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We report a method to control the positions of ellipsoidal magnets in flowing channels of
rectangular or circular cross section at low Reynolds number. A static uniform magnetic field
is used to pin the particle orientation, and the particles move with translational drift velocities
resulting from hydrodynamic interactions with the channel walls which can be described using
Blake’s image tensor. Building on his insights, we are able to present a far-field theory
predicting the particle motion in rectangular channels, and validate the accuracy of the theory
by comparing to numerical solutions using the boundary element method. We find that,
by changing the direction of the applied magnetic field, the motion can be controlled so
that particles move either to a curved focusing region or to the channel walls. We also use
simulations to show that the particles are focused to a single line in a circular channel. Our
results suggest ways to focus and segregate magnetic particles in lab-on-a-chip devices.
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1. Introduction

Understanding the dynamics of colloidal particles in microchannel flow is relevant to designing
methods for guiding them in lab-on-a-chip devices [Hejazian et al., 2015, Squires & Quake, 2005].
At finite Reynolds number inertial effects, which lead to particle migration across stream lines,
and to specific stable positions in the channel depending on particle size and Reynolds number
[Di Carlo, 2009], can be used to focus the particles, and to sort them by size or shape. At low
Reynolds number, however, this mechanism ceases to be efficient and, in the absence of any
external forces, both spherical and spheroidal particles simply move along streamlines without
lateral migration [Bretherton, 1962]. In a shear flow spheres rotate with a constant angular
velocity, whereas ellipsoidal particles follow Jeffrey orbits [Jeffery, 1922] where their orientation
unit vector performs periodic motion on the unit sphere.

Therefore, at low Reynolds number, external forces are needed to sort or focus colloidal
particles. We recently showed that magnetic particles, subject to a uniform magnetic field,
can be steered to an arbitrary position in channel flow [Matsunaga et al., 2017]. This occurs
when the magnetic field suppresses the Jeffery rotation and pins the orientation of the particle.
Hydrodynamic interactions with the channel walls then lead to flow across streamlines, and the
non-uniform hydrodynamic torque in the Poiseuille flow can be exploited to adjust the stable

© The author 2018. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.

_I_



2 of 16 MATSUNAGA ET AL.

(@ H (b) z

Yy direction of
/ the magnetic moment

Fig. 1. (a) Schematic diagram of an ellipsoidal magnet flowing in an infinitely long rectangular channel. m =
(msin @), cos ¢, msin 6, sinp,,mcos H,) is the magnetic moment. The flow is in the +x-direction and the magnetic
field is in the (x,y)-plane: B = (Bcos@p,Bsingp,0). P, W and O indicate the domains of the surface integral in
Eq. (3.1). (b) Schematic diagram of the particle orientation (¢,,6,).

particle orientation, and hence its trajectory along the channel.

In reference [Matsunaga et al., 2017] we considered the two-dimensional geometry of flow
between two infinite, parallel plates. Here we extend our results to experimentally relevant
three-dimensional situations, channels of rectangular and circular cross section. We compare
an analytic far field theory and boundary element simulations to show that focusing is preserved
in three dimensions. In a rectangular channel particles move either to a curved line or to the
channel walls. In a cylindrical channel they are focused to a straight line. Our predictions of
focusing will be valid if the velocity resulting from magnetic dipole-dipole interactions are small
compared to the drift velocity, corresponding to a volume fraction g 1072

2. Problem statement and far-field theory

We consider a permanent magnetic particle with prolate ellipsoidal shape of volume 4ma’ /3,
suspended in an infinitely long rectangular channel with a width H, and a height H, as shown
in Fig. 1(a). The surrounding fluid is a Newtonian fluid of viscosity 1 and density p. The
particle has magnetization M, and it is assumed to be neutrally buoyant for simplicity. It has a
single semi-axis of length b; = a0®/? and two semi-axes with length by = aa~'/3, where o is its
aspect ratio, o = by /b, > 1. The particle has a magnetic moment parallel to its major axis given
by m = (msin 6, cos ¢, msin 6, sin 9, mcos 6,) where m = 4mwa*M /3 is the magnetic moment, and
0,9, are polar and azimuthal angles as shown in Fig. 1(b). Hence the particle experiences a
magnetic torque T,, = m X B when a uniform external field B is applied to the whole domain.
We assume that B is oriented in (x,y)-plane as shown in Fig. 1(a), B = (Bcos ¢pg,Bsin¢g,0),
where B is the strength and ¢p the orientation of the field which are both kept constant.

