SOME PuC3LS 0 THS RalCLLALIsArICn

OF IION~-POLYNCHIAL LaGianGIalis

R
\,\B Ap

< DEPOSITED o
‘u&) ThESlS >

St. John's College

A thesis submitted for the degree of Loctor of Phuilosophy in the

University of Oxford

July 1972



To my parents

and

liaria



ACKNOWLSUGLLZNTS

I would like to thank Dr. P. X. liitter for permission to include
work done in collaboration with him, and also for giving generously of
his time, as my supervisor, during his staying in Oxford. It is a pleasure
also to thank Dr. J. C. Taylor for his encouragement, and guidance through
PART II of this work as by supervisbr.

I am grateful to St. John's College, Uxford, for a Senior sScholarship
and other financial support.

I would like also to thank my wife, liaxria, for her patience and

understanding during this work, and for her excellent typing.



A method of analytic renormalisation is developed ( in PART I of
the thesis ) to define the three point time ordered product of massless
fields of exponential type as a strictly localisable distribution in the
Jaffe Class. The uniqueness property, known for the two point T-product,
is verified for the three point T-product for a special choice of finite
renormalisation. It is characterised by minimum singularity on the 'light
cone' { the Lehmann-Pohlmeyer 'ansatz!' ); there are no delta function
type singularities concentrated on tﬁe point X, =X, = xs.

A model of a massive neutral pseudovector field, Wr. , coupled to a
non-conserved fermion current, jrk =V-k_\d.jh)’5 \i-' , is- considered ( in PART II
of the thesis ). The generalised Stuckelberg formalism is used to convert
the above non-renormalisable coupling into a conventionally renormalisable
interaction, £:nh= 3: J\* /-\r.: , together with a non-polynomial strictly
localisable interaction of the ‘form of;_n{ = -m -L[T/- : (exP [ink B] -1 ) : k};
which can be treated by the metﬁods developed in PART I of this thesis;

( Ap , B ) are the Stuckelberg components of the Wu field, and the B

is taken to be a massless pseudoscalar field giving, thus, rise tolmassless
'superpropagators!. The renormalisation of the model theory is effected

with the help of generalised Ward-Takahashi identities by adding suitable

gauge invariant counterterms in the original interaction Lagrangian o
cancel_out the infinities of the theory. Thus the complete theory becomes reno-

rmalisable.
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OREVIORD

By ‘'non-polynomial Lagrangians' we mean strictly localisable Lagrangians
that can be expanded out as entire functions, in the free fields, of oxrder
less than two. Such Lagrangians belong to the Jaffe class which is characterise
by the requirement that the increase of the vacuum expectation values (VEV )
of products of interaction Lagrangians, <0 [azfx (%) ... ZI (X ) l O> ’
in momentum space is bounded by an indicator function g(t) satisfying the

.
condition

B In g+ dt & oo
1 + i* <:

Thus, growth such as

3(8) < ex,o[.s"‘] , < Y

ges) < exF{ 5'/2/( fns)?']

The thesis consists of two rather disjoint parts. The first part

oT
is allowed.

( PART I ) - rather mathematical in nature - deals with the exponential

self-interaction.

Z’I (x) = [ exp (3?(@) -1 - 3?5“) - ‘3% ?{;(x)l:]:
with 35(><) a scalar massless field, which belongs to the Jaffe class.
The 3-point time ordered product T [:;f I (x,),fz (X3) ,frus) :] is defined
as a strictly localisable ( operator valued ) distribution which satisfies
the Lehmann-Pohlmeyer a.nsa:l:z5 « This part of the work is entirely original,
and it has been carried out in collaboration with Dr. P. K. Kitter. We
remark that the 3=-point function in question has been obtained through

a method of analytic renormalisation. The method is quite general, and



can be applied to the case of the n-point time ordered product
_T'[zfr(x,>... szan) ] provided a way is found to include finite

renormalisations in order to satisfy the 'minimality' criterion of Lehmann,
and Pohlmeyer.

The second part ( PART II ) is concerned with the renormalisation of
a field theoretic model of a massive neutral vector field coupled to a
non-conserved fermion current. This is a non-renormalisable theory, and
may serve as a mathematical model suitable for investigating divergence
problems associated with more realistic models for Weak Irnteractions.
The model was originally considered by T. D. Lee31, and the renormalisation
problem, in the context of non-polynomial Lagrangians, was taken up by the
authors of Ref. ( 32,33 ). Our original contribution lies, firstly, in
the possibility of using massless 'superpropagators', and massive fermion
propagators, in contrast with the authors of Ref. ( 32, 33 ), and secondly, °
in fixing up the necessary counterterms, in the interaction Lagrangian of
the theory, in a gauge invariant manner. This part of the thesis was carried
out under the supervision éf Dr. J. C. Taylor.

The following notation will be used throughout the thesis:

(a) If x , and y are 4-rectors, we write

3 p y
xy = 2 w3,y <

whexre ng:(T,—i,—l, -1)
(b) Any n-tuble of variables ( X} 9%50 000X, ) is denoted by underlyings:

x = ( X1peeesX, ). The elements of the generalised vector x

may be 4-vectors,
integers, or a set of complex numbers, but the meaning will be clear fron

the context.

(c) ]5 I E#{S}= nunber of elements in a set S .



(3) The space of tempered test functions is denoted by of , and
the adjoint space by ;yf’. The Jaffe space of test functions 1s denoted
by 5 , and the adjoint space by Q;,, whereas the corresponding spaces
in momentum space are denoted by 77?', and‘77?/.

The organisation of the material of the thesis is as follows. Xach
PART is divided into a number of Sections. The latter are divided into
numbered Subsections, and equations are numbered consecutively in each
Section. References are indicated either by the author's name followed
by a number or simply by a number. A 1list of references is found at the
end of the thesis.

Finally we would like to remark that the original material of PART I
of this thesis has been.accepted for publication in the Journal of IMathematical

Physics.

iii



PART I

I. INTRODUCTION

-

~

The difficulties of "non-renormalisable' ficld theories, at least
at the level of perturbation theory, are well known although, at our present
level of understanding, no fundamental objection To ( 2t least a class
of ) such theories is knownl. At the perturbative level, such theories
(e.g., :#n; n25) can indeed be subjected to axiomatic renormalisationz’B,
that is, a Lorentz invariant extension procedure of timec ordered products
of interaction Lagrangians consistent with axiomatic structure ( unitarity,
causality )4; however such procedures are not physically compelling for
these theories due to the greater lack of uniqueness of extensions, than
is the case of renormalisable theories. .
. With regards to this problem of uniqueness, Leilann and Pob"meyer5
made an interesting observation in connection with the two point Time

ordered product of the interaction Lagrangicn:

(1.1)

n{r (x) = :[ EXF(gﬁ}a(x))_ l—gc/'b(x) - 31/2 9{)(x)z. ]:

fad

where sﬁCX) is a free scalaxr field in four dimensional spoce Tine.

They observed that although ;i;:(x) leaus To a conventionalliy non-

renormalisable theory, each oxder of perturbation in Jf (x) ZIuwmiching

an infinite set of divergent reymmon graphs, there exists a unique definition

of _I- [Jf (X, )éf (Xz) ] as a distribution in the sence of Jaffel.

The uniqueness was characterised by minimun singulerity on the 'lisht cone®

corresponding to a certain regularity on the surface X, =X, 1.,e. absence
n

of [j £,<xf'xz) type singularities. The question naturally arises

as to whether higher point time ordered products can be defined with minimus



11ight cone'! singularity. Since the only ambiguity in the construction

3 3 - L 3 ." v” 4_"‘\
of time ordered products, consistent with axiomatic structure, is in tae

form of distributions concentrated on surfaces of coinciding pointsB,
a construction with minimum singularity, satisfaying a regulariily condition
on such éurfaces, would be automatically unique and would not entail the
addition of arbitrary finite counterterms to ( 1.1 ). Together with the
authors of Ref. ( 5 ) we emphasise that, if the question has an affirmative
answer (.preferably to all orders of perturbati&n theory ), then one might
use the regularity condition on the 'light cone vertex' as a boundary
condition 4o fix the dymamics of at least a privileged class of non-
renormalisable interaction Lagrangians. This is the motivation for the
analysis carried out in this part ( PART I ) of the thesis. Furthermore

the analysis of ( 1.1 ) may turn out to be of physical relevance, since
non-renormalisable theories of physical interest can be shown to contain .

7

such structures'.

In this part of the thesis we present a method of analytic renormalisation,
motivated by ( but different from ) that of Speen:'s;9 whereby the divergences
of an infinite set of Feynman graphs arising from the three point time
oxdered product T ["{1("‘) j.r (xa)} is removed, and a minimal extension
is secured by a suitable choice of finite renormalisations. The scheme
is an extension of the techniques used in an earlier paper of P. K. Mitter7,
where it was shown, with the restriction that 96(x) was massless,
that the two point time ordered product 'F [46I<4)i;0&)] could be defined
uniquely as avJaffe distribution with minimum 'light cone' singuwlarity.

For simplicity we have considered only the case {( 1.1 ). However, the
method of renormalisation which we shall develop is readily applicable

to the more general case of a strictly loca.lisablel interaction Lagrangian

of the exponential type:



b n
L, x) = > d(n) D ohex) (1.2)
n=>5

n!

with real coefficients d(n) satisfying

1/
f:LF l n) l <: N

The material of PART I of the thesis is distributed as follows: In
Section II we review the two point T—producti-r'[&f;(vq)gf;(xz) 1 using
a renormalisation technique different from that of Ref. ( 5,7 ).' Section III
is devoted to the 3-point function. In III.2 we replace the general term,in the
formal Wick expansion of -F.Ef;(ngZ;sz)éf;(xs) } in an infinite series
of ( divergent ) Feynman graphs, by an analytically regulated obﬁect,
a massless generalised Feynman amplitude (GFA) in the sense of Speer8’9
which enjoys the‘following properties: (i) it exists as a well defined
tempered distribution and (ii) individual divergences are separately '
tracked with complex parameters. Once this is done we can define the
regulated vacuum expectation value (VEV) of the three point T-product |
as a series of GFA's converging to a strictly localisable distributionl.
The next step taken in Subsec. III.3 is to generalise the renormalisation
procedure of Ref. ( 7 ) to the three point T-product. The method is to
give an analytic decomposition of the regulated object into a sum of regular
and singular parts. Analytic continuation of the regular part to the |
'physical! value 6f the complex parameters gives a renormalisation. The
consistency of our procedure is established, through a verification of
the unitarity-causality properties of Tpproductsz. In Subsec. I1I.4 it is
proved for the three point T-product, that a finite renormalisation may

be implemented, so as to secure, precisely as in the case of the two point

T-product, a unique extension characterised by a decrease property ( in



a subspace of the momentum Space ) for the real part of the trree point
function corresponding to minimum singu}arity on the 'light cone' ( in
co-ordinate space ). We show explicitly the absence of delta function
type of singularities concentrated on the surface X, =¥=X; .

An entirely different approach to this problem has been laken up
by K. Pohlmeyerlo, and J. G. Taylorll. We wish to emphasise that our
motivation in undertaking this analysis has been to extend methods originating
in the renormalisation programme of renormalisable theories to interaction
Lagrangians of exponential type ( i.e. non-polynomial Lagrangians ).

Within the frame of Local Field Theory there is a need for a systematic
perturbation theory in powers of the Lagrangian ( 1.1 ) which is free
of ambiguities. However, because of the non-renormalisable nature of
( 1.1 ) giving rise to an infinite number of arbitrary parameters due
?o increasing divergences witi increasing order of perturbation, it is
far from obvious that such a programme can be carried through successfully.

. ) . 2
The axioms of renormalisation »3

are too general to resirict the ambiguities
of a possible perturbation theory in the interaction Lagrangian ( 1.1 ).
They must, therefore, be implemented by an extra 'boundary condition',

the Lehmann-Pohlmeyer ansatz in the form of a regularity condition for

the amplitudes on surfaces X, = x, =...=x, . I{ is worth noting,
however, that such a condition is non-trivial. This is because no finite
sum of renormalised Feynman graphs can enjoy this property due essentially
to the presence of logarithms in renormalised perturbati§n theoxry. The

first part of the thesis is & report on some progress in the direction

of a successful implementation of such a programme.



II. TEE TWO POINT FULICTION AS A DISTRIDUVION

II.1 Preliminaries: We begin by reviewing how the ViV of the two point

T—product, <o‘ T [ZI (x,),fr(&) ] l 0> , may be defined as a generalized

function in the space of localisable distributions. In doing so we shall

i, 12
give a partial answer to the following problem proposed by X. Hepp .

n
Problem: Let %'an z" be an entire function such that for aLpI (%) = Zan -'%CK) :

and all m, <Ol,fr(x,)...f1(xm) |O> € E/( R4m> ( Jaffe space )
where fé(X) is a free scalar field. Is it possible to define uniquely

<0lT[ZI x) - Ly Cxm) } |0y s the limit in the Jaffe Class

of the sum of all renormalised graphs for a suitable choice of finite
renormalisations? It turns out that in the case of the VEV of the two
point, and the three point T-products one can ‘find suitable finite renorma-
lisations so that the Lehmann~-Pohlmeyer ansa.'tz5 is satisfied thereby ensuring.
uniqueness of the amplitudes. In this section, however, we shall only

deal with the two point function.

Throughout PART I of the thesis we need a form of Wick's theorenm

applicable to T-products of fields of the case ( 1.1 ). This form of

the theorem is provided by Iori's formula:

T ['ZI (%) - (Xn)_] = Z Z . H %LY
l"—s co Y=l [ir"zlyrs']!

Y=i,2,,n v _V p% '

,-_5 2t rs=Sr 5 My

I_T [g A (ers> . Z”r.s'j E[n-z,vns’]. ( 2.1 )
1Sv<ssn e ] . gém) cee Blxyy) S .

For the 2~point T-product ( 2.1 ) implies

. ;', .
+i / <
T[{ch,mﬂm)J Z T a3 1 oo dons
[) 2."' 1; ./ [2 ./
and for connected contributions in the case of a massless scalar field:




oo =y
D:,_ (X, %)= <OlT[,,fI (x,),{lcx,_)] |O> = Z L gzjy [(47:‘2)(—01-)12)24-(0)‘] ( 2.2)

/

V=1 prE. d
II.2 Analvtic Remularisation: From ( 2.2 ) we have
o0
~r 21 e ( 2.3 )
T,y =20 B8 d) Gax)
V= y!
where
-3
w) .
2 (¥,%2) = [:(47’2)(—("4‘X2)2+40):[ (2.4)

Each term of ( 2.4 ) may be realised as a connected graph CICAAA! )i’(ﬁ)
with a set of vertices {V,,V,} , and a set lines ZL(G) , with
XK{L)}=1. In fact, if we make a correspondence with Feynman graphs
the line of G is a multiplet of Y lines. The formal nature of ( 2.3 )
arises form the lack of definition of ( 2.4 ), which involves products
of distributions. Therefore, it is necessaxry to replace ‘I;WCX»,&?
by an analytically regulated object, a genaralised Feynman amplitude (GFA)
in the sense of Speer.

Speer, and Westwa.ter9 "‘ have shown that in any Feynmari amplitude a
massless multiplet can be regularised as a whole by means of a single

complex parametexr., In fact they have proved the following theoxrem:

Theorem 1. Let E-G (2)(P) ve the GFA associated with a graph G, and

let .X be a massless multiplet in G. Iurthermore let G¥ be the Feynman
graph obtained from G by replacing the lines of x by a single massless
line, 1. Then, |

Fo (M)(p) = Fg (X))

provided



We elaborate briefly on the proof of the theoren in ‘Appendix I.
However, as a direct consequence of the above theorem, and Hori's formula
wve deduce the following Lemna:

Lemma: The VEV of the n-point T-products of fields of type ( 1.1 )

( corresponding to complete graphs ) can be analytically regulated by
means of ( ) complex paraneters.

Thus, for the two point function :j;(x,xz) we need only onecomplex

paraheter. In lieu of ( 2.3 ), therefore, we consider

(1-2)¥ - (A=1)¥
T (k) = S [ 3% [—(x.—x;)u‘o] (2.5)
=L T LG=2) ]

and the complex parameter A is restricted to the region:

A = {2;0<ReA<:,o<1m2<o<}

Remark: We have introduced a A ~dependent term {Tﬂﬂ(d A)V+l]} [ i/<4m )]

in the place of {Tﬁ[V+ﬂJ} [.3,/@4ﬂ4)] . This is equivalent to a choice
13

of a finite renormalisation™”.

In the next subsection we turn to the renormalisation of ( 2.5 )

IT.5 Renormalisation: It is readily seen that ( 2.5 ), as a series

/ .
of meromorphic distributions in JZf(R4)14 converges in the topology of
/
the space ng (R*) chosen with indicator funcition of oxrder of growth
P }%<<-P <Y y which is consistent with strict localisabilityl.

We obtain from ( 2.5 ), by continuity of the Fourier operator:

~ ) ~ N ’ <
Lowey = tim T 00 (e T/ (r%) (2.6)

where

~

N A ~ y
o =>2 70w (2.7)

with  Jp (A)(P)  given by



~ . (-3 ) [v(1-3)-2]
szu)(})) _—_(-[)(477)1[: g/(4_ﬂ)z] C-L-w(t-))v ]"[(,\-/)wz] [p +('o] ( 2.8 )
TLa-2)ve] L a-2v]

¥Yrom the identity
T’[z+(,\—z‘)y] = T-'[_u)+lyr>)>)—‘ TJV [)-(1—- k/y)] }
=2
it is clear that A =0 is a singular point for all terms ( excepting
the first ) ol . .5 ). The Kth term has poles at A =1- K4 , K=z, ..., »
( i.e. we have a pole at A=0 plus a sequence of neighbouring poles ).
Note, however, that the pole nearest to the origin occurs at A= yy (¥22).
Hence, as » increases the neighbouring pqles approacn A=0 so that
"3',_ (A)(P) has a non-isolated singularity at A=0 .
Define OC» to be
vV
o =[f(2) ,C(,\Dkﬂ_m-(:—k/u)] is analytic in |2 |<E }
=2

and

N
o= U oL

Y=

Then, it is clear that 72_”(1) € OZN . Now, the generalised evaluator
of Speer8 is defined to be the map:
L, : Ot,

such that (i) &j/v is linear, and (ii) iff(/\)e Yy is analytic at =0,

2

> O

then wN f C)): )CCO). It is easy to see that the following representation

satisfies (i), and (ii):

ZJNfO):z—-T’r—L_ /C d A i;ﬁ- , VofO) ey,
R ,
with C Ry 2 circle of radius "

| wN we obtain

N ~
W, T, 01y =250 0, T 0 ey (2.9)

Becaus L 1cti t + :
cause O’J.\)the restriction on RN the contour CRN encloses the simple

RN<'/N. Then due to the linearity of

A

v
pole of 3;_ (¥=2, ..., N ) at the origin, and no other singularities.



