Random Simplicial Complexes and Stein’s Method

UNIVERSITY OF

0),420)23D)

Tadas Temcinas
Keble College

University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Trinity Term 2023



Abstract

The work presented in this thesis is largely motivated by the pressing need for statistical founda-
tions in topological data analysis (TDA). By studying random simplicial complexes, which serve as
null models in TDA, the thesis falls within the framework of stochastic topology. Despite various
success stories involving applications of algebraic topology, there is a lack of statistical tools that
allow to rigorously evaluate topological data under uncertainty. Here we use Stein’s method for
multivariate normal distributions to prove distributional approximation results for random variables
that arise in the study of random simplicial complexes. We also apply the results to statistical in-
ference and hypothesis testing using simplicial complex data. The main body of the work consists
of two articles: one accepted journal publication, and one preprint, which has been submitted for
publication.

The first main result of the thesis is an abstract multivariate central limit theorem with explicit
bounds, established via Stein’s method, for sums of locally dependent random variables, which pro-
vides the greatest generality for this type of dependence structure so far. The result is then applied to
prove multivariate central limit theorems for variables that arise in the study of the clique complexes
of Erd6s—Rényi random graphs. The abstract central limit theorem applies to multivariate sums of
random variables which contain different order of summands in each component, allowing it to be
applied in the context of the random clique complexes.

The subsequent chapter extends and generalises the probabilistic results of the previous chapter
and applies them to statistical inference and hypothesis testing. Here we work with a more general
random simplicial complex model: the multi-parameter random complex X(n,p). The statistical
applications include properties of the maximum likelihood estimator of X(n, p) given a single observed
simplicial complex as well as using the central limit theorems to devise goodness-of-fit tests.

This thesis not only contributes to the Stein’s method literature but also offers better under-
standing of multivariate statistics of random simplicial complexes from a probabilistic point of view

as well as shows how such probabilistic understanding leads to useful statistical tools in practice.
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1 Introduction

The starting point of topological data analysis (TDA) is a dataset that is (or can be morphed into) a
topological space, most commonly, a simplicial complex. The standard way to study data arising from
some random process employs probabilistic and statistical techniques, which provide a rigorous way to
quantify and study observations under uncertainty. Often, probabilistic models are employed in order
to make sense of the data: they serve as null models in the framework of hypothesis testing; they also
can be used to make predictions about future observations. Motivated by bridging the gap between
TDA on the one side, and probability as well as statistics on the other, this work studies probabilistic

and statistical aspects of random simplicial complexes.

The study of algebraic invariants of random simplicial complexes falls under the notion of stochastic
topology. 1t is an active area of research, the state of which is reviewed in the two surveys [3, 4].
Since classical methods of TDA such as persistent homology [19] and the Euler characteristic curve or
transform [27] are built on algebraic invariants of simplicial complexes, results in stochastic topology
are crucial in order to quantitatively interpret the output of the TDA algorithms. Proofs in stochastic
topology often start with expressing an invariant of interest as a function of combinatorial variables
or sandwiching an invariant between such functions. The combinatorial variables are usually different
types of simplices. For example, the Euler characteristic can be expressed as an alternating sum of the
number of simplices of different dimensions; the k-th Betti number over any field is upper bounded by
the number of critical k-simplices with respect to any discrete Morse function. As we will see in later
examples, the variables counting simplices of different types can often be analysed probabilistically and

as a result some properties of the invariants of interest can be deduced.

Chapters 2 and 3 contribute to this field by proving multivariate central limit theorems (CLT) for
counts of three types of simplices in random simplicial complex models. We study models related the
Erdés—Rényi random graph G(n,p), where out of the n vertices any two are connected independently
with probability p. The clique complex of the G(n,p) random graph is called the X(n,p) random
simplicial complex, which sometimes is also called the random clique complex or the random flag
complex, is the central object of study in Chapter 2. In Chapter 3 we consider a more general model
X(n,p). Here p = (p1,p2,...,0n—1) € [0,1]™ is a vector of probabilities; p; is the probability of

connecting any two vertices by an edge, po is the probability of any triangle to form a 2-simplex, and



so on. This model gives rise to a conditionally independent probabilistic structure. Many other models
such as the G(n,p), X(n,p) as well as the Linial-Meshulam random complexes fall under the framework

of X(n,p) model as special cases.

Understanding the distributions of simplex counts of random simplicial complexes can also be directly
utilised in statistical applications. Using the distribution of graph statistics such as small subgraph
counts or the degree distribution to devise goodness of fit tests for different random graph models is a
common practice in network analysis [14, 20]. Such tests typically have higher power and are compu-
tationally faster compared to Monte-Carlo tests that require extensive and computationally expensive
sampling from the graph statistic distribution. However, for tests based on the distribution of the chosen
statistics to be applied in the context of TDA and random simplicial complexes, the distributions under
the null hypothesis have to be understood, and currently not enough such results are available. To help
fill this gap, the paper in Chapter 3 uses distributional approximation results to devise a x? goodness
of fit test for the X(n,p) random simplicial complex model. To make the test useful in practice, the

maximum likelihood estimator (MLE) of the X(n, p) model is also studied.

1.1 From algebraic invariants to subcomplex counts

Most commonly used tools in TDA are rooted in algebraic topology, which uses algebraic invariants to
study topological spaces. Naturally, a goal of stochastic topology is to understand the distribution of
such algebraic invariants under different random simplicial complex models. Studying these invariants
directly is often unachievable from a probabilistic point of view. As a result, a common way to study
them uses the connection between the algebraic invariants and combinatorial properties of simplicial
complexes, an example of which are the so-called subcomplex counts. Here we review a couple of classic

examples, which motivate the need for probabilistic understanding of subcomplex counts.

From the combinatorial point of view, one of the simplest algebraic invariants is the Euler characteristic.
Given a finite simplicial complex £ of dimension d, we write e (L) for the number of k-simplices in
L. The Euler characteristic is defined as x(£) = ZZ:O(—l)kek(ﬁ). It is a linear combination of
the number of simplices of different dimensions, which are a special case of more general subcomplex
counts. Understanding the multivariate distribution of the number of simplices would directly translate

into understanding the distribution of the FEuler characteristic.



Combinatorially more complicated but potentially more useful algebraic invariants are the Betti numbers
over a chosen field F. We start with a simplicial complex £ on a vertex set [n] :== {1,2,...,n}. Defining
the Betti numbers is not as straightforward as defining the Euler characteristic. Readers interested in
the more general homology theory are referred to [8, Chapter 2]. Intuitively, we can interpret the Betti
numbers of dimension k£ as counting the number of k-dimensional holes within a simplicial complex. For
example, the zeroth Betti number is just the number of connected components. Now we proceed with
a more formal definition. Given a k-simplex s € £, we define s_; as the subset of s with the (i + 1)-st
smallest vertex removed. The ordering of the vertices here is with respect to the natural ordering on
[n]. So, for example, s_o = s\ {min(s)} and s_; = s\ {max(s)}. The ordering of vertices also induces
the lexicographical ordering on the simplices. Given an order number ¢ and a dimension k, we write

s(k) for the i-th k-simplex with respect to this ordering. The k-th boundary matrix Jf is

(—1)™,  if sk=1) = U
[ak]i,j =

0, otherwise

The algebraic expression for the boundary matrix can be interpreted over any field F, and the k-th Betti
number over a field F is defined as 5x(L) = ex (L) — ranky(0y) — rankp(Jk+1). Standard theorems from
homology theory show that the Betti numbers do not depend on the ordering on the vertices but that
they can depend on the underlying field F. In the case of random simplicial complexes, J is a highly
structured sparse random matrix with dependent entries and as such, understanding the distribution of
its rank is far from trivial. Even though random matrix theory studies the distributions of matrices with
random entries, many of the random matrix theory results concentrate around understanding random

matrices with a high level of independence of the entries that is not satisfied by 0 [24].

Luckily, there are some combinatorial relationships between S and different subcomplex counts that
allow the study of the distribution of §;. For example, using the trivial bounds on the ranks of the

boundary matrices, we can see that
ex(L) — exy1(L) — ex—1(L) < Br(L) < ex(L).

The bounds might seem not that useful but some combinatorial random simplicial complex models, such

as the clique complex of the Erdés—Rényi random graph X(n,p) or the multi-parameter model X(n, p),



have parameter regimes where ex(£) is much larger than the number of simplices in other dimensions.
For example, this fact led to a univariate CLT for the Betti numbers over Q in the X(n,p) model [12,
13]. However, as noted in the erratum to the original paper [13], simply proving CLTs for the upper and

lower bounds to the Betti numbers is not enough to deduce a CLT for the Betti numbers themselves.

Apart from the simplex counts, the number of subcomplexes that witness non-trivial Betti numbers
also plays an important role in the study of random simplicial complexes. For example, in the X(n, p)
model, understanding the number of octahedral spheres allows one to prove thresholds of emergence of
Betti numbers and sometimes even their limit theorems. An octahedral k-sphere is a clique complex of
a graph on 2k 4 2 vertices, where each of the vertices belongs to one of the two groups of size k + 1.
So we can write the vertex set as {v1,...vg41, w1, ... wg+1}. The edge set consists of all possible edges
except the pairs {v;, w;} for all i € [k + 1]. Hence this graph has (%2“) — (k+1) = 2k? + 2k edges. The
combinatorial fact that if a simplicial complex has an octahedral k-sphere with at least one isolated
face as a subcomplex, then the k-th Betti number must be non-zero over any field F is used in [10]
to find parameter regimes in which Betti number are non-zero in the X(n,p) model. More recently, a
Poisson limit theorem for the number of octahedral k-spheres has been translated into a Poisson limit
theorem for Betti numbers in the X(n,p) model [18]. In both applications, understanding the number

of octahedral k-spheres, which is a special case of subcomplex counts, is crucial.

Such connections to algebraic invariants provide a probabilistic motivation for studying subcomplex
counts in random simplicial complexes. In Chapter 2 we prove a multivariate CLT for simplex counts
and simplex counts in links in the X(n,p) model via Stein’s method. We bound the non-asymptotic
error of the normal approximation as measured by both smooth and convex set indicator test functions.
A favourable feature of the result is that the bounds are calculated explicitly in terms of the parameters
of the model and the parameters of statistic in question (as opposed only the dependence on n). This
allows one to explore the parameter regimes where some of the parameters have non-trivial dependence

on n, which in our case is the number of vertices.

In Chapter 3 we prove a similar multivariate central limit theorem for subcomplex counts in the X(n, p)
model, which could pave a way towards a more intricate understanding of multivariate distribution of

Betti numbers as well as the Euler characteristic in this model and many of its important special cases.

The relation between popular algebraic invariants and subcomplex counts as well as the importance



of subgraph counts in random graph models suggests that these are important statistics that would
characterise a simplicial complex model well and as such could be useful in statistical applications.
Therefore goodness-of-fit tests based on subcomplex counts ought to be useful in practice. As it is
discussed in Chapter 3, the appropriately centered and scaled subcomplex counts are asymptotically
perfectly correlated in the X (n, p) model, despite the independent randomness in each dimension. As a
result, all of them asymptotically capture the same aspect of the model. Also, they correlate with simplex
counts and hollow simplex counts, the ratio of which is the MLE for the parameter p. Accounting for
the asymptotically perfect correlation between statistics used for parameter estimation and statistics
used for goodness-of-fit tests can be very hard. Therefore, we turn to discussing a different statistic,

based on discrete Morse theory, which lends itself to goodness-of-fit testing.

The remainder of this introduction discusses discrete Morse theory in the context of random simplicial

complexes as well as Stein’s method - two topics that are central in this work.

1.2 Discrete Morse theory for random simplicial complexes

Discrete Morse theory, as pioneered by Forman [6], has many applications in both the pure study of
simplicial complexes (and more general so-called CW complexes) as well as TDA. The goal of discrete
Morse theory is to compress topological information of a simplicial complex so that the relevant algebraic
invariants can be exactly calculated faster from the compressed version of the complex. Originally it
was introduced to study CW complexes but the theory has later been extended to filtered simplicial
complexes [16] and as a result used to speed up persistent homology computations in popular software

packages [2].

A concept central to discrete Morse theory is that of an acyclic partial matching on a simplicial complex.
Intuitively, an acyclic partial matching pairs up simplices whose dimensions differ by one in such a way
that the topological information relevant to the algebraic invariants is encoded in the unmatched -
critical - simplices and the paths between them. For a rigorous introduction to the topic we refer the
reader to the classical paper by Forman [6]; topological preliminaries in Chapters 2 and 3 also contain

the relevant definitions.

There are a few reasons why studying discrete Morse theory on random simplicial complexes is a useful

endeavour. Because of the usefulness of acyclic partial matchings in reducing homology computations,



finding matchings that have few critical simplices on large classes of simplicial complexes is desirable.
However, for a given simplicial complex, finding an acyclic partial matching with the smallest number
of critical simplices is known to be NP-hard and so computationally intractable for large complexes
[9]. Therefore, instead of optimising a matching on each simplicial complex, one could compare a few
potential matchings on random simplicial complex models. If a matching has very few critical simplices
on a random model, it is reasonable to believe it would work relatively well on real datasets and so it
could be promising to test this hypothesis out empirically. Such a matching then has potential to turn
into a useful heuristic in TDA. Therefore, understanding how different acyclic partial matchings behave

on random simplicial complexes can lead to insights which are useful in applications.

From a stochastic topology point of view, the behaviour of acyclic partial matchings on random simplicial
complexes have lead to theorems about their algebraic invariants. For example, [10, Theorem 3.9] shows
that the expected k-th Betti number is much smaller than the expected number of k-simplices in the
X(n,p) model. Moreover, in [11, Theorem 5.1] the asymptotic behaviour of the expected k-th Betti
number of a Vietoris-Rips complex formed from a binomial process on a smooth convex body in R? is
analysed via discrete Morse theory. In both cases, a lexicographical acyclic partial matching has been
used. This matching is often not only a useful tool in the proofs of theorems in stochastic topology
but it is also used as a popular heuristic in software packages to reduce computational complexity of
homology calculations [2]. In Chapter 2 we contribute towards understanding a lexicographical acyclic
partial matching in the X (n, p) model by proving a multivariate CLT for the number of critical simplices
under the matching. In Chapter 3 the multivariate CLT for the number of critical simplices under the

lexicographical matching is generalised to the multi-parameter X(n, p) model.

One aspect of discrete Morse theory for random simplicial complexes that has been under-explored is
its use in statistical applications. The aforementioned results in [10, 11], show that the behaviour of
a lexicographical matching on a random geometric complex like Vietoris-Rips and a combinatorial one
like the X(n, p) is vastly different. In particular, the number of critical simplices under a lexicographical
matching is much smaller in the geometric case. After noticing this difference one might ask if it can
be used to differentiate the two models in the context of goodness-of-fit tests. In Chapter 3 we show
that we can use the aforementioned CLTs for the number of critical simplices under a lexicographical
matching to distinguish between a purely combinatorial model like X(n,p) and models that are either

purely geometric or partially combinatorial and partially geometric.



1.3 Stein’s method for the multivariate normal distribution

Stein’s method is the main probabilistic tool we use in order to establish the CLTs in the context of
random simplicial complexes. The method, pioneered by Charles Stein [22, 23], allows explicitly bound-
ing the error - as measured by a class of test functions of choice - when we approximate an unknown
distribution with a well-known target distribution. In our work, the target is always a multivariate
normal distribution and the unknown distribution is that of a multivariate statistic of a random sim-
plicial complex. Here we briefly introduce the basics of Stein’s method for the multivariate normal

distribution. A more extensive treatment of the subject can be found in [5, Chapter 12].

We denote the multivariate normal distribution with a mean vector p and a positive semi-definite
covariance matrix X by MVN(u, X). Also, we write V for the gradient operator. The starting point of
Stein’s method is the following fact (see [15, Lemma 1]). Given a random vector Z € R? the following

are equivalent:

1. Z ~ MVN(0, ) for some non-negative definite X.

2. E {VTEV f(z2)-7ZTVf(Z )} = 0 for every twice continuously differentiable function f : R* — R

for which the expectation exists.

The main idea behind Stein’s method is to relax this equivalence and make the following heuristic
rigorous: if E {VTEVf(Z) — ZT'V f(Z)} ~ 0 for every suitable f : R? — R, then Z can be well approx-
imated by a multivariate normal distribution with mean zero and covariance ¥. The method allows
us to bound the non-asymptotic approximation error, which can be particularly useful in applications,

when the size of a system is large but finite.

In order to be precise about the approximation error one needs to choose how the error is measured.
Stein’s method lends itself very well to so-called integral probability metrics [17, 21]. Given a random
variable W having a distribution £(W), a target Z ~ MVN(0,X), and a class of test functions H the

corresponding quantity between the law of W and MVN(0, X) is defined as
dy (L(W), MVN(0, %)) = sup [E{h(W)} —EL{h(2)}].
€

For carefully chosen test functions the corresponding quantities can be proven to be distances. Many



metrics used in literature can be fit into the framework of integral probability metrics. For example, by
taking H to be the class of indicators all measurable sets, the total variation distance is recovered. By
taking H to be the class of all Lipschitz functions, the Wasserstein-1 distance is obtained. By taking
‘H to be the class of indicators of products of lower half-lines, we get the multivariate Kolmogorov
distance. In this work we take H to either be the class of three times partially differentiable functions
with the third partial derivatives being Lipschitz and bounded, or the class of the indicator functions of
convex sets in R%. Both test classes characterise convergence in distribution, in the sense that if £(X,,)
and L(Z) denote the laws of random variables X,, and Z respectively, then dy(L(X,,),L(Z)) — 0
implies that the sequence of random variables (X,,) converges in distribution to the target Z as long
as L(Z) is a continuous distribution with bounded density. One can see that by realising that the
multivariate Kolmogorov distance characterises convergence in distribution [28, Example 1.3.5] and
that the Kolmogorov distance can be upper bounded by a function of either of the distances we use
in this thesis [7, Proposition 2.4]. However, the latter test function class proves to be more useful in

practice as confidence regions of interest in statistics tend to be convex sets.

Once we have chosen a class of test functions H, the usual way to proceed is to solve the so-called Stein
equation. Given h € H we want to find a function f : R — R such that for all z € R? the following
equation holds

h(z) —E{h(Z)} = VISV f(z) — 2TV f(z).

This gives rise to the so-called Stein class F(#), which contains all the solutions f that correspond to

some test function h € H. As a result, Stein’s method allows us to prove the following equality:

dy (L(W),MVN(0,%)) = sup [E{VIEVf(W)-WTVfW)}|.
FEF(H)

Usefulness of this equality might not seem obvious but it should be noted that the expectation on the
right hand side is only taken with respect to the law of W, making it a much easier expression to bound.
Indeed, significant amount of research in Stein’s method deals with bounding the right hand side of
the equation under different assumptions on the structure of W and as a result, this is a well studied
problem. In Chapter 2 we contribute to this arsenal of results by providing a way to bound the right

hand side of this equality in the case when W is a vector of dissociated sums.

One of the strengths of Stein’s method in the setting of a sum of random variables is that the method



allows one to deal with dependent summands as long as the dependence is local, as formalised by the
notion of a dissociated sum. Our Stein’s method result in Chapter 2 is a multivariate generalisation of
the univariate CLT for dissociated sums [1]. Given a sum of random variables W = """ | X; we call
it a dissociated sum iff for every i € [n] there is a set K; such that W — 3., X is independent of
X; and for every i # j € [n] the variable W — ZkeKiqu X}, is independent of the pair (X;, X;). The

following is a CLT for dissociated sums.

Theorem 1.1 ([1]). Assume that W =37 | X; is a mean zero and unit variance dissociated sum and
assume for each i the third absolute moment of X; is finite. Let Z ~ N (0,1). Then for every bounded

function h : R — R with bounded first derivatives we have:

E{r(W)} —E{h(Z)}| < 4811%!”(56)\ S E{IXX; Xk} + E {1 XX} E {| Xk}
z€ i€ln] j,keK;

To better understand such results, we can see how this theorem applies in the classic CLT setting where

we have W = "7, );io_ and the collection (X;);ep is iid. with E{X;} = 0, Var(X;) = 02 as well

v
as E{‘X%‘} < oo for all i € [n]. In this case we see that W is a dissociated sum by taking K; = {i}
for all ¢ € [n]. Applying the theorem and Cauchy-Schwarz inequality gives for any bounded function

h: R — R with bounded first derivatives

1
V/nod/?

[E (W)} ~ E{(2)}] < 4sup |#'(x) E{|X3]} +0%).

As expected, the bound is of the order n > assuming the second and third moment does not depend on

n. This dependence on n is optimal in the classic CLT setting. Also, unsurprisingly, the bound depends

on the second and third moments of the underlying distribution.

1.4 Organisation

The main body of this work is divided into two self-contained parts:

e Chapter 2 contains an accepted paper Temcéinas T, Nanda V, Reinert G. “Multivariate Central

Limit Theorems for Random Clique Complexes” [26].
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e Chapter 3 contains a preprint by the same authors titled “Goodness-of-fit via Count Statistics in

Dense Random Simplicial Complexes” [25].

Finally, in Chapter 4 we conclude the thesis and present ideas for future work.
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Multivariate Central Limit Theorems for Random Clique

Complexes

Tadas Temcinas!, Vidit Nanda?, and Gesine Reinert!

'Department of Statistics, University of Oxford

Mathematical Institute, University of Oxford

Abstract

Motivated by open problems in applied and computational algebraic topology, we establish multi-
variate normal approximation theorems for three random vectors which arise organically in the study

of random clique complexes. These are:
1. the vector of critical simplex counts attained by a lexicographical Morse matching,
2. the vector of simplex counts in the link of a fixed simplex, and
3. the vector of total simplex counts.

The first of these random vectors forms a cornerstone of modern homology algorithms, while the
second one provides a natural generalisation for the notion of vertex degree, and the third one may
be viewed from the perspective of U-statistics. To obtain distributional approximations for these
random vectors, we extend the notion of dissociated sums to a multivariate setting and prove a new

central limit theorem for such sums using Stein’s method.

Keywords: Stein’s method, multivariate normal approximation, discrete Morse theory, random

graphs, random simplicial complexes

MSC: 60F05 Central limit and other weak theorems, 60D05 Geometric probability, stochastic ge-

ometry, random sets, 05C80 Random graphs (graph-theoretic aspects).

1 Introduction

Methods from applied and computational algebraic topology have recently found substantial applications

in the analysis of nonlinear and unstructured datasets [18, 8]. The modus operandi of topological data
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analysis is to first build a nested family of simplicial complexes around the elements of a dataset, and
to then compute the associated persistent homology barcodes [12]. Of central interest, when testing
hypotheses under this paradigm, is the question of what homology groups to expect when the input
data are randomly generated. Significant efforts have therefore been devoted to answering this question
for various models of noise, giving rise to the field of stochastic topology [23, 7, 22, 1, 11]. Our work

here is a contribution to this area at the interface between probability theory and algebraic topology.

Distributional approximations provide a way of understanding random variables in cases where
closed-form distributions cannot be easily obtained. This paper establishes the first multivariate normal
approximations to three important counting problems in stochastic topology; as these approximations
are based on Stein’s method, explicit bounds on the approximation errors are provided. Our starting
point is the ubiquitous graph model G(n,p); a graph G chosen from this model has as its vertex
set [n] = {1,2,...,n}, and each of its possible (g) edges is included independently with probability
p € [0,1]. A natural higher-order generalisation of G(n,p) is furnished by the random clique complex
model X(n, p), whose constituent complexes L are constructed as follows. One first selects an underlying
graph G ~ G(n,p), and then deterministically fills out all k-cliques in G with (k — 1)-dimensional
simplices for k > 3. Higher connectivity is measured by the Betti numbers i (L), which are ranks of
rational homology groups H(£; Q) — in particular, Sy(£) equals the number of connected components
of the underlying random graph G. In [24], Kahle proved the following far-reaching generalisation of

the Erdds-Rényi connectivity result: for each k¥ > 1 and € > 0,

1/(k+1)
[ R

n

then B (L£) = 0 with high probability; and moreover,

2. if

Lk 1/(k+1)
[k:+1+e] §p§[<k+1—e>-bg(n)} 7

n

then S (L) # 0 with high probability.

Unlike Kahle’s result, we study X(n, p) in the regime where p is a constant. In that case, which is in
contrast to the case discussed above where lim,,_,, p = 0 and k is constant, we may have S (X(n,p)) # 0

for multiple values of k£ that depend on n. Hence, studying the multivariate distribution of the Betti

15



numbers is of interest in this regime. Since many results about Betti numbers in the univariate case are
based on counting simplices, we hope that understanding the multivariate simplex counts will facilitate
multivariate understanding of the Betti numbers. With this result in mind, we motivate and describe
three random vectors pertaining to £ ~ X(n,p); the normal approximation of these three random
vectors will be our focus in this paper. All three are denoted T'= (17, ...,Ty) for an integer d > 0. For

the purpose of this introduction we add a superscript (1), (2) or (3) to indicate the particular vector.

Random Vector 1: Critical Simplex Counts

The computation of Betti numbers (L) begins with the chain complex

dk+1 dk dkf 1 dg d1

Chg—1

Chy Chy Chy.

Here Chy is a vector space whose dimension equals the number of k-simplices in £, while dj : Chy —
Chg_1 is an incidence matrix encoding which (k — 1)-simplices lie in the boundary of a given k-simplex.
These matrices satisfy the property that every successive composite diy1 o di equals zero, and Si (L)
is the dimension of the quotient vector space kerdj/img di4+1. In order to calculate i (L), one is
required to put the matrices {dy : Chy — Chg_1} in reduced echelon form, which is a straightforward
task in principle. Unfortunately, Gaussian elimination on an m x m matrix incurs an O(m?) cost, which
becomes prohibitive when facing simplicial complexes built around large data sets [36]. The standard
remedy is to construct a much smaller chain complex which has the same homology groups, and by
far the most fruitful mechanism for achieving such homology-preserving reductions is discrete Morse

theory [15, 34, 19, 29].

The key structure here is that of an acyclic partial matching, which pairs together certain adjacent
simplices of £; and the homology groups of £ may be recovered from a chain complex whose vector spaces
are spanned by unpaired, or critical, simplices. One naturally seeks an optimal acyclic partial matching
on £ which admits the fewest possible critical simplices. Unfortunately, the optimal matching problem
is computationally intractable to solve [21] even approximately [5] for large £. Our first random vector
T is obtained by letting T,gl) equal the number of critical k-simplices for a specific type of acyclic
partial matching on L, called the lexicographical matching. Knowledge of this random vector serves to

simultaneously quantify the benefit of using discrete Morse theoretic reductions on random simplicial
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complexes and to provide a robust null model by which to measure their efficacy on general (i.e., not
necessarily random) simplicial complexes. This is the first time the asymptotic distribution of this

random vector is studied.

