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ABSTRACT

A method of analytic renormalisation is developed ( in PART I of 

the thesis ) to define the three point time ordered product of massless 

fields of exponential type as a strictly localisable distribution in the 

Jaffe Class. The uniqueness property, known for the two point T-product, 

is verified for the three point T-product for a special choice of finite 

renormalisation. It is characterised by minimum singularity on the 'light 

cone 1 ( the Lehraann-Pohlmeyer 'ansatz" ); there are no delta function 

type singularities concentrated on the point x, = Xp = x,.

A model of a massive neutral pseudovector field, Wu. , coupled to a 

non-conserved fermi on current, j * - 4> fa Vs 4> , is- considered ( in PART 

of the thesis ). The generalised Stuckelberg formalism is used to convert 

the above non-renormalisable coupling into a conventionally renormalisable

II

interaction, oC 1 = a. : iu.Au.: , together with a non-polynomial strictly
o ivvt   . 

localisable interaction of the form oC^ = -m <]> : ( ex p L l */s &] "" 1 ) '  ^

which can be treated by the methods developed in PART I of this thesis;

( Au. , B ) are the Stuckelberg components of the Wu field, and the B

is taken to be a massless pseudoscalar field giving, thus, rise to massless

1 superpropagators   . The renormalisation of the model theory is effected

with the help of generalised Ward-Takahashi identities by adding suitable

gauge invariant counterterms in the original interaction Lagrangian to

cancel out the infinities of the theory. Thus the complete theory becomes reno-

rmalisable .
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FOREWORD

By 'non-polynomial Lagrangians 1 we mean strictly localisable Lagrangians 

that can be expanded out as entire functions, in the free fields, of order 

less than two. Such Lagrangians belong to the Jaffe class which is characterise* 

by the requirement that the increase of the vacuum expectation values (VEV) 

of products of interaction Lagrangians, \p\^1 (^t ) . . . «£r Cx n > O\ > 

in momentum space is bounded by an indicator function g(t) satisfying the 

condition

Thus, growth such as

*]

is allowed.

The thesis consists of two rather disjoint parts. The first part 

( PART I ) - rather mathematical in nature - deals with the exponential 

self-interaction.

with <p(x) a scalar massless field, which belongs to the Jaffe class.

The 3-point time ordered product T cx3 ) ] is defined

as a strictly localisable ( operator valued ) distribution which satisfies
e.

the Lehmann-Pohlmeyer ansatz . This part of the work is entirely original,

and it has been carried out in collaboration with Dr. P. K* Kitter. We 

remark that the 3-point function in question has been obtained through 

a method of analytic renormalisation. The method is quite general, and



can be applied to the case of the n-point time ordered product

(*i)       On) provided a way is found to include finite

renormalisations in order to satisfy the 'minimality 1 criterion of Lehrnann, 

and Pohlmeyer.

The second part ( PART II ) is concerned with the renormalisation of 

a field theoretic model of a massive neutral vector field coupled to a 

non-conserved fermion current. This is a non-renorinalisable theory, and 

may serve as a mathematical model suitable for investigating divergence 

problems associated with more realistic models for Weak Interactions. 

The model was originally considered by T. D. Lee , and the renormalisation 

problem, in the context of non-polynomial Lagrangians, was taken up by the 

authors of Ref. ( 32,33 )  Our original contribution lies, firstly, in 

the possibility of using massless ' superpropagators ' , and massive fermion 

propagators, in contrast with the authors of Ref. ( 32, 33 ), and secondly, ' 

in fixing up the necessary counterterms , in the interaction Lagrangian of 

the theory, in a gauge invariant manner. This part of the thesis was carried 

out under the supervision of Dr. J. C. Taylor.

The following notation will be used throughout the thesis:

(a) If x , and y are 4-rectors, we write

where g^ = ( 1 , - 1 , - / , -/ )

(b) Any n-tuble of variables ( x^,^,...,* ) is denoted by underlying: 

^. - ( x]_»»-»»xn )  The elements of the generalised vector 2: may be 4-vectors, 

integers, or a set of complex numbers, but the meaning will be clear from 

the context.

(c) = number of elements in a set

ii



(d) The space of tempered test functions is denoted by SO » and- 

the adjoint space by £/ . The Jaffe space of test functions is denoted 

by & , and the adjoint space by & , whereas the corresponding spaces 

in momentum space are denoted by 99 C , and Ovl .

The organisation of the material of the thesis is as follows. Each 

PART is divided into a number of Sections. The latter are divided into 

numbered Subsections, and equations are numbered consecutively in each 

Section. References are indicated either by the author's name followed 

by a number or simply by a number. A list of references is found at the 

end of the thesis.

Finally we would like to remark that the original material of PART I 

of this thesis has been accepted for publication in the Journal of Mathematical 

Physics.

111



T I

I. INTRODUCTION

The difficulties of "non-renormalisable" field theories, at least 

at the level of perturbation theory, are well known although, at our present 

level of understanding, no fundamental objection to ( at least a class

of ) such theories is known"1". At the perturbative level, such theories

2 3 
( e.g., :<f>n .' *£5) can indeed be subjected to axiomatic renonnalisation ' ,

that is, a Lorentz invariant extension procedure of time ordered products 

of interaction Lagrangians consistent with axiomatic structure ( unitarity, 

causality ) ; however such procedures are not physically compelling for 

these theories due to the greater lack of uniqueness of extensions, than 

is the case of renormalisable theories.
*

With regards to this problem of uniqueness, Lehr.ann and Pohlmeyer 

made an interesting observation in connection with the two point time 

ordered product of the interaction Lagrangian:

(1.1)

where 000 is a free scalar field in four dimensional space time.

They observed that although (x) leads to a conventionally non-

renormali sable theory, each order of perturbation in .£, (x) furnishing

an infinite set of divergent Peynman graphs, there exists a unique definition

of T as a distribution in the sence of Jaffe .

The uniqueness was characterised by minimum singularity on the f light cone" 

corresponding to a certain regularity on the surface X, =. x^ i.e. absence 

of LJ 6 (*,-Xz ) type singularities. The question naturally arises 

as to whether higher point time ordered products can be defined with minimum

-1-



'light cone 1 singularity. Since the only ambiguity in the construction 

of time ordered products, consistent with axiomatic structure, is in the 

form of distributions concentrated on surfaces of coinciding points , 

a construction with minimum singularity, satisfaying a regularity condition 

on such surfaces, would be automatically unique and would not entail the 

addition of arbitrary finite counterterms to ( 1.1 ). Together with the 

authors of Ref, ( 5 ) we emphasise that, if the question has an affirmative 

answer ( preferably to all orders of perturbation theory ), then one might 

use the regularity condition on the 'light cone vertex 1 as a boundary 

condition to fix the dynamics of at least a privileged class of non- 

renormalisable interaction Lagrangians. This is the motivation for the 

analysis carried out in this part ( PAUT I ) of the thesis. Furthermore 

the analysis of ( 1.1 ) may turn out to be of physical relevance, since

non-renormalisable theories of physical interest can be shown to contain

7 such structures .

In this part of the thesis we present a method of analytic renonnalisation,

ft Q
motivated by ( but different from ) that of Speer ' whereby the divergences 

of an infinite set of Feynman graphs arising from the three point time

ordered product T is removed, and a minimal extension

is secured by a suitable choice of finite renormalisations. The scheme 

is an extension of the techniques used in an earlier paper of P. K. Mitter , 

where it was shown, with the restriction that ^Cx) was massless, 

that the two point time ordered product I |»Oj(xi )<£/**) could be defined 

uniquely as a Jaffe distributioniwith minimum "light cone 1 singularity. 

For simplicity we have considered only the case ( 1.1 ). However, the 

method of renormalisation which we shall develop is readily applicable 

to the more general case of a strictly localisable interaction Lagrangian 

of the exponential type:

-2-
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d(n)

with real coefficients d(n") satisfying

Sup H/-/M - -- / oo ( 1-3 
xi '

The material of PART I of the thesis is distributed as follows: In 

Section II we review the two point T-product T <£ r C x.)*6 X f xz) using 

a renormalisation technique different from that of Ref. ( 5>7 )  Section III 

is devoted to the 3-point function. In III.2 we replace the general term,in the

formal Wick expansion of I in an infinite series

of ( divergent ) Peynman graphs, by an analytically regulated object,

8 9 a massless generalised Peynman amplitude (GFA) in the sense of Speer '

which enjoys the following properties: (i) it exists as a well defined 

tempered distribution and (ii) individual divergences are separately
*

tracked with complex parameters. Once this is done we can define the

regulated vacuum expectation value (VEV) of the three point T-product

1 as a series of GPA"B converging to a strictly localisable distribution .

The next step taken in Subsec. III. 3 is to generalise the renormalisation 

procedure of Hef . ( 7 ) to the three point T-product. The method is to 

give an analytic decomposition of the regulated object into a sum of regular 

and singular parts. Analytic continuation of the regular part to the 

'physical 1 value of the complex parameters gives a renormalisation. The

consistency of our procedure is established, through a verification of

p
the unitarity-causality properties of T.-products . In Subsec. III. 4 it is

proved for the three point T-product, that a finite renormalisation may 

be implemented, so as to secure, precisely as in the case of the two point 

(E-product, a unique extension characterised by a decrease property ( in

-3-



a subspace of the momentum space ) for the real part of the three point 

function corresponding to minimum singularity on the 'light cone 1 ( in 

co-ordinate space ). We show explicitly the absence of delta function 

type of singularities concentrated on the surface x^Y^Xj .

An entirely different approach to this problem has been taken up
-, P I -i 

by K. Pohlmeyer , and J. G. Taylor . We wish to emphasise that our

motivation in undertaking this analysis has been to extend methods originating 

in the renormalisation programme of renormalisable theories to interaction 

Lagrangians of exponential type ( i.e. non-polynomial Lagrangians ).

Within the frame of Local Field Theory there is a need for a systematic 

perturbation theory in powers of the Lagrangian ( 1.1 ) which is free 

of ambiguities. However, because of the non-renormalisable nature of 

( 1.1 ) giving rise to an infinite number of arbitrary parameters due 

to increasing divergences with increasing order of perturbation, it is
#

far from obvious that such a programme can be carried through successfully.

2 3 The axioms of renormalisation ' are too general to restrict the ambiguities

of a possible perturbation theory in the interaction Lagrangian ( 1.1 ). 

They must, therefore, be implemented by an extra 'boundary condition', 

the Lehmann-Pohlmeyer ansatz in the form of a regularity condition for 

the amplitudes on surfaces x, =r x^ = -~. = x^ . It is worth noting, 

however, that such a condition is non-trivial. This is because no finite 

sum of renormalised Peynman graphs can enjoy this property due essentially 

to the presence of logarithms in renormalised perturbation theory. The 

first part of the thesis is a report on some progress in the direction 

of a successful implementation of such a programme.

-4-



II. TEE TV/0 POIM1 FUNCTION AS A

II. 1 Preliminaries: We "begin by reviewing how the V37 of the two point

T-product, <(p 0\ defined as a generalized

function in the space of localisable distributions. In doing so we shall

12 give a partial answer to the following problem proposed by K. Hepp .

rri n -f "sT7 -L nProblem; Let Z^^n 2- be an entire function such that for c6 7- (x) = ^ an .' y>C«0 ; >-L.n
and all m , <(0 \£^ ) . . . ^

'
4" ) ( Jaffa space )0> £ £T ( R

where C»(x) is a free scalar field. Is it possible to define uniquely

<0 |T [ <£x rx, ) .     ^ (><„ ) 1 0> as the limit in the Jaffe Class 

of the sum of all renormalised graphs for a suitable choice of finite 

renormalisations? It turns out that in the case of the VEV" of the two 

point, and the three point T-products one can find suitable finite renorma­ 

lisations so that the Lehmann-Pohlineyer ansatz is satisfied thereby ensuring 

uniqueness of the amplitudes. In this section, however, we shall only 

deal with the two point function.

Throughout PART I of the thesis we need a form of Wick's theorem 

applicable to T-products of fields of the case ( 1.1 ). This form of 

the theorem is provided by liori's formula:

T

n ,(xr xs )

nn
r , ( 2.1 )

Por the 2-point T-product ( 2.1 ) implies

00

and for connected contributions in the case of a massless scalar field:



2

II

/ V V *\ _
5 V X < *i ) —
*- ' ' ' L — — J V=l V-L

.2 Analytic Popularisation: From ( 2.2 ) we have

( 2.2 )

( 2.3 )

where

T-v
( 2.4 )

Each term of ( 2.4 ) may be realised as a connected graph G^V,^}, 

with a set of vertices { V, ,VZ } , and a set lines 3?£G) , with 

>^ {,/CGO}=: I . In fact, if we make a correspondence with Feyninan graphs 

the line of G is a multiplet of V lines. The formal nature of ( 2.3 )

arises form the lack of definition of ( 2.4 ), which involves products
c-v- cv; 

of distributions. Therefore, it is necessary to replace J z C x i., xi)

by an analytically regulated object, a generalised Feynman amplitude 

in the sense of Speer.

Speer, and Vestwater^' have shown that in any Feynman amplitude a 

massless multiplet can be regularised as a whole by means of a single 

complex parameter. In fact they have proved the following theorem: 

Theorem 1. Let F& (i)( P) be the GFA'associated with a graph G, and 

let -X be a massless multiplet in G. Furthermore let G |! ' be the Feynman 

graph obtained from G by replacing the lines of -A- by a single massless 

line, la. Then,

^
provided

-6-



We elaborate briefly on the proof of the theorem in Appendix I. 

However, as a direct consequence of the above theorem, and Eori's formula 

v/e deduce the following Lemma:

Lemma; The VEV of the n-point T-products of fields of type ( 1.1 ) 

( corresponding to complete graphs ) can be analytically regulated by 

means of ( « ) complex parameters.

Thus, for the two point function J^ ( x, Xz ) we need only one complex 

parameter. In lieu of ( 2.3 ), therefore, we consider

( 2.5 )

and the complex parameter "X is restricted to the region:

yV = |3 o<^e^O,o<c im ̂  <3* j
Remark: V/e have introduced a j} -dependent term {"P £ (/-JO*-'-*-'Jj |_ «)/C4-"ni .)J 

in the place of [P [v+~i]r £ § /(4-~irz )J   This is equivalent to a choice 

of a finite renormalisation . 

In the next subsection we turn to the renormalisation of ( 2.5 )

II.3 Renormalisation; It is readily seen that ( 2.5 ), as a series 

of meromorphic distributions in ^/(R4)^ converges in the topology of 

the space GL C ^4 ) chosen with indicator function of order of growth 

f > y3 < f < J4 > which is consistent with strict localisability . 

We obtain from ( 2.5 ), by continuity of the Fourier operator:

A/

where

<*>+> (2.6.)
C7 ^

with
T ** / 
J 2 ( ^ ) ( p) given by

-7-



O "
(2.8)

Prom the identity

it is clear that = 0 is a sing-alar point for all terms ( excepting 

the first ) o± ^ 2.3 ). The Kth term has poles at /\ = / - y^ , JC= 2., . 

( i.e. we have a pole at 5 = 0 plus a sequence of neighbouring poles ). 

Note, however, that the pole nearest to the origin occurs at A = j/>» 

Hence, as V increases the neighbouring poles approach A~° so that 

has a non-isolated singularity at ^ = 0 . 

to beDefine

= ffCU 
^

TT is analytic in | 3 | < £ }
-^

and

a.,=
Then, it is clear that J Gj <=.

o
of Speer is defined to be the map:

/ °) - CJ! Lt/w • (-/L /v
such that (i) ux// is linear, and (ii) 

then U//y f C^) = fCQ )» It is easy 

satisfies (i), and (ii):

Now, the generalised evaluator

is analytic at -o,

that the following representation

with a circle of radius Then due to the linearity of

we obtain

(2.9)
Because of the restriction on R N the contour encloses the simple

pole of J^ ( * = 2 , . . . } A/ ) at the origin, and no other singularities,

-8-



Thus, defining

2.

we obtain from ( 2.8 ), and ( 2.9 )
"^ .

^

i *
/v

2.10

However, "because of the non-isolated singularity of

the above procedure does not go through in the limit of

at A =  0

In order to avoid this difficulty we shall use the concept of weak convergence 

in the space ""£„ . Pirst we observe that there exists a uniform bound 

of ( 2.10 ), namely tT^P^ fC C exp L fI|/> |I* ) 3̂J , V /V where 

e^P/T CUpli^) j ^s a l°cally integrable function which defines
^*^

a functional on 27? C R^) . Also 

almost every\-;here with

- t'S'

2ai
also a- continuous linear functional,Then, the function

J- p , on the space V^!L {K?) ,and
 * ^ a

in the weak topology of 771' C R4 ) . To see this we apply Lebesgiie's

£r" T 
dominated convergence theorem to the sequence Jz (p)K <p (p)

which is majorised by the integrable functiona

C T<hus we obtain

/
< G r

\J

This bound guarantees the absolute convergence of the integral

= (.%



Finally as the weak limit of continuous functionals, J 2 ̂  , the functional
*vCO 
Ja ^ is also continuous.

