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1 Introduction

This paper is kind of a survey. The aim is to shed some light on the topic by
putting together mainly known results, adding a few new ones (that rely on
fairly standard techniques), and to draw attention to a couple of questions.

A profinite group is small if for each n € N it has only finitely many open
subgroups of index at most n.

Every finitely generated profinite group is small: indeed it is clear that a
d-generator group has at most n!¢ subgroups of index n (see [LS], Chapter 2 for
sharper estimates). Small groups also arise in number theory: if S is a finite set
of primes and K is the maximal algebraic extension of Q unramified outside S
then Gal(K/Q) is a small profinite group ([K], Theorem 1.48). Whether all such
Galois groups are in fact finitely generated seems to be a hard open problem,
and group-theoretical methods are extemely unlikely to solve it.

If G is a finitely generated profinite group, then (a) every subgroup of finite
index is open and (b) every power subgroup G™ is open ([NS1], [NS2]; for better
proofs see also [NS3]); here G™ = (g™ | g € G) denotes the subgroup generated
algebraically (not topologically) by all mth powers in G.

If (a) holds one says that G is strongly complete. If (b) holds I will say that
G is power-open. It is clear that (b) implies (a).

We shall see below that every strongly complete group is small. A small
group need be neither strongly complete nor power-open; we explore some con-
nections between these various concepts, in particular, to what extent they can
be ‘algebraically defined’. Writing

F(P)={P/N|N <, P}

to denote the family of all continuous finite quotients of a profinite group P, I
will say that a property of P is algebraically defined if it can be stated in terms
of some purely group-theoretic property of the groups in F(P) — this is not very
precise, but will be clear in the cases discussed below.

Significant contibutions are due to Nikolay Nikolov and John Wilson; thanks
to both for allowing me to quote some unpublished results.



I will use the following notation. For subset X of a group,
X" ={zxe... 2y | 21,22,..., 2, € X }.
For a group word w on k variables,
Gu = {w(@)* g€ G}, w(G) = (Gu);

and form € N, Gy = {9 g€ G}, G™ = <G{m}>.

X denotes the closure of a subset X in a profinite group G. We write N <, G
to mean: N is an open normal subgroup of G.

The word w has width f in G if w(G) = G/, and infinite width if this holds
for no finite f. We recall that in a profinite group G, the subgroup w(G) is
closed if and only if w has finite width in G; this holds if and only if w has
bounded width in F(G) (see [S], Section 4.1). If w(G) has countable index in
G then w(G) is open, hence has finite index ([SW], Lemma 2).

A finite group is anabelian if it has no abelian composition factors. A profi-
nite group G is anabelian if G/N is anabelian for every open normal subgroup
N of G.

2 Examples

In the proof of [N2], Theorem 4, Nikolov introduces a general method for con-
structing groups with large verbal width. The basic idea is summed up in the
next lemma.

For a group B let S,,(B) denote the set of all n-generator subgroups of B.

Lemma 1 Let w be a word in k variables and let G = M x B be a semi-direct
product with w(M) = 1. Suppose that for each H € Sgp(B) we have M =
Ap x Dy with [Ag, H) = 1 and [Dy, H) < Dy. Then for any gi,...,gm € G*
there exists H € Sk, (B) such that

[, w(g)*! € Du - £. ()

This is clear: take H = (b;; |i=1,...,m, j=1,...,k) where g;; € Mb;;,
bi; € B, and observe that

w(gi) € w(An x (Dp - H)).

Now suppose that
w@2M+# |J Da
HESim (B)
Then some element of M is not of the form (1), and it follows that w does not
have width m in G.

Proposition 1 Let w be a non-empty set of primes with infinite complement.
There exists a metabelian small profinite group G such that G/G'GP is infinite
iff p e . Also G is not strongly complete and G’ is not closed.



Proof. For distinct primes p and g we construct a finite group G, 4 as follows.
Set B =B, = C’,g4q) (the elementary abelian group of order ¢*?), and for H < B
let Ag be the F,B-module (B —1)F,B/(H —1)F,B. Note that Ay (H —1) =0
and Ag(B — 1) = Ay, since p # ¢ implies that (B — 1)F,B is an idempotent
ideal.

