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Abstract

We study elastic snap-through induced by a control parameter that evolves dynamically. In partic-
ular, we study an elastic arch subject to an end-shortening that evolves linearly with time, i.e. at
a constant rate. For large end-shortening the arch is bistable but, below a critical end-shortening,
the arch becomes monostable. We study when and how the arch transitions between states and
show that the end-shortening at which the fast ‘snap’ happens depends on the rate at which the
end-shortening is reduced. This delay in snap-through is a consequence of delayed bifurcation and
occurs even in the perfectly elastic case when viscous (and viscoelastic) effects are negligible. We
present the results of numerical simulations to determine the magnitude of this delay (and the
associated time lag) as the loading rate and the importance of external viscous damping vary. We
also present an asymptotic analysis of the geometrically-nonlinear problem that reduces the salient
dynamics to that of an ordinary differential equation; the form of this reduced equation is generic
for snap-through instabilities in which the relevant control parameter is ramped linearly in time.
Moreover, this asymptotic reduction allows us to derive analytical results for the delay observed in
snap-through that are in good agreement with the numerical results of our simulations. Finally, we
discuss scaling laws for the delay that should be expected in other examples of delayed bifurcation
in elastic instabilities.
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1. Introduction

The snap-through of an elastic object between two stable states is a striking demonstration of
the rapid release of stored elastic energy. Indeed, so effective is snap-through that plants such as the
Venus flytrap use it to rapidly release energy that is stored slowly through the growth and swelling
of tissues, thereby catching their prey unawares (Forterre et al., 2005; Skotheim and Mahadevan,
2005). In the same way, the hummingbird uses snap-through to generate fast motion in its beak
and hence catch flying insects (Smith et al., 2011). Taking inspiration from the natural world, a
number of applications have sought to make use of snap-through instabilities (Hu and Burgueño,
2015). For example, Holmes and Crosby (2007) demonstrated microscopic lenses whose curvature
(and hence optical properties) could be rapidly changed via snap-through, while ventricular assist
devices use snap-through as a temporary pump to aid the heart while a donor is sought (Gonçalves
et al., 2003). By combining a series of snapping elements, a snapping metamaterial (as introduced
by Rafsanjani et al., 2015; Vasios et al., 2021) may find applications as diverse as the isolation and
damping of vibrations or as a means of shape change in soft robots (Janbaz et al., 2020).
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In both technological and natural applications, it is the rapid motions associated with snap-
through that are particularly useful; in particular, these motions can cause global shape changes
while remaining in the elastic regime, and hence are highly reproducible. However, in many
scenarios, simple estimates of the speed of snap-through lead to significant over-estimates: snap-
through occurs much more slowly than would be expected by a naive balance between elastic
and inertial forces (Forterre et al., 2005). Hence, this discrepancy is often attributed to a source
of energy dissipation, such as viscous damping (either external or internal e.g. poroelasticity) or
viscoelasticy of the material. Indeed, several studies have shown that viscoelasticity may lead to
a system that is actually monostable (when fully relaxed) temporarily appearing to be bistable,
so that it undergoes a slow creeping motion before rapidly snapping between states — what is
referred to as temporary bistability (Santer, 2010), pseudo-bistability (Brinkmeyer et al., 2012,
2013; Gomez et al., 2019) or acquired bistability (Urbach and Efrati, 2020).

While viscoelastic effects are undoubtedly important in numerous systems, the structure of
the snap-through transition has also been shown to slow the dynamics significantly (Pandey et al.,
2014; Gomez et al., 2017; Sano and Wada, 2018), even in the absence of viscous effects. Generically,
the transition corresponds to a saddle-node (fold) bifurcation in which the current equilibrium
state abruptly ceases to exist as the relevant control parameter is varied, without first becoming
unstable (this kind of bifurcation is also referred to as a limit-point instability in the engineering
literature; see Bushnell, 1981, for example). When the system is close to the bifurcation point,
the behaviour is then heavily influenced by this closeness: since an equilibrium lies close by in
parameter space, the dynamics is not as fast as might naively be expected. Broadly speaking,
because the various forces within the structure are in balance at the bifurcation point (as this is
an equilibrium solution), the net force on the structure is very small and its motions slow down
significantly. This closeness to bifurcation (called the ‘ghost’ of the saddle-node bifurcation by
Strogatz, 2014) causes a bottleneck for the dynamics of snap-through — in general, the duration
of this bottleneck dominates the overall snap-through time, and diverges as the bifurcation point
is approached.

Gomez et al. (2017) studied the effect of the proximity to bifurcation on the duration of snap-
through in purely elastic systems. By starting the system a fixed distance |∆µ0| beyond the
bifurcation point µfold in parameter space (see schematic in fig. 1a), Gomez et al. (2017) were
able to determine experimentally and theoretically the duration of the bottleneck phase and hence
the total snap-through time. In practice, these initial conditions were achieved using an external
constraint that was suddenly removed to initiate snap-through. Extending this work, Gomez (2018)
considered the influence of external viscous damping on the snap-through dynamics. This revealed
two possible regimes depending delicately on the importance of damping compared to the ‘distance’
|∆µ0|, with different scaling laws for the snap-through time; in particular, the snap-through time
was found to scale as |∆µ0|−1/4 in the underdamped limit and |∆µ0|−1/2 in the overdamped limit.

In many natural and man-made systems, however, the relevant bifurcation parameter that
causes snap-through evolves smoothly in time, so that the system evolves along a trajectory quali-
tatively similar to that shown in fig. 1b. For example, when stimulated by an insect, the leaf of the
Venus flytrap gradually changes its intrinsic curvature in response to changes in turgor pressure;
this change of curvature eventually makes the ‘open’ configuration unstable and the leaf snaps
‘shut’ (Forterre et al., 2005). Similarly, in many systems the stimulus is driven by mass transport
and hence changes over a diffusion-limited timescale; for example, the snap-through of colloidal
particles may be caused by a change in pH (Epstein et al., 2015), while hydrogel bilayers may snap
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Figure 1: Schematic showing the bifurcation structure that generically underlies elastic snap-through: for different
values of a control parameter, µ (horizontal axis), an elastic structure is either bistable or monostable. (Here the
vertical axis is a scalar ‘amplitude’ that describes the equilibrium states, e.g. the maximum displacement.) One of
the stable states (solid curve) disappears at a saddle-node bifurcation, labelled µ = µfold (drawn as a filled circle),
where it merges with an unstable state (dotted curve). In each panel the dynamics of snap-through depend on the
path taken in parameter space, illustrated by the blue arrows, which begin at the filled square. (a) Gomez et al.
(2017) considered the dynamics with a fixed value of the bifurcation parameter µ = µfold + ∆µ0, with ∆µ0 < 0,
by starting from a shape close to the equilibrium shape at the bifurcation point. (b) In this paper, we consider an
alternative scenario in which the system begins in a stable equilibrium state well before the bifurcation point. The
parameter µ then evolves in time at a finite rate, µ̇ < 0. In particular, we seek to determine the delay in the control
parameter at snap-through, labelled |∆µeff |, observed with linear parameter variation, i.e. µ = µfold + µ̇ t.

upon solvent uptake (Lee et al., 2010). Moreover, in technological applications, the external load-
ing that causes snap-through is often controlled dynamically, for example with pneumatic pressure
(Gonçalves et al., 2003; Holmes and Crosby, 2007), magnetic forces (Loukaides et al., 2014; Seffen
and Vidoli, 2016) and fluid loading (Gomez et al., 2017; Jiao and Liu, 2021).

In these scenarios, because the effective bifurcation parameter is time varying, the analysis of
Gomez (2018) — in which the system is quasi-statically placed beyond the snap-through transition
— is no longer applicable. Several questions then naturally arise: at which effective bifurcation
parameter value, µfold − |∆µeff | (see fig. 1b), does the snap-through take place? What determines
the duration of snap-through in these evolving scenarios?

In low-dimensional systems, previous work has demonstrated how dynamic loading can delay
the onset of instability and modify the scaling law describing bottleneck behaviour (Tredicce et al.,
2004; Majumdar et al., 2013) — a so-called delayed bifurcation (Su, 2001). It is therefore of
interest to understand how such effects influence the dynamics of snap-through. This may yield
new insights into how systems such as the Venus flytrap behave near critical transitions and so is
the main aim of the present paper. One of the key challenges, however, is to extend the work on
low-dimensional systems to an elastic continuum with infinitely many degrees of freedom, whose
evolution is described by partial differential equations (PDEs).

In this paper we answer these questions through a careful study of a model system: the snap-
through of a slender elastic arch that is subject to a time-dependent end-shortening (see fig. 2).
(Note that since we are considering an arch snapping from an inverted state to its natural state,
this process is sometimes referred to as ‘snap-back’, rather than snap-through; see Cazzolli and
Dal Corso, 2019, for example.) For simplicity, we neglect viscoelasticity and consider the arch to be
purely elastic, though we do consider external viscous damping with constant damping coefficient
as a lumped model for energy dissipation via viscous effects. The remainder of this paper is
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organised as follows. In §2 we present the geometrically-nonlinear (elastica) equations governing
the dynamics of the arch and their non-dimensionalization. We also discuss a simplification of
these equations, referred to as the quasi-linear approximation, which is used to obtain analytical
results throughout the paper. We consider equilibrium solutions in §3, showing that the static
quasi-linear approximation captures well the bifurcation behaviour of the fully-nonlinear problem
as the end-shortening is varied quasi-statically. In §4 we then present numerical results of the
fully-nonlinear, dynamic problem, focussing on the case when the end-shortening varies linearly
in time. We show that the system is subject to delayed bifurcation: the trajectory ‘lags’ behind
the quasi-static prediction in a way that depends subtly on the loading rate and a dimensionless
measure of viscous damping. In §5, we seek to explain this behaviour in the framework of the
quasi-linear approximation: we use an asymptotic reduction of the governing PDE to a single
ordinary differential equation (ODE) that is valid near the snap-through threshold. We solve this
ODE in §6, before comparing its predictions to numerical results obtained for the fully-nonlinear,
dynamic problem in §7. Finally, in §8, we summarize our findings and discuss other examples of
delayed bifurcation in elastic instabilities.

2. Theoretical formulation

2.1. Problem statement

We consider a linearly elastic strip of density ρs, Young’s modulus E, thickness h and length
L, with h � L. The ends of the strip are a distance L − ∆L apart, so that there is an end-end
displacement ∆L > 0, which causes the strip to buckle out of plane forming an arch. To obtain
a system that is bistable for some parameter values, but monostable for others, we follow Gomez
et al. (2017) in the choice of conditions that are imposed at the ends of the strip: one end of the
strip is inclined at a constant angle α to the horizontal, while the other end is clamped horizontally.
A sketch of the setup is shown in fig. 2. In the static case, it is known (Gomez et al., 2017) that for
sufficiently small α (or large ∆L) the arch is bistable while for sufficiently large α (or small ∆L)
the arch is monostable. Since we are interested in the dynamics of the snap-through transition,
we consider how the arch evolves from the stable equilibrium that disappears at the transition
from bistability to monostability. In particular, we imagine the angle α to be fixed and allow
the end-shortening ∆L to vary; in the static case, therefore, the arch is monostable or bistable if
∆L < ∆Lc or ∆L > ∆Lc, respectively, where ∆Lc is a critical value that depends on the angle of
inclination, α. In this paper, we shall focus on the effect of a dynamically evolving confinement,
i.e. ∆L = ∆L(t).

