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Abstract

In this thesis we study the learning and complexity-theoretic underpinnings of the multigroup
fairness framework for prediction algorithms. Multiaccuracy and multicalibration are two primary
multigroup fairness notions, which ensure accurate and calibrated predictions, respectively, for every
subpopulation that can be identified within a specified class of computations [HKRR18]. They both
can be achieved from a single learning primitive: weak agnostic learning. A line of work starting
from [GKR+22] has shown that multicalibration implies a very strong indistinguishability-based
form of learning called omniprediction. The multigroup fairness framework is also deeply connected
to complexity theory through the Regularity Lemma and its various implications [CDV24].

We provide a thorough study of the connections between multigroup fairness notions, the central
learning primitive of weak agnostic learning, and the fundamental Hardcore Lemma in complexity
theory. We find that multiaccuracy in itself is rather weak, but that the addition of global calibration
(this notion is called calibrated multiaccuracy) boosts its power substantially, enough to recover
implications that were previously known only assuming the stronger notion of multicalibration.

We give evidence that multiaccuracy might not be as powerful as standard weak agnostic learn-
ing, by showing that there is no way to post-process a multiaccurate predictor to get a weak learner,
even assuming the best hypothesis has correlation 1/2. However, by also requiring the predictor
to be calibrated, we recover not just weak, but strong agnostic learning. A similar picture emerges
when we consider the derivation of hardcore measures from predictors satisfying multigroup fairness
notions [TTV09; CDV24]. On the one hand, while multiaccuracy only yields hardcore measures of
density half the optimal, we show that (a weighted version of) calibrated multiaccuracy achieves
optimal density.

Our results yield new insights into the complementary roles played by multiaccuracy and cal-
ibration in each setting. They shed light on why multiaccuracy and global calibration, although
not particularly powerful by themselves, together yield considerably stronger notions.

We further study the connections between the multigroup fairness framework and the problem
of learning selective classifiers, which are predictors that are allowed to abstain on some fraction of
the domain. Building on the notion of omniprediction (which is in turn built using tools from the
multigroup fairness framework), given a pre-specified class of loss functions, we provide an algo-
rithm for efficiently building a single classifier that learns abstentions and predictions optimally for
every loss in the entire class, where the abstentions are decided efficiently for each specific loss func-
tion by applying a fixed post-processing function. We call this classifier a selective omnipredictor.
Our algorithm and theoretical guarantees generalize the previously-known algorithms for learning
selective classifiers in formal learning-theoretic models [KKM12].
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We then extend the traditional multigroup fairness algorithms to the selective classification set-
ting and show that we can use a calibrated and multiaccurate predictor to efficiently build selective
classifiers that abstain optimally not only globally but also locally within each of the groups in
any pre-specified collection of possibly intersecting subgroups of the domain, and are also accurate
when they do not abstain. This provides yet another use case of the notion of calibrated multi-
accuracy. Moreover, we show how our abstention algorithms can be used as conformal prediction
methods in the binary classification setting to achieve both marginal and group-conditional cov-
erage guarantees for an intersecting collection of groups. We provide empirical evaluations for all
of our theoretical results, demonstrating the practicality of our learning algorithms for the goal of
abstaining optimally and fairly.
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M. C. Escher, Relativity, 1953.
Inspired by Parikshit Gopalan’s talk at the Institute for Advanced Study, April 2022.

The new form of the problem can be described in terms of a game which we call the
“imitation game.” It is played with three people, a man (A), a woman (B), and an
interrogator (C) who may be of either sex. The interrogator stays in a room apart
front the other two. The object of the game for the interrogator is to determine which
of the other two is the man and which is the woman.

Alan M. Turing, Computing Machinery and Intelligence, 1950.

These new Imitation Games lead to novel, precise, and operative definitions of
classical notions, including secret, knowledge, privacy, randomness, proof, fairness,
and others. These definitions have in turn led to numerous results, applications, and
understanding. (...) Central to each of these settings are computational and
information theoretic limitations placed on the referee in the relevant Imitation Game.

Avi Wigderson, 9th Heidelberg Laureate Forum lecture, 2022.

This idea that there is generality in the specific is of far-reaching importance.

Douglas R. Hofstadter, Gödel, Escher, Bach: An Eternal Golden Braid, 1979.
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1
Introduction

Undeniably, algorithms are informing decisions that reach ever more deeply into our
lives, from news article recommendations to criminal sentencing decisions to
healthcare diagnostics. This progress, however, raises (and is impeded by) a host of
concerns regarding the societal impact of computation.

TOC for Fairness: a Simons Collaboration Project

The role of computer science in our society has been profoundly reshaped during these
past few years. Gone is the time when algorithms only dealt with abstract objects such as graphs
or matrices to find the shortest path between two nodes. Today, people are at the center of many
algorithmic systems: algorithms are now powered by and continuously fed people’s (sensitive)
data and are widely employed to determine life-altering decisions for individuals in all spheres of
society. Automated decision-making has become ubiquitous, and algorithms are being used to
decide whether someone should receive a loan, be hired for a job, receive bail, or be treated for a
certain illness. These types of decisions usually take the form of prediction algorithms, which map
individuals to a “risk score” or a “predicted probability”. This is a number in the [0, 1] interval
understood as a likelihood. For example, we employ algorithms to try to predict the probability
that someone repays a loan on time or the probability that someone recommits a crime. These
probabilities are then used to make decisions about individuals; for example, to determine how to
allocate a scarce resource or to decide who is eligible for certain government benefits.

With great power comes great responsibility, and this responsibility is naturally shared by
us computer scientists, given that we are the ones developing the algorithmic toolkit that is then
deployed in the world. Unfortunately, we seem to be falling short: along with this rise in automated
decision-making, evidence has amounted demonstrating how algorithms can lead to various forms of
discrimination and to the enshrinement of present inequalities. Many real-life examples have been
documented, filling numerous books, policy reports, and research papers [LMKA16; ONe17; BG18;
Bro18; Vin18; Eub18; HTGG22; DK23; Ben23]. While ensuring the responsible use of algorithms in
society is a complex and interdisciplinary task, computer science plays a key role in developing the
appropriate technical tools and scientific vocabulary for dealing with these issues and understanding
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what can go wrong when an algorithm makes decisions about people. For example, in many cases,
algorithmic discrimination or bias amounts to an algorithm being inaccurate on a subgroup of the
population. In these kind of scenarios, we view algorithmic fairness as requiring more stringent
notions of accuracy than the traditional ones, which typically only measure global error. Because a
minority subgroup is small, this inaccuracy inside the minority subgroup is barely detectable when
looking at the algorithm’s global accuracy, but it is nonetheless a flaw of the algorithm that can
have major implications for the individuals who are members of these subgroups. Thus, beyond any
“fairness” considerations, an algorithm that is inaccurate on a subgroup of the domain is simply a
bad algorithm, and us computer scientists should find ways of detecting these flaws and improving
the algorithm.

The role of theoretical computer science. A lot of the discussions around algorithmic fairness
and responsible machine learning can sometimes feel too vague and complex for us to do rigorous
technical work on, especially given the intricacies of the social systems that algorithms are deployed
on. But finding good definitions that formalize important concepts and then allow us to build robust
methods with provable guarantees is precisely what theoretical computer science has always excelled
at. In very broad strokes, our field started with Turing formalizing the notion of computability, then
established cryptography as a scientific discipline by formalizing the notion of security, and then
developed the field of differential privacy by formalizing the notion of privacy. In trying to keep
up with this spirit, over the past few years several theoretical computer scientists have developed
the multigroup fairness framework, which formalizes the natural idea of requiring a predictor to be
accurate or calibrated not just globally, but also locally within any subgroup in a rich and possibly
intersecting collection. This thesis is dedicated to the study of the learning and complexity-theoretic
underpinnings of this now very rich framework.

While the prevalence of algorithms around us should be reason enough for us to think about local
accuracy and calibration, among many other similar problems, good definitions and frameworks do
not only allow us to solve the “practical” problems that motivated the creation of the framework
in the first place. Good formalizations yield new techniques that are broadly applicable, new and
fresh insights into computer science, and fruitful connections with other subfields. We have seen
this phenomenon repeatedly; for example, in the connections between cryptographic primitives and
complexity theory, or between differential privacy and adaptive data analysis. In this thesis, we
will see how the modern multigroup fairness framework elucidates fundamental “classical” concepts
in theoretical computer science such as agnostic learning and hardness amplification in new and
illuminating ways.

1.1 The multigroup fairness framework

The multigroup fairness framework was proposed in 2018 by Hébert-Johnson, Kim, Reingold, and
Rothblum [HKRR18], with a similar approach being studied in [KNRW18; LSH19]. The central
idea is the following: we are given a collection C of subgroups of the population that we wish to
protect, which can intersect arbitrarily, and our goal is to build a predictor that satisfies some
desired property globally over the domain and also locally when conditioning on any of subgroups
in the collection C. When the property that we want to enforce locally is that of accuracy in
expectation, then we say that the resulting predictor is C-multiaccurate, where “multi” refers to
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each of the subgroups c ∈ C. When the local property corresponds to calibration, we say that
the resulting predictor is C-multicalibrated, which is a stronger notion. Calibration enforces the
predicted probabilities to be “meaningful”, in the sense that “they mean what they say”: if we look
at the set of points where our predictor is predicting 0.7, for example, we want the expectation of
the true labels on that set of points to be approximately 0.7.

Multiaccuracy and multicalibration are definitions of what we want a “fair” predictor to satisfy.
But can we always construct such predictors? Hébert-Johnson et al. answer this in the positive
by showing that we can efficiently build multiaccurate and multicalibrated predictors for an arbi-
trary collection C using a boosting-based algorithm. Specifically, both algorithms follow the same
iterative recipe: at each step, we search for some c ∈ C that “witnesses” a violation of the mul-
tiaccuracy/multicalibration condition. To do so, we use the learning primitive of a weak agnostic
learner for the class C, which can identify whether there is some correlation with the residuals. If
so, we can then use this same witness to update the predictions by taking a gradient step and show
that we have improved the squared loss of our predictor by at least some amount. Then, a potential
argument shows that our algorithm terminates within not too many steps. At that point, there are
no more violations of the multiaccuracy/multicalibration definition, and thus our predictor satisfies
these desired notions for all c ∈ C.

Since 2018, the multigroup fairness framework has lead to an extremely fruitful line of work,
drawing connections to loss minimization [GKR+22; HNRY23; GGKS23; GOR+24], statistical infer-
ence [KKG+22; NR23; WLCW24], conformal prediction [JLP+21; JNRR23; GJN+22], confidence
scoring in large language models [DBFR24], game theory [LNPR22; NRRX23; HQYZ24; HJZ24],
causal inference [KKZ24], and the model multiplicity problem [RTW23; DNW24; BCDT25], among
others, as well as enjoying several practical applications [KGZ19; BRA+20; PKD+21; HDNS24].
This framework has been one of the most successful lines of work to come out of the recent efforts
to obtain formal definitions and provable guarantees in the field of algorithmic fairness by using
the tools and perspectives of theoretical computer science.

1.2 Connections to complexity theory

Recently, the multigroup fairness framework has also been connected to classical problems in com-
plexity theory [DLLT23; Cas23; CDV24; MPV25; HV25]. This relationship is realized by observing
that the multiaccuracy theorem (i.e., the claim that we can efficiently build a multiaccurate predic-
tor for a given collection C of groups [HKRR18]) is exactly equivalent to the so-called Regularity
Lemma in complexity theory, first showed by Trevisan, Tulsiani, and Vadhan in 2009 [TTV09]. In
their setting, the collection C of minority groups corresponds to a more general notion of class of
distinguishers, sometimes chosen to be a family of circuits of a certain size. Here, their goal is
to construct a “low-complexity” function (i.e., “simple” as measured with respect to the class of
distinguishers C) that “simulates” an arbitrarily complex function, in the sense that the two look
indistinguishable to all of the distinguishers in the class C. This notion of indistinguishability with
respect to the class C turns out to be exactly equivalent to C-multiaccuracy.1

1In fact, C-computational indistinguishability and C-multiaccuracy can both be viewed as variations of Turing’s
remarkable Imitation Game, where the functions c ∈ C play the role of the interrogator, the true labels play the role
of the human, and the low-complexity simulator/multiaccurate predictor plays the role of the machine.
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Crucially, the Regularity Lemma implies central results in complexity theory and related sub-
jects [TTV09; DLLT23; CDV24; HV25]. From it, we can prove all of the following results:

• Impagliazzo’s Hardcore Lemma in complexity theory [Imp95; Hol05; TTV09; CDV24].

• The Dense Model Theorem in additive combinatorics [RTTV08; TZ08; GT08; CDV24].

• Characterizations of pseudoentropy in information theory [VZ12; Zhe14; CDV24; MPV25;
HV25].

• Yao’s XOR Lemma in complexity theory [TTV09; GNW11].

• The Frieze-Kannan Regularity Lemma in graph theory [FK99; TTV09; Skó17; DLLT23].

• Chain rules for computational entropy [GW11; JP14].

• Chang’s Inequality in Fourier analysis of Boolean functions [IMR14].

• Equivalences between weak notions of zero knowledge in cryptography [CLP15].

Given that multicalibration (MC) is a stronger notion than multiaccuracy (MA), and that the
Regularity Lemma is equivalent to the multiaccuracy theorem, a natural question that arises in
this context is the following: What stronger and more general versions of these theorems do we
obtain if we start from the multicalibration theorem instead? This question was recently studied
for the cases of Impagliazzo’s Hardcore Lemma, the Dense Model Theorem, characterizations of
pseudoentropy, and the Frieze-Kannan Regularity Lemma [DLLT23; Cas23; CDV24]. In this thesis
we further study the connections between the multigroup framework and Impagliazzo’s Hardcore
Lemma (IHCL).

Impagliazzo’s Hardcore Lemma. Stated informally, IHCL says that if a function g is some-
what hard to compute on average by a family C′ of Boolean functions (in that the outputs of each
of the functions in C′ differ from g on at least a δ fraction of the input points), then there exists a
large fixed subset of the inputs (called the “hardcore set”) for which the function is very hard to
compute, in the sense that g is maximally unpredictable to the family C.2 That is, no distinguisher
in C can do better than random guessing when trying to guess the output of g. The original paper
by Impagliazzo from 1995 provides two proofs of IHCL: one boosting-based proof and one based on
the min-max theorem [Imp95]. Both proofs obtain a hardcore set of density (i.e., the size that the
set occupies within the domain) δ, where δ is the parameter that quantifies the average hardness of
the function in the assumption of the theorem. However, the optimal lower bound on the density
of the hardcore set is of 2δ, and it took 10 years for Holenstein to show that this optimal density
is indeed achievable [Hol05].

Through multicalibration, Casacuberta, Dwork, and Vadhan showed that we can obtain a
stronger and more general version of the Hardcore Lemma, which they call IHCL++ [CDV24].

2There is a circuit size difference between the assumption and the conclusion of IHCL: the class C′ is an enlarged
class which contains all of the functions that have “low-complexity” relative to C. We require g to be somewhat hard
to compute with respect to the enlarged class C′, and then we are able to show that existence of a hardcore set with
respect to the smaller class C. It was recently shown that this loss in circuit size is unavoidable regardless of proof
strategy [BKST24].
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Essentially, we can view the notion multicalibration from a complexity-theoretic point of view as
follows: by considering the level sets of a multicalibrated predictor, we have efficiently constructed
a low-complexity partition P such that on every (large enough) piece P ∈ P , the true labels are
C-indistinguishable from a constant function (which is in turn related to the expected value of the
labels on the piece P , a quantity that can be viewed as the “balance” of g on P ). This allows us to
construct a “small” hardcore set within each piece P ∈ P , whose density is lower-bounded by two
times the balance parameter of g on P . Crucially, this statement holds for any Boolean function g,
unlike the original IHCL statement, where we must require the input function g to be somewhat
hard to compute to begin with. If we do bring back this weak hardness assumption, then they show
that we recover IHCL with optimal density 2δ as a corollary by gluing the per-piece small hardcore
sets.

This corollary is very intriguing when viewed side by side with the result of Trevisan, Tulsiani,
and Vadhan regarding IHCL, who show that from the Regularity Lemma (i.e., from a multiaccurate
predictor) we can construct a hardcore set of density δ, which is suboptimal [TTV09]. Therefore,
a glaring question emerges: what is the weakest multigroup fairness definition that allows us to
obtain a hardcore set of optimal density 2δ? This question is important to understand the potential
limitations of the Regularity Lemma/multiaccuracy, but it is also important to keep in mind that
multicalibration comes at a much higher computational price than multiaccuracy: the iterative
algorithm for multicalibration requires many more calls to the weak agnostic learner. This implies
that, while [CDV24] are able to obtain a hardcore set of optimal density, they incur a much larger
circuit size loss in the difference between C′ and C in IHCL. Therefore, using the multigroup fairness
framework, we would like to be able to obtain a Hardcore Lemma of optimal size but with much
better circuit size parameters. We remark that we can equivalently move between hardcore sets
and hardcore measures via a probabilistic method argument. In the case of measures, the hardness
of the function occurs when sampling according to the hardcore measure (as opposed to when
restricting the domain to the hardcore set). We can similarly translate the notion of the density of
the set by using an appropriate notion of “density” of the measure.

Boosting and IHCL. A deep insight in theoretical computer science is that hardness and learn-
ing are two sides of the same coin. Specifically, the Hardcore Lemma and the notion of boosting
in learning theory are intimately related. The key idea in boosting is to combine multiple “weak”
hypotheses (in the sense that these have only learned the labels slightly better than random) in
order to produce a “strong” hypothesis that has very high correlation with the labels. Schapire and
Freund were the first to design boosting algorithms, thus proving the equivalence between weak
and strong learnability [Sch90; Fre95]. Many practical boosting algorithms followed, such as the
celebrated AdaBoost [FS97]. All of the main boosting algorithms tend to use the same recipe: they
invoke a weak learner multiple times on distributions that we modify at each iteration, giving more
weight to the points that have been hard to learn so far.

The relationship between the Hardcore Lemma and boosting becomes clear when we consider
the contrapositive of IHCL, which essentially states that if a function g can be approximated
slightly better than random for any dense-enough distribution, then we can find some function that
approximates g very well, in the sense that the function is not somewhat hard to compute on average.
In fact, one of the two original proofs of IHCL by Impagliazzo is a boosting-based proof, where
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IHCL is shown by contradiction through this iterative procedure of calling the weak learners, which
are guaranteed to exist from the assumption of IHCL. Here, we see yet another re-interpretation
of the class C: in the case of IHCL, we understand the functions in C as distinguishers/circuits
of a certain size, whereas from the boosting/learning perspective we view them as concepts (or
hypotheses) belonging to a concept class C.

This connection between the Hardcore Lemma and boosting was made explicit by Kilvans and
Servedio in 2003, who plugged in various boosting algorithms into a general boosting-based proof
of IHCL, thus obtaining various IHCL statements with different density guarantees and circuit
size parameters [KS03]. In fact, they explicitly relate the smoothness parameter of the boosting
algorithm with the density of the hardcore set, but, intriguingly, none of the PAC-based boosting
algorithms (i.e., when we work in the realizable setting, where we assume that the underlying
distribution is labeled by some concept in C) that they plug in are able to achieve a hardcore sets
of optimal density 2δ. Feldman later revisited the connection between boosting and IHCL in the
agnostic setting (where we do not have the realizability assumption), showing that hardcore set
constructions achieving the optimal density give agnostic boosting and vice-versa [Fel09a]. This
connection between hardness and learning is another reason for why we care about the density of
the hardcore set: when we view it from this “contrapositive” perspective, more hardness allows
us to have better learning. Even if we stay on the “hardness side” of the coin, where we view
IHCL as a hardness amplification result, then extracting the maximum possible hardness is useful
for the applications of IHCL to cryptography, specifically in the construction of pseudorandom
generators [VZ12; VZ13]. Hardness amplification is also very related to the well-studied problem
of derandomization [Kab02].

Given these connections between hardcore set constructions and boosting, it is natural to ask
what the learning-theoretic/boosting interpretation of IHCL++ is, where IHCL++ corresponds
to the stronger and more general version of IHCL shown in [CDV24] that we obtain through
multicalibration (rather than from multiaccuracy, as done through the Regularity Lemma [TTV09]).
Intuitively, it should correspond to some form of stronger agnostic learning, in light of Feldman’s
observation.

Class Context Interpretation of C

Multigroup fairness Indicator functions of subgroups of interest in
the population

C Complexity theory, IHCL Distinguishers or bounded-size circuits
Learning theory, Boosting Concepts from a concept class

Table 1.1: Interpretations of the class C across fairness, complexity, and learning.

1.3 Connections to learning theory

From the equivalence between hardcore set constructions and forms of boosting, and in light of the
connection between multiaccuracy and IHCL through the Regularity Lemma, it is already clear
that there are deep connections between the multigroup fairness notions and learning theory. But
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already since the original multicalibration paper, we know that the connection runs deeper.
First, algorithms for building multiaccurate (MA) and multicalibrated (MC) predictors all use

a weak agnostic learner to detect whether there is some subgroup c ∈ C on which the predictor is
not accurate or not calibrated. Therefore, from the multiaccuracy and multicalibration theorems
it follows that if the class C is efficiently weak agnostically learnable, then we can efficiently con-
struct MA and MC predictors. It is important to remark that weak and strong learnability are also
equivalent in the agnostic setting, as shown by Kalai and Kanade [KK09] and Feldman [Fel09a].
In the case of multicalibration, Hébert-Johnson et al. show that the reduction goes both ways: we
can multicalibrate with respect to C if and only if we can (weak) agnostically learn C [HKRR18]. It
is natural to ask whether this if and only if relationship also holds in the case of multiaccuracy. A
priori, it seems that the answer should be yes, given that testing for multiaccuracy violations cor-
responds to calling a weak agnostic learner. However, as we will see in this thesis, this relationship
between multiaccuracy and weak agnostic learning turns out to be a lot more subtle.

Another powerful connection between the multigroup fairness framework and learning theory
came through omniprediction, a learning paradigm that was first proposed by Gopalan, Kalai,
Reingold, Sharan, and Wieder in 2021 [GKR+22]. In this work, they were concerned with a
learning problem that at first does not seem to have any relationship to the multigroup fairness
framework. In their case, the notion of omniprediction stems from the following observation: in
the agnostic setting, the loss incurred by the predictor that we are building competes with the loss
incurred by the best concept c∗ ∈ C. However, the best concept c∗ ∈ C (i.e., the one that achieves
the lowest loss) depends on the chosen loss function. In fact, if we have trained a predictor to
optimize for a particular loss, we do not have a way of post-processing it so that it is optimal for a
different loss.

It would be much more convenient to instead have a loss minimization paradigm that was
somewhat “loss agnostic” in the following sense: we would like to train a single predictor that
“works” for an entire class of loss functions. For any fixed loss from the class, we would like to
efficiently post-process this single predictor such that the error that it incurs is no more than the
loss incurred by the optimal predictor c∗ℓ in C (with an ϵ slack), where c∗ℓ depends on the choice of
the loss function ℓ. This single predictor corresponds precisely to the definition of an omnipredictor.

Perhaps surprisingly, Gopalan et al. show that we can build an omnipredictor through the
technique of multicalibration: if p is multicalibrated for the class C, then p is an omnipredictor for
C and forthe class of all convex, Lipschitz loss functions. This connection is maybe less surprising if
we view it in light of the tight relationship between learning, fairness, and complexity that we study
in this thesis: namely, a C-multicalibrated predictor appears indistinguishable from the ground truth
predictor to the functions c ∈ C (where we are implicitly relating the different interpretations of the
class C as summarized in Figure 1.1, as we view C as a distinguisher class from the MC perspective
and as a class of concepts in the setting of omniprediction). Given that the ground truth predictor
incurs optimal loss, we would expect the loss incurred by the multicalibrated predictor to also be
optimal from the perspective of the concepts in C.

In a sense, for all of multicalibration, indistinguishability, and omniprediction/agnostic learning,
everything we prove is about the relationship between the true labels and the predictor that we
construct as far as the functions in C can see. This allows us to see the true labels and our predic-
tions as computationally equivalent with respect to the class C, which yields benefits in all of the
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Figure 1.1: Understanding the notions of multigroup fairness, computational indistinguishability, and agnostic learning as
an Imitation Game with respect to the class C.

fairness, learning, and complexity-theoretic domains (Figure 1.1). This indistinguishability-based
perspective of the multigroup fairness framework has also been formalized through the notion of
Outcome Indistinguishability [DKR+21], which we can in turn use to understand the loss minimiza-
tion paradigm in the omnipredictors framework from the indistinguishability lenses [GHK+23].

1.4 Our contributions to this picture

In Part I of this thesis, we complete the picture of relationships between multigroup fairness prim-
itives, complexity-theoretic notions (hardcore sets), and learning-theoretic notions (learning primi-
tives), which we summarize in Figure 1.2.

Hardcore measures of optimal density (Chapter 4). Following the construction of hardcore
measures by [TTV09] (for multiaccuracy) and [CDV24] (for multicalibration), we show an explicit
form for an optimal hardcore measure of density 2δ, starting from a predictor satisfying calibration
and a weighted variant of multiaccuracy that we call weighted multiaccuracy. In multiaccuracy, we
require that the expected prediction made by our predictor p on every subgroup to be accurate.
For weighted multiaccuracy, we take the level sets of p and assign a weight value to each of the
level sets, assigning more weight to the individuals with predicted p-value closer to 1/2. We show
how giving more weight to the level sets that have value close to 1/2 (the specific weight value
is provided in the formal statements) strengthens the transformation of a multiaccurate predictor
to a hardcore measure first proposed by [TTV09], thus improving their construction. In terms of
complexity, obtaining a weighted multiaccurate predictor is roughly equivalent to obtaining a usual
multiaccurate predictor. We discuss this hardcore-ness analysis in Section 4.2. The key then comes
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from adding global calibration to the picture. Global calibration is different from multicalibration
in that we only require the predictor to be calibrated on average over the domain, rather than when
conditioned on each of the subgroups in C. We perform the density analysis in Section 4.6. Note
that both (weighted) multiaccuracy and calibration follow from multicalibration (we always assume
that the constant functions are in C), but, importantly, constructing a (weighted) multiaccurate and
calibrated predictor is much cheaper than constructing a full-fledged multicalibrated predictor. We
compare the specific costs in Section 4.6. Recent work by Gopalan, Hu, Kim, Reingold, and Wieder
shows that we can construct a calibrated and multiaccurate predictor at essentially the same cost
as multiaccuracy alone [GHK+23]. Therefore, when compared to the result by [CDV24] showing
that IHCL++ implies the Hardcore Lemma with density 2δ, we are able to obtain a hardcore set
of optimal size with a much better circuit size loss.

Our result is part of a growing body of work demonstrating that calibrated multiaccuracy (and
related variants) strikes a very good balance between utility and efficiency: it is much cheaper to
construct than multicalibration (in all measures), but it preserves some of the great qualities of
multicalibration. In our case, we are able to obtain a hardcore set of optimal density. In the case
of Gopalan et al., they show how we can efficiently construct omnipredictors in the case where C
is a family of Boolean functions (rather than bounded) from calibrated multiaccuracy, whereas the
original paper on omnipredictors did so from multicalibration [GHK+23]. Recent work by Vadhan
and Hu shows how we can provide pseudoentropy characterizations (including for Shannon and min-
entropy) from multiaccuracy and a form of global calibration [HV25]. This is in contrast to the
result in [CDV24], which did so through the notion of multicalibration. Naturally, multicalibration
is still a stronger primitive, and so we cannot hope to recover all of its implications from calibrated
multiaccuracy; for example, we cannot obtain IHCL++ from calibrated multiaccuracy.

Lastly, in light of the connections between boosting and the Hardcore Lemma, in Section 4.6 we
clarify the stronger form of agnostic boosting that IHCL++ corresponds to (i.e., the ++ version of
agnostic learning). It turns out that this corresponds to the notion of swap agnostic learning that
was recently introduced by Gopalan, Kim, and Reingold [GKR24]. This answer is not so surprising,
given that Gopalan et al. showed that swap agnostic learning can be obtained from multicalibra-
tion. However, we make this connection through the characterization of multicalibration in terms
of hardness of prediction established by [CDV24]. In essence, the complexity-theoretic view of MC
in [CDV24] tells us that in a multicalibrated partition P, within every (large enough) piece P , the
true labels are C-indistinguishable from a constant function (which is in fact equal to the “balance”
of the true labels on the piece). The main theorem in [CDV24] characterizes indistinguishability
from a constant function in terms of hardness of prediction (generalizing Yao’s equivalence between
pseudorandomness and unpredictability). We explain how viewing multicalibration from this per-
spective of “hardness on each piece” of the partition provides a clear picture of the duality between
learning and hardness in the ++ row of our picture (Figure 1.2): we can use it to obtain a “small”
hardcore set within every piece (yielding IHCL++), or we can use it to argue that our predictions
incur optimal loss in the agnostic sense within every piece (yielding swap agnostic learning). We
can view swap agnostic learning as saying that we can learn up to irreducible error, where this
irreducibility is from a computational perspective (i.e., it appears as true noise to the concepts
c ∈ C). While Gopalan et al. show that we can obtain swap agnostic learning from multicalibration
with the ℓ2 loss, here we show it for the ℓ1 loss.
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Figure 1.2: In this thesis, we complete the picture connecting learning, fairness, and complexity-theoretic notions.

Multiaccuracy and (weak) agnostic learning (Chapter 3). Given the equivalence between
multicalibration and (weak) agnostic learning, we ask whether the same holds for multaccuracy. It
would seem that the answer is yes, but somewhat surprisingly, in Section 3.1 we show that we can
construct a concept class C, a distribution on the labels, and a C-multiaccurate predictor that has
zero correlation with the labels (i.e., it is not even a weak learner). In fact, any post-processing
of the multiaccurate predictor continues to achieve zero correlation with the labels. Intuitively,
this can occur because multiaccuracy only promises closeness between the true labels and the
multiaccurate predictor p in so far as the concepts c ∈ C can “see” (more formally, over the span
of C). However, the relationship between the labels and p over the orthogonal space to the span of
C can mess up the correlation that exists over the span of C, yielding a total of zero correlation.

This observation, however, allows us to prove in Section 3.2 that multiaccuracy does imply
weak agnostic learning whenever there is some concept c ∈ C that achieves high correlation with
the labels – specifically, when this correlation is at least 1/2. We call this type of learning restricted
weak agnostic learning, given that we only guarantee that our predictor can learn if the relationship
between some concept in C and the labels is significant enough. Indeed, the traditional notion
of weak agnostic learning is actually quite strong, in that an (α, β)-weak agnostic learner, for
α ≥ β ∈ [0, 1], promises to return a hypothesis h that has correlation at least β with the labels if
there is a concept c ∈ C that has correlation at least α with the labels. Hence, we promise to output
a predictor with some correlation with the labels as long as there is a concept in C that achieves
some positive correlation with the labels, even if this quantity is very small. In our reduction from
multiaccuracy to learning, we show that a perfectly multiaccurate predictor yields a weak agnostic
learner that has correlation 2α − 1 with the labels, where α is the correlation achieved with the
labels for some c ∈ C. This guarantee is only non-trivial when α > 1/2; this type of guarantee (i.e.,
when we only promise weak learning if α is high enough) is precisely what we capture through our
notion of restricted weak agnostic learning.

Moreover, in Section 3.3 we show that if we also make our multiaccurate predictor globally
calibrated, then this predictor is not only a weak learner, but in fact a strong agnostic learner.
That is, its correlation with the labels is at least as good as that of the best hypothesis in C. Our
proof clearly delineates the roles played by multiaccuracy and by global calibration, similar to how
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in our proof of IHCL with 2δ density we see how multiaccuracy gives the hardcore-ness of the
measure whereas global calibration allows us to prove optimal density. Note that the predictions
of a calibrated predictor are not necessarily informative: if the labels are balanced, then predicting
1/2 everywhere satisfies global calibration. However, if a calibrated predictor deviates noticeably
from random guessing (i.e., does not predict 1/2 everywhere), then its predictions are actually quite
informative: if we take the level set where we are predicting the value v, then we are guaranteed that
the expectation of the true labels on that level set is approximately v. This allows us to argue that
if a calibrated predictor deviates noticeably from random guessing, then we can obtain an agnostic
learner. Then, the multiaccuracy guarantee allows us to discard the case where the predictor always
predicts 1/2: intuitively, a hypothesis c that is correlated with the labels y provides a certificate
that y|x is not uniformly random. A C-multiaccurate predictor has to capture the correlations with
c accurately, which forces it to deviate from random guessing. Therefore, when we require both
global calibration and multiaccuracy, we obtain a strong agnostic learner.

In conjunction with our result on the Hardcore Lemma, our results demonstrate the power of
adding global calibration to the notion of multiaccuracy. Indeed, in the case of IHCL, this allows
us to obtain a hardcore measure of optimal density, whereas in the case of learning it allows to
go from possibly no learning at all to strong agnostic learning. As we have emphasized, this is
yet another piece of evidence in the recent realization of the power of calibrated multiaccuracy as
a notion that is much cheaper to attain than full multicalibration, but which retains some of its
benefits that multiaccuracy alone cannot provide.

Intuitively, in both the complexity-theoretic (Harcore Lemma) and learning-theoretic (agnostic
learning) contexts, global calibration allows us to reason about the outputs of a multiaccurate
predictor in a more fine-grained manner. In the case of IHCL, we consider the level sets of the
predictor p and show that the assumption that input function g is somewhat hard to compute
on average (as parametrized by δ) implies that, on average, the expected value of our predictor
is at least δ, given that otherwise we would be able to guess g too well using the appropriate
distinguishers (namely, a distinguisher that guesses the majority value on every level set of p). In
the case of learning, we similarly consider the level sets of the calibrated predictor p in order to
upper-bound its global error.

Beyond multiaccuracy (Chapter 5). Our counter-example shows that a multiaccurate pre-
dictor, even when post-processing its outputs, does not always yield learning. This does not entirely
conclude the story, given that it does not answer the following more general question: if we can
efficiently build a multiaccurate predictor for the class C, does this imply that we can efficiently
agnostically learn the class C? For example, we could allow for more sophisticated post-processings
of the multiaccurate predictor. What can we do next? We explore multiple different directions,
which are essentially independent from each other.

Projecting onto the span of C (Section 5.1). As we explained, multiaccuracy does ensure
closeness between the true labels and our predictor p over the space spanned by C (it is the
orthogonal components that can mess up the learning). Hence, if we knew how to efficiently
project a multiaccurate predictor onto the space of C, then this could potentially give us an agnostic
learner. In Section 5.1.2 we show that this intuition is correct: if we know how to project onto
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the span of C, then multiaccuracy suffices for weak agnostic learning. To prove this, we use a
neat characterization of weak agnostic learning as non-trivial squared loss minimization that beats
random guessing, which we explain in Section 5.1.1. Due to some technical details in the projection
step, we need to require the projection to be ℓ1 sparse. An example of a case where we can find such
ℓ1 sparse projection is the case of the Goldreich-Levin algorithm, which finds the largest Fourier
coefficients of a function given membership access to it.

Relatedly, as we explain in Section 5.1.3, if we have a multiaccurate predictor p, then a crucial
observation is that we can query p at any point (as opposed to just being able to sample examples
(x, y) from the distribution). That is, we have query access to p, and because p and the target
function p∗ are close in the multiaccuracy sense, we show that this is essentially equivalent to
having query access to the target function, in terms of learnability of the class. (This is, broadly
speaking, how we always use the multiaccuracy/multicalibration guarantee in the proofs: we can
appropriately swap the predictor by the target function and vice-versa.) This implies that, if there
is a class C that is hard to learn in the usual agnostic setting but easy to learn if we add membership
query access to the target function, then constructing a multiaccurate predictor for C is as hard
as solving the hard-to-learn agnostic learning problem, precisely because having query access to a
multiaccurate predictor is equivalent to having membership query access in terms of learnability.
A concrete example where this occurs is for the class of parities, where we can apply the Goldreich-
Levin algorithm to find the target parity if we have membership query access to it. This implies
that finding a multiaccurate predictor for the class of parities is at least as hard as Learning Parities
with Noise.

Restricted weak agnostic learning (Section 5.2). Recall that while multiaccuracy doesn’t
necessarily directly imply learning, it does whenever there is some concept in C that achieves
correlation at least 1/2 with the labels. This is what motivates our notion of a restricted weak
agnostic learner, and given that we propose this new notion, we investigate it further. First, while
this is a new notion, in Section 5.2.1 we demonstrate how it is closely related to approximate agnostic
learning. Indeed, we show how an approximation algorithm for a concept class yields a restricted
weak agnostic learner for the same class. By using a result by Daniely showing an approximate
agnostic learning algorithm for the class of halfspaces, this provides evidence that restricted weak
agnostic learning can be efficient for some parameters of α, but no longer efficient as α→ 0.

Second, given the equivalence between weak and strong agnostic learning [KK09; Fel09a], it is
natural to ask whether we can similarly boost a restricted weak agnostic learner, so that we can
decrease the correlation with the labels that we require of some concept in C. That is, if we have
a (α, β)-weak agnostic learner, can we build a (α′, β′)-weak agnostic learner for α′ < α? This is
a different type of boosting than the typical one, where we want to increase the correlation with
the labels achieved by the hypothesis that we are producing; that is, the β parameter. We can
understand this form of boosting as asking whether we can learn at lower correlation. Unfortunately,
in Section 5.2.2 we show that this type of boosting is not possible in general under standard
cryptographic assumptions. Specifically, we use a family of pseudorandom functions to define our
concept class. Essentially, we divide the domain into two disjoint parts, where one contains an
encoding of the key r and the other contains the pseudorandom function fr. If there is not too
much noise, we can learn the class by reconstructing the key from examples, and then identifying
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Figure 1.3: The spectrum of weak agnostic learning.

the corresponding function fr. However, if the noise is high enough so that the labels in the part
of the domain that contains the encoding of the key are completely random, then this learning
problem becomes equivalent to the problem of distinguishing pseudorandom functions from truly
random functions, which is hard under standard cryptographic assumptions. In order to get a tight
gap, we encode the key r by using error-correcting codes.

We summarize this impossibility result in Figure 1.3 (in red), where we also plot our reduction
from multiaccuracy to a restricted weak agnostic learner (which corresponds the positive result in
green below the orange line).

Relatedly, we can ask whether we can construct a multiaccurate predictor from a weak agnostic
learner with better error parameters than the ones obtained in the original algorithm by [HKRR18].
That is, the original algorithm uses an (α, β)-weak agnostic learner to obtain a multiaccurate
predictor with error α. Could we lessen the error of the multiaccurate predictor while still using
the same (α, β)-weak agnostic learner? We also answer this question in the negative in Section 5.2.3,
using essentially the same construction with pseudorandom functions. While we can learn the class
if there is not too much noise (and thus build a multiaccurate predictor through a weak agnostic
learner), we show that constructing a multiaccurate predictor for this class with better error than
α/2 would again allow us to distinguish pseudorandom functions from truly random functions.

Auditing versus learning for multiaccuracy (Section 5.3). We conclude Part I of the thesis
with an interesting future direction, which we preliminarily explore. Recall that in the original
algorithm for constructing multiaccurate predictors, we audit for C-multiaccuracy at each step of
the algorithm using a C-weak agnostic learner. Auditing for C-multiaccuracy in this search-based
way is equivalent to properly weak agnostically learning C. Given this equivalence, it is clear that the
distinction between the search and decision versions of the problem of auditing for multiaccuracy
is closely related to the equivalent question for the problem of weak agnostic learning instead.
For the latter, Vadhan [Vad17] and Kothari and Livni [KL18] established an equivalence between
weak agnostically learning a class C and the problem of deciding, given a finite number of samples,
whether there is some correlation between the labels and the concepts in C or whether the labels
are truly random (this is called the refutation problem for C).
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We discuss how we can try to apply their equivalence result to understand whether being able
to audit for C-multiaccuracy implies that we can agnostically learn the class C.

1.5 A multigroup perspective on learning with abstentions

As we have seen, the multigroup fairness framework has turned out to be extremely rich: besides
its practical applications as a method for avoiding algorithmic discrimination, it has lead to fruitful
work in complexity and learning theory (as we explore in Part I of this thesis), statistical inference,
game theory, information theory, and causal inference, among many other areas.

All multigroup fairness notions deal with the predictions of a predictor p, which are numbers in
the [0, 1] interval that we understand as representing a likelihood. At the end of the day, notions
such as multiaccuracy, global calibration, and multicalibration are all about inquiring into these
individual probabilities p(x) and ensuring that the algorithm has learnt them in the best way
possible. The same is true for most of the work on algorithmic fairness (for example, the works on
individual and group fairness notions [DHP+12; HPS16]), which generally deal with detecting and
correcting the bias that may be present in a specific subgroup of the population.

But we can take a step back and question a fundamental assumption that we have implicitly
been making so far: should the algorithm really be predicting a value p(x) for each individual? If
the algorithm is unsure of its predictions, for example because the true labels are hard to learn,
then why should we force it to make a prediction on each x ∈ X ? Recent works have shown how
typical group fairness metrics can drastically change after we account for the uncertainty present
in the predictions and use them to abstain on the fraction of individuals on which the algorithm is
most uncertain [LHAC23; CLC+24]. Similar recent papers have advocated for the need to include
uncertainty and arbitrariness considerations in the study of algorithmic fairness [ALG21; KKR22;
KCGK23; TCL23; LHAC24]. More generally, the use of algorithms in decision-making has been
extremely prediction-centered so far. We should start to question this premise and expand our
horizons of algorithmic inquiry: our actual goal should be to make the best decisions possible down
the line, which doesn’t necessarily imply that we should center all of our efforts on producing highly
accurate predictions p(x) for all individuals x [Per24; SAH24; FKP25].

The main observation here is that it is generally not enough to obtain the probability value
that the algorithm outputs for every individual x. We would also like to quantify how certain
the algorithm is of each prediction. That is, we should take into account the arbitrariness or the
uncertainty of the predictions when thinking about learning problems. This is especially important
when using algorithmic decision-making in societal contexts, where forcing the algorithm to predict
can cause unnecessary false positives and false negatives that can potentially have devastating
consequences for a particular individual. A much better approach would be to instead identify the
points in the domain on which the algorithm is uncertain of its predictions, and then deal with
those separately. As we argued in the case of the multigroup fairness framework, this is not only
a “societal” question: being able to identify the regions of the domain on which the predictor is
uncertain is useful and important regardless of whether we view the points x in the domain as
people or not. Algorithms that are inaccurate within a subgroup or that produce highly arbitrary
predictions are simply bad algorithms.
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More broadly, thinking about how algorithms can have adverse societal consequences usually
makes us have to think carefully about fundamental questions in computer science that we might not
have studied otherwise. For example, in Part I of this thesis, the notion of calibrated multiaccuracy
allowed us to obtain a new proof of IHCL with optimal density, and led us to an improvement of the
classical construction by [TTV09] in the proof of IHCL through the complexity-theoretic Regularity
Lemma, precisely by realizing that global calibration plays a key role in the construction of hardcore
measures. We also obtain various new insights into the notion of weak agnostic learning, which has
been a central concept in learning theory since the 90s [Hau92; KSS92]. In Part II of this thesis, we
observe a similar phenomenon, where our study of uncertainty in predictions allows us to generalize
previous results in agnostic learning from the 0-1 loss to a rich class of loss functions [KKM12].

Learning with abstentions (Chapter 6). A natural way in which we can expand our “full
prediction” typical approach is by allowing our prediction to abstain on some points of the domain.
That is, instead of outputting a prediction value on the [0, 1] range, our predictor p can now
output a value in the range [0, 1] ∪ ?, where we interpret ? as the predictor saying “I don’t know.”
In the literature, this is sometimes knows as selective classification [JSK+20; GKKM20], partial
classification [KT14], or learning to defer [MPZ18; CS24].

While selective classification is not a new idea in the literature, most of these methods determine
the abstention set as a posteriori intervention lacking any theoretical guarantees. For example,
several approaches in the literature, particularly those that study the model multiplicity problem
(which examines classes of classifiers with competing high accuracy but which disagree on individual
predictions), quantify arbitrariness by first training many different classifiers and then computing
the variance or the number of disagreements between the classifiers on individual points [MCU20;
CLC+24]. For example, if we then want to add abstentions, we can do so by abstaining on the
individuals that exhibit high variance with respect to the class of models. Various metrics have
been proposed for quantifying the variance of the predictions within the class [MCU20], as well as
various algorithms for ensembling the competing models in different ways, as to increase reliability
[BLF21; RTW23; DNW24; BCDT25]. Several works have studied the relationship between the
variance within the class of competing models and group fairness metrics [LHAC23; LHAC24;
ALG21; KHS23; JRLT23]. A drawback of these variance-based methods is that they require fitting
an entire class of models.

Although somewhat different, a related notion is that of conformal prediction [VGS05; AB21;
JNRR23], where the classifier is allowed to output a prediction set of possible labels. The goal is for
the true label to be in the prediction set with high probability. Some recent works have extended the
conformal prediction setting to provide conditional guarantees instead of only marginal guarantees
by adapting the multicalibration algorithm [JLP+21; JNRR23]. In the binary classification case,
viewing an abstention ? as predicting the set {0, 1} relates these two notions tightly [FN24]. We
will use this observation in our results to obtain conformal prediction methods as a by-product.

Formal learning-theoretic approaches. Still, we are interested in rigorous approaches to the
problem of learning with abstentions that provide provable and mathematical guarantees. Once
we start studying abstentions formally, we need to define how exactly we account for the cost of
abstention and what the optimal abstention rate looks like. A natural way of going about this is to
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have some cost associated with abstaining (for example, the traditional Chow model gives a fixed
cost of α to abstentions [Cho57]), and then try to minimize the total loss, which consists of the
prediction loss plus the abstention loss [KK21a; KK21b]. Alternatively, rather than having a single
loss with a fixed cost for abstention, we can have two different rates: the misclassification rate and
the abstention rate [GKKM20].

