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Abstract. We give a precise algebraic characterization of the power of Sherali–Adams relax-
ations for solvability of valued constraint satisfaction problems (CSPs) to optimality. The condition
is that of bounded width, which has already been shown to capture the power of local consistency
methods for decision CSPs and the power of semidefinite programming for robust approximation
of CSPs. Our characterization has several algorithmic and complexity consequences. On the algo-
rithmic side, we show that several novel and well-known valued constraint languages are tractable
via the third level of the Sherali–Adams relaxation. For the known languages, this is a significantly
simpler algorithm than those previously obtained. On the complexity side, we obtain a dichotomy
theorem for valued constraint languages that can express an injective unary function. This implies
a simple proof of the dichotomy theorem for conservative valued constraint languages established
by Kolmogorov and Živný [J. ACM, 60 (2013), 10], and also a dichotomy theorem for the exact
solvability of minimum-solution problems. These are generalizations of minimum-ones problems to
arbitrary finite domains. Our result improves on several previous classifications by Khanna et al.
[SIAM J. Comput., 30 (2001), pp. 1863–1920], Jonsson, Kuivinen, and Nordh [SIAM J. Comput., 38
(2008), pp. 329–365], and Uppman [Proceedings of ICALP’13, Springer, Berlin, 2013, pp. 804–815].
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1. Introduction. Convex relaxations are one of the most powerful techniques
for designing polynomial-time exact and approximation algorithms [17, 3]. The idea
is to formulate the problem at hand as an integer program and relax it to a convex
program which can be solved in polynomial time, such as a linear program (LP) or a
semidefinite program (SDP). A solution to the problem is then obtained by designing
a (possibly randomized) polynomial-time algorithm that converts the solution to such
a relaxation into an integer solution to the original problem.

Convex relaxations can be strengthened by including additional constraints which
are satisfied by an integer solution. This process of generating stronger relaxations by
adding larger (but still local) constraints is captured by various hierarchies of convex
relaxations, including the hierarchy of linear programming relaxations proposed by
Sherali and Adams [60], that by Lovász and Schrijver [55], and their semidefinite
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1242 JOHAN THAPPER AND STANISLAV ŽIVNÝ

programming versions, including the hierarchy of Lasserre [53] (see also [54] for a
nice comparison of these hierarchies). For an integer program with n variables taking
values in {0, 1}, the convex program obtained by n levels of any of the above-mentioned
hierarchies has integrality gap 1, that is, it gives an exact solution (but the program
may take exponential time to solve). Since the size of a program obtained by k levels
of these hierarchies is nO(k), for a constant k, the program can be solved in polynomial
time.

In this paper we study constant level Sherali–Adams relaxations for exact solvabil-
ity of discrete optimization problems. We do this within the framework of constraint
satisfaction problems (CSPs), which captures a large family of both theoretical and
practical problems. An instance of the valued constraint satisfaction problem (VCSP)
is given by a collection of variables that is assigned labels from a given finite domain,
with the goal of minimizing an objective function given by a sum of weighted relations
(cost functions), each depending on some subset of the variables [20]. The weighted
relations can take on finite rational values and positive infinity.

By varying the codomain of the weighted relations, we get a variety of interesting
problems. When the codomain is {0,∞}, we get the class of decision problems known
as constraint satisfaction problems [30], with the goal of determining whether or not
there is a labeling for all variables that evaluates the objective function to zero. When
the codomain is {0, 1}, we get the class of optimization problems known as minimum
CSPs [23, 24, 42]. When the codomain is Q, we get the class of optimization problems
known as finite-valued (or generalized [57]) CSPs [66]. The special case of having a
domain of size two has been studied extensively under the name pseudo-Boolean
optimization [8, 22]. Finally, by allowing a codomain to be both Q and positive
infinity, we get the large class of problems known as valued constraint satisfaction
problems [20, 48]. Intuitively, the infinite value deems certain labelings forbidden,
and thus all constraints are required to be satisfied, whereas the rational values model
the optimization aspect of the problem.

We remark that this framework is more general than that of mixed CSPs with hard
and soft constraints used in the approximation community [49], where each constraint
is either hard or soft; hard constraints correspond to {0,∞}-valued weighted relations
in our framework, and a soft constraint corresponds to a {0, w}-valued weighted re-
lation, where w is the weight of the constraint. Thus, all constraints in mixed CSPs
are 2-valued.

VCSPs are sometimes also called general-valued CSPs to emphasize the fact that
(decision) CSPs are a special case of VCSPs.

For CSPs, an important algorithmic technique is local consistency methods, i.e.,
considering a bounded number of variables at a time and propagating infeasible partial
assignments. Problems for which such techniques suffice to decide satisfiability are
said to have bounded width. In an important series of papers, [56, 52, 10, 5], the
property of having bounded width has been shown to be equivalent to a universal-
algebraic condition, now known as the “bounded width condition.” There is a clear
relation between the local propagation in consistency methods for decision CSPs and
the consistent marginals condition of Sherali–Adams relaxations. In this paper, we
demonstrate the applicability of powerful universal-algebraic techniques, developed
for decisions CSPs, in the study of linear programming hierarchies for VCSPs.

Contributions. A set Γ of weighted relations on some fixed finite domain is
called a valued constraint language. We denote by VCSP(Γ) the class of VCSP in-
stances with all weighted relations from Γ.
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SHERALI–ADAMS FOR GENERAL-VALUED CSPs 1243

In our first result, we give an algebraic [11, 18] characterization of the power of
Sherali–Adams relaxations for VCSPs. Theorem 3.3, presented in section 3, shows
that for a valued constraint language Γ of finite size, the following three statements
are equivalent:

(i) Γ is tractable via a constant level Sherali–Adams relaxation,
(ii) Γ is tractable via the third level Sherali–Adams relaxation,
(iii) the support clone of Γ contains (not necessarily idempotent) m-ary weak

near-unanimity operations for every m ≥ 3.1

Condition (iii) is precisely that of “bounded width” for constraint languages with
codomain {0,∞} (such languages are known as crisp) [56, 52, 10, 5]. Note that the
implication (ii) =⇒ (i) is trivial.

The implication (iii) =⇒ (ii), proved in section 4, is shown via linear programming
duality and fundamentally relies on [5] and [4]. This result simplifies and generalizes
several previously obtained tractability results for valued constraint languages, as dis-
cussed in section 3.3. For example, valued constraint languages with a tournament
pair multimorphism were previously known to be tractable using ingenious appli-
cation of various consistency techniques, advanced analysis of constraint networks
using modular decompositions, and submodular function minimization [19]. Here, we
show that an even less restrictive condition (having a binary conservative commuta-
tive operation in some fractional polymorphism) ensures that the third level of the
Sherali–Adams relaxation solves all instances to optimality.

The implication (i) =⇒ (iii), proved in section 5, is shown by proving that given a
language Γ that violates (iii), Γ can simulate linear equations in some Abelian group.
This result is known for {0,∞}-valued constraint languages [5]. It suffices to show that
linear equations can fool constant level Sherali–Adams relaxations, which is proved
in section 7, and that the “simulation” preserves a bounded level of Sherali–Adams
relaxations for valued constraint languages, which is proved in section 6. Previously,
it was only known that this “simulation” preserves polynomial-time reducibility. One
immediate corollary of our result is a classification of conservative valued constraint
languages [45] without relying on [61]. In fact we give an alternative, yet still simple,
proof of the complexity classification of conservative valued constraint languages [45],
which implies that tractable conservative valued constraint languages are captured by
a majority operation in the support clone, which was not previously known.

Overall, we give a precise characterization of the power of Sherali–Adams relax-
ations for exact solvability of VCSPs. This rather surprising result demonstrates how
robust the concept of bounded width is, capturing not only the power of local consis-
tency methods for decision CSPs [10, 5, 13] and the class of decision CSPs that can
be robustly approximated [6], but also the power of Sherali–Adams relaxations for
exact solvability of VCSPs.

Minimum-solution [40] problems are special types of VCSPs that involve {0,∞}-
valued weighted relations together with a single unary Q-valued weighted relation
that is required to be injective. (The natural encoding of vertex cover as a VCSP
instance is of this kind.) Minimum-solution problems include integer programming
over bounded domains and can be viewed as a generalization of minimum-ones (min-
ones) problems [24, 42] to larger domains. Compare this to the result [21] that any
VCSP instance is equivalent to a VCSP instance with only binary relations and unary
(not necessarily injective) finite-valued weighted relations. Hence, unless we settle the
CSP dichotomy conjecture [30], some additional requirement on the unary weighted
relations (such as injectivity) is necessary.

1The precise definition of weak near-unanimity operations can be found in section 2.
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1244 JOHAN THAPPER AND STANISLAV ŽIVNÝ

As a corollary of our characterization, we give in section 3.4 a complete com-
plexity classification of exact solvability of minimum-solution problems over arbitrary
finite domains, thus improving on previous partial classifications for domains of sizes
two [42] and three [68], homogeneous and maximal (under a certain algebraic con-
jecture) languages [39], and graphs with few vertices [41]. Theorem 3.19 shows that
the minimum-solution problem is NP-hard unless it satisfies the bounded width con-
dition. Previous partial results included ad hoc algorithms for various special cases.
Our result shows that one algorithm, the third level of the Sherali–Adams relaxation,
solves all tractable cases and is thus universal. As a matter of fact, we actually prove a
complexity classification for a larger class of problems that includes minimum-solution
problems as a special case, as described in detail in section 3.4.

Related work. The first level of the Sherali–Adams hierarchy is known as the
basic linear programming (BLP) relaxation [16]. In [63], the authors gave a precise
algebraic characterization of Γ for which any instance of VCSP(Γ) is solved to opti-
mality by BLP; see also [44]. The characterization proved important not only in the
study of VCSPs [36] and other classes of problems [34], but also in the design of fixed-
parameter algorithms [37]. In [66], it was then shown that for finite-valued CSPs,
BLP solves all tractable cases; i.e., if BLP fails to solve any instance of some finite-
valued constraint language, then this language is NP-hard. BLP has been considered
in the context of CSPs for robust approximability [50, 27] and constant-factor approx-
imation [29, 26]. Higher levels of the Sherali–Adams hierarchy have been considered
for (in)approximability of CSPs [28, 14, 70]. Semidefinite programming relaxations
have also been considered in the context of CSPs for approximability [57] and robust
approximability [6]. Concrete lower bounds on Sherali–Adams and other relaxations
include [59, 15, 32, 1]. While the complexity of valued constraint languages is open,
it has been shown that a dichotomy for constraint languages, conjectured in [30], im-
plies a dichotomy for valued constraint languages [43]. Our results give a complete
complexity classification for a large class of VCSPs without any dependence on the
dichotomy conjecture [30]. Since the announcement of our results [65], the tractability
results obtained in [65] were shown using different methods (preprocessing combined
with an LP relaxation) [43].

One ingredient of our proof is the fact that constant level Sherali–Adams relax-
ations cannot solve exactly instances involving equations over a nontrivial Abelian
group. This is known to follow, via [67], from a stronger result of Grigoriev [33], later
rediscovered by Schoenebeck [58], that limits the power of Ω(n) levels of Lasserre
semidefinite programming relaxations for approximately solving Max-CSPs involving
equations. However, a formal proof would require the definition of SDP relaxations
that are beyond the scope of this paper. Rather, we provide here a direct, elemen-
tary proof of this fact and observe that our proof actually gives a gap instance for
Sherali–Adams relaxations of level Θ(

√
n). This also has the advantage that our proof

is self-contained.

2. Preliminaries.

2.1. VCSPs. We denote by [m] the set {1, 2, . . . ,m}. Let Q = Q∪ {∞} denote
the set of rational numbers extended with positive infinity. Throughout the paper, let
D be a fixed finite set of size at least two, also called a domain; we call the elements
of D labels.

Definition 2.1. An r-ary weighted relation over D is a mapping φ : Dr → Q.
We write ar(φ) = r for the arity of φ.
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SHERALI–ADAMS FOR GENERAL-VALUED CSPs 1245

A weighted relation φ : Dr → Q is called finite-valued if φ(x) <∞ for all x ∈ Dr.
A weighted relation φ : Dr → {0,∞} can be seen as the (ordinary) relation {x ∈ Dr |
φ(x) = 0}. We will use both viewpoints interchangeably.

For any r-ary weighted relation φ, we denote by Feas(φ) = {x ∈ Dr | φ(x) <∞}
the underlying r-ary feasibility relation, and by Opt(φ) = {x ∈ Feas(φ) | for all y ∈
Dr : φ(x) ≤ φ(y)} the r-ary optimality relation, which contains the tuples on which
φ is minimized.

Definition 2.2. Let V = {x1, . . . , xn} be a set of variables. A valued constraint
over V is an expression of the form φ(x) where φ is a weighted relation and x ∈ V ar(φ).
The tuple x is called the scope of the constraint.

We will use the notational convention to denote by Xi the set of variables occur-
ring in the scope xi.

Definition 2.3. An instance I of the valued constraint satisfaction problem
(VCSP) is specified by a finite set V = {x1, . . . , xn} of variables, a finite set D of
labels, and an objective function φI expressed as follows:

(1) φI(x1, . . . , xn) =

q∑
i=1

φi(xi) ,

where each φi(xi), 1 ≤ i ≤ q, is a valued constraint. Each constraint may appear
multiple times in I. An assignment to I is a map σ : V → D. The goal is to find an
assignment that minimizes the objective function.

For a VCSP instance I, we write Val(I, σ) for φI(σ(x1), . . . , σ(xn)), and Opt(I)
for the minimum of Val(I, σ) over all assignments.

An assignment σ with Val(I, σ) < ∞ is called satisfying. A VCSP instance I is
called satisfiable if there is a satisfying assignment to I. CSPs are a special case of
VCSPs with (unweighted) relations, with the goal of determining the existence of a
satisfying assignment.

A valued constraint language or, simply, a constraint language, over D is a set of
weighted relations over D. We denote by VCSP(Γ) the class of all VCSP instances in
which the weighted relations are all contained in Γ. A constraint language ∆ is called
crisp if ∆ contains only (unweighted) relations. For a crisp language ∆ we denote by
CSP(∆) the class VCSP(∆) to emphasize that there is no optimization involved.

A valued constraint language Γ is called tractable if VCSP(Γ′) can be solved (to
optimality) in polynomial time for every finite subset Γ′ ⊆ Γ, and Γ is called NP-hard
if VCSP(Γ′) is NP-hard for some finite Γ′ ⊆ Γ.

2.2. Fractional polymorphisms. Given an r-tuple x ∈ Dr, we denote its ith
entry by x[i] for 1 ≤ i ≤ r. A mapping f : Dm → D is called an m-ary operation on
D; f is idempotent if f(x, . . . , x) = x. We apply an m-ary operation f to m r-tuples
x1, . . . ,xm ∈ Dr coordinatewise, that is,

(2) f(x1, . . . ,xm) = (f(x1[1], . . . ,xm[1]), . . . , f(x1[r], . . . ,xm[r])) .

Definition 2.4. Let φ be a weighted relation on D, and let f be an m-ary opera-
tion on D. We call f a polymorphism of φ if, for any x1, . . . ,xm ∈ Feas(φ), we have
that f(x1, . . . ,xm) ∈ Feas(φ).

For a valued constraint language Γ, we denote by Pol(Γ) the set of all operations
which are polymorphisms of all φ ∈ Γ. We write Pol(φ) for Pol({φ}).
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1246 JOHAN THAPPER AND STANISLAV ŽIVNÝ

A probability distribution ω over the set of m-ary operations on D is called an
m-ary fractional operation. We define supp(ω) to be the set of operations assigned
positive probability by ω.

The following two notions are known to capture the complexity of valued con-
straint languages [18, 47] and will also be important in this paper.

Definition 2.5. Let φ be a weighted relation on D, and let ω be an m-ary frac-
tional operation on D. We call ω a fractional polymorphism of φ if supp(ω) ⊆ Pol(φ),
and for any x1, . . . ,xm ∈ Feas(φ), we have

(3) E
f∼ω

[φ(f(x1, . . . ,xm))] ≤ avg{φ(x1), . . . , φ(xm)} .

For a valued constraint language Γ, we denote by fPol(Γ) the set of all fractional
operations which are fractional polymorphisms of all weighted relations φ ∈ Γ. We
say that Γ is improved by ω if ω ∈ fPol(Γ). We write fPol(φ) for fPol({φ}).

Example 2.6. Consider the domain D = {0, 1} and the two binary operations
min and max on D that return the smaller and the larger of its two arguments,
respectively. A valued constraint language on D is called submodular if it has the
fractional polymorphism ω defined by ω(min) = ω(max) = 1

2 .

