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2 Abstra
tWe assess the reliability of a simple a posteriori error estimator for steadystate 
onve
tion-di�usion equations in 
ases where 
onve
tion dominates. Ourestimator is 
omputed by solving a lo
al Poisson problem with Neumann boundary
onditions. It gives global upper and lo
al lower bounds on the error measuredin the H1 semi-norm, ex
ept that the error may be over-estimated lo
ally withinboundary layers if these are not resolved by the mesh, that is, when the lo
al meshP�e
let number is signi�
antly greater than unity. We dis
uss the impli
ations ofthis over-estimation in a pra
ti
al 
ontext where the estimator is used as a lo
alerror indi
ator within a self-adaptive mesh re�nement pro
ess.1 Introdu
tionDuring the last two de
ades there has been a rapid development in pra
ti
al a posteriorierror estimation te
hniques for ellipti
 PDEs. This explosion in interest has been drivenby the underlying need to in
rease the reliability and eÆ
ien
y of �nite element softwarefor solving su
h problems, see Verf�urth [15℄ for a general review. Conve
tion-di�usionproblems have lo
al features whi
h make them ripe for adaptive re�nement algorithmsbased on lo
al error indi
ators, although there remain some outstanding issues; �rstly,the role of stabilisation e.g. using streamline upwind dis
retisations, and se
ondly, thefa
t that lo
al error estimation may be very ina

urate if 
riti
al features like boundarylayers are not adequately resolved by the underlying mesh, see Verf�urth [14℄.The performan
e of a simple error estimator in the presen
e of layers is the subje
tof this work. An outline of the paper is as follows. In the next se
tion we de�ne our lo
alerror estimator, and we establish theoreti
al bounds on its e�e
tiveness that illustratesa potential sour
e of diÆ
ulty, namely, boundary layers that are not resolved. Notethat our estimator is reliable in the sense that (up to a 
onstant fa
tor) it providesa global upper bound on the error|the problem is that the estimator may provide agross over-estimate. A set of numeri
al experiments is presented in x3 whi
h highlightsthis de�
ien
y. More promising results that are representative of performan
e whenusing the estimator in an adaptive re�nement setting are des
ribed in x4. These latterresults suggest that simple estimators 
an nevertheless provide a very e�e
tive re�nementindi
ator if used in 
onjun
tion with streamline di�usion stabilisation.



32 Analysis of the lo
al error estimatorGiven 
, a bounded polygonal domain in IR2, with boundary �
 = �N[�D, �N\�D = ;,our aim is to solve the following 
onve
tion-di�usion problem: �nd u su
h that���u + b � ru = f in 
 (2.1)u = g on �D (2.2)�u�n = 0 on �N ; (2.3)where � > 0 is a vis
osity parameter, and the 
onve
tive wind b satis�es the following,(A.1) r � b = 0,(A.2) kbk1;
 = 1,(A.3) b � n � 0 on �N .Using standard notation (see e.g. Braess [7, pp. 28{33℄), the underlying bilinear form isB�(u; v) = �(ru;rv) + (b � ru; v);and is de�ned for all u; v 2 H1(
). The solution spa
e isH1g (
) = fv 2 H1(
) : v = g on �Dg;and the variational problem asso
iated with (2.1) is given by, �nd u 2 H1g (
) su
h thatB�(u; v) = (f; v) 8v 2 H10 (
): (2.4)To de�ne a dis
rete version of (2.4) we require the following de�nitions:1. Th is a partition of 
 into triangles or 
onvex quadrilaterals su
h that T 1 \ T 2 iseither empty, a 
ommon edge, or a 
ommon vertex of T1 and T2 for all T1, T2 2 Th,2. hT := inffdiam S : S is a ball su
h that T � Sg, T 2 Th,3. �T := supfdiam S : S is a ball 
ontained in Tg, T 2 Th,4. �T = hT=�T ; 8T 2 Th. Furthermore, for any domain 
� � 
 
onsisting of a unionof T 2 Th, we let �
� denote the minimum �T , T � 
�.



