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Abstract

The Littlewood conjecture, proven by Konyagin and McGehee-Pigno-Smith in the
1980s, states thatif A C Z is a finite set of integers with |[A| = N, then || ﬁ [l1 > clogN
for some absolute constant ¢ > 0. We explore what structure A must have if || i; I <
KlogN for some constant K. Under such an assumption, we prove, for instance,
that A contains a subset A’ € A with |A’| > N°9 such that |[A’ + A’| <« K°D|A’|. As
a consequence, for any k > 3, if N is sufficiently large depending on k and K, then
A must contain an arithmetic progression of length k. A byproduct of our analysis
is a (slightly) improved bound for the constant c.

1. Introduction

For a finite set A C Z the Fourier transform TZ :R/Z — C is defined by T,}(e) = nea €(—nb),
where e(x) := e2"*. Define

1
1Tall2 :/ [14(0)] d6.
0

A famous conjecture of Littlewood stated that! ||i;||1 > log N for any set A of N integers, which
is achieved, for example, by an arithmetic progression of length N. This was proved in 1981 in-
dependently by Konyagin [11] and McGehee, Pigno and Smith [12]. A discussion of the problem
and its history may be found in [3, Chapter 10].

This lower bound is universal, yet rarely achieved—in fact generically, we expect ||i;||1 to
be closer to the trivial upper bound N'/2, which is an immediate consequence of the Cauchy-
Schwarz inequality and Parseval’s identity. This is achieved when A is lacunary, for example, or
a random positive density subset of an interval (with high probability). In fact, the only examples
we know that achieve O(log N) are arithmetic progressions and simple variations, for example,
the union of O(1) arithmetic progressions and some small unstructured set.

1 We use the Vinogradov notation f >> g, equivalent to g = O(f), to denote the existence of some absolute constant
¢ > 0 such that |f(x)| > c|g(x)| for all sufficiently large x.

Received: 12 March 2026. Revised: 18 April 2026. Accepted: 8 May 2026

© The Author(s) 2026. Published by Oxford University Press. This is an Open Access article distributed under the terms of the Creative
Commons Attribution License (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and repro-
duction in any medium, provided the original work is properly cited.


https://doi.org/10.1093/qmath/haag016
http://orcid.org/0000-0002-2454-4008
http://orcid.org/0000-0002-2224-1193
mailto:ben.green@maths.ox.ac.uk
https://creativecommons.org/licenses/by/4.0/

2 ¢ The Quarterly Journal of Mathematics, 2026, Volume 00, Issue O

It is therefore natural, especially from the viewpoint of modern additive combinatorics, to ask
the following inverse question.

QUESTION 1.1. Let K > 0 be some large constant. What can we say about the structure of
sets A C Z with |A| = N and ||14]; < KlogN?

This question was asked by the second author [6] and one possible precise conjecture in this
direction was formulated by Petridis [13, Question 5.1] (see Section 6 for further details). While
we are some way from a full resolution of this question, in this paper, we offer the following
weak partial progress.

Recall that the additive energy E(B) of a finite set B C Z is defined by

E(B) = #{(by, by, b3, by) € B* : by + by = b3 + bs}. (1.1)

We have
1
E(B) = / T 0)]"de, (1.2)
0

as can be checked using the orthogonality relation for characters. We also write w[B] := E(B)/|B|®
for the normalized additive energy of B, which satisfies 0 < w[B] < 1.

THEOREM 1.2. Let N be a sufficiently large positive integer. Let § € (0, 1] and K > 0. IfAis a
set of N integers such that ||1,||; < KlogN, then there is a subset A’ C A of size |A’| > N'~°
such that w[A’] > (8/K)>2.

The set A’ produced in Theorem 1.2 is in fact an initial segment of A.
The following two corollaries are almost immediate consequences of this and standard results
in additive combinatorics.

COROLLARY 1.3. Let N be a sufficiently large positive integer. Let K > 0 and suppose that
A C Z is a finite set of size N such that ||14||; < KlogN. Then, there exists an arithmetic
progression P of length > N« such that |A N P| > ck |P|, where cx > O depends only on K.