II.4 Uniqueness: J Z (P) R » £iven by ( 2.11 ), can be still implemented

by a finite renormalisation, which is necessarily a functional of the

form 3£(p) , 3£(s) being an entire function of order less than one

half. However, we have already chosen special finite renormalisations

( See Remark in subsection II.2 ) and the object of this subsection is

to show that such a choice of finite renormalisations leads to a unique

definition of the renormalised two point function J^ ( p) j^

Definition;
i " ~ 

7f Cx - T- 7 Cx,,Xa.) ( 2.12 )

We claim that the above definition is unique, by virtue of absence of 

,singularities of the form [ | £ Cx\-**) • ^° see this we use the following 

representation for ( 2.11 ):

z-z

with the contour / shown in fig. ( II.4.1 ) encircling the positive 

real axis counterclockwise.1 ,
Fig. ( II.4.1 ) 

^j
The uniqueness of ' J,Cp)c will be established once the l\e I t^" L^

is shown to be unique, because the Lim\^ J^(p)o / ^s fixed by unitarity, 

and causality^. Now, utilising ( 2.13 ) we obtain for the real part of

expression

-10-



2.14

The contour / can be opened up parallel to the imaginary axis without 

losing convergence. Then ( 2.14 ) is rapidly decreasing as p   *  -t-
/"* 20

In fact the integral can be recognized as a Meijer function \JTo s with 

-z ("P / as argument, and which decreases exponentially , as

2- 5
P   >- -*-°o . This implies, by a space smearing argument , that

is free of delta function type of singularities concentrated
*\^ ~*>

at X   0 . If we add any finite renormalisation, .XCp), to vJ^Cp)^ 
^<~» . ^\j >^^

such that 'TT^ (p )D =:: <3z^P)p +-X^)» then by a well known theorem for entire

functions of order less than one half the Ke £ * ^ztP^Rj will not
<-w

decrease in any direction in momentum space. The F.T. of j ( p) ̂
  ' YL P1 

will then contain singularities of. the form , _ o (x,-Xi) .

It is therefore, clear that our definition is unique by minuinum 'light 

cone 1 singularity, the criterion of Sef. ( 5 ).

In the subsequent section of PART I we will show how these results 

may be generalised to the case of the three point function.

-11-



III. THE THriES POINT FACTION

III.l In this and the following subsections we turn to the main object 

of concern of PART I of the thesis, namely the three point time ordered 

product of ( 1.1 ) with minimum 'light cone 1 singularity. We shall show 

that it is possible to develop perturbation theory to third order in powers 

of the interaction Lagrangian ( 1.1 ) free of ambiguities which are necessarily 

present, if one tries to carry out the renormalisation programme in the 

conventional way of expanding the field ( 1.1 ) in powers of the ( minor ) 

coupling constant. It is not obvious at all that such a programme can 

be carried through successfully, but it is highly desirable to know the 

answer in view of the fact that many models of physical interest in Lagrangian
1 fv

field theory give rise to exponential field interactions of the ( 1.1 ) 

This is really the motivation for the analysis carried out in this part
*

of the thesis.

The inherent ambiguities ( in the form of entire functions ) of the 

theory can be traced back to the non-renormali sable nature of the interaction

Lagrangian ( 1.1 ). Indeed, if we regard renormalisation as a constructive

17form of the Bahn-3anach theorem , the presence of a denumerable set of

arbitrary parameters is an indication for the lack of uniqueness of the 

extension procedure of <p| "[" T ^ < *, )^^)^ Oj>) 1 0> defined 

(D C K / ( the set of test functions in the Jaffe class whichon O

vanish together with their derivatives to all orders whenever X^ =. x- 9

1 ^ L < ] 4 3 ) into the whole to Jaffe space G> ( K <*~r ) . However, 

the minimal singularity condition of Lehmann, and Pohlmeyer can serve 

as a 'boundary condition' in fixing up possible finite renc realisations 

to ensure a unique extension. Of course, the physical content of such 

a criterion is still an open question, but one is tempted to say that

-12-



nature singles out the least singular ( perturbative ) quantum field theory 

corresponding to a given classical interaction.

In Section II we have seen that the second ordered perturbation expansion 

in ( 1.1 ) is free of any 'ultra violet 1 divergences leading to finite 

results for scattering amplitudes ( to second order ) despite of the non-

renormalisable nature of the interaction ( 1.1 ). We have indeed demonstrated
'-^

the high energy damping of the real part of j_ l J^ ( p ) D J ' an<i
n

is easy to see ( by direct computation from ( 2.15 ) ) that

7 This latter result is to be expected from phase space considerations

of a system of N niassless particles in the limit of IT   »-.oo . See fig. 

( III. 1.1 ) below.

Pig. (III.1.1) 

As a consequence cross sections are expected to rise strongly with energy,
^

a situation which implies that perturbation theory can at best be meaningful
*~v

in the low energy region. Another interesting feature of «X(p)r> is the
2 K

logarithmic dependence in 'g ! ( due to the presence of double poles in 

( 2.13 ) ) which is closely related to the non-renormalisable nature of 

the interaction Lagrangian ( 1.1 ).

It is interesting to see how these results generalise to the case 

of the three point function, and this is indeed the subject matter of 

the remaining subsections of PART I of the thesis. We remark, however, 

that the three point function, in momentum space, is a function of the 

three external momenta satisfying a constraint imposed by the overall 

delta function, and the problem of implementing a unitary and causal amplitude

-13-



in order to ensure the correct asymptotic behaviout to satisfy the 'minimality 

condition 1 is expected to be far from trivial.

The following subsections deal with the more technical aspects of 

the problems encountered in the third order perturbation expansion.

III. 2 MASSLESS GENERALISED JEmiAH AMPLIT

III. 2.1 Prom ( 2.1 ), restricting ourselves to irreducible contributions 

( these are defined only away from the surface X, = xz = X3 ), we obtain

00 «v <' *" > 
J Cx,,x2 ,x 3

( 5.1 )

where

( 3.2 )«.,[
Each term of ( 3«I ) my be realised as a connected, graph G ({V} , 

with a set of vertices { V } , with ^{ Vj = 3 and a set of lines

with L = <^| = 3 . If we make a correspondence with Peynnian graphs
$ o 

each line ~C £ ob is a multiplet of J^ massless lines. The formal nature

of ( 3.1-3.2 ) arises from the lack of definition of ( 3.2 ) which involves 

products of distributions. See Appendix I.

J is a Peynman amplitude with massless lines. Thus 

our first step will be to replace it by an analytically regulated object, 

a generalised Peynman amplitude (GPA) in the sense of Speer ' which (i) 

exists as a distribution (ii) reproduces ( 3-2 ) formally when regulating 

parameters are assigned certain values ( Subsection III.2.2 ). V/e will 

then analytically continue the massless GPA to a region ( Subsection III.2.3 )

-14-



in which ( 3*1 )» with 

of distributions in

replaced by GFA, represents a series

converging to an element of-~ ^
,4x3

( Subsection III.2.4 ). At this stage we will have achieved a definition 

of the regulated version of ( 3.1 ) in a form suitable for renormalisation.

III.2.2 In accordance with our programme we will introduce in this subsection

an analytically regulated version of the massless Feynman amplitude ( 3*2 )>

17 avoiding difficulties with infrared divergences . In this subsection

^i > ^2. > **3 in ( 3.2 ) are arbitrary positive integers but fixed.

In view of the Lemma of Section II, we expect that 
^Y cv' v*^5 
J 3 (*iy**,**) can be regularised by means of three complex parameters.

Thus, in lieu of the undefined factors in ( 3«2 ) we introduce

AA = i»
\\<> [4-n :

~~ C xj> .- irj X/> .—.

*which is a meromorphic distribution in J<^ ( R * ( /^ : complex 

parameters ) and formally reproduces the undefined factors in ( 3.2  )

for is the Euclidean norm in R . We then introduce

a further real ( > 0 ) parameter x:

A ( 3.4 )

with the a.H.S. of ( 3.4 ) 'defined as the inverse F.T. ( in R^ ) of

r

( 3.5 )
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with Re / <

a
/A >r

is continuous and bounded, the product

UK*)- A^ a ( 3-6 )

is well defined and may be evaluated by standard methods to get the regulated 

Feynman amplitude in 0t-space:

oo

(3-7)

{[*j*,pf*«.";Li£+*2"3pt] -*  i>jE** oHifiir + *' 0'* ip^ a 
+ ocz ^3 61

"*«]

In order to take the r  > 0+ limit on ( 3.7 ) in a restricted region of the
Q

regulating parameters _A_ we introduce a sectorial decompoition of oC -space, 

We write ( 3.7 ) in the form

X"
p r

( 3.8 )

v/here P is a 1 - 1 map of {l,2,3J onto oC and TTp is the sector in the 

(X -space given by:

-16-



TT ft = ( 3-9 )

and introduce sector coordinates ^pm = t 5 • • • -tn such that ° < t 3 < oo

o < 4: D < 1 (*»f,2) with Jacobian Ti -fc, • Then the 'oC-integral' in 
"" t \ t

in the sector Tip is

•integral) =
1 ( z

ex F ft _ki_-._k_{Pr
L 1** ECt-U

( 3.io )

where (i

F: B
and the lower end points of-t, ,tp integrals are r-dependent, and tend to zero 

r —> 0 . We shall now prove the r —> 0 limit. But first we make theas

following remark:

-17-



Remark 3»1

The f t2 T factorisation of the quadratic form in the exponential in ( 3-10 ) 

is characteristic of massless Feynman amplitudes. It is in fact a special 

case of a more general factorisation for n-point amplitudes ( Lemma 2,2.20 

of Ref. (9) ), and has implications for the structure of singularities in

^ space which correspond to divergences arising from convolution integrals 

in momentum space. Unfortunately this 't 1 factorisation has not "been taken 

into account in the analysis for the n-point amplitude of Ref. (ll). V/e remark 

also that we have introduced imaginary parts through positive definite quadratic 

forms; as we shall see this enables us to prove easily the existence of the

*] | 0 boundary value in jtf (R4XJ ) for the massless amplitude. Again 

the existence of this limit has not been proved in Ref. (ll). 

Theorem 3.2 

Let

A =

and consider

Then tir^-tin JL - O) exists in jtf C&4"* 3 ) as a Lorentz invariant distribu- 
y\ jo \r^o "'

tion. ( In Section III .23 we prove analyticity in a region A. ID A t where

is v, independent). 

Proof t

In order to prove the theorem we study ( 3.7 ) in the sector TTp with

the representation ( 3.10 ) for the ' OL -integral !'. Noting the definition 
£

p = JL L C^p Ci /;-' ) vp(£'; 1 » tiie ^L integral clearly converges

as r — > 0+ with the regulating parameters in -j • We do the t integral 

using:
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Jot od^"' exp L
o 

to get, in the r -* 0+ limit ( which we will justify )

-s
(OC-integral ) p = e

I

( 3.13 )

First we note that E ( t,,tp) is strictly positive. The summability 

of the ( 3-13 ) integrand, with respect to the lower end point, for the t, 

integration follows ( as for the t^, integral ) from ( 3«12 ), making use 

of the first inequality for Re An . On the other hand the summability, 

with respect to lower end point of the t ? integration is assured by the 

condition He ^ i < 1 in ( 3-12 ). Hence, the r —>• 0+ limit of J rT)

exists, since it exists in every sector TTp .
t f\J yi

V/e next prove the existence of the Y] | 0 limit of J^ r \ 0 ^2), in
18 using a method due to Gelfand . We smear the integrand of ( 3.15 ) (multiplied

c- <v

by £ (2 pi) ) with a testing function <^> (p) e ^/CR4" 3 ) and, observing
~\ ft Im M-3x>° utilise the following identity

= Uk c-

-19-



( 3.U )

where oC/ is a differential operator of the form

CfOa rs

, being the coefficients of the quadratic form ( P-.-KL Pp ) in p. ,
/N

because of the presence of o ( 2- Pi)
i=r '

We choose k > 4 and observe He/^3 <0 . The existence of the

limit in j£f ( R^x5 ) of ( 3.13 ), and hence of jl~(2) , now follows 

since the TJ j o limit of the ( smeared ) t-integrand of ( 3»13 ) exists
•

and is dominated by a summable function ,( Lebesgue's theorem ). The boundary 

value is clearly a Lorentz invariant distribution, since P., is Lorentz
-L

invariant . 

Remark 3«3

We shall make one further simplification. We consider in lieu of 

( 3-13 )> the expression obtained on making the replacement Pp(.t;P.) — > PpCjs)

which is obtained by setting t. = l,j = 1,2 in the coefficients of the
«J

quadratic form P^Ct, ;JD). Then, repeating the previous chain of arguments, 

the boundary value y| J, o exists as a Lorents invariant generalized function, 

and coincides with the boundary value in the preceding theorem. Thus,

from now on we shall consider the quadratic,. form ( P-jCjDjt^+i -Pp(-D) ) inj. 2 £ *~
the analytically regulated ot -integral ( 3»13 )• ?p(£.) = 72 p . j|

III.2.3 By virtue of Theorem 3.2, and Remark 3.3 the GEA ( 3.6 ) with r\ t r \ o 

can be written, in the momentum representation, as
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-J

z~p
( 3-15 )

where

o ( 3.16 )

and

( 3.17 )

with

with the regulating parameters in the region A-, ( 3-12 ).

The in \ 0 boundary value exists as a Lorentz invariant distribution

in ( £4*3 ).
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In this subsection we will establish an analytic continuation of the 

GFA ( 3.15 ) - ( 3.1? ) into the v. -independent region A where.

A = 3- 18

Returning to ( 3.16 - 3*17 ) we observe that when ReAp < U - ;—
T 

lower end point singulatities may arise from ( 3.17 ) from the factor

i ^ C1 ' whereas the corresponding tp factor in ( 3»l6 ) 

will remain integrable. The t,. end point singularities will be reflected 

in complicated singularities in the regulating parameters. We first display 

the singularity structure.

Consider the generalised function:

*** 2 ( 3.19 )

which appears in ( 3-17 )> and where ?? is a positive definite quadratic
"LQ 

form. Such generalised functions have been studied by Gelfand. ' Now we

observe, following Gelfand, that the above generalised function can be 

analytically continued in the coefficients of the quadratic form. In fact, 

with Y\ > o , it is analytic in t., in a complex neighbourhood K. C. C 

of the domain of integration 0 < t, .< 1 in (3.17). Furthermore E is 

analytic in t., and strictly positive in 0<-L, ̂  1 ; it is evident that 

L £ (ti-la.)] ^3 "1" too is analytic in a complex neighbourhood K of

o S4-1 ^ 1 . Let K be the common domain of extension.

19 Then we obtain, by a well known procedure
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A n CA 5 l 4 Kp) p =- - '

o-*-
di.C-O1

'1
4-2. __ (

with (-t) = exp[fnt+i arg(-t)] , arg(-t) < *n . The ^ contour begins 

and ends at 1, in the complex t.. plane, encircling the origin once counter­ 

clockwise, the contour lying within K.

We remark that, from the identity of ( 3.20 ) with ( 3.17 ) in the 

region ( 3.12 ), the existence of the rj ;o limit in J^f ( R4*3 ) of ( 3-20 ) 

follows. ( However, in ( 3.20 ), the rj^o limit may not be interchanged 

with the integration. )

Formula ( 3«20 ) furnishes us with an explicit analytic continuation 

of ( 3.16 ) from the region A.^ ( 3.12 ) into the region A ( 3.18 ) (A^> A,) 

since the integral in ( 3»20 ) is analytic in JL > ^^ ~^ne singularities
T~» P - — 1

"being contained in the factor I (U +4) . [21 sin it C ^^pc-r)"" 7 ) vpa) "*" 1 J J 

which is analytic in this region, and the tp integral converges. We have 

introduced the representation ( 3«20 ) as it is convenient for future work.

With *| > o , ( 3.16 ) is a distribution in £$ (R^) with analytic!ty 

in A. It now remains to prove the existence of *HO liinit in J<f (R^x^) 

of ( 3.16 ) in the region A. Let us return to ( 3.16 - 3.17 ) with regulating 

parameters in the regionAI . Then by repeated partial integrations8 we get:

kl
t

Z o {- ±r'r^ C-i, - , , ———————
^1 J ^,

"i r r P .._ N -i — r

/'

P N 4J

i

f ^

••> t,

n

( 3.21 )
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p *"

( with ul =Z L(Ai>u')-i) ^pcr) 3 ) v;hich n^y be expanded out as a 

sum of terms. This formula with all end point singularities factored out 

also provides us with an explicit analytic continuation of ( 3»l6 ) ^° 

the region A. Prom the theorem on analytic continuations it follows that, 

in the region A ( 3.20 ) and ( 3.21 ) ( and hence the corresponding repre-

sentations for ( 3.16 ))are identical . Smear A— (AjO multiplied by
~ I

with a test function <> (p) £ Jgf (£ ) and apply again Gelfand's method

( to the representation ( 3-21 ) ) as in Subsection III. 2. 2. Note that 

the application of various derivatives in ( 3«21 ) will lower the exponent 

of the quadratic form ( last factor in ( 3.21 ) by a finite ( V^ dependent ) 

amount. On making use again of the identity ( 3-14 ) we can raise the 

power up so that the real part of the exponent is -positive. Then

-j+i i? P2 )-^ ' 3 • , <£ 3 is continuous in 7] . The existence of 

.the Yjio limit in j$ (H4*3 ) of o( Z p) A^ ( /L;t2 ) ( in A ), and hence* 

of ( 3»l6 ) now follows by dominated convergence. ( Uote that the boundary 

value is a Lorentz invariant distribution since P, is Lorentz invariant ) .