In the learning theory literature, the formal study of selective classification was initiated in 2009
by Kalai, Kanade, and Mansour, who called it reliable agnostic learning [KKM12]. We can view
their model as the natural generalization of the usual agnostic learning definition in the setting of
selective classification. Their work focuses on binary classification problems using only the 0-1 loss
function. Specifically, given a concept class C, the task is to efficiently find a hypothesis h that
makes essentially no false positives or false negatives, while abstaining at the minimum number of
points. How do we define the optimal abstention rate? Here, in keeping with the agnostic learning
approach, the abstention rate of h has to compete with the best abstention rate in C. Because C is a
Boolean concept class with no abstentions, we need to post-process the class as to add abstentions,
as we will discuss. Then, the best selective classifier in this post-processed class C is the one that
achieves the lowest abstention rate, subject to also making no false positives or false negatives.
Kalai, Kanade, and Mansour showed that if the class C is agnostically learnable, then it is also
reliably agnostically learnable. In the other direction, reliable agnostic learning is believed to be
easier than agnostic learning, given that Kanade and Thaler proposed an algorithm for learning
majorities in the reliable agnostic setting which is strictly more efficient than the fastest known
algorithms in the standard agnostic setting [KT14]. We formally introduce this rigorous model for
learning with abstentions in Chapter 6.

Inspired by the reliable agnostic learning framework by [KKM12], in Part II of this thesis we
initiate the study of selective classification in the multigroup fairness context. We do this in two
ways. First, we introduce abstentions to the powerful learning-theoretic framework of omnipredic-
tors, where the specific loss function can be chosen from a large class of loss functions a posteriori
after training. To this end, we introduce the notion of of a selective omnipredictor and show how
to construct them efficiently. Moreover, we show how we can generalize the reliable agnostic results
of [KKM12] beyond the 0-1 loss to a rich class of loss functions by using a selective omnipredictor.

Second, we bring the spirit of the multigroup fairness framework into the notion of reliable
agnostic learning as introduced in [KKM12]. Specifically, their notion only requires our hypothesis
to compete with the abstention rate of the best selective concept. However, if we have a collection
G of subgroups of the domain that we wish to protect, then a reliable agnostic learner could
unnecessarily over-abstain on some subgroups. To prevent this, we introduce the notion of a (C,G)-
multigroup selective classifier, which is required to abstain optimally not only globally but also
locally within each of the groups in the pre-specified collection G. Here, calibrated multiaccuracy
makes another appearance: we show how to construct a (C,G)-multigroup selective classifier using
a calibrated and multiaccurate predictor for a suitable concept class (combining C and G).

Lastly, we apply our methods to the setting of conformal prediction. We show how our results
can be applied in the binary classification setting to obtain conformal prediction algorithms that
achieve both marginal and group-conditional coverage guarantees for an intersecting collection of
groups. We provide experiments on synthetic data as to visualize our various constructions and
demonstrate their feasibility and guarantees in practice.
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Selective omniprediction (Chapter 7). As we have discussed, one of the most successful
applications of the multigroup fairness framework has been in the creation of the loss minimization
paradigm of omniprediction. This consists of a single predictor that can be trained for an entire class
of loss functions L (that satisfy some mild conditions), such that we can efficiently post-process our
predictor once the loss has been chosen and obtain optimal error in the agnostic sense. As it turns
out, we can use the strong indistinguishability properties of the multigroup fairness framework to
construct omnipredictors from multicalibration [GKR+22], and it has recently been shown that
we can in fact construct them from the weaker primitive of calibrated multiaccuracy [OKK25]. In
these connections, we make the collection of groups C in the multigroup fairness framework equal
the concept class C in omnipredictors (as summarized in Figure 1.1).

We propose to extend the omniprediction paradigm to the setting of selective classification.
Specifically, we add loss functions measuring the loss incurred by abstaining to the large class of
loss functions L. We compute the total loss of the predictor by adding together the prediction loss
and the abstention loss; a function that we call the generalized Chow loss. Then, we show how to
efficiently construct selective omnipredictors for very general classes of loss functions, provided that
C is agnosticaly learnable. This allows us to build a single classifier that learns abstentions and
predictions optimally simultaneously for every loss in the entire class, where the abstentions are
decided efficiently for each specific loss function by applying a fixed post-processing function. By
“optimally” we mean that, after the efficient post-processing, our selective omnipredictor obtains no
worse generalized Chow loss than the best selective classifier in the class. This realizes a very strong
form of learning. Moreover, given the connections between omniprediction and the computational
indistinguishability [DKR+21; GHK+23], our construction can be viewed as an indistinguishability-
based approach to the problem of learning with abstentions.

We show how the p-values of the points of the domain on which our selective omnipredictor
abstains in fact form a contiguous interval in [0, 1], which we call Iabs. This means that for any
generalized Chow loss that is chosen a posteriori from the class L, we can directly provide the
thresholds indicating which p-values should be sent to ?. We show that Iabs can be computed directly
from the chosen generalized Chow loss, independent from the data. Hence, our post-processing for
adding abstentions after training the single selective omnipredictor is extremely efficient, as we can
use the corresponding Iabs interval off-the-shelf. We provide experiments to demonstrate how we
can construct selective omnipredictors in practice.

Moreover, we then show how we can use selective omnipredictors to generalize the reliable
agnostic learning results from the original paper by [KKM12]. Specifically, for an agnostically
learnable class C, they only show how to efficiently build reliable agnostic learners for the 0-1 loss.
We show how to obtain a reliable agnostic learner from a selective omnipredictor. Because the point
is precisely that we can construct selective omnipredictors for a very rich class of loss functions, we
are thus able to obtain general reliable agnostic learners for all of these loss functions.

Therefore, our connection between the multigroup fairness framework/omniprediction and the
problem of learning with abstentions is fruitful in both directions:

• It allows us to extend the multigroup fairness framework and the omniprediction fairness
framework from a prediction-only setting to that of learning with abstentions. That is, we
extend it from [0, 1] to [0, 1]∪{?}. As we have argued, being able to quantify and incorporate
the uncertainty of the predictions is necessary and useful, particularly in societal contexts.
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Moreover, it provides insightful connections between the notion of (multi)calibration and the
problem of uncertainty quantification.

• By using the power of the omniprediction, we are able to learn abstentions optimally in a
very general sense. By following the “learn first, optimize later” paradigm, our selective
classification algorithm learns abstentions and predictions optimally for every loss in a rich
class of loss functions, where we decide the abstentions very efficiently a posteriori once the
specific loss function has been fixed. Moreover, through selective omniprediction, we are
able to generalize the previously-known constructions of reliable (agnostic) learners [KKM12].
The multigroup fairness framework also inspires us to extend the notion of reliable learning
to its “multi” version, where we require local optimal abstention rates, besides just global.
This provides a useful strengthening of the notion of reliable learning, which we show we can
attain from calibrated multiaccuracy.

Learning abstentions fairly (Chapter 8). In Chapter 7, we show how we can use the multi-
group fairness framework to construct optimal selective classifiers for a very general class of loss
functions (i.e., selective omnipredictors), and how we can in turn construct general reliable learners
for the same class of loss functions.

However, reliable learners could unnecessarily have very high rates of abstention on some sub-
groups of the domain. Similar to how multiaccuracy ensures that a predictor is accurate not only
globally, but also locally on each group of interest in a collection, and multicalibration ensures that
a predictor is calibrated not only globally, but also locally on each group of interest in a collection,
we can take a similar multigroup perspective on the problem of selective classification. Specifically,
given a rich collection G of possibly-intersecting subgroups of the domain, we want to build a clas-
sifier that is accurate when making a prediction and which moreover abstains optimally not only
globally but also locally when conditioning on each of the groups in the collection G. What does
“optimally” mean? Again, we take the agnostic learning view, and require our predictor to abstain
no more than the best concept in C, where the concept can be chosen tailored to the group G.
We can view this as the “multigroup” version of reliable learning, and for this reason we call this
primitive (C,G)-multigroup selective classification.

Note that, until now, we had always taken G = C. Indeed, as summarized in Table 1.1 this
is how we go from multicalibration to omniprediction: the C-indistinguishability property of the
predictor translates into optimal learning with respect to the base class C. However, C and G do
have different interpretations: one is a concept class and the other is a collection of subgroups of the
domain. Indeed, we separate them in our definition of a (C,G)-multigroup selective classifier. On
the flip side, in order to efficiently construct (C,G)-multigroup selective classifiers, we then require
a weak agnostic learner for the class C ·G = {cg | c ∈ C, g ∈ G}. Specifically, we show that if we have
access to a (C ·G)-calibrated and multiaccurate predictor, which as we know we can construct from
a (C · G)-weak agnostic learner, then we can efficiently build a (C,G)-multigroup selective classifier.
Perhaps unexpectedly, this construction delineates very clearly the roles played by multiaccuracy
and calibration, in a way very similar to our results in Part I regarding strong agnostic learning
and the construction of optimal hardcore measures, where we also use the primitive of calibrated
multiaccuracy to prove our theorems. Hence, Part II of this thesis provides yet another important
use case of the primitive of calibrated multiaccuracy.
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Throughout this thesis, we are always interested in understanding the easiest learning primitive
that we can use for each task. Hence we ask: Can we construct a (C,G)-multigroup selective
classifier from a weaker learning primitive? We show that, in the case where |G| is small, we can
do so from the primitive of a reliable learner. As we have discussed, this is a weaker primitive than
that of weak agnostic learning [KT14]. However, we do not know whether weak agnostic learning
is necessary for a large collection G, or whether we can also do with reliable learning instead.
In Section 8.2, we draw some more learning connections between multigroup fairness primitives,
reliable learning, and multigroup selective classifiers.

Lastly, in Section 8.3, we show how the algorithms that we have presented in Chapters 7 and
8 yield useful conformal prediction methods for the binary classification case. Specifically, by
establishing a bijective map between ? and the prediction set {0, 1}, we show how reliable learning
is in fact a conformal prediction algorithm that satisfies the required marginal coverage guarantee
(i.e., requiring that the true label is almost always included in the prediction set that the predictor
outputs). Similarly, with the same bijective map, we show that we can also view a (C,G)-multigroup
selective classifier as a conformal prediction algorithm. In this case, it provides not only a global
marginal coverage guarantee, but also when conditioned on each group g in G (this is known as a
group conditional coverage guarantee).

Moreover, reliable learning and multigroup selective classification provide more useful theoretical
guarantees beyond the required coverage guarantees. Typical conformal prediction methods offer
no theoretical bounds on the size of the prediction sets, and so, in theory, they do not disallow the
case where the prediction trivially outputs the prediction set {0, 1} everywhere. However, in our
algorithms, our predictor achieves optimal abstention guarantees with respect to a base concept
class C of our choice: it does so globally in the case of reliable learning, and locally within each
subgroup g ∈ G in the case of multigroup selective classification. Hence, this provides a strong and
useful method for conformal prediction that gives provable guarantees on the size of the prediction
sets. We provide experiments demonstrating how our methods can be used as conformal prediction
algorithms, both for reliable learning and for multigroup selective classification.

We summarize the various constructions that we show in Part II of this thesis in Figure 1.4.

1.6 Thesis structure

Chapter 2. Notation & Preliminaries. We provide the notation that we use throughout the thesis.
We overview the agnostic learning notions, the multigroup fairness definitions and constructions,
the connection to the complexity-theoretic Regularity Lemma, and the connection to the learning-
theoretic framework of omniprediction.

Part I of this thesis studies the connections between multigroup fairness notions, learning prim-
itives, and hardcore set constructions.

Chapter 3. Multiaccuracy & Agnostic learning. We present our results studying the relationship
between multiaccuracy and agnostic learning. Specifically, we show that a multiaccurate predictor
itself does not necessarily give weak learning, but it does provide a form of weaker learning that
we call restricted weak agnostic learning. If we add global calibration, then we do obtain strong
agnostic learning.
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Figure 1.4: Summary of our constructions in Part II of this thesis.

Chapter 4. Impagliazzo’s Hardcore Lemma. We present our results regarding Impagliazzo’s Hard-
core Lemma. We show how we can obtain a hardcore measure of optimal density from calibrated
multiaccuracy, explore the connection between hardcore measure constructions and boosting, and
show how we can connect the construction of hardcore measures and of (swap) agnostic learning
in the ++ tier (i.e., the multicalibration tier) through the notion of hardness of prediction.

Chapter 5. Beyond multiaccuracy. We further study the learning properties that we can extract
from the notion of multiaccuracy. We analyze the problem of projecting a multiaccurate predictor,
show how we can view weak learning as squared loss minimization, and explore the consequences
of viewing a multiaccurate predictor as a query oracle through the Goldreich-Levin algorithm. We
study the notion of restricted weak agnostic learning from the perspective of approximation algo-
rithms and show that we cannot boost them to learn at lower correlations nor construct a multiac-
curate predictor with lower error. We also study the related problem of auditing for multiaccuracy
and its relationship to weak agnostic learning.

In Part II of this thesis, we bring the multigroup fairness framework into the study of selective
classification.

Chapter 6. Learning with abstentions. We present the formal models of reliable agnostic learning,
PQ-learning, the Chow model, and our proposed notion of selective omniprediction, along with the
necessary notation for Part II.

Chapter 7. Selective omniprediction & Reliable learning. We show how to construct selective
omnipredictors efficiently and how we can decide the points of the domain on which to abstain. We
illustrate how to use selective omnipredictors in practice with experiments and show how we can
construct general reliable agnostic learners from selective omnipredictors.
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Chapter 8. Learning abstentions fairly. We define the notion of multigroup selective classifica-
tion, inspired by the multigroup fairness framework. We show how to construct multigroup selective
classifiers from calibrated multiaccuracy in the general case and from reliable agnostic learning in
the case where the collection of groups is small. We show theoretically and through experiments
that we can use both reliable learning and multigroup selective classification as conformal prediction
methods with strong guarantees: marginal and conditional coverage guarantees, respectively, and
provable guarantees on the optimality of the size of the prediction sets outputted by our predictor,
as measured with respect to the base concept class C.

Statement of contribution

• Part I of this thesis is based on the paper “How Global Calibration Strengthens Multiac-
curacy”, which is joint work with Parikshit Gopalan, Varun Kanade, and Omer Reingold
[CGKR25]. This paper has been accepted for publication at the upcoming 66th IEEE Sym-
posium on Foundations of Computer Science (FOCS 2025).

• Part II of this thesis is based on the paper “Selective Omniprediction and Fair Abstention”,
which is joint work with Varun Kanade [CK25]. This work has been accepted for publication as
a spotlight paper at the upcoming 39th Annual Conference on Neural Information Processing
Systems (NeurIPS 2025). A preliminary version of the paper was presented at the Workshop
on Predictions and Uncertainty at the 38th Annual Conference on Learning Theory (COLT
2025) this past month of June.

In the thesis, we make some brief mentions to the paper “Reconciling Predictive Multiplicity
in Practice” [BCDT25], which was also completed by the author during the masters program and
presented at the 8th ACM Conference on Fairness, Accountability, and Transparency (FAccT 2025)
this past month of June.

22



23



2
Notation & Preliminaries

We develop and study multicalibration —a new measure of algorithmic fairness that
aims to mitigate concerns about discrimination that is introduced in the process of
learning a predictor from data. Multicalibration guarantees accurate (calibrated)
predictions for every subpopulation that can be identified within a specified class of
computations.

Hébert-Johnson, Kim, Reingold, and Rothblum [HKRR18]

We begin by providing the notation and main definitions that we will use throughout
this thesis. We denote the domain by X and the labels by Y = {0, 1}. We have an underlying
distribution D defined on pairs (x, y), X ×Y , where x ∈ X is a feature vector and y is a label. We
denote the marginal distribution over X by DX , and we use boldface when referring to random
variables. We consider concept classes C defined on X , where each c ∈ C is a function from
X → [−1, 1]. Throughout the thesis, the only places where the range of the concepts is not [−1, 1]
are the following: in the case of omnipredictors and selective omnipredictors, their range is all
of R. The multigroup fairness definitions and the construction of multigroup fair predictors can
be done with concepts that have range {0, 1}, [−1, 1], or R. In the case of the Hardcore Lemma,
reliable agnostic learning, and (C,G)-multigroup selective classification, the concepts are Boolean.
Moreover, we always assume that the constant functions 0 and 1 belong to C. In the setting of
the multigroup fairness framework, we usually think of X as the set of individuals, and of c ∈ C
as indicator functions of subgroups of the population.1 In the setting of learning theory, we view
the c ∈ C as hypotheses or concepts. In the setting of complexity theory, we view them as general
distinguishers or as bounded-size circuits. We summarized these three interpretations in Figure 1.1
in Chapter 1.

Throughout the thesis, we are concerned with building predictors. A predictor is a function
p : X → [0, 1], where we interpret p(x) as the probability that y|x is 1. Hence, the ground truth

1In this interpretation, it is natural to think of the functions c ∈ C as Boolean, but we can generalize them to
real-valued functions by interpreting them as encoding fuzzy set membership. More importantly, many follow up
works to the original multicalibration paper use that we can use more general real-valued concept classes and achieve
the same guarantees.
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optimal predictor corresponds to p∗(x) = E[y|x], which is usually referred to as the ground truth
predictor. When we speak of the “true labels”, then, we refer to the label y assigned to each point
x by p∗, where y ∼ Bern(p∗(x)). Note that, in reality, we only observe the Boolean labels y, and
we never have access to the “true probabilities” p∗(x). Still, we can approximate the p∗ values
by taking multiple samples from the distribution; indeed, the multigroup fairness definitions are
interchangeably defined using p∗ or using the true labels y, and we will swap y and p∗ in our proofs
and statements (when considering their expected value). We want the predictor p that we are
building to be a “good model” of p∗. What does this mean? Typically, we measure the squared
loss of p, which is defined as ℓ2(y, p) = (y − p)2, given that the ground truth predictor achieves
0 loss (e.g., we want the squared loss of our predictor to be less than some threshold ϵ). In the
multigroup fairness framework, we take an indistinguishability-based approach, where we are happy
with a predictor p that looks “the same” as p∗ to a family of distinguishers C. One can view this as
a form of statistical-to-computational relaxation, where we go from requiring statistical closeness
between p∗ and p to requiring computational closeness between the two predictors (where here
“closeness” is measured with respect to a base class C through multiaccuracy/multicalibration).

Before we formalize the various multigroup fairness notions, we begin by introducing the agnostic
learning framework, given that the MA/MC algorithms require using a weak agnostic learner for
building the predictors.

2.1 Agnostic learning

A way in which we can measure how well a predictor is learning is by computing its correlation
with the true labels:
Definition 2.1 (Correlation). The correlation of a function c : X → [−1, 1] with respect to a
distribution D over X × {0, 1}, is defined as corD(y, c) = E(x,y)∼D[(2y− 1)c(x)].

We can think of correlation as the “opposite” of the error. Indeed, for a Boolean predictor
p : X → {0, 1}, we have that corD(y, 2p − 1) = 1 − 2errD(y, p), where errD(y, p) = PrD[y 6= p(x)].
We require the shift from y to 2y − 1 and similarly from p to 2p − 1 in order to map the {0, 1}
ranges to {−1,+1}. Therefore, when we consider the correlation between the [−1, 1]-concepts in
C and the labels y, we do so with the shifted version 2y − 1. Similarly, because our predictors p
take values in [0, 1], when measuring the correlation with the labels we also take the shifted version
2p− 1, so that the outputs of the predictor also take values in [−1, 1]. Here, the strongest possible
correlation is 1, whereas a correlation of 0 means that the predicted values and the true labels hold
no relationship to each other. Note that this shifting of the ranges from [0, 1] to [−1, 1] translates
p = 1/2 to 0, translating the fact that guessing randomly at every point gives 0 correlation. It
will be repeatedly useful for us to compare our predictor p to the “random guessing predictor” as
a baseline (i.e., the predictor that outputs 1/2 everywhere).

Correlation (or, equivalently, error) allows us to measure the “closeness” between the predictor
p that we are building and the true labels. How do we define what a “good” correlation for our
predictor p is? I.e., how much correlation are we trying to achieve? In the agnostic setting in
learning theory, where we make no assumptions on the data generation process, we define a good
correlation with respect to a base concept class C [Hau92; KSS92]. The strongest version would be
to require our predictor to achieve at least as much correlation as the best concept c ∈ C (i.e., the
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one that achieves the highest correlation with the labels), with some error slack. This corresponds
precisely to the notion of strong agnostic learning, which can be formalized as follows:
Definition 2.2 (Strong agnostic learner). For a hypothesis class C, a strong agnostic learner for
C under the marginal distribution DX is an algorithm that given any ε > 0 as the target error
parameter and random samples from any D with marginal distribution DX returns a hypothesis
h : X → [−1, 1] such that with probability at least 0.99,

corD(y, h(x)) ≥ max
c∈C

corD(y, c(x))− ε.

In the PAC setting, which is also known as the realizable setting, we assume that the target
function belongs to the concept class C, and therefore there is a c ∈ C that achieves correlation 1
with the labels (equivalently, 0 error). Then, in the PAC setting, our predictor would be required
to achieve correlation with the labels at least 1− ϵ [Val84]. The agnostic framework is thus a much
stronger learning framework, where we drop any assumptions on the ground-truth target function.
Indeed, there are concept classes that are efficiently PAC learnable but not agnostically learnable,
such as the class of parities (under standard cryptographic assumptions), which can be learned in
the realizable setting through Gaussian Elimination. Because we make no assumptions on the label
generation process in the agnostic setting, then our correlation/error only has to compete with how
well the concepts in C are doing at predicting the labels.

One could consider a weakening of strong agnostic learning, where we only promise to output a
hypothesis that achieves some correlation with the labels, which does not have to be optimal in the
strong agnostic learning sense. This is precisely what motives the introduction of a weak agnostic
learner [KMV08; KK09; Fel09a]:
Definition 2.3 (Weak agnostic learner). For α ≥ β > 0, an (α, β)-weak agnostic learner for C
under marginal distribution DX is an algorithm that when given access to random examples from
any D whose marginal over X is DX , if there exists c ∈ C such that

corD(y, c(x)) ≥ α,

returns a hypothesis h : X → [−1, 1] such that with probability at least 0.99,

corD(y, h(x)) ≥ β.

We further say that h is a proper weak agnostic learner if h ∈ C, and improper otherwise.
Therefore, weak agnostic learning is easier as α increases, and harder as α decreases. Indeed,

if we can construct an (α, β)-weak agnostic learner, then we have an (α′, β′)-weak agnostic learner
for any α′ ≥ α and β′ < β. Note that the case where α = 1 corresponds to the realizable setting.

In the case of PAC learning, we similarly have the notion of weak learners, which perform just
slightly better than random guessing (i.e., achieve error at least 1/2 + ϵ). In a well-known result,
Freund and Schapire showed that if we can produce weak learners for a concept class, then we can
produce a strong learner for the same class (i.e., achieving error less than ϵ) [Sch90; Fre95; FSA99].
We can show this precisely through the key technique of boosting, which consists of finding a way
to strongly learn a concept class by means of using several weak learners in a carefully curated way.
Usually, these consist of two parts: an iterative part, where we modify the distribution at each
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step and call a weak learner to give us a hypothesis for that distribution (note that the definitions
require the weak learner to work for any distribution), and an ensembling part, where we combine
the multiple weak learners. Typically, we require O(1/ϵ2) iterations in the first part, and then
aggregate all of the O(1/ϵ2) weak hypotheses by taking a weighted majority vote [FSA99]. Recent
work demonstrates how we can reduce the number of iterations (i.e., of calls to the weak learner)
to Õ(1/ϵ), at the expense of then having a complex aggregation rule [AGHM21]. They show that,
in fact, a complex aggregation rule is necessary if we want to by-pass the lower bound of Θ(1/ϵ2)

number of iterations.
In the case of agnostic learning, a similar result emerges. In 2009, Feldman [Fel09a] and Kalai

and Kanade [KK09] concurrently showed that strong agnostic learning reduces to weak agnostic
learning. Specifically:

Theorem 2.4 (Agnostic Boosting, [KK09]). An (α, β)-weak agnostic learner for C can be boosted
to a strong agnostic learner under the same marginal distribution on X to obtain a hypothesis h
that satisfies with probability at least 1− ρ,

corD(y, h(x)) ≥ max
c∈C

corD(y, c(x))− α− ε

for any ε > 0, using poly(1/ε, 1/β, 1/ρ) calls to the weak agnostic learner.

That is, if we have an (α, β)-weak agnostic learner for some α, then for any α′ ≥ α, we can
obtain an (α′, α′−α− ϵ)-weak agnostic learner for any ϵ > 0. Such a learner can be obtained using
at most poly(1/ϵ, 1/β, 1/ρ) calls to the (α, β)-weak agnostic learner. This means that obtaining
(improper) strong agnostic learning reduces to the task of constructing an (α, β)-weak agnostic
learner for any α > 0.

Similar to the realizable setting, the proof of this weak-to-strong equivalence is shown using
a boosting algorithm: given a weak agnostic learner for C, we can set up an iterative procedure
that calls the weak learner as a subroutine at each iteration and ends by producing a hypothesis
that strongly agnostically learns C. A key difference of the agnostic boosting algorithm proposed
by Kalai & Kanade algorithm as compared to the usual boosting algorithms (such as Feldman’s
[Fel09a]) is that theirs is implemented without reweighting examples; instead, they are randomly
relabeled [KK09].

2.2 Multigroup fairness notions

Multiaccuracy. Now that we have formally introduced the notion of a weak agnostic learner, we
can explain how to construct multiaccurate and multicalibrated predictors. For all of the multigroup
fairness notions, the concepts c can take values in all of R. Moreover, in the context of multigroup
fair predictors, as it is done in the literature we always discretize the predictor p to buckets of width
ϵ, so that p has O(1/ϵ) many level sets. First, we formalize the multigroup fairness notions. We
start with the weaker notion of multiaccuracy:
Definition 2.5 (Multiaccuracy [HKRR18]). We say that a predictor p is (C, ϵ)-multiaccurate for
a distribution D if

max
c∈C

∣∣∣E
D
[c(x)(y− p(x))]

∣∣∣ ≤ ϵ. (2.6)
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Because we take the maximum over all c ∈ C, this tells us that, if a predictor is (C, ϵ)-
multiaccurate, then for every c ∈ C it holds that

∣∣ED[c(x)(y − p(x))]
∣∣ ≤ ϵ. We interpret the

multiplication by c as identifying the region of the domain over which c is “looking at”. Return-
ing to the interpretation of Boolean c’s as indicator functions for subgroup, the function c cares
about the subset of the domain over which c(x) = 1. Elsewhere, c(x)(y − p(x)) = 0, and so the
relationship between y and p can be anything – it will not be factored into the multiaccuracy error
(Equation 2.6). Multiaccuracy ensures that, for every c ∈ C, when we restrict the domain to the
points Xc = {x ∈ X | c(x) = 1}, the expected value of y under D inside of Xc is close to the
expected value of p under D inside of Xc. That is,

E[y | x ∈ Xc] ≈ E[p(x) | x ∈ Xc]. (2.7)

Note that these subgroups represented by the functions c ∈ C can intersect, and this is in fact one
of the very desirable properties of the multigroup fairness framework. In the general setting where
we let the functions c map to [−1, 1], by recalling the definition of correlation (Definition 2.1), one
can view the multiaccuracy condition as requiring close to 0 correlation between all of the c ∈ C
and the residual y− p(x).

One has to be careful when conditioning the multiaccuracy and multicalibration expressions
on Xc or on the level sets of the predictor (which we do for multicalibration). In terms of sample
complexity, it is not feasible to try to satisfy the MA/MC condition on subsets of the domain that
are too small. To resolve this, we can either: compute the error on average over the distribution (as
we do in Definition 2.5), or make the error parameter ϵ depend on the size of the set; specifically, by
having the error parameter be ϵ/PrD[x ∈ Xc]. Some works, such as the original paper introducing
multiaccuracy and multicalibration [HKRR18], consider the equivalent notion of approximate mul-
tiaccuracy (and multicalibration), where we only promise the multiaccuracy condition for the sets
that have probability mass PrD[x ∈ Xc] at least some chosen constant γ. Usually, it is intuitively
helpful to think of the multigroup fairness notions in their conditioned versions, so that we can visu-
ally picture a subset of the domain. For the proofs, however, we tend to add an outer expectation,
so that in computing the MA/MC error “on average” we already take care of the small sets.

The expression in Equation 2.7 is precisely what we meant in the introduction when explaining
the multigroup fairness notions as a Turing test: suppose that we have constructed a predictor p,
and we want to know if it is a good enough model for the true labels. To test this, every function
c ∈ C comes along, looks at the points in the domain that it cares about (i.e., the points where
c(x) = 1), and sees if it can distinguish between the true labels and the predicted labels. Here,
“distinguishing” is mathematically understood as per Equation 2.6 in the multiaccuracy definition
(Definition 2.5), where the distinguisher compares the expected value of the true labels with the
expected value of the predictions over the points in the domain where c(x) = 1. Note that the
“accuracy” notion in the definition of multiaccuracy is in fact only accuracy in expectation, rather
than in the stronger point-wise sense. Continuing with the Imitation Game/Turing Test analogy
from Figure 1.1 in the introduction, we visualize the definition of multiaccuracy in Figure 2.1.

Note that we can view multiaccuracy as a computational way (i.e., with respect to a class C) of
defining the notion of “closeness” between the true labels y and our predictor p, as opposed to the
usual statistical way (of, for example, measuring the squared loss of the predictor).
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Figure 2.1: Visual depiction of the notion of multiaccuracy as a Turing Test.

Multicalibration. Still, requiring only accuracy in expectation can be quite a weak requirement
in some cases. For example, if p∗(x) = 1/2 everywhere (recall that p∗(x) = E[y|x]), then a predictor
p can predict 0 or 1 (with equal probability) arbitrarily on each point x ∈ X , and it will satisfy
accuracy on average. To disallow this type of scenario, we will consider the notion of calibration,
which enforces the probabilities predicted by p to “mean what they say” by conditioning on the
predicted probabilities. Formally:
Definition 2.8 (Calibration). We say the predictor is ϵ-calibrated for D if

E
[∣∣∣E[y|p(x)]− p(x)]∣∣∣] ≤ ϵ. (2.9)

As discussed in the case of multiaccuracy, we need to average over the level sets of the predictor
p in Equation 2.9 because we need to account for the level sets of p that are too small. But let us
take perfect calibration to explain the meaning of calibration: it guarantees that E[y|p(x)] = p(x).
That is, if we restrict the domain to the points where p is predicting v ∈ [0, 1] (i.e., we zoom into
one of the level sets of p), then the expected value of the true labels y in that level set is equal to v.
In order to measure how close a predictor is to perfect calibration, we use the expected calibration
error of a predictor:

ECE(p,D) = E
[∣∣∣E[y|p(x)]− p(x)∣∣∣] . (2.10)

We say p is ϵ-calibrated under D if ECE(p,D) ≤ ϵ. Equivalently, we can express the expected
calibration error using bounded auditing functions [GKSZ22]:

ECE(p,D) = max
v:[0,1]→[−1,1]

E
D
[v(p(x))(y − p(x))]. (2.11)

This characterization is very useful, given that it matches the form of the multigroup fairness
definitions.

We point out that in recent years, other calibration measures have been proposed beyond ECE,
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including smooth calibration [KF04], U-calibration [KLST23], proper calibration [OKK25], and sub-
sampled step calibration [QZ25]. Each of these has interesting (and different) theoretical properties
that try to circumvent some of the flaws of ECE. For example, ECE is discontinuous, in that small
perturbations of p can cause large fluctuations in the expected calibration error [BGHN23].

Before going into the notion of multicalibration, we formally define the notion of calibrated
multiaccuracy, which simply puts together the notions of multiaccuracy and global calibration:
Definition 2.12. We say that p is (C, ϵ)-multiaccurate and calibrated if it is both (C, ϵ)-multiaccurate
and ϵ-calibrated.

We abbreviate this notion to “Cal-MA” (in conjunction with “MA” for multiaccuracy and
“MC” for multicalibration). Note that multiaccuracy is defined with respect to a class C, whereas
calibration is not (in contrast to multicalibration, which does require the base class C as well).

Having understood calibration, we can now formalize the notion of multicalibration. It corre-
sponds exactly to what one would expect having seen the definitions of multiaccuracy and calibra-
tion: we require the predictor to be calibrated locally within every c ∈ C. Formally:
Definition 2.13 (Multicalibration). We say that p is (C, ϵ)-multicalibrated if

max
c∈C

E[|c(x)(E[y|p(x)]− p(x))|] ≤ τ.

Let us parse this definition slowly. In the case of multiaccuracy, we conditioned on the subgroup
represented by c, and compared the expected value of y and of p. Here, we are conditioning on two
subsets: on the subset Xc = {x ∈ X | c(x) = 1} for each c ∈ C, and on each level set of p (i.e., on
each value in the range of p). In analogy to Equation 2.7 for multiaccuracy, for multicalibration
indistinguishability here means that

E[y | x ∈ Xc, p(x) = v] ≈ E[v | x ∈ Xc, p(x) = v]. (2.14)

Note that because we condition on the level sets p(x) = v for each v in the range of p, we can
substitute p(x) for v in the expression.

It can be useful to think about this in two steps: first, we condition on the chosen c ∈ C (we do
this for every c ∈ C, so we repeat this process for all of the subgroups). Then, we check whether p
is calibrated over Xc. To do so, we further condition on each of the values in the range of p. For
each, we check whether E[y] ≈ E[p(x)]. If this holds for all of the level sets of p, then we conclude
that p is calibrated over Xc. We then repeat this process for every c ∈ C, and if calibration always
holds, then we conclude that p is C-multicalibrated. We represent this two-step process visually in
Figure 2.2. We remark that in our visual explanations, we have considered the c ∈ C to be Boolean
functions. In the multigroup fairness literature, most follow-up works use the generalization of
real-valued concepts c [KGZ19; GKR+22].

What is a good forecaster? A historical remark here is that multicalibration is in spirit a
rediscovery of the notion of computational calibration in the literature on forecasting, as first intro-
duced by Philip Dawid [Daw85]. In the forecasting example, we usually think of p∗(x) as the true
probability of rain on a given day x. Someone builds a weather forecasting model p and claims
that it is a good weather forecaster. How can we check whether p is actually a good forecaster?
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Figure 2.2: Visual depiction of the notion of multicalibration as a Turing Test. We repeat this checking process for every
level set of p that intersects with c and for every c ∈ C.

Dawid and many others have argued that calibration is a very good measure for doing so, which
can be seen as a test to check the empirical validity of the forecasts predicted by p [Daw82; FV98;
SSV03; San03]. To begin with, note that we never observe the true probabilities p∗; we only observe
the Boolean outcomes that are generated from it (i.e., y ∼ Bern(p∗(x)). The way to “bridge” the
true probabilities p∗ (which we cannot directly observe but we are interested in mimicking in our
predictor p) and the observable Boolean outcomes y for each x ∈ X is by taking groups: if we
choose a subset in X , then we can average the Boolean labels in that subset, and then compare
this quantity to the average of our predicted probabilities p(x) inside this subset. This is precisely
the idea behind recent algorithms explaining how to reconcile two predictors p1, p2 proposed for
the same data: we cannot know the true individual probabilities, but they are contestable via a
computationally and data efficient process, which is based on selecting appropriate subgroups of
the domain and comparing the true Boolean labels on average on the domain with the average
predictions in the same subgroup [RTW23; BCDT25].

In this way, we can test for calibration globally on X in order to see how well p is doing. But
is this enough to determine that p is a good forecaster? We would like it to be calibrated not only
globally over X , but also on Mondays, on Fridays, during the month of July, on the group of even
days, and so on. This idea should appear very familiar to us by now! Indeed, this is precisely
the key insight behind the notion of multicalibration. We can view the group of “Mondays” in
a weather forecaster the same way that we view a minority group of the population in algorithm
fairness. Then the question becomes: with respect to which collection of groups should we test
for calibration? The answer that Dawid and the multicalibration framework gives is the same one:
any group that we can efficiently test for (i.e., determine membership). In spirit with Turing’s
notion of computable numbers, Philip Dawid calls this notion computational calibration [Daw85],
taking C to be the collection of all “computable selection rules,” where a selection rule is a function
c : X → {0, 1}. What matters is that these rules are efficiently computable. Similarly, for MA/MC,
what we need is for membership testing to each c ∈ C to be efficiently computable.
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In the case of the algorithmic fairness literature, this provides a computational answer to the
usual question of: which are the subgroups in the population that we should “protect” against
algorithmic bias? (I.e., for which groups should we ensure and check for high accuracy and calibra-
tion?) The answer is again: for any subgroup of the population that is computationally identifiable.
Naturally, the hardness of building a C-multicalibrated predictor depends on the complexity of the
class C. The more stringent it is, the closer we are requiring p to be to p∗ (in the extreme, we
reduce computational closeness back to statistical closeness, and only the ground truth predictor
p∗ would be able to satisfy C-multicalibration). These sorts of discussions on the meaning of in-
dividual probabilities are also explicitly explored within the multigroup fairness literature in the
framework of Outcome Indistinguishability (OI) [DKR+21] and in relation to the reference class
problem [RTW23]. The OI framework provides a complexity-theoretic definition of what it means
for a predictor to yield a generative model for outcomes that cannot be efficiently refuted based on
“true” observations produced by “Nature” (i.e., p∗). In essence, we can view computational calibra-
tion/multicalibration as a way of getting “close” to p∗ in this computational sense even though we
never have access to the true individual probabilities, an issue we resolve precisely by evaluating
our predictor p on many intersecting subgroups from C on the domain.

Lastly, we remark that a lot of the modern literature on forecasting studies calibration in relation
to decision-making in an online learning context, focusing on the notion of regret. Indeed, Foster and
Vohra established that agents who best-respond to calibrated forecasts have no swap regret [FV98],
and that it is possible to maintain calibrated forecasts in a sequential adversarial setting [FV97;
RS24]. Then, we can view calibration as a guarantee that predictions are trustworthy and can be
reliably taken at face value for downstream use [FT25], a view that has generated a lot of recent
work and a newfound interest in the study of calibration [KLST23; DNW24; FGMS25; DDF+25].

Constructing multiaccurate and multicalibrated predictors. So far, we have presented
and parsed the definitions of multiaccuracy, calibrated multiaccuracy, and multicalibration. These
are all definitions of notions that we would like our predictor to satisfy. But, given C and D, can we
efficiently construct such predictors? The original paper by [HKRR18] answers the question in the
positive for multiaccuracy and multicalibration, demonstrating that we can efficiently build low-
complexity predictors (with respect to C) that satisfy these notions. In a follow-up work, Gopalan
et al. extend this positive result to the case of calibrated multiaccuracy [GHK+23]. What do we
mean by “low-complexity with respect to C”? This is again defined with respect to the underlying
class C. To make it precise, we need to introduce the notion of relative complexity, which we do
through the computational model of circuits. Specifically, we consider circuits with Boolean gates
of fan-in at most 2, and the size of a circuit corresponds to the total number of wires in it.
Definition 2.15 (Relative complexity of a function and a function class [JP14, Definition 6]). Let
C be a family of functions c : X → [0, 1]. A function h has complexity (t, q) relative to C if it
can be computed by an oracle-aided circuit of size t with q oracle gates, where each oracle gate is
instantiated with a function from C. We denote by Ct,q the class of functions that have complexity
at most (t, q) relative to C.

Thus, we can always assume that q ≤ t. We are interested in the parameter q; for the parameter
t we just need to be careful about adding the appropriate bit-length parameters and account for the
overhead that comes from performing arithmetic computations on a circuit. Indeed, the parameter
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Figure 2.3: Visual depiction of the update step in the iterative algorithm for multiaccuracy (left) and multicalibration
(right), using a witness of the violation c ∈ C. Here, Xv = {x ∈ X | p(x) = v}.

q is what captures the number of calls that we need to perform to the weak agnostic learner
during the construction of a multigroup fair predictor. Given a target error ϵ, the algorithms for
multiaccuracy and multicalibration follow the same recipe:

1. Audit for MA/MC violation. Starting from a trivial predictor p, we check whether there exists
any c ∈ C that “witnesses” an ϵ-violation of the multiaccuracy/multicalibration condition.
That is, some c for which the expression in Definition 2.5/Definition 2.13 is not satisfied. We
can view this as checking whether some c ∈ C has correlation with the current residuals y− p.
This is why it is natural to perform this auditing step with a weak agnostic learner: given a
weak agnostic learner for the class C, we call it using the distribution that samples x ∼ DX
and then assigns label y− p(x).

2. Update the predictor using the witness. If no c ∈ C witnesses a MA/MC violation, then our
algorithm terminates, and definitionally we have constructed a MA/MC predictor. If we do
find a “violation witness” c ∈ C, then we can use it to update the predictor. Specifically, we
perform a gradient step where we add ϵ to our predictions p inside of the region Xc (capping
to [0, 1]). In the case of multicalibration, we further condition on the level sets of p, and so
we perform the gradient step on the region Xc ∩ {p(x) = v}. The fact that we need to take
this intersection is what makes multicalibration more expensive to achieve, but its algorithm
follows this same iterative-based process. We visually represent the update step in Figure 2.3.

The idea at the heart of this algorithm lies in the observation that, whenever we detect a region
of the domain on which we are not accurate/calibrated with a witness c ∈ C, we can use this same
witness to update our predictor and make enough progress in squared loss.

Because when this iterative algorithm terminates, we definitionally obtain a MA/MC predictor,
what we need to show is that this process terminates within not too many steps (i.e., polynomial in
1/ϵ). Hébert-Johnson et al. show that each update step improves the squared loss of p by at least
some amount. Therefore, by a potential argument, we are able to upper bound the number of steps
in this iterative process. This number of steps is equal to the number of calls to the weak agnostic
learner, which is in turn equal to the q parameter in the notion of Ct,q. Indeed, note that by the
nature of this iterative MA/MC algorithm, the final predictor p is equal to a linear combination of
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q many distinguishers c ∈ C. This is what we mean when we say that p is of “low-complexity with
respect to the class C”: namely, that if we can efficiently compute the functions c ∈ C, then p is “not
much harder” to compute, where this relative difference is measured precisely by the parameter q
(i.e., by how many times we had to call the weak agnostic learner, and so equivalent by how many
distinguishers c ∈ C appear in the final expression of p as a linear combination of functions c ∈ C).

We remark that the weak agnostic learner that we use in the MA/MC algorithm need not be
proper for the algorithm to work. Indeed, as done in [HKRR18], we simply perform the same
gradient step using the hypothesis returned by the weak learner, which need not be in C. Note that
all we need is that this gradient update to decrease the potential function (the squared loss in this
case) by at least some amount that depends on ϵ; it is not necessary that we actually fix the region
Xc on which the violation occurs at the current iteration.

This fact illustrates why this potential-based iterative algorithm is very powerful and how it
enables the stringent notions of multiaccuracy and multicalibration for arbitrary collections C: if we
instead tried to fix the predictions of p one c ∈ C at a time, then we would only be able to work with
families C of small size. Instead, all we need in the algorithm is to perform a gradient update that
will improve the squared loss of p. The power of efficient constructions of multicalibration is realizing
that, even though the definition of multicalibration is self-referential, in that we need the predictions
of p to define the region on which we condition at each step (as opposed to multiaccuracy, where
this always corresponds to the regions defined by the functions c ∈ C, and C is a fixed collection all
throughout the algorithm), this iterative algorithm still goes through, and we obtain an efficient
algorithm that still requires only poly(1/ϵ) many calls to the weak agnostic learner. Specifically,
from this general iterative algorithm we obtain the following guarantees [HKRR18; GHK+23]:

Theorem 2.16 (MA/Cal-MA/MC theorem [HKRR18; GHK+23]). Let X be an instance
space X , C a concept class C of concepts c : X → R, D a distribution on X × Y, and ϵ > 0

a parameter. Given access to random samples (x, y) from D and to a proper weak agnostic
learner for C, we can:

1. Build a predictor pMA ∈ Ct,q that is (C, ϵ)-multiaccurate for D, with parameters q =

O(1/ϵ2), t = ((1/ϵ2) · log(|X |/ϵ)) in time poly(t).

2. Build a predictor pCal−MA ∈ Ct,q that is ϵ-calibrated & (C, ϵ)-multiaccurate for D, with
parameters q = O(1/ϵ2), t = ((1/ϵ2 + 1/ϵ) · log(|X |/ϵ))) in time poly(t).

3. Build a predictor hMC ∈ Ct,q that is (C, ϵ)-multicalibrated for D, with parameters q =

O(1/ϵ6), t = ((1/ϵ6) · log(|X |/ϵ)) in time poly(t).

For multiaccuracy, the parameter q in Theorem 2.16 follows from the original algorithm in
[HKRR18]. For multicalibration, we use the number of calls to the weak agnostic learner used in
the multicalibration algorithm presented in [GKR+22], which carries out a more careful analysis of
the original multicalibration algorithm from [HKRR18]. The algorithm for constructing a calibrated
multiaccurate predictor (which, as we can see Theorem 2.16, has complexity very similar to that of
a multiaccurate predictor), was first given by Gopalan, Hu, Kim, Reingold, and Wieder [GHK+23].
The reason why the q parameter for Cal-MA is the same as for MA is because their algorithm
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alternates recalibration steps with calls to the weak agnostic learner for multiaccuracy violations.
Then, given that the recalibrating step also reduces the squared loss by a similar amount, we can
perform the same potential-based argument with a similar amount of total sets.

As for the t parameter, we need to count the number of oracle gates (i.e., the q parameter) plus
the number of gates that we need for performing finite-precision arithmetic at a fixed prediction of
Θ(ϵ). We also need to account for the bit-length of the elements in X , which is where the log(1/|X |)
term comes from. A detailed explanation for the t parameter for multiaccuracy and multicalibration
can be found in [CDV24, §A], which in turn uses the circuit size computation from the work on
Outcome Indistinguishability [DKR+21]. As for calibrated multiaccuracy, a formal justification for
the t parameter can be found in [CGKR25, §5.3],2 which analyzes the circuit parameters involved
in the calMA algorithm first shown in [GHK+23].

From the iterative algorithm for constructing MA/MC predictors that we have explained in this
section, it is clear that if we have access to a weak agnostic learner for the class C, then we can
efficiently construct a MA/MC predictor for the same class. In the case of multicalibration, Hébert-
Johnson et al. show that this connection goes the other way: if we have access to a multicalibrated
predictor for the class C, then we can efficiently obtain a (weak) agnostic learner for C. In Chapter 3,
we study whether this is also true for the weaker notion of multiaccuracy.