2.2. Governing equations

The deformed centreline of the arch can be expressed as

r(s, t) = x(s, t) ex + y(s, t) ey, (1)

where ex and ey are unit vectors in the x and y directions, respectively (see fig. 2), s is the arc
length measured along the centreline from the left clamp, and t is time. We assume that the strip
undergoes inextensible, unshearable deformations (due to its slenderness h� L) in the x-y plane,
i.e. perpendicular to its width. In this intrinsic coordinate system, the tangent vector is then given
by

∂r

∂s
= cos θ ex + sin θ ey. (2)
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Figure 2: A schematic diagram of the problem considered in this paper. An elastic strip of length L is confined by
two clamps that are separated by a horizontal distance L−∆L (the strip’s width is directed into the page) forming
an arch. One clamp imposes θ = α, while the other imposes θ = 0; here θ is the inclination of the strip to the
horizontal. For a given value of α, the arch may be bistable or monostable depending on the value of ∆L: in the
bistable scenario it can adopt either the natural state (red curve) or the inverted state (blue curve). If monostable,
it can only adopt the natural state. In this paper we consider the dynamics of the snap-through from the inverted
to natural states resulting from variation in ∆L at a constant rate ∆̇L < 0 (as indicated by the arrow).

We write n(s, t) for the resultant force and m(s, t) for the resultant torque (per unit width)
attached to the centreline, obtained by averaging the internal force/torque over the cross-section.
Force balance on the strip, subject to a viscous damping coefficient per unit area of strip, Υ
(assumed constant for simplicity), gives

∂n

∂s
= ρsh

∂2r

∂t2
+ Υ

∂r

∂t
, (3)

while torque balance on the strip gives

∂m

∂s
+
∂r

∂s
× n = ρsI

∂2θ

∂t2
ez. (4)

Here I = h3/12 is the moment of inertia of the strip (per unit width). We also make the constitutive
assumption (the Euler-Bernoulli constitutive law) that the restoring torque caused by the strip’s
bending stiffness, B = EI, is

m = B
∂θ

∂s
ez. (5)

Substituting (5) into the torque balance, (4), and writing n = nxex + nxey, gives the dynamic
elastica equation

B
∂2θ

∂s2
− nx sin θ + ny cos θ = ρsI

∂2θ

∂t2
, (6)

which is a second order equation for θ(s, t) once the force components are determined from (3). As
well as suitable initial conditions, we require boundary conditions, which we discuss now.

2.3. Boundary conditions

The boundary conditions imposed at the clamped ends are

θ(0, t) = α, θ(L, t) = 0. (7)
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We take the origin of our two-dimensional coordinate system to be at the inclined clamp (see fig. 2),
i.e. we let

x(0, t) = 0, y(0, t) = 0, (8)

and assume that the second (horizontal) clamp is at the same vertical level, i.e.

y(L, t) = 0. (9)

The final boundary condition comes from the applied end-shortening, ∆L(t), which enters via the
evolving x-position of the horizontal clamp:

x(L, t) = L−∆L(t). (10)

For the moment, ∆L(t) will be allowed to be a general function of time, t. Ultimately, however,
we shall consider a constant rate of change of ∆L, i.e. ∆L(t) = ∆L(0) + ∆̇L t.

2.4. Non-dimensionalization

For simplicity, we scale all lengths by the total length of the strip, L, all forces within the strip
by the characteristic buckling load n∗ = B/L2 (per unit width) and time by the inertial timescale
t∗ = (ρshL

4/B)1/2. We use upper case letters to denote dimensionless variables (where this does
not conflict with standard notation), i.e. we write

(r, s, x, y) = L(R, S,X, Y ), t = t∗T, (nx, ny) = n∗(NX , NY ).

The full system of dimensionless equations becomes

∂X

∂S
= cos θ,

∂Y

∂S
= sin θ, (11)

∂NX

∂S
=
∂2X

∂T 2
+ ν

∂X

∂T
, (12)

∂NY

∂S
=
∂2Y

∂T 2
+ ν

∂Y

∂T
, (13)

and

∂2θ

∂S2
−NX sin θ +NY cos θ = S ∂

2θ

∂T 2
, (14)

where our non-dimensionalization introduces two dimensionless parameters:

ν =
ΥL2

√
ρshB

, S =
h2

12L2
. (15)

The first of these dimensionless parameters, ν, is a dimensionless damping coefficient, which mea-
sures the ratio of viscous forces per unit area (∼ ΥL/t∗) to bending forces (∼ B/L3) over the
inertial timescale t∗, and will be important in determining the dynamics of the system. The second
dimensionless parameter, S, is a purely geometrical parameter that measures the slenderness of
the strip. This slenderness parameter is of the order 10−8 for a piece of paper, while in the exper-
iments of Gomez et al. (2017), S ∈ (5.5, 18)× 10−8 (for PTE strips) and S ∈ (1.1, 4.3)× 10−8 (for
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steel strips). Since in these examples, S � 1, we neglect the corresponding term in (14), which
represents the rotational inertia of an element of the strip: individual elements are in quasi-static
torque balance, even as the components of the force evolve1. With this simplification, (14) becomes

∂2θ

∂S2
= NX sin θ −NY cos θ. (16)

The boundary conditions in terms of dimensionless variables become

θ(0, T ) = α, θ(1, T ) = 0, (17)

together with
X(0, T ) = Y (0, T ) = Y (1, T ) = 0, (18)

and
X(1, T ) = 1− d(T ), (19)

where the (time-dependent) end-shortening imposed on the arch is

d(T ) =
∆L(T )

L
. (20)

Integrating the geometric relations (11), the above boundary conditions at S = 1 enforcing the
position of the horizontal clamp can be rephrased as∫ 1

0
cos θ dS = 1− d(T ),

∫ 1

0
sin θ dS = 0. (21)

Finally, the system of equations is closed by appropriate initial conditions, which we discuss later
in §4.

2.5. Quasi-linear approximation

In this paper we shall study the numerical solutions of the system of equations (11)–(13) and
(16), with boundary conditions (17) and integral constraints (21). However, to interpret these
numerical solutions, we require a simplified system for which it is possible to make some analytical
progress. Linearization is a common means of doing this but a linear system cannot, in general,
have a controlled amplitude and hence cannot exhibit snap-through. Instead, we linearize the
problem but retain the leading-order nonlinearity in the constraints (21).

We begin by linearizing the elastica equation (16) by assuming that all angles are small, i.e.
θ � 1. In this limit the angle θ is approximately equal to the local slope of the arch, i.e. θ ≈
∂Y/∂X � 1. We may then approximate cos θ ≈ 1, sin θ ≈ tan θ = ∂Y/∂X etc. so that the moment
balance (16) becomes

∂3Y

∂X3
−NX

∂Y

∂X
+NY = 0. (22)

1We note that any temporal ‘boundary’ layers or transients, in which rotational inertia is important, are expected
to have duration T = O(S1/2) based on a balance between terms in (14). Because of the extremely small values of S
typically encountered, these transients are much faster than the timescale that we consider for snap-through, which
is O(1) or larger, depending on the importance of damping, since we have non-dimensionalized time by the inertial
timescale. Moreover, as discussed further in §4, we only consider relatively slow variations in the end-shortening.
Hence we neglect these transients and suppose that the strip is always in quasi-static torque balance.
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Using (11), we have S ≈ X and so (12) shows that NX depends only on T , not S (≈ X). The
vertical force NY can be eliminated by differentiating (22) with respect to X and using (13). We
therefore recover the usual dynamic beam equation:

∂2Y

∂T 2
+ ν

∂Y

∂T
+
∂4Y

∂X4
−NX(T )

∂2Y

∂X2
= 0. (23)

The boundary conditions (17)–(18) become

Y (0, T ) = 0,
∂Y

∂X

∣∣∣∣
X=0

= α, Y (1, T ) =
∂Y

∂X

∣∣∣∣
X=1

= 0. (24)

Equations (23)–(24) represent a fifth-order system (since the horizontal force NX is not known a
priori) with four boundary conditions. To close the system, we retain the first non-trivial term in
the expansion of the end-shortening constraint (21) for θ � 1, which gives

d(T ) = 1−
∫ 1

0
cos θ dS ≈ 1

2

∫ 1

0

(
∂Y

∂X

)2

dX. (25)

We shall refer to the system (23)–(25) as the quasi-linear dynamic problem. We shall see that it
is possible to make significant progress in understanding the behaviour of this system close to the
snap-through threshold. For now, one important illustration of the insight afforded by the study
of the quasi-linear system can be seen simply by noting that, upon rescaling Y with the imposed
clamp angle, i.e. letting

Y (X,T ) = αW (X,T ), (26)

the problem depends only on the dimensionless damping ν and a new parameter (which enters via
(25))

µ(T ) =
d(T )

α2
. (27)

The parameter µ measures the typical arch angle induced by the imposed compression (which
would be expected to scale with d1/2 = (∆L/L)1/2) in comparison to the angle imposed by the
boundary conditions, α. We note also that our definition of µ is equivalent to that used by Gomez
et al. (2017), which in our notation is given by α/d1/2; we use a different form simply because in the
dynamic case we wish to vary the end-shortening d(T ), and so we choose a form of µ proportional
to d that makes this more natural.

Having derived the dimensionless equations of motion, and their quasi-linear approximation,
in the next section we demonstrate the importance of the parameter µ by considering the static
behaviour of the arch.

3. Static bifurcation behaviour

In the absence of any time-dependence, the force balances (12) and (13) imply that the hori-
zontal and vertical force components within the arch, NX and NY , are constant; these constants
are determined by solving the moment balance (16) together with the boundary conditions (17)
and the global constraints (21), where now d is independent of T .

Note that in this fully-nonlinear problem, the behaviour of the arch depends on the values of
α and d = ∆L/L independently, and not simply on the parameter µ (defined in (27)) as with
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the quasi-linear problem. In the numerical results presented here, we fix a positive value of the
clamp angle, α > 0, and vary the dimensionless end-shortening d quasi-statically. For each value
of α and d, we solve the resulting boundary-value problem (i.e. (16) subject to (17) and (21))
numerically by discretizing in S with N = 100 grid points and solving the resulting set of algebraic
equations2. Once the discretized solution for θ(S) and the force components are determined, the
geometric relations in (11) can be integrated to determine the equilibrium shape of the arch,
R(S) = X(S)eX + Y (S)eY .

To track the bifurcation behaviour of the system, we plot the vertical position of the arch
midpoint, Y (1/2), as a function of the relative end-shortening, d; this plot is shown for four values
of α in fig. 3a. In each case, the corresponding values of the horizontal force component, NX ,
are plotted in fig. 3b. As anticipated, we find that for a given value of the angle α, the system
is bistable for d > dc(α). As discussed further below, the upper branch in fig. 3a, with positive
midpoint displacement, is linearly stable and corresponds to the natural equilibrium shape (drawn
as a red curve in fig. 2); the branch in fig. 3a with negative midpoint displacement and lying
below the fold point is also stable and corresponds to the inverted equilibrium shape (blue curve
in fig. 2). The third branch, connected above the fold point in fig. 3a, is linearly unstable and is
never observed in our dynamic simulations. (We note that the location of the stable inverted and
unstable branches are reversed in fig. 3b, so that the inverted shape corresponds to the branches
above the fold point there.) If d < dc, only the stable natural shape then exists: the system is
monostable.

