


Analysis of the Quasicontinuum
Method and Its Application

Hao Wang
Balliol College

University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Trinity 2012

2






Acknowledgements

It has been four years of hard but inspiring work in Oxford, during
which this thesis could be completed. I would like to take this oppor-

tunity to thank people for their support and help.

First of all, I would like to thank my supervisor Professor Christoph
Ortner and Co-supervisor Professor Endre Siili for their heuristic and
instructive supervision, especially the former one who I have closely
worked with for four years and have changed the way I think in many
aspects through our inspiring and interesting discussions, which defi-

nitely has a braoder impact on me than just academic.

I would like to address a special thanks to Professor Ping Lin, who
was the advisor of my undergraduate project and the very first per-
son brought me to the area that I have been working on for my DPhil.

This initiation has greatly influenced the path of my life.

The Numerical Analysis Group have provided me the excellent research
environment and support and I should thank all the members of the
group.

Oxford is an magical place. It is especially true in my case as it has

vastly broadened my vision and knowledge. So I'd like to thank the



university and everything in and around it for offering me such an

amazing experience.

I would also like to thank Balliol College who has afforded me a lot of
convenience for daily life as well as great opportunities for academic
and working experiences. A special thanks should be given to Ms Gly-
nis Price, the academic administrator of the college, who has provided
me enormous amount of help since the very first day I became a mem-

ber of the college.

My funding body China Scholarship Council and Sichuan University
in which I did my undergraduate provide the financial support to me. I
wish all the best to the future development of them and hope my coun-
try China will truly benefit from supporting the students and scholars

to study and visit in different parts of the world.

Last but not the least, I would like to thank my wife Yue Cai, my par-
ents Zeyun Wang and Xiaoyun Su for their love and support. I couldn’t
imagine what I have achieved so far without their continuous and tremen-

dous help.



Abstract

The present thesis is on the error estimates of different energy based
quasicontinuum (QC) methods, which are a class of computational meth-
ods for the coupling of atomistic and continuum models for micro- or

nano-scale materials.

The thesis consists of two parts. The first part considers the a priori
error estimates of three energy based QC methods. The second part
deals with the a posteriori error estimates of a specific energy based

QC method which was recently developed.

In the first part, we develop a unified framework for the a priori error
estimates and present a new and simpler proof based on negative-norm

estimates, which essentially extends previous results.

In the second part, we establish the a posteriori error estimates for the
newly developed energy based QC method for an energy norm and for
the total energy. The analysis is based on a posteriori residual and sta-
bility estimates. Adaptive mesh refinement algorithms based on these

error estimators are formulated.

In both parts, numerical experiments are presented to illustrate the re-

sults of our analysis and indicate the optimal convergence rates.



The thesis is accompanied by a thorough introduction to the develop-
ment of the QC methods and its numerical analysis, as well as an out-

look of the future work in the conclusion.
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Chapter 1

Introduction

The development of micro-scale technologies in recent decades has changed the
focus of the research on materials to nano-scale systems. Systems like computer
chips and micro-electromechanical devices that are typically on a micro- or nano-
scale are often of great research interest. This change of focus has revealed the
defect of continuum mechanics, in which a material is assumed to be comprised of
an infinitely divisible continuous medium and the governing equations for defor-
mation remain unchanged regardless of the size of the body.

However, while full atomistic models are necessary for the understanding of
mechanism of certain deformation processes, it should also be noted that it is nei-
ther practical nor necessary to give up continuum mechanics. This is because the
bulk of a material behaves according to continuum mechanics during a deforma-
tion process and the density of atoms in a typical material is about 10*atoms/mm?,
while the current limit of full atomistic simulation is only on the order of 10° atoms.

Therefore, researchers have been developing computational techniques that re-
tain continuum mechanics in the bulk of a material but use atomistic modeling

and computation to keep sufficient detail of a deformation process in regions of



interest. Quasicontinuum (QC) methods are a class of techniques that have been
developed according to such principle. The philosophy of QC methods is to take
the nonlocal discrete atomistic models as the ’correct” description of the mate-
rial behavior, while applying continuum models together with finite element dis-
cretizations in the far field away from large deformations, where linear elasticity or
Cauchy-Born rule could be good approximations to the original atomistic model,
to reduce the computational cost. By applying such techniques, the important in-
formation on a deformation process is preserved while the computational cost is
significantly reduced.

The present thesis is devoted to the numerical analysis, especially the error esti-
mates, of different types of quasicontinuum methods in the zero temperature static
setting. The first part (Chapter 2) considers the a priori error estimates of three en-
ergy based QC methods. The second part (Chapter 3) deals with the a posteriori
error estimates of a specific energy based QC method that has recently been devel-
oped. Although the atomistic model considered in this work is relatively simple,
we believe it is valuable to the full mathematical understanding of the QC methods

as many aspects of a more general analysis are clearly revealed.

1.1 Atomistic Models

We restrict the modeling to atomistic systems consisting of atoms of the same
species denoted by the set IL. It is often assumed, though rigorously proved in
few cases, that the ground state of an atomistic system, which corresponds to the
global minimizer of the energy of the system, is a Bravais lattice BZ?, where d is

the dimension of the atomistic system, B € Rﬂx‘i and lRiXd is the set of the d by d



matrices with positive determinants. Therefore, for the convenience of the presen-
tation, we always assume that I. C BZ“. The deformation y of the atomistic body
is considered as a discrete map y : I — R¥.

Empirical molecular interaction models are often employed to compute the
stored energy of the atomistic system. They consist of the contributions due to
pair interactions of the atoms and contributions due to many body interactions.
For pair interaction potentials, a typical example is given by

Ea(y) = Wyair(y) := }_o(ly(D) = y()]), (1.1.1)
i#]
where i,j € I, ¢ is a Lennard-Jones type interaction potential. This model has
been extensively employed as the atomistic model for the QC methods and other
atomistic to continuum coupling methods.

The many-body potentials can be written in an abstract form as

83(’]/) = Wpair(y) + Wmany—body(y)' (1-1-2)

Two typical example, named the Embedded Atom Method (EAM) model and
Stillinger-Webber (SW) model, of this type of potentials can be found in [12] and
[68].

In addition to the stored energy of the atomistic system, there may be energy
due to the external loads &gy;. In the simplest case where the external force is a

dead load on the atoms or a linearization of a force field, &,y is given by

5ext(y) = _f ‘u, (1.1.3)

where u = y — L is the displacement of the atoms.



Therefore, the total energy of the atomistic system is given by

Ea(y) = &(y) + Eext(y), (1.1.4)

and the full atomistic problem is to find y, such that
y, € argminE, ()?), (1.1.5)

where )? is an admissible set of deformation where we look for the solution and

argmin denotes the set of local minimizers.

1.2 Continuum Models

Though (CT3) is considered to be accurate, its computational cost is normally of
order O(N) where N is the total number of the atoms in the system. Since N is
often large, in real computations, we need to find an approximation to this energy.

Since Crystalline solids deform elastically without defects, i.e., the deformation
y is locally close to Bravais lattices [36], a smooth deformation field x — y(x),x €
() is often observed, where () is the continuous reference configurationand IL. C ).
Under a smooth deformation, the stored energy can be approximated by the well-
known Cauchy-Born elastic energy.

Here we remark that through out the thesis, we often identify a lattice function
v with its continuous interpolation v(x) and use the same notation to represent
both objects in some cases.

The Cauchy-Born elastic energy essentially approximate the atomistic stored

energy by the integration of an energy density functional which only depends



on the local deformation gradient, namely Vy(x). There are many different ap-
proaches to develop the Cauchy—Born energy density functional (c.f. [?3, 36]), and
here we briefly derive it following the approach adopted in [36].
From (ICT) in [T, we see that the stored energy could be written as
Gy) =) ). V() —v@) (1.2.1)
i€l j£i jel

where V? is the pair interaction potential. Under a homogeneous deformation, we
could replace finite differences y(j) — y(i) by the directional derivatives V;_;y. Ap-

proximating the summations by integration, we may further approximate (I"ZT)

by

Lay) =) Y, V() -y)

i€l j#ijell

~Y Y VA(Viy) ~ /Q W(Vy(x))dx =: E(y), (1.2.2)

iell j#i,jell
where W(F) := ﬁva({FC}éeBzd\{o}). E:(+) is often defined as the continuum
energy functional. With suitable simplification of the external energy functional

Eext(+), the total continuum energy of the system is given by

Ec(y) = E(y) + Eext(y), (1.2.3)

and the full continuum problem is to find y,_ such that
y. € argminE.()°), (1.2.4)

where )¢ is an admissible set of deformation where we look for the solution.
The Cauchy-Born energy approximation is in paricular efficient in real com-

putations when it is used together with finite element method, as the integration

5



becomes a summation over elements whose computational cost is of order O(K),
where K is the number of the elements provided one can take K < N. However,
since the Cauchy-Born energy is equal to the atomistic energy only under homo-

geneous deformation, we need to consider the accuracy of this approximation.

1.2.1 The Scaling Parameter and the Order of Accuracy

We introduce the scaling parameter and the order of accuracy before we present
the error estimate of the Cauchy-Born approximation as these concepts are im-
portant throughout this thesis. In the atomistic model introduced above, the in-
teratomic spacing of the Bravais lattice IL is not defined. In the analysis and the
computation of an atomistic system, e = 1/N1/¢ is always assumed to be the inter-
atomic spacing, where d is the dimension of the system and N is the total number
of atoms in the system except for periodic boundary conditions, where N is the
number of atoms in one period of the infinite system. Such ¢ is often taken to be
the scaling parameter of the system and the length of the system is thus rescaled
to be of order O(1). Furthermore, if we multiply the energy E, or E. by &, the total
energy will also become of order O(1).

Under this rescaling, the error estimate of an approximation with respect to
its underlying atomistic model is often given by a product of a power of ¢ and
a constant that depends on the derivatives of either the solution of the atomistic
problem y, or that of its approximation y_ as well as the energy functionals. The

order of accuracy of an approximation is often considered to be the power of .



1.2.2 Accuracy of the Cauchy-Born approximation

Though the Cauchy-Born approximation is widely used [?5], the accuracy of this
approximation was not established mathematically until fairly recently.

Blanc et al. prove in [6] that for energy functionals consisting only of pair inter-
action potentials, the a priori error of the energy for a smooth deformation field y

is estimated by

Eely) — &(y)| < CE (10?20 + 1Dy l1 ) (1.25)

where D is the differential operator and C depends on the pair potential ¢ and Dy.

E and Ming analyze the convergence of the solution of the continuum problem
and that of the corresponding atomistic problem under mild external deadload
and with periodic boundary conditions [?3, ?2]. A sharp analysis of this problem
is given by Ortner and Theil in [b6] and the a posteriori error estimate could be

summarized as

1Dy, — Dy lli2(0) < CEUID* 750y + 1Dyl i2cr)) (1.2.6)

for simple lattices, where C depends on the atomistic energy functional V* and
Dy.. An order O(¢) estimate of the deformation gradient in L? — norm holds for
complex lattices which consist of two species of atoms. As a result, we say the
Cauchy-Born approximation is a second-order approximation for simple lattices
and a first-order approximation for complex lattices. It should be noted that the
estimates hold for V@ that is smooth in a the neighbourhood of the equilibrium
state and the geometry of the lattice is very important in the stability which is a

key component for this estimate to hold.



We see from the above estimates that if an atomistic system consists of a large
number of atoms and experiences a smooth deformation relative to the atomistic
scale, the Cauchy—Born model or even simpler models such as the linear elasticity
models are good approximations of the atomistic model. This is the place where
classical continuum mechanics plays an important role. However, since the num-
ber of atoms is limited in a micro-scale system and the deformation field may vary
drastically in a certain region, the continuum approximation of the atomistic sys-
tem may give a solution that is not comparable to that of the original atomistic
problem. This motivates coupling the two models together to give a solution that
retains the accuracy of the atomistic model while reducing the computational cost.
This is the starting point of the development of the quasicontinuum methods and

other atomistic to continuum methods, which we introduce in the next section.

1.3 The Quasicontinuum and Other Atomistic to Con-
tinuum Methods

We first give a mathematical description of the loss of validity of the continuum
approximation. Theoretical analysis as well as numerical computations give that
the deformation field near a defect is singular, for example, we have |D?y,| ~ r2
for a dislocation and |D?y,| ~ r~3 for a vacancy in a two dimensional system
(c.f. [26, B4]), where 7 is the distance to the core of the defect. Therefore, accord-
ing to the error estimates, we would have €| D%y, |2, Q) being of O(1) near the
defect core which implies that the error of the energy approximation may be un-

controlled. However, it is not necessary to use the full atomistic model as |D?y, |

goes to 0 in the far field, which gives a perfect environment where the continuum



approximation can be employed with high accuracy.

Therefore, the model to couple the atomistic model and its continuum approx-
imation becomes conceptually ideal for the accurate and efficient computation of
the deformation of an atomistic system, where the atomistic model should be used
near the defects while the continuum model in the far field.

Efforts have been made by a number of researchers over the last decades and
here we give a brief summary of different atomistic to continuum coupling meth-
ods. Since our research is mainly in the numerical analysis of the quasicontinuum
methods, we divide the methods to the class of quasicontinuum methods and that
of other atomistic to continuum coupling methods. We note that this summary
is by no means complete but only to give an introduction to the models we are

working on.

1.3.1 The Quasicontinuum(QC) Methods

The first QC method was developed by Tadmor et al. in [48] in 1996. Several
important ideas that have been adopted by the subsequent developments were
initiated in this work.

The first idea is to use finite element discritization of the domain to reduce
the number of degrees of freedom in the far field of the defects. Though simple
and natural, this idea essentially leads to the second but the most important fea-
ture of all QC methods which is the simultaneous use of atomistic and continuum
or continuum-like models. The computation of the energy of the representative
crystallites which entirely lie in one linear element implicitly leads to the Cauchy-

Born approximation of the energy, and the energy of the representative crystallites



which may cross several elements retain the atomistic model.

Another feature of this work is to formulate the problem as an energy mini-
mization problem in a proper solution space, which is adopted by all the energy
based QC methods as opposed to the force based QC methods which will be intro-
duced in a following section.

Since its invention, there has been a great development and several variants of

the original idea, some of which we introduce in the following sections.
1.3.1.1 The Original Energy Based QC method

As mentioned above, the orginal energy based QC method was first conceived in
[48] and further developed in [b5, bA]. The formulation of this QC method is best
understood in the following way.

We first decompose the domain () into two different subdomains (), and ),
such that ), U Q. = O where ), contains all the defects and (), contains the far
field. In most cases, |Q¢| >> [Q,].

We then construct a partition 7 of (), which is usually a mesh in 1D, a triangu-
lation in 2D and a tetrahedral in 3D, such that N7 C IL and IL N Q), € N7 which
indicates that each atom in the atomistic region is a node in the partition. A contin-
uous deformation field y;, : QO — R? is then defined such that y,, is piecewise affine
with respect to the partition 7. A corresponding displacement field u), := y, — L
is immediately obtained. This process significantly reduces the number of degrees
of freedom.

We finally consider the coupling of the stored energy. The stored energy of the

atomistic system could be assigned to each atom and further decomposed accord-

10



ing to the location of the atoms as
W =L E W) = X E ) + ) E(wy)- (1.3.1)
i i€y, icQe

We then apply the Cauchy-Born rule to aprroximate the second sum. The pro-
cedure is to assign the volume of a Voronoi cell ()Y, to a single atom i in the refer-
ence configuration [44] and then to approximate the site energy by the integration
of an energy density W(-), which depends only on the local deformation gradient
Vy, over Y. The Cauchy-Born site energy is then defined by

E) = [, W(Vy,)dx, (1.32)
and the atom based quasicontinuum formulation of the stored energy is given by
Eqce(Yy) Zga y) = ) )+ ) / (Vy,)d (1.3.3)
i€Q), i€Q)e
This formulation reserves the distinguishing feature of this method, which is the
association of energy with atoms that inherits from the original applications of this
method to systems modeled by the Embedded Atom Method.

A further simplification of the model is obtained when the finite element method
is used in the continuum region with piecewise linear elements. Let T be an ele-
ment in the continuum region and Vr the area or the volume of the element. The
original energy based QC stored energy is defined as

Eqee(yy) = ), EXyp) + Y VIW(Vy,lr), (1.3.4)
i€, TCO,
which is often called the element based formulation and is efficient in real compu-

tations.

11



We note that there are two steps in the transition from (IZ3) to (I"34). How-
evet, since the inconsistency occuring in the transition from (IC3) to (IC33) is our
main concern and the atom based and the element based formulations are equiv-
alent if Vr is carefully constructed, we employ the atom based formulation (I-3-3)
as the QCE energy as it is very useful in our analysis.

In the next section, we give a discussion of the issue of ghost force which is
essentially the cause of the inconsistency in the first step of the transition and is

often the main problem associated with the QCE formulation.
1.3.1.2 Ghost Force and Consistency

The issue of ghost force is best illustrated by a concrete example of a periodic one-
dimensional atomistic chain with nearest neighbour and next nearest neighbour
pair interaction potential.

It will be derived in detail in Chapter D that the atomistic stored energy func-

tional for a period of this infinite chain is given by

2~
) = ek [p(U0) o (M) (M) g (B2 |
(1.3.5)
where N is the number of atoms in each period and e = 1/N. For simplicity, we as-

sume the partition 7 to coincide with the reference lattice IL. Let Q) := {/1,..., (2}

and Q. :={1,...,N}\{¢y,..., {2}, then the QCE stored energy functional for a pe-

12



riod is given by

A e A )
re o o(B) 1o (R e (BT +¢(2@>].

(1.3.6)

It can be checked that under a homogeneous deformation field y* := Fx,
V& (y') =0 but VEqe(y) #0.

The problem lies on the interface atoms. If we take the partial derivative with

respect to iy, _1 for & and Eqce, we obtain

() e ()

I (P,(Wl —gyel—z) g (yel+z€— Y )
and

agg;iy) :¢/<y€1 _€y€1—1> B ¢,(yg1+1€— yg1>

Yy (2%——{5/414) _ ¢ <2yel+18— yel) N % o (W1+25_ Yo, )

As a result,

F
0Ealy") _ o pop Pace’) _ 1¢,(2F)_

e, Y, 2
This unphysical residual force appearing in the QCE energy under homoge-

neous deformation field is conventionally called the ghost force and is caused by
the unbalanced next nearest neighbor interactions at the interface [66]. The un-

balanced interaction could be easily illustrated by Figure [T, where atom ¢; and

13
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Figure 1.1: The unbalanced next nearest neighbor interactions.

{1 4 1 interact with atom ¢; — 2 and ¢; — 1 respectively, however, atom ¢; — 1 and
{1 — 2 do not have the reverse interactions with their counterparts. The appearance
of the ghost force implies that, even in the simplest case, namely the case without
external forces, the solution to the minimization problem of the atomistic energy
functional and that of the QCE energy functional may be significantly different.
Construction of methods that avoid the ghost force is the main motivation for
the development of the QC methods which we will introduce immediately. The
analysis of the effect of such an unphysical force, which is often the inconsistency
between the deformation field of a QC method and its underlying atomistic model
in the interface region, is one of the major topics of the numerical analysis for the

QC methods as well as for our own research.
1.3.1.3 The Energy Based Ghost Force Removal Methods

Several alternative QC methods have been developed in order to preserve the en-
ergy conservation while avoiding the ghost forces, from which the name of the
class "Energy Based Ghost Force Removal” comes.

The first method was developed by Shimokawa et al. in [67] called the quasi-
nonlocal (QNL) method, which is applied to the problem of the vacancy formation

energy in Al and a iron, and the grain boundary energy of a tilt boundary in Cu.

14



The idea of the QNL method is to define a special site energy £! for a small
layer of atoms at the interface region (); between the atomistic region (), and the
continuum region (). such that the stored energy functional is defined by

En(y)= )} &+ )L &+ Y &) (1.3.7)
i€\ ieQ); i€\ QY

and satisfies the condition

") =&y =& yF), Vi and VEL(YF) =0, (1.3.8)

1

for a homogeneous deformation field y*. The way to construct a proper site energy
&! for the interface atoms is to let these atoms interact in a nonlocal way with the
atoms in the atomistic region but interact locally with the atoms in the continuum
region. It should be noted that an interaction of an atom to another in a nonlocal
way is the interaction based on the physical distance of the two, while that in a
local behaviour is based on the distance computed by using the positions of the
nearest neighbour atoms to extrapolate the position of the other one.

While the original QNL method is in general consistent only for next near-
est neighbour interaction models, the Geometrically Consistent Reconstruction
Scheme developed by E et al. in [20], which is the extension of the original QNL
method, is consistent for finite range interaction models. The consistency is achieved
by reconstructing the distance of one atom to another to be a linear combination of
the real distance between the two atoms and the Cauchy-Born distance which is
extrapolated by the distance of the nearest neighbour atom with the cooefficients
summing to 1 and being determined by solving certain system of equations [0,
Equation 33]. However, the limitation of this method is that it may only be applied

to the systems with flat atomistic to continuum interfaces.
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A further extension of this method is given by Ortner and Zhang for a nearest
neighbour interaction model in two dimension [68]. It provides a more general
way to reconstruct the distance of one atom to another that could deal with the
problem of the atomistic to continuum interfaces with corner.

The above approaches follow the two steps of transitioning from atomistic en-
ergy to continuum energy, i.e., the atom based summation rule is derived first and
then the element based summation rule, which is better related to classic contin-
uum mechanics. As a result, the geometrically consistent reconstruction schemes
place two interface regions which are the atomistic to continuum interface and the
atom based to element based interface which is inside the continuum region.

This complication is overcome by another QC method developed by Shapeev
in [p4], in one- and two- dimensional systems which have only pair interaction po-
tentials and is often refered to as the ACC method. This QC method first formulate
the stored energy as the summation of the energy of the interaction bonds, i.e.,

Ealy) =) e(y), (1.3.9)

beB

where B denotes the set of all the interaction bonds and e, (y) is the energy contri-
bution of the bond b under a deformation field y. We then again decompose the
region to be the atomistic region (2, and the continuum region ().. The idea is to

split the energy contribution of each bond b by

ep(y) = ey(y) +e,(y), (1.3.10)

where ¢ (y) is the atomistic energy contribution which preserves the atom based
formulation and depends on the interaction potential ¢, the intersection of the

bond and the atomistic region b N (),;, and the deformation of this intersection
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y(bN Q). e;(y) is the continuum energy contribution which is defined as a line
integral that depends on ¢, b N Q)., and the local deformation gradient Vy(x). The
most important feature of this method is the transformation of the summation of
the line integrals to the summation of the energy on each element. In short, it was

proved in [h4] under certain conditions that

L y) = ), ITIW(Vylr) (13.11)
beB TeO,
and consequently
Eacc(y) = Y () + ) ITIW(Vylr), (1.3.12)
beB TeQ),

is a consistent approximation of £2(y), i.e., the second equation of (I-38) holds for
Eace()-

The detailed formulation of this method will be introduced in Chapter B and
the numerical analysis of this method will be covered in Section L4 as well as in

Chapter B as it is another major part of our research.
1.3.1.4 Other QC Methods

We briefly introduce three important QC methods for reference purpose only.

