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INTRODUCTION

This thesis is a study of certain issues in the context of
Hicksian, fix-price economies. These are simply described as
economies where prices remain rigid temporarily but they move from

period to period.

During the period where prices remain rigid, equilibrium is
achieved through quantity adjustments. In most of the models proposed
so far - see Benassy [5], Dreze [17] etc.— this adjustment is
conceived as a tatonnement process; no exchange takes place until
the system arrives at a fix-price equilibrium. These are better
interpreted as equilibrium theories; they provide a satisfactory
explanation of how quantity constraints support the fix-price equilibrium

allocation but they do not tell us much outside it.

In the first chapter of this Dissertation we consider a non-
tatonnement adjustment process for a pure-exchange fix-price economy.
We argue that a realistic approach is to assume that exchange takes
place in a completely decentralized environment for which the assumption
that only one side of the market is rationed is not imposed. 1In fact,
we consider a bilateral, gradient-like exchange process: Agents are
engaged in bilateral trade giving rise to utility non-decreasing
allocations. During this process, actual net trades are feasible for
the economy, satisfy the budget constraints and are at most equal and
of the same sign to trade offers (voluntary exchange). Trade offers
have been formulated subject to perceived constraints on trading

opportunities.

We show that under some regularity assumptions, this process brings

the economy to a Pareto efficient allocation relative to the wvector



of fixed prices and perceived constraints.

As far as the technical aspects of this chapter are concerned,
we have modelled the exchange process as a feasible directions
algorithm (see Zangwill [SOJ). This algorithm has already been
applied to planning theory (see Otsuki [@i]) but not in informationally

such
decentralized environments as the one considered here.
A

In the second chapter we consider a model of interperiod price
adjustment. It is assumed that prices are evolving according to the
size of effective excess demands and our purpose is to show that
this is a stable mechanism. The results rest on the assumption that
quantity adjustments have takgn place before prices start moving.

It is accepted that this is an unsatisfactory aspect of this process,
and we also suggest a price adjustment mechanism in the spirit of

the first chapter where prices and quantities may adjust together.

On the other hand, our model in the second chapter has a richer _

structure than that in the first: In fact, it is a non-tatonnement

process in the context of world economies and the results cast some
light ownthe monetary approach to the balance of payments. We propose
a method to deal with the problem of regime switching which arises

in similar contexts (see Eckalbar @8], Larogque Bib, based on the
theory of non-linear direct control systems (see Lefschetz [32]).

In fact, we argue that the feedback effects due to rationing are such

as go allow for an application of the Lyapounov method.

In the last two chapters we give the government an active role:
In chapter three the government needs revenue to correct the distortions
behind price rigidities and to finance public expenditure. We argue

that the theory of Distortions and Welfare is still the suitable



framework to discuss these matters. BAn optimal policy calls for
a tax-cum-subsidy in the source of the distortion while optimal
taxes should be imposed to raise revenue. If distortionscannot be
fully corrected, the fact that some markets may clear by quantity

rationing should be included in the constraints of the problem.

In this chapter, the specification of price rigidities is
important. The popular assumption according to which nominal prices
are exogenocusly rigid cannot be made here since the government can
choose tax-rates to affect prices. 1In the model we consider we assume
that there is an institutionally set real wage constraint and that
the price of a non-traded good is fixed by a profit maximizing

monopolist.

The last chapter is based on the author’s M.Phil. thesis - see [;6] -
and is an effort to put the New Cambridge propositions in an equilibrium
fix price model. Since it is clear that the theory of optimum where
instruments are chosen optimally under no constraints is not the
environment the policy-maker in the New Cambridge economy has in mind,
we assume that he only seeks for partial Welfare improvements in an
environment where he can only use a limited number of instruments with
a limited range of application. In this case it is shown that some
Welfare background can be given to his ranking of alternative trade

policies.



Chapter I

A NON-TATONNEMENT PROCESS UNDER FIXED PRICES

A. Overview

The subject of this chapter is the study of the allocation of
resources in a pure exchange economy during a period where prices

remain rigid at an arbitrary level.

The first question the reader may ask is why such a
study is undertaken. There already exists a substantial quantity
of pioneering theoretical work following that of J.Dreze
[;7 ] and J.P.Benassy [ 5 ] and a new effort bears the risk of being

superfluous.

We hope that the present chapter offers some insight into the theory
of quantity adjustments which differs, according to our present knowledge

of the literature, from what has already been said.

The basic models which have been proposed so far assume that prices
p are rigid over a short period and investigate a tatonnement
process on quantities, The crucial role is played by effective demands.
In simple terms, these are the quantities individuals decide to trade in one
market having taken into account the fact that some of their trades

in othermarkets may be rationed.

Formally, the effective demands.of agent h is the vector of
net trades which maximize¢his utility subjectto his income
constraint and the vectors of upper and lower bounds Eh'gh which
represent his perceived constraints on his purchases and sales

respectively. It is crucial whether an agent takes into account

constraints in all markets when forming his net offer of good i. If



he does not take into account constraints on good i, we have the
Benassy definition of effective demand. On the
other hand, if he takes into account all constraints, including those

on good i, we have the Dreze definition.

Let us see how equilibrium is defined and achieved under the

two different definitions,

According to the Benassy formulation -seg {53~ agents express
their effective demands to all markets. Right from the beginning we
notice the follewing ! Since they ignore constraints on good
i when they formulate their demand for it they eventually may find
themselves unable to finance their effective demand vector. Although

this is an unsatisfactory aspect of Benassy's model'it is not of

our immediate concern.

A 'rationing function' transforms effective demands into feasible
trades. This function depends upon the specific exchange process

and satisfies the following hypotheses:

(i) Trade is voluntary.
(ii) RActual trades balance.
(iidi) Markets are ‘frictionless', i.e. those in the 'short' side

of the markets realize their demands.

Benassy assumes that a comparison between agents' net offers (effective
demands) and their realized trades generates subjective perceived
quantity constraints in the following way. If an agent h realizes
his effective demand 52 for good n,'he perceives opportunities for

more trade in this direction. If he fails to realize it, he perceives



a constraint equal to the actuil trade he achieves’ which

is determined through the rationing function and satisfies the three

conditions we have already mentioned .

Equilibrium is a ' fixed' point in the following recursive
tatonnementprocess: At time t, agents express their net offers
T(t). These generate a set of perceived constraints C(t) ,C(t).
On the basis of C(t), C(t), a new set of effective demands 6(t+l)

~ ~
is formulated. When C(t+1l) = C(éhequilibrium has been achieved.

Obviously, what is required for equilibrium is the reproduction
of effective demands g(t) and not their coincidénce with the realized
transactions C(t). The existence of a fixed point in this process
is guaranteed since effective demands are bounded both from below
-from the initial endowments since we are in a pure-exchange economy-
and from above —an agent cannot demand more than he is able to
pay for- and since the feasibility set of agents are convex and

continuous in C,C.

In Dreze's formulation, each agent perceivesa signal S = (F'EJE)'
All goods are subject to lower and upper bounds. An equilibrium is a
set of bounds and consumption vectors C such that
. h Ch . . e -
(i)y ¢ = L Co' where 5 is the initial endowment of agent h
h h o
(ii) Only one side of the market is rationed.
LY . » ’
(iii) For all h, Ch maximizes agents h'™ utility subject to his
feasibility set.
(iv) No quantity rationing is allowed unless price rigidities are

binding.



Equilibrium can be conceived as a fixed point of the following

tatonnement (At the end of this Chapter - see Appendix - we will
interpret it as an explicit dynamic process): Agent h receives
a signal S = (P,Q,E) and announces his effective demand
(P,gja) for good n. Then, an awlioneer computes the excess demand
for n over all h and adjusts bounds according to the following
rule: He raises gn if n is in excess supply or lowers En if n
is in excess demand. Then, a new offer Ci(P,QJE) is announced and
the procedure continues until total excess demands are zero,
Dreze has assumed that rationing is uniform

to all agents. All that matters is aggregate rationing and not the
specific allocation of shortages. With a different rationing

scheme, a different equilibrium could emerge.

We should add that in Dreze's formulation we are not told how
quantity constraints bound effective demands away from equilibri~
“um, The tatonnement on quantities we have just described is
nothing more than a dynamic interpretation of the  mapping used by Dreze
to prove the existence of a fixed point. Another unsatisfactory
aspect of Dreze's model is that no disparity is produced between
demand and supply since agents are rationed in the messages they can
send. The 'size' of disequilibrium cannot be computed from the
description of-equilibrium and the pressure for price changes cannot

be measured.

In Benassy's formulation such a disparity is possible, but as
we have already noticed, this may be artificial. Since the formulation
of effective demands is defined by a separate procedure for each
commodity and the bounds for the commodity in question are deleted,

there is no guarantee that these effective demands reflect actions

that would be profitable for individuals. Benassy's model raises



two more issues which are crucial to the understanding of fix-price
models. First, the specification of the rationing scheme, which

is also related to the "short" side of the market property. Second, tbe
role attributed to money.

A rationing scheme for agent h is a mapping from the effective demands
expressed in markets by all agents to his actual transactions. A )
distinction exists between manipulable and non-manipulable rationing
schemes. A manipulable scheme is an increasing function of agent's
h trade offers while a non-manipulable one is independent of them.
Manipulable schemes are not consistent with the attainability of
quantity constrained equilibria. In riskless environments, agents can
calculate the amount of trades offered which would ensure that the
actual net trades they can achieve are equal to their true (i.e.
desired) net offers. Hence, any outcome can be achieved by distorting

the net demands they announce.

Examples of manipulable and non-manipulable schemes are the
uniform rationing in Dreze's model (non-manipulable) and various

deterministic proportional rationing schemes (manipulable).

A way out of the problem of manipubble schemes is to assume
stochastic rationing, i.e. that actual transactions are stochastic.
In this case, it may not be profitable for an agent to distort his offers,

since the actual outcome bears the risk of being undesirable.

A model with stochastic rationing is that of J.Green [23] .
Green assumes that an individual's realization of trades is a random function
of his own effective demands and the aggregate effective demands and
supplies in the markets. This random function satisfies the

following conditions:



(1) Trade is voluntary with probability one.

(ii) For all effective demand vectors, actual trade balances
(on average)

(iii) The realization stochastic functions have the same

distribution for all agents {(uniform rationing).

The condition that only the "long" side of the market is
rationed is missing. This is an important depature from existing
models; the reason is that exchange is highly decentralized.
Markets are not conceived as central clearing houses as in
traditional models and there may be some unsatisfied demand coexisting
with unsatisfied supply. During the exchange process the extent of
this mutual imbalance will be reduced. This is certainly an
improvement over the previous models which implicitly assume the
existence of highly organized markets in the sense that a tatonnement

on quantities takes place until feasibility is reached.

QOthermain points in Green's model arethat acceptable rationing
schemes, i.e. schemes satisfying conditions (i - iii) above, may
imposé strong restrictions on functional forms and that existence

of equilibrium is problematic,

Another way oGt of the problem of manipulability of schemes
is to assume endogenous price changes. In Hahn's model”[24J
agents have conjectures concerning the prices at which they can
realize trades. A desire to break a constraint implies a need to
offer to sell at a price different than the prevailing one. We

will say more about price changes in the second chapter of this thesis.
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Let us now come to the question about money. In Benassy's
model, it is claimed that it has a very important role to play.
In other words it appears as a necessary condition for a
quantity constrained equilibrium. This view seems to arise from
the idea that all trades must be made against money. The medium
of exchange is modelled as an additional constraint to agents'

feasibility sets.

Unfortunately this idea is in sharp contrast to the actual
role of money, i.e. that of decentralization of exchange . Money
does not shrink the feasibility sé&ts; on the contrary, it enables
trade and minimizes the number of periods needed to locate an
efficient distribution of commodities by decentralized voluntary
exchange. This point has been made forcefully by Ostroy [ﬁQl

See also Drazen [1%6],

In multi-good economie% money is not necessary for the existence
of quantity constrained equilibria. The non-existence of complete
markets (in the sense of perfect matching processes) and decentralized
exchange are sufficient conditions for the formation of gquantity

constraints.
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B. A GRADIENT-LIKE PROCESS ON QUANTITIES

1. Introduction

The point of departure for our model is the fact that existing
theories on quantity rationing do not describe satisfactorily the
behaviour of the system out of equilibrium. The tatonnement on
quantities coupled with the "short" side rule already discussed

is not a realistic exchange process since it requires a very well

organized set of markets. In that case, one may ask whether such
an organized market mechanism is consistent with persistent
disequlibrium.

We think that a more realistic process can be described as follows.
Agents start by expressing effective demands E to the
commodity markets. However, these are not like the traditicnal clearing
houses where offers are matched perfectly, but like Green's formulations
- see 23] - where individuals can simply meet with each other and
exchange goods in a completely decentralized way. Actual trades are
given as the outcome of a gradient process in individual utilities
where everyone tries to achieve the "best" allocation Ch‘given the others'
similar behaviour and the system's feasibility constraints, During the
process, actual trades are at most equal to trade offers and of the
same sign (voluntary exchange ) and satisfy the budget constraints
for the given, and fixed, price vector p. If an efficient allocation
of commodities has been found no incentive for more trade exists. In
other words we look for the existence of an efficient allocation (and

more important, of how to locate it via decentralized exchange) for this

multi-decision process. However, since we require that actual trades
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balance for all goods over all agents this allocation will be

an equilibrium as well.

2. Assumptions and Description of the economy

For the rest of the chapter the following assumptions will hold:
We are in a pure exchange economy with H agents (h = 1,2, ... H) and
N goods (1 = 1, ... N). The vector of initial endowments will be
denoted by CO, where C€ REN. Prices will be
fixed at an arbitrary level and will be denoted by the (1XN) vector p.
Preferences will be represented by strictly concave and at least

twice continuously differentiable utility functions Uh(Ch).

At the beginning of the period, a price vector p is announced.

As a result agents formulate subjective quantity constraints Eh' Ch

. = N N -
with (gh, Ch)E(R X R )and Ch > 0 > C . These constraints represent

their beliefs about lower and upper bounds on their net trades.

quere is no need to assume that gh,Eh are the same for all agents). The

i

utility maximizing consumption vectors Ch are given as solutions of

the following programs:
Max. U
z: h(Ch)

. o)
b : -
subject to p(Ch Ch) < 0,

o ,
£ C - Ch < C, - (1)
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-
It is clear that agents' optimal trade offers Ch - Cg are not necessarily
H " °
feasible: M (Ch - Ch) # O. Hence, a realization scheme (i.e.
h=1

feasible allocations Ch,vh) must be found.

We think that allocations which are points of Edgeworth-like
processes give the most natural and intuitively appealing scheme:
Agents, while striving to achieve their most preferred allocations
Eh' will only be engaged in utility non-decreasing net trades which are
feasible for the economy, satisfy the budget constraints and are at
most equal and of the same sign to the optimal net trades Eh - Cﬁ .
Formally, exchange will take place at c® ERI_,{_N if and only if there

HN
exists a new allocation C €R+ such that

. (o]
(i) U (C) 2 U, (C) ¥h  and

Uh(Ch) > Uh(CE) for some h.

P O
(ii) pChS pch , ¥h.
(ii1) | ¢ - lg lg -c° | component wise
h h - Ch h ! e,
(C —Co)(g -c® ) >0, Vh,i h “ .
hi hi hi hi = i, where C_ is the solution

to the program "Max.U (Ch) , subject to

h
“h
cC < cCc -c°«<¢ < pc®
SN T T N - e o
H H o
(iv) T Cc ¢ %
h=] D h=1 T

Condition (iii) requires that actual trade is voluntary, i.e. at

most equal and of the same sign to trade offers.



Since trade is decentralized, it would not make sense to
impose the condition that only the "long" side of the market is
rationed. As we have said, markets are not like the traditional perfect
matching processes and it is guite natural that unsatisfied demand
may coexist with unsatisfied supply. In Dreze's model Elﬂ
this condition is necessary in order to avoid trivial equilibria.
On the other hand, our model does not require it since trade will
take place(subject to same regularity assumptions)until a Pareto
efficient allocation relative to the vector of fixed prices and perceived

constraints is achieved.

In effect, we would like our exchange process to converge to an

allocation which solves the problem:

. HN | .. . .
"Pind C€R+ ¢ in order to maximize, in a Paretian sense, the vector

W= [Ul(Cl), cees UH(CH)] subject to (i), (ii), (iii) and (iv),

given P, CO, gh' Eh,VIIJ' (2)

In other words, we would like to assimilate the exchange process to an

algorithm for program (2), which satisfies the following properties:

(a) all constraints are satisfied at each moment t (feasibility)

(b} all individual utilities are non—decreasing (monotonicity)

(¢) if a finite sequence of allocations [Ct] is generated, its last
element is a Pareto efficient point for program (2), If an
infinite sequence of allocations is generated, any convergent
subsequence of it (there must be at least one since C lies in
a compact set) must converge to a Pareto efficient point

(convergence) .



Since we have assumed that exchange is completely decentralized

in the sense that the economy does not possess any perfect

matching processes of the tatonnement type the algorithm must

also satisfy conditiond (decentralization):

(d) There is no central agency, real (like a Central Planning Bureau)

or fictitious (like the traditional auctioneer) which can

compu te an efficient allocation for program (2): Since we have

a vector-valued criterion and reguire that trades must satisfy

>
agents budget constraints and the conditions about veoluntary

exchange, algorithms like those used in models for Socialist

Economies (see Heal [26] ) will not be informationally decentralized

in our context (See Hurwitz [28] ).

However, we need to specify exactly the notion of decentralized
exchange . What we mean by decentralized trade is, in fact, bilateral
trade; we implicitly assume that multilateral trades are infintely

costly and that bilateral trade is costless. This kind of trade is

consistent with the maximum amount of decentralization since each

trading pair does not need to know anything more about the economy

except its own characteristics and the vector of fixed prices,

Of course, it is an unsatisfactory aspect of the model that,

within the unit period, agents will notalter their terms of trade,

On this point we follow the conventional literature in that prices

remain fixed within the period concerned. This assumption makes the

analysis easier but it does not mean that it is not possible to

have price changes within the model of this chapter, 1In fact we

15

are going to suggest a rule for price changes in the spirit of the model.
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More specificallx we are going to assume that agents can only
meet pairwisely and are engaged in voluntary, feasible, and mutually
profitable trade. It will be of much convenience if we model this
behaviour as if agents in each pair first determine a "direction" (a
systematic definition of the direction vector will be given below) of
mutually profitable and feagiple trade and, if such a direction exists,
agree on how much they will adjust their endowments along it.

There is no loss of generality in this assumption since there exists
a one-to-one correspondence between continuous and discrete versions of

gradient processes .

In terms of the usual (2 x 2) diagram, this is depicted as

follows:

FiG, 1

In figure 1, the initial allocation is Co, The optimal allocation
n
for agent k is Ck while the corresponding allocation for agent
1 is C
is Cl'
The optimal offers do not balance. However, a direction for

feasible, voluntary and mutually profitable trade is given by the

arrow shown in the figure. Any allocation between c® and 81 satisfies



~
our conditions. In fact, since we consider a(2 x 2)case, Cl will
be the efficient allocation and, trivially, only the long side of

the market will be rationed.

We will say that a bilateral trade move takes place when the

actual allocation is located between CO and‘Cl. If agents adjust
their endowments along the feasible direction until the efficient

»
allocation Cl is achieved, we say that an optimizing bilateral trade

move takes place. This terminology has been borrowed from Feldman

(see [19.] ).

Let us now define the direction vector in a more systematic way,

3. The direction vector: A definition

Let U(.) a real valued continuous fucntion defined on a subset
. . . N . :
X of the Euclidean N dimensional space E and c® a point belonging to

~ N . . . .
X. We say A€ E is a feasible direction at Co €X if for some § > O

we have (C° + sd) € X, Vs with O<s < 6. If, in addition,

u(c®) <u(c® + 53, 0<s s 8, we say that 4 is usable for U(.) at
c®. It follows (from Taylor's theorem) that if U(.) is continuously
differentiable and d is feasible then d is usable at CO if and only if

vu(c®)a » 0, where VU(C®) is the gradient vector of U(.) at CO.

By assumption VU(c®) will be a row vector:

T (c®) = agéC), e ——ag(C) ‘ ;
! Cn C = CO

d will be a column vector.

17



If there is no usable direction for U(.) at ce X, c® is a "stationary"
allocation. If U(.) is concave and X convex, a stationary allocation
will be optimal as well (see D.Topkis and A.Veinott, [e7t . In

HN HN
our program (2), C€ R+ , d€ER ; the constraints are all concave
in the state variables Chi (in fact, condition (iii) can be written
as a system of two vector- inequalities which are truly linear in Ch
according to whether agent h is a buyer or a seller of each of the
goods) . The maximand is a vector of strictly concave functions. Since
an efficient solution can be cbtained by maximizing any of the
H utilities subject to the constraints of program (2%,the fact that

our maximand is vector-valued does not create any particular problem

since we have assumed that all Uh(ch) are concave functions.

4. Implementation of the algorithm through bilateral exchange

As we have assumed, exchange will only take place bilaterally.
We will also assume that agents in each pair can trade in all goods
simultaneously: It is common in the literature-——see Ostroy [40]'
to postulate the existence of fictitious middlemen (one for each
pair with no possibility of communication with those of other pairs;
otherwise we would violate the condition of decentralized exchange )
who are aware of the agents’offers in various markets and of their
characteristics. In fact they know nothing more than the trading

partners reveal to them. Trade takes place as if they do not exist.

Voluntary and mutually profitable exchange implies that whenever
two agents K,1 meet with each other, they order their middleman

to solve the following program:

18
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. . "
Maximize, a la Pareto, the vector [Ul(cl),Uk(Ck)}

o o o
j : = + < C  + C
subject to: Uy (Ch) > Uh(ch) h = k,1, Cp C1 < S 1

(3)

o) o, ¥ o
- < -C -C >0 Vi, h =k,1
p(C -C) =0, (Chi nd CpiChi) 2 i 'L

N
h =k,1, ¢ .,C, € R "

k

The budget of agent 1 is implicit in (3).

2
The middleman should also respect the initial values of agent s
utilities in the sense that he is not permitted to produce any

allocation, even temporary, which generates utilities which are smaller

than the initial ones.

Turning back to Figure 1, the middleman will try to make a

bilateral trade move through the following steps:

(a) Given the initial (sub) allocation (CE,Ci), he determines a

usuable direction d(k,l) = (dk,dl)

for program (3).

(b) If a usable driection exists, he adjusts endowments along it

according to a step of adjustment s so that a new feasible suballocation

1 o
i btai d: C = +
is obtaine (X, 1) k1 T 5%, 1)

direction does not exist, (CE, Ci) is an efficient suballocation,

for s » 0. If such a

To find a usable direction consider the following procedure (we

will explain it immediately after):

De £ = M
efine o0 , = Min { vu, (€ ) d, VUl(C1)db}
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Then, for any compact subset M of the Euclidean 2N-dimensional space

with the origin contained in its interior, solve the program:

"Max. O
. . ,d
subject to (dk 1}6 M,

Vo, (c )4, > 0, ;. Vo Cpd 20 (4)

- > + < V
pd 2 O, 4y 4y S0 VL,
(g - c°® ) >0 Vi, h = k,1."
hi hi dhi - ! T

The condition (dk,d!)E M involves no loss of generality. It is

posed to guarantee a solution to the problem,

The Okl which solves program (4) must be non-negative, since any

negative solution is no better than Ok 1= 0. 1If Ok 1 > 0, the
7 L]

resulting (dk,dl) is a usable direction. This follows from (I) and

(I1) below:

I 4 > =
@ Vo, ()4, 20, | >0, B =kl

(II) The resulting (dk,dl) is feasible: PFor instance, take the

budget constraint p(Ci - Ck) > 0.

pdy >0 (see (4)).

The direction dk satisfies

5
Hence for 2> 0, the allocation Ci = Ci f’kdk satisfies agents k
budget since

b _ 9 = o] _ O —
p(ck k) p(Ck ¥ Adk ck) p}\dk <0
Using this argument for all constraints, we conclude that

(dk’dl) is feasible. Any adjustment along it will constitute a

bilateral trade move since it is also usable,
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The idea behind program (4) is quite natural; the middleman
moves along the gradient vectors in a way that he is always in
the feasibility set. He certainly respects the

initial values of utilities, since VUk(Ck)dk >0 if and only if
o o
- > >
{Uk(ck +24) Uk(ck)} / X >0, for A > 0,

{This follows from the definition of the gradient vector and Taylor's
theorem). As longas both utilities are increasing and the

constraints are satisfied, trade will continue. Obviocusly, exchange
will cease when at least one of the agents in the pair does not

wish to engage in any more trade along any of the feasible directions,
In fact, the following lemma tells us what happens if Ok,l = 0.

. i
The argument is standard (see ZangdeL§Q] ),

Lemma 1: o] =0 1if and only if C is an efficient (sub}
—_— k,1 k,1
allocation.
Proof
Since O = mi - .
nce k.l,,mln,{VUk(Ck)dk,Vlﬁﬁcr)dl}, Ok.l 0 if

and only if the following system has no solution:

VUk(Ck) dk >0
VUl(,Cl)dl >0 (5)

o)

[AY

_pd](
—(dk + dl) > 0, component by component,

(€. -c°)yq

hi hi >0 h=k,1, ¥ i,

hi -
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By Gordan's theorem (see Bazaraa and Shetty E 4:]) , (5) has no

solution if and only if a non-negative vector w exists such that

the following (vector) equation holds:
A'w =0 (6)

where A' is the transpose of A, which is defined as:

- -
¥ ;
by, AUy
— - T , 0
K1l Kn
O, « e o 7 O, 8U]x r .« o ! BUl
Cyq Cyn

_pl’ LA A 4 - pn’ ol > s P ' ] 'O

-1, 0 . « O ,"1 , O 4 e /0
A =

O"er,-..O, O' <1 5 O s ee2y0

Ololoo. ,'1' O, O 7 o o o "l
b

~ ° ~ o

c - C -

K1l CKlfO-n'KnCKn'O y oo . - . 'O

~ o ~
Op oo v O y Cli'cll'-'- 'Clnqn
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It is now easy to ver ify that (6) gives the Kuhn-Tucker conditions
for an efficient solution to program (3), where w > O is the

vector of Lagrangian multipliers; s5ee Smale L43J IL

In program (4) it is implicitly assumed that allocations are strictly
positive; otherwise we should have imposed more restrictions on

o
the set of feasible directions, namely dhi >0 forC = 0.

hi
This simply says that the middleman never allocates negative guantities
to any of the agents. This condition can be related to the
literature: It has been said that the existence of a "money"
commodity (in the sense that it is always held in strictly positive
quantities by all agents) with a positive marginal utility opens up
possibilities for trade which otherwise would remain closed
(see Feldman.[l?] , Arrow and Hahn [_l ] ). For instance, assume
that agent k would like to buy some of good n while agent 1 would
like to sell some of it: dkn > 0, dlﬂ < O. Moreover for all goods
i # n, m both agents are’either buyers or sellers, i,e.
dki'dli > 0; also Cim = O, Even if dlm > 0 agent k cannot exchange

good m for good n. since dkm > 0.

o o
If > <
C O and dkm L0 at Ckm' exchange would take place

and would be profitable for both agents.