Thus, defining
~o N ~
T, = &OT, 0w

we obtain from ( 2.8 ), and ( 2.9 )
N

~ N . Y,
T = L9 - lem* £g*1” [PT+ee] .
C T [prrie] [Pp*+io]? S [(4m?]” [TLv-11T ¥ Lo+]

{ fn[ %%4_“)2. (PZH‘O)]—%fC»—/)— }D(V):%sz)—iﬂ} ( 2.10 )

N\,
However, because of the non-isolated singularity of Jpz_ ()) at } =0

the above procedure does not go through in the limit of N—>°° |
In order to avoid this difficulty we shall use the concept of weak convergence

/ , .
in the space m g - First we observe that there exists a uniform bound

of ( 2.10 ), namely l ‘j’ZNCP)& l é G 3X/>[(Ilf|lz)y3] VYN where

BXF[(“/;”")'/}] - 1s a locally integrable function which defines
. . ~ N ~
a functional on ??’Z'g(R“) . Also /‘étm ‘3‘2_ (P)K - ‘chl’)l(
—p O

-almost everywhere with

~J oo ] | y
TZ(P)Rz—L—Sj——‘ RECPul [9*7” [ p*+io] .
Lprael [p*+io]® 522 [can)*]” T [v- T[] [vi] |

. { {n[ 37(4701 (P"—H’o)]— ‘714(1/—1)—- "7U(V)— '}LCV'H)—L"’T} ( 2,11 )

Then, the function 'B'Q_(P)K also defines a continuous linear functional,

~J

Tz,i( , on the space mg(fi‘*) ,and Lim ‘g’

N
N—roo L:R — JZ;K

~J
N\

. 7

in the weak topology of mg (R*) . To see this we apply Lebesgue's
~J N ~

dominated convergence theorem to the sequence (3‘1 ( P)K <#>( P) ’

SbCP) e méc R*)  which is majorised by the integrable funciion

G exp E (HP”Z )‘é] l%(]))l . Thus we obtain
f §‘2<P)p\ ;L:(P) ’CJF = Lim / l %}_N(F)Kg@) cl/b

N —»o0o
This bound guarantees the absolute cénvergence of the integral

< C fexP[C!lpllz>y3]]$(p) dp
f T, S dp = (Ton o)

S




-~
N
Finally as the weak limit of continuous functionals, 72, R , the functional

~N

‘jz,K is also continuous.

II.4 Unigueness: j,_(?)g , given by ( 2.11 ), can be still implemented

by a finite renormalisation, which is necessarily a functional of the

form X(P) ’ %(5) being an entire function of oxrder less than one

half. However, we have already chosen special finite renormalisations

( See Remark in subsection II.2 ) and the object of this subsection is

to show that such a choice of finite renormalisations leads to a unique
~

definition of the renormalised two iaoin‘c function (3:_ ( P)R .

Definition:

~

-1
cjz(xlaxz) = ’3- [TZ'R}CXI)XL) ( 2.12 )
We claim that the above definition is unigue, by virtue of absence of

. - n )
.singularities of the form ] cg(x,-—x,_) . To see this we use the following

representation for ( 2.11 ):

<P> — (4__”_)2. l -[AZ CoOLTITZ / 2-Z {—P_LO 13
: 2 [m*]% Tz+17 T [2] (2:23)

3

2

with the contour | shown in fig. ( II.4.1 ) encircling the positive

real axis counterclockwise.

L

!
i/
|

The uniqueness of T (P>K will be established once the Ke [ Z'CP)K]

v

Pig. ( IT.4.1 )

is shown to be unigue, because the Im[ j (P>K] is *lxed by wunitarity,
and causaln.tyB. Now, utilising ( 2.13 ) we obtain for the real part of

{ I ( P) R the following expression

=10~



Z-2
el o] = i [4n LEL LT TEn BT caas)
r sinmz [ [z+] T'[2] .

The contour Tﬂ can be opened up parallel to the imaginary axis without

losing convergence. Then ( 2.14 ) is rapidly decreasing as Fz;a-+-~° .

In fact the integral can be recognized as a lieijer function C}§§ with
%;?4H)Z,C'Pz) as argument, and which decreases exponentiallyls, as
Pz-—v“+°° . This implies, by a space smearing argumentB, that
Re [i ICX)] is free of delta function type of singularities concentrated

at X=0 , If we add any finite renormalisation, %LP), to T,_CP)R

such that %2,_( P) R= :jzc?);("'j(?)’ then by a well knfewn theorem for entire

functions of oxrder les‘s than one half the Re [Z. 72_/0’);2] will not

decrease in any direction in momentum space. The F.T. of cj::c;f)K

will then contain singularities of the form [:]n'é\(xf-xl) .

It is therefore, clear that our definition is unique by minumum ‘'light

cone' singularity, the criterion of Ref. ( 5 ).

In the subsequent section of PART I we will show how these results

may be generalised to the case of the three point function.



III. THS THREED POINT ITNCTION

III.1 In this and the following subsections we turn to the main object

of concern of PART I of the thesis, namely the three point time ordered
product of ( 1.1 ) with minimum 'light cone' singularity. We shall show
that 1t is possible to develop perturbation theory to third order in powers

of the interaction Lagrangian ( 1.1 ) free of ambiguities which are necessarily

present, if one tries to carry out the renormalisation programme in the
conventional way of expanding the field ( 1.1 ) in powers of the ( minor )
coupling constant. It is not obvious at all that such a programme can

be carried through successfully, but it is highly desirable to know the

answer in view of the fact that many models of physical interest in Lagrangian
field theory give rise to exponential field interactions of the (1.1 )léi
?his is Teally the motivation for the analysis carried out in this part

of the thesis.

The inherent ambiguities ( in the form of entire functions ) of the
theory can be traced back to the non-renormalisable nature of the interaction
Lagrangian { 1.1 ).. Indeed, if we regard renormalisation as a consiructive
form of the Hahn-Banachvtheorem;7, the presence of a denumerable set of
arbitrary parameters is an indication for the lack of unigueness of the
extension procedure of @l T [ .fl. ¢ X, )'ZPI (xz)ji_ (X3) ] ic> defined

‘on C;; (){3X4 ) ( the set of test functions in the Jaffe class which
vanish together with their derivatives to all orders whenever X; =.xj ,
| <0< ) £ 3 ) into the whole to Jaffe space @ ( K3X4> . However,

the minimal sirgularity condition of Lehmann, and Pohlmeyer can serve

as a 'boundary condition' in fixing up possible finite rencrmalisations

to ensure a unique extension. Of course, the physical conteni of such

a criterion is still an open question, but one is tempted 1o say that



nature singles out the least singular ( perturbative ) quantum field thecry
corresponding to a given classical interaction.

In Section II we have seen that the second ordered perturbation expansion
in ( 1.1 ) is free of any 'ultra violet' divergences leading to finite
results for scattering amplitudes to second order ) despite of the non-
renormaiisable nature of the interaction ( 1.1 ). We have indeed demonstrated

~NJ

the high energy damping of the real part of ['i tI;(f>>R\] , and it

is easy to see ( by direct computation from ( 2.13 ) ) that

Im [ Ty (] ~ exp[ (p)2] , prores

This latter result is to be expected from phase space considerations

7

of a system of N massless particles in the limit of N —> o0 ., 3See fig.

( I11.1.1 ) bvelow.

Fig. (III.1.1) /’/)&\\\

As a consequence cross sections are expectied to rise strongly with energy,

a situation which implies that perfurbation theory can at best be meaningful
in the low energy region. Another interesting feature of ij;(P)R. is the
logarithmic dependence iﬁ 12! ( due to the presence of double poics in
( 2.13 ) ) which is closely related to the non-renormalisable nature of
the interaction Lagrangian ( 1.1 ).
It is interesting to see how these resulits generalise to the case
of the three poipt function, and this is indeed the subject matter of
the remaining subsections of PART I of the thesis. We remark, however,
that the three point function, in momentum space, is a function of the
three external momenta satisfying a constraint'imposed by the overall

delta function, and the problem of implementing a unitary and causal amplitude



in order ioc ensure the correct asymptotic behaviout to satisfy the "minimality

condition' is expected to be far from trivial.
The following subsections deal with the more technical aspects of

the problems encountered in the third order perturbation expansion.
III.2 MASSLESS GENERALISED FSYINLAN AlPLITUDES

III.2.1 From ( 2.1 ), restricting ourselves to irreducible contributions

( these are defined only away from the surface X, = X,= X, ), we obtain

(3’ (Xy, %2, X3) ——<O‘Tl: (x)Z <xz)Z (x,)] >

-—Z L5277 J, Garaxs)

Y=t Ev\a_l]

E.—l 2,%
_where

3

(Y, ¥, %) r . z . -
3 (Xi,X2,%3) = L l i-(‘q'ﬂ ) <—(X€.£‘ij:) + LO)} (5.2)
=1

Each term of ( 3.1 ) may be realised as a connected graph G ({_V} ’ aZf )
with a set of vertices {V} , with % {V!=3 and a set of lines Z ,
with l_ = Ile(jj i:.- 3. If we make a correspondence with Feynman graphs
each line {e ;5 is a multiplet of ¥y massless lines. The formal nature
of ( 3.1 -~ 3.2 ) arises from the lack of definition of ( 3.2 ) which involves
products of distributions. See Appendix I.

‘:j""’g) : . ) . .

3 is a Feynman amplitude with massless lines. Thus

our first step will be to replace it by an analytically regulated object,

)9 yhicn (1)

a generalised Feynman amplitude (GFA) in the sense of Speer
exists as a distribution (ii) reproduces ( 3.2 ) formelly when regulating
parameters are assigned certain values ( Subsection III.2.2 ). Ve will

then analytically continue the massless GFA to a region ( Subsection ITI.2. 3 )

~14-



(%Y%)
in which ( 3.1 ), with 73 replaced by GFA, represents a series

/ / x
of distributions in & (R**?) converging to an element of ng (R**%)
( Subsection III.2.4 ). At this stage we will have achieved a definition

of the regulated version of ( 3.1 ) in a form suitable for renormalisation.

11I1.2.2 1In accordance witia our programme we will introduce in this subsection

an analytically regulated version of the massless Feynman amplitude ( 3.2 ),

17

avoiding difficulties with infrared divergences™'. In this subsection
v, ,¥,,¥; in ( 3.2 ) are arbitrary positive integers but fixed.

In view of the Lemma of Section 1I, we expect that
V¥ ;) .
3 (x;,%2,%;) can be regularised by means of three complex parameters.
Thus, in lieu of the undefined factors in ( 3.2 ) we introduce
Lap=1]%
(¥

. z 2 .
A () = ‘élz;g m}){ [—- (x{i—x£f) +17”x£[—-xff ” J (3.3)

/

which is a meromorphic distribu‘tionl4 in g (R“z} ( ),{ ¢ complex
parameters ) and formally reproduces the uxlefined factors in ( 3.2 )
for A {:0 . H H is the Euclidean norm in R4. We then introduce
a further real ( > 0) parameter r:

(V) (¥¢)

Qe = tim fim A, (300 ( 3.4 )
1y90 ryo. y

with the R.H.S. of ( 3.4 )+defined as the inverse F.T. ( in B ) of
~ ) v, LGy —I)V]ITZ 2L g1V +1]

(A — l(?"‘l'n)C('*'n ) e . 2
A, e () e oo

P LChp-)yy + 1] i 2 N ( .
.fdocztxa ¢ ¢ fixPfoe[/b-;-u]HFH] 3.5 )

-15-



with Re )a(i R

A(qv‘a: (Aa)v(xh.,x Ef) is continuous and bounded, the product
c\r.l _ 2 (Ve) ( 3,6 )
qu<l)(i‘_): -I_]‘Amr (Ae)(xgi—xh)
‘ 8:1

o _
is well defined and may be evaluated by standard methods™ to get the regulated

Feynman amplitude in X-space:

~ | 3 [ 2[00y -0v7  TELO,-1)%]
X 2 3 4 4 2 ¢

T nm=tem S(Zpo |2 ; N S
", D gy | Lam*1 TLG-dvy ] J Lol fli+in]

oo (Ae—l)veﬂ

00 - 3
[ m[‘xﬁ ] L 1
.jd“ajduz.[a“_a [d'+xl+°‘3]2 EYP 1*72[1:0(,1-0(2_4-0137 : ( 3.7 )

2

,{f_o{sd, Faz*‘ X, &z Pi“‘z"‘s Pz ]+ i’7 £°‘3°(‘HF|“2+°('°(1“P211'1+ O(ZD(BHPBHZJ}}

In order to take the  —» O+ limit on ( 3.7 } in a restricted region of the
. p\ . ... 8 . . .. o
regulating parameters A we introduce” a sectorial decompoition of & -Space.

We write ( 3.7 ) in the form

I

To =2 "If;(g)f, (35.8)
. - Yy,

1

whexe F is a 1 - 1 map of {1,2,3} onto z and TY? is the sector in the

X -space given by:

~-16-



T(f:{ocloéufco'{'o{f(l)é(xf(B)_<_°°} . (3.9)

and introduce sector coordinates OCP(E) = Jc5 <o {& such that 0< t3 40
o ¢ %. ¢ 1 (£=1,2) with Jacobian TT { . Then the '¢-integral' in (3.7)

in the sector TKF is:

+2£-

(o(—lnteﬂ'ra.l) J c“. }c JJ’: cH. TT [{ J‘[E({h,{;)j—z

e L’- P?('L;, + 1 EP 4. .
XP[ = s L P e ’mJ (3200

i

2
- P
h -
‘where (i) IL'?. _S_ P<f') f)vp(e,)]

\\

(ii) E, L) = 1+, + b4,

il

P 2 1 2 =
(111) P| FPU) + JE;T-z. FP(z) + Jt-l PPU)

il

P 2
P |+ b “ch')”l ( 3.11)

”Ff@”z + tita || Ppca)

and the lower end points of x.-tl,tz integrals are r-dependent, and ftend to zero
+ \ +
as r—> 0 . We shall now prove the r —- 0 1limit. But first we make the

following remaxrk:

-17-



Remark 3.1

The 't," factorisation of the quadratic form in the exponential in ( 3.10 )

is characteristic of massless Feynman amplitudes. It is in fact a special
case of a more general factorisation for n-point amplitudes ( Lemma 2.2.20
of Ref. (9) ), and has implications for the structure of singularities in

2_ space which correspond to divergences arising from convolution integrals
in momentum space. Unfortunately this 't' factorisation has not been taken
into account in the analysis for the n-point amplitude of Ref. (11). We remark
also that we have introduced imaginary parts through positive definite quadratic
forms; as we shall see this enables'us to prove easily the existence of the

" J,d boundary value in Agf'tl24xa) for the massless amplitude. Again

the existence of this limit has not been proved in Ref. (11).

Theorem 3.2

Let

4
: M?_ax {Vﬂ

A= {020 - CRedy<t, o< Tml,<a; 2or2s}( 3.22)

and consider

Ae/\,

/ ) .
(1) exists in £ (R**®) as 2 Lorentz invariant distribue

~y

Then Lir. f[m j .
nyo vyo 1

tion. ( In Section III.23we prove analyticity in a region /\ O /\1 where

X

JAL is V¥ independent).

Proof:

-

In order to prove the theorem we study ( 3.7 ) in the sector TT? with

the representation ( 3.10 ) for the '®K -integrel!. Noting the definit:on
P

Fiz — ﬁIZ:( [ (]P(e,)—-; ) ”m')] » The t; integral clearly converges
as r — O+ with the regulating parameters in INL1. We do the tL integral

using:

-18-



YL

2

fJoz oz,v“ exPL'o(dy = F(V)A/—y e , Im)/>0 , R"f”)o
0

to get, in the r — O+ limit ( which we will justify )

- 1
mifpl] =L Q™% 531
(Q-integral )r = & 2 ’ F[!’Lg +4‘]\/Vd‘l’.2_ kg_ i 'PL
0

’ L Ogy= 1 Wy 1 +1 phea - [p5t4]
.fJL, b T feaaal T [PRas e in PIs )]
0

( 3.13 )

First we note tha£ E ( %, ) is strictly positive. The summability
of the ( 3.13 ) integrand, with respect to the lower end point, for the t,
integration follows ( as for the t5 integral ) from ( 3.12 ), making use
of the first inequality for Re A?. . On the othér hand the summability,

with respect to lower end point of the tZ_ integration is assured by the

~J

L
condition Re Ay < 1 in ( 3.12 ). Hence, the r —» O+ limit of ‘3',};,. (2)

exists, since it exists in every sector o .
~NJ
X
Ve next prove the existence of the _‘rmo limit of ‘?Jr,] v () in

W =7
using a method due to Gelfand C. We smear the integrand of ( 3.13 ) (multiplied

by ¢ (2 pi) ) with a testing function c# (P) e &f (R¥®) ana, observing

Im }J.3 >0 utilise the following icZi.en‘l:ityl8

77 g

(L P,+i7]P‘z , ?5 ) _____'[4k'(_[rk3+4j+1)...(—L}A3+4]+k).(_£H3+4J+4)“_

-19-



-1 K=y kK~ ( 3.14)
.,,(-—E/A3+4J+4~+k—1>} ‘CEE,*-U')EZ] " 4,0@ ‘}é>

where D is a differential operator of the form

ai};), being the coefficients of the quadratic form ( P1+i P2 ) in PP,

3 B
because of the presence of § (Z. F‘> .
=1
We choose k¥ > 4 and observe Refl_:, <0 ., The cxistence of the

~J

limit in ,@”I( R**3 ) of ( 3.13 ), and hence of ‘I]i(;\_) , now follows
since the 'rl i,O limit of the ( smeared ) t-integrand of ( 3.13 ) exists

and is dominated by a summable function ( Lebesgue's theorem ). The bounda.r:y
value is clearly a Lorentz invariant disiribution, since P, is Lorentz

invariant.

Remark 3.3

We shall make one further simplification. VWe consider ia lieu of
( 3.13 ), the expression obtained on making the Teplacement PZ(_T_,_;p_) —> PQ(P-)
which is obtained by setting 'L:J. =1, =1,2 in tl*e‘coefficievnts of the
quadratic form P2(_'t_:_;3). Then, repeating the previous ;:hain of argucents,
the boundary value Y } 0. exists as a Lorentz invariant generalized function,

and coincides with the boundary value in the preceding theorem. Thus,

from now on we shall consider the quadratic, form ( P, (p,)+i 5‘92(_79_) ) in
2

the analytically regulated & -integral ( 3.13 ). Py(p) = Z I PM)”

j=t

III.2.3 By virtue of Theorem 3.2, and Remark 5.3 the GFA ( 3.6 ) with Y},on

can be written, in the momentum representation, as

=20



~NJ
v o~eo Y

pvo (20023 -——4;? I (D@ ( 3.15 )

J

where

&y 2 3 a3 | 2w TEL Qe %0 |
T OO = ) a(Zp)) exp(T B TTIE S -
' P g=1L [4w2] PO T[U‘)f(e)wﬂéﬂ |

| N f "[(Af<3)—1)y1°(3)]-1 v
.m;,u;mf It A (358000,
0 ( 3.16 )
and
» 1 Coiny= 2%+ 1 ,‘LF+2-
Ay sty = [dut, SR o TRy L
- .
o mLpg ]
. Eff(_t;f)+t‘qu<f_)] ( 3.17 )
with

3
i ;{;_:{ [ Qo= D2und , EChka) = 1+darbibs

| Ppeo

P 2 2 | 2
| Pl(ic_;_]f)'_‘—_ F?(*)-"{'{ZPFU-)*-L

P — = 2
FLp = Z kg ||

with the regulating parameters in the regionl\l ( 3.12 ).

The qio boundary value exists as a Lorentz invariant distribution

in ¢f ( B¥3 ).