Definition 2.7. Let Γ be a valued constraint language on D. We define

(4) supp(Γ) =
⋃

ω∈fPol(Γ)

supp(ω) .

An m-ary projection is an operation of the form π
(m)
i (x1, . . . , xm) = xi for some

1 ≤ i ≤ m. Projections are polymorphisms of all valued constraint languages.
The composition of an m-ary operation f : Dm → D with m n-ary operations

gi : Dn → D for 1 ≤ i ≤ m is the n-ary function f [g1, . . . , gm] : Dn → D defined by

(5) f [g1, . . . , gm](x1, . . . , xn) = f(g1(x1, . . . , xn), . . . , gm(x1, . . . , xn)) .

A clone of operations is a set of operations on D that contains all projections and
is closed under composition. Pol(Γ) is a clone for any valued constraint language Γ.

Lemma 2.8. For any valued constraint language Γ, supp(Γ) is a clone.

We note that Lemma 2.8 has also been observed in [31] and in [47]. For complete-
ness, we give a proof here. (Our proof is slightly different from the proofs in [31, 47]
as we have defined fractional polymorphisms as probability distributions.)

Proof. Observe that supp(Γ) contains all projections as τm ∈ fPol(Γ) for every

m ≥ 1, where τm is the fractional operation defined by τm(π
(m)
i ) = 1

m for every
1 ≤ i ≤ m. Thus we need only show that supp(Γ) is closed under composition.

Let f ∈ supp(Γ) be an m-ary operation with ω(f) > 0 for some ω ∈ fPol(Γ).
Moreover, let gi ∈ supp(Γ) be n-ary operations with µi(gi) > 0 for some µi ∈ fPol(Γ),
where 1 ≤ i ≤ m. We define an n-ary fractional operation

ω′(p) = Pr
t∼ω
hi∼µi

[t[h1, . . . , hm] = p] .(6)

Since ω(f) > 0 and µi(gi) > 0 for all 1 ≤ i ≤ m, we have ω′(f [g1, . . . , gm]) > 0.
A straightforward verification shows that ω′ ∈ fPol(Γ). Consequently, f [g1, . . . , gm] ∈
supp(Γ).
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The following lemma is a generalization of [66, Lemma 2.9] from arity one to
arbitrary arity and from finite-valued to valued constraint languages, but the proof is
analogous. A special case has also been observed, in the context of minimum-solution
problems [68], by Uppman [69].

Lemma 2.9. Let Γ be a valued constraint language of finite size on a domain D,
and let f ∈ Pol(Γ). Then f ∈ supp(Γ) if and only if f ∈ Pol(Opt(φI)) for all instances
I of VCSP(Γ).

Proof. Let m be the arity of f . The operation f is in supp(Γ) if and only if there
exists a fractional polymorphism ω with f ∈ supp(ω). This is the case if and only if
the following system of linear inequalities in the variables ω(g) for m-ary g ∈ Pol(Γ)
is satisfiable:∑

g∈Pol(Γ)

ω(g)φ(g(x1, . . . ,xm)) ≤ avg{φ(x1), . . . , φ(xm)} ∀φ ∈ Γ,xi ∈ Feas(φ),

∑
g∈Pol(Γ)

ω(g) = 1,

ω(f) > 0,

ω(g) ≥ 0, ∀ m-ary g ∈ Pol(Γ).(7)

By Farkas’ lemma (see, e.g., [66, Lemma 2.8]), the system (7) is unsatisfiable if
and only if the following system in variables z(φ,x1, . . . ,xm), for φ ∈ Γ,xi ∈ Feas(φ),
is satisfiable:

∀m-ary g ∈ Pol(Γ)∑
φ∈Γ

xi∈Feas(φ)

z(φ,x1, . . . ,xm) (avg{φ(x1), . . . , φ(xm)} − φ(g(x1, . . . ,xm))) ≤ 0

∀φ ∈ Γ,xi ∈ Feas(φ)∑
φ∈Γ

xi∈Feas(φ)

z(φ,x1, . . . ,xm) (avg{φ(x1), . . . , φ(xm)} − φ(f(x1, . . . ,xm))) < 0,

z(φ,x1, . . . ,xm) ≥ 0,(8)

First, assume that f 6∈ supp(Γ), so that (8) has a feasible solution z. Note that
by scaling we may assume that z is integral. Let V (m) = {vx | x ∈ Dm}, and let
v = (v1, . . . , vn) be an enumeration of V (m). Define ι : V (m) → Dm by ι(vx) = x, and
let I be the instance of VCSP(Γ) with variables V (m) and objective function:

φI(v) =∑
φ∈Γ

xi∈Feas(φ)

z(φ,x1, . . . ,xm)φ(ι−1(x1[1], . . . ,xm[1]), . . . , ι−1(x1[ar(φ)], . . . ,xm[ar(φ)])),

where the multiplication by z is simulated by taking the corresponding constraint with

multiplicity z. According to (8), every projection π
(m)
i induces an optimal assignment

π
(m)
i ◦ι to I. Interpreted as Dm-tuples, we therefore have π

(m)
i ∈ Opt(φI) for 1 ≤

i ≤ m. On the other hand, (8) states that f ◦ ι is not an optimal assignment, so

f(π
(m)
1 , . . . , π

(m)
m ) 6∈ Opt(φI). In other words, f 6∈ Pol(Opt(φI)), and I is an instance

of VCSP(Γ).

D
ow

nl
oa

de
d 

08
/0

2/
17

 to
 1

63
.1

.2
03

.5
9.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1248 JOHAN THAPPER AND STANISLAV ŽIVNÝ

For the opposite direction, assume that f ∈ supp(Γ), so that (8) is unsatisfiable.
Let I be an instance of VCSP(Γ) with objective function φI(y1, . . . , yn) =

∑
p φp(yp).

Let σ1, . . . , σm ∈ Opt(φI). We will consider σj both as tuples and as assignments V →
D. In particular, σj(yp) is the projection of σj onto the scope yp. Let z(φ,x1, . . . ,xm)
be the number of indices p for which φ = φp and σj(yp) = xj for every 1 ≤ j ≤ m.
Then, ∑

φ∈Γ
xi∈Feas(φ)

z(φ,x1, . . . ,xm) avg{φ(x1), . . . , φ(xm)} =
∑
p

avgj{φp(σj(yp))}

= avgj

{∑
p

φp(σj(yp))

}

= Opt(I)

and, for all g ∈ Pol(Γ),∑
φ∈Γ

xi∈Feas(φ)

z(φ,x1, . . . ,xm)φ(g(x1, . . . ,xm)) =
∑
p

φp(g(σ1(yp), . . . , σm(yp))).

It follows that all nonstrict inequalities in (8) are satisfied by z, and since (8) is
unsatisfiable, this implies that Opt(I) ≤

∑
p φp(f(σ1(yp), . . . , σm(yp))) must hold

with equality, so f(σ1, . . . , σm) ∈ Opt(φI). Since the σj were chosen arbitrarily,
f ∈ Pol(Opt(φI)). This establishes the lemma.

2.3. Cores and constants.

Definition 2.10. Let Γ be a valued constraint language with domain D, and let
S ⊆ D. The sublanguage Γ[S] of Γ induced by S is the valued constraint language
defined on domain S and containing the restriction of every weighted relation φ ∈ Γ
onto S.

Definition 2.11. A valued constraint language Γ is a core if all unary operations
in supp(Γ) are bijections. A valued constraint language Γ′ is a core of Γ if Γ′ is a
core and Γ′ = Γ[f(D)] for some unary f ∈ supp(Γ).

The following lemma implies that when studying the computational complexity
of a valued constraint language Γ, we may assume that Γ is a core.

Lemma 2.12. Let Γ be a valued constraint language and Γ′ a core of Γ. Then
for all instances I of VCSP(Γ) and I ′ of VCSP(Γ′), where I ′ is obtained from I by
substituting each weighted relation in Γ for its restriction in Γ′, the optimum of I and
I ′ coincide.

A special case of Lemma 2.12 for finite-valued constraint languages was proved
by the authors in [66]. Lemma 2.12, proved below using Lemma 2.9, has also been
observed in [47] and in [64], where it was proved in a different way (and without the
use of Lemma 2.9).

Proof. By definition, Γ′ = Γ[f(D)], where D is the domain of Γ and f ∈ supp(ω)
for some unary fractional polymorphism ω. Assume that I is satisfiable, and let σ
be an optimal assignment to I. Now f ◦ σ is a satisfying assignment to I ′, and by
Lemma 2.9, f ◦ σ is also an optimal assignment to I. Conversely, any satisfying
assignment to I ′ is a satisfying assignment to I of the same value.
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Let CD = {{(a)} | a ∈ D} be the set of constant unary relations on the set D.
It is known (cf. [47, Proposition 20]) that for a valued constraint language Γ on D
and a core Γ′ of Γ on D′ ⊆ D, the problem VCSP(Γ′ ∪ CD′) polynomial time reduces
to VCSP(Γ). In Theorem 5.5(5) in section 5, we present a stronger form of this
reduction.

Let Γ be a valued constraint language on D with CD ⊆ Γ. It is well known and
easy to show that any f ∈ Pol(Γ) is idempotent [11].

2.4. Relational width. We define relational width, which is the basis for our
notion of valued relational width.

Let J be an instance of the CSP with φJ(x1, . . . , xn) =
∑q
i=1 φi(xi), Xi ⊆ V =

{x1, . . . , xn}, and φi : D
ar(φi) → {0,∞}.

For a tuple t ∈ DX , we denote by πX′(t) its projection onto X ′ ⊆ X. For a
constraint φi(xi), we define πX′(φi) = {πX′(t) | t ∈ Feas(φi)}, where X ′ ⊆ Xi.

Let 1 ≤ k ≤ ` be integers. The following definition is equivalent2 to the definition
of (k, `)-minimality [9] for CSP instances given in [4].

Definition 2.13. Let J be a CSP instance with φJ(x1, . . . , xn) =
∑q
i=1 φi(xi),

Xi ⊆ V = {x1, . . . , xn}, and φi : D
ar(φi) → {0,∞}. Then J is said to be (k, `)-

minimal if
• for every X ⊆ V , |X| ≤ `, there exists 1 ≤ i ≤ q such that X = Xi;
• for every i, j ∈ [q] such that |Xj | ≤ k and Xj ⊆ Xi, φj = πXj (φi).

There is a straightforward polynomial-time algorithm for finding an equivalent
(k, `)-minimal instance [4]. This leads to the notion of relational width.

Definition 2.14. A constraint language ∆ has relational width (k, `) if, for every
instance J of CSP(∆), an equivalent (k, `)-minimal instance is nonempty if and only
if J has a solution.

An m-ary idempotent operation f : Dm → D is called a weak near-unanimity
(WNU) operation if, for all x, y ∈ D,

(9) f(y, x, x, . . . , x) = f(x, y, x, x, . . . , x) = f(x, x, . . . , x, y) .

Definition 2.15. We say that a clone of operations satisfies the bounded width
condition (BWC) if it contains a (not necessarily idempotent) m-ary operation satis-
fying the identities (9) for every m ≥ 3.

The following result is known as the “bounded width theorem” as it characterizes
constraint languages of bounded relational width, that is, constraint languages that
are tractable via the (k, `)-minimality algorithm for some k ≤ `.

Theorem 2.16 (see [5, 10, 52]). Let ∆ be a constraint language of finite size
containing all constant unary relations. Then, ∆ has bounded relational width if and
only if Pol(∆) satisfies the BWC.

Moreover, a collapse of relational width is known.

Theorem 2.17 (see [4, 10]). Let ∆ be a constraint language of finite size con-
taining all constant unary relations. If ∆ has bounded relational width, then it has
relational width (2, 3).

2The two requirements in [4] are (1) for every X ⊆ V with |X| ≤ ` we have X ⊆ Xi for some
1 ≤ i ≤ q, and (2) for every set X ⊆ V with |X| ≤ k and every 1 ≤ i, j ≤ q with X ⊆ Xi and
X ⊆ Xj we have πX(φi) = πX(φj).
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Remark 2.18. We remark that most of the papers cited above use a different
bounded width condition, namely that of having WNU operations of all but finitely
many arities [56, Theorem 1.2]. By [46, Theorem 1.6(4)], this is equivalent to Defini-
tion 2.15. Also note that our definition of the BWC does not require idempotency of
the operations. This is because we prove our main result, Theorem 3.3 below, without
the requirement of including the constant unary relations, which is often assumed in
the algebraic papers on the CSP.

3. The power of Sherali–Adams relaxations. In this section, we state our
main result on the power of the Sherali-Adams linear programming relaxation [60]
for VCSPs. We also give a number of applications of this result. The Sherali–Adams
linear programming relaxation is defined in section 3.1, and the characterization of
its power is stated in section 3.2. In section 3.3 we give a number of algorithmic
consequences of our result, and section 3.4 shows how it can be used to derive com-
plete complexity classifications for large families of valued constraint languages. In
section 3.5 we compare our result to the characterization of valued relational width 1,
which we obtained in previous work. Finally, in section 3.6 we address the problem
of finding an actual solution and of determining whether or not a valued constraint
language has bounded valued relational width.

3.1. Valued relational width. Let I be an instance of the VCSP with
φI(x1, . . . , xn) =

∑q
i=1 φi(xi), Xi ⊆ V = {x1, . . . , xn}, and φi : D

ar(φi) → Q. A
null constraint is a constraint that has a weighted relation identical to 0. Ensure
that for every nonempty X ⊆ V with |X| ≤ `, there is some constraint φi(xi) with
Xi = X, possibly by adding null constraints.

The Sherali–Adams relaxation with parameters (k, `), henceforth called the
SA(k, `)-relaxation of I, is given by the following LP. The variables are λi(σ) for
every i ∈ [q] and assignment σ : Xi → D. We slightly abuse notation by writing
σ ∈ Feas(φi) for σ : Xi → D such that σ(xi) ∈ Feas(φi):

min

q∑
i=1

∑
σ∈Feas(φi)

λi(σ)φi(σ(xi))

λj(τ) =
∑

σ : Xi→D
σ|Xj=τ

λi(σ) ∀i, j ∈ [q] : Xj ⊆ Xi, |Xj | ≤ k, τ : Xj → D,(10)

∑
σ : Xi→D

λi(σ) = 1 ∀i ∈ [q] ,(11)

λi(σ) = 0 ∀i ∈ [q] , σ : Xi → D,σ(xi) 6∈ Feas(φi),(12)

λi(σ) ≥ 0 ∀i ∈ [q] , σ : Xi → D.(13)

The relaxation SA(k, k) is often referred to as “k rounds of Sherali–Adams.”
We write ValLP(I, λ) for the value of the LP-solution λ to the SA(k, `)-relaxation

of I, and write OptLP(I) for its optimal value.

Definition 3.1. We say that a valued constraint language Γ has valued rela-
tional width (k, `) if, for every instance I of VCSP(Γ), Opt(I) = OptLP(I) (i.e., the
optimum of I coincides with the optimum of the SA(k, `)-relaxation of I).

When Γ has valued relational width (k, k), we also say that Γ has valued relational
width k. When Γ has valued relational width k for some fixed k ≥ 1, we say that Γ
has bounded valued relational width.
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We say that an instance I of VCSP(Γ) is a gap instance for SA(k, `) if its SA(k, `)
optimum is strictly smaller than its VCSP optimum. Then, Γ having bounded valued
relational width is equivalent to saying that there is some constant level of the Sherali–
Adams hierarchy for which there are no gap instances in VCSP(Γ).

Definition 3.2. Let Γ and ∆ be two valued constraint languages. We write
∆≤SA Γ if there is a polynomial-time reduction from VCSP(∆) to VCSP(Γ) that
preserves bounded valued relational width.

By Definition 3.2, ≤SA reductions compose. Let ∆≤SA Γ. By Definition 3.2, (i)
if Γ has bounded valued relational width, then so does ∆; (ii) if ∆ does not have
bounded valued relational width, then neither does Γ.

3.2. A characterization of bounded valued relational width. The follow-
ing characterization of bounded valued relational width is our main result. It precisely
captures the power of Sherali–Adams relaxations for exact optimization of VCSPs.

Theorem 3.3 (main theorem). Let Γ be a valued constraint language of finite
size. The following are equivalent:

(i) Γ has bounded valued relational width.
(ii) Γ has valued relational width (2, 3).
(iii) supp(Γ) satisfies the BWC.

The proof of Theorem 3.3 is based on the following two theorems, which show
that the BWC is a sufficient and necessary condition, respectively, for a constraint
language to have bounded valued relational width.

Theorem 3.4. Let Γ be a valued constraint language of finite size containing all
constant unary relations. If supp(Γ) satisfies the BWC, then Γ has valued relational
width (2, 3).