The force based QC (QCF) method, which was developed in [66, 13], is the
tirst variant of the original QC method which avoids the presence of the ghost
force. This method follows a very simple idea that the formulation of the force
experienced by each atom depends on the region where the atom locates. It can be
easily checked that no ghost force exists under a homogeneous deformation field.

The simplicity of the formulation and the fast convergence speed in real compu-

tation may be the biggest advantages of the QCF method [44, 13]. However, since
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the QC problem is then no longer to find a configuration that minimize an energy
but to find a configuration that drives the forces on each degree of freedom to be
zero and the system of the QCF method is not energy conservative, it sometimes
finds unphysical ‘equilibrium” solutions that correspond to saddle points or local
maxima of the energy functional corresponding to the underlying atomistic model
[44]. The QCF method is rigorously analyzed in [T3] and in [[8], it is pointed out
that instability of the QCF method exists in certain norms. Moreover, for many real
applications of the QC method where energy is an important quantity of interest,
the QCF method is obviously not a proper method to employ.

Further development of the force based QC method based on the idea of stress
can be found in [40].

The cluster based QC method which was first introduced in [29] is another vari-
ant of the original QC method. The idea is to approximate the average energy of
each atom in the system by the energy of the atoms in clusters near the finite ele-
ment nodes. The approximation gains better accuracy when the size of the clusters
gets larger while the computational cost becomes more expensive. The method is
further analyzed in [43] and [27] but is pointed out in [BY] that the method intro-
duces new types of error that are especially large in non-uniform meshes.

The blended QC method was conceived orginally in [/5]. The idea of this
method is to create a region where the energy of each atom is defined to be a
linear combination of the atomistic energy and the continuum energy. The lin-
ear combination is determined by solving a minimization problem. By doing this,
the transition of the atomistic energy to the continuum energy formulation is less

abrupt and the effect of the ghost force is thus smoothed out. This method is an-
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alyzed in [I/T] and [38] and a force based variant of this method can be found in
[30, B5]. However, it should be noted that this method does not remove the effect

of the ghost force as opposed to the ghost force removal methods.

1.3.2 Other Atomistic to Continuum Coupling Methods

Besides the QC methods, there are other atomistic to continuum coupling methods
proposed under different names. Some methods essentially share similar construc-
tion steps with the QC methods, such as Coupling of Length Scales (CLS) method
developed in [9] to solve the problem in the fracture of nano scale system of sil-
icon whose atomistic model is the Stillinger-Webber empirical model which we
introduced in Section [Tl

However, there are other methods which are conceptionally different from the
QC methods. A typical example for such methods is the Bridging Scale Method
(BSM), which was developed in [73] for dynamic problems and in [61] for static
problems. It assumes a coarse-scale displacement field #° and a fine-scale displace-
ment field #” and the total displacement field u is defined to be the summation of
the two.

In static problems, the coarse-scale displacement field u° exists everywhere and
is computed as the solution of the finite element discretization of the atomistic
model with least-squares fit, while the fine-scale displacement field #“ is assumed
to exist only in the atomistic region and to be defined on every atom in the atom-
istic region which serves as a correction of the coarse-scale displacement field so
that the equillibrium of a fine-scale problem in the atomistic region is obtained.

The method essentially solves two energy minimization problems iteratively
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with the solution of one being the constrain or boundary condition for another.
The iteration terminates when the change of energy is below certain tolerance. The
main disadvantage of this method is that the convergence rate could be very slow

when the problem is nonlinear [44].

1.4 The Numerical Analysis of the Quasicontinuum
Methods

Since it was conceived, the QC method has been extensively employed for various
problems by a number of material scientists [b5, b, 29, &3, b7, 44]. However, the
mathematical analysis of the QC method has not been fully developed. In this
section, we give a review of the analysis of the energy based QC methods which
are the object of our research.

The first analysis that is worth noting is by Lin [3?]. He analyzes a finite one
dimensional atomistic chain who poccesses the Lennard-Jones pair interaction po-
tential with no external forces being applied. In this work, the correct atomistic
model is the one with full range atomistic interactions, i.e., every pair of atoms
interact to contribute to the total energy. The two simplified models are the one
that has a cut-off radius for the pair interactions and the one that has both a cut-
off radius and is coarse grained by a uniform mesh in the entire domain with
piecewise linear functions used on each element. He first proves the existence and
the uniqueness of the solutions of these models, which are the displacements and
equivalently the interatomic distances that corresponds to the global minima of the
total energy, and then gives the a priori error estimates between the solutions in

an /*- and a weighted ¢2- norm, where the estimates depend on the cut-off radius
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and are of first order of the mesh size when the finite element solution is involved.
An asymptotic technique is used for the analysis as a result of explicitly knowing
the formulation of the interaction potential.

A further development can be found in Ortner and Siili [65]. The models they
analyze are almost the same as the first and the third model in [32], which is the full
atomistic model and the model with cut-off radius and coarse graining but with
several relaxations that make the analysis more general. The first relaxation is that
pointwise defined applied forces are allowed in the problem. The second one is
that general pair interaction potentials may be employed if certain properties are
satistied (see, e.g., [b5, Equation 4, 7, 8, 9]). The third one is that a Dirichlet bound-
ary condition is applied to the deformation field. In addition, it substantially dif-
fers from Lin’s work in the two aspects: the variational formulations of the atom-
istic and the QC problems and the solutions being the local minima rather than the
global minima as a result of the external force. They first prove the existence of
the elastic atomistic deformation under certain conditions (see [b5, Theorem 3.1])
and then answered two important questions: "“under what conditions does a QC
solution exist which approximates a given exact solution of the atomistic model’
(see [b5, Theorem 3.2]) and "given a computed QC solution, does an exact solution
of the atomistic model approximated by the QC solution exist” (see [65, Theorem
5.1]), which are essentially the a priori existence of the QC solution and the a pos-
teriori existence of the atomistic solution. They develop both the a priori error
estimates and the a posteriori error estimates for elastic deformation gradient in
the discrete w!*-norm and also extend the a priori analysis to the configuration of

a single fracture, which is another stable configuration in one dimension.
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The above QC method is named the Projected QC method (QCP) and is further
analyzed and compared with other QC methods in [34]. This method is analyzed
in a two dimensional system without defect under external loads by Lin in [33],
where a variational formulation is employed for the modeling as well as the anal-
ysis. The limitation there is the strong hypothesis adopted [33, Assumptions 1 and
2] which are difficult to verify and may not hold in general lattice domains.

The QCP method essentially uses the full atomistic model with finite element
discretizations of the domain and does not use the continuum approximation. As
a result, none of the above works considered the coupling of the models and did
not see the important error that occurs in the atomistic to continuum interface.

The first rigorous analysis of the effect of the ghost force, which is caused by
the coupling of different models, is given by Dobson and Luskin in [I5]. In this
work, they consider an infinite periodic chain with nearest and next nearest neigh-
bour pair interaction and the original QC approximation defined in (I3:6). The
models are further simplified by a linearization of the energy functional at a macro
scopic deformation gradient F and assuming the external force to be zero. They
essentially give an error estimate of the QC solution, in terms of the displacement,
in weighted ¢P- and W'P-norms. As a result of the linearization of the problem,
the explicit solutions of the atomistic model and that of the QC model are obtained
as the solutions of some recurrence equations corresponding to some systems of
linear equations. The effect of the ghost force is explicitly computable.

The above work was extended by the same authors in [16]. In this work, the
same linearized problem with a periodic nonzero external force, which is assumed

to be mean zero and odd around the center of each period, is analyzed through the
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same approach. In addition, the QNL approximation (I"3-7) is formulated and an-
alyzed. Again the error estimates are given in weighted ¢P- and W'?-norms with
optimal order with respect to the interatomic spacing in the reference lattice ¢ (the
scaling parameter), which is of zero order for the QCE method and of first order
for the QNL method as opposed to second order for the pure Cauchy-Born ap-
proximation. The QC methods have lower order error because of the coupling of
different models in the atomistic to continuum interface region. The estimates also
show the dependence of the error on the derivatives of the displacement which
could also be interpreted as the curvature of the deformation field in the contin-
uum region, which is an important factor that has been ignored by previous works
but reveals the necessity of having the atomistic region in the part of the system
where deformation is large. It should be noted that the errors they analyze in this
work are actually the difference between the solutions of the QC models and that
of the pure continuum model, which is different from the definition of the error
employed in [65] and in the present work.
The nearest and next nearest neighbour pair potential model is analyzed through

a different approach in [61, A5] and [67], where the last one forms the major part
of Chapter D. The two works extend the analysis of the model to a nonlinear set-
ting, where the energy functionals are nonlinear with respect to the deformation
tields, and variational formulations of the problems which are simliar to those in
[65] are used to define the solutions. The approach they employ to analyze the QC
methods are a consistency analysis based on negative w™ - Sobolev norms and a
stability analysis based on the coercivity of the energy functionals. The errors are

estimated in a weighted H L_norm and have the same order as pointed out in [16]
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but are shaper in the dependence of the deformation in the continuum region. The
emphasis of the two works are different. [51] concentrates on the rigorous analy-
sis of the a priori and a posteriori existence of the QNL model and the atomistic
model in one dimension, whereas [67] apply the same techniques to the local QC
model (QCL) which is essentially the pure Cauchy—Born model, the QCE model
as well as the QNL model, with the emphasis on the a priori error estimates. [67]
also includes the analysis of the coarse graining (finie element approximation) for
the first time, which has been omitted by previous works that only concentrated
on the coupling error. The detail could be found in Chapter 2.

The above works are all on one dimensional problems except [B3], which is
essentially the analysis of the QCP method that has no coupling of models. The
reason for this exlusion is that energy based ghost force free QC methods are hard
to construct in higher dimensions as we metioned in Section [C31.

Such difficulty has been tackled through different approaches [0, b4, 63] with
certain limitations. We note that these literatures consider the first order con-
sistency of a QC method for simple lattices to be equivalent to the ghost force
free condition under uniform deformation. However, this assumption is not rig-
orously proved for two-dimensional case until recently by Ortner in [62]. This
gives a significant theoretical basis for constructing energy based ghost force free
QC methods. The author rigorously answered the important question that under
what condition, the patch test condition [62, Equation 14], which is often used to
test the consistency of the finite element methods [B, BY9] and is equivalent to the
ghost force free condition in most QC methods, implies first order consistency of

a QC method. This work essentially uses the negative norm consistency analysis

24



approach which is first introduced in [61].

Based on the patch test consideration, Ortner and Shapeev give an a priori er-
ror analysis for the Consistent Energy Based Atomistic to Continuum Coupling
(ACC) method [p4] for pair interaction potentials as introduced in Section 371
applying to a periodic two dimensional atomistic system with a single vacancy in
each period. Besides the consistency analysis, the stability of the system is also an-
alyzed with a great effort as such condition is in general hard to establish in higher
dimensions.

The most recent work on the construction and a priori error analysis for the
energy based ghost force free QC methods for multi body interactions in two and
three dimensional spaces can be found in [b&]. It has been shown in this work
that there might be no explicit formulations for the interface energy for such QC
methods but one may construct such interface energy numerically.

In the works listed above, considerable effort has been devoted to the a priori
error analysis of the QC methods. However, since the QC methods are always
used with finite element discretization in the continuum region, the a posteriori
error control, which has attracted relatively little attention, is another aspect of the
research of the QC methods and forms the second part of the thesis.

The adaptive finite element method was applied to the QC methods shortly af-
ter the method was developed. The very first literature on such topic is [66], where
the orginal QC method is formulated and applied to several dislocation model and
a simple Zienkiewicz-Zhu error indicator [/6] is used for mesh refinement without
rigorous a posteriori error estimates.

Prudhomme et al. provide an a posteriori error analysis for the original QC
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method applied to a nano indentation problem and a shear deformation problem
in a two dimensional setting in [5Y, b0]. They adopt the goal-oriented approach
and construct the dual problems with respect to the quantities of interests, which
are the reaction force on the indenter in [59] and certain linear functionals of the
deformation in [h0]. However, the omission of the higher order remainders of the
residual, which are [AY, Equation 33], and [, Equation 28] and certain simplica-
tions that are applied to the computation of the residuals without theoretical proof
of the validity make the estimates less rigorous.

Arndt and Luskin conduct the a posteriori error estimates for the original QC
method applied to one dimensional Frenkel-Kontorova model in a series of papers
[2, B, #]. They follow the same methodology as [6Y, b0], which is the goal-oriented
approach and the construction of the dual problems with respect to the quantity
of interests. In [B] and [2], they derive the error estimators for the correct choice
of atomistic region with the quantity of interest being the size of the dislocation
and with a Dirichlet boundary condition, and with the quantity of interest being
any linear functional of the deformation and with a periodic boundary condition
respectively. In [4], they derive the error estimator for the mesh refinement in the
continuum region. Since the models they analyze are linear, the error estimators
are rigorously derived.

In the present work, we use the residual-based approach [72, Chapter 2] to
derive a posteriori error estimates for the Consistent Energy Based Atomistic to
Continuum Coupling (ACC) method [p4] for the QC solution both in the H L_norm
and for the energy itself. A similar approach is employed by Ortner and Siili in [55]

and Ortner in [61], and the present work differs itself from the two by employing a
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different coupling mechanism and taking coarse graining in the continuum region

into account. The details can be found in Chapter B.

1.5 The Structure of the Thesis

The rest of the thesis is structured as follows:

In Chapter B, we give the a priori error estimates for three different QC meth-
ods (QCL, QCE and QNL) for a nearest and next nearest neighbour pair interac-
tion model in one dimension and a nonlinear setting. The major contribution of
the content of this chapter is to propose a unified framework, which is based on
a variation of the proof of the First Lemma of Strang in finite element analysis
(see, e.g., [[4, Chapter 3, §1]), to the a priori error analysis for the energy-based QC
methods, and refine and extend the previous analyses. While previous results on
estimating the modelling error exist, we give a new and simpler proof based on
negative-norm estimates. Our stability analysis extends the sharp estimates in [17]
to the nonlinear setting. Finally, we present numerical experiments to illustrate the
results of our analysis.

In Chapter B, we give the a posteriori error estimates for the Consistent Energy
Based Atomistic to Continuum Coupling (ACC) method developed in [64] in the
setting of one dimensional nearest and next nearest neighbour pair interaction.
We establish a posteriori error estimates for the energy norm and for the energy,
based on a posteriori residual and stability estimates. We formulate adaptive mesh
refinement algorithms based on these error estimators. Our numerical experiments

indicate optimal convergence rates of these algorithms.
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In Chapter B, we give the conclusion of the thesis and mention briefly the ap-
plication of the framework we have presented in more complicated situations. An

outlook of potential development of the QC methods is also given.
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Chapter 2

The A Priori Error Analysis For
Energy Based Quasicontinuum
Approximations

This chapter is devoted to the a priori error analysis of several energy based quasi-
continuum methods. The error analysis of energy based quasicontinuum methods
has received considerable attention in recent years [B2, 1, B3, &5, b5, 6, 15, b1].
The purpose of the present chapter is to refine and extend previous results [16, 45,
18, b1], in a unified framework in one dimension and a nonlinear setting.

The framework we employ here in the a priori error analysis is based on a
variation of the proof of the First Lemma of Strang (see, e.g., [, Chapter 3, §1]) in
non-conforming finite element analysis. By following the steps of the proof of a
variation of the lemma, we are able to clearly separate the generalized consistency
error into three parts, which are the error due to the coupling of different energy,
the error due to the coarse-graining of the solution space and the error due to the
external forces.

In particular, in the analysis of the modeling and coupling errors, we use the

negative-norm techniques developed in [61] for the quasinonlocal QC method and
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extend it to the local and original energy-based QC method, obtaining new and
sharper estimates. In Section 233 we will comment on the differences and sim-
ilarities of our analysis with previous efforts. In the analysis of the error due to
the coarse-graining of the solution space, we fully use the one-dimensional feature
of the problem and obtain the same superconvergence result as obtained for the
force-based QC method in [21]. The analysis of the external force essentially fol-
lows the one in [b5] with necessary modifications to accommodate this particular
problem. We remark here that coarse-graining is included for the first time in the
error analysis of these energy-based QC methods. (We note, however, that E and
Ming [?1] analyze a 1D local QC method within the framework of the heterogeneous
multiscale method and Lin [B3] analyzes a different 2D coarse-graining scheme in the
framework of non-conforming finite element methods.)

Our analysis is restricted to a second-neighbour pair interaction model in one
dimension, since this simple model problem contains much of the structure of
more complicated situations. Indeed, the analysis [54] of a recently proposed QC
method for 2D problems with finite range interaction [64] largely follows a similar
framework put forward in the next section. The similarity of the analysis will be
discussed in detail in Chapter 8.

In the following section, we will give the detail of the First Lemma of Strang
as well as the proof of its variation, and the outline of the analysis in the current

chapter.
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2.1 Framework and Outline of the Analysis

The First Lemma of Strang is a generalization of Céa’s Lemma in nonconforming
finite element analysis. It is useful when the bilinear forms and the linear func-
tionals of the variational formulations of the problem are different while the finite
element solution space is a subspace of the original one. For future reference, we

write out this lemma and give the proof of it which largely follows [, Chapter 3,
§1].
Lemma 2.1. First Lemma of Strang. Let the original variational problem be
a(u,v) =(l,v) YoveV,
and the finite element problem be
an(un, on) = (In, o)  Vou € Sp,

where a(-,-) and ay, (-, -) are two bilinear forms defined on V and Sy, respectively and S, C

V. If we have the continuity condition of a(-,-) on V
a(u,v) < Cllul|||v]| Vo € V,
and the stability condition of ay(-,-) on Sy,
ay(vy,v1) > al|log||? Vo, €V,

then there exists a constant c independent of h such that

|u — 1y < c( inf {Hu — vy + sup [a(on, @) = ah(vh’th}
UnESh wyESy, ||wh||

+ sup (L wn) = <l”’wh>> 2.1.1)

whESh HwhH
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Proof. Letv;, € Sy and vj, — uy, = ey, by the stability of a; (-, -) and the continuity of

a(-,-), we have

a||uy, — oy ||* <ap(op, v — up) — ay(up, op — up)
<[an(vp, en) —a(vp,en)] + [a(oy, en) —a(u, e;)]
+ [a(u,en) — ap(up,ep)]

<l|an(vn, en) — aon, en)| + Cllon — ullllenl| + |{Len) — (I en)|- (2.1.2)

Dividing both sides through by ||e;, || and making use of the arbitrariness of v, € S,

and the triangle inequality
[ = || < [ = op | + [l = on],
we obtain the estimate. [

Our problem differs from the above one mainly in two aspects:

The first one is the nonlinearity, which leads a(+;-) and a;,(-; -) to be semilinear
forms. As a result, the stability and the continuity may be defined differently.

The second difference is that the approximate semilinear form ay(-;-) is also
well defined on the original solution space V. This does not hold for finite element
approximations for PDEs as a; (-, -) often approximate a(-, -) using quadrature and
an element v in V, which is often a Sobolev space WP/, is not always pointwise de-
tined. This feature allows us to estimate the consistency error of the QC problems
in terms of the regularity of the original solution u rather than its interpolant.

For these two reasons, we switch the framework of our analysis to a variation

of the proof of this Lemma which we introduce immediately.
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Suppose we write the exact problem as
a(u;v) = ({,v) YveV, (2.1.3)
and the approximate problem as
ap(up; o) = (U, v,) Yo, €Sy, (2.1.4)

where a(-;-) and a;(+;-) are two semilinear forms and are defined on V x V and
V x §), respectively where S, C V.
If we have the stability condition of aj,(+; -) at Iu, u and Iu — u, where Iu € Sy

is an interpolant of u in Sy, such that
ap (Iye; Tyu — wy) — ap (up; e — uy) > alluy — ull?, (2.1.5)
for some a > 0, then by letting e, = I u — uj, we may obtain

allen||® <ap(Iyu;en) — ap(up;en)

=[(len) —a(uwep)] + [an(u;en) — ap(u;ey)] + [an(Iyu; en) — ay(up;ep)]

=ap(u;e) — a(u; ep) (2.1.6)
+ ap (Inw; e,) — an(u; ep) (2.1.7)
+ <£, €h> — <£h/eh>- (218)

(ZTH) (ZT7) and (ZTB) respectively corresponds to the consistency error for
the semilinear forms which is defined on the original solution u as we mentioned,
the error caused by coarse graining of the solution space and the consistency error

for linear functional on the right hand side. By further estimating the three parts
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|an(u;en) — a(u;en)| <éco(u)llenl], (2.1.9)
|an (s en) — ap(u; en)| <écg(u)llex||, and (2.1.10)
(4 en) — (Lnen)| <&vc(€)|lenl], (2.1.11)

where 8co(+) and &cg(+) are functionals on V and &yc(-) is a functional on V*
which is the dual space of V, we obtain an a priori error estimate for ¢,. Using the
triangle inequality

lu —uy|| < |lu— | + || Iyu — upl|,

and an estimate of ||u — I,u|| using 1, we may establish the a priori error estimate
of u — uy, in certain norms.

This chapter gives the a priori error estimates of the QC methods by making
the above steps concrete. We give the outline of the analysis as follows.

In Section 22 we formulate the atomistic model and the three different QC
methods. We will also introduce some notation that will be used throughout this
chapter.

In Section 3, we first formulate the atomistic and the QC problems in varia-
tional formulations, i.e., to construct a(-; -) and ay,(-; -) respectively and then derive
the consistency error estimates for the three different QC methods, which corre-
sponds to (ZTY). Since the most natural norms in which to measure the error are
discrete Sobolev norms, we use similar techniques as in [45, b1] to derive the esti-
mates in corresponding negative Sobolev norms. Our estimates will clearly show

the error sources for each method.
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In Section 4, we coarse grain the original solution space and define a new
linear functional to formulate the full QC problems.

In Section 5, we first estimate ||u — I,u|| in a suitable norm and then analyze
the error caused by the coarse-graining of the solution space which corresponds
to (ZZI1M), since the previous estimate ||u — [u|| is used in the later one. A su-
perconvergence estimate of coarse-graining error is derived as a result of the one
dimensional feature of our underlying problem.

In Section 26, the estimate of the error due to the external force is given. This
error essentially corresponds to the variational crimes (ZT8).

In Section 7, we give a stability analysis for the three QC methods, extending
the sharp results in [I7] to nonlinear deformations. This analysis provides suffi-
cient conditions under which (ZT5) may hold.

In Section I8, we combine all the estimates derived previously to give an a
priori error estimates for the QC methods following the steps of the proof of the
variation given earlier.

In Section 9, we present numerical experiments to complement our analysis.