-2]1-



In this subsection we will establish an analytic continuation of the

GFA ( 3.15 ) - ( 3.17 ) into the Y -independent region /\. where

-

f\.:{) -b(Re>\€_<1 ,0<Tmlg<a , —2:1,2,5} ( 3.18 )
Returning to ( 3.16 = 3.17 ) we observe that when Re XP_S [1- L’;tleax{”e}]

lower end point singulatities may arise from ( 3.17 ) from the factor

L L =1%o +1]
-1

will remain integrable. The tl. end point singularities will be reflected

in complicated singularities in the regulating parameters. We first display

whereag the corresponding t, factor in ( 3,16 )

the singularity structure.

Consider the generalised function:

-L pg+ 41

[Ei(f; P) + 1 Pﬁ(?)] ' (3.19)

wiich appears in ( 3.17 ), and where 92 is a positive definite quadratic
form. Such generalised functions have been studied by Gelfand].'a' Now we
observe, following Gelfand, that the above generalised function can be

analytically continued in the coefficients of the quadratic form. In fact,

with n>0 , it =5 analytic in tl in a complex neighbourhood KlC C
of the domain of integration 0 X Jc1 £1 in { 3.17 ). thermore E is
analytic in t; and strictly positive in 0L+, L1 it is evident that
(}Lg-i-l) . . — : |
Ce(&i)] too is analytic in a complex neighbourhood K2 of
034, L1 . Let X be the common domain of extens’ion.

19

Then we obtain, by a well known procedure

F=22-



)+1]

o+
E(A 1—1>V 1
R st () = ——] fc“t,(-t,) e
" - = zcsmﬂ[(;\f,“,—f)vf(,)ﬂj , |

Prz _ ’[/‘:'*4] (3.20)
CLE®E] LP,P<‘3‘»£>+“1 Ej(f)]

arg(=t) ! ¢ . Tae t; contour begins

and ends at 1, in the complex 'tl plane, encircling the origin once counter-

with (-t)x = exp[fnf+i a.rg("t)] )

clockwise, the contour lying within K.

We remark that, from the identity of ( 3.20 ) with ( 3.17 ) in the
region ( 3.12 ), the existence of the N40 limit in ﬁ/( RA*5 ) of ( %3.20 )
follows. ( However, in ( 3.20 ), the n}0 limit may not be interchanged
with the integration. )

Formula ( 3.20 ) furnishes us with an explicit analytic continuation
of ( 3.16 ) from the region Al ( 3.12 ) into the region /\ ( 3.18 ) (ADA)
since the integral in ( 3.20 ) is anmalytic in ), all the singularities
Being contained in the factor | (/—t;+4) c{zisinm [y =1pey + 1] [
which is analyftic in this region, and the 't2 integral converges. We have
introduced the representation ( 3.20 ) as it is convenient for future vork.

With »]> o , ( 3.16 ) is a distribution in £S5 '(R4X3) with analyticity
in/A\. It now remains to prove the existence of M0 1init in ,@VI(RA'XB)
of ( 3.16 ) in the region/\. Let us return to ( 3.16 - 3.17 ) with regulating

s . . 5 . . . 8
Parameters in the reglon./\l . Then by repeated partizl integrations™ we get:

( )k' (- )k‘ f
Y, - ot Y g
» o=t —1) Pi+2+y
Apasta), =12 {— e D di b
k‘-':o T—[ (}1‘:+Z+m‘ .i—-l- (PF_‘_;)_.*.ml) 0
m =0 ' 'm_‘=0 ‘

A p
sl e Lpdee]
(s—?c—‘-) ]{E(Hz) [Pf(ic;f)ﬂ)ypj(_}’)] ;o o(3.21)

~23e



( with }'(2:'5;: [(AF(E')—O Ve (21) ] ) which may be expanded out as a
sum of terms. This formula with all end point singularities factored out
also provides us with an explicit analytic continuation of ( 3.16 ) to

the region.f\. From the theorem on analytic continuations it follows that,

in the region /A ( 3.20 ) and ( 3.21 ) ( and hence the corresponding repre-

sentations for ( 3.16 ))are identical. Smear A%ﬁ&;tz) miltiplied by 6 (Zp)
with a test function #>(2) e o (R4x3) and apply again Gelfand's method

( to the representation ( 3.21 ) ) as in Subsection III.2.2. Note that

the application of various derivatives in ( 3.21 ) will lower the exponent
of the quadratic form ( last factof in ( 3.21 ) by a fini<e ( lll’dependent )
amount. On making use again of the identity ( 3.14 ) we can raise the

power up so that the real part of the exponent is positive. Then

P ~
(P.+in P )-ﬁ }13f4), ) is continuous in . The existence of
1717 ]

.the M40 limit in @3 o S(Z ) A'v:i(?x_;tz) (in /A ), and hence’
of ( 3.16 ) now follows by dominated convergence. ( Note that the boundary
value is a Lorentz invariant distribution since Pl is Lorentz invariant ).

We have now obtained the definition of our regulated massless Feynman
amplitude ( 3.16 ) ( the regulated form of the formal product ( 3.2 ) )

as a distribution with regulating parameters in the region of interest

( 3.18 ). We state this result as a theorem:

Theorem 3.4

- The generalised ( massless ) Feynman ampiitude ( corresponding to the

formal product ( 3.2 ) ) is given by the Fourier transform of:

~J

T ww =2 T, 0w, (5.22 )
r

24~



with

= G 1% e‘%‘ [Gpey™ ] .
'3‘,]<>><F>r_ (87 S(ZF ) exp[ Lt 5 ]H ] [T

L L Opey ] | (3.23)
- 3 p(3) .
.rw;MJJA-& Lo I HRIEN

o

and

[(Ao 1 1?]1) 1
/-\— ()\ 4-_ ) = {stmnf_(AP(,) 1>Vf>u)"’1” ch_ (-1 =WV T

f ~[pg+e]
Wyt 2 ¥
et T [efcas 2 ein B ()] ( 3.24 )

where /J’_; ._Z ()\P(e) -1)¥ 5(2) and A
region /\. .

10 9\5 are restricted to the
r"hen ( 3.22 ) defines a Lorentz invarient distribution in

,@V (R4x3 ) with analyticity in /\. , ané meromorphic elsewhere For fixed

Y,... 5 ( taken arbitrarily ) the singularity of Lo (2) at A=0

’7

is in the form of poles on hyperplanes in @3 :

<>‘[>(1)—1)Vf>(1) = -K-2; ‘Z()\P(ef’ PO = K-+

with kj =0,1, 2, oo. { 3=1,2 ). ( This is evident from the factors

TEF; +4] in ( 3.23 ) and {ZL'sénTr ECRPC”—””PU)‘*“] }—1
in ( 3.24 ).

The other poles from this factor in ( 3.24 ) are spurious

since their residues vanish. )

~25~



III.2.4 Ve are now in a position to turn to our basic object of concern:
the analytically regulated version of j (;c_) siven in ( 36l ). Let us

define:

~J
b4
where the GFA Tq is given through ( %.22 - 3.24 ) and the A regulators
are restricted to the region /\ given in ( 3.19 ). By Theorem 3.4, each
term in ( 3.25 ) ( together with the # [O limit ) is a distribution in
‘o A%3 I
,@’ (R™"’). Let us smear each term in ( 3.25 ) with a test function

%(_E)e 7t g(R4x3). Returning to ( 3.23 ), it is permissible to smear

A‘-l’;l ((2);t,) times & (Z p). In Appendix II we show that for large ||¥|, = }?:ue
',CAZ >$>1 < T Qi;w ”‘;H ‘lvl'(l/?livlls)
’l I N 9 1= s ( 3.26 )

and that a similax bound holds in the limit 10. The §(Z p) restriction
‘ () |

is understood. Here Y has growth ( const )H g “= ; H;{z Hg is
a norm in mg(R4X2) and > is the oxder of growth of the indicator function
g(t)l. Choosing p > é— y as in Section II, and using 33 rling's Fformula,
we verify that ( 3.25 ) converges in the topology of %?{;(34"3), and wniformly

~o

7
in v . Hence 7.,”0 (1), exists in W[g(R"r)‘B) and is analytic in

A s because the convergence is uniform in compact subsets of I\ . Ve

thus have:

-26—~



Theorem 3.6

25(1-22)y€

Tpo D = >, 2T e @) (1)
YH y=1 W[y{i]j y} '
IS

exists as a Lorentz invariant ( strictly localisable ) generalised function
in a space C; (R4 3) with indicator function of order of growth P
A <l> < __ y analytic in the region A.

( 3.27 ) constltutes the analytically regulated version of the formal
series ( 3.1 ) of divergent Feynman graphs. For later purposes it is

convenlent to express ( 3.25 ), using ( 3.22 - 3.24 ), as:

@) = g 2. L
T (D@ = 6 (Zpi) %5_, T:f L T
3 . 2 r —1)]y, i
= TT4 S [ LQen= 11 [ 92172 r0% 3
F 1
EO,D() Vg d-1
T“w3++:z]d£ Ay (5£)C),
| ( 3.28 )
and

0+
-2 - —
Aq (_)_)'{'-:.> = {Zisinﬂ'L (AF(”-— 1)))) + 1 ]} 1'/(“:‘ (_JL')EMF(” 1)Pl+1_]..

p P ( 3.29 )
. p +2 -[ K +4-]
CLE] [Pf(ﬁ,g)nr] NS

..27..



3
with P @) -1)V
Ps {i p(L) )?.
In order to derive the above expressions we have exploited the fact that

the series coefficients satisfy

r g ]zf. (1-Ag %, - . ] 215: (1=2pc))Ypct)
> - 3 -
ﬂ[ﬁ(dm)‘]”z TLWZ“]J . H[EW;)’-J P T Dyt ’—7}

1 1

for any permutation ? of ( 1,243 ). Ve have then interchanged %; with

> which is then the same as 2 : . Since the {_VF(C)}
{3 {.”F(i)}

are summed over we can replace 1%(U —— ¥; to get the above expression.

I1I.2.5 In the previous subsections we have giveh the construction of

fhe analytically regulated Feynman ampiitude with massless rmultiplets for

the three point function, since it is with thls case that we shall be concerned
in this part of the thesis. Our procedure readily gzeneralises Ior the

n-point function on making appropriate use of the t-faclorisation mentioned

in Remark 3.1. However, for the n-point function the parametrisation of

the sector co-ordinates, { OCPU) s e e DLF(U Er » where

_ L
ch(ﬁ) — ‘-{_""LE
0 &t &0 (3.50)
0 & {‘Z < 1 , L=1,2,... (L-D

is too naive, and gives rise to spurious singularities in the 2& —-sSpace

which are not necéssarily true singularities of the Feynman amplitude corresponding
to the n-point function. The true singularities of a Feynman amplitude

are given by the "singularity family" of Speer8. For the simple case,

however, of the triangle graph associated with the three poiﬁt Tunction

the parametrisation ( 3.30 ) as well as the one suggested by the "singularity

~28~



family" of Speer yield identical results.

III.3 RENORMALISATION OF THE THRUE POINT FUNCTICN
III.3.1 We have already remarked ( in III.L ) <nat renormalisation in.
the absiract sense  of BPZ ( Bogoliubov-Parasiuk-Hepp ) may be regarded
as an extension procedure of funcitionals defined only on a suospace ( of
test functions ) into the whole of space of test functions. Indeed
TXB(X1X2XB> is defined only away from the point x, =X, = Xz and the
points X, = X, i,j = 1,2,3, iz j, because the time ordered product
1—[:2f1(xu)--- gfrcxs)] is ambiguous at coinciding points. Thus,
iIB(xlxsz) is defined only up to funcitionals concentrated on X, =X, = xa,

D

o X; = X, , i#£3=1,2,3, that is, o 3(x1x2x5) is defined only on
C;O(R3x4). The extension, however, of ij3( x1x2x5) as a functional

on the whole space of Jaffe test functions C;,(R3x4) is non-unique, because
by the Hahn-Banach theorem tiere exist many possible extensions. The
axioms of renormalisation, which we shall state below, resirict the possible
extensions to the cnes which satisfy the general principles of Lorentz
invariance, symmetry, causality, and unitarity. We shall, now, turn to
the axioms oI renormalisation for strictly localisable interactions.

The test function space, C; 0(34)’ “or non-polynomial strictly localisable

.b .
interactions is the F.T. of the space 7% (B*) o2 aiz C”™ functions
(=]

f in momentum space the topology being defined dy the fanily of zeminorms:

1§ lama = sup, 3 CAIRIS Gl [ D7 Ecp | <on
peRT

for all integers m,m 20 , and A > 0 vith
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2 > 27
g(fH) = 2_c,, t C,, 20  Cy20

r=20

such that

9) 1+ 1%

The entire function g is called the indicator function, and characterises

the growth of the Wightzman functions in mozentum space ( see foreword ).

Definition: Let O{I (x) be a strictly localisable interaction ( i.e.

entire function in the free fields of order less than two ). Let 8

be the mapping of n-tuples ( o{ I.(xl) ces Zﬁ I(xn) ) into operator-valued
distributions | [;Cr(x,) frcxn)] ‘and T[%I (X.)-"fl (Xn) 1

( antichronological product ) over Eg(RA’xn) which satisfies the following
three axioms. |

(E)

T[:KICXa)n-ZIan)]—i [zfzcx?(,, f(x@;)_i T[ﬂ Gy - .,fI(xn)*:I

and

>

i~ -1
T[Z 0. £ an)] =Ua. M) | LK 20 2y (A“(xn—&))] U(a,\)
where (&.A)e 539 is an inhomogeneous Lorentiz transfoxmatvion and
F = (fU) F(n)
( E2 ) T [afzc,(,) ‘{r (X ) J give rise to a unitary S matriz:,
ssT = sTs = 1, which implies that

O:i(-i) > T[af (X{) °°-p{zcx[k)]—l—[:affr(xikﬂ)--.ofl—(xl},)]

K=o 1<Kl
where the second sum extends over all the posszible ways or breaking up
the set of points Xy peeesX, into two sets of k and n-k points.
( B3 ) Causality: Let C}D (x) be a space-time function which controisz
the intensity of the interaction at various regions in space-time. Thec 5

N

=30~



causality implies that

§ §S) sTey| = o Y x <y
obx)| SP(y) |

where x ~y denotes that x and y are separated by a space-like interval.

Let

) L
R (xy=2_¢ 2. T _fch,)fICXL;»--{I<xak>]'

p—

T ir(xikﬂ) 2 (xgn)]

Then, the above differential form implies that

suFFRn(z)zfgg x,—xkeVE;. ’ 1<§(§n}

.

e
where V.4 is the closure of V4 = { xeR7 l X° D
&; which satisfies the above three axioms is called renormalisation.
"In this subsection we shalil develop an extension procedure for the

o~
three point function, <53(X1X2X3), which sa%izfies the axioms ( E1,2,3 ).

II1.3.2 Our task is to show how the series of regulated Feymman graphs

( 3.27 ) may be defined at N — 0 throush a renormalisation. Ve alzeady

remarked ( Theorenm 3.4 ) on the singuwlarity structure of the individuzl
~J

by
GFA's T,?_ (2) for arbitrary ( but fixed ) ¥ . Tor an individual
GrA one could renormalise, by procedures sultable for meromorphic funciionals,
either through a "generalised evaluation" corresponding to the ééneralised
evaluator of Speerg, or through an "analytic evaluation”21 waich is equivalents
to an analytic decomposition into reguiar, and singular parts with a subsequent
analytic continuation of the regular part to 2&::9_ ( the “physical’ point ).

~J
However, :Sq (1) being the sum of an infinite series of GTAi's is rot meromoryhic

-3l
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by the reasoning of Section II. We shé,ll, trerefore, generalice the ex<tensicn
procedure of Ref. (7) in order to give an analytic decomposition or 7,1 ()
into a sum of regular and singular parts.

Returning o ( %.28 = 3.29 ) it is convenient to write the ¥V, sum
as a z contour intesral representation since ( as will be clear ) the

3
dependent poles on hyperplanes (t can be aralysed as moving z plane poles

in the spirit of Ref. (7). We get:

)

T,](A)cp (s 5(2;%) Z T_[ e [y+1j 1 O F 03(2/?( 3.51 )
P
3

3 2 Aoioy Y (orpr—1)V, L
5 pi£) 7L e pe) ?

[@m>]% TLG-Rp0))%]

2XnE  (QXpry—1)20d
1 dz_ 2 P e P [31_5 CoOLTrz

2 4 E(4w>"3a7[(1—}?¢,)>z—} T [z+1]

“ECJ,oa) 1)Vs]-1 v |
A\,l (z ,_)_ 3{:2.)(_}?)?

( 3.32 )

TL u+4]fc!£{

, |
with A7) given as in ( 3.29 ) with the replacement Y —>Z  and

p p ;
s ps = panm 1)z + 2 Qpm1y

The contour |, is shown in Fig. (. IIZ.3.1 ). From tie following anc~
lysis it will follow that T’ can be chosen so as to enclose only the fixed

poles of cot =& at the positive integer points



A

&1 2

Y

Fig. ( IIZ.3.1 )

~nN
( 3.31 ) when smeared with g‘g e mg(RA'XB) converges and Gefines a generalized

/ -
T (r4X : . L .
function in [g(ﬁ4 ?Y. Let us now see how ire A singularities arise.

First, consider a subregion from ( 3.18 ) in 3,

(1)
/\5 — /\1 x A(z)x/\cs)

APZ L, | dpten e Q =
= 2 ? ’Y:f_e , Tz £ Q_<"‘f ,lrg‘fl<cg} (3-33)

is the shaded region in Fig. ( III.3.2 )

Fig. ( III.3.2 ): The region /\.(\0') ( szaded ).

Moy
Now T'—vl (2) has possible singularities at the non-analytic points of

the integrand of ( 3.%2 ). Aside from the fixed poles of cotTz these
are moving (2\_ ~dependent ) singularities in the z-plane; “hey lead to
a %4
singularities of I (as _D_\ -0 ) only if they cannot be avoided by T‘1
contour distortions.
The |  function in ( 3.32 ) and the overall factor ( in braces )
Y

in the definition ( 3.29 ) of A.,! ( in 3.32 ) lecd to the following set

of moving z-plane poles:

_33-



2
(2) = ==
| 7‘3‘oc1)

2 ") = 0&+%“%f“%@ﬂ%yw“)ﬂ”> (3.34 )

with n‘_j =0,1,2,...(3=1,3),and all percutations f) . From ( 3.33 ) and

( 3.34 ) we get ( with the convention 2 =0 for j = 1, n; = 2, n =4 )

;)
Rez 7(2) = - Y{’(n L[ Onjemp)ees Qg *7 "y %<05 (o ) ( 3.35 )

M)y _ e S| ' -
Imz""Q) = Fow [(nj-«-nj)smﬂfm Z’ m”ﬁs‘”(@}m Qf‘”)}
and hence:

)

) ) 4 < . ( 3.36 )
ImZ V= —‘l:a‘n.Q?wRez - )cosﬂ?m 45 Y‘FLQ)V{SMQFCD
. f(“

n , nil

Froz { 3.35, 3.36 ) we see that %he 2" 5)(9;) poles with Re ‘:“:L 20

-~ A

lie on a straight line ( in the z plane ) with a positive intercept and
subtending an angle 'G_F(” (—— - Q?(,J o< Qf(” 07 cn tne
real axis. Clearly, for Re Z o > 0 we have Im =" 3)>0 . Thus as

shown in Fig. ( III.3.3 ) the T1 contour can bve chosen so that all

( .
Z 3 ()) poles lie exterior to it.