Put
M,,= € Au
HEqu(B)
Gp,q = Mpq % By.
Note that
G;Lq = [Mp,q: Gp,q] = Mpq-
Writing Dy = é A we see that Lemma 1 applies for the word w, =

H#L€ES34(B)
[z,y]z?, and infer that this word does not have width ¢ in G, ,.
Now partition 7’ (the set of primes complementary to 7) into |r| infinite

subsets o(p) (p € m). Set
G= I Gre

pem,q€a(p)

If p € m then w), does not have width ¢ in G}, 4, hence also not in G, for every
g € o(p). So wpy has infinite width in G. It follows that w,(G) = G'GP is not
closed, and therefore has uncountable index in G.
If r € n’ then G,y contains I1 Gp.q 80 G" is open and G/G G" =
pem,r#q€0(p)
B,. is finite.

Now let m € N. If ¢ { m then G}, > <B§”"‘> = Gp 4. It follows that

Gm > II G

pET,q€a(p),gim

and hence that G™ is open. It follows trivially (see Theorem 1 below) that G
is small.

If p € 7 then the same argument shows that GP = G, while G has infinitely
many normal subgroups of index p; none of these is open so G is not strongly
complete. Finally, if G” were closed then G’'GP = G'G;,) would be closed, being
the product of two compact subsets of G, whence G = GP < G'GP. This is
false for p € m, so G’ is not closed. (This may seem counter-intuitive since at
first glance one expects G’ to be the product of the M, 4: the point is that an
element of M, , may be the product of about 4¢ commutators, and an infinite

product of such elements may fail to be a product of finitely many commutators
inG.) m

The next example is taken from [N2], Theorem 4. For any group S we denote
by Vg the group variety generated by S (the class of all groups that satisfy all



laws of S). If S is finite then Vg is finitely based, by the Oates-Powell Theorem
(see [HN], 52.12). Tt follows that Vg can be defined by a single word, wg. Then
for any group G, the corresponding verbal subgroup is Vs(G) = ws(G).

Proposition 2 Let S be a non-abelian finite simple group of exponent m. There
exists an anabelian small profinite group G such that neither Vs(G) nor G™ is
closed. G is not strongly complete.

Proof. Say wg is a word on k variables. Let (T},)nen be a sequence of finite
non-abelian simple groups of strictly increasing exponents, all exceeding m (for
example, large alternating groups). Since the free group Fy, has only finitely
many normal subgroups of index |T},|, there exists r(n) such that T.""™" cannot

be generated by kn elements. Put B, = T,(f(")), for each H € Sk, (By) let
Qg be the B,-set H\ B, and let My = S - a B,-group where B,, acts by
permuting the factors.

Let M, = 11 My (direct product) and set
HeSkn(Bn)

G, =M, x B, =5 By,

the permutational wreath product where €2 is the disjoint union of the transitive
G-sets Qg.

Let H € Skn(Bp). Then My = Apg x Cy where Ag = S is the factor
corresponding to H in Qg and Cy is the product of the remaining factors, and
the conditions of Lemma 1 are fulfilled on putting Dy = Cy X HL#HML, both
for w = wg and for w = ™. Also

ws(Gyp) = G > <(BTT)GTL> = <BnG"> =Gn

(the final equality holds because for each H we have Q| > 2 and S is perfect).
We conclude that wg does not have width n, and ™ does not have width
kn, in G,,. Hence each of these words has infinite width in

G= ﬁ G,
n=1

and so neither Vs(G) = ws(G) nor G™ is closed.

Let ¢ € N. Then T)? = T,, for all but finitely many n. As above it follows
that G4 = G,, for all but finitely many n, and hence (as above) that GY is open
in G, and finally that G is therefore small.

That G is not strongly complete follows from Theorem 4, below. =

Different examples of small but not strongly complete groups were given in
[N], Proposition 27.