Let us now return to program (4). Assume that the

solution to (4) is positive, i.e. > O, By virtue of the

0]
k,1
previous discussion, the middleman will adjust agents?endowments
along the usable direction (dk'dl) until a new allocation is
found. Naturally, the step of adjustment S must be gcceptablez

An efficient, acceptable step may be found as a solution to the following
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program: (The procedure is guite natural and needs no explanation}.

" O
Max. Uk(ck + Sdk)
S

subject to: s > 0, (7)

O O
- C > 0,
Ul(Cl + sdl) Ul( l) > 0

|

o "n
sldhl < e - ¢l h=x1

The other constraints are satisfied for any s > O because of linearity;

see the corresponding constraints in (4). Also, any A satisfyving

0{2A € s may be used as a feasible step of adjustment.

After such a step has been found, the new suballocation

1 o o
i C = )
will be (Ckr l) (Ck,Cl) + S(dk,dl). The move from (Ck,Cl

1
to (Ck cl) is a bilateral trade move. Moreover if (Ck,Cl)Q

is an efficient suballocation (in the sense that there is no
usable direction at (Ck,Cl)l for agents k,1 when they are
trading among themselves) the middleman has achieved an optimizing

move for agents k,l.

Such a process takes place for all pairs (k,l» k=1,2,H; 1= 1,2,..H,
We are interested in the following question: If all possible pairs
of agents can be formulated, where does the sequence of bilateral
trade moves bring the economy? Our intuition suggests that it should
bring it to an allocation x which is pairwise efficient, i.e, it
is such that no other allocation y can be achieved by bilateral
voluntary exchange which is preferred to x by at least a pair of

agents and no agent in any pair enjoys less utility at y than at x,



Before we discuss this matter formally, we impose the
following condition (R)-— see Feldman[19j- which ensures that
all agents can meet and form trading pairs so that all mutually

advantageous opportunities are being exploited.

(R) Pairs are formulated in an endless, rotating sequence;
this means that agent 4 forms a pair with agent 2, then agent 3,
... then age nt H; then,6 agent 2 with agent 3, then agent 4, ...
then agent H; ...; agent (H-1l) with agent H. Thenlthe round starts
from the beginning and repeats ad infinitum., Obviously we

want to impose such a condition: If one pair of agents is

forever prevented from trading, convergence to a pairwise

optimal allocation becomes problematical. (However, see Madden
1351 ). In fact (R) is a strong condition and the

results will not change even if a much broader definition about the

trading pattern is adopted. (All we need is a sequence of rounds

of predetermined maximum length) .

We can imagine that each bilateral trade move is an

iterative step of the algorithm defined by Ct = Ct—l + S}E-‘ldt“l

'
where CtERfN is the sequence of allocations, dt is the sequence

of usable directions (see program (4)) and St is the sequence of
adjustment steps (see program (7)) . At each iteration t, i.e.

in every bilateral trade move, at most ZN new elements of Ct are formu-
lated since there are only two agents involved. The remaining N(H-2)
elements of Ct are the corresponding elements of Ct-l. At this

point we must make clear that this assumption is a consequence of

the pattern of exchange we have adopted, i.e, that of a

rotating sequence. If a broad definition had been adopted, we could

still have assigned each bilateral trade move to an iteration of the
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algorithm; in that case, we should not interpret this
assignment as a requirement that only two agents can meet at a time

while the others are standing idle.

We will now show that the following proposition holds

Proposition l:

The rotating sequence of bilateral trade moves brings the

economy to a pairwise efficient allocation.

Proof: Since we have assigned each bilateral trade move to an
. ) . t t-1 tlt-1
iteration of the algorxthm C~ = C +s5d , we must show that

{c%} converges to a pairwise efficient allocation.

The sequence {Ct} is in a compact set since we are in a pure
exchange economy. Hence, it must have at least one convergent
t(T
subsequence 1{C ( )} .

There are two cases:

(a) 1If {Ct} is finite, its last element CF must satisfy o = 0,

k.1
all k,1. Then, CL is a pairwise efficient allocation (see

Lemma 1).

. ; R
(b) Now assume that {C}is an infinite sequence, If C is a limit
. t(1) . .
point of the subsequence {C }, we must show that C is a pair—-
wise efficient allocation. This will be shown by contradiction,
Suppose C is not a pairwise efficient allocation. By Lemma 1,
there must exist at least one pair of agents, say (k,1),

such that
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o]

Vu (q)g >
vth}cl)dl > 0 (8)

0

VW

_Pdk
-(dk + dl) > 0

~

- > = i1, i=1, ..., N.
(C; = Ci)Qy; 20 b=k, i

Without loss of generality assume
= mi = g > 0.
Vu, ()4, =min {VUk(Ck)dk, VUl(Cl)dl}

Now consider (dk,dl). This vector belongs,by assumption, to a

: t(T
compact set M. Hence, we know that the sequence {a é ; }  which
- 1
t(T)
k1 b

At this point we will make use of the following result:

corresponds to {C must have at least one convergent subsegquence.

Lemma: The set of usable divections Dk l(.) which solve program (4)
14

is an upper-hemi continuous correspondence of (Ck,Cl)".

For the proof of this result see Zangwill[Sd] . (One should
perhaps try to understand it better by assimilating the direction
vector to the famili ar notion of demand correspondence in consumer
theory) . The consequence of this lemma is the following: If

. . t(T)
d is the limit of {dk,l }, then & X

k,1 GD(Ck ).

.1 1

Since Uk(.), Ul(.) are at least twice continuously differentiable

functions and 4 1 € D(Ck l),there exists A > O and an iteration
1 ’

number T large enough such that for all T > T
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T T, .T
a >
Vu, (€ + sdd % ) (9)

T
Vo, (€] + sq) & > & , s€ [0,A].

2

X . s . T T

Also, {from the last three inequalities in (8) for C 1 dk 1 and
’ !
T ~ T )
condition ICh - Chl < lCh - Ch , h=k,1, the alloccation
CT + ud? . is feasible for € (0,8} , some § > 0.
®,1. k,1

Now we are at a pointTwhere a usable direction of adjustment for
agents k,1l exists; hencq a step of adjustment will be determined.
From program (7) we know that for at least one agent the step will be
optimal. Assume, without loss of generality that it is optimal

for agent k. Then it must be the case that
T+1 T T
> +
Uk (Ck ) 2 Uk(ck PdK) !

where p = max (A,96) (10)

By the mean value theoren,

T T T, T
<
Uk(Ck) + pVUk(C + 8pd; )4 00 <1 (11)

T T
U (G * P k k' % v

From (10), (11) and (9) we obtain:

T+1 T T T T T, T T .
U, (C > (C” + = v >
k(G ) 2 UG Fod) = U e + oVu (c + Bpad 2 U, (C)) +P§~(R
. T4 T , o
In the limit, C = C  =¢C_, and (12) implies o D Ep which
k k k = s

cannot be true since EpP> O H

\
‘'
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Remark: The idea of the proof is to show that there cannot exist

sequences Ct,dt which satisfy the conditions

(a) c > C
(b) at -+ a
(c) Vu_(€)d) o
t t . t .t .
(q) ct + A@" feasible for all C ,d in the sequence and A > O.

In the first part we have constructed such a pair of sequences and then
we have arrived at a contradiction. This idea is well

17 -
known since ZangwillL§QI . See also Bazawraa and Shetty L“J .

We should also mention the role played by strict concavity;

¢

we have used the relation G(k 1 0 all (k,l) ¢==) pairwise
?
)

efficiency. In the following diagram this does not hold:

FIG 2

In figure 2, agent's k preferences are not strictly convex, At

(o}

c = mi U (c2 °© = °yq =
min {V ¢ k)dk{ VUl(Cl)dl} Vuk(ck)dk 0, but at

0]
"k, D)
1 . o)
C agent 1 is better off than at C while agent k is indifferent.
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Feldman[lg_—.] and Madden[35] have proved results similar to
our proposition 1 for simpler economies. In féldman[l9] , the
only constraint is resource availability while in Madden [351
agents are also comtrained by their budgets. In our economy exchange
must also be voluntary, in the sense that actual trades must be
at most equal and of the same sign to trade offers which, in turn,
have been formulated subject to the vectors of fixed prices,

perceived constraints and budget balance.

We have not shown yet that the pattern of decentralized exchange
we have adopted brings the economy to a Pareto efficient allocation
relative to the given fixed prices and perceived constraints; however,
intuition suggests that such a conclusion is implied by pairwise

efficiency.

Pairwise efficiency implies that Lemma 1 holds for all (k,1l),

i.e. for no pair is thgre any incentive for a further move. Formally
7

Pairwise efficiency implies 6 = 0 for all (k,1), or - see Lemma 1,

k,1

page 21 — that none of the following systems has a solution:

VU, (Ck)dk> 0 , (13)
vu cpa>o
-pd>0 |,
e K-

dK + d1 <0
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(¢ .-c_.) d4>o0, h=k,1,¥i, for all (k,1)
hi hi hi

This is equivalent to clairning thatequations (6) (see page 22)

hold for all (k,l): (We have again assumed that endowments are

strictly positive for all agents)

] J N
- W3 v (Ck_ + Cl ) + 21: Wi (CkJ Ck') +
(14)
j v — C - k
25_: w4l—i (Cli li) = O/ W _“}1.

In (14), superscript j denotes the jth pair where, by assumption,

it occurs between agents k and 1. We can imagine that j runs over all

possible permutations among the integers k = 1, ..., H; (14)
holds A~ . j. Hence, summing over all j we obtain:

H H

El v Uk(Ck)Trlk - kzl v (pck) Toe *

H
- E]_ v (Ckm3k~ +

H N L ,

+k§l ‘El(cki - Cki ":T4k_i:o , (15)
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where .Z LIVRAUTY 3:'1,2!5
J
X ? = =1 N
; Yax-1 4k-1i7 F T

(15) gives the Kuhn-Tucker conditions for an efficient solution
to our initial program (2) on page 14 ; 'ﬂ'ik are the

Lagrange multipliers (see Smale [43] ).

As a consequence of proposition 1 and (15) the following result

holds:

Proposition 2: The rotating sequence of bilateral trade moves

brings the economy to a Pareto efficient allocation relative to the

vector of fixed prices and perceived constraints
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C.  DISCUSSION

We have taken the view that an alternative to the tatonnement
theories on the allocation of resources in a fix-price, pure exchange
economy may be provided by a gradient-like process in a completely

decentralized envirenment. The idea is briefly described as follows:

Agents express their optimal trade offers which have been
formulated subject to perceived constraints, wealth constraints
and fixed prices. We require that the actual exchange process
respects these cffers in the sense that realized trades are at most
equal and of the same sign a$s them. In addition, actual trade gives
rise to utility non-decreasing allocations for all agents, An
important aspect is the pattern of exchange, We have assumed that
trade takes place bilaterally not only because this is a realistic
assumption but also, it is consistent with the maximum amount of
decentralization. We think that "disequilibrium" issues aré better
understood in decentralized environments and in the absence of highly
organized markets. It should be noticed that in such environments
the "short" side of the market assumption has no place during the

exchange process.

Our main result is that a scheme for resource allocation
(a "realization" scheme) which is defined as a limit point
of such an Edgeworth type bilateral exchange process is efficient
relative to the vector of fixed prices and perceived constraints. In
other words, it maximizes in a Paretian sense the vector of utilities

subject to feasibility of resources, budget constraints, and voluntary

exchange.
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Perhaps it would be interesting to see how this result
can be related to the literature. In similar studies, the authors
are trying to prove the existence of "some" equilibrium. Benassyllsj
requires that effective demands should reproduce themselves at the
equilibrium . Dreze [1il , proves the existence of a vector of
quantity constraints which, if perceived by agents, produces
equality between supply and demand. Green [Zﬂ , and Heller and
Starr [zi] are trying to prove the existence of an equilibrium in
effective demands where those are chosen such as to maximize the
utility of the actual trades given the realization scheme. (In
Green's model where the consequences of the agents'! offers are random
and the assumption that only one side of the market is rationed is

not made, the existence of equilibrium is prcblematic, )

In all these models, agents have no incentive to choose a
different action when the system is at equilibrium. In our study,
the limit points of our gradient-like exchange process provide no
incentive for a further move, given the pattern of exchange. In
this case, they can be conceived as equilibrium allocaticns as

well.

Morever, the question of manipulability of the rationing scheme
becomes unimportant. The nature of decentralized exchange is such
that at the limiting allocation, the relation between an agengs initial
offer and his actual trade cannot be predicted. Since no deterministic
relation exists between trade offers and actual allocations, there is

no reason for distorting preferences in order to achieve a better

outcome.
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We have not yet explained why subjective perceived constraints
E,g_ remain constant during the exchange process. An(unsatisfactory)
answer could be that our exchange process is nothing more than a
mathematical device to locate an efficient solution to program (2).
Since our purpose is to describe a real exchange process, we need a
convincing answer to this question. In fact, this is not difficult

to find. If, during the exchange process, an agent h is constrained

tl)[
i

)

t t 1)
to trade less than he wishes for good i (IC( ) ( ] 4 s

hi

he does not revise his perceived constraint éhi (i.e. his conjecture
on his trade opportunities) on the grounds that in the next trading
round he may find a partner who is wishing to satisfy his net offer.
On the other hand, if he does satisfy his net offer

(t) _ (t l)' l (t-1)

hi C, . l) he feels that he was rational in his

(|c Ny

guess about his trading opportunities and he does not revise it either.
The question is what happens in the 1limit, i.e, when t»> + o .
For t > T, where T is a large number assume that
(t) (t-1) » (t 1) t
< I. r > o =
e, -y | lchi Gt For t , C c; allt
and agent h realizes that his trading opportunities have been

hi

e 'xhausted; hence, he revises his constraints to make Chi his

optimal allocation.

In principle, it would not be impossible to modify our analysis
to take into account possible revisions of the perceived constraints
C,C. For instance, when trade offers are realized we may assume, as
Benassy does in [ 5] » that agents revise their beliefs about trading

. = t
o rtunities: C_,, C i
ppo ni’ Shi may remain consta nt as far as
o R d will h "kink" i
Chi Chi hi and wi ave a ink" at the point where
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t t-1 ~N t-1 R
- = - C . Of course, Benassy's formulation
Coi = Gy L=l — oy ’ Y

is different since agents do not take into account constraints in all
markets when they express their offers. In this vespect our
formulation also differs from those whereagents choose their

offers in order to maximize the utility of their consequences, given
the realization scheme, without any perceived bounds on their

choice (see Heller and Starr LZﬂ , Green [2i]).

Another question is whether our model can be modified to
include price adjustments as well. We postpone this discussion until
the next chapter where some suggestions will be made.
Throughout the analysis, we describe a non-monetary exchange process.

This does not mean that we ignore the importance of money. We simply do not
think that it is a necessary counterpart to disequilibrium. Had we
introduced mohey, it would have been problematical to use Edgeworth type
adjustments. Agents may engage in speculative transactions implying a utility
loss when they are made but eventually they are anticipated to produce a
net gain. Much of our analysis depends on the fact that utilities are

monotonically increasing and it would be hard to accommodate such

speculative transactions.

Finally, we should add some words on the method of analysis.
Since we require that actual trade is voluntary (i.e., at most
equal and of the same sign to the trade offer) we have found it
particularly appealing to model agents' behaviour as if they first
determine a "direction" of mutually profitable exchange and then
adjust their endowments along it for some "distance" S in a way that
initial offers are not violated and the new allocations are feasible,

This is nothing more than a discrete version of continuous gradient

processes satisfying the condition of voluntary exchange.
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APPENDIX:

A TATONNEMENT ON QUANTITIES

In Dreze [17] . , we are told how quantity
constraints and prices support the equilibrium allocation. We
are not told what happens outside equilibrium, although it has
been suggested that his method of proving the existence of
equilibrium can also be interpreted as a tatonnement adjustment
process on quantities. An exact parallel can be drawn between
this case and the classical tatonnement on prices. To prove
the existence of a competitive equilibrium, we usually try to
prove the existence of a fix point of a mapping from prices to
prices which mimicks the auctioneer's rule: Prices increase if
there is excess demand and decrease if there is excess supply.
In Dreze s model we can imagine an auctioneer who follows a
similar rule. To fix ideas, consider the following pure exchange

economy :

There are H agents and N goods. Agents will be denoted by
the subscript h (h =1, ... H) and goods by i (i =1, ... N).
Prices will form a vector p = (pl, cees pN) and will be assumed
fixed at an arbitrary level. (It does not make any difference if
these are nominal or relative prices) Preferences will be
represented by strictly concave utility functions. For simplicity
we will also assume that goods are "specialized". This means
that for each good i, agent h is either a net seller, or a net
buyer. As a consequence, each agengg bounds on net trades can

be represented by a single number C for each good. We can

hi

assume that these numbers are positive: If agent h is a net
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C ., where C°. is

. ) o
seller for good i we can write C -C hi hi

hi hi

A

the initial endowment and Chi the desirable allocation; an

increase in Ehi will reduce the "frustration" of agent h. The

same applies in the case where h is a net buyer for good
n, where the constraint on net trade will be denoted by Chn>ch-
n

The adjustment on quantities may be described as

follows: At each time t the auctioneer sends a signal S _ to

h
each agent h, where Sh = (p, Chl, ...ChN)' As a result each
agent h expresses his net demand vector Zh = Ch(p,ﬁh) - Cﬁ,

where Ch(p,ah) has been chosen optimally subject to income and
upper bound constraints. Then, the auctioneer computes the
aggregate excess demand Cai for each good i, Cai =C . (p,C,... C )

and adjusts the upper bounds C according to the following rule:

hi

U S
hi — dt = Phi Yai? (A-1)

where Khi satisfy the following conditions:

Khi> 0, i € Sh

Khi <. 0, i € Bh

Khi =0 if Chl = 0 and Ca >0( < 0),
i € Bh(Sh).

i € Bh(i € Sh) means that agent h is a net buyer (seller) of

good i. Since all goods are specialized, i € Bh Q:) i k Sh'
The adjustment rule (A-1) says that the auctioneer increases the

2
bound on agents h net trade of good i if h is a seller (buyer) of

i and i is in excess demand (supply). Or, he reduces ~the bound

-4
hn,



if h is a buyer (seller) of i and i is in excess demand (supply).
In order not to violate the condition ahi 20, V’i,h, the
auctioneer never reduces bounds in case that they are already
zero. The requirement Ehi(tﬁ >0 xfi, h creates some problems
for the system of differential equations (A-1): The adjustment

functions are not always continuous in C However, we can

hi’
directly assume that any solution Ehi[t | Ehi(t=0)] of (A-1)

is uniquely determined by C i(t:O) and is continuous in C, . (t=0).

h hi

Also, for all admissible Chi(tzo), the solution Chi[chi(t=o)] is
bounded. For a discussion on these assumptions, see Arrow and
Hahn [1] . They are imposed to ensure a unique path Ehi(t)
given the initial conditions, that all limit points are equilibria

and convergence.

An interesting question is whether (A-1) is a stable rule of
adjustment. The answer is not easy unless certain conditions
are imposed on the excess demand functions Cai( ). For instance,
we could devise conditions to ensure that the Jacobian of Ca(.)
exhibits diagonal dominance. Another way out is to examine how
far we can go by using the Negishi norm (i.e. the sum of indirect
utilities )as a Lyapounov function.§ Agenéé h offers are chosen

such as to solve the followig program :

" Max. I]h(Ch)

“n
. . o
subject to: P» Cf  constant R
c < pc®
pb, = pC
o - .
%1 %1 S Chp b€ By
CO
hi -C. < G, 1 € 5 " (A2

hi « hi

39
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(We have written the constraints in such a way that an increase
in Ehi implies freer choice). (A-2) is a convex program ; the

maximum value Vh of the criterion 1is a concave function of(ﬁhi;..

EhN)' Hence, from the Kuhn-Tucker argument we obtain:

AV, < w,AC, (A-3)

where AVh is the change in the maximum value of V. given a change

h

Aah in the upper bounds in the right hand side of the constraints

in (A-2); U, is the vector of multipliers, the components of

h

which(Phi>are non-negative and show complementary slackness
with the corresponding constraints in (A-2). Dividing both sides
of (A-3) by At and taking continuous changes we obtain

v

< C -
h < Hn O (A-4)

Taking into account the adjustment rule (A-1), (A-4) becomes:

hi Shi Cai ) (A-5)

It would be very convenient if we could show that the sum in
the right hand side of (A-5) is non positive for all h. Let us

postpone this for the moment and try to check first that Vh is

a continuous function. In fact, continuity of V. follows directly

h
from the well-known results (I), (II) below:

(I) The correspondence 3)h (p, Eh) defined by all vectors Ch

which satisfy the constraints in (A-3) is continuous.

(IT) Let U(.) a continuous real valued function which is maximized
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on a set F(*). If g(*) is the value of the maximum of V(.)
on F(*), and F(*) is continuous, then g(*) is continuous at *.
For the proof of (I) see J. Drexe 7] . For (II) see G- Debreu(i?S?%

"Theory of Value'", page 19, Theorem (4),

In our program (A-3), Vh(ﬁh) is the indirect utility function
g(*); it is defined on the continuous

correspondence ‘X h(P’ah) and is, therefore, continuous.

Let us now go back to (A-5). We have said that it would
be highly desirable to show that the sum in the right hand side
of (A-5) is non-positive. It turns out that a sufficient condition
for this is the well known property which holds at the fix -price
equilibrium, that is the rule which says that at most one side of

the market faces binding constraints.

To show that, let us pretend that this rule holds near
equilibrium as well. More specifically we postulate : '"Agents
in the short side of the market do not face binding constraints in

a neighbourhood close enough to the fix-price equilibrium." (5)

If agent h is a buyer of good j which is in excess demand,

the term . C . .in t Iy § it
th &JKthn he sum . hi Khi Cai is non positive

since C , > 0, . d ., S i -1).
aj > P'hj‘z 0 an KhJ 0 according to (A-1)
If agent h is a seller of good jiwhich is in excess demand, the

[} t s : . (o] < =
hj Caj is zero since the constraint Chj'— Chj'_ Chj'

is not binding according to our assumption,and as a consequence

term uhj'K

the shadow price !th' is zero. Similarly if agent h is a buyer

of good j" which is in excess supply, the constraint Ch'” - Cg,”
J J

S Chj” is not binding and the shadow price M jn Will be zero.
J



Finally if agent h is a seller of good j* which is in excess
supply, the term uhj*caj*Khj* will be non-positive since
Uhj* > 0, Caj* <0, Khj* > 0 according to (A—l)“

Since Oh < 0 and Vh is a continuous function in the state

variables Ehj’ j=1, ... n’the function

is a Lyapounov norm for system (A-1). Hence, (A-1) is a stable
adjustment rule. Moreover if we assume local uniqueness of
the fix-price equilibrium, this will be a locally stable equilibrium

as well.

This result should not be interpreted as anything more than
a simple suggestion. Since it is based on the (unjustified)

assumption(s)above, it is bound to be a weak result.
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Chapter Two

PRICE ADJUSTMENT AND ASSET ACCUMULATION

A. Overview

In this chapter we will discuss models of price adjustment
and asset accumulation in a non-Walrasian framework. Our main
task will be to study the stability of a specific price and asset

adjustment rule.

An ideal situvation would be to study price-adjustments in
the context of the model presented in Chapter One. We know that

at each date t, agent hidesirable direction of adjustment for

t

>
hi) 0. We

d . . . b N N a -
good i is given by any khi such that Khi( hi C
can imagine that each middleman is not only responsible for making

a bilateral trade move for the pair of agents he is assigned to,

but he is also charge&to report to a central authority these Xhi's.
. . t+l t it
A natural assumption is to postulate that P, - Pi = um Ahi
i
h

where m are constants with Im = l. This says no more than that
h

the central authority adjusts prices according to the total "excess

. t+1 .
demand". When the new price vector p is announced, agents perceive

—t+1 _t+1
c

new bounds C P on their trading opportunities and express new
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offers Ct l. The exchange process is as in Chapter One.

Smale's results{?AJ may provide some help. Our model
differs from his since we want the actual exchange process to respect
trade offers, while in Smale's model agents do not express offers.
They only want to move according to the gradient vector ignoring

any quantity constraints.

It would be of much interest to examine the convergence properties
of the exchange process presented in the previous chapter together
with the price adjustment rule suggested above. A result similar

to Proposition 1 on page 26 will be all what we want.

Not only technical considerations have prevented us from
following this approach in this chaPter. The main reasoen is that
our pure exchange economy model is too abstract and we feel that,
at this level, there 15 not much left to say apart from abstract
results. Certainly we do not deny their importance; we simply
feel that we will have more to say using more specific models

with a richer structure.

The topic of price adjustment in non-Walrasian economies is: very
important not only for its own sake but because it helps us to rethink
theories which, although they intend to explain dynamic phenomena

such as the accumulation of assets, use arguments which are

not sound unless they are applied only at equilibrium. The development
of fix-price models has contributed to the understanding of
"disequilibrium" issues and to the formgtion of some ideas on how

prices may change.
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The first contributions on price adjustment in economies
with trading out of equilibrium were included in the early non-
tatonnement processes (see Arrow and Hdnx[lj , chapter 13 for
a survey of this literature). The main ccnclusion from these
contributions is that models with trading out of equilibrium give

stronger stability results than those which permit recontracting,

Our earlier remarks on the possibility of incorporating price
changes into the first chapter of this thesis, may provide a suitable
framework for including the formation of subjective quantity

constraints into these non-tatonnement approaches,

Based on the notion of effective demands, the first effort
for an endogenous price setting is that of Benassy [6] . In
his model, firms set the prices of the goods they produce. The
trading process is as follows: At the beginning of the period, a
price vector is set. Then quantity movements of a tatonnement
type occur and a fix price quilibrium is established. Trade
takes place, firms observe price and guantity signals, and
re-estimate their perceived demand curves; then they change prices
accordingly and so on. Equilbrium occurs when no firm wants to

change its price.

The most important point in the model is that firms "clear"
the markets. This is not an ad hoc assumption but a property
which follows from profit maximization. For instance, if a firm
is in the short side of the market for the good it produces
it can increase the price of the good and still be able to carry
out the same production and sales plan ) increasing

its profit.
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Throughout the model, there is the assumption that
quantities adjust infinitely faster than prices. First, an
intraperiod tatonnement adjustment on quantities occurs)and
after a fix - price equilibrium has been established, prices

change accordingly.

Drazen [16] suggests that since effective excess demands
in Benassy's formulation are not reasonable indicators of the size
of disequilibrium (as we have already noticed, Benassy's formulation
permits agents to send offers which may violate their constraints)
they do not present price setting agents with the information

necessary to change prices.