We introduce a non-dimensional parameter f8,, that describes the strength of the magnetic
torque compared to the hydrodynamic torque as

mB 47MB
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where 7, is the characteristic wall shear rate inside a channel. For example, when we assume
that the particle magnetization goM = 1073 T where o = 47 x 1077 N/A? is the permeability of
free space, particle size a = 107> m, water viscosity n = 1073 Pa-s, water density p = 10 kg/m?,
shear rate 7= 10? s~! and magnetic field B=1.0"* — 1072 T, the particle Reynolds number is
Re ~ 1072 and the non-dimensional parameter B ~ 10° — 10?.

As presented in our previous work, which considered confinement between two infinite,
planar walls leading to a flow translationally invariant along z [Matsunaga et al., 2017], our
strategy is to pin the particle orientation (¢,,6,) by the external field B, and to focus the
particles to specific regions utilizing the drift velocities from the hydrodynamic interactions
with the walls incorporated using image stresslets [Blake, 1971]. In this section, we introduce
equations for the orientational dynamics and the translational velocities of an ellipsoidal magnet
inside a rectangular channel. To obtain the far-field expression, we assume that the particle
size is much smaller than the channel size a < Hy,H, and that the particle is sufficiently far
from the channel walls. We then, in Section 3, compare the far-field theory to a full numerical
simulation of the equations of motion.

2.1 Flow field

The velocity profile vy inside a rectangular channel with width H, (0 <y < H,) and height H,
(—H./2 < z< +H./2) is [Mortensen et al., 2005]

{1 _ cosh(nmz/Hy)
cosh(nmH,/(2H,))

(==} > 1
Vx (ya Z) =V de n73
n.0

}sin (nmy/Hy), (2.2)

where V is a parameter with the dimensions of velocity. The two shear components ¥, and ¥
follow as

, AR <R __ cosh(nmz/Hy)
ny(yvz) - ay - Vngd n2Hy {1 COSh(}’lﬂHz/(ZHy)) cos (Vlﬂy/H}) ’ (23)
7xz(y7 Z) = %sz =-V Z T Slnh(nEZ/Hy) sin (}’lﬂ'y/l‘ly) ) (24)

,n*H, cosh(nmH, /(2H,))

n.od

Defining a characteristic wall shear rate J,, = 74,(0,0) the velocity V can be written

B

V=

— 1
1—
L v, { cosh(nH. /(2Hy)) }

2.2 Far field theory of the particle motion

2.2.1 Rotational motion The time evolution of the particle orientation (¢, 6,) is governed by
the background flow v, the magnetic torque T,, and the particle-wall interactions. When the
particles are sufficiently far from the wall, the effect of the wall on the orientation of the particle
is negligible [Pozrikidis, 2005, Spagnolie & Lauga, 2012] and the stable orientations (¢,,8,) are
obtained from the balance between the magnetic torque and the local hydrodynamic torque.
Almog & Frankel [1995] described the rotational motion of an ellipsoidal magnet subjected to
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a simple shear and a magnetic field. Extending their equations to rotational motion under two
shear components Y, and ., which correspond to a flow field v = (yJxy +2%:,0,0), gives

1. P sin(p —9p) Ty o i sing,

1. B Yy : . Ys

%GP = QF(a)cosepcos(qu—(pp)+ﬁ](a)stGl,st(bp—i—ﬁcosgbp(l+J(a)cos26p)
(2.7)

where J(o) and F(a) are shape functions [Jeffery, 1922, Koenig, 1975],

2 _
J(a) = % (2.8)
P
Fla) = 2(a23a—2){2aa2(i]1n(a+ az—l)—l}. (2.9)

Note that these equations assume that the particle size a is much smaller than the channel
dimensions Hy and H; so that higher order contributions from the flow field, such as any change
in the shear along the particle, can be ignored.