4For simpli
ity, we restri
t our attention to the lowest order linear triangular and bilinearre
tangular elements (the extension to isoparametri
ally mapped quadrilaterals, and tothe lowest order 
onforming three-dimensional approximation methods is immediate).Thus, for a partition Th into triangular elements, we de�neXh := fv 2 H1(
) : vjT 2 IP1(T ) 8T 2 Thg;whereas for a grid of re
tangles we de�neXh := fv 2 H1(
) : vjT 2 Q1(T ) 8T 2 Thg;where IP1(T ) is the spa
e of polynomials of degree at most 1 on T , and Q1(T ) is thespa
e of polynomials of 
omplete degree 1 on T . Note that grids 
ontaining a mixtureof triangles and re
tangles are also possible.2.1 The streamline di�usion �nite element approximationIt is well known that the standard Galerkin approximation of (2.4) may produ
e anunstable, possibly os
illating, solution if the mesh is too 
oarse in 
riti
al regions. Insu
h 
ases a posteriori error estimation in an adaptive re�nement framework is relativelymeaningless. To give additional stability on 
oarse meshes the streamline-di�usion �niteelement method will be used, see e.g. Johnson et al.[11℄ (see also the 
omments followingthe theorem in the next se
tion). We will assume that the boundary data g is 
ontinuouspie
ewise linear (our theoreti
al results extend in an obvious way when this is not the
ase).The dis
rete (streamline-di�usion) approximation of (2.4) is to �nd uh 2 Xh, so thatuhj�D = g and�(ruh;rv) + (b � ruh; v) + XT2Th ÆT (b � ruh;b � rv)T =(f; v) + XT2Th ÆT (f;b � rv)T ; (2.5)for all v 2 Xh, v = 0 on �D, see [11℄, where we have used the fa
t that �vhjT = 0 forall vh 2 Xh. In (2.5) the lo
al mesh P�e
let number P eT = kbk1;T hT=� determines thestreamline-di�usion 
oeÆ
ient ÆT in a given triangle T 2 Th via the \optimal" formulaÆT = ( 12hT (1� 1P eT ) if P eT > 1;0 if P eT � 1; (2.6)



5respe
tively, where hT is a measure of the element length in the dire
tion of the wind.See Fis
her et al. [9℄ for justi�
ation. An attra
tive feature of the streamline-di�usionapproa
h is it leads to an a priori 
onvergen
e estimate whi
h is independent of � in thestreamline derivative b � r, see [11℄.2.2 De�nition of the lo
al error estimatorLet E(T ) denote the set of edges of T , and Eh = [T2ThE(T ) denote the set of all edgessplit into interior and boundary edges viaEh := Eh;
 [ Eh;D [ Eh;N ;so that Eh;
 := fE 2 Eh : E � 
g, Eh;D := fE 2 Eh : E � �Dg and Eh;N := fE 2Eh : E � �Ng. For a given partition Th, we want to 
ompute an approximation tothe solution of the 
onve
tion-di�usion problem (2.4), by solving the stabilised problem(2.5) with a stabilisation parameter ÆT satisfying (2.6). Then, denoting eh = u� uh, weseek a simple approximation to the error eh so that eÆ
ient re�nement of the mesh 
anbe made at ea
h level of an adaptive solution pro
ess.Sin
e our intention is to apply our adaptive methodology within the �eld of in-
ompressible 
ow modeling, we will keep away from the hyperboli
 limit, and simplyestimate the error in the H1{seminorm. To this end, we modify the well-known Bankand Weiser estimator [6℄, and using an idea of Ainsworth and Oden [4℄, solve a lo
al(element) Poisson problem, over a suitably 
hosen (higher-order) approximation spa
e.The data for the lo
al problems is given by interior residuals and inter-element 
uxjumps. In parti
ular, for any edge E of an element T 2 Th, we de�ne the 
ux jump inthe usual way via RE = 8>><>>: [[ �uh�nE ℄℄E E 2 Eh;
�2� �uh�nE� E 2 Eh;N0 E 2 Eh;Dwhere �uh�nE is a 
onstant fun
tion on the inter-element edge E and [[v℄℄E measures thejump in v a
ross E, that is, for E 2 E(T ) \ E(S), T; S 2 Th and de�ning nE;T andnE;S to be the outward normals with respe
t to the edge E from elements T and Srespe
tively, we have [[v℄℄E = vjTnE;T + vjSnE;S:



6Sin
e �uhjT = 0 for all T 2 Th, the element interior residual is given by the hyperboli
part of (2.1) RT = (f � b � ruh)jT ;and we de�ne R0T = P0TRT ;where P0T is taken here to be the L2(T ) proje
tion onto the spa
e IP0(T ), (see Verf�urth[15, pp. 14℄). For an element T 2 Th, the estimator is given by�T = kreTkT ;where eT 2 QT satis�es�(reT ;rv)T = (R0T ; v)T � 12� XE2E(T ) < RE; v >E; (2.7)for all v 2 QT . Here QT is the \
orre
tion" spa
e QT = QT �BT 
onsisting of edge andinterior bubble fun
tions respe
tively;QT = span f E : E 2 E(T ) \ (Eh;
 [ Eh;N)gwhere  E : T ! IR is the usual quadrati
 (or bi-quadrati
) edge-bubble whi
h is zeroon the other two edges of T (see [15, pages 9{10℄). BT is the spa
e spanned by interior
ubi
 (or biquadrati
) bubbles �T su
h that 0 � �T � 1, �T = 1 only at the 
entroid,and supp �T � T . Note that the lo
al problems are always well posed, and that forea
h triangular (or re
tangular) element a 4 � 4 (or 5 � 5) problem must be solved to
ompute eT .Remark 1 In 
omparison with the related work of Verf�urth [14℄ we note the followingdi�eren
es. Firstly, the PDE whi
h is 
onsidered in [14℄ also allows 
ontrol on the L2{norm of the error. Se
ondly, the lo
al problems in [14℄ are dis
rete 
onve
tion-di�usionproblems of signi�
antly larger dimension e.g. at least 12� 12 in the triangular 
ase.Remark 2 The important issue of equilibration of the 
ux 
ontribution is not addressedin this work, 
f. the symmetri
 splitting in (2.7); see e.g. Babu�ska et al. [5℄, Ainsworth[2℄. A te
hnique for 
onstru
ting equilibrated 
uxes in the related 
ase of singularlyperturbed Helmholtz problems is analysed by Ainsworth and Babu�ska [3℄.



72.3 AnalysisThe following analysis is an extension of the work of Verf�urth. The notation is identi
al,see [15, page 9℄; NT is used to denote to be the set of verti
es of T 2 Th and we de�neNh = [T2ThNT to be the set of all verti
es. We also de�ne NE be the set of verti
es ofE 2 Eh, and for T 2 Th, E 2 Eh and x 2 Nh we de�ne lo
al \pat
hes" of elements via!T = [E(T )\E(T 0)6=;T 0 (2.8)!E = [E2E(T 0)T 0 (2.9)~!T = [NT\NT 0 6=;T 0 (2.10)~!E = [NE\NT 0 6=;T 0: (2.11)We now outline the proof of our main theoreti
al result, whi
h shows that the estimator�T is equivalent to the true error away from boundary layers. In the following, wemake frequent use of the short hand notation kfkS to denote the L2 norm of a fun
tionin L2(S), and we use the letter C to denote a 
onstant whi
h is independent of theparameters h and �.Theorem 1 For a given triangulation Th, the estimator �T � kreTkT satis�eskrehk
 � C(�
) XT2Th �2T + XT2Th(hT� )2 

RT � R0T

2T!1=2 : (2.12)Furthermore, for a given T 2 Th�T � C(�!T ) krehk!T + XT�!T hT� kb � rehkT + XT�!T hT� 

RT �R0T

T! : (2.13)Proof Be
ause of assumptions (A.1){(A.3) we haveB�(eh; eh) � � krehk2
 : (2.14)Using Galerkin orthogonality (and (2.4) and (2.5)) we have thatB�(eh; v) = B�(eh; v � vh) +B�(eh; vh)= B�(eh; v � vh)� XT2Th ÆT (f � b � ruh;b � rvh)T ; (2.15)for any v 2 H10 (
) and vh 2 Xh \ H10 (
). Furthermore, there exists an interpolant (see e.g.Cl�ement [8℄), e�h 2 Xh \H10 (
) su
h that, for all T 2 Thkeh � e�hkT � C1(�~!T )hT krehk~!T ;