Random Vector 2: Link Simplex Counts

The link of a simplex ¢ in £, denoted 1k(t), consists of all simplices s for which the union s Ut is also a
simplex in £ and the intersection sNt is empty. The link of ¢ forms a simplicial complex in its own right;
and if we restrict attention to the underlying random graph G, then the link of a vertex is precisely the
collection of its neighbours. Therefore, the Betti numbers i (1k(t)) generalise the degree distribution for
vertices of random graphs in two different ways — one can study neighbourhoods of higher-dimensional
simplices by increasing the dimension of ¢, and one can examine higher-order connectivity properties
by increasing the homological dimension k. The second random vector T2 of interest to us here is
obtained by letting T; 152) equal the number of k-simplices that would lie in the link of a fixed simplex ¢
in £, if t indeed was a simplex in the random complex. As far as we are aware, ours is the first work
that studies this random vector. A different conditional distribution, which follows directly from results

on subgraph counts in G(n,p), has been studied before, see Remark 5.1.

There are compelling reasons to better understand the combinatorics and topology of such links
from a probabilistic viewpoint. For instance, the fact that the link of a k-simplex in a triangulated
n-manifold is always a triangulated sphere of dimension (n — k — 1) has been exploited to produce
canonical stratifications of simplicial complexes into homology manifolds [2, 35]. Knowledge of simplex
counts (and hence, Betti numbers) of links would therefore form an essential first step in any systematic

study involving canonical stratifications of random clique complexes.

Random Vector 3: Total Simplex Counts

The strategy employed in Kahle’s proof of the second assertion above involves first checking that the
expected number of k-simplices in £ ~ X(n,p) is much larger than the expected number of simplices
of dimensions k £+ 1 whenever p lies in the range indicated by (2). Therefore, one may combine the
Morse inequalities with the linearity of expectation in order to guarantee that the expected Si(L) is

nonzero — see [24, Section 4] for details. To facilitate more refined analysis and estimates of this sort,
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the third random vector T we study in this paper is obtained by letting T,g3) equal the total number

of k-dimensional simplices in L.

Since T; ,53) is precisely the number of (k + 1)-cliques in G ~ G(n,p), this random vector falls within
the purview of generalised U -statistics. We extend results from [20] to show not only distributional con-
vergence asymptotically but a stronger result, detailing explicit non-asymptotic bounds on the approx-
imation. Several interesting problems can be seen as special cases — these include classical U-statistics
[30, 28], monochromatic subgraph counts of inhomogeneous random graphs with independent random
vertex colours, and the number of overlapping patterns in a sequence of independent Bernoulli trials.
To the best of our knowledge, this is the first multivariate normal approximation result with explicit

bounds where the sizes of the subgraphs are permitted to increase with n.

Main Results

The central contributions of this work are multivariate normal approximations for all three random
vectors T’ described above. The approximation error is quantified for finite n in terms of both smooth
test functions as well as convex set indicator test functions. As long as the bound with respect to either
test function class vanishes asymptotically, it implies asymptotic convergence in distribution. However,
the convexset indicator test function result is stronger and can be more useful in statistical applications:

for example, when estimating confidence regions, which are usually taken to be convex sets.

We state a simplified version of our normal approximation results here and note that the full state-
ments and proofs have been recorded as Theorems 4.5, 5.3, and Corollary 6.1. Note that the quantities

below Bs.3 and Bg. are explicit, allowing to vary the parameters p and d.

To state the results, for a positive integer d we define a class of test functions h : R* — R, as follows.
We say h € Hy iff h is three times partially differentiable with third partial derivatives being Lipschitz

and bounded. Moreover we denote by K the class of convex sets in RY.

Theorem 1.1. Let W be an appropriately scaled and centered version of random wvector 7@ for
i =1,2,3 as described above. Let Z ~ MVN(0,1ldgxq) and X; be the covariance matrix of W) for each
i. Let h € Hgy.

1. There is a constant B11.1 > 0 independent of n and a natural number Ny 11 such that for any
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n > Ny1.1 we have

O3h

-1
8xi6xj8:z:k '

n
00

1
En(W M) — Eh(EfZ)’ < Byi1 sup
i,j,k€[d]

Also, there is a constant Bi15 > 0 independent of n and a natural number Ny1o such that for

any n > Ni12 we have

1
sup [P(WD) € A) —P(X7Z € A)| < Byyan 1.
Aek

2. There is a quantity Bs.s independent of n and defined explicitly such that

N[

1
Eh(W®) —Eh(£3 Z)| < |hl; Bsa(n — |t])”

)

and

1 1
sup [P(W® € A) —P(22Z € A)| < 223 3d16 Bl (n — |t])"5.
Aek

3. There is a quantity Bg1 independent of n and defined explicitly such that

1
Eh(W®)) —Eh(22Z)| < ||y Bean™;

and

N

1 1
sup [P(W®) € A) —P(S2Z € A)| < 223 3dis Bin~
AeK

En route to proving Theorem 1.1, we also establish the following properties, which are of direct

interest in computational topology. Here we assume that p € (0,1) and k € {1,2,...} are constants.

1. The expected number of critical k-simplices is one order of n smaller that the expected total

number of k-simplices; see Lemma 4.2.

2. The variance of the number of critical k-simplices is at least of the order n?*, as shown in Lemma
4.3. An upper bound of the same order can be proved similarly. The variance of the total number

of k-simplices is also of the same order.

3. Knowing the expected value and the variance one can prove concentration results using different

concentration inequalities, for example, Chebyshev’s inequality. This would show that not only
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the expected value of the number of critical simplices is smaller compared to all simplices but also
that large deviations from the mean are unlikely, hence implying that the substantial improvement

of one order of n is not only expected but also likely.

4. For counting critical simplices to high accuracy in probability, it is not necessary to check every
simplex. Certain simplices have a very small chance of being critical, and can be safely ignored.
The probability of this omission causing an error is vanishingly small asymptotically; see Propo-

sition 4.4.

The main ingredient in establishing such results is often an abstract approximation theorem that
can be applied to the random variables of interest. While there is no shortage of multivariate normal
approximation theorems [14, 39, 33, 10], the existing ones are not sufficiently fine-grained for proving
multivariate normal approximations to the random vectors studied here. We therefore return to the
pioneering work of Barbour, Karonski, and Ruciiski [4], who proved a univariate central limit theorem
(CLT) for a decomposable sum of random variables using Stein’s method, treating the case of dissociated
sums as a special case. Our approximation result (Theorem 3.2) forms an extension of their ideas to

the multivariate setting.

Related Work

There are different versions of distributional approximation results for subgraph counts in G(n,p) that
can be interpreted as simplex counts in X(n,p). For example, a multivariate central limit theorem for
centered subgraph counts in the more general setting of a random graph associated to a graphon can
be found in [27]. That proof is based on Stein’s method via a Stein coupling. Translating this result for
uncentered subgraph counts would yield an approximation by a function of a multivariate normal. In
[40], an exchangeable pair coupling led to [40, Proposition 2] which can be specialised to joint counts
of edges and triangles; our approximation significantly generalises this result beyond the case where
k € {1,2}. Several univariate normal approximation theorems for subgraph counts are available; recent
developments in this area include [38], which uses Malliavin calculus together with Stein’s method,
and [13], which uses the Stein-Tikhomirov method. Stein’s method is used in [25] to show a CLT for
the Betti numbers of X(n,p) in a sparse regime; in [37] limit theorems for Betti numbers and Euler

characteristic are proven in a dynamical random simplicial complex model, also using Stein’s method.
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Theorem 3.2 is not the first generalisation of the results in [4] to a multivariate setting, see for
example [14, 39]. The key advantage of our approach is that it allows for bounds which are non-uniform
in each component of the vector W. This is useful when, for example, the number of summands in each
component are of different order or when the sizes of dependency neighbourhoods in each component are
of different order. The applications considered here are precisely of this type, where the non-uniformity
of the bounds is crucial. Moreover, we do not require the covariance matrix ¥ to be invertible, and can

therefore accommodate degenerate multivariate normal distributions.

Organisation

In Section 2 we recall concepts from the theory of simplicial complexes, which we later use. In Section
3 we state the theorems that serve as main tools in proving the CLTs. In order to maintain focus
on the main results, we defer the proofs of this Section until the end of the paper. In Section 4 we
prove an approximation theorem for critical simplex counts of lexicographical matchings. Two technical
computations required in this Section have been consigned to the Appendix. In Section 5 we prove
an approximation theorem for count variables of simplices that are in the link of a fixed simplex. In
Section 6 we study simplex counts in the random clique complex and prove a CLT for this random
variable. This CLT is a corollary of a multivariate normal approximation of generalised U-statistics,
which might be of independent interest. Finally, in Section 7 we prove our main tools: the abstract
approximation theorem (Theorem 3.2) as well as the approximation theorem for U-statistics (Theorem
3.9). We first use smooth test functions and then extend the results to convex set indicators using a

smoothing technique from [16].

Notation

Throughout this paper we use the following notation. Given positive integers n, m we write [m, n] for the
set {m,m+1,...,n} and [n] for the set [1,n]. Given a set X we write |X| for its cardinality, P(X) for its
powerset, and given a positive integer k we write C, = {t € P([n]) | |t| = k } for the collection of subsets
of [n] which are of size k. For a function f : RY — R we write 0;; f = %aij and Oy f = m%faxk' Also,
we write | f|;, = sup;, 4, i, cd) [Oiris...i fll o, for any integer k > 1, as long as the quantities exist. Here
|| - ||co denotes the supremum norm while || - ||2 denotes the Euclidean norm. The notation V denotes

the gradient operator in R%. The notation Idgyq denotes the d x d identity matrix. The vertex set of
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all graphs and simplicial complexes is assumed to be [n]. We also use Bachmann-Landau asymptotic

notation: we say f(n) = O(g(n)) iff limsup,,_, ., '2183‘ < oo and f(n) = Q(g(n)) iff liminf, % > 0.

The notation that f(n) = w(g(n)) indicates that lim, % = 0.
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2 Simplicial Complex Preliminaries

2.1 First definitions

Firstly, we recall the notion of a simplicial complex [42, Ch 3.1]; these provide higher-dimensional
generalisations of a graph and constitute data structures of interest across algebraic topology in general

as well as applied and computational topology in particular.
A simplicial complex £ on a vertex set V' is a set of nonempty subsets of V' (i.e. @ ¢ L C P(V))

such that the following properties are satisfied:

1. for each v € V the singleton {v} lies in £, and

2. if t€ L and s C t then s € L.

The dimension of a simplicial complex £ is maxgc, |s| — 1. Elements of a simplicial complex are
called simplices. If s is a simplex, then its dimension is |s| — 1. A simplex of dimension %k can be called

a k-simplex. Note that the notion of one-dimensional simplicial complex is equivalent to the notion of

a graph, with the vertex set V' and edges as subsets.

Given a graph G = (V, E) the clique complex X of G is a simplicial complex on V' such that

teX < Yu,vet, {u,v} € E.
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Figure 1: Left: the link (highlighted in blue) of the vertex 1 (highlighted in red). Right: the link
(highlighted in blue) of the edge {1,2} (highlighted in red). The two-dimensional simplices are shaded
in grey.

Recall that G(n,p) is a random graph on n vertices where each pair of vertices is connected with
probability p, independently of any other pair. The X(n,p) random simplicial complex is the clique
complex of the G(n, p) random graph, which is a random model studied in stochastic topology [22, 24].

Note that ¢t € X if and only if the vertices of ¢ span a clique in G. Thus, elements in X(n,p) are cliques
in G(n,p).

2.2 Links

The link of a simplex ¢ in a simplicial complex £ is the subcomplex

Ik(t)={seL]|sUte LandtNs=2}.

FEzxample 2.1. If we look at a graph as a one dimensional simplicial complex, then the vertices are sets of
the form {i} and edges are sets of the form {i,j}. For a vertex t = {v}, the edges of the form s = {v,u}
will not be in the link of ¢ because t N s = & is not satisfied. If we pick s = {i,5} and v ¢ s, then
sUt € L is not satisfied. So there will be no edges in the link. However, if s = {u} and u is a neighbour
of v, then sUt € £ and s Nt = &. Hence the link of a vertex will be precisely the other vertices that

the vertex is connected to; the notion of the link generalises the idea of a neighbourhood in a graph.

FEzample 2.2. Now consider the simplicial complex depicted in Figure 1: it has 8 vertices, 12 edges
and 3 two-dimensional simplices that are shaded in grey. On the left hand side of the figure we
see highlighted in blue the link of the vertex 1, which is highlighted in red. So we have 1k({1}) =
{{2},{3},{5},{6},{8},{2,3},{2,8},{5,6}}. On the right hand side of the figure we see highlighted in
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blue the link of the edge {1, 2}, which is highlighted in red. That is, lk({1,2}) = {{3}, {8} }.

2.3 Discrete Morse theory

A partial matching on a simplicial complex L is a collection

Y={(s,t)|sCteLand|t|—|s|=1}

such that every simplex appears in at most one pair of ¥. A 3-path (of length k£ > 1) is a sequence of

distinct simplices of £ of the following form:

such that (s;,t;) € ¥ and |t;| — |si+1| = 1 for all ¢ € [k]. A ¥-path is called a gradient path if k =1
or s1 is not a subset of t;. A partial matching 3 on L is called acyclic iff every ¥-path is a gradient
path. Given a partial matching > on £, we say that a simplex ¢t € £ is critical iff ¢ does not appear in

any pair of 3.

For a one-dimensional simplicial complex, viewed as a graph, a partial matching ¥ is comprised of
elements (v; {u,v}) with v a vertex and {u,v} an edge. A ¥—path is then a sequence of distinct vertices
and edges

U1, {Ula U2}77)27 {U27U3}7 vy Uk, {Uka vk—i—l}

where each consecutive pair of the form (v;, {v;,v;4+1}) is constrained to lie in X.

We refer the interested reader to [15] for an introduction to discrete Morse theory and to [34] for
seeing how it is used to reduce computations in the persistent homology algorithm. In this work we aim
to understand how much improvement one would likely get on a random input when using a specific

type of acyclic partial matching, defined below.

Definition 2.3. Let £ be a simplicial complex and assume that the vertices are ordered by [n| =

{1,...,n}. For each simplex s € L define

Ip(s)={j€n]|j<min(s) and sU{j} € L}.
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Figure 2: Lexicographical matching given by the red arrows. Critical simplices are highlighted in blue.

Now consider the pairings

s <> sU{i},

where i = min Iz (s) is the smallest element in the set I2(s), defined whenever I (s) # @. We call this

the lexicographical matching.

Due to the min I, (s) construction in the lexicographical matching, the indices are decreasing along
any path and hence it will be a gradient path, showing that the lexicographical matching is indeed an

acyclic partial matching on L.

Example 2.4. Consider the simplicial complex £ depicted in Figure 2. The complex has 5 vertices, 6
edges and one two-dimensional simplex that is shaded in grey. The red arrows show the lexicographical
matching on this simplicial complex: there is an arrow from a simplex s to ¢ iff the pair (s, t) is part of

the matching. More explicitly, the lexicographical matching on L is

2= {({25{1,2}), ({3}, {2, 3}), ({4}, {1,4}), ({5}, {3,5}), ({4, 5}, {3,4,5}) }.

Note that {3,4} cannot be matched because the set I-({3,4}) is empty. Also, in any lexicographical
matching {1} is always critical as there are no vertices with a smaller label and hence the set I({1})
is empty. So under this matching there are two critical simplices: {1} and {3, 4}, highlighted in blue in
the figure. Hence, if we were computing the homology of this complex, considering only two simplices

would be sufficient instead of all 12 which are in £ — a significant improvement.

3 Probabilistic tools

In this section we introduce the approximation theorems that are used to study the random variables

of interest. In order not to obscure our main results, the proofs are deferred to Section 7.
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3.1 CLT for Dissociated Sums

Let n and d be positive integers. For each i € [d] =: {1,2,...,d}, we fix an index set I; C [n] x {i} and
consider the union of disjoint sets I := Uie[d] I;. Associate to each such s = (k,i) € I a real centered

random variable X, and form for each i € [d] the sum

Wi = ZXS

s€el;
Consider the resulting random vector W = (Wy,...,W;) € R% The following notion is a natural
multivariate generalisation of the dissociated sum from [32]; see also [4].

Definition 3.1. We call W a vector of dissociated sums if for each s € I and j € [d] there exists a

dependency neighbourhood D;(s) C I; satisfying three criteria:

1. the difference <Wj - ZueDj(s) Xu> is independent of Xj;

2. for each t € I, the quantity (Wj - ZueDj(S) Xy, — Zvemj(t)\mj(s) X1,> is independent of the pair
(X5, X¢); and finally,

3. X, and X; are independent if ¢ & (J; D;(s).

Let W be a vector of dissociated sums as defined above. For each s € I, by construction, the sets
D;(s),j € [d] are disjoint (although for s # ¢, the sets D;(s) and D;(¢) may not be disjoint). We write
D(s) = Uje[d] D;(s) for the disjoint union of these dependency neighbourhoods. With this preamble
in place, we state the abstract approximation theorem that is the main ingredient in the proofs of our

normal approximation results.

Theorem 3.2. Let h € Hy. Consider a standard d-dimensional Gaussian vector Z ~ MVN(0,Idgxq).
Assume that for all s € I, we have E{X,} = 0 and E ‘X;O’} < o0o. Then, for any vector of dissociated

sums W € R with a positive semi-definite covariance matriz ¥,

Eh(W) — Eh(z%Z)) < By |hl;,
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where Bso = Bso1 + Bsoo is the sum given by

Bsa1 = Z > ( E\XthXu"i‘E’Xth’E‘Xu’)

selI t,ueD(s)

Biao = Z YD (EIXXX| +EIXXEIX,).
SGH teD(s) veD(t)\D(s)

The theorem above together with a smoothing technique will be used to prove the following approx-

imation theorem in terms of convex set indicators.

Theorem 3.3. Consider a standard d-dimensional Gaussian vector Z ~ MVN(0,Idgxq). For any
centered vector of dissociated sums W € R% with a positive semi-definite covariance matriz ¥ and finite

third absolute moments we have

1
sup [P(W € A) —P(S2Z € A)| < 253~ 1d1s BL,,
AeK

where the quantity Bs.o as in Theorem 3.2.

The next result provides a simplification of Theorems 3.2 and 3.3 under the assumption that one

uses bounds that are uniform in s,¢,u € I. Its proof follows immediately from writing the sum over
> sel Zt,uED(s) as the sum over Zz‘e[d] Zje[d] Zke[d] > sel, ZtEDj(S) ZueDk(s)'

Corollary 3.4. We have the following two bounds:

1. Under the assumptions of Theorem 3.2,
ER(W) — ER(S2Z)| < Baa |hls.

2. Assuming the hypotheses of Theorem 3.3,

1
sup |[P(W € A) — (EzZ € A)| < 223_ZdlﬁB4
Aek

w

Here Bs4 is a sum over (i,j, k) € [d]® of the form

1 30&'k
B34 = 3 Z L[ vy <2Z + 20<jk> Bijk;

(6:5,k)
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and oj is the largest value attained by |D;(s)| over s € I;, and
Bijn = max <E X, X Xo|, E | X X | E | X )
as (s,t,u) range over I; x I; x Ij.

In most of our applications, the variables X, are centered and rescaled Bernoulli random variables.

Hence, the following lemma is useful.

Lemma 3.5. Let &,&2,&3 be Bernoulli random variables with expected values i, uo, i3 respectively.

Let c1,c2,c3 > 0 be any constants. Consider variables X; = ¢;(§& — ;) for i =1,2,3. Then we have

N

E [ X1 X2 X5] < crezes {pape(l — pa) (1 — p2)}

I

[NIE

E X1 Xo|E [ X3] < creacs {papa(1 — pr)(1 — p2)}2 .

Proof. Note that X3 can take two values: —csus or c3(1 — pug). As 0 < pz < 1, we have

E |X1X2‘ E ’Xg’ S CgE ‘X1X2’ 3

E ‘XlXQXg‘ S CgE |X1X2‘ .

Applying the Cauchy-Schwarz inequality and direct calculation of the second moments gives

D=

E|X1X5| < {E {Xf}E{X%}}% = creg {papa(l — pa)(1 — p2)}>

which finishes the proof. O

3.2 CLT for U-statistics

Here we consider generalised U-statistics, which were first introduced in [20]. The result we derive
could be of independent interest but, most importantly, the approximation theorem for simplex counts
follows as a consequence. Let {&;}1<i<n be a sequence of of independent random variables taking values
in a measurable subset X C U and let {Y; j}1<i<j<n be an array of of independent random variables

taking values in a measurable subset J C ¢ which is independent of {;}1<i<n. We use the convention
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that Y; ; = Yj; for any 7 < j. For example, one can think of X; as a random label of a vertex ¢ in a
random graph where Y; ; is the indicator for the edge connecting ¢ and j. Given a subset s C [n] of
size m, write s = {s1,S2,...,8n} such that s; < s2 < ... < s, and set X5 = (&s,,&sy5---E&s,,) and

Vs = (Ys, .50 Y1855 - - - Ys,,_1,sm)- Recall that C, denotes the set of subsets of [n] which are of size k.

Definition 3.6. Given 1 < k < n and a measurable function f : Xk x y('é) — R define the associated

generalised U-statistic by
Sn,k(f) = Z f(X&ys)-

s€Cl

Let {ki};ciq be a collection of positive integers, each being at most n, and for each i € [d] let
fi + Xk y(@') — R be a measurable function. We are interested in the joint distribution of the
variables Sy, k, (f1), Snks (f2) - - - Snk,(fd), which are assumed to have finite mean and variance.

Fix i € [d]. For s € I; := Cy, x {i} define X5 = o; * (fi(Xs, Vs) — p1s), where s = E{fi(Xs, Vs)} and
02 = Var(Spx,(fi)). Now let W; = > ser, Xs be a random variable and write W = (Wi, Wy, ... W) €

R?. By construction, W; has mean 0 and variance 1.

Assumption 3.7. We assume that

1. For any ¢ € [d] there is some a; > 0 such that for all s,¢ € I;, the variables f;i(Xs,Ys), fi(X:, Vi)
are either independent or Cov(f;(Xs, Vs), fi(Xi, Vi) > a;.

2. There is 8 > 0 such that for any 4, j,! € [d] and any s € I;,t € I;,u € [; we have

E{fi(Xs, Vs) = ps} {5(Xe, V) — e} {fie( X Vu) — pu}| < B

as well as

E[{fi(Xs, Vs) — ps} {fj(Xtayt) — e H B[ f1( Xy V) — | < -

The first assumption is not necessary but very convenient and we use it to derive a lower bound

for the variance 01-2. A normal approximation theorem can be proven in our framework when the
assumption does not hold and a sufficiently large lower bound for the variance is acquired in a different
way. Similarly, we use the second assumption to get a convenient bound on mixed moments. In order

to maintain the generality and simplicity of the proofs, we work under Assumption 3.7.

We also consider the important special case that the functions in Definition 3.6 only depend on
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the second component, so that the sequence {&;} can be ignored. Hence, we add an additional

1€[n]
assumption.
Assumption 3.8. We assume that the functions f; only depend on the variables {Y; ;} for 1 <i < j < n.

That is, we can write f; : y(kﬁ) — R.

Such functions appear, for example, when counting subgraphs in an inhomogeneous Bernoulli ran-
dom graph. An example of such generalised U-statistic is simplex counts in X(n,p) and is worked out
in Section 6. We recall, for the purposes of the following result, that n is the number of variables in
the sequence {¢; }1<i<p and (g) is the number of variables in the sequence {Yz‘,j}1§i<j§n from Definition

3.6.

Theorem 3.9. Let Z ~ MVN(0,1dgxq) and let h € Hq. Assume W with covariance matriz ¥ satisfies
Assumption 8.7. Then
ER(W) — Eh(S2Z)| < |h|g Bs.on™;

and
1

sup [P(W € 4) - P(S2Z € A)| < 223 3dis Bign 3.
Here,

20 d kmin(ki»kj)JFl o . _

Bo= 20 5 KO ittt it g g
ivjvlzl v v !
and
2 _ﬁ_;'_l

If only Assumption 3.7 is satisfied, then v = % and & = 1. If additionally Assumption 3.8 is also

satisfied, then v =1 and § = 4.

4 Critical Simplex Counts for Lexicographical Morse Matchings

Now we attend to our motivating problem, critical simplex counts. Consider the random simplicial com-
plex X(n,p). In this section we study the joint distribution of critical simplices in different dimensions
with respect to the lexicographical matching on X(n,p). We start with the following lemma, which is
an immediate consequence of Definition 2.3, allowing us to write down the variables of interest in terms

of the edge indicators.

30



Lemma 4.1. Let L be a simplicial complex endowed with the lexicographical acyclic partial matching,

and consider a simplex t € L with minimal vertex i € [n|. Then, t is matched with

1. one of its co-faces if and only if there exists some j < i for which t U{j} € L; and,

2. one of its faces if and only for all j < i we have (t\ {i})U{j} ¢ L.

For any pair of integers 1 < i < j < n let Y;; = 1({4,5} € X(n,p)) be the edge indicator.
Fix s € Cj. Define the variables X = 1 (s matches with its coface given it is a simplex) and X; =
1 (s matches with its face given it is a simplex). The events that the two variables indicate are disjoint.

By Lemma 4.1 we can see that X = 1—Hmin(s)_1 (1 — I pes Ya,b) and X = Hmin(s)_l (1 — I pes_ Ya,b>7

a=1 a=1

where s_ == s\ {min(s)}. Hence,

1 (s is a critical simplex) = 1 (s € X(n,p)) (1 — (X + X))

min(s)—1 min(s)—1
S| I () T (o T

i#jEs a=1 bes a=1 beEs_

Thus, the random variable of interest, counting the number of (k — 1)-simplices that are critical

under the lexicographical matching, is

min(s)—1 min(s)—1
ne X | 1 (-Tw) - T (-l an

s€Cl i#j€Es a=1 bes a=1 bes_

Note that this random variable does not fit into the framework of generalised U-statistics because the
summands in T} depend not only on the variables that are indexed by the subset s. Therefore, Theorem

3.9 cannot be applied here.

4.1 Mean and variance

Lemma 4.2. For any 1 <k <n—1 we have:

(" 2) 0 i) £ (7
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Proof.

n—k -1 -1
E{T=Y 3 EL ] v H(l—HYw) SIS IR
bes

=1 s€Clry1 1#JEs a=1 a=1 beEs_
min(s)*
k+1 Z Z { k+1 - —(1 _pk)l—l}
=1 SECk+1
min(s)=l

0y s {(1 P (1))

=0

DL

=0
= (k+1 k 1 1
pt 2 k

Moreover,

n—k

E (Tiy,) = p (1) Zl (n —1— 1) {(1 MY _pk)l}
1=0

> p(kﬁl) (” ; 2) {(1 MY 1 _pk)l}
= pl'a)+ <n L 2> (1-p).

O]

In this example, bounding the variance is not immediate. The proof of the following Lemma 4.3
are long (and not particularly insightful) calculations, which are deferred to the Appendix. In Lemma
4.3 the constant could have been made explicit at the expense of a lengthy calculation while an explicit

expression for the variance is given in Lemma A.1.