Proof. Apply Theorem 1.2 with § = % Applying the Balog—-Szemerédi-Gowers theorem
(see, for example, [16, Theorem 2.31]) to the resulting set A’, we obtain a set A” C A,
|A”| > K-OWN12 with |A” 4+ A”| < K°W|A”|. By the Freiman-Ruzsa theorem (see, for
example, [16, Theorem 5.33]), there are arithmetic progressions Py, ..., P, with
r = Og(1) such that A” C P, +---+ P and

i+ + Pl =P IP] <k |A"].
By averaging there exists some i, 1 <i < r, and x such that

|(B+x)NA"| >k ] > |47

Since N is large, the length of P, is bounded below by N« for some cx > 0. O

COROLLARY 1.4. LetK > 0 and let k > 3 be an integer. Let N be sufficiently large in terms of
k,K and let A C Z be a finite set of size N such that ||14]|; < KlogN. Then, A contains an
arithmetic progression of length k.

Proof. This follows immediately from Corollary 1.3 and Szemerédi’s theorem. O
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Remark The key feature of Theorem 1.2 is that the lower bound on E(A’) is a constant
times |A’|3. If one is prepared to tolerate logarithmic losses then a one line application of
Holder’s inequality on the Fourier side shows that we in fact have E(A) > N3/(Klog N)2.
However, this would certainly be too weak to deduce Corollary 1.4 given our current
knowledge of bounds in Szemerédi’s theorem when k > 4.

1.1. Previous structural results

We now summarize what was previously known concerning this inverse question for sets with
small ||14]1.

1. As noted above, it is a trivial consequence of Holder’s inequality that A itself must have
reasonably large additive energy: E(A) > N3/(Klog N)?.

2. Pichorides [14, Lemma 3] noted that an argument of Zygmund [18, Chapter XII, 7.6] im-
plies that the largest dissociated? subset of A has size Og((log N)?). This was independently
rediscovered by Bedert [1].

4. Petridis [13] showed that A cannot have genuine 3-dimensional structure, in a certain pre-
cise sense.

5. Picking up on the theme of Petridis, Hanson [8] showed that A cannot have genuine 2-
dimensional structure, again in a sense he was able to make precise.

6. If we replace the upper bound < K log N with < K, and replace Z with a finite abelian group
G, then a much more satisfactory answer is known: the second author and Sanders [7] have
shown that if A € G has ||T;||1 < K, then 1, can be written as a simple linear combination
of Ok(1) indicator functions of cosets of subgroups of G. This condition is (qualitatively)
necessary and sufficient.

Part of the motivation for inverse results of this nature originated in work of Bourgain [2],
which highlighted a connection between Littlewood’s conjecture and the task of improving the
lower bounds for the sum-free subset problem in additive combinatorics. Bedert [1] has made
significant progress on this problem recently, making use of that connection.

1.2. Bounds for the Littlewood conjecture

The lower bound ||ﬁ||1 > logN is the best possible up to an absolute constant, since this is
achieved when A is an arithmetic progression of length N. In this case, one may compute (see,
for example, [18, [1.12.1]) that

— 4

One may ask (and Hardy and Littlewood did ask [9, p. 167]) whether this leading constant is the
best possible or even whether Hﬁlh > ||ﬂ>\|1 where P is an arithmetic progression of length N.
This statement, or the slightly weaker statement that ||i;||1 > (ﬂ“—2 —o(1))logN, is usually called
the Strong Littlewood Conjecture.

Less ambitiously, one can seek to prove the best possible value of ¢ in an inequality:

ITally > (c — o(1)) log N.

The argument of McGehee, Pigno and Smith [12] achieved ¢ = 1/30. The numerics were opti-
mized by Stegeman [15] and Yabuta [17], the latter proving a value of ¢ ~ 0.1295. We give a
slight improvement on this constant.

THEOREM 1.5. If A C Z is a finite set of size N , then
ITall = (c — o(1)) log N,

2 Aset X C Z is dissociated if all 2%! subset sums are distinct.
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where ¢ = 0.170934 - - -.

For comparison note that 4/72 =~ 0.405 so we are still about a factor of 2.4 away from the
conjectured optimal value. The value of ¢ is found as the maximum of a complicated two-variable
expression and presumably has no nicer form.

The proofs of Theorems 1.2 and 1.5 both hinge on a detailed analysis of the test functions used
by McGehee, Pigno and Smith. This is the main business of the paper.

In the final section of the paper, we make some additional comments and record some further
questions and conjectures.