We think that although the observation is correct it could
be overcome by an idea proposed by Grandmon t [221 : Grandmeon t
argues that since the model reveals who the agents: are who are
constrained in commodity h at each fix-price equilibrium, this
information becomes available to other traders. In this case they
all know that there is a disequilibrium jn some marketsand have
information on the number of agents who perceive binding constraints.
As far as they also know the actual transactions which occur in
each market (so that they can tell for sure which of Benassy's
trade offers can in fact, be financed) and provided that some markets
are interpreted as future markets, the EiEE.Of disequilibrium can
also become known by virtue of the following arguments: If an
agent is rationed in the market for goodiin the current period, he
will make an order in the future market (by making a downpayment) to
obtain the good in some other unspecified date. In this case sellers
have an idea of the éize of disequilibrium by looking at the size

of purchases in the corresponding future markets, In the absence
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of future markets, other indicators may be used such as the
level of stocks of durable goods, unemployment benefits in the

case of excess supply of labour etc.

Hahn's conjectural equilibria model{?4] does not require
that prices move only after the fix-price equilibrium has been
established. Agents have conjectures concerning the prices at
which they can realize trades. A conjecture Ch of agent h gives
the price vector which hebelieves he must offer in order to trade
in excess of his constraints in the direction of the desired
excess. The conjecture is an increasing function of the desired
excess: If an agent's actual transaction falls short of his
desired offer for a good for which he is a buyer, then the greater
the difference between those two quantities, the greater the price
he believes he must offer in order to realize his desired offer.
Agents maximize their utility by choosing price and quantity

offers given their conjectures.

Hahn has shown that a conjecturdl equilibrium, i.e, an
equilibrium where all markets clear and agents’conjectured prices
are the market prices, exists. More important ' is
that he is able to show that a conjectural economy has non-—
Walrasian equilibria. . =~ The reason behind this, is that
cohjecture functions are not everywhere differentiable: If they are
differentiable the "short" side of the market property implies that
conjectures are "flat", i.e. agents believe that they can
trade as much as they want without offering a different price.

In other words they are perfect competitors.. (This line of

reasoning is a verbal exposition of a method of proof due to Gale @1J )



The models by Benassy and Hahn mentioned above study the
question of the existence of equilibrium, Of equal importance
is to examine whether equilibrium is stable.
For, suppose that
we specify some dynamic behaviour for the system and
we find that prices always converge to the Walrasian equilibrium.
Aren't we then inclined to conclude that sluggish wages and prices

cause unemployment?

Unfortunately, the slate of the art in this area is still
unsatisfactory. There are conceptual and technical difficulties
on how prices change in disequilibrium which have not been resolved
yet. In the following paragraphs we provide a summary of some

of the approaches suggested so far.

Laroque [3Q] has made a simple remark which may be used
as a starting point for a game - the oretic approach to the topic,
He argues that in a pure exchange economy with two durable goods,
the dynamics of price adjustment can be interpreted as a struggle
between agents in the opposite sides of the market to set the
price. This happens because in a neighbourhood of a stable
competitive equilibrium, agents in the short side of the market
prefer the Walrasian allocation to the disequilibrium allocation,
while, if trade actually takes place, there exists a disequilbrium
allocation which is strictly preferred to the Walrasian a}location

by all agents on the long side of the market.

In Figure 3, we present a geometric praof

of this result using the familiar Edgeworth-box diagram -
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Offer curves have the regular shape, so that the Walrasian
equilibrium W is stable. The "short" side agent K prefers W
than D because W is further up on his offer curve than D, while

the "long" side agent L is better off at D than at W (see Fig. 3).

Fig.3

A more common approcach ié to assume that the pressure
on prices is given as a function of the aggregate effective demands
and construct dynamic systems based on this assumption. This
is the path followed by Varian,Léé] . The most important feature
of his model is that he introduces an equation to describe the
adjustment of expectations which are used as a state variable
together with prices. This permits his system to produce not only
Walrasian equilibria. The stability results it produces are even
more surprising. He argues that the Walrasian equilibrium is
unstable while the non-Walrasian one is stable. His
argument is as follows. If at the Walrasian equilibrium, expectations
are perturbed downwards, firms will lower both their demand for
labour and their supply of output. The price of output will not

change because the demand for it will be reduced as a result of afall in

labour income. Also the excess supply in the labour market causes a



fall in the real wage and, as a consequence, a further fall in
demand. This last effect willmake firms even more pessimistic and

they will revise their sales expectations downwards.

At the non-Walrasian equilibrium firms have specific
expectations on their sales and we ask what happens if there is
an upward shift on them; Varian argues that since the price is
greater than the marginal cost at the non-Walrasian eguilibrium,
the value of consumption supply will increase more than income,
This will narrow the gap between expected and actual demand,

producinsa stabilizing effect to the initial perturbation of

sales expectations.

Our opinion is that the specification of this model is
a bit unusual. The above argument on what happens at the
Walrasian equilibrium is "Keynesian" in nature, while the
implication of being at this point is that agents believe that
they can transact as much as they want at the current prices
i.e. they do not perceive any bounds on their net trades. 1In
Varian's reasoning ("firms will lower their demand for lahour
after expectations are perturbed downwards") there is a presumption
that at the Walrasian equilibrium the demand for labour funetion
depends not only on relative prices but on gquantity signals as

well.

We should also mention the technique introduced by
Varian to overcome the non-differentiability problem which arises
because of regime switching. (We will later explain this problem
in detail since it is crucial for the model which will be discussed

in the next section)_ He has constructed a differential system

which coincides wili the real one at all equilibrium points and has
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used the Poincaré—Hopf index theorem to show that there must
exist non-Walrasian equilibria as a consequence of the

fact that all Walrasian equilibria have index - 1 (The sum

of the indices of all equilibria is zero according to the index

theorem) .

Eckalbar [18] studies a dynamic system similar to that of
Varian i.e. a system where the size of disequilibrium is given by
effective excess demands and expectations appear as a state
variable along with the real wage. His stability results are
based on Lyapounov theory, and he overcomes the non-differentia -

bility problem by a direct modification of this theory. Eckalbar
is able to show that his system is quasi-globally stable but as
he admits, his method does not seem to work with more than two
goods. In the first part of his paper he proves a result which.
provides a solution to the non-differentiability problem for some
special cases. More specifically he shows that dynamic systems
which admit the same Lyapounov function for any of the regimes

on which they are defined are stable.

Fisher [?QJ works with a model similar in spirit to
Arrow and Hahn ([i]' , Chapter 14 ), He introduces spillover
effects which are due to quantity constraints and proves the
stability of a price and quantity adjustment process. The
specification of his model avoids the non-differentiability problem.
In fact, . ' B
the way effective demands are

specified overcomes the problem of regime switching.



Our opinion is that thishappens at the expense of a very
strong assumption which is used throughout Fisher's model. More
specifically it is assumed that agent h%target excess demands,
which are defined as the net trades which maximize his utility
subject only to his budget ¢onstraint , are of the same sign D

the total effective excess demands.

Fisher calls this assumption "a modified Hahn process"., As
he admits right from the beginning, this is a very strong version
of the Hah n assumption which simply asserts that in economies
with proper markets willing buyers can always find willing sellers
so that everyone's net effective demand 1s of the same sign A3

aggregate net effective demand after trade has taken place,

It is not only this assumption that seems very strong to us:
Agents in Fisher's model are totally unaware of disequilibrium
when forming their farget net trades, We suspect that it would
not be an easy task to show that the Negishi norm is a Lyapounov
function for Fisher's adjustment processes if agents were aware

of disequilibrium when forming their optimal offers.

Laroque [?i] is working on the stability of a price
adjustment process which is also based on the assumption that
prices change according to the size of effective excess demands.
His purpose is to tackle in a more systematic way the problem of
non-differentiability which arises because of regime switching.
His main proposition provides a correction to an earlier result
obtained by Veendorp EQQ] in his pioneering effort to construct
a stability theory of a price adjustment rule based on the above
assumption. In fact, Veendorp's arguments were not fully correct

because of regime switching.
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Liviatan [34] has constructed a dynamic system for
a small open economy under fixed exchange rates where the stock
of money is used as a state variable along with the price of the
non-traded good . His purpose is to modify the monetary
approach to the balance of payments: While this is intended to
be a dynamic theory, it is conducted as if prices clear all

markets instantaneously.

If prices do not adjust instantaneously to their Walrasian
equilibrium values, the monetary approach is misleading since
it ignores the spill-over effects from one market to another;
if we do take into account spill-over effects the relevant
measure of the "pressure" on the state variables is not

the notional excess demands but the effective ones.

Liviatan's effort is remarkable in taking into account this
effect. Unfortunately, his results are not sufficient to prove
the stability of the specie flow-cum-price adjustment mechanism,
Laroque's criticism on Veendorp's model mentioned above, applies
to Liviatan's model as well. In fact, Liviatan claims that his
adjustment process is stable because the partial derivatives of
effective excess demands with respect to the state variables are
such as to make the matrices (.... of the linearized version of
his system) stable in all regimes, i.e., having negative real
roots. The problem with thisargument is that it does not take
into account those issues which arise at the borders between regimes.
More specifically, in dynamic systems where the motion of the state
variables is not governed by the same set of differential equations
everywhere, trajectories may move back and forth between regimes

without ever apprcaching some steady state point.
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The methods of studying the asymptotic stability properties
of these systems have yet to be explored and the models by
Varian, Eckalbar and Laroque mentioned above are indicative of
the modifications needed in order to be able to conduct a

proper analysis.

This is exactly what we will also try to do for the rest of
this chapter. On this purpose we will first work with a model
similar to that of Liviatan B@] . As we have noticed above,
this model contains the money stock as a state variable and it
will be of much interest if we can obtain a rigorous stability
result. Then'we will relax the assumption that the economy is small
and will try to prove the stability of the specie flow-cum-
price mechanism in a world of two countries of comparable size.
In this case not only the non-traded good market will clear
by quantity rationing; the markets for traded goods will also
clear in this way and money will flow according to the value of
the actual trade surplus which will differ from the value of the

effective excess supply for traded goods.,



B. PRICE ADJUSTMENT AND ASSET ACCUMULATION IN OPEN ECONOMIES

(a) The case of a small economy

1. Introduction

It is now widely accepted that there are no formal problems
in discussing the balance of payments without incorporating
explicitly financial assets. We simply need to distinguish goods
available at different dates as different commodities and express
prices on a comparable basis. The price vector is substituted for
a set of present value price vectors and imports are a set of
purchase contracts less sales contracts. Using this approach, our
model in chapter one could be extended to capture iss ues in

international trade as well. See Dixit and Norman [1§J for

a detailed discussion.

This kind of analysis is conducted underthe assumption that
there is a set of perfect forward markets. Also, there are
no payments in the usual sense; instead, there are claims for

specific goods at specific dates.

A theory of the balance of payments which claims to be

capable of explaining the real world should rather incorporate
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explicitly financial.assets which can be associated with international

payments. For this reason we prefer to work in the context of a

Hicksian economy where money will be the only financial asset.

It would not be difficult to incorporate into the model more
than one asset, We rather prefer to keep the analysis as simple

as possible since our purpose is to examine the foundations of the
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adjustment mechanism. This does not mean that we underestimate

the impértance of many assets: With uncertainty, the characteristics
of assets play a major role in the description of equilibrium.
Moreover, any model which is constructed for policy nurposes ShOU1A

incorporate interest rates and capital flows.

In a Hicksian economy, money is held for the sake of commodities
it will buy in spot markets at later dates. At each date agents
have access to spot markets for commodities and money, In fact,
if we assume that agents expect some specific price vector to prevail
in the future (i.e. if they have point expectations) money demand

can be assimilated to future expenditure on a composite commodity.

According to the monetary approach to the balance of payments,
the adjustment mechanism through which international equilibrium
is achieved in a world with many national currencies and fixed
exchange rates does not differ from the specie-flow mechanism
described by D.Hume: Fhere will be an inflow of money in a country
at a rate equal to its trade surplus or an outflow at a rate equal
to its trade deficit. 1In this context, a trade deficit is
not necessarily a manifestation of real disequilibrium. By
virtue of the argument made above on the nature of money demand
in the context of a Hicksian economy, a trade deficit can simply
reflect international differences in the demand for future
versus present consumption and is nothing more than a manifestation
of a short-run equilibrium with trade in present and future

consumption.
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If we now allow for the existence of non-traded goods
the prices of which are rigid temporarily so that domestic
markets clear by quantity rationing, a trade surplus or deficit

may also reflect a spill-over effect from domestic markets.

The purpose of the first part of this section is to study
an adjustment mechanism where the state variables are the stock
of money and the price of the non-traded good. These variables
evolve according to the size of excess effective demands. The
stock of money will evolve according to the value of the
effective excess supply for traded goods: Since we assume a
small open economy the effective excess supply is always
realized. Also, the price of the non-traded good will evolve
according to the size of the excess effective demand for this good.
We will be interested in the asymptotic stability properties of

such a mechanism. Let us now describe formally our economy.

2. Assumptions and Description of the notional system

In the economy there are the following goods: A non-traded
good ’ . denoted by the subscript N with nominal price
P. Nominal domestic fiat money the quantity of which is M. A
traded good, denoted by subscript T, with international price fixed
at unity. (Since the economy is small, it faces fixed world prices.

Hence, we can aggregate all traded goods in a
composite good T the price of which is %) Given that the exchange
rate R will also be assumed fixed, the domestic nominal price

of the traded good will be fixed at R,



The two goods will be produced domestically according to
a well-behaved transformation curve F(yN,yT) = 0. The model does
not take into account the labour market explicitly, although
our analysis can incorporate it under the assumption that
production takes place in separate sectors: In the traded
good (non-traded good) sector, firms produce the traded good (non-
traded good) using labour as input. Under this assumption we could
alsc consider the case of disequilibrium in the labour market.
Now, the only source of disequilibrium may come from the non-

traded good market.

Of course, as it is usually done, we can reinterprét the
model as a reduced form of another model including labour, the

market of which being always cleared in the background.

The domestic econcmy will have a single consumer (or many
similar consumers) who demand the two goods and money. As we
have explained in the introduction, money demand in this context
represents future demand for goods. Formally, preferences will be
represented by a well behaved utility function U, This can be

considered as a function derived from an intertemporal utility

maximization procedure, defined on the traded good, the non-traded
good and money. We will not consider the details of this
derivation here as it is already a standard procedure (see

Grandmont:[?Zl ).

The reader may observe that we have totally neglected the
intertemporal character of production. This is done by assuming
that firms hold no stocks. The analysis would become much more
complicated with an intertemporal production plan and we would

rather prefer to avoid it.



It will be useful if we first derive the notional
excess demand functions for this economy. By definition, the
notional demand (supply) functionsae derived from utility

(profit) maximization subject to the income (production

possibilities) constraint only.

According to our assumptions, the notional supply functions

will be found as the solution to the following program

"M PY + RY (16)
(3x v ) N T
N'TT
1
| : Y ,Y ) =
subject to F( N T) o ,
where I = PYN + RYT is the national income function.

Solving (16) we find the supply functions

Y, = YT(P,R) (17)

Y. = YN(P,R),

where YT’YN are homogeneous of degree zero in P,R,
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Also, notional demand functions can be derived as the solution

to the program

1.
n 114-
(Eaé o) U(CN'CT’f) (18)
’ Nl T
subject to:

PC.. + RC_ + M = + M "
N CT M PYN RYT + M

where U(.) is a (derived) well-behaved utility function and f

is a function homogeneous of degree 4 in P,R, Solving (18) we

find the notional demand functions:
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= M (19)
Cy = Cy(P/R,M)
Cp = Cp(P/R,M)
M = M(P,R,M)

where CN,CT are functions homogenous of degree zero in P,R,M

and M is homogenous of degree one in P,R,M.

Combining (19) and (17), we derive the notional excess

demand functions:

= - = M 2
EN CN YN EN(P,R,M) (20)
E, = CT - YT = ET(P,R,M)
EM = M-M= EM(P,R,MZ

EN'ET are functions homogeneous of degree zerxro in P,R,ﬁ,while

EM is a function homogeneous of degree one in P,R,ﬁ. Since R

will be constant throughout the analysis, we can divide all

riominal variables by R and obtain the modified excess demand

functions:
EN = EN(p,m) (201)
ET = ET(p,m)
Em = f§.= Em(p,m), where p = %-, m = %-.
R
In the steady-state equilibrium, EN<= ET = Em‘: 0, In

most of the models in the monetarist tradition it is assumed

that the non-traded good market is cleared instantaneously

through a flexible p'.ENt = O . The short-run equilibrium is



defined for a given M and EN = 0. The adjustment mechanism

through which the steady-state equilibrium is achieved is given

by m = —ET ' EN(p,m) = 0. From the overall budget constraint,
it can be verified that - ET = Em; therefore actual money
accumulation coincides with the desired cone. Essentially, the

adjustment mechanism is described by a single differential egquation

in one state variable (m).

The monetary approach runs into serious problems when the

assumption of instantaneous market clearing of the non-traded good

market is relaxed. Assuming that the speed of adjustment is unity,

the adjustment mechanism is usually described as
h = , 21
p Ey (Pom) (21)
m = ET(p,m)

At best, (21)can be described as a tatonnement system under the
recontract assumption where the auctioneer not only adjusts p
according to the size of the notional excess demand for the non-
traded good but he also taxes (subsidizes) money balances when the
value of the notional excess supply for the traded good is negative
(positive). Exchange will take place only at the steady-state

equilibrium (p = m = O).

Withouyt the recontract assumption the specification of
the system is not correct, When trade is permitted out of
equilibrium, there may be unsatisfied demand (or supply) in the
non-traded good market and this will affect the money and traded

good markets.

61
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As we have already discussed in the overview of this
Chapter, Liviatan's model E34] is a first effort toward a
modification of the monetary approach to take into account these
spill-over effects. For the reasons we have already explained'
Liviatan's results are not sufficient to prove the stability of
the modified adjustment process. We remind the reader that
Liviatan has shown that the matrices of the linearized versicn of
the modified adjustment mechanism are stable in all regimes,
This is not a sufficient condition for stability, since the problem

of regime switching which arises in this context is ignored.

Before we proceed to define the effective excess demand
functions and study the stability of the motion of the effective
system, we impose the following conditions:

E E
. N
"The matrix A = b N evaluated at the steady-state

-E -E
Tp Tm

(22)
equilibrium (m*,p*) has negative diagonal and positive off diagonal

elements such that [p* 1] A < o".

Condition (22) guarantees the stability of the tatonnement
system (21) around the Walrasian equilibrium (p*,m*). Since we
are interested in the destabilizing influence (if any) of spill-
over effects this assumption seems gquite natural. Assumption (22)
says that goods are gross substitutes. This, together with Walras's
law imply (p* 1)A <O which, in turn,implies that A has a gquasi-

dominant diagonal. Laroque [31] and<ECkalbaY‘[18] also
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use an assumption similar to (22).

3. Quantity constraints and effective demands

We will first describe the allocation of commodities at
each date t for a more general economy and, as a particular case,
we will apply it to our model. This is done for later reference;
since we are going to extend our results to more complicated models
than the present one this generalization is necessary. See also

Laroque [311 .

At each date t, prices and the total gquantity of money are
fixed. Markets clear by quantity rationing in such a way that no
one is forced to exchange more than he wants (voluntary exchange)
and allprofitable opportunities for trade are exhausted. We can
think of this allocation mechanism as a tatonnement process on
quantities or as a non-tatonnment one similar to that described
in chapter one of this thesis. We must keep in mind that during

the period of gquantity adjustments prices remain fixed,

Since we require that all profitable opportunities for trade
are exhausted, only one side of each market (either supply or
demand‘)can be rationed at the fix price equilibrium, This property
does not necessarily hold during the process of quantity adjustment
for the reasons we have already explained in the previous chapter,
Hence, at each fix-price equilibrium, we can define the state of

the market for good i by Si > 0, Si = 0, Si < 0 according to whether



supply is constrained, the market clears or demand is constrained.

The aggregate constrained excess demand may be defined by
the usual maximization and aggregation procedure where the net
trade of the rationed agent h on market i, is constrained to

be equal to the ration c

hi}given the state of the markets.

The effective demand of agent h on market i is defined
through the usual maximization procedure under the assumption

that the quantity constraint on market ilahi does not operate.

Following Laroque [ 31], we will assume that at prices(p'm)
near the Walrasian prices (p*, m*) the fix = price equilibria
are locally unique. This implies that the state of the markets

(S., ... SN) and the quantity constraints C

1 hi which support

the fix - price allocations can be solved as functions of the

state variables (p,m): 5, = Si(p,m), Chi =:Chi(p,m),'V'h, i.

4, Price and money stock dynamics

Let us now come back to our model of a small-open economy.
The only market which may clear by quantity rationing is the
non-traded good market. Hence, at each date t and for given@)”n)
the non-traded good market may be in excess demand (SN < 0),
excess supply (SN > 0) or it may be cleared (SN = 0). Also, the
effective excess demand for each good can be unambiguously
defined according to what we have already said in the previocus

paragraph.

The evolution of the price p of the non-traded good through

time is assumed to be determined by the size of the effective
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~
excess demand for the non-traded good EN (.):

S, {(p,m)

~
The superscript SN (p,m) denotes the fact that EN will depend
upon the state of the market for the non-traded good. We will
o~ N -
be more specific about the effective excess demand EN ( L) in
a moment. The evolution of the money stock m will be determined
by the value of the trade surplus. Since our economy is small,
the effective excess supply for the traded good will always be

realized. Hence:
m = -E () (24)

The differential equations (23) and (24) will now determine the
evolution of the state variables(p, m). As far as equation (23)
is concerned, this is an ad-hoc assumption, in the sense that it
has no theoretical justification. (However, see the discussion
at the end of the chapter). As we have already seen, there are
some alternative assumptions but these are still suggestions

rather than anything else.

Moreover, we assume that tastes and technical possibilities
are stationary over time, so that the same effective excess

) s

demand functions EN () ' > ET (+) will characterise the

economy at each date.

We will now specify precisely the effective excess demand
functions in each of the possible states of the non-traded good

market.
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(1) SN (p,m) < O (Demand is rationed)

We will first find the effective excess demand for the traded
good. In this regime, the effective demand for the traded good

~N
C (.))which is also the realized demand by virtue of the small

T
economy assumption, 1s given by the usual maximization procedure
(see program (18)) subject to the additional constraint that the

demand for the non-traded good is rationed at a level EN"

Formally, the representative consumer solves the program

" Max. U F C

|3
———

NiTT?
C.,
(Cp m) (25)
Subject to: CN = CN
+ =_ "
pCN + CT + m m + pYN + YT
The demand for the traded good will be given by
~N ~N —
C_ =
7 = Cp (p,m, CN) (26)

We know that if we put the ration EN at the level given by the

[4 ] -
not ional demand for the non-traded good CN (p,m), the effective

demand for the traded good will become equal to the not . ional one.

~n
Cp (pym) = C, (p,m, cy (Pom)) (27)

~
Hence, we can approximate CT (p,m, C ) as
n
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~ 2
~ QCT — ]
¢ (p,mC) =C_ (p,m) + — iC - C (p,m) (28)
T N = T - N N
QC SR
N
We can interpret _(GN - CN(p,m) as the size of "frustration" in

the non-traded good market; since only the non-traded good
market clears by quantity rationing, the effective demand for
the non-traded good in the regime defined by SN(p,m) <0 1is the
notional demand for this good; hence we are justified in interpreting
- (EN - CN(p,m)W as the size of frustration.
- - ~
BCT
In (28) the term — (C - C (p,m;ljsthe spill-over
3¢ LN N 53¢

T
effect from the non—tradgd good market. We assume — < O.

BEN
This means that a relaxation (tightening) of the ration which is
imposed on the demand for the non-traded good causes a reduction
(an increase) in the demand for the traded‘good. In fact, this
assumption, which implies that goods are substitutes in disequilibrium,

is a necessary condition for the local uniqueness of the fix-price

equilibria (see Laroque L3£] ).

The "short" side of the market property implies that the
realized demand for the non-traded good EN is equal to the

notional supply for this good YN(p). Hence, rewriting equation (28)

we obtain:

YN(p) - CN(p,m) (29)

Now, it becomes clear how the unsatisfied demand in the non-traded

good market spills over to the demand for the traded good.

~
The effective supply for the traded good Yo is equal to



the notional supply yT(p) since no constraint operates in the
production side of the economy in this specific regime except
from technical possibilities. Hence the effective excess supply
for the traded gocd, which is also the realized trade surplus by

virtue of the small economy assumption, is given by:

. . aET r
-Er = yT(p) - CT(p,m) = yT(p) - CT(p,m) —9—:— yN(p) - CN(p,m)
c
N —_ -
3¢ |
= —Ep(p,m) - —_T 1yn(p) - Cy(p,m) (30)
SEN L _

whare ET (p,m) is the notional excess demand for the traded good.

The next step is to find the effective excess demand for
the non-traded good. The effective demand for the non-traded
good is given by the usual maximization procedure under the
assumption that the constraint in the market for this good does
not operate. Since no other constraint exists apart from the
income constraint the effective demand for the non-traded good

~N
CN will be equal to the notional demand CN (p,m).

The effective supply for the non-traded good ;N is also given
by the notional supply yN(p) since no constraint operates in the
production side of the economy apart from technical possibilities.
Thus the effective excess demand for the non-traded good is equal

to the notional excess demand.
EN = EN (p,m) (31)

Equations (30) and (31) define the effective excess demand system

68



when demand for the non-~traded good is rationed (SN(p,m)< 0).

We will now define the effective excess demand system in the

regime of rationed supply (SN(p,m) >0).

II. SN(p,m):>O (Supply is rationed).

In this regime, the effective demand for the ncn-traded

good CN is given by the usual utility maximization procedure

given that "profit" income is the maximum value'ﬁ(p,?N) of the

program

N’ T

j M F =
subject to (YN,YT) 0

% - § '
N N )

Th i =Y
e constraint YN YN

denotes the fact that supply

(32)

o{ the non-

traded good is rationed. Hence, the effective demand for the

~N
non-traded good CN is given as a solution to:

m
" M . —_
ax U (Cys Cqr )
(CN. Cps m)
"
subject to: =m T v
jec PCy *+ Cp +m=m+ 7(p,¥)

(33)
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Since the maximum value of (32) is no greater than the‘notional’77(')

(defined = M
ned as T ax (pYN + YT)IF(YN,Y )

T

that all goods are normal we must have:

and assuming



Cy(pom) iCN(p,m) (34)

where CN(p,m) is the notional demand for the non-traded good

defined in (19).

Approximating CN we obtain:

~
aCN
o) ™ = Tr - F- -
Cylpsm,m = Cplp,m,T(p)) + —— (m-m(p))
XN =
= CN(p,m) + 5 (m-mip)) (35)
2%y
where I is the marginal propensity to consume the non-traded

good. Formula (35) will be used in the study of the dynamics of

the system.
A
The effective supply ,o? the non-traded good YN is given
CU',»\AJ:L]:OH
by the usual profit maximization, ignoring the ration in the
A

market. ©Since no other ration ope-ates, Y will be equal to the

N

notional supply YN(p). Thus)the effective excess demand for the

non-traded good is:

ac
~ ~ ~ -~ N -
Ey = Cy = Yy = Cy — Yy(P) = Cy(p,m) Yy(P) + Fra T-m =
36,
= E (p,m) - 55 = (36)

We now turn to find the effective excess demand for the traded

good.