Theorem 3.5. Let Γ be a valued constraint language of finite size containing all
constant unary relations. If Γ has bounded valued relational width, then supp(Γ)
satisfies the BWC.

We prove Theorems 3.4 and 3.5 in section 4 and 5, respectively. In order to finish
the proof of Theorem 3.3, we must reduce to the case when the language Γ is assumed
to contain all constants. This is done by taking a core Γ′ of Γ on a domain D′ ⊆ D
and adding CD′ to Γ′. We need the following two lemmas to ensure that this can be
carried out. Lemma 3.6 is proved in section 6 (as Lemma 6.7). Lemma 3.7 is proved
in section 8 (as Lemma 8.1).

Lemma 3.6. Let Γ be a valued constraint language of finite size on domain D. If
Γ′ is a core of Γ on domain D′ ⊆ D, then Γ′ ∪ CD′ ≤SA Γ.

Lemma 3.7. Let Γ be a valued constraint language of finite size on domain D,
and let Γ′ be a core of Γ on domain D′ ⊆ D. Then, supp(Γ) satisfies the BWC if and
only if supp(Γ′ ∪ CD′) satisfies the BWC.

Proof of Theorem 3.3. The implication (ii) =⇒ (i) is trivial. We first prove the
implication (iii) =⇒ (ii). Suppose that supp(Γ) satisfies the BWC. We start by go-
ing to a core of Γ and adding constant unary relations, with the goal of applying
Theorem 3.4. Let Γ′ be a core of Γ on domain D′ ⊆ D, and let Γ′c = Γ′ ∪ CD′ . By
Lemma 3.7, supp(Γ′c) also satisfies the BWC. By Theorem 3.4, Γ′c has valued relational
width (2, 3), so clearly Γ′ has valued relational width (2, 3) as well. Every feasible
solution to the SA(2, 3)-relaxation of an instance I ′ of VCSP(Γ′) is also a feasible
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solution to the SA(2, 3)-relaxation of the corresponding instance I of VCSP(Γ). The
result now follows from Lemma 2.12 as the optimum of I ′ and I coincide.

It remains to prove the implication (i) =⇒ (iii). Suppose that supp(Γ) does not
satisfy the BWC. We start by going to a core of Γ and adding constant unary relations,
with the goal of applying Theorem 3.5. Let Γ′ be a core of Γ on domain D′ ⊆ D, and
let Γ′c = Γ′∪CD′ . By Lemma 3.7, supp(Γ′c) does not satisfy the BWC. By Theorem 3.5,
Γ′c does not have bounded valued relational width. Finally, by Lemma 3.6, Γ does
not have bounded valued relational width.

3.3. Algorithmic consequences. We now give examples of previously studied
valued constraint languages and show, as a corollary of Theorem 3.3, that they and
their generalizations all have valued relational width (2, 3).

Example 3.8. Let ω be a ternary fractional operation defined by ω(f) = ω(g) =
ω(h) = 1

3 for some (not necessarily distinct) majority operations f , g, and h. Cohen
et al. proved the tractability of any language improved by ω by a reduction to CSPs
with a majority polymorphism [20].

Example 3.9. Let ω be a ternary fractional operation defined by ω(f) = 2
3 and

ω(g) = 1
3 , where f : {0, 1}3 → {0, 1} is the Boolean majority operation and g :

{0, 1}3 → {0, 1} is the Boolean minority operation. Cohen et al. proved the tractabil-
ity of any language improved by ω by a simple propagation algorithm [20].

Example 3.10. Generalizing Example 3.9 from Boolean to arbitrary domains, let
ω be a ternary fractional operation such that ω(f) = 1

3 , ω(g) = 1
3 , and ω(h) = 1

3
for some (not necessarily distinct) conservative majority operations f and g, and a
conservative minority operation h; such an ω is called an MJN. Kolmogorov and Živný
proved the tractability of any language improved by ω by a 3-consistency algorithm
and a reduction, via Example 3.12, to submodular function minimization [45].

The following corollary of Theorem 3.3 generalizes Examples 3.8–3.10.

Corollary 3.11. Let Γ be a valued constraint language of finite size such that
supp(Γ) contains a majority operation. Then Γ has valued relational width (2, 3).

Proof. Let f be a majority operation in supp(Γ). Then for every k ≥ 3, f
generates a WNU gk of arity k: gk(x1, . . . , xk) = f(x1, x2, x3). By Lemma 2.8,
supp(Γ) is a clone, so gk ∈ supp(Γ) for all k ≥ 3. Therefore, supp(Γ) satisfies the
BWC, and the result follows from Theorem 3.3.

Example 3.12. Let ω be a binary fractional operation defined by ω(f) = ω(g) = 1
2 ,

where f and g are conservative and commutative operations and f(x, y) 6= g(x, y) for
every x and y; such an ω is called a symmetric tournament pair (STP). Cohen et al.
proved the tractability of any language improved by ω by a 3-consistency algorithm
and an ingenious reduction to submodular function minimization [19]. Such languages
were shown to be the only tractable languages among conservative finite-valued con-
straint languages [45].

The following corollary of Theorem 3.3 generalizes Example 3.12.

Corollary 3.13. Let Γ be a valued constraint language of finite size such that
supp(Γ) contains two symmetric tournament operations (that is, binary operations f
and g that are both conservative and commutative and f(x, y) 6= g(x, y) for every x
and y). Then Γ has valued relational width (2, 3).

Proof. It is straightforward to verify that h(x, y, z) = f(f(g(x, y), g(x, z)), g(y, z))
is a majority operation, as observed in [19, Corollary 5.8]. The claim then follows from
Corollary 3.11.
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Example 3.14. Generalizing Example 3.12, let ω be a binary fractional operation
defined by ω(f) = ω(g) = 1

2 , where f and g are conservative and commutative oper-
ations; such an ω is called a tournament pair. Cohen et al. proved the tractability of
any language improved by ω by a consistency-reduction relying on Bulatov’s result [9],
which in turn relies on 3-consistency, to the STP case from Example 3.12 [19].

The following corollary of Theorem 3.3 generalizes Example 3.14.

Corollary 3.15. Let Γ be a valued constraint language of finite size such that
supp(Γ) contains a tournament operation (that is, a binary conservative and commu-
tative operation). Then, Γ has valued relational width (2, 3).

Proof. Let f be a tournament operation from supp(Γ). We claim that f is a
2-semilattice; that is, f is idempotent, commutative, and satisfies the restricted asso-
ciativity law f(x, f(x, y)) = f(f(x, x), y). To see this, notice that f(x, f(x, y)) = x if
f(x, y) = x and f(x, f(x, y)) = y if f(x, y) = y; together, they result in f(x, f(x, y)) =
f(x, y). On the other hand, trivially f(f(x, x), y) = f(x, y).

Also note that f(x, f(y, x)) = f(x, f(x, y)) = f(x, y). For every k ≥ 3, f generates
a WNU gk of arity k: gk(x1, . . . , xk) = f(f(. . . (f(x1, x2), x3), . . .), xk). By Lemma 2.8,
supp(Γ) is a clone, so gk ∈ supp(Γ) for all k ≥ 3. Therefore, supp(Γ) satisfies the
BWC, so the result follows from Theorem 3.3.

Example 3.16. In this example we denote by {{. . .}} a multiset. Let ω be a
binary fractional operation on D defined by ω(f) = ω(g) = 1

2 , and let µ be a
ternary fractional operation on D defined by µ(h1) = µ(h2) = µ(h3) = 1

3 . Sup-
pose that for every x and y, {{f(x, y), g(x, y)}} = {{x, y}} and, for every x, y, and
z, {{h1(x, y, z), h2(x, y, z), h3(x, y, z)}} = {{x, y, z}}. Moreover, suppose that for every
two-element subset {a, b} ⊆ D, either ω|{a,b} is an STP or µ|{a,b} is an MJN. Let Γ
be a language on D improved by a fractional polymorphism ω as described above.
Kolmogorov and Živný proved the tractability of Γ by a 3-consistency algorithm and
a reduction, via Example 3.12, to submodular function minimization [45]. Such lan-
guages were shown to be the only tractable languages among conservative valued
constraint languages [45]. We will discuss conservative valued constraint languages in
more detail in section 3.4.

The following corollary of Theorem 3.3 covers Example 3.16.

Corollary 3.17. Let Γ be a valued constraint language of finite size with frac-
tional polymorphisms ω and µ as described in Example 3.16. Then Γ has valued
relational width (2, 3).

Proof. Let P be the set of 2-element subsets of D such that ω|{a,b} is an STP for
{a, b} ∈ P and µ|{a,b} is an MJN for {a, b} 6∈ P . Let P be defined by p(x, y, z) =
f(f(g(y, x), g(x, z)), g(y, z)). Observe that p|{a,b} is a majority for {a, b} ∈ P , and

p|{a,b} is either π
(3)
1 or π

(3)
2 for {a, b} 6∈ P (possibly different projections for different

2-element subsets from P ). Now let q(x, y, z) = p(h1(x, y, z), h2(x, y, z), h3(x, y, z)).
For x, y ∈ {a, b} ∈ P , q(x, x, y) = q(x, y, x) = q(y, x, x) = p({{x, x, y}}) = x. For
x, y ∈ {a, b} 6∈ P , q(x, x, y) = q(x, y, x) = q(y, x, x) = p(x, x, y) = x, as p is either
the first or the second projection. Thus, q is a majority operation. The claim then
follows from Corollary 3.11.

3.4. Complexity consequences. We now give some computational complex-
ity consequences of Theorem 3.3. First, we obtain a new and simpler proof (in
fact two proofs) of the complexity classification of conservative valued constraint
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1254 JOHAN THAPPER AND STANISLAV ŽIVNÝ

languages [45]. Second, we obtain a complexity classification of (generalization of)
minimum-solution problems over arbitrary finite domains.

Minimum-solution (min-sol) problems [40], studied under the name min-ones on
Boolean domains [24, 42], constitute a large and interesting subclass of VCSPs in-
cluding, for instance, integer linear programming over bounded domains.

Definition 3.18. A valued constraint language Γ on finite domain D is called a
min-sol language if Γ = ∆ ∪ {ν}, where ∆ is a crisp constraint language on D and
ν : D → Q is an injective finite-valued weighted relation.

In other words, in min-sol problems the optimization part of the objective function
is a sum of unary terms involving an injective finite-valued weighted relation.

As our main result in this section, we give a complexity classification of all min-
sol languages on arbitrary finite domains, thus improving on previous classifications
obtained for min-sol languages on domains with two elements [42] and three ele-
ments [68], and for other special cases [41, 40, 39].

By Lemma 3.6, without loss of generality we can restrict our attention to lan-
guages that include constants.

Theorem 3.19. Let D be an arbitrary finite domain, and let Γ = ∆ ∪ {ν} be an
arbitrary min-sol language of finite size on D with CD ⊆ Γ. Then, either supp(Γ)
satisfies the BWC, in which case Γ has valued relational width (2, 3), or VCSP(Γ) is
NP-hard.

In order to prove Theorem 3.19, we prove a more general result classifying val-
ued constraint languages that can express an injective unary finite-valued weighted
relation. Theorem 3.19 is then a simple corollary of the following result.

Theorem 3.20. Let D be an arbitrary finite domain, and let Γ be an arbitrary
valued constraint language of finite size on D with CD ⊆ Γ. Assume that Γ expresses
a unary finite-valued weighted relation ν that is injective on D. Then, either supp(Γ)
satisfies the BWC, in which case Γ has valued relational width (2, 3), or VCSP(Γ) is
NP-hard.

We now define conservative valued constraint languages [45].

Definition 3.21. A valued constraint language Γ on D is called conservative if
Γ contains all {0, 1}-valued unary weighted relations.

We remark that for crisp constraint languages a different definition is used [12].
Note that any conservative language Γ is a core, and by Lemma 3.6 we can assume

that CD ⊆ Γ.
Theorem 3.20 implies the following dichotomy theorem, first established in [45]

with the help of [61].

Theorem 3.22. Let D be an arbitrary finite domain, and let Γ be an arbitrary
conservative valued constraint language on D. Then, either supp(Γ) satisfies the
BWC, in which case Γ has valued relational width (2, 3), or VCSP(Γ) is NP-hard.

We now give a different proof for classifying conservative valued constraint lan-
guages. This proof relies on [61] but has the advantage of giving a tractability criterion
that is more specific than the BWC and that is different from the STP/MJN criterion
established in [45] and discussed in Example 3.16.
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The following theorem was proved by Takhanov [61] with a small strengthening
in [45].

Theorem 3.23 (see [45, 61]). Let Γ be a conservative valued constraint language.
If Pol(Γ) does not contain a majority polymorphism, then VCSP(Γ) is NP-hard.

We can strengthen Theorem 3.23 to show NP-hardness of VCSP(Γ) for a conser-
vative valued constraint language Γ which lacks a majority operation in the support
clone of Γ. Consequently, we obtain a tractability criterion for conservative valued
constraint languages that is an alternative to the original criterion [45], which involved
a binary STP multimorphism and a ternary MJN multimorphism (cf. Example 3.16).

Theorem 3.24. Let Γ be a conservative valued constraint language. Either
VCSP(Γ) is NP-hard or supp(Γ) contains a majority operation, and hence Γ has
valued relational width (2, 3).

3.5. Related work on BLP and relational width. The SA(1, 1)-relaxation
is also known as the basic linear programming (BLP) relaxation. The following result
capturing the power of BLP has been established.3

An m-ary operation f : Dm → D is called symmetric if f(x1, . . . , xm) =
f(xπ(1), . . . , xπ(m)) for every permutation π of {1, . . . ,m}.

Definition 3.25. We say that a clone of operation satisfies the SYM condition
if it contains an m-ary symmetric operation for every m ≥ 2.

Theorem 3.26 (see [44]). Let Γ be a valued constraint language of finite size.
Then the following are equivalent:

1. Γ has valued relational width 1.
2. supp(Γ) satisfies the SYM.

By definition, the SA(1, `)-relaxation is at least as tight as the SA(1, 1)-relaxation;
i.e., any solution to the SA(1, `)-relaxation gives a solution to the SA(1, 1)-relaxation
of the same value. Hence any language with valued relational width 1 has valued
relational width (1, `). We now show that for any fixed `, SA(1, 1) and SA(1, `) have
the same power.

Proposition 3.27. Let Γ be a valued constraint language of finite size, and let
` > 1 be fixed. If Γ has valued relational width (1, `), then Γ has valued relational
width 1.

Proof. Let I be an instance of VCSP(Γ). Assume that Opt(I) = OptLP(I) for
the SA(1, `)-relaxation of I. For the sake of contradiction, suppose that Opt(I) >
OptLP(I) for the SA(1, 1)-relaxation of I, and let λ∗ be an optimal solution to
SA(1, 1) of value OPT ∗. Define λ′ as follows. If λi(σ) is a variable of SA(1, 1),
then λ′i(σ) = λ∗i (σ). Otherwise, let λi(σ) correspond to the ith valued constraint
φi(xi) with variables {x1, . . . , xr}. We define λ′i(σ) as the product of the λ∗’s corre-
sponding to σ(xj), 1 ≤ j ≤ r. More formally, if φj(xj) are the valued constraints with
the scope xj , for 1 ≤ j ≤ r, then we define λ′i(σ) =

∏r
j=1 λ

∗
j (σ(xj)). By the definition

of λ′, λ′ is a feasible solution to SA(1, `). By the definition of the SA-relaxations,
the extra valued constraints present in SA(1, `) but missing in SA(1, 1) are null, and
thus ValLP(I, λ′) = OPT ∗ < Opt(I). But this contradicts Γ having valued relational
width (1, `).

3Theorem 3.26 as stated here follows from [44, Corollary 3] using Lemma 2.8.
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Corollary 3.28. Let Γ be a valued constraint language of finite size. Then the
valued relational width of Γ is either 1, or 2, or (2, 3), or unbounded.

Proof. If the valued relational width of Γ is bounded, then it is (2, 3) by Theo-
rem 3.3. If the valued relational width of Γ is (1, `) for some ` > 1, then it is 1 by
Proposition 3.27.

There are valued constraint languages that have valued relational width (2, 3) but
not 1. For example, languages improved by a tournament pair fractional polymor-
phism [19], discussed in detail in Example 3.14 in section 3.3, have valued relational
width (2, 3) by the results in this paper, but do not have valued relational width in
1, as shown [44, Example 5] using Theorem 3.26.