Notation
For any function f € ¢!(Z), we define the Fourier transform f: [0,1] - Cby

f0)="3" fe(-no),

where e(x) = ¢, The convolution is defined in the usual way, so that if f, g € ¢!(Z), then

frgl0 =) fIgx—y.
y

Note that if A = supp(f) and B = supp(g), then supp(f *g) € A + B. We note here the useful
property that f «+ g = f - g It is convenient to use inner product notation, so that if f,g: Z — C,
then we write

(f.8) = flmgm,
nez

and (f,8) = fol f(0)3(9) do. By Parseval’s identity

o~

(f.e) =(f.8-

2. McGehee-Pigno-Smith test functions

The overall strategy to prove Theorem 1.2 is to mimic proofs of the Littlewood conjecture, aiming
to prove a lower bound of the shape ||ﬁ||1 > KlogN. Since this lower bound is false by assump-
tion, some stage in our purported proof must fail, which will reveal structural information about
A.

All proofs of the Littlewood conjecture follow a similar strategy, obtaining a lower bound for
||TA I, via construction of a suitable test function. In particular, our goal will be to try to construct
a test function R : Z — C such that

(1) Rl <1and
(2) (14,R) > KlogN.

By Parseval’s identity and the triangle inequality these facts combined imply ||14[; > K logN.
This contradicts our hypothesis, so the construction of such a test function must fail. The new
observation is that, examining the details of the construction of the test function, this yields some
additive information about A.

We will use the test functions of McGehee, Pigno and Smith [12]. These are not the only ones
capable of proving the Littlewood conjecture but, of the ones we are aware of, they perform the
best from the quantitative point of view. For a discussion of other possible test functions we refer
to the survey paper of Fournier [4].

The following lemma details the construction of these test functions.

LEMMA 2.1. Letb > 0 and set c =1 — eP. If f : Z — R is a finitely supported function, then
there exists a function Ry : Z — C (which depends on b) with the following properties:
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(1) Ry is supported on Z;

@ |Rell, <2"b | £

(3 IIRs + 1o < 1; and

@) if || fllo < 1, then, for any g: Z — C with ||g]|. < 1, the function
h:=g+cf+gxRs

satisfies ||| < 1.

Proof. Since |j?| is a 1-periodic symmetric function, we can write
10 =Y cre(nd)
nez
for some ¢, € R with ¢, = c_, and define hf : Z — C by
¢ ifn=0
h¢(n) = {2¢, ifn <0, and
0 otherwise,

so that hy is supported on Z,. Furthermore, since
he(6) = co+2 ) cre(nd),
n<0
for any 6 € R/Z, we have
Mhs(0) = o+ Y cale(nd) +e(—n0)) = | (6] > 0.
n<0
By Parseval’s theorem,
2
Ihell; =3 +2 <2y et =2IfI5
n#0 n

We may now define

R = 3 E2h0m),

il
1 7

where h(fj) = hf * - - x hy denotes the j-fold convolution. Equivalently, we may define R ¢
via its Fourier transform by

~> (—=bY ~ . &
Rs(0) = Z %'hf(gy — e bh® _ 1
jz1
Since supp(g; * g&2) C supp(gi) + supp(g:) for any pair of functions g;. g : Z — C, it is

clear that Ry is supported on Z,, which is item (1).
The inequality |e~* — 1| < |z2|, valid whenever %z > 0, implies

[Ry(6)] < blAs(6)]
pointwise, and hence in particular
IRsll, <Blhsl, < 22| £,
which is item (2). We also have

R7(0) + 1] = e™® = 7O <

pointwise, which is (3.
Finally, suppose || flc; Igllc < 1 and consider

h=cf+g+g=*Ry,

5
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where ¢ = 1 — e~?. Taking the Fourier transform, we have the pointwise inequality

lhl <

@I+ Ryl +clfl <e ™+ @ —e i <1
which is (4). In the final step here, we used the inequality e + (1 — e ?)x < 1, which is
<1. O

valid for all x with 0 <

The form of item (4) lends itself to an iterative argument, the details of which are as follows.

LEMMA 2.2. Letb>0andc=1— e LetJ € N and suppose that g, ...,g : Z — R are

finitely supported functions such that ||g|l. < 1 foralli=1,...

function R : Z — C such that ||7/€\||oo < 1and

J J
R = ngj =+ ZDj’
j=1 j=1

where the function D; has the shape

where

Dj=c Z & + Fj,

1<i<j

IE;ll2 < 22b |g; ], .

and F;j is supported on Z.

