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Abstract

This thesis is devoted to the proof of fine regularity properties of solutions to a
broad class of variational problems including models from geometry, material science,
continuum mechanics and particle physics. Our starting point is the analysis of the
behavior of manifold-constrained minima to certain non-homogeneous functionals:
under sharp assumptions, we prove that they are regular everywhere, except on a
negligible, "singular" set of points, [75]. The presence of the singular set is in general
unavoidable. Looking at minima as solutions to the associated Euler-Lagrange system
does not help: it presents an additional component generated by the curvature of the
manifold having critical growth in the gradient variable. For instance, sphere-valued
harmonic maps satisfy in a suitably weak sense

−∆u = |Du|2u.

This turns out to be an insurmountable obstruction to regularity, [227]. It is then
natural to consider general systems of type

− div a(x,Du) = f (0.0.1)

and study how the features of f and of the partial map x 7→ a(x, z) influence the
regularity of solutions. In this respect, we are able to cover non-linear tensors with
exponential type growth conditions as well as with unbalanced polynomial growth:
we prove everywhere Lipschitz regularity for vector-valued solutions to (0.0.1) under
optimal assumptions on forcing term and space-depending coefficients, [76]. When
the system in (0.0.1) has the Double Phase structure:

− div
(
|Du|p−2Du+ a(x)|Du|q−2Du

)
= −div

(
|F|p−2F + a(x)|F|q−2F

)
0 ≤ a(·) ∈ C0,α, 1 ≤ q

p
≤ 1 +

α

n
,

we complete the Calderón-Zygmund theory started in [62] by dealing with the delicate
borderline case

q

p
= 1 +

α

n
,

which has been left open so far, [78]. Finally, we propose a new approach to the
analysis of variational integrals with (p, q)-growth based on convex duality, [73].
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Chapter 1

Introduction

The aim of this thesis it to provide a complete regularity theory for certain non-uniformly elliptic
variational problems of geometric or physical nature. This is part of the work done during my
PhD studies. Other papers written in this period but that are not covered by this presentation
will be listed in the fourth part of the introduction.

1.1 Standard regularity theory: an overview.
We study qualitative features, such as continuity or differentiability, of vector-valued local mini-
mizers u : Ω ⊂ Rn → RN to the variational integral

W 1,1(Ω,RN ) 3 w 7→
∫

Ω

F (x,w,Dw) dx, (1.1.1)

where Ω ⊂ Rn is an open set, n ≥ 2 and N ≥ 1. It is well known that if F (·) is a Carathéodory
function convex in the gradient variable and satisfying reasonable coercivity conditions, a min-
imizer of (1.1.1) exists, [123, Chapter 4]. Moreover, if F (·) is also sufficiently smooth and su-
perlinear at infinity, minima of (1.1.1) can be characterized as weak energy solutions to the
Euler-Lagrange system

−div
(
∂zF (x, u,Du)

)
+ ∂vF (x, u,Du) = 0 in Ω,

see [46, 48]. It is then natural to wonder how the regularity of the integrand F (·) affects the
regularity of minimizers of (1.1.1). Lots of efforts have been made in this direction, starting
from [19], which states that any solution u ∈ C3(R2) of a nonlinear elliptic equation of type

F
(
x, y, u, ∂xu, ∂yu, ∂xyu, ∂xxu, ∂yyu

)
= 0,

with F (·) real analytic in each of its variables, must be real analytic. This can be achieved by
means of certain estimates for derivatives of solutions given in form of power series. Through
several other works [36–39,149,150,200,201,204–207,220,229] was established that any sufficiently
smooth, say C1, stationary point of (1.1.1) is analytic provided that the integrand is analytic as
well, see also [30, 236]. However, by direct methods we can only prove existence of minimizers
in Sobolev spaces, thus the question of raising the regularity of minima from Sobolev to C0

or even more, is totally rightful. In the scalar setting, this problem was successfully solved by
Morrey [202], in two-dimensions and, finally, De Giorgi settled the general case [81], where linear
elliptic equations with measurable coefficients of the type

div
(
a(x)Dw

)
= 0 in Ω (1.1.2)

1



are considered, with a(·) satisfying the growth and ellipticity conditions

|a(x)| ≤ L and 〈a(x)ξ, ξ〉 ≥ ν|ξ|2 for all ξ ∈ Rn,

where 0 < ν ≤ L are fixed constants. The main outcome is that if u ∈W 1,2
loc (Ω) is a weak solution

of equation (1.1.2), then there exists an exponent α ≡ α(n,L/ν) ∈ (0, 1) such that u ∈ C0,α
loc (Ω).

The same theorem has been independently obtained by Nash in [213] for parabolic equations,
and, later on, those results were proved for solutions of (1.1.2) and its parabolic analog

∂tw − div
(
a(x)Dw

)
= 0 in Ω× [0, T )

by Moser via a different technique (Harnack inequality, which implies Hölder continuity), in [209–
211]. The point of strength of De Giorgi’s method is that a(·) is allowed to be just measurable,
otherwise, for continuous coefficients, the same result can be obtained by means of perturbation
methods, the so-called Korn’s trick, see [119, Section 5.4.2]. The proof of De Giorgi’s theorem
essentially consists in an innovative iteration procedure which heavily relies on the Caccioppoli
inequalities on level sets∫

B%∩{u(x)≥κ}
|Du|2 dx ≤ c(n, ν, L)

(r − %)2

∫
Br∩{u(x)≥κ}

(u− κ)2
+ dx (1.1.3)

and ∫
B%∩{u(x)≤κ}

|Du|2 dx ≤ c(n, ν, L)

(r − %)2

∫
Br∩{u(x)≤κ}

(u− κ)2
− dx. (1.1.4)

A crucial observation to be made here is that, to get (1.1.3)-(1.1.4), the linearity of the equation
in (1.1.2) plays no role, therefore, with minor variations, the same techniques have been extended
to the non-linear case by [107, 115, 172]. Precisely, in the most general case, there holds that if
u ∈W 1,p(Ω), p > 1, is a local minimizer of the variational integral in (1.1.1), with the integrand
F (·) satisfying

|z|p − c1(|v|s + 1) ≤ F (x, v, z) ≤ c2|z|p + c1(|v|s + 1), for all (x, v, z) ∈ Ω× R× Rn,

where c1, c2 are positive constants and p ≤ s < p∗, then there exists β0 ≡ β0(n, p, c1, c2, s) ∈
(0, 1) such that u ∈ C0,β0

loc (Ω). It is reasonable to expect higher regularity for minimizers of
(1.1.1), as soon as the assumptions on F (·) are strengthened. This is indeed the case. In fact if
(x, v) 7→ F (x, v, ·) is sufficiently regular and a suitable control from above and below on ∂zzF (·, z)
in terms of powers of |z| is imposed, then it is possible to prove that Du is Hölder continuous.
Precisely, if 

z 7→ F (·, z) ∈ C1
loc(Rn) ∩ C2

loc(Rn \ {0})
ν(µ2 + |z|2)

p
2 ≤ F (x, v, z) ≤ L(1 + |z|2)

p
2 ,

ν(µ2 + |z|2)
p−2

2 |ξ|2 ≤ ∂zzF (x, v, z)ξ · ξ ≤ L(µ2 + |z|2)
p−2

2 |ξ|2

|F (x1, v1, z)− F (x2, v2, z)| ≤ ω(|x1 − x2|+ |v1 − v2|)(1 + |z|2)
p
2 ,

(1.1.5)

for all x, x1, x2 ∈ Rn, v, v1, v2 ∈ R and any z, ξ ∈ Rn, where µ ∈ [0, 1] and 0 ≤ ω(t) ≤ tβ for
some β ∈ (0, 1], then there exists β0 ≡ β0(n, ν, L, p, β) ∈ (0, 1) such that Du ∈ C0,β0

loc (Ω,Rn).
This result was proved in [117, 172, 180, 242]. It is worth noticing that in the degenerate case,
i.e., when the parameter µ appearing in (1.1.5)2,3 vanishes, local β0-Hölder continuity for Du is
the best result achievable, in the light of a counterexample due to Ural’tseva [172, 242]. All the
theory exposed so far is related to the scalar case N = 1. In the vectorial setting N > 1, there
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is no hope of getting analogous results, at least for general integrands. In fact, in [82] is shown
that for N = n ≥ 3 the function

u(x) :=
x

|x|α
, α :=

n

2

[
1− 1√

(2n− 2) + 1

]

belongs to W 1,2(B1,Rn) and locally minimizes the variational integral

W 1,2(B1,Rn) 3 w 7→
∫
B1

F (x,Dw) dx,

where

(x, z) ∈ B1 × Rn×n 7→ F (x, z) := |z|2 +

(n− 2)

n∑
i=1

zii + n

n∑
i,j=1

xixj
|x|2

zji

2

.

The key point here is that x 7→ F (x, ·) is discontinuous at the origin, otherwise by perturbation
techniques, minimizers are locally Hölder continuous to any exponent β ∈ (0, 1). In [125] a
quadratic-type functional

W 1,2(B1,Rn) 3 w 7→
∫
B1

aα,βi,j (w)Diw
αDjw

β dx n = N, (1.1.6)

with

aα,βi,j (v) := δi,jδα,β +

[
δα,i +

4

n− 2
· vαvi

1 + |v|2

]
·
[
δβ,j +

4

n− 2
· vβvj

1 + |v|2

]
is analyzed. The outcome is that for n > 2 large enough, the discontinuous map u(x) := x

|x| is a

local minimizer of (1.1.6). This construction works because the map x 7→ ãα,βi,j (x) := aα,βi,j (u(x))
is just measurable. Those counterexamples could lead to the erroneous conclusion that the
existence of singular minimizers is due to the way the coefficients depending on (x, v) mix up
with the components of the gradient variable z. Anyway, such irregularity is a purely vectorial
phenomenon and appears also when the integrand is smooth, uniformly convex and depends only
from the gradient variable. The first counterexample in this direction was obtained in [214], where
it is shown that, if the ambient space dimension is sufficiently high, the homogeneous degree one
map u(x) := |x|−1(x ⊗ x) minimizes an autonomous functional with uniformly convex, regular
integrand. Such a result was improved later on in [130] to dimension n = 5 using the map

u(x) :=
x⊗ x
|x|

− |x|
n
I, (1.1.7)

which is symmetric and traceless, and so belongs to an n(n + 1)/2− 1-dimensional subspace of
the set of n×n matrices. Furthermore, it was proved in [245] that the function in (1.1.7) provides
also the example of a non-Lipschitz minimizer in dimensions n = 3, N = 5 by constructing a null
Lagrangian L(·) such that ∂zL(Du) = ∂zF (Du) for some smooth, uniformly convex function F (·).
The same technique was used in [244] to prove that when n ≥ 3 continuous minima cannot be
expected: precisely when n = 5 and N = 14 it is found an unbounded minimum of a uniformly
convex variational integral (thus proving the sharpness of Campanato’s result on the Hölder
continuity of minima for n ≤ 4, cf. [113]), while when n = 4, N = 3 non-Lipschitz continuous
minima coming from the Hopf fibration are constructed. Finally, in [199] is found a singular
minimizer of a convex, autonomous functional with bounded second derivative in dimensions
n = 3, N = 2, which are the optimal ones in the light of the results contained in [81,213]. In this
perspective, it is clear that certain structural assumptions must be imposed on the integrand in

3



(1.1.1) in order to prevent the formation of singularities: for instance the so-called Uhlenbeck
structure

F (x, v, z) ≡ F (z) ≡ F̃ (|z|) (1.1.8)

assures full C1,β0 -regularity, [2, 116, 121, 129, 241]. To determine the regularity for vector-valued
minimizers of more general functionals defined by means of integrands not satisfying (1.1.8), in
[124,208] was introduced the theory of partial regularity, which means regularity outside a closed,
small singular set. In fact, under assumptions (1.1.5) (obviously recast to fit the vectorial setting),
any local minimizer of (1.1.1) is C1,β0 -regular outside a set of zero n-dimensional Lebesgue
measure, [115,116,120,153,154]. The strategy employed in these papers relies on suitable freezing
techniques, firstly pioneered in [43] in the case of linear elliptic equations. Partial regularity
turns out to be also the correct way to approach the study of regularity for manifold-valued
problems, when both, minimizers and competitors take value into a submanifold of RN . In fact,
the prototypical example concerns harmonic maps into spheres, i.e. functions u ∈ SN−1 a.e.
satisfying in the weak sense

−∆u = |Du|2u. (1.1.9)

The above is a critical system and, as [133,148,227] point out, there is no hope of full regularity:
in particular, in [227] is built a S2-valued map satisfying (1.1.9), whose singular set coincides
with the whole three-dimensional closed unit ball. Therefore, being merely a weak solution of
(1.1.9) is not enough to carry out a decent regularity theory, unless quite restrictive assumptions
on the image of solutions are made [95, 140, 141], or the target manifold has a very specific
structure [226]. On the other hand, if we look at energy minimizing maps, i.e. local minimizers
of the variational integral

W 1,2(M,N) 3 w 7→
∫
B1

|Dw|2 dx, (1.1.10)

where M ⊂ Rn and N ⊂ RN are sufficiently regular submanifolds, then the situation greatly
improves. In [203] it is observed that in two dimensions, a minimizer of (1.1.10) is Hölder
continuous and, by classical results on (unconstrained) harmonic maps, smooth if M and N are
smooth, while in [95] it was proved that, if N is compact and has non-positive curvature, any
homotopy class of maps from closed M to N has a smooth harmonic representative. Moreover,
if the image of a minimizer is contained in a convex ball of the target manifold or in a single
coordinate chart, then it is possible to recover the majority of the techniques available for the
unconstrained case and suitably modify them in order to deal with the complications mostly
due to the curvature of the constraint. In this perspective, a complete existence and regularity
theory can be found in [115,118,141,142]. A far more general geometric framework is considered
in [230] where partial regularity is proved for minimizers of functionals of the type "energy
plus lower order terms" defined on maps between two Riemannian manifolds. The strategy
followed here heavily relies on the substantial energy structure of the integrand, which turns out
to be fundamental for deriving a scaling inequality needed for the construction of smooth maps
approximating a minimizer and satisfying the constraint condition. The regularity theory is then
obtained by showing that the energy has the right decay to obtain, by Morrey’s Lemma, that
solutions are locally Hölder continuous whenever their energy is suitably small. Once Hölder
continuity is available, it is possible to localize the problem in a single chart and dealing with it
as in the unconstrained case [115, 118]. The regularity theory for harmonic maps is completed
in [231], where is proved partial regularity up to the boundary and dimension reduction of the
singular set of solutions to the Dirichlet problem

g +
(
W 1,2

0 (Ω,RN ) ∩W 1,2(Ω,N)
)
3 w 7→

∫
Ω

|Dw|2 dx

4



g ∈W 1,∞(Ω̄,N) with ‖Dg‖L∞(Ω̄) < Λ < 1.

In particular, if Λ is sufficiently small, the regularity of the boundary datum propagates around
∂Ω; in other terms, the singular set is strictly contained inside Ω. It is also worth mentioning [179],
which treats a general class of functionals with nice blow-ups. The novelty in this approach mainly
consists in the construction of comparison maps which involves retractions in Euclidean space.
This, in the case of the Dirichlet integral, simplifies the proof in [230]. In [131,132] is presented
a theory analogous to the one contained in [230, 231] for p-harmonic maps, i.e. manifold-valued
minimizers of the p-energy

W 1,p(M,N) 3 w 7→
∫
M

|Dw|p dx

as well as partial regularity for constrained minimizers of general functionals of the p-Laplacian
type when a certain number of homotopy groups of the target manifold is trivial or at most finite.
Such a topological characterization plays a fundamental role also in the question of density
of smooth maps in Sobolev spaces defined on manifolds [21, 26, 27, 31, 197], in the extension
problem for manifold valued Sobolev maps [20, 22, 26, 197, 198] and in the regularity theory
for geometric constrained minima of non-homogeneous variational integrals [52, 67, 69, 75, 90].
In [93] a purely PDE approach for critical systems including the case of manifold-valued p-
harmonic maps is proposed: if solutions have sufficiently small energy, then they are W 1,p-close
to an unconstrained p-harmonic map. Then, it is almost straightforward to prove that the p-
energy has the right decay, and, as a consequence, solutions are regular outside a negligible set.
Analogous results have been obtained in [103] in the autonomous, quadratic quasiconvex case
via blow-up techniques and later on extended to holonomic minimizers of general quasiconvex
functionals with p-growth [151]: here the question of partial regularity is handled by showing
approximate harmonicity for local minimizers. This permits to compare them to solutions of
bounded, linear elliptic systems with constant (frozen) coefficients for deriving estimates which
show that a suitable excess function has the right decay. As a result, solutions have Hölder
continuous gradient away from a relatively closed set of zero n-dimensional Lebesgue measure.
The pathological behavior of weak solution of (1.1.9) lies in the critical growth of the term on
the right-hand side. Therefore, when studying systems of the type

−div(ã(|Du|)Du) = f in Ω, (1.1.11)

it is natural to look for optimal conditions to impose on the term on the right-hand side to assure
Lipschitz regularity for solutions. This problem has been studied in several papers for vector
fields of the p-Laplacian type, i.e. ã(|z|)z · z ∼ |z|p, see [9, 94, 166, 169, 170] for local regularity
results and [56–59] for global ones. The final outcome is that, if u ∈ W 1,p

loc (Ω) is a solution of
(1.1.11), then

f ∈ L(n, 1)(Ω,RN ) =⇒ Du ∈ L∞loc(Ω,RN×n). (1.1.12)

This amounts to require that

‖f‖L(n,1)(Ω) :=

∫ ∞
0

|{x ∈ Ω: f(x) > λ}| 1n dλ <∞. (1.1.13)

Such assumption is optimal already in the linear case, when ã ≡ 1, [55]. For nonlinear problems of
p-Laplacian type, the implication in (1.1.12) can be considered as the non-linear extension [169]
of [235], which states that any function whose gradient belongs to L(n, 1) is continuous and
classically differentiable almost everywhere. This result is sharp with respect to immersions
because of the strict inclusion

Ln+σ ⊂ L(n, 1) ⊂ Ln for all σ > 0,
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see [64], and Morrey’s embedding theorem

Du ∈ Ln+σ ⇒ u ∈ C0, σ
n+σ .

Hence, recalling that Lorentz spaces are interpolation spaces and using classical Calderón-
Zygmund theory, it follows that solutions of the Poisson equation have locally continuous gradient
under the assumption:

∆u ∈ L(n, 1).

In particular ∆u ∈ Ln does not guarantee continuity, see [55] for issues of optimality. Finally, it
is important to stress a remarkable aspect of (1.1.13): it is independent of the operator displayed
in (1.1.11); in other terms, no references to p appear there.

1.2 Non-standard growth
Given any variational integral of type

W 1,1(Ω,RN ) 3 w 7→
∫

Ω

F (Dw) dx (1.2.1)

with F : RN×n → R satisfying z 7→ F (z) ∈ C2(RN×n \ {0}) ∩ C1(RN×n), the quotient

R(z) :=
maximum eigenvalue of ∂zzF (z)

minimum eigenvalue of ∂zzF (z)
(1.2.2)

defines the ellipticity ratio associated to F (·), a quantity which essentially measures the un-
balance in growth of the integrand. A quick check assures that functionals satisfying (1.1.5)
have ellipticity ratio bounded from above and below by positive constants depending only from
(ν, L, p). Such feature is visible in case of standard p-growth, and, more generally, it is satisfied by
the Orlicz functionals examined in [9, 68, 87, 89, 90, 177] under assumptions analogous to (1.1.5),
this time with the p-Laplacian structure tp replaced by the more general (and possibly non-
homogeneous) N -function ϕ(t), see [87,212] for a more detailed discussion. When R(z) ∼ const,
the functional is said to be uniformly elliptic. However, there are several model energies available
in the literature which do not verify condition R(z) ∼ const: their ellipticity ratio depends on
the value of z and may blow up as |z| → ∞. This phenomenon is called non-uniform ellipticity.
Consider, for instance, the simplest functional with fast exponential growth:

W 1,p(Ω,RN ) 3 w 7→
∫

Ω

exp(|Dw|p) dx, (1.2.3)

for which R(z) ∼ |z|p or, more generally, given any Orlicz function ϕ whose derivarives do not
satisfy the ∆2-condition, i.e. ϕ′(t) 6∼ tϕ′′(t). In this case, the ellipticity ratio associated to the
integral

W 1,1(Ω,RN ) 3 w 7→
∫

Ω

ϕ(|Dw|) dx

is

R(z) ∼
max

{
ϕ′′(|z|), |z|−1ϕ′(|z|)

}
min

{
ϕ′′(|z|), |z|−1ϕ′(|z|)

}
and no information is available a priori on the behavior of R(z) for large values of z. Another
prominent example of non-uniformly elliptic functional is the class of integrals with (p, q)-growth.
Precisely, those are functionals of type (1.2.1) whose integrand F (·) verifies

ν(µ2 + |z|2)
p
2 ≤ F (z) ≤ L

[
(µ2 + |z|2)

p
2 + (µ2 + |z|2)

q
2

]
ν(µ2 + |z|2)

p−2
2 |ξ|2 ≤ ∂zzF (z)ξ · ξ

|∂zzF (z)| ≤ L
[
(µ2 + |z|2)

p−2
2 + (µ2 + |z|2)

q−2
2

] (1.2.4)

6



for all z, ξ ∈ RN×n and some exponents 1 < p ≤ q <∞. The systematic study of these variational
problems started with Marcellini’s seminal works [181,183] and, subsequently, has undergone an
intensive development, [1,17,18,28,29,44,45,53,67,70,74,77,97–101,105,112,144,174,184–187].
The quite general structure described by (1.2.4) is aimed at unifying the regularity theory for
several models with non-standard growth, such as

F(w,Ω) :=

∫
Ω

|Du|p +

n∑
i=1

|∂xiu|q
 dx with 1 < p ≤ q <∞

or

G(w,Ω) :=

∫
Ω

k∑
i=1

|Du|qi dx where 1 < p ≤ q1 ≤ · · · ≤ qk <∞.

It is evident from (1.2.4)3,4 that for functionals with (p, q)-growth the ellipticity ratio behaves as

1 . R(z) . 1 + |z|q−p, (1.2.5)

therefore it is reasonable to expect that, to get regularity, the exponents p and q cannot be too
far apart. Precisely, in the autonomous case,

1 ≤ q

p
≤ 1 + o(n), (1.2.6)

where o(n)→n→∞ 0. This is not only justified in the light of (1.2.5), but (1.2.6) turns out to be
a necessary and sufficient condition for regularity, see [114, 147, 184]. Among these, it is worth
recalling the counterexample appearing in [184], where is shown that the unbounded function

u(x) := cx
q
q−p
n

n−1∑
i=1

x2
i

−
p

2(q−p)

,

for large values of c is a weak solution of equation

n∑
i=1

∂xi


n−1∑
s=1

∂xsu


p−2

2

∂xiu

+ ∂xn

(
|∂xnu|q−2∂xnu

)
= 0, (1.2.7)

provided that the condition

q

p
≤ n− 1

n− 1− p
(1.2.8)

is violated. Recently, in [144] was shown that if p, q satisfy (1.2.8), then minima of (1.2.1) under
assumption (1.2.4)1 are locally bounded, so (1.2.8) is sharp, see also [17]. At this point, it is
natural to object that equation (1.2.7) is degenerate elliptic in the xn-direction, i.e., it loses
ellipticity when ∂xnu approaches zero, so this may produce unbounded solutions, rather than the
too large distance between p and q. Such issue was fixed in [147], where is shown that a violation
of (1.2.8) may result in finding a map

u(x) :=

√
n− 4

24

x2
n√∑n−1
i=1 x

2
i

− 2

n− 2

√
n− 4

24

√√√√n−1∑
i=1

x2
i n ≥ 6,

7



unbounded on a whole line, which minimizes the regular, non-degenerate variational integral

W 1,2(Ω) 3 w 7→
∫

Ω

[
|Dw|2 +

1

2
|Dw|4

]
dx.

Hence, the problem of identifying the optimal relation between p and q which assures that
minimizers of (1.2.1) are locally bounded is settled in the scalar case and for vector-valued
minima of functionals with radial structure (1.1.8). However, the same cannot be said on the
boundedness of the gradient. In [183, 184] was originally proved under assumptions (1.1.8) and
(1.2.4) that any W 1,p-minimizer of (1.2.1) is Lipschitz continuous provided that

q

p
< 1 +

2

n
. (1.2.9)

The bound in (1.2.9) has a purely interpolative nature and was confirmed by successive papers
[16, 99, 100]. However, no counterexamples to gradient boundedness are available, therefore the
question of finding the optimal bound for Lipschitz continuity of minima is still open. Condition
(1.2.9) was improved for scalar minima in [18] to

q

p
< 1 + min

{
1,

2

n− 1

}
2 ≤ p ≤ q <∞. (1.2.10)

The advance of [18] with respect to [184] stays in a refinement of Moser’s iteration technique
via optimization on radial cut-off functions, allowing the use of Sobolev inequality on spheres
rather than on balls. In this respect, in [73] we propose a new approach to functionals with
(p, q)-growth based on convex duality. Precisely, we formulate the growth from above of the
second derivative of F (·) in terms of the stress tensor ∂zF (·) and exploit the strong convexity of
both F (·) and of its Fenchel conjugate F ∗(·) to gain more informations on the ellipticity of F (·)
and, consequently, obtaining higher differentiability of minima under weaker assumptions than
those in (1.2.10). Once proven that local minima belong to W 1,q

loc (Ω,RN ), it is possible to exploit
the usual Moser iteration technique appearing in [183] to obtain Lipschitz continuity for minima,
provided that F (·) satisfies (1.1.8) in the purely vectorial setting N > 1 and the exponents (p, q)
verify

2 ≤ p ≤ q < np

n− 2
if n ≥ 3 and 2 ≤ p ≤ q <∞ if n = 2.

We also obtain a Morrey-type regularity result in two space dimensions for local minima of
non-degenerate functionals in the spirit of [25]. When considering non-autonomous integrals like

W 1,p(Ω,RN ) 3 w 7→
∫

Ω

F (x,Dw) dx, (1.2.11)

where F (·), in addition to (1.2.4) in the z-variable satisfies also

|∂zF (x1, z)− ∂zF (x2, z)| ≤ L|x1 − x2|α
[
(µ2 + |z|2)

p−1
2 + (µ2 + |z|2)

q−1
2

]
(1.2.12)

for all x1, x2 ∈ Ω and some α ∈ (0, 1], the situation becomes much more involved. This time, the
functional in (1.2.11) cannot be in general considered a perturbation of the one in (1.2.1) as done
in [115], since whether F (·, Dw) is integrable or not, depends on the interaction of Dw with the
space-depending coefficient. Moreover, (1.2.4)1 does not give any control on the W 1,q-norm of
Dw. In this framework it is reasonable to expect the occurrence of Lavrentiev phenomenon, i.e.:

inf
w∈W 1,p(Ω,RN )

∫
Ω

F (x,Dw) dx < inf
w∈W 1,p(Ω,RN )∩W 1,q

loc (Ω,RN )

∫
Ω

F (x,Dw) dx, (1.2.13)
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which is by the way excluded in the autonomous setting by convexity (prescribed by (1.2.4)2).
Following [32, 101] we can restate (1.2.13) as follows: the Lavrentiev Phenomenon occurs for a
map w ∈ W 1,p

loc (Ω,RN ) when it is not possible to find a sequence of more regular maps {wj} ⊂
W 1,q

loc (Ω,RN ) such that

wj ⇀ w in W 1,p
loc (Ω,RN ) and

∫
B

F (x,Dwj) dx→
∫
B

F (x,Dw) dx (1.2.14)

for all open subsets B b Ω, see also [70] for an adaptation of this concept to obstacle problems
and [77] for the case of non-autonomous functionals with unbalanced growth almost linear from
below. Concerning minima of (1.2.11), in [101] is proven that (1.2.14) is equivalent to higher
Sobolev regularity. In this respect, it reasonable to foresee that the regularity of the partial map
x 7→ F (x, ·) influences in a subtle yet quantifiable way the size of the gap q/p. Precisely, as in
the autonomous case, the ratio q/p must be controlled from above by a quantity slightly larger
than one, this time depending also on the Hölder exponent appearing in (1.2.12):

q

p
≤ 1 +

α

n
. (1.2.15)

Let us compare the restriction in (1.2.9) with the one displayed above. Clearly, there is a gap
between the two bounds: even in the best possible scenario α = 1, (1.2.9) and (1.2.15) do
not coincide and (1.2.15) is more restrictive than (1.2.9) due to the ineludible presence of an
x-component. All those informations are sharply encoded in the Double Phase energy, defined
as

W 1,p(Ω,RN ) 3 w 7→ P(w,Ω) :=

∫
Ω

[
(µ2 + |Dw|2)

p
2 + a(x)(µ2 + |Dw|2)

q
2

]
dx (1.2.16)

1 < p ≤ q, 0 ≤ a(·) ∈ C0,α(Ω), µ ∈ [0, 1].

In fact, as soon as (1.2.15) is violated, we can see that there exists a minimizer of (1.2.16)
u ∈ W 1,p \ W 1,q

loc with a one-point singularity which prevents it from being highly Sobolev-
regular [101]. Furthermore, elaborating on some constructions of Zhikov [247] in the context of
Lavrentiev phenomenon, in [106] is found that if (1.2.15) does not hold, for any ε > 0, there
exists a functional as in (1.2.16) having a minimizer u ∈ W 1,p whose singular set is a fractal of
Cantor type with almost maximal Hausdorff dimension:

n− p ≥ dimH(Σ(u)) > n− p− ε. (1.2.17)

Recalling that the Hausdorff dimension of the set of non-Lebesgue point of W 1,p-maps is at the
most n− p, (1.2.17) clearly states that u is nearly as bad as any of its competitors. Also in the
non-autonomous case, functionals with (p, q)-growth received lots of attention, see [3, 11, 12, 51,
60–62,70,77–79,96–98,101,144,146,174,190] and [194] for a survey. The class of non-autonomous
variational integrals with (p, q)-growth includes several models of crucial relevance in materials
science and in fluid mechanics, [246–249]. For instance, the p(x)-laplacian

W 1,p(Ω,RN ) 3 w 7→ E(w,Ω) :=

∫
Ω

|Dw|p(x) dx (1.2.18)

1 < inf
x∈Ω

p(x) ≤ p(·) ≤ sup
x∈Ω

p(x) <∞,

studied in [3,4,52,63,69,222–225,237] provides a useful paradigm for the analysis of electrorheolog-
ical fluids, while the Double Phase energy in (1.2.16), examined in [10,12,51,60–62,72,75,78,80],
describes the behavior of strongly anisotropic materials whose hardening properties, linked to
the exponents ruling the growth of the gradient variable, drastically vary with the point. In
the regularity perspective, functionals (1.2.18)-(1.2.16) exhibit quite a different behavior. The
regularity of p(x)-harmonic maps is mainly affected by the modulus of continuity ωp(·) of the
exponent:
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• if lim%→0 ωp(%) log(%−1) > 0, then minima are locally β0-Hölder continuous for some β0 ∈
(0, 1);

• if lim%→0 ωp(%) log(%−1) = 0, then minima are locally β0-Hölder continuous for all β0 ∈
(0, 1);

• if ωp(%) ∼ %α for some α ∈ (0, 1], then minima are locally C1,β0 -regular, for some β0 ∈ (0, 1),

see [3, 63, 96, 223]. Also the question of density of smooth maps in the Musielak-Orlicz-Sobolev
spaceW 1,p(·)

loc (Ω,RN ) is strongly linked to the modulus of continuity of p(·): in [247,249] is proven
that if ωp(%) = log(%−1)s, then when s ≥ 1 smooth maps are W 1,p(·)-dense, while for s ∈ (0, 1)
density may fail. On the other hand, the regularity of minima of the Double Phase energy is
shaped by a very subtle interplay between the Hölder continuity exponent of the modulating
coefficient a(·), the exponents (p, q) and further assumptions imposed a priori on minima. In
fact, let u ∈W 1,p(Ω,RN ) be a local minimizer of (1.2.16),

• if u ∈W 1,p(Ω,RN ) and (1.2.15) is in force, then Du ∈ C0,β0

loc (Ω,RN×n);

• if u ∈W 1,p(Ω,RN )∩L∞loc(Ω,RN ) and q < p+α (large inequality allowed in the scalar case
N = 1), then Du ∈ C0,β0

loc (Ω,RN×n);

• if u ∈ W 1,p(Ω,RN ) ∩ C0,γ
loc (Ω,RN ) for some γ ∈ (0, 1] and q < p + α

1−γ , then Du ∈
C0,β0

loc (Ω,RN×n),

cf. [12, 60, 61, 75]. The problem of approximation with smooth maps in W
1,H(·)
loc (Ω,RN ), the

Musielak-Orlicz-Sobolev space built on the Double Phase integrand H(x, z) := [|z|p + a(x)|z|q],
is again governed by a strict mesh between p, q and α: it turns out that only (1.2.15) assures that
regular maps are W 1,H(·)-dense [101], otherwise, any violation of (1.2.15) results in the possible
occurrence of Lavrentiev phenomenon [7, 101, 106]. Models (1.2.16)-(1.2.18) have been recently
unified within the concept of Musielak-Orlicz functional

W 1,ϕ(·)(Ω,RN ) 3 w 7→ F(w,Ω) :=

∫
Ω

ϕ(x, |Dw|) dx (1.2.19)

introduced in [212] and then intensively developed in a series of papers [5, 13, 75, 135–138, 146]
with the scope of carrying on (1.2.19) the majority of the regularity results already available
for the usual p-Laplacian integral. Precisely, in [5] is treated the question of density of smooth
maps in the Musielak-Orlicz-Sobolev space W 1,ϕ(·)(Ω,RN ), in [137] Harnack inequalities for
quasiminimizers of (1.2.19) are shown and in [146], optimal C1,β0-regularity is proven for scalar
minima of (1.2.19). The strategy here mainly relies on the comparison on balls B b Ω of the
original minimum with the solution of a Dirichlet problems defined by means of variational
integrals having as an integrand an autonomous N -function constructed in such a way that it
shares the same regularity as t 7→ ϕ(·, t) and it is equivalent to infx∈B ϕ(x, t). Such a procedure
allows transferring the regularity from the solutions of the auxiliary boundary value problems
[89,177], to minima of (1.2.19).
The previous discussion enlightens that the matter of regularity for variational integrals with
non-standard growth has been deeply investigated and very well understood. However, the
question of manifold constrained problems, apart for [90] in the setting of N -functions, remained
almost untouched. This topic has been covered by [52,67,69,75] for the first time in the case of
non-autonomous functionals with non-standard growth. Precisely, [67] deals with the possible
occurrence of Lavrentiev phenomenon in manifold-valued Sobolev spaces defined by means of
non-autonomous energies, in [52,69] are presented sharp dimension estimates on the singular set,
interior and up to the boundary partial regularity theory for p(x)-harmonic map with values in
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manifiold and [75] deals with the matter of partial regularity for sphere-valued minima of general
functionals with Double Phase structure of type

W 1,p(Ω,SN−1) 3 w 7→
∫

Ω

b(x,w)
[
|Dw|p + a(x)|Dw|q

]
dx.

Since the Double Phase integrand features a strong degree of inhomogeneity, we cannot exploit
classical monotonicity arguments as in [69,132,230,237] to obtain an accurate dimension analysis
of the singular set of minima, therefore we introduce new intrinsic Hausdorff measures aimed at
capturing the local geometry of the integrand and then compare them with the natural capaci-
ties [13] generated by (1.2.16), and relate the corresponding outcomes to the size of the singular
sets. It turns out that singular sets consists of two regions: the one crossing the zero set of the
modulating coefficient, which resembles the singular set of p-harmonic maps and its complemen-
tary, analogous to the singular set of q-harmonic maps, in perfect accordance with the structure
of the Double Phase energy. By now, this is the best description available of the singular set of
minima of general functionals with Double Phase. Also non-homogeneous problem (1.1.11) has
been studied at length in the literature under uniform ellipticity assumptions, i.e.: −1 < ia ≤ ã′(t)t

ã(t) ≤ sa <∞ for all t > 0

ã : (0,∞)→ [0,∞) is of class C1
loc(0,∞).

(1.2.20)

The assumptions listed in (1.2.20) essentially describe operators of the p-Laplacian type or gov-
erned by a general n-function. By convexity, solutions of (1.1.11) are local minimizers of the
variational integral

w 7→
∫

Ω

[
Ã(|Dw|)− fw

]
dx, Ã(t) :=

∫ t

0

ã(s)s ds.

As a direct consequence of (1.2.20)1, the doubling property

Ã(2t) ≤ c(ia, sa)Ã(t) (1.2.21)

immediately follows. Moreover, (1.2.20)1 also yields that Ã(·) has a growth of power type:

tia+2 . Ã(t) . tsa+2,

therefore the theory contained in [9,56–59,94,166,169,170] does not include functionals with fast
growth such as (1.2.3), or

W 1,1(Ω,RN ) 3 w 7→
∫

Ω

[(
exp(· · · (exp(exp(|Dw|p0))p1)p2) · · ·

)pk − f · w] dx (1.2.22)

and

W 1,1(Ω,RN ) 3 w 7→
∫

Ω

[(
exp(· · · exp(γ1(x) exp(γ0(x)|Dw|p0(x)))p1(x)) · · ·

)pk(x)

− f · w
]

dx

(1.2.23)

with {
f ∈ L(n, 1)(Ω,RN ) if n ≥ 3

f ∈ L2(LogL)α(Ω,RN ) with α > 2 if n = 2,
(1.2.24)

for which (1.2.21) fails. Exponential type functionals likely provide the best example to test how
far one can go in relaxing uniform ellipticity conditions. From the point of view of regularity
theory the functional (1.2.3) for p = o(n) close to zero has been considered in [185]. This
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reflects the difficulty in considering exponentials in connection to different growth conditions.
The plain functional (1.2.3) with p = 2 was first studied in [91, 178]. As for the gradient
regularity, paper [188] contains results for functionals featuring an arbitrary large composition
of exponentials with constant coefficients as (1.2.22) with f ≡ 0. Such type of functional was
studied recently in [16], in the non-homogeneous case f 6≡ 0. As it is clear from (1.2.3), the
growth and the variability inside the exponential strongly modify the rate of growth. When
passing to the case with coefficients, this phenomenon is magnified in a dramatic way. To give
an example, let us consider the simplified version of (1.2.23):

W 1,1(Ω,RN ) 3 w 7→
∫

Ω

exp(c(x)|Dw|2) dx.

Any minimizer u ∈W 1,1(Ω,RN ) makes this energy finite, nevertheless it may fail to satisfy∫
Ω

exp(c(x0)|Du|2) dx <∞

for a fixed x0 ∈ Ω. This basic fact implies that standard perturbation theory does not apply
in this case and makes the regularity theory completely non-trivial for fast growth functionals.
In other words, dependence on coefficients becomes very sensible in the fast growth case. The
difficulties leading to consider small p in (1.2.3), further strengthen considering functionals as

W 1,1(Ω,RN ) 3 w 7→
∫

Ω

exp(c(x)|Dw|p(x)) dx.

Eventually, any composition of exponentials leads to a stronger form of nonuniform ellipticity,
magnifying it at every stage of composition, which is the case of (1.2.23). Finding assumptions in
order to overcome problems deriving from the simultaneous presence of several exponentials and
coefficients is therefore a major challenge here. In turn, such functionals suggest the shape of the
most general forms of nonuniform ellipticity to consider when deriving a general theory. These
exponential type functionals are useful when dealing for instance with energy approximations of
supremum norms. For instance, in [102] are considered functionals of type

W 1,1(Ω,RN ) 3 w 7→
∫

Ω

exp(kH(x,Du)) dx, (1.2.25)

where H(·) is a quadratic, regular Hamiltonian in the context of weak KAM theory, in order
to get an approximated variational principle for supremum type functionals. Integral (1.2.25)
provides an extremely accurate approximation of supremal functionals when k → ∞. Notice
that (1.2.25) belongs to the same class of (1.2.23), but in [102] it can be treated only assuming
Lipschitz continuity, and, more importantly, zero boundary conditions. The regularity theory for
functionals like (1.2.23) was started in [190] in the non-iterated, homogeneous case and completed
in full generality in [76]. As already mentioned, the presence of space-depending exponents and
coefficients in a fast exponential growth regime makes the whole theory particularly delicate,
since a pointwise control on the ellipticity ratio in terms of (arbitrarily small) powers of the
underlying energy turns out to be crucial for reducing non-uniform ellipticity to uniform one in
approximating schemes. In fact, in [76] we first need to adjust the definition of ellipticity ratio
in such a way that it takes into account also the presence of x-depending coefficients:

R(z) := sup
x∈B

maximum eigenvalue of ∂zzF (x, z)

minimum eigenvalue of ∂zzF (x, z)
, (1.2.26)

where B b Ω is any open ball. We then combine a series of delicate techniques to first, earn
enough integrability for the gradient of minima as to treat the part involving the space coefficients
as a term of potential and then, via nonlinear iterations, obtain Lipschitz continuity under
optimal assumptions on the datum f and on the degree of smoothness of the space-depending
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coefficients. We get also Lipschitz regularity results for minima of uniformly elliptic variational
integrals under limiting regularity assumptions on the coefficients. An interesting phenomenon
to be noticed in [76] is the duality (p, q)-growth versus structure: retaining only the growth in
the large of the integrand and its derivatives as done in the (p, q) setting [97, 98], permits to
prove regularity for a broad class of model energies, but this generality causes a severe loss of
informations, which are instead preserved when considering the full structure of the integrand.
For instance, let’s have a look at non-homogeneous problems involving the Double Phase energy

W 1,1(Ω,RN ) 3 w 7→
∫

Ω

[|Dw|p+ a(x)|Dw|q − f · w] dx, (1.2.27)

with f as in (1.2.24) and a ∈ W 1,d(Ω) for some d > n rather than just Hölder continuous. The
(p, q) approach would lead to

p

q(q − 1)
≤ R(z) ≤ 2qNn

min{p− 1, 1}

[
1 +

q

p
‖a‖L∞(B)|z|q−p

]
,

so, according to Theorem 12 in Chapter 5, minima are Lipschitz continuous provided that

q

p
< 1 + min

{
d− n
nd

,
4(p− 1)

ϑp(n− 2)

}
with ϑ :=

{
1 if p ≥ 2

2 if 1 < p < 2
.

If we instead look at the full Double Phase structure, we immediately see that

R(z) =
2qNn

min{p− 1, 1}
(1.2.28)

so, applying this time Theorem 13 we obtain Lipschitz continuity under condition
q

p
≤ 1 +

1

n
− 1

d
if n ≥ 3

q

p
≤ 1 +

1

2
− 1

d
and q < p2 if n = 2,

(1.2.29)

which for n ≥ 3 (or when p ≥ 3/2 in the two-dimensional case) is precisely the Sobolev counter-
part of the bound appearing in [12,61] when f ≡ 0 and, evidently, (1.2.28) is worse than (1.2.29),
especially for p ∈ (1, 2). Another prominent subject of interest in regularity theory is the validity
of Calderón-Zygmund estimates for solutions of non-autonomous, non-homogeneous systems. In
the specific, we shall focus on the Double Phase energy (1.2.16) and consider the equation

−div
(
p|Du|p−2Du+ qa(x)|Du|q−2Du

)
= −div

(
|F|p−2F + a(x)|F|q−2F

)
, (1.2.30)

where F : Ω → Rn is a given vector field. This naturally occurs, for instance, as the Euler-
Lagrange equation of the functional

W 1,p(Ω) 3 w 7→ P(w,Ω)−
∫

Ω

[
|F|p−2F + a(x)|F|q−2F

]
·Dw dx.

The main point here is the inference of optimal integrability properties of Du in terms of those
of the assigned datum F. This is quite a classical problem in the linear case −∆u = − divF and
its solution, together with the analysis of general linear equations dates back to papers [41, 42].
The non-linear Calderón-Zygmund theory for non-homogeneous systems of the p-Laplacian type
has been started in [155, 156], see also [40, 86, 128, 161, 195, 196] for important contributions to
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this line of investigation. Equations modelled on (1.2.30) have been studied in [62], where the
sharp implication[

|F|p + a(·)|F|q
]
∈ Lγloc(Ω) =⇒

[
|Du|p + a(·)|Du|q

]
∈ Lγloc(Ω) for all γ > 1 (1.2.31)

is proved for any solution u ∈ W 1,p
loc (Ω) to (1.2.30), assuming that the strict inequality holds in

(1.2.15). In [78] we show the validity of (1.2.31) also in the delicate borderline case

q

p
= 1 +

α

n
, (1.2.32)

thus completing the Calderón-Zygmund theory for Double Phase problems.

1.3 Organization of the thesis
This thesis is organized as follows.

• In Chapter 2 we display our notation and collect some well-known results which will be
recalled several times in the next chapters.

• Chapter 3 is devoted to the proof of partial regularity and capacity estimates of the singular
set of sphere-valued minimizers of functionals modelled on (1.2.16), cf. [75].

• The content of Chapter 4 is based on [78], in which we complete the Calderón-Zygmund
theory for the non-homogeneous equation (1.2.30) in the limiting case (1.2.32) left open
in [62].

• In Chapter 5 we provide sharp Lipschitz regularity for vector-valued solutions to system
(0.0.1). We allow very general growth conditions for the non-linear tensor a(x, z): fast
exponential growth and unbalanced power growth are both covered, see [76].

• In Chapter 6 we propose a new approach to variational problems with (p, q)-growth based
on convex duality, cf. [73].

1.4 Other papers
In this last part of the introduction there is a short summary of the extra research made during
my PhD studies, only vaguely related to the theme of the thesis. The main results obtained,
together with the reference to the original paper for a complete treatment of the problem are
listed below.

Flow of non-uniformly elliptic problems
Joint work with L. Beck (University of Augsburg) and G. Mingione (University of
Parma)
Preprint (2020)

We study the gradient flow of the iterated exponential functional

E(w,Ω) :=

∫
Ω

[
exp

(
exp

(
· · · exp(|Dw|p) · · ·

))
− fw

]
dx, (1.4.1)

with

p > 1 and f ∈ L(n+ 2, 1), (1.4.2)
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where n ≥ 2 is the space dimension. The elliptic counterpart of assumption (1.4.2)2 reads as
f ∈ L(n, 1) and it is sharp, see [55,169,235]. In the time-independent setting, variational integrals
like (1.4.1) have been treated in [16,76]. In [15], we aim to prove Lipschitz bounds for solutions
to the gradient flow of (1.4.1) via a rigorous analysis of the intrinsic parabolic De Giorgi classes
associated to (1.4.1) coupled with delicate nonlinear potential theoretic techniques in the spirit
of [16, 76,160,167]. Our analysis covers also the gradient flow of functionals with (p, q)-growth.

Boundary regularity for manifold constrained p(x)-harmonic maps
Joint work with I. Chlebicka (University of Warsaw) and L. Koch (University of
Oxford)
Preprint (2020) - https://arxiv.org/pdf/2001.06243.pdf

In [52] we complete the partial regularity theory for manifold constrained p(x)-harmonic maps
started in [68], by proving that solutions to the Dirichlet problem

g +
(
W

1,p(·)
0 (Ω,RN ) ∩W 1,p(·)(Ω,M)

)
3 w 7→ min

∫
Ω

k(x)|Dw|p(x) dx

with

g ∈W 1,q(Ω̄,M) for some q > max

{
sup
x∈Ω̄

p(x), n

}
,

are Hölder continuous around boundary points. In other terms, the singular set of solutions Σ
is contained strictly inside Ω, i.e.: Σ ∩ ∂Ω = ∅.

Removable sets in non-uniformly elliptic problems
Joint work with I. Chlebicka (University of Warsaw)
Ann. Mat. Pura Appl. (2020) - https://doi.org/10.1007/s10231-019-00894-1

In [51] we provide an upper bound to the maximal size of removable sets for equations of the
form

− div A(x,Du) = 0 in Ω \ E,

where the nonlinear tensor A(·) has double-phase structure, in the sense that

A(x, z) · z ∼
[
|z|p + a(x)|z|q

]
.

Precisely, the magnitude of removable sets is quantified in terms of the intrinsic Hausdorff mea-
sures introduced in [77]. As a byproduct, we develop a regularity theory for solutions to the
obstacle problem defined by means of Double Phase operators.

Fully nonlinear elliptic equations with non-homogeneous degeneracy
Proc. Royal Soc. Edinburgh Math. (2020) - https://doi.org/10.1017/prm.2020.5

In [72] we prove C1,γ-local regularity for viscosity solutions to problem[
|Du|p + a(x)|Du|q

]
F (D2u) = f(x) in Ω with 0 ≤ a(·) ∈ C(Ω),

with inhomogeneous degeneracy term switching between two different powers according to the
zero set {x ∈ Ω: a(x) = 0} of the modulating coefficient a. Our result is sharp in the light of the
observation made in [152, Example 1]. It is in fact consistent with our case when a(·) ≡ 0.
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Gradient bounds for solutions to irregular parabolic equations with
(p, q)-growth
Preprint (2020) - https://arxiv.org/pdf/2004.01452.pdf

In [71] we study the Cauchy-Dirichlet problem{
∂tu− div a(x, t,Du) = 0 in ΩT

u = f on ∂parΩT ,
(1.4.3)

where the nonlinear tensor a : ΩT × Rn → Rn features (p, q)-growth, i.e.: ∂za(x, t, z)ξ · ξ & (µ2 + |z|2)
p−2

2 |ξ|2

|a(x, t, z)|+ (µ2 + |z|2)
1
2 |∂za(x, t, z)| .

[
(µ2 + |z|2)

p−1
2 + (µ2 + |z|2)

q−1
2

]
and it is only Sobolev-differentiable with respect to the space variable, in the sense that

|∂xa(x, t, z)| . γ(x, t)|z|q−1,

where γ possess a suitably high degree of integrability. In this setting, we prove the existence of
regular solutions to (1.4.3) satisfying the following L∞-Lp inequality on parabolic cylinders:

‖H(Du)‖L∞(Q%/2) ≤
c

%β1

1 +

(∫
−
Q%

H(Du)
p
2 dy

)β2
 ,

where H(z) := (µ2 + |z|2).

Higher Integrability for Constrained Minimizers of Integral Functionals
with (p,q)-Growth in low dimension
Nonlinear Anal. (2018) - https://doi.org/10.1016/j.na.2017.12.007

In [67] we study the minimization problem

W 1,p
loc (Ω,SN−1) 3 w 7→ F(w,Ω) :=

∫
Ω

F (x,Dw) dx,

where the integrand F (·) has (p, q) growth and it is α-Hölder continuous in the x-variable, i.e.:
|z|p . F (x, z) . 1 + |z|q for some 1 < p ≤ q
|∂zF (x1, z)− ∂zF (x2, z)| . |x1 − x2|α

(
1 + |z|q−1

)
with α ∈ (0, 1](

µ2 + |z1|2 + |z2|2
) p−2

2 |z1 − z2|2 .
(
∂zF (x, z1)− ∂zF (x, z2)

)
· (z1 − z2) for µ ∈ [0, 1].

We prove that if Lipschitz-regular maps are dense in the energy space in the unconstrained
case, i.e., for any given map w ∈ W 1,p

loc (Ω,RN ) with F(w,Ω) < ∞, there exists a sequence
{wj} ⊂ Liploc(Ω,RN ) so that

wj → w in W 1,p
loc (Ω,RN ) and F (·, wj)→ F (·, w) in L1

loc(Ω)

then, given any function v ∈W 1,p
loc (Ω,SN−1) we can construct a sequence {vj} ⊂ Liploc(Ω,SN−1)

so that

vj → v in W 1,p
loc (Ω,SN−1) and F (·, vj)→ F (·, v) in L1

loc(Ω).

We also derive higher Sobolev regularity when the ambient space dimension is sufficiently low.
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On the regularity of the ω-minima of ϕ-functionals
Nonlinear Anal. (2019) - https://doi.org/10.1016/j.na.2019.02.017

In [68] we study ε-regularity and fractional differentiability for the gradient of vector valued
ω-minimizers of variational integrals of the type

W 1,ϕ
loc (Ω,RN ) 3 w 7→

∫
Ω

F (x,w,Dw) dx,

whose prototypical model example is

W 1,ϕ
loc (Ω,RN ) 3 w 7→

∫
Ω

b(x,w)ϕ(|Dw|) dx,

where ϕ is a Young function satisfying the ∆2-condition.

Partial regularity for manifold constrained p(x)-harmonic maps
Calc. Var. & PDE (2019) - https://doi.org/10.1007/s00526-019-1483-6

In [69] we prove that manifold-constrained minima of the variable exponent energy

W
1,p(·)
loc (Ω,M) 3 w 7→

∫
Ω

|Dw|p(x) dx

are C1,β0-regular outside a negligible, "singular" set. We also analyze the structure of the singular
set of minima and provide sharp bounds on its maximal Hausdorff measure.

Regularity results for a class of non-autonomous obstacle problems with
(p, q)-growth
J. Math. Anal. Appl. (2019) - https://doi.org/10.1016/j.jmaa.2019.123450

In [72] we analyze the possible occurrence of Lavrentiev phenomenon in obstacle problems defined
as

Kψ,g(Ω) 3 w 7→ min

∫
Ω

F (x,Dw) dx,

where F (·) has (p, q)-growth and Sobolev-regular coefficients and class Kψ,g(Ω) is defined as

Kψ,g(Ω) :=
{
w ∈W 1,p(Ω): w(x) ≥ ψ(x) a.e. in Ω and w|∂Ω = g|∂Ω

}
.

We then determine sharp conditions which guarantee Lipschitz estimates for solutions.

Uniform ellipticity and p, q-growth
Joint work with F. Leonetti (University of L’Aquila)
Preprint (2020) - https://arxiv.org/pdf/2003.06702.pdf

In [74], for any two fixed numbers 1 < p ≤ q, we give an example of integral functional enjoying
uniform ellipticity and (p, q)-growth. The main point here is to emphasize that, for proving regu-
larity of minima of variational integrals with non-standard growth, whenever possible, it is more
convenient exploiting the full structure of the integrand rather than retaining only the growth
from above and below of its second derivatives: this could lead to a severe loss of information.
On this matter, compare the results exposed in [89,174,177] with those obtained in [183,184].
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On the regularity of minima of non-autonomous functionals
Joint work with G. Mingione (University of Parma)
J. Geom. Analysis (2020) - https://doi.org/10.1007/s12220-019-00225-z

In [77], we collect a few general results on functionals with (p, q)-growth, i.e.,

W 1,1
loc (Ω) 3 w 7→

∫
Ω

F (x,Dw) dx |z|p . F (x, z) . (1 + |z|2)
q
2 (1.4.4)

that extend those available in the literature in various directions. Precisely we consider conditions
where the only possible polynomial bound from below in (1.4.4) allows for the case p = 1. In
the first result, we relax the lower bound in (1.4.4) to allow nearly linear growth; in this case the
model we have in mind is given by a functional of the type

w 7→
∫

Ω

[
|Dw| log(1 + |Dw|) + a(x)|Dw|q

]
dx (1.4.5)

0 ≤ a(·) ∈W 1,d(Ω), d > n.

We determine the optimal condition guaranteeing local Lipschitz continuity for minimizers of
(1.4.5). We also prove higher Sobolev regularity for a priori bounded minimizers of (1.4.4): the
boundedness information on minima allows to relax the restriction on the ratio q/p, making it
dimension-independent.

Hölder regularity for nonlocal Double Phase equations
Joint work with G. Palatucci (University of Parma)
J. Differential Equations (2019) - https://doi.org/10.1016/j.jde.2019.01.017

In [80] we deal with non-local Double Phase equations; that is, a class of, possible singular and
degenerate, integro-differential equations whose leading operator switches between two different
fractional elliptic phases according to the zero set of the modulating coefficient a(·), i.e.:

Lu(x) :=P.V.
∫
Rn
|u(x)− u(x+ y)|p−2(u(x)− u(x+ y))|y|−n−sp dy

+ P.V.
∫
Rn
a(x, y)|u(x)− u(x+ y)|q−2(u(x)− u(x+ y))|y|−n−tq dy,

with 0 ≤ a(·) ∈ C(Ω) and exponents (p, q) satisfying:{
p > 1

1−s if p < 2, q > 1
1−t ,

1 ≤ q
p ≤

s
t ,

q
p < 1 + p−1

p .

Under these assumptions, we prove that bounded viscosity solution of the equationLu(x) = f(x),
where f ∈ C(Ω), are local γ-Hölder continuous to some small γ ∈ (0, 1).

Regularity for multi-phase variational problems
Joint work with J. Oh (Kyungpook National University)
J. Differential Equations (2019) - https://doi.org/10.1016/j.jde.2019.02.015

In [79], optimal C1,β0-local regularity is proven for minimizers of Multi Phase variational prob-
lems, i.e.,

W 1,p(Ω) 3 w 7→
∫

Ω

|Dw|p +

k∑
j=1

aj(x)|Du|pj
 dx

0 ≤ aj(·) ∈ C0,αj (Ω) and 1 <
pj
p
≤ 1 +

αj
n

for all j ∈ {1, · · · , k}.

The sharpness of this result is assured by the counterexamples contained in [7, 101,106].
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Chapter 2

Preliminaries

In this chapter we collect some useful preliminaries such as a complete description of our notation
and several well-known results of algebraic or analytical nature which will be helpful in the
forthcoming chapters.

2.1 Notation
We denote by Ω ⊂ Rn an open domain; additional restrictions can be considered. Since our
estimates will be local, we shall always assume, without loss of generality, that Ω is also bounded.
We denote by c a general constant larger than one. Different occurrences from line to line will
be still denoted by c. Special occurrences will be denoted by c1, c2, c̃ or likewise. Important
dependencies on parameters will be as usual emphasized by putting them in parentheses. We
shall denote N as the set of positive integers and we set N0 := N ∪ {0}. As usual, we denote by
Br(x0) := {x ∈ Rn : |x−x0| < r} the open ball with center x0 and radius r > 0; when it is clear
from the context, we omit denoting the center, i.e., Br ≡ Br(x0). When not otherwise stated,
different balls in the same context will share the same center. We shall also denote B1 = B1(0)
if not differently specified and set ωn := |B1|. Finally, with B being a given ball with radius
r and γ being a positive number, we denote by γB the concentric ball with radius γr and by
B/γ ≡ (1/γ)B. In denoting several function spaces like Lp(Ω),W 1,p(Ω), we shall denote the
vector valued version by Lp(Ω,Rk),W 1,p(Ω,Rk) in the case the maps considered take values in
Rk, k ∈ N. We shall often abbreviate Lp(Ω,Rk) ≡ Lp(Ω),W 1,p(Ω,Rk) ≡W 1,p(Ω). With B ⊂ Rn
being a measurable subset with bounded positive measure 0 < |B| < ∞, and with g : B → Rk,
k ≥ 1, being a measurable map, we shall denote the integral average of g over B by

(g)B ≡
∫
−
B

g(x) dx :=
1

|B|

∫
B

g(x) dx .

We next introduce some quantities which are strictly related to the vectorial framework. We
denote {eα}Nα=1 and {ei}nj=1 standard bases for RN and Rn, respectively; we shall always assume
n ≥ 2 and N ≥ 1. The general second-order tensor of size (N,n) is defined as ζ = ζαi e

α ⊗ ei is
identified with an element of RN×n (here we use the standard convention on the sum of repeated
indices). The Frobenius product of second-order tensors z and ξ is defined as z · ξ = zαi ξ

α
i ; it

follows that ξ · ξ = |ξ|2 and in the rest of the paper we shall use the classical Frobenius norm for
matrices and tensors. We shall sometimes use the symbol "·" also to denote the scalar product in
Rn. The gradient of a map u = uαeα is thus defined as Du = ∂xiu

αeα ⊗ ei , and the divergence
of a tensor ζ = ζαi e

α ⊗ ei as divζ = ∂xiζ
α
i e

α. When dealing with the integrands of the type
F : RN×n → [0,∞) of the type considered in Chapter 1, we interpret the second differential of
∂2F (z) as a fourth-order tensor defined as ∂2F (z) = ∂zβj

∂zαi F (z)(eα ⊗ ei)⊗ (eβ ⊗ ej), whenever
z ∈ RN×n.
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2.2 Function spaces and weak differentiability
Let us proceed to present certain function spaces which will appear in the next chapters and their
most relevant properties. For the sake of exposition, we shall report only definitions, some basic
features and significant embeddings, and refer to [83, 85, 119, 123, 216, 239] for a fully detailed
discussion. We start with a few elementary facts on fractional Sobolev spaces.

Definition 1 Let α ∈ (0, 1), p ∈ [1,∞), k ∈ N, and let Ω ⊂ Rn be an open subset with n ≥ 2
(we allow for the case Ω = Rn). The fractional Sobolev space Wα,p(Ω,Rk) is defined prescribing
that w : Ω→ Rk belongs to Wα,p(Ω,Rk) iff the following Gagliardo type norm is finite:

‖w‖Wα,p(Ω) := ‖w‖Lp(Ω) +

(∫
Ω

∫
Ω

|w(x)− w(y)|p

|x− y|n+αp
dxdy

)1/p

=: ‖w‖Lp(Ω) + [w]α,p;Ω .

Accordingly, in the case α = [α] + {α} ∈ N + (0, 1) > 1, we say that w ∈ Wα,p(Ω,Rk) iff the
following quantity is finite

‖w‖Wα,p(Ω) := ‖w‖W [α],p(Ω) + [D[α]w]{α},p;Ω .

The local variant Wα,p
loc (Ω,Rk) is defined by requiring that w ∈Wα,p

loc (Ω,Rk) iff w ∈Wα,p(Ω̃,Rk)

for every open subset Ω̃ b Ω.

Now we present an embedding theorem for fractional Sobolev spaces.

Lemma 2.2.1 Let f ∈Wα,p(Ω,Rk), with p ≥ 1, α ∈ (0, 1] such that αp < n and let Ω ⊂ Rn be
a bounded Lipschitz domain. Then

- αp < n⇒ f ∈ L
np

n−αp (Ω,Rk) with ‖f‖
L

np
n−αp (Ω)

≤ c‖f‖Wα,p(Ω);

- αp = n⇒ f ∈ Lt(Ω,Rk) for all t ∈ [p,∞), with ‖f‖Lt(Ω) ≤ c‖f‖Wα,p(Ω);

- αp > n⇒ f ∈ C0,αp−np (Ω,Rk) with ‖f‖0,αp−np ;Ω ≤ c‖f‖Wα,p(Ω);

with c depending at the most from (n, α, p, t, [∂Ω]0,1, diam(Ω)).

For a map w : Ω→ Rk and a vector h ∈ Rn, we denote by τh : L1(Ω,Rk)→ L1(Ω|h|,Rk) the
standard finite difference operator pointwise defined as τhw(x) := w(x + h) − w(x), whenever
Ω|h| := {x ∈ Ω : dist(x, ∂Ω) > |h|} is not empty.

Definition 2 Let α ∈ (0, 1), p ∈ [1,∞), k ∈ N, and let Ω ⊂ Rn be an open subset with n ≥ 2.
The Nikol’skii space Nα,p(Ω,Rk) is defined prescribing that w ∈ Nα,p(Ω,Rk) iff

‖w‖Nα,p(Ω,Rk) := ‖w‖Lp(Ω,Rk) +

(
sup
|h|6=0

∫
Ω|h|

|w(x+ h)− w(x)|p

|h|αp
dx

)1/p

.

The local variant Nα,p
loc (Ω,Rk) is defined by requiring that f ∈ Nα,p

loc (Ω,Rk) iff w ∈ Nα,p(Ω̃,Rk)

for every open subset Ω̃ b Ω.

It is well-known that W 1,p(Ω,Rk) $ Nα,q(Ω,Rk). A localized version of such embedding is
contained in the next lemma.
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Lemma 2.2.2 Let B% b Br b Ω be concentric balls with r ≤ 1, 1 < p < q < ∞ and w ∈
W 1,p(Br,Rk) with k ≥ 1. Then there exists a positive constant c ≡ c(n, k, p, q) such that

‖w‖Nα,q(B%) ≤c
[
‖Dw‖Lp(Br) +

1

r − %
‖w‖Lp(Br)

]
,

provided that

α = 1− n(p−1 − q−1). (2.2.1)

The quantity in (2.2.1) is always less or equal than one provided that p ≤ q. Moreover, when
p < n we see that α is positive provided that q < p∗, while, for p ≥ n any value of p and q assure
that α > 0.

Let us compare now the two spaces described by Definitions 1-2. We have that Wα,p(Ω,Rk) $
Nα,p(Ω,Rk) $ W β,p(Ω,Rk), for every β < α, hold for sufficiently regular domains. A local,
quantified version is in the next lemma, see for instance [6].

Lemma 2.2.3 Let Br ⊂ Rn be a ball with r ≤ 1, w ∈ Lp(Br,Rk), p > 1 and assume that, for
α ∈ (0, 1], S ≥ 1 and concentric balls B% b Br, there holds

‖τhw‖Lp(B%,Rk) ≤ S|h|α for every h ∈ Rn with 0 < |h| ≤ r−%
K , where K ≥ 1 .

Then w ∈W β,p(B%,Rk) whenever β ∈ (0, α) and

‖w‖Wβ,p(B%,Rk) ≤
c

(α− β)1/p

(
r − %
K

)α−β
S + c

(
K

r − %

)n/p+β
‖w‖Lp(Br,Rk) ,

holds, where c ≡ c(n, p).

An important fact about translation operators is their continuity in Lebesgue spaces.

Lemma 2.2.4 Let Ω̃ b Ω be any open set, h ∈ Rn be any vector with |h| ∈
(

0, 1
100 dist(Ω̃, ∂Ω)

)
and w ∈ Lploc(Ω,Rk) with p ∈ [1,∞) and k ∈ N. Then

‖w( ·+ h)− w‖Lp(Ω̃) → 0 as |h| → 0.

Furthermore, whenever Ω′ b Ω̃ is another open subset and |h| ∈
(

0, 1
100 dist(Ω′, ∂Ω̃)

)
, there

exists an absolute constant c > 0 such that∫
Ω′

[
|w(x)|2 + |w(x+ h)|2

] p
2

dx ≤ c
∫

Ω̃

|w|p dx.

Via the finite difference operator we can also define the difference quotient of a map w : Ω→ Rk
as

∆hw(x) :=
w(x+ h)− w(x)

|h|
= |h|−1τhw(x) for x ∈ Ω|h|.

It is also useful to recall a basic property of difference quotient.

Lemma 2.2.5 Let w ∈ L1
loc(Ω,Rk), k ≥ 1, be any function. There holds that:

• If p > 1 and Ω′ b Ω is any open set so that

sup
|h|>0

|h|−p
∫

Ω′
|τhw|p dx <∞,

then Dw ∈ Lp(Ω′,Rk×n) and τhw → Dw strongly in Lploc;

• If in addition w ∈W 1,p
loc (Ω,Rk), Ω′′ b Ω is another open subset and |h| < 1

100 dist(Ω′′, ∂Ω′),
then ∫

Ω′′
|τhw|p dx ≤ c(n, s)|h|p

∫
Ω′
|Dw|p dx.
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2.3 Nonlinear potentials
Let us describe now an important nonlinear theoretic potential quantity that will play a crucial
role in Chapter 5, with related function spaces. Our main reference here is [16, Section 2]. The
modified nonlinear Riesz potential of a map g ∈ L2

loc(Rn,Rk) is defined as

Pg
1(x0, r) :=

∫ r

0

(
%2

∫
−
B%(x0)

|g|2 dx

)1/2
d%

%
, (2.3.1)

for x0 ∈ Rn and r > 0. In the nonlinear setting, the potential Pg
1(·, r) replaces the truncated

Riesz potential defined by

Ig1(x0, r) :=

∫ r

0

|g|(B%(x0))

%n−1

d%

%
= ωn

∫ r

0

∫
−
B%(x0)

|g| dxd%,

provided that the argument function g is at least locally L1-regular. This can be easily see via
Hölder inequality:

Ig1(x0, r) ≤ ωnPg
1(x0, r).

The potential in (2.3.1) turns out to be the right one to use when dealing with a large class of
problems, from degenerate elliptic or parabolic PDE to fully nonlinear equations or systems of
differential forms, [8, 65, 165, 232]. The potential Pg

1 defines an operator which is well behaved
in various function spaces. We shall focus on the Lorentz space L(n, 1), defined by means of
(1.1.13), when n ≥ 3, and on the Orlicz space L2(LogL)α, α ≥ 0, which can be characterized as

w ∈ L2(LogL)α(Ω,Rk) ⇐⇒
∫

Ω

|w|2 log(1 + |w|)α dx <∞. (2.3.2)

The connection between such spaces and the potential Pg
1 is given by the fact that, as an operator,

Pg
1 is bounded in L(n, 1)(Ω,Rk) when n ≥ 3, and in L2(LogL)α(Ω,Rk) for n = 2 and α > 2. In

fact, whenever Br(x0) ⊂ Rn we have that{
Pg

1(x0, r) ≤ c(n)‖g‖L(n,1)(Br(x0)) if n ≥ 3

Pg
1(x0, r) ≤ c(α)‖g‖L2(LogL)α(Br(x0)) if n = 2 and α > 2,

cf. [165, Lemma 2.3 and Lemma 2.4] and [16, Section 2]. Therefore, given concentric balls
Br ⊂ Br+% ⊂ Rn, with % ∈ (0, 1), and g ∈ L2(Br+%;Rk), there holds that:

∥∥Pg
1(·, %)

∥∥
L∞(Br)

≤ c(n)‖g‖L(n,1)(Br+%), n ≥ 3∥∥Pg
1(·, %)

∥∥
L∞(Br)

≤ c(α)‖g‖L2(logL)α(Br+%), n = 2 ,
(2.3.3)

where in the last of the two inequalities c(α) → ∞ when α ↘ 2. The potential in (2.3.1) plays
also a crucial role in a nonlinear iteration lemma originally proved in [160] and based on the
iteration scheme contained in [81]. We present it in a version which is a quite straightforward
variation of the one in [16, Section 3].

Lemma 2.3.1 Let Br0(x0) ⊂ Rn, n ≥ 2, δ ∈
(
0, 1/2

)
and v ∈ W 1,2(Br0(x0)) be non-negative

and f1, f2 ∈ L2(Rn); assume that there exist positive constants c̃,M1,M2,M3 ≥ 1 and a number
κ0 ≥ 0 such that for all κ ≥ κ0 and every ball Br(x0) ⊂ Br0(x0) the inequality∫

−
Br/2(x0)

|D(v − κ)+|2 dx ≤ c̃M2
1

r2

∫
−
Br(x0)

(v − κ)2
+ dx
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+ c̃M2
2

∫
−
Br(x0)

|f1|2 dx+ c̃M2
3

∫
−
Br(x0)

|f2|2 dx (2.3.4)

holds. If x0 is a Lebesgue point for v, then

v(x0) ≤ κ0 + cM
1+max{δ,n−2

2 }
1

(∫
−
Br0 (x0)

(v − κ0)2
+ dx

)1/2

+ cM
max{δ,n−2

2 }
1

[
M2P

f1

1 (x0, 2r0) +M3P
f2

1 (x0, 2r0)
]

(2.3.5)

holds with c ≡ c(n, c̃, δ).