3 Small groups

Write s, (G) to denote the number of (open) subgroups of index at most n in a
(pro)finite group G. Thus a profinite group P is small if and only if s,,(P) is finite
for each n; this is equivalent to the statement: there is a function f : N — N
such that s, (G) < f(n) for every G € F(P) and all n.

Theorem 1 A profinite group P is small if and only if P™ <, P for every
m € N.

Thus P is small if and only if for each m € N there exists k(m) such that

vQ € F(P) : |Q/Q™| < k(m). (2)

Equivalently: F(P) contains only finitely many groups of exponent m.
This has a curious number-theoretic interpretation: with Chebotarev’s The-
orem ([K], Theorem 1.116) it yields

Corollary 1 Let S be a finite set of primes and let m € N. Then there are only
finitely many finite Galois extensions K of Q such that (1) all primes ramified
in K are in S and (2) almost all primes have residue degree at most m in K.

In one direction, Theorem 1 is obvious: every open subgroup of index at
most n contains P™ where m = n!, so s, (P) < s, (P/P™) < oco.

The other direction lies deeper; it generalizes the positive solution to the
Restricted Burnside Problem, which can be formulated as the statement: F™ <,
F for every m € N when F' is a finitely generated free profinite group.

It is proved in much the same way, bearing in mind the slightly different
hypothesis. Since P™ is the intersection of all N <, P with P™ < N, it will
follow from the next result, on taking f(n) = s,(P):

Theorem 2 Let f : N — N be a function and let m € N. If G is a finite group
such that G™ = 1 and s,(G) < f(n) for all n then |G| < v(m, f), a number
depending only on f and m.

For the rest of this section all groups will be finite. For a group G let h*(G)
denote the minimal length of a chain of normal subgroups 1 = Gy < G; < ... <
G,, = G such that each factor G;/G;_ is either nilpotent or semisimple (here, a
semisimple group means a direct product of non-abelian simple groups). Classic
results of Hall and Higman, recalled in Section 6 below, imply

Theorem 3 If G™ =1 then h*(G) < n(m), a number depending only on m.

(Take n(m) = 26(m) in Theorem 10.)
Now let G be a group satisfying the hypotheses of Theorem 2.

Case 1. Suppose that |G| = p° for some prime p, and that |G/G'GP| = p?. Then
Pt < 5,(G) < f(p) sod < A(p) := [1+1og, f(p)]. Now G can be generated



by d elements, and then Zelmanov’s theorem [Z1], [Z2] gives |G| < B(A(p), m),
a number depending only on f(p) and m.

Case 2. Suppose that G is nilpotent. Say m = pi* ...p¢ . Then from Case 1 we
see that

161 < [ 8@, m) = vaa(m, £).
i=1
Case 3. Suppose that G is semisimple. The result of [J], with CFSG, shows that
there are only finitely many non-abelian simple groups .S such that S™ = 1; call
them Si,...,S% and put ¢; = |S;]. Now G HSi(C"') for some ¢; > 0. Clearly
¢i < st,(G) < f(t;) for each 4, and so

k
G < [Tt = vaslm, £).

i=1
So far, we have shown that if h*(G) = 1 then

|G| < maX{Vﬂil(m’f)v VSS(m’f)} = Vl(mvf)a

say. Now let ¢ > 1 and suppose inductively that for each h < ¢, and every func-
tion g, we have found a number v, (m, g) such that for any group H satisfying
h*(H) < h, H™ =1 and s,(H) < g(n) for all n we have |H| < v(m,g).
Define
Vq(mv f)= Vl(m7 f)- qul(m7gm7f)

where g, r(n) = f(n.v1(m, f)). Suppose that G with G™ = 1 satifies s, (G) <
f(n) for all n and that h*(G) < ¢q. Thus G has a normal subgroup H with
h*(H) < g — 1 such that G/H is either nilpotent or semisimple. Then |G/H| <
vi(m, f), and so for each n we have

$n(H) < $nvy(m, 1) (G) < g, g ().