8and for all E 2 Eh keh � e�hkE � C2(�~!E )h1=2E krehk~!E :Hen
e using (2.14), and 
hoosing v = eh and vh = e�h in (2.15) gives� krehk2
 � (f; eh � e�h)�B�(uh; eh � e�h)� XT2Th ÆT (f � b � ruh;b � re�h)T :Integrating by parts over ea
h element, and noting that eh = e�h on �D then gives� krehk2
 � XT2Th [(f � b � ruh; eh � e�h)T � ÆT (f � b � ruh;b � re�h)T+ 12� XE2E(T )\Eh;
h [[ �uh�nE ℄℄E ; eh � e�h iE � � XE2E(T )\Eh;Nh �uh�nE ; eh � e�h iE35 ;and from the de�nition of R0T and RE we have� krehk2
 � XT2Th �(R0T ; eh � e�h)T + (RT �R0T ; eh � e�h)T � ÆT (R0T ;b � re�h)T�ÆT (RT �R0T ;b � re�h)T + 12� XE2E(T )hRE ; eh � e�h iE35 :Then, sin
e ÆT � hT (from (2.6)), using the obvious bound kb � re�hkT � 2 krehkT togetherwith the interpolation bounds gives� krehk2
 � C(�
) XT2Th hhT 

R0T

T krehk~!T + hT 

RT �R0T

T krehk~!T+12� XE2E(T ) h1=2E kREkE krehk~!E35 ;whi
h 
an be bounded via a dis
rete Cau
hy-S
hwarz inequality to give the bound� krehk2
 � C(�
)0�XT2Th krehk2~!T1A1=20�XT2Th hh2T 

R0T

2T + h2T 

RT �R0T

2T+ XE2E(T )\Eh;
 14hE�2 kREk2E351A1=2 : (2.16)The rest of the proof is a generalisation of the standard argument, see e.g. Verf�urth [15,pp. 15{18℄. For T 2 Th, we de�ne wT = R0T�T . Then sin
e R0T 2 IP0(T ) and �T � 1, it is easyto show that 

R0T

2T � C(R0T ; wT )T ; (2.17)



9kwT kT � 

R0T

T : (2.18)Using (2.7) with (2.17), (2.18) and the inverse estimate krwT kT � Ch�1T kwT kT , we have

R0T

2T � C(R0T ; wT )T = C�(reT ;rwT )T� C� kreT kT krwT kT� Ch�1T � kreT kT 

R0T

T : (2.19)Similarly, for E 2 E(T ), we de�ne wE = RE E 2 QT . Using (2.7), and then 
ombining theminimum angle 
ondition with standard s
aling results (see e.g. Kay & Silvester [12, Lemma3.2℄), we have� kREk2E � C� < RE ; wE >E = C XT 0�!E ���(reT 0 ;rwE)T 0 + (R0T 0 ; wE)T 0�� C XT 0�!E �� kreT 0kT 0 krwEkT 0 + 

R0T 0

T 0 kwEkT 0�� C(�!E) kREkE XT 0�!E h� kreT 0kT 0 h�1=2E + 

R0T 0

T 0 h1=2T 0 i : (2.20)Finally, 
ombining (2.16), (2.19) and (2.20) gives the required global upper bound (2.12).We now show the lo
al lower bound (2.13). Starting from the lo
al problem (2.7) and
hoosing v = eT , we have� kreT k2T = (R0T ; eT )T � 12� XE2E(T ) < RE ; eT >E� 

R0T

T keT kT + 12� XE2E(T ) kREkE keT kE : (2.21)Sin
e eT 2 QT , a s
aling argument giveskeT kT � C(�T )hT kreT kT ;keT kE � C(�T )h1=2E kreT kT :hen
e � kreT kT � hT 

R0T

T + 12� XE2E(T )h1=2E kREkE : (2.22)Thus to get (2.13), we need to bound hT 

R0T

T and h1=2E kREkE . For T 2 Th, de�ne wT asabove. Then,C 

R0T

2T � (R0T ; wT )T



10 = (R0T �RT ; wT ) +B�(u;wT )� (b � ruh; wT )T= (R0T �RT ; wT ) +B�(u;wT )�B�(uh; wT )= (R0T �RT ; wT )T + �(reh;rwT )T + (b � reh; wT )T� 

R0T �RT

T kwT kT + � krehkT krwT kT + kb � rehkT kwT kT :Hen
e, using (2.18) and the inverse estimatehT 