For large B,,, the particle reaches a single stable orientation ((j);,O;) that satisfies qS,, =0,

0, =0 [Almog & Frankel, 1995]. The stability conditions are

194, 199,
/YW a(Pp ¢p:¢;¢ ’)./W aep ¢p:¢;:
6,=0; =0,

P P~ "p

<0, <0 (2.10)

for each position (y,z) inside the channel. By updating the angles (¢,,6,) using equations
(2.6) and (2.7) until they converge, the stable orientation angle (9, (y,z),6,(y,z)) can easily be
evaluated numerically for any set of parameters {a, B, ¢p, Hy/a, H/a}.

2.2.2 Translational motion Once the particles have reached the stable angles ((b;, 6, ), they
gain translational drift velocities from hydrodynamic interactions with the four surrounding
walls which can be calculated using image systems [Blake, 1971]. In this rectangular channel,
the leading order contribution to the particle translational velocities (Uy,U;) comes from the
stresslet § images [Smart & Leighton, 1991] as:

b _9{”2_ a’ } Syy _3{“2— < } o (2.11)
wa 64w | y>  (Hy—y)? [ nddp, 32m |2 (H.—z2)? ) nadp,’ '
U, 9 (a? a? Sz 3 (a? a? Syz
A S e . (2.12)
Ywad 64m | 2 (H.—2)? [ na’p, 32x \y2  (Hy—y)* ) na*h

Note we ignore the effect of the image rotlet because its contribution decays faster (a/h)* [Swan
& Brady, 2007] than the stresslet, where & is the distance between the particle and wall. When
the particle is sufficiently far from the walls, the stresslets can be approximated by their values
in free space, . By extending the equations of Kim & Karrila [1991], the stresslet components



FOCUSING OF ELLIPSOIDAL MAGNETS IN CHANNELS 5 of 16

in free space in the channel flow are

}3), (@,0,,0,, Ty, hr) = naz%cy sin2¢, sin’ 0,{Ci(a )—|—C2((x)s1n2¢p sin’ 0,}
na Y 3 %o
5
+37roc2 ?fz cos ¢, sin20,{C3(a) + C2 () sin’ 9, sin’ 0,}
2Byl e 2 g
—2ra ,—WY sin2¢; sin” 0, (2.13)
S (0,0,.00 0 0) = 7 sin2o; sin 05 (C(@) + Co(@)cos?0;)
na¥p, P 37 W ? Y
+5ﬂazkcos¢ sin26,{C1(a) +C; (a)cos? 0%}
3 Tho P 1 2 P
o? YH ZyH cos ¢,sin20,, (2.14)
w
S5 (a,05,0), Ty, Toez) = éﬂ:(xﬂx) cos ¢, sin26,{Cs( a) +Cy(a)sin® ¢ sin” 6 }
nady, T b 3 oo P P P
+37r062%sm2¢p sin” @ {Ca(a )+C2(O£)COSZG;}
—moyH (2 By cos ¢, sin20, + = iz sin2¢,, sin’ 6,) (2.15)
W Tw
where Cy, C, C3, C4 are shape functions
Ci(a) = —xMyorM 71 (2.16)
C(a) = 3xM—4yM 7™, (2.17)
G(a) = —xMyzM (2.18)
Cy(a) yM_zM (2.19)
and XM yM 7zM yH [Kim & Karrila, 1991] depend on the eccentricity e = v/1 — a2 as
8 1
xM = A 2.20
(€) 15° B-)L—6e¢’ (2:20)
4 s 2e(1—2e*) — (1—€*)L
Me) = - e(l —2¢7) —(1=¢’) , (2.21)
5¢ (26(26273)+3(1782)L)(72€+(1+€2)L)
16 s 1—é?
Me) = — 2.22
(€) 5 3(1—)2L—2¢(3—5¢2) (2.22)
4 1
Y = e —— 2.23
(¢) 3° “2et(1+e)L (2.23)
l+e
L = 1 . 2.24
@ = (1) (2.24)

Substituting the free-space expressions for the stresslets into equations (2.11) and (2.12) gives
the far-field prediction of the particle translational velocity in the channel. Note that the higher
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order reflections of the stresslets can be ignored by assuming sufficiently large channel sizes H,
and H, compared to the particle size [Mathijssen et al., 2016, Matsunaga et al., 2017].

