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A B S T R A C T 

As the statistical power of imaging surv e ys grows, it is crucial to account for all systematic uncertainties. This is normally 

done by constructing a model of these uncertainties and then marginalizing o v er the additional model parameters. The resulting 

high dimensionality of the total parameter spaces makes inferring the cosmological parameters significantly more costly using 

traditional Monte Carlo sampling methods. A particularly rele v ant example is the redshift distribution, p ( z ), of the source 
samples, which may require tens of parameters to describe fully. Ho we ver, relati vely tight priors can be usually placed on these 
parameters through calibration of the associated systematics. In this paper, we sho w, quantitati vely, that a linearization of the 
theoretical prediction with respect to these calibrated systematic parameters allows us to analytically marginalize o v er these 
extra parameters, leading to a factor of ∼30 reduction in the time needed for parameter inference, while accurately reco v ering 

the same posterior distributions for the cosmological parameters that would be obtained through a full numerical marginalization 

o v er 160 p ( z ) parameters. We demonstrate that this is feasible not only with current data and current achie v able calibration 

priors but also for future Stage-IV data sets. 
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 I N T RO D U C T I O N  

n recent years, unprecedentedly precise observations in cosmology 
av e unco v ered a number of tensions between data sets that may
onstitute both tantalizing hints of new physics and a manifestation 
f a lack of control o v er theoretical and observational systematics
Heymans et al. 2021 ; Riess et al. 2022 ). 

At its simplest, the current cosmological paradigm, the � (denot- 
ng the cosmological constant) cold dark matter ( � CDM) model, can
e described by only five parameters: �m 

, �b , A s , n s , and h [see e.g.
cott ( 2018 ) for a detailed re vie w]. Ho we ver, in order to relate the

heoretical predictions of this model to actual physical observables, it 
s necessary to extend it. Phenomenological models that describe the 
strophysical systems that form the basis of our observations, as well 
s observational sources of systematic uncertainty, are then appended 
o the core � CDM model. In the presence of large statistical
ncertainties, these models may consist of simple relationships in 
erms of a handful of parameters. Ho we ver, more precise data require
n equally precise characterization of these relationships, which leads 
o an increase in the complexity of the model. Thus, the number
f parameters associated with these bridging models, colloquially 
eferred to as ‘nuisance’ parameters, has steadily grown o v er the
ears. 
 E-mail: jaime.ruiz-zapatero@physics.ox.ac.uk 
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The term ‘nuisance’ is accurate when describing these parameters. 
ot only are they generally uninteresting by comparison with the 

undamental cosmological parameters we aim to constrain, but the 
ncrease in parameter dimensionality of the model makes exploring 
heir posterior distribution significantly more computationally costly 
s well. Standard Markov chain Monte Carlo (MCMC) and other 
ejection-based sampling methods (Metropolis et al. 1953 ; Foreman- 

ackey et al. 2013 ; Alsing & Handley 2021 , among others) suffer
rom the so-called curse of dimensionality, whereby the acceptance 
ate of new samples decreases sharply with the number of parameters
exponentially in the worst cases). 

Nuisance parameters can be divided into two groups based on 
heir prior distributions: calibrated and non-calibrated parameters. 
he non-calibrated parameters can only be constrained by the data 
nd, as such, typically have largely non-constraining priors. On the 
ther hand, we can place tighter priors on the calibrated parameters,
ither by accurately characterizing the instrument measurements or 
y using independent external observations. In the case of cosmic 
hear analyses, the impact of galaxy intrinsic alignments (IAs; Hirata 
 Seljak 2004 ) is often a non-calibrated systematic. On the calibrated

ide, the two best examples are multiplicative shape measurement 
ystematics and the uncertainties in the redshift distribution of the 
arget source galaxies (Hoyle et al. 2018 ; S ́anchez & Bernstein 2019 ;
ildebrandt et al. 2020a ; St ̈olzner et al. 2021 ; Zhang et al. 2023 ). It

s important to stress that whether a parameter is calibrated or not is
ot inherent to the parameter but to whether a sufficiently tight prior
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 
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n it can be placed (e.g. from external data). For example, IAs can
e calibrated as shown in Yao et al. ( 2020 ), among others. 
Of these calibrated systematics, the dominant source of uncertainty

n photometric surv e ys is the accurac y of redshift distributions,
hich are known to strongly affect the accuracy of cosmological

onstraints. The vital quantity to determine is the redshift distribution
f each tomographic sample of galaxies, p ( z). The fact that the
ncertainties in p ( z) can be calibrated with external spectroscopic
ata, e.g. via direct calibration (DIR; Lima et al. 2008 ; Wright et al.
020 ), clustering redshifts (Schneider et al. 2006 ; Newman 2008 ;
atthews & Newman 2010 ; Schmidt et al. 2013 ), and shear ratios

Prat et al. 2018 ; S ́anchez et al. 2022 ), enables us to place relatively
trong priors on the redshift distribution, which in turn makes it
ossible to use approximate methods to efficiently marginalize o v er
hese uncertainties. 

Analytical marginalization schemes for photometric redshift un-
ertainties have already been proposed in the literature. In St ̈olzner
t al. ( 2021 ), an analytical marginalization scheme for photometric
edshift uncertainties was proposed based on Gaussian mixture
odels and applied to the analysis of KV450 data (Hildebrandt et al.

020b ). In Zhang et al. ( 2023 ), a resampling approach to marginalize
 v er these uncertainties was proposed and applied to the analysis of
ubaru Hyper Suprime-Cam (HSC) data. Similarly, Reischke ( 2023 )
roposed an approach based on functional deri v ati ves and applied
t to Euclid-like (Spergel et al. 2015 ) and KV450 (Hildebrandt
t al. 2020b ) data. Alternatively, Cordero et al. ( 2022 ) proposed
n approach using hyperrank, a method based on ranking discrete
amples from the space of all possible redshift distributions of
iscrete realizations, and applied it to DESY3 data (Sevilla-Noarbe
t al. 2021 ). Here, we will explore the method initially proposed in
adzhiyska et al. ( 2020 ), further exploited in Garc ́ıa-Garc ́ıa et al.