We have now obtained the definition of our regulated massless Peynman 

amplitude ( 3.16 ) ( the regulated form of the formal product ( 3.2 ) ) 

as a distribution with regulating parameters in the region of interest 

( 3«18 ). We state this result as a theorem: 

Theorem 3.4

The generalised ( massless ) Peynman amplitude ( corresponding to the 

formal product ( 3-2 ) ) is given by the Fourier transform of:

J (*)(£) = 2L J-,~ UKP). ( 3.22
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with

z 
2.

r

( 3.23 )

and

*v v 
A" Q5tz ) 

1

04-

are restricted to thev/here M 3 =21 pC£)"f£} and -,... ,

region .A- . Then ( 3-22 ) defines a Lorentz invariant distribution in

^ ^ with analyticity in /\. , and meromorphic elsewhere. For fixed

-( taken arbitrarily ) the singularity of Jy,, 0 (2)_... .,

is in the form of poles on hyperplanes in

with k. =0, 1, 2, ... ( j =1,2 ). ( This is evident from the factors 
J

Tips**] in ( 3.23 ) and {ztstn-rr CC;\pco"O»pCO -M J }~ 1 

in ( 3^24 )• 2?he other poles from this factor in ( 3«24 ) are spurious 

since their residues vanish. )

-25-



III.2.4 We are now in a position to turn to our "basic object of concern; 

the analytically regulated version of J (x) given in ( 3»1 )• 

define:

7 = -—— XP) 3.25"I

7 y 
~ is given through ( 3-22 - 3.24 ) and the ^L regulators

are restricted to the region A. given in ( 3«19 )• ^y Theorem 3«4» each 

term in ( 3»25 ) ( together with the in, jo limit ) is a distribution in 

%j (IT" ^). Let us smear each term in ( 3-25 ) with a test function

d>(p)6 tfft (& ). Returning to ( 3*23 )> it is permissible to smear i j_ g

A~ ((/0;t2 ) ^:i-mes " (-2- P)- -'•n Appendix II we show that for large

3.26

and that a similar bound holds in the limit n | o . The £ (j£ p) restriction
?(V) | y || I] ~

is understood. Here *Y has growth ( const ) ' '' 3 , | cf> is
g

a norm in Out (8F ) and p is the order of growth of the indicator function
o '

g(t) . Choosing o > ^ , as in Section II, and using 3-:Lrling f s formula,

we verify that ( 3.25 ) converges in the topology cf bi)C (H4*^), and uniformly
^\> CD

* » ^

in Y\ . Hence J^.Q (A) , exists in Wif (H4X "*) and is analytic in
8 

A. , because the convergence is uniform in compact subsets of J.\. . We

thus have:
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Theorem 3.6

1 rr
exists as a Lorentz invariant ( strictly localisable ) generalised function><=» / / v-5
in a space (c? (H ), with indicator function of order of growth P
_L < 0 < -L , analytic in the region A. . 3 I 2.

( 3»2? ) constitutes the analytically regulated version of the formal 
series ( 3-1 ) o£ divergent Peynman graphs. Por later purposes it is 
convenient to express ( 3«25 )> using ( 3«22 - 3«24 )> as:

TT{ ri n>2 e

( 3.28 )

and

" 1^
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with j = Z (A fce) -i>£

In order to derive the above expressions we have exploited the fact that

the series coefficients satisfy

3

2.

n z i £ T"1 r ~] 1—T
* I I1 L J i

for any permutation P of ( 1,2,3 ). We have then interchanged J- with 

which is then the same as 2._. • ^ince the

are summed over we can replace V ( .^ ———> V z- to get the above expression

Ill. 2. 5 In the previous subsections we have given the construction of

.the analytically regulated Peynman amplitude with massless raultiplets for

the three point function, since it is with this case that we shall be concerned

in this part of the thesis. Our procedure readily generalises for the

n-point function on making appropriate use of the t-factorisation mentioned

in Remark 3-1 • However, for the n-point function the parametrisation of

the sector co-ordinates, {_ °tp(i) > . . . , #-p(L> } > where

0 < -L L < co ( 3.30 ) 

0 < l < I i= 12.... -t

is too naive, and gives rise to spurious singularities in the ^\_ -space

which are not necessarily true singularities of the S'eynnan amplitude corresponding

to the n-point function. The true singularities of a Feynman amplitude
o

are given by the "singularity family" of Speer . ?or the simple case,

however, of the triangle graph associated with the three point function

the parametrisation ( 3.30 ) as well as the one suggested by the "singularity

-28-



family" of Speer yield identical results

III. 3 REHORMALISATIOE OF THE TER2E POIKT PI^CTIO^

III.J.I We have already remarked ( in III.l ) that renormalisation in 

the abstract sense -of 3PH ( 3ogoliubov-Parasiuk-Hepp ) may be regarded 

as an extension procedure of functionals defined only on a sub space ( of 

test functions ) into the whole of space of test functions. Indeed

j -.(x-jXpX-.) is defined only away from the point x, = x2 = x-,, and the

points x. = x. i,j = 1,2,3, i^o, because the time ordered product
«i- 0

I ~£ (x,) . . . j£ Cx 5 )J is ambiguous at coinciding points. Thus, 

J-Xx^pX-,) is defined only up to functionals concentrated on x-, « x^ = x.,,
O— o

or x. = x. , i^ 3 = 1,2,3, that is, J _(x,x0x.,) is defined only on .13 p ± d 5

G?Q (R ). The extension, however, of J 7 ( x,XpX,) as a functional 

on the v/hole space of Jaffe test functions (o (E. ) is non-unique, because 

by the Eahn-Banach theorem there exist many possible extensions. The 

axioms of renormalisation, which we shall state below, restrict the possible 

extensions to the ones which satisfy the general principles of Lorentz 

invariance, symmetry, causality, and unitarity. We shall, now, turn to 

the axioms of renormalisation for strictly localisable interactions.
A

The test function space, (S }, for non-polynomial strictly localisable 

interactions is the P.T. of the space 77? ̂ (R') of all C functions
o

f in momentum space the topology being defined by the family of seminorms:

<00

p<c KT1"

for all integers n t m > O , and A > 0 v/ith
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oo

s'ft - £ 2.Y
> oV —

such that
00

Ji in

The entire function g is called the indicator function, and characterises 

the growth of the Wight:zan functions in momentum space ( see foreword ) .

Definition: Let
/

"be a strictly localisable interaction ( i.e.

entire function in the free fields of order less than two ) . Let

be the mapping of n-tuples ( <<, -(x1 ) ... «O T (x ) ) into operator-valued
•A*- JL jL j,X

-,. -L -i j. ~T f^ /? -, "T"" J -j? , \ distributions | j^ Cx,),.. -P Cx n ) and | ^ (x,).. . £ (.xn )

( antichronological product ) over ^ (E ) which satisfies the following
o

three axioms.
*

( El )

T[ ẑ O.)---^-r Cxn ;] =T [^.Cxpop..

and
r

where inhomogeneous Lorentz transformation and
p = ( '•••
I \CD • • •

( E2 ) Cx«) j
rise to a 'unitary 3 matr

-- 
SS 1 = S'S = 1, which implies that

n

0= C-0 T
where the second sum extends over all the possible ways of breaking up 

the set of points x,,...,x into two sets of k and n-k points. 

( EJ ) Causality: Let <p (x) be a space-time function which controls 

the intensity of the interaction at various regions in space-time, -hen

-f
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causality implies that

= o V

where x ~y denotes that x and y are separated by a space-like interval, 

Let

r c-i) H T£.—i >• • / ^—• i

.T

Then, the above differential form implies that

5UPP R n (x) = [_2i x, — XL& V&;. ,
__ ' * ' *

where V+ is the closure of

O wh

7 < K <«.
/

Any mapping

which satisfies the above three axioms is called renormalisation.

' In this subsection v;e shall develop an extension procedure for the
**""T

three point function, j^(x,XpX.,), which satisfies the axioms ( El, 2,

III.3.2 Our task is to shew how the series of regulated Peynman graphs 

( 3>-27 ) ^y ̂ e defined at / — _0_ through a renormalisation. We already 

remarked ( Theorem 3«4 ) on the singularity structure of the individual

GPA's J (2.) for arbitrary ( but fixed ) _V . ^or an individual

G?A one could renormalise, by procedures suitable for meromorphic functionals,

either through a "generalised evaluation" corresponding to the generalised
8 21 evaluator of Speer , or through an "analytic evaluation" which is equivalent

to an analytic decomposition into regular, and singular parts with a subsequent 

analytic continuation of the regular part to 2i.— £. ( "the '"physical* point ).
XN^

However, Jy. O) being the sum of an infinite series of GPA's is not meromor^hic
i .
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by the reasoning of Section II. We shall, therefore, generalise the extension
** S\J'"Y c T

procedure of Ref. (?) in order to give an analytic decomposition 01 J « ^ 

into a sum of regular and singular parts.

Returning to ( 3.23 - 3.29 ) it is convenient to write the V, sum 

as a z contour integral representation since ( as will be clear ) the 

dependent poles on hyperplanes C can be analysed as moving z plane poles 

in the spirit of Ref. (7). We get:

OO ZJ

where

v ' ' £=2 LC^-n) 2-] ^ j L(t-

J COITT

( 3.32 )

_v_ 
with A given as in ( 3«29 ) with the replacement ^ —>£ and

P

The contour "P, is shown in Fig. (. III.3.1 }. Prom the following 

lysis it will follow that I 1 can be chosen so as to enclose only the fixed 

poles of cot TT 2 at the positive integer points
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T"1 
' 1

V '

111.3.1
) converges and defines a generalized) when smeared with <p e 

function in fffft __(&* -> ). Let us now see hov; the ^ singularities arise.
S

First, consider a subregion from ( 3-18 ) ^n

A A (^ A C*) A (-3)
/\ __ /\ V /\ V /\/».«i — yv ^/v Ayv

C 3 :

in,
3-33

is the shaded region in Fig. ( III.3.2 )

Fig. ( III.3.2 ): The region As ' ( shaded ).

Now F
V

TJ > has possible singularities at the non-analytic points of

the integrand of ( 3.32 ). Aside from the fixed poles of cotiiz, these

are moving ( A -dependent ) singularities in the z-plane; they lead to
f\s

singularities of f (2- s A -*-0_ ) only if they cannot be avoided by T^

contour distortions.

The 1 function in ( 3*32 ) and the overall factor ( in braces )
£

in the definition ( 3.29 ) of A"L ( in 3.32 ) lead to the following set

of moving z-plane poles:
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n
pco

(3-34)

with n. = 0,1,2, . ..(3=1,3), and all permutations p . From ( 3.33 ) 
J t

( 3*34 ) we get ( with the convention Z. = 0 for 0=1, n,=2, n^

and hence:

(VIO

"-^•pcn ( 3.36 )

X * * 1 /

Proni ( 3»35» 3.36 ) we see that the z^ ^ C^_) poles with He H" > ° 

lie on a straight line ( in the z plane ) with a positive intercept 

subtending an angle .Qp(1) (= ''T-.G' o<) ^ o < -Q.p CY ) <
tn\)

pco
real axis. Clearly, for He 2" y > 0 we have 1m 2- * >0 . Thus as 

shown in Pig. ( III.3.3 ) the 1 ^ contour can be chosen so that all 

2 J (A) poles lie exterior to it.

Pig. 4.3 ( HI.3.3 ) 

In the region A 5 ( 4.3 ), ( 3-31 - 3«32 ) is analytic in 2. • However,
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if we were to continue to A.—*• o_ the PI contour would got pincncd

between the fixed poles at z = k (k = 1,2,5,...) and, from ( 3«34 ), those
(*{) 

moving poles £ (A) which at A —A satisfy:

2 = n,

(" 3 :>

leading to non-analyticity of ( 3.31 - 3o2 ) at

In view of the pinch singularities encountered in the continuation 

to A •= _0 we generalise the procedure of Sef. (7) to extract an analytic<-v
piece out of o r (A) . 1"o this end we distort the contour P. -»P/ — v 'i

(VI )
so as to enclose the £ ' ( A. ) poles and commute the discontinuities 

using the residue theorem. This leads to the decomposition:

, „ v

that (i) J^CA). is analytic in A ; £ /V > and (ii)"

A ,*?,,(>) ^3.38)

of ( 3ol ) ia- -As ( 2^ expression for A t <3 r (}) is given in Appendix

III ). We remark, holding any two Aj ( Ai fixed in /Y /Y K respectively

— R

{' ^ C "\ l'A C-t) -s "t ' - 
Ap Aft 6 /\ ]• since it may be seen

C^ i) f ~\ ~\ T^ 
that the Z J C. A; do not lead to pinching of I ^ . IText we consider

the second set of poles in ( 3.34 ) which will cause a pinch singularity

7 X *\ N *\ • -^*^. ^•"X 
rj ^A/R when all AD (-£'=1,2,3). We -et lZp = A2. and

( Yl_ "^
deduce from ( 3.35 - 3.36 ), for KeZ 5 > 0 :

( 3-39 )

( 3*39 ) implies that the imaginary parts of the poles which may pinch

I ^ are bounded in a region independent of ^2. > ^3 • Returning 

to ( 3«38 ) we ^y repeat the contour distortion procedure P1 —»-P
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so as to enclose the 2 (J\) poles ( with He 2 > ^ > 

compute the discontinuity ( see Fig ( III.3-4 - iiIo-5 ) )•

ig. ( 111.^.Pg

We then get the analytic decomposition in /V

A. ( 3.40 )

«L\OW A,'/ 3 c« ( which are the residues of the moving poles ) have

T*'
concentrated on

- c . However, as shown in Appendix III,

with support
/•u £5r~r' — I A <**f ^ -\ >, 

= x_. Furthermore ZT

a complicated singularity at
^ f\ > I ( v s . ,. , ., A . - . /^> '/-,4x3 Jv,.>A> ! ^-_ J is a distribution in i^? _l-^

^
is a sum. of distributions with supports concentrated on surfaces x. = x..

/v «J
On the other hand, J r. (A) P can be analytically continued to A = ̂  ,I K
This continuation may be done by setting all the ^ ! s equal to some 

and continuing in the single variable to zero. ( The analyticity follows

from the fact that in the continuation no further } contour distortion
Cnj) is necessary, the moving Z (_A) poles fusing with the fixed poles

at the positive integers). It now follows that J

is unambiguously defined as a continuous linear functional only on the

subspace of test functions from ) which vanish, togo

with all derivatives, when any two spacetinie points coincide. This -;a 

to be expected.
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We now obtain a definition of J (A)(X) al
*

following extension to (^ _(rt' X ^):

C~***> f* }-' -. i

«J 5 Cx) = T

where:

= 0 th

<v

I

Cx)

<XI

3

n

( 3-41 )

O-h 3 . 42
Prom the considerations of Subsec. III.2.4 it follows that j , is

a Lorentz invariant distribution inT7?'^4*3 ). The extension ( 3.41 - 3.42 )

is certainly not unique. We can clearly add to the R.H.3. of ( 3.41 )

any translation invariant distribution in S>/ (R4x3 ) 3r i' x - v ^ ,-•+>,
^-* £r- x /» -*^^- V-^-n J -A-p J X-? J WiT^n

support concentrated on ^ = x = x in fact we 6hall taie adva_..a,.e
••• fca J 

f^

of this later to obtain a minimal and unique extension. But first we 

prove that the extension ( 3.41 - 3.42 ) constitutes a renormalisation.

III.3-3 We have already shown that ( 3-41 - 3.42 ) constitute a Lorentz 

invariant extension to a distribution in & Furthermore the extension

of J 3 (x) is the complex conjugate of the extension 0 Cx) . This
W "™
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follows easily on utilising the fact that in Section 1-1.2 tne

can be obtained from T~Q) by complex conjugation for real values

of the regulating parameters, and then by analytic continuation in general.

Hence, (21 ) is satisfied. It resins, now, to prove the basic unitarity -

causality relations for the functions. We introduce- the following notation:

(a) n]

(D).

(c)

(d)

'Starting from

ni =
•n

V=1

\\ ... A 
Jl J 1^

s O

c *
I !

the unitarity relation for the 'T-products ( see III.5.1 ) implies

0 =
r

Cx) •»•

VL—

n Cx)
I

I I

with

V = i
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Row, from Wick's theorea we obtain

«M«— " [ 3 ZJ i \ or}> -i 
A V ' ' ">

——————————————————————— J L

M

1

r : V ^ , ~i I

v - o r, s 
t<v<k

k*»<s<n

}

Hence, with the convention that negative factorials are infinite, we deduce

that

. X.
in)

A I I, !
K * ^

T,

CX3

)

Substituting into the unitarity equation ( 3.41 ), using the independence 

of V/ick polynomials in the free fields, and noting that I! = J., !J. ! 

V k = l,2,...,n-l we finally obtain
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C x

v-Zt
< k.

s < n

Specialising to the three point function, and usinj a slightly different
notation the unitarity condition reads:

Unitarity.