We will compare results from the approximate analytical theory to exact solutions of the
equations of motion obtained using a boundary element approach in the next section once we
have described the numerical scheme.

3. Comparison of far-field theory and full numerical simulation

In order to check the accuracy of the far-field theory, we compare results for the stable angle
(¢, 6,), the stresslet S, and the drift velocity (Uy,U;) to a full simulation using the boundary
element method. In this section, we explain our numerical method, and present the comparison
between the theory and the simulations.

3.1 Numerical method

3.1.1 Governing equations When the Reynolds number is small and inertial effects are neg-
ligible, the pressure driven flow field v of a given point x inside the channel can be described
using a boundary integral formulation [Hu et al., 2012, Pozrikidis, 2005]:

) =70~ g { [ Gueamant [ Gyteyaolan+ar [ xymmiaf )
where P
Gij(x,y) = ﬁ+ I;\é (3.2)

is the Green’s function, r = x —Yy is the relative position vector, v* is the background flow (2.2),
n is the normal vector pointing into the channel, and g is the viscous traction acting at a point
y on the surface. Notations P,W,0O describe surface integrals over the ellipsoidal particle (P),
walls (W) and outlet plane (O) respectively, as shown in Fig. 1(a). AP is an additional pressure
drop due to the presence of the particle given by

AP = é/Pvm-q(x)dA (3.3)

where Q is a flow rate.

Integrating the traction force g over the surface of the ellipsoid P gives the hydrodynamic
force Fj, and torque T acting on the particle. Since the system is force- and torque-free, these
satisfy

F, — / gdA =0, (3.4)
P

Tyt = [{ax(x—x0)}dA+T, =0 (3.5)
P

where x( is the hydrodynamic centre of the particle. The motion of the ellipsoid is described
by 6 degrees of freedom: i.e. three translational velocities U = (U, Uy,U;) and three rotational
velocities 2 = (@, @y, ®;). Therefore, as the boundary condition, a given surface material point
x; on the ellipsoid moves with a velocity

v(xs) =U + 2 x (x;—xp). (3.6)
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3.1.2 Boundary element method (BEM) The surface of the ellipsoid is divided into Ng =512
triangular elements and Ny = 258 nodes, while the rectangular channel with a length 100a is
discretised into Ngw = 3920 — 9800 triangular elements (wall nodes Nyw = 2000 — 5000) with
mesh size 2a. In order to avoid error arising from the coarse mesh of the walls, we kept the
distance between particle and walls larger than 2a. According to equations (3.1) and (3.6), the
i-th node x; on the particle surface has to satisfy a boundary condition

Ng+New
U+Qx (xi 7"0) + % Z G(xivye)q(ye)AAe + G(xi7yout)nAPAC = Vm(xi) (37)

where AA is the surface area of the element, subscript e is the index of elements, y, is the
position of the element e, A, is the cross-sectional area of the channel and y,,, is a centre point
in the outlet. Similarly, the i-th node on the channel wall has to satisfy

1

Ng+Ngw
% Z G(xi’ye)q(ye)AAel+G(xi’y()ul)APAC =0 (38)

e

to enforce the no-slip condition at the wall. The force- and torque-free conditions (3.4)-(3.5)
can be discretised as

Niq(xe)AAe = 0, (3.9)

Ng
Z{q(xe)x(xe—xo)}AAe = Ty (310)

Note that 4 point Gaussian quadrature is used to calculate the surface integral over each element.
For singular elements, we work in polar coordinates to remove the 1/r singularity [Pozrikidis,
1995]. The velocities are obtained by solving the linear equations Ax = b with a known vector
b={v°,0,—T,} and an unknown vector x = {q,U,R2}, where A is the dense matrix of size
(3(Ny + Nyw) +6) based on equations (3.7), (3.8), (3.9) and (3.10). For details, see Hu et al.
[2012], Ishikawa et al. [2006], Pozrikidis [2005].

Our goal is to use the simulations to obtain the drift velocity (U,,U,) at each position
(y,z) inside the channel. Since the time scale of the rotational motion is much faster than the
translational motion [Matsunaga et al., 2017], we first update the particle orientation from the
angular velocity Q using a 1st-order Euler method. This process is repeated until the particle
reaches the stable angles (6,,¢,), and then the drift velocities (Uy,U;) are calculated. Note
that the additional pressure drop AP is updated every iteration by using the value g from the
previous iteration.