Fig. 4.3 ( III.3.3 )

In the region —/\-s ( 4.3 ), ( 3.31 - 3,32 ) is analytic in 2\_ . However,

=34~



if we were to continue to A —> O  ihe Ty comtour would get pincacd

between the fixed poles at z = k (k = 1,2,5,...) and, from ( 3.34 ), those

moving poles Z ° (Q) which at A =0 saiisly:

)

zn = N, + 2 = kl
3

Z(n3)= 1’13-*-4-"2:1’{: K's (KJ’=1,2-,3,...)‘ (3.37)
2

leading to non-analyticity of ( 3.31 - 3.32 ) -
In view of the pinch singularities encountered in the continuation

to A= 0 we generalise the procedure of Ref. (7) to extract an analytic

~J

piece out of cj,, (_A_) . Yo thls end we disTtort the contour T‘l —>T'1
\

m,)

NN nt ) ) o2
so as to enclose the 2 C2) noles and comruve the discontiauities

using the residue theorem. This leads to the decomposition:

N

‘%,7<_x_> = T D

NGPA e DT, (3.38)

. ~J
of ( 3.31 ) in /s ( an expression for A“T)"r ()X) is given in Appendix

{ L
III ). We remark holding any two AJ, )‘k fixed in /\(j) ) /\(") respectively
2) e
that (i) (j (X) is analytic in ) 3 /\( , and (ii) fim PSYICZ)R
j \

).o—»O
CON
/\ J,,- since it may be seen

exists um.qa.ely for any sequence {A
that the (3\) do not lead to pinching of T]«, . liext we consider
the second set of poles in ( 3.34 ) which will cause a pinch singularity

of ‘j,] (-)l)R\ when all ‘/\g ({1=1,2,3 ). We cet ﬂg_—_.Q_ and

(riz)
deduce from ( 3.35 - 3.36 ), for RezZ > >0

0 KImz"7) & 1 (n;+4)sinQd ( 3.39 )
FU)
( 3.39 ) J.mplles that the imaginary parts of the poles which nmay pinch
T1 are bounded in a region independent of Y, , Yz . Returaing

to ( 3.38 ) we may repeat the coniour distortion procedure T, — |

_35_



. "3) - ("n3)
so as to enclose tpe 2 () poles ( with Re Z 2 1

)
3

..~
-
F\
v
r_l y]

compute the discontinuity ( see Tig ( III.3.4 - IZI1.3.5 ) )

!

Fig. ( III.%.4 )

We then get the analytic decomposition in /\

~

BeY NJ l, *-A J 2>+A3(I]Q> ( 3.40 )

—~ .
Tow A1'3 Iy (00 ( which are the resicues of the moving poles ) have

"

a complicated singularity at A=0 . Zowever, as shoam in Appendix III,

T A, T

‘Y“o (\/._1
concentvrated on X = X, = XB. 3 hermore J A(K 0<A>
is a sum of distributions with supports concentrated on surfaces Xi = X,j‘

>
Cn the other hand, 3,,1 (_)\_)R‘ca.n be analyticelly continued to _;\_ =0

)J (5) is a distribution in C (.2.4 % ) with support

This continuation may be done by setting all the A s egual to soue

i'x,,

and continuing in the single variable to zero. ( The analyticity follows
- IR} » - -~ 4 - : v ~ - .
from the fact that in the continuation no furihor | contour <istortion
. : . (] s e o .
1s necessary, the moving Z (2) poles iusing wita the fixed poles
-~
at the positive integers). It now Zoilows that o L "
l
is unambiguously defired as a coniinuous linescr fun ctlonal only on the
X e . S4X
subspace CO(RA’ 3) of test functions from C (=7 3) wilch vanish, togeiher

with all derivatives, when any two spacetime points coincide. This ~as

to be expected.

~36=



We now obtain a definition of j(z) (X) at A=0 turough ithe

/
LX
following extension to C (7 3):

c:)og (x) = T F:S

S |

~

X

L
Pamn
N

[ ]

N
}_J
S

A

where:

%
, (_1)>)€ [g*17*
Y5=1 f=2 [(4—Tr)7-]))9 T(VQ)PCVQ+1)

i

on
Y
Mu
MX
"

y 1
i 7 V-1
1[4z e "% cotmz [:32.72 . T 4z-Z ] /"A{Z-!;Zs .
20 [T (@TGen  2isinm(-2+1)

o+ e -2
.]AJC, ) T [Eek)]
1

From the considerations of Subsec. III1.2.4 it folliows that ASV}'O' is
VA
. A dtyas i m// 4x3 - . .
a Lorentz invariant disitribution in (R™7). Thae extension { 3.41 - 3.42 )
is certainly not unique. We can clearly add to the R.H.3. of ( 3.41 )
. : Y 2PV <, N, VR .
any translation inveriant distribution in Q’ BT, =, ,:-:2,353) with
g : <
support concentrated on X, =%, = x3. In fact we sizlil take advaniage

of this later to obtain a minimal and unique exvension. Iut first we

prove that the extension ( 3.41 - 3,42 ) constitutes a renormalisation.

III1.%3.3 We have already shown taat ( 3.41 = 3.42 ) constitute a Lorentsz

/
invariant extension to a distribution in 5 o’ Furthernmore the extension

of j; (x) is the complex conjugate of the extensiocw: NSS (x) . This
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follows easily on wtilising the fact that in Section ITL.2 the 4 (2)
. A ‘3’2
~can be obtained fronm <}_) Y7 complex coniugation for real values
of the regulating parameters, and then by analytic continuation in general.
Hence, (El ) is satisfied. I% —ecains, now, to prove the basic unitarity -

\ »
causality relations for the functions. We introduce the following notation:

(a) . T[XI.H xn] = T[,{I(x,)...fI(xn)]

P
o
N’
0~
N
X
e
0~
~
X
3
il
2
I
s

‘Starting from

T[x,... xn:] = > rjn(xr..\xn) S“Iu < <z<_>I:
T

the unitarity relation for the T-products ( see III.53.1 ) implies

0 = Z [Tn(5)+ C-1)n Tn (5):] : C}CX)IZ

T T |

& By
Z(—z)Z__ 2. 7 J(J, 30 Ty G ) T RGed  Eei)

K=t << T3 Ikl :jk" ( 3.43 )

with



Now, from Wick's theorenm we obtain

—

I
c B G ) R P G N

T, il
2 jr)s |
S~ A (T L
l: - V. ']
1<v<k Jﬂs‘ 1$tfk [.Jr g; Jrls
kri¢s¢n
.‘—'Z )J" .s' | L"n-Z_. y.w.n
{ﬂ }195%1}' T g T
kﬂ_(_sgn Z"yJV .15 '

Hence, with the convention thav nesative factorials are infinite, we deauce

that

——

~ . . : T, : /j - . T
2 G T e ) 120000 e @ G I) -
IKs]—K . jk i :‘\l

EE: R )
= . %(jl"'Jﬂ-) « C_’_D(\)!i/\+1"'j‘.".> k .

T % J 17
= v T e
' - , Civis) : :
) (jk(‘]l“"‘k) Zyd { ‘r,s v . | .+ - ; jn'k(Jk+""Jn)
- —— Svsk JYJS .
Krt< s&n

Substituting into the unitarity equation ( 3.41 ), using the independence
of Wick polynomials in the free fields, and noving that Il = J 1J !
¥ %k = 1,2,+..,0-1 we finally obtain
-39



— L=

2

0 = qn(x):,-(—ﬂn J.A(x) - 2__ (-1),\ E T (;"...;'K).

— 2 ))J r J'S V.)Y‘l s . —
ST ] EETT AT G v
> Y s ;

r<r<k Jrl?
ketg s <n

e - .- - A . 5 . :
A9 bl o) RSN - e S - - an A aa N S A -
Specialising to the thrce point Luncilion, and using o siizntly diffcrent

notation the unitarity condition rccis:

Lritarity

Y .

v~ S ; a1 (Ve ~ s
O:Z QP J > < l I Lg7] ""“"’<\/"L V) } -J(".»-(_U,) ( 3.44 )
VG o= e 7y

WAS2 U=+ VQJ...,LG,} i o gererailizedld veroir of <§'(3_Vp—-vg} ,df;) ,
v .

U'=Clu) + U= T %) ,eni M(uu) s
U

G(U) J
- R U o G N S
tie sev of lines comncceiing ena U' o { Doz motational zimplicliy

i - - BRI SN ~ o~ AN N D S el T o = . -~ IR
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Jeyimian graph.  The Jirst and tnind foctezs of { 3,49 ) Cin Te evalusted

10 LOMENTWM 83aCe, &8 Lu Ii.Z,2 ond Irenm Thoorexz 3,2 L Sollous siat

the 1iziv P4j-ﬂf°° erieve, L1 we mectrics 2; TOOTnE Teslon ./\? .

We thon got ( with the PV, resalators TemOVed [ uhe gensmaliscd S Soviolri gy
| >

relation fox the mass_css GFL U - \Z)CE) Lo ovhe re-lon /\: . oW

we can carry tovousa whe cnalyiic continuwt;cn Looccliae of subzce. IIZLC.

leadinys to Lhoeorem .4 ( note tha< _-ﬁ- ( A ) Lo cnvire anclysic

and obviin tae unltarily relation for tho mosslcss CiA's:

Ul =¥ | )
0= GO (A){éi A (X))

GLY) ,
<eM(Uu’)

U.A_J.J.V U

7 (

-

”
R
I0y gacn

) ts ( wai
recion /\ ( 3.18 ). Ve

with the are cGi

-—,1‘-_-“

M.-A-V_L.J._.

0450

!

)

.

and redistrioute it cmongst the various Ioctors in ( 550 ). Vo then oet
- Cf’AQ)/d
lUl = .r_%*_j \ e~z Y -
Z NS, i o T,
- - - i . oT
e G iea?g—{u;d: N
/»_A,\:),‘
e AR . lF o2 k‘ \'/ \i N)
-390 (v:) = - LoeTd \ 2
— 2 . A ~ Y ooe -7 — :
" ; \’ (% ) o= CAQ/ '. ¢ l l N / ; (
- SN NN o)
) I « 1= P e ¢ -
e MUY Lyt 2 5] ‘3
4
-
- . 7 i eV~ ~ -~ S -~
Minally, swmiing over cll wie Y '3 we got noding ( 3.27 ) the gememilisc

e,
..k,...w Yo
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on toe other hand _fim £ (R, Apsy)  exicts
p(2)=>C
}‘f(Z) and similarly for the other variable. Iow we show A,U(g)(f): o
Fixing our attention on }F({) s LOor Some ;.7 , We rcczell  fzcm
remark after ( 3.%8 )) that the linit )?(ﬂ 0 ( Ffor ixed )\i;(z), 1‘::(5) )
exists for the sgquare bracked in ( 3.54 )
Lim A“J(A)(z_) exicts. On the other hand, ( 4.24 ) can ve

)9(1)»0
written as:

V=0

AU = .?f; 56,0 O SO rpmg)  (3:56)

where
P
EV(_)\_) = Z an«a-z()\fm)}cy\ ne2 ?cm ,110(3))
fim by . e
and we must have i Dp () exists for each r. 3But
’ Aoy —> 0
20
P P F P
br (2\_) - OY‘+1 (2\_) = Y'-FZ()P(-’)) )Y'Y\"f':’—
’ P ] S —_— =7 Had
By a trivial Ii;mductj.on we get Ior each x, fr,r+2+k =0, X = 0,2,25¢00
so that lDY (_X_>= 0 ., Repeating this arsument for all f) , A.IU (Q)=o0
as cla.imedz3 .
Thus we are left with ( 3.54 ) with only the sguawme brackebt term

on the R.H.S. UNow we comsider the £ ()) voles of ( 3.34 ) which
are singularities of r:fg, and ,3‘5 onliy. ADp

procedure leading to ( 3.4C ), we f£irld <het

U

: . - . A : = Zaqmam e
This is because, as noted ear.ier, J (_/_) i3 obveizel by complex conjuzavion
. . {1 = NIXG
with A real and then by analytic continuation, ant we nove thu% Ag‘le\—'

is concentrated on X =%, =X by 4Lppendix III. Ience we gevs

2 3

Lo Fd ‘x_~-



T Q) = T
ye G
U¢G,U+¢

(_1-}8)))2 Y}
=] (X ~
>3 {l l L4 A0 .3 ¢

Vf—'—‘f r‘(yg“")
feM(u, U’)

lui =
o+ 2o 0T, (g

Ve

( 3.57 )

- - - a Y . - . .
Setting all the Ats equal to a single A , each terz admits analytic

continuation to A=0 . Performing the continuation, we derive ihe

unitarity relation ( 3.44 ).

It seems worthwhile to note that our procedure is analogous to. what

would have happened, if we applied an analytic evaluaiion ( Ref

. (21) ),

Anstead of a generalised evaluation ( Ref. (8) ) as done in Ref. (2), to

the generalised unitarity relation for a GiL

additive interpretation of our renormzlisciion is possible; for the

~

point massless GFA the set of . -sinzulerivies as obiained “r

. C e . - - . e ot " -
sectorial representation ( 3.30 ) is actuslly minizzl ( see IIZ
and from the work of Apnondix III the subtraciion terms are 've

The proof of the causality relation ( 3.45 ;) Zollows on ex

o
o
15
2
o)
H
()
?
3
2
S
o
(o
3
+

-3
[FUR S
Ol Fote;

2.5

- 1

ooex

)

~ e
I?-—- U e

actLy the

same lines. Thus, ( E2,3 ) are satisfied, and the extension ( 3.41 = 3.42 )

is a renormalisation.

I11.3.4 The extension procedure of I1I.3.2 serncralises o whe

3 . .. 20 - e e d o o
the n-point function®  ( with the parcmetrisation of the seciox

given by ( 3.3%0 ) ) the discontinuities Leing,now, funcilonals

s

However, for the higher point functions (M >3 ) suca an exte

on surfaces of the form X. = X. =eee= X, (1<~k<v1), ond X,
not necessarily correspond o a renormalisciion. The reason Is

=45~

-~ o
488 0

—or&lA-cﬂ uvs

nsion

da T
CaC

.q---n.—

cor.een u......'Cef.

* & =
-

c
——-

eren



lack of symmetry in extracting the Giscontinuizies., Tnis asymmeiry Coilcs
about becauvse of the way ol wnalysing <he £ —C€penicnt sin

( now in (}L , L = Iﬂf(GJi ) as moviny sinsulariti

}J
Ci
}_)
(@)
w

in the 2.-plane.
1
This is a serious drawback, because symmetry vlave 2o vital role ( izm tac

cancellation of singularities in the analyvicelly rerulicted unitary equaticn,
see ( 3.54 ) ) for the higher point functions (N >3 ), wrhere one has

to use the representation of sector co-oxrdinavtes induced by the "singularity
family® of Speer. The use of the Picaxd-Lelschetz thcore:
the discontinuities could be a possible way out of this difficulty, but

we have noct investigated this possibility with sufficient detail to draw

definite conclusions.
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In this subsection we will show how a finite renorzmaliicsation nay

be implemented so as to ensure for ttj\’> (x)

.)
£
il
e}
<
()
Q

b
d‘
(0]
3
U

,...l
O
[

e

characterised by minimum ‘'light cone' singularity \ the Lelmann-ronlmeyex

Vil A—d\a‘-‘aM..A&

tansatz' for the 3-point function ). First we give the followins cefin

3
~

Definition: A finite renormalisation ( in the coniext of non-polynomial

interaction Lagrangians in the Jaffe Class ) is & map which, for each
. N / ’ ~ . e "
generalised vertex U = {V‘ oo Vi } of G, gives a distribution

%(U) € m (RA,xm) of the form

8 i—, Lj: m:i

n

X)) = g(%{' PZ)XQ_’) , f GV Vm) s LPI

)

0 o%havwise.

~

where 3((?3 is an entire function in <The monenta { P } of oxrder less

than one half. In co-oxdinate spacc
/ / ) /
X(x = f([‘_])\]) SCXL" - X, - 5<XL'M_,"XL'M>

/’

where f is an entire funciion in the differcntial onerators []xj .

: .. ~(2) ;.\ . . e
III.4.1 TFirst we recall that = O (-} hes been comdletely fixed by
virtue of unitarity, causality and mininum light cone singularity. IThen by
virtue of the unitarity cauballty restrictions ( 3.44 = 3.45 ), wnhich
our extension for ‘\S(B) (m)za” been proved to satisiy we nave only tae
freedom to add to ( 3.41 ) a real, translation invariznt distrzitution X (X)

/
i} 4)(5 ! - - <9 =150 —ian wa
from q (R™"7) concentraied on X, = X, = w,. In this subsection we
will implement a specific finite renormalisation. %o this enl we consicler,

in lieu of ( 3.41 - 3.42 ), the following:

-4 7=



Definition 3.7

37 ~ -1 , (3) /
otf (x) = J [-{zna r:r— 1 (x) vz

~
v
wn
o
.

where
VY,

~ : oo 3 _1\VL~q: )
C\S(S)(g):(gwf&;m[{ > ﬁ< "L 387] ).

1 v, v3=1 % T (4m)*] 72 r(Ve)r(Vg”)

2 Z “—’ )
20

J T'(z) T(z+1) 2LSM'T(~Z+1)
Ty .
9 2+ZV—4- .
O+ 2 Z 1 . 2L - ~
./AL,H.) [eata] - [Py in P :+X(_P>]
. F ( 3.59 )
where the contour .—T:o is shown in Fig. ( III.z.1 )
< F"
-1 \
Tg. ( III.4.1)
and 5{(3) is defined ’oy24:
1
r /2 r LG,z
)= Z fclt T+t +1 £l 1 d=ze Ut
X< [m)] S (1ot etab ) ( >2ch
! ‘ 4;, \y T i 1 ‘
I, L2(BAI T L2 ()R] ()7 K L2 (2)72]
' C 3480 )

with Iawg*c-lsw) T"V — EXFE___;_ 4 “: ——_;%avg e 7
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2

2, o 2 |
a2 { Pf(?) + l"l°2 PP(z) + =y PF(’)] (

(Y}
*
CN
},._l

-

Y
I

= Jd
r (4T )% 'L1(1+J51{2*“:22)

with standard Bessel functionsi® in ( 3.60 ).

~

b YO

/}\_J:/w ‘\

0

Tig. ( III.4.2 )

The contour C is shovm in Fig. ( III.4.2 ). The contour is constrained,

in the neighbourhood of the ocrigin, To be a cardiicid; otherwise the T

N

integral, with the T integrand analytic in the cut T-plane with tThe

cut running along the real axis Zxom 0 to (-~ oo ) , is contour indepenient.

With T =R exp 1 o , We choose

R= a2 (1~ cos
A
for the contour C in the neighbourhood of the origin, with any real & >0 .