C/cG

U = { V(\ f ... t V{, I- i

( 3.44)
y>>

( { V, - - - \4 j y <£ ) ,

the se\; oi" linos connsctin^1 and U • v. -'
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L *; a V,
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•^ -*• — •*-° v ^w*G. wl~H_j?C-. 1L^,C"C( can e eval

^ ,^ ~i _^_

the

a ire:;, -noore^ 3.2 it iollo-.;£ tl^t

rict /•. to the

relation for the cacsless ^ 5 ^

we can carr;r throu-i the analytic continuation 

leaiins to 2hec.ro:, 3.4 ( note that A^' C } J 

and oo-cain the unitarity relation

ra-or. A. . -;

•v . -, . ^_ __ _
,-r- r •>--•» -,. ^ ••• -.., i. ^, _ -7- . f /^ -•
w^^-i.^ O-. ^U.J^^w. U. J.-, . i. , ^

icij.jn:ic J

G?A's:

o^> c-«>
UcG-

with the «s ( which are distin t for each i;

region A ( 3.18 ). v/e multiply (3.5

J
V

( 3.50 )

restricted to the

2* Ks f^ ~-° -*• ^ "> '"^ ->- -r-> -' 
cUiU u. o' U-. o^^

r u • 51 )

-" 4- 
^. b varaous -01 , ). V/o then -et:

o=H
UcG

-/
- v ;

!_ O J

( 3.52 )

Anally, su^-Ln- over all 

'onitarity relation:

V:G get ( 3-2? )
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r? -i-.^ •&,On the other hand iim J ( o -r n

) and similarly for the other variable. How ve show

our attention on ^p(t) » ^or £0-:e P > we -^call ( ires the 

remark after ( 3.38 )) that the lirr.it /^pcn ° ( ^or fixed A.^), ^f>C:>") 

exists for the square bracked in ( 3.54 ). Hence, under the sane conditions,

tlm- A^QX*.) exists. On the other hand, ( 4.24 ) can be 
3pCO->0 
written as:

oo

b^Q) Df S(x -x ) ( 3.56 )
P V*t= O I i / J

where

P P 
2-. d-n+2. O pet)) T^

iwi D
P 

and we must have *liwi D r C^) exists for each r. But

where ^- ^ ^d) ) has a pole at Hence f

By a trivial induction we get for each r, f 0 =C, k = 0,l,2,...r,r+^-fK
[P / \ N n A I Iso that b r (_Ay= 0 . Repeating this argument for all p , LA^U

25as claimed .

Thus we are left with ( 3«54 ) with only the square bracket term
^yj _ ̂^ y) / \

on the R.H.S. Now we consider the 2 (X) poles of ( 3-34 ) v/hich

7 ^^*^* 
2, and J^ only. Applying the decompositio:

procedure leading to ( 3»4C ), v/e find that A 3 ^ ^A)^£) = LL^ * 

This is because, as noted earlier, J ~~£A> i3 obtained by complex conjugation 

with A real and then by analytic continuation, and v;e have tKs.t l\^ JC/> s'- </ 

is concentrated on x^ = x? = x^ by Appendix III. Hence v/e gat:



0=

oo

3.57

Setting all the ^'s equal to a single A , each term admits analytic 

continuation to A = 0 . Performing the continuation, we derive the 

unitarity relation ( 3-44 )•

It seems worthwhile to note that our procedure is analogous to. what 

would have happened, if v/e applied an analytic evaluation ( Ref. (2l) ), 

^instead of a generalised evaluation ( Ref. (s) ) as done in Ref. (2), to 

the generalised unitarity relation for a GPA. T.-/e also remark that an 

additive interpretation of our renormc.lisation is possible; for the three 

point massless G-FA the set of /± -singularities as obtained from the 

sectorial representation ( 3»3° ) is actually minimal ( see III.2.5 ) 

and from the work of Appendix III the subtraction terms are 'vertex 1 par-c;

The proof of the causality relation ( 3-45 ) follows on exactly the 

same lines. Thus, ( E2,3 ) are satisfied, and the extension ( 3-41 - 3- 

is a renormalisation.

III.3.4 The extension procedure of III.3.2 generalises to ^he case of
20 the n-point function ( with the parametrisaticn of the sector co-ordinates

given by ( 3.30 ) ) the discontinuities being,now, f

on surfaces of the form x. - x. =...= x,. ( \ <

Eowever, for the higher point functions C^OO such an extension does

not necessarily correspond to a renormalisation. 'I'he reason is the inhers

-45-



lack of symmetry in extracting- the discontinuities, i'his asyr:j~etry ccr~cs
<-^

about because of the way of analysing the ^-dependent singularities

( now in (p , L =. <£("&) | ) as moving singularities in the Z.-plane.

This is a serious drawback, because symmetry plays a vital role ( in The

cancellation of singularities in the analytically regulated unitary equation,

see ( 3*54 ) ) for the higher point functions (^>3) , where one has

to use the representation of sector co-ordinates induced by the "singularity

family" of Speer. The use of the Picard-Lefschetz theorem in extracting .

the discontinuities could be a possible way out of this difficulty, but

we have not investigated this possibility with sufficient detail to draw

definite conclusions.
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.4- i'ilili LL'.J-^U-li iiu\.'jL'u_ti.ibjLO*'i V.'llll i'll^X.^U^'j. ijj.Gr.'J CC^-ll S_-iGJT^~ "i.J.'^.'ir

In this subsection we will show how a finite renorzialisaticn ray
<**{(•?.}

be implemented so as to ensure for Jw; (x) an unique extension 

characterised by ininimum 'light cone 1 singularity ( the Lehi^nn-Pohlmeyer 

'ansatz 1 for the 3-poi^t function ). First we rive the following definition 

Definition: A finite renonnalisation ( in the context of non-polynoinial 

interaction Lagrangians in the Jaffe Class ) is a map which, for each 

generalised vertex U = { V,' . . . V^ } of G, gives a distribution 

3£(U) 6 1Ft (R4Xm) of the form

7TL =f *- . if
L') , if G-(v,'... \O r* I PI

where -XCpO is an entire function in the raonenta { f J of order less 

than one half. In co-ordinate space

..~~^ * -.^ ^. v,iiw——— .„ *v~^,«-v,~ ———— - ___ _______ ___ ___ - _____ -_- ————— ———————

DXJ'

(2) NIII.4.1 First we recall that • ^ (xj has been completely fixed by 

virtue of unitarity, causality and minimum light cone singularity. Then by 

virtue of the unitarity causality restrictions ( 3.44 - 3.45 )> which 

our extension for ^ (x)has been proved to satisfy we have only the 

freedom to add to ( 3.41 ) a real, translation invariant-distribution J}C c -^

'from \sr> n (E ) concentrated on x., = x0 = x... In this subsection we 
g 1^2

will implement a specific finite re-normalisation. To this end we consider, 

in lieu of ( 3.41 - 3.42 ), the following:
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Definition 3.7

-1 f^~f £• ^ ^ "1
tiVi J™ lex;

where

—

2.1

( 5*59 )

where the contotur \ 0 is shown in j?ig. ( III.4.1 )

Te

-1

( ill.4.1 )

™ 24 and Jf (?) is defined by :

ij f
o "o

-r e t

with < TT __ j_
2.

- 1J
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with standard Bessel functions in ( 3»6G )

P g. ( III. 4. 2 )

The contour C is shown in Pig. ( III.4.2 ). The contour is constrained, 

in the neighbourhood of the origin, to be a cardicid; otherwise the T 

integral, with the t integrand analytic in the cut T-plane v;ith the 

cut running along the real axis from 0 to (- °o ) , is contour independenl

With T =• R exp i 9 , we choose

R = ^^ r + cos 8 ) ( 3-62 ) 
Z

for the contour C in the neighbourhood of the origin, with any real e. > 0

Then the real part of the arguments of the 1^ functions in ( 3.60 ) remains

I i / TT bounded in the neighbourhood of the origin. Purthemora since | arg ~ \ ^ "

it follov/s, from asymptotic estimates, that for 0 <^, < 1 , T z IVjL^Ct,^) 

remains bounded for T s C • Kms» the T integral converges -uniformly 

for 0 < 4 t z < 1 and b"0 in any compact set in ^ . Since the 

T -integrand in ( 3.60 ) is analytic in the cut T-plane ana. ( 3«^^ )

converges for all contour distortions with arg T j < TT avoiding t.ie
I

neighbourhood of the origin, by Cauchy's theorem ( 3.60 ) is contour inciependeni 

Hence ( 3.60 ) defines Jf ( p ) unambiguously.
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The definition ( 3-58 - 3-59 ) differs from the corresponding expressions 

( 3«41 - 3.42 ) through the addition of real, translation invariant cuasi- 

local distributions concentrated on x, = x~ = x, which is an allcv;ed finite

renormalisation ( see the beginning of Subsec, III. 4 ). 'To verify this 

we first consider the term in braces in ( 3-59 )• -his differs from the 

corresponding expression ( 3.42 ) in that (i) the contour T0 passes 

between zero and minus one, in contrast to I which passes between one

and zero (ii) there is the presence of an extra contribution from the

2 25sin Ti z. term in the integrand. The latter contribution is due to

simple z plane poles at the positive integers; it is easily evaluated
f-)

and leads to an entire function of the (p.) of order of growth 1/3.
J

Furthermore the difference in the contribution from the

contour integrals is again due to a simple pole at z = 0; the contribution
r)

is again an entire function of the (p.) of order of growth 1/3'
J

A/ . .

It remains to characterise the contribution of T(?) in ( 3«59 ;• 

To this end we study:

3.63 )
ZTTl ' ^ r ' ^""' '

C
arg T I < TT , which is the T -contour integral in ( 3.6° }• ^

integrand is analytic in bp J since we have a convergent integral with
cf ( ^_ 

compact domain of integration, J (^o^i.) ^s an ^"^ire function of b

We now estimate the order of growth in bp •

For convenience let the entire contour C be the cardioid ( 3.62 ).
-I /!-) __-1 /!-)

Then, for T £ C , we have He ( T " ' ) = a" . Also let 

Then we have:
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and study (p) with tlio {p,} restricted to the regie;
— ) J

P.r > 0 , [=1,2.^3 } 
1 J J

In compact subsets of this region lim T ̂  (p) exists in the ordinary sense 

This follows on recalling tha definition in ( 5.19 ) of I3-, (t_,]l) and on 

deforming the t^ contour in ( 3.59 ) for each p term as in Pig. ( III.4.;

Pig. ( 111.4.3 ) : £'lie deformed t.. contour. 

with Op , the radius of the circular part satisfying

S f -1
ipco ~: ( 3.67 )

with the momenta restricted in any compact subset of -Q. , ( 3»o? ) implyin

that He ?., (t_;ti) /> 0. Hence, in taking the real nart of lim in (_?)' '
. we nave14

3_ 

2
wnere (X=.^+-^->'p-4. Similarly f ( ~*~~ ——> COSTTJI ( in taking the 

real part ) which combines with Cot*n2.^1 + sin27r~j to give

f 1 — . Hence, on observing that terzis involving SiV; TTZ

give no contribution since they are analytic, we obtain in any compact

subset of
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<-.)"'
s ' - -

' "> /

To
.0+

a-
IT2 TO) i te+t) 2isinTT (-z-f/}

^«'

We can now deform the contour 1 c

( 3.63 )

L ( Fig.(ill.4.4) ), ths senrlcircular

contributions vanishing at infinity, and the resulting integral converging 

along the imaginary'- axis, furthermore, after the deformation 1 0 —> L, 

the t-. Eulerian integral recovers its standard form, the circular contribution 

( Pig. ( III.4.3 ) ) shrinking to zero as OQ —> 0.

Thus:

Y

?ig. ( III. 4.4« ) ;

CO

contour L.

u ^

2. -i =r

•i^rfwT'&M'-tf'*'
. J f ( 3.69 )
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decreasing in the cases (i), (ii) above for all t, , C < t,
- ^ Nit follows that Ke T'yDJ is a strongly deer: • ,siri^ function in both of the 

_al:ove cases ( i ) , ( ii ) , We are now in a position to prove the following:

Theorem 3»8

The extension j iven in Definition 3.7, is unique

and has minimum light cone singularity.

The proof of uniqueness follows immediately from the previously

, ^ = 1,2,3.- °°established strong decrease in the case (i) p.
j

For, as has been mentioned earlier, the only arbitrariness is in Pie j ->(x) 

to which we can add a real, translation invariant distribution from

(R ) concentrated on x. = x? = x.,. In momentum space, after factoring
D -*- ^- J rv

the overall o- function, this corresponds to the addition to He j x^2^
2of an entire function of (p.) of order < -J- which cannot decrease to zero
(j

in any direction and would destroy the asymptotic property in the region (i).
P7From the ( stronger ) property of decrease in the region (ii) follows

the absence in He 5 ?(x 

To see this, define:

distributions concentrated on x^ = -x? = x.,.

f) H S'^lpj (ff,pr, P?) 3-72 )

so that:

3-75

where

R4

and = X..-X.,.
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We consider

as a function of ^ 0

that <p , which is ii 

the identity:

and
f~.

-,(?'• )>

( 3-74 )

.ere

^ compact support o?r-°r! VL~> 1""~i Vii
^» A J. \*f X •* I / W A .kl^W V X-»

I 5.75 )

where:

•/
We now examine ( 3.76 ) for two cases:

bounded,

( 3-76 )

*-\ -!,~ T*i ^-io oi-ti
r\x

*-ince <p (p^>P?) ^-s oi* compact support, in the contributing region
o o p 

in ( 3.76 ) we will have p,- bounded, p,—> + °& . Also (pp-rp-,.) =

/ o o>2 /^ 
= Cpg+Pj) - CP2 > + 00. . Because of 'che icaov/n stron

decrease property of 'I', when any two variables

compact region of integration

and the
o o

is strongly decreasing when P- 

and vice versa.

oo , with jounciec.

(ii) Both o 
3

iin since cp nas compac"c support,
2 ^

. Onin the contributing region in ( 3 .76 ), both P,

11 . , , -. the other har.-
/ / O nmore from the strong decrease property of T1 , it follows that t\k p0 ,p^)

V /_*. -> N2/ -(P«+"!J^) and is bounded below. Ones

is strongly decreasing when O
^2 ' ^ _r- &O

Returning to ( 3.75 ) it is now clear that t( , ~n ^) is Co / ^

-56-



S<> > *]o at tne origin which rules cuo the presence of any dis^riju^ion 

of the form P ( J. , |L ) 1M ( f ) g 4 ( xj ) as claimed. Tnus The 

renormalised three point function ( 3.53 - 3.59 ) is unique by virtus 

of minimum light cone singularity. Q,.^.D. 

Romarl: 3-9.

r-~n * * "1 i • * •»!»•••* -» • '^tfThe minimal extension is non-analycic in tne coupling constant 'g 

( a situation familiar from the case of the 2-point function ). This follow: 

from the presence of higher order z plane poles within the 1 o contour 

of (3.59 )•

III.4.3 Helation to other renormalisation schemes: By extending the
/ 9 

regularisation procedure of IVI. K. Volkov' the author of Ref. (10) was

able to define a minimally singular three point function of the exponential 

interaction under consideration. His definition for the 3-P°in"^ function 

runs as follows:

00 co

V
^- 0 771. ! frr]^-,) I o

t j S| PC-t-5,) COSTTS, [r-ps/^Vs,] F(-7V) 3 -^^- s.) . 3-77 
J ' FCs + s,)
c

"l 0 CfpJ ', S,, ^-7,^- 

G" £. C/^C^

where A — ^^/^-rr 2 , the contour C starts and ends at -:- co encircling 

the points -2, -1, 0, -;-!,... once counterclockv.-ise, and ox is given by

( 5-73 )

"? N 
o Cip j j s,, siy c-2-5,-5i ;
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"\r

In PAH'J i of the thesis we have token the point of view that ( axiomatic ) 

renonnalisatien is basic in local field theory ( divergences arise in naive 

manipulations in field theory due to locality ). V,re showed how the two- 

ana the three-point ti:;:e ordered products in a conventionally nor.-renormalicable, 

but strictly local, field theory can be uniquely defined by first effecting 

a renormalisation, and then imposing, consistently, a 'light cone' boundary 

condition to fix the allowed finite renormalisations. T'hus, the special 

feature of our particular choices of the two- and three-point functions 

is the.absence of point singularities, that is, the absence in 

He J v(x) ( or ^e J 0(2.) ) °f distributions concentrated on x, = x~ = x~

( or x- = Xp ). It is due to remarkable properties of infinite sets of 

r-enonnalised Peynmon graphs that this situation obtains for the two- and 

the three-point 1-products; it is characteristic of the 'disappearance' 1 

of the effects of logarithms, in the kinematic invariants, in the sums. 

However, the triangle graph ( associated with the three-point function ) 

is, topologically, a rather simple object in contrast with the graph

S Q Q /*\ /*% "1 O"f~/^/^ T •"•' "^-"'"i ~k*Vl d "'"i — "^/~i T VI *V~ '^.T^'^i'"* '*' T 1 f^ T "'" " ^ "" '""••> J,-~ f*^. —^ /^OTTT ""N^^O ~- o ^ ~^» ^i ^ *-\ -.-> *-\o.t>boc.Lateoi V;-L ^n one .1—^OJLIIO j.—jj_cu.u.o o. j-^ -"-^, — <-— ±u.^n^. ouvxoi-^^, ^x»c^.e^.w-.e, 

that the special features of the two-and three-point functions, characterised 

by the absence of point singularities, are shared by the n-point function. 