To understand the behaviour observed in these bifurcation diagrams a little better, we now
consider the static solutions of the quasi-linear problem.

3.1. Static behaviour of the quasi-linear problem

Recalling the rescaled variable W (X) = Y (X)/α of (26), the static solution of the beam
equation, (23), subject to the boundary conditions (24) may readily be shown to be

W (X) =
τX(cos τ − 1) + τ [cos τ(1−X)− cos τ ]− sin τX − sin τ(1−X) + sin τ

τ(2 cos τ + τ sin τ − 2)
, (28)

where NX = −τ2 is introduced for mathematical convenience. The constant τ is not, however,
determined thus far; it must be chosen to ensure that the shape (28) satisfies the imposed end-
shortening, i.e. (25). Substituting (28) into (25), we find that

2µ =

∫ 1

0

(
dW

dX

)2

dX =
2τ3 − τ2(sin 2τ + 4 sin τ) + 4τ(cos τ − cos 2τ) + 2(sin 2τ − 2 sin τ)

4τ(2 cos τ + τ sin τ − 2)2
, (29)

where µ = d/α2, as defined in (27).
We emphasize that the quasi-linear approximation relies on the angle α � 1 (to ensure small

slopes, θ � 1) but that, with this restriction, the parameter µ encodes the crucial geometrical
features of the problem: the angle α and relative end-shortening d do not enter the quasi-linear
problem independently. To test the relevance of the parameter µ to the fully-nonlinear problem,

2We use the same spatial discretization later when solving the dynamic equations, so that the static solutions
described here are exact equilibrium solutions of the discretized dynamic equations; for details of the discretization
scheme see §4 below and also Appendix A.
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Figure 3: The steady bifurcation behaviour of the arch (determined from solutions of the moment balance (16)
subject to (17) and (21)). Presented are raw numerical results from the solution of the fully-nonlinear problem for
(a) the vertical displacement of the midpoint, Y (1/2), and (b) the horizontal force in the arch, NX , for different
angles of inclination, α (as described in the legend). When rescaled as suggested by the quasi-linear theory, these raw
data collapse onto a universal bifurcation structure as α → 0. The predictions of the quasi-linear model (described
by equations (30) and (29)) are also shown as black curves (the dashed branch is unstable). (Note that in (c) the
unstable branch lies above the fold point, but in (d) the unstable branch lies below the fold point and has the largest
compressive force −NX = τ2.)
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each of fig. 3c,d shows the numerical data of fig. 3a,b re-plotted with the horizontal axis now the
corresponding value of µ. As might be expected, the numerical results accounting for finite clamp
angles α collapse onto universal curves as α→ 0.

To confirm that the universal curves observed in the numerical solutions as α→ 0 correspond
to the quasi-linear prediction, for a given value of µ we solve (29) (which represents an equation
for the dimensionless horizontal force NX = −τ2 that must be applied to the arch to achieve a
given rescaled end-shortening, µ). In practice, the value of τ for a given µ must be determined
numerically using a root-finding algorithm, for example the matlab routine fzero. To compute
the bifurcation diagram, however, it is convenient to note that (29) gives µ as a function of τ and,
hence, to use τ as a control parameter; note also that (28) gives the vertical position of the arch’s
midpoint as

W (1/2) =
Y (1/2)

α
=

tan(τ/4)

2τ
. (30)

Equations (29) and (30) together therefore allow us to superimpose the analytical prediction of the
quasi-linear theory onto the numerical data in each of fig. 3c,d (curves). These curves reproduce
the numerical data in the limit α→ 0, with excellent agreement even for moderately small clamp
angles α . π/6.

An important feature of the bifurcation diagrams computed from the quasi-linear theory is that,
in general, there are multiple roots. These correspond to increasingly large compressive values of
the force, −NX = τ2. However, since larger values of τ correspond to more convoluted arch shapes
with larger wave number (via the trigonometric functions in (28)) that are likely to be unstable,
we will be most interested in smaller values of τ in general. In fact, using the method developed by
Maddocks (1987), it is possible to infer stability of branches directly from the bifurcation diagram,
once it is re-plotted in terms of ‘preferred’ coordinates that can be determined by rephrasing the
equilibrium equations as a variational problem. In this way, we find that it is the two branches
with the smallest values of τ that are linearly stable, while the branches with larger values of τ are
all unstable — the two stable branches are shown as solid curves in each of fig. 3c,d while the first
unstable branch is shown as the dashed curve in fig. 3c,d.

As expected, the stable branch corresponding to the inverted shape disappears in a collision
with the first unstable branch at a critical value µ = µfold: there is a saddle-node bifurcation (see
Strogatz, 2014, for example). The analytical expressions from the quasi-linear problem allow us to
determine the properties of the saddle-node (fold) bifurcation to be:

µfold ≈ 0.3150, Wfold(1/2) ≈ −0.1951, τfold ≈ 7.5864. (31)

These values agree well with the position of the fold in the fully-nonlinear bifurcation diagrams
(fig. 3b,d). This success of the quasi-linear approach motivates us to use a similar approach to
study the dynamic problem. First, however, we present numerical results of the fully-nonlinear
dynamic problem.

4. Numerical solution of the dynamic problem

4.1. Details of the numerical scheme

To solve the fully-nonlinear dynamic problem, i.e. equations (11)–(13) and (16) subject to the
boundary conditions (17) and integral constraints (21), we use the method of lines (see Schiesser and
Griffiths, 2009, for example). More specifically, we discretize the arc length S on a uniform mesh
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composed of (N + 1) grid points in the interval [0, 1]. We use second-order centered differences to
approximate the spatial derivative appearing in (16), and we apply the trapezium rule to compute
the integrals appearing in (21). In this way, the problem reduces to a system of differential-
algebraic equations (DAEs), consisting of (N + 1) ODEs in time and algebraic constraints that
enforce (21). This system of DAEs can be solved in matlab using the routine ode15s. We are
able to demonstrate second-order accuracy in the convergence of our numerical scheme as N is
increased; further details of the scheme and convergence plots are provided in Appendix A. In all
results presented below we take N = 100.

Throughout the remainder of this paper, we consider a constant rate of decrease in the relative
end-shortening, i.e. we write

d(T ) = dc(α) + ḋ T, (32)

with ḋ < 0 the (constant) rate of change of the dimensionless end-shortening; here we choose T = 0
when d is equal to the critical end-shortening at the saddle-node bifurcation, dc(α), which depends
on the angle of inclination α. To enable a later comparison with the quasi-linear theory, we focus
on relatively slow ramping rates compared to the inertial timescale, i.e. |ḋ| � 1. This also allows
us to explore how the dynamics are affected by the snap-through bifurcation — for larger values of
|ḋ|, the dynamics simply become limited by arch inertia and do not display any delay behaviour.

While (32) is implemented numerically, we shall present our results in terms of the quantities
presented in the quasi-linear theory using, in particular, the parameter µ defined in (27). The
linear decrease in d implies that

µ(T ) = µfold(α)− |µ̇|T, (33)

where µfold(α) denotes the bifurcation value of µ as determined from the fully-nonlinear static
problem3 for a particular value of α and |µ̇| = −ḋ/α2. We will plot results in terms of the distance
beyond the fold point, which, using µfold(α)− µ = |µ̇|T , simply corresponds to a rescaled time.

As the initial condition, we impose that the arch starts in an inverted equilibrium state with a
value of µ > µfold(α) corresponding to a large negative time, Tstart < 0. (In practice, we achieve
this by imposing an end-shortening dstart that is significantly greater than the critical value dc(α);
this ensures that the arch begins well below the snap-through transition.) The corresponding
inverted shape, Ystart(X), that is far away from the equilibrium shape at the fold, Yfold(X), can
be calculated by solving the static system of equations as described in §3; the corresponding start
time Tstart < 0 can be readily inferred from (32).

4.2. Energetics of snap-through

To give an energetic perspective on dynamic snap-through, we follow McMillen and Goriely
(2003) in writing the energy density

ε =
1

2

(
∂θ

∂S

)2

+
1

2

(
∂X

∂T

)2

+
1

2

(
∂Y

∂T

)2

. (34)

The total (dimensionless) energy of the system, Etotal = Etotal(T ), is found by integrating (34) and
can be written

Etotal =

∫ 1

0
ε dS = Eb + Ek, (35)

3Generally we drop the explicit α-dependence for the value predicted by the quasi-linear theory, provided earlier
in (31), so that µfold ≈ 0.3150 = limα→0 µfold(α).
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where

Eb =
1

2

∫ 1

0

(
∂θ

∂S

)2

dS, Ek =
1

2

∫ 1

0

[(
∂X

∂T

)2

+

(
∂Y

∂T

)2
]

dS, (36)

are the total bending and kinetic energy of the arch, respectively.
Differentiating (35) with respect to T and using (12) and (13), together with the boundary

conditions (17)–(19) we find that

dEtotal

dT
= −2νEk − ḋ ·NX(1, T ). (37)

Physically, (37) expresses the conservation of energy: the total energy of the system evolves because
of dissipation (at a rate proportional to ν and the current kinetic energy) and work done by the
applied load at X = 1. Conservation of energy is tracked throughout the numerical simulations;
the discrepancy between the expected change in total energy and that observed numerically is
typically limited to an error of less than 1% in the simulations presented here.

4.3. Numerical results

The results of numerical simulations with a moderately shallow clamp angle, α = π/6, and a
range of ramping rates, |ḋ| ≤ 10−2, are shown in fig. 4. In particular, figs. 4a–c display results for
overdamped dynamics with a large damping coefficient, ν = 100, while figs. 4d–f display results
for underdamped dynamics with ν = 0.01. These results show that snap-through does not occur
at the same effective value of µ independently of the rate of loading, ḋ: a significant delay in
snap-through is observed, though the size of this delay decreases as ḋ→ 0. Notably, a qualitatively
similar delay is observed in both overdamped and underdamped scenarios and can also be detected
in the evolution of each of the bending and kinetic energies (figs. 4c and f).

Repeating similar simulations with different inclination angles shows that the time4 at which
snap-through is observed, Tsnap, depends on the rate of ramping ḋ, clamp angle α, and the viscous
damping coefficient ν, as shown in fig. 5a. It is natural to attribute such a delay to viscous behaviour
alone, so that one might expect Tsnap is simply proportional to the dimensionless viscosity ν. To
show that this is not the case, fig. 5b shows the snap-through time rescaled by ν: these results
do not collapse on a single curve, showing that the role of viscosity must be more subtle than
expected. We therefore move on to consider an asymptotic analysis of the quasi-linear problem to
illuminate this subtle behaviour.