Therefore |H| < vg—1(m, gm,¢), whence |G| = [H||G/H| < vq(m, f).
Finally, set
l/(m, f) = n(m)(mv f)

If G satisfies the hypotheses of Theorem 2 then h*(G) < n(m) by Theorem 3
and so |G| < v(m, f) as required.

4 Strongly complete groups

The property of being small is inherently ‘algebraically defined’, in terms of the
subgroup-growth functions s, (G), and more succinctly in the remark following
Theorem 1. The definition of ‘strongly complete’, on the other hand, refers
directly to non-open subgroups, which by their nature are undetectable in the



continuous finite quotients of a profinite group. The following characterization,
due to Smith and Wilson, is therefore remarkable.

An f-variety is the group variety generated by a finite group. Each such
variety is finitely based, by the Oates-Powell theorem (see [HN], Chapter 5),
and can therefore be defined by a single group word.

Theorem 4 ([SW], Theorem 2) A profinite group G is strongly complete if and
only if V(G) <, G for every f-variety V.

If N <G and |G : N|=m then N > V(G) where V = Vg (m), 50 5i(G) =
sm(G/V(G)); thus we have

Corollary 2 Every strongly complete profinite group is small.

See also [P], Theorem 2.4, where this was first proved using an ultrafilter
construction.

Now V(G) is open if and only it is both closed and has finite index in G. If
V = Vg for a finite group S, it is defined by a word wg; let us call such a word
an f-word. Then V(G) is closed in G if and only if wg has finite width in G; in
that case,

G V(G)| = |G: V(@) = sw 1Q:ws(Q).
QeF(G)

Thus we have the algebraic characterization: G is strongly complete if and

only if for each f-word w there exists k(w) € N such that

vVQ € F(G) : |1Q/w(Q)] < k(w) and w has width k(w) in Q. (3)

Smith and Wilson (loc.cit) establish another characterization, which is not
algebraic in my sense but nicely clarifies the relation between ‘strongly complete’
and ‘small’: G is strongly complete if and only if G has finitely many subgroups
of each finite index, and this holds if and only if G has only countably many
subgroups of finite indez.

Now (3) looks like a strengthening of (2), except that the power words z
are not (usually) f-words, because infinite Burnside groups exist. Could we
use power words instead of f-words here? The question has some plausibility
because every finitely generated profinite group is indeed power-open (the power
subgroups G™ are open, [NS2]). On the other hand, it is clear that every power-
open profinite group is strongly complete.

m

Question 1. Is every strongly complete profinite group power-open?

If so, we can replace the f-words w in (3) by the power words ™, m € N.
The following reduction was pointed out to me by John Wilson:

Proposition 3 (J. S. Wilson) Suppose that G is strongly complete. If H? <, H
for every H <1, G and every prime-power q | m then G™ <, G.



Proof. There are only finitely many finite simple groups of exponent dividing m,
say S1,...,S5t ([J]J+CFSG). Let V denote the variety generated by Sy x - - x S;.

Let n(m) be the number given by Theorem 3, so every finite group of ex-
ponent dividing m has a normal series of length n(m) with each factor either
semisimple or nilpotent. Let k = n(m)s, where m is divisible by s primes. Then
every finite group of exponent dividing m has a normal series of length k with
each factor either in V or of exponent ¢ for some prime-power ¢ | m. It follows
by a standard inverse limit argument that every locally finite group of exponent
dividing m has such a normal series. Now the main theorem of [NS2] implies
that G/G™ is locally finite; hence there is a normal series

G=Go >G> >2G,=G"

such that for each i, either V(G;) < G;41 or G < G,4; for some prime-power
q|m.

Let ¢ € {0,...,k} be maximal such that G; is open in G. Suppose that
i < k. Then G; is again strongly complete, so if V(G;11) < G; then G;11 <, G;
by Theorem 4, whence G;+1 <, G, contradiction. If G;/G;4+1 has exponent g
for some prime-power ¢ | m then G;;1 <, G; by hypothesis, whence G; 11 <, G,
again a contradiction. It follows that i = k and so G™ <, G. =

Thus it will suffice to answer Question 1 for normal subgroups of prime
power index. In some cases this is feasible:

Theorem 5 (N. Nikolov) Let G be an anabelian profinite group. Then G = G4
for every prime-power q.