The richness of the multigroup fairness framework. Ever since [HKRR18] showed that we
can efficiently construct multiaccurate and multicalibrated predictors, the literature on multigroup
fairness has exploded over the past few years. On the practical side, there is now an R package for
multicalibration [PKD+21], as well as a Python package [HDNS24], and multicalibration has been
applied to improve the performance of prediction models on minority subgroups in real medical data
[BRA+20] and in other types of data [KGZ19], as well as to incorporate human expertise into algo-
rithmic predictions [ARS24]. On the theoretical side, many variants of the initial algorithms have
been proposed, including extensions to the multi-class setting and to the online setting [KNRW18;
LSH19; ZKS+21; GKSZ22; GRSW22; GJRR24; DRR23; GHR24]. On the learning-theoretic front,
a major application of the multigroup fairness framework has been the development of a new loss
minimization paradigm called omniprediction [GKR+22; GKR23; GGKS23; HNRY23; GKR24;
GOR+24; OKK25], which we define in Section 2.4 and explore extensively in Part II of this thesis.

On the complexity-theoretic front, recent works (including this thesis) explore the connections
of the multigroup fairness framework to the Regularity Lemma in complexity theory [DLLT23;
CDV24; CDV24; MPV25; HV25; CGKR25], which we explain below in Section 2.3. These works ex-
plore the connections between the multigroup fairness and Impagliazzo’s Hardcore Lemma [Imp95;
Hol05], the Dense Model Theorem [RTTV08; TZ08; GT08], characterizations of pseudoentropy
[VZ12; VZ13], and the Frieze-Kannan Regularity Lemma in graph theory [FK99; Skó17]. A compu-
tational indistinguishability-based perspective on the multigroup fairness framework is also given
by Outcome Indistinguishability, which sees these predictors as providing a generative model for
Nature that cannot be falsified based on empirical data [DKR+21; DKR+22; HPR22].

The multigroup fairness framework has also found recent applications in performative predic-
tion [KP23], statistical inference with covariate shifts [KKG+22; NR23; WLCW24], causal infer-
ence [KKZ24], conformal prediction and uncertainty quantification [JLP+21; GJN+22; JNRR23;

2The paper the Part I of this thesis is based on.
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BGJ+22; AGG+24], confidence scoring in LLMs [DBFR24; LW24], game theory [LNPR22; HJZ24;
RS24], the model multiplicity problem [RTW23; DNW24; BCDT25], cryptography [Rot23; DLLT23],
ranking algorithms [DKKS24], and language generation [PRR24].

At the heart of many of these applications is the same central idea: we define an appropriate
collection of groups, and then we seek to satisfy some condition of interest not only globally, but
also locally when conditioned on each of the groups in the collection. We have already discussed the
various interpretations of the class C in the cases of the Regularity Lemma and of learning theory,
where the functions c ∈ C correspond to distinguishers or bounded-size circuits and to concepts in
a concept class. For the connection to the Frieze-Kannan lemma, for example, the functions c ∈ C
correspond to indicator cut functions in a graph [TTV09; DLLT23]. In applications to LLMs, we
take the subgroups c to include concepts that are semantically close to each other [DBFR24]. In the
case of the model multiplicity, these correspond to regions of disagreement between two predictors
[RTW23; BCDT25]. In applications to the covariate shift problem, the functions c ∈ C correspond
to score re-weighting functions [KKG+22; KKZ24].

In spirit, all these applications of the multigroup fairness framework are different instantiations
of Turing’s Imitation Game,3 also known as the Turing Test, where we need to define the appropriate
class of distinguishers and the arbitrarily complex function that we wish to simulate. Then, we
try to construct a “simple” object that appears indistinguishable from the complex function to the
class of distinguishers.

2.3 The Regularity Lemma

To conclude the preliminaries chapter, we further explain the previously-known connections between
the multigroup fairness framework and the two areas that we are interested in for this thesis:
complexity theory and learning theory. We begin with the former. We remark that we briefly
change the distribution D to be defined over X , in order to match the notion from [TTV09], but
then we return to our usual distribution D defined on X × Y .

The starting observation of Casacuberta, Dwork, and Vadhan, inspired by [DLLT23], is that
C-multiaccuracy is exactly equivalent to the notion of C-indistinguishability, as studied by Trevisan,
Tulsiani, and Vadhan in the complexity theoretic literature [TTV09; CDV24]. Specifically, Trevisan
et al. showed the following result, called the Regularity Lemma:

Theorem 2.17 (Regularity Lemma [TTV09], informally stated). For every finite domain X , every
function p∗ : X → [0, 1], every collection C of functions c : X → [0, 1], every distribution D on X ,
and every ϵ > 0, there exists a function p : X → [0, 1] such that:

1. p has “low complexity” relative to C. Specifically, p can be computed by a Boolean circuit that
has O(1/ϵ2) oracle gates instantiated with functions from C and has size poly(log |X |, 1/ϵ).

2. p is (C, ϵ)-indistinguishable from p∗. That is, for all c ∈ C, we have:∣∣∣ E
x∼D

[c(x) · (p∗(x)− p(x))]
∣∣∣ ≤ ϵ. (2.18)

3As with many central concepts in theoretical computer science, from pseudorandomess to semantic security.
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Notice that Condition (2.18) is identical to the notion of multiaccuracy. Then, we can view the
Regularity Lemma as equivalent to the “multiaccuracy theorem” (Theorem 2.16). In their case, we
view p∗ as an arbitrarily complex function, which we want to “simulate” using a low-complexity
predictor p.

Trevisan, Tulsiani, and Vadhan prove the Regularity Lemma in two different ways: through a
boosting proof using a potential argument and through Von Neumann’s min-max theorem. This
same two approaches were used by Impagliazzo to prove the Hardcore Lemma [Imp95]. The boost-
ing proof in [TTV09] is equivalent to the approach undertaken in the multigroup fairness literature
to construct MA/MC predictors. In recent work, Haghtalab, Jordan, and Zhao provide a unify-
ing game-theoretic approach to multicalibration, where they view multicalibration precisely as a
min-max optimization problem [HJZ24].

Bringing this view back into the multigroup fairness framework, we can view multicalibration
in the following complexity-theoretic way:

Theorem 2.19 (Complexity-theoretic MC theorem [HKRR18; CDV24]). Given X , C, p∗,D, ϵ, there
exists a partition P of X such that:

1. P has k = O(1/ϵ) parts.

2. P has “low complexity” relative to C. Specifically, there is a Boolean circuit C : X → [k] of
size poly(1/ϵ, log |X |) with O(1/ϵ6) oracle gates instantiated with functions from C such that
P = {C−1(1), . . . , C−1(k)}.

3. P is (C, ϵ)-multicalibrated for p∗ on D: that is, for all c ∈ C and all P ∈ P, we have

E
Xv∼P(D)

∣∣∣ E
x∼D|v

[c(x) · (p∗(x)− vP )]
∣∣∣ ≤ ϵ,

where D|v denotes the conditional distribution D|p(x)=v for v ∈ [0, 1] in the support of h, P(D)
denotes the distribution that selects each Xv with probability

(∑
x∈Xv

D(x)
)
/
(∑

x∈X D(x)
)
,

and where vP := Ex∼D|v [g(x)].

Where is the partition coming from? We simply need to take the level sets of a multicalibrated
predictor p. Then, Theorem 2.19 can be understood as follows: multicalibration allows us to
efficiently build a low-complexity partition of the domain such that on every large enough P ∈ P , the
arbitrarily complex function p∗ is C-indistinguishable from the constant function vP . Casacuberta,
Dwork, and Vadhan call these functions constant-Bernoulli functions, given that we can equivalently
see this within-piece condition as saying that p∗ is C-indistinguishable from a Bernoulli random
variable of parameter vP . Hence, an MC partition provides a decomposition of the domain into not
too many pieces such that the arbitrarily complex function p∗ is a constant-Bernoulli function on
every piece.

Of interest to us in our discussion to the Hardcore Lemma is what [CDV24] calls the balance of
p∗ on a piece P ∈ P :
Definition 2.20 (Balance of p∗ [CDV24]). Given an arbitrary function p∗ : X → [0, 1] and a
partition P = {P} of X , we let vP = Ex∼D|P [p

∗(x)] for each P ∈ P and bP = min{vP , 1−vP } ≤ 1/2.
We call bP the balance of p∗ on P .
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As we will see with the Hardcore Lemma, by generalizing Yao’s equivalence between pseudoran-
domness and unpredictability [Yao82], [CDV24] show how we can characterize indistinguishability
from a constant-Bernoulli function (which we obtain on every P ∈ P from the multicalibration
theorem) as hardness of prediction, through the balance parameter bP . In turn, by adapting the
proof of Trevisan, Tulsiani, and Vadhan showing that we can prove the Hardcore Lemma from the
Regularity Lemma, we can use this hardness present on every piece to construct a “small” hardcore
set on each P ∈ P . This construction is what allows us to prove a stronger and more general
version of IHCL through multicalibration, which [CDV24] call “IHCL++”. We make all of these
intuitions more concrete in Chapter 4, where we show how to prove the original IHCL statement
with optimal set density through calibrated (and weighted) multiaccuracy.

The broader key insight in this complexity-theoretic understanding of multigroup fairness is
that multicalibration gives us a collection of polynomially many parameters bP which characterize
the average hardness of the input function p∗, which is arbitrary. It is important to remark that the
field of cryptography also has their version of the Regularity Lemma, in their case called the leakage
simulation lemma [JP14; DLLT23], originating in the field of leakage-resilient cryptography [DP08].

2.4 Omnipredictors

Lastly, we explain how the multigroup fairness framework has led to the development to a very
powerful new learning-theoretic approach to the problem of loss minimization. As motivated in
Chapter 1, in the agnostic setting we are tasked with producing a predictor that achieves loss no
worse than the loss incurred by the best concept c ∈ C for some base concept class C (plus an ϵ

slack). However, the best concept in C depends on the choice of the loss function, and current
approaches to loss minimization heavily depend on the a priori chosen loss. Indeed, we do not have
known ways of transforming a predictor optimized for the ℓ1 loss, for example, into a predictor that
is optimal for the ℓ2 loss. So what should we do if we do not know the specific loss at the time of
training, or if we want to change it at a later time without having the re-train from scratch?

This observation motivated Gopalan, Kalai, Reingold, Sharan, and Wieder to introduce the
notion of an omnipredictor, which formalizes this idea of a “loss agnostic” approach to loss mini-
mization:
Definition 2.21 (Omniprediction [GKR+22]). Given a class of loss functions L and a concept
class C of concepts c : X → R, a predictor h : X → [0, 1] is an (L, C, ϵ)-omnipredictor if for every
ℓ ∈ L there exists a function kℓ : [0, 1]→ R so that

ℓD(kℓ ◦ h) ≤ min
c∈C

ℓD(c) + ϵ.

That is, for every loss ℓ ∈ L, there exists a simple (univariate) transformation kℓ of the predic-
tions h (chosen tailored to ℓ) such that kℓ◦f has loss comparable to the best hypothesis c ∈ C, which
is chosen dependent on ℓ. That is, we can train a single predictor h that is able to do as well as
the best hypothesis in C separately for every loss function in L. This realizes a very strong learning
guarantee, which we summarize in Figure 2.4. Note that for every C,L, the ground truth predictor
p∗ is an (L, C, 0)-omnipredictor. As shown in [GKR+22], the right post-processing function kℓ turns
out to be the minimizer of the expected loss under the Bernoulli distribution. The key idea behind

38



Figure 2.4: Diagram representing the notion of omniprediction.

the omnipredictors framework is to follow a new mantra for loss minimization: namely, “learn first,
and optimize for a specific loss function later.” For example, through the omnipredictors framework,
besides choosing the loss of interest a posteriori (and being able to change it at any time), we can
also add constraints after training [HNRY23].

In their main result, Gopalan et al. show that we can construct omnipredictors efficiently using
the technique of multicalibration:

Theorem 2.22 (Building omnipredictors from multicalibration [GKR+22]). Let D be a distribution
on X ×{0, 1}, C a family of real-valued functions on X , and L the family of all B-Lipschitz, convex
loss functions. Then, a (C, ϵ)-multicalibrated predictor p is an (L, C, 2ϵB)-omnipredictor.

A priori, this connection between multicalibration and loss minimization can seem surprising,
given that the multigroup fairness framework does not explicitly deal with any notion related to
this problem. However, after having thoroughly investigated the ideas that lie at the heart of the
notion of multicalibration in Chapters 1 and 2, Theorem 2.22 should be intuitively true. This is
because, as we have repeatedly pointed out, a C-multicalibrated predictor appears indistinguishable
from the ground truth predictor p∗ to the functions c ∈ C, and, crucially, the ground truth predictor
is an (L, C, 0)-omnipredictor. Therefore, for any reasonable loss function ℓ, the loss incurred by a
C-multicalibrated predictor will be comparable to the loss incurred by the ground truth optimal
predictor, which is always optimal by definition, as far as the concepts c ∈ C are concerned. But
because we are operating within the agnostic learning framework, learnability is precisely defined
relative to the base concept class C – i.e., precisely “as far as the concepts c ∈ C are concerned.”
Understanding loss minimization in this computational indistinguishability-based perspective has
been formalized through the Outcome Indistinguishability framework [DKR+21; GHK+23].

In recent work, it has been shown that we can efficiently construct omnipredictors from the
weaker primitive of calibrated multiaccuracy, rather than through full multicalibration [GHK+23;
OKK25]. The omnipredictors theorem (Theorem 2.22) has also been extended to include loss
functions beyond convex and Lipschitz losses: we can now efficiently build omnipredictors for loss
functions such as the exponential loss, GLM losses, 1-Lipschitz losses, proper losses, and bounded
variation losses [GKR+22; OKK25].
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3
Multiaccuracy & Agnostic Learning

The ultimate goal in this direction is informally termed agnostic learning, in which we
make virtually no assumptions on the target function. The name derives from the fact
that as designers of learning algorithms, we give up the belief that Nature (as
represented by the target function) has a simple or succinct explanation.

Kearns, Schapire, and Sellie [KSS92]

In this chapter, we focus on the connections between multigroup fairness notions and
agnostic learning. Our goal in this thesis is to complete the picture relating (1) multigroup fairness
notions, (2) learning primitives, and (3) hardcore set constructions. Here, we study the relationship
between (1) and (2). In the next chapter, we study the relationship between (1) and (3), as well as
the relationship between (2) and (3) through the technique of boosting.

3.1 Multiaccuracy does not always yield learning

We begin by inquiring into the relationship between multiaccuracy and weak agnostic learning. As
explained in Chapter 2, known algorithms for both multiaccuracy and multicalibration consist of
an iterative process that calls a weak agnostic learner at each step. Therefore, we know that if
a class C is weak agnostically learnable, then we can efficiently construct MA/MC predictors. In
the original work on multicalibration, the authors show that the implication goes the other way:
from a multicalibrated predictor we can obtain a (strong) agnostic learner [HKRR18]. Crucially,
we obtain strong learnability from the same multicalibrated predictor.

Is the same true for multiaccuracy? Perhaps surprisingly, given that a multicalibrated predictor
is itself a strong agnostic learner, the answer is no:
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Theorem 3.1. There exists a class C, a distribution D on X × {0, 1}, and a predictor
p : X → [0, 1] such that

• p is (C, 0)-multiaccurate.

• For any k : [0, 1] → [−1, 1], k(p) is not a (1/2, β)-weak agnostic learner for C for any
β > 0.

Note that this rules out the possibility of being able in general to obtain a weak agnostic learner
directly from a multiaccurate predictor p, or by post-processing its ouputs. However, it does not
rule out the possibility that we could still agnostically learn the class C by post-processing the
multiaccurate predictor in more complex ways.

Proof. We provide a counter-example by constructing a specific class C, distribution D, and pre-
dictor p. We take the uniform distribution on the domain {±1}n. Intuitively, we will want to play
with the values of the domain that the concepts in C are not “looking at”, so that we can construct
a C-multiaccurate predictor but then mess up the learning on the parts of the domain that C is not
concerned with. For this reason, we choose the class C = {c : {±1}n−1 → [−1, 1]} to be the set of
all functions of the first n− 1 bits. We define our predictor p using p∗ as follows:

p(x1, . . . , xn) = p∗(x1, . . . , xn−1,−xn).

That is, p outputs the value that p∗ would have output, had it been given the same string but with
the last bit flipped. First, we claim that p is (C, 0)-multiaccurate for D.

p is (C, 0)-multiaccurate. To see that, let us consider p∗ and p in their multilinear expansions.
Namely, we can write p∗ by separating the last bit xn as

p∗(x1, . . . , xn) = p∗0(x1, . . . , xn−1) + xnp
∗
1(x1, . . . , xn−1).

This is because, by the fundamental Fourier expansion theorem in Fourier analysis, we know that
every function f : {±1}n → R can be uniquely expressed as a multilinear polynomial

f(x) =
∑
S⊆[n]

f̂(S)xS ,

where xS =
∏

i∈S xi (with x∅ = 1 by convention) [ODo14]. Equivalently, if we use the parity
function χS(x) =

∏
i∈S xi we can write the expansion as f(x)

∑
S⊆[n] f̂(S)χS(x).

Hence, we can separate the multilinear polynomial corresponding to p∗ into two parts: the
polynomial that contains the monomials xS such that n /∈ S (which corresponds to p∗0) and the
polynomial that does depend on the xn; i.e., the one grouping all of the terms xS in the expansion
of p∗ such that n ∈ S (which corresponds to p∗1). If we wanted to compute p∗0 and p∗1 explicitly, one
can see that

p∗0(x1, . . . , xn−1) =
1

2

(
p∗(x1, . . . , xn−1,+1) + p∗(x1, . . . , xn−1,−1)

)
,
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p∗0(x1, . . . , xn−1) =
1

2

(
p∗(x1, . . . , xn−1,+1)− p∗(x1, . . . , xn−1,−1)

)
.

If we consider the multilinear expansion of p, and separate the terms xS depending on whether n
is in S or not in the same way, we similarly have that

p(x1, . . . , xn) = p0(x1, . . . , xn−1) + xnp1(x1, . . . , xn−1).

Given that, by definition, p(x1, . . . , xn) = p∗(x1, xn−1,−xn), it follows that we can re-write the
multilinear expansion of p by using p∗0 and p∗1 instead of p0 and p1 as follows:

p(x1, . . . , xn) = p∗0(x1, . . . , xn−1)− xnp∗1(x1, . . . , xn−1).

Indeed, if n /∈ S then χS(x1, . . . ,−xn) = χS(x1, . . . , xn), and if n ∈ S then χS(x1, . . . ,−xn) =

χS\{n}(x1, . . . , xn−1) · (−xn). Therefore,

p∗(x)− p(x) = p∗0(x1, . . . , xn−1) + xnp
∗
1(x1, . . . , xn−1)− (p∗0(x1, . . . , xn−1)− xnp∗1(x1, . . . , xn−1))

= 2xnp
∗
1(x1, . . . , xn−1).

It follows that for any function c(x1, . . . , xn−1) of the first n− 1 bits,

E[c(x)(y− p(x))] = E[c(x)(p∗(x)− p(x))] = E[c(x)2xnp
∗
1(x)] = 0

since both c and p∗1 only depend on the first n− 1 bits. So p is (C, 0)-multiaccurate for D.
k(p) is not a weak agnostic learner. Next, we need to show that for any post-processing

function k applied to the outputs of our multiaccurate predictor p, we cannot obtain not even a
weak agnostic learner.

To do this, we will instantiate p∗ to be a concrete function. Specifically, we use the majority
function MAJ : {±1}3 → {0, 1}, which is defined as

MAJ(x1, x2, x3) =
{
1 x1 + x2 + x3 > 0

0 otherwise

We define p∗ using the MAJ function as:

p∗(x) = MAJ(x1, x2, xn).

We define the distribution D that one would expect: the marginal is uniform over X , and once x is
picked, its label y is given by p∗(x). Then, recall that we defined our function p to output whatever
p∗ would output on the same string but with the last bit flipped, and so

p(x) = MAJ(x1, x2,−xn).

While we have shown that p is (C, 0)-multiaccurate for any p∗, and so in particular when p∗ corre-
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sponds to the majority function on three bits, the values of p and p∗ are very uncorrelated. Indeed:

Pr[p∗(x) = p(x)] = Pr[x1 = x2] =
1

2
.

Pr[p∗(x) 6= p(x)] = Pr[x1 6= x2] =
1

2
.

It can be helpful to visualize the values of p∗ and p with the following table:

x1 x2 x3, . . . , xn−1 xn −xn p∗(x) p(x)

−1 −1 . . . −1 +1 MAJ(−1,−1,−1) = 0 MAJ(−1,−1,+1) = 0

−1 −1 . . . +1 −1 MAJ(−1,−1,+1) = 0 MAJ(−1,−1,−1) = 0

−1 +1 . . . −1 +1 MAJ(−1,+1,−1) = 0 MAJ(−1,+1,+1) = 1

−1 +1 . . . +1 −1 MAJ(−1,+1,+1) = 1 MAJ(−1,+1,−1) = 0

+1 −1 . . . −1 +1 MAJ(+1,−1,−1) = 0 MAJ(+1,−1,+1) = 1

+1 −1 . . . +1 −1 MAJ(+1,−1,+1) = 1 MAJ(+1,−1,−1) = 0

+1 +1 . . . −1 +1 MAJ(+1,+1,−1) = 1 MAJ(+1,+1,+1) = 1

+1 +1 . . . +1 −1 MAJ(+1,+1,+1) = 1 MAJ(+1,+1,−1) = 1

We can see from the table that p∗ and p agree on exactly half the inputs (marked in green), and
disagree on the other half (marked in red), and thus their correlation is 0. Moreover, p∗ and p have
0 correlation even when conditioned on the predicted values of p (this is why we chose the MAJ
function as opposed to, for example, the AND function). Indeed, we can see from the table that,
when conditioned on the value p(x) = 0, p∗ and p still agree on half the inputs and disagree in the
other half. The same holds when we condition on the value p(x) = 1.

That is, we have that

E[(2y− 1) | p(x) = 0] = E[(2y− 1) | p(x) = 1] = 0. (3.2)

Recall from Chapter 2 that we measure the correlation with the {±1} and [−1, 1] versions of the
predictors, which is why we use 2y− 1. Therefore, we conclude that for any k : [0, 1]→ [−1, 1],

corD(y, k ◦ p(x)) =
k(0)

2
E[(2y− 1) | p(x) = 0] +

k(1)

2
E[(2y− 1) | p(x) = 1] = 0.

We are not done yet, because if all the concepts in C also achieved correlation 0 with the labels,
then we would not have a contradiction. Per the definition of weak agnostic learning, it remains to
show that some concept in C achieves positive correlation with the labels.

And yet, there is high correlation between c ∈ C and the labels. In fact, not only does
there exist a concept in C that achieves positive correlation; it achieves correlation 1/2. Indeed,
consider the dictator function c1(x) = x1, which belongs to C, given that it is only a function of
the first n− 1 bits (in fact, only of the 1st bit). Then, we can see that

E[(2y− 1)x1 | x1 = 1] = E[(2y− 1)x1 | x1 = −1] =
3

4
− 1

4
=

1

2
.

corD(y, c1(x)) =
1

2
E[(2y− 1)x1 | x1 = 1] +

1

2
E[(2y− 1)x1 | x1 = −1] =

1

2
.
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That is, the dictator function c1 ∈ C achieves correlation 1/2 with the labels. We can again visualize
this in our table: if we look at the last 4 rows, which correspond to the cases where x1 = 1, then we
see that these agree with the p∗ value on 3 out of the 4 cases (which corresponds to a correlation
of 1/2 given that we measure correlation in the [−1, 1] range).

Note that in this construction, the predictor p is maximally anti-calibrated, in the sense that
E[y|p(x) = v] = 1/2 for any v in the range of p. That is, the predictor p is doing no better than
random guessing in terms of squared loss. This construction fits nicely with our result below in
Section 3.3 showing that if, besides multiaccuracy, we also require non-trivial global calibration,
then this enforces some correlation between the predictor p and the target labels. This allows us
to obtain the flip positive result: if p is multiaccurate and calibrated, then sign(2p− 1) is a strong
agnostic learner.

3.2 Multiaccuracy gives restricted weak agnostic learning

In our majorities example, we are able to produce a (C, 0)-multiaccurate predictor that has 0
correlation with the labels, even though there is a concept c ∈ C that achieves correlation α =

1/2 with the labels (we use the parameter α given the definition of a weak agnostic learner in
Definition 2.3, where we used parameters α ≥ β). Conceptually, we can understand what is going
on through Figure 3.1: it is possible for c to have the same correlation with both p∗ and p (as
required by C-multiaccuracy), yet for p∗ and p to be orthogonal.

p

p∗

c

Figure 3.1: C-multiaccuracy does not necessarily imply that the predictions of p and p∗ are correlated.

However, is 1/2 the maximum correlation that we could hope to obtain between c and the
labels, while keeping p∗ and p orthogonal and ensuring that p is multiaccurate for p∗? Because we
compute correlations in the [−1, 1] range, let us consider the [−1, 1] versions of p∗ and p, and call
them q∗ and q instead. That is, we let q∗(x) = 2p∗(x) − 1 and q(x) = 2p(x) − 1. Suppose that p
is (C, 0)-multiaccurate for p∗, and suppose that there exists a c ∈ C that has correlation at least
α be the labels; that is, such that cor(y, c) = 〈q∗, c〉 ≥ α, where 〈q∗, c〉 denotes the inner product
between q∗ and c. Then, we are asking: What is the largest that α can be, such that we continue to
ensure that: (1) q∗ and q are orthogonal (that is, 〈q∗, q〉 = 0, which means that the two predictors
are completely uncorrelated), and (2) q is a (C, 0)-multiaccurate predictor for q∗, but (3) q is not a
weak learner for C?

Perfect multiaccuracy ensures that

〈q∗, c〉 = 〈q, c〉.

48



Then, the assumption that 〈q∗, c〉 ≥ α implies that 〈q, c〉 ≥ α as well. For simplicity, assume that
all of q∗, q, c are vectors in {±1}n. Because 〈q∗, q〉 = 0 by assumption, from the definition of the
inner product and given that q∗ and q only take values in {±1}n, it must be that q∗ and q agree
on exactly half the bits and disagree on the other half. Then, we can re-arrange the n bits of q∗

and q so that we first put the n/2 bits on which q∗ and q agree, and then the n/2 bits on which
q∗ and q disagree (we can assume n is a multiple of four for simplicity). We provide an example of
this construction in Figure 3.2.

Next, we provide an example of a vector c that achieves correlation 1/2 with q∗, while q and
q∗ continue to be orthogonal. We already gave one such example by using the majority function
(Section 3.1). Let dH denote the normalized Hamming distance in this space. Note that for any
two vectors x, y in {±1}n, we can relate their inner product and their Hamming distance as follows:

〈x, y〉 = 1− 2dH(x, y), dH(x, y) =
1− 〈x, y〉

2
.

This is because, by definition.

〈x, y〉 = 1

n

n∑
i=1

xiyi, dH(x, y) =
1

n

∣∣{i : xi 6= yi}
∣∣.

Then, given that

xiyi =

{
1 if xi = yi,

−1 if xi 6= yi,

it follows that

〈x, y〉 = 1

n

n∑
i=1

xiyi =
1

n
·

n∑
i=1

(
1− 2 · 1[xi 6= yi]

)
= 1− 2dH(xy, y).

Note that this relation is analogous to the usual relation between correlation and error (which we
stated in the beginning of Chapter 2). Indeed, the inner product corresponds to the correlation,
whereas the Hamming distance counts the number of disagreements and thus corresponds to the
error.

We let c ∈ {±1}n be a mid-point of q, q∗ in the Hamming metric. We can do so by making c be
equal to q = q∗ on the first n/2 bits, and then on the second half of the bits, we make c agree with
q∗ on half of those bits, and with q on the other half. We provide one such example in Figure 3.2.

q∗

q

c

+1

+1

+1

+1

+1

+1

−1

−1

−1

−1

−1

−1

+1

−1

+1

+1

−1

+1

−1

+1

+1

−1

+1

+1

Figure 3.2: Bitwise comparison of q∗, q, and the midpoint vector c.
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Then, per our construction, it follows that

〈q∗, c〉 = 〈q, c〉 = 1/2,

given that c disagrees with both q∗ and q on a (1/4)-th fraction of the bits. However, we still have
that 〈q∗, q〉 = 0, as we wanted to show.

Moreover, α = 1/2 is a tight bound: if some c ∈ C achieves correlation α > 1/2 with q∗, then q
being C-multiaccurate will imply that q and q∗ have positive correlation, and thus that q is a weak
learner in this case. Before we give the proof in full generality, we use Figure 3.2 for the simplified
case where q and q∗ are Boolean to understand why this is the case.

So we are assuming that 〈q∗, q〉 = 0 and that q is (C, 0)-multiaccurate. The former means again
means that q∗ and q agree on exactly n/2 bits, so we can place them as in Figure 3.2. The latter
again implies that 〈q∗, c〉 = 〈q, c〉. Suppose that α = 〈q∗, c〉 > 1/2. We denote the correlation over
the first half of the n bits (from the construction as per Figure 3.2) with a subscript L (for “left”),
and over the second half with R (for “right”). Then, we can write the total correlation as the sum
of the correlation on the two parts:

〈q∗, c〉 = 1

2
〈q∗, c〉L +

1

2
〈q∗, c〉R,

〈q, c〉 = 1

2
〈q, c〉L +

1

2
〈q, c〉R.

From the (C, 0)-multiaccuracy condition, it then follows that

1

2
〈q∗, c〉L +

1

2
〈q∗, c〉R =

1

2
〈q, c〉L +

1

2
〈q, c〉R.

Because c agrees with q and q∗ on the first half of the bits, we have that 〈q∗, c〉L = 〈q, c〉L. In order
to preserve the orthogonality between q and q∗, we moreover need that

〈q∗, c〉R + 〈q, c〉R = 0.

But if are to satisfy this, as well as the multiaccuracy condition that 〈q∗, c〉 = 〈q, c〉, then the only
way we can guarantee this is by having 〈q∗, c〉R = 〈q, c〉R = 0. Looking at Figure 3.2 again, we
see that there is no way in which we can flip one of the bits of c in the R side to match with q∗

on more than 2 bits (so that we obtain positive correlation between c and q∗ on the R side), while
still satisfying that 〈q∗, c〉R = 〈q, c〉R, which is required by multiacuracy. Then, the correlation of
c with q∗ remains bounded by 1/2; as soon as α > 1/2, it must be that 〈q∗, q〉 > 0.

We can alternatively phrase this argument again using the normalized Hamming metric. As we
showed above, the assumption that 〈q∗, c〉 ≥ α is equivalent to saying that dH(q∗, c) ≤ (1 − α)/2.
By the perfect multiaccuracy guarantee, we also then have that 〈q, c〉 ≥ α, and equivalently that
dH(q, c) ≤ (1− α)/2. Then, by the triangle inequality, we must have

dH(q∗, q) ≤ dH(q∗, c) + dH(q, c) ≤ 1− α.

But translating back from Hamming distance to inner product, this means that the correlation
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between q and q∗ is lower bounded by

〈q∗, q〉 ≥ 1− 2(1− α) = 2α− 1. (3.3)

This is a non-trivial guarantee whenever α > 1/2 (that is, we only get learning if the correlation
between q∗ and q is positive).

Having given intuition for why α = 1/2 is the right threshold, we now provide the formal
statment. Essentially, we need to generalize this argument to the non-Boolean case.

Theorem 3.4. For any C,D, we can post-process a (C, τ)-multiaccurate predictor to obtain
a (α, 2α− 1− 2τ)-weak agnostic learning for C under the distribution D. In particular, any
(C, τ)-multiaccurate predictor p for D satisfies

corD(y, 2p(x)− 1) ≥ 2max
c∈C

corD(y, c(x))− 1− 2τ.

Proof. Let p be a (C, τ)-multiaccurate predictor with respect to D. For any c ∈ C, we have that:

corD(y, c) = corD(p∗, c)
= E

D
[(2p∗(x)− 1)c(x)]

= E
D
[c(x)(p∗(x)− (1− p∗(x)))(p(x) + (1− p(x)))]

= E
D
[c(x)(p∗(x)p(x)− (1− p∗(x))(1− p(x))] + E

D
[c(x)(p∗(x)− p(x))]

≤ E
D
[|c(x)| · |p∗(x)p(x)− (1− p∗(x))(1− p(x))|] + τ

≤ E
D
[p∗(x)p(x) + (1− p∗(x))(1− p(x))] + τ.

The second equality follows because we measure the correlation with the [−1, 1]-versions of the
predictors. In the next two equation, we split the terms so that we can separate the term
ED[c(x)(p∗(x) − p(x))], and then apply to it the (C, τ)-multiaccuracy guarantee of p on D, which
tells us that this expression is upper bounded by τ . In the last equality, we use the fact that
|c(x)| ≤ 1, and that

|p∗(x)p(x)− (1− p∗(x))(1− p(x))| ≤ p∗(x)p(x) + (1− p∗(x))(1− p(x)),

since both p(x)p∗(x) ∈ [0, 1].
We can generalize the correspondence between the correlation/inner product and the normalized

Hamming metric that we used in our Boolean example above with the following identity for a, b ∈ R:

(2a− 1)(2b− 1) = 2(ab+ (1− a)(1− b))− 1.

We use this identity to express the correlation between y and p in this way:

corD(y, 2p− 1) = corD(p∗, 2p− 1)
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= E
D
[(2p∗(x)− 1)(2p(x)− 1)]

= 2E
D
[p∗(x)p(x) + (1− p∗(x))(1− p(x))]− 1.

We can re-arrange the first inequality to match the form of the second one:

2corD(y, c)− 1 ≤ 2E
D
[p∗(x)p(x) + (1− p∗(x))(1− p(x))]− 1 + 2τ.

Then, combining the two inequalities, we get that,

corD(y, 2p− 1) = 2E
D
[p∗(x)p(x) + (1− p∗(x))(1− p(x))]− 1

≥ 2max
c∈C

corD(y, c)− 1− 2τ,

which proves the claim. Note that this last inequality is precisely the continuous-version of the
lower bound that we showed in the Boolean case above using the normalized Hamming distance
(Equation 3.3).

Theorem 3.4 illustrates what we mean by a restricted weak agnostic learner: it is a weaker
notion of the usual definition of a weak agnostic learner (Definition 2.3). For a typical (α, β)-weak
agnostic learner, the learning guarantee is required to hold for any values of α ≥ β > 0. For a
restricted weak agnostic learner, it is only required to hold if the value of α is at least some value
γ0; i.e., if some concept c ∈ C has correlation at least γ0 with the labels. In the case of Theorem 3.4,
γ0 = 1/2.

Decomposition of p, p∗ into two orthogonal components. As we have seen in our examples,
intuitively, the reason why C-multiaccuracy does not directly imply weak agnostic learning for the
class C is that multiaccuracy only implies a certain type of closeness between the predictor p and
the labels y over the span of the concept class C. We conclude this section by making this intuition
more precise.

As before, let q, q∗ denote the [−1, 1]-versions of p, p∗. Let span(C) denote the vector space
spanned by C. Then, we can decompose each of q and q∗ into two components: the part that lies
in span(C), and the part that is orthogonal to it. Namely:

q = qC + q⊥ and q∗ = q∗C + q∗⊥,

where qC , q
∗
C are the components of q and q∗ in the span(C) respectively, and q⊥, q∗⊥ are the

components of q, q∗ orthogonal to span(C). For example, in our majorities example (Section 3.1),
the projection of p onto span(C) is precisely p0, and similarly for p∗, whereas xnp1 corresponds to
p⊥. Recall that the inner product 〈f, g〉 for functions f, g : X → R is defined by EDX [f(x)g(x)].
Then, we can view the multiaccuracy condition in terms of an inner product (as we did with our
Hamming example); specifically, if p is (C, 0)-multiaccurate for D, then it follows that

〈c, q∗ − q〉 = 2E[c(x)(p∗(x)− p(x))] = 0

for every c ∈ C. That is, q∗ − q is orthogonal to span(C). This is precisely what the notion of
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multiaccuracy is meant to capture: if a predictor p is perfectly multiaccurate, then no c ∈ C should
have correlation with the residual q∗ − q, and so the two must be orthogonal.

Moreover, we can decompose the correlation between q∗ and q in terms of their components:

cor(y, p) = 〈q∗, q〉 = E[q∗(x)q(x)] = E[(q∗C + q∗⊥)(qC + q⊥)]

= 〈q∗C , qC〉+ 〈q∗C , q⊥〉+ 〈q∗⊥, qC〉+ 〈q∗⊥, q⊥〉
= 〈q∗C , qC〉+ 〈q∗⊥, q⊥〉,

where in the last equality we us the fact that the orthogonal components of the functions are
orthogonal to span(C), and thus 〈q∗C , q⊥〉 and 〈q∗⊥, qC〉 are both equal to 0. From this expression we
can understand how cases like our majorities example in Section 3.1 can arise: while C-multiaccuracy
ensures that the first term 〈q∗C , qC〉 is positive (i.e., C-multiaccuracy ensures closeness between q and
q∗ within span(C), and so q∗C and qC are highly correlated), it says nothing about what is going on in
the orthogonal space. Then, as in our majorities example, the correlation 〈q∗⊥, q⊥〉 can undermine
the correlation present in span(C), so that cor(y, p) = 〈q∗C , qC〉 + 〈q∗⊥, q⊥〉 = 0, and therefore q and
q∗ end up being completely uncorrelated.

In the case of (C, 0)-multiaccuracy, q∗C and qC are in fact equal, and so they have maximal
correlation. This is because we can write

q∗ − q = q∗C − qC + q∗⊥ − q⊥.

As q∗⊥, q⊥ are both orthogonal to span(C), and q∗C − qC ∈ span(C), we must have q∗C = qC , given that
q∗ − q is orthogonal to span(C). In turn, by the definition of the inner product and the norm, it
follows that

〈q∗C , qC〉 = 〈q∗C , q∗C〉 = ‖q∗C‖22.

Summarizing, it can be very helpful to understand multiaccuracy by separating the correlation that
is ensured over span(C), which multiaccuracy controls, and the orthogonal component, about which
we cannot promise anything in general, and can behave in any way. Formally:

Lemma 3.5. Let q, q∗ denote the [−1, 1]-versions of predictors p, p∗. If the predictor p is
(C, 0)-multiaccurate for D, then:

1. cor(c, p∗ − p∗) = 〈c, q∗ − q〉 = 0.

2. cor(y, p) = 〈q∗, q〉 = 〈q∗C , qC〉 + 〈q∗⊥, q⊥〉 = 〈q∗C , q∗C〉 + 〈q∗⊥, q⊥〉 = ‖q∗C‖22 + 〈q∗⊥, q⊥〉, given
that (C, 0)-multiaccuracy implies that q∗C = qC.

With our majorities example, we have already discarded the scenario where q has some correla-
tion with the labels (and thus gives us weak learning). But given that perfect multiaccuracy does
ensure that q∗C = qC , a natural hope here would be to see whether qC (that is, the projection of q
onto span(C) rather than q itself) can provide us with some learning. I.e., is qC correlated with the
labels? Through a similar decomposition calculation, we can see that:
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cor(y, pC) = 〈q∗, qC〉 = 〈q∗C + q∗⊥, qC〉
= 〈q∗C , qC〉+ 〈q∗⊥, qC〉
= ‖q∗C‖22,

where we again use the fact that q∗⊥ is orthogonal to span(C) and that q∗C = qC . Hence, if ‖q∗C‖22 > 0,
then we would get learning from pC . We will pursue this direction in Chapter 5, showing that an
ℓ1 sparse projection of p onto span(C) does give us weak agnostic learning.

3.3 Global calibration to the rescue

So far, we have seen the following:

• A C-multiaccurate predictor p is not necessarily a weak agnostic learner for C (majorities
example, Section 3.1).

• If some concept c ∈ C has correlation α > 1/2 with the labels, then multiaccuracy does give
learning: if p is (C, 0)-multiaccurate, then sign(p− 1/2) achieves correlation β = 2α− 1 with
the labels (Section 3.2). We call this reduced version of learning restricted weak agnostic
learning, where we only promise to output a hypothesis that has correlation at least β with
the labels if α is at least some threshold value γ0 (in this particular case, γ0 = 1/2). This
stands in contrast to the usual notion of weak agnostic learning, where we promise learning
even if α is very small.

• We have used the decomposition of p, p∗ onto span(C) and its orthogonal subspace to explain
how p, p∗ can be uncorrelated even though p is (C, 0)-multiaccurate. This has lead us to the
hope that if we know how to efficiently project p onto span(C), then pC could give us learning
(we will return to this idea in Section 5.1).

However, in general we do not have efficient algorithms for projecting a predictor onto a class
C. Instead, we can ask: is there some minimal property that we can add to the predictor p (on top
of multiaccuracy) so that it gives us learning?

In this section, we show that the answer is yes: If p is both C-multiaccurate and calibrated,
then sign(p− 1/2) is in fact not only a weak agnostic learner, but a strong agnostic learner. Note
that we are only talking about global calibration here (i.e., defined without any class C), not the
much stronger notion of C-multicalibration. This is one of the key points of our work, which we
will see reproduced in Chapter 4 when we discuss the Hardcore Lemma: global calibration adds a
lot of power to a multiaccurate predictor. Here, it is allowing us to go from 0 correlation (as in
the majorities example) to strong agnostic learning. Moreover, our proof very clearly delineates
the roles played by multiaccuracy and calibration respectively. The ideas that we discuss in this
section are intimately related to the proof showing that from a (weighted) multiaccurate predictor
we can construct a hardcore set of optimal density, as we will see in Chapter 4.

As we pointed out in the introduction, a calibrated predictor is not always very informative:
for example, if the labels y are balanced (i.e., half of them are 0 and half are 1), then the random-
guessing predictor that predicts 1/2 everywhere is calibrated. But whenever a calibrated predictor

54



predicts a value v ∈ [0, 1] bounded away from 1/2, it is informative: we know that within the region
Xv = {x ∈ X | p(x) = v}, the expected value of the labels on Xv is approximately v. That is, when
it predicts v ∈ [0, 1], the expected value of the label is indeed v. In this case, a calibrated predictor
is doing much better than random guessing. By how much? We will now see that we can quantify
this through the notion of the balance parameter of the true labels on each of the level sets of p.

For the purposes of this explanation, we assume that our predictor p is perfectly calibrated on
each of its level sets p(x) = v. As we discussed in the introduction, in the actual proof we need
to relax this in two ways so that we can actually attain this notion in practice: (1) we relax the
calibration requirement to hold on average across the level sets of p (i.e., where each level set Xv is
weighted according to its size as defined by D; that is, according to PrD[x ∈ Xv]), and (2) we ask
for τ -calibration, rather than for perfect calibration.

In this “perfect calibration” setting, we can split the domain X into disjoint pieces Xv, which
correspond to the level sets of the calibrated predictor p. This yields a partition P of the domain
X . By calibration, within every piece P = Xv ∈ P , the expected value of the labels is exactly v.
Following the notation in [CDV24] and in Definition 2.20, we sometimes denote this value by vP , to
make it clear that we mean the expected value of the labels over the piece P ∈ P (but because we
defined the partition precisely by taking the level sets of p, these two views are exactly equivalent,
given that P = Xv). Moreover, we let bP = min{vP , 1− vP }, so that bP ≤ 1/2.

That is, as we represent with an example in Figure 3.3, on the level set P = Xv, we know that
a v-fraction of the points in Xv are equal to 1, and a (1− v)-fraction of the points in Xv are equal
to 0, whereas we are always predicting v. But this means that calibration allows to say a lot about
how well p is doing; i.e., we can exactly compute its error. Indeed, when conditioning on the level
set P = Xv, in the case where v ≤ 1/2 we have that

E
D

[
|y− p(x)||x ∈ Xv

]
= |1− v| · Pr

D
[y = 1|x ∈ Xv] + |0− v| · Pr

D
[y = 0|x ∈ Xv]

= (1− v)v + v(1− v)
= 2v(1− v).

Symmetrically, the same expression follows for the case where v > 1/2. Moreover, note that

min{v, 1− v} ≤ 2v(1− v) ≤ 2min{v, 1− v}, (3.6)

and so, equivalently,
b ≤ 2v(1− v) ≤ 2b, (3.7)

implying that
E
D

[
|y− p(x)| | x ∈ Xv

]
≤ 2b.

In other words, the fact that p is calibrated ensures that, on every level set P = Xv, the error of
the predictor is upper-bounded by 2bP , where bP corresponds to the “balance” of the labels on that
piece P (indeed, bP ≈ 1/2 if the true function behaves randomly on P , whereas bP ≈ 0 indicates
that the the true function is essentially the constant 0 or the constant 1 function on that piece).
This is why earlier we said that the balance bP measures how close we are to the random guessing
predictor; indeed, given that bP = min{vP , 1− vP }, we can re-write |vP − 1/2| as 1/2− bP .
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Figure 3.3: Visual representation of how calibration allows us to argue about the error of our predictor on its level sets.

By flipping this argument from error to calibration and swapping the ranges of the predictors
as usual, we can equivalently obtain a lower bound on the correlation between p and the labels y on
each level set Xv. Then, we can compute the total correlation between p and the labels (i.e., over
the entire domain X ) by expressing the total correlation as a weighted average of the correlation
between p and the labels achieved at every piece (i.e., level set of p), and use the calibration
condition to lower bound the correlation present on each piece.

We do so in the proof of the following lemma, which illustrates the typical way of using cali-
bration: first express the quantity of interest as a weighted average over the level sets of p (this is
simply using conditional expectation), and then apply the calibration guarantee on every level set,
effectively swapping y by p(x) = v on each level set. In the following lemma we return to the usual
relaxed (and achievable) notion of calibration, rather than assuming perfect calibration.