5. Asymptotic analysis of the quasi-linear problem

Having seen in §3.1 that the quasi-linear approximation allows analytical predictions for the
static bifurcation behaviour — in excellent agreement with the fully-nonlinear static problem —
we now apply it to the dynamic scenario of most interest. The essential idea of this analysis
is to exploit the smallness of |µ̇| (see the colourbar in fig. 5 for the values used in simulations)
and examine the behaviour when |µ − µfold| � 1, during which the arch is expected to be in the
neighbourhood of the fold. In this neighbourhood, the presence of the saddle-node bifurcation slows

4Note that we may present result in terms of either the snap-through time Tsnap or the delay in the bifurcation
parameter |∆µeff | = |µ̇|Tsnap, as defined in fig. 1b. We shall see that Tsnap is the parameter that emerges most
naturally from our analysis.
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Figure 4: The evolution of the midpoint displacement, Y (1/2, T ), the horizontal force resultant at the moving clamp,
NX(1, T ), and the bending, Eb, and kinetic, Ek energies, as functions of the distance beyond the quasi-static snap-
through threshold, µfold(α) − µ(T ) = |µ̇|T . In each plot, the results of dynamic simulations are shown for different
loading rates ḋ = α2µ̇ < 0 (shown by the legend) while fixing α = π/6, together with the quasi-static bifurcation
diagram (solid and dashed red curves). In (c) and (f), the evolution of the bending energy is shown by the solid
curves, while the kinetic energy is shown by the dashed curves; note also that the left scale (Eb) and right scale (Ek)
are different to allow an unobstructed view of the evolution of each energy. (a)–(c) Numerical results with large
damping, ν = 100, show that there is a delay in the transition between the stable solution branches as µ varies;
the size of this delay depends on the loading rate. (d)–(f) Numerical results with a significantly smaller damping,
ν = 0.01, show a qualitatively similar delay in the transition. (In this case snap-through is followed by significant
underdamped oscillations; for clarity only the start of these are plotted.) The prevalence of this delay with both
small and large damping shows that the phenomenology is a feature of the snap-through transition, rather than the
presence of damping alone.
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Figure 5: The size of the delay in snap-through for different loading rates, ḋ, and damping coefficient, ν (indicated by
symbol thickness, with the thinnest having ν = 10−3 and each increment representing an increase by a factor of 10
up to ν = 103 for the thickest symbols). Numerical results of the fully-nonlinear problem with different inclination
angles, α (indicated by the symbol shape as in the legend), are shown. Here the time delay for snap-through, Tsnap,
is defined as the time after µ = µfold at which the midpoint of the arch reaches its maximum (see the label in fig. 4c).
In (a) raw results are shown, while (b) shows that the duration of snap-through is not controlled by the damping ν
alone. (Note that in (a) the x-axis shows |ḋ|, while in (b) |µ̇| = ḋ/α2 is used.)

the dynamics down in a relatively long ‘bottleneck’ phase (Strogatz, 2014). This analysis leads to
an amplitude equation, (56), which can be analysed to yield approximations for the snap-through
time, Tsnap, depending on the viscosity ν and ramping rate |µ̇|. We present this analysis of the
amplitude equation in §6, but first detail the derivation of (56).

5.1. Snap-through dynamics

To focus on the bottleneck phase of the motion (close to the snap-through transition), we rescale
time as T = |µ̇|−ηT for some (currently unknown) exponent η > 0; the dynamic beam equation
(23), in terms of the rescaled displacement W (X,T ) = Y (X,T )/α and NX = −τ2, then becomes

|µ̇|2η ∂
2W

∂T 2
+ ν|µ̇|η ∂W

∂T
+
∂4W

∂X4
+ τ2∂

2W

∂X2
= 0, 0 < X < 1. (38)

This is to be solved with the usual boundary conditions, which in rescaled terms read (subscripts
denoting partial differentiation)

W (0, T ) = 0, WX(0, T ) = 1, W (1, T ) = WX(1, T ) = 0, (39)

and the constraint (25), which becomes∫ 1

0

(
∂W

∂X

)2

dX = 2µ(T ) = 2
[
µfold(α)− |µ̇|1−ηT

]
. (40)

We seek a solution of (38) as an asymptotic expansion about the equilibrium solution at the
fold point; we write this ‘fold shape’ as Wfold(X), which is given by the expression in (28) when
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τ = τfold (as given in (31)). In fact, we seek a regular expansion in powers of |µ̇|γ , where the
exponent γ > 0 is also to be determined:

W (X, T ) = Wfold(X) + |µ̇|γ W0(X, T ) + |µ̇|2γ W1(X, T ) + . . . , (41)

τ(T ) = τfold + |µ̇|γ τ0(T ) + |µ̇|2γ τ1(T ) + . . . . (42)

Inserting the expansions (41)–(42) into (38), we find that, since the fold shape Wfold(X) is
time-independent, the time derivatives enter only at higher order. Consequently, the first non-
trivial problem, which involves terms at O(|µ̇|γ) in (38), is quasi-static. We refer to this as the
leading-order problem, since it involves the lowest-order perturbation (W0, τ0) to the fold shape
in (41)–(42). We will show below that this problem is, in fact, an eigenvalue problem for (W0, τ0)
for which the time dependence only enters via the solution’s amplitude. It is only in the first-
order problem, which occurs at O(|µ̇|2γ) in (38), that time-dependent terms appear. To avoid
a quasi-static problem at this order, we require a balance between the inertia term in (38) and
the first-order perturbation (W1, τ1), which gives, upon comparing exponents of |µ̇|, the relation
2η + γ = 2γ. Moreover, to obtain non-trivial dynamics, the ramping term must enter the end-
shortening constraint at first-order, implying 2γ = 1− η. Combining these relations gives

η =
1

5
, γ =

2

5
.

With these exponents determined, we now explicitly solve the leading and first-order problems.

5.2. Leading-order problem O(|µ̇|2/5)

Considering terms of O(|µ̇|2/5) in (38), we obtain the homogeneous linear equation:

L(W0, τ0) ≡ ∂4W0

∂X4
+ τ2

fold

∂2W0

∂X2
+ 2τfoldτ0

d2Wfold

dX2
= 0. (43)

The boundary conditions (39) and end-shortening constraint (40) are also homogeneous atO(|µ̇|2/5):∫ 1

0

dWfold

dX

∂W0

∂X
dX = 0, W0(0, T ) = W0,X(0, T ) = W0(1, T ) = W0,X(1, T ) = 0.

Using linearity of the operator L(·, ·), the parameter τ0 can be scaled out from (43), so that

(W0, τ0) = A(T )× (Wp(X), 1). (44)

Here A(T ) = τ0(T ) is a time-dependent amplitude and Wp(X) is the eigenfunction satisfying (43)
with τ0 = 1, i.e.

L(Wp, 1) ≡ d4Wp

dX4
+ τ2

fold

d2Wp

dX2
+ 2τfold

d2Wfold

dX2
= 0, (45)

subject to ∫ 1

0

dWfold

dX

dWp

dX
dX = 0, Wp(0) = W ′p(0) = Wp(1) = W ′p(1) = 0. (46)
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A unique solution5 of (45)–(46) can be found as

Wp(X) =
1

τfold

(
X

dWfold

dX
−X

)
+ a1(sin τfoldX − τfoldX) + a2(cos τfoldX − 1), (47)

where

a1 = −2
sin2(τfold/2)[(τ2

fold − 2) cos τfold − 2τfold sin τfold + 2]

τ2
fold(2 cos τfold + τfold sin τfold − 2)2

,

and

a2 = −
τ3

fold + τ2
fold sin τfold(cos τfold − 2) + 2(τfold cos τfold − sin τfold)(cos τfold − 1)

τ2
fold(2 cos τfold + τfold sin τfold − 2)2

.

We shall see that what is really required from this solution is actually two integrals of Wp(X),
which we record here:

I1 =

∫ 1

0
W 2
p dX ≈ 0.01630, I2 =

∫ 1

0

(
dWp

dX

)2

dX ≈ 0.2993. (48)

5.3. First-order problem O(|µ̇|4/5)

Continuing the expansion of (38) to O(|µ̇|4/5), and using (44) to eliminate W0 for the amplitude
A, we find that

L(W1, τ1) = −
(

d2A

dT 2
+ ν|µ̇|−1/5 dA

dT

)
Wp −A2

(
2τfold

d2Wp

dX2
+

d2Wfold

dX2

)
, (49)

where the operator L(·, ·) is as defined in (43). The end-shortening constraint (40) at O(|µ̇|4/5)
becomes ∫ 1

0

dWfold

dX

∂W1

∂X
dX = −I2

2
A2 − T , (50)

while the boundary conditions (39) are

W1(0, T ) = W1,X(0, T ) = W1(1, T ) = W1,X(1, T ) = 0.

The inhomogeneous equation (49) features the same linear operator L(·, ·) that was defined in
(43), having arisen in the leading-order problem. According to the Fredholm Alternative Theorem,
a solution of (49) can exist only if the right-hand side satisfies a solvability condition (Keener, 1988).
We now show how this solvability condition leads to an equation for the evolution of A(T ) = τ0(T )
— the amplitude equation.

5This system appears to over-determine Wp(X), as there are four derivatives in (45) but five constraints in (46).
A solution is found by applying the boundary conditions in (46) to the solution of (45), but it can then be shown
that this solution also satisfies the integral constraint exactly. Specifically, this is because Wp corresponds to a
‘neutrally-stable’ or ‘slow’ eigenfunction about the fold shape Wfold(X) (i.e. a small-amplitude vibrational mode
whose natural frequency is zero). Since the inverted shape coincides with a linearly unstable solution at the fold
point, the system has a zero eigenvalue there and hence a non-trivial solution for Wp exists. The choice τ0 = 1 serves
as a normalization condition to uniquely specify Wp.
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5.4. Amplitude equation for A(T )

To proceed, we note that (49) may be written L(W1, τ1) = f(X;A) — the right-hand side is a
known function of X with time-dependence entering only via the function A(T ). Multiplying by
Wp(X) and integrating over the domain [0, 1] gives∫ 1

0
L(W1, τ1)Wp dX =

∫ 1

0
f · Wp dX. (51)

We proceed to evaluate the left-hand side of (51) by repeated integration by parts to give∫ 1

0
L(W1, τ1)Wp dX =

∫ 1

0

(
d4Wp

dX4
+ τ2

fold

d2Wp

dX2

)
W1 dX. (52)

After using (45), this gives∫ 1

0
L(W1, τ1)Wp dX = −2τfold

∫ 1

0

d2Wfold

dX2
W1 dX = −2τfold

(
I2

2
A2 + T

)
, (53)

where in the last equality we have used (50) to eliminate
∫ 1

0 W
′
fold∂W1/∂X dX. To progress further,

we return to the right-hand side of (51), which can be expressed as∫ 1

0
f · Wp dX =

∫ 1

0

[
−Wp

(
d2A

dT 2
+ ν|µ̇|−1/5 dA

dT

)
−A2

(
2τfold

d2Wp

dX2
+

d2Wfold

dX2

)]
Wp dX, (54)

leading to (using (48)):∫ 1

0
f · Wp dX = −

(
d2A

dT 2
+ ν|µ̇|−1/5 dA

dT

)
I1 + 2τfoldI2A

2. (55)

Substituting equations (53) and (55) into (51), we immediately obtain

d2A

dT 2
+ ν|µ̇|−1/5 dA

dT
= C1T + C2A

2, (56)

where

C1 =
2τfold

I1
≈ 930.6, C2 =

3τfoldI2

I1
≈ 417.8. (57)

Finally, to remove the numerical pre-factors in (56), we make one further substitution, letting

T = C
1/5
1 C

1/5
2 T and A = C

−2/5
1 C

3/5
2 A, to obtain

d2A
dT2

+ Λ
dA
dT

= T +A2, (58)

where
Λ = (C1C2)−1/5 ν|µ̇|−1/5. (59)

The amplitude equation (58) represents a great simplification of the original problem we began
with, which comprised the partial differential equation (38) subject to the nonlinear, non-local con-
straint (40) for the applied end-shortening. The amplitude equation (58) has the canonical form of
underdamped dynamics close to a saddle-node bifurcation (Strogatz, 2014) in which the bifurcation
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parameter is ramped linearly in time. We see that both first and second-order time derivatives
are present: both viscous damping and beam inertia are present in the problem. Interestingly, the
precise form of the boundary conditions applied to the arch enters only through the dimensionless
constants C1 and C2 defined in (57) (the boundary conditions determine the functions Wp(X) and
Wfold(X), and hence the values of the integrals I1 and I2 in (48)). Even then, these constants were
scaled out in (58) and so we expect (58) to be generic for snap-through instabilities in which the
relevant control parameter is ramped linearly through a saddle-node bifurcation.