 2023 ), and recently characterized in the context of the Laplace
pproximation in Hadzhiyska et al. ( 2023 ). The method is based on
inearizing the dependence of the theoretical prediction with respect
o the parameters defining the redshift distribution around their
alibration priors. This then allows one to analytically marginalize
 v er these parameters by modifying the covariance matrix of the data,
f fecti vely assigning higher variance (as allowed by the calibration
rior) to the data modes most sensitive to variations in the p ( z). 
The goal of this paper is to e xhaustiv ely validate this approximate
arginalization scheme in the context of cosmic shear analyses.
e will do so by proving that we are able to obtain the same

onstraints on cosmological parameters using this scheme, as well
s employing brute-force methods that sample the full parameter
pace exactly. We will show this both for simple parametrizations
f the p ( z) uncertainties, in terms of shifts to the mean of the
istribution, and using completely general ‘non-parametric’ models
hat treat the amplitude of the p ( z) in narrowly spaced intervals of
 as calibrated variables, leading to a model with more than ∼100
uisance parameters. In order to numerically marginalize o v er such
arge parameter spaces, we develop an autodifferentiable code to
btain theoretical predictions for the cosmic shear observables. This
llows us to employ gradient-based sampling algorithms, such as
amiltonian Monte Carlo (HMC), to beat the aforementioned curse
f dimensionality . Finally , we will show that the method is valid
ot only for current data, but also for futuristic Stage-IV surv e ys,
here photometric redshift uncertainties will likely make up a large

raction of the total error budget. Interestingly, our analysis will
how that, in the context of cosmic shear data, relatively inexpensive
arametrizations of photometric redshift uncertainties based on one
ree parameter per redshift bin [e.g. mean shifts, or ranked discrete
ealizations; Cordero et al. 2022 ] return ef fecti vely the same posterior
NRAS 522, 5037–5048 (2023) 
istribution on cosmological parameters as the most general non-
arametric models. 
This paper is structured as follows. In Section 2 , we describe

he methods used in this work, including the theory behind weak
ensing observables, the calibration of redshift distributions, and
he mathematics of analytical marginalization via first-order ex-
ansion. Section 3 presents the Dark Energy Surv e y data used to
roduce realistic source redshift distributions and their associated
ncertainties, as well as the models used to simulate future data
ets. In Section 4 , we describe the likelihood used to analyse these
ata, as well as the different parametrizations used to describe
 ( z) uncertainties. Section 5 presents our results, quantifying the
erformance of analytical marginalization methods. Finally, we
resent our conclusions in Section 6 . 

 M E T H O D S  

.1 Cosmic shear power spectra 

t is now commonplace to carry out the analysis of galaxy weak
ensing data tomographically. The full sample is split into redshift
ins and the two-point correlation functions of all pairs of bins are
easured and compared with their theoretical prediction. Let γα( ̂  n )

e a map of the spin-2 lensing shear field inferred from the sources
n the αth redshift bin. Its relation with the three-dimensional matter
 v erdensity δm ( x ) is (Bartelmann & Schneider 2001 ; Krause et al.
017 ) 

α( ̂  n ) = 

∫ χH 

0 
d χ q α( χ ) 

[−χ−2 
ðð ∇ 

−2 δm 

( χ ˆ n , z) 
]
, (1) 

here ˆ n is the sky direction, χ is the comoving radial distance at
edshift z, χH is the distance to the horizon, q α( χ ) is the weak
ensing radial kernel, and ð is the spin-raising differential operator,
cting on a spin- s quantity as (Newman & Penrose 1966 ): 

 s f ( θ, ϕ) = −( sin θ ) s 
(

∂ 

∂ θ
+ 

i 

sin θ

∂ 

∂ ϕ 

)
( sin θ ) −s 

s f (2) 

nd turning it into a spin-( s + 1) quantity. The weak lensing kernel
s 1 

 α( χ ) ≡ 3 

2 
H 

2 
0 �m 

χ

a( χ ) 

∫ ∞ 

z( χ) 
d z ′ p α( z ′ ) 

χ ( z ′ ) − χ

χ ( z ′ ) 
, (3) 

here H 0 ≡ H ( z = 0) is the Hubble expansion rate today, �m 

is
he current matter density parameter, and most importantly for our
iscussion, p α( z) is the redshift distribution in bin α. 
The angular power spectrum of the E -mode components of two
aps α and β, C 

αβ

� can be related to the three-dimensional matter
ower spectrum P ( k , z) via 

 

αβ

� = G 

2 
� 

∫ 

d χ

χ2 
q α( χ ) q β ( χ ) P 

(
k = 

� + 1 / 2 

χ
, z( χ ) 

)
, (4) 

here we have assumed the Limber approximation (Limber 1953 ;
fshordi, Loh & Strauss 2004 ), which is valid for the broad weak

ensing kernels considered in this work. The scale-dependent lensing
re-factor, 

 � ≡
√ 

( � + 2)! 

( � − 2)! 

1 

( � + 1 / 2) 2 
, (5) 
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ccounts for the difference between angular and three-dimensional 
eri v ati ves in equation ( 1 ) (i.e. χ2 ð 2 ∇ 

−2 �≡ 1). This pre-factor leads
o sub-per cent differences for � > 11 and can therefore be neglected
n small scales (Kilbinger et al. 2017 ). In this work, we will use the
alofit fitting function of Smith et al. ( 2003 ) and Takahashi et al.
 2012 ) to describe the matter power spectrum. 

The IA of galaxies due to local interactions (gravitational or other- 
ise), is an important contaminant for cosmic shear data that must be

aken into account (Brown et al. 2002 ). For simplicity however and
ince the focus of this work is the impact of the marginalization o v er
edshift distribution uncertainties, we will ignore the contribution 
rom IAs in this analysis. In the same spirit, we will also assume no
aryonic effects on the non-linear power spectrum. 

.2 Redshift distribution uncertainties 

he p ( z) can ho we ver be calibrated through various methods, e.g.
eighted DIR with a sufficiently complete spectroscopic sample 

Lima et al. 2008 ; Wright et al. 2020 ), clustering redshifts (Schneider
t al. 2006 ; Newman 2008 ; Matthews & Newman 2010 ; Schmidt et al.
013 ), and shear ratios (Kuijken et al. 2015 ; Prat et al. 2018 ; S ́anchez
t al. 2022 ). This typically leads to relatively tight priors on the p ( z),
ut the residual uncertainties in this prior must be propagated into 
he final parameter constraints. 

To characterize these uncertainties, we will make use of two 
ifferent methods, which encompass the range of model complexity 
hich we may reasonably expect from current and future data. 