Lemma 3.8. Let p be τ -calibrated for some distribution D over X × {0, 1}. Then

corD(y, sign(2p(x)− 1)) ≥ 2E
[∣∣∣∣p(x)− 1

2

∣∣∣∣]− 2τ

= 2E
[
1/2− bP

]
− 2τ.

Proof. We can write

corD(y, sign(2p(x)− 1)) = E
D
[sign(2p(x)− 1)(2y− 1)]

= E
D
[sign(2p(x)− 1)(2E[y|p(x)]− 1)]

= E
D
[sign(2p(x)− 1)(2p(x)− 1)] + 2E

D
[sign(2p(x)− 1)(E[y|p(x)]− p(x))]

≥ E
D
[|2p(x)− 1|]− 2E[|E[y|p(x)]− p(x)|]

≥ 2E
D

[∣∣∣∣p(x)− 1

2

∣∣∣∣]− 2τ

= 2 E
P∼P(DX )

[
1/2− bP

]
− 2τ.

56



The last inequality follows from the definition of τ -calibration.

This alone does not ensure that p gives us learning; to get learning, we need to achieve positive
correlation with the labels. So far, we have only lower-bounded the correlation through the quantity
|p − 1/2|; i.e., through how far p is to a random guessing predictor. Here is where multiaccuracy
comes into the picture. The key observation is that if C contains a hypothesis that correlates well
with the labels, and if p is (C, τ)-multiaccurate, then p cannot always predict values close to 1/2.
That is, it forces the global balance parameter E[bP ] to be bounded away from 1/2. In other words,
for a general set of labels, a calibrated p can in fact be very close to a random predictor. E.g., in
the case where the labels y themselves are truly random. But if some hypothesis c ∈ C is correlated
with the labels, then this precisely provides a certificate that y|x is in fact not uniformly random.
This is because a C-multiaccurate predictor has to capture the correlations with c accurately, which
forces it to deviate from random guessing. Formally:

Lemma 3.9. If p is (C, τ)-multiaccurate for the distribution D, then for every c ∈ C,

E
D

[∣∣∣∣p(x)− 1

2

∣∣∣∣] ≥ corD(y, c(x))
2

− τ.

Proof. Fix any c ∈ C. Since p is (C, τ)-multiaccurate, by definition we have that

E
D
[c(x)(y− p(x))] ≤ τ. (3.10)

We can write the correlation between y and c equivalently as:

E
D

[
c(x)

(
y− 1

2

)]
=

corD(y, c(x))
2

. (3.11)

Subtracting Equation (3.10) from (3.11) gives

E
D

[
c(x)

(
p(x)− 1

2

)]
≥ corD(y, c(x))

2
− τ.

The claim now follows by Hölder’s inequality and the fact that |c(x)| ≤ 1 for all c ∈ C:

E
D

[
c(x)

(
p(x)− 1

2

)]
≤ max

x
|c(x)| · E

[∣∣∣∣p(x)− 1

2

∣∣∣∣] ≤ E
[∣∣∣∣p(x)− 1

2

∣∣∣∣] ,

We can now put together Lemma 3.8 and Lemma 3.9 to obtain our Theorem 3.12 below, showing
that if p is (C, τ)-multiaccurate and calibrated, then sign(2p− 1) is a strong agnostic learner.
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Theorem 3.12. Let C be a hypothesis class and τ > 0. Suppose p is a predictor that is
(C, τ)-multiaccurate and τ -calibrated with respect to D. Then, sign(2p− 1) satisfies,

cor(y, sign(2p(x)− 1))] ≥ max
c∈C

cor(y, c(x))− 4τ.

Proof. Putting together our two lemmas, we get that:

cor(y, sign(2p(x)− 1)) ≥ 2E
[∣∣∣∣p(x)− 1

2

∣∣∣∣]− 2τ p is τ -calibrated (Lemma 3.8)

≥ 2 ·

(
corD(y, c(x))

2
− τ

)
− 2τ p is (C, τ)-multiaccurate (Lemma 3.9)

≥ corD(y, c(x))− 4τ.
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4
Impagliazzo’s Hardcore Lemma

Consider a decision problem that cannot be 1− δ approximated by circuits of a given
size in the sense that any such circuit fails to give the correct answer on at least a δ
fraction of instances. We show that for any such problem there is a specific
“hard-core” set of inputs which is at least a δ fraction of all inputs and on which no
circuit of a slightly smaller size can get even a small advantage over a random guess.

Russell Impagliazzo [Imp95]

Having explored the relationships between the multigroup fairness framework and ag-
nostic learning in Chapter 3, here we continue to explore the fascinating picture relating multigroup
fairness notions, learning primitives, and hardcore set constructions. In this chapter, we explain
Impagliazzo’s Hardcore Lemma and explore how it relates to fairness and learning.

4.1 The original IHCL statement

Impagliazzo’s Hardcore Lemma (IHCL) is a fundamental result in complexity theory which studies
the average-case hardness of functions, as first shown by Russell Impagliazzo in 1995 [Imp95]. It
studies how the hardness of prediction of any Boolean function g that is somewhat hard to predict
on average is “spread” among the domain X . Specifically, it turns out that this mild hardness on
average implies that there exists a fixed hardcore set H in the domain where the input function is
maximally unpredictable, in the sense that no distinguisher can do better than random guessing
(this is why it is called a “hardcore” set – inside it, g appears maximally hard to the distinguishers).
That is, g is very hard to compute inside of the hardcore set H. Indeed, this can be viewed as a
form of hardness amplification, given that we go from mild average hardness to strong hardness.
The hardness of prediction of the input function is always measured with respect to a base class C
of distinguishers. As we have seen, this is one of the key recurring themes of this thesis, where we
measure hardness of prediction, learning of the labels, and unbiased-ness all with respect to a base
class C. This is the only chapter in Part I of this thesis where the functions c ∈ C take values in
{0, 1} rather than in [−1, 1], as it is done in the Hardcore Lemma literature.
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Moreover, in the IHCL statement we also show a lower bound on the size of the hardcore set
(otherwise, having a very small hardcore set would not be interesting), which is referred to as the
density of the hardcore set. We would thus like the hardcore set to be as dense as possible, so
that we extract all of the possible strong hardness from the input function g. We will carefully
analyze the density of the set in our results. While it is visually more intuitive to think of IHCL
in terms of sets, all of the statements and proofs deal with hardcore measures instead. A measure
on X is simply a function µ : X → [0, 1] that is not identically 0. We can turn into a probability
distribution µ̄ by re-weighting µ by DX :

µ̄(x) = PrDX [x = x]µ(x)
Ex∼DX [µ(x)]

.

What does hardcore-ness mean in the context of measures? It means that g is maximally unpre-
dictable (in the same sense as we have discussed) when we sample according to µ, rather than
according to D. We can likewise translate the notion of “density” from sets to measures. Any
IHCL statement using hardcore measures implies an IHCL statement using hardcore sets instead,
by using a probabilistic method argument. Essentially, we perform the following randomized pro-
cedure: for each x ∈ X , we include in the hardcore set with probability µ̄. Then, if the initial
measure is dense enough, it follows that the hardcore set is dense as well (i.e., we have added to it
enough points x ∈ X ). For details on this transformation, see [KS03, §4.4] and [CDV24, §B].

We now make all of these notions precise and formally state IHCL. In the case of IHCL, the
concepts in C are all Boolean and should be thought of as bounded-size circuits. We start by
formalizing what we mean by the density of a measure:
Definition 4.1 (Density of a measure). Given a measure µ : X → [0, 1] and a base distribution
DX on X , the density of µ in DX is given by

dns(µ) = E
x∼DX

[µ(x)].

We drop DX from the dns(µ) notation for convenience, but the density of a measure is always
defined with respect to a base distribution. We say that µ is δ-dense if dns(µ) = δ. Sometimes, as
in [TTV09, §5], one will instead find a point-wise definition of density of a distribution. However,
the two definitions are equivalent, given that

max
x∈X

µ̄(x)

PrDX [x = x]
= max

x∈X

µ(x)

Ex∼DX [µ(x)]
=

maxx µ(x)

dns(µ) ≤ 1

dns(µ) . (4.2)

This is why some definitions say that µ̄ is δ-dense in DX if µ̄(x) ≤ 1
δ ·PrDX [x = x] for every x ∈ X .

We obtain this definition from re-arranging Definition 4.2: indeed, from the inequality

max
x∈X

µ̄(x)

PrDX [x = x]
≤ 1

dns(µ) .

Hence, we can see the notion of the density of a distribution as measuring its min-entropy, and that
this latter definition of density is equivalent to Definition 4.1. Now we know what it means for a
measure to be δ-dense. What does it mean for it to be “hardcore”? For that, we need to define the
hardness of prediction with respect to a distinguisher class C:
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Definition 4.3 (Hardness of a function). Given a class C = {c : X → {0, 1}}, a function g : X →
{0, 1}, a distribution DX on X , and δ > 0, we say that g is (C, δ)-hard on DX if for all c ∈ C,

Pr
x∼DX

[c(x) = g(x)] ≤ 1− δ.

That is, each distinguisher c ∈ C errs when trying to compute g on at least a δ-fraction of the
domain. Naturally, this δ-fraction subset of the domain can be different for each distinguisher. We
are only asking that no distinguisher is able to fully compute g on X . Moreover, note that the
maximal possible hardness occurs when δ = 1/2− ϵ, given that being (C, 1/2− ϵ)-hard corresponds
to stating that

Pr
x∼DX

[c(x) = g(x)] ≤ 1/2 + ϵ.

That is, no distinguisher in C can guess g noticeably better than a random bit. This is why we
sometimes refer to being (C, 1/2 − ϵ)-hard as being ϵ-strongly hard, whereas being (C, δ)-hard can
be referred to as being δ-weakly hard. We say that a measure µ is hardcore for g if it induces a
hardcore distribution µ̄ on which g is ϵ-strongly hard to predict. Recall also the notion of relative
complexity that we introduced in Definition 2.15 in Chapter 2, where the class Ct,q denotes the class
of functions that have complexity at most (t, q) relative to C.

We can now formally state IHCL:

Theorem 4.4 (IHCL, [Imp95; Hol05]). Let C = {c : X → {0, 1}} be a family of functions, let DX
be a probability distribution over X , and let ϵ, δ > 0. There exist t = poly(log |X |, 1/ϵ, 1/δ) and
q = poly(1/ϵ, 1/δ) such that the following holds: If g : X → {0, 1} is (Ct,q, δ)-hard on DX , then
there is a measure µ satisfying:

• Hardness: g is (C, 1/2− ϵ)-hard on µ̄.

• Optimal density: dns(µ) = 2δ.

Note that there is a circuit size difference between the assumption and the conclusion of the
theorem: the average mild hardness of g is with respect to Ct,q, whereas the hardcore strong
hardness is with respect to C. This circuit size difference makes a lot of sense if we think of
IHCL as the “counterpart” of boosting: as we explained in Chapter 1, the contrapositive of IHCL
is effectively a boosting algorithm, where we go from computing g slightly better than random
(> 1/2 + ϵ) to computing g almost perfectly (> 1 − δ). Indeed, one of the two original proofs
of IHCL by Impagliazzo is a boosting-based proof, which we will return to in Section 4.8.1 It
consists of an iterative procedure where at every step we use the assumption in the contrapositive
of IHCL that g is weakly learnable on a new distribution, ensembling the O(1/(ϵ2δ2)) weak learners
through a majority vote at the end [Imp95, Thm. 1]. The ensembling of these various learners is
precisely what causes the circuit-size parameter loss that we see in the statement of IHCL. While
this degradation in the circuit-size parameters seems natural in any boosting-based proof IHCL,
Blanc, Koch, Strassle and Tan recently showed that this difference in circuit size is unavoidable,
regardless of whether the IHCL proof is based on boosting or not [BKST24].

1The other proof (due to Nisan) uses the min-max theorem, similar to how Trevisan, Tulsiani, and Vadhan also
prove the Regularity Lemma with a proof through boosting and a proof through the min-max theorem [TTV09].
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Another important remark is that the two original proofs by Impagliazzo obtain a hardcore
measure of density δ, which is suboptimal. Indeed, note that the optimal density is 2δ: if there
exists a hardcore distribution for g of density ρ, then g is

(
ρ(1/2 − ϵ)

)
-weakly hard on average

on D with respect to C. More intriguingly for us, as we explain in the next section (Section 4.2)
Trevisan, Tulsiani, and Vadhan provided a proof of IHCL through the Regularity Lemma (which
we view as the multiaccuracy theorem, as we explained in Section 2.3), but they also only obtained
the suboptimal δ density parameter. However, if we go higher in the tiers of multigroup fairness
notions, [CDV24] show that we can obtain a stronger and more general version of the hardcore
lemma (which they call IHCL++) from multicalibration. In turn, they show that IHCL++ implies
IHCL with optimal density 2δ. In other words, while multiaccuracy (through the lenses of the
Regularity Lemma by [TTV09]) gets suboptimal δ-density, multicalibration is able to recover the
optimal 2δ density parameter. However, because they go through the more expensive notion of
multicalibration, this incurs a much bigger loss in circuit size; namely, by the multicalibration
theorem (Theorem 2.16), they get q = O(1/(ϵ12δ6)). Through multiaccuracy, [TTV09] instead
incur a circuit loss size of q = O(1/(ϵ2δ2)), as in Impagliazzo’s boosting proof.

This is precisely what motivates us to study whether obtaining suboptimal density is inherent to
multiaccuracy, or whether we can obtain an optimal hardcore measure from it. Perhaps surprisingly,
as it happened in Chapter 3, global calibration will come to the rescue. Indeed, in the learning
setting, adding calibration to multiaccuracy allowed us to go from no learning (Section 3.1) to
strong agnostic learning (Section 3.3). Here, we will show that adding calibration to (weighted)
multiaccuracy allows us to go from suboptimal density to the optimal 2δ.

Beyond the original proofs by Impagliazzo [Imp95] and the proof through the Regularity Lemma
[TTV09], there are many other versions of the Hardcore Lemma. Ten years after Impagliazzo’s
original paper, Holenstein gave a boosting proof of the hardcore lemma that achieved the opti-
mal 2δ density parameter for the first time. While the proof is also boosting-based, the circuits
that weak learn g are combined differently than in the case of Impagliazzo [Hol05]. A few years
later, Barak, Hardt, and Kale gave an alternative construction of an optimal hardcore set using
a generalized multiplicative update rule combined with a natural notion of approximate Bregman
projection [BHK09].

4.2 From multigroup fair predictors to hardcore measures

Given that we are studying the relationships between multigroup fairness notions, learning primi-
tives, and hardcore set constructions, the proof of IHCL that we are most interested in is the one
shown by Trevisan, Tulsiani, and Vadhan through the Regularity Lemma. We begin by explaining
how we can show IHCL with density δ from a multiaccurate predictor, following [TTV09].

Given a distribution DX on X and g : X → {0, 1}, define the distribution Dg on (x, y) ∈
X × {0, 1} where x ∼ DX and y = g(x). We start from a (C, ϵδ)-multiaccurate predictor p for Dg.
With this multiaccurate predictor at hand, [TTV09] construct the following measure:

µTTV(x) = |g(x)− p(x)|.

Note that, unlike boosting-based approaches to IHCL, here we are defining the hardcore measure
directly and explicitly, rather than through an iterative process (in a sense, the boosting has already
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occurred when calling the Regularity Lemma/multiaccuracy theorem).
Trevisan, Tulsiani, and Vadhan then show that this measure possesses the two properties that

we require for IHCL: (1) hardness, and (2) density. Crucial in the future insight by [CDV24] is the
fact that we can study these properties separately:

1. Hardness: In all of [TTV09] (multiaccuracy), [CDV24] (multicalibration) and in our result
that we present in this section (weighted multiaccuracy), we show the hardcore-ness of the
measure from the indistinguishability endowed by the multigroup fairness definition.

2. Density: here, [TTV09] (multiaccuracy) get δ directly from the average-case of the input
function g, whereas we use global calibration to get 2δ, and [CDV24] uses multicalibration.

This is the intuition for why we will be able to get a hardcore measure from (weighted) multiaccuracy
and global calibration: in essence, we can use the [TTV09] proof for the indistinguishability property
(for which we do not need the stronger multicalibration indistinguishability properties, given that
we are still trying to prove IHCL, not IHCL++), and the [CDV24] proof for the density property.
For the latter, our observation is that their density proof when showing IHCL from IHCL++ didn’t
need the full power of multicalibration; only global calibration is needed. Indeed, we only need to
be able to argue about the error of the predictor on each of its level sets, similar to the analysis we
performed in Section 3.3 when showing that adding calibration to multiaccuracy gives us strong
agnostic learning.

IHCL from multiaccuracy. In the case of µTTV, [TTV09] show its hardcoreness and density
properties as follows.

(1) Hardness. Because p is a (C, ϵδ)-multiaccurate predictor for Dg, and multiaccuracy offers
strong indistinguishability guarantees (i.e., p is (C, ϵδ)-indistinguishable from g), we want to argue
that the C-indistinguishability of p from g “transfers” to µTTV, endowing the measure with hardness.
Then, we want to relate the multiaccuracy guarantee on p with the hardness of prediction of g. This
is precisely what [TTV09] do, proceeding in two steps. First, they use the identity:

|g(x)− p(x)| · 1[c(x)=g(x)] =
[(
c(x)− 1

2

)
· (g(x)− p(x)) + 1

2
· |g(x)− p(x)|

]
. (4.5)

Then, we can take the expectation on both sides, so that we can use the (C, ϵδ)-multiaccuracy
guarantee of p on the RHS. Indeed:

E
DX

[|g(x)− p(x)| · 1[c(x)=g(x)]] ≤ ϵδ +
1

2
E
DX

[|g(x)− p(x)|]. (4.6)

Note that the term EDX [|g(x) − p(x)|] corresponds precisely to the density of the measure µTTV
(Definition 4.1); i.e., is equal to dns(µTTV).

We can now relate Equation 4.6 to the hardness of prediction of g when sampling according to
the distribution µ̄TTV = |g(x) − p(x)|/

∑
y∈X |g(y) − p(y)|, which is the normalized version of the

measure µTTV, obtaining that, for every c ∈ C,

Pr
x∼µ̄TTV

[c(x) = g(x)] = EDX [|g(x)− p(x)| · 1[c(x)=g(x)]]

EDX [|g(x)− p(x)|]
. (4.7)
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Then, by plugging Equation 4.6 into Equation 4.7, we get that

Pr
x∼µ̄TTV

[c(x) = g(x)] ≤
ϵδ + 1

2 EDX [|g(x)− p(x)]
EDX [|g(x)− p(x)|]

=
ϵδ + dns(µTTV)/2

dns(µTTV)
=

1

2
+

ϵδ

dns(µTTV)
. (4.8)

Hence, we have related the multiaccuracy error of p (namely, ϵδ), with the hardness of prediction
of g with respect to C and µTTV. Moreover, the density of the measure appears in this relationship,
as we can see in Equation 4.8. To conclude, we need to know what this density is.

(2) Density. The argument for why µTTV is δ-dense follows from the fact that g is assumed to be
(Ct,q, δ)-hard on DX . The key observation is that Ct,q is expressive enough to compute 1[p(x) ≥ ψ]

for ψ ∈ [0, 1]. This is because the (multiaccurate) predictor p is discretized to precision Θ(ϵ),
and by the Regularity Lemma/Theorem 2.16, p can be written as a linear combination of O(1/ϵ2)

many hypotheses from C (i.e., p ∈ Ct,q). Therefore, it is enough to compute the threshold ψ with
precision Θ(ϵ) as well, which ensures that the function 1[p(x) ≥ ψ] is also in Ct,q. Then, we can
view the quantity |g(x) − p(x)| is the error probability of the randomized function which outputs
1 with probability p(x). By averaging, there exists a deterministic threshold ψ ∈ [0, 1] so that
the deterministic function p̃(x) = 1[p(x) ≥ ψ] does as well. But since p̃ ∈ Ct,q, this implies that
dnsD(µTTV) ≥ δ. Otherwise, we would be contradicting the δ-hardness of g.

Coming back to Equation 4.8, we can now use the fact that dnsD(µTTV) ≥ δ to conclude that

Pr
x∼µ̄TTV

[c(x) = g(x)] ≤ 1

2
+
ϵδ

δ
=

1

2
+ ϵ,

thus proving that g is (C, 1/2− ϵ)-hard on µ̄, as desired. From this expression it is very clear why
we had to call the multiaccuracy error ϵδ (so that we obtain ϵ-strong hardness), and thus why this
approach obtains a Hardcore Lemma with q parameter q = O(1/(ϵ2δ2)).

4.3 Improving the TTV construction

The key in the [TTV09] construction is the mapping from a multiaccurate predictor p to a (hardcore)
measure µTTV(x) = |g(x)− p(x)|. Especially given that this measure has density δ rather than the
optimal 2δ, it is natural to ask: Is this the optimal way in which we could have mapped p to a
(hardcore) measure µ? By optimal we mean the one that would produce the densest measure.

To study this, let’s understand more carefully what the measure µTTV is doing. Essentially, it is
an error function, computing the difference between g and p. Consider the partition of the domain
X into the level sets of p; that is, we let Xv = {x ∈ X | p(x) = v} for each v in the range of p. Then,
we can write the global error function E[|g(x) − p(x)|] as a weighted sum of the error function on
each level set Xv (simply by a conditional expectation). Once we have localized on a level set Xv,
we can understand µTTV as follows. Let X 1

v be the set of points in Xv that have g-value equal to
1, and symmetrically let X 0

v be the set of points in Xv that have g-value equal to 0. Then, what
weight is the measure µTTV assigning to each of X 0

v and X 1
v ?

• The points in X 0
v get µTTV(x) = |0− v| = v weight.

• The points in X 1
v get µTTV(x) = |1− v| = 1− v weight.
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In order to continue the error analysis, let’s suppose that p is calibrated. Then, we are able to
compute E[µTTV] conditioned on x ∈ X , given that calibration tells us that in Xv, a v-fraction of
the g-values are 1. Indeed:

E
DX

[µTTV(x)|x ∈ Xv] = v Pr
DX

[g(x) = 0|x ∈ Xv] + (1− v) Pr
DX

[g(x) = 1|x ∈ Xv] = 2v(1− v). (4.9)

This calculation should look familiar! It is exactly what we did in Section 3.3 when showing that
multiaccuracy plus global calibration gives us agnostic learning. Indeed, in that case, we used
global calibration to compute the error of a calibrated predictor by conditioning on its level sets
and then arguing that, on each level set, the error of the predictor is upper-bounded by 2b, where
b = min{v, 1−v}. We can see that µTTV corresponds precisely to the same error function. Together,
these learning and theoretic perspectives help illuminate the power of calibration:

If a predictor p is calibrated, we can analyze its error by conditioning on its level sets and
applying the calibration condition on each level set.

Indeed, without a calibration guarantee or any more information about the multiaccurate pre-
dictor p, we are not able to say anything else about its values, other than knowing that the MA
condition is satisfied on each c ∈ C. But with added calibration, we can now perform quite a
fine-grained analysis of the error of p.

Having understood why global calibration gives us quite a lot of leverage, both in the learning
context and in the context of hardcore measures, let’s return to µTTV. From Equation 4.9 we can
see that µTTV assigns equal weight v(1 − v) to both X 0

v and X 1
v . Recall that a hardcore measure

is meant to be such that g appears maximally hard to C when sampling according to the measure.
If v ≤ 1/2, then the points with g-value equal to 1 are in the minority group within Xv, whereas
the points with g-value equal to 0 are in the majority group within Xv. The measure µTTV gives
weight v to the minority elements in X 1

v , and weight 1− v to the majority elements in X 0
v (this is

in the case where v ≤ 1/2; if v > 1/2, then the majority group is X 1
v and the minority group is

X 0
v ). But, if we want our measure to make g appear as hard as possible to predict, then we should

be giving much more weight to the minority elements in X 1
v , so that it becomes harder to predict

g on each Xv.
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Figure 4.1: Example of how the measure µMax assigns weights on each level set Xv.

The optimal way in which we can do this, given that a measure µ is constrained in taking values
in [0, 1] is the following:

µMax(x) =


1 if x ∈ X 1

v (minority group)
v

1− v
if x ∈ X 0

v (majority group)

In the case where v > 1/2, we do the opposite:

µMax(x) =


1− v
v

if x ∈ X 1
v (majority group)

1 if x ∈ X 0
v (minority group)

We represent µMax pictorially in Figure 4.1 using the same level set partition that we used in
Figure 3.3 in Section 3.3 (when showing that multiaccuracy and calibration gives strong agnostic
learning). Now, the total weight given to each of X 0

v and X 1
v is min{v, 1 − v} = b. Note that for

both µTTV and µMax, the measures are balanced under calibration: on each level set Xv, it assigns
the same total weight to each of X 0

v and X 1
v .

A natural way to guess g is to output the majority value on each level set Xv; that is, we
consider the majority predictor p̃ = 1[p ≥ 1/2]. Then, µMax assigns weight 1 to the points where
p̃ is incorrect. For example, in Figure 4.1, the majority predictor would predict 0 on the level set
X0.4. This would cause us to be wrong on all of the 1s, which is precisely the points where µMax
is assigning weight 1 (i.e., the maximum possible). The rest of the weights are assigned so that
Sv is balanced, assuming that p is in fact calibrated. Thus, this ensures that p̃ is incorrect with
probability 1/2, which is what we want in order to maximize hardness.

Note that if we put together the cases where v ≤ 1/2 and v > 1/2, the way we described our
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measure µMax by assigning weights 1 and v/(1− v) or (1− v)/v is equivalent to writing it as

µMax(x) =
|g(x)− p(x)|
max{p, 1− p} .

Compared to the µTTV measure, here we still use the error function |g(x)− p(x)|, weighted by the
term 1/max{p, 1− p}. Indeed, µMax should be assigning more weight to the level sets with p-value
closer to 1/2, in order to maximize hardness (i.e., the level sets with balance parameter bP close to
1/2 are the ones on which g is harder to predict, so we want to give more mass to them).

Why does µMax, and not µTTV, achieve optimal density? As we formally analyze in Sec-
tion 4.6, our measure µMax achieves optimal density, while µTTV does not. We explain why this is
the case, assuming perfect calibration. First let’s assume that v ≤ 1/2. Our calibrated predictor
p always predicts v inside Xv (by definition of a level set). As we already discussed, in Xv, the
measure µTTV assigns weight |1− v| = 1− v to the points where g is 1, which occurs in a v-fraction
of points in Xv, and weight |0− v| = v to the points where g is 0, which occurs in a (1− v)-fraction
of points in Xv. Therefore, as we computed in Equation 4.9,

E
DX

[µTTV(x)|x ∈ Xv] = v|1− v|+ (1− v)|0− v| = 2v(1− v).

In the symmetric case where v > 1/2 we likewise get 2v(1− v). Hence, by averaging over the level
sets, we get that

E
DX

[µTTV(x)] = 2 E
DX

[p(x)(1− p(x))] = 2 E
P(DX )

[vP (1− vP )].

Meanwhile, since max{v, 1−v} = 1−v in the case where v ≤ 1/2, the measure µMax assigns weight
|1−v|/(1−v) = 1 to the points in Xv where g is 1, which occurs in a v-fraction of them, and weight
|0 − v|/(1 − v) = v/(1 − v) to the points in Xv where g is 0, which occurs in a (1 − v)-fraction of
them. Therefore,

E
DX

[µMax(x)|x ∈ Xv] =
|1− v|
1− v

· v + |0− v|
1− v

· (1− v) = v + v = 2v.

In the case where v > 1/2, we have

E
DX

[µMax(x)|x ∈ Xv] =
|1− v|
v
· v + |0− v|

v
· (1− v) = 1− v + 1− v = 2(1− v).

Therefore, putting the two cases together, we get that the density of the measure conditioned on
Xv is equal to 2min{v, 1− v} = 2b. Hence, by averaging over the level sets, we get that

E
DX

[µMax(x)] = 2 E
DX

[min{p(x), 1− p(x)}] = 2 E
P(DX )

[min{vP , 1− vP }] = 2 E
P(DX )

[bP ].

As we have discussed, both µTTV and µMax represent error functions. In the case of µTTV, we can
think of the measure as measuring the error of a randomized predictor that, on every level set Xv,
outputs 1 with probability v, and 0 with probability 1 − v. Then, the error of this predictor is
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precisely 2v(1− v), as we have computed. On the other hand, we can think of µMax as measuring
the error of the majority predictor p̃ = 1[p ≥ 1/2] which, on every level sets Xv, outputs 1 if v ≥ 1/2,
and 0 if v < 1/2. In this case, the error of the predictor is precisely min{v, 1 − v}, as we have
computed.

Note that in all of the arguments in this section, we have only used the fact that p is calibrated;
we haven’t yet dealt with any indistinguishability or multiaccuracy properties. As in the case of
[TTV09] and [CDV24], a key observation is that we can treat the indistinguishability and the
density analysis separately. Summarizing, we have obtained that:

E
DX

[µTTV] = 2 E
P(DX )

[vP (1− vP )], E
DX

[µMax] = 2 E
P(DX )

[bP ]. (4.10)

How do these relate? Recall the inequality that we used in Section 3.3 (Equation 3.6):

min{vP , 1− vP } ≤ 2vP (1− vP ) ≤ 2min{vP , 1− vP }, (4.11)

or, equivalently,
bP ≤ 2vP (1− vP ) ≤ 2bP . (4.12)

We can plot these three functions to see their relationship visually in Figure 4.2.

0.2 0.4 0.6 0.8 1

0.5

1

x

y y = min(x, 1− x)
y = 2x(1− x)

y = 2min(x, 1− x)

Figure 4.2: Visual representation of the chain of inequalities bP ≤ 2vP (1− vP ) ≤ 2bP .

Bringing in the δ parameter. Now that we have computed the densities of µTTV and µMax,
how does the δ parameter come in? We promised that µMax would get 2δ density. Recall that
in IHCL we assume the input function g to be (Ct,q, δ)-hard to compute, and recall the majority
predictor p̃ = 1(p ≥ 1/2). The key observation here is that p̃ ∈ Ct,q, and so p̃ must have error at
least δ. Otherwise, it would contradict the δ-weakly hardness of g. And, as we have explained, the
error of p̃ is precisely min{v, 1− v} on each level set Xv. Therefore:

p̃ ∈ Ct,q =⇒ E
DX

[min{p(x), 1− p(x)}] ≥ δ =⇒ E
P(DX )

[bP ] ≥ δ.
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Plugging this into Equation 4.10 and using the inequality shown in Equation 4.12, it follows that

E
DX

[µTTV] = 2 E
P(DX )

[vP (1− vP )] ≥ E
P(DX )

[bP ] ≥ δ, E
DX

[µMax] = 2 E
P(DX )

[bP ] ≥ 2δ.

Note that the measure µTTV can get density better than δ in some cases (e.g., when p is far from
1/2), given that we are using bP as a lower bound to 2vP (1− vP ).

This also establishes an interesting counter-point to our proof in Section 3.3 showing that a
calibrated and C-multiaccurate predictor yields strong agnostic learning. In that case, calibration
also allowed us to analyze the error/correlation of the predictor through the balance parameter bP ,
by analyzing the predictor on each of its level sets. Specifically:

The usefulness of calibration:

• Section 3.3. Calibration allowed us to lower-bound the total correlation of the predictor
with the labels by 2E[1/2− bP ].

• Here. Calibration allows us to compute the density of µMax: it is equal to 2E[bP ].

The average balance parameter E[bP ]:

• Section 3.3. Moreover, if the predictor is C-multiaccurate and if there is some concept
in C that has correlation with the labels, then this pushes E[bP ] away from 1/2 and
closer to 0. Then, 2E[1/2 − bP ] is bounded away from 0, and so we ensure that the
predictor has positive correlation with the labels and is thus a learner.

• Here. Moreover, if the input function g is δ-weakly hard, then this pushes E[bP ] away
from 0 and closer to 1/2. Then, 2E[bP ] is δ-bounded away from 0, and so we ensure
that the measure µMax is 2δ-dense.

We conclude this section by giving a concrete example comparing the densities of µTTV and
µMax, where it is clear to see how µMax is a denser measure.

We define a predictor p : X → [0, 1] that predicts only two values on X : p(x) = 1/2 and p(x) = η

for some small value 0 < η < 1/2. Let X1/2 = {x : p(x) = 1/2} and Xη = {x : p(x) = η} be the
level sets of p; their sizes are such that PrDX [x ∈ X1/2] = 2δ and PrDX [x ∈ X1/2] = 1 − 2δ, where
δ > 0 and η � δ. Moreover, p is perfectly calibrated for Dg, where g is the Boolean input function.
Given these p, g, and D, we compare the densities of the measures µTTV and µMax. Figure 4.3
summarizes the construction (drawn for example values η = 0.05, δ = 0.2).
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Xη, g = 0

PrD = (1−η)(1−2δ)
µTTV = η, µMax =

η
1−η

Xη, g = 1

PrD = η(1−2δ)
µTTV = 1−η, µMax = 1

X1/2, g = 0

PrD = δ

µTTV = 1
2 , µMax = 1

X1/2, g = 1

PrD = δ

µTTV = 1
2 , µMax = 1

Figure 4.3: Weights assigned by µTTV and µMax on each region of X . The two measures nearly agree on the easy blue
region, but µMax is twice µTTV on the hard red region.

• µTTV : In X1/2, p = 1 − p = 1/2, and so µTTV assigns weight 1/2 to all x ∈ X1/2. By the
calibration guarantee on p, within X1/2 half the points have g-value equal to 0 and half the
points have g-value equal to 1. In Xη, µTTV gives weight p = η to the points where g(x) = 0

and weight 1 − p = 1 − η to the points where g(x) = 1. By the calibration guarantee on p,
within Xη a (1− η)-fraction of points have g-value equal to 0, and a η-fraction of points have
g-value equal to 1. Therefore,

dns(µTTV) = E
x∼DX

[µTTV(x)]

=
1

2
· 2δ + η · (1− η)(1− 2δ) + (1− η) · η(1− 2δ)

= δ + 2η(1− η)(1− 2δ)

= δ +O(η).

• µMax : In X1/2, p = 1− p, so µMax assigns weight 1 to all x ∈ X1/2. In Xη, µMax gives weight
η(1− η) to the points where g(x) = 0 weight 1 to the points where g(x) = 1. Again using the
calibration guarantee on p within each of X1/2 and Xη it follows that

dns(µMax) = E
x∼DX

[µMax(x)]

= 1 · 2δ + η

1− η
· (1− η)(1− 2δ) + 1 · η(1− 2δ)

= 2δ + 2η(1− 2δ)

= 2δ +O(η).

Given that η � δ, it follows that µMax is nearly twice as dense as µTTV.
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4.4 Weighted multiaccuracy

In this section, we analyze the hardcore-ness of µMax. Before we proceed, we will make our argu-
ments more general and encompass a whole family of measures. Recall that both µTTV and µMax
involve the error function |g(x) − p(x)| and are balanced under calibration (i.e., on each level set
Xv, they assign equal weight to X 0

v and to X 1
v ). First, we can formally express our µMax measure

as a weighted version of the µTTV measure:
Definition 4.13. We define the maximal balanced under calibration measure µMax as

µMax(x) = wMax(p(x)) · |g(x)− p(x)|,

where wMax(p) = 1/max(p, 1− p) is a weight function mapping [0, 1] to [1, 2].
We can now get a family of balanced under calibration measures by allowing any (reasonable)

weight function w(p(x)). Specifically:
Definition 4.14 (Balanced under calibration measures). Consider the weight function family

W = {w : [0, 1]→ [1, 2] s.t. w(p) ∈ [1, wMax(p)]}.

Given g : X → {0, 1} and p : X → [0, 1], we define the set M(p, g) of balanced under calibration
measures to be {µw}w∈W where

µw(x) = w(p(x)) · |g(x)− p(x)| for w ∈W.

Note that the minimal measure in M(p, g) corresponds to µTTV, where w corresponds to the
constant 1 function. Because a measure µ(x) always takes values in [0, 1], this is why we require
the constraint w(p(x)) ≤ wMax(p(x)) ≤ 2. We add the condition w(p) ≥ 1 because we want to find
dense measures, and so there is no point in choosing weights less than 1. As we saw in our example
in Figure 4.3, when p ≈ 1/2, the measure µMax nearly twice as much mass as µTTV. On the flip
side, when p is close to {0, 1}, we have that µMax ≈ µTTV, given that wMax ≈ 1.

As wµ increases from 1 to wMax(p), µ(x) and hence dns(µ) = EDX [µ(x)] increases. We will now
analyze the hardcore-ness properties of the measures in the family M(p, g). One way to show the
hardcore-ness of µMax is to carry out the [TTV09] proof with the added weight function w(p(x))

in all steps. Here, we carry out the analysis in more generality so that we can clearly observe
the roles played by each of the weighted multiaccuracy error, the density of the measure, and the
correlation between g and C. Instead of using the fact that p is multiaccurate, here we need to
adapt the analysis to the weighted versions of the µTTV measure, which is why we are going to
require a weighted version of multiaccuracy.

Specifically, we incorporate the weight function w(·) to multiaccuracy as one would expect:
Definition 4.15 (Weighted multiaccuracy). Let D be a distribution on X × {0, 1}, let C = {c :

X → {0, 1}} be a class of functions, let p : X → [0, 1] be predictor, and w : [0, 1] → R+ a weight
function. We define the (w, C)-multiaccuracy error of p under the distribution D as

MAD(w, C, p) = max
c∈C

∣∣∣ E
(x,y)∼D

[c(x)w(p(x))(y− p(x))]
∣∣∣.
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We say that the predictor p is (w, C, ε)-multiaccurate for D if MAD(w, C, p) ≤ ϵ.
This is identical to the multiaccuracy definition, except that now we weight the level sets by

w(p(x)). Beyond our applications of weighted multiaccuracy, this is a natural notion on its own, in
the cases where we want to go give more importance to the errors caused on certain p-values, for
example. Throughout, g denotes the input function to IHCL. Given a distribution µ̄, we let

η = Ē
µ
[g(x)].

We avoid using v here since we are not restricting the domain to a level set Xv. The key quantity
that we are interested in is the hardness of prediction of g under µ̄ with respect to C; that is,
Prµ̄[c(x) = g(x)]. As in [TTV09], we want to relate this probability to an expected value that we
can later relate to the (weighted) multiaccuracy error, given that we will want to use the fact that
our predictor p is a (w, C)-multiaccurate predictor. To do so, it is useful to introduce the quantity:

corµ̄(g, C) = max
c∈C
|corµ̄(g, c)| = max

c∈C

∣∣∣∣ Ex∼µ̄
[(2g(x)− 1)c(x)]

∣∣∣∣ .
Here, unlike in Chapter 3, this quantity is in the range [0, 1]. Then, we relate the hardness of
prediction quantity to the correlation between g and C as follows:

Lemma 4.16. We have

min(η, 1− η) + corµ̄(g, C) ≤ max
c∈C

Pr
x∼µ̄

[c(x) = g(x)] ≤ max(η, 1− η) + corµ̄(g, C). (4.17)

Proof. We can write the event 1[c(x) = g(x)] as the identity 1
2(1 + (2c(x) − 1)(2g(x) − 1)), given

that this expression evaluates to 1 if c(x) = g(x), and to 0 otherwise. Thus:

Pr̄
µ
[c(x) = g(x)] = Ē

µ

[
1

2
(1 + (2c(x)− 1)(2g(x)− 1))

]
= Ē

µ
[c(x)(2g(x)− 1) + (1− g(x))]

= corµ̄(g, c) + 1− η,

where we plug in the definition of correlation and use the fact that η = Eµ̄[g(x)]. Let c̄ = 1− c and
recall that we are assuming that C is closed under complementation. So we have

Pr̄
µ
[c̄(x) = g(x)] = 1− Pr̄

µ
[c(x) = g(x)]

= Ē
µ
[g(x)]− Ē

µ
[c(x)(2g(x)− 1)]]

= η − corµ̄(g, c).

The second equality follows from the fact that here we are interested in the complementary event
1[c(x) 6= g(x)], which algebraically corresponds to the identity g − c(2g − 1). Then, we plug in the
definitions of η and cor(g, c).

Therefore, we get the upper bound of max(η, 1 − η) + |corµ̄(g, c)| in both cases, and then we
maximize over all c ∈ C.
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To prove the lower bound, we can predict g with accuracy min(η, 1− η) + |corµ̄(g, c)| by using
c if corµ̄(g, c) ≥ 0 and c̄ otherwise, and then maximizing over c ∈ C.

We can view this lemma as related to Yao’s lemma on indistinguishability (computational
randomness) and unpredictability (computational hardness). Specifically:

Lemma 4.18 (Equivalence between indistinguishability and unpredictability [Yao82]). A function
g : X → [0, 1] such that Ex∼D[g(x)] = 1/2 is (C, ϵ)-indistinguishable on D from the constant 1/2

function if and only if g is (C, 1/2− 2ϵ)-hard on DX .

One can prove this using the identity:

Pr[c(x) = g(x)] = 2E[(c(x)− 1/2)(g(x)− 1/2)] + 1/2. (4.19)

In Lemma 4.16, we relate indistinguishability and pseudorandomness in a similar manner, but using
an arbitrary η ∈ [0, 1] rather than 1/2.

Next, we relate the correlation term cor(C, g) with the weighted multiaccuracy error:

Lemma 4.20. Consider a distribution DX on X , a labeling function g : X → {0, 1}, a predictor p,
a weight function w ∈W and the corresponding measure µw ∈M(p, g). Then:

MADg(w, C, p) = corµ̄w(C, g) · dns(µw).

Proof. For y ∈ {0, 1} and t ∈ [0, 1] we have the identity |y− t| · (2y− 1) = y− t. Applying this with
y = g(x) and t = p(x), we can expand the weighted multiaccuracy error as follows:2

E
(x,y)∼Dg

[c(x)w(p(x))(y− p(x))] = E
x∼DX

[c(x)w(p(x))(g(x)− p(x))]

= E
x∼DX

[c(x)w(p(x)) · |g(x)− p(x)| · (2g(x)− 1)]

= E
x∼DX

[µw(x)c(x)(2g(x)− 1)]

=
Ex∼DX [µw(x)c(x)(2g(x)− 1)]

Ex∼DX [µw(x)]
· E

x∼DX
[µw(x)]

= E
x∼µ̄w

[c(x)(2g(x)− 1)] · dns(µw). (4.21)

To go from DX to µw we used the fact that µw(x) = w(p(x)) · |g(x) − p(x)|. Taking the absolute
value on either side and maximizing over all c ∈ C gives the claimed result.

We can now prove our main result in this section, which shows that a weighted multiaccurate
predictor induces the hardcore-ness of the measure:

Lemma 4.22. If MADg(w, C, p) ≤ ε, then g is
(
1/2− 3ε/(2dns(µw))

)
-hard for C under µ̄w.

Proof. In the previous lemma (Lemma 4.20), we just showed that

E
(x,y)∼Dg

[c(x)w(p(x))(y− p(x))] = E
x∼µ̄w

[c(x)(2g(x)− 1)] · dns(µw).

2This identity is similar to the one used in [TTV09, §5.2] (Equation 4.5).
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Hence, by using the constant function c = 1 we get that

E
x∼DX

[w(p(x))(g(x)− p(x))] = E
x∼µ̄w

[(2g(x)− 1)] · dns(µw) = (2η − 1) · dns(µw).

The first term (LHS) corresponds to the weighted multiaccuracy error, and we are assuming this
error is bounded in absolute value by ϵ. Hence,

|(2η − 1) · dns(µw)| ≤ ϵ =⇒ |2η − 1| ≤ ϵ

dns(µw)
=⇒

∣∣∣∣η − 1

2

∣∣∣∣ ≤ ε

2dns(µw)
.

Moreover, by Lemma 4.20, we know that

MADg(w, C, p) = corµ̄w(C, g) · dns(µw) =⇒ corµ̄w(C, g) =
MADg(w, C, p)

dns(µw)
≤ ϵ

dns(µw)
.

To use these bounds on our quantity of interest, namely the hardness of prediction, we use
Lemma 4.16, which tells us that:

max
c∈C

Pr
x∼µ̄w

[c(x) = g(x)] ≤ max(η, 1− η) + corµ̄w(C, g)

=
1

2
+ |η − 1/2|+ corµ̄w(C, g)

≤ 1

2
+

ϵ

2dns(µw)
+ corµ̄w(C, g)

≤ 1

2
+

3ε

2dns(µw)

Therefore, g is
(
1/2− 3ε/(2dns(µw))

)
-hard for C under µ̄w, as we wanted to show.

4.5 Optimal density analysis using calibration

To complete the proof, we need a lower bound on dns(µw). We already showed that µMax has
density 2δ assuming perfect calibration in Section 4.3. Here we do the same analysis but account
for the calibration error and generalizing to the family of measures M(p, g). First, in Section 4.2
we showed that if g is δ-weakly hard for Ct,q, then µTTV has density at least δ. Given that every
µ ∈M(p, g) satisfies dns(µ) ≥ dns(µTTV), it follows that every measure in M(p, g) also has density
at least δ. Next, we relate the density of the measure to the quantity 2p(1 − p), as we did in
Section 4.3, but now including the calibration error and the weight function:

Lemma 4.23. Assume that the predictor p is τ -calibrated for Dg. Then we have∣∣∣∣dns(µw)− 2 E
DX

[w(p(x))p(x)(1− p(x))]
∣∣∣∣ ≤ 2τ.

Proof. We will use the following identity for v ∈ [0, 1] and y ∈ {0, 1}, which can be viewed as the
multilinear expansion of |y − v|:

|y − v| = y(1− 2v) + v.
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Using this with y = g(x) and v = p(x) we can write

dns(µw) = E
DX

[µw(x)]

= E
DX

[w(p(x)) · |g(x)− p(x)|]

= E
DX

[w(p(x))(g(x)(1− 2p(x)) + p(x))]

= E
DX

[w(p(x))(p(x)(1− 2p(x)) + p(x))] + E
DX

[w(p(x))(1− 2p(x))(g(x)− p(x))]

Hence we have∣∣∣∣dns(µw)− 2 E
DX

[w(p(x))p(x)(1− p(x))]
∣∣∣∣ = ∣∣∣∣ EDX

[w(p(x))(1− 2p(x))(g(x)− p(x))]
∣∣∣∣ . (4.24)

Since w(p) ∈ [1, 2] and 1 − 2p ∈ [−1, 1], we have |w(p)(1 − 2p)| ≤ 2. Since p is τ -calibrated, by
Equation (2.11) (which expresses the expected calibration error using bounded auditing functions)
applied to v(p) = w(p)(1− 2p)/2, the predictor p satisfies the bound∣∣∣∣ EDX

[w(p(x))(1− 2p(x))(g(x)− p(x))]
∣∣∣∣ ≤ 2τ.