)
N’
Py
N
.
O\
e}
e

()

R

Then the real part of the arguments of the I, Junciions in ( 3.60 ) remains
bounded in the neighbourhocd of the origin. urthermore since l ary
it follows, from asymptotic esiimates, that for 0 £%t,& 1 | ~ /2 KIEZ(L;T) 2]
remains bounded Ior T & C . Thus, tThe 7T integrael converges unilorzmly

for 0 < 4‘-1,2 <1 ~and g{; in any compact set in L . Since the

T -integrand in ( 3.60 ) is analysic in %he cut  T-piane and ( 3.60 )

03

’ '
. . . U ns ‘
converges rfor all contour distortions wita | arg T i
i
neighbourhood of the origin, by Cauchy's theorem { 3.60 ) is contour independent.

Hence ( 3.60 ) defines 56(1’) unambiguously.



The definition ( 3.58 = 2.59 ) Giffers from the corresHonding Cuwnrcisions

o~

cuasi-

cf-

( 3.41 - 3.42 ) througihy the acddivion ol real, <ransliation invarian
local distributions concentrated on Xy =X, =X winich iz en allcowed finlte
renormalisation ( cee the bezinning of Subsec. III.Z ;. To verily Iais
we first consider the term in braces in ( 3.59 ). Yhis diffexs Froz the
corresponding expression ( 3.42 ) in that (i)
between zero and minus one, in conirast to " which passec Leiween one
and zero \11) there is the presence of an extra contribution from <he

.2 25 . . o .
sin" Mz term © in the integrand. The latter cenitribvution iz due to
simple z plane poles at the positive integers; it is easily evaluated

. . LI ) 2 2 ol R
and leads to an entire functicn of the (pj) of order o growta 1/3.
N el ff ~ HQ semay ande - Ve~ e -r b*‘sfq -l::‘
vhermore <he erence in tiae coniribution irom Tle o &nd
contour integrals is again due to a simple pole at z = O; the conixibution
'3 - . o, g 2 2 L - o ) -
is again an entire funciion of =ihe pj) of oxdexr of growia 1/3.
It remains to characterise the contribution ci J((:>) in ( 3.59 ).

To this end we study:
Jeg, s b (e et T LA T, ra by e I (A R I T2k D) 7E] (3465 )

( F'—): ' dve 1[;2(-;2_-) J 11.2(—':-:) J{J_Tj sy L (IT) ¢

27T L¥

T‘!ﬁ‘n , Wwnich 1s the T -contour iatezral in ( 3.60 ). Tae

integrand is analytic in Q% s since we have a couvergent integral with

’

Q.o

compact domain of integration, (Co ) is an entire function of g% e

‘ J

Jrt--

\

We now estimate the oxder of growian in Q} .

e

For convenience let the entire contour C be the cariioid ( 3.62 ).

~1/2> - 371/2, Llso let [g%i <Y

Then, for T e C , we have e (T

Then we have:

SuP‘j(éf)i<Cae Suf{[I(z_)/z)I(z YRy ()2 K, (= () %) |3

S‘F:r TeC
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Y

and study TV) (P) with tie {F} rosericted to tne wToicu
[ —_— J

—~

N
L]
N
O

~

) = { 5| hl>o , |=1,2,3 )

)
In compact subsetis of this region lim = n \P) exisys in e orxdinary conse.
e T
N

This follows on recalling the definition in ( 3.19 ) of Pl(gjgj and on

deforming the ‘bl contour in ( 3.359 ) for each la tern as in Fiz. ( III.4.3 )

Fig. ( III.4.3 ): The deformed t, contour.

with S , the radius of $the circular part saticIiying

[

-

. < [ Pors) ]
r ije?z’) v P:Zz) B ( 3.67)

with the momentia resiricied in any compact sudsed of L2, ( 3.67 ) implying
fa¥]

L

ct
(0)

- N TN -~ R ? b
PoR read pafu Ox i Y] (:)>

- /. - . .
that Re Pl\_‘g_;g) > 0. Eence, in taking L
!
v

14 N

L J
3 .
. = .. T . L.
where & = Z +< Y -4 . BSimilarly et"® . cosmz ( in %cking the
2

To give

N

AR LI R i , -2

real part ) waich combines with Cotmz (1+sin'7mz

1 ( 1 — 5\'V\4772) . Ience, on opvserving tuat Terxs Involving Sin MZE
sinTz

give no contribution since they are analytic, we obiain in any compact

subset of LL ,

~52-



Re ({im ‘,Jq;)) =0 X (o™ v /4;_ .
we LT sEt T TamE) Ty Tgye) T E
I'o
- 4 & 5 1 0-
[ 3 wm® 7(4-"2—2.)/9) f‘c‘}; , Y37 é-,, ;T EH
. : 2 i T2 as, ") .
sinmz [ (@) T @) 20sinm (-2+1)
1
5 5
2-2-2. Y3 E+2.y, -4
- : , ¢, A
'[E(tltz)l * Z. EP,PC;,'D)] z o .X (p) ( 5.68 )
P - —

We can now deform ke contour 1o —> I ( Fig.(III..4) ), tne semicircular

W

contributions vanishing at infinity, and the resulting integral converging
along the imaginary exis. Furthermore, after the deformation |, —> L,

the 'bl Eulerian integral recovers its standard form, the circular contribution

( Pig. ( ITI.4.3 ) ) shrinking to zero as S? —> 0.

PO U

Thus:
- 2 -
3 . ¢ 9% 7Y R =
o oo ; (—1)4;%4“);; ? | | TaZ —_ _g_‘ -
Re(‘efmT (‘p)) :—.{_ 2 g ( )\_1__ aZ - - - T’(:-r)“ K sz " .
. 140 Y[ A Y, V5=t 2 T'(V?) ; (Je.;,1) 2 STz | (E) (2
! 3 N
e 2-2-2p R
chLz LB L [E@t)] O P e XA
0 0 F ( 3.99 )
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decreasing in the cases (i), (ii) above forall 4., 6 < t. < 1,

o~
o
PR

< .l ~ . - . . - 5. Pon B S R,

2 STLOoNI.LY LSO ALY JUMeTion 1 0034 0L UIZ

w

'

D) i

b~

it follows =haot ©

=
A

D

S ooy '\ > S - . . . , S e
atove cases (i), (ii). Ve are now in 2 nozition to prove the Iolicwing:

Theorem 3.8

The extension °3<5) (;), &5 given in Definition 3.7, is unique
and has minimum 1ight cone singularity.
The prool of uniqueness follows immediatelry Irem the previouzl:
..'..*,'14n A e . 33 - I 2 . = =
established strong decrease in the case (i) p5 —» + 0 s o = 1,2,35.
: J
For, as has been mantioned earlier, the only arbiirariness is in Ze CTY
to which we can add a real, transiation invariant distrivution fron
7/
X
C; (R4 3) concentrated on x, = %, = X.. I
) 1 2 3 ~
the overall é;-function, this corresponds to the addition to Re oxis(p)
s . 2 ﬂ L s s . -
of an entire function of (pj) of order < % which cannot decrease %o zero
in any direction and would destroy the asymptotic property in the region (i).
e P . - s o 2 27
From tne ( stronger ) property of decrease in e region (ii)°! follows
the absence in Re r§ 3\x) distrisutions concentrated on =, =X, = X

To see this, define:

Re T; (:\:) = 8(4)(2:'1DL> (P‘ ,Pz )P ) ( 3072
so that:

Re r\sg (Xy¥2 Xz) = T ( ?ﬁ)) ( 3.73
where

Lo = {(paS+psT) o 22 2
T(5,n) = APZ/Apg e (o)™, P2, p3)
R*  R# |
and E = xl-x2, ‘7 = xl-XS'

_55_

In momentum space, after factoring



We cornsider

t(6s,7.) T(5), S (5) (374 )

i
N
.
7~
v

,:S'

-> \

s — = - 5% .

as a funcvtion of g; and 7, . =ere <3(;,7) e Z;C_(ﬁ3 2/ sucn
\
<

i !

6 :

that #> y Woich is in fj \R ), is of compact suplor. Then we Lav

)

the identity:

Py
\H
.
-
()
S~

"‘(2§+$ n°) o~
t (5, ’I)*'J(dfzjfé S £(p%,P3)

where:

Cip ¥

—
*‘(PZJPS) 'j A ((92+F5) /)2 /DD)¢CF21fa> ( 3‘76 )
]"\)3 Ra
We now examine ( 3.76 ) for two cases:
(i) ° tounded ° ]——* + o ( and simileriy < ner woy arouad)
p2 9 p5 l e = a4 Sl c.,__J he otner around ).
AN [N S i d : o~ - e vmme e R N s - :
~ince o \p2,33) is ol compact supprors, ian the convributing region
' 6 ) 2 DS~ 4 O 2150 (Da4m. )
in { 3.7 we wilil have D, bownceld, »l —» + . =120 By =
= (p24p2 02 _
.82 5

decrease prcperty ol W, when arny two vaeriables —» - oo , and ine

: . PRI AP - L M0 0
compact rogion of integwasion in ( 3.76 ) it follows <whas c\pg,p:)
>
. {.O 1 e N
is strongly decreus;ng waen 1951 —>+ oo, with | P5 Sounaed
and vice versa.
~
(ii) Both ]p l—_' -0, Lzaein 3LnCe ¢ LS COLIDACT SUDDOTT,
i
o
in the contributing wegicn in ( 3.75 ), both 059D —F T On
+ \ - 2 > . T Y A ~ -
the other narnl (p2+p3) 2 =(3 2.J3) and 13 dounded velow. Unce

£, : ! ~a-- [ B A = i oS o (O
more from the strony decrease prozervy of I, iU foiiows that ©\v,,p )

is strongly decreasiny when|D

. - P . & . ) .
Returning to ( 3.75 ) it is now clear %nat t( g s 7 ) is €% in vouz
R ()



A - - e ialmay e s .~ o~
go ’ ']o ISAVERNVIOLS] O.."”ll’l vhicn riles ouv vae LIZCRLCe Oo

of the forn P {2 2 > S EYSH( n) es claized.

. R T
o Ll RS YRVERY,

. - P N I S e St e =~ =~ - e en T man B! PR S
renormalized thiee point funciicn ( 3.53 = 3.5% ) ig waicue by virtue

E

P

The minimzl extension iz non-zzalytic in the coupling conztaat 'Sf

( a situation familiar from the case of the 2-point Juncilcon )e Thiz foll
- . - . :

from the presence of nigher oxrder z picne poies wilthin thc | o coniouz

3.59 ).
III1.4.3 Relation to other rencrmalisation schemes: By extending the

. X A 42 o .
regularisation procedure of . X. Volkov' ™ <the author of Ref. (10) was
able to define a minimally singular three point fuznciicn of the exponenitial
he 3-point Iunciion

interaction wnder consideration. His delinition Jor the
runs as follows:
[>te]

T (pipa,ps) = I2A

m L (mged! o ML)

P fésl [(-1-5)) cosms, [1+sin?ms,] [ (-my-m.—- S) -

27 T)C;‘l"St)

. Mo+, +S, 2 —_ G-
LA Z (Zpn) g ({plysy, mami,rs-

4 o
G e F3)

where A\ — gf/ﬂ¢w2 , the contour C starts and ends &t =+

-

the points -2, -2, O, +1,... once uOHﬁ?C:»lOCkWiSG, and

’ 2
R = 7.)4-2_1(/}1‘ 1 ! Jsi_ f JS,“‘[;

(U (2mi)?®

1
[ 4

_,_'uo -
S]_ ’Sl (OO

r(32+s,+1—‘_) Z-' 8(1 > E 5 -

r(f+1—s,-sz) CC‘ZPLJ) °

S, <-1, S,<K-2 , "7 L 5,48, -3
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In 24820 1 of the thecsis wo have token the nmeint of view that ( aclcziiic )

= PR : . N N - I O - - o o~ S o PR
renormalisation is basic iz local field theory ( diversences arice in maive
manipulations in filela trheory due to Zocalit; aow tac Tuce
a —ed d T u¢AL, “iS O *OCC«-_._A. j . W@ SLCVICL OV Vasls Vil
~— D ht [ [ K K e T - P B N
and tae three-polnt tine oxderod products iIn a coaveniionolly non—-relormalillalic,

but strictly local, field theory can be uniguely delfined by fizot elfeciing

FOV I ~ A Do R O 13 ~an RN
a renormalisation, and then imposiny, coasistently, a 'light come! LounaLl

- ™~ . _—- - .

- i A LIS rm T A S e e s dte — k|
COl’lu.‘.'C.LOn 'CO Tix ‘tne Sl 0OWel ILlNLTe IDSLIOTILLLLISGTLoL . P LSy WL S;J‘C‘Cl&.i.

feature of ouxr particulaxr choices of the Two- and threec-point funciions

is the absence of point singularities, +that is, the zosence in

Re bj 3(2) ( or ke 'ffz( ) ) of distributions concentrated on X, = X, = x3

( or X =X ). It is due to remariable properties of infinite sets of

renormalised Feynmon graphs that This situation obvtains Jor The two~ and
the three-point U-productes 1T 15 characicristic of Tihie 'disannearance!
of the effects ol logarithms, In the kinemotic inverisnis, In The sSw:iz.
However, the Triangic graph ( associated witih the threc-point function )

Soda LT °

is, topologically, a rether Sixz>le odbject inm comirast Witih The gran:

o

associated with the z~point T-preduct. It is, Iox fronm obvious, therclore
- b4 b 9

. ",
P .4..\-_,‘._

\ o . - "
PO SRV P SIS O VSN Cl..‘u..) 4

that the zpecial features of Tile Two—and TvnIoe=-no

Cn»-\q»\ B | x,-.
PSSR ANSAG N VICHAS I 26104

’_3.

- - . -~ .
- RN -~ -l B b

3 R U S -4 o s, A T ) ;
by the absence of point singlarities, are £iolid DYy ©AC L=D0LNT IUNICTLON.

T s : T Ly --e a3 R T Dt
1t is interes TLNZ, JaCwWever, Tnav oul guension procedure gensralises
; : Y 2 . KRS B I Tde i emas
( see Appendlx Li } TO Tl& cose Cd. [WOLC] '\-pO.A..Cu B SIOAVIR CIS N - v DL-VOM_A?CU'H,\;Q
~ PRI [P S ol omam ~ el - N sl - am i~ ~
us to believe that the remorolisaticn of waé R-RoInt IUNCTLCOL CLl fg
3 s Cena : SR ~ P - S R S
obtained along similar lines ( provided a way can e found of ewiracting
. . R s - < s e~ T mmaaTmT a8 A Sea ST
the discontinuitices in a symmetric way ). The ool oooblom lics in tie
[} ,
a 1 + 3 B r\- —3 - L e o i s sk T S T = Ve T s R s SeoUoe BRI [ { -'\
ppropriate choice ol finite rencrzaliisaticis S0 &b U0 Setile 10T o \1J
ad

- '
~ A e

a unique extension characterised by minimun *lighs cone' sinjuiarity.

~58=
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A successiul implementaticn of such & progranme would lead 1o

at a perturvalion <hooretic

1’3 ° - -qr‘f\f‘“l* -~
bve.&., (O3 c«t Ll v o

3 = Y - 3 aea K S e el e LM A amem mmas T emmas RS
renormalisable ilateractions in accordance with the gencral »rine
-» g ] - _
of local fieid <theoxry.
5 DIV charats aat . Saseyis = s S oo RacTeNs
We,y Lilldadl, LCLaI.I TAZT, AelpiTe 01 Toe TLLGLT Cone’ TCeiu
Al Is) _l_j

enjoyed by thc twe- and tihrce~point funciions,

-

interaction is a wvery singuliar theory. dIn gervurosiion

3 Ym m ) s L - fhmn S
rise sharply with energy. Yous, Tae

are expected to

meaningful in the low enerzy regicon.

!

must lead to reasonadvle cross-sections at high energiles . It

[

not unreasonable to believe that, in some way, it is the least

amplitudes which sum up correctly.
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The difficulties associated with the rencrralisasility of a massive
neutral pseudovector field coupled 1o a non-conserved fermion current e
well known. Such a coupling, described by an interaction Lagrangian of

the form

ozf,*:cﬁ[??«;:w : B(ET"\(&);&O (1.1)

I S \

gives rise to a ncn-renormziisable theory in the conveational séense.
To see this it is sufficient to consider w ( XfI) = d(éé>ﬁ>-4. In view
L

of ©tae form of the commutator Iunchion

- - 2 . .
r\/JrLCx) b = lgup et 97 P Dxy) (1.2
. — L e Ml Z)X:"yay‘)—i

it is clear %that & W ) = 2, and, consecuen’iy’’, a)CJTT‘)>O woich
J —

T - oo e L oy
CcoLel ol peruaroau*on eliDil

1mnlles increasing divergences wita irncreasing

3 SR camy T S e R RS TT Ayt e AATas S DAl = A
in the counling ccnstant. However, as noted in Zefs. (7, %2, 33 ) such
s N 2T A3 A4 3 e ToAR m Al e RN
a powver coun‘tl;:g SXAMENRT COULU De LAsLiallini. 4Lnlcéed JY ayvp.yrnrs
o
Well=Ve) 1 B AT P S 4 C‘M/L;l ! Sam oy AT A Pk a R e R e Rl L LA yrant- s
generaliced Stuckelvors formaiicn \ L7 WUaLcn The magses of Tne vecton,
hele BC! l T TARn awwas yAa+d hmas kbl TRy L TR A T A A
and scalar meson fields cre net comsiraineld o te ecual AR VRC IR BORVICR O NVE RO}
35
~ VRS S,

can be transformed, by means ol canciical transioriation”™, U0 & rernormlLilia

interaction which is polynomial im The

R . 1 g . - - ",\ Ko Al = ~ FRR et B 9 -~ - - ‘-T Pa ' . ~ i
polynomial interaction in the Jaffe Class. The Latter 15 a manitliectation of

.
-—o’\’\

apparent non- renormalilsable nature ol The original interaction, and cun
be treated oy non-linear techniques giving rise to & finite nuzmver ol

counterterns.

The material of FiRT II of the thesis is distributed ec follows:s 1o
Section II we set up the model of a massive neuiral nrfeudovector Zicsd

~60-

tle
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interacting with & non-conzerved Termion current. Juicecticn ZI.I deals
wifh generalised Stuckelber; formalism whorshy The nsoudovector Ticli

is described by zeans ol a deublet of Jields with Gifrerens ross. Thco
resultiny derivacive ccupling is converted, in Subsection 1.2, to &
non-derivative, ncn~-solynomial interaction by mecns of & cancnical

( non-lineax ) tronsformation inm the Spincxr fieids. The noext sten, touln
up in Subsection III.3, is o dexive a “at:cr ccoplete sev of Wora-Telahosni
( nenceforth denoted by W-T ) identities which are the mathematical

menifestai

Subsec. 11.2.

fields. Sonme W-T

ion of a certain gauge invariance of
Section III deals with

identities are verified in pexrturb

the todel Lagrangian of

noised

the perturbation theory of quenti

The

atl

on theory.

renormalisation of the Model theory is taken up in Section IV, where ( in

conjunction with Appendix V ) it is shown thzat only a finite nurber of
counterterms are neecded to render the S-matrix finite.