It is interesting, however, that cur extension procedure generalises 

( see Appendix II ) to the case of the n-point function. It encourages 

us to believe that the renormalisatien on the n-point function con be 

obtained along similar lines ( provided a way can be found of extracting 

the discontinuities in a symmetric way ). ~he real problem lies in the 

appropriate choice of finite re-normalisations so as to secure for J.AILJ 

a unique extension characterised by minimum 'light cone 1 singularity.
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A successful irr.plens-ntaticn of such a projrar.rr.e would lead to a control, 

at a perturbation theoretic level, of at least a privileged class of non- 

renormalisable interactions in accordance with the general principles 

of local field theory.

We, finally, rer;.arl: that, despite of the 'light cone* regularity 

enjoyed by the two- and three-point functions, the exponential self-coupling 

interaction is a very singular theory. In perturbation theory cross-sections 

are expected to rise sharply with energy. Thus, the theory is at best 

meaningful in the low energy region. If an exact solution exists, it 

must lead to reasonable cross-sections at high energies' . It is, therefore, 

not unreasonable to believe that, in some way, it is the least singular 

amplitudes which sum up correctly.
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"D:

-

The difficulties associated with the renor:-alisability of a 

neutral pseudovector field coupled to a non-conserved fermion curren 

well known. Such a coupling, described by an interaction La^rangian of 

the form

w i • v-r •* =t o ( 1.1 )•*• o

gives rise to a non-renormalisable theory in the conventional sense.

To see this it is sufficient to consider CJ ( ) = d(^0 -r )-4. In view 

of the form of the commutator function

it is clear that d( W^ ) = 2, and, consecuently^^, cu (_£ -r )>0 '•-.— ch

* "1 * * * T * • ( - » » ~[ -» i ^ i . .implies increasing divergences wixn increasing; orcier 01 per^uroa-uion eiroansicn 

in the coupling constant. However, as noted in ?.efs. ( 7> 32, 35 ) such

" T ~ T^ r^ O ' _^ii a,

and scalar meson fields are not constrained to be equal ) the interaction

35 can be transformed, by means of canonical transformation j to a renor^^lisable

interaction which is polynomial in the free fields, together with a non- 

polynomial interaction in the Jaffe Class. The latter is a nianifestation of the 

apparent non- reiiormalisable nature of the original interaction, and can 

be treated by non-linear techniques giving rise to a finite number of 

counterterms.

The material of PART II of the thesis is distributed as follows: In 

Section II we set up the model of a rnassive neutral pseudovector field
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interacting with a non-conserved. fermion current. Subsection -.1.1 deals 

with generalised Stuckelberg formalism whereby tho psoudcvcctor field 

is described by means of a doublet of fields with different mc.ss. The 

resulting derivative coupling is converted, in Subsection 11.2, to a 

non-derivative, non-polynomial interaction by means of a canonical 

( non-linear ) transformation in the Spincr fields. The next step, taken 

up in Subsection III.3, is to derive a rather complete set of V/ard-Takahashi 

( henceforth denoted by W-T ) identities which are the mathematical 

manifestation of a certain gauge invariance of the I'lodel Lagrangian of 

Subsec. II.2. Section III deals with the perturbation theory of quantised 

fields. Some W-T identities are verified in perturbation theory. The 

renormalisation of the Model theory is taken up in Section IV, where ( in 

conjunction with Appendix V ) it is shown that only a finite number of 

counterterms are needed to render the S-matrix finite.
4

This part ( PART II ) of the thesis, however, is rather incomplete 

in the following respects. Firstly, the uniqueness of the theory has not 

been established. In a non-renonnalisable theory ( like the case under 

consideration ) it is, certainly, not sufficient to show the finiteness 

of the amplitudes, one has further to eliminate possible ambiguities ( in 

the form of entire functions with arbitrary coefficients ) arising from 

finite renormalisations. This is indeed not a trivial problem especially 

when one is dealing with the general perturbation theoretic terra. Secondly, 

the prescription, consistent with ( axiomatic ) renormalisation, and the 

minimality 'ansatz 1 , for obtining finite parts for the n-point function 

has not been given in the te:-ct. Despite of these defects we present the 

analysis of PART II to demonstrate the possibility of using non-linear 

techniques, and yet preserving the gauge invariance of the theory.
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II.

V/e consider the parity conserving interaction of a neutral pseudovector 

field of mass >I with a non-conserved current

where

Jr - W' V-
It is convenient to use the generalised Stuckeioerg formalism of Ref. ($4) 

to deal with the pseudovector field. In this formalism a set of field 

variables, Aj<. , and 3, being subject to a subsidiary condition, are used 

to describe the pseudovector field Wu. . In contrast with the usual Stuck

forraalism the fields A u , and B are not cor.strE.ined to have eoual n^asses./

Thus, setting-

the total Lagrangian is taken -GO be

_ 
/ -2

•f- - 2

Her.s.rk 2.1 We have chosen a convenient forrr. for the -s-^0 term of the

Lagrangian ( 2.2 ). In Section IV we shall see that Z ~ is 'jho vrave functici
A

renormalisation of the ALX field, and M stands for 'che renon::alised mass 

of the vector field. Thus, in terras of the unrenornialised c_uantii;ies • 

we do have mixing terms ( 3 .AB ) ( but these are cancelled c 

renormalisation ) .
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In terns of the Au , and 3 fields wo obtain

• •A-* 3"]

/I _^ '*

where \ - °^ ~ ""» ^nd ^ = ^ : H / !•-

Xow, from Suler's equations of motion for the A* , ana 3 fields it follows

that

(C + K^i)(^-A-K B) = 0 ( 2.4 

v/hich implies that all radiation processes involving the tmphysical spin-0 

part of the Au. field are compensated by the corresponding processes involving
-T *|

the B field . Turning this arg-ument around it is clcr.r that the rule 

for a unitary S-natrix is to confine ourselves to reactions, which do not 

involve in the initial, and the final states any spin-0 part of the A-A 

field, nor any 3 field. Indeed the Pock space generated "by A u. and 3
i

TT1 4*Vio rt *^^'r*i^~^r7C> /"l -~"o c. i^,~'^^r i "i c? 1 o -v* ~^ "^ ~r» -f""'1^' ^ "i^ •!-1^, o o --.-^ •-; -^ o /-\ -1-* -^V-rr^ -" /-, ^ *1 
O.ii. UllC U^LA.cJ^ii uo. <6^U. wii^Oj. j' y Xw ^.Cv-L-^-,0^. UJ.*c^ii t/-*w o^vCwwC? U— . ^--j *^> — N-"-U.L

The physical sub space consists of those state vectors which are annihilated 

"by the positive frequency part of the operator ( 3 ,A- K. 3 ).

ire we invesxigato 'cne gauge symrr.e-cry 01 ti 

it is worth looking at the propagator matrix for the \, A ;_ , 3- ) fields. To this
ru

end we first consider the 'mass 1 ' matrix, I'-I, obtained from the free part

of the Lagrangian ( 2.5 ). In ir^oiaentum space s gven y

n = ( 2.5 )

rk 2.2 It is clear that I'-I is a 2x2 natrix, however, -one roatr.x
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are characterised by Lorentz indices i.e. Azz

where, for instance, A.. ^ is a Lorentz covariant tensor of rank 2. 

The inverse of M is a 2x2 matrix, ( M v^ ) , with matrix elements which 

are contravariant Lorentz tensors, such that

0

0 1

Now, the complete propagator matrix for the ( Au ,B ) field is given 

by the inverse of M. Hence

A =

Due to the presence of the term -J- £> vt2" B in the free part of the 

Lagrangian ( 2.3 ) it is clear that the square of the mass of the B field 

is given by P*^2" • Utilising the freedom of the generalised Stuckelberg

formalism in which the mass of the vector field A LA is not constrained

to be equal to the mass of the scalar field B it is convenient to consider 

the limit K —— >• 0 . In this limit, with O < 8 <=<> , the propagator 

matrix becomes

IN

K
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it is, now, possible to read directly the f: 

space. Thus,

(a)

ee field

B

It is gratifying to know that these results are identical ( for B = 1 ) 

with the results for the free field propagators obtained by the canonical 

quantization procedure of Ref. (34) •

II. 2 UNITARY AivD GAUGI^ TllilCSPOHI-lATIOAS

The non-renormaiisable character of the original Lagrangian ( 2.3 ) 

is due to the presence of the derivative coupling between the 5, and the 

fennion fields. This is clear from dimensional argur^eircs : Sec all that

d( B 3) « 1 + d(3) witch implies that, for r = o. V Vu Vs ̂
-^ d ' u j / J

Eence, from the analysis of Puef. (39) one encounter- increasing divergences 

with increasing order of perturbation in g. It is convenient, he -./ever, 

to convert the derivative interaction into a non-derivative coupling.
xc:

•following Lyson we make the unitary transformation

2.?)

In the new basis the Lagrangian becomes
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J. P

The two Lagrangians- (A^B,^,*^) , and (Aw , B , ^ , ^ j being connected
~*1 7" ^

by a canonical transformation will give rise to the same o-matrix^ '^°.

The non-renomialisable derivative coupling of ( 2.3 ) has, now, been 

converted to the exponential type of interaction of ( 2.8 ). The latter 

belongs to the Jaffe Class of non-polynomial interactions. Expanding 

the exponential as a power series in g we recover couplings of the form

q f /5 S^ & ( rt ^^0 which are manifestly non-renormalisable reflecting, 

thus, the non-renormalisable character of the original derivative coupling.
•

Such an expansion must be avoided ( in order to eliminate the presence 

of an infinite number of counterterms in the Lagrangian of the model theory ) . 

Instead one has to make a perturbation expansion in the Lagrangian rather 

than in the coupling constant 'g f .

We, now, turn to the local gauge transformations which leave ( 2.S ) 

invariant. Consider the set of local transformations:

(x) + " A (x)

p f ic y5 A(x)l o' u '

with the gauge function, A , satisfying the equation

(Q 4-KM) Acx) ^o ( 2 - 10
Then, it is easy to verify that £ (Af,B,y>.f ) remains invariant

under ( 2.9 - 2.10 ). At this stage we remark that the above gauge symmotry
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will give rise to a set of Ward-Takahachi identities which play 

role in the renormalisation of the above model theory.

II.5-1 In this Subsection we shall derive a rather complete set of generalised 

Ward-Takahashi identies which are the mathematical manifestation of the 

gauge symmetry of Subsection II.2. To this end we add to the Lagrangian 

of the theory interaction terms of the form

p J[>A-KBJ HT j^r'Af + ^ V B ] +- ^JY 4-^

where ( J(x), j M (x), JJ (x), >? (x) ) are arbitrary C-number functions 

of space and'time ( in fact ( f\ (x), fl(x) ) are classical spinor functions ) 

which act as sources. We emphasize that the introduction of external 

sources is simply a mathematical device and does not presuppose the presence 'of 

external charges. We remark, however, that the connected Green's functions of 

the theory depend now on the above set of external sources through the 

interaction Lagrangian density, and the S-matrix. Vie shall make use of 

this fact later on. I\Tow, denoting collectively the above set of .sources 

by J we obtain the following expression for the new Lagrangian, ^6 :
V

( 2.11

OS
Hence, we deduce that the S-matrix is a functional, through %, , of the 

external sources.

All the Ward-Takahashi identities can be studied through the response

of the generating functional ( for connected Green's functions ), ;JL ,

37 to the gauge transformations of the Lagrangian under consideration .

This functional is defined as follows: Let S be the vacuum expectation 

value of the S-matrix with the external sources set equal to zero in the
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interaction Lagrangian. Then,

Z = <o ( 2.12 )

Now, supposing the interaction Lagrangian contains terms of the form

2 Jj Cx) uj[(x.) , where £(x) is a set of classical sources. Then,

J 3 from 2ogoliubov , v/e know that

-1 y

= (if <oT[&,(".)-.•• Sn c*,)5_ °>C/M

( 2.13 )

where CD ̂  is the Heisenberg field corresponding to the free field

(. We have used the notation <o T £••• ~[ 0> for connected Green's functions). 

In the following Subsection we shall apply the above techniques to the 

model Lagrangian ( 2.11 ) in connection with the local gau^e transformations 

( 2.9 ) ( without imposing the condition ( 2.10 ) ).

II.5.2 We start with the functional relation ( 2.13) which yields, for 

the case of the S-matrix corresponding to the Lagrangian ( 2.11 ), the 

following relation

2.14
. J=0

e, nov;, perform infinitesimal ( local ) gauge transformations v;ithout

imposing the condition, ( Q x -r K!^ ) /\ (x) = 0, on the gauge function 

to the invariance of the Lagrangian, e gauge ransor tons

will change only the source, and the gauge terns. Thus,
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-* SH CLJ + K j^ JA + £ 7 r 2-^ - K -S

4- ;- ] A .,-

A (:•:) ;o satiny ' L> KlvijA(x) = o(x), r,nc J(x)

o o oii^a,! we can neglect second order ternis in J, and A .

Hence, we oo'cain

' ^ A

v/hich implies the following functional relation

= Z ( 2.15 )

W
--^ A (-'^u*i /\^^.y

+ ( 2.16 )

In view of ( 2.15 - 2.16 ) the L.K.3. of ( 2.14 ) J ecor

j Sr) 6"r/
^£— _ 'J j • ^ ' <j J -' 1 ^

SA^67,
i

f 
\ 2.17 )

= o we iron (

and ( 2.J-7 ) the following w-i' identity:

.. -t- K iV:
j <0 ; Tj p (l)-/;Cx5 )- K 3 ! o>.

( 2
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( 2.18 ) is analogous to the V,r-T identity in QID, and relates the vertex 

functions to the self-energy parts of the 'dressed 1 formicn propagator.

It is of interest, also, to consider the following functional derivative:

(ii)
1=0 S J Cx,; $ ju C*a )

In view of ss
SA i =r (

are identically zero, 

identities:

rr 0 both (i), and (ii)

Consequently, we deduce the following set of Y/-T

<o|TT{n
L

o>=o(.2.i9

and

[(A j*Cxz 2.20

( 2.19 ), and ( 2.20 ) are the W-11 identities connecting the meson (An , 3 ) 

self energies. Pinally v;e observe that, as a result of

0 =:

( 2.19 ) generalises to:

^ n
(2.21)

( For the validity of ( 2.21 ), for the special case n=4, see Appendix V ).

.3.3 It turns out that the V-T relations ( 2.18 - 2.21 ) derived in

oSubsection II.3.2 are somewhat simpler in momentum space. In order t< 

carry out the F.T. of ( 2.18 - 2.20 ) we introduce the following compact
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notation:

V,re denote "by -net ji. the irreducible vertex vector-function,

and the vector

P

, for the complete ferrrdon pseudovector-raeson coupling.

respectively.

stands for the complete meson self-energy

"0 D '
; •*• M-

U/" p j
Now, the P.T. oz ( 2.18 ) yields

5'

with A g^ven by ( 2.6 ) and i S~ (p) = /c4x e 'P '*<o|T;_4>OO^Co)j j 0>
1 J ~*

In the liiiiit K ——> 0 the above result reduces to the sirr.ple form

0 -1 , -i n LT"*_L"*"^."D • '-^ILn' by ^'-(ic-j) , and on the right by S'_1(-k

substituting p 1 for k- ? and p for -k0 \;e obtain the familiar fern of 

V.'-T identity ( analogous to the W-'J identity in t^ID ) for a pseudove

O2
_1
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This is depicted in Fig. 13 .

We, now, turn to ( 2.19 - 2.20 ). The F.T. of ( 2.19 )

I

L
PA = o

In the limit K, —> o the above equation reduces to :

( 2.25 )

Similarly, from the P.T. of ( 2.20 ) we obtain

—• /v

XU) PA = o

with !X

to:

, which reduces, in the limit o ,

-i M ( 2.24 )

However, from Lorentz covariance, the matrix elements of the meson self-energy 
f\j

matrix, > , acquire the following form

Ck) =
( 2.25 )

Solving ( 2.23 - 2.24 ) simultaneously and utilising ( 2.25 ) we obtain 

the following set of W-T identities:

All figures are shown in a separate section following the final section 

of PAR? II. The fermion fields, ij> , and ^ are represented by solid 

lines. The pseudovector field, A u , is represented by a wiggly line; it 

carries a Loren'cz vector index I* . The pseudovector,3, field is represante 

by a dotted line.
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Pr (k)
Pv U)

0

PCI;)
J L

( 2.26 )

This set of V/-T ideiv^ities is identical with that of itef. (35) sr.d is 

depicted in Fi£. 14.

In dealing with the rcnornalisation of the model La;:ranjian theory 

uiider consideration we shall make extensive use of the V/-T identities

aenvea in section.
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Ill ?ERG?TJRBATIC;C THEORY 0? QUANTIZED FIELDS

III. I In this Section we shall develop a perturbation theory for the

model Lagrangian ( 2.8 ). Separating out the fermion mass tern the interaction

Lagrangian to be used is given by

( £X P !
The quantized interaction Lagrangian of perturbation theorey is defined 

as the normal-ordered classical expression given above. Kence,

"C = & \ -t- ~3*> •%_

with

As noted in Ref. ( 7,33 ) this Wick ordering eliminates the most divergent
* ,

parts of the theory arising from the tadpole diagrams of Fig.l.