Plugging this into Equation (4.24) gives the claimed bound.

For our measure µMax, we are interested in the quantity min{p, 1 − p}, for the reasons we
explained in Section 4.3. We relate this quantity to the δ parameter using the same argument as
in the perfect calibration case:

Lemma 4.25. Assume that g is δ-hard for Ct,q under DX , and p is τ -calibrated for Dg. Then

E
DX

[min(p(x), 1− p(x))] ≥ δ − τ.

Proof. Consider the function f(x) = 1[p(x) ≥ 1/2], which is computable in Ct,q. As argued in Sec-
tion XX, this is because the predictor p is discretized to precision Θ(τ) and is a linear combination
of O(1/τ2) many hypotheses from C, and so The function f errs when g(x) = 1 for points where
p(x) < 1/2 and whenever g(x) = 0 otherwise. We apply the calibration condition in the typical
way: we condition on each level set so that we can compute how well the predictor 1[p(x) ≥ 1/2]

is doing in each.

δ ≤ Pr
DX

[f(x) 6= g(x)]

= Pr
DX

[g(x) = 1 ∧ p(x) < 1/2] + Pr
DX

[g(x) = 0 ∧ p(x) ≥ 1/2]

= E
Dg

[E[y|p(x)] · 1[p(x) < 1/2] + (1− E[y|p(x)]) · 1[p(x) ≥ 1/2]]

= E
Dg

[(p(x) + E[y|p(x)]− p(x)) · 1[p(x) < 1/2] + (1− p(x) + p(x)− E
Dg

[y|p(x)]) · 1[p(x) ≥ 1/2]]

≤ E
Dg

[(p(x) · 1[p(x) < 1/2] + (1− p(x)) · 1[p(x) ≥ 1/2])] + E
Dg

[|p(x)− E[y|p(x)]|]
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= E
DX

[min(p(x), 1− p(x)] + ECE(p,Dg),

where we use the identity that

min(v, 1− v) = v · 1[v < 1/2] + (1− v) · 1[v ≥ 1/2].

The claim now follows since ECE(p,Dg) ≤ τ .

We finally obtain the density of µMax as a corollary to Lemmas 4.23 and 4.25, and we state it
together with its hardcore-ness guarantee:

Theorem 4.26. For ε, δ, τ > 0 where τ ≤ δ/2, assume that p is (wMax, C, εδ)-multiaccurate
for Dg, and it is τ/4-calibrated. Then the measure µMax is 2δ − τ dense in DX , and g is
(1/2− ε)-hard for C under the distribution µ̄Max.

Proof. By Lemma 4.23 applied with wMax, we have

dns(µMax) ≥ 2 E
DX

[
p(x)(1− p(x))

max(p(x), 1− p(x))

]
− τ/2

= 2 E
DX

[min(p(x), 1− p(x))]− τ/2

≥ 2δ − τ/2− τ/2
≥ 2δ − τ.

where we use Lemma 4.25.
As for the hardness of g, we apply Lemma 4.22 with weighted multiaccuracy error ϵδ. Recall

that in Lemma 4.22 we showed that MADg(w, C, p) ≤ ε, then g is
(
1/2− 3ε/(2dns(µw))

)
-hard for C

under µ̄w. Here, the weighted multiaccuracy error is ϵδ, and we just showed that dns(µw). Then:

1

2
− 3ϵ

2dns(µw)
=

1

2
− 3ϵδ

2(2δ − τ)
≥ 1

2
− ϵ

for τ < 0.5δ.

4.6 Hardcore measures with optimal density

We conclude by putting together all of the ingredients together, stating our IHCL theorem. First,
we remark that in order to obtain a weighted multiaccurate and calibrated predictor, we can
readily adapt the [GHK+23] algorithm for constructing multiaccurate and calibrated predictors.
As we summarize in [CGKR25, §5.3]3, because we only care about the weight function wMax, the
complexity of the weighted versions of multiaccuracy and calibrated multiaccuracy are the same as
their unweighted counterparts. Hence we can use the guarantees from [GHK+23], which we gave
in Theorem 2.16. The intuition for why, as shown in [GHK+23], calibrated multiaccuracy requires
the same number of calls to the weak agnostic learner as multiaccuracy is that a recalibrating step

3The paper that which Part I of this thesis is based on.
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also improves the squared loss of the predictor by a good amount. Then, we can use the same
potential function argument, where now each iterative step reducing the potential function can be
either a multiaccuracy step or a calibration step.

Theorem 4.27 (IHCL with density 2δ). Let C be a family of functions c : X → {0, 1}, let DX
be a probability distribution over X , and let ϵ, δ, τ > 0. There exist t = O((1/(ϵ2δ2) + 1/τ) ·
log(|X |/ϵ)), q = O(1/(ϵ2δ2)) such that the following holds: If g : X → {0, 1} is (Ct,q, δ)-hard
on DX , then there is a measure µ satisfying:

• Hardness: g is (C, 1/2− ϵ)-hard on µ̄.

• Optimal density: dns(µ) = 2δ − τ .

Proof. We call the calMA algorithm from [GHK+23] with C,Dg, weight function wMax, desired
multiaccuracy error ϵδ, and desired calibration error τ/4. This gives us a (wMax, C, ϵδ)-multiaccurate
predictor and (τ/4)-calibrated predictor p for Dg. Using this predictor p, the input function g,
and the weight function wMax, we construct the measure µMax as per Definition 4.13; namely,
µMax(x) = wMax(p(x)) · |g(x)− p(x)|. By Theorem 4.26, g is (1/2− ϵ)-hard for C under µ̄, and the
measure µMax is 2δ − τ dense in DX . This gives us the hardness and optimal density guarantees
that we wanted to show.

Our IHLC theorem thus has a circuit size loss of q = O(1/(ϵ2δ2)). One of our key points is
that, when showing Hardcore Lemma statements from multigroup fairness notions, we knew that
multiaccuracy only gave us δ density, whereas [CDV24] were able to obtain 2δ density through
multicalibration, first showing the stronger IHCL++ statement from multicalibration and then
recovering IHCL with 2δ density as a corollary. However, because they go through multicalibration,
their IHCL corollary incurs a circuit size loss of q = 1/(ϵ2δ)6. Here, we have obtained the same
IHCL guarantees, but from the weaker notion of calibrated multiaccuracy, and thus with much
better circuit loss parameters.

Moreover, the dependence on ϵ in the number of oracle calls q that we make to the weak
agnostic learner in our Theorem 4.27 is optimal. All boosting-based proofs of the hardcore lemma,
starting with one of Impagliazzo’s original proofs and later generalized by Kilvans and Servedio to
modularly use various boosting algorithms to obtain hardcore measures, need to call a weak learner
O(1/ϵ2) many times as to obtain constant density measure on which g is (C, 1/2− ϵ)-hard [KS03].
As we mentioned in the beginning of the chapter, it has been recently shown that a circuit loss
size of O(1/ϵ2) is unavoidable, regardless of proof strategy [BKST24]. In particular, Impagliazzo’s
boosting-based proof requires q = O(1/(ϵ2δ2)) oracle calls [Imp95, Thm. 1], and all subsequent
hardcore constructions retain the dependence on 1/ϵ2 in q [KS03; Hol05], including the uniform
versions of the hardcore lemma [Tre03; BHK09; VZ13]. Meanwhile, the dependence on δ can be
improved: Nisan’s min-max proof in Impagliazzo’s original paper yields q = O(1/ϵ2 log(1/(ϵδ))
[Imp95, Lemma 2], and it was further improved to q = O(1/ϵ2 log(1/δ)) by Kilvans and Servedio
who showed an elegant connection to boosting [KS03, Thm. 25], which we review in Section 4.8.
But these proofs do not give the optimal density.
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We summarize the various IHCL statements, their proof technique, number of oracle gates q,
and density of the resulting hardcore set in Table 4.1.

Paper Proof technique Parameter q Density

[Imp95] Boosting O
(

1
ϵ2δ2

)
δ

[Imp95] Min-max theorem O

(
1

ϵ2 log
(
1
ϵδ

)) δ

[KS03] Boosting O
(

1
ϵ2 log(1/δ)

)
δ

[Hol05] Boosting O
(

1
ϵ2δO(1)

)
2δ

[BHK09] Multiplicative
Weights Update

O
(
1
ϵ2

log(1/δ)
)

2δ

[CDV24] From MC +
[TTV09] construction

O
(

1
(ϵ2δ)6

)
2δ

Here From Cal-MA +
[TTV09] construction

O
(

1
ϵ2δ2

)
2δ

Table 4.1: Comparison of the various IHCL lemmas.

4.7 Comparison to IHCL++

We conclude our discussion of the various proofs of IHCL by providing some more intuition on why
the full power of multicalibration wasn’t necessary to get IHCL with optimal density.

Recall the complexity-theoretic interpretation of the multicalibration theorem that we gave
in Section 2.3, when explaining the connections between the Regularity Lemma and multigroup
fairness notions (Theorem 2.19). Essentially, we can view multicalibration as giving us a low-
complexity partition P of the domain, where on each (large enough) piece P ∈ P , the underlying
arbitrarily complex function p∗ is (C, ϵ)-indistinguishable from the constant function vP , where vP
is equal to the expected value of p∗ on the piece P .

As shown in [CDV24], we can characterize indistinguishability from a constant function in
terms of hardness of prediction.4 Essentially, this equivalence corresponds to a generalization of
Yao’s equivalence between pseudorandomness and unpredictability (Lemma 4.18) from the constant
function 1/2 to any constant function v in [0, 1]:

4We should be more careful when talking about the hardness of prediction of a deterministic [0, 1]-valued function.
Technically, here think of a [0, 1]-valued function p∗ as describing a randomized {0, 1}-valued function p∗,rand where
Prcoins(p∗,rand)[p

∗,rand(x) = 1] = p(x). We do not include the rand notation in this section to avoid introducing more
notation; the precisely correct formulation can be found in [CDV24, §2]. We use y instead.
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Lemma 4.28 (Subset of Lemma 2.17 in [CDV24]). Let C be a class of functions c : X → [0, 1], let
DX be a distribution over the domain X , and let ϵ > 0. Let p∗ : X → [0, 1] be (C, ϵ)-indistinguishable
from the constant function v on DX , where v = Ex∼DX [g(x)] and b = min{v, 1 − v}. Then, the
function p∗ is (C, b− 2ϵ)-hard on DX .

As a corollary, we can re-state the complexity-theoretic interpretation of the multicalibration
theorem in terms of hardness of prediction (rather than of indistinguishability from constant func-
tions, as we did in Lemma 4.28):

Lemma 4.29 (Multicalibration theorem in terms of hardness of prediction [CDV24]). Given
X , p∗,DX , C, ϵ, there exists a low-complexity partition P of the domain such that for all c ∈ C
and all large enough P ∈ P, the function p∗ is (C, bP − 2ϵ)-hard on DX |P .

We defined what we mean by “low-complexity partition” in Theorem 2.19; the precise quantifi-
cation of what constistutes a “large enough” piece can be found in [CDV24], where they quantify
the size of each piece P ∈ P through the size parameter ηP .

Next, we can use this hardness of prediction of p∗ on each P ∈ P to construct a small hardcore
set on each piece. Essentially, on each P ∈ P , we define a hardcore measure µP that assigns more
weight to the minority elements in the piece, so that we “shift” the expected value of g on that
piece from vP to 1/2, thus going from (bP − 2ϵ)-hardness of prediction to (1/2 − ϵ′)-hardness of
prediction, which gives us the required hardcore-ness in the definition of a hardcore measure. We
explained in detail in Section 4.3 why assigning higher weight to the minority elements in the piece
is the right strategy as to maximize hardness. Alternatively, we can apply the IHCL theorem in
each piece P ∈ P , given that now we again have an assumption of hardness of prediction on each
piece P . By using the function g as p∗, this gives us the following stronger and more general version
of IHCL, called IHCL++ in [CDV24]:

Theorem 4.30 (IHCL++ [CDV24]). Given X ,DX , ϵ, C and an arbitrary function g, there exists
a low-complexity partition P of the domain such that, for every large enough P ∈ P, there exists a
measure µP of density 2bP in DX |P satisfying:

• Hardness: g is
(
C, 1/2− ϵ

2bP (1−bP )

)
-hard on µ̄P .

• Optimal density: dns(µP ) = 2bP in DX |P .

Crucially, unlike in IHCL, here g is not assumed to be δ-weakly hard – it is an arbitrary function.
This is possible precisely because the density of each small hardcore set is expressed in terms of the
bP parameter, which can be equal to 0 if the function g is in fact easy to compute (e.g., if it is the
constant 0 or constant 1 function). That is, we can view IHCL++ as saying that we can extract
strong hardness from an arbitrary g by exhibiting a polynomial collection of “small” hardcore sets.
In the absence of a parameter δ (given that g is no longer assumed to be δ-weakly hard), it turns
out that the right abstraction for it is precisely the balance parameter bP .

In order to recover IHCL from IHCL++, we glue each of the small hardcore sets µP into a
global hardcore set µ. Then, [CDV24] show that:
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• Hardness: Because g is hard on each of µP , g is hard on the global µ.

• Optimal density: First, they show that if g is δ-weakly hard, this implies that EP(DX )[bP ] ≥ δ.
Thus, since dns(µP ) = 2bP , this implies that dns(µ) = 2δ.

How does this relate to our proof of IHCL with density 2δ?

• Hardness: For IHCL, it is overkill to require that g is hard on each of µP – we only need it
to be hard on X , not on each piece P ∈ P . Hence, multicalibration does way more than we
need, and indeed, (weighted) multiaccuracy is sufficient.

• Optimal density: We use the exact same argument; namely, that if g is δ-weakly hard, then
EP(DX )[bP ] ≥ δ. This is because, otherwise, the predictor that predicts the majority value on
each piece (which is in Ct,q) would be able to guess g too well, thus contradicting the δ-weak
hardness of g. But we don’t need multicalibration for this! We can get the bP parameters just
from global calibration, which allows to perform the exact same error analysis of the predictor
that predicts the majority value on each piece. Indeed, for the optimal density argument, we
only need to be able to work with the bP parameters (for which calibration is necessary), but
we do not need g to be indistinguishable from vP on each piece/level set P .

4.8 The relationship between boosting and IHCL

In this chapter, we have extensively studied the relationship between (1) multigroup fairness notions
and (3) hardcore set constructions. To conclude this chapter, we make some remarks about the
relationship between (2) learning primitives and (3) hardcore set constructions, which tie up nicely
with our discussions in the previous section on the relationship between multigroup fairness notions
and hardness of prediction.

As we have explained throughout this thesis, hardness and boosting are two sides of the same
coin. To make this point clearer, we can state the contrapositive verision of IHCL:

Theorem 4.31 (IHCL, contrapositive version). Suppose that a function g : X → {0, 1} is not
(C, ϵ)-strongly hard. This means that for every measure µ over X with dns(µ) = 2δ in DX , we can
find a c ∈ C such that

Pr̄
µ
[c(x) 6= g(x)] ≤ 1/2− ϵ =⇒ Pr̄

µ
[c(x) = g(x)] > 1/2− ϵ.

That is, g is not (C, ϵ)-strongly hard. Then, we can find a circuit c′ ∈ Ct,q for t = poly(log |X |, 1/ϵ, 1/δ)
and q = poly(1/ϵ, 1/δ) such that

Pr
DX

[c′(x) 6= g(x)] ≤ δ =⇒ Pr
DX

[c′(x) = g(x)] ≥ 1− δ.

That is, g is not (Ct,q, δ)-weakly hard.

That is, if we can approximate g slightly better than random (according to any dense enough
measure), then we can boost this “weak guessing” and build a circuit that approximate g very well
(namely, better than 1− δ). Following this idea, the boosting proof of IHCL (contrapositive) goes
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as follows: at each iteration, we apply the assumption to the measure µ to obtain a circuit c that
guesses g better than random. As in the canonical boosting algorithms, we then modify µ to give
more weight to the points x ∈ X where c is not predicting g correctly. To determine the precise
weight, Impagliazzo’s boosting proof uses the margin by which the majority vote of the circuits
that we have gathered so far correctly predicts the value of g. We continue this iterative process
until the density of the measure µ drops below 2δ.

We summarize the precise boosting iterative algorithm by Impagliazzo (which is for dns(µ) = δ),
following the explanation given in [KS03]:

1. Set i← 0, µ0 := 1.

2. While dns(µi) ≥ δ, do:

(a) Let ci ∈ C be such that PrDMi
[ci(x) = g(x)] > 1/2 + ϵ. Such a function exists by the

assumption of Theorem 4.31.
(b) Set

Rci(x) :=

{
1 if ci(x) = g(x),

−1 if ci(x) 6= g(x).

(c) Set Ni(x) :=
∑

0≤j≤iRcj (x). (Ni(x) is the margin by which the majority vote of all of
the circuits c0, . . . , ci that we have collected so far correctly predict g(x).)

(d) Set

µi+1(x) :=


1 if Ni(x) < 0,

1− δϵNi(x) if 0 ≤ Ni(x) ≤ 1/(δϵ),

0 if Ni(x) > 1/(δϵ).

(The measure µi+1 assigns weight 0 to the points where the margin of correctness is large,
weight 1 to points where the margin is negative, and intermediate weight to points where
the margin is positive but small.)

(e) Set i← i+ 1.
(f) Return c := MAJ(c0, c1, . . . , ci−1), where MAJ denotes the majority function.

Impagliazzo then shows that after at most O(1/(δ2ϵ2)) iterations, dns(µi) must be less than δ,
and so the algorithm terminates. Once this occurs, we can see that c (i.e., the majority circuit)
agrees with g on all inputs except those that have Ni(x) ≤ 0 and hence µi(x) = 1. But because
dns(µi) < δ, we are guaranteed that there are not many such “bad” points, and therefore

Pr
DX

[c(x) = g(x)] ≥ 1− dns(µi) > 1− δ.

Hence, we have found a circuit c ∈ Ct,q that contradicts the δ-weakly hardness of g, as required
(this corresponds precisely to the conclusion of Theorem 4.31, IHCL contrapositive).

Following Impagliazzo’s boosting proof, Kilvans and Servedio consider a general receipe for
transforming boosting algorithms from learning theory into a Hardcore Lemma. They then plug
into this recipe various smooth PAC-based boosting algorithms, where smooth boosting algorithms
are such that all of the Di distributions that are produced during the iterative algorithm never put
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too much weight on any of the points x ∈ X . They provide a general relationship between the
smoothness parameter of the boosting algorithm and the density of the hardcore measure that it
induces, namely [KS03, Thm. 14]:

Lemma 4.32. The distributions Di are (1/d)-smooth for all iterations i of the boosting algorithm
if and only if dns(µ) ≥ d.

For each of the smooth boosting algorithms considered in [KS03], they obtain different circuit
size and hardcore set density parameters. Specifically, they consider Freund’s boost-by-majority
algorithm [Fre95], Freund’s BFilt algorithm [Fre95], and Freund’s BComb algorithm, which combines
the previous two [Fre92]. However, none of these algorithms is able to obtain a hardcore set
of density 2δ; all of their densities are suboptimal. For example, in the case of Freund’s boost-
by-majority algorithm [Fre95], Kilvans & Servedio show that this boosting algorithm is O(1/ϵ3)-
smooth. Hence, the corresponding hardcore measure has density µ(M) = Ω(δ3). Most of these
boosting algorithms combine the various weak hypotheses using a majority vote. Holenstein was
able to obtain 2δ density by using a more sophisticated aggregation rule in his proposed boosting
algorithm for IHCL.

Some years later, Feldman revisited the relationship between boosting algorithms and hardcore
set constructions [Fel09a], in his case in the agnostic setting (rather than in the realizable setting,
as it was the case for [KS03]). Continuing the work of [KS03], and using a similar recipe for the
transformation between boosting algorithms and hardcore set constructions, Feldman shows that
hardcore set constructions that achieve the optimal hardcore set size of 2δ imply distribution-specific
agnostic boosting algorithms and vice-versa. In the same paper, Feldman proposes an agnostic
boosting algorithm that produces smooth 1/(2δ − γ)-smooth distributions at each iterative step
of the boosting. Hence, by Lemma 4.32 and by the conversion between boosting algorithms and
hardcore set constructions, it follows that his algorithm yields a hardcore set of density 2δ − γ for
any γ in time poly(1/γ).

In light of our results on the relationship between multiaccuracy, calibration, agnostic learning,
and IHCL with density 2δ, a very interesting next direction is to understand exactly why the boost-
ing algorithms considered by [KS03] only give sub-optimal δ density, whereas Feldman’s agnostic
boosting algorithm gives optimal 2δ density. For example, we can ask: Does calibration play a role
in these different boosting algorithms?

A boosting-based perspective of IHCL++. Given the boosting interpretation of IHCL with
density δ and 2δ, it is natural to try to understand the stronger IHCL++ statement from a boosting
perspective. Specifically: Given that through multicalibration we now have the stronger IHCL++

hardcore theorem, what form of boosting does IHCL++ imply?
We use the characterization of multicalibration as hardness of prediction on each piece shown

in [CDV24] (Lemma 4.29) to give an answer to this question. It turns out that this stronger form of
learning corresponds to the recently introduced notion of swap agnostic learning by Gopalan, Kim,
and Reingold [GKR24]. This connection is not so surprising in hindsight, given that they show an
equivalence between swap agnostic learning and multicalibration, and we know that multicalibration
gives us IHCL++. However, we present these connections (which lie at the top tier of our unifying
picture between fairness, learning, and complexity, see Figure 1.2 in Chapter 1) through the notion
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of hardness of prediction, which provides a clear interpretation of the dual relationship between
hardcore set constructions and learning primitives through the notion of hardness of prediction.

In the previous section, we saw how we can view multicalibration in terms of hardness of
prediction: namely, in a multicalibrated partition P, for all c ∈ C and all large enough P ∈ P , the
function p∗ is (C, bP − 2ϵ)-hard on DX |P (Lemma 4.29). In turn, this allowed [CDV24] to obtain
IHCL++, by transforming the hardness of prediction in each P ∈ P into a small hardcore measure
on each piece.

But we can also interpret hardness of prediction from a learning-theoretic perspective! The key
idea is the following: if on each (large enough) P ∈ P , p∗ is (C, b − 2ϵ)-hard on DX , if we now
interpret C to be a hypothesis class rather than a collection of size-bounded circuits (returning to
our various discussions in Chapter 2 about the various interpretations of C), then this is equivalent
to saying that no c ∈ C can guess p∗ better than with error bP − 2ϵ. That is, in general, guessing
the majority value is one natural strategy for trying to learn a function p∗. What Lemma 4.28 is
showing is that, in the case where P corresponds to the piece of a multicalibrated partition, this is
the optimal strategy. This is precisely the learning-theoretic interpretation of being hard to predict.
We can also think of this as the computational analogue of irreducible noise.

Therefore, when we interpret Lemma 4.29 from a complexity-theoretic point of view, the hard-
ness of g in each piece of an MC partition P yields a hardcore set within each P ∈ P . When we
interpret Lemma 4.28 from a learning-theoretic point of view, the hardness of g in each piece of an
MC partition P implies that all hypothesis c ∈ C must incur error at least bP − 2ϵ. Moreover, our
hypothesis h, which corresponds to a multicalibrated predictor (i.e., the MC partition P is obtained
by taking the level sets of h), is also incurring this error on each piece, because by definition h is
predicting vP on each piece. Therefore, through multicalibration/IHCL++, we have achieved the
following strong notion of learning the concept class C: we output a hypothesis h that is piece-
wise constant and that which incurs optimal error on each piece of the partition, as measured in
comparison to the best c ∈ C on each piece.

Moreover, given that we can prove the MC theorem using a weak agnostic learner, we can
view this result as a form of boosting, where we use a weak agnostic learner to obtain agnostic
learning++. This gives the answer to the question that we asked at the beginning of this section,
namely: to what form of boosting does IHCL++ correspond to? Formally:

Theorem 4.33 (Multicalibration yields agnostic learning++). Let C be a concept class that
is weak agnostically learnable. Given p∗,D, ϵ, there exists an efficient algorithm that produces
a low-complexity partition P of the domain and a predictor h satisfying the following two
properties over every (large enough) P ∈ P:

• The predictor h is constant on each P ∈ P.

• errD|P (y, h(x)) ≤ errD|P (y, c∗P ) + ϵ, where c∗P = arg minc∈C errD|P (y, c(x)).

Proof. We begin by calling the MC theorem from [HKRR18] with X ,DX , g and class of distinguish-
ers C (Theorem 2.16). We obtain a (C, ϵ)-multicalibrated predictor p and obtain a partition P by
taking the level sets of p, where p is equal to vP on each P ∈ P . Now we define the predictor h as
the one outputting the majority value on each piece; namely, h(x) = 1[vP ≥ 1/2] for all x ∈ P and
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for all P ∈ P . (Note that this is essentially what µmax is doing in the context of IHCL.) We claim
that this h and P satisfy the two properties of Theorem 4.33.

That the predictor is constant on each piece P (Condition 1) follows by construction. We now
show that the error of hP is optimal on each piece, where the optimal c∗P concept in C depends on
P (whereas hP is single predictor). So, hP competes with the best concept chosen tailored to each
piece, realizing a strong form of agnostic learning.

By the definition of multicalibration, we know that

E
Xv∼P(D)

∣∣∣ E
x∼D|v

[c(x) · (p∗(x)− vP )]
∣∣∣ ≤ ϵ.

for all c ∈ C and P ∈ P . Thus, definitionally, it follows that for each P ∈ P , the function p∗ is
(C, ϵ)-indistinguishable from the constant function vP on each large enough P ∈ P . By Lemma 4.29
(MC theorem as hardness of prediction), this implies that the function p∗ is (C, bP − 2ϵ)-hard on
D|P , where bP = min{vP , 1− vP }. By definition of hardness of functions, this means that

Pr
D|P

[c(x) = y] ≤ 1− (bP − 2ϵ) = 1− bP + 2ϵ

for every c ∈ C. Equivalently, stated in terms of error,

errD|P (y, c) = Pr
D|P

[c(x) 6= y] > 1− (1− bP + 2ϵ) = bP − 2ϵ

for every c ∈ C. Hence, in particular, the optimal classifier c∗P ∈ C in the piece D|P must also incur
error at least bP − ϵ. On the other hand, our predictor h predicts the majority value on each piece
P ∈ P . Given that y ∼ Bern(p∗(x)), it follows that

errD|P (y, h(X )) = E
x∼DX |P

[|y− hP (x)|] = bP

(This is indeed the same analysis that we performed for µmax.) Therefore, the agnostic guarantee
follows.

It turns out that the general version of this notion of agnostic boosting++ corresponds precisely
to the notion of swap agnostic learning that was recently introduced by Gopalan, Kim, and Reingold,
which is inspired by the traditional notions of swap regret, where we switch the order of quantifiers.

Definition 4.34 (Swap agnostic learning [GKR24]). For a loss function ℓ, hypothesis class C, and
error ϵ ≥ 0, a hypothesis h is a (ℓ, C, ϵ)-swap agnostic learner if

E[ℓ(y, h(x))] ≤ E
v∼Dh

[
min
cv∈C

ℓ(y, cv(x) | h(x) = v]
]
+ ϵ.

Here, the predictor first chooses h, and then the adversary is allowed to choose the optimal
concept cv ∈ C afterwards for each v in the range of h. Still, our single hypothesis h is able to
achieve agnostic learning on each of the level sets v.
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Figure 4.4: Duality of hardcore set constructions and agnostic learning from hardness of prediction.

Indeed, swap agnostic learning strengthens standard agnostic learning, where the predictor
only competes against the single best hypothesis c ∈ C. We can view this primitive as agnostic
learning++, where we reproduce the usual primitive of an agnostic learner both globally and locally
on every level set of h. Gopalan et al. show that we can obtain swap agnostic learning for the ℓ2
loss from (swap) multicalibration. Note that in Theorem 4.33, we instead obtained it for the ℓ1
loss. Therefore, given that we can obtain multicalibration from weak agnostic learning, we can view
the boosting process of getting swap agnostic learning from weak agnostic learning as the boosting
interpretation of IHCL++. Moreover, the partition is “maximally boosted”, in the sense that we
cannot further use the weak agnostic learner to extract more learnability.

We summarize this dual interpretation of hardness of prediction as yielding both hardcore set
constructions and agnostic learning in Figure 4.4. Namely, we can view multicalibration as giving
as a low-complexity partition such that p∗ is C-hard to predict on every piece. Then, we can take
this hardness down the complexity route, where it enables us to construct a hardcore measure on
every piece (yielding IHCL++), or down the learning route, where it enables us to perform agnostic
learning on every piece (yielding agnostic learning++).
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5
Beyond Multiaccuracy

We prove strong noise-tolerance properties of a potential-based boosting algorithm,
similar to MadaBoost and SmoothBoost. Our analysis is in the agnostic framework of
Kearns, Schapire and Sellie (1994), giving polynomial-time guarantees in presence of
arbitrary noise.

Kalai & Kanade [KK09]

Having placed the construction of dense hardcore measures into our unified picture of
learning, fairness, and complexity, we return to the relationship between multiaccuracy and weak
agnostic learning that we explored in Chapter 3. We begin by recalling the main results that we
presented in Chapter 3:

• A multiaccurate predictor does not necessarily yield weak agnostic learning.

• Multiaccuracy gives restricted weak agnostic learning.

• Multiaccuracy and global calibration yield strong agnostic learning.

The fact that a multiaccurate predictor itself, even when we post-process its outputs in any way,
does not yield weak agnostic learning does not close the possibility of obtaining learning through
more sophisticated post-processings of the multiaccurate predictor.

In this chapter, we explore various other directions for trying to obtain some form of learning
from multiaccuracy. First, in Section 5.1, we explore whether being able to project onto the class
C yields a weak learner. Second, in Section 5.2, we study the power of restricted weak agnostic
learning. Third, in Section 5.3 we study the problem of learning versus auditing for multiaccuracy.

5.1 Projecting multiaccurate predictors onto the span of C

Recall that in Chapter 3 we explained how we can decompose the correlation between a C-multiaccurate
predictor p and the labels as the correlation on the span of C and on the orthogonal space to span(C)
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(i.e., the set of all finite linear combinations of the concepts c ∈ C). Namely, in Section 3.2, we
showed that, if p is (C, 0)-multiaccurate, then

cor(y, pC) = 〈q∗C , qC〉+ 〈q∗⊥, qC〉 = ‖q∗C‖22 = ‖qC‖22, (5.1)

where q∗C , qC are the components of q∗ = 2p∗ − 1, q = 2q − 1 onto span(C), respectively, and q∗⊥, q⊥
are the components of q∗, q orthogonal to span(C).

Suppose that given a C-multiaccurate predictor, we could effectively project it onto span(C),
obtaining pC . We can effectively see this as a more sophisticated form of post-processing of the
predictor p than the ones we have considered so far. Could pC be a weak agnostic learner for C? The
reason for why we might believe this is that, from Equation 5.1, we know that cor(y, pC) = ‖qC‖22.
Hence, if ‖q∗C‖22 > 0, then pC would be a weak learner.

There are two potential problems that arise. First, qC need not have range [−1, 1], and it is not
even bounded necessarily. Second, in practice we do not have (C, 0)-multiaccuracy, as we assumed
in Equation 5.1, but rather (C, τ)-multiaccuracy. Depending on the representation of pC in terms
of the vectors in span(C), the errors of the projection could accumulate. Still, we are able to show
that, if the projection of p onto C is ℓ1 sparse, then we do get weak agnostic learning.

First of all, what do we mean by a projection onto span(C)? We mean that we can write p
as a linear combination of c ∈ C. In general, we cannot assume that we can achieve a “perfect”
projection onto C, and so what we want is to find an element in span(C) that is close to p. For our
purposes, it will be enough to find an element r ∈ span(C) that satisfies the following:
Definition 5.2 (Projection onto C). Given a predictor p and a class C, we say that r =

∑
s λcs for

cs ∈ C is a γ-projection of p onto span(C) if

E
x∼DX

[((2p(x)− 1)− r(x))2] ≤ E
x∼DX

[(2p(x)− 1)2]− γ.

Note that we can view the RHS as the squared loss obtained by a predictor that does random
guessing (i.e., predicts 1/2 everywhere). In this sense, we can view Definition 5.2 as saying that
the projection r is performing non-trivial squared loss minimization, as compared to the baseline
of a random predictor.

Does this mean that r can give us learning? Specifically, how does weak learning relate to non-
trivial squared loss minimization? As we now show, we can in fact view weak learning precisely as
squared loss minimization. This provides a very elegant characterization of weak learning.

5.1.1 Weak learning as squared loss minimization

In one direction, we already know that weak learning implies non-trivial squared loss minimization.
Indeed, this is exactly what is happening in the multigroup fairness algorithms! As we summarized
in Chapter 2, the multigroup fairness algorithms perform the following iterative process: first, we
call a weak learner for the class C; if it succeeds, then the weak agnostic learner gives us a function
h : X → [−1, 1] that has correlation β with the labels. That is,

cor(y, h(x)) = E[h(x)(2y− 1)] ≥ β
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Note that in the algorithm, we actually use the residuals y−p as the labels, but here we write them
as y. Then, we perform a gradient update on our predictor p using this hypothesis h, and show
that this update improves the squared loss of our predictor p by at least some amount. Specifically,
[HKRR18] shows that the update p(x) = (1 + βc(x))/2 satisfies

E[(y− p(x))2] = E

[(
y− 1 + βc(x)

2

)2
]

= E

[(
y− 1

2

)2
]
− β E[c(x)(2y− 1)] +

β2

4
E[c(x)2]

≤ E

[(
y− 1

2

)2
]
− 3β2

4
.

In other words, weak agnostic learning enables non-trivial squared loss error, when compared to
random guessing (i.e., the constant 1/2 predictor).

Note that in Section 3.3, when showing that multiaccuracy and calibration imply strong agnostic
learning, we also used the distance between p and the constant 1/2 predictor as a baseline. That
is, we argued that calibrated predictor is correlated with the labels at least as well as the constant
1/2 predictor, and then showed the multiaccuracy and the existence of a c ∈ C that is correlated
with the labels implies that the multiaccurate predictor p is far from the constant 1/2 predictor.
In that case, we used the ℓ1 norm; here we are using the ℓ2 norm.

In the other direction, we also have that any function h : X → R which beats random guessing
in squared error gives a weak agnostic learner. A similar result was shown in the work of [BFJ+94],
who used a more complicated way of mapping h on to the [−1, 1] interval.

Theorem 5.3. Let h : X → R satisfy

E[(y− h(x))2] ≤ E

[(
y− 1

2

)2
]
− γ.

Define the function h̄ which truncates h to [0, 1], and let g(x) = 2h̄(x) − 1 ∈ [−1, 1]. Then
cor(y, g(x)) ≥ 2γ.

Proof. Since truncation to the range [0, 1] only reduces the squared loss, we have

E[(y− h̄(x))2] ≤ E

[(
y− 1

2

)2
]
− γ. (5.4)

We can write

E[(2y− 2h̄(x))2] = E[(2y− 1− g(x))2]
= E[(2y− 1)2]− 2E[g(x)(2y− 1)] + E[g(x)2].
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Rearranging terms, we get

E[g(x)(2y− 1)] =
1

2

(
E[(2y− 1)2]− E[(2y− 2h̄(x))2] + E[g(x)2]

)
≥ 2

(
E

[(
y− 1

2

)2
]
− E[(y− h̄(x))2]

)
≥ 2γ.

where we use Equation (5.4). The claim follows since the LHS is equal to cor(y, g(x)).

Together, these results tell us that weak agnostic learning is equivalent to learning a predictor
whose squared loss beats random guessing. This equivalence between learning a predictor versus
satisfying a decision problem with respect to a random predictor is somewhat reminiscent of the
result of [KL18] who show that weak agnostic learning for a class C is equivalent to the refutation
problem of distinguishing between (a) labeled distributions where cor(y, c(x)) ≥ α for some hypoth-
esis c ∈ C from (b) the distribution where y consists of random bits. In the latter case, random
guessing is in fact optimal. We will explore this learning versus refutation problem in Section 5.3.

5.1.2 Weak agnostic learning from sparse projections

Having established the equivalence between weak agnostic learning and performing non-trivial
squared loss minimization, we return to the question of whether r, namely the γ-projection of p
onto span(C), is a weak learner.

First, the a potential learner cannot have unbounded range. So we begin by clipping r to the
range [−1, 1]. That is, if r ≥ 1 then we map it to 1, if r ≤ −1 we map it to −1, and otherwise
we map r to itself. Then we use the decomposition of r into

∑
s λcs with cs ∈ C to apply the

multiaccuracy condition s times to each cs, so that we can swap p for y in the closeness guarantee
satisfied by a γ-projection of p onto span(C). That is:

Theorem 5.5. Let p : X → [0, 1] satisfy (C, τ)-multiaccuracy for D. Suppose that r =
∑

s λcs for
cs ∈ C is a γ-projection of p onto span(C). Let Let h = clip(r), which is clipped to have h(x) ∈ [−1, 1]
for all x ∈ X . Then,

E
(x,y)∼D

[((2y− 1)− h(x))2] ≤ E
(x,y)∼D

[(2y− 1)2]− γ + 4τ
∑
s

|λs|.

Proof. As usual, let q = 2p− 1 denote the [−1, 1]-version of p. Then,

γ ≤ E
x∼DX

[q(x)2]− E
x∼DX

[(q(x)− r(x))2]

= 2 E
x∼DX

[q(x)r(x)]− E
x∼DX

[r(x)2]

= 2 E
(x,y)∼D

[(2y− 1)r(x)]− E
x∼DX

[r(x)2] + 2 E
(x,y)∼D

[r(x)(q(x)− (2y− 1))]

= 2 E
(x,y)∼D

[(2y− 1)r(x)]− E
x∼DX

[r(x)2] + 4 E
(x,y)∼D

[r(x)(p(x)− y)]

= 2 E
(x,y)∼D

[(2y− 1)r(x)]− E
x∼DX

[r(x)2] + 4
∑
s

λs E
(x,y)∼D

[cs(x)(p(x)− y)]
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≤ E
(x,y)∼D

[(2y− 1)2]− E
(x,y)∼D

[((2y− 1)− r(x))2] + 4τ
∑
s

|λs|

≤ E
(x,y)∼D

[(2y− 1)2]− E
(x,y)∼D

[((2y− 1)− h(x))2] + 4τ
∑
s

|λs|.

In the second last inequality, we use the fact that p is (C, τ)-multiaccurate for D and that cs ∈ C
for all s, so we apply the multiaccuracy condition s times. This is why we have to be careful with
the accumulation of the errors. In the last inequality we use that clipping r to get h ∈ [−1, 1] only
reduces the squared error with respect to 2y− 1. The conclusion then follows by rearranging.

Theorem 5.5 is saying that h = clip(r) is doing non-trivial squared loss minimization. This is
what we want, given that in Section 5.1.1 we showed that non-trivial squared loss minimization
enables weak learning. Therefore, if we did not have the error term 4τ

∑
s |λs| in Theorem 5.5,

by Theorem we would conclude that if r is a γ-projection of p onto span(C), then h = clip(r) has
correlation at least 2γ with the labels.

Due to the error term, we have to relax this result to ℓ1 sparse projections, as to ensure that
the accumulated error term 4τ

∑
s |λs| remains small. This gives us the final theorem:

Theorem 5.6. Let p : X → [0, 1] satisfy (C, τ)-multiaccuracy for D. Suppose we have r =∑
s λscs for cs ∈ C such that r is a γ-projection of p onto span(C) satisfying 4τ

∑
s |λs| ≤ γ−β

(ℓ1 sparsity) Then, h = clip(r), which clips q to the range [−1, 1], satisfies corD(y, h) ≥ 2β.

Proof. By Theorem 5.5, we can apply the multiaccuracy guarantee on each cs to obtain

E
(x,y)∼D

[((2y− 1)− h(x))2] ≤ E
(x,y)∼D

[(2y− 1)2]− γ + 4τ
∑
s

|λs|.

By the sparsity guarantee, it follows that

E
(x,y)∼D

[((2y− 1)− h(x))2] ≤ E
(x,y)∼D

[(2y− 1)2]− β.

That is, h performs non-trivial squared loss minimization. Then, from our theorem showing that
non-trivial squared loss minimization gives a weak agnostic learner (Theorem 5.3), it follows that
corD(y, h) ≥ 2β, as we wanted to show.

5.1.3 Multiaccuracy as a query oracle

However, we do not know how to efficiently find ℓ1 sparse projections onto an arbitrary class C.
(Otherwise, we would have the result that multiaccuracy always yields learning.) Still, can we find
a concrete example where we can efficiently find such a projection? Yes! An example is in fact
given by the well-known Goldreich-Levin algorithm for finding all the large Fourier coefficients of a
given function [GL89]. We provide a brief summary of the Goldreich-Levin algorithm (also known
as the Kushilevitz-Mansour algorithm [KM91]) in the setting of Fourier analysis.
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The Goldreich-Levin algorithm. By the Fourier expansion theorem we know that every func-
tion f : {−1, 1} → R can be uniquely expressed as a multilinear polynomial:

f(x) =
∑
S⊆[n]

f̂(S)χS ,

where χS(x) =
∏

i∈S xi for x = (x1, . . . , xn) ∈ Rn and f̂(S) = Ex∼{−1,1}n [f(x)χS ] denotes the
Fourier coefficient of f on S. Recall that we define the inner product 〈f, g〉 between two func-
tions f, g : {−1, 1}n → R as Ex∼{−1,1}n [f(x)g(x)]. Thus we see that the 2n parity functions
χS : {−1, 1}n → {−1, 1} form an orthonormal basis for the vector space of functions {−1, 1}n → R
[ODo14, Thm. 1.5].

Given query access to a function f (i.e., if we can query f at any chosen point), the Goldreich-
Levin algorithm allows us to efficiently find its heavy Fourier coefficients. That is, for a function
f(x) =

∑
S⊆[n] f̂(S)χS , it finds the Fourier coefficients f̂(S) that are larger than some chosen

threshold γ. Specifically:

Theorem 5.7 (Goldreich-Levin [GL89], Kushilevitz-Mansour [KM91]). Given query access to f :

{−1, 1}n → [−1, 1], and given γ, δ > 0, there is a poly(n, 1γ , log 1
δ )-time algorithm that outputs a list

L = {S1, . . . , Sm} such that, with probability δ:

1. If f̂(S) ≥ γ, then S ∈ L, and

2. If S ∈ L, then f̂(S) ≥ γ
2 .

Learning parities with noise. Now let’s consider the well-known problem in learning theory
of learning parities with noise (LPN). Given S ⊆ [n], a parity function is a function χS : {0, 1}n →
{0, 1} with χS(x) = ⊕i∈Sxi. Consider the concept class C of all parities. Suppose that we want to
learn the class of parities in the agnostic setting (i.e., with adversarial noise). It is known that under
the uniform distribution, learning parities with adversarial classification noise reduces to learning
parities with random classification noise [FGKP06], where the true labels are flipped independently
with probability η (here η represents the noise).

A celebrated result in learning theory is that, if the learner is allowed to ask membership
queries, then the Goldreich-Levin algorithm gives a polynomial time algorithm for learning parity
with adversarial noise under the uniform distribution [FGKP06]. For our purposes, we can view
the Goldreich-Levin algorithm as both giving us a ℓ1 sparse projection in the sense that we required
in Section 5.1.2, and it also gives a proper agnostic learning algorithm for the class of parities.

Let’s return to our multiaccuracy setting. Another key idea that we can explore when thinking
about how much power a multiaccurate predictor p can buy us, is the fact that we have query
access to p. While a priori we do not have query access to the ground truth predictor p∗, one could
hope that, given that p and p∗ are close in the C-multiaccuracy sense, we could translate our query
access to p to a form of query access to p∗. Indeed, we can show:
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Theorem 5.8. Suppose the class C is efficiently properly agnostically learnable with access to
random examples from D and query access to the target function to accuracy ε. Moreover, suppose
that we have access to a (C, τ)-multiaccurate predictor p for D. Then, C is efficiently properly
agnostically learnable using only access to random examples from D (and using the predictor p) to
accuracy ε+ 3τ .

Proof. Here we will assume that both the target function p∗ and the concepts in C take values in
{0, 1}. Let A be the algorithm for efficiently agnostically learning C using the random examples
from D and query access to the target function, and let p be a (C, τ)-multiaccurate predictor for D.

To show the desired reduction, our goal is to show that we can simulate the query access to the
target function by using query access to our multiaccurate predictor p instead, to which we actually
have access to (unlike to p∗). Whenever the algorithm asks for a random example, we replace (x, y)
by (x,Bern(p(x)), where we take a fresh independent draw from a Bernoulli random variable with
parameter p(x) at each time. Whenever the algorithm asks a membership query, we simulate them
by returning Bern(p(x)) when queried at point x.

At the end of the learning process, by the assumption that A knows how to agnostically learn
C using the actual random examples from D and query access to p∗, with our simulated queries it
returns a hypothesis cA ∈ C that with high probability satisfies

err(cA;D) ≤ min
c∈C

E[|c(x)− p(x)|] + ε.

Next, we want to relate this error guarantee on cA with the usual agnostic learning guarantee, to
conclude that we have agnostically learnt C. To do so, we use the fact that p is (C, τ)-multiaccurate.

Specifically, for the target function p∗ : X → {0, 1} we have that

Pr[c(x) 6= p∗(x)] = E[c(x)(1− p∗(x)) + (1− c(x))p∗(x)]
= E[c(x) + p∗(x)]− 2E[c(x)p∗(x)]
≤ E[c(x) + p(x)]− 2E[c(x)p(x)] + 3τ

= E[c(x)(1− p(x)) + (1− c(x))p(x)] + 3τ

= E[|c(x)− p(x)|] + 3τ.