Suppose that ¢ is odd. Theorem 3 of [N2] says that the word 27 has bounded
width I(q) in every finite anabelian group. In unpublished work (personal com-
munication), Nikolov proves the same statement for ¢ any power of 2. It follows
in either case that z? has finite width [(q) in G, whence G? is closed. Now
if GT < N <, G then G/N is a finite anabelian group of prime-power order,
whence N = G. But GY is the intersection of all such NV, so G? = G.

With Proposition 3 this gives

Theorem 6 Let G be an anabelian profinite group. Then G is strongly complete
if and only if G is power-open.

At the other extreme we could consider prosoluble groups. Question 1 is still
open in this case, but the following may be relevant:

Lemma 2 Suppose that G is strongly complete and prosoluble. Let ¢ = p™, p
a prime, and let P be a Sylow pro-p subgroup of G. If G? is not closed then
P, :=PNGY<, P and Py has an infinite perfect quotient Py /(P N G?).



Proof. G4 <1, G by Theorem 1, so P; <1, P. Now G has a Hall pro-p’-subgroup
H,and GIP > HP = G. So G4 = G7P; and so
P P G1

~

PNGi P NGYI G

The latter is infinite and perfect, because G4 is strongly complete and an abelian
group of finite exponent is residually finite. m

Thus a negative answer to Question 1 would imply a positive answer to

Question 2. Does there exist a pro-p group with a nontrivial perfect quo-
tient?

This is apparently unkown; the answer is probably ‘yes’, but it seems quite
hard.
To summarize some of the above:

Theorem 7 Let G be a profinite group. The following conditions are equivalent
to G being strongly complete.

i. if G is a pro-p group: G is finitely generated; or, G is small; or, G'GP is
open; or, G'GP is open;

ii. if G is pronilpotent: G is small; or, each Sylow subgroup of G is finitely
generated;
iii. if G is prosoluble: H'H? <1, H for every H <1, G and every prime p;

iv. if G is anabelian: G™ is open for every m € N; or, |G/G™| is finite for
every m € N.

Proof. Most of this appears above, or follows easily. Let me sketch the
argument for (iii), where G is prosoluble. Note that H'H? = w(H) where
w = [z,y]zP defines the variety generated by Cp, so if G is strongly complete
and H <, G then H is strongly complete and w(H) is open by Theorem 4. For
the converse, suppose that G is not strongly complete and let N be a normal
subgroup of G of minimal finite index such that N is not open. Then G/N
is a finite soluble group, by Hall’s characterization of finite soluble groups as
those having a Hall p’-subgroup for every prime p: indeed, if ) is a Hall pro-p’
subgroup of G then QN/N is a Hall p’-subgroup of G/N. Now let H/N be a
minimal normal subgroup of G/N. Then H <, G and H'H? < N < H for some
prime p; so H'HP is not open in H. m

Remark Theorem 4 does have a direct analogue for small groups:

Theorem 8 A profinite group G is small if and only if V(G) <, G for every
frvariety V.

Of course this is an immediate corollary of Theorem 1, since if V = Vg where
Q@ has exponent m then G™ < V(G). However it is worth mentioning because it
is completely elementary. To prove it directly we argue exactly as in the proof
of Theorem 1, quoting Proposition 4 (see Section 6 below) in place of Theorem
3.



5 The ‘congruence kernel’

Let G be a profinite group. Considered as an abstract group, G has a profi-
nite completion G, and the identity map on G induces a natural continuous
epimorphism 7 : G — G.
The ‘congruence kernel’ of G is C(G) = kerw. Note that C(G) is the pro-
jective limit
C(G) = lgn N/N

where N runs over normal subgroups of finite index in G. Thus G is strongly
complete if and only if C(G) = 1.

Theorem 9 If C(G) is small then G is strongly complete.

Thus a congruence kernel is either trivial or very large (in particular, not
finitely generated as a profinite group).