2.4 Tools for p-Laplacian type problems
When dealing with p-Laplacian type problems, we shall often use the auxiliary vector fields
Vµ,p : Rk×n → Rk×n, defined by

Vµ,p(z) := (µ2 + |z|2)(p−2)/4z, p ∈ (1,∞) and µ ∈ [0, 1] (2.4.1)

whenever z ∈ Rk×n. If µ = 0 we shall simply write Vµ,p ≡ Vp. A useful related inequality is
contained in the following

|Vµ,p(z1)− Vµ,p(z2)| ≈ (µ2 + |z1|2 + |z2|2)(p−2)/4|z1 − z2|, (2.4.2)

where the equivalence holds up to constants depending only on n, k, p. An important property
which is usually related to such field is recorded in the following lemma.

Lemma 2.4.1 Let p > −1, µ ∈ [0, 1] and z1, z2 ∈ Rk be so that µ+ |z1|+ |z2| > 0. Then∫ 1

0

[
µ2 + |z1 + λ(z2 − z1)|2

] p
2

dλ ∼ (µ2 + |z1|2 + |z2|2)
p
2 ,

with constants implicit in "∼" depending only from n, k, p.

For more details on this matter we refer to [2, 129]. Finally, the "simple, but fundamental"
iteration lemma of [115, Section 1].

Lemma 2.4.2 Let Z : [%0, %1] → R be a nonnegative and bounded function, and let θ ∈ (0, 1)
and A,B ≥ 0, γ1, γ2 ≥ 0 be numbers. Assume that

Z(t) ≤ θZ(s) +
A

(s− t)γ1
+

B

(s− t)γ2

holds for %0 ≤ t < s ≤ %1. Then the following inequality holds with c ≡ c(θ, γ1, γ2):

Z(%0) ≤ cA

(%1 − %0)γ1
+

cB

(%1 − %0)γ2
.
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Chapter 3

Manifold constrained non-uniformly
elliptic problems
Joint work with G. Mingione (University of Parma)
J. Geom. Analysis (2020) - https://doi.org/10.1007/s12220-019-00275-3

We want to treat, from the regularity theory viewpoint, a special but yet significant class of non-
uniformly variational problems characterized by the fact that minimizers and competitors take
their values into the sphere. At the same time, we want to introduce a few intrinsic methods
and viewpoints that should be useful in order to prove regularity theorems for more general
classes of non-uniformly elliptic equations and functionals with geometric constraints. For this
reason we shall combine and present both old techniques from different perspectives and new
ones. Specifically, we shall consider a class of variational integrals of the type

W 1,1(Ω,RN ) 3 w 7→ F(w,Ω) :=

∫
Ω

F (x,w,Dw) dx (3.0.1)

where the main model is provided by the so-called Double Phase functional
W 1,1(Ω,RN ) 3 w 7→ P(w,Ω) :=

∫
Ω

[
|Dw|p + a(x)|Dw|q

]
dx

1 < p < q < N

0 ≤ a(·) ∈ C0,α(Ω).

(3.0.2)

Here, Ω ⊂ Rn denotes (unless otherwise specified) a bounded open domain, n ≥ 2, and, again
unless otherwise stated, we consider N > 1 and a(·) satisfies the condition in (3.0.2)3 for some
α ∈ (0, 1]. When a(·) ≡ 0, the integral in (3.0.2) reduces to the familiar p-Dirichlet integral

w 7→
∫

Ω

|Dw|p dx, (3.0.3)

whose Euler-Lagrange equation is given by the p-Laplacian system −div
(
|Du|p−2Du

)
= 0. The

regularity theory for minimizers of the functional in (3.0.3) has been treated at length starting
from the seminal papers of Uraltseva [242] and Uhlenbeck [241], in the scalar and vectorial case,
respectively. For results concerning more general functionals as in (3.0.1) with p-growth, that is,
modelled on the one in (3.0.2) and therefore satisfying

|z|p . F (x,w, z) . |z|p + 1 , (3.0.4)

see for instance [168, 170, 180] and related references. Under suitable assumptions, the final
outcome is that minima are locally of class C1,β , for some β ∈ (0, 1), on a subset of full n-
dimensional Lebesgue measure. The regularity theory in the case when both minimizers and
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competitors take values into a manifold M ⊂ RN poses additional difficulties. In particular, the
case M = SN−1 is the (N−1)-dimensional sphere in RN has been treated extensively. The theory
started with the fundamental papers of Eells & Sampson [95] and Schoen & Uhlenbeck [230,231],
analyzing harmonic maps, i.e., constrained minimizers of the functional in (3.0.3) for p = 2. The
extension of such basic results to the case p 6= 2 has been done in the by now classical papers
of Fuchs [110, 111], Hardt & Lin [132] and Luckhaus [179]. Moreover, several results have been
extended to more general functionals with p-growth, that is, functionals as in (3.0.1) with F (·)
satisfying (3.0.4); see for instance [131]. On the other hand, we notice that energies of the type
in (3.0.2) do not satisfy conditions as in (3.0.4), but rather, the more general and flexible ones

|z|p . F (x,w, z) . |z|q + 1 , 1 < p < q . (3.0.5)

These are known in the literature as (p, q)-growth conditions or non-standard growth conditions.
They have pioneered by Uraltseva & Urdaletova [243] and Zhikov [246–248] in the context of
Homogenization (see also the recent paper [92]). In the setting of the Calculus of Variations
they have been systematically studied by Marcellini [183,184]. We refer to [194] for a reasonable
survey on the subject. Growth conditions of the type in (3.0.5) often occur when considering
variational models for physical phenomena. For instance, in the setting of Homogenization, a
model as the Double Phase functional can be used to describe a composite of two materials with
hardening exponents p and q respectively, whose geometry is dictated by the zero set {a(x) = 0}
of the coefficient a(·). Obviously, both in the case a(·) ≡ 0 and in the one when inf a(·) > 0,
we have a functional with standard polynomial growth of the type in (3.0.4) (with p replaced
by q in the second case). In the remaining one, the nature of ellipticity of the functional P
switches between the p and q rates accordingly to the value of a(·). For this reason models
as those in (3.0.2) are particularly useful to describe strongly anisotropic media. We refer to
the papers [12, 50, 61, 79, 80, 219, 248] for more results, different directions and related topics.
Another, softer instance of functional with non-standard growth used to describe anisotropic
models [4, 246–248] is the variable exponent one

w 7→
∫

Ω

|Dw|p(x) dx , (3.0.6)

that has attracted a lot of attention in the last years [221]; a match between the two cases has
been recently proposed in [69, 88, 101, 217, 221, 223, 224]. The growth conditions in (3.0.5) are
typically linked to the non-uniform ellipticity of the Euler-Lagrange equations associated to the
functionals in question. In case of (3.0.2), such equation is

−divA(x,Du) = 0 with A(x, z) = |z|p−2z + (q/p)a(x)|z|q−2z , (3.0.7)

and therefore, the ellipticity ratio R(z,B) on any ball B b Ω touching the transition set {a(x) =
0}, which is defined by

R(z,B) := sup
x∈B

highest eigenvalue of ∂zA(x, z)

lowest eigenvalue of ∂zA(x, z)
≈ 1 + ‖a‖L∞(B)|z|q−p ,

becomes unbounded as |z| → ∞. This means that the equation in (3.0.7) is non-uniformly elliptic.
More specifically, the asymptotics of the ratio R(z,B) exhibit a delicate interplay between the
size of |z|q−p and the one of the coefficient a(·) which is crucially close to the zero set {a(x) = 0}.
As a matter of fact, the rate a(·) approaches to zero rebalances the rate of potential blow-up.
This is displayed in the sharp condition q ≤ p+ α, which in [12, 60, 62] is found to be necessary
and sufficient for unconstrained, bounded, scalar minimizers of the model functional (3.0.2) to
be regular; otherwise discontinuous minimizers of P may exist, [101, 106]. Let us remark that
both the model functional in (3.0.2) and the one in (3.0.6) fall in the realm of non-autonomous
functionals defined in Musielak-Orlicz spaces. These are functionals of the type

w 7→
∫

Ω

Φ(x, |Dw|) dx , (3.0.8)
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where, Φ: Ω× [0,∞)→ [0,∞) is a Carathéodory function such that for each choice of x ∈ Ω, the
partial map t 7→ Φ(x, t) is a Young function and thereby generates an Orlicz space that changes
with x. Such functionals are naturally defined on Musielak-Orlicz-Sobolev spaces/classes W 1,Φ,
i.e.,

W 1,Φ(Ω,RN ) =
{
f ∈W 1,1(Ω,RN ) : Φ(·, |f |) + Φ(·, |Df |) ∈ L1(Ω)

}
(3.0.9)

For such spaces we refer to [135]. A main problem here is the one of finding general conditions
ensuring the regularity of minimizers. This appears as a non-trivial and challenging issue. The
main idea is that the regularity of minima of (3.0.8) is governed by a delicate interplay between
the regularity of the function x 7→ Φ(x, ·) and the growth conditions of t 7→ Φ(·, t). For instance,
in the Double Phase case, relations as q ≤ p + α or q/p ≤ 1 + α/n define sharp conditions for
regularity [12, 33, 60, 61]. In the variable exponent case the log-modulus of continuity of p(·) is
another instance of such conditions. See [11] for a picture concerning the similarities between
(3.0.2) and (3.0.6) as particular cases of the one in (3.0.8). More general conditions unifying those
for (3.0.2) and (3.0.6) have been formulated in [138] and lead to a full De Giorgi-Nash-Moser
theory. A general approach to the gradient regularity has been devised and suggested in [12].
The regularity problem in the case of constrained minimizers for functionals with non-standard
growth conditions has recently received some attention, see the higher integrability result recently
obtained in [67] and the singular set estimates proved for the variable exponent case in [69]. The
main difficulties essentially rely in the lack of a certain number of properties, that are typically
linked to uniform ellipticity and that are essential in order to treat constrained minimizers. We
undertake this issue in the model case of Double Phase energies, i.e., functionals of the type in
(3.0.1) controlled by the one in (3.0.2) in the sense of (3.0.12) below. Moreover, we consider the
case when the manifold is the (N−1)-dimensional sphere SN−1 in RN , that already incorporates
several of the new difficulties. Our aim here is also to propose an intrinsic approach which
departs from the usual estimates, and it is designed for treating the quantity Φ(·, |Dw|) which in
this case is |Dw|p + a(·)|Dw|q, as a sort of replacement of |Dw|p. We shall therefore formulate
and use a certain number of tools (harmonic approximation lemmas, a priori estimates and so
on) in terms of the quantity Φ(·, |Dw|). Accordingly to this viewpoint, in order to characterize
the singular sets, we shall use an intrinsic Hausdorff type measure aimed at catching the local
geometry of the integrand Φ(·, t). Such measures give back the standard Hausdorff measure in
the case Φ(·, t) = tp as well as other examples of measures available in the literature. We then
compare these measures to the natural capacities generated by functionals of the type in (3.0.8)
and relate the corresponding outcomes to the size of the singular sets, that are indeed found to
have zero capacity.

3.0.1 Partial regularity
It is convenient to introduce some notation (see also Section 3.1 below). We shall denote

H(x, z) := |z|p + a(x)|z|q , for all z ∈ RN×n , x ∈ Ω (3.0.10)

where a(·) is as in (3.0.2) and recall that in the following it will always be n ≥ 2 and N > 1 (in
fact, sometimes we shall consider also the case z ∈ R(N−1)×n; see Section 3.1 and Step 4 from
the proof of Theorem 1 below). Moreover, with B b Ω being a ball, we introduce the auxiliary
Young functions{

H−B (z) := |z|p + ai(B)|z|q, where ai(B) := infx∈B a(x);

H+
B (z) := |z|p + as(B)|z|q, where as(B) := supx∈B a(x) .

(3.0.11)

With abuse of notation, we shall keep on denoting H(x, t) = tp + a(x)tq for t ≥ 0 (and the like
for the functions in (3.0.11)), that is when in (3.0.10) z is a non-negative number. From now on,
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with B ⊂ Rn being a ball, we shall denote by r(B) its radius. Following [12], we then consider
variational integrals of the type in (3.0.1), where F : Ω × RN × RN×n → R is a Carathéodory
integrand, such that z 7→ F (·, z) is C1(RN×n) ∩ C2(RN×n \ {0}) and satisfies the following
assumptions:

νH(x, z) ≤ F (x, v, z) ≤ LH(x, z)

|∂zF (x, v, z)||z|+ |∂zzF (x, v, z)||z|2 ≤ LH(x, z)

ν(|z|p−2 + a(x)|z|q−2)|ξ|2 ≤ ∂zzF (x, v, z)ξ · ξ
|∂zF (x1, v, z)− ∂zF (x2, v, z)||z| ≤ L

[
ω(|x1 − x2|)[H(x1, z) +H(x2, z)] + |a(x1)− a(x2)||z|q

]
|F (x, v1, z)− F (x, v2, z)| ≤ Lω(|v1 − v2|)H(x, z) .

(3.0.12)

These are assumed to hold whenever x, x1, x2 ∈ Ω, v, v1, v2 ∈ RN , z, z1, z2 ∈ RN×n \ {0},
ξ ∈ RN×n, where 0 < ν ≤ 1 ≤ L and ϑ ∈ (0, 1) are fixed constants and, for every non-negative
number t,

ω(t) := min
{
tβ , 1

}
, β ∈ (0, 1] (3.0.13)

is defined as the standard concave β-Hölder modulus of continuity. We finally consider the
necessary structure assumption to deal with the vectorial case, that is, we assume that for every
choice of (x, v) ∈ Ω × RN there exists a function F̃x,v(·) ≡ F̃ (x, v, ·) : [0,∞) → [0,∞) of class
C1[0,∞) ∩ C2(0,∞), such that

F (x, v, z) = F̃ (x, v, |z|) holds for every z ∈ RN×n with t 7→ F̃ (x, y, t) non-decreasing,∣∣∣F̃ ′′(x, v, t+ s)− F̃ ′′(x, v, t)
∣∣∣ ≤ LH(x, t)

t2

(
|s|
t

)β1

.

(3.0.14)

The inequality in the last line is assumed to hold whenever s, t ∈ R are such that t > 0 and
2|s| < t, and with a fixed constant β1 ∈ (0, 1] (which is independent of the considered (x, v)). As
for the exponents p, q, we assume

p < q < p+ α , q < N. (3.0.15)

We remark that the inequality q < p+α in the last display, apart from the missing equality case,
is a sharp condition for regularity, as shown in [101,106]. The second inequality q < N relates the
growth conditions of the problem and the topological properties of the target manifold, which
is in this case SN−1. This is necessary in order to use certain projection operators (see Lemma
3.2.1 below). Assumptions of this kind are considered by Hardt & Lin [131, 132] in the convex
case and by Hopper [151] in the quasiconvex one. The related definition of local minimizer we
are going to consider is the following:

Definition 3 A function u ∈ W 1,1
loc (Ω,SN−1) is a local minimizer of the functional F defined

in (3.0.1) under assumptions (3.0.12)1, if and only if H(·, Du) ∈ L1
loc(Ω) and the minimality

condition F(u, supp (u−v)) ≤ F(v, supp (u−v)) is satisfied whenever v ∈W 1,1
loc (Ω,SN−1) is such

that supp (u− v) ⊂ Ω.

By definition a local minimizer belongs to W 1,p
loc (Ω,SN−1); in the rest of the chapter, we shall

appeal such local minimizers sometimes as constrained local minimizers to emphasize that the
presence of the constraint |u| = 1. We notice when a(·) ≡ 0 assumptions (3.0.12) reduce to
the standard ones considered for functionals with p-growth when considering partial regularity
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problems (see for instance [162,163,191,194] and related references). In particular, assumptions
(3.0.12)-(3.0.14) are devised to cover functionals of the type

w 7→
∫

Ω

[
F1(x,w,Dw) + a(x)F2(x,w,Dw)

]
dx ,

where F1(·) and F2(·) have p- and q-growth, respectively, accordingly to the standard assumptions
described for instance in [162]. Another functional covered by our set of assumptions is

W 1,1(Ω) 3 w 7→
∫

Ω

b(x,w)H(x,Dw) dx ,

where 0 < ν1 ≤ b(x, v) ≤ L1, for some constants ν1, L1. Here, b(·) is a Hölder-continuous
function. For later convenience, we shall denote

data ≡ data
(
n,N, ν, L, p, q, α, [a]0,α

)
(3.0.16)

as the set of basic parameters intervening in the problem. Our first main result is the following:

Theorem 1 Let u ∈ W 1,1
loc (Ω,SN−1) be a local minimizer of the functional F in (3.0.1) under

the assumptions (3.0.12)-(3.0.15). There exists δg ≡ δg(data) > 0 such that

H(·, Du) ∈ L1+δg
loc (Ω). (3.0.17)

Moreover, there exist β0 ≡ β0(data, β, β1) > 0 and an open subset Ωu ⊂ Ω, called the regular
set, such that

Du ∈ C0,β0

loc (Ωu,RN×n) and |Ω \ Ωu| = 0 . (3.0.18)

In the case p(1 + δg) > n we have Ω = Ωu. When p(1 + δg) ≤ n, there exists a number
ε ≡ ε(data, β), such that a point x0 ∈ Ω belongs to Ωu iff[

H−Br(x0)

(
ε

r

)]−1 ∫
−
Br(x0)

H(x,Du) dx < 1 (3.0.19)

holds for some ball Br(x0) b Ω with r ≤ 1. Finally, as for the so-called singular set Σu := Ω\Ωu,
it follows that

Σu =

x0 ∈ Ω : lim sup
%→0

[
H−B%(x0)

(
1

%

)]−1 ∫
−
B%(x0)

H(x,Du) dx > 0

 . (3.0.20)

The ε-regularity condition (3.0.19) differs from the usual ones given in the case of functionals
with p-growth as it gives an intrinsic quantified version of the amount of energy needed for
regularity; see also [90] for the case of autonomous functionals. The shape of (3.0.19) suggests
an intrinsic path to estimate the size of the so-called singular set Ω\Ωu. Indeed, this can be done
via a general definition of certain Hausdorff type measures that can be useful in general contexts
too; for this we refer to the next section. It is worth remarking that the results of Theorem 1
continue to hold in the case of unconstrained bounded minimizers and it is new in the vectorial
case (it extends the scalar one in [12]). In the unconstrained case the condition q < N in (3.0.5)
can be dropped (see Remark 3.2.1 below).

Remark 3.0.1 It is still possible to get a partial regularity result by weakening the assumptions
on the function F̃x,v(t) ≡ F (x, v, t) considered in (3.0.14). Specifically, we can drop (3.0.14)2,
thereby replacing (3.0.18) with the weaker outcome

u ∈ C0,β2

loc (Ωu,RN×n) and |Ω \ Ωu| = 0 , (3.0.21)

for every β2 < 1.
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3.0.2 Weighted Hausdorff measures, intrinsic capacities and singular
sets

Here we shall be slightly more general than what is needed in the present setting, as we wish
to settle down a general approach valid also for other contexts. We shall produce a family of
Hausdorff type measures that are naturally linked to general functionals of the type in (3.0.8).
In the following we consider a Carathéodory function Φ: Ω × [0,∞) → [0,∞), i.e., such that
x 7→ Φ(x, t) is measurable for every t ≥ 0 and t 7→ Φ(x, t) is continuous and non-decreasing
for almost every x ∈ Ω. Here, Ω ⊂ Rn denotes an open subset. Moreover, we assume that
Φ(x, 0) = 0 and that limt→∞ Φ(x, t) =∞ for every x ∈ Ω. We also assume that

Φ(x, t) . m(x)tn , for all t ≥ 1 , a.e. x ∈ Ω , where 0 ≤ m(·) ∈ L1
loc(Ω) (3.0.22)

and that

there exists β3 ∈ (0, 1) such that Φ(x, β3) ≤ 1 and Φ
(
x, 1/β3

)
≥ 1 for every x ∈ Ω , (3.0.23)

Φ(x, s)

s
.

Φ(x, t)

t
whenever 0 < s ≤ t , for all x ∈ Ω . (3.0.24)

These assumptions, also considered in [13], are trivially verified by all the relevant model examples
motivating us; see Remark 3.0.2 below. To proceed, for any n-dimensional open ball B ⊂ Ω (there
is no difference in the following in taking closed balls in this respect) of radius r(B) ∈ (0,∞), we
define

hΦ(B) =

∫
B

Φ
(
x, 1/r(B)

)
dx (3.0.25)

Notice that this function is always finite and that this is guaranteed by (3.0.22). It results:

hΦ(B) .
∫
−
B

m(x) dx.

We then use the standard Carathéodory’s construction to obtain an outer measure. For this,
let E ⊂ Ω be any subset. We define the weighted κ-approximating Hausdorff measure of E,
HΦ,κ(E) with 0 < κ ≤ 1, by

HΦ,κ(E) = inf
CκE

∑
j

hΦ(Bj) , (3.0.26)

CκE =
{
{Bj}j∈N is a countable collection of ballsBj ⊂ Ω covering E, such that r(Bj) ≤ κ

}
.

As 0 < κ1 < κ2 < ∞ implies Cκ1

E ⊂ Cκ2

E , we have that HΦ,κ1
(E) ≥ HΦ,κ2

(E) and there exists
the limit

HΦ(E) := lim
κ→0

HΦ,κ(E) = sup
κ>0

HΦ,κ(E) . (3.0.27)

When considering functionals of the type in (3.0.8), it is convenient to localize the x-dependence
and locally compare the starting integrand Φ(·) with similar maps that are independent of x.
This means that, with a ball B ⊂ Ω being fixed, we consider the functions t 7→ ess infx∈B Φ(x, t)
and t 7→ ess supx∈B Φ(x, t), and define

h+
Φ(B) = |B| ess sup

x∈B
Φ
(
x, 1/r(B)

)
and h−Φ(B) = |B| ess inf

x∈B
Φ
(
x, 1/r(B)

)
(3.0.28)

so that h−Φ(B) ≤ hΦ(B) ≤ h+
Φ(B). Accordingly, keeping (3.0.26)-(3.0.27), we finally set

H±Φ,κ(E) = inf
CκE

∑
j

h±Φ(Bj) and H±Φ (E) = lim
κ→0

H±Φ,κ(E). (3.0.29)
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The above definitions obviously imply that H−Φ,κ(E) ≤ HΦ,κ(E) ≤ H+
Φ,κ(E) holds for every

κ ∈ (0, 1] and therefore, upon letting κ→ 0, it follows that

H−Φ (E) ≤ HΦ(E) ≤ H+
Φ (E). (3.0.30)

Remark 3.0.2 Definition (3.0.27) is aimed at catching and unifying several instances of similar
objects. Furthermore, let us notice that

• In the case Φ(x, t) ≡ tp for p ≤ n, then HΦ is equivalent (up to constants) to the usual
(n− p)-dimensional spherical Hausdorff measure.

• In the case Φ(x, t) ≡ tp(x) for p(x) ≤ n being a continuous function defined on an open
subset Ω, then HΦ falls in the class of the variable exponent Hausdorff measures studied
in [215,240].

• In the case Φ(x, t) ≡ w(x)tp for p ≤ n and w(·) being a non-negative and measurable
function, HΦ is equivalent to the weighted Hausdorff measures introduced in [215, 240],
with particular emphasis on the situations when w(·) is a Muckenhoupt weight.

• The case we are mostly interested in is when Φ(x, t) = [H(x, t)]1+δ ≡ [tp + a(x)tq]1+δ for
some δ ≥ 0, with H(·) as in (3.0.10) and under the condition that q(1 + δ) ≤ n. In this
case we shall use the notation HΦ ≡ HH1+δ and H±Φ ≡ H±

H1+δ . These measures reveal to
be an essential tool to prove sharp theorems of removable singularities in Double Phase
problems, as shown in [51].

Remark 3.0.3 By standard arguments, i.e., those of the type needed in the case of the usual
Hausdorff measures, the set function HΦ turns out to be a Borel-regular measure (here we adopt
the standard terminology from [104]). We notice that the definition of HΦ,κ is invariant when
using open or closed balls in (3.0.25). As for the set functions H±Φ in (3.0.29), these turn out
to be Borel regular measures too. We mention an alternative way to describe measures as H±Φ .
This occurs upon replacing (3.0.28) by

h+
Φ(B) = |B| sup

x∈B
Φ
(
x, 1/r(B)

)
and h−Φ(B) = |B| inf

x∈B
Φ
(
x, 1/r(B)

)
. (3.0.31)

In this case the corresponding set functions H±Φ are again Borel measures and are Borel regular
too if Φ(·) is continuous. Alternatively, one can use in the definition (3.0.31) closed balls instead
of open ones, thereby always getting automatically a Borel regular measure.

In order to place the above measures in the setting of regularity of minimizers and to connect
the three measures appearing in (3.0.30), we next consider the following assumption:

ess sup
x∈B

Φ (x, β4t) ≤ cd ess inf
x∈B

Φ (x, t) (3.0.32)

to hold whenever 1 ≤ t ≤ 1/r(B) for all balls B ⊂ Ω with r(B) ≤ 1 and for some constants
β4 ∈ (0, 1], cd ≥ 1 . This assumption is known to be crucial to prove the local Hölder continuity
of bounded minimizers of functionals of the type in (3.0.8) and in certain Harmonic Analysis
questions related to Musielak-Orlicz spaces; see [138, 145]. In this respect, assumption (3.0.32)
is sharp by the examples in [101, 106]. When applied to the choice Φ(x, t) = tp + a(x)tq and
a(·) ∈ C0,α(Ω), (3.0.32) amounts to require that q ≤ p + α as first considered in [60]; see
Proposition 3.0.1 and again (3.5.1) below. An immediate consequence of (3.0.32) is the following
fact, whose proof is reported in Section 3.5.
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Proposition 3.0.1 Assume that (3.0.32) holds. Then, for any subset E ⊂ Ω it follows that

H+
Φ (E) ≤ cd

βn4
H−Φ (E). (3.0.33)

As a consequence, if a(·) ∈ C0,α(Ω), q ≤ p + α and δ ≥ 0, then there exists a constant c ≡
c([a]0,α, δ) ≥ 1 such that the following inequality holds for every subset E ⊂ Rn:

H−
H1+δ(E) ≤ HH1+δ(E) ≤ H+

H1+δ(E) ≤ cH−
H1+δ(E) . (3.0.34)

Following [13], we now introduce a notion of (relative) capacity generated by the function Φ(·).
For a compact subset K ⊂ Rn, we denote

Cap∗Φ(K) ≡ Cap∗Φ(K,Ω) := inf
f∈R(K)

∫
Ω

Φ(x, |Df |) dx (3.0.35)

where
R(K) :=

{
f ∈W 1,Φ(Ω) ∩ C0(Ω): f ≥ 1 in K, f ≥ 0

}
.

As usual, for open subsets U ⊂ Ω we set

CapΦ(U) := sup
K⊂U, K is compact

Cap∗Φ(K)

and then, for general sets E ⊂ Ω we finally define

CapΦ(E) := inf
E⊂Ũ⊂Ω, Ũ is open

CapΦ(Ũ) .

It turns out that, under the present assumptions on Φ(·), we have Cap∗Φ(K) = CapΦ(K), when-
ever K ⊂ Ω is a compact subset and therefore the symbol Cap∗Φ will not be used anymore,
see [13, Proposition 6.3]. Anisotropic capacities of this kind have been studied at length in the
literature. Classical reference in this respect are [54, 108, 139, 192, 215]. Here we refer to the
recent paper [13], where such capacities have been studied in detail under the assumptions in
(3.0.23)-(3.0.24) considered here. These ensure that CapΦ enjoys the standard properties of
Sobolev capacities; in particular CapΦ is a Choquet capacity in the sense that

CapΦ(E) = sup
{
CapΦ(K) : K ⊂ E and K is compact

}
(3.0.36)

holds for every Borel set E ⊂ Ω, [13, Remark 3.6]. Needless to say, in the case Φ(x, t) ≡ tp, CapΦ

coincides with the usual relative W 1,p-capacity. In the following we shall denote CapH = CapΦ

when Φ(x, t) = tp + a(x)tq. Exactly as in the case of the W 1,p-capacity, we can prove a relation
between capacity and Haudorff measures. For this, we need some more assumptions. Specifically,
we assume that there exist 1 < p < q <∞ such that

Φ(x, s)

sp
≤ cg

Φ(x, t)

tp
and

Φ(x, t)

tq
≤ cg

Φ(x, s)

sq
whenever 0 < s ≤ t , (3.0.37)

for some cg ≥ 1. We then have

Theorem 2 Assume that (3.0.32) and (3.0.37) are in force. Let E ⊂ Rn be such that HΦ(E) <
∞, then CapΦ(E) = 0.

It is now possible to improve the estimates of the Hausdorff measure of the singular set Σu :=
Ω \ Ωu from Theorem (1). This is in the following:
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Theorem 3 Let u ∈ W 1,1
loc (Ω,SN−1) be a local minimizer of the functional F in (3.0.1) under

the assumptions (3.0.12)-(3.0.15), and let Ωu ⊂ Ω be its regular set in the sense of Theorem 1.
Assume that q(1 + δg) ≤ n, where δg is the number appearing in (3.0.17). Then

HH1+δg (Ω \ Ωu) = 0 and therefore CapH1+δg (Ω \ Ωu) = 0 . (3.0.38)

In particular, we have

Hn−p−pδg (Σu) = 0 , (3.0.39)

and

Hn−q−qδg
(
Σu ∩ {a(x) > 0}

)
= 0 . (3.0.40)

3.0.3 An overview
As mentioned at the beginning of the Introduction, our aim is not only to prove regularity results
for constrained local minimizers of Double Phase functionals, but also to expose intrinsic tech-
niques bound to cover general functionals of the type in (3.0.8). In this sense, we further develop
the ideas introduced in [12] to get general regularity methods for non-autonomous functionals
and also simplifies some of the arguments presented there. Moreover, the techniques considered
here provide new results also in the unconstrained case. For instance, a partial regularity theory
which is analogous to the classical one for standard p-functionals can be derived in the Double
Phase case too (see Remark 3.2.1). The chapter is structured as follows. In Section 3.1 we fix
some notation. In Section 3.2 we establish some basic energy and higher integrability inequali-
ties adapting the path developed in [60,61] to the manifold constrained case. This is based on a
projection argument exposed in Lemma 3.2.1. Moreover, we derive the precise form of the Euler-
Lagrange equation of functionals of the type in (3.0.1), under assumptions (3.0.12)-(3.0.14). We
finally readapt a Morrey type decay estimate originally proved in [60] (see Theorem 4). In Section
3.3 we develop an intrinsic harmonic type approximation result (compactness lemma), which is
Lemma 3.3.2. The main novelty is that the energy bounds and the approximation are given
directly in the intrinsic terms of a Musielak-Orlicz energy, rather that a more typical Orlicz one,
as usually done in the literature [90,93]. The lemma is quantitative, in the sense that it reveals a
power type dependence of the constants. It therefore extends a similar result previously obtained
in [12], which was there considered in a more classical Orlicz setting. It is interesting to note
that the proof of Lemma 3.3.2 involves the use of an a priori smallness assumption (see (3.3.5)
below) which is exactly the one which is needed to prove partial regularity in the subsequent
Section 4. The conceptual advantage of using such an approach becomes clear in Section 4,
where partial regularity and Theorem 1 are proved. The intrinsic approach adopted in Lemma
3.3.2 allows avoiding to readapt the elaborate arguments of [12, 60, 61] as at this point we can
directly use the intrinsic Morrey decay estimate of Theorem 4 as a natural reference estimate.
This incorporates the regularity information on the solutions indeed developed in [12, 60, 61].
The final outcome is a treatment which is close to the classical one proposed in [234] in the case
of harmonic maps. Finally, in Section 3.5 we develop the arguments concerning the Hausdorff
type measures presented in Section 3.0.2.

3.1 Some useful remarks
When dealing with p-Laplacian type problems, we shall often use the auxiliary vector fields
Vp, Vq : Rk×n → Rk×n, k ≥ 1 defined in (2.4.1). In these terms, we notice that

H(x, z) = |Vp(z)|2 + a(x)|Vq(z)|2 , for all x ∈ Ω, z ∈ Rk×n . (3.1.1)
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For the maps in (2.4.1) and also H(·), we shall typically choose k ∈ {N − 1, N}, where N > 1
is the number considered in Theorem 1. Actually, we shall almost always consider the case it is
z ∈ RN×n. When projecting on the sphere (in Step 4 of the proof of Theorem 1, for example),
we shall also consider z ∈ R(N−1)×n. Usually, we shall not specify the case occurring, as it will
be clear from the context. As a consequence of (3.0.12)3, it can be proved that

|Vp(z1)− Vp(z2)|2 + a(x)|Vq(z1)− Vq(z2)|2 ≤ c
[
∂zF (x, v, z1)− ∂zF (x, v, z2)

]
· (z1 − z2) (3.1.2)

holds whenever z1, z2 ∈ RN×n, x ∈ Ω, v ∈ RN and with c ≡ c(n,N, ν, p, q). For this see for
instance [12,162]. We similarly have, again from (3.0.12)3

|Vp(z2)− Vp(z1)|2 + a(x)|Vq(z2)− Vq(z1)|2 + ∂zF (x, v, z1) · (z2 − z1)

≤ c
[
F (x, v, z2)− F (x, v, z1)

]
, (3.1.3)

whenever z1, z2 ∈ RN×n, again for c ≡ c(n,N, ν, p, q). We next recall some basic terminology
about Musielak-Orlicz-Sobolev spaces. The space W 1,H(Ω,RN ) is defined as in (3.0.9) with the
choice Φ(·) ≡ H(·), with the local variants being defined in the obvious way and W 1,H

0 (Ω) =
W 1,H(Ω) ∩W 1,p

0 (Ω). In the same way, we set

W 1,H(Ω,SN−1) :=
{
w ∈W 1,H(Ω,RN ) : |w| = 1 holds a.e.

}
,

with the local variants defined in a similar fashion. Finally, with u ∈W 1,H(Ω,SN−1) we denote
the Dirichlet class

W 1,H
u (Ω,SN−1) :=

{
w ∈W 1,H(Ω,SN−1) : u− w ∈W 1,1

0 (Ω,RN )
}
.

We similarly define the Dirichlet class of unconstrained maps W 1,H
u (Ω,RN ). Moreover, with

w ∈ W 1,H(Ω̃,RN ) and Ω̃ being a domain that allows for a trace operator (for instance, this
happens when ∂Ω̃ is Lipschitz), we denote by tr(w, ∂Ω̃) the trace of w on ∂Ω̃.

3.2 Basic material

3.2.1 Caccioppoli’s and higher integrability inequalities
Following the path established in [60,61], in this section we gather a few technical inequalities for
minimizers of functionals with Double Phase. The main difference is that now the setting is the
one of constrained variational problems. Therefore, in several cases, we shall confine ourselves to
give the necessary modifications to the proofs proposed in [60, 61]. We start with the following
lemma; this provides an extension result in the spirit of [131].

Lemma 3.2.1 Let Ω̃ ⊂ Ω be a bounded, Lipschitz domain in Rn and v ∈ W 1,H(Ω̃,RN ) be such
that v(∂Ω̃) ⊂ SN−1. Then there exists c ≡ c(n,N, p, q) and ṽ ∈W 1,H(Ω̃,SN−1) satisfying∫

Ω̃

H(x,Dṽ) dx ≤ c
∫

Ω̃

H(x,Dv) dx and v − ṽ ∈W 1,1
0 (Ω̃,RN ) . (3.2.1)

Proof. For a ∈ B1/2(0) ⊂ RN and v as in the statement of the lemma, define the map

va(x) :=
v(x)− a
|v(x)− a|

, x ∈ Ω̃ .

Clearly, it is

|Dva(x)| ≤ 2|Dv(x)|
|v(x)− a|

,
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so that we can estimate∫
B1/2(0)

H(x,Dva) da ≤ c

∫
B1/2(0)

H

(
x,

Dv

|v − a|

)
da

= c

(
|Dv|p

∫
B1/2(0)

da

|v − a|p
+ a(x)|Dv|q

∫
B1/2(0)

da

|v − a|q

)
≤ cH(x,Dv) .

Here c ≡ c(N, p, q) and we have used the assumption (3.0.15)2; this makes the integrals in the
above line finite. Integrating over Ω̃, using Fubini’s theorem and the content of the last display,
we obtain ∫

−
B1/2(0)

∫
Ω̃

H(x,Dva) dxda ≤ c
∫

Ω̃

H(x,Dv) dx .

By Chebyshev inequality, this yields the existence of a0 ∈ B1/2(0) such that∫
Ω̃

H(x,Dva0) dx ≤ c
∫

Ω̃

H(x,Dv) dx , (3.2.2)

with c ≡ c(n,N, p, q). Let us consider the projector

Πa(y) :=
y − a
|y − a|

, for y ∈ SN−1 and a ∈ B1/2(0) .

Such a projector is a bilipschitz map SN−1 into itself, and it is such that[
∇(Π−1

a )
]

0,1
≤ c ≡ c(N), (3.2.3)

an estimate which is independent of a ∈ B1/2(0). Since va(x) ∈ SN−1 for a.e. x ∈ Ω and all
a ∈ B1/2(0), we may define ṽ := Π−1

a0
◦ va0 which has the requested features. In fact, since

v(∂Ω̃) ⊂ SN−1, we have

tr(ṽ, ∂Ω̃) = Π−1
a0

(
tr(va0 , ∂Ω̃)

)
= Π−1

a0

(
Πa0

(
tr(v, ∂Ω̃)

))
= tr(v, ∂Ω̃)

and, by (3.2.3) and (3.2.2),∫
Ω̃

H(x,Dṽ) dx ≤ c
∫

Ω̃

H(x,Dva0) dx ≤ c
∫

Ω̃

H(x,Dv) dx ,

where c ≡ c(n,N, p, q), so that (3.2.1) is proved in view of the last two displays. �

Remark 3.2.1 The condition q < N in (3.0.5) enters only in the proof of the above lemma and
therefore can be dropped when adapting the proofs given here to the unconstrained case.

Lemma 3.2.1 allows to derive in the new constrained setting a number of preliminary tools that
have been already obtained and used in the unconstrained one [60,61]. We shortly report them,
with some additional modification and informations.

Lemma 3.2.2 (Caccioppoli’s Inequality) Let u ∈W 1,H(Ω,SN−1) be a constrained local min-
imizer of the functional F in (3.0.1) under (only) assumptions (3.0.12)1 and q ≤ p + α. Then
there exists c ≡ c(n,N, ν, L, p, q) > 0 such that for any choice of concentric balls Br ⊂ BR b Ω
there holds ∫

Br

H(x,Du) dx ≤ c
∫
BR

H

(
x,
u− (u)BR
R− r

)
dx (3.2.4)
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and, if R ≤ 1, it also holds that∫
BR/2

H(x,Du) dx ≤ c
∫
BR

H−BR

(
u− (u)BR

R

)
dx , (3.2.5)

for c ≡ c(n,N, ν, L, p, q, [a]0,α) > 0. Moreover, if

inf
BR

a(x) ≤ 4[a]0,αR
α (3.2.6)

holds and again it is R ≤ 1, then (3.2.5) reduces to∫
BR/2

H(x,Du) dx ≤ c
∫
BR

∣∣∣∣u− (u)BR
R

∣∣∣∣p dx , (3.2.7)

with c ≡ c(n,N, ν, L, p, q, [a]0,α). Finally, these facts still hold for an unconstrained local mini-
mizer u ∈ (W 1,H ∩ L∞)(Ω,RN ), with all the constants depending in addition on ‖u‖L∞ .

Proof. The proof is a modification of the one originally given in [60, Theorem 1.1, (1.8)]; we
furthermore specialize to the case of constrained minimizers, the unconstrained one being totally
analogous. In the following all the balls will be concentric to the ones mentioned in the statement
of the lemma. With r ≤ t < s ≤ R, we determine a cut-off function η ∈ C∞c (Bs) such that
χBt ≤ η ≤ χBs and |Dη| ≤ 4/(s − t). Consider now the function w(x) = u(x) − η(u − (u)BR).
Since η is smooth and u ∈ W 1,H(Bs,SN−1), then obviously w ∈ W 1,H(Bs,RN ) and u − w ∈
W 1,1

0 (Bs,RN ). Lemma 3.2.1 yields the existence of w̃ ∈W 1,H(Bs,SN−1) such that (3.2.1) holds
with Ω̃ ≡ Bs, where c ≡ c(n,N, p, q). The minimality of u, (3.0.12)1 and (3.2.1) (with Ω ≡ Bs)
yield

ν

∫
Bs

H(x,Du) dx ≤
∫
Bs

F (x, u,Du) dx ≤
∫
Bs

F (x, w̃,Dw̃) dx

≤L
∫
Bs

H(x,Dw̃) dx ≤ c
∫
Bs

H(x,Dw) dx

≤c
∫
Bs\Bt

[
H(x, (1− η)Du) +H(x, (u− (u)BR)⊗Dη)

]
dx

≤c
∫
Bs\Bt

H(x,Du) dx+ c

∫
Bs\Bt

H

(
x,
u− (u)BR
s− t

)
dx (3.2.8)

with c ≡ c(N, ν, L, p, q). The proof of (3.2.4) can be now concluded by filling the hole and
iteration, as in [61, Theorem 1.1, (1.8)], see also [60]. As for the proof of (3.2.5) we simply
estimate (as it is q < p+ α and R ≤ 1), for x ∈ BR

H

(
x,
u− (u)BR

R

)
≤ H−BR

(
u− (u)BR

R

)
+ sup

BR

[
a(x)− ai(BR)

] ∣∣∣∣u− (u)BR
R

∣∣∣∣q
≤ H−BR

(
u− (u)BR

R

)
+ 2α+q−p[a]0,αR

α+p−q
∣∣∣∣u− (u)BR

R

∣∣∣∣p
≤ cH−BR

(
u− (u)BR

R

)
,

for c ≡ c(p, q, α), and (3.2.5) follows from (3.2.4) with r = R/2. Finally, for (3.2.7), we similarly
observe that (still x ∈ BR)

ai(BR)

∣∣∣∣u− (u)BR
R

∣∣∣∣q (3.2.6)

≤ 8[a]0,αR
α+p−q

∣∣∣∣u− (u)BR
R

∣∣∣∣p ≤ c ∣∣∣∣u− (u)BR
R

∣∣∣∣p ,
so that (3.2.7) follows from (3.2.5) and the proof is complete. �

36



We proceed with

Lemma 3.2.3 (Intrinsic Sobolev-Poincaré inequality) Let v ∈ (W 1,H∩L∞)(Ω,RN ), N ≥
1, and Br b Ω be a ball with radius r ≤ 1, and assume that q ≤ p + α. Then the following
inequality holds

∫
−
Br

H

(
x,
v − (v)Br

r

)
dx ≤ c

(∫
−
Br

[H(x,Dv)]d dx

)1/d

, (3.2.9)

where c ≡ c(n,N, p, q, [a]0,α, ‖v‖L∞(Br)) ≥ 1 and d ≡ d(n, p, q) < 1. In (3.2.9) we can replace
v − (v)Br by v in case we also have that tr(v, ∂Br) ≡ 0. Finally, we can still replace v − (v)Br
by v, provided v ≡ 0 on A ⊂ Br and |A|/|Br| > γ > 0; in this last case the constant c depends
also on γ.

Proof. The proof is implicit in the one of [60, Theorem 1.2], with minor modifications that are
left to the reader. See also [218]. �

Lemma 3.2.4 (Inner higher integrability) Let u ∈ W 1,H(Ω,SN−1) be a constrained local
minimizer of the functional F in (3.0.1) under (only) assumptions (3.0.12)1 and (3.0.15). There
exists a positive integrability exponent δg ≡ δg(data), such that the following reverse inequality
holds for every B2R ⊂ Ω such that R ≤ 1:(∫

−
BR

[H(x,Du)]1+δg dx

)1/(1+δg)

≤ c
∫
−
B2R

H(x,Du) dx (3.2.10)

where c ≡ c(data).

Proof. Also in this case, the proof follows the one for [60, Theorem 1.2], which in turn only uses
the assumed bound q < p+ α and the validity of (3.2.4). �

Lemma 3.2.5 (Higher integrability up to the boundary) Let u ∈W 1,H(Ω,SN−1) be such
that H(·, Du) ∈ L1+δ

loc (Ω), for some δ > 0, and, for BR b Ω, R ≤ 1, let v ∈ W 1,H
u (BR,SN−1) be

a solution of

v 7→ min
w∈W 1,H

u (BR,SN−1)

∫
BR

F (x,w,Dw) dx ,

where the Carathéodory integrand F (·) satisfies (only) (3.0.12)1 and (3.0.15). Then there exists
a positive exponent σg ∈ (0, δ) and a constant c ≥ 1, both depending on n,N, ν, L, p, q, α, [a]0,α,
such that (∫

−
BR

[H(x,Dv)]1+σg dx

)1/(1+σg)

≤ c

(∫
−
BR

H(x,Du)]1+σg dx

)1/(1+σg)

.

Moreover, in the above display, σg can be replaced by any smaller and positive number.

Proof. With x0 ∈ BR, let us fix a ball Br(x0) ⊂ Rn such that it is |Br(x0) \BR| > |Br(x0)|/10.
Let us fix r/2 < t < s < r and take a cut-off function η ∈ C1

c (Bs(x0)) such that χBt(x0) ≤
η ≤ χBs(x0) and |Dη| ≤ 4/(s − t). The function v − η(v − u) coincides with v in ∂BR (in
the sense of traces) and therefore we can apply Lemma 3.2.1. This provides us with a map
w ∈W 1,H

v (Bs(x0) ∩BR,SN−1) such that∫
Bs(x0)∩BR

H(x,Dw) dx ≤ c(n,N, ν, L, p, q)
∫
Bs(x0)∩BR

H(x,D(v − η(v − u))) dx .
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The minimality of v and (3.0.12)1, together with the above inequality, yield∫
Bs(x0)∩BR

H(x,Dv) dx ≤ L

ν

∫
Bs(x0)∩BR

H(x,Dw) dx

≤ c
∫
Bs(x0)\Bt(x0)∩BR

H(x,Dv) dx+ c

∫
Bs(x0)∩BR

H(x,Du) dx

≤ +c

∫
Bs(x0)∩BR

H

(
x,
v − u
s− t

)
dx ,

with c ≡ c(n,N, ν, L, p, q). By filling the hole and iterating as for instance done in [61, Proof of
Theorem 1.8], we arrive at∫

Br/2(x0)∩BR
H(x,Dv) dx ≤ c

∫
Br(x0)∩BR

H

(
x,
v − u
r

)
dx+ c

∫
Br(x0)∩BR

H(x,Du) dx ,

for c ≡ c(n,N, ν, L, p, q). From this point on, we can follow the proof of [78, Lemma 5] but using
the method of [60, Theorem 1.2], see also [69, Lemma 10]. �

Remark 3.2.2 The assertion of Lemma 3.2.4 continues to hold in the case of unconstrained local
minimizers u ∈ W 1,H(Ω,RN ), N > 1, such that u ∈ L∞(Ω); in this case c and δg also depend
on ‖u‖L∞ ; for this see the original proof in [60] and the extensions made in [218]. Moreover,
Lemma 3.2.5 still holds when u, v ∈ L∞(Ω,RN ) and, also in this case, c and σg again depend
on ‖u‖L∞(BR) and ‖v‖L∞(BR). The proof follows again the one proposed in [78, Lemma 5]
and [60, Theorem 1.2]. For later convenience we discuss a case when assumptions in (3.0.12) are
relaxed. Instead of (3.0.12)1, we consider

ν̃(M)H(x, z) ≤ F (x, v, z) ≤ L̃(M)H(x, z) (3.2.11)

to be satisfied as in (3.0.12)1, whenever |v| ≤M , where 0 < ν(M) ≤ 1 ≤ L(M) are, respectively,
non-increasing and non-decreasing functions ofM ≥ 3N . Both Lemma 3.2.4 and of Lemma 3.2.5
hold assuming (3.2.11) instead of (3.0.12)1, with exponents δg, σg depending again on ‖u‖L∞(BR)

and ‖v‖L∞(BR). This can be easily seen (for instance in the proof of Lemma 3.2.4) by observing
that ‖w̃‖L∞(BR) ≤ 3‖u‖L∞(BR) and therefore (3.2.11) can be used with M depending only on
‖u‖L∞(BR) in (3.2.8). In the same way, the content of Lemma 3.2.2 still holds under assumptions
(3.2.11).

Remark 3.2.3 The content of Lemma 3.2.5 applies in particular to the case when the function
a(x) ≡ a0 ≥ 0 is constant and H(x, z) ≡ H0(z) := |z|p+a0|z|q. In this case assumption (3.0.15)1
is not necessary and the statement continues to hold whenever p ≤ q are arbitrary.

3.2.2 On the Euler-Lagrange equation under non-standard growth con-
ditions

Let us consider a ball Br b Ω and v ∈ W 1,H(Br,SN−1) being a solution of the frozen Dirichlet
problem

v 7→ min
w∈W 1,H

u (Br,SN−1)

∫
Br

g(x,Dw) dx , (3.2.12)

where, with ū ∈ RN being fixed, we have set

g(x, z) := F (x, ū, z) = F̃ (x, ū, |z|) , (3.2.13)
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for x ∈ Ω and z ∈ RN×n and of course F (·) is the Carathéodory integrand considered in (3.0.1);
this time we assume that F (·) satisfies only (3.0.12)1,2. By definition, g(·) matches (3.0.12)1-
(3.0.12)2. Because of the non-standard growth conditions considered here, we cannot derive
the Euler-Lagrange equation for (3.2.12) in the usual way, adopting variations defined through
smooth ϕ and then concluding via a density argument. We shall rather use a direct argument,
eventually leading to establish that∫

Br

F̃ ′(x, ū, |Dv|) Dv
|Dv|

·Dϕ− F̃ ′(x, ū, |Dv|)|Dv|(v · ϕ) dx

=

∫
Br

∂zF (x, ū, |Dv|) ·Dϕ− F̃ ′(x, ū, |Dv|)|Dv|(v · ϕ) dx = 0 (3.2.14)

holds whenever ϕ ∈ (W 1,H
0 ∩L∞)(Br,RN ); needless to say, the symbol F̃ ′ denotes the derivative

of F̃ with respect to the last variable. For the sake of completeness we report all the details. To
proceed, for s ∈ (0, 1), define the variation vs := Π(v+sϕ), where Π(y) = y/|y| for y ∈ RN \{0}.
Clearly, for s sufficiently small, vs ∈W 1,H

u (Br,SN−1). The minimality of v and the very definition
of vs tell us that

0 ≤
∫
Br

g(x,Dvs)− g(x,Dv)

s
dx

=
1

s

∫
Br

(∫ 1

0

∂zg(x, λDvs + (1− λ)Dv) dλ

)
· (Dvs −Dv) dx . (3.2.15)

We aim to pass to the limit with s → 0 in (3.2.15) via the dominated convergence theorem. A
direct computation and the fact that ∇Π(v)Dv = Dv show that

|Dvs −Dv| = |∇Π(v + sϕ)(Dv + sDϕ)−∇Π(v)Dv|
≤ |∇Π(v + sϕ)−∇Π(v)||Dv|+ |s∇Π(v + sϕ)Dϕ| ≤ cs

(
|ϕ||Dv|+ |Dϕ|

)
,

(3.2.16)

where c ≡ c(‖∇Π‖∞, ‖∇2Π‖∞) ≡ c(N). Plugging (3.2.16) into the last term in the right-hand
side of (3.2.15) we obtain

1

s

∣∣∣∣∣∣
(∫ 1

0

∂zg(x, λDvs + (1− λ)Dv) dλ

)
· (Dvs −Dv)

∣∣∣∣∣∣
≤ c(|ϕ||Dv|+ |Dϕ|)

∫ 1

0

|∂zg(x, λDvs + (1− λ)Dv)| dλ ≤ c|(I)|+ c|(II)|,

with c ≡ c(N). From (3.0.12)2, Young’s inequality and (3.2.16), we estimate

|(I)| ≤ c‖ϕ‖L∞(Br)

∫ 1

0

H(x, λDvs + (1− λ)Dv)

|λDvs + (1− λ)Dv|
|Dv| dλ

≤ c‖ϕ‖L∞(Br)

∫ 1

0

[H(x, λDvs) +H(x, (1− λ)Dv) +H(x,Dv)] dλ

≤ cH(x,Dϕ) + cH(x,Dv) ,

where c ≡ c(N,L, p, q, ‖ϕ‖L∞(Br)). In a similar way we also have

|(II)| ≤ c

∫ 1

0

H(x, λDvs + (1− λ)Dv)

|λDvs + (1− λ)Dv|
|Dϕ| dλ

≤ c

∫ 1

0

[H(x, λDvs) +H(x, (1− λ)Dv) +H(x,Dϕ)] dλ

39



≤ cH(x,Dϕ) + cH(x,Dv) ,

with c ≡ c(N,L, p, q). Merging the content of the last three displays yields

1

s

∣∣∣∣∣∣
(∫ 1

0

∂zg(x, λDvs + (1− λ)Dv) dλ

)
· (Dvs −Dv)

∣∣∣∣∣∣ ≤ cH(x,Dv) + cH(x,Dϕ) , (3.2.17)

again for c ≡ c(N,L, p, q, ‖ϕ‖L∞(Br)). Finally, by the regularity of z 7→ g(·, z), (3.2.16) and
(3.0.12)2 we notice that

|∂zg(x, λDvs + (1− λ)Dv)| dλ ≤ c
(
H(x,Dv)

|Dv|
+
H(x,Dϕ)

|Dϕ|

)

lim
s→0

∂zg(x, λDvs + (1− λ)Dv) = ∂zg(x,Dv) ,

thus, by the dominated convergence theorem,

lim
s→0

∫ 1

0

∂zg(x, λDvs + (1− λ)Dv) dλ = ∂zg(x,Dv) . (3.2.18)

Using (3.2.16) and (3.2.18) we can compute

lim
s→0

1

s

(∫ 1

0

∂zg(x, λDvs + (1− λ)Dv) dλ

)
· (Dvs −Dv) = ∂zg(x,Dv) · ∇Π(v)Dϕ

+ lim
s→0

(∫ 1

0

∂zg(x, λDvs + (1− λ)Dv) dλ

)
· ∇Π(v + sϕ)−∇Π(v)

s
Dv

= ∂zg(x,Dv) ·
(
∇Π(v)Dϕ+∇2Π(v)ϕDv

)
. (3.2.19)

Now, (3.2.15), (3.2.17), (3.2.19) and the dominated convergence theorem render

0 ≤
∫
Br

∂zg(x,Dv) ·
(
∇Π(v)Dϕ+∇2Π(v)ϕDv

)
dx .

The same argument with s ∈ (−1, 0) finally yields∫
Br

∂zg(x,Dv) ·
(
∇Π(v)Dϕ+∇2Π(v)ϕDv

)
dx = 0 .

Taking into account the symmetry of the Jacobian of the projector, we can conclude that

0 =

∫
Br

F̃ ′(x, ū, |Dv|) Dv
|Dv|

·
(
∇Π(v)Dϕ+∇2Π(v)ϕDv

)
dx

=

∫
Br

F̃ ′(x, ū, |Dv|) Dv
|Dv|

·Dϕ− F̃ ′(x, ū, |Dv|)
|Dv|

Av(Dv,Dv)ϕ dx

=

∫
Br

F̃ ′(x, ū, |Dv|) Dv
|Dv|

·Dϕ− F̃ ′(x, ū, |Dv|)|Dv|(v · ϕ) dx ,

where in the last line we have used the explicit expression of the second fundamental form Av(·, ·)
of SN−1; see also [234, Section 2.2]. We have therefore proved the validity of (3.2.14).

40



3.2.3 A Morrey type decay estimate
In this section we briefly revisit some scalar regularity results reported in [12,60], adapting them
to the vectorial case. We consider unconstrained local minimizers of functionals of the type

w 7→
∫
Br

g(x,Dw) dx (3.2.20)

under the structure condition (3.2.13). We then have the following:

Theorem 4 ( [12,60]) Let h ∈ (W 1,H ∩ L∞)(Ω,RN ) be a local minimizer of the functional
in (3.2.20) under assumptions (3.0.12)1,2,3,4, (3.0.14)1, (3.2.13) and (3.0.15)1. Then for every
σ ∈ (0, n] there exists a constant c ≡ c(data, ‖u‖L∞(Ω), σ) such that∫

Bt

H(x,Dh) dx ≤ c
(
t

s

)n−σ ∫
Bs

H(x,Dh) dx (3.2.21)

holds whenever Bt ⊂ Bs ⊂ Ω are concentric balls such that t ≤ 1.

Proof. The proof can be obtained tracking the ones given for [60, Proposition 3.4] and [12,
Theorem 2], according to the remarks made in the proof of [60, Theorem 5.2], that describes the
modifications to make with respect to the scalar case. Reference [12] is actually more suitable as
the regularity results are proved for general functionals, without assuming the splitting structure
considered in [60]. The remarks given in [60, Section 5,2] will be also useful here. As an outcome
of the proofs of [60, Proposition 3.4] and [12, Theorem 2], estimate (3.2.21) follows provided
Bt ⊂ Bs ⊂ Ω0 b Ω are concentric balls and with an additional dependence of the constant c on
dist(Ω0,Ω), but under the full bound q ≤ p+α. As remarked in [12,60], it is possible to reach the
borderline case q ≤ p+α in the scalar case by using the preliminary local Hölder continuity of h for
some exponent γ ∈ (0, 1) (see [60, Proposition 3.1]); the same happens in [12, Theorem 6]. This
comes along with an a priori estimate of the type [h]0,γ;Ω0

< c, where, amongst the other things,
c depends also on dist(Ω0,Ω). This is exactly the point where the dependence on dist(Ω0,Ω)
comes from in the final statement of (3.2.21) from [60, Proposition3.4] and [12, Theorem 2]. On
the other hand, as already remarked in the proof of [60, Theorem 5.2], when considering the
bound q < p + α we can avoid using that u ∈ C0,γ

loc (Ω) and in this way, taking into account the
proofs in [12], we arrive at (3.2.21) with the dependence of the constant c as described in the
statement of Theorem 4. Notice that, in order to prove (3.2.21), in [12, 60] it is also necessary
to replace the a priori Lipschitz estimate for minima of frozen functionals in [12, (132)] with an
analogous one for the vectorial case. This is discussed in Remark 3.2.4 below. Notice that here
we are not assuming that the function F̃ (·) satisfies (3.0.14)2. �

Remark 3.2.4 Let us consider a local minimizer v ∈W 1,H0(Br,RN×n) of the functional

w 7→
∫
Br

g(x0, Dw) dx x0 ∈ Ω , (3.2.22)

where H0(z) ≡ |z|p + a(x0)|z|q. The following estimate holds:

sup
Br/2

H0(Dw) ≤ c
∫
−
Br

H0(Dw) dx, (3.2.23)

where c ≡ c(n,N, ν, L, p, q). This estimate plays a crucial role in the proofs given in [12,60], and
these are concerned with the scalar case. To get that this result holds in our vectorial case too
it is sufficient to prove that

F̃ ′′(x, ū, t)t ≈ F̃ ′(x, ū, t) for every t > 0 (3.2.24)
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(for implied constants depending only on n,N, ν, L, p, q) and then appeal for instance to [89,
Lemma 5.8]. Indeed, following [68, Lemma 3.4], we see that

∂zzg(x0, z) = F̃ ′′(x0, ū, |z|)
z ⊗ z
|z|2

+ F̃ ′(x0, ū, |z|)
[
IN×n
|z|

− z ⊗ z
|z|3

]
, (3.2.25)

holds for every z ∈ RN×n such that |z| 6= 0; here it is IN×n = δijδαβ . Testing the above inequality
for ξ⊥z and for ξ = z and using (3.0.12)2,3 yields

νH(x0, t)

t
≤ F̃ ′(x0, ū, t) ≤

LH(x0, t)

t
and

νH(x0, t)

t2
≤ F̃ ′′(x0, ū, t) ≤

LH(x0, t)

t2
, (3.2.26)

respectively, for every t > 0, so that (3.2.24) follows. Notice that here we are only assuming that
F̃ (·) satisfies only (3.0.14)1.

Remark 3.2.5 This is a side remark of later use. Assuming that the function F̃ (·) satisfies
(3.0.14)1,2, as in [68, Lemma 3.4], by using (3.2.26) we get that (3.0.14)2 can be reformulated as

∣∣∣F̃ ′′(x, v, t+ s)− F̃ ′′(x, v, t)
∣∣∣ ≤ c(n,N, ν, L, p, q)F̃ ′′(x, v, t)( |s|

t

)β1

. (3.2.27)

3.3 Harmonic type approximation
In this section we revisit the arguments of [12,90], to give two kinds of harmonic type approxima-
tion lemmas. The most peculiar one is the first, which is given in terms of a generalized Young
functions (specifically, H(·)), rather than a usual Young function. Therefore all the arguments
used there will be of intrinsic type. This perfectly combines with the type of intrinsic estimates
already proved in [12, 60, 61], as we shall see in the next section when showing regularity theo-
rems. Accordingly to the notation already established in (3.0.11), with B% b Ω being a ball, we
shall denote

H−B%(t) = tp + ai(B%)t
q and H+

B%
(t) = tp + as(B%)t

q . (3.3.1)

We shall again denote, with abuse of notation, H−B%(z) ≡ H
−
B%

(|z|) and so forth, also in the case
z ∈ RN×n.

Remark 3.3.1 We collect some features of the functions in (3.3.1). We first notice thatn H±B%(·)
is a Young function in the sense of [89, Section 2], and satisfies the ∆2-condition. Since t 7→
H±B%(t) is strictly increasing and strictly convex, its inverse (H±B%)

−1 is strictly increasing and
strictly concave and (H±B%)

−1(0) = 0, thus (H±B%)
−1 is subadditive. Therefore, for all λ ≥ 0, the

subadditivity and the monotonicity of (H±B%)
−1(t) yield

(H±B%)
−1(λt) ≤ (λ+ 1)(H±B%)

−1(t) (3.3.2)

In particular, if λ ≥ 1, (H±B%)
−1(λt) ≤ 2λ(H±B%)

−1(t). Next, notice that if B% = B%(x0) b Ω, then
the function (x0, %, t) 7→ H±B%(x0)(t) is continuous on Ω× [0,∞)× [0,∞). This easily follows from
the Hölder continuity of a(·). Finally, for x0 fixed, if %1 ≤ %2, then H−B%1 (x0)(t) ≥ H−B%2 (x0)(t),
(H+

B%1 (x0)(t) ≤ H+
B%2 (x0)(t)) holds uniformly in t ≥ 0, and, as a consequence, (H−B%1 (x0))

−1(t) ≤
(H−B%2 (x0))

−1(t), (resp. (H+
B%1 (x0))

−1(t) ≥ (H+
B%2 (x0))

−1(t)), holds too for all t ≥ 0.
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We start with a classical lemma (see [10] for a description and references), which is concerned
with some properties of Maximal operators with respect to the so called gradient truncation. We
recall that the Hardy-Littlewood maximal operator is defined as follows

M(f)(x) := sup
B%(x)⊂Rn

∫
−
B%(x)

|f(y)| dy , x ∈ Rn ,

whenever f ∈ L1
loc(Rn).

Lemma 3.3.1 Let B% ⊂ Rn be a ball and w ∈W 1,1
0 (B%,RN ) (trivially extended by zero outside

B%). Then for any λ > 0 there exists wλ ∈W 1,∞
0 (B%,RN ) such that

‖Dwλ‖L∞(B%,RN×n) ≤ cλ , (3.3.3)

for some positive constant c ≡ c(n,N). Moreover, it holds that

B% ∩ {w 6= wλ} ⊂
(
B% ∩ {M(|Dw|) > λ}

)
∪ negligible set . (3.3.4)

We have a first quantitative harmonic approximation type lemma.

Lemma 3.3.2 (Intrinsic and quantitative g(x, ·)-harmonic approximation) Let Br ⊂ Rn
be a ball with radius r ≤ 1 and such that B2r b Ω, ε ∈ (0, 1) and v ∈ (W 1,H ∩ L∞)(Br,RN ),
N ≥ 1, be a function satisfying∫

−
Br

H(x,Dv) dx ≤ c1H−Br

(
ε

r

)
, (3.3.5)

(∫
−
Br/2

[H(x,Dv)]1+δ dx

)1/(1+δ)

≤ c̃1
∫
−
Br

H(x,Dv) dx , (3.3.6)

and ∣∣∣∣∣
∫
−
Br/2

∂zg(x,Dv) ·Dϕ dx

∣∣∣∣∣ ≤ c2εt
∫
−
Br

[
H(x,Dv) +H

(
x, ‖Dϕ‖L∞(Br/2)

)]
dx , (3.3.7)

for some t ∈ (0, 1], δ ∈ (0, 1) and all ϕ ∈ C∞c (Br/2,RN ), where g : Ω × RN×n → [0,∞) is of
the type in (3.2.13) under assumptions (3.0.12)1,2,3,4, and where c1, c̃1 and c2 are fixed constants
larger than one. Then there exists h ∈W 1,H

v (Br/2,RN ) such that∫
Br/2

∂zg(x,Dh) ·Dϕ dx = 0 for all ϕ ∈W 1,H
0 (Br/2,RN ) , (3.3.8)

‖h‖L∞(Br/2) ≤
√
N‖v‖L∞(Br/2) (3.3.9)

and∫
−
Br/2

(
|Vp(Dv)− Vp(Dh)|2 + a(x)|Vq(Dv)− Vq(Dh)|2

)
dx ≤ cεm

∫
−
Br

H(x,Dv) dx , (3.3.10)

with c ≡ c(data0) and m = m
(
data, ‖v‖L∞(Br), t, δ

)
(see (3.3.12) below for the meaning of

data0). Finally, the function h ∈W 1,H
v (Br/2,RN ) is the unique solution of the Dirichlet problem

h 7→ min
w∈W 1,H

v (Br/2,RN )

∫
Br/2

g(x,Dw) dx . (3.3.11)
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Remark 3.3.2 The assumptions considered in Lemma 3.3.2 are tailored to the situations where
the Lemma will be applied. In the typical applications, v is a minimizer of a constrained problem
as considered in Theorem 1. This means that the condition v ∈ (W 1,H ∩ L∞) is automatically
satisfied. For the same reason, assumption (3.3.6) is satisfied by Lemma 3.2.4. Finally, the
smallness condition (3.3.5) typically occurs when proving partial regularity theorems (see next
section). We also wish to point out that the proof we are going to give here allows for further
generalizations to cases where instead of the function H(·) one considers more general instances,
as for example those in Section 3.0.2.

Proof. In the following we shall abbreviate, as in (3.0.16), as follows

data0 ≡ data0

(
n,N, ν, L, p, q, α, [a]0,α, ‖v‖L∞(Br), c1, c̃1, c2

)
. (3.3.12)

By a standard approximation argument we notice that, if (3.3.7) holds for every ϕ ∈ C∞c (Br/2,RN ),
then it also holds for every ϕ ∈ W 1,∞

0 (Br/2,RN ). Now, let h ∈ W 1,H
v (Br/2,RN ) be the unique

solution to the Dirichlet problem (3.3.11). This can be obtained as follows. First, notice that so-
lutions are always unique as a consequence of the strict convexity of z 7→ g(·, z). Then, existence
of h ∈ W 1,p

v (Br/2,RN ) results by Direct Methods of the Calculus of Variations. By minimality
and (3.0.12)1, there holds∫

−
Br/2

H(x,Dh) dx ≤ L

ν

∫
−
Br/2

H(x,Dv) dx , (3.3.13)

so h satisfies (3.3.8). Moreover, thanks to the assumptions in (3.2.13) and (3.0.14)1, we can apply
the maximum principle in [175, Theorem 2.3] and this yields (3.3.9). In particular, we conclude
with h ∈W 1,H

v (Br/2,RN ). Thanks to Remark 3.2.2 and (3.3.6), we can also apply Lemma 3.2.5
(with v replaced by h and u replaced by v in the present situation); this, together with (3.3.13),
yield that (∫

−
Br/2

[H(x,Dh)]1+σg dx

) 1
1+σg

≤ c

(∫
−
Br/2

[H(x,Dv)]1+σg dx

) 1
1+σg

≤ c

(∫
−
Br/2

[H(x,Dv)]1+δ dx

) 1
1+δ (3.3.6)

≤ c

∫
−
Br

H(x,Dv) dx (3.3.14)

for positive constants c ≡ c(data, c1) and σg ≡ σg

(
data, ‖v‖L∞(Br)

)
, with c ≥ 1 and σg ∈

(0, δ). This peculiar dependence of the constants is also a consequence of (3.3.9) (see again
Remark 3.2.2). In the application of Lemma 3.2.5 we are indeed getting rid of the dependence
on ‖h‖L∞ by means of (3.3.9). Now, notice that there is no loss of generality in assuming that∫
Br
H(x,Dv) dx > 0, otherwise v ≡ const on Br and the thesis trivially holds for h ≡ const.

From Remark 3.3.1, we have that t 7→ H−Br (t) is a bijection, so there is a unique λ > 0 such that

H−Br (λ) = M

∫
−
Br

H(x,Dv) dx (3.3.15)

holds for some M ≥ 1 whose size will be fixed later. Set w = v − h ∈ W 1,H
0 (Br/2,RN ) and

consider wλ ∈ W 1,∞
0 (Br/2,RN ) given by Lemma 3.3.1, which satisfies (3.3.3) and (3.3.4). We

deduce that

|Br/2 ∩ {w 6= wλ}|
|Br/2|

(3.3.4)

≤
|Br/2 ∩ {M(|Dw|) > λ}|

|Br/2|
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Chebyshev
≤ c

[H−Br (λ)]1+σg

∫
−
Br/2

[H−Br (M(|Dw|))]1+σg dx

maximal
≤ c

[H−Br (λ)]1+σg

∫
−
Br/2

[H−Br (Dw)]1+σg dx

≤ c

[H−Br (λ)]1+σg

∫
−
Br/2

[H−Br (Dh)]1+σg + [H−Br (Dv)]1+σg dx

(3.3.14)

≤ c

[H−Br (λ)]1+σg

(∫
−
Br

H(x,Dv) dx

)1+σg

(3.3.15)

≤ c

M1+σg
, (3.3.16)

where c ≡ c(data0). Now we test the weak formulation of (3.3.11) against wλ to get

T1 :=

∫
−
Br/2

(
∂zg(x,Dv)− ∂zg(x,Dh)

)
·Dwλχ{w=wλ} dx

=

∫
−
Br/2

∂zg(x,Dv) ·Dwλ dx−
∫
−
Br/2

(
∂zg(x,Dv)− ∂zg(x,Dh)

)
·Dwλχ{w 6=wλ} dx

=:T2 + T3 . (3.3.17)

Upon setting (recall the definition in (2.4.1))

V2 := |Vp(Dv)− Vp(Dh)|2 + a(x)|Vq(Dv)− Vq(Dh)|2, (3.3.18)

the strict monotonicity (3.1.3) implies there exists a constant c ≡ c(n,N, ν, p, q) such that

T1 ≥
1

c

∫
−
Br/2

V2χ{w=wλ} dx.