The first equality follows by a simple algebraic identity (similar to the ones we used in Chapter 4).
The inequality follows by applying the multiaccuracy guarantee on both expectations; for the one
in the left term we use the fact that 1 ∈ C, and so we can write p∗(x) as 1 · p∗(x) and then apply
the multiaccuracy guarantee on it. Symmetrically, we can show that

Pr[c(x) 6= p∗(x)] ≥ E[|c(x)− p(x)|]− 3τ.

Thus, since this holds for all c ∈ C, by minimizing over C and using the fact that errD(c) =

PrD[c(x) 6= p∗(x)] it follows that

errD(cA) ≤ min
c∈C

errD(c) + ε+ 3τ.

Therefore, A has efficiently agnostically properly learnt C using only access to random examples
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from D (while we used the multiaccurate predictor p to simulate the two types of queries), as we
wanted to show.

This result, together with the fact that the Goldreich-Levin algorithm gives a proper agnostic
learning algorithm for the class of parities if membership query access is allowed, implies the
following corollary:

Lemma 5.9. Let C be the class of parities, and let D be such that such that the marginal
distribution over X is uniform. Then, finding a (C, τ)-multiaccurate predictor p for D and
τ ≤ 0.1 is at least as hard as properly agnostically learning C with random classification noise
with noise rate 0.1.

Proof. Suppose that we have access to a (C, τ)-multiaccurate predictor p for D and τ ≤ 0.1. As
we have discussed, the class C of parities is efficiently properly agnostically lernable with access
to random examples from D and query access to the target function by using the Goldreich-Levin
algorithm. Because of this, and since we have access to a multiaccurate predictor, Theorem 5.8
applies, and thus we are able to learn C to accuracy minc∈C errD(c) + ϵ+ 3τ .

Let χS be the target parity. In the random classification noise model, the labels are generated
as follows: with probability η, we keep the true label χS , and with probability 1 − η we flip it.
Then, the target parity has correlation E[yχS ] = 1 − 2η with the labels. In this case, because the
noise rate is η = 0.1, this means that the optimal error is at most 0.1.

Then, by Theorem 5.8, using our multiaccurate predictor we are able to find a parity c that has
error at most

min
c∈C

errD(c) + ϵ+ 3τ ≤ 0.1 + ϵ+ 3 · 0.1 = 0.4 + ϵ < 1/2.

Moreover, in the random classification noise we have that all parities, except for the target parity
χS , are uncorrelated with the labels. Indeed, given subsets S, T ⊆ [n], we have that

E[χS · η · χT ] =

{
1− 2η if S = T,

0 otherwise.

Therefore, the fact that we have found a parity that has error bounded away from 1/2 means that
the parity that we have found is not uncorrelated with the labels, and so we have in fact found the
target parity χS . Therefore, we have learnt the class of parities in the random classification noise
model.

Since LPN is widely believed to be hard, we can conclude that the existence of an efficient
algorithm that produces a p that is (C, τ)-multiaccurate predictor for small values of τ for the class
C of parities is unlikely to exist, at least when the marginal distribution over X is uniform.

5.2 Restricted weak agnostic learning

So far in this chapter, we have tried to obtain learning from multiaccuracy by trying to use a
multiaccurate predictor in various other ways, such as by projecting it onto C or by using it as a
query oracle.
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Recall that we showed that a multiaccurate predictor does yield a more restricted notion of
weak learning, which we called restricted weak agnostic learning, where the learning promise is only
required to hold if α is at least some value γ0. Specifically, in Theorem 3.4 in Section 3.2 we showed
that a C-multiaccurate predictor p can be viewed as a (2α− 1)-weak learner when α > 1/2. Hence,
this gives non-trivial learning only when α > 1/2, where α is the maximum correlation between the
labels and the concepts in C. More generally, note that the task of (α, β)-weak agnostic learning
gets harder as:

• α decreases, since this corresponds to detecting lower correlation.

• β increases, since this corresponds to learning a better hypothesis.

The typical notion of boosting refers to the β parameter: indeed, these kind of statements use a
weak agnostic learner for C to construct a strong agnostic learner for C. We know that this type
of boosting is possible in the agnostic setting: indeed, [KK09; Fel09a] showed that an (α, β) weak
learner implies a (γ, γ−α) weak learner for all γ > α. This result is typically interpreted to say that
if weak agnostic learning is possible for α approaching 0, then strong agnostic learning is possible.

In our notion of restricted weak agnostic learning, however, the parameter that we would like
to improve is α. This is because, starting from multiaccuracy, we can only obtain a weak learner
for α > 1/2. Therefore, if we could reduce the value of α (which we can view as a form of boosting,
given that reducing the value of α makes the learning problem harder), then we could hope to get a
stronger learning guarantee from the assumption that we can efficiently construct a multiaccurate
predictor for a class C. Unfortunately, as we will see in this section, this type of boosting is not
possible in general by providing a concrete counter-example.

We begin by explaining how we can view restricted weak agnostic learning as a form of approx-
imate agnostic learning. This will allow us to already give an example (namely, using the class of
halfspaces) where doing restricted weak agnostic learning is feasible for some values of α, but it
becomes computationally unfeasible as α→ 0. Then, in Section 5.2.2 we will give a tight example.

5.2.1 Approximation algorithms

Even though we come up with the notion of restricted weak agnostic learning, we give some more
justification for why this is a natural concept in learning. In particular, it is closely related to
the notion of approximate agnostic learning, which has been extensively studied in the learning
theoretic literature [FGKP06; DKK+21; Dan15]. We remark that the results in this section are
only meant to provide a greater understanding of the concept of a restricted weak agnostic learning
by drawing a connection to a previously-studied notion in learning theory, but the approximation
parameters stated in our lemmas follow directly from Daniely’s results on halfspaces [Dan15].

Specifically, approximation algorithms in the agnostic setting are defined as follows:
Definition 5.10. Given a concept class C, distribution D, and parameter µ ≥ 0, we say that an
algorithm A is a (1+µ, ϵ)-approximation algorithm for C,D if it outputs a predictor h : X → [−1, 1]
such that err(h,D) ≤ (1 + µ) ·

(
minc∈C err(c,D)

)
+ ϵ for any ϵ > 0. We call such an h a (1 + µ)-

approximation predictor.
Any such approximate agnostic learning algorithm can be viewed as a restricted weak agnostic

learner. In particular, a guarantee of the form where the error is bounded by (1 + µ)OPT is only
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meaningful when OPT < 1
2(1+µ) ; in such cases, these algorithms yield restricted weak agnostic

learners, as the lemma below shows.

Lemma 5.11. Any (1 + µ, ϵ)-approximation algorithm for a concept class C and distribution D
yields an (1− 1

1+µ + γ, (1 + µ)γ − 2ϵ)-weak agnostic learner for C for any parameters γ, ϵ, µ ≥ 0.

Proof. Let c∗ ∈ C be a concept in C achieving the minimal error with respect to D. Given that
the error of a predictor is always trivially upper bounded by 1/2, it follows that for the (1 + µ)-
approximation guarantee to be non-trivial, we must have err(c∗;D) < 1

2(1+µ) . By the definition of
err(c∗;D), it follows that corD(y, c∗) = 1 − 2err(c∗;D), and hence corD(y, c∗) ≥ 1 − 1

1+µ . Suppose
further that corD(y, c∗) ≥ 1− 1

1+µ + γ for any choice of γ ≥ 0; equivalently,

err(c∗;D) = 1− corD(y, c∗)
2

≤
1−

(
1− 1

1+µ + γ
)

2
=

1
1+µ − γ

2
=

1

2(1 + µ)
− γ/2.

Let h be the output predictor of a (1 + µ)-approximation algorithm for C,D. Then, by the approx-
imation guarantee on h, for any choice of ϵ ≥ 0 it follows that

corD(y, h) = 1− 2err(h;D) ≥ 1− 2
(
(1 + µ) · err(c∗;D) + ϵ

)
≥ 1− 2

(
(1 + µ) ·

( 1

2(1 + µ)
− γ/2

)
+ ϵ

)

= 1− 2

(
1

2
− (1 + µ)γ

2
+ ϵ

)
= (1 + µ)γ − 2ϵ.

Given our characterization of restricted weak agnostic learning as approximate agnostic algo-
rithms, we can now used known results about approximate agnostic learning to see whether the α
parameter in an (α, β)-weak agnostic learner can be reduced.

Amit Daniely has has established the following approximate agnostic learning algorithm (in fact
a PTAS) for learning halfspaces. Specifically:

Theorem 5.12 ([Dan15]). For every µ > 0, there exists an algorithm for agnostically learning
halfspaces under the uniform distribution on the d-dimensional sphere with an approximation ratio

of (1 + µ, ϵ) that runs in time poly
(
d

log3(1/µ)
µ2 , 1/ϵ

)
.

Together with Claim 5.11, this implies that

Corollary 5.13. We can construct a (α, α
2−α −2ϵ)-weak agnostic learner for the class of halfspaces

under the uniform distribution on the d-dimensional sphere in time poly
(
d

(2−α)2 log3
(

2−α
α

)
α2 , 1/ϵ

)
.

Proof. As in the proof of Claim 5.11, we write α as α = 1− 1
1+µ +γ and set γ = α/2. Re-arranging,

we obtain that 1 + µ = 1
1−α/2 and µ = α

2−α . By Claim 5.11, cor(h) ≥ (1 + µ)γ − 2ϵ. By plugging
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in the values of µ and γ, we obtain that cor(h) ≥
(

1
1−α/2

)
· (α/2) − 2ϵ = α

2−α − 2ϵ. Lastly, the
claimed runtime follows by plugging µ = α

2−α , into Theorem 5.12.

Given the dependence on α in the runtime shown in Corollary 5.13, we conclude that we can
construct restricted weak agnostic learners for the class of halfspaces under the uniform distribution
in polynomial time for constant values of α, but the algorithm is no longer efficient as α→ 0.

This result already provides evidence that, in general, we cannot reduce the α parameter ar-
bitrarily, given that in this case the task of constructing an (α, β)-restricted agnostic learner for
halfspaces goes from being computationally efficient for constant values of α to unfeasible as α→ 0.
However, it does not rule out the possibility that it could be efficient for small values of α, given
that this separation only applies to Daniely’s algorithm for learning halfspaces [Dan15].

In the next section, we provide a tight counter-example that provides a particular case where
we can show that it is impossible to boost the α parameter.

5.2.2 Boosting a restricted weak agnostic learner

Here, we show that in general we cannot boost the α parameter of a (α, β)-weak agnostic learner.
To do so, we need to choose some problem that is widely believe to be hard; we choose to make
the standard cryptographic assumption that pseudorandom functions cannot be distinguished from
random functions with non-negligible advantage by efficient algorithms. This, for example, follows
from the existence of one-way functions [GGM86]. Specifically, we make the following assumption:

Assumption on pseudorandom functions. For any function T : N → N, there exists a
family of pseudorandom functions, denoted F = {fr : {0, 1}n → {0, 1} | r ∈ {0, 1}n}, such that:

• fr is easy to compute given r as input.

• For r ← {0, 1}n chosen uniformly at random, any (potentially randomized) algorithm that
runs in time T (n) and has query access to fr : {0, 1}n → {0, 1} cannot distinguish it from a
truly random function with advantage greater than 1/T (n) over the uniform distribution on
x ∈ {0, 1}n.

Our goal is to use pseudorandom functions to construct a domain X and a concept class C such
that, for every α ∈ (0, 1) there exists a marginal distribution DX so that,

• C is efficiently (α+ ϵ, α)-weak agnostically learnable under any D with marginal DX .

• C is not efficiently (α, β)-weak agnostically learnable for distributions D with marginal DX
for any β ≥ 2α/T (n).

Our construction is inspired by Feldman’s work on the power of membership queries in agnostic
learning [Fel09b]. In the realizable setting, making the same assumption on pseudorandom func-
tions, it is known that the PAC model with membership queries is strictly stronger than the PAC
model without membership queries. This is done by encoding the target concept in the domain
such that we can “decode” it with membership queries, but with high probability is not observable
through only random examples.

In the agnostic setting, however, this same idea doesn’t work, because the target function can be
anything, and so it could be random on the part of the domain that contains the encoding [Fel09b].
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By providing a much more ingenious construction, Feldman shows that membership queries can
in fact give us more power than just random examples when learning with respect to the uniform
distribution. Here are some key observations of his construction, which we will use in ours:

• In order for this approach to work in the agnostic setting, we have to encode the secret over
a very large fraction over the domain.

• The encoding of the secret has to be resilient to almost any amount of noise, and so we need
to be able to decode it with very high amounts of noise. Feldman uses the concatenation of
the Reed-Solomon code with the binary Hadamard code by Guruswami and Sudan [GS00],
which we will also use.

• The encoding should not be readable from random examples. A way to ensure this is to use
pseudorandom functions as part of the concepts themselves in our concept class C.

With these ideas in mind, we proceed to give our construction. Before we make it formal, we
give some intuition. We will divide the domain X into two disjoint parts E and F , where E contains
1 − α of the probability mass and F only an α-fraction of the mass. Each concept in C is defined
as a pseudorandom function fr and its key r. We use E and F as follows:

• In E: we encode the key r.

• In F : use the pseudorandom function fr.

If there is not too much noise, then we can learn C by constructing the key r from random examples
in E. Once we have the key r, we can identify fr exactly. However, when there is enough noise as
to make the labels on E be completely random, then the learning problem becomes equivalent to
distinguishing pseudorandom functions from random, which is a cryptographically hard problem.

In order to obtain the tightest gap possible in the boosting of the α parameter, we use list-
decodable error-correcting codes that can tolerate error up to slightly less than 1/2. We remark
that unique decoding can only correct errors up to relative distance 1/4. The RSH code by [GS00]
(where the abbreviation comes from the fact that the code consists of a concatenation of the Reed-
Solomon code with the binary Hadamard code) satisfies such a guarantee. Specifically, the code
RSH : {0, 1}n → {0, 1}m where m = O(n2/ε4) satisfies the following property: Upon receiving a
word w ∈ {0, 1}m such that there exists x ∈ {0, 1}n satisfying d(w,RSH(x)) ≤ (1/2− ϵ)m, where d
corresponds to the Hamming distance, there is an algorithm that runs in time poly(n) and returns
a list containing the true x with high probability.1

Using the RSH code, we now prove the following:
1For details regarding the properties of the RSH code, see [CGKR25] (the paper that Part I of this thesis is based

on).
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Theorem 5.14. For every α ∈ (0, 1), there exists X = ∪nXn, (DXn)n≥1, C = ∪nCn such
that:

(i) There exists a learning algorithm L, such that for every 0 < ε < 1 − α, n ≥ 1, Cn is
(α + ε, α)-weak agnostically learnable by L in time poly(n, 1/ε) for any distribution D
with marginal DXn. The learner is proper and only requires random examples.

(ii) Assuming that pseudorandom functions cannot be distinguished from random functions
with non-negigible advantage by efficient algorithms, there does not exist any learning
algorithm L that runs in time T (n)/poly(n) that is an (α, β)-weak agnostic learner for
Cn for any β ≥ 2α/T (n) for distributions with marginal DXn over Xn, and succeeds
with probability at least 1/T (n), even with access to membership queries.

Note that for Part (i), the learner only requires random samples and is a proper learner, but
for Part (ii), the weak learner is allowed query access, and is also allowed to be improper. For
simplicitly, we drop the subscript n in the proof.

Proof. Let m = O(n2/ϵ2) (so that we can use the guarantees of the RSH code) and let E = [m]

and F = {0, 1}n. We take X = E ∪ F and define the following marginal distribution given any
distribution D:2 We let PrDX [x ∈ E] = 1 − α, PrDX [x ∈ F ] = α, and make the conditional
distribution on each of E and F be the uniform. Given a string r ∈ {0, 1}n, we denote its encoding
by the RSH code as RSH(r). Recall that RSH(r) ∈ {0, 1}m; we will index the coordinates of RSH
using E and F = {fr : {0, 1}n → {0, 1} | r ∈ {0, 1}n} denote the xth coordinate of the encoding of
r by RSH as RSH(r)x for each x ∈ E.

Let F = {fr : {0, 1}n → {0, 1} | r ∈ {0, 1}n} be a family of pseudorandom functions. For
each random seed r ∈ {0, 1}n, we use the E region to encode the key r to the PRF fr, and then
put the PRF fr on the F region. Specifically, for each r ∈ {0, 1}n, we define a Boolean function
gr : X → {0, 1} as follows:

gr(x) =
{

RSH(r)x for x ∈ E
fr(x) for x ∈ F

We then define the {±1} version of gr as cr(x) = 2gr(x) − 1 and define our concept class as the
collection of all such gr; that is, C = {cr | r ∈ {0, 1}n}. We depict our construction in Figure 5.1.

2Note that the distribution D is arbitrary, but we do get to choose the marginal distribution.
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Figure 5.1: Construction of X ,DX and C.

Part (i): For the positive result in Part (i), consider any distribution D on (x, y) where x ∼ DX
and there exists cr ∈ C such that cor(y, cr(x)) ≥ α+ ε.

Because the region E occupies an (1 − α) fraction of the domain, it must be that cr has some
correlation with the labels on E. Otherwise, given that the total correlation is equal to the sum
of the weighted correlations on each of E and F , this would contradict the fact that cr satisfies
cor(y, cr(x)) ≥ α+ ε. Formally, it must be that cor(y, cr(x)|x ∈ E) ≥ ε/(1− α), because otherwise
we reach a contradiction:

cor(y, cr) = (1− α) · cor(y, cr|x ∈ E) + α · cor(y, cr|x ∈ F )

< (1− α) ε

1− α
+ α · 1

= α+ ε.

We can re-write cor(y, cr) using the standard translation from correlation to Hamming distance for
variables in {±1} as follows:

cor(y, cr(x)|x ∈ E) = E[cr(x)(2y− 1)|x ∈ E]

= E[(2gr(x)− 1)(2y− 1)|x ∈ E]

= 1− 2Pr[y 6= gr(x)|x ∈ E].

As we showed, the LHS is at least ε/(1− α). Moreover, by definition, gr(x) = RSH(r)x for x ∈ E.
Hence, from the above chain of equalities it follows that

ε

1− α
≤ cor(y, cr(x)|x ∈ E) = 1− 2Pr[y 6= RSH(r)x|x ∈ E].
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Therefore,

Pr
(x,y)∼D

[y 6= RSH(r)x|x ∈ E] ≤ 1

2

(
1− ε

1− α

)
≤ (1− ε− εα)

2
. (5.15)

This is a high probability, which is what we want. Namely, this is telling us that, because we have
given a lot of mass to the E region, the initial assumption that cor(y, cr(x)) ≥ α + ϵ ensures that
the noise is not too bad, in the sense that we get the correct label of y = RSH(r)x for each x ∈ E.

This bound holds independently for each x ∈ E. Because each x ∈ E indices one bit of the code
RSH(r), in order to obtain our candidate word w ∈ {0, 1}m for RSH(r) we need to observe at least
one sample (x, y) for each x ∈ E. Because E = [m], this requires O(m log(m)/(1 − α)) samples.
Once we have them, we concatenate all of the RSH(r)x in order to form our word w.

What is the Hamming distance between w and RSH(r)? By Equation 5.15, we are doing quite
well on each x-coordinate. Therefore, adding up across the m coordinates we get that

E[d(w,RSH(r))] = E

∑
x∈[m]

1[w(x) 6= RSH(r)x]


=
∑
x∈[m]

Pr[w(x) 6= RSH(r)x]

=
∑
x∈[m]

Pr[y 6= RSH(r)x|x = x]

= m Pr
(x,y)∼D

[y 6= RSH(r)x|x ∈ E]

≤ (1− ε− εα)
2

m.

Hence by a Chernoff bound, with probability 1−exp(−ε2α2m) we have d(w,RSH(r)) ≤ (1−ε)m/2.
This is precisely the guarantee that we need for the RSH code to be able to decode. Then, we

use the list-decoder from random samples, which gives us a list containing the seed r with high
probability. To find it, we enumerate over all the candidates r′ in the list, and check whether
cor(y, cr′) ≥ α using random samples. We can do this given that fr is easy to compute given r. We
output the best hypothesis that we find, which will have correlation at least α with the labels with
high probability. Note that we get α rather than α+ ϵ because we lose an ϵ in the sampling error
when estimating the correlations.
Part (ii): For the negative result in Part (ii), we do get to choose the distribution. We define a
distribution Dr where we draw r ∈ {0, 1}n at random. This makes it so that y|x is a uniformly
random bit for x ∈ E and y|x = fr(x) for x ∈ F . The idea here is that we have reduced learning to
distinguishing between truly random and a pseudorandom function, which is not possible per our
cryptographic assumption.

Given that our hypotheses cr(x) = 2gr(x)− 1 are defined such that gr(x) = RSH(r)x for x ∈ E
and gr(x) = fr(x) for x ∈ F , this means that any cr ∈ C gets no correlation on E (because the
labels are random) and perfect correlation on F . Hence:

cor(y, cr) = (1− α) · cor(y, h(x)|x ∈ E) + α · cor(y, h(x)|x ∈ F ) = 0 + α · 1 = α.

Let’s assume by contradiction that there exists an algorithm which runs in time T (n), which is
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allowed query access to D, and outputs a hypothesis h : X → [−1, 1] that achieves correlation β.
Then,

β = (1− α) · cor(y, h(x)|x ∈ E) + α · cor(y, h(x)|x ∈ F )
= α · cor(fr(x), h(x)|x ∈ F ),

given that no hypothesis can achieve better than 0 correlation on E, because the labels there are
random.

But this implies that cor(fr(x), h(x)|x ∈ F ) ≥ β/α, so h (restricted to F ) has distinguishing
advantage β/(2α) for fr versus a random function. This is a contradiction if β ≥ 2α/T (n).

5.2.3 Multiaccuracy with better error parameter

We conclude our study of restricted weak agnostic learning by trying a different type of boosting. By
the original multiaccuracy algorithm [HKRR18], we know that given any (restricted) (α, β)-weak
agnostic learner for C, we can efficiently construct a (C, α+ ε)-multiaccurate predictor. As we have
summarized at multiple points in this thesis, this is because every call to the weak agnostic learner
allowes to perform a gradient update that improves the squared loss of our predictor. We can ask:
is it possible that with the same primitive of an (α, β)-weak agnostic learner we could obtain a
multiaccurate predictor with better error parameter? That is, can we get an (C, α′)-multiaccurate
predictor for α′ < α?

Unfortunately, the answer is also no. Formally:

Theorem 5.16. For every α ∈ (0, 1), there exists X = ∪nXn, (DXn)n≥1, C = ∪nCn such
that:

(i) There exists a learning algorithm L, such that for every 0 < ε < 1 − α, n ≥ 1, it can
output a (C, α + ϵ)-multiaccurate predictor for any distribution D with marginal DXn

in time poly(n, 1/ε).

(ii) Assuming that pseudorandom functions cannot be distinguished from random functions
with non-negigible advantage by efficient algorithms, for any 0 < ε < min{α, 1 − α},
there does not exist any algorithm A that runs in time T (n)/poly(n, 1/ε) and out-
puts with probability at least 1/T (n), a predictor p : Xn → [0, 1] that is (Cn, α/2 − ϵ)-
multiaccurate for distributions with marginal DXn over Xn, even with access to mem-
bership queries.

To prove this, we use essentially the same construction as in Theorem 5.14 from the previous
section. Indeed, the [HKRR18] algorithm allows us to go from feasible agnostic learning to feasible
multiaccuracy.

Proof. We use the same E,F, C as in Theorem 5.14.
Part (i): Part (i) of Theorem 5.16 follows directly from our proof of Part (i) in Theorem 5.14.
Namely, we showed that Cn can be efficiently (α+ϵ, α)-weak agnosticaly learnt in time (poly(n, 1/ϵ)
for any distribution D with marginal DXn . By the [HKRR18] algorithm, it follows that we can
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construct a (C, α + ϵ)-multiaccurate predictor for the same distribution in time (poly(n, 1/ϵ) as
well.
Part (ii): We again use the same E,F, C as in Theorem 5.14, and here we also use the distribution
Dr where we draw r ∈ {0, 1}n at random, as in Part (ii) of Theorem 5.14. Then, because the labels
in E are random, any cr ∈ C again gets 0 correlation on E and perfect correlation on F , given that
gr(x) = fr(x) for x ∈ F . Hence, cor(y, cr) = α.

Suppose p is a (C, τ)-multiaccurate predictor for Dr for τ ≤ α/2− ε. Let yp ∼ Bern(p(x). Then
we observe that since p is (C, τ)-multiaccurate,

|cor(y, cr)− cor(yp, cr)| ≤ |E[cr(x)(2y− 1)− cr(x)(2yp − 1)]|
≤ 2 |E[cr(x)(y− yp)]|
≤ 2 |E[cr(x)(y− p(x))]|
≤ α− 2ε,

where the last inequality follows by (C, τ)-multiaccuracy. Since cor(y, cr) ≥ α, this implies that
cor(yp, cr) ≥ 2ε.

We will show that such a predictor p can be used to predict fr with non-trivial probability,
which contradicts the hardness assumption. Since

cor(yp, cr) = (1− α) · cor(yp, cr|x ∈ E) + α · cor(yp, cr|x ∈ F ),

either cor(yp, cr|x ∈ E) ≥ ε/(1 − α), or cor(yp, cr|x ∈ F ) ≥ ε/α. In the former case, we can use
list-decoding to obtain r and thence fr as in Part (i). For the latter case, we observe that yp lets
us predict fr with non-trivial advantage, since

E
x∼F

[fr(x) 6= yp] =
1

2
E

x∼F
[1− (2yp − 1)(2fr(x)− 1)]

=
1

2
− 1

2
E

x∼F
[(2yp − 1)cr(x)]

=
1

2
− 1

2
cor(yp, cr|x ∈ F )

where we use cr(x) = 2fr(x)− 1 for x ∈ F . Thus, in either case we can predict the pseudorandom
function fr with non-trivial advantage with non-negligible probability. Hence we have reached a
contradiction.

We remark that for the proof of Theorem 5.16 we could have used a similar construction with
any hard problem (e.g., learning parities with noise), whereas in Theorem 5.14 we crucially rely on
being able to decode the key to the PRF.

The spectrum of weak agnostic learning. We put together our various results on the spec-
trum of the feasibility of weak agnostic learning in Figure 5.2, which we reproduced in Chapter 1.
The region of interest is β ≤ α. Going right or down, the problem becomes easier, whereas going
up or left is harder. Green indicates regions that are known to be easy in general (under the right
learning assumptions), while Red indicates regions that are hard (in the worst case over all C).
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Figure 5.2: The spectrum of weak agnostic learning.

• The Orange line bounds the region that is feasible if we have access to a (C, 0)-multiaccurate
predictor. This follows from our Theorem 3.4. If we also assume calibration, the entire region
β ≤ α is feasible.

• The Blue line with slope 1 follows from the boosting results of [KK09; Fel09a]. The value of
α0 indicates an arbitrary small correlation α; the precise boosting statement using α0 can be
found in [KK09].

• The Red region indicates that there is no black-box reduction from (α, β) weak agnostic
learning to (α − ε, β′) weak agnostic learning, assuming the existence of one-way functions.
This follows from our Theorem 5.14.

5.3 Auditing versus learning for multiaccuracy

To conclude our investigations on the relationship between multiaccuracy and weak agnostic learn-
ing with a different approach inspired by the works of Vadhan [Vad17] and Kothari and Livni [KL18]
on the learning versus refutation problem in agnostic learning. We know that in the original algo-
rithm for constructing multiaccurate predictors [HKRR18], we audit for C-multiaccuracy in each
step of the algorithm using a C-weak agnostic learner. Given that auditing for C-multiaccuracy
in this search-based way is exactly equivalent to proper weak agnostic learner for C, our results in
Section 3.1 showing that one cannot post-process a multiaccurate predictor to get a weak learner
can appear surprising at first. So we can ask: what exactly is the relationship between the problem
of auditing for multiaccuracy versus that of learning a multiaccurate predictor?
Definition 5.17. Given a concept class C, distribution D, predictor p, and parameters δ, ϵ > 0, the
audit-MA-decision problem for C, δ returns “yes” if p is a (C, δ + ϵ)-multiaccurate predictor for
D, and “no” if p is not a (C, δ)-multiaccurate predictor for D.
Definition 5.18. Given a concept class C, distribution D, predictor p, and parameters δ, ϵ > 0, the
audit-MA-search for C, δ problem returns “yes” if p is a (C, δ+ ϵ)-multiaccurate predictor for D,
and a concept g such that |E[g(x)(y− p(x))]| > δ if p is not a (C, δ)-multiaccurate predictor for D.
If we require g to belong to C, then we call this algorithm proper. Otherwise, we call it improper.
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Clearly, if we can solve the audit-MA-search problem for C, δ, ϵ, we can solve the audit-MA-
decision problem for C, δ, ϵ as well.

The following equivalence follows directly from Definition 5.18:

Claim 5.19. We can efficiently solve the proper audit-MA-search problem for C,D, δ, ϵ if and
only if we can efficiently properly (δ + ϵ, δ)-weak agnostically learn C under D.

Proof. Given a proper weak agnostic learner A for C, we solve the audit-MA-search for a given
predictor p as follows. We give samples {(x, y− p(x))} to A, where (x, y) ∼ D, and weak agnostic
learning parameters (δ + ϵ, δ). If A returns a hypothesis c ∈ C, then we return c. Otherwise, we
return “yes”. In the other direction, given an audit-MA-search algorithm B, we can properly
weak agnostically learn C as follows. We call algorithm B with parameter δ + ϵ and with the
constant 0 predictor p. If B returns “yes”, then we do not return anything; otherwise if B returns
some concept c ∈ C, then we return this same concept c.

The work of [HKRR18] shows that we can reduce the problem of learning a multiaccurate
predictor to the audit-MA-search problem, which in turn can be solved with a weak agnostic
learner. However, for the purpose of learning a multiaccurate predictor in this way, it is not
necessary to require the audit-MA-search algorithm (and in turn, the weak agnostic learning
algorithm) to be proper. Namely, to make enough progress in the squared loss, we can do with any
hypothesis g that has high enough correlation with y− p(x), regardless of whether g ∈ C or not.

Thus, when we use an improper weak agnostic learner to solve the audit-MA-search problem,
the equivalence only holds in one direction: if the weak agnostic learner fails, then we know that
our predictor p is multiaccurate. But if it returns a hypothesis g that is not necessarily in C, then
we do not know whether or not p is multiaccurate.

Given the equivalence between the audit-ma-search problem and proper weak agnostic learn-
ing (Claim 5.19), it is clear that the distinction between the search and decision versions of the
problem of auditing for multiaccuracy is closely related to the equivalent question but for the prob-
lem of weak agnostic learning instead. The answer to the latter question was given in the works of
Kothari-Livni and Vadhan, who studied the learning versus refutation problem. Namely, consider
the following version of the decision-version of the problem of weak agnostic learning:
Definition 5.20 (Refutation algorithm, informal [KL18; Vad17]). Given a concept class C, distri-
bution DX , and parameter δ, the refutation problem for C,D, δ consists of distinguishing between
the following two cases:

1. Structure. The labels y have correlation at least δ with some concept c ∈ C.

2. Noise. The labels y are uniform and independent Rademacher random variables.

We remark that the precise definition of a refutation algorithm is slightly different, in that
the refutation algorithm is given an m-tuple of points and an m-tuple of labels. The refutation
complexity of a concept class is then defined as the smallest m such that there exists an efficient
refutation algorithm with m samples [KL18, Def. 4].

It is clear that if a class C is weak agnostically learnable, then we can solve the refutation problem
for C. But what about the other direction? Perhaps surprisingly, Kothari-Livni and Vadhan show
that the refutation problem is equivalent to standard weak agnostic learning:
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Theorem 5.21 (Learning and Refutation are equivalent, informal [KL18; Vad17]). A class C can
be efficiently weak agnostically learnt (not necessarily properly) if and only if we can efficiently solve
the refutation problem for C.

In our case, the problem that we are interested in is the decision-WAL problem, where the
task is to decide whether there is some concept in C that has some correlation with the labels,
or whether the labels are truly random. This problem is equivalent to the audit-MA-decision
problem, where we just have to swap between the labels y and the residuals y − p. Using the
result by [KL18; Vad17], we would hope to then show that the audit-MA-decision is equivalent
to the problem of learning a weak agnostic learner for C (with some loss of parameters in both
directions, particularly in the backwards direction, where we need a larger change of parameters in
the representation class of the weak agnostic learner due to its improperness).

However, the issue is that the decision-WAL problem is not exactly equivalent to the refuta-
tion problem considered in [KL18] due to their m-finite sample formulation, so we cannot directly
use their result. An interesting next direction is to understand how these two problems relate
precisely, so that potentially we can show that if we have an efficient algorithm for auditing for
multiaccuracy for a concept class C, then C is agnostically learnable.
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II
Learning to Abstain Optimally and

Fairly
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6
Learning with Abstentions

It is well-known that in many applications erroneous predictions of one type or
another must be avoided. In some applications, like spam detection, false positive
errors are serious problems. In other applications, like medical diagnosis, abstaining
from making a prediction may be more desirable than making an incorrect prediction.

Kalai, Kanade, and Mansour [KKM12]

In Part II of this thesis, we study the problem of learning with abstentions from the
perspective of the multigroup fairness framework. As discussed in Chapter 1, we consider selective
classifiers which output values in the range [0, 1]∪?, where ? corresponds to “I don’t know.” The key
idea of selective classification is that we want to achieve higher accuracy at the cost of abstaining
from making predictions on certain points [Cho57; KKM12; KK21a; KK21b; GKKM20].

As summarized in the introduction, there are several lines of work that have studied the problem
of learning with abstentions. From an algorithmic fairness point of view, adding abstentions to the
usual learning framework is desirable as to avoid making arbitrary decisions and unnecessary false
positives and false negatives [ALG21; BAZ+21; KKR22; LHAC23; KHS23; LHAC24; CLC+24].
Still, most of the works in the algorithmic fairness space still focus heavily on the prediction
themselves (e.g., as in the multigroup fairness framework), and so there is a lack of a formal study
of the role of uncertainty in predictions, particularly when applied to societal settings. Moreover,
certain forms of selective classification can magnify disparities across groups [JSK+20; LBR+21;
SC21; YTG+], and so we have to be careful in how we decide to abstain.

Some works that study the reliability of predictions focus on the model multiplicity problem,
which is concerned with the following fact: for a given fixed dataset, there are multiple ways in
which we can train a predictor on the dataset such that it achieves high accuracy, but where
these various potential and equally good predictors can then disagree on individual predictions
[BRB22; MCU20]. If we train a whole class of models M, then a natural way to compute the
uncertainty empirically at each point x is to compute m(x) for each m ∈M and then compute how
much variance/disagreement there is among these various predictions. Indeed, some works use this
method as a way to add abstentions, and find that we can obtain close-to-fair predictions simply by
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abstaining on the individuals with high variance [CLC+24]. This once again illustrates the fact that
it is misguided to focus so heavily on de-biasing the predicted probabilities if these turn out to be
arbitrary. Hence, it is important for us to develop formal methods for quantifying the uncertainty
of predictors. Several other works study the relationship between the variance within the class M
and common group fairness metrics [LHAC23; LHAC24; ALG21; KHS23; JRLT23].

Relatedly, still within the problem of predictive multiplicity, various algorithms have been pro-
posed for ensembling the various competing models in different ways [BLF21; RTW23; DNW24;
BCDT25]. An algorithm that is particularly interesting here is the Reconcile algorithm, which
uses a multiaccuracy-type algorithm for reconciling two predictors such that the two agree by the
end and we have only improved their respective squared losses during the reconciliation process
[RTW23]. Indeed, as explained in [BCDT25], instead of using a weak agnostic learner as a distin-
guisher, we use the disagreement area between the two predictors as the witness. Given that these
ensembling and reconciliation methods aim to reduce the disagreement within the model class, we
can view them as helping reduce the abstention rate of the final predictor. Naturally, a drawback
of all of these variance-based methods is that they require fitting an entire class of models.

A popular frequentist uncertainty quantification method (as opposed to Bayesian-based ap-
proaches, some of which have been applied in the setting of fair classification [BAZ+21; KKR22;
HCM+23; TCL23]) is that of conformal prediction, first proposed by Gammerman, Vovk, and
Vapnik [VGS05; AB21]. Conformal prediction is a technique for determining precise levels of confi-
dence which can be applied to any method that has already been trained on the data [SV08]. In the
classification case, instead of a point-prediction (e.g., 0.8 for individual x), a conformal prediction
method returns a prediction set containing the possible labels for that point, such that the true
label is in this set with high probability. Thus, the bigger the set, the lower the confidence and the
higher the uncertainty. Some recent works have used multicalibration-like algorithms to extend the
conformal prediction setting to provide conditional guarantees instead of only marginal guarantees,
where we condition on groups in a collection [JLP+21; JNRR23].

Lastly, abstentions in learning have also been used to provide bounds on efficient learning in
the presence of arbitrary covariate shifts [KK21a; KK21b; GKKM20] and in the introduction of
partial hypotheses classes [Lon01; HP23].

6.1 Reliable agnostic learning

We want to take a rigorous and formal learning-theoretic approach to the problem of learning with
abstentions. In the setting of learning theory, the study of selective classification was started in 2009
by Kalai, Kanade, and Mansour, who coined it “reliable agnostic learning” [KKM12]. By adapting
the traditional agnostic learning framework, their model answers the questions: How can we come
up with a formal model of classifiers that abstain, what does it mean to “abstain optimally”, and
how can we learn such classifiers? Here, the goal is to output a selective classifier whose accuracy
nearly matches the accuracy of the best selective classifier from a pre-specified concept class. For
all statements and definitions regarding reliable agnostic learning, the concepts in C are always
Boolean.

Given its formal learning-theoretic guarantees, our starting point into the problem of learning
with abstentions is precisely the model of reliable agnostic learning introduced in [KKM12]. In
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order to formally introduce the model, we need to set up some notation, which we will be using
throughout Part II of this thesis.

Loss functions. In addition to the notation that we used in Part I of this thesis, we need to
introduce new definitions for dealing with loss functions, which play a central role in this second
part. In Part II of the thesis, we only consider Boolean concepts classes C. A loss function ℓ takes
a label y ∈ Y and an action t ∈ R and returns a loss value ℓ(y, t). Examples include the logistic
loss ℓ(y, t) = log(1 + exp(−yt)) or binary classification with different false-positive/negative costs
ℓ(y, t) = cy|y − t|. We let L = {ℓ : Y × R→ R} denote a collection of loss functions.

As usual, the goal is to find a hypothesis h : X → R that minimizes the expected loss ℓD :=

ED[ℓ(y, h(x))]. Specifically, we continue to work in the agnostic setting, where we want the expected
loss of our hypothesis h to be at most epsilon higher than the loss incurred by the best concept in C.
We formalized this notion of (strong) agnostic learning in Chapter 2. A key observation, which is
precisely what motivates the definition of an omnipredictor, is that the best concept in C depends
on the chosen loss function [GKR+22]. For example, if y ∼ Bern(0.2), then for the ℓ2 loss it is
optimal to predict 0.2, whereas for the ℓ1 loss we should predict 0.

We focus on the setting Y = {0, 1} of binary classification. In our setting, we allow predictors
to output an abstention ?, and so we consider triplets of loss functions (ℓ+, ℓ−, ℓ?). If a predictor is
allowed to abstain and thus ? is in its support, we denote it with an abstention sign in the subscript
of the predictor.

Losses (ℓ+, ℓ−, ℓ?). We further specify loss functions depending on the value of y ∈ {0, 1}. Given
a loss function ℓ : Y × {R ∪ {?}} → R, we decompose ℓ = (ℓ+, ℓ−, ℓ?) as follows:

1. Negative labels. For inputs (y, t) where t 6= ? and y = 0, we write ℓ+(t) for ℓD(0, t).

2. Positive labels. For inputs (y, t) where t 6= ? and y = 1, we write ℓ−(t) for ℓD(1, t).

3. Abstentions. For inputs (y, t) where t = ?, we write ℓ?(y) for ℓ(y, t). In turn to separate the
cases y = 1 and y = 0, we write ℓ?(1) = α+ and ℓ?(0) = α−. Whenever the predictor cannot
be uniquely inferred from the context, we still write ℓ?(y, t).

We drop D from the subscript if it can be directly inferred.
For example, in the specific case of the 0-1 loss, ℓ+(0, t) = |0−t| and ℓ−(1, t) = |1−t|, and so the

expected loss E[ℓ+(y, h(x))] is equal to the rate of false positives and E[ℓ−(y, h(x))] to the rate of
false negatives. The sum of losses ℓ++ℓ− corresponds to the usual definition of error of the predictor.
In turn, ℓ? generalizes the definition of the abstention rate of a predictor ED[1[h(x) = ?]]. The
case where ℓ?(y) = α for a fixed value of α > 0 corresponds to the traditional Chow model [Cho57;
KK21a]. Note that we allow different abstention costs depending on whether the corresponding
label is y = 0 or y = 1.

We are now ready to formally introduce the model of reliable agnostic learning. So far, we have
been using the general term “reliable agnostic learning”, which is in fact an umbrella term for three
different notions introduced by [KKM12]:
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• Positive reliable learning (PRL), where the goal is to almost never produce false positives.

• Negative reliable learning (NRL), where the goal is to almost never produce false negatives.

• Fully reliable learning (FRL), where the goal is to almost never make any errors, which is
doable because we add abstentions to the range of the predictor.

Thus we can view PRL and NRL as a model of learning for one-sided noise. This provides some
intuition for why Kanade and Thaler showed that reliable agnostic learning is easier than (weak)
agnostic learning [KT14]. Note that we only add abstentions in the case of FRL; indeed, PRL and
NRL are not selective classifiers.

To define PRL and NRL, we need to define the following two concept classes derived from the
input concept class C. Specifically, given a concept class C of Boolean concepts c : X → {0, 1} and
a distribution D, we further define the following concept classes derived from C [KKM12]:

C+ = {c ∈ C | ℓ+(c) = 0}, C− = {c ∈ C | ℓ−(c) = 0},

where D is always implicit in the loss functions.
Definition 6.1 (PRL for a family of loss functions L [KKM12; KT14]). A concept class C of
Boolean concepts is L-positively reliably learnable if there exists a learning algorithm that for any
distribution D over X × {0, 1}, any ℓ+, ℓ− ∈ L, and any ϵ, δ > 0, when given access to the example
oracle EX(D) and loss functions ℓ+, ℓ−, outputs a hypothesis h : X → [0, 1] that satisfies the
following with probability at least 1− δ:

1. E(x,y)∼D[ℓ+(h(x))] ≤ ϵ,

2. E(x,y)∼D[ℓ−(h(x))] ≤ minc+∈C+ E(x,y)∼D[ℓ−(c
+(x))] + ϵ.

The notion of L-negative reliable learning (NRL) is defined analogously, by switching the posi-
tives and the negatives:
Definition 6.2 (NRL for a family of loss functions L [KKM12; KT14]). A concept class C of
Boolean concepts is L-negatively reliably learnable if there exists a learning algorithm that for
any distribution D over X × {0, 1}, any ℓ+, ℓ− ∈ L, and any ϵ, δ > 0, when given access to the
example oracle EX(D) and loss functions ℓ+, ℓ−, outputs a hypothesis h : X → [0, 1] that satisfies
the following with probability at least 1− δ:

1. E(x,y)∼D[ℓ−(h(x))] ≤ ϵ,

2. E(x,y)∼D[ℓ+(h(x))] ≤ minc−∈C− E(x,y)∼D[ℓ+(c
−(x))] + ϵ.

Hence, in the case of the 0-1 loss, a positive reliable classifier is one that almost never produces
false positives while simultaneously minimizing false negative errors, attaining a rate comparable
to the false negative error rate of the best classifier c+ ∈ C+ [KT14]. Symmetrically, a negative
reliable classifier is one that almost never produces false negatives while simultaneously minimizing
false positive errors, attaining a rate comparable to the false positive error rate of the best c− ∈ C−.

Note that, by the definitions of C+ and C−, the concepts in C+ and C− also satisfy Condition 1 in
the respective definitions (i.e., almost no error; in their case, it is exactly 0 error). We remark that
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the original definitions by [KKM12] were introduced for the case of the 0-1 loss; we are proposing
the generalized versions of L-PRL and L-NRL. In the case of the 0-1 loss, ℓ+ corresponds to the
rate of false positives, and ℓ− corresponds to the rate of false negatives (which is why we chose the
subscripts this way). It can be more intuitive to think about the definitions in the case of the 0-1
loss, so we also include the original [KKM12] definitions for completeness:

err(h,D) = Pr
(x,y)∼D

[h(x) 6= y],

false+(h,D) = Pr
(x,y)∼D

[c(x) = 1 ∧ y = 0],

false−(h,D) = Pr
(x,y)∼D

[c(x) = 0 ∧ y = 1].

Note that err(h,D) = false+(h,D) + false−(h,D).
Definition 6.3 (PRL for the 0-1 loss [KKM12]). A concept class C of Boolean concepts is positive
reliably learnable if there exists a learning algorithm that for any distribution D over X × {0, 1},
any ϵ, δ > 0, with access to the example oracle EX(D), outputs a hypothesis h : X → {0, 1} that
satisfies the following with probability at least 1− δ,

1. false+(h,D) ≤ ϵ,

2. false−(h,D) ≤ minc∈C+ false−(c,D) + ϵ, where C+ = {c ∈ C | false+(c,D) = 0}.

Symmetrically, we have that:
Definition 6.4 (NRL for the 0-1 loss [KKM12]). A concept class C of Boolean concepts is negative
reliably learnable if there exists a learning algorithm that for any distribution D over X × {0, 1},
any ϵ, δ > 0, with access to the example oracle EX(D), outputs a hypothesis h : X → {0, 1} that
satisfies the following with probability at least 1− δ,

1. false−(h,D) ≤ ϵ, and

2. false+(h,D) ≤ minc∈C−(D) false+(c,D) + ϵ, where C− = {c ∈ C | false−(c,D) = 0}.