A key feature of (58) is that the damping coefficient ν only enters via the combination ν|µ̇|−1/5

that appears in the dimensionless parameter Λ. We therefore anticipate two limiting regimes: in
the first, observed for sufficiently large ν (or small |µ̇|), we expect viscous damping to dominate
the inertial term (and the dynamics in the bottleneck region to be overdamped to leading order).
However, a second regime exists: for sufficiently small ν compared to |µ̇|, inertial forces will instead
dominate — the bottleneck dynamics are then limited by how quickly the beam can be accelerated.
We will make these considerations more precise, and quantify what happens in each case, in §6.

6. Analysis of the amplitude equation

An important feature of the amplitude equation (58) is that solutions exhibit finite-time blow-
up: A →∞ at some finite time T = T∞. This is caused by the quadratic forcing term in (58). In
fact, as A →∞ and the motions become increasingly rapid, the equation must reduce to a balance
between inertia and the quadratic forcing term, which admits a power-law solution of the form

A ∼ 6 (T∞ − T)−2 , (60)

where T∞ < ∞ is the blow-up time. Since the asymptotic analysis of §5 applies only in the
neighbourhood of the fold, this analysis must break down as this finite-time blow-up is approached.
(Formally, from the definition of the amplitude A in (44), we see that asymptotic validity of the
expansions in (41)–(42) is lost onceA, and hence the rescaled amplitudeA, reachesO(|µ̇|−2/5)� 1.)
Nevertheless, we use the blow-up time as an approximation of the snap-through time: the power
law solution for A in (60) implies that the break down of the asymptotic analysis occurs when
T∞−T = O(|µ̇|1/5)� 1, i.e. when the rescaled time is T∞ to leading order in |µ̇|1/5. As the duration
of snap-through is dominated by the time during which the system remains in the bottleneck, we
expect the total snapping time to equal the blow-up time to leading order, i.e.

Tsnap = T∞ +O(|µ̇|1/5). (61)

We now turn to the calculation of T∞, which is, in general, a function of the rescaled damping
coefficient Λ. To determine T∞(Λ) we seek to solve the amplitude equation (58), but to do so
requires first a careful discussion of the appropriate matching conditions for the solution.

6.1. Matching conditions for A
To solve the amplitude equation (58) requires appropriate initial conditions for A and Ȧ. It is

tempting to assume that these are homogeneous, i.e. A(0) = Ȧ(0) = 0 — similar initial conditions
were used in other snap-through problems, in which the system starts at rest in the vicinity of the
saddle-node bifurcation with the control parameter fixed (Gomez et al., 2017; Gomez, 2018). In
the problem considered here, however, the bifurcation parameter is ramped and the system starts
on the stable branch of equilbrium solutions well before the saddle-node bifurcation is approached.
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We therefore need to ensure the solution matches back onto this branch at large, negative times.
This is equivalent to requiring

A ∼ −(−T)1/2 as T→ −∞. (62)

For general Λ we are unable to solve (58) analytically, and so will make extensive use of
numerical solutions. To enforce the matching condition (62) numerically, we first determine the
series expansion of the solution about T = −∞; we expand in powers of (−T)−1/2 with the leading
order term as above. Substituting this expansion into (58) and solving at successive orders, we
obtain

A = −(−T)1/2 − Λ

4
(−T)−1 − 1

8
(−T)−2 +

5Λ2

32
(−T)−5/2 +

13Λ

32
(−T)−7/2

−15Λ3

64
(−T)−4 +

49

128
(−T)−9/2 +O(−T)−5. (63)

If Λ . O(1), we see that the perturbation to −(−T)1/2 is indeed small provided (−T) � 1. If
Λ� 1, however, the first-order term becomes comparable to the leading-order term if (−T) is not
sufficiently large. Later, by analysing in detail the early-time behaviour when Λ� 1, we will show
that the expansion is still valid provided the leading-order term dominates the first-order term,
i.e.,

(−T)� Λ2/3. (64)

The expansion can then be used to obtain initial conditions for numerical solutions of (58) that
start at some large, negative time Tstart with (−Tstart)� 1 and (−Tstart)� Λ2/3. In the numerical
solutions reported below, we take

Tstart = −100×max{1,Λ2/3}, (65)

and integrate in matlab using the routine ode15s (relative and absolute error tolerances of size
10−10). Before discussing the snap-through time for general Λ, however, we analyse the solution
in the limiting cases Λ� 1 and Λ� 1.

6.2. Underdamped snap-through: Λ� 1

We first consider the underdamped limit Λ� 1, for which (58) reduces to

d2A
dT2

∼ T +A2. (66)

The matching condition (63) at leading order becomes

A ∼ −(−T)1/2 − 1

8
(−T)−2 +

49

128
(−T)−9/2 as T→ −∞. (67)

In contrast to the case when the bifurcation parameter is fixed during snap-through (Gomez et al.,
2017), the non-autonomous ramping term prevents us from integrating (66) analytically. Numeri-
cally integrating (66), we find that blow-up occurs at

T∞ ≈ 3.4039. (68)
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Figure 6: Dynamics in the bottleneck phase. (a) Trajectories A(T) obtained by numerically integrating the amplitude
equation (58) with matching condition (63) for fixed Λ (coloured curves; see colourbar, right). (The matching
condition ensures that for large, negative times the solution approaches the stable branch of the bifurcation diagram,
which is shown by the black long-dashed curve.) Also shown is the limiting solution with Λ = 0 (black dotted curve).
The inset displays a close-up of the behaviour near the fold point, (0, 0). (b) Rescaling dimensionless time and the
amplitude variable to balance all terms in the overdamped limit (72), the trajectories for large Λ collapse onto the
analytical solution (73) (black dotted curve). The inset again displays a close-up of the behaviour near the fold point.

Recalling our approximation that Tsnap ≈ T∞, and undoing the various rescalings of the time
variable performed so far (defined just before equations (38) and (58)), we find that the snap-
through time (expressed in the original dimensionless time T used in simulations) is approximately:

Tsnap ≈ |µ̇|−1/5(C1C2)−1/5 Tsnap ≈ 0.2594 |µ̇|−1/5. (69)

Alternatively, the delay in the parameter value at which snap-through is observed, |∆µeff | =
|µ̇|Tsnap, is given by

|∆µeff | = |µ̇| Tsnap ≈ 0.2594 |µ̇|4/5. (70)

The trajectory obtained by integrating (66) numerically with matching condition (67) is plotted
as a black dotted curve on fig. 6a. (For later reference, trajectories obtained by integrating the
full amplitude equation (58) for different Λ are also shown.) From the inset in fig. 6a, the ‘lag’ of
the system behind the quasi-static solution branch (black long-dashed curve) near the fold point is
clearly visible. In addition to the snap-through time, we can quantify this lag in two ways: firstly,
through the value of the amplitude at T = 0, i.e. A(0). Recalling the definition of the amplitude
variable A in (44), A(0) measures the size of the leading-order perturbation from the fold shape
(Wfold, τfold) when T = 0 or equivalently µ = µfold. Secondly, we may measure the time at which
this amplitude A crosses zero, which we label T|A=0> 0. This corresponds to the time at which
the leading-order shape perturbation vanishes and so the shape is closest to the shape at the fold,
given by (28) with τ = τfold. Using the numerical solution for Λ = 0, we find that

A(0) ≈ −0.5496, T|A=0≈ 0.7154. (71)

Using (42) and (44) to write A back in terms of the compressive force τ , this gives

τ |µ=µfold
∼ τfold + |µ̇|2/5C2/5

1 C
−3/5
2 A(0) ≈ τfold − 0.2264 |µ̇|2/5,
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and
T |τ=τfold

∼ |µ̇|−1/5(C1C2)−1/5T|A=0≈ 0.0545 |µ̇|−1/5.

Note that the latter result shows that the time-lag for the arch to approach its fold shape diverges
as the ramping rate |µ̇| → 0.

6.3. Overdamped snap-through: Λ� 1

In the opposite limit of very large damping, Λ � 1, we expect the inertial term in (58),
d2A/dT2, to be negligible and hence that

Λ
dA
dT
∼ T +A2. (72)

(This is mathematically equivalent to introducing a further rescaling such that T = O(Λ2/3) and
A = O(Λ1/3), which balances the first-order derivative in (58) with both terms on the right-hand
side; we then neglect the inertial term, which would become a factor Λ−5/3 � 1 smaller in these
new variables.) Upon making the change of variables (see, for example, Appendix B of Erneux and
Laplante, 1989)

T = −Λ2/3T , A = Λ1/3 1

φ

dφ

dT
,

equation (72) transforms to the Airy equation for φ(T ):

d2φ

dT 2
∼ T φ.

The matching condition A ∼ −(−T)1/2 implies that φ decays exponentially for large arguments,
so the solution is proportional to the Airy function of the first kind, i.e. φ ∝ Ai(T ); determining
the coefficient and transforming back gives

A ∼ Λ1/3 Ai′(−Λ−2/3 T)

Ai(−Λ−2/3 T)
, (73)

which may readily be seen to be a solution of (72)6. We note that similar Airy function solutions
have been obtained in several other problems involving overdamped dynamics near a saddle-node
bifurcation, in which the control parameter is ramped linearly in time (Erneux and Laplante, 1989;
Laplante et al., 1991; Zhu et al., 2015; Majumdar et al., 2013; Li et al., 2019).

In this overdamped limit, the finite-time singularity occurs at −Λ−2/3 T∞ ∼ T∗ where T∗ ≈
−2.3381 is the root of Ai(T ) = 0 that is smallest in magnitude. However, the solution (73) is not
uniformly valid. In particular, expanding (73) for A � 1, we obtain the power-law behaviour:

A ∼ Λ
(
−Λ2/3T∗ − T

)−1
. (74)

This implies that the neglected inertia term first becomes comparable to the damping term when

−Λ2/3T∗ − T = O(Λ−1), A = O(Λ2), (75)

6Expanding this solution for (−Λ−2/3 T)� 1, we recover the series (63) found earlier for general Λ after rescaling
T = O(Λ2/3), A = O(Λ1/3) and neglecting terms of O(Λ−5/3) � 1; this justifies our earlier assumption that when
Λ� 1, the expansion (63) is still valid provided we are at sufficiently early times (−T)� Λ2/3.
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after which (73) is no longer valid. Further analysis shows that the solution of the full amplitude
equation (58) always blows up inside the interval −Λ2/3T∗ − T = O(Λ−1), ultimately reducing to
purely inertial dynamics with the power law behaviour (60) that was found earlier. Recalling that
the solution leaves the bottleneck phase when A = O(|µ̇|−2/5)� 1, the dynamics can therefore be
underdamped or overdamped by the end of the bottleneck depending on whether |µ̇|−2/5 � Λ2 or
|µ̇|−2/5 � Λ2, which is equivalent to ν � 1 or ν � 1, respectively. In both cases, we have that
A = O(|µ̇|−2/5) when T ∼ −Λ2/3T∗ with error O(Λ−1) � 1. We deduce that the bottleneck time
(and hence the snap-through time) to leading order is simply the blow-up time of the Airy function
solution, i.e.