R0T

T � C �hT 

R0T �RT

T + � krehkT + hT kb � rehkT � : (2.23)For E 2 E(T ) \ Eh;
 we use wE, and pro
eed in a similar wayC� kREk2E � � < RE ; wE >E = XT 0�!E �(ruh;rwE)T 0= XT 0�!E �(RT 0 �R0T 0 ; wE)T 0 � �(reh;rwE)T 0�(b � reh; wE)T 0 + (R0T 0 ; wE)T 0�� XT 0�!E �

R0T 0 �RT 0

T 0 kwEkT 0 + � krehkT 0 krwEkT 0+ kb � rehkT 0 kwEkT 0 + 

R0T 0

T 0 kwEkT 0� :Thus, � kREk2E � C kREkE h�1=2E XT 0�!E �hT 0 

R0T 0 �RT 0

T 0 + � krehkT 0+hT 0 kb � rehkT 0 + hT 0 

R0T 0

T 0� : (2.24)Using (2.23) to bound the last term, we have�h1=2E kREkE � C XT 0�!E �hT 0 

R0T 0 �RT 0

T 0 + � krehkT 0 + hT 0 kb � rehkT 0� (2.25)and then substituting (2.25) and (2.23) into (2.22) gives the stated lo
al lower bound. �Remark 3 In the 
ase of IP1 triangles, if f and b are pie
ewise 
onstant fun
tionsthen the 
onsisten
y error term kRT �R0TkT is identi
ally zero, and we have a reliableestimator; i.e. the upper bound (2.12) is independent of h and �.In general, the 
onsisten
y error represents a high order perturbation term (in parti
-ular, if RT 2 Hk(T ), k 2 (0; 1℄, then hT� kRT � R0TkT may be bounded by hk+1T� kRTkk;T ).Note also that the size of the 
onsisten
y error 
an be redu
ed by solving the lo
al



11problems using higher order polynomial spa
es, sin
e higher degree approximations toRT 
an then be used, see [14℄. Finally, 
he
king through the proof of the theorem inthe 
ase ÆT � 0 it is 
lear that the same bounds, (2.12), (2.13), hold in the 
ase of thestandard Galerkin approximation method (but see the dis
ussion in the next se
tion).2.4 The e�e
tivity of the estimatorThe lower bound (2.13) suggests that the lo
al eÆ
ien
y of the estimator 
ould dete-riorate in proportion to the mesh P�e
let number in regions where hT ��1 kb � rehkT is
omparable to krehkT . In the 
ase of small �, the important features of the solution uare those of exponential boundary layers, and paraboli
 boundary and interior layers,see Roos et al. [13, 
hapter 3℄. Furthermore, the asymptoti
 form of the solution inthese 
ases implies that it is only layers of exponential boundary type that lead to theterm hT ��1 kb � rehkT dominating the H1{seminorm error. An important point here isthat in the 
ase of in
ompressible 
ow models based on the in
ompressible Navier-Stokesequations, exponential boundary layers only arise when out
ow boundary 
onditions areinappropriately 
hosen, see e.g. Gresho and Sani [10℄.Comparing the standard Galerkin and streamline di�usion methods, we have thea priori error estimates (for u 2 Hk+1(
), k 2 [0; 1℄)kb � rehk
 � C hkp� kukk+1;
 ;kb � rehk
 � Chk kukk+1;
 ;for the streamline derivative error, and

b? � reh


 � C hkp� kukk+1;
 ;

b? � reh


 � Chkrh� kukk+1;
 ;for the 
ross wind error, respe
tively, see [11℄. Hen
e, when � < h a streamline di�usionmethod may improve the streamline derivative approximation by a fa
tor p�=h 
om-pared to the 
ross wind derivative, while no su
h improvement is seen for the standardGalerkin method. In this 
ase we might expe
t to see an improved e�e
tivity in theestimator when using streamline di�usion method|sin
e the se
ond term in the lowerbound (2.13) is relatively p�=h better than the �rst term.