Lemma 4.3. For a fized integer 1 <k <n —1 and p € (0,1) there is a constant Cpj, > 0 independent

of n and a natural number Ny . such that for any n > Np

Var(Ti41) > CpJgan
Just knowing the expectation and the variance can already give us some information about the
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variable. For example, we obtain the following proposition. This proposition shows that considering

only a subset of the simplices already gives a good approximation for the critical simplex counts.
Proposition 4.4. Fiz k € [n]. Let K <n —k and set the random variable:

min(s)—1 min(s)—1
fi= > JIvi| II (1HYM> - II (1= I Yae
a=1

s€Cky1 1#jES a=1 bes bes_
min(s)<K

If K = K(n) = w(In'™(n)) for any ¢ > 0, then the variable Ty, — TE | vanishes with high

probability, provided that p and k stay constant.

Proof. A similar calculation to that for Lemma 4.2 shows that:

E {Tk+1 - Tlfil} = ”Z—f (n l; i)p(kgl) {(1 _pk+1)i—1 —(1 _pk)i—l}

i=K+1

< <”>p<kzl><1 - iu T Rt

Using Markov’s inequality, we get:

k
k+1\_7.. 1M
P(Thr — T, > 1) gp( 5 )k 15(1 _ pHHHK

I

which asymptotically vanishes as long as K = w(In'™¢(n)). O

4.2 Approximation theorem

For i € [d], recall a random variable counting i-simplices in X(n,p) that are critical under the lexico-
graphical matching, as given in (4.1). We write for the i-th index set I; :== C;11 x {i}. For s = (¢,i) € I;
we write

= p(i;rl) ((1 _pithymin(@)-1 _(q _ pi)min(qb)—l)

and o; = /Var(T;4+1). Let

min(¢)—1 min(¢)—1
Xo=0;7' [ i 1-JIYes | = TI (1= II Yao || — #s
1#jED a=1 bep a=1 beEP_

33



Let Wi = 3 1. Xs and W = (Wy, Wa,...,Wy) € R?. For bounds that asymptotically go to zero
for this example, we use Theorems 3.2 and 3.3 directly: the uniform bounds from Corollary 3.4 are not
fine enough here. We note that here, due to the requirement of criticality, two summands X and X,
become dependent as soon as the corresponding subsets share a vertex. This is in contrast to simplex

counts, which required an overlap of at least two vertices.

Theorem 4.5. Let Z ~ MVN(0,Idgxq) and ¥ be the covariance matriz of W.

1. Let h € Hgy. Then there is a constant Bys1 > 0 independent of n and a natural number Nys51

such that for any n > Nys51 we have

EW(W) — Eh(22Z)| < Busa |hlgn~t.

2. There is a constant Byso > 0 independent of n and a natural number Nyso such that for any

n > Nys9 we have

sup [P(W € A) —P(£2Z € A)| < Bygon 1.
AeK

Proof. 1t is clear that W satisfies the conditions of Theorems 3.2 and 3.3 for any s = (¢,7) € I; setting
Dj(s) ={(¥,j) €L [ lpnp| = 1}.

We apply Theorems 3.2 and 3.3. For the bounds on the quantity Bss from Theorems 3.2 and 3.3
we use Lemma 3.5 and Lemma 4.3. We write C' for an unspecified positive constant that does not
depend on n. Also, we assume here that n is large enough for the bound in Lemma 4.3 to apply. Let

i+1

u(i,a) = p(5) (1 =p*h)e=t — (1 —p")*!) . Then we have:

N

{ > %(oiajok)’l {n(i, @) p(g, b) (1 — (i, a)) (1 — (34, 0)) }

€D ((¢,7))

+ Y (oigjon) T {p(i a)u(hb) (L — p(ia))(1 - p(5,b)} }
€Dk ((¥.5))

=
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D=

.
< 3 Y on b @ e = (1) (1 - )

<on 3 2 Ha-r oy} {a - -

O]

Remark 4.6. The relevance of understanding the number of critical simplices in the context of applied

and computational topology is as follows. We assume that p € (0,1) and k € {1,2,...} are constants.

1. As seen in Lemma 4.2, the expected number of critical k-simplices under the lexicographical

matching is one power of n smaller than the total number of k-simplices in X(n, p).

2. From Proposition 4.4, it is with high probability that in X(n,p) all k-simplices s € X(n,p) with

min(s) = w(ln'T¢(n)) for any fixed € > 0 are not critical.

5 Simplex Counts in Links

Consider the random simplicial complex X(n,p). For 1 < i < j < n define the edge indicator Y; ; :=
1({i,j} € X(n,p)). In this section we study the count of (k — 1)-simplices that would be in the link of
a fixed subset t C [n] if the subset spanned a simplex in X(n,p). Given that ¢ is a simplex, the variable

counts the number of (k — 1)-simplices in 1k(¢). Thus, the random variable of interest is

Ti=> 1tns=02) [[ iy [] Yo (5.1)

s€Cy i#j€Es i€s,jct

Note that the product [] Y; ; ensures that ¢ U s is a simplex if ¢ spans a simplex.

i€s,jet
Remark 5.1. The random variable T} does not fit into the framework of generalised U-statistics, because
the summands depend not only on the variables that are indexed by the subset s and we do not sum

over all subsets s but rather only the ones that do not intersect t. Hence, Theorem 3.9 does not apply

here.
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Moreover, note that given the number of vertices of the link of a simplex ¢, the conditional distri-
bution of the link of ¢ is again X (n’,p), where n’ is a random variable equal to the number of vertices
in the link. If we are interested in such a conditional distribution, the results proved later in Section 6
apply. However, in this section we study the number of simplices in the link of ¢ given that ¢ is a simplex
rather than given the number of vertices of the link of ¢. Such a random variable behaves differently
from the simplex counts in X(n,p). For example, the summands of T} have a different dependence
structure compared to the summands of T} (see Equation 6.1 below). As a result, the approximation

bounds are of different order.

It is natural to ask whether the results obtained in this section follow from those of Section 6 below.
This might well be the case, but the answer is not straightforward. One could derive an approximation
for the number of simplices in 1k(¢) given the number of vertices in the link; the variable T} could then
be approximated by a mixture, induced by the distribution of the number of vertices in the link (which is
binomial). However, applying this approach naively yields bounds that do not converge to zero. While
it is certainly possible that a different approach would succeed, we prefer to prove the approximation

directly.

5.1 Mean and variance

It is easy to see that for any positive integer k and ¢ C [n],

n—|t]\ (k1 n — |t|
E{T},,} — <k+’1’>p( ) (1) <k+’1 >u;€+1

since there are (n_‘ﬂ) choices for s € Ciy1 such that sNt = @. Next we derive a lower bound on the

k+1

variance.

Lemma 5.2. For any firted 1 <k <n—1 and t C [n] we have:

Var(rt ) = (1) (3, (5 e 1 - 1)

Proof. First let us calculate Cov(T}, ,T},,). For fixed subsets s € Cry1 and u € Cpyq if [s Nu| = 0,
then the corresponding variables Hi#@ Yi; HiES,jet Y;; and H#jeu Yi Hieu,jet Y; ; are independent

and so have zero covariance.
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For 1 < m < [+1, the number of pairs of subsets s € Cx41 and u € Cj41 such that sNt =2 =uNnt

n—|t|

Jtl ) (kH) ("7“'%71). Since each summand is non-negative, we lower bound by the

and [sNu| =m is ( A N e

m = 1 summand and get (with (%) :=0)

COV(T1§+1a Tlt+1)

I+1
n—1t)\ (k+1\ /n—|t|— k-1 (™ _itlm .
:7;<k+1>< m >< I+1—m {/JZHMIZ‘/HP (2)1? i —Mk+1ﬂz+1}

n — |t| n—|t|—k—1 _
> <k+1>(k5+1)< I M 1M1 {P M—l}

n—t \ (1+k+1 .
—(k+1)< ||>( l )uiﬂuhl{p 't'—l}.

l+k+1

Taking | = k completes the proof. ]

5.2 Approximation theorem

For a multivariate normal approximation of counts given in Equation (5.1), we write o; = 4 /Var(T7, ;)

and Cl, ={¢eCip1 |oNt=02}, as well as I; := C!,; x {i}. For s = (¢, i) € I; define

Xo=o, ' ([I Yy II Yas—rb)

i#jEP acp,bet

It is clear that E{X} = 0. Let W} =3 o Xs and W' = (W, Wy,...,W}) € R¢. Then we have the

following approximation theorem.

Theorem 5.3. Let Z ~ MVN(0,Idgxq) and X be the covariance matriz of W,

1. Let h € Hyq. Then

=

ER(W?') — Eh(S2Z)| < ||y Bss(n — |t]) 2.

2. Moreover,

1
sup [P(W' € A) —P(S2Z € A)| < 23 1d16 BX,(n — |t])5.
Aek

Here

Bes— g@d 1) (1) p(drn @)
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Proof. Tt is clear that W' satisfies the conditions of Corollary 3.4 with the dependency neighbourhood
D;(s) ={(,5) €lj||¢pNp| > 1} for any s = (¢,4) € I;. So we aim to bound the quantity Bs4 from

the corollary.

Given ¢ € C!,; and m < min(i + 1,7 + 1) there are (1;11) ("]_fll:lnzl) subsets ¢ € C} ; such that

|¢ N | = m. Therefore, for any i,j € [d] and s € I; we have

min(z,5)+1 . .
i+1\ (n—|t|—i—-1
ID5(5) 2 <m)< jr1-m )

m=1

(i-+ 1692 — ]

IN

< (d+ DT (n— Jt]) (5:2)

giving a bound for «;;. For a bound on f;ji, applying Lemma 3.5, for any 7,5,k € [d] and s € I;,u €

I;,v €I} we get

N

E X XuXo| < (05050%) " {phyaplp (L= g ) (1= pf 1)} 2 (5.3)

1
E ‘XSXU‘ E ‘XU| < (Uiajo'k)il {M§+1M§+1(1 - H§+1)(1 - M§+1)}2 : (5‘4)
Now we apply Corollary 5.2 and get
. n—|t|\ [2+1 _
o (2 Yot o)
(n— [t)**! .y
2 m(ﬂkﬂ) {P i — 1}-

Taking both sides of the inequality to the power of —5 we get for any i € [d]

S — )T ed+ )T b () {p M -1} T (5.5)

N

Using Equations (5.2) - (5.5) to bound Bs 4 from Corollary 3.4 we get:

d
% Z < |t|> d+1)2d+4(n—|t|)j+k(0i0'j0'k)_1

=

{N§+1M§‘+1(1 - Nf+1)(1 - /{2‘4-1)}
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w
I

g —[t]) z+]+k+1(d+ )2d+4(n— ‘t‘)—z’—j—k—%(2d+ 1)#d*

Njw
(NI

- (M2+1M§+1M§'+1)_1 {piamh (U= pi )X — i)}

SIS

d
u, ,; _
(2d + 1%z (p~ I — 1)~ Z (Hi1i41) )
i,5,k=

1
7 Sd+1 . ) _ (@121t _1
< {6(2d+ )5+ (p 1 —1)=3 } — ).

l\')

O]

Remark 5.4. Recall that E {T,ﬁH} = ( |t|) (k;rl)ﬂt'(kﬂ). By Stirling’s approximation, if p € (0,1) is
a constant, then max(k, |t|) = Q(In'T¢(n)) for any positive e forces the expectation to go to 0 asymp-
totically. Hence, by Markov’s inequality, with high probability there are no k-simplices in the link of ¢

as long as max(k, [t]) is of order In'™¢(n) or larger for any € > 0 for a constant p.

Recall that in Theorem 5.3 we count all simplices up to dimension d in the link of ¢. Note that
if max(d?,d|t|) = O(In'"¢(n)) for any ¢ > 0, then the bounds in Theorem 5.3 tend to 0 as n tends
to infinity as long as p € (0, 1) stays constant. In particular, if d is a constant, Theorem 5.3 gives an

approximation for all sizes of ¢ for which the approximation is needed.

6 Simplex Counts in X(n,p)

In this section we apply Theorem 3.9 to approximate simplex counts. Consider G ~ G(n,p). For
1 <z <y<nletY,, = 1(x~y) be the edge indicator. In this section we are interested in the

(i 4+ 1)-clique count in G(n,p) or, equivalently, the i-simplex count in X(n, p), given by

Tip1 = Z H Yoy (6-1)

s€Ciy1 r#YEs

Let Y1 = {0,1}**! and let f; : V"' — R be the function

H Vi

Yz,y€Vs

Then the associated generalised U-statistic S, ;4+1(f;) equals the (i + 1)-clique count Tjy1, as given by
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Equation (6.1). To apply Theorem 3.9 we need to center and rescale our variables. It is easy to see
that E{f;(Vy)} = p(2) if ¢ € Cipy. We let I; i= Cipy x {i} and for s = (¢,i) € I we define X, =
ot (fi(yqb) —p(i§1)> and W; = ZSEL X,. Now the vector of interest is W = (W1, Wh, ..., W,) € R%

This brings us to the next approximation theorem.

Corollary 6.1. Let Z ~ MVN(0,Idgxq) and ¥ be the covariance matriz of W.

1. Let h € Hyq. Then

ER(W) — Eh(S2Z)| < |h|s Bean .

2. Moreover,

P
N

sup |P(W € A) —P(52Z € A)| <273 1dis B

KD
Aek

=)

Here

16
B = a0 @ ()t -1y,

Proof. Firstly, observe that for any ¢, € C;11 for which |¢ M| < 1 the covariance vanishes, while if

| N 1| > 2 the covariance is non-zero, and we have

Cov(fi(Va), fi(Vy)) = p2 (3= — p2(5Y) > () (p=t — 1),

i+1
2

For s = (¢,1) € I; write X, = f[i(Ve) — p( ). Then by Lemma 3.5 we get:

N|=

E|X. X, E|X,

I

< (30 - ) - 50

B[%20t] < U0 - ) - 08}

. . A . 1
Since {p(lgl)%];l)(l —p(zgl))(l —p(];l))}2 < p(1 - p(dgl)), we see that Assumption 3.7 holds.
Assumption 3.8 also holds and therefore we can apply Theorem 3.9 with k; =i+ 1, K; = (2(i + 1)% —
i+l

2(i + 1))—%(z‘+1)+17 a; = p2( 2 )(p_1 —1), and 8 = p(1 — p(dgl)). Using the bounds K; < 1 as well as
2 < k;mn(ki’kj)ﬂ < d¥1 and Vi > p(dgl)\/p—l — 1 finishes the proof. O

Remark 6.2. Tt is easy to show that with high probability there are no large cliques in G(n, p) for p < 1
k
constant. To see this, the expectation of the number of k-cliques is (Z) p(2). By Stirling’s approximation,
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k = Q(In'"¢(n)) for any positive e forces the expectation to go to 0 asymptotically. Hence, by Markov’s

inequality, for any e > 0, with high probability there are no cliques of order In'™¢(n) or larger.

Recall that in Corollary 6.1 the size of the maximal clique we count is d + 1. Note that if d =
O(In%_€(n)) for any € > 0, then the bounds in Corollary 6.1 tend to 0 as n tends to infinity as long
as p € (0,1) stays constant. This value might seem quite small but in the light of there not being any

cliques of order In'*¢(n) with high probability, this is meaningfully large.

Remark 6.3. Note that in Corollary 6.1 we use a multivariate normal distribution with covariance X,
which is the covariance of W when n is finite and it differs from the limiting covariance, as mentioned
in [40]. To approximate W with the limiting distribution, in the spirit of [40, Proposition 3] one could
proceed in two steps: use the existing theorems to approximate W with X7 and then approximate ¥2

with X7 Z where ¥, is the limiting covariance, which is non-invertible, as observed in [20].

Remark 6.4. Corollary 6.1 generalises the result [40, Proposition 2] beyond the case when d = 2 and we
get a bound of the same order of n. [27, Theorem 3.1] considers centered subgraph counts in a random
graph associated to a graphon. If we take the graphon to be constant, the associated random graph
is just G(n,p). Compared to [27, Theorem 3.1] we place weaker smoothness conditions on our test
functions. However, we make use of the special structure of cliques whereas [27, Theorem 3.1] applies
to any centered subgraph counts. Translating [27, Theorem 3.1] into a result for uncentered subgraph

counts, as we provide here in the special case of clique counts, is not trivial for general d.

However, it should be possible to extend our results, using the same abstract approximation theorem,
beyond the random clique complex to Linial-Meshulam random complexes [31] or even more general

multiparameter random complexes [11]. We shall consider this conjecture in future work.

7 A Proof of the Multivariate CLT for Dissociated Sums and U-

statistics

7.1 A Proof of the Multivariate CLT

Throughout this subsection, W € R¢ is a vector of dissociated sums in the sense of Definition 3.1, with
covariance matrix whose entries are 3;; = Cov(W;, W;) for (i,5) € [d]®. For each s € I we denote by

D(s) C T the disjoint union U?:l D;(s). For each triple (s,t,j) € I? x [d] we write the set-difference
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D;(t) \ D;(s) as D;(t; s), with D(¢;s) C I denoting the disjoint union of such differences over j € [d].

7.1.1 Smooth Test Functions

To prove Theorem 3.2 we use Stein’s method for multivariate normal distributions; for details see for
example Chapter 12 in [10]. Our proof of Theorem 3.2 is based on the Stein characterization of the

multivariate normal distribution: Z € R is a multivariate normal MVN(0, X2 if and only if the identity
E{VTEVf(Z)-Z"Vf(Z)} =0 (7.1)

holds for all twice continuously differentiable f : R* — R for which the expectation exists. In particular,
we will use the following result based on [33, Lemma 1 and Lemma 2]. As Lemma 1 and Lemma 2 in [33]

are stated there only for infinitely differentiable test functions, we give the proof here for completeness.

Lemma 7.1 (Lemma 1 and Lemma 2 in [33]). Fiz n > 2. Let h : R? — R be n times continuously
differentiable with n-th partial derivatives being Lipschitz and Z ~ MVN(0,Idgxq). Then, if ¥ € Rx4

is symmetric positive semidefinite, there exists a solution f : R* — R to the equation

VISV f(w) — wT'V f(w) = h(w) — Eh (21/22) . weRY, (7.2)
such that f is n times continuously differentiable and we have for every k=1,...,n:
1
£l < 1Al

Proof. Let h be as in the assertion. It is shown in Lemma 2.1 in [9], which is based on a reformulation
of Eq. (2.20) in [3], that a solution of (7.2) for h is given by f(z) = fn(z) = fol > E{h(Z,,)} dt, with
Lot = Viz++v/1—t2Y2Z. As h has n-th partial derivatives being Lipschitz and hence for differentiating
f we can bring the derivative inside the integral, it is straightforward to see that the solution f is n

times continuously differentiable.

The bound on |f|, is a consequence of
ok f ! Lk okh
— () = 2) PR — 2 Ly dt
o) = [ e { 2.
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for any 1,19, ...,1x; see, for example, Equation (10) in [33]. Taking the sup-norm on both sides and

bounding the right hand side of the equation gives

‘ ‘ 9*h
<

8951-1 ce al’Zk 00

okf

1
- 2t tk/2dt< h
o /0< - Ll

O]

Proof of Theorem 3.2. To prove Theorem 3.2, we replace w by W in Equation (7.2) and take the

expected value on both sides. As a result, we aim to bound the expression
E{VTSV (W) -WIVfW Z Ay (W ZW& F(w (7.3)
1,j=1

where f is a solution to the Stein equation (7.2) for the test function h. Since the variables {X | s € I}

are centered and as X is independent of Xy if ¢ ¢ D(s), for each (i, j) € [d]?> we have

Sy = Cov(Wy, W5) =) Y E{X.X}. (7.4)

s€ll; tebj(s)

We now use the decomposition of ¥;; from (7.4) in the expression (7.3). For each pair (s, j) € I x [d]
and t € D(s) we set D;(t;s) = D;(t) \ D;(s) and

=3 Xy Wi=W;-Uj, and V2':=> X, W'=w -V (7.5)
ueb;(s) veD; (t;s)

By Definition 3.1, W7 is independent of X, while st’t is independent of the pair (X, X¢).

Next we decompose the r.h.s. of (7.3);

ZW@f Zazjf Yij ¢| = |R1+ Rz + Rsl;

5,j=1

with

ZE{W@f )} — ZZE{XU&HJ (W}, (7.6)

sel j=1
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RgzZZE{XUa‘ GOV =D > E{X X} B\ f (W), and (7.7)

sel j=1 s€l teD(s)
Ry = Z Z E{X:X:} (EQjge) f (W) — Edig)pe f(W)) - (7.8)
s€l teD(s)

Here we recall that if s = (k,) then |s| =i € [d].

As with the vector of dissociated sums W € R? itself, we can assemble these differences into random
vectors. Thus, W* € R? is (W7,...,W}), and similarly W5! = (Wf’t,...WC‘;’t). In the next three

claims, we provide bounds on R; for i € [3].

Claim 7.2. The absolute value of the expression Ry from (7.6) is bounded above by

AENES S5 DD S P Sl I

sell teD(s) ueb(s)

Proof. Note that

ZZE{Xaf )} — ZZE{XU@HJ Ww*)}

=1 s€l; sel j=1
—ZZ E{X0;f(W)} — ZE{X Us 0 f(W*)}
=1 s€l; j=1

For each s € [;, it follows from (7.5) that W = U® + W¥. Using the Lagrange form of the remainder

term in Taylor’s theorem, we obtain
d 1 d
OfW) = 0if (W) + Y 0 f (WU + 5 Y dief (W* + 0,U*)US U
j=1 k=1
for some random 65 € (0,1). Using this Taylor expansion in the expression for R;, we get the following
four-term summand S; s for each i € [d] and s € I;:
d
Sis = E{X0f (W)} + ) E{X.0;f (W)U} }
j=1

d d
1
5 D E{XOf (W + 0.UUSUR} = Y JE{ X0, f(W*)U; } .
7,k=1 j=1

The second and fourth terms cancel each other. Recalling that X is centered by definition and inde-
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pendent of W* by Definition 3.1, the first term also vanishes and

d d
1 S S S S
R, = ZZSZ,S =3 Z > EA{X Ot (W* +0.U°)USUS}
=1 s€l; i,5,k=1 s€l;
Recalling that |9 f|,, < |fl; and that U7 = Ztemj(s) X, we have:

d
1
By <5 30 D E[X O f (W +0,U%)U; U |
i,5,k=1 s€l;

iy e Y v Y x
i,5,k=1 s€l; teD;(s)  u€Dg(s)
s s 3 mxxx.
s€l teD(s) ueh(s)
as desired. ]

Claim 7.3. The absolute value of the expression Ry from (7.7) is bounded above by

Rol <[>0 ) > EIX XXl | IS5

s€l teD(s) ueb(t;s)

Proof. Recalling that U7 = ZtGDJ_(S) X and D(s) = U;-lzl D;(s),

Ry=) > {E{X:X0quf W*)} = E{X, X} E {D)s (W)} }.

sel teD(s)

Fix s € [ and ¢ € D;(s). Recall that by (7.5), W = W' + V5! Using the Lagrange form of the

remainder term in Taylor’s theorem, we obtain:
d
Aysije f (W) = O SOV + D Oy fF (WS 4 04,V V!
k=1

for some random 6, € (0,1). Using this Taylor expansion in the expression for Ry, we get the following
three-term summand S, ; for each pair (s,t) € I x D;(s):
d

Set =E{XXi0y fOV*N)} + ) E {Xth3|s||t\kf(Ws’t + Qs,tVS’t)V;f’t}
=1
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— E{X X} E {05y f(W*")}.

Recalling that W*! is independent of the pair (X, X;) the first and the last terms cancel each other

and only the sum over k is left:

d
=3 Su=d0 20 S EB{XXDuf (W 4 00,V

s€l teD(s) sel teD(s) k=1

Recalling that [| 9., < |f]; and that V;"" = 2 veDy (ts) Xv We have:

d
|2 < Z Z Z Z - |X5XtXUa|s||t\kf(Ws’t + 037tvs’t)|

s€l teD(s) k=1 veDg(t;s)

S‘f|3z Z Z E|Xs X Xul,

s€l teD(s) uebD(t;s)

as required.

Claim 7.4.

Rl < |D° ) ¢ D EIXXEIX+ Y EIXX|E[X | If]5-

s€l teD(s) \ ueb(s) u€D(t;s)

Proof. Fix (s,t) € I x D;(s). Recall that by (7.5), W' = W — U® — V5. Using the Lagrange form of

the remainder term in Taylor’s theorem, we obtain

d

sl f W) = 010 FOV) =D Oy f W = pan(U® + V) (U + V)
p

for some random ps; € (0,1). Recalling that Ug =3 _cp, () X¢ and Vks’t = ZueDj(t;s) Xu,

d
=3 S EAX X E{ O f W = poa (U + V) (U + V) }

sel teD(s) k=1

- Z Z Z E{Xth}E{Xua\SHﬂkf(W_Ps,t(Us—}—VS’t))}

s€l teD(s) uebh(s)
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=) > EAXXSE{ XS (W = pss(US + V) )

s€ll teD(s) ueb(t;s)

Recalling that ||9;;x.f| . < |f[3 we bound:

Rsl <15 S S EIXXIEIXS +If5Y. Y Y EIXXE|X,

s€l teD(s) uebD(s) s€l teD(s) ueb(t;s)

as required. O

Take any h € Hy. Let f: R? — R be the associated solution from Lemma 7.1. Combining Claims

7.1 - 7.4 and using Lemma 7.1 we have:

‘Eh(W) - Eh(E%Z)‘

<|E{VIEVF(W) -~ WIVF(W)}| < |Ri| + |Ro| + |Rs|

1
<MY Y E (RN 4EIXXIEK)

sell teD(s) ueb(s)

+|f’3z Z Z (E|X5XtXu|+E|Xth’E|XuD

s€l teD(s) ueb(t;s)

1
Sg ‘h|3 B3.2~

7.1.2 Non-smooth Test Functions

Convex set indicator test functions provide a stronger distance between probability distributions. Also,
from a non-asymptotic perspective, the distance might be more useful in statistical applications: for
example, when estimating confidence regions, which are often convex sets. Here we follow [27, Sec-
tion 5.3] very closely to derive a bound on the convex set distance between a vector of dissociated
sums W € R? with covariance matrix ¥ and a target multivariate normal distribution 37 , where
Z ~ MVN(0,Idgxg4). The smoothing technique used here is introduced in [16]. However, a better
(polylogarithmic) dependence on d could potentially be achieved using a recent result [17, Proposition

2.6], at the expense of larger constants. The recursive approach from [41, 26] usually yields better
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dependence on n; however, this requires the target normal distribution to have an invertible covariance
matrix. Since this property does not always hold in our applications of interest, we do not use the

recursive approach here.

Proof of Theorem 3.3. Fix A € K, ¢ > 0 and define
A = {y cRY:d(y,A) < e}, and A = {y € R%: B(y;e) C A}

where d(y, A) = infyea ||z — y|l, and B(y;e) = {z € R? | [ly — 2|, < € }.