Tsnap ≈ T∞ ∼ −Λ2/3T∗. (76)

In terms of original dimensionless time T , this implies the snap-through time

Tsnap ≈ −T∗(C1C2)−1/5|µ̇|−1/5Λ2/3 ≈ 0.1782 |µ̇|−1/5Λ2/3. (77)

(Note that with a fixed dimensionless viscosity ν, Tsnap ∝ |µ̇|−1/3 because Λ = (C1C2)−1/5ν|µ̇|−1/5.
For comparison with numerical results, however, it is convenient to retain the dependence on the
rescaled damping parameter Λ here.) Alternatively, the delay in the parameter value at which
snap-through is observed, |∆µeff | = |µ̇|Tsnap, is then

|∆µeff | ≈ 0.1782|µ̇|4/5Λ2/3 ∝ |µ̇|2/3ν1/3. (78)

The Airy function solution (73) is plotted as a black dotted curve in fig. 6b, where we have
rescaled variables according to (73). (For later reference, the trajectories obtained by solving the
full equation (58) are also shown.) As with the underdamped limit, the lag of the trajectories from
the quasi-static branch near the fold point can be clearly observed (inset). From (73), we calculate
the corresponding quantities in the overdamped limit:

A(0) ∼ Ai′(0)

Ai(0)
Λ1/3 ≈ −0.7290 Λ1/3, T|A=0≈ 1.0188 Λ2/3, (79)

or, alternatively,

τ |µ=µfold
≈ τfold − 0.3004 |µ̇|2/5Λ1/3,

T |τ=τfold
≈ 0.0776 |µ̇|−1/5Λ2/3.

6.4. General Λ

For general Λ it is not possible to make analytical progress with the full amplitude equation
(58), so we instead solve (58) numerically. We integrated (58) with matching condition (63) and
twenty different values of Λ ∈

[
10−3, 103

]
(chosen to be equally spaced on a logarithmic scale).

The resulting trajectories A(T) are plotted as solid curves in the main panel of fig. 6a; trajectories
with moderately small values of Λ . 10−1 collapse well onto the limiting solution with Λ = 0
(black-dotted curve), being indistinguishable on the figure. To illuminate the dynamics in the
overdamped limit, the numerically-determined trajectories from fig. 6a can be rescaled in the
manner appropriate for the overdamped limit (72); see fig. 6b. In this case, we observe an excellent
collapse onto the Airy function solution (73) for moderately large values Λ & 10. Regardless of
the value of Λ, the trajectories shown in fig. 6 exhibit finite-time blow-up of A(T) — this blow-up
time, T∞, and its dependence on Λ are key quantities of interest.
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To determine the blow-up time in the numerical solution of (58), we use event detection to stop
integration once A reaches some large positive value Astop � 1; using the power law solution (60),
the corresponding time, labelled Tstop, satisfies

T∞ − Tstop ∼
(
Astop

6

)−1/2

. (80)

In what follows we take Astop = 105, which gives (Astop/6)−1/2 ≈ 7.7×10−3, and hence the blow-up
time is determined with an error of less than 1%.

We have already seen that using the approximation Tsnap ≈ T∞ introduces an error O(|µ̇|1/5),
and so the total snapping time can be approximated by

Tsnap = Tstop +O(|µ̇|1/5,A−1/2
stop ). (81)

The dependence of Tsnap on Λ is plotted on logarithmic axes in fig. 7 (red solid curve), and for
comparison the leading-order predictions (69) and (77) in the underdamped/overdamped limits
are shown (black-dotted lines). (For later comparison in §7, numerical results from the elastica
simulations are also included on the figure.) We conclude that the asymptotic analysis presented
here captures the behaviour of the amplitude equation (58), both in terms of the blow-up time and
the trajectory, extremely well for Λ . 10−1 and Λ & 10.

7. Comparison with elastica simulations

Having understood the predictions of the amplitude equation (58) as a reduced model of the
dynamics of snap-through, we now compare these predictions with the numerical simulations of
the fully-nonlinear (elastica) equations of motion.

A first comparison is to consider the dependence of the total snap-through time on the rescaled
damping coefficient Λ, defined in (59). The dimensionless snap-through times from the full numerics
were presented in fig. 5 for different values of the damping, ν, and ramping rate, µ̇. The asymptotic
analysis of §5 and §6 suggests that these raw numerical data should collapse (for |µ̇| � 1) when
the rescaled snap-through time Tsnap = Tsnap|µ̇|1/5(C1C2)1/5 is plotted as a function of Λ. Figure 7
shows this rescaled data in comparison with the predictions of the asymptotic model; on the whole,
we observe good collapse, and good agreement with the predictions of the asymptotic model. As
should be expected, the agreement breaks down as |µ̇| increases (moving from bluer to yellower
points in fig. 7) since the asymptotic analysis relies on the assumption that |µ̇| � 1. Similarly,
numerical results with larger values of α tend to deviate more from the theoretical prediction (for
a given value of |µ̇|); this is to be expected since our derivation of the quasi-linear model relies on
the assumption that α� 1.

A more stringent comparison between the asymptotic and numerical results is to compare the
trajectory of the amplitude, A(T), as determined from the numerical results and the asymptotic
analysis. To perform such a comparison requires determination of A(T) from the full numerical
simulations; we invert the leading-order asymptotic expression for τ = (−NX)1/2 in (42), giving
an estimate for

A(T) = C
−2/5
1 C

3/5
2 A ≈ C−2/5

1 C
3/5
2

τ − τfold(α)

|µ̇|2/5
, (82)

which can be evaluated from the numerically determined NX(T ); here τfold(α) denotes the bifur-
cation value of τ (for a specified inclination angle α) as determined from the fully-nonlinear static
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Figure 7: Duration of snap-through as a function of the damping ratio Λ, as determined from the numerical simu-
lations of the fully-nonlinear dynamic problem (points) and the asymptotic prediction derived from the quasi-linear
model in the limit |µ̇| � 1 (solid curve). Data from numerical simulations are shown with inclination angle α indicated
by shape (circles: α = π/12, squares: α = π/6, and triangles: α = π/3), dimensionless dissipation ν represented
by point thickness and the normalized ramping rate, |µ̇|, indicated by colour (see colourbar, right). (These data
are those presented in fig. 5a, and in the inset for convenience, but are rescaled according to the predictions from
the asymptotic reduction of the quasi-linear theory.) The solid curve shows the results of integrating the amplitude
equation (58) subject to the matching conditions (63), while the dashed lines show the asymptotic results for Λ� 1
and Λ� 1, i.e. (69) and (77), respectively.

problem. The resulting evolution of A(T) is plotted for different values of Λ in fig. 8. In each
case, we again see that as the rate of ramping, ḋ, and hence |µ̇|, decreases, the trajectories of the
amplitude A converge on that predicted by the asymptotic model. As expected, we also see that
the numerical results and asymptotic predictions diverge as A diverges: the asymptotic analysis
holds only while the system remains in the vicinity of the saddle-node bifurcation (specifically,
when |A| � |µ̇|−2/5). Nevertheless, as already seen in the rescaled snap-through times plotted
in fig. 7, this period of the motion provides a bottleneck and so the resulting prediction of the
duration of snap-through remain in good agreement with the numerical simulations.

8. Summary and discussion

In this paper, we have presented an asymptotic reduction of the dynamic elastica equations
to describe the snap-through of an elastic arch with time-dependent end-shortening. Our analysis
allows us to understand the duration of elastic snap-through, and to show the effect of the rate at
which the end-shortening evolves. In particular, we provide semi-analytical results for the duration
of snap-through, as well as the evolution of the compressive force, −NX , in the vicinity of the
snap-through bifurcation.

Crucially, we have shown that the time at which a rapid snap-through event occurs is delayed
by the dynamic evolution of the end-shortening constraint. We have presented numerical results
that exhibit this delay and explained its origin via a reduced model that is valid in the asymptotic
limit of a slow, linear ramp in the control parameter (|µ̇| � 1). This reduced model obeys the
amplitude equation (58), which has the generic form for dynamics in which the control parameter
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Figure 8: Trajectories of the amplitude A(T) determined, via (82), from numerical simulations of the fully-nonlinear
problem (coloured curves) recover the trajectories predicted by the quasi-linear model (dashed black and solid red
curves) as |ḋ| → 0. Results are shown for different values of the rescaled damping coefficient Λ: (a) Λ = 10−2, (b)
Λ = 10−1, (c) Λ = 101 and (d) Λ = 102, all with α = π/6. Values of the loading rate ḋ are indicated in the legend of
(a) and (c). The numerical solution of the underdamped problem, (66) is shown by the dashed curve in (a) and (b)
while the analytical solution for the overdamped problem, (73), is shown by the dash-dotted curve in (c) and (d).
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is ramped linearly through a saddle-node bifurcation. To make the physical nature of this equation
more apparent, we now undo the various rescalings performed in §5, and write (58) back in terms
of the original dimensionless variables introduced in §2. This gives

d2A

dT 2
+ ν

dA

dT
= C1|µ̇|T + C2A

2, (83)

where T = t/t∗ (i.e. time is non-dimensionalized by the inertial timescale), A is the ‘solution
amplitude’ measuring the change away from the dimensionless equilibrium shape at bifurcation,
and C1 and C2 are dimensionless constants (defined in (57)). (Note that here we use sans serif A to
distinguish it from the rescaled amplitude A introduced in §5.) Using the asymptotic expansions
(41)–(42) and the definition of A in (44), we have that

A = |µ̇|2/5A ∼ τ(T )− τfold ∼
W (X,T )−Wfold(X)

Wp(X)
, (84)

By analyzing solutions of equation (83), we were able to predict the time delay (bottleneck)
experienced by trajectories passing near the bifurcation point. Our results for the magnitude of this
delay, expressed both in terms of the time delay, ∆T , and the delay in the bifurcation parameter,
|∆µeff | = |µ̇|∆T , are summarized for the overdamped and underdamped limits in table 1. (A key
feature of our asymptotic approach is that we are able to calculate the various prefactors in these
scalings semi-analytically in the limit |µ̇| → 0. However, in a practical setting knowledge of these
scalings may be sufficient.) We also determined the relevant dimensionless parameter that measures
the importance of damping during the bottleneck phase, Λ, which scales as ν|µ̇|−1/5 (equation (59)).
In this way, we could deduce that the underdamped and overdamped limits correspond to Λ � 1
and Λ � 1, respectively, as well as calculate the behaviour for intermediate damping as Λ varies;
see fig. 7.

The time delay ∆T (or delay in bifurcation parameter |∆µeff | = |µ̇|∆T ) that we observe is
the result of a delayed bifurcation (Su, 2001); to our knowledge this is the first example of such
a delayed bifurcation being discussed explicitly in the dynamics of an elastic structure. However,
as we now discuss, some of the features of this delay appear to have been observed previously in
related structural dynamics problems.