Proof. We iteratively define functions R; : Z — C by R; := cg; and

fori > 1, where

Riy1 :=Ri+ cgiy1 + Dip1

Dij1:=Ri* Ry,

,J. Then, there exists a test

2.1

(2.2)

(2.3)

(Here, Ryg,,, is the test function given by Lemma 2.1 with f = g;;,.) We then set R = R;.
The fact that R has the form (2.1) is a trivial induction.

By the final property of Lemma 2.1 and a trivial induction, we have ”ﬁi”oc

A downwards induction on i using the identity

yields, for any i < j,

R+ Ry + 1)

=cY &[] Re +D+Ri [ Rg +1).

i<k<j k<t<j i<t<j

where the product over k < ¢ < j is interpreted as 1 when k = j. In particular, taking

i=1, we have

@:czgn(@+l).

1K) i<t<j

From the definition of D;, it then follows that

Defining

D =R Ry =c Y &Ry [ Ry +1).

1<i<j i<t<j

Fyi=Ry [[ Re + 1),

i<l<j

<1 foralli.



The Quarterly Journal of Mathematics, 2026, Volume 00, Issue 0 ¢ 7

we see that (2.2) holds.

The bound (2.3) now follows using Lemma 2.1 (2) and (3) and Parseval’s identity
||I7}\j|| 2 = ||Fjll2. To see that F; is supported on Z,, observe that F; is a sum of convolutions
of functions R,,, and each such function is supported on Z<, by Lemma 2.1 (1). O

3. A lower bound for ||i;||1

We will now apply the McGehee-Pigno-Smith test function from the previous section to prove
the following technical proposition. It will be the key input in the proof of our two main results,
Theorems 1.2 and 1.5. An initial segment of A is a non-empty subset of the shape A N (—o0, x]
for some x € R.

PROPOSITION 3.1. Let b > 0 be a real parameter, and let J € N. Let A C Z be a finite set and
suppose that A;, ..., A, are initial segments of A withA; € --- CAy. Let » > 1 bea
parameter, and suppose that |Aj,;| > A |A;| for j=1,...,J — 1. Then,

- b J
1Tl > QA —e™®) (J - Jio1 ;(w[Az] + |Ai|l)1/2> )

where w[-] denotes the normalized additive energy.

Proof. For j=1,...,J,let u; = - 14;. Then, |s]l, =1 and [|Zjll < 1. Let R be the

~ Tl
associated McGehee-Pigno-Smith test function given by Lemma 2.2, with parameter b, so
that |R]« < 1 and

J J
j=1 j=1

where ¢ = 1 — e . Since (u;, 14) = 1 for all j, we deduce that

1Tall > (R, 1)l > e = | 34D, L) 3.1)
j

It therefore suffices to prove an upper bound on ] > Dy, 1 A)| of sufficient quality. By
(2.2), we have D; = c)";_; u; * Fj, and so

i<j

(Dj,1a) =c¢ D (La, wixEy). (3.2)

J
-1 1<i<j<J

j
Since F; is supported on Zo, from the nesting property of the A;, we have
(La, i x Ej) = (1a,, pi * Fj) = (1a, % 1, Fj),
where g°(x) := @ Moreover, by (2.3), we have
1Billa < 272 ], = 212|472

By the Cauchy-Schwarz inequality, we thus have, recalling that F; is supported on Z,,

[(La, i By) | = [(La, 17, By) | < 22DIA; 172 (Lay % 1)1z, ] - (3.3)
However, one may compute that

E(A) + |Ai|2>”2

Qs * 1)1z g Nl = 1AL ( 2
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A;
choosing b > 0 and 1/ suitably small absolute constants yields ITall1 > J, where A7 < N and
hence J >, logN as required.

® The Quarterly Journal of Mathematics, 2026, Volume 00, Issue 0
Combining this with (3.2) and (3.3) yields

J 241/2
(E(A) + |A1HHY
‘;(D], 14) ’ cb Z —|Ai||Aj|1/2 .

Substituting into (3.1) gives
Sl s EA)+IAP? |, 12
1Tl > —e ™) (7 - b}j Y i<zj<J\AJ| ).