Let He o = {heyA ‘R? = [0,1]; A € /C} be a class of functions such that he 4(x) =1 for x € A and
0 for = ¢ A€. Then, by [6, Lemma 2.1] as well as inequalities (1.2) and (1.4) from [6], for any ¢ > 0 we
have

sup [P(W € A) —P(22Z € A)| < 4die+ sup |Ehe (W) — Ehea(22 7).
Aek AeK

Let f : R? = R be a bounded Lebesgue measurable function, and for § > 0 let

1 z1+6 zq+9
(S5/) () = (26yi/C1_5 ~'-]£d_5 F(2)dza. . doy.

Set 6 = 16% and he 4 = S(?IAEM, where I 4./ is the indicator function of the subset A/t C RY. By [16,

Lemma 3.9] we have that hc 4 is bounded and is in H4. Moreover, the following bounds hold:

1 1
lheale ST Thealy < 5, lhealy < -

Note that he a4 = S3I4e/4 € He a and hence [6, Lemma 2.1] applies. Using this with Theorem 3.2 we

get
sup [P(W € A) —P(S2Z € A)| < 4die+ sup [Ehe (W) — IEhQA(E%Z)’
Ael Aek
1 1
< 4de ——=Bs.
= 1€+ 33032
1
Since this bound works for every € > 0, we minimise it by using € = (?’ZZ—?) * O
4
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7.2 A Proof of the CLT for U-statistics

Proof of Theorem 3.9. Note that if s = (¢,i) € I; and u = (¢, j) € I; are chosen such that ¢ N = @,
then the corresponding variables X, and X, are independent since f;(Xs,Ys) and f;(Xy,Y,) do not
share any random variables from the sets {&;}1<i<n and {Y; j}i<i<j<n. Hence, if for any s = (¢,7) € I;
we set Dj(s) ={(¢,7) €L | || > 1}, then W satisfies the assumptions of Corollary 3.4. It remains
to bound the quantity Bs 4.

n—=k;

First, to find «a;; as in Corollary 3.4, given ¢ € C}, and if k;, k; > m then there are (f;L) (k :m)
J

subsets 1) € C; such that [¢ N 9| = m. Therefore, we have for any 7, j € [d] and s € I;

mm(kl ,kj)

ki\ (n—k; min (ki k) +1 ,_
m=1 J

Note that
E[X, XeXu| = (050j01) ' E{fi(Xs, Vs) = pus} {F5(Xe, Vo) = pe} {fi( X V) — pra}]|
as well as
E X, X¢e| E|Xu| = (0i0j0k) B [{fi(Xs, Vs) = ts} {F5 (X, Vo) — e HE | fu( Xy Vu) — pral -
Using Assumption 3.7, for any 4, j,l € [d] and s € [;,t € [,u € I
E|XsX: Xu| < (0i0j08) B and E|XX;|E|X,| < (0i0j01) ' B. (7.10)
To take care of the variance terms, we lower bound the variance using Assumption 3.7;

Var(S, 1, (fi)) = Z Z Cov(fi(Xs, Vs), fil X, Vi)

SECki teD; (S)

ki
S5 Y Cov(filXe, Vo), fi(Xe V)

m=1 SGCki tECki
[sNt|=m

()25 02 () () )
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sl " ki =1\ o n2ki=l (2 — 1)k
- O[Z 1 2]{:1 . 1 ]{,L jal O[’L (2 (2kZ o 1)2},%71 kfz

Qk -1

(2k:2 Fi)ki—1

Here the second-to-last inequality follows by taking only the term for m = 1. Now we take both sides

of the inequality to the power of —% to get that for any i € [d]

_1 k;
ol < n_ki+%ai 2(2k% — k:i)_7+%. (7.11)

7 =

Using Equations (7.9) - (7.11) to bound the quantity Bs 4 from Corollary 3.4 we get

d
2 T\ . min(k;,k;)+1 ki
1 < 3 E_ 0i0j0%) -1 (kz) k; T (= k) 1

{ mm kl,kl +1 k')kl_l + kmln(kjvkl)+l(n _ k,)k}l—l}
% g J

2

3

)

d kmm(k“k S+ in(k;,k;)+1 (kj,ki)+1
Z ki+kj+k— QkZ‘{kmm( i.k)+ _|_km1n -k }ﬁ

kj
<n—ki—kj—kl+2(aiajal)—§(Qk —k) 2 %(2k2 k) 2 %(21@1 —kl)

m\»—A
N——

mln(k: kj)+1

]Zz; k l/aiagog

<kmin(ki7kl)+1 + kmln(k],kl)+1) KZKJKI ’]’L_%,

Now further assume that Assumption 3.8 hold. The key difference in this case is that the depen-
dency neighbourhoods become smaller: now the subsets need to overlap in at least 2 elements for the
corresponding summands to share at least one variable Y; ; and hence become dependent. This makes
both the variance and the size of dependency neighbourhoods smaller. In the context of Theorem 3.2,
the trade-off works out in our favour to give smaller bounds, as follows. For any s = (¢,i) € I; we
set Dj(s) = {(¥,4) €L | [¢N1p| > 2}, so that W, under the additional Assumption 3.8, satisfies the

assumptions of Corollary 3.4.

Now Equation (7.9) becomes

ID; ()] < kMmEFDT gy ki=2,

— (2
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Equation (7.11) becomes

1 k.
-1 —ki+l "3 (97.2 —G41
o, <2n o, 2(2k;y —2k;) 2.

Using the adjusted bounds in Corollary 3.4 gives the result. O
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A  Proof of Lemma 4.3

We recall that T}, counting the number of (k — 1)-simplices that are critical under the lexicographical

matching, is given by

min(s)— min(s)—1
=X | I (HY) I (- Iv

s€Cy i#£j€Es a=1 bes a=1 bes_

Lemma A.1. For any integer 1 < k <n — 1 we have:

Var{Tps1} = 2022 V1 + 2023015 4 p2(3 v 1 p("2 ),

where

R g
! 2k+1—-—m—q k m—1 q—1

1<j m=1

{G(i,J} gy, 1)[(1 = 2pf+t g p2ht2omyizl (g kel gl 2k tmmyisi]
+0(i, j,q,m, 0)[(1 = 2p" 4 p?H17mymt — (1 — phHt — pb oy pPhr2emyist] n(i)n(j)};

B e ot
2 2k+1—m —q k m q—1

1<j m=1

{9(i,j, gym, 1)[(1 — 2pF L 4 p2ht2mmyizl _( _ phtl _ pk 4 g2kt 2mmyi=t])

+0(i, 4, q,m, 0) [(1 — 2p" + p*F ™)t — (1 — pFT — ph g pPht2mmyi=t] n(i)n(j)};

2;@111 D))

( )|:( k+1 +p2k+2 m)z 1+

(1- 2pF _|_p2k+1—m)i—1 —2(1 _ kel +p2k+2—m)i—1} _ n(i)Q};

" :S <nkl> [n(i) — o' In(iy?}
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Here we have used the following notation:

O(i,j, q,m, 5) = pf(gl) (1 — pk+5)j_i_‘I(1 _ pk—l—(s—m)q'

Also, Z;:Jk stands for " Z;:ﬁl.

Proof of Lemma A.1. For s € Cj4q recall that s_ = s\ {min(s)}. We write:

min(s)—1 min(s)—1
vi= 11 {1-11vis ). vo= 11 (- 1Y)
i—1 jes i=1 JjES—
I v Vo=V -,
1#£jEs

Then Z, and Y; are independent and Ty 1 = ) s€Chin ZsYs. Consider the variance:

Var(Tiy1) = Y Var(ZYs) > Cov(ZYs, ZiYy)
s€Ck41 s#t€Cri1
min(s)#min(t)
+ > Cov(ZYs, ZiYy). (A1)
S#tEC]H_l

min(s)=min(t)

For the first term in (A.1), writing P(ZsY; = 1) = p(i) == p(ky)((l — pFhI=l (1 — k)1 we see:

> varzy) =Y Y (BE{(zY)*)} -E{ZY.))

860k+1 i=1 SECk+1
min(s)=i
— (n—1
:§ < N ) (P(Z:Y, = 1) — P(Z,Y, = 1))

_ 1<n};z) )2y — pk+1

.

Now consider the covariance terms in (A.1), the expansion of the variance. Note that for any

s,t € Ciy1 if sNt = @, then the variables Z;Ys and Z;Y; can be written as functions of two disjoint

sets of independent edge indicators and hence have zero covariance.

Fix s,t € Ci41 and assume |s Nt| = m where 1 < m < k. Note that because m # k + 1, we have
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s # t. There are 2(k'§1) — (")) distinct edges in s and ¢ combined and hence P(Z;Z; = 1) = p2(k;1)*(7;).

Also, VY, = Y7 Y, P + YV, —Y,"Y,” — Y Y;". For the rest of the proof when calculating probabilities

we assume w.l.0.g. that min(s) < min(¢). Then we have for Y'Y, ":

min(t)—1 min(s)—1
YY" = a-IIvio II a-IIv)
i=1 jet i=1 j€s
min(s)—1 min(t)—1 min(¢)—1
= I a-TIvipa-I]v» II a-1Ivn I a-1Iv)-
=1 JEs JEt i=min(s) Jet i=min(s) JEt
1€s i¢s

Fix ¢ € [min(s) — 1]. Then with — denoting the complement

Pl(1 -]y -[]Yi) =1

JEs JEt
=P~(J]vi; =10]] ;=1
JEs jEt

P(I[Yis =1 +B([viy =1 -P([Yiy=1n]] Yy =1)

JEs jet JjEs jet

Moreover, H;n“f (5)= (1 —[ljes Yij) (1 — e Vi) and Hmm (O~ 1( — [l Yi,;) are independent of

7 mln

7.7, i

Recall the notation [a,b] = {a,a+1,...,b} for two positive integers a < b. Setting g5+ = [s N

[min(s), min(t) — 1]|,

P (YY" =1Z2, =1)

min(s)—1

min(t)—1
=P a-JJvipa-J]viy)=1]|P (1-JIvs) =1
i=1 jEs Jjet i=min(s) Jet
i¢s
min(¢)—
P 1—HYu—1 IT vis I] Yis=1
i=min(s) Jjet i#jEs i#jet
1€s
:(1 _ 2pk+1 + p2k+2—m)min(s)—1(1 _ pk—l—l)min(t)—min(s)—q&t(1 _ pk—&—l—m)qs,t‘
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This strategy of splitting the product Y;'Y;" into three products of independent variables, only one
of which is dependent on ZsZ; works exactly in the same way for the variables Y,"Y,", Y'Y, Y7V, ".

We write 4 = min(s), j = min(¢), and ¢ instead of gs¢. Also, we set
ﬂ-(iuj? a, b7 dla d27 Q) :(1 - pa - pb + pa+b_dl)i_1(1 - pa)j_i_q(l - pa—dz)q'

Using the described strategy we get:

P(Yy Y, =11ZsZy = 1) =w(i, j. k, k,[s— Nt_|,|s_Ni_],q)
P(Y,'Y, =11Z:2, = 1) = (i, j, k. k+ 1, |snt_|,[sNt_|,q)

P(Y, Y, =11Z,2, = 1) =n(i,j,k+ 1,k, |s_ Nt|],m,q).
Now we are ready to calculate the covariance:

Cov(ZsYs, Y1) = E{ZZ YY"} + B{ZZY Y, } —E{ZZY Y[}
CE{Z,2YV) - B{Z.Y.)E{ZY)

= P(Z,Z; = 1){]@ (VY =122 = 1) + P (Y)Y, = 1|22 = 1)

CP(YY =122 =1) — P (Y Y = 1|Z.2, = 1) } CP(Z,Y, = 1)P(ZY; = 1)
= pQ(kéH)_(Tg) (r(i,j,k+ 1, k+1,m,m,q) +7(i, g,k k,|s- Nt_|,|s- Nt_|,q)

- F(iajak7k + 1, ’S mt—|7 |S mt—‘?‘]) - F(iajak +1,k, ‘S— mt|7m7q)> - :u'(z)lu(j)

Next we consider the two covariance sums in (A.1) separately. First let us assume that min(s) #

min(t). Given i,j € [n — k], m € [k], and g € [min(k + 1, |j — i|)] define the set

Fk‘-i—l(iaja qu) = {(S’t) | Svt € Ck+1,min(8) = valn(t) = jv ‘5 N t| = mvmax(qs,taQt,S) = Q}

as well as
T (i, 5,m, q) = { (5,t) € Tya(d, 4, m,q) | min(t) € s}
and

F];Jrl(ivjama Q) = {(Svt) € Fk’-i—l(iajvmv Q) | min(t) ¢ S}'
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Next we argue that

’FJF (i, m, q)| = n—j 2k+1—m —gq k j—i+1
k1370 2k+1—-—m—q k m—1 g—1 )

To see this, assume ¢ < j. Note that to pick a pair (s,t) € FZH(Z',]', m,q) with min(s) = ¢ and
min(¢) = 7 we need to pick the 2k — m vertices in s U t. Firstly, we pick the vertices that are not
included in s N [min(s), min(¢) — 1] = sN[i, j — 1]. Since min(s) € s N [min(s), min(¢) — 1], this amounts
to choosing 2k — m — (¢ — 1) vertices out of n — j. Then we decide which of the vertices that we have
just picked will lie in ¢. This means we further need to choose k out of 2k + 1 —m — g vertices. Then we
choose m —1 out of k vertices of ¢ to lie in sN¢ (under the assumption that we already have min(¢) € s).
Finally, we choose the set sN[min(s), min(¢) — 1], which amounts to picking ¢ — 1 vertices out of j —i+1
possible choices. If any of the binomial coefficients are negative, we set them to 0. The case j < i is

analogous.

An analogous argument shows that

T, (s s g)| = n—j 2k+1—m—q\(k\[/j—1+1
k130 T 2k+1—m—q k m g—1 )

Now using the covariance expression we have just derived, we get

> Cov(ZYs, ZYy)

s#t€Ck41
min(s)#min(¢)

n—k n—k k min(k+1,5—1)

=22 > Y Cov(ZYi, ZiY)

i=1 j=i+1m=1 q=1 (s,t) €T, (4,5,m.q)

n—k n—k k min(k+1,j—1)

DI Z S Cov(ZY., ZiY)

i=1 j=i+1m=1 (s,4)€T, 4 (4,5,m,q)

n—k n—k k min(k+1,i—j)

DD DI S Cov(ZYi ZYi)

] 1= ]—l—lm 1 q= 1 (s t)erk+1(]7lvm7Q)

n—k n—k k min(k+1,i—35)

DD DI S Cov(ZYi, ZiY)

j=11i=j+1m=1 q=1 ()€ 41 (4:8,m,q)

— k  min(k+1,5—1)

= Z Z S G m )l { PG (i k4 1,k + 1,m,m, )

3
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+7(i 4,k k,m —1,m—1,q) —w(i,j,k,k+1,m—1,m—1,q)

— (i ok + 1 kymm.q)) = p(i)u() |

n—k n—k k min(k+1,j—13)

XX Y Mealdmol{P ) Db+ Lk Lmm.)

=1 j=i+1m=1 qg=1
+W(i7jakak>mamaQ)_W(iajak7k+1amam7Q)

=i, 4ok 1ok, m, ) = p(i)u() }

n—k n—k k min(k+1,i—7)

Y Y aGimal{pG) @G ik + Lk + 1 mm,q)

j=1li=j+1m=1 q=1
+7(j, i,k k,m—1,m—1,q9) —n(j,i,k,k+1,m—1,m—1,q)

— i+ 1k m,m, ) — p()uG) |
n—k n—k k min(k+1,5—7)

Y Y aGimal{p GGG ik + Lk 1 mm,q)

j=1li=j+1m=1 q=1
+ F(ja iv ka k7m7m7 q) - ﬂ(jvia k) k + 17 m7m7Q)
— i,k + 1k m,m, ) — p(i)uG) |

Similarly, we calculate the remaining term in the expansion of the variance (A.1). We notice
that if ¢ = j, then ¢ = 0 and we have I'yy1(i,7,m,0) = F;_l(i,i,m, 0). Hence, |I'ky1(i,7,m,0)| =
( n—i )(Qk—&-;—m)( k ), and

2k+1—m m—1
n—k k
Y Cov(ZYe, ZiY) =D ) > Cov(Z,Ys, Z;Y7)
S;’étECk+1 i=1 m=1 (87t)erk+l(i7i7m70)

min(s)=min(t)

:gi (2/<:Z;i m> <2k+11 ) m> <mk— 1)

{p_(gl) [(1 — 2pk+1 +p2k+2_m)i_1 + (1 _ 2pk +p2k+l—m)i—1

— 91 — pk — phH +p2k+2—m)i—1} (1=t 1 - pk)i—l)Z}
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Proof of Lemma 4.3. Fix 1 <k <n—1and p € (0,1), and consider the variance. From Lemma A.1 we
have Var{T} 1} = 2p2(k;1)V1 + 2p2(k;1)Vg +p 2("3 )V3 —i—p( )V4 First we lower bound V; and V5, by

just the negative part of the sum:

Simm(%j i) n—j % +1—m—q i it
1<j m=1 2k+1_m_q k m—1 q_l
{(1 _ pk+1)i+jf2 (1 _pk)i+j—2
—|—p_(7;)(1 _pkH)j*ifq(l —pk“*m)q(l — Lk +pzlwrlﬂn)iq

+p‘(7§)(1 _pk)jfifq(l _pk—m)q(l _ pk+1 _ pk +p2k+27m)i—1};

n—k k min(k+1,j-1)

S % S S R A A (1

i<j m=1

{(1 _ LY (it

—|—p_(2)(1 — phthyI i — ptlemya( el gy 2k 2oy

—|—p7(7;)(1 _pk)j—i—q(l _pk—m)q(l _ pk:-i-l - pk: +p2k+2—m)i—l}.

Now using that (Z) + (m]il) = (kjr'Ll) and (1 — p**1) > (1 — p*=™) for m > 0 it is easy to see that
Vi+ Vo > —4R{ — 4Ry, where

LA - — 2k+1—m —q k m q—1
(1§

n—k k min(k+1,j—1)

) S0 S I B Gt [0 [ (e

For V3 we lower bound by terms with m = 1 and the negative parts of the other terms:

Vs > Z <n B Z) < ) {(1 — ot 4 PRyl _ (g _pk+1)2i—2}

n—k k

3 e L))

61



{207 () (1 = ph — 1 p2hr2om)i=l (1 — pht1y2im2)

= Ry — Rs;

here we call the positive part of the lower bound R4 and the negative part R3. For V4 we use the trivial

lower bound V4 > 0. Hence, we have:

Var(Tiy1) > p2(3 ) (Ry — 8Ry — 8Ry — Rs).

Let us now upper bound Rj:

Ry < Zk i " % = @k L —m— g (b )™ (G — i+ )
1 k+1-—m—q)! k! m! (¢ —1)!

i<j m=1
(1 _ pk+1)i+j—2

n—k min(k+1,j—1)

n?k=4 (2k — 1)k (k 4+ 1)k na—! i
<Z Z L (1 — phHlyi+i=2

1 k! 1 1
1<j qg=1
k+1 n?h1 = k41vi+j—2
<(k+1)" W(% —1)" Z(l — )
1<J
n2k71(2k o 1)k(/€ 4 1)k+1 1— pk+1
o (k—1)! (2 — pk+1)p2k+2°

Noting that (1 — pF+1)J=i(1 — phtl — pb 4 p2htl=myi-1 < (1 — pF+1)i=1 " we can bound Ry in an

identical way:

n?* 12k — 1)k (k + 1)k+1p—(§) i(l _ phtlyi-t

Ry <
- —1)!
(k—1)! oy
- n2k71<2k_ l)k(k+1>k+l 7(k)1 _pk+1
= (k—1)! LTS

Noting that (1 _ pk _ pk+1 + p2k+2—m)i—1 < (1 _ pk+1)i—1 and (1 _ pk+1)2i—2 < (1 _ pk—i-l)i—l we

proceed to bound Rj:

0 3 ] (RSN | ) | AU PRSI
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n—k k

2k+1—m _ k1m—1
< Z 2 an PR () 4 1)(1 — phry?
=1 m=2 :
n—k  opi11-2 kpk—1
n 2k +1—2)k k
g;k ( . 2(p~(8) + 1)(1 — ph+1)i-!
7’L2k_1(2]€ o 1)kkk oo k+l
< i +1)) (1-

=1
n2k_1(2k: - 1)kkk e 1
- o 2(p~ (=) + 1)p

To lower bound R4 we just take the ¢ = 2 term:

-2 2
R <n ) ( k) {(1 _ophtl 2Rty (1 — gpht +p2k+2)}

2k k
n — 22k

2k—1 2k

Since R;, Rz, Rs are all at most of the order n and Ry is at least of the order n“", we have
that for any fixed £ > 1 and p € (0,1) there exists a constant C); > 0 independent of n and a natural

number N, ;. such that for any n > N,

Var(TkH) >Dp (k+1)(R4 —8R1 — 8Ry — Rg) > prank
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Goodness-of-fit via Count Statistics in

Dense Random Simplicial Complexes

Tadas Temcinas!, Vidit Nanda?, and Gesine Reinert!

Department of Statistics, University of Oxford

Mathematical Institute, University of Oxford

Abstract

A key object of study in stochastic topology is a random simplicial complex. In this work we study a
multi-parameter random simplicial complex model, where the probability of including a k-simplex, given the
lower dimensional structure, is fixed. This leads to a conditionally independent probabilistic structure. This
model includes the Erdés—Rényi random graph, the random clique complex as well as the Linial-Meshulam
complex as special cases. The model is studied from both probabilistic and statistical points of view. We prove
multivariate central limit theorems with bounds and known limiting covariance structure for the subcomplex
counts and the number of critical simplices under a lexicographical acyclic partial matching. We use the CLTs
to develop a goodness-of-fit test for this random model and evaluate its empirical performance. In order for
the test to be applicable in practice, we also prove that the MLE estimators are asymptotically unbiased,

consistent, uncorrelated and normally distributed.

Keywords: Multivariate normal approximation, Goodness-of-fit tests, Random simplicial complexes

1 Introduction

While complex data are often represented as graphs or networks [42], there is a growing interest in modelling
complex systems beyond pairwise interactions between nodes [8]. Simplicial complexes, often used in topological
data analysis (TDA), provide a rich mathematical representation of higher-order networks [7]; other representa-
tions are detailed for example in [4]. As in network science, the statistical analysis of simplicial complex data
relies on random complexes as null models. In this paper, statistical understanding is achieved through a central
limit theorem (CLT). Stochastic topology, which studies such random complexes, is partly motivated by its use in
TDA [10, 11]. Despite the growing popularity of TDA, random simplicial complexes are rarely used in practice,

partly because of the lack of results in parameter estimation and asymptotic distribution of relevant statistics.
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This work aims to fill in the gap by providing a probabilistic and statistical understanding of the so-called mul-
tiparameter random simplicial complex model X(n,p), which is rather general and includes several important
special cases such as the Linial-Meshulam complex, the random clique complex X(n, p) and the Bernoulli random
graph G(n,p). Here p = (p1,p2,.--,Pn—1) is a vector of probabilities; p; is the probability of an edge, py is the
probability of a triangle to form a 2-simplex, and in general, py is the probability of a k-vertex clique to form a
(k — 1)—simplex. In particular G(n,p) is a special case of X(n,p) with p = (p,0,...,0). A formal definition is

given in Section 2.1.

The motivation of this work is three-fold:

1. establishing results that allow the use of X(n,p) as a null-model in practical TDA applications;

2. establishing an understanding of multivariate count statistics which have been instrumental in the study of
algebraic invariants (such as Euler characteristic, homology groups, and the fundamental group) of random

simplicial complexes; and finally,

3. quantifying the extent to which discrete Morse theory can simplify homology computation in a random

setting.

We address these three points in the so-called dense regime, where the vector p € (0,1)"~! does not depend on
n (although some relaxation of this assumption is also discussed). A key observation which we establish in this
paper is that asymptotically the covariance matrix of all subcomplex counts in X(n, p) has rank one, which might
be surprising. Even though the model has conditionally independent randomness in higher dimensions, this gets
lost in the limit and so the behaviour of this random vector is analogous to a vector of subgraph counts in the
G(n,p) random graph model. Intuitively, this means that one subcomplex count asymptotically determines all
the other ones. We shall also establish that the behaviour of the second count statistic - critical simplex counts
of a lexicographical acyclic partial matching, as arising in discrete Morse theory - is slightly different. Next we

cover the three motivations for this paper in more detail.

Multiparameter complex as a null model

In order to further statistical understanding of the model, we study maximum likelihood estimation in X(n,p)
model as well as goodness-of-fit tests. We prove that the maximum likelihood estimator (MLE) for p is asymp-
totically unbiased and consistent. Also, we provide non-asymptotic bounds on the normal approximation error as
well as the limiting covariance structure of the estimator. To our knowledge, this is the first study of the MLE for
this random model. The classic abstract MLE results do not apply here because the observed simplex indicator

variables are neither independent nor identically distributed; instead we employ results from [49] which are based
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on a probabilistic technique called Stein’s method.

Unfortunately, the vector of subcomplex counts has limiting covariance matrix of rank one, which makes it an
unsuitable candidates for standard goodness-of-fit tests. Instead, we propose critical simplex counts of a lexico-
graphical acyclic partial matching as test statistic, because this multivariate statistic has a nontrivial correlation
matrix also in the limit. We analyse its performance empirically in a simulation study and show that it is able
to distinguish between X(n,p) and a selection of geometric simplicial complex models. This is the first work

proposing a goodness-of-fit test for the X(n, p) model.

Distributional approximation of count statistics

This work contains several probabilistic results, which provide some understanding of the probabilistic structure
and which also motivate the choice of statistics for goodness-of-fit tests. In the study of random graphs, distri-
butional approximations of subgraph counts play an important role [45, 3]. Surprisingly, subcomplex counts in
X(n,p), have not been studied from a distributional approximation point of view before, only from a large devi-
ations point of view [46]. In this work we prove a multivariate CLT for subcomplex counts with non-asymptotic
bounds on convergence rates with respect to both smooth test functions as well as convex set indicator functions.
Non-asymptotic bounds can be useful in applications since the observed data, however large, is never infinite.
Moreover we prove a multivariate CLT with bounds on rates for critical simplex counts of a lexicographical acyclic
partial matching and derive a formula for the asymptotic covariance matrix, which generically has full rank, in
contrast to the subcomplex counts. In order to prove a multivariate CLT for the subcomplex counts, we establish

a multivariate CLT for generalised U-statistics under some assumptions, which might be of independent interest.

Proving the existence of certain subcomplexes have been a crucial step in showing results about homology,
persistent homology, and the fundamental group in the regimes when these algebraic invariants are non-trivial
with high probability [1, 44, 41]. Distributional approximation of certain subcomplexes have also been used to
deduce distributional approximation results for Betti number in the random clique complex [31]. We hope that
understanding the multivariate counts of arbitrary subcomplexes in X(n,p) as well as critical simplex counts
under a lexicographical matching will pave a way to understand the multivariate distribution of Betti numbers

in the dense regime.