70
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By an argument similar to that preceding formulae (34), (35),
the effective demand for the traded good CT is no greater than

the notional demand CT(p,m): T f_CT(p,m). Using the same

T

approXimation we obtain

~

3c.
(mo-m) {37)

T = C (p,m) +
T T 37

~
The effective supply for the traded good YT is given as a solution

to program (32):

Y, = YT {(p, Y ) (38)

Yo = YT(p) * 3y (v, - YN(p)), (39)

where YN(p) is the notional supply for the non-traded good. By
the "short" side of the market property, the actual supply ?N is
eqgual to the effective demand GN' Also, the derivative Q;T/DYN
taken along the transformation curve is negative. From equations

(37), (39) we derive the effective excess supply for the traded good:

~ ~
- ~ ~ oY ~ BCT R
-Ep = Yo - Co :—ET(p,m) + 5;; (CN - YN(p)) -3 (r - ﬂ))(dO)

where —ET(p,m) is the notional excess supply for the traded good.

Going one step further, we can write T -7 = om (YN—YN(p)) =

Ay

%g— (EN - YN(p)). So we can rewrite equation (40) as:
N



T ~ N T T 3% 7
—ET = —ET(D,m) - YN(D) - LN_‘ [:TN-— —a;'r P (41)

Equations (36) and (41) define the effective excess demand system
when supply for the non-traded good is rationed. These, together
with (30), (31) specify precisely the functional form of the
effective excess demand system under the two possible states of
the non-traded good market. (When the non-traded good market
clears (SN(p,m) = 0), the flow of money will be given by the

notional excess supply for the traded good: m = —ET(p,m)).

Thus, we can re-write the dynamic system described by

equations {(23) and (24) as:

N )
/8— 5?" Ype) = €y Syleum) > O\\
p = E {(p,m) \\\\\
0 , SN(p,m) < O//7 )
| Crom Y (p) - & |, S.(p.m)>0
- p - ’ pb,m
/l_’éT?Y—I\; BY_n___N N_ N (47_)
m=-E, (p,m)+ 0 , Sy(pym)= 0
\ 2 1Y (p) - C_(p,m) S (p,m) <
86 N p - N p,m ’ N p,m) 0
N

Before we proceed to study the stability properties of system
(42) we will refer to a fundamental result in the stability theory

of non-linear control systems. (See S. Lefschetz L3%]

W. Hahn [25} ).
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Appendix I: Stability theory of non-linear direct control systems

Consider the system:

X

"

Ax - bd(s)

s = ¢'x (43)

where A is a (n x n) stable matrix (i.e. a matrix with negative
real roots), b, ¢ are constant n vectors and ¢ a pliece-wisely
continuous scalar function which satisfies the so-called ''sectoral"

condition

o <s d(s) <+ = (44)

Condition (44) says that the graph of ¢ in the (¢-s) plane should

never enter the second and fourth quadran % s (See Figure 4):

b ¢
T I
O 2
” 8
oT I
Figure 4

Assume that the origin is the only critical point of system (43).

That is, the only solution of

Ax -~ d(c'x) b = 0 1is, by assumption, x = O
s
Now define O&(g) = [ $(s) ds. From (44), HMs) > 0. We
o Z

want to find a Lyapounov norm.for system (43). On this purpose,

consider the function



V=x'Bx + & (s), (45)

where B is implicitly defined by the (lyapounov) relation

A'B + BA = -C (46)

where C is a positive definite matrix and A' denotes the transpose
of A. A standard result in Lyapounov theory says that the matrix
B defined by (46), is positive definite. Since %(s) > 0, it
must be the case that V> 0, x # 0. It is also clear that V is
continuous. We must also show that ¥V = x'Bx + xBx + $¢(s) < O.

It turns out that a sufficient condition for this, is to impose

c'b = d'c‘ld, where d = Bb-% A'c (47)

(see S. Lefschetz [32] pages 40, 41).

Before we state the theorem, we should discuss two relevant
issues. Some authors assume ¢s) -~ + ® as s > + o
in addition to the '"sectoral' condition (44). This condition is
imposed to guarantee that every solution x(t), s(t)—> o as
t > + ® . VWe can ignore this assumption if we can directly
assume that x(t), s{t) are bounded for all t. In economic
applications we usually assume that prices are bounded without
further comment. Also, as a consequence of the boundedness of
the economy, excess supply will also be bounded. 1In any case,
divergence of the integral ® (s) as s > % © is not needed
even if we do not directly assume boundedness of [x(t), s(t)]

(On this point see S. Lefschetz {32] page 30).
[



The second issue has to do with the ''sectoral' condition

(44): Some authors use another sectoral condition instead

" sd(s) > 0O, s #0 and é(s) =0, s=0" (44")

(44') is stronger than {(44) since it excludes certain characteristic

functions ¢: Consider the following diagram:

Figure 5

It is clear that the graph of ¢ in Figure 5 does not satisfy (44')
although it satisfies (44). 1In fact, when condition (44') is
imposed, it is the kind of discontinuity exhibited in Figure 5

that is excluded. However, characteristic functions ¢ similar

to that of Figure 5 do not create any difficulties as far as

direct control systems are concerned (i.e. systems similar to (43)).
The following theorem (T) is now due (see Lefschetz E32] ).

(T): If the origin is the only critical point of system (43),
conditions (44) and (47) are sufficient for asymptotic stability

of this system.

Theorem (T) applies to systems with a vector valued characteristic

function 4. Consider the system

X = Ax + Gu

c
1]

f(v), v = Hx, (48)
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where A is a (nxn) stable matrix, G and H are constant (nxr),
(rxn) matrices, u, v and f(v) are r vectors. Each component

fh of f satisfy (44), i.e. 0 < f‘h(v)vh < 4 ¥h.

We will again assume that x = O is the only solution to
v
Ax + Gf (Hx) = 0. Define d(v)= S f(v)dv, where the integral
o]
is taken along the ray L from the origin to the point v. That is,

if 6 is a parameter along the ray with value 6 at v then

vy = fd f[v(d)] g%_ ds. Since each component of f
satisfies (44),0 ®(v) > 0. Hence, the function V = x'Bx + &(v),
with B defined as before, is positive for x # O and continuous.
We must also make V = Xx'Bx + xBx + vf(v) < O if V is to qualify
as a Lyapouncv norm for system (48). In fact, if we impose a

condition similar to (47) above we can guarantee that -V >0. On

H, HG=R, G'B+X%H =K and set:
° ° ° o

W

this purpose, define HA

o C —K:
A = '
s = det (_Ko R )R (49)
s s
where C is the positive definite matrix which satisfies A'B + BA = -C,
o] o] o
= = i,5 <
KS (li)) RS (le)’ l’J =s'
Now, condition (47) should be replaced by the Sylvester
conditions which guarantee =~ . -V 20O (see S. Lefschetz [32]

pages 57, 58 for the proof):

A=o Azo (50)
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5. Stability of the price and money stock adjustment mechanism

Let us go back to system (42). We will be interested in
the stability of the "linearized" version of (42) near the
steady-state equilibrium (p*,m*). For simplicity, we will assume
(p*, m*) = (0, 0). Taking into account condition (22) on

page 6Z , system (42) will now be equivalent to
x = Ax + Gf, (51)

where x = (p,m), G = (

e |y ) - S (pum) >0
//// oT 9 n | n N 1’ N
f

O y SN(p’m) f..o ’
8CT om 9 T ~
BT- TY__ - a—?— (YN(p) - CN)’ SN(pym) > 0
n n
£ =/ 0 ' Sy (p,m) 0
2
~
\_BC i
I v (p) - c.(p,m) Sy(p,m) < 0
5z | NPT NP ' NP n
N L |

By condition (22), A is a stable (2 x 2) matrix. Each component
of f will satisfy the sectoral condition (44) as an immediate
consequence of the principle "no one is forced to exchange more

than he wants'"(P).To see this, notice first that the effective excess



78

supply for the non-traded good is given by [%‘(p) - 6Nj when
supply is constrained (SN(p,m) >0) and by [Yﬂ(p) - CN(p,m)j
when SN(p,m) < 0. This has been shown in paragraph 4: see

equations (31), (36).

Since we have assumed that effective excess supply gives
the sign and measure of 'disequilibrium'", the principle(P)
becomes " SN(p,m) has the same sign to effective excess supply".

< <f_ . <y @
Thus, O ffl SN(p,m) + o 0 __f2 SN(p,m) + , as a

consequence of (P} and

oC S - aC 3 BYT -
om oY ’ om 3y, oY,
d YN YN YN
It remains to consider the Sylvester conditions .= (50) for system

(51). 1In fact, the Sylvester conditions are not so awkward as

they look. Move specifically, the matrix G canbe chosen suitably
(instead of taken as given) as a consequence of the fact that we

can multiply fl, f2 by any positive numbers without violating the
"sectoral" conditions (44). After such a matrix G = G has been
chosen (we can see below how we can choose it suitably), system (51)

becomes

X = Ax + G T, (52)

f
~
where f = (fl, f2), G = (—é 2)'( gét Q ), fl -1 .
.2 811
~ f2
f = — > . .
> E » Biyr Bop 0; fl’ f2 are as in (51)

In system (52), n = r = 2 and the Sylvester conditions which are

imposed to guarantee its stability are



79

A = A =0 (53)
1 0, 2
where Al’ AZ are defined in (49). Our purpose is to choose
! = = = .. h that:
(2 x 2) matrices B (Bij)’ C (Cij)’ G (glJ) suc
A'B + BA = -C, C positive definite, A]_==02 = 0,

g1 > 0, g5 = 0 = 8517 855 > 0. For instance, such a choice
may be implemented as a solution of the following

program. : For any t # O,

“Max. Bz
(Bij)’ (Cij)’ (gij)
subject to: (54)

PO

>
C11 0,

>
C11 C22 - C21C12 0,

- - >
87 7> 00 85 =8 =0, g5 "0,

A _ A =
17 2 7 o,
4 "
A B+BA=-C .
gy > - >
The conditions C11 0, 011022 C21C12 0 guarantee that C

is a positive definite matrix. As a consequence of the Lyapounov

equation(A'B + BA = —C)and since A is stable, B is positive
definite as well. The conditions Al = A2 = 0 are the Sylvester
conditons; these are equations which involve gij’ Bij’ Cij and

the elements of matrices A and H (see (49)). 1In our economy, the
matrix H is a singular (2 x 2) matrix as a consequence of the fact
that only one market clears by quantity rationing; its first row
(n11 n12) is the vector of the coefficients of the linear

approximation of the parameter SN’ which represents the '"state"
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of the non-traded good market around the steady-state equilibrium
= (0, 0). At the end of this chapter (see 'Remark', p. 98)

we discuss in detail why it is legitimate to approximate SN

by a linear function of the state variables (F,m)_

Assume now that (54) has been solved. As a consequence
~
the matrix G in (52) has been completely determined. The function
V=x"Bx+ [ (f. + f.)d (55)
~
will be a Lyapounov norm for (52): Since B, C, G have been chosen
to satisfy the Lyapounov eguation A'B + BA = -C and the Sylvester

~

conditions Al = A = 0 for given A and H)and since }l’ f

2 2

satisfy the sectoral condition (44), V is a Lyapounov norm by
virtue of the results of the previous section (Appendix 1), Hence

(52) is stable.

What we have shown is that the price and money stock adjust-
ment mechanism described by the system of differential equations

(23) and (24) is stable in a neighbourhood of the'steady—state

equilibrium. The result is for local stability only, since we
have linearized all excess demand fﬁnctions. However, provided
that the "higher order'" terms of the Taylor expansions of the
excess demand functions satisfy certain regularity cqnditions,

the same method can be used to prove global stability ( seeé LetoV:33]z



81

(b) A world economy with two 'large' countries

1. Introduction

In this section we will study the price and money stock
adjustment mechanism when the assumption of a small economy is
dropped: Although it is very convenient to assume that an economy
can exchange as much as it wants at constant world prices, this
is not always realistic. The adjustment to an international
equilibrium in a world economy consisting of large countries
cannot be explained by the model of the previous section since
the size of the trade surplus of each individual country does not
only determine the accumulation of assets; it may also affect
world prices. In this context we should also consider the
possibility of quantity rationing in the traded good markets.

Models with instantaneous market clearing are not suitable for

explaining numerous practical issues. For instance, one may ask
why E.E.C. countries find it rational to discuss the possibility
of quotas on Japanese cars, why persistent excess supply prevails

for plenty of Third World products etc.

Our task will be to set up a model where all prices are
endogenous. In the short-run prices will be rigid at an arbitrary
level and quantity adjustments will take place. After a short-run
equilibrium has been established, prices and the money stocks will
evolve according to the size of effective excess demands and the
value of trade surpluses respectively. (The world money stock will
be constant). We will again be interested in the asymptotic

stability of this process. In what follows we will describe the

model in detail.



2. Assumptions and description of the notional economy.

Our world economy will contain two countries. These will
be denoted by superscripts 1 and 2. Country 1 will produce and
consume a non-traded good Nl and a traded good T. It also has
a stock of nominal domestic money Ml. As it is the case with
the model considered in (a), demand for money will represent
future expenditure. Similarly, country 2 will produce and
consume a non-traded good N2 and the same traded good T. There
will also be domestic nominal money MZ. The price of Nl(NZ)
will be pl(pz). Since the exchange rate R will be assumed fixed
(R = 1) throughout the analysis, there will be a single price
p for the traded good T in both countries: Pp = Pp - R = p.
All prices will be expressed in the currencies of the corresponding

countries.

We will assume that production takes place according to

well behaved transformation curves: Fl(Yé, Y%) = 0 for
2 2

country 1, FZ(YN’ YT) = 0 for country 2.

Each country will have a single consumer (or many similar
consumers). Their preferences will be represented by well-
behaved utility functions Ul, Ug. As we have explained in
the previous section (a),these are derived functions from an

intertemporal maximization procedure.

Following the same arguments as before, we can derive

the notional excess demand functions



&3

=i
[

i . i i i
E. = C. (p, P, P Yyt pyT) - ¥y (p, %_)

2
=2

i i i i i
Ep=Cp(p,p, M+ P Yy * Pyr) ~ Yp (D,pi)

e
-

- i i i -
- - ™
E, =M (p, ., M + P Yy * pyT>

i=1, 2 (56)
Sy s =1 =2 5
The steady-state equilibrium vector (p*, pf*, p2 * MT*, MTF)

will be the solution of the following system!:

Ey = 0, i = 1,2

ETl 4 ET2 = 0 (57)
EMl = 0

TRl

The last equation of (57) is the definition of the world money
stock M taking into account that the exchange rate R is unity.
Because of the'budget constraint for each economy, the equation

EMl:=o in (57) can be written —pETl

0. Also, the overall

. . . 1 2 . . \
budget constraint implies EM + EM = 0. (We omit the derivation
of these results since it is a standard procedure L If markets
do not clear instantaneously, we must specify the adjustment

mechanism through which the steady state equilibrium will be

achieved. We have already discussed the weakness of the monetary



approach to the balance of payments in section (a). Now the
situation is even worse: We must take into account the fact
that the market for the traded good may clear by quantity
rationing. As a consequence, it must be the case that for at
least one country the desired excess supply for traded goods
may not be realized and the accumulation of money will be
determined by the value of the realized (not the effective)

trade surplus.

3. Quantity constraints and effective demands

At each date t, the description of allocation of resources follows
the logic of the fix - price method, i.e. markets clear by
quantity rationing. We will not repeat the description in detail

since we have already done so in (a), (see Section 3 page €3 ).

We are again interested in the interperiod adjustment process,
where prices evolve according to the size of effective excess
demands and the money stock according to the value of the realized
trade surplus. Before we specify this dynamic process, we will
derive some basic identities which hold at every date t. In what

follows, all quantities will correspond to actual trades.

The budget constraints of economies 1 and 2 are:

1 1 1 1 1 1
C iy -
POyt DCT + M P, Yy * pYT + M
2 2 2 2 2 22
p,Cy + BCL + M° = Pyy * PYy + M (58)

Since all markets clear by quantity rationing at each date t, we have



C + C = Y + Y (59)

From (58), (59) we obtain:

1 2 =1 MZ (60)

4, Price and money stock dynamics

As in section (a), we will assume that the evolution of the
non-traded good. prices is determined by the size of effective
excess demands. Similarly, the price of the traded good T will

be determined by the size of the world effective excess demand.

The stock of money in each individual country will evolve according
to the value of the actual trade surplus. Since (60) holds at

each date t, we only need to consider the accumulation of money

for one country.

Formally,
. ~1 ~2
P = ET (.) + ET (-)
. ~1
p, = Ey (.)
. ~2
p, = Ey (.)
=1 1 ~1 =1 ~
M= pEL () = ML) - = E,() (61)

In (61)' E denotes excess effective demandsand E denotes realized

excess demands. We have also normalized all adjustment speeds



to unity. This is not such an innocuous assumption in this
context (see Laroque [3%] }; we impose it, following most

of the authors in the field, to simplify the analysis.

Now, the specific functional form of effective demands in
each of the possible combinations of regimes must be found.

In country 1, the possible states of the non-traded good market

are S; > 0 {supply is rationed), S; < 0 (demand is rationed),

SN = O (the market clears). The same notation will apply to

country 2. The possible states of the world market for the

> 0, S, <0,

traded good T will be similarly described by S T

T

ST = 0.

Before we proceed to the detailed specification of effective
demands in each of the possible regimes we ought to clarify the
following point: Since agents (i.e. the representative consumers
or firms) may now be rationed in more than one markets, the measure
of "frustration'" of agent h in market i which is produced because

of unsatisfied demands (or supplies) will be given by (Eh - E.h),

i i
where 5? is the realized demand (or supply) and Eih is the

effective demand (or supply). In the previous section (a), only
one market could clear by quantity rationing and the measure of

frustration was the difference between realized and notional

demands.

(1), We will start by specifying E; when demand for N1 and T are

. 1 .
rationed: SN , ST < 0. (It is understood that everything applies

to country 2 as well). Since the derivation is the same as before

(see section (a)) we will omit the details of the procedure.

The effective demand ENl for the non-traded good Nl



87

is given by the usual maximization procedure under the assumption

that the ration in the non-traded good market does not operate.

we write
~1 ~ 1 -1 =1
= 2
Cy Cy  (pypys M7, Cp) (62)

where 6; is the ration imposed on the traded good market. We

do not need to worry about how the rationed commodity is
allocated between countries; our analysis can accommodate any
rationing scheme provided that exchange is voluntaryé§ Is it now
possible to express ENl as the sum of the notional demand for

Nl plus the spill-over effect from the traded good market?
Sometimes econometricians express effective demands as follows:

(see 1Ito [29] subnote 9 for a brief survey of the various

specifications):
- ¢t 1 , (63)

where CNl(.) is the notional demand and A [6; - 6%] is the spill-
over effect from the rationed commodity. Formula (63) is what

we are looking for; what remains is to find a

justification for it. As we have already noticed, in section (a)
we could measure the size of frustration by C - C(.), where C(.)
was the notional demand, as a consequence of the fact that only
one market could be in disequilibrium. In the present case, the
corresponding measure is given by the difference between the
realized demands C and effective demands 8. From (62), if we

Nl ~
expand CN "around" the effective demand CT1 and take the first-

order approximation we obtain:



¢

) (64)

The first term in the right hand side of (64) is the effective
demand for Nl, when the ration in the traded good market has been
put equal to the effective (i.e. the desired) demand for the

traded good. In effect, no ration operates since, by construction,
the ration in the non-traded good market has already been

deleted in the formulation of the effective demand for this good;

therefore éNl (p,pl, ﬁl, ETl) is the notional demand for Nl, CNl(.)
and (64) may now be written as
1 1 85N 1 1
Cy = Cy () + 1 (cT - C, ) (865)
CT

which is similar to (63), with A = SGN/BETl.g The effective

~

supply for Nl, Y .

1
N is equal to the notional supply YN (p,pl)

< 0) no ration operates on

since in this regime(lsé <o, S

production. Hence, the effective excess demand is given by

ac
~1 ~ 1 ~ 1 1 1 "N ,= 1 ~ 1
N = CN -y = CN(.) - YN(.) + a—l (CT - CT ) =

C

T
1 36N 1 1
= EN(.) - —5:—1 (CT - CT ). (66)
CT

1 R .
In (66))EN(.) is the notional excess demand for Nl; it has already

- 4
been defined in (56). The term aCN/SQ‘T is negative since, by

. . . =1 ,, . .
assumption, a loosening of the ration CT (i.e. an increase in

CT ) causes a reduction in the demand for all other commodities.

By voluntary exchange, ETl - ETl 2 0. Hence:
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2
=2
2
H

) < 0. (67)

Q

al
-
—H

~

(2). We will now specify E; when the state of the markets are
described by S; <0, ST >0 (i.e. when the demand for the

non-traded good and the supply for the traded good are rationed).

Since supply for the traded good is
rationed, the profit income distributed to the consumer
of country 1 is less than or equal to the notional profits .t

the same prices:

— -1
W(p,pl. Yo ) =< ﬂ(p,pl) (68)

Notice that this will hold as an equality in case that country 1
gets absolute priority in the disposition of sales in the world

market. Taking into account (68), the effective demand for Ni is

l ~ —l -

CN = CN (p,pl.M , M) (69)

We can again approximate it as:

~ 1 -1 - -
C = C MO, + 9 T - M. Y
N N (PP (psp,)) Sy ¢ ) (70)
am
The effective supply for the non-traded good §Nl solves the
“ﬁ (ot 1 : ! )
rogram: . + .t. = = .
prog ax. (py, P,y ) s.t F, (% Yo ) =0 v, = v, The

~1 1 -
oluti = i , .
S ton y. = Yy (p,pl,yT ) can be approximated as:

¥

Ny, () o+ 37N[yT - Y (v)],. (71)

= -

Y

89



where yNi( DR 1 () are the notional supply functions.

T

From (70), (71) we can derive the effective excess demand EN

2
1]
o]
'—_J
Q
@]
2
Q2
e
\P)
<
Z
H
TN
<
H
’—l
—
-~
|
a
H =
———

In (72) we have used the approximation

s 1

- T-1 1
T o= T (s) 4 9T \/—-\/ (-)]where T (+) is (73)
T 5 )
oy
T

the notional profit function.

(3) Next, we examine the case SN >0, ST >0

(supply is rationed in both markets),

The effective demand for Ni, aNilis

c i 1 =, . sct F_q

CN (PrPl,M » m)= C N (+) + CN ( Y (74)
am

where T is notional profits, and CNl (+) the notional demand

1 = = -1 =1
for N ; T= T (PrPlIYT ’ YN )
. 1 ~1 |
The effective supply for N7, yN , 1s
~ 1 -1 _ 1 94 1 -1 "1
Yy (p.pl,yT ) = Yy (-) + Yy (yT - Yo ). (75)
3= 1
yT
— a: - 1 ~ 1 8- __1 ~i
Approximating m - m™ b m Y T - m -Y
Pp g Yy 5__1 ( r o )+ 3 (YN. N )
— 35
Y I
=~ l l ~ = ~
we have: E =K <) + 3 - - G - ~
N n ) % o N (YTl - YTl) =
am ay

90

(72)
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~ g ~
~ 9
R CS P G om 3w - w1
N T T — —
aY T oy
1 T
- "y Qzﬂ_ (?Nl - §Nl) (76)
oT 3§ 1 -
N
4): s* >0, s <o
N ! T '
~ ~ 4 -4 - -—i 4 /\Nl _ A.L ~ 1
c = ¢ (PR &' 7 Cr)=cy (0% 2% (7o) 90! (ciEd) =
QT oc¢ot
~ A ~ i o TR
- Cy () /QCN O'[l'i {Yni_ YN (‘)} + /BCN (CT“CT) ’ (77)
T DY B,
~ 1 1
Yy = Yy (*) . (78)
Hence
~ 3 1 1 v 1
~1_ 1 tle ~ 5 C r -
E, =B, () - N 5%11 (yN YN> - u(éT cz). (79
oT N sc 1

T

Equations (66), (72), (76), (79) specify precisely the effective

1 ~ 1 .
excess demand function for N , EN (*), under the possible states

of the markets. [We have not considered the case ST = 0 or (and)
1

SN = 0 although we can easily accommodate it as this will become

~
clear in a moment]. By symmetry, EN2(-) is specified in the same
~1

way. Hence, equations é_= E.é‘))i:hz in (6L) can be written as
i



N o - 3y ‘\"1 —1—
o _'N 0% - v s_ >0
LBW BT aYT LT TJ)T
Bo=Elcr-elc)- 0 ) 570
N N
3
~ 1 i <
_N (CT —CT ) ’ST 0
oC
T
85 8' |—~1 —l‘]‘ Si
) = Yy T ¥y Py D> O
T L |
N -
i—O
— © ) N B
0 T <o
\ N
i = 112. (80)

We will now specify the money stock adjustment equation for

country 1 under the possible states of the markets. From (61)/

=1 1 1 &
M = - = .
p(yT CT ) EM( }, where p(yT

Lo CTl) is the

value of the realized trade surplus for country 1.

l : . ~ l " " ~ l ~ .
(). s {0S_< O. Approximating E_"(.}"around c -, C we obtain:
N /T M N
~v1 _o~1 -1 =1 -1 =1 1 o -1 ~1
E =M M - M = . 8 -
M (M7, psp, /Cy Co) Ey (1) + 0M (Cq SHRE
3¢ 1
N

2 1 _ {
M (CT CT)

-1
’acT

(81)
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1
> 0
(2) sy <0/ Sg
~ - . - ~ - ~ 1
;'41 = Ml (Ml,p,pl,C l,TT) :Ml(') + BMl (CNl - CNl) + oM (m - m. (82)
NG 1 aTm
N
. = - -1 ~ 1 we obtain
Approximating T -T by 9T (v, - Yo )
1
ByT
~ - ~ = 1 ~ 1 (83)
El =gl + o (ch ¢ho+ o 3T @ - Yy )
M M - 1 o 5 1
N YT
(3). s Les. > o0
N 20,%r
W= Mp,p T =M () 4 A (R - (84)
AT
. , = - - 1 ~ = -1 ~ 1
Approximating T -m by il (yT - YT) + 37 (yN - Yy )
-1 3y
N
ByT
we obtain
=~ 1 1 A1 = -1 - ~1 = -1 ~ 1
EM = EM () + oM m (yT - yT) + oM v (yN Yy ). (85)
37 Sy 1 om 3y 1
T N
(4) st >0, s <O
N Tt
~ ~ ~ &~
-~ ==1 oM -1~ IM. -
= M , T = - - ) -7
M, l(p,pl,Ml ,CT) Ml( )+ 1l (cT CT) + 1 (m-m, (86)
ac am
T

Hence
/
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From (81), (83), (85), (87) we can write the money stock

adjustment equation as

— _ ~ 1 _
M = EM (=) =
~l - 1 - ~1 ot 1 - 1
3 _ > oM T _
oM Wl (yT yT) ;S'r o] M . (yN Yy ). SN
am 3
/BTT ByT Yy
/ o ) ST = O///‘ O 'SN
Nl -— "‘l -~ l - l
< -
a? ) (€, _cp ) gr 0 3¥ (Cy Cy ) , Sy
3C, oC

It remains to specify the equation which gives the rate of
adjustment of the traded good price. From (61)

Tl 82,

Pp = T T

It is not now necessary to repeat the arguments since it can be

easily verified that they will be symmetric to those used to

~ i
specify ENl(-), i =1,2 under the possible states of the markets.