2.2 The Atomistic Model and its QC Approximations
2.2.1 The atomistic model

To avoid technical difficulties with boundaries we formulate a model problem with
periodic boundary conditions. To this end, let N € IN and ¢ = 1/2N, and define

the space of 2N-periodic zero mean displacements as

U={ueR% upon=u, LN Nyt =0}. (2.2.1)

35



The set of admissible deformations is given by
Y={yeR%:y,=eFl+uy ucl}, (2.2.2)

where ¢ = 1/2N is chosen to rescale the computational domain to unit length, and

F > 0is a macroscopic deformation gradient.

Remark 2.1. Throughout the thesis, we identify a lattice function v € RZ with its
continuous and piecewise affine interpolant with nodal values v(ef) = v,. Vice-
versa, if ¢ € CY(R) then we always identify it with its vectors of nodal values
(&0)rez = (8(el))iez.

We observe that y € ) if and only if y = Fx + u for some u € U.

For simplicity of the presentation and analysis, we adopt a pair interaction
model and assume that only nearest neighbours and the next-nearest neighbours

interact. The stored atomistic energy (per period) of an admissible deformation is

then given by
% ( W 1) <ye Ye- 2>
Ea(y) = ¢ —|—€
{=—N+1 N+1 €
N N
—¢ Y ol +e Y. dyi+via) (2.23)
(=—N+1 (=—N+1

where i, = £/=1 and where ¢ € C3((0,+c0)) is a Lennard-Jones type interac-
tion potential: We assume that there exists r. > 0 such that ¢ is convex in (0, 7)
and concave in (7, +00).

For v, w € R4, we define



Given a dead load f € U , the external energy (per period) is defined by

—(f u)e:=—¢ % feu, (2.2.4)
(=—N+1
where u = y — Fx. Thus, the total energy (per period) of a deformation y € ) is
given by
Ea(y) := &a(y) = (f1y = Fx)e = &(y) — {f,u)e.

The problem we wish to solve is to find
Ya € argminE,(Y), (2.2.5)
where argmin denotes the set of local minimizers.

Remark 2.2. 1. The external energy (223) can be thought of as the linearisation of
a nonlinear external energy about the state Fx.

2. We have included the external forces primarily to render the problem non-
trivial. In realistic applications in 2D /3D, defects or forces applied on a boundary
are the cause of deformation of the crystal, however, in 1D such complex behaviour

cannot be described directly.

2.2.2 Thelocal QC method (QCL)

For 1-periodic functions u, f € C*(R) we define y©) € ) as yé = ¢eFl+u(el). It

is then easy to see (e.g., [B, bf]) that, as N — oo,

%/ ) +¢(2y'(x)) — f(x)y(x)) dx, (2.2.6)

the so-called Cauchy—Born approximation of E,. The stored energy density W(r) =
¢(r) + ¢(2r) is called the Cauchy—Born stored energy function.
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The local QC (QCL) energy functional on the atomistic grid is obtained by ap-
plying a P1 finite element discretization to (Z226) with € being the size of the finite
element mesh and the reference atom positions being the nodes. The total QCL

energy (per period) is given by

chl<y) = gqcl(y) —(f u)e, (22.7)
where
N N N
Eqy)=¢ ), Wy =e¢ ), oW)+e Y, o2y, (2.2.8)
(=—N+1 (=—N+1 (=—N+1
and u =y — Fx.

An alternative argument to derive (Z28) from (ZZ3) is to assume that y, ~
yy_ for all /, that is, the local deformation gradients vary slowly everywhere.

In the QCL model, we wish to compute
Yqa € argminEqq()). (2.2.9)

2.2.3 The original energy-based QC method (QCE)

When a material contains a defect, i.e., when the deformation y is not globally
smooth, then the Cauchy-Born / local QC approximation is inaccurate. The full
atomistic model should be used at the defect while the simpler local QC model
(which allows for coarse graining) may be used to describe the far field.

As we mentioned in Section [L3T7T, the original energy-based QC method (QCE),
introduced in [48], is a particularly simple example of a method coupling an atom-

istic model to its Cauchy-Born approximation. To motivate it in our setting, we
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note that the atomistic and the QCL stored energies may be written in terms of

contributions to each atom,

N N
Galy)=e ), &y), and Egq(u)=e ) Ei(y),
(=—N+1 (=—N+1

where

1 / / / / / /
E(y) = 5{oWe) + 9Wi1) + 91 +v0) +9Wi1 +¥ir2)}, and  (2210)

Eily) = %{cP(y’e) + ¢ (Wi1) T 9(2Y0) + ¢(2Yp1)} = 2H{ WD) + W(Yira) -
(22.11)

Next, we decompose the reference lattice into an atomistic region .4, which
should contain any “defects”, and a continuum region C where the solution is ex-
pected to be a “smooth” deformation from the reference lattice. For the sake of

simplicity, we assume that
A:={l,...,0}, and C:={1,..,N}\A, (2.2.12)

where —N +3 < {1 < {1 +2 < {5 < N — 2, which essentially locate the atomistic
region away from the boundary and make it large enough to to avoid unneces-
sary notational complication. The stored energy functional for the energy-based QC

(QCE) method [48] is then defined as

Eqe(y) =€) E}y) +e ) &), (2.2.13)
leA leC

and the corresponding total energy (per period) as

Eqee(y) = Eqee(y) = (f/1)e,

where u =y — Fux.

39



In the QCE method, we aim to compute

Yqce € argminche(y)- (2.2.14)

The original motivation behind the QCE method was that it exactly reproduces
the energy under uniform strain (Cauchy-Born rule), however, it was later discov-
ered [bf, 6] that certain inconsistency occurs for the QCE solution due to the ghost
force on the atomistic to continuum interface which we briefly described in Section

[3.T2 and whose effect will be analyzed in later sections.

2.24 The quasinonlocal QC method (QNL)

As we mentioned in Section L33, To avoid the ghost forces but preserve the en-
ergy conservation, the Energy Based Ghost Force Removal coupling methods were
sought. One of the alternative approaches to couple the atomistic and continuum
energy that was first proposed in [67], is to associate the energy with interaction
bonds. In our model, the interaction bonds are the nearest neighbour bonds and
the next-nearest neighbour bonds. The energy of the nearest neighbour bonds need
not be modified, as they are already sufficiently localized. The atomistic energy of

the next-nearest neighbour bonds built by atom ¢ — 1 and ¢ 4 1 is

¢(yy +3//£+1)-

In the region where the deformation gradients varies slowly, this energy can be

approximated by
1
S92y +02y00)).
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If we perform the same decomposition to the whole domain as before, this leads

to an approximation of (Z23) by

/ / / 1 / /
Ei(y) =€ Y. o) +e) oyi+yi) +e) 5{4’(2%) +o(2yp41)}-
le AUC le A leC (2 215)

It is fairly easy to see that in the ‘interior” of the continuum region, 5qn1 reduces to
the local QC method while in the ‘interior” of the atomistic region, it reduces to the

atomistic model. To be more precise, if we define an interface region 7 as
1= {61 —1,01,05, 0> + 1},
then this stored energy can be written as

Em(y)=¢ ) Ey)+e ) &) +e) &),

e A\T leC\Z el
where £2(y) and &5 (y) are defined in (ZZ210) and (Z2-11) and £} (y) is appropri-
ately defined as [16]

1 / / !

g — Loty / 2 9Q2yy) + oYy +YiL)], Lell—10},

¢ 2[4’(W)+<P(W+1] +{ Lo, +1)) 1oy ], ¢ {Ez,€2+(1}. |
2.2.16

This is the special treatment of the interface in the one dimensional case [67,
20, b8]. The above coupling method is conventionally named the quasinonlocal QC
(QNL) method.

The total QNL energy functional is then given by

Eqnl(y) = gqnl(y) - <f/ U)e, (2.2.17)

where u = y — Fux.

In the QNL method, we aim to find
Yqn € argminEqn (V). (2.2.18)
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2.2.5 Notation

Before we begin the detailed analysis in the next section, we define some notation
that will be used throughout.
For v € RZ, besides the first order finite difference v’ := ¢ (v, — v,_1), we

define the second and third order finite differences by

/ /
o = el TV U1 = 200+ 00

= and
¢ € €2 ’

! /!
m Y~ U1 Upp — 30+ 3051 — 0
'U( = c = 83 .

In general, the odd differences are associated with bonds, while even differences
are associated with nodes. It should be noted that, for v € U/, higher order differ-
ences, for example v’ , v” and v", are all N-periodic and with mean zero in each
period. Thus, all these higher order differences belong to I/. It can be checked that,
for y € Y, finite differences of order higher than one, for example y” and y"”, also
belong to U.

For v € U, we define the weighted ¢f-norms by

N L/p
olly = 1 (D waled?) ' 1< p <o,
S max¢—_n+1,.N [v¢],  p=co.

The space U is usually equipped with the discrete Sobolev norms
[ullyp := ||“l||g§ = Hu/HLF’(—l/Z,l/Z)/ foru € Uand p € [1, 0],

as we identify a lattice function v € RZ with its continuous and piecewise affine
interpolant with respect to the lattice nodes. When U is equipped with the /-

norm, it is denoted by U Lp. If D is a subset of Z, for v € R%, we also define the
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(semi-)norms

1/p
loll ey = (e 1 foel?) ™

teD
For p’ = p/(p — 1), the norm on the dual &~ := (U'?)* is defined by

\Flly-1p := sup F[ov], for Fe U7,
0
o1, =1

In particular, let £ be a functional on Y, for y € YV and v € U, we define

£'(y)[o] := lim Ely+ tvt) —¢W) (2.2.19)

We can then consider £'(y) as an element in (UF)*.
Finally, we introduce a function we will use in our analysis to bound deriva-
tives of ¢. For any S C R, we define
M;(8) := sup [$\)(s)], (2.2.20)
s€S

where ¢/) denotes the ith derivative of ¢.

2.3 Consistency Error Analysis

In this section, we present the consistency error analysis of the three QC methods
introduced in Section 2, which corresponds to (ZT9) in Section 711

In general, a numerical method is called consistent if the truncation error tends
to zero as some discretization parameters tend to zero. However, this definition
is not suitable for the QC methods as the atomistic model which we are approxi-
mating is a discrete model itself where the “grid size” ¢ is fixed. As we mentioned

in Section [CZT], the order of consistency and the smoothness of the solution to the
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atomistic model in certain regions are of great importance for the consistency of a
QC method. Another key ingredient in the consistency error analysis is the norm
in which the consistency error is estimated. We will make a further discussion on
it after presenting our analysis where we estimate the consistency error in some

special chosen norms, namely the ¢/~ "-norm.

2.3.1 The variational formulation and the consistency error

Let y, be a solution of the atomistic model problem (Z2235). If min,(ya); > 0, then E
is differentiable at y,, and the first-order necessary optimality condition for (Z25),

in variational form, is
Eya)lo] = (f,0)e Yoel, (2.3.1)
where

£ (y)[o] = lim £V £ 10) = &aly)

t—0 t
N / / / N / / / / / / /
= Y P)vi+e Y, {¢Wi+v)+¢ i+ yia) o
(=—N+1 (="N+1

(2.3.2)

It is easily observed that (Z3) corresponds to the original variational problem
a(-;-) = (¢,v) in Section 1.

When using a QC method we are looking for
Yqe € argminEqc()), (2.3.3)

where qc € {qcl, qce,qnl}. As above, if min,(yqc); > 0, then Eg is differentiable
at yqc, and the first order necessary optimality condition for (Z33) in variational

form is

E o] = (f0)e  Yoel, (23.4)
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where

£y o] = tim S0 1) = Eacly)

, 235
t—0 t ( )

whose formulation depends on the particular QC method we choose and will be
given in detail in later sections. It is also easy to observe that (Z3:4) corresponds
to the abstract approximation a;(+;-) = (¢, v) in Section Z71. We do not modify the
linear form (¢, v) on the right hand side at this moment as the consistency analysis
is independent of the choice of the linear form.

The consistency error (for the solution y,) of a QC method is

ch(ya) = E:]C(ya)
= Eéc(]/a) — E,(va)
= géc(ya) — & (Ya),

which is understood as a functional Tgc(ya) € U™ and corresponds to aj,(u;-) —
a(u; -) in the abstract formulation.

In our error analysis in Section '8, we will only need the estimates on the con-
sistency error Ty in the negative Sobolev norm || - ||;,-12. However, since it re-
quires no modifications of our analysis we will in fact produce estimates in all

U LP-norms, where 1 < p < .

2.3.2 The consistency error of the QCL method

For y € Y with min, y;, > 0, the first variation of £ at y reads

N N
Ml =¢ Y o u e Y, ¢'(2y)) (20)). (2.3.6)
{=—N+1 (=—N+1
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Theorem 2.2. Fory € Y with miny y, > 0, and for 1 < p < oo, we have

HTCICI(y) HZ/[*LP :Hg(;cl(y) - &) Hufl,p (2.3.7)
<My + Ma(S Iy 1) = 6, 238)

model

where 81 := {2y},...,2yN}, S2 = [miny 2y}, max, 2y;], and where M;(S) is defined
in (CZ2).

Proof. Since minyy; > 0, & and £y are differentiable at y. The difference between

Ea(y)loland £

be written in the form

(y)[v], which are written out in (Z322) and (Z3:6), respectively, can

N

a0 = Ey)lo] = ¢ ZN 1 {2¢'2yp) — ¢'(voy +y0) — ¢'(vo + i) }or
=—N+

From this second difference structure, we can already expect a second-order con-
sistency error. To make this precise, we first note that the second neighbour in-
teractions can be rewritten in terms of nearest neighbour interactions and a strain

gradient correction,

v — Y,
Vi1t = 2y — e =2y, —ey) |, and

Yo — Yy
Vo + 1) = 2+ e =2y 1 ey

Hence, expanding ¢'(v;_; +y,) and ¢'(y; + v, ) at 2y, we obtain
O (Vi ty) = ¢'(2y)) — ey 19" (2y) + 3(ey/ 4)?¢" (n1), and  (23.9)
(Yo +Yi) = ¢'(2y0) +evi9" (2y)) + 3 (v 9" (12), (23.10)

where 77{ € conv{2y), v, + v,_,} and 175 € conv{2y), v}, + y}.,}. We note that
17,{ €S fork=1,2and?=1,...,N.
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Adding these expansions together gives
20'(2y7) = ¢ (e +ye) = 'Y + vern)
= —{— eyl 19" (@) + (e )" (1)} — {evi9" (2yp) + 3 (ev)) " (n2) }
= —&y'9" (2y)) — 32 {29 (m) + 129" (n2) }- (23.11)

Thus, we can bound S(’ld(y) [v] — EL(y)[v] by

|EqaW)[0] = E4(v)[0]]
3 al // " 1 "y, t " 2 ///
<e ), A"yl |+§|(P () lyr—1| —|<P (7)) ly7/1? Hogl.
{=—N+1

Using the fact that y”, v’ € U, and the bounds
[¢"(2y))] < M2(S1), and 9" ()] < M3(S2),

we further estimate

|€qa(W)[0] = Ex(y)[0]|

N
e L (- RH QY + Rl G + o ]l
(=—N+1
N N
< {Ma(S)e L Iy/Ilohl+Ma(S)de Y P (ol + opal) |
{=—N+1 {=—N+1

By Holder’s inequality and periodicity of y,

N

e Y yallol < ey ol
{=—N+1
and
N N 1 N 1
e ), /PRl <eC ) elyiP)r( ) el
{=—N+1 {=—N+1 {=—N+1
2 2
=y I 19l (23.12)
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N N N

1 1
e ) WPl <eC Y elyialP)r () eyl
(=—N+1 (=—N+1 (=—N+1

=[ly" 1% 19l (2.3.13)
where 1/p +1/g = 1. We then have

€] = E W] < E{MaASH I | 191 + M(SNY o 121y }-

In view of the definition of the negative norm || - ||;,-1,, this last estimate establishes
the stated result.
We note that, to obtain this last estimate, upon setting wy = (y}/)? and @, =

(y’g’_l)z, we used that,

N
1 1 . 1 .

e Y PR < 2@+ @) gl < (ol + 0l )l
(=—N+1 ¢ ¢
Finally, since wy = @41 we have ||w||,» = [|@]|,» = H]/””Zzp- O

€

Remark 2.3. As we mentioned in Section L2272, it is well-known (see [23, bA] for
instance) that the Cauchy-Born approximation is second-order accurate for simple
lattices. This can also be seen in the above result. We note that our estimate is
slightly sharper in that we require lower differentiability than the pointwise esti-

mates in [23] (see also [, Lemma 6.1] for a similar result in a linear setting).

2.3.3 The consistency error of the QCE method

The algebraic expressions for the QCE method can become relatively complex, and
hence, in some parts of our following analysis, we will only write out the right half
of the atomistic chain in detail, namely, from ¢ = ¢y to { = N where /1 +1 < {y <

¢, — 1, and indicate the remaining terms by dots.
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To highlight the source of inconsistency of the QCE method on the interface,
we first explicitly give the QCE stored energy from (Z213):

N -1

1
Eel) =] L o)+ L S0y + ¢(2y0)]
{=—N+1 {=—N+1
1 1
+5¢W, -1+ i) + 50, + V1)
6H—1
+ 2 Wity
I=t1+1
1 / / 1 / / N 1 2 / 2 /
+§4’(}/£2 + Y1) §¢(yez+1 +up o) + . ;H §[¢( i) + ¢( ye+1)]}
=t2

for y € Y with min, y'e > 0, we can compute the first variation of £qce at y as

follows:
N lh—1
EnceW) [0 = +el ¥ @' Wpop+ X [0 i1 + Y1) +9' i+ vii0)]
(=, =,

+ [30/ (0l + Vi i1) + 9 Whyr +¥0) |2,
+ [4)/(2]/224-1) + %¢/(y22 + y22+1) + %(Pl(y/fz—i-l + y/€2+2)_ ’0224'1
+ |20 (2Wpy2) + 39/ W1 + Vi)

N

+ Y 24y}

{=0+3

/
,Ufz-l—z

(2.3.14)

In the following theorem we estimate the consistency error for the QCE method in

the U~ 1P-norm. In its formulation we use the following notation:

CKl,Kz = {1/---/K11K2/"'1N}/ (2315)
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forany 1 < K; < Ky < N.

Theorem 2.3. For y € )Y with miny y’e > 0, and for 1 < p < oo, we have

1 Tqce (W) llzr—1r =l1Eqee(¥) = Ea(W)llyr-1r

<2eVP My (1) + 3eMa(SOIY |7z,

+ e M3(S3) |y |12 =t Eodel(V)s

2
+¢€ M2(82)||]//N||£f( 2 (Cfl'fz) model

Coy tp+1)

where

Sl = {2]/21—1' zylfl—i-l’ 2:‘/22’ 2y,£2+2}
So= {201 20, 20,10+ 2YN T

S3= [ min 2y, max 2y;|, and
EGC[1+1,[2 EGC[lJrng

che = {gl -1, gll 62/ 62 + 1}

Proof. Using (Z314) and (Z32) we write the consistency error . (y) [0] — & (v) [0]

as
N
EqeeW)[V] = EaW)[0] =26 ) Qo)
(=—N+1
where

Qr=0, forle A\Z,

Qr=2¢"(2yy) — ¢'(Wp—1 + 1) — 9" (e +Yiiq) for £ € C\(ZU{l1+1,6,+2}).
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On the interface, we have

1
Qu-1=2¢'(2y), ) — 547/(%1—1 +yo,) — ¢ W, 2+ Vi)
1 1
Qe = ¢'(2yp,) — ECP/(J/Zlfl +Y,) — E(Pl(y%l + 0, 41)

1
Qi1 = —5¢' (Vo1 +¥1,) (2.3.16)

1
Qu, = =5¢' Ve, + Vi 1),
1 1
sz-‘rl = 4)/(2]/224—1) - Ecpl(y/fz + y/£2+1) o §¢/(y/€2+1 +y22+2)’

1
Qo2 = 20"(21,12) = 59 (Vi1 +Viyi2) =9 Wipi2 +Vpia),  (23.17)

The estimate of Qy for £ € C\(Z U {¢1 + 1, ¢, + 2}) is already contained in the
proof of Theorem 2.

Using the expansions (Z39) and (ZZ3710), we can rewrite Qp, ¢ € {{1 — 1,01, (1 +
1,05,0>+ 1,0, + 2}, in the form

1 1
Q1= E(p’(Zygl,l) - 52%1/71‘]5”(2%171) + Eey2'1,1¢”(2y21,1)

-1y 1 2 01
i 49" (') — 5€Yh 2 ¢ (')

_L
4
1 1 ¢ /
Qu = — ey (20) — 16 [V 19" ) + 2" ()

1 1 1 /
Qry1 = =59 (Wi 41) = 589" (Yo, 00) — 785 9" (171,

1
Qe = —39'@y1,) = 3ed" (2y1,) — 35" (1),
Q1= =3V 10" (i 0) = 38 [V20" (™) +y20" ()

2.1

Quyr2 = 39" (Y0, 42) = 36Y, 19" (Y0 12) — €Y 207 (Y3, 10)

1,202 o1t 42 12,012 1y fr+2
— €Y ¢ (1°77) — 3809 (1777),
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where

l1+1

n e conv{2yy vy, + Y} 7' € conv{2yy,, yi, + i1}

. ¢
m' € conv{2y,,yy 1 +yp}, 1y' € convi{2yy , vy, + Vi 11}

lh+1 / / ! lr+1 / / !
€ conv{ZyEzH,ygz + yg2+1}/ € COHV{2y52+1,]/52+1 + yngrz}/

(11 -1
m' € conv{2yy 1Yy 4+ Y0t n' € convi{2y) Yy oY 1)

lr+2 / / / lr+2 / / /
2" € conv{2yy, 0, Yo, 11 T Yipats My € convi{2yy o, Y0+ Ve, 5}

After regrouping the terms, using corresponding estimates on the left half of
the domain, and using the constants we defined in the statement of the theorem,

we get the following estimate:

Eqee@)lo] = ExW)0]l < Ma(S0){ elvl, | + Zelof, 1| + Jelol, | + delor, ol |
+ Ma(S0){ 321y, il10, | + 22 ly 0], )

+ 3y 1ol | + 32 1040 }
1 N

R ICAL O D A AR W VA Y
(=—N+1 =0+1

4

GO E DA (AR C/AN)
(=—N+1

N
MR CARS )]
{={,

It then holds by a weighted Holder inequality that

fl N
3 Z | "yt 3 M| < 210111 !
€ yi'llel +€ 3 v llopl < €y Nl e 1| .
P P e (Cop—1,05+1) s
14
3 ! 121,/ 3 al m2,,/ < 21,7112 /
e ). lyiFloil+e Y Iy Pleil < €l Hfzp(ce , )||U I
{=—N+1 = € 142 €

52



where 1/p+1/p' = 1.