This part ( PART II ) of <he taesis, however, is rather incomnliete
in the following xresnects. IZirstly, The ualcuerness o the theory has not
been established. In a norn-renormalisable theory ( like the case uwnder
consideration ) it is, certainly, not sufficient to show the Tiniteness
of the amplitudes, one has furiier to elininate pocsible amvizuities ( in
the form of entire functions with zrbitrary coellicients ) arisiny ITrom
finite rencrmalisatiocns. ©ails is indeed nct o wrivial preblen especiclily
when one is dealing with tne general periurdation tneoreiic term. wsecondly,
the prescription, consistent with ( axiomatic ) renormalisatiocn, and the
ninimality 'ansatz!, for obfining fizite naris for the n~voint Jurciion
has not been given in the text. Despite ol Thncce Celects we present wac
analysis of PLRT II +o demonstrate the possibility of wusing mon-.lnealr
techniques, and yet »reserving the gauvge invariance of she tnecxy.

-
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We consider the parity conse 5 irseraction of

field of mass i w1tu a non-consexve

where .
TIr)et

he generalised <Ztuckelbe

#

ol Yo

il

It is convenient to use

~
v

Toxrmalism of

P tar

“a .....“g..u-_...uu

- p— o~ -

Ve A st

<

neutral pseudovector

(2.1)

to deal witih the pseudovector field. In this formalism o set of field
variables, AfL , and 3, being subject to a sussidiary condition., are used
uO describe the pseudovector ficld Uﬁ « In contiast with tihie uwsuwael oiuckeld
formalism the fielcs A}‘ , erd b are not consfrained to Zzve etual massces.
£1) [ W
Thus, setting
~
»JF, = ‘A}L-k _L. 9#:3
M

the total Lagrangian is taiken To be

c{-f: - "—BV"/‘./}.‘_;IQ--I-

4 2

. [%(“—Wﬂr“f = CRrYI )Y ) -m Y |+ g Wa

a2t

i gr‘Ar.— m’

: i k] - B Ead ~ . de A o B PR
Rersrs 2.1 We have chosen a conmvenienty form for thie govze ternm of The
N S A= T\ ~iA~ T T N TR TP o) N --"n o A o
Legrangian ( 2.2 ). In Section IV shnall sce Tzt 27 Is Tl wave waetion
A
: : ~ L : : ~m R T e > > amy - S s Uy,
renormalisation oi the p field, cnd .. stands Ior TAC ICNOTILLIlsSed mass
ol h} LR s R, . - . e T L e ma A e man S e
of the vector field. Thus, in ©Terms oI ©Tne wWirenormaliscd duantities

we do have zixing terms ( ©0.4B ) ( but these are c

renormalisation ).

-
. ‘
anceLl
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L= - [9 Ay - v A/*] M* AFT 1 arm] £ 5[9A-kB]

2

L % Y- ‘E\ ’ - /::;(" T L N T Sl 2.3 )
—!—[—1—(‘]}}/]“8}"1 <Dr‘ ,/%“Y) ™ ‘[‘JJ =g Ir*j;x_hia..v’a)u/)\ 2 )

- A

wacre ? = <¥ Z 7, and KW o=t M/
Now, from Euler's equations ol motion for <ihe Af‘ , and 3 fields it Zollows
that

O:+KWW(}A-KB>=O (2.2 )
which implies thatl all radiation proéesses involving tne uaphysical spin-0
part oi the Arc field are compensated by the corresnondins nrocesses involving
the 3 fieldsl. Turning this argument around it is clcn that the rule

I

for a wnitary S-matrix is to confine ouxielves <o reactions. which do not

4

. e s . . ~ e
involve in <The initial, znd <he finzl states any szin-0 part of the iu
)

. s e f Faly T A ~ -1 IR - -~ NI A ey N A ~am T
field, nor auny 3 field. Inceed the iock space generated by Aw and 3

s . “n 3 A laans s 2 N BN v~ A o e pe T A - L
( in the guantized <heory ) is larzer than tne szace ol pihysical ctates.

The physical subspace consisis ol Tnose siate vectors walch are anninhilased
1 R RNl —nd o Y e = - N e
r 'tfle pOS..'-JClve .L--e\_\_b\.enc:y. :_Da,.L (" O—' uﬁb O JV.L-C-.; VJem O PE e [ °

Fa

= s T dem 2 e - - ) R o
3cfore we investigatc The gauge symmelry of the voual Lagranziarn,

D

- Heman w e L9 / 4 \' e i ~ ot A
it is worih locking at the propegator matrix Jor the ( LA w , = ) fields. o This

end wve First consider the 'mass' matzix, i, octalned Ifrom the free varnt
N -
of tne Lagrangian ( 2.3 ). In momentum space I it ziven Dy

— -

KErM*) g = (8- Kpky i (Br-M) ks

=i (pr-™M) ks (@=-3x*)

M By N - .. -
Zomerie 2,2 It is clear that I is o 2x2 metriz, ACWEVEX, TLS Havli CLCLInTC




™ Au,rv A1144
are characterised by Lorentz indices i.e. M=
Az{,v Azz

where, for instance, Al Y is a Lorentz covariant tensor of rank 2.
1,}L
The inverse of M is a 2x2 matrix, ( M *? )_1, with matrix elements which
are contravariant Lorentz tensors, such that
"y ~vAN! g“ 0
My (M74) 7 = | or
o 1

Now, the complete propagator matrix for the ( A}; s B ) field is given

~N
by the inverse of M. Hence

y)_ kaA Kz_Mz. -1 , Lk” (ﬁK—M) :
ﬂ% -TT—)[ ] BLkx«M]*
“vA ka). (k*- pr*)
AP _ T BLk=eM]? }
i K> (Bx-M) R (ke m®)
FLK M | pLk=xM]"

Due to the presence of the term -3 %\tzl3z in the free part of the
Lagrangian ( 2.3 ) it is clear that the square of the mass of the B field
is given by ?r&z . Utilising the freedom of the generalised Stuckelberg
formalism in which the mass of the vector field A p is not constrained
to be equal to the mass of the scalar field B 1t is convenient to consider
the 1imit K — 0 . In this limit, with o <.§.<yé', the propagator

matrix becomes

{7 i) el RSATS
"’v) N Kvkkz [PKL]" }

_okdm (Fk=mM7) [ek*]™
kz FKL K‘?‘

L -

>
'

~64-




it 15, now, possible to read direcily the frce ficld propojators in moment

space. Thus,

(a)

— _ )
AFA—s 1 (gﬁv" kfky/Kl) [{<1~M;+L,o-§ + L‘(ki‘;’" .<‘\/:. ?kﬁ-io_]

s

(v)

- -1

8 —> 1) (M kykl) szrlo_j

1 3]

)

(c¢) B —— (i) { (?kz—Mz%K’-}Eﬁkzﬂ'O]—

GJ

It is gratifying to know that these results are identical ( for F=
with the results for the free field propagators obtained by the canonical

quantization procedure of Ref. (34).
11.2 TUNITARY AWD GAUGH DRANSIOWIATIONS

The non-renormalisable character cf the oripginsl Lagrancian ( 2.3 )

is due to the nresence of tiie derivative counling between the D, and the

-

e R

fermion ri ields. This is cicaxr from Gimensional argumeats: ecall that

- ilv v

d(93) =1+ &{3) witeh implies tnat, for ofl — oY \/,,L)/S . 31“8 , ()0,

"j

Hence, froxz the arzlysis of ilef, '\39)_ one encounter. Lincrestins divergences
with increasing cxrder of pervurvation in g. 1T 1s convenient, ac/even,
16 convert the derivaiive interaction into a non-derivative counling

35

Following Dyson”” we nake the unitary transiormation

-
— !

"f(x) =exn . g/M Vs B(x)]‘\‘»m ; ?(x): “‘—%_(x) axPTg W;é(x ) C 2.7 )

v

In the new vasis +the Lagrangian becomes

~65~



2 2
f(Ar,Byy/) —-4._1 [ opAy DyAr‘ + LM [A,H, o5 f‘[aA—mo]

(Y - (2P ] w ) —mexpli? > 5? g {2,
FLE PR BRI )+ g T ppps AP exp LT o0y (28

The two Lagranglans f(Ar. B "1})) , and of(/\r B, LP ‘/) beins connected
- -
. . . : . , . ~ i 56
by a canonical Iransformation will give rise to the same o—matrlxpl’ .

The non-renormalisable derivative couplinz of { 2.3 ) has, now, been
converted to the exponential type of interaction of ( 2.8 ). The latter
belongs to the Jaffe Class of non-polynomial interactions. Expanding

“the exponential as a power series in 7 we recover couplin

F_J
}J.
0
o

n— N n
g LI")/.S' "/) B <TZ> 2) wnich are W&A;eS*‘ly NnoN—=Ienollma,
thus, the non-renormalisable character of The original dcrivaiive coupling.

oL

Such an expansion must be avoided ( in order Tc eliminzte the presceace

AR -

of an iniinite number of counterterms in the Lazranzgian of tThe Lwocdel thncery ).

du s - - 3 = T e, ~ 43 -
cion expansion in the Lagreangien rather

Instead one has to make a neruuro;
than in the coupling constant 'g'.

We, now, turn to the local gauge transiormations wilch leave ( 2.8)

invariant. Considexr the 3¢t of local transformations:

ArL(x)-—» AY‘“) + 'BF A €x)

B(x) — B — MAWG) , .

V249
yixy — exp [l ys AT oo
—LPCX) —> :’f-Cx) E.XP[Lg ()/5/\04):!
with the gauge function, /\ , satisfying the equation
0 ( 2.20 )

(O +«x M ) A (x)
Then, it is easy to verify tiot Z (A#)B) ‘7”21;) remalns lnvarians

under ( 2,9 - 2,10 ). At this stage we remark that the above gauje symuietry

-66~



will give rise to a set of Ward-Tekahocni

~ PRI . tm =A 5o e
*wka“uuuAAl .‘..CLC:--C:. vlC‘S i .‘ C‘i 0 ) e G, Csdd  whedis NS e Vinna

role 1n the rcnormalisation of +the above model th

PLS] < LOLe UAACO::':/'O

II.5 GINIDALISED WARD-TUUTUSHT IDDI0TLS

Pe U PBSEEDSY FIEDFINELN N e

Ir.3.1 In {his Subsection we shall dexive & raiher complete zet of generalised
Ward-Takahashi identies which are the mathematical manifestation of the
gauge symmeiry oi Subsection II.2. To this end we add to the Lagrangian
of the theoxry interaction terms of the form
J[2A-xkB] + i, T e Bl iU + ¥

pol Fo julAp « K 2Bl ey + 9y
where ( J(x), Jp (x), >7(x), ?7(x) ) are arbitrary C-number functions
of space and time ( in fact ( 7](x), 7(x) ) are classical spinor functions )
which act as sources. We emphasize that the introduction of external
sources is simply a mathematical device and does not presuppose trhc presence ‘of
external charges. Ve remark, however, that the connected Greea's functions of
the theory depend now on the above set of external sources Through the
interaction Lagrangian density, and the S-matrix. Ve shzll make use of
this fact later on. nNow, denoting colilectively the avove set of sources

b 1]

. . /
by J we obtain the follcwing expression for the new Legrangian, &f :

L(An3,9,.7)= L(A..B 2-A-K3 [ ] TAps (2.11)

: K./ + AD]-{-,\j.}Lu .
( r.)é)L{)):_ (A'*i kji}) ? ‘r \’Lylu) i Y} .

. h) 4 LY " 4 S £, - LT o '7'0/ e BN AN
Hence, we deduce that the S-matrix is a functional, whrousn o, , 0X T4
external sources.

A11 the Ward-Takehashi identities can be studied throusn tige response
of the generating functional ( for connected Green's functions ), AL )
to the gauge transformations of the Lagrangian under consiceratvion” .
This functional is {efined as follows: Lev SO be the vacuun expeciation

value of the S-matrix witih the external sources set equal 1o zero in thl

ke
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interaction Lagrangian, Then,

<o | Sr13 }o>/50 (2.:2)

low, supposing the invseraction Lagrangian contains termas ol the fora

zz ﬂj(x) ESJ(X) y Wnere Qﬂx) is a set of classical sources. Unen,

from Bogoliubovj, we know that

T2 | o @or<ol Tl g Sl /8,
Sj‘(x‘)... gj‘no(n) :

I=

:__:_<Un<ol_|—[@‘(x;) —@n<xn>} D (2.13)

¢

where %5L 1s the Heisenberg field corresponding to the free fiela %ﬂi

( We have used the notation <(01'T C..-] lo;>c for connected Green's functions).
In the following Subsection we shall zpply the above techniques %o the

model Lagrangian ( 2.11 ) in connection with the local gauze transformations

( 2.9 ) ( without imposing the condition ( 2.10 ) ).

II1.3.2 Ve start with the functional relation ( 2.13) which yieids, for
the case of the S-matrix corresponding to the Lagrangidn ( 2.11 ), the

following relation

§°Z = (1) <o[T[w><.>x})ch) (2 At~ <Bes) |0
§ Jtxg) SVZCX:.)Sﬁcm%

o)  (2.24)

=0
We, now, perform infinitesimal ( local ) gauce transformations without
imposing the condition, ( Elx + kM )./\ (X> = 0, on the gause Dunction.

y .
ey oy e -~

Due to the invariance of the Lagzransgian, Qf , whe gauge tranziormations

~-
;;;;;

will change only the source, and the gauge terms. Thus,
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Z C 7 ‘A o Z [O,jﬁ ) (Ht'g/\/s)ﬂ ( 2.15 ,

T R - o o) . L
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—~ - = do oS : TR L T R .
end ( 2,17 ) tnz foliowing w—= Lientivys

—
-
) =
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It is of interest, also, to consicder the following Sunciiorel Geriveiives:

2 — 2 — a
(i) o Z (ii) :S /Z_ l
§Joo8Tuwy [1=0 STty 8 Jptay 17=0
i
In view ol _5:_5_ -0 , and SZS = 0 boia (i), anc (ii)
S/\ 7?:__,7.;0 5/\2 __':o

are identically zeroc. Consequently, we deduce the following set of W-T

identities:

{ ﬁ (_Dxr*'" M)} <0‘T[{T—T F(’a-A(xn—K B(x)) }] lo%:()(_ 2.19 )

and

(Dx' + K M) <O lT [<Ar(*1>+ 1 /M )FBG&»ﬁ(B'A(X..)'KB(X»] !O>C= O ( 2.2¢ )

(2.19 ), and { 2.20 } are the W-T 1aent1t1es connecting the meson ( AIL , 3 )

self energies. Finally we observe that, as a result of

ST Z |
Sj-(xn)... gj(xl) il:_

Y

( 2.19 ) generalises %o:

{H(Ux +KV>}<O‘T[{T F(b AG)-k Boxe)) }_l lo> =0 (2.21)

( For the validity of ( 2.21 ), for the special case n=4, see ipperdix V ).

7 - .
I1.%.3 It turns out that the W= rela ions ( 2.18 - 2.21 ) derived in
Subsection II.3.2 are somewhat simpler in momentum svace. In oxder o

carry out the F.T. of ( 2.18 - 2,20 ) we introduce the followlng compac
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T? :\.)
;- , o v \J Y : ) s~ e e ey ey e o
(l/ Wle denote by 2, and 7 tho irreducivle verTon VECTOIT-IULCITLON,
=5 ;
! : v ! f e’ Iy -~ £ -~ T TN Y P N o
i L or tie co J*pué fermion psc cucovector-mescn CoOUDLLI,
s
‘ |
- -

onl tne vector -} respectively.

~J
(ii) E) stands for thc comvwlete meson seli-energy matrix,
- =
D oo
VR VY Yo
A
LF v

Now, the F.7. of ( 2.18 ) yields

KM 5Lk B0 A Tl S k)

= 2 )/ 5("1\2_/‘*‘5 (A\\>dy'3_.

A . It LpeX T Ty
with A pLuven oy ( 2.5 ) and 1 SF CF) = [a'x e <U;T_YC¥)~P(°)_;;O>
I the 1imit K —» 0 the above Tesult reduces to the simple Jorm

, ' f 5 - /
ST Ti(Keia), T k) + M T 7k ke) 1 S5 (ks)

‘- -l
)

O 7“‘ nT oo e ]_','5:":~ ﬁO'v s '»‘ -
I w.i. u.-.p... —d 1+ adle Ca v J o~ "’\‘j

»,A

, -
v - 3 —~— ? { % - bt
& cn the —ignt oy S'o(-x,) 7,
e Cme

Eal

L = |- o~ e P ‘- miT S A T - RIS
substituting p' Jor ., and p for =k, we cotain toe lamlilam 1orT oo vae
lm

q

VT ldentity ( analogous o wac W-1 Identivty in wid ) for a pscudovectox

"’\""r\ ’r“ -
LU v ®

o

o y' 2.2
“’F<D) /5 '\'/DD": % (

(@A
I,~- S

(p=p), Ty (op) =i MT Gy =

71~



N . - - » '3 *
This is depicted in TFig., 13 .,

We, now, turn to ( 2.19 = 2,20 ). Tre F.u. of ( 2.19 ) yields

E’A (P(k)} =0

-

- T ~
(k=M ) T 0 A

T,

In the limit K —> 0 the above equation reduces to :
: 2 | | .
_kt*}(” Pluv +2LMkrPr‘ + M P =0 ( 2.23 )

Similarly, from the F.T. of ( 2.20 ) we obtain

with X = , wnich reduces, in the limit k—0 ,

Ky

‘.iMkrPrAy'f‘kUkrPl\*_MZPU-I:MKVPZO (2-24)

However, from Lorentz covariance, the matrix elements of the meson self-energy
matrix, % s acquire the following form

P;AV (k) = A(kz.) kr«ku +' B(kl> gr‘v

P (K) = CLx*) ke ( 2.25 )

PLK) = D(k*)
Solving ( 2.23 - 2.24 ) simultaneously and utilising ( 2.25 ) we obtain

the following set of ¥W~T identities:

All figures are shown in a separate section following the Iinal cectlon

of PART II. The fermion fields, * y and-\P are represented by solid

lines. The pseudovector field, Af" is represented by a wiggly 1line; iv
carries a Lorentz vector index r . The pseudovector,3, field is represcnied

by a dotted line.
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Thic set of VW-T identities is identical with that of Ref. (33) and is
depicted in Fig, 14.

In dealins with the renormalisation of the model Losrongian tucory

under consideration we shall make extensive use of the V-1 identities

cdexrived in viids sectvion.
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III.1 In this Section we shall develop a perturbation *theory for the
model Lagrangian { 2.8 ). Separating out the fermion mass term the interaction

Lagrangian to be used is given by

Lo = 9Fsys iy -m@ (exp [269,4 )7B] - 1)y
The quantized interaction Lagrangian of perturbation theorey is defined

as the normal-ordered classical expression given above. Hence,

£ 20 2,

with

.(2,1 = 3 . L/J)//“/s (]UAF' : 3 fzz-—m(}IJ:(exP[ltg/MysB]—O:t{a ( 3.1 )
As noted in Ref. ( 7,33 ) this Wick ordering eliminates the most divergent -
parts of the theoxy arising from the tadpole diagrams of TFig.l.
e seek to develop a systematic perturbation expansion in powers of
the interaction Lagrangian, { 3.1 ). The S-matrix of +he theory has a

3

formal functional expansion of the form

1.,.2: f-r[/ 6y o Ly G ] dxg o dty : (3.2)

where the T-ordered products of the interaction Lagrangian can be obtained

using Wick's theorem. As an example we shall discuss the case of

T [ ii;<xd cee lﬁz(xn)J . To this end we introduce the following notations:
' 2
N: = 1+£)s K—_:zg>
==tz (*%

and the fields

@i: :(&xP[iiK,/ZBJ—T):

-Td=~



Then, 'fz_ (x) can be expressed in the form7,

Lr= e[ 3y @ 4 Ay O] (5.3
Hence,

T[:of,_(x1)-~- f,_(xn):l
P [T oo g Fophssep.. ]
T[ ®F(xc) - ®‘(xj->---:] } ( 3.4 )

with T[ Ocxey. .. @?(XJ;... given by ( 2.1 ) ( PART I )

i.e.