Let us consider term T2; for this we start observing

λ
(3.3.15)

=
(
H−Br

)−1
(
M

∫
−
Br

H(x,Dv) dx

)
(3.3.2),(3.3.5)

≤ 2c1M
(
H−Br

)−1
(
H−Br

(
ε

r

))
≤ 2c1εM

r
.

From this last inequality and (3.0.15)1 we can estimate

H+
Br

(λ) = H−Br (λ) +
[
as(Br)− ai(Br)

]
λq

≤ H−Br (λ) + crα−(q−p)(εM)q−pλp ≤ c
[
1 + (εM)q−p

]
H−Br (λ) , (3.3.19)

with c ≡ c(p, q, α, [a]0,α, c1). Now we have∫
−
Br

H
(
x, ‖Dwλ‖L∞(Br/2)

)
dx

(3.3.3)

≤ c

∫
−
Br

H(x, λ) dx

≤ cH+
Br

(λ)
(3.3.19)

≤ c
[
1 + (εM)q−p

]
H−Br (λ), (3.3.20)

where c ≡ c(n,N, p, q, α, [a]0,α, c1), so that

|T2|
(3.3.7)
≤ c2ε

t

∫
−
Br

[
H(x,Dv) +H

(
x, ‖Dwλ‖L∞(Br/2)

)]
dx
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(3.3.20)
≤ cεt

∫
−
Br

H(x,Dv) dx+ cεt
[
1 + (εM)q−p

]
H−Br (λ)

(3.3.15)

≤ cεtM
[
1 + (εM)q−p

] ∫
−
Br

H(x,Dv) dx ,

for c ≡ c(n,N, p, q, α, [a]0,α, c1, c2). Finally, for T3, we fix κ ∈ (0, 1) to be chosen later on and
estimate as follows:

|T3|
(3.3.17)

≤
∫
−
Br/2

(
|∂zg(x,Dh)|+ |∂zg(x,Dv)|

)
|Dwλ|χ{w 6=wλ} dx

(3.0.12)

≤ c

∫
−
Br/2

(
H(x,Dh)

|Dh|
+
H(x,Dv)

|Dv|

)
|Dwλ|χ{w 6=wλ} dx

Young
≤ κ

∫
−
Br/2

[
H(x,Dh) +H(x,Dv)

]
dx+

c

κq−1

∫
−
Br/2

H(x,Dwλ)χ{w 6=wλ} dx

(3.3.13)

≤ cκ

∫
−
Br/2

H(x,Dv) dx+
c

κq−1

∫
−
Br/2

H(x,Dwλ)χ{w 6=wλ} dx

(3.3.3)

≤ cκ

∫
−
Br

H(x,Dv) dx+
c

κq−1

|Br/2 ∩ {w 6= wλ}|
|Br/2|

H+
Br

(λ)

(3.3.16)

≤ cκ

∫
−
Br

H(x,Dv) dx+
c

κq−1M1+σg
H+
Br

(λ)

(3.3.19)

≤ cκ

∫
−
Br

H(x,Dv) dx+
c

κq−1M1+σg

[
1 + (εM)q−p

]
H−Br (λ)

(3.3.15)

≤ c

{
κ+

1

κq−1Mσg

[
1 + (εM)q−p

]}∫
−
Br

H(x,Dv) dx ,

with c ≡ c(data0). Collecting the estimates found for T1,T2 and T3 to (3.3.17), we get∫
−
Br/2

V2χ{w=wλ} dx

≤ c

{
κ+ εtM + εt+q−pMq−p+1 +

1

κq−1Mσg
+

(εM)q−p

κq−1Mσg

}∫
−
Br

H(x,Dv) dx

=: cS(κ, ε,M)

∫
−
Br

H(x,Dv) dx, (3.3.21)

again with c ≡ c(data0). Now let θ ∈ (0, 1) be a number to be fixed in some lines. From Hölder’s
inequality, (3.3.16) and (3.3.13) we obtain(∫

−
Br/2

V2θχ{w 6=wλ} dx

)1/θ

≤

(
|Br/2 ∩ {w 6= wλ}|

|Br/2|

) 1−θ
θ ∫
−
Br/2

V2 dx

≤ c

M(1+σg) 1−θ
θ

∫
−
Br

H(x,Dv) dx

for c ≡ c(data0) and, again by Hölder’s inequality and (3.3.21),(∫
−
Br/2

V2θχ{w=wλ} dx

)1/θ

≤ cS(κ, ε,M)

∫
−
Br

H(x,Dv) dx ,
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with c ≡ c(data0). Merging the content of the last two displays now gives(∫
−
Br/2

V2θ dx

)1/θ

≤ c
{
S(κ, ε,M) +

1

M(1+σg) 1−θ
θ

}∫
−
Br

H(x,Dv) dx. (3.3.22)

In (3.3.22), ε is fixed in the statement of the theorem, while κ ∈ (0, 1) and M ≥ 1 are still free
parameters to be chosen arbitrarily. We take

M =
1

ε
t
2

> 1 and κ = ε
σgt

4(q−1) ∈ (0, 1)

and set
m̄ :=

tσg
4

min

{
1,

1

q − 1

}
,

so that, recalling the expression of S(κ, ε,M) in (3.3.21), we find

S(κ, ε,M) +
1

M(1+σg) 1−θ
θ

≤ 5εm̄ + ε
t(1+σg)(1−θ)

2θ ≤ 6εm̃(θ)

where

m̃(θ) := min

{
m̄,

t(1 + σg)(1− θ)
2θ

}
≡ m̃(σg, t, q, θ) ≡ m̃(data, ‖v‖L∞(Br), t, δ, θ), (3.3.23)

and therefore (3.3.22) reads as(∫
−
Br/2

V2θ dx

) 1
2θ

≤ cε
m̃(θ)

2

(∫
−
Br

H(x,Dv) dx

) 1
2

(3.3.24)

with c ≡ c(data0). The final dependence on the various constants of m in (3.3.23) has been
obtained recalling that σg ≡ σg

(
data, ‖v‖L∞(Br)

)
; notice also that the dependence upon the

initial higher integrability exponent δ appearing in (3.3.6) comes from the restriction σg < δ.
Next, notice that from the very definition of V in (3.3.18), and using (3.3.14), we readily infer(∫

−
Br/2

V2(1+σg) dx

) 1
2(1+σg)

≤ c

(∫
−
Br

H(x,Dv) dx

) 1
2

, (3.3.25)

again for c ≡ c(data0). Next, we choose

θ :=
1 + σg

(1 + 2σg)
≡ θ

(
data, ‖v‖L∞(Br), δ

)
(3.3.26)

and apply Hölder’s inequality with conjugate exponents 2(1+σg)
1+2σg

and 2(1 + σg), to get

∫
−
Br/2

V2 dx ≤

(∫
−
Br/2

V
2(1+σg)

1+2σg dx

) 1+2σg
2(1+σg)

(∫
−
Br/2

V2(1+σg) dx

) 1
2(1+σg)

(3.3.24),(3.3.25)
≤ cε

m̃(θ)
2

∫
−
Br

H(x,Dv) dx ,

with where c ≡ c(data0). This concludes the proof of (3.3.10), and of Lemma 3.3.2, by fixing
m := m̃(θ)/2 and the dependencem = m

(
data, ‖v‖L∞(Br), t, δ

)
claimed in the statement follows

by looking at (3.3.23) and (3.3.26). �
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We next report another harmonic type approximation lemma of the type already considered
in [12]. On the contrary to Lemma 3.3.2, this one involves a classical Young function H0(·), i.e.,
no dependence on x is considered

H0(t) = tp + a0t
q , a0 ≥ 0 . (3.3.27)

This time we shall consider a C1(RN×n)∩C2(RN×n \{0})-regular integrand g0 : RN×n → [0,∞)
such that

g0(z) = g̃0(|z|) holds for every z ∈ RN×n with t 7→ g̃0(t) non-decreasing (3.3.28)

where g̃0 : [0,∞) → [0,∞) of class C1[0,∞) ∩ C2(0,∞). We shall consider the following set of
assumptions: 

νH0(z) ≤ g0(z) ≤ LH0(z)

|∂zg0(z)||z|+ |∂zzg0(z)||z|2 ≤ LH0(z)

ν(|z|p−2 + a0|z|q−2)|ξ|2 ≤ 〈∂zzg0(z)ξ, ξ〉 ,
(3.3.29)

considered with the same notation as in (3.0.12), for suitable numbers 0 < ν ≤ 1 ≤ L < +∞
(not necessarily the same as appearing in (3.0.12)). We then have the following approximation
lemma, which is a different version of [12, Lemma 1]:

Lemma 3.3.3 (Quantitative g0-harmonic approximation) Let Br ⊂ Rn be a ball with ra-
dius r ≤ 1, ε ∈ (0, 1] and v ∈W 1,H0(Br,RN ), N ≥ 1, be a function satisfying(∫

−
Br/2

[H0(Dv)]1+δ dx

)1/(1+δ)

≤ c̃1
∫
−
Br

H0(Dv) dx , (3.3.30)

for some δ ∈ (0, 1) and∣∣∣∣∣
∫
−
Br/2

∂zg0(Dv) ·Dϕ dx

∣∣∣∣∣ ≤ c2εt
∫
−
Br

[
H0(Dv) +H0

(
‖Dϕ‖L∞(Br/2)

)]
dx , (3.3.31)

where t ∈ (0, 1] and all ϕ ∈ C∞c (Br/2,RN ), where c̃1 and c2 are absolute constants and under
assumptions (3.3.28)-(3.3.29). Then there exists h0 ∈W 1,H0

v (Br/2,RN ) such that∫
Br/2

∂zg0(Dh0) ·Dϕ dx = 0 for all ϕ ∈W 1,H0

0 (Br/2,RN ) , (3.3.32)

‖h0‖L∞(Br/2) ≤
√
N‖v‖L∞(Br/2) (3.3.33)

and ∫
−
Br/2

(
|Vp(Dv)− Vp(Dh0)|2 + a0|Vq(Dv)− Vq(Dh0)|2

)
dx ≤ cεm

∫
−
Br

H0(Dv) dx ,

with c ≡ c(n,N, ν, L, p, q, c̃1, c2) and m = m(n,N, ν, L, p, q, t, δ). Finally, the function h0 ∈
W 1,H0
v (Br/2,RN ) is the unique solution of the Dirichlet problem

h 7→ min
w∈W 1,H0

v (Br/2,RN )

∫
Br/2

g0(Dh0) dx . (3.3.34)
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Proof. The proof is rather close to that of Lemma 3.3.3. For this reason we only give a sketch
of it. Again, in (3.3.31) we can consider ϕ ∈ W 1,∞

0 (Br/2,RN ). This time we define h0 ∈
W 1,H0(Br/2,RN ) as the unique solution of the Dirichlet problem (3.3.34), so that (3.3.32)-(3.3.33)
hold. Moreover, (3.3.29)1 and minimality yield∫

−
Br/2

H0(Dh0) dx ≤ L

ν

∫
−
Br/2

H0(Dv) dx . (3.3.35)

By Lemma 3.2.5 (with constant coefficients, see Remark 3.2.3), we get, as for (3.3.14) and using
(3.3.35), that(∫
−
Br/2

[H0(Dh0)]1+σg dx

) 1
1+σg

≤ c

(∫
−
Br/2

[H0(Dv)]1+σg dx

) 1
1+σg (3.3.30)

≤ c

∫
−
Br

H0(Dv) dx ,

(3.3.36)

holds for σg ≡ σg(n,N, ν, L, p, q) ∈ (0, δ) and with c ≡ c(n,N, ν, L, p, q, c̃1). Proceeding as for
the proof of Lemma 3.3.2, we find λ > 0 such that

H0(λ) = M

∫
−
Br

H0(Dv) dx, (3.3.37)

for some M ≥ 1 to be specified later on. Set w = v − h0 ∈ W 1,H0

0 (Br/2,RN ) and consider wλ
given by Lemma 3.3.1 matching (3.3.3)-(3.3.4). As for the proof of (3.3.16), but using (3.3.36)
and (3.3.37), we deduce that

|Br/2 ∩ {w 6= wλ}|
|Br/2|

≤ c

[H0(λ)]1+σg

(∫
−
Br

H0(Dv) dx

)1+σg
(3.3.37)

≤ c

M1+σg
, (3.3.38)

with c ≡ c(n,N, ν, L, p, q, c̃1). Now we test (3.3.32) against wλ and set

T1 :=

∫
−
Br/2

(
∂zg0(Dv)− ∂zg0(Dh0)

)
·Dwλχ{w=wλ} dx

=

∫
−
Br/2

∂zg0(Dv) ·Dwλ dx−
∫
−
Br/2

(
∂zg0(Dv)− ∂zg0(Dh0)

)
·Dwλχ{w 6=wλ} dx =: T2 + T3 .

This time, as in (3.3.18), we set V2
0 := |Vp(Dv) − Vp(Dh0)|2 + a0|Vq(Dv) − Vq(Dh0)|2. By

monotonicity of ∂zg0(·) (which is similar to (3.1.2) for a(x) ≡ a0), there is c ≡ c(n,N, ν, p, q)
such that

T1 ≥
1

c

∫
−
Br/2

V2
0 χ{w=wλ} dx. (3.3.39)

As for T2, from (3.3.31), (3.3.3) and (3.3.37), we obtain

|T2| ≤ cεtM
∫
−
Br

H0(Dv) dx , (3.3.40)

where c ≡ c(n,N,L, p, q, c1). Finally, for T3, we fix κ ∈ (0, 1) to be chosen. Then, by using
(3.3.29)2, Young’s inequality, (3.3.35), (3.3.38) and (3.3.3), and proceeding as in the proof of the
analogous term T3 from Lemma 3.3.2, we have

|T3| ≤ c

∫
−
Br/2

(
H0(Dh0)

|Dh0|
+
H0(Dv)

|Dv|

)
|Dwλ|χ{w 6=wλ} dx
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≤ cκ

∫
−
Br/2

H0(Dv) dx+
c

κq−1

∫
−
Br/2

H0(Dwλ)χ{w 6=wλ} dx

≤ c

(
κ+

1

κq−1Mσg

)∫
−
Br

H0(Dv) dx , (3.3.41)

with c ≡ c(n,N,L, p, q, c̃1). From estimates (3.3.39)-(3.3.41) we get∫
−
Br/2

V2
0 (x)χ{w=wλ} dx ≤ c

{
κ+ εtM +

1

κq−1Mσg

}∫
−
Br

H0(Dv) dx ,

with c ≡ c(n,N, ν, L, p, q, c̃1, c2). Starting from the last inequality, the rest of the proof goes
exactly as the one for Lemma 3.3.2, after (3.3.21). �

Finally, an elementary Young type inequality.

Lemma 3.3.4 Let H0(·) be the function defined in (3.3.27) . Then, whenever κ ∈ (0, 1) it holds
that

st ≤ κH0(t) + κ−1/(p−1)H∗0 (t) , for all s, t ≥ 0 . (3.3.42)

where
H∗0 (t) := sup

s>0

(
st−H0(s)

)
, for all t ≥ 0

denotes the convex conjugate function to H0(·).

Proof. Notice that, for A ≥ 1, as it is q ≥ p, we have

H∗0 (At) = sup
s>0

(
sAt−H0(s)

)
= A

p
p−1 sup

s>0

(
sA−

1
p−1 t−A−

p
p−1H0(s)

)
≤ A

p
p−1 sup

s>0

(
sA−

1
p−1 t−H0(sA−

1
p−1 )

)
= A

p
p−1H∗0 (t) .

Therefore, we find, for κ ∈ (0, 1)

st ≤ H0

(
κ1/pt

)
+H∗0

(
t/κ1/p

)
≤ κH0(t) + κ−1/(p−1)H∗0 (t)

that is, (3.3.42). �

3.4 Proof of Theorem 1
In the following, u ∈ W 1,H

loc (Ω,SN−1) is as in the statement of Theorem 1. We start recalling
Lemma 3.2.4, according to which there exists δg ≡ δg(data) > 0 such that H(·, Du) ∈ L1+δg

loc (Ω)
holds, i.e., (3.0.17) is proved. For the proof of Theorem 1, we first treat the case when p(1+δg) ≤
n, and then we describe how to get the result in the remaining one p(1 + δg) > n. The proof
now goes in six steps. The first three are devoted to the proof of the partial Hölder continuity of
a constrained local minimizer of (3.0.1); in particular, in the third step we describe the regular
and the singular sets. In the fourth step we exploit this continuity to move to a single chart.
Step five is devoted to show partial Hölder continuity for the gradient in the regular set. In the
final step we briefly mention how to treat the case p(1 + δg) > n.

Step 1: Freezing.
Let Br = Br(x0) be any ball such that B2r b Ω and r ≤ 1/2; more in general, every ball B
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considered in the rest of the proof will have radius r(B) ≤ 1/2. We assume that the smallness
condition ∫

−
B2r(x0)

H(x,Du) dx < H−B2r(x0)

(
ε

2r

)
, (3.4.1)

holds for some ε ∈ (0, 1) which is going to be chosen in due course of the proof. Let v ∈
W 1,H
u (Br,SN−1) be a solution to the frozen Dirichlet problem

v 7→ min
w∈W 1,H

u (Br,SN−1)

∫
Br

F
(
x, (u)Br , Dw

)
dx .

This functional satisfies the same growth assumptions (in particular (3.0.12)1) of the original one
minimized by u and therefore Lemma 3.2.4 applies, giving(∫

−
Br/2

[H(x,Dv)]1+δg dx

)1/(1+δg)

≤ c̃1
∫
−
Br

H(x,Dv) dx , (3.4.2)

where the exponent δg ≡ δg(data) > 0 is the same one appearing in (3.2.10) and c̃1 ≡ c̃1(data).
Taking into account the content of Section 3.2.2, and in particular (3.2.14), v solves the Euler-
Lagrange equation∫

−
Br

∂zF
(
x, (u)Br , Dv

)
·Dϕ dx =

∫
−
Br

F̃ ′
(
x, (u)Br , Dv

)
|Dv|(v · ϕ) dx , (3.4.3)

which is valid for any ϕ ∈ (W 1,H
0 ∩ L∞)(Br,RN ). Moreover, (3.1.3) becomes

|Vp(z2)− Vp(z1)|2 + a(x)|Vq(z2)− Vq(z1)|2 + ∂zF
(
x, (u)Br , z1

)
· (z2 − z1)

≤ c
[
F
(
x, (u)Br , z2

)
− F

(
x, (u)Br , z1

)]
(3.4.4)

which holds for any choice of z1, z2 ∈ RN×n and x ∈ Ω, for a constant c ≡ c(n,N, ν, p, q), see for
instance [12, (90)]. The map w = u − v ∈ (W 1,H

0 ∩ L∞)(Br,RN ) is an admissible test function
in (3.4.3), therefore we have∫

−
Br

(
|Vp(Du)− Vp(Dv)|2 + a(x)|Vq(Du)− Vq(Dv)|2

)
dx

(3.4.4)

≤ c

∫
−
Br

[
F
(
x, (u)Br , Du

)
− F

(
x, (u)Br , Dv

)]
dx

−
∫
−
Br

∂zF
(
x, (u)Br , Dv

)
· (Du−Dv) dx

(3.4.3)
= c

∫
−
Br

[
F
(
x, (u)Br , Du

)
− F

(
x, (u)Br , Dv

)]
dx

−
∫
−
Br

F̃ ′
(
x, (u)Br , Dv

)
|Dv|v · (u− v) dx

= c

∫
−
Br

[
F
(
x, (u)Br , Du

)
− F (x, u,Du)

]
dx

+ c

∫
−
Br

[
F (x, u,Du)− F (x, v,Dv)

]
dx

+ c

∫
−
Br

[
F (x, v,Dv)− F

(
x, (v)Br , Dv

)]
dx

+ c

∫
−
Br

[
F
(
x, (v)Br , Dv

)
− F

(
x, (u)Br , Dv

)]
dx
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−
∫
−
Br

F̃ ′
(
x, (u)Br , Dv

)
|Dv|v · (u− v) dx

=: (I) + (II) + (III) + (IV) + (V) , (3.4.5)

where c ≡ c(n,N, ν, p, q). Before starting working on terms (I)-(V) in (3.4.5), let us estimate
some quantities which will be recurrent in the forthcoming computations. First, notice that the
minimality of v and (3.0.12)1 yield

ν

∫
−
Br

H(x,Dv) dx ≤
∫
−
Br

F
(
x, (u)Br , Dv

)
dx

≤
∫
−
Br

F
(
x, (u)Br , Du

)
dx ≤ L

∫
−
Br

H(x,Du) dx . (3.4.6)

Lemma 3.2.5 gives(∫
−
Br

[H(x,Dv)]1+σg dx

)1/(1+σg)

≤ c

(∫
−
Br

[H(x,Du)]1+σg dx

)1/(1+σg)

(3.3.6)

≤ c

∫
−
B2r

H(x,Du) dx , (3.4.7)

where 0 < σg ≡ σg(data) < δg. We are next going to use the function H−B2r
(t) := tp + ai(B2r)t

q.
By Jensen’s inequality (recall that ω(·) in (3.0.13) is a concave function, while H−B2r

(·) is convex),
Remark 3.3.1 and the smallness condition (3.4.1), we get∫
−
Br

ω
(
|u− (u)Br |

)
dx ≤ ω

(
r

∫
−
Br

∣∣∣∣u− (u)Br
r

∣∣∣∣ dx

)

= ω

r (H−B2r

)−1

◦
(
H−B2r

)(∫
−
Br

∣∣∣∣u− (u)Br
r

∣∣∣∣ dx

)
≤ ω

r (H−B2r

)−1
(∫
−
Br

H−B2r

(
u− (u)Br

r

)
dx

)
≤ ω

r (H−B2r

)−1
(∫
−
Br

H

(
x,
u− (u)Br

r

)
dx

)
(3.2.9)

≤ cω

r (H−B2r

)−1
(
c

∫
−
B2r

H(x,Du) dx

)
(3.3.2),(3.4.1)

≤ cω

[
r
(
H−B2r

)−1

◦H−B2r

(
ε

2r

)]
≤ cεβ , (3.4.8)

with c ≡ c(data, β). Similarly, we have

∫
−
Br

ω
(
|v − (v)Br |

)
dx ≤ cω

r (H−B2r

)−1
(∫
−
Br

H(x,Dv) dx

)
(3.4.6)

≤ cω

r (H−B2r

)−1
(∫
−
B2r

H(x,Du) dx

)
(3.4.8)

≤ cεβ , (3.4.9)
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with c ≡ c(data, β). In a totally similar way, in particular again using Lemma 3.2.3 and repeat-
edly the content of Remark 3.3.1, we get

ω
(
|(u)Br − (v)Br |

)
≤ ω

(∫
−
Br

|u− v| dx

)

≤ ω

r (H−B2r

)−1

◦
(
H−B2r

)(∫
−
Br

∣∣∣∣u− vr
∣∣∣∣ dx

)
≤ cω

r (H−B2r

)−1
(∫
−
Br

H(x,Du−Dv) dx

)
≤ cω

r (H−B2r

)−1
(∫
−
Br

[
H(x,Du) +H(x,Dv)

]
dx

)
(3.4.6)

≤ cω

r (H−B2r

)−1
(∫
−
B2r

H(x,Du) dx

) (3.4.8)

≤ cεβ (3.4.10)

again with c ≡ c(data, β). We can now start estimating the terms (I)-(V) in (3.4.5); we have

|(I)| ≤ c

∫
−
Br

ω
(
|u− (u)Br |

)
H(x,Du) dx

≤ c

(∫
−
Br

ω
(
|u− (u)Br |

) 1+δg
δg dx

) δg
1+δg

(∫
−
Br

[H(x,Du)]1+δg dx

) 1
1+δg

(3.2.10)

≤ c

(∫
−
Br

ω
(
|u− (u)Br |

)
dx

) δg
1+δg

(∫
−
B2r

H(x,Du) dx

)
(3.4.8)

≤ c(data, β)ε
βδg

1+δg

∫
−
B2r

H(x,Du) dx . (3.4.11)

By minimality we see that∫
−
Br

F (x, u,Du) dx ≤
∫
−
Br

F (x, v,Dv) dx =⇒ (II) ≤ 0 . (3.4.12)

As for (III), we have

|(III)| ≤ c

∫
−
Br

ω
(
|v − (v)Br |

)
H(x,Dv) dx

≤ c

(∫
−
Br

ω
(
|v − (v)Br |

) 1+σg
σg dx

) σg
1+σg

(∫
−
Br

[H(x,Dv)]1+σg dx

) 1
1+σg

(3.4.7)

≤ c

(∫
−
Br

ω
(
|v − (v)Br |

)
dx

) σg
1+σg ∫

−
B2r

H(x,Du) dx

(3.4.9)

≤ c(data, β)ε
βσg

1+σg

∫
−
B2r

H(x,Du) dx . (3.4.13)

The estimation of (IV) is analogous to that of (III), the only difference being that in this case
we must use (3.4.10); we end up with

|(IV)| ≤ c(data, β)ε
βσg

1+σg

∫
−
B2r

H(x,Du) dx . (3.4.14)

53



Finally we look at term (V). Proceeding as for the previous terms, and in particular using the
smallness condition (3.4.1) as done in the last line of display (3.4.8), we have

|(V)| ≤ c

∫
−
Br

H(x,Dv)|u− v| dx

≤ c

(∫
−
Br

|u− v|
1+σg
σg dx

) σg
1+σg

(∫
−
Br

[H(x,Dv)]1+σg dx

) 1
1+σg

≤ c

(∫
−
Br

|u− v| dx

) σg
1+σg

(∫
−
Br

[H(x,Dv)]1+σg dx

) 1
1+σg

≤ c

r (H−B2r

)−1
(∫
−
Br

H−B2r

(
u− v
r

)
dx

)
σg

1+σg ∫
−
B2r

H(x,Du) dx

≤ c

r (H−B2r

)−1
(∫
−
Br

H

(
x,
u− v
r

)
dx

)
σg

1+σg ∫
−
B2r

H(x,Du) dx

≤ c

r (H−B2r

)−1
(∫
−
Br

H(x,Du−Dv) dx

)
σg

1+σg ∫
−
B2r

H(x,Du) dx

≤ c

r (H−B2r

)−1
(∫
−
B2r

H(x,Du) dx

)
σg

1+σg ∫
−
B2r

H(x,Du) dx

≤ c(data, β)ε
σg

1+σg

∫
−
B2r

H(x,Du) dx . (3.4.15)

Connecting estimates (3.4.11)-(3.4.15) to (3.4.5), and recalling that ε < 1, β ≤ 1 and σg < δg,
we conclude with∫

−
Br

(
|Vp(Du)− Vp(Dv)|2 + a(x)|Vq(Du)− Vq(Dv)|2

)
dx ≤ cε

βσg
1+σg

∫
−
B2r

H(x,Du) dx ,

(3.4.16)

holds for c ≡ c(data, β).

Step 2: ∂zF (·, (u)Br , ·)-harmonic approximation.
We aim to show that v matches the assumptions of Lemma 3.3.2, with the choice g(x, z) ≡
∂zF (x, (u)Br , z); obviously, (3.0.12)1,2,3,4 are satisfied, as well as (3.0.14)1, by the very definition
of g(·). As for (3.3.5), we have

E(v;Br) :=

∫
−
Br

H(x,Dv) dx
(3.4.6)

≤ L

ν

∫
−
Br

H(x,Du) dx

=:
L

ν
E(u;Br)

(3.4.1)
< 2n

L

ν
H−B2r

(
ε

2r

)
< c1H

−
Br

(
ε

r

)
, (3.4.17)

which is in fact (3.3.5) with c1 := 2nL/ν. On the other hand, the validity of (3.3.6) is stated in
(3.4.2). To verify (3.3.7), we look at the Euler-Lagrange equation (3.2.14) solved by v on Br/2.
By (3.0.12)1, for any ϕ ∈W

1,∞
0 (Br/2,RN ) we have∣∣∣∣∣

∫
−
Br/2

∂zF
(
x, (u)Br , Dv

)
·Dϕ dx

∣∣∣∣∣ =

∣∣∣∣∣
∫
−
Br/2

F̃ ′
(
x, (u)Br , Dv

)
|Dv|(v · ϕ) dx

∣∣∣∣∣
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≤ c

∫
−
Br/2

H(x,Dv)|ϕ| dx

≤ cr‖Dϕ‖L∞(Br/2)

∫
−
Br/2

H(x,Dv) dx

≤ cr‖Dϕ‖L∞(Br/2)E(v;Br) (3.4.18)

with c ≡ c(n,L, p, q). The last term in display (3.4.18) can be estimated via (3.3.42)

cr‖Dϕ‖L∞(Br/2)E(v;Br) ≤ δ1H−Br
(
‖Dϕ‖L∞(Br/2)

)
+

c

δ
1/(p−1)
1

(
H−Br

)∗ (
rE(v;Br)

)
, (3.4.19)

with c ≡ c(n,L, p, q) and δ1 ∈ (0, 1), where
(
H−Br

)∗
denotes the convex conjugate of H−Br . Since((

H−Br

)∗)′
=

((
H−Br

)′)−1

, (3.4.20)

then, for

ε <
p

c1
=

pν

2nL
(3.4.21)

(recall that ε in (3.4.1) is chosen in due course of the proof via various size restrictions), we find((
H−Br

)∗)′ (
rE(v;Br)

) (3.4.17)

≤
((

H−Br

)∗)′(
c1rH

−
Br

(
ε

r

))

≤
((

H−Br

)∗)′(c1
p
ε
(
H−Br

)′(ε
r

))
(3.4.21)

≤
((

H−Br

)∗)′((
H−Br

)′(ε
r

))
(3.4.20)

=

((
H−Br

)′)−1
((

H−Br

)′(ε
r

))
=
ε

r
,

so we can conclude with(
H−Br

)∗ (
rE(v;Br)

)
≤ rE(v;Br)

((
H−Br

)∗)′
(rE(v;Br)) ≤ εE(v;Br) .

In this way (3.4.19) becomes

cr‖Dϕ‖L∞(Br/2)E(v;Br) ≤ δ1H−Br
(
‖Dϕ‖L∞(Br/2)

)
+

cε

δ
1/(p−1)
1

∫
−
Br

H(x,Dv) dx .

Now select δ1 = ε(p−1)/2, and define 2t := min {p− 1, 1}. The last inequality used in (3.4.18)
gives∣∣∣∣∣

∫
−
Br/2

∂zF
(
x, (u)Br , Dv

)
·Dϕ dx

∣∣∣∣∣ ≤ c2εt
∫
−
Br

[
H(x,Dv) +H

(
x, ‖Dϕ‖L∞(Br/2)

)]
dx ,

for some c2 = c(n,L, p, q) which is in fact (3.3.7). So Lemma 3.3.2 applies and yields a
∂zF (·, (u)Br , ·)-harmonic map h ∈W 1,H

v (Br/2,RN ), specifically, a solution to

h 7→ min
w∈W 1,H

v (Br/2,RN )

∫
Br/2

F
(
x, (u)Br , Dw

)
dx (3.4.22)
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such that (3.3.10) holds; this, together with (3.4.6), allows to get∫
−
Br/2

(
|Vp(Dv)− Vp(Dh)|2 + a(x)|Vq(Dv)− Vq(Dh)|2

)
dx ≤ cεm

∫
−
Br

H(x,Du) dx , (3.4.23)

where c ≡ c(data, β) and m = m(data). Moreover, there holds that

‖h‖L∞(Br/2) ≤
√
N . (3.4.24)

By virtue of (3.4.22) and of the previous inequality, we are then able to apply Theorem 4. For
every σ ∈ (0, n], estimate (3.2.21) reads as∫

−
Bt

H(x,Dh) dx ≤ c
(
t

s

)−σ ∫
−
Bs

H(x,Dh) dx , (3.4.25)

that holds whenever Bt ⊂ Bs ⊂ Br/2 are concentric balls, and where c ≡ c(data, β, σ), again
by virtue of (3.4.24); in the following we take σ < 1/4. With τ ∈ (0, 1/2), recalling (3.1.1) and
using (3.4.16) and (3.4.23), we can then estimate∫

−
B2τr

H(x,Du) dx ≤ c
∫
−
B2τr

(
|Vp(Du)− Vp(Dv)|2 + a(x)|Vq(Du)− Vq(Dv)|2

)
dx

+ c

∫
−
B2τr

(
|Vp(Dv)− Vp(Dh)|2 + a(x)|Vq(Dv)− Vq(Dh)|2

)
dx

+ c

∫
−
B2τr

H(x,Dh) dx

≤cτ−n
∫
−
Br

(
|Vp(Du)− Vp(Dv)|2 + a(x)|Vq(Du)− Vq(Dv)|2

)
dx

+ cτ−n
∫
−
Br/2

(
|Vp(Dv)− Vp(Dh)|2 + a(x)|Vq(Dv)− Vq(Dh)|2

)
dx

+ c

∫
−
B2τr

H(x,Dh) dx

≤c
(
τ−nε

βσg
1+σg + τ−nεm + τ−σ

)∫
−
B2r

H(x,Du) dx ,

where c ≡ c(data, β, σ). Recalling the notation adopted in (3.4.17), the conclusion of the last
display reads as

E (u;B2τr) ≤ c(data, β, σ)

(
τ−nε

βσg
1+σg + τ−nεm + τ−σ

)
E(u;B2r)

= c(data, β, σ)τσ
(
τ−n−σε

βσg
1+σg + τ−n−σεm + τ−2σ

)
E(u;B2r) . (3.4.26)

We can now determine τ ≡ τ(data, β, σ) ∈ (0, 1) such that

c(data, σ)τσ ≤ 1

6
. (3.4.27)

It is now time to choose the number ε coming from (3.4.1). Recalling (3.4.21), we now further
reduce ε to have

ε < min

{
pν

2nL
, τ

(n−σ)(1+σg)

βσg , τ
n−σ
m

}
(3.4.28)
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and notice that this fixes the dependence ε ≡ ε(data, β, σ). By using (3.4.27) and (3.4.28) in
(3.4.26), this last inequality reads as

E (u;B2τr) ≤ τ−2σE(u;B2r) (3.4.29)

that is, recalling the definition in (3.4.17)∫
B2τr

H(x,Du) dx ≤ τn−2σ

∫
B2r

H(x,Du) dx . (3.4.30)

Next, we observe that

E (u;B2τr)
(3.4.29)

≤ τ−2σE(u;B2r)
(3.4.1)
< τ1−2στ−1H−B2r

(
ε

2r

)
≤ τ−1H−B2τr

(
ε

2r

)
≤ H−B2τr

(
ε

2τr

)
,

and we conclude with
E (u;B2τr) < H−B2τr

(
ε

2τr

)
.

We have therefore proved that, for the choice of τ ≡ τ(data, β, σ) and ε ≡ ε(data, β, σ) made in
(3.4.27) and (3.4.28), respectively, if the smallness condition (3.4.1) is satisfied on the ball B2r

it is also satisfied on the ball B2τr. We can therefore repeat the whole argument developed after
(3.4.1) starting from the ball B2τr instead of B2r, thereby arriving at the analog of (3.4.29),
that is E(u;B2τ2r) ≤ τ−2σE (u;B2τr). This argument can obviously be iterated on the family
of shrinking balls {Bτjr}, thereby concluding that, for every j ∈ N, it holds that

E (u;B2τjr) < H−B2τjr

(
ε

2τ jr

)
and ∫

B2τjr

H(x,Du) dx < τ (n−2σ)j

∫
B2r

H(x,Du) dx .

In turn, a standard interpolation argument leads to conclude that∫
Bt(x0)

H(x,Du) dx ≤ c
(
t

r

)n−2σ ∫
B2r(x0)

H(x,Du) dx , ∀ t ≤ 2r , (3.4.31)

where c ≡ c(data, β, σ). Notice that the above inequality has been derived for 4σ < 1 but it
is then easily seen to hold whenever σ ∈ (0, 1). Going back to (3.4.1), we observe that the two
functions

x0 7→
∫
−
B2r(x0)

H(x,Du) dx and x0 7→ H−B2r(x0)

(
ε

2r

)
are continuous. This is a consequence of the absolute continuity of the integral for the former,
and of Remark 3.3.1 for the latter. We conclude that, with σ being fixed, if (3.4.1) is satisfied
at a point x0 ∈ Ω, then there exists ball B4rx0

(x0) such that

y ∈ B4rx0
(x0) =⇒

∫
−
B2r(y)

H(x,Du) dx < H−B2r(y)

(
ε

2r

)
. (3.4.32)

We then conclude that (3.4.31) holds (with y replacing x0), and with the same constant c ≡
c(data, β, σ), whenever y ∈ B4rx0

(x0). By a standard characterization of Hölder continuity it

then follows that u ∈ C0,γ
(
Brx0

(x0)
)
with γ = 1− 2σ/p (see Remark 3.4.1 below). As we can

choose σ ∈ (0, 1/4) arbitrarily, we have finally proved the following (we can switch from 2r to r
now):
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Proposition 3.4.1 Let u ∈W 1,1
loc (Ω,SN−1) be a constrained local minimizer of the functional F

in (3.0.1), under the assumptions (3.0.12)-(3.0.15). Assume that p(1 + δg) ≤ n. Then, for every
positive exponent γ < 1, there exists another positive number εγ ≡ εγ(data, β, γ) such that if
Br(x0) b Ω, r ≤ 1, and [

H−Br(x0)

(
εγ
r

)]−1 ∫
−
Br(x0)

H(x,Du) dx < 1 , (3.4.33)

then u is of class C0,γ in a neighbourhood of x0.

Remark 3.4.1 Let us make the last argument somehow more quantitative. With γ ∈ (0, 1)
being fixed, let r̃(x0) be the largest radius, such that the smallness condition (3.4.33) is satisfied
with r ≡ r̃(x0) (together with B2r̃(x0) b Ω). Then we have that∫

Bt(x0)

H(x,Du) dx ≤ c
(

t

r̃(x0)

)n−p+pγ ∫
B2r̃(x0)(x0)

H(x,Du) dx

(3.2.7)

≤ ctn−p+pγ

[
[r̃(x0)]p−pγ

∫
−
B4r̃(x0)(x0)

(
|u|p

[r̃(x0)]p
+ ‖a‖L∞

|u|q

[r̃(x0)]q

)
dx

]
.

By using Poincarè’s inequality, we get∫
−
Bt(x0)

|u− (u)Bt |p dx ≤ c(data, ‖a‖L∞ , β, γ)

[r̃(x0)]q−p+pγ
tpγ .

This estimate remains stable whenever x0 is replaced by y ∈ B4rx0
(x0) as in (3.4.32) and there-

fore, by a standard integral characterization of Hölder continuity, for all γ ∈ (0, 1) it follows
that

[u]0,γ;Brx0
(x0) ≤

c(data, ‖a‖L∞ , β, γ)

[r̃(x0)]q/p−1+γ
. (3.4.34)

Step 3: Dimension of the singular set; the first estimate and proof of (3.0.20).
Following a standard terminology, we denote by

Ωu :=

{
x0 ∈ Ω : there is Brx0

(x0) ⊂ Ω so that u ∈ C0,γ
(
Brx0

(x0)
)
for some γ ∈ (0, 1)

}
.

This set is open by definition and we denote Σu := Ω \Ωu, the so-called singular set. Indeed, we
shall later on prove that Du is locally Hölder continuous on Ωu and this justifies the terminology
used here with respect with the one in the statement of Theorem 1. Let us now prove (3.0.20);
call Σ the set in the right-hand side of (3.0.20). The inclusion Σu ⊂ Σ is obvious in view of
Proposition 3.4.1. On the other hand, take, by contradiction x0 ∈ Σ \ Σu. Then there exists
γ ∈ (0, 1) such that u is of class C0,γ

(
Brx0

(x0)
)
for some ball Brx0

(x0). We then look at the
Caccioppoli type inequality in (3.2.5); this implies that, for % ≤ rx0

/2∫
−
B%(x0)

H(x,Du) dx ≤ c
∫
−
B2%(x0)

H−B2%(x0)

(
u− (u)B2%(x0)

2%

)
dx ≤ cH−B%(x0)

(
%γ−1

)
and [

H−B%(x0)

(
1

%

)]−1 ∫
−
B%(x0)

H(x,Du) dx ≤ c%γp , (3.4.35)
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for c ≡ c(data, β, [u]0,γ) (here we have used that H−B2%
≤ H−B%). Letting % → 0 in the above

display implies x0 6∈ Σ, a contradiction. This proves that Σ ⊂ Σu and therefore (3.0.20). Next,
observe that by definition we haveH−B%(x0)(1/%) ≥ %−p. Combining this with Lemma 3.2.4 (which
is used to assert the integrability of [H(x,Du)]1+δg ) we conclude with

Σu ⊂

{
x0 ∈ Ω : lim sup

%→0
%p(1+δg)−n

∫
B%(x0)

[H(x,Du)]1+δg dx > 0

}
. (3.4.36)

Giusti’s Lemma ( [123, Proposition 2.7]) then implies

dimH(Σu) ≤ n− p− pδg =⇒ Hn−p(Σu) = 0 . (3.4.37)

Recall we are treating the case when p(1 + δg) ≤ n. In particular, we have |Σu| = 0. Notice also
that, once proved that Du is locally Hölder continuous in Ωu, we shall have proved the validity
of (3.0.39). In a totally similar way, assume also that q(1 + δg) ≤ n; we observe that if x0 ∈ Σu
is such that a(x0) > 0, then H−B%(x0)(1/%) ≥ ai(B%(x0))%−q > 0 for % sufficiently small, and we
have

Σu ∩ {a(x) > 0} ⊂

{
x0 ∈ Ω : lim sup

%→0
%q(1+δg)−n

∫
B%(x0)

[H(x,Du)]1+δg dx > 0

}
.

Therefore, again by Giusti’s Lemma, we also have

dimH(Σu) ≤ n− q − qδg =⇒ Hn−q(Σu ∩ {a(x) > 0}) = 0 . (3.4.38)

Finally, we observe that in fact we have

Ωu =

{
x0 ∈ Ω : there is Brx0

(x0) ⊂ Ω so that u ∈ C0,γ
(
Brx0

(x0)
)

for every γ ∈ (0, 1)

}
.

(3.4.39)

Indeed, call Ω̃u the set in the right-hand side of the previous display; Ω̃u ⊂ Ωu, again by
Proposition 3.4.1. On the other hand, the us take x0 ∈ Ωu; it follows that there exists Brx0

(x0) ⊂
Ω with u ∈ C0,γ̃

(
Brx0

(x0)
)
for some γ̃ < 1; then, fix γ < 1 and determine the corresponding

εγ ≡ εγ(data, β, γ) according to Proposition 3.4.1. We can take % small enough in (3.4.35) (this
time with γ replaced by γ̃) in such a way that the smallness condition in (3.4.33) is satisfied.
This implies that u is γ-Hölder continuous in a neighbourhood of x0. As γ ∈ (0, 1) has been
chosen arbitrarily, we deduce that x0 ∈ Ω̃u and therefore Ωu = Ω̃u, that is, (3.4.39) is completely
proved. By (3.4.39) and matching the content of Remark 3.4.1 (in particular, see (3.4.34)) with
a standard covering argument, we conclude with

Proposition 3.4.2 Let u ∈W 1,1
loc (Ω,SN−1) be a constrained local minimizer of the functional F

in (3.0.1), under the assumptions (3.0.12)-(3.0.15). Assume that p(1 + δg) ≤ n. For every open
subset Ω0 b Ωu and every γ ∈ (0, 1), there exist constants c, c̃ ≡ c, c̃(data, ‖a‖L∞ , β, γ,Ω0) such
that ∫

−
B%

H(x,Du) dx ≤ c%(γ−1)q and [u]0,γ;Ω0 ≤ c̃ , (3.4.40)

with the first one that holds whenever B2% ⊂ Ω0 with 2% ≤ 1.

In (3.4.40) we notice that the second inequality actually implies the first one via (3.2.5). As
for the rest of the proof, as mentioned above, we only need to show that Du is locally Hölder
continuous in Ωu.
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Step 4: Passage to coordinates.
After the proof of the local partial Hölder continuity of u, we can now pass to coordinates using
stereographic projections. The procedure is standard in the case of functionals with p-growth
but, since we are dealing with non-standard growth conditions, we need to check extra regu-
larity conditions and therefore we shall repeat it in some detail. Having (3.4.40) in mind, we
fix a certain initial γ, say γ = 1/2. We then consider bounded open subsets Ω̃ b Ω0 b Ωu
and cover Ω̃ with finitely many balls B ⊂ Ω0 with sufficiently small radius (size and number
here only depend on n,N , [u]0,1/2;Ω0

and diam(Ω0)) such that u(B) lies in single coordinate
neighbourhood of SN−1. More precisely, if B ≡ Br(B)(x0) is one of such balls, up to rotations
we can assume that u(x0) = (−1, 0, · · · , 0) and that u1(x) ≤ −1/2 for every x ∈ B. Given this,
with no loss of generality we can reduce to the case in which we are working on an open subset
Ω̃ b Ω such that u1(x) ≤ −1/2 for every x ∈ Ω̃. This is the setting we shall use in the rest
of the proof and our next goal is now to prove that Du is locally β0-Hölder continuous in Ω̃,
with β0 depending only on (data, β, β1), where β1 is the exponent appearing in (3.0.14)2. The
full statement of Theorem 1 then follows again via a standard covering argument. To proceed,
denoting by P (·) the usual stereographic projection P : SN−1 \ {(1, . . . , 0)} → RN−1 and by
S := P−1 : RN−1 → SN−1 \ {(1, . . . , 0)} its inverse, i.e.,

S(y) =

(
|y|2 − 1

|y|2 + 1
,

2y

|y|2 + 1

)
, S−1(v) =

(
vi

1− v1

)N
i=2

, (3.4.41)

we then define ũ := S−1(u). We note that

‖∇S‖L∞ ≤ c(N), ‖∇2S‖L∞ ≤ c(N) and |∇(S−1)(u(x))| ≤ c(N) , (3.4.42)

the last inequality being valid for all x ∈ Ω̃ (as u1(x) ≤ −1/2 whenever x ∈ Ω̃). Recalling
(3.4.41), again that u1(x) ≤ −1/2 whenever x ∈ Ω̃, and that ũ = S−1(u), we get

‖ũ‖L∞(Ω̃) ≤
2

3
≤ 1. (3.4.43)

Again (3.4.42) implies that if w̃ ∈ W 1,H(Ω̃,RN−1), then S(w̃) ∈ W 1,H(Ω̃,SN−1). Therefore,
by the minimality of u it follows that the map ũ ∈ W 1,H(Ω̃,RN−1) is a local minimizer of the
functional

W 1,H(Ω̃,RN−1) 3 w 7→
∫

Ω̃

G(x,w,Dw) dx , (3.4.44)

where the integrand G(·) is defined by

G(x, y, z) := F
(
x, S(y),∇S(y)z

)
for x ∈ Ω̃, y ∈ RN−1, z ∈ R(N−1)×n .

As it is

|∇S(y)z| = 2

(1 + |y|2)
|z| (3.4.45)

(as it follows from an elementary but lengthy computation), recalling (3.0.14)1 we conclude with

G(x, y, z) = G̃(x, y, |z|) ≡ G̃x,y(|z|) := F̃
(
x, S(y), 2(1 + |y|2)−1|z|

)
. (3.4.46)
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By using the starting assumptions (3.0.12), it is now not difficult to show that for everyM ≥ 3N
there exist new constants 0 < ν̃ ≡ ν̃(data,M) ≤ 1 ≤ L̃ ≡ L̃(data), such that

ν̃H(x, z) ≤ G(x, y, z) ≤ L̃H(x, z)

|∂zG(x, y, z)||z|+ |∂zzG(x, y, z)||z|2 ≤ L̃H(x, z)

ν̃(|z|p−2 + a(x)|z|q−2)|ξ|2 ≤ ∂zzG(x, y, z)ξ · ξ
|∂zG(x1, y, z)− ∂zG(x2, y, z)||z| ≤ L̃

[
ω(|x1 − x2|)[H(x1, z) +H(x2, z)] + |a(x1)− a(x2)||z|q

]
|G(x, y1, z)−G(x, y2, z)| ≤ L̃ω(|y1 − y2|)H(x, z) ,

(3.4.47)

hold whenever x, x1, x2 ∈ Ω, z ∈ R(N−1)×n \ {0}, ξ ∈ R(N−1)×n and y, y1, y2 ∈ RN−1 are such
that |y| + |y1| + |y2| ≤ M . In the lines above, ν̃ is a non-increasing function of M . All the
inequalities in (3.4.47) are consequences of the definition in (3.4.46) and of (3.4.45) and we leave
the details of the verification to the reader. We just spend a few words on the verification of
(3.4.47)3. By using (3.2.26), from the explicit representation in (3.4.46) we get

∂zzG(x, y, z) = 4
F̃ ′′(x, S(y), |z̃|)

(1 + |y|2)2

z̃ ⊗ z̃
|z̃|2

+ 4
F̃ ′(x, S(y), |z̃|)

(1 + |y|2)2

[
IN×n
|z̃|

− z̃ ⊗ z̃
|z̃|3

]
, (3.4.48)

where we have denoted z̃ := 2(1 + |y|2)−1z. Taking ξ ∈ R(N−1)×n and adding one more null
component to both z̃ and ξ (thereby making then RN×n matrices), and using (3.2.25) and
(3.0.12)3, yields

∂zzG(x, y, z)ξ · ξ ≥ ν

2q

(
|z|p−2

(1 + |y|2)p
+ a(x)

|z|q−2

(1 + |y|2)q

)
|ξ|2 ≥ ν(|z|p−2 + a(x)|z|q−2)

(2 + 4M2)q
|ξ|2 ,

that is, (3.4.47)3. Finally, fix x ∈ Ω̃ and y ∈ RN−1. By (3.0.14)1 and (3.4.46) it follows that

t 7→ G̃x,y(·, t) is non-decreasing (3.4.49)

and this means that the structure assumption (3.0.14)1 is verified also by G(·). As for the analog
of (3.0.14)2, observe that (3.4.46) implies that G̃′′x,y(t) = [2(1 + |y|2)−1]2F̃ ′′x,S(y)(2(1 + |y|2)−1t).

Then, with |s| < t/2 and t > 0, we define s̃ := 2(1 + |y|2)−1s and t̃ := 2(1 + |y|2)−1t; taking into
account (3.2.27) we find

|G̃′′x,y(t+ s)− G̃′′x,y(t)| =
4

(1 + |y|2)2
|F̃ ′′x,S(y)(t̃+ s̃)− F̃ ′′x,S(y)(t̃)|

≤ c

(1 + |y|2)2
F̃ ′′x,S(y)(t̃)

(
|s̃|
t̃

)β1

= cG̃′′x,y(t)

(
|s|
t

)β1

, (3.4.50)

where it is again c ≡ c(n,N, ν, L, p, q). We moreover remark that, by the growth conditions in
(3.4.47), exactly as done for (3.2.24) in Remark 3.2.4 we infer that

G̃′′x,y(t)t ≈ G̃′x,y(t) holds for every t > 0 (3.4.51)

and here the implied constants depend on n,N, ν, L, p, q,M and they are independent of (x, y).

Step 5: Partial Hölder continuity of the gradient.
First of all, let us observe that for reasons that will be clear in a few lines, and in view of (3.4.43),
in the following, when considering (3.4.47), we shall permanently use the choice M = 10N . Re-
call from Step 2 that u ∈ C0,γ

loc (Ωu,SN−1) for every γ ∈ (0, 1), and so, by (3.4.42) and (3.4.40),
we have that ũ ∈ C0,γ(Ω̃,RN−1) for every γ ∈ (0, 1), with

[ũ]0,γ;Ω̃ ≤ c(N)[u]0,γ;Ω̃ ≤ c(data, ‖a‖L∞ , β, γ, Ω̃) . (3.4.52)
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For any ball B4r b Ω̃ with r ≤ 1/8, as ũ minimizes the functional in (3.4.44) and (3.4.43) holds,
also taking Remark 3.2.2 into account, Lemma 3.2.2 provides∫

−
B2r

H(x,Dũ) dx ≤ c
∫
−
B4r

H−B4r

(
ũ− (ũ)B4r

4r

)
dx

(3.4.52)

≤ cH−Br

(
rγ−1

)
(3.4.53)

holds with c ≡ c(data, β, γ, Ω̃), for every γ ∈ (0, 1). In particular, it follows that∫
−
B2r

H(x,Dũ) dx ≤ cr(γ−1)q , (3.4.54)

for all γ ∈ (0, 1), where c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃). We start fixing γ ≥ 1/2; we shall further
increase the value of γ in due course of the proof (and the constants involved will increase
accordingly). Fix Br ≡ Br(x0) such that B4r b Ω̃, r ≤ 1/64, and let ṽ ∈ W 1,H(Br,RN−1) be a
solution to the frozen Dirichlet problem

ṽ 7→ min
w∈W 1,H

ũ (Br,RN−1)

∫
Br

G
(
x, (ũ)Br , Dw

)
dx . (3.4.55)

By (3.4.43) the integrand G(·, (ũ)Br , ·) satisfies assumptions (3.4.47) with ν̃ and L̃ only depending
on data as we have fixed M = 10N . In particular, there exist positive numbers ν̃, L̃ such that

ν̃(data)H(x, z) ≤ G
(
x, (ũ)Br , z

)
≤ L̃(data)H(x, z) (3.4.56)

holds whenever x ∈ Ω and z ∈ R(N−1)×n. By (3.4.49) and the maximum principle [175, Theorem
2.3] we then have

‖ṽ‖L∞(Br) ≤
√
N‖ũ‖L∞(Br)

(3.4.43)

≤ 2
√
N

3
. (3.4.57)

The validity of the Euler-Lagrange equation for (3.4.55) can be checked as done in [60] (see also
Section 3.2.2 and apply the same arguments exposed there without using projections, that is,
when no constraints are involved). Specifically, ṽ solves∫

Br

∂zG
(
x, (ũ)Br , Dṽ

)
·Dϕ dx = 0 , (3.4.58)

for all ϕ ∈W 1,H
0 (Br,RN−1).

Remark 3.4.2 From now on, we adopt the following convention. Also taking the content of
Remarks 3.2.2-3.2.3 and (3.4.56)-(3.4.57) into account, the results of Lemma 3.2.4 and 3.2.5 apply
to ũ, ṽ and lead to new higher integrability exponents δg and σg. The values of δg and σg are
different from those used in the previous steps for u, but essentially equivalent to them. Indeed,
they still depend on the same set of parameters, that is data. Therefore, with some abuse of
notation, we shall keep on denoting by σg < δg the higher integrability exponents provided by
the application of Lemmas 3.2.4-3.2.5 in the present setting (notice that what is denotes by N
in Lemmas 3.2.4-3.2.5 is actually N − 1 here; this can be made rigorous eventually taking the
smallest amongst all the exponents considered when the values of ν and L attain their minimum
and maximum, respectively). All in all, the following inequalities hold as in (3.4.6) and (3.4.7):

∫
−
Br

H(x,Dṽ) dx ≤ c
∫
−
Br

H(x,Dũ) dx

(∫
−
Br/2

[H(x,Dṽ)]1+δg dx

)1/(1+δg)

≤ c̃1
∫
−
Br

H(x,Dṽ) dx

(3.4.59)
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and (∫
−
Br

[H(x,Dṽ)]1+σg dx

)1/(1+σg)

≤c

(∫
−
Br

[H(x,Dũ)]1+σg dx

)1/(1+σg)

≤c
∫
−
B2r

H(x,Dũ) dx , (3.4.60)

for c, c̃1 ≡ c, c̃1(data). This last dependence on the constants is a consequence of (3.4.56)-(3.4.57).

As ϕ ≡ ũ− ṽ is a legal choice in (3.4.58), using (3.4.4) as in (3.4.5), we end up with

c

∫
−
Br

(
|Vp(Dũ)− Vp(Dṽ)|2 + a(x)|Vq(Dũ)− Vq(Dṽ)|2

)
dx

≤
∫
−
Br

[
G
(
x, (ũ)Br , Dũ

)
−G

(
x, (ũ)Br , Dṽ

)]
dx

=

∫
−
Br

[
G
(
x, (ũ)Br , Dũ

)
−G(x, ũ,Dũ)

]
dx+

∫
−
Br

[
G(x, ũ,Dũ)−G(x, ṽ,Dṽ)

]
dx

+

∫
−
Br

[
G (x, ṽ,Dṽ)−G

(
x, (ṽ)Br , Dṽ

)]
dx

+

∫
−
Br

[
G
(
x, (ṽ)Br , Dṽ

)
−G

(
x, (ũ)Br , Dṽ

)]
dx =:

4∑
j=1

(I)j , (3.4.61)

with c ≡ c(data). Before taking care of terms (I)1-(I)4, we derive a few preliminary inequalities.
The first one is an obvious consequence of (3.4.52) and is

sup
x∈Br

ω
(
|ũ(x)− (ũ)Br |

)
≤ crβγ ≤ crβ/2 , (3.4.62)

for c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃) (here recall that γ ≥ 1/2 and r ≤ 1). Proceeding as for (3.4.9),
and recalling (3.4.59), we instead have∫

−
Br

ω
(
|ṽ − (ṽ)Br |

)
dx ≤ cω

r (H−Br)−1
(∫
−
Br

H(x,Dṽ) dx

)
≤ cω

r (H−Br)−1
(∫
−
Br

H(x,Dũ) dx

)
(3.4.53)

≤ cω

[
r
(
H−Br

)−1
(
cH−Br

(
rγ−1

))]
≤ crβγ ≤ crβ/2 ,(3.4.63)

with c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃). In a totally similar fashion, as done in (3.4.10), we have

ω
(
|(ũ)Br − (ṽ)Br |

)
≤ crβγ ≤ crβ/2 , (3.4.64)

where c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃). We are now ready to estimate terms (I)1-(I)4. We have

(I)1 ≤
∫
−
Br

ω
(
|ũ− (ũ)Br |

)
H(x,Dũ) dx

(3.4.62)

≤ crβ/2
∫
−
B2r

H(x,Dũ) dx ,

with c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃). The minimality of ũ gives (I)2 ≤ 0. As for term (I)3, using
(3.4.60) and (3.4.63), we get

(I)3 ≤ c

(∫
−
Br

ω
(
|ṽ − (ṽ)Br |

)
dx

) σg
1+σg

(∫
−
Br

[H(x,Dṽ)]1+σg dx

) 1
1+σg
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(3.4.60)

≤ c

(∫
−
Br

ω
(
|ṽ − (ṽ)Br |

)
dx

) σg
1+σg ∫

−
B2r

H(x,Dũ) dx

(3.4.63)

≤ cr
βσg

2(1+σg)

∫
−
B2r

H(x,Dũ) dx ,

for c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃) and, in a totally similar fashion, arguing as for (3.4.15), but using
this time (3.4.64), we find

(I)4

(3.4.62)

≤ cr
βσg

2(1+σg)

∫
−
B2r

H(x,Dũ) dx ,

where, again it is c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃). Collecting the estimates found above for the terms
(I)1-(I)4 to (3.4.61) yields∫
−
Br

(
|Vp(Dũ)− Vp(Dṽ)|2 + a(x)|Vq(Dũ)− Vq(Dṽ)|2

)
dx ≤ cr

βσg
2(1+σg)

∫
−
B2r

H(x,Dũ) dx,

where c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃). In particular, there holds∫
−
Br

(
|Vp(Dũ)− Vp(Dṽ)|2 + ai(Br)|Vq(Dũ)− Vq(Dṽ)|2

)
dx ≤ cr

βσg
2(1+σg)

∫
−
B2r

H(x,Dũ) dx.

(3.4.65)

We now select xm ∈ B̄r such that

a(xm) = ai(Br) (3.4.66)

and define (keep in mind the notation in (3.4.46))

Gm(z) := G
(
xm, (ũ)Br , z

)
≡ G̃xm,(ũ)Br

(|z|) for every z ∈ R(N−1)×n . (3.4.67)

The newly defined integrand Gm(·) is of the type g0(·) considered in Lemma 3.3.3 and satisfies
assumptions (3.3.29) with the choice H0(·) ≡ H−Br (·) and for suitable constants ν, L depending
on data (see the discussion in Step 4 and, in particular, (3.4.47) and (3.4.56)). We now proceed
applying Lemma 3.3.3 to ṽ; notice that (3.3.30) is automatically satisfied by the second inequality
in (3.4.59) and therefore verify (3.3.31). According to the terminology adopted in [12,60,61] the
p-phase occurs if

ai(Br) ≤ 4[a]0,αr
α−s, s := α+ (γ − 1)(q − p)

(3.0.15)1
> 0, (3.4.68)

while the (p, q)-phase is defined by the complementary condition

ai(Br) > 4[a]0,αr
α−s. (3.4.69)

It is then easy to see that{
as(Br) ≤ 6[a]0,αr

α−s holds in the p-phase
as(Br) ≤ 3

2ai(Br) holds in the (p, q)-phase .
(3.4.70)

Notice that the two phases described above depend on the number γ ≥ 1/2, which is going to be
chosen later as an absolute function of data. We start estimating, for every ϕ ∈ C∞c (Br/2,RN )∣∣∣∣∣

∫
−
Br/2

∂zGm(Dṽ) ·Dϕ dx

∣∣∣∣∣ (3.4.58)
=

∣∣∣∣∣
∫
−
Br/2

[
∂zGm(Dṽ)− ∂zG

(
x, (ũ)Br , Dṽ

)]
·Dϕ dx

∣∣∣∣∣
(3.4.71)
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(3.4.47)4
≤ c‖Dϕ‖L∞(Br/2)

∫
−
Br/2

ω(|xm − x|)
[
H(xm, Dṽ)

|Dṽ|
+
H(x,Dṽ)

|Dṽ|

]
dx

+ c‖Dϕ‖L∞(Br/2)

∫
−
Br/2

[
a(x)− a(xm)

]
|Dṽ|q−1 dx

(3.0.13)
≤ crβ‖Dϕ‖L∞(Br/2)

∫
−
Br/2

|Dṽ|p−1 dx

+ crβ‖Dϕ‖L∞(Br/2)

∫
−
Br/2

(
a(x) + ai(Br)

)
|Dṽ|q−1 dx

+ c[a]0,αr
α‖Dϕ‖L∞(Br/2)

∫
−
Br/2

|Dṽ|q−1 dx

=: (II)1 + (II)2 + (II)3 , (3.4.72)

and proceed estimating the terms appearing in the last three lines. In any case we have, Young’s
inequality gives

(II)1 ≤ c(data)rβ
∫
−
Br

(
|Dṽ|p + ‖Dϕ‖pL∞(Br/2)

)
dx. (3.4.73)

In order to bound the remaining two terms we distinguish between the p-phase (3.4.68) and the
(p, q)-phase (3.4.69). We start noticing that in the p-phase we have∫
−
Br/2

H(x,Dṽ) dx
(3.4.59)

≤ c

∫
−
Br

H(x,Dũ) dx
(3.4.53)

≤ cH−Br (r
γ−1)

(3.4.68)

≤ cr(γ−1)p , (3.4.74)

for c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃). As q − 1 < p, using Hölder’s inequality we have

(II)2

(3.4.70)1
≤ crβ+α−s‖Dϕ‖L∞(Br/2)

(∫
−
Br/2

|Dṽ|p dx

) q−p
p
(∫
−
Br/2

|Dṽ|p dx

) p−1
p

≤ crβ+α−s‖Dϕ‖L∞(Br/2)

(∫
−
Br/2

H(x,Dṽ) dx

) q−p
p
(∫
−
Br/2

|Dṽ|p dx

) p−1
p

(3.4.74)

≤ crβ+α−s+(γ−1)(q−p)‖Dϕ‖L∞(Br/2)

(∫
−
Br/2

|Dṽ|p dx

) p−1
p

(3.4.68)

≤ crβ
∫
−
Br

(
|Dṽ|p + ‖Dϕ‖pL∞(Br/2)

)
dx ,

for c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃). Finally, we similarly have

(II)3 ≤ crsrα−s‖Dϕ‖L∞(Br/2)

(∫
−
Br/2

|Dṽ|p dx

) q−p
p
(∫
−
Br/2

|Dṽ|p dx

) p−1
p

(3.4.68),(3.4.74)
≤ crs

∫
−
Br

(
|Dṽ|p + ‖Dϕ‖pL∞(Br/2)

)
dx ,

with c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃). We now consider the occurrence of the (p, q)-phase (3.4.69).
We have, again by Hölder’s inequality

(II)2

(3.4.70)2
≤ crβ‖Dϕ‖L∞(Br/2)

[
ai(Br)

] 1
q

∫
−
Br

[
ai(Br)

] q−1
q |Dṽ|q−1 dx
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≤ crβ‖Dϕ‖L∞(Br/2)

[
ai(Br)

] 1
q

(∫
−
Br

ai(Br)|Dṽ|q dx

) q−1
q

≤ crβ
∫
−
Br

(
ai(Br)|Dṽ|q + ai(Br)‖Dϕ‖qL∞(Br/2)

)
dx

and

(II)3 = c[a]0,αr
α−srs‖Dϕ‖L∞(Br/2)

∫
−
Br/2

|Dṽ|q−1 dx

(3.4.69)

≤ crs‖Dϕ‖L∞(Br/2)

[
ai(Br)

] 1
q

∫
−
Br

[
ai(Br)

] q−1
q |Dṽ|q−1 dx

≤ crs
∫
−
Br

(
ai(Br)|Dṽ|q + ai(Br)‖Dϕ‖qL∞(Br/2)

)
dx ,

where c ≡ c(data, β). Collecting the estimates founds for the terms (II)1, (II)2, (II)3 to (3.4.72)
and recalling (3.4.68), in any case we conclude with∣∣∣∣∣
∫
−
Br/2

∂zGm(Dṽ) ·Dϕ dx

∣∣∣∣∣ ≤ crmin{β,α−(q−p)/2}
∫
−
Br

[
H−Br (Dṽ) +H−Br

(
‖Dϕ‖L∞(Br/2)

)]
dx ,

with c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃). Here we have used γ ≥ 1/2, so that it is s ≥ α− (q− p)/2 > 0.
Lemma 3.3.3 (notice that the number N used there is actually N −1 in this context; recall again

that here it is N > 1) yields the existence of h̃ ∈W 1,H−Br
ṽ (Br/2,RN−1) satisfying∫

−
Br/2

∂zGm(Dh̃) ·Dϕ dx = 0 for every ϕ ∈W 1,H−Br
0 (Br/2,RN−1) ,

and, such that∫
−
Br/2

(
|Vp(Dṽ)− Vp(Dh̃)|2 + ai(Br)|Vq(Dṽ)− Vq(Dh̃)|2

)
dx ≤ crm

∫
−
Br

H−Br (Dṽ) dx (3.4.75)

where c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃) and m = m(n,N, ν, L, p, q, α). Needless to say, h̃ solves

h̃ 7→ min

w∈W
1,H
−
Br

ṽ (Br/2,RN−1)

∫
−
Br/2

Gm(Dw) dx (3.4.76)

so that, recalling again (3.4.66), we find∫
−
Br/2

H−Br (Dh̃) dx ≤ c
∫
−
Br

H−Br (Dṽ) dx ≤
∫
−
Br/2

H(x,Dṽ) dx
(3.4.59)

≤ c

∫
−
Br

H(x,Dũ) dx .

(3.4.77)

Hence, from (3.4.65), (3.4.75), and the last inequality in the above display, we obtain∫
−
Br/2

(
|Vp(Dũ)− Vp(Dh̃)|2 + ai(Br)|Vq(Dũ)− Vq(Dh̃)|2

)
dx ≤ crκ

∫
−
B2r

H(x,Dũ) dx,

(3.4.78)

for

κ := min

{
m,

βσg
2(1 + σg)

}
< 1
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and c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃). After some standard manipulations on (3.4.78), see e.g. [12,
Section 10] and [61, pp. 483], we have∫

−
Br/2

|Dũ−Dh̃|p dx ≤
∫
−
Br/2

H−Br

(
Dũ−Dh̃

)
dx ≤ crκ/2

∫
−
B2r

H(x,Dũ) dx, (3.4.79)

for c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃). Now we make a further restriction on the size of γ imposing that

γ ≥ 1− κ

4q
(3.4.80)

(which is still larger than 1/2), and apply (3.4.53); we use the resulting inequality in (3.4.79) to
obtain ∫

−
Br/2

|Dũ−Dh̃|p dx ≤ crκ/4 , (3.4.81)

where c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃). By using the content of Remark 3.4.3 below we have that∫
−
B%

H−Br

(
Dh̃− (Dh̃)B%

)
dx ≤ c

(
%

r

)µ ∫
−
Br

H(x,Dũ) dx , (3.4.82)

holds for concentric balls B% ⊂ Br/2; here we take % ≤ r/8. Here it is c ≡ c(n,N, ν, L, p, q) and
µ ≡ µ(n,N, ν, L, p, q, β1). We estimate∫

−
B%

|Dũ− (Dũ)B% |p dx ≤ c

∫
−
B%

|Dũ− (Dh̃)B% |p dx

(3.4.81)

≤ c

{(
r

%

)n
rκ/4 +

∫
−
B%

H−Br

(
Dh̃− (Dh̃)B%

)
dx

}
(3.4.82)

≤ c

{(
r

%

)n
rκ/4 +

(
%

r

)µ ∫
−
Br

H(x,Dũ) dx

}
(3.4.53)

≤ c

{(
r

%

)n
rκ/4 +

(
%

r

)µ
r(γ−1)q

}
, (3.4.83)

where c ≡ c(data, ‖a‖L∞ , β, γ, Ω̃). In (3.4.83) we pick

% =
r1+a

8
with a :=

(1− γ)q + κ/4

µ+ n
and γ = 1− κµ

8nq
,

(γ also meets the condition in (3.4.80)) so that (3.4.83) yields∫
−
B%

|Dũ− (Dũ)B% |p dx ≤ c%
κ/4−na

1+a ≤ c%β0p , β0 :=
κµ

16p(n+ µ)
. (3.4.84)

The classical Hölder continuity characterization of Campanato and Meyers, a standard covering
argument, and the fact that Ω̃ b Ωu is arbitrary, allow to conclude thatDũ ∈ C0,β0

loc

(
Ωu,R(N−1)×n

)
,

with β0 as in (3.4.84) and therefore depends on (data, β, β1). Finally, using (3.4.42)1,2 we get
Du = D(S(ũ)) ∈ C0,β0

loc

(
Ωu,RN×n

)
and the proof of the partial local Hölder continuity of the

gradient as stated in (3.0.18) is complete in the case it is p(1 + δg) ≤ n.