For the interface terms, we have

1y 1104] < elly'll gz, 191,

€

and

1
efof] < /70| .
3
Thus we can estimate the consistency error by

Ebeelw)lo] — EL[e]| < {27 My (1) + Jell iz, + V(S Iy e

+22Ma(S) Iy %,

Cry+1,60+2)
/
0 .
C[1+1,[2+1) } H Héfl

In view of the definition of the negative norm || - ||;,-1,, this estimate establishes

the stated result. O

2.3.4 The consistency error of the QNL method

We again explicitly give the formulation of the QNL stored energy

N

Sqnl(y) = 8{ Z (Pl(y})

(=—N+1
-1

1 / /
+ ) §[¢2(2y£)+4’2(23/£+1)]
="N+1

%)
+ ) ¢y +yi)
=t

N

Y S + 0220

€:€2+1
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From the above expression, we obtain, for y € ) with min,;y;, > 0, and for

veEU,
N A
() [0] = ...+ 8{ ézg ¢' (1)) +£Zl; 19" (Vi1 + o) + ¢ (v) +yisa)] o0

+ [47,(2]/22-1-1) +¢'(yy, + y’£2+1)] Uyt
N

+ Y 20/}
{=0y+2
(2.3.18)

Using this representation, it is easy to establish a consistency error estimate for the
QNL method in the 4/~ P-norm. A similar estimate was given in [61, Theorem

3.1]; for the sake of completeness we nevertheless include a proof here as well.

Theorem 2.4. Foranyy € Y with min, y, > 0, and for 1 < p < oo, we have

I Tqni (W) ly-10 =N Equ (W) = EaW g1 (2.3.19)
< eMa (S llrz,,y) +EMASDNY irie,
1
FEMSY e, ) = Emoaal¥), (2:3.20)

where

S1 = conv{2yy., ¥y, 1 + Yo, } Uconv{2yy 1, Yp o1+ Yoot
So = {201+, 20,1, 2Y0, 42, - 2YN T
S; =] min 2y, max 2y,

LeCyy pn1 CeCpy tp1

anl - {gl -1, EZ + 1}/

and where the sets Ck, , are defined in (Z315).
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Proof. As in the proof of Theorem "3 we write the consistency error as

N

W] =&l =2 ), Q)

(=—N+1

where

QZZO, fOI'foO,...,fz,
Qr=2¢"(2yy) — ¢'(vo_y +vi) —¢'(vy + Yijq), forl € C\T.
On the interface, we have
Qe = ¢'(2ye,) = ¢' W1 + i), (23.21)
Qi1 = 0" (20, 11) = ¢' (Vo1 + Vipsa), (2.3.22)
Using the expansions (239) and (Z310), we can write Qy, and Qy, ;1 as
Qu, = ¢'(2yp,) — ¢' (293, —eyi, 1)
= ey, 19" (")

Qur1 = ¢ (2Yp, 1) — ' (2011 + €Y7, 1)

= —ey) 19" (1),

where 1711 € conv{2yy 1, ¥y, 11 T Yy, 40} and n' ¢ conv{2yy 1, ¥y, 11 T Yp,40}- To

estimate Q for ¢ € C\Z we use the estimates in the proof of Theorem 2.
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After some algebraic computations, we get the bound

€[] — EL) 0] < Ma(S0) {1t 4 110hy | + 1yl [0, 1]}
-1

N
I D VA AR S W VA CAY
{=—N+1 {=ly+2

4

-1
+ My(S3){3e> 1 17 P (o7l + ofa])
(=1

N
D M AR AR AR
l=lr+1

The estimate of the above bound is similar as that in the proof of Theorem 2 and

finally we obtain

Eam®)le) = EXW)I0| < {eMa(S5) 1 Nl zy) + MO e,y

2 112 /
+22M(S) I I, I

In view of the definition of the negative norm || - ||;;-1,, this estimate establishes

71,@2

the stated result. O]

2.3.5 Discussion and comparison

In the analysis of this section we have estimated the consistency errors of three
different QC methods in negative Sobolev norms. We see that the leading order
terms in the upper bounds are O(e?), O(e!/?) and O(e) for the QCL, QCE, and
QNL methods, respectively. However, a much finer distinction can and should be
made.

First of all, we note that since all three methods reduce to the Cauchy-Born

approximation in the continuum region (in the case of the QCL method the entire
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domain is understood as the continuum region), the corresponding contributions
are all of second order.

Second, we see that the QCE method (and only the QCE method) has a zeroth-
order term 2M;e!/? in the interface region. The origin of this term is the occurrence
of ‘ghost forces’, that is, the fact that homogeneous deformations are not equilibria

of the QCE model:

Eé{ce(Fx) 7é 0,

which we have previously mentioned in Section L3.T2. The origin and effect of
the ghost forces are discussed in more detail in [b6, 43, 15, 6, 45].

We call this term zeroth order for several reasons: (i) From any possible per-
spective, this term is of zeroth order if p = oo, in which case the consistency error
is related to the error in the Z/®-norm. (ii) The parameter ¢ is a constant of the
problem and does not tend to zero. (iii) Indeed, our understanding of the order of
consistency is related more closely to the dependence of the error on the smooth-
ness of the solution, and the term 2M;e!/? is independent of the magnitude of " in
the interface region. The scaling !/ in the QCE consistency error bound is related
only to the width of the interface region.

Finally, we point out the first-order consistency term in the interface region for
the QNL method. The origin of this term is, in essence, the loss of symmetry that is
introduced by changing the interaction law at the interface between the atomistic
and continuum regions. The analysis in [[[6], and our numerical experiments in
the present paper, also show that this asymmetry creates effectively a higher order

ghost force.
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We also briefly compare our results to similar results in the literature. A de-
tailed discussion of the consistency error estimate for the QNL method can be
found in [61], hence we focus on our analysis of the QCE method. The first de-
tailed analysis of the effect of the ghost force on the quasicontinuum error was
given in [I5]. In this paper, the authors formulated a linearized model problem,
which allowed an explicit calculation of the effect of the ghost force on the quasi-
continuum solution. While our analysis is more straightforward, is easily applied
in the nonlinear setting, and possibly gives even sharper consistency error esti-
mates, the analysis in [I5] reveals much finer qualitative details such as the decay

of the effect of the ghost force in the QCE solution.

2.4 Coarse-Graining

The transition from an atomistic to a continuum model is only the first step in the
construction of a practical QC method. In the second step, one coarse-grains the
continuum region using finite element methods in order to reduce the number of
degrees of freedom. However, the effect of the coarse-graining has been neglected
by previous analyzes of the QC methods. In this section, we construct the coarse-
grained solution space of the QC models and introduce the mesh-dependent inner
product as the approximation of the external energy, which corresponds to the
finite element solution space Sj, and the linear form (¢;,, v;) on the right hand side
of (ZT3) respectively. The full QC model with coarse-graining is then established.

The following construction of the coarse-grained spaces of displacements and

deformations follows largely the convention in [&0, &T].
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We partition the domain by choosing a set of representative atoms (or, repatoms)

Lrep = {t1, 2, tNg} S {1,2,..., N},

such that Nrep < Nand 1 <, <... <y, For simplicity of the implementation
and analysis of the QCE and QNL methods we assume that

{61 —=2,...,0, +2} C Lyep for the QCE method, and
2.4.1)
{61 =1,..., 6, +1} C Lyep for the QNL method.

For the analysis of the QCL method, no restriction of this kind is required as all the
atoms are considered to be in the continuum region.

Since the domain is periodic, the grid is also extended periodically, that is, we
define t; Neep = bi T N. For simplicity, we also assume that fp = —N and ¢ Nrp = N.
The positions of the repatoms in the reference lattice are x;, = ¢t;. The mesh size

functions for the elements and for the nodes are
h; = E(ti — tifl) and H; = %S(ti+1 - tifl)/ fori € Z.

We then define the mesh-dependent inner product

Nrep
(v,w), = Z Hjvywy, Vo, w € R%,
i=1

which is a trapezoidal rule approximation of (-, - )..

Finally, we define the coarse-grained displacement space as

Uge = {u eER%:uis N-periodic, p.w. affine w.r.t. Lrep, and (u,1);, = O},
ting — 4 {—t;
=quc ]RZ DU = U4 Nypr W = H——l/lti + —u
{ i ep tipr —ti tip1 =t
Nrep
fort; < ¢ < tj;q wheret; € Liep,and Z %e(ti+1 —ti_1)u,, =0}, (24.2)
i=1

i+1/
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and the corresponding space of admissible deformations as
Voo = {y € R” 1 yy = eFl +uy, u € Ugc} (2.4.3)

We remark that, if u is a piecewise affine grid function then (u,1), = (u,1),, and
hence Uge CU and Vg C V.
Next, we redefine the total QC energy, by approximating the external forces via

the mesh-dependent inner product, as

Eqc(y) = Eqc(y) — (f, w)n,s (2.4.4)
where qc € {qcl, qce, qnl} and u = y — Fx. We are now seeking a solution to
Yqc € argminch(ch)- (2.4.5)

If ming(ch)2 > 0, then E is differentiable at yqc and the first-order necessary

optimality condition for (Z435), in variational form, reads
Eqeyn)on] = (fromn Vo € Uge. (2.4.6)
2.5 A Superconvergence Estimate

Having established the full QC model, as in a typical finite element error analy-

sis,we may split the error e = y, — yqc by the triangle inequality into

lellzr <[[nellynr + lle = Tnellgr

=|Inya — ]/qcuulm + lya — Ih]/aHul,p/

where the interpolation operator I, will be properly defined later so that I,u € Ugc

and Iy € Vg
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As we pointed out in Section T, we need to estimate two error terms caused
by the coarse-graining of the solution space. The first one s ||ya — Ijyall;1, and the
second one is [[{Egc(Va) — Egc(Inya) }[l-12 which corresponds to the error defined
in (ZT10) and will appear in the estimate of || I e||;/12 := [|I¥a — Yqcl412 in Section
D8. The reason for restricting the estimate of ;e in the U!">-norm rather than in
general U1P-norm is because we will only establish the U/}?-stability of the QC
methods in Section P7.

We first define a modified nodal interpolation operator I, : U — Uqc by (Iyu)s, =
uy; + C where the constant C = —(u, 1), is chosen so that (I,u, 1), = 0. With slight

abuse of notation, we also define the interpolation operator I, : J — Vg by
(Ihy)ti = eFt; + (Ihu)tl,. (2.5.1)

We note that, for y1,y2 € V, y1 —y2 € U,and as aresulte, Iye, ya — Iyya € U.

To estimate the interpolation error ||y* — I;,y?||;,.. we can use the following re-

sult.

Lemma 2.5. Lety € YV, and p € [1,00), then

1
1 P
o / - pPu. iy
where
Co={icZ:ti—t;_1>2}, and K*={ti_1+1,...,t—1}.
Moreover, for p = oo, we have

1
Iy = Byl < 5 max (Billy" Nl o ic2y ) -
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Proof. If the £ -norm is replaced by the £Z-norm, g € {1, 00}, then the result follows

immediately from Theorem A.4 of [b5]. For p € (1,00) it is obtained using the

Riesz-Thorin interpolation theorem.

O

Having the interpolation error estimate in hand, we derive an estimate of the

coarse graining error ||E(Va) — Ege(InYa)|ly-12 in the remainder of the present

section. The estimate turns out to be a superconvergence result because of the one

dimensional feature of the problem.As we will see in Section '8, where a complete

estimate for || [ye||;;12 is given, this superconvergence result is a crucial ingredient

for the error analysis.

Lemma 2.6. Lety € Y such that min,y) > 0, then

N—

sup | {€5c(y) — Exc(li)}ewl| < G L By I )
wEZ/{qC IECC
/Il g=1

for some constant

C1 = tM5(S1) + M3(2S1),
where

S1=| min y, max y
teCp 10512 L€Cr10p+2

= tem(y) (2.5.2)

and where M;(S1) is defined in (Z2220). (For qc = qcl we set {1 = €y + 2 in the definition

ofSl.)

Proof. We begin by noting that the values of Iy} in the continuum region are con-

vex combinations of the values of i/} in the continuum region, and hence Iy, € S

for all occurrences below.
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Whenever t; — t;_1 = 1 (i.e., h; = ¢), we have ygi = Ihyii, and hence it is easy to

see, using assumption (Z41), that
N

(Eaelw) — et Yl = 35 {16/ ) = o/ ()] + 20’ (20)) — ¢/ (2hi)] Y
=—N+
—e Y Y (W) - W () w),
ieCe éItl’_l-i-l

where we recall that W/ (r) = ¢'(r) 4+ 2¢’(2r). Note also that this formula is inde-
pendent of the choice of QC method.
A Taylor expansion yields

W' (yp) = W' (Inyp) = W (lyp) (v = Tnye) + 3 W™ (00) (v — Tyt),
for some 0, € S;. Using the property that 22‘: ¢, ,+1We — Inyy) = 0 and the values
of wy, ¢"(Iy}) and ¢” (2I,y}) do not change inside an element (i.e., they take the

same value for ¢/ =t;_1+1,...,t;), we arrive at

¢
! 1

{Eqe(y) — Eqe(Ii)}w]| <e ) Y. SIW"(00)ly; — byl |w)l-
iGCC éIti_l—l—l 2

Since W' (r) = ¢""(r) + 8¢"'(2r) and 6, € S;, we have
mgax |W///(9g)| < Mg(Sl) + 8M3(281) =: 8C;.

Therefore, we get the following estimate
ti

{Eqe(y) — Eqe(lny)}w]| <4Cie ), Y |y;— hyil?lwy]

ieCcl=t;_1+1
1.5 ‘= 2

/! /

<4Cp ) Zhi e Y. |yil*lwyl
ieCe l=t; 1+1
1

< (Y RNy s ez 2wz

ieC,

The last two steps follow from Lemma 5 as |w)| is constant in each element and

a weighted Holder’s inequality. O
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2.6 Analysis of the External Force

In this section, we give the consistency error estimate of the linear functional cor-
responding to (ZZ_TT). In our problem, this is due to the approximation of external

energy. The following estimate is a generalization of a similar result in [b5].

Lemma 2.7. For f € U, we have

1/2
¥ g5 Bages) + 517 By ) = (1),

ieC,

sup |<f, —(f,0) ‘<<

V€U
V'] 2=1
€

2.6.1)
where K} = {t;_1+1,...,t;}, and where K? and C. are defined in Lemma U3,

Proof. The proof of this lemma is a modification of the last part of the proof of [65,
Thm 3.2]. For v € Ugc, we apply [b5, Thm A.4] with p = 1 to estimate
1
[(fro0n = (f0)e] < Zc 2 1F0) [ 2y
1eCe

Using the fact that v/ = 0 for ¢ € K?, we have

fos10041 — 2f000 + fo—100—1
(f?J)” = 2
_ Jer1 = 2fe+ fea fz+1 — fevep1—ve | fo—fro190— v
€2 et € € + € € )

We then obtain the following estimate:

[(f, 00 — (fro)el < - Z hz[”f”HeZ K2) ||Z’||e2 K2) + 2| f' ||52 K ke ||52 K ]

IGCC
< 4 (Y h4||f”||gz K2) 2||7J||z2 + Y Kl ||gz IC1 ||U/||£2-
ieC. ieC,
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Application of a discrete Poincaré inequality (see [16, Remark 1]), [|o[|,2 < Eal 2
and of the inequality a'/? + b'/2 < (2a +2b)!/2, yield the bound

1

1 oh = (F0)el < ([gg T P W) 2 + [ 2 B Mg 1) 19/l

ieC. zeCC

1
2
< (X B g, + 20 Pagen)) 19/l

ieC.

This estimate establishes the stated result. ]

2.7 Stability of QC methods

Aside from consistency error estimates for the QC approximations, which was an-
alyzed in the previous section, their stability is the second key ingredient for deriv-
ing error bounds as we mentioned in Section 271l. Since we are in a one-dimensional
situation it would not be too difficult to derive stability results in the spaces U7,
p € [1,00] (see, e.g., [B5, 1, &5, 40]). However, such stability results would be diffi-
cult to obtain in more than one dimension, and therefore, we will only use stability
in the space /2 in our subsequent error analysis.

According to (ZI5), we need an estimate of the form

|Eqe(Inya) [Tne] — Eqe(yqe) [Tnel| = al|Tnell7,,

where [j,e := [jya — yqc Or even more general that

|Ede (i) len] — Eqe(vi)lenll = allenllZn, Yo i € Voo

where ¢, := y! — y2. However, such estimate is hard to establish directly because
of the formulation of E¢.(+)[]. As a result, we give the stability analysis through

another approach.
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For an a priori error analysis, the natural notion of stability for energy mini-
mization problems is coercivity (or, positivity) of the approximate Hessian at the

atomistic solution y,:
Eé{c(ya)[vr ] = CqC(ya)”U/H%g Voel, (2.7.1)

for some constant cqc(ya) > 0. This notion of stability corresponds to an assump-
tion on the atomistic solution that y, is a ‘"deep minimum’ of the atomistic problem

/

such that a perturbation of the hessian from E;(ya) to Eg.(ya) does not change

the positive definiteness. However, in this section we will not derive the positive
definiteness of £ (ya) from Ef(ya) but only give explicit conditions on the defor-
mations y, such that (ZZZ1) holds. We refer to [B1] for a further discussion on the

‘deep minima” assumption.

The simplest of the three Hessian operators is the QCL Hessian, which is given

by
" N qcly_r 2
chl(y)[vlv] =€ Z Ag |UZ| ’
{=—N+1
where
AT = ¢"(y)) + 49" (2y)),  forf={-N+1,.. N} (2.7.2)

Hence we immediately see that we can choose ¢y (y) = miny A?Cl.
To obtain similar results for the QCE and QNL energies we need to overcome

some difficulties due to the nonlocal interactions, following the ideas developed in
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The Hessian of the QNL energy functional at y is given by,

N

Equ@[ool=e Y ¢"(y)) o))
(=—N+1
gl 1 /! / /12 1 /! / / 2
+e Y. 59"y 20p" + 59" (2yh 1) [20p 4]
=N L2 2

%)
+e Y ¢ (o + v v+ vl
(=0,

N

1 1

+e ). [—¢”(2y2)|202|2+—¢”(2y2+1)|202+1|2].
{=lr+1 2 2

We now note that the ‘non-local’ Hessian terms |v}, + v}, 2 can be rewritten in

terms of the "local’ terms |v}|* and |7 1 |? and a strain-gradient correction,
2 2 2 2112
|00 + 04 [* = 2[0" + 2[v) | — €707 |~

Using this formula, we can rewrite the Hessian in the form

N A
nl nl
EaW)v,o] =€ Y AP [P +e ) B o]
(=—N+1 (=0
where
24{:%1 tyzg +2¢;:gy2 +)y’g+1), te{lti+1,..., 6},
qnl _ 11 20" (v, + vy, 1) +2¢7(2y,), t=1,
ATZOWIEN oy ) 2402, =6+,
4¢//(2y2)/ ¢ € C€1—1,£2—|—2/

(2.7.3)
nl
BI™ = —¢" () + ¥ii1)-

Using similar algebraic manipulations, we can write the QCE Hessian as (see

also [17, Eq. (15)] for the case y = Fx)

N 0H+1
EqeWvo) =€ ) AF[0P+e Y @B 1%
(=—N+1 (=011
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20" (yy_q +yy) +2¢" (yy + Y1), Ce{li+2,...,0—1},
" (yy_1 +yy) + 9" (v, +yi) +20"(2y,), L€ {b, +1}
" (yy + Y1) +40" (2yp), (=10,-1,
+ 4 9"y ) + 20" (v + Y, (=101+1,
¢"(vy+Yig) +20" (viy +v7), 0=ty
" (yy_1 +yy) +49"(2y;), C=10,+2,
[ 49" (2y}), € Co—20y+3
(2.7.4)
and
pace _ { _%??//(yz —|—;/y/£_._1), l e {61 —1,01,05,0> + 1}, (2.7.5)
t " (Y, + ), Le{li+1,...,6-1},

Recall our assumption that ¢ is convex in (0, 7,) and concave in (7., +o0). For
typical pair interaction potentials, i, < r./2 can only be achieved under extreme
compressive forces. Since, under such extreme conditions a pair potential may be
an inappropriate model to employ anyhow, it is not too restrictive to assume that

the atomistic solution y satisfies
vy >r./2  Yle{l,...,N}.
As a result of this assumption, and the properties of ¢, we have

—¢"(yy +yp41) >0,

for all ¢ and thus

qc

for all £ and for qc € {qce, qnl}
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As an immediate consequence we obtain the following lemma, which gives

sufficient conditions under which stability of QC methods can be guaranteed.
Lemma 2.8. Lety € Y satisfy mingy, > r./2; then, for qc € {qcl, qce, qnl},
Exe)o0) = AXW) I YoeU, where AF(y):= min AL

The coefficients A?C are defined, respectively, in (272), (ZZ3), and (Z°Z3).

Proof. If minyy, > r./2, then

N N
Eeol>e ), AffoP > AFwe Y [of> = A¥W)|[1%-
{=—N+1 {=—N+1

]

Remark 2.4. For the purpose of the a priori error estimates, only the coercivity of
the QC Hessian at the the interpolated atomistic solution Iy, is needed. However,
to guarantee the existence of a corresponding QC solution, such coercivity at the
original atomistic solution y, [17, 1] is required and therefore, we give the stability
analysis at y,.

Our stability results are extensions of the sharp stability estimates in [I7] to
nonlinear deformations. It is explained in [61, Rem. 4.6], using results of [17],
that the result for the QCL and QNL methods is “almost” sharp in the following
sense: if y is a globally smooth deformation then, in the limit as N — oo, Efl’nl(y) is
positive if and only if E//(y) is positive.

In the case of the QCE method, such a one-to-one correspondence between sta-

bility of the QC method and of the atomistic model is false. Even at a homogeneous
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deformation y = Fx, we have (see [, Sec. 5])

A2 = ¢ (F) +4¢" (2F) > ¢''(F) +4.5¢" (2F) > Hu|i|r;f:1 Egee(Fx)[u,u] > AT,
An additional complication is the fact that homogeneous deformations are not, in
the absence of external forces, equilibria of the QCE model. The interface ghost
forces effect a further loss of stability, which is discussed in detail in [, Sec. 5].
This means that there exist stable atomistic configurations near bifurcation points,
which cannot be approximated by a QCE method.

Nevertheless, it is easy to check that in “deep” minima where next-nearest
neighbour interactions are dominated by nearest-neighbour interactions, our sta-
bility constant A is positive. For deformations of this type our error analysis
will be valid.

To establish the full stability result in the proof of the main theorem, which es-
sentially establish the a priori error estimate, a local Lipschitz bound on Eé’c which
will be used. We present the local Lipschitz bound in the following lemma. Since
the proof of the following is straightforward, particularly if no explicit constant is

required, it is put in Appendix [Al.