(i) Method 1: z shifts. Most cosmic shear analyses to date 
Miyazaki et al. 2012 ; Troxel et al. 2018 ; Hildebrandt et al. 2020b ;
eymans et al. 2021 ; Secco et al. 2022 , among others) have

ummarized the uncertainty in the calibrated p α( z) into a single
arameter 
z α that shifts the mean of the redshift distribution. That 
s, let ˆ p α( z) be the best guess redshift distribution. The true redshift
istribution is then 

 α( z) = ˆ p α( z + 
z α) . (6) 

 prior on 
z α can be derived using the calibration methods listed
arlier. We will refer to this method as parametric . 
his simple model turns out to be relatively well suited to describe

he impact of p ( z) uncertainties in the case of cosmic shear data (Ma,
u & Huterer 2006 ) even from Stage-IV surveys (The LSST Dark
nergy Science Collaboration 2018 ). Since weak lensing is a radially 
umulati ve ef fect, the amplitude of the weak lensing kernel (equation
 ) is mostly sensitive to the mean redshift of the sample, and thus,
uch of the effect on cosmic shear observables is well described by

his parameter (Bonnett et al. 2016 ). 
ther modes of p ( z) uncertainty, such as the distribution width, may
e more rele v ant for galaxy clustering observ ables, or for the intrinsic
lignment contribution to cosmic shear. Near-future cosmic shear 
amples may indeed require a more sophisticated description of the 
 ( z) uncertainty, and thus, we turn to a more general method. 
(ii) Method 2: p ( z) bin heights. Most p ( z) calibration methods

e.g. DIR or clustering redshifts) will produce a binned measurement 
f the p ( z) with deterministic redshift bin ranges, and uncertain bin
eights. The most general method to propagate these uncertainties is 
herefore to treat each bin height p i ≡ p ( z i ) as a free parameter in the
odel, with a prior given by the calibration uncertainties. The latter 
ay be in the form of individual 1 σ errors for each bin height, if

he uncertainties are approximately uncorrelated, or a full covariance 
atrix co v ering all bin heights. 
he resulting parametrization thus sidesteps any attempt at summa- 

izng the uncertainty into ef fecti ve parameters, and thus, we will
efer to this method as non-parametric . The method therefore fully
ropagates all calibration uncertainties into the final constraints with 
inimal approximations. 

The key practical difference between both methods, in the context 
f error propagation, is the additional complexity they incur. The 
arametric approach (Method 1) introduces one free parameter per 
edshift bin. For O (5) bins, this is already enough to significantly
mpact the performance of standard MCMC algorithms. In turn, the 
on-parametric approach (Method 2) introduces tens or hundreds 
f parameters per redshift bin, and one must resort to advanced 
ampling methods in order to fully explore the resulting model 
ithout assumptions. 

.3 Linearization and analytical marginalization 

et � be the set of non-calibrated parameters of a model (in our
ase this is the set of cosmological and non-calibrated nuisance 
arameters) and ν the set of calibrated parameter such that the total
et of parameters is given by θ = � ∪ ν. Now, consider the general
ase of a Gaussian posterior distribution of the form 

− 2 log P ( �, ν| d ) = ( d − t ) T C 

−1 ( d − t ) + ( ν − ν̄) T P 

−1 ( ν − ν̄) 

−2 log P ( �) + const. , (7) 

here d is the data. We assume a Gaussian calibration prior with
ean ν̄ and covariance P , while P ( �) is the prior on � (which is,

s per our assumption, broad). t ( �, ν) is the theoretical prediction
or the data d which implicitly depends on both calibrated and non-
alibrated parameters. C is the covariance matrix of d , which is
arameter-independent. 
Assuming a tight prior on ν, we start by expanding the theory

rediction around ν̄

t 	 ̄t + T ( ν − ν̄) , where t̄ ≡ t ( �, ̄ν) , T ≡ d t 
d ν

∣∣∣∣
ν= ̄ν

. (8) 

ubstituting this approximation in equation ( 7 ), the posterior be-
omes Gaussian in ν, and thus, the calibrated parameters can be
arginalized analytically. As shown in Hadzhiyska et al. ( 2020 ), the

esulting marginalized posterior is 

− 2 log P ( �| d ) 	 ( d − t̄ ) T ˜ C 

−1 
( d − t̄ ) − 2 log P ( �) 

+ log 
[
det 

(
T T C 

−1 T + P 

−1 
)] + const. , (9) 

here the modified covariance is 

˜ 
 ≡ C + T P T T . (10) 

Note that, strictly speaking, both the modified covariance and the 
erm in the second line of equation ( 9 ) depend on �, which would
n principle complicate the e v aluation of the likelihood. In practice,
his parameter dependence can be neglected such that the value of �
t which these terms are e v aluated can be fixed during exploration
f the posterior. Ho we ver, fixing � at v alues with a bad fit to the
ata will result in a mischaracterization of the response of the theory
ector to the nuisance parameters leading to inaccurate marginalized 
osteriors. Ideally, � is fixed to its maximum a posteriori (MAP) 
 alue. Ho we ver, as sho wn in Hadzhiyska et al. ( 2020 ) and in
reliminary results, no appreciable differences are found in the 
arginalized posteriors for � within 2 σ of the MAP. Note that the

ize of the 2 σ region will depend on how constraining the data are. 
This result is intuitively simple to understand if we think of T as

he response of the data to variations in the nuisance parameters.
fter marginalizing o v er the calibrated parameters, the resulting 
istribution is a multi v ariate Gaussian, where the data covariance 
MNRAS 522, 5037–5048 (2023) 
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M

Figure 1. Top row: normalized galaxies’ redshift distributions for each of the four redshift bins. Bottom row: correlation matrix obtained using the DIR 

algorithm for each of the four galaxies’ redshift distributions. Note that for visualization purposes we display the absolute values of the each correlation matrix 
in logarithmic scale. In this plot, we can see that the covariance matrices obtained through the DIR algorithm are mostly diagonal. 
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as been updated in equation ( 10 ) by increasing the uncertainty in
he data modes that most prominently respond to variations in the
uisance parameters. 
In this work, ν corresponds to the parameters describing the

edshift distribution uncertainties, i.e. one shift parameter per redshift
in when using the parametric approach, or a set of p ( z) bin heights in
he non-parametric scheme. The method described earlier ho we ver
s fully general and has in the past been applied to marginalize
 v er other types of nuisance parameters, including multiplicative
hape measurement biases (Hildebrandt et al. 2020b ), as well as truly
inear parameters such as shot-noise (Garc ́ıa-Garc ́ıa et al. 2021 ) or
ystematic template amplitudes (Koukoufilippas et al. 2020 ). The
im of this paper is thus to determine the applicability of this method
o the case of redshift distribution uncertainties. 