It could be that either SA(1) and SA(2) or SA(2) and SA(2, 3) have the same
power. The former happens in the case of relational width. Dalmau proved that if a
crisp language has relational width 2, then it has relational width 1 [25]. Together with
Theorem 2.17 and the analogue of Proposition 3.27 for relational width established
in [30], this gives a trichotomy for relational width.

Theorem 3.29 (see [30, 25, 4]). Let ∆ be a crisp constraint language of finite
size. Then precisely one of the following is true:

1. ∆ has relational width 1.
2. ∆ has relational width (2, 3) but has neither relational width 2 nor (1, `) for

any ` ≥ 1.
3. ∆ does not have bounded relational width.

Remark 3.30. It follows from the definitions that if a crisp constraint language ∆
has relational width (k, `), then ∆ also has valued relational width (k, `). However,
the converse does not hold. There exists a constraint language on a three-element
domain with two relations that has valued relational width 1 but not relational width
1 [51, Example 99].

3.6. Obtaining a solution and the Meta problem. We now address two
questions related to our main result.

First, we show that for any VCSP instance over a language of valued relational
width (2, 3), we can not only compute the value of an optimal solution but also find
an optimal assignment in polynomial time.

Proposition 3.31. Let Γ be a valued constraint language of finite size, and let I
be an instance of VCSP(Γ). If supp(Γ) satisfies the BWC, then an optimal assignment
to I can be found in polynomial time.

Proof. Let Γ′ be a core of Γ on domain D′, and let Γc = Γ′∪{CD′}. By Lemma 3.7,
supp(Γc) satisfies the BWC, so by Theorem 3.4 we can obtain the optimum of I by
solving a linear programming relaxation. Now, we can use self-reduction to obtain
an optimal assignment. It suffices to modify the instance I to successively force each
variable to take on each value of D′. Whenever the optimum of the modified instance
matches that of the original instance, we can move on to assigning the next variable.
This means that we need to solve at most 1 + |V | |D′| linear programming relaxations
before finding an optimal assignment, where V is the set of variables of I.

Second, we show that testing for the BWC is a decidable problem. We rely on
the following result that was proved in [46] and also follows from results in [4].

Theorem 3.32 (see [46]). An idempotent clone of operations satisfies the BWC
if and only if it contains a ternary WNU f and a quaternary WNU g with f(y, x, x) =
g(y, x, x, x) for all x and y.
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Proposition 3.33. Testing whether a valued constraint language of finite size
satisfies the BWC is decidable.

Proof. Let Γ be a valued constraint language of finite size on domain D. Let Γ′

be a core of Γ defined on domain D′ ⊆ D. Finding D′ and Γ′ can be done via linear
programming [66, section 4]. By Lemma 3.7, supp(Γ) satisfies the BWC if and only if
supp(Γ′∪CD′) satisfies the BWC. As constant unary relations enforce idempotency, by
Theorem 3.32, supp(Γ′∪CD′) satisfies the BWC if and only if supp(Γ′∪CD′) contains
a ternary WNU f and a 4-ary WNU g with f(y, x, x) = g(y, x, x, x) for all x and y.
It is easy to write an LP that checks for this condition, as it has been done in the
context of finite-valued constraint languages [66, section 4].

4. Sufficiency: Proof of Theorem 3.4. In this section, we prove that the
BWC is a sufficient condition for a valued constraint language with all constant unary
relations to have valued relational width (2, 3).

We start with a technical lemma. For a feasible solution λ of SA(k, `), let
supp(λi) = {σ : Xi → D | λi(σ) > 0}.

Lemma 4.1. Let I be an instance of VCSP(Γ). Assume that SA(k, `) for I is
feasible. Then there exists an optimal solution λ∗ to SA(k, `) such that for every i,
supp(λ∗i ) is closed under every operation in supp(Γ).

Proof. Let ω be an arbitrary m-ary fractional polymorphism of Γ, and let λ be
any feasible solution λ to SA(k, `). Define λω by

λωi (σ) = Pr
f∼ω

σ1,...,σm∼λi

[f ◦ (σ1, . . . , σm) = σ].

We show that λω is a feasible solution to SA(k, `) and that if λ is optimal, then so is
λω.

Clearly λωi is a probability distribution for each i ∈ [q], so (11) and (13) hold.
Since ω is a fractional polymorphism of Γ, we have σ ∈ Feas(φi) for any choice of
f ∈ supp(ω) and σ1, . . . , σm ∈ supp(λi). Hence, λωi (σ) = 0 for σ 6∈ Feas(φi), so (12)
holds.

Finally, let j ∈ [q] be such that Xj ⊆ Xi, |Xj | ≤ k, and let τ : Xj → D. Then∑
σ : Xi→D,σ|Xj=τ

λωi (σ) =
∑

σ : Xi→D,σ|Xj=τ

Pr
f∼ω

σ1,...,σm∼λi

[f ◦ (σ1, . . . , σm) = σ]

= Pr
f∼ω

σ1,...,σm∼λi

[(f ◦ (σ1, . . . , σm))|Xj = τ ]

= Pr
f∼ω

σ1,...,σm∼λi

[f ◦ (σ1|Xj , . . . , σm|Xj ) = τ ]

=
∑

τ1,...,τm : Xj→D
Pr
f∼ω

σ1,...,σm∼λi

[σ1|Xj = τ1, . . . ,

σm|Xj = τm, f ◦ (τ1, . . . , τm) = τ ]

=
∑

τ1,...,τm : Xj→D
λj(τ1) · · ·λj(τm) Pr

f∼ω
[f ◦ (τ1, . . . , τm) = τ ]

= Pr
f∼ω

τ1,...,τm∼λj

[f ◦ (τ1, . . . , τm) = τ ]

= λωj (τ),
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where we have used the fact that (10) can be read as λj(τ) = Prσ∼λi [σ|Xj = τ ]. It

follows that (10) also holds for λω, so λω is feasible.
For each i ∈ [q], we have

∑
σ∈Feas(φi)

λi(σ)φi(σ(xi)) = E
σ∼λi

φi(σ) = E
σ1,...,σm∼λi

1

m

m∑
j=1

φi(σj(xi))

≥ E
f∼ω

σ1,...,σm∼λi

φi(f(σ1(xi), . . . , σm(xi)))

=
∑

σ∈Feas(φi)

(
Pr
f∼ω

σ1,...,σm∼λi

[f ◦ (σ1, . . . , σm) = σ]
)
φi(σ(xi))

=
∑

σ∈Feas(φi)

λωi (σ)φi(σ(xi)).

Therefore, if λ is optimal, then λω must also be optimal.
Now assume that λ is an optimal solution and that supp(λ) is not closed under

some operation f ∈ supp(ω) for ω ∈ fPol(Γ); i.e., for some σ1, . . . , σm ∈ supp(λ), we
have f(σ1, . . . , σm) 6∈ supp(λ). But note that f(σ1, . . . , σm) ∈ supp(λωi ). Therefore,
λ′ = 1

2 (λ+λω) is an optimal solution such that supp(λi) ( supp(λ′i) ⊆ DXi . For each
i ∈ [q], DXi is finite. Hence, by repeating this procedure, we obtain a sequence of
optimal solutions with strictly increasing support until, after a finite number of steps,
we obtain a λ∗ that is closed under every operation in supp(Γ).

We now have everything that is needed to prove Theorem 3.4.

Proof of Theorem 3.4. Let I be an instance of VCSP(Γ) with φI(x1, . . . , xn) =∑q
i=1 φi(xi), Xi ⊆ V = {x1, . . . , xn}, and φi : D

ar(φi) → Q.
The dual of the SA(k, `)-relaxation can be written in the following form, with

variables zi for i ∈ [q] and yj,τ,i for i, j ∈ [q] such that Xj ⊆ Xi, |Xj | ≤ k, and
τ : Xj → D. The dual variables corresponding to λi(σ) = 0 are eliminated, as are the
dual inequalities for i, σ 6∈ Feas(φi):

max

q∑
i=1

zi

∀i ∈ [q] , |Xi| ≤ k, σ ∈ Feas(φi)

zi ≤ φi(σ) +
∑

j∈[q],Xj⊆Xi

yj,σ|Xj ,i
−

∑
j∈[q],Xi⊆Xj

yi,σ,j(14)

∀i ∈ [q] , |Xi| > k, σ ∈ Feas(φi)

zi ≤ φi(σ) +
∑

j∈[q],Xj⊆Xi
|Xj |≤k

yj,σ|Xj ,i
.(15)

It is clear that if I has a feasible solution, then so does the SA(k, `) primal.
Assume that the SA(2, 3)-relaxation has a feasible solution.

By Lemma 4.1, there exists an optimal primal solution λ∗ such that for every
i ∈ [q], supp(λ∗i ) is closed under supp(Γ). Let y∗, z∗ be an optimal dual solution.

Let ∆ = {φ′i}
q
i=1∪{CD}, where φ′i = supp(λ∗i ), i.e., φ′i(x) = 0 if x ∈ supp(λ∗i ) and

φ′i(x) = ∞ otherwise. We consider the instance J of CSP(∆) with φJ(x1, . . . , xn) =∑q
i=1 φ

′
i(xi).
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We make the following observations:
1. By construction of λ∗, supp(Γ) ⊆ Pol(∆), so ∆ contains all constant unary

relations and satisfies the BWC. By Theorems 2.16 and 2.17, the language ∆
has relational width (2, 3).

2. The first set of constraints in the primal says that if i, j ∈ [q], |Xj | ≤ 2, and
Xj⊆Xi, then λ∗j (τ)>0 (i.e., τ ∈ φ′j) if and only if

∑
σ : Xi→D,σ|Xj=τ λ

∗
i (σ) > 0

(i.e., τ satisfies πXj (φ
′
i)). In other words, J is (2, 3)-minimal.

These two observations imply that J has a satisfying assignment α : V → D. Let
αi = α|Xi . By complementary slackness, since λ∗i (αi) > 0 for every i ∈ [q], we must
have equality in the corresponding rows in the dual indexed by i and αi. We sum
these rows over i:

(16)

q∑
i=1

z∗i =

q∑
i=1

φi(α(xi)) +

 q∑
i=1

∑
j∈[q],Xj⊆Xi
|Xj |≤2

y∗j,αi|Xj ,i
−
∑
i∈[q]
|Xi|≤2

∑
j∈[q]
Xi⊆Xj

y∗i,αi,j

 .

By noting that αi|Xj = αj when Xj ⊆ Xi, we can rewrite the expression in

parentheses on the right-hand side of (16) as

(17)
∑

i,j∈[q],Xj⊆Xi
|Xj |≤2

y∗j,αj ,i −
∑

i,j∈[q],Xi⊆Xj
|Xi|≤2

y∗i,αi,j = 0.

Therefore,

q∑
i=1

∑
σ∈Feas(φi)

λ∗i (σ)φi(σ(xi)) =

q∑
i=1

z∗i =

q∑
i=1

φi(α(xi)),

where the first equality follows by strong LP-duality, and the second follows by (16)
and (17). Since I was an arbitrary instance of VCSP(Γ), the theorem follows.

5. Necessity: Proof of Theorem 3.5. In this section, we prove that the BWC
is a necessary condition for a valued constraint language with all constant unary
relations to have bounded valued relational width.

The main idea of the proof is to show that if supp(Γ) does not satisfy the BWC,
then Γ can, in a sense, simulate linear equations in some Abelian group. We show
that such linear equations do not have bounded valued relational width, and that
the simulation preserves bounded valued relational width. We first state the result
on linear equations in an Abelian group and then discuss the precise meaning of
“simulation.”

Let G be an Abelian group over a finite set G, and let r ≥ 1 be an integer. Denote
by EG,r the crisp constraint language over domain G with, for every a ∈ G and for
every 1 ≤ m ≤ r, a relation Rma = {(x1, . . . , xm) ∈ Gm | x1 + · · · + xm = a}. In
section 7, we prove the following.

Theorem 5.1. Let G be a finite nontrivial Abelian group. Then the constraint
language EG,3 does not have bounded valued relational width.

Definition 5.2. We say that an m-ary weighted relation φ is expressible over a
valued constraint language Γ if there exists an instance I of VCSP(Γ) with variables
x1, . . . , xm, v1, . . . , vp such that

(18) φ(x1, . . . , xm) = min
v1,...,vp

φI(x1, . . . , xm, v1, . . . , vp).
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For a fixed set D, let φD= denote the binary equality relation {(x, x) | x ∈ D}.
Denote by 〈Γ〉 all weighted relations expressible in Γ ∪ {φD=}, where D is the domain
of Γ. A weighted relation being expressible over Γ∪{φD=} is the analogue of a relation
being definable by a primitive positive (pp) formula (using existential quantification
and conjunction) over a relational structure with equality. Indeed, when Γ is crisp,
the two notions coincide.

Definition 5.3. Let ∆ and ∆′ be valued constraint languages on domain D and
D′, respectively. We say that ∆ has an interpretation in ∆′ with parameters (d, S, h)
if there exists a d ∈ N, a set S ⊆ D′d, and a surjective map h : S → D such that 〈∆′〉
contains the following weighted relations:

• φS : D′d → Q defined by φS(x) = 0 if x ∈ S and φS(x) =∞ otherwise,
• h−1(φD=), and
• h−1(φi) for every weighted relation φi ∈ ∆,

where h−1(φi), for an m-ary weighted relation φi, is the dm-ary weighted relation on
D′ defined by h−1(φi)(x1, . . . ,xm) = φi(h(x1), . . . , h(xm)) for all x1, . . . ,xm ∈ S.

When Γ is crisp, the notion of an interpretation coincides with the notion of a
pp-interpretation for relational structures [7].

Theorem 5.4. Let ∆ be a crisp constraint language of finite size that contains
all constant unary relations. If Pol(∆) does not satisfy the BWC, then there exists a
finite nontrivial Abelian group G such that ∆ interprets EG,r for every r ≥ 1.

Proof. It has been shown in [46, Theorem 1.6(4)] that if the polymorphism algebra
B of ∆ does not satisfy the BWC, then the variety generated by B admits type 1
or 2 (the notion of admitting types comes from tame congruence theory [35]). By
[2, Lemmas 20 and 21], this implies that there exists a finite nontrivial Abelian group
G such that the variety generated by B contains a reduct A of the polymorphism
algebra of EG,r for every r ≥ 1. For finite algebras A and B, A is contained in the
variety generated by B if and only if A is contained in the pseudovariety generated
by B. In terms of pp-interpretations [7], this is equivalent to EG,r having a pp-
interpretation in ∆ (see also [11]).

Our notion of reduction will be the ≤SA reduction from Definition 3.2.
The following theorem shows that we can augment a valued constraint language

with various additional weighted relations. The transformations in these reductions
have previously been used to prove polynomial-time reductions [11, 18, 66, 47, 65].
Here, we show that they all additionally preserve bounded valued relational width.

Theorem 5.5. Let Γ be a valued constraint language of finite size on domain D.
The following hold:

1. If φ is expressible in Γ, then Γ ∪ {φ}≤SA Γ.
2. Γ ∪ {φD=}≤SA Γ.
3. If Γ interprets the valued constraint language ∆ of finite size, then ∆≤SA Γ.
4. If φ ∈ Γ, then Γ ∪ {Opt(φ)}≤SA Γ and Γ ∪ {Feas(φ)}≤SA Γ.
5. If Γ′ is a core of Γ on domain D′ ⊆ D, then Γ′ ∪ CD′ ≤SA Γ.

Note that Theorem 5.5(5) is just a restatement of Lemma 3.6.
A formal proof of Theorem 5.5 is given in section 6. Here is the main idea. All of

the reductions are based on replacing each constraint φi(xi) of an instance I on the
left-hand side by some gadget, given as an instance Ji of the right-hand side. The
instance J is then defined as the sum of all objective functions φJi .

If the replacements satisfy certain conditions, then we show that, for any 1 ≤

D
ow

nl
oa

de
d 

08
/0

2/
17

 to
 1

63
.1

.2
03

.5
9.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SHERALI–ADAMS FOR GENERAL-VALUED CSPs 1261

k′ ≤ `′, there exist 1 ≤ k ≤ ` such that if ∆′ has valued relational width (k′, `′),
then ∆ has valued relational width (k, `), so the reductions preserve bounded valued
relational width. The conditions are as follows:

(a) For every satisfying and optimal solution α of J , there is a satisfying assign-
ment σα of I such that Val(I, σα) ≤ Val(J, α);

(b) for every large enough k, feasible solution λ to the SA(k, 2k)-relaxation of
I, and assignment σ : Xi → D with positive support in λ, there exists a satisfying
assignment ασi of Ji such that φi(σ(xi)) ≥ Val(Ji, α

σ
i ); and

(c) the assignments ασi are “pairwise consistent”; i.e., ασii and ασrr agree on the
intersection of the variables of Ji and Jr whenever σi and σr are restrictions of some
σ : X → D with positive support in λ.