We seek to develop a systematic perturbation expansion in powers of 

the interaction Lagrangian, ( 3*1 )• The S-matrix of the theory has a 

formal functional expansion of the form

CO

( 3.2 )

where the T-ordered products of the interaction Lagrangian can be obtained

using Wick's theorem. As an example we shall discuss the case of

T C £1 (x,) • • • £ (*n) ] .To this end we introduce the following notations

and the fields

-74-



hen, .X ̂  (x) can be expressed in the fornJ,Then

Hence,

uJ A- ( 3.3 )

with

i.e.

• T

J

( 3.4 )

by ( 2.1 ) ( PAET I )

n

£
r=i

•clT A
'rs

ir=

( 3.5 )

Formulae ( 3*4 - 3-5 ) are, indeed, the ones to be used for calculations 

involving 'supergraphs', however, in order to check the algebraic structure 

of Ward identities, for instance, the following formula is more convenient:

T / (x V.. f (x \ oi>2. *- i' "^^ (.*Yi J

__{" I
Cx,,x,)

Bcx,)
'r '

• T. I

5' ( 3.6 )

Similar expressions can be obtained for the ID-ordered products of 'luixc

interactions.. We shall not give the corresponding formulae here, instead we 

turn to the W-T identities of Subsection II.J.
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III. 2 TIi^ W-T IDENTITIES IH PERTUIGATIC1-; TI^GilY

It will be instructive to see how the W-T identities of Subsection II o 

are satisfied in perturbation theory especially in the case of a theory 

giving rise to graphs containing 'super-vertices', and ' superpropagators ' 

( due to the exponential character of the interaction Lagrangian £ ̂ ) • 

In this Subsection we shall verify the W-T identity ( 2.22 ).
. £ . c

Let A u. i and A be the corrections ( due to higher order processes ) 
i — >

to the elements of the vector 5£? ( see II. 3. 3 ) defined by

fs = <-M )* l's/6^ + A*
Then, using S' (p)" = ^ - m - 21 (p), we may rewrite ( 2.22 ) as:

( 3.7 )

To a given order of perturbation theory all the diagrams contributing to
•7Q

can be divided into two classes^ :

(i) diagrams in which the axial vector vertex, S VM./? > is attached 

to a fermion line with p 1 and p the in - and out - momentum respectively, 

The general diagram is illustrated in Pig. 2.

(ii) diagrams in which the axial vector vertex, q V«, V 5 , is attached 

to an internal closed fermion loop. This case is illustrated in -Pig. 3- 

Firstly, we examine the contributions to ( 3»7 } due t o diagrams belonging 

to class (i). Two such diagrams are shown in Fig. 4«( I & II ). T 

contribution from Fig. 4 (i) has the form

= Z. p (-)-J — rck)
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where

V5 , for an axial vector coupling vertex

k
V , for a 'super-vertex 1 .

Multiplying ^u(l) by (p-p 1 )* and utilising the identity

we obtain

-m

Similarly, the contribution from Fig. 4 (ll) yields

Cn; = (•••;—j
.-i

Thus,

-r*l
r (k)

There are,, now, two cases to be considered

0 ..)

(a) T * = VM Vg- . Then, 'because of the anticommutator

summing=° •

over k we get vanishing contributions except when k = 1, and k = n. 

Therefore,
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<-/

where the first two terms of the above equation correspond to the fennion

self-energy parts -JE(p) V$ , and — V^ JET(p') » whereas the last
\s 

terra is a contribution to /\(p,p')«

(b) 1 — V5 k . In this case we obtain

Cp-P'j h A* CD H-A! en) 1 J (•••)

The first term is precisely the contribution from the diagram of 51 g. 5. 

Moreover, for the special case of k=l we obtain

( this is the crucial step in the proof ) where the first term is 

the contribution to /\ (p,p') from the diagram of Fig. 6, whereas 

the second term is the corresponding, contribution to

A similar argument holds in the case of k=2n, whereby we get the contribution 

from the diagram of Pig. 7, together with a piece corresponding to

V Hence, we may conclude, by summing over k, that
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is equal to the corresponding 

contributions to A(p,p T ) together with the self-energy pieces 

corresponding to "2Lc.?}^s » and ""

Therefore ( due to (a) and (b), we obtain ( after utilising the 

of the pseudo-scalar coupling )

structure

= i M A£,ci:
( 3.8 )

Secondly, we turn to diagrams belonging to class (ii). A typical
f^

contribution to Au.(p»P f ) form

r. -r^i J

Multiplying by (p-p ! )v^ we obtain

•- J= 1

>f /

-m

'—rf-m J' 1

Now, if =ys we 'get cancellations on summing over k ( due 

to the anticommutator {^ , /* } = ° ) except for the special cases 

when k=l, and k=2m. For these case we obtain, using a well - known theorem 

on traces,
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m.

=1j=

v- change of integration variable in the second term ( q—> q H- p 1 - p )

shows that the two terms cancel out. Thus, we are left only with the
A5

contributions to /\ (p,p ! ) arising from the diagrams of Pig. 8, and Pig. 9

Therefore,

5-9

The V,r-T identity ( 3«7 ) is obtained by adding ( 3.8 ), and ( 3«9 )• Q.

Other W-JL identities can be verified along similar lines.

Having establish the ( algebraic ) validity of the W-T identities 

we shall turn, in the following section, to the renor:na,lisation of the
«

Model Lagrangian theory with an interaction Lagrangian given by ( 3«1 )
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IV HEITCiil-IALISATION OP THE I-:OD£L Tl^Cii

IV. 1 It is an inherent feature of any Lagrangian field theory that the 

procedure of the subtraction of divergences, arising from T-ordered products

of the interaction Lagrangian, may be implemented by means of counterterr.is

2 3added to the original Lagrangian . A renonnali sable theory is characterised

by the requirement that the number of countertenns induced by the renormalisation 

procedure is finite. A more stringent definition of renormalisability, 

however, requires the possibility of absorbing such a finite number of 

countertenns into a redefinition of the parameters of the original Lagrangian. 

In this way all the 'infinities' of the theory may be absorbed by the 

parameters of the new Lagrangian.

Starting with the Lagrangian of the form

/ ., \'

2. /^ /5 B ] - 1

we consider the limit as m 1 — > 0, and &• — >oo in such a way that ccm' = H.

Then, there are no 'mixing terms' ( A. ^ B ) in ( 4.1 ), and 3 is now

a massless scalar field. Consequently (i) the propagator matrix given

^y ( 2.5 ) is now diagonal, and (ii) the exponential interaction gives

rise only to massless ' superpropagators ' .

Remark 4.1; A massive f superpropagator ' is, mathematically, a rather

complicated object, and the problem of uniqueness of the higher point

functions ( n-point functions with n > 3 ) involving massive superpropagators

has not been solved yet. The existing literature deals only with higher

point functions involving massless 'superpropagators'.

We recall that the interaction Lagrangian consists of two parts
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(X) —

where

A.
A-

Now, let C[^ int(x1 ) ... £. lnt(x )J be the 'discontinuity 1

between the totally advanced, and totally retarted operators of the product

of n interaction Lagrangians ^ ln (x-J ... ^ int(x ). Then Epstein,

39 and Glaser" have shown that
\

/-t

where the L.H.3. stands for the degree of the tempered distribution

( x ) which is a measure of iti •••

increase at infinity in momentum space, and

'u ( £ int ) - d( I int )-4

d( oL U ) being the dimension of the interaction Lagrangian t

?or the case cC = £ the form of the propagator AA^ ( derived

in II. 1 ) implies that d( ^ = 4. Hence, OJ ^<0\ C [^ (v,) . . . £n (xn )] | 0>) 

remains bounded v/ith increasing order of perturbation theory. The interaction

Lagrangian £ (x) is, therefore, renonnalisable.
'—" ^ s\

We shall, now, classify the divergent graphs of the <5 y A theory 

( i.e. the graphs arising from the VEV of T-ordered products of ~£ (x) ). 

To this end we introduce a convenient form for the superficial degree 

of divergence of a given Peynman graph C- ( see Appendix I ). For a 

renonnalisable polynomial ( in the free fields interaction this form is given 

by5
• ' O \; ^.2 ;

6j(G-)=4-— —
2-
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where r^ is the degree of the polynomial in the numerator of the cc.usal 

propagator corresponding to £ th external line of G. A given I?I (see 

Appendix I ) graph is divergent provided ^(G-) > 0 . Thus, utilising 

the above formula, we deduce that there exist five types of divergent 

diagrams ( neglecting vacuum diagrams ) in the vp Lp A theory shown in 

Fig. 10. The two types (d), and (e) require no counterterms, because 

they give rise to finite contributions to S-matrix. Hence, we are left 

with three types of divergent diagrams corresponding to the self-energies
A A A ^ ,.

of the Au. , and y fields, and the ^^A vertex function.

We consider, now, the contribution to the S-matrix arising from 'mixed 1 

interactions. In this case we are interested in T-ordered products of 

interaction Lagrangians of the form T oCj (Xi) •«•

The power counting theorem of Epstein, and Glaser is rather misleading

in this case due to an inherent high energy damping of massless

321 superpropagators'. . However, it is easy to see that divergences n:ay

arise from diagrams shown in Pig. 11 together with their associated diagrams 

shown in Pig. 12. Before we proceed any further, we remark that the tadpole 

diagram of Pig. 11 (d), and the associated diagram of Fig. 12 (d) arise
~A * C*±

because the interactions <j> A ± u/1 (£> are not completely Wick ordered. 

It turns out, however, that the presence of such tadpole-like diagrams 

is essential in order to satisfy the W-T identities of Subsec. II.3. 

The latter are depicted, in a somewhat sketchy way, in Figs. 13, 14, 15-

Counterterrr.s: Having classified the divergent diagrams of the theory 

we turn, at present, to the structure of the necessary counterterms 

cancel out the various divergences. Denoting collectively the counterterns 

by £o£ we maintain that the effect of renonnalisation is to change 

( 4.1 ) into
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f r • -> ft / An \ A - — * - * „ " n2 (4.3 )
(^expL i z ̂  J^ B ]-i J :

+

Z, $m- (£,- 1 )m] $ : axp[2i i/p., p B J :

To see this we shall study in some detail the role of individiual counterterms 

which appear in ( 4 • 3 ) •

We start v/ith the meson self-energy diagrams. Although such diagrams, 

see Pig. 10 (b), and Pig. 11 (b), have ( at worst ) a superficial degree 

of divergence equal to two, they are at most logarithmically divergent
/*• e <\

. 3 »

due to the pseudovector character of the : ju. Ai> : coupling. Thus,

in view of the set of W-T identities ( 2.26 ) (see also Pig. 14) it is

easy to see ( using the regular is at ion procedure of Ref . (4l) ) that the

quadratic divergences arising from diagrams of the type shown in Pig. 11 (c,d)

cancel out among themselves, and the remaining logarithmic divergences

( due to the totality of diagrams of the types shown in Pig. 10 (b),

Pig. 11 ( b, c, d ) ) can be cancelled out by means of the gauge invariant

countertemi

4.4
2. M.

Furthermore the countertemi

u'5)

will cancel out the logarithmic ( at worst ) divergences associated with 

diagrams of the type shown in Pig. 10 (a). Note, however, that ( 4.5 ) 

by itself is not gauge-invariant.
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We, now, proceed to examine the fermion self-energy diagrams, ouch 

diagrams shown in Pig. 10 (c) have a superficial decree of divergence 

equal to one. Hence 'they are linearly divergent ( at worst ), and a counterte 

of^the form

4.6

is required to cancel out the corresponding divergences. Such a counterterm

is not present in ( 4*3 )• Instead we have introduced the following counterterm

}
(4.7)

( For an excellent discussion in connection with the presence of the exponential

counterterm see Ref. (33) ). Hopefully ( 4.7 ) not only will cancel out

the divergences arising from 'pure 1 fermion self-energy diagrams, but

also divergences arising from pseudoscalar vertex diagrams ( see Pig. 11 ( a, e ~ ) )

as well as the associated diagrams shown in Pig. 12 ( a, e ) . However,

such a statement is far from obvious and needs some clarification.

To this end we first observe that diagrams of the type shown in Pig. 12 (a) 

with an odd number of B fields emerging from the same vertex have the 

same singularity structure as the corresponding diagrams with an even 

number of ~B fields emerging from the same vertex. Now, let Z be the 

renormalisation constant of the pseudoscalar vertex function. Due to 

the presence of the counterterm ( 4.5 ) the corresponding renormalisation 

constant for the pseudovector vertex function is Z . It will be instructive 

to find out, what relations exist among the renormalisation constants 

Z1 , Z , and Z implied by the W-T identity ( 2.22 ). We start with the 

identity iteself :



Factoring out the coupling constant % from T u , and (-21)2.10 /\c j* > Vn
from I 5 the above W-T identity reduces ( with some abuse of notation )

to

4.8
We, now, present the following argument due to Adler^ . The argument 

is carried out in two steps after introducing a cutoff .A. into the Feynman 

amplitudes. Because of the cutoff the renormalisation constants are 

cutoff-dependent but finite ( they diverge, however, as A- — > c>0 ). 

(a) Utilising the relations

/

( with the tilde quantities being cutoff independent ) and setting p = p 1 

in ( 4-8 ) we obtain

Since the R.H.S. is finite ( i.e. cutoff independent ) we see that 

2.m Zj I"7 .must also be finite. Now, bearing in mind, that

25 V is finite, by definition, we may conclude that, in the 

limit J\. —— > oo

4.9

where OL is finite.

(b) Multiplying ( 4.8 ) by Z2 we obtain

( 4.10 )

Z,

Now, the L.H.S. is finite, and the term in the square bracket on tr
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R.H.S. of ( .4.10 ) is also finite due to ( 4.9 ). Thus, ( 4.10 ) implies 

that ( in the limit _A. —— > «

4.11
'

v;here B> is finite.

?rom ( 4.9 )i and ( 4.11 ) we conclude that, up to arbitrary finite factors,

the axial-vector, and the pseudovector vertex renormali sat ions are just

Z , and 2mZ respectively.

Remark 4.2: We may define Z^ by setting J2> = l ( 4.11 ) i.e. Z « ^ .

This, however, will have certain implications concerning the experimental de­

termination of the coupling constant gpv^ • The latter may be determined
I J

by observing the decay of the physical spin-1 field (' V u. field ) into 

a fermion pair. Because we have chosen arbitrarily Z =Z ( and Z is 

fixed according to the usual procedure ) the axial -vector vertex corrections
f

may not vanish, when all particles are on the mass-shell, and consequently 

the experimentally determined constant will not correspond to g.

We may, now, see ( talcing into account ( 4.9 )» and ( 4.11 ) ) that 

the counterterrn ( 4*7 ) has the correct structure to deal with divergences 

arising from fermion self-energy diagrams together with divergences associated 

with pseudo scalar vertex diagrams shown in Fig. 10 ( a, e ) . Furthermore 

we believe that the above counterterm will deal successfully with divergences 

arising from the associated diagrams ( with more than one B-eraission 

lines ), but we have not carried out any detailed investigations.

Let us, now, turn to divergent diagrams of the type shown in Fig. 12 ( b, 

We have not introduced any counterterm to cancel out the corresponding 

divergences for the following reason. Firstly, we observe that in a 

given physical process ( spinor-spinor scattering for instance ) both 

types will contribute, and secondly, there is a mutual cancellation of
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divergences arising from the two types of diatoms as one rr.ci.y readily 

verify by using the revalorisation procedure of Ref. (41) in connection 

with the W-T identity depicted in Fig. 15. This state of affairs is 

demonstrated in Appendix V. In the same appendix we have also checked
Q f~)

explicitly the cancellation of divergences to order g log g for the set 

of diagrams shown in Fig. 16. Similar considerations hold for the type 

of diagrams shown in Fig. 12 ( c, d, f, j ); also for the set shown in 

Fig. 12 ( h, i ) ( see Appendix V ). Cancellation of divergences are also 

expected to occur among the diagrams of the type shown in Fig. 17.

IV. 2 To see jthe physical meaning of the renonnalisation procedure we define

Then, ^£ — §£ , given by ( 4.3 )» may be rewritten as

3 -

4

Kow, setting 2- =' 2. (see also Remark 4.2), and aiQ = m -Sm, ^acquires the 

simple form
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This is, however, the sane as our starting Lagrangian ( 4.1 ), except that 

the various coefficients have been changed. The fields Au , B, and \i> are 

the unrenormalised fields. The quantities H, m are the bare masses, and 

g stands for the bare coupling constant. Thus, if we choose the bare niacses, 

and coupling constant in an appropriate cutoff-dependent fashion, and rescale 

the fields in an appropriate cutoff-dependent way ( recall that 2, £. , ^0 , 2 

and 6m are cutoff dependent, and diverge as the cutoff parameters tend 

to infinity ), all the divergences ( hopefully ) disappear in perturbation 

theory, and the Lagrangian ( 4.1 ) gives rise to a renorroalisable theory 

( despite of the apparent non-renormalisable nature of the interaction ).
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In s^i'2 II of the thesis the conventionally non-renormalisable coupling 

of a massive neutral pseudovector to a non-conserved fermion current has 

been analysed using the generalised Stuckeldberg formalism. We emphasize 

at the outset, however, that this analysis has not been exhaustive. Jiy 

converting the above coupling into a polynomial interaction of the renorraalisable 

type, and a non-polynomial interaction of the exponential type ( in a 

massless field ) we are able to fix up a finite number of gauge 'invariant 

counterterms to cancel out the infinities of the model theory. Such a 

state of affairs is materialised only because of an inherent damping for 

large momenta provided by the exponential interaction, when the latter 

is treated by non-linear techniques developed in PART I of the thesis. 