Effectiveness of discrete Morse theory

Discrete Morse theory [19] provides a powerful, flexible and widely-used mechanism for simplifying the machine
computation of simplicial homology and related algebraic invariants [20, 40, 16, 5, 50]. The basic idea is to

construct a partial matching which pairs adjacent simplices subject to a global acyclicity constraint; the homol-
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ogy of the original complex is then entirely determined by (a chain complex constructed from) the unpaired
simplices, the so-called critical simplices. Several strategies have been proposed for constructing acyclic partial
matchings which admit relatively few number of critical simplices, thus greatly easing the linear-algebraic burden
of computing homology. Simultaneously, considerable efforts have been invested in understanding the efficacy
of such reductions in terms of lowering the number of simplices to consider — the complexity of finding opti-
mal matchings is discussed in [26] while certain empirical calculations have been described in [2]. In this paper
we provide a multivariate normal approximation for vectors of critical simplex counts of lexicographical discrete
Morse functions on X(n,p). This acyclic partial matching is a standard tool in TDA which is used in some of
the popular TDA software packages, for example [5]. The multivariate normal approximation in our paper thus
furnishes a convenient benchmark for testing the efficacy of homology-preserving reductions via discrete Morse

theory on random simplicial complexes.

Main results

When presenting our main results here, we assume that the reader is familiar with random simplicial complexes
and the multiparameter random simplicial complex X (n,p). The subsequent Section 2 provides the necessary

background for the readers who are less familiar with these notions.

There are two central theoretical contributions of this work: one regarding the properties of the MLE in X(n, p)
and one regarding the distributional approximation of the mentioned count statistics. We assume we observe a
simplicial complex on the vertex set {1,...n}, which can be seen as a set of indicator variables - one for each
subset of vertices - which would equal one iff that subset is a simplex. Then the MLE is seen as a function
of those indicator variables. We first state a simplified version of our MLE results here. We state the results
asymptotically for simplicity and clarity but we prove the results non-asymptotically with explicit constants. To

see the results in full generality and detail, we refer to Theorems 3.2 and 3.5 as well as Lemma 3.4.

Theorem 1.1. Consider the random simplicial complez X(n,p). Assume there is a known and fized integer d > 1

such that p = (p1,D2,-..,Pn—1) s a vector of probabilities where p; =0 for i > d and p; € (0,1) fori < d. Let p;

1 A _(i+t
be the MLE of p; for some fized i < d. Let W; = W;(n) = <¢Z1)§(ﬁi —pi) and Z; ~ N (07 (1—p;) H;:lpj (”1))
Then
1.

nILH;oE{pZ} =p; and nth;O Var(p;) = 0;

2. for any fired 1 <1i < j < d we have

lim Cov(W;, W;) = 0;

n—oo
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3. for any fired 1 < i < d,

lim sup |[P(W; <) —P(Z; < )| =0.

n—oo z€R

Here we recognize sup,cp [P(W; < 2) — P(Z; < )| = sup,ep [E{I(W; € (—o0,])} — —E{I(Z; € (—o0,x])}| as the
Kolmogorov-distance between the distribution of W; and the distribution of Z;, which is based on indicator test
functions I(z € (—o0, x]), taking the value 1 if z € (—oo, ] and 0 otherwise. A natural multivariate generalisation
of this distance is to take the supremum over indicator functions of convex sets. Similarly, taking instead the

supremum over Lipschitz(1)-test functions yields Wasserstein distance.

Next we state a theorem that contains a simplified version of the multivariate normal approximation results, for
both, simplex counts and and critical simplex counts. Even though the two random vectors are related from
a topological point of view, a CLT for one of them does not automatically translate into a CLT for the other:
the dependence structure in the two cases are quite different, requiring slightly different proofs. We quantify the
approximation error in terms of both smooth test functions and convex set indicator functions. Even though
an error vanishing asymptotically implies convergence in distribution in both cases, for finite n, the convex set
indicator functions give us a stronger result that is also of interest in practice when, for example, estimating
confidence regions. For the non-simplified version of the results we refer the reader to Theorems 5.2, 6.4, 6.6,
Corollary 5.4, and Lemma 6.4. For the statement we let k' be the largest number such that for all 7 < k' we have

p; = 1; k' = 0 if none of the probabilities equal 1.

Theorem 1.2. Consider the random simplicial complex X(n,p). Let WM e R be an appropriately scaled and
centered vector of subcomplex counts. Let W) € R?® be an appropriately scaled and centered count vector of
simplices that are critical under a lexzicographical acyclic partial matching. Let Z ~ MVN(0,Idgxq) and ; be the
covariance matriz of W for each i. Let h : R — R be three times partially differentiable function whose third

partial derivatives are Lipschitz continuous and bounded. Let IC be the class of convex sets in R?.

1. There is an explicit constant Bs 4 > 0, independent of n such that

O3h

1 K 42
En(W® —]EhZ2Z‘< sup ||——" | B.,nS
( ) ( 1 ) - i,j,ké)[d] 6xiaxj8:ck oo 54
and
sup [P(WD) € A) — P(Z € A)| < 253~ 14t BI =5

Aek

Moreover, for any 1 <i < j < d we have

lim (El)i,j =1.

n—oo
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2. There is an implicit constant Bgg.1 > 0 independent of n and a natural number Ngg.1 such that for any

n > Ngg1 we have

23h

1 J

i,5,k€ld]

o0

Also, there is an implicit constant Bg.g.o > 0 independent of n and a natural number Ngg.o such that for

any n > Ng.g.2 we have

1 %
sup [P(W® € A) —P(S3Z € A)| < Bggon™ *
AeK

Moreover, for any 1 <1i < j <d there is an explicit function o (3,j) such that

lim (29);; = 000 (i, 7).

n— oo
If pr € (0,1) for all k > k', then then 0 < 05 (4,7) < 1.

We also propose a testing procedure based on critical simplex counts and empirically evaluate its performance.

The procedure is described in Algorithm 1 and the results are presented in Section 3.2.

Related work

Although subcomplex counts in X(n,p) are natural objects to consider, surprisingly, they have not yet been
extensively studied. Nonetheless, a recent paper studies large deviation bounds for subcomplex counts in the
X(n,p) model [46]. Another recent paper [17] proves a CLT for a special kind of subcomplex counts in a special
case of the X(n,p) model, the number of isolated faces in the Linial-Meshulam random simplicial complex. As
subcomplex counts can be seen as an example of generalised U-statistics, results from [24, Section 10.7] and
[22, Chapter 11.3] could, with some work, in principle be adapted to prove convergence in distribution for the
multivariate subcomplex counts; in [25] the author extends the results from [24] to study generalised U-statistics
not only for graphs but also for hypergraphs and therefore for simplicial complexes in particular; , but no non-
asymptotic bounds on the approximation error are available. Recently Zhang [51] used the exchangeable pair
approach in Stein’s method to derive a univariate CLT for the graph version of generalised U-statistics. These

results only apply to graph statistics rather than the higher order type of statistics that we are interested in here.

Counts of simplices that are critical under a lexicographical acyclic partial matching have been studied for the
random clique complex X(n,p) [49, Section 4]. For the X(n, p) model, only the expected value has been studied

so far [6, Section 8.

There has been some limited work on statistics for random simplicial complexes. In [11, 52] the authors have
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noted a sufficient statistic for the X(n, p) model but the MLE had not been investigated. Goodness-of-fit tests
using count statistics have been proposed in the context of random graphs [32, 12, 38]. Topological goodness-of-fit
tests have been suggested for point processes [9], sliced spatial data [13], and cylindrical networks [33], but not,

to the best of our knowledge, for X(n, p).

Organisation and notation

In Section 2 we introduce topological definitions and the random models of interest. In Section 3 we study the
properties of the MLE of the parameter p in X(n,p) and perform a simulation study to verify the validity of the
proposed goodness-of-fit test. In Section 4 we introduce and prove probabilistic results that are needed to prove
Theorem 1.2. It also contains a multivariate CLT for generalised U-statistics that might be of independent interest.
In Section 5 we study multivariate subcomplex counts and prove a multivariate CLT with an explicit bound; we
also describe the limiting covariance. In Section 6 we study critical simplex counts under a lexicographical acyclic
partial matching. A multivariate CLT with an explicit bound is proved and the limiting covariance described.

Finally, the Appendix A contains some technical computations that are needed for the proofs of Section 6.

Throughout this paper we use the following notation. Given positive integers n,m we write [m,n] for the set
{m,m+1,...,n} and [n] for the set [1,n]. Given a set X we write | X| for its cardinality, P(X) for its powerset,

and given a positive integer k we write ()k() = {teP(X)||t| =k} for the collection of subsets of X which

2 3
are of size k. For a function f : R? — R we write 0iif = aza,;aij and Ojjrf = Wfamk. Also, we write
Ifl) = SuPs, 4y ire(d 10iris..ix fll o for any integer k& > 1, as long as the quantities exist. Here || - |[oc denotes

the supremum norm. For a positive integer d we define a class of test functions h : R? — R, as follows. We say
h € Hq iff h is three times partially differentiable with third partial derivatives being Lipschitz and |h[, < oc.
The class of convex sets in R? is denoted by K4. When the dimension of the space is clear from the context
we may suppress the subscript d for these sets. The notation Idgx4 denotes the d x d identity matrix. The

vertex set of all graphs and simplicial complexes is assumed to be [n], unless stated otherwise. We also use

Bachmann-Landau asymptotic notation: we say f(n) = O(g(n)) iff limsup,,_, RAGY IR f(n) = Qg(n)) iff

g(n)
liminf, % > 0, and f(n) = w(g(n)) iff lim, o % = o0o. Given two real random variables X,Y we write
dks (X,Y) = sup,cp |[P(X < z) —P(Y < )| for the Kolmogorov-Smirnov distance between their distributions.

Moreover, we use the following bounds on binomial coefficients

n ] n nk ne
<k>k§<k> §H<(?)k' (1)
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2 Topological preliminaries

For completeness, we include some topological preliminaries, see also [49].

2.1 First definitions

Firstly, we recall the notion of a simplicial complex [48, Ch 3.1]; these are special kinds of hypergraphs that
provide higher-dimensional generalisations of a graph and constitute data structures of interest across algebraic,

applied, and computational topology.

A simplicial complex £ on a vertex set [n] is a set of nonempty subsets of [n] (i.e. @ ¢ £ C P([n])) such that the

following properties are satisfied:

1. for each v € [n] the singleton {v} lies in £, and

2. ifte L and s Ctthense L.

The dimension of a simplicial complex £ is dim(£) := maxgser |s| — 1. Elements of a simplicial complex are
called simplices. If s is a simplex, then its dimension is dim(s) := |s| — 1. A simplex of dimension k can be
called a k-simplex. The k-skeleton of a simplicial complex £ is the subcomplex £L*) = {s € L | |s| < k+1} of
dimension k as long as k < dim(£). Note that the notion of one-dimensional simplicial complex is equivalent to

the notion of a graph, with the vertex set [n] and edges as one-dimensional simplices.

Given ki, ks € N and two simplicial complexes £1 on [k1] and Lo on [ks], a simplicial map from £; to £ is a
function f : [k1] — [ke] such that for any s € £; we have that f(s) € Lo. If f is bijective, it is called a simplicial
isomorphism. For any finite simplicial complex £ on [n] we denote the set of simplicial complexes on [n] that
are isomorphic to £ by [£]. Note that [£] can be smaller than the number of automorphisms on £. For example,
it £ = {{1},{2},{1,2}} is just an edge then [£] = {£}. Even though the edge has two automorphisms (the
identity and the one swapping the two vertices), both automorphisms give rise to the same simplicial complex.

Indeed the swapping automorphism gives {{2}, {1}, {2, 1}}, which is the same set as L itself.

Assuming ky < ks it is also meaningful to count the number of copies of £1 in L5, which we define as the number
of order-preserving injective simplicial maps from any element of [£1] to £o. We call this the subcomplex count

of £1 in L. Subcomplex counts are investigated in Section 5 and concrete examples are given there.

Definition 2.1. The k-simplex is equal to the set P([k + 1]) \ {@}, seen as a simplicial complex. That is, the
vertices are {1,2,...,k + 1} and any subset of the vertex set is a simplex. The hollow k-simplex is equal to the
set P([k + 1]) \ {[k + 1], @} seen as a simplicial complex. That is, a hollow k-simplex is the (k — 1)-skeleton of

the k-simplex and so its dimension is k — 1.
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Definition 2.2. Let [n] be the vertex set. Let p = (p1,p2,...,pn_1) € [0,1]"7! be a finite sequence of parameters.
We first build a random hypergraph H where any subset s C [n] of size k is included independently of any other
subsets with probability py—1. The multi-parameter random simplicial complex X(n,p) is the largest
simplicial complex contained in H. That is, for any subset s C [n], we have s € X(n,p) iff s € H and for any

t C swehavete H.

The model X(n, p) is a general random simplicial complex model, defined by Kahle in [30] and extensively studied
from a topological rather than combinatorial point of view by, amongst others, Costa and Farber in [14, 15]; it
includes many families of random simplicial complexes as special cases. For example, if p = (p,0,...,0), then
we recover the G(n,p) random graph. If we set p = (p,1,...,1), then we recover the random clique complex of
G(n,p), that has been extensively studied, for example, in [27, 29, 31]. If we set p = (1,...1,p,0,...,0), then
we recover the k-dimensional Linial-Meshulam random complex that has also been extensively studied before [36,

37]. For a survey of stochastic topology, see [10, 11].

2.2 Discrete Morse theory

A partial matching on a simplicial complex £ is a collection

V={(s,t)|sCteLand |t|—|s|=1}

such that every simplex appears in at most one pair of V. A V-path (of length &£ > 1) is a sequence of distinct

simplices of L of the following form:

(51 Ct1 D853 CtaD... 28, Cty)

such that (s;,t;) € V and |t;| — |s;+1] = 1 for all 4 € [k]. A V-path is called a gradient path if £k =1 or s; is not
a subset of ;. A partial matching V on L is called acyclic iff every V-path is a gradient path. Given a partial

matching V on L, we say that a simplex t € L is critical iff ¢ does not appear in any pair of V.

For a one-dimensional simplicial complex, viewed as a graph, a partial matching V is comprised of elements

(v; {u,v}) with v a vertex and {u,v} an edge. A V—path is then a sequence of distinct vertices and edges

V1, {Ulav2}7v27 {027/03}7 cey Uk, {Uk7vk+l}

where each consecutive pair of the form (v;, {v;, v;41}) is constrained to lie in V.

We refer the interested reader to [19] for an introduction to discrete Morse theory and to [40] for an illustration
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Figure 1: Lexicographical matching given by the red arrows. Critical simplices are highlighted in blue.

of its use for simplifying computations of persistent homology. This work addresses how much computational
improvement one should expect to gain on a random input when using a specific type of acyclic partial matching,

defined below.

Definition 2.3. Let £ be a simplicial complex and assume that the vertices are ordered by [n] = {1,...,n}. For
each simplex s € £ define

Ip(s):={j€[n]|j<min(s) and sU{j} € L}.

Now consider the pairings

s < sU{i},

where ¢ = min I, (s) is the smallest element in the set I-(s), defined whenever I.(s) # @. We call this the

lexicographical matching.

Due to the min I~ (s) construction in the lexicographical matching, the indices are decreasing along any path and
hence the simplices form a gradient path, showing that the lexicographical matching is indeed an acyclic partial

matching on L.

Ezxample 2.4. Consider the simplicial complex £ depicted in Figure 1. The complex has 5 vertices, 6 edges and
one two-dimensional simplex that is shaded in grey. The red arrows show the lexicographical matching on this
simplicial complex: there is an arrow from a simplex s to ¢ iff the pair (s,t) is part of the matching. More

explicitly, the lexicographical matching on L is

vV ={({2}{1,2}), ({3}, {2,3}), ({4}, {1, 4}), ({5}, {3,5}), ({4, 5}, {3,4,5}) }.

Note that {3,4} cannot be matched because the set I.({3,4}) is empty. Also, in any lexicographical matching
{1} is always critical as there are no vertices with a smaller label and hence the set I-({1}) is empty. So under
this matching there are two critical simplices: {1} and {3,4}, highlighted in blue in the figure. Hence, if we
were computing the homology of this complex, considering only two simplices would be sufficient instead of all

12 which are in £ — a significant reduction in computational effort.
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3 Maximum likelihood estimation and goodness-of-fit

3.1 Maximum likelihood estimation

Recall the random simplicial complex model X(n,p) as given in Definition 2.2. Here we study a maximum

likelihood estimator under this random model assuming that there is some known d such that p; € (0,1) if ¢ <d

and p; = 0 if i > d. Therefore, we have d parameters in this model to estimate, namely, (p1,p2,...,pq) € (0,1)%.

With slight abuse of notation, we write p = (p1,pa,...,pq). Let £ be a fixed simplicial complex on the vertex

set [n], which we consider to be our observed data. Recall Definition 2.1, detailing the notions of a simplex and a

hollow simplex. For each i € [n], let s; be the number of i-simplices and h; be the number of hollow é-simplices.
n

Note that s; < h; because every i-simplex contains a hollow i-simplex. Also note that h; = (2) is just the number

of pairs of vertices and hence it is a deterministic value.

As it has been noted in [11, 52], for any i € [d] a sufficient statistic for p; is the pair (s;, h;). We therefore can
estimate p; only for i < I(L). Note that if h; =0, then h; = 0 and s; = 0 for all j > ¢ and if h; # 0, then h; # 0
for all j < i. Write I(£) = max{¢ € [d] | h; # 0}; in the dense regime, if d is not too large, we can prove that
I(£) = d with high probability (see Lemma 3.1). Assuming p € (0,1)¢, the log-likelihood is well-defined and

equal to
1(£)
Up:£) = Y {siln(p:) + (hi — s:) In(1 — py)}
i=1
For any i € [I(L)] we have a%li =& — ﬁg—‘p‘” Solving the partials equal to zero and considering the boundary

cases when s; = 0 or s; = hy, we get p; = 3= for i < I(L). If i > I(L), then s; = 0 and so the log-likelihood does

not depend on p;. In this case p; is not unique; we choose to set p; = 0. Summarising, we have

pi=1(hi #0) 7. (2)

7

For any i # j € [I(£)] we have:

ol 02l . ! 1

For i # j € [I(L£) + 1,d] the corresponding second partial derivatives all vanish; the I(£) x I(L) Hessian is
negative-definite, and hence p indeed is a local (and global) maximum of the likelihood. Classical theorems from
the theory of MLE do not apply here because the simplex indicators are neither independent nor identically

distributed. Hence we derive asymptotic results for the MLE in this paper.

For each i € [d] let H; be the random variable counting the number of hollow i-simplices and let .S; be the random
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variable counting the number of solid i-simplices. Let h; be an integer such that 1 < h; < (Zil) Then by
definition of X(n, p) for any ¢ € [d] we have that S;|{H; = h;} ~ Binomial(h;,p;). Using this property of S; being
conditionally binomial we can prove that the estimator is asymptotically unbiased and consistent. We start the
investigation by proving concentration of H; for ¢ € [d] and hence that I(£) = d with high probability.

NGs)

For the rest of the section we write p* := min{p, | j € [d] } and P; = H] 1D

Lemma 3.1. Fiz i € [2,d] with d <log,Inn + log, log, Inn — logy(—Inp*) and a > 0, then:

2a?
- _ plogy log, Inn(1+o(1)) . _
P(H; =0) <exp ( n ) P(|H; — pi] > a) < 2exp ( EE (lfl) (Zil)> .

In particular, lim,, . P(I(X(n,p)) =d) =1 as long as p* is a positive constant.

Proof. Fix i € [2,d] and € > 0. For each s € ([”] ) we define X = 1 (s spans a hollow i-simplex). Then

Z X, and hence w; =E(H;) = <z Z 1) P;.
‘Se(f[+]1)

Write A; =Y ste([) 1(|snt| >2)E{X:X;}. Aslong as A; > p;, we can bound the denominator in Janson’s

inequality [21, Theorem 1] by u; + A; < 2A,;. Hence we get

P(H; =0) <exp | — pi <exp | — (Zzl) :
’ - an; ) — 4 E ( 1) (z+1) ( " ) : iA—l1 pf(jill)
=2 \i+ m 1+ m (3 J: J
—exp | — z+1)

A () () T gy )

We are interested in the case when ¢ = log, Inn + log, log, Inn + ¢ for some constant ¢ € R. In this case, by
examining the ratio of two consecutive summands in the denominator sum, we can see that the largest summand

will correspond to m = i. Therefore, we get the bound

P(H; =0) <exp (—%) .

As long as ¢ < —logy(—Inp*), the bound is at most exp (—n1°g2 logs 1“”“"‘““”). The first inequality follows by

recalling that Hy = 0 implies H; = 0 for all j > k.

For concentration, we apply the large deviation result Corollary 2.2 in [23]. Fix a particular s € ( (] ) Note that
X, and X; are dependent iff [s N¢] > 2. So the number of variables in the sum of H; that X, depends on is

Z::L;IQ ) (er_lz:r}l) < (i4+ 1) —1)(;",) <(i+1)""2(,",). Now applying the large deviation result gives the
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second inequality. O

Theorem 3.2. Let i € [2,d] with d < log, Inn + log, log, Inn — logy(—Inp*) and € > 0. Then

i (1 — exp (_nlog2 log, In n(1+o(1)))> < E(ﬁz) < pi;

R ) i ldes wn—2itl; 2n%e(i — 1)1
Var(p;) < 2pi(1—pi) ((Z + 1) e (pt) TS fexp (—(Z(H)e;»

_|_p12 exp (_nlog2 log, lnn(1+o(1))> )

In particular, for all i € [2,d], lim, 0 E(p;) = p;, and for i < logyInn + logy(1 — €) — logy(— In(p*)) we have

lim,,_, o Var(p;) = 0 as long as p* is a positive constant.

Proof. To prove the first part of the theorem we use the law of total expectation and fact that S; is conditionally

binomial, to obtain

.
E(pi) = Z . P(H;
hi=1 *

Applying the bounds from Lemma 3.1 the result follows. Turning to the variance of the estimator,

(H)

ar(py) = E(52) — E(p)? = Pill=Pi) | 2\ poa = n) - p2B(H, £ 0)°
Vax(p:) = E(G?) ~ B(p) Z_( 22 ) Bt = ) - (L A0

n

i+1)
— @P(Hi = h;) + pIP(H; # 0)(1 — P(H, # 0)).
hi=1 g

For the second term we can immediately use the first inequality in Lemma 3.1. For the first term, we use the

large deviation inequality from Lemma 3.1. Fix e € (0,1) and write a = n**¢. Then we have

o M
= hs i = 1y h, i = Ny h, i =Ny
h;=1 hi=p;i—a+1 hi=pi+a
pi—a (i%) mita—l pi(1—py)
<pil=p) | D P(Hi=h)+ D> PHi=h)|+ > = -——*
h;=1 hi=pi+a hi=p;—a+1 H
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WY gore L)

< 2p;(1 —p;) exp <_ (i + 1)e2 M‘—lﬂ‘ ’
(3 2 1

To finish the proof note that g 'nite < (i 4 1)itlp=1Fe(p*) =27 +i+3, O

Remark 3.3. Note that if ¢ = 1 then p; is just the MLE of the parameter p in a binomial distribution, which is
very well studied and known to be unbiased and consistent. Also, [18, Theorem 3.1] shows that there is some
constant ¢ such that for ¢ > log, Inn + log, log, Inn — ¢ we have no ¢-simplices with high probability as long as
the parameter p € (0,1)"~! does not depend on n. In light of this fact we can see that in Theorem 3.2 the upper
bound on 7 is optimal up to an additive constant in the case of the expectation. In the case of the variance, the
bound is off by a factor of log, log, Inn, which is likely because the large deviation inequality is sub-optimal for

large 7.

Lemma 3.4. For any 1 <1i < j <d <log,Inn + log,log, Inn — log,(— Inp*) we have

1 1
—p; n 2 n 2 exp (_nlog2 log, In n(1+0(1))) <
Ni+1) \J+1 -

n
Cov(W;, W;) < pipj (z n 1)

SIS

< n 2 log, log lnn(1+o(1)))
) exp <—n 21082 .
J+ 1)

Moreover, we have lim,,_,, Cov(W;, W;) =0 as long as p* is a positive constant.

Proof. We will use a shorthand F,, = (ifﬁl)%(ﬂl)%- Then

Cov(W;, W;) = F,Cov(p;,p;) = F, (E{fj}? (H;H, # 0)} ~E {fj_]l (H; # O)}E {fé]l (H; # 0)}) .

Assume ¢ < j and let us focus on E {fl—%]l (H;H; # 0)} The main idea is to condition on the joint distribution
K3 J
of (S1,Ha,Sa,...,Hj_1,8;-1, H;). Under this conditioning, S; and H; are deterministic so we can take it out of

the conditional expectation and then use the fact that S;|H; ~ Binomial(H;, p;). The details are as follows:

Si 5j S; S
E{HiHjj]l(HiHj7é0)}:]E{E(HZHJIL(HH #0)’(51,1{2,52,... i 1,5]._1,;1].))}

E{Z}}ﬂ(ﬂff #0)E (S,

]E{Ii;]l(HH £0)E ( ‘H)}

S 1

(Sl,HQ,SQ,... j— 1,Sj_1,Hj))}

pe{ S 201 20},
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Now we can bound this quantity from above and below. Let us start with an upper bound:

ij{fé]l (H; #0)1(H, # O)} gijE{Zi]l (H; # O)} = p;p;P(H; #0).

For the lower bound, we use the following argument:

ij{f;]l(Hi £0)1(H; # 0)}
:ij{I?H (H; #0)(1—1(H; = 0))}
S
> pip;P(H; # 0) —pﬂE{H_ll (Hi #0N H; = o)}

> pip;P(H; # 0) — p;P(H; = 0).

Here the last inequality follows from the fact that S; < H;.

Therefore, we get a bound on the covariance:

1 COV(WZ‘, W])

P(H; #0) - B(Hy = 0) ~ P(H; £ OP(H; £ 0) < = U2 <P(H; 0) = B(H: £ 0)P(H; #0).
i nrtr)

The bound can be rewritten as:

COV(Wi, Wj) <P

P(H; # O)P(H, = 0) — ~P(H; = 0) <

H; # 0)P(H; = 0).
P Frpips (Hi 7 0)P(H; = 0)

In fact, the following simpler bound suffices to prove the assertion:

_lp(Hj =0) < Cov(Wi, W;)

< P(H; = 0).
i F.pip; (H; =0)

Since 1 < i < j, we have j > 2 and so the following bound from Lemma 3.1 give us the result

P(H] _ O) § exp (7nlog2 log, lnn(1+o(1))) )

. i41
Recall that p* :=min{p; | j € [d] } and P; = H;;ll pj(_jJrl).

Theorem 3.5. Let i € [2,d] with d < log,Inn + log, log, Inn — log,(— Inp*). Also, let W; = (iﬁl)Pi(ﬁi
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and Z; ~ N (0,p;(1 —p;)). Then

V1043 1 n ~3 9 i46 . 1 n n -2
i i) < ————(pi (1 —py) ;)™ 2 2(n — P~ 1 1 2 .
dKS (Wu 1) = 3\/77_ (pz( pz) 1) 2 (Z + 1) + (TL 7,) f (’L + ) 2 In2 (Z + 1) + (l + 1)

Remark 3.6. Theorem 3.5 gives in particular, for i < log, Inn+1—log,(— In(p*)) we have lim,, o dxs (W;, Z;) =0
as long as p* is a positive constant. This assumption can be relaxed; it suffices that P; and pj, j < d depend on
n in such a way that the expression in Theorem 3.5 tends to 0 with n — oo while ensuring that p;(1 — p;) is

bounded away from 0.

