the tendency of mass to cluster outside any bounded set. 

The case of a positive recurrent diffusion is a straightforward extension of §7.4 and 

so we omit the proof. We are now once more in a position to condition on global non-

extinction (since is finite), and since µ is tight this actually is the same as 

conditioning on [<0,X(t)> 00] and allowing D to increase to R d; i.e. local and global 

non-extinction are equivalent. Mathematically, what is different in this case from the 

null recurrent case is that T(t)/t-740 as t— co. Physically, the diffusion no longer 

serves to push the mass out of finite sets. 

Thus on infinite regions, for the process with immigration to have the nice 

physical interpretation of Theorem (7.1), it must have a positive recurrent spatial 

diffusion part. 
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Chapter 8. Related Results and Open Problems 

The study of measure-valued diffusion processes is still in its infancy and it seems 

wrong to close any work on the subject with a chapter entitled `conclusion'. The role 

of this closing chapter is rather to indicate some results related to those presented 

here and indicate a number of open questions. It is worth mentioning that all the 

measure-valued processes which we have studied belong to the class of processes which 

Dynkin (1988) calls superprocesses. We have avoided this term since it is unclear 

whether or not it will survive. [My personal view is that we must have some term for 

this class of processes and while I would prefer a process X to be called a superprocess 

over a process Y only if Y were a subprocess of X, I have yet to see any better 

suggestions!] 

We begin by fulfilling our promises and discussing briefly the effects of dropping 

the assumptions of §3.1 and §5.2. Recall that in §3.1, we made a number of regularity 

assumptions. Essentially these were to ensure that the spatial diffusion part of the 

process should be `well-behaved' and that the branching part should be non-vanishing, 

continuous and bounded. For the purposes of constructing the processes these could 

be relaxed substantially. For example, we could certainly allow the branching part to 

vanish, and we only require the spatial motion to be sufficiently nice that we can 

prove a `compact containment' condition for the rescaled processes (c.f. Chapter 4). 

The difficulties arise in investigating asymptotic behaviour. We cannot really expect 

the measure-valued processes to be well-behaved asymptotically if their spatial 

diffusion part alone is badly behaved! Although we could relax the condition on the 

form of the generator, we must insist on Assumption (v). In our investigation of the 
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asymptotic behaviour we also made the assumption that the branching mechanism 

should be constant. For a recurrent spatial diffusion we can obviously extend this to 

any branching mechanism satisfying the conditions of §3.1, for we simply bound the 

solution to the evolution equation for the process by that for the process whose 

branching part is everywhere given by the infimum of the branching mechanism. 

Extinction follows. Since the branching mechanism will only vanish at a point if 

either a particle of our discrete model residing at that point has infinite lifetime or if 

at that point the offspring generating function of each particle has zero variance 

which implies that each particle has one offspring with probability one, this problem is 

of very little biological significance. However, if, as mathematicians, we do not allow 

this to deter us, our original proof suggests an obvious means of attack —we should 

investigate the effect on the second term of our series solution to the evolution 

equation of choosing such a branching mechanism. (If the branching mechanism is 

strictly positive on a set of infinite p-measure then it is easy to see that the process 

will still suffer extinction —thus in particular we could drop the assumption that there 

was a uniform lower bound on the branching mechanism and simply assert that it 

should be positive. If the branching mechanism is only positive on a bounded set then 

the question remains unresolved.) In the transient case also we could drop the 

assumption that the branching mechansim is constant, and in fact in this case we 

don't even have to worry about the branching part vanishing. 

An important assumption which we should discuss is that of criticality of the 

branching mechanism. As we remarked at the beginning of Chapter 4, this 

assumption is essential to the convergence of the processes under our rescaling. 

However, it is possible to construct `supercritical' measure-valued branching processes 

in a very similar way. Specifically, we take a sequence {Znln>/ discrete particle 
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branching diffusion processes all with the same spatial diffusion part (with generator 

L, satisfying the usual regularity conditions) and with continuous branching rates and 

mechanisms given by Vn(x), (1. 7,(s,x) respectively. Then provided that 

a(x) 7.--01nco Vn(x)(<1) n(1,x) —1) 

b(x)=l -Io2n— 
V,(x)as2

-(22- (s,x) 
n--- s=1 

are bounded functions of x,the sequence converges weakly to the measure-

valued limit X(t), again characterized via an evolution equation 

where 

Ep[exp(—<0,X(t)>)1=exp(—<u(t),A>) 

u0-2=L-{-au—butat —

u(0)=0 

The total mass of this process on Rd (or on a region of R d with reflecting boundary 

conditions) is a one-dimensional diffusion with generator 

which has extinction probability 

A= bx—dlif ax—d 
dx dx 
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exp( aX(0)) 
b