Adding abstentions. Both PRL and NRL are non-selective classifiers; indeed, we still map to
the range [0, 1] rather than [0, 1] ∪ ?. But if we want both the positive and the negative rates to be
low (i.e., for the total error to be low), then this is not possible unless we allow for ? to be in the
range of h as well. We need to include abstentions to the input concept class C, so that we can
compare the abstention rate incurred by our predictor to the best abstention rate in the class. To
do so, [KKM12] define the following class of selective classifiers from C, which we call SC(C) (for
“selective classifiers”). Given any c+ ∈ C+ and c− ∈ C−, we ensemble them to construct a selective
classifier c? = (c+, c−) as follows:

c?(x) =


1 if c+(x) = c−(x) = 1,

0 if c+(x) = c−(x) = 0,

? if c+(x) 6= c−(x).
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We then let SC(C) = {(c+, c−) | c+ ∈ C+, c− ∈ C−} (for “selective classifiers”) be another concept
class derived from C. As usual, the distribution D is implicitly in the construction of SC(C), given
that it is in turn implicit in the construction of C− and C+. Importantly, given the definitions of
C+ and C−, note that all concepts in SC have exactly 0 error over the non-abstaining region.

We can now define fully reliable learning using the base class SC(C):
Definition 6.5 (FRL for a family of loss functions L [KKM12; KT14]). A concept class C is L-fully
reliably learnable if there exists a learning algorithm that for any distribution D over X×{0, 1}, any
ℓ+, ℓ−, ℓ? ∈ L, and any ϵ, δ > 0, when given access to the example oracle EX(D) and loss functions
ℓ+, ℓ−, ℓ?, outputs a hypothesis h? : X → [0, 1] ∪ {?} that satisfies the following with probability at
least 1− δ:

1. E(x,y)∼D[ℓ+(h?(x)) + ℓ−(h?(x))] ≤ ϵ,

2. E(x,y)∼D[ℓ?(y, h?(x))] ≤ minc?∈SC(C) E(x,y)∼D[ℓ?(y, c?(x))] + ϵ.

We similarly generalized L-FRL from the original notion of FRL for the 0-1 loss [KKM12]. In
that case, the uncertainty ?(h?,D) of a Boolean selective classifier h? is defined as:

?(h?,D) = E
(x,y)∼D

[h(x) = ?].

Then, the original FRL notion is defined as:
Definition 6.6 (FRL for the 0-1 loss [KKM12]). A concept class C is fully reliably learnable if
there exists a learning algorithm that for any distribution D over X × {0, 1}, any ϵ, δ > 0, with
access to the example oracle EX(D), outputs a selective classifier h : X → {0, 1, ?}, that satisfies
the following with probability at least 1− δ,

1. err(h?,D) = false+(h?,D) + false−(h?,D) ≤ ϵ,

2. ?(h?,D) ≤ minc?∈SC(C) ?(c?,D) + ϵ.

Constructing PRL, NRL, and FRL predictors. For the specific case where L corresponds
only to the 0-1 loss, Kalai, Kanade, and Mansour showed that if C is efficiently agnostically learnable,
then C is also efficiently L-reliable learnable, all for PRL, NRL, and FRL [KKM12]:

Theorem 6.7 ([KKM12]). Let L contain only the 0-1 loss. If a concept class C is agnostically
learnable under distribution D in time T (ϵ, δ), then C is L-positively reliably learnable and L-
negative reliably learnable, both in time T (ϵ2/2, δ). Then, C is also L-fully reliably learnable, in
time 2T (ϵ2/8, δ/2).

To prove Theorem 6.7, they first construct PRL and NRL predictors, and then construct FRL
predictors by ensembling them. Specifically, to construct a PRL predictor from agnostic learning,
[KKM12] modify the target function (while leaving the underlying distribution unchanged) such
that false positives (with respect to the original function) are penalized much more than false
negatives. By choosing the parameters adequately, the output of the black-box agnostic learner is
close to the best positive-reliable classifier. The same argument holds symmetrically for the case
of NRL.
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To construct FRL predictors, we call our now existing oracles for PRL and NRL to get a PRL
predictor h+ and a NRL predictor h− with the appropriate parameters. Then, we can construct a
selective classifier h? : X → {0, 1, ?} exactly in the way that we defined SC(C). Namely,

h?(x) =


1 if h+(x) = h−(x) = 1,

0 if h+(x) = h−(x) = 0,

? if h+(x) 6= h−(x).

The key idea here is that, whenever h? abstains, one of h+, h− is making an error. The same is
true for the class SC(C): whenever any c? = (c+, c−) ∈ SC(C) abstains, one of c+ or c− is making an
error. In the case of c+, c− however, since by definition of C+, C− these concepts only make errors
of one type (for y = 0 or y = 1), then the abstention rate of c? is exactly equal to the sum of the
errors of c+ and c−.

Throughout the subsequent statements and proofs, by “efficiently” we mean that the algorithm
runs in polynomial time in the appropriate parameters. We drop the failure probability δ from the
statements.

6.2 Generalized Chow model

The PQ-learning and Chow models. The reliable agnostic framework is closely related to
two other well-studied theoretical models for learning with abstentions in the learning theory liter-
ature. The first is the PQ-learning model introduced by Goldwasser, Kalai, Kalai, and Montasser
[GKKM20]. In their work, adding abstentions to learning is motivated by the covariate shift prob-
lem, in which the training data is distributed according to P and the test data according to Q,
where P and Q can be arbitrary distributions over the domain X . This generic form of learning is
not possible to do in general, given that P and Q might not even overlap. To make this problem
tractable, Goldwasser et al. introduce the model of PQ-learning, where the learner has access to
unlabeled test examples from Q and the option to abstain on any point x ∈ X . They consider
the rejection rate of the algorithm (i.e., the fraction of X over which the classifier abstains) and
the misclassification rate, which quantifies the error of the classifier only over the subset of the
domain on which the classifier does not abstain. Goldwasser et al. give algorithms for building
selective classifiers in the PQ-learning model which guarantee low test error rate and low rejection
rate with respect to P for concept classes of bounded VC dimension [GKKM20]. Their algorithm
is efficient if we have access to an Empirical Risk Minimizer (ERM) for C. Note that classes C of
bounded VC dimension, being able to do ERM efficiently is equivalent to efficient proper agnostic
learning [KK21a].

In a follow-up work, Kalai and Kanade showed that PQ-learning is in fact equivalent to reliable
learning. Moreover, they provide further evidence that the computational hardness of PQ-learning
and reliable learning lies in-between PAC and agnostic learning (under the usual hardness assump-
tions), by showing that the class of parities is PQ-learnable. [KK21b]. This separation was already
shown by Kanade and Thaler, who gave an algorithm for reliably learning majorities over {0, 1}d

in time 2Õ(
√
d), whereas there are no known agnostic learning algorithms for this problem that run

in time less than 2Ω(d) [KT14].
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In another follow-up work, Kalai and Kanade consider a different formulation of the selective
classification problem considered by Goldwasser et al., which is based on Chow’s abstention model
[Cho57]. Here, instead of finding a trade-off between two error rates (namely the rejection rate and
the misclassification rate), we have a fixed parameter α > 0 which corresponds to the abstention
cost. I.e., for each x ∈ X , we either make a prediction and suffer a potential prediction loss, or we
abstain and pay a price of α. Importantly, Kalai and Kanade show that this is a stronger learning
model than that of PQ-learning/reliable learning, given their guarantees obtained in the Chow
model imply the PQ-bounds from [GKKM20], but the but the reverse does not hold. Specifically,
[KK21b] are able to by-pass the lower bounds shown in [GKKM20]. To optimize over the total loss
(i.e., the sum of the prediction loss and the abstention loss), [KK21b] also use an ERM oracle.

The generalized Chow model. In light of the results obtained in [GKKM20; KK21a; KK21b],
we formulate our selective omnipredictors following the Chow model, given that it is the strongest
learning-theoretic model. We use a generalized version of the model, which we call the generalized
Chow loss function:
Definition 6.8 (Generalized Chow loss). Given a triplet of loss functions (ℓ+, ℓ−, ℓ?) induced by
ℓ : Y × {R ∪ {?}} → R with associated weights (λ, µ, ν) and a selective classifier h? : X → R ∪ {?},
the generalized Chow loss incurred by h? is equal to

ℓGC,D(h?;λ, µ, ν) = E
(x,y)∼D

[λℓ+(h(x)) + µℓ−(h(x)) + νℓ?(y)].

One can include randomized predictors h? to this definition (where h? assigns a probability of
abstaining to each x ∈ X ); however, as we show later, randomization does not help in minimizing
the generalized Chow loss function.

6.3 Selective omniprediction

Recall the notion of omniprediction that we described in Chapter 2.4. Our goal is to introduce the
notion of abstentions to the omnipredictors framework. This goal is useful and beneficial in both
directions: for one, it expands the multigroup fairness framework from being entirely prediction-
based to being able to incorporate abstentions. The multigroup fairness framework originated as
an algorithmic fairness metric, and as we discussed in the introduction, it is natural and important
to be able to include abstentions in any automated decision-making process. In the other direction,
as we will show, the omniprediction framework allows us efficiently build predictors that obtain
optimal generalized Chow loss for any such loss in a very rich class of loss functions. Moreover,
by virtue of omniprediction, we can change the generalized Chow loss function at any point after
training, and our predictor (post-processed accordingly) will always remain optimal with respect
to the base concept class. This learning paradigm is extremely useful in practice: for example, this
allows us to change the abstention costs over time, or to change the cost of false positives or false
negatives over time. One can envision many practical settings in which this flexibility is highly
desirable; e.g., if not catching patients with a specific illness becomes increasingly more dangerous.
Note that our framework also allows us to separate the costs of both prediction and abstention for
the cases of y = 1 and y = 0 respectively.
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Figure 6.1: Selective omniprediction.

Following the original notion of omnipredictors, and using our generalized Chow loss function,
we define the notion of a selective omnipredictor as follows:
Definition 6.9 (Selective omniprediction). Given a concept class C of concepts c : X → R, distri-
bution D, ϵ > 0, and a class of loss functions L, we say that a predictor h : X → [0, 1] is a (L, C, ϵ)-
selective omnipredictor if for every (ℓ+, ℓ−, ℓ?) ∈ L and any associated weights (λ, µ, ν), there exists
a function k∗ℓ±,ℓ?

: [0, 1]→ R ∪ {?} such that for any post-processing function k : [0, 1]→ R ∪ {?},

ℓGC,D(k
∗
ℓ±,ℓ?

◦ h;λ, µ, ν) ≤ min
c?∈k◦C

ℓGC,D(c?;λ, µ, ν) + ϵ.

We remark that for all statements and definitions concerning omnipredictors and selective om-
nipredictors, the concepts in C always have range R.

Importantly, as in the original omniprediction framework, the optimal classifier c? in k ◦ C is
tailored to the specific triplet of loss functions, whereas h is a single classifier for all of L and (λ, µ, ν).
In the next chapter, we show that we can efficiently construct a (L, C)-selective classifier from a
C-multicalibrated predictor. Moreover, we will show that it is an optimal strategy to map each level
set of the multicalibrated predictor to ? or not (if not, we might still modify the p-values in the
post-processing step, but we always maintain the same level sets). Moreover, all of the p-values on
which we optimally abstain form a continguous interval, which we can compute directly from the
generalized Chow function independently of the data. We summarize the notion of a (L, C)-selective
omnipredictor in Figure 6.1.
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7
Selective Omniprediction & Reliable Learning

Loss minimization is a dominant paradigm in machine learning, where a predictor is
trained to minimize some loss function that depends on an uncertain event (e.g., “will
it rain tomorrow?”). Different loss functions imply different learning algorithms and,
at times, very different predictors. While widespread and appealing, a clear drawback
of this approach is that the loss function may not be known at the time of learning,
requiring the algorithm to use a best-guess loss function.

Gopalan, Kalai, Reingold, Sharan, and Wieder [GKR+22]

In this chapter, we show how to construct selective omnipredictors efficiently for
a rich class of loss functions. We show how we can determine the provably optimal interval of
abstention directly from the chosen generalized Chow loss, independently from the data. We give
concrete examples with typical examples of loss functions as to provide more intuition, and we
also provide experiments on synthetic data to demonstrate the feasibility and efficiency of selective
omniprediction in practice. Lastly, we show how we can use selective omnipredictors to obtain
L-fully reliable learners for any loss function in a rich class of loss functions L, thus generalizing
the results of [KKM12] for the 0-1 loss.

7.1 Constructing selective omnipredictors efficiently

As we have explained throughout this thesis, the key idea in the omniprediction framework is to
first learn a model p that is (C, ϵ)-computationally indistinguishable from the ground truth optimal
predictor p∗, which is accomplished through the technique of multicalibration, and then apply a
post-processing function k∗ℓ to p once a loss function ℓ ∈ L has been fixed. In our setting of selective
classification, similar to the original paper on omniprediction [GKR+22], we use the following post-
processing function that minimizes expected loss under the Bernoulli distribution, which we show
yields an optimal final loss (in the agnostic sense):
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Definition 7.1. Given loss functions (ℓ+, ℓ−, ℓ?) and corresponding weights (λ, µ, ν), let the func-
tion k∗ℓ±,ℓ?

: [0, 1]→ R ∪ {?} be defined as

k∗ℓ±,ℓ?
(p) = arg mint∈R∪{?} E

y∼Bern(p)
[λℓ+(t) + µℓ−(t) + νℓ?(y)]

= arg mint∈R∪{?} p ·
(
µℓ−(t) + να+

)
+ (1− p) ·

(
λℓ+(t) + να−

)
.

Intuitively, this is the right post-processing function because it is the optimal best-response for
the true predictor p∗, given that the true labels are distributed as Bern(p∗(x)). Given that p is
(C, ϵ)-multicalibrated for p∗, one can show that this is also the best-response for p.

Our main result in this section is the feasibility of efficiently constructing selective classifiers.
We remark that recent work has shown how we can construct omnipredictors from the weaker
primitive of (proper) calibrated multiaccuracy [OKK25]. However, for our construction, we seem
to require the full power of multicalibration. It is a very interesting future direction to understand
whether we can construct selective omnipredictors from a weaker primitive than multicalibration
and to determine how that relates to the learning primitives required to construct an omnipredictor.
For example, it is unclear whether we can have a general reduction from an omnipredictor to a
selective omnipredictor.

Theorem 7.2 (Constructing selective omnipredictors). Let C be a concept class of concepts
c : X → [−M,M ], D a distribution on X × {0, 1}, ϵ > 0, and L a family loss functions with
associated weights (λ, µ, ν) with λ + µ + ν ≤ 1, such that all ℓ ∈ L are B-Lipschitz. Then,
a (C, ϵ)-multicalibrated predictor is a (L, C, 4ϵβ + ϵB)-selective omnipredictor, where β is an
absolute bound on ℓ+, ℓ−, ℓ?.

Remark 7.3. The condition λ+ µ+ ν ≤ 1 is to ensure that the additive error term does not scale
up; equivalently we could just get 2B(λ+ µ+ ν)ϵ as the additive error.

Proof. Given the concept class C and parameter ϵ, we discretize each c ∈ C to precision ϵ (i.e., into
d1/ϵe many buckets). We denote these discretized concepts by ĉ and the corresponding concept
class by Ĉ. Because all loss functions are B-Lipschitz, discretizing the concepts to precision ϵ incurs
an additive error of at most ϵB.

We begin by calling the multicalibration theorem of [HKRR18; GHK+23] with X ,D, ϵ, and Ĉ

to obtain a (Ĉ, ϵ)-multicalibrated predictor h. For any fixed loss function ℓ = (ℓ+, ℓ−, ℓ?) ∈ L, we
claim that k∗ℓ±,ℓ?

◦ h, where k∗ℓ±,ℓ?
is the post-processing function defined in Definition 7.1, is a

selective omnipredictor.
By the definition of a selective omnipredictor, we want to show that generalized Chow loss

incurred by k∗ℓ±,ℓ?
◦ h is upper-bounded by the generalized Chow loss incurred by k ◦ c for every

c ∈ C, where k : [0, 1] → R ∪ {?} is an arbitrary post-processing function. By definition of k∗ℓ±,ℓ?
,

recall that

k∗ℓ±,ℓ?
(p) = argmint∈R∪{?} p ·

(
µℓ−(t) + νℓ?(1)

)
+ (1− p) ·

(
λℓ+(t) + νℓ?(0)

)
.

Following this generalized Chow loss expression (Definition 6.8), we decompose it into the expected
cost of predicting, which we denote by κpred, and the expected cost of abstaining, which we denote
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by κabs, both under the Bernoulli distribution (i.e., for y ∼ Bern(p(x)) for each p ∈ range(h)):

κpred(p) = min
t
p · µℓ−(t) + (1− p) · λℓ+(t),

κabs(p) = ν
(
p · ℓ?(1) + (1− p) · ℓ?(0)

)
= ν

(
p · α+ + (1− p) · α−

)
.

Note that the prediction cost depends on the value of t, whereas the abstention cost is independent
of t. Then, for each point p, in order to minimize the expected generalized Chow loss under the
Bernoulli distribution Bern(p(x)), we proceed in two steps:

• Find the value t∗(p) ∈ [−M,M ] that minimizes the value of κpred(p) given a fixed value of
p. This depends only on the choice of µ, ℓ−, λ, ℓ+ and not on the underlying data. This
corresponds to finding the t∗(p) value that minimizes the value of k∗ℓ (p).

• For each predicted value h(x) = p, we map it to either t∗(p) or ? depending on whether it is
cheaper to predict or to abstain; that is, depending on the value of min{κpred(t

∗(p)), κabs}.

In other words, we can re-write k∗ℓ±,ℓ?
as kabs ◦ k∗ℓ , where

kabs =

{
t∗ if κpred ≤ κabs

? if κpred > κabs

The key idea is the following: the true labels are distributed as y ∼ Bern(p∗(x)). So if we had access
to the true p∗(x) value for each x, then the optimal prediction/abstention decision rule (i.e., the
post-processing function applied to the p∗ value that yields the minimum total generalized Chow
loss) is precisely kabs.

We can write the cost function incurred by the post-processing function k∗ℓ±,ℓ?
= kabs ◦ k∗ℓ as:

κ(t, p) = min{p · µℓ−(t) + (1− p) · λℓ+(t), p · ℓ?(1) + (1− p) · ℓ?(0)}.

An important point to remark is that, while the prediction/abstention decision rule is decided
with the p-values (to which we have access to, since they correspond to the predictions of the
multicalibrated predictor h), the actual cost that we incur is computed with the true values p∗.
Multicalibration precisely allows us to bridge this gap: the predictor h believes that the labels are
distributed according to Bern(p(x)), and so it uses the function kabs ◦ k∗ℓ as post-processing, which
yields the optimal cost under the distribution y ∼ Bern(p(x)). In order to bridge the “simulated”
labels y ∼ Bern(p(x)), which are used in our decision rule, and the “true” labels y ∼ Bern(p∗(x)),
which yield the actual cost that we pay, we use the fact that h is C-multicalibrated, which ensures
that

E[y | h = p, ĉ = γ] ≈ E[p | h = p, c = γ]

for each γ in the range of ĉ. The RHS can equivalently be written as E[h | h = p, ĉ = γ]. This
“bridging” enabled by the multicalibration property satisfied by the predictor h is what allows us
to show that our selective omnipredictor (namely, the predictor k∗ℓ±,ℓ?

) incurs optimal loss with
respect to the class Ĉ.

We have discussed how the prediction/abstention decision rule for the multicalibrated predictor
is given by κ(t∗(p), p). As per the definition of a selective omnipredictor, we need to show that the
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generalized Chow loss incurred by k∗ℓ±,ℓ?
is upper-bounded by the generalized Chow loss incurred

by any of the selective concepts c?, where c ∈ C and k : [0, 1] → R ∪ {?} is any post-processing
function that adds abstentions to the concepts c ∈ C. The only natural restriction on k is that it
is a function of the values ĉ(·), and cannot be a function of x. E.g., if ĉ(x1) = γ = ĉ(x2), then it
must be that ĉ?(x1) = ĉ?(x2). Hence, in the case of the concepts ĉ ∈ Ĉ, we cannot directly assume
that the prediction/abstention decision rule corresponds to k∗ℓ±,ℓ?

as well.
However, we can use the multicalibration condition to reason about the loss incurred by the

concepts ĉ. Specifically, for each concept ĉ ∈ Ĉ, we define the sets X(p,γ) = {x ∈ X | h(x) =

p, ĉ(x) = γ} for each p ∈ range(h) and each γ ∈ range(ĉ). Moreover, we let

ϕ(p,γ) = E[y|x ∈ X(p,γ)].

The fact that h is (Ĉ, ϵ)-multicalibrated implies that

ϕ(p,γ) = E[y | h(x) = p, ĉ(x) = γ] ≈ϵ E[h(x) | h(x) = p, ĉ(x) = γ] = p =⇒ ϕ(p,γ) ≈ϵ p.

In practice, the multicalibration condition applies on expectation over the level sets X(p,γ) for
all p, γ. We fix a level set h(x) = p of h and a concept ĉ ∈ Ĉ. We want to compare the loss incurred
by k∗ℓ±,ℓ?

(h) with the loss incurred by k◦c, where k : [0, 1]→ R∪{?} is any post-processing function.
Within the level set h(x) = p, all of the values k∗ℓ±,ℓ?

(h) are the same, and so k∗ℓ±,ℓ?
(h) is either

predicting the value t∗(p) on all of the points in the level set h(x) = p, or abstaining in all of the
points in the level set, as determined by the cost function κ(t∗(p), p). Within the level set h(x) = p,
we further partition it according to the level sets of ĉ. That is, we consider the partition of Xp into
the sets X(p,γ) for each γ ∈ range(ĉ). For each x ∈ X(p,γ), ĉ either predicts or abstains, using a
decision rule k that is allowed to be arbitrary. For each set X(p,γ), we split the proof into 4 cases,
depending on whether h and ĉ decide to abstain or predict as per their respective decision rules.

Throughout, we let β denote a bound on the absolute values of ℓ+, ℓ−, ℓ?. Moreover, we can
write the loss function as

ℓGC,D(k
∗
ℓ±,ℓ?

◦ h;λ, µ, ν) = E
p∈range(h)

E
γ∈range(ĉ)

E
x∼D|X(p,γ)

[ℓGC,D(y, k∗ℓ±,ℓ?
(h(x)))],

and similarly for k ◦ ĉ.
Having fixed the values h = p and ĉ = γ, we argue about the expected loss incurred by the

post-processed multicalibrated predictor versus the expected loss incurred by the concept on the
level set X(p,γ).

1. k∗ℓ±,ℓ?
◦ h predicts & k ◦ ĉ predicts. We begin by swapping ϕ(p,γ) for p in the following

expression:

ϕ(p,γ) · µℓ−(t∗(p)) + (1− ϕ(p,γ)) · λℓ+(t∗(p)) = p · µℓ−(t∗(p)) + (1− p) · λℓ+(t∗(p))
+ (ϕ(p,γ) − p)(µℓ−(t∗(p))− λℓ+(t∗(p)).

By definition of t∗(p), it follows that t∗(p) is the minimizer of κpred(p) in [−M,M ] given a fixed

124



value of p. Hence,

p · µℓ−(t∗(p)) + (1− p) · λℓ+(t∗(p)) ≤ p · µℓ−(γ) + (1− p) · λℓ+(γ).

Swapping p for ϕ(p,γ) again, we get that

p · µℓ−(γ) + (1− p) · λℓ+(γ) + (ϕ(p,γ) − p)(µℓ−(t∗(p))− λℓ+(t∗(p))

= ϕ(p,γ) ·µℓ−(γ)+(1−ϕ(p,γ)) ·λℓ+(γ)+(ϕ(p,γ)−p)
[(
µℓ−(t

∗(p))−λℓ+(t∗(p))
)
−
(
µℓ−(γ)−λℓ+(γ)

)]
.

Putting everything together, we get that

ϕ(p,γ) · µℓ−(t∗(p)) + (1− ϕ(p,γ)) · λℓ+(t∗(p))

= ϕ(p,γ) ·µℓ−(γ)+(1−ϕ(p,γ)) ·λℓ+(γ)+(ϕ(p,γ)−p)
[(
µℓ−(t

∗(p))− ℓλℓ+(t∗(p)
)
−
(
µℓ−(γ)−λℓ+(γ)

)]
.

By the β-bound on the loss functions, and given that λ+ µ+ ν ≤ 1, it follows that

(ϕ(p,γ) − p)
[(
µℓ−(t

∗(p))− ℓλℓ+(t∗(p)
)
−
(
µℓ−(γ)− λℓ+(γ)

)]
≤ |ϕ(p,γ) − p| · 4β.

Therefore, over X(p,γ), where k∗ℓ±,ℓ?
◦ h is predicting p and k ◦ ĉ is predicting γ, the expected

generalized Chow losses compare as follows:

ℓGC,D(k
∗
ℓ±,ℓ?

◦ h;λ, µ, ν | x ∈ X(p,γ)) ≤ ℓGC,D(k ◦ ĉ;λ, µ, ν | x ∈ X(p,γ)) + |ϕ(p,γ) − p| · 4β.

2. k∗ℓ±,ℓ?
◦ h predicts & k ◦ ĉ abstains. As in the previous case, we swap ρ(p,γ) by p:

ϕ(p,γ) · µℓ−(t∗(p)) + (1− ϕ(p,γ)) · λℓ+(t∗(p)) = p · µℓ−(t∗(p)) + (1− p) · λℓ+(t∗(p))
+ (ϕ(p,γ) − p)(µℓ−(t∗(p))− λℓ+(t∗(p)).

By the decision rule for h determined by the value of κ(t∗(p), p), if k∗ℓ±,ℓ?
◦ h predicts on X(p,γ) this

implies that
p · µℓ−(t∗(p)) + (1− p) · λℓ+(t∗(p)) ≤ p · νℓ?(1) + (1− p) · νℓ?(0).

Again swapping p for ϕ(p,γ), we obtain:

p · νℓ?(1) + (1− p) · νℓ?(0) + (ϕ(p,γ) − p)(µℓ−(t∗(p))− λℓ+(t∗(p))

= ϕ(p,γ) · νℓ?(1) + (1− ϕ(p,γ)) · νℓ?(0) + (ϕ(p,γ) − p)
[(
µℓ−(t

∗(p))− λℓ+(t∗(p))
)
−
(
νℓ?(1)− νℓ?(0)

)]
.

By the β-bound on the loss functions, and given that λ+ µ+ ν ≤ 1, it follows that

(ϕ(p,γ) − p)
[(
µℓ−(t

∗(p))− λℓ+(t∗(p))
)
−
(
νℓ?(1)− νℓ?(0)

)]
≤ |ϕ(p,γ) − p| · 4β.

Therefore, putting everything together, we obtain that

ℓGC,D(k
∗
ℓ±,ℓ?

◦ h;λ, µ, ν | x ∈ X(p,γ)) ≤ ℓGC,D(k ◦ ĉ;λ, µ, ν | x ∈ X(p,γ)) + |ϕ(p,γ) − p| · 4β.
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3. k∗ℓ±,ℓ?
◦h abstains & k ◦ ĉ predicts. We start by swapping ρ for p as in the previous two cases:

ϕ(p,γ) · νℓ?(1) + (1− ϕ(p,γ)) · νℓ?(0) = p · νℓ?(1) + (1− p) · νℓ?(0) + (ϕ(p,γ) − p)(νℓ?(1)− νℓ?(0)).

Because k∗ℓ±,ℓ?
◦ h abstains on this level set, it must be that

p · νℓ?(1) + (1− p) · νℓ?(0) ≤ p · µℓ−(t∗(p)) + (1− p) · λℓ+(t∗(p)).

By definition of t∗(p) as the minimizer of κpred, for any value of γ we have that

p · µℓ−(t∗(p)) + (1− p) · λℓ+(t∗(p)) ≤ p · µℓ−(γ) + (1− p) · λℓ+(γ).

We again switch p back to ϕ(p,γ):

p · µℓ−(γ) + (1− p) · λℓ+(γ) + (ϕ(p,γ) − p)(νℓ?(1)− νℓ?(0))

= ϕ(p,γ) · µℓ−(γ) + (1− ϕ(p,γ))) · λℓ+(γ) + (ϕ(p,γ) − p)
[(
νℓ?(1)− νℓ?(0)

)
−
(
µℓ−(γ) + λℓ+(γ)

)]
By the β-bound on the loss functions, and given that λ+ µ+ ν ≤ 1, it follows that

(ϕ(p,γ) − p)
[(
νℓ?(1)− νℓ?(0)

)
−
(
µℓ−(γ) + λℓ+(γ)

)]
≤ |ϕ(p,γ) − p| · 4β.

Putting everything together, we obtain that

ℓGC,D(k
∗
ℓ±,ℓ?

◦ h;λ, µ, ν | x ∈ X(p,γ)) ≤ ℓGC,D(k ◦ ĉ;λ, µ, ν | x ∈ X(p,γ)) + |ϕ(p,γ) − p| · 4β.

4. k∗ℓ±,ℓ?
◦ h abstains & k ◦ ĉ abstains. In this case, given that the values of ℓ?(1) and ℓ?(0) are

independent of t, it directly follows that both k∗ℓ±,ℓ?
◦ h and k ◦ ĉ incur the exact same generalized

Chow loss on X(p,γ).

Conclusion. Putting these four cases together, and by taking the expected value over all level
sets X(p,γ), for all p in the range of h and γ in the range of ĉ, and by thus applying the multi-
calibration guarantee on E[|ϕ(p,γ) − p|] (i.e., which guarantees that E[|ϕ(p,γ) − p|] ≤ ϵ), we obtain
that

ℓGC,D(k
∗
ℓ±,ℓ?

◦ h;λ, µ, ν) ≤ ℓGC,D(k ◦ c;λ, µ, ν) + 4ϵβ.

Because these four cases are exhaustive and hold for all values of p and γ, we conclude that

ℓGC,D(k
∗
ℓ±,ℓ?

◦ h;λ, µ, ν) = E
p∈range(h)

E
γ∈range(ĉ)

E
x∼D|X(ϕ,γ)

[ℓGC,D(y, k∗ℓ±,ℓ?
(h(x)))]

≤ E
p∈range(h)

E
γ∈range(ĉ)

E
x∼D|X(ϕ,γ)

[ℓGC,D(y, k(c(x)))] + 4ϵβ

= ℓGC,D(k ◦ c;λ, µ, ν) + 4ϵβ.
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Therefore, for the non-discretized concept class C, and accounting for ϵB loss incurred in the
clippings of each of c and t∗(p), we conclude that

ℓGC,D(k
∗
ℓ±,ℓ?

◦ h;λ, µ, ν) ≤ ℓGC,D(k ◦ c;λ, µ, ν) + 4ϵβ + ϵB

for all loss functions in L, and hence h is a selective omnipredictor, as we wanted to show.

Then, the value of k∗ℓ±,ℓ?
can be computed efficiently because (1) computing the value of κpred(p)

corresponds to solving a one-dimensional minimization problem, and (2) the value of k∗ℓ±,ℓ?
is then

fully determined from the values κpred(p) with the optimal t = t∗(p) and of κabs, independent from
the data.

Lastly, we show that allowing for randomized selective predictors does not help in minimizing
the generalized Chow loss function. Suppose that the selective predictor was randomized, such that
for each point x ∈ X it would predict a value a ∈ [0, 1] indicating the probability of abstention on
x. Then, for a fixed t we can write our post-processing function as

k∗ℓ±,ℓ?
(p) = argmint,a(1− a)κpred + aκabs = (κabs − κpred) · a+ κpred.

For a fixed t ∈ R∪{?} (and once the loss functions have been fixed), the total loss only depends on
κpred and κabs, which in turn only depend on p. Note that after fixing t, k∗ℓ,a is a linear function on
κpred, κabs. This implies that the total generalized Chow loss is minimized at either a = 0 or a = 1,
so no fractional abstention is required.

Interval of abstention. Having shown that we can efficiently build selective omnipredictors, we
further show that all points p that are set to ? by k∗ℓ±,ℓ?

are in a contiguous interval. We formalize
this in the following lemma:

Lemma 7.4. Given any triplet of loss functions (ℓ+, ℓ−, ℓ?) ∈ L, the points x ∈ R such that
k∗ℓ±,ℓ?

(x) = ? form a contiguous interval, which we denote by Iabs.

To prove Lemma 7.4, we first show the following intermediate lemma:

Lemma 7.5. The function κpred(p, t
∗) is concave as a function of p.

Proof. Recall that κpred(p, t
∗) = mint p·µℓ−(t)+(1−p)·λℓ+(t), where κpred(p, t

∗) = mint∈R κpred(p, t).1

For every fixed t0 ∈ R, the function κpred(p, t0) is affine in p:

κpred(p, t0) =
(
µℓ−(t0)− λℓ+(t0)

)
· p+ λℓ+(t0).

Affine functions are convex and concave, and so κpred(p) = mint0∈R κpred(p, t0) is equal to the
pointwise infimum of a family of affine functions in p. It is a known fact in analysis that the
pointwise infimum of affine functions is concave, and so κpred(p, t

∗) is indeed concave as a function
of p.

1In the proof of Theorem 7.2 we used κpred(p). Here we write t∗ to remind that the function has been minimized
with respect to t.
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(b) Example with the ℓ2 function; κpred(p, t) with fixed
values of t. For each fixed value of t, the resulting function
is affine in p.

Proof of Lemma 7.4. Recall that k∗ℓ±,ℓ?
(p) = min{κpred(p, t

∗), κabs(p)}.2 Per Lemma 7.5, the func-
tion κpred(p, t

∗) is concave in p. By definition, note that κabs(p) is affine in p:

κabs(p) =
(
να+ − α−

)
p+ α−.

Therefore, the function κpred(p, t
∗)− κabs(p) is still concave in p. Hence this function has at most

two roots, and hence the set of points p where κpred(p, t
∗) ≥ κabs(p) forms a contiguous interval

(which can be empty, in the case where it is always better to predict than to abstain). By the
definition of our post-processing function k∗ℓ±,ℓ?

(p), this interval corresponds precisely to the set of
points where k∗ℓ±,ℓ?

(p) = ?, and hence this interval is equal to Iabs.

Figure 7.1b illustrates the concavity of κpred(p, t) as a function of t (left) and the affinity of
κpred(p, t) as a function of p (right), which prove that the abstentions as allocated by the selective
omnipredictor occur in one contiguous (and possibly empty) interval Iabs.

Importantly, note that we can determine Iabs directly from the chosen triplet of functions
(ℓ+, ℓ−, ℓ?), without any dependence on the underlying data. This is why our method is highly effi-
cient: once we run the multicalibration algorithm, we directly apply our off-the-shelf post-processing
function k∗ℓ±,ℓ?

.

Omniprediction with constraints. Recent work by Hu, Livni-Navon, Reingold, and Yang
extends the line of work on omniprediction to constrained optimization problems [HNRY23]. This
allows the learner to train agnostic to the final choice of loss function as well as of constraints
that will be later imposed (as long as these satisfy certain conditions). By viewing Condition 1 in
the definitions of PRL, NRL, and FRL as a constraint, one could potentially adapt their results
in order to construct L-PRL and L-NRL predictors, and then ensemble them in the usual way to
obtain L-FRL predictors. It is unclear how this approach could be used to obtain optimality in the
more general framework of selective omniprediction with generalized Chow losses (Definition 6.9),
rather than restricted to the concept class SC(C).

Lastly, one could relax the B-Lipschitzness requirement by using the formulation of (B, ϵ)-nice
loss functions introduced in [GKR+22].

2In the case of ties, we decide to predict.
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7.1.1 Selective omnipredictors in action

While our results are theoretical, we provide experiments with synthetic data to demonstrate the
feasibility of selective omniprediction in practice and to provide some concrete examples of the
function k∗ℓ±,ℓ?

for specific choices of triplets of loss functions (ℓ+, ℓ−, ℓ?).3

Experimental details. First, we generate 10, 000 samples and 20 features as our data using
sk-learn’s function make_classification and train a random forest to obtain baseline predictions.
We then implement the multicalibration algorithm from scratch using the concept class C of decision
trees of depth 3. At each step, we check for correlation between any concept in C and the residuals
computed with the current predictions. For the multicalibration algorithm, we use a discretization
parameter of 0.1, a learning rate of 0.01, and 200 maximum iterations. The multicalibration
algorithm is run on the validation set (20% of the data) and we then report all of our statistics on
the test set (20% of the data). This gives us a predictor h; note that so far we have not used any
loss functions.

Next, we choose specific triplets of loss functions (ℓ+, ℓ−, ℓ?) and for each we apply our post-
processing function k∗ℓ±,ℓ?

. We use the triplets are shown in Table 7.1. This is a pre-computed
function that we derive mathematically, so it is extremely efficient to post-process our h in this
way. For each triplet, we compute the total coverage, the total loss over the non-abstaining region
(i.e., ℓ+ + ℓ−), and the abstention loss (i.e., ℓ?). Separately, we perform the usual loss-specific
minimization to compare with. In order to use the same concept class C, we implement decision trees
that minimize the Chow losses for the chosen triplet (ℓ+, ℓ−, ℓ?). That is, we train a different decision
tree (that adds abstentions) optimized specifically for minimizing the Chow loss corresponding to
each of the different triplets in Table 7.1. We similarly report the total coverage, the total loss over
the non-abstaining region, and the abstention loss (i.e., ℓ?).

The bar plots show the points p ∈ [0, 1] where k∗ℓ±,ℓ?
◦ h abstains for different triplets of loss

functions, indicated in the caption of each subfigure. We compute Iabs theoretically for each of these
triplets, independently of the data (we provide the calculations below after the table); in Figure 7.2
one can see that these are indeed the regions where our algorithm abstains in practice. Table 7.1
shows the final loss and coverage incurred by our single selective omnipredictor (post-processed
accordingly) compared to those obtained by each of the decision trees, which are trained separately
optimizing for each of the triplets of loss functions.

We repeat all of this process for different initializations of the synthetic data and report one
such run in Table 7.1. All runs demonstrate the same pattern: our post-processed predictor h, even
though it is a single predictor for all of the loss triplets, achieves better coverage and better loss
than the generalized Chow loss-specific abstaining decision tree. Intuitively, this occurs because
the multicalibration post-processing helps calibrate the predictions by pushing them towards 0 and
1. In contrast, the decision tree abstains significantly more and tends to obtain lower loss over the
non-abstention region). The experiments demonstrate the utility of using selective omniprediction
in practice.

3The code can be found at https://github.com/silviacasac/learning-to-abstain.
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ℓ+ = ℓ− = ℓ1, ℓ? = 0.1,
Iabs = [0.1, 0.9].

ℓ+ = ℓ− = ℓ1, ℓ? = 0.2,
Iabs = [0.2, 0.8].

ℓ1, ℓ?(1) = 0.3, ℓ?(0) = 0.1,
Iabs = [0.125, 0.75].

ℓ2, ℓ? = 0.1,
Iabs =

[
1−

√
0.6

2
, 1+

√
0.6

2

]
.

ℓ2, ℓ? = 0.2,
Iabs =

[
1−

√
0.2

2
, 1+

√
0.2

2

]
.

ℓ2, ℓ?(1) = 0.3, ℓ?(0) = 0.1,
Iabs =

[
4−

√
6

10
, 4+

√
6

10

]
.

Figure 7.2: Final loss and coverage incurred by our single selective omnipredictor, post-processed with the function k∗
ℓ±,ℓ?

for each of the specific triplets indicated in the subfigure caption. Red: abstain. Blue: predict.

Table 7.1: Comparison of coverage and losses. “Cov” stands for coverage, “Pred” for predicted loss (i.e., over the non-
abstaining region), and “Total” for the total generalized Chow loss.

ℓ? = 0.1 ℓ? = 0.2 ℓ?(1) = 0.3, ℓ?(0) = 0.1

k∗ℓ±,ℓ?
◦ h Abst. DT

ℓ1

Cov: 22.00%
Pred: 0.045
Total: 0.088

Cov: 2.30%
Pred: 0.001
Total: 0.098

ℓ2

Cov: 24.15%
Pred: 0.046
Total: 0.087

Cov: 3.80%
Pred: 0.001
Total: 0.098

k∗ℓ±,ℓ?
◦ h Abst. DT

ℓ1

Cov: 52.70%
Pred: 0.083
Total: 0.139

Cov: 3.80%
Pred: 0.002
Total: 0.194

ℓ2

Cov: 61.15%
Pred: 0.078
Total: 0.125

Cov: 13.20%
Pred: 0.010
Total: 0.183

k∗ℓ±,ℓ?
◦ h Abst. DT

ℓ1

Cov: 42.90%
Pred: 0.058
Total: 0.144

Cov: 2.50%
Pred: 0.002
Total: 0.198

ℓ2

Cov: 64.60%
Pred: 0.082
Total: 0.122

Cov: 13.00%
Pred: 0.002
Total: 0.193
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Examples of selective omnipredictors. To give some more concrete intuition, we provide
concrete examples of the post-processing function k∗ℓ±,ℓ?

for specific choices of loss function triplets
(ℓ+, ℓ−, ℓ?). We do so for the triplets of loss functions used in Figure 7.2, and for each triplet we
theoretically derive the abstention interval Iabs. Recall that Iabs only depends on the chosen gener-
alized Chow loss, and not on the underlying data, which is what makes our selective omniprediction
framework extremely efficient to adapt to many different loss functions.

ℓ1 loss with different abstention costs. Consider letting ℓ−, ℓ+ correspond to the 0-1 loss,
and let the abstention cost be fixed at some value α > 0. That is:

ℓ−(t) = |1− t|, ℓ+(t) = |t|, ℓ?(y) = α.

Then,
κpred(p) = min

t
p · |1− t|+ (1− p) · |t|, κabs = α.

The value t∗(p) that minimizes κpred(p) for each p corresponds to k∗ℓ (p) = t∗(p) = 1[p ≥ 1/2].
Then, for each predicted value h(x) = p, k∗ℓ±,ℓ?

will compare the expected prediction cost under the
Bernoulli distribution y ∼ Bern(p), namely

κpred(p) = p · |1− t∗(p)|+ (1− p) · |t∗(p)| = p ·
∣∣1− 1[p ≥ 1/2]

∣∣+ (1− p) ·
∣∣1[p ≥ 1/2]

∣∣, (7.6)

with the expected cost of abstention κabs = α. If κpred(p) ≤ κabs, then k∗ℓ±,ℓ?
(p) = t∗(p); otherwise,

k∗ℓ±,ℓ?
(p) = ?.

We compute the interval Iabs for different choices of α. For an arbitrary value of κabs = α, Iabs
corresponds to the interval contained between the roots of the polynomial κpred(p) − κabs, which
is a function in p. In the case of α = 0.1, the roots of κpred(p) − 0.1 (where κpred is given in
Equation 7.6) yield Iabs = [0.1, 0.9]. For α = 0.2, the roots of κpred(p)− 0.2 yield Iabs = [0.2, 0.8].

Lastly, we consider the case where ℓ?(1) = α+ = 0.3 and ℓ?(0) = α− = 0.1. Here, we have that

κabs(p) = p · α+ + (1− p) · α−.

Then, the roots of the polynomial κpred(p)− p · α+ + (1− p) · α− for α+ = 0.3 and α− = 0.1 yield
Iabs = [0.125, 0.75].

ℓ2 loss with different abstention costs. In the case of the ℓ2 loss, and still with fixed
abstention cost ℓ?(y) = α, we have that

k∗ℓ±,ℓ?
(p, t) = p · (1− t)2 + (1− p) · (0− t)2 + aα.

Hence, if we decide to predict, we pay an expected cost of κpred(p) = mint p·(1−t)2+(1−p)·(0−t)2.
If we abstain, we pay an expected cost κabs(p) = α. Both of these expected costs are under the
Bernoulli distribution y ∼ Bern(p). For a fixed value of p, the function κpred(p, t) is minimized at
t∗(p) = p, and hence

κpred(p, t
∗) = p · (1− p)2 + (1− p) · p2.

Hence, the value of k∗ℓ±,ℓ?
(p) is fully determined by the quantity min{p · (1− p)2 + (1− p) · p2, α}.
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We can similarly compute the interval Iabs for different choices of α by computing the roots of the
polynomial κpred−κabs. In the case of α = 0.1, the roots of κpred(p)−0.1 yield Iabs = [1−

√
0.6

2 , 1+
√
0.6

2 ].
For α = 0.2, the roots of κpred(p)− 0.2 yield Iabs = [1−

√
0.2

2 , 1+
√
0.2

2 ].
Lastly, we again consider the case where ℓ?(1) = α+ = 0.3 and ℓ?(0) = α− = 0.1. The roots of

the polynomial κpred(p)− p ·α+ + (1− p) ·α− for α+ = 0.3 and α− = 0.1 yield Iabs = [4−
√
6

10 , 4+
√
6

10 ].
All of these theoretically-derived abstention intervals Iabs can be visualized in our experiments,

as summarized in Figure 7.2. We further provide an illustrative example in Figure 7.3 to show how
the abstention interval Iabs widens when we decrease the cost of abstention from 0.2 to 0.1.

0.2 0.4 0.6 0.8 1

−0.2

0.2

0.4

p

0.2 0.4 0.6 0.8 1

−0.2

0.2

0.4

p

Figure 7.3: Example with the ℓ2 loss and ℓ?(y) = 0.2 for all y (i.e., the traditional Chow abstention model) in the left
subfigure and ℓ?(y) = 0.1 for all y in the right subfigure. The purple line represents κpred(p, t

∗) and the orange line
represents κabs(p). The green line represents κpred(p, t

∗) − κabs(p), so its roots determine the interval Iabs where we
abstain optimally (shaded in blue). In the left example, Iabs =

[
(1 −

√
0.2)/2, (1 +

√
0.2)/2

]
, independent of the data.

As we decrease the cost of abstention from α = 0.2 to α = 0.1 (and so the orange line moves down), our selective
omnipredictor obtains an increasingly wider abstention interval Iabs (e.g., in the right subfigure), as one would expect.