By the assumption in the proposition, we have |A;|71/2 < AG/2|14;|7V2 for j > i.
Summing the geometric series yields

3 jayve < A
N

and the stated conclusion follows using the definition w[A;] = E(A;)/|A;|3. O

]>l

4. Improved constants for Littlewood’s conjecture

In the next two sections, we deduce our two main theorems from Proposition 3.1, starting here
with Theorem 1.5, the improved constant for Littlewood’s conjecture.

One may deduce Littlewood’s conjecture (with some constant) from Proposition 3.1 by taking
to be roughly the ~ A’ smallest elements of A for all i and using the trivial bound w[A;] < 1

To extract a decent constant from this is a delicate optimization in both b and A, and this was

the task considered by [15,17]. To get the slightly better constant in Theorem 1.5, we will use a
slightly less trivial bound for the w[A;], obtained using a rearrangement inequality.

LEMMA 4.1. Suppose that A, B are finite sets of integers with cardinalities n, m respectively,
where m < n. Then,

E(A.B) = #{(a1.b1. Gz by) € AxBx A x B:ay +by = ay + by} < nm?(1 — ) +

m
3n 3

In particular, [A] < 2 + 0p0(1).

Proof. This follows from a well-known rearrangement inequality (see Gabriel [5, Theorem

3] or [10, Theorem 376]%). A quick proof is as follows. Let the elements of A be
a; < ay < -+ < ay, and the elements of Bbe b; < --- < b,,. Writing r(x) for the number of
pairs (a, b) € A x B with a + b = x, we have

r(a;+bj) <1+ min(n—1i, j — 1) + min(m — j,i—1). 4.1)

Indeed, the constant 1 counts the representation a; + b; itself. The min(n — i, j — 1) term
is an upper bound for representations a; + b; = ay + by with i <7 < n, which must have
also have 1 < j' < j; for each i’ (or j'), there is at most one such representation. The
min(m — j,i— 1) term is an upper bound for representations al +Db; = ay + by with

1 <17 <i(and hence j < j <m). Now, sum (4.1) over 1 <i<n and 1 < j<m The
left-hand side becomes E(A, B), and (after a computation) the right-hand side becomes
m2(1— 1) 4 O

3 It is important to note, when reading this reference, the convention established on the previous page: ‘We may

agree that, when there is no indication to the contrary, sums involving several suffixes are extended over values
of the suffixes whose sum vanishes’.
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We now give the deduction of Theorem 1.5 from Proposition 3.1.

Let b > 0 and A > 2 be some constants to be chosen later, and fix some A C Z of size N, for
some large N (where the notion of ‘large’ may depend on A and b). We now construct
nested initial segments A; C --- C A; of A, for a certain parameter J.

Let A; be the set consisting of the smallest [log N elements of A. In general, if
Aq, ..., Aj have been constructed, let A;;, be the set of the smallest [ |A j|1 elements of A
and continue. Otherwise, we set J = j and halt. Furthermore, we have |Aj,;| > 1 |A;]| for
j=1,....J — 1. Additionally, |Aj;1| < A|Aj| +1for j=1,...,J — 1, and hence by
induction
A S M (IAjrl + A7 42724+ 277
for any r > 1. Taking r = j — 1 (and since 1 > 2), we have
|A;| <A1 + logN).
By definition, the parameter J was minimal such that
N < LAy

It follows that

N < 27(1 +1logN)

and so
logN
logx”

J>=(1-01)) (4.2)

Here, and below, o(1) means a quantity tending to 0 as N — oc.
Applying Lemma 4.1 to A, ..., A; and substituting in to Proposition 3.1, and recalling
our bound (4.2) on J, we deduce that

[Tal: = (1 —o0(1))f(b, A)logN,

where
b

1-—e
f(b’)h)zloi

- 1/2
o (1 (2/3)

Vi-1 ) '
It remains to choose b > 0 and A € [2, c0) to maximize f(b, ). Computational
investigations tell us that the maximum value is

f(b, %) =0.170934 - - -
achieved at

b=0.932199--- and A =9.112038---.

5. A structural inverse result

Now, we turn to the deduction of Theorem 1.2. In deducing Theorem 1.2, we are not concerned
with constants, and so we record the following simpler consequence of Proposition 3.1.