Step 6: The case p(1 + δg) > n.
In this case the singular set is empty Σu = Ωu = Ω as the right-hand side in (3.4.36) is empty.
Therefore we see from Step 3 that u ∈ C0,γ

loc (Ω,SN−1) for every γ < 1 and the rest of the proof,
i.e., the local Hölder continuity of Du follows as for the case when p(1 + δg) ≤ n.
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Remark 3.4.3 We briefly explain how to get estimate (3.4.82) from the results of [89]. Recalling
the notation in (3.4.67), by (3.4.51) we can argue exactly as in Remark 3.2.4 to get that

sup
Br/4

H−Br

(
Dh̃
)
≤ c

∫
−
Br/2

H−Br

(
Dh̃
)

dx (3.4.85)

holds for a constant c ≡ c(n,N, ν, L, p, q). Moreover, by (3.4.50) we are able to satisfy [90,
Assumption 2.2], where we can take ϕ(·) ≡ G̃xm,(ũ)Br

(·) and therefore (also taking into account
the definitions in (2.4.1) and in [90, (1.3)]) we can apply [90, Theorem 6.4] that in the present
setting gives∫

−
B%

(
|Vp(Dh̃)− (Vp(Dh̃))B% |2 + ai(Br)|Vq(Dh̃)− (Vq(Dh̃))B% |2

)
dx

≤ c
(
%

r

)2µ ∫
−
Br/2

(
|Vp(Dh̃)− (Vp(Dh̃))Br/2 |

2 + ai(Br)|Vq(Dh̃)− (Vq(Dh̃))Br/2 |
2
)

dx

(3.4.86)

whenever B% ⊂ Br/2 is concentric to Br/2, where c ≥ 1 and µ ∈ (0, 1/2) are both depending
on n,N, p, q, ν, L and β1. Following the method explained in [11, Theorem 3.1], see also [68,
Proposition 3.3], and combining (3.4.85)-(3.4.86) with (2.4.2), finally yields∫

−
B%

H−Br

(
Dh̃− (Dh̃)B%

)
dx ≤ c

(
%

r

)µ ∫
−
Br/2

H−Br (Dh̃) dx ,

from which (3.4.82) obviously follows.

3.5 Weighted Hausdorff measures and singular sets

3.5.1 Proof of Proposition 3.0.1
Observe that, for a ball B such that β−1

4 B ⊂ Ω and r(B) ≤ 1 we then have

|β−1
4 B| ess sup

x∈β−1
4 B

Φ(x, 1/r(β−1
4 B)) =

|B|
βn4

ess sup
x∈β−1

4 B

Φ(x, β4/r(B))

(3.0.32)

≤ cd
βn4
|B| ess inf

x∈β−1
4 B

Φ(x, 1/r(B)) ≤ cd
βn4
|B| ess inf

x∈B
Φ(x, 1/r(B)) .

By taking balls B such that r(B) ≤ κ and κ ≤ 1, we find H+
Φ,κ/β4

≤ (cd/β
n
4 )H−Φ,κ, from which

(3.0.33) follows by letting κ → 0. As for the proof of (3.0.34), we observe that in this case it is
Φ(x, t) = [tp + a(x)tq]1+σ ≈ tp(1+σ) + [a(x)]1+σtq(1+σ), with constants implicit in "≈" depending
on σ. Then, for B ⊂ Ω and 1 ≤ t ≤ 1/r(B), we have

ess sup
x∈B

Φ (x, t) ≤ ess inf
x∈B

Φ (x, t) +
{

[as(B)]1+σ − [ai(B)]1+σ
}
tq(1+σ)

≤ ess inf
x∈B

Φ (x, t) + c[r(B)]α(1+σ)tq(1+σ)

≤ ess inf
x∈B

Φ (x, t) + c[r(B)](α−q+p)(1+σ)tp(1+σ)

≤ c ess inf
x∈B

Φ (x, t) (3.5.1)

where c ≡ c([a]0,α, σ). Therefore (3.0.32) is satisfied for β4 = 1 and assertion (3.0.34) follows by
(3.0.33).

68



3.5.2 Proof of Theorem 2
The proof is a suitable modification of the one which is valid for the standard W 1,p-capacity.
Thanks to the Choquet property (3.0.36), we can reduce to the case when E is a compact subset.
Therefore, recalling that Cap∗Φ(K) = CapΦ(K) whenever K ⊂ Ω is a compact subset, we can
then compute CapΦ(E) via (3.0.35). We now claim that there exists a positive constant c,
essentially depending on E, such that if V is a bounded open set such that E b V ⊂ Ω, then
there exists an open set W and a function f ∈ R(E) with the following features:

E ⊂W ⊂
{
x ∈ Ω: f(x) = 1

}
, supp f ⊂ V , f ∈ C0(Ω);∫

Ω

Φ(x, |Df |) dx < c .
(3.5.2)

Let V ⊂ Ω be an open set as above and fix κ = 1
4 min

{
dist(E,Rn \ V ), 1

}
. Since HΦ(E) < ∞

and E is compact, there exists a positive integer m = m(E) and a finite collection of open balls
{Brj (xj)}j≤m ∈ C

κ/2
E such that {xj}j≤m ⊂ E, B2rj (xj) b Ω for all j ∈ {1, · · · ,m} and

Brj (xj) ∩ E 6= ∅ for all j ∈ {1, · · · ,m} and

m∑
j=1

∫
Brj (xj)

Φ
(
x, 1/rj

)
dx ≤ 2

[
HΦ(E) + 1

]
.

(3.5.3)

We introduceW :=
⋃m
j=1Brj (xj) and the maps fj , defined on the whole Rn, such that fj(x) := 1

if |x − xj | ≤ rj , fj(x) := 2 − |x − xj |/rj if rj < |x − xj | ≤ 2rj and fj(x) := 0 if 2rj < |x − xj |.
With β4 ∈ (0, 1) being the constant appearing in (3.0.32), we have∫

Ω

Φ(x, |Dfj |) dx ≤
∫
B2rj

(xj)

Φ
(
x, 1/rj

)
dx

(3.0.37)

≤ cg
βq4

∫
B2rj

(xj)

Φ
(
x, β4/rj

)
dx

≤ 2ncg
βq4
|Brj (xj)| ess sup

x∈B2rj
(xj)

Φ
(
x, β4/rj

)
(3.0.32)

≤ 2ncgcd
βq4

|Brj (xj)| ess inf
x∈Brj (xj)

Φ
(
x, 1/rj

)
≤ 2ncgcd

βq4

∫
Brj (xj)

Φ
(
x, 1/rj

)
dx .

In particular, it follows that fj ∈W 1,Φ(Ω). We then set

f := max
j∈{1,··· ,m}

fj ,

which is continuous, as every fj is. Moreover, if x ∈W , then x ∈ Brj (xj) for some j ∈ {1, · · · ,m}
and, as a consequence, fj(x) = 1; thus f(x) = 1, so f(W ) ≡ {1} and using the content of the
last display, the lattice property of Sobolev functions, see [139, Theorem 1.20] and (3.5.3), we
obtain ∫

Rn
Φ(x, |Df |) dx ≤

m∑
j=1

∫
Ω

Φ(x, |Dfj |) dx

≤ c

m∑
j=1

∫
Brj (xj)

Φ
(
x, 1/rj

)
dx

(3.5.3)

≤ c
[
HΦ(E) + 1

]
,
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with c = c(n, c̃g, cd, β4, q), hence f ∈W 1,Φ(Ω)∩C0(Ω). Finally, observe that if x ∈ Rn \ V , then
|x − xj | ≥ dist(E,Rn \ V ) ≥ 4κ, so f(x) = 0 and suppf ⊂ V . This completes the proof of
(3.5.2). Using the above construction inductively, for any k ∈ N we find a collection of open sets
{Vk}k, with V0 = ∅ and a sequence of functions {f̃k}k such that

E ⊂ Vk+1 ⊂ Vk , V k+1 ⊂ {x ∈ Ω: f̃k(x) = 1} , supp f̃k ⊂ Vk∫
Ω

Φ(x, |Df̃k|) dx ≤ c∗ ,
(3.5.4)

with c∗ being independent of k ∈ N. For j ∈ N, define

Sj =

j∑
k=1

1

k
and gj =

1

Sj

j∑
k=1

f̃k
k
.

From the above discussion, f̃j belongs to R(E) for every j, so, by construction, gj ∈ R(E), and,
given that supp |Df̃k| ⊂ Vk \ V k+1, we find

CapΦ(E) ≤
∫
Rn

Φ(x, |Dgj |) dx

=

j∑
k=1

∫
Vk\Vk+1

Φ(x, S−1
j k−1|Df̃k|) dx

(3.0.37),(3.5.4)
≤ c∗c̃g

Spj

j∑
k=1

1

kp
→ 0

as j →∞, because p > 1. The proof is complete.

3.5.3 Proof of Theorem 3
The assertions (3.0.39)-(3.0.40) have already been proved in Step 3 from the proof of Theorem
1; see (3.4.37)-(3.4.38). We therefore proceed with the proof of (3.0.38). We abbreviate Σu =
Σpu ∪ Σqu where Σpu := Σu ∩ {x0 ∈ Ω: a(x0) = 0} and Σqu := Σu ∩ {x0 ∈ Ω: a(x0) > 0}. It is
therefore sufficient to show

HH1+δg (Σpu) = 0 and HH1+δg (Σqu) = 0. (3.5.5)

The implication concerning the capacity in (3.0.38) will then be a consequence of Theorem 2.
To prove (3.5.5), we use (3.0.34) from Proposition 3.0.1, that gives, in particular, that HH1+δg .
H−
H1+δg

. On the other hand, by the very definition of Σpu, we have that

H−
H1+δg

(Σpu) . Hn−p−pδg (Σpu) . (3.5.6)

Indeed, taking a covering from Cκ
Σpu

for any κ ∈ (0, 1) as in (3.0.26), we see that every ball B
of the covering (that for obvious reasons can be assumed to touch Σpu) is such that ai(B) = 0.
Therefore H−

H1+δg
(Σpu) is equivalent to the (n−p−pδg)-dimensional spherical Hausdorff measure

of Σpu and (3.5.6) is proved. We conclude that the first equality in (3.5.5) follows from the already
proved fact that Hn−p−pδg (Σpu) = 0. We now prove the second equality in (3.5.5). For this we
show that HH1+δg (Σqu,m) = 0 for every integer m, where Σqu,m := Σqu ∩ {a(x) > 1/m} . The
key observation is that there exists a positive number κ̃ ≡ κ̃(α, [a]0,α,m) ∈ (0, 1) such that, if
r(B) < κ̃ and B touches Σqu,m, then 2mai(B) > 1. Therefore, we take a covering {Bj} ∈ Cκ

Σqu,m

(again we assume that each of the balls from the covering is touching Σqu,m) with κ < κ̃, and
estimate as follows∑

j∈N
[r(Bj)]

n
{

[r(Bj)]
−p + ai(Bj)[r(Bj)]

−q
}1+δg
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≤ cm1+δg
∑
j∈N

[r(Bj)]
n
{
ai(Bj)[r(Bj)]

−p + ai(Bj)[r(Bj)]
−q
}1+δg

≤ cm1+δg‖a‖1+δg
L∞

∑
j∈N

[r(Bj)]
n−q(1+δg) .

The above relation implies then that

H−
H1+δg

(Σqu,m) . Hn−q−qδg (Σqu,m) ≤ Hn−q−qδg (Σqu) =⇒ H−
H1+δg

(Σqu,m) = 0

by (3.0.40) for every positive integerm. By again appealing to (3.0.34) we deduce thatHH1+δg (Σqu,m) =
0 for every positive integer m and the proof is complete.
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Chapter 4

A borderline case of
Calderón-Zygmund estimates for
non-uniformly elliptic problems
Joint work with G. Mingione (University of Parma)
St. Petersburg Math. J. (2019) - http://mi.mathnet.ru/eng/aa1653

We aim to complete the Calderón-Zygmund type theory obtained in [62], achieving a delicate
borderline case that has been left open there. Let us briefly summarize the situation. In [10,
12,60,61,75] the authors have provided a basic regularity theory for minimizers of double phase
functionals of the type

P(w,Ω) :=

∫
Ω

[
|Dw|p + a(x)|Dw|q

]
dx (4.0.1)

where

1 < p < q , 0 ≤ a(·) ∈ C0,α(Ω) , α ∈ (0, 1]. (4.0.2)

Here, Ω ⊂ Rn is a bounded open subset of Rn and n ≥ 2, we refer to Section 4.2 below for more
notation. The functional P(·) is characterized by the fact that it changes the rate of ellipticity
according to the positivity of the coefficient a(x): when a(x) > 0 the integrand has q-polynomial
behaviour with respect to the gradient, otherwise it shows p-polynomial one. Needless to say,
when a(x) ≡ 0 the functional P(·) reduces to the standard p-Laplacian functional (we refer
to the papers [168, 170] for a recent update of regularity theory in the standard p-case and
to [241, 242] for the beginnings). This kind of functional has been introduced by Zhikov in a
series of remarkable papers [246–249]. He was motivated by speculations on theoretical aspects
of the Calculus of Variations such as the Lavrentiev phenomenon, and by some problems arising
in the homogenization of composite and strongly anisotropic materials. We refer the reader to
the introductory sections of [60, 61], and especially of [11], for a comprehensive discussion on
the subject and its role in the setting of non-uniformly elliptic problems and modern regularity
theory. Recently, in [62], is investigated the validity of Calderón-Zygmund estimates for solutions
to non-homogenous equations that are naturally connected to the Euler-Lagrange equations of
the functional in (4.0.1). The model equation is in this case given by

−div
[
p|Du|p−2Du+ qa(x)|Du|q−2Du

]
= −div

[
|F|p−2F + a(x)|F|q−2F

]
, (4.0.3)

which is in fact the Euler-Lagrange equation of the functional

W 1,p(Ω) 3 w → P(w,Ω)−
∫

Ω

[
|F|p−2F + a(x)|F|q−2F

]
·Dw dx, (4.0.4)
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where F : Ω→ Rn is a given vector field. For this situation one of the main results of [62] claims
the validity of the sharp implication

|F|p + a(·)|F|q ∈ Lγloc(Ω) =⇒ |Du|p + a(·)|Du|q ∈ Lγloc(Ω) for all γ > 1 , (4.0.5)

under the main assumption

q

p
< 1 +

α

n
. (4.0.6)

As in fact shown in [101], (4.0.5) fails to hold in the case q/p > 1 + α/n. Here, we show that
(4.0.5) still holds in the limiting case q/p = 1 + α/n, thereby replacing (4.0.6) by

q

p
≤ 1 +

α

n
. (4.0.7)

Borderline cases are always delicate, and, indeed, we shall exploit a few subtle facts that have
been overlooked in [62]. We again refer to the Introduction of [62] for a description of the
problems concerning the type of results in (4.0.5) and their place in what is nowadays called
Nonlinear Calderón-Zygmund theory. We just confine ourselves to remark that, in view of the
example in [101], the condition in (4.0.7) is necessary to obtain our main result, that is Theorem
5 below. We also remark that, in the standard case a(·) ≡ 0 or p = q, the results in (4.0.5) gives
back the classical Calderón-Zygmund estimate for p-Laplacian type operators. Our result here
actually holds for a class of equations that are more general of the one in (4.0.3) - and in fact
this has already been dealt with in [62]. We shall consider systems of the type

−divA(x,Du) = −divG(x,F) in Ω ⊂ Rn . (4.0.8)

The assumptions on the continuous vector field A : Ω× Rn → Rn are now as follows:
A ∈ C(Ω× Rn,Rn) and z 7→ A(·, z) ∈ C1(Rn \ {0},Rn)

|A(x, z)|+ |∂zA(x, z)||z| ≤ L
(
|z|p−1 + a(x)|z|q−1

)
ν
(
|z|p−2 + a(x)|z|q−2

)
|ξ|2 ≤ ∂zA(x, z)ξ · ξ

|A(x1, z)−A(x2, z)| ≤ L|a(x1)− a(x2)||z|q−1

, (4.0.9)

for all z ∈ Rn \ {0}, ξ ∈ Rn, x, x1, x2 ∈ Ω, where 0 < ν ≤ L <∞ are fixed ellipticity constants.
The coefficient a(·) and the numbers p, q, α have already been specified in (4.0.2). As for the
right-hand side, the Carathéodory regular vector field G : Ω × Rn → Rn is instead assumed to
verity the following natural growth conditions:

|G(x, z)| ≤ L
(
|z|p−1 + a(x)|z|q−1

)
. (4.0.10)

Assumptions (4.0.9)-(4.0.10) perfectly cover the case displayed in (4.0.3) and are in fact modelled
on them. Finally, before going on, let us mention that we shall use the compact notation

data ≡ data
(
n, p, q, α, ν, L, ‖a‖L∞ , [a]α, ‖H(·, Du)‖L1(Ω)

)
, (4.0.11)

including several data of the problem considered. We shall denote

H(x, z) :=
[
|z|p + a(x)|z|q

]
(4.0.12)

whenever x ∈ Ω and z ∈ Rn; we shall, with some abuse of notation, keep on denoting as in
(4.0.12) also in the case z ∈ R. Our main result is the following:
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Theorem 5 Let u ∈W 1,1(Ω) be a distributional solution to (4.0.8), such that H(·, Du), H(·,F) ∈
L1(Ω) and under the assumptions (4.0.2), (4.0.7), (4.0.9), (4.0.10). Then (4.0.5) holds. More-
over, fix open subsets Ω0 b Ω̃0 b Ω with dist(Ω0, ∂Ω̃0) ≈ dist(Ω̃0, ∂Ω) ≈ dist(Ω0, ∂Ω); for every
γ > 1, there exist a radius r > 0 and a constant c ≥ 1, both depending on data , dist(Ω0, ∂Ω), γ
and ‖F‖Lγ(Ω̃0), such that the inequality

(∫
B%/2

[H(x,Du)]γ dx

)1/γ

≤ c
∫
B%

H(x,Du) dx+ c

(∫
B%

[H(x,F)]γ dx

)1/γ

(4.0.13)

holds for every ball B% ⊂ Ω0 such that % ≤ r.

Starting from the procedure developed in [62], we are able to achieve the limiting case in (4.0.7)
by using an improved approach to the fractional estimates originally developed in [61]. These
are estimates aimed at proving that the gradient of solutions to homogeneous equations as

−divA(x,Dw) = 0 , (4.0.14)

under assumptions as (4.0.7) and (4.0.9) belong to suitable fractional Sobolev spaces. See The-
orem 8 below. Let us remark that fractional differentiability properties of solutions to various
types of potentially degenerate elliptic equations are a powerful tool in regularity theory (see for
instance [193] where these are employed to estimate singular sets of solutions), and have been
recently the object of investigation in different settings for both local and nonlocal operators in-
cluding rough data too [6,168,171]. The improvement in the arguments of [61] then comes from a
further application of a preliminary higher integrability result for solutions to (4.0.14), that uses
certain classical self-improving properties of reverse Hölder inequalities. Once this improvement
is reached we can revisit the proof given in [62] to get the statement of Theorem 5. Let us finally
observe that the type of problems considered in this work are related to so called functionals
with (p, q)-growth conditions. These have been extensively treated in the literature over the last
years starting by the papers of Marcellini [183,184]. Eventually, several contributions have been
given in this direction, see for instance [67,69,79,134,138,145,176,177,217,218,223,238] amongst
the most closely related to the setting we are considering, that is the one of non-autonomous
functionals with non-standard growth conditions.

4.1 The vectorial case
We now state the analogous of Theorem 5 in the vectorial framework. We have to restrict to
minima of (4.0.4), since, as stressed in Chapter 1, vector-valued solutions to general equations or
variational problems with no additional structure such as in (4.0.3)-(4.0.4), exhibit singularities
already in the standard case a(·) ≡ 0.

Theorem 6 Let u ∈W 1,1(Ω,RN ), N ≥ 1, be a local minimizer of (4.0.4) with H(·, Du), H(·,F) ∈
L1(Ω) and (4.0.2) and (4.0.7) being in force. Then (4.0.5) holds together with estimate (4.0.13)
as described in Theorem 5.

4.2 Basic material
As usually done in the framework of p-Laplacian type problems, we shall use the auxiliary vector
fields Vp, Vq : Rn → Rn defined in (2.4.1). As a consequence of (4.0.9)3, it holds that{

|Vp(z1)− Vp(z2)|2 + a(x)|Vq(z1)− Vq(z2)|2 ≤ c
(
A(x, z1)−A(x, z2)

)
· (z1 − z2)

H(x, z) ≤ cA(x, z) · z
(4.2.1)
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whenever z, z1, z2 ∈ Rn, x ∈ Ω, and with c ≡ c(n, ν, p, q). Let us recall some basic terminology
about generalized Orlicz-Sobolev spaces, i.e., Sobolev spaces defined by the fact that the distri-
butional derivatives lie in a suitable Orlicz-Musielak space. We are mainly interested in spaces
related to the Young type function defined in (4.0.12) and its constant coefficients variants (see
for instance (4.2.4) below). These are defined by

W 1,H(Ω) :=
{
u ∈W 1,1(Ω) : H(·, Du) ∈ L1(Ω)

}
, (4.2.2)

with the local variant being defined in the obvious way andW 1,H
0 (Ω) := W 1,H(Ω)∩W 1,p

0 (Ω). For
more details we refer to [11] and related references. Next to equations as in (4.0.8) and (4.0.14),
we shall consider boundary value problems involving operators with constant coefficients of the
type {

−divA0(Dv) = 0 in B
v ∈ w +W 1,H0

0 (B) ,
(4.2.3)

where B ⊂ Rn is a ball, w ∈W 1,H0(B) and

H0(z) :=
[
|z|p + a0|z|q

]
, (4.2.4)

for some a0 ≥ 0. We consider the following assumptions on A0(·), that are parallel to those in
(4.0.9) (and actually coincide with (4.0.9) when a(·) ≡ a0) and indeed follow a notation similar
to the one in (4.0.9): 

A0 ∈ C(Rn,Rn) ∩ C1(Rn \ {0},Rn)

|A0(z)|+ |∂zA0(z)||z| ≤ L(|z|p−1 + a0|z|q−1)

ν(|z|p−2 + a0|z|q−2)|ξ|2 ≤ 〈∂zA0(z)ξ · ξ.
(4.2.5)

Solvability of (4.2.3) follows using monotonicity methods as described in [62]. We then have
the following result obtained in [62, Section 5]. We only mention that in the next statement no
restriction occurs on the ratio q/p; the proof is exactly the same as the one presented in [62].

Theorem 7 Under assumptions (4.2.5) with 1 < p < q, let v ∈ W 1,H0(B) be the unique distri-
butional solution to (4.2.3) with w ∈W 1,H0(B). Then

H0(Dw) ∈ Lγ(B)⇒ H0(Dv) ∈ Lγ(B) holds for every γ > 1 .

Moreover, for every γ > 1, there exists a constant c ≡ c(n, p, q, ν, L, γ), which is a non decreasing
function of |B| and, in particular, it is independent of a0, such that the following inequality holds:∫

B

[H0(Dv)]γ dx ≤ c
∫
B

[H0(Dw)]γ dx . (4.2.6)

The following approximation property extends the ones already exploited in [61,101].

Lemma 4.2.1 Under assumptions (4.0.2) and (4.0.7), if v ∈ W 1,H(Ω) is such that H(·, Dv) ∈
L1+δ

loc (Ω) for some δ ≥ 0, then there exists a sequence of smooth functions {vk}k∈N ⊂ W 1,∞
loc (Ω)

such that, for all B b Ω with radius r, r ≤ 1, there holds that vk → v strongly in W 1,p(1+δ)
loc (Ω)

and ∫
B

[H(x,Dvk)]1+δ dx→
∫
B

[H(x,Dv)]1+δ dx .
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Proof. Let us define Hδ(x, z) :=
[
|z|p + a(x)|z|q

]1+δ ≈
[
|z|p(1+δ) + [a(x)]1+δ|z|q(1+δ)

]
. It is

sufficient to show that

vk → v strongly in W
1,p(1+δ)
loc (Ω) and

∫
B

Hδ(x,Dvk) dx→
∫
B

Hδ(x,Dv) dx .

This is now a consequence of the arguments in [61, 101] since the function x 7→ [a(x)]1+δ is still
C0,α-regular and the newly defined integrandHδ(·) satisfies the conditions detailed in [61, Section
4], with p and q replaced by p(1 + δ) and q(1 + δ), respectively. �

We conclude with a lemma has been proved in [62, Proposition 3.1] assuming (4.0.6), but for its
proof the bound in (4.0.7) is actually sufficient.

Lemma 4.2.2 Under assumptions (4.0.2) and (4.0.7), let B b Ω be a ball and let S : B → Rn
be a measurable vector field such that H(·, S) ∈ L1(B) and which is a distributional solution to
the equation −div T (x, S) = 0 in B. Here we assume that the vector field T : B × Rn → Rn
satisfies the growth conditions

|T (x, z)| .
[
|z|p−1 + a(x)|z|q−1

]
for every x ∈ B and z ∈ Rn. Then every ϕ ∈W 1,1

0 (B) such that H(·, Dϕ) ∈ L1(B) satisfies∫
B

T (x, S) ·Dϕ dx = 0.

4.3 Higher integrability estimates
In this section we fix a ball B, with radius r > 0, such that B b Ω and r ≤ 1, and we provide a
few existence results and regularity estimates for solutions w ∈ W 1,H(B) to Dirichlet boundary
value problems of the type {

−div A(x,Dw) = 0 in B
w ∈ w0 +W 1,H

0 (B) ,
(4.3.1)

where w0 ∈W 1,H(B) is given boundary datum such that

H(·, Dw0) ∈ L1+δ(B) for some δ > 0 (4.3.2)

and

‖H(·, Dw0)‖L1(B) ≤ L1 (4.3.3)

for some finite constant L1 ≥ 0. Needless to say, in (4.3.1) and for the rest of the section, the
vector A(·) satisfies the assumptions of Theorem 5, that is (4.0.2), (4.0.7) and (4.0.9). We start
introducing the perturbed vector fields Ak : Ω× Rn → Rn as

Ak(x, z) := A(x, z) + εk|z|s−2z (4.3.4)

where s > q and {εk} is a sequence of positive numbers such that εk → 0. Moreover, with
B b Ω, let us consider a sequence {w̃k} ⊂W 1,∞(B) such that∫
B

H(x,Dw̃k) dx→
∫
B

H(x,Dw0) dx and
∫
B

[H(x,Dw̃k)]1+δ dx→
∫
B

[H(x,Dw0)]1+δ dx.

(4.3.5)
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The existence of such a sequence is ensured by Lemma 4.2.1 and by (4.3.2). Beside the functions
w̃k, we consider another sequence {wk} ⊂W 1,s(B) in such a way that for every k ∈ N, wk is the
unique solution to the Dirichlet problem{

−div Ak(x,Dwk) = 0 in B
wk ∈ w̃k +W 1,s

0 (B) .
(4.3.6)

We start with a first higher integrability result extending those originally found in [60,61].

Lemma 4.3.1 Under assumptions (4.0.2), (4.0.7) and (4.0.9), assume also that

sup
k∈N
‖H(·, Dwk)‖L1(B) ≤ c̃ (4.3.7)

holds for a positive constant c̃. Then there exist two positive constants δ1 > 0 and c, both
depending on c̃, n, p, q, ν, L, s, [a]0,α and α, but otherwise independent of k, such that(∫

B%

[H(x,Dwk) + εk|Dwk|s]1+δ1 dx

) 1
1+δ1

≤ c
∫
B2%

[
H(x,Dwk) + εk|Dwk|s

]
dx . (4.3.8)

holds for every ball B2% ⊂ B and every k ∈ N.

Proof. The proof combines a suitable Caccioppoli type estimate with the Sobolev-Poincaré
type inequalities obtained in [60, 61, 218]. Let B2% b B be a ball and η ∈ C1

c (B2%) be so
that χB% ≤ η ≤ χB2%

and |Dη| ≤ 4%−1. We test the weak formulation of (4.3.6) against
ϕ = ηs(wk − (wk)B2%), which is admissible since wk ∈ W 1,s(B,RN ), (s > q) for all k ∈ N. By
means of (4.2.1), Young inequality, and recalling that

s <
q(s− 1)

q − 1
<
p(s− 1)

p− 1
,

we obtain, for ε ∈ (0, 1)∫
B2%

ηs
[
H(x,Dwk) + εk|Dwk|s

]
dx

≤ c
∫
B2%

ηs−1
(
|Dwk|p−1 + a(x)|Dwk|q−1 + εk|Dwk|s−1

) ∣∣∣∣∣wk − (wk)B2%

%

∣∣∣∣∣ dx

≤ ε
∫
B2%

ηs
[
H(x,Dwk) + εk|Dwk|s

]
dx

+ cε

∫
B2%

H

(
x,
wk − (wk)B2%

%

)
+ εk

∣∣∣∣∣wk − (wk)B2%

%

∣∣∣∣∣
s

dx .

Choosing ε small enough and reabsorbing terms, we can conclude that∫
B%

[
H(x,Dwk) + εk|Dwk|s

]
dx ≤ c

∫
B2%

H

(
x,
wk − (wk)B2%

%

)
+ εk

∣∣∣∣∣wk − (wk)B2%

%

∣∣∣∣∣
s

dx

(4.3.9)

holds for c ≡ c(n, p, q, ν, L, s). We can then use the intrinsic Sobolev-Poincaré’s inequality devel-
oped in [61,217] to get

∫
B2%

H

(
x,
wk − (wk)B2%

%

)
dx ≤ c

(∫
B2%

[H(x,Dwk)]d dx

)1/d

, (4.3.10)
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with c ≡ c(n, p, q, α, [a]0,α, c̃) ≥ 1 and d ≡ d(n, p, q, α, [a]0,α) < 1. Moreover, defining s∗ :=

max
{

1, ns
n+s

}
, we obtain

∫
B2%

εk

∣∣∣∣∣wk − (wk)B2%

%

∣∣∣∣∣
s

dx ≤ c

(∫
B2%

(εk|Dwk|s)s∗/s dx

)s/s∗
, (4.3.11)

with c ≡ c(n, s). Let d̃ := max{s∗/s, d} < 1 and combine (4.3.10) and (4.3.11) with Hölder
inequality to obtain

∫
B2%

H (x, wk − (wk)B2%

%

)
+ εk

∣∣∣∣∣wk − (wk)B2%

%

∣∣∣∣∣
s
 dx

≤c

(∫
B2%

[H(x,Dwk) + εk|Dwk|s]d̃ dx

)1/d̃

, (4.3.12)

where c ≡ c(n, p, q, ν, L, s, [a]0,α, α, c̃) and d̃ = d̃(n, p, q, s). From (4.3.9) and (4.3.12) we obtain

∫
B%

[
H(x,Dwk) + εk|Dwk|s

]
dx ≤ c

(∫
B2%

[H(x,Dwk) + εk|Dwk|s]d̃ dx

)1/d̃

, (4.3.13)

so we can apply a standard variant of Gehring’s lemma to conclude with the statement. �

We then obtain a global version of the above result.

Lemma 4.3.2 Under the assumptions (4.0.2), (4.0.7), (4.0.9), (4.3.2), (4.3.3), (4.3.7), suppose
also that

sup
k∈N
‖H(·, Dw̃k)‖L1(B) ≤ c̄ (4.3.14)

holds for a positive constant c̄. Then there exist a positive exponent δ2 ≤ δ1, and constant c, both
depending only on c̃, c̄, n, p, q, α, ν, L, [a]0,α, such that(∫

B

[H(x,Dwk) + εk|Dwk|s]1+σ dx

) 1
1+σ

≤ c
(∫

B

[H(x,Dw̃k) + εk|Dw̃k|s]1+σ dx

) 1
1+σ

holds whenever σ ∈ [0, δ2), for every k ∈ N.

Proof. We first test (4.3.6) against φ := wk − w̃k to obtain by (4.2.1) (arguing for instance as in
(see again [62, Theorem 3.1]))∫

B

[
H(x,Dwk) + εk|Dwk|s

]
dx ≤ c

∫
B

[
H(x,Dw̃k) + εk|Dw̃k|s

]
dx, (4.3.15)

with c ≡ c(n, p, q, ν, L, s). Now, for x0 ∈ B, let B2%(x0) ⊂ Rn be any ball such that |B2%(x0) \
B| > |B2%(x0)|/10 and let ϕ := ηs(wk − w̃k), with η ∈ C1

c (B2%) so that χB% ≤ η ≤ χB2%
and

|Dη| ≤ 4%−1. Notice that ϕ is admissible for testing and suppϕ ⊂ B ∩B2%(x0). From the weak
formulation of (4.3.6) and (4.2.1), we obtain∫

B∩B2%(x0)

ηs[H(x,Dwk) + εk|Dwk|s] dx ≤ c
∫
B∩B2%(x0)

ηs−1|Ak(x,Dwk)|
∣∣∣∣wk − w̃k%

∣∣∣∣ dx

+ c

∫
B∩B2%(x0)

ηs|Ak(x,Dwk)||Dw̃k| dx =: (I) + (II) , (4.3.16)
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with c ≡ c(n, p, q, ν, L, s). Again Young inequality gives, for any ε ∈ (0, 1)

|(I)| ≤ ε
∫
B∩B2%(x0)

ηs[H(x,Dwk) + εk|Dwk|s] dx

+ cε

∫
B∩B2%(x0)

H

(
x,
wk − w̃k

%

)
+ εk

∣∣∣∣wk − w̃k%

∣∣∣∣s dx ,

where cε ≡ cε(n, p, q, ν, L, s, ε) and, similarly,

|(II)| ≤ ε
∫
B∩B2%(x0)

ηs[H(x,Dwk) + εk|Dwk|s] dx

+ cε

∫
B∩B2%(x0)

H(x,Dw̃k) + εk|Dw̃k|s dx,

where cε ≡ cε(n, p, q, ν, L, s, ε). Taking ε small enough and inserting the content of the last two
displays in (4.3.16), we obtain∫
B∩B%(x0)

[
H(x,Dwk) + εk|Dwk|s

]
dx ≤ c

∫
B∩B2%(x0)

[
H

(
x,
wk − w̃k

%

)
+ εk

∣∣∣∣wk − w̃k%

∣∣∣∣s
]

dx

+ c

∫
B∩B2%(x0)

[
H(x,Dw̃k) + εk|Dw̃k|s

]
dx .

Applying Sobolev-Poincaré’s inequality as follows

∫
B∩B2%(x0)

H

(
x,
wk − w̃k

%

)
dx ≤ c

(∫
B∩B2%(x0)

[H(x,Dwk −Dw̃k)]d dx

)1/d

≤c

(∫
B∩B2%(x0)

[H(x,Dwk)]d dx

)1/d

+ c

∫
B∩B2%(x0)

H(x,Dw̃k) dx,

with c, d as in (1.2.3) (this holds with the proof given in [61,218]) and additionally depending on
constant c̄ appearing , after standard manipulations as in the proof of Lemma 4.3.1, we get

∫
B∩B%(x0)

[
H(x,Dwk) + εk|Dwk|s

]
dx ≤ c

(∫
B∩B2%(x0)

[H(x,Dwk) + εk|Dwk|s]d̃ dx

)1/d̃

+ c

∫
B∩B2%(x0)

[
H(x,Dw̃k) + εk|Dw̃k|s

]
dx

with c ≡ c(c̃, n, p, q, α, ν, L, s, [a]0,α). We next consider the situation when it is B2%(x0) b B. In
this case we can proceed as for the interior case treated in Lemma 4.3.1 getting (4.3.8), thereby
getting (4.3.13). The two cases can be combined via a standard covering argument. More
precisely, upon defining

Vk(x) :=

{
[H(x,Dwk) + εk|Dwk|s]d̃ B

0 Rn \B

and

Uk(x) :=

{
H(x,Dw̃k) + εk|Dw̃k|s B

0 Rn \B
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we easily get

∫
B%(x0)

[Vk(x)]1/d̃ dx ≤ c


(∫

B2%(x0)

Vk(x) dx

)1/d̃

+

∫
B2%(x0)

Uk(x) dx

 ,

with c = c(c̃, n, p, q, ν, L, s, [a]0,α, α) and 0 < d̃ < 1. At this point the conclusion follows once
again by the usual variant of Gehring’s lemma. �

We proceed with a fractional differentiability result, following a strategy that has been initially
implemented in [61].

Theorem 8 Under assumption (4.0.2), (4.0.7), (4.0.9), (4.3.2) and (4.3.3), there exists a unique
solution w ∈ w0 +W 1,H

0 (B) to (4.3.1) and it satisfies

Dw ∈ L
np

n−2β

loc (B,Rn) ∩Wmin{2β/p,β},p
loc (B,Rn) (4.3.17)

for every β < α. In particular, it follows

Dw ∈ L2q−p
loc (B,Rn) . (4.3.18)

The energy estimate ∫
B

H(x,Dw) dx ≤ c1
∫
B

H(x,Dw0) dx (4.3.19)

holds for a constant c1 ≡ c1(n, ν, L, p, q), while the global higher integrability estimate∫
B

[H(x,Dw)]1+σ dx ≤ c2
∫
B

[H(x,Dw0)]1+σ dx (4.3.20)

holds for positive constants c2, σ ≡ c2, σ(n, p, q, α, ν, L, [a]0,α, L1) and it is σ < δ . Moreover,
in (4.3.20) the exponent σ can be replaced by any smaller positive number. Finally, the solution
w can be obtained as the limit of solutions {wk} to problems (4.3.6) in the sense that, up to
relabelled subsequences, it holds that

wk ⇀ w in W 1,p(1+σ)(B) and wk → w in W
1, np
n−2β

loc (B) (4.3.21)

for every β < α. In particular, we can choose β such that

p(1 + σ) < 2q − p < np

n− 2β
.

Proof. Step 1: Approximation. We preliminary recall that w̃k ∈ W 1,∞(B) for every integer k;
for a number σ > 0 which is yet to be defined, the quantity

εk :=
(
k + ‖Dw̃k‖3(2q−p)

L2q−p(B) + ‖Dw̃k‖3(1+σ)(2q−p)
L(1+σ)(2q−p)(B)

)−1

(4.3.22)

is well-defined and finite. Moreover, observe that the convergence

lim
k→∞

εk

∫
B

|Dw̃k|2q−p dx = 0

happens to be uniform with respect to the choice of σ ≥ 0. We take this choice of {εk} in (4.3.4),
where we also choose s := 2q − p. We later specify the actual value of σ. The weak form of
(4.3.6) is ∫

B

Ak(x,Dwk) ·Dϕ dx = 0 for all ϕ ∈W 1,2q−p
0 (B) (4.3.23)
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and (4.3.15) becomes∫
B

[
H(x,Dwk) + εk|Dwk|2q−p

]
dx ≤ c

∫
B

[
H(x,Dw̃k) + εk|Dw̃k|2q−p

]
dx (4.3.24)

with c ≡ c(n, ν, L, p, q), so that, recalling (4.3.22) we also have, for k large enough, we have∫
B

H(x,Dw̃k) dx
(4.3.5)

≤ 2

∫
B

H(x,Dw0) dx ≤ 2L1 := c̄, (4.3.25)

and ∫
B

H(x,Dwk) dx
(4.3.5)

≤ 2

∫
B

H(x,Dw0) dx+ c
(4.3.3)

≤ c(L1 + 1) := c̃, (4.3.26)

again for c ≡ c(n, ν, L, p, q). This now fixes the choice of the numbers c̃ and c̄ appearing in (4.3.7)
and (4.3.14), respectively, and therefore this ultimately reflects in the value of the two higher
integrability exponents δ2 ≤ δ1, appearing in Lemmas (4.3.1) and (4.3.2), respectively, that are
independent of the number σ > 0 introduced in (4.3.22). Needless to say, and with no loss of
generality, we shall consider always the indexes k large enough for which (4.3.25)-(4.3.26) hold.
We fix a positive σ such that

σ <
δ2
2
, p(1 + σ) < 2q − p and σ <

2α

n
, (4.3.27)

and this finally fixes the choice in (4.3.22); observe that σ exhibits the following dependence:

σ ≡ σ
(
n, p, q, α, ν, L, [a]0,α, L1

)
. (4.3.28)

Similarly, using this time Lemma 4.3.2, and again (4.3.22) we estimate∫
B

|Dwk|p(1+σ) dx ≤
∫
B

[H(x,Dwk)]1+σ dx ≤
∫
B

[H(x,Dwk) + εk|Dwk|2q−p]1+σ dx

≤c
∫
B

[H(x,Dw̃k) + εk|Dw̃k|2q−p]1+σ dx ≤ c
∫
B

[H(x,Dw0)]1+σ dx+ c , (4.3.29)

for c ≡ c(n, p, q, α, ν, L, [a]0,α, L1), for k large enough. We can therefore assume that, up to
passing to not relabelled subsequences, wk ⇀ w inW 1,p(1+σ)(B) for some w ∈ w0+W

1,p(1+σ)
0 (B).

By lower semicontinuity in (4.3.24) and (4.3.29), and again recalling (4.3.22), we find:∫
B

H(x,Dw) dx ≤ c1
∫
B

H(x,Dw0) dx (4.3.30)

and ∫
B

[H(x,Dw)]1+σ dx ≤ c2
∫
B

[H(x,Dw0)]1+σ dx, (4.3.31)

with c1 ≡ c1(n, ν, L, p, q) and c2 ≡ c2(n, p, q, α, ν, L, [a]0,α, L1).

Step 2: Fractional Sobolev embedding and interpolation. Here we modify the arguments of [61,
Section 5]. Let us take a ball B2% b B (not necessarily concentric to B); the computations made
in [61, Section 5, p. 470], which hold when assuming (4.0.7) too, give that, for 0 < % ≤ t < s ≤ 2%
(and after scaling back in the proof given in [61])

‖Vp(Dwk)‖2
L

2n
n−2β (Bt)

+ [Vp(Dwk)]2Wβ,2(Bt)
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≤ c

(s− t)2β
‖Dwk‖pLp(Bs)

+
c

(s− t)2β

(
‖a‖2L∞(Bs)

+ %2α[a]20,α;Bs + εk

)
‖Dwk‖2q−pL2q−p(Bs)

,

(4.3.32)

for every β < α and k ∈ N, with c ≡ c(n, p, q, ν, L, α, β). In the above display we are using the
standard notation for the Gagliardo seminorm

[Vp(Dwk)]2Wβ,2(Bt)
:=

∫
Bt

∫
Bt

|Vp(Dwk(x))− Vp(Dwk(y))|2

|x− y|n+2β
dxdy .

We refer to [85] for basic properties about fractional Sobolev spaces, and to [61, 101] for the
specific ones that are relevant here. We now aim at estimating the second term in the right-hand
side of (4.3.32). In particular there holds:

‖Dwk‖p
L

np
n−2β (Bt)

≤
c‖Dwk‖pLp(Bs)

(s− t)2β
+
cTk‖Dwk‖2q−pL2q−p(Bs)

(s− t)2β
(4.3.33)

for β ∈ (0, α), where

Tk := ‖a‖2L∞(B%) + %2α[a]20,α;B% + εk (4.3.34)

and c ≡ c(n, p, q, ν, L, α, β). Notice that this last constant blows-up when β → α. Next, we start
taking β < α such that

2q − p < np

n− 2β
(4.3.35)

which is implied, by virtue of (4.0.7), by

α

1 + 2α/n
< β < α

which is in particular satisfied by choosing

α

1 + σ
< β < α (4.3.36)

in view of the last inequality in (4.3.27). Keeping (4.3.27) and (4.3.35) in mind, we now look for
θ ∈ (0, 1) such that

1

2q − p
=

1− θ
p(1 + σ)

+
(n− 2β)θ

np
(4.3.37)

and this gives

θ =
n(2q − 2p− pσ)

[2β − (n− 2β)σ](2q − p)
.

We notice that, keeping also (4.0.7) in mind,

θ(2q − p) < p⇔ n(2q − 2p− pσ)

2β − (n− 2β)σ
< p⇔ 2n(q − p) < 2βp(1 + σ)⇐ α < β(1 + σ) , (4.3.38)

and the last inequality is true by virtue of the choice made in (4.3.36). By the choices made
above, and in particular by (4.3.37), we use the interpolation inequality

‖Dwk‖L2q−p(Bs) ≤ ‖Dwk‖
(1−θ)
Lp(1+σ)(Bs)

‖Dwk‖θ
L

np
n−2β (Bs)

.
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In (4.3.38), we saw that (2q − p)θ < p, so we may apply Young inequality with conjugate
exponents

t1 =
p

θ(2q − p)
and t2 =

p

p− (2q − p)θ
,

to obtain, for ε ∈ (0, 1)

Tk
(s− t)2β

‖Dwk‖2q−pL2q−p(Bs)
≤ Tk

(s− t)2β
‖Dwk‖(1−θ)(2q−p)Lp(1+σ)(Bs)

‖Dwk‖θ(2q−p)
L

np
n−2β (Bs)

≤ ε‖Dwk‖p
L

np
n−2β (Bs)

+ cε

[
Tk

(s− t)2β
‖Dwk‖(1−θ)(2q−p)Lp(1+σ)(Bs)

] p
p−(2q−p)θ

. (4.3.39)

Merging (4.3.39) with (4.3.33) and choosing

ε ≡ ε(n, p, q, ν, L, α, β, σ) ≡ ε
(
n, p, q, α, ν, L, [a]0,α, β, L1

)
(4.3.40)

small enough, we conclude that

‖Dwk‖p
L

np
n−2β (Bt)

≤ 1

2
‖Dwk‖p

L
np

n−2β (Bs)
+

c

(s− t)2β
‖Dwk‖pLp(Bs)

+ c

[
Tk

(s− t)2β
‖Dwk‖(1−θ)(2q−p)Lp(1+σ)(Bs)

] p
p−(2q−p)θ

,

where c exhibits the same dependence on the constants appearing in (4.3.40) as an effect we also
determining the value of cε in (4.3.39). From Lemma 2.4.2, we have

‖Dwk‖p
L

np
n−2β (B%)

≤ c

%2β
‖Dwk‖pLp(B2%) +

[
Tk
%2β
‖Dwk‖(1−θ)(2q−p)Lp(1+σ)(B2%)

] p
p−(2q−p)θ

, (4.3.41)

again with c depending as in (4.3.40) and for every k ∈ N. By (4.3.35) and (4.3.41), Hölder
inequality, (4.3.26) and (4.3.29), and recalling that % ≤ 1, we can conclude that

‖Dwk‖L2q−p(B%) + ‖Dwk‖
L

np
n−2β (B%)

≤ c

%2β/p
‖Dwk‖Lp(B2%) + c

[
Tk
%2β
‖Dwk‖(1−θ)(2q−p)Lp(1+σ)(B2%)

] 1
p−(2q−p)θ

≤ c

%2β/p

[
‖H(·, Dw0)‖1/pL1(B) + 1

]
+ c

[
Tk
%2β

(
‖H(·, Dw0)‖1/pL1+σ(B) + 1

)(1−θ)(2q−p)
] 1
p−(2q−p)θ

holds with c ≡ c(n, p, q, α, ν, L, [a]0,α, L1) and for sufficiently large k. All in all, we deduce that

‖Dwk‖L2q−p(B%) + ‖Dwk‖
L

np
n−2β (B%)

≤ c%−λ , (4.3.42)

holds for c, λ ≡ c, λ(n, p, q, ν, L, ‖a‖∞, [a]0,α, α, β, L1), which is independent of k. This last
estimate used together with (4.3.32) and a standard covering argument (keep again the proof
of [62, Theorem 3.1] in mind), allows to get the new bound

‖Dwk‖Wmin{2β/p,β},p(U) + ‖Vp(Dwk)‖Wβ,2(U) ≤ c (4.3.43)

for any open subset U b B and any β < α, with c depending as in (4.3.42), and additionally on
dist(U, ∂B). By (4.3.29) and (4.3.43) we can use the standard compact embedding theorems of
fractional Sobolev spaces and again a standard diagonal argument allows to conclude that, up
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to (not relabelled) subsequence, it holds that Dwk → Dw strongly in L2q−p
loc (B) and a.e. (thus

completely proving (4.3.21)). This allows to let k →∞ in (4.3.23), obtaining that w is a distri-
butional solution to (4.3.1). Using lower semicontinuity in (4.3.43) then yields (4.3.17)-(4.3.18),
while (4.3.19)-(4.3.20) are a consequence of (4.3.30). Finally, let w̃ be another distributional so-
lution to (4.3.1) such that w̃ ∈W 1,H(B). By Lemma 4.2.2 it follows that we can use ϕ = w− w̃
as test function in the weak formulation∫

B

(A(x,Dw)−A(x,Dw̃)) · (Dw −Dw̃) dx = 0 .

At this point, the strict monotonicity (4.2.1) of the vector field A(·) gives that w̃ = w. �

4.4 Another higher integrability estimate
This is in the following:

Theorem 9 Let u ∈ W 1,H(Ω) be a solution to the equation (4.0.8), under the assumptions
(4.0.7) and (4.0.9)-(4.0.10). Assume, moreover, that H(·,F) ∈ Lγloc(Ω), for some γ > 1. There
exists a positive higher integrability exponent δ < γ − 1, depending only on data, such that
H(·, Du) ∈ L1+δ

loc (Ω); moreover, the reverse Hölder type inequality(∫
B%

[H(x,Du)]1+δ dx

) 1
1+δ

≤ c
∫
B2%

H(x,Du) dx+ c

(∫
B2%

[H(x,F)]1+δ dx

) 1
1+δ

(4.4.1)

holds for every ball B2% ⊂ Ω, where the constant c depends again only on data. In particular, in
the case F ≡ 0, for every open subset Ω0 b Ω there exists a constant c ≡ c(data , dist(Ω0, ∂Ω)) ≥
1 such that

‖H(x,Du)‖L1+δ(Ω0) ≤ c .

Moreover, in (4.4.1) the exponent δ can be replaced by any smaller number.

Proof. The proof is similar to the one of Lemma 4.3.1 and to the one offered in [61, Theorem
1.1], and we shall report only a brief sketch. Let B2% b Ω. We test the weak formulation of
(4.0.8) against ϕ := ηq(u− (u)B2%), where η ∈ C1

c (B2%), χB% ≤ η ≤ χB2% and |Dη| ≤ 4/%. Notice
that ϕ is admissible by Lemma 4.2.2. Using (4.0.9)-(4.0.10), the fact that q < p(q−1)

p−1 , and Young
inequality we get∫

B2%

H(x,Du)ηq dx ≤ c
∫
B2%

H

(
x,
u− (u)B2%

%

)
dx+ c

∫
B2%

H(x,F) dx; (4.4.2)

with c ≡ c(n, ν, L, p, q). Now we apply Sobolev-Poincaré’s inequality to the first term on the
right-hand side of (4.4.2) to have

∫
−
B%

H(x,Du) dx ≤ c

(∫
−
B2%

[H(x,Du)]d dx

)1/d

+ c

∫
−
B2%

H(x,F) dx,

with c ≡ c(data) and d ≡ d(n, p, q) ∈ (0, 1). Now, since H(·,F) ∈ Lγloc(Ω) and γ > 1, by a variant
of Gehring’s Lemma we can conclude with (4.4.1) for a number δ as described in the statement
of the theorem, and the proof is complete. �
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4.5 Proof of Theorem 5: A conditional reverse Hölder in-
equality

In this section we start the proof of Theorem 5. Our aim is to prove the reverse type inequality
in Theorem 10 below. This extends a similar fact obtained in [61, Theorem 5.1] under the
assumption (4.0.6); we now replace this by (4.0.7). The result we are going to develop here is in
fact a technical tool in the forthcoming proof of Theorem 5 contained in the next section. We
start considering the original solution u from Theorem 5. By Theorem 9 and a standard covering
argument, we know that for every choice of open subset Ω0 b Ω̃0 b Ω (with dist(Ω0, ∂Ω̃0) ≈
dist(Ω̃0, ∂Ω) ≈ dist(Ω0, ∂Ω)) as in the statement of Theorem 5, there exists a constant c ≥ 1
such that

‖H(·, Du)‖L1+δ(Ω0) ≤ c
(
data , dist(Ω0, ∂Ω), ‖H(·,F)‖Lγ(Ω̃0)

)
(4.5.1)

holds for some exponent δ depending only on data and which is such that δ < γ − 1. We then
use the setting of Section 4.3 with w0 ≡ u, by considering problems of the type{

−divA(x,Dw) = 0 in B4%

w ∈ u+W 1,H
0 (B4%) ,

(4.5.2)

where B4% is a ball such that B8% ⊂ Ω0 and 8% ≤ 1, with the number δ coming from (4.5.1) as the
one fixed in (4.3.2); the constant L1 appearing in is obviously fixed by L1 := ‖H(·, Du)‖L1(B4%).
Moreover, by (4.3.19), we have

‖H(·, Dw)‖L1(B4%) ≤ c(n, p, q, ν, L)‖H(·, Du)‖L1(B4%) . (4.5.3)

In view of this last inequality and by Theorem 9, this time applied with F ≡ 0, we obtain that
Dw ∈ L1+δ0

loc (4B,Rn) for some δ0 ≡ δ0(data) > 0. Moreover, recalling that in Theorem 8 we can
take σ ∈ (0, δ] as small as we like, and in particular σ ≤ δ0, we have the following reverse Hölder
type inequality: (∫

B2%

[H(x,Dw)]1+σ dx

) 1
1+σ

≤ c
∫
B4%

H(x,Dw) dx , (4.5.4)

for a constant c ≡ c(data) and for a final number σ depending only on data. The main result of
this section looks like this.

Theorem 10 Let w ∈W 1,H(B4%) be a solution to (4.5.2) under the assumptions (4.0.7), (4.0.9).
Assume that

sup
x∈B%

a(x) ≤ K[a]0,α%
α (4.5.5)

holds for some K ≥ 1. Then, for any q̄ < np/(n − 2α) (= ∞ when α = 1 and n = 2) there
exists a positive constant c ≡ c(data, q̄,K), such that the following reverse Hölder type inequality
holds: (∫

B%

|Dw|q̄ dx

)1/q̄

≤ c

(∫
B4%

H(x,Dw) dx

)1/p

. (4.5.6)

Moreover, let 1 < γ1 < γ2 ≤ 4, the inequality(∫
Bγ1%

|Dw|2q−p dx

) 1
2q−p

≤ c

(∫
Bγ2%

H(x,Dw) dx

)1/p

(4.5.7)

holds for a constant c additionally depending on γ1, γ2.
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Proof. We shall revisit the arguments in the proof of Theorem 8, and we keep the notation
introduced there; in particular, we shall retain (4.3.27) and (4.3.36) concerning β and σ (and of
course σ obeys the smallness conditions enumerated before the statement). Given the reference
ball B4% mentioned in the statement of the theorem, all the remaining balls will be concentric
unless otherwise stated. We go back to the proof of Theorem 8, Step 2, where we consider this
time concentric balls B% ⊂ B4% ≡ B, and the approximate solutions {wk} defined in (4.3.6)
with the choice w0 = u; ultimately, this means we are considering problems (4.5.2). Theorem 8
implies, in particular, that Dwk → Dw strongly in Lp(1+σ)(B2%,Rn); letting k →∞ in (4.3.41)
and recalling the definition (4.3.34), we conclude with

‖Dw‖
L

np
n−2β (B%)

≤ c

%2β/p
‖Dw‖Lp(B2%)

+ c

[
1

%2β

(
‖a‖2L∞(B2%) + c%2α[a]20,α;B2%

)
‖Dw‖(1−θ)(2q−p)

Lp(1+σ)(B2%)

] 1
p−(2q−p)θ

, (4.5.8)

with c ≡ c(data, β). Notice now that condition (4.5.5) is stable when the radius increases for
nested balls. In fact, (4.5.5) and the α-Hölder continuity of a(·) imply

sup
x∈BM%

a(x) ≤ (K + 3M)%α[a]0,α , for all M ∈ (1, 4) , (4.5.9)

so, with (4.5.9), (4.5.8) becomes (recall K ≥ 1)

‖Dw‖p
L

np
n−2β (B%)

≤ c

%2β
‖Dw‖pLp(B2%) + c

(
%2(α−β)[a]20,α;B2%

K2‖Dw‖(1−θ)(2q−p)
Lp(1+σ)(B2%)

) p
p−(2q−p)θ

.

(4.5.10)

Define

b1 :=
p

p− (2q − p)θ
and b2 :=

(1− θ)(2q − p)
(1 + σ)[p− (2q − p)θ]

.

In these terms, after averaging and making a few elementary manipulations, (4.5.10) reads as(∫
B%

|Dw|
np

n−2β dx

)n−2β
np

≤ c

(∫
B2%

|Dw|p dx

)1/p

+ c
(

[a]20,α;B2%
K2
)b1/p

%
2(α−β)b1+2β+n(b2−1)

p

(∫
B2%

|Dw|p(1+σ) dx

)b2/p
.

Let us re-write the last term in the above inequality as follows:(∫
B2%

|Dw|p(1+σ) dx

)b2/p
=

(∫
B2%

|Dw|p(1+σ) dx

) b2(1+σ)−1

p(1+σ)
(∫

B2%

|Dw|p(1+σ) dx

) 1
p(1+σ)

= ω
1−b2(1+σ)

p(1+σ)
n %−n

b2(1+σ)−1

p(1+σ) ‖Dw‖
b2(1+σ)−1

p(1+σ)

Lp(1+σ)(B2%)

(∫
B2%

|Dw|p(1+σ) dx

) 1
p(1+σ)

.

Now notice that

1

p

[
2(α− β)b1 + 2β + n(b2 − 1)− nb2 +

n

(1 + σ)

]
≥ 1

p

(
2β − nσ

1 + σ

)
(4.3.36)

≥ 2α− nσ
p(1 + σ)

(4.3.27)
> 0,
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so, merging the content of the previous three displays and using Hölder inequality, we conclude
with (∫

B%

|Dw|
np

n−2β dx

)n−2β
np

≤ c

{
1 +

(
[a]20,α;B2%

K2
)b1/p

‖Dw‖
b2(1+σ)−1

p(1+σ)

Lp(1+σ)(B2%)

}(∫
B2%

|Dw|p(1+σ) dx

) 1
p(1+σ)

(4.5.3)

≤ c

(∫
B2%

|Dw|p(1+σ) dx

) 1
p(1+σ) (4.5.4)

≤ c

(∫
B4%

H(x,Dw) dx

) 1
p

, (4.5.11)

with c ≡ c(data, β,K). We have therefore proved (4.5.6) for the values of q̄ such that np/(n −
βp) ≤ q̄, where β is such that α/(1+σ) < β < α, and with σ coming from Theorem 8 as specified
at the beginning of the proof; the same obviously follows using Hölder inequality. In particular,
(4.5.6) results from a suitable choice of β. As for the (4.5.7), this is a consequence of a variant
of a standard covering argument starting from the validity of (4.5.6); let us briefly recall it. We
can cover B% by a finite number k ≡ k(n, γ) of balls {Bi}i≤k touching Bγ1% and with radius
%̃ = (γ2− γ1)%/100. Obviously, it is 2Bi b Bγ2% and these balls are not necessarily concentric to
the starting ball B%. Notice that, for every i ≤ k, it is

sup
x∈Bi

a(x) ≤ sup
x∈Bγ%

a(x) ≤ (K + 3γ)[a]0,α%
α ≤

[
100(K + 3γ2)

γ2 − γ1

]
[a]0,α%̃

α .

We can therefore apply (4.5.6) to each of the balls Bi, thereby getting(∫
Bi

|Dw|q̄ dx

)1/q̄

≤ c

(∫
2Bi

H(x,Dw) dx

)1/p

,

for a constant c now depending also on γ. By summing up the above inequalities with respect
to i and again increasing the involved constant in a way that depends only on n, γ, we finally
arrive at (4.5.7) and the proof is complete. �

4.6 Proof of Theorem 5: Exit time arguments and conclu-
sion

The general scheme of the proof of Theorem 5 is the same one of [62, Theorem 1.1]. We ask the
reader to have [62] at hand since we shall essentially indicate the relevant modifications and we
shall follow exactly the same steps as described there, reporting them with the same titles.

Step 1: Exit time and covering of the level set. We recall that with open subset Ω0 b Ω̃0 b Ω as
in the statement of the theorem, we have that (4.5.1) holds. Then we consider BR ⊂ Ω0, where
R ≤ r (and r is the small radius appearing in the statement of Theorem 5 and to be determined
at the end of the proof). We proceed with the exit time and covering argument as in the proof
of [62, Theorem 1.1]. In particular, this yields the family of balls {Bi} ≡ {B%i(xi)} ≡ {5B̃i} as
indicated in [62, (4.9)-(4.11)]. All the balls in question are contained in BR. Before going on,
similarly to (4.0.11), we set

data0 ≡ data0

(
n, p, q, α, ν, L, ‖a‖L∞ , [a]α, ‖H(·, Du)‖L1(Ω), dist(Ω0, ∂Ω), ‖H(·,F)‖Lγ(Ω̃0), γ

)
.
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Step 2: A first comparison function. We recover the setting of Sections (4.3) and (4.5). By
(4.5.1) we use the setting of Section 4.3 with this choice of δ in (4.3.2); in this way we are also
ready to use the setting of Section 4.5 and Theorem 10. We are therefore able to apply Theorem
8 that, in turn, allows to define wi ∈ u+W 1,H

0 (4Bi) as the solutions to the Dirichlet problem{
−divA(x,Dwi) = 0 in 4Bi

wi ∈ u+W 1,H
0 (4Bi) .

(4.6.1)

where the balls Bi are from Step 1. Again, by Theorem 8 with w0 ≡ u as explained in the
previous section, we have

wi ∈W 1,2q−p
loc (4Bi), Dwi ∈ L

np
n−2β

loc (4Bi,Rn) for all β < α (4.6.2)

and the estimates 

∫
4Bi

H(x,Dwi) dx ≤ c1
∫

4Bi

H(x,Du) dx

∫
4Bi

[H(x,Dwi)]
1+σ dx ≤ c2

∫
4Bi

[H(x,Du)]1+σ dx

(4.6.3)

hold for positive constants c1 ≡ c1(n, ν, L, p, q), c2, σ ≡ c2, σ(data). As in [62, (4.17)], we gain
that for every ε ∈ (0, 1) there exists a constant cε, depending also by n, ν, L, p, q, such that∫

4Bi

[
|Vp(Du)− Vp(Dwi)|2 + a(x)|Vq(Du)− Vq(Dwi)|2

]
dx

≤ ε
∫

4Bi

H(x,Du) dx+ cε

∫
4Bi

H(x,F) dx. (4.6.4)

Step 3: A second comparison function. As in [62], we consider a point xi,m ∈ 2Bi such that

a(xi,m) = sup
x∈2Bi

a(x). (4.6.5)

By (4.6.2) we have in particular that wi ∈W 1,q(2Bi) so that, by setting

Hi,m(z) := H(xi,m, z), (4.6.6)

we have that wi ∈ W 1,Hi,m(2Bi), and, in particular wi ∈ W 1,2q−p(2Bi). We can therefore
use Theorem 8 for the special case of H-function in (4.6.6). This yields vi ∈ W 1,H(2Bi) ∩
W 1,Hi,m(2Bi) as the unique solution to the Dirichlet problem{

− divA(xi,m, Dvi) = 0 in 2Bi

vi ∈ wi +W
1,Hi,m
0 (2Bi) ,

for which we get ∫
2Bi

H(xi,m, Dvi) dx ≤ c
∫

2Bi

H(xi,m, Dwi) dx , (4.6.7)

with c ≡ c(n, ν, L, p, q). Notice that the right-hand side of (4.6.7) is finite, sice Dwi ∈ Lq(2Bi)
(by (4.6.2)). The weak form of the equations solved by wi and vi respectively can be rewritten
as ∫

2Bi

(A(xi,m, Dvi)−A(xi,m, Dwi)) ·Dϕ dx =

∫
2Bi

(A(x,Dwi)−A(xi,m, Dwi)) ·Dϕ dx,

(4.6.8)
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that holds for every choice of smooth test function ϕ ∈ C∞c (2Bi). As in [62], the function
ϕ := vi−wi is admissible in (4.6.8) and this gives, via (4.2.1) and (4.0.9)4 (see also [62, (4.26)]),∫

2Bi

[
|Vp(Dvi)− Vp(Dwi)|2 + a(xi,m)|Vq(Dvi)− Vq(Dwi)|2

]
dx

≤ c
(

osc
2Bi

a

)∫
2Bi

|Dwi|q−1|Dvi −Dwi| dx =: (I) , (4.6.9)

where c ≡ c(n, ν, L, p, q).

Step 4: Two different phases. We are now aiming at estimating the term (I) appearing in
the last display. For this, following [61,62], we distinguish the two phases, that is

inf
x∈2Bi

a(x) > K[a]0,α%
α
i , (4.6.10)

which is called, as in [61], the (p, q)-phase, and

inf
x∈2Bi

a(x) ≤ K[a]0,α%
α
i . (4.6.11)

The number K ≥ 4 is to be determined towards the proof as a quantity depending only on
n, p, q, ν, L, γ.

Step 5: Estimates in the (p, q)-phase. We consider the case (4.6.10) holds. Notice that

osc
2Bi

a ≤ 4[a]0,α%
α
i ≤

4a(x)

K
for every x ∈ 2Bi ,

so that, Young inequality yields

(I) ≤ c

K

∫
2Bi

a(x)|Dwi|q−1|Dvi −Dwi| dx ≤
c

K

∫
2Bi

a(x)(|Dwi|q + |Dvi|q) dx , (4.6.12)

with c ≡ c(n, p, q, ν, L, [a]0,α). Observing that

a(xi,m) ≤ a(x) + 4[a]0,α%
α
i ≤ a(x) +

4a(x)

K
≤ 2a(x) , (4.6.13)

we estimate∫
2Bi

a(x)(|Dwi|q + |Dvi|q) dx
(4.6.5)

≤ c

∫
2Bi

a(xi,m)
(
|Dwi|q + |Dvi|q

)
dx

≤ c

∫
2Bi

H(xi,m, Dwi) dx

+ c

∫
2Bi

H(xi,m, Dvi) dx

(4.6.7)

≤ c

∫
2Bi

H(xi,m, Dwi) dx

(4.6.13)

≤ c

∫
2Bi

H(x,Dwi) dx

(4.6.3)
≤ c

∫
4Bi

H(x,Du) dx ,

with c ≡ c(n, p, q, ν, L, [a]0,α). Using this with (4.6.12) in (4.6.9) yields∫
2Bi

[
|Vp(Dvi)− Vp(Dwi)|2 + a(xi,m)|Vq(Dvi)− Vq(Dwi)|2

]
dx ≤ c

K

∫
4Bi

H(x,Du) dx ,

(4.6.14)
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for a constant c ≡ c(n, p, q, ν, L, [a]0,α) which is independent of K. We single out the following
estimate from the second-last display∫

2Bi

H(xi,m, Dwi) dx ≤ c
∫

4Bi

H(x,Du) dx , (4.6.15)

for c ≡ c(n, p, q, ν, L).

Step 6: Estimates in the p-phase. Here we consider the case in which (4.6.11) is in force. In this
case it is

a(xi,m) ≤ 4[a]0,α%
α
i + inf

x∈2Bi
a(x) ≤ (4 +K)[a]0,α%

α
i . (4.6.16)

Therefore, as described in Step 2, we apply Theorem 10, estimate (4.5.7), that gives(∫
2Bi

|Dwi|q dx

)1/q

≤ c

(∫
4Bi

H(x,Dwi) dx

)1/p

, (4.6.17)

with c ≡ c(data0,K). Back to the estimation of the last term in (4.6.9), Young inequality gives

(I) ≤ ca(xi,m)

∫
2Bi

(|Dwi|+ |Dvi|)q−1|Dwi −Dvi| dx

≤ c
∫

2Bi

a(xi,m)|Dvi|q dx+ c

∫
2Bi

a(xi,m)|Dwi|q dx , (4.6.18)

for c ≡ c(n, ν, L, p, q). We start estimating the last term in (4.6.18) as follows∫
2Bi

a(xi,m)|Dwi|q dx
(4.6.16)

≤ c%αi

∫
2Bi

|Dwi|q dx

(4.6.17)

≤ c%αi

(∫
4Bi

H(x,Dwi) dx

) q−p
p ∫

4Bi

H(x,Dwi) dx

Hölder
≤ c%αi

(∫
4Bi

[H(x,Dwi)]
1+σ dx

) q−p
p(1+σ) ∫

4Bi

H(x,Dwi) dx

≤ c‖H(·, Dwi)‖
q−p

p(1+σ)

L1+σ(4Bi)
%
α−n(q−p)

p(1+σ)

i

∫
4Bi

H(x,Dwi) dx

(4.6.3)
≤ c‖H(·, Du)‖

q−p
p(1+σ)

L1+σ(4Bi)
%
α−n(q−p)

p(1+σ)

i

∫
4Bi

H(x,Dwi) dx

(4.5.1)

≤ c%
α−n(q−p)

p(1+σ)

i

∫
4Bi

H(x,Dwi) dx

(4.6.3)
≤ c%

α−n(q−p)
p(1+σ)

i

∫
4Bi

H(x,Du) dx,

for c ≡ c(data0,K). Letting

κ1 := α− n(q − p)
p(1 + σ)

> α− n
(
q

p
− 1

)
(4.0.7)

≥ 0 (4.6.19)

and we conclude with

%αi

∫
2Bi

|Dwi|q dx+

∫
2Bi

a(xi,m)|Dwi|q dx ≤ c%κ1
i

∫
4Bi

H(x,Du) dx. (4.6.20)
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In order to estimate the remaining term in the last line of (4.6.18), the one featuring vi, we
need to make use of Theorem 7. Precisely, we aim to apply it with the choice γ = q/p and then
combine the outcome with Theorem 10 for (2q − p) = q2/p. We first show that q2/p enters in
the range of exponents covered by (4.3.17). For this, we notice that

nα(α+ 2n)

2(n+ α)2
< β < α =⇒ q2

p2

(4.0.7)

≤
(

1 +
α

n

)2

<
n

n− 2β
<

n

n− 2α
.