12 In the next se
tion we present some 
omputational results that demonstrate that, inthe standard Galerkin 
ase (i.e. ÆT � 0 in (2.5)), the bounds (2.13) and (2.12) are tight.Our numeri
al results also show that the e�e
tiveness of the estimator is substantiallyimproved if streamline up winding is applied. Spe
i�
ally, if ÆT satis�es (2.6), and � isredu
ed while keeping the other parameters �xed, then the ratio of the upper and lowerbounds on the true error blows up like pP eT instead of P eT .Remark 4 The deterioration in eÆ
ien
y above was also observed by Agarwal and Pin-sky [1℄ in the 
ontext of a one-dimensional model problem. It is shown in [1℄ (at leastin the one-dimensional 
ase) that the e�e
tivity index 
an be bounded independently ofthe mesh P�e
let number if a lo
al estimator is 
omputed by solving a lo
al 
onve
tion-di�usion problem with a judi
ious 
hoi
e of lo
al stabilisation parameter.3 Numeri
al experiments I: E�e
tivity indi
esIn the light of our theoreti
al results, we de�ne a test problem whi
h 
ontains an ex-ponential boundary layer. One su
h problem 
orresponds to the 
ase of a 
onstant(verti
al) wind b = (0; 1), and zero for
ing f = 0, and the solution is given byu = x(1� e y�1� )(1� e� 2� ) :We thus solve (2.5) using uniformN�N grids of square elements, i.e. Q1 approximation,over a domain [0; 1℄� [0; 1℄, with interpolated data spe
i�ed everywhere on the boundary(so that � � �D). To illustrate the importan
e of streamline-di�usion stabilisation whenP eT > 1, we 
onsider the 
ase N = 16, � = 1=1024, and plot isolines of the 
omputedsolution and the estimated errors (
omputed using (2.7)) in �gures 1 and 2. Note that inthe streamline-di�usion 
ase the errors are (
orre
tly) 
on�ned to the elements de�ningthe boundary layer, whereas without stabilisation the errors propagate ba
k along theapproximate 
hara
teristi
s (potentially leading to re�nement in the wrong pla
e if usedas an error indi
ator in an adaptive framework).Given uh on a grid, we 
ompute approximations to the exa
t errors on ea
h el-ement krehkT using adaptive Gaussian quadrature�. De�ning the global error by�Using quad2dg from the MATLAB Numeri
al Integration Toolbox.
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Figure 1: Galerkin solution and estimated errors: 16� 16 uniform grid.
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Figure 2: Streamline-Di�usion solution and estimated errors: 16� 16 uniform grid.



14� = (PT2Th �2T )1=2, the global e�e
tivity index, E� := �= krehk
 
an then be 
al
u-lated. Some representative results 
omputed in the unstabilised and stabilised 
ases aregiven in Table 1 and Table 2 respe
tively.� krehk
 � E�1/16 1.850e0 3.026e0 3.22e01/64 5.616e0 3.217e1 5.73e01/256 1.652e1 4.388e2 2.65e11/1024 5.877e1 6.778e3 1.15e21/4096 2.274e2 1.075e5 4.73e2Table 1: Galerkin solution: exa
t and estimated errors on 8� 8 uniform grid
� krehk
 � E�1/16 1.675e0 2.114e0 1.26e01/64 4.335e0 8.852e0 2.04e01/256 9.101e0 3.613e1 3.97e01/1024 1.841e1 1.454e2 7.90e0Table 2: Streamline-Di�usion solution: exa
t and estimated errors on 8�8 uniform gridAn important point that needs to be emphasised here is that the global e�e
tivityindex is always 
lose to unity when h is su
h that the mesh P�e
let number is less thanone (in whi
h 
ase there is no stabilisation), at least for the uniform grids 
onsideredhere. If the grid is not suÆ
iently �ne then the generi
 situation is as suggested bythe results in Tables 1 and 2; viz, the e�e
tivity index behaves like P eT when � ! 0 for�xed h if there is no stabilisation (as predi
ted by Theorem 2.1), and behaves likepP eTotherwise. E�e
tivity indi
es 
omputed using the 32 � 32 grid are plotted in �gure 3,and in this 
ase we see that streamline-di�usion stabilisation leads to O(1) e�e
tivityindi
es for all � � O(10�3).
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Figure 3: E�e
tivity indi
es vs �: 32� 32 uniform grid.4 Numeri
al experiments II: AdaptivityWe 
on
lude with an assessment of the e�e
tiveness of the simple error estimator (2.7)when used as an error indi
ator within an adaptive re�nement setting. We 
onsidertwo examples; the �rst has an interior layer, and the se
ond has both an interior andboundary layer. We use triangular elements, i.e. IP1 approximation, and the streamlinedi�usion formulation (2.5) and (2.6) together with the following lo
al re�nement strategy.1. For all T 2 Tn obtain an error estimate �T , and de�ne �� = maxT2Tn �T .2. De�ne T �n = fK : �K > ���g, for a spe
i�
 