 DATA  

n order to e v aluate the performance of the analytical marginalization
pproach described in the previous section in the context of current
nd future surv e ys, we make use of data from the first-year cosmic
hear analysis of the Dark Energy Surv e y (DES-Y1; Abbott et al.
018b ). The aim of this is two-fold: first, to demonstrate that the
ethod can be successfully implemented in real data, with real-life

omplications (e.g. noisy p ( z)s, numerical covariances, astrophysical
nd observational systematics) and, secondly, to demonstrate this va-
idity for future Stage-IV data sets in the presence of p ( z) calibration
ncertainties already achieved on current data. This section describes
he DES-Y1 data used, and the models used to generate simulated
uture Stage-IV data. 

.1 DES-Y1 data and redshift distributions 

he Dark Energy Surv e y is a photometric, 5-yr surv e y, that has
bserv ed 5000 de g 2 of the sk y using fiv e different filter bands ( grizY ).
he observations were made with the 4 m Blanco Telescope, provided
NRAS 522, 5037–5048 (2023) 
ith the 570-Mpix Dark Energy Camera (DECam), from the Cerro
ololo Inter-American Observatory, in Chile. In this paper, we use
osmic shear data from the first data release (Abbott et al. 2018b ),
hich co v ers 1786 de g 2 before masking. In particular, we use the
ublic METACALIBRATION source catalogue, 2 which is divided in four
edshift bins co v ering the range z � 1.6 (Hoyle et al. 2018 ). 

We use the calibrated redshift distributions of the METACALIBRA-
ION sample provided by Garc ́ıa-Garc ́ıa et al. ( 2023 ). The p ( z)s
ere estimated via DIR (Lima et al. 2008 ), using the COSMOS
0-band catalogue (Laigle et al. 2016 ) as a calibrating sample. The
ncertainties of the measured redshift distributions were estimated
nalytically, as described in Garc ́ıa-Garc ́ıa et al. ( 2023 ), accounting
or both shot-noise and sample variance, and represent a realistic
evel of p ( z) uncertainty achieved by current existing data sets. The
edshift distributions were sampled on 40 bins of width δz = 0.04
o v ering the range 0 ≤ z ≤ 1.6. Fig. 1 shows, in the first row, the
edshift distributions of the four METACALIBRATION samples and their
tatistical uncertainties. Note that we estimated the full covariance
atrix of the p ( z) bin heights. The covariance is dominated by the

iagonal, as can be seen in the bottom panels of Fig. 1 . 
We will also use the cosmic shear angular power spectra provided

y Nicola et al. ( 2021 ). A full description of the methods used to
stimate these power spectra, and their associated covariance matrix,
rom the DES-Y1 data is provided by the authors. 

.2 Future Stage-IV data 

e generate a simulated data vector corresponding to a Stage-IV
osmic shear surv e y, such as the Le gac y Surv e y of Space Time, at
he Rubin Observatory (LSST Dark Energy Science Collaboration
012 ), or the Euclid surv e y (Spergel et al. 2015 ). Our aim is to

art/stad1192_f1.eps
https://desdr-server.ncsa.illinois.edu/despublic/y1a1_files/
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Table 1. Prior distributions for the parameters considered in this work. Note 
that the redshift calibration section contains the priors for both the 
z and 
p α( z) models which are not sampled simultaneously. 

Parameter priors 

Parameter Prior Parameter Prior 
Cosmology Redshift calibration 

�m 

U (0.1, 0.9) 
z 1 N0 . 0 , 0 . 016) 
�b U (0.03, 0.07) 
z 2 N (0 . 0 , 0 . 017) 
h U (0.55, 0.91) 
z 3 N (0 . 0 , 0 . 013) 
n s U (0.87, 1.07) 
z 4 N (0 . 0 , 0 . 015) 
σ 8 U (0.6, 0.9) p i N ( ̄p i , C ) 

Shear multiplicati v e bias 
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3 Recall that we treat the term in the second line of equation ( 9 ) as a constant. 
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f fecti vely test the analytical marginalization method in the low- 
oise regime, where the inferred posterior is likely more sensitive 
o residual p ( z) uncertainties, and the error budget may become
ominated by these, rather than the statistical errors in the data 
hemselves. 

For simplicity, we simulate the Stage-IV survey as having the 
ame redshift distributions as the DES-Y1 sample. This includes 
oth the p ( z)s themselves, and their calibration uncertainties. While 
t is possible that techniques for inferring redshifts from photometry, 
r the size and quality of calibrating spectroscopic samples, will 
mpro v e substantially by the time Stage-IV data are available, we
refer to err on the side of caution and assume the same performance
s currently achiev ed. F or instance, it is possible that redshift
stimates will suffer commensurately with the increase in surv e y 
epth. The results presented here are therefore conserv ati ve, and their
alidity will only be reinforced if better p ( z) calibration samples are
sed in the future. 
We generate cosmic shear power spectra using CCL (Chisari et al. 

019 ) for the best-fitting Planck 2018 cosmological parameters 
Planck Collaboration 2020 ): �b h 2 = 0.02237, �c h 2 = 0.12, h =
.6736, 10 9 A s = 2.0830, n s = 0.9649, w 0 = −1, and w a = 0. We use
he same sampling in � used for the DES-Y1 power spectra, and use
nly scales in the range � ∈ [30, 2000]. 
We compute the covariance matrix of these power spectra an- 

lytically, including a disconnected ‘Gaussian’ component, and a 
onnected super-sample covariance contribution (SSC). 

ov 
(
C 

α
� , C 

ρσ

� ′ 
) = Cov G 

(
C 

αβ

� , C 

ρσ

� ′ 
)

+ Cov SSC 

(
C 

αβ

� , C 

σρ

� ′ 
)

. (11) 

e estimate the Gaussian covariance using a simple mode-counting 
pproximation (Efstathiou 2004 ) as 

ov G 

(
C 

αβ

� , C 

ρσ

� ′ 
)

= δ�� ′ 
C 

αρ
� C 

βσ

� + C 

ασ
� C 

βρ

� 

(2 � + 1) 
� f sky 
, (12) 

here f sky is the fraction of the sky covered by the experiment. We
ssume f sky = 0.4, as in the case of LSST (LSST Dark Energy Science
ollaboration 2012 ). The angular power spectra abo v e contain the
ontribution from shape noise in the autocorrelation, of the form 

 

αα
� = 

σ 2 
γ

n̄ α
. (13) 

ere, σγ = 0.28 is the per-component ellipticity dispersion in each 
ource, and n̄ α is the angular number density of sources in the αth
edshift bin. We assume n α = 4 arcmin −2 in each redshift bin. 