Proof. Let Z ~ N (0,1). Recall that H; is the number of hollow i-simplices in X(n,p). Define the interval
= (E{H;} — a,E{H;} + a), where a > 0 is to be chosen later. Let h be an indicator function of an interval
11
(=00, b) for some b € R. Set ¢(x,i) = x2 (1) 2P (1 —pi))" 2. Recall that given two real random variables
X,Y we write dgs (X,Y) =sup,ep [P(X < x) —P(Y < )| for the Kolmogorov-Smirnov distance.
To prove the theorem we condition on H;. We use large deviation bounds Lemma 3.1 and inside the high

probability region use a classic CLT comparing a binomial to a normal. For comparing a binomial variable to a

normal we use [47, Theorem 1] and for comparing a normal to a normal we use [35, Section 6.2].

E{|n(Wi) — h(Z:)[}

=Y E{|a(W:) — h(Z)||H; = 2} P(H; = x) + E{|h(W:) — h(Z:)| |H; ¢ L} P(H; ¢ 1)

zel;
<Zd (Wi|H; =, Z;) P(H x)—i—?exp( 20 )
> KS i|d1q = Ly Ly i = -, : n n
cel; (i+1)+2(,") (i+1)
2a?
< dks (c(z, ))W;|H; = z, c(z, Z)Z)]P’(Hizac)—i—Qexp(— - —— )
% EESVEI AT
2a2
< (dks (c(x, O)W;|H; = x, Z) 4+ dks (c(x,1) Z;, Z)) P(H; = ) + 2exp < - , — )
a;L (1 +1)+2 (ifl) (i+1>

Note that c(z,7)W;|H; = x is a binomial random variable with n = x and p = p;, which has been centered and
scaled to have unit variance. Therefore, we can apply a classic CLT to bound the Kolmogorov-Smirnov distance

between a standard normal and a centered and scaled binomial [47, Theorem 1]. This gives the bound

S dis (ela, ) WilHy = 2, Z)P(H, =2) < Y VIO+3 g+ (1= p)’p g _

z€l; z€l; 6 \% 27 .sz(l - pl)

_VI0+3 p; + (1 —pi)?
6v2r  /(E{H}—a)p;(1—pi)

P(H; € L,).
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Now to compare two normal variables, namely, c¢(z,4)Z; and Z, we note that Var(c(z,4)Z;) = a7y and Var(Z) =

1, and we use [35, Section 6.2] (with f; = fo = 1) to obtain

E{J;{i} - 1’ \/E{fi}IP’(Hi = 1)

> dxs (c(x,4)Zi, Z)P(H; = 2) <

vels z€l;
(B e | (EGRY —a ) [E(Y o
: {‘ E{H;} 2k E{H;} 1‘}\/JP(HZGL)
SE{H}-a

Putting everything together, we get

E{[h(W:) = h(Zi)]} <

VI0+3  p? + (1 —pi)? a exo [ — 2a®
6/ VEMT i —p)  E{HI—a 2P < (i + 1)i+2(if1)(i-t1)> '

Now for a bound in Kolmogorov distance we take the supremum over all half-open interval indicator functions A
1

and recall that E{H,} = (Zil)PZ Picking a = ((221) ;") +1)"21n (121)) % to approximately balance the last

two summands gives the assertion. O

3.2 A goodness of fit test

Theorem 6.6 provides a bound on the normal approximation error of critical simplex counts with respect to the
lexicographical matching. In network analysis goodness of fit tests based on asymptotic distributions of random
graph statistics are available, see for example [34, 43]. Inspired by this approach, we develop a goodness of fit
test based on the asymptotic distribution of the critical simplex counts. It is known that in certain geometric
random simplicial complexes the lexicographical matching behaves differently compared to the X(n, p) model, see
[28, proof of Theorem 5.1]. With this in mind, we investigate if the statistic can distinguish between geometric

models and X(n, p).

The starting point for the testing procedure is an observed simplicial complex £. The null hypothesis is that
the observed data is a sample from X(n,pPg), where pg is the observed value of the MLE of p as given in
Equation 2. For T' = (T1,...,Ty) the vector of critical simplex counts in X(n,p), we calculate the standardised
statistics W, = W(T;) = Var(TZ-)_%(Ti —E{T;}) for i € [n]. Theorem 1.2 combined with Lemma 3.4 give that
W = (Wy,...,W,) = MVN(0,X), where ¥ is the limiting, diagonal covariance matrix of W. Hence, in the
X (n,p) model, WIS~ is approximately chi-square distributed with n degrees of freedom. Based on this
asymptotic result, as a proof of concept we propose and empirically study the following simple testing procedure

that is described in Algorithm 1:
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1. We observe a simplicial complex £ and compute the corresponding value pg of the estimator p from Equation

2.
2. We compute the observed value t = (t1,ts,...,t,) of the critical simplex counts T' = (T1,Ts, ..., Ty).

3. Based on pg we estimate E {T;} and Var(T;) by replacing p by po in the explicit formulas. We denote these

o —

estimators I@ and Var(T;).

Nl=

— =

4. We calculate w = (wq, wa, ..., wy) where w; = Var(T;) ~(t; — I@) for all i € [n].

5. We reject the null at approximate significance level o € (0,1) iff TS~ tw > x2(1 — «), where x2(p) is the

quantile function of the chi-squared distribution with n degrees of freedom.

Algorithm 1 Goodness-of-fit test
1: procedure PERFORMTEST(L, o, T, ¥) b L is a finite observed simplicial complex, « € (0,1) is significance
level, T is a test statistic, ¥ is the limiting covariance of a centered and normalised version of T'

2: pPo = COMPUTEMLE(L) > Computes the observed value pg of the MLE p
3: (t1,t2,...,t) = COMPUTESTATISTIC(L,T) > Computes the observed value of a chosen T
4; for all i € [k] do
5: E{T;} := ESTIMATEMEAN(Po) > Estimates the mean by replacing p with pg
6: Var(7T;) .= ESTIMATEVARIANCE(DPg) > Estimates the variance by replacing p with pg
1 _

w; == Var(T)) ~(t; — E{T;}) > Normalises the statistic
8: end for
9: w = (wy,wa, ..., W)
10: if w'S7w > x2(1 — a) then > x2(p) is the quantile function of the x2 distribution
11: return False > The null is rejected
12: else
13: return True > Insufficient evidence to reject the null
14: end if

15: end procedure

Remark 3.7. This testing procedure can be improved in the following ways. First, it ignores the parameter
estimation error, second, it ignores the estimation error of the mean and variances, and third, it ignores the
normal approximation error. By using Theorem 3.5, one could account for the parameter estimation error. It is
possible to account for estimation error when estimating the mean and the variance of the test statistic as well.
Moreover, Theorem 6.6 gives explicit bounds on the quality of the normal approximation and hence it is also
possible to account for this error. These improvements are outside the scope of this paper and are deferred to

future work.

3.2.1 Empirical simulation study

Here we empirically study the goodness of fit test to distinguish between X(n,p) and a random geometric

simplicial complex model, where geometry is present only in a particular dimension. We start by defining a soft
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geometric random simplicial complex model.

Definition 3.8. Let X, be a set of n points that are i.i.d. in the unit d-cube [0,1]¢ C RY. For i € [n — 1] let
#i : ([0,1]9)*1 — [0,1] be a symmetric function. We inductively define a soft random geometric simplicial
complex X(X,, ¢1,02,...d,—1) as the random simplicial complex with vertex set X, such that any i-simplex
s = {s1,82,...,8i+1} C X, is included with probability ¢;(s1,s2,...,s;+1) if every proper subset of s is already
in the complex. Note that if we take the functions ¢; to be constant functions that do not depend on the vertex

locations for all ¢ € [n — 1], then we recover the X(n, p) model.

In the simulation study we compare X (n, p) with three geometric models by defining an interpolation process that
starts with X(n, p) and finishes at each of the models. We are interested to see at which point in the interpolation

there is enough geometry in the model for the statistical test to pick it up. We use the following three models:

1. Let Xj50 be a set of 150 points that are i.i.d. in the unit 7-cube [0,1]7 € R7. Given four points
T1, T, 73,24 € [0,1]7 define A(x1, 2,73, 74) to be the volume of the tetrahedron defined by the four points.
The model is X(Xi50, P1, P2, ... ¢P149) where ¢1(z1,22) = 0.5, ¢o(x1,22,23) = 0.5, ¢3(x1, T2, 23,24) =
1 (A(x1, 2, 23,24) < 0.09) and ¢;(z1,22,...,2;41) = 0 for all ¢ # 1,2,3. This is just a 3-dimensional
X(n,p) model with the exception that only tetrahedra of sufficiently small volume appear. We later refer

to this model as the tetrahedron model.

2. Let X5 be a set of 75 points that are i.i.d. in the unit 3-cube [0,1]> C R3. Given three points z1, 2o, 13 €
[0,1]® define A(xy,72,23) to be the area of the triangle defined by the three points. The model is
X(Xrs5, @1, P2, . .. p74) where ¢1(x1,22) = 0.5, ¢o(x1,29,23) = 1(A(z1,22,23) < 0.09) and lastly we let
oi(x1,22,...,2i41) = 0 for all ¢ # 1,2. This is just a 2-dimensional X(n,p) model with the exception
that only triangles of sufficiently small area appear. The area threshold 0.09 was chosen empirically as one
example of a threshold where geometry detection is possible. We later refer to this model as the triangle

model.

3. Let X5 be a set of 75 points that are i.i.d. in the unit 3-cube [0, 1]3 C R®. The model is X(X75, ¢1, P2, - - - P74)
where ¢1(z1,22) = 1(||z1 — @2]|, < 0.4924) and ¢;(x1,x2,...,2i41) = 0.5 for all i # 1. The distance
threshold is chosen so that the edge density of the geometric graph is 0.5. This model is just a classical
geometric random graph with higher simplices filled in combinatorially just like in X(n,p). We later refer

to this model as the edge model.

In the case of the tetrahedron model, we define a sequence of models interpolating between the geometric model
and X(n,p) as follows. Given 0 < €1 < ey we define the model X(X150, ¢1, d2, 561’62)7...,(;5149) where we

set the functions ¢1(z1,22) = 0.5, ¢a(w1,22,73) = 0.5, ¢3(21,72,23,74) = 1(A(21,72,23,74) < €1) + 0.5 X
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1(A(x1, z2, 23, 24) € (€1,€2)) and ¢; (1, Ta,...,2;41) = 0 for all 4 # 1,2,3. That is, we connect any two vertices
independently with probability 0.5, and any triangle becomes a 2-simplex, also independently, with probability
0.5. Finally, any hollow 3-simplex is filled in with probability 1 if its volume is at most €; and, independently,
with probability 0.5 if its volume is between €; and e5. No hollow 3-simplex with volume at least €5 gets filled in.
Note that if we have €; = €5 = 0.09, then we recover the geometric model and if ¢, = 0, e = 1, then we recover
the X(150, (0.5,0.5,0.5,0)) model. We start the interpolation with e; = 0 and es = 0.5, which is very close to
the X(150, (0.5,0.5,0.5,0)) model. We increase e; and decrease ez at each step until we reach e; = e5 = 0.09.
We sample 100 simplicial complexes at each step of the interpolation and report the number of times the null

hypothesis is not rejected at 0.95 significance level.

In the edge model, we define a very similar interpolation to the tetrahedron model interpolation. Given 0 <
€1 < €9 we define X (75, &1, 561’62)7 ... ¢74) where ¢1(z1,22) = 0.5, ¢po(x1, 2, x3) = L (A(x1, 22, 23) < €1)+0.5 %
1(A(z1,z2,23) € (€1,€2)) and ¢;(x1,x9,...,2,41) = 0 for all i # 1,2. We start the interpolation at ¢; = 0 and
€2 = 0.66, which is close to the X(75,(0.5,0.5,0)) model. We increase €; and decrease e; at each step until we
reach €; = €2 = 0.09. We sample 100 simplicial complexes at each step of the interpolation and report the number

of times the null hypothesis is not rejected at 0.95 approximate significance level.

Finally, in the edge model we perform an analogous interpolation again. Given 0 < €; < €3 we define the
model X(Xrs, b1, o5, .. dry) where ¢ (21, 39) = 1 (a1 — 22y < &) + 0.5 x 1 (|21 — 22|, € (€1, €2)) as well
as ¢;(x1,T2,...,241) = 0.5 for all i # 1. We start the interpolation at e; = 0 and ez = /3, which is exactly the

X(75,(0.5,0.5,0.5...,0.5)) model. We increase €; and decrease €5 at each step until we reach ¢; = e = 0.4924.

For each of these three perturbation models we sample 100 simplicial complexes at each step of the interpolation
and report the number of times the null hypothesis of an X(n, p) model is not rejected (the number of passes)
at 0.95 approximate significance level. Ideally the number of passes should be 0 when Ae = 0, corresponding to
the purely geometric model, and increase sharply with increasing Ae, to 100 when Ae = 1, corresponding to the

X(n, p) model.

We compare goodness of fit tests based on three statistics: triangle counts, centered triangle counts [32, 12],
and the critical simplex counts. Ae. Because the triangle counts and centered triangle counts only rely on
1-dimensional information, we expect these statistics to detect the difference only when comparing X(n,p) to
the last model. The results for the tetrahedron, triangle, and edge models can be seen in Figure 2, 3, and 4

respectively. The data used to generate the respective figures can be found in Table 1, 2, and 3 in Appendix C.
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Figure 2: Goodness of fit testing results of the tetrahedron model. The z-axis corresponds to Ae = €3 — €;.
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Figure 3: Goodness of fit testing results of the triangle model. The z-axis corresponds to Ae := €3 — €;.

The simulation results We find that critical simplex counts under the lexicographical matching can differenti-
ate between the X(n, p) model, which is fully combinatorial, and models which depend on geometric information

only in a particular dimension. Even if the model is far from a fully geometric one (like a Vietoris-Rips or Cech
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Figure 4: Goodness of fit testing results of the edge model. The z-axis corresponds to Ae = €5 — €.

complex of a point process in R¢ would be), we can still distinguish it from the X(n,p) based on the critical
simplex counts. In dimension 1 it is relatively easy to distinguish between a low-dimensional geometric random
graph and G(n,p) as it has been noted by others [12, 38]. In this case, as seen in Figure 4, the centered triangle
counts can tolerate more combinatorial noise and it starts detecting geometry earlier than the number of critical
simplices. However, we have noticed based on the test simulations that the centered triangle counts are less stable
and affected by parameter estimation errors. Quite often we would see less than 90% passes in the cases where
the null hypothesis is true at approximate 0.95 significance level. Generalising centered subgraph counts to cen-
tered subcomplex counts and investigating their use in goodness-of-fit tests would be a fruitful research project.
An advantage of critical simplex counts, beyond their performance as a test statistic, is that when performing
persistent homology computations in practice one quite often tries to reduce the computational cost by applying
a lexicographical acyclic partial matching and so a statistical test based on the number of critical simplices can

be performed at very little added cost.

4 Probabilistic tools

In this section we present the probabilistic tools that we use to prove the multivariate CLTs for the subcomplex

counts and the number of critical simplices under the lexicographical matching.

87



4.1 Multivariate CLT for generalised U-statistics

To prove the results in this section we rely on the theorems from [49], which are briefly introduced in Appendix

B for completeness.

Assume we have k not necessarily independent collections of independent random elements, where the i-th col-

lection is indexed by ([’Z]), the set of all subsets of [n] of size i. That is, the i-th collection is given by

{E((j)}ae([?]).

Here i is any positive integer not bigger than n. For example, one can think of f&i) as an indicator of a hyper-edge

« of size i in some random hypergraph model in which the hyperedges occur independently.
Now we consider the sequence of collections

{Eél)he([q])’ {5‘(*2)}&6([3])’ o {5((’@}046(["])'

k

Assume that the random elements {58 )} take values in a measurable set X(?) for all 4 € [k] and that there

ae()
is some measurable set X such that for all i € [k] we have X(*) C X.

Given a subset s C [n] of size m > k let (j) be the set of i-subsets of s, which, if needed, we can turn into a

sequence by ordering the subsets according to the lexicographical ordering.

Define a sequence (with respect to the lexicographical ordering on (j)) of the random elements

X0 = (f((f))ae(;)- (3)

Definition 4.1. Given two integers 1 < k,m < n and a measurable function

k
f H(Xu))(’?) SR
i=1
define the associated generalised U-statistic of order & to be

SELH) =Y famx®, L al)
SE([:L”])

To clarify this definition, the aim is to be able to input all the variables corresponding to subsets of size ¢ of a base
subset s, which we sum over. There are (T) such subsets and since there is a 1-1 correspondence between the

subsets and the random elements, this is how many of those random elements we want to be able to input into
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our function. Finally we take a product over all i € [k] because we want the function to be capable of depending

of subsets of different size (up to size k).

Ezxample 4.2. Generalised U-statistics of order k > 2 covers many random variables of interest in the context of
random hypergraphs and random simplicial complexes. Such statistics have been studied in [24, Section 10.7],
[25], [22, Chapter 11.3]. For example, consider a hypergraph on the vertex set [n] where a hyper-edge o C n
is present independently of all other hyper-edges with probability p. Here we assume that |a] > 2 so that the

ga

number of vertices is fixed. For any « C [n], such that || > 1, let & ) be the hyper-edge indicator. Then the

sequences
{5&2) }a€<[g]), o {g‘(xk)}ae([gl)

are all i.i.d. Bernoulli(p) but they are of different size. Because all vertices a present in this hypergraph model,
we set 5&1) =1 for all a € ([7{]), which makes the first sequence of variables deterministic. Define a function

F:R3xR® xR — R by
f(@1, 2,23, 91,2, 1,3, Y2,3, 21,2,3) = 21,2,3(1 —91,2) (1 —y1,3) (1 — y2,3).

Then the associated U-statistic of order 3, 5’7(5’:)))7 is the number of hyper-edges of size 3, which do not contain any

hyper-edge of smaller size in this random hypergraph.

Fix positive integers {m;},c(q and let {fi},c, be a collection of measurable functions

k
fi: [T o R

and consider the collection of associated generalised U-statistics of order k

ield]’
: . (In] : _ : A R VIC) g IC) (k)
For any i € [d] let I; == (m) x {i}. For s = (¢,1) € I; define Yy = f;(X; 7, X~ ..., &) and
Xs:U;l{Y;_Ns}a

where pus = E{Y;} and 0; = Var(Sr(fy)ni (fi)), assuming the relevant expectations are finite and variances are all

non-zero and finite.

Let W; =Y. ; X, and define a random vector W = (Wy, Wa, ..., Wy) € RY. We are interested in the distribution

sel;

of W. However, to apply Corollary B.3 we need some assumptions.
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Let k' be the largest non-negative integer such that the random elements

{fél)}ae([?l)’ {5&2)}016([31)7 o {gék/)}ae([ﬁ])

are deterministic. Such k&’ always exists and if there are no deterministic variables, we will say that &' = 0. It is
convenient to have such &’ as a parameter when studying Linial-Meshulam random simplicial complexes; there
we take a (k' — 1)-skeleton that is complete and put in higher simplices with different probabilities. For other

classical models like X(n,p) we usually have k' = 1 since there is no randomness at the level of vertices.

Assumption 4.3. We use the following two assumptions:

1. For any i € [d] there is a; > 0 such that for all pairs s,u € I; for which Y;, Y., are dependent, we have

Cov(Ys, Yy) > a;.

2. There is 8 > 0 such that for any ¢,j,l € [d] and any s € I;,t € I;,u € I; we have

E[{Y, — u} (Vi — e} {Ya -} < 8

as well as

E |{YS - Ms} {}/t - /J't}HE |Yu - Nu| S ﬁ

The assumptions used here are far from necessary for the normal approximation to hold. However, they hold in

the settings studied in this work and adopting them makes the bounds quite convenient.

Theorem 4.4. Let Z ~ MVN(0,Idyxq) and ¥ be the covariance matriz of W, where W satisfies Assumption

4.8.

1. Let h € Hq. Then

k41

Eh(W) —Eh(£2 Z)| < |hls Byan™ 2

sup [P(W € A) — P(S2Z € 4)| < 283~ %a Bj 0= "5,
Aek

where
d

(/2P 2804 +1) Z 1

4 B(K +1)z(F+D)
3 ((K+1))? X /C; 00 O

Byy =
and m = max;c[q) M;-
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Proof. Fix i,j € [d] and s = (¢,7) € I;. Then using the definition of &/, we see that one choice of dependency
neighbourhoods is D;(s) = { (¥,4) € L; | |¢ Ny > k' +1}. This follows because in our setup the sequences of
random elements 5&1 ) are independent and so the summands associated to two subsets can only be dependent if
they share a random element. By definition of &, the smallest such random element that is not deterministic will

be associated to a subset of size k' + 1. Now we see that Corollary B.3 applies.

Looking at the size of D;(s), with (1) we have:

) (= L mimtt
D; = ¢ ) < loR 4
;)| Z <m><mj—m> =N (k" + 1)! )

m=k’+1

Let us now calculate a lower bound for the variance using the second part of Assumption 4.3, noting that

L = ():

of = Var(S$), (fi) =Y D Cov(Ys,Yy)

sel; UeDi(S)

(S mg
= Cov(Y,,Yy) > ( " > <mz> (n B mi>ai
gﬂ; m:zlc’:+1 uez([;b]) m:zk’:Jrl m; m m; —m

my
luns|=m

o n 2m; —m\ [(m; n 2m; — 1 — k' m;
Z 2m; —m ™m; m @ 2 2m; — 1 — K’ m; kK +1 @i
T i i i i

N n2mi_1_k/ (2mi 11— k’)m’i mf”rl
= (2mi — 1= k/)zmi—l—k' mmi (k’ + 1)k/+1 @i

K2

’ ’ _ .
n2mi717k mk +1—m;

(2m; — 1 — ke ymi—1=# (K + 1)k’+1 -

Taking the inequality to the power of —% we get:

k41 k41 K’ —

ol <t 2m2 — (1K) T (1) a

K2 — K3

[N

Using the language of Corollary B.3 and using the last part of Assumption 4.3 we can say that §;;; < (o;0;0;).

Moreover we can bound ¢;; in Corollary B.3 by (4). The bound on the quantity Bp.3 from the corollary is:

1 3k
Bps= 3 Z |L; | cviy <2z + 20zjk> Bijk

(i,3,k)

1 nmi , mmiJrl 3 , mmi+1 , mmj+1
< = o omy—1-k ) 2, mr—1—k i ) mp—1—k J .
<3 2 mil (K +1)! (2” T W+ 1)1 ) P
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28K +1)2(%+V) Z it m b mg—2(k 1) my

( m;+1 +mm1+1) nfmifmjfkar%(k'Jrl)M
m!l, /o0y

© (e : Lk
2B + 1)) T

3+ 1))? (i7K) myl, /oo bk

_ )2k +1)s¢ D m?”“(m;"'ﬁwm;ﬂj“)M” i

T3 WOy AT miljaam ik :

k4 k41

: (2m2 — my(1+ k’))mTk— 2

where M, ;. = (2m? — m;(1 + k') Kl (2m? —m;(1+ k/))%_

k41 m_ k41
< (2m?)% -2 and so

Now set m = max;e[q ;. Then we have (2m? —m;(1 + k) k3

/ 2 (k'+1) , d ,
Bps < 4B(K +1)2 (v/2m)Pm 230 +1) Z 1 n-

3 (K + 12 o /G0 O,

5 Subcomplex counts

Let £ be a fixed connected simplicial complex on a vertex set [k + 1]. Let p = (p1,p2,...,Pn_1) € R" ! be a
vector where for any ¢ € [n — 1] we have p; € [0,1]. Let ¥’ € N be such that for any i € [k’] we have p;, = 1. We
are interested in subcomplex counts of £ in X(n,p) as defined in Section 2. This is a natural generalisation of

subgraph counts.

Let us discuss this variable from a probabilistic perspective. Consider the random hypergraph model from
Definition 2.2. For any k € [n — 1] and « € (k[ill) let f (k+1) Bernoulli(py) be the hyperedge indicators in
the random hypergraph model. Hence the random variables in this collection are independent by construction.

Then the indicator of the k-simplex « in the random simplicial complex model can be written as a product of the

hyperedge indicators:
k

LeeXmp)= [[ [ & (5)
i=k'+1 BCa
|B|=i+1

Note that by independence we have

k+1
E{l(a € X(n II pg+1
i=k’+1

Let [£] be the isomorphism class of £ in the set of all simplicial complexes on the vertex set [k + 1]. That is,

[£] is the set of all simplicial complexes on the vertex set [k + 1] that are simplicially isomorphic to £. For any
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s € (k[ill)’ we write s = {s1, 82,...,Sg+1} such that s1 < so < ... < $gr1. Then we define L[s] to be the complex
on the vertex set s such that any o = {s;,, 8i,,...8;,} C s is a simplex in L[s] ift {i1,d2,...,4} € L. We are

interested in the following variable:

= > Z H IT & (6)

( [n] ) €[L] i=Kk'+1 aeLl’[s]

|| =741
Note that this random variable, which counts the number of copies of £ in X(n,p), can be studied in the
framework of generalised U-statistics. In particular, if the complex L is of dimension d, then T is a U-statistic

of order d + 1.

To fit the random variable T in the framework of generalised U-statistics, we say that the collection of sequences

{fél)}ae(vp)’ {géz)he(wl)’ T {fgiﬂ)}%( )

2 d+1

are the underlying variables from which we can build simplex indicators as it is done in (5). That is, we have

((11) =1 for any a € (['f]) Forany 1 <k <d+1and a € (k[+]1) we have f&kﬂ) ~ Bernoulli(py). All the sequences
are independent and within each sequence the variables are i.i.d. Recall that XS(H'D from Equation 3 is a sequence
of the random elements, corresponding to the (i + 1)-subsets of s, ordered lexicographically. We write Xs(i+1)[j]

for the j-th element of the sequence. Let o(«) be the position of o € (z_‘f_l) in this lexicographical ordering. Now
let us define the associated function f : HdH({O 1})( ) SR by

FADXP L x) =y H II x& Vo). (7)

L'e[L]i=k'"+1 aeL'[s]
|a|=i+1

Now it is easy to see that
Te= Y fx0,xP,. xl)

se( i)

and hence the random variable in question is a generalised U-statistic of order d + 1.

5.1 Moments and the limiting covariance

Let e;(£) be the number of i-simplices in £. Then by independence we have

B(re) = () en T

i=1
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For example, if £ = {1,2,3,4,12,13,23,24,34,123,234} (two 2-simplices with a common 1-simplex), then
E{T:} = 3( )p1p2 Here 1 and 4 can be exchanged, 2 and 3 can be exchanged, and there are no further

simplicial isomorphisms and hence |[£]| = 3. The following lemma is used in our limiting covariance calculations.