COROLLARY 5.1. Letn € (0,1/4]. Let A C Z be a finite set. Suppose, we have a nested
sequence A1 € Ay C --- C A; of initial segments of A such that

A1l <A =) Ail.
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There exists a constant ¢ > 0 such that

J
ITall > J —en ™'y wlA]Y2

i=1

Proof. Noting that w[A] > |A|~! for any nonempty set A of integers, this follows
immediately from Proposition 3.1 with b =1 and 1/» =1 — 5, so that ﬁ <n L U

We may now prove Theorem 1.2.

We may assume that K > 145 (say) since the Littlewood conjecture is true. If §/K < N~'/2,
then the result is trivial by taking A’ = A, since any set of size N has at least N? additive
quadruples. If § < C(log N)! for some absolute constant C > 0, then the result is again
true with A’ = A by applying Hélder’s inequality on the Fourier side, noting that E(A)/*
is the L*-norm of 14.

In what follows, we suppose that §/K > N~/2 and that § > C(log N)~! (where C > 0 is
some absolute constant to be chosen later). Set 5 := c§/K, where c € (0, 1] is an absolute
constant to be specified later. In particular, n~! <« N'/2,

We construct nested initial segments A; C Ay C --- C A; of A in the following fashion.
Let A; be the smallest [N'~°| elements of A. In general, if A;, ..., A; have been
constructed, then let Aj,; be the set of the smallest [(1 — )" |A;|] elements of A if A has
this many elements, or else halt with j = J. By construction, it is clear that
|Aj| < (@ —n)|Aj| forall j e{1,...,J —1}. Furthermore, [Aj;1| < (1 — )~ |Aj| + 1 for
je{l,...,J—1}, and hence by the same induction leading to (4.2), we have

A < A= IN D) < (1 — N 5.1)
The parameter J was the minimal j > 1 such that
N<@Q-mlAl,

and hence by (5.1), we have N° « (1 — )™ < e?V. Since § > C(logN)~! (and N is
sufficiently large), provided C > 0 is chosen sufficiently large, it follows that
J > n'slogN.

By Corollary 5.1, we see that either

J
Y wlAl? >0t (5.2)

i=1

or | Tall; > n1s log N. If the constant c is chosen appropriately then, since n = ¢§/K, the
latter option is contrary to our assumption. Thus, (5.2) holds and so there exists some i
such that

wlA] > n? > (§/K)2.

The conclusion now follows taking A" = A; (noting that since A; € A’, we always have
|A’| = [N'7*)). O

6. Speculations about stronger structure

The structure found by Theorem 1.2 is, although non-trivial, still quite weak compared to the
kind of structure one expects to find. For instance, we do not know of a counterexample to the
following conjecture.
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CONJECTURE 6.1. Let A C Z be a finite set of size N. If || 14]l; < KlogN, then for
some m,r <y 1 the following holds. There are finite arithmetic progressions
Py, ...,P, C Z, each of length at most N, and finite sets Xi, ..., X; C Z such that
| Uij] = ox(N), together with €1, ..., €n, 71, ..., 7, € {—1, 1} such that

1a = Z 6i11”i+ Z ﬁjlx}..

1<i<m 1<j<r

A very similar (but slightly stronger) conjecture was put forward in print by Petridis [13,
Question 5.1]. Analogous results are known to be true in finite field settings due to work of
Sanders and the second author [7].

A consequence of Conjecture 6.1, still much stronger than anything we can prove, would be
that there exists an arithmetic progression P of length at most N such that |A N P| >k N.

A third possible inverse statement concerns the ‘dimension’ of A, defined as the size of the
largest dissociated subset of A. As noted in the introduction, Pichorides [14] has proved that if
ITally < KlogN, then

dimA «k (logN)3.

In the other direction, there are examples where [|14]l; < logN and yet dim(A) >> (log N)>*—
simply take the union of an arithmetic progression P of size ~ N and a dissociated set of size
~ X = [(log N)?], and use the triangle inequality together with the observation that

ITxl1 < IX|'? « logN.

We conjecture that this is the best possible.

CONJECTURE 6.2. Let K > 0 and N be sufficiently large depending only on K. Let A C Z
be a finite set of size N. If |14; < KlogN, then dimA «x (log N)?. Furthermore, A
contains a subset of size 3>k N and dimension <« logN.
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