We compute the SSC following: 

ov SSC ( C 

αβ

� , C 

ρσ

� ′ ) = 

∫ 
d χ q α ( χ) q β ( χ) q ρ ( χ) q σ ( χ) 

χ4 × (14) 

∂ P ( �/χ,z) 
∂ δLS 

∂ P ( � ′ /χ,z) 
∂ δLS 

σ 2 
LS ( z) , (15) 

s in Nicola et al. ( 2021 ). ∂ P ( k, z) / ∂ δLS is the response of the matter
ower spectrum to a large-scale density fluctuation δLS , and the 
uantity σ 2 

b ( z) is the variance of the long-wavelength mode o v er the
urv e y footprint. We estimate the latter as in Krause & Eifler ( 2017 ),
odelling the footprint simply as a circular cap of area 4 π f sky . We

stimate the response function using perturbation theory and the halo 
odel, as described in Krause & Eifler ( 2017 ), and as implemented

n CCL . 

 L I K E L I H O O D  

e extract cosmological parameter constraints using a Gaussian 
ikelihood as described in Section 2.3 . In order to validate the
nalytical marginalization approach, we will either use the full 
osterior distribution in equation ( 7 ), or the analytically marginalized
ersion in equation ( 9 ). 3 In the first case, ν includes all nuisance
arameters describing the redshift distribution uncertainties, and in 
oth cases � includes all other model parameters. Specifically, �
ontains the five � CDM cosmological parameters ( �m 

, �b , σ 8 , n s ,
 ). 
When marginalizing o v er redshift distribution uncertainties, ν will 

ontain either one redshift shift parameter 
z α for each redshift 
in, when employing the parametric description of p ( z) uncertainties
Method 1), or a set of bin heights for each redshift bin determining
 α( z), when using the non-parametric approach (Method 2). The first
ase will introduce four new parameters to the model, while the latter
ill introduce 4 × 40 = 160 new amplitude parameters, as described

n Section 3.1 . 
Table 1 shows the parameter priors used in this work. All

osmological parameters take uniform, largely uninformative priors. 
or simplicity, the multiplicative bias parameters were fixed at the 
entre of the Gaussian priors from the official analysis of DES-
1 (Abbott et al. 2018a ). When using Method 1 to numerically
arginalize o v er the p ( z) uncertainties, we used Gaussian priors on

ach of the shift parameters 
z α , following those used by DES-Y1
Abbott et al. 2018a ). When using Method 2 (marginalization o v er
 ( z) bin amplitudes), we assume a multi v ariate Gaussian prior, with
he p ( z) covariance described in Section 3.1 and shown in Fig. 1 . 

For both p ( z) uncertainty models, when using analytical marginal-
zation, we use equation ( 9 ) and modify the covariance as in
quation ( 10 ), with P given by the priors described earlier. When
sing numerical marginalization, we simply explore the posterior 
istribution of the full model, including all the p ( z) and p i parameters.
n the case of Method 2, this involves sampling a distribution with
65 parameters, of which the bulk (160 parameters) describe the p ( z)
ncertainty. This is not feasible for standard Metropolis–Hastings 
CMC methods (Metropolis et al. 1953 ; Hastings 1970 ) due to

he curse of dimensionality, and therefore, we resort to an HMC
pproach. 

HMC (MacKay 2002 ; Betancourt 2017 ) uses notions of Hamil-
onian dynamics to draw trajectories on the parameter space along 
hich the sampler mo v es. This results in a much greater acceptance

ate, and allows HMC to beat the dimensionality curse. HMC can
hus efficiently explore parameter spaces with large numbers of 
imensions in far less time than Metropolis–Hastings or nested 
ampling techniques (Alsing & Handley 2021 ). The main difficulty 
f using HMC is the need to calculate gradients of the log-posterior
MNRAS 522, 5037–5048 (2023) 
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Figur e 2. Mar ginalized posterior distributions for the combination of pa- 
rameters �m 

, σ 8 , and S 8 obtained when considering the 
z model for 
photometric uncertainties for DES-Y1 data. The blue contours correspond to 
the case where the 
z parameter are fixed. The magenta contours are obtained 
when numerically marginalizing o v er the 
z parameters. Finally, the black 
dashed contours are obtained when analytically marginalizing o v er the 
z 

parameters. We can observe that the analytical and numerical marginalization 
return nearly identical posteriors. 

Table 2. Numerical values for the mean and 1 σ confidence intervals for 
the 1D marginalized posterior distributions of the cosmological parameters 
�m 

, σ 8 , and S 8 obtained when considering the first method ( z shifts) to 
characterize the photometric redshift uncertainties. The first column shows 
the values obtained when the 
z parameters were kept fixed, the second 
column when they were marginalized numerically and the third column when 
they were marginalized analytically. In each row, we display the constraints 
obtained when using DES-Y1 or LSST-like data to constrain the models. 


z model Fixed Numerical Analytical 

�m 

DES-Y1 0.333 ± 0.055 0.3 ± 0.056 0.306 ± 0.055 
– LSST 0.311 ± 0.011 0.317 ± 0.02 0.317 ± 0.02 
σ 8 DES-Y1 0.724 ± 0.072 0.765 ± 0.077 0.758 ± 0.076 
– LSST 0.82 ± 0.015 0.821 ± 0.027 0.823 ± 0.027 
S 8 DES-Y1 0.753 ± 0.015 0.756 ± 0.015 0.756 ± 0.015 
– LSST 0.833 ± 0.002 0.833 ± 0.005 0.833 ± 0.006 
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o calculate the Hamiltonian equations of motion. The additional
omputational cost of obtaining these deri v ati ves numerically (e.g.
ia adaptive finite differences) may outweigh the gains caused by
he higher acceptance rates of HMC. To o v ercome this problem, we
ake use of automatic differentiation ( AD ). To take advantage of

D , we have developed a cosmological theoretical prediction code
atively written in the JULIA programming language (Ruiz-Zapatero
t al., in preparation). JULIA is a just-in-time compiled language with
-like performance and seamless AD integration, which can thus be
sed to efficiently sample complex cosmological posteriors using
MC. To sample the posterior distribution, we use the No-U-Turns
ampler (Hoffman & Gelman 2011 ) implementation of HMC within

he TURING.JL package (Ge, Xu & Ghahramani 2018 ). 