.Our analysis is rather unsatisfactory, however, due -co a lack of a proof 

concerning the uniqueness of the theory. This requires an extensive work 

on the asymptotic behaviour of Feynman amplitudes. We hope to return 

to this problem elsewhere in the near future.
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APP2NDIX I

The purpose of this appendix is twofold. Firstly, we give the necessary 

terminology associated with Feynman graphs, and secondly we sketch the 

proof of Theorem 1 of Section II ( PART I ) which justifies our regularisation 

procedure for graphs with 'superpropagators f .

(A) In this part of the appendix we shall give the basic concepts 

of graph theory associated with Feyninan graphs8 '^.

Definition 1: A Feyninan graph. G(M, ;£ ), is a set of vertices 2-i = {V , ...,V } 

and a set of lines, £ , together with a mapping i ; £—> HxM. This 

mapping assigns to each line £& £ an initial V , and a final V

vertex; collectively V , and V, are called the end points of 1. A inultiplet
i -"r 

with respect to any tv/o vertices, V., and V., of the graph G is the set

of lines in G which have V., and V. as their end points. Finally, a
J

generalised vertex of G is any subset U = { V/... V™ } £ M 

Definition 2: An r-tree, in a connected graph G( M, £ ), is a subgraph 

H( M,Tr ), where T^ c £ , such that N(H(H,'Tr)) = 0, and C(H(M,T ) ) = r, 

where N is the number of independent closed loops, and C the number of 

components of H(M,T ) respectively. Thus, a tree, T, is a 1-tree which 

contains n(G)-l lines ( tt=$£{M} ) , and each vertex of G is in T.

It is also clear that a 2-tree, T», is a tree minus one line.

Definition 3» A graph G(H, £ ) is one "particle irreducible (l?l), if

it is connected, and any subgraph obtained from G by removing a single

line is also connected.

The superficial degree of divergence of Feynman graph G(H, £ ) is given by

= 2 LCO) 4- 21 r, -4- [>£&)- 1]

where L(G) - ^ , n(G) = M , and r.. is the degree of the polynomial
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g( in momentum ) of the numerator of the Feynman propagator correspondin 

to the line t. e <£ . CO (G) is a measure of the degree of divergence 

of the convolution integrals ( in momentum space ) of the Feynman amplitude 

associated with G.

(3) We, now, turn to Theorem 1 of Section II ( PART I ) ( i.e. Theorem 2.3.1 

of Ref. (9) ):

In co-ordinate space the Feynman amplitude corresponding to a given 

graph G(H, £ ) is given by the following product of causal propagators

F.(x) = "FT A -x

( For definiteness we shall take Yp-° V •?

F_(x) is not well defined being a product of distributions which are very

singular on surfaces where two or more x. coincide. This difficulty shows
J

up also in the F.T. of Fr,(x). Indeed the product of distributions becomesLr ~~

a convolution, with convolution integrals which diverge for large momenta.
ft QThis being the case one may defined a generalised Feynman amplitude (GFA) ' 

given by

where
Atn'

(•£
- x, ) is given by the inverse F.T. of

AJ UTO4

massive line )

( inassless line )

with ^p being a complex number. We observe that ?&( ^ ) (x) formally 

reproduces ?G(x) for i,= ^z = .-.. =.^ u = o » and the original divergence 

difficulties appear now as a singularity of the GFA at this point.
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I.'ow, in momentum space tho GJ/A associated with the £,xaph G(M, & j having

L lines, n vortices, and K=L-n+l independent loops is ^iven by

G -

-\ 

A,

( A.I.I )

and 6> f, , ^ € ̂  are homogeneous co-ordinates in the ( L-l ) -Dimensional 

protective space ( <* =t ft. ; V-£GO£ are the usual Feynman parameters ).

The integration contour is the simplex V0 = { ° whereas

. vV< • \ct

The functions arid D ( • £ ) are given explicitly below:

( A.1.2 )

•r

v;here the summation is over all the trees of the graph G;

( i.1.5 )

with ein the set of massive lines of G, and

where' the summation is over all the 2-trees of G such -chat t.io ver«ices
GiV ""r and r̂ V ,V "r lie on different components of T . j» c ^ ^
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Consider a lossless multiplet X such that X . Then, from

^peer, ana Westvatcr, we know that there exists a region ATI "^ C such 

tnat lor _A e A-rr ( A.l.l ) is absolutely convergent when integrated over 

the region

0 < TT* • ' ' T7( L-

where ~rr e vr (L-2) , the group of permutations of (L-2) objects. Then,

( A.I.5 )

r\j

G r(M, ?C' ) be the Peyr^mn graph obtained from G by replacing the line 

of -X by a single massless line, L & . Then

These functional relations are simply stated but not proved in l^ei.

^or completeness v/e shall give the proof here.

Proof; There are no trees in G which contain both L , and. 1 , b, c 6 JC.
~'~ - --"- -— 0 C

Hence, ail tress in G can be divided into three classes: (a) 

contain neither 1, , nor 1 , (b) 'trees that contain L , and not 1^,
O 7 D o
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finally (c) -crees that contain I and not 1, . 2ii;^larly all i:he tree
c o

in G 1 can be divided into two classes: (a) trees that do not co 

and (b) -croes that contain 1 . Then from ( A.I. 2 ) we obtain

tain 1 , a

z

pi.

This is the first resul-c. In order to prove the second result, it is necessary, 

and sufficient, from ( A.1.3 ), to show that

A(U)= .

1'c this end we observe that there are no 2-trees in G that contain both 

I. , and 1 . Moreover the set of 2-trees in sunv.aticn 2— in ( A. 1.4 )
DC L- -r<a

1 2.

can be divided again into the following three classes: (a) 2-trees that 

contain neither 1. , nor 1 , (b) 2-trees that conatain !,_, and not 1 , and
DC 0 C

(c), 2-trees that contain 1 , and not 1, . Thus, in general we obtain
C 0

/

-TO- J>.-T & r=d>.c -r -
IA t/? I2 'ajCT)

However, any one of the suiiTiation 2— r=a,b,c may be over an ezpty set,
T

^~ 
2» C *0

since in the subset of the 2-trees, JT/C with some abuse of notation ),

there may be no 2-trees from any one of the three possible classes. We 

have, therefore, to examine f./.dividual cases:
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i^i) If all the three classes are present, then analysis si::J.lar to

he case for the dp ( & ) function shows that
Lr -

(ii) If there are only two classes present, then these classes must 

necessarily be (b), and (c). Hence

rn n
-,ct;

(iii) The last possibility is to have only 2-trees from class (a)

present. Then

Z/
, . -j- 
u ^ '*

X

, Cd)

This completes the proof.

l!ow, due to factorisation ( A.1.7 ) equation ( A.1.5 )



TT

Introducing new variables

( with Jacobian J = 6>^ T" 2-0 •~ 

ever the T -variable we obtain

IT =.

CO

TT

G '-

F7TC2)

TT£I)

v/ith

Thus, if we associate v/ith 1 the regulating parametera
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with the rest of the lines in G t: we associate the regulating parameter:

^ '
A a —

then we obtain

his result together with ( A. 1.6 ) imply that

= F& , (1)

By repeated application the same is true for a multiplet X with any multiplicity,

Hence, the theorem.
(V

ITow, using the method for the analytic continuation of the GPA, PCX)
o

to a neighbourhood of the physical point ~\_ •=. _o of Speer , it is clear, 

from the above theorem, that a massless multiplet will always give rise 

to a /I -space singularity in the sum of the regulating parameters

associates with the lines of the multiplet. If we set
-\ -\ > __ ^
/ j =; /\ 2_ = • • • — ^j; — ^Q

then the new regulating parameter for the 1th multiplet is given by

In terms of the reg-olating parameter )u the contribution from the 1th 

multiplet':, shown in fig. ( A. 1.1 ),

( A.1.1 )

oecomes

r
L

. „ ,Ft + ' ° J ——> L ft
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A direct comparison with formula ( 3.8 ) ( section II ) shows tho validity 

of our regularisation procedure.

-108-



In ^nis appendix we verify some assertions of Subsection III. 2. 4- 

n with take any y\ > o , and consider the representationTo begn

( 3«24 ) for A . Suppressing the dependence on

= Jt G-a

rAd t, we ave:

where the o(Zp) restriction is understood. G— (_t) is analytic on 

C with growth ( in V ) bounded by c'' 

and it is permissible to write:

, p is positive definite,

(A* , = Jl
C

yi-en A 6 J (-^' )• We ave

< L
I

G*a.) Sup 

t,€ C

^ S)

L— yj

c;" 11 3
r 

i: *<£> sup

R4x2

with 0 < He a < 1, and for large v \ \ 3 can ignore -4, which can 

always be compensated by integration by parts ( III.2.3 ). ri'hus,

(A^.l
i v |!I it

' "3 .
C, £•

4> awhere g ( j| p | ( 2 ) is the indicator function , and
u

in Ij'^C (H4X2 ) ( See III.3.1 ). Introducing hyperspherical ccordin,

. -,4x2 , in xi v^e get
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0

with
fl

_ 
rz C

conpact region 

whence, utilising the decrease property of [ g(ir) j~ , we get

<x/

vnere
2 I — 

P is the order of growth of g(R ). Obviously "r

~-0 I I VJ-o e I I *

' s

( A.2.1 )

( const )
I

II. V/e now show that the bound continues to hold in the linit r; o 0

As in Subsection III.2.$ we return to the equivalent representation ( 3.21 ).

^. r-' L. *
-•; t———* L b

ro ro, = o
0

L

which consists of />,+! terms. Because of the action of derivatives each 

ten;; is a sum of at most V,-fl terms of the form ( assume large \\ V 1L )

(const )
v> '
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.ee
. \
; is a polynomial in the p..p.. v —. I

U.oo-«.^c « > f -, 
— o !

G < He a < 1. In smearing A" v/ith a test function 

wo have to consider ( with lar^e V 11 ),
^j 1 | r / /

a

on ( 3-14 )• The right hand side is continuous in

readily obtains :

< c

II

f

One

-2.W

3

for lar/re

easily the "bound:

3 where

or wi"un

is continuous in V] and so we obtain

(const)

( A.2.2 )

and continuous in__ _ _ _ 
* I

in the neighbourhood of zero. This suffices to establish the unifond.ty

of convergence stated after ( 3*26 ).
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In this appendix we verify the support properties of -che singular
•*u

(in ,/ ) pieces A; J ~ Q) of ( 3*40 ) stated after that equation.

>£ J*(A)» T̂ re have, by definiterat consider A -(A. T̂ re have, by definition 
C

'

. -L\Q^ f z intsrand of ( 3»32 ) 1

where z is ^iven in ( 3-34 )• Hence:

00

i» 3 I C—

ar
2

ZT

* r r% . \,. -i ^ r' r 1 -n rr^ n >- r — I

_n
L

Ciaittin.'' the o (2^,') , ( A,3.2 ) represents an entire function of all
O j t

the p. of order <( - ; . ( for the definition cf order of an entire function j ^~

of sevor..l variables see A. Jaffe, Ann. of Physics ^2, 12? (1965) ).
™ ^/z> /

Hence 1$~ F A z tf (^) !^) is a distribution in Qp (R^x:) ) concentrated

on x-, = :c. =
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ex. we consider JQ). According to its definition:

U) = UTO 2^ CZ,pO ZL __J _______ 2rrc2: 21
o f n ' x

. {z integrand

where z ^ is defined in ( 3.34 ). Hence,

Oo

Z- _
f w i = z ' ' ^ A.3.4

w;:ere

P ,. Z ' "? cn ^" , vi(i) ^ CApcn) =- ————————————————————— coiTT—;
vi,

I

' I

the t_, conto-ur integral can be evaluated since we have a pole of order 

(n.-l), and all other factors are analytic; its evaluation gives:
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--?-J

evaluated at = 0. Recalling that Pt = 2*?(
the last factor in braces in (iii) gives a polynomial of degree 'r 1 in
? ? -j 

P f(2)' p p(l)' Hence °3-" ( £(£p-) * last { } ) is concentrated

on x ,/. \ = x /£)• Putting (i), (ii) and (iii) in ( A.3.4 )» we have that
_-_ 4
^\^ *™ / A C*""*'* v \

J l^" 1 «Jr» 0 ^ A' ) ^2L) consists of a sum of terms, each one a convergent l v

C / ' V 
« ; series of distributions concentrated on x /, \ = x (.-,\ t etc.

The above analysis generalises to the case of the n-point function 

corresponding to a graph G( \. V.....V } , £ ). If we confine ourselves 

to the sector o < ex. < <*~ . . . ^ &. ; L = !d?j, and introduce sectori ^. — L •> it

co-ordinates Of - = t-...t. , <• e ̂  , then in every given term of
u xj -L

-che corresponding expression for (ii) ( see above ) we pick up a sub-integral 

of the form

J 
1

where

b.
teger ddter^incd bywith 1 = i,2,...,(l.0 -1), where 1« is a positive in

i '

the tocology of G, and 1^ is the number of loops in ^ne suograpn G p Cj. i

consisting of all lines 1 s with 1' ^ 1, aiio. n., = 0,1,2,... . r.ie "c., 

integral can be evaluate d since we have a pole of order ( n^-1 ) ( in 

general ). Hence by the residue theorem we obtain



Yl

ftp! r=o

evaluated at t « =0. For ,a given r the last factor in the above expression

consists of a sura of terms of the form P^ [lp, pj } , K-.tytGj] Q^Ci';^-} ,(*/, 

v.'ith 0 < k < r, where:

(a) P_ , is a polynomial of degree 'r 1 in the (p. .p.), with iV.,V.}e G fl . •*• > •"• 0 -*• 0 «-
(b) the function CTk ' depends on the (p.. p.) with {V. ,V.} C. G-G* .

* •*• J ^ J *•
We shall now justify (a), and (b). First we note that P..( p ,^'0 is 

defined in terms of the quadratic form (see Appendix I )

. Pr- A B (U)T.

taking into account any possible t-factorisation. Similarly Pp(£ )= P? ( P >.t |lail) 

is defined in terms of the above quadratic form using the Euclidean metric. 

Both (a), and (b) follow from the definitions of P-( f ,lr)» and Pp( ̂  ). 

Now, from the definition oCp = t,.. ,.tn , %-£&, when -L^ — > o ,

j /v A/ n l _ s. o > ar*d the corresponding subgraph G r, contracts u •* » > • • • / *< ^ j — ̂ v ' ^

to a point. Associated are the polynomials P , • On the other hand,r;j£
(k) in computing Q^ y , which depends on the external momenta associated with

the vertices of G-G« , the restriction E ( in the definition of the quadratic
n 

form ) (due to 5(5Z p x') ) can be imposed with respect to any momentum p .

Hence, we can choose p. = -£, pj with V. e G» . From this, statement
j^i

(b) follows.

Now, it follows from (a), and (b) that

t»=oJ
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is concentrated on x. = x. = = x. ( 1 < k < n )
x

it easy to deduce that
~ _t P A r° Cn)
J- A p J>,. rt (A)L I '/ y U — J

(x) consists of
sun of terms, each one a convergent ( in S^ ) series of distributions* tf
concentrated on x. . = x. =...=:•:. ( 1 < k <C n ). Pinally, v.reX X ~

L-'L »};° v -'

support the point x., = Xp = .

;htforwarcL to show that
/ v1' f \is a distribution ( in ^ ; witn

x.n
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In ohis appandi:^ we prove ( 3.70 ) starting from ( $.69 ). Defining 

•^P T r (?) - T (j?)» we "-rite
I <"U r^,

ReT(p) = FCp)-»-YO} ( A z i4- 4- «^" 4- » • s- • -*- 

where I\p) represents the term in braces in ( 3.69 ). V/e have

FC.E) = C-T) Z. [ { t /«•** 3

L

1 1

r ; . , V3-' r ,

( A.4.2 )

with the contour L as given in Pig. (ill. 4. 3). Interchanging; the z integration 

with the t_ , t9 integrations, v;hich is valid due to uniioivu convergence, 

introducing the variable So defined in ( 3.61 ), and recalling that
P

is a finite sum, we have:

oo 3
^J - "• "2.

F r- -1 \—' >• 
Cp) = C'^M—-————1 Z-^ £—< \ \\-~-———————J I

Pj i^^-1 p i L ̂ ) I k. *^? "f') «/ 
*' ^ i.-i •• n

V •<•' • "T O /

i^T., ^v2 ti,tz
J

L
t o 

( The dependence of bp on t,, tp and { p"T } should bo kept in riind) .

It is also permissible, due to uniform convergence, to interchange th
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^ *,2 m-cegraticn with the double series suiLL-aticn, so -cha^: we have:

,*j f
0 0

,,
'

co f ' t > i
n k t, bp ) , V-,—1 

I ———————!————— } ^ -±-

)* ^ 1 ^ 2» /.PT ^ /

L

^
L

( A.4.6 )

the las'c interciiange bein^ valid due to unifona convergence, as follows 

readily on using Stirling's form-Ola. We now introduce in ( A. 4. 6 ) the 

interal reresentation

04-

1 ^d-r e T
2- 7T t

— oo

v/ith arg T < rr } T* Z being defined as exp [-z (^ log IT i -hi arg-r)] . 