1

n

: 0o s N 'Kki ir |
T[:"‘®:fo)"'®:(){j)"‘] — }—: 74 {-l—_l‘ (...L ) }

=1 {¥Y =0 Y=1 [‘.V—E;yrs’]!
Vs =Yy
Yor =0
| e A ‘ | (3.5)
T‘l‘ A (xexs) TT ty = 3 Yy .
{: v } :l ' BCXr) s :

1475 4n rs - Y=1
Formulae ( 3.4 - 3.5 ) are, indeed, the ones to be used for calculations
involving 'supergraphs', however, in order to check the algebraic structure

of Ward idehti‘ties, for instance, the following formula is more convenient:

O o
— — ;))’S
T[sé’zcx.>-~-fz<*n>] =2 2 AT D awwm )
r=1 {3,320 1gvisen Vys |
Yes=Vsr
Yrr =0

(3.6)
Similar expressions can be obtained for the T-ordered products of ‘mixec’
interactions. Ve shall not give the corresponding formulae here, instecd we

turn to the W-T identities of Subsection II.3.
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111.2 T Wop IDENTITIZS IN PUATGIGATICH TImOHY

it will be instructive to see how the W-T identities of Subsection II.3
are satisfied in perturbation theory especially in the case of a theoxry
glving rise to graphs containing 'super-vertices', and 'superpropagators'

( due to the exponential character of the interaction Lagrangian £ 2 )
In this Subsection we shall verify the W-T identity ( 2.22 )
\ 5 5 . .
Let /\r , and /A\° bve the corrections ( due to higher order processes )

—>
=

to the elements of the vector P ( see II.3.3 ) defined by
5 | 5
U= gsre e N
r's = (—-m)?—t.g/ma/g + /\5

Then, using S'I«‘(p)-l =p~-m- 2(p), we may rewrite { 2.22 ) as:

(F-F’)r‘ /\; (p.p") —iM/\S(P)P,) = _g[Z(P)/,,- + Y5 Z(F')] ( 3.7)

To a given order of perturbation theory all the diagrams contributing to
can be divided into two classe358: |
(i) diagrams in which the axial vector vertex, 8/1“2/5 y 1s attached
to a fermion line with p' and p the in - and out - momeh“bum respeciively.
The general diagram is illustrated in fig. 2.
(ii) diagrams in which the axial wvector ve::"tex, %}/[‘))5 , 13 attached
to an internal closed fermion loop. This case is illustrated in Jig. 3.
Firstly, we examine the contributions to ( 3.7 ) due % odiagrams belonging
.

to class (i). Two such diagrams are shown in Fig. 4.( I & II ). The

contribution from Fig. 4 (I) has the form

1y — . &1 yave 1 (.
Ap (1) = %fcff ( >4’+1 e R Jrys ——— ()
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whexe

(ko
Xf‘ )/5 y for an axial vector coupling veriex

]_’(k): 4

Y
k Fal 1 - 3 !
)/5 y for a 'super-vertex' .

5
Multiplying A w (2 vy (p-p") ¢ and utilising the identity

(,F_F/)ou_g = (,P’-{—,P’K—M)/S + )/5 ('19(/+/Fk'_m) + 2M Y5

we obtain

4 : e
(p=plp Ap (1) = (“.>’P’+:‘;}< — ‘)%}K—m rfs) ()

+ () 1 A ]’7(}()‘ 1 (.,,)_,_(_,,.) 1 T’(k) ' (
47+41q—ﬂ1 ,?t417n1 J% ijf&J”n A%S,P’+#2—n1

Similarly, the contribution from Fig. 4 (II) yields

(F-P’)rA;(E)-—— (o)t (2 5 ) —1 Tt )

P+l ™ P ullhe
A e P AT P
Thus,
oy TAT (D) e AT (] = o o _1__Lrtk> T"“; 1
(p-p ),4[ p (1) + Ap ):[ + ( )/F‘*ﬂ%rm Vst )5 iz

There are,.now, two cases to be considered
(a) LY ::)/ff“/b— .  Then, because of the anticommutator
{)}!*.’XS}::O , T'(K)/g _;..)/5]—7(“::0 . Hence, summing
over k we get vanishing contributions except when k = 1, and X = n.

Therefore,

-7~



%(P_P/)T‘LAT‘ (1) +AI‘ (]I)]:: *{CH)T(M-‘)/F#F; am Tl(ln)}ﬁg

_Z/S{T"(ﬂ__jz_—_'r'm-) )} Z_( 4 TV(K) ’ (2m/5 ..
| Frfm e (= rwf g g
where the first two terms of the above equation correspond to the fermion
self-energy paxrts _Z(P)]s y and «-—)/5 Z(P') , whereas the last
5
term is a contribution to A(p,p').

3 .
(b) T (k> = )’514 . In this case we obtain

5 yk
(h-p)p | Al (T) + AL CIE)]:---+(-~-)—-—’—<7—)’S)2’5 ——L—()
F P r[: l“ r /P/"’/P,_';m ,F’/-f—,f/K—M
A e 1 1 .!—'Ck) 1
- C )F*’ﬁ.,’m (ZM}:S—)/P”*YK.TM TP ¢

The first term is precisely the contribution from the diagram of Fig. 5.

Moreover, for the special case of k=1 we obtain

y
T, ez o — ‘ 1 S
/5,? o ¢ /5 /5 g (o)

= 2 ra Py —ys T8 4 72 (...
s e () —)s prrmml ---)

( this is the crucial siep in the proof ) where the first term is
S - -
the contribution to /\ (p,p') from the diagram of Fig. 6, whereas \
the second term is the corresponding contribution to -/5 > (p') -
- A similaxr argument holds in the case of k=2n, whereby we get the contribvuiion
rom the diagram of Fig. 7, together with a piece corresponding to

-2 (P) ys . Hence, we may conclude, by summing over k, that
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5 5

—p' A (T .-l is equa rresponding

ZK:(F P)r\[ r( )+Ar (]I)_J is equal to the corres ing
contributions to /\ (p,p') together with the self-energy pieces

| corresponding to _ZCP))’S , and _.)/5 Z(F')

Therefore ( due to (a) and (b), we obtain ( after utilising the siructure

of the pseudo-scalar coupling )
5,00 | 5,00

(?-?')r/\r‘ (p,p’) = 1M AN Cpsp" —-g[Z(p)/s +/5Z(p')] ( 3.8)

Secondly, we turn to diagrams belonging to class (ii). 4 typical

5
contribution to /\r,(p,p') has the form

m K
by T{ ZTI[ro . |rw_ -
Jo‘b‘] Y‘{ o e+ [ ;{.,.,f::).-m /T'*'/FK /#/5 "'/fk“‘/F Ly -
! | [\"‘P 1 :\}(...)
J= ke q*ff’j*"f'/'f"m |

Multiplying by (p-p') pove obtain

ket |
T[S rol e
fch‘[ Y{ %:‘ E—] [ ﬁ,+% _m] PR (2mys) ff‘*'//?;\l/P”’/F"”"

m

+ 1 : ) ! (o)

frm\

Now, if T' (K)=/(k)/5 we get cancellations on sumning over X ( aue
to the anticommutator {jyp,)s} =0 ) except for the special cases

when ké_l, and k=2m. For these case we obtain, using a well - known theorcna

on traces,
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i el (T BN EIS VT
Jx%“] TY{ /5%_":(‘ - ! . ’m>+/51’ | ( ’ 1_,/,/45’(”
=1 A+ +# =7 j= A=

.. char_e of integration variable in the second term ( @ — q + p' = 1 )
shows tnat the two terms cancel out. Thus, we are left only with the

5
contributions to /\ (p,p') arising from the diagrams of IFigz

z. 8, and 2is. 9.
Tnerefore,

g, (0

, , : 55 () 3.9 )
(PP p /\r‘ Cpp) = MAN G H

\ T - o he . - . - ) > / - \ ) Ml
Tre W=7 identity ( 3.7 ) is obtained by adding { 3.8 ), and { 3.9 ). ¢.=2.D.
Cther W-U idcntities can ve verificd along similar lines.,

maving esvaeblisn tnae alzebraic ) validity oi <The W-1U Zdicatitics

we saall Turn, in the following section, To thne rencrialisation oi toe

soGel lLagransian theory with an interaction Lagrangian given by ( 3.1 ).
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IV RENCAULLISATION OF THE 10DLl TiuCaY

IV.1 It is an inherent feature of any Lagrangian field theory that the
procedure oI the subtraction of divergenées, arising from T-ordered nproducts
of the interaction Lagrangian, may be implemenied by means of counterierms
added to the original Lagrangian2’3. A renormalisable theory is characterised
by the requirement that the number of counterterms induced by the renormalisation
procedure is finite. A more stringent definition of renormalisability,
however, reqpires the possibility of absorbing such a finite number 6f
counterterms into a redefinition of fhe parameters of the original Lagrangian.
In this way all the 'infinities' of the theory may be absorbed by the
parameters of the new Lagrangian.

Starting with the Lagrangian of the form
1;\42[/2\}«-5-

. — ~ "\ 2
c{: —.l_}__'alg.Ay-—DyAr] +

L
M

A _2 -

A

+{§[¢)'r?r“?"wr@>)’r§“} GO+ g0y gAL: (AT

- m L}'\/ :(exP[L'Z%/ﬂst]—1>’. P
we consider the limit as m'— 0, and X —>o00 1in such a way that & m' = @i,
Then, there are no 'mixing terms' ( A. 3 B ) in ( 4.1 ), and 3 is now
a massless scalar field. Consequently (i) the propagator matrix given
by ( 2.5 ) is now diagonal, and (ii) the exponential interaétion gives
rise only to massless 'superpropagators'.

Remark 4.1: A massive 'superpropagator' 1s, mathematically, a rather

complicated object, and the problem of uniqueness of the higher point

functions ( n-point functions with n2 3 ) involving massive superprovagators
has not been solved yet. The existing literature deals only with higher

point functions involving massless 'superpropagators'.

We recall that the interaction Lagrangian consists of itwo parts
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L (x) = f,{x>+ Ly (%)
where
o= & Gy PAR
L, = ¢m) (—C;/\ﬁy@*QC;/\_C,u@)’)

Now, let C[;ﬁ lnt(xl) E{, lnt(xn)] be the 'discontinuity!
between the totally advanced, and totally retarted operators of the produdt
of n interaction Lagrangians ;ﬁlnt(xl) £lnt(xn). Then Epstein,

and Gla.'se:c39 have shown that

=1

w(<o|C[fl'"’cc¥.) - 2 oy [0>) = 2_ w (L) + 4

where the L.IH.5. stands for the degree of the tempered distribution
<Ol C [‘f lnt(xl) f, lnt(xn)] |O> which is a measure of its
increase at infinity in momentum space, and |
v 3 't - 't
w( LMY =al L4
int . . . . . . invg
d( of ) being the dimension of the interaction Lagransian , gg .

1

¥or the case a{ int = af 4 ‘the form of the propagator AI‘AV ( derived
in II.1 ) implies that a( & ,) = 4. Hence, W (Kol C L&, ) ntxmr ] 10>)
remains bounded with increasing order of perturbation theory. The interaction

Lagrangian ;@1(;() is, therefore, renormalisable.
We shall, now, classify the divergent graphs of the CII\J C}' /8\ theory

( i.e. the graphs arising from the VEV of T-ordered products of f1 (%) ).

To this end we introduce a convenient form for the superficial degree

of divergence of a given Feynman gra;ih G ( see Appendix I ) For a

renormalisable polynomial ( in the free fields interaction this form is given

by3 ,

( 4.2)
w(G) =4 - L > (ry+2)

1
= fex'l:
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where r{ is the degree of the polynomial in the numerator of the ciusal

o -t - g E‘th - : ~ \ . e
propagatoxr corresponding to external line of G. 4 csiven IPI (see
Appendix I ) graph is divergent provided | G)20 . Thus, utilising
tne above formula, we deduce that there exist five types of divergent

~ A
9 i . - A -
diagrams ( neglecting vacuum diagrams ) in the \YQ’A‘ theory shown in
Fig. 10. The two types (d), and (e) require no counterterms, because
they give rise to finite contributions to S-matrix. Hence, we are left
with three types of divergent diagrams corresponding to the self-energies
~ A —A—A A

of the AtL , and Y fields, and the 9’?/4 vertex function.

We consider, now, the contribution to the S-matrix arising from ‘mixed’
interactions. In this case we are interested in T-ordered products of
interaction Lagrangians of the form T [... g?1(xi) ces sz(xj) ...] .
The power counting theorem of Epstein, and Glaser is rather misleading
in this case due to an inherent high energy cdamping of massless
. 32 RN N .

superpropagators'” . However, it is easy to sece that divergences unz;
rise from diagrams shown in rig. 11 together with their associated diagrams
shown in ¥ig. 12. Before we proceed any rfurther, we remark that the tadpole
diagram of Fig. 11 (d), and the associated diagram of Figz. 12 (d) arise
-/:- A 2 4
because the interactions y»/\: #)GB are not completely Wick ordered.
It turns out, however, that the presence of such tadpole-~like diagrams

is essential in order to satisfy the W-T identities of Subsec. II.3.

The latter are depicted, in a somewhat sketchy way, in Figs. 13, 14, 15.

Counterterms: Having classified the divergent diagrams of the theory

we turn, at present, to the structure of the necessary counterterms
cancel out the various divergences. Denoting collectively the counterierus

by gof we maintain that the effect of renormalisation is to cnange

( 4.1 ) into



A ~ 2 Alg A A A , 514
f-gt’f :-zf[-srsAy“ByAr] + 3{_‘ ™M EA}A_’_ ‘\;‘-}rB]z—é_fx [a.A-—M B]

LT b e 1m0 Y - 8 G DAY
ry L . ~ « sz (43
~nd e (expli2 b s B1-1): § -2 @-0Lph AT T

~ A 2 . e A = -~
Pt 2y [Ape 1 :B) 4 E-D{L Ty -rryp 313

,+[Z£mf(zrﬂm]@umPDM%hysé]ﬁ%+%(224)’@%ﬁ%?Ar:
To see this we shail study in some detail the xole of individiual counterterms
which appear in ( 4.3 ).

We start with the meson self-energy diagrams. Although such dlagrams,
see Fig. 10 (b), and Fig. 11 (b), have ( at worst ) a superficial degree
of divergence equal to two, they are at most logarithmically divergent
due to the pseudovector character of the : :}: 2\Y : coupling. Thus,
in view of the set of W-T identities ( 2.26 ) (see also Fig. 14) it is
easy to see ( using the regularisation procedure of Ref. (41) ) that the
quadratic divergences arising from diagrams of the type shown in Fig. 11 {c,d)
cancel out among themselves, and the remaining logarithmic divergences
( due to the totality of diagrams of the types shown in Fig. 10 (v),
Fig. 11 ( b, ¢, d ) ) can be cancelled out by means of the gauge invariant
counterterm‘

- 2
LouB] (4.4 )
M

| ~ N 2 A
%(Z‘f}[arAy"gvAr] —_ji_Zz[‘Ar.,.
Furthermore the counterterm
-5(22—1):?%/571/\?: ( £.5)
will cancel out the logarithmic ( at worst ) divergences associated with

diagrams of the type shown in Fig. 10 (a). Note, however, that ( 4.5 )

by itself is not gauge~invariant.
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e, now, proceed to examine the fermion self-erncrgy diagrams. wouch
. . ) . NI - - B . - .
diagrams shown in Figz. 10 (c) have a superficial desree of divergence
equal to one. Hence they are linearly divergent ( at worst ,, and a counterter:

of ¢%he form

- - LT'—"- A_ PR A _ - A _ A A P
(Z, 1>{-2-_-.[_\V3’r9r‘i’ Opdypy ] mquy} Z,3m Gy ( 4.6)
is required to cancel out the corresponding divergences. Such a counterterm

is not present in ( 4.3 ). Instead we have introduced the following counterternm

SEeO Do - Cp Py 91

“L Z,8m = (Z,-1m] §:(exp[as 3o rsBl)g (47)

( For an excellent discussion in connection with the presence of the exponential
counterterm see Ref. (33) ). Hopefully ( 4.7 ) not only will cancel out
the divergences arising from 'pure' fermion self-energy diagrams, but
also divergences arising from pseudoscalar vertex diagrams ( see Tig. 11 ( 2, e w) )
as well as the éssociated‘diagrams shown in TFig. 12 ( a, e ). However,
such a statement is far from obvious and needs some clarification.

To this end we first observe that diagrams of the type shown in Fig. 12 (a)
with an odd number of B fields emerging from the séme vertex have the
same singulérity structure as the corresponding diagrams with an even
numbexr éf B fields emerging from the same vertex. INow, let Z5 be the
renormalisation constant of the pseudoscalar vertex function. Due to
. the presénce of the countertera ( 4.5 ) the corresponding renormalisetion
constant for the pseudovector vertex function is Z2. It will be instructive
to find out, what relations exist among the renormalisation constants
” Zys %y, and Zg implied by the W-T identity ((2.22 ). Ve start with the

identity iteself:

Gop R TR Gy = FUT Cpp) = GTSEGY 05 s SE e



: , . A 5 .
Factoring out the coupling constant § from Tﬁr , and (-m)z.léy/?%
3 : . . 4 n - . \
from Tﬂs the above VW-T identity reduces ( with some abuse of noiation |

to

PP )p TR Gup) =2m T p) = [SE Y ys vyps SEpry '] (408 )
Ve, now, present the following argument due to Adler38. The argunment
is carried out in two steps after introducing a cutoff.jx_ into the Feynman
amplitudes. Because of the cutoff the renormalisation constants are
cutoff-dependent but finite ( they diverge, however, as [\ —> < ).

(a) TUtilising the relations

~nS

Tsr :Z;‘T; , TP=2Z2,T*% , S, =25,

( with the tilde quantities being cutoff indepéndent ) and setting p = p!

in ( 4.8 ) we obtain
‘2“’121?5(?,?_') = ‘:g\/:ﬁy)_'js + Vs g;(y’?}

Since the R.H.S. is finite ( i.e. cutoff independent ) we see that
2m EZ,'T’5 .must also be finite. Now, bearing in mind, that
255 Tﬂs is finite, by definition, wevmay conclude that, in the
limit /A —» o ,
- 2m Xy — x | ( 4.9 )
Z;
where & 1is finite.
(b) Iuitiplying ( 4.8 ) by Z, we obtain

4 \

( 4.20 )

- ~s N =1 - —1
(F-P’)r T-l; CP,P') = éz (2‘%_5')?5(?:?‘)'*- <SF(?) y5+—/5 SF_(P’))J

Now, the L.H.S. is finite, and the term in the square bracket on tae

=86~
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R.LS. of ( 4.10 ) is also finite due to ( 4.9 ). Thus, ( 4.10 ) imzplies

that ( in the limit A —— )

Z, |
-—Z_,._._-:% (‘r.ll)

where P is finite.
r'rom ( 4.9 ), and ( 4.11 ) we conclude that, up to arvitrary finite factors,
the axial-vector, and the pseudovector vertex renormalisations are just

Zl’ and 2le respectively.