 RESU LTS  

.1 Linearizing �z 

et us begin the discussion of our results by considering the simplest
f the two models of the photometric uncertainties studied in this
ork, the 
z model (called Method 1 earlier). As discussed in
ection 4 , this model introduces four new shift parameters 
z (one
er redshift bin) in addition to the five � CDM parameters. All other
uisance parameters are kept fix ed. F or the DES-Y1 and LSST-like
ata sets, we will compare the result of analytically marginalizing
 v er the 
z parameters against performing the full numerical
arginalization on the corresponding cosmological constraints. In

rder to quantify the contribution of redshift uncertainties to the total
rror budget, we will also present results for the case when the 
z

arameters are fixed (i.e. assuming perfect knowledge of the redshift
istributions). 
Our results for DES-Y1 data are shown in Fig. 2 , with the errors

n all parameters listed in Table 2 . On the one hand, we find that
arginalizing analytically or numerically o v er the 
z parameters

eads to the same marginalized posterior for the cosmological
arameters. On the other hand, fixing the 
z parameters returns a
osterior distribution that is only mildly narrower than the marginal
istribution. For the DES-Y1 data, the impact of redshift uncertainties
n the final cosmological errors is relatively small (although not
egligible). Thus, if we truly wish to study the effect of marginalizing
nalytically as opposed to numerically o v er the 
z parameters, we
ill have to consider futuristic LSST-like data, where the impact of

hese uncertainties will likely be higher. 
We show results for futuristic LSST-like data on Fig. 3 , with

he parameter constraints listed in Table 2 . First of all, in the case
f LSST-like data we observe that not marginalizing o v er the 
z

arameters in the model results in significantly narrower posteriors,
ith the final uncertainties shrinking by a factor of ∼2. The impact
f redshift distribution uncertainties in this case is thus much more
ele v ant, and the accuracy of the analytical marginalization scheme
ecomes paramount. Ho we ver, comparing the contours obtained
y numerical and analytical marginalization, we observe that both
ethods return largely equi v alent posterior distributions, with the
nal uncertainties changing by much less than 10 per cent. This
olds even in the case, where the 
z prior worsen by a factor of 4 as
een in Fig. A1 , in Appendix A . Therefore, linearizing the likelihood
round the 
z parameters will be a good enough approximation for
SST-like data, at least for relatively simple parametrizations of the
 ( z) uncertainty, which will allow us to reduce the dimensionality of
he model and make parameter inference more efficient. 

It is worth emphasizing that the results in this section are not
eant to be interpreted as forecasts on the constraining power of
NRAS 522, 5037–5048 (2023) 
SST on cosmological parameters, but only on our ability to ana-
ytically marginalize o v er photometric uncertainties in inferring the
nderlying cosmology. The reco v ered constraints depend strongly
n assumptions such as the redshift calibration that LSST will be
ble to achieve for the different samples involved. As such, the
esults presented here are only a conserv ati ve estimate of the effect
f analytical marginalization on cosmological constraints. 

.2 Linearizing p α( z) 

n the previous section, we have shown that even for futuristic LSST-
ike data, it is possible to marginalize o v er redshift uncertainties
nalytically, assuming a relatively simple parametrization of these

art/stad1192_f2.eps
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Figur e 3. Mar ginalized posterior distributions for the combination of pa- 
rameters �m 

, σ 8 , and S 8 obtained when considering the 
z model for 
photometric uncertainties for futuristic LSST-like data. The green contours 
correspond to the case where the 
z parameter are fixed. The orange contours 
are obtained when numerically marginalizing o v er the 
z parameters. The 
black dashed contours are obtained when analytically marginalizing o v er 
the 
z parameters. Finally, the dotted lines mark the values of the fiducial 
cosmology used to generate the data. We can observe that the analytical and 
numerical marginalizations return nearly identical posteriors. 
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Figur e 4. Mar ginalized posterior distributions for the combination of pa- 
rameters �m 

, σ 8 , and S 8 obtained when considering the p α( z) model for 
photometric uncertainties for DES-Y1 data. The blue contours correspond 
to the case where the p α( z) parameter are fixed. The magenta contours are 
obtained when numerically marginalizing o v er the p α( z) parameters. Finally, 
the black dashed contours are obtained when analytically marginalizing o v er 
the p α( z) parameters. We can observe that the analytical and numerical 
marginalization return nearly identical posteriors. 

Figur e 5. Mar ginalized posterior distributions for the combination of pa- 
rameters �m 

, σ 8 , and S 8 obtained when considering the p α( z) model for 
photometric uncertainties for LSST-like futuristic data. The green contours 
correspond to the case, where the p α( z) parameter are fixed. The orange 
contours were obtained when numerically marginalizing o v er the p α( z) 
parameters. The black dashed contours were obtained when analytically 
marginalizing o v er the p α( z) parameters. Finally, the dotted lines mark the 
values of the fiducial cosmology used to generate the data. We can observe 
that the analytical and numerical marginalization return nearly identical 
posteriors. 
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ncertainties. We now turn to more complex models to characterize 
hese uncertainties. 

In order to do so, we consider the previously discussed p α( z) model
called Method 2 abo v e), which turns the height of each bin in the
edshift distribution histograms into a free parameter. This results in 
0 new free parameters per redshift bin with a total of 160 parameters
or the data considered in this work. 