Proof. Assume that C' = C(G) is small. First we prove that G is small.

Suppose for a contradiction that G has infinitely many open normal sub-
groups of index n. It is then easy to see that there exist an open normal subgroup
H of G, a finite simple group @ of order < n and a continuous epimorphism
m: H — P = QY. For each non-principal ultrafilter / on N let ¢y, : H — Q
be the induced map onto the ultrapower P/U = @, and set Ky = ker ¢)y;. Note
that Ky, contains 7~ 1(P) where Py is the restricted direct power of @ inside
P; if S is any finite collection of non-principal ultrafilters, it follows that

Kg = ﬂ Ky
Uues

is a dense normal subgroup of finite index in H. Thus Kg contains a normal
subgroup N of finite index in G and KgN = H. Therefore H/Kg = N/(NNKg)
is a continuous image of C; say H/Kg = C/M where M is open and normal in
C.

Let V be the variety generated by Q. Then V(C) <1, C by Theorem 8. Now
V(H) < Kg so V(C) < M and so |H/Kg| < ‘C’ : V(C)‘ < 00. Choosing the
set S so as to maximize |H/Kg|, we see that K;; > Kg for every non-principal
ultrafilter ¢. Thus there are only finitely many possibilities for K.

Now it is easy to see that K, determines U; indeed, for V C N we have

Vel Ky2n ' {f:N= Q| f(V)={1}}.

But the number of non-principal ultrafilters is infinite, so we have our contra-
diction. o
Now fix an f-variety V and put W =V(G). If W < N <y G then N/N is a

continuous image of C, and as above we may infer that |N/N’ < ’C : (C)‘ <

0. We choose such an N so as to maximize |N/N]|.

10



Suppose that W < M <y G. Put D = NN M. Then DN = N so
‘E/(Nﬂﬁ)‘ = |N/N’ and as N N D > D it follows that NN D = D. There
are countably many possibilities for D, since G is small; and given D, there are
finitely many possibilities for M. Thus there are countably many possibilities
for M.

Since there are countably many f-varieties it follows that G has countably
many normal subgroups of finite index. The result follows by [SW], Theorem 2.
]

6 Generalized Fitting height: a reminder

In this section all groups are finite. The generalized Fitting subgroup of a group
G is F*(G) = FE where F = F(G) is the Fitting subgroup and E = E(G)
is the largest quasi-semisimple normal subgroup of G (to say that F is quasi-
semisimple means that F is perfect and F/Z(FE) is a product of simple groups);
FE is more usually defined as the subgroup generated by the components of G,
the quasisimple subnormal subgroups (that this is equivalent is a small exercise).
It is always the case that FFNE = Z(E) and E/Z(FE) is semisimple; see [A],
Chapter 11. Thus F*/F is semisimple.
The generalized Fitting height h(G) of G is defined by:

h(1) =0,  h(G) =1+ h(G/F*(G)).

It is not hard to see that h(G) is the minimal length of a series of normal
subgroups from 1 to G such that each factor is the product of a nilpotent
normal subgroup and a quasi-semisimple normal subgroup; it follows that A is
sub-additive on group extensions.

The first result is elementary. For a group @ the variety generated by @ is
denoted Vg.

Proposition 4 For each finite group Q there is an integer m(Q) such that
G € Vg implies h(G) < m(Q).

Proof. We define m(Q) recursively: set m(1) = 0 and suppose that m(L) has
been found for every group L with |L| < |Q).
If G is a finite group in Vg then G is a section of Q™ for some finite n, so
h(G) < h(H) where H < Q™). Tt will suffice to find an upper bound for h(H).
Let M be a maximal normal subgroup of Q and put X = H N M. Then
X €Vy and H/X 2 HM™ /M™ € Vg s, so if M > 1 we have

R(H) < h(H/X) + h(X) < m(Q/M) +m(M).

Thus if @ is not simple we may define m(Q) to be the infimum of m(Q/M) +
m(M) where M ranges over the maximal normal subgroups of Q.