hoi
e of � 2 (0; 1).3. Re�ne all elements K 2 T �n into four similar elements. Remove hanging nodes(using longest edge bise
tion) to obtain Tn+1.4.1 Interior LayersThe following example shows that the error estimator � is e�e
tive in lo
ating andresolving interior layers. We solve (2.1) over a unit square domain with � = 1=6400. Thewind is given by b = (2y(1� x2);�2x(1 � y2)) and for
ing term f is zero. There is adis
ontinuity in the in
ow boundary x = 0, vizu = 8><>: 0 0 � y � 1=212p�(2y � 1) 1=2 � y � 1=2 +p�1 1=2 � y � 1



16and u = 1 on the 
hara
teristi
 boundaries y = 1 and x = 1. The out
ow boundary isunspe
i�ed i.e. �u�y = 0 when y = 0. The initial grid has 68 verti
es and is plottedy in�gure 4, together with a 
ontour plot of the 
omputed solution. The 
omputed solutionand grid after 13 steps of adaptive re�nement using a subdivision parameter � = 0:5 isplotted in �gure 5. Note the ex
ellent resolution of the interior layer.

Figure 4: Initial grid and solution to 4.1: 68 dof.

Figure 5: Adapted grid and solution to 4.1: 1572 dof.4.2 Boundary LayersOur �nal example is a more 
hallenging test problem with both a boundary layer and aninterior layer (see e.g. [9℄). We solve (2.1) over a unit square domain with � = 1=6400.The wind is given by b = (1; 0) and the for
ing term f is zero. There is a dis
ontinuityyUsing the MATLAB PDE Toolbox.



17in the in
ow boundary x = 0 as above, and we spe
ify the in
ompatible 
ondition u = 0on the out
ow boundary x = 1. The 
hara
teristi
 boundaries are left unspe
i�ed i.e.�u�y = 0 when y = 0 and y = 1. The initial grid and a 
ontour plot of the 
omputed �niteelement solution is given in �gure 6.

Figure 6: Initial grid and solution to 4.2: 68 dof.

Figure 7: Adapted grid and solution to 4.2: 248 dof.The 
omputed solution and grid after 4 steps of adaptive re�nement with subdivisionparameter � = 1=2 is plotted in �gure 7. Almost all of the initial re�nement is 
on
en-trated in the boundary layer sin
e the lo
al error is dominated by the interior residualterm. In the light of our analyti
 results (and the results in x3) we know that that theboundary layer re�nement pro
ess will 
ontinue until hT=� is 
lose to unity, at whi
hpoint the estimator will be an e�e
tive measure of the lo
al error so that the 
ux-jumpterm in (2.7) will be
ome signi�
ant and for
e more re�nement of the interior layer. Thisis illustrated in �gure 8, where we plot the solution and grid after a further 10 steps



18of the adaptive re�nement pro
ess. Although an os
illatory pattern to the re�nementseems to develop, it is quite evident that our simple error estimator provides an e�e
tivere�nement indi
ator even in the presen
e of boundary layers.

Figure 8: Adapted grid and solution to 4.2: 2472 dof
5 SummaryOur theoreti
al and numeri
al results suggest that our simple error estimator based onthe solution on lo
al Poisson problems provides an e�e
tive re�nement indi
ator for
onve
tion-di�usion problems as long as streamline-di�usion stabilisation is built in tothe methodology.This leads to a 
oherent framework for solving the linearised Navier-stokes equations,sin
e we know that e�e
tive estimators for in
ompressible Stokes equations 
an be 
om-puted by solving independent lo
al Poison problems for ea
h velo
ity 
omponent, seeKay & Silvester [12℄. We anti
ipate that a 
ombination of the approa
h dis
ussed hereintogether with that in [12℄ will provide the basis for a 
heap and e�e
tive error estimatorfor in
ompressible 
ow problems.Referen
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