(see Bailey (1964) Chapter 14). Even on a bounded region with absorbing boundary 

the extinction probability may be less than one (see Wang (1982)). For this type of 

process we can therefore expect interesting limiting behaviour (at least for sufficiently 

large a). Unfortunately, we would not expect such a limiting distribution to throw 

any light on `natural limits' of our critical processes, since the effect of the 

supercriticality term a is, of course, that of a process of mass creation where the 

amount of mass created in a given set in the time interval [t,t-I-6t) is proportional to 

the amount of mass already there —thus amplifying the discrepancies between 

quantities of mass in disjoint sets. These processes are of course worthy of study in 

their own right, and at least in principal we could write down the solution to their 

evolution equation as a Wild sum, 'though calculation of the coefficients would 

obviously be more difficult than in the critical case. 

The reader should by this stage have realized that the representation of the 

deterministic dual process as the solution to the evolution equation is deceptively 

simple. Indeed, even if we could find a nice closed form for this solution, its 

application is limited for we only immediately yield results about convergence in 

distribution of the measure-valued processes. However, with more work we can 

deduce a little more. Using this dual, Iscoe (1986b) characterized the distribution of 

the `weighted occupation time', Y(t), for the Dawson process. 

< Y(t)> =1 < 0,X( s) > ds E 5( L) 

The characterization is again via a deterministic dual process 
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Ep[exp(—<0,Y(t)>)]=exp(—<v(t),p>) 

where 

at -2L--1Av-v2+0 

v(0)=0 

(In fact he proves this result in rather greater generality —the spatial diffusion part of 

the process can be any symmetric stable process and the branching mechanism can 

have infinite variance.) It is not difficult to check that this result generalizes to any 

of our measure-valued processes. In Iscoe (1986b), it is established that for the 

Dawson process on R1 with initial value Lebesgue measure, the weighted occupation 

time in a compact set of the process remains finite. In Iscoe (1986a) this result is 

strengthened to prove that we have a.s. convergence to zero of the amount of mass in 

a compact set. I believe that it has been established by Stanley Sawyer (personal 

communication via Ted Cox) that for the two-dimensional critical branching random 

walk (the lattice analogue of the two-dimensional Dawson process), the weighted 

occupation time in any compact set tends to infinity as time increases. This suggests 

that the same is true of the Dawson process in two dimensions, so that one would not 

expect a.s. convergence in this case. It would be interesting to establish a criterion for 

a.s. convergence for those processes with a general recurrent spatial diffusion part. It 

seems likely that there will be some critical value of p in Assumption (v) of §3.1 above 

which we will have a.s. convergence. 
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There is a general philosophy with this type of measure-valued process that a 

result is true for the measure-valued process if and only if it is true for the discrete 

process to which it is a diffusion approximation. (From the biological point of view, 

this is of course the real value of studying the measure-valued processes!) Indeed 

from their very construction the measure-valued processes lend themselves to the 

techniques of non-standard analysis and this has been exploited by Perkins (1988) in 

investigating the way in which the Dawson process spreads its mass over its support. 

This support was first studied by Dawson&Hochberg (1979), where using the 

rescaling properties of the approximating sequence of branching diffusions it was 

established that in dimensions two and above, at any given positive time, the Dawson 

process started from Lebesgue measure is a singular measure. Dawson, Iscoe&Perkins 

(1988) have even established the exact Hausdorff measure function of the support 

process, but this still does not provide us with a concrete description of the support of 

such a process. If there were such a description then it must surely lead to a much 

deeper intuition for these processes. 

We mention briefly some of the many questions arising from the loose ends in 

Chapter 7. An obvious open problem is to establish the nature of the limit of the 

process if we choose the rate of immigration in such a way that the total mass 

converges. Another intriguing question is the following. We know that the Dawson 

process on a half space suffers extinction, but are there spatial diffusions for which the 

measure-valued processes will not suffer extinction? For example, what happens if 

there is a drift away from the boundary of the space? —this would not only increase 

the amount of mass `at infinity' initially, but would also decrease the probability of 

mass hitting the boundary and consequently disappearing. Perhaps a more 

interesting problem is to establish how much immigration it would require to keep a 
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process with absorbing boundary conditions alive. 