3.2 Results of comparison to far-field theory

We now compare the far-field solutions with the full simulations. We use a particle aspect
ratio o = 3, a magnetic field B, = 30, a magnetic field direction ¢ = /2 (+y-direction) and a
channel size Hy/a = H;/a = 20.

Firstly, the stable orientation angles (¢;§,6;) for each position in the channel are shown
in Fig. 2. Due to the strong pinning by the external field, B,, = 30, the particle orientation
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Fig. 2. Comparison of stable angles (¢,,6,) obtained from (a),(d) the far-field theory and (b),(e) the boundary

element simulations. Figures (c),(f) show the differences between the values obtained.

is almost in the (x,y)-plane, 8, ~ /2, as shown in Figs. 2(d),(e). At the four corners of the
channel, the particles are slightly tilted out of the (x,y)-plane because of local shear forces.
On the other hand, ¢; monotonically increases with y as shown in Figs. 2(a),(b) because of
the balance between the local shear J, and the magnetic torque. For both angles, the far-
field theory reproduces the distribution obtained from the full simulation well. To measure the
differences

£(X) = |xfar — xbem| (3.11)

where X and XY™ are the values of a given variable X obtained from the far-field theory and
the BEM simulations respectively, are also plotted. The errors are only up to a few percent. The
good agreement is because the contribution of the image rotlet quickly decays, with O(h?), where
h is distance between the wall and the particle [Spagnolie & Lauga, 2012]. Small deviations of
€(¢;) at the channel corners are due to omitting the higher-order terms of the flow field, such
as shear gradients across the particle, in the far-field theory.

Secondly, in Fig. 3, we compare the stresslet (S,,, S;;) distributions inside the channel.
For the analytical calculations, we use ST, and S, defined in Egs. (2.13) and (2.14). For the
boundary element simulations the stresslets were calculated using

Ng )
Sij = Z {xi% +Xxiqi — §5ijxk61k} AA, (3.12)

e

based on the definition in Kim & Karrila [1991]. We also obtained results for Sy, showing that
the values are one order of magnitude smaller than Sy, and S, (data not shown). The far-field
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Fig. 3. Comparison of the stresslets (Syy, S;;) obtained from (a),(d) the far-field theory and (b),(e) the boundary
element simulations. Figures (c),(f) show the differences between the values obtained.

theory reproduces the simulation results well except close to the walls: at the channel corners,
the error of the far-field theory reaches up to 40%. This is because we ignored the effect of the
walls modifying the stresslet.

Next, we compare the particle drift velocity inside the channel. Figure 4(a) shows the
direction of the particle drift velocity (Uy,U;) over a channel cross-section. Although there are
slight differences in the drifting directions, the quantitative character of the movements are
well captured by the far-field theory. On the other hand, the amplitude of the drift velocity

|Ua4| = /U2 +U? has large deviations &(|Uy]), of up to 90% when the particles are close to the

walls at y/H, =0 and 1, as shown in Figs. 4(b)-(d). This large quantitative error is due to
using the free space stresslet, and also to the absence of the quadrupole and higher order image
multipoles in the theory.

Finally in Fig. 5, we compare the migration and destinations from the theory and the
simulations showing excellent agreement. Blue lines in the figure indicate the focusing region
U,; =0, and there is a perfect match. Thus deviations in the velocity magnitude near the walls
are unimportant in determining the final particle destinations, and we will discuss the particle
trajectories based on the far-field theory in the next section.



10 of 16

0.9

MATSUNAGA ET AL.