Lemma 2.9. Let qc € {qcl,qce, qnl}, and let y,z € Y such that min, yz > u and

miny z, > p for some constant y > 0, then
[{€qeW) = €@ o, w]| < Cuplly’ = 2l Wl 2llw'll e Vo, w el

where Crip = Ms([p, +00)) +9IM3([2p, +00)).
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2.8 The A Priori Error Estimates

We finally arrive at the derivation of the error estimates for ||e|[;;1. for the QCL,
QCE, and QNL methods. The following theorem is obtained as a natural combi-
nation of the consistency error estimates and the stability analysis of the previous
sections. To avoid technicalities associated with the nonlinearity of our models,
we make an a priori assumption: we assume the existence of the atomistic and the
QC solutions and make a mild requirement on their smoothness and closeness (cf.

(Z8)). We comment further on this assumption in Remark "3 below.

Theorem 2.10. Fix qc € {qcl, qce, qnl}. Let y, be a solution of the atomistic problem
(ZZ25) whose gradients are such that miny(ya)) > r/2 and A% (ya) > 0, where AT is
defined in the statement of Lemma 8. Suppose, further, that y9i°¢ is a solution of the QC
model (&) such that, for some T > 0,

I(Ya = Inya) llee < T and [|(ya — yqe)'lle < T (2.8.1)

Then, if T is sufficiently small, we have the error estimate

Nl—

||ya ch||l/[12 < ( Z thy//H/Z ]CZ ) + ch( 2) (gqodel + éafem + (/?@ext) (282)
ieC.

as well as the superconvergence result

||Ihya - ch||u1,2 = ch( 2) (gqodel + gfem + éaext) (283)
where the QC consistency error é"fw del = é"r?é del (va) is defined in (Z338), (Z316), or

(Z320), the superconvergent finite element coarse-graining error e = &tem (Ya) 1S
defined in (IZ52), and the approximation error for the external forces Eext = Sext(f) is
defined in (ZZ6T).
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Proof. From the mean value theorem we deduce that there exists 6 € conv{I;ya, Yqc}

such that
Eqe(O)[Tne, Ine] = Eqe(Inya)[Tne] — Eqe(Yae) [Inel-

Using the first-order optimality conditions for y, and y4c we obtain

Séc(lhya)[Ihe] (]/qc [Ine] {ch Ya)[Ine] — 5/(3/«3)[111@]}
+ {€qc(Inya) [Ine] — Eqe(va)Inel }
+{(f, Inee = (f, In€)n}-
The three groups of the right hand side of the equation, in abstract sense, cor-
responds to the consistency error of the semilinear form in (ZTY), the error of
coarse-graining in (Z110) and the consistency error for the linear functional in
(1) respectively. The first group is estimated in Lemma 26, the second group

in Theorem 2 (QCL), Theorem (QCE), or in Theorem 4 (QNL), and the last

group in Lemma 7. Inserting these estimates we arrive at

ECI{IC( )[Ihe Ihe] < ( 1+ gfem + @@ext) ||Ihe ||52 (284)

mode

It remains to prove a lower bound on £ (0)[Ixe, Ie]. From our assumption

that min,(y?)}, > r./2, and from (Z81) it follows that
mgin% >7r,./2—T.

Assuming that 7 is sufficiently small, e.g., T < 7 = }Iming Yy, we can apply

Lemma P9 to deduce that

Eqe(O)[Ine, Ine] = Ei(y™) [Ine, Ine] — Cuipll (60 — y*)'ll e[| e |17

> E4(y*)Ine, Ine] — CuipT|| Ine' || (2.8.5)
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where CLjp, may depend on 1.
We can now apply our stability analysis in Section Z7. Since (y?); > 7. /2 for

all /, Lemma 8 implies that
Eqe () [Ine, Ine] = AT (y*) [ 1ne' |17,
which, combined with (Z84) and (Z835), yields

(AX (") = CuipT) 11|} < E5e(0)[Tne, Ine] < (£

model

+ gfem + g)ext) ||Ihe/||gg~

Dividing through by | I €'[|;2, and assuming that T < min(7, 72) where &, =

ALy / (2Cip), we deduce that

AF @R
# HIhel Hég < (g]qi)del + Efem T+ Sexts

m

which concludes the proof of the superconvergence error estimate (Z83). The stan-
dard error estimate (Z82) follows from (Z83) and the interpolation error estimate

given in Lemma 5. [

Remark 2.5. The assumption that T be sufficiently small is fairly strong from an
analytical point of view and deserves comments. A brief investigation of the proof
of Theorem 10 shows that we have assumed 7 < min(T, 72), with constants
7 = tming(ya), and ©» = A (ya)/(2C), where C is a local Lipschitz constant.

The first restriction, T < 71 is only used to obtain some control on (y/qc)" from
below and could be easily replaced by appropriate a priori estimates on the solu-
tions.

However, the second condition, T < 1, is fundamental. It requires, essentially,

that ya, [ya, and yqc all belong to a single convex subregion of ) in which &g
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is convex. At first glance, this assumption may appear too strong to be satisfied
in all situations. Indeed, given any two atomistic and QC solutions it would be
difficult to justify it, as £qc is a highly non-convex functional. However, we are
only assuming for the existence of some QC solution in a suitable neighbourhood
of y,. With some additional technical effort, this can be made rigorous using a
quantitative inverse function theorem; we refer to [b5, b1, &1, 45, ?3] for examples

of this technique applied in a similar context. .

2.9 Numerical Experiments

We conclude this chapter with a set of numerical experiments illustrating the re-
sults of our analysis. Throughout this section we fix F = 1, N = 1000, and let ¢ be

the Morse potential

p(r) =exp(—2a(r —1)) —2exp(—a(r—1)),

with the parameter & = 5. We will solve three problems with different body forces.

Although our analysis was carried out in terms of deformations y, we will show
the relative errors with respect to displacements u = y — x. While the absolute
errors are of course identical, the relative errors are best measured in terms of the
displacement from the undeformed state x. Moreover, we will show errors in the
U'2- as well as the U1 ®-norm. While the former was the object of our analysis and
is also closely related to errors in the energy, it does not always capture localised
errors such as the interface oscillation caused by the ghost forces as well. Since

we are primarily interested in the errors due to the coupling mechanisms, and in
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order to avoid cluttered graphs, we do not show numerical experiments for the
QCL method; however, see [40] for an interesting example.

For each numerical experiment we present four figures: 1. the displacement
gradients of the exact atomistic solution; 2. the relative errors for the QCE and
QNL methods in the displacement gradients |e}|/ ||ta |1~ plotted against £; 3. The
relative errors for the QCE and QNL methods in the ¢/12- and U/V*®-norms, plotted
against the size of the atomistic region; and 4. the same relative errors plotted

against the mesh size.

2.9.1 Construction of A and Uy

We choose the atomistic region symmetrically about the lattice point 500, that is,
¢1 =500 — m and ¢, = 500 + m, m > 0, such that #4 = 2m + 1.
To coarse-grain the continuum region we fix K > 1 and choose repatoms to

create an exponentially graded mesh as follows:
e atom /; + 1 and N are repatoms.
e atom /p + 25‘21 2iisa repatom where 1 < k < K.

e atom £ + YK 2! + n2K is a repatom for all n > 1 such that £, + Y% ;27 +

n2K < N and atom N is a repatom.
e the repatoms in the left-hand half of the domain are chosen symmetrically.

In the figures where we plot errors against mesh size, we understand & to be

the maximal mesh size, that is, h = e2X.
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Figure 2.1: Plot of the displacement gradient of the atomistic solution

2.9.2 Numerical Experiment I

For our first numerical experiment, we define the body force f as

—-500, for/l = -1,
fo= 500, for/ =1,
0, otherwise.

This force pulls apart the atoms with indices ¢ = —1,1, creating a non-smooth dis-
turbance in the displacement field. The effect on the displacement field is similar,
to some extent, to a very localised defect in a 2D /3D lattice. We see from Figure
1 that the displacement gradient is large near £ = —1,0, 1 but decays rapidly to

its preferred state.
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Figure 2.2: Plots of the relative error |e}|/||(#*)'||;y1, for QCE and QNL.

(b) QNL

In Figure 2 we plot the relative errors in the QCE and QNL displacement
gradients as functions of ¢. The size of the atomistic region is fixed to #.4 = 10. As
previously observed and predicted theoretically, we see a large error of the QCE
method in the atomistic to continuum interface, which is due to the presence of
ghost forces. In our analysis these oscillations are captured by the zeroth order
term 2¢!/P M, (S1) in (ZZ3T86). The error plot for the QNL method shows that it has
in fact reached the precision of our nonlinear solver; indeed, from Figure 22 we see
that the absolute error in the QNL displacement gradient is of the order O(10~?).

In Figures 3 and 24 we plot the relative errors of the QCE and the QNL meth-
ods as we increase the size of the atomistic region, and as we increase the mesh size
in the continuum region. We note that in both graphs, and for both methods, the
relative errors remain essentially constant. This is explained by the rapid decay of

(ua)z towards a homogeneous state, which implies that u, is essentially constant
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in continuum region. Thus, the location of the interface or the size of the mesh
have only a marginal effect on the accuracy of either method. In the case of the
QCE method, the ghost forces dominate all effects, while, in the case of the QNL

method we obtain the accuracy of the nonlinear solver.

2.9.3 Numerical Experiment II

In the second problem, we assume

(-1)11004%E,  for —10< £ < -1,
fo=1 (-1)711001%5¢, for1 < ¢ <10,
0, otherwise.

This time, the area with irregular deformation is larger but it still behaves like the
continuum in the bulk of the material. We can think of this physical process as
tearing apart from the middle with some forces with changing directions around
the dislocation core. Due to this force, the displacement gradient is also oscillating
around the middle which is shown in Figure 5 but remain uniform in the rest of
the system where the body force decays to 0.

Figure A shows the relative errors of the QCE solution and the QNL solution
when the atomistic region is chosen to be from atom —12 to atom 12. Again two
‘spikes’ caused by the ghost force appear at the atomistic to continuum interface
in the QCE solution is easily observed.

Figure 72 plots the relative errors of the QCE method and the QNL method
in different norms as the number of atoms in the atomistic region increases. The

QONL error was comparatively large at the beginning as the atomistic region does
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not entirely include the region with large deformation. As the atomistic region is
enlarged, the error decays until it finally stays in the level of 1073. This shows
the importance of the correct choice of the atomistic region for a QC method to be
effective, which is related to the a posteriori error control of the method and will be
discussed in detail in Chapter B. However, the QCE error is of significantly lower
order compared with the QNL error, which implies that the effect of the coupling
interface still dominates error.

The relative errors of he QCE method and the QNL method as the finite element
mesh size grows are shown in Figure 8. The atomistic region is chosen to be from
atom —12 to atom 12 and again the errors remain in a certain level because of the

almost uniform deformation in the continuum region.

2.9.4 Numerical Experiment III

In the third problem, we assume

8450+l for —450 < ¢ < —1,

For many real defects in 2D/3D materials, the decay of the displacement due
to the presence of the defect is fairly slow, and this body force was chosen to mimic
that situation. Indeed, we see from Figure '9 that the displacement gradient of the
exact solution is nowhere (locally) uniform, and that the second difference of the

atomistic solution decays only slowly away from the centre of the domain.
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Figure .10 show the relative errors of the QCE and QNL solutions when the
size of the atomistic region is fixed to #4 = 10. We now observe a relatively
large error in the QNL solution in the interface region, which is still several orders
of magnitude smaller than the error in the QCE solution caused by the presence
of ghost forces. This error in the QNL solution was predicted in our analysis in
(Z320) by the term eM(S2) [|y"[ (T’ This effect will not occur when y is locally
homogeneous, as in our first and second experiments.

Figure I_TT shows the relative errors of the QCE and the QNL methods in the
U'2- and UV ®-norms as the number of atoms in the atomistic region increases.
We observe that the relative errors of the QCE method remain in a lower order in
both norms while those of the QNL method decreases somewhat for very large
atomistic regions when the curvature of y, at the interface approaches zero. This
demonstrates a fundamental difference between the QCE and QNL methods: the
leading term of the QCE error bound has no dependance on the smoothness of the
atomistic solution and cannot be controlled by adjusting the atomistic region or
the mesh size, whereas that of the QNL error bound does have such a dependence
and can therefore be controlled to some extent.

Figure T2 displays the relative errors of the QCE solution and the QNL solu-
tion with respect to the displacement gradient in the ¢/12- and U1*-norms against
the finite element mesh size h. As the result of the non-uniform deformation gra-
dient of the solution, the effect of the mesh size is noticeable for both methods. As
the mesh size decreases, the error initially decays until it reaches a limit dictated
by the modelling error. In the case of the QCE method, this happens very early

due to the presence of the ghost forces. In the case of the QNL method, we obtain
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a satisfactory relative accuracy of the order 10~ to 10°.

We note that the slopes of the error curves are not precisely 2 as predicted by
our analysis. This can be explained by the fact that neither our mesh, nor the
second difference (y,)" are uniform.

We conclude this section by pointing out the issue we encountered in the third
numerical examples which is the efficient mesh adaptivity in the continuum re-
gion. It is related to the a posteriori error control which will be the main problem

we are dealing with in the next chapter.
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Chapter 3

The A Posteriori Error Analysis For A
Consistent Energy Based
Quasicontinuum Approximation

In this chapter we present an a posteriori error analysis of a simplified variant of
the energy-based QC approximation proposed in [64].

We use the residual-based approach [72, Chapter 2], which is well established
in the finite element approximation of partial differential equations, to derive a
posteriori error bounds for the energy-norm and for the energy itself. What distin-
guishes our setting from the classical one is one particular feature: the model ap-
proximation, which often corresponds to the change from the bilinear form af(-, -)
to ay(+,-) in the variational problems, is fundamentally different than quadrature
approximations.

Our work extends [61], which considers a simplified setting. However, in the
current work we do not tackle the question of model and mesh adaptivity for de-
fect nucleation, but focus only on automatically choosing the size of the atomistic
region and the finite element mesh in the continuum region. In many applications,

a defect is inserted into the crystal before the computation, or it is known a priori
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where a defect will nucleate. An extension of our work to include defect nucle-
ation would be valuable, but cannot be pursued in the simplified 1D setting we
are considering here.

As in Chapter 2, we briefly introduce the framework we follow to carry out the

a posteriori error analysis and the outline of the content in the current chapter.

3.1 Framework and Outline of the Analysis

In classic finite element approximation of partial differential equations, one often

deals the following problem:

a(u,v) = ({,v) YveV,

a(uy,vy) = (L, vy) Vo, €Sy,
where S, CV. For the a posteriori error estimate, one usually employs

Yl — uy| < sup a(u — uy, w) = sup [{I,w) — a(uy,w)]. (3.1.1)

weV weV

The inequality is often established by the coercivity of a(-, -) on V (e.g., by Poincaré
inequality for the variational formulation of the Poisson equation [72, Chapter 2,
61]) and to estimate the right hand side. Techniques like elementwise integra-
tions by parts and properties like Galerkin orthogonality a(u — uy, v;,) = a(u,v;,) —
(£ vy) = 0, which are due to the specific formulation of a(-,-) and S;, being a sub-
space of V, may be used.

Since our problem is in a nonlinear setting, we consider the problem
a(u;v) = (L,v) YoeV,
ah(uh;vh) = <€h10h> Yo, € Sy,
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which is the same as the problem in Chapter D except that S, € V here. By defining
the interpolation operators I, : V. — Sy and I, : S, — V, and e := u — Luy,, we

have

el < a(u;e) — a(leup;e)
= ay(up; Ine) — a(leuy;e) (3.1.2)

+ <€,€> - <£h/ Ih€>. (3.1.3)

(BI2) corresponds to the residual of the semilinear forms a(-;-) and a;(-;-) at uy,
and (BT3) corresponds to the residual of the linear forms (¢, -) — (¢, -), which are
both variational crimes.

In this chapter, we analyze the two parts of the residual and also prove an a
posteriori stability result.

In Section B2 we introduce a 1D atomistic model problem, which mimics the
behaviour of crystal defects in 2D/3D. Moreover, we review the construction of
a QC method to efficiently approximate its solutions, and introduce the notation
that will be used in this chapter.

In Section B3, we derive a residual estimates for the QC method in a discrete
negative Sobolev norm, which correspond to the estimate of (3.2) and (B13).

In Section B4, we present an a posteriori stability result.

In Section B35, we combine the residual estimate and the stability result to give
a posteriori error estimates for the deformation gradient and for the energy.

In Section B, we describe three mesh refinement algorithms based on our a
posteriori error analysis and on previous a priori error estimates, and present a

numerical example to illustrate the performance of these algorithms.
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3.2 Model Problem and QC Approximation

3.2.1 Atomistic Model

Following previous works [16, bT] and the notation used in Chapter @ we formulate
a model problem in a discrete periodic domain containing 2N atoms, where N €
IN. Let F > 0 denote a macroscopic stretch and ¢ = 1/(2N) the lattice spacing,
both of which we fix throughout this chapter. We define the displacement and

deformation spaces, respectively, by

U= {u e R :uy oy =uy, andug =0}, and

Yii= {y e R®:y, oy = F+y, and yo = 0}.

Note that the spaces are almost the same as we have in Chapter & except for the
boundary condition being changed from a periodic and zero mean condition to
a periodic and Dirichlet condition. Again, we observe that y € )* if and only if
y = Fx + u for some u € U*.

The stored energy (per period) of an admissible deformation y € V¢ is given by

N N
Eay)i=¢e Y oly)+e Y. olyi_1+v),
{=—N+1 {=—N+1

where y) := ¢ }(yy — y,—1) and ¢ € C3(0, +0) is a Lennard-Jones type interaction
potential. The assumptions on ¢ is exactly the same as in Section 211,
Given a periodic dead load f € C°(R), f(x + 1) = f(x), we define the external

energy (per period) by
N

—(fiu)e:=—e Y foug (3.2.1)

{=—N+1
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where u = y — Fx . Thus, the total energy (per period) under a deformation y € V¢
is given by

Ea(y) := &aly) — {f,y — Fx)e.
We wish to compute

Ya € argminE, ()°), (3.2.2)

where argmin denotes the set of local minimizers.

Remark 3.1. 1. Since the internal energy is translation invariant, our choice ug =

0 (instead of the more common constraint 2?1:7 N+14¢ = 0) does not alter the

problem but simplifies the treatment of external forces in Sections and B34,
2. We adopt the notation for lattice functions defined in Remark T and Section

735 in last chapter and thus omit those definitions here.

3.2.2 Finite element notation

To construct the QC approximation in the next section, we first define some con-
venient notation. Let Q) := [—1/2,1/2] denote the computational cell. We choose
an atomistic region (), C (), where atomistic accuracy is required, and we define
the continuum region by Q. := Q \ ),. We will also use the periodic extension of
Q, denoted by Of := (Q. + Z).

We assume throughout that (), is an open interval (L,, Ry) with —1/2 < L, <
R, < 1/2. All our results (with the exception of Section B:34) can be extended
without difficulty to the case when (), consists of a finite union of open intervals.

Let {T!'}scz be a partition of R into closed intervals with T/ = [x} |, x|, where

x]’(l > xZ_l are the nodes of the partition. We assume, without loss of generality, that

xi’ is the left-most node and x}I’< the right-most nodes in the interval (—1/2,1/2].
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h

The length of an element is denoted by hy := |T}| := x' — x_,. The space of

continuous piecewise affine functions with respect to the partition 7" is denoted
by 7)1 (Th) .

We assume throughout that the partition 7" has the following properties:
(T1) T"is periodic: there exists K € N such that xZ k=14 xZ forall k € Z.
(T2) 7" has atomistic resolution in Qa: O, NeZ = O, N {x,i‘}kez.

(T3) The a/c interface points are finite element nodes: 00}, C {xﬁ}kez. In par-
ticular, each element belongs entirely to either the atomistic or continuum

region.
(T4) If T} C Qf then |T}!| = hy > 2e.

We define #77" to be the number of elements in one period of the mesh.

Property (T4) results from our two-neighbour interaction model and is not
strictly required. However, it simplifies the analysis and is not a significant re-
striction.

Note also that we removed the restriction (except in the atomistic region) that
finite element nodes must be positioned on atomic sites, which was previously re-
quired in Chapter D. Although not necessary in 1D, it somewhat simplifies mesh
generation, and to some extend mimics the fact that element edges or faces in
2D /3D cannot normally be aligned with the underlying crystal lattice.

The finite element displacement and deformation spaces are defined, respec-
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tively, by

U = {uy € Pr(T") up(x +1) = up(x) and u,(0) =0}, and (3.2.3)

V= Ly, € Pu(T") 1y, — Fx € UM}, (3.2.4)

We comment on the relationship between /¢ and U" here. As we mentioned
in Remark 1], we identify a lattice function in U* with its piecewise affine inter-
polant. Since reference lattice points may not necessarily exist as nodes in 7",
u € U and uy, € U" may be piecewise affine with different partitions and U is not
necessary a subspace of U¢, which also imply that ) is not necessary a subset of
YE.

For ¢ € C°(R), we define the interpolation operator I, : C°(R) — P;(T") by

(L,g)(x!) :=g(xl)  VkezZ. (3.2.5)

We note that I, : U — U".

For future reference, we also define the micro-elements T; := ((£ — 1)e, fe) for
¢ € Z. Analogously, we define I; to be the nodal interpolant with respect to the
atomistic grid. We will require this interpolant since the mesh nodes {x/}cz do

not necessarily coincide with lattice sites.

3.2.3 QC Approximation

The QC approximation we analyze in this chapter is the 1D variant of the ACC
method described in [p4] which was motivated by [34]. (An earlier variant of the
idea was described in [BI] and a similar construction in [3T]. We focus on the

formulation proposed in [b4] since it can be readily generalised to 2D.)
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The idea of the ACC method is based on the splitting of interaction bonds. A
bond is an open interval b = (le, (¢ + j)e) for ¢ € Z and j € {1,2} (since we
consider only first and second neighbour interactions). Since our computational
domain is [—1/2,1/2], the set of bonds over which the atomistic energy is defined
is given by

B:={(le,({+j)e):j=1,20=—-N+1,...,N}. (3.2.6)

For each bond b = (le, (£ + j)e) we define rj, := j.
For any open interval w = (L, Rw) (e.g., for a bond) with length |w| := R, —

L, > 0 we define the finite difference operator

v(Rw) —v(Lw)

forv € C°(R). (3.2.7)
] (R)

D,v =

Note that, with this notation, we can rewrite & (y) = € Y ycp5 ¢ (rDpy).
For each bond b and deformation field y € W% (IR) we define its atomistic and

continuum energy contributions to the stored energy, respectively, by

bNQ,

ay(y) 32%4’(%Dbmay) and
1

cp(y) izm bmgfi?(rby/(x)) dx.