Hence, taking into account (80), we can write

~ 1 1 -
'3 ~ ~ \
Cr 9w - ¥l lle -yt )le > 0
A 1 1 ‘
R L BYN ayN s .
. 3 o) ST = 0
P = 2: E;;(.)- s I'N
et Lo sl _.1 1 <
1 ( N N ) ) N ©
acC

(87)

(88)
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i i , ,
; BCT LAl -S;Tl - §Tl:[' Sp 7 ©
i=1 /;/'Trl BYT]_ —_
o) ,ST =0 +
\ o s < 0
) T
~2 - -
2 T P IN N ) N
9T ay 2 ‘
3
N Yy B
2
o}
)SN :O
NT 202 g
o Cr (CN‘CN) 2
2
QCN }Sﬂ <O

The study of the stability properties of the system described

by (80), (88}, (89) is .exactly the same to that of section

(a)

(see (42)). Hence, the next section will be devoted to a discussion

of the issues involved rather than to a detailed analysis.

5. Stability of the price and money stock adjustment mechanism.

We are interested in showing that the system of the differential

equations (80), (88), (89) is stable. More specifically, we will

show that the linearized version of this system around the steady-

state equilibrium is stable. Denoting by x the vector of the state

. 1 -
varlables(pl,pz,M P} and normalizing their steady-state

*
equilibrium values by x = O, we can write (80), (88), (89) as

. * * %
x=Ax + GfE£, (90)

(89)



* * *
where A , G , £ are specified as follows:

*
A 1is the matrix of partial derivatives of the noticnal

excess demand functions, evaluated at the steady-state equilibrium
x* = 0. We will again assume that A* is a stable matrix:

Since we are interested in the destabilizing influence (if any)

of spill-over effects, this is a natural assumption. We will

have more to say about that at the end of the chapter. However,

we have already worked with a similar assumption; see (z2),

f* is the vector of the piece-wise linear functions fr' r=1,...,9

defined as follows:

fl (f3) is the second term in the right hand side of equation (80)

fori=1 (1 = 2);

f2(f4) is the third term in the right hand side of (80) for

i=1(1=2);

f5(f6) is the second (third) term in the r.h.s. of (88);

f7 is the third term in the r.h.s. of (89);

f8(f9) is the second (fourth) term in the r.h.s. of (80).

It can be easily verified that each ﬁr, r=1l,...,9 satisfies the

"sectoral" condition (44). In’fact,this follows from the following

assumptions:

(1) vVoluntary exchange: This implies that actual demand ( . supply)

is at most equal to the effective demand ( supply), i.e.

- <~ = < n
c.2>c{") LS .
i i( ) y:L yi()

(2) Consumers treat all goods as substitutes in disegquilibrium.
This implies that a loosening of the ration on good j causes a

reduction in the demand of all other goods, including money:

i<o, ¥ i,j.



*
G is a (4x9) matrix defined as follows:

-1 -1 o o o—‘

* o) o -1 -1 0 o |
G = |
0 0o o o -1 -1 ° o

0 o 0 o0 0o 0 -1 -1 -1|

- _!

System (90) is similar to (51); hence we can apply exactly

the same arguments as before to show that it is stable. Instead

of repeating the same analysis we would rather prefer to illuminate

some technical points by examining, step by step, the method used

to bring the effective demand system into the form (90).

First we have derived the effective demand and supply
functions in each regime. Then we have approximated them by the

formula:

"Effective demand" 2¥ "notional demand" + "spill-over effects"
In the third step, we linearized the notional demand and supply
functions near the steady-state values of the state variables
(i.e. prices and the money stock). We have denoted by A*

the matrix of partial derivatives of the notional excess demand

functions evaluated at the steady-state equilibrium.

The spill-over effects from the various markets {denoted by
*
f in (90))are of the following type: When demand for good i
is rationed, the unsatisfied demand spills-over to the

other markets creating an additional pressure on prices.

When supply is rationed the effects are not only felt in the
production side; demand is also affected through profit income.
Hence, when supply is rationed, the quantities of goods demanded

will be less than the corresponding notional quantities for the

same values of the state variables.
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In fact, the functions ﬁ‘, r=1, .., 9 satisfy the
sectoral condition (44) by virtue of the above arguments and (1)-(2) above.

This must already be quite clear from what has been said so far.

*
Since the matrix A has been assumed to be stable and each

®

element of f = (fl' "‘fg) satisfy (44), we can apply the same

stability analysis to system (90) as before (see (51)).

REMARK_
System (90) is similar to a non-linear direct control

system whese characteristic functions are (£ ..,f9) and the
1 2 . e
control parameters are (ST, SN ’ SN ). More specifically, we

1"’

treat the numerical values of the excess effective supplies as

parameters. In fact, we are only interested in the sign of

ST’ S;, S; as far as the states of the markets are concerned. In

this sense we can legitimately approximate the 'state" of the
markets by linear functions of the state variables x: These
functions are such that their numerical values for a given value
of X have the same sign to the true numerical value of the excess

effective supplies for the same value of x.

The above discussion helps us to understand why in system
(51) (section (a)) we have approximated SN by a linear function
nll p + nlzﬁn =~ nx of the state variables x = (p,m): See program
(54) and the subsequent discussion. Moreover, since only cne
market can be in disequilibrium in the economy described by (51),

{n 12) can be taken equal to the partial derivatives of the

1 B
notional excess supply for the non-traded good taken at the steady-
state point. This follows since the numerical value of the notional

excess supply for N has always the same sign to the effective excess

supply for good N, SN’ for given values of the state variables. This



will not be true if more than one markets clears by quantitv rationing,

In system (90) we have three parameters (S;, 82 S.)

N’ 7T
which we approximate by linear functions; then we can apply the
same analysis as in the case with system (51) to show that (90)
is stable. (Strictly speaking, we only need to "linearize" S

in (51), and (é;, éi, ST) in (90). For example, let us take

N

(51): From (55),

N _ 4 . hd ~. * ~
V = X'Bx+xBx + SNf1 + SNf2 (91)
The Sylvester conditions (see (53)} for the negative-definitiveness

of V are sufficient conditions for the positive-definitiveness

of —V. Their derivation is straightforward after we substitute

x for (Ax + éf), SN for nx = n(Ax + Gf), and take into account

the Lyapounov relation A'B + BA = -C, which defines the matrix B).

Finally, we should add some words on the assumption that A*
is stable. As in section (a), this assumption is crucial in the
stability analysis; without it, we cannot be sure that V (see (55))
is a Lyapounov norm for system (51). Unfortunately, the conditions
which are usually imposed on the notional excess demand functions
to make A a stable matrix are ad hoc assumptions which do not
follow from primitive concepts. On the other hand, these are just
sufficient conditions: For instance gross substitutability or
diagonal dominance are not necessary conditions for stability,

although they are sufficient.
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C. DISCUSSION

In this chapter we study the dynamics of prices and the
money stock in open economies. In particular, we study a non-
tatonnement adjustment mechanism according to which the
interperiod adjustment of prices is determined by excess effective
demands and the money stock evolves according to the value of
the realized trade surplus. We have shown that this mechanism
is stable not only for "small" economies but for ''large' eccnomies
as well. Here’a "large" economy is an economy which may affect

world prices and face rations in world markets.

The assumptions needed for this result are:(@) the matrix A
of the partial derivatives of the notional excess demand functions
evaluated at equilibrium is stable. (b) Goods, including money,
are substitutes in disequilibrium, in the sense that a loosening
of the ration on good j causes a reduction in the demand for all
other goods. Moreover, since effective demands give the 'pressure"
on prices we have to assume that intraperiod fix-price equilibria
are locally unique, in the sense that prices determine uniquely
the state of the markets and the quantity constraints at each fix
price equilibrium. However, local uniqueness of the fix-price
equilibria follows from the assumption about substitutability of

goods (see Laroque [313 ).

The assumption on the stability of the matrix of the partial
derivatives of the notional excess demand fu nctions is undoubtedly
shevt-run 5
strong. However, all the propositions of the monetary approach
A
to the balance of payments are based on it, in the sense that

none of its comparative statics results will be valid without

local stability (see Dixit and Norman, tiill



Those authors who have worked under the assumption that
prices evolve according to the size of excess effective demands

have also made use of this assumption (see, for instance,

Eckalbar ELS] , Laroque [311 ).

The essense of our stability result is that the highly
unrealistic assumption of instantaneous market clearing which
is imposed by those working on the monetary approach to the
balance of payments is not needed. On the other hand, those who
do not impose this assumption but assume that prices evolve
according to the size of the notional excess demands ,
do not describe a real exchange process since they ignore the
effects of rationing due to unsatisfied demands. At best, they
describe a tatonnement process under the recontract assumption
where the auctioneer not only adjusts prices, but he also
transfers purchasing power (money) from one country to another
according to the wvalue of the notional trade surpluses. No

exchange in domestic or foreign goods is permitted unless the

system is in its steady-state equilibrium.

N. Liviatan [34] was the first to try and modify the
monetary approach along these lines and our present chapter owes
much to his model. But, as we have already noticed, his results
are not sufficient to prove the stability of the adjustment
mechanism. We hope that our method offers a suitable framework
for the investigation of the issues involved in models with
regime switching and it could be considered in relation to the
methods introduced by Eckalbar [18] , Laroque [:313

Veendorp E*g:l , Varian [48] etc.

An informal discussion of the dynamics of prices and the
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money stock in an open economy under short-run price rigidities
is also contained in Dixit [iél . Dixit's model incorporates
a labour market explicitly which clears by quantity rationing.
Although our model does not have labour, we can easily introduce
a labour market provided that we make the assumption that $ull -
emPloymeV\t Prevails at  all-times.( See Note e,
p. 1052 for o brief discussion about yationing in the Laber mark)
In particular, our model in section (b) where large economies
of comparable size are involved, could be used to provide an
equilibrium framework to Keynesian approaches to the balance
of payments. Import and export functions which appear in
Keynesian models can be considered as specific rationing rules
which allocate traded goods to individual countries at each fix-

price equilibrium.

Before we close the discussion we should try to relate
the assumption which postulates that the interperiod evolution
of prices is determined by the size of excess effective demands
to the equilibrium theories of Benassy[6] and Hahn [_24}
As we have already noticed (see the overview in the beginning of
the present chapter), in Benassy's monopolistic equilibrium
model firms find it in their best interests to change prices
to clear the markets. More specifically, the pricing rule is
based on.the difference between the actual and desired offers;
now, the '"short side" of the market property implies that the
actual transactions are the effective offers of those in the "short"
side. Hence our price adjustment mechanism can be considered as
a surrogate of a process with endogenous price setting. The same

applies to Hahn's model . Moreover, Hahn's economy may



have competitive equilibria while Benassy's can only have
monopolistic equilibria. We have assumed that the adjustment
mechanisms studied in this chapter have a unique steady-state
equilibrium, which is the Walrasian equilibrium. This is an
arbitrary assumption. In particular, one may relate Hahn's
‘kinked,conjecture functions to the non-differentiability of
effective demands due to regime switching. Kinked conjecture
functions are responsible for the existence of equilibria other
than Walrasian in Hahn's economy and we may ask whether our
adjustment mechanism may admit equilibrium points other than the
Walrasian one. We have not gone very far with this question,

although we can suggest a way out by speculating on the fact that

our adjustment mechanism can be assimilated to a non-linear direct

control system (see Appendix I on page £33 ). As it is known
(see Lefschetz [Bi] , Dbage 4] ) the conditions for absolute
stability(i.e. for a unique stable critical point) of direct
control systems may be quite strong. This can be shown by a

simple example (see Appendix II, page [04).
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Appendix II: Non-linear control systems

Consider the non-linear direct control system

X = Ax - bd(S), S =C'x (92)

where ¢ satisfies the sectoral condition o € ¢$(S)S < + *

A is a stable matrix and b a constant vector. We assume that

the "state" system

(93)

has a unique critical point .x = 0 and we want to know under

104

which conditions x = 0 is a unique critical point for (92) as well.

The critical points of system (92) solve the eguations

Ax - bd(C'x) = 0. We can write them as

iX T S (94)

where U = ¢(S), (aki) is a typical element of A, b, is the Kth

k

componient of b and ci is the ith component of C. Treating U as

an independent variable, the solution to (94) is

(95)



The scalars Ni are defined similarly to M. We assume d=tD £ 0 ;

since u= $(S), we must have

sM = $(S) (96)

If the origin (x = 0) is to be the only critical point of (92)
the only solution to (96) must be S = 0. As it is clear from

the following diagram, this is not always the case.

Figure 6.
In the above diagram, we assume M > O; $(S) satisfies the sectoral
condition o < ¢(S) S < + ® . The equationEM = ¢(Sﬂ has two
distinct solutions S =0, S = S1 > 0 and the original system
will have more than one equilibria. (For a detailed analysis on

the uniqueness of equilibrium see Letov[?j] ; Lefschetz

(32) ).
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Notes

The inclusion of real balances in the utility function implies
that expectations of future prices are unit-elastic with respect
to current prices.

In an article published after the submission of this thesis -

see Bibliography - Deaton & Muellbauer have shown that (28) is
always justified locally. If it is also assumed that preferences
are such as to generate linearity in the rationed demands, (28)
is globally valid as well.

See note (2). -
Any realization scheme (i.e. any rule allocating the rationed

traded good between countries) 1s consistent with our model

provided that the conditions of voluntary exchange and non-
manipulability of the scheme are satisfied. For instance, if

there is excess demand for the traded good, ETl will be some
function of the total effective supply (?Tl + §T2), satisfying

the above two conditions.

We talk about the short-run propositions of the monetary approach;
the steady-state results require only homogeneity.

We could explicitly incorporate a labour market in the model without
altering our results provided that this market always clears by

a flexible wage rate. If we allow for quantity rationing in the
labour market we should make additional assumptions in order to

make sure that the spill-over effects from the labour market satisfy

our sectoral condition (44).



CHAPTER III

OPTIMAL GOVERNMENT INTERVENTION
UNDER PRICE RIGIDITIES

A. OVERVIEW

In the previous two chapters we have examined economies
where the government has not been given any explicit role.
The analysis did not have normative implications in the sense
that no policy suggestions have been made. Now, we will be
more concerned with normative theory.§ Many economists have
directed their efforts in using simple equilibrium models for
analyzing macroeconomic issues. Those in the Keynesian tradition
prefer the fix-price equilibrium framework where some markets
clear by quantity rationing than flex-price models where prices
move very fast to clear all markets. On the contrary, authors
in the monetarist ﬁradition prefer to work with flex-price
. models; to them, unemployment, if any, is not involuntary but
rather supply determined. Others have gone even further in
postulating that all movements in unemployment represent
shifts in the level of the natural rate of unemployment and

advocate that no corrective measure should be undertaken.

We rather share the view of those economists who believe

that fix-price models are closer to reality in explaining the

short-run effects of government action on macroeconomic variables.

To assume that prices move infinitely fast to clear all markets
is an extreme idealization of how the economic system works

which may produce misleading results when it is used for economic

policy purposes.
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It is one thing to construct abstract models to demonstrate
the efficiency properties of the competitive equilibrium and
another thing to use simple flex-price models to derive
comparative statics results and then pretend that '"this is what
is going to happen in practice'". To us, the logic of using
models where prices clear all markets instantaneously in order
to explain what is going on in a real world where friction is

rather the rule than the exception does not seem clear at all.

On the other hand, macroeconomists in the Keynesian tradition
use the fix-price framework in a rather ad hoc way and they
almost never go further than saying that any policy which causes
an increase in employment is desirable: They usually analyze
the effects of fiscal and monetary policies and although they
sometimes suggest a ranking of certain policy actions, the welfare
background on which they base their judgements is not made explicit.
Also, they do not seem to take into account the full costs of
these actions, in the sense that more efficient tools may be
available for an increase in employment than those suggested.
For instance, one may ask why trade taxes should be used in a
small open economy when the financing of government activities,
which may include the payment of wage subsidies, can be achieved

by consumption taxes or, ideally, by non-distortionary taxation

(if this is available).

Closely related to this issue is the specification of the
kind of price rigidity. The Keynesian assumption which is also
used in the recent equilibrium models developed by Barro and

Grossman [3] , Malinvaud [36J and others, is that the

nominal wage rate is rigid.
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The model of the economy that Keynes had in mind was a
model where wages (and sometimes the interest rate) were
inflexible downwards but prices were moving to clear themarkets.
Malinvaud [?6] and Barro and Grossman [3J assume that
both the nominal wage rate and commodity prices are exogenously

fixed and all markets clear by quantity rationing.

Numerous explanations have been given for the rigidity of
nominal wages and prices. For some time arguments based on
informational inadequacies of the market mechanism were very
popular but our relative inability to incorporate them rationally
in full equilibrium models has cast some doubt on whether
they are operationally useful. In the next few paragraphs we
briefly comment on some of them since we cannot afford to
ignore them completely.§ We will first discuss a model of price
rigiditiesbased on the assumption of costly search. According to
this, each consumer has imperfect information about prices and
other characteristics of commodities supplied by different
shops. Moreover he has a '"reservation" level concerning the

combination "price-quality'" below which he does not wish to buy.

Now assume that a shop increases its price. As a result,
it is expected that it will lo se sales not only because each
of the consumers who continue to buy from that shop will buy less,
but also because many others find that the increase in price
brings the new price-quality combination abtove their reservation

level and decide to search for another store.

Let us see what is expected to happen if that shop reduces

its price. Those who buy from the shop will buy more but those
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who buy from other shops will not know about the price change
unless by chance. Because of this asymmetry, a kink in the

demand curve of the shop will occur with a corresponding vertical
part in the marginal revenue curve. Hence, provided that a
reduction in aggregate demand causes a proportional reduction

in the demand that each shop faces, it is quite possible that

the firm will find it profitable to meet the reduction in

demand without lowering its price but by reducing its sales.

Another argument based on screening theory has been proposed
as an explanation of wage rigidity. According to this,
productivity is a function of the wage rate. This is justified
as follows: Individuals have reservation wages; the more
productive an individual is, the higher his reservation wage.
Hence, the average productivity of a worker is expected to be
greater at a higher wage because there is a better mix of
applicants. Moreover, when the wage rate is too low, quit rates
are expected to be high and given the training costs for new-

comers, the effective cost per worker is high.

Since productivity is a function of the wage rate, each firm
will wish to minimize the wage paid per productivity unit. The
wage rate that solves this minimization program . is called
the efficiency wage and will be paid to workers independently
of the conditions which prevail in the labour market. Thus,
it is quite possible that demand for labour falls short of the
supply for it at the specific level of the efficiency wage rate
and workers who offer to work at a lower wage rate may not find
a job because firms infer that they are less productive. This

is an example of unemployment equilibrium.



The above arguments provide some explanation of wage and
price rigidities ; as we have said before, to incorporate
issues like informational inadequacies or screening devices
into (dis)equilibrium models with endogenous price setting
is a difficult task. On top of this, the analysis of specific
macroeconomic issues via equilibrium modelsrwill. not be possible
unless the structure of these models is simple enough to permit

definite results.

To assume exogenous fixing of nominal wages and prices may
provide an easy way out of the problem, but for models where
governments are allowed to vary the level of prices via tax
rates, that makes little sense. As far as only "small" variations
in the government instruments are allowed {(as it is the case
with the comparative statics exercises conducted in
Barro and Grossman E3:| , Malinvaud [?él and others),
exogenously rigid nominal wages is not such a bad assumption.

It is not the same with models where governments pursue optimal
policies choosing freely the instruments they have at their
disposal. As we have already said, by varying the tax rates the
government may affect the real wage irrespective of the level
of the nominal wage. Since only relative prices matter, the
government may thus achieve any allocation it wants. A correct
specification for models of this kind is to assume real wage
rigidities and(or) monopolistic pricing. Real wage rigidities may
come from institutional reasons; for instance, wage indexation
may be part of a government's election campaign as recent
experience has shown. Alternatively, trade unions may exert

monopolistic power in the labour market; in this case the wage
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rate may be functionally related to the price level as a result
of rational choice. Also, commodity prices may be determined
by producers who exert monopolistic power in the commodity
markets. In fact, many econcmetric estimations show that in
the short-run, cﬁanges in the prices of manufactured goods are
explained satisfactorily Ea models which assume a constant
mark-up above costs. These findings are consistent with
could g xplain them by
rational behaviour: for insf&ﬂce, weﬁassumhﬁa monopolist facing

a constant elasticity demand curve with elasticity greater than

unity(see p, 1584, n.2)

By specifying the model in this way, we create a truly
Hicksian fix-price world; the price-system is self contained and
any changes in quantities do not feed back to prices. Although
this offers an acceptable explanation of quantity rationing
equilibria, it is rather a different model from what economists
grown up in the Keynesian tradition had in mind when they were

about
talking A unemployment and other relevant issues. Pessimistic
expectations, the liquidity trap, speculation in financial
markets and numerous other issues have not been mentioned at all.
This omission reflects the difficulty of incorporating them into
equilibrium models, and the even greater difficulty in constructing
models where the government follows an optimum policy accepting

that individuals may have different expectations about the future,

that may enter in speculative transactions etc.

A simple example may demonstrate the difficulties encountered
in modelling such macroceconomic issues in the framework of
the theory of optimum: An old Keynesian argument suggests that

the wage rate may be correct and low asset prices due to
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pessimistic expectations are the cause of unemployment. Assume
now that expectations turn out to be false. How shall we specify
the welfare criterion function for the government in this case?
The answer is not easy as the policy which maximizes some

ex ante welfare criterion will be different than the policy which
maximizes ex post welfare. In particular ,false expectations
make the problem even bigger: How shall we judge a policy of
interest rates subsidization if those investors who had foreseen

bad days were in fact, wrong?

As we have already mentioned, according to the traditional
Keynesian macroeconomists any policy which causes an increase
in employment is desirable. In fact, it can be argued that
their welfare criterion can be represented by a lexicographic
social preference ordering where first priority is given to certain
targets, and employment is one of them. The objection is that
such an ordering does not have a - choice-theoretic basis;
it may also lead to . wasteful use of resources. Incidentally,
we notice that not only Keynesians base their policies on some
form of target achievement; monetarists also pursue target policies.
The recent debate on economic policy where much of the discussion
has to do with the ability of the authoritiesto keep Qithin the

announced target of money supply growth makes that perfectly

clear.

Due to the difficulties mentioned above about modelling
Keynes:elaborate theory in @autilitarian framework where the
government follows optimal policies, we will stick to simple fix-
Price models where the real wage is fixed and the commodity prices

will be either exogenous (as in the case of a small-open economy
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facing constant world prices), or, in the case of non-traded
goods, will be determined by a domestic monopolist. Although
it would be possible to incorporate some financial assets

(see Barro and Grossman [:31 ) we prefer not to
do so since a satisfactory approach with many assets should be
based explicitly on uncertainty and this would complicate

matters considerably.

Kevin Roberts Eéé] has constructed a model where fiscal
policies are examined in the light of a utilitarian framework.
The economy is one with a wage rate higher than the competitive
wage and completely flexible commodity prices. He considers only
one regime, that is the regime where excess supply prevails in
the labour market and the commodity marketsclear . Within this
regime, he considers various fiscal activities and determines

shadow prices for public projects.

In the next sections we will work with a rather different modell
We will assume a small-open economywhere its domestic markets
clear by quantity rationing due to price rigidity. The
government's policy instruments will consist of commodity and
profit taxes which can be chosen under no restriction. In this
economy, revenue is needed for the correction of those distortions
which lie behind price rigidities and the financing of certain
government activities. For simplicity, we will assume that there

is a fixed requirement for public expenditure consisting of the
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provision of a vector g of traded goods. Alternatively, we
could consider a public sector choosing its project s optimally

subject to a production possibilities curve.

The simplifying assumption about the provision of a vector
of traded goods has been borrowed from Bliss [:7:1 : in his
model, the revenue for financing public expenditure could only
come through trade taxes. In the case where only tariffs are
available to the government, we should also consider their role
as an unemployment reducing instrument in an economy where the

labour market clears by quantity rationing due to real wage

rigidities.

In what follows the government will choose its control
instruments in order to maximize some social welfare function
subject to the constraints of the system. The framework will
be essentially the same as that of Diamond and Mirrlees [13]

Dasgupta and Stiglitz [12] and Bliss [ 7]



B. OPTIMAL TAXES TO RAISE REVENUE IN A SMALIL OPEN ECONOMY

UNDER A MINIMUM WAGE FLOOR

1. Introduction

The aim of this chapter is to bring together the theory
of distortions and welfare, the theory of equilibrium under
quantity constraints and the elaborate theory of optimum taxation

as it has evolved after the work of Diamond and Mirrlees @Qﬂ

The theory of distortions and welfare (see, among others,
Corden.[S] ) examines the problems which arise due
to various deviations from competitive behaviour and suggests
the best way to deal with them. It is shown that the first-best pol-
i¢y is to 'use Pigouvian taxes or subsidies to counteract the
distortions directly (at "their source"), while the revenue for
these subsidies should come from non-distortionary taxation.
If such non—distortionary taxes are not available, the (second-
best) theory of welfare deals with the question of determining the
"best" set of distortions to have, given that some of the first-
best optimality conditions do not hold. In fact, the theory of
optimum taxation, developed under the assumption that the government
cannot impose lump-sum taxes to finance its expenditure, gives a

solution to this problem.

In the models we are going to discuss, the distortions will
have to do with non-competitive pricing. In particular we will
assume that there is an institutional constraint in the labour
market which takes the form of a minimum wage floor. Also, when we

come to consider the case of an open economy producing both traded
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and non-traded goods, we will assume that the non traded commodity

is produced by a profit maximizing monopolist.

As far as the government is concerned, it will be simply
assumed that there is a need for the provision of a public good
which is defined as a fixed vector g of traded goods. We could
also consider the case where the government chooses its projects
optimally subject to a production function. As we have already
mentioned,we will stick to the above simplifying assumption since
the more general case does not involve any novelty as far as the

-
issues we want to stress are concerned (However, see K. Robertsé%]).

The government will not be able to impose lump-sum taxes
not for any other reason but because the analysis would have been
almost trivial otherwise; however, 100 per cent profit taxes
will be allowed. It can use commodity taxes (subsidies) in
such a way as to maximize some social welfare function subject

to the economy's feasibility and institutional constraints.

Throughout the analysis we assume that the economy is
small. This assumption allows us to separate the welfare effects

of concern here from the terms of trade effects.
The rest of the chapter will be organised as follows:

We will first examine the desirability of production efficiency
under excess labour supply. As already known, all production
sectors of the economy should face the same relative prices when
taxes are chosen optimally and all profits are taxed away.

This result has been demonstrated under the assumption of perfect
; 13
market clearing (see Diamond and Mirrlees; ] » Dasgupta and

-
Stiglitzlli]) and it would be interesting to examine whether it
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continues to hold under unemployment. In particular, is the
argument which suggests that tariffs should be used to reduce
unemployment correct? 1If, as it is expected, the argument is
wrong on the basis of efficiency considerations, one may ask
what are the best subsidies to give to producers to make them

employ more labourjshould they be uniform or otherwise?