Remark 4.2: We may define Z. by setting p =1( 4,11 ) i.e. 2, = 4

1 1 2°

This, however, will have certain implications concerning the experimental de-

termination of the coupling constant g?h35‘° The latter may be determined
by observing the decay of the physical spin-l field ( Wy field ) into

a fermion pair. 3Because we have chosen arbitrarily 2% =22 ( and Zl is

1
fixed according to the usual procedure ) the axial-vector vertex corrections
may not vanish, wnen all particles are on the mass-shell, and consecuently
the experimentally determined constant will not correspond to g.

We may, now, see ( taking into account { 4.9 ), and ( 4.11 ) ) that
the counterterm ( 4.7 ) has the correct structure to deal with divergences
arising from fermion self-energy diagrams together with divergences associated
with pseudoscalar vertex diagrams shown in Fig. 10 ( 2, e ). Furthermore
we believe that the above counterterm will deal successfully with divergences
arising from the associated diagrams ( with more than one B-emission
lines ), but we have not carried out any detailed investigations.

Let us, now, turn to divergent diagrams of the type shown in Fig. 12 ( b,
We have not introduced any counterterm to cancel out the corresponding
divergences for the following reason. Firstly, we observe that in a

given physical process ( spinor-spinor scattering for instance ) both

types will contribute, and secondly, there is a nutual cancellation of

-87-
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divergences arising from the two types of diagrams as one moy readily
verify Dy using the regularisation procedure of Ref. (41) in connection
with the W-T identity depicted in Fig. 15. This state of affairs is
demonstrated in Appendix V. In the same appendix we have also checked
explicitly the cancellation of divergences to order g8 log gz'for the set
of diagrams shown in Fig. 16. Similar considerations hold for the type

of diagrams shown in Fig. 12 ( ¢, d, £, j ); also for the set shown in
Fig. 12 (h, i ) ( see Appendix V ). Cancellation of divergences are also

expected to occur among the diagrams of the type showm in Tig. 17.

IV.2 To see the physical meaning of the renormalisation procedure we define
— / A . . — N V4 T . Uy QZ.A
/k;& = éz 2'/\r» 5 .[3 —._P1/Pq Z 2‘E5 5 %)-— 25, (f
3 = Z",/z Z'T’Zz 3 > M* = C;"z*' zg)z"‘
Then, & —S/ , given by ( 4.3 ), may be rewritten as
2 2 2
ofo::. _‘;:.EBPAV—-'BUAI«:\ +_i_ MZ[AP+_‘\%1_QJ¢.B} —?;:F[-B.A—KBJ~ .
AL Dot ~CrPypyT-mey ] + g Pypys v A
—m?: (exF Ei 2.% Z"/—Z/P,l Js Bl”)“}"
pom e (onp D028 Z g s B1): ¢

Now, setting Zl ='22 (see also Remark £.2), and my =MW —Sm,iiacquires the

simple form
fo = i_[’arAv-buAr]ﬂ i‘MztAT‘*ﬁ‘afg} - _;__Fﬂa.x\—ke}
w{E0Trory - CrPoppl-meped + 9= Pyp)e ¢ Ap:

- M, ZF : (e,x‘:[i 23/” VE B]-'i):ﬂ//

-38~



This is, however, the same as our starting Lagrangian ( 4.1 ), except that

the various coefficients have been changed. The fields AT‘ , B, and \% are

the unrenormalised fields. The quantities i, ny

g stands for the bare coupling constant. Thus, if we choose the bare macses,

are the bare masses, and

and coupling constant in an appropriate cutoff-dependent fashion, and rescale

2’ ZB’

and 6ém are cutoff dependent, and diverge as the cutoff parameters tend

the fields in an appropriate cutoff-dependent way ( recall that %, zl, o
to infinity ), all the divergences ( hopefully ) disappear in perturbation

theory, and the Lagrangian ( 4.1 ) gives rise to a renormalisable theory

( despite of the apparent non-renormalisable nature of the interaction ).

-89-
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Tam TSATNTY - B0 . . -0 S " = .
in o 11 of the thesis the conventionally non-renormelisadle coupliny

of a massive neutral pseudovecior to a non-conserved fermion current has

-

. m VA -
oecili anailyseu usin

the gencralised Stuckeldberg Iormalism. We emphasize

ot the outset, however, that this analysis has not been exhzuctive. 7

’.__J

converting the above coupling into a polynomial interaction of the rencria
type, and a non-polynomial interaction of the exponential type ( in a
massless field ) we are able to fix up a finite number of gauge "invariant
counterter:ss to cancel out the infinities of the model theory. ouch a
state of affairs is materialised only because of an inherent dampingz foxr
large momenta provided by the exponential interaction, when the latter

is treated by non-linear ftechniques developed in PART I of the thecis.
Our analysis is rather unsatisfactory, however, due to a lack of a proof
concerning tne unigueness of the theory. This requires an extensive work
on the asymptortic Ueaaviour o Feynman amplitudes. We hope to return

to this problem elsewhere in the near future.
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APPENDIX I

The purpose of this appendix is twofold. Firstly, we give trze necessary
terminology associated with Feymman graphs, and secondly we sketch the
proof of Theorem 1 of Section II ( PART I ) which justifies our regularisation
procedure for graphs with 'superpropagators'.

(A) In this part of the appendix we shall give the basic concepts

of graph theory associated with Feynman graph38’9.

Definition 1: A Feynman graph, G(M, £ ), is a set of vertices il = {Vl,.;.,Vn} ’
and a set of lines, L , together with a mapping i ; £ —> MxM. This

napping assigns to each line le £ an initial V1 , and a final Vl
i £
vertex; collectively V1 , and Vl are called the end points of 1. A multiplet
: i £
with respect to any two vertices, Vi’ and Vj, of the graph G is the set

9f lines in G which have Vi, and VJ. as their end points. Z¥inally, a

generalised vertex of G is any subset U={V%..Vmlc ™M .

Definition 2: An r-tree, in a connected graph G( M, .f ), is a subgraph

B #,T, ), where T c £ , such that N(E(i4,7,)) = 0, and C(H(,T) ) = =,
wvhere N is the number of independent closed loops, and C the number of -
components of H(M,‘I‘r) respectively. Thus, a tree, T, is a l-tree which
contains n{G)-1 lines (n =% {M} ) , and each vertex of G is in T.

It is also clear that a 2-tree, T2, is a tree minus one line,

Definition 3: A graph G(¥, £ ) is one particle irreducible (IPI), if
it is connected, and any subgraph obtained from G by removing a single

line is also connected.

The superficial degree of divergence of Feynman graph G, £ ) is given by

w(G) = 2L (G) + ng 44—[11(6)—1]
bed

where L(G) = li l , n(G) = I Ml , and r, is the degree of the polynomial
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( in momentum ) of the numerator of the Feynman propagator corresporndinzg
to the line @eog . @ (G) is a measure of the degree of divergence
of the convolution integrals ( in momentum space ) of the Feynman amplitude
associated with G.

(B) We, now, turn to Theorem 1 of Section II ( PART I ) ( i.e. Theorenm 2.3.1
of Ref. (9) ):

In co~ordinate space the Feynman amplitude corresponding to a given

graph G(i%, £ ) is given by the following product of causal propagators

)
PGQQ = -I_l- A ngac-x‘g‘.)
el

( For definiteness we shall take rp=0 Vel )

FG(_J_c_) is not well defined being a product of distributions which are very

singular on surfaces where two or more xj coincide., This difficulty shows
up also in the F.T. of FG<£) Indeed the product of distrivutions becomes
a convolution, with convolution integrals which diverge for large momenta.

This being the case one may defined a generalised Feynman amplitude (GFA)8’9

given by
)
PG(Z)C_{) = ‘ ‘ A ()2)(x€,¢—x?[)
Ped
where Au)(\e) (xl - X ) is given by the inverse F.T. of
£ i
C m(dpt) Y ( e Tine S
/AN E P?‘-_m +lo | massive line )
~ (274
AP O G = ]
. - |
e”VzC’\“') [F’w— (o) L ( massless line )
- (_2-7()4'

with )\9. being a complex number. We observe that FG( A ) (x) formally
reproduces FG(gc_) for A=l =... = A, =0 » and the original divergence

difficulties appea.r now as a singularity of the GFA at this point.
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LOW, in momentum S . o R RS reph G(M, & ) naving
©QW, L monehivunm space une Gl associated witlh: the graph G, ) LGVLING

35 ~ e . N C . - . . .
4 +ines, I verwlces, and L=L-n+l independent loops iz given oy

-
-

> ) de (83 ]
T (1) (2) :j@m/ﬂah 3, [de(2)] _
ht Lef [Dc(g)f)_‘i)

:L‘ZN-\-ZA : )0: -2
P oy H

and 5 [ > vée £ are homogeneous co-ordinates in the ( L-1 )-Dimensional
projective space ( °<Q=l€- F?. ,Vied are the usual Feynman parameters ).

The integration contour is the simplex )/o = {1@ I Py 20 V¢ ] whereas

f) = Fa L 5,2yt e C
-l———r {exP(-tﬂGe)T(Ge)}

i

bed

The functions c:‘sG(?,) , and DG( _E , B ) are given explicitly below:
.\ A \
(1) o (2) = é (T1 P) (41,2 )
1 Y
=
where the summation is over all the trees of the zrapnh Gj
(i) 2 2 p AJLLE) d fZ o g (12,3 )
H) 2 (Bp) = p Mt be mSelg) 2 iy -l ekl
with éﬁM' being the set of massive lines of G, and
1y ’ Tt
T
AGes)=2_ (7 B1) (210 )

where the summation is over ail the 2=trees of G sucn that Toc vertlces

- I'd - . o U o o~ G
{Vi;, and 1 V~.~’st lie on different componenits of 532.
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l
X ]= 2 , ‘nen, from

: [ ,
N ) ~s }r .y - TSN N Y O
opeel, and estwate: , W& :now that there exists a resion /\ T C L such

~ ) R alal .- Ay ) e = N
Consider o nosslesc D.Ll._'."&lp_l_e't _/( sucn shot

Vi iia v

Aty e S - 5 . )
chat for A e /\w ( £.1.1 ) is absolutely converzent when integrated over

the region

S ?5)\?‘@ , b‘c ex
Oﬁ%ﬂu) $ -0 £ F)'n(\_—z)

where T € p (L-2) , the group of permutations of (L-2) objects. Then,
Paread

P = Lo [ f o [ Sl B

P\
d
,_[ o (&) ] . ( 4.1.5 )
LDG(%"?)] '

jjé

N - _ »
(y= 2 g (1.6)
T owe P2 -

/

’

T oA t
LT

) be the Feyrian groph obtained from G by replacing the lines

‘_g

f‘\

of X by a single massless line, ga. . Then

do(e) = AG,(g) (By v )

These functional reictions are simdly stated but not proved in del. \9).

‘-_

For completeness we shall give tne DIC0L I
Proof: The—e are ro trees in G which contain boua lo, and lc’ D, CE X .

[ 1
ORI R
GG I e ICY

- - - - —~ - /
Ience, oll trces in G can be divided into three classes: (a)

dd UV

ccntain neither Jﬂo, nor 1 , (b) ‘trees that contain lb, and not lc, and
c
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P ( ) - N gon 4 . -

ded sl C vIoees Jol=ty e ~am S - o= . PR T i ~
- J Lig convaln Loy anc not 1. . OSinmliarly a.. Tae TICEl
NI |

in G' con be divided invo two classzes: () irecz that do not contain 1

N AN e . .
and (b, trces that contain 1 . Then from ( A.1.2 ) we ovtain

dG(?) = 2 2: T—T FE

r:a,b,c G G
TCF) e% -r(r)

= (F +F ).224 ___E_.T_T ?; + (?b+?c)izi l Fé
Tca> b¥ FC éT(m Tiw gﬁéch)
P la
= (P, +Pc d_ (¢
Po F> o (£) ), = B B
Pb*?c

This is the Jirst resulw. In order to prove the second result, 1T is necescary,

and sujﬁ*c*ent from ( &4.1.3 ), ©0 show that

A (L5) = Coumpe) AL (D)

To this ernd we obsexve that there are no 2-3Trees in & that contain both
cnny [/

1., and 1 . loreover the set ol 2-Trees in summation ;Z_ in ((4.1.4)

i C w —rG

can be divided again into the following three classes: (a) 2-%zces that

onsain neither 1., nor 1, (b) 2-trees that conatain 1, and not 1 , and

J C V)

L

¢l

(¢).2-trees that contain 1 , and not 1b. Thus, in general wc oblain

Z’T’l F@ - 2 Z/ T Py

G- . G \”:d, b‘C -G
L7 LTy ' -12(,.) LeT,0n
/
However, any one of the summation ‘Z: T=2,0,C LAY 08 OVeXr an CLILlY 3¢V,
%
Tﬂ. 49
sirce in the subset of the 2-irees, 2{,( with some abuse of notation ),
Tz-,(v‘)

there moy be no 2-irees Ifrom any one of the three possible classes. Ve
have, therefore, to exanire nnlividual cases:
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Ie
[ - b J_qA“ Y - —~ ' [ - %
\1) IT all +he three classes are present, trnen analysis sisilar to

the case lor thc d- (2 funciion shows that
l.l" n ~ <
/xG_(i 5) = (fb+‘6c) /xC? <i :)

(;;) +1 Taere are only two classes present, then these claoses must

necessarily be (b), and (e). Hence

> TT p= Gy, F)Z, [T g = (p, ~p) Aglit

‘F"G" i <
. LET, 2 (o) ¢ Tz (b)

(iii) The last possibility is to have only 2-trees from class (a)

present. Then

>0 T ) b _T Py

G G G G

I
—
o
RO
n

+3
B
-
[

.5 comnpletes the proor,

Jow, due to factorization ( 4£.1.7 ) equation ( 4.1.5 ) becomes



22

© 4

1
~ A

C

’fU

mf Bl BB g

787762) )o

-fCl%Tr(L-B)“"/ A}SWU)]—I— f> g [dG’CE)}

ted-X [ D e, p1F

Introducing new variables Fa — %b Be , T = &b
\ Fb + Fc % b+ FC

( with Jacobizn J = ?a_ »(_-—2[1—7)‘2 ) and carrying out the intcgration

over tne T =-variavle we obtain

ﬁ'ﬂ'cz)

oo 1

D om A +1c—7

:‘"G (3)(_‘?) = \-FG/_(A.) fd{f%d ab fClFﬂCL—s) ”./‘JF’WC’)
) o ) o]

Wl

Q) = [ ()
) { [ [expeimey Tiep} explimis,ee)) Tise)

Thus, if we associate with l the regulating paramcter

A R CEDER R



PO } A Tm A £ 4 . — : . . Lo e
At Wila e rest of the linec in G we zssociate <he rezulating paraTeters

) , VYV dide £-X

This result together with ( A.1.6 ) imply that

e

I
m

o ()

By repeated applicafion the same is true for a multiplet X with any mulviplicity.
Hence, the theorem.
low, using the method for the analytic continuation of the G4, F:(l) (p?
8 ., .

to a neighbournood of the physical point h =0 oI Speer , i

— -

13 ciear,
Irom the above theorem, that o massless multiplet will always give rise
Lo a ~ =space singularity in the sum of the regulating parameters

assoclated wita the lines of the multiplet. If we set
tnen the new reguiating perameter for tre 1t multinlet is given by

n terms ol the repulating parancwer }2 the contribution from the 1ih

. e . \
multiplet, shown in fig. ( &£.1.1 ),

\V

Pig. ( 4.1.1 )

DccoIes
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4 direct comparison with formula ( 3.8 ) ( section

of our regularisation procedure.
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In This coppendix we verify some assertions of Subsection ZI1.2.4.

I. To begin with take any /} >0 , and consider the renrosentation
A -~ . . . .
. & . ressing tr yol Ishots /e have:
( 2,24 ) for " Suppressing the dependence on A and t,, we have

R (s +4)
Ay = [dt G [P by rin Pey] T
P

waere the o (X p) restriction is understood. G*= (£) is analytic on

—

la)
(4

1
~

C with growth ( in ¥ ) bounded by cH I‘3 , P2 is positive definite,

and it is permissible to write:
X oo y o p (Rt
(4553 = [, 6%0 (LhrennT 0, 5)
wish ‘? € mg(ﬂz*x'z). Je have

) +4_‘ N '
!(A ?) < L’] SuPlG (“c)‘SuP l<[P<£)+“’] -(H3 ))(;DN

teC
12l L . aH”H’
< L,I Cx 3J CAP{ ?(B)l suFl [P((E,{:,)-&-lqu(f)]
€
R4x2 . ‘
with 0 < Ze a < 1, and for large [l)’llg can ignore -4, waich can
alveys be compensated by integration by parts ( IIL.2.3 Y. Thaus,

Voo~ liv§§3 ~ A ( o Lyl D \E;U“
’(A q;)l <L, l]a;;! e a(llpl” ) 4P |F1 e, SIERAACD
i i

K4x2.
where g ( H )9 Hz' ) is the indicator functionl9 and I’C?[IQ is o nown
o]
in ny?é(34x2) ( See III.3.1 ). Introducing hype::J“er*0ﬂl cooriinates

X2
we get

/
in 37
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I E AN ~vLY Y vl
o )<L iey N > 2y °
;(A,),l)l_ ,7HIKISL‘H,]JC\KK [gR5)1 (RY)
)
v 1], s .l
with li)r] = C, j aﬂ[ P1(ﬂ)+— PZC.QJJ

compact weslon

, L 2y -1
whence, utilicing the decrease property of [ (&™) 177, we get

A

(4 .
1(/\%},%)] ﬁbq lM! llq:l;% ( a.2.1)
210,
vaere p  is the order of growth of g(R ). Obviously 1}’— ( const )
for larse H v H
Ii. Ve now show tha®t the bound continues to hold in the liuit 7o 0

T
.Lu.G‘..L ]

f
L
&, "x' 1
VNG (5t L= (1)1 M rz4y Y41
e 2 N I 3 VT
/-\7] "'{} L K, } Y d ltl <9£>
K, =0 W (Ix‘+?_+m,) ‘ ‘ (}Xl*'ZTM‘) o ! -
M =0 m =0
}As-i—z - (pP3+4)

wioclh consiszis of ‘)1-:—1 terms., Lsccause of the action of derivavives each

~ R Py -~ o~ !
ter= is a suz of at most v1+1 terms of the form ( assuze larme || ¥ || 5 )

ajy | —w-4

T~ (oonst ) R GRE) [P (pa) i ()]
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- 1
—_

Y ~
~ ot - ha ] . - // x2
0 < kea < 1. In smearing AY] with a test function ﬁFeg R ;\*4 )y

WLETE S (P ) s a polynomial in the DyePs of decree WK Y, + 1, and
J

¢ have to consider ( with large “/ . )
2

aivil W4

_ el -—w-4 man»mﬂ-z all» lis ~ A
S > ’ | Prt
(Cprinf.] P e Emaxvu nt (Cremp] 50 R

on wti.izsing ( 3,14 ). The right hand side is continuous in q . One
readily obtains:
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