We will also need the following technical lemmas.

Lemma 5.6. Let Γ be a valued constraint language of finite size over domain D,
and let F be a finite set of operations over D. If supp(Γ) ∩ F = ∅, then there exists
a crisp constraint language ∆ such that Pol(∆) ∩ F = ∅ and ∆≤SA Γ.

Proof. By Lemma 2.9, for each f ∈ F ∩Pol(Γ), there is an instance If of VCSP(Γ)
such that f 6∈ Pol(Opt(φIf )). Let ∆ = {Opt(φIf ) | f ∈ F} ∪ {Feas(φ) | φ ∈ Γ}. For
f ∈ F ∩ Pol(Γ), we have f 6∈ Pol(Opt(φIf )) ⊇ Pol(∆). For f ∈ F \ Pol(Γ), we have
f 6∈ Pol(φ) for some φ ∈ Γ, so f 6∈ Pol(∆). It follows that Pol(∆) ∩ F = ∅. Finally,
∆≤SA Γ holds by Theorem 5.5(1),(4).

Lemma 5.7. Let Γ be a valued constraint language of finite size. If supp(Γ) does
not satisfy the BWC, then there is a crisp constraint language ∆ of finite size such
that Pol(∆) does not satisfy the BWC, and ∆≤SA Γ.

Proof. Since supp(Γ) does not satisfy the BWC, there exists an m ≥ 3 such that
supp(Γ) does not contain any m-ary WNU. Let F be the (finite) set of all m-ary
WNUs. The result follows by applying Lemma 5.6 to Γ and F .

We now have everything that is needed to prove Theorem 3.5.

Proof of Theorem 3.5. Suppose that supp(Γ) does not satisfy the BWC. There
exists, by Lemma 5.7, a crisp constraint language ∆ such that Pol(∆) does not satisfy
the BWC and ∆≤SA Γ. Since CD ⊆ Γ, we may assume, without loss of generality,
that CD ⊆ ∆.

By Theorem 5.4, there exists a finite nontrivial Abelian group G and an interpre-
tation of EG,3 in ∆. By Theorem 5.1, EG,3 does not have bounded valued relational
width. By Theorem 5.5(3), we have EG,3≤SA ∆≤SA Γ, so Γ does not have bounded
valued relational width.

6. Reductions: Proof of Theorem 5.5. We show that Theorem 5.5 follows
from Lemmas 6.2–6.7 proved in this section.

For a valued constraint language Γ, let ar(Γ) denote max{ar(φ) | φ ∈ Γ}.
It will sometimes be convenient to add null constraints to a VCSP instance as

placeholders to ensure that they have a scope, even if these relations are not necessarily
members of the corresponding constraint language Γ. In order to obtain an equivalent
instance that is formally in VCSP(Γ), the null constraints can simply be dropped, as
they are always satisfied and do not influence the value of the objective function.

We extend the convention of denoting the set of variables in xi by Xi to tuples
yi, y′i, and v, whose sets are denoted by Yi, Y

′
i , and Vi, respectively.

The following technical lemma is the basis for most of the reductions.
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Lemma 6.1. Let ∆ and ∆′ be valued constraint languages of finite size over do-
mains D and D′, respectively.

Let (I, i) 7→ Ji be a map that to each instance I of VCSP(∆) with variables
V and objective function

∑q
i=1 φi(xi), and index i ∈ [q], associates an instance Ji

of VCSP(∆′) with variables Yi and objective function φJi . Let J be the VCSP(∆′)
instance with variables V ′ =

⋃q
i=1 Yi and objective function

∑q
i=1 φJi .

Suppose that the following holds:
(a) For every satisfying and optimal assignment α of J , there exists a satisfying

assignment σα of I such that

Val(I, σα) ≤ Val(J, α).

Furthermore, suppose that for k ≥ ar(∆) and any feasible solution λ of the
SA(k, 2k)-relaxation of I, the following properties hold:

(b) For i ∈ [q], and σ : Xi → D with positive support in λ, there exists a satisfying
assignment ασi of Ji such that

φi(σ(xi)) ≥ Val(Ji, α
σ
i );

(c) for i, r ∈ [q], any X ⊆ V with Xi ∪ Xr ⊆ X, and σ : X → D with positive
support in λ,

ασii |Yi∩Yr = ασrr |Yi∩Yr ,

where σi = σ|Xi and σr = σ|Xr .
Then I 7→ J is a many-one reduction from VCSP(∆) to VCSP(∆′), and for any

1 ≤ k′ ≤ `′, there exist 1 ≤ k ≤ ` such that if I is a gap instance for SA(k, `), then J
is a gap instance for SA(k′, `′). In particular, the reduction preserves bounded valued
relational width.

Proof. First, we show that Opt(I) = Opt(J). From condition (6.1), if J is sat-
isfiable, then so is I, and Opt(I) ≤ Opt(J). Conversely, if I is satisfiable, and σ
is an optimal assignment to I, then the SA(k, 2k) solution λ that assigns prob-
ability 1 to σ|X for every X ⊆ V with |X| ≤ 2k is feasible. Let σi = σ|Xi .
By (6.1), there exist satisfying assignments ασii of Ji, for all i ∈ [q], such that
Opt(I) ≥ OptLP(I) ≥

∑
i∈[q] Val(Ji, α

σi
i ). Define an assignment α : V ′ → D′ by

letting α(y) = ασii (y) for an arbitrary i such that y ∈ Yi. We claim that α|Yi = ασii
for all i ∈ [q]. From this it follows that α is a satisfying assignment to J such that∑
i∈[q] Val(Ji, α

σi
i ) = Val(J, α) ≥ Opt(J), and hence that Opt(I) ≥ Opt(J). Indeed,

let y ∈ V ′, and assume that y ∈ Yi and y ∈ Yr. Let X = Xi ∪ Xr. Then since
λ(σ|X) = 1, it follows from (6.1) that ασii (y) = ασrr (y).

Let 1 ≤ k′ ≤ `′ be arbitrary, and let k = max{`′, ar(∆′)} · ar(∆), ` = 2k. Assume
that I is a gap instance for the SA(k, `)-relaxation of VCSP(∆), and let λ be a
feasible solution such that ValLP(I, λ) < Opt(I) (where Opt(I) may be ∞, i.e., I
may be unsatisfiable). We show that there is a feasible solution κ to the SA(k′, `′)-
relaxation of J such that ValLP(J, κ) ≤ ValLP(I, λ). Then by condition (6.1), we
have ValLP(J, κ) ≤ ValLP(I, λ) < Opt(I) ≤ Opt(J), so J is a gap instance for the
SA(k′, `′)-relaxation of VCSP(∆′). Since k′ and `′ were chosen arbitrarily, the result
then follows.

To this end, augment I with null constraints on Xq+1, . . . , Xq′ so that for every
at most `-subset X ⊆ V , there exists an i ∈ [q′] such that Xi = X. Rewrite the
objective function of J as

∑p
j=1 φ

′
j(y
′
j), φ

′ ∈ ∆′, where, by possibly first adding extra
null constraints to J , we will assume that for every at most `′-subset Y ⊆ V ′, there
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exists a j ∈ [p] such that Y ′j = Y . For each i ∈ [q], let Ci be the set of indices j ∈ [p]
corresponding to the weighted constraints in the instance Ji.

For X ⊆ V , define YX =
⋃
i∈[q]:Xi⊆X Yi. For i ∈ [q′] \ [q], let Ji be an instance on

the variables YXi containing a single null constraint on the variables. For σ ∈ supp(λi),
and any r, s ∈ [q] such that Xr ∪ Xs ⊆ Xi and y ∈ Yr ∩ Ys, by (6.1) it holds that
ασrr (y) = ασss (y). Therefore, we can uniquely define ασi : YXi → D′ for i ∈ [q′] \ [q]
by letting ασi (y) = ασrr (y) for any choice of r ∈ [q] with Xr ⊆ Xi and y ∈ Yr.
Furthermore, this definition is consistent with ασi for i ∈ [q] in the sense that (6.1)
now holds for all i, r ∈ [q′].

For m ≥ 1, let X(≤m) = {X =
⋃
i∈S Xi | S ⊆ [q], |X| ≤ m}, and for Y ⊆ V ′ with

|Y | ≤ `′, let X(≤m)(Y ) = {X ∈ X(≤m) | Y ⊆ YX}.
Let j ∈ [p] be arbitrary, and let X =

⋃
i∈S Xi ∈ X(≤n)(Y

′
j ) for some S ⊆ [q],

where n = |V |. For each y ∈ Y ′j , let i(y) ∈ S be an index such that y ∈ Yi(y), and let
X ′ =

⋃
y∈Y ′j

Xi(y). Then,Y ′j ⊆ YX′ , X
′ ⊆ X, and |X ′| ≤ max{`′, ar(∆′)} · ar(∆) ≤ k,

so X ′ ∈ X(≤k)(Y
′
j ).

In other words,

(19) ∀ X ∈ X(≤n)(Y
′
j ), there exists i ∈ [q′] such that Xi ⊆ X and Xi ∈ X(≤k)(Y

′
j ).

In particular (19) shows that for every j there exists i ∈ [q′] such that Xi ∈ X(≤`)(Y
′
j ),

since
⋃
i∈[q]Xi ∈ X(≤n)(Y

′
j ) for all j.

For j ∈ [p], α : Y ′j → D′, and an i ∈ [q′] such that Xi ∈ X(≤`)(Y
′
j ), define

(20) µij(α) =
∑

σ∈supp(λi)
ασi |Y ′

j
=α

λi(σ).

Claim. Definition (20) is independent of the choice of Xi ∈ X(≤`)(Y
′
j ).

First, we prove this equality for Xr ⊆ Xi with Xr ∈ X(≤k)(Y
′
j ) and Xi ∈

X(≤`)(Y
′
j ).

We have

µrj(α) =
∑

τ∈supp(λr)
ατr |Y ′

j
=α

∑
σ∈supp(λi)
σ|Xr=τ

λi(σ) =
∑

σ∈supp(λi)
ασrr |Y ′

j
=α

λi(σ) =
∑

σ∈supp(λi)
ασi |Y ′

j
=α

λi(σ) = µij(α),

where the first equality follows by (20) and (10) for λ since |Xr| ≤ k, and the second
equality follows by interchanging the order of summation and noting that σ ∈ supp(λi)
implies that σr = σ|Xr ∈ supp(λr), again by (10) for λ. The third equality follows by
(6.1) extended to i, r ∈ [q′].

Next, let Xr ∈ X(≤k)(Y
′
j ) and Xi ∈ X(≤`)(Y

′
j ) be arbitrary. From (19), it follows

that Xi contains a subset Xs ∈ X(≤k)(Y
′
j ). Since |Xr ∪Xs| ≤ 2k = `, there exists an

index u such that Xu = Xr ∪Xs. The claim now follows by a repeated application of
the first case: µrj = µuj = µsj = µij .

By the claim, we can pick an arbitrary Xi ∈ X(≤`)(Y
′
j ) and uniquely define

κj = µij . We now show that this definition of κ satisfies (10)–(13).
• To verify that the equations (10) hold, let s, j ∈ [p] be such that Y ′s ⊆ Y ′j ,

and let β : Y ′s → D′. Let Xi ∈ X(≤k)(Y
′
j ). We now have∑

α : Y ′j→D
′

α|Y ′s=β

κj(α) =
∑

α : Y ′j→D
′

α|Y ′s=β

µij(α) = µis(β) = κs(β),D
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where the second equality follows from Y ′s ⊆ Y ′j and a rearrangement of
terms, and the last equality follows from the claim, since Y ′s ⊆ Y ′j ⊆ YXi , so
Xi ∈ X(≤k)(Y

′
s ).

• To verify that the equations (11) hold, let Y ′j = {y} be a singleton, and let
Xi ∈ X(≤`)(Y

′
j ). We have∑

α : Y ′j→D′
κj(α) =

∑
α : Y ′j→D′

∑
σ∈supp(λi)
ασi |Y ′

j
=α

λi(σ) =
∑

σ∈supp(λi)

λi(σ) = 1,

where the last equality follows from (11) for λi.
• Equations (12) hold trivially if φ′j is a null constraint. Otherwise, j ∈ Ci

for some i ∈ [q]. This implies that Xi ∈ X(≤k)(Y
′
j ) and, by the claim, that

κj = µij . Then, α ∈ supp(κj) implies that there is a σ ∈ supp(λi) such
that ασi |Y ′j = α. By condition (6.1) and equations (12) for λi, the tuple

ασi (y′j) ∈ Feas(φ′j), so κj satisfies (12).

• κj = µij is defined as a sum of λ’s, which are nonnegative by (13), and thus
also satisfies (13).

We conclude that κ is a feasible solution to the SA(k′, l′)-relaxation of J .
Let i ∈ [q], and note that by the claim, for every j ∈ Ci, we have κj = µij .

Therefore,

(21)

∑
j∈Ci

∑
α∈Feas(φ′j)

κj(α)φ′j(α(y′j)) =
∑
j∈Ci

∑
α∈Feas(φ′j)

∑
σ∈supp(λi)
ασi |Y ′

j
=α

λi(σ)φ′j(α(y′j))

=
∑

σ∈supp(λi)

λi(σ)
∑
j∈Ci

∑
α∈Feas(φ′j)

ασi |Y ′
j

=α

φ′j(α(y′j))

=
∑

σ∈supp(λi)

λi(σ)
∑
j∈Ci

φ′j(α
σ
i (y′j))

≤
∑

σ∈supp(λi)

λi(σ)φi(σ),

where the inequality follows from assumption (6.1). Summing inequality (21) over
i ∈ [q] shows that ValLP(J, κ) ≤ ValLP(I, λ), and the lemma follows.

Lemma 6.2. Let Γ be a valued constraint language of finite size, and let φ be a
weighted relation expressible over Γ. Then, Γ ∪ {φ}≤SA Γ.

Proof. Let I be an instance of VCSP(Γ ∪ {φ}) with variables V = {x1, . . . , xn}
and objective function φI(x1, . . . , xn) =

∑q
i=1 φi(xi), where φi ∈ Γ ∪ {φ} and xi is

such that Xi ⊆ V . Let I ′ be an instance of VCSP(Γ) such that φ(x1, . . . , xm) =
minvi∈D φI′(x1, . . . , xm, v1, . . . , vp).

For i ∈ [q] such that φi ∈ Γ, let Ji be the instance on variables Yi = Xi with
φJi(Yi) = φi(xi). For i ∈ [q] such that φi = φ, let vi be a copy of the variables
v1, . . . , vp, and let Ji be the instance on variables Yi = Xi ∪ Vi with objective func-
tion φJi(Yi) = φI′(xi,vi). Let J be the VCSP(Γ) instance with variables

⋃
i Yi and

objective function
∑
i φJi .

We verify properties (a)–(c) of Lemma 6.1.
(a) Let α be any satisfying assignment of J , and define σα = α|V . For i ∈ [q] such

that φi ∈ Γ, we have φi(σ
α(xi)) = φJi(α(Yi)) < ∞. For i ∈ [q] such that φi = φ, we
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have φi(σ
α(xi)) ≤ φJi(α(Yi)) = φI′(α(xi,vi)) < ∞. Summing over all i ∈ [q] gives

Val(I, σα) ≤ Val(J, α) <∞.
Let k ≥ ar(Γ ∪ {φ}), and suppose that λ is a feasible solution to the SA(k, 2k)-

relaxation of I. For all i ∈ [q] and σ : Xi → D with positive support in λ, define ασi
as follows. If φi ∈ Γ, then define ασi = σ. Otherwise, φi = φ. Let γσi : Vi → D be any
assignment such that φi(σ(xi)) = φJ(σ(xi), γ

σ
i (vj)), and define ασi : Xi ∪ Vi → D by

ασi = σ ∪ γσi .
(b) For all i ∈ [q], Val(Ji, α

σ
i ) = φJi(α

σ
i (Yi)) = φi(σ(xi)) <∞, where the equali-

ties hold by construction, and the inequality follows from the feasibility of λ.
(c) Let i, r ∈ [q] and X ⊆ V be as in the lemma, and suppose that σ : X → D

has positive support in λ. If i = r, then there is nothing to show. Otherwise,
Yi ∩ Yr = Xi ∩Xr, so ασii |Yi∩Yr = σi|Xi∩Xr = σ|Xi∩Xr = σr|Xi∩Xr = ασrr |Yi∩Yr .

It follows that Lemma 6.1 is applicable, so Γ ∪ {φ}≤SA Γ.

Lemma 6.3. Let Γ be a valued constraint language of finite size over domain D.
Then, Γ ∪ {φD=}≤SA Γ.