Sy
ol S
=

WNTT TS
TSN\ A ST
ERANRse

7 Ne—e |
e e N N —
o7 7 NN\ s

theory ——
simulation ——

0.1

0.06

) |(,s",,t,"‘“’ |/ (a%w)

0.04

0.02

©)

y/Hy

U:;em ‘ / (a7 u')

NI EY -2 N\
0.5 0

9

0.06

0.04

0.02

0.00
0.1 0.5
y/H,

0.010

0.005

0.000

Fig. 4. Comparison of the particle drift velocity U, obtained from the far-field theory and the boundary element
simulations. (a) Direction of Uy. (b)-(d) Velocity amplitude [Uq| = /U2 +U? from (b) the far-field theory, (c)
the boundary element simulations. (d) Difference between the two values.
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Fig. 5. Comparison of the particle trajectories obtained from (a) the far-field theory and (b) the boundary
element simulations. Parameters are a =3, B, =30, ¢p = —0.47 and H,/a = H./a =20. Red lines follow the
particle paths, while grey contours show the in-plane velocity amplitudes U,. Blue lines in (a) and (b) indicate
the focusing region |U,| =0, obtained from the theory.



FOCUSING OF ELLIPSOIDAL MAGNETS IN CHANNELS 11 of 16

1.0 : : : : 0 —————
(a) (b) =
038} | log(Ua) log(Uy)
0 0
06}
T -2 = -2
N 04f
-4 -4
0.2f
. -6 ) SRS\ \ -6
980 02 04 06 08 10 00 02 04 06 08 10
y/Hy y/Hy

Fig. 6. Particle trajectories projected onto the y—z plane for a =3, Hy/a = H;/a =20, B,, =60, and (a) ¢ =0
and (b) /2.

4. Results: focusing in rectangular channels

Although the boundary element simulation provides the velocity field without approximations,
this approach is not suitable for systematic parameter scanning because of the heavy computa-
tional costs. On the other hand the far-field theory, validated in the previous section, is a quick
and robust method to estimate the particle motion. Therefore we now report details of the
particle motion inside the channel based on the far-field theory. We concentrate in particular
on the particle trajectories, destinations and focusing regions [Matsunaga et al., 2017].

4.1 Particle destination

First, in Fig. 6, we show particle trajectories projected onto the y —z plane for the two simplest
cases: the magnetic field B pointing along the flow direction (¢ = 0) and perpendicular to
the flow direction (¢p = m/2), for parameter values a =3, B,, = 60 and Hy/a = H,/a = 20. For
¢p = 0 the particles all move towards the closest wall. For ¢g = /2, however, they flow towards
y/Hy, = 0.5 and, after a sufficiently long time, focus to the y/H, = 0.5 plane, as indicated by the
black contour in Fig. 6(b). A similar behaviour was observed for ¢g =0, /2 for confinement
between two infinite walls [Matsunaga et al., 2017]. In both cases, the particles move more
quickly when they are closer to the walls because the drift velocity is provided by the image
stresslets [Blake, 1971].

When the direction of the magnetic field is changed to other orientations 0 < ¢p < /2, the
trajectories of the particles become more complex as shown in Fig. 7. The majority of the
particles move to one of three destinations, depending on their initial positions:

e (i) curved focusing regions indicated with black contours,
e (ii) the walls at z/H, =0 or z/H; =1, or

o (iii) the wall at y/Hy, = 1.
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Fig. 7. Particle trajectories projected onto the y—z plane for o =3, H,/a=H,/a =20, B,, =60, and (a) ¢3 =0.107,
(b) 0.307, (c) 0.407 and (d) 0.457.
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Fig. 8. Comparison of the focusing region under different conditions: Effect of (a) the particle aspect ratio «,
(b) the magnetic field f,, and (c) the aspect ratio of the channel H;/H,. Conditions are & =3, f,, =60, ¢p = —0.4
and Hy/a = H,/a =20 if the value is not otherwise specified. Dotted vertical lines show the focusing line (4.1) for
confinement between two infinite walls H, — oo.

By changing the field direction ¢p, we can change not only the position of the focusing region
(i) but also the ratio of particles reaching each destination (i)-(iii). When the applied magnetic
field is close to the flow direction as in Fig. 7(a), most of the particles reach regions (ii) or (iii),
ie they move away from the wall at y/H, = 0 towards the other three walls. When the applied
field is closer to ¢p = m/2 however, as in Fig. 7(d), most of the particles reach regions (i) or (ii).
For intermediate angles, Figs. 7(b),(c), the particles are distributed over all three destinations.