If |bN Q.| = 0 then Dynq,y is ill-defined; in that case we define a, = 0. The
QC energy (which is essentially the ACC energy of [64]) of a deformation field
y € WL*(R) is now defined by

Eqcy) = ebZB [ap(y) + cu(y)]- (3.2.8)

The key property of this definition is that it satisfies the patch test [64, Section 3.3],

Ex(Fx)[oe] = EL(Fx)[o] =0 forallo, € U and v, €U", VF>0. (3.29)
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The external energy (per period) is given by

— (foup)n == — /th(fuh) dx. (3.2.10)

Note that, in the atomistic region, this reduces to the same form as (B-2T). The total

energy (per period) of a deformation y;, € V" is then given by

ch(yh) = gqc(yh) - <f/yh — PX>h.

In the QC approximation we seek

Yqe € argmin Eqc (V7). (3.2.11)

Remark 3.2. It is initially not obvious why the formulation (B228) should reduce
the complexity of the computation of yqc over that of y,, since &g is still written
as a summation over all bonds. However, one can readily check (see [64] for the

details), that

Eacln) = L ) + [ W) d,

where W(r) := ¢(r) + ¢(2r) is the Cauchy-Born stored energy function. This
formulation requires only a sum over all bonds within the atomistic region, and
a standard finite element assembly procedure to compute the energy contribution
from the continuum region. Thus, the evaluation of £y has only a computational
complexity proportional to #77 (the number of elements in one period)..
Analogous results hold in 2D [b4]; a more involved assembly procedure is re-

quired to make the ACC method efficient in 3D [63].
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3.3 Residual Analysis

We give the residual estimate of the QC problem introduced in Section BZ3. To
achieve this, we first derive the variational formulation of the atomistic problem
and its QC approximation, then following the framework described in Section BT,
we split the residual into two parts as in (BT.2) and (BI-3) and analyze them sepa-
rately to give the total residual estimate. We again use the negative norm technique
[51] as we did in the consistency error analysis in last chapter. We restrict our esti-
mates in 2/ ~!*-norm as we will only derive the &/!?-stability and several Poincaré
inequalities we use in the analysis of the external residual may only hold in the

L2-norm.

3.3.1 The variational formulations and the residual

Let y, be a solution of the atomistic problem (B2Z2). It is straightforward to see
that, if y;, > 0, then &, is differentiable at y, and hence the first order optimality

condition for (B22) is satisfied:

Eya)lv] = (f,0)e  Yoelf, (3.3.1)
where
E(ya)[v] =€ Y ¢'(ryDyya)ryDyo. (33.2)
beB

Similarly, if yqc is a solution of the QC problem (BZZTT) with yg. > 0on [-1/2,1/2],

then it satisfies the corresponding first order optimality condition

Eac(yae)[onl = (foon)n Vo €U, (3.3.3)
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where Yy, € %S

Eqc(yn)[on] = EhZB (@b (yn) [on] + ¢t (yn) [on])

=Y 16N Qal¢' (rsDpriar, ¥n) Dona,0n + Y / #<l>'(rby;1(x))v;Z dx.
beB peB /PNEX
(33.4)

These variational formulations of the problems essentially corresponds to the
abstract forms a(-;-) = (I,v) and ay(-;-) = (I}, vy) in Section B

Let yqc € V' be a solution of (B2_IT), then we define its residual R € (U?)* by

R[v] := E}(yqc)[v], (3.3.5)

Using (B33) we can rewrite this as

R[] = E;(ch)[v] - E:]c(]/qC)[IhU]
= {Eé(ch)[v] - 5</1c(qu)[Ihv]} - {<f,0>s —(f Ihv>h}
= Rint[v] + Rext [U]/

where we call R, the internal residual and Rey: the external residual. The two
residuals corresponding to (BI2) and (B-T3) will be bounded separately in the

next two sections.

3.3.2 Estimate for the internal residual

In this section, we analyze the internal residual Rj¢. To state the main theorem, we
define the index set of all nodes in the continuum region and a/c interface (recall
that Q). is closed),

Kei={ke{l,...,K}:x} € Q}. (3.3.6)
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Theorem 3.1. Let y, € V" such that y, > 0 and Rine[0] = E(yp)[0] — Eqe(yn)[Inv],
then

1
[Rilly 12 < (3 X2 )" = ) 637)
ke

where

=Y (”(P/(”bDb]/h) —Gb/(VbDmeayh)Hiz(mea)
beB
xZEi'lt(b)

116" (s Do) = ¢ (o) T2 ) (3358)

Remark 3.3. 1. The expressions for 7 are reminiscent of the flux (or stress)
jump terms that occur in the classical residual error analysis for partial differential
equations. However, their origin in QC approximation is different: it results only
from the model approximation. In the 1D case we analyze in this paper, the effect
of the finite element coarsening does not show up as a result of the vanishing of
R3[v] which is defined in the proof of the theorem. As is typical for 1D a posteriori
error analysis, the finite element coarsening error component will only enter the
external residual estimate.

2. With some additional work, the form of the estimates 7, can be turned into
element contributions and further simplified by computing more explicit represen-

tations. A concrete example for this is given in Appendix BT.
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Proof. Let vy, := Iv. From (8:32) and (3-34) we obtain

Ringlv] = ) {|b|47/(7’bDbyh)va — |b N Qa9 (1, Dpra, i) Dona,on
beB

— /bmﬂﬁ o' (roy),) v}, dx}. (3.3.9)

We subtract and add the terms

Y 16N Q¢ (r,Dyno,yn) Dona, v and ) / , ¢’ (royy,(x))v" dx
beB beB bNQ)
to split Rjn¢ into three components,

Rint[v] = } {|b|¢l(7’bDbyh)va — |b N Q¢ (rsDpna, i) Dbna,v
beB

. / / /d
o 050}
+ Y 16N Qal¢’ (1,Dyna,¥in) (Dena,? — Dena, o)

beB
+ Z/ ¢’ (rpyy(x)) (0" — v,) dx
beB
—: Ry[o] + Rz[v] + Rso]. (3.3.10)

We will show that Ry = R3 = 0 and estimate Rj.

For R, this follows simply from the fact that v, = v in (), and hence Dy v =

Dynq,vp forall b € B such that |b N Q,| > 0.

For R3, upon defining xs to be the characteristic function of a set S, we can
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rewrite it as

Z / ¢’ (rpy)(x)) [rp0” — vy,] dx

beB
-r o 209 (2 () e’ 4] lx

€
=¥ % [, 100!t () e — of]
beBkek,

2 YL [ e o) @ of)] dx

r=1beBr,=rkek. ' 7Tk

2
)3 /xhcp ryy) [r(v — v})] dx

r= 1k€ICCbEBrb r

ZZ Y. ¢ (rvaln) / Y %Xb] [r(o —0})], (33.11)

r=1kek, T " beBry=r

since ry} |1, is a constant on each element. By the 1D bond density lemmal[b4,

Lemma 3.4],

2 %Xb(x) =ge. 1,
beBr,=r
we have
Y Y ot [ [ X Sl @ o)
r=1kek, Ty beB,r,=r"'b
_Z Y. @ (royn(x |Tk){ (v(xk) —o(xx-1)) = 7(on(xk) —on(xx1)) |- (3:3.12)
r=1kek,

Again by the definition of v,
o (x) = o(x) and vy (xf_;) = v(x}_y),
and thus (B312) vanishes.

Finally, we turn to the analysis of Ry =) ¢p R’f, where we define

R{[0] := [bl¢/ (ryDyyn) Dyo — |b N Qal¢’ (1D, 1) Donr, 0 — /me# ¢’ (royy(x))o dx.
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Using the fact that |w|D,v = [ v' dx we obtain

RY[v] = /bfP'(VbDbyh)U' dx — /mea ¢ (ryDpny,yn) 0" dx — /bmﬁ ¢’ (rpyy (x))o' dx

= /mea MN(rbDbyh) _ qb/(rbDbﬁQayh)]U/ dx
+ /bmﬁ [¢" (ryDypyn) — ¢ (rpyy,)] 0 dx.

Ifb C O, thenbNQ, = band |[bN Q| = 0, and hence R} = 0. Similarly,
if b C T} C OF, then Dyy;, = y;1|T’? and |bN Q,| = 0 and hence RY = 0. Thus,
we observe that only bonds crossing continuum element boundaries, or the atom-
istic/continuum interface, contribute to the residual. These are precisely the points

contained in K. In particular, we obtain

Rifo]= Y Y RYo, (3.3.13)
keK. beB
x,’jeint(b)

where we used the fact that no bond can cross more than one point xZ € K¢ due to
our assumption that all elements have at least length 2e.
From the definition of RY, and applying two Cauchy-Schwarz inequalities, it is

straightforward to estimate

IRY[o]| < <||4>’(VbDb]/h) —4’/(rbDbma]/h)Hi2(mea)

1/2
+||¢"(roDyyn) — 4"(%3/;1)”%2(%9?)) 191 126

and after applying another Cauchy-Schwarz inequality,

1/2
L R < (L 10y)
b
xﬁg?nl’f(b) xZEfnlf(b)

where 77, is defined in (B372).
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Combing our foregoing estimates, we arrive at

R < Do X 1oRy)

ke beB
xZeint(b)
1/2 1/2
() (X T 100ke)
kek. kek. beB

xl'eint(p)
and we are only left to estimate the sums involving the test function.
To that end, we simply note that, due to (T4), for any fixed pointx € (—-1/2,1/2],
the maximal number of bonds appearing in the sum on the left-hand side below

and crossing x is three; hence,

Y Y 9B <319
keK. beB
xf:eint(b)

This concludes the proof. O

3.3.3 Estimate of the external residual

We now turn to the estimate of the residual of the external energy, which is defined

Rext[v] = {f,0)e = (f, Iyv)n = /Q [Le(fv) — Iu(fIyo)] dx, (3.3.14)

and corresponds to the variational crime (BT-3). We outline the key points of the
argument for estimating Ret, before stating the result.

We define a slightly extended continuum region,

Qc == J{T; : [T, N Q| > 0};
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then It (fv) = I,(fI,0) in Q, \ O, and therefore

Rewlo) = [/ [k(fo) = hi(f1yo)] dx

o [I(fv) — fov] dx+/0c [fv— fI,v] dx+/0c [fIyo — I (fIv)] dx
=: Rl[v] + Ry [’0] + R3 [Z)] (3.3.15)

The three terms can be estimated using standard interpolation error results, hence

we only give a brief outline of the proof of the resulting bound.
Proposition 3.2. Let f € C2(Q)), then
[Rextllyy12 < 7/ + 117, (3.3.16)

where the error due to external forces n/ and the “quadrature error” 7 are, respectively,
defined as follows: for x € {f,q},
)= ) ()%
ke{l,...K}
T CQ
h2
where  (1f)* = 1l
(¢ +h

and (”Z) : (8 +h4)’|f HLZ Th 47I2 Hf//”LZ Th

Remark 3.4. 1. Note that there is an error contribution from the atomistic region,
due to the fact that in the elements touching the a/c interface, the “quadrature”
approximation of the external forces is not exact. For the purpose of mesh refine-
ment, we count this error towards the neighbouring elements in the continuum

region.
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2. An alternative residual estimate that does not use f € C?(().), but only in the
discrete setting, is presented in Appendix . This requires a much more involved

argument.

Proof. From (B3315) we obtain
Rext[v] = R1 [U] + Rz [’0] + R3 [’U]

Applying standard interpolation error estimates (see, e.g., [8, 7]) on elements T, T!!,

we obtain

/S [Ie(fv) — fo] dx < %ngf”HB(Tg)||UHL2(T;) + %ngf/”LZ(T;)||U/||L2(T§)r
V4
[, [fo= £l dx < Hiiflzp |02y, and
k

/Th [In(fIyo) — fIyv] dx < 4Hh f”HLZ Th) HIhUHLZ h) %Hh%f/HLZ(Tlﬁl)H(Ihv>/||L2(Tll:)~
k

Summing over all elements, applying the Cauchy-Schwarz inequality, and defin-

ing h(x) := hy for x € TV,

Rafo] < G Nizao ol + S 1 iz 1912,
Ro[o] < ZIhfll 2@, I10'll2,  and
Ra[o] < 10 f" |2y 1m0l + 3102 2,y 110 2

We now use the estimates (which exploit the fact that ;' is the Lz-orthogonal

projection of v’ onto piecewise constants)

ol < 21012 11l < 191l

and [yl 2 < 50 |2 < 2102
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to deduce that

Rext[v] = R1[v] 4+ Ra[v] 4+ R3[9v]
< %”hf”LZ(QC)HU/HLZ

1/2
(& + ) ey + 1+ ) 19
The result follows by splitting the norms inside the brackets over elements. O

3.3.4 External residual estimate for singular forces

In our numerical experiments in Section B we shall employ an external force
that behaves like |f(x)| ~ |x|7! near x = 0 (we use the “singularity” in the
force to mimic a defect). Let us suppose that we also have |f'(x)| ~ |x|~2 and
|f"(x)| ~ |x|~3 near the origin. We now give a formal motivation why the quadra-
ture estimates employed in Proposition B2 are inadequate in this situation.

Applying the quadrature estimates to such a force field, we obtain
~ 12 2 ~ 15/20 11 =3/2 | 15/2) h|—5/2
’7;Z ~ hk||fl||L2(T,f) +hk||f,/||L2(T,§) ~ hk/ |xk| / +hk/ | x| 2.

We notice that, for T} near the origin, || f”||,» (Thy & ) 12(t})- Moreover, the

quadrature estimate is O(1) and cannot be controlled. By contrast,

~ h -
’7£ ~ hi/zka’ !

from which we conclude that 12| f'|| ;2 (1) is dominated by 17,{ , but that 17,{ is itself
; 21| £1
dominated by k|| f HL2(T,?)'
The origin of this undesirable effect is the (ab-)use of the Poincaré inequality in

the proof of Proposition B2. In the remainder of this section, we shall remedy the
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situation by replacing the standard Poincaré inequality with a weighted variant.

This approach is inspired by [63].
Lemma 3.3. Let Q) be defined as in Section B33, and let w(x) := xlog(x), then

lo Yol iz < sl Yo e HY(Q),0(0) =0,

Proof. We begin by noting that
lo(x)] < |x|Y2||V'|| 2 forall x € Q.
Hence, we can estimate

172 1 2 /12
/R o ()P dx < [[0')2, dx.

1/2 1
0.1/2) /Ra xlog?(x)
Since (log™'(x))" = —(xlog?(x))~! we obtain
vz 2 112
Jo o) P dx < iyl o)

Applying an analogous argument in the left half of the domain, we obtain the

stated estimate. ]

We now apply this estimate to obtain an alternative external residual estimate.
Proposition 3.4. Let f € C2(Q)), then

| Rextllyy12 < 7/ + 19, (3.3.17)
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where nf is defined in (B318) and 71 is defined as follows:

@ := Y @)%
ke{1,..,K}
T Q.

~ s+h
where (1) i= (& + W) Lf oy + o 10" 22

and where w is defined in Lemma B3.

Proof. We again use the splitting (E315) to obtain
Rext[v] = R1[v] + Ra[v] + R3[v].

The residual term R;[v] is estimated in the same way as in the proof of Proposition
B2, and gives rise to the term #/ in the estimate.
We show only the modified estimate for R3[v], since the estimate for Ri[v] is

analogous. Applying again a standard interpolation error estimate, we obtain
Rafol] < (1) ey < S2F 0 a2 F ol (3:318)

The term || f' 1,0’ || ;1 () can be treated in the same way as in the proof of Propo-
sition B2.

To estimate the second term on the right-hand side of (B:3318) we insert the
weighting function w defined in Lemma B3 and then apply the weighted Poincaré

inequality:

il f ol gy = 3l 0Pwf ") (@ o) ||y,
ilrwf" g o™ ol 2,

= 410g2||h2wf”||L2(()C) 11,0 -

IN

107



By continuing to argue as in the proof of Proposition B2 we obtain the stated

estimate. n

We can now revisit the issue of relative magnitude of the various contribu-
tions to the residual estimate for the case where |f(x)| ~ |x| 7%, |f'(x)| ~ |x| 72 and
|f"(x)| ~ |x| 3. Note that the effect of the weighting function is that |w(x) f"(x)| ~
| log(x)||x| =2 which is now comparable to |f'(x)| up to a log factor.

More precisely, suppose that T,ﬁ’ is near the origin, then we now obtain
A~ 1,5/21 1 =3/2 | 1,5/2| 0| ~3/2 h
A~ g 732 4 12 | 7 2 og ().

In particular, we observe that in the new external residual estimate, the quadrature
error is dominated by the main error term 7/, which is the same as in the standard
estimate given in Proposition B2. Thus, in our numerical algorithms presented in

Section B8 we will be justified in neglecting the effect of the quadrature errors.

3.4 Stability

We follow a similar approach as in Section "7 to establish the a posteriori stability
of the QC approximation.

Our aim is to prove coercivity (or, positivity) of the atomistic Hessian at the QC
solution yq:

E;’(ch)[v, 0] > Ca(]/qC)HU/H%Z Yoel, (3.4.1)

for some constant c,(yqc) > 0, where the Hessian operator of the atomistic model

is given by
" al "ol /12 al 1"e ! / / / 2
El()oo=¢ Y, ¢"WwploylP+e Y, ¢"(i+yo)lvp+0vp4]%
f=—N-+1 {=—N-+1
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Following [17, b1] and Section 2 we note that the '"non-local” Hessian Stability of
the exact (i.e., the atomistic) model is the second key ingredient for deriving an a
posteriori error bound. terms |v} + v/, +1|2 can be rewritten in terms of the "local’

terms |0)|? and |0}, ,|* and a strain-gradient correction,
! ! 2 /12 ! 2 21,0112
[0y + 01117 = 2]og|" + 2[vy 1|7 — 7oy [°.
Using this formula, we can rewrite the Hessian in the form

N N
Ely)ov=¢ Y. Alojf+ Y. Bl
{=—N+1 {=—N+1

where

A(y) =" (yp) +20" (yy_1 + i) +2¢" (Yo +Yi41) (3.4.2)

Bi(y) == —¢" (v) + ¥i41)-

Recall our assumption in §82T that ¢ is convex in (0, 7.) and concave in (7., +00).
For typical interactions such as Lennard-Jones or Morse potentials one generally
observes that i, > r./2, hence we shall assume this throughout. As a result of this
assumption, and the properties of ¢, we have By > 0 V/ € Z.

As an immediate consequence we obtain the following lemma, which gives
sufficient conditions for the stability of the atomistic Hessian evaluated at the QC

solution.
Proposition 3.5. Let yqc € V° satisfy ming(yqc)y > 1+/2, then

EY (yqe)[v, 0] > A*(qu)HU/H%g Yoel, where Ai(yq):= minNAg(qu),

/=1
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and the coefficients Ay(yqc) are defined in (342).

Remark 3.5. Since the minimum in the definition of A, is taken over 2N lattice
sites, it appears at first glance that A, is expensive to evaluate. However, for y;, €
V", we can exploit the fact that yj, is piecewise affine to evaluate A, (y;,) in O(K)
operations:

Case i: If dist(e(¢ — 1/2),{x]}) < 3e then we evaluate A;(yqc) using (B42).
There are O(K) lattice sites of this type.

Case ii: If dist(e(¢ —1/2),{xI'}) > 3¢ then

Ae(yae) = " (Ynlrn) + 49" (2y17),

that is, we only need to evaluate this formula once for each element.

3.4.1 Estimates for the Hessian

Before we present our main theorems, we state two useful auxiliary results: a local
bound and a local Lipschitz bound on E/. The proofs are in Appendix [Al. The
former one will be used in the estimate of error of the energy and the later one is

an analogy of the Lipschitz bound on E(’l’C in Section B4.

Lemma 3.6. Lety,z € Y* such that min,y, > u and minyzj, > u for some constant

u > 0, then
€/ (y)[o,w]| <Cullo/ll 'l and
{EL W) — &l @Yo, 0| <Cplly —Z el pllwl:  Yo,wel,

where Cyy := Ma(p) +4Ma(2pt) and Crip := M3(p) +8M3(2u) and
M (#) = maxsst [p0)(5)].
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3.5 A Posteriori Error Estimates

We combine the residual estimates and the stability analysis to give an a posteriori
error estimate for the error of deformation gradient in the first half of this section.
In the second half, we derive an a posteriori error bound for the total energy of
the system being approximated which is another important quantity of interest in

many applications of the QC methods.

3.5.1 A posteriori error estimate for the solution

As in the a priori error analysis in Section '8, we will assume the existence of an
atomistic solution y, in a neighbourhood of yqc (cf. (B51)), and estimate the error
Ya — leyqe. It is in principle possible to rigorously prove the existence of such a
solution y, in a neighbourhood of yq, following for example [65, 5T], however,

this would require substantial additional technicalities.

Theorem 3.7. Let yqc be a solution of the QC problem (BZZTM) with ming(yqc)y > 7+/2
and A« (Yqc) > 0, where Ay is defined in the statement of Lemma B3. Suppose, further,

that y, is a solution of the atomistic model (B222) such that, for some T > 0,

lya — (Iequ)/HLw(Q) ST (3.5.1)

If T is sufficiently small, then we have the error estimate

1va — (Ieyae) 20y < aiyy (1Wae) + 17 +117), (35.2)

where 1 is defined in (B32) and nf and 1 are defined in (B318).
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Proof. Let e := ya — Ieyqc. We require that T < %min Yqcr then by the mean value

theorem we know that there exists 6 € conv{y,, Iquc}, such that
E;(0)[e, €] =E;(ya)le] — Eq(Ieyqc)[e]
= Eélc (Yqe) [Ine] — E;(Isqu> [e]
(€L (yae) el — EL(Lyae)€]) — ((F, Teh — (fe)e)-

In this proof we write &, (I¢yqc) to emphasize that we are comparing y, with (I:y/qc)’.
Applying Theorem Bl and Proposition B2, the two groups are respectively
bounded by

‘gélc(qu)[Ihe] _Sé(lech)[e” f’?(qu)“e/HLL and
[(fo nedn — (fre)e] < (nf +n)le' |2,
and hence we obtain
E0)lee] < (n(yqe) + 17 +n7) €]l - (3.5.3)

Next, we compute a lower bound on &/ (6)]e, e]. Using the Lipschitz estimate
given in Lemma B, Proposition B3 together with our assumption that yélc > 14/2,

and the a priori bound (B51), we have
E7(0)[e,e] =3 (yqe)le,e] — Cuipllya — vaellz=lle’[1 72
> (As(Yqe) — CripT) €] 72-

Hence, we if require that T < A.(ygc)/(2CLip) (since Crjp is bounded as T de-

creases this is satisfied for T sufficiently small), then we arrive at

3A(yae)lle' T2 < (7 (yae) + 17 +17)[le'll 2.

Dividing through by ||¢/||;2 yields the stated estimate. O
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3.5.2 A posteriori error estimate for the energy

An important quantity of interest is the total energy of the system being approxi-
mated. In this section, we derive an a posteriori estimate for the energy difference

Ea(Va) — Eqc(Yqc)- To that end we decompose the energy difference into

|Ea(]/a) - EqC(]/qC)‘ = |Ea(]/a) - Ea(lsqu)| + }5a(183/qC) - 5q€(]/q€)‘

+ |<f/I€.’/qc — Fx)e — <f,ch—Fx>h‘

and analyze each component separately.