The last quantity in the previous display is meant to be ∞ when α = 1 and n = 2. Therefore
we have that wi ∈W 1,q2/p(2Bi) and the reverse inequality holds as a consequence of (4.5.1)(∫

2Bi

|Dwi|q
2/p dx

)p/q2

≤ c

(∫
4Bi

H(x,Dwi) dx

)1/p

, (4.6.21)

where c ≡ c(data,K). Estimate (4.2.6) (applied with γ = q/p and a0 = a(xi,m), so that
H0(z) = H(xi,m, z)) reads as∫

2Bi

[H(xi,m, Dvi)]
q/p dx ≤ c

∫
2Bi

[H(xi,m, Dwi)]
q/p dx , (4.6.22)

for c ≡ c(n, ν, L, p, q) and with a finite right-hand side. We then argue as follows:∫
2Bi

a(xi,m)|Dvi|q dx
(4.6.16)

≤ c%αi

∫
2Bi

|Dvi|q dx ≤ c%αi
∫

2Bi

[H(xi,m, Dvi)]
q/p dx

(4.6.22)

≤ c%αi

∫
2Bi

[H(xi,m, Dwi)]
q/p dx (4.6.23)

(4.6.16)

≤ c%αi

∫
2Bi

|Dwi|q dx+ c%
α(1+q/p)
i

∫
2Bi

|Dwi|q
2/p dx

(4.6.20)

≤ c%κ1
i

∫
4Bi

H(x,Dwi) dx+ c%
α(1+q/p)
i

∫
2Bi

|Dwi|q
2/p dx,

with c ≡ c(data0,K). Notice that, upon defining

κ2 := α

(
1 +

q

p

)
− n

1 + σ

[(
q

p

)2

− 1

]
>

(
1 +

q

p

)[
α− n

(
q

p
− 1

)]
(4.0.7)

≥ 0 , (4.6.24)

we have

%
α(1+q/p)
i

∫
2Bi

|Dwi|q
2/p dx

(4.6.21)

≤ c%
α(1+q/p)
i

(∫
4Bi

H(x,Dwi) dx

)q2/p2−1 ∫
4Bi

H(x,Dwi) dx

Hölder
≤ c%

α(1+q/p)
i

(∫
4Bi

[H(x,Dwi)]
1+σ dx

) q2/p2−1
1+σ ∫

4Bi

H(x,Dwi) dx

≤ c%
α(1+q/p)−n q

2/p2−1
1+σ

i ‖H(·, Dwi)‖q
2/p2−1
L1+σ(4Bi)

∫
4Bi

H(x,Dwi) dx

(4.6.3)
≤ c%κ2

i ‖H(·, Du)‖q
2/p2−1
L1+σ(4Bi)

∫
4Bi

H(x,Dwi) dx

≤ c%κ2
i

∫
4Bi

H(x,Dwi) dx
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(4.6.3)
≤ c%κ2

i

∫
4Bi

H(x,Du) dx, (4.6.25)

where c ≡ c(data0,K). Collecting estimates (4.6.23), (4.6.25) yields∫
2Bi

a(xi,m)|Dvi|q dx ≤ c%κ2
i

∫
4Bi

H(x,Du) dx .

Using this last estimate and (4.6.20) in (4.6.18), we again obtain

(I) ≤ c%κ1
i

∫
4Bi

H(x,Du) dx,

with c ≡ c(data0,K). We have also used that κ1 < κ2 (compare (4.6.19) and (4.6.24)) and that
%i ≤ 1. Finally, this last estimate and (4.6.9) lead to∫

2Bi

[
|Vp(Dvi)− Vp(Dwi)|2 + a(xi,m)|Vq(Dvi)− Vq(Dwi)|2

]
dx ≤ c∗%κ1

i

∫
4Bi

H(x,Du) dx

(4.6.26)

for c∗ ≡ c∗(data0,K). We also observe that, by first using (4.6.20) and then (4.6.3) we obtain
the following analog of (4.6.15):∫

2Bi

H(xi,m, Dwi) dx ≤ c
∫

4Bi

H(x,Du) dx , (4.6.27)

where this time it is c ≡ c(data0,K).

Step 7: Matching the two phases and comparison estimates. Summarizing the content of
(4.6.14) and (4.6.26), we have in both cases (4.6.10) and (4.6.11) that the following inequality
holds: ∫

2Bi

[
|Vp(Dwi)− Vp(Dvi)|2 + a(x)|Vq(Dwi)− Vq(Dvi)|2

]
dx

≤
∫

2Bi

[
|Vp(Dwi)− Vp(Dvi)|2 + a(xi,m)|Vq(Dwi)− Vq(Dvi)|2

]
dx

≤
(
c̄

K
+ c∗%

κ1
i

)∫
4Bi

H(x,Du) dx ,

with c̄ ≡ c̄(n, ν, L, p, q) and c∗ ≡ c∗(data0,K), where K ≥ 4 is still to be chosen and κ1 has been
defined in (4.6.19). This last estimate and (4.6.4) (recall that the ε in (4.6.4) is arbitrary) then
give ∫

2Bi

[
|Vp(Dvi)− Vp(Du)|2 + a(x)|Vq(Dvi)− Vq(Du)|2

]
dx

≤
(

2ε+ 2c∗r
κ1 +

2c̄

K

)∫
4Bi

H(x,Du) dx+ 2cε

∫
4Bi

H(x,F) dx , (4.6.28)

for all ε ∈ (0, 1), where again it is c̄ ≡ c̄(n, ν, L, p, q) and c∗ ≡ c∗(data0,K), where K ≥ 4, while
cε ≡ cε(n, p, q, ν, L, ε) and κ1 > 0 has been defined in (4.6.19). Here we also used the fact that
%i ≤ r (see Step 1 ). We now adopt the notation

S(ε, r,K,M) := 2ε+ 2c∗r
κ1 +

2c̄

K
+

2cε
M
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and, using the information contained in [62, (4.14)2] in (4.6.28), we establish that for every K ≥ 4
the estimate∫

2Bi

[
|Vp(Dvi)− Vp(Du)|2 + a(x)|Vq(Dvi)− Vq(Du)|2

]
dx ≤ S(ε, r,K,M)λ (4.6.29)

holds for all the balls Bi from the covering displayed in [62, (4.11)]. Notice that at this stage
this in an estimate which is phase-independent: no matter of which among (4.6.10) and (4.6.11),
we have that occurs (4.6.29) holds in any case. Moreover, we are still free to choose K ≥ 4.

Step 8: The two phases at a different threshold. The goal here is to show that the estimate∫
2Bi

H(xi,m, Dvi) dx =

∫
2Bi

[
|Dvi|p + a(xi,m)|Dvi|q

]
dx ≤ cλ, (4.6.30)

holds for c ≡ c(data0). For this we simply consider the two alternatives

inf
x∈2Bi

a(x) > 10[a]0,α%
α
i and inf

x∈2Bi
a(x) ≤ 10[a]0,α%

α
i , (4.6.31)

which are nothing but (4.6.10) and (4.6.11) with K = 10 respectively. We start considering the
case in which the first inequality in (4.6.31) holds; by using (4.6.7) first and then (4.6.15) we get
that ∫

2Bi

H(xi,m, Dvi) dx ≤ c
∫

4Bi

H(x,Du) dx , (4.6.32)

for c ≡ c(n, ν, L, p, q). At this stage (4.6.30) follows recalling the setting of [62, (4.14)2]. In case
the second inequality in (4.6.31) holds, we similarly use (4.6.7) again and (4.6.27) with K = 10,
that renders (4.6.32) with a constant c ≡ c(data0). Therefore, (4.6.30) follows in every case.

Step 9: A priori estimates for Dvi. The same as in the proof of [62, Theorem 1.1].

Step 10: Estimates involving level sets. The same as in the proof of [62, Theorem 1.1].

Step 11: Integration and conclusion. The same as in the proof of [62, Theorem 1.1] and this con-
cludes the proof of Theorem 5. We only remark that the peculiar dependence on the constants
on data0 comes from the estimates in Steps 2-8, and finally reflects in (4.0.13).
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Chapter 5

Lipschitz bounds and
non-autonomous functionals
Joint work with G. Mingione (University of Parma)
Preprint (2020)

We aim to provide a comprehensive treatment of Lipschitz regularity of solutions for a very large
class of vector-valued non-autonomous variational problems, involving integral functionals of the
type

W 1,1
loc (Ω,RN ) 3 w 7→ F(w,Ω) :=

∫
Ω

[
F (x,Dw)− f · w

]
dx . (5.0.1)

These are defined on Sobolev spaces and here Ω ⊂ Rn is an open subset with n ≥ 2. In the rest
of the chapter we shall assume that F (x,Dw) ≡ F̃ (x, |Dw|), which is a natural assumption in
the vectorial case, where F̃ : Ω× [0,∞)→ [0,∞) is a suitably regular function (see Section 5.1.1
below for the precise assumptions). The vector field f : Ω 7→ RN will be at least Ln-integrable

f ∈ Lnloc(Ω,RN ) . (5.0.2)

The notion of local minimizers used here is quite standard in the literature.

Definition 4 A function u ∈ W 1,1
loc (Ω,RN ) is a local minimizer of the functional F in (5.0.1)

with f ∈ Lnloc(Ω,RN ) if, for every open subset Ω̃ b Ω, we have F(u, Ω̃) < ∞ and if F(u; Ω̃) ≤
F(w, Ω̃) holds for every competitor w ∈ u+W 1,1

0 (Ω̃,RN ).

The analysis of (5.0.1) involves the related Euler-Lagrange system

− div(ã(x, |Du|)Du) = f , ã(x, |Du|) :=
F̃ ′(x, |Du|)
|Du|

, (5.0.3)

where F̃ ′(·) denotes the partial derivative of F̃ (·) with respect to the second variable. Our main
focus is on obtaining sharp conditions on the datum f , and on the degree of smoothness of the
partial map x 7→ F (x, ·), ensuring the local Lipschitz continuity of minimizers. This problem
has recently been the object of intensive investigation in the uniformly elliptic, autonomous case
F̃ (x, t) ≡ F̃ (t), so that ã(t) = t−1F̃ ′(t) satisfies (1.2.20), see for instance the recent papers [56–59]
for global estimates and [168–170] for local ones. A special, yet important uniformly elliptic model
case is given by the p-Laplacian system with coefficients{

−div(c(x)|Du|p−2Du) = f

p > 1 and 0 < ν ≤ c(·) ≤ L .
(5.0.4)

In this respect, [169,170] provide us with the following theorem.
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Theorem 11 Let u ∈ W 1,p
loc (Ω,RN ) be a weak solution to (5.0.4). If f ∈ Lloc(n, 1)(Ω,RN ) and

c(·) is Dini continuous, then Du is continuous.

In particular, Du is locally bounded. We recall that f ∈ Lloc(n, 1)(Ω,RN ) means that (1.1.13)
is satisfied on any open subset Ω̃ b Ω, while, denoting by ω(·) the modulus of continuity of c(·),
its Dini continuity amounts to require that∫ τ

0

ω(%)
d%

%
<∞ for some τ ∈ (0, 1]. (5.0.5)

Theorem 11 extends to general scalar equations [168] and to systems depending on forms [232];
it is also extension of a classical result of Uhlenbeck [241]. The terminology is motivated by the
fact that, for c(·) ≡ 1 and p = 2, Theorem 11 is a classical result of Stein [235]. It is optimal both
with respect to (1.1.13), see [55], and with respect to condition (5.0.5), cf. [157]. The relevant
fact in Theorem 11 is that the conditions on f and c(·) implying local Lipschitz continuity
are independent of p, and, for more general equations, are in fact independent of the operator
considered under the symbol of divergence. This applies both in the case of standard p-growth
conditions [168], and in the one of general autonomous uniformly elliptic operators characterized
by (5.0.3)-(1.2.20); see [9]. In the case of nonuniformly elliptic operators, the problem of deriving
sharp conditions with respect to data for Lipschitz regularity is considerably more difficult. When
f 6= 0, it has been attacked only recently in [16], but only for the case of autonomous functionals
in the principal part, i.e. when F (·) is independent of x. The outcome is that when n ≥ 3
condition (1.1.13) is still sufficient to guarantee the local Lipschitz regularity of minima, thereby
revealing itself as a sort of universal property. In the case n = 2, the alternative (actually
stonger) borderline condition L2

loc(LogL)α(Ω,RN ) with α > 2, implies Lipschitz continuity. In
this paper we deal with the general, fully non-autonomous case in (5.0.1). This is by no means a
technical extension as in fact, when passing from the uniformly to the nonuniformly elliptic case,
the situation with respect to coefficients drastically changes as they can no longer be treated via
perturbation as in [169]. To give a glimpse of the situation, let us considered the Double Phase
energy, given by

W 1,p
loc (Ω,RN ) 3 w 7→

∫
Ω

[
|Dw|p + a(x)|Dw|q

]
dx, (5.0.6)

with 1 < p < q, 0 ≤ a(·) ∈ L∞(Ω). As shown in [101,106], already when f ≡ 0, local minima fail
to be continuous if the ratio q/p is too far from one, depending on the rate of α-Hölder continuity
of the modulating coefficient a(·). Specifically, condition

q

p
≤ 1 +

α

n
, 0 ≤ a(·) ∈ C0,α

loc (Ω) , α ∈ (0, 1] (5.0.7)

is necessary and sufficient to get gradient local continuity; see [12]. Condition in (5.0.7) encodes a
typical balancing phenomenon between the decay of the space depending coefficient and the gap
of the exponents. These is indeed a subtle interaction between the growth of F (·) with respect
to the gradient variable z, and its smoothness with respect to the x, determines whether minima
are regular or not. This is in fact the main theme of this chapter. Nonuniform ellipticity is a
very classical topic in partial differential equations, and it is often motivated by geometric and
physical problems. Several classical papers have been devoted to this subject, see for instance [91,
173,233,246,248]. In the setting of the Calculus of Variations there is a wide literature available,
starting from the basic papers of Urdaletova & Ural’tseva [243] and Marcellini [183–187]. More
recently, the study of the non-autonomous case has intensified; many papers have been devoted
to study specific structures [12, 14, 16, 23, 24, 28, 33–35, 49, 77, 84, 126, 127, 218]. Connections to
related function spaces have been studied in [88, 135, 221]. The results obtained in this chapter
are very general. In fact, in order to catch several model cases simultaneously, their formulation
involves a rather generous list of assumptions; see Section 5.1.6 below. Anyway, when applied to
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single models, such assumptions reveal to be minimal and they produce sharp results. Moreover,
in the autonomous case F (x, z) ≡ F (z), the assumptions considered here essentially coincide with
those introduced in [16]. For this reason, and also to ease the reading, in this introductory part
we shall present a few main corollaries of the general theorems, in connection to a some relevant
instances of nonuniformly elliptic functionals. We shall divide our results in three different
general classes, detailed in Sections 5.0.1-5.0.3 below. We just remark that, thanks to (5.0.2)
and Sobolev embedding, requiring that F(u; Ω̃) < ∞ in Definition 4 is the same than requiring
that F (·, Du) ∈ L1(Ω̃).

5.0.1 Nonuniform ellipticity at polynomial rates
To provide a general treatment, we start considering functionals featuring (p, q)-growth con-
ditions, [184, 186]. The idea is to provide general conditions on the partial map x 7→ F (x, ·)
matching those suggested by counterexamples [101, 106]. In this respect, we consider an inte-
grand F (·) satisfying (5.1.1) for some F̃ (·) as in (5.1.2), whose growth can be framed as

ν(|z|2 + µ2)p/2 ≤ F (x, z) ≤ Λ(|z|2 + µ2)q/2 + Λ(|z|2 + µ2)p/2

(|z|2 + µ2)|∂2F (x, z)| ≤ Λ(|z|2 + µ2)q/2 + Λ(|z|2 + µ2)p/2

ν(|z|2 + µ2)(p−2)/2|ξ|2 ≤ 〈∂2F (x, z)ξ, ξ〉 ,

(5.0.8)

for every choice of z, ξ ∈ RN×n such that |z| 6= 0 and for exponents 1 < p ≤ q. Here 0 < ν ≤ 1 ≤ Λ
are fixed ellipticity constants and µ ∈ [0, 1]. We also assume that

t 7→ F̃ ′(x, t)(t2 + µ2)
2−p

2 /t is non-decreasing (5.0.9)

for every x ∈ Ω. As for the crucial dependence on x, we assume that for every t ≥ 0 it holds
that x 7→ F̃ ′(x, t) ∈W 1,d(Ω,RN×n) and that

|∂xzF (x, z)| ≤ h(x)
[
(|z|2 + µ2)

q−1
2 + (|z|2 + µ2)

p−1
2

]
, h(·) ∈ Ldloc(Ω) , d > n , (5.0.10)

holds for every x ∈ Ω and z ∈ RN×n. This is a natural approach that has also been considered
elsewhere in the work of Marcellini and coauthors, [97, 98].

Theorem 12 Let u ∈ W 1,1
loc (Ω,RN ) be a local minimizer of (5.0.1) under assumptions (5.0.8)-

(5.0.10). Assume (5.1.24) and

q

p
< 1 + min

{
mp,

1

n
− 1

d

}
with mp :=


4(p−1)
ϑp(n−2) if n ≥ 3

1− 1
p if n = 2,

(5.0.11)

where ϑ = 1 if p ≥ 2 and ϑ = 2 otherwise. Then Du ∈ L∞loc(Ω,RN×n). Moreover, whenever
B b Ω is a ball with radius r(B) ≤ 1 the following L∞-estimate holds:

‖Du‖pL∞(tB) ≤
c

(1− t)β [r(B)]β

[
‖F (·, Du)‖L1(B) + ‖f‖X(B) + 1

]θ
, (5.0.12)

for all t ∈ (0, 1), c ≡ c(data∞, ‖h‖Ld(B)) (resp. c ≡ c(datatwo, ‖h‖Ld(B)) if n = 2) and β, θ ≡
β, θ(n, d, p, q).

For the Double Phase functional in (5.0.6), condition (5.0.10) amounts to assume that

0 ≤ a(·) ∈W 1,d
loc (Ω) for some d > n, (5.0.13)

and indeed we have
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Theorem 13 Let u ∈ W 1,1
loc (Ω,RN ) be a local minimizer of the functional in (5.0.6) such that

(5.0.13) is in force and (5.1.24) holds together with
q

p
≤ 1 +

1

n
− 1

d
if n ≥ 3

q

p
≤ 1 +

1

2
− 1

d
and q < p2 if n = 2.

(5.0.14)

Then Du ∈ L∞loc(Ω,RN×n). Furthermore, for all balls B b Ω with r(B) ≤ 1, the following
Lipschitz bound holds:

‖Du‖pL∞(tB) + ‖H(·, Du)‖L∞(tB)

≤ c

(1− t)β [r(B)]β

[
‖H(·, Du)‖L1+σg (B) + ‖f‖X(B) + 1

]θ
, (5.0.15)

for all t ∈ (0, 1), where β, θ ≡ β, θ(n, d, p, q), σg ≡ σg(n,N, p, q, ‖a‖W 1,d(B), ‖f‖Ln(B)) and
c ≡ c(data∞, ‖∂xa‖Ld(B), ‖H(·, Du)‖L1(B), ‖f‖Ln(B)) when n ≥ 3, or, in two dimensions, c ≡
c(datatwo, ‖∂xa‖Ld(B), ‖H(·, Du)‖L1(B), ‖f‖L2(B)). In (5.0.15), we adopted the shorthand nota-
tion H(x, z) := [|z|p + a(x)|z|q].

Theorem 13 allows to clarify in which sense assumptions (5.0.10) (i.e. (5.0.13) for the Double
Phase energy) and (5.0.14) are sharp. Indeed, notice that by Sobolev-Morrey embedding and
(5.0.13), we have that a ∈ C0,α

loc (Ω) with α := 1 − n/d. This last identity makes conditions
(5.0.7) and (5.0.13) coincide. Therefore, assumption (5.0.10) is the sharp differentiable version
of (5.0.7), which is stronger than (5.0.7), but weaker than assuming that a(·) is Lipschitz, as
usually done in several places [186,194]. Notice that improvement between (5.0.11) and (5.0.14)
is due to the special structure considered in Theorem 13. A standard consequence Theorem 12
is about splitting structures as

W 1,1
loc (Ω,RN ) 3 w 7→

∫
Ω

[
c(x)F (Dw)− f · w

]
dx , 0 < ν ≤ c(·) ≤ L . (5.0.16)

In this case, with u ∈ W 1,1
loc (Ω,RN ) being a local minimizer, assuming that F (·) satisfies (5.1.1)

for some F̃ (·) as in (5.1.2), that it grows as prescribed by (5.0.8)-(5.0.9), and taking c ∈W 1,d
loc (Ω)

with d > n yield that Du ∈ L∞loc(Ω,RN×n) provided that (5.1.24)-(5.0.11) hold.

5.0.2 Nonuniform ellipticity at fast rates
We now come to consider functionals with growth conditions that are not of polynomial type. A
prototype we have in mind is given by

W 1,1
loc (Ω,RN ) 3 w 7→

∫
Ω

[
c1(x) exp(c2(x)|Dw|p(x))− f · w

]
dx (5.0.17)

pm := inf
x∈Ω

p(x) > 1 , 0 < ν ≤ c1(·), c2(·) ≤ L .

Functionals as the one in (5.0.17) are not easy to deal with, as their integrands do not satisfy
the so called ∆2-condition, i.e. F̃ (x, 2t) . F̃ (x, t). Looking at the case of polynomial growth in
Section 5.0.1, from (5.0.10) and (5.0.11) we see that the required integrability rate of coefficients
d increases with the ratio q/p. A naive bet would then be that in the exponential case a more
stringent condition on d is required. As a matter of fact, the situations reverses, and any exponent
d > n implies local Lipschitz continuity:
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Theorem 14 Let u ∈ W 1,1
loc (Ω,RN ) be a local minimizer of the functional in (5.0.17) such that

c1, c2, p ∈ W 1,d
loc (Ω) with d > n and f satisfies (5.1.24). Then Du ∈ L∞loc(Ω,RN×n). Moreover,

for all balls B b Ω with r(B) ≤ 1 we have

‖Du‖pmL∞(tB) + ‖c1(·) exp(c2(·)|Du|p(·))‖L∞(tB)

≤ c

(1− t)β [r(B)]β

[
‖c1(·) exp(c2(·)|Du|p(·))‖L1(B) + ‖f‖X(B) + 1

]θ
, (5.0.18)

for all t ∈ (0, 1), where c ≡ c(data∞, ‖c1‖Ld(B), ‖c2‖Ld(B), ‖p‖Ld(B)) and β, θ ≡ β, θ(n, d, σ, σ̂, pm).
In the two-dimensional case, it is c ≡ c(datatwo, ‖c1‖Ld(B), ‖c2‖Ld(B), ‖p‖Ld(B)).

The same applies to more general functionals, involving arbitrary compositions of exponen-
tials. Specifically, we fix sequences of exponent functions {pk(·)} and coefficients{ck(·)}, all
defined on the open subset Ω ⊂ Rn, such that

1 < pm ≤ pk(·) ≤ pM , 0 ≤ ν ≤ ck(·) ≤ L , pk, ck ∈W 1,d
loc (Ω) . (5.0.19)

We then inductively define, for every k ∈ N, the functions ek : Ω× [0,∞)→ R as
ek+1(x, t) exp

[
ck+1(x)

(
ek(x, t)

)pk+1(x)
]

e0(x, t) := exp
(
c0(x)tp0(x)

)
,

(5.0.20)

and consider the variational integrals

W 1,1
loc (Ω,RN ) 3 w 7→

∫
Ω

[
ek(x, |Dw|)− fw

]
dx . (5.0.21)

For vector-valued minima of (5.0.21) we have the following result.

Theorem 15 Let u ∈ W 1,1
loc (Ω,RN ) be a local minimizer of the functional in (5.0.21) for some

k ∈ N, under assumptions (5.1.24) and (5.0.19) with d > n. Then Du ∈ L∞loc(Ω,RN×n). Fur-
thermore, for any ball B b Ω with r(B) ≤ 1 there holds that

‖Du‖pmL∞(tB) + ‖ek(·, |Du|)‖L∞(tB)

≤ c

(1− t)β [r(B)]β

[
‖e(·, Du)‖L1(B) + ‖f‖X(B) + 1

]θ
, (5.0.22)

for all t ∈ (0, 1), with c ≡ c(data∞, ‖cj‖Ld(B), ‖pj‖Ld(B)), (c ≡ c(datatwo, ‖cj‖Ld(B), ‖pj‖Ld(B))
if n = 2) for any j ∈ {1, · · · , k} and β, θ ≡ β, θ(n, d, σ, σ̂, pm).

To explain the improvement with respect to the polynomial case, we recall that the rate of
nonuniform ellipticity of the functional in (5.0.1) can be measured by the ellipticity ratio defined
in (1.2.26). Recall that, in case R(z,B)→∞ as |z| → ∞, the problem is said to be nonuniformly
elliptic, and conditions as in (5.0.11) are devised to bound the rate of blow-up of R(z,B). Now,
although R(z,B) blows-up faster in the exponential case, what really matters to get regularity
is the rate with which the renormalized ratio

R(z,B) := sup
x∈B

[
maximum eigenvalue of ∂2

zF (x, z)

minimum eigenvalue of ∂2
zF (x, z)

·
(

1

F (x, z)

)]

goes to zero as |z| → ∞. Now, notice that R(z,B) → 0 polynomially fast in the case of
functionals satisfying (5.0.8). On the other hand, with functionals in (5.0.21), we see that
R(z,B)→ 0 exponentially fast. Therefore less regularity of F (·) is required with respect to the
space variable.
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5.0.3 New results in the uniformly elliptic setting
New results also follow in the uniformly elliptic setting. In particular, when considering the
classical problem (5.0.4), we get a new criterion on coefficients c(·) ensuring the local Lipschitz
continuity of minima (and solutions) that goes beyond the one in (5.0.5). This time the model is

W 1,1
loc (Ω,RN ) 3 w 7→

∫
Ω

[
A(x, |Dw|)− f · w

]
dx (5.0.23)

A(x, t) := c(x)

∫ t

0

ã(s)s ds for t > 0,

with (1.2.20) being in force and such that 0 < ν ≤ c(·) ≤ L and c ∈ W 1,1
loc (Ω). Under such

conditions, every solution to the system in (5.0.3) is a local minimizer of the functional in
(5.0.23) and the second identity in (5.0.3) is automatically satisfied.

Theorem 16 Let u ∈ W 1,1
loc (Ω,RN ) be a local minimizer of the functional in (5.0.23) under

assumptions (1.2.20). If |f |, |Dc| ∈ Xloc(Ω) as defined in (5.1.24), then Du ∈ L∞loc(Ω,RN×n).
Moreover, for all balls B b Ω so that r(B) ≤ 1 there holds that

‖A(|Du|)‖L∞(tB) ≤
c

(1− t)n[r(B)]n

[
‖F (|Du|)‖L1(B) + 1

]
+ c‖f‖ia+2/(ia+1)

X(B) , (5.0.24)

for all t ∈ (0, 1) with c ≡ c(datauni).

In other words, f and Dc this time enjoy the same degree of regularity. Theorem 16 applies to
(5.0.4) by taking ã(x, t) ≡ c(x)tp−2 and it is sufficient to require that Dc ∈ Lloc(n, 1)(Ω,Rn).
Notice that this is a new criterion, which is alternative to the known and classical one in (5.0.5).
Indeed, Dc ∈ Lloc(n, 1)(Ω,Rn) implies that c(·) is continuous by the result in [235], but not
necessarily with a modulus of continuity ω(·) satisfying (5.0.5). Moreover, this criterion works
for the general cases as in (5.0.23), to which the methods in [169] do not apply under the only
considered structure assumption (1.2.20).

5.0.4 Additional results and remarks
When n ≥ 3, in Theorems 12-16, we can replace assumption (5.1.24) with the weaker one
f ∈ Ln(Ω), getting, as a corresponding outcome, that Du ∈ Lγloc(Ω) for every γ < ∞. This
result is new in the nonuniformly elliptic case and is in perfect accordance with the nonlinear
theory known for the uniformly elliptic one. Indeed, let us for instance consider the system in
(5.0.4). From Dc ∈ Ln it follows that c(·) ∈ VMO, the space of functions with vanishing mean
oscillations [228]. At this point the arbitrary higher integrability of Du, with every exponent, is
a consequence of the standard Nonlinear Calderón-Zygmund theory (see for instance [34]). For
the higher integrability results under the weaker integrability assumption (5.0.2) see Theorem
19 in Section 5.1.6 below.

We remark that some of the methods here also extend to the general scalar functionals, i.e.,
when minima and competitors are real valued functions. In this case there is no need to assume
the radial structure condition F (x,Dw) ≡ F̃ (x, |Dw|). On the other hand, additional conditions
ensuring the absence of the so called Lavrentiev phenomenon are needed to build a suitable
approximation argument, for this we refer to the approach explained in [77, 101]. We anyway
remark that in the vectorial case it is necessary to assume additional conditions such as the
radial structure, otherwise singular minimizers occur under the most favourable conditions, see
for instance [194,199,244,245] and related references.

Finally, notice that obstacle problems represent a concrete application of our results. In fact,
by now standard procedures allow rearranging problems of type

Kf (Ω) 3 w 7→ min

∫
Ω

F (x,Dw) dx with Kf (Ω) :=
{
w ∈W 1,1

loc (Ω): w(x) ≥ f(x) in Ω
}
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in form (5.0.1), cf. [109], therefore, with minor variations to our techniques, we can prove results
analogous to those exposed in Theorems 12-16 for the obstacle problem defined by means of
energies of type (5.0.6), (5.0.8), (5.0.17), (5.0.21) or (5.0.23), provided that the obstacle f : Ω→ R
satisfies

f ∈Wloc(2;n, 1)(Ω) if n ≥ 3 and f ∈Wloc(2;L2(LogL)α)(Ω), with α > 2 if n = 2.

This means that we can not only extend under sharp assumptions on the regularity of the
obstacle [55], the results obtained in [47, 51, 70, 112, 158], but also introduce for the first time in
the framework of obstacle problems non-autonomous models with fast exponential growth such
as (5.0.17) or (5.0.21), we refer to [16] for the autonomous case.

5.1 Assumptions and general results
In this section we are going to describe a number of conditions aimed at proving our main results,
that is Theorems 19-20 in Section 5.1.6 below; in turn, these will imply Theorems 12-16 from
the Introduction. The assumptions might appear technical at a first sight and the whole list
might look long; indeed it is. On the other hand, when applied to each single model case, such
conditions reveal to be minimal and produce sharp results.

5.1.1 Basic structural assumptions, and consequences
We assume that the integrand F (·) has radial structure, i.e.

F (x, z) = F̃ (x, |z|) for all (x, z) ∈ Ω× RN×n . (5.1.1)

In order to describe the ellipticity and growth assumptions of the integrand F (·), we shall use
three continuous functions gi : Ω× (0,∞)→ [0,∞), for i ∈ {1, 2, 3}, whose precise properties will
be described later on. Indeed, F̃ : Ω× [0,∞)→ [0,∞) is assumed to satisfy

t 7→ F̃ (·, t) ∈ C1
loc[0,∞) ∩ C2

loc(0,∞)

x 7→ F̃ ′(x, t) ∈W 1,n
loc (Ω) for every t > 0

|∂xF̃ ′(x, t)| ≤ h(x)g3(x, t) for all x ∈ Ω and t > 0 ,

(5.1.2)

where 0 ≤ h(·) ∈ Lnloc(Ω). Notice that here, as in the rest of the paper, we are using the notation
∂tF̃ (x, t) ≡ F̃ ′(x, t). Moreover, we assume that there exists T > 0 such that

z 7→ F (·, z) is convex
|∂zzF (x, z)| ≤ g2(x, |z|) for all x ∈ Ω on {|z| ≥ T}
g1(x, |z|)|ξ|2 ≤ ∂zzF (x, z)ξ · ξ on {|z| ≥ T} and for all x ∈ Ω and ξ ∈ RN×n .

(5.1.3)

Needless to say, that all the maps and functions considered in (5.1.2) and (5.1.3) are Carathéodory
regular. Using the notation (see also (5.0.3))

ã(x, t) :=
F̃ ′(x, t)

t
for all (x, t) ∈ Ω× (0,∞) ,

we shall assume, for fixed numbers γ > 1, µ ∈ [0, 1] ν ∈ (0, 1], and for every x ∈ Ω, that
t 7→ ã(x, t)

(t2 + µ2)
γ−2

2

and t 7→ g1(x, t)

(t2 + µ2)
γ−2

2

are non-decreasing on (0,∞)

ν(t2 + µ2)
γ−2

2 ≤ g1(x, t) for t ≥ T .

(5.1.4)
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Remark 5.1.1 In most of the relevant model examples it will be ã(·) ≡ g1(·), this justifies
the double assumption in (5.1.4). The hypotheses in (5.1.3) are bound to describe ellipticity of
∂zzF (x, z) outside the ball {|z| > T} and this allows to cover functionals loosing their ellipticity
properties on a bounded set. This assumption is natural when dealing with nonuniformly elliptic
problems. Indeed, in such cases certain inequalities valid when |z| is large reverse when |z| is
small. For instance, this is the case for (5.0.6): |z|p . |z|q for |z| large, while the opposite holds
when |z| is small. Notice that we could have done the same also with respect to the partial
derivative ∂xzF in (5.1.2)3, but we preferred not to follow this path as this would have only
added useless technical difficulties.

Let us now draw a few consequences of (5.1.1)-(5.1.4). Notice that (5.1.2)3 implies that x 7→
∂zF (x, z) ∈W 1,n

loc (Ω,RN×n) for all z ∈ RN×n such that z 6= 0, with

|∂xzF (x, z)|, |∂xã(x, |z|)||z| ≤ h(x)g3(x, |z|) on {|z| > 0} and for all x ∈ Ω . (5.1.5)

Again from the very definition of ã(·), we have

F̃ (x, t) =

∫ t

0

ã(x, s)sds for all (x, t) ∈ Ω× (0,∞) (5.1.6)

and

∂zzF (x, z) = ∂z[ã(x, |z|)z] = ã(x, |z|)IN×n + ã′(x, |z|)|z|z ⊗ z
|z|

for |z| 6= 0 (5.1.7)

so that, using (5.1.3) with ξ = z and ξ ⊥ z, we obtain{
ã(x, |z|) + ã′(x, |z|)|z| ≥ g1(x, |z|)
ã(x, |z|) ≥ g1(x, |z|)

for any |z| ≥ T and all x ∈ Ω , (5.1.8)

and {
ã(x, |z|) + ã′(x, |z|)|z| ≤ g2(x, |z|)
ã(x, |z|) ≤ g2(x, |z|)

for any |z| ≥ T and all x ∈ Ω (5.1.9)

respectively. In particular, it follows that g1(·, t) ≤ g2(·, t) for t ≥ T , and by (5.1.4)2 and (5.1.8)2

ã(x, t) ≥ ν(t2 + µ2)
γ−2

2 holds for all (x, t) ∈ Ω× [T,∞) . (5.1.10)

Now we introduce two functions that will play a crucial role in the rest of the paper, i.e.,

G(x, t) :=

∫ max{t,T}

T

g1(x, s)sds and Ḡ(x, t) := G(x, t) + (T 2 + 1)γ/2 . (5.1.11)

Remark 5.1.2 Before going on, we notice that all the estimates considered in this paper essen-
tially depend on the behavior of the derivatives of F (·) with respect to the gradient variable.
Therefore, upon replacing F̃ (x, t) with [F̃ (x, t) − F̃ (x, 0)] - a replacement that does not change
the set of local minimizers - in light of (5.1.2)-(5.1.3), we can always assume that

F̃ (x, 0) = 0 holds for every x ∈ Ω . (5.1.12)

101



5.1.2 Quantification of nonuniform ellipticity, n > 2

We describe the basic properties of the functions gi(·). These quantify ellipticity of F (·) via
(5.1.2); here we consider the case n > 2. We assume that g−1 (T ) := infx∈Ω g1(x, T ) > 0 and that

T ≤ s < t =⇒ g2(x, s)

g1(x, s)
≤ ca

g2(x, t)

g1(x, t)
and g1(x, s)s ≤ g1(x, t)t (5.1.13)

for all x ∈ Ω and some ca ≥ 1. This implies, in particular, that 0 < g−1 (T )T/t ≤ g1(x, t) ≤ g2(x, t)
whenever (x, t) ∈ Ω× [T,∞). In particular, g1(·, t) and g2(·, t) never vanish for t ≥ T . Next, we
consider an integrability d and dual exponents σ, σ̂ ≥ 0 such that

h(·) ∈ Ldloc(Ω) , n < d , σ + σ̂ <
1

n
− 1

d
, (5.1.14)

with the additional condition that σ̂ = 0 if x 7→ g1(x, t) ≡ const for all t ≥ T . In the case it is
σ̂ > 0, we assume that x 7→ g1(x, t) ∈W 1,d

loc (Ω) for all t > T , and

|∂xg1(x, t)| ≤ h(x)[Ḡ(x, t)]σ̂g1(x, t) for (x, t) ∈ Ω× [T,∞) . (5.1.15)

Needless to say, ∂xg1(·) is also assumed to be Carathéodory regular on Ω× [T,∞). We come to
the structural assumptions codifying nonuniform ellipticity and its interaction with the presence
of x. For all (x, t) ∈ Ω× [T,∞) we assume that

g3(x, t)
√
t2 + µ2 ≤ cb[Ḡ(x, t)]1+σ

[g3(x, t)]2

g1(x, t)
≤ cb[Ḡ(x, t)]1+2σ

(5.1.16)

and introduce another parameter

0 ≤ σ′ < 4(γ − 1)

γϑ(n− 2)
for ϑ :=

{
1 when γ ≥ 2

2 when 1 < γ < 2,
(5.1.17)

so that the rebalancing condition, serving to bound the ratio g2(·)/g1(·),

g2(x, t)

g1(x, t)
≤ cb min

{
ḠT (x, t)σ, ḠT (x, t)σ

′
}

(5.1.18)

holds for any (x, t) ∈ Ω × [T,∞). Here, cb ≥ 1 is a fixed constant. The use of parameters
σ, σ̂ and σ′ is a novelty here, and allows to treat, with larger flexibility, different type of non-
autonomous problems and identify certain borderline behaviours. For more on this aspect, see
Sections 5.0.1-5.0.2.

5.1.3 Quantification of nonuniform ellipticity, n = 2

When n = 2 we essentially keep the assumptions for the case n > 2 but with a slightly different
bound on σ. Moreover, σ′ will not appear, whereas the values of σ, σ̂ ≥ 0 will be slightly modified.
Specifically, this time we take

h(·) ∈ Ld(Ω) , 2 < d , σ + σ̂ < min

{
1

2
− 1

d
, 1− 1

γ

}
(5.1.19)

and we assume σ̂ = 0 if x 7→ g1(x, t) ≡ const for all t ≥ T . Next, instead of (5.1.18), we assume
that

g2(x, t)

g1(x, t)
≤ cbḠT (x, t)σ (5.1.20)

holds for all (x, t) ∈ Ω× [T,∞).
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5.1.4 The uniformly elliptic case
Here we describe the relevant assumptions to treat the uniformly elliptic case, and therefore
models as those appearing in Section 5.0.3. In this case we shall retain the structure assumptions
in Section 5.1.1 and this time consider

gi(x, t) ≡ gi(t), i ∈ {1, 2, 3}
g1(t) ≤ g2(t) ≤ Kg1(t)

g1(t)
√
t2 + µ2 ≤ g3(t) ≤ Kg1(t)

√
t2 + µ2

(5.1.21)

for all t ∈ [T,∞), where K ≥ 1.

5.1.5 Summary of assumptions and dependence on the constants
Here we summarize the basic structural assumptions on the integrand F (·) that, beside those
considered on f , shall imply various degrees of gradient regularity for local minimizers. These
are 

setm :=
{
(5.1.1)-(5.1.5), (5.1.12)-(5.1.18)1

}
set∞ :=

{
(5.1.1)-(5.1.5), (5.1.12)-(5.1.18)

}
settwo :=

{
(5.1.1)-(5.1.5), (5.1.12)-(1.1.11), (5.1.19), (5.1.20)

}
setuni :=

{
(5.1.1)-(5.1.12), (5.1.21)

}
.

(5.1.22)

Specifically, we denote by setm the assumptions used to get results of the typeDu ∈ Lploc(Ω,RN×n)
for every p < ∞ and n ≥ 2. The assumptions set∞ and settwo are used to prove that
Du ∈ L∞loc(Ω,RN×n) when n > 2 and n = 2, respectively. Notice that in setm we only re-
tain the first condition in (5.1.18), the one involving σ as in (5.1.14); we shall use the whole
assumption (5.1.18) only when showing L∞-estimates for Du. Finally, the set setuni is used to
get gradient bounds when dealing with uniformly elliptic problems. In order to abbreviate the
dependence on the constants, we shall denote

datam := (n,N, ν, γ, ã+, T, ca, cb, d, σ, σ̂) ,

data∞ :=
(
n,N, ν, γ, ã+, T, ca, cb, d, σ, σ̂, σ

′)
datatwo := (N, ν, γ, ã+, T, ca, cb, d, σ, σ̂, α)

datauni := (n,N, T,K) ,

(5.1.23)

where ã+ := supx∈Ω ã(x,max{1, T}) max{1, T}. It is important to notice that in the rest of the
paper, all the constants depending on the set of parameters in (5.1.23) blow-up when T → ∞,
while remaining bounded when T → 0.

5.1.6 General results
Here we report our main results for minima of (5.0.1) in full generality. However, the minimal
regularity assumption (5.0.2) on f is not enough for proving Lipschitz regularity, therefore in
certain cases we shall strengthen it by requiring that

f ∈ Xloc(Ω,RN ) :=

{
Lloc(n, 1)(Ω,RN ) if n ≥ 3

L2
loc(LogL)α(Ω,RN ) , α > 2 if n = 2.

(5.1.24)

The following two theorems are our main results on gradient boundedness for minima of (5.0.1)
in full generality.
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Theorem 17 Let u ∈ W 1,1
loc (Ω,RN ) be a local minimizer of (5.0.1) under assumptions set∞

and (5.1.24) with n ≥ 3. Then Du ∈ L∞loc(Ω,RN×n). Moreover there exists a positive radius
R∗ ≡ R∗(data∞, f(·)) ≤ 1 such that if B b Ω is a ball such that r(B) ≤ R∗, then

‖Du‖γL∞(tB) + ‖GT (·, |Du|)‖L∞(tB) (5.1.25)

≤ c

(1− t)β [r(B)]β

[
‖F (·, Du)‖L1(B) + ‖f‖L(n,1)(B) + 1

]θ
holds for every t ∈ (0, 1), where c ≡ c(data∞, ‖h‖Ld(B)) ≥ 1, β, θ ≡ β, θ(n, d, σ, σ̂) > 0.

Theorem 18 Let u ∈ W 1,1
loc (Ω,RN ) be a local minimizer of (5.0.1) under assumptions settwo

and (5.1.24) with n = 2. Then Du ∈ L∞loc(Ω,RN×2). Moreover, if B b Ω is a ball such that
r(B) ≤ 1, then

‖Du‖γL∞(tB) + ‖GT (·, |Du|)‖L∞(tB) (5.1.26)

≤ c

(1− t)β [r(B)]β

[
‖F (·, Du)‖L1(B) + ‖f‖L2(LogL)α(B) + 1

]θ
,

holds for every t ∈ (0, 1), where c ≡ c(datatwo, ‖h‖Ld(B)) ≥ 1, β, θ ≡ β, θ, (n, d, σ, σ̂) > 0.

In deriving Theorem 17 we need to prove higher integrability bounds for the gradient, that are
worth being singled out in the following:

Theorem 19 Let u ∈ W 1,1
loc (Ω,RN ) be a local minimizer of (5.0.1) and assume that setm and

(5.0.2) hold with n ≥ 3. Then Du ∈ Lploc(Ω,RN×n) for every p ∈ [1,∞). Moreover, for every
p ∈ [1,∞) there exists a positive radius R∗ ≡ R∗(datam, f(·), p) ≤ 1 such that if B b Ω is a ball
such that r(B) ≤ R∗, then

‖G(·, |Du|)‖Lp(tB) ≤
c

(1− t)βp [r(B)]βp

[
‖F (·, Du)‖L1(B) + 1

]θp
(5.1.27)

holds for every t ∈ (0, 1), where c ≡ c(datam, ‖h‖Ld(B), p), θp, βp ≡ θp, βp(n, d, σ, σ̂, p).

Finally, we give the main Lipschitz regularity result in the uniformly elliptic case.

Theorem 20 Let u ∈W 1,1
loc (Ω,RN ) be a local minimizer of (5.0.1) and assume that setuni holds

for n ≥ 2 and that h, |f | ∈ Xloc(Ω). Then, u ∈ W 1,∞
loc (Ω,RN ). Moreover, there exists a positive

radius R∗ ≡ R∗(datauni, h(·)) ≤ 1 such that if B b Ω is a ball such that r(B) ≤ R∗, then

‖F (|Du|)‖L∞(tB) ≤
c

(1− t)n[r(B)]n

[
‖F (|Du|)‖L1(B) + 1

]
+ ‖f‖γ/(γ−1)

X(B) (5.1.28)

holds with c ≡ c(datauni).

5.2 Approximation
Here we implement a truncation scheme aimed at approximating the original integrand (x, z) 7→
F (x, z) with a family {Fε(·)} of integrands with standard polynomial growth, and suitably con-
verging to F (·). The new integrands preserve structure properties as (5.1.1)-(5.1.3), with corre-
sponding control functions gi,ε(·), still satisfying relations as for instance in (5.1.16)-(5.1.18). For
this we shall revisit and extend a few arguments used in [16]. In this section we shall permanently
assume that (5.1.1)-(5.1.4) and (5.1.13) are in force, with their consequences. Therefore, all in
all, we shall permanently work using also (5.1.5)-(5.1.12). Additional assumptions as (1.1.10)-
(5.1.18) and (5.1.20) shall also be considered; in such cases all the results will work indifferently
with the values of σ, σ̂, σ′ considered in (5.1.14), (5.1.17) or (5.1.19); we shall therefore omit to
specify which value of such exponents is precisely occurring. In the following we use a parameter
ε such that 0 < ε < min{1, T}/4.
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5.2.1 General setup
We shall use the numbers

µε := µ+ ε , Tε := T + 1/ε , (5.2.1)

and set
E(t) :=

√
t2 + µ2 , Eε(t) :=

√
t2 + (µ+ ε)2 , (5.2.2)

for t ≥ 0, where T and µ have been introduced in (5.1.3) and (5.1.4) respectively. We start
considering the functions ãε : Ω× [0,∞)→ [0,∞) defined as

ãε(x, t) :=


ã(x,ε)

(ε2+µ2
ε)
γ−2

2

(t2 + µ2
ε)

γ−2
2 if t ∈ [0, ε)

ã(x, t) if t ∈ [ε, Tε)
ã(x,Tε)

(T 2
ε+µ2

ε)
γ−2

2

(t2 + µ2
ε)

γ−2
2 if t ∈ [Tε,∞) ,

(5.2.3)

for every x ∈ Ω. Then, for t ≥ 0 we define
Fε(x, z) := F̃ε(x, |z|) for F̃ε(x, t) :=

∫ t

0

ãε(x, s)sds+ εLγ,ε(t)

Lγ,ε(t) :=
1

γ

[
(t2 + µ2

ε)
γ/2 − µγε

]
=

∫ t

0

(s2 + µ2
ε)

γ−2
2 sds ,

(5.2.4)

so that, in view of (5.1.2) and (5.1.5), it follows

t 7→ F̃ε(x, t) ∈ C1
loc[0,∞) ∩W 2,∞

loc [0,∞) ∩ C2
loc
(
[0,∞) \ {ε, Tε}

)
for all x ∈ Ω

x 7→ F̃ ′ε(x, t) ∈W
1,n
loc (Ω) for all t ∈ [0,∞)

t 7→ ãε(x, t) ∈W 1,∞
loc [0,∞) ∩ C1

loc
(
[0,∞) \ {ε, Tε}

)
t 7→ F̃ε(x, t) is strictly convex for all x ∈ Ω

t 7→ F̃ε(x, t) is non-decreasing for all x ∈ Ω .

(5.2.5)

The above definitions lead to the introduction of the following truncated control functions
gi,ε : Ω× [0,∞)→ (0,∞), i ∈ {1, 2, 3}:

g1,ε(x, t) := g1


g1(x,ε)

(ε2+µ2
ε)
γ−2

2

(t2 + µ2
ε)

γ−2
2 if t ∈ [0, ε)

g1(x, t) if t ∈ [ε, Tε)
g1(x,Tε)

(T 2
ε+µ2

ε)
γ−2

2

(t2 + µ2
ε)

γ−2
2 if t ∈ [Tε,∞) ,

(5.2.6)

g2,ε(x, t) := g2



[
g2(x,ε)

(ε2+µ2
ε)
γ−2

2

+ ε

]
(t2 + µ2

ε)
γ−2

2 if t ∈ [0, ε)

g2(x, t) + ε(t2 + µ2
ε)

γ−2
2 if t ∈ [ε, Tε)[

g2(x,Tε)

(T 2
ε+µ2

ε)
γ−2

2

+ ε

]
(t2 + µ2

ε)
γ−2

2 if t ∈ [Tε,∞) ,

(5.2.7)

g3,ε(x, t) := g3


g3(x,ε)

(ε2+µ2
ε)
γ−1

2

(t2 + µ2
ε)

γ−1
2 if t ∈ [0, ε)

g3(x, t) if t ∈ [ε, Tε)
g3(x,Tε)

(T 2
ε+µ2

ε)
γ−1

2

(t2 + µ2
ε)

γ−1
2 if t ∈ [Tε,∞) ,

(5.2.8)

where the constants g1, g2 and g3 are defined by

g1 := min{1, γ − 1} ≤ 1 ≤ g2 := 4
(√

Nn+ γ
)

and g3 := 2n. (5.2.9)
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We next introduce also the truncated counterparts of the maps defined in (5.1.11), i.e.

Gε(x, t) :=

∫ max{t,T}

T

g1,ε(x, s)sds , Ḡε(x, t) := Gε(x, t) + (T 2 + 1)γ/2 . (5.2.10)

In the following we shall use repeatedly that

1 ≤

(
s2 + µ2

ε

s2 + µ2

)
≤ 4 provided that s ≥ T . (5.2.11)

5.2.2 Five technical lemmas
We start with an analysis of the growth and coercivity properties of the integrands {Fε(·)}.

Lemma 5.2.1 There exist constants {Λε} and {Lε} such that the following properties hold:
|∂zzFε(x, z)| ≤ g2,ε(x, |z|) if (x, z) ∈ Ω×

{
|z| ≥ T , |z| 6= Tε

}
g1,ε(x, |z|)|ξ|2 ≤ ∂zzFε(x, z)ξ · ξ if (x, z) ∈ Ω×

{
|z| ≥ T , |z| 6= Tε

}
|∂xzFε(x, z)| ≤ h(x)g3,ε(x, |z|) if (x, z) ∈ Ω× RN×n

(5.2.12)

and 
|∂zzFε(x, z)| ≤ Λε(|z|2 + µ2

ε)
γ−2

2 if (x, z) ∈ Ω×
{
|z| 6= ε, Tε

}
εg1(|z|2 + µ2

ε)
γ−2

2 |ξ|2 ≤ ∂zzFε(x, z)ξ · ξ if (x, z) ∈ Ω×
{
|z| 6= ε, Tε

}
|∂xzFε(x, z)| ≤ Lεh(x)(|z|2 + µ2

ε)
γ−1

2 if (x, z) ∈ Ω× RN×n ,
(5.2.13)

for all ξ ∈ RN×n. Moreover we have:

0 < s ≤ t =⇒

ãε(x, s)

(s2 + µ2
ε)

γ−2
2

≤ c(γ)
ãε(x, t)

(t2 + µ2
ε)

γ−2
2

g1,ε(x,s)

(s2+µ2
ε)
γ−2

2

≤ c(γ)
g1,ε(x,t)

(t2+µ2
ε)
γ−2

2

(5.2.14)

and for every (x, z) ∈ Ω× {|z| ≥ T}, there holds that:

c(ν, γ)(t2 + µ2
ε)

γ−2
2 ≤ g1,ε(x, t), F (x, z) ≥ G(x, |z|), Fε(x, z) ≥ Gε(x, |z|) , (5.2.15)

{
c(ν, γ)F (x, z) ≥ (|z|2 + µ2)γ/2 − (T 2 + µ2)γ/2

c(ν, γ)Fε(x, z) ≥ (|z|2 + µ2)γ/2 − (T 2 + µ2)γ/2 ,
(5.2.16)

[Eε(t)]
γ − [Eε(T )]γ ≤ c(ν, γ)

∫ t

T

g1,ε(x, s)sds for (x, t) ∈ Ω× [T,∞) , (5.2.17)

where c(ν, γ) ≥ 1. Finally, for another constant c ≡ c(ν, ã+), the following holds:

Fε(x, z) ≤ c
[
F (x, z) + T γ + µγε

]
for all (x, z) ∈ Ω× RN×n (5.2.18)

and

ε

γ
(t2 + µ2

ε)
γ/2 − εµγε

γ
≤ F̃ε(x, t) ≤ cε(t2 + µ2

ε)
γ/2 for all (x, t) ∈ Ω× [0,∞) . (5.2.19)
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Proof. By (5.2.4)-(5.2.5), we first notice that ∂zzFε(x, z) exists for all (x, z) ∈ Ω×
{
|z| 6= ε, Tε

}
with

∂zzFε(x, z) =


(|z|2 + µ2

ε)
γ−2

2

[
ã(x,ε)

(ε2+µ2
ε)
γ−2

2

+ ε

]
Cε(z) if (x, z) ∈ Ω× {|z| < ε}

∂zzF (x, z) + ε(|z|2 + µ2
ε)

γ−2
2 Cε(z) if (x, z) ∈ Ω× {ε < |z| < Tε}

(|z|2 + µ2
ε)

γ−2
2

[
ã(x,Tε)

(T 2
ε+µ2

ε)
γ−2

2

+ ε

]
Cε(z) if (x, z) ∈ Ω× {Tε < |z|} ,

where

Cε(z) := IN×n + (γ − 2)
z ⊗ z
|z|2 + µ2

ε

for z ∈ RN×n .

Moreover, recalling (5.2.3), we have

∂xzFε(x, z) =


∂xã(x,ε)

(ε2+µ2
ε)
γ−2

2

(|z|2 + µ2
ε)

γ−2
2 z if (x, z) ∈ Ω× {|z| < ε}

∂xã(x, |z|)z if (x, z) ∈ Ω× {ε ≤ |z| < Tε}
∂xã(x,Tε)

(T 2
ε+µ2

ε)
γ−2

2

(|z|2 + µ2
ε)

γ−2
2 z if (x, z) ∈ Ω× {Tε ≤ |z|} .

Then (5.2.12)-(5.2.13) directly follow by (5.1.3),(5.1.5),(5.2.3),(5.2.6)-(5.2.8) and with the choice

Λε := g2

[
1 + sup

x∈Ω

g2(x, Tε)

(T 2
ε + µ2

ε)
γ−2

2

+ sup
x∈Ω,|z|∈[ε,Tε]

|∂zzF (x, z)|
(|z|2 + µ2

ε)
γ−2

2

]
,

Lε := 2n sup
x∈Ω,t∈[ε,Tε]

g3(x, t)

(t2 + µ2
ε)

γ−1
2

.

Notice that we are also using (5.1.9)2 and (5.1.4)1 in order to get upper bounds for |∂zzFε|, in
(5.2.12)1 and (5.2.13)1, respectively. We also use (5.1.8)2 to get (5.2.12)2. Conditions (5.2.14)
are a direct consequence of (5.1.4)1, (5.2.11) and of the definitions in (5.2.3), (5.2.6)-(5.2.8). The
inequality in (5.2.15)1 comes from (5.1.4)2 and (5.2.11). For (5.2.15)2-(5.2.16)1 we notice

F (x, z) =

∫ |z|
T

ã(x, s)sds
(5.1.8)2
≥

∫ |z|
T

g1(x, s)sds
(5.1.11)

= G(x, |z|)

(5.1.4)2
≥ ν

∫ |z|
T

(s2 + µ2)
γ−2

2 sds
(5.2.2)

=
ν

γ

{
[E(|z|)]γ − [E(T )]γ

}
.

To show (5.2.15)3-(5.2.16)2 and (5.2.17), we proceed as before when |z| ∈ [T, Tε). Instead, when
Tε < |z|, again using (5.2.14)2, we estimate

Fε(x, z) ≥
∫ Tε

T

ã(x, s)s ds+
ã (x, Tε)

(T 2
ε + µ2

ε)
γ−2

2

∫ |z|
Tε

(s2 + µ2
ε)

γ−2
2 s ds

≥
∫ Tε

T

g1(x, s)s ds+
g1 (x, Tε)

(T 2
ε + µ2

ε)
γ−2

2

∫ |z|
Tε

(s2 + µ2
ε)

γ−2
2 s ds

= Gε(x, |z|) =

∫ t

T

g1,ε(x, s)sds

≥ νg1

∫ Tε

T

(s2 + µ2)
γ−2

2 s ds+ νg1
(T 2
ε + µ2)

γ−2
2

(T 2
ε + µ2

ε)
γ−2

2

∫ |z|
Tε

(s2 + µ2
ε)

γ−2
2 s ds

≥ 1

c(ν, γ)

∫ |z|
T

(s2 + µ2)
γ−2

2 s ds ≥ 1

c(ν, γ)

{
[E(|z|)]γ − [E(T )]γ

}
.
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Finally, the proof of (5.2.18) can be obtained as in [16, Lemma 5.2, (5.20)], taking into account
that F̃ (·) also depends on x and keeping in mind the definition in (5.2.4)1, while (5.2.19) is direct
consequence of the definition in (5.2.4). �

The aim of next lemma is to transfer the various features of functions g1(·)-g2(·) to their
truncated counterparts g1,ε(·)-g2,ε(·).

Lemma 5.2.2 For every 0 < ε < min{1, T}/4, it holds that

•

T ≤ s ≤ t =⇒

g2,ε(x, s)

g1,ε(x, s)
≤ c g2,ε(x, t)

g1,ε(x, t)
for c ≡ c(n,N, ν, γ, ca)

g1,ε(x, s)s ≤ g1,ε(x, t)t

(5.2.20)

for all x ∈ Ω.

• If (5.1.18) holds, then for all (x, t) ∈ Ω× [T,∞),

g2,ε(x, t)

g1,ε(x, t)
≤ cmin

{
Ḡε(x, t)

σ, Ḡε(x, t)
σ′
}

(5.2.21)

holds for t ≥ T with σ, σ′ as in (5.1.14)-(5.1.17) respectively, while, if (5.1.20) is in force
we instead have

g2,ε(x, t)

g1,ε(x, t)
≤ cḠε(x, t)σ , (5.2.22)

again for all t ≥ T and this time with σ as in (5.1.19). In (5.2.21)-(5.2.22) it is c ≡
c(n,N, ν, γ, cb).

• If (5.1.15) holds, and if σ̂ satisfies the bounds in (5.1.14) (or (5.1.19) when n = 2), then

|∂xg1,ε(x, t)|t ≤ ch(x)∂t[Ḡε(x, t)]
1+σ̂ for all (x, t) ∈ Ω× [T,∞) , (5.2.23)

where c ≡ c(ν, γ).

• For all (x, t) ∈ Ω× [T,∞), and with c(ν, γ) ≥ 1, there holds
(t2 + µ2

ε)
γ/2 ≤ c(ν, γ)Ḡε(x, t)

[g1,ε(x, t)]
−1GT,ε(x, t) ≤ c(ν, γ)[Ḡε(x, t)]

2/γ .

(5.2.24)

• For all (x, t) ∈ Ω× [0,∞)

ε1 < ε2 < min{1, T}/4 =⇒ Gε2(x, t) ≤ c(γ)Gε1(x, t) (5.2.25)

holds true.

Proof. The properties in (5.2.20) follow from (1.1.3) and the definitions in (5.2.6)-(5.2.7); see
also [16, Lemma 5.3]. Arguing as in this last paper it is also not difficult to see that

T ≤ s ≤ Tε =⇒ g2,ε(x, s)

g1,ε(x, s)
≤ c g2(x, s)

g1(x, s)
, c ≡ c(n,N, ν, γ) (5.2.26)

for every x ∈ Ω. Moreover, from the very definitions in (5.2.6)-(5.2.7) it holds that

g2,ε(x, s)

g1,ε(x, s)
=
g2,ε(x, Tε)

g1,ε(x, Tε)
for all (x, s) ∈ Ω× [Tε∞) , (5.2.27)
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and (5.2.20)1 follows by means of (5.1.13)1 and (5.2.15)1. Combining (5.1.13)2 with the fact that
being γ > 1, the map t 7→ (t2 + µ2

ε)
γ−2

2 t is increasing, we obtain (5.2.20)2. The following useful
estimate is a consequence of (5.2.20)2:

GT,ε(x, t) =

∫ t

T

g1,ε(x, s)s ds ≤ g1,ε(x, t)t

∫ t

T

ds = g1,ε(x, t)t(t− T ) ≤ g1,ε(x, t)t
2 , (5.2.28)

that holds whenever t ≥ T . We are now ready to check the validity of (5.2.21). It is sufficient to
show that

T ≤ t =⇒ g2,ε(x, t)

g1,ε(x, t)
≤ cḠε(x, t)σ̃ σ̃ ∈ {σ, σ′} (5.2.29)

with c ≡ c(n,N, ν, γ, cb) to conclude. The proof of (5.2.22) is exactly the same, with a different
value of σ, of course. We have:

T ≤ t ≤ Tε =⇒ g2,ε(x, t)

g1,ε(x, t)

(5.2.26)
≤ c

g2(x, t)

g1(x, t)

(5.1.18)
≤ cḠT (x, t)σ̃

(5.2.6)
≤ cḠε(x, t)

σ̃

and

Tε ≤ t =⇒ g2,ε(x, t)

g1,ε(x, t)

(5.2.27)
≤ cg2

g1

[
g2(x, Tε) + ε(T 2

ε + µ2
ε)

γ−2
2

g1(x, Tε)

]
(5.1.4)2
≤ c

[
g2(x, Tε)

g1(x, Tε)
+
ε

ν

]
(5.1.18)
≤ cḠT (x, Tε)

σ̃
(5.2.6)
≤ cḠε(x, t)

σ̃,

and (5.2.29) is proved with c having the dependencies outlined in (5.2.21). The proof of (5.2.23)
is a straightforward consequence of the definition in (5.2.6) and (5.1.15). Let us now take care
of (5.2.24)1. For t ∈ [T, Tε), using (5.1.4)2 and (5.2.11), we see that (recall that ε ≤ T/4)

Ḡε(x, t) ≥
ν

γ

[
(t2 + µ2)γ/2 − (T 2 + µ2)γ/2

]
+ g ≥ ν

2γγ
(t2 + µ2

ε)
γ/2 ,

while, when t ≥ Tε by analogous means, we have

Ḡε(x, t) =

∫ t

Tε

g1(x, Tε)

(T 2
ε + µ2

ε)
γ−2

2

(s2 + µ2
ε)

γ−2
2 sds+

∫ Tε

T

g1(x, s)sds+ g

≥ 1

c(ν, γ)

∫ t

T

(s2 + µ2)
γ−2

2 sds+ g ≥ (t2 + µ2
ε)
γ/2

c(ν, γ)
.

As for (5.2.24)2, this follows using (5.2.28) with (5.2.24)1. Concerning (5.2.25), we see that it is
trivially verified if t ∈ [0, T ] because of the definition in (5.2.10). On the other hand, by (5.2.6),
(5.1.4)1 and (5.2.11), for all (x, t) ∈ Ω× [T,∞) we have

ε1 < ε2 < min{1, T}/4 =⇒ g1,ε2(x, t) ≤ c(γ)g1,ε1(x, t),

so (5.2.25) follows as a consequence of the positions in (5.2.10) and the proof of the lemma is
complete. �
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Let us connect now g1(·)-g3(·) with g1,ε(·)-g3,ε(·).

Lemma 5.2.3 Assume that (1.1.11) is in force; then, for every 0 < ε < min{1, T}/4
g3,ε(x, t)

√
t2 + µ2

ε ≤ c[Ḡε(x, t)]1+σ

[g3,ε(x, t)]
2

g1,ε(x, t)
≤ c[Ḡε(x, t)]1+2σ ,

(5.2.30)

hold for all (x, t) ∈ Ω× [T,∞), for c ≡ c(n,N, ν, γ, cb).

Proof. When t ∈ [T, Tε), the proof of (5.2.30) follows directly by the definitions (5.2.6), (5.2.8)
and from assumption (1.1.11). Therefore we restrict ourselves to the case t ≥ Tε, set tε := t/Tε,
introduce the quantity:

Qε(t) :=
Ḡε(x, Tε)

Ḡε(x, t)
=
Ḡ(x, Tε)

Ḡε(x, t)
≤ 1 (5.2.31)

and bound via (1.1.11)1 and (5.2.11):

g3,ε(x, t)
√
t2 + µ2

ε ≤ cg3(x, Tε)
√
T 2
ε + µ2

(
t2 + µ2

ε

T 2
ε + µ2

ε

)γ/2
≤ c[Ḡε(x, Tε)]

1+σtγε ≤ c(γ)[Qε(t)]
1+σtγε [Ḡε(x, t)]

1+σ .

Observe that, if tε ≤ 1000, then (5.2.30)1 follows using (5.2.31). In the case tε > 1000 we instead
estimate

Qε(t)
(5.2.10)

≤ Ḡ(x, Tε)∫ t

Tε

g1,ε(x, s)sds+ T γ + 1

(5.2.6)

≤ Ḡ(x, Tε)

g1(x,Tε)

γ(T 2
ε+µ2

ε)
γ−2

2

T γε

[(
t2ε +

(
µε
Tε

2
))γ/2

−
(

1 +
(
µε
Tε

2
))γ/2]

tε>1000
≤ c(γ)Ḡ(x, Tε)(T

2
ε + µ2

ε)
γ−2

2

g1(x, Tε)T
γ
ε t
γ
ε

(5.2.28)

≤ c(γ)

[
g1(x, Tε)T

2
ε (T 2

ε + µ2
ε)

γ−2
2

g1(x, Tε)T
γ
ε t
γ
ε

+
(T γ + 1)(T 2

ε + µ2
ε)

γ−2
2

g1(x, Tε)T
γ
ε t
γ
ε

]
(5.1.4)2
≤ c(γ)

tγε

[
1 +

T γ + 1

νT γε

]
≤ c(ν, γ)

tγε
,

therefore
g3,ε(x, t)

√
t2 + µ2

ε ≤ ct−σγε [Ḡε(x, t)]
1+σ ≤ c[Ḡε(x, t)]1+σ,

where c ≡ c(n,N, ν, γ, cb). As for (5.2.30)2, similarly to (5.2.30)1, using (1.1.11)2 we have

[g3,ε(x, t)]
2

g1,ε(x, t)
≤ [g3,ε(x, Tε)]

2

g1,ε(x, Tε)

(
t2 + µ2

ε

T 2
ε + µ2

ε

)γ/2
≤ c[Qε(t)]1+2σtγε [Ḡε(x, t)]

1+2σ

and (5.2.30)2 follows arguing as for (5.2.30)1. �
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We next present some convergence arguments which will be very helpful for passing to the limit
in certain approximating problems defined by means of the {Fε(·)}.

Lemma 5.2.4 Let B b Ω be a ball with rad(B) ≤ 1 and 0 < ε ≤ min{1, T}/4 and let w ∈
W 1,γ(B,RN ). Let σ be as in (5.1.14)-(5.1.19) and assume that, for some p > 1 + σ there exists
a positive, finite constant so that

lim inf
ε→0

∫
B

Ḡε(x, |Dw|)p dx ≤ C. (5.2.32)

Then∫
B

|F (x,Dw)− Fε(x,Dw)| dx→ 0 and
∫
B

|Gε(·, |Dw|)− g1GT (·, |Dw|)| dx→ 0, (5.2.33)

where g1 is as in (5.2.9).

Proof. Assumption (5.2.32), definitions (5.1.11) and (5.2.6) and Fatou’s Lemma yield

gp1

∫
B

GT (x, |Dw|)p dx ≤ lim inf
ε→0

∫
B∩{|Dw|<Tε}

(g1GT (x, |Dw|))p dx

≤ lim inf
ε→0

∫
B

Gε(x, |Dw|)p dx ≤ C,

which in turn implies that

GT (·, |Dw|) ∈ Lp(B). (5.2.34)

Notice that, by Markov and Hölder inequalities we have

|{|Dw| > Tε}| ≤ T−γε ‖Dw‖
γ
Lγ(B) ≤ ε

γ‖Dw‖γLγ(B). (5.2.35)

From the definition in (5.2.3) we see that ãε(x, t) ≡ ã(x, t) for all (x, t) ∈ B × [ε, Tε), so, using
this fact, together with (5.2.4), (5.2.14)1, (5.1.9), (5.1.13), (5.1.18)-(5.1.20) and (5.2.35) we get∫

B

|F (x,Dw)− Fε(x,Dw)| dx ≤ ε

γ

∫
B

[
(|Dw|2 + µ2

ε)
γ
2 − µγε

]
dx

+ 4

∫
B

∫ ε

0

[
ã(x, s)− ã(x, ε)

(ε2 + µ2
ε)

γ−2
2

(s2 + µ2
ε)

γ−2
2

]
s dsdx

+

∫
B∩{|Dw|>Tε}

∫ |Dw|
Tε

[
ã(x, s) +

ã(x, Tε)

(T 2
ε + µ2

ε)
γ−2

2

(s2 + µ2
ε)

γ−2
2

]
s dsdx

≤ ε
γ

∫
B

[
(|Dw|2 + µ2

ε)
γ
2 − µγε

]
dx+ c(n, γ, ã+)

[
(ε2 + µ2

ε)
γ
2 − µγε

]
+ c(γ)

∫
B∩{|Dw|>Tε}

(∫ |Dw|
0

ã(x, s)s ds

)
dx

≤ ε
γ

∫
B

[
(|Dw|2 + µ2

ε)
γ
2 − µγε

]
dx+ c(n, γ, ã+)

[
(ε2 + µ2

ε)
γ
2 − µγε

]
+ c(γ, ã+)|B ∩ |Dw| > Tε|+ c(γ, ca, cb)

∫
B∩{|Dw|>Tε}

ḠT (x, |Dw|)1+σ dx

≤ ε
γ

∫
B

[
(|Dw|2 + µ2

ε)
γ
2 − µγε

]
dx+ c(n, γ, ã+)

[
(ε2 + µ2

ε)
γ
2 − µγε

]
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+ c(γ, ã+)εγ + c(γ, ca, cb)ε
γ(p−1−σ)

p

(∫
B∩{|Dw|>Tε}

Ḡ(x, |Dw|)p dx

) 1+σ
p

→ 0,

because of (5.2.32), (5.2.34) and the dominated convergence theorem. Now, using (5.2.34),
(5.1.11), (5.2.6), (5.2.10), (5.2.14)2 and the dominated convergence theorem we get∫

B

|Gε(·, |Dw|)− g1GT (·, |Dw|)| dx

=g1

∫
B∩{|Dw|>Tε}

∣∣∣∣∣∣
∫ |Dw|
Tε

[
g1(x, s)s− g1(x, Tε)

(T 2
ε + µ2

ε)
γ−2

2

(s2 + µ2
ε)

γ−2
2 s

] ∣∣∣∣∣∣ dsdx

≤c(γ)ε
γ(p−1)
p

(∫
B∩{|Dw|>Tε}

GT (x, |Dw|)p dx

) 1
p

→ 0,

and (5.2.33) is completely proven. �

Lemma 5.2.5 Let B b Ω be a ball with rad(B) ≤ 1 and 0 < ε1 < ε2 ≤ min{1, T}/4 and let
w ∈W 1,γ(B,RN ). If ḠT (·, |Dw|) ∈ Lp(B) for some p > 1 + σ, with σ as in (5.1.14)-(5.1.19),
then ∫

B

∣∣Fε1(x,Dw)− Fε2(x,Dw)
∣∣ dx ≤ o(ε2)

(∫
B

[Ḡε1(x, |Dw|)]p dx+ 1

) p+1+σ
p

, (5.2.36)

where o(ε2) denotes a quantity such that o(ε2)→ 0 as ε2 → 0. Moreover, there holds that∫
B

∣∣F (x,Dw)− Fε2(x,Dw)
∣∣ dx ≤ o(ε2)

(∫
B

[ḠT (x, |Dw|)]p dx+ 1

) p+1+σ
p

. (5.2.37)

Proof. We denote

F̄ε(x, t) = F̃ε(x, t)− εLγ,ε(t) =

∫ t

0

ãε(x, s)s ds (5.2.38)

and in the following we always take x ∈ B. Proceeding as for (5.1.8)-(5.1.9), thanks to (5.2.12)
we get

ãε(x, |z|) ≤ g2,ε(x, |z|) , for every ε ≤ min{1, T}/4 , (5.2.39)

provided |z| ≥ T . In the case it is |z| ≤ ε2, by (5.1.4)1 we easily have∣∣F̄ε1(x, |z|)− F̄ε2(x, |z|)
∣∣ ≤ ∣∣F̄ε1(x, ε2)

∣∣+
∣∣F̄ε2(x, ε2)

∣∣
≤ c‖ã(·, 1)‖L∞(B)

∫ ε2

0

(s2 + µ2
ε1)

γ−2
2 s ds+ c‖ã(·, 1)‖L∞(B)

∫ ε2

0

(s2 + µ2
ε2)

γ−2
2 s ds

≤ o(ε2) .