Proof. Let I be an instance of VCSP(Γ ∪ {φD=}) with variables V = {x1, . . . , xn}
and objective function φI(x1, . . . , xn) =

∑q
i=1 φi(xi), where φi ∈ Γ ∪ {φD=} and xi is

such that Xi ⊆ V . Define the undirected graph G = (V,E), where E contains an
edge between u and v if and only if there is a constraint φD=(u, v) in I. Let ∼ be
the equivalence relation on V defined by u ∼ v if u and v are in the same connected
component of G. For v ∈ V , let ṽ denote the equivalence class of ∼ containing v. For
a tuple of variables x = (v1, . . . , vm) ∈ V m, define x̃ = (ṽ1, . . . , ṽm).

For i ∈ [q], let yi = x̃i, and let Ji be an instance on variables Yi. If φi ∈ Γ, then
let the objective function be φJi(Yi) = φi(yi). Otherwise, let φJi be a null constraint
on Yi. Let J be the VCSP(Γ) instance with variables

⋃
i Yi and objective function∑

i φJi .
We verify properties (a)-(c) of Lemma 6.1.
(a) Let α be satisfying assignment of J, and define σα(v) = α(ṽ) for all v ∈ V .

It is clear that φi(σ
α(xi)) = φJi(α(Yi)) for all i ∈ [q]. Summing over all i gives

Val(I, σα) = Val(J, α).
Let k ≥ ar(Γ ∪ {φD=}) ≥ 2, and suppose that λ is a feasible solution to the

SA(k, 2k)-relaxation of I. We claim that for all i ∈ [q] and σ : Xi → D with positive
support in λ,

(22) u ∼ v =⇒ σ(u) = σ(v).

For ṽ ∈ Yi, let ασi (ṽ) = σ(u) for some u ∈ ṽ ∩Xi. By the claim, the definition of
ασi is actually independent of the choice of u ∈ ṽ ∩Xi. The justification of the claim
follows at the end of the proof.

(b) For all i ∈ [q], Val(Ji, α
σ
i ) = φJi(α

σ
i (Yi)) = φi(σ(xi)) <∞, where the second

equality holds by (22), and the inequality follows from the feasibility of λ.
(c) Let i, r ∈ [q] and X ⊆ V be as in the lemma and suppose that σ : X → D

has positive support in λ. Let ṽ ∈ Yi ∩ Yr, v1 ∈ ṽ ∩ Xi, and v2 ∈ ṽ ∩ Xr. By (22),
σ(v1) = σ(v2), so ασii (ṽ) = σi(v1) = σ(v1) = σ(v2) = σr(v2) = ασrr (ṽ).

It remains to prove that (22) holds for all σ : Xi → D with positive support in
λ. The proof is by induction over the length of a shortest path, u = u0, . . . , ud = v,
between u and v in the graph G. If d = 0, then u = v, so there is nothing to
prove. Assume therefore that d > 0 and that the claim holds for all assignments with
positive support and all u′ ∼ v′ with a shortest path of length strictly smaller than
d. Let X ′ = {u0, ud} and note that since |X ′| = 2 ≤ k, there exists an assignment
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1266 JOHAN THAPPER AND STANISLAV ŽIVNÝ

τ ′ : X ′ → D with positive support in λ such that τ ′ = σ|X′ . Now, let X = X ′∪{ud−1}.
Since |X| ≤ 3 ≤ 2k, it follows that λ has a distribution over assignments to X, so there
exists an assignment τ : X → D with positive support in λ such that τ |X′ = τ ′ = σ|X′ .
In particular, τ(u0) = σ(u0) and τ(ud) = σ(ud).

By assumption, there is an equality constraint on X ′′ = {ud−1, ud} in J , so any
assignment τ ′′ : X ′′ → D with positive support in λ must have τ ′′(ud−1) = τ ′′(ud).
Since equation (10) holds for X ′′ ⊆ X, it follows that τ |X′′ has positive support in λ,
and hence τ(ud−1) = τ(ud).

By the induction hypothesis applied to τ and the path u0, . . . , ud−1, we now have
σ(u0) = τ(u0) = τ(ud−1) = τ(ud) = σ(ud). It follows that Lemma 6.1 is applicable,
so Γ ∪ {φ}≤SA Γ.

Lemma 6.4. Let ∆′ and ∆ be constraint languages of finite size and assume that
∆′ interprets ∆. Then ∆≤SA ∆′.

Proof. Let D and D′ be the domains of ∆ and ∆′, respectively. Let (d, S, h) be an
interpretation of ∆ in ∆′. By Lemmas 6.2 and 6.3, we may assume that ∆′ contains
the d-ary weighted relation φS , and that for each φi ∈ ∆, ∆′ contains h−1(φi).

Let I be an instance of VCSP(∆) with variables V = {x1, . . . , xn} and objective
function φI(x1, . . . , xn) =

∑q
i=1 φi(xi). Assume that φI contains a distinguished

unary null constraint for each singleton subset {xj} ⊆ V , i.e., that for each 1 ≤ j ≤ n,
there exists an i ∈ [q] such that φi is a null constraint, and xi = (xj). Let v1, . . . ,vn
be d-tuples of distinct fresh variables (nd distinct variables overall), and let Vj be the
set of variables in vj for each 1 ≤ j ≤ n.

For i ∈ [q], let Ji be an instance on variables Yi =
⋃
j : xj∈Xi Vj . If φi(xj) is one

of the distinguished null constraints, then let φJi(Yi) = φS(vj). Otherwise, assuming
xi = (xi1 , . . . , xir ), let φJi(Yi) = h−1(φi)(vi1 , . . . ,vir ). Let J be the VCSP(∆′)
instance with variables

⋃
i Yi and objective function

∑
i φJi .

We verify properties (a)–(c) of Lemma 6.1.
(a) Let α be any satisfying assignment of J, and define σα : V → D by σα(xj) =

h(α(vj)). This is well defined, since there always is a constraint φS(vj) in J which
ensures that α(vj) ∈ S. For all i ∈ [q], φi(σ

α(xi)) = φi(h(α(vi1)), . . . , h(α(vir ))) =
φJi(α(Yi)), where xi = (xi1 , . . . , xir ). Summing over all i gives Val(I, σα) = Val(J, α).

For each xj ∈ V and a ∈ D, let τj,a : Vj → D′ be an assignment such that
τj,a(vj) ∈ S and h(τj,a(vj)) = a. Let k ≥ ar(∆), and suppose that λ is a feasible
solution to the SA(k, 2k)-relaxation of I. For all i ∈ [q] and σ : Xi → D with positive
support in λ, define ασi : Yi → D′ by ασi (v) = τj,σ(xj)(v), where j is the index such
that v ∈ Vj , i.e., ασi =

⋃
j : xj∈Xi τj,σ(xj).

(b) For all i ∈ [q], assuming xi = (xi1 , . . . , xir ), Val(Ji, α
σ
i ) = φJi(α

σ
i (Yi)) =

h−1(φi)(α
σ
i (vi1), . . . , ασi (vir )) = φi(h(ασi (vi1)), . . . , h(ασi (vir ))) = φi(σ(xi)) < ∞,

where the inequality follows from the feasibility of λ.
(c) Let i, r ∈ [q] and X ⊆ V be as in Lemma 6.1, and suppose that σ : X → D

has positive support in λ. Let v ∈ Yi ∩ Yr, and let vj be the tuple of variables that
contains v. Then, xj ∈ Xi ∩Xr, so ασii (v) = τj,σ(xj)(v) = ασrr (v).

It follows that Lemma 6.1 is applicable, so ∆≤SA ∆′.

Lemma 6.5. Let Γ be a valued constraint language of finite size and φ ∈ Γ. Then
Γ ∪ {Opt(φ)}≤SA Γ.

Proof. To avoid trivial cases, we will assume that all weighted relations in Γ take
at least one finite value. Moreover, in order to simplify the proof, we will assume that
min(φ′) = 0 for every φ′ ∈ Γ. This is without loss of generality as replacing φ′ by
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φ′ + c, for any c ∈ Q, changes the value of the objective function of a VCSP instance
by the same additive constant as the objective function of the LP relaxation, for all
feasible solutions to the corresponding problems.

Let I be an arbitrary instance of VCSP(Γ ∪ {Opt(φ)}) with variables V and
objective function

∑q
i=1 φi(xi). We create an instance J of VCSP(Γ) as follows. The

variables of J are the same as the variables in I. Every weighted constraint φi(xi)
in I, where φi 6= Opt(φ), appears also in J . Every weighted constraint Opt(φ)(xi) is
replaced by C copies of φ(xi) in J , where the value of the constant C is chosen as
follows: If φ only takes a single distinct finite value (which we assume is 0), then let
C = 1. Otherwise, let U =

∑q
i=1 max(φi), where max(φi) denotes the largest finite

value of the weighted relation φi. Let δ be the smallest nonzero finite value of φ. Now
let C = d(U + 1)/δe. U can be computed in polynomial time, and the value of C
depends linearly on the number of constraints in I, so the size of J is polynomial in
the size of I.

First, we prove that Opt(J) determines Opt(I). Any satisfying assignment to I
is also a satisfying assignment to J , so

(23) Opt(J) ≤ Opt(I).

If J has a satisfying assignment, then let σ be an optimal assignment. We distin-
guish two cases. First, assume that σ assigns the optimal zero value to every copy of
φ. Then σ is also a satisfying assignment of I, and so

(24) Opt(I) ≤ Val(I, σ) = Val(J, σ) = Opt(J).

From (23) and (24), we see that Opt(I) ≤ Val(I, σ) = Opt(J) ≤ Opt(I), so σ is also
an optimal assignment to I.

Otherwise, σ assigns a suboptimal value to at least C copies of φ, and so

Val(J, σ) ≥ Cδ + Opt(I) ≥ U + 1.

In this case, Opt(J) > U . But U ≥ Opt(I) if I is satisfiable, which contradicts (23),
and hence I is unsatisfiable. In summary, if J is unsatisfiable, or if Opt(J) > U , then
I is unsatisfiable, and otherwise Opt(I) = Opt(J).

Next, we prove that for any given parameters 1 ≤ k ≤ `, if Γ ∪ {Opt(φ)} does
not have valued relational width (k, `), then Γ does not have valued relational width
(k, `). Let I be an instance of VCSP(Γ ∪ {Optφ}), and let λ be a feasible solution
to the SA(k, `)-relaxation of I, with ValLP(I, λ) < Opt(I), where Opt(I) could be ∞.
We will assume that I has been augmented with null constraints so that for every
subset V ′ ⊆ V with |V ′| ≤ `, there is some i ∈ [q] with Xi = V ′. Let J be the instance
of VCSP(Γ) constructed above.

Let λ′ be the feasible solution to the SA(k, `)-relaxation of J obtained from λ by
letting λ′j = λi for all φ-constraints of J with index j that were introduced as copies
of the Opt(φ)-constraint of I with index i. Then λ′ assigns an optimal value to each
φ-constraint, and so ValLP(J, λ′) = ValLP(I, λ).

If J is unsatisfiable, then OptLP(J) < Opt(J), and so Γ does not have valued
relational width (k, `). If J is satisfiable and I is also satisfiable, then it was shown
above that Opt(J) = Opt(I), so OptLP(J) ≤ OptLP(I) < Opt(I) = Opt(J), and
again Γ does not have valued relational width (k, `). Finally, if J is satisfiable and I is
unsatisfiable, then Opt(J) > U . Since λ is a feasible solution, we have OptLP(I) ≤ U
from the definition of U . Then OptLP(J) ≤ OptLP(I) ≤ U < Opt(J), so again Γ
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does not have valued relational width (k, `). Since k and ` were chosen arbitrarily,
the result follows.

Lemma 6.6. Let Γ be a valued constraint language of finite size, and let φ ∈ Γ.
Then Γ ∪ {Feas(φ)}≤SA Γ.

Proof. To avoid trivial cases, we will assume that all weighted relations in Γ
take at least one finite value. As in the proof of Lemma 6.5, we will assume that
min(φ) = 0. Let I be an arbitrary instance of VCSP(Γ∪ {Feas(φ)}) with variables V
and objective function

∑q
i=1 φi(xi). We create an instance J of VCSP(Γ) as follows.

The variables of J are the same as the variables in I. For every weighted constraint
φi(xi) in I with φi ∈ Γ, we add C copies of φi(xi) in J . Every weighted constraint
Feas(φ)(xi) is replaced by φ(xi) in J . The value of the constant C is chosen as follows:
If φ only takes a single distinct finite value, then let C = 1. Otherwise, let U be the
largest finite value of φ. Let δ = 1/M, where M > 0 is any constant such that M · φi
is integral for every i. This implies that δ is less than or equal to the least possible
difference between any two satisfying assignments of I. Now, let C = dN(U + 1)/δe,
where N is the number of occurrences of Feas(φ) in I. The value of C can be computed
in polynomial time and depends linearly on the number of constraints in I, so the size
of J is polynomial in the size of I.

An assignment σ : V → D satisfies I if and only if it is satisfies J , and

(25) C ·Val(I, σ) ≤ Val(J, σ) ≤ C ·Val(I, σ) +NU.

Let σ be an optimal assignment to J, and suppose that there exists an assignment
σ′ to I such that Val(I, σ′) < Val(I, σ). Then

Val(J, σ′) ≤ C ·Val(I, σ′) +NU

≤ C · (Val(I, σ)− δ) +NU

≤ C ·Val(I, σ) +NU − C · δ
< C ·Val(I, σ)

≤ Val(J, σ),

which contradicts σ being optimal. Hence, σ is also an optimal assignment to I.
Next, we prove that for any given parameters 1 ≤ k ≤ `, if Γ ∪ {Feas(φ)} does

not have valued relational width (k, `), then Γ does not have valued relational width
(k, `). Let I be an instance of VCSP(Γ ∪ {Feas(φ)}), and let λ be a feasible solution
to the SA(k, `)-relaxation of I with ValLP(I, λ) < Opt(I). We will assume that I has
been augmented with null constraints, so that for every subset V ′ ⊆ V with |V ′| ≤ `,
there is some i ∈ [q] with Xi = V ′. If I is unsatisfiable, then let J be the instance of
VCSP(Γ) constructed as above. Otherwise, let ε = Opt(I)−ValLP(I, λ) > 0, and let J
be the instance constructed as above, but with C = max{dN(U+1)/δe, dN(U+1)/εe}.

Let λ′ be the feasible solution to the SA(k, `)-relaxation of J obtained from λ by
letting λ′j = λi for every constraint of J with index j that was introduced as a (possibly
single) copy of the constraint φi(xi) of I. Then, ValLP(J, λ′) ≤ C ·ValLP(I, λ) +NU .

The instance J is unsatisfiable if and only if I is unsatisfiable, and in this case,
OptLP(J) < Opt(J), so Γ does not have valued relational width (k, `). Otherwise,
J is satisfiable and C · Opt(I) ≤ Opt(J), so OptLP(J) ≤ C · OptLP(I) + NU ≤
C · (Opt(I) − ε) + NU ≤ Opt(J) + NU − C · ε < Opt(J), and thus Γ does not
have valued relational width (k, `). Since k and ` were chosen arbitrarily, the result
follows.
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Lemma 6.7. Let Γ be a valued constraint language of finite size over domain D,
and let Γ′ be a core of Γ with D′ ⊆ D. Then Γ′ ∪ CD′ ≤SA Γ.

Proof. Let I ′ be an instance of VCSP(Γ′), and let I be the instance of VCSP(Γ)
obtained from I ′ by substituting every restricted weighted relation in Γ′ by its cor-
responding weighted relation in Γ. Then by Lemma 2.12, Opt(I ′) = Opt(I). Fix
1 ≤ k ≤ `, and assume that I ′ is a gap instance for the SA(k, `)-relaxation of
VCSP(Γ′). Then OptLP(I) ≤ OptLP(I ′) < Opt(I ′) = Opt(I), where the first in-
equality follows from the fact that I ′ is a restriction of I. This establishes Γ′≤SA Γ.

Let F be the set of unary operations on D′ that are not in supp(Γ′), and apply
Lemma 5.6 to Γ′ and F . This provides a crisp constraint language ∆ on D′ such that
∆≤SA Γ′ and such that every unary operation in Pol(∆) is also in supp(∆). Since Γ′

is a core, only bijections can occur in supp(Γ′). By Lemma 5.6, Pol(∆) ∩ F = ∅, and
hence only bijections can occur in Pol(∆). Thus ∆ is also a core. We finish the proof
by showing that Γ′∪CD′ ≤SA Γ′∪∆, using Lemma 6.1. Indeed, by Lemma 5.6 we have
∆≤SA Γ′, and we have previously shown that Γ′≤SA Γ. Overall, Γ′ ∪ CD′ ≤SA Γ′ ∪
∆≤SA Γ′≤SA Γ, and thus Γ′ ∪ CD′ ≤SA Γ.