(3.5.4)

For the first group on the right-hand side of (B2.4), the result is standard:

Lemma 3.8. Lety,z € Y° such that mingy), > y and min, z}, > u for some constant

p>0,and y € argminE, ()*), then
|Ea(y) = Ea(2)| < 3Cully’ —2'lI7, (3.5.5)
where Cyy = Cyy(p) was defined in Lemma B8.
Proof. There exists 6 € conv{y,z} such that
Ea(z) = Ea(y) + E;(v) [z —y] + 3E{ (0) [z — v,z — ¥,

Since E}(y)[z —y] = 0 and E] = &/ applying Lemma B8 yields the stated result.
[

For the second group on the right-hand side of (B5.3), the estimate is obtained
from a straightforward computation, using only the fact that the energy of a bond
lying entirely inside an element is exact in the QC energy. The proof is omitted.

Although the form of the error contributions y looks complex at first glance, they
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are in fact straightforward to compute. A concrete example of this error is given in

Appendix B2.

Lemma 3.9. Foryy, € V" and yj, > 0, we have

1Ea(yn) — Eqclyn)| < ulyn) == ) me,  where (3.5.6)
kelc
Mk 12‘ ). {bﬂr—baa' [4’(%1317]/11) - 4’(rbDmeayh)]
nglenltg(b)
1 /
+ 72 Do [¢(rsDyyn) — ¢(rpy),)] dx} ’ (3.5.7)

Finally, the third group on the right-hand side of (854 can be estimated sim-
ilarly as the external residual, however since the “test function” u, = y, — Fx is
now known explicitly, some additional structure can be exploited. Note that the

error due to quadrature is again of higher order.
Lemma 3.10. Letyj, € Y and uy, = yn — Fx, then

|CF un)n — (f, Leun)e| < (yn) + 19 (yn), (3.5.8)

where uf (yy,) is the error due to external forces, and ui(yy,) the error due to quadrature.

They are, respectively, defined as follows:

w(yy) = Zy{, where y{: ::§||f||L1(wk)|[”;1]x,’j' and
kel
2 h?
W)= X ul where im0 N+ 100 s
k:TIiICOC
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where the second derivative (fI.uy)" is to be understood in the piecewise sense, wy = T;
if ((—1)e < x} < leand wy = @ if no such ({ —1) € Z exists, and [u}] » :=

h
Xk

) (xf+) — uf (x—).

Remark 3.6. 1. It is straightforward to evaluate (possibly upper bounds of) the er-
ror contributions 17,{ and nZ with O(K) computational complexity. This is due to the
fact that uy, is piecewise linear on T/, and I.u;, = uy, except in the neighbourhoods
wy of the element interfaces.

2. For the purpose of mesh refinement, we will group the residual contribu-

tion of the elements touching the a/c interface, so that no error contributions are

associated with the atomistic region, which cannot be further refined.

Proof. Similarly as in the external residual estimate we write the external energy

difference as

(f Leup)e — (f, un)n = /Q [Ig(flguh) — Ih(fuh)} dx.

Using I.(fv) = I(fI,v) in Q \ Q, we decompose this difference into

/Q [e(fTeup) = Tn(fup)] dx = /Q [Le(fLeup) — In(fup)] dx

C

:/()C [Le(fLeup) — flouy] dx—i—/()C | fLeup, — fup] dx
(35.9)

+/f2c [fup — In(fuy)] dx

Unlike in the proof proof of Proposition B2, where v;, was unknown, we can

use our explicit knowledge of uj, to estimate the first and third groups on the
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right-hand side of (B55:9) as follows:

<5 (FLen)"|l 1, and

’/ﬂc [Ie(fIeup) — fleuy) dx

(3.5.10)
2
< | Fun)" [l 2.

‘ /Q [In(fup) — fuy] dx

where the second derivatives are understood in a piecewise sense.

To estimate the second group on the right-hand side of (8:59), we note that
Leuy, = uy except near element boundaries. Upon defining wy and [u}],, as in the
statement of the result, we have

/ﬂc [fIeup — fuy] dx = 12

k=1,...K
S

/wk [fIeuy — fuy] dx

=
s
ol

C

< %Hf”Ll(wk) ||u;1 - Isu;qHLoo(wk) (3.5.11)

=
sl
=

m &
o
° R

SIFI 2t o) | 147 x| (3.5.12)
K

C

»
Il

A
g

=
=
mn e
ol

It is now straightforward to rearrange the various error contributions to obtain the

stated result. ]

Combining all the foregoing estimates yields an a posteriori error estimate for

the energy.

Theorem 3.11. Suppose that the conditions of Theorem B4 are satisfied, then

’Ea(l/a) - EqC(]/qC)‘ < ﬁi)z{ﬂ(yq&z + (’7f)2 + (’7q)2} + 1(Yqe) + P‘f(]/qC) + 11 (Yqe),

(3.5.13)
where 11(Yqc ) is defined in (B372), nf, 17 in (B318), #(Yqc) in (BRAB) and uf (Yge), 17 (Yge)
in (BA38).
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Proof. The second term on the right-hand side of (B53) is estimated by p(yy),
which gives rise to the second term on the right-hand side of (B513) (cf. Lemma
B9). The third term on the right-hand side of (354) is estimated by u/(y;) and
19(yy), which gives rise to the third and fourth terms on the right-hand side of
(BR4) (cf. Lemma B10).

Finally, using Lemma B8, the first term on the right-hand side of (3554) can be

bounded above by

‘Ea(ya) - Ea(IEJ/qC)‘ < %CHHyg - (Isch)'lliz-

Employing Theorem B.7 we obtain
‘Ea(ya) - Ea(Isqu) < ﬁi)z (’7(qu)2 + (77f)2 + (Wq)z)- L
3.6 Numerical Experiments

In this section, we present numerical experiments to illustrate the results of our
analysis, and highlight further features of our a posteriori error estimates. In par-
ticular, we will propose an adaptive mesh refinement algorithm, and show nu-
merically that it achieves an optimal “convergence rate” in terms of the number of
degrees of freedom. (Strictly speaking, we cannot speak of convergence rates since
the algorithm will eventually fully resolve the problem.)

Throughout this section we fix F = 1, N = 25000, and let ¢ be the Morse

potential

p(r) =exp(—2a(r —1)) —2exp(—a(r—1)),
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with the parameter « = 5. We defined the external force f to be
0412 for —1/2 <x <0,
f(x):= 0 forx=0,
041222 for0 < x < 1/2.

Note that f(x) behaves essentially like |x| !, which is a typical decay rate for
elastic fields generated by long-ranged defects in 2D/3D. (By contrast local pertur-
bations decay exponentially in our 1D model.) Thus, introducing this force allows
us to study the performance of our adaptive algorithm in a setting that includes
some of the features of 2D /3D problems. The constant 0.4 is fairly arbitrary. It was
chosen sufficiently large to achieve a significant deformation, but sufficiently small
to ensure that there exists an elastic stable equilibrium configuration.

We will analyze the relative errors of the deformation gradient and of the en-

ergy defined, respectively, by

1(Ieyqe)” — Valli2(q and |Ea(ya) — ch(ch)|.
lvh — Flli2(0 |Ea(ya) — Ea(Fx)]

In all computations, we compare the QC solutions against the (computable) exact

(3.6.1)

solutions.

3.6.1 A priori mesh refinement

We will compare the adaptive algorithm introduced in the next sub-section against
a quasi-optimal a priori mesh refinement scheme, which exploits the known qual-
itative behaviour of the solution. For simplicity we keep the following discussions
informal.

We expect that, away from the defect, the exact solution will essentially be-

have like [u”| < |f]. We choose the atomistic region to be of the form (—Me, Me).
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Closely following the analysis of [54, Sec. 7.1] to optimize the mesh 7" based on
these assumptions, we obtain that the (quasi-)optimal mesh size in the continuum
region is given, approximately, by

2
3

W (x) = 2s‘f]§1(\ﬁ§) L

The following algorithm generates a mesh with this quasi-optimal mesh size. We
only state the construction for the right-hand half of the domain. By this we mean
that the best approximation error committed on this mesh is within a constant of
an optimal mesh with the same number of degrees of elements.

The mesh will be symmetric about the centre x = 0. The factor 2¢ ensures that

the restriction (T4) is observed.

Algorithm 3.1 (A priori mesh refinement).
1. Add the vertices 0, ¢, ..., eM to the mesh.
2. Let x,i’ be the right-most vertex already in the mesh. If x,’z +h* (x]}j) > N, stop.

3. Otherwise, add the vertex xZ +h* (x]i’) to the mesh. Continue at (2).

3.6.2 Adaptive algorithm

In our adaptive computations, we begin with a mesh that resolves the “defect” (i.e.,
has atomistic resolution near x = 0) but is coarse elsewhere. We then employ the
algorithm stated below to locally refine the mesh where required and thus improve
the quality of the solution.

Before we state the algorithm, we first define the error indicators according to

which we drive the mesh refinement. Node-based error contributions are split
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between neighbouring elements. Error contributions from the atomistic region are
associated with the neighbouring continuum elements.
The element error indicators for the gradient-driven algorithm are given by (cf.
(B377) and (B316))
3+ 30 O+ (4%, i3y = R,

k
Vy2 . 4 .
(08 = 2y Ik + 307+ ()2 + ()% i x) = La,
S+ ani+ (17,{)2, otherwise.
Note that we have ignored the quadrature contributions. We have carefully justi-
tied this omission in Section B34.
The element error indicators for the energy-driven algorithm are given by (cf.
Theorem B1T)
. Pt St g+ S+l i = Ry,
E._ 2 .
oF = miye (PR Bmeer gt by il i = Lo,
%plkq + %yk + %7‘;:71 + %y{: + ,‘MZ, otherwise.

Since the energy error is formally second order, we did include the quadrature
contribution u7 in this case.
In the following algorithm, let px € {pY, pE}. Our algorithm is based on estab-

lished ideas from the adaptive finite element literature [19, 46].

Algorithm 3.2 (A posteriori mesh refinement).

1. Add the nodes 0, t¢, ..., =3¢ to the mesh. Add the nodes {xg =-1/2, x}Il( =
1/2} to the mesh.

2. Compute: Compute the QC solution on the current mesh, compute the error

indicators px. For Tl? C g, set p = 0.
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Figure 3.1: Relative errors in the deformation gradient (3:6.1) plotted against the num-
ber of degrees of freedom for three types of mesh refinements.

3. Mark: Choose a minimal subset M C {1,...,K} of indices such that

1 K
Y k=5 ) Pk (3.6.2)
ke M k=1

4. Refine: Bisect all elements T,il with indices belonging to M.
If an element that needs to be refined is adjacent to the atomistic region,
merge this element into the atomistic region and create a new atomistic to

continuum interface.

5. If the resulting mesh reaches a prescribed maximal number of degrees of

freedom, stop algorithm; otherwise, go to Step (2).

3.6.3 Numerical Results

We summarize the results of the computations with meshes generated by the quasi-

optimal refinement, and the adaptive algorithm with both gradient- and energy-
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Figure 3.2: Efficiency factors (gradient a posteriori estimate divided by actual error)
plotted against the number of degrees of freedom for three types of mesh refinements.

based error indicators.

1. In Figure B we display the gradient errors for the three types of mesh gen-
eration algorithms: quasi-optimal a priori refinement, gradient-driven a pos-
teriori refinement and energy-driven a posteriori refinement. The differences
among the three algorithms is negligible. We observe rates close to (#DoF) !
for all three algorithms. The efficiency indicators (estimate divided by actual

error) are displayed in Figure B2 are moderate.

2. In Figure B3 we show the energy errors for the three types of mesh gener-
ation algorithms. Once again the differences between the three algorithms
is negligible and the convergence rate is, as expected, twice the rate as com-
pared with the gradient errors. However, the efficiency factors plotted in Fig-
ure B4 suggest that the constant prefactors in the estimators lead to a more

substantial overestimation of the energy error.
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Figure 3.3: Relative Error of the total energy (B-6.1) plotted against the number of de-
grees of freedom for three types of mesh refinements.
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Figure 3.4: Efficiency Factor of the energy error estimator (energy a posteriori error
estimate divided by actual energy error).
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Thus we conclude that, at least in this model problem, both a posteriori error
indicators can be used to select meshes that are quasi-optimal for both the defor-

mation gradient and for the energy.
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Chapter 4

Conclusion and Outlook

In this chapter, we first give a conclusion of this thesis and then an outlook of
potential development of the QC methods.

In this thesis, we have established a priori error estimates and a posteriori error
estimates for several different energy-based QC methods.

The a priori error estimates for three different energy-based quasicontinuum
methods, which give a qualitative comparison of these methods, are given in Chap-
ter D. The error estimates followed the steps of the proof of a variation of the First
Lemma of Strang. Using the techniques developed in [b1], we gave optimal order
consistency error estimates in the negative Soblev norms and showed the depen-
dence of this error with respect to the smoothness of the solution to the original
atomistic model. We also included coarse-graining in the error analysis, giving
also a superconvergence result as a consequence of the one dimensional feature
of our model problem. The stability results we obtained in this chapter are exten-
sions of those in [[I7] to the nonlinear setting. Combining these results we derived
quasi-optimal total error estimates. Several features of our analysis were further il-

luminated in the numerical experiments shown in Section Z9. The message passed
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by such analysis is that if an “inappropriate” QC method is used in the computa-
tion, then the error caused by the method could be larger than the error caused by
the coarse-graining of the computational domain.

Following the qualitative analysis of the QC methods, the a posteriori error
estimates for an “appropriate’ QC method, which give the quantitative indicators
of the mesh refinement for different quantity of interest, namely the deformation
gradient and the energy, were given in Chapter B. The residual-based a posteriori
error estimates [72, Chapter2], was used with modifications to accommodate our
model. Based on these estimators we proposed two adaptive mesh refinement al-
gorithms, which we compared to quasi-optimal a priori mesh refinement. Our nu-
merical experiments indicate that the resulting meshes are quasi-optimal. Though
the theoretical importance of this analysis is less than the one we have achieved in
Chapter D, it is more useful in real computations.

We note that the framework we establish in Chapter [ to the analysis of atom-
istic to continuum coupling methods in more complicated situations may be adopted
and extended. A typical example is [64], where the a priori error estimate of a con-
sistent energy based atomistic to continuum coupling method in 2D developed in
[p4] is given. We briefly give an introduction of the problem in an abstract formu-
lation here.

The problem and its finite element variation can be abstractly (as the external

force is absent in the problem) formulated as

a(u;v) =0, Vo € U, and (4.0.1)

a(uh; Uh) =0, You, € Uy, (4.0.2)

126



where Uj, € U. If we define interpolation operators I, : U — Uy and I : Uy, — U,

and ej, := Iu — uy then the error can be estimated by the following steps:
y & step

Yenll < an(Inw;en) — ap(up; en)
= ay(Iyu; e) — a(u; Ieey)
= ap(Iyu; ey) — a(lIyu; Iey) (Consistency Error)

+ a(LIyu; Ley) — a(u; Iey) (Coarse-graining Error) . (4.0.3)

As we can see, (B1L3) is a variation of (ZI) to (Z1I8) to give the consistency es-
timate which accommodate the features of the problem, namely the high dimen-
sionality and the specific formulations of a(+; -) and a;(+; -). However, the underly-
ing principle of separating the generalized consistency error into the two different
parts is essentially the same as we have in Chapter B.

For the a posteriori error estimate of the above problem, the first step is to esti-

mate (BT2), namely
vllell* < a(u;e) — a(Luy;e)
= ay,(uy; Ine) — a(leuy;e),

where e := u — I.u. However, the estimate is much more involved as a result of the
more difficult formulation and usage of the bond density lemma [p4, Lemma 4.4]
in higher dimensions, which makes the residual analysis less straight foward com-
pared with (B3 and (B3312). Though further work in the application relevant
2D/3D setting remains to be done, we conclude that adaptive mesh refinement
driven by residual-based a posteriori error estimates can potentially lead to highly
efficient atomistic/continuum mulitscale computations of atomistic material de-

fects.
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We conclude the thesis by pointing out an interesting issue arising for higher
order and hp-finite element spaces. It would not be too difficult to extend our
analysis to this setting. Note, however, that the Cauchy—Born modelling error is
only of second order, while the coupling error is only of first order, which puts a
severe lower bound on the accuracy that can be achieved. Thus, if one wants to
take full advantage of the high accuracy of higher order finite element spaces, one
would also need to construct higher order continuum models such as [I] and in

particular higher order coupling mechanisms.
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Appendix A

Lipschitz Constants for the Hessians
of the Energy Functionals

In this appendix, we give a proof of Lemma Z9 for three different QC methods and
conclude Cj, we defined in the lemma holds for all the three methods.

We begin with the QCL method.

Lemma A.1. Forv,w € U, and y,z € Y such that min, y% > u and miny y% > U, we

have
1
€0 () — Ela(@Y o wl| < CEL Y — 2l allwlle Yo,weld,
where Cfit. = My ([, +00)) + 8Ms([2p, +9)).

Proof. By the definition of £, we have

[{€qa(v) — Eqa(z) o, ]|

(=N (=N
<e Y, 10"(vp) —¢"E)Vlwil +e Y, 19" (2yh) — ¢ (22)) 1207 ] [2w)]
(=—N+1 (=—N+1

Using the estimates

19" (ve) — ¢"(z1)| < Ma([p, +00))ly" — 2/, (A.0.1)
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and

9" (2yy) — ¢ (22))| < 2M5([2p, +00)) Iy — 2'|| ¢, (A.0.2)
we obtain
124 / / =\l / /
[{E€qay a(z) o, w]| <Ms([p, +oo))lly' — 2|l Y. [0)]|wy
q q
{=—N+1
/ / =\ / /
+8M3([2u, +00))ly" — 2|l Y. [0)]|wy]
(=—N+1

1
<Ciplly = llez= 1"l 211"l -

We then estimate for the QCE method.

Lemma A.2. Suppose v,w € U and y,z € Y satisfy the same condition in Lemma
&7, and the atomistic region A := {{1,...,{y} and the continuum region C := {—N +
., N}\A. Then

[{Eqeey) — Egee ()} o, w]| < ISl = Zlle 12l 2|0l 2 Vo, €U,
where CElp = M3 ([p, +0)) + 9IMs([2p, +00)).

Proof. Again by the definition of Eqce, we have

[{Edee(y) = Eqee(2) } [0, 0]

(=N
<e ), 19"(wh) — ¢" (20 logl [
l=— N+1
+SKZC (19" (2ye) — ¢" (22| 1207 12wg] + 197 (2y711) — ¢" (22011207 11| 22044 ]
S
lH—-1
+e Y 19" Wi+ i) = 9" @+ 2 )0 + v [[w) + i
{=01+1
1
e Y Sl WY — 9" (E 2 ) l10h A+ v W)+ Wi -

66{61*1,51,62%2*#1}
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Using (A-0.T), (A-02) and

10" (Ve + Y1) = ¢ (25 + 20 0) | < 2M([2p, +00)) [y — 2|,

we obtain the following estimate

[{Eqee (¥) — Eqee(2) [0, ]
(=N
<eMs ([, +oo))lly =2l ). [Vh[|w]]
(="N+1
0-1
+ e2M3([2p, +00)) ly" — 2| ¢ [8 le |0 [|wy| + 4|vp, [|w), |
N
+4[v), o l|lwh, | +8 ) vyl |wy|
(=042

(A.0.3)

+ Y Al opllwp] + 1 0]+ [0l }

56{51*1,61,52,£2+1}

+2 ¥ {|vz|rw2|+|vz|rwz+1|+|vz+1||wz+1\+rv2+1r\wz+1|}]

Le{l1+1,... 0,—1}

After judiciously regrouping the terms and applying Chauchy-Schwarz inequali-

ties, we obtain the stated result.

Finally we present the case for QNL method.

]

Lemma A.3. Suppose v,w € U and y,z € Y satisfy the same condition in Lemma

7T, and the atomistic region A := {{1,...,{y} and the continuum region C := {—N +

1,...,N}\A. Then

nl
{EqmW) — Equ@) Yo, wl| < Glly =2l 2wl Yo,wel,

qnl Lip

where CE?; = M;3([p, +00)) + IM3([2p, +00)).
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Proof. Again by the definition of £y, we have

|{ qnl clllnl(z) } [U/ w] |
(=N
<e ), 19"(v) —¢"(z0)[[vp]|wi]
l=— N+1

+sZ 9" (2yy) — ¢" (22)) 1207|1220 | + [¢" (2y541) — ¢” (2241) 2041|1220 14 ]
ZeC

-1

e ) 10"t i) — 9" (2 + 2 ) o)+ g [lwl + whyy .
l=01+1

Using (A1LT), (A.02) and (A.0.3) we obtain the following estimate

’ { qnl (ll,nl(z) } [U/ ZU] ’
(=N

<eMs ([, +oo))ly' =2l ). |0h]|w]]
(=—N+1
-1
+e2Ms([2p, +00)) ly" — 2/l ¢ [8 Y (Vi |wp] + 4vp, [|w), |
/=1
N

{=0y+2

+2 Y {10lllwpl + [ofl [y + [0 [0 | + |vz+1||wz+1|}]
le A

Again, the stated result is obtained by regrouping and applying Cauchy-Schwarz

inequalities to each group. O

For a posteriori error estimates, we need the estimates for the hessian of the

atomistic energy functional. The following is the proof of Lemma B-.
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Proof. By the definition of &,, we have

€ () [0, ]|
(=N

<e 19" (v) ||v||wh|
(=—N+1
N
12 / / / / / /
+e Y 19" (vp+yi)lop + v |[w) 4wy 4]
(=—N+1

and

{E&/(y) — &/ (2) }Ho,w]|

(=N
<e Y 9" (yy) — 9" (z)]|vyl|w)]
(="N+1
N
12 / / 12 / / / / / /
+e Y 9" (v yis) — 9" (z) + 2 )Y+ vy | [wy + w4 .
(="N+1

We obtain the first estimate directly by the defintion of M;(t) and a Cauchy-Schwarz
inequality. The second estimate is established by using (A-11.3) and Cauchy-Schwarz

inequalities. O
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Appendix B

Concrete Examples of the Internal
Residuals

In this appendix, we give two concrete examples of the internal residuals in the

analysis of the error in gradient and that in total energy.

B.1 Internal Residual of the Gradient

To illustrate the analysis of the internal residual in Theorem B, we give explicit
representations for (B33:8) on each bond b that crosses a finite element node inside
the continuum region or atomistic to continuum interface. We adopt the jump
notation [[-]], which is frequently employed in the a posteriori error analysis for
elliptic equations [Z, 72]. To avoid the complication of the presentation, we assume
| T > 2e.