8.1. Previous examples of delay in snap-through

A possible example of delayed bifurcation in elastic snap-through is present in the numerical
results of Cazzolli and Dal Corso (2019), who studied two situations of the snap-through of an
arch with controlled ends: fixed end-shortening with one end of the arch rotated at a constant
rate (i.e. ḋ = 0 but α̇ = Ω in our notation); or fixed angles at both ends but with end-shortening
varying at a constant rate (i.e. ḋ = ∆), as we have studied here. Their numerical results show
that for sufficiently small Ω (or ∆), snap-through occurs with a value of the end inclination angle
(or end-shortening) close to that predicted by a quasi-static bifurcation analysis. However, for
larger values of Ω (or ∆), a noticeable shift in this snapping angle (or end-shortening) is observed
compared to the quasi-static bifurcation analysis (see fig. 15 of Cazzolli and Dal Corso, 2019).
While this observation is qualitatively consistent with the delayed bifurcation reported here, we
are not able to test this conclusion quantitatively with the limited numerical data presented by
Cazzolli and Dal Corso (2019).

Delay phenomena may also have been observed recently in the coupled snap-through of many
elements in a metamaterial (Vasios et al., 2021). In their work, Vasios et al. (2021) considered
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the dynamic response of a one-dimensional array of universally bistable shells that are coupled by
compressible fluid cavities: when one shell transitions between its bistable states, it compresses the
fluid, increasing the pressure and thereby causing the neighbouring shell to snap-through too. This
leads to wave propagation, but Vasios et al. (2021) found that the ‘snapping wave’ velocity initially
decreases as the wave propagates, before increasing again as the downstream end of the array is
approached. This non-monotonicity was interpreted energetically (with slowing down occurring
because of dissipation, and the subsequent acceleration occurring because the boundary is closer
and hence there are fewer shells to ‘push’ downstream). However, it may also be possible to
interpret these results in terms of changes in the parameter Λ introduced here: the effective value
of Λ initially increases (since the effective loading rate µ̇ decreases as energy is dissipated) giving
rise to an overdamped motion, before Λ decreases again (when µ̇ increases due to boundary effects).
This subsequent decrease in Λ would be expected to give underdamped dynamics, consistent with
the observation of an ‘overshoot’ in the displacement for the end shells during snap-through (see
fig. 3b,c of Vasios et al., 2021, for example).

Another example of elastic snap-through that has been studied in some detail experimentally
and theoretically is that induced by the illumination of a strip of liquid crystal elastomer that is
doped with azobenzene photochromes (Ravi Shankar et al., 2013; Korner et al., 2020). If initially
buckled as a natural arch (i.e. with α = 0 and d > 0 in our notation), the arch can be forced
to snap to an inverted, symmetrical arch by being illuminated at, or close to, its centre: after a
sufficient period of illumination, the centre of the arch is deformed sufficiently to reach an unstable
configuration and snaps through (as has also been achieved by the application of a point force by
Pandey et al., 2014). The theoretical study by Korner et al. (2020) showed that the illumination
time required to induce the snap-through of the arch is approximately inversely proportional to
the intensity of illumination. This inverse scaling is observed particularly at high illuminations,
but at low illuminations there is an additional delay that appears to be qualitatively consistent
with the delayed bifurcation phenomenon discussed in this paper (see fig. 5D of Korner et al.,
2020, in particular). However, this snap-through is likely to occur from a pitchfork, rather than a
saddle-node, bifurcation (Pandey et al., 2014; Gomez et al., 2017) and so we now turn to the effect
of bifurcation type on the delay that should be expected.

8.2. Other examples of delayed bifurcation in elastic problems

The phenomenon of delayed bifurcation is not unique to saddle-node bifurcations and so is
likely to be present in other bifurcations in solid mechanics. The most obvious candidate for these
are the various forms of buckling, including dynamic Euler buckling and the dynamic torsional
buckling of a rod (see Goriely and Tabor, 2000; Zhao and van der Heijden, 2019, for example). For
completeness, we include a brief discussion of how the phenomenon of delayed bifurcation should
be expected to manifest in these scenarios, though we limit our discussion to a scaling-type analysis
for brevity.

8.2.1. Pitchfork bifurcation

Perhaps the most common form of bifurcation in slender elastic structures is the supercritical
pitchfork bifurcation seen in, for example, the Euler buckling of an inextensible rod (Howell et al.,
2009). By analogy with (83), the expected normal form for a dynamic pitchfork bifurcation with
constant ramping rate |µ̇| takes the form

d2A

dT 2
+ ν

dA

dT
= A

(
|µ̇|T − A2

)
. (85)
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As in (83), T is time non-dimensionalized by the corresponding inertial timescale, with T = 0
chosen to be the time when the control parameter is equal to the quasi-static bifurcation value.
For brevity we have ignored possible numerical pre-factors on the right-hand side of (85) (i.e. we
have chosen the equivalent of C1 = C2 = 1 in (83)).

A scaling analysis of equation (85) can readily be performed. In the underdamped limit,
for a balance between the inertia and ramping terms we require that A/T 2 ∼ A|µ̇|T , where for
this discussion we use ∼ to mean ‘scales as’. Hence the time delay associated with bifurcation
∆T ∼ |µ̇|−1/3, while the associated delay in the threshold is |∆µeff | ∼ |µ̇|2/3. The overdamped
case can be considered through a similar scaling analysis; this shows that ∆T ∼ (ν/|µ̇|)1/2 and
|∆µeff | ∼ (ν|µ̇|)1/2. Furthermore, comparing the ratio of the damping term to the inertia term
with these scaling estimates, we find that the corresponding dimensionless parameter measuring
the importance of damping during delay is Λ ∼ ν|µ̇|−1/3.

The scaling results for both limits, including the time/parameter delay and form of Λ, are
summarized in table 1. These scalings may readily be checked by solving the linearized normal
form (85): since the equilibrium solution before bifurcation is simply the trivial branch A = 0,
we expect that A � 1 during the bottleneck phase. Hence, we neglect the A3 term in (85) and
determine the duration of the delay as the time when A first grows much larger than its initial
amplitude and the A3 term becomes important. For underdamped dynamics Λ� 1, this analysis
confirms that the naive argument above gives the correct scaling for the delay. For overdamped
dynamics Λ � 1, this analysis has been performed by Tredicce et al. (2004) for the normal form
in (85), albeit originating in a very different physical problem. Tredicce et al. (2004) showed that
there is a contribution to the time delay that is proportional to the initial distance to bifurcation
in parameter space that is not captured by the scaling analysis above. Essentially, this is because
the amplitude decays exponentially towards the trivial solution branch A = 0 before the quasi-
static bifurcation point is reached, leading to an ‘accumulation of stability’ (Mandel and Erneux,
1984) that must be compensated for by ramping an equivalent amount beyond bifurcation. In the
notation used here, if Tstart < 0 is the time when ramping begins, this initial distance is given by
|∆µstart| = |µfold − µ(Tstart)| = |µ̇||Tstart| and the time/parameter delays are

∆T ∼ |∆µstart|
|µ̇|

+O(ν/|µ̇|)1/2, |∆µeff | ∼ |∆µstart|+O(ν|µ̇|)1/2, (86)

as given in table 1. This additional delay due to ‘accumulation of stability’ does not arise for
overdamped dynamics near a saddle-node bifurcation, since in that case the solution branch before
bifurcation is non-trivial. Since it also relies on the amplitude A decaying to zero, we note that it
is likely to be highly sensitive to noise in the system and hence difficult to observe experimentally
(see the discussion in Zeghlache et al., 1989; Tredicce et al., 2004, for example). Indeed, theoretical
analyses have been performed to understand the effect of noise on delayed bifurcation (Van den
Broeck and Mandel, 1987; Zeghlache et al., 1989; ?), which showed that noise generally reduces
the delay observed, and may do so even if the amplitude of the noise is very small.

A delay in the bifurcation of a twisted elastic rod was reported by Zhao and van der Heijden
(2019). They found that the amount of the delay (i.e. the shift in the value of the parameter
at the bifurcation point) is sub-linear in |µ̇|, which is consistent with our scaling prediction (and
that of Kuzkin and Dannert, 2016) for underdamped dynamics. Similarly, Librandi et al. (2020)
found that the loss of strength of an elastic arch under indentation at a constant speed depends
on the speed of indentation. In both cases, more detail (e.g. the precise nature of the bifurcation)
is required to test this qualitative similarity quantitatively. We also note that similar scalings to
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Bifurcation Damping
Underdamped delay (Λ� 1) Overdamped delay (Λ� 1)

type parameter (Λ) ∆T |∆µeff | ∆T |∆µeff |

Saddle-node ν|µ̇|−1/5 |µ̇|−1/5 |µ̇|4/5 (ν2/|µ̇|)1/3 (ν|µ̇|)2/3

Pitchfork/Transcritical ν|µ̇|−1/3 |µ̇|−1/3 |µ̇|2/3 (ν/|µ̇|)1/2 + |∆µstart|
|µ̇| (ν|µ̇|)1/2 + |∆µstart|

Table 1: Summary of the dimensionless time delay (∆T ) and parameter delay (|∆µeff |) expected in common elastic
bifurcations produced by a constant ramping rate |µ̇|; in each case only the scaling behaviour of quantities with
respect to the damping coefficient ν and ramping rate |µ̇| are shown, i.e. we ignore dimensionless prefactors. In
this paper we have studied in detail the snap-through instability, which is (generically) of the saddle-node type with
the form of amplitude equation (85). A similar analysis for a pitchfork bifurcation (as in the classic Euler buckling
instability) will lead to an amplitude equation of the form (85), while an analysis for a transcritical bifurcation will
lead to (87); in each case the scalings given here are expected.

those presented for the underdamped limit here were found in the case of dynamic Euler buckling
by Kuzkin and Dannert (2016); however we are not aware of work in this area that considers the
effect of damping, nor any that provides the overdamped scalings in this case.

8.2.2. Transcritical bifurcation

The third type of bifurcation that is seen in problems with a single real bifurcation parameter
(codimension-1 bifurcations) is the transcritical bifurcation (see Strogatz, 2014, for example). This
is less common in structural stability problems, but has been observed in the buckling of a ‘holey
column’ (Pihler-Puzov́ıc et al., 2016) and the elastic Rayleigh–Taylor problem (Chakrabarti et al.,
2018).

The normal form for a transcritical bifurcation is (Strogatz, 2014)

d2A

dT 2
+ ν

dA

dT
= A (|µ̇|T − A) . (87)

A similar analysis to that of §8.2.1 shows that the same scalings for the size of the delay are
recovered in both the underdamped and overdamped limits (including the additional contribution
of ∆µstart in the overdamped limit). This is because the interaction between the ramped parameter
and the amplitude is the same in each case, with only the amplitude nonlinearity differing in the
two cases (compare the first term on the right-hand side of (85) with the corresponding term of
(87)).

8.3. Conclusion

The likelihood that delayed bifurcations are ubiquitous in dynamic elastic problems may lead
to both pitfalls and opportunities. As an example of a potential pitfall, we note that dynamic
numerical simulations and experiments will only approximately follow the underlying static bifur-
cation diagram as the relevant bifurcation parameter is varied. This may be especially relevant to
problems with a complicated bifurcation structure, such as the fluid-mechanical sewing machine
problem (Chiu-Webster and Lister, 2006; Audoly et al., 2013) and its elastic analogue (Jawed et al.,
2014, 2015), which have multiple folds. This has been noted already in simulations of the fluid-
mechanical sewing machine in which the fall height is varied slowly: Audoly et al. (2013) observe
that their numerical simulations follow the quasi-statically determined bifurcation diagram apart
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from a small delay at fold points caused by the small, but finite, rate of change of the bifurcation
parameter (see, in particular, fig. 7a and fig. 9 of Audoly et al., 2013).