There is certainly a wealth of open problems related to the processes which we 

have studied in this thesis, and although, as we have seen, we can deduce a lot from 

their characterization via our deterministic dual it is clear that we would benefit 

greatly from the discovery of a more manageable characterization or the development 

of more satisfactory ways of dealing with the evolution equation. It is certainly the 

case, for example, that the processes have other duals (in the sense of Theorem C.1). 

The other obvious approach is to use computer simulations, but these are necessarily 

discrete models and start from a finite measure. Although this second problem could 

be overcome to an extent by generalizing the work of Cox (1988) which establishes for 

a similar model how long the process must run before `it realises that it is finite', we 

should not lose sight of the fact that these processes will only be of lasting value to 

the biologists if they enable us to deduce results which have not already been proved 

for the discrete processes. 
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Appendix A. The weak topology on .At o(R d) 

Recall that a sequence of measures {µn}n>z on Rd is said to converge weakly to the 

limit p iff 

n --+oo 
lim I fdpn = fdµ V fc Cb(R d) 

We describe here a metric for the weak topology on .4 0(R d) (the space of finite, 

positive Borel measures on R d). For this we will require the Prohorov metric on 

9(Rd)—the family of Borel probability measures on R d. Let e denote the collection of 

closed subsets of R d, and for Fee and e>0 define 

F6 ={xeRd: inf Ax,y)<e} 
ye F 

(d here is the ordinary Euclidean metric on Rd). 

Definition A.1 The Prohorov metric, 7) on probability measures is defined as follows. 

For P, Qe9)(R d) 

(A.1) 7)(P,Q)=infle>0: P(F)<Q(FE)+e VFeel 

The reader is referred to Ethier&Kurtz (1986), Chapter 3, §1 for a proof that this 

does indeed define a metric on 9(R d). 
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This suggests an obvious way to define a metric on the non-zero elements of 

Ab o(R d). As proposed in Ethier&Kurtz (1986) Chapter 9 Exercise 7, we define 

(A.2) p(p,v)=P(_,ili,1)+11/21- Ml 

where jp1=11dp. That this defines a metric on the non-zero measures of ..41, 0(R d ) is 

a trivial verification. The completion of this metric space, denoted irt o(Rd )P, can be 

identified with .At o(OR d). Obviously this metric makes .At o(R d) into a complete 

separable metric space. We should like to see that the metric p induces the weak 

topology, but this follows easily from the fact that) induces the weak topology on 

P(R d) (see Ethier&Kurtz (1986), Chapter 3 §3). 

Remark In fact the topology induced by p on .Ab o(R d) is stronger than the weak 

topology whereas the topology induced by p on 95(R d) is equivalent to the weak 

topology. The difference arises because in taking the completion, we are taking 

equivalence classes of Cauchy sequences in .4 0(R)\{0}, where two sequences 

{p.}.>/, funln>1 are deemed to be equivalent if p(An,vn) 0 as n---*oo. This gives 

rise then to an infinite number of measures of total mass zero in the completion. We 

identify all such measures in the weak topology. 
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Appendix B. An existence theorem 

We state here some results from the general theory of Markov processes sufficient to 

ensure the existence of our branching diffusion processes of Chapter 3. 

Let (E,53) denote an arbitrary topological state space. (93 here is the collection of 

Borel subsets of E.) We write C b(E) for the set of bounded measurable functions on 

E. 

Theorem (see Dynkin (1965) Vol 1, Chapter II, §1) 

A necessary and sufficient condition for a contraction semigroup of linear operators Tt

on the space Cb(E) to correspond to some transition function P(t,x,r) on the space 

(E,%) is that the following conditions be satisfied 

(a) If f(x)>0 V xeE, then Ttf(x)>0 V xeE 

(b) If f(xo)=0, ToAxo)=0 

A transition function is said to be normal if P(0+,x,E)=1 V xeE. For a point xEE, 

write Uf (x)c for the complement of the c-neighbourhood of x. A semicompact space is 

a locally compact Hausdorff space with countable base. 
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Theorem (see Dynkin (1965) Vol 1, Chapter III, §2) 

Let P(t,x,r) be a normal transition function on a semicompact E. Suppose that for 

every compact r 

(i) 

(ii) For each u>0, 

urn sup P(t,x, Ue(x)°)=0 
tjo per 

Urn sup P(t, y,r)=0 
Y.-4 c° -t<n 

Then there is a Markov process with transition function P(t,x,r) which is bounded, 

right-continuous and has no discontinuities other than jumps. 