An indistinguishability-based view on abstention. The fact that we can determine the
abstention of interval Iabs of a multicalibrated predictor directly from the triplet (ℓ+, ℓ−, ℓ?) inde-
pendently from the data is coherent with the indistinguishability-based view on learning that we
have explained at various points in this thesis. For example, in the case of the ℓ1, ℓ2 losses with
symmetric α+ = α− abstention costs, if we had access to the actual ground truth predictor p∗, we
would abstain in the same Iabs interval that we have computed in this section, and we would expect
Iabs to be centered around 1/2. Intuitively, in the omniprediction paradigm we always act “as if”
we were dealing with the p∗ probabilities rather than those of p. This approach yields the optimal
loss because p is C-multiaccurate, and hence, as we explained in Chapter 2, the action we take
with p looks like the optimal action we would have taken with p∗, as far as the concepts in C are
concerned. Similar for us, it yields the optimal generalized Chow loss. This works because both the
omniprediction and selective omniprediction definitions operate within the agnostic setting, where
the losses are always considered optimal with respect to the base concept class C.

Selective classification and the model multiplicity problem. As we discussed in the be-
ginning of Chapter 6, recent work has studied the reliability of predictions through the model
multiplicity problem. In this context, we train a model class of multiple competing predictors, and
then we decide to abstain on a point if there is too much disagreement in the class concerning its
prediction. In a sense, we can view the model multiplicity approach as computing uncertainty by
using a model class to compare to, whereas in our selective omniprediction method the predictor
is able to measure its own reliability, without needing to train any other predictor.

132



Recently, an approach based on the multigroup fairness literature called Reconcile has been
proposed for reconciling two predictors that disagree substantially in their predictions [RTW23;
BCDT25]. Essentially, we use a multiaccuracy-type algorithm to use their area of disagreement
as a witness, and then we perform a gradient update on the predictor using the witness, which
we know can only improve the squared loss. It would be interesting to couple this reconciliation
procedure with our selective omniprediction method, especially since both approaches reside within
the multigroup fairness framework. That is, it is very natural to instead try to reconcile a pair
of selective classifiers. By the nature of the Reconcile algorithm, we would expect such a process
to yield an ensembled classifier that has brought the disagreement region to disappear, and such
that in the process (1) we have only improved the accuracy of the two predictors and (2) reduced
their abstention rates. This is coherent with our interpretation of the Iabs interval, since in the
reconciliation procedure we polarize the values towards 0 or 1. Thus, even though Iabs is fixed
independent of the data, the reconciliation/boosting procedure would push the values closer to 0
and 1, and thus points would “leave” the abstention interval Iabs, causing both the accuracy to
increase and the abstention rate to decrease.

7.2 Building general reliable agnostic learners

We show how we can use our efficient construction of selective omnipredictors to recover and
generalize the results on reliable agnostic learning obtained by [KKM12] from 0-1 loss to an entire
family of loss functions (as defined in Section 6.1). In this sense, we observe a phenomenon similar to
the recently discovered relationship between multicalibration and the Regularity Lemma [CDV24;
DLLT23]: by starting from the multigroup fairness framework, we can cast these notions back to
the fields of complexity and learning theory and recover and generalize previously-known and much
older “classical” results. Here, the omniprediction framework has allowed us to revisit the work by
Kalai, Kanade, and Mansour from 2009 and generalize their constructions to a rich class of loss
functions. Formally:

Theorem 7.7. Let C be a concept class on X , L any class of B-Lipschitz loss functions,
and D a distribution on X × Y. If C is agnostically learnable under D in time T (ϵ, δ), then
C is L-fully reliably learnable under D in time T (ϵ2/6, δ).

Indeed, note that here we use our proposed notion of L-FRL (Definition 6.5), which is a gener-
alization of the 0-1 version proposed in [KKM12].

Proof. Let ϵ be the target error parameter for fully reliable learning. We consider the parameters
λ = µ = 1/3 and ν = ϵ/6. Let c∗? be an optimal abstaining classifier in SC(C). By definition of
SC(C), it follows that all concepts in SC(C) incur 0 error over the non-abstaining region, and hence

ℓGC,D(c
∗
?;λ, µ, ν) = νℓ?(c

∗
?).

Let h be a (L, C, γ)-selective omnipredictor (which we can obtain for C given that C is agnostically
learnable, as shown in Theorem 7.2). By the selective omniprediction guarantee, it follows that for
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any post-processing function k : [0, 1]→ R ∪ {?},

ℓGC,D(h;λ, µ, ν) ≤ min
c?∈k◦C

ℓGC,D(c?;λ, µ, ν) + γ.

In particular, this implies that

ℓGC,D(h;λ, µ, ν) ≤ ℓGC,D(c
∗
?;λ, µ, ν) + γ = νℓ?(c

∗
?) + γ.

By setting γ = ϵ2/6, and using the fact that ℓ?(c∗?) ≤ 1, since λ = 1/3, ν = ϵ/6 we get that

1

3
ℓ+(h) ≤ ϵ/6 + ϵ2/6,

and so ℓ+(h) ≤ ϵ. Similarly, since µ = 1/3, we have that ℓ−(h) ≤ ϵ. Finally,

νℓ?(h) ≤ νℓ?(c∗?) + ϵ2/6,

and since ν = ϵ/6 it follows that ℓ?(h) ≤ ℓ?(c∗?)+ ϵ. This completes the proof, given that h satisfies
Conditions 1 and 2 in the definition of L-fully reliable learning.

It is interesting to remark that both here and in the original proof in [KKM12], we have an
ϵ2 dependence. Namely, when calling the agnostic learning oracle, [KKM12] need to call it with
error ϵ2. Likewise, here we need to call our selective omnipredictor construction with error ϵ2. An
intriguing future direction would be to determine whether or not this ϵ2 dependence is inherent to
reliable agnostic learning, or whether we can relax it ϵ.
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8
Learning Abstentions Fairly

Multigroup fairness is a class of definitions of fairness proposed in the last five years.
Instead of providing aggregate statistical guarantees for a few protected categories
(defined by race, ethnicity, gender, age, and so on), these definitions suggest giving
such guarantees to a large (often exponential) number of sets. The intuition is that
providing meaningful fairness guarantees to a group requires extending these
guarantees to subgroups that are relevant in the setting we consider.

Simons Institute workshop on Multigroup Fairness and the Validity of Statistical
Judgment, April 2023.

So far, we have considered the question of how to learn abstentions optimally, where
we measure optimality in the agnostic sense, with respect to a base concept class C and a generalized
Chow loss function ℓGC. The motivation for abstaining is to be able to make almost no errors when
predicting, which we can accomplish by mapping the uncertain points x ∈ X to ‘?’ instead.

However, as we are coming from the multigroup fairness framework, we might additionally
have fairness concerns, which should be very natural for us to think about at this point of the
thesis: suppose that we have a collection G = {g : X → {0, 1}} of subgroups of interest of the
domain, which can intersect arbitrarily. Besides achieving high accuracy over the points where we
do predict a numerical value, we would also like to abstain fairly (i.e., optimally) on each of the
groups g ∈ G, so that we avoid achieving high global accuracy at the expense of overly abstaining
on some subgroups. That is, we want to bring the “multi” perspective into the notion of reliable
agnostic learning. All throughout this chapter, the concepts in C are Boolean.

8.1 Multigroup reliable learning

How can we measure how an optimal abstention rate looks like within each of the groups g ∈ G?
Motivated by the reliable agnostic learning framework [KKM12], we do so by requiring our predictor
to abstain no more than the optimal selective classifier c? ∈ SC(C) (with an ϵ slack) on each group
g ∈ G, where the optimal c? ∈ SC(C) can naturally be different for each group. That is, similar
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to our notion of a selective omnipredictor, we want to construct a single classifier simultaneously
for all groups, but its abstention rate competes with that of a c? that is chosen optimally in each
group. This is an idea that we have repeatedly seen in the thesis; for example, in the notion of
swap agnostic learning.

Formally, we introduce the following definition, which can be viewed as the “multigroup” version
of the FRL definition.
Definition 8.1 ((C,G)-multigroup selective classifier). Given a collection of subgroups G of X , a
concept class C, distribution D, and ϵ > 0, we say that a predictor h? : X → [0, 1] ∪ {?} is a
(C,G, ϵ)-multigroup selective classifier if the following two conditions are satisfied:

1. Global accuracy. errD(h?) = E(x,y)∼D[|y− h?(x)| · 1[h?(x) 6=?]] ≤ ϵ.

2. Optimal local abstention rate. For every g ∈ G,

Pr
(x,y)∼D

[
g(x) · 1[h?(x) = ?]

]
≤ min

c?∈SC(C)
Pr

(x,y)∼D

[
g(x) · 1[c?(x) = ?]

]
+ ϵ.

Note that Condition 2 automatically implies an optimal global abstention rate as well, by
applying the local condition with the constant function g = 1 (which we assume is always contained
in G without loss of generality).

Note that so far in this thesis we had always (implicitly or explicitly) taken C = G. While this
can be advantageous in some situations, this notion demonstrates why it is useful to separate the
base concept class C from the collection of groups G. At the end of the day, they are different
objects.

While the notion of (C,G)-multigroup selective classification is clearly desirable, we need to be
able to construct if efficiently. Can we do that? Perhaps surprisingly, we now have the primitive
of calibrated multiaccuracy, which played a central role in Part I of this thesis, make a comeback!
Specifically, it turns out that we can efficiently construct a (C,G, ϵ)-multigroup selective classifier
for any C,G from a multiaccurate predictor for the class C · G = {cg | c ∈ C, g ∈ G} that is also
globally calibrated:

Theorem 8.2. Given access to a (C ·G, ϵ2/8)-multiaccurate and calibrated predictor that runs
in time T (ϵ, δ), we can construct a (C,G, ϵ)-multigroup selective classifier in time T (ϵ, δ).

Because from Part I we know that we need the primitive of a weak agnostic learner in order
to construct a calibrated and multiaccurate predictor, this means that here we require access to a
C · G-calibrated and multiaccurate predictor. A priori, it does not seem like we can achieve such
learning from having a separate weak agnostic learner for each of C and G.

The key idea in our proof is to convert a (C · G, ϵ)-multiaccurate and calibrated predictor h :

X → [0, 1] into a multigroup selective classifier by mapping all x such that h(x) ∈ (ϵ, 1 − ϵ) to
?. Intuitively, this thresholding will ensure that we can achieve global accuracy while not over-
abstaining. For each group g, let cg? = (cg+, c

g
−) be an optimal selective classifier in SC(C) within g.

Since cg+ ∈ C+, it follows that whenever cg+ = 1, the true label y on that point is also 1. By the
multiaccuracy guarantee for cg+ and g (which is in C · G), we obtain that ED[y] ≈ ED[h(x)] ≈ 1 in
the region where cg+(x) = 1, g(x) = 1. A symmetric argument holds with cg− and g. Lastly, we use
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the global calibration condition to ensure that our thresholded h? remains accurate in the entire
domain.

A key property to realize about the concepts c+ ∈ C+, c− ∈ C− is that, by definition of C+, C−,
it follows that

c+ = 1 =⇒ y = 1 y = 0 =⇒ c+ = 0

c− = 0 =⇒ y = 0 y = 1 =⇒ c− = 1

Proof. Let g ∈ G be some group and let us focus on the part of the domain Xg = {x | g(x) = 1}.
Consider the classes C+g , C−g derived from the Boolean concept class C, where C+g (D) = {c ∈ C |
Pr[c(x) = 1, g(x) = 1, y = 0] = 0} and C−g (D) = {c ∈ C | Pr[c(x) = 0, g(x) = 1, y = 1] = 0}.

Let h be a (C · G, ϵ2/8)-multiaccurate and calibrated predictor for X ,D, which we can build
using Theorem 2.16. Consider any c+ ∈ C+g ⊆ C. The multiaccuracy condition is ensured for all
c · g ∈ C · G, and so for this particular c+ and fixed group g we have that∣∣E

D

[
(g(x) · c+(x))(y− h(x))

]∣∣ ≤ ϵ2/8.
Given that whenever c+(x) = 1 and g(x) = 1, we have that y = 1 by definition of C+g , it follows
that

E
D
[y | g(x) = 1, c+(x) = 1] = 1.

That is, within the region in Xg where c+(x) = 1, we have that ED[y] = 1. Then, by the multiac-
curacy guarantee on c+ · g, it follows that the expected value of h over the same region (i.e., where
c+(x) = 1 inside of Xg) is also close to 1:∣∣E

D

[
(g(x) · c+(x))(y− h(x))

]∣∣ = ∣∣E
D

[
(g(x) · c+(x))(1− h(x))

]∣∣ ≤ ϵ2/8,
and so

E
D
[h(x) | g(x) = 1, c+(x) = 1] ≥ 1− ϵ2

8ED[g(x)c+(x)]
. (8.3)

Now, we have two cases, either Pr[c+(x) = 1, g(x) = 1] = ED[c+(x)g(x)] ≤ ϵ/2, in which case we
trivially have,

E
[
1[h(x) ≥ 1− ϵ] · g(x)

]
≥ E

D
[c+(x)g(x)]− ϵ/2,

or, from Equation 8.3, we have that

E
D

[
1[h(x) ≤ 1− ϵ] | g(x) = 1, c+(x) = 1

]
≤ ϵ

4ED[g(x)c+(x)]
.

In this case, by taking the complement and multiplying both sides by ED[g(x)c+(x)], we get,

E
D

[
1[h(x) ≥ 1− ϵ] · g(x)

]
≥ E

D

[
1[h(x) ≥ 1− ϵ] · g(x)c+(x)

]
≥ E

D
[c+(x)g(x)]− ϵ/4.
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Thus, in either case we have,

E
D

[
1[h(x) ≥ 1− ϵ] · g(x)

]
≥ E

D
[c+(x)g(x)]− ϵ/2.

A symmetric argument holds in the case of c− ∈ C− with the same group g. By the definition of
C−g (D), it holds that whenever c−(x) = 0 and g(x) = 1, y = 0, and so within the region in Xg where
c−(x) = 0, ED[y] = 0. Let c̄− be the complement of c− (which we can take since C is closed under
complement). Then, it follows that:

E
D
[y | g(x) = 1, c̄−(x) = 1] = 0.

By the multiaccuracy guarantee on c̄− · g, we can use an identical argument above (by a case
distinction on whether Pr[c−(x) = 0, g(x) = 1] ≥ ϵ/2) to show that

E
D

[
1[h(x) ≤ ϵ] · g(x)

]
≥ E

D
[c̄−(x)g(x)]− ϵ/2,

From the (C ·G, ϵ2/8)-multiaccurate and calibrated h, we construct our (C,G, ϵ)-multigroup selective
classifier h? by post-processing h as follows:

h?(x) =

{
h(x) if h(x) ∈ [0, ϵ] ∪ [1− ϵ, 1],
? if h(x) ∈ (ϵ, 1− ϵ).

Observe that

E
D

[
1[h?(x) 6=?] · g(x)

]
= E

D

[
1[h(x) ≥ 1− ϵ] · g(x)

]
+ E

D

[
1[h(x) ≤ ϵ] · g(x)

]
≥ E

D
[c+(x)g(x)] + E

D
[c̄−(x)g(x)]− ϵ.

Recall that any c? ∈ SC(C) is of the form (c+, c−). By the construction of SC(C) (see Section 6.1)
and given that c̄− is the complement of c− it follows that

E
D

[
1[c?(x) 6= ?] · g(x)

]
≤ E

D
[(c+(x)) + c̄−(x))g(x)]

Therefore, the two above equation show that

E
D

[
1[h?(x) 6=?] · g(x)

]
≥ E

D

[
1[c?(x) 6= ?] · g(x)

]
− ϵ.

Hence, on each g ∈ G, h? does not abstain significantly more often than the optimal c? for each
group.

Note that the global calibration property of h? and the fact that the predicted values of h?(x)
are in [0, ϵ) or (1 − ϵ, 1] implies that both the false positive and negative rates of h? are bounded
by ϵ thus satisfying Condition 1 in Definition 8.1.

Note that to achieve the global accuracy guarantee, we only used the global calibration condition
and the fact that we abstain in the region where h(x) ∈ (ϵ, 1−ϵ) (per our definition of h? from h). In
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the other hand, to achieve the local abstention guarantee, we used the multiaccuracy guarantee and
the definitions of C+ and C−. Hence, our proof clearly delineates the complementary roles played by
each of the multiaccuracy and calibration. This complementarity fits very nicely with our results
on calibrated multiaccuracy in Part I of this thesis. Recall that for both of our results showing that
(1) multiaccuracy and calibration give strong agnostic learning (Section 3.3) and (2) (weighted)
multiaccuracy and calibration give a hardcore measure of optimal density, the roles played by
each component are similarly modular. Moreover, (C,G)-multigroup selective classification now
provides a new example on the growing family of useful implications from multiaccuracy with
global calibration.

8.2 Multigroup fairness primitives

It is natural to ask whether we can efficiently construct (C,G)-multigroup selective classifiers starting
from a weaker learning primitive than that of a calibrated multiaccurate predictor for the class C ·G.
What is the weakest learning primitive that we can build it from? In Theorem 8.4 below, we answer
this question in the positive in the case where |G| is small. Specifically, we show that in this case,
we can construct it from fully reliable learning:

Lemma 8.4. If the class C is fully reliably learnable for the ℓ1 loss and ϵ > 0, we can
construct a (C,G, ϵ)-multigroup selective classifier in time poly(|G|, 1/ϵ) given oracle access
to the full reliable learner for C.

Recall that in Part I we showed that calibrated multiaccuracy yields strong agnostic learning
(Section 3.3). Therefore, Theorem 8.2 showing that we can construct (C,G)-multigroup selective
classification from calibrated multiaccuracy implies that we need the class C · G to be agnostically
learnable. As we have seen, however, reliable agnostic learning is believed to be easier than agnostic
learning [KT14; KK21b]. Therefore, it is desirable to be able to construct (C,G)-multigroup selective
classification from FRL, given that then we can get it from a weaker learning primitive.

Proof. For each g ∈ G, we call the FRL oracle on the restricted domain {x | g(x) = 1}, with error
parameter ϵ/|G|, class C, and the 0-1 loss function. Let hg? : {x | g(x) = 1} → {0, 1, ?} denote the
selective classifier that we obtain with an FRL call with the domain Xg = {x | g(x) = 1}. We
construct our final global classifier h? : X → {0, 1, ?} as follows: for every point x ∈ X , consider
the set K ⊆ G of all groups g ∈ G such that g(x) = 1. Then, h? is equal to the majority vote of the
|K| total classifiers hg?.

By the FRL guarantee, each hg? makes a wrong prediction on at most ϵ/|G| points in X . In
the worst case, all the |G| error regions for each of the hg? predictors are disjoint and cause all the
majority votes taken on the points x in these regions to cause the wrong prediction. Hence,

errD(h?) = E
D

[
|y− h?(x)| · 1[h?(x) 6= ?]

]
≤ |G| · ϵ

|G|
= ϵ,

and thus we satisfy Condition 1 in the definition of (C,G)-multigroup selective classification (global
accuracy).
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Secondly, we have not added further abstentions in our ensembling of the hg? predictors, and so
we continue to satisfy optimal local abstention rate within each g ∈ G. Namely, the FRL guarantee
on each g ∈ G ensures that

Pr
(x,y)∼D

[
g(x) · 1[h?(x) = ?]

]
≤ min

c?∈SC(C)
Pr

(x,y)∼D

[
g(x) · 1[c?(x) = ?]

]
+ ϵ.

In fact, we are getting a better ϵ/|G| error. Hence, we satisfy Condition 2 in the definition in the
definition of (C,G)-multigroup selective classification. Thus we have shown that h? is a (C,G, ϵ)-
multigroup selective classifier, as desired.

Answering this question in generality (i.e., where G can be arbitrarily large) appears to be a
very interesting open question.

Calibrated multiaccuracy and multicalibration. We make a couple of further remarks about
how the various multigroup fairness definitions relate to the problem of (C,G)-multigroup selective
classification. First, if we have the stronger primitive of a (C · G)-multicalibrated predictor (which
implies a (C · G)-multiaccurate calibrated predictor), then we can have a non-selective predictor
with local agnostic guarantees. Formally:

Lemma 8.5. Given access to a (C ·G, ϵ)-multicalibrated predictor that runs in time T (ϵ, δ), we can
construct a classifier h : X → [0, 1] in time T (ϵ, δ) satisfying the following local accuracy property:
for every g ∈ G,

E
(x,y)∼D

[|y− h(x)| | g(x) = 1] ≤ min
c∈C

E
(x,y)∼D

[|y− c(x)| | g(x) = 1] + ϵ.

Note that a (C,G, ϵ)-multigroup selective classifier achieves a local accuracy property within
each g ∈ G, where the error term is weighted by 1/PrD[g(x) = 1]. In Lemma 8.5, however, we do so
without requiring abstentions, which is why we need the stronger notion of multicalibration rather
than of calibrated multiaccuracy. Note that accuracy notion in Lemma 8.5 is of the agnostic form,
rather than an absolute error guarantee.

Proof. This follows directly from our Theorem 4.33 in Chapter 4 in Part I of this thesis. There
we showed that from multicalibration we can obtain agnostic learning++ for the ℓ1 loss, which is
exactly the guarantee claimed in the statement of Lemma 8.5. Given that here we have access to
a (C · G)-multicalibrated predictor, rather than just a C-multicalibrated predictor, we are able to
further condition on g and still obtain the same agnostic ℓ1 error guarantee.

Second, we remark that given a (C ·G, ϵ)-multiaccurate and calibrated predictor, we can directly
obtain FRL predictors for the class C for the ℓ1 loss by thresholding the predictor as we do in
the proof of Theorem 8.2. Given that calibrated multiaccuracy implies agnostic learning, as we
showed in Chapter 3 of this thesis, it is already implied by Theorem 8.2 that we can achieve reliable
agnostic learning from calibrated multiaccuracy. However, the approach below in Lemma 8.5 gives
a direct reduction; i.e., we just need to post-process the outputs of the predictor. Formally:

Lemma 8.6. Given access to a (C · G, ϵ)-multiaccurate and calibrated predictor h, we can apply a
post-processing function to h to obtain a L-FRL predictor for the ℓ1 loss.
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Proof. Let h be a (C · G, ϵ)-multiaccurate and calibrated predictor. We first construct a L-FRL
predictor h? from h by applying the same post-processing function as in the proof of Theorem 8.2.
Namely, we let

h?(x) =

{
h(x) if h(x) ∈ [0, ϵ] ∪ [1− ϵ, 1],
? if h(x) ∈ (ϵ, 1− ϵ).

By the definition of FRL, we need to show that h? satisfies 1) low global error, and 2) optimal
abstention. This follows directly from our Theorem 8.2 by using the group g = 1.

8.3 Applications to conformal prediction

We conclude Part II of this thesis by demonstrating another useful application of (1) fully reliable
learners and of (2) (C,G)-multigroup selective classifiers. Specifically, both methods can be seen as
conformal prediction algorithms, with FRL achieving marginal guarantees and (C,G)-multigroup
selective classifiers achieving group guarantees. Specifically, to apply these notions as conformal
prediction methods in the binary classification case, we view the {0, 1} prediction set as ?.

8.3.1 Conformal prediction from FRL

In the classification setting, the goal of conformal prediction is to construct a prediction set of the
possible labels S(x) ⊆ Y for each point x ∈ X such that Pr(x,y)∼D[y ∈ S(x)] ≥ 1 − ϵ for a chosen
error rate ϵ ∈ (0, 1) [VGS05; AB21]. This is known as the ϵ-marginal coverage guarantee. In the
case of binary classification, the possible prediction sets can only be {0}, {1}, {0, 1}.

We show that an FRL predictor does indeed satisfy the ϵ-marginal coverage guarantee:

Lemma 8.7. Let h? : X → {0, 1, ?} be an FRL predictor for C,D, ϵ and the 0-1 loss. Then,
the prediction sets induced by the level sets of h, where we map 0 7→ {0}, 1 7→ {1}, and
? 7→ {0, 1}, satisfy the ϵ-marginal coverage guarantee.

Proof. Let err(h?,D) = Pr(x,y)∼D[h?(x) 6= y] denote the error of the selective predictor h? and recall
that

false+(h?,D) = Pr
(x,y)∼D

[h?(x) = 1 ∧ y = 0] false−(h?,D) = Pr
(x,y)∼D

[h?(x) = 0 ∧ y = 1].

Since err(h?,D) ≤ ϵ by the FRL guarantee of h? and err(h?,D) = false+(h?,D) + false−(h?,D), it
follows that

false+(h?,D) ≤ ϵ, false−(h?,D) ≤ ϵ.

This implies that for all y = 1,
Pr

(x,y)∼D
[y /∈ {1}] ≤ ϵ,

and symmetrically for all y = 0. Therefore, we satisfy the marginal coverage guarantee for the
prediction sets {0}, {1}. We also trivially satisfy it for the prediction set {0, 1}, since y is Boolean
and so Pr(x,y)∼D[y ∈ {0, 1}] = 1.
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Remark 8.8. While any conformal prediction method must definitionally satisfy the ϵ-marginal
coverage guarantee, typical algorithms offer no theoretical bounds on the size of the prediction sets.
In the case of binary classification, this means that we could have an arbitrarily large number of
points mapped to {0, 1} (even the entire domain, which is a trivial way of satisfying the marginal
coverage guarantee). However, FRL does provide provable abstention guarantees with respect to a
base concept class C of our choice. Let h? : X → {0, 1, ?} be an FRL predictor for the class C,
0-1 loss, and ϵ > 0, and let {0}, {1}, {0, 1} be its induced prediction sets as a conformal prediction
method. Then:

Lemma 8.9. Let h? : X → {0, 1, ?} be an FRL predictor for C,D, ϵ, and the 0-1 loss. Then,
the prediction sets induced by the level sets of h? satisfy:

Pr
(x,y)∼D

[h?(x) = {0, 1}] ≤ min
c?∈SC(C)

Pr
(x,y)∼D

[c?(x) = ?] + ϵ.

Proof. This follows directly from Condition 2 in the definition of FRL, which ensures that

Pr
D
[h? = ?] ≤ min

c?∈SC(C)
Pr
D
[c? = ?] + ϵ.

Hence, FRL viewed as a conformal prediction method, besides satisfying the ϵ-marginal coverage
guarantee, also provides a provable upper bound on the size of the set {0, 1}, which constitutes
a measure of uncertainty in the case of binary classification. Moreover, we can choose any base
class C we want for the provable guarantee on the size of the prediction sets, which is a very useful
guarantee.

Experiments of FRL as conformal prediction. As shown in Lemma 8.7 and Remark 8.8
(formalized in Lemma 8.9), we can view FRL as a conformal prediction method. Here we illustrate
the feasibility of implementing FRL in practice and compare its coverage and ℓ1 error with that of
standard conformal prediction algorithms.

We generate 5, 000 data samples synthetically using sk-learn’s make_blobs function, which
generates isotropic Gaussian blobs for clustering. To create an FRL predictor, we do it by training
a PRL and an NRL predictor separately for the same data, and then ensembling them in the usual
way (i.e., if the two agree on a prediction we keep it, otherwise we abstain). To create the PRL
and NRL predictors, we use random forests where we give extra weight w to the label that we wish
to penalize most for the predictions (so false positives in the case of PRL, and false negatives in
the case of NRL). We try weights w = [1, 5, 10, 25, 50, 75, 150, 200]. This ensures that our trained
predictors achieve the required one-sided guarantees. For the ensembled FRL, we compute its
global coverage and ℓ1 error.

Next, we use a popular conformal prediction algorithm for binary classification to compare
to. We choose the widely-used MAPIE library [TBM+22] and use the standard split conformal
prediction method using the LAC method to compute the conformity score. We note that this
is the only allowed conformity score method in MAPIE for binary classification, which is why
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Table 8.1: Match on ℓ1: for each weight w, choose α minimizing the difference in ℓ1 error between the FRL and the
conformal prediction methods.

Weight α FRL MAE CP MAE FRL coverage CP coverage

1.0 0.25 0.250 0.260 100.0% 97.0%

5.0 0.05 0.139 0.130 54.5% 42.3%

10.0 0.05 0.113 0.130 40.0% 42.3%

25.0 0.01 0.078 0.027 25.5% 11.0%

50.0 0.01 0.045 0.027 17.7% 11.0%

75.0 0.01 0.062 0.027 16.0% 11.0%

150.0 0.01 0.015 0.027 13.1% 11.0%

200.0 0.01 0.000 0.027 9.4% 11.0%

we did not add other conformity score methods. We use a random forest as the base class, and
train different models for different confidence levels of α = [0.01, 0.05, 0.10, 0.20, 0.25] (i.e., this is
the parameter for the marginal coverage guarantee). When tested on the test set, the conformal
prediction method returns prediction sets {0}, {1}, or {0, 1}. We view the set {0, 1} as equivalent
to an abstention ?, and then compute the global coverage and ℓ1 error for the conformal prediction
method.

To compare both methods for all of the weights w = [1, 5, 10, 25, 50, 75, 150, 200] and coverage
parameter α = [0.01, 0.05, 0.10, 0.20, 0.25] we match them based on a) matched ℓ1 error, and b)
matched coverage. We report the results pairs of tables as follows: a) for each weight w, we take
the α value that corresponds to the closest ℓ1 error of the FRL predictor for this w, and we report
the errors and coverages for this pair. We then also report the results by matching coverages instead:
b) for each weight w, we instead take the coverage value that corresponds to the closest coverage
to that of the FRL predictor for this w, and we report the errors and coverages for this pair.

We do several repeats of our experiment for different initializations of the synthetic data and
report the pair of Tables 8.1 and 8.2 as one such example. In all of our runs, we observe how FRL
provides similar coverage and error guarantees to that of the standard conformal prediction method,
with FRL sometimes having a higher coverage and lower ℓ1 error (without a clear generalizable
trend).

8.3.2 Conformal prediction from (C,G)-multigroup selective classification

Similarly, we show that we can view (C,G)-multigroup selective classification as a conformal pre-
diction method in the case of binary classification. Besides the marginal coverage guarantee, now
that we have a collection G of groups one can also hope to satisfy a conditional version of cover-
age. Namely, for every g ∈ G, we want to satisfy Pr(x,y)∼D[y ∈ S(x) | g(x) = 1] ≥ 1 − ϵ. This
property is known as the (G, ϵ)-group conditional coverage guarantee [JNRR23]. We show that
(C,G)-multigroup selective classifiers do indeed satisfy this conditional guarantee:
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Table 8.2: Match on coverage: for each weight w, choose α minimizing the difference in coverage between the FRL and
the conformal prediction methods.

Weight α FRL ℓ1 CP ℓ1 FRL coverage CP coverage

1.0 0.25 0.250 0.260 100.0% 97.0%

5.0 0.10 0.139 0.172 54.5% 62.7%

10.0 0.05 0.113 0.130 40.0% 42.3%

25.0 0.01 0.078 0.027 25.5% 11.0%

50.0 0.01 0.045 0.027 17.7% 11.0%

75.0 0.01 0.062 0.027 16.0% 11.0%

150.0 0.01 0.015 0.027 13.1% 11.0%

200.0 0.01 0.000 0.027 9.4% 11.0%

Lemma 8.10. Let h? : X → [0, 1]∪ ? be a (C,G, ϵ)-multigroup selective classifier. Then, the
prediction sets induced by the level sets of h, where we map [0, ϵ] 7→ {0}, [1− ϵ, 1] 7→ {1}, and
(ϵ, 1− ϵ) 7→ {0, 1} satisfy Pr(x,y)∼D[y ∈ S(x) | g(x) = 1] ≥ 1− ϵ

PrD[g(x)=1] .

Proof. By the definition of a (C,G, ϵ)-multigroup selective classifier, it follows that h? satisfies
the global accuracy guarantee with an ϵ error parameter. This directly implies a local accuracy
guarantee on each g ∈ G if we weight the error parameter by the probability mass assigned by D
to g; that is:

E
(x,y)∼D

[
|y− h?(x)| · 1[h?(x) 6= ?] | g(x) = 1

]
≤ ϵ

PrD[g(x) = 1]
.

Then, the result follows from the fact that for all y = 1,

Pr
(x,y)∼D

[y ∈ {1} | g(x) = 1] ≤ E
(x,y)∼D

[
|y− h?(x)| · 1[h?(x) 6= ?] | g(x) = 1

]
,

and symmetrically for all y = 0 it follows that

Pr
(x,y)∼D

[y ∈ {0} | g(x) = 1] ≤ E
(x,y)∼D

[
|y− h?(x)| · 1[h?(x) 6= ?] | g(x) = 1

]
.

Remark 8.11. As pointed out in Section 8.3.1, typical conformal prediction methods offer no
theoretical bounds on the size of the prediction sets. Through our framework of (C,G)-multigroup
selective classification, however, we do obtain provable abstention guarantees for each g ∈ G with
respect to a base concept class C of our choice. Specifically, for each g ∈ G, the prediction sets of

145



our (C,G)-multigroup selective classifier h? as specified in Lemma 8.10 satisfy

Pr
(x,y)∼D

[
g(x) · 1[h?(x) = {0, 1}]

]
≤ min

c?∈SC(C)
Pr

(x,y)∼D

[
g(x) · 1[c?(x) = ?]

]
+ ϵ.

Importantly, (C,G)-multigroup selective classification as a conformal prediction method ensures
group conditional coverage and a provable abstention bound on each group even when these in-
tersect.

Formally:

Lemma 8.12. Let h? : X → [0, 1]∪ ? be a (C,G, ϵ)-multigroup selective classifier. Then, the
prediction sets induced by the level sets of h? satisfy:

Pr
(x,y)∼D

[
g(x) · 1[h?(x) = {0, 1}]

]
≤ min

c?∈SC(C)
Pr

(x,y)∼D

[
g(x) · 1[c?(x) = ?]

]
+ ϵ

for every group g ∈ G.

Proof. This follows directly from the optimal local abstention rate guarantee of a (C,G, ϵ)-multigroup
selective classifier h?, which ensures that for every g ∈ G,

Pr
(x,y)∼D

[
g(x) · 1[h?(x) = ?]

]
≤ min

c?∈SC(C)
Pr

(x,y)∼D

[
g(x) · 1[c?(x) = ?]

]
+ ϵ.

We emphasize that the groups in the collection G can intersect arbitrarily, and hence it is a very
useful property to be able to satisfy group conditional coverage guarantees.

Experiments with (C,G)-multigroup selective classifiers. Lastly, we implement our (C,G)-
multigroup selective clasifiers in practice. To do so, we modify the construction our proof of Theo-
rem 8.2 to adapt the multicalibration algorithm that we used in the experiments for Section 7.1.1.

Again for our proof of concept, we generate 10, 000 samples synthetically using sk-learn’s
make_classification function. For the concept class C, we use the same class of decision trees of
depth 3. For the class of groups G, we generate them from the data using randomness by allowing
the groups to intersect and by ensuring some correlation with the labels within each group. In
these experiments, we use 10 groups, and each ends up having size of between 300 and 400 samples.

We use the same discretization parameter 0.1 and learning rate 0.01 in the update step as in
the experiments for Section 7.1.1. We perform the multicalibration algorithm across all groups in
G. In each, we use the same concept class C of decision trees of depth 3 to find correlation with
the residuals and we cap the number of iterations at 150. We see that the (C,G)-multicalibration
greatly reduces the ℓ2 (i.e., Brier score) and expected calibration error (ECE) for each of the groups
in G, as shown in Table 8.3. We emphasize that, as far as we are aware, our work is the first to
separate the roles of the concept class G and the group collection G (in the multigroup fairness
literature, one usually sets C = G).

Next, to turn our (C,G)-multicalibrated predictor into a (C,G)-multigroup selective classifier,
we apply the thresholding function that we have repeatedly used in our proofs: namely, for a chosen
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Table 8.3: Group-wise metrics before and after (C,G)-multicalibration.

G N Brierpre Brierpost ECEpre ECEpost

0 414 0.106 0.004 0.162 0.036

1 389 0.122 0.003 0.139 0.036

2 419 0.120 0.005 0.158 0.046

3 395 0.119 0.006 0.164 0.047

4 416 0.111 0.005 0.170 0.047

5 387 0.111 0.005 0.178 0.051

6 410 0.116 0.009 0.118 0.054

7 400 0.120 0.008 0.152 0.060

8 388 0.120 0.011 0.168 0.063

9 380 0.116 0.011 0.156 0.060

value of ϵ, we map the predicted value to 0 if it is ≤ ϵ, to 1 if it is ≥ ϵ, and to ? otherwise. We then
compute the coverage and ℓ1 error (i.e., mean absolute error) of our (C,G)-multigroup selective
classifier within each of the groups g ∈ G for different values of ϵ.

Separately, we again use the MAPIE library to train a conformal prediction method separately
within each of the groups g ∈ G. Notably, this methodology does not technically allow the groups to
intersect, but we report the statistics independently on every group. In contrast, our method yields
one global predictor, instead of a predictor for each group that does not allow for intersections.
This is a significant advantage of using (C,G)-multigroup selective classification as a conformal
prediction method. We remark that two recent works use the multicalibration algorithm to obtain
group conditional coverage guarantees for an intersecting collection of groups and perform extensive
evaluations [JLP+21; JNRR23].

For the MAPIE training, we use random forests as the base class and α = 0.1 as the parameter
for the coverage guarantee. After training the predictor, we obtain the prediction sets {0}, {1},
and {0, 1} for each of the points in the test set. Viewing {0, 1} as equivalent to ?, we compute the
coverage and ℓ1 error of the conformal prediction method within each group (where we remark that
the predictor is trained separately for every group, unlike our selective classifier). We report the
coverage and ℓ1 errors of the selective classifier for different values of ϵ (specifically, ϵ = 0.2, 0.3, 0.4)
and compare it to the coverage and ℓ1 errors of the per-group conformal prediction method.

All runs show a similar pattern: the selective classifier is competitive with the conformal pre-
diction method within each group g ∈ G, even though we have a single predictor for all groups and
the conformal prediction method is trained separately on each group.
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Table 8.4: Pergroup Coverage and ℓ1 error for (C,G)-multigroup selective classification thresholding at ϵ = 0.20, ϵ = 0.30,
ϵ = 0.40, compared with a separate conformal prediction predictor trained separately for each group.

Group N Cov0.20 ℓ1,0.20 Cov0.30 ℓ1,0.30 Cov0.40 ℓ1,0.40 CovG ℓG1

0 421 0.983 0.104 0.988 0.106 1.000 0.107 0.988 0.108

1 405 0.983 0.118 0.985 0.118 0.990 0.120 0.938 0.100

2 408 0.975 0.131 0.983 0.135 0.993 0.141 0.963 0.115

3 384 0.977 0.120 0.979 0.122 0.992 0.123 0.958 0.114

4 410 0.949 0.118 0.956 0.117 0.973 0.128 0.956 0.128

5 401 0.960 0.114 0.970 0.116 0.980 0.120 0.963 0.098

6 388 0.961 0.123 0.977 0.129 0.985 0.134 0.951 0.108

7 399 0.952 0.124 0.967 0.122 0.987 0.124 0.962 0.109

8 400 0.932 0.123 0.948 0.127 0.970 0.139 0.963 0.109

9 409 0.914 0.131 0.917 0.133 0.961 0.155 0.941 0.132
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9
Conclusions & Future Work

Now what is science? (...) It is before all a classification, a manner of bringing
together facts which appearances separate, though they are bound together by some
natural and hidden kinship.

Henri Poincaré, The Value of Science (1907)

In this thesis, we have thoroughly studied the connections between the multigroup
fairness framework and the fields of learning theory and complexity theory. In particular, we have
focused on the relationship between multiaccuracy and agnostic learning and between multiaccuracy
and hardcore set constructions. In both cases, we have shown how the addition of calibration
provides much stronger constructions.

Through the framework of omnipredictors, we have studied the problem of learning with absten-
tions from the multigroup fairness perspective, proposing the notions of selective omniprediction and
multigroup selective classification We have shown that we can construct selective omnipredictors
from multicalibration and multigroup selective classifiers from calibrated multiaccuracy. Naturally,
our work leaves several open questions.

1. Closing gaps. There are some gaps in our results that could be potentially improved. For
example, in Theorem 5.14 we showed that an (α, β)-weak agnostic learner does not yield anything
better than (C, α/2)-multiaccuracy; however, Theorem 2.16 only shows that it is possible to achieve
(C, α)-multiaccuracy using access to an (α, β)-weak agnostic learner.

2. Multiaccuracy and weak agnostic learning. The question of whether being able to
construct a multiaccurate predictor for a class C implies that C is agnostically learnable remains
open. The result in Theorem 3.1 only rules out learners obtained by post-processing a predictor
satisfying certain multigroup guarantees. We do not know whether more general reductions to
multiaccuracy can yield a weak agnostic learner. A stronger model, for example, would be an
algorithm that has oracle access to a learner for multiaccurate predictors, which it can call multiple
times.
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3. The power of calibrated multiaccuracy. Lastly, by the equivalence between the Regular-
ity Lemma by [TTV09] and the multiaccuracy theorem, multicalibration implies stronger and more
general versions of other well-known theorems in complexity theory besides the hardcore lemma,
such as the Dense Model Theorem and characterizations of pseudo-average min-entropy [RTTV08;
VZ12; VZ13; CDV24; HV25], and Yao’s XOR lemma [MPV25]. Similar to our result for Impagli-
azzo’s Hardcore Lemma, it is natural to ask if versions of these theorems can be proved under
weaker assumptions like calibrated multiaccuracy.

4. Relaxing the notion of calibration. As we have discussed, recent works have proposed
relaxed notions of calibration, such as smooth calibration, U-calibration, or proper calibration
[KLST23; OKK25]. A natural question is whether we can further relax our positive results for the
case of calibrated multiaccuracy to weaker notions of calibration.

5. Learning versus refutation. As we summarized in Section 5.3, an intriguing next direction
is to try to use the learning versus refutation framework for weak agnostic learning [KL18; Vad17]
in our setting. Specifically, it seems that being able to audit for multiaccuracy would allow us to
have weak agnostic learning.

6. The complexity of reliable agnostic learning. Recall the dependence on ϵ when obtaining
a fully reliable learner from agnostic learning. In the case of [KK09], they are able to learn PRL,
NRL, and FRL predictors for a concept class C in time T (O(ϵ2)) using an agnostic learner for C that
runs in time T (ϵ). In our case, when we obtain fully reliable learners from selective omnipredictors
in Theorem 7.7, in order to obtain a L-fully reliable learner with error ϵ we require a selective
omnipredictor with error ϵ2. It appears that the nature of the two constraints in the definition of
reliable agnostic learning (unlike the case of the generalized Chow loss formulation) induces this
overhead, but it is unclear whether it is unavoidable.

7. Weak agnostic learner for C ·G. Our construction of a (C,G)-multigroup selective classifier
requires access to a (C · G)-multiaccurate and calibrated predictor. From the works on multigroup
fairness [GHK+23; CGKR25], this in turn requires access to a weak agnostic learner for the class C·G.
We do not know whether it is possible to construct (C,G)-multigroup selective classifiers having only
access to separate weak agnostic learners for C and G, without requiring a weak agnostic learner for
their intersection. This can be seen as a broader question about the learnability of intersections of
concept classes.

8. Building selective classifiers. In Lemma 8.4 we show that we can construct a (C,G)-
multigroup selective classifier from a fully reliable learner, which is believed to be a weaker primitive
than (weak) agnostic learning [KT14]. However, we are only able to show this for classes G that are
small in size, given that we need to call the FRL oracle |G| times. Hence the question of whether
we can build selective classifiers from a weaker primitive than agnostic learning for a general class
G remains open.
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9. Conformal prediction & model multiplicity. Lastly, in light of our connections between
reliable agnostic learning and (C,G)-multigroup selective classification with conformal prediction,
it would be interesting to develop this connection further, particularly focusing on the ability of
these methods to provide provable guarantees on the sizes of the prediction sets beyond the setting
of binary classification. It also appears fruitful to study how our framework of learning with
abstentions, where a predictor is able to measure its own reliability, relates to the recent works
on model multiplicity, as we have preliminarily discussed. Another interesting connection would
be between our framework of selective classification and newly proposed methods for using higher
order calibration as an uncertainty decomposition method [AGG+24].
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Glossary

Notations

X Domain
Y Set of labels
x Point in the domain
y Label
P Partition of the domain
P Piece in the partition P
E Expectation
Pr Probability distribution
D Distribution on X × Y
DX Marginal distribution on X
1 Indicator random variable
L Class of loss functions
ℓ Loss function
p∗ Ground-truth predictor
p Our predictor
C Set of distinguishers/subgroups/concepts
c Distinguisher/subgroup/concept
F Family of pseudorandom functions
fr Pseudorandom function with seed r

h Hypothesis
Bern(v) Bernoulli random variable of parameter v
G Collection of subgroups
g Group in the collection G
cor Correlation
err Error
ϵ Error parameter
δ Density parameter in IHCL
Ct,q Class with complexity at most (t, q) rel. to C
〈·, ·〉 Inner product
dH Normalized Hamming distance
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vP Expected value of y on piece P ∈ P
bP Balance of y on piece P ∈ P
Xv Set of points in X where p(x) = v

µ Measure
µ̄ Normalized measure
dns(µ) Density of measure µ
(α, β) Input parameters to a WAL
µTTV Measure constructed in [TTV09]
µMax Our maximal measure
w Weight function
wMax Maximum weight function
k∗ℓ Best-response function for loss function ℓ

(ℓ+, ℓ−, ℓ?) Loss function triplets
(λ, µ, ν) Associated weights to a triplet of loss functions
ℓGC Generalized Chow loss
C+ Concepts c in C satisfying ℓ+(c) = 0

C− Concepts c in C satisfying ℓ−(c) = 0

SC(C) Post-processed class C with selective classifiers c?
Iabs Abstention interval
κpred Cost of predicting
κabs Cost of abstaining
α Abstention cost under the Chow model

Abbreviations

MA Multiaccuracy
MC Multicalibration
Cal-MA Calibrated multiaccuracy
IHCL Impagliazzo’s Hardcore Lemma
IHCL++ Generalized & stronger Impagliazzo’s Hardcore Lemma
OI Outcome Indistinguishability
ECE Expected calibration error
MAJ Majority function
WAL Weak agnostic learner
PRL Positive reliable learning
NRL Negative reliable learning
FRL Fully reliable learning
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