We start by revisiting the DES-Y1 data analysis, presenting our 
esults in Fig. 4 . As we observed in the previous section, we find that
ven for the far more general p α( z) model, there is no significant
ifference between numerically marginalizing o v er the p α( z), or
oing so through our approximate analytical approach. Furthermore, 
s before, fixing the shape of the redshift distribution leads to only
ildly tighter constraints. On the one hand, this means that the result

ound for the 
z model is not reliant on the simplicity of the model,
ut instead inherent to the sensitivity of DES-Y1 data. On the other
and, this also means that we must turn once again to futuristic LSST-
ike data to study the impact of a more general parametrization of
hotometric uncertainties. 
The results for futuristic LSST-like data are shown in Fig. 5 . As in

he case of the 
z parametrization, we find that, in the case of LSST-
ike data, not including the p α( z) parameters in the model results in
ignificantly narrower posteriors. By looking at the corresponding 
umerical values in Table 3 , we see that the S 8 constraints become
wice as tight when the p α( z) parameters are fixed. Most importantly,
e find that marginalizing o v er the p α( z) parameters analytically
r numerically yields almost indistinguishable posteriors. Thus, the 
esults found in Section 5.1 for the simple 
z parametrization, in 
act, hold for significantly more general models of the uncertainty in 
he galaxy redshift distributions. 
MNRAS 522, 5037–5048 (2023) 
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M

Table 3. Numerical values for the mean and 1 σ confidence intervals for the 
1D marginalized posterior distributions of the cosmological parameters �m 

, 
σ 8 , and S 8 obtained when considering the second method [ p ( z) bin heights] 
to characterize the photometric redshift uncertainties. The first column shows 
the values obtained when the p α( z) parameters are kept fixed, the second 
column when they are marginalized numerically, and the third column when 
they are marginalized analytically. In each row, we display the constraints 
obtained when using DES-Y1 or LSST-like data to constrain the models. 

p α( z) model Fixed Numerical Analytical 

�m 

DES-Y1 0.333 ± 0.056 0.308 ± 0.055 0.312 ± 0.057 
LSST 0.311 ± 0.011 0.317 ± 0.02 0.317 ± 0.021 

σ 8 DES-Y1 0.723 ± 0.073 0.755 ± 0.075 0.75 ± 0.077 
LSST 0.824 ± 0.015 0.816 ± 0.026 0.815 ± 0.027 

S 8 DES-Y1 0.753 ± 0.015 0.755 ± 0.015 0.755 ± 0.015 
LSST 0.838 ± 0.002 0.837 ± 0.006 0.837 ± 0.006 

Figure 6. Posterior distributions for the p α( z) parameters when considering 
DES-Y1 data (top row) and futuristic LSST-like data (bottom row). The black 
dashed line shows the mean of the Gaussian prior of the p α( z) parameters. 
The error bars show their corresponding error. 
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4 Note, ho we ver, that this is likely not the case for photometric galaxy 
clustering studies where other properties of the redshift distribution (e.g. 
its width) have a stronger impact on the theoretical prediction (Nicola et al. 
2020 ). 
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Finally, in Fig. 6 we present the constraints obtained for the 160
 α( z) parameters for both the DES-Y1 (top panel) and LSST-like
ata (bottom panel) in colour bands. We observe that the posterior
istributions are largely dominated by the prior (shown in dashed
lack line with error bars), and thus, the redshift distribution is not
ignificantly self-calibrated by the data in either case. 

Before moving to the next section, it is worth stressing that
onstraining such a large parameter space has only been possible
hanks to the autodifferentiable nature of the code used to obtain
heoretical predictions, allowing us to use gradient-based samplers,

uch more efficient than standard samplers. The development of
uch autodifferentiable codes will therefore become imperative in
NRAS 522, 5037–5048 (2023) 
he near future given the increasing complexity of models used in
osmological analyses. 

.3 �z versus p α( z) 

n the previous sections, we have focused on the impact of how
e marginalize o v er the different parametrizations of photometric

edshift uncertainties. In this section, we will focus instead on what
e marginalize o v er, i.e. the impact of the choice of parametrization.
he question is then: Can a one-parameter -per -bin model ( 
z model)
apture all the meaningful modifications to photometric redshift
istributions? 
In order to answer this question, we constrain the cosmological

arameters for the 
z and p α( z) models in the case with futuristic
SST-like data. In both cases, we marginalize numerically o v er their

espective nuisance parameters. As shown in Fig. 7 and Tables 2
nd 3 , both methods reco v er the same posterior distributions with
mall differences. Moreo v er, we observ ed no biases with respect
o the fiducial cosmology regardless of the parametrization of the
hotometric redshift uncertainty or the method used to marginalize
 v er it. 
Thus, it is in principle possible that even Stage-IV surveys will

e able to use relatively simple models to describe the redshift
istribution of cosmic shear samples. 4 Note, ho we ver, that this result
s subject to the modelling of the rest of the systematic effects in the
urv e y. More comple x modelling of IA might require better control
n the p ( z) systematics. In such case, the 
 z parametrization might
ecome insufficient and one would expect a difference between said
arametrization and sampling the full p α( z). 

 C O N C L U S I O N S  

ne of the most significant obstacles to o v ercome in photometric
eak lensing surv e ys is the accurate modelling of redshift distribu-

ions, p ( z). Not only are our measurements prone to error, which can
ias the inferred cosmological parameters, but accounting for these
ncertainties is also a major inhibitor of efficient parameter inference.
n this paper, we investigate the impact of analytically marginalizing
 v er the uncertainties in the redshift distribution of galaxies in weak
ensing surv e ys, as initially proposed in Hadzhiyska et al. ( 2020 ).
n particular, we thoroughly quantify the validity of this approach
or a current weak lensing surv e y, DES, as well as for a futuristic
SST-like surv e y, testing whether a fast analytical method proposed

n this work is capable of reproducing the posterior distributions and
onstraints one arrives at when adopting the traditional method of
iligently varying tens or hundreds of nuisance parameters. 
Our results show that, for present surv e ys, marginalizing o v er

he uncertainty in the redshift distribution of galaxies has only a
ild impact on the constraints on cosmological parameters, although

ne that our analytical approximation is able to reproduce accu-
ately. This is true for the two parametrizations of the uncertainties
onsidered in this work, in terms of shifts in the mean redshift
r redshift distribution histogram heights. Ho we ver, the impact of
edshift distribution uncertainties changes dramatically for future
SST-like surv e ys. In this case, redshift uncertainties commensurate
ith current calibration samples lead to a degradation in the final

art/stad1192_f6.eps
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Figure 7. Comparison between the obtained marginalized posterior distributions of the cosmological parameters when numerically marginalizing o v er the 
z 