Lemma 5.1. Let I, m, a be positive integers independent of n € N such that l,m > 5. Also, let N(n) be a sequence

of integers such that N(n) = ©(n). We write N instead of N(n). Then:

b )T IO -

Proof.

| G [ (T [N [ G [V

. N! 1 1 2
:ﬁng—U+m—@>wﬁ( cm(mu—MJ

{ N! 1 N! 1 1}5
(N=Q2l—a)) il —a)l (N —=(2m —a))! (m—a)!)?al

(N = (2m — a))'(N — (21 — a))})

n—o0 (N—(+m—a)) =t

O

Theorem 5.2 shows that, asymptotically, similarly to the subgraph counts in G(n,p) for a constant p € (0,1),

subcomplex counts are perfectly correlated.

Theorem 5.2. Let £, M be two simplicial complezes of dimension at least k' + 1 on the vertex sets [l] and [m]
respectively. Let U% = Var(T¢) and 03\4 = Var(Tpm). Then assuming that for all i the parameters p; stay constant,
for any fixred m,l € N we have:

lim o, oy Cov(Tz, Tnm) = 1.

n—0o0

Proof. Assume w.l.o.g. that m <. For s € ([7]) set the variable

-2 IR

€[L]i=k'+1 aeL’[s]
|a]=i41

so that Ty = ng(pﬂ) X£, and analogously X for u € (I)). Note that X2 does not depend on n. If one would
like to relate this expression back to the U-statistics framework, one needs to note that if f is a function that

gives us T, as a U-statistic, then for any s € ([7]) we have XX = f(Xs(l)7 /YS(Q), . ,Xs(l)).

Note that for any s € ([7]),u € ([::l]) if |s Nu| < k' + 2, then the variables X% and X" are independent, since
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the intersection of the underlying subsets is not large enough to contain a random element of the form £a+1) for

1+ 1>k + 2, which would create dependence. Hence we see that

Cov(Tz, Thm) = Z Z Z Cov(XE, XM,
se(Im) k=k'+2 E([nl)
[sNu|=
The limit of the ratio is determined by the ratio of the highest order term from the enumerator and the highest
order term from the denominator. Those terms will correspond to k = k' + 2 because the number of pairs
s € ([7]),u € ([::l]) where [s Nu| =k is (7) (,i) (2:2) = <l+£7k) (H”;*k) (]i), which is of the order n!*™=*_ and the

summands Cov(XZ, X") do not depend on n. We write Ly, for the number of elements of [£] that contain a

particularly chosen (k' 4+ 1)—simplex and My for the analogous quantity corresponding to M.

We use Lemma 5.1 with N =n and a = k' + 2 to get:

lim o oy Cov(Tz, Thm) =

n—oo

. n l+m—-2—-Fk l 1 = ei(L)+e; (M)
A <l tm—2— k’> ( l ) (k:/ + 2) LM (s = 1) [T 2]

i=k'+1
n Ak —2\( | \.o . s
{(21-1« —2> ( I ) (k’+2)L el =) ]
i=k'+1
_1
n 2m — k' — 2 m 2%, (M :
M2/ . ei(M)
{<2m—k’—2)< m )(k’—|—2> b1 ik = l;lﬂp
-1
. _ e; (L)+e; (M
= nh_}Ifgo Lk/+1Mk/+1 (pk/::»l — 1) H pl ( )JF ( )
i=k/+1
_1
-1 m—1 m—1 2
_ 2e; (L) _ 2e; (M)
{L2’+1 (pk'1+1 -1) H D; ( H M (pk'1+1 -1) H p; ( }
i=k'+1 i=k'+1 i=k'+1

=1.

5.2 Approximation theorem

Let {L;} iejq) be a collection of finite connected simplicial complexes. Let [m;] be the vertex set of £; and let
k; > k' +1 be its dimension. Let f; be the function associated to £; as set out in Equation 7. For any ¢ € [d], let

L = (1) x {i}. For s = (6,d) € I, define Y, = f,(x{", 22, 2 *V) and

Xs:ai_l{Ys*PJs}v
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where pus, = E{Ys} and 0; = /Var(T%,).

Let W; = Zseh X, and define a random vector W = (W1, Wa, ..., Wy) € R%. We are interested in the distribution
of W. To apply the approximation Theorem 4.4, we need to show that Assumption 4.3 holds and find the quantities

«; and B from the assumption. The following proposition lets us do that.

Proposition 5.3. Let L be a connected simplicial complex of dimension d > m on the vertex set [k]. Consider
S, u € ([Z]) such that |sNu| > m + 1. Then there exists L', L" € [L] such that L'[s] and L"[u] share at least one

m-dimensional simplez.

Now we can give a normal approximation for subcomplex counts, based on Theorem 4.4. Note that using the

definition of k' in this section means that the variables

{59)}ae(wl)’ {f‘(f)}ae(“%])’ o {S&k/ﬂ)}%( )

k' +1

are deterministic and equal to 1, which means that when we apply Theorem 4.4, we should use k' + 1 instead of

K.
Corollary 5.4. Let Z ~ MVN(0,Idgxq) and X be the covariance matriz of W.

1. Let h € H. Then

/4o

ER(W) — ER(S? Z)| < |hls Bsan™

2. Let m = max;eqym;. Then

1 ’
sup [PV € 4) ~P(312 € 4)] < 233~ Ha i yn "+,
where
4 (K +2)30+2) a2
Brjg— - T2 (/9 m )
and 1
mineq) (ki) alen(Cs) T2 max;eq) (k) e 3
rnlnl € maXi e i _ _3
v = H Py ela)(€ek 1-— H Dy, cla)(ek (pk/1+1 _ 1) 2
k=k'+1 o

Proof. Take s = (¢,1),u = (¢,1) € I; such that |¢p NY| > k' + 2. Using Proposition 5.3 we get that

2e441(Ls)—1 L; 2 2e;(Ly
COV(YS7Y) k’PilJrl H pj ej( )+ H pﬁ] _ Ez]|2 H pjeg( )
j=k/+2 j=k'+1 j=k'+1
ki
2e;(L; —
= H pje’( ) pk,i_l—l}>0.
Jj=k'+1
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Hence, we see that a; = Hf k1P jPJ(L 2 { k’+1 1}, using the notation of Assumption 4.3.

Recall that ey (L£;) is the number of k-simplices in £. For any 4, 7,1 € [d] and any s € I;,t € I;,u € I; we have

using Lemma B.4 with u; = Hﬁ k1 p;’“(ﬁ ),

E ‘{Y‘i - ﬂs} {Y;f - ,Ut} {Yu - Nu}‘ <

ﬁ ka(ﬁi) ﬁ ka(ﬁj) (1_ ﬁ ka(ﬁi)> 1— ﬁ ka(ﬁj) 2
k

k=k'+1 k=k’+1 k=k’+1 =k’+1
min;eqq) (ki) ) (e (L) max;e(q) (ki) a(en(£2)
min; ¢ q)(ex (L: max;e(d](ek
= H P - I »™
k=k'+1 k=k’+1

ieqay (ki i L; ieta) (ki) i £4))
So 5 = [T a2 (1 _ s puescuten(2))

Now we can apply Theorem 4.4 and bound the quantity By 4:

min;eqq) (ks)

4 (k’/ 4 2)%(k/+2) 9 & 42 1 min;eqy(ex(Li))
By < e (V2m)P R @33 8 (p L — 1) P
37 (W +2))? H k:l;lﬂ ’

3 (K

O

Remark 5.5. Note that from Corollary 5.2 it follows that the limiting covariance matrix of W, assuming the
parameters p; and the number of vertices m; are constant for all 4, is equal to the d x d matrix with every entry
equal to 1. Hence the limiting distribution in that setting is a degenerate multivariate normal with covariance

matrix having rank 1.

Also note that if we pick d, p; € (0,1) for ¢ > k', k; for all ¢ as well as ex(L;) for all k and all 7 to to be constant,
then the bound still goes to zero asymptotically as long as m = max;¢[q m; is of the order o(In*~¢(n)) for a fixed
€ (0,1). By inspecting the inequalities it is possible to vary the parameter setting further since the theorem

allows the quantities in the inequalities to depend on each other.

6 Critical simplex counts in lexicographical matchings

The following lemma is an immediate consequence of Definition 2.3 and taken from [49].

Lemma 6.1. Let L be a simplicial complex endowed with the lexicographical acyclic partial matching, and consider

a simplex t € L with minimal vertex ¢ € [n]. Then, t is matched with
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1. one of its co-faces if and only if there exists some j < i for which tU{j} € L; and,

2. one of its faces if and only for all j < i we have (t\ {i})U{j} ¢ L.

Let p = (p1,p2,---,Pn-1) € [0,1]""! and &k’ € N be such that for any i € [k'] we have p; = 1. Consider the
multi-parameter random simplicial complex X(n,p) as defined in [11, Section 2.2]. For any k € [n — 1] and

o€ (k[i]l) let £5FY) ~ Bernoulli(py).

Fix s € ([Z’]). Define the variables X} = 1 (s matches with its coface given it is a simplex) as well as X; =

1 (s matches with its face given it is a simplex). The events that the two variables indicate are disjoint. By

Lemma 6.1 we can see that X} = 1 — H;iirf(s)fl (1 —HJ k/_HHacé E(]H)) and the following: X =

aU{i}

| (1 H] o1 1 lacs_ 5&’&3), where s_ := s\ {min(s)}. Hence,

la|=3

1 (s is a critical simplex) = 1 (s € X(n,p)) (1 — (X + X))

k—1 min(s)—1 k min(s)—1 k—1
(4+1) _ G+ | _ _ (3+1)
II II & II |*- II II&0 II |v- II II &0
j=k'+1 aCs i=1 j=k'+1 BCs i=1 j=k'+1B8Cs_
la|=j+1 |B]=3 |B|=4

Thus, the random variable of interest is the number of k-simplices that are critical under the lexicographical

matching,
k—1 min(s)—1 k min(s)—1 k—1 )
j+1 (J+1) (j+1
> I IT &™) I (v II et |- 1T |- I I &ta || ®
SG([ ])j k’'+1 aCs i=1 Jj=k’+1 BCs i=1 j=k’'4+1BCs_
lal=j+1 |B|=4 |B]=3

Note that this random variable does not fit into the framework of generalised U-statistics as in Definition 4.1

because the summands depend not only on the variables that are indexed by the subset s.

6.1 Moments and the limiting covariance

Lemma 6.2. For k' +1 <k <n—1 we have:

( ) H pzm < k]i[l pZV1>SE{Tk+1}§<n;1) ﬁ pgfii) () ( H p; )

i=k’+1 i=k’+1 i=k’+1
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Proof.

n—k k (£1) k1 (- =1 k * =1
E{Ty11} = > I » - 11 » (1= ]I »"
=1 [n]) i=k'+1 i=k’+1 i=k’+1
s€ ngl)
min(s)=l
B -1 -1
n—k k k+1 k
n—1 k41 (v ;
S () A (- T AT) - (o 1T )
=1 i=k’+1 L i=k’+1 i=k’+1
l l
k [e's) k+1 k
n_l I:+1 k+1 ILc
<<k)Hp§“)Z (1—Hp7 )—(1—1_[195))
i=k’+1 =0 i=k'+1 i=k’+1
k+1
n—l) 1T o ( )
= p; H P )
< B i =k +1

For the lower bound, since all the summands are non-negative, we bound the expectation by the [ = 2 term:

k k+1 k+1 k+1 k X
E{Tkﬂ}z(n;Q) I1 » (z+1 Kl_ 11 pz )>_<1_ 11 pl(i)ﬂ

i=k’+1 i=k’+1 i=k'+1
k k+1
_ (-2 (F5)+(0) (%)
- k_ pl pz .
i=k’+1 i=k’+1

O

The following two lemmas follow similar arguments as in Lemma 6.2 but are more involved. The proofs are long

calculations which are not particularly insightful and so they are deferred to the Appendix A.

Lemma 6.3. For a fized integer k' +1 < k < n —1 and a fived sequence of probabilities p; € [0,1] there is a

constant C' > 0 independent of n and a natural number Ny, such that for any n > N, i,
Var(Ty41) > Cn? ¥,

Lemma 6.4. Let o2 iow = Var(Tiggry1) for any i > 1. Let ¥ be a d x d symmetric matriz such that ¥; ;

z+k’ J+k,Cov( Tigr41, Tjsr41). Then assuming that for all | the parameters p; do not depend on n, for any

fized i < j we have:

p(k+Dp(r +1)/(2 = p(k +1))(2 — p(r + 1)(2 — p(k + Dp(K +1)"1)(2 — p(r + )p(k’ + 1))

n=oe T T (plk+ 1) + p(r+ 1) — p(k + Dp(r + Dp(k + 1)) (p(k+ 1) + p(r + 1) — p(k + D)p(r + 1))

where k' +i=k, k' +j=r, and p(a) = [[;_} 4 Pl()
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Remark 6.5. The square root in Lemma 6.4 is understood to be the positive square root. As 0 < p(a) < 1 the
limiting expression in Lemma 6.4 is always non-negative. Moreover we can bound the limiting covariance from

above by %. Note that % < laslong as p(k+1) # p(r+1). In particular, if p; € (0,1)

for all k > k', then p(k + 1) # p(r + 1) and so the limiting covariance is strictly smaller than 1.
6.2 Approximation theorem

For i € [d], recall a random variable counting i-simplices in X(n,p) that are critical under the lexicographical

matching, as given in (8). We write for the i-th index set I; := (Z[_tll) x {i}. For s = (¢,4) € I; we have

min(¢)—1 min(¢)—1
k k1 k41 kb1 k .
s = I | pJ(J+1) (1 _ | I pz( @ )) _ (1 _ I | pz(7)>

j=k'+1 i=k/+1 i=k’+1

and o; = y/Var(T;41). Note that E{T;11} = ZSGL s Let

k—1 min(¢)—1 k ( ) min(¢)—1 k—1 ( )
__—1 (j+1) _ Jj+1 _ . Jj+1 _
Xo=07'¢ I 1 € I (- II II<&te II |- II II o Hs
j=k'+1 aC¢ i=1 j=k'+1 aCéo i=1 j=k'+1aCe_
la|=j+1 lal=j la|=j

Let W; =Y.y Xs and W = (Wyry1, Wirga, ..., Wirigq) € RE For bounds that asymptotically go to zero for

s€el;

this example, we use Theorem B.2 directly: the uniform bounds from Corollary B.3 are not fine enough.

Theorem 6.6. Let Z ~ MVN(0,Idgxq) and ¥ be the covariance matriz of W.

1. Let h € H. Then there is a constant Bgg.1 > 0 independent of n and a natural number Ngg.1 such that for
any n > Ng.g.1 we have
Eh(W) — ER(S Z)| < Bega |hlsn~ "% .
2. There is a constant Bgg.o > 0 independent of n and a natural number Ngg.o such that for any n > Ngg.2

we have

sup [P(W € A) ~ B(57 € A) < Bogon ¥
Aek

Proof. Tt is clear that W satisfies the conditions of Theorem B.2 for any s = (¢, ) € I; setting
Dj(s) ={ (¥, ) €L | lpne| >k +1}.

We apply Theorem B.2. We write C' for an unspecified positive constant that does not depend on n. For the

bounds on the quantity Bp o we use Lemma B.4 and Lemma 6.3 as well as the fact that for fixed b € [n],4,j €
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[k + 1,k +d],s € I; we have |D;(s)] < Cn/=* and |{(4,7) € Dj(s) | min(¢p) =b}| < Cnd~¥ 1. Also, we

assume here that n is large enough for the bound in Lemma 6.3 to apply. The existence of Bgg.1 and Bg.g.o is

proved by applying Theorem B.2 and bounding the quantity Bg. o from the theorem.

+

d n—i n—j
é 22 2 2 2 { Y Soimion) {uu®)( - u(@)(1 - o)}
Jrk=1a=1 (["]) b=1 (¢,5)€D; ((¢,i)) \ reDk((¢:i))
in(¢)=a min(y)=b
(01,00 (@)1~ ()1~ ()} }
reby ((¢ ‘))
Z ZZ z+j+k72k'71n%k'fz j— k{ Z+1 a— 1(17 (]+1))b71+(17p(i))a71(17p(j))b71}%
i,7,k=1a=1 b=1

<O E @IS {0 o+ 1) U= G+ 1) {0 ) - o) < oo

oo
a=1b=1
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A Proof of Lemmas 6.3 and 6.4

Lemma A.1l. For any integer k' +1 < k <n — 1 we have:

Var{Tk_H} =Vi+Vo+ Vs 4V,

where

min(k+1,m—1)

V1*2Z Z Z <2k+n1—n;—q>(2k+1kjq)(Jfl)(mq—llH)

i

{p (k+1)%p" ()~ r(lm, g,k 5 — 1)

[(I—Qp(k;)—i—p(k) p( = 1)) = (L= pll+1) = plk) + plk + Dp(k)p( — 1)7)']
pt(k+ 12T ()17 (l,m, g, k + 1, §)

[(1—2p<k+1>+p<k+ 1D20() ™) ™" = (1= plk 1) = p(k) + p(R)p(k + 1)p() ™)' ™| = p@u(m)
min(k+1,m—1)

‘/2—22 Z Z <2k+n1_—n;—q>(2k+1k_j_q)(I;)(mq_—lILl)

i 2
{P b+ 127 () 7t m. g, k. )

[(1=2p(k) + p(k)2p() ™)' = (1= (e + 1) = p(k) + (e + Dp(k)p() )]
+pt(k+1)%p"(j) " (L, m, g k + 1, 5)

(1= 200k 1) + plk + 1)) ™)' ™" = (1= plk 1) = p(k) + p(k)plk + Dp() )] = p@utm) };

nX_: %k: <2k111_j> (Qk +k1 j) <j F 1> {1200 ()

-1 -1

(1= 200k + 1)+ p(k £+ 1)%p(0) ™) + (1= 2p(k) + (k)00 — 1))
=2 (1= p(k) = plk + 1)+ p(R)p(k + DpGi = 1)) | = w0?};

vi= 3 (") () -y

Here we have used the following abbreviations:

= I % Pl my g, a,b) = (1 p(@)™ 7 (1 - pla)p(®) )"
i=k’+1
- I 2% la) = p* (k4 1) (1= plk+ 1) = (1= p(R)").
i=k/+1
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Also, the notation Zl< stands for 7;11@71 Z;;ICH_I.

Proof of Lemma A.1. Here, we adapt and generalise the proof of [49, Lemma 34]. For s € (k[i]l) recall that

s— = s\ {min(s)}. We write:

min(s)—1 k+1 min(s)—1
vi= I |- I1 I e |- v 11 [ I T |
i=1 j=k’+1 aCs i=1 j=k'+1aCs_
laf=j lorl=j
ﬁ H 5&j+1)7 Y, = Ys+ - Y;_.
j=k’'+1 aCs
|a|=7+1

Then Z, and Y; are independent and Ty = ZS (i) ZsY. Consider the variance:
k+1

Var(Tis1) =y Var(Z.Ys) > Cov(ZYa, ZY)+ Y, Cov(ZY., ZiYr). (9)
s€(,1h) S#G(k[i]l) s#t€(;3h)
min(s)#min(t) min(s)=min(t)

For the first term in (9), writing min(s) = [, we get:

A . bt o -1 k (k) -1
P(ZY.= 1) =u)= [ »i™ (1— IT #! ) —(1— I1 p)

i=k’+1 i=k’+1

Now we see:

s€(k[+]1) =1 S? k[j)—]l_)l
n—k n I n—k _

B < k )UP’(ZSYS =1 -PZY, =17) = ( L ){u(l) - ()} = Vi
=1 =1

Now consider the covariance terms in (9), the expansion of the variance. Note that for any s,t € (k[i]l) if

[sNt] < k' + 1, then the variables Z,Y; and Z,Y; can be written as functions of two disjoint sets of independent

random variables for the form 5&1 ) for a € ([?]) and hence have zero covariance.

Fix s,t € (k[i]l) and assume k' + 1 < |sNt| < k. Note that because |s Nt| # k + 1, we have s # ¢. There are
k+1\_ (|snt|

2(’“‘:1) - (‘S?tl) distinct simplices of size ¢ in s and ¢ combined and hence P(Z;Z; = 1) = Hfzk,+1p?(i+l) (5 )

Also, Y.V, = YY" + Y7V, — YY,” — YY" For the rest of the proof when calculating probabilities we

assume w.l.o.g. that min(s) < min(¢). Then we have for Y Y, :
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min(t)—1 k+1 min(s)—1 k+1

vivi= ] - I0 ITess I - 11 I &5

i=1 j=k'4+1 aCt =1 j=k’'4+1 aCs
la]=j laf=7
min(s)—1 k+1 k+1 min(t)—1 k41
= Il ol § O R N O S O R O | e
= au{i} Ui} Ui}
i=1 j=k’+1 aCs j=k’+1 aCt i=min(s) j=k'+1 aCt
la=j laf=7 i€s laf=j
min(t)—1 k+1
(5+1)
H 1- H H Eau{i}
i=min(s) j=k'+1 aCt
i¢s la|=j

Fix 4 € [min(s) — 1]. Then with — denoting the complement

k+1 k+1

(3+1) (G+1) | _
piit- II IT&do | [t IT II&dem | =1
j=k’'4+1 aCs j=k’'4+1 aCt
jo]= lof=3
k41 G k+1 G4D) k+1 k+1 k+1 k+1 em|)
_ Jj+ Jj+ _ i
—r|-| I Iewg=1o IT Te=1f|=1-2 11 » "+ I o -
j=k’'4+1 aCs j=k'4+1 aCt i=k’+1 1=k’+1
lal=j lal=j

Here U indicates that either or both of these events may happen.
Moreover, the variable [ (1 H;H;,_H HaCe a{jﬁ) (1 — H?Jr,iq_l H act 5{(}3&1}) and the variable

HZ““;(QQ (1 - H;ﬁ;,“ H aCt §((ju+{1}> are independent of Z;Z;. Recall the notation [a,b] = {a,a+1,...,b}
i¢s
for two positive integers a < b Setting ¢ = |s N [min(s), min(¢) — 1]|,

P(Y,'Y,f =11Z,2, = 1)

min(s)—1 k—+1 ( k+1 (
— J+1) g+l |
=P| ]I - II 1T &5 - II ITeaoa|=1
i=1 Jj=k’+1 aCs j=k'+1 aCt
la|=3 la|=3
min(t)—1 k+1 ( min(t)—1 k41 ( )
j4+1 o Jj+1 _
pl I [1- IT TTele =1 II |- II II el | =12z =1
i=min(s) j=k'+1 aCt i=min(s) j=k'+1 aCt
igs lof=7 i€s laf=7
min(s)—1 min(¢)—min(s)—q
k+1 k+1 k+1 k+1 \smt| k+1 k+ k+1 k+1 |smt\
(-2 IL A L A0 N N
i=k’+1 i=k’+1 i=k’+1 i=k’+1

This strategy of splitting the product Y;7Y,T into three products of independent variables, only one of which is

dependent on Z,Z; works exactly in the same way for the variables Y,"Y;", Y7Y,”, Y,"Y,”. We write [ = min(s),
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m = min(t). Also, we set:

a ) b *) max(a,b) ()+() (") =t a ©) m—l—q
ﬂ-(l,maavb; d17d2,(1) = 1-— H pii - H pii + H pzl ‘ ! <]— - H pzl )
i=k'+1 i=k'+1 i=k’+1 i=k’+1

(1 ] pz(?)(df)>
i=k/+1

Using the described strategy we get:

P(Y,'Y," =11Z,2, =1) =a(l,m,k+ 1,k +1,[sNt[,|sNt],q)
P(Y, Y, =1ZZ =1) =7w(l,m, k,k,|s- Nt_]|,|sNt_],q)
P(Y,"Y, =11Z,Z, = 1) =a(l,m,k,k+ 1,[sNt_|,[sNt_]|,q)
P(Y, Yt =1Z,2Z, =1) =7n(l,m,k+ 1,k, |s_ Nt],[sNt],q).

Now we are ready to calculate the covariance:

Cov(ZYa, ZiYy) = B{Z.Z Y Y} + E{Z.2Y, Y, } —E{Z.2,Y Y, } —E{Z.Z,YY;*}
- E{Zs}/s}’E{Ztl/t}
—P(Z, %, = 1){1@ (VY =112.20 = 1) + P (VY =122, = 1)

—P (Y'Y, =122, =1) =P (YY" =1|Z,Z, = 1) } —P(Z,Y, = 1)P(Z,Y, =1
s ~t s t
T G-
= H D, (r(l,m,k+1,k+1,|sNt|,|sNt],q) +7(l,m, k, k,|s-Nt_|,|sNt_]|,q)
i=k'+1

- W(lamaka k+ L |S ﬂt_|, |S n t—|’q) - ’/T(l,ma k+ 1, ka ‘5— n tlv |S mt|7‘])) - :U‘(l):u(m)

Next we consider the two covariance sums in (9) separately. First assume that min(s) # min(¢). Given I, m €

[n— k], j € [k], and ¢ € [min(k + 1, |m — [|)] define the set

Peamogia) = { () [t (7)) minge) = tmine) = . s 011] = jmax(aesoan.) = |

as well as

F;;-l(lamvja Q) = { (S’t) € Fk+1(l>m7ja Q) | min(t) € 5}

and

FI;—O—l(l?mﬂj? q) = {(S’t) € Fk+1(l7m7j7 q) | mln(t) ¢ S}
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Here ¢, = |sN[min(s), min(¢) — 1], ¢;,s = [t N [min(¢), min(s) — 1]|. From the proof of Lemma 4.3 in [49] we know

' _ 2k+1—7—gq k m—1+1

r _ n—m .

|k+1(lama.]7q)| (2k+1_]_q>< k >(J_1>( q—l >’
Tenmaal=(, " OO
k+1\"% y )4 2]<3+1_.7_q k ] q_l .