The contour in ( A. 4. 7 ) begins and ends at ( - °o ) cloclwise encircling 

the origin once ( ITig. ( A.4.1 ) ). It is convenient for the subsequent 

development to replace ( A. 4. 7 ) b

/
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with the diion.ied contour y subrJ.ttin^ to
# O

1 ar r~f' <C Tr
-> I ~S,

shown

in -lg. ( A. 4. 2 ), the deformation being valid due to strong decrease

at infinity.

( A.4.1 ) Fig. ( A.4.2 )

Introducing the representation ( A.4.8 ) in ( A.4.6 ) we interchange, 

"by virtue of uniform convergence, the double series summation with the 

integration , to get:

L
co

00

2.TT .
T T _ 3-2 r -,

L ( A.4.9 )

on nial^n^ a^ro^riate identifications of the two series in braces w
•* * o — •*• —

15
function

7T folfinally, on noting the restriction Tr.<|argT 

xnd that S P is real and positive, the T and z integrations in ( A. 4. 9 )



may be interchanged due to uniform convergence. In faot the ccr.vorgonce 

of tne T integral is independent of z ( z e L ) and the convergence 

of the 2 integral is uniform in T because arg T 

Performing the interchange and recognising29 that

S.TT. J

L

where X^ is the modified Bessel function, we get, on making the change

of variable ~u

s\>

U 4.10

Next, we deform the contour Fig. ( A. 4. 2 ) to that of Fig. ( A. 4. 3 )

Fig. ( A.4.3 )

points ?_ ( o ), ? ( 8 ) are the intersections of the two straight 

portions, parallel to the real axis, with the curve ( J.62 ). We choose, 

for convenience, the portion Cp. of the contour, starting at P. ( £ ) and 

ending at ?2 ( 6* ), to lie on ( J.62 ). We express ( A.4.10 ) as the s-uii 

of two parts:

PUO= ^ +•



^ (1)
wnaro G ^ receives its contribution from "the portions (-*o-ri<T ,?_(<?)) 

ana ( ?2 ( o ;, - oo - v£ ) --^ (A /
o

portion C ̂  of the contour.

V/o shall now take the limit £ — *• 0. In the limit ? —— *- 0

> C, the contour of ( 3.62 ). Then

receves s contruton rom e

. In the limit, ?, 9 ( £ )->- »<-
and we recover G

C '

The existence and contour independence ( avoiding distortion in the neighbourhood

of the origin ) follows from the arguments after ( 3.61 ). The limit

0^(1)as o — > 0 of G \ ' also exists. To calculate it we need to compute the

discontinuity of the integrand of ( A. 4. 10 ). ITow, the produc o he

I., func'cions in ( A. 4. 10 ) is analytic in the punctured ( at the origin )

^0 T plane, whereas for the non-analytic part we use the identity

together with. ,,15vn r. n

2.YI
(-T—} )
t,T / /

non-analytic piece zn \ ^ . ) ) 6

for the piece contributing to the discontinuity to get:

disc {
,
j = - 2TU
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on using the sir^il*-> •-•••*• »—t_-»-

— oo

v,rliich also exists. Hence from ( A.4.11 - A.4.13 ) we get:

00

C

Combining ( A.4.14 ) with ( A.4.4 ), and noting the definition ( 3. 

of V (p) we get:

1
r

j«,
00

K^n -*
Combining ( A.4.15 ) with ( A.4.1 ) we get the result ( 5-70 ) as was

-122-



APPENDIX V

In this appendix we examine, firstly, the validity, to fourth order, 

0(g ), in the minor coupling constant, of the W-T identity depicted in 

Fig. 15, and secondly, possible cancellations ( motivated by the validity 

of this V-T identity ) of divergences arising from a certain class of 

'super-graphs 1 ( see Pigs. ( 16, 17 ) ). Such a cancellation mechanism 

is very desirable, because otherwise such divergences will lead to non-gauge 

invariant counterterms. We shall make use of the gauge-invariant regularisation 

of Hef. (4l) which involves an analytic continuation in the dimension 

of space-time. Such a regularisation procedure is, indeed, gauge invariant, 

because the W-T identities being algebraic relations which do not involve 

the dimensionality of space-time explicitly are clearly satisfied by the 

regularised Peynman amplitudes ( once it is shown that they are formally
«

satisfied ).

T vx^/I. Let J ( ^^ ) be the amplitude due to the totality of diagrams with
X \

four external 3-lines. Then, to order 0(g')> we obtain

(a) ( A.5.1 )
r \

•*• Perms. V -t- •*• Perms.

(h) ^

Our task is to demonstrate a mutual cancellation of divergences among the 

graphs of the above set. To this end we first regularise the Peynman 

amplitudes corresponding to individual graphs of the set ( A.5.1 ), and 

then show explicitly how the mutual cancellations occur. 

(a)

"'fol = 60 IJHIriJu-H}
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Using the Pauli metric ( x^ = ( x.,, ^ x,, ^ ) = ( :c , x2> x^, ixQ ),

ana. x ̂  x^ =^i- >- = - ;.;.>: ( 3jorl:en-^rell metric ) ) ^he regularised 1"'' 

amplitude yields

"^^r3 ^. **"' 2

'o?he losariti-LTdc and quadratic divergences of ( A.5.2 ) appear now as z-plane 

singularities at tiic physical point z = 4 ( the dimension of space-time ), 

and the point 2=2 respectively. Utilising the identity

k- 2/z] ( A.5.4 )

v/e can easily deduce that

r •
, _L.rea^

O . .-Y; 3 
<~> I i 'L

/ r \• Co)

which becomes in the Paul! metric

c-^-<-- ( ^
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The remaining graphs of the Get ( A.5.1 ) are logarithmically divergent,

the logarithmic singularity being of the form <* m 2 -loaA. ( v/here 

A is the cutoff parameter ). We expect, therefore, to see cancellation

of quadratic, and logarithmic ( of the form 6 p.2" log A. ) divergences

among the graphs (a) - (d). This is indeed the case:

(i) Taking into account the combinatorial factors arising from Wick's 

theorem, and deduction formula we obtain from ( A.5.5 ), ( A.5.8 ), 

and ( A.5.9 ).

,2. -2.

z!
l(f)

'V

Z-2

2.

= o

\ 4)g is free

2 ! 2. 7T *

The vanishing residue at z = 2 implies that J (

of quadratic divergences.

(ii) To see the cancellation of momentum-dependent logarithmic divergences

we take the average* over the four external momenta. Thus, from

( A.5.8 )» and ( A.5.9 ) we obtain

\

4-

— Z

2-!

I am indebted to Dr. J. C. Taylor for pointing out this possibility,
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vmo^a s, t, v, are the usual i-l-ndelstan variables. ^ince 
A-

0 ' •*- j, T" h 2-
--<-". u = z_ p t , it i3 clear that the residue vanishes vith the

implication that J ( ) l" O J^*V»'~>O r\ "P rr f •*-<•,'->-'*. —^ - i-- 
•*• >3 j.J_wtJ VJ-L *j.*O*-iC.** L-U-t.i™"

divergences. 

(e) - (g)

in the ^auli metric we have to consider the lo~arithmicallv divergent

= (-D
3!

in^- out the divergent part we obtain

L J i_

nence,

0 o o

( A.5.10 )

wnere

'i J

i?ro:n ( A.5.10 ) we easily deduce ( utilising the results of Appendix A 

of lief, (a) ) that

R es- rea
0
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m ii'; to account the combinatorics 01" Wick's the ore;:; and the deduction

we obtain

00 - (j)

, ^-Ck)
t+ \L CP) = i.' 4

Separating out the divergent part we obtain ( in the Pauli metric ) for

?'~i ,"•-.
*1L,

Ij \

Utilising1 the follov/ing formul

f '/
i\ u.

r

[/ •'/ 
;\ p .v

0<r i\u

4-

we obtain ( taking into consideration the appropriate combinatorial fac
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es. req
o

Ch)-(j)

A;-77

G-aonering up the contributions from all the graphs in the set ( A.p.l ) T- ;e 

obtain for the momentum-independent logarithmic divergences the following

resiaue

= 0

V/e may now conclude that J ( ^v^
/

of the vanishing residues of reg

V/e, now, turn to- diagrams with three B-and one A -external lines.

is free of divergences, because 

(z) at z = 4t

Let j ( ^\vj ) p be the corresponding amplitude. Then, to C(g') we 
/ \ '

obtain

<^' \
-^§3
x-^^x

\ ' \ ' c
6 (a)

(I)
Co)

! +

^ v 
\ ^N
\
\

\— \ iP O •Y*V" o ', .
-*- V^ J. ̂ u>V • r

1 

J

N

V \ Ii ,*—
/

-v- P .

(c)
(ID

Graphs belonging to the subset (ill) are convergent, whereas the ^r 

of (l), and (ll) exhibit logarithmic divergences. V/e shall follow 

procedure of the previous paragraph to show that ( A. 5. 14 ) is free of

divergences.
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A rather long calculation shows that the residue of the regularised version

of I C£) u. is given "by

The corresponding contribution from (d) is of the form

z'-n- 2 |-4p-Cp3 -j>) -4-p.p3 j. sp 2- I ( A.5.17 )

Prom ( A.5.16 ), and ( A.5.17 ) it follows that the total contribution 

to the residue is given by

(-S) t'-n 2 p'Ps 

Averaging over the external momenta p. , i = 1,2,3 we finally obtain

O ~ ,:_ .
( due to the » -function, 0(0* 2-Pi) , constraint ). Hence, thei i '

residue of the regulated amplitude ( Lorentz multiplied by p^ ), in 

the Pauli metric, corresponding to (c)^ and (d) is given by

* Sz'TT 2- p* ( A.5.18 )

On taking into account the combinatorial factors arising from Wick's theorem, 

and the perturbation expansion of the S-matrix ( A.5.15 )» and ( A.5.18 ) 

yield for the total contribution to the residue of t>u rea J / ^_^ ° 1 sSsx U+ ^
at z=4

Res. rea ( )

( -.5.19 ) 

= 0
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( A.5.19 ) implies the absence of divergences in ( -.5.14 ). We would 

like also to remark that similar considerations hold for the total amplitude 

( to 0(g ) ) corresponding to graphs with two 3 - and two A a -external 

lines. The calculation is rather laborious, and we shall not present it

here.

7
^7^-t.^oi , " 

( N^i ) to G(g ). To this order we obtain

( ) J*T
(a)
AoTT, ( A.5.20 )

Consider

( A.5.21 )
4!

The divergent piece is given by the integral

J d (p) = II

Hence, utilising ( A.5.12 ) we obtain for the residue of the regularised 

version of ( A.p.21 )

( -.5.22 )

The contributions from (b), and (c) are readily obtained from ( A. 5. 22 ) 

by interchanging p., <-> P2 > and P2 <— > P^ respectively. Hence, the total 

contribution to lies { P«,j* £,»/fy ft,* re^ T (
'

Jis -iven
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2 =

I Pi— M •»• { Pz— P*} ] =

Hence, ( A.5.20 ) is free of divergences.

II. I-Iotivated by the cancellation of divergences among graphs satisfying 

the W-T identity of Fig. 15 we conjecture that similar cancellations are 

also likely to occur among 'supergraphs '. For difiniteness we consider 

a specific example ( taken from fermion-fermion scattering ) shown in 

Fig. 16. In this case we expect a mutual cancellation of logarithmic 

divergences arising from the fermion loops in Pig. 16 ( a, b ). In the 

following subsections we shall carry out^ a calculation to show the plausibility 

of our conjecture. The actual calculation, however, turns out to be rather 

long, and we are, therefore, inclined to give only the main steps.

(a) A typical contribution to the amplitude corresponding to the 

diagram in Fig. 16 (a) comes from T I *£{ (x t ) «c f fxz ) "C^fXj) cZ^ (x^) I 

which yields ( using the notation of Subsec. III.l and taking into account 

the S-matrix perturbation expansion ( 3-2 ) )

2 +

Jifc-m)2- Tf (ff : fc*o/r/*^)>Vxo'-HIT L
4.1 <* • L 1 $

a- u/cx.o A-

4-.'

4- Se (5,iJ J <0/ (3,-4-) + other contributions j
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Thus, a typical contribution to the Feynman amplitude corresponding to 

j?ig. 16 (a) is ^iven by

where

x') = exp[ ±

.,0.24

with

In momentum space (A.5.24 ) yields

<v

«.r
"3

( A.5.25 )

The integration over the loop momentum diverges logarithmically. Kence, 

using the Pauli metric in conjunction with the regularisation procedure 

of flef. (4l) we obtain for the regularised version of ( A.5.25 )

J

The divergence of ( A.5.25 ) manifests itself as a simple pole in the 

z-plane at z = 4 ( the dimension of space-time ). The residue is given

(27TJZ

-5.2S
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:ith ( see Sec. II PAi-S? I

- i o
4- rr

T Z 1 K s. -. n
£477-;- -

}
( A.5.2? )

^
where K = ^ 2- s /V] ) • Thus, one could check order by order in 

g ( up to factors in Ing ) the cancellation of divergences ( i.e. the 

vanishing of the total residue ) between the regularised amplitudes corresponding 

to the diagrams .of ?ig. 16 (a), and Fig. 16 (b).

(b) Again a typical contribution to the ^eynman amplitude corresponding 

to the diagram in Pig. 16 (b) comes from T ; A ( (*,) <z t Cx^) *Lj_C XT, )^C^4) **. C^/!

Thus, we consider

iL f c-^o
5/

} { TT [ ? cxj)
3

©
,1

( ^.5.28 )

ind look for divergent contributions of the forrri

CV,5

Such contributions arise from the following terms in ( A. 5. 28 )

:{TT
1

,) T5cx4 )

. ^cx5 ) /\-r

us examine in so

) ©"*" C -> ) -;- cyclic Perms . ( A.5.29 )

me detail the first of the terms in ( A.5.29 ) 'jheii s
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r 2
-r

j^ -

S C (xJ ,x<f )/\_5 C Cx4. ) x 2.) j -h 1>**A- j -hl^C*,)/^ f Cx5 )A^^Cxo: ( A.5.30 ) 

(C* & Cx fy x z ) Tr

Due to the multiplicity of contributions we are content to examine the 

contribution to the Peynman amplitude corresponding to the diagram of 

Fig. 16 (b) due to the first term in ( •u .5.30 ). 2he other contributions 

could be worked out in a similar way. To this end we start with the formal 

expression

CO ..
where

= Tr S CCxx,v 3 A^ S c Cx 3 ,x^) A-

c . >>, c ^ -
D cx 3 ,x4 ) D Cx4^5 ) J

The formal nature of ( A. 5. 32 ) arises due to the lack of definition of

( A. 5. 33 ). Thus, we introduce, in momentum space, the following regularised

amplitude corresponding to ( A. 5. 33 ) :
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where, for dixed _V , , ( z.^ )ezc
41

4*2

and

If we separate out the piece in the trace which gives rise to divergences, 

when the regulating parameters take on their physical values ( i.e. A-, = 0 

2« = 4» t = i,2), and concentrate ( for the sake of argument ) only 'ion 

one of the divergent contributions we obtain ( with abuse of notation )

. ILL

x X
0'

A.5.54 )
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where

( A. 5. 35 )

We now adopt the following representation for the integration with respect

to x:

1

x "' 0-x)' O )

ft -*

Sin TI cv . 2i 5 inn

where 0 < ReA < 1, ImA. = 0 and f(x) is any function analytic in x. 

The above fonzxila used in connection with ( A. 5. 34 ) furnishes us with
*

an explicit analytic continuation of ( A. 5. 34 ) f^orn the region yV^ 

into a _v -independent region jf\-

, o <<2, -* =

( see PAHT I III. 2. 3 )• Then we obtain after summing with respect to 

J> and v

(- Pf){rc3-v,)P% U- 5 ' 56)
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The original divergence associated with the ferraion loop integral shows

up now as a simple pole in the z.. -plane at =4- residue is given

Res. =

Inserting this in ( A.5.$6 ), summing up the ^ -series by Watson's method, 

and carrying out the integral with respect to k we finally obtain

He
c—-,«

00

= B
r * i
L C4TT)^ J

, 
d xX

r
/. V. / -

E*-zvi+

in A we set z2 = 4- Then following the techniquesHolding

of Subsec. III.3 ( PART I ) we obtain the following expression for the

residue
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= o

-
Kr i

L C4TT) 2 J

r
sm-

" s

( A. 5. $7 )

r 4.

l:rc:u ( ^.5.26 ), ( A.5.27 ), and ( A.5.37 ) one can easily see that the 

amplitudes corresponding to the diagrams shovrn in ~j~:L{?. 16 (a), l"'ij. ID (b)

C< *^ T^^ *~\ C** "* Vs '"•-»' •» Isane s^nui demonstrates

the plausibility 01 our conjecture. V/e would like to elieve that the

verification of our conjecture is only a matter of a detailed calculation.
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On page 16 'decompoition 1 should read 'decomposition 1 .

On page 44 'bracked 1 should read 'bracket'.