Next, we try to determine the structure of optimum taxes.
This question is particularly important in that case where profit
taxes, even if they are set at 100 per cent, are not sufficient to
finance public expenditure and the correction of distortions.
Within this context welfare considerations are not always possible;
for instance, if the real wage is set "too high" or (and) the
level of public expenditure is similarly high, the use of
Lagrangian multipliers may not be valid as known from
Kuhn-Tucker theory. Incidentally this observation can be related
to a practical issue, that is the generation of inflationary
Pressures in economies where there is wage indexation. Although
our model will not contain money or other financial assets and
will be essentially static, we can identify the case where the
constraint qualification is not satisfied with the practical cases
where governments cannot finance all public expenditure through
taxation (or by other means which immediately reduce the purchasing

power of other sectors of the economy) and print money instead.

In the third section we will study a model where the
government can only levy trade taxes on commodities but no
consumption or production taxes and subsidies. In this case, the
only instrument to reduce unemployment will be trade taxes (tariffs)

and the solution of the government's optimization program will



determine how much this should be reduced, taking into account

all other effects and constraints.

Finally, we will consider the case where the domestic
economy contains a non-traded good,with its price being fixed
by a profit maximizing monopolist, along with traded goods and
labour. In particular, if the only input to production of the
non-traded gocd is labour and the elasticity of the demand curve
for the non-traded good is constant and greater than unity, the
monopolist will fix the price of the non-traded good at a constant

mark-up over labour costs.

In most of what follows it will be assumed that the home

economy contains a single consumer; mainly,but not exclusivelyl

we consider issués which arise because of efficiency considerations

This is clearly an unsatisfactory assumption especially when it
is related to the real wage constraint. In a single consumer

3 /
economy the competitive allocation is the optimal allocation and

one may ask whether a minimum wage floor can be set on a rational

basis. We have side-stepped this question by assuming an

institutionally set minimum wage floor, although the idea of
instituticnal constraints does not seem very convincing either
particularly in a utilitarian context with rational agents. For
instance, suppose that the government had included wage indexation
in its election campaign promises. If the electorate consisted
of similar consumers-workers who were rational and aware of the

properties of the competitive equilibrium'this government would
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not be in office today. However, with different consumers a
raticnally set minimum wage floor can be justified. 1In this
framework we must be careful in defining the source of
difference among citizens. The popular simplifying assumption
which distinguishes consumers according to whether they are
fully employed or totally unemployed cannot be made here, since
it implies inefficient rationing of the available amount of
employment. A more suitable distinction could be to consider
two classes of citizens, one of them earning income from selling
labour alone, the other from the ownership of a fixed factor of

production, say land.

2. Description of the economy

The first model to consider will be the medel of a small-
open economy in which only traded goods are produced. The only
non-traded good will be labour which is supplied by a single

. . . S
(representative) consumer in a fixed amount L°.

The preferences of the representative consumer will be
represented by a well behaved utility function defined over the

consumption vector of traded goods:
U =Y, (97)

where ¢ is the vector of consumed traded goods. If we denote
by g the vector of consumer prices for the traded goods and by Y

the income of the consumer, consumer behaviour will be described

by the program:

"Max. U (c¢), subject to: qc = Y." (98)
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Income Y will consist of the (net of profit tax) profit income L
plus earnings from the selling of labour. If w is the wage
rate received by the consumer and L the amount of labour

actually sold, Y = M+ L. The solution to (98) is denoted by

vig,Y) (99)

V(*) is the consumer's indirect utility function.

The production sector will consist of m private firms.
For simplicity, each firm will produce according to a strictly

concave production function F] (-) = 0, defined over the
. 3.3y,
production vector (y~,L”):

oy, = o, (100)

where Lj is the amount of labour input used by firm j/while

3

each element yi of the vector yj will denote the output of good i

by the jEE‘ producer. If yi is an input, yi < o. Denoting
producer prices for the traded goods by the vector pJ and the

price for the labour input by wj, i=1, .., m, we can

describe producer behaviour by the m programs:

"Max. (piy? - w'Ll), s.t. FI(y?,L7) = O, (101)

j=1,.., m.

The solution to (101) is denoted by n](PJ,wJ), j=1, .., m.

Each RJ(PJ,mJ) is uniquely determined by (Pj,wj) since FJ is

strictly concave, Vj.

The government will have a fixed requirement for public
expenditure which will consist of a vector g of traded goods.

Hence, if we denote by e the vector of world prices, the government

will need to raise revenue R = eg.



Finally, there will be an institutional constraint in
the economy according to which the consumer wage &7 is no less

than an index based on(after—tax)consumer prices qg:
® 2 g (102)

If ©(g) is a linear homogeneous function, equation (102) defines
the minimum expenditure needed to sustain a certain utility level.

In this case, © > &(q) is a real wage constraint.

—

For the moment we assume.that producers face the minimum wage
® (iﬁ = wj, VS )and that © exceeds the wage rate which
clears the labour market. Hence, the quantity of labour actually
sold L will be the quantity of labour demanded by the m private
producers, i.e. the consumer will be rationed to sell less than

S . . s | . . .
L units of labour-units where L~ is his perfectly inelastic

labour supply.

The government's aim is to choose consumer prices &,q,
production prices pj and profit taxes in order to maximize the
representative consumer's utility, subject to the balance of trade
constraint, the revenue requirement for public expenditure, the
institutional minimum wage constraint and the feasibility constraints
for the economy. For simplicity, it will be assumed that profits
are taxed at 100 per cent. In fact, if profits are not sufficient
to cover all government expenditure (eg> X Ej), it will be
optimal to tax them at 100 per cent, ( sie Dasgupta and Stiglitz@JJ).
Moreover)we should make clear that choosing @ does not imply that
the government can tax labour supply. It rather means that it chooses

@ to satisfy the wage constraint. Since we have assumed that no

lump-sum taxes (other than profit taxes) are allowed, it would not
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make sense to tax the exogenously fixed labour supply.
Before we write the government's objective formally,

we should first derive the various demand and supply functions.

From (98),

C = Clq,w,L), (103)

- S i - .
where L is less than L~ since ® exceeds the market clearing

wage rate by assumption. In fact

e
I
t

L. (104)

In (103) there is no profit income since profits are taxed at
100 per cent. Also, an increase in ® will only have income
effects. (However, this is always the case since labour supply

is exogenously fixed).
From {(101),

yJ = y] (pj, wj) ' ) =1’ (pj ,wj> (105)

J

Since, by assumption, w=w j=1,.., m,

yj = Y] (P l‘:)) ’ LJ = L] (PJ I(I)) . (106)

In fact, © = wj, Vj is equivalent to saying that the untaxed

numeraire good is labour. In this case w is fixed and the
institutional constraint says that consumer prices satisfy the
condition w 2 @(q) for a fixed . In most of what follows
we will not choose labour as the untaxed numeraire since it will

be easier for the arguments to go through by being able to subsidize



the producer wage. However, the choice of the numeraire
does not matter (since only relative prices matter) and a
subsidy to the producer wage will have the same effects .on

producer decisions as a uniform subsidy to producer prices.

-

Now, the government will choose the m+l vectors
pj,(j=l,...,m) and g in order to maximize the indirect utility
function (99) subject to the institutional constraint (102) for
a fixed @, the balance of trade constraint

[z v 07,® - clq,ai -gl 2

e Yy (p7,w) = C(q,w,L) g Z O, (107)
]

and the fact that the labour market clears by quantity rationing:
— j 3 =
L _ L L (p”,w). (108)

J
The production. functions have already been taken into account
in deriving supply functions. However, we prefer to keep them

as explicit constraints

J (o’ (p?,®, yJ (p?,®] = 0, (109)

=1, ..., m

Also, (107) and the overall budget for the economy imply that

the solution of this program guarantees the sufficiency of
revenue for the financing of government expenditure. To see this,
imagine that the government buys yj from producers at prices pj
and sells them in the world markets at prices e. Then it buys

the consumer demand vector ¢ from world markets at prices e and
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sells it to the consumer at prices q. Finally, it buys the vector g



of public expenJﬁUre at world market prices e and taxes all

private profits ﬂ]. The total profits on these operations
are:

35,3 J
P = Z (e -p)y + (g-e)c-eg+ 1L T, (110)

. 3
J

The budget of the representative consumer and (108) imply:

@ = oL = oL’ (111)
3

Also, Il = 2{p] R A (112)
] j

Taking into account (111), (112) and (107),

(110) implies:

Tey -oC’ -3.)) ~ec-eg 2 0 (113)

P

AV

It is clear from (110) that P is the total revenue from taxes
on consumption, production and profits minus the amount needed
to finance public expenditure; - (113) dimplies that P is

non-negative. I

This argument also makes clear that the government's objective

can be alternatively stated as follows:

« - -
Max. V(g, w(q),L)

. _ _ . »
s.t. & le - pj] yJ (p7, @) +[q - elclq,0(q),n) + i’ > eg (114)
j j



We know from Kuhn-Tucker theory that in order to be able
to apply the first-order conditions for an optimum solution to
(114) we must guarantee that the so-called constraint
qualification holds. 1In fact, there are several alternative ways
to ensure that this condition holds (see Bazaraa and ghetty 1:41 ,
Diamond and Mirrlees Ll3]- ). In our framework it will be
illuminating to use the Slater condition (see Bazaraa and Shetty
[4] ). This condition says that the constraint gqualification
will be satisfied if there exist values of the control variables 9,
pj, for which the constraint in (114) holds with strong
inequality. (Or, if there exist consumption and production taxes
such that the revenue obtained is strictly greater than the sum
needed to finance that amount of public expenditure which cannot

be bought by profits alone). Formally, the constraint qualification

will hold if aq, pd:
s [e-p? Iy (09, W) + [a-e]c(a,w(a),L) > eg - Em (115)
J J

Let us now examine in detail the structure of commodity taxation.

The first question to ask is about production efficiency.

3. Should private producers face world prices under excess

labour supply?

The government's objective is described by the following

program:
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"Max . vV (q, w, L)

(W, q, p°, T)

s.t (8) w>w (a),
() e[ £ yl(p), W) - clq,w,D) - g]2 0 (116)
3
(A): L = ZLj(pj, w),
j

The Lagrangian for (116) is:

5 = V(@D + g - (@) +pelTy )@ —c(a W, B)- el +
J
(117)
+ X[f Lj(pj’ ﬁ)—i] + 3 vj Fj[jj(pj,a), Lj(pj,ﬁi}
J j

where £, u s A n are the shadow prices

Vit oj=1,..
for the corresponding constraints in (116) with their usual

meaning. As we have already noticed, the constraints Fj =0, j=1,...m
are not needed since they are implicitly contained in the supply
functions. However, we retain them in this section because the
arguments are easier to follow. Provided that the constraint
qualification holds (see condition (115)), and assuming interior
solutions and differentiability, the necessary conditions for an
optimum of (116) are found after we equate the derivatives of o

with respect to the state variables to zero. However, since

the demand functions lack any convexity properties there is no

reason why the necessary conditions should imply global maximization.



On this problem see Diamond and Mirrlees[lﬂ

From now on, first derivatives will be denoted by sub-

. J .
i 2
SCTLFfS, For instance,LJ Jj = (LLE Also, the notation LJpj
i api

will denote the N vector [Ljpj LJpj]. Similarly if y and

- 1’ * : . b N

J
p are both vectors, y;j will denote a matrix with

jk

J

typical element (kapjl ), where y is the kth element of y

and le is the 1th element of pJ

Hence, assuming interior solutions, the first order conditions

J

with respect to p* and q for an optimum of (116) are:

@pj =0, j=1, ... m, & =0, (118)

Let us examine the first set of equations, that is @pi = O/j=1,...

By differentiating (117) with respect to (w.r.t) pJ we obtain:

d j=pe J. + qu s+ A F‘j i Fj Lj- = 0, 119
pd=H Yy od * V5 LFy oy + FL 1p4] (119)
j=A{1, ..., m);
rearranging terms,
o s R s, F o v, F37 I 120
pd pJ[ JL]+L6+Jyjpr_o, (120)



From the production functions,

F +F'L '—'O, j:(l’ “ . ,m),

Hence, (120) becomes

N I
@pj-[kFy+FLUejyp—O (121)

Assuming that y;j is a non-singular matrix and taking into

account the profit maximizing conditions (pl/w) = <FJyj/Fij)’

j=1(1, ... m), (121) implies
J .
FYos J
e = yJ = B 5 _ o, .. m, (122)
A Fij w

Taking into account that labour is the numeraire good, (122) says
that all private producers should face world prices when
evaluating their projects, and no taxes or tariffs are allowed

on intermediate goods. In other words, a single price vector
should apply to the production sector as a whole: Production
efficiency is desirable. Had we incorporated a public sector's
production function, this result would imply that the suitable

shadow prices for the evaluation of public projects would be

world prices.

The presence of excess labour supply does not make any
difference as far as efficiency in production is concerned. This
result says that it is desirable to produce on the frontiers of
the production possibility curve which is constructed under the
constraint that labour employed is less than the planned labour

supply. In the following diagram, T1T2 is the full-employment
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production possibility curve of a small open economy, producing
2
only two traded goods, while T1T2'is the production possibility

curve for a given amount of employment L which is less than the

fixed labour supply Ls.

Efficiency in production (including the foreign sector)
implies that production should take place at T where the value

of home production is maximized at world prices (2),

In fact, the intuitive explanation of the desirability of
production efficiency (relative to the "shrunk-in" production
possibilities) is exactly the same to that of Diamond and Mirrlees

[ij] : For, assume that even 100 per cent profit taxes are
not sufficient to finance public expenditure (notice that in our
model there always exist positive profits since we have assumed
strictly concave production functions in order to be able fo work
with functions rather than correspondences) and some distortionary
taxes ought to be imposed. If the optimum solution for program
(116) occurs in the interior of the production set for given L,
"small" changes in the consumption prices of goods would result
in feasible demands. But a reduction of the price of a consumption

good increases welfare. Hence, at the optimum solution, production



must take place on the frontiers of the production set.§ In the
case of a many-person economy, it is known that production
efficiency may not be desirable on the basis of distributional
considerations. As we have already suggested, a
suitable characteristic for distinguishing citizens could be
the source of their income. Suppose that there is a two-class
society consisting of those who earn income by selling labour

alone and those whose only income source is profit income.

Moreover, if there exists unemployment this is allocated efficiently

among workers. It is obvious that 100 per cent profit taxes

are not desirable on the basis of distributional considerations.
But with less than 100 percent profit taxes, it is known that
production efficiency is not generally desirable.§ In fact, if
profit income enters the indirect utility function, the Lagrangian
loc ses its '"separability'" properties. For instance, in (116) the
structure of the Lagrangian ¢ makes the first-order conditions
in production coincide with the corresponding conditions of the
first-best problem, where it is known that the marginal rate of
transformation between any two goods must be equal for all firms

and also equal to the world prices. With profit income in the

indirect utility function, this property ceases to hold: Production

will enter the objective function and there will be no subset of
with

first-order conditions which will coincide the corresponding
n

conditions of the first-best problem.

In a sense, production prices enter the objective function
in (116) through labour demand, but "'separability" still obtains.
To see this clearly, let us consider a simpler economy than that

in (116) by aggregating all domestic producers together. Now,

there will only be two sectors: The domestic and the world sectors.

130
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Let us assume that constraint (i ) in (116) is binding, so
that L = L (p, w). Labour demand will enter the indirect utility

function, so that the program can be written

"Max. V[q, w(q), L (P,w)l, s.t.
(W: e[yp,w) - c(a,wla), Lp,W)~g] > 0 " (123)
The first-order conditions w.r.t. p are:
V. L e -C L = 0 (124)
L Lyrue Ly -c ot 1
Since F yp +F L =0, (124) becomes
y L p
- F =0 125
Fy (u eC, -V, ) + pe L Iy ( )

assuming again that yp is non-singular, (125) implies

F u

>

ke {126)

vz
o I Rav]
|
o
I

VL - UeCL
i.e. domestic producer prices must be proportional to world
prices (labour is the numeraire good). Incidentally K we notice
that condition (126) is the same a5 (122): In fact, the scalar
A which appears in (122) 1is the shadow wage rate (see (116));
A measures the increase in social welfare when an additional
unit of labour is demanded by producers. By differentiating the

Lagrangian ¢ (see (116)) w.r.t. L we obtain
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@1=Vi—ueci—/\= 0, or, A = L—ueCE. (127)
Hence, (122) is exactly the same Qd$(126). (127) says that the

increase in social welfare caused by an additional unit of labour
demand is equal to the marginal utility of income (VE) minus

the social (dis)utility caused by a reduction in the value of
trade surplus which is due to increased demand for traded goods.
(An increase in the demand for labour has a positive income

effect on consumption: C- >0).

L
Going back to our discussion, we were saying that production
efficiency may not be desirable on distributional considerations.
Unemployment alone is not a justification for discrimination
among producers, including the foreign sector.§ Another issue
should be clarified at this point: Production inefficiency does
not necessarily imply that tariffs should be used when domestic
taxes are still available. For, assume that profits are not

taxed away and consider program (123). This is modified to

read

" Max. v(q, w, L (p,w), mlp,w)), subject to:

(4):  ely (p,w) - clq,w,L(p,w),m) - g] > O (128)

The budget constraint is qc = py; as a consequence of it the

constraint in (128) can be written as:
ey —ec = ey - py - ec + qc =y (e-p) + (gq-e)c>eg (129)

7/
where e-p = t are production taxes and q-e= %‘consumption taxes.
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Instead of solving (128), we maximize

{ )
v(g, w, L (p,w), 7(p,w)) s.t. (123)

Using the well-known result Tp = y, the first order conditions

for a maximum of this program are
VL +V_y+ U ryp (e—p3 -~y + C (g-e) (L_ +y) 1 = 0,(130)
L'p m o= i p - ’

It can be verified that the term V;y prevents production efficiency
(i.e. it is not true that producers should face world prices). On
the other hand there is no reason why (130) should be satisfied

by q=p or, what amounts to the same thing, by imposing trade taxes
and not consumption and production taxes at different rates. (We

owe this argument to BlissL7] ).

So far, we have shown that in a one consumer economy where
100 per cent profit taxes are imposed and commodity taxes are
chosen optimally, production efficiency is desirable for a given
level of employment L. In particular, if the government uses
the revenue from profit taxes to subsidize domestic producers so
that they employ more labour, the optimum subsidy ought to be a
uniform ad-valorem subsidy to all producers, i.e. domestic producers

should always face world relative prices.

The next question to consider is what kind of taxes should
the government impose to finance its public expenditure. The

analysis would be trivial in the case where profit taxes were
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sufficient to buy the vector g at world prices: Then, no
(distortionary) consumption taxes should be imposed since all
revenue may come from profit taxes (The issue of managerial
effort is a different one and we ignore it completely). The

more interesting case arises when profit taxes are not sufficient
to finance public expenditure and some distortionary consumption
taxes should be imposed. Now, one may ask at what level of
employment should those taxes be imposed. Well, since profits
are always positive in our model (we have assumed strictly
concave production functions) it is desirable to subsidize the
producers' real wage until they employ the whole amount of

labour supply. For, assume that the government stops sort of
full employment and imposes consumption taxes. At this point,

a small reduction in consumption prices (i.e. in tax-rates) will
reduce the miminum wage through the real wage equation and will
enable producers to employ more labour. On the other hand, the
tax-base will increase since an increase in labour demand will
have a positive inccme effect on consumption. Moreover, welfare
will also increase because of lower consumption prices and higher
employment. The new higher demands will be feasible since more
labour is employed enabling more production. Hence, the optimum

cannot occur at any other level of employment than full employment.

The above argument brings together the explanation of the
desirability of production efficiency provided by Diamond and Mirrlees
[}3] , and the so-called "free-lunch" policy for an increase
in employment in economies with wage indexation: According to the
advocates of the "free-lunch" policy (see Corden [9J ) a
reduction in tax rates allows trade unions to ask for a lower wage

giving incentive to producers to employ more labour. An increase



in labour income enables consumers to spend more and the government

will be able to increase its revenue through a larger tax-base.

In fact, this policy, which is also a piece of "orthodox"
Keynesian thinking, may provide an answer to the question
posed to those who advocate expansionary policies without
inflationary effects, that is to the question of the method of
financing expansion: The revenue may come through an increased

tax-base which is due to the reduction of unemployment.

4. Optimal consumption taxes under a minimum wage floor in

a one consumer economy

We will consider the case of a real wage constraint. A
uniform consumption tax will bring no revenue because of homogeneity
of the demand functions c(q, wL) and of the wage function w = w(q).
In what follows, one of the traded goods will serve as the untaxed
numeraire(t),All other traded goods can be taxed freely and the
government can also subsidize the producers' wage so that consumer's
and producers' wages will differ. According to the arguments above
the government will wish to subsidize the producer wage until full
employment is achieved. Hence, optimal consumption taxes will be
found as a solution of the following program (For simplicity,

we have aggregated all domestic producers into one)

"Max. V(a, w(q) Ls)l subject to :

(wl,q,p) (n): e[y(wijp) - clq,u(q)L®) - g 1> o

M 1S = Lwip), " (131)
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where LS is the perfectly inelastic labour supply and wf is the
market clearing wage rate. (The role of the government in the
labour market is that of an auctioneer). Now, it can be easily
verified that production efficiency is desirable, so that producer
prices p should be chosen proportional to world prices: p = ‘e.
Since world prices e are fixed, choosing q to sclve (131) is
equivalent to choosing consumption taxes t: t = g-e. Program
(131) may not have a solution. Let us examine the government's
operations in detail: We can again imagine that the government
buys the consumer demand vector ¢ from world markets at prices

e and sells it to consumers at prices q. Similarly it buys the
vector of domestic supply y and sells it at world prices e.
Finally it buys the total amount of labour supply 18 at a wage
rate w = w(q) and sells it to producers at the full employment
wage rate wf. The net revenue from these operations plus profit

taxes must be sufficient to cover public expenditure(pg), In

other words,

(g~e) ¢ + ey - ey + [wf - w(q)jLF +7T 2 eg, or

T+ (g-e) c> eg + [wkﬂ - wf]zs (132)

The left hand side of (132) is the revenue from profit and
consumption taxes and the right hand side the funds needed to
subsidize the producer's wage and to buy the vector g of public
expenditure. It is clear that not all levels of public expenditure

and (or) a minimum wage are feasible.

. £~
Since T= ey-w Ls, qc = w(g)L”, L° = L(wf,e), (132) is
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equivalent to:

F"-‘s

ey-wFESer(CL)T_‘—ecZeg +w(ﬁ,)[s—w L, or,

e{j(wcie>—c[ﬂ,/ M@)L(Wf@ﬂ-ﬂ} >0 (133)

which shows that (132) is equivalent to the constraint in (131).
A sufficient condition which ensures that the constraint
qualification holds for (131) is to assume that g and w(qg) are
such that there exist a q for which (133) holds with strict
inequality. Imposing this assumption, we can solve (131) by
applying the Lagrangean method. Assuming interior solutions, the

first-order conditions for an optimum solution are:

>s ~s
-ac + a wlUlL - -t C +C_ WL = 0
= - q (a-t) [ a I g i (134)
U H
where a = 38V/93l is the marginal utility of income and CI is the

income effect on consumption. Since labour supply is perfectly
inelastic, an increase in the consumer's wage has only income

effects. The Hicks-Slutsky equation in matrix form is

where (Cq)  is the(negative semi—definite)substitution matrix.
Y5
Hence, (134) becomes

-ac+ aquS—q(Cr)— + qC

~3 TS
C-qC_W - tC_C + Lo=— -
- g T 16-aC; qL G +tCw t (Cq) (136)

14 V)
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Since q(Cq)a = 0, qCI = 1, (136) may be written as

(== + 1 - tC,) = -t(C )= (137)
a'y

Assuming that (Cq)ﬁ is non-singular,

t =Y (c-wqis) (cq)\:Jl (138)

where =—(1- 2 - tc,); (C)=
Y | 1 q’'v

-1 is the inverse of (Cq)a .
(138) gives the optimum taxation formula. In fact we will

recognize most of its terms if we rewrite (137) as:

o

)

]

|

£
O|t“l
0]

Fae

i, 2%
J—ty. = ya-
C; qu v qQ

@

Without the wage constraint, (138) would imply that for small

taxes the consumption of all goods should have been reduced

along the compensated demand curve by the same amount from what

it would have been at world prices. The formula in (138) takes

into account the minimum wage constraint. Denoting by n; the
elasticity of the minimum wage with respect to a; (niEE Blnw/HInqi)J
we can rewrite (138) as

t. P Ci
R Y (QE ), V. (139)

8% v i q.C, iZt

which implies that the relative reduction in the consumption of
good i is inversely proportional to the share of good i in the
budget of the (representative) consumer, weighted by the elasticity
of the minimum wage with respect to the price of good i. 1In the

case where ng is proportional to the share of good i in the budget,
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ie. n, = k (qui/I) T formula (139) implies that the

consumption of all goods should be reduced by the same amount.

tj BCi
T o= (=)= = vy (1-k), . (140)
* C. 24, i?T .
J 1 qJ v
Incidentally, -y can be interpreted as the benefit expressed

in terms of foreign exchange, from being able to switch to
lump-sum taxation (see Atkinson and Stiglitz L.Z] , page 373

for a detailed discussion).

(b) Two Consumers

As we have already noticed, a one consumer economy is not
a very suitable framework for minimum wage constraints. A more
reasonable assumption to make is to consider a two consumer
economy, where the first consumer earns income from selling
labour alone and the other from profit shares.

Since

the only source of income for the second consumer is profit income,
we will assume that the government does not impose profit taxes
at all. This is only a simplifying assumption: Since revenue
could only come from distortionary taxation, some profit taxes

would generally be desirable.

We will again assume that the minimum wage constraint is
binding (in the sense that it exceeds the competitive wage rate)
and the labour market clears by quantity rationing under laissez-
faire. Since profits are untaxed, the government's revenue for
the purchase of the vector of public expenditure and the

subsidization of the producer's wage rate may only come through



consumption and production taxes. The government will now wish
to maximize a social welfare function v[Vl(q,%), Vz(q,Iz)]
subject to the constraint: 0O = e Ly(w ,p)-g~C (q,Il)—C (q,IZ)j
by choosing consumer prices q, producer prices p, the worker's
wage rate w subject to the minimum wage constraint w 2 w(q) and

the producer's wage wf in such a way that the labour market

. s

clears at full employment. In the above formulation, Il = wlL
. f~s

is the income of the first consumer ("worker") and I, = py-w L

2

that of the second. Formally, the government's objective is
described by the following program - -:

o
. - ~ f~ .
Max. v [Vl(q,w(q)Ls), V2(q,py—w LS)] , subject to:

»n
(u): 0 <e [y(wf,p) g -CM(a, ()L ~c®(q,py-w'L%)] o (141)

By the usual argument, the above program is equivalent to
maximizing the social welfare function V subject to the requirement
that the revenue from consumption and production taxes should be
sufficient to buy the vector of public expenditure g and to

subsidize the producer wage in such a way that all labour is
employed. Assuming that the constraint gualification holds,

the first-order conditions with respect to q and p give the

set of optimum taxes. We immediately notice that the existence

of profit income in the indirect utility function of the second
consumer implies that producer prices p will not generally be

proportional to world prices e for the reasons we have explained

vV LRV
3 v
before. Deflnlng ﬁ\‘i = \)1’ a—v— = \)2, S-I—l = al’ g—ié = a2
2 1 2

the first order conditions w.r.t. q are:
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_ Vs —_ ™ m—
S_} _ Yz a2C2 -(g-t) [_qu+Cq2+C lW LS__| =0 (142)

\’_1!—1
u u I q

Using the Hicks-Slutsky equations

o ! = (C 1)-— - C lCl,C 2 = (C 2)— —C2C2, it can be verified that
o] qQ v I q q 'V I
(142) gives:
2 -1
s h
t = ﬁ@.(cl Cwi®) 2y AT (e M- (143 )
- 9 & -h e V-

h
where it has been assumed that the substitution matrices (C_)-
b b2 2
h=1,2 are non-singular; Y., = -l+—+tC, v = -1+—+tC_. The
b b 1 u I’ '2 vl I

scalar m (TI ) is the social marginal utility of income of the

first (second) consumer in terms of the foreign exchange constraint.