Now suppose that @ is simple. Write m; : H — @ for the projection to the
1th factor in the product and set L; = kerm;. Say Hm; = @ for 1 < ¢ < r and

11



Hr; =T, < Q for r <i <n (here r may be O or n). Put X =Ly N...NL,.
Then H/X = Q™ for some t <7 and X < P =Ty x -+ x Th.

Now let a = max{h(T) | T < Q}. Then P has a series of normal subgroups
1= AO S B1 S A1 S S Ba S Aa = P with Bi/Az'—l nilpotent and Al/BZ
semisimple. Say 51, ..., S are all the non-abelian composition factors of proper
subgroups of (). Then

B; = Bijg < Bj1 <--- < Bjs = A;
where each B;; is normal in P and Bj;/B;(j_1) = SJ(-n”)
we obtain a normal series

. Intersecting with X

such that (B; N X)/(A4;-1 N X) is nilpotent and

Xij o Big-1n(XNBy) cV(s))
=~ e
Xi(j-1) Bi(j-1)

for each ¢ and j.
It follows that

h((AiN X)/(Air N X)) < 1T4+m(S1) + -+ +m(Ss) =b

say, and hence that h(X) < ab. As H/X is semisimple we may therefore define
m(Q)=1+ab. =

The next result is not elementary: it depends on CFSG — more precisely, it
needs the Schreier Conjecture and the Odd Order Theorem. It also depends on
the Hall-Higman Theorem (which it more or less implies, in a weak sense).

Theorem 10 For each q € N there is an integer 6(q) such that G = 1 implies
hG) < 6(q).

Proof. Setting §(1) = 0 we may suppose that ¢ > 1 and that d(¢’) has been
defined for all ¢’ < g. Let G be a group satisfying G¢ = 1.

If ¢ is a prime power then G is nilpotent and h(G) < 1. Otherwise, let p be
an odd prime divisor of ¢ = p®r where p{ 7.

Suppose first that G is soluble. According to Theorem A of [HH], G has
p-length [ < 2e + 1; so G has a normal series

1=FP<Ny<P<---<P<N=G
with each P;/N;_1 a p-group and N} < P;. Tt follows that
h(G) <11+ 6(r)).
Next, suppose that Fit(G) = 1 and let M = F*(G). Then M = Sy x---x S,

is a product of non-abelian simple groups. Let L be the kernel of the induced
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permutation action of G on the set {Si,,...,S,}. Since Cq(M) = 1 (because
Fit(G) = 1) we see that L/M embeds into Out(S) X --- x Out(S,), whence
L/M is soluble by the Schreier Conjecture, [GLS] Theorem 7.1.1.

The Odd Order Theorem ensures that S; has even order, and hence that ¢
is even [FT]. A simple argument, given below, shows that G4/2 < L. It follows
that

B(G) < 1+1(1+6(r)) +6(a/2)

In general, let H be the soluble radical of G. Then Fit(G/H) = 1. Applying
the two previous cases we deduce that h(G) < d(q) where

5(q) =1+20(1+d(r)) + d(q/2).

Proof that G4/ < L (copied from the proof of [HH], Theorem 4.4.1). Sup-
pose that the claim is false. Say 2¢ = t exactly divides q. Then there exists
g € G with ¢ =1 and 92671 ¢ L. Thus g has order ¢t modulo L. Hence ¢ in its
conjugation action has a cycle of length ¢ on {S1,,...,S,}, say (S1,,...,5¢).
Let x € S be an element of order 2. Then Sirg)z = 5144 centralizes S; for
1 <i<t,sofor h € S; we have

1

9" — preg' ™t _ pr
Choosing h € S1\Cg, (z) we infer that (zg)! # 1. But (zg)t = (z,29,. .. 7:L,g”‘l) c
S1 X +--x S; is an element of order 2, so the order of xg is exactly 2t; this con-
tradicts x4 =1. m

It is not known whether the generalized Fitting height of all finite groups in
an arbitrary non-trivial variety is uniformly bounded; it would suffice to settle
this for soluble groups: see [Kh], Problem 2, Theorem 6, Theorem 7.
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