(black dash–dotted) and p α( z) (orange) photometric uncertainties models when applied to LSST-like futuristic data. Dotted lines mark the values of the fiducial 
cosmology used to generate the data. We can observe that both parametrizations of the photometric redshift uncertainties return identical posteriors for the 
cosmological parameters. 
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onstraints on cosmological parameters of up to a factor of ∼2. 
apturing this effect for an arbitrarily complex parametrization of the 

edshift distribution uncertainties is an a priori difficult task without 
esorting to a full exploration of the parameter space. Nevertheless, 
e find that the analytical approximate scheme explored here is 

till able to reco v er the marginalized constraints on cosmological 
arameters to high fidelity, even after marginalizing o v er more than
00 nuisance parameters. This means that, while future surv e ys
ill certainly have to account for these uncertainties, they will be 

ble to do so using fast marginalization methods without increas- 
ng the dimensionality of their astrophysical and cosmological 

odels. 
Our results have also shown that simple parametrizations of the 
edshift distribution for cosmic shear samples, in terms of shifts in
he mean redshift, are, surprisingly, able to reproduce the impact 
f the full uncertainty on p ( z) on the final constraints to high
recision. Although this result will likely not hold for other probes
e.g. tomographic galaxy clustering), it should certainly simplify the 
nalysis of future cosmic shear data. 

It is worth emphasizing that our work has focused e xclusiv ely
n the case of cosmic shear data, and that our conclusions only
pply in this context. The validity of the analytical approximation 
mployed here for general tomographic tracers of structure with 
ncertain radial kernels is not guaranteed, and future work should 
MNRAS 522, 5037–5048 (2023) 
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uantify its performance on photometric clustering data – the other
ey probe of the flagship ‘3 × 2pt’ analysis of imaging surv e ys –
nd its cross-correlation with cosmic shear and CMB lensing data
Garc ́ıa-Garc ́ıa et al. 2021 ; Heymans et al. 2021 ; Abbott et al. 2022 ;

hite et al. 2022 ). 
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PPEN D IX  A :  STRESS-TESTING  T H E  

PPROX IMATION  

s described in Section 2 , the approximation used here to analytically 
arginalize o v er the redshift calibration parameters assumes a 

ufficiently tight prior on these parameters, such that the depen- 
ence of the theory prediction on them can be linearized. Testing 
hether this assumption might break in a realistic scenario, is 

herefore essential. This is important in the context of Stage-IV, 
igure A1. Shows a comparison between the obtained marginalized posterior dis
 v er the 
z (black dashed) and when performing the full numerical marginaliza
istributions were made four times wider. Dotted lines mark the values of the fi
ignificantly broadening the prior distributions, the analytical marginalization retur
ince even though it is expected that spectroscopic samples and 
he associated calibration techniques will impro v e o v er time, the
ncrease in depth that LSST-like surv e ys will represent may make
he calibration of the faintest samples in the surv e y particularly 
hallenging. 

To further stress-test our approximate method, we repeat our 
nalysis of the LSST-like futuristic data using the 
z model for
edshift uncertainties with priors four times larger than the one 
sed in our fiducial analysis (which themselves were based on 
xisting calibration samples). The result of this test is shown in
ig. A1 . Reassuringly, the results show that, despite quadrupling 

he uncertainty in the redshift nuisance parameters, the analytical 
MNRAS 522, 5037–5048 (2023) 

tributions of the cosmological parameters when analytically marginalizing 
tion (orange) when analysing LSST-like data. In both cases, the 
z prior 
ducial cosmology used to generate the data. We can observe that despite 
ns virtually identical posteriors for the cosmological parameters. 
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igur e A2. Mar ginalized posterior distributions for the combination of
arameters �m 

, σ 8 , and S 8 obtained when considering the 
z model for
hotometric uncertainties for futuristic LSST-like data. In this analysis, the
riors on the 
z parameters were made five times tighter. The green contours
orrespond to the case where the 
z parameters are fixed. The orange contours
re obtained when numerically marginalizing o v er the 
z parameters. The
lack dashed contours are obtained when analytically marginalizing o v er
he 
z parameters. Finally, the dotted lines mark the values of the fiducial
osmology used to generate the data. We can observe that the analytical and
umerical marginalizations return nearly identical posteriors. 

arginalization method yields virtually the same constraints on the
osmological parameters as the brute-force marginalization, in spite
f the significantly broader posterior contours. This implicit validates
he approximation that a first-order expansion of the theory data
ector with respect to a change in redshift distribution is sufficient
 v er a conserv ati ve range of calibration priors. 
Finally, the calibration plan for Stage-IV surv e ys like LSST (LSST

ark Energy Science Collaboration 2012 ) and Euclid (Spergel et al.
015 ) describes a clear path towards improving the calibration of the
 ( z) by a factor of 5 compared to e.g. DESY1. In order to verify the
pproximation in this regime, we repeat our analysis of LSST-like
uturistic data while reducing the uncertainty in the p ( z) priors by a
actor of 5. As we can see in Figs A2 and A3 , the marginalizing o v er
he p ( z) uncertainties analytically or numerically returns virtually
NRAS 522, 5037–5048 (2023) 

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an 
( http://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reus
ndistinguishable posteriors even for much tight p ( z), this is true for

igur e A3. Mar ginalized posterior distributions for the combination of
arameters �m 

, σ 8 , and S 8 obtained when considering the p α( z) model
or photometric uncertainties for LSST-like futuristic data. In this analysis,
he priors on the p ( z) parameters were made five times tighter. The green
ontours correspond to the case where the p α( z) parameters are fixed. The
range contours were obtained when numerically marginalizing o v er the
 α( z) parameters. The black dashed contours were obtained when analytically
arginalizing o v er the p α( z) parameters. Finally, the dotted lines mark the

alues of the fiducial cosmology used to generate the data. We can observe
hat the analytical and numerical marginalization return nearly identical
osteriors. 

he two parametrization considered for said uncertainty in this work.
oreo v er, we also observ e that as we reduce the uncertainty on p ( z),

he impact of marginalizing o v er its uncertainty is drastically reduced
s one would expect. These results are consistent with the fact that
he approximation becomes progressively more exact as the priors
n the marginalized parameters become tighter. None the less, this
 x ercise confirms that the methods developed in this work are ready
o be applied to Stage-IV data once it becomes available. 
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