We can also write the optimum tax formula in a more familiar

form. Denoting § = — + % t. s==— , h=1,2 and using the Hicks-
‘ U C1 BIh
Slutsky equations, it is easy to verify that (142) leads to:
(’ach
R h 7
J h kBqJ g 6h Ci Il .
——l’-i_—_ = - |1-L 5 (—_-—) +Y 1 ni_:__ 5 (143)
I C, h C. q.C,

1 - 1 i i~

where Ei =§Icih/2. The left hand side of (143') is a proportional

reduction in the consumption of the ith commodity along the
compensated demand curve. The right hand side is the same 7%s

formula (12-55) of Atkinson and Stiglitz [;2]
1

, augmented

by the term Yl n, Hence, it is not now sufficient to have

;€4

the same 'net" social marginal income valuation (Gh) for both

h =
consumers or the same Ci /Ci ratio (Vi)in order to obtain the same
proportional reduction in the consumption of all goods. 1In addition,

the elasticity of the minimum wage with respect to the price of



good i, weighted by the share of the "average'" expenditure on
good i in the income of the consumer-worker, must be the same

for all i.

It remains to find production taxes. These will be found
from the first-order conditions (for an optimum of (141) with

respect to p. This is straightforward and we will omit it.

5. Trade Taxes in a one-consumer economy

It is sometimes argued (although not very convincingly) that
administrative constraints allow the imposition of trade taxes
only (q = p). This argument is more common in developing countries
where the taxation of goods is easier at the borders than
domestically. In our framework we can study the role of tariffs
not only as a revenue seeking device but also as an instrument to
be used to reduce unemployment. In the previous sections, the
government could subsidize the producer wage to achieve full-
employment. Now q = p and unemployment can be reduced only through
non-uniform trade taxes. A uniform trade tax onall traded goods
( 'devaluation') will have no effect on employment since the demand
for labour is homogeneous of degree zero in w, p and w is

homogeneous of degree one in g(=p) through the wage equation.

To simplify the analysis we will assume that the government

taxes profits at 100 percent. Its objective will now be described

by the program :
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"Max V(q,w, L), subject to:
(u): ely(q,w) - Cla,w,L) -g] >0
(M) w > wiq)

(v): L <L (quw)." (144)

Taking into account that trade taxes (t) are equal to (g-e),

the first order conditions for an optimum of (144) are

V_ +ulqg-t -C -Aw_ 3L =0 145
qAq)[yq q] 0 * g (145)

The shadow prices u, X , v have the usual meaning and satisfy

the conditions

<
|

w + Ue [yV—V - C;] + A= o) (146)

- e Cz - v =0

[l |

Using the Hicks-Slutsky equation and the production constraint

F (y,L) = 0 along with the profit maximizing conditions

(Fy/FL) = (g/w), (145) can be written as:
ac - V -
0 == - w_+=L - wL - C )-+qC.C -t t(C )--t 147
u noa o uq q T ACIG ¥ Aty yq+ (Cy)3 cIc,( )
or .

£ ”yq —(CQ)G] = -Y C- % vyt Lq ( %f - w) (148)
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where ¥ is the familiar formula | i tCIC]. The system of

equations (148) can now be solved with respect to t assuming
that [yq - (Cq)aj is non-singular. Alternatively, we can re-

write (148) as follows:

t. oe. _ .93 3
g [g_i}_: ey +<§-w)8—1‘—1—-58—“’—-€—1><149)
i %S €. 9 g4 vy &

- 1

where Ei is defined as y; - ¢y Equation (149) can be related

to the usual Ramsey type formulae. For the moment, assume that
the shadow wage rate in terms of foreign exchange (V/1) is equal
to the commercial wage w and that there does not exist a minimum
wage constraint. Then, the second and third terms in the right
hand side of (149) will vanish, and (149) says that the relative
reduction in excess demand is inversely proportional to the ratio
of excess demand to consumption. (See Dasgupta and Stiglitz EJJ
formula 4.9). A corollary to this is that no tariffs should be
imposed on non-consumed intermediaries. This does not hold in
our model, since the elasticities of the labour demand with
respect to the price of the various inputs will differ from zero.
Thisiis clear from the second term in the right hand side of (149)

provided that w # (V/1).

6. One consumer and production of a non-traded good

We will now assume that a non-traded consumable good is
produced in the economy by a domestic monopolist. For simplicity,
it will not be used as an intermediary in the production of traded
goods, but its production will require both labour and traded goods.

In addition we will assume that the monopolist produces subject to
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a decreasing returns to scale production function. Although it
is sometimes argued that monopolistic situations arise because
of increasing returns to scale, we will continue to assume
well-behaved production functions since decentralization is

problematic in the opposite case.

Finally, we retain the assumptions that the economy 1is small,
facing constant world prices e, and that public expenditure

consists of the provision of a fixed vector g of traded goods.

The wage equation will now include the consumption price
of the non-traded good A along with the vector of consumption

prices of the traded goods qT
= > = ,
w 2w (ay, qT) (150)

The monopolist will be perfect competitor in the labour and
traded good markets (i.e. in those markets where he buys his
inputs ) but he will face a declining demand curve in the
non-traded good market. Profit maximization implies that he will

set his marginal cost MC (PT, W, YN) equal to his marginal revenue

MC (P,, w, Y ) =MR (P_, Y ) (151)

where PT’ w, PN are the producer prices of the traded goods,

labour and the non-traded good.

The deviations from competitive behaviour in this economy is
the minimum wage constraint and the existence of a monopolist who

fixes the price of the non-traded good P to satisfy (151).

N
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The government will be able to impose one hundred per cent

profit taxes but no other lump-sum taxes. In fact if profit
taxes are sufficient to cover public expenditure@a g) and

correct distortions, all that the government has to do is to

find the competitive (as opposed to the laissez-faire) wage

rate and non-traded good price and subsidize the producers'

wage rate and the monopolist's production of the non-traded

good, until the Pareto efficient allccations are the profit
maximizing choices of the private producers. Efficiency requires

that all subsidies should be uniform to all producers.

More specifically, the government will buy from the
consumexr his fixed labour supply LS at the minimum wage w and

sell it to domestic producers at the competitive wage wc.

: . , . , C ¢ .C
Also, it will pay the monopolist a unit subsidy u = PN —»MR("YN R‘>
/
to induce him to produce the competitive quantity
C

Y ; D c

N N is the competitive price of the non-traded good. The

expenditure on these operations is E =‘uYNC + (@ - wc)gs, while
the total public expenditure is E + eg. By assumption, profit
taxes are sufficient to pay for (E + eg).& The more interesting
case arises when profits are not sufficient to pay for(E + eg)and
some distortionary taxes are needed.(It can be verified that a
uniform consumption tax will bring no revenue; this follows from
the consumer budget, the wage equation, and homogeneity of consumer
demands) . The government will now impose both profit and
distortionary taxes, chosen optimally, to finance the provision
of the public good and to subsidize the producers' wage and
nnnopolisgg production. On this purpose, consider the following

(auxiliary) program:



— NS .
Max. V [Q ., w (QT, QN) L ] subject to :

.T’ N
< (r_,u C(PC p,& -c T o ) 1577
(B) (o] < e{ -g + YT TI ) Y Nl T’ -quq,Nl CLT,qN _‘}
N{T)
“s c c, C C
oL = P
(v) : L LT(m ,PT) + LN(m Py ,PT)

‘ c c ¢ S - 7s
(O) : YN (w ,PN,PT) 2 CN [qN,qT,w(qT,q_N) L]

(152)

In (152), the traded good production has been aggregated into

C c.r.
one sector with aggregate supply vector [yT(PT,oo )y LT(PT,w )])

(152) is an auxiliary program used by the government to find the
. C .
competitive producer price pN and the labour market clearing
c ,
wage rate w, along with consumption prices qT,qN. The vector

of the non-traded good sector supply functions

C C C .
N4 . Y . . f h fit
[ N (-}, N(T)( ), LN( )1 has been found from the profi

maximizing conditions of an auxiliary, competitive non-traded good

sector. Notice that we have assumed that the non-traded good
sector faces the same production prices (m,pT) &as the traded good
sector. 1In fact, we have deliberately done so since it can be
easily verified that efficiency in production is desirable for

the competitive economy described by (152). Also, taking into
account the foreign sector, it follows that pT must be proportional

to the world prices of the traded goods e.

For the moment assume that (152) has been solved and that
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consumption prices (qN,qT) and production prices (wc, e, PNC)

have been found. The competitive quantities YNC, ﬁ%f:(°) + LT(-J

will be the profit maximizing choices for the (real) private

. . . . C
sector if the monopolist receives a unit subsidy u = Py

C C
- Y
MR(pN, N )
and all producers face world prices e and the competitive wage wc.

Of course, producer prices will now be determined simultaneously

with consumption prices. § The government's revenue will come
from profit and consumption taxes and must be sufficient to
buy eg, to induce the monopolist to produce the competitive

quantities and all producers to employ the available labour

~

s
supply L. . Formally, we must show the following relation :

- ¢ s
HT + HN + (qN - PM) CN + (qT - e)Cﬁ? 2 eg + (0w - WL (153)

J

where PM is the price the monopolist is given to produce the

competitive amount YNC, T is the traded good sector's profits

T

c
_ W . s . - p _ B
( eYn LT), HN is the monopolist's profits ( wN mLN

eyN(T))) while eg is the amount of public expenditure. Since

C =Y ’ = =
L LT + LN (from (152)) and chN + qTCT I, (from

c C c
the budget trai is . - + P - - +
g constraint), (153) is eyT uLT MyN wLN eyN(T)

- C - C <
wL - Py - ec > eg + WL - WL_ - L

M'N T T N * (134)

More simply, it suffices to show that e(yT -y - C?T - qg) Z o.

N(T)

But this is true by construction (see (152)).

-

It remains to determine qN,qT or, in other words, consumption
taxes tN,tT. Since world prices e are fixed, choosing qT is

equivalent to choosing tT' according to e = qT - tT. As far as
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the non-traded good's consumption price qN is concerned,

this must satisfy the relation = + t , where C 1is the
AN N =

g
|3 u
shadow price of the non-traded good in terms of the foreign

exchange constraint (see program (152)). To see this clearly,

remember that +he (untaxed) numeraire good is one of the traded

goods; T . Efficiency requires o/u = aF/aYN,
Y

EBF/,t

as can be easily verified from (152) and the production

functions. Consumption price Iy will now differ from the shadow
price by the amount of the consumption tax tN. We should also
make clear that the monopolist (who fixes his price at a

higher level than BFNABYN ) is subsidized by the government

IF MY

in order to produce the competitive quantity YNC. The unit

subsidy is u = PNC - MR(PNC, YNC) , so that the monopolist

faces a final price + .,

g
1
Assuming that the constraint qualification holds for (152},

the first-order conditions with respect to 9y r 9y for an optimum

solution will give the consumption taxes tT,tN. (From now on
we will adopt the notation BCK for partial derivatives and
Jq,
ql

not the vector notation Cq of the previous sections, in order to

avoid confusion with those lower letters which denote traded and

non-traded goods).

From (152), the first order conditions with respect to q.,
i
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where C denotes the set of all consumed goods.
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On rearranging terms

(156)

The Hicks-Slutsky

(157)

(158)
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(158) is the well-known Ramsey rule augmented by the term (niﬁi/qici).

It says that taxes should be such that the relative reduction in



consumpticon of good i from what it would have been had shadow
prices been charged is inversely proportional to the share of
good i in the budget,weighted by the elasticity of the minimum

wage with respect to the price 'of good i.

The fact that the monopolist fixes his price to equate marginal
revenue to marginal cost does not prevent the government from
achieving the competitive allocation since it can subsidize
production from profit taxes. As it is clear from the analysis,
all taxes and subsidies should be found together from the solution

of the optimum program ..

7. tnemployment and optimal trade taxes

In the previous section the government could subsidize production
so that the fixing of the non-traded good price and the consumer's
wage could be fully corrected. The monopolist was induced to
produce the competitive quantity of the non-traded good through a
suitable unit subsidy and producers were induced to employ

the available labour supply through a wage subsidy.

t

We will now assume that trade taxes are the only available
A
instruments in the hands of the government. (As we have said before,
this assumption is controversial and it aopplies betterto developing

countries than to industrialized nations. We will consider it here

to examine the case where the combination of real wage rigidity and

monopolistic pricing gives rise to . @ . regime of irr@movable

censtraints, )



In other words the government will choose taxes to maximize social
welfare subject to the additional constraint that it cannot drive a
wedge between consumer's and producers prices. Thus, all agents will
always face the institutionally fixed minimum wage w. (= w(9r,9qy)), and
the non-traded good market will clear by monopolistic pricing resulting

in non-competitive allocations.

To simplify the subsequent analysis we will assume that the non-
traded good is produced under constant returns to scale, and its
production requires only one input, labour. We will also assume that
the monopolist producing the non-traded good faces a declining demand
curve with constant elasticity |e|>1. Under those assumptions his
profit maximizing behaviour will be described by the following program:

Max, qN YN - w L

(qN’YN’LN)

»Gpro )

2]
ct
a3
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v = On

L. =1 —=
N Jouet

2oy U L) (159)
where CN( ) is the demand for the non-traded good, L is the total
demand for labour by the monopolistic non-traded good sector and the

competitive traded good sector and 1l/r is the unit labour requirement

for the production of the non-traded good. The first-order conditions

for a solution of (159) amount to:
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3C
According to our assumptions, - —— =
an C

monopolist's pricing equation is

le|>1. Hence, the

I
N T r T (161)
Calling I%E % z k (a constant), the pricing equation can be written as:
q = kb (162)

(162) is an irremovable constraint for the government. If the institutionally

set minimum wage w exceeds the market clearing wage rate, the labour

market will clear by quantity rationing. In this case, the desirability
of unemployment reduction and the need to raise revenue to finance
public expenditure (we continue to assume a need for the provision of a
vector g of traded goods) will be considered simultaneously. (This
should be contrasted to section 6 where the government could first
subsidize firms to employ all labour and then levy optimum taxes).

For simplicity, we again assume that profits are taxed at 100 per cent.

(Revenue cannot be used to subsidize production but we may assume that

profits are used to finance part of the need for public expenditure).
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The government can choose qT (since world prices e
are fixed )¢1T:ué:‘t) ; the domestic price qy and
the wage rate o (not in the sense that it can tax the non-
traded good and labour but because it can choose them to

i i 0 2 - ko). I
satisfy the constraints w 2 w(qN,qT), a4 = kw) ts

objective will be described by the program

Max. V(qT,qN,(:)f,) , subject to

(H)IG{CT(qT,qN,(T)E.) - YT(qT,(I)) + g} < o

: - / - -
(V) : L - LT(w,qT)+ ki/r) CN(qN,qT,w L)

(B : ® 2 olq,,q)

(163)
Q) : 9y = kw
where u, v, &, C are the shadow prices corresponding to

the constraints of (163). The condition that the non-traded
good market clears is implicit in constraints(§?l
(V). Since we have assumed a constant coefficient technology

with a single non-produced input
(labour) - the non-substitution theorem implies that the shadow
price of the non-traded good in terms of the foreign exchange
constraint will be equal to y&u.r), where V/u is the shadow

wage rate in terms of foreign exchange -~ see (163) - and (1/r)

is the unit labour requirement for the production of the non-

traded good.

The first-order conditions for an optimum of (163) are:
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Formula (165) implies that tariffs should be such that the
relative reduction in excess demand for the traded goods
should depend not only on the term - YCi (which can be

€i

identified with the distortion {nvolved in the inability to
raise revenue by other means than tariffs) but also on the
effects that tariffs have on the demand for labour and the
non-traded good as well as on the sensitivity of the real wage

with respect to each price.

This is a very complicated tariff scheme and should be
compared to the already complicated case where the only distortion

has to do with the inability to raise revenue by means othexr

than tariffs (see Dasgupta and Stiglitz [ii] ' Blissl_7j ) :
Y Y = c, + P p
— €L Ry z K —_K) 9ei ,
T €3 - h
KE i aqK 5 €i Ken u BqK

where PK’ KEN are the private producer prices of the non-traded

goods, and PK/p, KEN their shadow prices.

156

(166)
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¢, DISCUSSION

In this chapter we have considered the case where the
government needs revenue to finance its activities under the
assumptions that it cannot impose lump-sum taxes)that the real
wage is rigid due to an institutionally set minimum wage constraint
and the price of the non-traded good is being fixed at a

level higher than #ts marginal cost.

The fact that domestic markets may clear by quantity
rationing under laissez-faire does not present any particular
problem Provided the government may impose commodity taxes-cum-
subsidies, financed by the revenue raised from profit taxes,
to correct those distortions behind price rigidities. 1If profits
are not sufficient to finance public expenditure as well, coptimal
consumption taxes should be imposed to raise revenue. Undex
the assumption that labour supply is exogenous, it is shown that
those taxes should be imposed at full employment. ‘The argument

is similar to
that used by those who advocate the "free lunch" solution to the
problem of raising revenue to finance public expenditure under
real wage rigidity: If some indirect taxes are cut, employers
will be able to employ more labour because the real wage will be
reduced. BAs a result of higher employment, consumption will
increase enabling the government to raise revenue from a higher

tax-base. This bonanza will cease to exist at full employment.

We have shown that unemployment is not a justification for

discriminating among producers (i.e. for production inefficiency).
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In particular, producers should face world relative prices

at any level of employment L. Inefficiency in production may

be desirable on other grounds e.g. income distribution. However,
inefficiency in production does not necessarily imply that
tariffs should be imposed. Imposing optimal consumption and
production taxes at different rates to raise revenue involves

lower resource costs than tariffs.

Finally, if the government is unable to impose other than
trade taxes (tariffs), the tax formula should take into account
that domestic markets clear by quantity rationing. Now, the
desirability of unemployment reduction will be determined
through the optimum program, after all the effects and constraints

have been taken into account.

Throughout the analysis we have assumed that public expenditure
consists of the provision of a fixed vector of traded goods.
Thus, we have avoided complications involved in crowding-out
effects; also we have side-stepped the question of the optimal
provision of public goods when the public sector acts subject

to a production possibility function. !

Although the results can be extended to the case where the
government can finance its activities through money creation (see
K. Roberts [ﬁ@] ), 1incorporating more than one assetsinto the
model to permit financing through borrowing will not be satisfactory
unless uncertainty is explicitly taken into account. This is
intewvvention
not an easy task in the framework of the theory of optimga] for
A
reasons that we have already explained. However, a proper model of

optimal government intervention in a Keynesian environment should

take into account uncertainty and be essentially dynamic.



158a

NOTES

This section is nothing more than an algebraic proof of the
Diamond-Mirrlees theorem in an econamny with less than full-
employment due to a rigid real wage. The well-known intuitive
argument about production efficiency - see page 129 - could

be applied directly for any given quantity of labour

demanded. The algebraic proof of the theorem helps us to
understand that although production enters the indirect
utility function due to rationing in the labour market,

the Lagrangean remains 'separable' due to homogeneity - see
discussion on page 130 - and the result follows .
This is only a sufficient condition. There is no necessary
connection between monopoly and prices being fixed for one period.

It is assumed here that the monopolist never learns about his
effective monopsony power.
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Chapter Four

THE NEW CAMBRIDGE APPROACH: SUGGESTIONS FOR A PARTIAL

WELFARE IMPROVEMENT UNDER LIMITED INSTRUMENT AVAILABILITY?

A. OVERVIEW

The New Cambridge macroeconomics is a theory of macroeconomic
management developed in the last several years. 2Although its main
propositions have aroused a lot of controversy, they are supported

by many economists and influence a good number of politicians.

The two main theorems of this approach concern the relationship
between fiscal policy and the balance of payments and the relative
merits of protection and devaluation as alternative means for full

employment (see Cripps and Godley EQ] ).

In its more extreme version, the first relationship stems from
some (limited indeed) empirical evidence which show that (in Great
Britain) the private sector spends exactly what it earns. Thus, the
source of discrepancy between ocutput and absorption is the public
sector, and this implies that the only instrument to affect the trade
balance is the budget deficit. Changes in the exchange rate will not

have other than transient effects on it.

This is a very extreme version of the first theorem and is too
implausible to be acceptable (see Spraos Bﬁﬂ ). Incidentally, many
economists have stressed the similarity of this result to the monetary

approach to the balance of payments.

In its milder version, the first theorem is a proposition about

the relative effectiveness of the budget deficit and the exchange rate

\
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to achieve full employment and external balance. It is claimed
that there is evidence to believe that the right policy is to
assign the exchange rate to internal balance and the budget

deficit to extermal balance.

Two important corollaries can be inferred from the New Cambridge
assignment principle. The first is that the possibility of conflict
among countries increases if all conform to the New Cambridge
prescriptions. Let us consider a two country example, where the
foreign country has full employment and the home country suffers
fram unemployment. The home country will devalue to improve its
internal balance according to the New Cambridge recommendations.

To avoid unemployment, the foreign country will try to reverse the
movement of the exchange rate while the home~country will resist

such a reversal.

The second corrollary is that monetary policy does not play an
independent role in the model. In the extreme version, the growth
of net asset demand in the private sector is exactly matched by the
generation of new assets in the same sector through new investment.
This self-sufficiency implies that substitution between private and
public sector securities is very limited, and there is no way that,
in the aggregate, the stock of central bank money in the hands of
the private sector can change (for a detailed discussion on these

results see Spraoslﬁi] ).

The second theorem concerns the relative merits of adopting
protecticn as an alternative to devaluation for full employment. More
pPrecisely, the New Cambridge method specifies three targets of policy,

namely employment and output, the rate of inflation and the current
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palance of payments. The available instruments in the hands of
the government whereby the above targets will be achieved are
fiscal policy and the exchange rate. Protection is an alternative
instrument to devaluation. In fact, under the New Cambridge model
there is the presumption that the first two instruments are
generally insufficient to achieve the three targets together,
because the Phillips curve relationship between inflation

and unemployment is denied on empirical grounds.

It is claimed that protection is more effective than devaluation
because it is less inflationary. The argument is the following:
Keeping the trade deficit at a fixed level, suppose that an increase
in output is to be achieved by fiscal expansion combined either with
devaluation or with a tariff on imports. Devaluation will worsen
the terms of trade and will induce a rise in export profit margins.

As a result, devaluation will reduce the disposable real wage;

this implies that nominal wages will have to increase: In fact, under
the New Cambridge assumptions, money wage determination is the outcome
of wage negotiations; negotiators bargain to establish an ex-ante
real wage on the basis of prices and taxes that prevail at the time

of the settlement. A worsening of the terms of trade, or {(and)

an increase of the share of profits in the national product will tend
to reduce the disposable real wage. Hence, money wages will increase

to reconcile the ex-ante real wage target to the disposable real wage.

On the contrary, the use of tariffs on imports as an alternative
to devaluation is less inflationary because the disposable real wage
will be higher due to the gains in the terms of trade and to the

absence of any adverse effects on export profit margins.



Let us now examine the relevance of these arguments in the
intevrvention

light of the theory of optimalA, First, as we have already noticed
in the previous chapter, there is no theoretical justification
in specifying the objectives of the government in target form,
unless the highly unsatisfactory explanation of lexicographic
preferences is adopted. Some people argue that preferences in
target form can be justified on the grounds of uncertainty. There

is something in this argument but in the New Cambridge approach there

is no explicit reference to it.

Second, the instruments available in the hands of the government
are not chosen optimally. For instance, since the wage rate is fixed
by trade unions and the price of domestic expenditure is, by
assumption, set as a mark-up on costs, full optimality would require
subsidization of the producers' wage and the monopolist's production
such that the competitive allocation would become the profit
maximizing choice of the non-competitive agents. In fact, one would
like to avoid resource costs by financing government activities through
money creation. In this case medium term considerations should also
be taken into account, the suitable maximand being an intertemporal
social welfare function. §The use of tariffs in the New Cambridge
model is justified because of the terms of trade effect. We already
know from welfare theory that optimality requires tariffs in the case
of an open economy which faces a declining demand schedule for its
exports. Sometimes government action is not needed: If the export
industry is a monopolist, its pricing policy is equivalent to imposing
a tariff on the exports of an otherwise competitive industry. The
possibility of retaliation complicates the situation but it does not

necessarily rule out the use of tariffs as a device for improving the

162
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welfare of the home country.

The New Cambridge a?proach does not use the argument for
tariffs on the above lines. The relation between the terms of
trade and a tariff on imports appears rather as an identity than
a specific proposition based on welfare considerations. Finally,
tariffs are not chosen at any level that can be characterized as

‘optimum .

Briefly, an optimum solution to the New Cambridge distorted
economy would require: (1) Uniform wage subsidies to producers to
employ the available labour supply and sales subsidies to make them
produce the competitive quantities of goods. (2) The imposition of
an optimum tariff to exploit the terms of trade, unless a private
monopoly has already done so. (3) Devaluation to improve the balance
of payments in case that such a correction is necessary.

(4) Optimum selection of public projects and tax rates according to
the government's social welfare function. In fact, the financing of
public expenditure may be achieved through higher revenue from
taxation due to the higher efficiency of the economy ("free lunch"

possibility).

If a richer financial structure is included, the possibility of
financing expenditure through borrowing from the public or even the
Central Bank should be taken into account. In this case, medium term

considerations should be added to the short-term effects.

It is clear that the above framework where instruments are
chosen optimally is not the one that the policy maker in the New
Cambridge economy has in mind. Perhaps it would be more suitable to

examine the New Cambridge approach in the light of a model where only
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"small" steps are allowed and the use of instruments is limited.

It is true that such a model can only be justified on some
restrictive assumptions about what the policy-maker is permitted

to do. However there are people who advocate that for a number of
reasons the policy maker may be unable to make large changes in

the structure of policy instruments. These reasons may include
uncertainty, high costs, even ignorance. Under such a framework the
sole ambition is to show what combinations of small variations in
the use of the available instruments have a desirable effect, i.e.

represent a partial welfare improvement.

In what follows, we will set up a simple model to study the
New Cambridge instrument-target approach along these lines. More
specifically, the proposition that protection is preferable to
devaluation will be examined undexr the assumption that the available
instruments are fiscal policy (this term will be specified below)
and the exchange rate. Protection will be an alternative to the

exchange rate.