Let I∆ be the instance on variables V∆ = {xa | a ∈ D} and containing, for every
φ ∈ ∆ and a ∈ Dar(φ), a constraint φ(xa), where xa[i] = xa[i] for 1 ≤ i ≤ ar(φ).
Every satisfying assignment α to I∆ defines an operation fα : D → D by the map
a 7→ α(xa). The instance I∆ is sometimes called the indicator instance [38] and has
the following property:
(26)
α is a satisfying assignment of I∆ if and only if fα is a unary polymorphism of ∆.

Let I be an arbitrary instance of VCSP(Γ′∪CD′) with variables V = {x1, . . . , xn}
and objective function φI(x1, . . . , xn) =

∑q
i=1 φi(xi), where φi ∈ Γ′∪CD′ and xi such

that Xi ⊆ V . Assume without loss of generality that V ∩ V∆ = ∅. For v ∈ V , define
v̂ := xa if there is a unary constraint v = a in I, and define v̂ := v otherwise. For a
tuple of variables x = (v1, . . . , vm) ∈ V m, define x̂ = (v̂1, . . . , v̂m).

For i ∈ [q] such that φi ∈ Γ′, let yi = x̂i, and let Ji be the instance on variables
Yi with objective function φJi(Yi) = φi(yi). For i ∈ [q] such that φi(xi) is a unary
constraint xi = a, let Ji be the instance I∆ on variables Yi = V∆. Note that each
Ji corresponding to a unary constraint xi = a is the same instance I∆ on the same
variables V∆. Let J be the VCSP(Γ′ ∪∆) instance with variables

⋃
i Yi and objective

function
∑
i φJi .

We verify properties (a)–(c) of Lemma 6.1.
(a) Let α be an optimal assignment to J, and consider the operation fα in (26)

obtained from the unique copy of I∆ in J . Since the unary operations in Pol(∆)
are bijections and closed under composition, it follows that f−1

α is also in Pol(∆)
and therefore in supp(Γ). Hence, by Lemma 2.9, β := f−1

α ◦ α is also an optimal
assignment to J, and fβ is the identity operation. We define σα(x) = a if x̂ = xa for
some a ∈ D′, and define σα(x) = β(x) otherwise. All unary constraints x = a in I
are satisfied by σα, and all other constraints take the same value as in J , and hence
Val(I, σα) = Val(J, α).

Let k ≥ ar(Γ′ ∪ CD′), and suppose that λ is a feasible solution to the SA(k, 2k)-
relaxation of I. Let γ be the satisfying assignment of I∆ that assigns a to xa for
all a ∈ D′. For all i ∈ [q] and σ : Xi → D with positive support in λ, define ασi =
(σ ∪ γ)|Yi .

(b) For all i ∈ [q], Val(Ji, α
σ
i ) = φJi(α

σ
i (Yi)) = φi(σ(xi)) <∞, where the equali-

ties hold by construction, and the inequality follows from the feasibility of λ.
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(c) Let i, r ∈ [q] and X ⊆ V be as in the lemma, and suppose that σ : X → D
has positive support in λ. Let y ∈ Yi ∩ Yr. If y = xa for some a ∈ D′, then
ασii (y) = ασrr (y) = γ(xa) = a. Otherwise, y ∈ Xi ∩Xr, so ασii (y) = σi(y) = σ(y) =
σr(y) = ασrr (y).

It follows that Lemma 6.1 is applicable, so Γ′ ∪ CD′ ≤SA Γ′ ∪∆.

7. Gap instances for SA-relaxations of VCSP(EG,3). In this section, we
give a construction of gap instances for SA-relaxations of VCSP(EG,3), which shows
that EG,3 does not have bounded valued relational width. This result can also be
derived from results in [58] using additional nontrivial results. We provide here a
direct, elementary proof for constant level LP relaxations, whereas [58] deals with
linear level SDP relaxations.

Let G be an Abelian group over a finite set G, and let g be a nonzero element
in G. Let R0 = {(x, y, z) ∈ G3 | x = y + z + 0}, Rg = {(x, y, z) ∈ G3 | x =
y+ z+ g}, and ∆ = {R0, Rg}. Both R0 and Rg are expressible in EG,3: R0(x, y, z) =
miny′,z′(R

3
0(x, y′, z′) +R2

0(y′, y) +R2
0(z′, z)) and Rg(x, y, z) = miny′,z′(R

3
g(x, y

′, z′) +
R2

0(y′, y) + R2
0(z′, z)). By Theorem 5.5(1), it suffices to prove that ∆ does not have

bounded valued relational width.
Let k ≥ 3. We construct an unsatisfiable instance I of VCSP(∆) and a

feasible solution to its SA(k, k)-relaxation. The construction is similar to that in [30,
Theorem 31], where it is used to show that constraint languages without “the ability
to count” do not have bounded width. Our theorem is a strengthening of this result.

Let n ≥ 1 be a positive integer. Let Tn×n be the torus grid graph on n × n
vertices resulting from taking the square grid graph on (n+ 1)× (n+ 1) vertices and
identifying the top with the bottom vertices as well as the left with the right vertices.

The instance In contains one variable for each vertex and one variable for each
edge in Tn×n. For 0 ≤ a, b < n, let xa,b, ya,b, and za,b be the variables corresponding
to vertices, horizontal edges, and vertical edges, respectively; cf. Figure 1. Let In
contain the following constraints:

ya,b+1 = ya,b + xa,b + ca,b,(27)

za+1,b = za,b + xa,b + da,b,(28)

where indices are taken modulo n, and the elements ca,b, da,b ∈ {0, g} are chosen so
that

(29)
∑
a,b

ca,b −
∑
a,b

da,b = g.

The following result establishes Theorem 5.1. We note that it actually shows
that In, which has p = O(n2) variables, is a gap instance for SA(k(p), k(p)), with
k = Θ(

√
p).

Theorem 7.1. For every k ≥ 3 and n > 2k, the instance In is a gap instance for
SA(k, k).

Proof. The instance In is unsatisfiable by construction: Summing the equations
(27) over a and b and simplifying implies the equation 0 =

∑
a,b(xa,b+ca,b). Similarly,

the equations (28) imply 0 =
∑
a,b(xa,b + da,b). By taking the difference of these two

equations, it follows that 0 =
∑
a,b(ca,b − da,b) = g by (29), a contradiction. Hence,

the constraints of In cannot be simultaneously satisfied. On the other hand, the
SA(k, k)-relaxation of In has a feasible solution by Lemma 7.4.
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x0,0 x0,1 x0,2 x0,0

x1,0 x1,1 x1,2 x1,0

x2,0 x2,1 x2,2 x2,0

x0,0 x0,1 x0,2 x0,0

y0,0 y0,1 y0,2

y1,0 y1,1 y1,2

y2,0 y2,1 y2,2

y0,0 y0,1 y0,2

z0,0

z1,0

z2,0

z0,1

z1,1

z2,1

z0,2

z1,2

z2,2

z0,0

z1,0

z2,0

Fig. 1. Variables in the torus T3,3 obtained from the 4× 4 grid graph.

In the remaining part of this section, we prove that the SA(k, k)-relaxation of In
has a feasible solution.

Denote by V the set all variables of In, and let Vx = {xa,b | 0 ≤ a, b < n}. For
S ⊆ Vx, we say that S excludes a cross if there are indices a′ and b′ such that xa′,b 6∈ S
for all 0 ≤ b < n, and xa,b′ 6∈ S for all 0 ≤ a < n. We say that S contains a hole if
the induced subgraph Tn×n[Vx \ S] is not connected. Let S be the family of subsets
S ⊆ Vx such that S excludes a cross and does not contain a hole.

For a subgraph T ′ of Tn×n, we denote by Var(T ′) the set of variables on the
vertices and edges of T ′. Let X1, . . . , Xm be an enumeration of all subsets X ⊆ V
such that X ⊆ Var(Tn×n[S]) for some S ∈ S. For i ∈ [m], define

(30) X̄i =
⋂

S∈S : Xi⊆Var(Tn×n[S])

Var(Tn×n[S]).

Since S is closed under intersection, it follows that X̄i = Var(Tn×n[S]) for some S ∈ S,
so Vx ∩ X̄i = S excludes a cross and does not contain a hole.

It follows from the definition of X̄ that Xj ⊆ Xi =⇒ X̄j ⊆ X̄i. However, we
will need a stronger property, namely that it is possible to move within the set family
{X̄i}mi=1 from X̄j to X̄i by adding vertices from Vx one at a time. More formally,
define the binary relation → on {X̄i}mi=1 by letting X̄j → X̄i if and only if X̄j ⊆ X̄i

and Vx ∩ (X̄i \ X̄j) = {xa,b} for some 0 ≤ a, b < n. Let 4 be the reflexive transitive
closure of →.

Lemma 7.2. Xj ⊆ Xi =⇒ X̄j 4 X̄i.

Proof. Assume to the contrary that there are i and j such that Xj ⊆ Xi but
X̄j 64 X̄i. Let C = Vx ∩ (X̄i \ X̄j), and assume that i and j are chosen so that
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|C| is minimized. Let xa,b ∈ C, and consider the set S = (Vx ∩ X̄i) \ {xa,b}. By
construction, X̄j ⊆ S̄ ⊆ X̄i. If xa,b 6∈ S̄, then |Vx ∩ (S̄ \ X̄j)| < |C| , which contradicts
the minimality of |C|. Therefore, Vx ∩ S̄ = Vx ∩ X̄i, so S̄ = X̄i. This means that S
contains a hole, and in particular that S, and therefore X̄i, contains all neighbors of
xa,b. Consider the set ∂C of vertices in Vx \ C that are neighbors of some xa,b ∈ C.
By the previous remark, ∂C ⊆ (Vx ∩ X̄i) \C, so ∂C ⊆ Vx ∩ X̄j . Let C ′ be the vertices
of an excluded cross in X̄i. Then any path in Tn×n from a vertex in C to a vertex in
C ′ must pass through a vertex in ∂C. Therefore, the induced subgraph Tn×n[Vx \ X̄j ]
is disconnected, so Vx ∩ X̄j contains a hole, which is a contradiction.

For i ∈ [m], define Ni to be the set of assignments σ̄ : X̄i → G that satisfy every
constraint in In whose scope is contained in X̄i. We argue that Ni is nonempty for
every i. A horizontal component of X̄i is a set of edges {ya,b, ya,b+1, . . . , ya,b+r} ⊆ X̄i

such that ya,b−1, ya,b+r+1 6∈ X̄i. A vertical component of X̄i is defined analogously.
Let Ci, Hi, and Vi be the number of vertices, horizontal components, and vertical
components, respectively, in X̄i. Since Vx ∩ X̄i excludes a cross, an assignment is
precisely determined by freely choosing the value of every vertex, of one edge in each
horizontal component, and of one edge in each vertical component:

(31) |Ni| = |G|Ci+Hi+Vi ≥ 1.

For τ̄ ∈ Nj and i such that X̄j ⊆ X̄i, let Nj,i(τ̄) denote the set of assignments
σ̄ ∈ Ni such that τ̄ = σ̄|X̄j , i.e., the set of extensions of τ̄ to an assignment in Ni.

Next, we give an expression for the size of the sets Nj,i(τ̄) that is independent of the
choice of τ̄ .

Lemma 7.3. For Xj ⊆ Xi and all τ̄ ∈ Nj,

(32) |Nj,i(τ̄)| = |Ni|
|Nj |

.

Proof. First, assume that X̄j → X̄i, and let xa,b be the unique vertex in X̄i \ X̄j .
Since X̄j ∩ Vx does not contain a hole, it follows that xa,b must have fewer than four
neighbors in X̄j . We consider the following three possible cases:

1. xa,b has a single neighbor in X̄j . Without loss of generality, assume that this
neighbor is xa,b+1 so that X̄i \ X̄j = {xa,b, ya,b}. Choose the value of xa,b
arbitrarily. If ya,b+1 ∈ X̄j , then the equation ya,b+1 = ya,b + xa,b + ca,b forces
the value of ya,b. In this case, we have |G| possible extensions and Ci = Cj+1,
Hi = Hj , and Vi = Vj , so (32) holds. Otherwise, ya,b+1 6∈ X̄j , so the value of
ya,b can be chosen arbitrarily. In this case, we have |G|2 possible extensions
and Ci = Cj + 1, Hi = Hj + 1, and Vi = Vj , so (32) holds.

2. xa,b has two neighbors in X̄j . If xa,b has one horizontal and one vertical
neighbor, then we can argue as in case 1. Otherwise, without loss of gen-
erality, assume that X̄i \ X̄j = {ya,b−1, xa,b, ya,b}. We have three possible
cases, depending on the size of the intersection {ya,b−2, ya,b+1} ∩ X̄j . If this
intersection contains both y-variables, then the values of ya,b−1, xa,b, and ya,b
are all forced by the equations. In this case we have one possible extension,
Ci = Cj + 1, Hi = Hj − 1, and Vi = Vj , so (32) holds. If the intersection con-
tains one or zero y-variables, then we can choose the value of xa,b arbitrarily
and proceed similarly to case 1.

3. xa,b has three neighbors in X̄j . This case follows by extending the argument
in case 2 for two vertical neighbors.
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We now prove by induction that the general expression in (32) holds. By Lemma
7.2, there exists an i′ such that X̄j 4 X̄i′ → X̄i. We have just shown that (32) holds
for i′, i, and all σ̄′ ∈ Ni′ . Assume by induction that (32) holds for j, i′, and all τ̄ ∈ Nj .
Then

|Nj,i(τ̄)| =
∑

σ̄′∈Nj,i′ (τ̄)

|Ni′,i(σ̄′)| =
∑

σ̄′∈Nj,i′ (τ̄)

|Ni|
|Ni′ |

=
|Ni′ |
|Nj |

|Ni|
|Ni′ |

=
|Ni|
|Nj |

,

which proves the lemma.

We are now ready to finish the proof of Theorem 7.1.

Lemma 7.4. For i ∈ [m], with |Xi| ≤ k, let λi be the following probability distri-
bution:

(33) λi(σ) = Pr
σ̄∼Ui

[
σ̄|Xi = σ

]
,

where Ui is the uniform distribution on Ni. Then, λ is a feasible solution to the
SA(k, k)-relaxation of In.

Proof. Let X ⊆ V with |X| ≤ k. Since |X| ≤ k < n/2, by the pigeonhole
principle there exists an a′ such that {ya′,b, xa′,b, ya′+1,b}∩X = ∅ for every 0 ≤ b < n.
Similarly, there exists a b′ such that {za,b′ , xa,b′ , za,b′+1}∩X = ∅ for every 0 ≤ a < n.
Let S = Vx \ {(a, b) | a = a′ or b = b′}. Then, S ∈ S and X ⊆ Var(Tn×n[S]), so
X = Xi for some 1 ≤ i ≤ m. It follows that λ is defined for all X ⊆ V with |X| ≤ k.

By construction, λ satisfies (11) and (12) for the SA(k, k)-relaxation of In. It
remains to show that it also satisfies (10).

Let Xj ⊆ Xi and τ : Xj → G. Let X be a subset of variables such that Xj ⊆
X ⊆ X̄i. Then,

Pr
σ̄∼Ui

[
σ̄|Xj = τ

]
=

∑
σ : X→G

Pr
σ̄∼Ui

[
σ̄|Xj = τ and σ̄|X = σ

]
=

∑
σ : X→G
σ|Xj=τ

Pr
σ̄∼Ui

[σ̄|X = σ] .(34)

For X = X̄j , (34) implies the following:

(35) Pr
σ̄∼Ui

[
σ̄|Xj = τ

]
=

∑
τ̄ : X̄j→G
τ̄ |Xj=τ

Pr
σ̄∼Ui

[
σ̄|X̄j = τ̄

]

=
∑
τ̄∈Nj
τ̄ |Xj=τ

|Nj,i(τ̄)|
|Ni|

=
∑
τ̄∈Nj
τ̄ |Xj=τ

1

|Nj |
= λj(τ),D
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where the next-to-last inequality follows from Lemma 7.3. Hence,

λj(τ) = Pr
σ̄∼Ui

[
σ̄|Xj = τ

]
(36)

=
∑

σ : Xi→G
σ|Xj=τ

Pr
σ̄∼Ui

[
σ̄|Xi = σ

]
(37)

=
∑

σ : Xi→G
σ|Xj=τ

λi(σ),(38)

where (37) follows by (34) with X = Xi. It follows that λ satisfies (10), and hence it
is a feasible solution to the SA(k, k)-relaxation of In.