Now using the covariance expression we have just derived, we get

that:

and

> Cov(Z.Y., ZiYy)

s#te(,th)

min(s)#min(t)

n—k n—=k min(k+1,m—1)

_Z Z Z Z Z Cov(Z,Ys, Z,Yy)

1=1 m=i+1 j=k'+1 q=1 (s,t) €T (1,m,d,q)

n—k n—=k min(k+1,m—1)

+Z Z Z Z Z Cov(Z,Ys, Z;Y:)
1=1 m=i+1j=k’'+1 q=1 (s,6)€T 1 (Lm,j,q)
n—k n—=k min(k+1,0—m)

£S5 T Y cownan
m=11=j+1 j=k'+1 (s,t)€TH, 1 (M,1,5,9)
n—k n—=k k min(k+1,0—m)

+Z Z Z Z Z Cov(Z,Ys, Z:Ys)
m=11=j+1 j=k'+1 (s,;t)€l, 4 (m,l,5,9)

E n—k k  min(k+1,m—1) k+1 j

Z Z Z | k+1 l m] q { H pl H—l H—l)(ﬂ(l?m?k+17k+17jajaQ)

I=1 m=i+1j=k'+1 q=1 i=k/+1

ﬂ-(lam7k7k7j - 17] - 17(1) _T‘—(lumuk7k+ 17] - 17] - 17q) _W(Lmvk—’— 1akvjaj7Q)) —,u(l)u(m)}

n—k n—+k min(k+1,m—1) k+1

+>0D Z > N m il H S8

=1 m=i+1 j=k'+1 qg=1 i=k’+1

z+1)(ﬂ-(l7m7k =+ 17I€ + 17juj7 q)

7T(l7m7k’k7j’j7q) —7r(l7m7k’k+ 17.j7.j’Q) _Tr(l’m’k+ 17k’j7j7q)) —M(Z)M(m)}

min(k+1,l—m) k+1

—k n—k k j
+Z > Z > Inhamtial H A 1k 1k 415 50)
=11l=j+1j=k'+ q=1

i=k’+1

+7T(mvlvkukaj - 17] - 17(]) _W(mvlakvk—’_ 17.7 - ]-7] - ]-7q) _W(mvl;k—’_ 1ak7jaj7Q)) _M(l)/””(m)}

n—k n—=k min(k+1,l—m) k+1 ; )
Y Z Py (m. 1. 30)l{ I1 A6 (a4 1,64 1,5,50)
m=11l=5+1 j=k’+1 i=k’+1

W(mal7kak7jaj7 q) - ﬂ-(malvkak + 1aj7ja Q) - ﬂ(malak + 1akajaj7 Q)) - u(l)u(m)} = ‘/1 + ‘/2

Similarly, we calculate the remaining term in the expansion of the variance (9). We notice that if [ = m, then
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q =0 and we have I'y41(l,1,7,0) = k+1(l, 1,7,0). Hence, |T'xy1(1,1,5,0)] = (2k+—1 j) (2k+k1—j) (jfl), and

n—k k
Y Cov(Z.Ys, ZiYy) = Z > > Cov(Z,Ys, Z:Yr)
S;éte(k[il) =1 j=k'+1 (s,t)el,4+1(1,1,5,0)

mln(s) mm(f)

— n—1 2k+1—3j (*tH=(,7,)
3 ol Cue [ R i
I=1 j=k'+1 i=k/+1

[W(l7lvk+ 17k+ lajvoao) +7T(l7l,k,k,j - 17070) - 27‘-([7[7/{ + 17kaj - 17070)] - /u’(l)2} = V3'
O

Proof for Lemma 6.53. Fix K +1 <k <n—1and p € (0,1), and consider the variance. From Lemma A.1 we

have Var{Ty1} = V1 + Vo + V5 + V4. First we lower bound V; and V5 by just the negative part of the sum:

min(k+1,m—1) .
n—m 2k+1-j—¢q k m—1l+1
V> —
1> —2p"( Z Z Z <2k+1_]’_q>< k >(J—1)< qg—1 )

l<m j=k'+1

{p*(j)‘lf(l, m,q,k,j —1) (1= p(k+1) = p(k) + p(k + 1)p(k)p(j — 1)~H)' ™"

+ p+(.j)717-(lv m,dq, k+ 17j) (1 - p(k + 1) - p(k) + p(k + 1)p(/€)p(j)71)l_l
(1= plk + 1) 4 (1= p(k) 2

min(k+1,m—1) ; — [+
n—m 2k+1=7—=q\ (k) (m—-1+1

Vo > — —
2> —2p"( Z Z Z <2k+1 j q>< k )(j)( q—1 )

I<m j=k'+1

{ﬂ“ﬁ”ﬂhmﬂwJNl—Mk+n—pw»+Mk+UMMMﬂ*Y“

ot () my g k4 1,5) (1= plk+ 1) = p(k) + p(k + 1)p(k)p() )"
(L= pll+ 1)) 72 4 (1= p(k)) 2 |

Now using that (I;) + (jfl) = (kjl) and p(a) < p(b) for any two integers b < a, it is easy to see that V; + V5 >

—8pT(k+1)2Ry — 8pT (k + 1)? Ry, where

min(k+1,m—1) .
n—m 2k+1—j—q\(k+1\/m—-1+1 ltm—2.
LI o0 S o (R I i [ [ ISR e

l<m j=k'+1
mm(k—f—l m—1) .
n—m 2k+1—j—q\(k+1\/m—-1+1
) VA R PN R (U [
l<m j=k'+1 2k+1_'7_q k J q_l

P ()N = plk + 1) (L= plk + 1) = p(k) + p(k + Dp(k)p(i) ™)'

For V3 we lower bound by terms with m = k’+1 and the negative parts of the other terms. Note that p* (k' +1) =
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1= p(k') and p(k' + 1) < 1. Now we can proceed:

2k — k' k k'

—2pT(k+1) n;_i <2k1_1l_j>(2k+kl—j)<jfl>

{P7 )7 (1= p(k) = pll+ 1) + p()p(k + Dp( = 1)) " + (1= ol + 1)) 72

=pT(k+1)*Rs — 2p™ (k +1)°R3;

Ve gkt 1) Z( l)(”“’“')(’“){(l2p<k+1>+p<k+1>2p<k'+1>1)”<1p<k+1>>“}

here we call the first sum of the lower bound R4 and the second sum Rs. For V4 we use the trivial lower bound

V4 > 0. Hence, we have:

Var(Thy1) > pt(k+1)*(Ry — SRy — 8Ry — 2R3).

Let us now upper bound Rj:

n—k k min(k+1,m—1) ktl—j— . k i -1
(n—m)? ITER2k+1—5—q) (E+1)7 (m—1+41)1 I+m—2
Ry < . . 1—pk+1)™™
! ;LJ%:H Z (2k+1—3j—q)! k! J! (g—1)! (L= al )
n—k min(k+1,m— l) 2k—k'—q 2% k! 1 k k 1 k ,,q—1
< _nn (2k—FK -1)"(k+1)"n _ I+m—2
sz Z (k— k)~ i CESUEE! (1—=p(k+1))
e Qk _ k/ _ l)k (k _|_ 1)k+1 oo B
< 2k—k'—1 ot ( 1— 1 +m—2
<n (k — k) o S ;( p(k+1))
g gy @E K D DR 1 gl
M &+ 1! @ plkt D))plk + 12

-1

Noting that (1 — p(k 4+ 1))™"" (1 — p(k +1) — p(k) + p(k + D)p(k)p(j)™') < (1 — p(k + 1))™~* (since p(k +

1)p(j)~t <1 for all j € [k]), we can bound Rj in an identical way:

, .l 1\k k+1 e
k1 gy ZE = DA (E DR 1 plk 1)
7l W0 o (Rplk+1)°

IN

Noting that (1— p(k) — p(k+ 1) + p(k)p(k + 1)p(j — 1)_1)l_1 < (1—p(k+ 1)t and (1 — p(k + 1))%-2

(1 — p(k + 1))~ we proceed to bound Rj:

= :LZ:: _Xk: (ka__ll_) (% +k1 B j) <j f 1)(P+(j)_1 +1)(1 = p(k + 1))
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n—k k 2k+1—j _ N\k Jj—1
<3 " Bk L= R (ot () + 1) (1 — p(h + 1))

I=1 j=k'+2 (2k+1—)! k! G-1)
n2k—K'=1 (o) _ p/ _ )bk .
< k=K =0Ty = 0 . (k’]:— mie B+ ;(1 ok + 1))
’ — k' — _ . _ 1\k k
= k(k i 1)!1 - Z! : (k’]:— 1)! (" (k)™ + Dp(k +1)7"

To lower bound R4 we just take the [ = 2 term as all summands are non-negative:

e (52) (1)) et

> e CF ) (B) o+ 120 417 -,

2k—k'—1 k—k'

Since Ry, Rs, R3 are all at most of the order n and Ry is at least of the order n? , we have that for
any fixed k > k' + 1 and a sequence of probabilities p; € (0,1) there exists a constant C' > 0 independent of n

and a natural number N such that for any n > N:
Var(T11) > p*(k 4+ 1)%(Ry — 8Ry — 8Ry — 2R3) > Cn?* .

O

Proof of Lemma 6.4. For ¢ < j, write k' +i = k and ¥’ + j = r. Note that 0'/% and o2 are sums and so is
Cov(Tk+1,Tr+1). Hence, to get the limit of the ratio we can just look at the ratio of the highest order terms from
each sum. From the proof of Lemma 6.3 it is clear that the highest order term for o7 is the sum of the terms in

V3, where the index of the sum j has the value k' + 1. That is,

£ [ Rl [

=1

[(1=20(k+ 1) + p(k +1)*p(K + 1) ") = (1= 2p(k + 1) + p(k + 1)°)" 1] + o(n* ).

Analogously to the calculations in Lemmas A.1 and 6.3, one can perform calculations to find the highest order
term of Cov(Tg+1,Tr+1). Similarly, like in the variance case, it will correspond to subsets s € (k[ill),t € (T[f_]l)

such that min(s) = min(¢) and |s N¢| = k' + 1. That is, borrowing the notation from the proof of Lemma A.1,
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we have

Cov(Thsr1, Typyr) = > Cov(ZYs, ZiYy) + o(nF+7=F)

s€(win)re(1h)
mm(s)_mln(t)
|sNt|=k’'+1

= o(nF ) 4 7;}_; (k fr__l k) (k ’ 7];_ k) (:) pr(k+1)p"(r+1)

[(1—p(k+1)—p(r+1)+p(k+1)p(r +1)p(k' + 1)~ — (1= p(k + 1) — p(r + 1) + p(k + D)p(r + 1))'1].

To deal with those sums, we will use this auxiliary claim:

Claim A.2. For any fized positive integer k and x € (0,1) we have:

3 <"k l>zll - T;I:(l — )+ o(nb).

=1

Now we can proceed with the limit, cancelling the binomial coefficients in a similar way to Lemma 5.1 and then

using Claim A.2.

Y (k i ’ k> (kv = KL= plk + 1) = p(r+ 1) + p(k + Dp(r + Dp(k + 1))

— (1= p(k+1) = p(r +1) + p(k + Dp(r + 1)) ]

N

n—=k
{2(2’; P [(1—2p(k;+1)+p(k+1)20(k:’+1)_1)l_1—(1—20(k+1)+0(k+1)2)l_1]}

=1
—r

{Z (27: : 21) (2r — k/)! [(1 —2p(r+1) 4+ p(r+ l)zp(k" + 1)_1)l_1 —(1=2p(r+1)+p(r+ 1)2)1—1] } _

=1

[N

lim n* 5 [(p(k + 1) + p(r +1) — p(k + Dp(r + 1)p(k’ +1)71) 7!

n—ro0 — (p(k

£ 1)+ plr+1) = plk + Dp(r +1)) ']
{n2k7k' [(2p(k + 1) = p(k 4+ 1)%p(K +1)"1) ™" = (2p(k + 1) — p(k + 1)?) } 3

-

{n2r—k’ [(2p(r +1)—plr+ I)Qp(k' + 1)—1)—1 — (2p(r+1) — p(r + 1)2)_1]} 3

p(k +1)p(r +1)3/(2 = p(k +1))(2 — p(r +1))(2 — p(k + Dp(k’ + 1)=H)(2 — p(r + Dp(k’ +1)71)
(p(k+1) + p(r+1) = p(k+ 1)p(r + D)p(K" + 1)=)(p(k + 1) + p(r + 1) — p(k + 1)p(r + 1))
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B A multivariate CLT for dissociated sums

Let n and d be positive integers. For each i € [d] =: {1,2,...,d}, we fix an index set I; C [n] x {i} and consider
the union of disjoint sets 1 =: Uie[d] I;. Let X,,s = (k,i) € I be a collection of real centered random variables

which are defined on the same probability space. For each i € [d] form the sum

Wi = ZXS

sel;

Our interest here is in the resulting random vector W = (Wi, ..., Wy) € R%. The following notion is a natural

multivariate generalisation of the dissociated sum that has been studied in [49, 3, 39].
Definition B.1. We call W a vector of dissociated sums if for each s € I and j € [d] there exists a
dependency neighbourhood D;(s) C I; satisfying three criteria:
1. the difference (Wj - Zuenj(s) Xu> is independent of X;
2. for each t € I, the quantity (Wj — ZMGDJ(S) Xy — Zuem)j(t)\ﬂ)j(s) Xv> is independent of the pair (X, X;);
3. X, and X; are independent if ¢ & |J; D;(s).
Let W be a vector of dissociated sums as defined above. For each s € I, as I; N1, = ) for j # ¢ by construction,
the sets D;(s),j € [d] are disjoint (although for s # ¢, the sets D;(s) and D;(¢) may not be disjoint). D;(s) is the

dependency neighbourhood of X, in the j-th component of the vector W. We write D(s) = ;¢4 D;(s) for the

disjoint union of these of dependency neighbourhoods.

Theorem B.2 (Theorems 2 and 9 in [49]). Let h : R? — R be any three times continuously differentiable function
whose third partial derivatives are Lipschitz continuous and bounded. Consider a standard d-dimensional Gaussian
vector Z ~ MVN(0,Idgxq). Assume that for all s € I, we have E{X,} = 0 and E|X2| < co. Then, for any vector

of dissociated sums W € R% with a positive semi-definite covariance matriz X:

Eh(W) —Eh(S£2 Z)| < Bp |hls,

Sle
oY
S

sup [P(W € A) —P(S2Z € A)| < 2537441
Aek

B

where Bp.o = Bpa.1 + Bp.a.2 is the sum given by

1 1
Bpai=3) (QEleXtXu+E|Xth|]E|Xu|)
s€l t,ueh(s)
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Bpas = Z Yo Y EBIX XX +EIX X E|X]).
seJI teD(s) veD(t)\D(s)

Corollary B.3 (Corollaries 8 and 11 in [49]). Let the assumptions of Theorem B.2 hold. If we further require
that the random variables X and Xy are independent whenever t lies in I\D(s), then for any vector of dissociated

sums W € R with a positive semi-definite covariance matriz ¥,

Eh(W) —Eh(£2Z)| < Bps |hls;

sup [P(W € A) —P(227 € A)| <2737 1d
Aek

where Bp.3 is a sum over (i,j,k) € [d]® of the form:

1 3k
BB.3 = g Z |Hz‘ Otij ( 9 + QOé]k) Bijk:-

(4,4,k)

Here o is the largest value attained by |D;(s)| over s € I;, and
Bijk = max (]E X, X, X,|,E X, X, | E \Xu|)

as (s,t,u) range over I; x I; x .

The following lemma is useful when we deal with Bernoulli variables.

Lemma B.4 (Lemma 9 in [49]). Let &1,&2,&3 be Bernoulli random wvariables with expected values pq, o, i3
respectively. Let c1,co,c3 > 0 be any deterministic quantities. Consider variables X; == ¢;(& — ;) fori=1,2,3.

Then we have

[N

E[X1 X2 X3] < creoes {papa(l — pa)(1 —p2)}?;

N

E X1 Xo| E|X3] < creaes {papa(l — ) (1 — p2)}
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C Simulation Study Results

€1 €2 centered triangles | triangles | critical

0.00818181818181818 | 0.462727272727272 96 100 99
0.0163636363636363 | 0.425454545454545 94 100 100
0.0245454545454545 | 0.388181818181818 88 100 100
0.0327272727272727 0.35090909090909 93 100 99
0.0409090909090909 | 0.313636363636363 94 100 100

0.049090909090909 0.276363636363636 96 100 99
0.0572727272727272 | 0.239090909090909 93 100 99
0.0654545454545454 | 0.201818181818181 95 100 100
0.0736363636363636 | 0.164545454545454 91 100 100
0.0818181818181818 | 0.127272727272727 95 100 81
0.0825619834710743 | 0.123884297520661 93 100 69
0.0833057851239669 | 0.120495867768595 91 100 67
0.0840495867768594 | 0.117107438016528 93 100 50

0.084793388429752 0.113719008264462 94 100 40
0.0855371900826446 | 0.110330578512396 93 100 29
0.0862809917355371 0.10694214876033 96 100 23
0.0870247933884297 | 0.103553719008264 92 100 18
0.0877685950413223 | 0.100165289256198 97 100 12
0.0885123966942148 | 0.0967768595041322 97 100 14
0.0892561983471074 | 0.0933884297520661 89 100 5

0.09 0.09 98 100 2

Table 1: Goodness of fit testing results of the tetrahedron model.
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€1 €2 centered triangles | triangles | critical
0.00818181818181818 | 0.608181818181818 96 100 99
0.0163636363636363 | 0.556363636363636 95 100 98
0.0245454545454545 | 0.504545454545454 95 100 95
0.0327272727272727 | 0.452727272727272 92 100 100
0.0409090909090909 0.40090909090909 90 100 98
0.049090909090909 0.349090909090909 96 100 100
0.0572727272727272 | 0.297272727272727 97 100 98
0.0654545454545454 | 0.245454545454545 93 100 93
0.06681818182 0.2368181819 91 100 86
0.06818181818 0.2281818182 94 100 89
0.069545454545 0.21954545455 95 100 81
0.07090909091 0.2109090909 96 100 72
0.072272727275 0.20227272725 92 100 65
0.0736363636363636 | 0.193636363636363 98 100 67
0.0751239669421487 | 0.184214876033057 96 100 63
0.0766115702479338 | 0.174793388429752 95 100 55
0.078099173553719 0.165371900826446 98 100 53
0.0795867768595041 0.15595041322314 97 100 45
0.0810743801652892 | 0.146528925619834 94 100 38
0.0825619834710743 | 0.137107438016528 96 100 28
0.0840495867768594 | 0.127685950413223 95 100 15
0.0855371900826446 | 0.118264462809917 96 100 12
0.0870247933884297 | 0.108842975206611 87 100 11
0.09 0.0994214876033057 97 100 9

Table 2: Goodness of fit testing results of the triangle model.
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€1 €2 centered triangles | triangles | critical
0 1.732050808 100 100 100
0.02344631004 | 1.673018508 99 100 99
0.04689262009 | 1.613986208 90 100 100
0.07033893013 | 1.554953908 97 100 99
0.09378524018 | 1.495921608 96 100 99
0.1172315502 | 1.436889308 97 100 99
0.1406778603 | 1.377857009 94 100 100
0.1641241703 | 1.318824709 96 100 100
0.1875704804 | 1.259792409 99 100 100
0.2110167904 | 1.200760109 91 100 100
0.2344631004 | 1.141727809 95 100 99
0.2579094105 | 1.082695509 7 100 97
0.2813557205 | 1.023663209 43 100 98
0.2857519 1.01259465 39 100 99
0.29014809 1.0015261 26 100 97
0.29454427 0.99045754 17 100 93
0.29894045 0.97938898 12 100 88
0.30333664 0.96832043 5 100 75
0.3048020306 | 0.9646309096 0 100 73
0.30773282 0.95725187 1 100 81
0.312129 0.94618332 0 98 62
0.31652519 0.93511476 0 96 51
0.32092137 0.9240462 0 90 33
0.32531755 0.91297765 0 75 29
0.3282483406 | 0.9055986098 3 74 12
0.32971373 0.90190909 0 53 9
0.33410992 0.89084053 0 33 4
0.3385061 0.87977198 0 16 3
0.34290228 0.86870342 0 4 1
0.34729847 0.85763487 0 3 1
0.3516946507 0.84656631 0 3 0
0.3751409607 | 0.7875340101 0 0 0
0.3985872707 | 0.7285017103 0 0 0
0.4220335808 | 0.6694694104 0 0 0
0.4454798908 | 0.6104371106 0 0 0
0.4689262009 | 0.5514048108 0 0 0
0.4923725109 | 0.4923725109 0 0 0

Table 3: Goodness of fit testing results of the edge model.
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4 Conclusions and Future Work

The results presented in this thesis contribute to developing probabilistic and statistical tools that allow
rigorous analysis of simplicial complex data - a structure used in topological data analysis (TDA). The
central limit theorems (CLTs) proved in this thesis both establish the limiting distribution of statistics of
interest as well as quantify the convergence non-asymptotically. As a result, the normal approximations
can be used in statistical applications in a quantitative fashion when the observed simplicial complexes

are finite, which is the practical setting.

A particular application of the CLTs that the thesis develops is the goodness-of-fit tests based on the
number of critical simplices with respect to a lexicographical acyclic partial matching. In Chapter 3 it
is shown that the goodness-of-fit tests based on this statistic outperform state of the art tests and can
distinguish between the X(n, p) model and a wide range of models that depend even in a small way on

some latent geometric space.

Here we detail some possible directions for future work.

4.1 Goodness-of-fit tests via centered counts

The task of detecting latent geometry in network data has attracted significant attention in recent years
[3, 13, 14]. When the data are simplicial complexes, however, this task of detecting latent geometry had
not been considered before this work. Naturally when a simplicial complex depends only on the latent
geometry (for example, when we consider the so-called Cech or Vietoris-Rips complexes of a finite point
cloud in a metric space), one could consider its 1-skeleton as a graph and use the existing methods to
detect the dependence on geometry. But when a simplicial complex has a non-geometric 1-skeleton and

higher dimensional geometric structure, such an approach would not be fruitful.

In the parameter regimes where it is possible, an alternative statistic that distinguishes between the
Erdés—Rényi random graph G(n,p) and a geometric random graph on a sphere is the centered triangle
count. Writing X ; for the indicator of the edge {i,j} in a random graph model, the statistic is defined

as

T= > (Xij—E{Xi;)(Xir — E{X;1})(Xij — E{Xs;}).
i<j<k
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It is analogous to the number of triangles but with the edge indicators being replaced with their centered
versions. Recently the centered subgraph count statistics, not only the centered triangle count, have been
studied from a distributional approximation perspective in [11]. There the authors prove a multivariate
CLT via Stein’s method for the centered subgraph counts in a graphon based random graph model
and show that in the limit the centered counts are uncorrelated, which is in contrast with perfect
correlation in the non-centered case. Therefore, these centered statistics theoretically seem much more
convenient for goodness-of-fit tests as different centered subgraphs capture different aspects on the null
model. However, as discussed in Chapter 3, the centered triangle count could be more sensitive to
parameter estimation error and therefore less robust, especially on smaller datasets. From a theoretical
perspective, though, a natural next step in our research of goodness-of-fit tests for random simplicial
complexes would be to understand how centered subcomplex counts behave in the X(n,p) model or
more general models that still preserve the conditional independence of simplex indicators. Once the
limiting distributions are established, it would be interesting to see how these statistics perform in
goodness-of-fit tests. Moreover, a more thorough quantification of robustness of these tests with respect
to re-sampling and parameter estimation from both theoretical and practical points of view would be
desirable. We conjecture that goodness-of-fit tests based on uncentered counts are more robust but have
less statistical power. Replacing simplex indicators with their centered versions in the critical simplex
counts and investigating if the statistic becomes more useful for testing purposed would also be a very

interesting project.

4.2 Multivariate and functional distributions of algebraic invariants

Another possible research theme is to study distributions of algebraic invariants (e.g. Euler characteristic
or Betti numbers) of random simplicial complexes beyond the univariate setting that has been studied
so far [8]. Ome way is to investigate using the multivariate results on combinatorial properties of
simplicial complexes that are proved in this work in order to study multivariate distributions of the
algebraic invariants. In certain parameter regimes for models like the clique complex of G(n, p) random
graph, it is proven that asymptotically with high probability only one Betti number is non-trivial [7].
Therefore, while extending the multivariate results one would need to carefully choose a regime where
the multivariate distribution is not trivial. It is also important to note that new ideas are required in

order to extend the existing results to multivariate ones. As noted in [9], simply using that for any



123

simplicial complex £ we have the inequality

ex(L) — ert1(L) — ex—1(L) < Br(L) < ex(L)

does not translate into a distributional approximation result in a straightforward manner, even in the
univariate case. In general, if we have an inequality between random variables X <Y < Z, proving a

CLT for X and Z does not guarantee a CLT for Y.

Another idea, perhaps more relevant in applications from a persistent homology point of view, is to study
functional distributions of algebraic invariants with respect to some filtration of a simplicial complex.
Stein’s method for functional distributions has been developed for many types of random variables [1,
6, 5] and it has already seen some applications in the study of random simplicial complexes [16]. Hence

it could provide a useful tool for extending our results into the functional setting.

4.3 Simplicial complex distributions and conditional central limit theorems

Stein’s method is also used to study probability distributions on the space of graphs (i.e. random
graphs) directly rather than via graph statistics like subgraph counts [15]. So far this approach has
not been extended to the study of probability distributions on the space of simplicial complexes, which
could be a fruitful direction for future research. Stein operators for the graph distributions have also
been leveraged in order to develop goodness-of-fit tests [17]. Once the theory of Stein’s method on
the space of simplicial complexes has been established, similar arguments should carry over to random

simplicial complexes.

A classical CLT is a result about the asymptotic distribution of a sum of i.i.d. variables Xi,..., X,,.
That is, the distribution of a random variable W = """ | X; is asymptotically normal, under suitable
assumptions about the underlying distribution of the summands. A classical conditional CLT would
be a result that the asymptotic distribution of W conditional on the event {Y =y}, where Y is a
related random variable, is normal under suitable assumptions. Such conditional CLTs seem to be more
challenging to prove since conditioning on such an event, the summands could become dependent on

each other in non-trivial ways.

Another paradigm where Stein’s method seems to be not fully developed yet are conditional CLTs.
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Recently an exchangeable pair approach to a conditional CLT has been established [4]. However, a
conditional CLT for vectors of dissociated sums, which are studied in Chapter 2, has not yet been
proved. Working in this direction would not only contribute to the development of Stein’s method but
it would also allow the extension of the results presented in this thesis to models where the number of

simplices is fixed.

Thinking about the graph case, when a graph is observed as a datapoint, the number of edges present
is known. Therefore, the G(n, m) model, which uniformly picks a graph on n vertices with m edges,
seems to be more appropriate compared to G(n,p). Studying statistics of G(n,m) proves to be more
challenging because the edge indicators are no longer independent. However, conditioning on having m
edges in the G(n,p) random graph results in a G(n, m) model. In this context, conditional CLTs can
be used in order to establish normal approximation results for popular statistics like subgraph counts

in the more realistic G(n, m) model.

The same thinking can be carried over to conditional random simplicial complex models. Once a
simplicial complex is observed, the number of simplices is known and in the models where this is a
sufficient statistic, one can condition on it to obtain a new conditional model, which in practice would
likely be more realistic. For example, conditioning on having m vertices, the X(n,p) model becomes
X(n,m), which is the clique complex of the G(n,m) random graph. As explained in [2], in the case of
the multi-parameter model X(n, p), one can condition on having s; i-simplices and h; hollow i-simplices
for every 1 < i < n—1 and obtain a random simplicial complex model that uniformly picks a simplicial
complex having the prescribed number of i-simplices and hollow i-simplices for every i. Using the
Kruskal-Katona theorem [10, 12] one can verify that the sequence of the number of simplices is viable
and such simplicial complexes with the prescribed number of i-simplices for each i exist. Therefore,
having conditional CLT for vectors of dissociated sums via Stein’s method would allow the extension of

CLTs presented in this thesis to such conditional random simplicial complex models.
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