Recalling that ãε1(x, t) ≡ ãε2(x, t) when ε2 ≤ |z| ≤ Tε2 , by also using the information in the last
display, we find ∣∣F̄ε1(x, |z|)− F̄ε2(x, |z|)

∣∣ ≤ ∣∣F̄ε1(x, ε2)
∣∣+
∣∣F̄ε2(x, ε2)

∣∣ ≤ o(ε2) . (5.2.40)

Finally, when |z| > Tε2 we have, using also (5.2.11)

∣∣F̄ε1(x, |z|)− F̄ε2(x, |z|)
∣∣ (5.1.4)1

≤
∣∣F̄ε1(x, Tε2)− F̄ε2(x, Tε2)

∣∣+ c

∫ |z|
Tε2

ãε1(x, s)s ds
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(5.2.40)

≤ c

∫ |z|
Tε2

ãε1(x, s)s ds+ o(ε2)

(5.2.39)
≤ c

∫ |z|
Tε2

g2,ε1(x, s)s ds+ o(ε2)

(5.2.20)1
≤ c

g2,ε1(x, |z|)
g1,ε1(x, |z|)

∫ |z|
Tε2

g1,ε1(x, s)s ds+ o(ε2)

(5.2.22)

≤ c[Ḡε1(x, |z|)]1+σ + o(ε2) .

Using the content of the last four displays, and also Hölder’s inequality, we get∫
B

∣∣Fε1(x, |Dw|)− Fε2(x, |Dw|)
∣∣ dx ≤ o(ε2)|B|+ c

∫
B∩{|Dw|>Tε2}

[Ḡε1(x, |Dw|)]1+σ dx

≤ o(ε2)|B|+ |B ∩ {|Dw| > Tε2}|
p−1−σ
p

(∫
B

[Ḡε1(x, |Dw|)]p dx

)(1+σ)/p

for c ≡ c(ν, γ, p). On the other hand, observe that

|B ∩ {|Dw| > Tε2}| ≤ T−γpε2

∫
B

|Dw|γp dx
(5.2.24)1
≤ cεγp2

∫
B

[Ḡε1(x, |Dw|)]p dx .

Combining the previous two displays yields∫
B

∣∣∣F̃ε1(x, |Dw|)− F̃ε2(x, |Dw|)
∣∣∣ dx ≤ |B|o(ε2) + cε

γ(p−1−σ)
2

(∫
B

[Ḡε1(x, |Dw|)]p dx

) p+1+σ
p

,

where c ≡ c(n,N, ν, γ, ca, cb). Next, notice that by using again (5.2.24)1 and Hölder’s inequality,
we get ∫

B

∣∣ε1Lγ,ε1(Dw)− ε2Lγ,ε2(Dw)
∣∣ dx ≤ cε2

∫
B

(|Dw|2 + 1)γ/2 dx

≤ cε2

(∫
B

[Ḡε1(x, |Dw|)]p dx

)1/p

.

Combining the content of the last two displays and recalling (5.2.4) and (5.2.38) yields (5.2.36).
As for (5.2.37), this follows from (5.2.36) and (5.2.33) letting ε1 → 0. Indeed, notice that, since
ḠT (·, |Dw|) ∈ Lp(B) with p > 1 + σ and σ as in (5.1.14)-(5.1.19), then, by (5.2.25) we deduce
that (5.2.32) is verified. Hence, by (5.2.33)1, Fatou’s lemma works for the left-hand side; as for
the right-hand side, we can exploit (5.2.33)2, (5.2.25) and the dominated convergence theorem
to conclude. �

5.3 A priori estimates
This section is the core of the paper as we here develop the basic a priori estimates. These
are obtained for local minimizers of more regular functionals approximating the original one
in (5.0.1). We shall permanently assume that assumptions setm are in force, therefore all
properties (5.1.1)-(5.1.16) and (5.1.20) will be available. Eventually, we shall use additional,
more restrictive conditions depending on the degree of regularity we are going to be interested
in. With 0 < ε < min{1, T}/4 and B b Ω being a ball such that r(B) ≤ 1, we consider a weak
solution u ∈W 1,γ(B;RN ) to the system

−div aε(x,Du) = f in B, (5.3.1)
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with

f ∈ L∞(B,RN ), |f | ≤ |f| for some f ∈ Ln(B,RN ) (5.3.2)

and aε : Ω× RN×n → RN×n being defined as

∂zFε(x, z) = aε(x, z) = āε(x, |z|)z , āε(x, t) := ãε(x, t) + ε(t2 + µ2
ε)

γ−2
2 , (5.3.3)

and where ãε : Ω × [0,∞) → [0,∞) has been introduced in (5.2.3). The growth and ellipticity
properties of the vector field aε(·) are expressed in (5.2.12)-(5.2.13) and it follows that u is a
local minimizer of the functional

W 1,γ(B,RN ) 3 w 7→
∫
B

[
Fε(x,Dw)− f · w

]
dx =

∫
B

[
F̃ε(x, |Dw|)− f · w

]
dx . (5.3.4)

Summarizing, āε(·) is such that x 7→ āε(x, t) ∈W 1,d
loc (Ω) for all t ≥ 0, t 7→ āε(x, t) ∈W 1,∞

loc [0,∞)∩
C1

loc([0,∞)\{ε, Tε}) i.e., it is locally C1-regular outside {ε, Tε} and it is such that ā′ε(x, 0) = 0 for
all x ∈ Ω. This implies that x 7→ aε(x, z) ∈W 1,d

loc (Ω,RN×n) for all z ∈ RN×n and z 7→ aε(x, z) ∈
W 1,∞

loc (RN×n) for all x ∈ Ω. Finally, the functions t 7→ āε(·, t) and g1,ε(·, t) are non-decreasing
when γ ≥ 2; this is indeed an easy consequence of assumption (5.1.4)1. As for (5.1.8)-(5.1.9),
from (5.2.12) and (5.3.3) it follows

g1,ε(x, |z|) ≤ āε(x, |z|) ≤ g2,ε(x, |z|) (5.3.5)

and {
āε(x, |z|) + ā′ε(x, |z|)|z| ≥ g1,ε(x, |z|)
āε(x, |z|) + ā′ε(x, |z|)|z| ≤ g2,ε(x, |z|)

(5.3.6)

for all (x, z) ∈ Ω× {|z| ≥ T, |z| 6= Tε}. A direct consequence of (5.3.5)-(5.3.6) is

|ā′ε(x, |z|)||z| ≤ g2,ε(x, |z|) for all (x, z) ∈ Ω× {|z| ≥ T, |z| 6= Tε} , (5.3.7)

while, similarly to (5.3.5), by (5.2.13) we have that

εg1(|z|2 + µ2
ε)

γ−2
2 ≤ āε(x, |z|) ≤ Λ(|z|2 + µ2

ε)
γ−2

2 (5.3.8)

holds this time for all (x, z) ∈ Ω × RN×n (recall that z 7→ āε(x, |z|) is continuous). From
properties (5.2.12)-(5.2.13) we can conclude that Theorem 21 applies to u and this yields

Du ∈ L∞loc(B,RN×n), u ∈W 2,2
loc (B,RN ), āε(·, Du) ∈W 1,2

loc (B,RN×n) . (5.3.9)

As for the expression of Daε(·, Du), we need to apply a non-autonomous chain rule [66, Theorem
1.5]. We remark that the crucial point to apply the results from [66] is that the set of non-
differentiable points of the partial map t 7→ āε(x, t) is {ε, Tε} and is therefore independent of x
(here this holds for every x, but a.e. x is still allowed). Specifically, with slight abuse of notation,
let us write

(∂zāε(x, z))
αβ
ij = āε(x, |z|)δijδαβ + 1D(|z|)ā′ε(x, |z|)|z|

zαi z
β
j

|z|2
, for z ∈ RN×n . (5.3.10)

and here we are denoting by 1D(·) the indicator function of the set D := R \ {ε, Tε}. Then,
recalling that |Du| ∈W 1,2

loc (Ω) by (5.3.9), we have

Ds[aε(·, Du)] =∂xsaε(x,Du) + ∂zaε(x,Du)DDsu

=∂xs āε(x, |Du|)Du+ āε(x, |Du|)IN×nDDsu
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+ 1D(|Du|)ā′ε(x, |Du|)|Du|
Du⊗Du
|Du|2

DDsu . (5.3.11)

Notice that, exactly as in the usual autonomous case, the presence of 1D(|Du|) in (5.3.10)-
(5.3.11) accounts for the fact that terms as ā′ε(x, |Du|)Ds|Du| are interpreted as zero at those
points where |Du| ∈ {ε, Tε}, i.e., where ā′ε(x, |Du|) alone does not make sense; see [66]. These
same arguments apply to Gε; indeed, notice that for every x ∈ Ω, the function t 7→ Gε(x, t) is
differentiable at every point but T and by (1.1.10) satisfies the assumptions of [66, Theorem 1.5].
Therefore it is Gε(·, Du) ∈W 1,2

loc (B,RN×n) and, on {|Du| > T}, we have

DiGε(x, |Du|) = g1,ε(x, |Du|)|Du|Di|Du|+
∫ |Du|
T

∂xig1,ε(x, t)tdt

= g1,ε(x, |Du|)
N∑
α=1

n∑
s=1

DiDsu
αDsu

α +

∫ |Du|
T

∂xig1,ε(x, t)tdt (5.3.12)

for every i ∈ {1, . . . , n}, where we have also used that

Di|Du| =
1

|Du|

N∑
α=1

n∑
s=1

DiDsu
αDsu

α . (5.3.13)

Notice also that DiGε(x, |Du|) ≡ 0 a.e. on the complement of {|Du| > T}. We conclude this
part with

Lemma 5.3.1 For λ ≡ (λi) ∈ Rn and z = (zαi ) ∈ RN×n, 1 ≤ i ≤ n and 1 ≤ α ≤ N

āε(x, |z|)λ · λ+ 1D(|z|)ā′ε(x, |z|)|z|
N∑
α=1

|λ · zα|2

|z|2

≥min
{
āε(x, |z|), āε(x, |z|) + 1D(|z|)ā′ε(x, |z|)|z|

}
|λ|2 ≥ g1,ε(x, |z|)|λ|2 (5.3.14)

holds for every x ∈ Ω.

Proof. Indeed, (5.3.14) is trivial by (5.3.5) if ā′ε(x, |z|) ≥ 0. Otherwise, we can estimate simply
ā′ε(x, |z|)|λ · zα|2 ≥ ā′ε(x, |z|)|zα|2|λ|2 for every α and then use (5.3.6)1. �

5.3.1 Caccioppoli inequality for powers
The main result here is

Proposition 5.3.1 Let u ∈ W 1,γ(B,RN ) be a solution to (5.3.1), under assumptions setm for
n ≥ 3. Then, for each p ∈ [1,∞), there exists a positive radius R∗ ≡ R∗(datam, f(·), p) ≤ 1 such
that if r(B) ≤ R∗ and Bς b B% are concentric balls contained in B, then

‖Gε(·, |Du|)‖Lp(Bς) ≤
c

(%− ς)βp
[
‖Fε(·, Du)‖L1(B%) + 1

]θp
(5.3.15)

holds with c ≡ c(datam, ‖h‖Ld(B), p) ≥ 1, βp, θp ≡ βp, θp(n, d, σ, σ̂, p) > 0.

The proof will take this and the subsequent Sections 5.3.2-5.3.3; in the following, all the balls
but the initial one B, will be concentric with those from the statement of Proposition 5.3.1. We
notice that all the foregoing computations, except those involving f , still work in the case n = 2,
the analysis of which will be done in Section 5.3.7 below. To start the proof of Proposition 5.3.1,
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we observe that properties (5.3.9) legitimate the passage to the differentiated form of system
(5.3.1), that is

n∑
s=1

∫
B

[
∂zaε(x,Du)DDsu ·Dϕ+ ∂xsaε(x,Du) ·Dϕ+ f ·Dsϕ

]
dx = 0 , (5.3.16)

which holds for all ϕ ∈ W 1,2
0 (B;RN ). Notice that we are going too use (5.3.10)-(5.3.11) repeat-

edly. In the following, we shall consider an arbitrary fixed ball BR∗ b B such that

0 < % ≤ R∗ ≤ 1 and BR∗ b B . (5.3.17)

The precise size of R∗ will be quantified in due course of the proof. Moreover we shall consider
concentric balls Bς ⊂ Bτ1 b Bτ2 ⊂ B% ⊂ BR∗ ; in particular it is τ1 < τ2. By (5.3.9), the integral
identity in (5.3.16) can be tested against ϕs := η2[Gε(x, |Du|)]κ+1Dsu for s ∈ {1, . . . , n}, where
κ ≥ 0 and η ∈ C1

c (B%) satisfies 1Bτ1 ≤ η ≤ 1Bτ2 and |Dη| . 1/(τ2 − τ1). It follows

Dϕs =η2[Gε(x, |Du|)]κ+1DDsu+ (κ+ 1)η2[Gε(x, |Du|)]κDsu⊗DGε(x, |Du|)
+ 2η[Gε(x, |Du|)]κ+1Dsu⊗Dη . (5.3.18)

By (5.3.18) we have

n∑
s=1

∫
B

∂zaε(x,Du)DDsu ·Dϕs dx

=

n∑
s=1

∫
B

η2[Gε(x, |Du|)]κ+1∂zaε(x,Du)DDsu ·DDsu dx

+(κ+ 1)

n∑
s=1

∫
B

η2[Gε(x, |Du|)]κ∂zaε(x,Du)DDsu ·
(
Dsu⊗DGε(x, |Du|)

)
dx

+2

n∑
s=1

∫
B

η[Gε(x, |Du|)]κ+1∂zaε(x,Du)DDsu · (Dsu⊗Dη) dx

=: (I)z + (II)z + (III)z . (5.3.19)

Notice that in the display above and in the following ones until (5.3.26), as Gε(t) ≡ 0 for t ≤ T ,
all the integrals above actually extend only on B ∩ {|Du| > T}, therefore we can always use
(5.3.12) when computing the derivatives of Gε. To proceed, we have

(I)z
(5.2.12)2
≥

∫
B

η2[Gε(x, |Du|)]κ+1g1,ε(x, |Du|)|D2u|2 dx =: S1 .

We temporarily shorten the notation as follows:

Hκ(Du) := (κ+ 1)[Gε(x, |Du|)]κ
ãε(x, |Du|)
g1,ε(x, |Du|)

,

H′κ(Du) := (κ+ 1)1D(|Du|)[Gε(x, |Du|)]κ
ã′ε(x, |Du|)|Du|
g1,ε(x, |Du|)

,

m :=
d

d− 2
> 1 .

Recalling (5.3.10)-(5.3.13), we then re-write

(II)z =

∫
B

η2Hκ(Du)DGε(x, |Du|) ·DGε(x, |Du|) dx
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+

N∑
α=1

∫
B

η2H′κ(Du)

(
DGε(x, |Du|) ·Duα

)2
|Du|2

dx

−
∫
B

η2Hκ(Du)

∫ |Du|
T

∂xg1,ε(x, t)tdt ·DGε(x, |Du|) dx

−
N∑
α=1

∫
B

η2H′κ(Du)

(∫ |Du|
T

∂xg1,ε(x, t)tdt ·Duα
)

(DGε(x, |Du|) ·Duα)

|Du|2
dx

=: (II)z,1 + (II)z,2 + (II)z,3 + (II)z,4 . (5.3.20)

We now observe that

(II)1z + (II)2z ≥ (κ+ 1)

∫
B

η2[Gε(x, |Du|)]κ|DGε(x, |Du|)|2 dx =: S2 . (5.3.21)

Indeed, this follows from (5.3.14) with λ ≡ DGε and z ≡ Du. Then we have, by using (5.2.22)-
(5.2.23), (5.3.5) and (5.3.7)

|(II)z,3|+ |(II)z,4| ≤ c(κ+ 1)

∫
B

η2h(x)[Gε(x, |Du|)]κ
g2,ε(x, |Du|)
g1,ε(x, |Du|)

·

(∫ |Du|
T

∂t[Ḡε(x, t)]
1+σ̂ dt

)
|DGε(x, |Du|)| dx

≤ c(κ+ 1)

∫
B

η2h(x)[Gε(x, |Du|)]κ[Ḡε(x, |Du|)]1+σ+σ̂|DGε(x, |Du|)| dx

≤ ε̄S2 +
c(κ+ 1)‖h‖2Ld(B)

ε̄

(∫
B

η2m[Gε(x, |Du|)]mκ[ḠT,ε(x, |Du|)]2m(1+σ+σ̂) dx

)1/m

where c ≡ c(n,N, ν, γ, cb), and arbitrary ε̄ ∈ (0, 1). Notice that in last two lines we have used
Young and Hölder’s inequalities. Similarly to (5.3.20), we also have

(III)z = 2

∫
B

ηGε(x, |Du|)Hκ(Du)

κ+ 1
DGε(x, |Du|) ·Dη dx

+ 2

N∑
α=1

∫
B

ηGε(x, |Du|)H′κ(Du)

(κ+ 1)|Du|2
(DGε(x, |Du|) ·Duα)(Duα ·Dη) dx

− 2

∫
B

ηGε(x, |Du|)Hκ(Du)

κ+ 1

(∫ |Du|
T

∂xg1,ε(x, t)tdt ·Dη

)
dx

− 2

N∑
α=1

∫
B

ηGε(x, |Du|)H′κ(Du)

(κ+ 1)|Du|2

(∫ |Du|
T

∂xg1,ε(x, t)tdt ·Duα
)

(Duα ·Dη) dx

=: (III)z,1 + (III)z,2 + (III)z,3 + (III)z,4 . (5.3.22)

Using again (5.2.22), (5.3.5), (5.3.7), Young and Hölder inequalities, we have, for every ε̄ ∈ (0, 1)

|(III)z,1|+ |(III)z,2| ≤ c
∫
B

η[Gε(x, |Du|)]κ+1 g2,ε(x, |Du|)
g1,ε(x, |Du|)

|DGε(x, |Du|)||Dη| dx

≤ c
∫
B

η[Gε(x, |Du|)]κ+1[Ḡε(x, |Du|)]σ|DGε(x, |Du|)||Dη| dx

≤ ε̄S2 +
c

ε̄(κ+ 1)

∫
B

|Dη|2[Gε(x, |Du|)]κ[Ḡε(x, |Du|)]2(1+σ) dx

≤ ε̄S2 +
c

ε̄(κ+ 1)

(∫
B

|Dη|2m[Gε(x, |Du|)]mκ[Ḡε(x, |Du|)]2m(1+σ) dx

)1/m

,
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and, using now also (5.2.23), we get

|(III)z,3|+ |(III)z,4| ≤ c
∫
B

ηh(x)[Gε(x, |Du|)]κ+1[Ḡε(x, s)]
1+σ+σ̂|Dη| dx

≤ c
∫
B

η2[Gε(x, |Du|)]κ+2 dx

+c‖h‖2Ld(B)

(∫
B

|Dη|2m[Gε(x, |Du|)]mκ[Ḡε(x, |Du|)]2m(1+σ+σ̂) dx

)1/m

with c ≡ c(n,N, ν, γ, cb). Now we look at the second group of terms stemming from (5.3.16)

n∑
s=1

∫
B

∂xsaε(x,Du) ·Dϕs dx =

n∑
s=1

∫
B

η2Gε(x, |Du|)κ+1∂xsaε(x, |Du|) ·DDsu dx

+ (κ+ 1)

n∑
s=1

∫
B

η2[Gε(x, |Du|)]κ∂xsaε(x,Du) · (Dsu⊗DGε(x, |Du|)) dx

+ 2

n∑
s=1

∫
B

η[Gε(x, |Du|)]κ+1∂xsaε(x, |Du|) · (Dsu⊗Dη) dx =: (I)x + (II)x + (III)x .

From (5.2.12)3, (5.2.30)2, Hölder and Young inequalities we obtain, for arbitrary ε̄ ∈ (0, 1)

|(I)x| ≤c
∫
B

η2h(x)[Gε(x, |Du|)]κ+1g3,ε(x, |Du|)|D2u| dx

≤ε̄S1 +
c

ε̄

∫
B

η2[h(x)]2[Gε(x, |Du|)]κ+1 [g3,ε(x, |Du|)]2

g1,ε(x, |Du|)
dx

≤ε̄S1 +
c

ε̄
‖h‖2Ld(B)

(∫
B

η2m[Gε(x, |Du|)]mκ[Ḡε(x, |Du|)]2m(1+σ) dx

)1/m

,

where c ≡ c(n,N, ν, γ, cb). Using this time (5.2.30)1 we get

|(II)x| ≤c(κ+ 1)

∫
B

η2h(x)[Gε(x, |Du|)]κg3,ε(x, |Du|)|Du||DGε(x, |Du|)| dx

≤ε̄S2 +
c(κ+ 1)

ε̄

∫
B

η2[h(x)]2[Gε(x, |Du|)]κ[g3,ε(x, |Du|)]2(|Du|2 + µ2
ε) dx

≤ε̄S2 +
c(κ+ 1)

ε̄
‖h‖2Ld(B)

(∫
B

η2m[Gε(x, |Du|)]mκ[Ḡε(x, |Du|)]2m(1+σ) dx

)1/m

with c ≡ c(n,N, ν, γ, cb). Again, (5.2.30)1, Hölder and Young inequalities render that

|(III)x| ≤c
∫
B

ηh(x)[Gε(x, |Du|)]κ+1g3,ε(x, |Du|)|Du||Dη| dx

≤c
∫
B

η2[Gε(x, |Du|)]κ+2 dx

+ c

∫
B

|Dη|2[h(x)]2[Gε(x, |Du|)]κ[g3,ε(x, |Du|)]2(|Du|2 + µ2
ε) dx

≤c
∫
B

η2[Gε(x, |Du|)]κ+2 dx

+ c‖h‖2Ld(B)

(∫
B

|Dη|2m[Gε(x, |Du|)]mκ[Ḡε(x, |Du|)]2m(1+σ) dx

)1/m

, (5.3.23)
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where c ≡ c(n,N, ν, γ, g, cb). Finally, we examine the contributions to (5.3.16) coming from the
terms featuring f :

n∑
s=1

∫
B

f ·Dsϕs dx =

n∑
s=1

∫
B

η2[Gε(x, |Du|)]κ+1f ·DsDsu dx

+(κ+ 1)

n∑
s=1

∫
B

η2[Gε(x, |Du|)]κDsGε(x, |Du|)(f ·Dsu) dx

+2

n∑
s=1

∫
B

η[Gε(x, |Du|)]κ+1Dsη(f ·Dsu) dx

=: (I)f + (II)f + (III)f .

Using (5.2.24)2, Hölder and Young inequalities we get

|(I)f | ≤c
∫
B

η2[Gε(x, |Du|)]κ+1|f ||D2u| dx

≤ε̄S1 +
c

ε̄

∫
B

η2[Gε(x, |Du|)]κ|f |2[g1,ε(x, |Du|)]−1[Gε(x, |Du|)] dx

≤ε̄S1 +
c

ε̄

∫
B

η2|f |2[Gε(x, |Du|)]κ[Ḡε(x, |Du|)]2/γ dx

≤ε̄S1 +
c

ε̄
‖f‖2Ln(B)

(∫
B

η2∗ [Gε(x, |Du|)]2
∗κ/2[Ḡε(x, |Du|)]2

∗
dx

)2/2∗

,

with c ≡ c(n,N, ν, γ) and where, according to the standard notation, it is

2∗ :=

{
2n
n−2 if n > 2

any number larger than 2 if n = 2 .
(5.3.24)

Here recall that n ≥ 3. Moreover, by (5.2.24)1, Hölder and Young inequalities we get

|(II)f | ≤c(κ+ 1)

∫
B

η2[Gε(x, |Du|)]κ|f ||DGε(x, |Du|)||Du| dx

≤ε̄S2 +
c(κ+ 1)

ε̄

∫
B

η2|f |2[Gε(x, |Du|)]κ[Ḡε(x, |Du|)]2/γ dx

≤ε̄S2 +
c(κ+ 1)‖f‖2Ln(B)

ε̄

(∫
B

η2∗ [Gε(x, |Du|)]2
∗κ/2[Ḡε(x, |Du|)]2

∗
dx

)2/2∗

,

for c ≡ c(n,N, ν, γ). Finally, from (5.2.24)1, Hölder and Young inequalities we deduce that

|(III)f | ≤c
∫
B

η[Gε(x, |Du|)]κ+1|f ||Dη||Du| dx

≤c
∫
B

|Dη|2[Gε(x, |Du|)]κ+2 dx+ c

∫
B

η2|f |2[Gε(x, |Du|)]κ[Ḡε(x, |Du|)]2/γ dx

≤c
∫
B

|Dη|2[Gε(x, |Du|)]κ[Ḡε(x, |Du|)]2 dx

+ c‖f‖2Ln(B)

(∫
B

η2∗ [Gε(x, |Du|)]2
∗κ/2[Ḡε(x, |Du|)]2

∗
dx

)2/2∗

, (5.3.25)

where c ≡ c(n,N, ν, γ). In the previous three displays, we also used that, by (5.2.10)2 it is
Ḡε(·) ≥ 1 for all (x, t) ∈ Ω × [0,∞), thus [Ḡε(·)]1/γ ≤ Ḡε(·). Merging the content of all the
displays, from (5.3.19) to (5.3.25), with (5.3.16), choosing ε̄ > 0 small enough (in order to
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reabsorb terms in the usual way), we get, after a few standard manipulations, and again using
that Ḡε(·) ≥ 1

S1 + S2 ≤ c
∫
B

(
η2 + |Dη|2

)
[Gε(x, |Du|)]κ[Ḡε(x, |Du|)]2(1+σ) dx

+c(κ+ 1)‖h‖2Ld(B)

(∫
B

(
η2m + |Dη|2m

)
[Gε(x, |Du|)]mκ[Ḡε(x, |Du|)]2m(1+σ+σ̂) dx

) 1
m

+c(κ+ 1)‖f‖2Ln(B)

(∫
B

η2∗ [Gε(x, |Du|)]2
∗κ/2[Ḡε(x, |Du|)]2

∗
dx

)2/2∗

, (5.3.26)

with c ≡ c(n,N, ν, γ, cb). Now we notice that, by (5.2.10)2 it follows

Gε(x, t) ≤ Ḡε(x, t) ≤ g
[
Gε(x, t) + 1

]
, (5.3.27)

for all (x, t) ∈ Ω× [0,∞), therefore, recalling (5.3.21), estimate (5.3.26) can be rearranged as

(κ+ 1)

∫
B

η2[Gε(x, |Du|)]κ|DGε(x, |Du|)|2 dx

≤ c(κ+ 1)
(
‖h‖2Ld(B) + 1

)(∫
B

(
η2m + |Dη|2m

) [
[Gε(x, |Du|)]m(κ+2+2σ+2σ̂) + 1

]
dx

) 1
m

+cab(κ+ 1)‖f‖2Ln(B)

(∫
B

η2∗
[
[Gε(x, |Du|)]

2∗
2 (κ+2) + 1

]
dx

)2/2∗

,

where c, cab ≡ c, cab(n,N, ν, γ, cb) and every number κ ≥ 0. Combining Sobolev-Poincaré in-
equality and (5.3.28) we obtain(∫

B

η2∗
[
[Gε(x, |Du|)]

2∗
2 (κ+2) + 1

]
dx

) 2
2∗

≤
(∫

B

η2∗
[
[Gε(x, |Du|)]

κ
2 +1 + 1

]2∗
dx

) 2
2∗

≤ c
∫
B

|D(η([Gε(x, |Du|)]
κ
2 +1 + 1))|2 dx

≤ c(κ+ 1)2
(
‖h‖2Ld(B) + 1

)(∫
B

(
η2m + |Dη|2m

) [
[Gε(x, |Du|)]m(κ+2+2σ+2σ̂) + 1

]
dx

) 1
m

+cab(κ+ 1)2‖f‖2Ln(B)

(∫
B

η2∗
[
[Gε(x, |Du|)]

2∗
2 (κ+2) + 1

]
dx

)2/2∗

, (5.3.28)

with c, cab ≡ c, cab(n,N, ν, γ, g, cb). We now determine the radius R∗ such that r(B) ≤ R∗
mentioned in the statement of Proposition 5.3.1. Specifically, we fix κ̄ ≥ 0 and, using the
absolute continuity of the integral, determine R∗ ≡ R∗(datam, f(·), κ̄) ∈ (0, 1) such that

cab(κ̄+ 1)2‖f‖2Ln(Bτ2 )

(5.3.1)

≤ cab(κ̄+ 1)2‖f‖Ln(BR∗ ) ≤
1

2
. (5.3.29)

With (5.3.29) being now in force, for all κ ≤ κ̄ estimate (5.3.28) becomes(∫
B

η2∗
[
[Gε(x, |Du|)]

2∗
2 (κ+2) + 1

]
dx

) 2
2∗

(5.3.30)

≤ c(κ+ 1)2
(
‖h‖2Ld(B) + 1

)(∫
B

(
η2m + |Dη|2m

) [
[Gε(x, |Du|)]m(κ+2+2σ+2σ̂) + 1

]
dx

) 1
m

for c ≡ c(n,N, ν, γ, g, cb). For the following we set

1
n<d
< χ :=

2∗

2m
=

n

n− 2

d− 2

d
. (5.3.31)
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5.3.2 Moser’s iteration in finite steps
With 1 ≤ i ∈ N, we inductively define the exponents

κ1 := 0, κi+1 := χ(κi + 2)− 2(1 + σ + σ̂), si := m(κi + 2 + 2σ + 2σ̂) . (5.3.32)

Notice that (5.1.14) yields
σ + σ̂ < χ− 1 (5.3.33)

and this implies that {κi} and {si} are increasing sequences; moreover, it holds that

κi+1 = 2

χi − (σ + σ̂)

i−1∑
j=0

χj − 1

 and si+1 = 2m

χi − (σ + σ̂)

i−1∑
j=1

χj

 . (5.3.34)

Notice that this implies

si+1 =
2∗

2
(κi + 2) and therefore ki+1 ≤ si+1 ≤ 2mχi , ki+1 ≤ 2χi . (5.3.35)

Again (5.3.33) implies

si+1 = 2mχi

[
1− (σ + σ̂)(1− χ1−i)

χ− 1

]
> 2mχi

(
1− σ + σ̂

χ− 1

)
=⇒ lim

i→∞
si+1 =∞ , (5.3.36)

so that from the first relation in (5.3.35) it also follows that κi → ∞. For 0 < ς ≤ τ1 < τ2 ≤ %,
we consider a sequence {B%i} of shrinking balls where %i := τ1 +(τ2− τ1)2−i+1. Notice that {%i}
is a decreasing sequence with %1 = τ2 and %i → τ1, therefore it is

⋂
i∈NB%i = B̄τ1 and B%1

= Bτ2 .
Accordingly, we fix corresponding cut-off functions {ηi} ⊂ C1

c (B) with

1B%i+1
≤ ηi ≤ 1B%i and |Dηi| .

1

%i − %i+1
∼ 2i

τ2 − τ1
.

Choosing η ≡ ηi in (5.3.30) and making elementary manipulations, we get that∫
B%i+1

[
[Gε(x, |Du|)]si+1 + 1

]
dx

1/χ

≤
c2m

(
‖h‖Ld(B) + 1

)2m

22mi(κi + 1)2m

(τ2 − τ1)2m

∫
B%i

[
[Gε(x, |Du|)]si + 1

]
dx , (5.3.37)

hods whenever κi ≤ κ̄, with c ≡ c(n,N, ν, γ, g, cb). Finally, we set ch := (c‖h‖Ld(B) + c)2∗ and

Gi :=

(∫
B%i

[
[Gε(x, |Du|)]si + 1

]
dx

)1/si

,

so that (5.3.37) (recall that 2∗ = 2mχ by (5.3.31)) becomes

Gi+1 ≤

[
ch22∗i(κi + 1)2∗

(τ2 − τ1)2∗

] 1
si+1

G

χsi
si+1

i .

Iterating the above inequality yields that

Gi+1 ≤
i−1∏
j=0

[
ch22∗(i−j)(κi−j + 1)2∗

(τ2 − τ1)2∗

] χj

si+1

G

χis1
si+1

1 holds provided κi ≤ κ̄ . (5.3.38)
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Now, from (5.3.36) we deduce that

χi+1

si+1
≤ χ(χ− 1)

2m(χ− 1− σ − σ̂)
. (5.3.39)

The function t 7→ t/χt is decreasing on [1/ logχ,∞) and using this fact one sees that

∞∑
j=1

j

χj
.

1

(logχ)2
≤ c

(χ− 1)2
. (5.3.40)

We then write

i−1∏
j=0

[
ch22∗(i−j)(κi−j + 1)2∗

(τ2 − τ1)2∗

] χj

si+1

= exp

log

(
ch

(τ2 − τ1)2∗

)
1

si+1

i−1∑
j=0

χj +
2∗ log 2

si+1

i−1∑
j=0

(i− j)χj +
2∗

si+1

i−1∑
j=0

χj log(κi−j + 1)

 ,

and notice that, for every integer i ≥ 1, we have

1

si+1

i−1∑
j=0

χj
(5.3.39)

≤ c ,
1

si+1

i−1∑
j=0

(i− j)χj ≤ c
i−1∑
j=0

i− j
χi−j

(5.3.40)

≤ c

and
2∗ log 2

si+1

i−1∑
j=0

χj log(κi−j + 1)
(5.3.35),(5.3.39)

≤ c

i−1∑
j=0

i− j
χi−j

(5.3.40)

≤ c , (5.3.41)

where c ≡ c(n, d, σ, σ̃) in all cases. Using the content of the last three displays yields

i−1∏
j=0

[
ch22∗(i−j)(κi−j + 1)2∗

(τ2 − τ1)2∗

] χj

si+1

≤ c

(τ2 − τ1)β
<∞ ,

where c depends on n, d, σ, σ̃ and ‖h‖Ld(B), and it is β ≡ β(n, d, σ, σ̂). Notice that such constants
blow-up when χ→ 1 +σ+ σ̂; in particular, this happens when d→ n. Using (5.3.41) in (5.3.38),
and keeping (5.3.39) in mind, yields

‖Gε(x, |Du|)‖Lsi+1 (Bτ1 ) ≤ Gi+1

≤ cG
χis1
si+1

1

(τ2 − τ1)β
≤ c

(τ2 − τ1)β

[
1 + ‖Gε(·, |Du|)‖

χis1
si+1

Ls1 (Bτ2 )

]
, (5.3.42)

with c ≡ c(datam, ‖h‖Ld(B)) and β ≡ β(n, d, σ, σ̂), for every i ∈ N such that κi ≤ κ̄.

5.3.3 Sobolev regularity
For every index i ∈ N, we consider the interpolation inequality

‖Gε(·, |Du|)‖Ls1 (Bτ2 ) ≤ ‖Gε(·, |Du|)‖
λi+1

Lsi+1 (Bτ2 )
‖Gε(·, |Du|)‖1−λi+1

L1(Bτ2 ), (5.3.43)

with λi+1 being defined by

1

s1
= 1− λi+1 +

λi+1

si+1
⇒ λi+1 =

si+1(s1 − 1)

s1(si+1 − 1)
. (5.3.44)
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Let us show there exist ϑ̄ ≡ ϑ̄(n, d, σ, σ̂) < 1 and i1 ∈ N such that

i > i1 =⇒ λi+1χ
is1

si+1
≤ ϑ̄ < 1 . (5.3.45)

For this, it is sufficient to observe that

lim
i→∞

λi+1χ
is1

si+1
= lim
i→∞

χi(s1 − 1)

si+1 − 1
= l̃ :=

1 + σ + σ̂ − 1
2m

1− σ+σ̂
χ−1

(5.1.14)
< 1 . (5.3.46)

Note that the last inequality is actually equivalent to (5.1.14). Now, fix a number p > 1, and
determine another index k > i1 such that sk+1 ≥ p; accordingly, we consider the number κk
related to sk via (5.3.35). We now choose the number κ̄ ≡ κ̄(p) in (5.3.29) as κ̄ := κk, and
accordingly we determine R∗ ≡ R∗(datam, f(·), p) via (5.3.29). It follows that (5.3.42) holds in
the case i ≡ k and therefore we can plug (5.3.43) in it, thereby obtaining

‖Gε(·, |Du|)‖Lsk+1 (Bτ1 )

≤ c

(τ2 − τ1)β

‖Gε(·, |Du|)‖λk+1χ
ks1

sk+1

Lsk+1 (Bτ2 )
‖Gε(·, |Du|)‖

(1−λk+1)χks1
sk+1

L1(Bτ2 ) + 1

 . (5.3.47)

On the other hand, as k > i1, then (5.3.45) holds with i ≡ k; we can therefore apply Young
inequality with conjugate exponents

(
sk+1

λk+1χks1
, sk+1

sk+1−λk+1χks1

)
in (5.3.47); this yields

‖Gε(·, |Du|)‖Lsk+1 (Bτ1 ) ≤ 1

2
‖Gε(·, |Du|)‖Lsk+1 (Bτ2 )

+
c

(τ2 − τ1)βk

[
‖Gε(·, |Du|)‖θkL1(B%) + 1

]
,

where

βk :=
sk+1β

sk+1 − λk+1χks1
and θk :=

(1− λk+1)χk+1s1

sk+1 − λk+1χks1
. (5.3.48)

Lemma 2.4.2 with the choice Z(s) ≡ ‖Gε(·, |Du|)‖Lsk+1 (Bs), finally renders that

‖Gε(·, |Du|)‖Lsk+1 (Bς) ≤
c

(%− ς)βk
[
‖Gε(·, |Du|)‖θkL1(B%) + 1

]
, (5.3.49)

with c ≡ c(datam, ‖h‖Ld(B)). All in all, recalling (5.2.15)2, (5.3.27) and that p ≤ sk+1, completes
the proof of Proposition 5.3.1 with βp := βκ(p), θp := θκ(p). We remark that in (5.3.15) the
exponents θp, βp can be replaced by exponents β̃, θ̃ ≡ β̃, θ̃(n, d, σ, σ̂) that are independent of p.
For this, observe that

βk, βp →
β

1− l̃
=: β̃ , λk → 1− 1

s1
, θk, θp →

χl̃

(s1 − 1)(1− l̃)
:= θ̃ . (5.3.50)

The only dependence on p in (5.3.15) comes through the threshold radius R∗; it is R∗(p)→ 0 as
p→∞ unless f ≡ 0.

5.3.4 A Lipschitz bound in the homogeneous case f ≡ 0.
The above reasoning, eventually culminating in Proposition 5.3.1, immediately leads to Lipschitz
estimates when f ≡ 0. The result, when combined with the approximation of Section 5.4 below,
extends those in [97, 186, 189, 190] to the case of non-autonomous functionals with superlinear
growth as in (5.0.1). For this, the key observation is that it is not necessary to consider balls
with small radii R∗ as in (5.3.29), as the last term in (5.3.28) does not appear. Therefore we
can take everywhere, and in particular in (5.3.15), an R∗ ≤ 1 independent of the value of p. It
follows we can let p→∞ in (5.3.15), and recalling (5.3.50) we conclude with
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Proposition 5.3.2 Let u ∈ W 1,γ(B,RN ) be a solution to (5.3.1), under assumptions setm for
n ≥ 2 and with f ≡ 0. If Bς b B% are concentric balls contained in B, such that % ≤ 1, then

‖Gε(·, |Du|)‖L∞(Bς) ≤
c

(%− ς)β̃
[
‖Fε(·, Du)‖θ̃L1(B%) + 1

]
, (5.3.51)

holds with c ≡ c(datam, ‖h‖Ld(B)) ≥ 1, β̃, θ̃ ≡ β̃, θ̃(n, d, σ, σ̂) > 0.

In order to get Lipschitz estimates when f 6= 0, we shall use Proposition 5.3.1 as a preliminary
ingredient. This will be done in the next Sections. We notice that Proposition 5.3.2 is stated for
the case n ≥ 2 whilst Proposition 5.3.1 refers to the case n ≥ 3. The remaining two dimensional
case can be obtained via minor modifications to the proof of Proposition 5.3.1, by choosing 2∗/2
large enough (see (5.3.24)) in order to get χ > 1 in (5.3.31). Anyway, the two dimensional case
n = 2 will be treated in Section 5.3.7 directly for the general case f 6= 0. In that situation the
proof cannot be readapted from the one of Proposition 5.3.1 as for Proposition 5.3.2.

5.3.5 Caccioppoli inequality on level sets
Before proceeding further, let us notice that, since the definitions in (5.2.10) yield that Ḡε(x, t) ≥
1 for all (x, t) ∈ Ω × [0,∞), therefore (5.1.18), and, as a direct consequence, (5.2.21), implies
that:

g2,ε(x, t)

g1,ε(x, t)
≤ cḠε(x, t)σ̄ σ̄ := min{σ, σ′}, (5.3.52)

and this form better fits our scopes now. In (5.3.52), as in (5.2.21), c ≡ c(n,N, ν, γ, cb). Now we
are ready to prove the main result of this section.

Lemma 5.3.2 (Caccioppoli inequality) Let u ∈W 1,γ(B,RN ) be a solution to (5.3.1), under
assumptions setm for n ≥ 2. Let Br(x0) b B be a ball with r ≤ 1. Then the inequality∫

Br/2(x0)

|D(Gε(x, |Du|)− κ)+|2 dx

≤ c

r2
‖Ḡε(·, |Du|)‖ϑσ̄L∞(Br(x0))

∫
Br(x0)

(Gε(x, |Du|)− κ)2
+ dx

+ c

∫
Br(x0)

[h(x)]2[Ḡε(x, |Du|)]2(1+σ̂+σ) dx+ c‖Du‖2L∞(Br(x0))

∫
Br(x0)

|f |2 dx (5.3.53)

holds whenever κ ≥ 0, with c ≡ c(data∞) and ϑ as in (5.1.18).

Proof. For s ∈ {1, . . . , n}, we take ϕs := η2(Gε(x, |Du|)− κ)+Dsu in (5.3.16), where η ∈ C1
c (B)

satisfies 1Br/2(x0) ≤ η ≤ 1Br(x0) and |Dη| . 1/r. Notice that all the integrals stemming from
(5.3.16) extend over Bκ := B ∩ {Gε(·, |Du|) > κ}; in particular, we can always restrict to the
case it is |Du| > T . We start expanding the terms resulting from (5.3.16)

n∑
s=1

∫
Bκ
∂zaε(x,Du)DDsu ·Dϕs dx

=

n∑
s=1

∫
Bκ
η2(Gε(x, |Du|)− κ)+∂zaε(x,Du)DDsu ·DDsu dx

+

n∑
s=1

∫
Bκ
η2∂zaε(x,Du)DDsu ·

(
Dsu⊗D(Gε(x, |Du|)− κ)+

)
dx

+ 2

n∑
s=1

∫
Bκ
η(Gε(x, |Du|)− κ)+∂zaε(x, |Du|)DDsu ·Dsu⊗Dη dx
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=: (IV)z + (V)z + (VI)z . (5.3.54)

Moreover, it is
n∑
s=1

∫
Bκ
∂xsaε(x,Du) ·Dϕs dx =

n∑
s=1

∫
Bκ
η2(Gε(x, |Du|)− κ)+∂xsaε(x,Du) ·DDsu dx

+

n∑
s=1

∫
Bκ
η2∂xsaε(x,Du) ·

(
Dsu⊗D(Gε(x, |Du|)− κ)+

)
dx

+ 2

n∑
s=1

∫
Bκ
η(Gε(x, |Du|)− κ)+∂xsaε(x,Du) · (Dsu⊗Dη) dx

=: (IV)x + (V)x + (VI)x . (5.3.55)

By (5.2.12)2 we have

(IV)z ≥
∫
Bκ
η2(Gε(x, |Du|)− κ)+g1,ε(x, |Du|)|D2u|2 dx =: S3 (5.3.56)

and for later use we also define

S4 :=

∫
Bκ
η2|D(Gε(x, |Du|)− k)+|2 dx . (5.3.57)

We then consider two different cases.

Case 1: 1 < γ < 2 in (5.1.4).

We proceed estimating terms (V)z and (VI)z. The estimate for the term (V)z is similar to the
one for (II)z in (5.3.20); indeed, again using (5.2.21),(5.2.23),(5.3.7) and (5.3.14), we have

(V)z ≥ S4 − c
∫
Bκ
η2h(x)[Ḡε(x, s)]

1+σ+σ̂|D(Gε(x, |Du|)− k)+| dx

≥ 1

2
S4 − c

∫
Br(x0)

[h(x)]2[Ḡε(x, |Du|)]2(1+σ+σ̂) dx , (5.3.58)

with c ≡ c(n,N, ν, γ, cb). In turn, as in (5.3.22), we then have

(VI)z = 2

∫
Bκ
η(Gε(x, |Du|)− κ)+

āε(x, |Du|)
g1,ε(x, |Du|)

DGε(x, |Du|) ·Dη dx

+ 2

N∑
α=1

∫
Bκ
1D(|Du|)(Gε(x, |Du|)− κ)+

ā′ε(x, |Du|)|Du|
g1,ε(x, |Du|)|Du|2

· (DGε(x, |Du|) ·Duα)(Duα ·Dη) dx

− 2

∫
Bκ
η(Gε(x, |Du|)− κ)+

āε(x, |Du|)
g1,ε(x, |Du|)

(∫ |Du|
T

∂xg1,ε(x, t)tdt ·Dη

)
dx

− 2

N∑
α=1

∫
Bκ
1D(|Du|)(Gε(x, |Du|)− κ)+

ā′ε(x, |Du|)|Du|
g1,ε(x, |Du|)|Du|2

·

(∫ |Du|
T

∂xg1,ε(x, t)t dt ·Duα
)

(Duα ·Dη) dx .

Using (5.2.21), (5.2.23), (5.3.7)-(5.3.8), (5.3.52) and Young inequality, we have

|(VI)z| ≤
1

4
S4 +

c

r2
‖Ḡε(·, |Du|)‖2σ̄L∞(Br(x0))

∫
Br(x0)

(Gε(x, |Du|)− κ)2
+ dx
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+ c

∫
Br(x0)

[h(x)]2[Ḡε(x, |Du|)]2(1+σ̂) dx , (5.3.59)

where c ≡ c(n,N, ν, γ, ca, cb). Gathering (5.3.54)-(5.3.59), and using them in (5.3.16), after some
further elementary estimations we have

S3 + S4 ≤ c|(IV)x|+ c|(V)x|+ c|(VI)x| (5.3.60)

+
c

r2
‖Ḡε(·, |Du|)‖ϑσ̄L∞(Br(x0))

∫
Br(x0)

(Gε(x, |Du|)− κ)2
+ dx

+c

∫
Br(x0)

[h(x)]2[Ḡε(x, |Du|)]2(1+σ+σ̂) dx+ c

n∑
s=1

∫
Bκ
|f ·Dsϕs| dx,

where ϑ = 2 and c ≡ c(n,N, ν, γ, ca, cb).

Case 2: γ ≥ 2 in (5.1.4).

In this case it is ϑ = 1 in (5.2.21) and moreover the function t 7→ āε(·, t) is non-decreasing, so
that ā′ε(·) is non-negative (when it exists). We notice that

(V)z + (VI)z
(5.3.12)

=

n∑
s=1

∫
Bκ
η2g1,ε(x, |Du|)|Du|∂zaε(x,Du)DDsu ·Dsu⊗D|Du| dx

+ 2

n∑
s=1

∫
Bκ
η(Gε(x, |Du|)− k)+∂zaε(x,Du)DDsu ·Dsu⊗Dη dx

+

n∑
s=1

∫
Bκ
η2∂zaε(x,Du)DDsu ·Dsu⊗

∫ |Du|
T

∂xg1,ε(x, t)t dtdx

=: (V)z,1 + (VI)z + (V)z,2 . (5.3.61)

In turn we have

(V)z,1
(5.3.10)

=

∫
Bκ
η2g1,ε(x, |Du|)āε(x, |Du|)|D|Du||2|Du|2 dx

+

N∑
α=1

∫
Bκ
η2g1,ε(x, |Du|)1D(|Du|)ā′ε(x, |Du|)|Du|(D|Du| ·Duα)2 dx

(5.3.5),ā′ε(·)≥0

≥
∫
Bκ
η2[g1,ε(x, |Du|)|Du|]2|D|Du||2 dx . (5.3.62)

For (VI)z, we again use (5.3.10), (5.3.52) and the fact that ā′ε(·) ≥ 0, as follows:

|(VI)z| ≤ 2

∫
Bκ
η(Gε(x, |Du|)− k)+āε(x, |Du|)|Du||D|Du| ·Dη| dx

+2

N∑
α=1

∫
Bκ
η(Gε(x, |Du|)− k)+1D(|Du|)ā′ε(x, |Du|)|(D|Du| ·Duα)(Duα ·Dη)| dx

≤ 1

4
(V)z,1 + c

∫
Bκ

(Gε(x, |Du|)− k)2
+

g1,ε(x, |Du|)
āε(x, |Du|)|Dη|2 dx

+c

N∑
α=1

∫
Bκ

(Gε(x, |Du|)− k)2
+

g1,ε(x, |Du|)
1D(|Du|)ā′ε(x, |Du|)

(Duα ·Dη)2

|Du|
dx

≤ 1

4
(V)z,1 +

c

r2
‖Ḡε(·, |Du|)‖σ̄L∞(Br(x0))

∫
Br(x0)

(Gε(x, |Du|)− κ)2
+ dx . (5.3.63)
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As for (V)z,2, by letting

I :=

∫ |Du|
T

∂xg1,ε(x, t)t dt =⇒ |I|
(5.2.23)

≤ h(x)[Ḡε(x, |Du|)]1+σ̂ (5.3.64)

we have

|(V)z,2|
(5.3.10)

≤ 2

∫
Bκ
ηāε(x, |Du|)|Du|

∣∣D|Du| · I∣∣ dx

+2

N∑
α=1

∫
Bκ
η1D(|Du|)ā′ε(x, |Du|)|(D|Du| ·Duα)(Duα · I)| dx

≤ 1

4
(V)z,1 + c

∫
Br(x0)

āε(x, |Du|) + ā′ε(x, |Du|)|Du|
g1,ε(x, |Du|)

|I|2 dx

(5.3.6)2
≤ 1

4
(V)z,1 + c

∫
Br(x0)

g2,ε(x, |Du|)
g1,ε(x, |Du|)

|I|2 dx

(5.2.21),(5.3.64)

≤ 1

4
(V)z,1 + c

∫
Br(x0)

[h(x)]2[Ḡε(x, |Du|)]σ+2(1+σ̂) dx . (5.3.65)

On the other hand, we have

S4

(5.3.12)

≤ c

∫
Bκ
η2
(

[g1,ε(x, |Du|)|Du|]2|D|Du||2 + |I|2
)

dx

(5.3.64)

≤ c

∫
Bκ
η2
(

[g1,ε(x, |Du|)|Du|]2|D|Du||2 + |h(x)|2[Ḡε(x, |Du|)]2(1+σ̂)
)

dx

(5.3.62)

≤ c(V)z,1 + c

∫
Br(x0)

[h(x)]2[Ḡε(x, |Du|)]σ+2(1+σ̂) dx . (5.3.66)

Assembling the content of displays (5.3.61)-(5.3.66), we again conclude with (5.3.60), but this
time with ϑ = 1. We proceed estimating the x-terms coming from (5.3.60). By (5.2.12)3, (5.2.30),
and Young inequality, we get

|(IV)x|+ |(V)x| ≤ ε̄S3 + ε̄S4 +
c

ε̄

∫
Br(x0)

η2[h(x)]2[Ḡε(x, |Du|)]2(1+σ) dx ,

|(VI)x| ≤
c

r2

∫
Br(x0)

(Gε(x, |Du|)− κ)2
+ dx+ c

∫
Br(x0)

[h(x)]2[Ḡε(x, |Du|)]2(1+σ) dx ,

with c ≡ c(data∞) and arbitrary ε̄ ∈ (0, 1). Finally, the estimate of the terms involving f can
be done by using Young’s inequality and (5.2.28) as follows:

n∑
s=1

∫
B

|f ·Dsϕs|dx ≤ ε̄S3 + ε̄S4 +
c

ε̄

∫
B

|Dη|2(Gε(x, |Du|)− κ)2
+ dx

+
c

ε̄

∫
B

η2

[
(Gε(x, |Du|)− κ)+

g1,ε(x, |Du|)
+ |Du|2

]
|f |2 dx

≤ ε̄S3 + ε̄S4 +
c

ε̄

∫
B

|Dη|2(Gε(x, |Du|)− κ)2
+ dx

+ε̄−1c‖Du‖2L∞(Br0 (x0))

∫
B

η2|f |2 dx , (5.3.67)

for c ≡ c(datan) and arbitrary ε̄ ∈ (0, 1). Collecting the estimates in the last three displays
to (5.3.60), recalling that Ḡε(·) ≥ 1, and selecting ε̄ > 0 sufficiently small in order to reabsorb
terms, we complete the proof of Lemma 5.3.2. �
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5.3.6 Nonlinear iterations
In this section we finally derive pointwise gradient bounds. This goes via Lemma 5.3.3 and
Proposition 5.3.3 below.

Lemma 5.3.3 Let u ∈W 1,γ(B,RN ) be a solution to (5.3.1), under assumptions set∞ for n ≥ 3
and let B2r0(x0) b B be a ball with r0 ≤ 1. If x0 is a Lebesgue point of both |Du| and h(·), then

Gε(x0, |Du(x0)|) ≤ κ+ c‖Ḡε(·, |Du|)‖
nϑσ̄

4

L∞(Br(x0))

(∫
−
Br0 (x0)

(Gε(x, |Du|)− κ)2
+ dx

) 1
2

+ c‖Ḡε(·, |Du|)‖
(n−2)ϑσ̄

4

L∞(Br(x0))

[
Ph

1(x0, 2r0) + ‖Du‖L∞(Br0 (x0))P
f
1 (x0, 2r0)

]
, (5.3.68)

holds for all κ ≥ 0, with c ≡ c(datam), where ϑ is as in (5.1.18), and

h(x) := h(x)[Ḡε(x, |Du|)](1+σ+σ̂) . (5.3.69)

Proof. Notice that we can assume that |Du(x0)| > T , otherwise (5.3.68) is trivial. Let us first
notice that x0 is also a Lebesgue point of x 7→ Gε(x, |Du(x)|) and it is

lim
r→0

∫
−
Br(x0)

Gε(x, |Du(x)|) dx = Gε(x0, |Du(x0)|) , (5.3.70)

i.e., the right-hand side denotes the precise representative of Gε(·, |Du(·)|) at the point x0.
Indeed, notice that

lim
r→0

∫
−
Br(x0)

|Gε(x, |Du(x)|)−Gε(x0, |Du(x0)|)| dx

≤ lim
r→0

∫
−
Br(x0)

|Gε(x, |Du(x)|)−Gε(x0, |Du(x)|)| dx

+ lim
r→0

∫
−
Br(x0)

|Gε(x0, |Du(x)|)−Gε(x0, |Du(x0)|)| dx = C1(r) + C2(r) . (5.3.71)

As x0 is a Lebesgue point for Du, t 7→ Gε(x0, t) is locally Lipschitz-regular, and Du is locally
bounded, we have

lim
r→0

C2(r) . lim
r→0

∫
−
Br(x0)

||Du(x)| − |Du(x0)|| dx = 0 . (5.3.72)

As for the term C1(·), we have

C1(r) ≤
∫
−
Br(x0)

∫ max{|Du(x)|,T}

T

|g1,ε(x, s)− g1,ε(x0, s)|s dsdx

≤
∫
−
Br(x0)

∫ ‖Du‖L∞(Br(x0))

T

|g1,ε(x, s)− g1,ε(x0, s)|s dsdx

≤
∫ ‖Du‖L∞(Br(x0))

T

∫
−
Br(x0)

|g1,ε(x, s)− g1,ε(x0, s)|s dx ds

≤
∫ ‖Du‖L∞(Br(x0))

T

∫
−
Br(x0)

(∫ 1

0

|∂xg1,ε(x0 + λ(x− x0), t) · (x− x0)|s dλ

)
dxds

(5.2.23)

≤ cr

∫
−
Br(x0)

(∫ 1

0

|h(x0 + λ(x− x0))| dλ

)
dx ≤ cr

∫
−
B2r(x0)

|h| dx ,
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where c ≡ c(‖Du‖L∞(Br(x0))). Therefore, being x0 a Lebesgue point of h(·), we infer C1(r)→ 0
as r → 0. This fact, together with (5.3.71)-(5.3.72), yields (5.3.70). Thanks to (5.3.53) we can
verify (2.3.4) with the choices v(·) ≡ Gε(·, |Du(·)|), f1 ≡ h, f2 ≡ f ,M1 ≡ ‖Ḡε(·, |Du|)‖ϑσ/2L∞(Br(x0)),
M2 ≡ 1 and M3 ≡ ‖Du‖L∞(Br0 (x0)). Applying Lemma 2.3.1 yields (5.3.68). �

Proposition 5.3.3 Let u ∈ W 1,γ(B,RN ) be a solution to (5.3.1), under assumptions set∞ for
n ≥ 3. There exists a positive radius R∗ ≡ R∗(datam, f(·), p) ≤ 1 such that if r(B) ≤ R∗ and
Bς b B% are concentric balls contained in B, then

Eε(‖Du‖L∞(Bς))
γ +

∥∥∥∥∥
∫ |Du|
T

g1,ε(·, s)s ds

∥∥∥∥∥
L∞(Bς)

≤ c

(%− ς)β
[
‖Fε(·, Du)‖L1(B%) + ‖f‖L(n,1)(B%) + 1

]θ
(5.3.73)

holds with c ≡ c(data∞, ‖h‖Ld(B)) ≥ 1 and β, θ ≡ β, θ(n, d, γ, σ, σ̂) > 0.

Proof. Notice that it is setm ⊂ set∞, so that the result of Proposition 5.3.1 can be used here.
Therefore we take exponents τ and p such that

0 < τ < d− n and p :=
(1 + σ + σ̂)(n+ τ)d

d− n− τ
, (5.3.74)

where d > n is the exponent from (5.1.14), and fix R∗ ≡ R∗(datam, f(·), p) > 0 as the radius
from Proposition 5.3.1, so that (5.3.15) holds such p. With Bς b B% being the balls considered
in the statement, with no loss of generality we can assume that ‖Du‖L∞(Bς) ≥ T otherwise the
assertion in (5.3.73) is trivial by choosing c large enough. Let %1 := ς + (%− ς)/2 and consider
concentric balls Bς b Bτ1 b Bτ2 b B%1

b B%, a point x0 ∈ Bτ1 which is a Lebesgue point both
for |Du| and for h(·), and r0 := (τ2 − τ1)/8, so that B2r0(x0) b Bτ2 . Needless to say, a.e. point
in Bτ1 qualifies. In the following, whenever B ⊂ B% is a ball, we let

M (B) := ‖Du‖L∞(B) and G(B) := ‖Gε(·, |Du|)‖L∞(B) (5.3.75)

so that, recalling that Br0(x0) ⊂ B%, by (5.2.21) and (5.2.10)2 we find

‖Ḡε(·, |Du|)‖L∞(Br0 (x0)) ≤ c(γ, cb, T, σ, σ′)
[
G(Bτ2) + 1

]
. (5.3.76)

Moreover, by (5.2.10)1 and (5.2.17) we see that almost everywhere in Br0(x0) there holds that

|Du| ≤
[
Eε(|Du|)γ − Eε(T )γ

] 1
γ + Eε(T ) ≤ c(ν, γ, T )

[
Gε(x, |Du|)

1
γ + 1

]
,

thus

M(Br0(x0)) ≤ c
[
G(Br0(x0))

1
γ + 1

]
≤ c

[
G(Bτ2)

1
γ + 1

]
, (5.3.77)

for c ≡ c(ν, γ, T ). We then apply (5.3.68) on Br0(x0), and also using (5.3.76)-(5.3.77) and Hölder
inequality (by (5.3.74) it is p ≥ 2), we obtain

Gε(x0, |Du(x0)|) ≤ cr−n/p0 ‖Ḡε(·, |Du|)‖
nϑσ̄

4

L∞(Br0 (x0))‖Gε(·, |Du|)‖Lp(Br0 (x0))

+ c‖Ḡε(·, |Du|)‖
(n−2)ϑσ̄

4

L∞(Br0 (x0))

[
Ph

1(x0, 2r0) + M(Br0(x0))Pf
1 (x0, 2r0)

]
≤ cr−n/p0

[
G(Bτ2)

nϑσ̄
4 + 1

]
‖Gε(·, |Du|)‖Lp(Br0 (x0))
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+ c
[
G(Bτ2)

(n−2)ϑσ̄
4 + 1

] [
Ph

1(x0, 2r0) + M(Br0(x0))Pf
1 (x0, 2r0)

]
, (5.3.78)

with c ≡ c(data∞). With (5.3.15) we further bound

‖Gε(·, |Du|)‖Lp(Br0 (x0)) ≤ cr
−βp
0

[
‖Fε(·, Du)‖L1(B%) + 1

]θp
,

for c ≡ c(datam, ‖h‖Ld(B%)). Using also (5.3.77) in (5.3.78), recalling that x0 ∈ Bτ1 is arbitrary,
and recovering a full notation, we obtain

‖Gε(·, |Du|)‖L∞(Bτ1 ) ≤
c

(τ2 − τ1)n/p+βp
‖Gε(·, |Du|)‖

nϑσ̄
4

L∞(Bτ2 )

[
‖Fε(·, Du)‖L1(B%) + 1

]θp
+ c‖Gε(·, |Du|)‖

(n−2)ϑσ̄
4

L∞(Bτ2 )

∥∥∥Ph
1(·, (τ2 − τ1)/4)

∥∥∥
L∞(Bτ1 )

+ c‖Gε(·, |Du|)‖
(n−2)ϑσ̄

4 + 1
γ

L∞(Bτ2 )

∥∥∥Pf
1 (·, (τ2 − τ1)/4)

∥∥∥
L∞(Bτ1 )

+
c

(τ2 − τ1)n/p+βp

[
‖Fε(·, Du)‖L1(B%) + 1

]θp
+ c

[∥∥∥Ph
1(·, (τ2 − τ1)/4)

∥∥∥
L∞(Bτ1 )

+
∥∥∥Pf

1 (·, (τ2 − τ1)/4)
∥∥∥
L∞(Bτ1 )

]
,

(5.3.79)

where c ≡ c(data∞, ‖h‖Ld(B%)). Observe now that (5.1.14), (5.1.17) and the definition in (5.3.52)
render nσ̄ϑ/4 < 1, and (n − 2)σ̄ϑ/4 < 1 − γ−1, therefore we can apply Young inequality in the
first three lines of (5.3.79) with conjugate exponents(

4

σ̄nϑ
,

4

4− nσ̄ϑ

)
,

(
4

(n− 2)σ̄ϑ
,

4

4− (n− 2)σ̄ϑ

)
,(

4γ

ϑσ̄(n− 2)γ + 4
,

4γ

4(γ − 1)− γ(n− 2)ϑσ̄

)
to end up with

‖Gε(·, |Du|)‖L∞(Bτ1 ) ≤
1

2
‖Gε(·, |Du|)‖L∞(Bτ2 ) +

c

(τ2 − τ1)β′

[
‖Fε(·, Du)‖L1(B%) + 1

]θ′
+ c

[∥∥∥Ph
1(·, (τ2 − τ1)/4)

∥∥∥
L∞(Bτ1 )

+
∥∥∥Pf

1 (·, (τ2 − τ1)/4)
∥∥∥
L∞(Bτ1 )

+ 1

]θ′
, (5.3.80)

where c ≡ c(data∞, ‖h‖Ld(B%)) and we set

β′ :=

(
n

p
+ βp

)
4

4− nσ̄ϑ

θ′ := max

{
4θp

4− nϑσ̄
,

4

4− (n− 2)ϑσ̄
,

4γ

4(γ − 1)− γ(n− 2)ϑσ̄

}
.

Inequality (5.3.80) allows to apply Lemma 2.4.2 with the choice Z(t) := ‖Gε(·, |Du|)‖L∞(Bt),
and this leads to

‖Gε(·, |Du|)‖L∞(Bς) ≤
1

2
‖Gε(·, |Du|)‖L∞(B%) +

c

(%− ς)β′
[
‖Fε(·, Du)‖L1(B%) + 1

]θ′
+ c

[∥∥∥Ph
1(·, (%− ς)/4)

∥∥∥
L∞(B%1 )

+
∥∥∥Pf

1 (·, (%− ς)/4)
∥∥∥
L∞(B%1 )

+ 1

]θ′
, (5.3.81)
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for c ≡ c(data∞, ‖h‖Ld(B%)). By using (2.3.3)1 we infer

‖Pf
1 (·, (%− ς)/4)‖L∞(B%1 ) ≤ c‖f‖L(n,1)(B%) .

Moreover, with %2 := %1 + (%− ς)/4; also using (5.3.74) and Hölder inequality yields

‖Ph
1(·, (%− ς)/4)‖L∞(B%1 )

(2.3.3)1
≤ c‖h‖L(n,1)(B%2 ) ≤ c(τ)‖h‖Ln+τ (B%2 )

(5.3.69)

≤ c‖h‖Ld(B%)‖Ḡε(·, |Du|)‖
(1+σ+σ̂)
Lp(B%2 )

(5.3.15)

≤
c‖h‖Ld(B%)

(%− ς)βp(1+σ+σ̂)

[
‖Fε(·, Du)‖θp(1+σ+σ̂)

L1(B%) + 1
]
,

where c ≡ c(data∞, ‖h‖Ld(B%)). Inserting the above two estimates in (5.3.81) and recalling also
(5.2.10) and (5.2.17) we finally end up with (5.3.73), where β := max{β′, βp(1 + σ + σ̂)δ′} and
θ := max{θ′, θp(1 + σ + σ̂)}. Notice that the constant c also depends on a positive power of T ,
therefore it is stable as T → 0. �

5.3.7 The case n = 2

Here we consider the missing two-dimensional case. We start with the following lemma, which
is a hybrid counterpart of Proposition 5.3.1, in the sense that the a priori estimate involved still
contains the L∞-norm of Du.

Lemma 5.3.4 Let u ∈W 1,γ(B,RN ) be a solution to (5.3.1) under assumptions settwo for n = 2
and Bς b B% be concentric balls contained in B with % ≤ 1. Then, for every p ≥ 1, there holds

‖Gε(·, |Du|)‖Lp(Bς) ≤
c

(%− ς)βp
[
‖Gε(·, |Du|)‖

θp
L1(B%) + 1

]
+ c‖Du‖L∞(B%)‖f‖L2(B%) (5.3.82)

with c ≡ c(datatwo, ‖h‖Ld(B), p) ≥ 1, βp, θp ≡ βp, θp(d, σ, σ̂, p) > 0.

Proof. It is clear that we can confine ourselves to prove (5.3.82) for sufficiently large p. Therefore,
for reasons that will be clear in a few lines, we consider

p > max

{
2m(1 + σ + σ̂),

2m

1− 2m(σ + σ̂)

}
=

2m

1− 2m(σ + σ̂)
, m =

d

d− 2
. (5.3.83)

As usual, in the following lines all the balls will be concentric. We look back at the proof of
Proposition 5.3.1, take κ = 0 in the test function ϕs, and perform exactly the same calculations
made there up to (5.3.23). For the terms (I)f -(III)f involving the right-hand side f , we notice
that as κ = 0 the test functions ϕs used in the proof of Propositions 5.3.1 and Lemma 5.3.2
do coincide. Therefore we can use estimate (5.3.67), where c ≡ c(datatwo) and ε̄ ∈ (0, 1); here
S3 and S4 have been defined in (5.3.56) and (5.3.57), respectively (again κ = 0). All together,
choosing ε̄ > 0 small enough and re-absorbing terms in a standard way, we obtain

S3 + S4 ≤ c
(
‖h‖2Ld(B) + 1

)(∫
B

(
η2m + |Dη|2m

) [
[Gε(x, |Du|)]2m(1+σ+σ̂) + 1

]
dx

)1/m

+ cM(B%)
2

∫
B

η2|f |2 dx , (5.3.84)

where c ≡ c(datatwo) and M(·) has been defined in (5.3.75)1. As it is |Dη| . 1/(τ2 − τ1),
elementary manipulations on (5.3.84) give

‖D(ηGε(·, |Du|))‖2L2(Bτ2 ) ≤
c(‖h‖Ld(B) + 1)2

(τ2 − τ1)2
‖Gε(·, |Du|)‖2(1+σ+σ̂)

L2m(1+σ+σ̂)(Bτ2 )
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+
c(‖h‖Ld(B) + 1)2

(τ2 − τ1)2
+ cM(B%)

2

∫
Bτ2

|f |2 dx

so that Sobolev embedding gives

‖Gε(·, |Du|)‖Lp(Bτ1 ) ≤ cpτ
2/p
1 ‖D(ηGε(·, |Du|))‖L2(Bτ2 )

≤ c

(τ2 − τ1)
‖Gε(·, |Du|)‖(1+σ+σ̂)

L2m(1+σ+σ̂)(Bτ2 )
+

c

(τ2 − τ1)
+ cM(%)‖f‖L2(Bτ2 ) , (5.3.85)

with c ≡ c(datatwo, ‖h‖Ld(B)). Notice that 1− 2m(σ+ σ̂) > 0 is equivalent to the last inequality
in (5.1.14) for n = 2. With λp ∈ (0, 1) being defined through

1

2m(1 + σ + σ̂)
= 1− λp +

λp
p
⇒ λp =

p[2m(1 + σ + σ̂)− 1]

2m(p− 1)(1 + σ + σ̂)
,

using the interpolation inequality

‖Gε(·, |Du|)‖L2m(1+σ+σ̂)(Bτ2 ) ≤ ‖Gε(·, |Du|)‖
1−λp
L1(Bτ2 )‖Gε(·, |Du|)‖

λp
Lp(Bτ2 ) ,

in (5.3.85), we get

‖Gε(·, |Du|)‖Lp(Bτ1 ) ≤
c

(τ2 − τ1)
‖Gε(·, |Du|)‖

(1−λp)(1+σ+σ̂)

L1(Bτ2 ) ‖Gε(·, |Du|)‖
λp(1+σ+σ̂)

Lp(Bτ2 )

+
c

(τ2 − τ1)
+ cM(B%)‖f‖L2(Bτ2 ) .