We first list the three cases that correspond to the bonds crossing continuum

elements’ boundaries:
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Forb = ({e, (¢ + 1)e) and x! € b,

[[¢"N]e =9’ (rsDyyn) — &' (rsDorva,yi) l12(n)
2
:(1 - Gk)e [4)/((1 - 9k)3/2|Tk+1 + gkymTk) - 4)/(y;1|Tk+1)]

2
+ Ore [ﬁb/((l - Qk)ymTkH + 9ky;1|Tk) - 4)/ (ymTk)} :

For b = ({ke, (¢ +2)e) and x]! € b,

2
19110 =(2 = 8)e|¢' (2= 0¥ Ime,, + 0uiln) — ¢ (i) |
2
+ Ok ¢ (2 0¥l +0iln) — ¢ (204l |

Forb = ((¢ — 1)e, (fx + 1)e) and x} € b,

2
[[47/]]17 :(1 - 9k)€ [4)/((1 - Qk)yl,/l|Tk+1 + (1 + Gk)ymTk) - 47/ (ZyilekH)}
2
+ (14 00)e @' (1= 00¥ln, + (1 +00viln) — ¢ (23l |
We then list the six cases that correspond to the bonds crossing the left and right
(with respect to an atomistic region) atomistic to continuum interfaces.

One the left interface we have:

For b = ({ke, (¢ + 1)e) and x]! € b,

[[¢'1]6 =l¢' (rsDyyn) — ¢ (r6Dera,y) | 720m0,)
+ 119" (reDoyn) — @' (rDon0, i) 72 n0
2
:(1 - Ok)8 [‘Pl((l - Ok)y;lekH + ka;zh"k) - (PI (y;1|Tk+1)]

2
+0he |9/ (1= )i, + Ol — 9 (i) |
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For b = ({e, (¢ +2)e) and x! € b,

19/ =(2 = 0)e ¢’ (Vhl o + (1= 0)Wi i + Ouvilm)

2 2(1—6) 2
- <P'(2 — ekyﬂmz + 2_—9]{y§,|trk+1)}

2
+ ke [(rbl (}/Z\Tm + (1 - gk)y;l|Tk+1 + ka“Tk) - ¢/(2y;z|Tk)} :

Forb = ((¢x — 1)e, (6 + 1)) and x} € b,

2
(1910 =(1 = 0 |¢/ (Vilm,, + (1= 0Ihlms + Ouiln) — &' (20,
2
=+ (1 + Qk)e[gbl(y;zh"kﬂ + (1 - 9k)yZ|Tk+1 + QkymTk) - ¢/(2y;l|Tk)] :

One the right interface we have:

For b = ({ke, (¢ + 1)e) and xJ! € b,

1911 =(1 = 0)e|¢/ (1 = 0)yhlm,, + Ouvhlz) — ¢ (y;1|Tk+1)]2

2
+ Oke [‘Pl((l - 9k)1/2|Tk+1 + eky;l’Tk) - 47/ (y;Z‘Tk)} :

For b = ({ke, ({x +2)e) and xJ! € b,

2
19115 =(2 = 0)e|¢/ (2 = 0)yhlm, + Ouvilm) — ¢ (2Whlr,,)|
2
+ Oke [‘PI((z - ek)ymTkH + Qky;lek) - 4)/<2y;1’Tk)] :

Forb = ((¢ —1)e, ({x + 1)e), x € band k = R, we have

2
[19'T)e =(1 = O)e[ @' ((1 = 0 lre,, + Ouvilr + Vhlm ) — @' (2Whln) |
+ (1+00)e ¢/ (1= 0Whlme., + 0l + Viln )

Y 29k ' 2 p
T gl 1 +9kyh|Tk1)} '
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Remark B.1. As we mentioned, [[¢']], essentially behaves like the flux(or stress)
jumps between adjacent elements. An alternative analysis of the internal residual

could be found in [74].

B.2 Internal Residual of the Energy

In this section, we give explicit representations for (B56). Our assumption is the
same as in Appendix BII. An alternative presentation but essentially the same
approach can be found in [74].

We first list the three cases that correspond to the bonds crossing continuum
elements” boundaries:

For b = ({e, (¢ + 1)e) and xJ € b,

RY = 100%] [4’(VbDbyh) - ‘P(rbDbﬁQayh)} + % /bmg [¢(rDoyn) — ¢(rpy),)] dx

e[p((1 = 0)yhlte,, + Okynlr) — O (hlt) — (1 — Ok)P(yhlTy,))]-
For b = ({ke, ({x +2)e) and xJ! € b,
Rl = %8[7@((1 — 0Vl Ty + (L + 004l T) — (1+ 09241 1) — (1= 0P (2w 7y, |-
Forb = ((¢ —1)e, (fx + 1)e) and x} € b,
R = %8[243((2 — 0Vl Ty + Okvnln) — Okp(2y417,) — (2= 0k) P2y |T)]-

We then list the six cases that correspond to the bonds crossing the left and right
atomistic to continuum interfaces.

One the left interface we have:
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Forb = ({e, (¢ + 1)e) and x! € b,

RY = e[p((1 = 00)hl1.y + OcvilTy) — O (Wiln) — (1= 0)p (Wil 10

For b = ({e, (¢ +2)e) and xI! € b,

Re =2e[@(Wplm,., + Ol + (1= O)ilri )

2 2(1—6
—(2- ek)cp(z_—eky;mz + (2_—9:)%%) — 0kp(2y}|7)] -

Forb = ((¢ — 1)e, ({x + 1)e) and x| € b,

RY = 2¢[¢((1 = 0k)yhl 1y + (140004l 1) — (1 — 0P (2yhI7.,) — (14 02y l7.)]-

One the right interface we have:

For b = ({e, ({x + 1)e) and x] € b,
R =e[p((1 — O)yhln, + OkvihlT) — Ok (WhlT) — (1 — 00 (v} |7,,,)]-
Forb = (e, (¢ +2)e) and x} € b,

RE=2e[@((2 = 0|7, + Ox¥ilT) — (2= 6)P(2¥4l73.,) — O (2y3l 73 ) |-

Forb = ((¢ — 1)e, (fx + 1)e) and x| € b,

Rs :28(47((1 - Qk)yll’l|Tk+1 + ka“Tk +y;l|Tk71)

26 2
—(1+ Qk)qb(?keky]gl]"k + my;ﬂml) —(1- ek)gb(zy;qh"kﬂ))'
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Appendix C

Alternative Estimate of the Residual
of the External Force

In this appendix, we give an alternative estimate of the external residual as defined
in Section B:3:3. This alternate circumvent the continuity condition on the external
force f € C2(Q)).

Upon defining v, := I;v, the residual of the external force is given by

(from)n— (f,0)e (C.0.1)

where f,v € U.

To further analyze (CC0T), we introduce a new partition 7" = {T]r }j*:‘”_oo of the
domain RR, such that all the nodes in partition 7¢ and partition 7" are included in
this partition. The indexing of the nodes in 7" follow the rule that the node x} in
T" is labeled as Xj in T". We also assume there are n nodes in 7" in [—1/2,1/2],
ie,

n=|{¢2,...,Ne} U{xy,xp,...,xx}

4

where |A| denote the cardinality of a finite set A and are indexed from 1 to n.

For the sake of presentation, we also index the nodes in T%, i.e., the nodes on the
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reference lattice, from 1 to N in (—1/2,1/2] as opposed to from —N + 1 to N in the
main body of the thesis.
The inner product associated with 7" partition is then defined by

1 n

(fog)ri= [ () v =Y S0 — X )figl = (.8 Vf.g € COR),
2 . (C.0.2)
where I, is the linear nodal interpolation operator with respect to 7", and f" and
g" are the vectorizations of f and g with respect to 7".
Now we decompose the residual of the external force into three parts by adding

and subtracting the same terms,

(fromn = (f,0)e = [{f,0)r = (f,0)e] + [{f,on)r — {f,0)r] + [{foon)n — {f,on)r]-
(C.0.3)

The following three lemma are derived to give the estimates of the three parts.

Lemma C.1. Let f,v, f', 0" be the vectorizations of f,v € C°(R) according to T¢ and

T". Then the following inequality holds

(frob = {F0)e] = [0 = (o)l < 20 gy 19 (CO9)

where K1 = {k €{1,..., K} :x; # Kks}, in other words, Ky is the set of indices of the

nodes x}' in T" such that x' does not coincide with any of the nodes in T*.

Proof. We first write out the two inner products and eliminate the terms that are
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the same

n 1 N 1
00 Z § 100+ friavi) - Z 5 (feoe + fr410041)
1
=2 (8]'](5(][]?;(_102(_1 +fi0) + gfk+1§(f]ivjr'k +f]€<+1vjr‘k+1))

keKy

- Z fgkvfk +f€k+1v€k+l) (C05)
keKy

as €jk+2 = €jk+3 =...= 8]'k+1*1 = gand fgk+ivgk+i == f}i"‘iv;k—&—i’ 1= 1, 2, . /Ek—i—l _

by, if Uxe # xp and lg 1€ # Xpiq.

For k such that (e # xi, by the definition of f, v, " and v", we have f;, = f]i_l,
vy, = U;k_l,fgk+1 = f] tpand g 4q =0 ;. Wealso havef]i = (1—0k)fo, +Ofr+1
and U]’.k = (1 - 6k)vy, + 0vy, 41 Inserting these equalities, (CL5) can be estimated

as

(0" = (f,0)e]

1 1
Z {EGksfgkvgk + Egks[(l — Qk)fgk + Qkffkﬂ] [(1 — Qk)vgk + 9kv€k+1]
key

1 1
+ 5(1 — Ok)efy, 100,41 + 5(1 — 0)e[(1 = 0k) fo, + O fe,+1] [(1 — Ok)vg, + Okvp, 1]

1
- _Sffkvfk - _€f€k+lv€k+l}‘

=| Z {[9k O — 1) (fo41 — fo)ve41) — (06 — 1) (fr, 11 —fek)vzk]}|

kG/CU

= ¥ 52101 B0 ff 10

keKy
1 z T 1
<32( L dfinl) ( E dvhaP) < 3@ lawnlle (€09)
keKy key
which concludes the proof. O
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Remark C.1. If y = @, i.e., every node in T" is also in T¢, which corresponds to

the coarse-grained mesh in Chapter I, then this part of the residual is 0.

Lemma C.2. Let f,v € CO(R)NPy(T¢) and v;, := Lo € CO(R) NP (T") be the
Py interpolation of v according to T" partition. Let f",v" and v, be the Py interpolation
of f,v, vy, respectively according to T", and IC. is defined in (B36). Then we have the

following estimate

oonle = (2 = k) = (0 < | 5 RAF I op | 19 (€07
k=K, :

g — 1

& =5 +ef,) e =30k — jeand DF = {je +1,... jir1 — 1},

Proof. Using the fact that (v}); = v]r-k and by Cauchy-Schwarz inequality, we have

"1

roohe = (1,07 = ) 5 (& + &) (ff (0h); = fo))
=1
Jk—1
=), X &fl@h); -]
kele j=jk-1
ki1 ) 7 k=1 9 7
<y | L g0 { T glem-or}, cos
kele b j=jk-1+1 J=ik-1+1

where & = %(eg +¢7,4). Upon defining ¢ such that g; = (v},); — v} (note g;, =
8w, = 0) and by Lemma 03 in Appendix D (Discrete Friedrich’s Inequality) and

Rieze-Thorin Theorem,

i1 )2 koo 1, i 2)?
{8 glem-o1} = L ag) <56-i0d L a7}

J=ik-1+1 J=lk-1 J=j—1+1
(C.0.9)
where g;. = % = (vr);. — (v;l); ¢ appears in the last inequality since max; &} < ¢.
]
Since v}, and v" are both piecewise linear on 7", we have (02); — (@) = (v~
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v))(x) Vx € (x]tl, x]f), and as a result,

J () /12 : ik / / 2 / /
{8 glep- @t} = [ 16 - ds = I = ohliagg_;

. r Jk=1""J
J=Ik—1+1 S

Since v} is the L? projection of ¢/,

/ / /
[v" — Uh||L2[x]’»k71,x]fk] <o ||L2[x]fk71,x]fk]'

Put all the results above together and apply Cauchy-Schwarz inequality, we obtain

2[5 an] {5 gt -wr)

kele Lj=jk_1+1 j=jk—1+1
k=1 e
7 s T /
=P {hk(._.z N "L2<x?k1'x]”k>}
el j=jk—1+1
72 kS 2 % !
<) hk( Y, &ff ﬂ 10" 21172172 (C.0.10)
k=K. J=ik-1+1
The eatimate in the theorem holds as [|0/[[;2[_1/1/9) = [[/[|2 for v € C'(R) N
P1(TH). O

Lemma C.3. Suppose f,v,vy, and f',v", v} be the same as in Lemma C2. We have the

following estimate

(fron)n —(f,on)r
g{% (00 T Rl op|

k=K.

. 2
R }
sV(D%)

k=K.

}||v’||€§. (C.0.11)

where K. is defined in B38), D} = {jx +1,..., jxr1} and hy will be defined in the proof.
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Proof. Since Ij(fuvy,) is also piecewise linear with respect to the 7" partition, we

apply the trapezoidal rule here to evaluate (f, v,);, = fol I,(foy) dx to obtain

(f onhn —
]k 1 1 1
Ny { B & ln(fon) (xp) + 2 12(8;+8;+1)Ih(f0h)( )+2 &5 In(fon) (x] )}
he J=lk—t
Jki—1
2 ]k 1+1(f0h)( i 1+1)Jr Z %(5§+8§+1)(f0h)(x) 5 ]k(fvh)( )]}
J=jk-1+1

(C.0.12)

We define ¢ and G such that g; = (fvy,)(x ) and G; = (Ih(fvh))(x]r.). It is easy
to check that g;, = G;, and

i 7
L Y

Gjir+i = &jer T g—h(gfk - g]'kfl) VkeKe and i=1,....Jk = jk-1,
k

(C.0.13)
where sk = Z;k i }’ = Xy — X¢—1. Therefore, by Theorem D3, we obatin the
following estimate

[ om)n — (F, 10"
1 T jkil 1 r r 1 r
- Z Egjk—l(gfk—1 = Gj) + , Z E(sj + €j+1)(gj —Gj) + Egjk(gjk - Gj)
kek. J=lk—1+1
. . 2
1 (G = jk=1)e) (G — k=1 + 1)e)
< k§c 1 el 18" 1, (2)/ (C.0.14)

where ¢ is the second finite difference derivative with respect to the 7.
By the definition of f" and v}, g; = (foy,)(x ) fr(vh) Using (v;l);’ =0Vje

D2, gj can be written as

g = (Fof)} = ()} (eh); + <ff><z>;+2—tl<ff>;+1<vz>;+1. (€015
)
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2.1

r ’ A k—ik—1)€) Gk —fik—1+1 2
Noting that £ < 2 and Z—H < 2 and defining hy := (G 1)8)(5‘1 ji1 1)) ,
] ] k

we have the following estimate

(fromdn — (f on)r

1T Jki—1 )
<Y X gl
ke, L j=jk—1+1

1"2- Al = \// r Jk r r\/ r\/
<Y R glflenl+e X glenilen))
keke j:jk_1+l J=lk-1+1

1.
< Y S e orllon e o2y + 41 e 1@ 1,2 }
k§€c4 k_f geplPleop T e N e, o,

1
2
Y i Hf”llgz 1)} @) ll 2~ (C.0.16)

keke

1
2
1| B R By op | Toflg, +

keke
For further estimate, we first bound ||v] || 2, by || (v])’|l 2 Since vy, (x) is piece-
wise linear with respect to 7" partition, we can apply the trapezoidal rule to the

integration on each element to get

n | 1 :
282 vp)j = 25 g +€ 1)(vp)j = 2€§§[(02)]’+(02)j+1] = /_10;1(96) dx =0.
= -

: j 2
(C.0.17)
The last equality holds by the periodic condition on vj,. Thus, we can apply Lemma

D2 in Appendix D and Riez-Thorin Theorem to obtain

1
1 1 2\ 2
Il < gne( L eihy) o9
j=
Since v, (x) = (v},); on (x]_1, %)),
- 12 e /
Zeg(%)]’ :/O (v),)"dx = ||Uh||L2[—1/2,1/2]- (C.0.19)

j=1
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Again since v} is the L? projection of v/, ,
/ / /
192017 < 119"l 220,0) = 19| 2- (C.0.20)
Combine these results, the estimate stated in the theorem is easy to establish. [

We present the theorem which essentially gives the estimate of the residual due
to the pointwise defined external force, whose proof is a combination of the three

lemma with the distribution to each element and thus omitted.

Theorem C.4. For f,v € U and vy, := Iv, we have

2.1
[(Foomhn — (£ o)l < LY L Y29 Nl o122 (C.021)
ke,
where
Fo 1 3 4 23/22f12r2
Me = @[8 (fzzk_1+1) te (f£k+1)] + il f H@r@%)
1
1 N . 2
+ g (O B 1%, 2y + Tt L7172 } , (C.0.22)
g &' (D})

and K. is defined in (338), D? is defined in Lemma C1, hy, D} is defined in Lemma T2,

and fzkH is defined in Lemma C3.
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Appendix D

Discrete Sobolev Inequalities on
Non-uniform mesh

In this section, we prove some discrete Soblev inequalities on non-uniform mesh
that are used in the estimate of the residual of pointwise defined external force in
Appendix (. These results are extensions to the inequalities proved in [b5, Lemma

A.1, Lemma A.2, Theorem A.4] on non uniform mesh.

Lemma D.1. Let g € RE, &% el e Rland el >0Vi=1,...,L ¢ = (§)k, €

RE g =88 i =2 L Ifyr €%; =0, then

1 &
gl < 5 X ElilPin (D.0.1)
i=2

where, h = Y €), ¢ = Y1V fork = 2,...iand iy = b ) fork =i+
1,...,L.

147



Proof. Leti € {1,...,L}, then
Loy
higi| = |hgi — Zejg]"
= | Ze 18 — 28 '8l
= 0
< Eejlgz gjl+ Z Hgi —
]:

j=i+1
Since
i
gi—gil=1 ¥ ekl
k=j+1
we have
o ov Lo & .
/ /
hlgl <Y e ) elskl+ Yo & ). elsil
j=1 " k=j+1 j:i+1 k=i+1
i . k—1 L 0
/
= Zeklgkl(Z Z 8k|gk| 281)
k=2 j=1 k=i+1 j=k
Loy
/
=) eklgkldik-
k=2
Divide both sides by &, we obtain the stated result. O

Lemma D.2. (Discrete Poincare’s Inequality) Suppose that L > 1, €%, &! € R with
&,et >0,Vi=1,...,L Let g € Rl such that Y* | 9¢; = 0and ¢’ = (g})L, € RE1
such that g7 = g"_s—?"*l. Define Dy to be the set {1, ..., L} and D; to be the set {2,...,L},

then

1 L2 max{max; << €, maxp<x<y €5}
gl <5 === gy (D02)
so(DQ) 2 I’l 1(

&€ Dl)

for p € {1,00}, where h = Y- ; €.
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Proof. Using the result of Lemma [T, we have

L L .0
Z€?|gi! < Zﬁ 28 |81 Pk + Z Z HEA
; i1

1 L
h

(g2

k=2 k i+1

. (X doebit]
k=2 i=1

Since
L L
;89¢i,k§1r£%§€9;¢zk Ig {Z(sz‘i_quzk]r
and
k—1 L L k—1
Y ikt Y g < (k—1)Y &)+ (L—(k—1)) Y &)
i=1 i—k i—k /=1
< [(k=1)(L = (k=1)) + (L= (k= 1)) (k = 1)] max ¢}
1 072
S g max &l

Put these results together, we obtain the stated result for p = 1. For p = oo,

1 L
|gl < E Z gk|¢zk
k=2
1 i
< E Z |gk|¢zk+ Z Sk|gk|¢zk
k=2 k=i+1
1 L
< Z
" I; k2@f§L5k|8k|
< 1L maXi<i<y, 80 e | |
_ max
-2 h 2<k<L K gk

The stated result is obtained by taking the maximum of ¢ and ¢} over Dy and

Dy.

Lemma D.3. (Discrete Friedrichs’ Inequality) Suppose that L > 1, &, el Dy, Dy are

the same as in Lemma DA, Let f € RE such that fy = f = 0,and f' = (f])L, e RL™1
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such that f! = %, then

1
< (L — 1 .0.
Hf”gi’o(po) < 2(L 1)2<m<aLX 1max{sl,g HIF ng o (D.0.3)
forp € {1,e0}.
Proof. Forp =1,
L . L1
Z%”fﬂ = Zsi\fi|
i=1 i=2
1Lt d
=5 LAY DY G- fi)]
i=2 j= j=i+1
1 1 ST
<5 L Z€|f]|+ Y ellfl]

i=2 j=i+1
L-1 L

2 = =Y
i=2 =1

1 0NE 1) 47
< E(L — 1)2§I}1§3LX_181' ];e]-]fj|.
For p = oo,
i
g 1) ¢/ i1 /
fil < gej fil = (i )ngjist] max fil,
and

L
fil < ) s}]f]-’]:(L—l) max € max £

]
j:i-l-l 2<]<L 2<]<L

Thus we have

< —1,L— !
max il < min(i =1, L =) mmax &) mmax, I

1
< =(L—-1
- 2( >2r2]a<XL 81 zl?,iXL ‘f]|
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Remark D.1. The bounds we have got here are not optimal as if ¢;’s and g;’s
vary too much, taking the maximum of them in the inequalities could significantly
reduce the sharpness of the estimate. However, for the analysis of this paper, such
a bound is optimal enough to produce efficient error estimators and we leave the

work of looking for optimal bounds to future work.

Theorem D.4. (bounds on the interpolation error) Let L > 1, &0 el &2 € RE, with

s?,s},slz- >0Vi=1,...,L Let f € RL and F =€ RE such that Fy = f1 and

]21

F=H+ (fL—fi) i=2,...,L, (D.0.4)

where h = Y-, €Y. Define f' = (fi’)l-L:2 € R such that f! = fizfiza f’ Land f' =
(FE) € RE-2 such that f! = fl%lzfl, and F' and F" are defined in the same way. Let
Do, Dy be the same sets defined in Lellmma and Dy be the set {2,...,L —1}. Then,
for p € {1,00},

If —F 1 1L° maxp<icr - 1€OmaX2<]<L 15} maXp<k<r-1 2” a
f Zp DO — 4 h f é‘y Dz)

(D.0.5)

Proof. Let g = f — F, by the definition of F, we have ¢g; = g1 = 0 and
L

Zglgz Z — fi-1) = )_(FF—F_1) =0.

i=2 i=2
By Lemma [13,

1 1
I,y < 5 (L= 1) max max{el,elHIg' o,

as g1 = g1 = 0, and by Lemma D2,

, 1Lzmax{max1<z<L8},maX2<k<L 18k} "
18"l o) < 5 7 187 ez,
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as Yr , &gl = 0. Since F” = 0, from which we know ¢” = f”, the stated estimate

holds. O
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