B. The New Cambridge instrument-target approach as a comparative

statics exercise in the context of a fix-price model

l. Introduction

We will work in the context of a Hicksian fix-price model where
money is the only asset. (Such a model has also been considered in
chapter two. In fact, in their formal interpretation of the New
Cambridge model (see Cripps and Godley 10]) its initiators do not

consider monetary influences since they claim that these



have but a minor role in the United Kingdom. Also, they regard

money supply as entirely endogenous, being fully determined by
decisions on fiscal policy. These simplifications justify the

use of a Hicksian model where money is the single financial asset.
The role attributed to money supply by the New Cambridgists make
things even more convenient. What they simply say is that the
government makes sure that there is enough money to meet the demand
for money balances. To put it another way, the government always
chooses its money supply to finance its budget deficit. Of course,
this implies that government action has intertemporal effects because
issuing money at time (t) makes consumers richer at (t + 1). To
avoid these complications, we can only pay attention to the results
of government's action in a single date, assuming that the government
neutralizes the intextemporal effects of its policy or that the
future is heavily discounted. If medium term considerations are to
be taken into account, the analysis should become explicitly dynamic

(see K. Roberts [4.2] ).

In the New Cambridge model, the term fiscal policy does not
imply that taxes are chosen optimally in any sense. It is used in
the traditional Keynesian sense to denote that a fiscal stimulus to
the economy can be given by reducing the overall tax rate which
is an average of direct and indirect taxes. In the model we are
going to consider we will adopt the convention that fiscal policy
consists of the decision by the government to buy a certain amount of
a domestically produced good. In the context of a small-open economy
with labour and non-traded goods the prices of which are rigid
temporarily, this will have the same qualitative effects ' @sreducing

the overall tax-rate provided that it is the non-traded good that is

165
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bought by the government.

We now turn to specify the economy in more detail.

2. Assumptions and Description of the economy

We assume a small-open economy. There are the following goods:
A consumed exportable good, denoted by the subscript e. BAn importable
good which is not produced at home, denoted by -i. A non-traded good
which is produced and consumed at home, denoted by N. Labour
supply LS will be perfectly inelastic. In fact, we will assume
that labour is supplied by a single consumer, and that there will be
no other consumer in the economy. This assumption and the fact
that the economy is assumed to be small imply that there will be
no income distribution effects and that the terms of trade cannot
be affected by the home country. A lot of simplification is
achieved through this assumption but at the expense of departing from
two crucial considerations of the New Cambridge model, i.e. the terms
of trade effects and income distribution. Since the aim of the
present chapter is to show how the New Cambridge approach can be
rationalized in an explicit equilibrium framework and not to present
a detailed survey of the New Cambridge ideas, we prefer to work with

the above assumption.

Finally, there will be domestic money, the stock of which will
be denoted by m. As we have already explained in chapter two, the

demand for money will represent demand for future expenditure.

3. Prices

The nominal price of the non-traded good P.. and the naminal wage

N

rate w will be assumed rigid within the unit period: PNt = ﬁN’ wt =w
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This assumption is in accordance to the New Cambridge model which,
in effect, corresponds to the regime of Keynesian unemployment in
terms of the familiar Malinvaud (see [3@} } classification. (Recall
that Keynesian unemployment is characterized by excess supply in

the labour and the non-traded good markets). In fact, output and
employment in the New Cambridge model are determined by the usual

Keynesian multiplier process in response to fiscal policy and export

and import propensities.

When we come to discuss the inflationary effects of alternative
trade policies, we will assume that w (+) and §N () are determined
as functions of the cost of living and production costs in the

previous period.

The assumption of rigid nominal prices in the unit period does
make sense since the government will not be allowed to make large

changes in the disposable instruments altering the regime characteristic.

Since the economy is small, it faces constant world prices which
we normalize to mmity. We will denote the exchange rate by R (an
increase in R will imply devaluation of the home currency), the
tariff ﬁn the exportable good by te and that on the importable good

by ti. Thus, the domestic price of the exportable good will be

PE = (1 + te)R and that of the importable good Pi = (1 + ti)R'

We assume that there are no taxes on the non-traded good and
labour. In the New Cambridge model there are taxes on domestic
expenditure and income, but they are not chosen optimally. As we have
already noticed, tax rates are modelled as an instrument used to
provide a fiscal stimulus to the economy via the traditional Keynesian

process. The stimulus is provided by reducing the overall tax rate,
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which is an average of all direct and indirect taxes. In our model,
this stimulus will be provided by the government decision to buy the
non-traded good, while the money supply will be an accommodating

variable as it is in the New Cambridge model.

4, Producers

There will be two sectors in the economy. In the non-traded good
sector, labour will be employed to produce the non-traded good

according to the following Cobb-Douglas production function:

y, =1L, k < 1 (167)

where k is the elasticity of output with respect to labour. k < 1

implies decreasing returns.

Similarly, in the exportable good sector, labour will be employed

to produce the exportable good according to the following production

function

y =17, r < 1 (168)

By virtue of the assumption of a small open economy, the exportable

good sector will never be raticned in its sales.

On
the contrary, the non-traded good sector may be rationed in its sales

if domestic demand for the non-traded good falls shortof the non -
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?
traded good sectors effective supply.

For instance, if the non-traded good sector is rationed to sell
no more than X units of its product, where X is less than the

sector's effective supply, (168) gives the sector's effective demand

for labour:
1
L, = % K (169)
\N]-.‘l’/\’\
(169) should be contrasted the sector's notional demand which is
A

derived as the solution to the usual profit maximization procedure

subject to the production function only:

- - k
"Max. P - Lt Y = 0
ax ( N YN wL) s.t N ",

which gives:
kK/k-1

1/k-1 w

w
L, = (—) , v, = B (170)

Similarly, the notional choices by the exportable good sector

are given by:

(171)

5. The consumer

We assume that preferences are represented by a well behaved
utility function defined over the non-traded good consumption,

the exportable good consumption, the importable good consumption and
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money. As we have already discussed in chapter two, money represents
s

future demand for goods. Labour supply L is exogenously fixed

and does not enter the utility function. For simplicity, the utility

function will be of the Cobb-Douglas form:

a b c f 2
= X X (172)
Y e i XN m »
The notional demand for X /XX, and m is found by maximizing U
subject to the budget constraint
—-— S -—
P NxN+Pexe+Pixi+m = wL +m, (173)

where m is the stock of money inherited from the past. There is no
profit income in (173) because we assume that the government taxes
profits at 100 per cent. In any case, since we are interested in

the effects of policies within the unit periocd and profits are
distributed at the end of the period, a relaxation of the 100 per cent
profit taxes assumption is not harmful. By the usual maximization

procedure, the notional demand functions are:

X = a(m + wiL) X, = b(m+ wi®) |, (174)
AP AP.
e 1
X, = c(m + W) m o= f(m+w®)
p
AP A

where A= a +b + c + f.

In the case where the consumer is rationed, the effective demands
will be derived by the usual maximization procedure provided that the

feasibility set includes the ration constraints. For instance, if he
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is rationed to sell less than 1° wits of labour, say i, the effective

demand functions for consumption goods and money will be given by

(174) provided that we substitute L for Ls in formulae (174).

6. The government

As we have already discussed , the government may purchase
the non-traded good N. The expenditure on this good will be denoted
by G = ENS, where g is the volume purchased and §N the (fixed)
price of this good. It will also ensure that the S " balance
of payments is kept at a fixed level. For simplicity, it will be
assumed that the deficit is kept at zero. According to the New
Cambridge alternative policies, the government will either impose
tariffs keeping the exchange rate fixed, or it will allow the exchange

rate to float and impose no tariffs.

Finally, the deficit in the government's budget will be financed

through profit taxes and money creation.

7. Keynesian unemployment

In terms of the usual classification of regimes, the New Cambridge
corresponds to the regime of Keynesian unemployment i.e. to the
regime where the consumer is rationed in the labour market and the
nQn—traded good sector is rationed in the non~traded good market.
We have already discussed this matter in section 3 above. Government
action will not, by assumption, change the regime-characteristic. This

with

is consistent the assumption that the policy maker is not allowed
A

to induce "large" variations in the available instruments. Although

our model may give rise to several regimes according to the fix-price

constellation (see, among others, Malinvaud [36] , Muellbauver and
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Portes [38] , Neary [39] , Dpixit and Norman |15] ) there are
arguments according to which Keynesian Unemployment (generalized
excess supply) and Suppressed Inflation (excess demand) are the
most likely to appear in practice. For a detailed discussion see
all .
Malinvaud [36] ‘ p.108-109. More specifically, since we neglect Surrly SaJe
such as ) A
shocks technical progress and exogenous shifts in the terms of trade -
A\
these are quite reasonable assumptions provided that we concentrate
our attention to short run analysis only - Classical Unemployment
(the regime where only consumers are rationed) is not likely to
appear. Moreover, ignoring stock accumulation in the production side
3
and assuming that the non-traded good sector never gets priority in the
labour market under excess demand for labour, the regime where only
firms are rationed ("Underconsumption") 1is not likely either. For

a discussion of these two last assumptions see Muellbauer and

Portes [38] and Neary[39] respectively.

Since Suppressed Inflation and Keynesian unemployment are
"symmetric" regimes, concentrating our attention to Keynesian unemployment
only is not very restrictive since most of the results will be
qualitatively similar (but with opposite sign) to both regimes. Let
us now write down the equations which characterize the Keynesian

unemployment equilibrium.

(a) The labour market

Keynesian unemployment is characterized by excess supply in the
labour and non-traded good markets. Hence, the quantity of labour actually

sold in the labour market will be determined by the demand side:

L = Ly () M , (175)

where iN(-) is the effective demand for labour by the non-traded
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1

good sector and (\:r/rPe)r_l is the notional demand for labour by
the exportable good sector (see 171). By virtue of the small economy

assumption, the exportable good sector will never be rationed in

with
its sales angd its effective labour demand will coincide - its
A

notional labour demand. iN (-) will be specified below.

(b) The non- traded good market

Since excess supply prevails in the non-traded good market, the
quantity sold will be similarly determined by the

demand side:

X = c(m+wL) +g, (176)
Al-SN
where c(m + QL)/AEN is the effective demand for the non-traded good
by the representative consumer and g is the government demand for this
good. In fact, the effective consumer demand is given by (174) where
the amount of labour actually sold is given by L (see 175) rather

s
than L . Now, we are able to specify the effective demand for labour

by the non-traded good sector, iN () . From (169)
1
~ = k
LN = X , (177)

where X is determined by (176). Hence, (175) can be re-written as:

1 1
I = %% +(_§_) -1 (178)

rP
e

In fact we can write the two equilibrium conditions (176), (178)

together:
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1
I —= 1 x - r-1
= C(m + wL) + w - (179
( . + g ( ) )
AP rP
e

N —

(c) The money market
We have already assumed that the government will issue money

to satisfy the effective demand for it. Since we will keep the

balance of payments fixed, the flow of money will be equal to the

governments' deficit:

Am = Pg - (m+tC_+ tici~£@\{e) (180)

where T are the revenue from profit taxes and t ,ti are the tariff
e

rates on the traded goods (if any).

The New Cambridge assertion that money supply is completely

determined by decisions on fiscal policy amounts to choosing Am
constraint

to clear (180). By the overall budgetkof the economy and taking into

account (180), (175), (176), the condition that the money market is in

equilibrium

m-m= Am (181)

is redundant.

(d) The balance of payments

The international payments' surplus B is equal to the value of

excess supply of traded goods. Since we have normalized world prices

at unity and the importable good is not produced at home, we have
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B =y -¢ -¢,, (182)

where C , éi are the effective demands for the exportable and
e

importable goods respectively and ye is the domestic supply for the
with

exportable good (which coincides the notional supply - see
A

(171)

From (171) and (174),B can be written:

(m+ wL) - b (m + wl), (183)

where L is defined by the implicit function (179).

8. Comparative Statics

Conditions (179) and (183) will be used to examine the New
with
Cambridge propositions. In accordance the New Cambridge approach
A
we will first examine the effects of fiscal policy to reduce

unemployment when this is combined either with the exchange rate or

with tariffs.

(a) Fiscal Policy and exchange rate floating

Assume that initially the trade surplus B is zero and that the
aim of policy is to keep it at this level. Also, assume that there
are no tariffs on the traded goods. This implies that the
domestic prices of the traded goods are equal to the exchange rate R:
P =R, P, =R . The equilibrium conditions are:

(m + wh) - (m + wL) = O, (184)

)
1
o
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for zero trade deficit, and

IH

L - SC (m+ wL) + G k + w ) . (185)

for the labour market to clear by quantity rationing. As we have
already noticed, the non-traded good market equilibrium condition

is contained in (185).

From (185), it is easily verified that an increase in the
government's purchase of the non-traded good Ag will exert
maltiplier effects on employment L. From (184) , an increase in
employment tends to worsen the trade deficit, calling for a devaluation
to keep the deficit constant at zero level. Devaluation will also
affect employment. From (185), an increase in R will reduce the
real wage paid by the exportable good sector, causing an increase in
the sector's labour demand. This 'second round' increase in employment
calls for a new devaluation and so on. Assuming stability (we will
discuss this issue later) the system will settle down at a new

Keynesian unemployment equilibrium with higher employment and higher

domestic prices for the traded goods due to currency depreciation.

Differentiating (184), (185) with respect to g while allowing

the exchange rate to change to clear (184) we obtain :

-, ) - — -
¥ +a+b (L + 1) -a+b ar 0
A A dg
* *
r - *
S Z-1 daL -C
kK a =
dg k

4%
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* 1

f
a}
[g]

fi
[
+
-
4
El
o]

where r . We have

also normalized the initial exchange rate, government expenditure,
money balances, nominal wage and the price of the non-traded good
to unity. These normalizations are completely harmless (as it can

be easily verified) and facilitate the interpretation considerably.

Assuming that the square matrix in (186) is non singular, we
can solve this system with respect to the unknowns dR/dg, di/dg

to obtain

& _ o /k . (187)
dg D
*
c a+b
k * -
ar  _ Ar + (a3b) (1+L) (188)
dg D
* * Ve
where D=1 - - r (atb) . (188)

>0

C
* * n
Ar + (atb) (1+L)

The numerators of (187), (188) are positive scalars. In fact,
the numerator of (187) gives the immediate increase in employment
after a unit increase in g. The denominator D defined in (188)/can

be assimilated to the Keynesian multiplier effect ( 1/D ) which

gives the 'second round' effects on employment due to income effects

'(a+b)r* ‘/ Ar + (a+b) (1+L) |.

*
(C ¢ /kA) and to the exchange rate change

Although, in principle, there is no reason why the case D < O should be

excluded, we will follow the convention D > O which ensures that an



17#

increase in autonomous expenditure combined with a floating

exchange rate has a positive effect on employment. In fact it can

be easily verified that D > O gives the Routh-Hurwitz conditions for
stability of the principle which assigns the exchange rate to

'external' balance and the budget deficit to 'internal' balance.

Adopting the traditional geometric interpretation of the
assignment principle we can translate the condition D > O into
the familiar condition which relates the slopes of the employment

equation and the external balance locus in the (f,R) space:

L
B =0
L T T T _— -
1 L = L(R,q)
{
L, |- ;
| !
{
| {
{
] I
: !
R
o} RO Rl
Fig. 8

In the above diagram W approximates the slope of the locus of
the (L,R) points which satisfy equation (184) and V approximates
the slope of the implicit function defined by (185). (L = L(R) should
not be compared to the traditional 'internal® balance locus). The

stability condition D > O is equivalent to the condition that the
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slope of the B = O locus exceeds that of L = L(R,g): V < w

From Fig.8 it is clear that an increase in g causes an upward shift
in the schedule L = L(R). If v > w, the new equilibrium would
have lower employment while the exchange rate would appreciate.

For a detailed derivation of these results see the author's M.Phil.
Thesis [49 .

The reader may have noticed that we have used the 'conventional!
assignment principle, that is the exchange rate to external balance
and the government's budget to reduce unemployment, instead of the
New Cambridge one. This is not crucial for two reasons: First,
stability of the conventional assignment principle does not necessarily
imply instability of the New Cambridge one. Second, the arguments
of the New Cambridge initiators (see Cripps and Godley [1@])
on the relative merits of the alternative Trade Policies do not depend

on the New Cambridge assignment principle.

(b) Fiscal Policy combined with tariffs

In section (a), a fiscal expansion to increase employment has
been combined with exchange rate floating to keep external balance.
Now, we will use tariffs for external balance instead of the exchange
rate. These will differ from devaluation because their effect is not
'neutral'. This means that the domestic price ratio of the traded
goods differs from the world price ratio as a result of non-uniform
trade taxes. To simplify the analysis we will assume that the exchange
rate iskept fixed at unity. Furthermore, the importable good will be
untaxed (ti = 0) and anad-valorem tariff te on the domestically produced
traded good will be imposed. It is clear that the domestic price

ratio of the traded goods will differ from the world price ratio as

i =

a result of such a Trade Policy: P (1+t,) R 1
i

o |

P (1+t ) 1+t
e e



The equilibrium conditions are similar to (184),

reproduce them here to make clear how the
good is imposed to keep external balance,

is kept fixed at wunity and the importable

180
(185). We
tariff on the exportable
while the exchange rate

good is left untaxed :

r
( W ) - _a (m+wL) -b (m+wL) = 0O, (189)
A
rp AP
e e
- - 1 1
I =|lc @+wh +gl™ +( W A) =i, (190)
P P
A N T e’
where Pe =14 te . Following the same arguments

as before, we differentiate (189),

adjusting the tariff te to clear (189).

We again construct a system of two

(190) with respect to g while

equations in the two unknowns

dL/dg, dPe/dg similar to (186) above. Solving it we obtain:
c* a+b

- * * -

dL = C /k . dPe = k Ar + a(l+L) ’ (191)

dg D' dg Dl

] /
where D = l-¢C C r* (a+b) (191)
k A Ar*+a(l+ﬂ)
The solution has the same interpretation as before. Comparing

(188 ), (191 )" we observe that D > D',

which implies that the

magnitude of the multiplier is higher under the specific tariff policy

we have followed here than a policy of floating the exchange rate:

(1/D) < (1/D'). Hence, comparing

(191) ,

(187) we have
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(aL/dg) < (dL/dg) ' (192)

The explanation of this is not difficult to find. In the
second case, the adjustment to balance of payments equilibrium is
achieved via a tariff on the exportable good alone, which means
that its domestic price has to increase more than in the floating
exchange rate case where the price of the importable good
was partly responsible for the restoration of external balance.
Since the importable good is not produced at home, a change in its
price will not have any effect on the demand for labour (this is
also due to the Cobb-Douglas utility function which excludes cross-

price effects) adding less to the multiplier process.

A similar result could hold even if we allow for home production
of the second traded good. However, the tariff policy would have
been much more complicated. A careful selection of trade taxes will
depend on the elasticities of the demand for labour by each traded
good sector and, in the case of a more general utility function than
the one considered in this model, the cross-price effects between the

traded and non-traded goods.

What we have shown is that a unit expansion in the government's
budget results in a higher reduction in unemployment when it is combined
with a tariff policy than an exchange rate policy to keep external
balance. This result alone is not sufficient to prove the superiority
of tariff policy, since the final change in welfare will also depend

on prices.

(c) Welfare implications of the two alternative policies

To examine the Welfare implications of the alternative Trade

Policies we should compare the induced changes in the utility of the
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(single) consumer. On this purpose, we first derive the indirect
utility function by substituting (174) into (172), where the labour

actually sold is i (defined in (179)) and not LS.

a b c '
v=mM(1 (_1_) (_1__) , (193)
(Pe ) Pi 3
N
_ a b o] f - -
where M = (g_zf_) (bi*‘) (01;1*) (fI:*) ' m* wL + m (194)

Initially, with no tariffs and the exchange rate fixed at
unity, the maximum level of utility was ¥7 = M, where not only
world prices but domestic prices as well have been normalized to

unity: w=1, EN = 1, Pe =1, Pi = 1.

To examine the effects of the first set of policy choices, that
is fiscal expansion combined with exchange rate floating, we write

(193) as
’ (195)
since Pi =P =R, P = 1.

The superscript F stands for floating. The change in Welfare induced

by this set of policy is:

F F F i3
av = v d 4+ Ve &R = v, d& - (a+DbMdR , (196)
dg dg dg dg. dg
where dL , dR. are given by (187), (188) respectively and the

dg dg



derivative VR has been evaluated at the initial value R = 1. (see

F
(195)). Finally, V

L is the marginal utility of income.

To examine the effects of the second set of policy choices
(fiscal expansion combined with a tariff on the exportable good) we

write (193) as:
V- =MP p (197)

where the exchange rate, the domestic price of the importable good,
the price of the non traded good and the wage rate have been

normalized to unity. The superscript T stands for tariff policy.

The change in Welfare induced by this set of policy is:

T T -/ T -
v’ = V. 4L o+ vT dgp = V. 4L -~ aM dp_ , (198)
a—é" L 5(5 Pe e L a—g' e
dg - dg
_
where "dL , ‘dPe are given by (191), and the derivative
dg E‘
T
VP has been evaluated at the initial value Pe = 1. Of course,
e

To compare the relative merits of the two alternative Trade Policies

(devaluation or tariffs) we should find the sign of A = dVT - dVF
dg dg

From (198), (196), (191), (187), (188) we obtain

-~/
A=VL[§_L_' ]+Mg*(a+b){ a+hb +
dg k E[?r*4(a+b)(l+iz] -r (a+b)

&len

- = } (199)
EDéf*#a(l+ii] - fxla+b)

183
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where E=1 - C* C
k A

From (192), the first term in the right hand side of (199) is
positive. It can be also verified that the sign of the second term
of (199) is given by the sign of the following sum, provided that the
assignment principle under both policy alternatives is stable (we have

discussed this matter before):

- (atb) " (200)

If N were negative, this would imply that a fiscal expansion combined
with an export subsidy (tariff) would result in lower employment
(i.e. the assignment principle would be unstable) in the case where
the exportable good is not consumed at home (a = O0). This is clear
from (191), (191)' above. But this contradicts our assumption that

the assignment principle is stable. Hence

A= &' - & > o, (201)
dg dg

What we have shown is that fiscal expansion combined with
tariffs is more effective than fiscal expansion and devaluation,
provided that the assignment principle considered here is stable.
Now, we can translate this result into the New Cambridge proposition
which claims that a tariff policy is more effective than devaluation

because it is less inflationary.



(d) Inflationary implications of the two alternative policies

As we have already discussed in the overview of this chapter,
the rate of inflation in the New Cambridge model is determined by
money wages, import prices and tax rates. Especially, money wage

\
bargaining aims at a real wage target.

In our model, initial utility was Vb. As a result of fiscal
F
expansion, utility becomes (Vb 4+ dv') if a policy of exchange rate
T .
floating is followed or (V6+ dv’) if tariffs are used as an alternative
, T F ,

to flocating. From (201}, VO + av > Vb + 4av . Hence'lf money
wages change to reconcile some ex ante utility target V to the

t-1

t WY - 5@ -vth, £ > 0) a tariff policy

ex post utility (w -
is less inflationary than devaluation since it entails a higher ex

post utility.

It should be noticed that our formulation has the merit that
unemployment enters the "real-wage" target (through its effect on
the indirect wutility function) together with after-tax prices.
Hence, the claim by the New Cambridgists that the Phillips-curve is
rather positively sloped (in the sense that a lower rate of unemployment
is associated with a slower rate of inflation) has a clear micro-

economic foundation.

Taking into account the change in the price of the non-traded good,
the above results on the inflationary implications of the alternative
trade policies will be unchanged under the New Cambridge mark-up pricing
equation. More specifically, if we assume constant returns to scale
in the non traded good sector, marginal and average cost will be the

same and the New Cambridge mark-up on historic costs equation will be

t-1
PPo= Aw 7, (202)
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which implies that the non-traded good price changes according to

the following rule

vttt AWt - WP (203)

Since the . .  wage . inflation determines the non-traded good
price change, none of the above inflationary implications of the
alternative trade policies would change. Of course, if we drop the
assumption of constant returns to scale we should take into account
the effect of output changes on marginal cost and thus on the mark-up

equation.

Finally, we have not so far taken into account the fact that the
government's budget deficit is financed through money creation.
Under the New Cambridge assumptions, money supply does not have any
independent influence on prices or on demand (see Cripps and G odley Qﬁ]),
In our model this is not true unless we pay attention to the effects
of policy at a single date only, assuming that the government neutralizes
the effects the present policies may have on future dates or that
the discount factor is negligible. If medium term considerations are
to be seriously taken into account, the analysis should become
essentially dynamic. For instance, the welfare criterion should be

an intertemporal indirect utility function

W = V+ Vv (204)

where V is the present utility defined in (193) above and V
is the present value of future utility. As future utility will be

affected if m, w and P, change now, we can write VvV = V (ﬁ,w,pN).

We will not consider here the intertemporal effects of the
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alternative Trade Policies. However, the reader may consult section
(3.4) of K. Roberts [;é] for a detailed analysis of the arguments
involved in considering such medium term effects in a somewhat

similar context.

Before we close this chapter, we should refer to the views of
J. Meade (see [3?] ) on the New Cambridge propositions.
Although he seems to endorse the approach,he claims that the missing
instrument from the New Cambridge model is an incomes policy to reduce

the rate of wage inflation.

C. DISCUSSION

In this chapter we have tried to provide an equilibrium framework
for analyzing the New Cambridge proposition on the relative merits
of alternative Trade Policies. More specifically, we have argued
that the theory of Welfare where instruments are chosen optimally
and under no constraints may not be suitable to the New Cambridge
model. An environment where the policy maker can only use a limited
number of instruments with a limited range of application may be closer
to what the New Cambridge initiators have in mind. If this is
acceptable, the New Cambridge instrument-target approach can be given
a background of welfare considerations in the sense that it can be
conceived as a criterion which ranks alternative Trade Policies according
to which gives the maximum desirable change in Welfare for a given
change in the available instruments. In fact, we have shown that a
fiscal expansion combined with tariffs is more effective than a fiscal
expansion and a floating exchange rate in the sense that the induced
desirable change in welfare is higher under the former policy than in

the second. This result holds provided that the principle of assigning
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fiscal policy to reduce unemployment and trade policy to keep

external balance is stable.

There is a serious objection to this specification. Although
some justification can be given to the New Cambridge propositions
along the above lines, one may ask why people with strong interventionist
views should think in terms of models where the policy maker can only
make "small" steps and not choose optimally the available policy

instruments.
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(2).

(3.

188 a

NOTES

More precisely, a tariff on the exportable good is equivalent
to a tax on imports of that good coupled with an equal
subsidy on its exports. Although there is no loss of
generality in talking about a 'tariff on the exportable
good', the above clarification may help in the subsequent
discussion.

We include nominal and not real balances in equation (172) to
avoid the complications of the response of future prices to
present policies. This implies that expectations are inelastic
or that agents believe in the temporary character of government
policies.

To avoid an Underconsumption regime we have to assume

] that the traded good sector is never rationed in
the labour market.
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