As an example of an opportunity, we note that the delay in bifurcation described in this paper
may allow for detailed control of the state of bistable systems through the use of more complex time-
dependent loadings than the linear ramp considered here. In particular, a non-monotonic (or slow
pulse) load on a bistable structure may be used to switch between the two stable states, for example
by decreasing and then increasing d in the system considered here. Determining whether a slow
pulse is slow and large enough to allow snap-through to occur may be amenable to an asymptotic
analysis similar to that presented here, distinct from the standard energy methods (Simitses, 1990).
This approach would be particularly valuable if it allowed for a spatially uniform, but temporally
varying signal to address individual ‘bits’ in an elastic structure with multiple bistable elements
(Seffen, 2006; Chung et al., 2018). Such a development could simplify the actuation of, among
other things, soft robots.

Appendix A. Details of the numerical scheme

To solve the dynamic elastica equations, we discretize the interval [0, 1] using a uniform mesh
with spacing ∆S = 1/N (with a fixed integer N ≥ 2). We write Si = i∆S (i = 0, 1, 2, . . . , N)
for the ith grid point, with corresponding position vector ri = (Xi, Yi)

T. We also let θi(T ) (i =
0, 1, 2, . . . , N−1) be the numerical approximation to θ(S, T ) over the interval (Si, Si+1). (It should
be noted that both θ0 and θN are imposed through boundary conditions.) We use the angles θi as
generalised coordinates here, i.e. we write the discretized system of equations in terms of θi rather
than the position vectors ri; this approach avoids having to introduce N constraints to enforce
inextensibility of the centreline on each interval (Si, Si+1).

To obtain explicit equations for each θi, we first integrate (12)–(13) to write the force compo-
nents as

NX(S, T ) = P (T ) +

∫ S

0

∂2X

∂T 2
+ ν

∂X

∂T
dξ, (A.1)

NY (S, T ) = Q(T ) +

∫ S

0

∂2Y

∂T 2
+ ν

∂Y

∂T
dξ, (A.2)

where P (T ) and Q(T ) are unknowns that act as Lagrange multipliers to enforce the end-shortening
constraints. To achieve second-order accuracy in the convergence of our numerical scheme, we use
the trapezium rule for quadrature. For a general function f(S, T ), we then have that for each
i = 1, 2, . . . , N − 1, ∫ Si

0
f(S, T ) dS ≈ ∆S

2

i−1∑
k=0

[f(Sk+1, T ) + f(Sk, T )] ,

=
∆S

2

[
f(0, T ) +

N−1∑
k=1

Uikf(Sk, T )

]
,

where in the last equality we have introduced the (N − 1) × (N − 1) upper triangular matrix
U = (Uij) defined by

Uij =


0 i < j,

1 i = j,

2 i > j.
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Setting f(S, T ) = cos θ(S, T ) and f(S, T ) = sin θ(S, T ) in turn, and using the fact that θ0 = α, we
obtain

X(Si, T ) ≈ ∆S

2

[
cosα+

N−1∑
k=1

Uik cos θk

]
,

Y (Si, T ) ≈ ∆S

2

[
sinα+

N−1∑
k=1

Uik sin θk

]
, i = 1, 2, . . . , N − 1.

It follows that(
∂2X

∂T 2
+ ν

∂X

∂T

) ∣∣∣∣
S=Si

≈ −∆S

2

N−1∑
k=1

Uik

[(
d2θk
dT 2

+ ν
dθk
dT

)
sin θk +

(
dθk
dT

)2

cos θk

]
,

(
∂2Y

∂T 2
+ ν

∂Y

∂T

) ∣∣∣∣
S=Si

≈ ∆S

2

N−1∑
k=1

Uik

[(
d2θk
dT 2

+ ν
dθk
dT

)
cos θk −

(
dθk
dT

)2

sin θk

]
.

Substituting the above into (A.1), we may then approximate the force component NX as (making
use of X(0, T ) = 0)

NX(Si, T ) ≈ P (T ) +
∆S

2

N−1∑
j=1

Uij

(
∂2X

∂T 2
+ ν

∂X

∂T

) ∣∣∣∣
S=Sj

,

≈ P (T )− ∆S2

4

N−1∑
j=1

Uij

N−1∑
k=1

Ujk

[(
d2θk
dT 2

+ ν
dθk
dT

)
sin θk +

(
dθk
dT

)2

cos θk

]
.

(A.3)

Similarly, using (A.2) and Y (0, T ) = 0, we have

NY (Si, T ) ≈ Q(T ) +
∆S2

4

N−1∑
j=1

Uij

N−1∑
k=1

Ujk

[(
d2θk
dT 2

+ ν
dθk
dT

)
cos θk −

(
dθk
dT

)2

sin θk

]
. (A.4)

We approximate the ∂2θ/∂S2 term appearing in the moment balance (16) using a second-order
centered difference on the interior grid points. Upon substituting the approximations (A.3)–(A.4),
and making use of the addition formulae for sin(θi − θk) and cos(θi − θk), equation (16) becomes

θi+1 − 2θi + θi−1

∆S2
− P sin θi +Q cos θi

= −∆S2

4

N−1∑
j=1

Uij

N−1∑
k=1

Ujk

[(
d2θk
dT 2

+ ν
dθk
dT

)
cos(θi − θk) +

(
dθk
dT

)2

sin(θi − θk)

]
,

(A.5)

for i = 1, 2, . . . , N − 1. The boundary conditions (17) give

θ0 = α, θN = 0. (A.6)
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The imposed end-shortening X(1, T ) = 1 − d and Y (1, T ) = 0 (recall (18)-(19)) leads to the
algebraic constraints

∆S

2

[
cosα+ 1 + 2

N−1∑
k=1

cos θk

]
= 1−

[
dc(α) + ḋ T

]
,

∆S

2

[
sinα+ 2

N−1∑
k=1

sin θk

]
= 0. (A.7)

To write the system in matrix form, we introduce the column vectors of length (N − 1)

Θ = (θ1, θ2, . . . , θN−1)T,

s = (sin θ1, sin θ2, . . . , sin θN−1)T,

c = (cos θ1, cos θ2, . . . , cos θN−1)T,

e1 = (1, 0, . . . , 0)T.

We define the (N − 1)× (N − 1) upper triangular matrices A = (Aij) and B = (Bij) where

Aij = cos (θi − θj) (U2)ij ,

Bij = sin (θi − θj) (U2)ij .

We also define the (N − 1)× (N − 1) tridiagonal matrix

D =
1

∆S2


−2 1
1 −2 1

. . .
. . .

. . .

1 −2 1
1 −2

 .

The system of equations (A.5) can then be written as

A
d2Θ

dT 2
+

[
νA+B diag

(
dΘ

dT

)]
dΘ

dT
=

4

∆S2

[
P s−Qc− α

∆S2
e1 −DΘ

]
, (A.8)

where we write diag(a) for the diagonal matrix whose diagonal entries are the entries of the vector
a. Together with the constraints (A.7), these equations constitute a system of differential algebraic
equations (DAEs) since the unknown functions P (T ) and Q(T ) do not explicitly enter (A.7). It
is convenient to reduce the index of the system by differentiating (A.7) once, which can then be
written in the form

∆S sT dΘ

dT
= ḋ, (A.9)

∆S cT dΘ

dT
= 0. (A.10)

The numerical solution of the system (A.8)–(A.10) then satisfies (A.7) (to within numerical tol-
erances) provided that the initial data are consistent with (A.7). (Since the arch starts from rest
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but we implement the end-shortening constraint through (A.9), we introduce a time-varying ḋ that
accelerates rapidly from 0 to the prescribed constant value ḋ0, namely

ḋ = ḋ0 · (1− e−T/Tdecay),

where Tdecay � Tstart.) Together with (A.8), the DAE system can then easily be written in
mass-matrix form (with singular mass matrix) and integrated numerically using matlab’s ODE
solvers. We note that it is possible to obtain explicit expressions for the Lagrange multipliers P
and Q (up to the solution of a linear system) and hence avoid a singular mass matrix (Ruhoff
et al., 1996); alternatively, using the impetus-striction method, the system can be rephrased as
an unconstrained Hamiltonian system in which the constraints (A.7) are automatically satisfied
(Dichmann and Maddocks, 1996). However, we found that the formulation here can be efficiently
integrated using the routine ode15s, once the sparsity pattern of the mass matrix is specified
(for example the matrix A is upper triangular); simulations using N = 100 typically complete in
under a minute on a laptop computer. We also note that the matrices A and B can be efficiently
constructed by applying the routine meshgrid to the vector Θ.

Appendix A.1. Equilibrium solutions

Setting the time derivatives to zero in (A.8) shows that equilibrium solutions satisfy

DΘ = P s−Qc− α

∆S2
e1, (A.11)

together with (A.7). We solve these algebraic equations in matlab using the routine fsolve to
determine Θ and the unknown force components P and Q. To obtain a response diagram as we
vary the dimensionless end-shortening d = ∆L/L, we implement the numerical solver together with
a simple continuation algorithm. Rather than controlling d, however, we instead control P and
solve for the corresponding value of d at each stage. This allows us to use a simple continuation
algorithm that continues past the saddle-node bifurcation without any convergence issues. (Con-
trolling instead d produces a vertical fold in the bifurcation diagram; near this fold a small change
in d produces a large change in the solution.) In dealing with the different solution branches, we
use the analytical solutions predicted by beam theory (derived in §3.1) as initial guesses, relating
these to Θ, P and Q.

Appendix A.2. Convergence tests

The numerical solutions of the equilibrium problem may be used to check the convergence of
our numerical scheme with increasing numbers of grid points, N . In particular, we calculate the
critical value of the end-shortening, dfold, for different arch inclinations α and discretization levels
N . From this, we can readily compute a numerical estimate of the value of µfold = dfold/α

2 with
different values of α and N . Figure A.1a shows that as N increases, the value of µfold converges; in
particular, we see that this convergence is second order in the grid-spacing ∆S = 1/N , as should
be expected because we use second order finite differences throughout. The plot in fig. A.1b shows
that there is a weak dependence of the converged (N →∞) value of µfold on the value of α. This
is to be expected because the analytical value of µfold ≈ 0.315, given in (31), is only valid in the
limit of small deflections, α� 1. Figure A.1b confirms that the analytical result (31) is recovered
as α→ 0 and, further, that, for α ∈ (0, π/3], the true value lies within 0.7% of the analytical value
of (31).
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Figure A.1: Results of a convergence analysis for the static problem. (a) The values of µfold(α) determined numerically
from the static code depend quadratically on the grid spacing ∆S = 1/N for α = π/12 (circles), α = π/6 (squares)
and α = π/3 (triangles). (This quadratic convergence is consistent with our use of a second-order finite-difference
method.) In each case, the converged value of µfold for each α is very close to the value predicted by our quasi-linear
theory, (31), namely µfold ≈ 0.3150 (dashed line). (b) The value of µfold(α) determined with N = 100 grid points
shows that the numerically determined value lies within 0.7% of the analytical value µfold ≈ 0.315 (determined from
the quasi-linear theory), for α . π/3.
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