As reported in our previous study [Matsunaga et al., 2017], particles with different shapes
can be sorted using region (i) because the focusing positions are dependent on the particle
aspect ratios a. There are two possible ways to focus all the particles to the curved focusing
region (i) without losing them to walls (ii)-(iii). The first method is to control the initial
position of the particles. By designing the particle inlet position to be within a region between
the curved line (i) and the wall at y/H, = 1, the particle will always be focused to region (i).
The second method is to increase the aspect ratio of the channel, H;/H,, as we discuss in the
next subsection.

4.2 Focusing region: Effect of parameters

Under confinement between two infinite walls, H, — e [Matsunaga et al., 2017], the particle is
focused to a stable position

y* 1 BuF(a)

— (o, By, =_—+_——"__cos¢p, 4.1

iy (%P 98) = 3 & G (1 ) 1)
which depends on the particle aspect ratio o, the magnetic field strength B,, and the direction
of the external field ¢p. For a rectangular channel, the focusing region also depends on the
aspect ratio of the channel H,/H,. In this subsection, we show how each parameter affects the
focusing region (i).

Fig. 8(a) compares the position and shape of the focusing region for particles with different
aspect ratios . As predicted by Eq. (4.1), particles with smaller aspect ratio are focused closer
to the wall at y/Hy, = 0. Hence particles with different aspect ratios can be sorted. Fig. 8(b)
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considers the effect of the strength of the magnetic field B,,, showing that a stronger field also
leads to focusing closer to the wall. By changing both f,, and ¢p, the focusing region can easily
be controlled. Finally, Fig. 8(c) compares the focusing region for channels with different aspect
ratios H;/Hy. Note that the length H, is modified to change the aspect ratio, while Hy/a = 20 is
set constant. The particles are focused to a region of higher curvature for smaller H,/H, while
they are focused to a line for H,/H, — oo. Hence in order to focus the particles to the vicinity
of a chosen value of y, the aspect ratio of the channel should be sufficiently large.

5. Results: Focusing in circular channels

As is apparent from our results in the previous sections, the directions in which the particles
move are strongly dependent on the channel geometry because the drift velocities are given by
the image stresslets. Therefore, it is interesting to study the focusing under different confine-
ments, and in this section we briefly describe focusing in circular channels. As far as we are
aware an analytic expression for the image stresslet in circular channels is not available so we
only present results from numerical simulations.

We use the same numerical method as for the channel of rectangular cross section, described
in section 3.1.2, except for the flow field and the channel shape. The background velocity inside
a circular channel with radius R is

V() = 1 (/R (5.1)
where r is the radial position and }, is the wall shear rate. The channel has length 100a and is
discretized into triangular elements with mesh size a. To avoid errors arising from the coarse
mesh of the walls, we kept the distance between particle and walls larger than 2a.

Figure 9 shows the particle trajectories projected onto the y —z plane in a circular channel
with R/a =10. As for the rectangular channel, the particles move towards the closest wall for
¢p =0, while they are focused to the y/a =0 plane for ¢p = m/2. Interestingly if we change the
direction of the magnetic field, the particles are focused to a constant y plane. The focusing
region is modified with respect to the rectangular geometry because the stable angles (¢;;, 9;,‘)
with respect to the closest wall are different. Since circular channels often occur in nature and
are also used in microfluidic devices, focusing towards a single plane provides a particularly
useful tool to manipulate particle positions.

6. Conclusion

We have reported a way to focus ellipsoidal magnets flowing in rectangular and circular microchan-
nels. A static uniform magnetic field is used to pin the particle orientation, and the particles
move with translational drift velocities resulting from the image stresslets. We derived the far-
field theory predicting the particle motion in rectangular channels, and validated the accuracy
of the theory by comparing the particle velocities to full numerical simulation. The theory
predicts that the particle destinations can be controlled to the walls or to the curved focusing
region by changing the direction of the applied magnetic field. Using the simulations, we also
reported that the particles are focused to a single line in a circular channel. Our method can
be used to focus and segregate magnetic particles in lab-on-a-chip devices, for example mag-
netically labelled rare cell species [Hejazian et al., 2015], or can be used in flow measurements
in microchannels [Kim et al., 2017].
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Fig. 9. Particle trajectories projected onto the y —z plane for a circular channel with radius R/a =10 (black
circle). Parameters are a =3, f,, =60, and (a) ¢ =0, (b) 0.507, (c) 0.407 and (d) 0.457.
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