The lower bound on p in (5.3.83) yields λp(1 + σ + σ̂) < 1, thus Young inequality gives

‖Gε(·, |Du|)‖Lp(Bτ1 ) ≤
1

2
‖Gε(·, |Du|)‖Lp(Bτ2 )

+
c

(τ2 − τ1)βp

[
‖Gε(·, |Du|)‖

θp
L1(Bτ2 ) + 1

]
+ cM(B%)‖f‖L2(Bτ2 ) ,

with c ≡ c(datatwo, ‖h‖Ld(B)) and

βp :=
2m(p− 1)

p− 2m[1 + p(σ + σ̂)]
and θp :=

p− 2m(1 + σ + σ̂)

p− 2m[1 + p(σ + σ̂)]
. (5.3.86)

Lemma 2.4.2 with the choice Z(t) ≡ ‖Gε(·, |Du|)‖Lp(Bt) gives (5.3.82). �

We finally come to the a priori gradient bound in the two dimensional case.

Proposition 5.3.4 Let u ∈W 1,γ(B,RN ) be a solution to (5.3.1) under assumptions settwo for
n = 2. If Bς b B% are concentric balls contained in B with % ≤ 1, then

Eε(‖Du‖L∞(Bς))
γ +

∥∥∥∥∥
∫ |Du|
T

g1,ε(·, s)s ds

∥∥∥∥∥
L∞(Bς)

≤ c

(%− ς)β
[
‖Fε(·, Du)‖L1(B%) + ‖f‖L2(LogL)α(B%) + 1

]θ
, (5.3.87)

with c ≡ c(datatwo, ‖h‖Ld(B)) ≥ 1 and β, θ ≡ β, θ(d, σ, σ̂, γ) > 0.

Proof. We proceed as for the proof of Proposition 5.3.3, keeping the notation used there. In
particular, we make the same choices done from display (5.3.74) to display (5.3.75), while, as a
consequence of (5.1.19)-(5.1.20), estimate (5.3.76) holds with the limitations on σ imposed by
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(5.1.19). Keeping this last fact in mind, thanks to Lemma 5.3.2 we use Lemma 2.3.1, that for
n = 2 gives

Gε(x0, |Du(x0)|) ≤c
[
G(Bτ2)

(1+δ)ϑσ
2 + 1

](∫
−
Br0 (x0)

[Gε(x, |Du|)]2 dx

)1/2

+ c
[
G(Bτ2)

δϑσ
2 + 1

] [
Ph

1(·, 2r0) + M(Bτ2)Pf
1 (·, 2r0)

]
, (5.3.88)

for every δ ∈ (0, 1/2), where c ≡ c(datatwo, ‖h‖Ld(B), δ) and M(·) and G(·) have been defined in
(5.3.75). With (5.3.82) we estimate(∫

−
Br0 (x0)

[Gε(x, |Du|)]2 dx

)1/2

≤ cr−2/p
0 ‖Gε(·, |Du|)‖Lp(Br0 (x0))

≤ cr−(2/p+βp)
0

[
‖Gε(·, |Du|)‖

θp
L1(B2r0

) + 1
]

+ cr
−2/p
0 M(Bτ2)‖f‖L2(B2r0

) (5.3.89)

where p is as in (5.3.74) with n = 2, c ≡ c(datatwo, ‖h‖Ld(B)) and βp, θp are as in (5.3.86). Using
(5.3.88)-(5.3.89), that hold for a.e. x0 ∈ Bτ1 , we have

‖Gε(·, |Du|)‖L∞(Bτ1 ) ≤
c

(τ2 − τ1)2/p

[
G(Bτ2) + 1

](1+δ)ϑσ/2
M(Bτ2)‖f‖L2(B%)

+
c

(τ2 − τ1)2/p+βp

[
G(Bτ2) + 1

](1+δ)ϑσ/2
[
‖Gε(·, |Du|)‖

θp
L1(B%) + 1

]
+c
[
G(Bτ2) + 1

]δϑσ/2
M(Bτ2)

∥∥∥Pf
1 (·, (τ2 − τ1)/4)

∥∥∥
L∞(Bτ1 )

+c
[
G(Bτ2) + 1

]δϑσ/2 ∥∥∥Ph
1(·, (τ2 − τ1)/4)

∥∥∥
L∞(Bτ1 )

+c

[∥∥∥Ph
1(·, (τ2 − τ1)/4)

∥∥∥
L∞(Bτ1 )

+
∥∥∥Pf

1 (·, (τ2 − τ1)/4)
∥∥∥
L∞(Bτ1 )

]
=: T1 + T2 + T3 + T4 + T5 , (5.3.90)

for c ≡ c(datan, ‖h‖Ld(B), δ). To estimate the T -terms we take δ such that

(1 + δ)σ + 1/γ < 1 and δσ + (1 + σ + σ̂)/γ < 1 (5.3.91)

hold, which is in turn possible by (5.1.19); this fixes δ as a function of σ, γ. We have

T1

(5.3.77)
≤ c

(τ2 − τ1)2/p
[G(Bτ2) + 1](1+δ)σ+1/γ‖f‖L2(B%)

(5.3.91)
≤ 1

10
G(Bτ2) +

c‖f‖ι∗L2(LogL)α(B%) + c

(τ2 − τ1)β∗
,

T2

(5.3.91)
≤ 1

10
G(Bτ2) +

c‖Gε(·, |Du|)‖θ∗L1(B%) + c

(τ2 − τ1)β∗
,

T3

(5.3.77)
≤ c[G(Bτ2) + 1]δϑσ/2+1/γ‖f‖L2(LogL)α(B%)

(5.3.91)
≤ 1

10
G(Bτ2) + c‖f‖ι∗L2(LogL)α(B%) + 1 ,

with c ≡ c(datan, ‖h‖Ld(B)) (again, c depends on a positive power of T , so it is stable as T → 0).
Here, as in the following lines, θ∗, β∗, ι∗ denote positive exponents depending on d, σ, σ̂, γ; they
might change from line to line according to the same convention used to denote a generic constant
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c. Now, we set τ3 := (τ1 + τ2)/2 > τ1 + (τ1 + τ2)/4 so that τ2 − τ3 = (τ2 − τ1)/2; next, recalling
(5.3.74) for n = 2 we have∥∥∥Ph

1(·, (τ2 − τ1)/4)
∥∥∥
L∞(Bτ1 )

(2.3.3)2
≤ c‖h‖L2(LogL)α(Bτ3 )

≤ c(τ)‖h‖L2+τ (Bτ3 )

(5.3.69)

≤ c‖h‖Ld(Bτ3 )‖Ḡε(·, |Du|)‖1+σ+σ̂
Lp(Bτ3 )

≤ c

(τ2 − τ1)β∗

[
‖Gε(·, |Du|)‖θ∗L1(Bτ2 ) + 1

]
+ c

[
M(Bτ2)‖f‖L2(Bτ2 )

]1+σ+σ̂

,

for c ≡ c(datatwo, ‖h‖Ld(B)). Therefore, using the above inequality, (5.3.77), (5.3.91) and Young
inequality, we end up with

T4 ≤ c

(τ2 − τ1)β∗
[G(Bτ2) + 1]δϑσ/2

[
‖Gε(·, |Du|)‖θ∗L1(B%) + 1

]
+c[G(Bτ2) + 1]δϑσ/2+(1+σ+σ̂)/γ‖f‖1+σ+σ̂

L2(LogL)α(B%)

≤ 1

10
G(Bτ2) +

c
(
‖Gε(·, |Du|)‖θ∗L1(B%) + 1

)
(τ2 − τ1)β∗

+ c‖f‖ι∗L2(LogL)α(B%) ,

and, by (5.3.77) we have

T5 ≤ 1

10
G(Bτ2) +

c

(τ2 − τ1)β∗

[
‖Gε(·, |Du|)‖θ∗L1(Bτ2 ) + 1

]
+c‖f‖ι∗L2(LogL)α(B%) + c

∥∥∥Pf
1 (·, (τ2 − τ1)/4)

∥∥∥
L∞(Bτ1 )

,

with c ≡ c(datatwo, ‖h‖Ld(B%)). Plugging the estimates for the T ’s in (5.3.90) and recalling the
definition given in (5.3.75)2 yields

‖Gε(·, |Du|)‖L∞(Bτ1 ) ≤
1

2
‖Gε(·, |Du|)‖L∞(Bτ2 )

+
c
[
‖Gε(·, |Du|)‖θL1(B%) + ‖f‖L2(LogL)α(B%) + 1

]θ
(τ2 − τ1)β

for new exponents β, θ as in the statement, clearly larger than those appearing in the above
estimates. Lemma 2.4.2 allows now to conclude with

‖Gε(·, |Du|)‖L∞(Bς) ≤
c
[
‖Gε(·, |Du|)‖L1(B%) + ‖f‖L2(LogL)α(B%) + 1

]θ
(%− ς)β

,

where c ≡ c(datatwo, ‖h‖Ld(B)). Finally, (5.3.87) follows from this last estimate and (5.2.17).
The proof is complete. �

5.4 Proofs of Theorems 17, 18 and 19
We start with the proof of Theorem 19. We fix p as in statement and without loss of generality,
we assume that that p > 1 + σ (σ being as in (5.1.14)). Then, for every integer j ≥ 1, we define
fj ∈ L∞loc(Ω,RN ) as fj(x) := f(x) if |f(x)| ≤ j, and fj(x) := j|f(x)|−1f(x) otherwise. It clearly
follows that

|fj | ≤ |f | for every j ≥ 1 , fj → f in Lnloc(Ω,RN ) . (5.4.1)
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Next, we determine R∗ ≡ R∗(datam, f(·), p) ≤ 1 from Proposition 5.3.1. Pay attention here;
with some abuse of notation, the f used here is not the same from Proposition 5.3.1, but rather
corresponds to f from (5.3.1) in the context of Proposition 5.3.1 (and thanks to (5.4.1), fj
corresponds to f in Proposition 5.3.1). In fact, here we are assuming that f ∈ Lnloc(Ω,RN ).
Accordingly, we fix a ball B b Ω such that rad(B) ≤ R∗. We consider a decreasing sequence of
positive numbers {εj} such that εj ≤ min{1, T}/4 for every j ∈ N, and, accordingly, we consider
the family of approximating integrands {Fj} ≡ {Fεj}, {Gj} ≡ {Gεj} constructed in (5.2.4).
Notice now that any local minimizer u of the functional F(·) in (5.0.1) belongs to W 1,γ

loc (Ω,RN )

by (5.2.16)1. This allows to define uj ∈ u+W 1,γ
0 (B,RN ) as the solution to

uj 7→ min
w∈u+W 1,γ

0 (B,RN )
Fj(w,B) =: min

w∈u+W 1,γ
0 (B,RN )

∫
B

[
Fj(x,Dw)− fj · w

]
dx . (5.4.2)

Directs Methods of the Calculus of Variations apply here and ensure existence (see for instance
[16, Section 4.4]). As for [16, (4.55)], and recalling (5.2.16)2 and (5.2.18), we find

‖Fj(·, Duj)‖L1(B) + ‖Duj‖γLγ(B) ≤ c
[
‖F (·, Du)‖L1(B) + ‖f‖γ/(γ−1)

Ln(B) + T γ + µγ
]

(5.4.3)

for every j ≥ 1, where c ≡ c(n,N, ν, γ). This implies that we can assume that, up to a not
relabelled subsequence, Duj ⇀ Dũ weakly in Lγ(B,RN×n) and uj → ũ strongly in L

n
n−1 (B,RN ),

for some ũ ∈ u+W 1,γ
0 (B;RN ). Notice that Proposition 5.3.1 applies to uj , and gives

‖Gj(·, |Duj |)‖Lp(tB) ≤
c

(1− t)βp [r(B)]βp

[
‖Fj(·, Duj)‖

θp
L1(B) + 1

]
(5.4.4)

for every t ∈ (0, 1). With j0 ∈ N, we apply (5.2.25) with j ≥ j0 in (5.4.4), this yields, together
with (5.4.3)

‖Gj0(·, |Duj |)‖Lp(tB) ≤
c

(1− t)βp [r(B)]βp

[
‖F (·, Du)‖L1(B) + ‖f‖γ/(γ−1)

Ln(B) + 1
]θp

.

Letting j → ∞ in the above inequality, and using weak lower semicontinuity (recall that Gj0 is
convex by (5.2.20)2), yields

‖Gj0(·, |Dũ|)‖Lp(tB) ≤
c

(1− t)βp [r(B)]βp

[
‖F (·, Du)‖L1(B) + ‖f‖γ/(γ−1)

Ln(B) + 1
]θp

. (5.4.5)

This holds for every j0 ∈ N, where c, βp, θp are as in (5.3.15). In particular, (5.2.32) is satisfied,
thus (5.2.33)2 in yields that Gj0(x, |Dũ|) → g1GT (x, |Dũ|) for a.e. x ∈ B, so we can apply
Fatou’s Lemma on the right-hand side of (5.4.5) to get

‖GT (·, |Dũ|)‖Lp(tB) ≤
c

(1− t)βp [r(B)]βp

[
‖F (·, Du)‖L1(B) + ‖f‖γ/(γ−1)

Ln(B) + 1
]θp

. (5.4.6)

Next, we trivially write

Fj0(uj , sB) ≤ Fj(uj , sB) + ‖Fj(x,Duj)− Fj0(x,Duj)‖L1(sB) + ‖(fj0 − fj) · uj‖L1(sB) (5.4.7)

whenever s ∈ (0, 1). Properties (5.4.1)-(5.4.5), Hölder and Sobolev-Poincaré inequalities give

Fj(uj , sB) ≤ Fj(uj ,B) + ‖fj · uj‖L1(B\sB) ≤ Fj(u,B) + c‖f‖Ln(B\sB) ,

where c is independent of s, j. Using (5.2.36), which is legal because of (5.4.6) (recall it is
p > 1 +σ) and (5.4.4), we have ‖Fj(x,Duj)−Fj0(x,Duj)‖L1(sB) ≤ c(1− s)−β̃o(j0), where again
c is independent of s, j, j0 and β̃ = βp(p+ 1 +σ)/p. Sobolev-Poincaré inequality and (5.4.1) give
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‖(fj0 − fj) · uj‖L1(sB) ≤ c‖fj0 − fj‖Ln(B), again with c independent of s, j, j0. Using these last
three inequalities in (5.4.7), and finally letting j →∞, lower semicontinuity and (5.2.33)1 yield

Fj0(ũ, sB) ≤ F(u,B) + c‖f‖Ln(B\sB) + c‖fj0 − f‖Ln(B) + c(1− s)−β̃o(j0) . (5.4.8)

In turn, notice that (5.4.6) allows to apply (5.2.37); this yields ‖F (x,Dũ)−Fj0(x,Dũ)‖L1(sB) ≤
c(1 − s)−β̃o(j0), so that Fj0(ũ, sB) → F(ũ, sB) as j0 → ∞, where we also use (5.4.1). In view
of this, letting first j0 → ∞ and then s → 1 in (5.4.7), yields F(ũ,B) ≤ F(u,B). This and the
minimality of u finally give F(u,B) = F(ũ, B), therefore, by standard convexity arguments, see
for instance [16, Section 4.4], we end up with

either max{|Du(x)|, |Dũ(x)|} ≤ T or Du(x) = Dũ(x) . (5.4.9)

Using this information and (5.4.6) we can conclude with (5.1.27). The proof of Theorem 19
is complete. We now come to the proof of Theorem 17. We can use the same approximation
employed for Theorem 19 (that uses weaker assumptions than those of Theorem 17). Using this
time estimate (5.3.73), together with (5.4.5), we find

Eε(‖Duj‖L∞(tB)) + ‖Gj(·, |Duj |)‖L∞(tB)

≤ c

(1− t)β [r(B)]β

[
‖F (·, Du)‖L1(B) + ‖f‖L(n,1)(B) + 1

]θ
(5.4.10)

for very s ∈ (0, 1), where c, β, θ are as in (5.3.73). By (5.2.17) it follows that {Duj} is bounded
in L∞(tB) for every t ∈ (0, 1) and, in particular, for every t ∈ (0, 1) there exists Mt such that
‖Duj‖L∞(tB) ≤ Mt for every j ∈ N. Using a standard diagonalization argument we infer that,
up to a not relabelled subsequences, we have uj ⇀∗ ũ in W 1,∞

loc (B,RN ) for ũ ∈ u+W 1,γ
0 (B;RN )

and ‖Dũ‖L∞(tB) ≤Mt. Moreover, we can repeat verbatim the argument of Theorem 19 leading
to (5.4.9). Now, denoting jM the first integer such that 1/εjM > Mt, from the very definition of
Gj in (5.2.10), it follows that

‖Gj(·, |Duj |)‖L∞(tB) =

(
sup
x∈tB

∫ max{Duj(x),T}

T

g1,j(x, s)s ds

)
= g1‖GT (·, |Duj |)‖L∞(tB)

for every j ≥ jM . Moreover,(∫
−
tB

GT (x, |Duj |)p dx

) 1
p

≤g−1
1 ‖Gj(·, |Duj |)‖L∞(tB)

≤ c

(1− t)β [r(B)]β

[
‖F (·, Du)‖L1(B) + ‖f‖L(n,1)(B) + 1

]θ
, (5.4.11)

for all p ∈ (1,∞). We stress that the constant appearing in (5.4.11) does not depend on p. Now
we first use weak*-lower semicontinuity on the left-hand side of (5.4.11) to get(∫

−
tB

GT (x, |Du|)p dx

) 1
p

≤ c

(1− t)β [r(B)]β

[
‖F (·, Du)‖L1(B) + ‖f‖L(n,1)(B) + 1

]θ
and then send p→∞ in the above display to end up with

‖GT (·, |Dũ|)‖L∞(tB) ≤
c

(1− t)β [r(B)]β

[
‖F (·, Du)‖L1(B) + ‖f‖L(n,1)(B) + 1

]θ
,

from which (5.1.25) follows using also (5.4.9), (5.1.4)2 and the position in (5.1.11)1. The proof
of Theorem 17 is complete. The proof of Theorem 18 is completely similar, taking into account
the content of Section 5.3.7.
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5.5 Uniform ellipticity and Theorem 20
Here we aim at proving Theorem 20, therefore we shall work under its assumptions. In particular,
assumptions setuni are in force. We first derive a suitable analog of the results of Section 5.2 in
the case of uniformly elliptic setting. With the current choice of g1(·) and g2(·) as in (5.1.21),
we apply the constructions laid down in Section 5.2, thereby obtaining, in particular, the new
functions ãε(·), g1,ε(·), g2,ε(·), g3,ε(·); these are independent of x. In the following we shall keep
the full notation introduced in Sections 5.2 and 5.3. From the definitions (5.2.6)-(5.2.8), and the
assumptions (5.1.21), it follows that, in addition to the properties explained in Section 5.2, the
following inequalities holds

g1,ε(t) ≤ g2,ε(t) ≤ K̃g1,ε(t) and g3,ε(t) ≤ K̃g1,ε(t)
√
t2 + µ2

ε for all t ∈ [T,∞) , (5.5.1)

where K̃ ≡ K̃(n,N, ν, γ,K). Moreover, again for c ≡ c(n,N, ν, γ,K) ≥ 1 it holds that

1

2K̃
g1,ε(t)t

2 ≤ Gε(t) + g1(T )T 2 ≤ K̃g1,ε(t)t
2 . (5.5.2)

for all t ∈ [T,∞). As for the right-hand side of (5.5.2), integration by parts yields∫ t

T

[
āε(x, s) + ā′ε(x, s)s

]
s ds = −

∫ t

T

āε(x, s)s ds+ āε(x, t)t
2 − āε(x, T )T 2 (5.5.3)

and therefore

Gε(t)
(5.3.6)
≤

∫ t

T

[
āε(x, s) + ā′ε(x, s)s

]
s ds

(5.3.5),(5.5.1)

≤ K̃g1,ε(t)t
2 − g1(T )T 2.

As for the left-hand side, we similarly have

Gε(t)
(5.3.6),(5.5.1)

≥ 1

K̃

∫ t

T

[
ãε(x, s) + ã′ε(x, s)s

]
s ds

(5.3.5),(5.5.3)

≥ − 1

K̃

∫ t

T

g2,ε(x, s)s ds+
1

K̃

[
ãε(x, t)t

2 − ãε(x, T )T 2
]

(5.5.1)

≥ −Gε(t) +
1

K̃
g1,ε(t)t

2 − g1(T )T 2.

We also notice that under assumptions setuni, the following double sided inequality holds:

Gε(t) ≤ Fε(t) ≤ c[Gε(t) + g1(T )(µ2
ε + T 2)] , c ≡ c(datauni) , (5.5.4)

for all t ∈ [T,∞). The left hand side inequality is (5.2.15). As for the right hand side, this is a
consequence of (5.1.4) and (5.5.1).

Proposition 5.5.1 Let u ∈W 1,γ(B,RN ) be a solution to (5.3.1), under assumptions setuni for
n ≥ 2. There exists a positive radius R∗ ≡ R∗(datauni, h(·)) ≤ 1 such that if r(B) ≤ R∗ and
Bς b B% are concentric balls contained in B, then

‖Fε(|Du|)‖L∞(Bς) ≤
c

(%− ς)n
[
‖Fε(|Du|)‖L1(B%) + 1

]
+ ‖f‖γ/(γ−1)

X(B%) (5.5.5)

holds with c ≡ c(datauni), where X(B%) has been defined in (5.1.24).

Proof. We start considering a ball Br(x0) b B, with r ≤ 1, and a number M such that

max{‖Du‖L∞(Br(x0)), T} ≤M (5.5.6)
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holds and prove that the inequality∫
Br/2(x0)

|D(Gε(|Du|)− κ)+|2 dx ≤ c

r2

∫
Br(x0)

(Gε(|Du|)− κ)2
+ dx

+ c[Gε(M) + 1]2
∫
Br(x0)

|h|2 dx+ cM2

∫
Br(x0)

|f |2 dx (5.5.7)

holds whenever κ ≥ 0, with c ≡ c(datauni). This is the analogue of (5.3.53) and to get it
we modify the proof of Lemma 5.3.2, keeping the notation used there. As for the bounds for
(IV)z-(VI)z, we have

S3 + S4 ≤ c|(IV)x|+ c|(V)x|+ c|(VI)x|+
c

r2

∫
Br(x0)

(Gε(|Du|)− κ)2
+ dx

+ c

n∑
s=1

∫
Bκ
|f ·Dsϕs| dx , (5.5.8)

with c ≡ c(datauni). This estimate can be obtained by adapting (5.3.56)-(5.3.59) (and also
(5.3.20)-(5.3.21)) or directly taking h(·) ≡ 0 as g1,ε(·) is independent of x, and using (5.5.1)1.
In turn, the last term in (5.5.8) involving the right-hand side f can be treated exactly as in
(5.3.67), and it remains to deal with the x-terms. With the help of (5.2.12)3, (5.5.1) and (5.5.2)
we estimate

c|(IV)x|+ c|(V)x|+ c|(VI)x| ≤ ε̄S3 + ε̄S4 +
c

r2

∫
Br(x0)

(Gε(|Du|)− κ)2
+ dx

+
c

ε̄

∫
B

η2|h|2[Gε(|Du|) + 1]2 dx ,

for c ≡ c(datauni). Merging the content of the above three displays, choosing ε̄ > 0 small
enough and reabsorbing terms we end up with (5.5.7), where c ≡ c(datauni). As a consequence,
proceeding as for the proof of Lemma 5.3.3, we have, by an application of Lemma 2.3.1, that, if
Br0(x0) b B is any another ball such that r0 ≤ 1, and M be such that (5.5.6) holds, then

Gε(|Du(x0)|) ≤ cr−n/20

[
Gε(M)

]1/2 ‖Gε(|Du|)‖1/2L1(Bτ2 )

+ c[Gε(M) + 1]Ph
1 (x0, 2r0) + c[Gε(M) + 1]1/γPf

1 (x0, 2r0) (5.5.9)

holds for every x0 which is a Lebesgue point for |Du|, where c ≡ c(datauni), and we have also
used (5.2.17). Next, (2.3.3) gives ‖Ph

1 (·, 2r0)‖L∞(Bτ1 ) . c‖h‖X(B%) and ‖Pf
1 (·, 2r0)‖L∞(Bτ1 ) .

‖f‖X(B%). Using these informations in (5.5.9) yields

Gε(‖Du‖L∞(Bτ1 )) ≤ cr
−n/2
0

[
Gε(M)

]1/2 ‖Gε(|Du|)‖1/2L1(Bτ2 )

+ c∗[Gε(M) + 1]‖h‖X(B%) + c[Gε(M) + 1]1/γ‖f‖X(B%) , (5.5.10)

where c, c∗ ≡ c, c∗(datauni). We now determine the radius R∗ ≡ R∗(datauni, h(·)) such that

% ≤ R∗ =⇒ c∗‖h‖X(B%) ≤
1

6
. (5.5.11)

Using this information and Young’s inequality in (5.5.10) leads to

Gε(‖Du‖L∞(Bτ1 )) ≤
1

2
Gε(‖Du‖L∞(Bτ2 )) +

c

(τ2 − τ1)n

[
‖Gε(|Du|)‖L1(B%) + 1

]
+ ‖f‖γ/(γ−1)

X(B%) .

The final inequality (5.5.5) now follows using Lemma 2.4.2 with Z(t) := Gε(t) and (5.5.4). �
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With Proposition 5.5.1 available, we can now complete the proof of Theorem 19. Arguing as
in the proof of Theorem 17 in Section 5.4, and arrive up to (5.4.5). This time we use estimate
(5.5.5) instead of (5.4.10), and this yields

‖Fj(|Duj |)‖L∞(Bξ) ≤
c

(%− ξ)n
[
‖F (|Du|)‖L1(B%) + 1

]
+ ‖f‖γ/(γ−1)

X(B%) (5.5.12)

where c depends on datauni, which, again, depends on a positive power of T , so it is stable as
T → 0. Starting from (5.5.12), the rest of the proof follows with minor modifications of the proof
for Theorem 17.

5.6 Applications and proof of Theorems 12-16
Here we show how to derive the results in Theorems 12-16 from Theorems 17, 18 and 20.

5.6.1 Proof of Theorem 12
Since we are considering the class of functionals with (p, q)-growth, we shall take gi(x, t) ≡ gi(t),
i ∈ {1, 2, 3}. Recalling (5.0.8), (5.1.1) and the orthogonal decomposition

∂zzF (x, z) = F̃ ′′(x, |z|)z ⊗ z
|z|2

+
F̃ ′(x, |z|)
|z|

[
IN×n −

z ⊗ z
|z|2

]
,

which implies

|∂zzF (x, z)|2 = [F̃ ′′(x, |z|)]2 +

[
F̃ ′(x, |z|)
|z|

]2

(Nn− 1), (5.6.1)

we can permanently work with the choice
g1(t) = ν(µ2 + t2)

p−2
2

g2(t) = Λ
√
Nn

[
(µ2 + t2)

q−2
2 + (µ2 + t2)

p−2
2

]
g3(t) =

[
(µ2 + t2)

q−1
2 + (µ2 + t2)

p−1
2

]
,

therefore

GT (t) =
ν

p

[
(µ2 + t2)

p
2 − (T 2 + µ2)

p
2

]
and ḠT (t) = GT (t) + (T 2 + 1)

p
2 .

Here, any T ∈ (0,∞) is fine. In this case, by (5.1.1), (5.1.2) and (5.0.8)-(5.0.10) we see that
F (·) satisfies the growth, regularity and structural requirements of Theorems 17-18 for all T > 0.
Moreover, the very definition of g1 assures that (5.1.4) is verified with γ = p. Moreover, since

g2(t)

g1(t)
=

Λ
√
Nn

ν

[
1 + (µ2 + t2)

q−p
2

]
and g1(t)t = ν(µ2 + t2)

p−2
2 t,

and p > 1, we see that (1.1.3) is satisfied for ca = 1. Notice that (1.1.10) holds with σ̂ = 0 since
g1 does not depend on the space variable. Now set

cb = 28q

(
p(1 + Λ

√
Nn)

min{1, ν}

)4(
1 +

p

ν
+
ν

p

)4

(5.6.2)

and

σ = σ′ =
q − p
p

, (5.6.3)

139



where ϑ is defined in (5.1.17)2. Given that

g3(t)
√
t2 + µ2 =

[
(µ2 + t2)

q
2 + (µ2 + t2)

p
2

]
,

g3(t)2

g1(t)
=

[
(µ2 + t2)

p−1
2 + (µ2 + t2)

q−1
2

]2
ν(µ2 + t2)

p−2
2

,

we see that assumption (1.1.11) is satisfied with the choices made in (5.6.2)-(5.6.3). In fact,

q = p

(
1 +

q − p
p

)
and 2q − p = p

(
1 +

2(q − p)
p

)
,

thus

g3(t)
√
t2 + µ2 ≤ 2q + 2

(
1 +

p

ν

)2 [
ν

p

[
(µ2 + t2)

p
2 − µp

]
+
ν

p

]1+σ

≤ cbḠT (t)1+σ,

g3(t)2

g1(t)
≤ 2q+2

ν
+

(
2p

min{ν, 1}

)4
[
ν

p

[
(µ2 + t2)

p
2 − 1

p
µp
]

+
ν

p

]1+2σ

≤ cbḠT (x, t)1+2σ.

Finally, we check on (5.1.18)-(5.1.20). Keeping in mind the value of cb fixed by (5.6.2), we
estimate

g2(t)

g1(t)
≤ 22qΛ

√
Nn

ν
+

pΛ
√
Nn

min{ν, 1}2

[
ν

p

[
(µ2 + t2)

p
2 − µp

]
+
ν

p

]σ̃
≤ cbḠT (t)σ̃, σ̃ ∈ {σ, σ′}

(5.6.4)

and (5.1.18)-(5.1.20) hold thanks to the limitations imposed by (5.1.24). Hence, Theorems 17-18
apply and (5.0.12) follows.

5.6.2 Proof of Theorem 13
Before entering into the proof of Theorem 13, let us recall some notation. As usual, we denote
by H(·) the integrand appearing in (5.0.6), i.e.: H(x, z) := [|z|p + a(x)|z|q] and, for simplicity,
define

dataH :=
(
n,N, p, q, ν, L, d, [a]0,1−nd ;B , ‖a‖L∞(B), ‖H(·, Du)‖L1(B), ‖f‖Ln(B)

)
,

where, being our results of local nature, we localized all the quantities appearing in dataH on
balls B b Ω.
For the sake of clarity, we split the proof of Theorem 13 into five steps.

Step 1: Quantification of ellipticity

Let us frame the Double Phase energy (5.0.6) into the setting described in Section 5.1. Using
(5.6.1) and the structure of the integrand in (5.0.6), we define

g1(x, t) = min{p− 1, 1}[tp−2 + a(x)tq−2]

g2(x, t) = 2q
√
nN [tp−2 + a(x)tq−2]

g3(t) = qtq−1,

(5.6.5)

thus

GT (x, t) := min{p− 1, 1}

[(
1

p
tp +

1

q
a(x)tq

)
−
(

1

p
T p +

1

q
a(x)T q

)]

140



ḠT (x, t) = HT (x, t) + (T 2 + 1)
p
2 ,

for arbitrary T ∈ (0,∞). By very definition of the integrand appearing in (5.0.6), the growth,
regularity and structural requirements of Theorem 17-18 are satisfied. Moreover, since

g2(x, t)

g1(x, t)
=

2q
√
nN

min{p− 1, 1}
and g1(x, t)t = min{p− 1, 1}[tp−1 + a(x)tq−1], (5.6.6)

hypotheses (1.1.3) is obviously satisfied. Let us take care of the mutual relations among the
g1(·), g2(·) and g3(·). Set

σ̂ = σ3 =
q − p
p

, σ = 0, cb =
q2p2

min{p− 1, 1}4
, (5.6.7)

where we renamed σ3 the exponent appearing in (1.1.11) to distinguish it from the one in (1.1.12):
as we will see in a few lines, it is fundamental keeping them separated. A straightforward com-
putation shows that |∂xg1(x, t)| = q|∂xa(x)|tq−2 therefore, (1.1.10) holds with h(x) = |∂xa(x)|,
σ̂ and c as in (5.6.7). In fact

|∂xg1(x, t)| ≤ h(x)g1(x, t)t
p
(
q−p
p

)
≤ p2h(x)

min{p− 1, 1}2
g1(x, t)ḠT (x, t)σ̂.

Now we consider (1.1.11) and let σ ≡ σ3 be as in (5.6.7) and h as above. We get:

g3(t)t = qtq ≤ qp2

min{p− 1, 1}2

[
min{p− 1, 1}tp

(
q−p
p +1

)]
≤ qp2

min{p− 1, 1}2
ḠT (x, t)1+σ3

g3(t)2

g1(x, t)
≤ q2

pmin{p− 1, 1}
t
p
(

1+
2(q−p)
p

)
≤ q2p2

min{p− 1, 1}4
ḠT (x, t)1+2σ3 .

Finally, let us have a look to (1.1.12). From (5.6.6)1, we see that g2(x, t)/g1(x, t) ≡ const,
therefore (1.1.12) hold with σ and cb as in (5.6.7)2,3, which are admissible choices in the light of
(5.1.14), (5.1.19) and (5.0.14).

Step 2: General considerations

At this point, it seems that assumptions (5.1.14)-(5.1.19) of Theorems 17-18 are not satisfied,
given the values of σ̂ and σ3 in (5.6.7). However, a closer inspection of the proof of Theorems
19-18 reveals that the sum σ̂ + σ (in our case it is σ̂ + σ3) appears only if both g2(·)/g1(·) and
g3(·) are non constant. Since in the present situation g2(·)/g1(·) ≡ const, the exponent appearing
in Sections 5.3.1-5.3.7 will multiply 1 + σ̂ (or 1 + σ3, which, by (5.6.7) is the same), rather than
(1 + σ + σ̂), so, recalling also (5.0.14), we see that the quantity 1 + σ̂ remains almost under
control. We said "almost" since in (5.1.14)-(5.1.19) the strict inequality is prescribed, while
(5.0.11) allows also for the equality, at least for what concerns the part involving (n−1 − d−1).
We can treat the borderline case by using some higher integrability result of Gehring type, which
will be proved in the next step.

Step 3: Local higher integrability results

We record some of auxiliary lemmas, whose proof in the homogeneous case f ≡ 0 can be found
in [12,79].

Lemma 5.6.1 Under assumptions (5.0.2), (5.0.13) and (5.0.14), let u ∈W 1,1
loc (Ω,RN ) is a local

minimizer of (5.0.6). Then there exists a positive integrability exponent δg ≡ δg(dataH) so that
whenever B b Ω is an open ball with r(B) ∈ (0, 1], the following reverse Hölder inequality holds,(∫

−
B/2

[1 +H(x,Du)]1+δg dx

) 1
1+δg

≤ c
∫
−
B

[
1 +H(x,Du)

]
dx, (5.6.8)

with c ≡ c(dataH). In particular, H(·, Du) ∈ L1
loc(Ω).
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Proof. Let B% b B b Ω be two balls with %, rB ≤ 1, set parameters %/2 ≤ s < t ≤ % and pick
a cut-off function η ∈ C1

c (B%) so that 1Bs ≤ η ≤ 1Bt and |Dη| . (t − s)−1. We compare by
minimality u to the map w% := u− η(u− (u)B%) for getting, after a few standard manipulations,∫

Bt

H(x,Du) dx ≤
∫
Bt

H(x,Dw%) dx+

∫
Bt

ηf · (u− (u)B%) dx =: (I) + (II).

Term (I) can be estimated as in [12,79]:

(I) ≤ c

∫
Bt\Bs

H(x,Du) dx+

∫
Bt

H

(
x,
u− (u)B%
t− s

)
dx

 ,
with c ≡ c(n, p, q). By Sobolev-Poincaré and Young inequalities we bound

|(II)| ≤

(∫
Bt

|f |n dx

) 1
n
(∫

Bt

[η|u− (u)B% |]
n
n−1 dx

)n−1
n

≤ctn(1−1/p)‖f‖Ln(B)

∫
Bt

|Du|p +

∣∣∣∣∣u− (u)B%
t− s

∣∣∣∣∣
p

dx

 1
p

≤1

4

∫
Bt

H(x,Du) dx+ c

∫
Bt

H

(
x,
u− (u)%
t− s

)
dx+ c%n,

for c ≡ c(n, p, q, ‖f‖Ln(B)). Merging the content of the three above displays we have∫
Bt

H(x,Du) dx ≤ c
∫
Bt\Bs

H(x,Du) dx+ c

∫
Bt

H

(
x,
u− (u)B%
t− s

)
dx+ c%n

with c ≡ c(n, p, q, ‖f‖Ln(B)). The hole filling technique, Lemma 2.4.2 with the choice Z(t) :=
‖H(·, Du)‖L1(Bt) and the intrinsic Sobolev-Poincaré inequality in [218] eventually render

∫
−
B%/2

H(x,Du) dx ≤ c

(∫
−
B%

H(x,Du)τ dx

) 1
τ

+ c,

where c ≡ c(dataH) and τ ≡ τ(n, p, q) ∈ (0, 1). Now we can apply a suitable localized version of
Gehring Lemma [123, Chapter 6] for getting (5.6.8) and, after a standard covering argument we
can conclude that H(·, Du) ∈ L1

loc(Ω). �

Let B b Ω be a ball with r(B) ≤ 1. As by now customary in the Double Phase setting we make in
some sense quantitative the behavior of the modulating coefficient a(·) by introducing its phases:
precisely, we say that a(·) degenerates on B, when ai(B) := infx∈B a(x) ≤ 4r(B)1−nd [a]0,1−nd ;B ,
while we say that a(·) does not degenerate if the complementary condition holds: ai(B) >
4r(B)1−nd [a]0,1−nd ;B . This distinction is useful to localize the integrand by considering the aux-
iliary Young function H−B (z) := [|z|p + ai(B)|z|q]. Finally, let Hε(·), H−r(B),ε(·) be the integrands
defined by applying the construction in Section 5.2.1 (with γ = p and any T ∈ (0,∞)) to H(·)
and to H−r(B)(·) respectively. Now we are ready to prove a suitable, intrinsic Sobolev-Poincaré
inequality for Hε(·).

Lemma 5.6.2 Under assumptions (5.0.13) and (5.0.14), let B b Ω be a ball with r(B) ≤ 1
and w1 ∈ W 1,p

0 (B,RN ) and w2 ∈ W 1,p(B,RN ) be two functions with Hε(·, Dw1), Hε(·, Dw2) ∈
L1(B). Then, the following Sobolev-Poincaré inequalities holds(∫

−
B

Hε(x,w1/r(B)) dx

)
≤ c

(∫
−
B

Hε(x,Dw1)τ dx

) 1
τ

, (5.6.9)
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for c ≡ c(n,N, p, q, d, [a]0,1−nd ;B , ‖Dw1‖Lp(B)) and τ ≡ τ(n, p, q) ∈ (0, 1) and(∫
−
B

Hε

(
x,
w2 − (w2)B

r(B)

)
dx

)
≤ c

(∫
−
B

Hε(x,Dw2)τ dx

) 1
τ

(5.6.10)

with c ≡ c(n,N, p, q, d, [a]0,1−nd ;B , ‖Dw2‖Lp(B)) and τ ≡ τ(n, p, q) ∈ (0, 1).

Proof. We prove (5.6.9), the proof of (5.6.10) being totally analogous. Let B b Ω and w1 ∈
W 1,p

0 (B,RN ) be as in the statement. For the ease of exposition, as in [218], we study separately
the two phases of the modulating coefficient.

Degenerate phase

In this case, recalling the definition in (5.6.5)1 and in (5.2.6), we bound∫
B

Hε

(
x,

w1

r(B)

)
dx ≤ 3

∫
B∩{r(B)−1|w1|<ε}

(∫ ε

0

g1,ε(x, s)s ds

)
dx

+

∫
B∩{ε≤r(B)−1|w1|<Tε}

∫ r(B)−1|w1|

ε

g1,ε(x, s)s ds

 dx

+

∫
B∩{r(B)−1|w1|≥Tε}

∫ r(B)−1|w1|

ε

g1,ε(x, s)s ds

 dx =: (I) + (II) + (III).

A direct computation renders that

(I) ≤ c(n, p, [a]0,1−nd ;B)εpr(B)n.

Now notice that, by (5.0.14) we have that p∗ ≤ q∗ < p, where

b∗ := max

{
1,

nb

n+ b

}
, b ∈ {p, q},

therefore using Sobolev-Poincaré inequality as in [218, Theorem 2.13] and keeping in mind
(5.0.14), we estimate

(II) + (III) ≤cr(B)n
∫
−
B

[
(w1/r(B))p + r(B)1−nd (w1/r(B))q

]
dx

+ c

∫
B∩{r(B)−1|w1|≥Tε}

a(x)T q−pε (w1/r(B))p dx

≤cr(B)n
∫
−
B

[
(w1/r(B))p + r(B)1−nd (w1/r(B))q

]
dx ≤ cr(B)n

(∫
−
B

|Dw1|p∗ dx

) p
p∗

+ cr(B)n+1−nd

(∫
−
B

|Dw1|p dx

) q−p
p
(∫
−
B

|Dw1|p∗(q∗/p) dx

) p
q∗

≤cr(B)n
(

1 + ‖Dw1‖q−pLp(B)

)(∫
−
B

|Dw1|pτ
′

dx

) 1
τ′

,

with c ≡ c(n,N, p, q, d, [a]0,1−nd ;B) and τ ′ := q∗/p < 1. Merging the content of the two above
displays and recalling (5.2.17) and the bound imposed on the size of ε in Section 5.2, we have∫

−
B

Hε

(
x,

w1

r(B)

)
dx ≤ c

T p +

(∫
−
B

Hε(x,Dw1)τ
′

dx

) 1
τ′

 , (5.6.11)

for c ≡ c(n,N, p, q, d, [a]0,1−nd ;B , ‖Dw1‖Lp(B)).
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Non-degenerate phase

When ai(B) > 4r(B)1−nd [a]0,1−nd ;B , it is easy to see that

Hε(x, z) ∼ H−%,ε(z) for all (x, z) ∈ B × RN×n, (5.6.12)

up to constants depending on (n, d). Moreover, recalling the discussion made at the beginning of
Section 5.3, see also [16, Remark 5.5], we see that (H−%,ε)

′′(t) makes sense and that t(H−%,ε)′′(t) ∼
(H−%,ε)

′(t) with constants implicit in "∼" depending only from (p, q). This means that [87,
Theorem 7] applies, so we have(∫

−
B

H−r(B),ε(w1/r(B)) dx

)
≤ c

(∫
−
B

H−r(B),ε(Dw1)τ
′′

dx

) 1
τ′′

, (5.6.13)

with c ≡ c(n,N, p, q) and τ ′′ ≡ τ ′′(n, p, q) ∈ (0, 1). By (5.6.12) and (5.6.13) we obtain∫
−
B

Hε

(
x,

w1

r(B)

)
dx ≤c

∫
−
B

H−r(B),ε

(
w1/r(B)

)
dx

≤c
(∫
−
B

H−r(B),ε(Dw1)τ
′′

dx

) 1
τ′′

≤ c
(∫
−
B

Hε(x,Dw1)τ
′′

dx

) 1
τ′′

,

(5.6.14)

for c ≡ c(n,N, p, q). Combining (5.6.11)-(5.6.14) and setting τ := min{τ ′, τ ′′}, we end up with
(5.6.9) and the proof is complete. �

Finally, a Gehring type higher integrability result up to the boundary.

Lemma 5.6.3 Under assumptions (5.0.2), (5.0.13) and (5.0.14), let B b Ω be a ball with r(B) ≤
1, ṽ ∈ W 1,p

loc (Ω,RN ) be a map so that H(·, Dṽ) ∈ L1+δ
loc (Ω) for some δ > 0 and vε ∈ ṽ +

W 1,p
0 (B,RN ) be the solution of Dirichlet problem (5.3.4) with Fε(·) ≡ Hε(·). Then there exists a

positive constant c ≡ c(dataH) and a positive higher integrability exponent σg ≡ σg(dataH, δ) ∈
(0, δ) so that the following inequality(∫

−
B

[1 +Hε(x,Dvε)]
1+σg dx

) 1
1+σg

≤ c
(∫
−
B

[1 +Hε(x,Dṽ)]1+σg dx

) 1
1+σg

,

holds true.

Proof. Once inequalities (5.6.9)-(5.6.10) are available, we can proceed exactly as in [69, Lemma
10] to conclude with (5.6.15). �

To summarize, if u ∈ W 1,p
loc (Ω,RN ) is a minimum of the functional in (5.0.6), then H(·, Du) ∈

L
1+δg
loc (Ω) for some positive δg ≡ δg(dataH). This means that, by Lemma 5.6.3, the solution vε

of problem (5.3.4) (with Hε(·) replacing Fε(·) of course) satisfies:(∫
−
B

[1 +Hε(x,Dvε)]
1+σg dx

) 1
1+σg

≤c
(∫
−
B

[1 +Hε(x,Du)]1+σg dx

) 1
1+σg

≤c
(∫
−
B

[1 +H(x,Du)]1+σg dx

) 1
1+σg

, (5.6.15)

where c ≡ c(dataH), σg ≡ σg(dataH) ∈ (0, δg) and we also used that, by definition,

Hε(x, t) ≤ c(p, q, ‖a‖L∞(B))[1 +H(x, t)] for all (x, t) ∈ Ω× [0,∞). (5.6.16)

We finally remark that we should expect that the constants appearing in the previous display
depend also on ‖Dvε‖Lp(B). However, such a dependency comes from the application of Sobolev-
Poincaré inequality: in fact a quick inspection of the proof of Lemma 5.6.2 shows that c is an
increasing function of ‖Dvε‖Lp(B), and ‖Dvε‖Lp(B) ≤ c(n,N, p, T, ‖H(·, Du)‖L1(B), ‖f‖Ln(B)),
cf. (5.4.3), therefore the dependency from dataH is the right one.
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Step 4: The case n ≥ 3

We jump back to Section 5.3.3 and, instead of the interpolation inequality (5.3.43), as in Theorem
8 of Chapter 4, we use the following

‖Gε(·, |Dvε|)‖Ls1 (Bτ2 ) ≤ ‖Gε(·, |Dvε|)‖
λi+1

Lsi+1 (Bτ2 )
‖Gε(·, |Dvε|)‖1−λi+1

L1+σg (B)

≤ c‖Gε(·, |Dvε|)‖λi+1

Lsi+1 (Bτ2 )
‖1 +H(·, Du)‖1−λi+1

L1+σg (B)
,

where c ≡ c(dataH), λi+1 =
si+1(s1−(1+σg))
s1(si+1−(1+σg)) and we clearly used (5.6.15), (5.2.15)3 and (5.6.16).

In these terms, verifying (5.3.45)-(5.3.46) amounts to show that

lim
i→∞

λi+1χ
is1

si+1
= lim
i→∞

χi(s1 − (1 + σg))

si+1 − (1 + σg)
= l̃ < 1 ⇔ 2m(1 + σ̂)− (1 + σg)

2m
(

1− σ̂
χ−1

) < 1,

which is verified also when σ̂ ≡ (n−1 − d−1), being σg > 0. With the content of the two above
displays at hand, Theorem 19 follows at once. We stress that so far we only needed q

p ≤ 1+ 1
n−

1
d .

Now we can proceed further and look at Section 5.3.6. Precisely, by (5.6.6)1 and (5.6.7)2 we see
that the exponent σ̄, defined in (5.3.52), appearing in (5.3.68) is equal to zero, therefore the rest
of the proof of Proposition 5.3.3 adjusts accordingly without requiring other restrictions on the
size of q/p. In particular, the second condition on σ appearing in (5.1.14) can be neglected.

Step 5: The case n = 2

Notice that the discussion outlined in Step 3 is still true when n = 2. We fix

p̂ > max

{
1 + σg, 2m(1 + σ̂),

2m(1 + σg)

σg

}
and substitute the interpolation inequality appearing in Section 5.3.7 with the following

‖Gε(·, |Dvε|)‖L2m(1+σ̂)(Bτ2 ) ≤ ‖Gε(·, |Dvε|)‖
λp̂
Lp̂(Bτ2 )

‖Gε(·, |Dvε|)‖
1−λp̂
L1+σg (B)

≤ c‖Gε(·, |Dvε|)‖
λp̂
Lp̂(Bτ2 )

‖1 +H(·, Du)‖1−λp̂
L1+σg (B)

,

where we used (5.6.15), (5.6.16) and (5.2.15)3 to control the L1+σg -norm of Gε(·, Dvε) and
c ≡ c(dataH). In the previous display, λp̂ =

p̂[2m(1+σ̂)−(1+σg)]
2m(1+σ̂)[p̂−(1+σg)] and we replaced the exponent p

appearing in Section 5.3.7 with p̂, otherwise some confusion may arise. Finally we see that

p̂[2m(1 + σg)− (1 + σg)]

2m[p̂− (1 + σg)]
< 1 ⇔ 2m(1 + σg) < p̂[1 + σg − 2mσ̂],

which is possible also when σ̂ = (2−1− d−1) since σg > 0. We then look at the proof of Proposi-
tion 5.3.4 and, being g2(·)/g1(·) ≡ const, it goes through with the additional restriction σ̂ < p−1,
anyway taken into account by (5.0.11).

Merging the content of the above five steps, we obtain (5.0.15) and the proof is complete.

5.6.3 Proof of Theorem 14
It is a corollary of Theorem 15.

5.6.4 Proof of Theorem 15
We deduce Theorem 15 from Theorems 17-18, by making a suitable choice of the functions g1(·),
g2(·), g3(·) and of the parameters σ, σ̂, σ′, ca, cb, γ with T = e and µ = 0. For the sake of clarity,
we split the proof of Theorem 15 into three steps.
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Step 1: Computation of g1(·) and g2(·)

With minor changes to [16, Section 6.2] we see that{
e′0(x, t) = c0(x)p0(x)tp0(x)−1e0(x, t)

e′k(x, t) = pk(x)ck(x)tp0(x)−1Πk(x, t)ek(x, t) for k ≥ 1,
(5.6.17)

where we set

Πk(x, t) :=

k−1∏
j=0

pj(x)cj(x)[ej(x, t)]
pj+1(x) for k ≥ 1 and Π0(x, t) := 1,

therefore

e′′k(x, t) =tp0(x)−1e′k(x, t)

pk(x)ck(x)Πk(x, t) +

k−2∑
j=0

(
pj+2(x)pj+1(x)cj+1(x)Πj+1(x, t)

)
+ tp0(x)−1e′k(x, t)

[
p0(x)− 1

tp0(x)
+ p1(x)p0(x)c0(x)

]
for k ≥ 2

and e′′0(x, t) = tp0(x)−1e′0(x, t)
[
p0(x)c0(x) + p0(x)−1

tp0(x)

]
e′′1(x, t) = tp0(x)−1e′1(x, t)

[
p1(x)p0(x)c0(x) + e0(x, t)p1(x)p1(x)p0(x)c1(x)c0(x) + p0(x)−1

tp0(x)

]
.

Now, let φ ∈ C([0,∞), [0, 1]) be a non-decreasing function so that φ(t) = 0 when t ∈ [0, e/2] and
φ(t) = 1 for t ∈ [e,∞). The previous computations prove that the functions g1(·), g2(·) bounding
from below and above second derivatives of the integrands ek(·) can be defined as

g1(x, t) := φ(t)(pm − 1)e′k(x, t)t−1

g2(x, t) := φ(t)

[√
Nn−1
νk

+ kpML
(

1 + 2pM+1
νk

)]
Πk(x, t)e′k(x, t)tp0(x)−1

k ≥ 1, (5.6.18)

while for k = 0 we get g1(x, t) := φ(t)(pm − 1)e′0(x, t)t−1

g2(x, t) := φ(t)
[√

Nn− 1 + pM (L+ 1)
]

e′0(x, t)tp0(x)−1,
(5.6.19)

where pm is defined in (5.0.19). With the definition given in (5.6.19) we immediately get

Ge(x, t) = (pm − 1)
[
ek(x, t)− ek(x, e)

]
and Ḡe(x, t) = Ge(x, t) + (e2 + 1)

pm
2 .

Step 2: Determining g3(·)

Now we prove that{
g3(x, t) = (1− φ(t))Mk + φ(t)MkekΠk(x, t)e′k(x, t)tp0(x) log t if k ≥ 1

g3(x, t) = (1− φ(t))M0 + φ(t)M0e0e
′
0(x, t)tp0(x) log t if k = 0,

(5.6.20)

where φ(·) is the same cut-off function appearing in (5.6.18)-(5.6.19) and, for all k ∈ N, M0,Mk ≡
M0,Mk(n, k, ν, L, pM ) ≥ 1, e0 := (ν log(e/2))−1, ek :=

(
min{1, ν}2(k+1) log(e/2)

)−1

are con-
stants. A direct computation shows that

|∂x,zek(x, |z|)| = |∂xe′k(x, |z|)|, (5.6.21)
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therefore if we are able to suitably bound ∂xe′k(x, |z|), we are done. To derive an explicit expres-
sion of ∂xe′k(x, |z|), we set e−1(x, t) := t and introduce the auxiliary vector fields Dk,Lk : Ω ×
(0,∞)→ Rn to quantify the space derivatives of ek(·) and Πk(·). By induction, we have for all
k ≥ 1 

∂xek(x, t) = ek(x, t)[ek−1(x, t)]pk(x)Dk(x, t)

∂x[ek−1(x, t)]pk(x) := [ek−1(x, t)]pk(x,t)[ek−2(x, t)]pk−1(x,t)

·
[
ck−1(x)∂xpk(x) + pk(x)Dk−1

]
Dk(x, t) := ∂xck(x) + ck(x)ck−1(x)[ek−2(x, t)]pk−1(x)∂xpk(x)

+ck(x)pk(x)[ek−2(x, t)]pk−1(x)Dk−1(x, t)

D0(x, t) :=
[
∂xc0(x) + c0(x) log t ∂xp0(x)

]
.

(5.6.22)

Again, by induction and (5.6.22), for k ≥ 1 we have
∂xΠ0(x, t) = 0 =: L0(x, t)

∂xΠk(x, t) = Πk(x, t)Lk(x, t)

Lk(x, t) :=
[
∂x log

(
ck−1(x)pk−1(x)

)
+[ek−2(x, t)]pk−1(x)

(
ck−1(x)∂xpk(x) + pk(x)Dk−1(x, t)

)
+ Lk−1(x, t)

]
.

(5.6.23)

Combining (5.6.22)-(5.6.23) with (5.6.17), for all k ∈ N ∪ {0} we deduce that

∂xe
′
k(x, t) = e′k(x, t)

·
[
∂x
(
log(ck(x)pk(x))

)
+ log t∂xp0(x) + Lk(x, t) + [ek−1(x, t)]pk(x)Dk(x, t)

]
. (5.6.24)

Define

ĥk := max
i∈{0,··· ,k}

{
max{1, |∂xpi|, |∂xci|}

} (5.0.19)
∈ Ldloc(Ω). (5.6.25)

Recalling that by (5.0.19) it is pm > 1 and looking at the explicit expansion in (5.6.24), we
immediately deduce that for all k ∈ N ∪ {0} there exits a constant Mk ≡Mk(n, k, ν, L, pM ) ≥ 1
verifying

|∂xe′k(x, t)| ≤Mkĥk(x) for all (x, t) ∈ Ω× [0, e]. (5.6.26)

Now we shall prove that for all k ∈ N there exists a function 0 ≤ hk(·) ∈ Ldloc(Ω) such that{
|∂xe′k(x, t)| ≤ hk(x)e′k(x, t)Πk(x, t)tp0(x) log t for k ≥ 1

|∂xe′0(x, t)| ≤ h0(x)e′0(x, t)tp0(x) log t for k = 0.
(5.6.27)

for all (x, t) ∈ Ω× [e,∞). The estimates in (5.6.27) are actually a consequence of the following
lemma.

Lemma 5.6.4 For any k ∈ N, there exist functions 0 ≤ h̃0(·), hk(·) ∈ Ldloc(Ω) so that{
|D0(x, t)| ≤ h̃0(x) log t and |L0(x, t)| = 0

|Dk(x, t)|, |Lk(x, t)| ≤ h̃k(x)tp0(x) log tΠk−1(x, t)
(5.6.28)

hold for all (x, t) ∈ Ω× [e,∞).
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Proof. When k = 0, we easily have:

|D0(x, t)|
(5.6.22)3
≤ ĥ0(x)(1 + L) log t and |L0(x, t)|

(5.6.23)1= 0, (5.6.29)

for all (x, t) ∈ Ω× [e,∞], which is (5.6.28)1 with

h̃0 := (1 + L)ĥ0

(5.6.25)
∈ Ldloc(Ω). (5.6.30)

We then proceed by induction. For k = 1, by (5.6.22)-(5.6.23) and (5.6.29) we get

|D1(x, t)| ≤ tp0(x) log t
[
(1 + L2)ĥ1(x) + LpM h̃0(x)

]
for all (x, t) ∈ Ω× [e,∞)

and

|L1(x, t)| ≤ tp0(x) log t
[
(p−1
m + ν−1 + L)ĥ1(x) + pM h̃0(x)

]
,

thus (5.6.28)2 follows when k = 1 by setting

h̃1 := max

{[
(1 + L2)ĥ1 + LpM h̃0

]
,
[
(p−1
m + ν−1 + L)ĥ1 + pM h̃0

]} (5.6.25),(5.6.30)
∈ Ldloc(Ω).

Assume now that there exists a function 0 ≤ h̃k(·) ∈ Ldloc(Ω) such that

|Dk(x, t)|, |Lk(x, t)| ≤ h̃k(x)tp0(x) log tΠk−1(x, t) (5.6.31)

for all (x, t) ∈ Ω× [e,∞). By means of (5.6.22)-(5.6.23) and (5.6.31) we bound

|Dk+1(x, t)| ≤ tp0(x) log tΠk(x, t)

[
LpM
ν

h̃k(x) +
1 + L2

min{1, ν}k+1
ĥk+1(x)

]

and

|Lk+1(x, t)| ≤ 1

min{1, ν}k+4

[
(ν−1 + p−1

m + L)ĥk+1(x) + (pM + 1)h̃k(x)
]
tp0(x) log tΠk(x, t)

so we can conclude by choosing

h̃k+1 :=
1

min{1, ν}k+4
max

{[
LpM
ν

h̃k + (1 + L2)ĥk+1

]
,

[
(ν−1 + p−1

m + L)ĥk+1 + (pM + 1)h̃k

]} (5.6.25),(5.6.31)
∈ Ldloc(Ω).

�

With (5.6.28) at hand, (5.6.27) follows from (5.6.24) by choosing

hk :=
1

min{1, ν}k+4

[
(p−1
m + ν−1 + 1)ĥk + h̃k + 1

] (5.6.25),(5.6.28)
∈ Ldloc(Ω).

This means that g3(·) is exactly the function appearing in (5.6.20).
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Step 3: Conclusions

Before verifying that g1(·), g2(·) and g3(·) satisfy the mutual relations prescribed in Sections
5.1.1-5.1.3, let us prove another auxiliary result.

Lemma 5.6.5 For any k ∈ N, δ ∈ (0, 1), there exists a positive constant c ≡ c(ν, L, pM , δ, k)
such that

Πk(x, t)tp0(x)+1 log t ≤ cek(x, t)δ for all (x, t) ∈ Ω× [e,∞). (5.6.32)

Proof. It is well known that

t ≥ 1 =⇒ tδ
′
≥ δ′ log t for all δ′ > 0, (5.6.33)

therefore, using the definition in (5.0.20) we have

ek(x, t) =

[
1

ck+1(x)
log(ek+1(x, t))

] 1
pk+1(x)

≤ 1

min{ν, 1}
max

{
1, log(ek+1(x, t))

}
≤ 2

min{ν, 1}δ′
ek+1(x, t)δ

′
, (5.6.34)

for all (x, t) ∈ Ω× [e,∞). Fix any δ ∈ (0, 1). We use the fact that

el(x, t) ≤ min{1, ν}−1el+1(x, t) for all l ∈ N ∪ {0}, (5.6.35)

for all l ≥ 0, (5.6.34) and (5.6.33) with δ′ := δ
4(k+1) to get

Πk(x, t) ≤

(
pkML

k

min{1, ν}k

)
k−1∏
l=0

max
{

1, log(el+1)
}
≤
(

16kpML

min{ν, 1}δ

)4k

ek(x, t)
δ
4 . (5.6.36)

Moreover, by (5.6.33) for δ′ = δ
2 we get, after a straightforward manipulation

tp0(x)+1 log t ≤ t
p0(x)+1+δ′

δ′
≤ 1

ce
e0(x, t)δ

′
, ce ≡ ce(ν, pM , δ′) << 1

so applying (5.6.35) and (5.6.36) we end up with

tp0(x)+1 log t ≤ cek(x, t)
δ
2 , (5.6.37)

with c ≡ c(ν, L, pM , δ, k). Merging (5.6.36)-(5.6.37) we obtain (5.6.32). �

We notice that (5.1.1)-(5.1.3) are satisfied and t 7→ g2(x, t)/g1(x, t), t 7→ g1(x, t)t are both
increasing for all (x, t) ∈ Ω × [e,∞), so (1.1.3) holds with ca = 1. Concerning (5.1.4), it
is satisfied by choosing γ = pm. Conditions (5.1.15)-(5.1.18) (and (5.1.19) when n = 2)
follow from the definitions of g1(·), g2(·), g3(·) and (5.6.32) for h ≡ hk, all σ, σ̂ > 0 and
cb ≡ cb(n,N, ν, L, pm, pM , σ, σ̂, k). This means that the assumptions of Theorems 17-18 are
satisfied, so (5.0.22) is true.

5.6.5 Proof of Theorem 16
From (1.2.20) we readily see that (5.1.1) and (5.1.2) are verified. A straightforward computation
shows that

|∂2
zA(x, |z|)| ≤ L

[
1 +
√
Nn− 1

]
max{1, 1 + sa}ã(|z|),

∂2
zA(x, |z|)ξ · ξ ≥ min{1, 1 + ia}ã(|z|)|ξ|2,
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|∂x,zA(x, |z|)| ≤ |Dc(x)|ã(|z|)|z|,

so we can define:

g1(t) := νmin{1, 1 + ia}ã(t) and g2(t) := L
[
1 +
√
Nn− 1

]
max{1, 1 + sa}ã(t),

g3(t) := ã(t)t, h := |Dc| ∈ Xloc(Ω),

with Xloc(Ω) as in (5.1.24). A consequence of (1.2.20) is that t−ia ã(t) is non-decreasing and
t−sa ã(t) is non-increasing, see [9, Section 3], therefore it is easy to see that (5.1.4) is verified with
γ = ia+2, µ = 0 and g1(t)t is non-decreasing. The definitions given above assure that conditions
in (5.1.21) are satisfied with

K =
Lmax{1, 1 + sa}

(
1 +
√
Nn− 1

)
min{1, 1 + ia}

.

This means that Theorem 20 applies and the Lipschitz estimate (5.0.24) holds true.

5.7 Appendix: Functionals with standard growth
In this final section we justify the claim in (5.3.9), which is necessary to carry out the rest of
the estimates in Sections 5.3 and 5.5. We therefore consider a functional like (5.0.1), with the
integrand F (·) satisfying the structure condition (5.1.2)1, where F̃ : Ω× [0,∞)→ R is such that{

t 7→ F̃ (x, t) ∈ C1
loc[0,∞) ∩W 2,∞

loc [0,∞) for all x ∈ Ω

x 7→ F̃ ′(x, t) ∈Wloc(1;X)(Ω) for every t > 0 .
(5.7.1)

The last condition means that |∂xF̃ ′(·, t)| ∈ Xloc(Ω) for every t > 0, where Xloc(Ω) has been
defined in (5.1.24). We assume that

ν(|z|2 + µ2)γ/2 − Λµγ ≤ F (x, z) ≤ Λ(|z|2 + µ2)γ/2

|∂zzF (x, z)| ≤ Λ(|z|2 + µ2)(γ−2)/2

ν(|z|2 + µ2)(γ−2)/2|ξ|2 ≤ ∂zzF (x, z)ξ · ξ
|∂xzF (x, z)| ≤ Λh(x)(|z|2 + µ2)(γ−1)/2

|f |, h ∈ X(Ω)

(5.7.2)

hold for x ∈ Ω and z, ξ ∈ RN×n (provided ∂zzF (x, z) exists). In (5.7.2), it is γ > 1, 0 < ν ≤
1 ≤ Λ, 0 < µ ≤ 1. This functional is of the type considered in (5.3.4) by (5.2.13) and (5.2.19),
so that the claim in (5.3.9) is justified by the following:

Theorem 21 Let u ∈W 1,γ
loc (Ω,RN ) be a minimizer of F in (5.0.1), under assumptions (5.7.1)-

(5.7.2). Then Du ∈ L∞loc(Ω,RN×n), u ∈W 2,2
loc (Ω,RN ) and a(·, Du) ∈W 1,2

loc (Ω,RN×n).

The proof of Theorem 21 goes now in four different steps, where we essentially revisit and readapt
a few hidden facts in the literature.

Step 1: Introduction of approximating problems

We revisit the procedure we used in [77, Theorem 4, Step 1] and start fixing a ball B b Ω such that
r(B) ≤ 1. For this, we first extend F̃ by reflection, i.e., F̃ (x, t) := F̃ (x,−t), and then we consider
standard, radially symmetric mollifiers φ1 ∈ C∞c (B1), φ2 ∈ C∞c (−1, 1), ‖φ1‖L1(Rn) = ‖φ2‖L1(R) =

150



1, φ1,δ(x) := δ−nφ1(x/δ), φ2,δ(x) := δ−1φ(x/δ), B3/4(0) ⊂ suppφ1, (−3/4, 3/4) ⊂ suppφ2. With
δ ∈

(
0, dist(B, ∂Ω)/2

)
, define

F̃δ(x, t) :=

∫
−
(−1,1)

∫
−
B1

F̃ (x+ δy, t+ δs)φ1(y)φ2(s) dy ds , (5.7.3)

for all (x, t) ∈ B × R, and hδ(x) := (h ∗ φ1,δ)(x). By setting Fδ(x, z) := F̃δ(x, |z|), we obtain a
family of smooth integrands satisfying

1
c̃ (|z|2 + µ2

δ)
γ/2 − c̃µγδ ≤ Fδ(x, z) ≤ c̃(|z|2 + µ2

δ)
γ/2

|∂zzFδ(x, z)| ≤ c̃(|z|2 + µ2
δ)

(γ−2)/2

1
c̃ (|z|2 + µ2

δ)
(γ−2)/2|ξ|2 ≤ ∂zzFδ(x, z)ξ · ξ

|∂xzFδ(x, z)| ≤ c̃hδ(x)(|z|2 + µ2
δ)

(γ−1)/2 ,

(5.7.4)

for every x ∈ Ω′, z, ξ ∈ RN×n, where c̃ = c̃(n,N, ν,Λ, γ) is a positive constant, and, as usual,
it is µδ := µ + δ. The verification of (5.7.4) follows straightaway from the definition in (5.7.3),
but the one of (5.7.4)3, that maybe deserves some more explanation. For this, denote as usual
ãδ(x, t) := F̃ ′δ(x, t)/t, and notice that (5.7.4)3 is equivalent to

(t2 + µ2
δ)

(γ−2)/2 . ãδ(x, t) and (t2 + µ2
δ)

(γ−2)/2 . ãδ(x, t) + ã′δ(x, t)t = F̃ ′′δ (x, t) . (5.7.5)

See also the arguments for (5.3.5)-(5.3.6) and Lemma 5.3.1; here all the implied constants in the
symbol . depend only on n,N, ν,Λ and γ. To prove the first inequality in (5.7.5) notice that
F̃δ(x, t) is still such that F̃δ(x, t) = F̃δ(x,−t) for every t ∈ R so that F̃ ′δ(x, 0) = 0. Moreover,
from (5.7.2)3 and again the equivalence in (5.7.5) applied this time to the original integrand
F̃ (·), it follows that (t2 +µ2)(γ−2)/2 . F̃ ′′(x, t). From this and the definition in (5.7.3), following
the same argument in [77, Section 4.5] we gain (t2 + µ2

δ)
(γ−2)/2 . F̃ ′′δ (x, t), which is the second

relation in (5.7.5). In turn, integrating this last inequality and using F̃ ′δ(x, 0) = 0, (implied by
F̃ (x, t) = F̃ (x,−t)), yields (t2 + µ2

δ)
(γ−2)/2t . F̃ ′δ(x, t), which is in fact the first inequality in

(5.7.5) and (5.7.4)3 is verified. By the very definitions of F̃δ(·) and hδ, we also have{
Fδ(x, z)→ F (x, z) uniformly on compact subsets of B × Rn as δ → 0

‖hδ‖X(B) ≤ c‖h‖X(B+δB1(0))

(5.7.6)

whenever B ⊂ B is a ball such that B+ δB1(0) ⊂ Ω, where c is independent of δ and h(·). Next,
we set fδ ∈ L∞(Ω,RN ) as fδ(x) := f(x) if |f(x)| ≤ 1/δ, and fδ(x) := δ−1|f(x)|−1f(x) otherwise.
Finally, we define uδ ∈W 1,γ(B,RN×n) as the unique solution of the Dirichlet problem

u+W 1,γ
0 (B,RN ) 3 w 7→ min

∫
B

[
Fδ(x,Dw)− fδ · w

]
dx . (5.7.7)

Up to now, we have just required that δ is small enough to satisfy δ < dist(B, ∂Ω)/2. In the
next step we shall choose additional smallness conditions on δ.