A transition function P(t,x,F) is a Feller function if for any bounded continuous 

function f on E, 

Ttf(x)= E P(t,x,dy)f(y) 

is continuous. A process is a Feller process if its transition function is a Feller 

function. 

Theorem (see Dynkin Vol 1, Chapter III, §3) 

Every right-continuous Feller process on the topological state space E is a strong 

Markov process. 
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Appendix C. The method of duality 

We present here the derivation of the simple form of the so-called `method of duality' 

which was used in Chapter 4. 

Theorem C.1 (The method of duality). 

Let E 1, E 2 be metric spaces and suppose that J and P are probability distributions 

on the space of c6,d16,g functions from [0,c>o) to E1, E2 respectively. (These spaces are 

endowed with the natural a-fields c.f. p.22.) Take two functions f, g on Ei xE2 for 

which the following are true: 

(i) {(f(•,y),g(•,y)): ycE21gC(Ei)xC(E/ ) 

(ii) {(f(x,•),g(x,•)) : xeEilcC(E2)xC(E2) 

(iii) For ye E2

(iv) For xcErz

f(X(t),y)—f og(X(s),y)ds - is a Px(o) -martingale 

f(x,Y(t))— og(x,Y(s))ds is a 15 Y{°)-martingale 

(v) f, g are bounded. 

Then 

(p.1) E -x(o) [f(X(t), Y(0))]=E Y(°)[ X(0), Y(t))] 
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Proof From these assumptions, if E denotes the expectation operator corresponding 

to the direct product of the distributions 05 and P we see that 

E[f(X(s), Y(t—s))] =E[g(X(s), Y(t—s))—g(X(s), Y(t— s))]=0 

Thus integrating in s over [0,t] we obtain 

E[f(X(0), Y(t))] =E[f(X(t), Y(0))] 

The conclusion of the Theorem is now immediate. 
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Appendix D. Ordered binary rooted trees 

Although the definitions and results relating to binary rooted trees which we have 

used in this work are straightforward, they play an important role. Therefore, in 

order to keep this thesis as self-contained as possible, we gather them together here. 

We may construct the set of ordered binary rooted trees, T, inductively. We let 

Te denote the tree consisting of a single vertex. Given two trees 7 / and 72, 71072 is 

the tree obtained by connecting the roots of r1 and 72 to a single vertex. For our 

purposes we must consider ordered trees i.e. the two trees 71072 and 72 07/ are 

deemed to be different if 7/ 072 (c.f. Chapter 5). The order IT.' of T CT is defined to 

be the number of vertices having at most one neighbour. Thus I irz°721=17/I+1721. 

The result which we require is the following. 

Theorem (D.1) Let C(n) denote the number of ordered binary rooted trees of order 

n, then the power series 

Co 

(D.1) 

has radius of convergence  .4 

E C(n)On
n=i 

Proof From the construction described above, given any such tree of order n>2 we 

can decompose it into two trees of lower order (by removing the root). It is easy to 

see that we have the following recurrence relation 
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(D.2) C( n)= C(j) k — j) 
j=1 

Consider the complex function f(z)=) C(n) zn. Suppose that this series converges. 
n=1 

(f(z))2 = C(n)Zn ) 2

n-1 

co k = EEC(i)C(k+i-Ozk+1 
k=1i=1 

co n 

= E EC(i)C(n—i)z n

n=2 i=1 

C(n),Zn

n=2 

= — z 

Thus if the series converges we have 

(Az))2+ z=f(z) 

Solving this quadratic and choosing f(0)=0 we obtain 

f(z)=-gl— TTL47z) 

z) is holomorphic on the disc of radius and its power series is (D.1) which implies 

the result. 
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Appendix E. The Carleman condition 

Let {a o =1,apa2...} be a sequence of real numbers. Suppose that there is at least 

one distribution function F(x), xel such that 

an
=J

n=0,1,2,. . . 

A sufficient (but not necessary) condition for F to be uniquely determined by {an} is 

that the following condition be fulfilled 

oo -1/Pn) 
a 2n =00 

n=1 

This condition is known as the Carleman condition, and we say that the moment 

problem is determined. (See, for example, Stoyanov (1988) §11 for a discussion of the 

moment problem.) 
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