8. Proof of Lemma 3.7.

Lemma 8.1 (Lemma 3.7 restated). Let Γ be a valued constraint language of finite
size on domain D, and let Γ′ be a core of Γ on domain D′ ⊆ D. Then supp(Γ)
satisfies the BWC if and only if supp(Γ′ ∪ CD′) satisfies the BWC.

Proof. Let µ be a unary fractional polymorphism of Γ with an operation g in its
support such that g(D) = D′. We begin by constructing a unary fractional polymor-
phism µ′ of Γ such that every operation in supp(µ′) has an image in D′. We will use
a technique for generating fractional polymorphisms described in [44, Lemma 10]. It
takes a fractional polymorphism, such as µ, a set of collections G, which in our case
will be the set of operations in the clone of supp(µ), a set of good collections G∗,
which will be operations from G with an image in D′, and an expansion operator Exp
which assigns to every collection a probability distribution on G.

The procedure starts by generating each collection f ∈ supp(µ) with probability
µ(f), and subsequently the expansion operation Exp maps f ∈ G to the probability
distribution that assigns probability Prh∼µ[h ◦ f = f ′] to each operation f ′ ∈ G. The
expansion operator is required to be nonvanishing, which means that starting from
any collection f ∈ G, repeated expansion must assign nonzero probability to a good
collection in G∗. In our case, this is immediate, since starting from a collection f , the
good collection g ◦ f gets probability at least µ(g), which is nonzero by assumption.
By [44, Lemma 10], it now follows that Γ has a fractional polymorphism µ′ with
supp(µ′) ⊆ G∗. So every operation in supp(µ′) has an image in D′.

Now we show that if supp(Γ) contains an m-ary WNU t, then supp(Γ′∪CD′) also
contains anm-ary WNU. Let ω be a fractional polymorphism of Γ with t in its support.
Define ω′ by ω′(f ′) = Prh∼µ′,f∼ω[h ◦ f = f ′]. Then ω′ is a fractional polymorphism
of Γ in which every operation has an image in D′, so ω′ is a fractional polymorphism
of Γ′. Furthermore, for any unary operation h ∈ supp(µ′), h ◦ t is again a WNU, so
supp(Γ′) contains an m-ary WNU t′. Next, let h(x) = t′(x, . . . , x). Since Γ′ is a core,
the set of unary operations in supp(Γ′) contains only bijections and is closed under
composition (Lemma 2.8). It follows that h has an inverse h−1 ∈ supp(Γ′), and since
supp(Γ′) is a clone, h−1 ◦ t′ is an idempotent WNU in supp(Γ′). We conclude that
h−1 ◦ t′ ∈ supp(Γ′ ∪ {CD′}).

For the opposite direction, let t′ be an m-ary WNU in supp(Γ′ ∪ {CD′}), and let
ω′ be a fractional polymorphism of Γ′ ∪ {CD′} with t′ in its support. Then ω′ is also
a fractional polymorphism of Γ′. Define ω by ω(f) = Prh∼µ′,f ′∼ω′ [f

′[h, . . . , h] = f ].
Then ω is a fractional polymorphism of Γ, and, for every h ∈ supp(µ′), the operation
t[h, . . . , h] is an m-ary WNU in supp(ω). We conclude that t ∈ supp(Γ), which finishes
the proof.
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9. Proofs of Theorems 3.20 and 3.24.

Theorem 9.1 (Theorem 3.20 restated). Let D be an arbitrary finite domain, and
let Γ be an arbitrary valued constraint language of finite size on D with CD ⊆ Γ.
Assume that Γ expresses a unary finite-valued weighted relation ν that is injective on
D. Then either supp(Γ) satisfies the BWC, in which case Γ has valued relational
width (2, 3), or VCSP(Γ) is NP-hard.

Proof. If Γ satisfies the BWC, then the result follows from Theorem 3.4. If Γ does
not satisfy the BWC, then by Lemma 5.7 there exists a crisp constraint language ∆
such that Pol(∆) does not satisfy the BWC and ∆≤SA Γ. By assumption, CD ⊆ Γ and
thus ∆ ∪ CD ≤SA Γ. Hence we may assume, without loss of generality, that CD ⊆ ∆.
By Theorem 5.4, there exists a nontrivial Abelian group G over a finite set G and an
interpretation of EG,3 in ∆ with parameters (d, S, h). By Theorem 5.5(3), we have
EG,3≤SA ∆≤SA Γ.

Let C be larger than maxa∈D ν(a) − mina∈D ν(a). The d-ary weighted relation
φ(x1, . . . , xd) defined by

φ(x1, . . . , xd) = ν(x1) + Cν(x2) + C2ν(x3) + · · ·+ Cd−1ν(xd)

is injective on the set of d-tuples over D. By Theorem 5.5(1), {φ}≤SA Γ. We define

φ′(x1, . . . , xd) = min
y1,...,yd

h−1(φG=)(x1, . . . , xd, y1, . . . , yd) + φ(y1, . . . , yd).

By Theorem 5.5(1),(3), {φ′}≤SA Γ. Thus, we have an injective unary weighted re-
lation φ′ on the interpreted EG,3. For every x ∈ G, let hx ∈ Dd be an arbitrarily
chosen element of h−1(x). Finally, define the unary finite-valued weighted relation
φ′′ : G→ Q by φ′′(x) = φ′(hx). (Note that the choice of hx does not affect the value
of φ′′(x).)

We denote by E′G the crisp constraint language on domain G with, for every r ≥ 1,
a ∈ G, and c = (c1, . . . , cr) ∈ Zr with

∑r
i=1 ci = 0, a relation Sra,c = {(x1, . . . , xr) ∈

Gr |
∑r
i=1 cixi = a}. By [62, Theorem 3.18], VCSP(E′G∪{φ′′}) is APX-hard, and thus

NP-hard, since φ′′ is injective and thus nonconstant on G. We will finish the proof
by showing how to reduce, in polynomial time, any instance I ′ of VCSP(E′G ∪ {φ′′})
to an instance I of VCSP(EG,3 ∪ {φ′′}).

Let V denote the set of variables of I ′. The variables of I will include V and a
set of new auxiliary variables for each constraint of I ′ not involving φ′′. Let φ′′(x)
be a constraint of I ′ for some x ∈ V . Then we include the constraint φ′′(x) in I.
Let Sra,c(x) be a constraint of I ′ for some r ≥ 1, a ∈ G, c = (c1, . . . , cr) ∈ Zr with∑r
i=1 ci = 0, and x = (x1, . . . , xr) ∈ V r . Since |G|x = 0 in G, for all x ∈ G we

can, without loss of generality, assume that 0 ≤ ci < |G|. Thus Sra,c is equivalent
to an m-ary relation S′ over G, where m =

∑r
i=1 ci ≤ r|G|. The relation S′ can be

expressed with O(m) relations from EG,3 using O(m) auxiliary variables.

Theorem 9.2 (Theorem 3.24 restated). Let Γ be a conservative valued constraint
language. Either VCSP(Γ) is NP-hard or supp(Γ) contains a majority operation, and
hence Γ has valued relational width (2, 3).

Proof. If Pol(Γ) does not contain a majority operation, then Γ is NP-hard by
Theorem 3.23. If supp(Γ) contains a majority operation, then by Corollary 3.11 Γ
has valued relational width (2, 3).

Let F be the set of majority operations in Pol(Γ) \ supp(Γ). By Lemma 2.9, for
each f ∈ F , there is an instance If of VCSP(Γ) such that f 6∈ Pol(Opt(If )). Let
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Γ′ = Γ ∪ {Opt(If ) | f ∈ F}. If Pol(Γ′) does not contain a majority polymorphism,
then, since Γ is conservative, so is Γ′, and hence Γ′ is NP-hard by Theorem 3.23.
Therefore, Γ is NP-hard by Theorem 5.5(4). Assume that Pol(Γ′) contains a majority
polymorphism f . Then f 6∈ F , so f ∈ supp(Γ). From Corollary 3.11, it follows that
Γ has valued relational width (2, 3).

10. Conclusions. Using techniques from the algebraic study of CSPs and the
study of linear programming relaxations, we have given a precise characterization of
the power of constant level Sherali–Adams linear programming relaxations for exact
solvability of valued constraint languages. Notably, we needed to prove that certain
gadget constructions, such as going to the core and interpretations, which are common
in the algebraic CSP literature but not commonly used in other areas of CSPs, such
as approximation, preserve solvability by constant level Sherali–Adams relaxations.

The complexity of min-ones problems with respect to exact solvability and approx-
imability was established in [24, 42]. Minimum-solution problems are a generalization
of min-ones problems to larger domains, including integer programs over bounded
domains [39]. Following our characterization of the power of Sherali–Adams, we have
given a complete complexity classification of exact solvability of minimum-solution
problems over arbitrary finite domains.
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earlier version of this paper. The authors are also grateful to Albert Atserias for
useful discussions and for bringing [58] to their attention.

REFERENCES

[1] M. Alekhnovich, S. Arora, and I. Tourlakis, Towards strong nonapproximability results
in the Lovász-Schrijver hierarchy, Comput. Complex., 20 (2011), pp. 615–648, https://doi.
org/10.1007/s00037-011-0027-z.

[2] A. Atserias, A. Bulatov, and A. Dawar, Affine systems of equations and counting infinitary
logic, Theoret. Comput. Sci., 410 (2009), pp. 1666–1683.

[3] B. Barak and D. Steurer, Sum-of-squares proofs and the quest toward optimal algorithms,
in Proceedings of International Congress of Mathematicians (ICM), Seoul, South Korea,
2014.

[4] L. Barto, The collapse of the bounded width hierarchy, J. Logic Comput., 26 (2016), pp. 923–
943, https://doi.org/10.1093/logcom/exu070.

[5] L. Barto and M. Kozik, Constraint satisfaction problems solvable by local consistency meth-
ods, J. ACM, 61 (2014), 3, https://doi.org/10.1145/2556646.

[6] L. Barto and M. Kozik, Robustly solvable constraint satisfaction problems, SIAM J. Comput.,
45 (2016), pp. 1646–1669, https://doi.org/10.1137/130915479.

[7] M. Bodirsky, Constraint satisfaction problems with infinite templates, in Complexity of
Constraints, Lecture Notes in Comput. Sci. 5250, Springer, Berlin, 2008, pp. 196–228,
https://doi.org/10.1007/978-3-540-92800-3 8.

[8] E. Boros and P. L. Hammer, Pseudo-Boolean optimization, Discrete Appl. Math., 123 (2002),
pp. 155–225, https://doi.org/10.1016/S0166-218X(01)00341-9.

[9] A. Bulatov, Combinatorial problems raised from 2-semilattices, J. Algebra, 298 (2006),
pp. 321–339, https://doi.org/10.1016/j.jalgebra.2004.07.044.

[10] A. Bulatov, Bounded Relational Width, manuscript, 2009.
[11] A. Bulatov, P. Jeavons, and A. Krokhin, Classifying the complexity of constraints us-

ing finite algebras, SIAM J. Comput., 34 (2005), pp. 720–742, https://doi.org/10.1137/
S0097539700376676.

[12] A. A. Bulatov, Complexity of conservative constraint satisfaction problems, ACM Trans.
Comput. Logic, 12 (2011), 24, https://doi.org/10.1145/1970398.1970400.

D
ow

nl
oa

de
d 

08
/0

2/
17

 to
 1

63
.1

.2
03

.5
9.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p

https://doi.org/10.1007/s00037-011-0027-z
https://doi.org/10.1007/s00037-011-0027-z
https://doi.org/10.1093/logcom/exu070
https://doi.org/10.1145/2556646
https://doi.org/10.1137/130915479
https://doi.org/10.1007/978-3-540-92800-3_8
https://doi.org/10.1016/S0166-218X(01)00341-9
https://doi.org/10.1016/j.jalgebra.2004.07.044
https://doi.org/10.1137/S0097539700376676
https://doi.org/10.1137/S0097539700376676
https://doi.org/10.1145/1970398.1970400


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SHERALI–ADAMS FOR GENERAL-VALUED CSPs 1277

[13] A. A. Bulatov, Graphs of relational structures: Restricted types, in Proceedings of the 31st
Annual ACM/IEEE Symposium on Logic in Computer Science (LICS’16), ACM, New
York, 2016, pp. 642–651, https://doi.org/10.1145/2933575.2933604.

[14] S. O. Chan, J. R. Lee, P. Raghavendra, and D. Steurer, Approximate constraint sat-
isfaction requires large LP relaxations, J. ACM, 63 (2016), 34, https://doi.org/10.1145/
2811255.

[15] M. Charikar, K. Makarychev, and Y. Makarychev, Near-optimal algorithms for maximum
constraint satisfaction problems, ACM Trans. Algorithms, 5 (2009), 32, https://doi.org/
10.1145/1541885.1541893.

[16] C. Chekuri, S. Khanna, J. Naor, and L. Zosin, A linear programming formulation and
approximation algorithms for the metric labeling problem, SIAM J. Discrete Math., 18
(2005), pp. 608–625, https://doi.org/10.1137/S0895480101396937.
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[56] M. Maróti and R. McKenzie, Existence theorems for weakly symmetric operations, Algebra
Universalis, 59 (2008), pp. 463–489, https://doi.org/10.1007/s00012-008-2122-9.

D
ow

nl
oa

de
d 

08
/0

2/
17

 to
 1

63
.1

.2
03

.5
9.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p

https://doi.org/10.1007/s10107-014-0824-7
https://doi.org/10.1137/120893549
https://doi.org/10.1137/140962838
https://doi.org/10.1145/263867.263489
https://doi.org/10.1137/060669231
https://doi.org/10.1007/978-3-540-92800-3_10
https://doi.org/10.1007/978-3-540-74456-6_22
https://doi.org/10.1137/S0097539799349948
https://doi.org/10.1137/S0097539799349948
https://doi.org/10.1137/130945648
https://doi.org/10.1145/2450142.2450146
http://zivny.cz/publications/kz13jacm-preprint.pdf
http://zivny.cz/publications/kz13jacm-preprint.pdf
https://doi.org/10.1007/978-3-662-47672-7_69
https://doi.org/10.4230/DFU.Vol7.15301.233
https://doi.org/10.1137/1.9781611973082.121
https://doi.org/10.1145/2090236.2090274
https://doi.org/10.1145/2090236.2090274
https://doi.org/10.1016/j.ejc.2015.07.011
https://doi.org/10.1137/S1052623400366802
https://doi.org/10.1287/moor.28.3.470.16391
https://doi.org/10.1287/moor.28.3.470.16391
https://doi.org/10.1137/0801013
https://doi.org/10.1007/s00012-008-2122-9


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SHERALI–ADAMS FOR GENERAL-VALUED CSPs 1279

[57] P. Raghavendra, Optimal algorithms and inapproximability results for every CSP?, in Pro-
ceedings of the 40th Annual ACM Symposium on Theory of Computing (STOC’08), ACM,
New York, 2008, pp. 245–254, https://doi.org/10.1145/1374376.1374414.

[58] G. Schoenebeck, Linear level Lasserre lower bounds for certain k-CSPs, in Proceedings of
the 49th Annual IEEE Symposium on Foundations of Computer Science (FOCS’08), IEEE
Computer Society, Washington, DC, 2008, pp. 593–602, https://doi.org/10.1109/FOCS.
2008.74.

[59] G. Schoenebeck, L. Trevisan, and M. Tulsiani, A linear round lower bound for Lovász-
Schrijver SDP relaxations of vertex cover, in Proceedings of the 22nd Annual IEEE Con-
ference on Computational Complexity (CCC’07), IEEE Computer Society, Washington,
DC, 2007, pp. 205–216, https://doi.org/10.1109/CCC.2007.2.

[60] H. D. Sherali and W. P. Adams, A hierarchy of relaxations between the continuous and
convex hull representations for zero-one programming problems, SIAM J. Discrete Math.,
3 (1990), pp. 411–430, https://doi.org/10.1137/0403036.

[61] R. Takhanov, A dichotomy theorem for the general minimum cost homomorphism problem, in
Proceedings of the 27th International Symposium on Theoretical Aspects of Computer Sci-
ence (STACS’10), Schloss Dagstuhl–Leibniz-Zentrum fuer Informatik, Dagstuhl, Germany,
2010, pp. 657–668, https://doi.org/10.4230/LIPIcs.STACS.2010.2493.

[62] J. Thapper, Aspects of a Constraint Optimisation Problem, Ph.D. thesis, Department of Com-
puter Science and Information Science, Linköping University, Linköping, Sweden, 2010.
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