Step 2: Du ∈ L∞loc(Ω,R
N×n)

Thanks to (5.7.4), standard regularity theory yields

Duδ ∈ L∞loc(B,RN×n), uδ ∈W 2,2
loc (B,RN ), ∂zFδ(x,Duδ) ∈W 1,2

loc (B,RN×n) . (5.7.8)

We can therefore proceed exactly as in the proof of Proposition 5.5.1. This yields the existence of
δ0 ≡ δ0(n,N, ν, γ,Λ, h(·)) ∈ (0, 1) and R∗ ≡ R∗(n,N, ν, γ,Λ, h(·), α) ≤ 1 such that the estimate

‖Duδ‖L∞(tB) ≤
c

[(1− t)r(B)]n/γ

[
‖Fδ(·, Duδ)‖1/γL1(B) + 1

]
+ c‖fδ‖1/(γ−1)

X(B) (5.7.9)
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holds whenever t ∈ (0, 1), provided δ ≤ min{δ0, dist(B, ∂Ω)/2} and r(B) ≤ R∗, where c ≡
c(n,N, ν,Λ, γ, α) ≥ 1 is independent of δ. Indeed, the setting of Proposition 5.5.1 applies with
the obvious choices g1,ε(t) ≡ (t2 + µ2

δ)
(γ−2)/2/c̃, g2,ε(t) ≡ c̃(t2 + µ2

δ)
(γ−2)/2, g3,ε(t) ≡ c̃(t2 +

µ2
δ)

(γ−1)/2 and h(·) ≡ hδ(·); moreover, the only qualitative properties needed to argue as in
Proposition 5.5.1 are those in (5.3.9), that are exactly those in (5.7.8). Therefore the whole bunch
of estimates developed there applies here verbatim. Notice that, proceeding as in Proposition
5.5.1, and recalling (5.5.11), the radius R∗ here should exhibit a dependence on hδ(·), and
therefore ultimately on δ. However, R∗ can be made independent of δ, thanks to (5.7.6)2 by
further taking δ small enough, and without creating vicious circles. Specifically, we arrive at
(5.5.10) with the above choice of g1,ε(·), g2,ε(·), g3,ε(·) and (5.5.11) turns out to be c∗‖hδ‖X(B) ≤
1/6, where c∗ is independent of δ but only depends of datauni. Given the actual choice of
parameters, c∗ depends only on n,N, ν,Λ, γ, α. We use (5.7.6)2 to reduce the last condition to
cc∗‖h‖X(B+δB1(0)) ≤ 1/6, where c is the constant appearing in (5.7.6)2 and it is independent of
δ. Therefore, by absolute continuity we find δ0, R∗ ≡ δ0, R∗(n,N, ν, γ,Λ, α, h(·)) as described
above, such that the last inequality is satisfied. This allows to set inequality (5.7.9) free from
any dependence on δ. Next, observe that, using (5.7.2)1, (5.7.4)1 and finally the minimality of
uδ in (5.7.9), we gain

‖Duδ‖L∞(tB) ≤
c

[(1− t)r(B)]n/γ

[
‖F (·, Du)‖1/γL1(B) + 1

]
+ c‖f‖1/(γ−1)

X(B) (5.7.10)

with c being independent of δ. From this, a standard convergence argument based on (5.7.6)1
(see again the proof of Theorem 19) extracting a subsequence {uδ} such that uδ ⇀∗ u weakly in
W 1,∞(tB;RN ), leads to

‖Du‖L∞(tB) ≤
c

[(1− t)r(B)]n/γ

[
‖F (·, Du)‖1/γL1(B) + 1

]
+ c‖f‖1/(γ−1)

X(B)

and a standard covering argument gives that Du is locally bounded.

Step 3: u ∈W 2,2
loc (Ω,RN)

For this we shall reuse some arguments from [164, Theorems 4.5-4.6]. We test the weak formu-
lation of the Euler-Lagrange system − div ∂zFδ(x,Duδ) = fδ by Dsϕ, for s ∈ {1, . . . , n} and
ϕ ∈ C∞0 (B); integration by parts yields∫

B

Ds[∂Fδ(x,Duδ)] ·Dϕdx = −
∫
B

fδ ·Dsϕdx . (5.7.11)

We then take η ∈ C∞c (B/2; [0, 1]) with η ≡ 1 in B/4, ‖Dη‖L∞(B) . 1/[r(B)], and we define
ϕ := η2Dsuδ so that ϕ ∈ W 1,2

0 (B,RN ). Using ϕ as test function, summing over s ∈ {1, · · ·n}
and using (5.7.4), yields∫

B

(|Duδ|2 + µ2
δ)

γ−2
2 |D2uδ|2η2 dx ≤ c

∫
B

η(|Duδ|2 + µ2
δ)

γ−2
2 |D2uδ||Duδ||Dη|dx

+c

∫
B

hδ(|Duδ|2 + µ2
δ)

γ−1
2 [η2|D2uδ|+ η|Dη||Duδ|] dx+

n∑
s=1

∫
B

|fδ||Dϕs|dx .

Estimating the third integral in a standard way (see for instance in [164, pag. 395]) we get∫
B

(|Duδ|2 + µ2
δ)

γ−2
2 |D2uδ|2η2 dx ≤ c[r(B)]−2

∫
B

η[1 + h2
δ ](|Duδ|2 + µ2

δ)
γ/2 dx

+ c[r(B)]−1‖f‖L2(B)‖Duδ‖L2(B/2) + c‖f‖L2(B)‖η2D2uδ‖L2(B). (5.7.12)
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The involved constant c only depends on n,N, ν,Λ and γ and is otherwise independent of δ ∈
(0, 1). We now set M := supδ ‖Duδ‖L∞(B/2) + 1, which is a finite quantity by (5.7.10). We start
considering the case γ ≥ 2, where we have

µγ−2‖ηD2uδ‖2L2(B) ≤ c‖1 + hδ‖2L2(B)(M
2 + µ2

δ)
γ/2 + c‖f‖L2(B)M + c‖f‖L2(B)‖η2D2uδ‖L2(B)

where c ≡ c(n,N, ν,Λ, γ, r(B)) and therefore, via Young’s inequality, we get

‖D2uδ‖2L2(B/4) ≤ cµ
2−γ‖1 + hδ‖2L2(B)[M

2 + 1]γ/2 + cµ2−γ‖f‖L2(B)M + cµ2(2−γ)‖f‖2L2(B)

which is a uniform (with respect to δ) local bound for {D2uδ}:

‖D2uδ‖L2(B/4) ≤ c(n,N, ν, γ,Λ, ‖h‖L2(B), ‖f‖L2(B), r(B),M, µ) . (5.7.13)

In the case 1 < γ < 2, we can argue exactly as after (5.7.12), but replacing µ by M , thereby
getting again (5.7.13). Starting from (5.7.13), using the same approximation argument for the
proof of Theorem 19 and in Step 2 here, we can let δ → 0 (via a subsequence) in (5.7.13) finally
getting a local upper bound for D2u in L2. The assertion then follows via the usual covering
argument.

Step 4: a(·, Du) ∈W 1,2
loc (Ω,RN×n)

The claim follows by using the content of the previous two steps and the non-autonomous chain
rule (cf. the discussion made at the beginning of Section 5.3).
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Chapter 6

Higher differentiability for
minimizers of variational integrals
Joint work with L. Koch (University of Oxford) and J. Kristensen (University of
Oxford)
Preprint (2020)

We prove higher integrability and weak differentiability results for vector-valued local minima of
autonomous integrals of the calculus of variations

W 1,p
loc (Ω,RN ) 3 w 7→ F(w,Ω) :=

∫
Ω

F (Dw) dx, (6.0.1)

where Ω ⊂ Rn is an open, bounded set, n ≥ 2, N ≥ 1 and F : RN×n → R is a continuous
integrand satisfying (p, q)-growth, in the sense that

|z|p . F (z) . 1 + |z|q for 1 < p ≤ q, (6.0.2)

for all z ∈ RN×n, where "." means that the inequality displayed above holds up to absolute
constants. A systematic study of the regularity of minimizers of these variational integrals
started with the fundamental papers [181,183,184] and, subsequently, has undergone an intensive
development over the last years, see [9,16–18,25,28,29,44–46,74,89,99,100,105,144] and references
therein for a list of the most recent advances in the field. As pointed out by the counterexamples
contained in [114, 182, 184], a necessary and sufficient condition for the regularity of minima of
the functional in (6.0.1) is that the exponents (p, q) cannot be too far apart from each other.
Precisely, it turns out that (1.2.6) guarantees regularity. However, the optimal expression of
the quantity implicit in o(n) is still missing. In fact, the classical bound in force for proving
W 1,q-local regularity of W 1,p-minima of (6.0.1) is (1.2.9), see [16, 99, 100, 183]. Recently, in [18]
condition (1.2.6) was improved in the scalar case N = 1 to (1.2.10) by using a refinement
of Moser’s iteration technique via optimization on radial cut-off functions, allowing the use of
Sobolev inequality on spheres rather than on balls. In this respect, we propose a new approach
to the regularity theory for minima of functionals with (p, q)-growth based on convex duality.
Our methods find their roots in [45], where convex duality methods are employed to prove that
global minima of (6.0.1) belong to W 1,q

loc (Ω,RN ) provided that

1 ≤ q

p
<

n

n− 1
,

assuming only the natural growth condition (6.0.2). The procedure developed in [45] plays on
the duality between the gradient of the minimum Du and the stress tensor ∂zF (Du). In fact, it
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turns out that if u ∈ g +W 1,p
0 (Ω,RN ) is a global minimizer of (6.0.1) for an assigned boundary

datum g ∈W 1,q(Ω,RN ), then ∂zF (Du) is the unique maximizer of the functional

ζ 7→
∫

Ω

[
ζ ·Dg − F ∗(ζ)

]
dx

defined over all the row-wise solenoidal vector fields ζ ∈ Lq
′
(Ω,RN×n). In the above display,

F ∗(·) is the Fenchel conjugate of F (·). We further elaborate on such arguments and introduce
the dual controlled growth condition (6.1.4) below. It is slightly stricter than the usual controlled
(p, q) growth conditions appearing e.g. in [16,99,100,183], nonetheless it is satisfied by the main
autonomous models with (p, q)-growth, such as

F1(w,Ω) :=

∫
Ω

|Dw|p +

n∑
i=1

|Diw|pi
 dx,

where p ≤ pi for all i ∈ {1, · · · , n} and q := maxi∈{1,··· ,n} pi and

F2(w,Ω) :=

∫
Ω

k∑
i=1

|Dw|pi dx,

with p := mini∈{1,··· ,n} pi and q := maxi∈{1,··· ,n} pi. As remarked by the example in [74],
employing the full structure of the integrand leads to better results then those obtained retaining
only the growth from above and below of its second derivatives, which could lead to a severe loss
of information. This is precisely what we do, as (6.1.4) below allows us to fully exploit the strong
convexity of the integrand F (·). In this perspective, our main result is the following theorem.

Theorem 22 Under assumptions (6.1.1)-(6.1.4), let u ∈ W 1,p
loc (Ω,RN ) be a local minimizer of

functional (6.2.1). Then,

Vµ,p(Du), Vµ,q′(∂zF (Du)) ∈W 1,2
loc (Ω,RN×n).

As a consequence,

u ∈W 1,d
loc (Ω,RN ) for all d ∈ [1,m(n)],

where

m(n) :=

{
np
n−2 if n ≥ 3

any number in [1,∞) if n = 2.
(6.0.3)

Moreover, if B% b Br b Ω are concentric balls with 0 < % < r ≤ 1 there holds that

‖Du‖Ld(B%) ≤
c

(r − %)γ

[
1 + ‖u‖W 1,p(Br) + F(u,Br)

]γ̂
for all d ∈ [1,m(n)],

with c ≡ c(n,N, ν, L, p, q, d), and γ, γ̂ ≡ γ, γ̂(n, p, q).

If the bound prescribed by (6.1.2) is violated in the sense of (6.0.4) below, we can still recover
some improvement in integrability.

Theorem 23 Under hypotheses (6.1.1), (6.1.3) and (6.1.4), let u ∈ W 1,p
loc (Ω,RN ) be a local

minimizer of functional (6.2.1). Assume further that the exponents (p, q) verify

2 < p <
np

n− 2
≤ q < p∗ with n ≥ 3. (6.0.4)
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Then

u ∈W 1,d
loc (Ω,RN ) for all d ∈

[
1,

n(p− 2)

n− 2− 2n
q

)
and if B% b Br b Ω are concentric balls with 0 < % < r ≤ 1 there holds that

‖Du‖Ld(B%) ≤
c

(r − %)γd

[
1 + ‖u‖W 1,p(Br) + F(u,Br)

]γ̂d
for all d ∈

[
1,

n(p− 2)

n− 2− 2n
q

)
,

where c ≡ c(n,N, ν, L, p, q, d) is a positive constant so that c→∞ as d→ n(p−2)

n−2− 2n
q

and γd, γ̂d ≡
γd, γ̃d(n, p, q, d).

We stress that, coupling the result in Theorem 22 with the Moser’s iteration presented for instance
in [183] (and additionally assuming that F (·) has radial structure F (z) ≡ F̃ (|z|) in the purely
vectorial framework N ≥ 2), then we can prove Lipschitz continuity for minima under the bound
(6.1.2). Finally, Theorem 22 allows us to recover a Morrey-type regularity result in two space
dimensions for local minima of non-degenerate functionals.

Theorem 24 Let n = 2 and u ∈W 1,p
loc (Ω,RN ) be a local minimizer of functional (6.2.1), under

hypotheses (6.1.1), (6.1.2), (6.1.3) and (6.1.4) with µ = 1. Then u ∈ C1,β
loc (Ω,RN ) for all β ∈

(0, 1).

The result in Theorem 24 is another instance of the potential of the controlled dual growth
conditions (6.1.4). Indeed, we obtain the same result as in [25], without imposing any restriction
on the size of q − p.

6.1 Growth conditions and duality
Let F : RN×n → R be a continuous function satisfying (p, q)-growth:

ν|z|p − L ≤ F (z) ≤ L(1 + |z|q), (6.1.1)

for all z ∈ RN×n. The exponents (p, q) verify

2 ≤ p < q <
np

n− 2
if n > 2 and 2 ≤ p < q if n = 2. (6.1.2)

In the above display, we took strict inequality between p and q, since when p ≡ q there is nothing
new to prove. We shall also assume some regularity on F (·):

F ∈ C2(RN×n) (6.1.3)

together with the dual controlled growth conditions:

ν(µ2 + |z0|2)
p−2

2 ≤
(
F (z)− F (z0)− ∂zF (z0) · (z − z0)

)
|z − z0|2

≤ L(µ2 + |∂zF (z0)|2)
q−2

2(q−1) , (6.1.4)

for all z, z0 ∈ RN×n. Condition (6.1.4) clearly implies that F (·) is strictly convex. In the light
of (6.1.4) it is natural to additionally require thet

|∂zF (z)| ≤ L(1 + F (z)) for all z ∈ RN×n, (6.1.5)

which is, by the way satisfied by the main models with (p, q) growth appearing in the literature,
[89, 183]. In the previous displays, 0 < ν < L are finite, absolute constants and µ ∈ [0, 1]. The
Fenchel conjugate integrand of F (·) is defined by

F ∗(ξ) := sup
z∈RN×n

(
ξ · z − F (z)

)
for all ξ ∈ RN×n. (6.1.6)
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Being the supremum of affine functions, F ∗(·) is convex and it can be easily checked that, being
(6.1.1) in force, F ∗(·) features (p′, q′)-growth conditions, i.e.:

ν∗|ξ|q
′
− L ≤ F ∗(ξ) ≤ L∗|ξ|p

′
for all ξ ∈ RN×n, (6.1.7)

where ν∗ := (Lq)−
1
q−1 (1 − q−1) and L∗ := (pν)−

1
p−1 (1 − p−1), see [45, Section 2] for more

details on this matter. Since F (·) is convex and real-valued, it is lower-semicontinuous, thus
F ∗∗(·) ≡ F (·) by Fenchel-Moreau theorem. The definition of polar integrand yields that Young
inequality holds:

ξ · z ≤ F ∗(ξ) + F ∗∗(z) for all ξ, z ∈ RN×n. (6.1.8)

We stress that equality holds in (6.1.8) whenever ξ belongs to the subgradient of F ∗∗(·) in z,
in other terms, keeping in mind the convexity and the additional regularity assumed on F (·),
whenever ξ0 := ∂zF (z0) for some z0 ∈ RN×n, we have

ξ0 · z0 = F ∗(ξ0) + F (z0). (6.1.9)

Furthermore, we record that F (·) is strictly convex if and only if F ∗ ∈ C1(RN×n), and in this
case we have

∂zF
∗(∂zF (z)) = z for all z ∈ RN×n. (6.1.10)

However, being (6.1.3)-(6.1.4) in force, we can say more: in fact F ∗ ∈ C2(RN×n) and it is
strongly convex, cf. [143, Chapter X]. Let us be more precise in this respect.

Lemma 6.1.1 If F : RN×n → R is an integrand satisfying (6.1.3)-(6.1.4), then for all z0, ξ ∈
RN×n its Fenchel conjugate F ∗ : RN×n → R verifies

1

4L
(µ2 + |ξ0|2)

q′−2
2 ≤

(
F ∗(ξ)− F ∗(ξ0)− ∂zF ∗(ξ0) · (ξ − ξ0)

)
|ξ − ξ0|2

≤ 1

4ν
(µ2 + |z0|2)

2−p
2 , (6.1.11)

where ξ0 := ∂zF (z0).

Proof. Let ξ, ξ0 ∈ RN×n be as in the statement. Rearranging the upper bound in (6.1.4) we find(
(ξ − ξ0) · z − L(µ2 + |ξ0|2)

q−2
2(q−1) |z − z0|2

)
+
(
ξ0 · z0 − F (z0)

)
≤ ξ · z − F (z).

Using the definition in (6.1.6), the extremality relation (6.1.9) and taking the supremum with
respect to z ∈ RN×n on the left-hand side we end up with

(ξ − ξ0) · z0 +
1

4L
(µ2 + |ξ0|2)

2−q
2(q−1) |ξ − ξ0|2

= sup
z∈RN×n

(
(ξ − ξ0) · z − L(µ2 + |ξ0|2)

q−2
2(q−1) |z − z0|2

)
≤ F ∗(ξ)− F ∗(ξ0).

Rearranging the inequality in the previous display via (6.1.10), we obtain the lower bound in
(6.1.11). The upper bound can be derived in a totally similar way. �
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A straightforward consequence of (6.1.4) combined with (6.1.11) is presented in the next corollary.

Corollary 6.1.1 Let F : RN×n → R be an integrand satisfying (6.1.3) and (6.1.4). Then there
exists a positive constant c ≡ c(n,N, ν, L, p, q) such that for all z1, z2 ∈ RN×n the following
inequality holds true:(

∂zF (z1)− ∂zF (z2)
)
· (z1 − z2) ≥ c(µ2 + |z1|2 + |z2|2)

p−2
2 |z1 − z2|2

+ c(µ2 + |∂zF (z1)|2 + |∂zF (z2)|2)
q′−2

2 |∂zF (z1)− ∂zF (z2)|2. (6.1.12)

Proof. Pick any z1, z2 ∈ RN×n and set ξ1 := ∂zF (z1) and ξ2 := ∂zF (z2). A direct manipulation
of (6.1.11) renders that(

∂zF
∗(ξ1)− ∂zF ∗(ξ2)

)
· (ξ1 − ξ2) ≥ 1

2L
(µ2 + |ξ1|2 + |ξ2|2)

q′−2
2 |ξ1 − ξ2|2,

where we also used that q′ < 2, see (6.1.2). Notice that, by (6.1.3), (6.1.4) and (6.1.11), both
∂zF (·) and ∂zF ∗(·) have domain coinciding with RN×n and they are mutually inverse, cf. (6.1.10).
This comes via a straightforward variant of the arguments presented in [143, Chapter X, Sections
4.1-4.2]. The previous discussion, (6.1.3) and the content of the above display yield in particular
that

∂zzF
∗(ξ)ζ · ζ ≥ 1

8L
(µ2 + |ξ|2)

q′−2
2 |ζ|2, (6.1.13)

for all ξ, ζ ∈ RN×n. Combining (6.1.10), (6.1.13) and Lemma 2.4.1 we obtain

(∂zF (z1)− ∂zF (z2)) · (z1 − z2) = (ξ1 − ξ2) · (∂zF ∗(ξ1)− ∂zF ∗(ξ2))

=

(∫ 1

0

∂zzF
∗(ξ2 + λ(ξ1 − ξ2)) dλ

)
(ξ1 − ξ2) · (ξ1 − ξ2)

≥ 1

8L

(∫ 1

0

(µ2 + |ξ2 + λ(ξ1 − ξ2)|2)
q′−2

2 dλ

)
|ξ1 − ξ2|2

≥ c(µ2 + |ξ1|2 + |ξ2|2)
q′−2

2 |ξ1 − ξ2|2,

with c ≡ c(n,N,L, q). Recalling the definition of ξ1, ξ2 and (6.1.4) we obtain (6.1.12). �

Finally, we record that, combining (6.1.1) and the convexity implied by (6.1.4) we have

|∂zF (z)| ≤ c(L, q)(1 + |z|q−1) for all z ∈ RN×n, (6.1.14)

see [183, Lemma 2.1].

Remark 6.1.1 If instead of local minima of (6.0.1) we consider solutions to the Dirichlet prob-
lem

g +W 1,p
0 (Ω,RN ) 3 w 7→ minF(w,Ω)

for some assigned boundary datum g ∈ W 1,p(Ω,RN ) so that F (tDg) ∈ L1
loc(Ω) for some t > 1,

we can omit assumption (6.1.5), cf. [46].
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6.2 Higher differentiability

Let u ∈W 1,p
loc (Ω,RN ) be a local minimizer of the variational integral

W 1,p
loc (Ω,RN ) 3 w 7→ F(w,Ω) :=

∫
Ω

F (Dw) dx, (6.2.1)

where the integrand F (·) satisfies (6.1.1)-(6.1.5). As usually done in the framework of prob-
lems with (p, q)-growth, see e.g. [101], we regularize u via {φε}, family of nonnegative, radially
symmetric mollifiers of Rn with unitary mass, thus obtaining a sequence {uε} ⊂ C∞loc(Ω,RN ) so
that

uε → u strongly in W 1,p
loc (Ω,RN ). (6.2.2)

Moreover, via Jensen inequality we see that

F (Duε) ≤ F (Du) ∗ φε → F (Du) strongly in L1
loc(Ω). (6.2.3)

Now, fix any ball B% b Ω with radius % ≤ 1 and define the auxiliary functionals

W 1,p(B%,RN ) 3 w 7→ Fε(w,B%) :=

∫
B%

Fε(Dw) dx,

where

Fε(z) :=
[
F (z) + κε(µ

2 + |z|2)
q
2

]
(6.2.4)

and κε ∈ (0, 1) is defined as

κε :=
(
ε−1 + 1 + ‖Duε‖qLq(B%)

)
→ 0. (6.2.5)

By direct methods and strict convexity, we have that there exists a unique solution vε ∈
W 1,q(B%,RN ) to the Dirichlet problem

uε +W 1,q
0 (B,RN ) 3 w 7→ minFε(w,B)

satisfying the integral identity:

0 =

∫
B%

∂zFε(Dvε) ·Dϕ dx for all ϕ ∈W 1,q
0 (B,RN ). (6.2.6)

Notice that, by the minimality of vε in class uε +W 1,q
0 (B%,RN ) we have

ν

∫
B

|Dvε|p dx + κε

∫
B

(µ2 + |Dvε|2)
q
2 dx

(6.1.1),(6.2.4)
≤

∫
B

[
Fε(Dvε) + L

]
dx

≤
∫
B

[
F (Duε) + L

]
dx+ κε

∫
B

(µ2 + |Dvε|2)
q
2 dx

(6.2.3),(6.2.5)
≤ F(u,B%) + L|B%|+ o(ε) =: M. (6.2.7)

Moreover, by (6.2.7) and Poincaré inequality we also get

‖vε‖W 1,p(B%) ≤ c
[
‖u‖W 1,p(B%) + M

]
+ o(ε), (6.2.8)
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for c ≡ c(n,N, ν, L, p). Let us recover a bound on the L1-norm of ∂zF (vε):∫
B%

|∂zF (Dvε)| dx
(6.1.5)
≤ L

∫
B%

[
F (Dvε) + 1

]
dx ≤ L

∫
B%

[
Fε(Dvε) + 1

]
dx

(6.2.7)
≤ c

[
F(u,B%) + 1

]
, (6.2.9)

with c ≡ c(n,L). Now we are ready for proving the higher integrability result in Theorem 22.
We select parameters %/2 ≤ τ1 < τ2 ≤ %, a cut-off function η ∈ C1

c (B) so that

1Bτ1 ≤ η ≤ 1B(τ2+τ1)/2
and |Dη| ≤ 8

τ2 − τ2
, (6.2.10)

a vector h ∈ Rn with |h| ≤ 1
10000 min

{
1, dist( supp(η), ∂B)

}
and test (6.2.6) against ϕ :=

τ−h(η2τhvε). Using in (6.2.6) the integration by parts technique for finite difference operators,
we then obtain

0 =

∫
B

τh∂Fε(Dvε) ·
[
η2τhDvε + 2ηDη ⊗ τhvε

]
dx =: (I) + (II). (6.2.11)

For the sake of clarity, given any map w ∈W 1,q(B%,RN ) we define

D(h,Dw) :=
(
µ2 + |Dw(x+ h)|2 + |Dw(x)|2

)
.

Let us estimate term (I). We have, via Lemma 2.4.1:

(I) =

∫
B%

η2τh∂zF (Dvε) · τhDvε dx+ qκε

∫
B%

η2τh

(
(µ2 + |Dvε|2)

q−2
2 Dvε

)
· τhDvε dx

(6.1.12)
≥ c

∫
B%

η2D(h,Dvε)
p−2

2 |τhDvε|2 dx+ c

∫
B%

η2D(h, ∂zF (Dvε))
q′−2

2 |τh∂zF (Dvε)|2 dx

+ cκε

∫
B%

η2D(h,Dvε)
q−2

2 |τhDvε|2 dx

(2.4.2)
≥ c

∫
B%

η2|τhVµ,p(Dvε)|2 dx+ c

∫
B%

η2|τhVµ,q′(∂zF (Dvε))|2 dx

+ cκε

∫
B%

η2|τhVµ,q(Dvε)|2 dx.

with c ≡ c(n,N, ν, L, p, q). Now we take care of term (II). By (2.4.2), Lemma 2.4.1, the mean
value theorem, Hölder and Young inequalities we obtain

|(II)| ≤ c

∫
B%

η|Dη|D(h, ∂zF (Dvε))
± q
′−2
4 |τh∂zF (Dvε)||τhvε| dx

+ cκε

∫
B%

η2D(h,Dvε)
q−2

2 |τhDvε||Dη||τhvε| dx

≤ ι

∫
B%

η2D(h, ∂zF (Dvε))
q′−2

2 |τh∂zF (Dvε)|2 dx

+
c

ι

∫
B%

|Dη|2D(h, ∂zF (Dvε))
2−q′

2 |τhvε|2 dx

+ ικε

∫
B%

η2D(h,Dvε)
q−2

2 |τhDvε|2 dx

+
cκε
ι

∫
B%

|Dη|2D(h,Dvε)
q−2

2 |τhvε|2 dx
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≤ ιc

∫
B%

η2|τhVµ,q′(∂zF (Dvε))|2 dx

+
c

ι

(∫
B%

|Dη|2D(h, ∂zF (Dvε))
q′
2 dx

) q−2
q
(∫

B%

|Dη|2|τhvε|q dx

) 2
q

+ ικεc

∫
B%

η2|τhVµ,q(Dvε)|2 dx+
cκε|h|2

ι

∫
|Dη|2D(h,Dvε)

q−2
2 |∆hvε|2 dx,

for c ≡ c(n,N,L, p, q) and arbitrary ι ∈ (0, 1). Now we can merge the two above displays, choose
ι > 0 sufficiently small and obtain∫
B%

η2|τhVµ,p(Dvε)|2 dx +

∫
B%

η2|τhVµ,q′(∂zF (Dvε))|2 dx+ κε

∫
B%

η2|τhVµ,q(Dvε)|2 dx

≤ c

(∫
B%

|Dη|2D(h, ∂zF (Dvε))
q′
2 dx

) q−2
q
(∫

B%

|Dη|2|τhvε|q dx

) 2
q

+ c|h|2κε
∫
B%

|Dη|2D(h,Dvε)
q−2

2 |∆hvε|2 dx, (6.2.12)

where c ≡ c(n,N, ν, L, p, q). Once the previous inequality is available, we split the rest of the
proof into four steps.

6.2.1 Step 1: Higher integrability of ∂zF (Dvε)

Now, let α be as in (2.2.1) and notice that, because of the restrictions imposed by (6.1.2), there
holds that

α ∈ (0, 1). (6.2.13)

Dividing both sides of the inequality in (6.2.12) by |h|2α we get

I(h) :=

∫
B%

η2

∣∣∣∣ τhVµ,p(Dvε)|h|α

∣∣∣∣2 dx+

∫
B%

η2

∣∣∣∣ τhVµ,q′(∂zF (Dvε))

|h|α

∣∣∣∣2 dx

+ κε

∫
B%

η2

∣∣∣∣ τhVµ,q(Dvε)|h|α

∣∣∣∣2 dx

≤c

(∫
B%

|Dη|2D(h, ∂zF (Dvε))
q′
2 dx

) q−2
q
(∫

B%

|Dη|2
∣∣∣∣ τhvε|h|α

∣∣∣∣q dx

) 2
q

+ c|h|2(1−α)κε

∫
B%

|Dη|2D(h,Dvε)
q−2

2 |∆hvε|2 dx =: S1(h) + S2(h). (6.2.14)

Let us estimate separately the two terms appearing on the right-hand side of (6.2.14). By Hölder
inequality, (6.2.7), (6.2.13) and Lemmas 2.2.4-2.2.5 we have that

S2(h) ≤ cκε

(∫
B%

|Dη|2D(h,Dvε)
q
2 dx

) q−2
q
(∫

B%

|Dη|2|∆hvε|q dx

) 2
q

≤ cM

(τ2 − τ1)2
, (6.2.15)

with c ≡ c(n,N, ν, L, p, q). Moreover, using the embedding in Lemma 2.2.2, Lemma 2.2.4 and
(6.2.8) we obtain

S1(h) ≤ c

(τ2 − τ1)4

(∫
B(τ2+τ1)/2

(µ2 + |∂zF (Dvε)|2)
q′
2 dx

) q−2
q

‖vε‖2W 1,p(B(τ2+τ1)/2)
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≤
c
(

1 + ‖u‖W 1,p(B%) + F(u,B%)
)2

(τ2 − τ1)4

(∫
Bτ2

(µ2 + |∂zF (Dvε)|2)
q′
2 dx

) q−2
q

,(6.2.16)

for c ≡ c(n,N, ν, L, p). Inserting the content of the previous two displays into (6.2.14) we obtain

I(h) ≤ c

(τ2 − τ1)4

(∫
Bτ2

(µ2 + |∂zF (Dvε)|2)
q′
2 dx

) q−2
q

+
cM

(τ2 − τ1)2
,

with c ≡ c(n,N, ν, L, p, q,F(u,B%), ‖u‖W 1,p(B%)), therefore for any β ∈ (0, α), we can apply
Lemma 2.2.3 to get

‖Vµ,q′(∂zF (Dvε))‖Wβ,2(Bτ1 ) + ‖Vµ,p(Dvε)‖Wβ,2(Bτ1 )

≤ c

(α− β)
1
2 (τ2 − τ1)2−β+α

[
‖Vµ,q′(∂zF (Dvε))‖

q−2
q

L2(Bτ2 ) + M
1
2

]
+

c

(τ2 − τ1)n/2+β
‖Vµ,q′(∂zF (Dvε))‖L2(Bτ2 ), (6.2.17)

where c ≡ c(n,N, ν, L, p, q,F(u,B%), ‖u‖W 1,p(B%)). In (6.2.17), we apply the embedding in
Lemma 2.2.1 combined with (2.4.2) to obtain

‖∂zF (Dvε)‖
q′
2

L
nq′
n−2β (Bτ1 )

≤ c‖Vµ,q′(∂zF (Dvε))‖
L

2n
n−2β

≤ c

(α− β)
1
2 (τ2 − τ1)2−β+α

[
‖Vµ,q′(∂zF (Dvε))‖

q−2
q

L2(Bτ2 ) + M
1
2

]
+

c

(τ2 − τ1)n/2+β
‖Vµ,q′(∂zF (Dvε))‖L2(Bτ2 )

≤ c

(α− β)
1
2 (τ2 − τ1)2+β−α

[
‖∂zF (Dvε)‖

2−q′
2

Lq′ (Bτ2 )
+ M

1
2

]
+

c

(τ2 − τ1)n/2+β

[
1 + ‖∂zF (Dvε)‖

q′
2

Lq′ (Bτ2 )

]
,

in other terms,

‖∂zF (Dvε)‖
L

nq′
n−2β (Bτ1 )

≤ c

(α− β)
1
q′ (τ2 − τ1)2(2−β+α)/q′

[
‖∂zF (Dvε)‖

2−q′
q′

Lq′ (Bτ2 )
+ M

1
q′

]
+

c

(τ2 − τ1)(n+2β)/q′

[
1 + ‖∂zF (Dvε)‖Lq′ (Bτ2 )

]
. (6.2.18)

Being β > 0, there holds that 1 < q′ < nq′

n−2β , so we can apply on the right-hand side of (6.2.18)
the interpolation inequality

‖∂zF (Dvε)‖Lq′ (Bτ2 ) ≤ ‖∂zF (Dvε)‖θ
L

nq′
n−2β (Bτ2 )

‖∂zF (Dvε)‖1−θL1(Bτ2 ), (6.2.19)

where θ ∈ (0, 1) can be computed via the following identity:

1

q′
=
θ(n− 2β)

nq′
+ 1− θ =⇒ θ =

n(q′ − 1)

n(q′ − 1) + 2β
, (6.2.20)
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to end up with

‖∂zF (Dvε)‖
L

nq′
n−2β (Bτ1 )

≤ c

(α− β)1/q′(τ2 − τ1)2(2−β+α)/q′

[
1 + M

1
q′ + ‖∂zF (Dvε)‖

(2−q′)θ
q′

L
nq′
n−2β (Bτ2 )

‖∂zF (Dvε)‖
(2−q′)(1−θ)

q′

L1(Bτ2 )

]

+
c

(τ2 − τ1)(n+2β)/q′

[
1 + ‖∂zF (Dvε)‖θ

L
nq′
n−2β (Bτ2 )

‖∂zF (Dvε)‖1−θL1(Bτ2 )

]
, (6.2.21)

with c ≡ c(n,N, ν, L, p, q,F(u,B%), ‖u‖W 1,p(B%)). At this point we apply Young inequality with
conjugate exponents (

q′

(2− q′)θ
,

q′

q′ − (2− q′)θ

)
and

(
1

θ
,

1

1− θ

)
in (6.2.21) to obtain

‖∂zF (Dvε)‖
L

nq′
n−2β (Bτ1 )

≤ 1

2
‖∂zF (Dvε)‖

L
nq′
n−2β (Bτ2 )

+
c

(α− β)γ̃1(τ2 − τ1)γ1

[
1 + M

1
q′ + ‖∂zF (Dvε)‖

(2−q′)(1−θ)
q′−(2−q′)θ
L1(Bτ2 )

]
(6.2.9)
≤ 1

2
‖∂zF (Dvε)‖

L
nq′
n−2β (Bτ2 )

+
c

(α− β)γ̃1(τ2 − τ1)γ1

[
1 + M

1
q′ + F(u,B%)

(2−q′)(1−θ)
q′−(2−q′)θ

]
,

where we set

γ1 :=
max

{
2(2 + β − α), n+ 2β

}
q′ − (2− q′)θ

, γ̃1 :=
1

(2− q′)θ

and c ≡ c(n,N, ν, L, p, q,F(u,B%), ‖u‖W 1,p(B%)). Recalling the explicit expression of M in (6.2.7)
and from (6.2.16) how c depends on F(u,B%) and on ‖u‖W 1,p(B%), we rearrange the previous
inequality as follows:

‖∂zF (Dvε)‖
L

nq′
n−2β (Bτ1 )

≤1

2
‖∂zF (Dvε)‖

L
nq′
n−2β (Bτ2 )

+
c

(α− β)γ̃1(τ2 − τ1)γ1

[
1 + ‖u‖W 1,p(B%) + F(u,B%)

]γ̂1

,

with γ̂1 := 4 max
{

1, (2−q′)(1−θ)
q′−(2−q′)θ + 1

q′

}
and c ≡ c(n,N, ν, L, p, q). Finally, by means of Lemma

2.4.2, we obtain

‖∂zF (Dvε)‖
L

nq′
n−2β (B%/2)

≤ c

(α− β)γ̃1%γ1

[
1 + ‖u‖W 1,p(B%) + F(u,B%)

]γ̂1

, (6.2.22)

for c ≡ c(n,N, ν, L, p, q). Combining (6.2.22) with a standard covering argument we can conclude

that ∂zF (Dvε) ∈ L
nq′
n−2β

loc (B%,RN×n) and, whenever Bs b Bt b B% are concentric balls, the
estimate in (6.2.22) can be generalized to

‖∂zF (Dvε)‖Lq′ (Bs) ≤c‖∂zF (Dvε)‖
L

nq′
n−2β (Bs)
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≤ c

(t− s)γ1

[
1 + ‖u‖W 1,p(B%) + F(u,B%)

]γ̂1

, (6.2.23)

for all β ∈ (0, 1−n(p−1−q−1)), with c ≡ c(n,N, ν, L, p, q, α−β) and γ1, γ̂1 as in (6.2.22). Notice
that c→∞ as β → α, however, sice we are taking an arbitrary value of β ∈ (0, α), we see that
β ultimately depends on α, therefore, keeping in mind (2.2.1), we can conclude that c depends
on (n,N, ν, L, p, q).

6.2.2 Step 2: Higher integrability for Dvε
Once (6.2.23) is available, for determining uniform higher integrability for Dvε we distinguish
two cases: n > 2 and n = 2 according to (6.1.2).

Case 1: n > 2

We jump back to (6.2.12) and divide both sides of the inequality by |h|2, thus getting

I(h) : =

∫
B%

η2

∣∣∣∣ τhVµ,p(Dvε)|h|

∣∣∣∣2 dx+

∫
B%

η2

∣∣∣∣ τhVµ,q′(∂zF (Dvε))

|h|

∣∣∣∣2 dx

≤ c

(∫
B%

|Dη|2D(h, ∂zF (Dvε))
q′
2 dx

) q−2
q
(∫

B%

|Dη|2
∣∣∣∣ τhvε|h|

∣∣∣∣q dx

) 2
q

+ cκε

∫
B%

|Dη|2D(h,Dvε)
q−2

2 |∆hvε|2 dx =: T1(h) + T2(h). (6.2.24)

Term T2(h) can be estimated by means of (6.2.7) and Lemmas 2.2.4-2.2.5:

lim sup
|h|→0

T2(h) ≤ lim sup
|h|→0

(
cκε

(τ2 − τ1)2

∫
B(τ2+τ1)/2

D(h,Dvε)
q−2

2 |∆hvε|2 dx

)

≤ cκε
(τ2 − τ1)2

∫
B(τ2+τ1)/2

(µ2 + |Dvε|2)
q
2 dx ≤ cM

(τ2 − τ1)2
,

with c ≡ c(n,N, ν, L, p, q). Concerning term T1(h), via Lemma 2.2.4 and (6.2.23) we have

lim sup
|h|→0

T1(h) = lim sup
|h|→0

c

(∫
B%

|Dη|2D(h, ∂zF (Dvε))
q′
2 dx

) q−2
q
(∫

B%

|Dη|2
∣∣∣∣ τhvε|h|

∣∣∣∣q dx

) 2
q

≤ c

(τ2 − τ1)2

(∫
B(τ2+τ1)/2

(µ2 + |∂zF (Dvε)|2)
q′
2 dx

) q−2
q
(∫

B(τ2+τ1)/2

|Dvε|q dx

) 2
q

≤ c

(τ2 − τ1)(2−q′)γ1
‖Dvε‖2Lq(Bτ2 ),

for c ≡ c(n,N, ν, L, p, q,F(u,B%), ‖u‖W 1,p(B%)) depending on F(u,B%) and on ‖u‖W 1,p(B%) as in
(6.2.23) and γ1 is the same appearing in (6.2.22)-(6.2.23). Plugging the content of the above
displays into (6.2.24) and using Sobolev embedding theorem we obtain

‖Dvε‖p/2
L
np
n−2 (Bτ1 )

≤c
[
‖DVµ,p(Dvε)‖L2(Bτ1 ) + ‖Vµ,p(Dvε)‖L2(Bτ1 )

]
≤ c

(τ2 − τ1)(2−q′)γ1/2
‖Dvε‖Lq(Bτ2 ) +

cM1/2

(τ2 − τ1)
+ ‖Dvε‖p/2Lp(Bτ2 ), (6.2.25)
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with c ≡ c(n,N, ν, L, p, q, ‖u‖W 1,p(B%),F(u,B%)). Recalling (6.1.2)1, in (6.2.25) we can use the
interpolation inequality

‖Dvε‖Lq(Bτ2 ) ≤ ‖Dvε‖θ
L
np
n−2 (Bτ2 )

‖Dvε‖1−θLp(Bτ2 ) (6.2.26)

where θ ∈ (0, 1) is derived via

1

q
=
θ(n− 2)

np
+

1− θ
p

=⇒ θ =
n(q − p)

2q
(6.2.27)

to get

‖Dvε‖
L
np
n−2 (Bτ1 )

≤ c

(τ2 − τ2)(2−q′)γ1/p
‖Dvε‖

2θ
p

L
np
n−2 (Bτ2 )

‖Dvε‖
2(1−θ)
p

Lp(Bτ2 )

+
M1/p

(τ2 − τ1)2/p
+ ‖Dvε‖Lp(Bτ2 ).

By (6.1.2) we readily see that 2θ/p < 1 so we can use Young inequality with conjugate exponents(
p

2θ
,

p

p− 2θ

)
and (6.2.7) to conclude with

‖Dvε‖
L
np
n−2 (Bτ1 )

≤ 1

2
‖Dvε‖

L
np
n−2 (Bτ1 )

+
c

(τ2 − τ1)γ2

[
1 + F(u,B%), ‖u‖W 1,p(B%)

]γ̂2

, (6.2.28)

where γ2 := 1
p−2θ max{γ1, 2}, γ̂2 := 2p

p−2θ max
{

(2− q′)γ̂1,
2(1−θ)
p , 1

}
and c ≡ c(n,N, ν, L, p, q).

By Lemma 2.4.2, we obtain

‖Dvε‖
L
np
n−2 (B%/2)

≤ c

%γ2

[
1 + ‖u‖W 1,p(B%) + F(u,B%)

]γ̂2

,

with c ≡ c(n,N, ν, L, p, q) and γ2, γ̂2 as in (6.2.28). As before, the previous inequality can be
generalized to arbitrary concentric balls Bs b Bt b B%:

‖Dvε‖
L
np
n−2 (Bs)

≤ c

(t− s)γ2

[
1 + ‖u‖W 1,p(B%) + F(u,B%)

]γ̂2

, (6.2.29)

for c(n,N, ν, L, p, q).

Case 2: n = 2

We modify (6.2.25) by using the limiting case of Sobolev embedding theorem:

‖Dvε‖
p
2

Lm(Bτ1 ) ≤c
[
‖DVµ,p(Dvε)‖L2(Bτ1 ) + ‖Vµ,p(Dvε)‖L2(Bτ1 )

]
≤ c

(τ2 − τ1)
(2−q′)γ1

2

‖Dvε‖Lq(Bτ2 ) +
cM

1
2

(τ2 − τ1)
+ c‖Dvε‖

p
2

Lp(Bτ2 ), (6.2.30)

for all m > p. Specifically, we shall pick

m > max

{
p2q

(pq − 2q + 2p)
, q

}
> 0, (6.2.31)
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which is a finite positive quantity, as, being p ≥ 2, there holds that q(p−2) + 2p ≥ 2p. This time
we use the interpolation inequality

‖Dvε‖Lq(Bτ2 ) ≤ ‖Dvε‖θLm(Bτ2 )‖Dvε‖
(1−θ)
Lp(Bτ2 ) with θ =

m(q − p)
q(m− p)

(6.2.32)

for getting

‖Dvε‖Lm(Bτ1 ) ≤
c

(τ2 − τ1)
(2−q′)γ1

p

‖Dvε‖
2θ
p

Lm(Bτ2 )‖Dvε‖
2(1−θ)
p

Lp(Bτ2 )

+
cM

1
p

(τ2 − τ1)
1
p

+ c‖Dvε‖Lp(Bτ2 ).

The choice we made in (6.2.31) renders that 2θ/p < 1, so, by Young inequality with conjugate
exponents (

p

2θ
,

p

p− 2θ

)
and (6.2.7) we get

‖Dvε‖Lm(Bτ1 ) ≤
1

2
‖Dvε‖Lm(Bτ2 ) +

c

(τ2 − τ1)γ3

[
1 + ‖u‖W 1,p(B%) + F(u,B%)

]γ̂3

,

with γ3 := 2p
p−2θ max

{
1, 1

p ,
(2−q′)γ1

p−2θ

}
, γ̂3 := p

p−2θ max
{

1, γ̂1,
1
p ,

2(1−θ)
p−2θ

}
and c ≡ c(n,N, ν, L, p, q).

Lemma 2.4.2 finally leads to

‖Dvε‖Lm(B%/2) ≤
c

%γ3

[
1 + ‖u‖W 1,p(B%) + F(u,B%)

]γ̂3

.

The previous inequality can be generalized to arbitrary concentric balls Bs b Bt b B%:

‖Dvε‖Lm(Bs) ≤
c

(t− s)γ3

[
1 + ‖u‖W 1,p(B%) + F(u,B%)

]γ̂3

. (6.2.33)

6.2.3 Step 3: Convergence
By (6.1.4), the minimality of vε in class uε +W 1,q

0 (B%,RN ), (2.4.2), (6.2.5) and (6.2.3) we have∫
B%

|Dvε −Du|p dx ≤c
∫
B%

|Vµ,p(Dvε)− Vµ,p(Du)|2 dx

≤c
∫
B%

[
Fε(Dvε)− Fε(Du)− ∂zFε(Dvε) · (Du−Dvε)

]
dx

≤c
∫
B%

[
Fε(Duε)− Fε(Du)

]
dx→ 0,

thus Dvε → Du strongly in Lp(B%,RN×n) and, up to non-relabelled subsequences, Dvε → Du
a.e. in B%. Now fix concentric balls Bs b Bt b B%. We can use weak lower semicontinuity in
(6.2.29)-(6.2.33) for getting that

‖Du‖Lq(Bs) ≤ c‖Du‖Lm(n)(Bs) ≤
c

(t− s)γ
[
1 + ‖u‖W 1,p(B%) + F(u,B%)

]
,

wherem(n) is defined as in (6.0.3), c ≡ c(n,N, ν, L, p, q), γ := max{γ2, γ3} and γ̂ := max{γ̂2, γ̂3}.
Now we study the convergence of {∂zF (Dvε)}. By (6.1.5), the minimality of vε, (6.2.3), (6.2.5)
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and a well-known variant of the dominated convergence theorem we have that ∂zF (Dvε) →
∂zF (Du) strongly in L1(B%,RN×n). This means that, up to non-relabelled subsequences, ∂zF (Dvε)→
∂zF (Du) a.e. in B%, so by Fatou lemma and (6.2.23) we can conclude that

‖∂zF (Du)‖Lq′ (Bs) ≤ c‖∂zF (Du)‖
L

nq′
n−2β (Bs)

≤ c

(t− s)γ1

[
1 + ‖u‖W 1,p(B%) + F(u,B%)

]γ̂1

,

where Bs b Bt b B% are concentric balls. Now, since B% b Ω is arbitrary, we can use a standard
covering argument to obtain that

Du ∈ Lqloc(Ω,RN×n) and ∂zF (Du) ∈ Lq
′

loc(Ω,RN×n). (6.2.34)

6.2.4 Step 4: Weak differentiability of ∂zF (Du)

Once (6.2.34) is available, we can consider the Euler-Lagrange equation of functional (6.2.1) and
repeat precisely the same procedure presented in Step 1 till (6.2.12) (with F (·) and u instead of
Fε(·) and vε - in particular all those terms multiplying κε are zero), this time picking η ∈ C1

c (B%)
with 1B%/2

≤ η ≤ 1B% and |Dη| . %−1. We can then divide both sides of the inequality by |h|2
to get

lim sup
|h|→0

∫
B%

η2

∣∣∣∣ τhVµ,q′(∂zF (Du))

|h|

∣∣∣∣2 dx

≤ lim sup
|h|→0

c(∫
B%

|Dη|2D(h, ∂zF (Du))
q′
2 dx

) q−2
q
(∫

B%

|Dη|2
∣∣∣∣ τhu|h|

∣∣∣∣q dx

) 2
q


≤ c

%2
‖∂zF (Du)‖2−q

′

Lq′ (B%)
‖Du‖2Lq(B%)

(6.2.34)
< ∞,

with c ≡ c(n,N, ν, L, p, q). After covering, we deduce that Vµ,q′(∂zF (Du)) ∈W 1,2
loc (Ω,RN×n) and

Sobolev embedding finally yields that

∂zF (Du) ∈ Ldloc(Ω,RN×n) with d :=

{
nq′

n−2 if n > 2

any d ∈ (1,∞) if n = 2.

Remark 6.2.1 In case we know a priori that a minimizer u ∈ W 1,p
loc (Ω,RN ) has slightly more

integrable gradient, in the sense that there exists a δ > 0 so that Du ∈ Lp(1+δ)
loc (Ω,RN×n), then

we can assume the large inequality in (6.1.2), i.e.:

2 ≤ p ≤ q ≤ np

n− 2
if n ≥ 3 and 2 ≤ p ≤ q <∞ if n = 2.

In this case, the interpolation procedure is analogous to the one presented in Theorem 8 of
Chapter 4.

Remark 6.2.2 If p > n − 2, by Morrey’s embedding theorem we have that u ∈ C0,β′

loc (Ω,RN )
with β′ := 1− n−2

p .

The proof of Theorem 22 is complete.
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6.3 Integrability improvement in violation of the bound
In this section we prove Theorem 23, which provides an improvement in integrability for the
gradient of local minima of (6.2.1) when the restriction displayed in (6.1.2)1 is violated (clearly,
there is no bound to violate in the case n = 2, so we work with n ≥ 3). Precisely, in this part
we shall assume that (6.0.4) is in force. For reasons that will be clear in a few lines, define the
following sequences of numbers:

p̃0 := p, p̃j :=
np

n− 2αj−1
,

α0 := 1− n
(

1

p
− 1

q

)
, αj := 1− n

(
1

p̃j
− 1

q

)
.

By induction, when j ∈ N \ {0} there holds that

αj = α0

j∑
i=0

(2/p)i =
α0p

(
1− (2/p)j+1

)
p− 2

(6.0.4)1∈ (0, 1).

Plugging the value of αj determined above into the expansion of p̃j , we readily see that

{p̃j} is increasing and p̃j =
np

n− 2pα0(1−(2/p)j)
p−2

→ p̃ :=
n(p− 2)

n− 2− 2n
q

> p ⇐⇒ q < p∗. (6.3.1)

Notice also that, by (6.0.4), we have that

q ≥ p̃. (6.3.2)

Consider now two new sequences, {βj} and {pj} so that:

βj ∈

(
n(p̃j − p)

2p̃j
, αj

)
and pj :=

np

n− 2βj−1
.

Notice that numbers βj are well-defined. In fact we have

αj >
n(p̃j − p)

2p̃j
⇐⇒ p̃j <

nq(p− 2)

nq − 2q − 2n
=

n(p− 2)

n− 2− 2n
q

,

which is the case by (6.3.1). Moreover,

βj < αj =⇒ p̃j > pj and βj >
n(p̃j − p)

2p̃j
=⇒ pj > p̃j−1. (6.3.3)

Now take two integers k > j + 1. By (6.3.3) and (6.3.1)1 we get

0 < p̃k−1 − p̃j < pk − pj < p̃k − p̃j−1,

so recalling that, by (6.3.1)2 the sequence {p̃j} is Cauchy, we can conclude that the sequence
{pj} is Cauchy as well and, with the chain of inequalities established in (6.3.3), we can conclude
that

lim
j→∞

p̃j = lim
j→∞

pj = p̃. (6.3.4)

Finally, notice that by (6.3.1)1 there holds that

n(p̃j − p)
2p̃j

<
n(p̃j+1 − p)

2p̃j+1
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therefore we can choose the numbers βj in such a way that the sequence {βj} is increasing, so,
as a consequence,

the sequence {pj} is increasing (6.3.5)

by very definition. Now we borrow the same approximation scheme developed for the proof of
Theorem 22, notice that the procedure exposed to prove the estimate in (6.2.23) only requires
that q < p∗ therefore it is verified also in the present case because of (6.0.4). We consider again
estimate (6.2.14):∫

B%

η2

∣∣∣∣ τhVµ,p(Dvε)|h|α

∣∣∣∣2 dx

≤c

(∫
B%

|Dη|2D(h, ∂zF (Dvε))
q′
2 dx

) q−2
q
(∫

B%

|Dη|2
∣∣∣∣ τhvε|h|α

∣∣∣∣q dx

) 2
q

+ c|h|2(1−α)κε

∫
B%

|Dη|2D(h,Dvε)
q−2

2 |∆hvε|2 dx =: S1(h) + S2(h), (6.3.6)

for c ≡ c(n,N, ν, L, p, q), α ∈ (0, 1) still to be fixed and 0 ≤ η(·) ∈ C1
c (B%). For j ∈ N ∪ {0},

we consider a sequence {B%j} of shirking balls, where %j := %
2 +

(
3%
4 −

%
2

)
2−j . Notice that

{%j} is a decreasing sequence such that %0 = 3%
4 and %j → %

2 ; therefore it is ∩jB%j = B%/2 and
B%0 = B3%/4. Accordingly, we fix parameters %j+1 ≤ τ1,j < τ2,j ≤ %j corresponding cut-off
functions ηj ∈ C1

c (B%j ) with

1Bτ1,j ≤ η ≤ 1B(τ2,j+τ1,j)/2
and |Dηj | .

2

τ2,j − τ1,j
.

In (6.3.6) we choose η ≡ ηj , α ≡ αj , incorporate (6.2.15), use (6.2.23) and Lemma 2.2.4 to
control the Lq

′
-norm of ∂zF (Dvε) and eventually obtain

∫
Bτ1,j

∣∣∣∣ τhVµ,p(Dvε)|h|αj

∣∣∣∣2 dx ≤ c

(τ2,j − τ1,j)2+γ1(2−q′)

∫
B(τ2,j+τ1,j)/2

∣∣∣∣ τhvε|h|αj

∣∣∣∣q dx

 2
q

, (6.3.7)

with c ≡ c(n,N, ν, L, p, q, ‖u‖W 1,p(B%),F(u,B%)). We stress that, in the light of (6.3.2), (6.3.4)
and (6.3.5), all the quantities appearing above are finite. We shall prove that

vε ∈W 1,pj (B%j ,RN ) =⇒ vε ∈W 1,pj+1(B%j+1
,RN ). (6.3.8)

We proceed inductively. For j = 0, by Lemmas 2.2.1, 2.2.2, 2.2.3 and (6.2.8) we have:

‖vε‖W 1,p1 (B%1 ) ≤c‖Vµ,p(Dvε)‖
2
p

Wβ0,2(B%1 )
+ c|(vε)B%1 ||B%1

|
1
p1

≤ c

(α0 − β0)1/p(%0 − %1)γ0

[
‖vε‖

2
p

W 1,p(B%) + 1

]
≤ c

(α0 − β0)1/p(%0 − %1)γ0

[
1 + ‖u‖W 1,p(B%) + F(u,B%)

]γ̂0

,

where

γ0 := 2 + max

{
2(2 + γ1(2− q′))

p
,
n+ 2β0

p
,
n(p1 − 1)

p1

}
, γ̂0 :=

2[(2− q′)γ̂1 + 1]

p
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and γ̂0 := 2p−1[(2−q′)γ̂1+1] and c ≡ c(n,N, ν, L, p, q). Now we assume that vε ∈W 1,pj (B%j ,RN ).
Via (6.2.23), Lemmas 2.2.2, 2.2.3 and 2.2.1 we estimate

‖vε‖W 1,pj+1 (Bτ1,j ) ≤c‖Vµ,p(Dvε)‖
2
p

Wβj,2(Bτ1,j )
+ c|(vε)Bτ1,j ||Bτ1,j |

1
pj+1

≤
c
[
1 + ‖u‖W 1,p(B%) + F(u,B%)

] 2(2−q′)γ̂1
p

(αj − βj)1/p(τ2,j − ττ1,j )
γ′j

[
‖vε‖

2
p

W 1,p̃j (Bτ2,j )
+ 1

]
, (6.3.9)

with γ′j := 2 + max
{

2(2+γ1(2−q′))
p , n+2β0

p ,
n(pj−1)

p1

}
and c ≡ c(n,N, ν, L, p, q). At this point we

recall that (6.3.3) legalizes an application to the right-hand side of (6.3.9) of the interpolation
inequality

‖vε‖W 1,p̃j (Bτ2,j ) ≤ ‖vε‖
θj

W 1,pj+1 (Bτ2,j )
‖vε‖

1−θj
W 1,pj (Bτ2,j )

,

where θj ∈ (0, 1) verifies the identity

1

p̃j
=

θj
pj+1

+
1− θj
pj

=⇒ θj =
pj+1(p̃j − pj)
p̃j(pj+1 − pj)

,

so we have

‖vε‖W 1,pj+1 (Bτ1,j ) ≤
c
[
1 + ‖u‖W 1,p(B%) + F(u,B%)

] 2(2−q′)γ̂1
p

(αj − βj)1/p(τ2,j − τ1,j)γ
′
j

·
[
‖vε‖

2θ
p

W 1,pj+1 (Bτ2,j )
‖vε‖

2(1−θ)
p

W 1,pj (Bτ2,j )
+ 1

]
. (6.3.10)

Then, in (6.3.10) we apply Young inequality with conjugate exponents(
p

2θj
,

p

p− 2θj

)
to get

‖vε‖W 1,pj+1 (Bτ1,j ) ≤
1

2
‖vε‖W 1,pj+1 (Bτ2,j )

+
c
[
1 + ‖u‖W 1,p(B%) + F(u,B%)

] 2(2−q′)γ̂1
p−2θj

(αj − βj)1/(p−2θj)(τ2,j − τ1,j)γj

[
‖vε‖

2(1−θj)

p−2θj

W 1,pjB(%j)
+ 1

]
,

for γj :=
pγ′j
p−2θj

and c ≡ c(n,N, ν, L, p, q). Lemma 2.4.2 eventually leads to

‖vε‖W 1,pj+1 (B%j+1
) ≤

c
[
1 + ‖u‖W 1,p(B%) + F(u,B%)

] 2(2−q′)γ̂1
p−2θj

(αj − βj)1/(p−2θj)(%j − %j+1)γj

[
‖vε‖

2(1−θj)

p−2θj

W 1,pjB(%j)
+ 1

]
,

and (6.3.8) is proven. Now that we know that vε ∈ W 1,pj (B%j+1
,RN ) for all j ∈ N ∪ {0} with

bounding constants independent on ε, we can jump back to (6.3.9), recall (6.3.3) and use the
interpolation inequality

‖vε‖W 1,p̃j (Bτ2,j ) ≤ ‖vε‖
θ
W 1,pj+1 (Bτ2,j )

‖vε‖1−θW 1,p(Bτ2,j ),
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where θ ∈ (0, 1) this time solves

1

p̃j
=

θ

pj+1
+

1− θ
p

=⇒ θ =
pj+1(p̃j − p)
p̃j(pj+1 − p)

.

Keeping in mind (6.0.4)2 we apply Young inequality with conjugate exponents(
p

2θ
,

p

p− 2θ

)
to deduce, using also (6.2.8),

‖vε‖W 1,pj+1 (Bτ1,j ) ≤
1

2
‖vε‖W 1,pj+1 (Bτ2,j )

+
c
[
1 + ‖u‖W 1,p(B%) + F(u,B%)

] 2(2−q′)γ̂1
p−2θ

(αj − βj)1/(p−2θ)(τ2,j − τ1,j)
pγ′
j

p−2θ

[
‖vε‖

2(1−θ)
p−2θ

W 1,p(B%j ) + 1

]

≤1

2
‖vε‖W 1,pj+1 (Bτ2,j )

+
c

(αj − βj)1/(p−2θ)(τ2,j − τ1,j)γ̄j
[
1 + ‖u‖W 1,p(B%) + F(u,B%)

]γ̂j
for c ≡ c(n,N, ν, L, p, q, ‖u‖W 1,p(B%),F(u,B%)) and

γ̄j :=
pγ′j
p− 2θ

, γ̂j :=
2[(2− q′)γ̂1 + (1− θ)]

p− 2θ
.

Finally, Lemma 2.4.2 leads to

‖vε‖W 1,pj+1 (B%j+1
) ≤

c

(αj − βj)1/(p−2θ)(%j − %j+1)γ̄j

[
1 + ‖u‖W 1,p(B%) + F(u,B%)

]γ̂j
≤ c22γ̄jj

(αj − βj)1/(p−2θ)%γ̄j

[
1 + ‖u‖W 1,p(B%) + F(u,B%)

]γ̂j
(6.3.11)

for c ≡ c(n,N, ν, L, p, q). From (6.3.11), it is evident that we have no chances of sending j →∞
without making the bounding constants blow up. However, by (6.3.5), for any d ∈ [1, p̃) we can
find jd ≡ jd(n, p, q, d) ∈ N∪{0} so that d < pjd+1, so coupling such an information with (6.3.11)
and Hölder inequality we deduce that

‖Dvε‖Ld(B%/2) ≤ c‖Dvε‖Lpjd+1 (B%jd
) ≤

c22γ̄jd jd

(αjd − βjd)1/(p−2θ)%γ̄jd

[
1 + ‖u‖W 1,p(B%) + F(u,B%)

]γ̂
.

Once the estimate in the previous display is available, we can follow verbatim the convergence
scheme described in Step 3 to transfer the improvement in integrability from vε to u and the
proof is complete.

Remark 6.3.1 The case p = 2 is excluded since 2∗ ≡ 2n
n−2 , therefore a violation of type (6.0.4)1

does not make sense, being the interval
(

2n
n−2 , 2

∗
)
empty. Moreover, the asymptotics for p̃ are

the following: {
p̃↘ p as q ↗ p∗ if 2 < p < n

p̃↘ n(p−2)
n−2 as q →∞ if p ≥ n.
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6.4 A Morrey-type result in two space dimensions
In this section we revisit the arguments presented in [25] in the light of the result obtained in
Theorem 22 for n = 2. In particular, we shall consider a C2-regular integrand F : RN×2 → R
satisfying (6.1.1)-(6.1.5) in the non-degenerate case µ = 1. From Theorem 22 we know in
particular that{

V1,p(Du) ∈W 1,2
loc (Ω,RN×2) =⇒ u ∈W 2,2

loc (Ω,RN ) ∩W 1,d
loc (Ω,RN ) for all d ∈ [1,∞)

V1,q′(∂zF (Du)) ∈W 1,2
loc (Ω,RN×2) =⇒ V1,q′(∂zF (Du)) ∈ Ldloc(Ω,RN×2) for all d ∈ [1,∞)

(6.4.1)

and so we can test the Euler-Lagrange equation of functional (6.2.1) against linear combi-
nations of u with suitable cut-off functions. Let us select discs (non necessarily concentric)
B% b Br/2 b Br b Ω with radii 0 < % < r ≤ 1, a map η ∈ C1

c (B%) so that 1B%/2 ≤ η ≤ 1B%

and |Dη| . %−1, a number h ∈
(

0,min
{

1,
dist(∂B%, supp(η))

10000

})
and define the comparison map

ϕs := τ−hs

(
η2(τhsu− (Du)B%hs)

)
, where hs := hes with es belonging to the standard orthonor-

mal basis of R2. Set

Γ(Du) :=

∫ 1

0

∂zzF (Du+ λτhsDu) dλ

and notice that, being ∂zzF (·) symmetric and positive definite (recall (6.1.4)), Γ is symmetric and
positive definite as well. Using the integration by parts formula for finite difference operators,
the mean value theorem, Cauchy-Schwartz inequality and (6.1.4), we obtain∫

B%

η2Γ(Du)τhsDu · τhsDu dx =

∫
B%

η2τhs∂zF (Du) · τhsDu dx

=− 2

∫
B%

ητhs∂zF (Du)Dη ⊗ (Dsu− (Du)B%hs) dx

=− 2

∫
B%

η
(√

Γ(Du)τhsDu ·
√

Γ(Du)Dη ⊗ (τhsu− (Du)B%hs)
)

dx

≤2

∫
B%

(√
Γ(Du)τhsDu ·

√
Γ(Du)τhsDu

) 1
2
∣∣∣√Γ(Du)Dη ⊗ (τhsu− (Du)B%hs)

∣∣∣ dx

≤2L

∫
B%

(
η2Γ(Du)τhsDu · τhsDu

) 1
2

(1 + |∂zF (Du)|2)
q−2

4(q−1) |Dη||τhsu− (Du)B%hs| dx

≤c
∫
B%

(
η2Γ(Du)τhsDu · τhsDu

) 1
2

(1 + |Vµ,q′(∂zF (Du)|))
q−2
q |Dη||τhsu− (Du)B%hs| dx,

for c ≡ c(L, q). Now we divide both sides of the previous inequality by h2, sum over s ∈ {1, 2}
and then send h→ 0 to conclude, by means of (6.4.1), Lemmas 2.2.4-2.2.5, Fatou Lemma on the
left-hand side, the dominated convergence theorem on the right-hand side and taking averages:∫

−
B%/2

Υ(u)2 dx ≤ c(L, q)

%

∫
−
B%

σΥ(u)|Du− (Du)B% | dx, (6.4.2)

where we defined

Υ(u) :=
√
∂zzF (Du)D2u ·D2u and σ := (1 + |Vµ,q′(∂zF (Du)|))

q−2
q .

Inequality (6.4.2), together with (6.4.1) and a standard covering argument imply that

Υ(u) ∈ L2
loc(Ω). (6.4.3)
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Now, back to (6.4.2), set δ := 3/4 and apply Hölder and Sobolev-Poincaré inequalities on the
right-hand side of (6.4.2) to get

∫
−
B%

σΥ(u)|Du− (Du)B% | dx ≤

(∫
−
B%

(σΥ(u))δ dx

) 1
δ
(∫
−
B%

|Du− (Du)%|δ
′

dx

) 1
δ′

≤ c%

(∫
−
B%

(σΥ(u))δ dx

) 1
δ
(∫
−
B%

|D2u|δ dx

) 1
δ

, (6.4.4)

where c ≡ c(N) and we also used that in two dimensions δ′ = δ∗. We stress that the content of
the previous display makes sense because of (6.4.1). Notice that, by (6.1.4) and being p ≥ 2 we
have

|D2u|2 ≤ |D2u|2(1 + |Du|2)
p−2

2 ≤ c(N, ν, p)Υ(u)2,

therefore we can complete estimate (6.4.4) as follows:

∫
−
B%

σΥ(u)|Du− (Du)B% | dx ≤ c%

(∫
−
B%

(σΥ(u))δ dx

) 1
δ
(∫
−
B%

Υ(u)δ dx

) 1
δ

≤ c%

(∫
−
B%

(σΥ(u))δ dx

) 2
δ

, (6.4.5)

where we also used that σ ≥ 1 and c ≡ c(N, ν, p). Merging (6.4.2) and (6.4.5) we obtain(∫
−
B%/2

Υ̃(u)
2
δ dx

) δ
2

≤ c

(∫
−
B%

σ̃Υ̃(u) dx

)
, (6.4.6)

where c ≡ c(N, ν, L, p, q), Υ̃(u) := Υ(u)δ, σ̃ := σδ and 2/δ > 1. By (6.4.1)2 and Trudinger’s
inequality [122, Theorem 7.15] we deduce that there exists a positive constant

α0 ≡ α0(‖V1,q′(∂zF (Du))‖W 1,2(Br))

so that ∫
−
Br/2

exp
(
α0

[
1 + |V1,q′(∂zF (Du))|

]2)
dx <∞.

Moreover, we see that for all κ ∈ (0, 4/q) there holds that[
1 + |V1,q′(∂zF (Du))|

]2 ≥ [1 + |V1,q′(∂zF (Du))|
]2−κ ≥ σ̃ 2

δ ,

so we deduce that ∫
−
Br/2

exp
(
ασ̃

2
δ

)
dx ≤ c <∞ for all α ∈ (0, 1), (6.4.7)

with c ≡ c(α, κ, ‖V1,q′(∂zF (Du))‖W 1,2(Br)). Estimates (6.4.6)-(6.4.7) and (6.4.3) allow applying
[25, Lemma 1.2] to prove that there exists a positive constant c0 ≡ c0(N, ν, L, p, q) so that

Υ̃(u) ∈ L
2
δ

loc(Log L)c0α(B%) =⇒ Υ(u) ∈ L2
loc(LogL)c0α(B%) (6.4.8)

for all α > 0. Now, by (6.1.4) and (6.4.1) we have that

|D∂zF (Du)| ≤ c(L, q)Υ(u)σ. (6.4.9)
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Moreover, we recall that for all α > 0 there exists a constant c ≡ c(α) > 0 so that if a, b are real,
non-negative numbers there holds that

(ab)2 logα(e+ ab) ≤ 2αa2 logα+2(e+ a) + c(α) exp(6b), (6.4.10)

cf. [25, Inequality (2.12)]. Now, given any disc Bς b B%, we can finally estimate∫
Bς

|D∂zF (Du)|2 logα
(
e+ |D∂zF (Du)|

)
dx

(6.4.9)
≤

∫
Bς

|cΥ(u)σ|2 logα(e+ |cΥ(u)σ|) dx

(6.4.10)
≤ 2α

∫
Bς

|Υ(u)|2 logα+2(e+ Υ(u)) dx

+ c(α)

∫
Bς

exp(6cσ) dx
(6.4.7),(6.4.8)

< ∞,

for all α > 0, where we also used that t 7→ t2 logα(e + t) is increasing and that σ̃2/δ = σ2 by
definition. After a standard covering argument, we just got that |D∂zF (Du)| ∈ L2

loc(LogL)α(Ω)
for all α > 0, which implies that, choosing α > 1, with [159, Example 5.3] we have that ∂zF (Du) ∈
Cloc(Ω,RN×2), which implies that u ∈ W 1,∞

loc (Ω,RN×2). Once this last information is available,
the non-uniform ellipticity of functional (6.2.1) becomes immaterial, so we can conclude by
standard arguments that Du ∈ C0,β

loc (Ω,RN×2) for all β ∈ (0, 1) and the proof of Theorem 24 is
complete.
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